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Abstract

The deployment of statistical models—such as those used in item response theory (IRT)—necessitates the

use of indices that are informative about the degree to which a given model is appropriate for a specific data

context. We introduce the InterModel Vigorish (IMV) as an index that can be used to quantify accuracy for

models of dichotomous item responses based on the improvement across two sets of predictions (i.e., predictions

from two item response models or predictions from a single such model relative to prediction based on the

mean). This index has a range of desirable features: it can be used for the comparison of non-nested models

and its values are highly portable and generalizable. We use this fact to compare predictive performance

across a variety of simulated data contexts and also demonstrate qualitative differences in behavior between

the IMV and other common indices (e.g., the AIC and RMSEA). We also illustrate the utility of the IMV in

empirical applications with data from 89 dichotomous item response datasets. These empirical applications

help illustrate how the IMV can be used in practice and substantiate our claims regarding various aspects

of model performance. These findings indicate that the IMV may be a useful indicator in psychometrics,

especially as it allows for easy comparison of predictions across a variety of contexts.
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1 Introduction

The utilization of statistical models for item responses gathered in psychological assessments necessitates tools

that describe their relative performance in a given scenario. A wide variety of indices for quantifying the quality

of models for item responses exists (for a recent review, see Chapters 17–20 in Van der Linden, 2017a). However,

while there are many popular approaches, they tend to have limitations. In particular, many indices do not have

values that readily generalize across samples. In some cases, this can be due to a dependency on sample size. In

other cases, it can be due to a poorly understood sensitivity to item difficulty. Further, such indices may not be

readily applicable in scenarios wherein interest is in out-of-sample prediction; an important shortcoming given the

increased relevance of prediction in many settings (Rahal, Verhagen, & Kirk, 2022; Watts et al., 2018; Hofman

et al., 2021).

When using predictive models for dichotomous item responses, a metric that is portable—i.e., its values

can be consistently and meaningfully interpreted to evaluate the predictive value of different models for item

responses—would be valuable as it would allow for the comparison of a variety of modeling choices in various

data contexts. We also distinguish between portability and the metric’s sensitivity to changes in predictive

accuracy. The metric needs to be sensitive to factors that change the accuracy of predictions. For simplicity,

we articulate this distinction via a consideration of sample size in the linear regression context. Consider a

simple linear regression model in which we are predicting some outcome y via ŷ “ Epy|xq. In such a scenario,

we anticipate better predictions as sample size increases (see discussion below Eqn 6.35 on p.210 of Wooldridge,

2013). In this sense, we would anticipate the difference |Epy|xq ´ y| to get smaller as the sample size increases.

However, the differences |Epy|xq ´ y| are not portable given that they depend on the scale of y. In the linear

regression context, it would perhaps be sufficient to rescale y. Binary outcomes are more complex given that both

the mean and variance depend upon the single parameter of a Bernoulli random variable. For binary outcomes

such as dichotomous responses, the InterModel Vigorish (IMV; Domingue et al., 2021) is designed to resolve this

problem of portability given its construction and we illustrate its appropriate sensitivity to factors that improve

the prediction of novel responses in various simulation studies below.

Here, we build on initial work (i.e., the results in Domingue et al., 2021) to showcase how the IMV can be used

in psychometric settings. In this paper, we conduct a series of simulation studies showing how the IMV can be

used to understand the differences in predictions derived from IRT models for dichotomous items under a number

of conditions. In addition, we leverage the portability of the IMV to make direct comparisons that allow us to

describe the degree to which specific modeling choices impact prediction in controlled settings. We study the

implications of a wide range of choices—the differences of distributions of key model parameters, of sample size,

Bayesian priors, and estimation algorithms—on prediction quality in a metric that is both portable across these

settings and whose values can be readily extended to work with empirical data. To illustrate this last point, we

3



conduct empirical work involving a large volume of data (89 datasets from the Item Response Warehouse (IRW);

Domingue & Kanopka, 2023). These empirical analyses demonstrate the utility of the IMV in practice and assess

the degree to which the modeling innovations considered in the simulations lead to predictive gains anticipated

in idealized settings.

We also study the behavior of the IMV vis-à-vis the behavior of other alternative indices (e.g., information

criteria; Burnham & Anderson, 2004). To be clear about our expectations: we anticipate that all indices are

likely to provide similar information if the objective is to simply determine whether one model is a ‘better’ fit

to data than another. Our interest here is in what these indices tell us about the differences between models in

relative rather than absolute ways (i.e., how much better is one model than another?). The work in this paper

builds on initial simulation studies conducted with the IMV (Domingue et al., 2021). Evidence from that paper

suggests that the IMV is quite sensitive to estimation error in a way that other indices (e.g., AUC; Hanley &

McNeil, 1982) are not. These differences suggest that when there is interest in more than simply ranking the

performance of models, the IMV provides novel information (that is closely related to errors in prediction) which

may be useful in understanding the quantitative differences in their predictions. In this paper, we complement

those findings with additional results focusing on indices widely-used with latent variable models. These new

results focus closely on the issue of sample size and its association with prediction quality.

This paper is organized as follows. We first discuss other indices before introducing the IMV in the context

of item response models for dichotomously scored item responses. We then evaluate its performance in a variety

of simulations both in isolation and in comparison to other indices. The metric’s applicability to empirical

data is then illustrated in a wide variety of datasets. We close with a discussion of the IMV’s potential use in

psychometrics.

1.1 Conventional Fit Indices for IRT models

There is a substantial literature on assessing the degree to which a given IRT model aptly characterizes a given

set of item responses. Rather than a complete review, we focus on key points related to the index we develop

here. Many approaches involve computation of quantities for the purpose of assessing the data-model match.

We will generically call these quantities “indices”. There are several types of indices to consider as alternatives

(Swaminathan, Hambleton, & Rogers, 2006), some of which are meant to interrogate specific assumptions of the

relevant IRT model. These include, for example, the infit and outfit statistics associated with the one parameter

logistic (1PL) model (Wu & Adams, 2013) and analyses of dimensionality (Stout, 1987); we do not further

discuss such indices here. There is also research on item- (Köhler, Robitzsch, & Hartig, 2020) and person-level

(see Chapter 6 in Van der Linden, 2017b) fit indices; we do not focus on such indices but return to this issue

in Section 5. Rather, we focus on a range of approaches meant to describe and compare the overall “fit”—by
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which we mean, roughly, “how close are predictions to observations?”—of a given model to a dataset. We include

discussion of indices that have distinctive features but that are similar in the sense that they are potential tools

for the job of selecting or differentiating amongst various models.

One approach includes classical inferential tests of differences between models based on the likelihood ratio

test. This is a widely-used approach but hinges on the availability of large samples (Mavridis, Moustaki, & Knott,

2007). In finite samples, there is frequent interest in likelihood-based approaches that correct for overfitting by

favoring parsimony (Kang & Cohen, 2007). Such indices—e.g., Akaike’s information criterion (AIC; Akaike,

1973), Schwarz’s Bayesian information criterion (BIC; Schwarz, 1978), and the deviance information criterion

(DIC; Spiegelhalter, Best, Carlin, & Van Der Linde, 2002)—compare the fit of nested and non-nested models

(including null models). One challenge with utilization of these indices is that their values are dependent on

sample size; while approaches exist that reduce this dependence (e.g., Wagenmakers & Farrell, 2004), common

usage hinges on values that are non-portable due to this sample size dependence.

A different approach involves examination of the contingency tables. For a test with n dichotomous items,

there are 2n possible response patterns. A complete comparison of the observed versus expected responses of

each pattern would be computationally burdensome for even moderate n, but approaches emphasizing lower-

dimensional summaries are useful (Maydeu-Olivares & Joe, 2005). Resulting statistics such as the M2 can also

be converted to root mean square error of approximation (RMSEA) type indices that also emphasize model

parsimony (Maydeu-Olivares, 2013). The RMSEA is not sample size dependent and is useful as a measure for

overall fit of a model to the data but is challenging to use for purposes of comparison, as differences in RMSEA

are sensitive to the size of the initial model (in degrees of freedom) which may lead to an inability to detect misfit

in differences between large models (Savalei, Brace, & Fouladi, 2021). In this paper, we compare the IMV to the

AIC and RMSEA. These quantities differ in key ways, but they are all regularly used for the purpose of evaluating

the performance of the kinds of models we consider here and they are thus useful for the purpose of evaluating

the IMV. However, the IMV is also informed by recent shifts in thinking on the importance of prediction. We

discuss these shifts below.

1.2 From explanation to prediction

Traditionally, fit indices and model parameters have been computed based on the same data. Historical limitations

on computation frequently mandated such approaches and, of course, indices were often designed with such

limitations in mind (e.g., the AIC penalty for overfitting based on the number of estimated parameters, Stone,

1977). More recent thinking, however, emphasizes the advantages of evaluating fit based on out-of-sample data in

psychology (Yarkoni & Westfall, 2017), across the social sciences more broadly (Verhagen, 2022; Wolfram, Tropf,

& Rahal, 2022), and into the computational sciences more generally (Savcisens et al., 2023). This rapidly occurring
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(Rahal et al., 2022) change in perspective is tied to criticisms that social science research has historically been

too narrowly focused on finding causal mechanisms based on an in-sample analysis of association-based models

applied to observational data (Shmueli, 2010). As one example from psychological measurement of the gains

such approaches may offer as compared to conventional in-sample studies, out-of-sample approaches may allow

for improved identification of dimensionality in factor analysis settings (Haslbeck & van Bork, 2024).

