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ABSTRACT. Let p, denote the nth smallest prime number, and let L denote
the set of limit points of the sequence {(pn+1 — pn)/logps}._; of normalized
differences between consecutive primes. We show that for any sequence of nine
nonnegative real numbers §; < B3 < --- < fy, at least one of the numbers
B; — B (1 <i<j<9) belongs to L. It follows that at least 12.5% of all
nonnegative real numbers belong to L.

1. INTRODUCTION

Let py =2 <py =3 <p3 =5 < --- be the sequence of all primes. The prime
number theorem asserts that p, ~ nlogp, as n — oo, hence the nth prime gap

dn = Pn+1 — Pn

is of length approximately log p,, on average. It is natural to ask how often the
normalized nth prime gap d,/logp, lies between two given numbers a and f£.
For fixed 5 > a = 0, heuristics based on Cramer’s probabilistic model for primes
lead to the conjecture that
B
Nﬁl‘{n<N:dn/logpne (a,ﬁ]}‘ ~J e tdt (N — ). (1.1)

Thus, one expects that the normalized prime gaps are distributed according to
a Poisson process, and the probability that d, is close to tlogp, is about et
We refer the reader to the expository article [26] of Soundararajan for further
discussion of these fascinating statistics.

Gallagher [12] has shown that (1.1) follows from the truth of a suitable uni-
form version of the Hardy—Littlewood prime k-tuple conjecture; however, such re-
sults must lie very deep. An approximation to (1.1) is the conjecture' of Erdés [7]
that if L is the set of limit points in [0, o] of the sequence {d,/logp,} -, , then

n=1">

L = [0, 0]. It had already been established by Westzynthius [28] in 1931 that

lim sup = 0.
n—ow 10g P
In 2005, the groundbreaking work of Goldston—Pintz—Yildirim [14] established
for the first time that
lim inf o = 0.
n—w  log p,
Hence, 0 € L and oo € L, but no other limit point of L is known at present.

Date: July 14, 2016.
'Erdés [7, p.4] wrote: “It seems certain that d,,/logn is everywhere dense in the interval (0, 00).”
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The prime number theorem implies the existence of a limit point in L that
is less than or equal to 1. Erdés [7] and Ricci [25] were able to show that L
has positive Lebesgue measure, but were unable to show that L contains a limit
point greater than 1. Hildebrand and Maier [15] were the first to show that L
contains a limit point greater than 1. Indeed, they showed that there is a positive
constant ¢ such that A([0, 7]~ L) = ¢T holds for all sufficiently large 7', where A
denotes the Lebesgue measure on R, and hence that L contains arbitrarily large
limit points. In fact, Hildebrand and Maier proved an m-dimensional analogue of
this result for the limit points of “chains” of m consecutive gaps between primes
(see Theorem 1.3 below).

Using the recent breakthrough work of Zhang [29] on bounded gaps between
primes, Pintz [20] has shown that there is a small (ineffective) positive constant
¢ such that L 2 [0,c]. Most recently, Goldston and Ledoan [13] have shown
that Erdés’ method yields A([0,T] n L) > (1/C)(1 — 1/T') for any T' > 1, where
C is an overestimate in the sieve upper bound for the number of generalized twin
primes (one can take C = 7/2 by work of Bombieri, Friedlander and Iwaniec [3]).
Goldston and Ledoan [13] have also exhibited certain other intervals, for example
[1/2000, 3/4], that contain infinitely many limit points. In this paper, we prove
the following.

THEOREM 1.1. Let d,, = ppi1 — pn, where p, denotes the nth smallest prime,
and let L be the set of limit points of {d,,/logp,}._, . For any sequence of nine
nonnegative real numbers 1 < By < -+ < Py, we have

{Bi—Bi:1<i<j<9}nL+#. (1.2)

We have the following corollary, which shows that at least 12.5% of nonnega-
tive real numbers belong to L.

COROLLARY 1.2. Let L be as in Theorem 1.1, and let \ be the Lebesgue measure
on R. The following bound holds (with an ineffective o(1)):

M[0,T]nL) = (1—0(1))T/8 (T — ). (1.3)
The following effective bound also holds:
M[0,T]nL) > T/22 (T > 0). (1.4)

Proof. We first observe that the set L, being a countable number of unions and
intersections of open balls, is Lebesgue measurable.

Now let k = 2 be the smallest integer such that for any sequence of x real
numbers a, = --- = oy = 0, we have

a;—a; 1 <i<j<kinL#J.
j

By Theorem 1.1 such a  exists and is at most 9. If k = 2 then L = [0, 00]. If
k = 3 then by minimality there is a sequence of real numbers a,_1 = --- = a3 = 0
such that

{a;j—q;:1<i<j<k—-1}nL=y.
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Then for any number a > é&,_1, {a — @&, : 1 < j <k —1} n L # ¢, that is, for
any Th =T = Qo1
[Ty, To] = U2y {8+ d;: B e [Th—a;, T — &] n L}
Thus, by subadditivity and translation invariance of Lebesgue measure,
Ty —T0 < 77 M1 — 65, Ty — é] 0 L) < (5 — DA([0, T3] n L).

This gives (1.3).
With s as above we have

{a, 20, ... (k= 1)a} "L # &

for every real number o > 0 (take &; = jo for 1 < j < ). For any T' > 0, by
subadditivity and positive homogeneity of Lebesgue measure, we have

A0, 7)) < X525 M0, T i L) = 3521 5 "M ([0, 5T] » L)
< A0, (k= DTN L) X 5
Replacing T by (k — 1)7'T" and recalling that x < 9, this gives (1.4). O
We also prove the following result on “chains” of gaps between primes, for

which Theorem 1.1 is a stronger version of the special case m = 1.

THEOREM 1.3. Let d, = pp+1 — pn, where p, denotes the nth smallest prime.
Fixz an integer m > 2, and let Ly, be the set of limit points in [0,00]™ of

dn dn m—1 0
{(logpn’ o 10gp1+m,1)}n=1'
Given B = (B1,...,5) € R¥, let S,,(B) be the set
{(Bre) = Biys -+ Baomay — Bagmy) 1 1 < J(1) < --- < J(m+ 1) < k}.
For any sequence of k = 8m? + 16m nonnegative real numbers

B < B2 < ... < Bem2t16ms

we have

S(B) A Ly, # . (1.5)

Acknowledgements. For helpful comments, corrections or discussions we are
grateful to Daniel Goldston, Andrew Granville, Paul Pollack and Terence Tao.
We are also grateful to the anonymous referee, for carefully reading this paper
and providing a number of corrections.

2. NOTATION

The set of all primes is denoted by P, the nth smallest prime by p,, the nth
difference p, 1 — p, in the sequence of primes by d,, and p always stands for a
prime. The indicator function for P is denoted 1p. The Euler, von Mangoldt and
k-fold divisor functions are denoted by ¢, A and 73, the prime counting functions

by m(x) = X, 1e(n), ¥(2) = X, o, Aln),
T(Niga) = Y. 1p(n), ¥(Niga)= >, An).

n<N n<N
n=a mod q n=a mod q
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A Dirichlet character to the modulus ¢ is denoted x mod g or simply x, and
the L-function associated with it is denoted L(s, x).

The nth iterated logarithm is denoted by log, z and defined recursively as
follows: log; * = max{1,logz} and log,, ., = = log,(log,, z) for n > 1.

The greatest prime factor of an integer ¢ is denoted P*(q).

For any k-tuple of integers H = {h1, ..., h;} and an integer n, the translated
k-tuple {n + hq,...,n + hy} is denoted by H(n).

