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Abstract

Though ubiquitous in applications, global optimisation problems are generally
the most computationally intense due to their solution time growing exponen-
tially with linear increase in their dimensions (this is the well known/so called
‘curse of dimensionality’). In this thesis, we show that this scalability — and
sometimes even tractability — challenges can be overcome in the global optim-
ization of functions with low effective dimensionality, that are constant along
an (unknown) linear subspace and only vary over the effective (complement)
subspace. Such functions can often be found in applications, for example,
in hyper-parameter optimization for neural networks, heuristic algorithms for
combinatorial optimization problems and complex engineering simulations. We
consider using random embeddings to reduce the problem dimension and search
space, while attempting to preserve optimal values. In particular, we investigate
two randomly reduced (sub)problem formulations that aim to solve the corres-
ponding unconstrained and bound-constrained cases of the global optimization

problem.

In our REGO formulation for unconstrained global optimization, a Gaussian
random, low-dimensional problem with bound constraints is formulated and
solved in a reduced space by means of a(ny) global optimization algorithm. We
prove novel probabilistic bounds for the success of REGO in solving the original,
low effective-dimensionality unconstrained problem, which show its independ-
ence of the (potentially large) ambient dimension and its precise dependence
on the dimensions of the effective and randomly embedding subspaces. These
results significantly improve existing theoretical analyses by providing the exact
distribution of a reduced minimizer and its Euclidean norm and by the gen-
eral assumptions required on the problem. We validate our theoretical findings
by extensive numerical testing of REGO with three types of global optimiz-
ation solvers, illustrating the improved scalability of REGO compared to the

full-dimensional application of the respective solvers.

For the bound-constrained global optimization problem with special structure, a

reduced subproblem formulation is investigated that solves the original problem



over a Gaussian random low-dimensional subspace subject to affine constraints,
so as to preserve feasibility with respect to the given domain. Under reasonable
assumptions, we show that the probability that the reduced problem is success-
ful in solving the original, full-dimensional problem is positive. Furthermore, in
the case when the objective’s effective subspace is aligned with the coordinate
axes, we provide an asymptotic bound on this success probability that captures
its algebraic dependence on the effective and, surprisingly, ambient dimensions.
We then propose X-REGO, a generic algorithmic framework that uses multiple
random embeddings, solving the above reduced problem repeatedly, approxim-
ately and possibly, adaptively. Using the success probability of the reduced
subproblems, we prove that X-REGO converges globally, with probability one,
and linearly in the number of embeddings, to a neighbourhood of a constrained
global minimizer. Our numerical experiments on special structure functions
illustrate our theoretical findings and the improved scalability of X-REGO vari-
ants when coupled with state-of-the-art global — and even local — optimization

solvers for the subproblems.

In an attempt to improve the scalability of generic global optimization problems,
that may not possess low effective dimensionality, we propose to extend the
use of the random embeddings framework above to this context. For Lipschitz
continuous objectives, we develop a novel analysis that estimates the probability
of success of the feasible randomly reduced subproblems based on connections
to the field of conic integral geometry. To evaluate the quality of our bound,
we compare it to the success of uniform sampling, in the asymptotic regime.
Finally, again using our success probability bound, we establish that the X-
REGO algorithmic framework applied to the generic bound-constrained global
optimization problem is convergent with probability one, and linearly in the

number of embeddings, to a neighbourhood of a constrained global minimizer.
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Chapter 1

Introduction

Global optimization is the task of determining a most extreme value of a function over a
predefined domain. In mathematical terms, given an objective function f(x) and a feasible
set X C RP, global optimization! solves
min f(x) (GOP)
subject to « € X.
A solution * to the global optimization problem is called a global minimizer if f(x) >
f(x*) = f*, for all x € X, and f* is called the global minimum of f over X.

Global optimization is encountered in a wide variety of applications including portfolio
management, protein structure prediction, engineering design, object packing, curve fitting
and many more. Unlike local optimization, where one is satisfied with minimizers over a
neighbourhood, global optimization requires exploration/consideration of the entire feasible
domain. This task is commonly associated with large computational costs, which often grow
exponentially with the dimension of the problem rendering global optimization of high-
dimensional functions an extremely challenging problem. Along with attempts to devise
a generic global optimization algorithm capable of handling high-dimensional problems,
researchers have also targeted specific classes of functions, which possess some type of
structure often encountered in practice. The main subclass of problems that are ‘easy’ are
convex problems (f is a convex function and X is a convex set); most convex problems of
practical importance are solvable in polynomial time and hence tractable [117]. However,
real-life problems are often non-convex, having multiple local and global extrema, or they

are black-box, so that their convexity or lack of, cannot be ascertained a priori.

!The term ‘optimization’ will refer to ‘minimization’ since every maximization problem can be cast into
minimization problem via min f = — max(—f).



1.1 Overview of global optimization algorithms

Research in global optimization can be traced back to the late 1950s, to works by Markowitz
and Manne [103], Gomory [67] and Dantzig et al. [39, 38] who addressed linear programming
problems with variables accepting only integer values. To solve these, a branch and bound
strategy (discussed below) was developed by Land and Doig [90] and Little et al. [99];
the strategy was later adapted and successfully applied to solve problems with continuous
variables [50, 136]. A similar branching technique for Lipschitz continuous functions (see
definition in (1.3)) was proposed by Piyavskii [129] and Shubert [143] in early 1970s laying
foundations of the field now known as Lipschitz Optimization. During the same years,
sampling techniques also started to be used for global optimization. For example, clustering
methods (see below) were first applied by Becker and Lago [14] in 1970; shortly after, T6rn
[152, 153] suggested to combine clustering methods with local optimization techniques.
Another sampling technique for global optimization that has gained great popularity in
recent years is Bayesian Optimization [134] — a statistical approach based on Bayes’ rule
and other probabilistic tools with its history dating back to works by Kushner [89] (1964),
Zilinskas [161] (1975), and Mockus et al. [111] (1978). Other notable methods used for
global optimization include interval arithmetic [112, 113], simulated annealing [72, 84, 105]
and genetic algorithms [73]. In 1975, the field of global optimization solidified its place as
a recognizable discipline with the publishing of the influential volumes “Towards Global
Optimization” edited by Dixon and Szegd [42], where they collected a number of papers
dedicated specifically to global optimization. Since then, the field has experienced much
development and, nowadays, there exist a wide variety of techniques to tackle a global
optimization problem. Overviews of global optimization methods can be found in Horst
and Pardalos [74], Pintér [128], Floudas [54], Locatelli and Schoen [101] and in the survey
by Neumaier [118].

Existing global optimization techniques can be broadly categorized into two groups:
deterministic and stochastic. A method is called deterministic? if it can provide theoretical
guarantees that the value of a calculated solution is larger than the value of the true global
minimum by at most € for a pre-specified € > 0 (see [98]). Obtaining a global optimality
guarantee on the computed solution in deterministic methods requires searching in the
entire feasible domain — a task that is linked to significant computational costs. Whereas in
some applications attaining guaranteed performance is crucial (see, e.g., [65, 126]), in many

other applications obtaining such guarantees is not required or not even possible?® (see, e.g.,

2Deterministic may also refer to techniques that are predictable in their behaviour, that is, for fixed
initial parameters an algorithm produces exactly the same results every time it is executed. See [118], for a
more detailed classification of global optimization methods.

3For example, when the explicit formulation of the objective function is not given.



[150]). In the latter applications, one may be more inclined to employ stochastic methods
— methods whose computations are affected by random parameters. Stochastic methods
compromise on deterministic guarantees in the hope of achieving good performance with
limited computational resources. Deterministic theory in stochastic methods is replaced by
statistical analysis and probabilistic guarantees. Results of the following nature may be
encountered in stochastic methods: confidence bounds on the predicted global minimum,
probabilistic bounds on the number of iterations needed to achieve a certain convergence
criteria or the fact that the probability of convergence tends to 1 as the number of iterations
grow.

Next, we provide brief descriptions of some of the standard deterministic and stochastic
methods focusing on the methods that are directly connected to random techniques de-
veloped in this thesis or that are indirectly connected and relevant. This includes determ-
inistic methods such as Branch and Bound and Lipschitz Optimization, Random Search
(Stochastic) methods such as Pure/Adaptive Random Search and Simulated Annealing,
and methods that can have features of both classes such as Bayesian Optimization and

Multi-start. We start with an overview of Branch and Bound.

1.1.1 Branch and Bound

Branch and Bound (B&B) is a general strategy employed to tackle challenging optimization
problems. As the name suggests, the B&B strategy has two main components: branching
and bounding. At the branching step, B&B splits the problem into smaller sub-problems;
the splitting is done in a such way that the resulting sub-problems are ‘easier’ to solve
than the original problem. For example, (GOP) could be split into 2 optimization problems
(P1) and (P2) each defined over smaller domains X} and Xy such that X = A} U Xs.
Once splitting is completed, B&B performs its second procedure: bounding, which involves
obtaining upper and lower bounds? for the global minima of sub-problems. The end-goal
of the bounding step is to exclude sub-problems that cannot contain the global minimum
and thereby shrink the overall search space. One of the remaining (active) sub-problems
is then chosen and B&B is applied again. This recursive application of B&B carries on
until a certain criterion is satisfied, for example, an approximation of the global minimum
is found to a pre-specified accuracy or a maximum computational budget is reached. The
overall number of sub-problems that B&B examines before locating a(n approximate) global

minimizer depends on various parameters of the problem such as required accuracy of the

In the integer programming literature, upper and lower bounds are commonly referred to as primal
and dual bounds, respectively. An Integer Programming problem is a global optimization problem where
variables are constrained to integer values.
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Figure 1.1: An illustration of the B&B branching step. The figure on the left shows the
original squared domain X', which has been divided into sets X7, Xs, X3 and X4. The figure
on the right shows the tree generated by this particular division.

solution (e in (1.2)), maximal aspect ratio® of the boxes and Lipschitz constant (for Lipschitz
continuous functions, see (1.3)).

The history of the B&B algorithm in optimization literature starts in the early 1960s
[90, 99]. At its earliest stages, B&B was developed and successfully applied for solving dis-
crete optimization problems including integer programming problems with binary variables
[11], mixed-integer programming problems® [45] and combinatorial optimization problems
such as, for example, Travelling Salesman Problem” [99] and knapsack problem® [88]; see
also Mitten [107] and references therein. B&B was later successfully applied to global optim-
ization problems with continuous variables. To make the algorithm suitable for continuous
problems, some modifications of the original B&B for discrete problems were required, in
particular, a new lower bounding technique for the bounding step had to be developed
[50, 136].

We now formally outline the core procedures of the general conceptual B&B algorithm
applied to a global optimization problem (GOP) with the global minimum f*. In describing
the B&B steps below, we follow the descriptions in [101, 128]. To help visualize the B&B
steps, please refer to Figure 1.1. B&B can be represented by a tree structure, where each
parent node corresponds to a (sub-)problem that has been divided into smaller sub-problems
represented by the child nodes. The root of the tree corresponds to the original feasible

set X.

5 Aspect ratio of a rectangular box is a ratio of the length of its longest side to the length of its shortest
side.

SMixed-integer problems are a class of problems which, in addition to continuous variables, have discrete
variables.

"Travelling Salesman Problem is stated as follows: given a list of cities and the distances between them,
find the shortest route that visits each city exactly once and returns to the starting city.

8Knapsack problem is motivated by a mundane, practical task: given a list of items each with a certain
weight and value, and a bag with a certain weight limit, how many of each item one needs to put in the bag
such that the total value of the items in the bag is maximized while the total weight of the bag does not
exceed the limit.



Initialization step. Let £ = 1. Let XA} = X be the initial feasible set. Denote by
Al = {A1} the set of active subsets. For k > 1, execute the following steps.

Bounding step. For each &; € A*, compute an upper bound ub(X;) and a lower bound
Ib(X;) for the global minimum of the following problem:

min f(x)
subject to x € AX;.

After obtaining estimates for each active subset &;, we can define upper and lower bound
estimates for f*:
Ib* := min Ib(X;) < f* < min ub(X;) := ub. 1.1
i, 1) < f* < min ub() (1)
Termination step. After determining the values of Ib* and ub*, we can add the following

stopping criteria:
ub® — IbF < e (1.2)

for a pre-specified tolerance € > 0. In the case of such termination, the value of ub” is

e-optimal in the sense that ub® — f* < ¢, which must be satisfied due to (1.1).

Fathoming step. The term fathoming in B&B refers to the process of removing subsets
from AF that cannot contain the global minimum. For instance, a set &; can be fathomed
if 1b(X;) > ubf. Let R* denote the collection of subsets that are to be fathomed. Update
Ak = AF\ R

Selection step. Select one or several subsets from A¥ and denote this collection by X’*.
Often, the subset that has the lowest (b(X;) from the remaining subsets in A* is chosen
[101, 128]. Such a choice is governed by a rationale that the subsets with small lower
bound estimates might contain good solutions and therefore its branching might produce

significant improvements on ub* and subsequent fathoming of greater number of subsets.

Branching step. Partition each &; from X* into a finite number of subsets. Add the

new list of subsets to A*. Return to Bounding step and update k := k + 1.

The bounding step is perhaps the most crucial step of the B&B strategy. Obtaining
good upper and lower bound estimates is key to achieving rapid fathoming of sub-problems
and, thus, faster convergence. Obtaining an upper bound is conceptually easy: a value of

f at any feasible point gives an upper bound. We note here that for certain domains (for



example, defined by non-linear constraints) finding a feasible point is a challenging task in
itself [118]. It can be tackled by formulating an optimization problem with zero objective
and constraints given by the domain in which a feasible point is sought. This optimization
problem, however, could be as hard as a global optimization problem [118]. Thus, in B&B,
division into simple (sub-)regions is preferable, for example, rectangles or balls for which
finding a feasible point is a trivial task. A lower bound for a sub-problem is usually found
by formulating an ‘easy’ optimization problem whose global minimum underestimates the
global minimum of the sub-problem. These underestimating functions are typically given
by convex functions, which can be efficiently solved by local optimization methods [23, 117].
Lower bound estimates can also be found by exploiting a known structure of the problem.
This is done, for example, in Differential Convex (D.C.) Programming (see [75]) — an
optimization problem with objective and constraint functions that can be written as a
difference of two convex functions. A lower bound in D.C. Programming can be obtained,
for example, by solving a linear programming problem (see [75]).

Later in the numerical parts of the thesis, we use a B&B type solver called BARON
(Branch And Reduce Optimization Navigator) [139, 148]. BARON can handle problems
with both integer and continuous variables, with linear and non-linear constraints. Prior to
implementing the main B&B procedure, BARON allows the user to run a pre-processing
step in which it executes a multi-start local optimization heuristic (see Section 1.1.4) to
produce good feasible solutions. These solutions can then be used as upper bound estimates
in the main B&B procedure. For more description of BARON, see page 51 in Section 3.3.
Other global optimization solvers that employ B&B strategy include a-BB method [2, 7],
ANTIGONE [106], GlobSol [82] and LINGO [61].

1.1.2 Lipschitz Optimization

Lipschitz Optimization refers to a class of optimization methods characterized by two key

features:

e Lipschitz optimization methods are sampling techniques designed to optimize black-
box functions, i.e., functions that do not have explicit formulations and only f(x) is

observed when @ is sampled. First- and higher-order derivatives are not available.

e Lipschitz optimization methods operate under an assumption that the objective func-
tion f is Lipschitz continuous, that is, there exists a (Lipschitz) constant L > 0 such
that

|f(x) — f(y)] < L|jx — yl|2 for all x and y in X. (1.3)
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Figure 1.2: An illustration of Piyavskii and Shubert’s algorithm.

The distinctive feature of these methods is that their algorithmic procedures heavily
rely on (1.3). In particular, the bounds that are implied by (1.3) are used to decide

on subsequent sampling points and when to terminate the algorithms.

We start the description by mentioning key implications of (1.3). Note that the bound in
(1.3) can be used to lower bound the global minimum f*. If r := maxg yex || — y|| the

diameter of the domain X" is known, then, (1.3) yields
f*> f(x) — Lr for all x € X.

This observation gives rise to a powerful principle: the approximation of f* is more accurate

for smaller search spaces. This principle lies at the core of Lipschitzian optimization methods

which divide the original search space X into smaller spaces &, i = 1,2,..., N such that
N
x=Jx
i=1

and determine lower bounds F; of f on each &;. The lowest lower bound F' = minj<;<n F;
is considered as the lower bound on f over the entire X. As the division gets finer, the
difference between F' and f* tends to zero (see [129]).

Based on this principle, Piyavskii [129] and Shubert [143] developed a Lipschitzian op-
timization algorithm for one-dimensional functions, which we now describe closely following
the description in [78]. Let us consider a global optimization problem of one-dimensional
function f defined over the interval [a,b]. We can lower bound f on [a,b] using (1.3). Let
x be any point in [a, b]. By applying (1.3) for points x and a and points z and b, we obtain
two inequalities:

f(x) = f(a) — L(z —a),
F(2) > F(B) + Lz — b).

The right-hand side of these two inequalities are two lines with slopes —L and L (see

(1.4)

Figure 1.2, Iter 1). Together these lines form a V-shaped linearly-piecewise function that



lies below f and that intersects f at the endpoints of the interval a and b. The two lines

meet at the bottom of the V' at a point (X (a,b), F'(a,b)), where

X(a,0) = (a+b)/2+ (f(a) = f(b))/(2L),
Fla,b) = (f(a) + £(0))/2 = L(b — a)/2.

The value of F'(a,b) is considered as the lower bound of f. The method further divides the
interval [a,b] into two intervals [a,z!] and [z!,b], where 2! = X (a,b). New V-shaped un-
derestimates for f are formed over these two intervals based on (1.4) and the corresponding
values of X and F' are calculated. The method proceeds further by choosing the interval
with the lowest value of F. In this case, F’s of both intervals are equal, in which case we
choose any of the two intervals, for example, [a, 2'] and split it at 22 = X (a, z!); see Iter 2
in Figure 1.2. Now, the domain is divided into three intervals [a,x?], [22, '] and [z',b)].
Among these three intervals, the interval [z!,b] possesses the lowest value of F and thus
the next point is chosen at z3 = X (z!,b). At every subsequent iteration, the algorithm
samples the point that corresponds to the minimum of the piecewise linear approximation.
As the number of samples increases, the linear approximation becomes more accurate. The
algorithm terminates when the difference between the lowest value of the approximation
and the current best sample is less than a specified tolerance.

The algorithm can be extended to multivariate objective functions defined over rectan-
gular regions as was done, for example, in Pintér [127] and Galperin [59]. The initialization
step of their approaches, however, requires sampling 2° vertices of the search space, which
leads to a fast rising number of samples as D increases. A second major issue associated
with classical Lipschitzian algorithms is the need to specify the Lipschitz constant L in the
algorithm, which for many objective functions encountered in real-life applications may not
be available or not easily computable. To address these issues, Jones et al. [78] developed
an algorithm called DIRECT (DIviding RECTangles) — a modification of the Piyavskii
and Shubert’s algorithm. Jones et al. propose a new partition method which requires eval-
uation of only one point (midpoint) in the search space while still being able to provide
lower bounds on f using (1.4). To overcome the issue of specifying L, DIRECT “carries
out simultaneous searches using all possible constants from zero to infinity” [78]. For more
details, see [78]. It is important to mention that although DIRECT avoids sampling 27
points in the search domain to initialize the search, it does not mean that it achieves good
performance in high-dimensional spaces and convergence to the global minimum may still
be slow [78]. We use DIRECT in our numerical experiments later on in the thesis. We

provide additional description of the solver on page 51 in Section 3.3.



1.1.3 Bayesian Optimization

Bayesian Optimization (BO) is another class of optimization methods designed to tackle
black-box functions. BO is a probabilistic model-based strategy particularly suited for
problems where only a small number of function evaluations is allowed due to high costs®
associated with each evaluation. BO is a sequential process that involves two main pro-
cedures. First, it constructs an approximation surrogate function for the objective function
f based on the previously observed data; typically, when f is continuous it uses a Gaus-
sian process. Then, relying on the constructed surrogate function, it determines the next
sampling point by optimizing a so-called acquisition function. It iterates between these two
steps until a certain limit on the number of function evaluations is reached.

The term Bayesian Optimization was coined by Mockus [109] (1982) but the history
of the field begins earlier with the works of Kushner [89] (1964), Zilinskas [161] (1975)
and Mockus et al. [111] (1978), who noted the usefulness of Bayesian methods in global
optimization. BO has since been used in fields such as engineering system design [110],
drug discovery [115], robotics [100], animation design [25], and reinforcement learning [24].
The field has received significant attention after the popular work of Jones et al. [79] in
1998 on the Efficient Global Optimization algorithm, and more recently, within the machine
learning community after the work of Snoek et al. [144] (2012) who noted that BO can be
used to train neural networks.

In what follows, we describe the Bayesian Optimization steps in more detail. We start
with the description of a Gaussian process. The term Gaussian process refers to a belief that
f is a random sample from a pool of functions that together form a normal distribution.
More precisely, given the matrix X = (2! 2? ...2") of N observed points ' € R”
and the vector f¥ = (f(z') f(x?)... f(™))T of the corresponding values of f, Gaussian

process assumes that f(x'), f(x?),..., f(zV) follow a multivariate normal distribution:
fNNN(m(XN)7K<XNaXN))7 (15)

Here, m(X?") denotes the vector (m(x') m(x?) - -m(z™))" formed by evaluating a pre-
specified mean function m : RP — R at the observed points and K (X, X*) is a covariance
matrix whose (4,)th entry is given by k(xz’,x’) — a user-specified kernel function k :
RP*P _ R evaluated for points ' and /. For a kernel k, the squared exponential function

is typically used:
o 1. . .
et a!) = exp (3t~ 1) (16)

9In some applications, for example, it may take several hours to evaluate a function or there is monetary
cost attached to each evaluation; see Frazier [56].



Note that the squared exponential function k is larger for points closer to each other; this
imposes a belief that function values of points that are closer must have greater correlation.
Furthermore, with such k, K is a positive semi-definite matrix for any collection of points
(see [134]). For the mean function m, a constant function is commonly chosen, for example,
m = 0.

In Bayesian statistics, the relation in (1.5) is referred to as the prior distribution. We
now would like to determine the conditional distribution of f(x*) at a new point * that
we are about to sample conditioned on the observed fV. Note that at this stage we treat
x* as a variable; the goal here is to find a closed-form expression for the distribution of

*

f(x*) for all possible points x*. To derive the conditional distribution, we first form a
prior distribution of (f~ f(x*))” using (1.5). Then, using Bayes’ rule, for the conditional

distribution f(z*)| X", £V, we obtain (see [134, Chapter 2.1] for details)
F@) XN, N~ N (), o(z")),
p(x*) = k(z*, XM KXY, X" (N —m(XN)) + m(z"), (1.7)
o(x*) = k(z*, x*) — k(z*, XV KXY, XV) (XN, "),

where k(z*, XV) = (XN, 29" = (k(z*, ') k(z*,z?) ... k(z*,z")). The relation in
(1.7) is called the posterior distribution.

Once the posterior distribution has been computed, BO begins its second phase: de-
termining the next query point. The next point is chosen based on the acquisition function.
Many different choices for the acquisition function exist, for example, the expected improve-
ment [108], Thompson sampling [151], probability of improvement [77] and upper confidence
bounds [146]. Here we present results for the most commonly used acquisition function,

which is the expected improvement. The expected improvement is defined as
EI(2*) := E[max{0, f;,, — f(a*)} XN, £V], (1.8)

where fN. = min;<y f(x') and where f(x*) conditioned on X* and fV has the distribu-
tion (1.7). The next sampling point is chosen as the point at which EI (x*) achieves its
maximum value:

2Vt = arg max EIV (). (1.9)

The value of the expected improvement is larger for points in poorly explored regions or
points with high expected value. Thus, point ¥ *! favours under-explored regions, where a
potential global minimizer may be located, and/or the vicinity of the current best solution,
where possibly an even better solution is hidden. This property of the expected improvement
is illustrated in Figure 1.3, where the sixth query point has been chosen in the area with a

large gap between nearest sampled points.
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Figure 1.3: An illustration of a BO step. The top figure shows five sampled points in blue
and the mean of the posterior distribution in solid red with confidence regions in dashed
red. The bottom figure depicts the acquisition function, which attains its maximum at a
point denoted by x; the z-component of this point is the next sampling point.

The expected improvement (1.8) has a closed-form expression (see, e.g., [79]). Evalu-
ations of the expected improvement are inexpensive and its first and second derivatives are
easily available. Hence, the optimization problem (1.9) does not pose a challenge and can
be solved by off-the-shelf optimization methods such as, for example, DIRECT [78], though

it may still be computationally consuming.

1.1.4 Multi-start methods

Multi-start methods are a class of techniques that tackle a global optimization problem
(GOP) by applying the same set of rules each time with different initialization parameters.
A multi-start method, in its basic form, consists of two main procedures: generation of
a feasible solution and improvement of the solution through an application of a fast and
efficient algorithmic procedure. This improvement procedure is commonly a local optimiz-
ation framework in which the generated solution takes the role of a starting point. Such a
multi-start method would apply a local optimization algorithm from many different starting

points which are typically initialized in such a way as to find as many local minima of the
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problem as possible. The hope is that one of the found local minima found will be a global
one. Let us now review key state-of-the-art techniques for local optimization that are often

used in multi-start methods.

Local optimization. Local optimization algorithms are widely used within multi-start
as well as other global optimization methods. Different local optimization methods have
been developed to tackle different classes of objectives (see [36, 123]). Existing methods can
be classified into two broad groups: derivative-based and derivative-free. Derivative-based
local optimization methods, as the name suggests, use available derivative information about
the objective function f to drive an initial starting point towards a local minimizer. They
perform iterative procedures, which at each iteration, choose a point that is ‘better’ than
the current one, where, ‘better’ can mean, for example, that the function value of a new
point is smaller than the function value of the current one. The choice of a new point is
typically found by minimizing a linear or quadratic model of f around the current point.
Linear models are built based on the gradient of the objective f, whereas quadratic models
also utilize information about the Hessian'® of f.

In line-search methods, for instance, these models are then used to determine a suitable
search direction s along which they move from the current point, say x, to a new point x’.
More precisely, ' = x + as, where a > 0 can be assigned a value that corresponds to the
minimum of f(x + as) (as in ezact line-search) or determined through an iterative process
as in backtracking Armijo procedure. Popular line-search methods include steepest-descent,
Newton and Quasi-Newton methods (see [123] for details). Another approach for choosing
x’ is based on a model trusting principle — a class of methods known as Trust-Region
(TR) [35]. At each iteration, a typical TR method assigns a quadratic model of a certain
radius around the current point & and if certain progress conditions are met, the radius is
increased and @’ is chosen as a point which the model predicts would give the best function
decrease. If such conditions are not satisfied then the radius is decreased and the procedure
is repeated.

If a local optimization problem involves constraints, additional techniques must be im-
plemented to ensure feasibility of computed solutions. Constraints in local optimization can
be handled, for example, by Penalty or Augmented Lagrangian methods (see [123, Chapter
17]), which formulate a new unconstrained optimization problem that incorporates the con-
straints into the objective function. If constraints form a simple set, one can also use
gradient projection methods [83, Chapter 5], which ensure feasibility by projecting every

(unconstrained) optimization step onto the feasible set.

'9The Hessian of f is a matrix whose (4, 5)th entry is given by 9% f/0x;0x;.
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State-of-the-art derivative-based local optimization solvers include KNITRO [28], Ipopt
[162], SNOPT [63, 64] and GALAHAD [69]. We use KNITRO later on in the thesis to
conduct our numerical experiments. For a description of KNITRO, see page 51, Section 3.3.

For some real-life problems such as tuning of algorithmic parameters [8], engineering
design problems [21, 22|, dynamic pricing [94] and more (see [36]), derivative-based local
optimization methods cannot be employed due to no — or lack of access to— derivative
information. To tackle such problems, derivative-free optimization (DFO) methods have
been developed. The underlying algorithmic principle of DFO methods is similar to the
one of derivative-based: iteratively go downhill, but the difference is that they try do so
using only function evaluations. Some DFO methods mimic classical methods in that they
construct linear or quadratic models around the current point. Implicit filtering methods
[83], for example, build these models by approximating the derivatives in classical line-
search methods using finite differencing [27, Chapter 4]. DFO trust-region methods replace
the quadratic model formed based on the gradient and Hessian with a quadratic model
built by interpolation of function values of a number of previously sampled points. 'Non-
model’-based approaches to generate search directions also exist. In pattern or direct search
methods [87], for example, to generate a new point, a set of so-called poll directions is
explored; this set is built in such a way as to ensure that at least one of the poll directions
is a descent direction. For more information on DFO methods, consult [36, 87, 116, 135].

Let us now resume our discussions on multi-start methods, which — as we mentioned
above — typically comprise of two procedures, namely, initialization of starting points and
application of local optimization procedures from these points. Since the success of a multi-
start method chiefly depends on the choice of the starting points, much of the focus in the
literature has been on developing efficient initialization strategies for these. In general, the
starting points can be initialized in one of three ways: deterministically (for example, chosen
from a grid), randomly (for example, sampled uniformly in X’) or adaptively, i.e. chosen
based on the information from previous local runs. The advantage of deterministic and
random initialization strategies is that they allow local optimization procedures to be run
in parallel leading to reduction in the wall-clock running time''. The main disadvantage of
these initialization strategies, however, is that many starting points may end up converging
to the same local minimizer, thus wasting much of the computational resources. To address
this issue, adaptive ways to choose starting points have been proposed such as tunnelling
[95, 96, 160, 170] and clustering [14, 80, 154] methods. The aim of both methods is to create a

sequence of starting points such that an application of local minimization procedures with

"True elapsed real time between the start and end of the process.
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these points will lead to different local minima. In what follows, we describe these two

methods in more detail.

