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The Hasimoto transformation between the classical LIA (local induction approximation, a model approximating
the motion of a thin vortex filament) and the nonlinear Schrodinger equation (NLS) has proven very useful in
the past, since it allows one to construct new solutions to the LIA once a solution to the NLS is known. In the
present paper, the quantum form of the LIA (which includes mutual friction effects) is put into correspondence
with a type of complex nonlinear dispersive partial differential equation (PDE) with cubic nonlinearity (similar
in form to a Ginsburg-Landau equation, with additional nonlinear terms). Transforming the quantum LIA in such
a way enables one to obtain quantum vortex filament solutions once solutions to this dispersive PDE are known.
From our quantum Hasimoto transformation, we determine the form and behavior of Stokes waves, a standing
one-soliton, traveling waves, and similarity solutions under normal and binormal friction effects. The quantum
Hasimoto transformation is useful when normal fluid velocity is relatively weak, so for the case where the normal
fluid velocity is dominant we resort to other approaches. We exhibit a number of solutions that exist only in
the presence of the normal fluid velocity and mutual friction terms (which would therefore not exist in the limit
taken to obtain the classical LIA, decaying into line filaments under such a limit), examples of which include
normal fluid driven helices, stationary and propagating topological solitons, and a vortex ring whose radius varies
inversely with the normal fluid magnitude. We show that, while chaos may not be impossible under the quantum
LIA, it should not be expected to arise from traveling waves along quantum vortex filaments under the quantum

LIA formulation.
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I. INTRODUCTION

Unlike in a classical fluid, the motion of a thin vortex
filament in a superfluid such as “He is modeled taking into
account mutual friction, such as that discussed in the HVBK
model [1-3]. A number of fundamental results were provided
by Vinen [4-7]. Mutual friction also plays a role in the
dynamics of vortex filaments in ‘He [8,9]. The self-induced
motion of a single quantized vortex filament is governed by
the Biot-Savart integral. Nonlocal dynamics under the Biot-
Savart integral are often approximated by the local induction
approximation (LIA), provided that such an approximation is
reasonable for the specific physical scenario being described.
At finite temperatures, a quantized vortex is also influenced by
mutual friction. Replacing the nonlocal term with the LIA and
accounting for mutual friction in the normal and binormal
directions, Schwarz [10] obtained a kind of quantum LIA
(qLIA) which accounts for mutual friction and the interaction
with a normal fluid. This model is given in nondimensional
form by

v=«ktxn+otx (U-—«txn)
—a't x [t x (U—«t xn)]. (1)

Here U is the dimensionless normal fluid velocity, v = r; is
the velocity of the filament, t and n are the unit tangent and
unit normal vectors to the vortex filament, « is the curvature,
o and o' are dimensionless friction coefficients which are
small (except near the A point; for reference, the A point is the
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temperature (*2.17 K, at atmospheric pressure) below which
normal fluid helium transitions to superfluid helium [11]). In
the limit (o,a’) — (0,0), we recover the classical Da Rios
equations for the motion of a vortex filament in a classical
fluid [12-14].

A number of studies exist on the solutions to the quantum
LIA. In the a,a’ — 0O limit, these solutions should collapse
into solutions of the classical LTA. One highly important class
of solutions to the classical LIA would be the one-soliton
solution found by Hasimoto [15], by way of what is now
referred to as the Hasimoto transformation, which puts the
classical LIA into correspondence with the cubic NLS. A
number of solutions to the quantum LIA have been studied
either numerically or analytically; the purpose of this paper
is to extend the Hasimoto one-soliton to the quantum LIA.
Applying a method analogous to that of Hasimoto, we are
able to put the quantum LIA (1) into correspondence with a
type of complex Ginzburg-Landau equation (GLE), a natural
complex-coefficient generalization of NLS. From this, we
study Stokes waves, one-solitons, and other traveling wave
solutions. Each of these solutions generalizes known results
for the classical LIA. We also conjecture that there is the
possibility of chaos in such systems. Similarity solutions are
also demonstrated.

The obtained Hasimoto type transformation for the quan-
tum LIA (including mutual friction terms), which puts the
quantum LIA into correspondence with a complex GLE, is a
completely natural generalization of the classical LIA to cubic
NLS map pioneered by Hasimoto [15], which in its own right
has motivated both experimental and theoretical work over the
last 40 years. As one example, Hopfinger and Browand [16]
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studied turbulent flow in a rotating container, and determined
that the theoretical solutions predicted by Hasimoto [15] do
actually occur along vortex filaments in practical experiments.
It therefore makes sense that solitons, such as the one obtained
here from the quantum LIA, should occur along quantum
filaments. While much interest has been directed at the study
of quantum vortex filament dynamics, studies on solitons and
other waves on such filaments often consider the classical case
(the zero-temperature limit), and neglect any mutual friction
parameters. However, in this paper, we demonstrate that it
is possible to obtain solitons (and other waves) on a vortex
filament in the more complicated quantum model, and we
discuss the qualitative effects of the additional parameters
inherent in this model on such solutions. Since the complex
GLE has been shown to admit a variety of dynamics in the
last 20 years, by accounting for the quantum LIA we permit a
far wider variety of solutions than would be possible from the
classical LIA results in the literature. This opens the literature
in this area up to far more interesting and realistic vortex
filament dynamics, which in turn can be of use as motivation
or comparison for those conducting experiments on waves
along vortex filaments.

The paper roughly falls into three parts, and is organized
as follows. The first part of this paper involves deriving the
quantum Hasimoto transformation. To this end, in Sec. II,
we give a mathematical formulation for the quantum LIA in
terms of a kind of complex Ginsburg-Landau equation (GLE)
with additional damping terms. To obtain this complex scalar
partial differential equation, we construct a quantum analog of
the Hasimoto transformation. We should note that in order to
obtain the quantum Hasimoto transformation, it is necessary
to assume that normal fluid velocity effects are small enough
to be negligible. This is not simply for convenience; if this
assumption is not made, the quantum Hasimoto transformation
does not exist. While somewhat undesirable, such solutions
still maintain physical relevance [17-20], particularly in the
low-temperature limit.

In the second part of this paper, we obtain various vortex
filament solutions using the partial differential equation (PDE)
derived through the quantum Hasimoto transformation. In
Sec. II, we discuss the quantum analog of Stokes waves along
a vortex filament, and we demonstrate that such waves have an
algebraic rate of decay in the quantum case. We then consider
the existence of a quantum generalization of the Hasimoto
one-soliton solution in Sec. IV. We find a standing “soliton”
which maintains its form to order o, with dissipative effects
confined to order a? or higher terms. This means that such a
standing wave should, in principle, exist for sufficiently long
time scales to be detected experimentally, before dissipative
effects collapse the solution. We next discuss self-similar
solutions under the Hasimoto transformation in Sec. V.
The structure of these solutions agrees with what is known
for other formulations of the quantum LIA. Interestingly,
while the quantum Hasimoto transformation includes mutual
friction terms which tend to damp the solutions as time
progresses, these self-similar solutions demonstrate that at
least locally there can be increases in curvature and torsion over
time, before the damping finally dominates. Traveling wave
solutions, which propagate along the quantum vortex filament,
are discussed in Sec. VI. These would hold the standing soliton
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as a special case (when wave speed tends to zero). These
solutions can have infinitely many local curvature maxima
(as opposed to the unique curvature maxima exhibited by the
one-soliton), depending on the model parameters taken. As we
should expect, it is shown that mutual friction effects have a
damping effect on these waves (compared to the corresponding
traveling waves for the classical LIA which has no such friction
parameters).

In the final part of this paper, we consider some solutions
which cannot be found using the derived quantum Hasomoto
transformation, as they depend on the normal fluid velocity in a
structurally fundamental way. Such solutions can therefore be
obtained only when we include the effects of the normal fluid.
In Sec. VII, we discuss a potential formulation for the tangent
vector to the filament, and we employ this formulation to find
various waves generated by the normal fluid velocity. A scalar
potential formulation for the time evolution of the tangent
vector to the vortex filament under the quantum LIA was
considered [20], although the formulation we consider here
is derived in a more specific way for the traveling waves. This
permits us to study helical structures driven by the normal fluid
velocity and some stationary structures as very special cases.
This formulation comes along with a consistency constraint
which must be satisfied (essentially, this constraint is due to
the approximation of a three-dimensional problem using a
scalar PDE), and we give an example of this condition for the
helical model. In Sec. VIII, we consider a direct approach using
the tangent vector to the filament (with no potential function
employed). Treating the tangent as a unit vector, we essentially
are able to transfer the traveling wave problem into a dynamical
system on the unit sphere. An exact stationary solution is
obtained; while generated by the normal fluid velocity, this
solution is eternal (in that it persists in time without change
of form). In Sec. IX, we consider solutions propagating due
to the normal fluid flow, which are obtained directly from
the vector form of the quantum LIA under the assumption
of a position vector parametrized in a way that depends
on laboratory coordinates. As there are no simplifications
taken, these solutions are governed by a more complicated
dynamical system than other solutions discussed in this paper.
We demonstrate that a wide class of eternal solutions exist
which move with the normal fluid velocity while maintaining
their form for all time. One example of such a solution is
a vortex ring oriented orthogonal to, and moving with, the
normal fluid velocity. This ring tightens as the magnitude of the
normal fluid velocity increases. A planar topological soliton
is also constructed which demonstrates this type of motion.
Interesting, there is a degeneracy in the full quantum LIA
under the traveling wave assumption which implies that the
full dynamics are either one or two dimensional, but not fully
three dimensional. This, in turn, precludes the existence of
chaotic dynamics for traveling wave reductions of the quantum
LIA.