Throughout, ¢ denotes a positive constant that may differ at each occurrence.
Expressions of the form A = O(B), A « B and B » A signify that |A| < ¢|B|.
If ¢ depends on certain parameters this may be indicated by subscripts (as in
A «. B, etc.). The relation A « B « A is denoted A = B. Finally, o(1) denotes
a quantity that tends to 0 as a certain parameter (clear in context) tends to
infinity.

3. OUTLINE OF THE PROOF

For the sake of exposition we ignore (only in this section) the possibility of
Siegel zeros? — accounting for this possibility introduces certain minor technical
complications in parts of the proof.

The idea underlying our proof of Theorem 1.3 is to combine a construction of
Erdds [8] and Rankin [24] with the recent theorem of Maynard [17] and® Tao.

The Erdés—Rankin construction produces long intervals (n,n + z] containing
only composite integers. This is accomplished by choosing a set of integers
{a, : p < y}, one for each prime p < y < z, so that for every integer g € (0, z], the
congruence g = a, mod p holds for at least one p < y. By the Chinese remainder
theorem one can find an integer b, uniquely determined modulo P(y) = [ [, ., p,
such that b = —a, mod p for every p < y. Now suppose n = bmod P(y) and
n > y. For any ¢g € (0,z] we have ¢ = a, mod p for some p | P(y), and so
g+ n=a,— a,=0mod p; hence, g + n is composite for each g € (0, z]. In this
situation we say that the progression b mod P(y) sieves out intervals of the form
(n,n + z|, where n = b mod P(y) and n > y. Noting that log P(y) ~ y by the
prime number theorem, the goal is to maximize the ratio z/y.

The Maynard—Tao theorem establishes, for the first time, the existence of
(m + 1)-tuples of primes in k-tuples of integers the form

H(n) ={n+ hy,...,n+ h},

whenever H = {hq,...,hg} is an admissible k-tuple (see (4.1)) and k is large
enough in terms of m, say k = k,,. The prime k-tuple conjecture asserts that one
can take k,, = m + 1, but since in the Maynard—Tao theorem k,, is exponential
in m (and this seems to be the limit of the method of proof at present), no given
admissible (m +1)-tuple H = {hq, ..., hpmy1} is known to give |H(n) "P| = m+1
for infinitely many n.

2We are abusing terminology here. By a Siegel zero we mean a real, simple zero of a Dirichlet
L-function (corresponding to a primitive character), in a region that we can show is otherwise
zero free. In some cases this is a wider region than the classical one — see Lemma 4.1 below.
3Tao (unpublished) independently discovered the same method as Maynard around the same
time.
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It turns out that in the Maynard—Tao theorem one can restrict n to lie in an
arithmetic progression — in fact this is a feature of its proof. Given a sufficiently
large number N and a modulus W = Hpéw p, where w grows slowly with N,
one can take n € (IV,2N] with n = b mod W, provided that b is an integer for
which (b + h;, W) = 1 for each i. Choosing the progression b mod W carefully,
one can use it to sieve out all integers in intervals of the form (n,n + z]| with
n = bmod W except for the integers in H(n). Used in this way, the Maynard—Tao
theorem produces consecutive m-tuples of primes in intervals of bounded length.

In the present paper, we modify the above ideas to obtain consecutive primes
in H(n) = {n+ hi,...,n+ hi}, n € (N,2N], with differences h; — h; = log N.
To do this, we give a uniform version of the Maynard—Tao theorem in which the
elements of the k-tuple H = {hq,...,h;} are allowed to grow with N, and in
which w can be as large as elog N for a sufficiently small e. This means that the
modulus W is as large as a small power of N, and for reasons concerning level
of distribution (see (4.2) et seq.), this extension of the Maynard—Tao theorem
requires a modification of the Bombieri-Vinogradov theorem? that exploits the
fact that the arithmetic progressions with which we are concerned have moduli
that are all multiples of the smooth integer W.

To obtain stronger quantitative results, we use a further modification of the
Maynard—Tao theorem, which might be of independent interest. We show that
given a partition H = Hy U --- U Hgy1 of H into 8m + 1 equal sized subsets,
there are infinitely many n such that |#;(n) nP| > 1 for at least m + 1 different
values of j € {1,...,8m + 1}, provided that the size of H is sufficiently large.

We use a slight modification of the Erdos—Rankin construction to find an
arithmetic progression b mod W that sieves out the integers in an interval (0, z],
except for precisely k integers H = {hy,...,h;} < (0, z] that constitute our
admissible k-tuple. We want to choose H so that h; — h; ~ (8; — ;) log N for
1<i<j <k where B = --- = 1 > 0 are given.

As in the Erdds-Rankin construction, we select the integers {a, : p < y},
y < z, in stages according to their size.” We take 0 < y; < 12 < y < z, say,
where y; and y, are parameters to be chosen optimally later. First, we put
a, = 0 for primes p € (y1,y2]. Next, we use a “greedy sieve” to choose the
a, optimally for the small primes 2 < p < y;, that is, we successively choose
a, so that g = a, mod p for the maximum possible number of g € (0, z] that
have remain “unsifted” thus far. Since we do not know the congruence classes
a, mod p for the smallest primes, our approach does not work in general for all
k-tuples H = {hq, ..., hi}; we find it convenient to select our k-tuple only after
sieving by primes p < ys. We choose the numbers h; from among the primes
in (y,z]. (This is why we do not use p = 2 “greedily” — if we had ay = 1 then
only even integers would remain unsifted.) It is clear that each h; # a, mod p
for all p € (y1,y2] since for those primes we have a, = 0. We can also guarantee
that h; # a, mod p for the small primes p < y; if we select primes h; in a
suitable arithmetic progression b mod P;, where P, = [], <p<yn D- We choose

‘Putative Siegel zeros have an impact here, and any exceptional moduli must be taken into
account.

SThe effect of any Siegel zero here would mean that here we must actually select integers
{ap :p <y, p¢ Z} for a certain sparse set of primes Z.
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y1 = (logy)Y*, so such primes exist by (Page’s version of) the prime number

theorem for arithmetic progressions.®”

4. A UNIFORM MAYNARD—TAO THEOREM

4.1. Preliminaries. A precise statement of the version of Maynard-Tao that
we will use requires some notation, terminology and setting up.
We say that a given k-tuple of integers H = {hy, ..., hy} is admissible if

[{n modp:]_[le(nikhi)z()modp}‘ <p (peP). (4.1)

The prime k-tuple conjecture asserts that if H is admissible then there are infin-
itely many integers n for which |H(n) nP| = k.

Level of distribution concerns how evenly the primes are distributed among
arithmetic progressions. We say that the primes have level of distribution 6 if
for any given € € (0,6) and A > 0 one has, for all N > 2, the bound
»(N) N

V(N3 q,a) — 5@ | < Tog A

The celebrated Bombieri-Vinogradov theorem [2, Théoreme 17] implies that the
primes have level of distribution 6§ = %, and the FElliott—Halberstam conjecture
[6,11] asserts that the primes have level of distribution 6 = 1.

