Some observations on the activity of terminal constraints in linear MPC
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Abstract— We analyze the activity of terminal constraints
in stabilizing MPC for linear systems with state and input
constraints. In particular, we show that the set of initial states
for which the terminal constraints are inactive (or weakly
active), is always compact but may or may not be convex. In
addition, we illustrate that the set where terminal constraints
are (strongly) active may be nonempty, even for arbitrarily
long prediction horizons. This observation is important for the
design of stabilizing MPC schemes without terminal constraints.

I. INTRODUCTION

It is well-known that, for linear constrained systems, there
exists a close relation between constrained linear-quadratic
regulation (CLQR, see, e.g., [1]-[3]) and model predictive
control (MPC) with guaranteed stability. In fact, stabilizing
MPC schemes usually build on terminal sets where the
solution to the CLQR problem is explicitly known (see,
e.g., [4] or [5]). Nevertheless, there also exist stabilizing
MPC approaches that do not take terminal sets into account
(see, e.g., [6]). These approaches require, however, a suitable
choice of the prediction horizon such that optimal trajectories
are implicitly guaranteed to terminate in a “safe” region
around the origin. In other words, the prediction horizon
has to be chosen such that the inclusion of a terminal set
in the optimal control problem (OCP) would never result in
strongly active terminal contraints (for a certain set of initial
states, see [6, Thm. 13] for details).

In this paper, we study the activity of terminal constraints
in linear MPC. In particular, we analyze the relation between
the feasible set of MPC schemes with terminal constraints
and the set of states where these constraints are (strongly)
active (referred to as the set of (strong) activity (cf. [8])).
The paper is organized as follows. We specify the problem
of interest and state some preliminaries in Section II. The
main result of the paper, i.e., some general properties of (the
complement of) the set of (strong) activity are addressed in
Section III. Finally, conclusions are stated in Section IV.

II. PROBLEM STATEMENT AND PRELIMINARIES
Consider the linear time-invariant system
x(k+1) = Az(k) + Bu(k), z(0) =z (1)
with state and input constraints of the form
xz(k) € X CR" and u(k) e Y C R™ for every k € N,

where X and U are C-sets (convex and compact sets that
contain the origin as an interior point). The control task is
to steer the system towards the origin while minimizing a
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(quadratic) performance index. Taking the system dynamics
and the constraints into account, this task can be formulated

as the OCP
N)|[B +Z|\w NG +Ilu®)E @)

s.t. x(O) = 9,
2(k+1) = Ax(k) + Bu(k), k€ Ngy_1],
:v(k) S Vk € N[O,Nfl]a
u(k) ceu, Vk € N[07N_1],
z(N)eC,

where ||z]|% = z7Pz and Nz := {k € N|k € Z}.
Moreover, N € N[LOO) is the prediction horizon, P € R™*",
Q € R and R € R™*™ are positive definite weighting
matrices, and C is a C-set, which operates as a terminal
constraint. Finally, the decision variables are denoted by
z(0) u(0)

: : eRN™

z(N) u(N —1)

The terminal weighting P is chosen so that it solves the
discrete-time algebraci Riccati equation (DARE)

AT(P-PB(R+B"PB)"'BTP)A-P+Q=0 (3)

XN = S R<N+l)n and uy =

associated with the unconstrained infinite horizon cost. The
terminal set C is either chosen equal to the state constraint
set, i.e., C = X or as a suitable terminal set 7, which satisfies
the following conditions (cf. [5, Assum. A1-A3]). Note that
[5, Assum. A4] holds by construction, since ||z||% is a local
Lyapunov function.

Condition 1: Let P > 0 solve (3) and let

K:=—(R+B"PB)"'BTPA. 4)
We call a C-set 7 C R™ a suitable terminal set, if

(i) 7 C X (state constraint satisfaction),
(i) K« € U for every x € T (input constraint satisfaction),
(ili) (A4+BK)x € T forevery x € T (positive invariance).

