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Abstract

If X is a manifold then the R-algebra C°°(X) of smooth functions ¢: X — R
is a C*°-ring. That is, for each smooth function f : R™ — R there is an n-fold
operation ®; : C°(X)™ — C*°(X) acting by @ : (¢1,...,¢,) = f(e1,...,¢n), and
these operations ®; satisfy many natural identities. Thus, C°°(X) actually has a
far richer structure than the obvious R-algebra structure.

We explain the foundations of a version of algebraic geometry in which rings or
algebras are replaced by C°°-rings. As schemes are the basic objects in algebraic
geometry, the new basic objects are C'*°-schemes, a category of geometric objects
which generalize manifolds, and whose morphisms generalize smooth maps. We also
study quasicoherent sheaves on C'*°-schemes, and C*°-stacks, in particular Deligne—
Mumford C*°-stacks, a 2-category of geometric objects generalizing orbifolds.

Many of these ideas are not new: C°°-rings and C°°-schemes have long been
part of synthetic differential geometry. But we develop them in new directions. In
[361138], the author uses these tools to define d-manifolds and d-orbifolds, ‘derived’
versions of manifolds and orbifolds related to Spivak’s ‘derived manifolds’ |64].
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CHAPTER 1

Introduction

Let X be a smooth manifold, and write C°°(X) for the set of smooth functions
¢: X — R. Then C*°(X) is a commutative R-algebra, with operations of addi-
tion, multiplication, and scalar multiplication defined pointwise. However, C*°(X)
has much more structure than this. For example, if ¢ : X — R is smooth then
exp(c) : X — R is smooth, and this defines an operation exp : C°(X) — C*°(X)
which cannot be expressed algebraically in terms of the R-algebra structure. More
generally, if n > 0 and f : R™ — R is smooth, define an n-fold operation ®; :
C™®(X)" — C*®(X) by

(<I>f(cl, R cn))(x) = f(cl(x), ol cn(x)),
for all ¢1,...,¢, € C®(X) and z € X. These operations satisfy many identities:
suppose m,n > 0, and f; : R" - R fori=1,...,m and g : R™ — R are smooth
functions. Define a smooth function h : R" — R by

h(zy,...,z,) = g(fl(xl,...,xn),...,fm(arl...,xn)),
for all (z1,...,2,) € R". Then for all ¢1,...,¢, € C°(X) we have

Dp(cr,...,cn) = fbg(@fl(cl,...,cn),...,<I>fm(cl,...,cn)). (1.1)

A C*-ring (Q, (Pf) rrroR coo) is a set € with operations ®; : €" — € for
all f: R" — R smooth satisfying identities 7 and one other condition. For
example C®°(X) is a C*°-ring for any manifold X, but there are also many C°°-
rings which do not come from manifolds, and can be thought of as representing
geometric objects which generalize manifolds.

The most basic objects in conventional algebraic geometry are commutative
rings R, or commutative K-algebras R for some field K. The ‘spectrum’ Spec R of
R is an affine scheme, and R is interpreted as an algebra of functions on Spec R.
More general kinds of spaces in algebraic geometry — schemes and stacks — are
locally modelled on affine schemes Spec R. This book lays down the foundations
of Algebraic Geometry over C*°-rings, in which we replace commutative rings in
algebraic geometry by C*°-rings. It includes the study of C*°-schemes and Deligne—
Mumford C°-stacks, two classes of geometric spaces generalizing manifolds and
orbifolds, respectively.

This is not a new idea, but was studied years ago as part of synthetic differential
geometry, which grew out of ideas of Lawvere in the 1960s; see for instance Dubuc
[23] on C*°-schemes, and the books by Moerdijk and Reyes |54] and Kock [44].
However, we have new things to say, as we are motivated by different problems (see
below), and so are asking different questions.

Following Dubuc’s discussion of ‘models of synthetic differential geometry’ [21]
and oversimplifying a bit, synthetic differential geometers are interested in C'*°-
schemes as they provide a category C°°Sch of geometric objects which includes
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6 1. INTRODUCTION

smooth manifolds and certain ‘infinitesimal’ objects, and all fibre products exist in
C°°Sch, and C*°Sch has some other nice properties to do with open covers, and
exponentials of infinitesimals.

Synthetic differential geometry concerns proving theorems about manifolds us-
ing synthetic reasoning involving ‘infinitesimals’. But one needs to check these
methods of synthetic reasoning are valid. To do this you need a ‘model’, some
category of geometric spaces including manifolds and infinitesimals, in which you
can think of your synthetic arguments as happening. Once you know there exists at
least one model with the properties you want, then as far as synthetic differential
geometry is concerned the job is done. For this reason C'°°-schemes have not been
developed very far in synthetic differential geometry.

Recently, C"*°-rings and C'*°-ringed spaces appeared in a very different context,
in the theory of derived differential geometry, the differential-geometric analogue
of the derived algebraic geometry of Lurie [48] and Toén—Vezzosi [66,/67], which
studies derived smooth manifolds and derived smooth orbifolds. This began with a
short section in Lurie [48) §4.5], where he sketched how to define an co-category of
derived C*-schemes, including derived manifolds.

Lurie’s student David Spivak [64] worked out the details of this, defining an
oo-category of derived manifolds. Simplifications and extensions of Spivak’s theory
were given by Borisov and Noel [9,/10] and the author [36{{38]. An alternative
approach to the foundations of derived differential geometry involving differential
graded C'*°-rings is proposed by Carchedi and Roytenberg [12,/13].

The author’s notion of derived manifolds [36-38| are called d-manifolds, and
are built using our theory of C'*°-schemes and quasicoherent sheaves upon them
below. They form a 2-category. We also study orbifold versions, d-orbifolds, which
are built using our theory of Deligne-Mumford C'°°-stacks and their quasicoherent
sheaves below.

Many areas of symplectic geometry involve studying moduli spaces of J-holo-
morphic curves in a symplectic manifold, which are made into Kuranishi spaces
in the framework of Fukaya, Oh, Ohta and Ono [26,[27]. The author argues that
Kuranishi spaces are really derived orbifolds, and has given a new definition [39}/41]
of a 2-category of Kuranishi spaces Kur which is equivalent to the 2-category of
d-orbifolds dOrb from [36-38|. Because of this, derived differential geometry will
have important applications in symplectic geometry.

To set up our theory of d-manifolds and d-orbifolds requires a lot of preliminary
work on C'*°-schemes and C'*°-stacks, and quasicoherent sheaves upon them. That
is the purpose of this book. We have tried to present a complete, self-contained
account which should be understandable to readers with a reasonable background
in algebraic geometry, and we assume no familiarity with synthetic differential
geometry. We expect this material may have other applications quite different to
those the author has in mind in [36H38|.

Sectionexplains C*°-rings. The archetypal examples of C*°-rings, C*°(X) for
manifolds X, are discussed in Section [4] studies C*°-schemes, and 5] modules
over C*-rings and sheaves of modules over C'*°-schemes.

Sections discuss C'*-stacks. Section [6] defines the 2-category C°°Sta
of C*-stacks, analogues of Artin stacks in algebraic geometry, and §7] the 2-
subcategory DMC*°Sta of Deligne—Mumford C*°-stacks, which are C'°°-stacks
locally modelled on [U/G] for U an affine C°°-scheme and G a finite group acting
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on U, and are analogues of Deligne-Mumford stacks in algebraic geometry. We
show that orbifolds Orb may be regarded as a 2-subcategory of DM C*°Sta. Sec-
tion [§] studies quasicoherent sheaves on Deligne-Mumford C'*°-stacks, generalizing
and §9] orbifold strata of Deligne-Mumford C*°-stacks.

Appendixsummarizes background on stacks from [3}/41(29}|46//49//55|, for use
in §61-491 Stacks are a very technical area, and §A]is too terse to help a beginner
learn the subject, it is intended only to establish notation and definitions for those
already familiar with stacks. Readers with no experience of stacks are advised to
first consult an introductory text such as Vistoli [68], Gomez 29|, Laumon and
Moret-Bailly |46], or the online ‘Stacks Project’ [34].

Much of §2}-44] is already understood in synthetic differential geometry, such
as in the work of Dubuc [23] and Moerdijk and Reyes [54]. But we believe it is
worthwhile giving a detailed and self-contained exposition, from our own point of
view. Sections are new, so far as the author knows, though are based on

well known material in algebraic geometry.

Acknowledgements. 1 would like to thank Omar Antolin, Eduardo Dubuc, Kelli
Francis-Staite, Jacob Gross, Jacob Lurie, and Ieke Moerdijk for helpful conversa-

tions, and a referee for many useful comments. This research was supported by
EPSRC grants EP/H035303/1 and EP/J016950/1.






CHAPTER 2
C™>-rings

We begin by explaining the basic objects out of which our theories are built,
C®°-rings, or smooth rings. The archetypal example of a C'°-ring is the vector
space C®°(X) of smooth functions ¢ : X — R for a manifold X. Everything in
this section is known to experts in synthetic differential geometry, and much of it
can be found in Moerdijk and Reyes |54, Ch. I], Dubuc [21-24] or Kock |44, §ITI].
We introduce some new notation for brevity, in particular, our fair C'°°-rings are
known in the literature as ‘finitely generated and germ determined C'*°-rings’.

2.1. Two definitions of C*°-ring
We first define C°°-rings in the style of classical algebra.

DEFINITION 2.1. A C'*°-ring is a set € together with operations
™ n copies ™
Op:C"=Cx---xC—C
for all n > 0 and smooth maps f : R® — R, where by convention when n = 0 we
define €° to be the single point {$}}. These operations must satisfy the following
relations: suppose m,n >0, and f; : R" - Rfori=1,...,m and g : R" — R are
smooth functions. Define a smooth function i : R” — R by

hay, .. zn) =g(filzr, . an), o (T 30)),

for all (x1,...,2,) € R". Then for all (c,...,c,) € €" we have

Dp(cry ... en) :<I>g(<I>f1(cl,...,cn)7...,<1>fm(cl,...,cn)).
We also require that for all 1 < j < n, defining 7; : R" — R by 7; : (z1,...,2,) —
xj, we have & (c1,...,¢,) = ¢; for all (ci1,...,¢,) € €.

Usually we refer to € as the C'°°-ring, leaving the operations ®; implicit.

A morphism between C°°-rings (6, (Df) rrrR Coc), (D, (Tr)rrroR Coo) is a
map ¢ : € — D such that \I/f((b(cl), .. .,(b(cn)) =¢o®s(cy,...,c,) for all smooth
f:R* - R and ¢p,...,¢, € €. We will write C*°Rings for the category of
C*°-rings.

Here is the motivating example, which we will study at greater length in

ExXAMPLE 2.2. Let X be a manifold, which may be without boundary, or with
boundary, or with corners. Write C*°(X) for the set of smooth functions ¢ : X — R.
For n > 0 and f : R"™ — R smooth, define ®; : C*°(X)" — C*°(X) by

(Prler,. .. en)) (@) = fler(@), ... cn(T)), (2.1)

for all ¢1,...,¢, € C®(X) and x € X. It is easy to see that C*°(X) and the
operations ® ¢ form a C*°-ring.
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ExAMPLE 2.3. Take X to be the point * in Example Then C*(x) = R,
with operations ®; : R" — R given by ®¢(z1,...,2,) = f(z1,...,2,). This makes
R into the simplest nonzero example of a C°*°-ring, the initial object in C*°Rings.

Note that C'°°-rings are far more general than those coming from manifolds.
For example, if X is any topological space we could define a C*°-ring C%(X) to be
the set of continuous ¢ : X — R with operations ®; defined as in . For X a
manifold with dim X > 0, the C*-rings C*°(X) and C°(X) are different.

There is a more succinct definition of C'°°-rings using category theory:

DEFINITION 2.4. Write Man for the category of manifolds, and Euc for the full
subcategory of Man with objects the Euclidean spaces R™. That is, the objects
of Euc are R" for n = 0,1,2,..., and the morphisms in Euc are smooth maps
f:R™ — R™. Write Sets for the category of sets. In both Euc and Sets we have
notions of (finite) products of objects (that is, R™*™ = R™ x R", and products
S x T of sets S, T), and products of morphisms.

Define a (category-theoretic) C*°-ring to be a product-preserving functor F :
Euc — Sets. Here F should also preserve the empty product, that is, it maps R"
in Euc to the terminal object in Sets, the point .

C*°-rings in this sense are an example of an algebraic theory in the sense of
Adédmek, Rosicky and Vitale [1], and many of the basic categorical properties of
C*°-rings follow from this.

Here is how this relates to Definition Suppose F' : Euc — Sets is a
product-preserving functor. Define € = F(R). Then € is an object in Sets, that
is, a set. Suppose n > 0 and f : R™ — R is smooth. Then f is a morphism in Euc,
so F(f) : F(R") — F(R) = € is a morphism in Sets. Since F' preserves products
FR") =F(R) x--- x F(R) =¢€", so F(f) maps €" — €. We define &5 : " — ¢
by ®; = F(f). The fact that F' is a functor implies that the ® satisfy the relations
in Deﬁnition SO (Qf, (Df) prroR Coo) is a C*° ring.

Conversely, if (Q, (Pf)rrror coe) is a C'°°-ring then we define F' : Euc — Sets
by F(R") = €", and if f : R" — R™ is smooth then f = (f1,...,fm) for
fi : R"™ = R smooth, and we define F(f) : € — €™ by F(f) : (¢1,...,¢n) —
(®f(c1,.-s¢n), .o, ®p, (c1,...,¢n)). Then F is a product-preserving functor.
This defines a 1-1 correspondence between C*°-rings in the sense of Definition
and category-theoretic C'*°-rings in the sense of Definition

As in Moerdijk and Reyes [54, p. 21-22] we have:

PROPOSITION 2.5. In the category C°Rings of C°-rings, all limits and all
filtered colimits exist, and regarding C'*°-rings as functors F : Euc — Sets as in
Definition they may be computed objectwise in Euc by taking the corresponding
limits/filtered colimits in Sets.

Also, all small colimits exist, though in general they are not computed objectwise
in Euc by taking colimits in Sets. In particular, pushouts and all finite colimits
exist in C*°Rings.

We will write ® g ¢,y € or D g € for the pushout of morphisms ¢ : € =9,
1 : € = € in C*°Rings. When ¢ =R, the initial object in C*°Rings, pushouts
D Il € are called coproducts and are usually written ® ®, €. For R-algebras A, B
the coproduct is the tensor product A® B. But the coproduct ® Q. € of C*°-rings
9, ¢ is generally different from their coproduct © ® & as R-algebras. For example
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we have C®(R™) ®o C*(R") = C°(R™'™), which contains but is much larger
than the tensor product C*°(R™) ® C*>°(R") for m,n > 0.

2.2. C'*°-rings as commutative R-algebras, and ideals
Every C'*°-ring € has an underlying commutative R-algebra:

DEFINITION 2.6. Let € be a C'°°-ring. Then we may give € the structure
of a commutative R-algebra. Define addition ‘+’ on € by ¢+ ¢ = ®s(c,¢') for
¢,d € €, where f: R? - Ris f(x,y) = z +y. Define multiplication ‘-’ on ¢ by
c-c =®4(c, ), where g : R? — R is f(z,y) = xy. Define scalar multiplication by
A € R by A¢ = @y (c), where X' : R — R is M'(z) = Az. Define elements 0 and 1
in € by 0 = &y (@) and 1 = ®1/(0), where 0’ : R - R and 1’ : R — R are the
maps 0’ : ) — 0 and 1’ : § — 1. The relations on the ®; imply that all the axioms
of a commutative R-algebra are satisfied. In Example this yields the obvious
R-algebra structure on the smooth functions ¢: X — R.

Here is another way to say this. In an R-algebra A, the n-fold ‘operations’
d: A" — A, that is, all the maps A™ — A we can construct using only addition,
multiplication, scalar multiplication, and the elements 0,1 € A, correspond exactly
to polynomials p : R™ — R. Since polynomials are smooth, the operations of an
R-algebra are a subset of those of a C*°-ring, and we can truncate from C*°-rings to
R-algebras. As there are many more smooth functions f : R™ — R than there are
polynomials, a C*°-ring has far more structure and operations than a commutative
R-algebra.

DEFINITION 2.7. An ideal I in € is an ideal I C € in € regarded as a com-
mutative R-algebra. Then we make the quotient €/I into a C'*°-ring as follows. If
f:R™ = R is smooth, define @; (¢/D)™ — &/I by

Shlcr+1,....cn+1)=Ps(cr,....cn) + 1.
To show this is well-defined, we must show it is independent of the choice of rep-

resentatives ¢y,...,¢, in € for ¢y +1,...,¢, + I in €/I. By Hadamard’s Lemma
there exist smooth functions g; : R*® — R for i = 1, ...,n with

f(y17---7yn) - f(xla"'vxn) = Z?:l(yl 7‘Ti)gi(xl7"'71'7lay17"'7yn)

for all x1,...,2n,y1,...,yn € R. If ], ..., ¢, are alternative choices for ci,..., ¢y,
sothat ¢, + I =¢;+1fori=1,...,n and ¢, — ¢; € I, we have

Dr(chseed) = Ppler,... ) =D (dh— )@y, (), ... Chycty .y Cn).
The second line lies in [ as ¢ — ¢; € I and I is an ideal, so <I>§ is well-defined, and
clearly (€/I, (@ff)f:Rn_ﬂR ce) is a C*-ring.

If € is a C'*°-ring, we will use the notation (f, : @ € A) to denote the ideal in €

generated by a collection of elements f,, a € A in €, in the sense of commutative
R-algebras. That is,

(fa:aEA):{Z?:lfai-ci:n>07a17...,an€A, cl,...,anC}.

DEFINITION 2.8. A C'*°-ring € is called finitely generated if there exist cq, ..., ¢y,
in € which generate € over all C*°-operations. That is, for each ¢ € € there exists a
smooth map f : R™ — R with ¢ = ®¢(c1,...,¢p). (This is a much weaker condition
than € being finitely generated as a commutative R-algebra.)
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By Kock [44] Prop. II1.5.1], C*°(R") is the free C*°-ring with n generators.
Given such €, cy,...,¢c,, define ¢ : C®(R") — € by ¢(f) = Ps(c1,...,cp) for
smooth f : R" — R, where C*°(R") is as in Example with X = R". Then
¢ is a surjective morphism of C*°-rings, so I = Ker¢ is an ideal in C*°(R"),
and € & C°(R")/I as a C*°-ring. Thus, € is finitely generated if and only if
¢ = C°(R™)/I for some n > 0 and ideal I in C*°(R™).

An ideal I in a C*°-ring € is called finitely generated if I is a finitely generated
ideal of the underlying commutative R-algebra of € in Definition that is, I =
(i1,...,1) for some i1,...,9 € €. A C-ring € is called finitely presented if
¢ =2 C°(R™)/I for some n > 0, where I is a finitely generated ideal in C*°(R").

A difference with conventional algebraic geometry is that C°°(R™) is not noe-
therian, so ideals in C*°(R"™) may not be finitely generated, and € finitely generated
does not imply € finitely presented.

Write C*°Rings® and C>°Rings for the full subcategories of finitely gen-
erated and finitely presented C'*°-rings in C*°Rings.

EXAMPLE 2.9. A Weil algebra |21] Def. 1.4] is a finite-dimensional commutative
R-algebra W which has a maximal ideal m with W/m = R and m™ = 0 for some n >
0. Then by Dubuc |21, Prop. 1.5] or Kock [44, Th. II1.5.3], there is a unique way
to make W into a C'*°-ring compatible with the given underlying commutative R-
algebra. This C°°-ring is finitely presented |44} Prop. I11.5.11]. C'*°-rings from Weil
algebras are important in synthetic differential geometry, in arguments involving
infinitesimals. See [11} §2] for a detailed study of this.

2.3. Local C*°-rings, and localization

DEFINITION 2.10. A C*-ring € is called local if regarded as an R-algebra, as in
Definition 2.6] € is a local R-algebra with residue field R. That is, € has a unique
maximal ideal me with €/me = R.

If €, are local C*°-rings with maximal ideals mg, mp, and ¢ : € — D is a
morphism of C*° rings, then using the fact that €/me 2 R = ©/mgp we see that
¢~ 1(mp) = m¢, that is, ¢ is a local morphism of local C*°-rings. Thus, there is no
difference between morphisms and local morphisms.

REMARK 2.11. We use the term ‘local C*°-ring’ following Dubuc |23, Def. 4].
They are also called C°°-local rings in Dubuc |22} Def. 2.13], pointed local C*°-rings
in [54, §1.3] and Archimedean local C*-rings in [52} §3].

Moerdijk and Reyes [52H54] use the term ‘local C*°-ring’ to mean a C'*°-ring
which is a local R-algebra, but which need not have residue field R.

The next example is taken from Moerdijk and Reyes |54} §1.3].

ExAMPLE 2.12. Write C*°(N) for the R-algebra of all functions f: N — R. It
is a finitely generated C°°-ring isomorphic to C*°(R)/{f € C*(R) : f|y = 0}. Let
F be a non-principal ultrafilter on N, in the sense of Comfort and Negrepontis [16],
and let I C € be the prime ideal of f : N — R such that {n € N: f(n) = 0} lies in
F. Then € = C*°(N)/I is a finitely generated C'*°-ring which is a local R-algebra
by [54, Ex. 1.3.2], that is, it has a unique maximal ideal mg, but its residue field is
not R by [54, Cor. 1.3.4]. Hence € is a local C*°-ring in the sense of [52154], but
not in our sense.

Localizations of C*°-rings are studied in [22,23,/52,/53|, see [54} p. 23].



2.3. LOCAL C°°-RINGS, AND LOCALIZATION 13

DEFINITION 2.13. Let € be a C*°-ring and S a subset of €. A localization
st : s € S]of €atSisaC®ring® = €[s7! : s € 5] and a morphism
m : € = ® such that n(s) is invertible in ® for all s € S, with the universal
property that if € is a C*°-ring and ¢ : € — & a morphism with ¢(s) invertible in
€ for all s € S, then there is a unique morphism ¢ : ® — & with ¢ = o .

A localization €[s~! : s € S] always exists — it can be constructed by adjoining
an extra generator s~ and an extra relation s-s~! —1 = 0 for each s € S — and
is unique up to unique isomorphism. When S = {c} we have an exact sequence
0= I — € Ry C°R)-¢€[c™!] — 0, where € ®,, C°(R) is the coproduct of
¢, C*(R) as in with pushout morphisms ¢ : € = €R4, C°(R), 15 : C*(R) —
€ ®Ro C®(R), and I is the ideal in € ®., C*°(R) generated by ¢1(c)-ta(x) — 1, where
x is the generator of C*°(R).

An R-point x of a C*®-ring € is a C'*°-ring morphism z : € — R, where R is
regarded as a C°°-ring as in Example By [54, Prop. 1.3.6],amapx : € — Risa
morphism of C'**°-rings if and only if it is a morphism of the underlying R-algebras,
as in Definition [2.6] Define €, to be the localization €, = €[s™! : s € €, 2(s) # 0],
with projection 7, : € — €,. Then €, is a local C*°-ring by [53| Lem. 1.1]. The
R-points of C*°(R") are just evaluation at points & € R™. This also holds for
C*°(X) for any manifold X.

In a new result, we can describe these local C*°-rings €, explicitly. Note that
the surjectivity of 7, : € — €, in the next proposition is surprising. It does not hold
for general localizations of C'*°-rings — for instance, 7 : C°(R) — C*°(R)[z~ ] is
injective but not surjective, as = ¢ Im 7w — or for localizations 7, : A — A, of
rings or K-algebras in conventional algebraic geometry.

PRrROPOSITION 2.14. Let € be a C*®°-ring, z : € — R an R-point of €, and &,
the localization, with projection m, : € — €,. Then m, is surjective with kernel an
ideal I C €, so that €, = & /I, where

I={ce: there exists d € € with x(d) #0 inR and c-d=0in C}. (2.2)

PrOOF. Clearly I in is closed under multiplication by elements of €. Let
c1,c2 € I, so there exist dy,dy € € with x(dy) # 0 # x(d2) and ¢1d; = 0 = cads.
Then dldg el with .T(dldg) = m(dl)l‘(dg) 75 0, and (Cl + Cz)(d1 . dg) = dz(cldl) +
dy(cady) =0, 80 ¢1 + ¢ € I. Hence I is an ideal, and €/I a C*°-ring.

Suppose ¢ € I, so there exists d € € with z(d) # 0 and ¢d = 0. Then m,(d) is
invertible in €, by definition. Thus

Te(c) = To(€)my (d)7p(d) ™ = 7y (cd) e (d) ™! = 7, (0)m,(d) ™1 = 0.

Therefore I C Kerm,. So 7, : € — €, factorizes uniquely as m, = 2 o 7w, where
7w : € — €/I is the projection and 2 : €/I — €, is a C°°-ring morphism.

Suppose ¢ € € with z(c) # 0, and write € = $|z(c)|. Choose smooth functions
n:R — R\ {0}, so that n~! : R — R\ {0} is also smooth, such that n(t) = ¢
for all t € (z(c) — €,2(c) + €), and ¢ : R — R such that {(¢t) = 0 for all ¢t €
R\ (z(c) — €,2(c) + €), so that (n —idg) - ¢ = 0, and ((z(c)) = 1.

Set ¢y = ®,(c), c2 = ®,-1(c) and d = P¢(c) in €, using the C*°-ring operations
from n,n~1,{. Then cico = 1in €, asn-n~! =1, and 2(d) = 2(P¢(c)) = ((z(c)) =
1,as z: € — R is a C°°-ring morphism. Also

(c1 =) - d = (®,(0) — Big () D (e) = D(yianyc(€) = Dole) = 0.
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Hence ¢y —c € T as z(d) # 0, so c+ I = ¢1 + 1. But then (c+ I)(co + 1) =
(c14+I)(ca+1)=cico+1=1+Tin€/I, so w(c) =c~+ I is invertible in €/I.

As this holds for all ¢ € € with z(c) # 0, by the universal property of €, there
exists a unique C'*°-ring morphism 3 : €, — €/I with # = jo m,. Since m,, 7 are
surjective, m, =107 and m = jom, imply that +: €/I — €, and y: €, — &/I are
inverse, so both are isomorphisms. O

EXAMPLE 2.15. For n > 0 and p € R", define C°(R") to be the set of germs
of smooth functions ¢ : R" — R at p € R", made into a C*°-ring in the obvious
way. Then Cp°(R™) is a local C°°-ring in the sense of Definition m Here are
three different ways to define C;°(R"), which yield isomorphic C'*°-rings:

(a) Defining Cp°(IR™) as the germs of functions of smooth functions at p means
that points of Cp°(R™) are ~-equivalence classes [(U, )] of pairs (U,c),
where U C R" is open with p € U and ¢ : U — R is smooth, and
(U,c) ~ (U, ) if there exists p e V. C U NU' open with ¢|y = |y.

(b) As the localization (C*°(R")), = C>*(R")[g € C>(R") : g(p) # 0]. Then
points of (C*°(R™)), are equivalence classes [f/g] of fractions f/g for
frg € C(R") with g(p) # 0, and fractions f/g, f'/g’ are equivalent if
there exists h € C*°(R"™) with h(p) # 0 and h(fg' — f'g) = 0.

(c¢) As the quotient C*°(R™)/I, where I is the ideal of f € C*°(R"™) with
f =0 near p e R".

One can show (a)—(c) are isomorphic using the fact that if U is any open neigh-
bourhood of p in R" then there exists smooth 1 : R™ — [0, 1] such that n = 0 on an
open neighbourhood of R™ \ U in R™ and 7 = 1 on an open neighbourhood of p in
U. By Moerdijk and Reyes [54, Prop. 1.3.9], any finitely generated local C*°-ring
is a quotient of some Cp°(R™).

2.4. Fair C*°-rings

We now discuss an important class of C'*°-rings, which we call fair C'°°-rings,
for brevity. Although our term ‘fair’ is new, we stress that the idea is already
well-known, being originally introduced by Dubuc [22], |23, Def. 11], who first
recognized their significance, under the name ‘C*°-rings of finite type presented
by an ideal of local character’, and in more recent works would be referred to as
‘finitely generated and germ-determined C'*°-rings’.

DEFINITION 2.16. Anideal I in C*°(R") is called fair if for each f € C*°(R"), f
lies in [ if and only if m,(f) lies in m,(I) € C°(R™) for all p € R, where Cp°(R")
is as in Example and 7, : C*(R") — Cp°(R") is the natural projection
7 : ¢ = [(R",¢)]. A C*-ring € is called fair if it is isomorphic to C*°(R")/I,
where [ is a fair ideal. Equivalently, € is fair if it is finitely generated and whenever
¢ € € with m,(c) = 01in €, for all R-points p : € — R then ¢ = 0, using the notation
of Definition 213}

Dubuc [22], [23], Def. 11] calls fair ideals ideals of local character, and Moerdijk
and Reyes |54} 1.4] call them germ determined, which has now become the accepted
term. Fair C'*°-rings are also sometimes called germ determined C°°-rings, a more
descriptive term than ‘fair’, but the definition of germ determined C°-rings &
in [54) Def. 1.4.1] does not require € finitely generated, so does not equate exactly
to our fair C*°-rings. By Dubuc |22, Prop. 1.8], |23, Prop. 12] any finitely generated
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ideal I is fair, so € finitely presented implies € fair. We write C*°Rings for the
full subcategory of fair C'"*°-rings in C*°Rings.

PROPOSITION 2.17. Suppose I C C*°(R™) and J C C®(R") are ideals with
C>®(R™)/I = C>®R™)/J as C*-rings. Then I is finitely generated, or fair, if and
only if J is finitely generated, or fair, respectively.

PRrROOF. Write ¢ : C°(R™)/I — C*>°(R"™)/J for the isomorphism, and zq, ...,
X for the generators of C*°(R™), and y1,...,y, for the generators of C*°(R").
Since ¢ is an isomorphism we can choose f1,..., fm € C®(R") with ¢(z; + ) =
fi+Jfori=1,...,mand g1,...,9, € C®R™) with ¢(¢; + I) = y; + J for
i=1,...,n. It is now easy to show that

I = (xi_fi(gl(xla--'axm)a"'agn(xlw"axm))a 1= 1)"'ama
and h(gl(xl,...,a:m),...,gn(x1,...,xm)), hEJ).

Hence, if J is generated by hq, ..., hg then I is generated by x; — fi(g1,...,9n)
fori=1,...,mand hj(g1,...,9n) for j =1,...,k, so J finitely generated implies I
finitely generated. Applying the same argument to ¢! : C*°(R"™)/J — C>®(R™)/I,
we see that [ is finitely generated if and only if J is.

Suppose [ is fair, and let f € C*°(R") with m,(f) € m,(J) € C;°(R") for
all ¢ € R™". We will show that f € J, so that J is fair. Consider the function
= fg1,--.,90) € C®(R™). If p = (p1,...,pm) n R™ and ¢ = (q1,...,¢) =
(91(P1, - Pm)s- -1 gn(P1,- -, Pm)) then ¢ : C°(R™)/I — C>(R")/J localizes to
an isomorphism ¢, : Co°(R™) /7, (I) — C°(R"™)/my(J) which maps ¢, : m,(f') +
mp(I) — mg(f) + mg(J). Since my(f) € mq(J), this gives m,(f") € mp(I) for all
peR™ so ffelaslisfair. But ¢(f'+1) = f+J,so f €I implies f € J.
Therefore J is fair. Conversely, J is fair implies I is fair. [

EXAMPLE 2.18. The local C*-ring Cp°(R™) of Example is the quotient of
C>(R"™) by the ideal I of functions f with f = 0 near p € R". For n > 0 this I is
fair, but not finitely generated. So Cp°(R"™) is fair, but not finitely presented, by
Proposition

The following example taken from Dubuc |24, Ex. 7.2] shows that localizations
of fair C'*°-rings need not be fair:

EXAMPLE 2.19. Let € be the local C*°-ring C§°(R), as in Example Then
¢ = C*(R)/I, where I is the ideal of all f € C*°(R) with f = 0 near 0 in R.
This [ is fair, so € is fair. Let ¢ = [(x,R)] € €. Then the localization €[c™!] is
the C'°-ring of germs at 0 in R of smooth functions R \ {0} — R. Taking y = 2!
as a generator of €[c™!], we see that €[c™1] = C*°(R)/J, where J is the ideal of
compactly supported functions in C°°(R). This J is not fair, so by Proposition

2.17, €[c™!] is not fair.

Recall from category theory that if C is a subcategory of a category D, a
reflection R : D — C is a left adjoint to the inclusion C < D. That is, R: D — C is
a functor with natural isomorphisms Hom¢(R(D), C) = Homp (D, C) for all C € C
and D € D. We will define a reflection for C*°Ringsf ¢ C*°Rings®, following
Moerdijk and Reyes |54} p. 48-49] (see also Dubuc 23], Th. 13]).

DEFINITION 2.20. Let € be a finitely generated C*°-ring. Let I¢ be the ideal
of all ¢ € € such that m,(c) = 0 in €, for all R-points p : € — R. Then €/I¢ is a
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finitely generated C*°-ring, with projection 7 : € — € /I¢. It has the same R-points
as €, that is, morphisms p : €/I¢ — R are in 1-1 correspondence with morphisms
p': € - Rbyp = pom, and the local rings (€/I¢), and €, are naturally
isomorphic. It follows that €/I¢ is fair. Define a functor ng : C*°Rings’® —
C>Rings by ng(@) = €/I¢ on objects, and if ¢ : € — © is a morphism then
¢(Ie) C In, so ¢ induces a morphism ¢, : €/I¢ — D /Ip, and we set R§2(¢) = Gx.
It is easy to see Rfa is a reflection.

If I is an ideal in C>°(R™), write I for the set of f € C°°(R") with m,(f) € m,(1)
for all p € R™. Then I is the smallest fair ideal in C°°(R™) containing I, the germ-
determined closure of I, and Rﬁg (C>*(R™)/I) = C=(R")/I.

EXAMPLE 2.21. Let n: R — [0, 00) be smooth with n(z) > 0 for x € (0,1) and
n(x) =0 for z ¢ (0,1). Define I C C*(R) by

I={Y,ca9a(x)n(z —a): ACZis finite, g, € C®(R), a € A}.

Then I is an ideal in C*°(R), so € = C*°(R)/I is a C*°-ring. The set of f € C*(R)
such that 7, (f) lies in 7,(I) € C;°(R) for all p € R is

I'={Y ez 9a(@)n(z —a) : go € C¥(R), a € Z},
where the sum ), g.(2)n(z — a) makes sense as at most one term is nonzero at
any point x € R. Since I # I, we see that I is not fair, so € = C*°(R)/I is not a fair
C*°-ring. In fact I is the smallest fair ideal containing I. We have I g1 = I/1,
and Rz (C>(R)/I) = C>(R)/I.

PROPOSITION 2.22. Let € be a C*°-ring, and G a finite group acting on € by
automorphisms. Then the fived subset ¢ of G in € has the structure of a C*°-ring
in a unique way, such that the inclusion ¥ ¢isa C*°-ring morphism. If € is
fair, or finitely presented, then ¢ is also fair, or finitely presented.

Proor. For the first part, let f : R®™ — R be smooth, and ¢1,...,c, € ¢C.
Then v - ®f(c1,....cn) = Pr(y-c1,...,7 ¢n) = P(er,. .., cp) for cach v € G, so
Dp(cy,... cn) € €Y. Define 8F : (€)™ — €9 by ©F = &y ¢cyn. It is now trivial
to check that the operations @? for smooth f: R™ — R make ¢ into a C*°-ring,

uniquely such that ¢ ¢isa C*°-ring morphism.

Suppose now that € is finitely generated. Choose a finite set of generators
for €, and by adding the images of these generators under G, extend to a set of
(not necessarily distinct) generators xy,...,z, for €, on which G acts freely by
permutation. This gives an exact sequence 0 < I — C*°(R") — € — 0, where
C>(R") is freely generated by z1,...,z,. Here R" is a direct sum of copies of the
regular representation of G, and C*°(R") — € is G-equivariant. Hence I is a G-
invariant ideal in C°°(R™), which is fair, or finitely generated, respectively. Taking
G-invariant parts gives an exact sequence 0 — [ — C(R™)¢ ¢% — 0, where
C(R™)%, ¢ are clearly C*°-rings.

As G acts linearly on R™ it acts by automorphisms on the polynomial ring
R[x1,...,2,]. By a classical theorem of Hilbert |70, p. 274], R[z1,...,2,]% is a
finitely presented R-algebra, so we choose generators py, ..., p; for R[zy, ..., z,]¢
which induce a surjective R-algebra morphism Rpy,...,p] — Rz, ..., 2,]¢ with
kernel generated by q1,...,qm € R[p1,...,pi].

By results of Bierstone [6] for G a finite group and Schwarz [63] for G a compact
Lie group, any G-invariant smooth function on R™ may be written as a smooth

)
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function of the generators p, ..., p; of R[z1,...,2,]%, giving a surjective morphism
C>®(R") = C=(R™)%, whose kernel is the ideal in C>°(R') generated by q1,. .., ¢m.
Thus C>(R™)% is finitely presented.

Also €9 is generated by m(p1),...,7(p1), so ¢ is finitely generated, and we
have an exact sequence 0 < J — C®(R') "¢ — 0, where J is the ideal in
C"’O(Rl) generated by q1, ..., ¢, and the lifts to C'*° (Rl) of a generating set for the
ideal 1€ in C=(R™)% = C®(R"Y/(q1,- .., qm)-

Suppose now that I is fair. Then for f € C*®°(R™)Y, f lies in I¢ if and only
if m,(f) € mp(I) € C°(R™) for all p € R". If H is the subgroup of G fixing
p then H acts on C°(R"™), and m,(f) is H-invariant as f is G-invariant, and
7p(I) = 7,(I¢). Thus we may rewrite the condition as f lies in I¢ if and only if
Tp(f) € mp(I9) C C3°(R™) for all p € R™. Projecting from R™ to R" /G, this says
that f lies in I if and only if 7, (f) lies in m,(I¢) C (C>°(R")%),, for all p € R"/G.
Since C*°(R™)% is finitely presented, it follows as in [54} Cor. 1.4.9] that J is fair,
so € is fair.

Suppose I is finitely generated in C*°(R"), with generators f1,..., fr. As R"
is a sum of copies of the regular representation of G, so that every irreducible
representation of G occurs as a summand of R”, one can show that I¢ is generated
as an ideal in C*(R"/G) by the n(k + 1) elements f¢ and (fiz;)¢ fori=1,...,k
and j = 1,...,n, where f& = ﬁ Z%G fory is the G-invariant part of f € C*°(R").
Therefore J is finitely generated by qi, ..., qm and lifts of f&, (f;z;)¢. Hence if €
is finitely presented then ¢ is finitely presented. O

2.5. Pushouts of C*°-rings

Proposition shows that pushouts of C*°-rings exist. For finitely generated
C*°-rings, we can describe these pushouts explicitly.

EXAMPLE 2.23. Suppose the following is a pushout diagram of C'*°-rings:
¢ 5 ¢
o o

— T .3

so that § = D [l¢ €, with €, 9, & finitely generated. Then we have exact sequences
051 C°R)-5¢ 50, 0 J<CR™) 5D 0,

(2.3)
and 0— K < C°(R") 25 ¢ =0,

where ¢, 1, x are C*°-ring morphisms, and I, .J, K are ideals in C°°(R"), C>(R™),
C>®(R™). Write z1,...,2; and y1,...,ym and zi,...,2, for the generators of
O (RY), C®(R™), C®(R") respectively. Then ¢(z1),...,d(x;) generate €, and
aod(xr),...,a0d(x;) lie in D, so we may write awo ¢(x;) = (f;) fori=1,...,1
as 1 is surjective, where f; : R"™ — R is smooth. Similarly 5o ¢(x1),..., 80 ¢(x;)
lie in €&, so we may write 8o ¢(z;) = x(g;) for i = 1,...,1, where g; : R" — R is
smooth.

Then from the explicit construction of pushouts of C'*°-rings we obtain an exact
sequence with £ a morphism of C*°-rings

0 L CoR™™M) 3 0, (2.4)
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where we write the generators of C®(R™%™) as y1,...,Ym,21,--,2n, and then
L is the ideal in C>(R™*™) generated by the elements d(y1,...,ym) for d € J C
C>(R™), and e(z1,...,2,) fore € K C C®(R"), and fi(y1,---,Ym)—9gi(z1,.--, 2n)
fori=1,...,1

For the case of coproducts © @ &, with € =R, [ =0 and I = {0}, we have

(C®(R™)/J) s (C®(R™)/K) =2 C°(R™™)/(J, K).

PROPOSITION 2.24. The subcategories C°Rings® and C*®Rings™® are closed
under pushouts and all finite colimits in C°Rings.

PRrROOF. First we show C>®Rings®, C°RingsP are closed under pushouts.
Suppose €, D, & are finitely generated, and use the notation of Example Then
§ is finitely generated with generators yi,...,Ym,21,--.,%n, so C®Rings® is
closed under pushouts. If €, ®, €& are finitely presented then we can take J =
(dv,...,d;) and K = (eq,...,ex), and then Example gives

L:(dp(yla"'7ym)a p21)"'aj7 ep(ZL...,Zn),p:l,...,k,

2.5
fp(y17"'7ym)_gp(zl7"'7zn)apzla"'vl)' ( )

So L is finitely generated, and § = C°°(R”"")/L is finitely presented. Thus
C>°RingsP is closed under pushouts.

Now R is an initial object in C*Rings®, C>*Rings® ¢ C>®Rings, and all
finite colimits may be constructed by repeated pushouts involving the initial object.
Hence C*°Rings®, CRings are closed under finite colimits. ([l

Here is an example from Dubuc [24] Ex. 7.1], Moerdijk and Reyes |54} p. 49].

ExXAMPLE 2.25. Consider the coproduct C®(R) ® C5°(R), where C§°(R)
is the C'*°-ring of germs of smooth functions at 0 in R as in Example 2.15] Then
C*(R), C§°(R) are fair C*°-rings, but C§°(R) is not finitely presented. By Example
C®(R) @0 C5°(R) = C®°(R) g C5°(R) = C°°(R?)/L, where L is the ideal
in C°(R?) generated by functions f(z,y) = g(y) for g € C°(R) with g = 0 near
0 € R. This ideal L is not fair, since for example one can find f € C>°(R?) with
f(z,y) = 0if and only if [zy| < 1, and then f ¢ L but m,(f) € my(L) € C(R?)
for all p € R?. Hence C®(R) ®4, C°(R) is not a fair C>°-ring, by Propositionm
and pushouts of fair C'"*°-rings need not be fair.

Our next result is referred to in the last part of Dubuc [23] Th. 13].

PROPOSITION 2.26. C>®Rings™ is not closed under pushouts in C>®°Rings.
Nonetheless, pushouts and all finite colimits exist in C°Rings™, although they
may not coincide with pushouts and finite colimits in C°Rings.

Proor. Example shows that C*°Rings® is not closed under pushouts in
C°°Rings. To construct finite colimits in C*°Rings™, we first take the colimit
in C*°Rings8, which exists by Propositions and and then apply the re-
flection functor Rgg. By the universal properties of colimits and reflection functors,
the result is a colimit in C*°Rings. (I
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2.6. Flat ideals

The following class of ideals in C*°(R") is defined by Moerdijk and Reyes [54,
p. 47, p. 49] (see also Dubuc |22} §1.7(a)]), who call them flat ideals:

DEFINITION 2.27. Let X be a closed subset of R". Define m$ to be the ideal
of all functions g € C°°(R™) such that 9*g|x = 0 for all k > 0, that is, g and all
its derivatives vanish at each z € X. If the interior X° of X in R™ is dense in X,
that is (X°) = X, then 9¥g|x = 0 for all £ > 0 if and only if g|x = 0. In this case
C(R")/m3e = C=(X) i= { flx : f € C=(R")}.

Flat ideals are always fair. Here is an example from [54, Th. 1.1.3].

EXAMPLE 2.28. Take X to be the point {0}. If f, f' € C°°(R") then f — f lies
in mfg} if and only if f, f/" have the same Taylor series at 0. Thus C'* (R")/m?g}
is the C'*°-ring of Taylor series at 0 of f € C°°(R™). Since any formal power series

in z1,...,2y is the Taylor series of some f € C*(R"), we have C**(R")/m{5, =
R[[z1,...,2,]]. Thus the R-algebra of formal power series R[[z1,...,z,]] can be

made into a C*°-ring.

The following nontrivial result is proved by Reyes and van Qué [60, Th. 1],
generalizing an unpublished result of A.P. Calderén in the case X =Y = {0}. It
can also be found in Moerdijk and Reyes |54, Cor. 1.4.12].

PROPOSITION 2.29. Let X C R™ and Y C R"™ be closed. Then as ideals in
C®(R™™) we have (mF, M) = mT, .

Moerdijk and Reyes |54}, Cor. 1.4.19] prove:

PROPOSITION 2.30. Let X C R"™ be closed with X # 0, R"™. Then the ideal m
in C*(R™) is not countably generated.

We can use these to study C'°°-rings of manifolds with corners.

EXAMPLE 2.31. Let 0 < k < n, and consider the closed subset R} = [0, 00)* x
R™* in R™, the local model for manifolds with corners. Write C°°(R}) for the
C>-ring {thZ : f € C®(R™)}. Since the interior (R})° = (0,00)" x R"F of R}
is dense in R}, as in Definition we have C*°(Ry) = C*> (R")/m]l%‘flz. As mg5, is
not countably generated by Proposition [2.30} it is not finitely generated, and thus
C*>(R}) is not a finitely presented C'*°-ring, by Proposition m

Consider the coproduct C®(R}")®.,C>(R]") in C*°Rings, that is, the pushout
C* (R g C*(R}") over the trivial C*°-ring R. By Example and Proposition
2.29] we have

O (YY) @ac O (B]) = CX(R™) /(i mi) = O (B™) /iy

= C®(Ry' x R') = C®(RY'H™).
This is an example of Theorem below, with X =R}, Y =R}" and Z =x.






CHAPTER 3
The C*-ring C*°(X) of a manifold X

We now study the C*°-rings C*°(X) of manifolds X defined in Example
We are interested in manifolds without boundary (locally modelled on R"), and
in manifolds with boundary (locally modelled on [0,00) x R"™!), and in manifolds
with corners (locally modelled on [0, 00)* x R™™*). Manifolds with corners were
considered by the author [35,40], and we use the conventions of those papers.

The C®°-rings of manifolds with boundary are discussed by Reyes [59] and
Kock [44] §IIL.9], but Kock appears to have been unaware of Proposition m
which makes C'*°-rings of manifolds with boundary easier to understand.

If X,Y are manifolds with corners of dimensions m, n, then [40, §2.1] defined
f X = Y to be weakly smooth if f is continuous and whenever (U, ¢), (V, )
are charts on X,Y then v»"to fog¢ : (fo o) L (y(V)) — V is a smooth map
from (f o ¢)"t(w(V)) € R™ to V. .C R". A smooth map is a weakly smooth
map f satisfying some extra conditions over O¥X,9'Y in [40, §2.1]. If 9Y = ()
these conditions are vacuous, so for manifolds without boundary, weakly smooth
maps and smooth maps coincide. Write Man, Man®, Man® for the categories of
manifolds without boundary, and with boundary, and with corners, respectively,
with morphisms smooth maps.

PROPOSITION 3.1. (a) If X is a manifold without boundary then the C*-ring
C>(X) of Example is finitely presented.
(b) If X is a manifold with boundary, or with corners, and X # 0, then the
C®-ring C*(X) of Example is fair, but is not finitely presented.

PROOF. Part (a) is proved in Dubuc [23| p. 687] and Moerdijk and Reyes |54,
Th. 1.2.3] following an observation of Lawvere, that if X is a manifold without
boundary then we can choose a closed embedding ¢ : X — RY for N >> 0, and then
X is a retract of an open neighbourhood U of i(X), so we have an exact sequence
0— I — C®(RY)-5 C™(X) — 0 in which the ideal T is finitely generated, and
thus the C*°-ring C*°(X) is finitely presented.

For (b), if X is an n-manifold with boundary, or with corners, then roughly by
gluing on a ‘collar’ X x (—e¢, 0] to X along X for small € > 0, we can embed X as
a closed subset in an n-manifold X’ without boundary, such that the inclusion X <
X' is locally modelled on the inclusion of R} = [0, 00)* x R™ ™" in (—¢, 00)¥ x R"™*
for k < n. Choose a closed embedding i : X’ < RY for N > 0 as above, giving
0 — I' - C®(RN) 55 ¢=(X") — 0 with I’ generated by fi, ..., fr € C(RY).
Let i(X’) ¢ T ¢ RY be an open tubular neighbourhood of i(X’) in RY, with
projection 7 : T — i(X'). Set U = 7~ (i(X°)) ¢ T € RY, where X° is the interior
of X. Then U is open in RY with i(X°) = U Ni(X’), and the closure U of U in
RY has i(X) = U Ni(X').
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Let I be the ideal (f1, ..., fo,m®) in C=°(RY). Then I is fair, as (fi,..., f)
and mz? are fair. Since U is open in R™ and dense in U, as in Definition we have
g € m if and only if g|z = 0. Therefore the isomorphism (i.). : C*(R™)/I" —
C>*(X') identifies the ideal I/I’ in C*°(X’) with the ideal of f € C*°(X’) such
that f|x =0, since X =i~ }(U). Hence

CERM)I=C™(X){feC™(X'): flx=0}={f|x:f€C™(X)}=C®(X).
As I is a fair ideal, this implies that C>°(X) is a fair C*°-ring. If X # @ then
using Proposition we can show I is not countably generated, so C*°(X) is not
finitely presented by Proposition [2.17] g

Next we consider the transformation X — C*°(X) as a functor.