Next, fix an integer k& > 2 and a number 7 € [0, 1), and for any fixed compactly

supported square-integrable function F': [0,00+) — R, define the functionals

max
(g,a)=1

(4.2)

quG—e

I.(F) :J F(ty, ..., tp)*dty ... dty

[0,00+)k

and (fori=1,... k),

0 2
Jixn(F) :J (J F(tl,...,tk)dti) dty ... dt; 1dtiyq ... dt,
(1-1)Rk—1\ JO

(1 —n) - Rg—1 being the simplex
(1—=n) Ry ={(ts,..., ) e [0, 1] ity + -+t <1 —n}.
Define M, to be the supremum
k
Zi:l JiJ—n(F)
Ix(F)
over square-integrable functions F' that are supported on the simplex
(1+n) R ={(ts,....t) e [0,1]F 1ty + - +t,. < 1+n},

and are not identically zero. Maynard [17, Proposition 4.2] has shown that for
any given m there are infinitely many n with |H(n) n P| = m + 1, provided
My, = My > 20~'m, where 6 is an admissible level of distribution for P. By [17,

My, = sup (4.3)

6Again, this is assuming Siegel zeros do not exist. If they do, we need only discard at most one
prime from the product defining P; to ensure it isn’t a multiple of an “exceptional” modulus.
"The reader will note that y1 = (log y)l/ 4 is smaller than the optimal choice for y; in the original
Erdés—Rankin construction. By a more careful argument one may be able to take y; larger,
but this is not necessary for our application, and so we satisfy ourselves with a smaller choice
of Y-
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Proposition 4.3] one has M5 > 2, M5 > 4, and that M, > log k —log log k—2 for
all sufficiently large k. A recent Polymath project [23, Theorem 3.9] has refined
these bounds as follows:

Msy >4, My =logk —c, (4.4)

for some absolute constant c. Moreover, the Polymath project has refined the
method of [17] slightly, allowing one to reduce the condition My > 26~'m to
My, > 207 m for some 0 < < #~' — 1. They have also [23, Theorem 3.13]
produced the bound

Ms0,1/25 > 4. (4.5)

Therefore, if H(x) = {x + h;}¥_| is any admissible k-tuple, then for infinitely
many n we have |H(n) nP| = m + 1, provided k£ = 50 in the case m = 1, and
k = e*"*¢ in general. On the Elliott-Halberstam conjecture this holds provided
k =5 in the case m = 1, and k > e*™"¢ in general.

The key to extending Maynard-Tao in the way we require involves an exten-
sion of (4.2) in which the moduli ¢ are all multiples of an integer ¢o, which may
be as large as a small power of N, but all of whose prime factors are relatively
small. This extension of Bombieri-Vinogradov in turn requires a zero free region
for the corresponding Dirichlet L-functions, given by the following lemma.

LEMMA 4.1. Let T = 3 and let P = TY%:T_ Among all primitive characters
x mod ¢ to moduli q satisfying ¢ < T and P*(q) < P, there is at most one for
which L(s, x) has a zero in the region

R(s)>1-— logLP’ |J(s)| < exp (log P/«/logT) : (4.6)

where ¢ is a (sufficiently small) positive absolute constant. If such a character
x mod q exists, then x is real, L(s, x) has just one zero in the region (4.6), which
s real and simple, and

P*(q) » logq » log, T. (4.7)

Proof outline. Lemma 4.1 follows from Chang’s bound [4] for character sums
to smooth moduli; the argument is somewhat standard and so we only give an
outline of the proof.

If x mod ¢ is real and primitive then ¢ is squarefree up to a factor of at most
4, so log q « Zp<P+(q) logp « P*(q) by Chebyshev’s bound. If 3 is any real zero
of L(s, x) then 1 — 8 » 1/(\/q(log ¢)?) [5, §14, (12)]. Hence (4.7).

If x mod ¢ is primitive and « (log P™(q) + log q/log, q) < logu < loggq, k a
sufficiently large absolute constant, then a result of Chang [4, Theorem 5] yields
Dncu X(0) K ueVieu If P+(q) < P, where P > ¢/1°%29, we can deduce that
L(o +it,x) « (|t| + 1)P"log P for o > 1 —n/(2k), where 0 < n < 1/(2+/logq).
We do this by writing L(s, x) = s [{ ™71 (3, <, X(n))du, using Chang’s bound
for u in an applicable range, the Polya—Vinogradov bound for larger u and a
trivial bound for smaller u.

Under the additional assumption n » (log, P)/log P, we can then show by
standard calculations (see [16, Lemmas 10-12] for instance) that L(o +it, x) has
no zeros for o > 1 — ¢1n/log((|t| + 1)P") if x is complex, and at most one zero
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in this region, necessarily real and simple, if x is real. Moreover, we can show
that for any distinct real primitive characters y; mod ¢; and y2 mod g (possibly
Q1 = @), if P*(q) < P, where P > ¢/1°%29 and ¢ = [q1, 2], and if B, and B, are
real zeros of L(s,x1) and L(s, x2), then min(f5, f2) < 1 — ¢o/log P. (Here, ¢;
and ¢y are a constants that are sufficiently small in terms of x.) U

We fix an absolute constant ¢ as in Lemma 4.1 and define
Zp = P*(q) (4.8)

if such an exceptional modulus ¢ exists, and Zr = 1 if no such modulus exists.
For clarity, we mention that Z; actually depends (mildly) on P > TV©&:T a5
well, but we do not indicate this dependence explicitly in our notation. For
future reference, note that the bound (4.7) implies that, regardless of whether or
not such a modulus exists, we have

% = 1+0(®). (4.9)

For the purposes of Theorem 4.2, for any function o : N — R with finite sup-
port and any coprime pair of integers ¢ and a, we define the “signed discrepancy”

1
Masga)= Y] ()~~~ Yaln),
Thus, for instance,

AMrarenyigia) = Y, A(n)—i > A).

M<n<M+N ¢(q) M<n<M+N
n=a mod q

THEOREM 4.2 (Modified Bombieri-Vinogradov theorem). Let N > 2. Fiz any
C>0andf =1/2—6§¢€(0,1/2). Fize > 0 and suppose qq is a squarefree integer
satisfying qo < N¢ and P*(qy) < NN [f e = ¢(C,6,¢) is sufficiently small
in terms of C, § and the constant ¢ in Lemma 4.1, then with Zyze as in (4.8)
we have

N
max max |A(Al 1q,a)| K50 . 4.10
q;vg O§M<3N(q,a)=l‘ (Mo arinyi 0,0)| <50 #(qo)(log N)¢ (4.10)
qlq
(q:ZN2e):1

The same result holds if, in (4.10), A is replaced by 1p or by ¥, where 9 : N — R
is given by ¥(n) = 1p(n)logn.

Proof. The result follows from standard zero density estimates combined with
the zero free region for smooth moduli given in Lemma 4.1. We assume that
(qo, Zn2c) = 1, for otherwise the result is trivial. Let « be a placeholder for A,
1p or 9. Let M be any number satisfying 0 < M « N. First, we write

e =— Y w0 Y xma).

M<n<M+N QS(q) x mod g M<n<M+N
n=a mod q
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Next, we replace >}, iy X(0)a(n) with >3, ) v X' (n)a(n), where x is
the primitive character that induces x. Since a(n) < A(n) for all n, the error in

making this change is at most

> ¢ Z D1 A(n) « N(log N)?,

q<N? x mod g n<N
(n,q)#1

which is acceptable. Since Y}, vy Xo(m)a(n) = X5, ey @(n) holds for
the principal character yo mod ¢, we need only bound

1
Y osa X | X Xmam) (4.11)
g<N* XH;Odq M<n<M+N
| g XFX0

(‘L ZNQS)ZI

For nonprincipal characters x, the explicit formula [5, §19, (13)—(14)] yields

D xmAm)| < | D xmAm)|+| D] x(m)A(n)
M<n<M+N n<M+N n<M
R(p)
« Z N +O(N1/2(logqN)2),
e 1P

where the sum is over nontrivial zeros of L(s, x) with real part at least 1/2. (Here
we have tacitly used our assumption that M « N.) The same bound holds if A
is replaced by ¥, because Y., _yson X(n)(A(n) — 9(n)) « NY?log N, and also
if A is replaced by 1p, by partial summation. Thus, for nonprincipal characters
x and M « N, we have

\ S o)

M<n<M+N

NEP) Lo )
« Z +O(N/ (log gN)?), (4.12)
e 1P

where the sum is over nontrivial zeros of L(s, x) with real part at least 1/2. The
error term here makes a negligible contribution.

