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Abstract—One of the major limitations of optimization-based
strategies for allocating the power flow in hybrid powertrains is
that they rely on predictions of future power demand. These
predictions are inherently uncertain as they are dependent
on complex human behaviours that are challenging to model
accurately. This paper proposes a data-based scenario model
predictive control framework, where the inputs are determined
at each control update by optimizing the power allocation over
multiple previous examples of a route being driven. The proposed
energy management optimization is convex, and results from
scenario optimization are used to bound the confidence that the
one-step-ahead optimization will be feasible with given proba-
bility. It is shown through numerical simulation that scenario
model predictive control (MPC) obtains the same reduction in
fuel consumption as nominal MPC with full preview of future
driver behaviour, and that the scenario MPC optimization can
be solved efficiently using a tailored optimization algorithm.

I. INTRODUCTION

Plug-in hybrid electric vehicles (PHEVs) have a powertrain
that includes an internal combustion engine, an electric motor,
and a battery that can be charged from an external source.
This configuration is typically chosen to obtain the benefits
of all-electric propulsion (e.g. zero tailpipe emissions and
regenerative braking) with a smaller battery than would be
required for an all-electric vehicle, whilst also ensuring that
the total combined range available before a recharge is at a
useful level. The key differentiators between a PHEV and a
‘mild” hybrid electric vehicle (HEV) are the size of the battery
and the charging method: the battery in a HEV is much smaller
and cannot be charged from an external source, and is therefore
typically only used for regenerative braking and to accelerate
the vehicle from stationary.

Multiple studies have demonstrated that the the energy con-
sumption (and consequently, the range) of a PHEV is strongly
determined by the controller that allocates the driver’s power
demand to the engine and motor (a comprehensive review
of control methods is provided in [1]). A simple strategy is
to allocate all of the power demand to the motor until the
battery is empty, and then only use the motor to regeneratively
brake and start the vehicle from a standstill until the end
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of the journey. However, blended strategies, where power is
delivered from both sources simultaneously and the fraction
delivered from each is varied throughout the journey, are
potentially much more effective. In particular, optimization-
based strategies, where the power allocation is determined
using numerical optimization of a mathematical representation
of the powertrain can considerably reduce fuel consumption
without affecting total battery discharge. Many approaches to
optimization-based energy management have been considered,
including dynamic programming [2], Pontryagin’s minimum
principle [3], equivalent consumption minimization strategy
[4], and model predictive control (MPC) [5].

A major limitation of any optimization-based strategy is that
its effectiveness is conditional on an accurate prediction of
the future behaviour of the driver (specifically, the velocity
of the vehicle and the torque at the wheels throughout the
remaining journey). This prediction is non-trivial, and depends
on a range of factors that may be challenging to model and
predict, including the route, the geometry of the road, traffic
conditions, and driving style. A common approach is to fit
a model (such as a neural network [6], [7] or Markov-based
model [8], [9]) to driver behaviour data, and then use the model
to generate predictions that are fed into the energy manage-
ment optimization. One of the fundamental limitations of this
approach is the model must necessarily be conditioned on a
large number of environmental variables (e.g. road geometry,
speed limits) that vary throughout a given journey and may
themselves be uncertain. Consequently, these techniques can
only generally be used to generate ‘short-horizon’ predictions
(e.g. up to ~20s into the future); long-horizon predictions
(i.e. predictions of an entire journey lasting minutes or hours)
remain an open problem [10].

In this paper, a data-based scenario MPC is proposed
where the power-split is determined at each sampling instant
by optimizing the predicted fuel consumption over multiple
previous examples of the route being driven. The primary
benefit of this approach is that predictions of driver behaviour
(that inherently account for route-specific variables, such as
road geometry and speed limits) can be made over arbitrarily
long horizons, and an explicit driver model is not required.
The proposed method is applicable both when a vehicle
repeatedly completes the same route (e.g. public transportation
and delivery/collection vehicles) and when the route to be
driven is provided by a navigation device (or the vehicle is
being driven autonomously). It could also be combined with a
statistical method that automatically identifies the route being



driven from previous driver behaviour (such as that proposed
in [11]), but this is not investigated in this paper.
The main contributions of this paper are as follows:

1) A convex scenario MPC framework that minimizes fuel
consumption across multiple predictions of future driver
behaviour. The approach incorporates nonlinear losses
in the engine, motor, and battery; limits on the energy
stored in the battery; and limits on the power delivered
by both the electric motor and the internal combustion
engine. Importantly, the scenario MPC framework di-
rectly optimizes the state-of-charge trajectory over the
entire prediction horizon, and does not rely on tracking
a reference trajectory (as proposed in, for example, [5]).
Results from scenario optimization [12] provide a bound
on the confidence that the one-step-ahead MPC opti-
mization will be feasible with a given probability, given
the number of scenarios considered in the optimization.

2) An alternating direction method of multipliers (ADMM)
algorithm tailored to the structure of the scenario MPC
optimization problem, where each iteration has O(N.S)
memory and computational cost (where N is the predic-
tion horizon length and S is the number of scenarios).

3) A set of numerical studies in which a nominal MPC
strategy with access to accurate predictions of future
driver behaviour is compared against scenario MPC, for
which predictions are generated directly from previously
recorded journeys on the same route (i.e. the controller
has no preview of the journey being simulated). Remark-
ably, it is found that the scenario MPC obtains the same
fuel consumption as nominal MPC.

This is not the first paper proposing scenario MPC for
energy management: it was previously applied to a charge
sustaining hybrid-electric vehicle in [13], but that paper con-
sidered a linearized vehicle model, a prediction horizon of only
10 samples, and scenarios were generated using perturbations
of a nominal prediction obtained from the non-parameteric
model proposed in [14].

This paper builds on the authors’ previous work on convex
optimization-based energy management in [15] and [16]. In
those cases only a single prediction of future driver behaviour
was considered, and the extension to multiple scenarios pre-
sented here is original work. Additionally, the authors have
previously investigated the use of graphics processing units
(GPUs) for accelerating ADMM when used to solve similar
scenario-based resource allocation problems in [17]. PHEV
energy management was also used as an illustrative example
in that paper, but the scenarios were generated using random
perturbations of a nominal trajectory (rather than the data-
based framework proposed in this paper), and the energy man-
agement problem was considerably simplified, and therefore
not suitable for supervisory control as proposed here.