DEFINITION 3.2. Write C*Rings®?, (C*°Rings'P)°P, (C*Rings®)°P for
the opposite categories of C*°Rings, C*Rings?, C*°Rings® (i.e. directions of
morphisms are reversed). Define functors

Fl\(/j[:nmngs : Man — (C*°Rings)°P ¢ C>°Rings°?,
Fﬁ:ﬂ%ings : Man® — (C*°Rings™)°P ¢ C*°Rings°?,

Fﬁ:ﬁings : Man® — (C°°Ringsfa)°p C C*°Rings°?

as follows. On objects the functors Fao 20"8 map X s C°°(X), where C°°(X)
is a C'°°-ring as in Example On morphisms, if f: X — Y is a smooth map
of manifolds then f* : C>*°(Y) — C°°(X) mapping ¢ — co f is a morphism
of C*-rings, so that f* : C®(Y) — C°°(X) is a morphism in C*°Rings, and
f* 1 C(X) = C(Y) a morphism in C®°Rings®P, and Fo ~"8 maps f s f*.
Clearly }(—‘1\(/3[‘;‘;Rings7P-vl\(}?[‘::nl:.ings7 FI\C/)[‘:nl}ings

If f: X — Y is only weakly smooth then f*:C>®(Y) — C°°(X) in Definition
is still a morphism of C*°-rings. From [54, Prop. 1.1.5] we deduce:

are functors.

ProOPOSITION 3.3. Let X,Y be manifolds with corners. Then the map f +— f*
from weakly smooth maps f : X — Y to morphisms of C*®-rings ¢ : C°(Y) —
C>*(X) is a 1-1 correspondence.

In the category of manifolds Man, the morphisms are weakly smooth maps. So
FORIngs i both injective on morphisms (faithful), and surjective on morphisms
(full), as in Moerdijk and Reyes |54, Th. 1.2.8]. But in ManP, Man® the morphisms
are smooth maps, a proper subset of weakly smooth maps, so the functors are

injective but not surjective on morphisms. That is:

COROLLARY 3.4. The functor Fl\(/:[:nRi"gS : Man — (C*Rings?)°P is full

and faithful. However, the functors Fﬁ:ﬂ%i“gs : Man® — (C*Rings®)°P and

Fﬁ:nlzings : Man® — (C*Rings)°P are faithful, but not full.

Of course, if we defined Man®P, Man® to have morphisms weakly smooth maps,
then Fyo w8 pCRings would be full and faithful.

Let X,Y,Z be manifolds and f : X — Z, g : Y — Z be smooth maps. If
X,Y, Z are without boundary then f,g are called transverse if whenever x € X
and y € Y with f(z) = g(y) = z € Z we have T,Z = df (T, X) + dg(T,,Y). If f, g

are transverse then a fibre product X x 7 Y exists in Man.
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For manifolds with boundary, or with corners, the situation is more compli-
cated, as explained in [35, §6], [40, §4.3]. In the definition of smooth f: X — Y
we impose extra conditions over 3’ X, 9*Y, and in the definition of transverse f,g
we impose extra conditions over 07 X,0%Y,9'Z. With these more restrictive def-
initions of smooth and transverse maps, transverse fibre products exist in Man®
by [35, Th. 6.3] (see also |40, Th. 4.27]). The naive definition of transversality is
not a sufficient condition for fibre products to exist. Note too that a fibre product
of manifolds with boundary may be a manifold with corners, so fibre products work
best in Man or Man® rather than ManP.

Our next theorem is given in [23| Th. 16] and [54, Prop. 1.2.6] for manifolds
without boundary, and the special case of products Man x Man® — ManP® follows
from Reyes [59, Th. 2.5], see also Kock [44] §II1.9]. It can be proved by combining
the usual proof in the without boundary case, the proof of |35, Th. 6.3], and

Proposition [2.29]
C*°Rings C°°Rings
THEOREM 3.5. The functors Fy,, s FNtane preserve transverse fibre

products in Man, Man®, in the sense of |35, §6]. That is, if the following is a
Cartesian square of manifolds with g, h transverse

W - Y
be n| (3.1)

xX—72 .7

so that W = X X425 Y, then we have a pushout square of C°°-rings

c>(2) = C=(Y)
Vo * ) (3.2)
o (X) ¢ (W),

S0 that COO(W) - COO(X) Hg*7Coo(Z))h* OOO(Y).






CHAPTER 4

C*°-ringed spaces and (C*°-schemes

In algebraic geometry, if A is an affine scheme and R the ring of regular func-
tions on A, then we can recover A as the spectrum of the ring R, A = Spec R. One
of the ideas of synthetic differential geometry, as in |54, §I], is to regard a manifold
X as the ‘spectrum’ of the C*°-ring C*°(X) in Example So we can try to de-
velop analogues of the tools of scheme theory for smooth manifolds, replacing rings
by C°-rings throughout. This was done by Dubuc [22}[23]. The analogues of the
algebraic geometry notions [31, §II.2] of ringed spaces, locally ringed spaces, and
schemes, are called C'*°-ringed spaces, local C'*°-ringed spaces and C°°-schemes.

The material of is new.

4.1. Some basic topology

Later we will use several properties of topological spaces, e.g. second countable,
metrizable, Lindel6f, ..., so we now recall their definitions and some relationships
between them. Let X be a topological space, with topology 7. Then:

o A basis for T is a family B C T such that every open set in X is a union
of sets in B. We call X second countable if T has a countable basis.
e An open cover {U; : i € I} of X is locally finite if every x € X has an
open neighbourhood W with W N U; # @ for only finitely many i € 1.
An open cover {V; : j € J} of X is a refinement of another open cover
{U; :ieI}iffor all j € J there exists ¢ € I with V; CU; C X.
We call X paracompact if every open cover {U; : i € I'} of X admits
a locally finite refinement {V; : j € J}.
e We call X Hausdorff if for all x,y € X with x # y there exist open
UVCXwithzeU,yeVadUNV =0.
o We call X metrizable if there exists a metric on X inducing topology 7.
e We call X regular if for every closed subset C' C X and each z € X \ C
there exist disjoint open sets U,V C X with C CU and x € V.
o We call X completely regular if for every closed C' C X and z € X \ C
there exists a continuous f: X — [0,1] with f|c =0 and f(z) = 1.
o We call X separable if it has a countable dense subset S C X.
e We call X locally compact if for all z € X there exist x e U C C C X
with U open and C' compact.
o We call X Lindeldf if every open cover of X has a countable subcover.

By well known results in topology, including Urysohn’s metrization theorem,
the following are equivalent:
(i) X is Hausdorff, second countable and regular.
(ii) X is second countable and metrizable.
(iii) X is separable and metrizable.
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Here are some useful implications:

X Hausdorff and locally compact imply X is regular.

X metrizable implies X is Hausdorff, paracompact, and regular.
X second countable implies X is Lindeldf.

X Lindelof and regular imply X is paracompact.

4.2. Sheaves on topological spaces

Sheaves are a fundamental concept in algebraic geometry. They are necessary
even to define schemes, since a scheme is a topological space X equipped with a
sheaf of rings Ox. In this book, sheaves of C*°-rings, and sheaves of modules over
a sheaf of C*°-rings, play a fundamental role.

We now summarize some basics of sheaf theory, following Hartshorne |31} §II.1].
A more detailed reference is Godement [28]. We concentrate on sheaves of abelian
groups; to define sheaves of C'*°-rings, etc., one replaces abelian groups with C'>°-
rings, etc., throughout. This is justified since limits in all these categories (including
abelian groups) are computed at the level of underlying sets, because they are all
algebras for algebraic theories.

DEFINITION 4.1. Let X be a topological space. A presheaf of abelian groups £
on X consists of the data of an abelian group £(U) for every open set U C X, and
a morphism of abelian groups pyy : E(U) — E(V) called the restriction map for
every inclusion V' C U C X of open sets, satisfying the conditions that

(i) £(0) =0;
(ii) prv =idgw) : E(U) = E(U) for all open U C X; and

(iii) puw = pvw o puv : EU) = E(W) for allopen W CV C U C X.

That is, a presheaf is a functor £ : Open(X)°P — AbGp, where Open(X) is
the category of open subsets of X with morphisms inclusions, and AbGp is the
category of abelian groups.
A presheaf of abelian groups £ on X is called a sheaf if it also satisfies
(iv) If U C X is open, {V; : i € I'} is an open cover of U, and s € £(U) has
puv,(s) =01in E(V;) for all i € I, then s =0 in E(U); and

(v) If U C X is open, {V; : i € I} is an open cover of U, and we are given
elements s; € £(V;) for all i € I such that py,(v,nv;)(si) = pv,(vinv;)(8))
in £(V; NVj;) for all 4,5 € I, then there exists s € £(U) with pyv, (s) = s;
for all 4 € I. This s is unique by (iv).

Suppose £, F are presheaves or sheaves of abelian groups on X. A morphism
¢ : &€ — F consists of a morphism of abelian groups ¢(U) : £(U) — F(U) for all
open U C X, such that the following diagram commutes for all open V C U C X

&) ——g = F0)
((}LPUV (V) vai’
V) FV),

where pyv is the restriction map for £, and pf;y, the restriction map for F.

DEFINITION 4.2. Let £ be a presheaf of abelian groups on X. For each x € X,
the stalk &, is the direct limit of the groups E(U) for all z € U C X, via the
restriction maps pyy. It is an abelian group. A morphism ¢ : £ — F induces
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morphisms ¢, : £, — F, forallz € X. If £, F are sheaves then ¢ is an isomorphism
if and only if ¢, is an isomorphism for all z € X.

Sheaves of abelian groups on X form an abelian category Sh(X). Thus we have
(category-theoretic) notions of when a morphism ¢ : £ — F in Sh(X) is injective
or surjective (epimorphic), and when a sequence &€ — F — G in Sh(X) is ezact.
It turns out that ¢ : &€ — F is injective if and only if ¢(U) : E(U) — F(U) is
injective for all open U C X. However ¢ : £ — F surjective does not imply that
o(U) : E(U) — F(U) is surjective for all open U C X. Instead, ¢ is surjective if
and only if ¢, : £, — F, is surjective for all x € X.

DEFINITION 4.3. Let &£ be a presheaf of abelian groups on X. A sheaﬁﬁcatwn
of € is a sheaf of abelian groups & on X and a morphism 7 : £ — &, such that
whenever F is a sheaf of abelian groups on X and ¢ : £ — F is a morphism,
there is a unique morphism ¢ : & — F with ¢ = ¢ o . As in [31, Prop. I1.1.2], a
sheafification always exists, and is unique up to canonical isomorphism; one can be
constructed explicitly using the stalks £, of £.

Next we discuss pushforwards and pullbacks of sheaves by continuous maps.

DEFINITION 4.4. Let f : X — Y be a continuous map of topological spaces,
and & a sheaf of abelian groups on X. Define the pushforward (direct image) sheaf
f«(E) on Y by (f*( ))( ) =E(f71(U)) for all open U C V, with restriction maps
Ppv = i1 wyf-1v) : (fo(€))(U) = (f«(€))(V) for all open V C U C Y. Then
f«(€) is a sheaf of abehan groups on Y.

If $ : &€ — F is a morphism in Sh(X) we define f.(¢) : f.(E) = fu(F) by
(f+(¢))(u) = ¢(f~1(U)) for all open U C Y. Then f.(¢) is a morphism in Sh(Y),
and f, is a functor Sh(X) — Sh(Y). It is a left exact functor between abelian
categories, but in general is not exact. For continuous maps f: X —-Y,¢g:Y —» Z

we have (go f)« = g« © fi.

DEFINITION 4.5. Let f : X — Y be a continuous map of topological spaces,
and &€ a sheaf of abelian groups on Y. Define a presheaf Pf~1(€) on X by
(Pf=HE))(U) = limas ¢y E(A) for open A C X, where the direct limit is taken
over all open A C Y containing f(U), using the restriction maps pap in €. For
open V. C U C X, define pjy, = (Pf7HE))(U) = (PfHE))(V) as the direct
limit of the morphisms pap in € for BC A CY with f(U) C A and f(V) C B.
Then we define the pullback (inverse image) f~1(€) to be the sheafification of the
presheaf Pf~1(€).

Pullbacks f~1(€) are only unique up to canonical isomorphism, rather than
unique. By convention we choose once and for all a pullback f~1(€) for all X,Y, f,&
using the Axiom of Choice if necessary. If ¢ : £ — F is a morphism in Sh(Y), one
can define a pullback morphism f=*(¢) : f~1(€) — f~*(F). Then f~1:Sh(Y) —
Sh(X) is an exact functor between abelian categories.

We compare pushforwards and pullbacks:

REMARK 4.6. (a) There are two kinds of pullback, with slightly different no-
tation. The first kind, written f~1(€) as in Definition is used for sheaves of
abelian groups or C*-rings. The second kind, written f*(&) or f*(€) and discussed
in and is used for sheaves of Oy-modules £.
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(b) The definition of pushforward sheaves f.(€) is wholly elementary. In contrast,
the definition of pullbacks f~!(&) is complex, involving a direct limit followed by
a sheafification, and includes arbitrary choices.

Pushforwards f, are strictly functorial in the continuous map f : X — Y, that
is, for continuous f : X =Y, g:Y — Z we have (gof). = g«of« : Sh(X) — Sh(2).
However, pullbacks f~! are only weakly functorial in f: if £ € Sh(Z) then we need
not have (go f)71(€) = f~1(g71(£)). This is because pullbacks are only natural
up to canonical isomorphism, and we make an arbitrary choice for each pullback.
So although f~1(g71(&)) is a possible pullback for £ by g o f, it may not be the
one we chose.

Thus, there is a canonical isomorphism (go f)~1(&) = f~1(g7(€)), which we
will write as I7,4(€) : (go f)~HE) = fF~H (g7 (E)). The I ,(E) for all £ € Sh(Z)
comprise a natural isomorphism of functors I, : (go f)~* = f~tog~!. Similarly,
for £ € Sh(X) we may not have idy'(£) = &, but instead there are canonical
isomorphisms dx (€) : idy'(§) — &, which make up a natural isomorphism dx :
id);1 = idgn(x). Many authors ignore the natural isomorphisms [y ,,dx entirely.

(c) Let f : X — Y be a continuous map of topological spaces. Then we have
functors f. : Sh(X) — Sh(Y), and f~! : Sh(Y) — Sh(X). As in |31, Ex. I1.1.18],
f+ is right adjoint to f~!. That is, there is a natural bijection

HomX(f_l(E),]:) %“Homy(c‘,',f*(]:)) (4.1)
for all £ € Sh(Y') and F € Sh(X), with functorial properties.

We define fine sheaves, as in Godement [28) §I1.3.7] or Voisin [69| Def. 4.35].
They will be important in §4.7] and §5.3]

DEFINITION 4.7. Let X be a topological space (usually paracompact), and &
a sheaf of abelian groups on X, or more generally a sheaf of rings, or C'°°-rings, or
Ox-modules, or any other objects which are also abelian groups. We call £ fine if
for any open cover {U; : i € I} of X, a subordinate locally finite partition of unity
{¢; : 1 € I} exists in the sheaf Hom(E,E).

Here (; : £ — £ is a morphism of sheaves of abelian groups (or rings, C*°-rings,
...) for each i € I. For {¢; : i € I'} to be subordinate to {U; : i € I} means that (;
is supported in U; for each ¢ € I, that is, there exists open V; C X with (;|y, =0
and U; UV; = X. For {(; : 7 € I} to be locally finite means that each € X has an
open neighbourhood W with ;|w # 0 for only finitely many ¢ € I. For {¢; : i € I}
to be a partition of unity means that )., ¢; = idg, where the sum makes sense as
{¢ : i € I} is locally finite.

If £ = Ox is a sheaf of commutative rings or C*°-rings, then writing 7; = (;(1)
in Ox(X), we see that {; = n; - is multiplication by 7;. So we can regard the
partition of unity as living in Ox (X)) rather than Hom(Ox, Ox).

4.3. C*°-ringed spaces and local C*-ringed spaces

DEFINITION 4.8. A C*-ringed space X = (X,Ox) is a topological space X
with a sheaf Ox of C*°-rings on X. That is, for each open set U C X we are given
a C* ring Ox (U), and for each inclusion of open sets V C U C X we are given a
morphism of C*-rings pyy : Ox(U) — Ox(V), called the restriction maps, and
all this data satisfies the sheaf axioms in Definition [£.1]
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Equivalently, Ox is a presheaf of C*°-rings on X, that is, a functor
Ox : Open(X)°? — C°°Rings,

whose underlying presheaf of abelian groups, or of sets, is a sheaf. The sheaf axioms
Definition iv),(v) do not use the C*°-ring structure.

A morphism f = (f, f*) : (X,0x) — (Y, Oy) of C* ringed spaces is a contin-
uous map f: X — Y and a morphism f* : f71(Oy) — Ox of sheaves of C*°-rings
on X, for f~1(Oy) as in Deﬁnition Since f. is right adjoint to f~!, as in
there is a natural bijection

Homy (f~*(Oy),Ox) = Homy (Oy, f.(Ox)). (4.2)

Write fy : Oy — f.(Ox) for the morphism of sheaves of C*°-rings on Y corre-
sponding to f* under (4.2), so that

P fHOy) — Ox e fi: Oy — f(Ox). (4.3)

fFf:X—Yandg:Y — Z are C°°-scheme morphisms, the composition is

gof=1(g0f (gof)f)= (g0 f frof  (g") ols4(0z)),

where I7,(O0z) : (gof) 1 (Oz) — f~1(g7*(Oz)) is the canonical isomorphism from
Remark [£.6(b). In terms of f; : Oy — f.(Ox), composition is

(g0 f)s=g.(fi)ogs: Oz — (9© f)«(Ox) = g« 0 fu(Ox).

A local C*°-ringed space X = (X,0x) is a C*°-ringed space for which the
stalks Ox , of Ox at x are local C*°-rings for all + € X. As in Definition
since morphisms of local C'**°-rings are automatically local morphisms, morphisms of
local C*°-ringed spaces (X, Ox), (Y, Oy) are just morphisms of C'*°-ringed spaces,
without any additional locality condition. Moerdijk, van Qué and Reyes |52, §3]
call our local C'*°-ringed spaces Archimedean C°-spaces.

Write C*°RS for the category of C*>°-ringed spaces, and LC*°RS for the full
subcategory of local C'*°-ringed spaces.

For brevity, we will use the notation that underlined upper case letters X,Y,
Z,... represent C°-ringed spaces (X,0x),(Y,0y),(Z,0z),..., and underlined
lower case letters f,g,... represent morphisms of C*-ringed spaces (f, f*), (¢, g%),
.... When we write ‘z € X’ we mean that X = (X,0x) and z € X. When we
write ‘U is open in X’ we mean that U = (U,Opy) and X = (X,0x) with U C X
an open set and Oy = Ox|y.

REMARK 4.9. As above, there are two equivalent ways to write morphisms of
C>-ringed spaces (X,0x) — (Y,0y), either using pullbacks as (f, %) for f* :
J71(Oy) = Ox, or using pushforwards as (f, fy) for f; : Oy — f.(Ox). Each
definition has advantages and disadvantages. We choose to regard f#: f~1(Oy) —
Ox as the primary object, and so define morphisms of C*°-ringed spaces as (f, f*)
rather than (f, fy), although we will use f; in a few places. We can always switch
between the two points of view using .

EXAMPLE 4.10. Let X be a manifold, which may have boundary or corners.
Define a C*°-ringed space X = (X, Ox) to have topological space X and Ox (U) =
C°(U) for each open subset U C X, where C*°(U) is the C*°-ring of smooth maps
c: U — Ryand if V. C U C X are open we define pyy : C®({U) — C=(V)
by pUV  CH> C|V.
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It is easy to verify that Ox is a sheaf of C*°-rings on X (not just a presheaf),
so X = (X,0x) is a C*°-ringed space. For each = € X, the stalk Ox , is the
local Coo—ring of germs [(¢,U)] of smooth functions ¢ : X — R at :c € X, asin
Example with unique maximal ideal mx , = { c, U)] € Ox,y:c(x) = O} and
(’)X@/mX@ =~ R. Hence X is a local C*°-ringed space.

Let X,Y be manifolds and f : X — Y a weakly smooth map. Define (X, Ox),
(Y,0y) as above. For all open U C Y define f4(U) : Oy(U) = C=({U) —
Ox(f~1(U)) = C=(f~1(U)) by f4(U) : ¢ = co f for all ¢ € C>®(U). Then
f4(U) is a morphism of C*°-rings, and f; : Oy — f.(Ox) is a morphism of sheaves
of C®-rings on Y. Let f*: f~1(Oy) — Ox correspond to f; under . Then
f=(ff":(X,0x) — (Y,0y) is a morphism of (local) C*-ringed spaces.

As the category Top of topological spaces has all finite limits, and the con-
struction of C*°RS involves Top in a covariant way and the category C*°Rings
in a contravariant way, using Proposition [2.5] one may prove:

ProroSITION 4.11. All finite limits exist in the category C*RS.

Dubuc [23| Prop. 7] proves:

PROPOSITION 4.12. The full subcategory LCRS of local C*°-ringed spaces
in C°RS is closed under finite limits in C°RS.

4.4. The spectrum functor

We now define a spectrum functor Spec : C®Rings®® — LC>*RS. It is
equivalent to those constructed by Dubuc [22,[23] and Moerdijk, van Qué and
Reyes |52 §3], but our presentation is closer to that of Hartshorne |31}, p. 70].

DEFINITION 4.13. Let € be a C'*°-ring, and use the notation of Definition [2.13
Write X¢ for the set of all R-points x of €. Let T¢ be the topology on X¢ generated
by the basis of open sets U = {z € X¢ : z(c) # 0} for all ¢ € €.

For each ¢ € € define ¢, : X¢ — R to map ¢, : © — z(c).

EXAMPLE 4.14. Sl(lﬁppose ¢ is a finitely generated C'°°-ring, with exact sequence
0= I < C®R")—¢ — 0. Deﬁneamapgb* Xe - R" by ¢ : 2 —
(zo¢(z1),...,20¢(z,)), where z1,...,z, are the generators of C°°(R"). Then
¢4« gives a homeomorphism

oy 2 Xe iXZ) ={(z1,...,2n) €ER": f(z1,...,2,) =0forall feI}, (44)
where the right hand side is a closed subset of R™. So the topological spaces
(X¢, Te) for finitely generated € are homeomorphic to closed subsets of R"™.

Recall that a topological space X is reqular if whenever S C X is closed and
x € X\ S then there exist open U,V C X withz €U, SCV and UNV = {.

LEMMA 4.15. In Definition the topology Te is also generated by the basis
of open sets c;1(V) for all ¢ € € and open V. C R. That is, Te is the weakest
topology on X¢ such that ¢, : X¢ — R is continuous for all ¢ € €. Also (X¢,Te)
18 a Hausdorff, regular topological space.

PROOF. Suppose ¢ € € and V C R is open. Then there exists smooth f: R —
R with V' = {z € R: f(z) # 0}. Set ¢ = ®¢(c), using the C*°-ring operation
®s:C —C. Then ¢, = foc, as ¢: € = R is a C*°-ring morphism, so

Ue = () 'R\ A0}) = (f o ) 'R\ A{0}) = ' [f7H(0)] = (V).
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So ¢;1(V) is of the form U.. Conversely U, = c¢; (V) for V =R\ {0} C R. So the
two given bases for T¢ are the same, proving the first part.

Let z,y be distinct points of X¢. Then there exists ¢ € € with z(c) # y(c),
as © # y. Set € = 1|z(c) —y(c)| > 0 and U = ;' ((z(c) — ,x(c) +¢€)), V =
c; ((y(c) —€,y(c)+¢€)). Then U,V C X¢ are disjoint open sets withz € U,y € V,
so (X¢, Te) is Hausdorff.

Suppose S C X¢ is closed, and x € X \ S. Then there exists ¢ € € with
x €U, C X¢\S, since X¢\S is open in X¢ and the U, are a basis for T¢. Therefore
cu(z) # 0 and ¢i]s = 0. Set € = S|cu(z)] > 0, U = ¢ ((cu(x) — €, ¢ (2) + €)) and
V= c;l((—e,e)). Then U,V C X¢ are disjoint open sets with x € U, S C V, so
(Xe,Te) is regular. O

DEFINITION 4.16. Let € be a C*°-ring, and X¢ the topological space from
Definition For each open U C X¢, define Ox, (U) to be the set of functions
5:U = [l cp € with s(z) € €, for all z € U, and such that U may be covered by
open sets W C U C X¢ for which there exist ¢ € € with s(x) = m,(c) € €, for all
x € W. Define operations ®; on Ox, (U) pointwise in « € U using the operations
®; on €,. This makes Ox, (U) into a C®-ring. If V C U C X¢ are open, the
restriction map pyy : Ox, (U) — Ox, (V) mapping pyv : s — s|y is a morphism
of C'*°-rings.

Clearly Ox, is a sheaf of C°°-rings on X¢. Lemma shows that the stalk
Ox,x at © € Xg is €,, which is a local C*-ring. Hence (X¢,Ox,) is a local
C*°-ringed space, which we call the spectrum of €, and write as Spec €.

Now let ¢ : € — ® be a morphism of C°°-rings. Define fy : Xp — X¢
by fs(x) = x 0 ¢. Then fy is continuous. For U C X¢ open define (fy)s(U) :
Ox,(U) — (’)Xg(fd:l(U)) by (f4)i(U)s : ¢ = ¢a(s(fe(x))), where ¢y : Cho(z) =
D, is the induced morphism of local C*°-rings. Then (fs)s : Ox, — (f¢)+«(Oxs)
is a morphism of sheaves of C*°-rings on X¢. Let fi : f(;l(OXG) — Ox, be
the corresponding morphism of sheaves of C°°-rings on Xp under . Then
fo = (for f5) + (X0,0x,) — (X¢,0Ox,) is a morphism of local C*-ringed
spaces. Define Spec ¢ : Spec® — Spec€ by Spec¢ = f4. Then Spec is a functor
C*°Rings°® — LC*°RS, the spectrum functor.

EXAMPLE 4.17. Let X be a manifold. Then it follows from Theorem [.4]]
below that the local C'*°-ringed space X constructed in Example is naturally
isomorphic to Spec C*°(X).

LEMMA 4.18. In Definition the stalk Ox, » of Ox, at © € X¢ is natu-
rally isomorphic to €,,.

PrOOF. Elements of Ox, , are ~-equivalence classes [U,s]| of pairs (U, s),
where U is an open neighbourhood of z in X¢ and s € Ox, (U), and (U, s) ~ (U’ s")
if there exists open x € V C U N U’ with s|y = s'|y. Define a C°°-ring morphism
II:Oxy s — €4 by IL: [U, s] — s(z).

Suppose ¢; € €,. Then ¢, = m,(c) for some ¢ € € by Proposition m
The map s : Xe¢ — [[,cx, €» mapping s : 2’ = 7 (c) lies in Ox, (X¢), and
IT: [X¢, 8] — my(c) = ¢. Hence II: Ox, ., — €, is surjective.

Suppose [U, s] € Ox, » with II([U,s]) =0 € €,. As s € Ox, (U), there exist
openz € V C U and c € € with s(z') = m(c) € €, for all ' € V. Then 7, (c) =
s(z) =TI([U, s]) = 0, so ¢ lies in the ideal [ in by Proposition[2.14} Thus there
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exists d € € with z(d) #0in Rand cd =01in €. Set W = {z’ € V : 2/(d) # 0}, so
that W is an open neighbourhood of z in U. If 2’ € W then 2/(d) # 0, so 7,/ (d) is
invertible in €,,. Thus

5(2) = T (€) = Mo ()0 ()0 (d) 1 = Tar (cd) e (d) ™1 = mor (0)ar (d) ™1 = 0.

Hence [U,s] = [W,slw] = [W,0] = 0 in Ox, 4, so II : Ox, » — €, is injective.
Thus II : Ox, o — €, is an isomorphism. [l

DEFINITION 4.19. The global sections functor T' : LC®RS — C*°Rings°?
acts on objects (X,0x) by T' : (X,0x) = Ox(X) and on morphisms (f, f*) :
(X,0x) = (Y,0y) by T': (f, f*) = fy(Y), for f; : Oy — f.(Ox) as in (4.3).

Then T o Spec is a functor C*°Rings®® — C°Rings®°P, or equivalently a
functor C*°Rings — C*°Rings. For each C*°-ring € and ¢ € €, define ¥¢(c) :
Xe = [loex, €e by Ye(e) : 2+ m(c) € €. Then We(c) € Ox, (Xe¢) = oSpec€
by Definition so Ve : € = T'oSpec € is a map. Since 7, : € — €, is a C®-ring
morphism and the C*°-ring operations on Ox, (X¢ ) are defined pointwise in the €,
this U¢ is a C'°°-ring morphism. It is functorial in €, so that the W for all € define
a natural transformation ¥ : idgeeRings = I'0Spec of functors idceeRings, I 0Spec :
C°°Rings — C*°Rings.

THEOREM 4.20. The functor Spec : C*°Rings®® — LC*>°RS is right adjoint
toT : LC*®RS — C*°Rings°?. That is, for all € € C>°Rings and X € LCRS
there are inverse bijections

Le¢ x

HomceoRings (€, I'(X)) Homyp,ceors (X, Spec €), (4.5)

Re x

which are functorial in the sense that if A : € — ® is a morphism in C°Rings
and e: X =Y a morphism in LC°RS then the following commutes:

LQ_X
HomceoRings(D,T'(Y)) — Hompcers (Y, Spec®)
i/(b»—)l‘(g)oqbo)\ LQ’X frSpec /\Ongi (4.6)
<, X
HomceoRings (€, I'(X)) — Homy,ceors (X, Spec?).
<, X

When X = Spec € we have ¢ = Re x(idx), so that Y is the unit of the adjunc-
tion between I' and Spec.

PROOF. Let € € C*Rings and X € LC*RS. Write Y = (Y, Oy) = SpecC.
Define Re¢ x in l} by, for each morphism f : X — Y in LC*RS, taking
Re x(f) : € = I'(X) to be the composition

r(f)
¢ Y .~ IPoSpece =TI(Y) I(X). (4.7)

For the last part, if X = Spec € then ¥y = RQ‘,X(E;() as F(@K) = ldF(i()

Let ¢ : € — I'(X) be a morphism in C*°Rings. We will construct a morphism
g=(9,9"): X =Y in LCRS, and set Le¢ x(¢) = g. For any € X we have an
R-algebra morphism z, : I'(X) — R by composing the stalk map o, : I'(X) = Ox ,
with the unique morphism 7 : Ox, — R, as Ox, is a local C°°-ring. Then
zs0¢ : € — R is an R-algebra morphism, and hence a point of Y. Defineg: X — Y
by g(z) = z.0¢. If c € € then U, = {y € Y : y(c) # 0} is open in Y, and
g U.) ={z € X : z.(¢(c)) # 0} is open in X, as z > z,(d) is a continuous map
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X — R for any d € T'(X). Since the U, for ¢ € € are a basis for the topology of Y
by Definition g: X — Y is continuous.
Let x € X with g(z) =y € Y. Counsider the diagram of C*°-rings

¢ p I'X)
| ) o) (4.8)
Q:y =~ OY,y ¥ > OX7Z .

Here ¢, = Oy, by Lemma If ¢ € € with y(c) # 0 then o, 0 ¢(c) € Ox 4
with w[o, o ¢(c)] # 0, so o, o ¢(c) is invertible in Ox , as Ox , is a local C*°-
ring. Thus by the universal property of 7, : € — €, there is a unique morphism
¢z : Oy,y = Ox , making (4.8) commute.

For each open V. C Y with U = ¢g7}(V) C X, define g;(V) : Oy(V) —
0:(0x) (V) = Ox (U) by gs(V)s : 7+ 6u(s(a(x))) for s € Oy (V) and z € U C X,
so that g(x) € V, and s(g(z)) € Oy g(z), and ¢.(s(9(z))) € Ox .. Here as Ox
is a sheaf we may identify elements of Ox(U) with maps t : U — [[,cy Ox.
with t(z) € Ox, for x € U, such that ¢ satisfies certain local conditions in U. If
s € Oy(V)andz € U C X with g(z) =y € V C Y, then by Definition [4.16] there is
an open neighbourhood W, of y in V and ¢ € € with s(y') = 7,/ (c) € €, = Oy
for all y* € W,. Therefore g4(V)s maps =’ — o,/ (¢(c)) for all 2’ in the open
neighbourhood g~ (W,)) of z in U, by . Since the open subsets g—!(W,) cover
U, g4(V)s is a section of Ox|y, and g4(V') is well defined.

As the ¢, are C*°-ring morphisms, this defines a morphism g; : Oy — g.(Ox)
of sheaves of C™-rings on Y. Let ¢g* : ¢7'(Oy) — Ox be the corresponding
morphism of sheaves on X under . The stalk g : Oy,y — Ox 5 of gtatze X
with g(z) =y € Y is g% = ¢,. Then g = (g,g") is a morphism in LC*®RS. Set
Le¢ x(¢) = g. This defines L¢ x in .

For ¢, g as above, ¢ € €, and x € X with g(x) =y =1x.0¢ € Y, we have

o[ (Re x © Le x(9))(0)] = 04 [I(g) 0 We(c)] = gk 0 0y [We ()]
= ¢z 00y[Ve(c)] = ¢u 0 my(c) = 04 0 9(c),

using Le x (¢) = g and the definition of Re¢ x(g) in the first step, o, o I'(g) =
gt oo, : T(Y) = Ox, in the second, g% = ¢, in the third, o, o ¥¢ = 7, as
maps € = Oy, = €, in the fourth, and in the fifth. As [[,cx 0. : T'(X) —
[T.cx Ox.o is injective, this implies that (Re x o Le x(¢))(c) = ¢(c) for all ¢ € €,
SO RQK o LC,X(QS) = (Z5, and RQK o LQ;{ =id.

Suppose f : X — Y is a morphism in LC*RS, and set ¢ = Re¢ x(f) and
g = L¢7§(¢)T Let x € X with f(z) = y € Y. Then we have a commutative
diagram in C*Rings

@
¢ 7o I'oSpec€ =T(Y) F(I)—>F(X)
\L”y Y iay T Um\L
o f (4.9)

¢y — Oy,y Ox »
\\xﬂ'i %
R,
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where the isomorphism €, 2 Oy, comes from Lemma Since g(z) =z, 0 ¢ :
¢ — R, this proves that g(z) = y = f(z), so f = g. Also by definition the
stalk g : Oyy — Oxyz is ¢y in , SO comparing and and using
my : € — &, surjective by Proposition %El shows that f} = gi. As this holds for
all z € X we have f* = g%, so f = (f, f*) = (9,9*) = 9. Thus Le x o Re x(f) = f
forall f: X —Y,s0L¢xo R;,L( = id. Therefore ng, Re¢ x in are inverse
bijections.

It is easy to see that the rectangle in involving Ro y, Re¢ x commutes using
and functoriality of the W¢ and I'. Then the rectangle involving Lg y, Le x
commutes as Lp y = R;Y and Le¢ x = Rglx So commutes. This completes
the proof. - B O

REMARK 4.21. (a) The fact in Theorem that Spec : C°Rings°® —
LC°°RS is right adjoint to I' : LC*®RS — C*°Rings®? determines Spec uniquely
up to natural isomorphism, by properties of adjoint functors.

Dubuc [23] and Moerdijk, van Qué and Reyes [52, §3] both prove the existence
of a right adjoint to I' : LC®RS — C*Rings®P, which is therefore naturally
isomorphic to our functor Spec in Definition [£.16] But they show Spec exists by
category theory, without constructing it explicitly as we do.

Moerdijk et al. [52 §3] call our functor Spec the Archimedean spectrum. They
also give a nonequivalent definition |52, §1] of the spectrum Spec €, in which the
points are not R-points, but ‘C°°-radical prime ideals’.

(b) Since Spec is a right adjoint functor, it preserves limits, as in |23, p. 687].
Equivalently, Spec takes colimits in C*°Rings to limits in LC*°RS. So, for
example, a pushout € = © Iz € of morphisms ¢ : § — D, ¢ : § — € in
C°°Rings is mapped to a fibre product Spec € = Spec® Xgpecz Spec € of mor-
phisms Spec ¢ : Spec® — SpecF, Spec : Spec & — Spec§ in LC*°RS.

Here are some properties of finitely generated and fair C*°-rings, due to Dubuc
[23 Th. 13]. The reflection functor ng is as in Definition m

THEOREM 4.22. (a) If € is a finitely generated C*°-ring, there is a natural
isomorphism T' o Spec € =2 RE;(@), which identifies ¢ : € — I'(Spec @) with the
natural surjective projection € — ng(@).

These isomorphisms for all € form a natural isomorphism Rf; >~ T" o Spec of
functors Rgg, I" o Spec : C*Rings® — C*°Rings'.

Hence, if € is fair then Ve : € — I'(Spec €) = REZ(Q:) is an isomorphism.

(b) If € is finitely generated then Spec ¥¢ : Spec € — Spec I'(Spec €) 2 Spec RE‘;(C)
is an isomorphism in LCRS.

(c) The functor Spec|.. : (C™®Rings®)°P — LC>®RS is full and faithful, and
takes finite limits in (C™Rings™)°P to finite limits in LC®RS.

To see that Spec is full and faithful on (C*°Rings®)°P in (c), let €, D be fair
C®°-rings. Then putting X = Spec® in (4.5) and using ©® = ' o Spec® by (a)
shows that the following is a bijection.

Spec : HomgeoRings (€, ®) — Homy,ceors(Spec®, Spec €).

Note that Spec is neither full nor faithful on (C>°Rings)°P or C*°Rings®P. This
is a contrast to conventional algebraic geometry, where I'(Spec R) = R for arbitrary
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rings R, as in |31} Prop. I1.2.2], so that Spec is full and faithful. In we will
generalize Theorem to non-finitely-generated C'*°-rings.

4.5. Affine C*°-schemes and C*°-schemes
As for the usual definitions of affine schemes and schemes, we define:

DEFINITION 4.23. A local C*°-ringed space X is called an affine C*°-scheme if
it is isomorphic in LC*°RS to Spec € for some C*°-ring €. We call X a finitely pre-
sented, or fair, affine C*°-scheme if X = Spec € for € that kind of C*°-ring. Write
AC>Sch, AC>®SchfP, AC>*Sch? for the full subcategories of affine C*°-schemes
and of finitely presented, and fair, affine C*°-schemes in LC*°RS respectively.

We do not define finitely generated affine C°°-schemes, because Theorem M(b)
implies that they coincide with fair affine C*°-schemes.

Let X = (X, Ox) be alocal C*°-ringed space. We call X a C°°-scheme if X can
be covered by open sets U C X such that (U, Ox|y) is an affine C*°-scheme. We
call a C'*°-scheme X locally fair, or locally finitely presented, if X can be covered
by open U C X with (U,Ox|y) a fair, or finitely presented, affine C'*°-scheme,
respectively.

We call a C°°-scheme X Hausdorff, second countable, Lindeldf, compact, locally
compact, paracompact, metrizable, reqular, or separable, if the topological space X
is. Affine C*°-schemes are Hausdorff and regular by Lemma [£.15]

Write C>®Sch!f, C>°Sch!fP, C*Sch for the full subcategories of locally fair
C*-schemes, locally finitely presented C°°-schemes, and all C*°-schemes, respec-
tively, in LC*°RS.

REMARK 4.24. Ordinary schemes are a much larger class than ordinary affine
schemes, and central examples such as CP" are not affine schemes. However, affine
C*°-schemes are already general enough for many purposes. For example, all second
countable, metrizable C*°-schemes are affine, as in §4.8] including manifolds and
manifolds with corners. Affine C°°-schemes are Hausdorff and regular, so any non-
Hausdorff or non-regular C*°-scheme is not affine.

For the next theorem, part (a) follows from Propositions and
Remark |4.21b), and Theorem [4.22(c). Part (b) holds as finite limits in C>°Sch'P,

C°°Sch'f, C*°Sch are locally modelled on finite limits in AC>®Schf?, AC>*Schf2
and AC®°Sch.

THEOREM 4.25. (a) The full subcategories AC®SchfP, AC>®Schf®, AC*Sch
are closed under all finite limits in LC°°RS. Hence, fibre products and all finite
limits exist in each of these subcategories.

(b) The full subcategories C*Sch'P, C>°Sch! and C>Sch are closed under all
finite limits in LC*RS. Hence, fibre products and all finite limits exist in each of
these subcategories.

DEFINITION 4.26. Define functors
FGa5eh . Man — AC®Sch? ¢ AC*Sch,
FG8h: Man® — AC*Schf ¢ AC*Sch,

FSo8eh . Man® — AC™Sch® c AC>Sch,

an¢

by FGash = Spec oFﬁ:nrfi“gs, in the notation of Definitions and
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By Example if X is a manifold with corners then Fyi S°P(X) is naturally
isomorphic to the local C*°-ringed space X in Example

If X,Y,... are manifolds, or f,g,... are (weakly) smooth maps, we may use
X,Y,...,f,g,... to denote the images of X,Y,..., f,g,... under Fﬁ:nsfh. So for

instance we will write R™ and [0, 00) for Fio Sh(R™) and FG. 5P ([0, 00)).

Our categories of spaces so far are related as follows:

Man ManP Man®

C C
AC>SchfP — AC>Schf - AC*°Sch

I e le ™=
C>Sch!fP — > C*°Sch!f — = C*°Sch ——> LC*®RS —> C>RS.
By Corollary and Theorems and [1.22)c), we find as in [23] Th. 16]:

COROLLARY 4.27. FG.5% : Man — AC®Sch® ¢ AC*Sch is a full and
faithful functor, and FG- 5% : ManP — AC®Sch c AC*Sch, FG.5" :
Man® — AC®Schf® ¢ AC*Sch are both faithful functors, but are not full.
Also these functors take transverse fibre products in Man, Man®€ to fibre products

in AC™Schf?, AC®Schf.

We study open subspaces of C*°-schemes. The definition of Spec € implies:

LEMMA 4.28. Let € be a C*®-ring, and ¢ € €. Write Spec€ = (X,0x) and
U.={z € X :2(c) #0}. Then U. C X is open with (U, Ox|y,) = Spec €lc1].

COROLLARY 4.29. Let X = (X,0x) be a C*®-scheme and V C X be open.
Then'V = (V,Oxl|v) is also a C*-scheme.

PROOF. Let & € V. Then there exists an open z € Y C X with Y = Spec€
for some C*-ring €, as X as a C°°-scheme. Identify Y with Spec€. As V NY
is open in Y = X¢, and the topology on X¢ is generated by subsets U. = {Z €
Xe @ Z(c) # 0} for ¢ € €, there exists ¢ € € such that x € U, C V. NY. Then
(U, Ox|u.) = Spec€[c™!] by Lemma So every x € V has an affine open
neighbourhood, and V is a C*°-scheme. [

LEMMA 4.30. Let € be a finitely generated C*°-ring and (X,Ox) = Spec€.
Suppose V. C X is open. Then there exists ¢ € € with V = {z € X : z(c) # 0}.
We call ¢ a characteristic function for V.

PROOF. As € is a finitely generated C'*°-ring it fits into an exact sequence
0— 1< C>®R") SN N Example 4.14f gives a homeomorphism ¢, : X — Xg
with a closed subset Xg in R" given in | . Then ¢,(V) is open in Xg, so there
exists an open U C R" with U N X? = ¢«(V). By [54] Lem. I.1.4] there exists
f€C®R") withU = {z € R": f(z) #0}. Then c = ¢(f) € € is a characteristic
function for V. O

EXAMPLE 4.31. Let I be an infinite set, and write C°°(R’) for the free C*-ring
with generators x; for i € I. Then X = Spec C*°(R') has topological space X = R’
with points (z;)ier for z; € R. Elements of C=(R’) are functions ¢ : R — R
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depending only on z; for j in a finite subset J C I, and which are smooth functions
of these z;, j € J.

Let V = R’\ {0}. Then V is open in X. But no characteristic function c exists
for V in C*° (RI), since ¢ would depend only on z; for j in a finite subset J C I,
but V depends on z; for all i € I. Thus, infinitely generated C'°*°-rings need not
admit characteristic functions, in contrast to Lemma,

If € is a finitely generated (or finitely presented) C*°-ring and ¢ € € then €[c™!]
is also finitely generated (or finitely presented), since €lc™!] & €[z]/(c -z — 1) is
the result of adding one extra generator and one extra relation to €. Thus from
Lemmas and we deduce:

COROLLARY 4.32. (a) Let (X,0Ox) be a fair (or finitely presented) affine C*-
scheme, and U C X be an open subset. Then (U, Ox|y) is also a fair (or finitely
presented) affine C*°-scheme.

(b) Let (X,0x) be a locally fair (or locally finitely presented) C'*°-scheme, and
U C X be an open subset. Then (U, Ox|y) is also a locally fair (or locally finitely
presented) C*°-scheme.

Our next result describes the sheaf of C'*°-rings Ox in Spec € for € a finitely
generated C*°-ring. It is a version of |31, Prop. 1.2.2(b)] in algebraic geometry, and
reduces to Moerdijk and Reyes |54} Prop. I.1.6] when € = C*°(R").

PROPOSITION 4.33. Let € be a finitely generated C*°-ring, write (X,O0x) =
Spec€, and let U C X be open. By Lemma we may choose a character-

~

istic function ¢ € € for U. Then there is a canonical isomorphism Ox(U) =

Rﬁg(eﬁ[cfl]), in the notation of Definitions and . If € is finitely presented
then Ox (U) = €[c1].

PROOF. We have morphisms of C®-rings ¢, : C*°(R) — € and i* : C*°(R) —
C>*(R\ {0}), and C*°(R),C>(R \ {0}) are finitely presented C*°-rings by Propo-
sition a). So as Spec preserves limits in (C>°Rings®)°P we have

Spec(@Z ., coom),i- C(R\ {0})) = Spec€ XfRr wg (U, Ox|v).

But € Heee @y C(R \ {0}) = €[c!] for formal reasons. Thus Theorem a)
gives Ox (U) = T'((U,Ox|v)) = Ri2(€[c™"]). If € is finitely presented then €[]
is too, as in Corollary so €[c™1] is fair and Rﬁg(Q[c’l]) = €[c7!], and there-
fore Ox (U) = €[c7Y]. O

4.6. Complete C*°-rings

The material of this section appears to be new.

PRrROPOSITION 4.34. Let € be a C*°-ring, and V¢ be as in Definition [4.19]
Then Spec V¢ : Specol’ o Spec @ — Spec € is an isomorphism in LCRS.

ProoF. Write ® =T o Spec€, X = Spec€, Y = Spec®, and f = Spec V¢ :
Y — X. Let z € X, and define y = moII, : ® — R to be the composition of the
projection II, : ® — &, noting that ® C [];.x €z by Definition and the
unique morphism 7 : €, — R, as €, is a local C*®-ring. Then f(y) =mom, =z :
¢C—-Rform,:¢€ =&, 50 f:Y — X is surjective.

Suppose now that y € Y with f(y) = z, so that y : ® — R is an R-algebra
morphism. We will prove that y = 7 o I, as above. Let d € ®. By definition of
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D = Ox, (X¢) there exist an open neighbourhood W of z in X and ¢; € € such
that d(Z) = mz(c1) in €; for all £ € W. By definition of the topology T¢, there
exists cg € € such that U, = {Z € X : Z(c2) # 0} is an open neighbourhood of x
in W C X. Hence z(cg) # 0 and &(c2) =0 for all £ € X \ W.

Choose smooth functions g,h : R — R with g(z(cz)) = 1 and g = 0 in an open
neighbourhood (—e¢,¢€) of 0 in R, and h(0) # 0 and h = 0 outside (—¢,¢€), so that
g-h =0. Set cg = Py(c2) and ¢4 = Pp(c2), with &4, Py, : € — € the C*-ring
operations. Then z(c3) =1, and mz(c3) =01in €; forall z € X \ W, as

7T55(63) . 7T§(C4) = Wf(@g(CQ) . (Ph(CQ)) = Tz O q)gh(CQ) =Tz O(I)o(CQ) = 07

but 7z(cq) is invertible in €z as #(cy) = h(Z(cz)) = h(0) # 0. Thus we have
d-Ue(e3) =TVe(er) Peleg) = Ue(er - c3) in D, as d(z) = Ue(eq)x for all & € W,
and Ye(c3)Z =0 for all £ € X \ W. Therefore

y(d) = y(d) - 1 =y(d) - x(c3) = y(d) - y(Pe(c3)) = y(d- Ve(cs))
=y(Veler-c3))=a(cr-c3)=a(cr) - 2(cs) = (m oIl (d)) - 1=m o IL,(d).

As this holds for all d € D, we see that y € Y with f(y) = « implies that y = woIl,.
Hence f :Y — X is injective, and so bijective.

From above f : Y — X is continuous. To show f~! : X — Y is continuous, note
that the topology on Y is generated by the basis of open sets Vy = {y € Y : y(d) #
0} for all d € ©. So it is enough to show that f(Vy) = {x € X : 7w o I, (d) = 0}
is open in X for all d. For fixed d, by definition we may cover X by open W C X
for which there exist ¢ € € with d(z) = m.(c) € €, for all x € W. But then
wn f(Vy) = WnU,, where U, = {z € X : z(c) # 0} is open in X. So we can
cover X by open W C X with W N f(V;) open, and f(Vy) is open. Therefore f~1
is continuous, and f : Y — X is a homeomorphism.