We agree with arguments that such a consideration of prediction is essential for improving our theoretical

understanding even when there is no inherent interest in prediction itself (Watts et al., 2018; Hofman et al.,

2021). The move to prediction—not to be conflated with the use of highly bespoke models for use in ‘forecasting’

exercises (Watts, 2014)—allows us to provide improved insight into model fit, to construct bench-marking tools

across modeling domains, and to generate insight into the behavior of complicated models. Full enjoyment of

these benefits may require the use of novel indices for understanding the performance of predictive models above

and beyond conventional indices that are perhaps not well-suited to this purpose.

Thus, prediction of out-of-sample data has begun to emphasize indices specifically designed for such purposes.

An early example of this kind of analysis in psychometric settings emphasized a version of the out-of-sample log-

likelihood as performing better than many alternatives (Kang & Cohen, 2007).1 A more recent paper (Stenhaug

& Domingue, 2022) introduced one insight that is key for our purposes. Frequently, analysis of out-of-sample

data for purposes of model selection has focused on which approaches allow one to identify the data generating

model. In contrast, they (Stenhaug & Domingue, 2022) argue that we should instead be asking which models are

maximally predictive of out-of-sample data. The more predictive model should be favored, irrespective of whether

this model is also the data generating model. Although we would clearly expect them to be in some cases, there

are other cases where the data generating model may fare poorly for prediction (e.g., a highly complex model

may generate poor predictions relative to a simpler alternative if there is insufficient data for precise estimation

of the many parameters of the complex model). In the sense that it is designed to gauge the quality of prediction

in out-of-sample tests, the IMV is a “predictive index”. This nomenclature is introduced so as to distinguish the

IMV and its computation from more conventional indices such as those discussed above; this kind of predictive

index is meant to help in quantifying modeling progress (Watts et al., 2018) with the ultimate goal of providing

a ‘solution-oriented’ approach to social science (Watts, 2017).

1This idea dates back more broadly to the Generalized Cross-Validation (GCV) method (Craven & Wahba, 1978) used to estimate
the correct degree of smoothing noisy data with spline functions.
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2 The InterModel Vigorish for IRT models of dichotomous outcomes

2.1 The InterModel Vigorish

The IMV was first introduced in the context of generic dichotomous outcomes; we briefly describe its computation

(for additional details, see Domingue et al., 2021) before moving to a discussion of its use in IRT settings. Consider

the likelihood assigned by some model to each predicted outcome pi P p0, 1q for some Bernoulli random variable

yi P t0, 1u (with i P t1, ..., nuq:

Li “ pyi

i p1 ´ piq
1´yi . (1)

We can summarize these via the geometric mean of the likelihoods

A “

˜

n
ź

i“1

Li

¸
1
n

. (2)

The IMV is based on a sequence of bets involving coins; we now note how these coins are identified before

describing their usage. We identify a coin of weight w via a calcluation involving A; specifically, for a predictive

system that leads to A, we find w P r0.5, 1s such that

w logpwq ` p1 ´ wq logp1 ´ wq “ logA. (3)

The coin with weight w has uncertainty equivalent to that of the full set of predictions pi of some outcome; a

weight close to w “ 0.5 indicates a predictive system with high levels of uncertainty whereas a coin with weight

close to w “ 1 indicates predictions that are much more deterministic.

Suppose we now have predictions of the outcomes y from two models; we will denote these predictions as p0

and p1 (omitting the i subscript). Using Eqn 3 we identify coins w0 and w1. A fair bet (in the sense that neither

side expects profit) is established based on w0; one player bets $1 on the positive outcome while a second bets 1
O

on the negative outcome (O “ w0

1´w0
). Unbeknownst to the player betting on the negative outcome, the coin of

weight w0 is replaced with a coin of weight w1. If w1 ą w0 (i.e., predictions p1 are better than those of p0), the

player betting on the positive outcome stands to gain. The IMV is this gain; it is based on the expected profit

for the player betting on the positive outcome if w0 is replaced with w1. In that case, the person betting on the

positive outcome now has additional information and expects to win

IMV ”
w1 ´ w0

w0
. (4)

This quantity is the expected profit associated with the side information contained in the p1 prediction that is
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only available to one party in a bet while the other party only has information contained in the p0 prediction.

We pause to emphasize one crucial fact. Given that the calculations in Eqn 3 are based on the unadjusted

likelihood, the IMV will be biased in favor of more complex models when evaluated in-sample. We thus rely on

computation of the IMV in data not used for model estimation throughout.

The IMV has several favorable properties. First, it is a generalizeable metric that is comparable across

different data and models and, thus, can be used to generalize results across applications. Generalizability is

ensured given that the IMV is always conditioned on the fair bet involving w0. Second, given that IMV always

requires predictions from two approaches2, it naturally indexes change between the approaches. However, there

is a natural null model (i.e., the outcome’s prevalence) that makes the IMV appropriate for evaluating the

performance of a single predictive approach. Third, the IMV requires only predictions from two models about

data; there are few additional restrictions. It can thus be used to make a variety of comparisons: We make

comparisons across different item response models applied across different datasets, but it can also be used to

make comparisons between different structural conditions (e.g., sample size), estimation strategies, and even

between truth and estimates. We attempt to illustrate this flexibility—e.g., with use of the “Oracle” analysis

introduced below meant to capture the last point—throughout the remainder of the paper. Fourth, values of the

IMV can be interpreted straightforwardly as real numbers given their derivation. For example, if an IMV value

from one predictive exercise is 10 times the value of the IMV from another, we can say that the information in

the first exercise provides an order of magnitude more predictive value than that in the second exercise. We now

discuss the extension of the IMV approach to an IRT framework.

2.2 The IMV for IRT models with dichotomous outcomes

When considering dichotomous item responses, application of the IMV is a fairly straightforward extension of

the approach described above. Suppose we want to evaluate the fit of an IRT model to the dichotomously coded

item response xij P t0, 1u of person i P t1, . . . , Nu to item j P t1, . . . , Ju. We consider item response models that

describe the probability of a correct response for person i to item j,

Prpxij “ 1q ” pij . (5)

If, for example, we are considering the 3PL (Lord & Novick, 1968) then the predicted probability of a correct

response is modeled as a function of person ability θi, item difficulty bj , item discrimination aj , and guessing

parameter cj :

pij “ cj `
1 ´ cj

1 ` expp´ajpθi ´ bjqq
. (6)

2In the sense that the IMV can be used as a relative metric, is is similar to, for example, the Tucker-Lewis index which has been
used in structural equation modeling (Maydeu-Olivares & Garcia-Forero, 2010; Han, Zhang, Jiang, & Shi, 2022; Cai, Chung, & Lee,
2021).
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We now introduce subscripts to denote probabilities from different approaches (and suppress i and j subscripts

for readability). The vector of response-level probabilities, p1, for the model of interest is constructed relative to

some baseline model whose probabilities we denote as p0. The value p0 could be the predicted probability of a

correct response from an alternative item response model—e.g., the 1PL model (@j, aj “ 1, cj “ 0) or the 2PL

(@j, cj “ 0)—if p1 is based on the 3PL. As a baseline, we can even consider simpler alternatives such as the overall

mean (sx) or item-specific predictions that ignore information about the respondent ( sxj ” 1
N

řN
i“1 xij ; i.e., the

item p-value from classical test theory, Crocker & Algina, 1986).3

Alongside predictions p0 and p1, the computation of the IMV requires a specific set of outcomes but is flexible

in that any set of outcomes/predictions are sufficient. If outcomes are denoted as x, then we denote the IMV

metric as IMVpp0, p1;xq. Here we present out-of-sample predictions averaged across all items but emphasize

this flexibility upfront. In computation of the IMV, we will use data x that are not included in the process of

estimating p0 or p1 (i.e., x is out-of-sample or test data).4 We occasionally denote such data as x‹ when we want

to emphasize that it is out-of-sample but retain the simpler x notation here to emphasize that the basic idea does

not require out-of-sample data.

The IMV metric has various advantages. First, it can be used as an index in relative isolation (comparing

model-based predictions to, for example, overall difficulty or item-specific difficulty) or as a comparison between

two more sophisticated models. Second, when used in this second, relative sense, it offers great flexibility in the

choice of comparison model (which does not need to be nested, and may also use different estimators). Third,

being standardized as the expected profit of a bet, it is comparable across different models and data sets. In the

following section we discuss the performance of the IMV in a range of simulation studies but also offer simple

illustrations of how to compute the IMV using both simulated and empirical data (see SI-S1).

3 The IMV in simulation studies

In this section we illustrate the performance of the IMV in the context of dichotomous item responses using sim-

ulation studies. We specifically (1) evaluate how the IMV behaves under model misspecification, (2) demonstrate

how it can be used to study overfitting and predictive accuracy, and (3) assess sensitivity to sample size. We also

(4) contrast the behavior of the IMV to that of alternative metrics. Finally, we (5) contrast the range of IMVs

computed in the simulation studies.