A discussion and brief concluding remarks are finally
given in Sec. X. Areas of interest for future work, such
as constructing breather solutions or finding chaos in the
quantum form of the LIA, are mentioned in Sec. X. While
chaos is not to be observed in traveling waves, there may be
other structures which could allow for chaotic dynamics to
emerge.
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II. MATHEMATICAL FORMULATION FOR THE
QUANTUM HASIMOTO TRANSFORMATION

Differentiating with respect to the arclength variable s, and
performing several vector manipulations, we have that the
quantum LIA (1) becomes

t= 83{(1 — /[t x t, — a[(t- )t — [t1*t,]}
S

0
+a—{atxU—a’tx(txU)}. )
S
Taking t to be a unit vector, the equation simplifies slightly to
. 0
t= 8_{(1 —atxt,+at,+FatxU—o'(t-U}. (3)
S

This puts the quantum LIA (1) into the form of a vector
conservation law.

Similar results to that which we shall provide in this section
were recently attempted in the case of U # 0 [21], however
the resulting system was not solved and only the limiting
reduction to o, = 0 (i.e., the classical case) was given. Some
qualitative observations were also given at lowest order. In
what follows, we shall assume that «|U| = O(a?), i.e., that
the magnitude of U is sufficiently small. Many studies on
quantum vortex dynamics have taken the normal fluid velocity
to zero [17-20], and this is effectively the same thing as
setting U = 0. The physical applicability of such a scenario is
limited to the very low temperature regime where the mutual
friction coefficients are very small, which permits us to neglect
perturbations of 0(a?).

Let b denote the binormal vector, and take « and 7 to be
the curvature and torsion, respectively. Recall that t; = kn,
ng; = —«xt+ th, by = —tn. After setting U =0 in (3), we
can write (3) as

t = (1 —a)(kb), + oty,. 4)

Let us define the function
Y(s,t) = k(s,t)exp (i / t(ﬁ,t)d§> (®)]
0

and also a new vector-valued function by m = (n+
ib)exp(i fOS 7(8,t)ds). Note that my = —yt and t, =
%(w*m + Yym*), Where * denotes complex conjugation. Ad-
ditionally, («b); = 5(¥ym* — ¢/*m). The quantum LIA (3)
therefore takes the form

f= 501 —a)m’ = yim)+ S m+ym). (6)

We seek to derive an equation for v in analogy to that which
was obtained by Hasimoto [15] in the case of a classical fluid
(i.e., @ = a’ = 0). On the one hand, note that

m, = —yt— yt
. (1 —a') —
=~ +alyPts T Ty
.
SOy )

On the other hand, assume that we have a representation for
m of the form

m = am + bm"* + ct. ®)
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First, observe that

a+a* = l(n'l-m*+1i1*-m)= 13(m-m*):O )
2 2 0t ’

therefore a must take the form a = i¢(s,t), for some real-
valued function ¢. By a similar process, b = 0. We should
also find that

c=-m-t=—[i(1 —a)+ al¥y,. (10)
Therefore, we have the representation
m = i¢(s,)m — [i(1 — &) + & (s, 0t. (11

Differentiation of this representation with respect to arclength
gives

m = igm — iyt — [i(1 —a') + a],t
— 3l — o)+ alP (¥ m + ym®). (12)
Clearly, the coefficients of t, m, and m* in Eqgs. (7) and

(12) should match exactly. The m* coefficients already match
exactly. Setting the m coefficients equal, we obtain

_1—05’8

b= — awﬁ—%w*ws—ws‘), (13)

hence

l—ao' 5 o [T -
@(s,1) = THM +?/ (Y @,09:6,1)
0
— Y. Y (8,0)}dS + A(t), (14)

where A(¢) is an arbitrary function of time. Despite the
appearance of i, this representation is real-valued, since the
integral term is purely imaginary. We shall set the evaluation
of the lower bound in the integral to zero, which is equivalent
to just pushing any such constant term into A(¢). Matching the
coefficients of t, we obtain

VtalylPy =iy + il —o) +alyy,.  (15)

Using (14), we obtain an evolution equation for the function

v
= iAWY + T — ) +alf, + (@ - a)h/fwf

- %I/Ifo @D @.0" — v &0 (8,0}ds. (16)

Equation (16) is a type of complex Ginzburg-Landau equation
(GLE) with an additional nonlinearity due to the integral term.
If we take o,a’ = 0 (which corresponds to a classical fluid),
then (16) reduces to a cubic NLS, and therefore these results are
completely consistent with those of Hasimoto for the classical
fluid LIA.

For simplicity, we may define a composite parame-
ter e =a/(1 —a’) < 1 and a function A(T)= A(r)/(1 —
a'y=A[T/(1 —a))]/(1 —a’). Let us also introduce the
scaled time parameter T = (1 —a')t. Writing ¥ (s,t) =
ﬁR(s,T) exp (i6(s,T)) (this is often referred to as the
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Madelung transformation), and noting that
/ WE.OYE.0" — Y &.0) Y(8.0)}dS
0

:4i/ R(3,T)*0,(8,T)ds3, (17)
0

we find that (16) can be written as a real system:
Rr = €(Rys — RO}) — 2R,0, — RO,; — 2¢R’,
ROr = A(T)R + Ry, — RO? + €(2R,0, + RO,,) + R®

— 2R / RG.T)20,(3.T)ds. (18)
0

Before moving on, let us remark that Eq. (16) is not exactly
a complex cubic GLE. While the nonlinearity is of cubic
order in the amplitude, the nonlinearity in the complex cubic
GLE would take the form |v|>y. Therefore, the dynamics of
(16) may be a bit different compared to those of the complex
cubic GLE, at least in some parameter regimes. Regarding the
arbitrary function A(t), note that this function can be picked so
that the vortex filament satisfies certain structural conditions.
In the case of a solitary wave, picking A(¢) to be constant
gives A(¢) the interpretation of being a spectral parameter.
This arbitrary function is sometimes specified in the NLS case
so that the solution to an initial value problem has a smooth
solution for s > 0 (that is, so that there is not any mismatch
between a boundary condition at s = 0 and the solution valid
on s > 0). For the classical LIA to NLS map considered by
Banica and Vega [22], the NLS

iV + Vs + 5lY 1P = AOIY =0 (19)
[with ¥ defined as in (5)] was taken to have A(z) satisfying
K55(0,1) — k(0,1)7(0,1)?
k(0,1)

hence A(¢) was picked to take into account boundary data
for the vortex filament configuration. Regarding similarity
solutions to the classical LIA, A(z) = % was picked in the

At) = £2 + k(0,1)%, (20)

case where the initial data 1 (s,0) = p.v.% [23] (here p.v. is
the principal value integral).

III. NONEXISTENCE OF SOME CLASSICAL SOLUTIONS

A Stokes wave solution exists for the classical LIA. To
recover a Stokes wave along a quantum vortex filament, we
assume a solution which strictly depends on the time variable
[i.e., R = R(T), 8 = 6(T)]. Then (18) reduces to

RO = A(T)R + R°. (21)
Clearly, R(T) = (1 +4€eT)"'/2, s0

Ry = —2¢R>,

Or = A(T . 22
T (T)+ 52T (22)
‘We obtain the exact solution
T In(144€T
9(T)=/ A(T)dT—i—n(:—ee). (23)
0

Note that when € = 0, we recover the classical LIA solution
of constant modulus, which persists in time. Such a solution
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would be a vortex ring. However, when € # 0, the Stokes
waves along a quantum vortex filament necessarily decay
in time (with the manner of decay being algebraic of the
order 7~!/?). The dynamics of the equations governing these
solutions are dissipative in time. Physically, this shows us
exactly how the mutual friction parameters cause the decay of
Stokes waves along a quantum filament in the quantum LIA, as
expected. In terms of curvature, this solution can be described

[uSing (5)] by
K(S, ) =4/ 1 p” . ( )

The torsion is clearly zero. For the classical LIA, this would
be a constant curvature solution. However, with the inclusion
of mutual friction, the Stokes wave has decaying curvature
and tends towards a zero-curvature solution for large time. As
such, constant curvature solutions do not exist for the quantum
LIA under nonzero mutual friction, if we assume only time
dependent solutions. This means that the classical vortex ring
will gradually collapse under mutual friction effects.

What we have shown here is that there is no static vortex
ring in the quantum case studied here. In addition to the fact
that we do not have a static vortex ring, there are some other
classical solutions that do not exist in the quantum case in the
presence of mutual friction alone. Indeed, one may show that
both a classical helical solution and the planar solution will
not exist under the quantum formulation we consider here, for
reasons we explain below.

A. No helical filaments under the complex scalar PDE model

The helical filament configuration can exist when we have
a nonzero normal fluid velocity. In this case, the structure can
be viewed as a filament with Kelvin waves that propagate
along the filament. The normal fluid velocity drives these
filaments [24]. In the case with zero normal fluid velocity,
these structures do not exist. This was shown [20] for a type of
potential model (where the tangent vector t was mapped into
a complex scalar equation distinct from the curvature-torsion
formulation given here), hence it makes sense that the same
result would hold here. The helical filament has constant
curvature, while its torsion is space and time dependent (in
contrast to the vortex ring discussed above, which has constant
curvature yet zero torsion). If curvature is constant, we must
have R(s,T) = Ry, where R; is some constant. Then the
system (18) becomes

€07 + 05 + 2eR; = 0,

(25)
Or — €0y + 07 +2eR30 = A(T) + R].