The largest set 7* satisfying Cond. 1 can be described by
T*:={z0 €D|(A+BK)"zy €D, Vk € Ny a1}, (5)

where D := {z € X|Kx € U} and where M € N is a
sufficiently large number (see [7] for details). Now, based
on (2), we define the MPC scheme

0% (x0) = u*(0), (©)
where u*(0) is the first input of the optimal input sequence
u}y. For the choice C = T, it is well-known (see, e.g., [5])
that the control scheme (6) guarantees exponential stability
of the controlled system z(k + 1) = Ax(k) + B 0% (z(k)).



However, depending on the system, the constraints, and the
horizon length, the choice C = 7 may result in a significantly
smaller feasible set

F§ = {xo € X|(2) is feasible} 7
than the choice C = X. Moreover, the choice C = 7 may
force trajectories of the controlled system to enter 7 earlier
than the optimal trajectory (achieved for N — oo) would
do. In this context, we define the set of (strong) activity'

Sy = {20 € F{| Vi (w0) > Vi (w0)},  (8)
which collects all initial states xg for which the terminal
constraint C = 7 is strongly active, thus increasing the

performance index. In other words, Sy contains all initial
conditions for which the solution of (2) differs from the
solution of the CLQR problem (see [2] for details). In
addition, we define the complement

Sy = FL \ S, ©)
which collects all initial states xg for which the terminal
constraint is weakly active or inactive. Since V} (z9) >
V¥ (z0) for every xg € F; by construction, S§, can also
be written as S§ = {xo € FL|V4 (z0) = Vi¥(zo)}.
Although the OCP (2) and the associated controller (6) are
only meaningful for N' € N[; ), the analysis in this paper
is facilitated by formally defining V€ (xo) := [|20]|% and
]—'g := C. Inspired by (8) and (9), this gives rise to Sy := ()
and S§ := 7. In the following, we study properties of the set
S§; (resp. Sy). In particular, we are interested in the relation
between the sets S5, and ]-"]7\,— for different N € N.

III. PROPERTIES OF THE SET OF ACTIVITY
A. The complement is compact and nested

It is well-known that the sets ]-"]7\,— and F ]f,{ are C-sets for
every N € N (given T, X, and U are C-sets). Moreover, we
have FJ, C F,, C Fy,, C Fy since T is invariant, due
to 7 C X, and by definition of the state constraints in (2),
respectively. Similar properties hold for the complement of
the set of activity as summarized in Thms. 1 and 2. As a
preparation, note that we have

Vi (20) < Vi (w0) < Vil (w0) < VY (o)
for every N € N and every zg € ]-"]7\,— by construction.
Theorem 1: We have S5, C S5, for every N € N.
Proof: Consider any N € N and assume S§ € S ;.
Then there exists an zy € S% such that zp ¢ S 41
Having 2 ¢ S, implies Vi | (z0) > Vi, (o). We thus
obtain Vi (z9) > V¥ (z0) according to (10). This, however,
contradicts zg € S§ which implies VJ (z0) = V¥ (70).

Theorem 2: For every N € N, the set Sf; is compact and
contains the origin as an interior point.

Proof: The claim holds by definition for N = 0 since T
is a C-set. For every N € N ), we have §§ C FJ C X
by construction and 7 C S§; according to Thm. 1. Thus,
S§; is bounded and contains the origin as an interior point.
It remains to show that S§; is closed. By definition, we have
Vi (z0) = Vi¥ (o) for every zg € S, Thus, S§ not being

(10)

IRegions of activity for constraints in MPC were first introduced in [8].
There, however, the focus was not on terminal constraints.

closed contradicts continuity of VJ (-) and V¥ (+), which is
given according to [1, Lem. 4]. [ ]

Clearly, Thm. 1 implies g € Sj; for every £ > N
whenever z( € S§,. Consequently, we have

Vi (z0) = Vi (20) = Vi (20) = Vi (o)

for every k € Ny o) and g € S, where V¥ (z) is,
by definition, the performance index of the CLQR (resulting
from (2) for N = oo and C = &). In other words, S§

contains all states for which the solution of (2) coincides with
the solution of the CLQR problem (for the first N steps).