Note the following details regarding the simulation studies:

3Note that the Ďxj value is also termed the 0PL in some settings. However, there is ambiguity in how this term is used with
some usage indicating predictions invariant across persons (as used here; see the ‘0PL-item’ model in Reddy, Labutov, Banerjee, &
Joachims, 2016) whereas in other cases it indicates predictions invariant across items (Haberman, Sinharay, & Lee, 2011; Wainer,
2016).

4In simulation settings, we will generate new data for testing purposes from the known data generating model. In empirical
settings, we use K-fold cross-validation (James, Witten, Hastie, Tibshirani, et al., 2013).
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• Unless otherwise noted, we simulate data x via Eqn 6 with log aj „ Normalp0, σ2q, bj „ Normalp0, 1q, and

cj „ Unifp0, Cq for N “ 1000 respondents and varying numbers of items Nj P t10, 25, 50, 200u. We sample

abilities θi „ Normalp0, 1q. For each condition, we generate 100 data sets.

• Item response models are estimated with mirt (Chalmers, 2012). Item parameters are estimated via the

expectation-maximization (EM) algorithm; person abilities are estimated via expected a posteriori (EAP).

So as to ensure convergence in the case of small samples, where applicable we estimate item parameters using

a lognormal prior with parameters (0,1) for discriminations and a beta prior for guessing with parameters

(2,17).5

• We compute the IMV using out-of-sample responses. In simulations, we produce a test dataset by sampling

a new set of item responses, x‹, based on the true pij values. That is, we generate new responses from the

same probability distribution used to generate the training data from which model estimates are derived;

note that we thus compute the IMV based on the same amount of data used for estimation. Predictions

associated with these out-of-sample responses are based on the estimated item- and person-level parameters

for a given models used for estimation.

Note that we use a similar approach to estimation in our empirical work discussed in Section 4.

3.1 Prediction and model misspecification

We begin by investigating the performance of the IMV in analyzing estimates from models that do not necessarily

have the same form as the generative model. To that end, we simulated data x using Eqn 6 (based on manipulation

of C P t0, .3u and σ P t0, .25, .5u). All conditions were fully crossed. Based on the true response-level probability

of a correct response, we generate an equivalently sized holdout sample x‹ of responses. We then fit the 1PL,

2PL, and 3PL models to the data in x, obtaining estimates of xpij from each and then compute IMVs for different

combinations of predictions of x‹. In particular, we consider IMV(1PL,2PL;x‹) and IMV(2PL,3PL;x‹) as a

function of the σ and C values. We hypothesize, for example, an increase in IMV(1PL,2PL;x‹) as σ increases.

We are able to make explicit statements about this hypothesis by quantifying the value associated with fitting

more complex models.

Results are presented in Figure 1 for varying numbers of items. We begin by first considering the blue points

which show IMV(1PL,2PL). As expected, the 2PL provides increasing value as σ increases relative to the 1PL.

For σ “ 0.5, the IMV is between 0.01 and 0.015. We provide IRT-specific context for these values in subsequent

sections; but, as an initial benchmark, evidence from other settings suggest that the move from the 1PL to 2PL

is as valuable—in IMV terms—as, for example, information about age in prediction of chronic disease amongst

older people (Domingue et al., 2021). We view these values as evidence that the IMV is clearly able to detect

5We considered the sensitivity to choice of prior in simulation studies, see SI-S2.4.
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Figure 1: The cost of misfit: IMV values for the 3PL relative to the 2PL (red) and the 2PL relative to the
1PL (blue). Points are averages across 100 datasets for each configuration of parameters (1000 respondents in all
cases); line segments represent span of 0.025 to 0.975 quantiles over the 100 datasets. The “(N,M)” in parentheses
are shorthand for the N and M parameter logistic IRT models.
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scenarios wherein an overly restrictive model is being used as compared to a model that generates more accurate

predictions. Moreover, this detection is quantified in a way that is portable. Given this portability, the gains

in going from the 1PL to the 2PL can be compared directly to subsequent gains we observe from other kinds of

modeling innovation.

We now make such a comparison by looking at gains associated with going from the 2PL to the 3PL. Consider

the red points in Figure 1, which show IMV(2PL,3PL). In contrast to the results shown for IMV(1PL,2PL), the

3PL never provides much additional value relative to the 2PL irrespective of the value of C. Average IMV values

are never greater than 0.001. While the evaluation of the IMV(1PL,2PL) values suggested that the IMV was

sensitive to that modeling change, consideration of IMV(2PL,3PL) suggest that the IMV is able to detect when

adding model complexity does not improve predictions of new data. In SI-S2.2 we show that the IMV(2PL,3PL)

values remain small even when guessing is more pronounced. This is due to previously identified problems related

to the identification of 3PL model parameters (Maris & Bechger, 2009; Haberman, 2005; von Davier, 2009) and

is a topic we return to in Section 5.

In the above, we consider comparisons between different IRT models. One advantage of the IMV is that it

allows comparison across very different types of models that do not need to be from the same family of models.

We illustrate this by also considering non-IRT mechanisms for generating p0 or p1; for example, we examine

IMV( sxj ,1PL), where sxj “
ř

i xij{N represents the response probability as calculated by the in-sample proportion

of correct responses for each item (i.e., the classical item p-value). Note that this probability is constant across

persons within each item and describes the value of the 1PL versus predictions that do not account for between-

person differences in ability. We can similarly consider IMV(sx, sxj ;x
‹), where sx “

ř

i,j xij{N represents the mean

response across all items and people. This quantity describes the value of predictions that account for item-level

differences in difficulty as compared to a universal prediction based on overall difficulty alone.
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The average IMV( sxj ,1PL;x
‹) across all iterations in Figure 1 was 0.1. Similarly, the average IMV(sx, sxj ;x

‹)

across all iterations was 0.26. Note that the IMV values from this simulation are maximal in the sense that they

would be smaller if Epθi ´bjq ‰ 0; we illustrate this fact in SI-S2.1. These IMVs indicate that the gains associated

with the inclusion of item-level variation in the discrimination parameter relative to difficulty alone are an order

of magnitude less valuable than allowing variation in pij after considering both item- and person-parameters.

3.2 Evaluation of model-based predictions versus truth and a consideration of over-

fitting

We now evaluate the balance between prediction accuracy and overfitting. To do this, we compare model-based

predictions to the true probabilities. Predictions from in-sample data suffer from overfitting which we show by

computing IMV values tailored to index overfitting using in-sample data. Predictions on out-of-sample data do

not have this problem and are used to quantify the value that absolute truth (i.e., predictions from an oracle)

have versus model-based predictions.

Formally, we compute Oracle values as IMV(xpij , pij ;x
‹); that is, we are asking about the value that would be

associated with knowing the true pij value relative to our estimate xpij for out-of-sample data. Similarly, Overfit is

defined as IMV(xpij , pij ;x). As with the Oracle, we are again asking about the value associated with knowing the

true pij quantities relative to the estimates based on an IRT-model. The key distinction is that for the Overfit

we are computing IMVs based on in-sample data (x rather than x‹). If the Overfit value is below zero, this

implies that the estimates are better predictors than the truth (a clear indication of overfitting). We will use xpij

derived from the 1PL, 2PL, and 3PL models. We emphasize that these Oracle and Overfit values, as compared to

the quantities such as IMV(1PL,2PL) considered in Figure 1, are only available given that we are working with

simulated data and thus know truth (i.e., pij).

The results are shown in Figure 2. Consider the 1PL: for these estimates, there is increasing value in the

Oracle as σ and C increase. In contrast, the Oracle is positive but relatively constant across σ and C for the

2PL and 3PL thus suggesting that it is the ability to fit the changing discrimination parameters that is resulting

in valuable gains in estimates of item-level response probabilities. This dovetails with the previous observation

regarding the fact that IMV(2PL,3PL) is very near zero irrespective of C. The fact that, for a given value of C,

we see no change in the Oracle for the 2PL across values of σ indicates that it is the flexibility associated with

fitting varying discrimination parameters, not the level of variation in those parameters, that leads to predictive

value from the 2PL relative to the truth (of course, IMV(1PL,2PL) increases as a function of σ, see Figure 1).6

Note that the value of the Oracle IMV when σ “ C “ 0 is similar across all three IRT models (i.e., the points in

each panel overlap) but depends on the number of items (i.e., it is near 0.02 for 25 items but less than 0.01 for

6Ancillary analyses suggest that we do observe systematic variation in the 2PL Oracle across values of σ if the sample size is
smaller.
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Figure 2: Oracle and Overfit values computed for simulations in Figure 1. Solid dots represent Oracle values
where the number indicates the IRT model (e.g., 3 indicates the 3PL). Hollow dots indicate Overfit values.
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200 items); we further discuss this dependency on sample size below.