Let y € Y with f(y) = x. Taking stalks of f*: f~1(Ox) — Oy at y gives a
morphism fﬁ : Ox,z = Oyy, where Ox , = €, and Oy,, = D, by Lemma m
and we have a commutative diagram

¢ i b

J/ﬂm L, 7"1/\L (410)
\I’G,zgfg

€, = Ox, Oy, =D,

Here the outer rectangle and top left triangle obviously commute. To see that
the bottom right triangle commutes, we use that any d € ® = Ox,(X¢) has
d(Z) = ¥e(c)Z for some ¢ € € and all Z in an open neighbourhood W of z in X.
As in the first part of the proof, we can find ¢z € € with x(c3) =1 and 7z(c3) =0
in €z for all £ € X \ W. Then evaluating at Z € W and Z € X \ W we see that
Ue(c)  Vel(es) =d- Ye(cs), which forces my(d) = my(¥e(c)), since my o Ue(csz) is
invertible in ©, as mom, 0 e (c3) = x(c3) =1 > 0. Thus

my(d) =my 0o Ue(c) = fg om,(c) = fg olIl, o Ue(c) = 5 o IT,(d).
Since 7, : ® — D, is surjective by Proposition the bottom right triangle
in 1D implies that fg : Ox o — Oy, is surjective. Suppose ¢, € Ox , with
f}j (cz) = 01in Oy,. As m, is surjective by Proposition we may write ¢, = m,(c)

for ¢ € €. Then my o ¥e(c) = fﬁ omy(c) = f?g(cz) =0, so ¥e(c) € Kerm,. Write
I C €andJ C D for the ideals in (2.2)) for z,y. Then J = Kermy, so ¥e(c) € J,
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and thus there exists d € © with y(d) = 7 oIl,(d) # 0 in R and ¥¢(c)-d =0 in D.
Applying II, gives

But II,(d) is invertible in €, as m o II,(d) # 0 in R, so ¢, = 0. Thus f}: Ox, —
Oy, is injective, and so an isomorphism.

We have shown that f: Y — X is a homeomorphism, and fzg 1 O0x 1) = Ovy
is an isomorphism on stalks at all y € Y. Hence Spec U¢ = (f, f*) is an isomorphism
in LC*RS, as we have to prove. O

DEFINITION 4.35. We call a C*°-ring € complete if the morphism ¥e : € —
I" o Spec @ in Definition is an isomorphism. Write C*°Rings®® for the full
subcategory of complete C'*°-rings € in C*°Rings.

If € is any C*°-ring, applying I' to Spec V¢ in Proposition shows that

I'oSpec Ue = Urogpece : I'o Spec € — T' o Spec(T o Spec €)

is an isomorphism in C*°Rings, where we check that I'oSpec W¢ = Uregpece from
Definitions and Hence I'oSpec € is a complete C'*°-ring. Define a functor
° : C°Rings — C*°Rings®® by R, = I' o Spec.

The next result extends Definition and Theorem from C*°Ringsf
C C>Rings® to C*Rings®® C CRings.

THEOREM 4.36. (a) Let X be an affine C*°-scheme. Then X = Spec Ox(X),
where Ox (X) is a complete C*-ring.
(b) Spec|(coeRingsee)er : (C°Rings®)°P — LCRS is full and faithful, and an
equivalence of categories Spec|... : (C*°Rings®®)°P — AC>Sch.
(c) R : CRings — C*°Rings® is left adjoint to the inclusion functor inc :
C*°Rings®® — C*°Rings. That is, RS} is a reflection functor.
(d) All small colimits exist in C°Rings®®, although they may not coincide with
the corresponding small colimits in C*°Rings.
e) Spec |(ceoRingsco)or = Specoinc : ings — is right ad-
S ( gs°0) S i C*>°Rings®°)°P LC*RS is right ad
joint to RS o' : LC®RS — (C*°Rings®)°P. Thus Spec|... takes limits in
(C*°Rings®)°P (equivalently, colimits in C*°Rings®®) to limits in LC>°RS.

ProoF. For (a), if X is an affine C*°-scheme then X = Spec € for some C°-
ring €, so Ox(X) 2 T' o Spec€, and thus X = Spec Ox(X) by Proposition
Also, applying I' to Spec U in Proposition shows that

I'oSpec¥e = Urogpece : I'o Spec € — T' o Spec(T o Spec €)

is an isomorphism in C*°Rings, where I' o Spec V¢ = Yrogpece follows from the
definitions. Hence I" o Spec € = Ox (X) is complete, proving (a).

For (b), if €, D are complete C*°-rings then putting X = Spec® in Theorem
and using I' o Spec® 2 ®, equation shows that

Spec = Le¢ x : HomgeoRings(€,®) — Homy,ceors(Spec ®, Spec €)

is a bijection, where the definition of L¢ x agrees with the definition of Spec on
morphisms in this case. Thus Spec is full and faithful on complete C*°-rings.
Therefore Spec|... : (C*°Rings®)°? — LC°RS is an equivalence of categories
from (C*°Rings®®)°P to its essential image in LC*°RS, which is AC>Sch.
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For (c), let €, be C*°-rings with © complete. Then we have bijections
HomceeRingsee (R (€), D) = HomceoRings (I 0 Spec €,T o Spec D)

>~ Hompcers (Spec D, Spec ol o Spec Qﬁ) =~ Homp,coors (Spec 9, Spec Qf)

= HomgecRings (Qf, I" o Spec @) = HomgecRings (Qﬁ, @)

= HomceeRings (Qﬁ, inc(@)), (4.11)

using ® =~ T o Spec® as D is complete in the first and fifth steps, Theorem [:20] in
the second and fourth, and Proposition in the third. The bijections are
functorial in €,® as each step is. Hence RSj is left adjoint to inc.

For (d), note that RSy : C*°Rings — C*Rings®® takes colimits to colimits,
as it is a left adjoint functor by (a). So given a functor F : J — C°°Rings®®
for J a small category, we may take the colimit € = colims F' in C°°Rings,
which exists by Proposition and then © = R$}(€) is the colimit of RSy o F
in C*Rings®. But RS} o F = F as RS |ceRingsce = id. Hence ® = colim s F'
in C*°Rings®®, and all small colimits exist in C*°Rings®. In Example the
colimits in C*°Rings®® and C*°Rings are different.

The first part of (e) holds by composing (c¢) and Theorem and the second
part follows as right adjoint functors preserve limits. This completes the proof of
Theorem 361 O

REMARK 4.37. Let € be a C*°-ring, so that U¢ : € — RS (€) is a morphism

of C*°-rings. If € is finitely generated then Theorem a) gives an isomorphism
o (C) = ng(@) identifying W¢ with the surjective projection 7 : € — Rﬁg(c), for
Rﬁg as in Definition m Thus ¥¢ : € — RX(€) is surjective in this case, and

a.
RS, ng agree on finitely generated C*°-rings up to natural isomorphism.

For € infinitely generated, Ue : € — RS9 (€) need not be surjective, and RS ()
can be much larger than ¢. For example, if I is an infinite set and ¢ = C*°(R”)
is as in Example then elements of € are functions ¢ : R’ — R which depend
smoothly only on z; for j in a finite subset J C I, but elements of Rj(€) are
functions ¢ : R’ — R which locally in R? depend smoothly only on x; for jin a
finite subset J C I, but globally may depend on z; for infinitely many i € I. So
Ve : € — R (C) is injective but not surjective.

a.

4.7. Partitions of unity

We now study the existence of smooth partitions on unity on C'°°-schemes and
local C*°-ringed spaces. We will need the next definition.

DEFINITION 4.38. Let X = (X, Ox) be a local C*°-ringed space. Then each
¢ € Ox(X) defines a continuous map ¢, : X — R mapping x +— 7 o m,(c), for
e ¢ Ox(X) = Ox, and 7 : Ox, — R the natural C*°-ring morphisms. Thus
U.={x € X :c.(x) # 0} is open in X. We say that the topology on X is smoothly
generated if {U. : c € Ox(X)} is a basis for the topology on X.

This implies X is a regular (and completely regular) topological space.

EXAMPLE 4.39. (a) Let X be a completely regular topological space, and define
a sheaf of C*®-rings Ox on X by taking Ox(U) = C°(U) to be the C*°-ring of
continuous functions ¢ : U — R for all open U C X. Then X = (X, Ox) is a local
C*>-ringed space, and the topology on X is smoothly generated.
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(b) Let X be an affine C*°-scheme. Then X 2 Spec Ox(X) by Theorem a).
So the definition of the topology on X in Definition implies that the topology
on X is smoothly generated.

(¢) Suppose X is a regular C°°-scheme, and let T'C X be open and x € T. Then z
has an affine open neighbourhood Y in X. Since X is regular, there exist disjoint
open neighbourhoods V' of z and W of X \ 'Y in X.

Then z € TNV CY, and the topology on Y is smoothly generated by (b), so
there exists a € Oy (Y) with x € UY CTNV. Now a.(z) # 0 and a.(y) = 0 for all
y € Y\ UY, but this does not imply that a is supported in U}, as we could have
my(a) # 0 in Oy, even though 7o my(a) = 0 in R. Choose smooth f : R — R with
flax(x)) # 0 and f(t) = 0 for ¢t in an open neighbourhood of 0 in R. Set b = ®(a),
for ¢ : Oy (Y) = Oy (Y) the C*°-ring operation.

Then b, (x) # 0, and Ug/ CUY CT,and bis supported in UY C V C Y. Since

W is open in X with X \Y C W C Y \ V, there exists a unique ¢ € Ox (X) with
cly = b and clyr = 0. We have z € UX = UY C T. Thus, for each open T C X
and x € T we can find ¢ € Ox(X) with # € UX C T. So the topology on X is
smoothly generated.
(d) Let X be an infinite-dimensional Banach space or Banach manifold, and make
X into a local C*°-ringed space X = (X, Ox) as in Example The question of
when the topology of X is smoothly generated (framed in terms of the existence of
‘smooth bump functions’ on X) is very well understood, as in Bonic and Frampton
[10] and Deville, Godefroy and Zizler [18, §V]. For example, if X is a Hilbert
manifold, or modelled on L%(Y) or ¢? for even ¢ > 2, then the topology on X is
smoothly generated, but if X is modelled on L4(Y") or ¢? for q € [1,00] not even,
the topology on X is not smoothly generated.

For the next theorem, defined Lindel6f spaces, and explained their relation
to other topological assumptions. Second countable implies Lindelof, and Lindelof
and regular imply paracompact (note that X is regular as its topology is smoothly
generated). It is easy to see that Ox fine implies that the topology on X is smoothly
generated.

The proof of Theorem [4.40] is based on the proof of the existence of smooth
partitions on unity on suitable separable Banach manifolds in Bonic and Frampton
[10L Th. 1] (see also Lang 45| §I1.3] and Deville et al. |18, §VIIL3]).

Theorem applies to a very large class of C'*°-schemes, showing that parti-
tions of unity exist on most interesting examples of C'*°-schemes.

THEOREM 4.40. Let X = (X,0Ox) be a Lindeldf local C*°-ringed space, and
suppose the topology on X is smoothly generated. Then Ox is fine, as in Definition
. That is, for every open cover {V; :i € I} of X there exists a subordinate locally
finite partition of unity {n; : i € I't in Ox(X).

PrROOF. For ¢ € Ox(X) and z € X we have m,(c) € Ox,, and c.(z) =
momg(c) € R, where m; : Ox(X) — Ox, and 7 : Ox,,; — R are the natural
C*°-morphisms. Then ¢, : X — R is continuous. Write U, = {x € X : c.(z) # 0},
so that U, is open in X. The support of ¢ is suppc = {x € X : m,(c) # 0}.

Then supp ¢ is closed in X with U, C suppc, but supp ¢ may be larger than
the closure of U.. Note that an infinite sum >, ;¢; in Ox(X) is defined, as a
section of the sheaf Ox, if {suppe; : j € J} is locally finite (that is, each z € X
has an open neighbourhood W, intersecting supp c; for only finitely many j € J),
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but may not make sense if only {U,, : j € J} is locally finite. Because of this, we
are careful to keep track of both U, and supp¢; in the following proof.

Let {V; : i € I} be an open cover of X. Suppose i € I and = € V;. As the
topology on X is smoothly generated there exists ¢ € Ox (X) with € U. C V;. So
c«(x) # 0 and c.|x\y, = 0. We do not know that suppc C V;, but we can correct
this as follows. Choose smooth f : R — R such that f(c.(z)) # 0 and f =0 in
a neighbourhood of 0 in R. Set ¢ = ®;(c), where & : Ox(X) — Ox(X) is the
C*®°-ring operation. Then z € U, C suppc CU. CV; C X.

Thus, we can choose a family {c; : j € J} such that ¢; € Ox(X), and U,; C
suppc; C V;;, € X for each j € J and some i; € I, and {U,, : j € J} is an open
cover of X. Since X is Lindelof we can take J to be countable, and choose J = N.

Replacing c; by c? we have (¢;). > 0 on X. For each j € N, choose smooth
fi i RITY — R such that f;(to,t1,...,t;) > 0if t; < 1/j fori =0,1,...,5 — 1 and
t; > 0, and fj(to,t1,...,t;) = 0 otherwise. Define d; = @y, (co,c1,...,¢;5), with
Py 0 Ox(X)! — Ox(X) the C™-ring operation. Then

Ug, = {w € X : (d;).(z) #0}
={zeX:(c)(x) <1/j,i=0,....5—1, (¢j)s(z) #0} CV;,, (4.12)
suppd; C {x €X:(e)sx)< /g, i=1,...,5— 1} Nsuppc; C V.

Fix 2 € X. Then x € U, for some j € Nas {U,, : j € J} covers X. Let j € N
be least with x € U.,. Then (c;)«(z) > 0 and (¢;)«(z) = 0 for i = 0,1,...,5 — 1.
Thus = € Ug,, so {Ug; : j € N} is an open cover of X. Define T, = {y €
X : (¢j)«(y) > 3(cj)«(z)}. Then T, is an open neighbourhood of z in X, and
T, NUq, = 0 = T, Nsuppdy, provided k > max(j,2(c;)«(z)"") by . Thus,
both {Uy, : j € N} and {suppd; : j € N} are locally finite.

For each ¢ € I, define e; = ZjeN:ij:i d; in Ox(X). This is well defined as
{suppd; : j € N} is locally finite. We have U., C suppe; C V;, since U, C
suppd; C V; for each j € N with i; = 4. Both {U,, : i € I} and {suppe; : i € I}
are locally finite, as {Uy, : j € N} and {suppd; : j € N} are. Thuse =}, ;¢; is
well defined in Ox(X). If z € X then

ex() = 2ier(€)(2) = Lier Djeni;=i(dj) () = 22 en(dj)«(2) > 0,

where each sum has only finitely many nonzero terms, and 3, y(d;).(z) > 0 as
{Uq, : j € N} covers X with (d;), > 0 on Uy, and (d;). = 0 on X \ Ug,. Since
e, is positive on X, e is invertible in Ox(X). Set n; = e~ ! -¢; for i € I. Then
supp7n; C Vi, as suppe; C V;, and {n; : ¢ € I} is locally finite, as {suppe; : i € I}
is, and Y, o mi =Y ;e €t res =et e = 1. Hence {n; : i € I} is a locally finite
partition of unity subordinate to {V; : i € I'}, so Ox is fine. O

icl

4.8. A criterion for affine C'*°-schemes

Here are sufficient conditions for a local C*°-ringed space X to be an affine
C*°-scheme. Note that affine C°°-schemes are Hausdorff with smoothly generated
topology by Lemma and Example b)7 so Lindelof is the only condition in
the theorem which is not also necessary.

THEOREM 4.41. Let X = (X,O0x) be a Hausdorff, Lindeldf, local C*°-ringed
space, with smoothly generated topology. Then X is an affine C°°-scheme.
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PROOF. Let X be as in the theorem. Note that Theorem [£.40]shows that Oy is
fine. Write € = Ox(X) =I'(X), and Y = Spec €. Define a morphism f: X — Y
by f = Le x(ide), using the notation of Theorem We will show f is an
isomorphism, so that X = Spec € is an affine C*°-scheme.

Points € X induce C*°-ring morphisms 7o 7, : € = Ox(X) — R, where
7yt Ox(X) = Ox, and 7 : Ox , — R are the natural projections. Points y € ¥
are C'*°-ring morphisms y: € > R, and f: X - Y is f(z) = 7w om,.

Suppose z,2’ € X with  # 2/, and set f(x) = y and f(a’) = ¢/. Since X is
Hausdorff there exists open U C X with z € U and 2’ ¢ U. As the topology on X
is smoothly generated there exists ¢ € Ox(X) with c.(z) # 0 and c.|x\v = 0, so
that c.(z’) = 0. Then y(c) = ci(z) # 0 and y'(c) = cx(z') = 0, so y # y'. Hence
f+ X =Y is injective.

Suppose for a contradiction that y € Y, but f(x) # y for all z € X. Then for
each z € X, there exists a € € with y(a) # 7 o my(a). Choose smooth g : R — R
with g(y(a)) = 0 and g = 1 in an open neighbourhood of 7 o m,(a) in R. Set
b = ®4(a), where &, : € — € is the C*°-ring operation. Then y(b) = 0 and
momz(b) =1 for Z in an open neighbourhood V of z in X.

Thus we may choose a family of pairs {(V},b;) : j € J} such that for each j € J
we have V; C X open and b; € € with y(b;) =0 and mom,(b;) =1 for € V}, and
{V; : j € J} is an open cover of X. As X is Lindelof we can suppose J is countable,
and so take J = N. By Theorem there exists a locally finite partition of unity
{n; : j € N} in € subordinate to {V; : j € N}.

Set ¢ = 3 ey bj in € = Ox(X), which makes sense in global sections
of Ox as {n; : j € N} is locally finite. Choose n € N with n > y(c), and define
d=c—ylc)-1x + Z;L:_Ol(n —J)-mj-b; in €, where 1x € € is the identity. Then

y(d) = y(c) —y(e) - y(lx) + X525 (n—§) - y(n;) - y(b;) =0,

as y(1x) =1 and y(b;) = 0. And if z € X then

Tomy(d) =mom, [ZjeNj b —y(e) - ZjeNle + Z?:_ol(” —J) ;- bj]
=3 jen(max(j,n) = y(c))m o m(n;) > 0,

where each sum has only finitely many nonzero terms, and we use ) jen®i = 1x,
mom,(b;) =1, and max(j,n) — y(c) > 0, momy(n;) > 0 for j € N.

Since 7 o m,(d) > 0 for all x € X, we see that d is invertible in € = Ox (X),
but this contradicts y(d) = 0. Hence each y € Y has y = f(x) for some z € X,
and f is surjective, so f : X — Y is a bijection. By definition of ¥ = Spec¢,
the topology on Y is generated by the open sets U. = {y € Y : y(c) # 0} for all
c € €. As the topology on X is smoothly generated, it is generated by the open
sets f~1(U,) = {x € X : c.(z) # 0} for ¢ € €. Therefore f : X — Y is a bijection
identifying bases for the topologies of X,Y, so f is a homeomorphism.

Let * € X with f(x) =y € Y. Taking stalks of f*: f~1(Oy) — Ox at z gives
a morphism f£ : Oy,, = Ox ,. By the definition of f = L¢ x(ide) in the proof of
Theorem f! agrees with ¢, in , and is the unique morphism making the
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following commute, where €, = Oy, by Lemma [£.18

¢ Ox(X)
i""y Y fﬁ ﬂm\L
¢, = Oy, m Ox o (4.13)

\\;R/

Suppose a, € Oy, with f¥(a,) = 0. Then a, = m,(a) for some a € € =
Ox(X), as m, is surjective by Proposition and then 7, (a) = 0 in Ox 4, as
commutes. Hence there exists an open neighbourhood U of x in X with
aly = 0 in Ox(U). As the topology on X is smoothly generated, there exists
b € Ox(X) with b.(z) # 0 and b.|x\y = 0. Choose smooth g : R — R with
g(b«(z)) #0and g = Onear 0in R, and set ¢ = ®4(b), where &, : Ox(X) = Ox(X)
is the C*°-ring operation. Then y(c) = c.(x) # 0, and ¢ is supported in U. As
aly =0 we see that a- ¢ =0 in Ox(X). Thus a lies in the ideal I in which is
the kernel of m, : € — €,, by Proposition and so a, = my(a) = 0. Therefore
fﬂ : Oy,y — Ox , is injective.

Suppose a; € Ox . Then by definition of Ox , there exists open x € U C X
and a € Ox(U) with 7m;(a) = a,. As the topology on X is smoothly generated
there exists b € Ox (X) with b.(x) # 0 and b.|x\y = 0. Choose smooth g : R — R
with ¢ = 1 near b,(z) in R and g = 0 near 0 in R. Set ¢ = ®4(b), where @, :
Ox(X) = Ox(X) is the C*-ring operation. Then ¢ is supported in U, and there
exists an open neighbourhood V of z in U with ¢|y, = 1. Since ¢ is supported in U,
the section c|y - a € Ox(U) can be extended by zero over X \ U to give a unique
d € Ox(X) supported in U with d|y = c|y - a.

Then d|yv = c|lv - aly = 1-aly = aly. Hence ffom,(d) = m.(d) = as, so fi:
Oy,y = Ox , is surjective, and an isomorphism. This proves that fﬂ : f_1(0y) —
Ox is an isomorphism on stalks at every = € X, so f* is an isomorphism. As f is a
homeomorphism, f = (f, f*) : X — Spec € is an isomorphism. This completes the
proof of Theorem [£.41} O

COROLLARY 4.42. Let X = (X,0x) be a local C*-ringed space. Then the
following are equivalent:

(i) X is Hausdorff and second countable, with smoothly generated topology.
(il) X is separable and metrizable, with smoothly generated topology.
(iii) X is a Hausdorff, second countable, reqular C'*°-scheme.
(iv) X is a separable, metrizable C*°-scheme.
(v) X is a second countable, affine C°°-scheme.

When these hold, X is regular, normal, and paracompact, and Ox is fine.

PROOF. Section implies that (i),(ii) are equivalent (as X smoothly gener-
ated topology implies X regular), and (iii),(iv) are equivalent. Also (v) implies (iii)
by Lemma and (iii) implies (i) by Example [1.39(b), and (i) implies (v) by
Theorem (as second countable implies Lindel6f). Hence (i)—(v) are equivalent.
The last part follows from and Theorem O

In comparison to Theorem we have strengthened the Lindel6f assumption
to second countable. The category of C°°-schemes in Corollary [£:42] is very large,
and convenient to work in. They are closed under products, fibre products, and
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arbitrary subspaces (Lindelof spaces are none of these). They have partitions of
unity, and as they are affine we can argue globally using C'*°-rings.

EXAMPLE 4.43. Let X = (X,Ox) be a second countable, affine C°°-scheme,
and let Y C X be any subset, not necessarily open or closed. Then Y = (Y, Ox|y)
is also a second countable, affine C*°-scheme by Corollary [£.42] as being Hausdorft,
second countable, and of smoothly generated topology, are all preserved under
passing to subspaces, so Y satisfies Corollary i) as X does.

EXAMPLE 4.44. Let X be a separable Banach manifold modelled locally on
separable Banach spaces B which admit ‘smooth bump functions’ (that is, there
exists a nonzero smooth function f : B — R with bounded support in B). See
Deville et al. |18, §V] for results on when a Banach space B has a smooth bump
function, for example, every Hilbert space does.

Make X into a local C*-ringed space X = (X, Ox) as in Example Then
the topology on X is smoothly generated as in Example d), so X is an affine

C*°-scheme by Corollary [1.42(ii),(v).

4.9. Quotients of C*°-schemes by finite groups
Finally we discuss quotients of C'°°-schemes by finite groups.

DEFINITION 4.45. Let X = (X,Ox) be a local C*-ringed space, G a finite
group, and r : G — Aut(X) an action of G on X. We will define a local C*°-ringed
space Y = X/G.

Set Y = X/r(G) to be the quotient topological space. Open sets V C Y are
of the form U/G for U C X open and G-invariant. Then v ~ 7#(7)(U) gives an
action of G on the C*®-ring Ox (U), so as in Proposition we have a C*°-ring
Ox (U)%, the G-invariant subspace in Ox (U). Define Oy (V) = Ox (U)€.

If Vo CV; CY are open then Vi = Uy /G, Vo = Uy/G for Uy C U; C X
open and G-invariant. The restriction morphism py,u, : Ox(U1) = Ox(Us) in Ox
is G-equivariant, and so restricts to pu,uv,|oy n)e @ Ox(U1)9 = Ox(Uz2)9. Set
PViVe = PUUs oy (e + Oy (V1) = Oy (V2). Tt is now easy to check that Oy is a
sheaf of C*-rings on Y, so Y = (Y, Oy) is a C*°-ringed space.

If x € X and y = G € Y, the stalk Oy, of Oy at y is (OX@)H, where Ox ,
is a local C*°-ring, and H = {y € G : v(x) = z} is the stabilizer group of z in
G, which acts on Ox ; in the obvious way. As Ox , is local there is an R-algebra
morphism 7 : Ox , — R, such that ¢ € Ox , is invertible if and only if 7(c) # 0.
Thus 7|0, ,)x : (Oxe)" — R is an R-algebra morphism, and ¢ € (Ox )" is
invertible in Ox , if and only if 7(c) # 0. But if ¢ € (Ox )" is invertible in Oy,
then ¢! is H-invariant, so c is invertible in (Ox ). Therefore Oy, = (Ox )
is a local C*°-ring, and Y is a local C*°-ringed space. Write X/G =Y.

Define 7 : X — X/G to be the natural projection. Define a morphism =y :
Oy — m.(Ox) of sheaves of C*°-rings on Y = X/G by

(V) =inc: Oy (V) = Ox(U)¢ — Ox(U) = m.(Ox)(V)

for all open V. = U/G C Y = X/G, where inc : Ox(U)Y < Ox(U) is the
inclusion. Let 7 : 7r_1((9y) — Ox be the morphism of sheaves of C*°-rings
on X corresponding to 7 under . Then 7 = (7, 7%) : X — X /G is a morphism
of local C'*°-ringed spaces.
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It is easy to see that X /G, have the universal property that if f: X — Z is
a morphism in LC®RS with for(y) = f for all y € G then f = gor for a unique
morphism g : X /G — Z in LC*RS.

PROPOSITION 4.46. Let X = (X,0x) be an affine C®-scheme, G a finite
group, and r: G — Aut(X) an action of G on X. Suppose X is Lindeldf.

Then X = SpecC for € = Ox(X) a complete C*®-ring, and r = Specs for
s : G — Aut(€) a unique action of G on €. Form the G-invariant C*-ring
¢% C ¢ asin Proposition . Then €% s complete, and there is a canonical
isomorphism X /G = Spec €~ in LC°RS.

PROOF. Theorem [£.36{(a) shows that X = Spec€, where ¢ = Ox(X) is a
complete C*°-ring. As Spec is full and faithful on complete C*°-rings by Theorem
[4.36(b), Spec : Aut(€) — Aut(X) is an isomorphism, so there is a unique action
s: G — Aut(€) with r = Specs.

Let Y = X /G be as in Definition Then Y = X/G is Hausdorff, as X
is Hausdorff and G is finite. Suppose {V; : i € I} is an open cover of Y. Then
Vi = U;/G for {U; : i € I} an open cover of X. As X is Lindelof there exists a
subcover {U; : ¢ € S} for countable S C I, and then {V; : ¢ € S} is a countable
subcover of {V; : ¢ € I'}. Hence Y is Lindel6f.

Suppose V CYisopenand y € V. Then V = U/G and y = G for G-invariant
open U C X with z € U. As the topology on X is smoothly generated, there exists
c € € with c.(z) # 0 and ¢, (2') =0 for all 2’ € X \ U. Defined =3 . v*(c?) in
€. Then d is G-invariant with d.(z) > 0 and d,(2’) = 0 for all 2’ € X \ U. Hence
de Oy(Y) = 0x(X)¢ = ¢, with d,(y) > 0 and d,(y') = 0 for all y/ € Y\ V.
Thus the topology of Y is smoothly generated.

Theoremnow implies that Y = X /G is an affine C*°-scheme, and Theorem
a) gives a canonical isomorphism X /G 2 Spec Oy (Y) = Spec €%, where ¢¢
is complete. [

PRrROPOSITION 4.47. Suppose X is a Hausdorff, second countable C*>°-scheme,
G a finite group, and r : G — Aut(X) an action of G on X. Then the quotient
X /G is also a Hausdorff, second countable C*°-scheme. If X is locally fair, or
locally finitely presented, then so is X /G.

PROOF. Let z € X, and write H = {y € G : y(z) = z}. Then the G-orbit
xG is |G|/|H| points. Since X is Hausdorff and G is finite, we can find an open
neighbourhood R of x in X such that R is H-invariant and RN~ - R = § for all
v € G\ H. As X is a C®-scheme, there is an open neighbourhood S of z in
R with (S,Ox|s) an affine C*°-scheme. Then T' = () v S is an H-invariant
open neighbourhood of = in S. Choose an open neighbourhood U of z in T with
(U, Ox|v) an affine C*°-scheme.

Define V.=, v -U. Then V is an H-invariant open neighbourhood of z
inUCTCSCRCX. It is the intersection of the |H| affine C*°-subschemes
(v-U, Ox|y.v) for v € H inside the affine C*°-scheme (S, Ox|s). Finite intersections
of affine C*°-subschemes in an affine C'°°-scheme are affine, as such intersections
are fibre products and Spec : C*°Rings®® — LC®RS preserves limits by Remark
[4.21}(b). Thus (V,Ox|y) is an affine C*°-scheme.

Set W = U,yHeG/H ~-V. Then W is a G-invariant open neighbourhood of x in
X, and (W, Ox|w) is the disjoint union of |G|/|H| affine C*°-schemes isomorphic
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to (V,Ox|v), so it is affine. We have shown that every z € X has a G-invariant
open neighbourhood W C X with W = (W, Ox|w) affine. Then W/G is an open
neighbourhood of G in X /G. As X is second countable, W is second countable
and so Lindelof. Thus W/G is an affine C°°-scheme by Proposition m As we
can cover X /G by such open W /G, it is a C*°-scheme.

If X is locally fair, or locally finitely presented, we can do the argument above

so X /G is also locally fair, or locally finitely presented. |






CHAPTER 5

Modules over C"*°-rings and ("*°-schemes

Next we discuss modules over C'°°-rings, and sheaves of modules on C*°-
schemes. The author knows of no previous work on these, so all this section may
be new, although much of it is a straightforward generalization of well known facts.

5.1. Modules over C*°-rings

DEFINITION 5.1. Let € be a C*®-ring. A module M over €, or €-module, is
a module over € regarded as a commutative R-algebra as in Definition 2.6 and
morphisms of €-modules are morphisms of R-algebra modules. We will write ;s :
€ x M — M for the multiplication map, and also write pas(c,m) =c-m for c € €
and m € M. Then €-modules form an abelian category, which we write as €-mod.

The action of € on itself by multiplication makes € into a €-module, and more
generally € ®r V is a €-module for any R-vector space V. A €-module M is finitely
generated if it fits into an exact sequence € @ R™ — M — 0 in €-mod, and finitely
presented if it fits into an exact sequence € @ R™ — € @ R" — M — 0.

Because C'*°-rings such as C°°(R") are not noetherian, finitely generated €-
modules generally need not be finitely presented.

Now let ¢ : € — © be a morphism of C*°-rings. If M is a €-module then
D (M) = M ®¢ D is a ®-module, and this induces a functor ¢, : €-mod — D-mod.
Also, any ©-module N may be regarded as a €-module ¢*(N) = N with €-action
pe(ny(c,n) = un(d(c),n), and this defines a functor ¢* : D-mod — €-mod. Note
that ¢, : €-mod — ©-mod takes finitely generated (or finitely presented) €-modules
to finitely generated (or finitely presented) ©-modules, but ¢* : ®-mod — €-mod
generally does not.

Vector bundles E over manifolds X give examples of modules over C*°(X).

EXAMPLE 5.2. Let X be a manifold and £ — X be a vector bundle, and write
I'>°(E) for the vector space of smooth sections e of E. This is a module over the
C®-ring C*°(X), multiplying functions on X by sections of E.

Let E,F — X be vector bundles over X and A : F — F a morphism of vector
bundles. Then A, : '*°(E) — I'*°(F) defined by A, : e — Ao e is a morphism of
C*>°(X)-modules.

Now let X,Y be manifolds and f : X — Y a (weakly) smooth map. Then
f*:C®(Y) — C°°(X) is amorphism of C*-rings. If E — Y is a vector bundle over
Y, then f*(FE) is a vector bundle over X. Under the functor (f*). : C*°(Y)-mod —
C*°(X)-mod of Definition we see that (f*), (I'°(E)) = I'*(E) ®cw~(y)C>®(X)
is isomorphic as a C*(X)-module to I'™®(f*(E)).

If E — X is any vector bundle over a manifold X then by choosing sections
€1,...,en € I'°(E) for n > 0 such that ej|y,...,e,|. span E|, for all z € X we
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obtain a surjective morphism of vector bundles ¥ : X x R™ — E, whose kernel is
another vector bundle F'. By choosing another surjective morphism ¢ : X xR" — F
we obtain an exact sequence of vector bundles

XxR"—? - xxR"—Y > F 0,

which induces an exact sequence of C'*°(X )-modules

0%(X) @p R™ —2 > 0 (X) @p R" —2" > T°(E) — 0.

Thus I'°(E) is a finitely presented C'*°(X)-module.

5.2. Cotangent modules of C*°-rings

Given a C*°-ring €, we will define the cotangent module Q¢ of €. Although our
definition of €-module only used the commutative R-algebra underlying the C°°-
ring €, our definition of the particular €-module Q¢ does use the C*°-ring structure
in a nontrivial way. It is a C*°-ring version of the module of relative differential
forms or Kdhler differentials in Hartshorne [31, p. 172], and is an example of a
construction for Fermat theories by Dubuc and Kock [25].

DEFINITION 5.3. Suppose € is a C*°-ring, and M a €-module. A C*°-derivation
is an R-linear map d : € — M such that whenever f : R"™ — R is a smooth map
and c¢q,...,c, € €, we have

n
d®ys(cr,...,cn) = Z@%(Cl,...,cn)'dcl'. (5.1)
i=1 i

Note that d is not a morphism of €-modules. We call such a pair M, d a cotangent
module for € if it has the universal property that for any C'*°-derivation d’ : € —
M’ there exists a unique morphism of €-modules A : M — M’ with d’ = Ao d.
There is a natural construction for a cotangent module: we take M to be the
quotient of the free €-module with basis of symbols dc for ¢ € € by the €-submodule
spanned by all expressions of the form d®(c1,...,cp) — > iy (ID% (c1y...yen)-dg

for f:R™ — R smooth and ¢1,...,¢c, € €. Thus cotangent modules exist, and are
unique up to unique isomorphism. When we speak of ‘the’ cotangent module, we
mean that constructed above. We write dg¢ : € — )¢ for the cotangent module
of €.

Let €, be C'°°-rings with cotangent modules Q¢,d¢, Qo,dp, and ¢ : € = D
be a morphism of C*°-rings. Then we may regard Qp = ¢*(2p) as a €-module,
and dp 0 ¢ : € — Qg as a C°°-derivation. Thus by the universal property of Q¢,
there exists a unique morphism of €-modules Q4 : Q¢ — Qp With dpop = Qyode.
This then induces a morphism of ®-modules (24)s : Qe ®e D = Np. If ¢p: € - D,
1 :® — € are morphisms of C*°-rings then Qo4 =y 0 Qg : Qe — Ne.

EXAMPLE 5.4. Let X be a manifold. Then the cotangent bundle T* X is a vec-
tor bundle over X, so as in Example[5.2]it yields a C°°(X)-module I'*°(T*X). The
exterior derivative d : C®°(X) — I'*°(T*X), d : ¢ — dc is then a C*°-derivation,
since equation follows from

d(f(cla"'acn)) = Z?:l %(cl,"'acn)dcn

for f:R"™ — R smooth and ¢1,...,¢, € C(X), which holds by the chain rule. It
is easy to show that I'*°(7* X)), d have the universal property in Deﬁnition and
so form a cotangent module for C*(X).
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Now let X,Y be manifolds, and f : X — Y a smooth map. Then f*(T*Y),
T*X are vector bundles over X, and the derivative of f gives a vector bundle
morphism df : f*(T*Y) — T*X. This induces a morphism of C°°(X)-modules
(df)s : T(f*(T*Y)) — I°°(T*X). This (df). is identified with (€-), under the
natural isomorphism I'*°(f*(T*Y")) Z T*(T*Y ) ® e vy C(X), where we identify
C>(Y),C>®(X), f* with €,D, ¢ in Definition [5.3]

The importance of Definition [5.3] is that it abstracts the notion of cotangent
bundle of a manifold in a way that makes sense for any C'°*°-ring.

REMARK 5.5. There is a second way to define a cotangent-type module for
a C°°-ring €, namely the module Kd¢ of Kdhler differentials of the underlying
R-algebra of €. This is defined as for {2¢, but requiring to hold only when
f:R™ = Ris apolynomial. Since we impose many fewer relations, Kd¢ is generally
much larger than ¢, so that Kdge sy is not a finitely generated C°°(R")-module
for n > 0, for instance.

PROPOSITION 5.6. If € is a finitely generated C'*°-ring then Qg is a finitely
generated €-module. If € is finitely presented, then Qg is finitely presented.

ProoF. If € is finitely generated we have an exact sequence

0 I C*[R") — ¢ 0. (5.2)

Write 1, ..., x, for the generators of C°°(R™). Then any ¢ € € may be written as

o(f) for some f € C°(R"™), and implies that

Hence the generators dec of Q¢ for ¢ € € are €-linear combinations of d o ¢(x;),
i=1,...,n, so Q¢ is spanned by the d o ¢(x;), and is finitely generated.

Suppose € is finitely presented. Then we have an exact sequence with
ideal I = (f1,..., fm). We will define an exact sequence of €-modules

CORR™ — > C@p R" — > Qg 0. (5.3)

Write (a1,...,am), (b1,...,by,) for bases of R™ R". As € @g R™, € @ R" are free
¢-modules, the €-module morphisms «, 8 are specified uniquely by giving «(a;) for
i=1,...,mand §(b;) for j =1,...,n, which we define to be

aca; — Z?Zl 43% (¢($1), .. .,qb(xn)) +b; and B:bj—de ((b(xj))
Then for ¢ =1,...,m we have
Boa(a)=3_, Dos (o(x1), ..., p(xn)) - de (d(z5))

=de 0 ¢(Py,(z1,...,3,)) =de 0 ¢(filw1,...,2,)) =de(0) =0,
using (5.1)) in the second step, ¢ a morphism of C'°*°-rings in the third, the definition
of C>°(R") as a C*°-ring in the fourth, and f;(z1,...,2,) € I = Ker ¢ in the fifth.
Hence S oa =0, and (5.3)) is a complex.
Thus 8 induces S, : (€ Qg R")/a(€ @r R™) — Q¢. We will show 8, is an
isomorphism, so that (5.3)) is exact. Define d : € — (€ g R")/a(€ Qg R™) by

d(p(h) =27, <I>66TZ (¢(x1),. .., 0(xn)) - bj + (€ @ R™). (5.4)




52 5. MODULES OVER C°-RINGS AND C°°-SCHEMES

Here every ¢ € € may be written as ¢(h) for some h € C°(R") as ¢ is surjective.
To show is well-defined we must show the right hand side is independent of
the choice of h with ¢(h) = ¢, that is, we must show that the right hand side is
zero if h € I. Tt is enough to check this when h is a generator f1,..., fn, of I, and
this holds by definition of a. Hence d in is well-defined.

It is easy to see that d is a C°°-derivation, and that 8, od = de¢. So by
the universal property of (¢, there is a unique €-module morphism ¥ : Q¢ —
(CrR")/a(C@rR™) with d = ¢ode. Thus Biotpode = Biod = de =idq, ode,
so as Imd¢ generates Q¢ as an €-module we see that 3, o ¢ = idg,. Similarly
1 o B, is the identity, so ¥, 8, are inverse, and [, is an isomorphism. Therefore
is exact, and Q¢ is finitely presented. ([

Cotangent modules behave well under localization.

PROPOSITION 5.7. Let € be a C*®°-ring, S C €, and ® = €[s™! : s € 5] be
the localization of € at S with projection w : € — D, as in Definition 213 Then
(Qr)s : Qe ®e D — Qo is an isomorphism of D-modules.

PROOF. Let Q¢, Qo be constructed as in Definition AsD =¢[s7t:s€ 5]
is € together with an extra generator s~! and an extra relation s- s~ = 1 for each
s € S, we see that the ®-module {29 may be constructed from Q¢ ®¢ © by adding
an extra generator d(s~!) and an extra relation d(s- s~ — 1) = 0 for each s € S.
But using and s-s~! = 11in D, we see that this extra relation is equivalent to
d(s71) = —(s71)2ds. Thus the extra relations exactly cancel the effect of adding
the extra generators, so (1), is an isomorphism. O

Here is a useful exactness property of cotangent modules.
THEOREM 5.8. Suppose we are given a pushout diagram of C°°-rings:

¢ —ﬁ> ¢
jo 5| (5.5)
D ! 3.

so that § =2 e €. Then the following sequence of §-modules is exact:

Qo o~ T P
Qo) ®—(Qp). 27D Dy Q)+ ®(Qs)
Qe B non § T G ey — 2 F g L0 (5.6)

Here (Q4)s : Q¢ ®c¢ yoa § = Qo Qo 4§ s induced by Qq : Qe — Qop, and so on.
Note the sign of —(Qg). in (5.6).

PROOF. By Qyog = 0y o Qy in Definition and commutativity of we
have 0, 0 Qq = Qyoa = Qsop = 5 0 Qg : Qe — Qz. Tensoring with § then gives
(24)x 0 (o) = (25)« 0 (28)4 : Qe ®e § — Q3. As the composition of morphisms
in is (24)x 0 (Qa)s — (25)x 0 (Qp), this implies is a complex.

For simplicity, first suppose €,0, & § are finitely presented. Use the notation
of Example and the proof of Proposition with exact sequences
and (2.4), where I = (hy,...,h;) € C®(R'), J = (di,...,d;) € C®(R™) and
K = (e1,...,ex) C C®°(R"™). Then L is given by (2.5). Applying the proof of
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Proposition [5.6] to (2.3)—(2.4) yields exact sequences of F-modules

S@RRZ’L>S®RRZ$Q¢®¢34>O’ (5.7)

ForR —2s FopR™ — 2> Qg 0p § — 0, (5.8)

FORRF — > F o R” o O @ §—> 0, (5.9)

SR RITHH 4 2o R —F op R™GF O R > Qg > 0, (5.10)

where for (5.7)—(5.9) we have tensored (5.3 for €, D, ¢ with F.
Define §-module morphisms 6, : § @r R' = FOr R™, 65 : § @r R' — § @g R”
by 01((11,. .. ,al) = (bl,. .. ,bm), 02((11,. . .,al) = (017. .. ,Cn) Wlth

l l
by =3 Bos, (€W, Em)) e e =D Don, (E(1).- . E(z0)) -

Ayr
p=1 Yr

for ayp, bq, ¢, € §. Now consider the diagram

ForR @

k _S®rR™ @
%@R Rl D . :(62 0 01) 5®R Rn Ca QS 0
S®r R *T\0es —62
0 o (5.11)
l(oocl) <(Qa)* ) 0 ¢s 5
~(2):) Qo @0 F® (2. (@5).)
_— >

QC Qe g Q@ Re _Sj QS 07
using matrix notation. The top line is the exact sequence ([5.10)), where the sign in
—05 comes from the sign of g, in the generators fp(y1,...,Ym) — gp(21,...,2n) of

L in . The bottom line is the complex (5.6]).

The left hand square commutes as (2 0 €2 = (3 0 €3 = 0 by exactness of f
and (20601 = (24).0(; follows from o d(xy,) = ¥(fp), and (3002 = (23).0C
follows from Bo¢(z,) = x(gp). The right hand square commutes as (4 and (€2).0(2
act on § @ R™ by (a1,...,am) = 31" agdg 0&(y,), and (4 and (Qs). o (3 act on
F@rR" by (b1,...,b,) — > bpdg 0 &(2,). Hence (5.11)) is commutative. The
columns are surjective since (,(2,(3 are surjective as 1} are exact and
identities are surjective.

The bottom right morphism ((£2). (2s)s) in is surjective as (4 is and
the right hand square commutes. Also surjectivity of the middle column implies
that it maps Ker {4 surjectively onto Ker((Q,Y)* (Qg)*). But Ker {4 = Imey as the
top row is exact, so as the left hand square commutes we see that ((24)s —(Q24)«)7
surjects onto Ker((2)« (Q5)), and the bottom row of is exact. This proves
the theorem for €, ®, & F finitely presented. For the general case we can use the
same proof, but allowing i, j, k, [, m,n infinite. O

Here is an example of the situation of Theorem [5.8| for manifolds.
EXAMPLE 5.9. Let W, X,Y, Z,e, f, g, h be as in Theorem so that (3.1)) is

a Cartesian square of manifolds and (3.2 a pushout square of C*°-rings. We have
the following sequence of morphisms of vector bundles on W:

e*(dg")d—f"(dh™) de*pdf*
(T X))@ f*(T*Y) —= T*W = 0. (5.12)

0> (goe)(T"2)
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Here dg : TX — ¢*(TZ) is a morphism of vector bundles over X, and dg* :
g*(T*Z) — T*X is the dual morphism, and e*(dg*) : (goe)*(T*Z) — *(T*X) is
the pullback of this dual morphism to W.

Since goe = ho f, we have de* o e*(dg*) = df* o f*(dh*), and so is a
complex. As g, h are transverse and is Cartesian, is exact. So passing
to smooth sections in we get an exact sequence of C*(W)-modules:

("(dg")® T (e*(T*X) (e’

—f*(dh™)). df*).
0—=T>((goe)*(T*2)) — LV @ p(1ry)) 2L poo(rew) o0,

The final four terms are the exact sequence ({5.6|) for the pushout diagram (3.2)).

5.3. Sheaves of Ox-modules on a C*°-ringed space (X, Ox)

We define sheaves of Ox-modules on a C*°-ringed space, following |31, §II.5].

DEFINITION 5.10. Let (X, Ox) be a C*°-ringed space. A sheaf of Ox-modules,
or simply an Ox-module, £ on X assigns a module £(U) over the C*-ring Ox (U)
for each open set U C X, and a linear map Eyvy : E(U) — E(V) for each inclusion
of open sets V C U C X, such that the following commutes

Ox(U) x E(U) —— £(U)
fpovxeoy fov) (5.13)
Ox (V) x E(V) — =20 V),

and all this data E(U), Eyy satisfies the sheaf axioms in Definition

A morphism of sheaves of Ox-modules ¢ : € — F assigns a morphism of
Ox (U)-modules ¢(U) : E(U) — F(U) for each open set U C X, such that ¢(V) o
Euv = Fuvy o ¢(U) for each inclusion of open sets V C U C X. Then Ox-modules
form an abelian category, which we write as O x-mod.

An Ox-module € is called a vector bundle of rank n if we may cover X by open
U - X with g‘U = OX|U QR R™.

In Definition [£.7] we defined fine sheaves € on a topological space X. In §4.7 we
gave sufficient conditions for when a C*°-ringed space X = (X, Ox) has Ox fine,
which hold if X is an affine C*°-scheme with X Lindelof. Now if Ox is fine, then
any Ox-module £ is also fine, since partitions of unity in Ox induce partitions of
unity in Hom(€,E).

As in Voisin |69, Prop. 4.36], a fundamental property of fine sheaves £ is that
their cohomology groups H'(€) are zero for all i > 0. This means that H° is an
exact functor on fine sheaves, rather than just left exact, since H' measures the
failure of H? to be right exact. If X is second countable then (U, Ox|y) is a Lindelf
affine C*°-scheme for all open U C X. Thus we deduce:

PROPOSITION 5.11. Let (X,0x) be an affine C*°-scheme with X Lindeldf,
and v _
& ¢’ gitl G git?

be an exact sequence in Ox-mod. Then

) i ) it1
gix) 2O, git1 () P

) €i+2(X)H-~~~
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is an exact sequence of Ox(X)-modules. If X is also second countable then the
following is an exact sequence of Ox(U)-modules for all open U C X :

. @ i i+1 )
.. EZ(U) o*(U) 5l+1(U) ¢ ) SH_Q(U) e

REMARK 5.12. Recall that a C*°-ring € has an underlying commutative R-
algebra, and a module over € is a module over this R-algebra, by Definitions[2.6]and
Thus, by truncating the C*°-rings Ox (U) to commutative R-algebras, regarded
as rings, a C*-ringed space (X, Ox) has an underlying ringed space in the usual
sense of algebraic geometry [31, p. 72], [30, §0.4]. Our definition of Ox-modules
are simply Ox-modules on this underlying ringed space |31, §I1.5], [30, §0.4.1].
Thus we can apply results from algebraic geometry without change, for instance
that Ox-mod is an abelian category, as in [31] p. 202].

DEFINITION 5.13. Let f = (f,f%) : (X,0x) — (Y,0Oy) be a morphism of
C*-ringed spaces, and £ be an Oy-module. Define the pullback fH(E) by fH(€) =
F7HE) ®p-1(0y) Ox, where f~1(E) is as in Deﬁnition a sheaf of modules over
the sheaf of C*°-rings f~*(Oy) on X, and the tensor product uses the morphism
ff 7Y 0y) = Ox. If ¢ : &€ — F is a morphism of Oy-modules we have a
morphism of Ox-modules f*(¢) = f~(¢) @ idoy : f*(€) = f*(F).