The first equation admits an exact solution, but this solution
cannot be made to satisfy the second equation, and hence
the system of differential equations is inconsistent. Therefore,
there is no solution 6(s,T) which satisfies (25). This in turn
implies that there is no helical filament solution to the first
model we study. [To more quickly see that there is no helix,
write 6(s,T) = ks — vT. The first equation in (25) implies
k? < 0, a contradiction to 6 € R.] The form of a quantum
helical filament was given in [24], and we see that for such
a solution the role of the normal fluid flow is pivotal, as it
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drives the Kelvin waves along the filament. Therefore, it makes
sense that such structures are not found when we set U = 0.
Essentially, the normal fluid velocity is needed to balance the
dissipative effects due to the mutual friction terms in a precise
way in order to allow static helical solutions.

B. No planar filaments under the complex scalar PDE model

The solutions discussed in this section have thus far
involved some assumption on curvature. The analog of the
Stokes wave has space independent curvature, while helical
filaments or vortex rings have space and time independent
curvature (and do not exist here, due to dissipative effects).
It is possible to consider a filament with variable curvature
yet zero torsion. Such a solution would be planar (in the
sense that a three-dimensional curve with zero torsion can
be embedded in a plane), and would therefore generalize
the classical planar solution due to Hasimoto [25]. Let
us assume 6(s,7) = 6(T), so that 7(s,7) = 0. Then, (18)
reduces to

RT — GRN‘ + 26R3 = 0,

\ (26)

[6r(T) — A(T)IR — R;s — R” = 0.
Solving the latter equation, we obtain an expression for R
in terms of a Jacobi elliptic function (of type sn) in s with
coefficients in T'. Yet, placing this expression into the first
equation, we find that this first equation is never satisfied
identically, even if we are free to pick A(T') and 6(T). As
such, there is no zero-torsion (planar) filament solution with
nonzero curvature.

While the above demonstrates mathematically the problem
of having a purely planar filament, physically the friction
effects would have the effect of inducing torsion on a filament
which has zero torsion at time ¢ = 0. Therefore, as time
increases, what may initially be a planar vortex filament would
appear to bend as it rotates about a central axis. That said,
there is a way to generalize the planar filament to the quantum
case such that when «,a’ — 0, we recover the classical purely
planar solution. This solution essentially behaves as we would
expect. At order O(1), we have a planar filament which
gradually deforms due to torsion effects of order O(«). This
construction is discussed in [26].

IV. STANDING SOLITON ON A QUANTUM VORTEX
FILAMENT

We shall now generalize the Hasimoto one-soliton solution
for the quantum case. Let A() = Ag, S = Vo — Ags, & =

T/(®w— Ao), R(s,T) = /2w — Ag)q(S.§), 0(s,T) = 0T +
€0(S,&) = w(w — Ap)é + €B(S,E). We consider o > Ay.
Then

S
gss —q +2q° + € {q@s —4q / q(s,é,f)z@(s,s)dS}
0

= 0(e?), (27

ge — €lgss — 2qsOs — qOss — 4g°} = O(e). (28)
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Let us assume that g(S,&) = qo(S,£) + €q1(S,£) + O(€?).
Equations (27) and (28) give

(90)ss — qo + 2q3 =0, (29)

(q0)e =0, (30)

S
(@)ss — g1 + 6q3q1 + qo®s — 4610/ q0(8,£)*0(8,£)dS
0

=0, 3D

(@) = (@0)ss — 2(q0)sOs — qoOss — 4q;.  (32)

From (29) and (30), go(S) = sech(S), so in the € — 0 limit,
the result corresponds to the Hasimoto soliton. From the form
of (31) and (32), it makes sense to look for a time-independent
first order perturbation theory. For such a case, the term T
in the phase holds the only temporal contribution, giving a
stationary solution [up to order O(¢)]. We therefore seek
solutions ¢q1(S,&) = Q(S), ©(S,&) = O(S). Then, (31) and
(32) give

S
Q"+ (6g; — 1) Q = 4qo / qo(8)*@'(8)dS,  (33)
0

900" + 20" = 4q; — g5 (34)
Equation (34) gives
O(S) = % [1 — cosh(2S)] — 2In[cosh(S)]. (35)

Applying (35) to (33), using reduction of order to simplify
the ODE, and then finally using a variation of parameters, we
obtain the expression

Q(s) = W(S)sech(S), (36)
where
s 2,8 &
W(S) = <55 +6 f cosh(5) “;[‘i“h“”ds) tanh(S) — 4.
0 sinh“(§)
(37)

While the first factor, W(S), is an unbounded function, the
function Q(S) is bounded thanks to the sufficiently rapid decay
of the sech(S) factor. We may show that |Q(S)| < 4 for all
S € R, and hence the first order correction is perturbative [i.e.,
€ Q(8S) = O(e)]. With this, the envelope of the soliton is given
by

q(S,&) = sech(S) + e W(S)sech(S) + 0(62), (38)

so the envelope of the Hasimoto soliton does maintain its
general form up to the order of the small mutual friction
terms.

Putting these results back into natural coordinates, we find
that the curvature of the vortex filament corresponding to the
perturbed one-soliton solution is given by

K(s.1) = 2/ — Ao{l + 1 T Aos)}
—
xsech(y/w — Ags) + 0(a?), (39)
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FIG. 1. (Color online) Plot of the vortex filament curvature
k(S,T) obtained from the one-soliton solution. The plotted curves
correspond to different values of the temperature in degrees Kelvin. In
turn, these temperatures correspond to the mutual friction parameters
like («,a”) = (0,0) for temperature 0 K, («,«’) = (0.006,0.003) for
temperature 1.0 K, and («,«’) = (0.073,0.018) for temperature 1.5 K.
As the temperature increases, the mutual friction effects increase, and
this results in a smoothing of the solution, hence the decrease in the
maximal curvature of the filament. The envelope of the soliton also
broadens as the temperature increases. For sake of the plot, we have
fixedw — Ap = 1.

while the torsion is given by

Jo—A (3
T(s.1) = _“1“)_—0/"{5 sinh(2y/@ — Ags)

+2tanh(v o — Aos)}. (40)

For large |s|, the magnitude of the torsion becomes arbitrarily
large. However, in the same limit, the curvature tends rapidly to
zero. So, while the twisting of the filament becomes arbitrarily
large, this segment of the filament will look like a line
(see Fig. 1). Near the origin, curvature is maximized while
the magnitude of the torsion is minimal. In this region, we
obtain a stationary topological defect. As the mutual friction
parameters increase in magnitude (i.e., as the superfluid
warms), the curvature maxima at the origin tends to disperse
symmetrically. The first order correction is also symmetric yet
is negative at s = 0, and for the warmer superfluid limit this
results in faster decay at the center, resulting in the double
hump.

This soliton solution is interesting for a few reasons. First
of all, the soliton solution to the classical LIA obtained
by Hasimoto [15] motivated a number of studies on vortex
filament dynamics. For instance, Hopfinger and Browand [16]
studied turbulent flow in a rotating container, and in particular
observed waves along vortex filaments. They determined
that the theoretical solutions predicted by Hasimoto [15] do
actually occur along vortex filaments in practical experiments,
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which in turn motivated even further work. It therefore makes
sense that solitons, such as the one obtained here from the
quantum LIA, should occur along quantum filaments, and
that such solutions should be very similar in form to their
classical counterparts. The stationary Hasimoto one-soliton
is torsionless (although for nonstationary waves, this is not
in general the case) while the stationary solution (in the
small-time regime) does have nonzero torsion, and this is the
primary qualitative difference between the solution given here
and the standing wave of Hasimoto.

It is interesting that solitons emerge from the transformed
model (16), since the model is dissipative. However, the
solitons may dissipate at rates proportional to higher orders
of the mutual friction terms than included in our first order
perturbation theory. For such cases, the dissipation would
be slow, which makes finding such solutions in experiments
promising. We should note that solitons have indeed been
found in variations of complex GLEs in the past; for a
review, see [27]. The dissipative effects (the influence of
mutual friction terms) are confined in their influence on
the phase term (the torsion) rather than the amplitude (the
curvature). This has the result of inducing torsion effects in
space due to the presence of mutual friction terms whereas
curvature exhibits only minor changes due to this mutual
friction. Physically, we conclude that standing solitons along a
quantum vortex filament do arise from the quantum LIA, and
the primary difference in these solitons from their classical
counterparts (which have been described theoretically [15] and
experimentally [16]) is that the mutual friction terms induce
a stronger spatial dependence on the torsion of the curve
defining the vortex filament in the case of a standing wave
(as mentioned above, even from the standing wave, there will
be torsion effects, which is distinct from the classical case).
Hence, not only do solitons exist in the quantum form of the
LIA for small time scales, but these solitons are exactly the
generalization of the classical Hasimoto-type solitons which
account for superfluid dissipation effects. For larger time
scales, one should expect a gradual dissipation of the amplitude
of the solitons (the curvature of the filament), meaning that
for large time the soliton along the filament should gradually
decay, with the quantum filament taking the appearance of a
line filament in the very large time limit.