Turning to the Overfit values, we would generally expect better prediction when we have access to the true pij

values as compared to the estimated values xpij . However, note that the Overfit values in Figure 2 are generally

negative. This confirms that the xpij values are overly tailored to x. The penalty is relatively constant for the

2PL and 3PL as a function of σ and C, but the magnitude of the penalty depends on the number of items and is

nearly zero for the largest number of items (i.e., estimates of xpij are nearly as good as pij). There are interesting

features of the 1PL Overfit estimates. Consider the 25 item case. When the true model is effectively the 1PL (i.e.,

σ “ C “ 0), all three IRT approaches see an expected Overfit IMV of nearly -0.02. However, as σ and C increase,

the penalty associated with the 1PL model declines to nearly 0. A similar story holds as we increase the number

of items and, in fact, the Overfit associated with the 1PL is actually positive when σ and C are relatively large,

suggesting that the true pij values are more predictive than the estimated xpij values. This indicates that the 1PL

is more robust to Overfitting than the 2PL and 3PL when the data generating model is relatively complex but, of

course, this comes at the cost of being overly restrictive in predicting outcomes when the 1PL is not the correct

model (especially when σ ą 0).

3.3 Prediction accuracy as a function of sample size

When appropriate models are applied, larger samples should allow for more accurate estimation of model param-

eters. We thus use the IMV to index changes in predictive value as a function of sample size. We extend the

above simulations to allow for varying numbers of respondents (up to 10,000). Results can be found in the sup-

plementary materials (SI-S2.5). We demonstrate that the (IMV-derived) costs of misfit are not strongly sensitive

to sample size except for the case of the IMV(1PL,2PL) if the data generating model is the 2PL or 3PL (SI-S2.5)

which doubles from around 0.005 for 100 respondents to over 0.01 when there are several thousand respondents.

These results are consistent with the notion that more respondents allow for more accurate estimates of slope
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parameters but do not translate into more accurate guessing parameters. Note that we are not arguing that the

IMV’s value is sensitive to sample size in a way that invalidates comparisons; rather, predictions are improved

(in some cases) with larger samples and these improved predictions lead to larger IMVs.

In the SI, we further explore the sensitivity of the Oracle values to sample size (SI-S2.6); we note two key

findings. First, the Oracle values behave as expected as a function of sample size (i.e., they move towards zero

for larger number of respondents and a fixed number of items). Second, there is a lower bound on the value of

the Oracle for a fixed number of items. That is, increasingly large samples do not further generate value for a

fixed number of items. This is because the xpij estimates cease to become more accurate given that the precision

of ability estimates is limited by the sample size of items.

3.4 A comparison of the IMV to alternative metrics

If interest is in a simple up/down decision about one model or another, we anticipate that commonly used metrics

will provide similar information under many common scenarios. This is desirable; the IMV will typically provide

the same information as other metrics if interest is solely in that decision (see simulations in Domingue et al.,

2021). However, the IMV provides qualitatively different information if the focus is on the questions of ‘how

much better?’ rather than strictly ‘which is better?’. We offer an illustration of this point focusing on commonly

used indices in IRT settings with an emphasis on both the portability of the IMV and the fact that it is indexing

prediction quality. These results, when joined with those from earlier work (Domingue et al., 2021), suggest

that the IMV offers novel information compared to conventional metrics. We consider comparisons to the AIC

(Akaike, 1973)—specifically, the difference in the AIC (Burnham & Anderson, 2004) between sequential models

(i.e., AIC1PL ´AIC2PL , AIC2PL ´AIC3PL)—and the RMSEA based on the M2 statistic (Maydeu-Olivares, Cai,

& Hernández, 2011). The AIC is widely used for model selection and involves a penalty based on the number of

estimated parameters. Note that AIC does not depend on number of estimated person abilities. The RMSEA

considers parsimony by capturing the amount of model misspecification per degree of freedom (Browne & Cudeck,

1992); for comparisons to the other indices, we consider differences in RMSEA values. We also take advantage

of the simulated setting to consider RMSEs between true and estimated probabilities. While it would not be

useful in empirical settings where truth is not known, the behavior of the RMSEs offers a valuable benchmark

here in that it helps to calibrate our understanding of the other metrics. In particular, we use the RMSE as our

benchmark for gauging changes in predictive accuracy.7

We base simulations on the 2PL (Eqn 6 with cj “ 0). We sample bj „ Normalp0, 1q and log aj „ Normalp0, 0.32q.

We focus on the implications of sample size. Results for this first simulation study are shown in Figure 3;

we separately vary the number of items (top; N „ Unifp10, 50q) and the number of respondents (bottom;

7Note that the RMSE would not, in general, be portable across simulation studies given the dependence on Epθ ´ bjq. However,
in the simulation study here we do not vary Epθ ´ bjq and thus are focusing on values of the RMSE that are directly comparable.
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Figure 3: Simulations comparing a variety of metrics (in columns; along with RMSE as compared to the
true/known probabilities used to generate item responses) for 1/2/3PL estimates (shown as different colors).
Data are generated via the 2PL based on different numbers of items (top; 1000 respondents) or different numbers
of people (bottom; 50 items). Solid lines indicate comparisons; in the first row, the dashed lines indicate raw
RMSEs for the 3 models. Results are based on LOESS smoothing for 1000 choices of the component of sample
size being varied (top, items; bottom, people).
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N „ Unifp100, 1000q). Consider first the root mean squared errors (RMSE; in the left panel), which contrasts

estimates from a given model with true probabilities used to generate responses; the RMSE would not be avail-

able in practice but is useful here given that it allows us to benchmark the behavior of the various metrics to

the RMSE’s comparisons of estimates to truth. The RMSE is smallest in absolute terms for the 2PL—given that

the 2PL was used to generate the data the 3PL is overfit to the in-sample data (see also results from Figure 1

when σ “ 0)—with the 1PL estimates being worse in larger samples. Note also that there is some increase in

the difference in the RMSE for the intial growth in sample (either items or persons) but this growth seems to

level out (especially as a function of the number of people) for larger sample sizes. A metric that is sensitive to

improvements in prediction accuracy should behave similarly.

Turning to the metrics that are computed based on estimated quantities (rather than true probabilities), the

IMV(1PL,2PL) increases as sample size increases while the IMV(2PL,3PL) is negative but quite small and fairly

insensitive to changes in sample size. Both of these results are anticipated given the RMSE results. The IMV is

sensitive in that increases in sample size lead to improvements in predictive accuracy. Suppose we go from 200 to

500 respondents being used to estimate model parameters, this increase results in increases in accuracy for the

2PL relative to the 1PL that we can observe in the RMSE and we similarly observe increases in the IMV. Larger

15



sample sizes (i.e., going from 500 to 1000) do not yield tangible differences in predictive accuracy (again see the

RMSE) and the IMV is similarly flat.

For the RMSEA and AIC values, we focus interpretation on the areas of difference. The RMSEA does little to

capture the divergence in 1PL and 2PL/3PL predictions as the number of respondents increases (the RMSEA also

misidentifies the generating model in SI-S2.7). The AIC’s sensitivity to the number of estimated item parameters

is apparent in the upper right panel; rather than level out as do the RMSE and IMV values the AIC differences are

largely linear. These panels help to illustrate the issue of portability associated with the AIC. The RMSE values,

for example, are always comparable for the 2PL and 3PL irrespective of sample size. However, the AIC differences

comparing the 2PL and 3PL results vary from near 0 to nearly -200 depending on the relevant sample sizes. In

contrast to what we obsered with the IMV, the RMSEA is not sensitive to changes in predictive accuracy (note

the flatness of the curves in the bottom panel) and the AIC is not portable (the AIC grows linearly as a function of

the sample size irrespective of the predictive gains suggested by the RMSE). In SI-S2.7, we further illustrate these

points of difference between the IMV and AIC/RMSEA by focusing on variation in µ when bj „ Normalpµ, 12q.

3.5 Synthesizing the simulation results

We synthesize IMV values from the simulation studies in Table 1. These provide generic guidance about the

kind of increase in predictive performance that comes from different modeling innovations. We offer them for the

purposes of helping to develop intuition about the degree to which modeling choices affect predictive accuracy.

When the data generating model is a 1PL, adoption of item-level variation in prediction is incredibly valuable,

IMVpsx, sxjq “ 0.3, relative to prediction based on the overall p-value alone. Prediction based on the 1PL leads

to IMVp sxj , 1PLq “ 0.1; incorporation of person-level variation is, not surprisingly, quite useful for improving

predictions even after item-level variation has been included.

Turning now to data generated from more complex models, prediction based on the 2PL rather than the 1PL

is an order of magnitude less valuable, IMVp1PL, 2PLq “ 0.01, than IMVp sxj , 1PLq. This value depends on a

choice of σ. Here, we focus on results for σ “ 0.5 which corresponds to aj parameters that whose 10% and 90%

percentiles range from 0.53 to 1.88; different choices of σ lead to different IMV values (see Figure 1), we return to

this point in our discussion of empirical results. As an additional point of comparison, we can compute the IMV

based on different approaches to generating ability estimates. After computing both MLE and EAP estimates,

we can compute IMV(MLE,EAP), see SI-S2.3. Predictions based on the EAP versus the MLE are nearly an

order of magnitude less valuable still, IMV(MLE,EAP)=0.002. Transitioning from the 2PL to the 3PL as the

generative model, recovery via the 3PL has an IMV much smaller than the switch in ability estimation methods,

IMV(2PL,3PL)=0.0005.

To emphasize the portability of the IMV, we can also compare these values to those generated in non-IRT
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Table 1: Approximate expected IMVs for different modeling sce-
narios. Results based on simulated item response data for 50 items
and 1000 respondents using the appropriate generating model.