Tunnelling method. The basic idea of the tunnelling method is to create a sequence

of feasible starting points ', &2, ..., x*, which after an application of local optimization
procedures, produce a sequence of local minimizers !, 2, ..., " such that each subsequent

minimizer is an improvement on the previous, that is, f(x!) > f(x2) > --- > f(x¥). Such
sequence of starting points is generated by finding a point x* € X, at each iteration k, that
satisfies ¥ # x¥~1 and f(a¥) = f(z*1). In other words, a new starting point that is no
worse than the previous local minimizer is sought. The method searches for such a point
by creating an auxiliary (or tunnelling) function defined as

ORI (OB (G

lz -2t

for some positive parameter a*. Then, the equation
THx) =0, xecXx (1.10)

is solved and a solution of (1.10) is assigned as the new starting point. Note that, due to the
definition of T%(x), the current best minimizer ¥~ cannot be a solution of (1.10). Local
minimizers {x’ };, of the previous iterations are also eliminated because f(x!)— f(z¥) > 0
for i < k. The tunnelling method terminates when (1.10) has no solution, which would imply
that =* is the global minimum.

Despite these nice improvement properties of the tunnelling method, solving (1.10)
or verifying that it does not have any solutions could be as difficult as determining the
global minimum of the original global optimization problem (GOP) itself (indicating that
equation (1.10) is essentially a reformulation of (GOP)). Note also that choosing proper

k is another issue of the method that has not been well-understood.

values for parameters a
Furthermore, for a general problem, no solid convergence theory has been derived and
no well-established usable stopping rule exists. “Thus, lacking any sort of guarantee, the

method is at best of some heuristic value” [80, p. 649].

Clustering methods. Just like the tunnelling method, clustering methods aim to gener-
ate a sequence of different local minimizers. The underlying principle of clustering methods
is related to the notion of basin of attraction. In layman’s terms, a basin of attraction is
defined as a subset of the feasible domain X that consists of all points whose descent path
lead to the same local minimizer. Clustering methods are founded on the idea that, given

a basin of attraction, (in a theoretical sense) one does not need to apply a local descent

14



algorithm from more than one point in the basin to find its local minimum. Different vari-
ants of the clustering algorithm have been proposed (see [10, 80]), but the general clustering

algorithm roughly follows the below procedure:
1. Initialization step. Let S = @. For k > 1, execute the following steps.
2. Generation step. Sample N points uniformly at random in X'. Add these points to S.

3. Concentration step. Retain only a fraction of points in S with the lowest function
values (see [14]). Such selection will produce groups of points concentrated around
local minima. Concentration can also be performed through running a few decent

steps from each sampled point to move them closer to local minima (see [154]).

4. Clustering step. From each group of points formed in the previous step, select a point
that has the lowest function value. Let X denote the collection of the selected points

and let x € X. For each y in S, check if
|z — y|| < for some 6 > 0. (1.11)

If (1.11) holds, then y is assigned to the same cluster with . This procedure is
repeated for all & € X that have not been clustered. After clusters have been formed,
from each cluster choose one point with the lowest function value and collect all these

points in the set C.

5. Optimization step. Run a local optimization algorithm starting from each point in C'.

New local minima found are added to S.

6. Termination step. If a termination criterion is not satisfied, return to Generation step
and sample uniformly at random or in an informed way utilizing information from the
previous iteration (e.g., keeping old points and sampling new points in under-explored

regions).

As any other general global optimization method, clustering methods suffer from the ‘curse
of dimensionality’: an exponential number in dimension D samples is required to be able
to form meaningful clusters. Recent work by Bagattini et al. [9, 10], following trends in
machine learning, addressed the curse of dimensionality by forming clusters in smaller d-
dimensional feature space, which they assume characterizes the full dimensional problem
well. They successfully apply their method on the atomic cluster structure prediction

problem in computational chemistry and sphere packaging problem in geometry.
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1.1.5 Random Search methods

Multi-start methods belong to the class of Random Search (RS) if the starting points are

initialized at random. Other algorithms in this class include the following.

Pure Random Search. Pure Random Search (PRS) [26, 42] is perhaps the most basic
RS method developed for global optimization. PRS repeatedly samples random points in X,
typically from the uniform distribution, accepting a new point only if it is an improvement
on the current best one. Given that points are sampled independently, one can easily prove
that PRS produces a sequence of points that converges to a solution — that is within e
distance from the global minimum — with probability one (see [145, 172]). However, the
convergence is generally very slow: assuming that the volume of X’ is equal to 1, the expected
number of samples needed to converge to a ball of radius € around a global minimizer is

proportional to (1/¢)”.

Pure Adaptive Search. Pure Adaptive Search (PAS) is a modification of PRS. It was
initially used for convex problems in [125], but was later applied and analysed for global
optimization problems with Lipschitz continuous objective functions [173]. Just like PRS,

PAS generates a sequence of points ', 2

,--+ € X, but instead of sampling in the entire
domain X at every iteration k > 1, PAS samples uniformly in the level set LS(z*) = {x €
X : f(x) < f(x¥)}. Such algorithmic procedure ensures that every subsequent sampled
point is an improvement on the previous one. Whereas in PRS sampling uniformly in X
could be very easy (e.g., X is a rectangle), sampling uniformly in a level set LS(x¥) is in
general very difficult [125]. However, the theoretical analysis of PAS demonstrates that
the ability of sampling in improving regions bears significant advantages. For example, for

Lipschitz continuous functions, the expected number of samples needed to converge to a

point that is within e distance from the global minimum is linear in D [172, Theorem 2.9].

Simulated Annealing. Simulated Annealing is a probabilistic sampling technique that
is motivated by a thermodynamic process in condensed matter physics called annealing
— a procedure where a solid in a heat bath is heated to a high temperature and then
slowly cooled. Such process allows the particles in the solid to arrange themselves in a
particular lattice structure that corresponds to the lowest energy ground state. Simulated
Annealing algorithm is based on the Metropolis procedure introduced in [105] as a technique
to simulate the behaviour of particles at a fixed temperature. The Metropolis procedure
with decreasing temperatures can then be used to achieve the low energy ground state (see

[84]). See Kirkpatrick et al. [84], for the description of similarities between the fields of
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optimization and condensed matter physics motivating the use of the Metropolis procedure
in optimization.
Simulated Annealing algorithm generates a sequence of points ', 22, ... according to

the following rule:

zF+1 with probability min {1, exp (%)}
" otherwise,

k+1 is a random point whose distribution depends on «* and, possibly, also on

where z
T*, and where T* is the temperature parameter, which progressively decreases as k grows.
Note that if f(zFt1) < f(x¥*1), i.e. 2¥+1 is a better point, 2¥*! is accepted with prob-
ability one. If, however, f(zFt!) > f(x**1) the procedure accepts z**! with probability
exp (f(a:k) — f(zk+1)/Tk). For a fixed temperature parameter, this acceptance probability
is smaller for larger difference between f(z"+1) and f(x*). By occasionally accepting worse
points, Simulated Annealing algorithm allows a wider search of the global minimum solu-
tion. It was shown that the algorithm converges to the global minimum with probability
one provided a suitable decrease rate of T* to 0 (see [157, 171]). If T* is decreased too fast,
the procedure is likely to get trapped in local minimum [171]. See [101, 171, 157] for more
details.

For more details on RS methods for global optimization, see [101, Chapter 3].

Random search methods in local optimization. RS methods in local optimization
are commonly used to solve large-scale problems for which conventional deterministic meth-
ods fail to produce suitable solutions. These large-scale optimization problems are com-
monly encountered, for example, in machine learning where problems can have millions to
billions of variables. Depending on the type of a problem being considered, various dif-
ferent methods have been developed. Many of these methods are based on one common
principle, that is, reducing the number of variables (or other components of the problem)

before applying optimization procedures. Below we list a few known methods.

1. Block Coordinate Descent. These methods tackle a problem with a large number of
variables by optimizing only a small number (block) of variables at a time. First, vari-
ables are divided into groups and then a typical Block Coordinate Descent procedure
alternates between the following two steps: i) choose a group (e.g. randomly [53] or
in a deterministic (cyclic) manner [169]) ii) optimize over the variables in the chosen

group. For more information, consult [13, 168] and the references therein.

2. Stochastic Gradient Descent. These methods are employed to optimize functions given

as a sum of a large number of simple functions. The idea of Stochastic Gradient

17



Descent, as the name suggests, is based on the conventional gradient descent meth-
ods. However, instead of computing a full gradient — which requires computation of
gradients of each function in the sum at each iteration — Stochastic Gradient Descent
computes the gradient of only one, chosen randomly. See [68, 102] and the references

therein.

3. Sketching. Sketching is a popular method for tackling the large scale least-squares
regression problem (see [123, Chapter 10]) — a problem of finding a solution to an
overdetermined linear system (with a very large number of rows) that minimizes the
Euclidean norm of the residual. Sketching technique premultiplies the linear system
by a random fat matrix that has a small number of rows to reduce the dimension of
the system and make it tractable for subsequent optimization procedures. For more
details see [133, 31, 167].

For more on RS methods for local optimization, please refer to [91, 101, 135].

In Chapter 6 of this thesis, we propose an RS algorithm for global optimization that
operates on a similar principle as a typical local RS method. To find a solution to the
global optimization problem, our algorithm alternates between two steps: i) Reduction of
the dimension of the problem by embedding a random subspace ii) Optimization of the

objective function on the subspace locally or globally.

1.2 Functions with low effective dimensionality - an introduction

In this thesis, we address both unconstrained (X = RP) and bound-constrained'? (X =

[~1, 1]P) formulations of (GOP). Namely, we focus on the global optimization problems

: *= min f(x
fi = min f(x) (UP) ! ‘L i(e)X, (P)
where f : RP — R is continuous, deterministic and possibly non-convex. For (UP), we
additionally assume that there exists * € R” such that mingcgo f(z) = f(x*) = f{;. This
implies that f is bounded below, namely, fj; > —oo, and that the minimum in (UP) is
attained (not all minimizers are at infinity). Note that, for (P), this property is implied by
the Weierstrass extreme value theorem (see, e.g., [130, Chapter 3]), which says that if f is a
continuous function defined over a compact set X, f must attain the global minimum in X.
In an attempt to alleviate the curse of dimensionality of generic global optimization,

we focus on objective functions with ‘low effective dimensionality’ [163], namely, those that

12Without loss of generality, we can assume that X = [—1, 1]” as every rectangular domain can be scaled
to the hypercube X.
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i 2
sin%(x,%,-0.5)

Figure 1.4: The figure on the left depicts the function in (1.12) and the figure on the right
represents the domain space X of the function. The red line is the embedded line (1 —1)7y.
The blue lines represent the set of global minimizers, which is comprised of the sets G} (top
left corner), G5 (middle), and G% (bottom right corner).

only vary over a low-dimensional effective subspace (which may not necessarily be aligned
with standard axes), and remain constant along its orthogonal complement. These functions
are also known as objectives with ‘active subspaces’ [37] or ‘multi-ridge’ [55, 156]. They are
frequently encountered in applications, typically when tuning (over)parametrized models
and processes, such as in hyper-parameter optimization for neural networks [17], heuristic
algorithms for combinatorial optimization problems [76], complex engineering and physical
simulation problems [37] as in climate modelling [86], and policy search and dynamical
system control [57, 174].

The presence of effective subspace, when known, allows us to reduce the dimension
of the function and thereby reduce the computational costs of solving the optimization
problem. We illustrate the core idea underlying the dimensionality reduction method on an

illustrative example.

Example 1.1. Consider the following optimization problem:
min sin®(z; — zo — 0.5),
@ (1.12)
st e X =[-22>
The global minima of the problem can be found analytically. By solving sin?(z; —x9—0.5) =

0, we find that the set of global minimizers comprises of the following three sets

(] ) 0 N )
Gi { 1 t 0.5 ] 1 —=2<t<25 w}, (1.13)
G5 = Tt—-o :—=15<t<2 (1.14)
2 _1_ _0-5 ) ) - - ! ’
Gs = _1_t—_ 0 =15+ <t <2 (1.15)
5 1] 05+m] ' ’
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Note that each G} corresponds to a distinct line of global minimizers along which the
function is constant and at which it attains its global minimum (see Figure 1.4).
We can reduce the dimension of the problem by one by parametrizing z; = y and

ro = —y; this gives us the following one-dimensional problem:

min sin?(2y — 0.5),
y

st. (1 —DIyex.

The solutions are achieved at points y* = mi/2 + 0.25, i« = 0,4+1. Geometrically, the
parametrization is equivalent to the embedding of the line (1 — 1)T into the two-dimensional
space and the search for the global minima along this line. The solutions in the reduced space
correspond to the intersection points between (1 — 1)7 and the lines of global minimizers.
The three solutions in the original space are points z} = (7k+0.25)- (1 —1)T fori = 1,2,3.

Note that not every parametrization would work. For example, if the embedding is
parallel to the line of the minimisers, i.e., if z = (1 1)y, the embedding fails to recover

the global minimum of the original problem.

1.2.1 Reduced problems with random embeddings

As Example 1.1 illustrates, when the objective has low effective dimensionality and the
effective subspace of variation is known, it is possible to cast (UP) ((P)) into a lower-
dimensional problem — which has the same global minimum f;; (f*) — by restricting it
to and solving (UP) ((P)) only within this important subspace. Typically, however, the

effective subspace is unknown'

, and random embeddings have been proposed to reduce
the size of (UP) ((P)) and hence the cost of its solution, while attempting to preserve the
problem’s original global minimum values. In this thesis, we investigate the following two

reduced randomized problems

min f(Ay + p) min f(Ay + p)
v RP)

(RPX)
s.t. yeY=][-601 s.t. Ay +pe X =[-1,1)7,

where A is a D x d Gaussian random matrix (see Definition 2.1) with d < D, and where
p and § > 0 are user-defined. We use (RP) to tackle the unconstrained problem (UP) and
use (RPX) to tackle the constrained problem (P).

Remark 1.2. If y* is a global solution to (RP) or (RPX’), one can recover a corresponding

minimizer £* in the original dimension by setting * = Ay* + p.

13For example, in applications where f is black-box.
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We say (RP) ((P)) is successful if its global minimum coincides with the global minimum
fir (f*) of (UP) ((P)). We define this notion formally below.

Definition 1.3. We say that (RP) is successful if there exists y* € R? such that f(Ay* +
p)=fand y" €.

Definition 1.4. We say that (RPX) is successful if there exists y* € R? such that f(Ay*+
p)=f*and Ay*+pe X.

As noted in Example 1.1, not all embeddings can successfully recover the global min-
imum of the original problem. Therefore, we expect that the reduced problems (RP) and
(RPX) will be successful only for certain matrices A. Furthermore, given that A’s are
initialized randomly, (RP) and (RPX’) will be successful in probability. In this thesis, we
study the probabilities of success of the reduced problems (RP) and (RPX). In particular,
we investigate how these probabilities are affected by the user-chosen parameters of the
reduced problems and characteristics intrinsic to the objective function (e.g., orientation of

the effective subspace).

Description of the reduced random problem (RP)

As mentioned above, with formulation (RP) we aim to recover the global minimum of (UP).

Remark 1.5. Note that, unlike (UP), (RP) has (box) constraints, which are typically
imposed to make the approach practical (i.e. to avoid unrealistic searches over infinite

domains).

Problem (RP) involves three user-chosen parameters p, d and 0. These parameters de-
termine the probability of success of (RP) in recovering f7;. It is clear, for example, that for
larger values of d and/or § the probability of success of (RP) is higher. On the other hand,
larger values of d — the dimension of (RP) — and/or § — the half-length of the domain
— demand more computational resources to solve (RP). Therefore, a careful calibration of
these two parameters is needed to ensure that (RP) is successful for most embeddings, at
the same time being capable to converge to the solution within the computational budget.
Relying on the derivation of the distribution of a reduced minimizer presented in Chapter 2,
we analyse and discuss the effects of the three parameters on the success of the reduced
problem in Chapter 3. We will see later that, with the right choices of the parameters, a
single solve of (RP) is often sufficient to find the value of f.
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Description of the reduced random problem (RPX)

To tackle the constrained problem (P), we turn to formulation (RPX).

Just like for (RP), the right choice of parameters p and d is crucial to the success of
(RPX). To analyse the probability of success of (RPX) and its relationship to p, d and
D, we will rely on the analysis of the distribution of a reduced minimizer presented in
Chapter 2.

While problem (RP) is often successful with only one embedding, (RPX) may require
multiple embeddings'4 to converge to the global minimum. Multiple instances of (RPX’) can
be solved simultaneously using parallel computing. This approach can speed up the overall
procedure but lacks interdependence between the different solves. One can also perform
multiple embeddings sequentially using information from the past solves to perform the

next iteration. We explore the formulation (RPX) in Chapter 4.

1.2.2 Existing relevant literature

The scalability challenges of Bayesian Optimization (BO) algorithms for generic black-box
functions have prompted research into improving efficiency of this class of methods for
functions with special structure. Different structural assumptions on the objective have
been analysed for BO, such as additivity or (partial) separability, which assumes that the
objective function can be represented as the sum of smaller-dimensional functions with
non-overlapping variables [164, 81, 97] or with overlapping ones [137].

Another popular structural assumption is the low-effective dimensionality of the ob-
jective, which is the focus of the thesis. In its simplest form, this considers the effective
subspace to be aligned with the coordinate axes, which is equivalent to the presence of re-
dundant variables [33, 15]. More generally, the optimization of functions that are constant
along arbitrary linear subspaces has been addressed using BO methods in [43, 163, 60, 48],
and extended to other problem and algorithm classes such as derivative-free optimization
[132], multi-objective optimization [131] and evolutionary methods [141]. As the effective
subspace is generally unknown, some existing approaches learn the effective subspace be-
forehand [43, 48, 55, 156], while others estimate it during the optimization, updating the
estimate as new information becomes available on the objective function [34, 41, 60, 174].
We focus here on an alternative approach, bypassing the subspace learning phase, and op-
timizing directly over random low-dimensional subspaces, as proposed in [19, 20, 85, 163].

Our work was particularly inspired by Wang et al. [163]’'s REMBO algorithm — a BO

framework that uses the reduced problem (RP) with p = 0 to solve!® the box-constrained

In other words, we solve (RPX)) numerous times each time with a different Gaussian matrix A.
5Note that, in this thesis, we are using (RP) to solve the unconstrained problem (UP).
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problem (P). They find that the size of ) is the primary factor in determining the success
(or failure) of the reduced problem, and quantify the probability of success of (RP) for
the case when the effective subspace is aligned with the coordinate axes and when d = d_,
where d. denotes the dimension of the effective subspace (see [163, Theorem 3]). The
theoretical analysis in [163] has been extended by Sanyang and Kabén [141], where the
probability of success of (RP) is quantified for a wider range of values of d; an algorithm,
called REMEDA, is also proposed in [141] that uses Gaussian random embeddings in the
framework of evolutionary methods for high-dimensional unconstrained global optimization.

A challenge of (RP) when applied to the box-constrained problem (P) is that — even
when (RP) is successful — the high-dimensional image Ay € R” of a point y € Y may
be outside the feasible set X'. To remedy this, Wang et al. [163] endow REMBO with an
additional step that projects Ay* onto X. However, they observe that using a classical
kernel (such as the squared exponential kernel, see (1.6)) directly on the low-dimensional
domain Y may lead to an over-exploration of the regions on which the projection map
onto X is not injective. The design of kernels avoiding this over-exploration has been
tackled in [19, 20]. Binois et al. [19] propose a new kernel ky which has the benefit of
being low-dimensional while avoiding the over-exploratory tendency of ky. In [20], Binois
et al. also propose a new mapping v (instead of py) and define ) and new kernels based
on this new mapping. Nayebi et al. [114] circumvent the projection step by replacing
the Gaussian random embeddings of (RP) by random embeddings defined using hashing
matrices, and choose J) = [—1,1]¢. This choice guarantees that any solution of the low-
dimensional problem provides an admissible solution for the full-dimensional problem in the
case X = [—1,1]P.

The infeasibility challenge of (RP) can be avoided altogether if (RP) is replaced by the
formulation (RPX'). Using (RPX) for solving (P), however, poses a new challenge of a low
probability of success. This was pointed out by Letham et al. [93], where they consider a
formulation similar to (RPAX’) and estimate the probability of success using Monte-Carlo
simulations. To compensate for the reduced success probability of a single application
of (RPX), one can solve (RPX) multiple times each time with a different embedding,
thus, covering more space in X and increasing the overall chance of success. Applications
of iterative subspace embeddings have been suggested, for example, in Qian et al. [132]
for unconstrained derivative-free optimization and, in Kirschner et al. [85] for constrained
BO optimization, where one-dimensional subspace embeddings are considered. Qian et al.
[132] also introduce the notion of approximate low effective subspace, whereas most of the

previous work concerns objective functions with exact low effective subspaces.
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1.3 Thesis contributions and outline

In this thesis, we investigate two general random embeddings frameworks for unconstrained
and box-constrained global optimization of functions with low effective dimensionality,
where we allow the effective subspace of the objective function to be arbitrary (not necessar-
ily aligned with coordinate axes and not limited in its dimension d. by problem constants).
We significantly extend and improve theoretical analyses in existing literature, providing an
in-depth investigation of the reduced problems (RP) and (RPX) when Gaussian random
embeddings are used. We also investigate their algorithmic potential in solving the original
problems (UP) and (P) respectively, both theoretically and numerically.

In Chapter 2, for both (RP) and (RPX), we define a (random) reduced minimizer y3
expressed in terms of the embedding matrix A, a basis of the effective subspace and an
arbitrary global minimizer «* of (UP) or (P), depending on the problem being considered.
In the literature (e.g. in [163, 141]), this reduced minimizer has played a key role in
estimating the probability of success of (RP). While [163, 141] have only attempted to
estimate the Euclidean norm of y3, we derive its exact distribution; this leads to more
precise bounds for (RP) and a novel type of analysis to estimate the probability of success
of (RPX). Using properties of Gaussian and related distributions, we show that y3, when
appropriately scaled, follows the inverse chi-squared distribution with d — d. + 1 degrees of
freedom (Theorem 2.27). Moreover, we derive the probability density function (p.d.f.) of
y5 (Theorem 2.30) by first proving that it follows a spherical distribution.

Based on the distribution of the norm of this reduced minimizer, we estimate the prob-
ability of success of (RP) in Theorem 3.3 and Corollary 3.4. The latter result extends both
[163, Theorem 3] and [141, Theorem 2] to arbitrary effective subspaces and any d > d,
and establishes a notable and more precise trade-off between the success of (RP), § (the
size of the reduced domain )) and the embedding dimension d; thus allowing us to choose
appropriate values for these parameters in the algorithm. Moreover, Corollary 3.4 implies
that, under certain general assumptions, solving (RP) has no dependence on the ambient
dimension D.

Using the distribution of the reduced minimizer y3, we also derive a lower bound on
the probability of success of (RPX) when d > d.. To achieve this, we provide a sufficient
condition for the success of (RPX) that depends on a random vector w, which in turn,
is a function of the embedding matrix A and the reduced minimizer y3. We show that
w follows a (D — d.)—dimensional ¢-distribution with d — d, + 1 degrees of freedom (The-
orem 4.5), and provide a lower bound on the probability of success of (RPX) in terms of

the integral of the p.d.f. of w over a given closed domain (Corollary 4.6). In the case when
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the effective subspace is aligned with the coordinate axes, this closed domain simplifies to a
(D — d.)—dimensional box, and we provide an asymptotic expansion of the integral of the
p.d.f. over the box (Theorems 4.13 and 4.14), when D — oo (and d and d. are fixed). Our
theoretical analysis, backed by numerical testing, indicates that the probability of success
of (RPX) decreases with the dimension D of the original problem (P). However, in the case
when the effective subspace is aligned with the coordinate axes, we show that it decreases
at most algebraically with the ambient dimension D for some useful choices of p.

In Chapter 5, we propose to extend the scope of (RPX) to general objectives (that
may not possess low effective dimensionality). We develop a novel analysis to bound the
probability of success'® of (RPX) for Lipschitz continuous functions based on connections
between (RPX) and the field of conic integral geometry (see, e.g., [6, 124]). Our analysis,
unlike (RP) or (RPX) for functions with low effective dimensionality, is applicable for any
embedding dimension d > 1. To understand relative performance of (RPX'), we compare
(RPX) to uniform sampling technique (uniform random search) by contrasting the bounds
implied by the two approaches in the asymptotic regime.

We propose two algorithmic frameworks, namely, REGO (Random Embeddings for
Global Optimization) that solves a single randomly-embedded reduced problem (RP) in-
stead of (UP), and X-REGO for the constrained global optimization problem (P) that
sequentially or in parallel solves multiple subproblems (RPX), varying A and also possibly
p. These frameworks are compatible with any generic global optimization solver.

We use and validate our theoretical results related to (RP) by providing extensive nu-
merical testing of REGO with three types of solvers: DIRECT, BARON, and (multi-start)
KNITRO (see above or Section 3.3). We use 19 standard global optimization test problems
to generate functions with effective dimensionality structure and of growing ambient di-
mension D. When comparing REGO with the direct optimization of the ensuing problems
without embeddings, we find that REGO’s performance is essentially independent of D for
all three solvers and that it is successful in recovering the original global minimum in most
cases with only one embedding!”. We also test the robustness of REGO’s performance to
variations in algorithm parameters such as § and d.

We dedicate Chapter 6 to the X-REGO algorithm, proving its global convergence to a
set of approximate global minimizers of (P) with probability one, with linear rate in terms
of the number of subproblems solved. This result requires mild assumptions on problem (P)

(f is Lipschitz continuous and (P) admits a strictly feasible solution) and on the algorithm

%Here, success of (RPX) means that the embedded subspace intersects the set of approximate global
minimizers.

"Numerical results of REGO (as well as of X-REGO) assume that (an upper bound on) the true effective
dimension d. is known/available.
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used to solve the reduced problem (namely, it must solve (RPX') globally and approximately,
to required accuracy at least with a certain probability), and allows a diverse set of possible
choices of p (random, fixed, adaptive, deterministic). Our framework here can be viewed as
a hybrid technique that merges multi-dimensional random search (random subspaces) with
the power of global /local algorithms in low dimensions.

Also in Chapter 6, we provide an extensive numerical comparison of several variants
of X-REGO on the same test set of functions with low effective dimensionality used for
REGO, employing the above mentioned three global solvers as well as local KNITRO. We
find that X-REGO variants show significantly improved scalability with most solvers, as
the ambient problem dimension grows, compared to directly using the respective solvers on
the test set. Notable efficiency was obtained in particular when local KNITRO was used to
solve the subproblems and the points p were updated to the ‘best’ point (with the smallest

value of f) found so far.

Outline. We begin Chapter 2 by recalling technical definitions and tools related to Gaus-
sian matrix and related distributions. We then formally define the notion of functions with
low effective dimensionality and describe the geometry of random embeddings in the context
of the two reduced problems. For both reduced problems, we also define a random reduced
minimizer and derive its distribution.

In Chapter 3, based on the distribution of the reduced minimizer, we derive a lower
bound on the probability of success of (RP) and compare this bound with existing bounds
from the literature. Here, we also introduce the REGO framework and conduct numerical
experiments. The content of this chapter and Chapter 2 has been published in [29].

We dedicate Chapter 4 to derivations of lower bounds for the success of (RPX). We
start the chapter with a derivation of the distribution of the image of the reduced minimizer
in the ambient space. Using this result, we then derive a general lower bound for the success
probability of (RPX’). This bound leads to several (interpretable/quantifiable) bounds. For
example, we show that the probability of success of (RPX’) is positive and derive bounds for
the case when the effective subspace is aligned with coordinate axes. Here, we also define
the notion of approximate success of (RPX’) and show that the probability of (RPX') being
approximately successful is bounded away from zero uniformly in p.

In Chapter 5, we consider (RPX’) but now without the assumption that the objective
has low effective dimensionality. In our analysis, assuming that the objective is Lipschitz
continuous, we bound the probability of (RPX') capturing the set of approximate global
minimizers relying on the earlier description of key results from conic integral geometry. At

the end of the chapter, we compare (RPX’) to a simple random search.
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We end our thesis with Chapter 6, where we introduce and analyse the X-REGO frame-
work. We start the chapter with the description of the framework. This will be followed by
the global convergence proof and its implications for objective functions with and without
low effective dimensionality. At the end of the chapter, we present our numerical experi-
ments with X-REGO. The content of this chapter and Chapter 4 has been submitted for
publication as [32].

Chapter 3-6 end with summaries that review the main contributions of the chapters as

well as point to any limitations and potential future directions of the respective work.

1.4 Notation

We use bold capital letters for matrices (A) and bold lowercase letters (a) for vectors.
In particular, Ip is the D x D identity matrix and Op, 1p (or simply O, 1) are the D-
dimensional vectors of zeros and ones, respectively. We write a; to denote the ith entry of
a and write a;;, i < j, for the vector (a; a;1---a;)”. We let range(A) denote the linear
subspace spanned in R by the columns of A € RP*4, We write || - || and || - ||l for the
Euclidean norm and the infinity norm, respectively. Where emphasis is needed, for the
Euclidean norm we also use || - [|2.