To summarize, the soliton found in this section has the
following properties:

(i) The overall soliton envelope scales as |y (s,t)| ~
sech(s) + O(«) and is similar in form to that of the classical
case. When o — 0, we recover the classical soliton of
Hasimoto.

(i1) While torsion increases away from the origin, curvature
rapidly decays for large |s| and therefore the filament takes
on the appearance of a line filament sufficiently far from the
origin.

(iii) Any dissipative effects on the amplitude of the soliton
are of order O(a?) or greater. This means that dissipation of
this soliton is expected to be slow, allowing for the possibility
of experimental verification.

(iv) With an increase in temperature, the mutual friction
parameters increase in magnitude. This results in a smoothing
of the filament, with the maximal value of curvature decreased
and a broadening of the soliton envelope.
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V. SELF-SIMILAR STRUCTURES

Previous studies have considered self-similar solutions for
the LIA in both the classical [28] and quantum [29-31] cases.
Results for the quntum LIA were previously reported for
the curvature and torsion directly and also for the Cartesian
representation (the latter in the small-amplitude regime).

It is clear that there should exist a similarity solution of
Eq. (16), due to the basic scaling properties of NLS equations.
Let us write (s, T) = ﬁ\ll(a) where o = s/ﬁ is the
similarity variable. We then obtain

i+ + 20+ ty 4 (L e
€ — = ——€
! 2 2 2
— %w/ (W'Y — U W'}dé = 0. (41)

0

Upon writing (o) = ﬁp(a)exp[w(a)], (16) is reduced
into the system of real ordinary differential equations,

o 1
e(p” — p¢'*) =209 — pd" + =p' + =p —2¢p> =0,

2 2
42)
" — pp* + 260’9 + €pd” + %paﬁ/
—2ep f p(6)*¢'(6)d6 = 0. (43)
0

For more general types of self-similar solutions, we may nu-
merically solve the system (42) and (43). From these solutions,
we recover k(s,T) = \/gp(a) and t(s,T) = #q&/(a). In
Figs. 2 and 3 we plot solutions corresponding to temperatures
1.0 and 1.5 K, respectively. For the sake of generating

| v
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FIG. 2. (Color online) Similarity solution plots which include the

K(s,l) — — 1(s.D)|

curvature k(s,7T) = \/?p(o) and torsion t(s,T) = \%Td(a) over §
when the temperature is 1.0 K (¢ = 0.006, &’ = 0.003), for fixed time
T = 1. Initial conditions are p(0) = 1, p’(0) = 0, $(0) = 0, ¢'(0) =
0. As time increases, the curvature shown here would gradually flatten
and decrease in magnitude.
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FIG. 3. (Color online) Similarity solution plots which include the

K(s,1) — — 1(s.D)|

curvature k(s,T) = \/g,o(a) and torsion t(s,T) = \#(b/(a) over s
when the temperatue is 1.5 K (¢ = 0.073, o’ = 0.018), for fixed
time 7 = 1. Initial conditions are p(0) =1, p'(0) =0, ¢(0) =0,
¢'(0) = 0. Again, as time increases, the curvature shown here would
gradually flatten and decrease in magnitude. Compared with Fig. 2,
the “warmer” solution here exhibits less regularity (in the torsion
function). However, solutions here decay eventually for large s, while
the torsion increases (in average magnitude) as |s| increases in the
cooler superfluid case of Fig. 2. Of course, for large enough time, the
curvature and torsion will both decrease at a rate 1/+/T.

plots, we take T =1 and plot the solutions over s. These
solutions gradually broaden and decrease in magnitude as time
increases. For large enough time, curvature eventually tends to
zero (as was discussed above), and the solution tends to a line
filament away from a neighborhood surrounding the origin
s = 0. For the cooler superfluid (temperature equal to 1.0 K),
the torsion increases in magnitude (in an average sense). When
the superfluid warms (temperature near 1.5 K), we see less
regularity in the torsion, although for large enough s the torsion
tends toward zero. Therefore, the solution appears planar
sufficiently far away from the origin. This is in agreement
with some of the solutions found previously [29-31], where
interesting behaviors (sharp turns or kinks) are found near
the origin yet the filament looks like a line filament far from
the origin. For large time, the 1/+/T factors dominate, and the
solutions do decay eventually, so any sharp turns or excitations
are gradually smoothed.

What we therefore find is that different points on the vortex
filament can experience their maximal curvature at different
times, so there is not a globally uniform decay or growth
of curvature as time increases. For very large time, however,
dissipative effects will dominate. Therefore, small time local
increases in curvature and/or torsion driven by the nonlinearity
are possible, before the dissipative effects dominate.

VI. PURE TRAVELING WAVES

If we assume that a class of waves along the vortex filament
propagate with wave speed ¢, we should look for solutions of

053201-7



ROBERT A. VAN GORDER
the form R(s,T) = R(2) and 0(s,T) = 6(z), where z = s —
cT. Take A(T) = Ap. The system (18) then gives
R” + AoR + R® + cRO' — RO
+€ {ZR’G’ + RO” — 2R / ' R(é)ze)/(ﬁ)déj =0, (44
0
cR' —2R'0' — RO" + €{R" —2R* — RO’"} =0. (45)

Before proceeding, let us take a moment to consider the
classical case. Taking € = 0, we recover

R" 4+ AoR + R* +cRO' — RO"* =0, (46)
c¢cR' —2R'9 — R9" =0. (47)

Equation (47) is separable, with
R/ 9//

= . 48
R c— 20" (48)
Integrating once,
In(R) + 1 In(c — 20') = ko, (49)
where k is an integration constant. Then,
Rc—20" = el =k, (50)
or
k
o' == _ZR2 (51)
2 2

This gives the torsion of the filament under the traveling wave
assumption. Using this representation in (46), we obtain

Rt (A \rrr - X —o (52)
ot R

This equation admits a first integral, and we find that

R4 (a0t SR 4 iri e £ 53
+<o+4> +2 +4R2_’ (53)
where I is another constant of integration. For appropriate
choice of I, this first order differential equation admits closed
orbits in the (R, R’) plane, and hence there exist bounded and
periodic solutions of (53). In fact, there are such solutions
which satisfy R(z) > 0 for all z € R, hence there are positive
bounded periodic solutions. This positivity is necessary, in
light of the representation (51). In Fig. 4, we plot both the
curvature and the torsion for these solutions corresponding to
the classical limit. For comparison, we also give plots for the
temperature 1.0-K regime.

With properties of the classical solution in mind, let us
return to the quantum case. Equations (44) and (45) are
essentially perturbations of Egs. (46) and (47) which account
for the influence of mutual friction. It then makes sense to
search for solutions of the form

R(z) = Ro(z) + €Ri(z) and 0(z) = Op(z) + €61(2),
54

where R(z) is the periodic function described by a solution to
(52) and 6y(z) is the unique solution to (51) subject to 8(0) = 0.
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The perturbation terms are governed by the equations

R} + (3R2 + Ao + c6) — 0,°) Ri + Ro(c — 26;)6;

2R, / Ro(G0,G)d2 — Robl — 2R) (55

0
(c — 20))R| — 0/ Ry — 2R}, — Ry = — Rl + Ro0}’ + 2R?.
(56)

While these equations are linear, the form of the coefficients
can cause numerical approaches to breakdown, leading to an
artificial blow-up of solutions. Similar issues are found if one
attempts to solve the fully nonlinear problem (44) and (45)
directly. The reason for this is that for some initial conditions
the highest order derivative in 8; has a nonconstant coefficient,
so Eq. (56) can become singular. A more involved perturbation
scheme would therefore be called for in order to deal with
some cases. The numerics that are given avoid such cases,
but running numerics for initial conditions leading to this
singular behavior can cause problems. For large values of |s|,
the perturbation solutions can break down (again, curvature
Ry may become small, resulting in a singular equation for 6;),
which suggests that a more involved perturbation approach
might be warranted in order to describe the effect of the € % 0
perturbations on the unperturbed equations (46) and (47) in
such regimes.

VII. WAVES DRIVEN BY THE NORMAL FLUID:
A POTENTIAL FUNCTION FORMULATION

In the previous sections of this paper, we assumed that
normal fluid effects were small in order to derive a quantum
analog of the classical Hasimoto transformation, which puts
the quantum LIA into direct correspondence with a scalar
nonlinear partial differential equation. We were then able to
study a number of quantum vortex filament configurations
by obtaining solutions to this partial differential equation,
including decaying Stokes waves, a standing soliton, self-
similar solutions, and traveling waves. However, we also
highlighted the fact that certain other waves (such as Kelvin
waves along a quantum filament) are driven by the normal
flow, and therefore could not be considered under the quantum
Hasimoto transformation (since that transform necessarily
exists only when normal flow effects are small enough to be
negligible). In the present paper, we shall discuss a different
transformation, valid in the case of traveling waves, which
preserves the normal fluid velocity (and hence can account
for cases where this velocity is large). This transform is quite
different from the quantum Hasimoto transformation, and has
more in common with the transformation for the tangent vector
derived in [20].