We substitute (4.12) into (4.11), and rewrite the summation in terms of the
moduli ¢’ of the primitive characters that are present. Thus, we need to bound

DD Y o

¢'<N? xmod g |p|<N/2 g<N?
[90,4'] I q
(q ZN25)=1

a|q b<N%/a ¢ x mod ab |p|<N1/2 |p|
(b, Zy2e) =1
pl(b,q0)=pla

Ipl

Here we have written ¢ = ab with a = (¢, q); we use > to denote a sum
restricted to primitive characters.

We cover the sum over a and b with O((log N)?) dyadic ranges, and the sum
over zeros with O((log N)?) sums over zeros that satisfy

R(p)e L, =[1—m/logN,1—(m—1)/log N|, |S(p)|€ J,=[n—1,2n],
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where n runs over powers of 2. Hence, we are left to bound

(log N)® 1 N%)
5(@0)  2msion 2 o N Z

2m<log N A<a<2A mod ab o]
2n<N1/2 B<b<2B X fR( )|6Jn
A<qo, AB<N® a|qo,p|(b.g0)=pla
(b, Zy2e) =1 (4.13)
N(log N)® e mN* AB,
—_— sup — n
¢(q0) m<log N nB IOg N’
n<N1/2
A<qo, AB<N?

where

N*(0,A,B,T)= > > Z o

A<a<2A B<b<2B xmodab [S(p)|<T
algo (b, Zp2e)=1 R(p)=o
pl(b,q0)=pla

We first consider the range m > C’"logy N where C' = (C' + 15)/6. Mont-
gomery’s estimate [19, Theorem 12.2] shows that

N*(0, A, B,T) « (A2B*T)3~2/2=9)(1og(ABT))’. (4.14)

For 1/2 <o <1, we have 1/(2—0) < 1,6(1 —0)/(2—0) <1+ 2(1 —0) and
3(1-0)/(2—0) < 1. For 4¢ < § we have log(A°B?) < log N**+4¢ < (1—4§)log N.
Thus, (4.14) implies

N* (1 — LA, B n) « (log N)"nB exp(m(1 — 0)).

log N’
After using this bound, we see that the supremum in (4.13), when restricted to
m = C'logy, N, occurs when n =1, m = C'logy N, A = qo, B = log N, and the
overall contribution is « ¢(go) ' N(log N)~¢, as required.

We now consider the range m < C"log, N. In this region (4.14) implies

o)

After applying this bound, we see the supremum occurs at m = 0 (since A® < N),
and then it is easy to see that if either n > (log N)*“" or B > (log N)?“" then the
bound is acceptable. We therefore restrict our attention to n, B < (log N)?¢".

By Lemma 4.1, if ¥ mod ¢ is primitive with ¢ < N?¢ and P*(q) < N?/°&: NEe
then L(s, x) has no zeros in the region

log, N

Cogna 1Sl < e (Viog N7/ 1oz, N*)

unless (g, Zn2¢) # 1. If € is sufficiently small in terms of C, ¢ and ¢, then this
region covers the range m < C'log, N, n < (log N )20 We are supposing that
g < N¢, P*(q) < N6/1°g2N and B < (log N)?“, so for all remaining moduli
¢ = ab we certainly have ¢ < N?¢ and P*(q) < N?</loe2N . Our assumptions
also imply that (¢', Zyz2e) = 1. O

N* (1 = ,A, B n) « (log N)°n'?BY? exp (Gm

1og N’

R(s) >1—

THEOREM 4.3. Let m, k and € = €(k) be fized. If k is a sufficiently large multiple
of (8m +1)(8m? + 16m) and € is sufficiently small, there is some N(m, k,€) such
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that the following holds for all N = N(m,k,€). With Zyse given by (4.8), let

w=c¢elogN and W = H D. (4.15)
o1 Zoge
Let H = {hq,...,hg} be an admissible k-tuple such that
0<hy,....,hy <N (4.16)
and
D Hl<i<j<k(hj —h;)) = p<w. (4.17)
Let
H=H"0- 0 Héi,)lﬂ —HP U U Héi)zz—i-lﬁm (4.18)

be two partitions of H into 8m + 1 and 8m? + 16m sets of equal size respectively.
Finally, let b be an integer such that

(Hle(b + hy), W) =1 (4.19)
1 ere 15 some ni € , with n; = b mo , and some set of m +
) Th ' N, 2N| with b mod W d 1
distinct indices {i", . .. ,i,(jlll} < {1l,...,8m + 1}, such that
|’H§1)(n1) NPl =1 forallie {igl), . ,igll}. (4.20)

(ii) There is some ny € (N,2N| with ny = b mod W, and some set of m + 1
indices {it”,. .. i Y = {1,...,8m2 + 16m}, with i < -+ <i®) | such that

|H(2)(n2) NPl =1 forallie {i?), . ,ig)ﬂ},

|7-[(2)(n2) NP <1 forall ig2) <i< i(Q)H.

7 m

(4.21)

REMARK 4.4. In Theorem 4.3 (i) (respectively (ii)), k need only be a sufficiently
large multiple of 8m + 1 (respectively 8m? + 16m). We have combined the two
hypotheses for conciseness. U

If we fix m, k and n € [0, 1) with M}, ,—4m > 0 (where My, is as in (4.3)), and
if we assume the remaining hypotheses of Theorem 4.3 hold (disregarding (4.18)),
then we can show, for all N > N(m,k,¢), that |H(n) nP| > m + 1 for at least
one n € (N,2N] with n = bmod W. This follows from an essentially identical
argument to that presented in [17,23], although there are two differences in our
setting that potentially affect the argument. Namely, w is considerably larger
here than in [17] or [23] (we take w = elog N instead of w = logs N), and the
elements of H here may vary with N.

However, this actually only leads to weaker versions of Theorems 1.1 and 1.3,
for instance (cf. (4.4), (4.5)) with k£ = 50 instead of k£ = 9 in our main theorem
(Theorem 1.1), which is concerned with the case m = 1 of Theorem 4.3. The
proof of Theorem 4.3, given in Section 4.2, does not require such refined estimates
as in [17,23], but does require an additional sieve upper bound, whose use had
been considered by the authors of [23].
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We remark that with more significant modifications to the argument presented
n [17,23], it is in principle possible to remove the requirement (4.17) from the
statement of Theorem 4.3. We do not consider this here.