Given two random variables (vectors) z and y (z and y), the expression x o y (x faw Y)
means that z and y (x and y) have the same distribution. We reserve the letter A for a
D x d Gaussian random matrix (see Definition 2.1) and write x2 to denote a chi-squared
random variable with n degrees of freedom (see Definition 2.5).

Given a point @ € R” and a set S of points in RP, we write @ + S to denote the set
{a+s: s € S}. Given functions f(z) : R = R and g(z) : R = R™, we write f(z) = O(g(z))
as r — 0o to denote the fact that there exist positive reals M;, My and a real number xg

such that, for all z > xo, Mig(z) < |f(x)| < Mag(z).
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Chapter 2

Functions with low effective
dimensionality: tools, formulations
and characterizations

The goal of this chapter is to lay out the technical foundation for the upcoming chapters.
We begin this chapter with technical definitions and results that pertain to Gaussian and
related distributions. Then, in Section 2.2, we formally define the notion of functions with
low effective dimensionality. This will be followed by a geometric description of random
embeddings technique in Section 2.3 and derivations of various probabilistic results related
to the reduced problems (RP) and (RPX') in Section 2.4.

2.1 Gaussian matrix distribution: related definitions and tools

We start the chapter with the technical definitions and results related to Gaussian matrix

distribution.

2.1.1 Gaussian random matrices

We begin with the definition of a Gaussian random matrix.

Definition 2.1. (Gaussian matrix, see [70, Definition 2.2.1]) A Gaussian (random) matrix
is a matrix M = (m;;), where the entries m;; ~ N(0,1) are independent (identically

distributed) standard normal variables.

Gaussian matrices have been well-studied with many results available at hand. Here,
we mention a few key properties of Gaussian matrices which we will use in the analysis.
For a collection of results pertaining to Gaussian matrices and other related distributions
the reader is directed to [70, 159].

Gaussian matrices are famous for their orthogonal invariance property.
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Theorem 2.2. [70, Theorem 2.3.10] Let M be an M; x My Gaussian random matriz. If
U e RM>*" My >r, and V € RM2%4 N, > q, are orthogonal, then UT MV is a Gaussian

random matriz.
In the analysis, we will also need the following result.

Theorem 2.3. [70, Theorem 2.3.15] Let M be an My x My Gaussian random matriz, and
let X € R™M gnd Y € R*M1 pe given matrices. Then, XM and Y M are independent
if and only if XYT = 0.

A related notion that plays an important role in the study of Gaussian matrices is the
Wishart distribution represented by matrix M* M (or MM7), where M is an overde-
termined (undetermined) Gaussian random matrix. A Wishart matrix is positive definite,

and hence nonsingular, with probability 1.

Theorem 2.4. (see [70, Theorem 3.2.1]) Let M be an My x My Gaussian random matriz,
M, > M. Then, the Wishart matrizc M M is positive definite with probability 1.

2.1.2 Chi-squared distribution

A closely related distribution to Gaussian is the chi-squared. A chi-squared random variable
will feature prominently in our theoretical results. Let us first recall the definition of a chi-

squared random variable.

Definition 2.5 (Chi-squared random variable). Given a collection Z;, Zs, ..., Zy of
N independent standard normal variables, a random variable X = Z? + Z2 + --- + Z%
is said to follow the chi-squared distribution with N degrees of freedom. We denote this
by X ~ x%. The probability density function (p.d.f.) h(N,z) and the cumulative density
function (c.d.f.) H(N,x) of X are given by (see, e.g., [1, formula 26.4.1] and [122]):

1 L V(N/2,3/2)
h(N,z) = ——-——aV/?"1e7®/2 and H(N,z) = L2212 2.1
for x > 0, where I' is the gamma function, which is defined as
I'(a) = / u e tdu for a >0, (2.2)
0
and where 7(a, t) is the lower incomplete gamma function (see [120]) defined as
t
~v(a,t) = / u e Udu fora >0,t>0. (2.3)
0

The following lemmas provide notable relationships between a Gaussian matrix and

chi-squared random variable.
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Lemma 2.6. ( [70, Corollary 3.3.15.1]) Let M be an My x My Gaussian matriz, My > M,
and let z € RM2 be a fized non-zero vector. Then,

E
2T (MTM)-1z XN =M1

Theorem 2.7. ([70, Theorem 3.3.12]) Let M be an My x My Gaussian matriz, My > M,
and y be an My x 1 random vector distributed independently of M* M, and Ply # 0] = 1.

Then,
yTMTMy o2
yTy XM1

and is independent of y.

2.1.3 Miscellaneous probability distributions

Here, we provide definitions on three distributions, namely, inverse chi-squared, multivari-
ate t- and F-distributions. We will encounter the inverse chi-squared random variable later
in this chapter, in Chapters 3 and 4, whilst the multivariate ¢ and F' distributions will come

up in Chapter 4.

Definition 2.8 (The inverse chi-squared random variable). Given X ~ x3, a ran-
dom variable Y = 1/X is said to follow the inverse chi-squared distribution with N degrees

of freedom. We denote this by Y ~ 1/x3.. The p.d.f. of Y is given by (see [92, A5]):

_ 1 ~N/2-1,-1/(2y)
h’(Nv y) = ny € (2-4)

for y > 0.

A short lemma that provides the expectation of the inverse chi-squared random variable

is given next.

Lemma 2.9. (see [92, A5]) Let Y ~ 1/x%. Then,

provided that N > 2.
Let us now define multivariate ¢-distribution.

Definition 2.10 (Multivariate t-distribution). A ¢-dimensional random variable ¢ is
said to have t-distribution with parameters v and X if its joint p.d.f. is given by (see [70,
Chapter 4])

ht) = — [FF(ZZ)

1 —(g+v)/2
det(X) /2 <1 - tT2—1t> ,t € R (2.5)
v
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The t¢-distributed random vector can be represented as (an appropriately scaled) product
of a Gaussian vector and an inverse chi-squared random variable. For example, note the

following result.

Theorem 2.11. (see [70, eq. (4.1.1)]) Let Z1, Zs, ..., Zn be N independent standard
normal variables, let X follow the chi-squared distribution with v degrees of freedom and let

t follow an N -dimensional t-distribution with parameters v and o*I. Then, we have

Z

2
t’“:“’\/% | (2.6)

ZN
Lastly, we define F-distribution providing its probability density function.
Definition 2.12 (F-distribution). Let W; ~ X?Vl and Wy ~ X?Vz be independent. A

random variable X is said to follow an F-distribution with degrees of freedom N; and Ns
if

X Wy /Ny
W /Ny
We denote this by X ~ F(Ni, N2). The p.d.f. of X is given by (see [92, A.19])
Ny+Ngy
F(N1+N2) N, N1/2 N, -
hz)= —2 "= pN1/2-1 (1 + x) for x > 0. 2.7
= e () N, 27

2.1.4 Spherical distribution

Spherical distributions are a class of probability distributions that generalize Gaussian dis-
tribution. The generalization is based on the orthogonal invariance property of Gaussian

distribution.

Definition 2.13. A ¢ x 1 random vector @ is said to have a spherical distribution if for

every orthogonal ¢ X ¢ matrix Q,
law
Qx = x

Interestingly, it is sufficient to know the distribution of the Fuclidean norm of a spher-

ically distributed random vector to be able to derive its p.d.f.

Theorem 2.14. (/51, Corollary, p. 30; Theorem 2.3] If ¢ x 1 random vector x has a
spherical distribution, then

law
Tr = ru,

where w is distributed uniformly on the (q—1)-dimensional unit sphere and r is a univariate

random variable independent of w. If, in addition, Plx = 0] = 0, then

||| o and HwH_laz law o,
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aw

Theorem 2.15. (see [71, Theorem 2.1.]) Let x ' be a spherically distributed q x 1
random vector with Plx = 0] = 0, where r = ||x|| is independent of u = x/||x| and has

p.d.f. h(#). Then, p.d.f. g() of x is given by

o(@) = 292 1 e

27rQ/2

For more details regarding spherical distributions refer to [51, 70, 18].

2.2 Functions with low effective dimensionality

Functions with low effective dimensionality can be defined in at least two ways [55, 163].

We will work with the definition given in terms of linear subspaces, provided in [163].

Definition 2.16 (Functions with low effective dimensionality). A function f : RP —
R has effective dimension d, if there exists a linear subspace 7 of dimension d, such that

for all vectors &1 in 7 and a2, in 7+ (the orthogonal complement of 7), we have

fler+z1) = f(zT), (2.8)
and d, is the smallest integer satisfying (2.8).

The linear subspaces 7 and T+ are called the effective and constant subspaces of f,
respectively. The following assumption on the function f will be frequently used in the

thesis.

Assumption LowED. The function f : RP? — R is continuous and has effective di-
mensionality d, such that d, < D, with effective subspace! T and constant subspace 7+
spanned by the columns of the orthonormal matrices U € RP*% and V' e RP*(D—de)
respectively. We write &1 = UUT and &, = VV &, the unique Euclidean projections

of any vector € R” onto 7 and T, respectively.

2.2.1 Definitions relating to unconstrained problem (UP)

Recalling the definition of the unconstrained problem (UP) on page 18, we define the set of
global minimizers

Gy :={x cRP: f(x) = f}. (2.9)

Note that, for any * € Gy with Euclidean projection x* on the effective subspace 7, and
for any & € T+, we have
(@) = f(ar + 2) = f(z7). (2.10)

Note that 7 in Assumption LowED may not be aligned with the standard/coordinate axes.
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It is important to note that % may not be unique, in fact, there can be infinitely many
points % in X satisfying the above definition. To understand why this might be the
case refer to Example 1.1. The objective function f = sin?(x; — 29 — 0.5) has effective
dimensionality 1 with 7 spanned by (1 —1)7. The function has infinitely many x* in R?;
this is due to the periodic nature of the sinus function — and not because f has low effective
dimensionality. In this example, there are three points inside X that satisfy the definition of
x*; they are given by 7}, &3 and x} (see Figure 1.4). Compare this to f = (z1 —z9 —0.5).

This function also has low effective dimensionality, but a unique x* given by (0.25 —0.25).

Definition 2.17. Suppose Assumption LowED holds. For any =* € Gy, we define G;; :=

x* + T+ — the (D — d.)-dimensional affine subspace of Gy that contains =% = UU” x*.

Remark 2.18. Note that if there is a unique x% then Gy = Gf;. If there are multiple
x*’s then the set Gy is a union of the (D — d.)-dimensional affine subspaces Gj;’s, each
containing one particular x%. For visualization of Gj;, refer to Figure 1.4 in Example 1.1,
and imagine that there are no box constraints, so that the blue line segments depicted in

the figure extend to infinity, i.e., become lines. These three lines are three different G;’s.

2.2.2 Definitions relating to constrained problem (P)

Likewise, for constrained problem (P) on page 18, we define?

G = {x R : f(z) = f} (2.11)
and additionally, the set of feasible minimizers,

G={xecX: f(x)=["} (2.12)

Note that, for any «* € G with Euclidean projection x* on the effective subspace 7, and
for any & € T+, (2.10) holds.

Remark 2.19. For * € GG, % may lie outside X'.

Definition 2.20. Suppose Assumption LowED holds. For any x* € G, we define G* :=
x* + T+ — the affine subspace of G that contains * = UU z* and G* :== {x € X : z €
x% + T+} — the simply connected subset of G that is contained in G*.

Same facts stated in Remark 2.18 hold for G and G*. We also add here that set G is a
union of simply connected sets, each corresponding to a particular 7, and if % is unique

then G = {x € X : x € % + T+}. For illustration, refer to Example 1.1, where we have

ZNote that in general Gy # G. These sets are equal if all affine subspaces of global minimizers of (UP)
pass through X.
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p + range(A)

z*(= Ay* + p)
/// 7-
G (=G")
RY X C RP Tl

Figure 2.1: Abstract illustration of the embedding of an affine d-dimensional subspace
p + range(A) into RP. For the sake of illustration, we assume that Gi; = G*. The red line
represents the set of solutions along p+ range(A) that are contained in X and the blue line
represents the set G* (see Definition 2.20). (RPX’) is successful when the red and blue lines
intersect. (RP) is successful if the line segment between two diamonds along p + range(A)
contains any point of G;;. The subspace p+range(A) intersects Gj; at * = Ay* +p, where
y* is infeasible for both (RP) and (RPX).

three x7’s denoted as «7, x5 and x3. These three points are contained in three different
G*’s, denoted as G, G5 and G%, which are defined in (1.13), (1.14) and (1.15), respectively.
Thus, the set of feasible solutions is given by G = G7 U G5 U G5.

2.3 Geometric interpretation of the randomly reduced problems (RP) and
(RPX)

We now provide a geometric description of random embeddings in the context of (RP) and
(RPX) defined on page 20 for functions with low effective dimensionality.

By applying the ‘random embedding’ (RP) or (RPX), we switch from optimizing over
RP to optimizing over a lower-dimensional R?. As illustrated in Figure 2.1, the linear
mapping y — Ay +p maps points from R? to points along the affine subspace p+range(A)
in RP. Let G;; and G* be affine subspaces of global minimizers of (UP) and (P), respectively;
for the sake of illustration, assume that Gj; = G*. For (RP)/(RPX) to be successful, it is
sufficient that the feasible set of solutions in R¢ after being mapped to R? (the line segment
between two diamonds for (RP) and the red line segment for (RPX’) in Figure 2.1), intersects
the set Gj;/G*, respectively. Note that, in Figure 2.1, G;; and the feasible set of (RP) do
not intersect, which is also the case for G* and the feasible set of (RPX’). Nonetheless, the

affine subspace that contains G* and G}, (that is, G;;) and the affine subspace that contains
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the feasible sets of (RP) and (RPX) (that is, p + range(A)) do intersect. This is related to
the following theorem in Wang et al. [163]:

Theorem 2.21. [163, Theorem 2] Let Assumption LowED hold and let A be a D x d
Gaussian matriz with d > d.. Then, with probability one, for any fized x € RP, there exists
ay € R? such that f(x) = f(Ay). In particular, for a global minimizer =* of (UP) (or
(P)), with probability one, there exists a y* € R? such that f(Ay*) = f(x*).

Remark 2.22. Theorem 2.21 can be easily extended to affine subspaces. In other words,
given the conditions in Theorem 2.21, for a global minimizer * and for any p € R”, with

probability one there exists y* € R? such that f(Ay* + p) = f(z*).

Theorem 2.21 establishes that if the dimension of the embedded subspaces (d) is greater
than the effective dimension (d.) of f then there is a global minimizer y* in R¢ for which
the corresponding point «* in R is a global minimizer. Thus, it is possible to recover a
global minimum by just searching in R

Consider now (RP) and (RPX) in light of Theorem 2.21. For d > d., the question of
success of (RP) and (RPX) reduces to the question of feasibility of y* with respect to the
corresponding problem, namely, y* € ) for (RP) and Ay* € X for (RPX).

In the next section, we characterize some global minimizer(s) y* of (RP) and (RPX’).

2.4 Characterizing minimizers in the reduced space

Before we begin, we make an important disclaimer. The analysis presented in this section
can be equally applied to both (RP) and (RPX’). To avoid unnecessary re-derivations of
the same results for two frameworks separately, we proceed by assuming that «* is a global
minimizer of (UP). The reader should keep in mind that the analysis in this section equally
holds for any global minimizer «* of (P) and the corresponding reduced problem (RPX);
in other words, the following results hold if we replace (UP) by (P) and G}, by G*.

The following theorem provides a useful characterization of global minimizers y* of
(RP)/(RPX). The theorem and its proof were inspired by the proofs of Theorems 2 and 3
in [163].

Theorem 2.23. Suppose Assumption LowED holds. Let x* be a global minimizer of (UP)
with Euclidean projection x3 on the effective subspace, and p € RP, a given vector. Let
Gy =x%+ T+ and let A be a D x d Gaussian matriz with d > d.. Then, y* € R? satisfies
Ay* +p € G if and only if

By* = z", (2.13)
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where B =UT A and where z* € R% is uniquely defined by
Uz* = x% — pr, withpr = UU"p. (2.14)
Proof. Let y* € R? be such that Ay* + p € G;;. First, we establish that
Ay* +p € G}y if and only if % — pr = UUT Ay*. (2.15)

Suppose that Ay*+p € G;;. Then, using the definition of G;; we can write Ay*+p = %+

for some & € T+. We have
UUTAy* + pr = UU" (Ay* + p) = UU" (2% + ) = x7,
where we have used UU Ta:i‘r = x5 and UUT% = 0. Conversely, assume that y* satisfies
xt —pr =UUT Ay*. (2.16)
Denote by S the D x D orthogonal matrix (U V'), where V is defined in Assump-
tion LowED. Using (2.16) and the identity UU” + VVT = §ST = I'p, we obtain
Ay +p=(UU" +VV")(Ay* +p)
=UUTAy* + UUp+ VVT(Ay* + p)
=zt —pr+pr +VVI(Ay* +p)
=z5+ VV'(Ay* +p).
Note that VVT(Ay* + p) lies on T+ as it is the orthogonal projection of Ay* + p onto
T+, which implies that Ay* + p € Gj;. This completes the proof of (2.15).

Now we show that (2.13) and (2.16) are equivalent. We multiply both sides of &% —p+ =
UUT Ay* by 8T, and obtain

(r) (@ = pr) = (o) vU" 49" (217)

Since % — p is in the column span of U, we can write % — p+ = Uz* for some (unique)
vector z* € R%. By substituting the above into (2.17) we obtain

U'Uz*\ (U'UUT Ay*
Viuz*) ~ \VIUUTAy* )"

2% _ UTAy*

0) 0 ’
where we have used the identities U”U = I and VTU = 0. To obtain (2.16) from (2.13),
multiply (2.13) by U. O

This reduces to
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p + range(A)

Figure 2.2: Abstract illustration of the result in Theorem 2.23. The intersection point
Ay* + p between affine subspaces p +range(A) and Gj; is projected onto 7. The projected
point — in the coordinate system of the linear subspace 7— is equal to By™*, which is in
turn equal to z* as stated by the theorem. Note that z* is the vector in 7 that connects
P, the projection point of p onto 7, and the point of intersection of 7" with Gp;.

Refer to Figure 2.2 for visualization of the result in Theorem 2.23. We see that the
point By* (in the coordinate system of 7°) corresponds to the vector in RP that is the
projection point of Ay* + p onto 7. Note also that z* is the vector in 7 that connects pr,
the projection point of p onto 7, and the point of intersection of 7 with Gf;. Theorem 2.23
says that Ay* + p belongs to Gj; if and only if By* = 2*.

Remark 2.24. Thereafter, we write B to refer to the d. x d Gaussian matrix® UT A.
Furthermore, we write 2* to refer to the d. x 1 vector that satisfies Uz* = &3 —p+. Observe
that ||z*]| = ||« — pr|| since U is orthogonal. Note also that in the proof of Theorem 2.23
we did not use the fact that A is a Gaussian matrix. In other words, Theorem 2.23 holds for
an arbitrary D x d embedding matrix as long as d > d.. Nonetheless, we state Theorem 2.23

with a Gaussian matrix A for consistency and notational convenience.

Theorem 2.23 helps us quantify the number of solutions y* for which Ay* + p lie in the
subspace of global minimizers G;;. It turns out that there are infinitely many of them if

d > d. and only one if d = d..

Corollary 2.25. Suppose Assumption LowED holds. Let x* be a global minimizer of (UP)

with Euclidean projection x% on the effective subspace, and p € RP, a given vector. Let

3Since U is orthogonal and A is a Gaussian matrix, from Theorem 2.2, it follows that B = UT A is also
a Gaussian matrix.
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Gy =x% + T+ and let A be a D x d Gaussian matriz with d > d.. Let S* = {y* € R :
Ay* +p e Gi}. Then, the following hold:

e Ifd=d,., then S* has exactly one element with probability 1.

o Ifd > d., then S* has infinitely many elements with probability 1.

Proof. Tt follows from Theorem 2.23 that the set S* and the set of solutions to By = z*
coincide. According to Theorem 2.4, BB is positive definite with probability 1, which
implies that rank(BBT) = d, with probability 1. Since rank(B) = rank(BBT), rank(B) =
d. with probability 1. Hence, the linear system By = z* almost surely has a solution. If
d = d. the linear system has only one solution. If d > d. the system is underdetermined

and, therefore, has infinitely many solutions. O

For (RP) and (RPX) to be successful, it is sufficient that one of the minimizers y* is
feasible for the respective reduced problems. We proceed further by choosing one particular
minimizer that is easy to analyse and that is close to the origin in some norm so that the
likelihood of falling inside the feasible sets of (RP) and (RPX) is relatively high. An obvious

candidate is the minimal Euclidean norm solution,

Y5 = argmin [[y|f2
yeR? (2.18)
st. ye ST,

where S* is defined* in Corollary 2.25. It is straightforward to derive the closed form

solution of y3.

Corollary 2.26. Suppose Assumption LowED holds. Let x* be a global minimizer of (UP)
with Euclidean projection x% on the effective subspace, and p € RP, a given vector. Let
gy =x% + T+ and let A be a D x d Gaussian matriz with d > d,. Let Y5 be defined as in
(2.18). Then,

ys = BT(BBT) '2*, (2.19)

where z* is defined in (2.14).

Proof. It follows from Theorem 2.23 that y5 must be the solution of the following problem
min |ylJ3
s.t. By = 2",

which has the solution (2.19). O

In what follows, we derive the distribution of y3, which we rely upon in Chapters 3

and 4 to estimate the probabilities of success of (RP) and (RPX).

“Note that in the context of the constrained problem (P) and the reduced problem (RPX), S* will be
defined through G*, that is, S* := {y* € R?: Ay* +p € G*}.
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2.4.1 Distributional characterization of the minimal Euclidean norm minim-
izer

In this section, we derive the distribution of the Euclidean norm of y5 and show that y5
follows a spherical distribution. Then, using these two facts, we derive the p.d.f. of y3.
The following theorem establishes a notable relationship between ||y3|| and the chi-squared

distribution.

Theorem 2.27. Suppose Assumption LowED holds. Let x* be a global minimizer of (UP)
and p € RP a given vector, with respective projections % and pt on the effective subspace
T. Let Gf; = % + T+ and let A be a D x d Gaussian matriz with d > d.. Let y} be defined
in (2.18). Then, y5 satisfies

Hm* _pTHZ . *
W ~ X¢217de+1 if ©T # pT. (2.20)

If % = p+, then y5 = 0.
Proof. For y3, from (2.19), we have
ly33 = (B"(BB")"'2")" B"(BB")™'2"

(2.21)
= z*T(BBT)*lz*,

Assume that x* # p+. Using the fact ||z*|| = ||z — pr|| and Lemma 2.6, we obtain (2.20):

e o A o P
ly2 |3 lyoll3 — z7(BB") 1z ST
If % = pt, then 2* = 0 and y5 = 0 by (2.21). O

The above result is equivalent to saying that ||y3||?/|lz% — p1]|? follows the inverse chi-
squared distribution with d — d. + 1 degrees of freedom (see Definition 2.8). Theorem 2.27
reveal a linear dependence of |ly5]| on ||z — pr||; larger values of ||z% — p|| contribute
to the increase in the likelihood of y5 being further away from the origin. The results also

imply that ||y3|| is independent of D as long as ||z% — p|| is fixed.

Corollary 2.28. Suppose Assumption LowED holds. Let x* be a global minimizer of (UP)
and p € RP a given vector, with respective projections x*- and p on the effective subspace
T. Let Gy = x* + T+ and let A be a D x d Gaussian matriz with d > d.. Let y3 be defined
in (2.18). Provided that d — d. > 1 we have

o1 _ et —pr3
Byl) = P, (222)
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Proof. Let W ~ 1/x3_, 1. Then, W fw lysll3/l|z* — pr]|3 by Theorem 2.27 if x* # p+.
By applying Lemma 2.9, we obtain

* 2
E * 112 :E * 2 — HmT_pTHQ
ly3lB) = Ellas - prigw] = [T 2Tl
for d — d. > 1. If % = p+ then y5 = 0 and (2.22) follows immediately. O

The expected value in (2.22) is inversely proportional to d — d.. In other words, for a
fixed value of d., larger values of the dimension of the embedding subspace bring y5 closer
to the origin.

Unsurprisingly, it is possible to derive the p.d.f. of a spherically distributed random
vector (see Definition 2.13) while only knowing the distribution of its Euclidean norm.

Next, we show that y5 has a spherical distribution and derive its p.d.f. using Theorem 2.27.

Theorem 2.29 (y; follows a spherical distribution). Suppose Assumption LowED
holds. Let x* be a global minimizer of (UP) and p € R a given vector, with respective
projections 3 and pt on the effective subspace T. Assume that x% # pt. Let G, =
x4 + T+ and let A be a D x d Gaussian matriz with d > d,. Let y3 be defined in (2.18).

Then, y5 follows a spherical distribution.

Proof. Let S be any d x d orthogonal matrix. Let h : R%?1 — R he a vector-valued
function defined as
h(vec(B)) = BT (BBT) 'z,

where vec(B) denotes the Dd x 1 vector (b1 b2 ---b1)T with b; being the ith column
vector of B. Using the fact that the inverse of a matrix is equal to the ratio of its adjugate

to its determinant we can express h as

T
i) = (50 5 - 8

where p;(B) for 1 < i < d are some polynomials in the entries of B and ¢(B) is the

determinant of BB”. Since g and p;’s are polynomials in Gaussian random variables, they

are all measurable. Furthermore, since B is Gaussian, by Theorem 2.4, P[¢ = 0] = 0; this

implies that p;/q is a measurable function for each i = 1,2, ..., d (see [165, Theorem 4.10]).
For y; = BY(BBT)~'2*, we have

y5 = h(vec(B)) and Sy} = h(vec(BST)).

According to Theorem 2.2, vec(B) faw vec(BST). Then, by applying Lemma A.7, we
obtain
y} = h(vec(B)) "2 h(vec(BST)) = Sy3.

Hence, y5 follows a spherical distribution by Definition 2.13. O
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Figure 2.3: An illustration of the p.d.f. of y3 ford =2, n =2 and % = [11]7, p=0.

We are now ready to derive the p.d.f. of y3.

Theorem 2.30 (The p.d.f. of y3). Suppose Assumption LowED holds. Let x* be a global
minimizer of (UP) and p € RP a given vector, with respective projections xT and pt on
the effective subspace. Assume that % # pr. Let Gi; = % + T+ and let A be a D x d
Gaussian matriz with d > d.. Let y3 be defined in (2.18). Then, the probability density
function of y5 is given by

\ —a2 (T@/2)\ (=% =Pl \" 7. \—ntd)/2 — et —pr |2/ CyTy)
g<y):7rd/2< )( (y'y) e TP,
I'(n/2) V2

where n =d —d, + 1.

Proof. To simplify the derivations, let us assume for now that ||z*|| = 1. Let us first show

that Plys = 0] = 0. Let W ~ 1/x3_, ;. We have

Ply; = 0] = P[l|y3|* = 0] = P[W = 0],

where the last equality follows from Theorem 2.27. Since W is a continuous random vari-
able, P[IW = 0] = 0; hence, P[y5 = 0] = 0. Given this fact and the fact that y3 follows a
spherical distribution (Theorem 2.29), Theorem 2.15 allows us to express the p.d.f. g(-) of
y5 in terms of the p.d.f. A(-) of ||ly5||, which we derive in Lemma A.6. Theorem 2.15 gives

o(3) = L2 G g) 0y ). (2:23)
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By using (A.4) for h(-) in (2.23), we obtain

. _ e ld)2) oo o on T
— n/2_—d/2 >\ %) T (n+d)/2 ,—1/(29" 9)
g(y)=2"""n Ixn/z)(y v) e : (2.24)

*

To derive the p.d.f. for an arbitrary non-zero z*, we consider the linear transformation
y = ||2*||§. The Jacobian of the transformation is equal to 1/||z*||%. Thus, the p.d.f. (@)

of y satisfies

_v9@/lz )
9(y) = 2l

which together with (2.24) and the fact ||z2*|| = ||x* — p+|| yields the desired result. O
Figure 2.3 illustrates the p.d.f. of a two-dimensional y5. The shape of the p.d.f. resembles
a volcano with the mass concentrated at a certain distance from the origin suggesting that

y5 is unlikely to be neither too close to, nor too distant from the origin. We also note that

the p.d.f. has no direct dependence on D.
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Chapter 3

Unconstrained optimization of
functions with low effective
dimensionality

In this chapter, we estimate the probability of success of (RP) based on the results we
obtained for the distribution of the random minimizer y3 defined in (2.18). We then test

the effectiveness of (RP) numerically to validate our theoretical investigations.

3.1 Bounding the success of the reduced problem (RP)

We lower bound the probability of success of (RP) using Theorem 2.27 and its consequences.

To derive the bound, we make use of the following corollary implied by Theorem 2.27.

Corollary 3.1. Suppose Assumption LowED holds. Let * be a global minimizer of (UP)
and p € X a given vector, with respective projections 3 and pt on the effective subspace.
Assume that % # pt. Let A be a D x d Gaussian matriz with d > d.. Let y3 be defined
in (2.18). Then,

=% — prl3
02

Pllysll < 8] = P [x >
for any 6 > 0.

