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Abstract

The heat content of a domain D of R? is defined as
E(s) = / u(s, z)dz,
D

where u is the solution to the heat equation with zero initial condition and unit
Dirichlet boundary condition. This thesis studies the behaviour of E(s) for small s
with a particular emphasis on the case where D is a planar domain whose boundary
is a random Koch curve.

When 0D is spatially homogeneous, we show that we can recover the upper and
lower Minkowski dimensions of 9D from FE(s). Furthermore, in some cases where
the Minkowski dimension does exist, finer fluctuations can be recovered and the heat
content is controlled by s exp{ f(log(1/s)} for small s, for some positive o and some
regularly varying function f.

When 0D is statistically self-similar, the heat content asymptotics are studied
using a law of large numbers for the general branching process, and we show that
the Minkowski dimension and content of 0D exist and can be recovered from E(s).
More precisely the heat content has an almost sure expansion

E(s) = ¢18* Ny + 0(s%), a.s.

for small s, for some positive ¢; and « and a positive random variable No, with unit
expectation.

To study the fluctuations around these asymptotics, we prove a central limit
theorem for the general branching process. The proof follows a standard Taylor
expansion argument and relies on the independence built into the general branching
process. The limiting distribution established here is reminiscent of those arising in
central limit theorems for martingales.

When 0D is a statistically self-similar Cantor subset of R, we discuss examples
where we have and fail to have a central limit theorem for the heat content. We
conclude with an open question about the fluctuations of the heat content when 9D
is a statistically self-similar Koch curve.
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CHAPTER 1

Introduction

1.1. Spectral problems and heat content

Let D be a bounded domain of R? and A be the Dirichlet Laplacian. Then

the spectrum A of —%A is discrete and of the form

O< A <A<

where the eigenvalues are repeated according to their multiplicity. Interest in
the geometric information about D encoded by A started a little over 100 years
ago and was crystallised by Kac in his paper [Kac66] entitled ‘Can one hear
the shape of a drum?’ Or more precisely, does A determine D up to isometry?
The answer to that question is no, as shown in [GWW92, Mil64]; see also
[BCDS94] for a concise presentation of a family of counterexamples.
However, some geometric information about D can be recovered. Weyl’s

theorem states that the eigenvalue counting function N defined by

N(X) = #{eigenvalues of — A/2 < A}

satisfies the asymptotic growth

N(A) = ¢1(d)volg(D)AY? 4 o(AY/?),
11



12 1. INTRODUCTION
as A — oo, for some constant ¢;(d) depending only on d, where vol; denotes
the d-dimensional Lebesgue measure. Furthermore, under some regularity con-

ditions, if D is smooth, then the expansion has a second order term
N(X) = ¢1(d)volg(D)AY? + ca(d)voly_y (AD)ANED/2 4 o(\[d=D/2),

as A — oo, for some other constant c¢s(d) depending only on d. The reader
is referred to [Lai81l, [SeeT8, [See80, Vas90| and references therein for more
information. This means that, under some regularity conditions, we can recover
the size of the domain and that of the boundary from the spectral asymptotics;
in particular, using the isoperimetric inequality, we can determine whether D
is an open ball.

Interest in the second term of the expansion of N naturally intensified when
Berry studied the spectral asymptotics of domains with a fractal boundary in
[Ber79, Ber80]. He conjectured that the Hausdorff dimension of 0D should
drive the second order term. This conjecture was disproved by Brossard and
Carmona in [BC86] who studied the Laplace transform of N and showed that
the Minkowski dimension was the relevant measure of the roughness.

As the spectral decomposition of the heat kernel with absorption on the

boundary pp indicates[] the heat content

ED(S):/D(l—/DpD(S,x,y)dy) de

IRecall that

o0

Sxy Z )\9¢ )7

where \,, are the eigenvalues of —%A and ¢, the corresponding eigenfunctions; see [Bas95].
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also provides a natural proxy for A. Recall that Ep may be expressed more
intuitively as

Ep(s) = /DuD(s,x)dx,
where up is the solution to the heat equation with unit Dirichlet boundary
condition and zero initial condition, i.e. is the solution to
Osup(s,x) = %AuD(s,x), (s,z) € (0,00) x D,
(1.1) up(0,z) = up(0+,z) = 0, x €D,

up(—,z) =1, z € dD.