B. The complement may or may not be convex

In the previous section, we recalled that 7, and Fx
are C-sets and showed that Sf; is compact and contains
the origin as an interior point. Clearly, it remains to study
whether S§; is convex or not, i.e., whether conv(S§%;) = S%
holds (where conv(S%) denotes the convex hull of the set
S%). In this context, we obviously have conv(S§) C FF
due to S5 C ]-"]7\,— and since ]-"]7\,— is convex. At first sight, it
may appear that S§; should be convex for any V. In fact, for
every zg € conv(S% ), there exist some z1,...,xym € S
and aq,...,ap € [0,1] such that zp = Z?il o; x; and
Zi]\il a; = 1. We have VJ(z;) = Vi(x;) for every
© € Njp p by construction. In other words, for every w;,
the terminal constraints are not strongly active. Clearly, by
interpolating the optimal state and input sequences associated
with the states z;, we can construct a feasible solution for (2)
with C = T, for which the terminal constraints are likewise
not strongly active. The existence of such a feasible solution
does, however, not imply that the optimal solution comes
with inactive (or weakly active) terminal constraints as the
following example illustrates.

Example 1: Consider the double integrator in [9] with

11 0.5
A_(O 1> and B_(l)

and the constraints X = {x € R?||z1| < 25, |z2| <5} and
U = [—1,1]. Choosing the weighting matrices Q = I and
R = 0.1 implies
p_ 2.0599 0.5916

~\0.5916 1.4228
according to (3) and (4). Computing the largest terminal set
as in (5) (with M = 2) results in

) and K = (—0.6167 —1.2703)

T ={wo € R?| +Wzo < 1} with W= (0.6167 1.2703)

0.3569 0.1184
Now, consider NV = 1 and note that S is not convex
(see Fig. 1). In fact, the initial state zo = (—4.00 1.16)T
satisfies zg € conv(SY) but xg ¢ SY. However, xo can be
written as the convex combination xg = 1] + @z with

&= (—46 1.0)" €S and & = (-1.0 1.8)" € &F
and a; = 1 — as = 0.8. Evaluating the MPC law (6) with
C = X for the three initial conditions yields

o1 (z0) = 0.9932, o7 (&1) = 1.0, and of (&) = —1.0.

As presupposed by &1, &2 € SY, the successors of &1 and &
are contained in 7 (see Fig. 1). Moreover, the interpolated



input 4o == a1 07 (&) + aoF (&2) = 0.6 € U is such
that o”cf{ := Axg + Blg € T. In contrast, as illustrated in
Fig. 1, the successor of x( for the optimal input o7 (z¢) is
not contained in 7 (and not even in F; ). Roughly speaking,
this behavior can be observed since the terminal set 7 is
not a level set of the terminal cost ||z||% and since |z|%
only provides an underestimator of the infinite horizon cost
V¥ (z) for every x ¢ T.
(@ N=1

(b) detail

)

. A
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Fig. 1. Tllustration of (the complement of) the set of activity for the system
in Exmp. 1 for N = 1. In (a), the yellow set shows the terminal set 7.
The union of the yellow and the green sets is S and the union of the red
sets is S1. The dash-dotted rectangle marks the detail in (b). The blue solid
lines illustrate the optimal solution for (2) with C =7 and N = 1 for the
initial conditions &1, &2, and xo (marked by circles). The successors are
labeled with fi" s 53' , and za' , respectively. For the initial state g € Si,
the dashed line depicts a non-optimal trajectory terminating at :fcg eT
(marked with a blue cross). This trajectory was obtained by interpolating
the optimal trajectories for the states &1, 2 € SY.