REMARK 5.14. Pullbacks f*(£) are a kind of fibre product, and may be char-
acterized by a universal property in @x-mod. So they should be regarded as being
unique up to canonical isomorphism, rather than unique. One can give an explicit
construction for pullbacks, or use the Axiom of Choice to choose f*(&) for all f, &,
and so speak of ‘the’ pullback f*(£). However, it may not be possible to make
these choices strictly functorial in f.

That is, if f : X - Y, g : Y — Z are morphisms and £ € Oz-mod then
(gof)*(&), f*(g*(€)) are canonically isomorphic in O x-mod, but may not be equal.
We will write If 4(E) : (go f)*(€) — f*(g*(€)) for these canonical isomorphisms,
as in Remark (b) Then Iy 4 : (9o f)* = f*og" is a natural isomorphism
of functors. It is common to ignore this point and identify (g o f)* with f* o g*.
Vistoli [68] makes careful use of natural isomorphisms (g o f)* = f* o g* in his
treatment of descent theory.

When f is the identity idx : X — X and £ € Ox-mod we do not require
id% (£) = &, but as & is a possible pullback for id% () there is a canonical isomor-
phism 0x (&) :1d%(€) — &, and then 0y : id% = iaox_mod is a natural isomorphism
of functors. B B

By Grothendieck [30l §0.4.3.1] we have:

PROPOSITION 5.15. Let X,Y be C*°-ringed spaces and [ : X — Y a mor-
phism. Then pullback f* : Oy-mod — Ox-mod is a right exact functor be-

tween abelian categories. That is, if £ i>J’-'i>g — 0 is exact in Oy-mod then

f*(é')fit;)f*(]:) fi@f*(g) — 0 is ezact in Ox-mod.

In general f* is not exact, or left exact, unless f : X — Y is flat.

5.4. Sheaves on affine C°°-schemes, MSpec and T’

In §4.4) we defined Spec : C*®°Rings®® — LC*°RS. In a similar way, if ¢ is
a C*-ring and (X,0Ox) = Spec€ we can define MSpec : €-mod — Ox-mod, a
spectrum functor for modules.
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DEFINITION 5.16. Let (X,0x) = Spec€ for some C*°-ring € and M be a
¢-module. We will define an Ox-module £ = MSpec M. For each open U C X,
define £(U) to be the R-vector space of functions e : U — ], (M ®¢ €;) with
e(z) € M ®¢ €, for all x € U, and such that U may be covered by open sets
W C U C X for which there exist m € M with e(z) = m®1 € M ®¢ €, for all
x € W. Here the €, -module M ®¢ €, is defined using the €-module structure on
M and the projection m, : € — &,.

Definition defines Ox (U) as a set of functions U — [[ .y €;. Define an
Ox (U)-module structure pgy : Ox(U) x E(U) — EU) on E(U) by

Ng(U)(sve) T 8(1‘) : 6(1‘),

for all s € Ox(U), e € E(U) and z € U. For open V C U C X, define Eyy :
EU) = E(V) by Euv : e — e|y. Tt is now easy to check that £ is a sheaf of
Ox-modules on X. Define MSpec M = £ in Ox-mod.

An equivalent way to define MSpec M is as the sheafification of the presheaf
U M ®¢ Ox(U). The definition above performs the sheafification explicitly.

Now let a : M — N be a morphism in €-mod, and set £ = MSpec M and
F = MSpec N. For each open U C X, define \(U) : E(U) — F(U) by

AO)(e):x— (a®id)(e(z)) forx €U,

where a ® id maps M ®¢ €, — N ®¢ €,. It is easy to check that A\(U) is an
Ox (U)-module morphism and A\(V) o Eyy = Fyy o ANU) : EU) — F(V) for
all open V. C U C X. Hence A : £ — F is a morphism in Ox-mod. Define
MSpeca = A, so that MSpeca : MSpec M — MSpec N. This defines a functor
MSpec : €-mod — Ox-mod. It is an exact functor of abelian categories, since
M — M ®¢ €, is an exact functor €&-mod — €,-mod for each z € X, as the
localization 7, : € — €, is a flat morphism of R-algebras.

DEFINITION 5.17. Let € be a C*°-ring, and (X,Ox) = Spec€. If £ is an Ox-
module then £(X) is a module over Ox (X), so using U¢ : € — I'(Spec €) = Ox (X)
we may regard £(X) as a €-module. Define I'(£) to be the €-module £(X). If
a : & — F is a morphism of Ox-modules then I'(a) := a(X) : £(X) — F(X)
is a morphism I'(a) : T'(£) — I'(F) in €-mod. This defines the global sections
functor T : Ox-mod — €-mod.

In general T is a left exact functor of abelian categories, but may not be right
exact. However, if X is Lindelof (for example, if € is finitely or countably generated)
then Proposition shows that I' is an exact functor.

Now I' o MSpec is a functor €-mod — €-mod. For each €-module M and
m € M, define Upr(m) : X — [[,ex M ®@¢ € by Upr(m) : 2 = m®1le, €
M ®¢ €;. Then ¥ys(m) € MSpec M (X) = T o MSpec M by Definition SO
Wy M — T o MSpec M is a linear map, and in fact a €-module morphism.

It is functorial in M, so that the W, for all M define a natural transformation
U :idg.mod = I' o MSpec of functors ide_mea, I' © MSpec : €-mod — €-mod.

Here are the analogues of Lemma [{.18] and Theorem [4:20}

LEMMA 5.18. In Definition the stalk (MSpec M), = &, of MSpec M at
x € X is naturally isomorphic to M ®¢ €5, as modules over €, = Ox .

PRrOOF. Elements of £, are ~-equivalence classes [U, ¢e] of pairs (U, e), where
U is an open neighbourhood of z in X and e € £(U), and (U, e) ~ (U, ¢) if there
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exists open x € V. C U NU’ with e]y = €'|y. Define a €,-module morphism
M:€, - MQ®¢ €, by IL: [U, €] — e(x).

Propositionshows that €, = €/I for I the ideal in . Hence M ®¢ €, =
M/(I- M), and thus every element of M ®¢ €, is of the form m ® 1¢, for some
m € M. But ¥ (m) € £(X), so that [X, U (m)] € E, with IT : [X, Ups(m)] —
m® le,. Hence I : £, = M ®¢ €, is surjective.

Suppose [U,e] € £, with II([U,e]) =0 € M ®¢ €. As e € E(U), there exist
open x € V C U and m € M with e(z') = m® 1l¢,, € M ®¢ €, for all 2/ € V.
Then m ® le, = e(x) = U([U,e]) = 0in M Q¢ €, som € I - M C M, and we
may write m = 22:1 iq - Mg for i, € I and m, € M. By we may choose
dy,...,dx € € with z(d,) #0 and i, -d, =0in € fora=1,... k.

Set W={2' eV :2'(d,) #0,a=1,...,k}, so that W is an open neighbour-
hood of z in U. If 2’ € W then 2'(d,) # 0, so my(d,) is invertible in €,/. But
iqg-dg =0,80 T (iyg) =0in € fora=1,..., k. Asm = 22:1 1 - Mg it follows
that e(2') =m ® le¢,, = 0in M ®¢ €, for all 2" € W. Thus el = 0 in E(W), so
[U,e] = [W,elw] = 0in ;. Therefore IT: £, - M ®¢ €, is injective, and so an
isomorphism. O

THEOREM 5.19. Let € be a C*-ring, and (X,0x) = Spec€. Then T :
Ox-mod — €-mod is right adjoint to MSpec : €-mod — Ox-mod. That is,
for all M € €-mod and £ € Ox-mod there are inverse bijections

Lase
Homg_mod (M, T(E)) m——————= Hompe_mod (MSpec M, E), (5.14)
Ry e
which are functorial in M,E. When € = MSpec M we have ¥y = Ry e(ide), so
that Wy is the unit of the adjunction between I' and MSpec.

ProOOF. Let M € €-mod and £ € Ox-mod, and set D = MSpec M. Define
Rure in (5.14) by, for each morphism « : D — £ in Ox-mod, taking Ry ¢(a) :
M — T'(€) to be the composition

I'(a)

M —"M D oMSpec M = I'(D) T(£).

For the last part, if £ = MSpec M then Wy = Ryre(idg) as T'(idg) = idpe).
Let 8 : M — T'(£) be a morphism in €-mod. We will construct a morphism
A:D — &€ in Ox-mod, and set Ly g(8) = A. Let © € X. Consider the diagram

M@s €=M 3 ['(€)
iid% azi (5.15)
M @¢ € 2Dy o -,

in ¢-mod, where the isomorphism M ®¢ €, = D, comes from Lemma [5.18] Here
E. is the stalk of £ at z, and o, : T'(€) = £(X) — &, takes stalks at x. The
C-action on I'(£) factors via Q&OX(X), and the €-action on &, factors via
¢ E>(9X(X) N Ox 4, and f3,0, are both €-module morphisms. But Ox , = €,
by Lemma so oy 00 : M — &, is a €-module morphism, where the €-
action on &, factors via € —% ¢ . Hence there is a unique @ x z-module morphism
Be : Dy — &€, making (5.15) commute.

For each open U C X, define AN(U) : D(U) — E(U) by A(U)d : © — By (d(z)) for
deDU) and z € U C X, and d(x) € D, and S,(d(z)) € ;. Here as £ is a sheaf
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we may identify elements of £(U) with maps e : U — [[, <y
x € U, such that e satisfies certain local conditions in U.

If d € D(U) = MSpec M (U) and = € U then by Definition Wwe may cover
U by open W C U for which there exist m € M with d(z) = m ® le, in M Q¢ €,
for all z € W. Therefore A(U)d maps = +— o,(8(m)) for all z € W by (5.15), so
A(U)d is a section B(m)|w of & on W. Hence A(U)d is a section of £|y, as such W
cover U, and A(U) : D(U) — E(U) is well defined.

As B, is an Ox z-module morphism for all x € U, A(U) : D(U) — &(U) is
an Ox (U)-module morphism. The definition of A\(U) is clearly compatible with
restriction to open V. C U C X. Thus the A(U) for all open U C X define a sheaf
morphism A : D — £ in Ox-mod. Set Lyse(8) = A. This defines Lys ¢ in .
A very similar proof to that of Theorem [£.20] shows that Lyse, Ryse are inverse
maps, so they are bijections, and that they are functorial in M, &. (]

&, with e(x) € &, for

We show that I' is a right inverse for MSpec:

PROPOSITION 5.20. Let € be a C*®-ring, and (X,0Ox) = Spec€, and & be
an Ox-module. Set M = T'(E) in €&mod, and write ¥g = Ly e(idar). Then
Ue : MSpecol'(£) — & is an isomorphism in Ox-mod, for any &.

These isomorphisms Ve are functorial in €, and so define a natural isomor-
phism W : MSpecol’ = ido-moa of functors Ox-mod — Ox-mod.

PROOF. Set D = MSpec M = MSpecol'(£), and let x € X. Then by definition
of Ug = Ly e(idps) : D — € in the proof of Theorem as in (5.15)) the stalk
map Ye, : D, — £, is the unique morphism of modules over €, = Ox , making
the following diagram of €-modules commute:

M®¢ €=M o M =T(€)

\Lid o, o (5.16)
Ve,

M ®e €, =D, Ex.

Let [U,e] € €, so that z € U C X is open and e € £(U). By Definition [{.13]
there exists ¢ € € such that z(¢) # 0 and y(c¢) = 0 for all y € X \U. Choose smooth
f:R — R such that f = 0 near 0 in R and f = 1 near z(c) in R. Set ¢/ = ®¢(c),
where @ : € — € is the C*°-ring operation. Then n = ¥¢ () € Ox(X), and there
exist open neighbourhoods V of X \U and W of z in X with n|y = 0 and n|w = 1.
Clearly VNW =0,s0 x € W CU. We have 5|y - e € E(U), with (n|y - e)|luay =0
and (n[v - e)|lw = e|w.

Since {U, V'} is an open cover of X and (n|v -e)|luny = 0 = Olunv, by the sheaf
property of £ there is a unique e’ € £(X) with €'|y = 5|y - e and €'|y = 0. Then
6/‘W = (’17‘[] . €)|W = 6|W. Thus

oo(e') = [X, €] = [W,elw] = [W.elw] = [U, €]

in £;. Hence o, : T'(§) — &, is surjective, so ¥g, : D, — &, is surjective by
, as m, : € — €, is surjective by Proposition m

Suppose d € D, with ¢ ,(d) = 0. We may write m @ l¢, = d under the
isomorphism M ®¢ €, = D, for some m € M, and then gives o,(m) =
Ve »(d) = 0. Hence there exists open z € U C X with m|y = 0. As above we may
construct n € Ox(X) and open VW C X with X\ U CV, 2 e W CU,nly =0
and 9l = 1. Thenn-m =0in M as m|y =0, nly =0 with UUV = X, and
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7z(n) = lg, in €, as n =1 near z in X. Hence
m®le, =le, - (M@ 1le,)=ms(n) - (M@ 1le, )= m)®1le,=0® 1¢, =0

in M ®¢ €;. Therefore d =0 in ®,, and V¢, : D, — &, is injective, and so an
isomorphism. As this holds for all x € X, ¥¢ : D — £ is an isomorphism, proving
the first part of the proposition. The second part follows from Ljs ¢ functorial in
M, € in Theorem [5.19] O

As for quasicoherent sheaves in conventional algebraic geometry, we define:

DEFINITION 5.21. Let X = (X, Ox) be a C*°-scheme, and € be an O x-module.
We call € quasicoherent if we may cover X with open U C X such that (U, Ox|y) =
Spec € and &|y = MSpec M for some C*°-ring € and €-module M.

We write qcoh(X) for the category of quasicoherent sheaves on X.

If (X,0x) is a C*-scheme and £ an Ox-module, we can cover X by open
U C X with (U,Ox|y) = Spec€ affine, and then Proposition shows that
Ely = MSpec M for M = E(U). Thus we have:

COROLLARY 5.22. Let X = (X,0x) be a C*®-scheme. Then every Ox-module
€ is quasicoherent, so that qcoh(X) = Ox-mod.

REMARK 5.23. (a) In conventional algebraic geometry, as in Hartshorne |31,
§IL.5], if R is a ring and (X,Ox) = Spec R the corresponding affine scheme, we
also have functors MSpec : R-mod — Ox-mod and I' : Ox-mod — R-mod. In
C*>-algebraic geometry, as in Proposition [5.20] T" is a right inverse for MSpec, but
may not be a left inverse. But in algebraic geometry the opposite happens, as I is
a left inverse for MSpec |31, Cor. I1.5.5], but may not be a right inverse.

The fact that ' is a right inverse for MSpec in C'*°-algebraic geometry means
that all Ox-modules on a C*-scheme (X, Ox) are quasicoherent, so quasicoherence
is not a very useful idea. But in algebraic geometry, as I' is not a right inverse for
MSpec, this is false: there are many examples of schemes (X, Ox ) and Ox-modules
& which are not quasicoherent. For instance, we may take X = A! and £(U) =0
if0eU,EU)=0x(U)if0¢U for all open U C X.

In §5.5] we will define a module M over a C* ring € to be complete if M =
I' o MSpec M. Then T is a left inverse for MSpec on the subcategory €-mod® C
¢-mod of complete €-modules. In general €-modules need not be complete. But in
conventional algebraic geometry, as I' is a left inverse for MSpec all R-modules are
complete, so completeness is not a useful idea.

(b) In conventional algebraic geometry one defines coherent sheaves |31}, §11.5] to
be quasicoherent sheaves £ locally modelled on MSpec M for M a finitely generated
¢-module. However, coherent sheaves are only well behaved on noetherian schemes,
and most interesting C*°-rings, such as C*°(R") for n > 0, are not noetherian R-
algebras. Because of this, coherent sheaves do not seem to be a useful idea in C'*°-
algebraic geometry (for instance, coh(X) is not closed under kernels in gcoh(X),
and is not an abelian category), and we do not discuss them.

We can understand the pullback functor f* in Definition explicitly in terms
of modules over the corresponding C'°°-rings:

PROPOSITION 5.24. Let €, be C*®-rings, ¢ : ® — € a morphism, M, N
be ®-modules, and o« : M — N a morphism of D-modules. Write X = Spec€,
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Y =Spec®, f =Specp: X =Y, and &= MSpec M, F = MSpec N in qcoh(Y).
Then there are natural isomorphisms f*(£) = MSpec(M ®@p €) and f*(F) =
MSpec(N ®p €) in qecoh(X). These identify MSpec(a ®ide) : MSpec(M @5 €) —

MSpec(N ®@9p €) with f*(MSpeca) : f*(€) — f*(F).

PRrROOF. Write X = (X,0x), Y = (Y,Oy) and f = (f, f*). Then & is the
sheafification of the presheaf V +— M @9 Oy (V), and f~1(€) is the sheafification
of the presheaf U + limysy E(V), and f~1(Oy) is the sheafification of the
presheaf U — limy 5@y Oy (V). In f*(€) = f71E) @p-1(0y) Ox, these three
sheafifications combine into one, so f*(&) is the sheafification of the presheaf U —
limy 5 ¢y (M ®p Oy (V)) ®o, vy Ox(U). But

(M @9 Oy (V)) ®o,(v) Ox(U) =2 M @5 Ox(U) = (M ®9 €) ®@c Ox(U),

so this is canonically isomorphic to the presheaf U — (M ®5 €) ®¢ Ox (U) whose
sheafification is MSpec(M ®p €). This gives a natural isomorphism f*(£) =
MSpec(M @5 €). The same holds for N. The identification of MSpec(a ®id¢) and
f*(MSpec «) follows by passing from morphisms of presheaves to morphisms of the

associated sheaves. O

5.5. Complete modules over C*°-rings

Here are the module analogues of Definition and Theorem b),(c).

DEFINITION 5.25. Let € be a C*°-ring, and M a €-module. We call M complete
if Upr: M — T o MSpec M in Definition [5.17)is an isomorphism.

Write €-mod®® for the full subcategory of complete €-modules in €-mod.

If M is a ¢-module then applying I' to Proposition shows that

I'(¥mspec ar) : T o MSpec(I' o MSpec M) — T' o MSpec M

is an isomorphism. The definitions imply that ¥romspee pr = I'(Wmspec ar) . Thus
I'oMSpec M is complete, for any €-module M. Define a functor Rj; = I'oMSpec :
¢-mod — €-mod®°.

THEOREM 5.26. Let € be a C*°-ring, and X = (X,O0x) = Spec€. Then

(a) MSpec|e-modee : €-mod®™ — qeoh(X) is an equivalence of categories.
b) R : €-mod — €-mod® is left adjoint to the inclusion functor inc :
all
€-mod® — €-mod. That is, R is a reflection functor.

Proor. For (a), if M, N are complete €-modules then putting & = MSpec N
in Theorem and using I' o MSpec N = N, equation (5.14) shows that

MSpec = Lys,¢ : Homemodeo (M, N) — Homo -moa (MSpec M, MSpec N)

is a bijection, where the definition of Ljs ¢ agrees with the definition of MSpec on
morphisms in this case. Thus MSpec is full and faithful on complete €-modules.

If £ € Ox-mod = qcoh(X) then & = MSpecoI'(£) by Proposition
Thus T'(€) = T o MSpecol'(£), so I'(€) is complete by Definition [5.25] Hence
E = MSpec |¢-modee [I'(€)], and the essential image of MSpec |¢.modee is qcoh(X).
Therefore MSpec |¢.modee is an equivalence of categories.
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For (b), let M, N be ¢€-modules with N complete. Then we have bijections
Homg_mogee (R;ﬁ(M), N) =~ Home-mod (F o MSpec M, T" o MSpec N)
=~ Homo y -mod (MSpec oI’ o MSpec M, MSpec N)
=~ Homo , -mod (MSpec M, MSpec N)
>~ Home-mod (M, I' o MSpec N) ~Home-mod (M7 N) =Homeg_mod (M, inc(N)) ,

using N =2 T'o MSpec N as N is complete in the first and fifth steps, Theorem [5.19
in the second and fourth, and Proposition in the third. The bijections (5.17)
are functorial in M, N as each step is. Hence R} is left adjoint to inc. ([

(5.17)

PROPOSITION 5.27. Let € be a C®-ring and (X,Ox) = Spec €, and suppose
X is Lindelof. Then €-mod® is closed under kernels, cokernels and extensions in
¢-mod, that is, €mod® is an abelian subcategory of €-mod.

PROOF. As in MSpec : €-mod — Ox-mod is an exact functor, and as
X is Lindelof T' : Ox-mod — €-mod is also exact by Proposition [5.11] Hence
R =T o MSpec : €-mod — €-mod is an exact functor. Let 0 — My — My — M3
be exact in €-mod with My, M3 complete. Then we have a commutative diagram

0 M1 MQ M3

i\I/Ml %\L\I’Mz Ei/\l/M3
0 —— RGi(My) —— Rij(My) —— Rj(Ms)

in €-mod, where both rows are exact as R} is an exact functor, and the second and
third columns are isomorphisms. Hence the first column is also an isomorphism,
and M, is complete, so €-mod®® is closed under kernels in €-mod. It is closed under
cokernels and extensions by very similar arguments. [

EXAMPLE 5.28. Let € be a C*°-ring with (X, Ox) = Spec €. Then:

(a) Considering € as a €-module, we have T'oMSpec € = T'oSpec € = Ox (X),
and ¥¢ : € — Ox(X) in Definitions and coincide. Hence € is
complete as a €-module if and only if it is complete as a C°°-ring, in the
sense of So, if € is a finitely generated but not fair C'*°-ring, as in
Examples and then € is a non-complete €-module.

(b) Suppose € is complete and X is Lindeléf. Let M be a finitely presented
¢-module, so we have an exact sequence € Q R™ — ¢ QR"” — M — 0
in €-mod. Here € ® R™, € ® R™ are complete as € is by (a), so M is
complete by Proposition [5.27] as €-mod is closed under cokernels.

(c) Suppose € is complete, X is Lindelof, and I C € is a finitely generated
ideal. Choose generators i1, ...,14, for I. Then we have an exact sequence
CRR" = ¢ = ¢/I = 0in €mod with € ® R", € complete, so €/I is a
complete €-module by Proposition Also we have an exact sequence
0—1—¢€— /I with €,¢/I complete, so I is a complete €-module.

(d) Let € be complete and V' be an infinite-dimensional R-vector space. One
can show that € ®g V' is a complete €-module if and only if X is compact.

5.6. Cotangent sheaves of C'*°-schemes

We now define cotangent sheaves, the sheaf version of cotangent modules in
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DEFINITION 5.29. Let X = (X,0Ox) be a C*®-ringed space. Define PT*X
to associate to each open U C X the cotangent module Q¢ 7y of Definition
regarded as a module over the C*°-ring Ox (U), and to each inclusion of open sets
V C U C X the morphism of Ox (U)-modules Q.. : Qo () = Qo (v) associated
to the morphism of C*°-rings pyyv : Ox(U) — Ox (V). Then as we want for
the following commutes:

Ox (U) x Qox ) —5-; Qoxw)

\LPUngPUV QPUV\L
HOx (V)

OX(V) X QOX(V) =

Using this and functoriality of cotangent modules §2y04 = €y © 24 in Definition
@ we see that PT*X is a presheaf of Ox-modules on X. Define the cotangent
sheaf T*X of X to be the sheaf of Ox-modules associated to PT*X.

If U C X is open then we have an equality of sheaves of O |y-modules

T*(U, OX|U) = T*X‘U

As in Example if f: X — Y is a smooth map of manifolds we have a
morphism df : f*(T*Y) — T* X of vector bundles over X. Here is an analogue for
C®°-ringed spaces. Let f: X — Y be a morphism of C"°-ringed spaces. Then by
Deﬁnition [(TY) = f7HT*Y)®4-1(0y)Ox, where T*Y is the sheafification
of the presheaf V — Qo (v, and f~HT*Y) the sheafification of the presheaf
U — limy sy (T*Y)(V), and f~1(Oy) the sheafification of the presheaf U
limy 5 ¢y Oy (V). These three sheafifications combine into one, so that f*(7T™*Y)
is the sheafification of the presheaf P(f*(T*Y)) acting by

Ur— P(fH(T7Y))(U) = limy 5 p ) Qoy (v) ®oy (v) Ox (U).
Define a morphism of presheaves PQy : P(f*(T"Y)) — PT*X on X by

QOX(V)'

(PQ)U) = limy o p0) (L, ) yofi (V)5

where (Q, _, o)+ @ Qoy(v) oy vy Ox(U) = Qoyw) = (PT*X)(U) is
constructed as in Definition from the C°°-ring morphisms f4(V) : Oy (V) —
Ox(f~1(V)) from f; : Oy — f.(Ox) corresponding to f* in fasin , and
pr-1oyu : Ox(f~HV)) = Ox(U) in Ox. Define Qj : f*(T*Y) — T*X to be the
induced morphism of the associated sheaves.

REMARK 5.30. There is an alternative definition of the cotangent sheaf T*X
following Hartshorne [31, p. 175]. We can form the product X x X in C>®°RS,
and there is a natural diagonal morphism Ax : X — X x X. Write Zx for the
sheaf of ideals in Oxxx vanishing on the closed C*°-ringed subspace Ax. Then
T*X = A% (Zx/T%). This can be proved using the equivalence of two definitions
of cotangent module in [31], Prop. I1.8.1A]. An affine version of this also appears
in Dubuc and Kock |25].

PrOPOSITION 5.31. Let € be a C*®-ring and X = Spec&€. Then there is a
canonical isomorphism T* X = MSpec Q¢ .

PRrROOF. By Definitions and MSpec Q¢ and T* X are sheafifications
of presheaves P MSpec Q¢, PT* X, where for open U C X we have
P MSpec Qe (U) = Qe ®e Ox(U) and PT*X(U) = Qo w)-
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We have C*°-ring morphisms W¢ : € = Ox (X) from Definition [4.19 and restriction
pxvu : Ox(X) — Ox(U) from Ox, and so as in Definition a morphism of
Ox (U)-modules Pp(U) := (pxv o ¥e)« : Qe ®e Ox(U) = Qo (vy- This defines a
morphism of presheaves Pp : P MSpecQe — PT*X, and so sheafifying induces a
morphism p : MSpec Q¢ — T*X.

The induced morphism on stalks at z € X is p, = (1)« : Q¢ ®¢ € — Qe
where 7, : € = €, is projection to the local C*°-ring €,, noting that Ox , = €.
But €, is the localization €[c™! : ¢ € €, ¢(x) # 0], so Proposition implies that
()« + Qe ®¢ € — Qe is an isomorphism. Hence p : MSpec Qe — T*X is a
sheaf morphism which induces isomorphisms on stalks at all x € X, so p is an
isomorphism. O

Here are some properties of the morphisms €}y in Definition Equation

(5.20) is an analogue of (5.6 and (5.12)).

THEOREM 5.32. (a) Let f: X — Y and g:Y — Z be morphisms of C*-
schemes. Then

Qgoy = Qo [7(Qy) 0 I;,o(T"Z) (5.18)

as morphisms (g o f)*(I"Z) — T*X in qcoh(X). Here Qg : g*(T*Z) - T*Y is a
morphism in qcoh(Y ) so applying [* gives f*(Qy) : f*(g (T* ) = fH(I*Y) in
qcoh(X), and Iy o(T*Z) : (go f)*(T*Z) — [~ (g*( T*Z)) is as in Remark-

(b) Suppose we are given a Cartesian square in C*°Sch

w 7 Y
e - ) (5.19)
X . z,
so that W = X xz Y. Then the following is exact in gcoh(W):
€ ( )Ole g(T Z)® * *
—f*(Qn)ol; n(T72) € (T X) Qe®Q;
(goe)(T*Z) — & fHTY) — = T*W—=0.  (5.20)

PROOF. Combining several sheafifications into one as in the proof of PI‘OpObi—

tlon we see that the sheaves T*X, f*(T*Y), f*(¢*(T*Z)) and (go f)*(I"*Z)

on X are 1somorphlc to the sheaﬁﬁcatlons of the following presheaves:

T*X o Ur— QOX(U)a (521)

f*(T*Y) ~ U r— V%l]lcr(l )Q(’)y(V) ®(')Y (V) Ox( ) (522)

f(g" (1" 2)) ~ Ur— V%f(U) WIDIEI(IV)(QOZ(W) ®@o,w) Ov(V))  (5.23)
®oy(v)Ox (U),

(go ) (T*2) ~ Ur— lim  Qo,w) o, mw) Ox(U). (5.24)

= = W2gof(U)
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Then Qf, Qgor, [*(g), Iy o(T*Z) are the morphisms of sheaves associated to
the following morphisms of the presheaves in (5.21))—(5.24)):

QI ~ U }_> Véi;?U)(prfl(v)UOfﬁ(V))*7 (525)
ngf ~ U r— nggg}(U)(Qp(QOf)’l(W) Uo(gof)ﬂ(w))*’ (526)
F (Qg) - U VSJEI(IU) Wl,Dig(lV)(ng*(W) v°9ﬁ(W))*’ (5.27)
Iy o(T"Z) v Ur— lim lim  Igyw, (5.28)

Vf(U) W2g(V)
by Definition , where Iyyw : QOZ(W) ROz (W) Ox(U) — (QOZ(W) R0z (W)

Oy (V)) ®oy (v) Ox (U) is the natural isomorphism.
Now if UCX, VCY, WCZ are open with V2 f(U), W2g(V) then

Pgon-rnyu @ (g0 (W) = [pssvyu e i(V)] o [pg-1owyv 0 9:(W)]
as morphisms Oz (W) = Ox (U), s0 Qgoyp = Qg 0 2y in Definition [5.3| implies

(Qf’(gofrl(vv)Uo(gof)ﬂ(W))* = (Qf’ffl(w Uofu(V))* © (Qf’gfl(wwogu(W))* o lyvw.

Taking limits limy 5z limy5gv) implies that the morphisms of presheaves in

(5.25)—(5.28)) satisfy the analogue of (5.18]), so passing to sheaves proves (a).

For (b), first observe that as ((5.19) is commutative, by (a) we have
Qe 0" () 0 Le g (T7Z) = Qgoe = Qpog =y 0 7 () 0 Iy p(T7Z),
SO Q0 (g*(Qg) o Ig,g(T*Z)) - Qj o (I*(Qh) o Ij,b(T*Z)) =0,

and (5.20) is a complex. To show it is exact, note that as in the first part of the
proo is the sheafification of a complex of presheaves, and the presheaves
are defined as direct limits. Let S C W be open. Then the complex of presheaves
corresponding to evaluated at S C W is the direct limit over all open T' C X,
UCY,V CZwithe(S)CT, f(S)CU, g(T) CV, h(U) CV of equation
with Oz(V),Ox(T), Oy (U), Ow(S) in place of €, D, &, F.

Since is exact by Theorem and direct limits are exact, the complex
of presheaves whose sheafification is is exact when evaluated on each open
S C W, so it is exact. As sheafification is an exact functor, this implies that
equation is exact. This completes the proof. O



CHAPTER 6

C*-stacks

We now discuss C*°-stacks, that is, geometric stacks over the site (C*°Sch, 7)
of C"°*°-schemes with the open cover topology. The author knows of no previous work
on these. For the rest of the book, we will assume the reader has some familiarity
with stacks in algebraic geometry. Appendix [A] summarizes the main definitions
and results on stacks that we will use, but it is too brief to help someone learn
about stacks for the first time. Readers with little experience of stacks are advised
to first consult an introductory text such as Olsson [57], Vistoli |68], Gomez [29],
Laumon and Moret-Bailly [46], or the online ‘Stacks Project’ |34].

The author found Metzler [49] and Noohi [55] useful in writing this section.

6.1. C°°-stacks
We use the material of

DEFINITION 6.1. Define a Grothendieck pretopology PJ on the category of
C*>°-schemes C°°Sch to have coverings {i, : Uy, — Ulaca where V, = i,(U,)
is open in U with i, : Uy — (V4,Oulv,) and isomorphism for all a € A, and
U =Uaea Va- Using Corollary [4.29 we see that up to isomorphisms of the U, the
coverings {i, : Uy — Utaea of U correspond exactly to open covers {V, : a € A}
of U. Write J for the associated Grothendieck topology.

It is a straightforward exercise in sheaf theory to prove:

PROPOSITION 6.2. The site (C°°Sch,J) has descent for objects and mor-
phisms, in the sense of A3l Thus it is subcanonical.

The point here is that since coverings of U in J are just open covers of the
underlying topological space U, rather than something more complicated like étale
covers in algebraic geometry, proving descent is easy: for objects, we glue the
topological spaces X, of X, together in the usual way to get a topological space X,
then we glue the Ox, together to get a presheaf of C'*°-rings Ox on X isomorphic
to Ox, on X, C X for all a € A, and finally we sheafify Ox to a sheaf of C*-rings
Ox on X, which is still isomorphic to Ox, on X, C X.

DEFINITION 6.3. A C*-stack X is a geometric stack on the site (C*°Sch, J).
Write C*°Sta for the 2-category of C*°-stacks, C*°Sta = GStaceosch,7)-

As in Definition we will very often use the notation that if X is a
C>-scheme then X is the associated C>®-stack, and if f : X — Y is a mor-
phism of C*-schemes then f : X — Y is the associated l1-morphism of C>-
stacks. Write C>°Sch!fP, C>®Sch!f, C>°Sch for the full 2-subcategories of C'>°-
stacks X in C*°Sta which are equivalent to X for X in C*°Sch!f?, C>°Sch!f or

65
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C®°Sch, respectively. When we say that a C*°-stack X" is a C°°-scheme, we mean
that X € C*Sch.

Since (C*°Sch, J) is a subcanonical site, the embedding C*°Sch — C*°Sta
taking X — X, f — f is fully faithful. We write this as a full and faithful functor
Fg:ssgﬁ : C*°Sch — C*°Sta mapping FSZSt (X X on objects and FSZS%
f +— f on (1-)morphisms. Hence C*>®Sch!?, C>Sch!f, C>°Sch are equivalent
to C>®Sch!fP, C>°Sch!f, C>°Sch, considered as 2-categories with only identity 2-
morphisms. In practice one often does not distinguish between schemes and stacks
which are equivalent to schemes, that is, one identifiess C*°Sch'P, ... C>Sch
and C*°Sch!fP, ... C>Sch.

REMARK 6.4. Behrend and Xu |5, Def. 2.15] use ‘C*°-stack’ to mean something
different, a stack X over the site (Man, Jnan) of manifolds with Grothendieck
topology J mMan associated to the Grothendieck pretopology P.J man given by open
covers, such that there exists a surjective representable submersion 7 : U — X from
some manifold U. These are also called ‘smooth stacks’ or ‘differentiable stacks’
in [5,32,[49,/55]. The quotient [V/G] of a manifold V' by a Lie group G is an
example of a differentiable stack. By Zung’s linearization theorem [71, Th. 2.3],
a differentiable stack X with proper diagonal is Zariski locally equivalent to such
a quotient [V/G] with G compact. Our C'*-stacks are a far larger class of more
singular objects than the differentiable stacks of [54[32}/49.55].

Theorems b) and Corollary and Proposition imply:

THEOREM 6.5. Let X be a C*®-stack. Then X is equivalent to the stack
groupoid in C*°Sch defines a Cw—;taicki[‘;/ 7:§77U]. All fibre products exist in the
2-category C°°Sta.

Quotient C*°-stacks [X /G] are a special class of C*°-stacks.

DEFINITION 6.6. A C*°-group G is a group object in C*°Sch, that is, a C'*°-
scheme G = (G, O¢g) equipped with an identity element 1 € G and multiplica-
tion and inverse morphisms m : G Xx G — G, i : G — G in C*°Sch such that
(%,G,m,m,1,i,m) is a groupoid in C>Sch. Here * = SpecR is a point, and
7 : G — % is the projection, and we regard 1 € G as a morphism 1 : % — G.

Let G be a C*°-group, and X a C*-scheme. A (left) action of G on X is a
morphism p : G x X — X such that

(X, Gx X, 1y, 1, 1xidx, (iomg) ¥, (mo((mgom;) x (wgom,))) x (wyom,y)) (6.1)

is a groupoid object in C*°Sch, where in the final morphism 7, 7, are the projec-
tions from (G x X) Xz x . (G x X) to the first and second factors G x X. Then
define the quotient C™=-stack [X/G] to be the stack [G x X = X] associated to
the groupoid . It is a C*°-stack.

If G = (G,0¢) is a C*®-group then the underlying space G is a topological
group, and is in particular a group, and if G = (G, Og) acts on X = (X, Ox) then
G acts continuously on X.

If G is a Lie group then G = FG. S°R (@) is a C*°-group in a natural way, by
applying Fﬁ:nSCh to the smooth multiplication and inverse maps m : G x G — G
and i : G — G. If a Lie group G acts smoothly on a manifold X with action
p: G x X — X then the C®-group G = Fy;..5"(G) acts on the C*-scheme
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X = FG.50(X) with action g = FGao® (1) : G x X — X, so we can form the
quotient C*°-stack [X/G].

EXAMPLE 6.7. Let G be a C°°-group, and X = % be the point in C*°Sch, with
trivial G-action. The quotient C*°-stack [x/G] is known as BG, the classifying stack
for principal G-bundles on C*°-schemes.

If S is a C*-scheme, a principal G-bundle (P,m,u) over S is a C*°-scheme
P, a morphism 7 : P — S, and a G-action g : G x P — P of G on P, such
that 7 is G-invariant, and S may be covered by open C'*°-subschemes U C S such
that there exists an isomorphism 7= (U) = G x U which identifies the G-action on
7~ 1(U) C P with the product of the left G-action on G and the trivial G-action on
U, and identifies 7|... : 771(U) — U with 7, : G x U — U. Often we write P as
the principal bundle, leaving 7, u implicit.

One well known way to write BG explicitly as a category fibred in groupoids
px : X — C°8Sch, as in §A7] is to define X to be the category with objects
pairs (S, P) of a C*°-scheme S and P a principal G-bundle over S, and morphisms
(fyuw) : (S,P) = (T,Q) consisting of C*°-scheme morphisms f : § — T and
w: P — Q, such that u is G-equivariant and B

P o Q
J/z , 7 (6.2)
S = T

is a Cartesian square in C°°Sch, which implies that P is canonically isomorphic
to the pullback principal G-bundle f*(Q). Composition of morphisms is (g,v) o
(f,u) = (go f,vou), and identity morphisms are id(s py = (ids,idp). The functor
px : X = C°°Sch maps px : (S,P) — S on objects and px : (f,u) — f on
morphisms. N -

In §7.1] we will give a more detailed treatment of quotient C*-stacks [X /G] of
a C*°-scheme X by a finite group G.

6.2. Properties of 1-morphisms of C*°-stacks

We use the material of §A74] We define some classes of C'*°-scheme morphisms.

DEFINITION 6.8. Let f = (f, f#) : X = (X,0x) — Y = (Y, Oy) be a morphism
in C*°Sch. Then: -

e We call f an open embedding if V. = f(X) is an open subset in Y and
(f, [5) : (X,0x) = (V,Oy|y) is an isomorphism.

e We call f a closed embedding if f : X — Y is a homeomorphism with
a closed subset of Y, and f*: f~1(Oy) — Ox is a surjective morphism
of sheaves of C'°°-rings. Equivalently, f is an isomorphism with a closed
C>-subscheme of Y. Over affine open subsets U = Spec€ in Y, f is
modelled on the natural morphism Spec(€/I) < Spec € for some ideal I
in €.

e We call f an embedding if we may write f = g o h where h is an open
embedding and g is a closed embedding.

e We call f étale if each z € X has an open neighbourhood U in X such
that V = f(U) is open in Y and (f|U,fﬂ|U) : (U, OX'U) — (‘/, Oy|\/) is
an isomorphism. That is, f is a local isomorphism.



68 6. C°°-STACKS

e We call f proper if f : X — Y is a proper map of topological spaces, that
is, if S C Y is compact then f~1(S) C X is compact.

e We say that f has finite fibres if f : X — Y is a finite map, that is, f~(y)
is a finite subset of X for all y € Y.

e We call f separated if f : X — Y is a separated map of topological spaces,
that is, Ax = {(xm) tx € X} is a closed subset of the topological fibre
product X Xy X = {(z,2') € X x X : f(z) = f(2/)}.

e We call f closed if f: X — Y is a closed map of topological spaces, that
is, S C X closed implies f(S) C Y closed.

o We call f universally closed if whenever g : W — Y is a morphism then
Ty X Xpy. g W — W is closed. B

o We call f a submersion if for all z € X with f(z) = y, there exists an open
neighbourhood U of y in Y and a morphism g = (g,4%) : (U,Oy|y) —
(X,0x) with g(y) =z and fog =idw,0,,)-

o We call f locally fair, or locally finitely presented, if whenever U is a locally
fair, or locally finitely presented C*°-scheme, respectively, and g : U — Y
is a morphism then X Xy U is locally fair, or locally finitely presented,
respectively. -

REMARK 6.9. These are mostly analogues of standard concepts in algebraic
geometry, as in Hartshorne |31] for instance. But because the topology on C°°-
schemes is finer than the Zariski topology in algebraic geometry — for example,
affine C*°-schemes are Hausdorff — our definitions of étale and proper are simpler
than in algebraic geometry. (Open or closed) embeddings correspond to (open or
closed) immersions in algebraic geometry, but we prefer the word ‘embedding’, as
immersion has a different meaning in differential geometry. Closed morphisms are
not invariant under base change, which is why we define universally closed. If XY
are manifolds and XY = Fﬁ:nSCh(X, Y), then f: X — Y is a submersion of C*°-

schemes if and only if f = EGoSeb(f) for f: X — Y a submersion of manifolds.

DEFINITION 6.10. Let P be a property of morphisms in C*°Sch. We say that
P is stable under open embedding if whenever f:U — Vis Pandi:V — W is
an open embedding, then io f : U — W is P.

The next proposition is elementary. See Laumon and Bailly [46| §3.10] and
Noohi |55, Ex. 4.6] for similar lists for the étale and topological sites.

ProroOSITION 6.11. The following properties of morphisms in C°Sch are in-
variant under base change and local in the target in the site (C*°Sch, J), in the
sense of AL open embedding, closed embedding, embedding, étale, proper, has
finite fibres, separated, universally closed, submersion, locally fair, locally finitely
presented. The following properties are also stable under open embedding, in the
sense of Definition [6.10f open embedding, embedding, étale, has finite fibres, sepa-
rated, submersion, locally fair, locally finitely presented.

As in §A74] this implies that these properties are also defined for representable
1-morphisms in C°°Sta. In particular, if X is a C*°-stack then Ay : X - X x X
is representable, and if IT : U — X is an atlas then II is representable, so we can
require that Ay or IT has some of these properties.
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DEFINITION 6.12. Let X be a C*-stack. Following [46l Def. 7.6], we say that
X is separated if the diagonal 1-morphism Ay : X — X x X is universally closed.
If X = X for some C*®-scheme X = (X,Ox) then X is separated if and only if
Ax : X — X x X is closed, that is, if and only if X is Hausdorff.

PROPOSITION 6.13. Let W =X X¢ z 4 Y be a fibre product of C*-stacks with
X,Y separated. Then W is separated.

PrOOF. We have a 2-commutative diagram with both squares 2-Cartesian:

w W x W

/ \ﬂ; o V \
Z X XtoAs,2x2,goz YV X xXxYx). (6.3)
X / 4Ay
Iz X xY

Let [V = U] be a groupoid presentation of Z, and consider the fourth 2-Cartesian
diagram of , with surjective rows. The left hand morphism @ X ﬁU has a
left inverse 7y, and so is automatically universally closed. Hence jz is universally
closed by Propositions [A.18|c) and so m in is universally closed by
Propositions [A.18(a) and \Qﬂ Also Ay, Ay are universally closed as X,) are
separated, so Ay x Ay in (6.3) is universally closed, and 79 is universally closed.
Thus Ay, = w9 o w1 is universally closed, and W is separated. (]

6.3. Open C*°-substacks and open covers

DEFINITION 6.14. Let X be a C*-stack. A C*°-substack ) in X is a substack
of X, in the sense of Definition which is also a C'*°-stack. It has a natural
inclusion 1-morphism iy : Y <= X. We call Y an open C*°-substack of X if iy is a
representable open embedding, a closed C*°-substack of & if iy is a representable
closed embedding, and a locally closed C*°-substack of X if iy is a representable
embedding.

An open cover {U, : a € A} of X is a family of open C'*°-substacks U, in X
with [T, catu, @ [laeaUa — X surjective. We write Y C X when U is an open
C*°-substack of X', and |J,. 4, U = X to mean that [], 4 i, is surjective.

Some properties of Ay, tx,jx and atlases for X' can be tested on the elements
of an open cover. The proof is elementary.

PROPOSITION 6.15. Let X be a C*°-stack, and {U, : a € A} an open cover of
X. Suppose P and Q are properties of morphisms in C*°Sch which are invariant
under base change and local in the target in (C°°Sch,J), and that P is stable
under open embedding. Then:
(a) Let 11, : U, — U, be an atlas for U, for a € A. Set U = [HocaUa and
II = HaeAiua oll, : U — X. Then II is an atlas for X, and 11 is P if
and only if 1, is P for all a € A.
(b) Ax : X —>XxX is P if and only if Ay, : Uy, —U XU, is P for all a€ A.
(€) tx:Ix > X is Q if and only if wy, : Iy, — Us is Q for all a € A.
(d) gjv : X = Iy is Q if and only if gy, :U. — Iy, is Q for all a € A.

If X = U for some C*®-scheme U = (U, Oy ), then the open C*°-substacks of
X are precisely those subsheaves of the form (V,Oyly) for all open V' C U, that
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is, they are the images in C*°Sta of the open C*°-subschemes of U. We can also
describe the open substacks of stacks [V = U] associated to groupoids:

[V = U] the associated C*-stack, and write U = (U,Oy), and so on. Then
open C*®-substacks X' of X are naturally in 1-1 correspondence with open subsets
U' C U with s7Y(U') = t=Y(U"), where X' = [V! = U'] for U = (U',Ovlv’)
and V' = (s‘l(U’),Ov|371(U/)). If (U,V,s,t,u,i,m) is as in , so that X
is a quotient C>°-stack [U/G], then open C>-substacks X' of X correspond to
G-invariant open subsets U' C U.

PROOF. From Theorem as X = [V = U] we have a natural surjective,
representable 1-morphism IT : U — X. If X’ is an open C'™-substack of X then
U Xm,x,i X' is an open C*-substack of U, and so is of the form (U’, Oy|y+) for
some open U’ C U. We have natural equivalences

(s=H(U), OV|S*1(U’)) ~U’ Xig,,U,gf/ﬁX/ Xx (U Xidg,U,§V) ~ X Xl X\ 2 v

=X xx (U Xiqp05V) 2 U %, 05V = (71U, Ovli-10),

by associativity properties of fibre products in 2-categories, which implies that
s7HU') = t~Y(U’"). Conversely, if s~1(U’) = t~}(U’) then defining U’,V’ as in
the proposition, we get a C*®-stack X’ = [V/ = U’] which is naturally an open
C*>-substack of X. When X = [U/G], we see that s~ (U’) = t~1(U’) if and only if
U’ is G-invariant. O

6.4. The underlying topological space of a C*°-stack

Following Noohi [55, §4.3, §11] in the case of topological stacks, we associate
a topological space Xiop to a C>-stack X. In §7.4] if X' is a Deligne-Mumford
C*>-stack, we will also give X', the structure of a C*°-scheme.

DEFINITION 6.17. Let X be a C°°-stack. Write x for the point SpecR in
C>°Sch, and * for the associated point in C*°Sta. Define X', to be the set of
2-isomorphism classes [z] of 1-morphisms z : * — X.

Suppose U C & is an open C'*°-substack. Since U is a subcategory of X, any
1l-morphism u : ¥ — U, regarded as a functor from the category * to the category
U, is also a 1-morphism u : ¥ — X. Also, as U is a strictly full subcategory of X,
if x : ¥ — X is a l-morphism and 7 : © = x a 2-morphism of 1-morphisms * — X,
then z is also a 1-morphism « : ¥ — U, and 7 is also a 2-morphism of 1-morphisms
* — U. This implies that Uy, is a subset of X¢qp.

Define Tx,,, = {Utop :U C X is an open C*°-substack in X}, a set of subsets
of Xop. We claim that Txmp is a topology on X'y,,. To see this, note that taking
U to be X or the empty C*°-substack gives Xop, 0 € Txop- U,V C X are open
C*°-substacks of X then the intersection of subcategories W = UMV is an open C'*°-
substack of X equivalent to the fibre product U X, x 4, V, With Wiep = UtopMVtops
so Tx,,, is closed under finite intersections.

If {U, : a € A} is a family of open C'°-substacks in X, define V to be the
unique smallest strictly full subcategory of X which contains U, for each a € A
and is closed under the stack axiom in Definition Then V is an open
C*-substack of X', which we write as V = {J,c 4 Ua, and Viop = Uycn Ua top- SO
Tx.,, is closed under arbitrary unions.
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Thus (Xop, Tx,,,) is a topological space, which we call the underlying topo-
logical space of X, and usually write as Xop. It has the following properties. If
f: X = Yis a l-morphism of C*°-stacks then there is a natural continuous map
frop : Xtop = Viop defined by fiop([z]) = [fox]. If f,g: X — Y are l-morphisms
and 7 : f = g is a 2-isomorphism then fiop, = Gtop- Mapping X = Xiop, f = frop
and 2-morphisms to identities defines a 2-functor FC°°Sta : C°*°Sta — Top, where
the category of topological spaces Top is regarded as a 2-category with only identity
2-morphisms.