We will omit the dependence on D from the notation when there is no risk of
confusion.

The heat content has the advantage that it is amenable to probabilistic
techniques. Furthermore, it is a convenient object to recover information about
the boundary because the leading term of its short time asymptotics depends
on 0D rather than D. Indeed, in [vdB94], van den Berg proved that, under

some regularity conditions, if the Minkowski dimension vy of 0D exists, then
E(s) < s/

for small s, where f(z) < g(z) means that ¢ f(z) < g(x) < ¢f(x) for some
positive constant c¢. This is the heat content analogue of the result of Brossard
and Carmona for the Laplace transform of N in [BC86].

The short time asymptotics of the heat content have been studied for a
variety of domains. Planar domains with polygonal boundary are discussed
in [vdBS88, vdBS90|. Some domains with fractal boundary, such as the
triadic Koch snowflake, are discussed in [FLV95, [LV96, vdBdH99]. Here,
we perform an analysis in the same vein for some domains with a random

boundary; we study how the randomness of the geometry is encoded by the
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randomness of the heat content. Using Kac’s analogy, we ask how much of the

distribution of the random boundary of a domain one can hear.

1.2. Outline of the content and the main results

In Chapter [2| we recall some definitions and results about fractal dimensions
and contents to introduce the relevant notation. We discuss a result of [CPS14]
on the geometry of Brownian motion with a drift which is in the spirit of results
on the geometry and heat content of some random domains discussed in later
chapters.

In Chapter [3| we derive various estimates on the heat content using a prob-
abilistic representation of the solution to the heat equation along the lines of
[BC86, vdB94|. The key result is that both the upper and lower Minkowski
dimensions of the boundary of a domain can be recovered from the heat con-
tent. We also discuss a new example illustrating that the Hausdorff dimension
does not dictate the short time behaviour of the heat content as well as two
examples where a lot is known about the heat content asymptotics.

In Chapter [4 we introduce a class of Koch snowflakes that we call spatially
homogeneous. We use it to construct an example of a snowflake with a boundary
whose upper and lower Minkowski dimensions disagree, and to discuss what
finer geometric fluctuations are encoded by the heat content.

In Chapter [f, we define the general branching process and explain how it
can be used to model statistically self-similar sets, which generalise the familiar
self-similar sets. The technology of branching processes will enable us to study

Koch snowflakes with statistically self-similar boundary in Chapters [7] and
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In Chapter [0, we discuss laws of large numbers and a central limit theorem
for the general branching process. These results extend those in [Ner81] and
[JN84]. Particularly for the laws of large numbers, the statements given here
aim to minimise the effort needed to apply them to various examples arising
from spectral problems for random fractals.

In Chapter [7, we study the heat content of a family of subsets of R whose
boundary is statistically self-similar. These sets are simple enough that we can
discuss the fluctuations of the heat content around its short time asymptotics
and describe some of the difficulties encountered when applying the central
limit theorem for the general branching process.

Finally, in Chapter [8, we introduce a class of Koch snowflakes with statis-
tically self-similar boundary. We study the asymptotics of its heat content as
in Chapter [ and conclude with an open question about the fluctuations of the
heat content.

The chapters should be self-contained. However, the study of sets with a
statistically self-similar boundary heavily relies on the theory of the general
branching process. There are also two appendices at the end with results on

renewal theory and heat content estimates which are included for completeness.

1.3. Notation

Most of the notation is standard and will therefore be introduced as we go
along. However, for convenience, we will use the shorthand notation ¢; with
1 € N to mean some positive constant whose value is fixed for the length of a

proof or a section.