Proof. For any € > 0, we have
. <~ Izt —prll =% — prl3
Pllysle < = =P | 2 €| = Plxg g0 2 €,
€ lysllz
where the second equality follows from Theorem 2.27. By letting € = ||z — pr]|2/J, we

obtain the desired result. ]

Remark 3.2. Note that in Corollary 3.1 we assume that % # p+. If T = pt, then
fp) = flpr+p,) = f(x} +p,) = f; implying that p is a global minimizer so that, for

any embedding, (RP) is successful with a trivial solution y* = 0.
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Using Corollary 3.1 we now prove the main result of this chapter.

Theorem 3.3. Let Assumption LowED hold. Let p € RP be a given vector and let A be a
D x d Gaussian matriz with d > d.. Then, for any § > 0, we have

ming-cg, [|2* — plf3

P[(RP) is successful] > P | x5 4 11 > 52 , (3.1)
where Gy is defined in (2.9).
Proof. Note the following relationship between the probabilities:
P{(RP) is successful] > Ply; € V] = Pl[lys]l0 < 0] = Pll|ys[l2 < ], (3:2)

where the first inequality follows from Definition 1.3 and the definition of y3, and where

the second inequality is implied by ||y5]lcc < ||y5|l2. By applying Corollary 3.1 to the last

probability in (3.2), we obtain

- =% — prl3 IUU" (= - p)l3
P[(RP) is successful] > P [x7_4 11 > TTH =P |Xi g1 > 52 2

(3.3)
for any 6 > 0 and any x* € Gy such that [|[UU” (z* —p)||2 # 0, where Gy is defined in (2.9).
Note that (3.3) also holds for =* with |[UU” (z* — p)||2 = 0 since, in this case, (RP) is
successful with probability 1 (see Remark 3.2). Hence, (3.3) holds for any «* € Gy, which

then implies

T * 2
P[(RP) is successful] > maéc P [X?l—qu > \uu (5332 P)HQ]
xz*eGy ©

[0 > Pt V0o ]
where the equality follows from the fact that the tail distribution P[X > z] of any random
variable X is a monotonically decreasing function in zx.

In what follows, we show that ming:eg,, |[UU” (z* — p)||3 = ming-cg,, ||=* — p|3. Define
sets Z:={z € R : Uz =UU" (z*—p),z* € Gy} and S := {Uz+Vec:z € Z,c € RPde}
where V' is defined in Assumption LowED. Define also Gy(—p) := —p + Gy. First, we
establish that Gy (—p) = S by showing that Gy(—p) C S and that S C Gy (—p).

Let z* € Gy(—p). Then, z* = x* — p for some x* € Gy. We can write &* = x* —
p=UU"(z* —p) + VVT(x* — p) since UUT + VVT = I. Let z = U (x* — p) and
c = VI(z* — p) and note that z € Z and ¢ € RP~%. Hence, Z* € S, which proves that
Gu(—p) C S.
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Let 2 € S. Then, z* = Uz + Ve for some z € Z and ¢ € RP~%. By writing

" = p+ x*, we obtain
f@*)=flp+a*) = fUU P+ VVIp+Uz+Ve)

(
(UUTp +Uz)
(
(

UUTp+UUT (z* — p))
x7) = fi),

where the third equality follows from the assumption that f has low effective dimensionality

and the fact that VVTp + Ve € T+, the fourth equality is by definition of Z, the fifth

f
f
S

equality follows from the definition of x* (given in Assumption LowED) and the last
equality follows from (2.10). Hence, by definition of Gy, * € Gy and therefore z* €
Gu(—p). This proves that S C Gy (—p).

Finally, we have

min ||z* —p|2= min |z*|3 (by definition of Gy (—p))
T*EGy z*eGy(—p)
= min Uz +Ve|3 (since Gy(—p) = S and by definition of S)
z€Z, ccRP—de
=  min ||Uz|2+||Vc|? (since UTV = 0,VTU = 0)
z€Z, ccRP—de
= min U235+ ||c|l? (since V' is orthogonal)
2€Z,cERP—de

. 2 : 2
=mip [Uzll + min flefl2

= min lUz||3 + 0
= ml]ga U™ (z* — p)|3 (by definition of Z)
T*E

O]

Using Theorem 3.3, one can now derive quantifiable bounds for the success of (RP)
by applying any tail bound on the chi-squared distribution. We use the bound derived in
Lemma A.5.

Corollary 3.4. Let Assumption LowED hold. Let p € RP be a given vector and let A be
a D x d Gaussian matriz with d > d.. Let p = ming«cg,, ||x* — p||2. Then, for any § > 0,

we have .
P[(RP) is successful] > 1 — C(n) <1 + ;LeNQ/(%Q)) (\//‘%) , (3.4)
where n =d —d, + 1 and
4
C(n) = :
() n(n+2)I'(n/2)
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p + range(A)

RY g1

Figure 3.1: Abstract illustration of the random embedding technique similar to Figures 2.1
and 2.2 but with the parameter u displayed. The size of the ) = [, 6]¢ box has a linear
relationship with the size of the shaded quadrilateral region (that lies on the embedded
subspace p + range(A)). This quadrilateral region, in turn, has a linear relationship with
u, that is, scaling of pu by a factor of k£ requires scaling of the quadrilateral region by the
same factor for P[(RP) is successful] to remain constant.

Proof. Lemma A.5 implies that
P 2 )2 1= Cln) (14 52 (@2 (3.5)

for any € > 0. By letting e = p/d and applying (3.5) to (3.1), we obtain the desired
bound. 0

Let R* denote the right hand side of (3.4). First, we note that R* is a function of 1/
and d —d.. The bound reveals a linear relationship between p and 6 (refer to Figure 3.1 for
visualization of the parameters p and §); scaling u and d by the same factor does not affect
the value of R*. Furthermore, observe that for smaller values of p and/or larger values of
d, R* is closer to 1. Numerical experiments show that for large values of n and/or u/d,
the bound (3.4) is less tight; this is also signified by the asymptotic behaviour of R*, when
R* — —oo monotonically as 1/ — oo, making the bound useless for large enough 1 /4.

It is remarkable that R* has no explicit dependence on D, the dimension of the original

optimization problem. This implies that larger D does not diminish the success of the
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reduced problem as long as 4 and d. are fixed. Dependence of R* on d — d. indicates that
the success is determined by the value of d relative to d. and not so much by the individual
values of d and d.. Larger (smaller) values of d with respect to d. require smaller (larger)
0 if R* is kept constant; knowing this fact is crucial when initializing values of d and J in
practice. It displays a convenient interplay between d and ¢ allowing more flexibility in

choosing one with respect to the other.

Previous bounds. One can derive similar bounds for the success of (RP) by bounding
P[|ly5]l < 6] in (3.2) using the Cauchy-Schwarz inequality. Since y3 = BT (BB”)™'2*, we
have

lysll < 1B*(BB")7"|| - | 2"]. (3.6)

By using the fact that |BT(BBT)™!| = 1/smin(B”), where sy, (B”) denotes the smallest

singular value of BT, we obtain

1)
Smin(BT) o

We can now use any suitable tail bound for the smallest singular value of the Gaussian

Mmmsﬂzp[

matrix to bound the latter probability.
Wang et al. [163], by applying the above technique and Theorem A.1 to bound the
singular value, derived the following bound

p/de
5

P[(RP) is successful] > 1 —

Their derivation is predicated on the assumptions that d = d. and that 7T is spanned by the
standard basis vectors. In [141], Sanyang and Kabédn extended Wang et al. [163]’s bound
allowing a wider range of values for d. Using the bound in Theorem A.2 for sy, (B”) they
showed that

P[(RP) is successful] > 1 — e~ (Va—/de—p/3)?/2

assuming certain conditions on d and/or § are satisfied. One can also use Rudelson and

Vershynin’s bound (Theorem A.3) to obtain

Cu d—de+1 ]
P[(RP) is successful] > 1 — —e
[(RP) )= <6(\/E_Vde_1)>

where C| ¢ > 0 are absolute constants. This bound shows dependence of the probability on
the difference d — d, which is also manifest in our bound. The Rudelson and Vershynin’s
bound cannot be used for practical purposes due to the unknown C and c¢; we require

explicit bounds to define the size of ).
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Unlike the bounds of Wang et al. [163] and Sanyang and Kaban [141], Corollary 3.1
is applicable to any d > d. and an arbitrary subspace 7. Moreover, using the exact
distribution of ||y3|| given in Corollary 3.1, we circumvent the application of the intermediate

Cauchy-Schwarz as in (3.6) and bound the distribution of ||y3|| directly.

3.2 Choices of (RP) parameters

The present section aims to test numerically the quality of the bound (3.4). We will also
use the results of this section to select suitable pairs of parameters d and ¢ for (RP) in the
numerical experiments later.

Suppose that we are given a function f satisfying Assumption LowED with the set of
global minimizers Gy consisting of only one (D — d.)-dimensional simply connected Gj;. Let
x be defined as in Definition 2.20, z be defined by the equation Uz = «* and p = 0. We
also define p := ming«¢g, ||**|| and note that p = || ||.

We test (3.4) by contrasting the left-hand side of (3.4) (denoted by L*) to its right-hand
side (denoted by R*). We compare L* and R* for four different values of d — d., namely, 0,
1, 2 and 3. For each value of d — d,, we express R* as a function of § := §/u and using its
closed form we plot R* for § € [0.02,10]. We do not have a closed form expression for L*,
but we can approximate it numerically. In what follows, we describe how this is done. We
start by writing

L* := P[(RP) is successful] = P[3y € [-§,8]¢: Ay € G| = P[3y € [,
=P[3y € [-6,0]? : By = %],

(3.7)

where B denotes a d. x d Gaussian matrix and z = z/u. Here, the second equality follows

from Definition 1.3, and the third equality follows from Theorem 2.23 and the fact that

=2

|*: By

z]

Gu = G;;. Note that [|Z]] = 1 since ||z|| = ||| = p (see Remark 2.24). We assign z to
a random vector with unit norm and keep z fixed throughout the experiment!'. For each
§ € ]0.02,10], we generate 1000 Gaussian matrices B and estimate P[3y € [-6,0]? : By = z|
in (3.7) as the proportion of instances for which the statement under the probability is true.
Unlike R*, L* depends on individual values of d and d,. We plot the estimates for L* for
the following values of d — d.: 0, 1, 2, 3 and, in each plot, we repeat the experiment for

de = 2,3,4,5,6. The plots are presented in Figure 3.2.

Note that the results of the experiment are invariant of the choice of Z as long as its norm is fixed. Let
z1 and z2 be two fixed vectors with unit norm. Consider two systems: By = z; and By = z2. Note that
zo can be written as Qz; for some orthogonal Q € R%*%e_ Then, the second system becomes QT By = z,
and this generates vectors y with the same distribution as the first system since QT B is also Gaussian.
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Figure 3.2: The four plots depict the function R*(J) and the estimates of L*(d); each plot
corresponds to a particular value of d — d. € {0,1,2,3}. Each plot contains estimates of

L*(6) for d. = 2,3,4,5,6.

Numerical findings. The plots in Figure 3.2 — confirming the conclusions of Corol-
lary 3.4 — illustrate that the variation in success of (RP) is mainly determined by the
value of d — d.; the larger is the difference, the higher is the probability of success of (RP)
for a given 8. These curves, being independent of x, can be used to find suitable ¢ for any
problem for the corresponding values of d — d.; the size of the ) box, §, can then be set to

M if an upper bound M on p is known.

Choosing d, 6 and p in practice. When it comes to the numerical application of (RP)
in practice, initialization of parameters d and § might be problematic. From the theoretical
discussions above we learned that the parameters d and é must be defined based on d.
and u, the values of which are typically unknown in practice, for example, for black-box
functions. One could circumvent this issue by estimating d. and p rather than trying to
calculate their exact values; note that all we need is an upper bound d on d.. The parameter
d. or an upper bound may be known from prior studies or can be found with active subspace
identification methods (see, e.g., [37]); these use gradients of f to estimate d,.

Estimating p can be a harder task. A rough estimate for u can be obtained if the search
in the original space is restricted to a certain domain; a trivial upper bound in this case is
given by the maximum distance between p and the boundary of the domain. The search
domain that is commonly imposed to practically solve unconstrained optimization problems
is box constraints, such as X = [—1,1]” for which u < v/D. In Section B.2, we test REGO

assuming that v/ D is the best bound known for u. To compensate for unknown u, one
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could also try increasing § or d gradually to explore larger regions in R”.

As for p, the theory indicates that choosing p closer to the set of global minimizers?
increases the chances of successful recovery by (RP). If an approximate location of the
set of global minimizers is known then one should choose p in that vicinity. Of course, in
practice, the location of global minimizers is typically not known, therefore no preference
is given to any particular p. Numerically, one could solve multiple instances of (RP) in
parallel each with a different p to increase coverage in R” and, consequently, the overall

probability of success.

3.3 Numerical methodology

This section contains the preliminary material for the numerical experiments in the present
chapter and Chapter 6. We begin the section with the construction of functions with low-
effective dimensionality, which form our test set. We then provide the descriptions of the
three optimization solvers, namely, DIRECT, BARON and KNITRO, that we use to test
(RP) and (RPX).

Generating the test set. Our test set of functions with low effective dimensionality
is derived from 19 global optimization problems (of dimensions 2-6) with known global
minima [62, 49, 147], some of which are from the Dixon-Szego set [42]. The list of the
problems is given in Table B.1, Section B.1.

Below we describe a technique adopted from Wang et al. [163] to generate high-dimen-
sional functions with low effective dimensionality. Let g(Z) be any function from Table B.1;
let d. be its dimension and let the given domain be scaled to [—1,1]%. We create a D-
dimensional function g(x) by adding D — d. fake dimensions to g(z), g(x) = g(&) + 0 -
Tigo+1 + 0 24,42+ -+ 0-2xp. We further rotate the function by applying a random
orthogonal matrix @ to « to obtain a non-trivial constant subspace. The final form of the

function we test is given as

f(x) = g(Qx). (3.8)
Note that the first d. rows of Q now span the effective subspace T of f(x). Furthermore,
if the global minimum of g(z) is attained® in [—1,1]%, then mingcpo §(Z) < v/d., which
when combined with (3.8) implies

= min f(z) < \/d, (3.9)

zeRD

2Note that if p is closer to the set of global minimizers then p is smaller.
3To the best of our knowledge, every function in Table B.1 attains its (unconstrained) global minimum
inside its specified domain.
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For each function in Table B.1, we generate three functions f as defined in (3.8) one for

each D = 10, 100, 1000.

Optimization solvers. We test (RP) and (RPX’) with the below solvers.

DIRECT([58, 78, 52]) version 4.0 (DIviding RECTangles) is a deterministic* global
optimization solver first introduced in [78] as an extension of Lipschitzian optimization.
DIRECT does not require information about the gradient nor about the Lipschitz constant
and, hence, can be used for black-box functions. DIRECT divides the search domain into
rectangles and evaluates the function at the centre of each rectangle. Based on the previously
sampled points, DIRECT carefully decides what rectangle to divide next balancing between
local and global searches. Jones et al. [78] showed that DIRECT is guaranteed to converge
to global minimum, but convergence may sometimes be slow.

BARON([139, 148]) version 17.10.10 (Branch-And-Reduce Optimization Navigator) is
a branch-and-bound type global optimization solver for non-linear and mixed-integer non-
linear programs. To provide lower and upper bounds for each branch, BARON utilizes
algebraic structure of the objective function. It also includes a preprocessing step where it
performs a multi-start local search to obtain a tight global upper bound. In comparison to
other existing global solvers, BARON was demonstrated to be the most robust and fastest
(see [119]). However, BARON accepts only a few (general) classes of functions® including
polynomial, exponential, logarithmic, etc. and, unlike DIRECT, it is unable to optimize
black-box functions.

KNITRO([28]) version 10.3.0 is a large-scale non-linear local optimization solver capable
of handling problems with hundreds of thousands of variables. KNITRO allows to solve
problems using one of the four algorithms: two interior point type methods (direct and
conjugate gradient) and two active set type methods (active set and sequential quadratic
programming). In contrast to BARON and DIRECT, which specialize on finding global
minima, KNITRO focuses on finding local solutions. Nonetheless, KNITRO has multi-
start capabilities, i.e., it solves a problem locally multiple times every time starting from
a different point in the feasible domain. It is this feature that we make use of in the

experiments.

Computational hardware and software. All the experiments conducted for this thesis
were run in MATLAB on the 16 cores (2x8 Intel with hyper-threading) Linux machines
with 256GB RAM and 3300 MHz speed.

“Here, we refer to the predictable behaviour of the solver given a fixed set of parameters.
SFor instance, BARON cannot be applied to problems which include trigonometric functions.
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Algorithm 1 Random Embeddings for Global Optimization (REGO) applied to (UP).

1: Initialise p, d and 6 and define Y = [~4, §]¢

2: Generate a D x d Gaussian matrix A

3: Apply a global optimization solver (e.g. BARON, DIRECT, KNITRO) to (RP) until
a termination criterion is satisfied, and define y,,;,, to be the generated (approximate)
solution of (RP).

4: Reconstruct T,in = AY,,in

3.4 Numerical experiments

We solve (UP) for each f in the test set both directly® (which we refer to here as ‘no
embedding’) and applying REGO (Random Embeddings for Global Optimization) outlined
in Algorithm 1.

3.4.1 Setup

Experimental setup (REGO). We compare ‘no embedding’ and REGO using the three
solvers described on page 51. Let g;, sj, n; and D}, denote the ith function in the problem set
(g1 = Beale, etc., see Table B.1), jth solver (s; = DIRECT, ss = BARON, s3 = KNITRO),
the total number of problems in the problem set solvable by jth solver (ny = 19, ny = 15,
ng = 18) and kth ambient dimension (D; = 10, Dy = 100, D3 = 1000), respectively. Let
fir. denote the Di-dimensional function with low effective dimensionality constructed from
g; as described previously.

Within ‘no embedding’ framework, for each pair (s;,Dy), we solve fi; fori=1,2,...,n;
with solver s; and record the proportion of the problems that attain convergence (see
definition in Table 3.1).

For each fir (1 <i < nj;, 1 <k < 3), we apply REGO 100 times every time with a
different Gaussian matrix. Thus, in total, for each pair (s;,Dj) we solve n; x 100 problems.
We record the proportion of problems that attain convergence (see Table 3.1) out of these
n; x 100 problems.

We also record the number of function evaluations (for DIRECT and KNITRO) and
CPU time (for all the three solvers) spent before termination within the two frameworks.
For each (s;,D}), function evaluations and time are averaged out over n; x 100 problems
within REGO and over n; problems within ‘no embedding’.

We conduct the above experiment for REGO with p = 0 and with the following pairs of
parameters (d,0): (de,8.0x/d.), (de+1,2.2%x/d), (de+2,1.3x+/d.) and (d.+3,1.0x/d.).

5To solve unconstrained (UP) numerically we need to impose bound constraints to limit the search. In
no embedding setting, we solve (UP) over X = [—1, 1]D. The global minima of all the newly constructed
functions are contained in X.
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Table 3.1: The table outlines the experimental setup for the three solvers. In the table, f
is a function with low effective dimensionality d. and the global minimum f*, and e is set
to 1073,

DIRECT

BARON

KNITRO

Measure of

function evaluations,

CPU seconds

function evaluations,

computational CPU seconds CPU seconds
cost
Budget per 10000 x d. function eval- | 200 x d. CPU seconds 20 X d. starting points
problem uations
Convergence D < f"+e Convergence: Trn < f"+e¢
criteria (see fl. < f +e
Remark 3.5) Convergenceopt:
fBa < fat€
Termination cri- | Either on budget or if | Either on budget or if | On budget

teria

xh,; satisfies the conver-
gence criteria

fE., and fk, satisfy the
convergence,p; criteria

Additional
options

options.testflag=1
options.maxits=Inf
options.globalmin=f"

npsol = 9
numloc = 0
BrVarStra =1
BrPtStra =1

Default options.
Derivatives are allowed.
Use of multi-start
through ms_enable=1.

Here, each § was set to Md, where M = \/d, is an upper bound on p (see (3.9)) and the
value for 6 was chosen as the smallest 0 that gives at least 90% chance of success based on

the curve of R* in Figure 3.2.

Experimental setup (solvers). Due to the difference in algorithmic procedures of the
three solvers we use, they allow different budget constraints and have different convergence

and termination criteria; we present these in Table 3.1.

Remark 3.5. Every iteration of DIRECT stores f},, — the minimum value of f found
so far. BARON, at its every iteration, stores f5, and f5, — smallest upper bound and
largest lower bound so far found for f. As for KNITRO, f},, = min{f(Ay7), f(Ay3),...,
f(Ay)}, where [ is the number of starting points and where {y; }1<;<; are the local solutions

produced by the multi-start procedure.

Remark 3.6. The experiments are done not to compare solvers but to contrast ‘no em-
bedding’ with REGO.

3.4.2 Numerical results

Success rates of (RP). We record the proportion of instances for which (RP) is suc-
cessful. Table 3.2 presents these percentages for each particular choice of d and D averaged
over 19 problems in the test set. We observe that the percentages are very high and appear

to be independent of D, supporting the conclusions of Corollary 3.4.
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Table 3.2: The table shows average percentages of problems for which (RP) is successful.

d/D | 10 | 100 | 1000
de+0[972 978|973
de+1 1991|989 | 99.3
de+2 [ 99.5 | 99.6 | 99.8
de+3 | 100 | 99.9 | 99.8

REGO vs. no embedding. The results of the experiments comparing REGO and ‘no
embedding’ are presented in Figure 3.3, Figure 3.4 and Figure 3.5 for DIRECT, BARON and
KNITRO, respectively. These figures compare average proportions of converged solutions
and computational costs produced by REGO and ‘no embedding’ frameworks for D =

10, 100, 1000.

e DIRECT (Figure 3.3). For all the four initialisations of REGO, we observe that the
average proportions of problems that attained convergence (see definition in Table 3.1)
are invariant with respect to the ambient dimension. This frequency of convergence
is higher within ‘no embedding’ for D = 10,100, but exhibits a significant drop for
D = 1000. The average function evaluation count is maintained within REGO, but
doubles within ‘no embedding’ for a tenfold increase in D. Growth in CPU time takes

place within both frameworks, being highest for ‘no embedding’.

e BARON (Figure 3.4). In comparison with ‘no embedding’, the frequency of ‘conver-
genceyy,:’ is higher within REGO in most cases. We note that BARON’s both ‘conver-
gence’ and ‘convergence,,;” exhibit invariance with respect to D within REGO. As for
‘no embedding’, we observe a decrease in the frequencies of both ‘convergence’ and
‘convergence,,,’. In addition, we observe an increase in CPU time spent within ‘no

embedding’, whilst the time is almost constant within REGO.

e KNITRO (Figure 3.5). We see that the proportion of solved problems is invariant
with respect to the ambient dimension within REGO and, surprisingly, within ‘no
embedding’ as well. However, the average number of function evaluations and time
spent differ significantly between the two frameworks. With REGO, the average
number of function evaluations remain at the same level for all D. Average time
grows within both frameworks, but at a higher rate for ‘no embedding’. The average
time differs by a factor of 70 for D = 1000 in favour of REGO. We think that the
growth in time within REGO is due to more costly function and derivative evaluations

for larger D.

54



1 ; ; 10° ~ , ; 10°

8
g
&
8
g 10*
8 . 2
& g
E ke S 102
@ = g
z 5 g
g =
2 S £
g g —a-d=d, E 10t
= & —-8—-d= dp +1 &)
22 10! d=d.+2
& -o-d=d.+3
§ —o—no embedding
& oL : - 10° L. : : 100 L. ‘ ‘
10 100 1000 10 100 1000 10 100 1000
D D D
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Summary of numerical results

1. (Effects of parameter choices) Our experiments clearly show that the choice of d and
6 has a considerable effect on convergence and computational cost of REGO, and
that good choices of (d,d) are dependent on the underlying solver. For example,
BARON achieved highest proportion of convergence,, within least amount of time
for (d,d) = (de, 8/d.), whereas DIRECT performed best for (d. + 3,v/d.). KNITRO
produced highest proportion of convergence and worst time for (d. + 3,+/d.), and
lowest proportion of convergence and best time for (d., 8v/d.).

2. (Scalability) Within REGO, the proportion of problems solved and/or number of
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Figure 3.5: REGO versus ‘no embedding’ with KNITRO: comparison of frequency of con-
vergence, log of average function evaluations and log of average CPU time (in seconds).

function evaluations are generally invariant with respect to the ambient dimension D.

REGO displays good scalability for all three solvers.

3. (No embedding) Within ‘no embedding’, as D increases, the proportion of problems
that attained convergence,y/convergence decreased for BARON and DIRECT. Sur-
prisingly, for the KNITRO’s multi-start method, the proportion of solved problems is

maintained, but the number of function evaluations and time increased dramatically.

Additional experiments. To see how robust REGO is to changes in the parameters,
we conduct three more experiments presented and discussed in Section B.2. In the first
experiment, assuming that p is bounded by v/ D (see page 50 for an explanation for this
choice), we set § to VD6 for § chosen as in the main experiment. The second experiment
tests REGO for four different values of d while keeping § fixed and the third experiment
tests REGO for three different values of § keeping d fixed. In all three experiments, REGO
performs well, particularly for BARON and KNITRO, solving most of the problems and

exhibiting similar trends as in the main experiment.

3.5 Summary

In this chapter, we investigated the reduced problem (RP) associated to the unconstrained

problem (UP) and for f with low effective dimensionality attempted to answer two questions:
1. How do parameters of (RP) affect the success of (RP)?

2. Is solving (RP) computationally as hard as solving the original (UP)?
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In an attempt to answer these questions, we established some interesting results and made a
few observations. In Section 3.1, we established a notable relationship between the success
of (RP) and a chi-squared random variable. This result allowed us to obtain a quantifiable,
interpretable lower bound on the success of (RP) which improves on the existing bounds
in the literature. An important implication of this result was the fact that the success of
(RP) has no explicit dependence on the ambient dimension D.

Furthermore, we proposed the REGO framework that is based on a single application of
(RP). Numerical experiments with REGO supported our theoretical findings, demonstrat-
ing good scalability of (RP) with respect to a direct solution of (UP). We tested REGO
for three state-of-the-art optimization solvers on a set of synthetically constructed functions
with low effective dimensionality, which were derived from 19 classical global optimization
test problems. For each solver, we performed the tests with different sets of parameters
(d,0) (values of which were determined using the derived theoretical lower bound in Co-
rollary 3.4); the numerical results suggest that optimal combinations of parameters differ
for different solvers and most importantly, in all cases/parameter combinations, the success
rate of REGO is independent of (growing) ambient dimension.

The main limitation of REGO, however, is that it needs specification of parameters
d and § which are determined by the two problem constants that are typically unknown
in practice, namely, the effective subspace dimension d. and the distance to the closest
minimizer u. To specify suitable values for d and ¢, it is sufficient to know upper bounds
on d. and u, i.e., the knowledge of their exact values is not required. In this regard, one
could estimate d. using active subspace methods (see, e.g., [37]), which use derivatives,
or numerically by increasing d incrementally until no significant decrease in the computed
solution is observed. Obtaining an upper bound on g is a more challenging issue. In this
case, we suggest to set § as large as one’s computational budget allows, to cover more space
in the ambient dimension.

Let us now move on to investigations of (RPX’) applied to constrained (P) for which we

attempt to answer similar questions.
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Chapter 4

Constrained optimization of
functions with low effective
dimensionality

In this chapter, we investigate the reduced problem (RPX) associated to the constrained
problem (P). The entire chapter is dedicated to derivations of lower bounds for the prob-
ability of success of (RPX). The algorithm, its convergence and numerical performance
pertaining to (RPX’) are presented in Chapter 6. Let us provide a roadmap of results that

we present in this chapter.

Section 4.1 We begin the chapter with the derivation of the exact distribution of the
minimizer Ay} + p in RP| where yj is defined in (2.18), following a similar

line of argument as in Section 2.4.1.

Section 4.2 Using the exact distribution of Ayj + p derived in Section 4.1, we establish
a general lower bound for the probability of success of (RPX). We then use
this result to show that the probability of success of (RPX') is positive and
to derive quantifiable lower bounds for the special case of coordinate-aligned

effective subspaces.

Section 4.3 Here, we introduce a notion of approximate success of (RPX’). This weaker
notion of success with an additional Lipschitz continuity assumption on f

allows us to obtain a positive lower bound that holds uniformly for all p € X.

4.1 The distribution of the image of a reduced minimizer in R”

We first present a trivial lower bound for the probability of success of (RPX) that is ex-

pressed in terms of a reduced minimizer y3 defined in (2.18) being feasible for the domain X.
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Lemma 4.1. Suppose that Assumption LowED holds. Let x* be a(ny) global minimizer
of (P), p € X, a given vector, and A, a D x d Gaussian matrix with d > d.. Let y5 be
defined in (2.18). The reduced problem (RPX) is successful in the sense of Definition 1.4
if Ays +p e X, that is

P[(RPX) is successful]l > P[—1 < Ayl +p < 1]. (4.1)

Proof. This is an immediate consequence of Definition 1.4 and (2.18), as the latter implies
Ay; +p € G andso f(Ay; +p) = f". O

To be able to quantify the lower bound in (4.1), let us rewrite Ay3 + p in a different
but equivalent form, expressed through only one random vector.
Let Q = (U V), where U and V are defined in Assumption LowED. Since Q is

orthogonal, for Ay3, we have
T U’
Av; = QQ"Av; = Q (Vr) A (4.2)
Using (2.19), we get UT Ay} = z*. Letting
w:=VT Ay, (4.3)

we obtain

*

Ay§+p=Q< >+p=(U V) (fv>+p:Uz*+Vw+p=x*T+pl+Vw, (4.4)

z
w
where in the last equality we have used Uz* = x% — pt, see Theorem 2.23, and p =
pt + p,, where p, is the Euclidean projection of p on the constant subspace 7+ of the
objective function. Note that all the variables on the right-hand side of (4.4) are non-
random except w; thus, we can describe the distribution of Ay3 + p solely through w. In
what follows, we derive the distribution of this random vector, which we will later utilize

to obtain interpretable bounds for the success of (RPX).