The rest of this paper is structured as follows. In Section II
the energy management problem is formulated mathematically.
Section III presents the SMPC controller, and the algorithm
used to solve the corresponding optimization problem is pre-
sented in Section IV. The results of numerical experiments are
presented and discussed in Section V.
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Fig. 1: Diagram of the loss functions and variables that are
used in the mathematical formulation of the energy manage-
ment problem. The directions of the arrows represents the
direction of power transfer. Symbols are included to indicate
how the powerflows are combined at the summing junctions.

Notation The set of integers from a € Z to b € Z (inclusive)
is denoted by {a,...,b}. For a given set S, the set of non-
negative (positive) elements of S is denoted by S (S ), and
the set of non-positive (negative) elements of S is denoted by
S_ (S__). The Minkowski sum of sets A,B is A@® B =
{z+y:x € A, y € B}. The notation M. ; (M; ) refers to the
ith column (row) of matrix M. The function vec (M) returns
a column vector containing the columns of matrix M stacked
sequentially from left to right. All inequalities are considered
element-wise in the context of vectors. The symbols 1 and
0 respectively denote a vector of ones and a vector of zeros
(dimensions can be inferred from their context).

II. PROBLEM FORMULATION

This section presents a mathematical model of a parallel,
pre-transmission PHEV powertrain that is used to formalize
the energy management problem, and later used for simulation.
The model used in this paper is the same as that used in [16]
(and is also similar to vehicle models used in the PHEV energy
management literature, e.g. [2], [3], [4], [5]), and the reader
is therefore referred to [16] for a more in-depth exposition;
only the details required to understand the following sections
are included here. Figure 1 shows a simplified diagram of
the powertrain under consideration, for which the relevant
behaviour of the driver can be described completely by the
vehicle’s velocity, v(t), and the road gradient, 6(t), for all
t € [0,T], where T € (0,00) is the duration of the journey
(the problem is not to control the behaviour of the vehicle in an
autonomous sense). From this description of driver behaviour,
the rotational speed of the wheels, w,,(¢), and power demanded
at the wheels, Py;.,(t), are defined by

W (t) = v(t) /Ty (D

(where r,, € R is the effective radius of the wheels) and
the longitudinal vehicle model



1
Pdrv(t) = mv(t) + Epafu(t)ZC’dA

+ CyrmgcosO(t) + mgsind(t) [v(t), (2)

where m € R is the mass, p, € R, is the density of air,
Cq € Ry, is the drag coefficient, A € R, is the frontal
area, C,, € Ry, is the rolling resistance, and ¢ € R,
is the acceleration due to gravity (it is also assumed that
v(t) is differentiable everywhere). Consequently, there are four
parameters that must controlled for all ¢ € [0, 7] in order that
the operation of the powertrain is well-defined:
1) The state of the engine, o(t) € {0,1}, where o(t) =1
implies that the engine is on and the clutch engaged, and
o(t) = 0 implies that the engine is off and the clutch
disengaged.
2) The gear selection, r(t) € R, where R C R is the set
of available gear ratios.
3) The mechanical braking power, Py, (t) € R_.
4) The power delivered by the engine, Pe,4(t) € Ry
(engine braking is not considered).

The power delivered from the motor, P.,,(t) € R does not
need to be explicitly selected as it is determined implicitly by
the other four specified control variables (the value of Py,.x(t)
determines the relative fraction of braking power delivered by
the motor and mechanical brakes).

Once the gear selection and engine state have been deter-
mined, the rotational speeds of the engine, we,4(t) € Ry, and
motor, we, (t), are defined by

[r(t)ww (), 7 (t)ww (t)]

[weng (£); wem (1)] = {[07r(t)ww(t)1

o 1

o(t)=0
3)

for all t € [0, T']. Once the braking power has been determined,

the power, p(t), delivered by the drivetrain to the axles is

p(t) = Pdrv(t) - Pbrk(t)

The drivetrain components are assumed to be 100% efficient,
so once the engine output power, P.,,(t), has been deter-
mined, the power output required of the motor is defined by

p(t) = Pepg(t) o 1
Fonl®):= {pu) o(t) =0

vt € [0,T]. (4)

for all ¢ € [0, 7.
The engine’s rate of fuel consumption, 72 s(t), is modelled
as a static input-output map, f : R x R — R, defined by

1 p(t) := [ (Peng(t), Weng (t))-

Similarly, the motor’s output power, P.(t), is modelled as a
static input-output map, h : R x R +— R, defined by

P.(t) := h(Pem(t), wem(t)).

The battery is modelled as an equivalent circuit consisting of
an internal resistance only, so that the rate of depletion of

the battery’s internal energy, u(t), is modelled by the function
g:R xRy xRiy — R, defined by

u(t) == g(Pe(t), V1), R(t))

_v? 4R(t)
L (o b )
VP.(t) < iaiy, where V(1) € Ryy and R(t) € Ry

are the battery’s open circuit voltage and internal resistance.
Consequently, the internal energy (or, synonymously, the state-
of-charge) of the battery is defined by

E(t) = E(0) - /0 () dt Vie 0.1]

For the purposes of this formulation it is assumed that
u(t) is Riemann integrable. The objective of optimization-
based energy management is to minimize the fuel con-
sumed during a given journey, i.e. to obtain values d(t)* :=
(a(t)*,m(t)*, Pork(t)*, Peng(t)*) that minimize
inf
d(t)eD(t)
vte[0,T

my(T). (5)

Here D(t) is a time-dependent set that enforces hard con-
straints on the torque, rotational speed, power, and energy of
each of the components illustrated in Figure 1 (see [16] for a
more complete description). In particular, the engine power has
instantaneous upper and lower bounds (which also implicitly
impose bounds on the motor and battery power),

Prng(t) < Peng(t) < Peng(t) ¥t € [0,7]

Z_eng

and the state-of-charge of the battery is constrained between
upper and lower limits,

E<E(t)<E Vvtelo,T).

Obtaining a solution to (5) is intractable in general due to the
complex constraints on system operation, and the fact that the
solution depends on the power and velocity required of the
vehicle in the future, which cannot be known with complete
precision a priori.