The example illustrates that S§; may be non-convex. In
fact, for the discussed example, S§; is non-convex for every
N € Ny 13 (see Fig. 1, Fig. 2.(a), and Fig. 2.(b) for the cases
N € {1,12,13}). However, S§ may also be convex. In fact,
for the same example, S§; is convex for every N > 14 (see
Fig. 2.(c), and Fig. 2.(d) for the cases N € {14,15}). Thus,
in contrast to the convex sets F and Fr, S5 may or may
not be convex (i.e., S§; may or may not be a C-set).

C. The set of activity may or may not be empty

Studying the set of activity Sy for the system in Exmp. 1
and different N € Nj; ), we make an interesting observa-
tion. For N = 15, we have S = F} and consequently
Sy = (). This observation raises the question whether there
always exists a finite N € Njj o) such that Sy is empty. It
is important to note that a very similar question has already
been addressed in a different context. In fact, stabilizing
MPC schemes without terminal constraints implicitly require
a choice of N such that potential terminal constraints would
not be strongly active for a certain set of initial conditions
(see the proofs of [6, Thm. 12 and Thm. 13]). Rewriting and
condensing the statements in [6, Thm. 12 and Thm. 13] using
the notation introduced in this paper results in the following
theorem, where the C-set .FOXO is the maximal controlled
invariant set.

Theorem 3: For every A € (0, 1), there exists a finite N €
N such that

ANFE CS; forevery k> N. (11)

In principle, the proof of Thm. 3 can be easily derived

from the proofs of [6, Thm. 12 and Thm. 13]. Nevertheless,

we provide a self-contained proof for Thm. 3 in App. C for
two reasons. First, we reuse the ideas in the proof of Thm. 3
to prove Thm. 4 further below. Second, the proof of Thm. 3
comes with an overestimation of a suitable horizon length V.
We were able to significantly improve this overestimation
compared to the original proof in [6] (see Rem. 1 in the
appendix for details). This byproduct may be useful for
stabilizing MPC schemes without terminal constraints.

(a) N =12 (by N =13

5 5

Ty
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Fig. 2. Tllustration of (the complement of) the set of activity for the system
in Exmp. 1 for different prediction horizons /N. The yellow set shows the
terminal set 7. The union of the yellow and the green sets refers to S§;
and the union of the red sets depicts Sy. The union of the yellow, the
green, the red and the blue (only visible in (a)) sets illustrates the maximal
controlled invariant set Ft.

Now, since we have .7-']7\,— - ]-"(fg by construction, Thm. 3
immediately implies that, for every A € (0,1), there exists
N € N such that

ANFL CS¢ forevery k> N. (12)
Clearly, if (12) would also hold for A = 1 (and some N € N),
the set of activity would always be empty for a finite N. To
see this, note that (12) with A = 1 in combination with (9)
implies 7, C S§, C FF, ie., 8§ = F% and consequently
Sy = 0. Unfortunately, it is easy to show that Thm. 3 cannot
be extended to the special case A = 1. In fact, it is well-
known that there may exist initial states on the boundary of
]-"(fg that cannot be steered towards the origin (see, e.g., x¢p =
5 € OFX for the system in Exmp. 2 below). Obviously, for
such initial states xq, the OCP (2) with C = T is infeasible
for every N € N, ie., zg ¢ ]-"[7\,— 2 S%. This argument,
however, does not apply to the weaker condition (12). Indeed,
every rgp € FJ; can be steered to 7 in at most N steps
by construction. Due to this circumstance, it is possible to
guarantee F7, = S84 at least for a special class of systems
including the system in Exmp. 1. In fact, as summarized
in Thm. 4, FJ, = S% can always be guaranteed if FX is
finitely determined, i.e., if
Flhi=Fl =F% forevery k>M

for some M € N.