CHAPTER 2

Fractal dimension and content

In this chapter, we briefly define the Hausdorff and Minkowski dimensions
and contents of a subset of R?. We do not dwell on the generalisation of these
notions to bounded metric spaces because we will not need them. For brevity,
proofs are omitted and the reader is referred to [Fal86, MP10] from which

this chapter is largely inspired.

2.1. Hausdorff dimension and measure
Let E be a bounded subset of R?. For § € (0,00] and a € [0, 00), put

H§(F) = inf {Z(diam E,)" : (En,,n €N) covers E and diam E,, < ¢ for all n} :
n=1

where diam A is the diameter of the set A using the Euclidian distance dist, i.e.
diam A = sup{dist(z,y) : x and y € A}.

The quantity H% (F) is called the a-Hausdorff content of E. The a-Hausdorff

measure of E is then defined as

HO(E) = sup H3(E) = lim M3 ().

6€(0,00]

The Hausdorff measure is countably subadditive and therefore an outer mea-
sure.

Notice that, for 8 > «, if H*(E) = 0, then H?(E) = 0. We may therefore
define the Hausdorff dimension of E as

dim F = inf{a > 0: H*(E) = 0} = sup{a > 0: H*(E) > 0}.
17



18 2. FRACTAL DIMENSION AND CONTENT
It is possible to check that H*(E) = 0 if and only if H (E£) = 0 thereby showing
that we can use the Hausdorff content instead of the Hausdorff measure of F
to calculate its dimension.

Thanks to its measure theoretic definition, the Hausdorff dimension has

some desirable properties such as countable stability, i.e.

dim U E, =sup{dim £, : n € N}.
neN
However, it is not straightforward to calculate in general. There are many

results on how to determine the Hausdorff dimension of a set; we will only use

one, the mass distribution principle, which we state now.

THEOREM 2.1.1. Let E be a Borel subset of RY and o € [0,00). Assume
that there exists a measure v supported on E such that v(E) € (0,00) and that,

for some positive constants ¢ and 9,
v(V) < ¢(diam V)
whenever V' is a closed subset of E with diamV < 6. Then,
HY(E) > ¢ v(E) > 0.

In particular, dim E > «.

2.2. Minkowski dimension and content

Elementary definitions. Let E be a bounded subset of R?. We call
N(e, E) = inf{k € N : E can be covered with k open balls of radius €},

the covering number of E with balls of radius €. The lower Minkowski dimension
of F is defined as

log N(e, E
dim, E = liminf 28 V(6 £)
0 log(1/e)
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and the upper Minkowsk: dimension of E is defined as

— , log N (¢, E)
dimy F = lim sup ————=.
ME Y Tog(1/e)

When these two quantities are equal, we say that the Minkowski dimension

exists and write
dimy, £ = dim,, F = dimy/ .

Let us briefly discuss two equivalent definitions of the Minkowski dimen-

sions. First, we call

P(e, E) = sup{k € N : there are k disjoint balls of radius ¢ with centres in F'}

the packing number of E with balls of radius e. It is possible to check that
N(4e,E) < P(e, E) < N(¢, E),

thereby showing that P(—, F) and N(—, E) have the same log asymptotics
and that the packing number may be used instead of the covering number to
produce an equivalent definition of the Minkowski dimension.

The second equivalent definition that we discuss is more helpful for the

study of the heat content. We call
E. = {r € R?: dist(z, E) < ¢},

the e-tubular neighbourhood of E. It can be shown that
(2.1)

log vola (£ —— . logvoly(E.
di_mME:d—limsupong() and dimyF = d — liminf 108 Vo a )
=0 loge 30 log e

When the Minkowski dimension v of E exists, we call

v la(E y Lu(E
(2.2) M*(E)zliminfvod—(e), respectively M*(E):limsup—vod( )

e—0 ed_7 e—0 ed—W ’
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the lower, respectively upper, Minkowski content of E. When these two quan-

tities are equal we say that the Minkowski content exists and write
M(E) = M.(E) = M*(E).

Note that the Minkowski dimension is not countably stable; it is elementary

to check that the countable set
{0y U{l/n:n e N}

has Minkowski dimension 1/2.
We always have the following relation for the Hausdorff and Minkowski

dimensions
dim F < dim,, F < dimy/F,

where the inequalities may all be strict.