III. SCENARIO MODEL PREDICTIVE CONTROL

We propose a MPC framework for solving (5) approxi-
mately, in which the control variables are updated at a fre-
quency of 1 Hz! throughout the journey by solving a discrete-
time optimal control problem, and held constant between each
update. To aid the presentation of the proposed framework,
we begin by considering the deterministic case where at each
variable update instant the controller has a single prediction of
the vehicle’s future velocity, v := (vg,...,vx_1) € RY, and
the gradient of the road, 6 := (6g,...,0n_1) € RY, where
N € N is the length of the prediction horizon?; later this
formulation will be extended to consider the case of multiple

The approach can be readily extended to an arbitrary sampling interval,
subject to the associated MPC optimization solution times.

2Note that, for the example variable v, the notation v(t) is used to represent
the simulated velocity at time ¢, whereas the notation vy, is used to represent
the velocity predicted by the MPC at time v(t + k).



predictions. It is assumed that the predictions are also sampled
at 1 Hz, although this is not required and the methods pre-
sented here can be extended to an arbitrary sampling interval.
The predicted rotational speed of the wheels, w,, 1 € R, and
driver’s power demand, Py, € R, can then be determined
for all k € {0,...,N — 1} using similar forms of (1) and
(2) (the accelerations v can be calculated using numerical
differentiation of v).

A. Convex Model Predictive Control

It has previously been demonstrated in [15] that if the
gear selection, braking power, and engine switching control
are pre-determined (by either a heuristic or optimization-
based method), then the problem of determining the optimal
power split between the motor and internal combustion engine
w.r.t. (5) can be reduced to a convex optimization problem
under minor further approximation?, and this is the approach
taken here. Again, only sufficient detail is reproduced here to
understand the following development, and interested readers
are referred to [15] for more details.

To achieve the convex energy management formulation,
firstly the engine and motor maps are approximated as strictly
convex quadratic functions*:

f(Peng(t), weng (1)) ~
g (We (1)) Peng (8)* + a1 (we (1)) Peng () + o (we(t)),

where aa(z) > 0 Vz € dom(az), and

h(Pem (t), wm(t)) =
Ba(wnm (t))Pem(t)2 + B1(wm () Pem (t) + Bo(wm (1)),

where fB2(x) > 0 Vo € dom(f2). Then, at each MPC update
when in operation, the following steps are taken to obtain the
convex formulation as presented in [15]:

1) The predicted values of engine state, oy, braking power,
Pyr1 1, and gear selection, 1y, are determined using the
external control strategy for all & € {0,...,N — 1}.

2) The predicted values of powertrain output power, py, are
determined using a similar form of (4) (i.e. indexed by
k instead of t) for all k € {0,..., N —1}.

3) The set P is defined as the subset of values of
0,...,N — 1 where the engine is switched on, i.e.

P:={k:0,=1}.

4) The predicted values of engine speed, Wepg,k, and motor
speed, Wem, i, are determined for all k € {0,..., N —1}
using a similar form of (3).

5) The predicted rate of fuel consumption, 7y € Ry,
and battery output power, P, € R, are defined by the
quadratic functions

3There is an alternative method for achieving a convex formulation, as
presented in [18], but the method presented in [15] results in an optimization
problem with preferable structure. The solutions obtained using both methods
are mathematically equivalent.

4This is a common approach, and has been shown to achieve a very close
approximation of the true loss maps (see for example [19, §7]).

Mk = fr(Peng.k)

= a2,kpfng,k + o1, Peng,k + 00,k
P,y :=h(Pem i)

= Bok P i + B1kPemi + Boks

where o = @i (Weng,k) and Bk = Bi(Wem, k), for all
i€{0,1,2} and k € {0,...,N — 1}.

6) The open circuit voltage and resistance of the battery,
Vi and Ry, are assumed to be fixed a priori and
not considered as part of the optimization (for small
variations in battery SOC it can be effective to set
(Vk, Rg) = (V(¢t), R(t)) for all k € {0,...,N —1}).

7) The predicted rate of battery depletion, u;r € R, is
defined as equal to the function

Uk = gk (Pem,k)

Vk2 \/ 4Ry,
= ——|1—4/1— —hi(P.,,
2Ry, < Vi k( ’k)

for all k € {0,...,N —1}.
8) Values of u;,, € R and W, € R are generated for
all k¥ € {0,...,N — 1} so that the box constraints
u;, < ur < Uy enforce instantaneous power limits on
all powertrain subsystems, constrain the arguments of
fx(+) and hg(-) to the domain in which they are strictly
increasing, and deliver sufficient electrical power when
the engine is off (i.e. for all k ¢ P).
Consequently, the fuel consumption at each timestep k£ can
be modelled in terms of the battery’s internal power by the
convex function Fy, : [uy,Uy] — Ry, defined by

Fr(ug) = frlpx — g5 "(ug)) Vke{0,...,N —1},

where g, ! [wp, @] = g5 " (ug,), g5 ()] models the
motor’s output power as a function of the battery’s internal
power (the inverse function exists for all £ € {0,...,N —1}
[20, Lemma 3.2.5]), and is defined by

2
4 Riul  ug—Box  Pig

B,k
Ug) = — o>+ — + :
9 (ur) 262 1 \/ Bk V2 B2,k 463

As the control inputs are constant between update instants, the
predicted internal energy of the battery, xy, is given by

+

k—1

xp ::x(t)—Zui Vke{l,...,N}.
=0

Therefore, the problem of determining the optimal battery
power allocation (which implicitly determines the optimal
motor and engine power) reduces to the convex minimization

keP
s.t. x = 1z(t) — Yu, (MPC)
u<u<mu,
1z <z < 17,
where u = (ugy,...,Un_1) U = (Up,...,UN-1), T =

(z1,...,2n), and U is a lower triangular matrix of ones.



Problem (MPC) is convex as the objective functions Fj, are
all convex [15], and the decision variables are only subject
to affine equality and inequality constraints, which are also
convex. The model predictive control input is then defined
by w5, where ©* is the minimizing argument of (MPC). The
following Lemmas are proven in [20, §4.1]:

Lemma 3.1: If (MPC) is feasible, then the solution exists
and is unique.