If X = (X,0x) is a C*®-scheme, so that X is a C*-stack, then X, is
naturally homeomorphic to X, and we will identify X top With X. If f = (f, IE
X =(X,0x) =Y = (Y,0Oy) is a morphism of C*°-schemes, so that f X 5Yis
a 1-morphism of C*-stacks, then fop : XtOID — Ytop isf: X =Y.

For a C"*°-stack X', we can characterize X (o, by the following universal property.
We are given a topological space X0, and for every l-morphism f : U — X for
a C*-scheme U = (U, Oy) we are given a continuous map fiop : U = Xop, such
that if f is 2-isomorphic to h o g for some morphism g = (g,¢%) : U — V and
1-morphism A : V — X then fiop = hiopog. If Xéop, f{op are alternative choices of
data with these properties then there is a unique continuous map j : X¢op, = X ’top
with f{,, = j o fiop for all f.

We can also make X't into a C*°-ringed space X,

DEFINITION 6.18. Let X be a C*°-stack. Define a sheaf of C*°-rings Ox,,,

on X, as follows: each open set in Xiop is Utop for some unique open C°-
substack U C X. Define Ox,,, (Uop) to be the set of 2-isomorphism classes [c] of

I-morphisms ¢ : U — R. If f: R" — R is smooth and [c1],..., [cn] € Ox,,, Usop),
define <I>ff( c1ls-- s len)) = [fo(er x - x¢,)], using the composition ¢ © X R x

xR-=R. Then Ox,., Uop) is a C‘X’—rlng

If Viop € Utop © Xiop are open, so that V C U C X, define a C*-ring
morphism pyy : Ox,,, Utop) = Oxyo, Viop) bY puv : [c] = [c|y]. It is now easy to
check that Oy, is a presheaf of C'°°-rings on X'¢,p, but it is less obvious that it is
a sheaf. To see this, note that by general properties of stacks, U — Hom(U, R) is a
2-sheaf (stack) of groupoids on the topological space X yop, where Hom (U, R) is the
groupoid of 1- and 2-morphisms &/ — R, and Ox.,, Utop) is its set of isomorphism
classes.

Starting with a 2-sheaf and taking sets of isomorphism classes generally yields
only a presheaf of sets, not a sheaf. But as R is a C>-scheme the groupoids
Hom (U, R) are discrete (have no nontrivial automorphisms), so taking isomorphism
classes loses no information, and the 2-sheaf property implies that Ox,,, is a sheaf
of sets, and so of C*°-rings. Thus X, = (Xtop, Ox,,,) is a C>-ringed space, the
underlying C*° -ringed space of X.

For general X" this X, need not be a C*-scheme. If it is, we call X, the
coarse moduli C*°-scheme of X. Coarse moduli C*°-schemes have the following
universal property: there is a l-morphism 7 : X — X, _ called the structural

top T

I top
morphism, such that if f: X — Y is a l-morphism for any C'*°-scheme Y then f

is 2-isomorphic to g o 7 for some unique C'**°-scheme morphism g : X, — Y.

We can think of a C*°-stack X" as being a topological space X'¢o, equipped with
some complicated extra geometrical structure, just as manifolds and orbifolds are
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usually thought of as topological spaces equipped with extra structure coming from
an atlas of charts. As in Noohi [55, Ex. 4.13], it is easy to describe X, using a
groupoid presentation [V = U] of X:

PROPOSITION 6.19. Let X be equivalent to the C*°-stack [V = U] associated
to a groupoid (U,V, s, t,u,i,m) in C>®°Sch, where U = (U, Oy),s = (s, s*), and so
on. Define ~ on U by p ~ p’ if there exists ¢ € V with s(¢) = p and t(q) = p'.
Then ~ is an equivalence relation on U, so we can form the quotient U/ ~, with
the quotient topology. There is a natural homeomorphism X op = U/ ~.

For a quotient C*-stack X ~ [U/G] we have Xop = U/G.

Using this we can deduce properties of X, from properties of X' expressed
in terms of V = U. For instance, if X is separated then s xt : V — U x U is
(universally) closed, and we can take U Hausdorff. But the quotient of a Hausdorff
topological space by a closed equivalence relation is Hausdorff, yielding:

LEMMA 6.20. Let X be a separated C*°-stack. Then the underlying topological
space X iop 15 Hausdorff.

Next we discuss isotropy groups of C*°-stacks.

DEFINITION 6.21. Let X be a C™-stack, and [z] € Xop. Pick a representative
x for [z], so that z : ¥ — X is a l-morphism. Then there exists a C°>°-scheme
G = (G,0¢g), unique up to isomorphism, with G = % x, v *. Applying the
construction of the groupoid in Definition with IT : U — X replaced by
x :* = X, we give G the structure of a C*°-group. The underlying group G is
canonically isomorphic to the group of 2-morphisms 7 : x = x.

With [z] fixed, this C*°-group G is independent of choices up to noncanonical
isomorphism; roughly, G is canonical up to conjugation in G. We define the isotropy
group (or orbifold group, or stabilizer group) Isox([x]) or Iso([z]) of [z] to be this
C*>-group G, regarded as a C*°-group up to noncanonical isomorphism.

If X = [V = U] is associated to a groupoid (U,V, s,t,u,i,m) then x : x — X
factors through @ : ¥ — U up to 2-isomorphism for some point w € U, and then
G is isomorphic to the C*-subscheme G’ = s~ (w) Nt~ (w) in V, with identity
Uly % — G’ inverse i|gr : G — G, and multiplication m|g/xe : G x G' = G-

If f: X — Yisa l-morphism of C*-stacks and [x] € Xiop With fiop([z]) =
[y] € Viop, for y = fox, then at the level of sets we define f, : Isox ([z]) — Isoy([y])
by fi(n) = id;*n. This is a group morphism, by compatibility of horizontal and
vertical composition in 2-categories. We can extend f, naturally to a morphism
[« Isox([z]) — Isoy([y]) of C°°-groups, such that

fo i Isox([2]) = % Xg a0 X — % Xfoz,y,for * = Isoy([y])

is induced from f : X — Y by the universal property of fibre products. Then f,, f.
are independent of the choice of = € [z] up to conjugation in Isoy([y]).

6.5. Gluing C*°-stacks by equivalences

Here are two propositions on gluing C'*°-stacks by equivalences. They are
exercises in stack theory, with no special C'**° issues, and also hold for other classes
of stacks. See Rydh [61, Th. C] for stronger results for algebraic stacks.
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PROPOSITION 6.22. Suppose X,Y are C*®-stacks, U C X,V C Y are open
C>-substacks, and f :U — V is an equivalence in C*°Sta. Then there exist a C'™°-
stack Z, open C>°-substacks /'\,’ Y in Z with Z2 =X U y equwalences g: X > X
and h:)Y — y such that gly and h|y are both equivalences with xXn y, and a 2-
morphismn : glyy = ho f : U — XNY in C®Sta. Furthermore, Z is independent
of choices up to equivalence.

PROPOSITION 6.23. Suppose X,Y are C°-stacks, U,V C X are open C°-
substacks with X = UUV, f: U — Y and g : V — Y are 1-morphisms, and
1 fluny = gluny is a 2-morphism in C°°Sta. Then there exists a 1-morphism
h:X — Y and 2-morphisms { : hly = f, 0 : hly = g such that O)yny = NOCluny :
hluny = gluny- This h is unique up to 2-isomorphism.

In general, h is not independent up to 2-isomorphism of the choice of n.

Here is an example in which A is not independent of 77 up to 2-isomorphism in
the last part of Proposition [6.23]

EXAMPLE 6.24. Let X be the C*-stack associated to the circle X = {(z,y) €
R? : 22 +42 = 1}, and U,V C X the substacks associated to the open sets U =
{(,y) e X:2>—-3}and V= {(z,y) € X : 2 < 3}. Let Y be the quotient C°°-
stack [#/Zz]. Then l-morphisms f : X — ) correspond to principal Zs-bundles
Py — X, and for 1-morphisms f, g : X — ) with principal Z,-bundles Py, P, — X,
a 2-morphism 7 : f = g corresponds to an isomorphism of principal Zs-bundles
P; = P,. The same holds for 1-morphisms ¢, V,{UV — Y and their 2-morphisms.

Let f:U — Y and g: V — Y be the 1-morphisms corresponding to the trivial
Zo-bundles Py =Zy x U — U, Py =Zs x V — V. Then 2-morphisms 71 : flyny =
gluny correspond to automorphlsms of the trivial Zo-bundle Zo x (UNV) - UNV,
that is, to continuous maps U NV — Zs,. Note that U NV has two connected
components {(x,y) e X: —% <z < %, y > 0} and {(x,y) € X: —% <x< %,
y <0}

Define 2-morphisms 71,72 : fluny = gluny such that 7; corresponds to the
map 1: (UNV) — Zy = {£1}, and n; corresponds to the map sign(y) : (UNV) —
Zs = {£1}. Then Proposition gives 1-morphisms hy, hy : X — Y from 7y, 7s.
The associated principal Zy-bundles Py, Py, over X come from gluing Py, P, over
U,V using the transition functions 1, sign(y). Therefore Py, is the trivial Zy-bundle
over X =81, and Py, the nontrivial Zo-bundle. Hence P, , P}, are not isomorphic
as principal Zs-bundles, and hq, ho are not 2-isomorphic. Hence in this example, h
is not independent up to 2-isomorphism of the choice of 7.






CHAPTER 7

Deligne—Mumford C*°-stacks

We now introduce Deligne-Mumford C°°-stacks, which are C'°*°-stacks locally
modelled on quotients [U/G] for U an affine C*°-scheme and G a finite group. As
we explain in §7.6] orbifolds may be defined as a 2-subcategory of Deligne-Mumford
C>-stacks.

7.1. Quotient C'*°-stacks, 1-morphisms, and 2-morphisms

When a C>-group G acts on a C*°-scheme X, Definition [6.6] gives the quotient
C>-stack [X/G]. Tt is a stack associated to a groupoid [G x X = X] from Defi-
nition which is the stackification of a certain prestack. By Proposition
stackifications always exist, and are unique up to equivalence. Thus, Definition [6.6]
actually only specifies [X /G] up to equivalence in C*°Sta.

When a finite group G acts on a C'°°-scheme X, we will now define an explicit
C>-stack [X/G], which is in the equivalence class of [X/G] in Definition for
G = FGo.50(G). These quotient C*®-stacks [X/G] (for X Hausdorff) will be our
local models for defining Deligne-Mumford C'*°-stacks in §7.2]

We will also define quotient 1-morphisms [f,p] : [X/G] — [Y/H] of quotient
C>-stacks [X/G],[Y/H] when p : G — H is a group morphism and f : X — Y
a p-equivariant C°°-morphism, and quotient 2-morphisms [0] : [f,p] = |g,0] for
quotient 1-morphisms [f,p],[g,0] : [X/G] — [Y/H], When d € H with o(y) =
dp(y)o~! for all v € G, and g =20-f. We will see in that all 1- and 2-
morphisms of Deligne-Mumford C*°-stacks are locally modelled on quotient 1- and
2-morphisms.

DEFINITION 7.1. Let X be a C*-scheme, G a finite group, and r : G — Aut(X)
an action of G on X by isomorphisms. We will define the quotient C*°-stack
X = [X/G], generalizing the description of [*/G] in Example It is a well
known construction, as in Behrend et al. [4] Ex. 2.6] and Noohi [55, Ex. 12.4].

Define a category X to have objects triples (S, P, p) where S is a C°°-scheme,
and P is a principal G-bundle over S in the sense of Exgmple (or (P, m, ) rather
than P, but we leave 7 : P — S and the G-action p implicit), and p : P — X
is a G-equivariant morphism. Define morphisms (m,u) : (S, P,p) = (T,Q,q) in
X to be Coo—scheme morphisms m : § — T and u : P — Q, such that u is G-
equivariant, and (| is a Cartesian square in C*°Sch, and p = gou : P — X.
Composition of morphlsms is (n,v)o(m,u) = (nom, vou) and identity morphisms
are id(g,p p) = (ids,idp). The functor px : X — C°°Sch maps px : (S, P,p) — S
on objects and py : (m,u) — m on morphisms.

Then X is a C*-stack, which we write as [X/G]. It is equivalent in C*°Sta
to the quotient C'*°-stack [X/G] in Deﬁnition for G = FG.5%(G). To see
this, note that by Definition [X /@] is the stackification of a prestack py :

75
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" — C°°Sch, where X’ may be written as the category whose objects are pairs
,p') of a C*°-scheme S and a morphism p’ : § — X, and whose morphisms
11) (8,p") = (T',q') consist of morphisms m : S — T and v’ : S — G with

q' om, with composition (n,v) o (m,u') = (nom,v - (v om)), and py maps

(§,p)l—>§ and pys : (m,u') — u'.

We may identify X’ with the full subcategory of X with objects (S, G x S,p)
in which P is the trivial principal G-bundle G x S — S, where (S,p’) in &’ is
identified with (S,G x S,p) in & for p’ = plgxqy + S = 8 x {1}7—> X, and
(m,u') : (S,p') = (L, ¢) in X’ is identified with (m, u) : (S,GxS,p) = (I,GxT,q)
in X, where u : G x S — G x T maps (v,s) — (v-u/(s),m(s)). Stackifying X’
enlarges from trivial principal G-bundles to all principal G-bundles.

Define a functor mx,q : X — [X/G] by mx/q : (S,p') — (S,G x S,p)
on objects, where p : G x § — X is the unique G-equivariant morphism with
P = plsxqy : S ~ 8 x {1} - X, and Tix/G) : m = (m,idg xm) on morphisms.
Then 7x/q : : X — [X/G] is a representable 1-morphism, and makes X into a
principal G-bundle over [X/G].

X
(S
(m
v =
Px

DEFINITION 7.2. Let X,Y be C*°-schemes acted on by finite groups G, H with
actions r : G — Aut(X), s : H — Aut(Y), so that we have quotient C'*°-stacks
X = [X/G] and Y = [Y/H] as in Definition Suppose we have morphisms
f:X =Y of C*-schemes and p : G — H of groups, with for(y) = s(p(v)) o f
for all v € G. We will define a quotient 1-morphism [f,p] : X — V. -

Define a functor [f,p] : X — Y by [f,p] : (S,P,p) — (5,?,@) on objects
(S, P,p) in X, where P = (H x P)/,G is the principal H-bundle on S constructed
from Pand p: G — H,and D : P — Y is the H-equivariant C*°-scheme morphism
induced from the p-equivariant morphism f op: P — Y, which acts on points by

: (h,p)G +— h- fop(p). Define [f,p] : (m,u) — (m, %) on morphisms (m,u) :
(S P,p) = (I,Q,q) in X, where @ : (H x P)/,G — (H x Q)/,G is induced by
idg xu: H x P— H x Q. Then [f,p] : X — Y is a functor, with px = py o [f, s,
so [f,p] is a 1-morphism of C'*°-stacks, which we write as [f, p] : [X/G] — [Y/H].

It is easy to check that [f,p] o Tx,q) = 7y m © f, and if [f,p] : [X/G] —
[Y/H], [g,0] : [Y/H] — [Z/I] are quotient 1-morphisms then there is a canonical
2-isomorphism lg;0]o[f,p] = [go f,o 0 p] coming from the canonical C°°-scheme
isomorphisms (I x ((H x P)/,G))/oH = (I X P)/0,G

DEFINITION 7.3. Let [f,p] : [X/G] — [Y/H] and [g,0] : [X/G] — [Y/H] be
quotient 1-morphisms, so that f,g : X — Y and p,0 : G — H are morphisms.
Suppose § € H satisfies () = d p(y) 6! for all v € G, and g = 5() o f. We will
define a 2-morphism [8] : [f, p] = [g, o], which we call a quotient 2-morphism.

Here [§] must be a natural isomorphism of functors [f, p] = [g,0]. Let (S, P, p)
be an object in [X /G]. Define an isomorphism in [Y/H]: B )

[6]((S,P,p)) = (ids, (rs—1 xidp)s) : [f, pl((S, P,p)) =
(S, (H x P)/,G,p) — lg,0]((S, P,p)) = (S, (H x P)/+G,p),
where r5-1 : H — H maps € — e, and r5-1 xidp : Hx P — H x P is equivariant

under the actions of G on H x P induced by p on the domain and o on the target, so
that it descends to an isomorphism (rs-1 xidp )« : (HxP)/,G — (HxP)/,G. It is
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now easy to check that [6]((S, P, p)) is an isomorphism in [Y'/H], and [§] is a natural
isomorphism of functors, and a 2-morphism [0] : [f, p] = [g, 0] in C*Sta. Quotient
2-morphisms have functorial properties under horizontal and vertical composition.
For instance, if [f, p], [g,0], [h, 7] : [X/G] — [Y/H] are quotient 1-morphisms and

0] : [f,p] = lg,0], €] : lg,0] = [h,T] are quotient 2-morphisms then [¢] ® [] =

(€] = [f, o] = [B, 7]

REMARK 7.4. Studying C'*°-stacks [X /G| and their 1- and 2-morphisms is a
good way to develop geometric intuition about Deligne-Mumford C*°-stacks (in-
cluding orbifolds) and their 1- and 2-morphisms. If [X/G]|,[Y/H] are quotient
C*>-stacks, then general 1-morphisms f : [X/G] — [Y/H] in C°°Sta need not be
quotient 1-morphisms [f, p], or even 2-isomorphic to [f, p]. But Theorem (b)
says that f = [f,p] locally in [X/G]. If [f,p],[g,0] : [X/G] — [Y/H] are quo-
tient 1-morphisms, and [X/G] is connected, then Proposition says that all
2-morphisms 7 : [f, p] = [g, 0] are quotient 2-morphisms [d] : [f, p] = [g, 0]

7.2. Deligne—-Mumford C°°-stacks

Deligne—Mumford stacks in algebraic geometry were introduced in [17] to study
moduli spaces of algebraic curves. As in [46, Th. 6.2], Deligne-Mumford stacks are
locally modelled (in the étale topology, at least, but with isomorphisms of isotropy
groups) on quotient C*-stacks [X /G| for X an affine scheme and G a finite group.
This motivates:

DEFINITION 7.5. A Deligne—Mumford C*°-stack is a C*°-stack X which admits
a (Zariski) open cover {U, : a € A}, as in Definition with each U, equivalent
to a quotient C'*°-stack [U,/G,] in Definition [7.1| for U, an affine C'*°-scheme and
G, a finite group. We call X locally fair, or locally finitely presented, or locally
Lindeldf, if it admits such an open cover with each U, a fair, or finitely presented,
or Lindeldf, affine C'°°-scheme, respectively. We call X' second countable if the
underlying topological space X' is second countable.

Write DMC*Sta'f, DMC>Sta!fP and DMC>Sta for the full 2-subcatego-
ries of locally fair, locally finitely presented, and all, Deligne-Mumford C°°-stacks
in C®°Sta, respectively.

Now FS=5t : C*Sch — C*Sta in Definition maps into DMC*Sta C
C°°Sta, so the 2-categories CSch!f, C>*°Sch!fP, C>Sch are 2-subcategories of
DMC>Stalf, DMC>StalfP, DM C>Sta, respectively. If a C>®-stack X is a C>°-
scheme, then it is a Deligne-Mumford C*°-stack.

PROPOSITION 7.6. DMC>Sta'f, DMC>Sta!f", DMC>Sta are closed un-
der taking open C°-substacks in C°Sta.

PROOF. Let X lie in one of these 2-categories, and X’ be an open C'*°-substack
of X. Then X admits an open cover {U, : a € A} with U, ~ [U,/G,] with U,
affine and G, finite, and {U/, : a € A} is an open cover of X', where U!, = U, x x X’
is an open C*°-substack of U,. Thus U/, ~ [U’,/G,] by Proposition [6.16, where U,
is a G-invariant open C'°°-subscheme of U,. If the U, are fair, or finitely presented
then the U, are too by Corollary (a). Thus DMC>Stalf, DMC*>°Sta'fP are
closed under open subsets.

For DM C®°Sta, as open subsets of affine C'*°-schemes need not be affine, the
U’ need not be affine. We will show that we can cover U/, by G,-invariant open
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affine C>°-subschemes U,,,. Write U, = (U, Oy ) and G, = (G4,0¢, ). Then the
finite group G, acts continuously on U.. Let u € U}, and H, = {y € G, : yu = u}
be the stabilizer of v in G,. Then the orbit {yu : v € G} = G,/H, of u is a
finite set, so as U, is Hausdorff we can choose affine open neighbourhoods V.
of yu for each point in the orbit such that Vi, NV, = 0 if yu # ~'u. Define
W, = ﬂyeG 7_1Vw. Then W, is an H,-invariant open neighbourhood of w in U,
and if v € G, \ H, then vW, N W,, = 0.

As in Corollary we can choose an affine open neighbourhood W/ of u in
Wi Define W/ = (1, ¢y, Wy, an Hy-invariant open neighbourhood of u in W,.
This a finite intersection of affine open C*°-subschemes W7, in the affine C*°-scheme
Vu, and so is affine, since intersection is a kind of fibre product, and AC*°Sch is
closed under fibre products by Theorem (4.25(a). Define U, = U, cq, Wi/- Then
U!.. is a G4-invariant open neighbourhood of w in U}. Since W' is H,-invariant and
AW NW,) =0if v € G, \ Hy, we see that U}, is isomorphic to the disjoint union
of |Gq|/|Hy| copies of W/. Hence U, = (Uy,,,Ouv |u: ) is a finite disjoint union
of affine C'*°-schemes, and is an affine C'*°-scheme. Therefore we may cover U’, by
G,-invariant open affine C*°-subschemes U’,,,. Using these we obtain an open cover
{U,,:ac A uelU,} of X' with U}, ~ [U,,/Ga), so X' is Deligne-Mumford. O

au au —

The proof of Proposition only uses U, = (U, Oy, ) a C*®-scheme and U,
Hausdorff, it does not need U, to be affine. So the same proof yields:

PROPOSITION 7.7. Any C*-stack of the form [X/G] in §7.1| with X o Haus-
dorff C*°-scheme and G finite is a separated Deligne—Mumford C-stack.

However, if X is not Hausdorff then [X /G| need not be Deligne-Mumford:

EXAMPLE 7.8. Let X be the non-Hausdorff C*°-scheme (RITR)/ ~, where ~ is
the equivalence relation which identifies the two copies of R on (0, 00). Let G = Zs
act on X by exchanging the two copies of R. Let X be the quotient C*°-stack
[X/G]. We can think of X as a like copy of R, where the stabilizer group of z € R
is {1} if z € (—o0,0] and Z, if € (0,00). Using the obvious atlas IT: R — X, the
third diagram of yields a 2-Cartesian square

RII (0, 00) Iy
¢ t |
R 1 X.

As the left hand column is not proper, tx is not proper, so X = [X/G] is not
Deligne-Mumford by Corollary below.

We show that the 2-subcategory of quotient C'*°-stacks [X/G] in C°°Sta is
closed under fibre products:

PROPOSITION 7.9. Suppose g : [X/F] — [Z/H], h : [Y/G] — [Z/H] are 1-
morphisms of quotient C*-stacks, where X,Y,Z are C*-schemes and F,G, H
are finite groups. Then we have a 2-Cartesian square

W/(F % @) ——— = [Y/G]

Le 7 al (7.1)
(X /F] 2 (Z/H],
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where My : X — [X/F), Oy : Y — [Y/G] are the natural atlases and W =
X X gollx,[Z/H],holly Y. If X,Y,Z are Hausdorff, or locally fair, or locally finitely
presented, then W is too.

Proor. Write W = [X/F] x[z/m) [Y/G]. Then from the atlases Ily,Ily,
Example constructs an atlas Iy : W — W for W. Since [X/F] ~[F x X =
X] and [Y/G] ~ [G x Y = Y] it follows from that W is equivalent to the
stack associated to the groupoid [(F x G) x W = W] for a natural action of F' x G
on W. This proves .

If X,Y,Z are Hausdorff then [Z/H] is Deligne-Mumford by Proposition
so Az, is separated by Corollary below, and thus W is Hausdorff as X,Y
are and W 2 (X x Y) Xz H)x(2/H),85,m [Z£/H]. Form the diagram

}—//

X =z

with squares 2-Cartesian, where W', X', Y are C*°-schemes. Then mw, 7x, 7y are
étale and surjective, as Iz is. If X,Y, Z are locally fair, then X', Y’ are locally
fair as X,Y are and mx, my are étale, so W’ = X’ x zY" is locally fair by Theorem
b), and thus W is locally fair as my : W' — W is étale and surjective. The
proof for locally finitely presented is the same. O

Using this we prove:

THEOREM 7.10. DMC>Sta, DMC>Sta'f and DMC>Stal® are closed un-
der fibre products in C>°Sta.

PrOOF. Let W = X xz Y be a fibre product in C*°Sta of Deligne—-Mumford
C*>-stacks X', ), Z. We must show W is Deligne-Mumford. Now Z admits an open
cover {Z,:c € C} with Z. ~ [Z./H,.] for Z. an affine C*-scheme and H, finite.
For c € C define X. = X xzZ.and ). = Y Xz Z., which are open C*°-substacks of
X,Y, and so are Deligne-Mumford by Proposition Then {X. xz, YV.:ce C}
is an open cover of W, so it is enough to prove X', xz_ ). is Deligne-Mumford.
That is, we may replace Z by Z. ~ [Z./H.].

Similarly, by choosing open covers of X ., Y. by substacks equivalent to [X/F],
[Y'/G], we reduce the problem to showing [X /F] x|z, [Y /G] is Deligne-Mumford,
for X,Y, Z affine C'"°°-schemes and F, G, H finite groups. This follows from Proposi-
tions[7.7]and[7.9] noting that X,Y, Z are Hausdorff as they are affine, so W is Haus-
dorff in Proposition [7.9] This shows DMC®>Sta is closed under fibre products.
For DMC>Sta!f, DMC>StalfP we use the same argument with Z.,Z, X, Y, W
locally fair, or locally finitely presented. |

Under weak conditions Deligne-Mumford C°°-stacks have coarse moduli C*°-
schemes, in the sense of

THEOREM 7.11. Let X be a locally Lindelof Deligne-Mumford C*°-stack. Then
the C*-ringed space X, in Definition @ is a C>®-scheme. If X is locally fair,

or locally finitely presented, then X, is too.
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PROOF. By definition X can be covered by open C'°°-substacks U equivalent

to [Y/G] for Y a Lindeldf affine C°°-scheme. Then the C*°-ringed space U, is

isomorphic to Y /G in Definition so Proposition m shows that Uy, is an
affine C*°-scheme. Hence X,,, can be covered by open affine U, C X,,,, so

Xiop 18 @ C>-scheme. If X is locally fair (or locally finitely presented) the same
argument works with Y fair (or finitely presented), and then U, = Y /G is fair

or finitely presented), and X, is locally fair (or locally finitely presented). (I
top

REMARK 7.12. In §4.7] we discussed partitions of unity on C*°-schemes. We
can use Theorem [7.11] to extend these ideas to Deligne-Mumford C*-stacks.

Let X be a Deligne-Mumford C'*°-stack, and suppose X'¢op is regular and Lin-
delof. Then X, is a C°°-scheme by Theorem and the topology on X, is
smoothly generated by Example c) as Xyop is regular. Hence Theorem
shows that Oy, is fine. Suppose {U, : a € A} is a (Zariski) open cover of X.
Then {Qaytop :a € A} is an open cover of Xiop» S0 there exists a partition of unity
{na : a € A} on X, subordinate to {U, ., : a € A}. Therefore {7*(n,) : a € A}
is (in a suitable sense) a partition of unity on X subordinate to {U, : a € A}, where
7: X — X,,, is the structural morphism.

7.3. Characterizing Deligne—-Mumford C*°-stacks
We now explore ways to characterize when a C*°-stack X" is Deligne-Mumford.

PROPOSITION 7.13. Let X be a quotient C*°-stack [U/G] for U affine and G
finite. Then the natural 1-morphism I1 : U — X is an étale atlas, and Ay : X —
XXX, 1y : Iy — X are universally closed, proper, and separated, with finite fibres,
and jx : X — Iy is an open and closed embedding.

PRrROOF. As in (A.12)) we have 2-Cartesian diagrams with surjective rows:

GxU - U GxU - X
L HOlTy

|7 f | ax|

Al I _ — IIxII

U X, UxU X x X,

(GxU) xgug U ————1Ix U X

UxU I I
J/z‘ry 1 LX\L ¢(1xigy)xigy 7 i ]X\L
U Z X, (GxD)xpgepU—"—>1Ir.

The left column 7y in the first diagram is étale. The left columns in the second
and third diagrams are both universally closed, proper, and separated, with finite
fibres, since G is finite with the discrete topology, and U is Hausdorff as U is affine.
This left column in the fourth is an open and closed embedding. The result now

follows from Propositions and |A.18{c). O
Propositions [6.11], [6.15] and [7.13] now imply:

COROLLARY 7.14. Let X be a Deligne—Mumford C°-stack. Then X has an
étale atlas 11 : U — X, the diagonal Ay : X — X x X is separated with finite fibres,
and the inertia morphism vy : Iy — X is uniwversally closed, proper, and separated,
with finite fibres, and jx : X — Iy is an open and closed embedding. If X is
separated then Ax is also universally closed and proper.
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The last part holds as then Ay is universally closed with finite fibres, which
implies Ay is proper. Note that for X not separated we cannot conclude from
Proposition that Ay is universally closed or proper, since these properties are
not stable under open embedding. Some of the conclusions of Corollary are
sufficient for X’ to be separated and Deligne-Mumford.

~ THEOREM 7.15. Let X be a C*-stack, and suppose X has an étale atlas 11 :
U — X, and the diagonal Ay : X = X x X is universally closed and separated.
Then X is a separated Deligne—Mumford C°-stack.

H:U — X asin so that X ~ [V = UJ]. Then gives 2-Cartesian
diagrams with surjective rows. From the first and Propositions a) and
we see that s, t are étale, since Il is. From the second s xt : V — U x U is universally
closed and separated, as Ay is. Let p € U. Define

H={qeV:s(q)=t(q) =p} Cs ' ({p})

It has the discrete topology, as s,t are étale.
Suppose for a contradiction that H is infinite. Define a C'°°-ring

¢ ={c: HIl {0} — R : c(q) = c(o0) for all but finitely many ¢ € H},

with C*° operations defined pointwise in H IT {co}. Then Spec € has underlying
topological space the one point compactification HII{oco} of the discrete topological
space H, since € = C°(H 1I {cc}) is the set of continuous maps H II {co} — R,
with the natural C'*°-ring structure. Define g : Spec € — U x U to project Spec €
to the point (p,p). Then the morphism

Tspece ¥V Xsxt,Uxu,g Spec € — Spec € (7.2)

is the projection H x (H II {oc}) — H II {oc}. The diagonal in H is closed in
H x (H II {c0}), but its image is H, which is not closed in H II {co}. Hence
is not a closed morphism, contradicting s x ¢ universally closed. So H is finite.
inverse map |y, and multiplication myg = m|gxpg. Since s,t are étale, we can
choose small open neighbourhoods Z; of ¢ in V' for all ¢ € H such that s|z_,t|z,
are isomorphisms with open subsets of U. As s X t is separated, {(v,v) BN V}
is closed in {(v,v) € V x V : s5(v) = s(¢'), t(v) = t(v')}, which has the subspace
topology from V x V. If ¢ # ¢’ € H then (q,¢’) liesin {(v,v') € VxV : s(v) = s(v'),
t(v) = t(v')} but not in {(v,v) : v € V}, so (¢,¢') has an open neighbourhood in
V' xV which does not intersect {(v7 v):ivE V}. Making Z,, Z4 smaller if necessary,
we can take this open neighbourhood to be Z, x Z,/, and then Z,NZ, = . Thus,
we can choose these open neighbourhoods Z, for ¢ € H to be disjoint.

Define Y = [ .y 8(Z,) and ¥ = (Y,Oply). Then Y is a small open neigh-
bourhood of p in U. Making Y smaller if necessary we can suppose it is contained
in an affine open neighbourhood of p in U, and so is Hausdorff. Replace Z; by
ZgNs (V) for all ¢ € H. Then s|z, : (Z4,0v|z,) — Y is an isomorphism for
q€ H. Set Z = quH Z4, noting the union is disjoint, and Z = (Z, Ovy|z). Then
we have an isomorphism ¢ = (¢,¢*) : H x Y — Z, such that s o ¢ = idy and
plgxY)=2Z,forqe H. -
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Now Z is open in V, so Z X,y + Z is open in V X,y V, and we can restrict
the morphism m : V x, vV =V to m|zx,z : Z Xsus Z — V. But
ZXsup Z=(HXY) Xiyor, vt Z

=~ Hx(ZNt ™ N(Y),0v|zr1(v)) CHXxZ=HxHXY,
using ¢ an isomorphism and so ¢ = idy. Write @ : ngUth—>H><H><Yf0r

the induced open embedding. Define a second morphism m’ : Z X,y Z — V by
m' = ¢o(my xidy)o ®, where my : H x H — H is the group multiplication
: H x H — H, regarded as a morphism of C'*-schemes.

Followmg the definitions we find that s o (m|zx,z) = som’ : Z x,us Z —
Y Cc U. Also H C Z, and the definition of my from m implies that m|z«, z and
m’ coincide on the ﬁnite set H xy H in Z Xy Z. Since s is étale, this implies that
m|zx,z and m’ must coincide near the finite set H xy H in Z Xy Z. Therefore by
making the open neighbourhood Y of p in U smaller, and hence making Wo, W, Z
smaller too, we can assume that m|zx,z = m/'.

Let us summarize what we have done so far. We have constructed a finite group
H, a Hausdorff open neighbourhood Y of p in U, an open and closed subset Z of
s71(Y) in Z which contains s~!(p)Nt~1(p), and an isomorphism ¢ : HxY — Z with
so¢ = my which identifies the groupoid multiplication m|z«,z with the restriction
to Z XUZ of the morphism my xidy : HXx HxY =Y from multiplication in the
finite group H.

Consider the morphism to¢: H x Y — U D Y. Roughly speaking, £ o ¢ is an
H-action on Y. More accurately, there should an H-action on some open subset of
U containing Y, but ¥ may not be H-invariant, so that to¢ need not map H XY to
Y. Replace Y by Y’ = ﬂqu t(Z,), which is an open subset of Y since when ¢ is the
identity u(p) in H we have t(Zy,)) = s(Zup)) =Y, and p € Y as p = t(q) € t(Z,)
for ¢ € H. Replace Z, by Z, = Z, N s71(Y)and Z by Z' = Uger Zg- Then using
m|zx,z = m' we can show that s(Z;) = t(Z;) = Y’ for all q € H so Y’ is an
H-invariant open set, and to¢ maps H XY’ — Y. Restricting the groupoid axioms
shows that o ¢ gives an action of H on Y.

Now consider the morphism

s X t‘sfl(Y/)ﬂtfl(Y’) : (S_l(Y/) N t_l(Y/), OV|5*1(Y’)ﬂt*1(Y/)) — Y’ X Y’.

This is closed, as s x ¢ is universally closed. Since Z’ is open and closed in s~1(Y”’)N
t=1(Y”), its complement is closed, so its image {(s(v),t(v)) € Y'xY’:v € V\Z'} is
closed in Y. But (p, p) does not lie in this image, since s~ (p)Nt~1(p) C Z'. Thus,
by making the H-invariant open neighbourhood Y’ of p in U smaller if necessary,
we can suppose that s~ 1(Y')Nt=}(Y') = Z'.

The quotient C*-stack [Y'/H] is Deligne-Mumford by Proposition [7.7] since
Y’ is Hausdorff. Thus there exists an open embedding Y, — [Y’'/H]| with ), ~
U,/G,) for U, affine and G, finite, which includes p in its image. The inclusion
morphisms Y’ < U, Z' < V induce a 1-morphism [Z' = Y’] < [V = U], which is
an open embedding as Y is open in U, Z’ is open in V and s~ (Y') Nt~ 1(Y') = Z’
in V. Let iy, : Y, — & be the composition Y, — [Y'/H| ~ [Z2' =2 Y'| = [V =
U] ~ X. Then iy, is an open embedding, as it is a composition of open embeddings
and equivalences. This works for all p € U, and {Y, : p € U} is an open cover of
X with YV, ~ [U,/G,] for U, affine and G,, finite. Hence A& is Deligne-Mumford.
It is separated as Ay is universally closed, by assumption. [
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Suppose f: X — Y is a separated morphism of C'*°-schemes with finite fibres.
Then f universally closed implies f proper. Conversely, if X,Y are compactly
generated topological spaces then f proper implies f universally closed. If X,Y are
locally fair then X,Y are compactly generated, as they are locally homeomorphic
to closed subsets of R". Thus, in Theorem if U,V are locally fair then we can
replace Ay universally closed by Ay proper, yielding:

~ THEOREM 7.16. Let X be a C™-stack, and suppose X has an étale atlas 11 :
U — X with U locally fair, and the diagonal Ay : X — X x X is proper and
separated. Then X is a separated, locally fair Deligne—Mumford C°-stack.

The same holds with locally finitely presented in place of locally fair. If X' ~
[V = U] with U a Hausdorff C*°-scheme then V is Hausdorff if and only if Ay is
separated. We can always choose U Hausdorff, by replacing U by the disjoint union
of an open cover of U by affine open subsets. Thus we can replace the condition
that Ay is separated by U,V Hausdorff. Combining this and the results above
proves:

THEOREM 7.17. (a) A C*-stack X is separated and Deligne—Mumford if and

only if it is equivalent to the stack associated to a groupoid [V = U] where U,V are
Hausdorff C*°-schemes, s :V — U is étale, and s Xt : V — U x U is universally
closed.
(b) A C*°-stack X 1is separated, Deligne—Mumford and locally fair (or locally
finitely presented) if and only if it is equivalent to some [V = U] with U,V Haus-
dorff, locally fair (or locally finitely presented) C*°-schemes, s : V — U étale, and
sxt:V —UxU proper.

7.4. Quotient C*°-stacks, 1- and 2-morphisms as local models for
objects, 1- and 2-morphisms in DMC®Sta

In our next theorem, we prove that Deligne-Mumford C*°-stacks and their
1- and 2-morphisms are (Zariski) locally modelled on quotient C*-stacks [X/G],
quotient 1-morphisms [f,p] : [X/G] — [Y/H], and quotient 2-morphisms [] :
[Pl = lg, 0] from

THEOREM 7.18. (a) Let X be a Deligne—Mumford C™-stack and [z] € X iop,

and write G = Isox([x]). Then there exists a quotient C*®-stack [U/G| for U an
affine C*°-scheme, and a 1-morphism i : [U/G] — X which is an equivalence with
an open C®-substack U in X, such that iyop @ [u] — [2] € Utop € Xiop for some
fized point v of G in U.
(b) Let f : X — Y be a 1-morphism of Deligne-Mumford C*-stacks, and [x] €
Xiop With frop @ [x] = [y] € Viop, and write G = Isox([z]) and H = Isoy([y]).
Part (a) gives 1-morphisms i : [U/G] — X, j : [V/H]| — Y which are equivalences
with open U C X,V C Y, such that iop : [u] = [2] € Utop C Xtops Jtop : [V]
[Y] € Viop C Viop for u,v fized points of G,H inU,V.

Then there exists a G-invariant open neighbourhood U’ of u in U and a quotient
1-morphism [f,p] : [U'/G] — [V/H] such that f(u) = v, and p : G — H 1is
fx : Isox([z]) = Isoy([y]), fitting into a 2-commutative diagram:

0/6) —— v,/ ]
ww'/‘” = < ; j\L (7.3)
X V.
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(c) Let f,g : X — Y be 1-morphisms of Deligne—Mumford C*°-stacks and n :
f = g a 2-morphism, let [x] € Xiop with fiop : [z] = [Y] € Viop, and write G =
Isox([z]) and H = Isoy([y]). Part (a) givesi: [U/G] — X, j:[V/H] — Y which
are equivalences with open U C X,V C Y and map iop : [u] — [x], jiop : [V] — [Y]
for u,v fized points of G, H.

By making U’ smaller, we can take the same U’ in (b) for both f,g. Thus part
(b) gives a G-invariant open U C U, quotient morphisms [f,p] : [U'/G] — [V/H]
and [g,0] : [U'/G] — [V/H] with f(u) = g(u) = v and p = f. : Isox([z]) —
Isoy([y]), o = gs : Isox ([z]) = Isoy([y]), and 2-morphisms ¢ : foilr a1 = jolf, pl,
0:goily e = jolg ol

Then there exists a G-invariant open neighbourhood U" of w in U and § € H
such that o(y) = dp(y) o d71 for all v € G and gly" = s(5) o fly~, so that
0] : [flur,pl = lglu, o] is a quotient 2-morphism, and the following diagram of
2-morphisms in C*Sta commutes:

o1 1 o1 11
feilwra T g ilwr/a
u Clw e Ol e ﬂ (7.4)
. id; *[0] X
jolflu, pl jolglyr,ol.

PROOF. In this proof we will use the theory of 2-categories from including
vertical and horizontal composition of 2-morphisms ‘*’, ‘®’, and the definition of
fibre products and 2-Cartesian squares in Definition [A3]

For (a), as X is Deligne-Mumford it is covered by open C'*°-substacks V equiv-
alent to [V/H] for V affine and H finite, so we can choose such V with [z] € Viop.
Then V has an étale atlas IT : V — V and Ay, is universally closed and separated
by Proposition [7.13] so we can apply the proof of Theorem to V for a point
p € V with IL.(p) = [z]. This constructs an open C'*°-substack U in V equivalent
to [U/G], where U is affine and G = Isox([z]), as we want.

For (b), write [y /¢ : U — [U/G] and TV /H] V — [V/H] for the projection 1-
morphisms in C*°Sta. They are proper and representable. Let r : G — Aut(U) and
s: H — Aut(V) be the G- and H-actions on U,V. Then 7(y) : U — U for v € G
and 5(0) : V — V for 6 € H are the corresponding C'*°-stack 1-morphisms, and there
are natural 2-morphisms A, : m[y/g1o7(Y) = my/q) and ps : Ty E105(8) = Ty H]-

Consider the C*-stack fibre product U X foiomy a),Vsionv, m) V. As v/ H] 18
representable and j is an equivalence with an open C°°-substack, j o my, g is
representable, and U is a C'*-stack, so this fibre product is a C*°-scheme. So
changing the fibre product up to equivalence, we can take U xy V = W for some
C*°-scheme W unique up to isomorphism. The fibre product projections are 1-
morphisms W — U and W — V, so they are 2-isomorphic to @,b for unique
morphisms a : W — U, b : W — V. Hence we have a 2- Carte51an square in
C°°Sta, for some 2-morphism w:

b
wqh Jomy

V.

We will show that the data r(y), A, for v € G induces an action of G on
W. Let v € G, and apply the universal property of the 2-Cartesian square (7.5

(7.5)

<

foiOTr[y/G]

\Q|<‘g—‘ \%\
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in Definition to the l-morphisms 7#(y)oa : W — U, b : W — V and 2-
morphism w ® (idjo; *Ay *idg) : (f 040 my/q)) © (F(7) 0 @) = (j o Ty m)) © b. This
gives a 1-morphism c, : W — W, unique up to 2-isomorphism, and 2-morphisms
(y:aocy=>T(y)oa, 0y : bo Cy = b such that commutes.

Now ¢, is 2-isomorphic to [N for some unique ¢, : W — W, so we may replace
¢y by ¢,. Then ¢, 1 aoc, = 7(y) o @, so we must have a o ¢, = r(y) o a and
¢y = idg(y)oa- Similarly boc, = b and 0, = idz. Therefore reduces to
wxide = wO (idfo; ¥Ayxidg). Using r(v)r(y') = r(y7') and a natural compatibility
between A, A}, A\, we find that ¢, o ¢, = ¢y for 7,9" € G, and as (1) = idy
and \ = idm,/G] we have ¢; = idy. Hence v+ ¢, is an action of G on W, and
aocy =r(y) oa means that ¢ : W — U is G-equivariant.

In the same way, we obtain unique isomorphisms ds : W — W for § € H with
aods = a, bods = 5(0) ob and w x idg, = (idj *pus * idy) © w, and 0 > ds is
an action of H on W, and b : W — V is H-equivariant. Using associativity of ®
in (idj #ps * idg) © w © (idgo; ¥\, * idg), we see that ¢, and ds commute. Hence
(7,0) = ¢y o ds is an action of G x H on W.

Since my/m) : V — [V/H] is a principal H-bundle, and j : [V/H] — Y is
an equivalence with V C ), and is 2-Cartesian, it follows that a : W — U
is a principal H-bundle over the open C'*®-subscheme U of U mapped to V by
Joiomy,q), where the H-action for the principal H-bundle is 6 +— ds. As u € U,
this implies that we can choose a G-invariant open neighbourhood U’ of u in Q cU
with an isomorphism W’ = a=1(U’) = U’ x H, that identifies ds|w+ : W' — W’
with the product of idy on U’ and € — de on H.

Then v — cy|lw’ is an action of G on W' = U’ x H, and the projection
U x H — U’ is G-equivariant. Since u € U’ is a fixed point of G, this implies
that ¢, fixes the finite subset {(u,0) : 6 € H} in U’ x H. Define p : G - H
by ¢y (u,1) = (u,p(y)~') for v € G. Since ds acts by (u,€) — (u,d€) and ¢, ds
commute, it follows that ¢, (u,d) = (u,dp(y)~!) for v € G, § € H. Hence

(u, p(vY') ) = ey (u, 1) =5 0 ey (u, 1) =5 (s (7)) = (u, p(7) (7)),
so p(yy) "t = p(v') ()7t and p(vy') = p(v)p(y') for v,7" € G. Thus p: G —
H is a group morphism.

Using W'=U x H, aocty = f('Y) oa, and Q’y(ua 5) = (uv(sp('}/)il)v we see that
close to {u} x H, cy|w' : U x H — U’ x H acts as r(vy) on U’ and & ~ dp(y)~"
on H. Making U’ smaller if necessary, we can suppose this happens on all of U’.
Write k : U’ — W for the inclusion of U’ as an open C*°-subscheme in W via the
identifications U' 2 U’ x {1} CU' x H = W' C W, and define f =bok:U — V.

Let v € G. Since ¢y |y acts as r(y) on U and § — dp(y)~" on H, and d,(-)
acts as 0 +— p(y)d on H, we see that d,(,)oc, acts as () x id; on U’ x {1}. Hence
kor(y)|v = dp(y) © ¢y 0 k. Composing with b gives

13

for(Mlv =bokor(y)|ly =body) oc,

=s5(p(7)) obocy ok =s(p(7)) cbok = s(p(7)) o f,

using bods = s(6) ob and boc, = b. We have now constructed a C>°-scheme
morphism f : U’ — V and a group morphism p : G — H with for(y)|y =
s(p(7)) o f for all v € G. Thus Definition defines [f, p| : [U'/G] — [V/H].
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Consider the diagram of 2-morphisms:
foilwya oy ey ==jolf,plomu e =———==jomyv/mof

H _ w*id; - U (76)
foiow[Q/G]oQo]j = joﬂ[y/H]Obolﬁ-

Here w is as in , and we have used f = bok, so that f_:EOE, and T /q) =
TU/q) oaok since a ok is the inclusion U’ — U, and Lfpl oMy /q) = TV/H) of.
Thus there is a unique 2-morphism v = w * id;; making commute.

Using wide = w® (idfo; *Ay xidg) for 7 € G we can show that v is G-invariant
in a suitable sense and so pushes down from U’ to [U’/G]. That is, there exists
a unique 2-morphism ¢ : f o[y g = jo [f,p] with v = (% dr e So
2-commutes, completing part (b).

For (c), let W, a,b,w,cy,ds, W', k, f,p be the data constructed in (b) above
for f : X - Y, and let W,a,b,0,¢ 7,d5,W k ,g,0 be the corresponding data
constructed in (b) for g : X — ). Then combining 7 : f = g with the analogue of
for g, we have a 2-morphism

(n*ldwﬂwc é) Ow: (fOiOW[y/G]) 04 = (jOW[y/H]) oZ).

Arguing as in the construction of ¢, above, by the 2-Cartesian property of ,
there exists a 1- morphlsm e : W — W, unique up to 2-isomorphism, and 2-
morphlsmsg aoe = a, 0 - boe = E) satisfying . TheI} e ~ e for a
unique e : W — W. Replacing e by e, we have aoe = a, boe = b, ( = id; and
6= idj, and reduces to w *idgz = (n * ld'LOﬂ'[U/G 0s) O W.

By repeating this for n=! : ¢ = f, we can easily show that e : W — W is an

isomorphism, and identifies a, b, w, ¢y, ds, W' with W a, b W, Coys d57ﬁ/’, respectively.
However, the isomorphisms W/ = U’ x H and W' = U x H involved arbitrary
choices of local trivializations of the principal H-bundles a : W — U and a : W —
U, so e need not identify these isomorphisms.