Inner Minkowski dimension and content of the boundary of a
bounded domain. It is clear from the definition of the Minkowski dimension
described in and the definition of the Minkowski content that these notions
capture how the volume of the tubular neighbourhoods grows. In our applica-
tions, the sets of interest are boundaries of bounded open sets. To understand
the behaviour of the heat content, the interesting quantity is the contribution
of the points inside the open set to the volume of the tubular neighbourhoods;
this motivates the following definitions inspired by [BC86, vdB94].

For a bounded open subset U of R? we call (U). N U the inner e-tubular
netghbourhood of U. Since the volume of these sets will be used often, we will

use the notation

py (€) = voly((0U). N U).
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We will omit the dependence on U from the notation when there is no risk of
confusion.
As a natural adaptation of the definitions above, we call

1 1
d — lim sup og—,u(e), respectively d — lim inf og_u(e)
e—0 log € e—0 log €

the inner lower, respectively upper, Minkowski dimension of OU. In all the
examples discussed here, the inner Minkowski dimensions will coincide with
the usual definition and so we will use the same notation as above with the
same convention when the two are equal. However, when the inner Minkowski

dimension 7y of QU exists, the inner lower, respectively upper, Minkowski content

of QU defined as

M, (0U) = lim iglf %, respectively  M*(OU) = lim sup i)
€E—> €

e—0 ed—'y’
typically differ from the definitions in (2.2). When these two quantities are

equal we say that the inner Minkowski content of QU exists and write

M(OU) = M, (0U) = M*(3U).

2.3. Tubular neighbourhood of Brownian motion with a drift

As a first example, we look at the volume of the tubular neighbourhoods of

Brownian motion with a drift. The result is taken from [CPS14].

THEOREM 2.3.1. Let B be Brownian motion in R, let A be a bounded subset

of [0,00) and let f:[0,00) — R be a continuous function. Write
V(e, A) = volg({x € R? : dist(x, (B + f)(A)) < €}).

Then, almost surely,

lim inf —log V(e 4) = liminf —log EV(e )

e—0 log e €0 log €
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and

, logVi(e, A) . log EV (e, A)
lim sup ——— = limsup ————.
e—0 log e e—0 log €

This theorem means that the log asymptotics of the volume of the tubular
neighbourhoods of Brownian motion with a drift satisfy some kind of strong law
of large numbers. In particular, the upper and lower Minkowski dimensions are
constant almost surely. This makes intuitive sense when one considers Lévy’s
construction of Brownian motion; the same intuition motivates our construction
of random fractals in the rest of this text.

In the proof, we will use the following lemma.

LEMMA 2.3.2. Under the assumptions of Theorem [2.3.1, we have

EV (e, A)? < 2[EV (e, A)%.

PRrROOF. For z € RY, define the stopping time

7, =inf{t € A: B(t) + f(t) € B(z,€)},

where B(z,¢€) denotes the closed ball of radius € centred at x and we use the
convention that the infimum over the empty set is co. Since 7, < oo if and only

if B+ f hits B(x,¢) on A, we have

EV (e, A)? = / / P(r, < 00,7, < 00)dydx
R JRd

= 2/ / P(r, <71, < 00)dydx
Rre JRd

(2.3)
= 2/ P(r, < oo)/ P(r, <7, < oo|r, < o0)dydx
R Rd
- 2/ P(r, < 00)E[V(e, AN [ry, 00))| 7 < olda.
R4
By the Markov property of Brownian motion, on {7, < oo}, putting B(t+7,) —

B(7,) defines another Brownian motion independent F., . Using this, it is easy
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to check that if W is another Brownian motion independent of B. Then, by

translation invariance of the Lebesgue measure,
E[V(e, AN [7,,00))|T: < o]
= E[voly({z € R* : dist(z, (W + f)(AN[1:,0))) < €})|7e < 0]
< EV(e, A).
Inserting this into produces the desired inequality. O

We will also require the Paley-Zygmund inequality which we recall for con-

venience.