4.2. Key estimates. Throughout this section (including Lemmas 4.5 — 4.7): k
is fixed; 0 and € are fixed and satisfy 0 < 24e < 120 < 1; N is to be thought of
as tending to infinity, hence is sufficiently large in terms of any fixed quantity;
implicit constants may depend on any fixed quantity (though our notation will
not indicate this explicitly); Zy4. is given by (4.8); w, W, H = {hq, ..., hs} and
b are as in (4.15) — (4.19). Note for future reference that by our choice of ¢ and
€, we have 1/4 — 30 > 0 and, since W < N?¢ by the prime number theorem,
N26W < N1/2—2(5W < N1/2_6.
Also, Ag,....a4, are sieve weights given by

i = {(Hz V() D Ty Fes () i (due o di, Zoe) = 1,
14,0k

0 otherwise,

(4.22)

for some fixed J and fixed smooth nonnegative compactly supported functions
Fy; :]0,00+) — R that are not identically 0 and that satisfy the support restric-
tion
k k
sup { i e Ty Fog(te) # O} <9

for each j € {1,...,J}. As we will see, the presence of the J-sum in (4.22) is
imposed by the Stone-Weierstrass theorem. The above support condition implies
Ad,....q, 1s supported on d; with Hle d; < N°. The fact that J, Fy; are fixed
means we have the bound A4, 4, « 1 uniformly in the d;. To ease notation we

put
J

k
F(ty, ...t Zn 7 i(te),

]:
F. ; denoting the derivative of Fy;, and we assume that we have chosen the Fy ;
such that F' is symmetric. Also, we put

_ (W)

LEMMA 4.5. If Fy, ..., Fy, Gy, ..., Gy : [0,00+) — R are fized smooth compactly
supported functz’ons then

log d; logd;\ e
Z n d d’ (1ogN)Gj<1ogN = (et ol)B,
d

dkjl -]7.7
7k

where Y. denotes summation with the restriction that [dy, d}), . . ., [dy, di], W Z yac
are pairwise coprime, and
k oo
c= HJ Fi(t;)G5(t;)dt;
j=1

The same holds if the denominators [d;,d] are replaced by ¢([d;,d"]).

VR VR
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Proof. This is [23, Lemma 4.1] combined with the fact that, by (4.9),

(Zyac)d(Zyac))F =1+ 0(1) .
O

We may now prove the main estimates of the Maynard-Tao sieve method. To
state the estimates we define

OO el
L(F) = | - | F(ty,... tp)*dt;...dt,
JO JO
[0 ee) ee) 2
Je(F)=|--- < F(tl,...,tk)dtk> dty...dtg_q
Jo Jo \Jo

and

rOO r0O rOO (OO 2
L(F) = [ - < JF(tl,...,tk)dtk_ldtk> Aty . g,

JO JO 0 0

LEMMA 4.6. (i) We have

2 ( >, )‘dl,...,dk)Q:(1+0(1))%B_k]k(F).

N<n<2N di,...,dg
n=bmod W  d;|n+h;

(i) For each j e {1,... k}, we have

Z 1]}»(77, + h])< Zd )\d17---7dk> = (1 + O(l))%B_ka(F)

N<n<2N di,...,
n=b mod W di|n+h;

(#ii) For each pair j,0 € {1,...,k}, j # {, we have

Z 1p(n + hj)1p(n + hy) ( Z Ndy ...y, )2 < (4+ O(é))%BkLk(F).

N<n<2N dy,...,dg
n=b mod W di|n+h;

Proof. (i) We expand the square and swap the order of summation to obtain

Z ( Z )\dl,...,dk) Z )\d17 ,dk)‘d’l, o), Z 1.

N<n<2N  Ndy,..dg dl, d N<n<2N
Sl i

By our choice of b, there is no contribution to the inner sum unless all the d;

and d; are coprime to W. By the restriction on the support of A4 . g4, , there is

no contrlbutlon unless all the d;, d; are coprime to Zys.. Since p does not divide

[1;,;(hi — h;) unless p < w, we see that there is no contribution unless all of

[di,di], ..., [dk,d,] are pairwise coprime. If all these conditions are satisfied then

the inner sum is equal to

N
A +
W Hz‘:l [di7 d;]

Since A4, .4, € 1 and is supported on Hle d; < N°, we see that the error term
trivially contributes O(N 25+°(1)), which is negligible.

0(1).
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Expanding A4, . 4, using the definition (4.22), we see that the main term

contributes

N < w(d log d, log d|
ENN X[ g () k().

=/1d1 ..... kél

.....

where Y signifies pairwise coprimality of [dy, d}], ..., [dk, d}], W Zyac. The inner
sum can be estimated by Lemma 4.5, which gives the result.

(ii) The argument here is similar. For ease of notation we will consider j = k,
the other cases being entirely analogous. There is no contribution to the sum
unless d, = 1. With this restriction, we expand the square and swap the order
of summation to obtain

2
Z ]_ n+h ( Z >‘d1 dkll)

N<n<2N di,..., di_1
n=b mod W di|n+h;
= Z Adp ooy 1 A d_1 Z 1p(n + hy).
diyee, di_1 N<n<2N
dy,...d n=b mod W
Pk [did;]In+hi
Asin (i), we may assume pairwise coprimality of [dy, d}], ..., [dr_1, dr—_1], W Z yae,

in which case the inner sum is equal to
7T(2N+h]) —7T(N+h])

O(E(N;, dl,dll o [dy 1, dy 1 ]W)),
SN T ol ayy T OF Al W)

where
2N +h) — (N + h
E(N;q) = max 7T(QN"‘h;q,a)—7T(Z\f—i-h;q,a)—7T( +h) —w(N+ )
it 9(a)

By the bound A4, 4,1 « 1, the trivial bound E(N;q) « 1+ N/¢(q), the
Cauchy—-Schwarz inequality and Theorem 4.2, the error contributes

Z Ay ooodios 1At A E (N Wdy, d] - - [di—1, dio—1])

sy
« Z w(r) e (r) E(N; 7 W)
r<N29
(r,WZyae)=1
1/2 1/2
(% wormeraenpewy) (X werE@im)
7‘<N2‘S T‘<N25
(rWZyae)=1 (rWZyae)=1
& N
W (log N)2k

As in (i), expanding A4, 4, using the definition (4.22) and applying Lemma
4.5 to the resultlng sums shows that the main term contributes
k=1 roo

(1+o(1) kZZFk] )P ( )HJ FL (1)L (t0)dts

j=14'=1 =1
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Noting that the double sum is Ji(F') and that assumed symmetry of F' means
that the expression is independent of j € {1, ..., k}, this gives the result.

(iii) As in (ii), we see there is no contribution unless d; = d; = 1. We first
impose this restriction, and then use the sieve upper bound

1p(n+h4)<( 2 ﬂ(e)G(1?§;>)2’

eln+hy

for a smooth function G : [0,0+) — R supported on [0, 1/4—34], with G(0) = 1.
(The use of such a bound was previously suggested in discussions of the Polymath
8b project.) Thus, we have

Z 1P(n+hj)1p(n+h£)< Z My dk>2

N<n<2N diye.., dy,
n=b mod W di|n+h;
loge 2 2
< Z l]p(n-i- h])( Z M(Q)G(lo N)) ( Z /\dl ~~~~~ dk) :
N<n<2N e|n+hy & di,...,dg
n=b mod W di|n+h;

dj=dp=1

The right-hand side of this expression is now of essentially an identical form to
that of part (ii), with F' replaced by F', where

0

F(tla---atk) = G/(tf)J F(tla"'7t£—1aufatf+1a"'7tk)du€-
0

(The cases where j > ¢ — 1 are analogous.) We note that F is supported on
ti,...,t, such that Zle t; < 1/4 — 24, by the support of F' and G. This means
we can still apply Theorem 4.2 as in (ii) (since we may restrict to arithmetic pro-
gressions modulo W, where r = [dy, d}] - - - [dk, d}][es, €] < N*?72). Therefore
the same argument as in (ii) gives

3 1P(n+hj)( 3 u(e)G(ll(;)gg;))Z( S A %)2

N<n<2N e‘n-‘,—he diye., dy,
n=b mod W di|n+h;
dj=dp=1

o0 2
J F(tl, e ,tk)dtj) dtl e dtjfldt]url e dtk
0

v

— (o) B ALuP) | e

Finally, we take G(t) to be a fixed smooth approximation to 1 —¢/(1/4 — 30)
supported on [0,1/4 — 3] with G(0) = 1 and [ G'(t)2dt < 4+ O(5) . This gives
the result. O
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LEMMA 4.7. Let 0 < p < 1. Then there is a fized choice of J and Fy; for
Ce{l,....k}, je{l,...,J}, with the required properties such that

pdlogk

J(F) = (1+ O((logk)™"?)) ( )]k(F),

Li(F) < (1 +0((logk)™"?)) <p61%k> I.(F).