Abuse notation by identifying W’ = U’ x H and W' =U’'xH. Since ace(u,1) =
a(u,1) = u we see that ¢'(u,1) = (u,d) for some unique § € H. As e identifies d.
and d_ for e € H we have

e(u,€) =eod, (u,1) = doe(u,1) = de(u,8) = (u, €d). (7.7)

Similarly, as e identifies c¢. and ¢, for v € G, and ¢, ¢, act on {u} x H by right
multiplication by p(v)~t, o(7)

e(u,0(y)"") =eo Q(uv 1) = cyoe(u,1) = ¢y (u,8) = (u,6p(y) ™). (7.8)

Comparing (7.8)) and ( with € = o(y)7!, we see that o(y)716 = dp(y)~1, so
o(y) =dpy )5 ! forall’yef
Since a o ¢ = d, regarding e|w’ as a morphism U’ x H — U’ x H, we have
w0 elw’ = . So by (7.7), elw is near {u} x H the product of idy: on U’ and
€ — €6 on H. Choose a G-invariant open neighbourhood U” of u in U’ such that
elurxm is the product of idy» and € — €§. Then

in H, we have

\@w
\?w

g|y//: |Q bOQOELU” :bod(; OL{)LU// :§(5)obok‘U~ :§(5)Of|y//
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Hence o(y) = 6 p(y) 6~ for all v € G and g|y» = s(0) o fly». Thus by Definition
we have a quotient 2-morphism [0] : [f|y”, p| = [g|u”,0]. An argument similar
to the last part of (b) then shows that (7.4) commutes. O

Using the method of Theorem c), we can also prove:

PROPOSITION 7.19. Let [f, pl,[g,0] : [X/G] — [Y/H] be quotient 1-morphisms
of quotient C*°-stacks in the sense of and suppose [X /G) is connected, that is,
X/G is connected as a topological space. Then every 2-morphism n : [f, p] = [g, 0]
in C*°Sta is a quotient 2-morphism [0] : [f,p] = [g,0] from Definition 7f07"
some unique § € H.

PROOF. Let n: [f,p] = [g,0] be a 2-morphism. The proof of Theorem c)
shows that for each [z] € [X/G]iwop = X/G, there exists a unique d;,) € H and
an open neighbourhood [Uy,1/G] of [z] in [X/G], where U,) € X is G-invariant
and open, such that 7, /a) = [0, /61 ¢ Ul 61 = (9, 0lwy, /c)- The
map X/G — H taking [z] — [, is locally constant, as it is constant on each
such open [U,/G], so it is globally constant as X/G is connected, and §j,) = ¢ €
H for all [z] € X/G. Thus, [X/G] may be covered by open [Ul,/G] C [X/G]
with 77|[Q[mJ/G] = [5]|[y[m]/G]. As 2-morphisms in C®°Sta form a sheaf, this proves
that n = [J]. O

If X = X for some C*®-scheme X then Isox([z]) = {1} for all [z] € Xiop.
Conversely, a Deligne-Mumford C°°-stack with trivial isotropy groups is a C'°°-
scheme. Note that in conventional algebraic geometry, a Deligne-Mumford stack
with trivial stabilizers is an algebraic space, but need not be a scheme.

THEOREM 7.20. Suppose X is a Deligne-Mumford C*-stack with Isox ([z]) =
{1} for all [x] € Xtop. Then X is equivalent to X for some C*-scheme X.

PrOOF. As Isox([z]) = {1} for all [x] € Xop, by Theorem a) there is an
open cover {X, : a € A} of X with X, ~ [X,/{1}] ~ X, for affine C*°-schemes
X4, a € A. Write i, : X, — X for the corresponding open embedding. As Ay
is representable, for a,b € A the fibre product X, Yo, X vin X}, is represented by a
C*°-scheme X ., = X, with open embeddings i.p @ Xap — Xa) 2ba : Xba — Xbp
identifying X ., with open C'°°-subschemes of X, Xp.

The idea now is that the C*°-stack X is made by gluing the C'*°-schemes X,
for a € A together on the overlaps X 5, that is, we identify X, D 40p(Xap) = Xap =
Xba = iap(Xpa) C Xp. This is similar to the notion of descent for objects in
and it is easy to check that the natural 1-isomorphisms

Xp Xx X 2 X xx X, 2 X o xx X, 2 X, xx Xy xx X,

imply the obvious compatibility conditions of the gluing morphisms i,, on triple
overlaps, and that X,, & X,. So by a minor modification of the proof in Propo-
sition that (C°°Sch, J) has descent for objects, we construct a C°°-scheme X
with open embeddings j, : X, < X such that {X, : a € A} is an open cover of X,
and X, X, xj, Xp is identified with X, for a,b € A. Then by descent for mor-
phisms in (C*°Sch, J), there exists a 1-morphism i : X — X with i, 2-isomorphic
to ioju for all @ € A. This 7 is an equivalence, so X ~ X, as we have to prove. O

In fact in Theorem [7.20] we can take X = X, for X, as in Definition
Recall from Definition that a 1-morphism of C*°-stacks f : X — ) is
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representable if whenever U is a C*°-scheme and g : U—=Ya 1-morphism then the
fibre product W = & x¢y , U in C*Sta is equivalent to a C°°-scheme V.

COROLLARY 7.21. Let f: X — Y be a 1-morphism of Deligne-Mumford C*°-
stacks. Then f is representable if and only if f. : Isox([z]) — Isoy([y]) in Defini-

tion is injective for all [x] € Xiop with fiop([Z]) = [y] € Viop-

PROOF. Suppose f is representable, and let [z] € Xiop With fiop([2]) = [y] €
Viop- Theny : % = Y, and X xyy, % ~ [x/H]|, where H = Ker(f. : Isox([z]) —
Isoy([y])). As f is representable, [x/H] is equivalent to a C*°-scheme, so H = {1},
and f, is injective. This proves the ‘only if’ part.

Now suppose f, is injective for all [z] € Xiop. Let U be a C*°-scheme and
g : U — Y a l-morphism, and define W = X XfY.g U, with projections d : W — X
and e : W — U. Then W is a Deligne-Mumford C*°-stack by Theorem as
X, V,U are. Let [w] € Wiop, and set [2] = diop([w]) in Xiop, [u] = etop([w]) in
Usop> and [y] = fiop([2]) = giop([u]) in Yiop. Then by properties of fibre products
of C'*>°-stacks we have a Cartesian square of groups

Tsoyy ([w]) ————— Tsog([u])

W* B g+ ¢

Isox ([x]) ———————Isoy([y]).

But Isog([u]) = {1} as U is a C*°-scheme, and f, is injective by assumption, so
Isoy ([w]) = {1}, for all [w] € Wyep,. Thus Theorem shows W is a C*°-scheme,
and f is representable, proving the ‘if’ part. O

We show that X being Deligne-Mumford is essential in Theorem [7.20}

EXAMPLE 7.22. Let the group Z? act on R by (a,b) : & — x + a + by/2 for
a,b € Z and € R. As /2 is irrational, this is a free action. It defines a groupoid
Z? x R = R in Man which is étale, but not proper. Applying FI\C,:[:“SCh gives a
groupoid Z> x R = R in C*°Sch, and an associated C®°-stack X = [E/ZQ] =
[Z2 x R = R]. The underlying topological space X'y, is R/ZQ.

Since each orbit of Z? in R is dense in R, X top has the indiscrete topology, that
is, the only open sets are () and X'op. Thus X'yop is not homeomorphic to X for any
C*-scheme X = (X,Ox), as each point of X has an affine and hence Hausdorff
open neighbourhood. Therefore X is not equivalent to X for any C*°-scheme X.
So X is not Deligne-Mumford by Theorem [7.20] Hence, C*°-stacks with finite
isotropy groups need not be Deligne-Mumford.

7.5. Effective Deligne—Mumford C*°-stacks

DEFINITION 7.23. A Deligne-Mumford C*°-stack X is called effective if when-
ever [x] € Xyop and X near [z] is locally modelled near [z] on a quotient C'*-stack
[U/G] near [u], where G = Isox([z]) and u € U is fixed by G, as in Theorem
a), then G acts effectively on U near u. That is, for each 1 # v € G, we have
r(y) # idy near u in U, where r : G — Aut(U) is the G-action.

Here the C*°-scheme U in Theorem [7.18[a) is determined by X, [z] up to G-
equivariant isomorphism locally near u. Hence to test whether X is effective, it is
enough to consider one choice of [U/G] for each [z] € Xqp.

A quotient C*°-stack [X /@] is effective if and only if the action r : G — Aut(X)
of G on X is locally effective, that is, if for each 1 # v € G we have r(v)|y # idy
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for every nonempty open C°°-subscheme U C X. If a Deligne-Mumford C*°-stack
X is a C*°-scheme, it is automatically effective. Quotients [x/G| for G # {1} are
not effective.

Here is a uniqueness property of 2-morphisms of effective Deligne—-Mumford
C*°-stacks. Embeddings and submersions of C'*°-stacks are defined in

ProOPOSITION 7.24. Let f,g : X — Y be 1-morphisms of Deligne-Mumford

C*>-stacks. Suppose any one of the following conditions hold:
(i) X is effective and f is an embedding of C-stacks (this implies fy :
Isox ([z]) = Isoy(fiop([x])) is an isomorphism for each [x] € X op);

(ii) Y is effective and [ is a submersion; or

(iii) Y is a C*°-scheme.
Then there exists at most one 2-morphism n : f = g. That is, the groupoid of such
1-morphisms is equivalent to a set.

PROOF. Suppose n,7 : f = g are 2-morphisms. Let [z] € Xop with fiop([2]) =
[y] € Viop. Apply Theorem (C) to n, 7. This first applies (a) to X,V at [z], [y],
giving i : [U/G] —U C X identifying u € U with [z] and j : [V/H]—V C Y
identifying v € U with [y], and then applies (b) to f,g giving u € U’ C U and
1-morphisms [f, pl, [g,0] : [U/G] — [V/H]. Then (c) for n and 7 gives G-invariant

open u € U",U" C U’ and elements 6,6 € H with 2-morphisms [8] : [f|y, p] =

lglv, o], [5] : [flo7, pl = lglg, o] such that 1| and its analogue for 7,6,0"
commutes. Making Q”,Q”Nsmaﬂer, we can take U” = U".
The 2-morphisms [d], [8] : [f|v, p] = [g9]u”, o] imply that

5(0) o flur = glu = 5(8) o flu~. (7.9)

We will show that (7.9) and each of conditions (i)—(iii) force § = 4. In case (i), as
[ is an embedding, p : G — H is an isomorphism, and f: U — V is an embedding

of C*°-schemes. Hence § = p(7), 6= p(%) for 7,4 € G, and

forMlur =s(8)o flur = 5() o fluw = for(3)|v”
by (7.9). As f is an embedding this implies that r(v)|[y” = r(§)|y”, so vy =% as G
acts effectively on U near u since X is effective, and thus § = 5.
In case (ii), as f is a submersion, f : U — V is surjective near f(u) =v € V.

Hence (7.9) implies that s(8)|y» = §(5)|y~ for some open neighbourhood V" of v
in V. But H acts effectively on V near v as ) is effective, so § = 5. In case (iii)
H = Tsoy([y]) = {1} as Y is a C®-scheme, so § = § = 1. Therefore § = § in each
case. Equation for n, 7 now implies that 7 * idil[y'//c] = 7] * idi\w”/cr

Let U" C U C X be the open C*-substack identified with [U”/G]. Then
il /a) : [U"/G] — U" is an equivalence, so n * idif ey = 7% 1dij 0, implies
that nly” = fly. Thus, each [x] € Xyop has an open neighbourhood U” in X
with njy” = fjy. As 2-morphisms form a sheaf on restriction to Zariski open
C*°-substacks, this implies that 7 =7}, so 5 : f = ¢ is unique. O

Similar arguments show that if f,g : X — )Y are arbitrary l-morphisms of
Deligne-Mumford C°°-stacks with X connected, then there are at most finitely
many 2-morphisms 7 : f = g.
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7.6. Orbifolds as Deligne-Mumford C'*°-stacks

Orbifolds are geometric spaces locally modelled on R"/G for G a finite group
acting linearly on R", just as manifolds are geometric spaces locally modelled on
R™. Much has been written about orbifolds, and there are several definitions, as
either categories or 2-categories. See Lerman [47] for a good overview.

There are three main definitions of ordinary categories of orbifolds:

(a) Satake [62] and Thurston [65] defined an orbifold X to be a Hausdorff
topological space X with an atlas {(V;,T,¢;) : i € I} of orbifold charts
(Vi, Ty 1), where V; is a manifold, T'; a finite group acting on V;, and
¥; + V;/T; = X a homeomorphism with an open set in X. Smooth maps
f: X — Y between orbifolds are continuous maps f : X — Y which lift
locally to smooth maps on the charts, giving a category Orbgr.

(b) Chen and Ruan [15] §4] defined orbifolds X in a similar way to [62}/65],
but using germs of orbifold charts (V,, ', 9,,) for p € X. Their morphisms
f: X = Y are called good maps, giving a category Orbcg.

(¢) Moerdijk and Pronk [50L51] defined a category of orbifolds Orbyp as
proper étale Lie groupoids in Man. Their smooth maps f : X — Y, called
strong maps [51, §5], are equivalence classes of diagrams X «— X' — ),
where X’ is a third orbifold, and ¢, are morphisms of groupoids with ¢
an equivalence.

A book on orbifolds in the sense of [15,50}/51] is Adem, Leida and Ruan [2].

There are four main definitions of 2-categories of orbifolds:

(i) Pronk [58] defines a strict 2-category LieGpd of Lie groupoids in Man as
in (c¢), with the obvious 1-morphisms of groupoids, and localizes by a class
of weak equivalences W to get a weak 2-category Orbp, = Lierd[W_l].

(ii) Lerman [47) §3.3] defines a weak 2-category Orbr,. of Lie groupoids in
Man as in (c), with a non-obvious notion of 1-morphism called ‘Hilsum—
Skandalis morphisms’ involving ‘bibundles’, and does not need to localize.

Henriques and Metzler [33] also use Hilsum—Skandalis morphisms.
(iii) Behrend and Xu [5] §2], Lerman [47] §4] and Metzler [49] §3.5] define a
strict 2-category of orbifolds Orbyansta as a class of Deligne-Mumford
stacks on the site (Man, Jyan) of manifolds with Grothendieck topology
JMan coming from open covers.

(iv) The author |39, §4.5] defines a weak 2-category of orbifolds Orbyk., as

special examples of Kuranishi spaces.

As in Behrend and Xu [5, §2.6], Lerman [47], Pronk (58], and the author [39]
Rem. 4.51(a)], approaches (i)—(iv) give equivalent weak 2-categories Orbp,, Orby,,
Orbyiansta, Orbgyy. Properties of localization imply that Orbyp ~ Ho(Orbp,).
Thus, all of (c) and (i)—(iv) are equivalent at the level of weak 2-categories or
homotopy categories.

Here is yet another definition of a strict 2-category of orbifolds Orbc=sia,
which is similar to (iii), but defining orbifolds as a class of C°°-stacks, that is, as
stacks on the site (C°°Sch, J) rather than on (Man, 7 nan)-

DEFINITION 7.25. A C*°-stack X is called an orbifold if it is equivalent to the

the image under Fﬁ:ns‘:h of a groupoid (U, V, s,t,u,i,m) in Man, where s : V — U
is an étale smooth map, and s x ¢t : V — U x U is a proper smooth map. That
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is, X is the C*°-stack associated to a proper étale Lie groupoid in Man. Write
Orbg=gi, for the full 2-subcategory of orbifolds in C°°Sta.

As in U,V are finitely presented affine C*°-schemes, and thus X" is a sep-
arated, locally finitely presented Deligne—-Mumford C*°-stack by Theorem b).
Hence Orbgsgia € DMC>®StalfP.

The next theorem follows from the proofs in [5},39}47, /58| that (i)—(iv) above
are equivalent 2-categories (in particular, that orbifolds as stacks on (Man, 7van)
associated to proper étale Lie groupoids in (iii) are equivalent to (i),(ii),(iv)), and
the fact that the inclusion Man — C°°Sch is full and faithful, with open covers
J in C*°Sch restricting to open covers J pan in Man.

THEOREM 7.26. This 2-category of orbifolds Orbgeesta is equivalent to the
2-categories of orbifolds Orbp,, Orby,e, Orbyiansta, Orbky, in [5}/39.47.|49, (58]
described in (1)—(iv) above. Also the homotopy category Ho(Orbeesta) is equivalent
to the category of orbifolds Orbyp in [50L51] described in (c) above.

By Corollary FG5eh takes transverse fibre products in Man to fibre
products in C*°Sch. As fibre products of orbifolds are locally modelled on fi-
bre products of manifolds, and fibre products of Deligne-Mumford C*°-stacks are
locally modelled on fibre products of C'*°-schemes, we deduce:

COROLLARY 7.27. Transverse fibre products in Orbgesia agree with the cor-
responding fibre products in C°°Sta.






CHAPTER 8

Sheaves on Deligne-Mumford C'*°-stacks

Next we discuss quasicoherent sheaves on Deligne-Mumford C*°-stacks X, gen-
eralizing 5] for C'*°-schemes. Some references on sheaves on orbifolds or stacks are
Behrend and Xu [5, §3.1], Deligne and Mumford |17, Def. 4.10], Heinloth |32} §4],
Laumon and Moret-Bailly [46} §13], and Moerdijk and Pronk |51, §2]. Our defi-
nitions are closest to [32,51]. Almost everything in this section is an exercise in
stack theory, not special to C*°-stacks, and would also work for sheaves (with étale
descent) on other kinds of Deligne-Mumford stacks.

8.1. Quasicoherent sheaves

We build our notions of sheaves on Deligne-Mumford C'*°-stacks X from those
of sheaves on C'°*°-schemes U in by lifting to étale covers U — X. Since all
Op-modules on a C*°-scheme U are quasicoherent by Corollary we do not
distinguish between O y-modules and quasicoherent sheaves on a Deligne-Mumford
C*>-stack X, and we will just call them quasicoherent sheaves.

DEFINITION 8.1. Let X be a Deligne-Mumford C*°-stack. Define a category
Cx to have objects pairs (U,u) where U is a C°-scheme and u : U — X is an
étale morphism, and morphisms (f,n) : (U,u) — (V,v) where f : U — V is an
étale morphism of C*°-schemes, and 7 : v = v o f is a 2-isomorphism. (Here
f étale is implied by u,v étale and u = v o f.) If (f,n) : (U,u) — (V,v) and
(g,() : (V,v) — (W,w) are morphisms in Cx then we define the composition
(g,¢) o (fym) to be (go f,0) : (U,u) — (W,w), where 6 is the composition of
2-morphisms across the diagram:

X

f ) a
% l/ v xX.

Define a quasicoherent sheaf £ on X to assign a quasicoherent sheaf £(U, u) on
U for all objects (U, u) in Cx, and an isomorphism &, : f*(E(V,v)) = E(U, u)
in qeoh(U) for all morphisms (f,n) : (U,u) — (V,v) in Cx, such that for all

(fsm),(g,¢),(go f,0) as above the following diagram of isomorphisms in gcoh(U)
commutes:

(go ) (EW,w)) E(U,u),

E(gof.0)

o 8.1

If,g(e:(m . F(EGo) < (8.1)
f(g(EW, w) —=

o

1<,

7

g

=
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for Iy 4(€) as in Remark

A morphism of quasicoherent sheaves ¢ : £ — F assigns a morphism ¢(U, u) :
E(U,u) — F(U,u) in qcoh(U) for each object (U,u) in Cy, such that for all mor-
phisms (f,n) : (U,u) = (V,v) in Cx the following commutes:

FEWv) ——5— E(U, u)
J/f*(¢(y7v)) . ¢(y,u)i
. Fm

f(FV,v)) FU,u).

We call £ a vector bundle of rank n if £(U,u) is a vector bundle of rank n for all
(U,u) € Cx. Write qcoh(X) for the category of quasicoherent sheaves on X'.

REMARK 8.2. (a) Here is a second way to define quasicoherent sheaves, closer
to [5} §3.1], [17] Def. 4.10]. Define a Grothendieck pretopology P.J x on Cx to have
coverings {(iq,7a) : (Ua,ta) = (U, u)}aea where i : Uy — U is an open embed-
ding for all @ € A and U = [J,c 4 %a(Ua). Let Jx be the associated Grothendieck
topology. Then (Cy,J x) is a site.

We can now use the standard notion of sheaves on a site, as in Artin [3] or
Metzler [49, §2.1]. For all (U, u) in Cx, define a C*°-ring Ox (U, u) = Oy (U), where
U = (U,Oy). For all morphisms (f,n): (V,v) = (U,u), define a morphism of C'*°-
rings p(u,u)(v.v) : Ox(U,u) = Ox(V,v) by pw,uww) = fi(U) : Ou(U) = Oy (V).
Then Oy is a sheaf of C*-rings on the site (Cx, T x)-

Define a quasicoherent sheaf &€ to be a sheaf of Oy-modules on (Cx,J x).
That is, £ assigns an Oy (U, u)-module &' (U,u) for all (U,u) in Cx, and a linear
map E(; . EU,u) = E(V,v) for all (f,n): (V,v) = (U,u) in Cx, such that the
analogue of commutes, and the axioms for sheaves on a site hold.

If £ is as in Deﬁnitionthen defining £'(U,u) =T'(£(U, u)) gives a quasico-
herent sheaf in the sense of this second definition. Conversely, any quasicoherent
sheaf in this second sense extends to one in the first sense uniquely up to canonical
isomorphism. Thus the two definitions yield equivalent categories.

(b) As quasicoherent sheaves are a kind of sheaves of sets on a site, not sheaves of
categories on a site as stacks are, qcoh(X) is a category not a 2-category.

(¢) In Definition we require the 1-morphisms u, v, w and morphisms f, g to be
étale. This is important in several places below: for instance, if f: U — V is étale
then f* : qcoh(V) — qeoh(U) is exact, not just right exact, which is needed in
Proposition to show qcoh(X) is abelian, and also Q : f*(T*V) — T*U is an
isomorphism, which is needed to define the cotangent sheaf T*X. We restricted to
Deligne-Mumford C*°-stacks X’ in order to be able to use étale (1-)morphisms in
this way. For C*°-stacks X which do not admit an étale atlas, the approach above
is inadequate and would need to be modified.

(d) Our notion of vector bundles £ over X correspond to orbifold vector bundles
when X is an orbifold. That is, the isotropy groups Isox([z]) of X are allowed to
act nontrivially on the vector space fibres £|, of £.

(e) We can also use the method of Definition [8.1| (or the approach of (a)) to define
other kinds of sheaves on a Deligne-Mumford C*°-stack &', such as sheaves of sets,
abelian groups, C*°-rings, ..., in the obvious way: we just take the £(U,u) to be
a sheaf of sets, ... on U instead of a quasicoherent sheaf.
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PROPOSITION 8.3. Let X be a Deligne—Mumford C*°-stack. Then qcoh(X) is
an abelian category.

PRrROOF. We define a complex in gcoh(X)

0 e Fr Y .g 0
to be ezact if and only if
00— eU,u) 2% Fw,u) LY gU,u) ——= 0

is exact in qcoh(U) for all (U,u) in Cy. Since each gcoh(U) in Definition is
abelian, and the functors f* in Definition [8.1] are exact (not just right exact) as f
is étale, it is easy to show this makes qcoh(X') into an abelian category. O

EXAMPLE 8.4. Let X be a C*®-scheme. Then X = X is a Deligne-Mumford
C>-stack. We will define an equivalence of categories Zx : qcoh(X) — qcoh(X).

Let £ be an object in qcoh(X). If (U,u) is an object in Cx then u : U —
X = X is a l-morphism, so as C®Sch, C*°Sch are equivalent (2-)categories u
is 2-isomorphic to @ : U — X for some unique morphism u : U — X. Define
E'U,u) = u*(&). If (f,n) : (U,u) — (V,v) is a morphism in Cx and u,v are
associated to u,v as above, so that u = v o f, then define

Uy = L5 [H(E W 0) = [ (7 () = (wo [)*(E) = E'(U, u).

Then commutes for all (f,7), (g,¢), so &' is a quasicoherent sheaf on X.

If  : & — F is a morphism in qcoh(X) define a morphism ¢’ : & — F’
in qcoh(X) by ¢'(U,u) = u*(¢) for u associated to u as above. Then defining
Ix:E— & Ix ¢ ¢ gives a functor qcoh(X) — qcoh(X). There is a natural
inverse construction: if € is an object in qcoh(X) then £(X,idy) is an object in
qcoh(X), and € is canonically isomorphic to Zx (5()7(,@5)) Using this we can
show Zx is an equivalence of categories.

8.2. Writing sheaves in terms of a groupoid presentation

Let X be a Deligne-Mumford C*°-stack. Then X admits an étale atlas IT :

in C°°Sch, with s,t : V — U étale, such that X is equivalent to the associated
C-stack [V = U], and we have a 2-Cartesian diagram

t
t "ﬂ .
X.

<~ I

I < <

We can now consider the objects (U, II) and (V,ITos) in Cx, and the two morphisms
(s,idmos) : (V, I os) = (U,II) and (¢,n) : (V,IIos) — (U,II).

Now let £ be an object in qcoh(X). Then we have quasicoherent sheaves E =
EU,MM) on U and E' = E(V,ITos) on V, and isomorphisms & 4 idy,,) : 8*(F) — E
and &, : t*(E) — £ in qcoh(V). Hence & = 5(_;77) 0 & (s,ido,) 1S an isomorphism
of & :s*(E) — t*(E) in qcoh(V).
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We also have a 2-commutative diagram with all squares 2-Cartesian:
o —7/ E
v u
\t\ \ 1 5
/ /

omitting 2-morphisms, where W =V x; i, V, and 7y, my : W — V are projections

v,
to the first and second factors in the fibre product. So we have an object (W ,IIo50
7,) in Cx, and we can define E” = E(W,Ilo507,). Then we have a commutative
diagram of isomorphisms in qcoh(W):

<
I

E// 5 m>i<(‘E‘/)
(m,63)
S(WM }YWM A’(SWH) m" (€ (s,idpp0,))
% olpm ¢ (E _ = os
W*(E/) (15 0171) (E) = m+(E) olm,s(E)
- RGO (tom)*(E) _
olzy +(E) = T (8.2)
75 (8 s dron)) Iy N g " (somy)*(E) =
OIL\'lv,S(E) w5 (€ 3 WQ(E (§ © m)*(E)

2(Em) 5 (Es.idpr0g))

LQW oly, s(E) _ -
7 B _ ---

(som)"(E) = (tomy)"(E) =

3

Here the morphisms ‘--»" are given by a = I, +(E)™! o m*(®) o I,,, s(E), B =
In,, H(E)"tormi(®)o I, s(E) and v = I, H(E) tomi(®)o Ir, s(E), and as 1}
commutes we have o =y o 8. This motlvates

V — U étale, which we erte as L/' :; Q for short. Define a quaszcoherent sheaf on
V = U to be a pair (E, ®) where F is a quasicoherent sheaf on U and @ : s*(F) —
t*(E) is an isomorphism in qcoh(V), such that
Im,zf(Er1 om™(®) o I s(E) = (szl,zf(E)i1 omi(®)o I&@(E))o
(Iﬂz,z‘/(E)_l © E§(¢> © Iﬂ2,§(E))

in morphisms (s o m)*(E) — (t o m)*(E) in qcoh(W). Define a morphism ¢ :
(E,®) — (F, V) of such sheaves to be a morphism ¢ : E — F in qcoh(U) such that
Vo s*(¢p) =t*(¢) o ®: s*(E) — t*(F) in qecoh(V). Then quasicoherent sheaves on
V = U form an abelian category qeoh(V = U).

If X is a Deligne-Mumford C*°-stack equivalent to [V = U] with atlas II :
U — X then we have a functor I : qcoh(X) — qcoh(V = U) defined by Iy : €

(EW. ), 0 E s ianon) and Fir : ¢ = o(U, 1)

The next theorem is proved as in Laumon and Moret-Bailly [46, Prop. 12.4.5]
or Olsson |56, Prop. 4.4].

THEOREM 8.6. The functor Fy : qcoh(X) — qcoh(V = U) above is an equiva-
lence of categories.

For quotient C*°-stacks [U/G] with G a finite group, so that V.= G x U, a
quasicoherent sheaf (E, ®) on V = U is a quasicoherent sheaf E on U with a lift &
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of the G-action on U up to E. That is, (E, ®) is a G-equivariant quasicoherent sheaf
on U. Hence, if a Deligne-Mumford C*-stack X is equivalent to a quotient [U/G]
with G finite, then qcoh(X) is equivalent to the category qcoh® (U) of G-equivariant
quasicoherent sheaves on U.

8.3. Pullback of sheaves as a weak 2-functor

In Definition for a morphism of C*-schemes f : X — Y we defined a
right exact functor f* : qcoh(Y) — qcoh(X). As in Remarks (b) and
pullbacks cannot always be made strictly functorial in f, that is, we do not have
(g5 (&) = (go f)*(E) forall f: X - Y, g:Y — Z and € € qeoh(Z), but instead
we have canonical isomorphisms 7 ,(E) : (g o f)* (&) = f*(g"(€)).

We now generalize this to pullback for sheaves on Deligne-Mumford C'*-stacks.
The new factor to consider is that we have not only 1-morphisms f : X — ), but
also 2-morphisms 7 : f = ¢ for 1-morphisms f,g: X — Y, and we must interpret
pullback for 2-morphisms as well as 1-morphisms.

DEFINITION 8.7. Let f : X — ) be a l-morphism of Deligne-Mumford C°-
stacks, and F € qcoh(Y). A pullback of F to X is € € qeoh(X), together with
the following data: if U,V are C°°-schemes and u : U Xandov:V — Y are
étale 1-morphisms, then there is a C°°-scheme W and morphisms my; : W — U,
7y W — V giving a 2-Cartesian diagram: -

15

Yo 3 (8.3)

fou

IS <— 1=
\Q:“

Then an isomorphism (F, f,u,v,() : EL*}(E(Q, u)) — 1@(]—"(‘7/, v)) in qeoh(W)
should be given, which is functorial in (U,u) in Cx and (V,v) in Cy and the 2-
isomorphism ¢ in (8.3). We usually write pullbacks £ as f*(F).

By a similar proof to Theorem [8.6] but using descent for objects and morphisms
for quasicoherent sheaves on C*°-schemes Y in the étale topology rather than the
open cover topology on Y, we can prove:

PROPOSITION 8.8. Let f: X — Y be a 1-morphism of Deligne—Mumford C°-
stacks, and F be a quasicoherent sheaf on Y. Then a pullback f*(F) exists in
qcoh(X), and is unique up to canonical isomorphism.

From now on we will assume that we have chosen a pullback f*(F) for all such
f & — Y and F. This could be done either by some explicit construction of
pullbacks, as in the C*°-scheme case in §5.3 or by using the Axiom of Choice. As
in Remark we cannot necessarily make these choices functorial in f.

DEFINITION 8.9. Choose pullbacks f*(F) for all 1-morphisms f : X — ) of
Deligne-Mumford C*°-stacks and all F € qcoh(Y), as above.

Let f : X — ) be such a l-morphism, and ¢ : £ — F be a morphism in
qcoh(Y). Then f*(€), f*(F) € qcoh(X). Define the pullback morphism f*(¢) :
(&) = f*(F) to be the morphism in qcoh(X) characterized as follows. Let

uw:U— X, v:V =Y, W,ry, my be as in Definition with (8.3) 2-Cartesian.
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Then the following diagram of morphisms in qcoh(W) commutes:

B (O w0) e Ty (£, 0))
J/Try*(f*(@(ym)) Wy*(¢(va))i/
L i(F fuw ¢ .

w5 (f(F)U,u) —= L R (F(V,)).

Using descent for morphisms in qeoh(Y') on C*°-schemes Y in the étale topology,
one can show that there is a unique morphism f*(¢) with this property. This
defines a functor f* : qcoh(Y) — qcoh(X).

Let f: X - Yand g: )Y — Z be l-morphisms of Deligne-Mumford C*°-stacks,
and £ € qcoh(Z). Then (go f)*(€) and f*(g*(€)) both lie in gcoh(X). One can
show that f*(g*(&)) is a possible pullback of £ by g o f. Thus as in Remark
we have a canonical isomorphism I 4() : (go f)*(€) = f*(¢*(£)). This defines a
natural isomorphism of functors Iy, : (go f)* = f* o g*.

Let f,g : X — Y be l-morphisms of Deligne-Mumford C'*°-stacks, n: f = g
a 2-morphism, and £ € qcoh()). Then we have f*(£),g"(€) € qcoh(X). Let
w:U—=X,v: V=Y, W,lry,lry be as in Deﬁnition Then as in we have
2-Cartesian diagrams

W Y 7 I
iﬂjy C@(’r]*iduojy) ﬂ J:Oy ’U\L \Lfy Cﬂ 7Oy Ui’
U s, U Y

where in  ® (n* iducirU) ‘%’ is horizontal composition and ‘®’ vertical composition
of 2-morphisms. Thus we have isomorphisms in gcoh(W):

15 (F(E)U,w)) _i(efiuww.comridues,))

% ///9'
( )

(0" (€U u) e

There is a unique isomorphism ‘--+’ making this diagram commute. Taken over all
(V,v), using descent for morphisms we can show these isomorphisms are pullbacks
of a unique isomorphism f*(€)(U,u) = ¢*(€)(U,u), and taken over all (U, u) these
give an isomorphism 7*(&) : f*(£) — ¢*(€) in qcoh(X). Over all £ € qeoh()), this
defines a natural isomorphism n* : f* = g*.

If X is a Deligne-Mumford C'*°-stack with identity 1-morphism idy : X — X
then for each € € qeoh(X), £ is a possible pullback id% (£), so we have a canonical
isomorphism dx (&) : id% (£) — €. These define a natural isomorphism 0y : idy =

Ty (E(V,v)).

idqcoh()() .

The proof of the next theorem is long but straightforward. Weak 2-functors
are defined in Definition

THEOREM 8.10. Mapping X to qcoh(X) for objects X in DMC*Sta, and
mapping 1-morphisms f : X — Y to f* : qcoh()) — qeoh(X), and mapping 2-
morphisms n : f = g to n* : f* = g* for 1-morphisms f,g : X — ), and the
natural isomorphisms I g : (go f)* = f*og* for all 1-morphisms f: X — ) and
g:Y — Z in DMC®Sta, and dx for all X € DMC®Sta, together make up
a weak 2-functor (DMC*°Sta)°P? — AbCat, where AbCat is the 2-category of
abelian categories. That is, they satisfy the conditions:
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@Iff W—>X,9:X—=>)Y, h:Y— Z are 1-morphisms in DMC®Sta
and & € qcoh(Z) then the following diagram commutes in qcoh(X) :

(hogo )" (€) —————= 1" ((heo9)"(£)

ifgof,h(a ’ £ @)
Ifyg h*(&E

(g0 1) (h*(€)) — 2 b (g2 (h2(£))).

(b) If f:X — Y is a l-morphism in DMC®Sta and £ € qcoh()) then the
following pairs of morphisms in qcoh(X) are inverse:

f*(g) B Iidx,f(g) f*(g If,idy (5)
)= e id(rE), SO T ).
(fOldx) (5) m X (ldyOf (8) 7 (09 (&) Y

(¢) If f,g,h : X = Y are 1-morphisms and n : f = g, ( : g = h are
2-morphisms in DMC®°Sta, so that ( ©®n : f = h is the vertical compo-
sition, and € € qcoh(Y), then

C(F)on™ (&) = (Con)™ (&) : f1(€) — h7(€) in qeoh(X).

@) If f,f:X=Y,9,G:Y— Z are L-morphisms and n: f = f/, (:g=¢
2-morphisms in DMC®°Sta, so that (*n:go f = go f is the horizontal
composition, and £ € qcoh(Z), then the following commutes in qcoh(X) :

(g0 1)*(€) — G0 (E)

e ) 17.46)|
*(g* (& ~ *(CH(E ~

f(g7(€) L E Fegre)) — O mae e,

Using Proposition [5.15] we may prove:

ProrosiTION 8.11. Let f : X — Y be a 1-morphism of Deligne—Mumford
C>-stacks. Then pullback f*: qcoh(Y) — qcoh(X) is a right exact functor.

8.4. Cotangent sheaves of Deligne—-Mumford C*°-stacks
We now develop the analogue of the ideas of

DEFINITION 8.12. Let X be a Deligne—Mumford C*°-stack. Define a quasico-
herent sheaf T*X on X called the cotangent sheaf of X by (T*X)(U,u) = T*U for
all objects (U, u) in Cx and (T™X) (s = Qy : f*(T*V) — T*U for all morphisms
(fsm): (U,u) = (V,v) in Cx, where T*U and Q; are as in Hereas f: U =V
is étale Q2f is an isomorphism, so (T*X)f is an isomorphism in gcoh(U) as re-
quired. Also Theorem a) shows that 7 commutes for £ = T*X for all such
(f,m),(g,¢). Hence T*X is a quasicoherent sheaf.

"~ Let f: X — Y be a l-morphism of Deligne-Mumford C'*®-stacks. Define
Qp @ fY(T*Y) = T*X to be the unique morphism in gcoh(X) characterized as
follows. Let u: U = X, v:V — Y, W,ﬂ'y,ﬂ'y be as in Deﬁnition with
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Cartesian. Then the following diagram in qcoh(IV) commutes:

i (F*(T*V)(U, u)) T (V)Y 0) =1i(T7Y)

iﬂy*(ﬂf(gu)) szi
(T"X)(zy iduoxy)

=5 (T X)(U W) L (T X)W w0 myy) =TIV

This determines 7y*(2(U, u)) uniquely. Over all (V,v), using descent for mor-
phisms in gcoh(U) on C*°-schemes U in the étale topology, this determines the
morphisms Q¢ (U, u), and over all (U, u) these determine Q.

If X is an orbifold of dimension n then T*X is a vector bundle of rank n. Here
is the analogue of Theorem [5.32

THEOREM 8.13. (a) Let f : X — Y and g : Y — Z be 1-morphisms of
Deligne—-Mumford C*°-stacks. Then

Qgoy = Qo [7(Qg) 0 I1,4(T"Z) (8.4)

as morphisms (go f)*(T*Z) — T*X in qcoh(X).

(b) Let f,g: X — Y be 1-morphisms of Deligne—Mumford C*°-stacks and n: f =
g @ 2-morphism. Then Qp = Qg on*(T*Y) : f*(T*Y) - T*X.

(c) Let W, X,Y, Z be Deligne—-Mumford C*-stacks in a 2-Cartesian square

W— y
e o,
X zZ

in DMC®°Sta, so that W = X xz Y. Then the following is exact in qcoh(W):

e"(Qg)ole,o(T"2)D * *
—F (U)ol s n(T*Z)on*(T*2) € (T*X§® Q.00

(goe)* (T 2) fHT*Y) ——=T*W—0. (8.5)

PrOOF. For (a), let u : U—- X, v:V—Yand w: W — Z be étale. Then
there is a C°-scheme V' with V' =V X gov, Z w W, and fibre product projections
vV =V, my V= W. Define v =vofy, : V' — Y. Then v is étale, as v is
and w is so my, is. Similarly, there is a C*°-scheme U’ with U’ = U X fou, Vv’ V!, and
fibre product projections oy U = U, my : U — V. Define an étale 1-morphism
W =uody: U’ — X. Then we have a 2-commutative diagram

X
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with 2-Cartesian squares. On U’ and V' we have commutative diagrams:

ay (f(T*Y)(U, U))

W(T*Y, fu,0’,m)
_—

ﬂi/’ ((T*y)(y/, ’Ul)) J— ZTE// (T*Y/)

;i(f (T* Yy ia, Uy | (86)
* % Qf(g/’u/) * / / ; !
(f(T y))(g,u) (T*x)(U' ) =—=T"U,
i (g7 (T* 2)(V,0)) T2 (1 2(W ) = 1y ™ (T )
E\L(g (r* Z))(l"yvidv ) QIW\L (87)
/A Qg(y/’v,) * /A : !
(g7 (T 2))(V', ") (T*Y)(V' V) =—=T"V".

Applying 73, to (8.7)) we make another commutative diagram on U’:
pplying 7, g

7y (T Z,9,0,w,())
iy (x(97 (T 2)(V,0))) ————— o (zw* (T*W))

% x5 ((g" (T zmv ) zrjvlmww
T3 (Q (V' 0")) o
i (9" (T 2)) (V")) o 3 (T*V') (8.8)
(F* (9" (T* 2))(z gy a1 (f*(T*u»(Ey,idu,)ig

(" (@)U )

(f*(g"(T*2))) (U ) (f(T* Y)W u).

By Theorem a) the following commutes:

(mw o @y )" (T"W) v
Ql‘woﬂy/
\LI ryrmw (T7W) o ij,T (8.9)
iy (mw * (T*W)) i i (T*V)
Using all this we obtain a commutative diagram on U’:
((go ) (T°2)) (") (T*X) (U, o)
Qgor (U',u')

IR

2| (Ir,o (T Z2) (U ) i% T Qp(U' ') (8.10)

N
< %
R

(" Q)W u) (

(f*(g*(T*2))) (U, u') AT ).

Here the right hand quadrilateral of (8.10)) comes from , the bottom quadrilat-
eral from (8.8)), the central square is (8.9)), and the remaining two quadrilateralb are
sumlar Thus the outer square of (8.10 commutes But this is just (8.4]) evaluated

at (U',u). fu:U — X, v:V = Yand w: W — Z are étale atlases then
u’ U = Xis also an étale atlas, and . evaluated on an atlas implies it in
general. This proves part (a).

Part (b) is immediate from the definitions. For (c),let u:U — X, v:V = Y
and w : W — Z be étale. There are C*°-schemes U’, V', with U’ = U X gou, 2.0 W,
V=V X hov, Z,w W, and fibre product projections wr; : U — U, myy : U — W,
oy V' =V, oy : V' — W. Then ny, my are étale as w is. Define a C°-scheme
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T=U X W V’. The 1-morphisms v’ o Ty T — X and v/ oTy T—>Y
have a natural 2-isomorphism go (v’ 0 ;) = ho (v/ 07y constructed from the 2-
isomorphisms in the 2-Cartesian squares defining U’, V. Thus as W = X x z)) there
is a 1-morphism ¢ : T' — W, unique up to 2-isomorphism, such that u' o, = eot
and v’ o Ty, = fot. Also t is étale. This gives a 2-commutative diagram

Tyt j _ W
U/ = Ty v / \
) ’ rrw\ % . a y
w ) / . \ B /

in which the leftmost and rightmost squares are 2-Cartesian.
Applying Theorem b) to the Cartesian square defining T' gives an exact

sequence in qcoh(T):

% EL/(QEL)V)OII /wzw(T*W)eB * * er ,@

(ZTLVOEQ’ _5;’(Qﬂw)°i‘vl~fw (T*W) Ty (T Ql) eri,
(T*W) S @i (T*V) — =TT —0. (8.11)

By a similar argument to (a), we can use (8.11) to deduce that (8.5)) evaluated at
(T,t) holds. f u: U - X, v:V = Yand w: W — Z are atlases then ¢t : T — W
is an atlas, so this implies (8.5]), and proves (c). O



CHAPTER 9

Orbifold strata of C*°-stacks

Let X be a Deligne-Mumford C*°-stack, with topological space X'o,. Then
each point [x] € Xop has an isotropy group Isox([z]), a finite group defined up to

isomorphism. For each finite group I' we write XL, = {[z] € Xtop : Isox([z]) =

F}. This is a locally closed subset of Xy, coming from a locally closed C°°-
substack XT of X with inclusion OF (X) : XT — X, with

_ vl
XtOP - Hisomorphism classes Xo,top' (91)

of finite groups I'

One can show that for each I', the closure XL of AT

o, top o,top 111 Xtop satisfies

»T vA
Xo,top - Hisomorphism classes of finite groups A: Xo,top'
I' is isomorphic to a subgroup of A

Thus is a stratification of Xo,. The XL are called orbifold strata of X.

When X is an orbifold, as in the orbifold strata are manifolds (actually,
at the level of C°°-stacks, the alternative versions X I' below are manifolds), and
are well studied. Orbifold strata of orbifolds come up in areas such as the Atiyah—
Singer Index Theorem for orbifolds as in Kawasaki [42], cobordism of orbifolds as
in Druschel [20], String Theory of orbifolds as in Dixon et al. [19], and (quantum)
cohomology of orbifolds as in Chen and Ruan [14].

However, very little appears to have been done in considering orbifold strata
from the point of view of category theory or stacks, or about orbifold strata of
other kinds of Deligne-Mumford stacks. We now define and study orbifold strata
of Deligne-Mumford C'*°-stacks. Actually, almost all of §9|is an exercise in stack
theory, not specific to C*°-stacks. But the author has been unable to find any
references on it.

We will define six variations on X I' outlined above, Deligne-Mumford C>°-
stacks written XF7.)EF,2?F, and open C*°-substacks XE - XF, 225 - .)EF, 22'1; -
XT. The points and isotropy groups of XF, ce ;\?E are given by:

(i) Points of X" are isomorphism classes [, p], where [z] € Xop and p: T' —
Isox([z]) is an injective morphism, and IsoxT ([, p]) is the centralizer of
p(T) in Isox([z]). Points of XL C X are [z, p] with p an isomorphism,
and Isoxr ([z, p]) = C(T'), the centre of I'.

(ii) Points of XT are pairs [z,A], where [2] € Xiop and A C Isox([z]) is
isomorphic to I', and Isozr ([, A]) is the normalizer of A in Isox([x]).
Points of XL C XT are [z, A] with A = Isox([z]), and Isozr ([z,A]) =T

(iii) Points [z, A] of XT, XT are the same as for X7, XL, but with isotropy
groups Isoxr ([z, A]) = Isoxr ([z, A])/A and Isoxr ([x, A]) = {1}.

103
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There are 1-morphisms O' (X), ..., IIL (X) forming a 2-commutative diagram, with
columns inclusions of open C'*°-substacks:

e
l OM / J/ X\[ o (9.2)

o (x) n"(x)

‘NH

Aut(T

Also Aut(T') acts on XY, XL, with AT ~ [XY/Aut(I)], XL ~ [xL/Aut(D)].
Note that there are in general no natural 1-morphisms from XT, XL to any of
x,ab al et AT

9.1. The definition of orbifold strata X', ..., xT

(o)

We now define the orbifold strata X, ..., X I" and study their properties.

DEFINITION 9.1. Let X be a Deligne-Mumford C'*°-stack, and I a finite group.
We will explicitly define another Deligne-Mumford C®°-stack X', Since X is a
stack on the site (C*°Sch, J), X is a category with a functor py : X — C°°Sch
satisfying many conditions. To define X’ I' we must define another category X I and
a functor pyr : X1 — C*Sch.

Define objects of the category X' to be pairs (4, p) satisfying:

(a) A is an object in X, with px(A) = U for some object U € C°°Sch;

(b) p : T' = Aut(A) is a group morphism, where Aut(A) is the group of
isomorphisms a : A - A in X, and px o p(y) = idy for all v € I'; and

(¢) Let w be a point in U, and u : x — U the corresponding morphism in
C*°Sch. Since py : X — C°Sch is a category fibred in groupoids,
as in Definition there exists a morphism a, : A, — A in X with
px(Ay) = x and px(a,) = u, where A, is unique up to isomorphism
in X.

Having fixed A, a,, Definition [A75] also implies that for each v € T’
there is a unique isomorphism p,(v) : 4, — A, such that a, o p,(7) =
p(y)oay : Ay — A, and px(pu(y)) = ids. Then p, : I' = Aut(4,) is a
group morphism. We require that p, : I' = Aut(A,,) should be injective
for all w € U. This condition is independent of the choice of A, a,.

Define morphisms ¢ : (4,p) — (B, o) of the category X' to be morphisms
c¢: A — Bin X satisfying o(y)oc=cop(y): A— Bin X for all y € T. Given
morphisms ¢ : (A4,p) — (B,0), d : (B,o) — (C,7) in X", define composition
doc: (A p) — (C,7) in X' to be the composition doc : A — C in X. For
each object (A,p) in X, define the identity morphism ideap @ (4,p) = (A,p)
in X" to be idy : A — A in X. Define a functor pyr : XT' — C°Sch by

r: (A, p)— U=px(A) on objects and pxr : ¢ — px(c) on morphisms.

Define XT to be the full subcategory of objects (4, p) in X' such that p, :
I' —» Aut(A,) in (c) above is an isomorphism for all w € U. Define a functor
pat = pxlar : XL — C°°Sch. By Theorem a) below, XT is a Deligne—
Mumford C'*-stack, and XL is an open C*-substack in X"
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DEFINITION 9.2. Let X be a Deligne-Mumford C'*°-stack, and I" a finite group.
Define a category PXT to have objects pairs (A4, A) satisfying:

(a) A is an object in X, with py(A) = U for some object U € C*°Sch;

(b) A C Aut(A) is a subgroup isomorphic to I', where Aut(A) is the group of
isomorphisms a : A - A in X, and px(0) = idy for all 6 € A; and

(c) Let u be a point in U, and uw : * — U the corresponding morphism in
C>°Sch. Since py : X — C°°Sch is a category fibred in groupoids, there
exists a morphism a,, : A, = A in X with px(4,) = * and px(a,) = u,
where A, is unique up to isomorphism in X. For each § € A there is a
unique isomorphism §,, : A, — A, such that a, 0cd, =doa, : A, — A,
and px(6,) = id.. Then {6, : § € A} is a subgroup of Aut(4,), and
0 — §, is a group morphism. We require that the map d — 4, should be
injective for all u € U.

Define morphisms (4, A) — (A’, A’) of PXT to be pairs (¢, ), where ¢ : A — A’
is a morphism in X and ¢ : A — A’ is a group isomorphism, satisfying ¢(¢) o ¢ =
cod: A— A forall 6 € A. Given morphisms (c,¢) : (A, A) — (A", A7), (¢,/) :
(A, A) — (A", A") in P, define composition (¢/, /) o(c,t) = (¢'oc, 1/ o1). Define
identities id(4,a) = (ida,ida) : (A, A) = (4, A).