Lemma 3.2: Problem (MPC) is feasible if and only if
Fr #0VEk € {1,..., N}, where Fo := {z(t)}, and Fpyq :=

B. Scenario Optimization

A limitation of the MPC energy management strategy
based on the solution of (MPC) is that it relies on a single,
deterministic prediction of v and 6, which will typically be
inaccurate. The ideas presented in the previous section are now
extended to the stochastic case using scenario optimization.

Consider the case where v and 6 are drawn from sets
YV and © according to an associated probability. Note that
the parameters u and w, the functions Fj, and the set P
are dependent on the realizations of v and 6. Therefore, the
stochastic optimization problem that minimizes the expected
fuel consumption across all possible realizations of v and @ is

> Fi(uk, v, 0)

min E'UNV,@N@
)

(u, P(v,6)
s.t. x = 1z(t) — Yu, (6)
w(v,0) <u<u(v,0) VY(v,0) eV x0O
1z <x <17.

This approach would increase the robustness of the controller
as it is more likely that the resulting driver behaviour will
have been explicitly considered by the MPC optimization, but
still has several significant issues. Particularly, in order for the
controller to minimize the expected fuel consumption when
implemented in closed loop, the probability measure associ-
ated with V and © must closely match real driver behaviour, a
phenomenon that is extremely challenging to model explicitly.
Secondly, even in the case where an accurate representation
of driver behaviour is available and the associated probability
density function is ‘simple’, problem (6) is nonconvex and
intractable in general.

Therefore, consider instead the case where S € Z,4
individual samples of v and 6 are obtained from the uncertainty
sets, where each sampled pair (v,8) € V x © is referred to as
a scenario. It is again assumed that each of the scenarios is
sampled at 1 Hz over the remaining duration of the journey,
although as before, this approach can be extended to an
arbitrary sampling interval. Additionally, it is assumed that
each of the predictions are of the same length, N, as although
the remaining duration of the journey may vary for each
scenario, zeros can be appended to the shorter predictions
until they equal the length of the longest prediction. Therefore,
the predictions are given by v € RN*S and § ¢ RV*S,
where v, s € V and 0., € © Vs € {1,...,S}. The approach

detailed in Section III-A can then be used to obtain the opti-
mization parameters across all of the predictions, now given
by u € RV*S, 5 € RV*S, and d € RNV*®. Additionally,
the set P is defined for each scenario s € {1,...,5} as
Ps, and the functions fj s(-) and g;l() are defined for all
elements of the prediction horizon k € {0,...,N — 1}, and
scenarios s € {1,...,S}. The stochastic program (6) may
then be approximated with

S
Hlln) %Z ( Z fk,s(pk,s g];i(uk,s)))a

(wer) S\ /.
s.to 2. s = 1a(t) — Yu, g,
1z <z , < 1T,

U g S Us SUs

(SMPC)

Ug,s = T,
Vs e{l,...,S}.

The following can be proven using minor modifications to the
proofs of Lemmas 3.1 and 3.2 in [20, §4.1]:

Lemma 3.3: If (SMPC) is feasible, then the solution exists
and is unique.

Lemma 3.4: Problem (SMPC) is feasible if and only if
Frs # 0 VEk € {1,...,N}, where Fo s := {x(t)}, Fis :=
{Fos ® — N2, [ To,s]} N [2, 7], and Frpr,s = {Fhs @
=g o Ur sy N[z, 7] Ve € {1,...,N =1}, s€{1,...,5}.

From a computational perspective, (SMPC) has two sig-
nificant advantages relative to (6). Firstly, (SMPC) is convex
and deterministic, and can therefore be readily solved using
standard convex optimization algorithms. Secondly, (SMPC)
does not require the driver’s behaviour to be modelled explic-
itly, and the scenarios can be drawn from a database obtained
from previous examples of a given route (or its constituent
parts, assembled from available data). An additional advantage
of (SMPC) from a control perspective is that it allows a
separate control vector for each scenario (i.e. u € RNV*9)
rather than a single control vector that minimizes the objective
across all predictions. This is preferable as at any given instant
along the prediction horizon one scenario may predict high
speed and/or acceleration whereas another may predict that
the vehicle is moving slowly or is stationary (this places
conflicting requirements on the predicted control input which
cannot satisfy both simultaneously). The predicted control
trajectories in (SMPC) can therefore be interpreted as samples
of a control probability density function, which is a more
general representation than that considered in (6). The solution
of (SMPC) provides a meaningful MPC law since the first
element of each predicted control sequence is constrained to be
equal, so that the feedback law is defined by u(t) := 7*, where
7* is obtained from the minimizing argument of (SMPC).

A limitation of (SMPC) is that the solution only converges
in the limit as S — oo (the error term between the solution
of (SMPC) and the expected cost w.r.t. the true probability
distribution is O(S~1/2) [21]). This may become problematic
if both a large number of scenarios and a long prediction
horizon is required, as (SMPC) has O(N S) decision variables.
An efficient ADMM algorithm for the solution of (SMPC)
is presented in the following to address this issue. A further



limitation is that the solution of (SMPC) represents S deter-
ministic, open loop policies, so the optimal value of (SMPC)
does not necessarily converge to the resulting closed-loop cost
as S — oo. Possible modifications to the proposed framework
that address this optimality gap are discussed in Section V-B
in light of the numerical results that follow.

C. Feasibility

This section addresses the feasibility of (SMPC) when
implemented in closed loop. In particular, results from scenario
MPC are used to obtain a bound on the number of scenarios, .S,
required to provide a given confidence that the one-step-ahead
instance of (SMPC) will be feasible with a given probability.

Assumption 3.1: The first element of the predictions of
velocity and road gradient are accurate measurements of the
vehicle’s current velocity and the current road gradient, and
are therefore equal for each scenario, i.e vys = v(t) and
0os =0(t) forall s € {1,...,S}.

Under Assumption 3.1, u, , = u(t) and o s = u(t) for all
s€{l,...,S} (where u(t) € R and u(t) € R are the lower
and upper limits on battery power at time t).