4.1.1 The distribution of the Euclidean norm

We derive the probability density function of the random vector w defined in (4.3) following
a similar line of argument as in Section 2.4.1. We first derive the distribution of ||w|| and
then show that w follows a spherical distribution, which then allows us to derive the exact

distribution of w.
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Theorem 4.2 (Distribution of |wl|3). Suppose that Assumption LowED holds. Let x*
be a(ny) global minimizer of (P), p € X, a given vector, and A, a D x d Gaussian matrix

with d > d.. Assume that pt # x*. Let w be defined in (4.3). Then,

1 n> 2

Tz ) lwlla ~ F(m,n),
<HwT—pTH§ m ?

where m = D —d,, n = d — d. + 1, and where F(m,n) denotes the F-distribution with

degrees of freedom m and n.

Proof. We write w as Cy, where C = VT A. We first establish three facts: a) B and C
are independent; b) y5 and C' are independent; ¢) P[y3 # 0] = 1.

a) Since V is orthonormal, Theorem 2.2 implies that C' is a Gaussian matrix. Moreover,

the fact UTV = 0 implies that B and C are independent, see Theorem 2.3.

b) Since y; is measurable as a function of B (see proof of Theorem 2.29) and since B

and C are independent, y5 and C must also be independent.

c) We have Py} # 0] = 1 —P[y5 = 0] = 1 —P[||ly3]|3 = 0] = 1 -0, where the last equality
is due to the fact that ||y5||3 follows the (appropriately scaled) inverse chi-squared

distribution (Theorem 2.27), which is a continuous distribution.

Now, we apply Theorem 2.7 to obtain

lw|}  (yp'C'Cy;
Nz " ~ XD—de> (4.5)
Y313 lys 13

which together with Theorem 2.27 yields

w3 X,

2% — pTH% X?pdﬁl

, (4.6)

where x%, 4, and X5 do+1 are independent!. Using the definition of the F-distribution (see

Definition 2.12), we obtain the desired result. O

Using Theorem 4.2, it is straightforward to derive the p.d.f of |Jw]].

Theorem 4.3 (The p.d.f. of ||w|). Suppose that Assumption LowED holds. Let x* be
a(ny) global minimizer of (P), p € X, a given vector, and A, a D x d Gaussian matrix
with d > d,. Assume that p+ # x%. The p.d.f. h(Ww) of ||w||, with w defined in (4.3), is
given by

h(w) =

o (mtn Am—1 ~2 —(m+n)/2
( ) w < = n, ) 7 (47)
T

2 .
rErE) et —prl™ —prll?

where m=D —d,, n=d—d. + 1, and where I' is the usual gamma function.

!Theorem 2.7 implies that y3(= ||z — pT||/X3—dE+1) and XzD—dE are independent; hence, X?dee and
Xﬁ_deﬂ must also be independent.
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Proof. Let X ~ F(D —de,d — d. + 1). Theorem 4.2 implies that

lw| "% KVX, (4.8)

. | D—d,
K = |lz7 — pr| d—d +1 (4.9)

For the p.d.f. of ||w]||, we have

where

d d d 2w
P ) = —PKVX <] = ——P[X < 0?/K? = — f(0*/K*
- Plljw] < 0] = += PRV <] = - PIX < 0?/K%] = ~ {07/ K?),
(4.10)
where f(z) denotes the p.d.f of an F-distributed random variable with degrees of freedom
m =D —d, and n = d —d. + 1. By substituting (2.7) in (4.10), we obtain the desired

result. O

h(w) =

4.1.2 The probability density function

To derive the p.d.f. of w we will rely on the fact that w has a spherical distribution (see

Definition 2.13), as we show next.

Theorem 4.4 (w has a spherical distribution). Suppose that Assumption LowED
holds. Let x* be a(ny) global minimizer of (P), p € X, a given vector, and A, a D x d
Gaussian matriz with d > d.. Assume that p+ # x%. The random vector w, defined in

(4.3), has a spherical distribution.

Proof. Our proof is similar to the proof of Theorem 2.29. Let S be any (D —d.) x (D —d,)

orthogonal matrix. To prove that w has a spherical distribution, we need to show that
w 'Y Sw. (4.11)

Using (2.19), we write w = CBT(BB”)"'2*, where C = V'A and B = UT A are
Gaussian matrices independent of one another by the point a) of the proof of Theorem 4.2.

Let h : RPx1 _ R(D=de)x1 Ko g vector-valued function defined as
h(vec[CT BT]) = CB"(BB") '2*, (4.12)

where vec[CT BT] denotes the vector of the concatenated columns of (CT B”). We can

express h as

T BT _ (pU(C.B) p2(C.B) pp_a (C.B)\T
h(vec[C* B ])_<1q(B) B am ) ,

where p;(C, B) for 1 < i < D — d, are some polynomials in the entries of C and B and

q(B) = det(BB7). Since q and p;’s are polynomials in Gaussian random variables, they
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are all measurable. Furthermore, since B is Gaussian, by Theorem 2.4, P[g = 0] = 0; this

implies that p;/q is a measurable function for each i = 1,2,..., D — d, (see [165, Theorem
4.10)).
We have
w = h(vec[CT B']) and Sw = h(vec[(SC)T B]). (4.13)

From Theorem 2.2 it follows that C' '’ SC; hence vec[CT B”] faw vec[(SC)T BT]. We

can now apply Lemma A.7 to conclude that

w = h(vec[CT BT]) 'Y h(vec[(SC)T BT]) = Sw. O (4.14)
We are now ready to derive the p.d.f. of w.

Theorem 4.5 (The p.d.f. of w). Suppose that Assumption LowED holds. Let x* be
a(ny) global minimizer of (P), p € X, a given vector, and A, a D x d Gaussian matrix
with d > d.. Assume that p+ # x%. The random vector w defined in (4.3) follows a
(D — d.)-dimensional t-distribution with parameters d —d. + 1 and %1, and with
p.d.f. g(w) given by

o 1 T(mfn) @lw /2
9(w) = (ﬁHw*T—er)’"[ () ](” Hw%—an?) A1)

where m=D —d, andn=d—d. + 1.

Proof. We show that the p.d.f. of w is given by (4.15). The identification with the t-
distribution follows from (2.5). Let us first show that Plw = 0] = 0. Let X ~ F(D —
de,d —d. +1). We have

Plw = 0] = P[||w||* = 0] = P[X = 0], (4.16)

where in the last equality we applied Theorem 4.2. Since the F-distributed X is a continuous
random variable, the last probability in (4.16) is equal to zero.

Since Plw = 0] = 0 and w has a spherical distribution (Theorem 4.4), Theorem 2.15
implies that the p.d.f. g(w) of w satisfies

T(m/2)

(@] (4.17)

g(w) =

where h(-) denotes the p.d.f. of ||w||. By substituting (4.7) into (4.17), we obtain the desired
result. O
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4.2 Bounding the success of the reduced problem (RPX)

We summarize the above analysis in the following corollary — the central result of this

chapter.

Corollary 4.6. Suppose that Assumption LowED holds. Let * be a(ny) global minimizer
of (P), pe€ X, a given vector, and A, a D x d Gaussian matriz with d > d.. Assume that

pt # 7. Then
P[(RPX) is successful] > P(—1 < xF +p, + Vw < 1), (4.18)

where w is a random vector that follows a (D — d.)-dimensional t-distribution with para-

*® 2
meters d — d, + 1 and %I.

Proof. The result follows from derivations (4.1)—(4.4) and Theorem 4.5. O

Remark 4.7. For the vector w to be well-defined, we require d. < D (see Assump-
tion LowED). If d. = D, then d = D; letting Q = I and using z* = «* — p in (4.1)—(4.4),
it is straightforward to see that P[(RPX’) is successful] = 1.

Remark 4.8. Furthermore, for w to be a well-defined multivariate t-distributed random
vector and for the proof of Corollary 4.6 to hold, we must ensure that % # p+. Nonetheless,
for the exceptional case % = p+, P[(RPX) is successful] = 1 since f(p) = f(p++p,) =
f(x* +p,) = f* which means that p is a global minimizer and that (RPX’) is successful
for every embedding with y* = 0. Exactly the same exception was made in the analysis of
(RP), see Remark 3.2.

Remark 4.9. Note that in our analysis, we assume (see Assumption LowED) that f is
defined over whole R” (and so x can be evaluated outside X'), however, in some practical
applications f may be defined only over X. If the domain of f is restricted to X our
analysis still applies (with a minor tweak) . We adapt our analysis to this case by artificially
defining f for certain points outside X. We define f for & ¢ X that satisfy the following
condition: there exists & € X and ¢ € RP~% such that © = & + Vc. For such x, we define
f(x) := f(@). For example, in the analysis we use the value of f(x* ), where &% may lie
outside X and so f(x*) may not be defined. However, &* can be written as % = *+ Ve,

where * € X and Ve = —x* and so, by the proposed definition, f(x%) = f(x*) = f*.
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4.2.1 Positive probability of success of the reduced problem (RPX)

In this section, we prove that the probability of success of (RPX) is positive. We note
here that the probability can be equal to zero if the affine subspace of global minimizers G*
passes through the boundary of X and is oriented in a certain manner. To exclude these
special cases from the analysis, below we define a new set G* associated with G* and with
its simply connected set of feasible global minimizers G*. In the analysis, the condition
Vol(G*) > 0 will ensure that the probability of (RPX) is strictly greater than 0 for any
peEX.

We can express G* = G*NX = {z% +Vg: -1 < z* + Vg < 1,g € RP~%} where
G* and G* are defined in Definition 2.20. For each G*, we define the corresponding set of

“admissible” (D — d.)-dimensional vectors as
G ={geRP . 1<t +Vg<1} (4.19)

Note that the set G* is (D —d,)-dimensional if and only if the volume of the set G* in RP~de
denoted by Vol(G*), is non-zero. In some particular cases, when the global minimizer x*
in Definition 2.20 is on the boundary of X', the corresponding simply connected component

G* may be of dimension strictly lower than (D — d.) and, hence, Vol(G*) = 0.

Definition 4.10. Let G* and G* be defined as in Definition 2.20 and (4.19), respectively.
We say that G* is non-degenerate if Vol(G*) > 0.

We now show that, with this non-degeneracy assumption, the probability of success of
(RPX) is positive.

Theorem 4.11. Suppose that Assumption LowED holds and suppose that there is a set G*
defined in Definition 2.20 that is non-degenerate according to Definition 4.10. Let A be a
D x d Gaussian matriz with d > d.. Then, for any p € X,

P[(RPX) is successful] > 0. (4.20)

Proof. We consider two cases, p € G and p € X' \ G. Firstly, assume that p € G. Then,
P[(RPX) is successful | = 1 since taking y = 0 in (RPX) yields f(p) = f* (see Remark 4.8).

Assume now that p € X\ G. Let «* be a feasible global minimizer that lies in G*.
Using (4.18) with this particular * and noting that p, = VV'p gives us



where G* is defined in (4.19) and where g(w) is the p.d.f. of w given in (4.15). The
latter integral is positive since g(w) > 0 for any w € RP~% and since Vol(—V7'p +
G*) = Vol(G*) > 0 (invariance of volumes under translations), where Vol(G*) > 0 by the

assumption of non-degeneracy of G*. O

Note that the proof of Theorem 4.11 illustrates that the success probability of (RPX),
though positive, depends on the choice of p 2. Next, under additional problem assumptions,
we derive lower bounds on the success probability of (RPX') that are independent of p
and/or quantifiable.

4.2.2 Quantifying the success probability of (RPX) in the special case of
coordinate-aligned effective subspace

Provided the effective subspace 7T is aligned with coordinate axes and without loss of gen-
erality, we can write the orthonormal matrices U and V', whose columns span 7 and 7,
asU = [I4, 0" and V =[01p_4]".

Theorem 4.12. Let Assumption LowED hold with U = [I;, 0]7 and V =1[0Ip_4.])". Let
x* be a(ny) global minimizer of (P), p € X, a given vector, and A, a D x d Gaussian
matriz with d > d.. Assume that p+ # x%. Then

P[(RPX) is successful] > P[-1 —py ,1.p <w <1 —py . 1.ps (4.22)

where w is a random vector that follows a (D — d.)-dimensional t-distribution with para-
* 2
meters d — d, + 1 and %I.

Proof. For x* € G*, we have

I 0 T
* T % * 1:de
ey =U0U"z" = <0 0> x* = ( 0 ) : (4.23)

00 0
()
PL P o1)P Pd.+1:D

Note that «* € [~1,1]" implies that «}, € [~1,1]%. Corollary 4.6 then yields

Furthermore,

P[(RPX) is successful] > P(-1 < a7 +p, + Vw <1)

-[(5) = (5 )+ (2) + ()= )

(since @}, € [~1, 1]de) =P[-1<py1p+w<1]

which immediately gives (4.22). O

*When ||z% — p+|| — 0, the multivariate ¢-distribution in Corollary 4.6 becomes degenerate. Thus it is
challenging to derive a lower bound on the integral (4.21) that is uniformly bounded away from zero with
respect to p.
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Note that the right-hand side of (4.22) can be written as the integral of the p.d.f. of
w over the hyperrectangular region —1 —p; 1.p < w <1 —p, ,1.p. Instead of directly
computing this integral, we analyse its asymptotic behaviour for large D, assuming that d.

and d are fixed. We obtain the following main result, with its proof provided in Section 4.2.3.

Theorem 4.13. Let Assumption LowED hold with U = [I4, 0]7 and V =[0Ip_4,])7. Let
de and d be fired with d > d., and let A be a D x d Gaussian matriz. For all p € X, we

have
P[(RPX) is successful] > 7 > 0, (4.24)
where T satisfies
log(D — d, +1)T
TZ@(ZD—de-(D—dE—i—l)de as D — oo, (4.25)

and the constants in O(-) are independent of D.
Proof. See Section 4.2.3. O

The next result shows that, in the particular case when p = 0, the center of the full-
dimensional domain X, the probability of success decreases at worst algebraically® with the

ambient dimension D.

Theorem 4.14. Let Assumption LowED hold with U = [I;, 0]T and V =[0Ip_4.])7. Let
de and d be fized with d > d., and let A be a D x d Gaussian matriz. Let p=0. Then

P[(RPX) is successful] > 19 > 0, (4.26)

where
d—1
2

log(D —d. +1
7_0:@<og( de +1)

(D—d, +1)* ) as D — oo, (4.27)

and where the constants in ©(-) are independent of D.
Proof. See Section 4.2.3. O

Remark 4.15. Unlike Theorem 4.11, the above result does not require the assumption that
there exists a non-degenerate G*. As the effective subspace is aligned with the coordinate
axes, the assumption is satisfied in this case since G* = {g € RP—de . 1 < zt + Vg <
1} =[-1,1]P74 as V = [0 Ip_4.]" and the last D — d. components of the vector x* are

zero; see the proof of Theorem 4.12.

3This simplification is due to the fact that when p = 0, the factor 2P~ in the denominator of (4.25)
disappears.
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Remark 4.16. The lower bounds on the probability of success of the reduced problem
derived here and in the previous section are reasonably tight. We note for example that
(4.18) and, consequently, (4.22) hold with equality if d = d. and G = G*. Our numerical
experiments in Chapter 6 also clearly illustrate that the success probability decreases with

growing problem dimension D.

Remark 4.17. Our particular choice of asymptotic framework here is due to its practicality
as well as to the ready-at-hand analysis of a similar integral to (4.29) in [166]. The scenario
(de and d fixed, D large) is a familiar one in practice, where commonly, d. is small compared
to D, and d is limited by computational resources available to solve the reduced subproblem.
Other asymptotic frameworks that could be considered in the future are d. = O(1), d =
O(log(D)) or d. = O(1), d = BD where j is fixed. For more details on how to obtain
asymptotic expansions similar to (4.25) and (4.27) for such choices of d. and d, refer to

149, 166).

4.2.3 Proofs of results in Section 4.2.2

In this section, we prove Theorem 4.13 and Theorem 4.14. A crucial lemma is given first.

Lemma 4.18. In the conditions of Theorem 4.13, we have

P[(RPX) is successful] > I(p, A), (4.28)
where A := ||z — p| and
1 s(1-pi)/A ) 5
I(p,A) = _/ < / e " A | s" e 2ds. (4.29)
227'1(% ld_[H V27 Js(—1-p)/a

Proof. Theorem 4.12 implies that
P[(RPX) is successful] > P[-1 —py 11.p Sw <1 —py ., 1.p],

where w follows a (D — d.)-dimensional ¢-distribution with parameters n = d — d. + 1 and
¥ = (A%/n)I. Let s ~ /X2, m = D —d, and Zi,...,Z, be iid standard Gaussian
random variables. By applying Theorem 2.11 (with X = s* v = n and 0 = A/\/n), we

obtain
A

w=—| 1 [, (4.30)

Then, (4.30) yields

P[(RPX) is successful] > P[-1 —p,_ . 1.p < w <1 —py 1.p]

S S S
=P [Z( 1 —pag.4+1) <71 < K(l —Pde+1)7~--7x(—1 —pp) < Znm Z(l —pp()} |
4.31
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Note that the last probability in (4.31) can be written as the integral of the joint probability
distribution of Zy,...,Z,, and s over the specified bounds. Leaving s as the last variable

to be integrated, we can write

P 7(_1 _pde+1) S Zl S 7(1 _pde+1)7 ey

A (=1 —pp) < Z, %(1_pD)

—/OOG( A, s)h(s)ds, (4.32)

where G(p, A, s) is the integral of the joint p.d.f. of Zi,..., 7, integrated over the given

> w
B|

bounds, i.e.,

s(1=pge+1)/A s(1-pp)/A 1 1,5 5
( 1-papr)/A Js(-1-pp)/a (2m)™

sa-p)/a (4.33)
= H / e 2dz,
i—doi1 V2T Js(=1-pi)/a
and where h(s) is the p.d.f. of s given by
1
h(s) = —g—rs" e 2 (4.34)
227 1(3)

By combining (4.31) — (4.34), we obtain (4.28)—(4.29). O

It is easier to show Theorem 4.14 first, when p = 0.

4.2.3.1 Proof of Theorem 4.14

The next result is a direct corollary of Lemma 4.18 when p = 0, allowing us to replace

I(p,A) in (4.28) with a new integral J,, ,(A) that will be easier to manipulate.
Corollary 4.19. In the conditions and notation of Lemma 4.18, let p = 0. Then

P[(RPX) is successful] > Jmn(llzT]), (4.35)

T (D) = 25—1r <\/> / fﬂ2/2dx> s" e 2, (4.36)

Proof. Let p = 0. Then Lemma 4.18 implies that P[(RPX) is successful| > I(0, ||z%]|),

where
1 0 sl o, ,
10,1 = prs [ ( o [ e | et
22 1F(g) imdora V2T s/l

<\/7/5/”’”TI —/24 > s 1p=52/2 (4.37)
25—11“

= Jm,n(Hlel)-

where
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The following theorem provides an asymptotic expansion of J,, ,(A) for large m, that

has algebraic dependence on m.

Theorem 4.20. Let J,,,,(A) be the integral defined in (4.36). Let n and A be fized and
letr = (n+ A% —2)/2. If r # 0 then, for large m,

Tl 8) = 05 (o8 + 1) = G log(og(m + 1) - Qog(m + 1)
+ O((log(m + 1))T_1)>, (4.38)
where
C(n,A) = x5 A" 1?((52)).
Ifr=0, then Jpn(A) = Jmi(1) = 1/(m +1).
Proof. See the proof in Section 4.2.3.3. O

Proof of Theorem 4.14 Corollary 4.19 implies that
P[(RPX) is successful | > (0, ||zT]]) > Jmn(||xT]])- (4.39)

By definition of &%, there exists £* € G such that % = UU” z* with U = [I,.; 0]. Then
x* =[x}, ;0] which implies [|2% || < v/d.. By monotonic decrease of Jp,,, (see Lemma A.8),
(4.39) yields

P[(RPX) is successful | > Jm,n(\/@)

for all *,p € X such that 7 # p+. If % = p, then
P[(RPX) is successful | = 1 > Jp, n(V/de),

where the inequality follows from Lemma A.9. Thus, (4.24) is satisfied for 79 = J;0(V/de),
and (4.27) follows from Theorem 4.20. O

4.2.3.2 Proof of Theorem 4.13

Unlike the case p = 0, we cannot rewrite directly the integral I(p, A) in terms if the integral
Imn(A) (i.e., Corollary 4.19 does not hold) for p € X arbitrary. However, we derive a lower
bound on I(p, A) in terms of the simpler integral J,, ,(A) that is valid for all p € X.

Lemma 4.21. For any p € X and for any A > 0, we have

I(p,A) > Q%Jm,nm/g).
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Proof. Let us define the function
s(1—2)

’x2/2d:c 4.40
V2T /( 1-2)/A ( )

9(z, A, s) =

and note that
1
I(p,A) = nn/ ( H 9(pi, A ) nlemst2 s, (4.41)
22 5 i=de+1
Next we find the minimizers of g(z,A,s) over z € [—1,1]. Introducing the notation
l(z,A,s) :=s(1 —z)/A, and using Leibniz integral rule, we obtain

dg(z,A,s) “lz.0.9)? d(l(z,A,s)) U=z d(=1l(—z,A,s))

dz dz ‘ dz
=202 [ —g —?(-1-2)% (g
e (A) e <A) (4.42)

2 2 2
S __s 2 _s%z 5%z
— Ze aaz (127) <e A2 —eA2>.

Hence, dg(z, A, s)/dz is equal to zero if and only if

522

822
oK ek ), (4.43)

which occurs only at z = 0. The sign of dg(z, A, s)/dz changes from negative to positive
at z = 0 implying that the function is concave and so g(z, A, s) attains its maximum at
z = 0 and its minimum at the boundaries. Since g(z, A, s) is symmetric around z = 0, the

minimum is attained at z = £1. Thus, for all z € [-1,1],
I(—1,A,5)
) e 2y =

\/27r /l(l,A,s) a \/ﬂ/o

By combining (4.44) with (4.41), we obtain

QK
g(z, A, 8) > g(—1,A,s) e "2z, (4.44)

I( 1 - = L 3 —a?/24 n—1,-s%/2
p,A) = 2”‘11“(3)/0 (i_l;lﬂ 27r/o e >s e
= 1 1 /OO ( 2 /25 e_‘”2/2dx>m8”_16_82/2d3 (4.45)
2m 22710(2) Jo T Jo
o Ima(B/2)
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Proof of Theorem 4.13. Lemma 4.18 and Lemma 4.21 provide
. 1
P[(RPX) is successful | > I(p,A) > %Jm,n(A/2)- (4.46)

Let us now show that A < 2+/d, for all z*,p € [-1,1]P. Since U = [I 4, 0]7, for any global
minimizer *, we have % = UU x* = [x].4.; O], and for any p, we have pr = UUTp =
[P1.q.; 0]. Since z*,p € [—1,1]7, there holds ||z%| < v/d. and |pr| < v/de, and hence,
— Jlat — prll < e + e < 2V
Using the fact that .J,,,(A) is a monotonically decreasing function (see Lemma A.8),
(4.46) yields

1
P[(RPX) is successful | > 2—men(\/d>e) (4.47)
for all z*,p € & such that % # p+. If % = p1, then
1
P[(RPX) is successful | = 2 — Jmn(Vde),

where the inequality follows from Lemma A.9. Thus, (4.24) is satisfied for 7 = J,, ,(v/de) /2™,
and (4.25) follows from Theorem 4.20. O

4.2.3.3 Proof of Theorem 4.20

We rewrite J,, ,(A) as follows

’ 25*11“ %
1 / /b\/iA ;17 n—1 —82/2
= dr | s" e ds
22711(2)

1

—_— erf™ s" 16782/2d8
25‘11“(%) / (fA)

where erf(-) denotes the usual error function. After making an appropriate transformation,

M\;?

the integral becomes

T (D) = 224 / erfm(s)s”_le_A252ds (4.48)

I'(3) Jo
In [166, Section 2, Chapter 2], Wong derives an asymptotic expansion of a similar integral;
our derivations are based on his technique.

As s varies from 0 to oo, erf(s) increases monotonically from 0 to 1. So, for m large
almost all the mass of the integrand is concentrated at co. We make the substitution

e~! = erf(s) to bring the integral to the form:

Jm,n(A):\/?rnA / eKs(t)zs(t)”*le*(mﬂ)tdt, (4.49)
I'(3) Jo
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where K = 1 — A% and s(t) = erf '(e™*). Due to monotonicity of erf, s(t) is uniquely
defined for every t. As erf varies from 0 to 1, ¢ varies from oo to 0. So the mass of the
transformed integrand is now concentrated around 0.

We will derive the asymptotic expansion for (4.49) in three steps:
1. First, we will derive the asymptotic expansion of e S(t)Qs(t)”_l.

2. Then, we will show that, for any 0 < ¢ < 1, the integral

/ B (0)? g (§yn=1 o= (m+ Dt gy (4.50)

c

is exponentially small.

3. Finally, we will derive the asymptotic expansion of

/ Hs0)? ()L (mt iy, (4.51)
0

Step 1

In order to derive the asymptotic expansion of eKs(t)Qs(t)”_l, we first need to derive the
asymptotic expansion of s(t). The derivation of the asymptotic expansion of s(t) can be
found in Wong [166, Lemma 1, p. 67], who finds the first two terms of the expansion. We

extend his result in the following lemma providing a fifth order expansion.

Lemma 4.22. For small positive t, s(t) = erf ' (e™) satisfies

log(—log(t)) log(e/y/7) log”(—log(t))
4(— log(1)) —2<_10g<t>>+0< (log(0))? )

Proof. The asymptotic expansion of erf(s) at infinity is given by

erf(s) 1_6_82 1_L+i_
. NG 252 1 458

By writing 1 — e~ = 1 — erf(s) and using Taylor’s expansion for e~ at 0, we obtain

t(1+0(t)):€;1 (1_2;+4?;4_...>.

By taking logs on both sides and using the Taylor’s expansion for log(1 + z), we have

5(0)? = ~ Tog(t) — los(~log(1))~loa(v/7)+

log(t) + O(t) = —s* — log(v/7) — log(s) — 2—22 +0 <1> . (4.52)

st

The dominant terms are log(t) and s?, hence
s* ~ —log(t), as t — 0. (4.53)
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To obtain higher order approximations, we write
s(1)* = —log(t) + e1(t)

and substitute this into (4.52). We have

log(t) + O(t) = log(t) — e1(t) — log(v/'T) — %log(— log (1)) — %log (1 + elo(t) ) +

—log(?)
1
+0
<— log(t) + & (t)>
(4.54)
Note that by (4.53), as t — 0
al) (4.55)
—log()
By using (4.55) in (4.54), we obtain
1
e1(t) = 3 log(—log(t)) — log(v/7) + o(1). (4.56)
To obtain the following leading terms in the approximation we write
1
s3(t) = —log(t) — 3 log(—log(t)) — log(v/7) + €a(t) (4.57)

and repeat the above procedure. We substitute (4.57) into (4.52) and after a little manip-

ulation obtain

O) = —ex(t) — Llog <1 _ Llog(—log(t)) log(vA) , ealt) ) -

2 2  —log(t —log(t — log(t
X : (t) ) (t) (t) (4.59)
-5 : +O((—1log(1))?)
2 —log(t _ 1llog(—log(t)) _ log(v/7) ea(t)
og(t) 1-1 “Tog(t) “log(®) T Tlog(®)

Using the fact (by (4.56)) that e2(f) = o(1) and Taylor’s expansions for log(l + z) and
1/(1 — x), we obtain

- 1 1log(—log(t)) 1
O(t) = —e(t) - 2 (_2 —log(t) M (—log(t))) -
R )
2 —log(t) <1+O< —log(t) ))7
which yields
' () log(—log(t)) L0 1 (4.59)
) = 4 oglt)) (—logos))‘ |

To obtain the following leading terms in the expansion of ex(t), we use (4.59) in (4.58)
leaving the first term (—ex(t)) as is:

B 1 1log(—log(t)) log(y/m) log(—log(t))
Olt) = —ealt) = 5 log <1 T2 dog()  loglt) ¢ < ( Tog(1) 2 >> -

1 1 1
-5 : + O((—1og(t))?)
2 —log(t 1 log(—log(t)) _ log(v/7) log(—log(t))
e(t) =3 —log(t) — —log(t) +0 ( (—log(t))? )
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Now, using Taylor’s expansions for log(1 + ) and 1/(1 — x), we obtain

N 1 ( 1log(—log(t)) log(y/m) log? (— log(t))
00 =05 (3 gt~ hoet O i) -

5 (0 ()

_ log(—log(t)) log(e/v/7) log®(—log(t))
~ 4(—log(t))  2(—log(t)) +O< (—log(?))? > '

Hence,

Eg(t)
U

Using Lemma 4.22, it is straightforward to derive the asymptotic expansion of e s(t)? s(t)" L.