Let us assume that a wave along the quantum vortex
filament modeled by (1) depends on a traveling wave variable
z = s — ct, where c is the wave speed. Note that if ¢ = 0, we
then have a standing wave. Then, Eq. (3) for the tangent vector
to the quantum filament takes the form

d
—ct' = d—{(l —atxt +at +atx U—o'(t-Ut}.
z
(57
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FIG. 4. (Color online) Traveling wave solutions for (a) the classical (¢« = o’ = 0) and (b) the quantum (temperature 1.0 K, o = 0.006,
o’ = 0.003) cases. The classical solutions are periodic, whereas the quantum solutions lose this periodicity. As predicted from the analysis of
the first integral (53), the curvature term R(z) remains bounded and positive.

where prime denotes differentiation with respect to z. Equa-
tion (57) is exactly integrable, so integrating (57) once gives
the first order vector ordinary differential equation

1I—atxt +at +atxU—-d't-Ut+ct=1 (58)

where I is a constant vector. Let us pick the alignment of t so
that U is directed along the first component of t. Let us write
t(z) = [t1(2),12(2),13(z)]” and then U = [U,0,0]”. Calculating
the needed quantities in (58), we have

(1 -ty — ) +at, —d'Utf +cty =1, (59)

(1 —a&)t|ts — 118y) + ath +aUty — d'Utity + cty = I,
(60)
(1 —a Yty — i) + aty —aUt, — &' Utt3 + ct3 = L.
(61)
Let us take i (60) and (61):
(1 —aN—t(t+in) +1(t +iz)] +ait, — t3)
+aU(t, +it3) —a'Uti(ity — 13) + c(ity — 13)
=il + L. (62)

Let us define the complex quantity B(z) = #(z) + it3(z). Then,
(62) becomes

(1=t +1B8)+aif +aUB —a'Uity  + cif = I,
(63)

where Iy =il, — I3 is a complex constant. Note that since
we take t to be a unit vector, we should have #(z) =
\/1 —16()? —1k)?* = \/1 — |BJ2. This choice satisfies the

remaining condition (59) (under an appropriate choice of /;;
we shall say more on this later), and noting

_ / / =_2 é)/:_l_ 2(L>/
np +up t1(t1 (I—=181" NS ,

(64)

Eq. (63) becomes

B o
1 —a' )1 — AN L ’
(1 —a)(1 — |l )( 1_|ﬂ|2> oif

— Ul —oiT— |BR)B —cif=1,. (65

Assuming we can solve (65) for the complex scalar function
B, we can recover the tangent vector by

t(z) = [v'1 — |B(2)|2,ReB(2),ImB()]". (66)

While there may exist solutions for which Iy # 0 is useful, in
what follows we set Iy = 0 and /] is set so that (59) is satisfied.

This formulation involves solving Eq. (65) for the scalar
potential function S(z), and then placing this function back
into (66) to recover the tangent vector. These wave solutions
essentially depend on two free components, f,(z) and #3(z),
which in turn fix #;(z). As we shall see, this formulation is most
useful in cases where components #,(z) and #3(z) are symmetric
in some way, so that the vortex filament is essentially aligned
along the first component #(z). This corresponds to the
direction of the normal fluid velocity U. We can view solutions
(66) as driven or generated by this normal fluid flow, in contrast
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to the solutions in previous sections of this paper, which were
independent of the normal fluid velocity (since this velocity
was assumed to be negligibly small). Note that by integrating
(66) in arclength, one may recover the position vector giving
the vortex filament curve at any location s and time 7. In what
follows, we give specific examples of solutions S(z) to (65),
which we then use to construct the tangent vector as in (66).

A. Normal fluid driven helical filament

Let us take B(z) = A exp(ivz), where A and v are parame-
ters. Then, (65) reduces to the algebraic equation

(A= W+ UWI1I—-A2—=cli+alv—-U)=0. (67)

Separating real and imaginary parts, we find v = U and ¢ =

/1 — A%U. Therefore,
B(z) = Aexp(iUz) = Aexp(iU{s — v 1 — A2Ur}). (68)

We then recover the tangent vector

t(z) = [v/1 — A2, A cos(Us — mUzt),
—Asin(Us — mUzt)]T, (69)

We must require that 0 < A < 1, but otherwise all other
parameters are free. When U — 0, this solution degenerates
into a line filament. Therefore, this particular vortex filament
only exists when we have a nonzero normal fluid velocity.
Steady solutions of the form (69) exist when the terms
involving o and o’ act as damping due to the fluid velocity
U acting as a type of forcing.

B. Normal fluid generated standing wave

Let us next consider a solution of the form f(z) =
exp(ivz) f(z), where f(z) is a real-valued function to be
determined. After a few manipulations, (65) reduces to

f/
NINE
+{I( — W+ UL FYT= 2~ af

Now, f(z) is assumed to be real valued, meaning that the
equations

(I-d)=——=+a-U)f

—¢fli=0. (70)

Iz a(v —U)
N
[(1I—aW+dUlfV1— f2—af —cf=0 (72)

must be satisfied simultaneously. Note that (71) has the exact

solution
f) = Sech(%z) 3)

Placing the solution (73) into (72), we find that

f=0 (71)

1 —o

06—052 2

(1 —a')? +a?

U and ¢=0 (74)

must hold. This implies that the only exact solution of this type
is stationary in time, meaning we have a standing wave. Thus,
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z = s in this case. This solution therefore takes the form
. o —a? — o
i———Us
(1—a)?+a?
U
X sech a—s . (75)
(1—ao)?+a?

We then obtain the tangent vector

B(s) = exp ( -

tanh (mlﬂ)
t(s) = | cos (ﬁUs)sech(ms) . (76)
—sin (%US)SCCh(mS)

While this structure corresponds to a standing wave, and hence
it is not really driven by the normal flow, the existence of this
structure depends completely on U # 0. This structure takes
the form of a topological soliton which is stationary in time
(although other structures are certainly possible). Despite the
fact that the solution is stationary, it has a structure which
depends on the normal fluid velocity in a rather fundamental
way: if |U| — O, then the solution collapses to a point.
Similarly, we need «,a’ > 0. Such a solution is therefore not
possible under the classical LIA with «,o’ — 0. This is in
contrast to other types of solutions (solitons, helices, and so
on) which appear under both the classical and quantum forms
of the LIA. This type of solution is therefore one example of
a distinct kind of filament which can be observed only under
the quantum LIA.

C. Consistency equation for the scalar equation (65)

Note that Eq. (65) allows one to solve for a complex scalar
function B(z), which can then be used to immediately find the
components #,(z) and #3(z), and since we assume t(z) is a unit
vector, one also finds #(z) = \/ 1 — 12(2)* — 13(z)?. However,
(65) uses information from Egs. (60) and (61), while we did
not use (59) in the derivation of (65). Therefore, one must
be sure that an obtained solution B(z) to (65) is consistent
with (59) in order for it to correspond to a solution of the
vector traveling wave form of the quantum LIA given by
(58). In this subsection, we derive the consistency equation
which, if satisfied by a solution S(z) of (65), ensures that 8(z)
corresponds to a solution of (58).

Since 11(2) = v/1 — ,(2)* — 13(2) = /1 —

|B|2, we have

that
, (1>
= 77
SN o
and
Lty —thty = PE PP ;ﬂﬂ , (78)

where again * denotes complex conjugation. Yet, g'B* —
BB* = 2i|B|*[arg(B)], where arg(B) denotes the complex
argument of 8. With this, Eq. (59) can be put into the form
, a (B / 2
(1 —a)Bllarg(B)] — = ——= —'U(1 — |B")
N T

+e/1— B2 =1,. (79)
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This is the consistency equation for 8(z). If B(z) is a solution
to Eq. (65) and to the consistency equation (79), then

t(z) = [v'1 — 1B(2)12.Re[B()].Im[B(2)]]" (80)

is a solution to (58).

Often, this consistency equation is satisfied if the constant 7,
is properly selected. While I, and /5 can usually be set to zero,
the value of ; depends on the requirement for consistency of
the solution B(z). For example, let us revisit the helical solution
(68). While this function satisfies Eq. (65), placing this form
of B(z) into the consistency equation (79), we find

I =cV/1— A2+ UA® — ). (81)

Therefore, the choice of the arbitrary constant [, is fixed by
this specific solution. Choosing a different form for 8(z) will
result in the specification of a different value for ;. Therefore,
a helical solution exists for the first integral (58) governing the
traveling wave solution t(z) provided that the constant vector
ILis of the form I = [c/1 — A2 4+ U(A? — «'),0,0]".

VIII. WAVES DRIVEN BY THE NORMAL FLUID:
DYNAMICS ON A SPHERE

The potential formulation used in the previous section is
useful when the vortex filament is essentially aligned along
a single axis (in the case considered there, aligned along
the direction of the normal fluid flow). In such a case, the
other two components of the tangent vector may exhibit some
symmetry, so it makes sense to consider a potential function
B(2) in order to study the traveling waves. However, when
there is no obvious symmetry (or when the specific solution
does not call for such symmetry), one may want to consider
a different formulation.