Assumption 3.2: u(t) < u(t) for all ¢t € {0,...,T}.
Assumption 3.2 can reasonably be expected to hold in general
using the method outlined in [15], and must hold in practice
(the battery must do something). Consequently, Lemma 3.4
implies that a given instance of (SMPC) is feasible if and
only if

(t) —u) <7z, @)
(t) —u(t) >z, (8)
k
2(t) —u(t) = Y Wi <, ©)
1?1
o(t) —ult) = Y u, >z, (10)

forall k€ {1,...,N —1} and s € {1,...,S}. The physical
interpretation of the conditions (7) and (9) being violated
is that so much regenerative braking is used/expected that
the powertrain will be forced to overcharge the battery. It
can reasonably be assumed that any given vehicle will be
designed so that all of the required braking power can be
delivered by the mechanical brakes, so it therefore follows
that the power allocated to the electric system can always be
modified to ensure that (7) and (9) hold. However, driveability
issues may be introduced if the relative fraction of braking
power required from the motor and mechanical brakes changes
significantly from one MPC update to the next, in order
to ensure that (7) holds. The physical interpretation of the
conditions (8) and (10) being violated is that so much drive
power is demanded/expected from the powertrain that the
battery will be forced to over-discharge. In this case, either the
engine needs to be switched on to help meet the driver’s power
demand (which can also introduce driveability issues if this
action is taken to ensure (8)), or, if the engine is already on,
the power delivered by the powertrain will need to be reduced
below that demanded by the driver (which could be dangerous
if it occurs, for example, during an overtaking maneuver).

Assumption 3.3: The scenarios are generated so that (9) and
(10) always hold.
Assumption 3.3 reflects the fact that the above considerations
can be taken into account when determining the engine switch-
ing and braking control used for the predictions. Consequently,
problem (SMPC) is feasible at time ¢ if and only if (7) and
(8) hold, and feasible at time ¢ + 1 if and only if

x(t)—7"(t) () —u(t+1) > z,

1D

where u*(t) and 7*(t) are obtained from the solution of

(SMPC) at time t. Given the above physical interpretations of

these constraints, the concept of feasibility here is synonymous

with the powertrain operating as intended at the current time.
Now, note that problem (SMPC) is equivalent to

S Z < D frsprs = gics(u, s)>) (12a)

—u(t+1) <T and z(t)—

min
(u,z,7)EC hep.
s.t. x(t) —TEZ+u T+ (12b)

Vs e {l,...,S},

(where C is a convex constraint set), which is the form of
problem considered in [12]. To apply the results of [12], as-
sume that (SMPC) is feasible at time ¢, and define the violation
probability for the one-step-ahead feasibility condition (11) as

V(@) == P{z(t) —7°(t) ¢ [z + u( + 1), 7 +u(t + D]},

where u(t + 1) and w(t 4+ 1) can be interpreted as an unseen
sample of the random variables Uy ¢ and Uy s in (SMPC). The
support rank of constraint (12b) is one’, since the constraint
fixes a single degree of freedom of the decision variable
(u, z,7) (see Definition 3.6 in [12]). Therefore, the confidence

bound

P{V (7*(t)) > ¢} < B(&; S,0) = (1 — &)°

on the violation (i.e. one-step-ahead infeasibility) probability
of (SMPC) immediately follows from Theorem 4.1 in [12].
More generally, if R samples are discarded (using any criteria,
e.g. a greedy strategy), then the right-hand-side of (13) can be
replaced with B(¢; S, R), where B is the beta distribution.

Let the confidence that the violation probability is no greater
than € be B, so that

P{V(r*

(13)

) <& =521-(1-8°

then the lower bound on the number of scenarios required to
meet a given confidence of violation probability is

log (1 — B3)
ZTog(1-¢)"

This bound is illustrated in Figure 2. One-step-ahead feasibility
(and by induction, recursive feasibility) is only guaranteed

(14)

5)

SNote that, whist the set C depends on the S random samples of V' and
© and is therefore ‘stochastic’, the problem of interest here is whether the
solution of (SMPC) remains feasible with respect to an additional randomly
sampled constraint of the form of (12b) only, and not every constraint from
(SMPC) (i.e. C does not change when the new scenario is sampled). Therefore,
C can be considered deterministic, and the relevant support rank is that of
constraint (12b).
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Ifig. 2: Illustration of the values of S that satisfy (15) for
B8 €{0.9,0.99,0.999} and € € [0.01,0.99].

with complete certainty in the limit as S — oo. However,
note that (14) is a lower bound on the confidence of constraint
violation probability, which will only be tight when the state-
of-charge of the battery is ‘close’ to its limits (i.e. one-step-
ahead feasibility is guaranteed when the battery’s state-of-
charge is ‘far’ from its limits, as it will not be possible to
exceed the limits within two sampling intervals). It is not
common for the state-of-charge of the battery to approach
its upper or lower bounds more than once or twice during
a given journey (see for example [5, §5], [3, §5], [22, §5],
and the results that follow), so high confidence of feasibility
throughout a given journey may be obtained with a modest
number of scenarios. For example, a bound on constraint
violation of ¢ = 0.1 can be achieved with confidence of
B > 0.9 using just S = 22 scenarios. This can be improved
to V(7*(t)) < 0.01 with a confidence of 3 > 0.99 by using
S = 459 scenarios.

IV. OPTIMIZATION ALGORITHM

It was shown in [16] that ADMM can be used to solve
the deterministic case (MPC) in a fraction of a second for
prediction horizons exceeding 1000 time steps, and that it is
generally orders of magnitude faster than the general purpose
convex optimization software CVX [23] with SDPT3 [24].
Therefore, in this section we extend the ADMM algorithm in
[16] to the scenario optimization (SMPC).

1) Algorithm: Problem (SMPC) is equivalent to the equal-
ity constrained problem

'S Z ( > (fks Pros — g,;im,s)))

min
(uw,z,7) rep.
+ Z (Zu . (urs) + Tae(Try1s)) |
k=0
stu=¢ z=%x(t)—-V(, 1r= u(—;:,
which is in turn equivalent to
min f(i) st Au+ Bi=c, a17)

where

= (vec (u), vec (2)), @ := (7, vec(()),
S
z(z(mks i)
=1 \kePs

N-1
+ Z (Iuk,s(uk,S) + IX(gjk—&-l,S)) )7
k=0
I o o -1
A;:{ [0) 1}, B := {0(1@1/)],
-(1®[1,0,...,0]) O 1 0
c:=(0,1x(t),0).