IMV Comparison Value Generating Model(s) Source

IMV(sx, sxj) 0.3 1PL SI-S2.1a

IMV( sxj ,1PL) 0.1 1PL SI-S2.1a

IMV(1PL,2PL) 0.01 3PL Figure 1b

IMV(MLE,EAP) 0.002 3PL SI-S2.3

IMV(2PL,3PL) 0.0005 3PL Figure 1b

a Data generated via Eqn 6 with aj “ 0, cj “ 0, Epbq “ 0, and
Varpbq “ 1.

b Data generated via Eqn 6 with σ “ 0.5 and C “ 0.3.

settings (Domingue et al., 2021). The value of allowing for item-level variation in predictions (IMVpx̄, x̄jq “ 0.3)

is similar to the value of demographics in predicting the political affiliation of US adults in 1991. Moving to

the 1PL (IMVpx̄j , 1PLq “ 0.1) is akin to the value that self-reported symptoms (e.g., loss of taste) provided in

predicting COVID infections early in the outbreak. Relative to the 1PL, the 2PL provided predictive value on

the order of what age and sex provide in predicting high blood pressure amongst respondents near 63y of age.

Such comparisons are useful in helping us understand the general utility of modeling improvements made in IRT

by allowing us to contrast them with the predictive gains observed in other contexts.

We believe the values in Table 1 have implications for application. For example, there is a relatively large

literature on the sample size requirements of the 3PL (see discussion in Feuerstahler, 2020). In our view, the

difference between the 2PL and 3PL is fairly negligible in terms of the value offered by the predictions even when

the 3PL is the true data generating model. This is not to say that estimates from the 3PL can never help to

identify items that have issues associated with guessing or that such information would not be valuable; rather,

we are asserting that, if interest is in the quality of the resulting predictions, the difference between the 2PL and

3PL is likely negligible.

4 The IMV in empirical data

In order to evaluate how different models improve prediction of item responses in practice, we apply the IMV

approach to 89 dichotomously scored item response datasets taken from the IRW (Domingue & Kanopka, 2023).

These data span a range of cognitive and affective tasks. We consider the broad range of data for the purpose of

both illustrating common trends related to variation in prediction quality and also studying interesting exceptions

revealed by the IMV values. The median dataset has 1500 respondents (range 118–10000) and 36 items (range

4–529). For a description of each dataset and its associated results, please see SI-S3.
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Figure 4: IMVs computed using different models with 89 empirical datasets. Gray lines are similarly placed in
each figure to emphasize comparability across results (and average IMVs for each approach are also shown). Left:
IMV(CTT,1PL) as a function of the average response sx in a given dataset. Right: IMVs contrasting a range of
IRT models.
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We focus on analysis of IMVs computed for various modelling approaches and use the quantities in Table

1 as a means of understanding the relative magnitude of these values. We use the same analysis pipeline as

with simulated data with a few exceptions. To minimize the computational costs, we consider a random sample

of 10,000 respondents in datasets with large numbers of respondents. To compute the IMV, we implement the

“missing response” paradigm (Stenhaug & Domingue, 2022) by splitting the response-level data at random into

k “ 4 folds.8 For a given fold, we use all responses not in that fold to produce estimates of ability and item

parameters, and then combine those to generate predictions for the responses in the fold. The same priors as

in the simulations were used here for estimation. IMVs are computed based on those predictions; we take the

average IMV across the folds.

We begin by comparing the predictions from the 1PL model to those that use simply the item-level mean

(i.e., sxj). A visualization of the IMVs as a function of the average response x̄ is shown in Figure 4; correlations

between dataset descriptive statistics and IMV results are shown in Table 2. The average value of IMV( sxj ,1PL)

was 0.075; note that this is less than but in proximity to the 0.1 value from simulation studies (e.g., Table 1 when

the 1PL was the true model). There are some extreme values; the largest value (IMV( sxj ,1PL)=0.47) is for data

from a four-item attitudinal survey regarding abortion (see Rizopoulos, 2006).

We emphasize a few additional points related to these IMV( sxj ,1PL) values. First, as expected, IMVs are

generally larger for datasets that have items with correct response rates near 50% (r “ ´0.42, see Table 2). This

is due to the fact that the level of uncertainty for the Bernoulli random variable varies with prevalence; the IMV

is related to uncertainty and there is simply less uncertainty when prevalences are far from 0.5 for models to

explain. That said, for a given average response level, there is still variation in the IMV thus indicating that the

IMV is sensitive to prediction quality on top of overall difficulty. Second, the IMVs are effectively independent of

the number of people (correlation of -0.07) and only weakly associated with the number of items (-0.22); we offer a

8We conduct a small simulation study regarding the choice of k, see SI-S3.2. Resulting IMVs are relatively insensitive to the
particular choice of k.
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Table 2: Correlations between IMV values
(for 1PL, 2PL, 3PL, and 2F-2PL models) and
key dataset descriptives (numbers of people
and items; |.5 ´ sx| where sx is the average re-
sponse for a dataset) for empirical analyses.

1PL 2PL 3PL 2F-2PL

N people -0.07 0.16 0.43 -0.32

N itemsa -0.22 0.13 0.06 0.31

|.5 ´ sx| -0.42 -0.25 -0.21 -0.07

1PL 1.00 -0.39 -0.03 -0.15

2PL 1.00 0.10 0.48

3PL 1.00 -0.06

a One dataset had over 500 items; correlations
with number of items is computed with this
dataset removed.

potential explanation for this negative correlation with the number of items below. Third, to indicate the flexibility

of the IMV, we also compare estimates from the 1PL model to an alternative baseline: that of the Guttman model

(Guttman, 1950).9 The expected payoffs in this case are quite large (average IMV(Guttman,1PL)“ 0.53) which

is consistent with arguments regarding the utility of probabilistic item response models (Sijtsma, 2012).

Turning to more complex models beginning with the 2PL, we observe an average IMV(1PL,2PL)=0.006, an

order of magnitude smaller than the mean IMV( sxj ,1PL). The IMV associated with moving from the 1PL to the

2PL was somewhat larger in simulation studies (IMV(1PL,2PL)=0.01) than the average here but recall that this

quantity depended on a choice of σ; we view the proximity of these empirical results to the value observed in

simulations as supportive of the IMV values associated with σ “ 0.5 that we focus on in Table 1. There is variation

in these IMV(1PL,2PL) quantities (max of 0.068 for data from toddlers on balance-problem items; Van Maanen,

Been, & Sijtsma, 1989); note that there was also significant variability in the simulation-based IMV(1PL,2PL)

values of Figure 1. The average IMV(2PL,3PL) is 0.00016 with a max of 0.0046 (data from a literacy intervention;

Gilbert, Kim, & Miratrix, 2023); these results suggest weak improvements in predictive value for the 3PL relative

to the 2PL as was observed in simulation studies.

As a contrast to the 3PL results, we also consider a fully exploratory two factor 2PL (2F-2PL). Data restrictions

led to analysis in only 60 datasets.10 The average IMV(2PL,2F-2PL) was 0.0031; this is somewhat larger than

9Specifically, we use the person-level ability estimates θi and the 1PL difficulty estimates δj and set the probability of response
where θi ą bj as 0.99 and 0.01 otherwise (note that we cannot use 1 and 0 respectively given that these would lead to malformed
likelihoods).

10We considered multidimensional analysis of a subset of the 89 empirical datasets. We required that the dataset contain obser-
vations from at least 500 respondents and used a random sample of 25,000 respondents rather than 10,000 respondents for larger
datasets. We also omit results for datasets wherein either the estimation algorithm did not converge or the estimated abilities were
effectively identical (a mean absolute deviation between abilities of less than 0.001). These restrictions left us with results for 60
datasets.
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the IMV(2PL,3PL) results but there was also more variability in the right tail. The maximal value was 0.029

(data from a personality inventory; Eysenck & Eysenck, 1968); indeed, many of the cases wherein the 2F-2PL

offered large preditive increases were based on personality inventories that are conventionally assumed to be

multidimensional. We thus argue that the 2F-2PL is a modeling innovation that is able to produce tangible gains

in predictive value in some tailored cases; the 3PL only provides—at best—very weak predictive value. When

combined with the simulation evidence (e.g., Figure SI-S2.2), we are pessimistic about the utility of fitting the

3PL.

We offer two additional notes about the multidimensional results. First, as context for the larger IMVs

observed for the IMV(2PL,2F-2PL), we considered a simulation study (see SI-S2.8); IMVs greater than 0.02 can

be obtained even when we simulate data with fairly strongly correlated latent factors (ρ ą 0.5). Second, note

that, as one may expect, the correlation between the IMV(2PL,2F-2PL) and the number of items was positive

(r “ 0.31) which may be one component of the observed negative correlation between IMV( sxj ,1PL) and the

number of items.

5 Discussion

A great volume of psychometric research is concerned with adjudicating between different modeling approaches.

A variety of approaches are available for making such decisions. In our view, these approaches have many

shared weaknesses. In particular, we are concerned about a lack of portability across settings that leads to an

impoverished intuition about the predictive gains associated with modeling choices amongst applied researchers.