Corollary 4.23. Let I(t) = —log(t). Then, ast — 0T,

s®2 pn—1 t), —K/27 04\ =K n—1—KY log(l(t)) lOg(eK/Qw#)
! st = MO 1) (1—< i ) OO
log?(I(t))
+O<l(t)2>(260>

Proof. From Theorem 4.22 it follows that

oKs(t)? _ eKl(t)l(t)fK/QWfK/Q exp (Klzzéél)(t)) _ Klogl((i/)ﬁ) L0 (logéiggt))>> .

By using Taylor’s expansion for exp we obtain

ot ot xa (- Klog(l(®) | Klogle/ym) | - (log(i(t))
e = Uy A (” AW +O<z<t>2)>'

(4.61)

Similarly, using Theorem 4.22 and binomial expansion, for s(¢)"~!, we have

(s(t)?)"7 = 1(t)"F" (1 _ (n=Dlog(I(#)) _ (n—1Dlog(Vm) <10gl(ggt))>> (4.62)

4l(t) 21(t)
By multiplying the leading terms in (4.61) and (4.62), we obtain the desired result. O

Step 2

Let us now show that, for any 0 < ¢ < 1, the integral given in (4.50) is exponentially small.

More precisely, we will show that, for large m,

(%) —c(m+n)
/ PO g (1) lem (g = O <6> . (4.63)

¢ m-+n

Let erf(s) = e~'. First, we establish that

there exists a positive constant A such that s(t) = erf *(e™") < Ae™" for all ¢ € [c, 00).

(4.64)
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Note that (4.64) holds if there exists an A > 0 such that erf ' (z) < Az for all x € [0,e7].
To prove this, we apply the Mean Value Theorem to erf ' over [0,z]; thus there exists

y € (0,z) such that
erf 1(z) — erf~(0)
z—0
Using the following formula for the derivative of the inverse of the error function [3, eq
(2.4), p. 192],

= (erf 1) () (4.65)

(erf ! (z)) = ﬁe(erf‘l(m))2

2 9y
from (4.65), we obtain
-1
@f@):ifgm*@w' (4.66)
X

Since erf~! is an increasing function and y < = < e~¢, (4.66) gives

i

erf—l (x> S \é%e(erfl(e—c))Qx

which proves (4.64).

Now, since s(t) is a monotonically decreasing function with s(co) = 0, we have?
eH5” < max{1, eKs(C)2} for t > c. (4.67)
Using (4.64) and (4.67), we finally obtain

/OO eKs(t)Qs(t)nflef(m+1)tdt < A1 max{l, eKs(c)Q} /OO e~ (m+n)t gy
c c

e—c(m+n)

= A" ' max{1, eKS(C)z} .
m-+n

Step 3

We now provide the asymptotic expansion of the integral given in (4.51). Using the expan-

sion of eKS(t)Qs(t)"_1 provided in Corollary 4.23, we obtain

/ eKS(t)ZS(t)n_le—(m+l)tdt :7T_K/2L <1 _ K’ u’ m + ]_>

0 2
1-K _3-K
(ML ) e n 8K
4 2
et _3-K
_W*K/Qlog(eK/Qﬂ.#)L (1 _K’%,m_i_ 1) + e,

(4.68)

4Over t € [c,00), for K >0, efs(®)? < () and, for K <0, es(t)? <1
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where L(-,-,-) and G(-,,-) are defined as follows:
L\, 2) :/ A (= log(t)) e dt, (4.69)
0

G\, 2) = /OC A1 (= log(t))* log(— log(t))e *dt (4.70)

for 0 < ¢ < 1. We derive the asymptotic expansions of L(A, i, z) and G(A, i, z) for large z
in Theorems A.11 and A.10, respectively. By substituting the asymptotic expansions of
L(A, p,z) and G(A, p, z) in (4.68), we obtain

/ 6KS(t)2S(t)n_1€_(m+l)tdt —
0

7 K2T(1 - K)
(m+1)1-K

((log(m +1))" — %log(log(m +1)) - (log(m +1))"!
+ O((log(m + 1))”)), (4.71)
where r = (n — K — 1)/2.

Summary

Let us now conclude the proof of Theorem 4.20. From (4.48), (4.49) and (4.63), it follows
that

2A™ [
Jm,n(A) = F(g)/o erfm(s)sn—le—ms?d.s
_ ﬁAn /OO eKs(t)2S(t)n_1€_(m+1)tdt
I'(3) Jo
= VTA" /C eKS(t)Qs(t)nilef(erl)tdt + 0 <€C(m+n)> . (4.72)
F(%) 0 m-+n

By using (4.71) in (4.72) and substituting K = 1 — A2, we obtain (4.38). Note that if r = 0
then n =1 and A =1 and so K = 0. In this case, eKs(t)zs(t)n’1 = 1 and direct integration

yields Jp, 1(1) =1/(m + 1).

4.3 Uniformly positive lower bound on the e-success probability of (RPX)
in the general case

As mentioned in the last paragraph of Section 4.2.1, it is difficult to derive a uniformly
positive lower bound on the probability of success of (RPX) that does not depend on p.
However, assuming Lipschitz continuity of the objective function, we are able to achieve
such a guarantee for (RPX) to be approximately successful, a weaker notion that is defined

as follows.
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Definition 4.24. For a(ny) € > 0, we say that (RPX) is e-successful if there exists y* € R?
such that f(Ay*+p) < f*+eand Ay*+p e X.

Let
Ge={xeX: f(x)<f"+¢€} (4.73)

be the set of feasible e-minimizers. The reduced problem (RPX) is thus e-successful if it

contains a feasible e-minimizer.

Assumption LipC. The objective function f : R” — R is Lipschitz continuous with
Lipschitz constant L, that is, |f(z) — f(y)| < L||x — y||2 for all  and y in RP.

The next theorem shows that the probability that (RPX) is e-successful is uniformly

bounded away from zero for all p € X.

Theorem 4.25 (Uniform bound). Suppose that Assumptions LowED and LipC hold.
Suppose also that there is a set G* defined in Definition 2.20 that is non-degenerate according
to Definition 4.10. Let A be a D x d Gaussian matriz with d > d. and € > 0, an accuracy

tolerance. Then there exists a constant 7. > 0 such that, for allp € X,
P[(RPX) is e-successful] > 7. (4.74)

Proof. Let x* be a feasible global minimizer that lies in G*. Let N,(G*) := {x € X :
|z% — UU z|| < n} be a neighbourhood of G* in X, for some 1 > 0, where as usual,
3 =U U”x* is the Euclidean projection of * on the effective subspace.

Firstly, assume that p € N./r(G*). Then, ||+ — p1|| < ¢/L, and by Assumption LipC,

[f(p) = I =1f(p7) = f(&7)| < L]z —prll < e

Thus p € G, and, hence, P[(RPX) is e-successful] = 1. Otherwise, p € X'\ N,;1(G*). Using
the proof of Theorem 4.11, we have

P[(RPX) is e-successful] > P[(RPX) is successful] > / ~ g(w)dw, (4.75)
-VTp+Gr
where G* is defined in (4.19), g(w) is the p.d.f. of w given by (4.15), and where the first
inequality is due to the fact that (RPX’) being successful implies that (RPX) is e-successful
(by letting € := 0 in Definition 4.24). To prove (4.74), it is thus sufficient to lower bound
g(w) by a positive constant, independent of p. Since, p ¢ N,/1,(G*), we have

€

7 <llzt —prll = [UU" (@ = p)|» < [[UT" |5 - |2" - pll» < 2v/D, (4.76)
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where the last inequality follows from |[UU7”||, = 1, since U has orthonormal columns,
and from —2 < x* — p < 2 since =*,p € [~1,1]”. Furthermore, note that, for any

w € —VTp+ G*, we have
—1-azt—-p, <Vw<l-at—p,,
and, hence,
[V <max(]| =1 — 2% =P [l [[1 =27 = pi]l0)
<M leo + 2T lloo + 1P loo
<1+ farlla + oLl
=1+[[UU ||l + [VV 7l
<1+IUUT - |2l + [VVTlz - [lpll2
<1+2VD,
where the last inequality follows from |[UUT||; = 1 and |[VVT||; =1 (as U and V are

orthonormal) and from =*,p € [~1,1]”. Thus,
|@|2 = ||[VD|2 < VD| V| < VD(1+2VD) < 3D. (4.77)

By combining (4.15), (4.76) and (4.77), we finally obtain

) i\ —(mtn)/2
/ g(w)dw = C(m, ﬂ)/ [P —— <1 + *HwH2> dw
—VTpt+G* —vTpiGe |25 — prl™ 2% — prl

> C(m,n)(2VD) " (1 + 9D2L2/62)(m+n)/2/ Ji
*VTp+C_;*

= C(m,n)(2VD)™™(1 4+ 9D2L?/?)~m+n)/2 ol (- VTp + G¥)
= C(m,n)(2VD)"™(1 4+ 9D?L? /)~ (m+m)/2 yol (G,

where C(m, n) = T'((m+n)/2)/(x™/?T'(n/2)) and where in the last equality we used the fact
Vol(—=VTp+G*) = Vol(G*) for any p € R (invariance of volumes under translations). The
result follows from the assumption that G* is non-degenerate, that is, Vol(G*) > 0. [

4.4 Summary

In this chapter, we considered the reduced problem (RPX) associated to the constrained
problem (P) for objective functions that have low effective dimensionality. The scope of this
chapter was entirely theoretical in nature: our goal was to lower bound and quantify the
probability of success of (RPX’). Similar to the analysis in Chapter 3, where we relied on
the distribution of the least Euclidean norm minimizer y% in ) space, for (RPX'), we based

our analysis on the distribution of the minimizer p + Ay in X space. We first established
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that p+ Ay can be expressed in terms of a multivariate ¢-distributed random variable, and
using this reformulation, we obtained several lower bounds for the probability of success
of (RPX). In particular, we showed that P[(RPX) is successful] is non-zero for any given
p € X. Furthermore, in the case of specific alignment of the effective subspace T with
coordinate axes, it was possible to obtain lower bounds that are quantifiable, where one of
the bounds (which is for p = 0) exhibits an algebraic (and not exponential) dependence
on D.

Moreover, we showed in Theorem 4.25 that, by enlarging the optimal set from exact to
approximate minimizers and by additionally assuming Lipschitz continuity on f, we can
lower bound the probability of e-success of (RPX) by a positive constant that does not
depend on p. This is an important result that will be used in Chapter 6 to prove global
convergence of the algorithmic framework resulting from (RPX). After the introduction
and the analysis of this algorithmic framework in Chapter 6, we will conduct numerical
experiments to test the effectiveness of the reduced formulation (RPX).

We point out here that the above analysis assumes that d > d.. In order to specify d
in an(y) algorithm that uses (RPX), one needs to know d. or its upper bound, which are
typically unknown in practice. See page 50 and the summary of Chapter 2, where we discuss
this issue and propose possible solutions. Furthermore, recall that (RP) in addition needs
to specify the parameter 0 (the size of )} box) which requires the knowledge of not only
d. but also of u, the distance from p to the closest minimizer. The advatange of (RPX)
in this regard is that we do not require the knowledge of i or its upper bound to specify
(RPX) parameters.

The analysis in Section 4.3 and Theorem 4.25 leads us to the next chapter, where we
further discuss e-success of (RPX’), but this time, without assuming that f has low effective
dimensionality. In the analysis, we only assume that f is Lipschitz continuous and based
on properties of Gaussian matrices and conic integral geometry, we will attempt to bound

the probability of e-success of (RPX).
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Chapter 5

Global optimization of general
functions using random
embeddings

In this chapter, we investigate random embeddings technique applied to (P) for general

objectives, which may not necessarily possess low effective structure. We tackle (P) for

general objectives f with the same formulation (RPX):

min f(Ay + p)

Y (RPX)

subject to Ay +pe X.

In the analysis of the present chapter, we only assume that f is Lipschitz continuous and for

such f we are interested in estimating the probability that (RPX) is e-successful as defined
in Definition 4.24.

For the objective function f that may not have a low effective structure, the set of global
minimizers is no longer a collection of (D — d,)-dimensional subspaces. Thus, techniques
developed in the previous chapters cannot be straightforwardly applied to estimate the
e-success of (RPX) for general functions. Therefore, we develop a new type of analysis
based on connections between the reduced problem (RPX') and the field of conic integral
geometry, which we briefly discuss in Section 5.2. Relying on the tools from this field, in
Section 5.3, we derive interpretable lower bounds (and their asymptotic behaviours) for
the probability of e-success of (RPAX’). These bounds, unlike the bounds in the previous
chapters, are valid for all embedding dimensions d > 1. At the end of the chapter, in order
to understand the relative performance of (RPX), we compare it with uniform sampling
and determine asymptotic conditions under which (RPX’) is superior to uniform sampling
in terms of lower bounds for the probability of e-success.

We begin this chapter with a geometric description of (RPX) applied to a general

Lipschitz continuous objective function.
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5.1 Geometric description

From the definitions of e-success of (RPX’) and G, given in Definition 4.24 and (4.73), it
follows that (RPX') is e-successful if and only if the intersection of the (affine) subspace

p + range(A) and G, is non-empty. This observation is equivalent to
P[(RPX) is e-successful] = P[p + range(A) N G. # 2. (5.1)

Now, suppose that f is Lipschitz continuous with Lipschitz constant L (i.e. f satisfies
Assumption LipC) and let * be a global minimizer of f in X. We consider a ball of radius
¢/L around x*,

Bep(x*) ={x € X:||lx — x| <¢/L}. (5.2)

Note that if a point x lies in B,z (") then it must also lie in G due to the Lipschitz

continuity property of f, namely
* * €
[f(@) — fl@)] s Lz -2l < Ly =e (5.3)
Therefore, if the randomly drawn subspace p + range(A) intersects B,z (z*) then (RPX)
will be e-successful. This observation together with (5.1) gives rise to the following relation:

P[(RPX) is e-successful] > P[p + range(A) N B,/ (x*) # @] (5.4)

To estimate the latter probability, we first construct a set Cp(a*) containing the rays con-

necting p with points in B,/ (x*),
Cpla) = {p+ 0z —p) : 6> 0, € Byy(a")} for p ¢ By (). (5.5)

The illustration of Cp(x*) in Figure 5.1 and the nature of its formulation suggest that
Cp(z*) is a convex cone that has been translated by p. We can easily verify this fact by

recalling the definition of a convex cone.

Definition 5.1. A convex set C' is called a convex cone if for every ¢ € C' and any non-

negative scalar p, pc € C.

Remark 5.2. Note that, according to Definition 5.1, a d-dimensional linear subspace in

RP is a cone. Hence, range(A) is a cone.

We will later see that, based on (5.4) and the definition of Cp(x*), we can lower bound

the e-success of (RPX') by

Plp + range(A) N Cp(z") # {p}] (5.6)
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p +range(A) — |

X Cc RP

Figure 5.1: An abstract illustration of the embedding of an affine d-dimensional subspace
p + range(A) into RP. The red line represents the set of solutions along p + range(A)
that are contained in & and the blue dot represents a global minimizer * of (P). (RPX)
is e-successful when the red line intersects B, (x*). We construct a cone Cp(x*) in such
a way that the following condition holds: p + range(A) intersects B.,r(z*) if and only if
p + range(A) and Cp(x*) share a ray.

— the probability of the event that translated cones p 4 range(A) and Cp(x*) share a ray.
It turns out that this probability has an exact quantifiable expression thanks to the field
of conic integral geometry, where a main topic concerns the quantification/estimation of
probabilities of a random cone (e.g., p+range(A)) and a fixed cone (e.g., Cp(x*)) sharing a

ray. In the next section, we recall key tools from conic integral geometry to help us estimate
the e-success of (RPX).

5.2 A snapshot of conic integral geometry

A central question posed in conic integral geometry is the following:

What is the probability that a randomly rotated convex cone shares a ray with a fixed

convex cone?
The answer to this question is given by the conic kinematic formula [142].

Theorem 5.3 (Conic kinematic formula). Let C and F be closed conver cones in RP
such that at most one of them is a linear subspace. Let Q be a D x D random orthogonal

matriz drawn uniformly from the set of all D x D real orthogonal matrices. Then,

PQFNC #{0}] =) (14 (-1)"") > w(Chvpir—i(F), (5.7)

D D
k=0 j=k
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where vi(C) denotes the kth intrinsic volume of cone C.
Proof. A proof can be found in [142, p. 261]. O

We would like to use the conic kinematic formula to estimate (5.6). The conic kinematic
formula expresses the probability of the intersection of the two cones in terms of quantities
known as conic intrinsic volumes. It is thus important to understand what these conic

intrinsic volumes are and how to compute them.

5.2.1 Conic intrinsic volumes

Conic intrinsic volumes are commonly defined through the so called spherical Steiner formula
(see [5]), which we will not mention here as it is beyond the scope of this work and it is not
needed here. Instead, we will familiarize ourselves with the conic intrinsic volumes through
their properties and specific examples. This is a short introductory review of conic intrinsic
volumes; an interested reader is directed to [5, 6, 4, 104, 142] and the references therein.

For a closed convex cone C' in RP, there are exactly D + 1 conic intrinsic volumes:
vo(C),v1(C),...,vp(C). Conic intrinsic volumes have many useful properties and below
we summarize a few prominent ones. Given a closed convex cone C' C R” | we have (see [6,
Fact 5.5]):

(1) Probability distribution. The intrinsic volumes of the cone C' are all nonnegative

and sum up to 1, namely

D
> uk(C) =1 and v,(C) > 0 for k =0,1,...,D. (5.8)
k=0

In other words, they form a discrete probability distribution on {0,1,...,D}.

(2) Invariance under rotations. Given any orthogonal matrix @ € RP*P | the intrinsic

volumes of the rotated cone QC' and the original cone C are equal:

v(QC) = v(C) for k=0,1,...,D. (5.9)

(3) Gauss-Bonnet formula. If C is not a subspace, we have

D D 1

Y u(C)=) w(C) = <. (5.10)
2

k=0 k=1

k even k odd

The Gauss-Bonnet formula implies that v (C) < 1/2 for any k.
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[e]

w/3

Figure 5.2: A depiction of the two-dimensional polyhedral cone Cr/3 in Example 5.6. The
projection Il¢_ /s (a) of @ onto C; /3 falls onto the one-dimensional face of the cone.

Remark 5.4. One can think of conic intrinsic volumes as being cousins of the more familiar
Euclidean intrinsic volumes. For a compact convex set K living in R”, Euclidean intrinsic
volumes v (K), vE_|(K) and v5(K) have familiar geometric interpretations: vf(K) —

Euler characteristic, 205 | (K) — surface area and v5(K) is the usual volume.

Remark 5.5. Another way of thinking about conic intrinsic volumes is through polyhedral
cones — cones that can be generated by intersecting a finite number of halfspaces. If C' is
a polyhedral cone in R”, then the kth intrinsic volume of C is defined as follows (see [6,

Definition 5.1])
vg(C) := P[II¢(a) lies in the relative interior'of a k-dimensional face of C]. (5.11)

Here, a denotes the standard Gaussian vector? in RP and Iy (z) := arg miny{||z — y|| :
y € Y} denotes the Euclidean/orthogonal projection of & onto set Y, namely the vector in

Y which is closest to x.

Example 5.6. Let us consider a simple two-dimensional polyhedral cone Cy /3 illustrated
in Figure 5.2 and let us calculate vg(Cr/3), v1(Cr/3) and v2(Cr/3) using (5.11).
The cone C; /3 has a single two-dimensional face (filled with blue), which is the interior

of Cr /3. If a random vector a falls inside this face then Tlg_ /3(a) = a and, therefore,

/3 1
v9(Cry3) = Pla € Cﬂ/3] = 2ir =5

!The formal definition of the relative interior of set S is as follows: relint(S) := {x € S : 35§ > 0, Bs(x) N
aff(S) C S}, where the affine hull aff(S) is the smallest affine set containing S. For example, the relative
interior of a line segment [A, B] living in R? is (A, B); the relative interior of a two-dimensional square living

in R? is the square minus its boundary.
2A random vector for which each entry is an independent standard normal variable.
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Let us now calculate vo(C/3). Note that C; /3 has only one zero-dimensional face, which

is the origin. Note also that Hcﬂ/g(a) =0if and only if @ € C;/s' Hence,

or/3 1
Crr3) =PlacC,l=——=-.
v(Crya) =Pla € Cr5l = — = =3

To calculate v1(Cr/3), we simply use (5.8) to obtain

1

01(Cry3) =1 —vo(Cry3) — v2(Cry3) = 3

Example 5.7 (Linear subspace). The kth intrinsic volume of a d-dimensional linear

subspace L4 in RP is given by

1 ifk=d
Ly) = ’ 5.12
ok (£a) {0 otherwise. ( )

We already mentioned in Remark 5.2 that a d-dimensional linear subspace L4 is a cone.
In fact, L4 is a polyhedral cone which has only one (d-dimensional) face. Therefore, the
projection of any vector in R” onto L£; will always lie on its (only) d-dimensional face.
Hence, (5.12) follows from (5.11).

Example 5.8 (Circular cone). A circular cone is another important example; they have
a number of applications in convex optimization (see, e.g., [16, Section 3] and [23, Section

4]). The circular cone of angle o in R” is denoted by Circp(a) and is defined as
Circp(a) := {& € R : 2 > ||z cos()} for 0 < o < /2.

The circular cone can be thought of as a collection of rays connecting the origin and some
D-dimensional ball which does not contain the origin in its interior. The intrinsic volumes

of Circp(a) are given by the formulae (see [6, Appendix D.1]):

v(Cirep(a)) = % <((lk?__ 12))//22> sin" 1 (a) cos? 1 (a) (5.13)

for k=1,2,...,D — 1, where (]’) is the extension of the binomial coefficient to noninteger

i and j through the gamma function,

AN U(i+1)
(j) ST+ -+ 1) (5.14)

The Oth and Dth intrinsic volumes of the circular cone are given by (see [4, Ex. 4.4.8]):

— — T/2—a
vo(Circp(a)) = p-1 <(D 2)/2> /0 sin? 2 (x)dx, (5.15)

2 —1/2
vp(Cirep(a)) = ? (Eg : 3;;) /Oa sin? 2 (x)dx. (5.16)
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The following property of circular cones will be needed later.

Lemma 5.9. Let Circp(a) and Circp(B) be two circular cones with 0 < o < f < m/2.
Then, Circp(a) C Circp(f).

Proof. Let v be any point in Circp(a). By definition of Circp(a), v1 > ||v|| cos(a). Since
0 <a<p<n/2, it follows that v, > ||v| cos(8), which by definition of Circp(5), implies

that v must also lie in Circp(/3). O

5.2.2 The Crofton formula

We now present a useful corollary of the conic kinematic formula. If one of the cones in
Theorem 5.3 is given by a linear subspace then the conic kinematic formula reduces to the

Crofton formula:

Corollary 5.10 (Crofton formula). Let C be a closed convex cone in RP and L4 be a d-
dimensional linear subspace. Let Q be a D x D random orthogonal matriz drawn uniformly

from the set of all D x D real orthogonal matrices. We have

2(vp-a+1(C) + vp-a3(C) +---+vp(C))  if d is odd,

o (5.17)
2(vp-d+1(C) + vp-g+3(C) + -+ - +vp-1(C)) if d is even.

P[QLyNC # {0}] = {
The Crofton formula is easily derived from (5.7) using the fact that the kth intrinsic
volume of linear subspace £; is 1 if ¢ = k£ and 0 otherwise. The Crofton formula will be

essential in estimating the probability of e-success of (RPX).

5.2.3 Connections to (RPX)

Let us now mention the main implications of the above results for the analysis of e-success
of (RPX). First, we note that if p ¢ B,r(x*), then Cp(x*) defined in (5.5) is the circular
cone Circ(ay,) for aj, = arcsin(e/(L|lz* — pl|)) that has been rotated and then translated by
p. Therefore, in (5.6), we have an intersection of a random d-dimensional linear subspace
and the rotated circular cone both translated by p. We can translate these ‘cones’ back to
the origin and then, using the Crofton formula, compute (5.6) exactly since the expressions
for the conic intrinsic volumes of the circular cone Cp(x*) are known (see (5.13), (5.16)
and (5.15)). The Crofton formula and (5.6) only differ in the formulation of a random
linear subspace: in (5.17) a random linear subspace is given as QLg4, whereas in (5.6) it is

represented by range(A). The following theorem states that these two representations are

equivalent.
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Theorem 5.11. Let A € RP*? be ¢ D x d Gaussian matriz. Let Q be a D x D random
orthogonal matrix drawn uniformly from the set of all D x D real orthogonal matrices and

let L4 be a d-dimensional linear subspace in RP. Then,
range(A) faw QL,. (5.18)
Proof. See proof of [66, Theorem 1.2]. O

5.3 Bounding the probability of e-success of the reduced problem (RPX)

Relying on the tools of conic integral geometry and its connections to (RPX), in this section,
we derive two lower bounds for the e-success of (RPX): one that is dependent on p and
one that holds uniformly over all p € X.

Before we start, let us explicitly state the assumptions tacitly mentioned in the previous
sections. Firstly, recall the definitions of B (x*) and Cp(x*) in (5.2) and (5.5), respect-
ively, and note that B,/ (x*) is a ball if and only if x* is away from the boundary of X by

distance at least ¢/L.

Assumption 5.12. There exists a global minimizer «* of (P) that satisfies dist(x*,9X) >
¢/L, where dist(x*,0X) denotes the minimal Euclidean distance from x* to the boundary
of X.

Assumption 5.12 is reminiscent of the assumption in Theorem 4.25 that there exists an
affine set of global minimizers G* that is non-degenerate.

Next, we need to make sure that Cp(x*) is a well-defined circular cone when translated
back to the origin. For that, in addition to Assumption 5.12 we require that p lies outside
B/ (z*). In the analysis below, we satisfy this condition® by assuming that p ¢ G.. We
exclude? cases p ¢ G, also since, for p € G., (RPX) is e-successful with probability 1.

We begin by formally proving the above mentioned fact that the probability of e-success
of (RPX) is bounded below by (5.6).

Theorem 5.13. Suppose that Assumptions LipC and 5.12 hold. Let A be a D xd Gaussian
matriz and €, a positive accuracy tolerance. Let p € X\G. be a given vector and let By (x*)

and Cp(x*) be defined in (5.2) and (5.5), respectively. Then,

P[(RPX) is e-successful] > P[p + range(A) N Cp(x*) # {p}]. (5.19)

*Note that, by (5.3), p ¢ Ge = p ¢ B./r(x").
4Tt is worth mentioning that the assumption p ¢ G. is equivalent to the assumption pt # 7 in the
analysis of Chapters 3 and 4.
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Proof. From (5.1) and (5.4), we have
P[(RPX) is e-successful] = P[p + range(A) N G, # 2]
> P[p + range(A) N B,/ (x*) # 2.
The result follows from the fact that the event {p + range(A) N Cp(x*) # {p}} is a subset
of the event {p + range(A) N B,/ (x*) # T}. We prove this fact below.

Suppose that the event {p + range(A) N Cp(x*) # {p}} occurs. Then, there exists a
point &’ # p in p + range(A) N Cp(x*). Define R = {p +0(x’ — p) : § > 0} and note
that R C p + range(A). Now, since &’ € Cp(x*), by definition of Cp(x*) there exists
x € B.p(x*) and 6 > 0 such that ' = p + 0(z — p). We express & in terms of ':
& =p+0(x —p), where @ =1/ > 0. By definition of R, & € R and, thus, & also lies in
p +range(A). This proves that the set {p 4 range(A) N B,/ (x*)} is non-empty. O

The sets p + range(A) and Cp(x*) are two translated cones. To be able to apply the
Crofton formula to (5.19), we need to translate these sets back to the origin and rotate
them appropriately so that Cp(x*) becomes a circular cone. We transform (5.19) into a

‘Crofton formula’-suitable form in the following corollary.

Corollary 5.14. Suppose that the conditions in Theorem 5.13 hold. Let Q be a D x D
random orthogonal matriz drawn uniformly from the set of all Dx D real orthogonal matrices
and Lq be a d-dimensional linear subspace in RP. Let Circ(ay,) be the circular cone with
oy, = arcsin(e/(L||z* — pl|)). Then,

P[(RPX) is e-successful] > P[QL4 N Circ(ay,) # {0}]. (5.20)
Proof. As mentioned earlier, by definition, Cp(x*) is a rotated and translated (by p) circular
cone Circ(aj,). That is, there exists a D x D orthogonal matrix § such that Cp(z*) =

p + S Circ(al). Then, Theorem 5.13 implies
P[(RPX) is e-successful] > P[p + range(A) N p + S Circ(a}) # {p}]
range(A) N S Cire(as) # {0}]
S” range(A) N Circ(a) # {0}] (5.21)
(A) N Cire(a}) # {0}]
QL. Circ(ay) # {0}],

where the penultimate equality follows the orthogonal invariance of Gaussian matrices and

—_— = T =
]
=
0]
D

where the last equality follows from Theorem 5.11. O

Corollary 5.14 now allows us to use the Crofton formula to quantify the lower bound
in (5.20). In the next theorem, we derive our first lower bound, that is dependent on the

location of p in X.
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Theorem 5.15 (A lower bound). Suppose that Assumptions LipC and 5.12 hold. Let
A be a D x d Gaussian matriz and € > 0, an accuracy tolerance. Let p € X \ G, be a given

vector and let rp == €/(L||x* — p||). Then,
P[(RPX) is e-successfull > T(rp), (5.22)

where the function T(r) for 0 < r <1 is defined as

D—2 arcsin(r)
(D—-1)- (D21> / sin?2(z)dr ifd=1,
0

2

(1) =3 /ps N (5.23)
( 2 ),’,D—d(l_,,,z)g if1<d<D.