13)



Theorem 4: Assume (13) holds for some M € N. Then
there exists a finite N € N such that Sy = 0.
Proof: Let p,q,T,p,q € Ry be such that

p> 2, q> 2, T> 2
p2max|z|p, 72 max [z, 72> maxul

. >~ . 14)
< inf |z||%, and < inf x|, (
p< nf flelp and g< inf el

where R denotes positive reals and choose /N € N such that

Nzé(ﬁ—g+(M—1)G+MF)+1 (15)

Assume Sy # (). Then there exists an xg € Sy such that
Vi (z0) > V¥ (o). By construction, we have p > p and g >
g and thus N > M. Hence, we find FJ = F}; according
to (13) and consequently 2o € F1;. Moreover, corresponding
to (10), we obtain Vy} (z9) < V) (w0). Now, using the
bounds from (14), V]\ZI— (o) can be overestimated as

Vi (xo) <P+ lzolly + (M —1)g+ M7 (16)
On the other hand, V¥ (o) can be underestimated by
Vi (xo) > p+ [lzollg + (N — 1) q. A7)

To see this, note that the the optimizers x}; and uj; for (2)
with C = X satisfy 2*(N) ¢ T due to Vi (z0) > V¥ (20).
Clearly, z*(N) ¢ 7T immediately implies z*(k) ¢ T
for every k € Ny ny_1) and thus [lz*(k)||?, > ¢. Taking
lu*(k)||% > 0 into account yields (17). Combining the over-
estimation for V}J (o) and the underestimation for V,{ ()
shows that VJ () > V¥ (70) can only be true if

P+M—-1)g+M7>p+ (N —1)q.

This, however, contradicts (15). |
A necessary and sufficient condition for (13) to hold is
Flr = Flrs (18)

for some M € N (cf. [10, Thm. 2.2]). For the system in
Exmp. 1, (18) is given for M = 13 (see Fig. 2). One could
think that (18) is necessary (and sufficient) for observing
Sy = 0 for some N > M. This is, however, not true as the
following example shows.

Example 2: Consider system (1) with the matrices A =
and B = 1 and the constraints X = [—10,10] and U =
[—1,1]. Let Q@ = % and R = 1. Then, P = 5 solves (3) and
K = —1 according to (4). Moreover, we obtain D = [—1, 1]
and consequently the (largest) terminal set 7 =D = [—1, 1]
according to (5) (with M = 0). In addition, it is easy to see
that we have

‘FT = [_fgvfg]a ]:o/g = [_575]7 and ]:lg = [_fljcvflj(]
for every k € N, where f,Z— and f¥ are defined via f{ :=
S+ withC=TorC=2X, f =1, and f§ =
10. We obviously find f], < fz\7z—{+1 < 5 and thus Fy, C
Flri1 C FX forevery M € N. In the following, let N = 1,
note that f{ = 2 and f{¥ = 32, and consider any zo € F*.
In this case, the OCP (2) with C = X simplifies to

Vi¥(zo) = min 6ug + 12ugxo + 11 23
U

6

(S

19)

st. +up—1<0 and =+ (6x9+5ug)—50<0.

By analyzing the Karush-Kuhn-Tucker (KKT) conditions, we
identify ufy = —sign(xg) min{1, |zg|} to be the optimizer
for (2) and z¢ € }'{Y (see App. A for details). This makes
sense, since we recover the LQR law uj = —K 29 = —x¢
for every zop € T. In addition, it is easy to check that we
have Axy + Buj € T for every xp € ]—'17 . In other words,
the terminal constraints (i.e., (1) € 7) will not be strongly
active while solving OCP (2) with C = T for any xg € ]:17—
and thus F/ = Sf. Along the same line of argumentation,
it can be shown that FJ; = S for every N € N.

Example 2 suggests that an N such that (12) holds for
A = 1 may exist even for systems which do not satisfy (13).
In general, this is however not true as the following coun-
terexample shows.

Example 3: Consider system (1) with the matrices

() o)

and the constraints X = {z € R?||z|c < 5} and U =
[—1,1]. Choosing @ = I and R = § results in

) and K= (-2 0).