Proof. This follows from the method of [17, Proposition 4.3]. The result is trivial
if k is bounded, so we assume that k is sufficiently large. Let F), = Fy(ty,...,tx)
be defined by

AR otherwise,
1/(1 4+ At) ifte|0,T],

gy = § S TA0 E e 0T

0 otherwise,

A =logk —2loglogk,
T =(e* —1)/A.

The proof of [17, Proposition 4.3] shows that
Jo(Fy) = (1 + O((logk)™Y?)) (log k) I.(Fy.) /-
We now consider Ly(F}). By Cauchy-Schwarz, we have for 0 < x < logk

2

9
x
(J g(tl)g(t2)dt1dt2> < —J g(t1)?g(t2)?dt di,
t1+te<z t1+ta<x

< (log k)zj g(t1)?g(ty)?dt dty.  (4.23)

t1+to<x

If instead = = log k, then putting y = min(x, T') and noting log(1 + Ay) < A, we
have

J g(tl)Qg(t2)2dt1dt2 = J g(tl)Qg(tQ)thldtQ
t1+ta<x t1+to<y
1 2 _ 2log(1 + Ay)
A2 A2(2+ Ay)  A?2(2 4 Ay)?
1 4
2 J—
A2 A3y

-
(log k)?
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if k is sufficiently large. Since the integral of g(¢) over [0, 0] is 1, we therefore
see that (4.23) holds for all = 0. Hence

Li(Fy) = J . J (:ijg(kti)g)

k—2
i=1 tisl

2
X (J g(k’tkl)g(l{?tk)dtkldtk) dtl Ce dtk,Q
tho1 e <1=X0 2t
log k\ 2 h2
< (%) [ (Taoer)
=1
X (J g(ktk1)2g(ktk)2dtk1dtk)dt1...dtk2
tho1+tp<1=30 "7 t;

_ (loik)ZIk(Fk)‘

By the Stone-Weierstrass theorem we can take F(tq,...,t;) to be a smooth
approximation to Fy(t;/(pd), ..., tx/(pd)) such that

L(F) = (6p)F (1 + O((log k) '/%)) In(Fy),
Je(F) = (0p)*** (1 + O((log k)~'7%))) Ji(Fi)

and
Li(F) = (6p)"*2 (1 + O((log k) ™/%))) Li(Fy).
This gives the result. U

Deduction of Theorem 4.3. We first consider part (i). We suppose k is a multiple
of 8m + 1 and

H=H" 00 HG

is a partition of H into 8m + 1 sets each of size k/(8m + 1). We consider

S= > (le(n—l—hi)—m—%z > lp(n—i-h)lp(n—i-h/))

N<n<2N Ni=1 5=1 ppren®
’ J

2

( T )

n=b mod W
h#h'
di,...,dg

di|n+hi Vi

We note that if S > 0 then there must be at least one n that makes a positive
contribution to the sum, and this occurs only when there exists m + 1 elements

hy,..., hl, ., of H each in different subsets 7—[51) such that n + A} is prime for

m

all 1 < j < m+ 1. By Lemmas 4.6 and 4.7, we see that for k > ko(m,d), by
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choosing p < 1 such that dplog k = 2m there exists a choice of F' such that

S = EB’“Ik(F)( k %m —m— 28m2+1 3 (2]:;)2 + 0(5))

W

I=1 hwen(V
h#h'
N m 8m?
= —BFI(F 5) ).
W “)Qm+ﬂ'k+OU)

Thus, S > 0 for § sufficiently small, as required.
Part (ii) follows from an essentially identical argument. Given a partition

H=H U - UHD

8m2+16m

of H into equally sized sets, we consider

S =
k 8m?2+16m
+ 2

> (zﬁwﬁwwqumQ) o> mm+mmm+m)

n=b mod W , 3

h#h'
2
X ( Z >\d1 ..... dk> .

di,...,dg

di|n+h; Vi
If n makes a positive contribution to S’ then we must have that the number of
indices j for which |H§2)(n) NP| = 1is at least m + 1 + mr, where r is the
number of indices i for which |7-[§2) (n) nP| > 1. Thus in particular, there must
be some set of m + 1 indices iy < -+ < ipyy for which [H?(n) A P| = 1 for
i =11, 0me1, and |’HZ(2)(n) NP =0 fori; < i < iy and @ # Q1,0 et
Applying Lemmas 4.6 and 4.7 and choosing dplogk = 2m as above, we find

that S" > 0 for § sufficiently small and N sufficiently large, so such an n must
exist. U

5. AN ERDOS—RANKIN TYPE CONSTRUCTION

We give our Erdés—Rankin type construction in Lemma 5.2. We need the
following elementary lemma.

LEMMA 5.1. Let {hy,...,hx} be an admissible k-tuple, let S be a set of integers,
and let & be a set of primes, such that for some v = 2,

{hi,...,hw} < S < [0,27%] and {pe &P :p>ua}|>|S|+k.
There is a set of integers {a, : p € P} with the property that
{hi,... h} = S\Upeg,{g : g = a, mod p}.

Proof. First, we observe the following. Let {hy, ..., hx} be an admissible k-tuple,
let Zy < & be sets of primes, and let {a, : p € P} be a set of integers. If

{hh i 7hk‘} = S\Upeﬂo{g g =Gy mod p}a
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then we can add integers to {a, : p € Zy} to form a set {a, : p € &} such that
{hi, sy = S\Uperlg 1 9 = a, mod p}.

Indeed, since {hq, ..., h;} is admissible, for every prime p there is a congruence

class b, mod p for which ]_[le(bp — h;) # 0 mod p, so for any p e P\ H, we can
choose a, with a, = b, mod p.
Second, we observe that for any given integer n, if

15, (n — h;) = 0mod p
for every prime p in a set &, of k + 1 or more distinct primes, then
n — h; = 0 mod pp’
for some h; € {hy,...,hi} and p,p’ € Py, so either n — h; = 0 or |n — h;| = pp'.
Therefore, if 0 < n, hy, ..., < 2%, n ¢ {hy,..., h}, and & is any set of primes

at least k 4+ 1 of which are greater than x, there must be a prime p € &, such
that

[T, (n — h;) # 0 mod p.
Now, let {hy,...,h;} be an admissible k-tuple contained in S < [0, %], and

let & be any set of primes such that [{pe & :p > z}| = |S| + k + 1. By our
first observation it suffices to show that

{his o hit = S\ Uper, 19+ 9 = a, mod p},
for some Zy < Z. Suppose n € S\{hy,...,h}. By our second observation we

may choose a prime p € & such that Hle(n — h;) # 0 mod p. Choose any such
prime p and choose any a, with a, = n mod p. Let S; = S\{g : ¢ = a, mod p},
so that n ¢ Sy, and let &, = P\{p}. If S; = {hy,...,hy} then we're done.
Otherwise, we have {hq,...,h} € St and | 22| = | 2|—1 = |S|+k = |Si|+k+1.
We repeat the above argument as many times as necessary. U