D—d

2

Here, (]’) denotes the general binomial coefficient defined in (5.14).

Proof. Let aj, = arcsin(rp) and let C' denote Circ(aj,) for notational convenience. First,
note that by (5.13) and (5.16), 7(r) = 2vp_g+1(Circ(arcsin(r))). Thus, all we need to show
is that P[(RPX) is e-successful] is lower bounded by 2vp_441(C).

By (5.20) and the Crofton formula (5.17), we have

2(vp-d+1(C) + vp-a+3(C) +---+op(C))  if dis odd,
2(wp—a+1(C) + vp_g+3(C) + - +vp_1(C)) if d is even.
> 2vp-a+1(C),

P[(RPX) is e-successful] > {

(5.24)
where the inequality follows from the fact that v, (C)’s are all nonnegative (see (5.8)). O

One may be wondering why we choose to bound the e-success of (RPX) in (5.24) by
the multiple of vp_441(C) in particular, whereas we could have chosen any other intrinsic
volume or kept the sum altogether. Our rationale for such a choice of the lower bound
is underpinned by the following observation: using the formulae (5.13) and (5.16) for the
intrinsic volumes, one can verify that vp_q4:(C)/vp_ar1(C) = O(DI=9/2) fori =1,2,....d

as D — oo with other parameters kept fixed®. Hence,
vp—a+1(C) + vp-a4+3(C) + - - =vp-a11(C) - (1 + O(1/D)).

Therefore, approximating the sum by its leading term vp_411(C) should produce a reason-
ably tight bound for large values of D.
Next, we derive a lower bound that holds uniformly for all p € X.

®The term vp_q+1(C) is dominant also in the scenario when |z — pll = oo as D — oo with other
parameters fixed. In this case, vp_a1:(C)/vp_as1(C) = O((rp/v/D)" 1) for i = 1,2,...,d as D — oo.
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Theorem 5.16 (A uniform lower bound). Suppose that Assumptions LipC and 5.12
hold. Let A be a D x d Gaussian matriz and €, a positive accuracy tolerance. Let 1, :=
¢/(2LV/D). For all p € X, we have

P[(RPX) is e-successfull > 7(Tmin), (5.25)
where 7(-) is defined in (5.23).

Proof. Let x* be a global minimizer that satisfies Assumption 5.12, let r, be defined in
Theorem 5.15 and let ay, = arcsin(r;,). We consider cases p € X'\ G and p € G, separately.

First, let p be any point in X \ G.. Note that since *,p € [-1,1]?, ||z* — p|| < 2vVD
for all p € X. Therefore, for any p € X \ G, the following holds

€

= Tmin,
2LVD (5.26)

* : ok
g, > arcsin(rimin) 1= Q-

rp >

Now, define Cyp, := Circ(ay,,;,,). By (5.26) and Lemma 5.9, it follows that C,;, C Circ(ag,).
Using Corollary 5.14, we then obtain
P[(RPX) is e-successful] > P[QL, N Circ(ay,) # {0}]
> PlQLy N Crnin # {0}] (5.27)
> 20p—d+1(Crmin),
where the last inequality follows from the same line of argument as in (5.24). Using (5.13)
and (5.16), it is easy to verify that 2vp_g41(Cmin) = T(Fmin). We have shown (5.25) for
pe X\ G
For p € G, (5.25) holds trivially, since if p € G, (RPX) is e-successful with probability
1. As a sanity check, 1 > 2vp_g11(Chin) = T(Tmin) Where the inequality is implied by the
Gauss-Bonnet formula (5.10). O

Theorem 5.16 provides a lower bound valid for even the worst possible scenario: when
x* and p are near the opposite corners of X.

Both 7(rp) and 7(rmm) are defined through 7(r), whose formula is not easily inter-
pretable. To better understand the dependence of both lower bounds on the parameters
of the problem, in the next section, we analyse the behaviour of 7(r), and consequently of

7(rp) and 7(7min), in the asymptotic regime.

5.3.1 Asymptotic expansions

We establish asymptotic behaviours of 7(rp) and 7 (7, ) for large D. The other parameters
are kept fixed except for ||x* — p|| in 7(rp), which we also allow to increase with D. Before

we begin, we first need to establish the following lemma.
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Lemma 5.17. Let 0 < a < /2 be either a fized angle or a function of D that tends to 0

as D — oco. Then, as D — oo,

o 1 ginP*! s D+1
/O sin® (z)dz = DSH;OS(OE)O‘) +o (st2(a)> . (5.28)
Proof. We write
/0 " sin® (z)d — Oa Im - (D cos(z) sin?~(z))dz. (5.29)

Integration by parts with u = sin(z)/(D cos(z)) and dv = D cos(x) sin?~!(x)dz yields

o D+1
/OsinD(:U)dm:Sln D/ sin” (x) (5.30)

D cos(a) cos?(x)

Let I denote [ sin2(@) 70 Tt remains to show that I = O(sin?*1(a)/D). We express I as

cos?(z)
“ sin(x)

| Deosia) (D cos(x) sin” ! (z))dz. (5.31)

We integrate I by parts with v = sin(x)/(D cos*(z)) and dv = D cos(z)sin?~!(z)dz to

obtain D+1
1 sin 1+ 2sin? . D
= —=—+—"— d 5.32
D cos?(« D / cos4 sm (z)de ( )
Since the latter integral is posmve, we have
1 sin?*1(a)
1< . 5.33
~ cos?(a) D (5-33)
Since I is positive for any 0 < o < 7/2, (5.33) implies that I = O(sin” ! (a)/D). O

We establish the asymptotic behaviours of 7(rp) and 7(7mi,) by analysing the asymp-

totics of 7(r) defined in (5.23) and later substituting rp and 7, for r in 7(r).

Theorem 5.18. Let 7(r) be defined in (5.23). Let d be fixed and let r be either fized or

tend to zero as D — oo. Then,
T(r) =0 (D%TD*d) as D — oo, (5.34)
and the constants in ©(-) are independent of D.

Proof. We prove (5.34) for d =1 and 1 < d < D separately.
First, assume that d > 1. By definition of 7(r), we have

2

D=2 2
7(r) = <D2_d> rPT (1 %) (5.35)
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Let us first determine the asymptotic behaviour of the binomial coefficient. Using the fact

that T'(z + a) /T'(z + b) = ©(2*7?) for large z (see, e.g., [155]), we obtain

o r(3) r(2-g? 4 42 D—d+2\ s
<D> =S T = :@<<2> >:@<D 7).
(5.36)

To obtain® (5.34), we substitute (5.36) into (5.35). Note that (1 — TZ)% is bounded above

and bounded away from zero by constants independent of D; thus, it can be absorbed into

the constants of ©.

Let us now prove (5.34) for d = 1. We have

D—2 arcsin(r)
7(r)= (D —1)- <D21> /0 sin? =2 (x)dz, (5.37)
where, by (5.36),

(D?_{j> - (D—%) (5.38)

and, by Lemma 5.17,
/arcsin(r) sin??(z)dz = © <1TD_1) . (5.39)
! D 1vioe
By substituting (5.38) and (5.39) into (5.37), we obtain (5.34) for d = 1. For similar reasons
as stated above, we can relegate the term 1/v/1 — 2 in (5.39) into the constants of ©. [

Now, to obtain the asymptotics for 7(rp), we simply apply Theorem 5.18 for r = r, =
e/(L|lz* = pl|).
Corollary 5.19. Let the conditions in Theorem 5.15 hold. Let parameters d, €, L be fixed
and let ||x* — p|| be either fized or tend to infinity as D — oo. Then,

D—d
a—2 €
T(T’p) = @ (D <[/||m*—1)||> ) as D — oo, (540)

and the constants in ©(-) are independent of D.

Proof. Note that r, = ¢/(L||x* — p||) is either fixed or tends to zero as D — oo. Then, the

result follows from Theorem 5.18. UJ

Corollary 5.19 shows that for any p outside G, the lower bound 7(rp) decreases expo-
nentially with D. Note that this decrease is slower for larger values of d or p closer to x*.
To obtain the asymptotics for the uniform lower bound 7(7,;,,), we apply Theorem 5.18 for
"= Tmin = €/ (2LV/D).

SHere, we have also used the fact that if functions f(z), f(z), g(z) and g(x) satisfy f(z) = ©(g(z)) and

f(z) = 6(g(x)) (as & — o0), then f(z)[(z) = O(g(x)g(x))-
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Corollary 5.20. Let conditions in Theorem 5.16 hold. Let parameters d, €, L be fized.
Then,
€

D—d
T(Tmin) = © (D‘gﬂl_1 (ﬁ) > as D — oo, (5.41)

and the constants in ©(-) are independent of D.

Proof. Note that 7, = €/(2Lv/D) tends to zero as D — co. Then, the result follows from
Theorem 5.18. O

5.3.2 Comparing (RPX) to a simple random search

Using the above estimates for the probability of e-success of (RPX), we now would like to
compare (RPX) to a simple random search method to understand the relative performance
of (RPX) for general functions. As a baseline for comparison, we use Uniform Sampling
(US). We start off with the derivation of a lower bound for the probability of e-success of
US and the computation of its asymptotics.

Note that if a uniformly sampled point falls inside B,z (z*) then US is e-successful.

This implies that

Vol(B./r(x*)) xD/2 (6)D
= Tus)

. 2 > — -
P[US is e-successful] > Vol(X) 2DI‘(% T1)\L

(5.42)

_ gDh/2
T2+

where we have used the fact that Vol(B,,r(z*)) (%)D (see [121, Equation 5.19.4])

and that Vol(X) = 2P.
Using Stirling’s approximation, it is straightforward to establish the asymptotic beha-

viour of the lower bound 7.

Lemma 5.21. Let 7,5 be defined in (5.42) and let € and L be fixed. Then,

D_1/TeNT /e\D
Tus=@<D 2 2(?) <Z) >asD—>oo. (5.43)

Proof. By Stirling’s approximation (see [121, Equation 5.11.7]),

r <127 + 1) =0 (.g? (S) DQH) as D — oo. (5.44)

By substituting (5.44) into (5.42), we obtain the desired result. O

Let us now compare the lower bound 7,5 of US to the lower bound 7(r,) for (RPX).
It is clear from the analysis of 7(rp) in Section 5.3.1 that the probability of e-success of
(RPX) is higher if p is closer to the set of global minimizers. In the next theorem, we

determine a threshold distance A, between p and a global minimizer * such that 7(rp)
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and 7, are approximately equal to each other. This would tell us how close p should be to
x* for (RPX) to have a larger lower bound for the probability of success than that of US.

The analysis is done in the asymptotic regime.

Theorem 5.22. Suppose that Assumptions LipC and 5.12 hold. Let 7(rp) and 7,5 be

defined in Theorem 5.15 and (5.42), respectively. Let €, L, d be fized and let Ay = \/%.
Then,

A
a) Ifr}ig;o”w*i—op]] =1 > 1, then 7(rp)/Tys — 00 as D — oo.
b) If i Ao W < 1, then 7(rp)/Tus — 0 as D —
im ——— = en 7(rp) /T, as 0.
D—os [l — p ’ re

Proof. From (5.40) and (5.43), we have

d—2 D—d
o (D% () DJ2
T(rp) o < LH:E _pH > 1 € —d 3 D+d—1 * d—D
o((3) (=) p" el

(i

T, 1 Z D
v 0(HE)T 6"
Note that in the second line there is a term (f)fd (%)d/ 2 missing inside ©, which we

removed as it is independent of D. Now, by definition of O, (5.45) implies that there exist

e

D—d (5.45)

[l — pl|

= Ao/|l=* — pl|

positive constants M; and Ms and a positive integer Dy such that

D—d D—d
M, <A0D2(Qg1d>> <) ) (Aopz?gld)) for all D > D,
|z* — pl Tus lz* — p|
(5.46)

2d—1
Note that D2@=4 — 1 as D — oo. Hence, if Ag/||z* — p|| — b > 1 then both lower and

upper bounds in (5.46) tend to infinity implying that 7(rp)/7,s — 00. On the other hand,
if Ao/|lx* —p|| — ¢ < 1 then both lower and upper bounds in (5.46) tend to zero implying
that 7(rp)/Tus — 0. O

Theorem 5.22 tells us that the distance between p and x* (in the asymptotic setting)
must be no greater than Ay = 0.48y/D for 7(rp) to be larger than 7,,. Note that, since
the distance between the origin and a corner of X is equal to v/D (> 0.48v/D), there is no
point p such that the ball of radius Ay centred at p covers all points in X'. In other words,
for any p in &, there always exists * for which 7(rp) is smaller than 7,,. On the other

hand, if p = 0 and z=* is close to the origin then 7(rp) > 7,s. Note also that A has no

"Here, we use the fact that if functions f(z), f(z), g(z) and g(x) satisfy f(z) = ©(g(x)) and flz) =
©(g(z)) (as © — 00), then f(z)/f(z) = O(9(x)/g()).
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Figure 5.3: A plot of 7(rp) versus ||&* — p|| for different values of the subspace embedding
dimension d. The lower bound 7,, of US does not depend on |* — p|| and, thus, it is
displayed as a straight horizontal line.

dependence on the embedding subspace dimension d. This is due to the asymptotic nature
of the analysis: in (5.46), we see that both inequalities depend on d, but the dependence
diminishes as D — oo since d is kept fixed. Although the asymptotic analysis shows no
significant dependence on the subspace dimension, numerical experiments show that the
value of d has a notable effect on success of (RPX). In Figure 5.3, we plot 7(rp) as a
function of ||&* — p|| for different values of d with D fixed at 200. The lower bound 7, of
US is represented by a black horizontal line. We see that, for larger d, 7(rp) decreases at a

slower rate and has greater threshold distance before becoming smaller than 7.

Remark 5.23. An important distinction must be made between the implications of the
e-success of (RPX) and the e-success of US in solving the original problem (P). Note
that the e-success of US means that US has sampled a point that lies in G, which in
turn implies that US has successfully (approximately) solved (P). This is not the case for
(RPX). Recall that e-success of (RPX) by definition means that there is an approximate
solution * to (P) that lies in the embedded d-dimensional subspace. One needs to perform
an additional global search over the subspace to locate x*. Therefore, for an entirely fair
comparison between the two approaches, this additional computational complexity should

be taken into account.
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5.4 Summary

This chapter has investigated the reduced problem (RPX’) applied to the constrained prob-
lem (P) for Lipschitz continuous functions that may not have an effective subspace. By
looking at the problem through the prism of conic geometry, we developed a new type of
analysis to bound the probability of e-success of (RPX). The bounds were expressed in
terms of the so-called conic intrinsic volumes of circular cones which have exact formulae
and thus are quantifiable. Using these formulae, we analysed the asymptotic behaviour of
the bounds for large D. The analysis suggests that the success rate of (RPX') (as expected)
decreases exponentially with growing D. Confirming our intuition, the analysis also shows
that (RPX’) has a high success rate for larger d and smaller distances between the location
where subspaces are embedded (i.e. point p) and the location of a global minimizer x*.
This latter property of (RPX’) for general Lipschitz continuous functions is reminiscent of
the dependence of success rates of (RP) and (RPX) for functions with low effective di-
mensionality on the distance between pt+ and x%. Furthermore, to understand the relative
performance of (RPX'), we compared it with a uniform sampling technique. We looked at
lower bounds for the probability of e-success of those two techniques and found that the
lower bound 7(rp) for (RPX) is greater than the lower bound 7, for uniform sampling if
the distance ||z* — p| is smaller than 0.48v/D in the asymptotic regime (D — oo). In the
asymptotic analysis, the embedding subspace d was kept fixed. The analysis showed that
in this regime d has no significant effect on the relative performance of (RPX). Future
research may involve comparison of the performances of (RPX) and uniform sampling in
different asymptotic settings, for example, when d = D for some fixed constant (3.

Our derivations are conceptual in nature and are intended to introduce new tools into the
field of global optimization and open up new avenues of research. For example, we believe
that it is possible to use the analysis developed in this chapter to obtain lower bounds
— that are independent of D — for the probability of e-success of (RP) for functions
with low effective dimensionality in the case d < d.. We hope that this analysis will be
exploited algorithmically and will allow lifting the restriction of needing to know d. for
random embeddings algorithms for functions with low effective dimensionality.

In the next chapter, we introduce a new algorithmic framework to solve (P) based on
the reduced problem (RPX’). The framework can be applied to functions with low effective

dimensionality as well as general objectives.
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Chapter 6

The X-REGO algorithmic
framework

This chapter introduces a new generic and flexible algorithmic framework X-REGO for
solving (P) for objective functions with or without low effective dimensionality. In Sec-
tion 6.1, we provide a detailed description of the algorithm and, in Section 6.2, we show
that X-REGO is globally convergent under certain mild assumptions and derive rates for
functions with coordinate-aligned low-effective subspaces and generic Lipschitz continuous
functions. Later, we conduct numerical experiments to test the effectiveness of X-REGO

for solving (P) on the set of functions with low effective dimensionality.

6.1 Description of the X-REGO algorithm

In the case of random embeddings for unconstrained global optimization (UP), the success
probability of the reduced problem (RP) is independent of the ambient dimension. However,
for the constrained problem (P), the analysis in Chapters 4 and 5 indicates that the probab-
ility of success of the reduced problem (RPX) decreases with D regardless of the presence
of low effective dimensionality. It is thus imperative in any algorithm that uses feasible
random embeddings in order to solve (P) to allow multiple such subspaces to be explored,
and it is practically important to find out what are efficient and theoretically-sound ways
to choose these subspaces iteratively. This is the aim of our generic and flexible algorithmic
framework, X-REGO (Algorithm 2). Furthermore, as an additional level of generality and
practicality, we allow the reduced, random subproblem to be solved stochastically, so that a
sufficiently accurate global solution of this problem is only guaranteed with a certain prob-
ability. This covers the obvious case when a (convergent) stochastic global optimization
algorithm would be employed to solve the reduced subproblem, but also when a determ-
inistic global solver is used but may sometimes fail to find the required solution due to a

limited computational budget, processor failure and so on.
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Algorithm 2 X-Random Embeddings for Global Optimization (X-REGO) applied to (P)

1: Initialize d and p® € X

2: for k£ > 1 until termination do

3: Draw Ak, a realization of the D x d Gaussian matrix A

4: Calculate §* by solving approximately and possibly, probabilistically,

~ . ~k —
yeRre (RPXK)
subject to Aky +pflex
5: Let h
&t = Ay + pr! (6.1)

6: Choose (deterministically or randomly) prex
7: end for

Remark 6.1. Here, we emphasize again that X-REGO can be applied to a general, con-
tinuous objective f in (P). If X-REGO is applied to f with low effective dimensionality,
the algorithm should enjoy faster convergence. For example, for 7 aligned with coordinate
axes, the below analysis (Theorem 6.12) shows that the number of iterations required for

X-REGO to converge to the optimal set (in probability) is dependent on D algebraically.

In X-REGO, for k£ > 1, the kth embedding is determined by a realization A" = AF (W)

of the random Gaussian matrix A*, and it is drawn at the point p*~! = pF 1wk ) e &,

k—1 (

a realization of the random variable p which, without loss of generality, includes the

k=1 as a random variable with support equal to a

case of deterministic choices by writing p
singleton).

X-REGO can be seen as a stochastic process, so that in addition to p* and Ak, each
algorithm realization provides sequences &° = z*(w"), * = y*(w*) and f*, = f& (W),

for k > 1, that are realizations of the random variables =¥, y* and f%. . respectively. Each

in)
iteration of X-REGO solves — approximately and possibly, with a certain probability — a
realization (Ri’\é/l,’k) of the random problem
min = min f(Ary +p*1)
v (RPXF)
subject to A*y + pF~! e x.
To calculate §*, (Rﬁk) may be solved to some required accuracy using a deterministic
global optimization algorithm that is allowed to fail with a certain probability; or employing
a stochastic algorithm, so that ¢* is only guaranteed to be an approximate global minimizer
of (R/ISEC’“) (at least) with a certain probability.
Several variants of X-REGO can be obtained by specific choices of the random variable

p. A first possibility consists in simply defining p* as a random variable with support
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{0}, so that p* = 0 for all k. It is also possible to preserve the progress achieved so far by

defining p* = a:’(fpt, where

xlgpt = argmin{f(a:l),f(mQ),...,f(wk)}, (6.2)

the random variable corresponding to the best point found over the k first embeddings. We
compare numerically several choices of p on functions with low effective dimensionality in
Section 6.3.

The termination in Line 2 could be set to a given maximum number of embeddings,
or could check that no significant progress in decreasing the objective function has been
achieved over the last few embeddings, compared to the value f (igpt). For generality, we

leave it unspecified here.

6.2 Global convergence of the X-REGO algorithm to the set of global
e-minimizers

For a(ny) given tolerance € > 0, let G be the set of approximate global minimizers of (P)
defined in (4.73). We show that ¥, in (6.2) converges to G, almost surely as k — oo (see
Theorem 6.9).

Intuitively, our proof relies on the fact that any vector Z* defined in (6.1) belongs to
G. if the following two conditions hold simultaneously: (a) the reduced problem (RPAX*) is

(e — \)-successful in the sense of Definition 4.24!, namely,
min < fFHe— X (6.3)

(b) the reduced problem (Rﬁk) is solved (by a deterministic/stochastic algorithm) to an

accuracy A € (0, €) in the objective function value, namely,
FARYF 4 ") < fi + A (6.4)

holds (at least) with a certain probability. We introduce two additional random variables

that capture the conditions in (a) and (b) above,

R" = 1{(RPX") is (¢ — A)-successful in the sense of (6.3)}, (6.5)
S* = 1{(RPA") is solved to accuracy X in the sense of (6.4)}, (6.6)

where 1 is the usual indicator function for an event.

! The reader may expect us to simply require that (RPX k ) is e-successful. However, in order to ensure
convergence of X-REGO to the set of e-minimizers, we need to be slightly more demanding on the success
requirements for (RPX*) so that we allow inexact solutions (up to accuracy \) of the reduced problem

(RPXK).
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Let F*F = a(Al, .. .,Ak,yl, ...,y p° ..., p*) be the o-algebra generated by the ran-
dom variables A',..., A% y' ... y* p° ..., p" (a mathematical concept that represents
the history of the X-REGO algorithm as well as its randomness until the kth embedding)?,

with 70 = o(p®). We also construct an ‘intermediate’ o-algebra, namely,
Fh1/2 — a(AL, .. AR ARyt R p0 ),

with F1/2 = o(p°, A'). Note that =¥, RF and S* are F*-measurable?, and R* is also

FF=1/2_measurable; thus they are well-defined random variables.

Remark 6.2. The random variables A', ..., A% o', ... y* «' ... " p° p',...,p" R,
..., R* S, ... S* are Fk-measurable since FO C F' C ... C F*k. Also, A',..., A",
yl oyt et xR pO pt L pP L RY, L, RR, ST, .., SF T are FF1/2-measurable

since FOC FY2 C Fl C ... C Fk-1 C Fk-1/2

A weak assumption is given next, that is satisfied by reasonable techniques for the
subproblems; namely, the reduced problem (RPX*) needs to be solved to required accuracy

with some positive probability.
Assumption 6.3. There exists p € (0, 1] such that, for all £ > 1,4

P[S* = 1|F* 12 = E[S*| 712 > p,

i.e., with (conditional) probability at least p > 0, the solution y* of (RPX*) satisfies (6.4).

Remark 6.4. If a deterministic (global optimization) algorithm is used to solve (Ri’jl,’k),
then S* is always F¥~1/2-measurable and Assumption 6.3 is equivalent to S* > p. Since

S* is an indicator function, this further implies that S* = 1.

For X-REGO to converge, it is also necessary that the drawn subspaces intersect the
set of global minimizers G, with a positive probability. This property holds for Lipschitz
continuous functions with low effective dimensionality (as proven in Theorem 4.25) and

without (see Theorem 5.16). For generality, we state this property as an assumption.

Assumption 6.5. There exists 7 € (0, 1] such that, for all & > 1,
P[R* = 1|F* '] = E[R*|F* '] > 7, (6.7)

i.e., with (conditional) probability at least 7 > 0, (RPX*) is (e — \)-successful.

2A similar setup for random iterates of probabilistic models can be found in [12, 30].

3Tt would be possible to restrict the definition of the o-algebra F* so that it contains strictly the ran-
domness of the embeddings A* and p* for i < k; then we would need to assume that y* is F*-measurable,
which would imply that R*, S* and «* are also F*-measurable. Similar comments apply to the definition
of FF-1/2,

“The equality in the displayed equation follows from E[S*|F*~!] = 1.P[S* = 1|F*~!|4+0-P[S* = 0| FF!].
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6.2.1 A generic proof of global convergence of X-REGO

We will need the following three lemmas to assist the proof of convergence.

Lemma 6.6. If Assumptions 6.3 holds, then
E[RFS®| F*=1/2 > pRF, for k> 1. (6.8)
Proof. Assumption 6.3 implies
E[RFSK| FF=1/2] = RFE[SF|F*~1/2) > pRF,

where the equality follows from the fact that R* is F*~/2-measurable and, thus, can be

pulled out of the expectation (see [46, Theorem 4.1.14]). O
A useful property is given next.

Lemma 6.7. Let Assumptions LipC, 6.3 and 6.5 hold. Then, for K > 1, we have

\Y]

1—(1—1p)~

IP’[G {{RF=1}n{s" = 1}}}
k=1

Proof. We define an auxiliary random variable, JX := 1 (Ule {{RF =1} n{sk = 1}}) .
Note that JX =1 — Hszl(l — R*Sk). We have

P [Q{{Rk: 130 {s* = 1}}| =E[F] = 1—E[f[1(1—R’fsk)}
| s nei
©9 [;i‘[ll ~ R*SY)-E[1 - RESK|F]
> 1-E[(1- pR") ﬁ ~r]
“1-E[e [1PRKII:HJ ~ REsh) ]|

— R*S")-E[1 - pRN|FF 1]

EN

21|

k:1 K—1
>1—(1—7p)- [H RkSk}
k=1

where
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- (x) follow from the tower property of conditional expectation (see (4.1.5) in [46]),

- (o) is due to the fact that R',...,R""! and S',...,SK"1 are FK-1/2. and FK-L
measurable (see Theorem 4.1.14 in [46]),

- the inequalities follow from (6.8) and (6.7), respectively.
We repeatedly expand the expectation of the product for K — 1, ..., 1, in exactly the same
manner as above, to obtain the desired result. ]

In the next lemma, we show that if (RPX¥) is (e —\)-successful and is solved to accuracy

k

A in objective value, then the solution " must be inside G,; thus proving our intuitive

statements (a) and (b) at the start of Section 6.2.
Lemma 6.8. Suppose Assumptions LipC, 6.3 and 6.5 hold. Then,
{(RF=13n{SF =1} C {x" € G}
Proof. By Definition 4.24, if (RPX*) is (e — A)-successful, then there exists y% , € R? such
that A"yk, + p*~! € X and
FAMYL +P ) < P e— (6.9)

Since y% , is in the feasible set of (RPX*) and f*, is the global minimum of (RPX*), we
have

min < J(A G, + P51, (6.10)

Then, for ¥, (6.4) gives the first inequality below,
F@*) < frim + A< FAME, D) H XS [ e

where the second and third inequalities follow from (6.10) and (6.9), respectively. This
shows that =¥ € G.. O

The next theorem is the culmination of this chapter’s analysis. With the above lemmas

at hand, we are now ready to prove that X-REGO is globally convergent.

Theorem 6.9 (Global convergence). Suppose Assumptions LipC, 6.3 and 6.5 hold.
Then,
lim P[wﬁpt € G| = kli_)r{.loP[f(a:lgpt) <f'4e=1 (6.11)

k—o00

where mlgpt and G¢ are defined in (6.2) and (4.73), respectively.
Furthermore, for any & € (0,1),

Plagy € G = Plf(@g) < [*+ ¢ > & for all k > K, (6.12)

where K¢ 1= Plog(:p—f)\-‘ .

102



Proof. Lemma 6.8 and the definition of «}, in (6.2) provide

(RF=1}n{St=1}C{zF G} C{zf, G}

opt

for k =1,2,..., K and for any integer K > 1. Hence,

K K
U{RF =13 n{s" =1} | J{ah, € G} (6.13)

k=1 k=1
Note that the sequence {f(x},;), f(€2,), ..., f(xL,)} is monotonically decreasing. There-
fore, if :U];pt € G, for some k < K then :Bf)pt € G for all i =k, ..., K; and so the sequence

k K . . .
({zgy € Ge})j—y is an increasing sequence of events. Hence,

U{ah, € G} = {zf, € G} (6.14)

k=1

From (6.14) and (6.13), we have for all K > 1,

K
Pl{al, € GH =P [ J{R =1} n{s" = 1}] = 1- (1 - ), (6.15)
k=1
where the second inequality follows from Lemma 6.7. Finally, passing to the limit with
K in (6.15), we deduce 1 > limg oo P{zl, € G} > limg oo [1 — (1 —7p)%] =1, as
required.