Define a functor ppsr : PAXT — C°°Sch by ppir : (A,A) = U = px(A)
on objects and pp#r : (¢,t) — pa(c) on morphisms. Define PXL to be the full
subcategory of objects (A4, A) in PAT with {5, : 6 € A} = Aut(A,) in (c) above
for all u € U. Define a functor pp 30 = ppxr|paT : 77295 — C°°Sch.

Although PXT, PX I are in general not C'*°-stacks, they are prestacks on the
site (C*°Sch, J) in the sense of Definition (that is, morphisms in PAT, PXL
satisfy a sheaf-like condition over (C°°Sch, ), but objects may not). Thus,
PXT . PX I' have stackifications T x I' defined up to equivalence, which are stacks
on the site (C*°Sch, J). By Theorem a) below, XT is a Deligne-Mumford C'>°-
stack, and 2?5 is an open C'>°-substack in X7 .

Let (A, A), (A’, A') be objects in PXT. Define a right action of A on morphisms
(c,;0) = (A,A) = (A,A) in PXT by (¢,0) -6 = (co06,0%), where 10 : A — A’
maps 10 : e > 1(§oeod ). If (<)1) : (A", A') — (A", A") is another morphism
and ¢’ € A/, it is easy to show that

()-8 o ((e,e) - 8) = ((¢, ) o (e,0)) - (7H(8) 0 8). (9.3)

Define a category PXT to have objects (A,A) as in PXT, and to have mor-
phisms (¢, t)A : (A, A) — (A’, A) for morphisms (c,¢) : (A,A) = (A’, A’) in PAT,
where (¢, t)A = {(c,)-0 : 6 € A} is the A-orbit of (¢, ). Define composition of mor-
phisms in PXT by (¢, )A) o ((c,0)A) = ((c/,) o (¢,1))A, where (/i) o (¢, 1)
is composition of morphisms in PXT. Equation shows this is well-defined.
Define identity morphisms id(4,a) = (ida,ida)A : (A,A) = (4,A) in PAT. De-
fine a functor ppsr : PXT — C°Sch to map (A,A) — px(A) on objects and
(¢, t)A — px(c) on morphisms.

Define PXAE to be the full subcategory of PXT whose objects are objects of
PXL, and define ppir = ppir|par : PAL — C®Sch. Then as for PAT, PAT
are prestacks on (C*°Sch, J), and by Theorem (a) their stackifications AT, XT
are Deligne-Mumford C'*°-stacks. Furthermore, by Theorem (g) below X I' has
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trivial isotropy groups, so by Theorem there is a C*-scheme X I' unique up
to isomorphism, such that X ~ XT.

Next, we define all the 1-morphisms in (9.2]).

DEFINITION 9.3. In Definitions [9.1| and for A € Aut(T") define functors
LA x):x8h — 2% o) af — &, POY(x):Pal — x,
PIN(X) : &7 — PXT and PIN(X) : PAT — PAT

on objects by
LY(A,X) 2 (A, p) = (A, po ATH), OV (X) : (4,p) = A, PON(X) : (4,A) = A,
PHY(X) : (A, p) — (A, p(T)) and PI'(X): (4,A) — (4,A),
and on morphisms by
YA X):c—c, OV (X):cre, POY(X):(c,1)— e,
PN (X): ¢ (c,o00p™ ) one: (A p)— (B,o), and
PIN(X) : (¢,0) = (¢, ) A on (c,0) : (A,A) — (A, A).

It is trivial to check that these are all functors, and commute with the pro-
jections px, pxt, par, paT to C°Sch. Hence L''(A, X), O (X) are 1-morphisms of
C>-stacks. Note that L'(A, X) o LI'(A", X) = LY (Ao A/, X) and LY (A71, X)) =
LU(A, X)~1 for A,A’ € Aut(T), so L'(—,X) is an action of Aut(T') on X" by
1-isomorphisms. } X

Now PO(Xx), PIIY(X), PIIY (X) are 1-morphisms of prestacks, so stackifying
gives 1-morphisms of C®-stacks O (X) : AT — &, TI'(X) : &1 — &7, 1°(x) -
XY — XT. Define 1-morphisms of C*-stacks

LY ) - ah — &b, ol al —ax, Ol(x): A — &,
) : &0 — X0 and T(X): &L — &L,
to be the restrictions of L' (A, X),..., II'(X) to the open C>®-substacks XL, XL,
Then L!(—, X) is an action of Aut(I") on X! by 1-isomorphisms.

It is easy to see that the analogue of 1D with prestacks PXF,...,P)EE

and prestack 1-morphisms POT(X),...,PIIL(X) is strictly commutative, i.e. 2-

commutative with identity 2-morphisms. Thus on stackifying, (9.2) commutes up
to canonical 2-isomorphisms.

DEFINITION 9.4. Let the 1-morphisms O (&) : AT — X, OL'(X) : XL — X be
as in Definition We will define actions of ' on O'(X), O% (X) by 2-morphisms.
For v € T and (4, p) € &', define an isomorphism E' (v, X)(A4, p) : OF(X)(A4, p) —
OV (X)(A,p)in X by EV (7, X) = p(y) : A — A. Ifc: (A, p) — (B, o) is amorphism
in X7 then

O'(X)(c) o BY (7, X)(A, p)=co p(y)=0(y) 0 p=E" (7, X)(B,0) 0 O" (X)(c).
Hence ET(y,X) : OT(X) = OY(X) is a natural isomorphism of functors. Since
px(E" (7, X)(A, p)) = px(p(7)) = idp,(a) for all (4, p), we have px + BT (7, X) =

par, so EV(y,X) : OF'(X) = OF(X) is a 2-morphism of C*°-stacks. Clearly
E"(1,Xx) = idor(x) and E'(y,X) ® E'(6,X) = E"(y6,X) for all 7,6 € T, so
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E'(—,X) : T — Aut(O"(X)) is a group morphism. We define 2-morphisms
EL(y,X): OL(X) = OL(X) for v € T in the same way.

Here are some basic properties of these definitions.

THEOREM 9.5. (a) XY, XT, X" are Deligne-Mumford C™-stacks, and Xl c
XU AT € XT, XT C X are open C°°-substacks. Also XT ~ [XT/ Aut(T")] and
AL ~ (XY Aut(T)], where the Aut(T)-actions are L* (—, X) and LY (-, X).

(b) If X is separated, locally fair, locally finitely presented, or second countable,
then XF,XE,EF,/'QE,)\?F,/?E are separated, locally fair, locally finitely presented,
or second countable, respectively.

If X is compact then XF,)?F,)eF are compact.

(c) Points of Xfop are equivalence classes [x, p| of pairs (z,p), where x : x — X is
a 1-morphism and p : T' — Aut(z) is an injective group morphism into the group
Aut(z) of 2-isomorphisms n : x = x, and pairs (z,p), (¢, p') are equivalent if there
exists ¢ : v = ' with (® p(y) = p'(y) ¢ : & = &’ for all v € T. They have
isotropy groups

Isoxr ([z,p]) = {n € Aut(z) : p(y) =np(y)n~" VyeT}.

Points of Xg’top are [x, p] with p : T — Aut(z) an isomorphism, and have canonical

isomorphisms Isoxt ([z, p]) = C(I"), where C(I") is the centre of T'.

(d) Points of /?ltﬂop are equivalence classes [x,A] of pairs (x,A), where  : ¥ —
X is a 1-morphism and A C Aut(z) is a subgroup isomorphic to I', and pairs
(x,A), (2',A") are equivalent if there exists a 2-isomorphism ¢ : x = x’ with A" =

CO®A®C. They have isotropy groups
Isozr ([z,A]) 2 {n € Aut(z) : A =nAn~'}.

Points of /'?g’top are [z, A] with A = Aut(z), and have non-canonical isomor-
phisms Isoxr ([z,A]) =T,
(Ae) As topological spaces 2%1;013 = ./'\N’I;Op

1L (X)top are the identity maps. For [z, A] € X{Op

Isozr ([z,A]) & {n € Aut(z) : A =nAn~"}/A.
Also Isoxr ([z, A]) = {1} for all [z,A] € xT

o,top»
(£) L'(A,X), LE(A, &), OF(X), OL(X), ON(%), OL(x), [I"(%), f5(X) are all
representable, but TI' (X), 111 (X) in general are not representable.

(8) LT(A, ), LL(A, &), OF(X), OV(x), I'(X), TL(x), TIT(x), TIL(X) are al
proper, but OL(X), 0L (X) in general are not.

(h) OF(X)top + X5 4op — Xrop takes | Aut(T)| - [C(D)|/|T| points [z, p] of X ip
to each point [x] € Xop with Isox([x]) = T. Also O (X)top : XL 1op = Xitop is @
bijection with the subset of [x] € Xop with Isox([x]) = T.

vl
Xo,t0p7

and XT

o,top =
we have

and TI7(X) top,

so XL is a C>-scheme.

PROOF. For (a), we first prove that A" is a Deligne-Mumford C*-stack. The
inertia stack of X is the fibre product Zy = X Xa, xxx,a, X, where Ay :
X — X x & is the diagonal 1-morphism. There is a canonical construction of
fibre products of stacks. Taking Zy to be given by this construction, by definition
objects of the category Zx are triples (4, B,c¢) where A, B are objects in X with
px(A) =px(B) =U in C®Sch, and ¢: Ax(A) — Ax(B) is a morphism in X x X
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with pxxx(c) = ﬁy. But Ax(A) = (A,A) and Ax(B) = (B,B), SO ¢ = (Cl,Cg)
for ¢1,¢2 : A — B morphisms in X' with px(c;) = idy.

Thus we may write objects of Zy as quadruples (A, B, ¢, d), where A, B are
objects in X with px(A) = px(B) = U, and ¢,d : A — B are isomorphisms in X
with px(¢) = px(d) = idy. Morphisms (A, B,¢,d) — (A, B’,¢,d') in Ty are pairs
(a,b) with a: A — A" and b: B — B’ morphisms in X such that boc¢= ¢ oa and
bod = d oa. This forces px(a) = px(b). The functor pz, : Zy — C°°Sch acts by
Pz ¢ (A, B,c,d) = px(A) = px(B) on objects and pz, : (a,b) = px(a) = px(b)
on morphisms.

Write iy : X — Zx for the l-morphism mapping A — (A, A,ida,id4) on
objects and a — (a,a) on morphisms. Since X is Deligne-Mumford, iy is an
equivalence with an open and closed C*°-substack iy (X) in Zy. Here iy (X) is the
subcategory of objects in Zxy isomorphic to some (A, A,id4,id4). Thus iy (X) is
the full subcategory of objects (A, B, ¢,d) in Zy with ¢ = d.

Since ix(X) is open and closed in Zy, its complement Jx = Zx \ ix(X) as
a C*°-stack is also an open and closed C*-substack in Zy. As a subcategory,
J x is not simply the complement of the subcategory iy (X). Instead, Jy is the
full subcategory of objects (A, B, ¢,d) in Zy satisfying the following condition (x)
analogous to Definition c):

(x) Write U = px(A4) = px(B), and let v € U, and u : * — U the corre-
sponding morphism in C*°Sch. Since py : X — C°Sch is a category
fibred in groupoids, there exist a, : A, — A, b, : B, — B in X with
px(Au) = px(By) = x and px(au) = px(bu) = u, and unique isomor-
phisms ¢, d, : A, — B, such that a, o¢c, = coa, and a, o d, = d o a,
and px(cy,) = px(dy) = id.. We require that ¢, # d,, for all u € U.

Now form the product J[ . A" of |T'[ copies of X', and write AL X — [LerX
for the diagonal 1-morphism. Consider the C'*°-stack fibre product

yZXXAFX!Hy&F""’AF X

X

It is a Deligne-Mumford C'*°-stack by Theorem As for Ty, we can take
objects of Y to be (|T'|+2)-tuples (A,B,c, : v € T'), where A, B are objects in
X with pxy(A) = py(B) = U, and ¢, : A — B for v € T' are isomorphisms in
X with px(cy) = idy. Morphisms (A, B,c, : v € ') — (A", B',c[, : v € ') in
Y are pairs (a,b) with a : A — A’ and b : B — B’ morphisms in X such that
bocy=c,oa:A— B forall y €. The functor py : Y — C>°Sch acts by py :
(A,B,cy : v €T) — px(A) = px(B) on objects and py : (a,b) — px(a) = px(b)
on morphisms.

For §,e € T define K5, : Y — Zx to map (A, B,cy : v €T') = (A, B,cse,c5 ©
¢t oce) on objects and (a,b) ~ (a,b) on morphisms. It is easy to show that Kj . is
a functor, with pz, o Ks. = py. Hence K5, : Y — Zy is a 1-morphism of Deligne—
Mumford C*°-stacks. Thus K(;El (ix(X)) is an open and closed C*-substack in Y,
since iy (X)) is open and closed in Zy.

Similarly, for § # € € I', define Ls. : ¥ — Zx to map (4,B,cy : v €T) —
(A, B, cs,ce) on objects and (a,b) — (a,b) on morphisms. Then Ls. : Y — Ty is
a l-morphism, so L;EI (J x) is an open and closed C'*°-substack in ), since J x is
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open and closed in Zy. Define

Y= Klix@)n () Lyt (Tx).

d,e€l’ oF#ecll

Then )’ is an open and closed C>-substack in Y, as it is a finite intersection of
open and closed C'*°-substacks in ).

Define a functor M : XT — )’ to map M : (A,p) — (A, A,p(y) : v € T) on
objects and M : a — (a, a) on morphisms. The nontrivial claim here is that if (A4, p)
is an object in X then M((A,p)) = (A, A,p(y) : v €T) is an object in V'. The
reason for this is that as p : I' — Aut(A) is a group morphism, for each §,e € I" we
have p(de) = p(6)p(e) = p(6)p(1)~"p(e), s0 (A, A, p(7) : v € T) lies in K [ (ix(X)).
Also, in Definition [0.1fc) p, : T' — Aut(A,) is injective, so py(6) # pu(e) for
§ # € € I'. This is equivalent to condition (x) for Ls.((A, 4, p(y) : v € T)), so
(A, A, p(y) : v €T) lies in in_,el (T x)-

Similarly, define a functor N : Y’ — X" to map N : (4, B,c, : v €T) = (4, p)
on objects, where we define p(y) = ¢; ' oc, for y € T, and to map N : (a,b) + a on
morphisms. The nontrivial claim is that if (4, B,c, : v € I') is an object in )’ then
N((A,B,(;Y Dy € F)) = (A, p) is an object in XT. This holds because (A,B,c, :
venl)e ngl(z;((z'\f)) forces p(de) = p(d)p(e) for all d,¢, s0 p : T' — Aut(A) is a
group morphism, and (A4, B,cy : vy €T) € L;i (T x) for § # € forces py(8) # pu(€)
in Definition c), SO p, is injective.

Now N o M = idyr, and there is a natural transformation n : M o N = idy~
acting by n : (A,B,cy : v € T') — (ida,c1). So X, ) are equivalent categories.
Also py’ oM = pxr and pxr o N = py. Therefore M, N define equivalences of C*°-
stacks, so as )’ is a Deligne-Mumford C*°-stack, X' is also a Deligne-Mumford
C*-stack equivalent to ). This proves the first part of (a).

To see that XL is an open C*°-substack of X', note that the map Xiop = N
mapping [z] — [Isox([z])| is upper semicontinuous, so the subset of points [z] in
X'op with |Isox([z])| < |T| is open, and corresponds to an open C*°-substack X ¢
in X. But then XY ~ X" Xor(x) xine X<|r)s s0 AL is the open C*-substack in
X1 corresponding to X« r| in X, as we have to prove.

Now L'(—,X) defines an action of the finite group Aut(I') on the Deligne—
Mumford C*°-stack XT by 1-isomorphisms, so we may form the quotient C'*-stack
(X" / Aut(I')], which is also a Deligne-Mumford C*®-stack. To define [X/ Aut(T")]
we first define a prestack X'/ Aut(I') which is the quotient of the category X' by
Aut(T), and then [XT/ Aut(T)] is its stackification. Since PAT was defined to be
equivalent to X'/ Aut(T'), its stackification X is equivalent to [X"/ Aut(I")]. This
proves that XT is a Deligne-Mumford C*®-stack and X" ~ [XT/ Aut(T")], as in (a).
Similarly XL C &7 is an open C>°-substack, and XL ~ [xT/ Aut(T)].

To show X' is Deligne-Mumford, we first observe that PAT is a prestack, so
AT is a stack on (C°Sch, J), and then either note that II'(X) : XT — XT has
fibre [x/I'] and X7 is Deligne-Mumford, or use the local models for AT given by
Theorem Then AT C AT is open as for XT, XT. This completes (a).

For (b), if X is separated, locally fair, locally finitely presented, second count-
able, or compact, then ) = X XT1, X is separated, ..., compact, so X are
separated, ..., compact as it is equivalent to an open and closed C'*-substack )’
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of Y, and X' is separated, locally fair, locally finitely presented, or second countable
(but not necessarily compact) as it is open in X', The result for AT, 225, )E'F, 221;
follows as XT ~ [XT/ Aut(T")], XL ~ [T/ Aut()], and X", XT fibre over X, XL
with fibre [x/T7.

For (c), there is a 1-1 correspondence between 1-morphisms z : * — X and
objects Ay in X with px(A;) = %, and if z,y : ¥ — X correspond to A;, A, in
X there is a 1-1 correspondence between 2-morphisms 7 : £ = y and morphisms
ap : Ay — Ay in X with px(a,) = id,. The same correspondences hold for
X", Thus, each 1-morphism y : ¥ — X' corresponds uniquely to some (B, o) in
A" with px(B) = %, so B = A, for some unique 1-morphism z : ¥ — X, and
each o(y) : Ay — A is a,(,) for some unique 2-morphism p(v) : z = =, and
p:T'— Aut(x) is a group morphism. Definition implies that p is injective.

This establishes a 1-1 correspondence between l-morphisms y : * — X1 and
pairs (z,p), where z : ¥ — X is a l-morphism and p : I' — Aut(z) an injective
group morphism. Similarly, if 3,4/ : ¥ — X' correspond to (z, p), (z/,p') then
2-morphisms 6 : y = 3y’ correspond to 2-morphisms ¢ : z = =’ with ( ® p(v) =
pP(y)®C¢:x = a for all vy € T. Also l-morphisms y : * — Xg correspond to
pairs (z,p) with p : I' — Aut(x) an isomorphism. Part (c) then follows. Parts
(d),(e) come from the definitions of PXT,..., PAT in the same way, noting that
stackifying does not change 1-morphisms * — PXT or their 2-morphisms.

For (f), L'(A, X) is representable as it is a 1-isomorphism. Suppose (4, p) is
an object in X' with pyr (A4, p) = U, so that O'(X) : (4,p) = A, and a: A — A’
is an isomorphism in X with px(a) = idy. Then a : (4,p) = (A';aopoa™')is
the unique isomorphism in X" with OT(X) : a ~ a, so OF(X) is representable.
The action POY(X) : (c,1) — ¢ of PO'(X) on l-morphisms is injective, as ¢
determines ¢ by ¢(§) oc = co § for 6 € A. This implies that the stackification
O" (X) is representable. Then IT' (X) representable follows from O (X) o TI' (X) =
O (X) with O(X), OV (X) representable. Also LL'(A,X),0F(X),0L(x),IIL (X)
are representable, as they are restrictions of L'(A, X),... ,ﬁF(X) to open C*°-
substacks. The actions of ITF (X), IIL (X') on isotropy groups have kernels isomorphic
to I. So if I' # {1} these actions are not injective, and II' (X),TI5(X) are not
representable.

For (g), L' (A, &), LY (A, X) are 1-isomorphisms, II' (X), IIL (X) project to quo-
tients by Aut(T'), and II7(X), 1L (X) are fibrations with fibre [%/T], so these are all
proper. We can see that O'(X), 0" (X) are proper, but O (X), O (X) in general
are not, using Theorem [0.10] and the fact that every Deligne-Mumford C*°-stack
is locally of the form [X/G].

For (h), if [z] € Xyop with Isox ([z]) = T, then by (c) points [z, p] € X};top with
O (X)top © [@,p] = [2] are given by isomorphisms p : I' — Isox([z]). There are
| Aut(T")| such p. If p, p’ are two such isomorphisms, then (c) shows [z, p|] = [z, p']
if and only if p’ = p® for some a € T', where p® : v+ aya~!. For aj,as € T, we
see that p®' = p®2 if and only if (a5 'a1)y = (s 'ay) for all v € T, that is, if
ayta; € C(T). Hence, the p® for a € T realize |T|/|C(T)| distinct isomorphisms
p T — Isox([z]). So the | Aut(I")| isomorphisms p : I' = Isox([z]) are identified
in groups of |T'|/|C(T)| to make | Aut(I')| - |C(T")|/|T'| points [z, p] in Xg’top. The
statement for OL (X)iop is immediate as if [z, A] € fl;top then A = Aut(x), so
[z, A] — [z] is a 1-1 correspondence. This completes the proof of Theorem (9.5, O
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EXAMPLE 9.6. Let X be a Deligne-Mumford C*°-stack, and Zx the inertia
stack of X, as in the proof of Theorem [9.5] Then there is an equivalence

Z
I;{ :XXAx,XXX,AXX:Hk>1X k.

To see this, note that points of Zx are equivalence classes [x,7)], where [x] € Xop
and 7 € Isox([z]). Since X is Deligne-Mumford, Isox ([z]) is a finite group, so each
n € Isox([z]) has some finite order k¥ > 1, and generates an injective morphism
p: Zy, — Isox([z]) mapping p : a — 1° We may identify X”* with the open and
closed C*°-substack of [z,n)] in Zx for which n has order k.

9.2. Lifting 1- and 2-morphisms to orbifold strata
The construction of X7, X", XT extends functorially to 1- and 2-morphisms.

DEFINITION 9.7. Let X', ) be Deligne-Mumford C*°-stacks, I' a finite group,
and f : X — ) a representable 1-morphism, so that f : X — ) is a functor with
py o f = px. We will define a representable 1-morphism fT : e Vo

On objects (A, p) in X", define fT'(A, p) = (f(A), f o p). We must check that
fY(A, p) satisfies Definition (a)—(c). Parts (a),(b) hold as f is a functor with
py o f = px. For (c), if u € U then (c) for (4, p) shows that p, : I' — Aut(4,)
is injective, so f o p, : I' = Aut(f(A4,)) is injective as f is representable, and
this gives (c) for (f(A),f o p). On morphisms ¢ : (4,p) — (B,0) in X" define
FT(0) : T4, p) = fL(B,0) by f7(c) = f(¢) : F(A) — F(B).

Then f*: X7 — YU is a functor, and py o f = py implies that pyr o fI' = pyr.
Hence fU : &Y — V' is a 1-morphism of C®-stacks. It is the unique such 1-
morphism with O'(Y) o fT' = foO'(X) : &Y — Y. Also, f' is injective on
morphisms, as f is, so f! is representable.

Now let f,g : X — )Y be representable, and n : f = g be a 2-morphism.
Then f,g : X — Y are functors, and n : f = ¢ is a natural isomorphism. Define
n" 1 fT = g' by taking the isomorphism 7" (A4, p) : fF'(A,p) — g" (A, p) in Y' for
each object (A, p) in X" to be the isomorphism 1" (A, p) = n(A) : f(A) = g(A)in Y.
Then n' : fI' = ¢' is a natural isomorphism of functors, and hence a 2-morphism
in DMC®°Sta. It is the unique such 2-morphism with idory) *nl =1 * idor (x)-

Write DMC°Sta™ for the 2-subcategory of DMIC*°Sta with only repre-
sentable 1-morphisms. Define FT : DMC*Sta"™ — DMC>Sta™ by F' : X —
FU(x) = X" on objects, FT : f — F'(f) = fT on representable 1-morphisms, and
FU 9 FY(n) =n' on 2-morphisms. Then F' is a strict 2-functor, in the sense
of

DEFINITION 9.8. Let X', ) be Deligne-Mumford C*°-stacks, I' a finite group,
and f : X — Y a representable 1-morphism. Define functors PfI : PXT —
PY" mapping (A,A) — (f(A), f(A)) on objects and (c,t) = (f(c), foro fIxh)
on morphisms, and PfT : PAT — PYT mapping (4,A) — (f(A), f(A)) and
(e, ) A — (f(c),foro f\gl)f(A). Then PfT, PfT are 1-morphisms of prestacks,
so stackifying gives 1-morphisms f* : XT — YU and fT: XT — J'.

If f,g : X — Y are representable, and n : f = g is a 2-morphism, we define
Pil . PfT = PGl and Pt : PfT = PGL by Pit : (A, A) — (n(A),.7), where
1 f(A) = g(A) maps 7 f(8) = g(6) = n(A) o £(6) on(A)~! for § € A, and
Pl (A, A) = (n(A),) f(A). Then Pi", PA' are 2-morphisms of prestacks, so
stackifying gives 2-morphisms 7' : fF = g" and 7' : fr =gl
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As in Definition [0.7] we would like to define 2-functors
FU F': DMC>Sta™ — DMC>™Sta™ (9.4)

by FU'(X) = X' on objects, F'(f) = f* on 1-morphisms, F'(n) = 7" on 2-
morphisms, and so on. But there is a difference. Stackifications of 1-morphisms
of prestacks involve arbitrary choices, and are unique only up to 2-isomorphism.
Therefore strict equalities of 1-morphisms of prestacks translate, on stackification,
to 2-isomorphisms of their stackifications, rather than strict equalities.

For representable 1—m91:ghisms f: X =Y, g:Y — Z, inprestack 1-morphisms
we have Pl o PfT' = P(go f)'. Thus, stackification gives a 2-isomorphism Fg’f :
§" o /T = (go f)T, which need not be the identity. Similarly, P(idx)" = idp pr :
PXT — PXT, but on stackification we get a 2-isomorphism 1*:‘1/; : (iEiVX)F = idr,
which need not be the identity. Because of this, FT, FTin are weak 2-functors
rather than strict 2-functors, in the sense of

The 1-morphisms in are compatible with f~F, fF by 2-isomorphisms

O'(V)o [l = foOr (X), T"(V)o = floll'(X), T"(V)of" = floll" (X),
which follow by stackifying equalities of 1-morphisms of prestacks.

REMARK 9.9. For f : X — ) and I" as above, the restriction fF|Xg need not
map X 5 — yg, but only X 5 — YU unless f induces isomorphisms on isotropy
groups. Thus we do not define a 1-morphism fI : XT — YU or a 2-functor
FI' : DMC®>Sta™ — DMC>Sta"™. The same applies for the actions of f on
orbifold strata XL, XT.

9.3. Orbifold strata of quotient C*°-stacks [X/G]

The next theorem describes X*, ..., X I' explicitly when X is a quotient C°-
stack [X/G], as in §7.1] We can prove it by showing the explicit constructions of
Definition [7.1] and Definitions [9.1H9.2] commute up to equivalence.

THEOREM 9.10. Let X be a Hausdorff C*°-scheme and G a finite group acting
on X by isomorphisms, and write X = [X /G] for the quotient C°-stack, which is
a Deligne—Mumford C-stack. Let T" be a finite group. Then there are equivalences
of C*°-stacks

At~ [(Hinjective group morphisms p: T' — G)f(p(r))/G]7 (9.5)
X o~ [(Hinjective group morphisms p: T' — ng(r))/G]v (9.6)
X" 2 [(Woutgroups a c o a =0 X2)/G], (9.7)
X5 2 [(Woutgroups a c o a =0 X8)/G], (98)

where for each subgroup A C G, we write X* for the closed C*®-subscheme in X
fized by A in G, and X2 for the open C™-subscheme in X of points in X whose
stabilizer group in G is exactly A.

Here the action of G on ]_[p Xr@ in is defined as follows. Let g € G and
p: ' — G be an injective morphism. Define another injective morphism p9 : I’ — G
by p9 v gp(7)g~". Then g(X*T)) = XP'() a5 C®-subschemes of X, and the
action of g on ]_[p XM maps XPT) — XP°T) by the restriction of g: X — X to

X*T). The G-actions for 7 are similar.
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We can also rewrite equations (9.5)-(9.8) as

A~ I1 [ X7®/{g € G:gp(v) = p(r)g ¥y €T}, (9.9)

conjugacy classes [p] of injective
group morphisms p: ' —

XL~ 11 (X5 /{geGigp(v) =p(v)g ¥y €T},  (9.10)
conjugacy clq,sses [p] of injective
group morphisms p: I' = G

X~ 11 [(X2/{geG:A=gAg'}], (9.11)
conjugacy classes [A] of subgroups A C G with A =T

AL~ H [Xf/{geG:A:gAg_l}}. (9.12)

conjugacy classes [A] of subgroups A C G with A =T

Here morphisms p,p’ : T' — G are conjugate if p' = p9 for some g € G, and
subgroups A, A" C G are conjugate if A = gA’g~! for some g € G. In 7
we sum over one representative p or A for each conjugacy class.

In the notation of 7, there are equivalences of C°°-stacks

AT ~ 11 [X2/({ge G:A=gAg'}/A)], (9.13)
conjugacy classes [A] of subgroups A C G with A =T
XL~ 11 [X2/({g€G:A=gAgT'}/A)]. (9.14)

conjugacy classes [A] of subgroups A C G with A =T

Under the equivalences . -, the 1-morphisms in are identified up

to 2-isomorphism with 1-morphisms between quotient Coo—stacks induced by natural
C*>-scheme morphisms between ]_[p XrM) X, ... For example, the disjoint union
over p of the inclusion XP) — X is a G-equivariant morphism ]_[p X0 5 X,
inducing a 1- marphzsm 11, X*M)/G] — [X/G). This is zdentzﬁed wzth OF( )
XY= X by (9 Szmzlarly, HF(X) XY — XT s identified by (9.5 7 with
the 1- morphzsm []_[ XrM /G — [[1x X2 /G] induced by the O -scheme morphzsm
I, XPM — 11A X mapping morphisms p to subgroups A = p(T'), and acting by
idxa : XPI — X2 for A = p(I).

9.4. Sheaves on orbifold strata

Let X be a Deligne-Mumford C*°-stack, I" a finite group, and £ € qcoh(X),
so that €7 := OT(X)*(£) € qcoh(XT). We will show that there is a natural
representation of I’ on £" and also the action of Aut(I') on A" lifts to £', so that
Aut(I') x T acts equivariantly on E'.

DEFINITION 9.11. Let X be a Deligne— Mumford C*°-stack, and I a finite group,
so that - 9.1] defines the orbifold stratum X', a 1-morphism OP( ): &V 5 X, an
action of Aut(T") on O'(X) by 2-isomorphisms E' (v, X) : O'(X)=O"(X), and an
action of Aut(I') on X" by l-isomorphisms L' (A, X) P L

Suppose & is a quasicoherent sheaf on X, and write E' for the pullback sheaf
O (X)*(€) in qeoh(XT). Using the notation of Definition for each v € I" and
A € Aut(T) define morphisms R (v,&) : E' — & and ST(A, E) : LY (A, X)*(EY) —
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E" in qcoh (&) by

RY(7,€) = B' (7, X)*(€) : O (X)*(€) — O"(X)*(6)  and

ST(A,€) = Irr(a,x),0m ) (€) 7 t LT (A, X)" 0 OF(X)*(€) — OT(X)"(€),
where the definition of ST (A, &) uses OF (X) o LT'(A, X) = OT'(X).

Since EV(1,X) = idor(x) and EV (7, X) ® EY(§,X) = EV(v6, X) for v,6 € T

as in Definition [0.4] we have
RF(1,€) =ider and RY(v,€) o0 R (5,£) = RY(6,€) forall 4,6 € T.
Hence R"(—,€) is an action of T on ' by isomorphisms.

As LY(idp, X) = idyr and LU(A,X) o LY (A, X) = LY (AN, X) for A, A €

Aut(A), by properties of morphisms I, .(x) we find that

ST (idp, &) = d2r (EY) 1 id%r (ET) — €Y, and

STAN,€) = ST(N, E)o LN (N, X)*(ST(A, €)) ol e (ar 2y, (a,2) (ET).
This means that the ST(A, &) define a lift of the action of Aut(T') on A" to &',
that is, £ is an Aut(I)-equivariant sheaf on X7 .

If y € T and A € Aut(I") then noting that O (X)o LY (A, X) = OF'(X), one can

show from Definitions [0.3] and [0.4] that
E'(A(), X) *idprax) = BN (1, X) : OF(X) = O (X).
Pulling back £ by this equation and using properties of the I, .(x) we find that
RY(7,€) 0 ST(A, &) = SY(A,E) o LY (A, X)*(RY (A(%), E)). (9.15)
This is a compatibility between the actions of I' and Aut(T") on EY. Tt says that
the action of Aut(T') on X" lifts to an action of Aut(I') x T on E'.

Let o : £; — &£ be a morphism in gcoh(X). Then ol := O'(X)*(a) : £} — &}
is a morphism in qeoh(X"). Since E'(y,X)* : O'(X)* = O'(X)* is a natural
isomorphism of functors, we see that

of o RN (v,£1) = RV (v,£2) 0a" for y €T,
Similarly we find that
ol o ST(A,E1) = SY(A, &) o LY (A, X)* (o) for A € Aut(I).
These imply that R(vy,—) and S(A, —) are natural isomorphisms of functors.

Now let f : X — ) be a representable 1-morphism of C'*°-stacks, so that as
in §9.2{ we have fU : X — YU, Let F € qcoh()). Then we may form f*(F) €
qcoh(X) and hence f*(F)T = OT(X)*(f*(F)) € qeoh(x"), or we may form F' =
OY(V)*(F) € qcoh(Y") and hence (f1)*(F') € qeoh(XT). Since OT(Y) o fI' =
foOF(X), these are related by the canonical isomorphism

TY(f, F) = I or)(F) o Tor () ¢ (F) 7 1) — (F)(FF). (9.16)
Using properties of I, . (), it is easy to show that
() (B (v, F)) o TH(f, F) = TV (f, F) o R (7, f*(F)) foryel,  (9.17)
and noting that f' o LI'(A, X) = LY(A, ) o fI', we also find that
TY(f, F) o ST(A f5(F)) = (F) (ST (A, F)) o Iy priay)(F') o
Lpra,), o (F1) 7o LN (A, X)(TV(f, F)).
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This shows that the isomorphisms 77 (f, F) identify the (Aut(T') x I')-actions on
SH(F) and (f7)*(FD).

Now let X, T, XY, & and E' be as above, and write Ry, ..., R for the irre-
ducible representations of I over R (that is, we choose one representative R; in
each isomorphism class of irreducible representations), with Ryp = R the trivial
representation. Then since R''(—, &) is an action of I' on EY by isomorphisms, by
elementary representation theory we have a canonical decomposition

Er=@F efoR, for&l,... €L e qeoh(al). (9.18)

We will be interested in splitting £" into trivial and nontrivial representations of
I", denoted by subscripts ‘tr’ and ‘nt’. So we write

Eh=¢l ol (9.19)

where £}, L, are the subsheaves of " corresponding to the factors £ ® Ry and
Eszl EY ® R; respectively. Equivalently, consider ﬁ > er RU(v,&): & =&t 1t
is a projection (its square is itself), with image £}, and kernel EL,.

If T acts on R; by p; : I' — Aut(R;), and A € Aut(T'), then p; o A™1 : T —
Aut(R;) is also an irreducible representation of I', and so is isomorphic to Ry
for some unique A(¢) = 0,...,k. This defines an action of Aut(I') on {0,...,k}
by permutations. One can show using that ST (A, &) acts on the splitting
by mapping L' (A, X)*(E} @ R;) — ER,l(i) ® Rpo-1(;). Since A(0) =
follows that ST (A, &) maps L' (A, X)*(EL) — &L and LU(A, X)*(EL) — &L,
is, ST(A, ) preserves the splitting @b

Equation implies that T7(f, F) maps f*(F)F @ R; — (f7)*(F} @ R;)
in for f*(F)T,F', and so maps f*(F)L — (fN)*(FL) and f*(F)L, —
(F7)7 (Fe) i (9.19)-

The next two definitions explain to what extent this generalizes to X1, XT.

that

DEFINITION 9.12. Let & be a Deligne-Mumford C*°-stack, and I' a finite
group, so that defines the orbifold strata X", XT with X7 ~ [XT/ Aut(T)],
and 1-morphisms O'(X) : AT — X, OY(X) : X7 - X and ITV(X) : AT — AT
with OT(X) o IIT(X) = OF (X).

Let us ask: how much of the structure on ' in Definition[9.11] descends to 72
It turns out that £ does not have natural representations of T' or Aut(T"), since
we do not have actions of T' on OF(X) by 2-isomorphisms or of Aut(I') on X by
I-isomorphisms. In effect, taking the quotient by Aut(I') in X7 ~ [XT/Aut(I)]
destroys both these actions.

However, at least part of the natural decompositions f descends
to E'. As in Definition write Ry, ..., Ry for the irreducible representations
of T, so that Aut(I") acts on the indexing set {0,...,k}. Form the quotient set
{0,...,k}/ Aut(T"), so that points of {0,...,k}/ Aut(I") are orbits O of Aut(T") in
{0,...,k}. Then we may rewrite as

E' = Boero.. k1) autr) [Pico &i © Ril.
Since ST(A,E) maps L'(A, X)* (£} @ R;) — 5R_1(i) ® Rp-1(;), we see that
ST(A,E) : LV (A, X)* (@0 EF ® Ri) — Dye0 &l @ R,
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for each O € {0,...,k}/ Aut(T). Now the ST(A, E) lift the action of Aut(T') on AT
to ', and T is essentially the quotient of E' by this lifted action of Aut(T") under
the equivalence X7 ~ [XT/ Aut(I')]. Therefore any decomposition of £ which is
invariant under ST (A, £) for all A € Aut(I") corresponds to a decomposition of L.
Hence there is a canonical splitting

. e o (9.20)
Tir 2,600 )T IN(X)*(E6)] = @ico & ® R under (9.18).

Pjs for lb we define thf; trivial and nontrivial parts of EC by EL = SI{B} and
En = DBoeq,... k3 aut(r) €0 Then
El =&l @ &, where Iﬁf(x),éf(;()(g)*l [ﬁF(X)*(gtFr)] =4

e (9.21)
and Iqr x) or (1) (€) I[HF(X) (5Et)] = Ene-

Each point [z, A] of X top

has isotropy group Isozr ([, A]) with a distinguished
subgroup A with a noncanonical isomorphism A 2 I'. The fibre of ET at [, A]
is a representation of Isofr([xz,A]), and hence a representation of A. Equation
(9.21)) corresponds to splitting the fibre of ET at [z, A] into trivial and nontrivial
representations of A. Equation corresponds to decomposing the fibre of EF
at [z, A] into families of irreducible representations of A = T' that are independent
of the choice of isomorphism A =T

Now let f : & — ) be a representable 1-morphism of C'"*°-stacks, so that as
in §9.2 we have a representable 1-morphism fT : XT — YU with f o OF(X) =
O (V) o ff'. Let F € qco}% so that FT' e qeoh(QT), f*(F) € qeoh(X), and
“(F .16

“(F)T' € qeoh(XT). As for (9.16), we have a canonical isomorphism

~

Tr(fa}—) = fr,o*F(y)(}-) °© OF(X)J(]:)_l : f*(}—)F — (JFF)*(]TF)

As for TY(f, F) in Definition Tr(f,]-") maps f;(j:)g - (fl“)*(]_-g) in "
for f+(F)", F', and so maps f*(F)f, = (f1)"(FL) and f+(F)f, — (/1) (FL)
in (9:21).

DEFINITION 9.13. Let X be a Deligne—Mumford C'*°-stack, and I a finite group,
so that defines the orbifold strata X, XT and 1-morphisms OF (X): At 5 x
and II" : X7 — X7 where II" is non-representable, with fibre [%/T].

Suppose £ is a quasicoherent sheaf on X'. Since we have no 1-morphism AT -
X, we cannot pull £ back to AT to define £ in qcoh(XT). But we do have
E' = O"(X)*(€) in qcoh(XT), with splitting EF = EL @ €L, as in , S0 we
can form the pushforward ITE(ET) in qeoh(XT). Now pushforwards take global
sections of a sheaf on the fibres of the 1-morphism. The fibres of IT" are [¥/T).
Quasicoherent sheaves on [*/T"] correspond to I'-representations, and the global
sections correspond to the trivial (I-invariant) part.

As the T-invariant part of E' is L, we see that IIL(EL) = 0, that is, L, and
ET do not descend to XT. Define EL, = TIT(ET) in qeoh(XT). This is the natural
analogue of EF L on XT, and has a canonical isomorphism

()" (E5) = &L (9.22)
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Now let f: X — ) be a representable 1-morphism of C"*°-stacks, so that as in
we have a representable 1-morphism fT : XT — YT, Then there is a canonical
isomorphism

TL(F) = (P — (P (FL),
the composition of the natural isomorphism TIL o (f7)*(FL) — (fT)* o TIT(FL)
with TIE (T (f, F)| =) ).

9.5. Sheaves on orbifold strata of quotients [X /G|

In the next theorem we take X = [X /G|, and use the explicit description of X
in Theorem to give an alternative formula for the action R''(—, &) of T on £F
in Definition This then allows us to understand the splittings 9.187 in
terms of sheaves on X. The proof is a long but straightforward consequence of the
definitions, and we leave it as an exercise.

THEOREM 9.14. Let X be a Hausdorff C*°-scheme, G a finite group, r : G —
Aut(X) an action of G on X, and X = [X/G] the quotient Deligne—Mumford
C*>-stack. Then gives an equivalence X' ~ [[] X M /q).

Write gcoh® (X) for the abelian category of G-equivariant quasicoherent sheaves
on X, with objects pairs (E,P) for £ € qcoh(X) and ®(g) : r(9)*(€) — &€ is an
isomorphism in qcoh(X) for all g € G satisfying ®(1) = dx(€) and

®(gh) = ®(h) or(h)"(®(g)) 0 Ipn)r(g)(E)  forall g,h € G,

injective p: I' — G

and morphisms o : (€,®) — (F,¥) in qcoh®(X) are morphisms o : & — F in
qcoh(X) with oo ®(g) = ¥(g) or(g)*(e) for all g € G.

Then qcoh® (X)) is isomorphic to qcoh(G x X = X)) in Definition so The-
orem gives an equivalence of categories Fry : qcoh(X) — qcth(X). Using
we also get an equivalence FY : qcoh(XT) — qcth(]_[p X?PM). These categories
and functors fit into a 2-commutative diagram:

qeoh(X) - qeoh(X)
forcey o P x| (9.23)
QCOh(XF) n qCOhG(L[pL{P(F))7

where ix : ]_[p XPT) s X is the union over p of the inclusion morphisms X,
X, which is G-equivariant and so induces a pullback functor i% as shown, and
NY(X) is a natural isomorphism of functors. ;

Let (E,®) € qecoh®(X), so that (B, ®) € qcth(]_[p X?M) . Define a mor-
phism R' (v, (E, ®)) : ix(E,®) = i%(E,®) in qcth(]_[po(F)) for v € T' such
that

RP (7a (E7 (I))) |L{P(F) : ZXLE{/)(F) (E) — Z.XLE(P(F) (E) is given by
R (7, (B,®)) | xem = ix o (@(p(r7)) 0 L) iy (o3~ (€)

for each p, noting that r(p(y~1)) oix |xem) = ix|xem). Then RT (—, (F, CI))) 15 an
action of T' onix|% ) (E) by isomorphisms. Furthermore, for each & in qcoh(X')
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and v in T, the following diagram in qcth(]_[p XPM)) commutes:

INZ2% INTS
F(€") o FR(E")
e - NT(@)(©))
i% o Fu(€) 0 Fule) i o Fu().

That is, the equivalences Fu, FY in (9.23) identify the T-actions R'(—,—) on
O"(X)* and R"(—,—) on i% by natural isomorphisms.

9.6. Cotangent sheaves of orbifold strata

Finally we apply these ideas to write the cotangent sheaves of X T, AT in
terms of the pullbacks of T*X. The theorem illustrates the principle that when pass-

ing to orbifold strata, it is often natural to restrict to the trivial parts EL., L ET
of the pullbacks of £. The nontrivial parts (T*X)L,, (T*X)L, should be interpreted

nt»

as the conormal sheaves of X*, X7 in X.

THEOREM 9.15. Let X be a Deligne—Mumford C*°-stack and T' a finite group,
so that defines OV (X) : X' — X. As in Definition we have cotan-
gent sheaves T*X,T*(X") and a morphism Qor(xy : OV (X)*(T*X) — T*(xh)
in qecoh(X").  But OV (X)*(T*X) = (T*X)', so by we have a splitting
(T*X)" = (T* X)L & (T*X),. Then Qor x| xyr, : (TFX)L — T*(XT) is an
isomorphism, and Qor (x)|(p+x)r, = 0.

Similarly, using the 1-morphism OF (X): XY — X and the splitting for
(T*X)" we find that Qér x| (ra)r = (T*X)g — T*(XT) is an isomorphism, and
Q@F(X)|(TTX)}; =0. - . R

Also, there is a natural isomorphism (T*X)L = T*(XT) in qcoh(AT).

PrOOF. All of the claims are local statements on XF,/?F,)?F, that is, it is
enough to prove them on open covers of X7, X7, AT As X is Deligne-Mumford
it is covered by open C°°-substacks U equivalent to [U/G] for U an affine C'°°-
scheme and G a finite group. Then XT, X", XT are covered by the corresponding
UT,UT,UT. Thus it is sufficient to prove the theorem when X ~ [X/G] for X an
affine C*°-scheme and G a finite group acting on X. As the theorem is independent
of X up to equivalence, we may take X = [X/G].

Thus we can apply Theorems and to translate each part of the the-
orem into statements about X, X?() ... For the first part, using the notation of
Theorem we find that Fp(T*X) = (T* X, ®), where ®(g) = Q,(,) for g € G.
Similarly Fyy(T*X") = (T*(1I, X*"), @"), where ®"'(g) = 1, (g, and
r(9)| o) maps XPT) — xp7(),

Fix an injective morphism p : I' — G, and write % : XPM) 5 X for the
inclusion of X?() as a C*®-subscheme. Then (i%)*(T*X) = i%(T*X)|x»® in
qcoh(X*M)) and Qe = Qiy | xr®. Theorem and ®(g) = Q,(4) show that the

)

I-action R (7, (T*Xi <I>)) on (ZE(T*X),;'E( (®)) acts on (j%)*(T*X) by

RY (7, (T X, ®)) |(ag =) = (%) (Quor-19)) © Lige o210
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Let (i%)*(T*X) = (%)*(T* X)) @ (1%)*(T*X)ne be the decomposition into
trivial and nontrivial I'-representations under the action of RY'(—,(T*X,®)). Since
Theorem shows that the T-actions R (—,T*X) and RY(—,(T*X,®)) are in-
tertwined by F, the splitting into trivial and nontrivial parts corresponds. As F}
is an equivalence of categories by Theorem the first part of the theorem is thus
equivalent to showing that

Qig, + (%) (T°X) = (%) (T X)er © (%) (T X ) — T" X"

is an isomorphism (i%)* (7" X)s — T*X*™) and is zero on (1% )" (T* X ) ns.

To see this, let z € X, C X, and write €, for the local C*°-ring Ox ,,
the stalk of Ox at x. Then the action p of I" on X fixing x induces an action
¢: T — Aut(€,) of ' on €,. Since each ¢(y) : €, — €, acts on €, as a C®-ring
isomorphism, it is an R-linear map, so we may split €, = €, +,®&,  into trivial and
nontrivial I'-representations. Write (€ ,,) for the ideal in €, generated by €, 4,
and D, = € /( ont) for the quotient C®°-ring, with projection 7, : €, — D,.
Then Oy, , =D, and ZXI Em, i Chp— Dy

We have cotangent modules Q¢ _, 9, with morphisms 2, : Q¢ — Qp, and
(Qr, ) Q¢ ®e, Dy — Qo,. In stalks at = € XPM C X we have [T*X]: = Qc,,
[T* X7, = Qs (i3 )T X)) = Qe, Q¢, D, and Qe X]x >~ (Qr,)x : Qe, Rc,
D, — Qp,. The I'- action on ¢, induces one on Q¢ , and hence one on Q¢, ¢,
®,. Thus we split into trivial and nontrivial I'-representations, Q¢, ®¢, D, =
(Q¢ ®c¢, Dz)tr ® (Qe, ®e, Dy )nt. This I-action is identified with that on the stalk
[(#5)7(T" X )] Hence [(15)"(T* X)ula = (Qe. Be, Da)er and [(15)"(T" X )]s =
(e, ®e, Da)ut-

We have a linear map de, : €, — Q¢,, whose image generates Q¢ as a €,-
module. It induces a linear map de¢, ® m; : € — Q¢ ¢, D,, whose image
generates (¢, Q¢ D, as a D -module. As de, ® 7, is [-equivariant, it maps €, ¢
and €4 to (Qe, ®e, Dy )er and (Qe, ®¢, Dy )nt, respectively. Hence (Qe, ¢, Dy )tr
and (Qe¢, Q¢, Dy )nt are generated as D -modules by (de, @ m;) (€4 1) and (de, ®
7T'ac)(c:av,nt)-

Since D, = €, /(€4 nt), we see that (Qr, )« : Qe, Ve, Dy — Qo is surjective,
with kernel generated by (de, ® ﬂw)((QZm,nt)). It is enough to use not the whole
ideal (€4 nt), but only the generating subspace €, ;. The D, -submodule generated
by (de, ® 72)(Cant) is (Qe, ¢, Dz)ns. Thus, (). is surjective with kernel
(Qe, ®e,Da)nt, 50 (r, ) sl (Qe, ®e, D0)er ¢ (e, @, Da)er — Lo, is an isomorphism,
and (Qr, )+l(@e, 8¢, D000 = 0- Therefore [Q [i5)*(7*x)ule ¢ (%) (T" X))o —

[T*X*(M)], is an isomorphism, and [Q4 |5,)*(1* X))e = 0. As this holds for all

xe Xrd) C X, the first part follows. 3 ~
For the second part, Theorem a) and OV(X) o ITI'(X) = OY(X) give a
commutative diagram in qcoh(x™):

I (X)* (O (X)*(T* X)) = O°(X)"(Qr ) - s

) (ORI
Tlﬁf(x),éF(x)(g) Qfr () (9.24)

or'(x ) (T*X)— Qor (x)

(T*x)L @ (T*x)L,
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As TI'(X) is the projection X" — [XT/Aut(I)], it is étale, so Qar(y) is an
isomorphism. Also Iﬁp(X) OF(X)(‘S) identifies ‘tr’,‘nt’ with ‘tr’,'nt’ components.