The IMV is a different approach that quantifies the predictive value encoded in one model relative to another. It

quantifies the gain in prediction in the form of expected winnings in bets due to the side information encoded in

the focal model as compared to some baseline. In contrast to most existing fit indices, the IMV is a predictive

index that assesses a model’s success at out-of-sample prediction. As such, it is well suited to address an increasing

interest in prediction (even when explanation is the ultimate goal; Yarkoni & Westfall, 2017) and is highly portable

in that its values can be meaningfully compared across a variety of contexts. In this paper, we describe how the

IMV can be used with IRT models of dichotomous item responses.

We described a sequence of simulation studies that are collectively meant to demonstrate the utility of the

IMV as a means of understanding the functioning of IRT models. We studied the IMV as a tool for understanding

misfit, for example. Of particular interest is the observation that IMV(2PL,3PL) tends to be near zero as the

2PL can effectively approximate guessing via adjustment to difficulty and discrimination parameters in a way

that makes the resulting out-of-sample 2PL estimates of xpij highly comparable to those produced by the 3PL.

Results here are similar to others (e.g., Stenhaug & Domingue, 2022) in suggesting that the 3PL might have

limited utility in many settings.
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We also use the inherently comparative nature of the IMV to introduce the Oracle and the Overfit values.

We use these values to illustrate a few pertinent facts. When the 1PL model is used to simulate data, there is no

value associated with fitting more complex models. This is expected since the innovations of the 2PL and 3PL

are not necessary. Note that, even in this simple case, the IMV of truth relative to estimates (i.e., the Oracle)

does not decline to zero as a function of the number of respondents alone; the number of items also needs to get

increasingly large. This is a useful reminder regarding the limited utility of having ever more respondents. Even

when the 2PL is used to generate data, estimates from the 2PL are overfit to the data in a way that is not true of

1PL estimates (i.e., true response-level probabilities are better predictors of new data than 1PL-based estimates

but worse than 2PL-based estimates). In this sense the 1PL-based estimates are lower variance but higher bias

in the sense of the bias-variance trade-off (Doroudi, 2020).

We also compared the IMV to alternative metrics. The IMV was observed to be reflective of variation in the

RMSE between true and estimated probabilities of responses as a function of various quantities manipulated in

simulation studies in a way that made it distinctive as compared to the AIC and RMSEA. We also emphasize

the ease of interpretation of the IMV. While there is guidance on generic interpretations of the other indices

(e.g., Browne & Cudeck, 1992 for the RMSEA and Burnham & Anderson, 2004 for the AIC differences), the

interpretation of the IMV is aided by the quantities shown in Table 1. We used simulations to offer context to the

improvements in prediction associated with different modeling innovations that, we believe, could be highly useful

in future work. Table 1 describe the level of predictive power that we should expect under known conditions. For

example, we should anticipate IMV(1PL,2PL) approaching 0.01 when there is in fact substantial variation in the

discrimination parameters (recall that we simulate log aj „ Normalp0, σ2q with σ “ 0.5). Future work with the

2PL can still be informed by this rough benchmark (and, of course, more precise benchmarks can be obtained;

e.g., McNeish & Wolf, 2021). Finally, note also the flexibility of the IMV. We use it here to study the effects of

sample size, priors, and estimation algorithms on prediction quality; this flexibility is a vital component of the

IMV’s appeal.

In our view, the evidence from simulation and empirical work suggests that the IMV is a useful new tool for

understanding the performance of IRT models. The IMV approach provides a complementary perspective based

on the level of predictive difference across models rather than attempts to ascertain the true model; in particular,

values from application of different IRT models in empirical settings can be compared to the quantities in Table

1 so as to indicate whether the performance of a model in a given data context is unique or as-expected. The

IMV’s focus on how models predict new data is important. We agree with others (Yarkoni & Westfall, 2017) that

prediction is relevant even when the goal is to identify mechanisms.

The simplicity of the IMV—it merely requires predictions of responses generated by any mechanism—suggests

that it could be further used in other settings. For example, the IMV could be used to understand the behavior

of specific items. There are also possibilities of further extending the IMV to deal with non-dichotous responses.
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While there are complexities associated with such extensions, advances on this front would be of potential utility as

they might allow for straightforward comparison of the performance of IRT models across both dichotomous and

polytomous items. This simplicity comes at one potential cost, however. The IMV’s reliance on cross-validation

may necessitate somewhat larger samples; future work can focus on the implications of using this method with

smaller samples.

In the future, the IMV could be used to further quantify the degree to which modeling innovations provide

value in predicting new data relative to conventional alternatives. Innovations in psychometric techniques are

welcome, even ones that produce relatively marginal predictive improvements. However, it is our view that a firmer

foundation for future development of psychometric models would include a generalizable tool for understanding

the magnitudes of predictive improvement offered by a given innovation. The IMV is such a tool.
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S1 Examples

In this section we provide code for computation of the IMV with simulated and real data. The code is also

available online.11

S1.1 Computing the IMV

The below function will compute the IMV. It requires three core arguments: a vector of responses resp and then

predictions from two models, pv1 and pv2. This function will get used below in calculations of the IMV in both

simulated and empirical examples.

Computing the IMV

imv<-function (resp, pv1, pv2, eps = 1e-06)

{

pv1 <- ifelse(pv1 < eps, eps, pv1)

pv2 <- ifelse(pv2 < eps, eps, pv2)

pv1 <- ifelse(pv1 > 1 - eps, 1 - eps, pv1)

pv2 <- ifelse(pv2 > 1 - eps, 1 - eps, pv2)

# Log likelihood

ll <- function(x, p) {

z <- log(p) * resp + log(1 - p) * (1 - resp)

z <- sum(z)/length(x)

exp(z)

}

loglik1 <- ll(resp, pv1)

loglik2 <- ll(resp, pv2)

getcoins <- function(a) {

f <- function(p, a) abs(p * log(p) +

(1 - p) * log(1 - p) - log(a))

nlminb(0.5, f, lower = 0.001, upper = 0.999, a = a)$par

}

c1 <- getcoins(loglik1)

c2 <- getcoins(loglik2)

ew <- function(p1, p0) (p1 - p0)/p0

imv <- ew(c2, c1)

imv

}

11https://github.com/intermodel-vigorish/imv-irt/blob/main/examples/imv.R
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S1.2 Simulated Example

We can use the imv() function (see SI-S1.1) to compute the IMV for predictions from the 1PL versus the 2PL

when the 2PL (with σ “ 0.5) is the data-generating model. Note that the IMV is computed with resp.test, a

second set of out-of-sample responses generated from the underlying probabilities (the ability and item parameters

are estimated based on the ‘in-sample’ data resp).

An example with simulated data

##simulate data

set.seed(170301)

N<-10000

ni<-50

th<-rnorm(N)

b<-rnorm(ni)

a<-exp(rnorm(ni,sd=.5))

k<-outer(th,b,'-')

k<-matrix(a,nrow=N,ncol=ni,byrow=TRUE)*k

##estimate 1pl and 2pl

p<-1/(1+exp(-k))

resp<-matrix(rbinom(N*ni,1,p),nrow=N,ncol=ni,byrow=FALSE)

resp.test<-matrix(rbinom(N*ni,1,p),nrow=N,ncol=ni,byrow=FALSE)

resp<-data.frame(resp)

names(resp)<-paste("item",1:ncol(resp))

library(mirt)

m1<-mirt(resp,1,'Rasch')

m2<-mirt(resp,1,'2PL')

p.est<-list()

mods<-list(m1,m2)

##get predictions, compute imv

for (i in 1:length(mods)) {

m<-mods[[i]]

th.est<-fscores(m)

est<-coef(m,simplify=TRUE,IRTpars=TRUE)$items

k<-outer(th.est[,1],est[,2],'-')

k<-matrix(est[,1],nrow=N,ncol=ni,byrow=TRUE)*k

p<-1/(1+exp(-k))

p.est[[i]]<-p

}

imv(as.numeric(resp.test),

pv1=as.numeric(p.est[[1]]),

pv2=as.numeric(p.est[[2]])

)
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S1.3 Empirical Example

We also offer an example analysis of empirical data (see Gilbert et al., 2023) drawn from item response data

available via the IRW Domingue & Kanopka, 2023. We again compare predictions from the 1PL and 2PL but

this time based on cross-validation. Analysis again uses the imv() function (see SI-S1.1).