Computing the terminal set as in (5) (with M = 2) yields

~
Il
|

wloo oot

T= {20 € R*| + Waxo <1} with W =

1
5
0
2
9

Rl oo ©

We claim that the feasible set }'Jz,— can be described by

FT = conv {j: <g) L+ (wf;) ,+ <;§)} (20)

for every N € Ny o), where wy, = 5 — %% for every
k € N. The sets F{ and Fj are illustrated in Fig. 3.
Note that it is straightforward to prove (20). A formal
proof is, however, not required for the following line of
argumentation. Equation (20) suggests that ]-"]\7/—1 - }']\7;[ 1 C
]-'O)g for every M € N (which is indeed the case). In
contrast, since X is controlled invariant (ug = 0 € U is
such that Azyg + Bug € X for every 2o € X), we have
Fi¥ =X =FL for every k € N.

(@ N=1 (b) N =2
5 5
>~
&0 g0
55 0 5 25 0 5
1 1

Fig. 3. Tllustration of Sy (union of red sets) and S§; (union of yellow
and green sets) for the system in Exmp. 3 and N € {1, 2}. The yellow set
refers to the terminal set 7. For N = 2, the solid and dashed trajectories
depict the optimal solution for (2) at zo = (=5 w2 )T = (-5 % )T
with C = X and C = T, respectively.



In the following, we show that the initial state z¢o =
(-5 wN)T (which is a vertex of FJ) satisfies z9 € Sy
for every N € Njj ). To see this, first note that the input
sequence uj; and the associated state sequence xj; with

(=Dk-7 -5 > e

W) = g Wi

and 2 (k) := (—1)F (
are optimizers for (2) with C = X’ (see App. B for details).
The sequences uj; and x}; are, however, not feasible for (2)
with C = T since

w0 = () = oY () e

Wo

Nevertheless, it can be shown that g € ]-"]7\,— (see App. B).
Now, since (2) is a strictly convex OCP for C = X and
C =T, the observation that u}; and x7; are infeasible for (2)
with C = 7T but optimizers for (2) with C = X implies
Vi (20) > V¥ (o). Thus, 7o € Sy and Sy # 0.

In summary, Exmps. 2 and 3 show that the set of activity
may or may not be empty independent of the choice of
prediction horizon N. In other words, an N such that (12)
holds for A =1 will in general not exist.

IV. CONCLUSION

We presented some observations on the activity of terminal
constraints in stabilizing MPC for linear constrained systems.
In particular, we proved that the complement of the set of
activity (see Sect. II for a definition) is always compact (see
Sect. III-A and Thm. 2) but it may or may not be convex
(see Sect. III-B and Exmp. 1). Moreover, we showed that the
set of activity may or may not be empty independent of the
choice of the prediction horizon N, i.e., even for arbitrarily
large NV (see Sect. III-C and Exmps. 2 and 3). An exception
to this observation is the case where the largest controlled
set is finitely determined (see Eq. 13). In fact, in this case,
there always exists a finite /N such that the set of activity is
empty (see Thm. 4).

The presented observations may be useful in the context
of CLQR and stabilizing MPC without terminal constraints.
For both applications, an algorithm searching for a horizon
length NV such that the corresponding set of activity is empty
would be desirable. The results in this paper show, however,
that the successful termination of such an algorithms can in
general not be guaranteed. Thus, future work has to address
numerical methods to check (11) for a given A < 1 that do
(in contrast to [3]) not require to solve (2) explicitly for all
feasible initial states.
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APPENDIX

A. Details of Example 2

According to the Karush-Kuhn-Tucker (KKT) conditions, wug
is an optimizer for (19) if (and only if), in addition to primal
feasibility, there exists A € R? such that