Now define the augmented Lagrangian function £, : R2NVS
RI+NS « R(2N+1)S — R as

-i5(E

keP

L,(a, T, A

(fks Pk,s — gk_’i(uk},s))>+

N-—1
> (Tuy . (urs) + Tx(zh416)) Cos + vis?

k=0

- %Hu;,s -

() + ..

+%Hx:,s+¢'c:,s (T u0s+¢s) )a

2

where A := (vec(v),vec(v),¢) is a vector of Lagrange
multipliers and v € RV*S ¢ € RV*S, ¢ € R®. Problem (17)
is the canonical form of the optimization problem considered
in [25], where it is shown that the ADMM iteration

@+ = argming £,(i, &9, A9) (18a)
701D = argmin,, £,(@0+), 7, A0) (18b)
2D . A g+ o g+l _ (18¢)

converges® to the (unique, in this case) solution. The optimality
and convergence of a given iterate (a(+1), z0H+D \G+1) jg
indicated by the sizes of the residual variables defined by

vee (ul D)) — vec (¢0FD)
r0Y = |vecx — 1a(t) + (‘I/C:(,Zfrl), ‘I’Cf,?”) (19)
i 170+ (u(()ljl))T
(i+1) [ pivec (C(' C(z‘+1 ) M(T(i) B T(iﬂ))
s\ = ( (C(z ¢ z+1)) ‘I’(C(i) _ C(i+1))>
ce s —Cog
(20)

where M := p3(1s ® [1,0,...,0]"). The algorithm is termi-
nated at the first iteration in which the criterion

max{[[rV |sUHV|} < e

is met, where ¢ € Ry, is a pre-determined convergence
threshold. The iteration (18) can be made to terminate at
a point that can be made arbitrarily close to the unique
minimizing argument of (SMPC) by setting the termination
threshold, e, arbitrarily close to zero.

The proof is provided for a single, scalar value of p, but trivially extends to
the case here, where p can be represented by a diagonal matrix with positive
elements. Also, note that (SMPC) has only affine inequality constraints, so
feasibility is a sufficient condition for strong duality [26, Proposition 5.3.1].



A. Variable Updates & Complexity
The « ADMM update (18a) is equivalent to

uf ) = avgmin, | (fo.s(po.s — 95, (0.5)) + T (.s)
+ B, = G+ 02 + 20 o+ 60)?)
Vse{l,...,S}
(i+1) . -1
Up s = argmlnuk,s fk,s(pk,s gk,s(uk@s)) +lelk,5(uk:,s)
+ B = i +0)?)

Vs €{0,...,5}, ke P\ {0}
up Y Vs €{0,...,S},k ¢ P,
w{ = Tyw | La(t) — UCT) — wf,?} :

= Ek,s

where X := {z € R : z < 2 < 7}, and lyn(z) =
argmingc y~ || — Z||. The update u,(::l) is a 1-dimensional
convex inequality constrained optimization problem that can
be solved using Newton’s method for all s € {1,...,S} and
k € Ps. This update is separable w.r.t. both the scenarios and
the prediction horizon, and so the computational requirement
is constant as both are increased if the updates are performed
in parallel (so long as Zle |Ps| threads are available).
Otherwise, the computational complexity is O(NS) if the
updates are performed sequentially. The computation of z(*+1)
is O(N) as multiplication by ¥ is a cumulative sum and
projection ITy~[-] is performed element-wise. No additional
memory is required for either the u(**1) or the z(**1) update.

The £ ADMM update (18b) is equivalent to

S
i 1 i+1 i
P = LS 4 o)

s=1

§i+1) — (p1[+p2\1,T\IJ)71
(pl(u:,s + V:,s) - pQ\IIT(x:,s - 137(1;) + w:,s))-

The computation of 7(*+1) scales linearly with S regardless
of whether parallel processing is used, but since this is a
scalar sum it is typically computationally inexpensive. The
computation required to solve the linear system of equations
(pil + p2¥ ™ ¥)x = b (with x € RV, b € RY) and
evaluate the matrix-vector product ¥ 'x scales linearly with
N (the proof of the former is available in [27, Appendix D],
while multiplication by ¥ is a cumulative sum). Therefore
the computation of ¢(t1) scales as O(N) if the S updates
are performed in parallel, or O(NS) if they are performed
sequentially. The Cholesky factors required for the solution
of the linear system of equations (see [27, Appendix D] for
details) are the same for each scenario so only need storing
once. Therefore, the memory cost of the update is O(N).
The computation of residual updates (19) scales linearly
with N and S (the only non-trivial computations are mul-
tiplication by ¥, which is equivalent to a cumulative sum,
and multiplication by (15 ®[1,0,...,0]T), which is a mathe-
matical representation of a simple operation that copies the
value of (7 — 7(+1D) into entries of a sparse column
vector). Additionally, O(NS) memory storage is required

g 30 0.2 _/'cg

Yt
E 90 =
= T
= k>
2 10 =
(] =
Z 0 020

I T T T T T 1
0 2500 5000 7500 10000 12500 15000

Distance (m)

Fig. 3: Velocity and road gradient against longitudinal distance
for each of the 49 journeys.

to store the variables 7(Y) and (9 for the computation of

s(+1) at the following iteration. The ) update is equivalent to
A+ — \@) o p(41),

V. NUMERICAL EXPERIMENTS

The performance of the proposed SMPC was investigated
using numerical simulations of a PHEV completing 49 in-
stances of a 13 km route, as illustrated in Figure 3. The key
property of this data is that is represents multiple trips of the
same route, and can therefore be readily implemented in the
scenario MPC framework. Additionally, it was obtained using
four different drivers, in weather conditions including ‘dry’,
‘wet’, and ‘foggy’, which therefore implies that an energy
management strategy that performs well across all journeys
is robust to variations in driving style and weather. Detailed
descriptions of the traffic conditions are unavailable, but start-
stop artefacts are absent from the data, suggesting that the
traffic was generally light. The route is a 6.5 km return trip,
and includes a junction (visible from the speed drop at ~5
km and returning at ~9 km) and a roundabout at the midway
point (visible from the speed drop at 6.5 km). The first half of
the route is predominantly uphill, and therefore the second
half is predominantly downhill. The PHEV was modelled
for simulation as a 1800 kg passenger vehicle with a 100
kW engine, 50 kW motor, and a 21.5 Ah battery, which is
representative of the vehicle used to obtain the data. For each
journey, two controllers were used:

1) A Nominal MPC law defined by u(t) := u§, where
ugy is the first element of the minimizing argument of
(MPC). At each control variable update instance, the
MPC used a single scenario that was a completely
accurate representation of driver behaviour during the
entire remaining portion of the journey, and was solved
using the ADMM algorithm from [16].