Again assuming that the normal fluid velocity is oriented
like U =[U,0,0]7, let us write the unit tangent vector in
spherical coordinates (on a sphere of radius 1, since |t| = 1
by the unit vector assumption):

t(z) = {cos[Q(2)], sin[(2)] cos[E(2)], sin[Q(z)] sin[ E(2)]} .
(82)

This form of the tangent vector makes clear the fact that
the solution falls on a sphere. As we change z, we obtain a
trajectory on the unit sphere. Making use of the assumption
(82), Eq. (58) reduces into a system of ordinary differential
equations for ©(z) and E(z). We obtain

(1 —a)sin?(Q)E — a sin(Q)Q — «'U cos*(Q) + ¢ cos(2)
=1, (83)

—(1 — &)[sin(B)Q" + sin(R2) cos(2) cos(E)E]
+ a[cos(£2) cos(B)Q2' — sin(£2) sin(E) E']
+ aU sin(Q) sin(E) — o' U sin(2) cos(2) cos(E)
+ ¢ sin(2) cos(B) = I, (84)

(1 — o")[cos(B)Q" — sin(R2) cos(R2) sin(E)E']
+ a[cos(2) sin(E)2" + sin(R2) cos(E)E']
—aU sin(2) cos(E) — a'U sin(Q) cos(2) sin(E)
+ ¢ sin(2) sin(E) = I5. (85)
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We first assume that both angular coordinates 2(z) and E(z)
in the representation (82) are not constant in the wave variable
z. Let us take cos(E) (84) + sin(E) (85); we find

(1 — a')sin(2) cos(R)E" — a cos(R)" + a’U sin(R2) cos(2)
—csin(2) = —1, cos(E) — I3 sin( B). (86)

There are three equations (83)—(85) for two unknown func-
tions. We can view (83) as a consistency condition for the
solution of the two equations (84) and (85). Therefore, (83)
and (86) should be consistent. If we calculate sin(E) (86)
— cos(&) (83), we find that the consistency requirement is

a'Ucos(RQ) — ¢ = —1 cos(R) — I, sin(R) cos(E)
— I3 sin(R2) sin( E). 87
We therefore have consistency provided that Iy = —«'U, I, =
I; =0, and ¢ = 0. Since ¢ = 0, we have z = s and therefore
this solution is a stationary solution, corresponding to a type
of standing wave. Under these conditions, (83) is consistent

with (84) and (85).
Let us next take cos(E) (85) — sin(E) (84); we find

(1 —a")Q + asin(Q)E — aU sin(Q) = 0. (88)
From Egs. (86) and (88), we obtain the system

(1 —-0a)sin(Q)E —aQ' 4+ o'Usin(Q) =0, 39

asin(Q)E + (1 — a)Q' — aU sin(Q) = 0.

Rearranging this system, we find that the equations decouple
and we obtain
o —at+a? (I =2d)U

'=—— " U and Q' =
(1—a)?+a?

]

m SIH(Q).

(90)
To obtain one particular closed form solution (for sake of
example), we shall impose a set of initial conditions on this
ODE system. Solving (90) subject to E(0) = 0 and 2(0) = %,
we have

o —0[/24—062

E(S) = mUS, (91)
_ (- 2ats
Qs) = alrctan[sech<(1 o)+ oﬂ)’
1 —2a")aU
— tanh (%)] (92)

Here we use the two-argument arctangent function, which can
be defined in terms of the standard arctangent function tan™!
by the relation

arctan(a;,a») = 2tan™! @ for a; #0.
,/a]2 + a% —a
93)

When both angular coordinates are nonconstant, we therefore
obtain (from the consistency requirement) standing waves.
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FIG. 5. (Color online) Stationary tangent vector [t(z) = t(s)] dy-
namics on the unit sphere with (82) given the specific solutions (91)
and (92). For various combinations of the mutual friction parameters,
we plot the exact solution over s € R. The s - —oo and s — +00
points are antipodal points on the sphere. The intermediate dynamics
are controlled by the mutual friction terms. Since U scales the
variable s directly, there are no qualitative effects from U to the
structures obtained if we plot s € R. (In contrast, the mutual friction
parameters scale s nonlinearly.) However, note that U # 0 is essential
here, otherwise for U = 0 we just obtain a fixed point on the sphere.
This point corresponds with s = 0, which is a fixed point of all
of the maps [the curves all intersect when s = 0, at the position
t(s = 0) = [0,1,0]"].

Note that while the wave speed is zero from the consistency
equation, the normal fluid velocity is still essential for
generating these solutions. In the limit where U — 0, the
tangent vector reduces to a constant vector t(s) = [0,1,0]7.
A similar limit is reached when «,a’ — 0. In Fig. 5, we plot
some of these solutions on the sphere (for reference).

When the angular coordinate €2 is constant in z, we can
recover solutions which do depend on the wave speed c. Once
such can be found by taking, say, Q2 = %, which results in a
helical filament (as described through another approach in the
previous section). Likewise, we can obtain distinct structures
when taking E to be a constant in z. For instance, setting
E = 0, we can construct a vortex filament ring.

IX. WAVES DRIVEN BY THE NORMAL FLUID:
DIRECT CONSIDERATION OF THE QUANTUM LIA

Let us now turn our attention directly to the vector LIA (1)
governing the motion of a filament curve given in vector form
by a function r, where r; = v and r; = t. Under certain nice
conditions (namely, when |U| was negligibly small), we were
able to convert (1) into a scalar PDE by means of a quantum
Hasimoto transformation (Sec. II), and this transformation
was used to study a number of solutions (Secs. III-VI). For
other cases, we were able to study the tangent vector t(s,?)
in the presence of non-negligible normal fluid velocity U
(Secs. VII and VIII). In all of these cases, we exploited various
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simplifications or symmetries to arrive at nice analytical
results describing a variety of filament configurations through
a study of the tangent vector to the filament (the position
curve for the filament could then be reconstructed through an
integration with respect to arclength). We shall now consider
the quantum LIA (1) directly in terms of the position vector of
the filament [a curve r(x,t), where x is some spatial parameter,
not necessarily arclength], without such simplifications, since
this is needed in situations where the various simplifications
and symmetries exploited previously are no longer useful or
are perhaps not quite so useful. Writing the filament curve as
a function of time and a spatial parameter (say x € R), (1)
reads

r, = Lo X Tox l;” +a—rx X (U— Lo X T l;“) _a
Tl Tl T ]

I, I, X Iy,
x|: X <U——3>]. 94)
Ty Ty

Although the choice of a spatial parameter x other than
arclength complicates this formula slightly, this enables us
to study the position vector r without worrying about the
dependence of arclength s on the magnitude |r,|. Unlike in the
case of the tangent vector t with |t| = 1, we do not necessarily
need to assume that |r,| satisfies any scaling property. So,
we obtain terms of the form t =r, = I:_d The formulation
(94) has the benefit of giving us a solution in extrinsic (or,
laboratory) coordinates, as opposed to the intrinsic arclength
parametrization. There are multiple types of solutions one
may construct in this frame (and that have already been
constructed), so in keeping with the theme of the present paper,
we shall limit our attention to waves which are driven by the
normal fluid flow. Kelvin waves driven by the normal fluid
flow were already considered under the extrinsic coordinate
framework by Van Gorder [24], so we shall exclude a detailed
analysis of such solutions from consideration here.

A. Structures maintaining their shape as they propagate
with the normal fluid

Let us consider a sort of separable solution, r(x,f) = #(x) +
Ut. Provided such a solution exists, it would maintain its spatial
form (given by the first term) while moving along with the
normal fluid velocity. We may show that such a solution always
exists, provided that £(x) is a solution to

=U. (95)

Indeed, if this condition holds, the two friction terms in
(94) vanish, and due to r, = U, we exactly recover the
constraint (95). Therefore, if a solution to (95) exists, a solution
r(x,t) = £(x) + Uz to (94) must exist. Such solutions have
the interesting property that they are not influenced by the
superfluid friction parameters, even though they are influenced
by the normal fluid flow. Let us then consider solutions of
Eq. (95).

From geometry of space curves, recall that if the binormal
vector for a space curve f is constant, then that curve is planar.
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Here, we have the binormal vector with spatial scaling x and
a scaling factor |f,| 73, as we have the binormal vector times
the curvature. This total quantity is equal to a constant vector.
While this is not exactly the same as the binormal itself being
constant, let us still assume a planar solution, as this will help
us to demonstrate the existence of a solution ¥(x) to (95).
Let us orient our coordinate system so that U = [U,0,0].
Then, we seek a planar solution which is orthogonal to this
normal fluid velocity, viz., #(x) = %[0, f(x),g(x)]", where
f(x) and g(x) are twice-differentiable functions. The scaling
of 5 simplifies the resulting mathematics, and highlights the
fact that the solution depends on a nonzero normal fluid
velocity. Equation (95) then becomes
/i " !
% =1, (96)
(F7+g"

where prime denotes differentiation with respect to x. We
find that this equation is satisfied provided that the relation
F(x)? 4+ g(x)*> = 1 holds.

For instance, if we set f(x) = cos(x) and g(x) = sin(x),
we obtain the solution

. T
. cos(x)’ sin(x) . ©7)

U U
This solution describes a vortex ring of radius ﬁ oriented

orthogonal to the direction of the normal fluid velocity. Since
the ring is orthogonal to the normal fluid velocity, it is able to
maintain its form and propagates exactly with the normal fluid.
As the normal fluid velocity increases in magnitude, the rate of
propagation increases, while the radius of the ring contracts.
So, rapidly moving rings will have small radii, whereas slowly
moving rings can have large radii. The ring is eternal, and
continues to maintain its shape as it moves in the direction of
the normal fluid velocity. If, instead, we were to obtain a ring
not in a plane orthogonal to the normal fluid flow, we would
find that the normal fluid velocity would be disruptive, and
also that the mutual friction terms would cause decay of the
vortex ring. Therefore, this “eternal” ring can exist only with
an ideal orientation relative to the normal fluid velocity.