THEOREM 2.3.3 (Paley-Zygmund). Let Z be a non negative random variable

with finite second moment and 6 € (0,1). Then,

P(Z > 0EZ) > (1 —0)?

We may now proceed with the proof of the theorem.

PRrROOF OF THEOREM [2.3.9l. To get the required result, it is sufficient to

check that, almost surely,

1
(2.4) ﬁEV(Q_k,A) <V(27F A) <EEV(27" A), eventually.

The second inequality follows from Markov’s inequality and the Borel-Cantelli
lemma. So we now establish the first inequality.

It is easy to check that, for every ¢, the function
t— EV(e, AN|0,¢])
is continuous. For k € N and 5 < k, we may therefore define

t; = inf {t >0:EV(27F AN[0,1]) = %EV(Q"“,A)} :
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By countable subadditivity, for j € {1,...,k},

1

EEV(T’“, A)=EV(27* An[0,t;]) —EV (27, An10,t;_1])
<EV(27* AN[tj_1,t]).

It follows that

P (V(T’“,A) < %EV(W,A))

1
S P (V(Zk,A N [tjfl,tj]) § §EV(2*]€, AN [tjfl, tj]>7 for all j)

—k 1 —k
- (Ve ani) < gBretant, )

J=1

where we used the independence of the increments of Brownian motion to get
the equality and the Paley-Zygmund inequality with Lemma to get the
last inequality.

The desired inequality in now follows from the Borel-Cantelli lemma

again and the proof is complete. O



CHAPTER 3

Heat content estimates

In this chapter, we derive bounds on the heat content using probabilistic
techniques and discuss an application to a domain with a boundary whose
Hausdorff and Minkowski dimensions disagree. The results presented here are

taken from [Chald4].

3.1. The estimates

It will be convenient to be able to solve the heat equation under the condi-

tions in (|1.1]) using the probabilistic representation
(3.1) u(s,x) = Py(Tpe < s),

where Tpe is the hitting time of D¢ of Brownian motion and P, is the law of
Brownian motion started at . Therefore, we will always make the following

assumption.

ASSUMPTION 3.1.1. All the points of 0D are reqular for D¢.

Recall that this assumption is always satisfied for simply connected planar
domains; see Proposition 11.1.14 of [Bas95]. This will cover all the examples
discussed here.

We now prove a first upper bound for the heat content following the argu-

ment of [vdB94].

25



26 3. HEAT CONTENT ESTIMATES
THEOREM 3.1.2. Let D be a bounded domain in R? and let w : [0,00) —

[0, 00) be an increasing function with w(0) = 0. Then, for every s > 0,

E(s) < pw(s)) + 20022yl (D)) /4,

PrROOF. Let s > 0 and put
A ={z € D :dist(z,0D) < w(s)}.

By (3.1), we have

E(s)= | P.(Tpe <s)dx+ P.(Tpe < s)dx
e

< p(w(s)) + /D\A P.(Tpe < s)dz.

But now, by Lévy’s maximal inequality, e.g. Theorem 3.6.5 of [Sim05],
Px<TD‘3 < 3) < P:(,‘(TB(m,dist(:v,aD))c < 5)
=Py ( sup |B(u)| > dist(x,@D))

0<u<s

< 9P, (|B(s)| > dist(z, OD))

— 2(2ms) "2 / e W2 gy,
ly|>dist(z,0D)

where B(x, §) denotes the open ball of radius § centred at . Changing variables

and standard Gaussian estimates then yield
(3.3) P,(Tpe < s) < 2(d+2/2 dist(z.0D)? /45

Since dist(x,0D) > w(s) for € D\ As, using this estimate in ({3.2]) completes

the proof. Il

The other estimates that we will use are those of Theorems 1.2 to 1.4 of

[vdB94] which we recall here for convenience.
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THEOREM 3.1.3 (van den Berg). Let D be a bounded domain in R%. Then,

for every s > 0,

E(s) < 2d/2sl/ e () de.
0

The lower bound for the heat content is proved under a capacitary condition
that we state now; see [BC86, vdB94] for more background. We write Cap(A)

for the Newtonian capacity of the set A. That is, for a subset A of R?,

Cap(4) = exp [— inf { | [ e iputdonta) - na) - 1}} ,

where

g(z,y) = —log |y — l;

and, for a subset A of R? with d > 3,

Cap() = [t { [ [ nopputasiutay) - i) = 1}

where

h(z,y) = |y — 7.
So, in both cases, we are taking the infimum over the set of all probability

measures on A.