2) A Scenario MPC law defined by wu(t) := 7* where
7* was obtained from the solution of (SMPC) using
the ADMM algorithm described in Section IV. At each
control variable update instance, the MPC used scenarios
generated from the 48 examples of driver behaviour
other than the one being used for simulation; the full
method is described in the following section.

For both controllers, the gear ratio was selected using a simple

vehicle speed-based heuristic, the engine was always switched
on if the rotational speed of the engine was greater than its



minimum speed (and otherwise switched off), and the me-
chanical braking power was set as a fixed fraction of braking
power. The choice of these heuristics is not important for the
purposes of this paper; only that the same heuristics are used
for both MPC approaches. For each journey, the state of charge
of the battery was initialized at 60% and constrained between
40% and 100%. These simulation parameters were chosen
to ensure that the lower state-of-charge constraint was active
during the simulations, as the solution of (SMPC) becomes
significantly harder under this condition. The parameters p;
and p in the ADMM algorithm were set at p; = 2.34 x 10~*
and ps = 8.86 x 107? (as in [15]), and p3 was set as equal
to p1 (as they both correspond to constraints on power). The
termination criterion was set at ¢ = 0.1 (this value was found
to be sufficiently low to avoid the constraint satisfaction issue
discussed in [16, §5-C]). The simulations were programmed
in Matlab and run on a 2.60GHz Intel i7-9750H CPU.

A. Scenario Generation

A database was available to the controller where arrays
of velocity, road gradient, and time data, indexed by the
longitudinal position within the route, [, and sampled at a
resolution of 1m, was available for all of the 49 journeys used
for simulation. Before the start of each simulated journey, the
position indexed data for S = 48 journeys (i.e. every journey
except the one representing the actual journey to be simulated)
was retrieved. The data used for simulation was indexed by
time, and at each sample time ¢t € {0,...,7 — 1} during
a simulated journey, the scenarios were generated using the
following steps:

o The longitudinal position of the vehicle was obtained
from I(t) = Ef;(l) v(4).

o For each of the S = 48 journeys that had been retrieved
from the database, a scenario was generated by:

— Re-sampling the position-indexed velocity (¢) and
road gradient (é) data for the remaining simulation
distance in terms of time at a rate of 1 Hz.

— Calculating the scenario road gradient and velocity
values using the ‘blending’ coefficient ¢~9-2°% and’

Ok,s| . [0)] —0os , [ —0.25k
|:’Uk,s:| T L)(t)] e 0% +L7k7j (1—e7®%"),
(21)

vk €{0,...,N —1}.

The principle of this approach is that the predictions are
made entirely using other data ‘previously’ recorded from the
route, and that the controller has no additional information
about the current journey. The ‘blending’ process (21) was
included as it was found that the near horizon predictions (i.e.
k € {0,...,5}) were otherwise highly inaccurate due to the
uncertainty in the velocity at any given point in the journey, as
shown in Figure 3. An example of the predictions generated

TThe acceleration values used in the longitudinal power model (2) were
obtained from vp s = (t)e”02F 4+ (1 — e 025%) for all k €
{0,..., N — 1}, where v(t) is the vehicle’s simulated acceleration at time
t and ¥ is obtained by numerically differentiating ©. The values of v. s
were not numerically differentiated directly as additional acceleration may be
introduced by (21) which would distort the predicted power demand.
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Fig. 4: An example of the velocity predictions (blue lines)
generated at three instants during an individual journey (shown
in black).

using the above process is illustrated in Figure 4. It can be
observed in Figure 3 that whilst there is uncertainty in the
velocity at any given point on the route, there is also some
discernible structure: for example, there is a roundabout at
the midpoint of the journey, and the velocity in all examples
drops at this point. It is interesting to note that the long-horizon
predictions presented in the top plot of Figure 4 do not retain
this structure, and the predictions at the later time steps do not
correlate with the simulated velocities at all. It can, however,
also be seen that as the vehicle approaches certain points
in the journey (corresponding to locations at which the data
has reduced variability), the mid-horizon predictions begin to
accurately approximate the simulated velocity. For example,
it can be seen in the middle plot that the first ~100s of the
predictions accurately match the simulated profile.

B. Results

Figure 5 shows the closed-loop simulation results using both
nominal MPC controller and scenario MPC. A useful artefact
of the test data is that the vehicle is travelling downhill (and
therefore regenerating) for the second half of the journey,
so each journey terminates with the same state-of-charge
when using both controllers, and the comparative optimality
can be determined by comparing fuel consumption directly.
The results are remarkable: the scenario MPC state-of-charge
trajectories and fuel consumption closely match those obtained
using nominal MPC, and the total fuel consumption is equal
(to within meaningful precision) across all 49 journeys. The
suboptimality introduced to the nominal MPC controller by
the model approximations in the engine, motor, and battery
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Fig. 5: Closed-loop fuel consumption and state-of-charge results using nominal and scenario MPC for all simulated journeys.

are also negligible (see the results obtained using dynamic
programming for the same dataset in [20, §4.3.2]), so the
scenario MPC also obtains an extremely close approximation
of the globally optimal solution. This is made more remarkable
by the fact that the driver behaviour is collected from 4
different drivers, which implies that modelling an individual
driver’s behaviour may not be necessary to achieve optimal
performance.