To prove Lemma 5.2 we also need some standard estimates. First, we use
Mertens’ theorem in the following forms (see [27, Theorems 1.5.9 and 1.6.11]).
For z = 2,

Z I loglog z + ¢o + O((logz) ™) , (5.1)

p<a

where ¢y = 0.2614 . .., and

g(l_%) - 1ce>g; (1+O(lo;x)>’ (5.2)

where v = 0.5772. .. is the Euler—-Mascheroni constant. Second, we use a bound
for the number of y-smooth numbers less than or equal to z, that is for

U(z,y)=[{n<z:p|n = p<y}l
Namely, as a consequence of [27, Theorem II1.5.1], we have
U(z,y) « v(logz) (1 <2logy < (logx)(logy z) ). (5.3)

Third, we use the prime number theorem for arithmetic progressions in the fol-
lowing form due to Page (see [5, §20, (13)] and also the proof of (4.7) above). Let
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¢ be any positive constant. There is a positive constant ¢/, which is determined
by ¢, such that

Z logp = Lq + O(a: exp(—c'+/log :L‘)) (5.4)

T<psT+Y Qb( )

p=a mod q
uniformly for 2 <y <z, ¢ < exp (c\/log x) and (g,a) = 1, except possibly if ¢
is a multiple of a certain integer ¢; depending on x which, if it exists, satisfies
P*(q1) » log, x (the implicit constant also determined by c).

LEMMA 5.2. Fix an integer k = 1 and real numbers By, = --- = 1 = 0. There
is a number y(B, k), depending only on [y, ..., Bk and k, such that the following
holds. Let x,y,z be any numbers satisfying x = 1, y = y(B, k) and

2y(1+ (1+ Br)z) < 82 < y(logy y)(logs y) ™ (5.5)
Let Z be any (possibly empty) set of primes such that for all p’ € Z,
1 1 1
Z i (5.6)
p P logz
p=p

There is a set {a, : p <y, p ¢ Z} and an admissible k-tuple {hy,..., hi} such
that

{hisooshiel = (0,21 n Z)\ U<y pez19 9 = ap mod p}. (5.7)

Moreover, for 1 <1< j <k,

pl(hj—h) = p<uy, (5.8)
and for 1 <i <k,

hi = Bixy +y + O(ye’(logy)m) (5.9)

Proof. Let y1, y2, y and z be numbers such that
2<y <y <y<z<yye and 2logy; < (logz)(log,z) . (5.10)

Let Z be any set of primes satisfying (5.6). We assume that 2 ¢ Z (which follows
from (5.6) if y [and hence z] is large enough). Let

H p, P2_ H b, P3_ H b,

2<p<y1 Y1<p<y2 Y2<pxy
pEZ, p#L PEZ pEZ
where in the definition of Py, ¢ is a prime satisfying £ » logy;. (We will eventually
specify ¢ according to (5.4), but for the time being it can be treated as arbitrary.)
It is important to note that 2 1 P;.
We record three bounds related to Z, which all follow from (5.6). First, using
the notation (n, Z) # 1 to indicate that p | n for some p € Z, we have

> Z[ ] logz (5.11)

n<z
(n,2)#1
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Second, we have

Zlog( ) Z— 10gz

peZ peZ p
hence (upon exponentiation),

ZQO_%)l - 1+O<IO;Z>' (5.12)

1/p « 1/p' for all p' € Z, we have

> 1« logyo (5.13)

peEZ
P<Yo

Third, since >

peZ, p=p’

for all yop = 1. (Write 1 = p/p and sum dyadically.)
For p | P, we choose a, = 0. Thus, letting

Ni = ((0,2] n Z)\U, p,{9 : g = a, mod p} = {h € (0,2] : (h, P») = 1},
it is clear that h € N only if at least one of the following holds:
(i) (h,2) #1
(ii) h is y;-smooth;
(iii) h = pm for some prime p > y, and positive integer m < z/p.

In case (iii), the prime p is uniquely determined since z < 3y < y3. Therefore,
by (5.11), the smooth number bound (5.3) and Mertens’ theorem (5.1),

1
e Y et s 3 [2] o () o).

(hhg);l Yo<psz

Taking into account that

log ( log = ) g (1 . log(z/yz)> - log(z/yQ)’

log y2 log 12 log y2

it follows that

N < @ (log(2/12) + O(1)) . (5.14)

For p | P, we choose a, “greedily” as follows. For any finite set S of integers

and any prime p,
IS|="> > 1

a mod p ges
g=a mod p

so there exists an integer a, such that |{g € S : g = a, mod p}| = |S|/p. We select
a prime p | P, and choose a, so that this holds with N in place of S. Repeating
this process one prime at a time, with p varying over the prime divisors of P,
we eventually obtain a set

No = N\U,  p 19 1 9 = a, mod p}

whose cardinality satisfies the bound

oI P (log y1) (log )
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The last bound follows by combining Mertens’ theorem (5.2), (5.12) and (5.14).
(Recall that 21 Py, (4 Py, £ » logy, and log(z/y2) < logy,.)
Now, by the prime number theorem,

")~ () = e+ 0 ol + )

logy logy)?  logys;

S _Y < v y > ‘
log ¥ logys ~ (logyz)(logy)
Combining this with (5.13) and (5.15), we obtain

{pe (o yl :p¢ 2} — NG| = 2 (1 _ QGVM)
log v ylog

(5.16)

Y2 Z
+ O( + ) :
logys  (logyi)(log yo)
We will presently require that y; < cy/logy, so we now assume that

v = (log )t yo = y(logsy) ™!, vy <82 <y(logyy)(logsy) "
Then by (5.16) we have

Y - Y
e (y2,yl ¢ ZY - IN; 2—1—674—0(—).
o€ (2,9] H=Wal= o ) (log y) (logs y)
The right-hand side tends to infinity with y, and so
{pe (y2yl i p¢ Z} > [No| + &

if y is sufficiently large in terms of k, as we now assume.
Applying Lemma 5.1 we see that if {hy,... hs} is an arbitrary admissible
k-tuple contained in Nj, then there are integers {a, : p | 2¢(Ps} such that

{h, ... by = No\U, ey t9 1 9 = ap mod p}.

Therefore, since {p < y:p ¢ Z} = {p <y :p| 20P,PPs}, to complete the
proof it suffices to show that there is an admissible k-tuple {hq,...,hx} S N3
satisfying (5.8) and (5.9).

To this end, let A mod P; be the arithmetic progression modulo P; such that
for all p | P,

—1 if ap =1 mod p,
1 if ay #% 1 mod p.