AsSUMPTION 3.1.4 (Capacitary density). For the bounded domain D of R?
with d > 2, there exists a positive constant ¢ such that, for all x € D and
r € (0,diam D),

Cap(B(z,7) N ID) > c¢Cap(B(z,r)).

This assumption is usual in these problems and we say that the capacitary
density of 0D is bounded below when it is satisfied. This is always the case

when D is a simply connected planar domain; see [vdB94].
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THEOREM 3.1.5 (van den Berg). Let D be a bounded domain of R and
assume that either d =1 or d > 2 and the capacitary density of 0D is bounded

below. Then, for every s > 0,

E(s) > cypu(cast?).

These results illustrate the role of the Minkowski dimension in establishing a
lower bound on E(s) for small s. Furthermore, the change of variables = €2 /4

yields

(3.4) E(s) < 2(d+2)/23_1/ e~ u(2n'/?)dn.

0
If 1(€) does not oscillate too much for small €, then an Abelian theorem can be

used to control the behaviour of E(s) for small s as we show now.

THEOREM 3.1.6. Let D be a bounded domain of R% and assume that either
d =1 ord > 2 and the capacitary density of D is bounded below. Assume

further that there exist v € (0,00) and a slowly varying function L such that
ple) = e TL(1/e)
for small €. Then,
E(s) = s“/2L(1/s)

for small s, where L is the slowly varying function defined by

L(x) = L(z'?/2).

PROOF. Define

fi(n) = p(2n*?) = 24 IR L1 /).
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Using ([3.4]), an integration by parts and applying Theorem XIII.5.3 in [Fel68],

we have

E(s) < css™ / e~ fu(n)dn = ¢ / e fu(dn) ~ eas I 2L(1)s),
0 0

as s — 0, where the notation f(z) ~ ¢g(z) means that f(z)/g(x) — 1. A similar

lower bound follows immediately using Theorem [3.1.5] U

When p(€) oscillates too wildly, for example when the Minkowski dimension
does not exist, the Abelian theorem is not applicable. But we can then rely on
Theorem to study the short time asymptotics of the heat content and get

the following announced result.

THEOREM 3.1.7. Let D be a bounded open subset of R? and assume that

either d =1 or d > 2 and the capacitary density of 0D is bounded below. Then,

lim inf (g — w) = %di_mMaD

5—0 log s
and
d logk 1—
limsup | = — og—(s) = —dimy,0D.
50\ 2 log s 2

PROOF. Put o = dim,,0D and B = dim;dD and let ¢ € (0,00) be small.
By definition of the Minkowski dimension, we have, on the one hand, that

there exists a sequence (e,,n € N) converging to 0 along which
p(en) < el

and, on the other hand, that
ple) > et~

for € small enough.
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Setting w(s) = y/2dslog(1/s), which is increasing around 0 and putting
w(s,) = €, together with Theorems [3.1.2| and [3.1.5| shows that

E(Sn) < sgld*(oﬂré))/? log(l/sn)(d*(oﬁé))ﬂ + 05551/2

and

for s small enough. The result for the liminf follows.

The proof for the limsup is similar, and somewhat simpler, relying on The-

orems [3.1.3] and B.1.5 O

3.2. Self-affine boundaries

We conclude this section with a brief mention of a domain whose boundary’s
Hausdorff and Minkowski dimensions disagree and where the results discussed
here can be applied. This is an alternative example to that of [BC86] showing
that the Minkowski dimension is the relevant measure of roughness for heat
conduction problems; in the example presented here, however, the domain is
connected.