An explanation for this performance is that, although the
optimal state-of-charge trajectories vary with respect to time,
they match extremely closely with respect to distance. This
is illustrated in Figure 6a, where the closed-loop state-of-
charge trajectories from Figure 5a are re-sampled with respect
to the completed distance of the journey, and can be seen
to match closely during the first half of the journey when
the car is driving uphill and drive power is required from
the engine. These results suggest that energy management
solutions that consider driver uncertainty may be improved by
considering completed distance as the independent variable in
the optimization, instead of the time-based formulation that is
overwhelmingly common in the literature. For the approach
presented here, it may be possible to reformulate (SMPC) in
this way with a single control trajectory across the prediction
horizon, which would therefore ensure that the open loop
predicted cost would converge to the closed-loop as S — oo,
and reduce the computational cost of the solution. However,
the trajectories in Figure 6a diverge in the second half of
the journey. This is because the vehicle is descending a hill
and is either braking or coasting, so the energy that can
be regenerated depends on losses such as aerodynamic drag.
It is possible that a route that is not as evenly partitioned
into an ascending phase and a descending phase may cause
the scenario controller to behave more poorly. A systematic
investigation into these possibilities and issues is an interesting
direction for future work.
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The results in Figure 6a show that the lower state-of-charge
constraint is violated by up to ~ 0.2% (if the constraints
were violated then the simulation was allowed to continue,
and the behaviour of the driver was not modified as discussed
in Section III-C). The bound (14) provides a confidence of
B > 0.92 for a violation probability of € = 0.05 when using
S = 48 scenarios, so a portion of this constraint violation can
be attributed to an insufficient number of predictions. This is
supported by the results in Figure 6b, which show the results
from Figure 6a repeated with only S = 5 scenarios, and for
which the constraint violation increases up to a maximum of
~ 0.5% (more scenarios could not be tested due to a lack
of data). It is worth noting, however, that the bound (14) is
dependent on the scenarios being sampled from the uncertainty
set V x ©, and the one-step-ahead predictions obtained using
the blending process (21) are not empirical. Therefore, it may
also be possible to reduce the rate and severity of constraint
violations by sampling the one-step-ahead predictions alone
from a separate distribution, possibly conditioned on the
current road gradient, and vehicle velocity and acceleration.
Nonetheless, the observed constraint violation is likely to be
lower than the uncertainty in the battery state estimate, so may
not become an issue in practice.

Figure 7 illustrates the power-split control actions for each
the journeys when using scenario MPC, and includes the
power demanded by the driver, Pg,.,, the power delivered by
the motor, P.,,, and the fraction of power delivered by the
motor relative to the total demand power, all sampled w.r.t.
distance (these results are not illustrated w.r.t. time as they
become indecipherable). Again, these results show a strong
correlation between the control actions determined for each
journey at any given position along the route. An interesting
additional artefact is that during the first half of the journey
(where the vehicle is ascending the hill), the power fraction
delivered by the motor generally switches between 100% and
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(b) Simulations from Figure 5a repeated using S = 5 scenarios.

Fig. 6: Closed-loop state-of-charge trajectories obtained using scenario MPC re-sampled w.r.t. completed distance.

_Pem _Pdrv

100 =
2

5 07
z
=}
(=}

—100 =

I I I

100 -
S
s
=

%_g 50
Ao
<
R=

0_

T T T 1
56 7 8 9
Distance (km)

LI B
10 11 12 13

| I I —

01 2 3 4
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illustrated in Figure 5 using scenario MPC, with the same
particular journey highlighted. The top axes show the power
demanded by the driver and the power delivered by the motor,
and the bottom axes show the power delivered by the motor
as a fraction of the driver’s demanded power.

~50%. The portions where the motor is delivering 100% of
the powertrain’s output generally correspond to sections of the
journey where the power demand drops to a very low level or
braking occurs, i.e. the regions where the motor is required to
deliver/accept all of the driver’s demand power. These results
appear to support the rationale of equivalence factor-based
approaches to power-split optimization [4], although further
analysis is required to determine if this behaviour is observed
more generally.

Figure 8 shows the time taken for the first MPC optimization
(i.e. the longest horizon) of each journey using both nominal
and scenario MPC. The averages for nominal and scenario
MPC were 0.098 s and 4.8 s, so the scenario approach does not
meet the real-time requirement for the hardware used for these
experiments. However, the ADMM iteration can be accelerated
using parallel processing, and it has been demonstrated that
the computational time of a similar ADMM algorithm can be
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Fig. 8: Histograms of time taken to solve the first MPC
optimization for both nominal MPC and scenario MPC.

significantly reduced using a GPU [17] (the algorithm was
implemented in vectorized sequential Matlab code here; the
Matlab gpuArray data type was investigated but not found
to provide a performance benefit). Therefore, it is possible
that the algorithm could be accelerated to meet the real-time
requirement when implemented on suitable hardware. Addi-
tionally, the overall state-of-charge trajectories in Figure 6a
closely match those in Figure 6b, so it may be possible to ac-
celerate the algorithm and reduce the occurrence of constraint
violations without negatively affecting performance (in terms
of increased fuel consumption) by using fewer scenarios for
the long-horizon predictions, and more for the one-step-ahead
predictions. A systematic investigation into these possibilities
is left to future work, but nevertheless, the ADMM algorithm
still provides a clear benefit for this problem relative to general
purpose convex optimization software as the solution times
with CVX were found to be far too slow for the scenario
MPC to be implemented in closed loop.

VI. CONCLUSION

This paper presents a data-based approach to model pre-
dictive control for PHEV energy management, where the
predictions of future driver behaviour are made directly from
recorded examples of drivers previously completing a route.
Results from scenario optimization are used to determine a
bound on the confidence that the one-step-ahead optimization
will be feasible with a given probability, and an efficient
ADMM algorithm is proposed for the solution of the asso-
ciated scenario MPC optimization problem. The performance



of the scenario MPC algorithm is investigated through sim-
ulations of a passenger vehicle completing the same route
multiple times, where it is found to obtain an extremely close
approximation of the control inputs obtained using an MPC
controller with full preview of future driver behaviour.

The presented results have significant implications for future
development and investigation of power-split optimal control
techniques for PHEVs. Firstly, it has been demonstrated
that previously recorded examples of a given route being
driven are a powerful surrogate for the model-based prediction
methods commonly found in the literature, and that long-
horizon predictions of future driver behaviour can reliably
be made directly from this data. Future work will investigate
how well the performance observed in this study translates to
more diverse driving conditions. Secondly, the results strongly
suggest that future investigations on this topic should consider
formulating the energy management problem in terms of
completed distance, instead of the time-based formulation
commonly proposed in the literature.
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