Thus and the first part show II7(X)*(Qorx)|zar) : IT(X)* (T X)E)
— HO°(X)*(T*(X")) is an isomorphism, and IZIF(X)*(Q@F(X)RTTX)&) = 0. As
l:[F(X ) is étale and surjective, the second part of the theorem follows. The third
part is proved by a similar argument involving Ir. O



APPENDIX A

Background material on stacks

Finally we recall some background material on stacks needed in Readers
unfamiliar with stacks are advised to look at an introductory text such as Olsson
[57], Vistoli [68], Gomez [29], or Laumon and Moret-Bailly [46] before reading this
section.

Stacks of any kind form a strict 2-category C, with objects X, ), 1-morphisms
f,9: & = Y, and 2-morphisms 1 : f = g. So we begin in §A.1| with an intro-
duction to 2-categories. Sectionscover Grothendieck (pre)topologies, sites,
prestacks and stacks, descent theory, properties of 1-morphisms of stacks, geometric
stacks, and stacks associated to groupoids.

Our principal references were Artin 3], Behrend et al. [4], Gomez [29], Laumon
and Moret-Bailly [46], Metzler [49], Noohi [55], and Olsson [57]. The topological
and smooth stacks discussed by Metzler and Noohi are closer to our situation than
the stacks in algebraic geometry of [4,2946], so we often follow [49/55], particularly
in §A.5| which is based on Metzler [49] §3]. Heinloth [32] and Behrend and Xu [5]
also discuss smooth stacks.

A.1. Introduction to 2-categories

A good reference on 2-categories for our purposes is Behrend et al. [4, App. B],
and Borceux [8) §7] and Kelly and Street |[43] are also helpful.

DEFINITION A.1. A strict 2-category C consists of a proper class of objects
Obj(C), for all X,Y in Obj(C) a small category Hom(X,Y), for all X in Obj(C)
an object idx in Hom(X, X)) called the identity 1-morphism, and for all XY, Z in
Obj(C) a functor

px,y,z : Hom(X,Y) x Hom(Y, Z) — Hom(X, Z).
These must satisfy the identity property, that
px.xy(idx, =) = px vy (=, idy) = idgom(x,v) (A1)
as functors Hom(X,Y) — Hom(X,Y'), and the associativity property, that
pw,v,z © (Bw,x,y X idaom(y,2)) = w,x,z © (idaomw,x) X/1X,v,2) (A.2)
for all W, XY, Z, as functors
Hom(W, X) x Hom(X,Y) x Hom(Y, Z) — Hom(W, X).

Objects f of Hom(X,Y') are called 1-morphisms, written f : X — Y. For
I-morphisms f,g : X — Y, morphisms 1 € Homgom(x,y)(f,9) are called 2-
morphisms, written 1 : f = g. Thus, a 2-category has objects X, and two kinds of
morphisms, 1-morphisms f : X — Y between objects, and 2-morphisms n: f = ¢
between 1-morphisms.
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A weak 2-category, or bicategory, is like a strict 2-category, except that the
equations of functors , are required to hold only up to specified natural
isomorphisms, which should themselves satisfy identities. Strict 2-categories are
examples of weak 2-categories in which these specified natural isomorphisms are
identities. We will not give much detail on weak 2-categories, since the 2-categories
of stacks we are interested in are strict.

In many examples, all 2-morphisms are 2-isomorphisms (i.e. have an inverse),
so that the categories Hom(X,Y') are groupoids. Such 2-categories are called (2,1)-
categories.

This is quite a complicated structure. There are three kinds of composition in
a 2-category, satisfying various associativity relations. If f : X - Y and g:Y —
Z are 1-morphisms then px v, z(f,g) is the composition of 1-morphisms, written
gof:X —Z. If fgh: X — Y are l-morphisms and n: f = g, ( : g = h are
2-morphisms then composition of 7, ¢ in the category Hom(X,Y') gives the vertical
composition of 2-morphisms of n,(, written ( @ n : f = h, as a diagram

f
S S
X——=Y > X {eon Y.
~ Y

h

Andiff,f:X%Yandg,ng%Zare l—morphismsandn:féf,C:gﬁg
are 2-morphisms then px vy z (7, () is the horizontal composition of 2-morphisms,
written (*n:go f = go f, as a diagram

f g gof
X oy ¥ 2z o~ X ez
~ " 7 ~ 7~ ~_ 7 =
f g gof

There are also two kinds of identity: identity 1-morphisms idx : X — X and
identity 2-morphisms idy : f = f.

In a strict 2-category C, composition of 1-morphisms is strictly associative,
(go f)oe = go (foe), and horizontal composition of 2-morphisms is strictly
associative, (( *n)*xe = (* (n=*¢€). In a weak 2-category C, composition of 1-
morphisms is associative up to specified 2-isomorphisms.

A basic example is the 2-category of categories Cat, with objects small categories
C, 1-morphisms functors F' : C — D, and 2-morphisms natural transformations
n: F = G for functors F,G : C — D. Orbifolds naturally form a 2-category, as do
Deligne-Mumford and Artin stacks in algebraic geometry.

In a 2-category C, there are three notions of when objects X,Y in C are ‘the
same’: equality X =Y, and isomorphism, that is we have 1-morphisms f: X — Y,
g:Y — X with go f = idx and f o g = idy, and equivalence, that is we have
l-morphisms f : X — Y, g:Y — X and 2-isomorphisms 7 : g o f = idx and
(: fog=idy. Usually equivalence is the most useful. For example, isomorphisms
are not preserved by equivalences of 2-categories, whereas equivalences are.

Let C be a 2-category. The homotopy category Ho(C) of C is the category whose
objects are objects of C, and whose morphisms [f] : X — Y are 2-isomorphism
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classes [f] of 1-morphisms f : X — Y in C. Then equivalences in C become iso-
morphisms in Ho(C), 2-commutative diagrams in C become commutative diagrams
in Ho(C), and so on.

Commutative diagrams in 2-categories should in general only commute up
to (specified) 2-isomorphisms, rather than strictly. Then we say the diagram 2-
commutes. A simple example of a commutative diagram in a 2-category C is

i PR T ,

which means that X,Y, Z are objects of C, f: X =Y, g: Y > Zand h: X = Z
are 1-morphisms in C, and n: go f = h is a 2-isomorphism.

Next we discuss 2-functors between 2-categories, following Borceux [8, §7.2,
§7.5] and Behrend et al. [4] §B.4].

DEFINITION A.2. Let C, D be strict 2-categories. A strict 2-functor F': C — D
assigns an object F'(X) in D for each object X in C, a 1-morphism F(f) : F(X) —
F(Y) in D for each 1-morphism f: X — Y in C, and a 2-morphism F(n) : F(f) =
F(g) in D for each 2-morphism 1 : f = ¢ in C, such that F preserves all the
structures on C, D, that is,

F(go f)=F(g)o F(f), F(idx)=idpx), F(Cxn) =F()=F(n), (A.3)
F(on) =F()oF(@n), Fdy)=idpy). (A.4)
Now let C,D be weak 2-categories. Then strict 2-functors F' : C — D are
not well-behaved. To fix this, we need to relax (A.3)) to hold only up to specified
2-isomorphisms. A weak 2-functor (or pseudofunctor) F : C — D assigns an object
F(X) in D for each object X in C, a 1-morphism F(f) : F(X) — F(Y) in D for
each I-morphism f : X — Y in C, a 2-morphism F(n) : F(f) = F(g) in D for
each 2-morphism 7 : f = g in C, a 2-isomorphism F, ¢ : F(g) o F(f) = F(go f)
in D for all 1-morphisms f : X = Y, ¢g:Y — Z in C, and a 2-isomorphism
Fx : F(idx) = idp(x) in D for all objects X in C such that (A.4)) holds, and for all
e:W—=X,f: X—=Y,9:Y — Zin C the following diagram of 2-isomorphisms
commutes in D:
(F(g) o F(f)) o Fle) =—=—==—=>F(go f) o Fle) =—————=F((go f) oe)
Fg,f*ldp(c) Fyofe
uowg)ﬂn.m) . F(ag,f,e)\u,
dpg) *Fye Fy,foe
F(g) o (F(f) o F(e) === F(g) o F(f 0 e) === F(g o (f 0 ¢)),
and for all 1-morphisms f: X — Y in C, the following commute in D:
E(f)o Flidx) === F(foidx)  F(idy)o F(f) === F(idy of)
J1d X dy,
\U/idF(f) *Fx 5 F(ﬁf)ﬂ U,FY*idF(f) F(’Yf)ﬁ,
. . ¥
F(f) oidp(x) = F(f), idpe)oF(f) = F(f),

and if f,f: X — Y and ¢,§: Y — Z are l-morphisms and n: f = f, C:g= ¢
are 2-morphisms in C then the following commutes in D:

F(g) o F(f) e F(go f)
F@=ram . F(cen)]|
. a,f .

F(g)o F(f) F(go f).
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There are obvious notions of composition G o F of strict and weak 2-functors
F:C—D,G:D— &, identity 2-functors ide, and so on.

If C, D are strict 2-categories, then a strict 2-functor F': C — D can be made
into a weak 2-functor by taking all Fy ¢, F'x to be identity 2-morphisms.

Here are some well-known facts about 2-categories and 2-functors:

(i) Every weak 2-category C is equivalent as a weak 2-category to a strict
2-category C’, that is, weak 2-categories can always be strictified.

(ii) If C,D are strict 2-categories, and F' : C — D is a weak 2-functor, it
may not be true that F' is 2-naturally isomorphic to a strict 2-functor
F’:C — D. That is, weak 2-functors cannot necessarily be strictified.

Even if one is working with strict 2-categories, weak 2-functors are
often the correct notion of functor between them.

We define fibre products in 2-categories, following [4, Def. B.13].

DEFINITION A.3. Let C be a 2-category and g : X — Z, h : Y — Z be 1-
morphisms in C. A fibre product X xzY in C consists of an object W, 1-morphisms
e:W =X and f: W — Y and a 2-isomorphism n: goe = ho f in C, so that we
have a 2-commutative diagram

W Y
e g , hy (A.5)
X Z

with the following universal property: suppose ¢ : W/ — X and f/: W/ — Y are
1-morphisms and 7’ : goe’ = ho f’ is a 2-isomorphism in C. Then there should
exist a 1-morphism b : W’ — W and 2-isomorphisms ¢ : eob=¢',0: fob= [’
such that the following diagram of 2-isomorphisms commutes:

goeob:hofob
nxidy

M]idg ¢ , idp, *eﬁ (A.6)
! ho f.

goe

Furthermore, if b,¢, 6 are alternative choices of b,(,6 then there should exist a
unique 2-isomorphism € : b = b with

(=(0(idoxe) and 6=006 (idy xe).

We call such a fibre product diagram (A.5) a 2- Cartesian square. If a fibre product
X Xz Y in C exists then it is unique up to equivalence in C.

Orbifolds, and stacks in algebraic geometry, form 2-categories, and Definition
is the right way to define fibre products of orbifolds or stacks, as in [4]. Given
a 2-commutative diagram in a 2-category

U 7 w ; Y
R I A
1% X Z,

if the two small rectangles are 2-Cartesian, then the outer rectangle is too.



A.2. GROTHENDIECK TOPOLOGIES, SITES, PRESTACKS, AND STACKS 125

A.2. Grothendieck topologies, sites, prestacks, and stacks

Some references for this section are Olsson |57], Artin (3], Behrend et al. [4],
and Laumon and Moret-Bailly [46].

DEFINITION A.4. Let C be a category, and U € C. A sieve S on U is a collection
of morphisms ¢ : V' — U in C closed under precomposition, that is, if ¢ : V. — U
liesin S and v : W — V is a morphism in C then ¢pot: W — U lies in S.

A Grothendieck topology on C is a collection of distinguished sieves for each
object U € C called covering sieves, satisfying some axioms we will not give. A site
(C,J) is a category C with a Grothendieck topology J.

It is often convenient to define Grothendieck topologies using Grothendieck
pretopologies. A Grothendieck pretopology PJ on C is a collection of families
{¢a : Uy = U}aea of morphisms in C called coverings, satisfying:

(i) If ¢ : V — U is an isomorphism in C, then {¢ : V — U} is a covering;
(ii) If {@q : Uy = U}aea is a covering, and {tap : Var — Ua boen, is a covering
for all @ € A, then {p, 0 Yap : Vap — Ulaca, ven, is a covering.
(iii) If {pq : Uy = Ul}aea is a covering and ¢ : V' — U is a morphism in C
then {7y : Uy Xy, v V — V}aea is a covering, where the fibre product
U, xuy V exists in C for all a € A.

Each Grothendieck pretopology PJ has an associated Grothendieck topology 7,
in which a sieve S on U € C is a covering sieve in J if and only if it contains a
covering {pq : Uy = Ulgea in PJ.

A Grothendieck pretopology PJ gives a notion of open cover of objects in
C. For example, if C is the category of topological spaces Top, we could define
PJ to be the collection of families {¢, : U, — U}aca in Top such that ¢, :
U, — U is a homeomorphism with an open subset ,(U,) C U for a € A, with
U = Ugea ¥a(Ua), so that {p, : Uy = U}sca is an open cover of U.

DEFINITION A.5. Let C be a category. A category fibred in groupoids over C
is a functor py : X — C, where X is a category, such that given any morphism
g:Cy — Cyin C and Xo € X with px(Xs3) = Cs, there exists a morphism
f: X1 — X in X with px(f) = g, and given commutative diagrams (on the left)
in X, in which g is to be determined, and (on the right) in C:

X3 > Xo px(X1) px(X2)

g px l]/
~ = AT
f\ //h e pX(f)px(X3),pX(h) ( )

X3

then there exists a unique morphism g as shown with px(g) = ¢ and f = hog.
Often we refer to X as the category fibred in groupoids (or prestack, or stack, etc.),
leaving py implicit.

If pyr : X = C is a category fibred in groupoids and C is an object in C, the
fibre X ¢ is the subcategory of X with objects those X € X with pyx(X) = C, and
morphisms those f : X; — X5 with px(f) =ide : C — C. Then X is a groupoid
(i.e. a category with all morphisms isomorphisms).

DEFINITION A.6. Let (C,J) be a site, and py : X — C be a category fibred in
groupoids over C. We call X a prestack if whenever {p, : U, = U}qca is a covering
family in J and we are given commutative diagrams in X', C for all a,b € A, in which
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f is to be determined:

Xab > Yab Ua XUUb

e ya TU, U, //mj
X, Y, U, Us " Uy
\ E v 3 \ NG (A.8)
Ta T Xb Yb Pa Ub Ub
) ¥ e s

X -y~ U———=U,
then there exists a unique f : X — Y in X with py(f) = idy making
commute for all a € A.

Let px : X — C be a prestack. We call X a stack if whenever {¢, : Uy, = Ul}aca
is a covering family in J and we are given commutative diagrams in X',C for all
a,b,c € A, with Xgp = Xpa, Xave = Xpae = Xacp, €tc., in which the object X and
morphisms z, are be determined:

Xape = Xac U, xUbeUU HU x U,

& /wau Tca
Xab Tab Xa__ P U XUUb

" Ta Zch ~ \ (A,9)
sz Tpe Xbcv'v%;Xc \ Upxy U,

¥ N £z, =7 o gac

X b X Uy ———=1T,
then there exists X € X and morphisms z, : X, — X with px(z,) = ¢, for all
a € A, making (A.9) commute for all a,b,c € A.

Thus, in a prestack we have a sheaf-like condition allowing us to glue morphisms
in X uniquely over covers in C; in a stack we also have a sheaf-like condition allowing
us to glue objects in X over covers in C.

DEFINITION A.7. Let (C,J) be a site. A 1-morphism between (pre)stacks
X, Y on (C,J) is a functor F' : X — Y with py o FF = py : X — C. If
F.G : X — Y are l-morphisms, a 2-morphism n : F = G is an isomorphism
of functors with id,,, *n = idy, : py o F' = py o G. That is, for all X € & we
are given an isomorphism n(X) : F(X) — G(X) in Y with py(n(X)) = id,, (x),
such that if f: X; — X5 is a morphism in X then n(Xs) o F(f) = G(f) on(X1) :
F(X1) = G(X3) in Y. With these definitions, the stacks and prestacks on (C, J)
form (strict) 2-categories, which we write as Sta., 7) and Presta 7). All 2-
morphisms in Sta, 7y, Presta 7) are invertible, that is, are 2-isomorphisms, so
Stac, ), Prestac g are (2,1)-categories.

A substack Y of a stack X is a strictly full subcategory ) in X such that
py = pxly : ¥ — C is a stack. The inclusion functor iy : J — X is then a
1-morphism of stacks.

DEFINITION A.8. Let (C,J) be a site, and X a prestack on (C,J), so that
Stac,s) and Presta sy are 2-categories. A stack associated to X, or stacki-
fication of X, is a stack X with a l-morphism of prestacks i : X — X, such
that for every stack ), composition with ¢ yields an equivalence of categories

Hom(X,Y) — Hom(X,)).

As in |46l Lem. 3.2], every prestack has an associated stack, just as every
presheaf has an associated sheaf.



A.3. DESCENT THEORY ON A SITE 127

PROPOSITION A.9. For every prestack X on (C,J) there exists an associated
stack i : X — X, which is unique up to equivalence in Stac, 7).

There is a natural construction of fibre products in the 2-category Stac 7):

DEFINITION A.10. Let (C,J) be a site, X, Y, Z be stacks on (C,J), and F :
X — Z,G:Y — Z be l-morphisms. Define a category W to have objects (X,Y, «),
where X € X, Y € Yand a: F(X) — G(Y) is an isomorphism in Z with px(X) =
py(Y) = U and px(a) = idy in C, and for objects (Xi,Y1,a1), (X2, Y2, a2) in
W a morphism (f,g) : (X1,Y1,01) = (X2,Y2,02) in W is a pair of morphisms
f:Xi > XoinXand g: Y, — Yo in Y with px(f) =py(9g) =9 : U =V inC
and ag o F(f) = G(g) o1 : F(X1) — G(Y2) in Z. Then W is a stack over (C, 7).

Define 1-morphisms pyy : W — C by pyy : (X,Y,a) — px(X) and pyy :
(f,9) — px(f),and 7y : W — X by 7x : (X,Y, ) = X and 7y : (f,9) — f,
and 1y : W — Y by my : (X,Y,a) = Y and 7y : (f,g) — g. Define a 2-morphism
n: Fory = Gormy by n(X,Y,a) = a. Then W, wx, my,n is a fibre product X x zY
in Sta(c 7), in the sense of Definition

The functor id¢ : C — C is a terminal object in Stac 7y, and may be thought
of as a point *. Products X x Y in Stai 7 are fibre products over *. If X is a
stack, the diagonal 1-morphism is the natural 1-morphism Ay : X — X x X. The
inertia stack Iy of X is the fibre product X XA, xxx,.a, &, with natural inertia
1-morphism 1y : Iy — X from projection to the first factor of X. Then we have a
2-Cartesian diagram in Stac )

Iy X
\be A f) AX\L
X X x X.

There is also a natural 1-morphism j» : X — Iy induced by the 1-morphism idx
from X to the two factors X in [y = X X yxx X and the identity 2-morphism on
Ayoidy : X - X x X.

A.3. Descent theory on a site

The theory of descent in algebraic geometry, due to Grothendieck, says that
objects and morphisms over a scheme U can be described locally on an open cover
{U;:ie€I}ofU. It is described by Behrend et al. [4, App. A] and Olsson [57, §4],
and at length by Vistoli [68]. We shall express descent as conditions on a general

site (C, 7).

DEFINITION A.11. Let (C,J) be a site. We say that (C,J) has descent for
objects if whenever {¢, : U, — U}qea is a covering in J and we are given mor-
phisms f, : X, — U, in C for all ¢ € A and isomorphisms gap : Xo X g 0f.,U.0, Ub —
Xp Xopyofy Uspa Ua in C for all a,b € A with gu = g5, such that for all a,b,c € A
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the following diagram commutes:

~  gapXidy, o~
(Xa XgppofaUspp Ub) Xy Unpe Ue = 92X 0We (X Xy0fy,Uspe Ue) Xy Uspa Ua =
P ———
(Xa X a0 fa,Uspe UC) X, U,pp Uy gba Xidy, (Xb X opo fo,U,pa Ua) X7y, Upe U,

gcaXidUb gacXidUb gcindUa gquidUa

(Xe Xppofe,Unpa Ua) Xy U Up &
(XC Xpeofe,Upp Ub) Xru,Uspa Ua,

then there exist a morphism f : X — U in C and isomorphisms g, : X, —
X X 10,0, Uq for all a € A such that f, = 7y, 0g, and the diagram below commutes
for all a,b € A:

Xa Xpgofa,Usp Up T oidg (X X£,0,00 Ua) Xgaomu, U, Ub
o xidy, ¢

gab X X Umy (Ua Xg,,U0, Ub)

-

1
g, Xidy,
(X X100, Ub) X gyoru, Uypa Ua-

Xb Xpyofy,Upa Ua

Furthermore X, f should be unique up to canonical isomorphism. Note that all the
fibre products used above exist in C by Definition iii).

DEFINITION A.12. Let (C,J) be a site. We say that (C,J) has descent for
morphisms if whenever {¢, : U, — U}sca is a covering in J and f : X — U,
g:Y =Uand hy : X Xype, Us =Y Xg04, Us for all a € A are morphisms in C
with 77, o hy = 7y, and for all a,b € A the following diagram commutes:

(X xfaUaﬂoa Ua) XWQOWUQ U, 00 Ub (Y xng#Pa Ua) XWaOﬂ'Uava@b Ub

I ¢

X Xf.Umu (Ua Xpa, U Ub) Y Xg,Umy (Ua Xpa,U,0p Ub)

I -

hindUa
(X X100, Ub) Xoporu, Uspa Ua (Y X g,0.0, Us) X ppomu, ,Upa Ua,

hg X idUb

IR

then there exists a unique h: X = Y in C with h, = h X idy, for all a € A.

Then [4] Prop.s A.12, A.13 & §A.6] show that descent holds for objects and
morphisms for affine schemes with the fppf topology, but for arbitrary schemes with
the fppf topology, descent holds for morphisms and fails for objects.

A.4. Properties of 1-morphisms
Objects V in C yield stacks V on (C, 7).

DEFINITION A.13. Let (C, J) be a site, and V an object of C. Define a category
V to have objects (U, ) where U € C and § : U — V is a morphism in C, and to
have morphisms ¢ : (Uy,61) — (Us,63) where ¢ : Uy — U, is a morphism in C
with 65 09 = 0, : U; — V. Define a functor py : V — C by py : (U,0) — U and
py Y — 1. Note that py is injective on morphisms. It is then automatic that
py : V — C is a category fibred in groupoids, since in (A.7) we can take g = ¢'.
It is also automatic that py : V — C is a prestack, since in we must have
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Xo=Ye = (Uqy,04), o = Yo = ¢a, X =Y = (U, 0), etc., and the unique solution
for fis f =idy.

The site (C,J) is called subcanonical if V is a stack for all objects V € C. If
descent for morphisms holds for (C, J) then (C, J) is subcanonical. Most sites used
in practice are subcanonical. Suppose (C,J) is a subcanonical site. If f : V — W
is a morphism in C, define a 1-morphism f : V — W in Stac 7 by f : (U,0) —
(U, fo0) and f : 4 + 1. Then the (2-)functor V + V, f > f embeds C as a full
discrete 2-subcategory of Stac, 7).

DEFINITION A.14. Let (C,J) be a subcanonical site. A stack X over (C,J)
is called representable if it is equivalent in Stac 7) to a stack of the form V for
some V € C. A 1-morphism F : X — Y in Sta(cyj) is called representable if for all
V € C and all 1-morphisms G : V — Y, the fibre product X XFY.G V in Sta, 1)
is a representable stack.

REMARK A.15. For stacks in algebraic geometry, one often takes a different
definition of representable objects and 1-morphisms: (C, J) is a category of schemes
with the étale topology, but stacks are called representable if they are equivalent to
an algebraic space rather than a scheme. This is because schemes are not general
enough for some purposes, e.g. the quotient of a scheme by an étale equivalence
relation may be an algebraic space but not a scheme.

In our situation, we will have no need to enlarge C°°-schemes to some category
of ‘C'*°-algebraic spaces’, as C*°-schemes are already general enough, e.g. the quo-
tient of a locally fair C°°-scheme by an étale equivalence relation is a locally fair
C*>-scheme. This is because the natural topology on C*°-schemes is much finer
than the Zariski or étale topology on schemes, for instance, affine C*°-schemes are
always Hausdorff.

DEFINITION A.16. Let (C,J) be a subcanonical site. Let P be a property of
morphisms in C. (For instance, if C is the category Top of topological spaces, then

P could be ‘proper’, ‘open’, ‘surjective’, ‘covering map’, ...). We say that P is
invariant under base change if for all Cartesian squares in C
W 7 Y
I J
g
X Z,

if g is P, then f is P. We say that P is local on the target if whenever f:U — V
is a morphism in C and {¢, : Vi, = V}aea is a covering in J such that my, :
UXfve, Vo = Vo is P for all a € A, then f is P.

Let P be invariant under base change and local in the target, and let F': X — )Y
be a representable 1-morphism in Sta 7). If W € C and G : W — YVisa l-
morphism then X X gy ¢ W is equivalent to V for some V € C, and under this
equivalence the 1-morphism 7y : X Xpy g W — W is 2-isomorphic to f: V — W
for some unique morphism f : V — W in C. We say that F' has property P if for all
W € C and 1-morphisms G : W — Y, the morphism f : V — W in C corresponding
to my 1 X Xpy.g W — W has property P.

We define surjective 1-morphisms without requiring them representable.

DEFINITION A.17. Let (C,J) be a site, and F' : X — ) be a 1-morphism in
Stac, 7). We call F surjective if whenever Y € Y with py(Y) = U € C, there exists



130 A. BACKGROUND MATERIAL ON STACKS

a covering {¢, : Uy — Ulaea in J such that for all @ € A there exists X, € X

with px(X,) = U, and a morphism g, : FI(X,) = Y in Y with py(g.) = ©a-
Following (46, Prop. 3.8.1, Lem. 4.3.3 & Rem. 4.14.1], [55l §6], we may prove:

PROPOSITION A.18. Let (C,J) be a subcanonical site, and

W— y
R
X Z

be a 2-Cartesian square in Stac, 7). Let P be a property of morphisms in C which
is 1nvariant under base change and local in the target. Then:
(a) If h is representable, then e is representable. If also h is P, then e is P.
(b) If g is surjective, then f is surjective.
Now suppose also that (C,J) has descent for objects and morphisms, and that g
(and hence f) is surjective. Then:

(c) If e is surjective then h is surjective, and if e is representable, then h is
representable, and if also e is P, then h is P.

A.5. Geometric stacks, and stacks associated to groupoids

The 2-category Stac ) of all stacks over a site (C,J) is usually too general
to do geometry with. To obtain a smaller 2-category whose objects have better
properties, we impose extra conditions on a stack X

DEFINITION A.19. Let (C,J) be a site. We call a stack X on (C,J) geometric
if the diagonal 1-morphism Ay : X — X x X is representable, and there exists
U € C and a surjective 1-morphism II : U — X, which we call an atlas for X.
Write GStac, 7) for the full 2-subcategory of geometric stacks in Stac 7). Here

Ay representable implies II is representable.

To obtain nice classes of stacks, one usually requires further properties P of
Ay and II. For example, in algebraic geometry with (C,J) schemes with the
étale topology, we assume Ay is quasicompact and separated, and II is étale for
Deligne-Mumford stacks X', and II is smooth for Artin stacks X'.

The following material is based on Metzler [49] §3.1 & §3.3], Laumon and
Moret-Bailly [46), §§2.4.3, 3.4.3, 3.8, 4.3], and Lerman [47| §4.4].

We can characterize geometric stacks & up to equivalence solely in terms of
objects and morphisms in C, using the idea of groupoid objects in C.

DEFINITION A.20. A groupoid object (U, V, s,t,u,i,m) in a category C, or sim-
ply groupoid in C, consists of objects U,V in C and morphisms s,t : V — U,
uw:U—=V,i:V=Vandm:V x,py+V — V satisfying the identities

sou=tou=idy, soi=t, toi=s, som=somy, tom=tom,
mo (i xidy) =wos, mo (idy xi) =uot, ALO
mo (mxidy)=mo (idy xm): V xgVxyV —V, (4.10)
mo (idy xu) =mo (uxidy): V=V xg U —V,
where we suppose all the fibre products exist.

Groupoids in C are so called because a groupoid in Sets is a groupoid in the

usual sense, that is, a category with invertible morphisms, where U is the set of
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objects, V' the set of morphisms, s : V. — U the source of a morphism, t : V — U
the target of a morphism, u : U — V the unit taking X — idx, ¢ the inverse taking
f+— f71, and m the multiplication taking (f,g) — f o g when s(f) = t(g). Then
reduces to the usual axioms for a groupoid.

From a geometric stack with an atlas, we can construct a groupoid in C.

DEFINITION A.21. Let (C,J) be a subcanonical site, and suppose &' is a geo-
metric stack on (C, J) with atlas IT: U — X. Then U x11,x,m U is equivalent to V'
for some V' € C as Il is representable. Hence we can take V' to be the fibre product,
and we have a 2-Cartesian square

4 t

U
|5 nh : ni (A.11)

in Stac ). Here as (C,J) is subcanonical, any 1-morphism V —Uin Stac, 7y is
2-isomorphic to f for some unique morphism f : V — U in C. Thus we may write
the projections in as 5,t for some unique s,t:V — U in C.

By the universal property of fibre products there exists a 1-morphism H : U —
V, unique up to 2-isomorphism, with 50 H = idg = fo H. This H is 2-isomorphic to
@ : U — V for some unique morphism u : U — V in C, and then sou = tou = idy.
Similarly, exchanging the two factors of U in the fibre product we obtain a unique
morphism ¢ : V' — V in C with soi =t and t o7 = s. In Sta ) we have
equivalences

\%4 XS’U’tV’ZV X;U»{Vﬁ (U Xx U) X (U Xx U) ~ U Xxﬁ Xx U
Let m : V x,p+V — V be the unique morphism in C such that m is 2-isomorphic
to the projection V x ¢,V — V = U x» U corresponding to projection to the

first and third factors of U in the final fibre product. It is now not difficult to verify
that (U, V, s, t,u,i,m) is a groupoid in C.

Conversely, given a groupoid in C we can construct a stack X.

DEFINITION A.22. Let (C,J) be a site with descent for morphisms, and (U,
V,s,t,u,i,m) be a groupoid in C. Define a prestack X’ on (C,J) as follows: let
X' be the category whose objects are pairs (T, f) where f : T — U is a morphism
in C, and morphisms are (p,q) : (T1, f1) — (T, f2) where p : T} — T3 and q :
Ty — V are morphisms in C with fi = soq and fs op = t o q. Given morphisms
(p1.q1) = (T, fr) = (To, f2) and (p2,q2) ¢ (T3, f2) — (T3, f3) the composition is
(p2,42) © (p1,q1) = (P2 © p1,m o (q1 X (g2 © pa))), where g1 x (g2 0 p2) : Tt —
V Xt v,s V is induced by the morphisms ¢; : 71 — V and ¢z o py : T7 — V/, which
satisfy toqy = faop1 = s0 (g2 0p2).

Define a functor py: : X' — C by pxs : (T, f) = T and px- : (p,q) — p. Using
the groupoid axioms we can show that pys : X’ = C is a category fibred
in groupoids. Since (C,J) has descent for morphisms, we can also show X’ is a
prestack. But in general it is not a stack. Let A be the associated stack from
Proposition We call X the stack associated to the groupoid (U,V,s,t,u,i,m).
It fits into a natural 2-commutative diagram .

Groupoids in C are often written V' =2 U, to emphasize s,t : V — U, leaving
u, 7, m implicit. The associated stack is then written as [V = U].
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Our next theorem is proved by Metzler [49, Prop. 70] when (C,J) is the site
of topological spaces with open covers, but examining the proof shows that all
he uses about (C,J) is that fibre products exist in C and (C,J) has descent for
objects and morphisms. See also Lerman [47, Prop. 4.31]. If fibre products may
not exist in C then one must also require the morphisms s, ¢ in (U, V] s,t,u,i,m) to
be representable in C, that is, for all f : T'— U in C the fibre products T,y sV and
vathV exist in C.

THEOREM A.23. Let (C,J) be a site, and suppose that all fibre products ez-
ist in C, and that descent for objects and morphisms holds in (C,J). Then the
constructions of Definitions are inverse. That is, if (U,V,s,t, u,i,m)
is a groupoid in C and X is the associated stack, then X is a geometric stack,
and the 2-commutative diagram is 2-Cartesian, and 11 in s surjec-
tive and so an atlas for X, and (U,V,s,t,u,i,m) is canonically isomorphic to the
groupoid constructed in Definition from the atlas 11 : U — X. Conversely,
if X is a geometric stack with atlas 11 : U — X, and (U,V,s,t,u,i,m) is the
groupoid in C constructed from 11 in Definition lm, and X is the stack associated

to (U,V,s,t,u,i,m) in Definition A.22|, then X is equivalent to X in Stac, ).
Thus every geometric stack is associated to a groupoid.

In the situation of Theorem we have 2-Cartesian diagrams

V 7 U V ITos X

E t n) o<t ﬂ Ax)

_ 11 _ _ IIxII

U X7 UxU X x X,

- ) i (A.12)
14 ngt’,le?,AgUm)IX U o X

i/ﬂ—f/' ﬂ LX\L iinaU ﬂ JX\L

A I = - TlosxITot

U X? VX§XE,UXU,A(7U% X

with surjective rows. So from Proposition we deduce:

COROLLARY A.24. In the situation of Theorem let P be a property of
morphisms in C which is invariant under base change and local in the target. Then
O:U - XisPifand onlyif s :V = U is P, and Ay : X — X x X is
P ifand only if sxt:V — U xU is P, and 1x : Iy — X is P if and only
if mu @V Xsxtuxvay U = U is P, and jx : X — Ix is P if and only if
u X idU U -V Xsxt,UxU,Ay Uis P.

We can describe atlases for fibre products of geometric stacks.

ExaMPLE A.25. Suppose (C,J) is a subcanonical site, and all fibre products
exist in C. Let

be a 2-Cartesian diagram in Sta 7), where X,), Z are geometric stacks. Let
Il : UX74) X and IIy : ?y — Y be atlases. As Az is representable the fibre
product Ux XgoIlx,2,hotlly Uy is represented by an object Uyy of C. Then we have
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a 2-commutative diagram, where we omit 2-morphisms:

T

UW = UX XZ‘U)}

~ / M / & >
.

Ux X : W (a13)
g U— /
Y Iy f

Here the five squares in (A.13)) are 2-Cartesian. Define ITyy = w011 : Uy — W,
where 71,7, are as in (A.13). Proposition [A.18(a),(b) imply that 7, T are repre-
sentable and surjective, since Il v, IIy are. Hence Iy = mpomy is also representable
and surjective, so W is a geometric stack, and IIyy is an atlas for W. In the same
way, if P is a property of morphisms in C which is invariant under base change and
local in the target and closed under compositions, and Ily,IIy are P, then Il
is P.

Now let Viy = Uy Xy Uy and complete to a groupoid (Uw, Vw, sy, tw, uw,
iw,mw) in C as above, with W ~ [V3y, = Up], and do the same for X,). Then
by a diagram chase similar to @ we can show that

VW = VX Xz ‘_/y and VW = (UW XU V;\g) XUy Vy. (A14)

COROLLARY A.26. Suppose (C,J) is a subcanonical site, and all fibre products
exist in C. Then the 2-subcategory GStac, 7y of geometric stacks is closed under
fibre products in Stac, 7).
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Glossary of Notation

ACSch category of affine C*°-schemes,

AC>Schf category of fair affine C*°-schemes,

AC=SchfP category of finitely presented affine C>-schemes,

¢,D,¢,... C>-rings, [9

¢Ilp ¢ pushout of C>®-rings €, D, &,

€ ®s @ coproduct of C*®-rings €, D,

¢ C*°-subring fixed by finite group G acting on C'*°-ring €,

¢-mod abelian category of modules over a C*°-ring €&,

C°°Rings category of C*-rings, [J]

C>Rings® category of fair C*°-rings,

C>Rings®® category of finitely generated C'*°-rings,

C>Rings category of finitely presented C'>°-rings,

C*°RS category of C*°-ringed spaces,

C>°Sch category of C'°°-schemes,

C°°Sch!f category of locally fair C*-schemes,

C>°Sch!fP category of locally finitely presented C'*°-schemes,

C*>°Sch 2-subcategory of X in C*®Sta equivalent to a C*-scheme X,

C°Sch!f 2-subcategory of X in C*°Sta equivalent to X for X locally fair,

C>°Sch'fP 2-subcategory of X in C*®°Sta equivalent to X for X locally finitely
presented,

C>Sta 2-category of C°°-stacks,

[6] - [f,p] = [g, o] quotient 2-morphism of quotient 1-morphisms,

6x (&) :idx" () — € canonical isomorphism of pullback sheaves,

0x(€) 1id% (€) — &€ canonical isomorphism of pullbacks in Ox-mod,

DMC®Sta 2-category of Deligne-Mumford C>°-stacks, [77]

DMC®>Stalf 2-category of locally fair Deligne-Mumford C*-stacks,

DMC>Stalf? 2-category of locally finitely presented Deligne-Mumford
C>-stacks,

DMC®Sta™ 2-category of Deligne-Mumford C*°-stacks with representable 1-
morphisms,

Euc category of Euclidean spaces R™ and smooth maps,

Fg:ssgﬁ : C*°Sch — C*°Sta inclusion from C'*°-schemes to C*°-stacks,

f«(€)  pushforward (direct image) sheaf,

f71(€) pullback (inverse image) sheaf,

f*(€)  pullback of sheaf of Oy-modules under f: X — Y,

f*(&)  pullback of quasicoherent sheaf £ under f: X — Y,

[f,p] : [X/G] — [Y/H] quotient 1-morphism of quotient C'*°-stacks,

ff: f~Y(Oy) — Ox morphism of sheaves of C*-rings in f: X — Y,
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fi: Oy — f.(Ox) morphism of sheaves of C*°-rings in f: X — Y,

J X — Y morphism of C"°°-ringed spaces or C"°°-schemes,

f: X =Y C>-stack l-morphism from a C*-scheme morphism f: X — Y,

I': LC*®RS — C*>°Rings°? global sections functor on C*°-ringed spaces,

I' : Ox-mod — €-mod global sections functor on Ox-modules,

GStac,s) 2-category of geometric stacks on a site (C, J),

Ho(Orb) homotopy category of the 2-category of orbifolds Orb,

I g(E): (go f)~HE) = f~1 (g7 (€)) isomorphism of pullback sheaves,

Ir g(€): (go [)*(€) = [~ (g~ (€)) isomorphism of pullbacks in Ox-mod,

Tx : qcoh(X) — qcoh(X) inclusion functor from sheaves on a C*®-scheme X to
sheaves on the associated Deligne-Mumford C*®-stack X = X,

LC*°RS category of local C*°-ringed spaces,

Man category of manifolds,

Man?  category of manifolds with boundary,

Man®  category of manifolds with corners, [2]]

MSpec : €-mod — Ox-mod spectrum functor for modules over a C*-ring €, [56]

ms flat ideal of f € C*°(R"™) vanishing to all orders on X C R",

OF(Xx),0"(X),0F(X),0F (X) 1-morphisms of orbifold strata XT,..., AT of a
Deligne-Mumford C*°-stack X,

Ox-mod abelian category of Ox-modules on C*°-scheme X,

O : €" — € operations on C*-ring €, for smooth f:R" — R, |§|

I (), I (&), T2 (&), TIE () 1-morphisms of orbifold strata XT,... XT of a
Deligne-Mumford C*°-stack X,

Presta sy 2-category of prestacks on a site (C,J),

Ve : € = T'oSpec€ canonical morphism for a C*°-ring €, [32]

Wy M — T o MSpec M canonical morphism for a €-module M,

qgcoh(X) abelian category of quasicoherent sheaves on C'*°-scheme X,

qcoh(X) abelian category of quasicoherent sheaves on Deligne-Mumford C'*°-stack
X, f

qcth (X) abelian category of G-equivariant quasicoherent sheaves on a C'*°-scheme
X acted on by a finite group G,

qcoh(V = U) category of quasicoherent sheaves on a groupoid V = U,

RS : C°Rings — C*°Rings®® reflection functor,

RS : €&-mod — €-mod®® reflection functor,

Rgg : C°Rings® — C°Rings™ reflection functor,

Sets category of sets,

Sh(X) category of sheaves of abelian groups on topological space X,

Spec : C*°Rings°® — LC*°RS spectrum functor on C*°-rings,

Sta(c,s) 2-category of stacks on a site (C,J),

W, XY Z,... C*®-schemes,

W, X, Y, Z,... C-stacks,

X C°-stack associated to a C*°-scheme X,

[X/G] quotient C*°-stack,

X ar ar, Xt ar 2’2’5 orbifold strata of a Deligne-Mumford C'*°-stack X, m

Xtop underlying topological space of a C"*°-stack X, @

X underlying C*°-ringed space or C'*°-scheme of a C'*°-stack X,

“=top



Index

2 category, [IZTHIZI) 29
1-morphism,
composition, [[22]
2-Cartesian square, [69] [78] [30] [84] [05] [07]
P8 24} 27 [[3T} 132

2-commutative diagram, [123]

2-morphism,
horizontal composition, @, @ @ @
vertical composition, [73} [77] [84] O8] 03}

106} 107} [T14} [T22]

equivalence in, [122]

fibre products in, @

strict, [[27]

weak, [122]

abelian category, @ @, @ @
[
adjoint functor, [601
algebraic space,
atlas, [68} [69] [78} [79)} [96} [[30HT32]
étale, @ @ @ @

Axiom of Choice, 27} 55 [07]

Banach manifold,

C*°-group, [66] [72] [75]
C*-ring,
as commutative R-algebra, @
C*°-derivation, @
colimit, [T0] [I§]
complete, [39H40]
coproduct,
cotangent module Q¢ ,
definition,
fair, ) B3
finitely generated, @-@ @

B8l B7 BT
finitely presented, [12] . . . - .
BTH22 B7 (11 52

germ determined, [} [T4]
ideal, see ideal in C'*°-ring
local,
localization,

module, see module over C'*°-ring
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module of Kahler differentials,

not noetherian, [T2]

of a manifold X,

pushout, [[7HI8] (2] [E3]

R-point, [13]

spectrum functor Spec B B1 65
C'*°-ringed space,

cotangent sheaf, [62]

local,

morphism,

sheaves of O x-modules on,

pullback, [55]
C'*°-scheme, 47|
affine
sheaves of O x-modules on, 60
C*°-group, m @ @

closed embedding, [67]
closed morphism, @
compact, [35]

cotangent sheaf, @-@
definition,
embedding, [63]

étale morphism, [67}
fair affine, @

fibre products,

finitely presented affine, @
Hausdorff,
Lindelof,

locally compact,

locally fair, @, @ @ @

locally fair morphism,

locally finitely presented, @ @

locally finitely presented morphism, [6§]

metrizable,

morphism, 29] [67H6§|
morphism with finite fibres, @
open embedding, [67] [6§]
paracompact, [35]

proper morphism, 68|

regular,

second countable, [35]
separable,

separated morphism,
sheaves of O x-modules on, [54H64]
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pullback,
submersion,
universally closed morphism, @
C°-stack, [65H9]]
1-morphism with finite fibres,
associated to a groupoid, @l,
[751 B3} B0}, P5HIT
atlas, @I,
étale, @

C'*°-substack, @
closed, [69]

locally closed,

open, B9 {70} [77}, [79} [T} [83} [[03}{T05}
({07 [0

closed embedding, [68] [80]

coarse moduli C'*°-scheme Xtop’ . @

definition, [65]

Deligne-Mumford, see Deligne—

Mumford C°°-stack

embedding, [6§]

étale 1-morphism, [6§|

fibre products, [
P11 [§8} [107} [108]

gluing by equivalences, [72H73]

is a C°°-scheme,

isotropy group Isox ([z]),
(4 [1G3} [107] [TT6]

open cover, [69]

open embedding,

orbifold group, see isotropy group

proper 1- morphlsm @

quotients [X/G],
definition,
orbifold strata,
quotient 1-morphism, [B3HB9]
quotient 2-morphism,

representable 1-morphism, @

(107} [TTT{IT2]

separated, [69} 3 7S} 0} B2 E3 P} [107

separated 1-morphism,

stabilizer group, see isotropy group

submersion, [68|

underlying C'°*°-ringed space Xtop,
[ B7

underlying topological space X top,
[[OH72 [77]

universally closed 1-morphism, @

C°-substack, [69]
closed,
locally closed,

open, [69H70} [77} [79} [B0} [B3} [L03HIOS} [107}

1109

Cartesian square, [23] 53] [63] [129]
category

colimit, [T0] [I§]

fibre product, 22] . . B3] B3] [125]

fibred in groupoids, [1

groupoid object in, [82] [88] [00]
BaHET ME0HT33)

limit,
pushout, [T0} 1719} [23) 52 4

colimit, [I0} [I§]

coproduct,

d-manifold, @

d-orbifold, [6]

Deligne-Mumford C*°-stack, @-@
coarse moduli C°°-scheme Xy,
cotangent sheaf, [09HI02|
definition, [77]
effective, 39
locally fair, [77] [79} [83] [107]
locally finitely presented, @ @l

Iaa
locally Lindeldt, [77} [79]
orbifold,
orbifold strata, [L03H120]
cotangent sheaves, |[118H120]
lifting 1- and 2-morphisms to, [[TTIHIT2|
of quotient C'*°-stacks, 113}
INNGINES
sheaves on, [113H120]
partition of unity on,
quasicoherent sheaves on, 102}
11 13H120
morphism,
pullback,
second countable, [77] [I07]

vector bundles on, @

descent theory, T27HI2§|
étale topology,

fibre product, @, @ @ @ @ @

fine sheaf,
functor
adjoint, [T5, £} [} (253 (59 7 60
exact, 27} 57 B3} 0 09
faithful, 22]
full,
left exact, 27} [54} [55]
reflection,
right exact, @ @ @ @ @

global sections functor T, 134]
Grothendieck pretopology, [65} [66} [04]
Grothendieck topology, [65] [66}
Grothendieck topology,

groupoid object, [66} [72} BIH82]
B5HOT} L3033

E

Hadamard’s Lemma, E
homotopy category,

ideal in C'*°-ring,

fair, [[4HT6} [I9]

finitely generated,



flat,
germ-determined,
of local character, [T4]

inertia stack,

locally effective group action,

manifold,

C°®°-ring of, [g]

C'*°-scheme of,

cotangent bundle, [50]

transverse fibre product, [Bél B3l

9 1]

vector bundles on, [49]

with boundary, see manifold with corners

with corners, see manifold with corners
manifold with corners,

C°°-ring of, [9]

C*-scheme of, B

smooth map,

transverse fibre product, @ @ @

weakly smooth map, 21122} [30] [36] 9]
module over C*°-ring,

C°°-derivation, [50]

complete, [60]

cotangent module Q¢,

finitely generated, [51]

finitely presented,

module of Kéhler differentials, [F1]

orbifold, B} [7 [T} [75} [77} o3
transverse fibre product,

vector bundle, @

partition of unity, @,
presheaf,

sheafification, @ @ @
prestack, [T09] [125]

1-morphism, [126]

2-morphism, @

stackification,
pushout,

quotient C'*°-stack, [66/{67} [73]
1-morphism, [T6H77, [B3H89]
2-morphism,
definition, @
orbifold strata, [L12]

sheaves on, 118]
reflection functor, [I5] [I6] [I8] [37} [39
sheaf, @-@

coherent, [59]
definition,

direct image, [27]

fine,
inverse image, [27]

of abelian groups, [26]
of C*°-rings,

INDEX
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on topological space,
presheaf, @
pullback,
pushforward, @
quasicoherent,
stalk, 26} 7] B91E]
site, 55} 56} [65} 07} [0 [105} [TZBHT33

has descent for morphisms, @
has descent for objects, @
subcanonical,
stack, [23} [(Z 133
1-morphism,
representable, [T29HT32]
surjective, [129]
2-morphism, [126]
associated to a groupoid, @
[BTHT33]

atlas,

definition, [126]

fibre product,

geometric, [65] [T30HI33]

representable,

substack, [T26]
symplectic geometry, El

synthetic differential geometry, FH7 [0} [[2]
120

topological space
completely regular,
Hausdorff, 28] [35] [44] [72]
Lindelsf,
locally compact, [25] [35]
metrizable,
normal, @
paracompact, [25] 35} [E4]

regular, @ @
second countable,

separable, @ @
Weil algebra,

Zariski topology,
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