Note that if

L= (1—rp) > € (6.16)
then (6.15) implies P[z*, € G] > &£. Since (6.16) is equivalent to k > Llog(1 = &) (6.16)
” N ~ log(1—7p)’
log(1 —
holds for all £ > K¢ since K¢ > M. O
log(1 = 7p)

Remark 6.10. If f is a convex function (and known a priori to be so), then clearly, a
local (deterministic or stochastic) optimization algorithm may be used to solve (Ri’\/'/\,’k)
and achieve (6.4). Apart from this important speed-up and simplification, it is difficult to
exploit this additional special structure of f in our analysis, in order to improve the success

bounds and convergence.

In the following two sections, we draw implications of Theorem 6.9 for functions with low
effective dimensionality and general Lipschitz continuous functions. In particular, we replace
Assumption 6.5 with Theorem 4.25 and Theorem 5.16, and quantify rates of convergence

based on estimations of respective 7 in Sections 4.2.2 and 5.3.1.
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6.2.2 Global convergence of X-REGO for functions with low effective dimen-
sionality

We first present a corollary of Theorem 6.9 for functions with low effective dimension-
ality. Note that, for Lipschitz continuous functions with low effective dimensionality,
Theorem 4.25 implies (6.7) if we additionally assume that there is a set G* that is non-

degenerate.

Corollary 6.11. Suppose that Assumptions LowED, LipC and 6.3 hold. Suppose also that
there is a set G* defined in Definition 2.20 that is non-degenerate according to Defini-
tion 4.10. Furthermore, assume that d > d. for all drawn matrices A', A%, ... . Then,

(6.11) holds.

Proof. We just need to show that with the given assumptions, (6.7) in Assumption 6.5 is
satisfied. Then, the results follow from Theorem 6.9.

Recall that the support of the random variable p”* is contained in X'. For each embed-
ding, we apply Theorem 4.25 (setting p = p* ! and replacing € by e—\) to deduce that there
exists 7 € (0,1] such that P[R¥ = 1|F*~1] > 7, for k > 1. Equivalently, in terms of condi-
tional expectation, we can write E[RF|F*~!] = 1. P[RF = 1|F*~1] +0 - P[RF = 0| F* 1] > 7.
This shows that (6.7) in Assumption 6.5 holds. O

Coordinate-aligned effective subspace. Using the estimates for 7 in Theorem 4.13,
we can estimate precisely the rate of convergence of X-REGO as a function of problem

dimension, assuming that 7 is aligned with coordinate axes.

Theorem 6.12. Suppose Assumption LowED holds withU = [I4, 0]7 and V =1[0 Ip_4.]7,
as well as Assumption 6.3. Let & € (0,1), and d. and d be fized with d > d.. Then, (6.12)
holds with

log(1—¢&)| . [ 2P~ . (D —d, + 1)
K¢ = 0 a—1
P log(D —d.+1) 2

If p* =0 for k >0, then (6.12) holds with

) as D — oc. (6.17)

K, = s =9, ( (D —d. +1)"

— | as D — cc. (6.18)
p log(D —d.+ 1)z

Proof. Firstly, note our remark regarding assumptions below. The result follows from
Theorem 6.9, (4.25) and (4.27). O

Remark 6.13. Assumption LipC and the assumption that there is a non-degenerate set
G* were required to prove Theorem 4.25 and, consequently, (6.7). If the effective subspace

is aligned with coordinate axes, we no longer need these two assumptions to prove (6.7).
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In this case, (6.7) follows from Theorem 4.13, together with the fact that (RPX*) being

successful implies (RPAX*) is e-successful for any € > 0.

6.2.3 Global convergence of X-REGO for general objectives

We present a similar corollary for general Lipschitz continuous functions. We replace As-
sumption 6.5 with Theorem 5.16 and Assumption 5.12, which says that there exists a

minimizer £* that is sufficiently away from the boundary of X.
Corollary 6.14. Suppose that Assumptions LipC, 5.12 and 6.3 hold. Then, (6.11) holds.

Proof. The proof is identical to the proof of Corollary 6.11 except that we now use The-
orem 5.16 to imply (6.7) in Assumption 6.5. O
Similar to Theorem 6.12, we estimate the rate of convergence of X-REGO for Lipschitz

continuous functions using the estimates for 7 provided in Corollary 5.20.

Theorem 6.15. Suppose that Assumptions LipC, 5.12 and 6.3 hold. Then, (6.12) holds

with D
log(1 — 2L\
K¢ = Mo (D?—dH () ) as D — oo. (6.19)
p €
Proof. The result follows from Theorem 6.9 and (5.41). O

6.3 Numerical experiments

Let us now assess performance of X-REGO (Algorithm 2) numerically. We shall conduct

the experiments on the set of functions with low effective dimensionality.

6.3.1 Setup

Algorithms. We test different variants of Algorithm 2 against the no-embedding frame-
work, in which (P) is solved directly without using random embeddings and with no explicit
exploitation of its special structure. Each variant of X-REGO corresponds to a specific

choice of p*, k > 0:

- Adaptive X-REGO (A-REGO). In X-REGO, the point p* is chosen as the best point
found up to the kth embedding: if f(AFy*+p*~1) < f(p*~1) then p* := A*yF4pF-1,

otherwise, p* := p*~1.

- Local Adaptive X-REGO (LA-REGO). In X-REGO, we solve (Rf’j(’“) using a local
solver (instead of a global one as in A-REGO). Then, if f(p*~!)— f(AFy* +p"1) > 5
for some small 7 (here, v = 107%), we let p* := A*y* 4+ p*~1, otherwise, p* is chosen

uniformly at random in X.
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- Nonadaptive X-REGO (N-REGO). In X-REGO, all the random subspaces are drawn
at the origin: p* := 0 for all k.

- Local Nonadaptive X-REGO (LN-REGO). In X-REGO, the low-dimensional problem
(RPX*) is solved using a local solver, and the point p* is chosen uniformly at random
in X for all k.

Solvers. We test the aforementioned X-REGO variants using three solvers for solving the
reduced problem (Rf’jl’k) (or the original problem (P) in the no-embedding case), namely,
DIRECT ([52, 58, 78]), BARON ([139, 148]) and KNITRO ([28)).

We test A-REGO and N-REGO using DIRECT, BARON and multi-start KNITRO
(referred to here as mKNITRO) and test LA-REGO and LN-REGO using only KNITRO

with no multi-start feature.

Test set. To assess Algorithm 2, we use the same test set we used in Section 3.4 to assess
Algorithm 1. Refer to Section 3.3 for the description of how we constructed our test set of

functions with low effective dimensionality.

Experimental setup. For each version of X-REGO and its paired solvers, we solve the
entire test set 5 times to estimate the average performance of the algorithms. Let f be
a function from the test set with the global minimum f*. When applying any version of
X-REGO to minimize f, we terminate either after K = 100 embeddings, or earlier, as soon
as®

FA T 4P - fr<e=107" (6.20)

We then record the computational cost, which we measure in terms of either function
evaluations or CPU time in seconds. To compare with ‘no-embedding’, we solve the full-
dimensional problem (P) directly with DIRECT, BARON and mKNITRO with no use of
random embeddings. The budget and termination criteria used for each solver to solve
(RF/'/Y’“) within X-REGO or to solve (P) in the ‘no-embedding’ framework are outlined in
Table 3.1.

Remark 6.16. The experiments are done not to compare solvers but to contrast ‘no-
embedding’ with the X-REGO variants. All the experiments were run in MATLAB on
the 16 cores (2x8 Intel with hyper-threading) Linux machines with 256GB RAM and 3300
MHz speed.

®We acknowledge that the use of the true global minimum f*, or a sufficiently close lower bound, in
our numerical testing is not practical. But we note that our aim here is to test both ‘no-embedding’ and
X-REGO in similar, even if idealized, settings.
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Table 6.1: The table outlines the experimental setup for the solvers, used both in the ‘no-
embedding’ algorithm and for solving the low-dimensional problem (RPX*) (as usually, f
denotes the D-dimensional function to minimize, f* is its global minimum, and € in (6.20)
is set to 1073). At each internal iteration, DIRECT stores f},, — the minimal value of f
found so far, while BARON stores f5 and f5, — the smallest upper bound and largest

lower bound found found so far. Note that, for BARON, fY = f(z*) in (RTDT\”“)

DIRECT BARON mKNITRO KNITRO
Measure of function CPU seconds function function
computational evaluations evaluations evaluations

cost

Max. budget to
solve (RPXF)

Max. budget to

3000 function
evaluations

60000 function

5 CPU seconds

1000 CPU seconds

5 starting points

100 starting points

1 starting point

Not applicable

solve (P) evaluations
Termination for Terminate Terminate either Default options Default options
(RPXF) either on on budget or if (unless (unless
budget or if f5, and £k, overwritten by overwritten by
i< f"+e satisfy additional options) | additional options)

Termination for

(P)

Same as above

fBa < fBa+e

Terminate either
on budget or if
15, satisfies

fha S [ te

Same as above

Not applicable

Additional
options for
(RPXF)

Additional
options for (P)

testflag=1
maxits=Inf
globalmin=/f"

Same as above

Default options

Same as above

ms_enable=1
fstopval=f* +¢

Same as above

fstopval=f*+e¢

Not applicable

We present the main numerical results using Dolan and Moré’s performance profile [44]
— a popular framework to compare performances of optimization algorithms applied to a

given test set. For a given algorithm A, and for each function f in the test set S, we define
N¢(A) := min. # of fun. evals (or CPU sec.) required to achieve f(z*) < f* +e.

If A fails to successfully converge to the global minimum of f within the maximum compu-

tational budget, we set Ny(A) = oo.

Remark 6.17. Note that, in our experiments, an algorithm A corresponds to a pair (op-
timization solver, algorithmic framework) such as (BARON, no embedding) or (KNITRO,
N-REGO).

We further define
N} = m/i\n N¢(A),

as the minimal computational cost by any algorithm required to optimize f. We normalize

all the computational costs by the algorithms to solve f by N 7 and, for each A, we plot
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Figure 6.1: Comparison between the X-REGO algorithms and ‘no-embedding’ with DIR-
ECT.

a function m4(a) that computes the proportion of f’s in the test set S, for which the

normalized computational effort spent by A was less than . Mathematically speaking,

ra(a) = {f: Nf(«";)‘ < aNj} for a > 1.

where | - | denotes the cardinality of a set. The algorithm A is considered to have achieved
better performance if it produces higher values for m4(«) for lower values of «, i.e., on

figures, the curve of 7 4(«) is higher and lefter.

Remark 6.18. Each time we solve the test set with an X-REGO algorithm coupled with
any optimization solver, we obtain different results due to randomness involved in the X-
REGO algorithms. Thus, we consider each of the 5 applications of (X-REGO algorithm,
optimization solver) to the test set as a separate 4; this results in 5 different curves for the

same (X-REGO algorithm, optimization solver) pair.

6.3.2 Numerical results

We make separate comparisons for each optimization solver and for each D.
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Figure 6.2: Comparison between the X-REGO algorithms and ‘no-embedding’ with
BARON.

DIRECT: Figure 6.1 compares the adaptive and non-adaptive random embedding al-
gorithms (A-REGO and N-REGO) to the no-embedding framework, when using the DIR~
ECT solver for the reduced problem (RTD\//Y’“) (and for the full-dimensional problem in the
case of the no-embedding framework). We find that the no-embedding framework outper-
forms the two X-REGO variants. We also note that this behaviour is more pronounced
when the dimension of the problem (P) is small. In that regime, it is also difficult to de-
termine which version of X-REGO performs the best. When D is large, the no-embedding
framework still outperforms the two variants of X-REGO, but among these two, the ad-
aptive one (A-REGO) performs generally better than N-REGO. The median number of
function evaluations required by the algorithms, measured over the five repetitions of the

experiment, is given in Table 6.2.

BARON: Figure 6.2 compares A-REGO and N-REGO to the no-embedding framework,
when using BARON to solve the reduced problem (Rﬁk) We find that the no-embedding
framework is clearly outperformed by the two variants of X-REGO in the large-dimensional

setting. Then, it is also clear that the adaptive variant of X-REGO outperforms the non-
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Table 6.2: Median number of function evaluations or CPU time spent by each algorithm-
solver pair.

DIRECT (fun. evals) BARON (CPU sec.) KNITRO (fun. evals)
D=10 D=102 D=10} D=10 D=10> D=10% D=10 D=10°> D=10%
no-embedding 1261 16933 63795 0.08 0.50 155.20 220 1425 11542
A-REGO 24569 300348 300276 0.63 1.93 15.66 1534 3992 5346
LA-REGO - - — - - - 230 730 4165
N-REGO 63093 300484 300532 0.82 3.00 21.51 1582 3606 8766
LN-REGO - - - - - - 220 763 704

adaptive one. Table 6.2 also indicates that the CPU time used by the different algorithms
increases with the dimension of the problem, and that the increase is most rapid for 'no-

embedding’.

KNITRO: The comparison between the X-REGO variants, using (m)KNITRO to solve
(RIDTY’“), is given in Figure 6.3. Here, we also compare the local variants of X-REGO
(namely, LA-REGO and LN-REGO), for which the reduced problem is solved using local
KNITRO, with no multi-start feature. We find that the local variants outperform the global
ones, and the no-embedding framework when the dimension of the problem is sufficiently
large. Figure 6.3 also indicates that the local non-adaptive variant (LN-REGO) outperforms
the adaptive one in this high-dimensional setting. This behaviour can also be observed
in Table 6.2, which indicates that the median number of function evaluations increases
significantly for LA-REGO while for LN-REGO, it actually decreases.

Remark 6.19. We note that two branching type solvers BARON and DIRECT perform
branching in a d-dimensional embedded subspace (and not in R”). When X-REGO begins
a new iteration, a random (different) subspace is drawn, and a new branching procedure
must be initiated by BARON/DIRECT in this new subspace. X-REGO does not take into
account branching done in the previous iterations/subspaces, which could have been used
to inform us of the next moves or save computational resources in subsequent iterations.
In this regard, it might conceptually and numerically be better to branch in X box instead.
This would, however, require us to look at the random embedding technique anew — when
combined with branching type solvers — as its current application only allows branching

in RY.

6.3.3 Conclusions

The numerical experiments indicate that the X-REGO algorithm is mostly beneficial (as
expected) for high-dimensional problems (i.e., when D is large). In this setting, the different
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Figure 6.3: Comparison between the X-REGO algorithms and ‘no-embedding’ with
KNITRO.

variants of X-REGO considered here outperform the no-embedding framework when com-
bined with the solvers BARON and mKNITRO. It is less obvious to decide which variant
of X-REGO is the best, but it seems that, at least on the problem set considered, the local

methods outperform the global ones.

6.4 Summary

This chapter has introduced and analysed a generic and flexible algorithmic framework
X-REGO for solving bound-constrained problem (P). X-REGO is based on repetitive ap-
plication of the reduced problem (RPX’), where the parameter p is user-specified. Flexibility
in choosing p allows the user to calibrate the level of exploration in X.

The central result of this chapter was the proof of global convergence of X-REGO. Our
global convergence result applies to general Lipschitz continuous functions and the presence
of low effective dimensionality is not necessary for the global convergence result to hold.
We derived different rates of convergence based on estimations of lower bounds for the
e-success of (RPX) in Chapters 4 and 5. For functions with low effective dimensionality,

we noted that X-REGO should enjoy faster convergence and showed that, for the special
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case of coordinate-aligned effective subspaces, the rate of convergence is dependent on D
algebraically (and not exponentially).

We tested the effectiveness of X-REGO numerically with three global and one local
solver on the set of functions with low effective dimensionality. We proposed different
variants of X-REGO each corresponding to a specific rule for choosing p’s and contrasted
them against each other and against the ‘no-embedding’ framework in which the solvers were
applied to (P) directly with no use of subspace embeddings. The results of the experiments
showed that the difference in performance between X-REGO and ‘no-embedding’ became
more prominent for larger D in favour of X-REGO. The results further suggest that the
effectiveness of X-REGO (just like of REGO) is solver-dependent. In our experiments, the
best results were achieved by the local solver.

In the future, we may consider further exploring the numerical and theoretical potential
of the X-REGO algorithmic framework. In particular, we may apply X-REGO for functions
with low effective dimensionality, setting the embedding dimension d to be less than the
effective subspace dimension d, (for instance, we may progressively increase d starting from
1 until we observe no improvement in the solutions of subproblems). We anticipate that the
results of Chapter 5 may be useful in securing the convergence of X-REGO for functions
with low effective dimensionality in the case when d. is unknown. Finally, we plan to
investigate the performance of X-REGO when applied to general objectives and compare it

popular global optimization solvers.
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Appendix A

Technical results and Proofs

A.1 Extreme singular values of Gaussian matrices

Gaussian matrices are random and so are their singular values. We write syin(M) and
Smax (M) to refer to the smallest and the largest singular values of M. Many probabilistic
bounds have been derived for the tails of the extreme singular values of Gaussian matrices.

Below we state some well-known non-asymptotic bounds.

Theorem A.1l. (see [47], [140, Theorem 3.4]) Let M be an My x M; Gaussian random

matrix. Then, we have
Plsmin(M) < €] </ Mye.

Theorem A.2. (see [40], [158, Corollary 5.35]) Let M be an My x My Gaussian random
matrix My > My. Then, we have

Pl/M; — /My — t < $pin(M) < Smax(M) < /My + /My + ] > 1 — 2¢ /2

for any t > 0.

Theorem A.3. (see [138, Theorem 1.1]) Let M be an My x My Gaussian random matriz,
My > Ms. Then, for every € > 0, we have

Plsmin(M) < €(x/M; — /My —1)] < (Ce)M Mol 4 o=eM1

where C,c > 0 are absolute constants.

Theorem A.3 is a corollary of a more general result in [138], which is applicable for

matrices with sub-Gaussian entries.
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A.2 Miscellaneous probability results

In this section, we provide three probability results that we use in the proofs of theorems
in Chapters 2 and 4.

First, we prove two short lemmas that we use in Chapter 2. The first lemma derives
an upper bound for the cumulative density function of a chi-squared random variable. To
prove the first lemma, we need the following upper bound on the lower incomplete gamma

function 7(a,t) defined in (2.3).

Theorem A.4. (see [120, Theorem 4.1]) Let y(a,t) be the lower incomplete gamma func-
tion defined in (2.3). Then,

1

)< ——(1 e, Al

o) € s ae™) (A1)
We state our first lemma.
Lemma A.5. Let X ~ x%. Then,
4 N

P[X < 2] < 1+ —e /2 2)N/2, A2

[ —x]—N(N+2)r(N/2)( T >($/) (A-2)

Proof. Recall the c.d.f. of the chi-square random variable in (2.1):

V(N/2,/2)

FX == ")

(A.3)

for z > 0. We obtain the desired result by applying (A.1) to upper bound v(N/2,x/2) in
(A.3). O

In the second lemma, we derive the p.d.f. of a random variable that is a square root of

an inverse chi-squared random variable.

Lemma A.6. Let Y and R be two random variables such that Y ~ 1/x% and R = VY.
Then, the probability density function (p.d.f.) g(7) of R is given by

. 2—N/2+1 N1 1/(052 X
g(T):F(N/2)7r e V@) for # > 0. (A.4)
Proof. The p.d.f. g(7) of R satisfies
. d L d 2 . 2
g(r):%P[\/Y<r] :%]P’[Y<r | = 27h(N, 79), (A.5)

where h(N,-) is the p.d.f. of Y. By substituting the formula for h(N,-) provided in (2.4)

in the above, we obtain the desired result.
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Lastly, we provide a useful known result in probability theory, which says that if two
random variables  and y follow the same distribution then f(x) and f(y) follow the same

distribution if the function f is measurable.

Lemma A.7. [51, p. 13] Let « and y be random vectors such that x o y and let f;(+),

i=1,2,...,m, be measurable functions. Then,

T law

(@) @) . @) = (A@) LE) - @)
A.3 Proofs of Section 4.2.3

This section derives a few results that are used in Section 4.2.3.

A.3.1 Properties of J,, ,(A)

Here, we establish two properties of the integral J,, ,(A) defined in (4.36). First, we show

that Jy,»(A) is a monotonically decreasing function of A.
Lemma A.8. The integral Jp, »(A) in (4.36) is a monotonically decreasing function of A.

Proof. Let A1, Ay be any positive reals that satisfy A; < As. We need to show that
Imn (A1) > Jmn(Agz). This relation follows immediately from the observation that, for any

s >0,
S/Al 3/A2
\/5/ e~ 2y > \/5/ e~ 2y
™ Jo ™ Jo

since the integrand is positive. O
Next, we show that Jy, ,(A) cannot be larger than 1 if A > 0.
Lemma A.9. The integral Jp, ,(A) defined in (4.36) satisfies Jpn(A) <1 for all A > 0.

Proof. Note that, for any s > 0, we have
s/A )
\/5/ e~ 2dy < \/5/ e 2y = 1.
T Jo T Jo

1 o0
I (A) < n/ s le=5*2ds = 1. ]
0

Hence,

131



A.3.2 Asymptotic expansions of two integrals

Let L(\, p, z) and G(A, i, z) be defined in (4.69) and (4.70), respectively. In the following
two theorems we derive the asymptotic expansions of L(\, u, z) and G(\, u, z) for large z.
These results are needed to assist the proof of Theorem 4.20.

First, we derive the asymptotic expansion for G(\, p, z) closely following the proof in

[166, Theorem 2, p. 70].

Theorem A.10. Let 0 < ¢ <1 and let A and p be any real numbers with A > 0. We have

G (X, 1, 2) ~2(log(2))*log(log(2)) Y _(=1)" (ﬁf) I"(\)(log(2)) "+

r=0

*log(z "Za re A)(log(z))™",

as z — oo, where (’Z‘) is defined in (5.14), T") denotes the rth derivative of the gamma

function, and where

aT:—E:(/;)(T__l);forrzl,Z.... (A.6)

=0

Proof. With the substitution u = zt, we obtain

G\ p,2) =27 /OCZ u* " (log(z) — log(u))* log(log(z) — log(u))e “du

= 2 *(log(2))* /Ocz w1 <1 - igi:g)u <log(log(z)) + log <1 - Eig;)) e “du
= 2 *(log(2))" (log(log(2))G1 + Gb),

cz 1 2
G, =/ w1 (1 — og(u)) e “du
0 log(z)

Ga= [t (1 2 g (1 2 ) eva (A8

We first derive the asymptotic expansion for G, the asymptotic expansion for Gy can then

where

and

be derived in a similar manner.

Let N be an arbitrary positive integer such that N + 1 > u. By Taylor’s expansion,
L log(w)\" _ EN:(_I)T iy (loew)" , p
log(z) ) —~ r | \log(2) LN
N r
log(u) 1 (log(u)
1 1-— =— - R
ou (1= ogs) =27 (owty) + 7o

r=1
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for all 0 < u < ¢z, where

| log (u) |V
M og(=)[VH
for some fixed constants C} n,Cs y > 0. Hence,

(- ) w1 ) - S ()

r

|Ri n| < C; (1=1,2)

for all 0 < u < ¢z, where a,’s are defined as in (A.6) and
| log (u)[**™*
|log(z) PN+

for some fixed Coy > 0. By substituting (A.9) in (A.8), we obtain

|Ron| < Con

2N cz
Gy = Z a,(log(z))™" / u*(log(u)) e “du + ron,
r=1 0

where
cz
T‘QN:/ W e " Rondu.
0

Wong showed in [166, p. 71] that, as z — oo,
“ A—1 r_o—u _ () —ecz
/ u™ (log(u)) e “du =TV (X\) + O(e ),
0
where € € (0,1/2). Furthermore,
ranl < Canllog(2)| 1 [ 1 log(wP e du
0

< C2N|10g(z)|_2N_1/ |u)\—1 1og(u)2N+16_“|du
0

(A.9)

It can be shown that the latter integral is bounded (see [166, eq. (2.27), p. 71]; thus,

ron = O(log(2)~"2¥~1). Hence,

2N
Gy =Y a, T (N)(log(2))™" + O(log(z) >N ™).

In a similar manner, one can show that

N

Gr=Y (-1 (“) P (M) (log(2)) " + Oflog(:) ™).

r=0

Combining (A.7), (A.10) and (A.11), we obtain the desired result.

(A.10)

(A.11)

O]

We provide the expansion of L(\, i, z) without proof as it can be derived in a similar

manner. We note that the full proof of the following lemma is provided here [166, Theorem

2, p. 70].
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Theorem A.11. Let 0 < ¢ <1 and let A and p be any real numbers with A\ > 0. We have

[e o]

LA, p,2) ~ 2 (log(2))" Y (—1) (f) I () (log(2)) ™"
=0

r

as z — oo, where T'") denotes the rth derivative of the gamma function.

Proof. Very similar to the proof of Theorem A.10. O
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Appendix B

Tables and Figures

B.1 Problem set

Table B.1 contains the explicit formula, domain and global minimum of the functions used
to generate the high-dimensional test set. The problem set contains 19 problems taken from
[62, 49, 147]. Problems that cannot be solved by BARON are marked with “*’. Problems
that will not be solved by KNITRO are marked with ‘°’.

Table B.1: The problem set listed in alphabetical order.

Function Domain Global minima,
1) Beale [49] x € [—4.5,4.5]? g(z*) =0
9) *Branin [49] 1 € [-5,10] gla*) = 0.397887
To € [0, 15]
3) Brent [62] x € [-10,10]? g(x*) =0
4) *Bukin N.6 [147] o1 € [-15, 5] g(@*) =0
T € [—3, 3]
5) *Easom [49] x € [—100,100]? g(xz*) = -1
6) Goldstein-Price [49] x € [-2,2) g(x*) =3
7) Hartmann 3 [49] x € [0,1]3 g(x*) = —3.86278
8) Hartmann 6 [49] x €10,1]° g(x*) = —3.32237
9) *Levy [147] x € [-10,10]* g(z*) =0
10) Perm 4, 0.5 [147] x € [—4, 4 g(x*) =0
11) Rosenbrock [147] x € [-5,10)° g(x*) =0
12) Shekel 5 [147] x € [0,10]* g(x*) = —10.1532
13) Shekel 7 [147] x € [0,10]* g(x*) = —10.4029
14) Shekel 10 [147] x € [0,10]*F g(x*) = —10.5364
15) *Shubert [147] x € [-10,10> | g(x*) = —186.7309
16) Six-hump camel z €[-3,3 N
147] ne {_2,2% g(z*) = —1.0316
[1127]StybhnSkI’Tang € [-5,5]* g(a*) = —156.664
18) Trid [147] x € [-25,25]° g(x*) = =30
19) Zettl [49] x € [-5,5)? g(x*) = —0.00379
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B.2

Additional experiments

We conducted three more experiments to test REGO’s robustness to changes in the para-

meters. In all three experiments, the same budget and termination criteria as in the main

experiment are used.

(A)

(B)

In this experiment, we assume that no good estimate for p is known and that p can
be as large as v/D (for example, when X = [—1,1]” constraint is imposed). We test
RECO with the following parameters: (de,8.0 x v/ D), (de+1,2.2x VD), (de +2,1.3 x
VD) and (d, + 3,1.0 x /D). Results are presented in Figure B.1 in Appendix B.2.

We fix 6 to be 7.5y/d. and vary d. The following parameters are used: (de,7.5 x
Vde), (de + 1,75 x V/d.), (de + 2,75 x v/d.) and (d. + 3,7.5 x \/d.). Results are
presented in Figure B.2 in Appendix B.2.

We fix d = d. + 1 and vary 6 (= 5v/d,, 7.5v/d., 10v/d.). The following parameters are
used: (d. + 1,5 x \/d.), (d. +1,7.5 X \/d.) and (d. + 1,10 x 1/d.). In the figures we
also include curves for 9o, = 2.24/d. taken from the main experiment. Results are

presented in Figure B.3 in Appendix B.2.

Conclusions

(A)

We test robustness of REGO assuming that p is equal to v/D (which makes 6 to
be relatively large and dependent on D). Despite this dependence, the frequency of
convergence for BARON and KNITRO is high showing mild dependence on D.

The purpose of this experiment is to see how different values of d affect the perform-
ance of REGO while § is kept constant. For larger d, we expect (RP) to be success-
ful with higher chance. Nonetheless, the results show that sometimes, for larger d,
REGOQ’s performance may be compromised; this is for example true for BARON’s
convergence,,;. Since ¢ is set to a relatively large value, (RP) is successful with high
probability even for smallest d. This suggests that as long as d and ¢ produce rel-
atively high chance of success of (RP), one should stop increasing their values lest

convergence to the global minimum require larger computational resources.

In this experiment, we apply REGO with different values of § while keeping d constant.
The results display no significant differences between the performances with different
parameters. Even the results with the optimal § (used in the main experiment) do not
differ considerably from the one with the largest § except for BARON where the former

wins in terms of convergence,,; and CPU time. The results of this experiment together
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with the results in (B) indicate that it is better to increase ¢ and keep d constant if

one wants to increase success of (RP) with minimal increase in computational cost.
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Figure B.1: Experiment A: REGO with DIRECT, BARON and KNITRO with (d,d) =

(de,8.0 x VD), (d. +1,2.2 x VD), (d. +2,1.3 x /D) and (d. + 3,1.0 x VD).
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Figure B.2: Experiment B: REGO with DIRECT, BARON and KNITRO with § = 7.5v/d,

fixed and d

de, de + 1, de + 2 and d. + 3.
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Figure B.3: Experiment C: REGO with DIRECT, BARON and KNITRO with d

fixed and & = 5v/d, 7.5v/d,, 10\/d. and 2.2v/d, (Sopt).-
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