An example with empirical data

set.seed(170301)

library(mirt); library(redivis); library(irw)

dataset <- redivis::user("datapages")$

dataset("item_response_warehouse",version='v2.0')

df <- dataset$table("content_literacy_intervention")$to_data_frame()

df$item<-paste("item_",df$item,sep='')

ntimes<-4

df$gr<-sample(1:ntimes,nrow(df),replace=TRUE)

omega<-numeric()

for (i in 1:ntimes) {

x<-df

x$oos<-ifelse(x$gr==i,1,0)

x0<-x[x$oos==0,]

resp0<-data.frame(irw::long2resp(x0))

id<-resp0$id

resp0$id<-NULL

m0<-mirt(resp0,1,'Rasch')

ni<-ncol(resp0)

s<-paste("F=1-",ni,"

PRIOR = (1-",ni,", a1, lnorm, 0.0, 1.0)",sep="")

model<-mirt.model(s)

m1<-mirt(resp0,model,itemtype=rep("2PL",ni),

method="EM",

technical=list(NCYCLES=10000))

##

z0<-irw::getp(m0,x=x[x$oos==1,],id=id)

z1<-irw::getp(m1,x=x[x$oos==1,],id=id)

z0<-z0[,c("item","id","resp","p")]

names(z0)[4]<-'p1'

z1<-z1[,c("item","id","p")]

names(z1)[3]<-'p2'

z<-merge(z0,z1)

omega[i]<-imv(z$resp,z$p1,z$p2)

}

mean(omega)
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S2 Simulation results for dichotomous item response models

S2.1 The IMV as a function of Epbq

We illustrate the behavior of the IMV as a function of the mean difficulty of the measure, Epbjq where bj represents

the difficulty parameter for item j (where cj “ 0 and aj “ 1 in Eqn 6 of main text; abilities are sampled from

the standard normal distribution). For simplicity, we use the 1PL for estimation. We consider three quantities:

IMV(sx, sxj ;x
‹), IMV(sx, 1PL;x‹) and IMV( sxj , 1PL;x

‹). Results are shown in Figure S1. IMVs are maximized

when Epbq “ 0 and decrease from there. For the IMV based on comparison to prediction from prevalence alone,

IMV(sx, sxjq ą 0.3 at its maximum while we observe IMV( sxj ,1PL)ą 0.1. These IMVs diminish to approximately

0.05 for large values of Epbq. We view this monotonicity as reasonable behavior, given that (assuming Epθq “ 0)

there is less uncertainty in system where Epbq is relatively far from zero (see discussion in Domingue et al., 2021).

Figure S1. IMV as a function of Epbq when the DGM and DAM are the 1PL. We simulate 500 datasets where
Epbq „ Unifp0, 1.5q (with N “ 1000 respondents and 50 items) and then use LOESS to produce fitted curves.
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S2.2 Further analysis of the 3PL

Figure S2 further illustrates the relative lack of difference between predictions from the 2PL and 3PL even when

guessing is quite pronounced (as a function of both the absolute level of guessing, C, and the overall ability, µ,

of the respondents) and there are a large number of respondents (N “ 25000). We also show the mean absolute

deviation (MAD) averaged across iterations of a given configuration of generating parameters between the true

and estimated guessing parameters to ensure that they are being accurately estimated. The relatively small

advantage of the 3PL relative to the 2PL is shown when the red dot is slightly above the x-axis and the black

dot is slightly above the blue line. Even with pronounced levels of guessing and low-ability respondents, there

is relatively little benefit to be had from the 3PL; i.e., the average IMV(2PL,3PL) when σ “ 0, C “ 0.6, and
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µ “ ´1 is only 8e-4. Note also that guessing parameters are poorly estimated in this case.

To further investigate whether there are differences between 2PL and 3PL item response probability estimates

as a function of ability, we looked at the IMV computed separately as a function of sum score. In Figure S3,

we do this for different values of C (where guessing parameters are sampled from Unifp0, Cq) and relatively large

numbers of respondents to ensure that results aren’t driven by noisy estimates of guessing parameters. These

results suggest that 3PL estimates are, as we might expect, somewhat more valuable for lower-ability respondees

when C is relatively large, but the differences are modest.

Figure S2. IMV as a function of data-generating parameters for 50 items and N “ 25000 respondents. σ and C
are as described elsewhere. The ability of the respondents is centered at µ while item difficulties are centered at 0.
We generate 100 datasets for each set of simulation conditions. The MAD describes the mean absolute difference
between the true guessing parameter and the estimate across all iterations for a given set of simulations.
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S2.3 The EAP versus the MLE

Using the same design as the simulation in Figure 1 of the main text, we consider here the IMV associated with

usage of the EAP relative to the MLE. Results are shown in Figure S4. The EAP offers more valuable predictions

in all conditions considered here. EAP estimates show the most value relative to MLEs when the 1PL is used for

recovery and the DGM (“data generating model”; we similarly use DAM for “data analysis model”). However,

the magnitude of the IMV is small (i.e., IMV(MLE,EAP)ă 0.003) in all cases.

S2.4 The role of the prior

To facilitate estimation across a broad range of settings, we use priors for estimation of the discrimination and

guessing parameters. Here, we describe sensitivity analyses showing the robustness of results to the choice of a

prior. We first conducted a sensitivity analysis related to the prior we imposed on the discrimination parameters.

We generated parameters aj „ LogNormalp0, σ2q and varied σ P t0, 0.75, 1.5u. We considered priors for the aj
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Figure S3. IMV(2PL,3PL) computed by sum score. Results are based on 1000 simulated datasets containing 5000
people and the stated number of items (with σ “ 0.5 being used to generate discrimination parameters). Red
line shows median IMV for each sum score across all data while shaded region shows 0.025 and 0.975 quantiles.
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parameters of LogNormalpm, sq.12 We let m P t0, 0.2u and sampled 250 values for s „ Unifp0.05, 1q. We consider

sample sizes of 1000 respondents and 50 items.

Results are shown in Figure S5. Results are fairly comparable as a function of m so we focus on s. When s is

large (s ą 0.5), we observe minimal differences (i.e., IMVs close to 0) between the models whether they include a

prior or not. For small values of s, the IMV is positive when σ “ 0 but negative when σ ą 0. This is reasonable

behavior; when σ “ 0 there is no variation in the discrimination parameters so a hyperparameter of s “ 0 would

be appropriate while the strong assumption of a small s is costly when σ ą 0. Given these results, we use m “ 0

and s “ 1 in analysis; such priors offer flexibility and perform reasonably in the simulation studies considered

here.

We also probed the degree to which variation in the prior placed on the guessing parameter impacts the quality

of subsequent estimates. We simulated data via the 3PL with guessing parameters drawn from Unifp0, Cq where

12Using the parametrization here: https://stat.ethz.ch/R-manual/R-devel/library/stats/html/Lognormal.html.
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Figure S4. IMV associated with EAP estimates of θ relative to ML-based estimates. Points show average IMVs
based on different choices of σ and C. We generate 100 datasets for each set of simulation conditions.
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we vary C in simulation. For estimation, we use priors of the form Beta(2,β). Interest is in the IMV for values of

β relative to β “ 17 which we use in other analyses. We show the variation in the prior as a function of the choice

of β in the left-hand panel of Figure S6. We emphasize here that the generating distribution of the guessing

parameters does not match our choice of priors; our goal is to probe the sensitivity of resulting estimates of pij so

as to understand the degree to which findings considered here may be sensitive to our specific choice of a prior.

Estimation (for N “ 1000 respondents and 50 items) are shown in the right-hand panel of Figure S6. Note

that priors that place more weight on relatively large guessing parameters (e.g., β P t1, 5u) perform better relative

to Beta(2,17) when C is relatively large. Larger values of β tend to yield relatively little differences as a function

of C with respect to their predictive performance when contrasted with Beta(2,17). However, differences are

relatively small; they are, for example, roughly an order of magnitude smaller than IMVs due to switching from

the ML to EAP (i.e., Figure S4). We thus conclude that the specific choice of β is unlikely to have a large impact

on the key findings shown here.

S2.5 Misfit costs as a function of sample size

Here we examine various IMVs associated with different choices for the data generating process under different

assumptions about the sample size. For each choice of DGM, we generated 250 datasets. In the top panels

of Figure S7, we first examine IMV(1PL,2PL) and IMV(2PL,3PL) under different assumptions about the data

generating model. We begin with the 1PL; in that case, there is effectively no value of the 2PL relative to the

1PL (and in fact IMV(1,2)ă 0 for small number of respondents) or the 3PL relative to the 2PL irrespective of

sample size. This is to be expected; when we use the 1PL to simulated data, the 2PL and 3PL should not provide

additional predictive value. When the DGM is the 2PL, the IMV(1PL,2PL) is quite high for small samples and

increasing as a function of sample size. When the DGM is the 3PL, the 2PL continues to generate a high IMV
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Figure S5. Role of prior for the discrimination parameter. We consider difference levels of variation in the
discrimination parameters (the three panels) and examine the IMV contrasting the model with no prior to the
model with the specified prior prior as a function of the two hyperparameters (m, s).
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relative to the 1PL. The IMV(2PL,3PL) is positive but small and not increasing as a function of sample size.

The findings in the top row of Figure S7 are accompanied by those in the bottom panel which show the oracle

and overfit values for the different model-derived estimates relative to the true pij values. Focusing on the oracle,

the IMV associated with knowledge of truth declines as a function of sample size but only to a point (more on

this in the subsequent section). Note that the oracle IMV associated with the 1PL is substantially higher when

the DGM is the 2PL or 3PL than the oracle values for those models (i.e., the red line is well above the blue/black

lines in second and third panels of bottom row). However, note that the overfit value for the 1PL is generally

positive when the DGM is the 2PL or 3PL; this suggests a robustness to overfitting for the 1PL that we further

discuss in the next section.

S2.6 Fit and sample size for a correctly specified model

We now use the IMV to explore the value of additional respondents and items when the appropriate model (i.e.,

the DGM is identical to the DAM in all cases here) is fit in terms of predictive value using the oracle. Results are

shown in Figure S8 wherein we consider scenarios based on simulating data from the 1PL/2PL/3PL to 25, 50, or

200 items and then estimating the same model used to generate the data (i.e., there is no model misspecification).