120+ 12u5+ A1 — A2+ As— X\ = 0,
)‘1 (“8 - 1) = 07
A2 (—up—1) = 0, (22)
A3 (1.2 xo + US — 10) = 0,
)\4 (—1.2 Xo — u’a — 10) = 07
and \; > 0 for every j € Npy 4. It is easy to see that uj = —x0

is an optimizer for every xzo € [—1,1]. In fact, we have primal
feasibility since uy € U and Axg + Buy = 0.229 € X. In
addition, the choice A; = 0 solves (22) for every xo € [—1, 1]. Now,
consider any xo € (17 %] Then, the optimal solution is ug = —1,
which can be easily proven using the Lagrange multipliers Ay =
A3 = A4 =0 and X2 = 12209 — 12 > 0. Analogously, we obtain
up = 1 and the Lagrange multipliers A2 = A3 = Ay = 0 and
A1 = =122 — 12 > 0 for every z¢ € [—22, —1).

-~
B. Details of Example 3

To see that uy and x5 are optimizers for (2) with C = X, note
that (2) can be rewritten as the quadratic program (QP)

V](}}(xo) =min 1 uvHuy + 2fGun + % z3 F 2o (23)
uy

s.t Cuy <d-— Fxo,

with appropriate matrices H € RV*N, G € R"*N, F ¢ R?*?,
C € ROWIDXN g ¢ RONHD apnd € RONTDX" (gee [12]
for details). It is easy to show that uy is feasible for (23). Thus,



to prove that u} is the optimizer for (23), it is sufficient to find
A € ROWHY guch that

Huy +G o+ C A =0,
Nje) (Cui + Exo—d) =0,

(24)
(25)
and A\; > O for every j € Ny (n41)] (Where ¢; is the j-th unit

vector in REVFY) Tt is easy to see that C' and F (and accordingly
d) can be chosen such that

Cin + Exo = (X% —ak)’,

where X is the state sequence associated with an (arbitrary) input
sequence uy. According to (21), we have

+u(k) <1, ai(k)=(-1)"-5,

—Xy Oy

and £ax5(k) <5

for every k € Njg, xy_1) and k € Njg 7, respectively. Thus, we find
e?(C’ uy —d+ FEx0) <0 for every j € Z, where

T:={j €Npewsn i #2(N+1)Bx +4k+1, k€ Ny np}

with B, := k mod 2 € {0, 1}. Analogously, we have e] (C uy —
d+ Exo) = 0 for every j € Z¢, where the complement Z¢ is
defined as Z° := Ny g(n1)] \ Z. The index set Z obviously collects
all inactive constraints. Analogously, Z¢ contains the indices of
all weakly or strongly active constraints. Now, according to the
complementary slackness conditions in (25), we obtain \; := 0 for
every j € Z. Without a proof, we claim that the choice A1 := 0,

513-4N-% _320.2N"% _ 63
16 - 2Nk

for every k € Njj n_1), and Ao(n41)gy+a N4l = % of the
remaining Lagrange multipliers (with 7 € Z°) is such that the
gradient condition (24) holds. Since the complementary slackness
conditions are satisfied by construction and since it is easy to see
that A; > 0 for every j € Ny g(nv1)), Ul is indeed the optimizer
for (23). As an immediate consequence, uy and x3; are optimizers
for (2) with C = X.

To prove that o € F7 (which is suggested by (20)), note that

A2(N41) Bpfdk+1 1=

the sequences Gy and Xy with 4(k) := u*(k) for every k €
Nio,n—2), #(k) := x" (k) for every k € Nyg xy_1], and
(1)1 -5 -

WV = 1) = and 4() = (-1)" (

wlot o
N——
m
\‘l

8
are feasible (and in fact optimal) for (2) with C = T.

C. An alternative proof of Theorem 3

The following proof of Thm. 3 makes use of Lem. 1, which
we state without proof (since it is trivial). In both statements, we
frequently use the Minkowski function We(z) := inf{\ > 0|z €
AC} associated to a C-set C C R™.