Another example of a solution would be found upon taking
f(x) = tanh(x) and g(x) = sech(x), which gives

tanh(x) sech(x) :| T 98)

r(x,t) = |:Ut, TR,
Unlike the closed vortex ring, this describes an open filament
which forms an arc. This appears as a topological soliton
with the “hump” of the arc due to the sech term [although
more interesting topological solitons could be constructed
with different functions f(x) and g(x)]. The ends of the arc
correspond to the rapid decay as the parameter x approaches
x — Fo00. Again, the filament moves exactly with the normal
fluid velocity, and the size of the spatial structure scales
inversely with the magnitude of the normal fluid velocity.
Since the conditions on the functions f(x) and g(x) are
fairly general [we essentially have one free function f(x)
satisfying | f(x)| < 1], we can construct any number of open or
closed filaments with planar spatial structures. These filaments
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all are oriented orthogonal to the normal fluid velocity, move
with the normal fluid, and are spatially scaled in size by the
magnitude of the normal fluid velocity. Due to the orientation
of such filaments, they do not feel the mutual friction effects,
and hence maintain their spatial structure eternally (unless
acted upon by an external force or boundary).

These planar structures are rather specialized, in that they
lie orthogonal to the direction of the normal fluid velocity.
This has the effect of shielding the solutions from the mutual
friction effects, and the solutions are able to propagate without
a change in form. In contrast, when initially planar solutions
are not impacted on orthogonally by the normal fluid velocity,
there will be torsion effects due to mutual friction which
gradually deform the filaments. In such a case, an initial planar
filament will gradually bend and rotate due to the mutual
friction effects. This type of behavior was studied in detail
recently [26].

B. Chaos from traveling wave solutions to the quantum LIA?

Throughout this paper, we have considered a wide variety
of solutions to the quantum LIA (1). While the form of
these solutions varies, they all display various symmetries and
rather regular structures. Essentially, the dynamics considered
have been one or two dimensional [dynamics arising from
the quantum Hasimoto transform (Secs. II-1V) or from direct
consideration of the unit tangent vector (Secs. VII and VIII) are
at most two dimensional]. In the example above, the eternal
solution dynamics are one dimensional, with the solutions
moving exactly with the normal fluid velocity. However, for
chaotic dynamics it is known that we must have at least a
three-dimensional system.

Let us consider a traveling wave solution to vector
partial differential equation (94). To make computations
more tractable, let us write r(x,t) = r(z) = f; W(z)dz, where
z=x —ct, c € R is the wave speed, and we assume w is
differentiable. Then, (94) is put into the form

WX W w w X w , W
3 o— - |-«
A Wl Wl Wl

x[l X (U——WXW/>:|, (99)
[w| w3

where the prime denotes differentiation with respect to z. Using
various vector simplifications, we obtain the first-order vector
ordinary differential equation

(]_a,)wxw/ {L’_(W'W/)W} wx U
w3 w2 w4 [wl
-U
_y OV U ew =0, (100)
w2

This vector ordinary differential equation is equivalent to
a system of three nonlinear and highly coupled ordinary
differential equations. We may write this system in the matrix
form

M(w)w' = N(w,U,c), (101)
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where
o (w3 + w3)
Mw)=| (1—a)ws|w| —awijw;
—(1 — o Ywz|W| + awjw;]
and

Nw,U,¢) = a|w]?(U x w) + o' |w|*(U - w)w

— o' |W|*U = c|w|*w, (103)

where we write w(z) = [w(z),ws2(z),w3(z)]7 and |w| =

Jwi + w3 + w3, If one attempts to solve the system (101)

subject to any initial conditions, one will quickly find that an
analytical or numerical solution is not forthcoming. This is not
due to any complications from nonlinearity; rather, the system
is degenerate for all w. Indeed, we find that detfM(w)] = 0 for
all w, so the matrix M(w) is not full rank. What this means is
that there is a dependency between the components of w, hence
we cannot solve for three unique functions w(z), wz(z), w3(z)
from (101). To make this system solvable, one would have to
make assumptions on the relation between these components
or one would have to specify a functional form for one of the
functions (not unlike what has been done in an earlier section
of this paper). As such, the dynamics of (101) are not fully
three dimensional, but rather are at most two dimensional.

We can remark that there is a scaling of solutions which
permits us to solve (101), under restrictive conditions. The
homogeneous problem for the vector w', namely M(w)w’ = 0,
is identically satisfied whenever the derivatives of the three
constituent functions satisfy the conditions

u)_’2 = w_ll = w_g (104)
w2 wi w3
This implies that a solution of the form
Wparticular(z) = [wl(Z),Azw](Z),A3lU1(Z)]T
=[1,42,A31" wi(2) (105)

exists for the homogeneous problem M(w)w’ = 0. This makes
sense, as the terms in the matrix M(w) all arise from cross
products of the type w x W, and such terms are identically zero
for the particular solution Wpaicutar(z). This is one example
of when a reduction in the dimension of the equation can
yield a solution to the system (101), even if the full system is
degenerate. Of course, one would next have to determine the
parameters and unknown function in the particular solution
Wparticular(2) through solving N(Wparicutar(2),U,¢) = 0 in order
to ensure that the solution is indeed consistent.

Now, since the dynamics governing a general travel-
ing wave solution involve an added functional constraint
det[M(w)] = 0, the dynamics of the system (101) cannot give
chaos. As the assumptions used to derive this equation were
general, we can say that deterministic chaos is not expected
from traveling wave solutions of full the quantum LIA. This
is not to say that other structures might not yield deterministic
chaos, but nonlinear traveling waves will not. However, due
to inherent symmetries in the quantum LIA (which we exploit
in order to obtain fairly regular dynamics for a variety of

—(1 = &Hws|w| — cw w,
o(wi +wi)
(1 — )w|wW| — cwrws
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(1 — aHwa|w| — awyws
—(1 — aHw;|w| — awyws] |,
oc(wl2 + w%)

(102)

(

nonlinear waves on quantum vortex filaments), there is a
propensity for the dynamics to be two dimensional (essentially
translational dynamics and rotational dynamics). Therefore,
any more complicated dynamics would likely require very
specific requirements on the vortex filament.

X. DISCUSSION

We have successfully obtained a quantum Hasimoto trans-
formation which maps the quantum LIA into a type of
scalar partial differential equation (16) [essentially a complex
cubic Ginzburg-Landau equation (GLE) with extra dissipative
terms], by use of a method analogous to the Hasimoto transfor-
mation for a classical fluid vortex filament. We therefore refer
to this procedure as the quantum Hasimoto transformation.
Doing so, we are able to reduce the quantum LIA (3) (a vector
conservation law) into a complex scalar PDE (16), which
makes the system far more amenable to mathematical analysis.
Such a mapping between the quantum LIA and this PDE is
also desirable from a physical point of view, since it allows for
greater qualitative comparison of the quantum and classical
fluid LIA solutions.

Upon transforming the quantum LIA into a complex scalar
PDE (16), we were able to study a number of solutions. First
we obtained Stokes wave type solutions in Sec. III. In the
case of a classical fluid, these solutions take the form of
oscillating waves with constant amplitudes. However, we were
able to demonstrate that for a quantum fluid modeled under
LIA, such solutions have an algebraic decay rate and therefore
dissipate as time becomes large. The period of oscillation for
such solutions is variable, as well, and gradually increases in
time. Since the function i used in this paper is a composite
function of curvature and torsion, the physical interpretation
for these solutions to the quantum LIA is that the curvature of
the filament decreases in time, in contrast to the classical fluid
solutions, where curvature is constant. In both the classical and
quantum setting, the torsion for these Stokes waves is zero.
The result is not surprising in light of the fact that the complex
scalar PDE is dissipative and hence one would expect this type
of solution to exhibit such decay. The rate of decay for these
waves is algebraic in time, of the order +~1/2, Since curvature of
the waves along a quantum filament will be maximized a small
time scales, and gradually decays for large time, this means
that any waves or disturbances of this type are expected to be
short lived. Physically, any such perturbations along quantum
vortex filaments will have a tendency to be smoothed out as
time progresses, which makes sense in light of the dissipation.
Note that under the present framework, we do not have a Kelvin
wave driven by the normal fluid flow, as we take U = O(«),
and hence these contributions become negligible. Such Kelvin
waves were studied analytically under the model (1) in [24] for
both constant amplitude and time-variable amplitude waves
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under a different framework which allows for the inclusion
of larger order effects from U. Likewise, there is no purely
planar filament corresponding to a solution under the present
framework. The time evolution of a quasiplanar filament can,
however, be described for the model (1). Such a filament starts
out planar at # = 0 and gradually deforms due to torsion effects
coming from the friction terms. Properties of this solution were
discussed in [26].

A second and perhaps more fundamental solution is that of
the soliton on a vortex filament. Hasimoto originally employed
the aforementioned transform in order to demonstrate the
existence of a soliton on a vortex filament under the classical
LIA. In Sec. IV, we have been able to demonstrate analogously
that a standing soliton also exists under the quantum LIA. The
standing one-soliton takes the form of a sech function (i.e., a
bright soliton), which is what one finds for the classical fluid
case, plus a perturbation of order «. The inclusion of mutual
friction parameters results in the appearance of an additional
phase factor that depends on arclength. This means that the
torsion effects on the classical standing wave are enhanced, as
one might expect since the wave must contend with friction
under the quantum LIA. The curvature maxima near the origin
persists up to O(w), meaning that any dissipative effects on
the curvature are confined to order O(«?) terms, which are
very small for temperatures below 2.0 K. Therefore, while the
soliton is not necessarily eternal (as is true in the classical
case) due to dissipative terms, the soliton would dissipate at
a rate proportional to at most o2, which is rather slow. As
such, the perturbation of the standing sech wave should persist
over a reasonably large time interval, and this in turn implies
that such waves should be obtainable from low-temperature
experiments. Note that the Hasimoto formulation has proven
useful in experiments [16], and we expect the present results
should be similarly useful for experiments in superfluid vortex
dynamics, due to the persistence of this standing wave solution.
We should also remark that breather solitons have been
found for the classical LIA [32,33] (with no mutual friction
parameters present), and one extension of the present paper
would be to consider breather solitons for the quantum LIA.
It may be the case that the amplitudes (curvature) of these
breathers will remain more or less the same, with only strong
phase modifications present due to the inclusion of mutual
friction terms (and the resulting increase in torsion).