Following [PS13], we define the boundary of the domain using the self-affine
carpets of Bedford [Bed84] and McMullen [McM84| whose construction we
recall briefly now. Let 1 < m < n be two integers. Divide the unit square
[0, 1] into mn rectangles of height m™! and width n=!. Keep some rectangles
according to a pattern P and discard the others. This produces a compact set
K. For each rectangle of the pattern, repeat the procedure. This produces a

compact subset Ky of K;. Continue indefinitely to get a compact set

K(P) = ﬁ K;.
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‘il

F1GURE 1. First 3 steps of the self-affine carpet for pattern A.

A natural way to represent a pattern is to use an m X n matrix with entries
in {0, 1} where each 1 indicates a rectangle that we choose to keep. The carpet
corresponding to pattern P is then

K(P) = {Z(akn_k,bkm_k) : (ag, bi) € D} :

k=1

where D = {(i,7) : P(j,i) = 1}. Here, the rows and columns of P are num-
bered starting from 0, and the rows are numbered from bottom to top. As an
illustration, the first 3 iterations corresponding to the pattern
01 11
A= (1 0 0 0)
are shown in Figure [I]
The Hausdorff dimension of the self-affine carpet built from pattern P is
m—1
e (St

j=0

where r(j) is the number of chosen rectangles of the pattern in row j, while its

Minkowski dimension (which exists) is given by
m—1
e, (1 52000);
=0

see [Bed84), McM84l, [Per94].

Sl=

Of course, the set K(P) is not a continuous curve in general. But, for

appropriate patterns, we can alter the construction of the carpet using the
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FIGURE 2. First 3 steps of the continuous self-affine curve for
pattern A.

reflected pattern

P(i,j) = P(i,n —1—j)
to create a set that is the graph of a continuous function. We describe how to
do this with pattern A, which was just defined. A similar procedure can readily
be used for similar patterns to create graphs of continuous functions.

As in the construction of K (A), start with pattern A. Reproduce reflected
pattern A" in the chosen rectangle of column 2 and A in the others. Repeat
this procedure for chosen rectangles inside a pattern A; and, inside a pattern
A", reproduce pattern A for the chosen rectangle of column 1 and A" for the
others. Continue indefinitely to get a compact set K.(A); this set is the graph
of a continuous function f4 : [0,1] — [0, 1]. The first 3 iterations are shown in
Figure 2] Examining the calculations in [Per94] shows that this alteration of
the construction does not change the Hausdorff or the Minkowski dimension;
see also [PS13].

Now define the continuous function g : [0, 2] — [1, 3] by

g(t) =1+ f(t)L1pa(t) + (2= f(2—1))1a (),

and let D be the simply connected domain inside the Jordan curve defined by

{(t, (1)) t € [0, 2]} U ({0} < [0,1]) U ([0, 2] x {0}) U ({2} x [0, 3]).
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Furthermore, put
v(e) = volo({z € R? : dist(z, {(¢, g(t)) : t €]0,2]}) < €}).
Because of the symmetry of g, we have
v(e) = 2voly({z € D : dist(z, {(t, g(t)) : t € [0,2]}) < €}) + O(e?),

and therefore
v(e) = 2 u(e) + O(e).
It follows that the inner Minkowski dimension of 0D is equal to the Minkowski
dimension of K.(A), which is different from its Hausdorff dimension. Also, since
D is simply connected, Theorem |3.1.7| can be used to show that
m—1
lim (1 - %) - % +%logn (%;}Nﬁ) -

3.3. Heat content of the unit interval
For the discussion in Chapter [7, we will need to understand the heat content
of the unit interval I = (0,1). We calculate it now using that the heat kernel

on I with absorption on the boundary is known explicitly.