Lemma 1: Let T satisfy Cond. 1 and let 6 € (0, 1). Then there
exists a finite L € N[y ) such that

Wy (K (A+ BK)kxo) <Wr(zo) YkeENgr_y, (26)
Uy ((A + BK)kxo) <WUr(wo) VEkENoL1, @)
Ur ((A+ BE) o) < 6 Ur(z0) 28)
for every zop € R"™.
Proof of Thm. 3. Choose ¥ € Ry such that
(29)

¥ > max Ur(x)
zEFX

and note that ¢y > 1 due to 7 C F2Z. Further note that (29)
implies & 75 C T. Thus, (11) trivially holds for every A € (0, 3]
and every N € N since we have 7 C Sj;, for every k € N according
to Thm. 1.

It remains to prove (11) for A € (%71) and some N € N.
Clearly, the interval (i 1) is empty for » = 1 (which immediately
completes the proof for this case). We consequently assume v >
1 in the following. Now, consider § = - and let L € N(1,00)
be such that (26)—(28) hold (existence is guaranteed by Lem. 1).
Choose any zo € A\F%. Since F2 is controlled invariant, there
exist inputs @(0), ..., a(L—1) € AU such that the associated states
#(1),..., (L) satisfy Z(k) € AFx C XX for every k € Ny 1.
Next, let

- 1 1
oy = B and M1 = (1 + _> A= 0 (30)

Y -1 Y G
note that a1 € (0,1) and g1 € (0, \), and consider the inputs
a(k) := (1 — 1) (k) + a1 K (A4 BK) .
and the associated states
#(k) :== (1 — o) #(k) + a1 (A+ BK)"z.
It is easy to show that we have
max {Wy (u(k)), Vx(2(k))} < Q1 —a) A +aryprA=1

or, equivalently, (k) € U and &(k) € X for every k € Njg _1].
Moreover, we find

Vrx(@(L) <(1—o)A+ardpd=m

or, equivalently, &:(L) € p1 Fa. In other words, every zo € X Fay
can be steered to 11 Fao C A Fa using an input sequence of length
L. The described procedure can be easily repeated. Thereby, the
closer we get to the origin, the interpolation via c; can be adjusted
in favor of the converging unconstrained trajectory. In fact, defining

o = A, (30) can be easily generalized in terms of
1

o uj—l_l and 11 <1+1>H 1
- - Vg — =
! Y—1 ! v) (G

for every j € Njj o). This means that every xo € AFX can be
steered to u; Fo, using an input sequence of length j L. Obviously,
if pj < % for some j € Nj; o), we have y; Fox C 7 and thus
Z(j L) € T. Recognizing that z; can be explicitly computed as
wi=1—0-=-XN)1+ %)], it is easy to show that the smallest step
J such that p; < % evaluates to

11 -1
::min{jeijg%}: {1n<1_§>ln<1+%> —‘

Now, an N € N such that (11) holds can be chosen analogously to
the proof of Thm. 4. In fact, any N satisfying (15) with M = JL
is appropriate. |

Remark 1: The proof of Thm. 3 is similar to but different from
the proofs of [6, Prop. 12 and Thm. 13]. The main difference to the
proofs in [6] is that we make use of Lem. 1 and that we adjust the
interpolation according to (31). As a consequence, an upper bound
for an N € N that satisfies (15) can be written as

1
N bin [ ——
<at n(1—,\>

for some a, b € R4, while the proof of [6, Prop. 12] only guarantees
N <c+ % for some ¢, d € Ry (cf. [6, Eq. (20)]). Obviously,
In(+15) < 1% for A — 1. To reproduce (32), first note that there
exists an N € N satisfying (15) with M = JL such that

€29}

(32)

1
N<E P—p+(JL—-1)g+ JLT)+2.

Now, using the overestimation
I (45 ) + (- 1) — In(y)
In(¢) + 1) — In(v))

it is easy to derive a and b in (32).

J <

+1,