Self-similar solutions were constructed in Sec. V under the
quantum Hasimoto map, and these solutions demonstrate that
local regions of increased torsion can develop for positive time.
However, as time becomes asymptotically large, these regions
are smoothed and the torsion and curvature tend toward zero.
Thus, finite kinks and sharp turns along the quantum vortex
filament are gradually smoothed by the friction effects. The
results we obtain allow one to recover the results of Lipniacki
[29,30], since by obtaining a self-similar solution for the scalar
equation (16), once is able to recover the curvature and torsion
found directly by Lipniacki through a direct approach (in those
works, curvature and torsion were kept two separate quantities,
and were solved as a system).

The final solutions obtained using the quantum Hasimoto
transformation were traveling wave solutions which propagate
along the quantum vortex filament with constant wave speed c.
Such solutions, as discussed in Sec. VI, generalize the standing
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soliton of Sec. IV. In addition to sech-type waves, waves with
oscillating periodic curvature are also possible (in analog to
the elliptic sn or cn wave solutions possible in the cubic NLS
equation), and we demonstrate these waves numerically. It
makes sense to consider small magnitude wave speeds. For
large wave speeds, the solutions appear to lose stability, and
for very large wave speeds, the solutions may fail to exist
(although we have not shown this rigorously). Note that in
the case where U is large, the normal fluid flow allows for the
propagation of Kelvin waves along a filament, with wave speed
a function of |U|. The same is likely true of these nonlinear
waves, and an area of future work will involve the study of
such nonlinear wave solutions to (1) when U is large relative
to other terms in the model. To study such waves, we can no
longer use the quantum Hasimoto transform (valid when |U]|
is small enough so as to be negligible), as one will need to
include the strong effects of U.

Derivations using the quantum Hasimoto transformation
exclude any strong effects from the normal fluid velocity
vector U. It is possible to include the effects of the normal
fluid, although although one cannot use the scalar PDE derived
under the Hasimoto transformation. This is due to the fact that
for a general vector U there is no Hasimoto mapping from
the quantum LIA (3) to a scalar equation like (16), and one
must instead attempt to solve for the tangent vector function
t directly or through some other reduction. This is what we
have done in the remainder of the paper (Secs. VII-IX). In
Sec. VII, we derive a scalar ODE governing the tangent vector
dynamics under the assumption of a traveling wave solution.
Some exact solutions are given to illustrate the approach. This
representation is valid when the waves take on a traveling
wave form given some fixed wave speed c¢. There is an
additional consistency equation (which essentially ensures that
the tangent vector solution remains a unit vector) that must be
satisfied under this formulation, and we give the general form
of this condition. A concrete example is given to demonstrate
the manner in which this consistency requirement is met for a
specific class of traveling wave solutions.

In Sec. VIII, we map the tangent vector dynamics into a
dynamical system on the unit sphere. The resulting dynamical
system is then naturally two dimensional (as the sphere is a
two-dimensional manifold). We give a class of solutions to
this system as an example of such dynamics, which can then
be integrated in order to recover the position vector from the
tangent vector. These dynamics are also plotted on the sphere
for various values of the model parameters (see Fig. 5), so
as to illustrate the results. Other dynamics arising from these
equations can be used to construct filament structures such as
helical vortex filaments and vortex filament rings.

In Sec. IX we directly consider the quantum LIA for
the position vector r(x,t), where x is some parametrization
corresponding to a laboratory length coordinate. We first obtain
a class of solutions which are oriented in a plane orthogonal
to the direction of the normal fluid velocity. These filament
structures move along with the normal fluid velocity while
maintaining their form, as they are oriented in such a way that
allows them to escape the normal and binormal mutual friction
effects. While such planar solutions are rather specialized, a
number of specific solution forms can be constructed. One
particularly interesting solution is the vortex filament ring.
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The plane of the ring is orthogonal to the direction of the
normal fluid velocity and propagates exactly with the normal
fluid. The radius of the ring is determined by the magnitude
of the normal fluid velocity, with the solution tightening up
as the magnitude of the normal fluid velocity increases. This,
and the other solutions oriented in this way, are eternal, in that
they maintain their form as they propagate.

Also in Sec. IX, we derive the full quantum LIA for
traveling wave solutions (which depend again on a fixed wave
speed c) to the vector PDE governing the position vector r(x,#)
in the laboratory coordinates [that is, we consider r(x,t) =
r(x — ct)]. The resulting vector ODE can be put into a system
of three strongly coupled ODEs for the scalar components of
r(x — ct). However, we find that this system is degenerate for
any choice of arbitrary vector r(x — ct) (it is not full rank),
and hence the dynamics cannot be fully three dimensional in
the case of such traveling waves. What this suggests, then, is
that the two-dimensional dynamics considered elsewhere in
the paper will always be sufficient to describe the traveling
wave solutions. Importantly, this tells us not to expect chaotic
dynamics from the nonlinear traveling waves appearing along a
quantum vortex filament under the quantum form of the LIA, as
chaotic dynamics are only possible for continuous dynamical
systems of order 3 or greater. This rules out traveling waves
as a possible route to chaos under the quantum LIA (or any of
its reductions).

While we did not find complicated dynamics such as chaos
for the traveling nonlinear wave solutions considered, there
are other possible solutions to the PDE (16), so more complex
dynamics are certainly possible, perhaps for more exotic vortex
filament structures. However, the structure of the filaments
would have to counterbalance the dissipation effects of the
mutual friction. This could be possible, under the right normal
fluid velocity (which we have seen above enables eternal
solutions for some special case). Without the normal fluid
velocity, the solutions should dissipate at some time scale (even
if this is a slow time scale relative to the time scale on which the
solution propagates). Therefore, solutions to the PDE resulting
from the quantum Hasimoto transform are likely not chaotic.
However, chaos has been shown to arise from related models
[27], so perhaps there is a way to mitigate the dissipative
nonlinearity in the equation. Additionally, Lipniacki [30]
considered self-similar solutions for the quantum LIA [not
in the scalar model (16), but directly for curvature and torsion]
and hypothesized that chaotic solutions could be possible.
Preliminary work suggests that the sign of the function A(¢)
in the formulation developed in (16) could influence the
bifurcation structure of traveling wave solutions, but as we
mentioned above, these bifurcations will not lead to chaos (for
the traveling wave case).
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We should note that chaotic dynamics of vortex filament
solutions to the LIA were studied under the “direct” interaction
approximation [34], in the stochastic sense. Therefore, there
could be stochastic formulations for the quantum LIA which
would permit chaos in this manner. (Although, due to the
stochastic contribution, this would no longer be the classical
“deterministic” chaos.) Another possibility for chaos would be
the interaction of multiple quantum vortex filaments, including
collisions and reconnection events. A network of interacting
vortex loops was shown to give superfluid turbulence [35].
Dynamics in the case of many interacting vortices have been
considered numerically, but due to the complexity of the
problem, analytical results are wanting. To be accurate in
the evaluation of these dynamics, nonlocality would also
likely have to be considered. Recall that the classical LIA
approximates the Biot-Savart dynamics governing the self-
induces motion of a vortex filament. Analogously, the quantum
LIA can be cast in a corresponding nonlocal form while
maintaining the normal fluid and mutual friction effects.

Here we have studied nonlinear waves along a single
quantum vortex filament. These filament configurations con-
stitute one part of the possible dynamics of the vortex lines.
Superfluid turbulence involves large deformations of vortex
loops, collisions and reconnection of vortex lines, the escape
of vortex loops from the bulk, and so on. Kelvin waves have
been considered as mechanisms for carrying energy to small
scales, but this assignment is complicated [36]. To account for
such behaviors, one typically needs the nonlocal formulation
of the vortex filament problem. Obtaining a scalar relation such
as (16) in any general way for such a problem has not yet been
done, although it may be possible for some specific vortex
filament configurations to write down the relevant integral
equation governing curvature and torsion. Still, Kelvin waves
roughly obeying the dynamics expected from the LIA have
recently been observed in experiments in superfluid helium
[37], lending validity to the view that LIA dynamics are worthy
of further study.

Aside from more complicated dynamics, one area of interest
would be a study of the stability of the solutions obtained under
the quantum LIA. While a variety of solutions have been found,
some even eternal (in that they maintain their form over time),
it is natural to wonder what will happen to such solutions
under small perturbations of their structure. For the classical
LIA, some stability results of this kind are reported for standard
vortex filament configurations [38—44]. Extending such results
to the quantum LIA would involve not only perturbations
to the vortex filament solutions, but also structural perturba-
tions to the governing equation which are necessary to account
for the terms giving mutual friction effects. Some quantum
results have been given for specific flow structures [45].
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