In the top row, we consider the oracle IMV. In all cases, we observe decreases in the oracle IMV as a function of

sample size but note that, for a given sample size, the Oracle is typically smallest for the 1PL model (although

differences between the 1PL and 2PL become smaller as N increases) and largest for the 3PL. Note that there

is an effect of the number of items on the IMV (lines of a common color tend to be higher in panels with more

items), although it is perhaps modest over the common range of items (25–50).
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Figure S6. Role of prior for 3PL guessing parameter. Left: Illustration of Beta(2,β) for different choices of β.
Right: Average IMV for Beta(2,β) relative to Beta(2,17) as a function of C. We simulated 25 datasets for each
configuration of simulation conditions.
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In Figure S8, the IMV does not go to zero for increasingly large samples but a fixed number of items. Why is

this? The issue is that individual estimates of θi are largely unaffected by increases in the number of respondents

thus leading to a floor in how accurate estimates of pij get for a given scenario. We can confirm this in the

bottom panels of Figure S8 which computes the root mean squared error (RMSE) between true and estimated

pij values in the test data for different sample sizes. The existence of a “floor” in the RMSE curves for a measure

with a fixed number of items ultimately limits the degree to which increasing sample size increases precision of

predictions.

To finish this discussion, we turn now to a second set of analyses shown in Figure S9 that emphasize the

connection between the RMSE discussed above and the IMV. In this Figure, we add noise to the true response

probabilities generated from the 3PL (using same distributions for difficulty, guessing, and discriminations as in

Figure S8). The x-axis is the RMSE between true and noisy response probabilities; it quantifies the degree of

noise. We then compute the IMV between the noisy and true estimates. Note the strong similarity between these

two quantities. In this simulated environment where truth is known, we can see that the IMV is strongly sensitive

to error in the estimates of probabilities of individuals responses.

S2.7 The IMV versus alternatives

Building on Figure 3 in the main text, we consider additional simulation studies contrasting the behavior of the

IMV with the RMSEA Maydeu-Olivares et al., 2011 and the AIC Burnham & Anderson, 2004. We continue to

base simulations on the 2PL (Eqn 6 in main text with cj “ 0) with aj sampled as in Section 3.4. Critically,

we sample bj „ Normalpµ, 1q to systematically vary the prevalence—via µ „ Unifp´3, 3q—of the responses. We
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Figure S7. The IMV associated with different item response models (top) and the oracle/overfit values (bottom)
for the 1PL/2PL/3PL for different choices of data generating model (DGM). We simulated data for 250 choices
of n „ Unifp2, 4q where the number of respondents was 10n with C “ 0.3 for the 3PL and σ “ 0.5 for the 2PL
and 3PL (we focus on 50 items throughout). We focus on LOESS regressions of the resulting IMVs as a function
of log10 of the sample size.
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assume a sample size of 5000 respondents and 50 items. Results for this first simulation study are shown in Figure

S10.

Consider first the RMSE (in the left panel). In absolute terms, the RMSE decreases as µ moves away from

zero, given that there is less variation in the responses (i.e., for a Bernoulli random variable, the variance is a

function of µ; see also SI-S2.1). The RMSE is smallest in absolute terms for the 2PL, but note the asymmetry:

the 3PL is performs especially poorly when µ is large, and guessing is less salient (due to overfitting). The

IMV(1PL,2PL) decreases as µ moves away from zero; this is consistent with the behavior of the RMSEs (recall

also the results in Figure S9). The IMV(2PL,3PL) is negative and decreasing as µ increases. The RMSEA shows

similar behavior for the 1PL but prefers the 3PL to the 2PL; this is in contrast with what we know to be the

superior model based on the RMSE values and indicative of behavior from the RMSEA that may be of concern for

purposes of model selection. The changes in AIC values are in the expected directions, but the lack of portability
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Figure S8. The value of sample size. For each choice of DGM, we simulated data for 250 choices of n „

Unifp2, log10 5000q where the number of respondents was 10n. For the 3PL we chose C “ 0.3 and σ “ 0.5 for the
2PL and 3PL. Resulting curves based on LOESS regression. Top: The oracle IMV associated with IRT-based
estimates. Bottom: Oracle and Overfit IMV estimates.
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is apparent here, even absent the changes in sample size.

S2.8 Multidimensional models and the IMV

We conducted a simulation study related to the IMV’s performance with multidimensional IRT so as to offer

context for the empirical analyses with multidimensional IRT models. We use a standard compensatory mirt

model; i.e., we let

pij “
1

1 ` exppaj ¨ θi ` bjq
(S1)

where a and θ are vectors of dimension K (here we set K “ 2). We sample θi from a multivariate normal

distribution with zero-mean, unit variances, and a covariance of ρ; we sample bj from a standard normal distri-

bution. We sample elemnts of aj from LogNormalp0, 12q and then use a parameter τ P r0, 1s to moderate the

degree to which dimensionality is within- or between-item. If there are Nj items, we sample a proportion (τNj)

of items and, within that portion, randomly set one element of aj to zero; when τ “ 1, dimensionality is fully
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Figure S9. IMV for true 3PL pij (with C “ 0.3 and σ “ 0.5) values versus those values observed with noise for
N “ 2000 respondents. For a given response with true probability pij , we consider noisy probabilties of pij ` δij
with δij „ Unifp´∆,∆q (and the caveat that if pij ` δij ą 1 we censor at 1 ´ ϵ and if pij ` δij ă 0 we censor at ϵ
for ϵ “ 0.001). We consider 25 iterations based on different choices of ∆ „ Unif(0,.2).
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between-item whereas when τ “ 0 it is fully within-item. We sample 100 values for ρ and choose τ P t0, 0.5, 1u

(and fix the number of items Nj “ 50 and the number of respondents N “ 5000); results are smoothed across

values of ρ.

We estimate the same compensatory model using mirt Chalmers, 2012. We allow for correlations between

the latent factors and also impose priors on both loadings using the same prior as in the 2PL case. Results based

on variation in τ and ρ are shown in Figure S11. In the left panel we show the IMV(2PL,2F-2PL) as a function

of ρ; each line is based on results for for a separate value of τ . As ρ increases, the model becomes effectively

unidimensional and there is (as expected) generally little value in the 2F-2PL approach relative to the 2PL. When

ρ is small, the relative value of the 2F-2PL approach depends upon τ . The predictive value of the 2F-2PL is

greater when τ is larger (i.e., when multidimensionality is between-item); this is reasonable given that the 2PL

will tend to misfit items more substantially where one loading is set to zero. In the right panel, we complement

the IMV results with results based on the RMSE given that the true response probabilities are known (i.e., we

compute the RMSE across pij from Eqn S1 versus xpij from one of the two models). The fact that the estimates

of pij become worse for the 2PL as ρ Ñ 0 is readily apparent.
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Figure S10. Simulations comparing a variety of metrics (in columns; along with RMSE as compared to the
true/known probabilities used to generate item responses) for 1/2/3PL estimates (shows as different colors).
Data are generated via the 2PL. Solid lines indicate comparisons; in the first row, the dashed lines indicate raw
RMSE for the 3 approaches (1PL, black; 2PL, blue; 3PL, red). Results are based on LOESS smoothing for 250
choices of µ.

−3 −1 0 1 2 3

0.
00

0.
02

0.
04

0.
06

0.
08

µ

C
ha

ng
e 

in
 R

M
S

E

1PL−2PL
2PL−3PL

−3 −1 0 1 2 3

−
0.

00
5

0.
00

0
0.

00
5

0.
01

0

µ

IM
V

(1PL,2PL)
(2PL,3PL)

−3 −1 0 1 2 3
0.

00
0

0.
00

5
0.

01
0

0.
01

5
0.

02
0

µ

C
ha

ng
e 

in
 R

M
S

E
A

1PL−2PL
2PL−3PL

−3 −1 0 1 2 3

−
60

0
−

20
0

20
0

60
0

µ

C
ha

ng
e 

in
 A

IC

1PL−2PL
2PL−3PL

Figure S11. Results from multidimensional simulations. The left panel focuses on IMV(2PL,2F-2PL) as a function
of ρ and τ . The right panels show the RMSE between the true and estimated probabilities separately for the 2PL
and 2F-2PL models. Results are based on LOESS smoothing for 200 choices of ρ.
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S3 Empirical Data

S3.1 Description of Data

We use empirical data from 89 datasets. Much of the data comes from the publicly available resources of the Item

Response Warehouse (IRW, Domingue & Kanopka, 2023) but some datasets cannot be publicly reshared due

to licensing restrictions. A file containing information about all of the data used here is available as a separate

supplemental document; this file also contains dataset-specific IMV results.

S3.2 Sensitivity to the number of folds

We conducted a small study to probe the sensitivity of findings to the number of folds k used in cross-validation

with three empirical datasets. Results are in Figure S12 where we look at the sensitivity of IMVs to choices of

k P t2, 4, 8, 16, 32u. For each choice of k, we computed the average IMV across k folds; we did this 100 times and

show boxplots for these 100 values over each choice of k. The IMV values show minimal variation to different

choices of k.

Figure S12. Sensitivity of IMV values to number of folds k for three datasets (we use k “ 4 for empirical analyses
in main text).
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