(Recall that 2 1 P;, so —1 # 1 modp for all p | P;.) Then (A, P;) = 1 and
the primes h € (y, z] with h = Amod P; all lie in Ny. (If h € (y, 2] is prime
then (h, P;) = 1, hence h € Nj.) We choose the elements of our k-tuple from
among those primes. We note that by the prime number theorem and (5.13),
Py, = e(l+om1 a5 ¢/ (and hence y;) tends to infinity. Thus, if A and A’ < h are
any two such primes then

plh—h = p|Piorp|(h—h)/Ph = p<maxiy,z/P}<y

if y is large enough, as we assume, so any k-tuple of primes {hy, ..., h;} chosen
in this way satisfies (5.8). Moreover, such a k-tuple of primes is admissible since
min{hy, ..., hi} > k (we assume that y > k).
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1/4

By Chebyshev’s bound we have
Thus, by (5.4) we have

> logp = % + O(yexp (—C’\/@)) ,

u<p<u+A
p=A mod P,

P<Y1 lng < 2y1, whence P < e2(10gy)

uniformly for 2 < A < y < u < z, where ¢ is an absolute constant, except
possibly if P; is a multiple of a certain integer ¢; whose greatest prime factor
satisfies P(q1) » logyy » logy;. We now specify ¢ accordingly so that this
possibility cannot arise.® We let A = ye’(logy)m. Thus,

Z logp » yexp (—3(log y)1/4)
u<p<u+A
p=A mod P,
uniformly for y < u < z, and the left-hand side is a sum over at least k primes
if y is sufficiently large in terms of k, as we now assume.
Recall that By = --- = [, = 0 are given real numbers. We now assume that y
is large enough in terms of §; so that

2(1+ (1 + Bx)) < (logyy)(logs y)_l,

and we let x be any number such that z > 1 and

2y(1+ (1 + Br)z) < 82 < y(logy y)(logy y) ™
For 1 <1<k, let
ui = firy +y,
so that the intervals (u;,u; + A] are all contained in (y, z]. For each 1 < i < k
in turn, we choose a prime h; € (u;, u; + A] with h; = A mod P, and h; # h; for
any 7 < 4. This is possible since each interval contains at least k£ primes that are

congruent to A mod P;. We see that the resulting set {hq, ..., h} is admissible
since no element is congruent to a, mod p for any prime p < k. Moreover,

hi = u; + O(A), which gives (5.9). O

6. DEDUCTION OF THEOREMS 1.1 AND 1.3

Deduction of Theorem 1.3. Fix k > m > 2 and € = e(k,m) € (0,1), with k
a sufficiently large multiple of (8m + 1)(8m? + 16m), and € sufficiently small, in
the sense of Theorem 4.3. (In fact, it suffices to take k to be a sufficiently large
multiple of 8m? + 16m here [see Remark 4.4].)

Fix real numbers Bgm216m = -+ = B1 = 0. Let 3 € R* be given by

= Tyer oy P1LyP2y e v oy P2y ooy P8M24+16my -+ - s P8M2+16m )
B =B b, B p 5 B )

where there are k/(8m? + 16m) consecutive copies of each 3; appearing in 3. Let
N = N(k,m,e) (as in Theorem 4.3) and put
r=ct, y=w=clogN, z=y(log,y)(2logzy)~".

8If ¢1 does not exist we can either let £ = 1 or choose any ¢ » logy;. Indeed, we could remove
any set Z; of primes from P; such that >, -, 1/¢ « 1/logy;, without affecting the proof.
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If N > N(B,k,m,e) is large enough in terms of 3 and k, then with y(3, k) as in
Lemma 5.2 we have

r>1, y=y(B,k), 2y(l+ (1+ Bsmriiem)r) < 82 < y(log, y)(logsy) .
Let Zyae be given by (4.8) and let W = HpéwmfZNzxe p. Let us define Z by
putting Z = & if Zy4e =1 and Z = {Zyac} if Zyae # 1. Then (4.7) implies that
the condition (5.6) is satisfied since log z « log, N°.

The hypotheses of Lemma 5.2 being verified, we conclude that there exists a
set {a, : p <y, p¢ Z} and an admissible k-tuple {hy, ..., hy} such that

{hi, ... et = ((0,2] nZ)\U,p<y. pgz19 : 9 = ap mod p}. (6.1)
Moreover, for 1 <i < j <k,
pl(hj—hi) = p<y=w (6.2)
and we have the partition
H=HiU- UHsm2r16m (6.3)
such that for each j € {1,...,8m? 4+ 16m} we have
h=(B;+e+o0(l)logN forall heH,;. (6.4)

We let b be an integer satisfying
= —a, mod p (6.5)

forallp<y,pé¢ Z.

We now wish to apply part (ii) of Theorem 4.3. We have 0 < h; < z < N for
each 7, so (4.16) is satisfied. We see (6.2) and (6.3) give the conditions (4.17) and
(4.18). Finally, by (6.1) and (6.5), we have ([ [\_,(b+ h;), W) = 1, and so (4.19)
also holds. We conclude that there exists some n € (N, 2N] with n = b mod W,
and some indices 7; < - -+ < %,,,1, such that

|Hi(n) "nP| =1 forallie{i,..., 0n1},
|Hi(n) "nP| <1 forall iy <i <ipg.
For any n > y such that n = b mod W, (6.1) implies that
(nyn+z]nP=H(n)nP,

because if g € (0, z] and g ¢ {h1,..., hy}, we have g + n = a, —a, = 0 mod p for
some p < w with p ¢ Z. The primes in H(n) are therefore consecutive primes.
Therefore there are indices J(1) < --- < J(m + 1) for which |H;4)(n) nP| =1
and the primes counted here form a sequence of m + 1 consecutive primes. Thus,
by (6.4), and since N < n + h; < 3N, we have for some r that

= Buti+1) — Bauy +o(1), (6.6)

Prait1 — Pr
10gpr+i
for 1 <v < m.

Letting N tend to infinity, we see that for infinitely many r there exists some
1< J) << J(m+ 1) <8m?+ 16m such that (6.6) holds. Since there are
at most Ok (1) distinct ways to choose the indices J(i), at least one pattern of
indices occurs infinitely often. For that pattern we have (6.6) for infinitely many
r, and so (B2 — Biays - - - Bims1) — Biam)) € L. O
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Deduction of Theorem 1.1. The argument is essentially the same as that for
Theorem 1.3, but uses part (i) of Theorem 4.3 instead of part (ii). We take k to
be a sufficiently large multiple of 24 x 9. (In fact, it suffices to take k to be a
sufficiently large multiple of 9 here [see Remark 4.4].) Given By = --- = (; = 0,
we construct H as before and form a partition H = H; U --- U Hy, so that each
H; has size k/9 and all elements of H; have size (8; + € + o(1)) log N. Applying
part (i) of Theorem 4.3 (with m = 1) then shows that there is an n € (N,2N]
such that [H;(n) nP| = 1, [H;(n) nP| = 1 for some 1 < i < j < 9. As before,
our construction shows that there are no other primes in [n,n + z], and so there
must be two consecutive primes p,, p,41 of the form n + h,n + A’ with h, b’ in
different sets H;. But then we have

DPr+1 — Pr
—_— = . — i ]_ s
log p, By = Bt oll)

for some ¢ < j. Since this occurs for every large N, we obtain the result. O

7. CONCLUDING REMARKS

As a note added in press we mention that Pintz [22] has shown that in fact,
given any sequence of five nonnegative real numbers g; < --- < s,

By the proof of Corollary 1.2 we therefore have ([0, 7] n L) = 3T/25 for T' = 0
and A([0,T] L) = (1 —0(1))T/4 as T — co. Thus, at least 25% of nonnegative
real numbers are limit points of {d,,/log p,}>_;.

We may also consider limit points L of {d,,/ f (pn) }n=n, for any function f that
satisfies some mild technical conditions — let us call such a function “reasonable”
— and tends to infinity sufficiently slowly. Ford, Green, Konyagin and Tao [9] and
Maynard [18] have broken ground on the notorious “Erdés-Rankin problem” by
showing that co € Ly, where

_ log py, log, py log, pn
R = =g, po)?

Using the work of [9], Pintz [21,22] has shown that one can replace L by Ly in
(7.1), for any “reasonable” function f satisfying f(p,) « R(p,) for all sufficiently
large p,. In fact, Ford, Green, Konyagin, Maynard and Tao [10] have together
shown that d,, » R(p,)logsp, for infinitely many n. Using this work, Baker
and Freiberg [1] have shown that one can replace L by Ly in (7.1), for any
“reasonable” function f satisfying f(p,) = o(R(p,)logs p,) as p, — oo.
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