We have

(z— y+2n)2 _ (z+y+2n)2
s, T, —e 2s ,
pI( y) 2\/% Z < )
see [BS02]. Therefore,

E(s):/o u(s, x) x—l—//p;sxydxdy

Recall that the reflected heat kernel, see [BS02],

Z _ (z—y+2n)? _ (z+y+2n)?
2s —|— e 2s ,

n=—oo

1 1
/ / pr(s,z,y)dxdy = 1.
0 0

pI(SJJy) 2@

satisfies
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B [
7TS

We will now rewrite this expression more explicitly as an infinite series and

It follows that

use this to deduce the short time asymptotics of the heat content. Notice that

/ / (z+y+2n) ded
V2ms Y

1‘+2’n+1 — /23
z+2n 277—5

(3-5) 2n+1 y— 2n —y2/25 2n+2 —y?/2s
T
n 27 2n+1 2n+1) V2rs
2n+1 e—Y?/2s 2n+2 e~y /2s
= (y — 2n) dy + (2n+2— y) dy,
/2n V21s n+1 V21s

by drawing a picture of the domains of integration. Since

b+1 —y2/2s
e S 2 2
—b dy =, | — G_b /2s 6_(b+1) /2s
| w-n == 5 )

(0 () (7))

/b:(b - y)‘i/‘;;zs dy :\/g(e—lﬁ/zs SIS
+b(<1> (%) 9 <%)) |

we get that the expression in (3.5) is

and

(3.6)

i(ef(Qn)2/2s _9e—(@nt1)?/2s | 67(2n+2)2/25)

2
(3.7)

2n 2n+1 2n + 2 2n+1
2n({®|l— ) - —— 2 2)( - )
can(o(G) -2 (570)) rern (0 (0F) -+ (53F))

Summing 1 6) over n € Z yields

VB S e [ (1aFcares).

n=—0oo
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And summing (3.7 over n € Z yields

T () () 0 ()

=4 i:l(—m“n@ (—

where we used that ®(—xz) =1 — ®(x).

Sl
~—~7

We have just shown that

(3.8)  E(s) = 2778 (1 + 22(—1)"6_"2/25> — 43 (~1)"ne (—%) .

To get the short time asymptotics of the heat content, we use the formula

1 1 1 3 2
Ol—p)= — [ = — — 4L = )7/
(—a) _%(I L. ) |

which is obtained by iterated integration by parts upon noticing that
F.(x) = /OO y eV 2y
satisfies
Fo(z) = 2~ e™ 2 — (n 4+ 1)F, 5 (2).

Therefore,

o n 1 si/2 §32 n 357/ —n2/2s
- — —_ [ e
NG Vor \ n n? nd ’
which, inserted into (3.8)), yields
B(s) = /23+2 IQSi( 1y —n2j2s [ S 382—1—0 53
V=N T T c n? nt nb
_ \/%31/2 _ 2\/%83/26_1/28 + o532 1/%),

(3.9)

as s — 0.
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3.4. Heat content of the triadic Koch snowflake

Another domain of interest to our discussion in Chapters [ and [§] is the
triadic Koch snowflake. Its heat content asymptotics are studied in [FLV95],

where the authors use renewal theory to prove the following result.

THEOREM 3.4.1. Let D be the triadic Koch snowflake. Then,
Ep(s) = p(log s)s*= /2 4 ¢(log s)s + O(e™"/*),
as s — 0, where p and q are continuous log 9-periodic functions, v = logs 4 is

the Minkowski dimension of 0D and r is a positive constant.

To the best of my knowledge, it is not known whether or not the functions

p and ¢ are constant.



CHAPTER 4

Spatially homogeneous snowflakes

In this chapter, we define a class of Koch snowflakes with spatial homogene-
ity and discuss their geometric and analytic properties. This chapter is taken

from [Chal4].

4.1. Construction

We define spatially homogeneous random snowflakes by generalising the
Koch curve. In the construction of the usual, triadic, Koch curve, the segment
0, 1] is replaced by a curve K (1), say, made of 4 segments of length 1/3 arranged
to produce a spike in the middle. This procedure is then iterated and produces
a limiting self-similar curve.

Here we proceed similarly, but using different building blocks with different

numbers of spikes. More precisely, for a € A, a bounded subset of N, put

m(a) =3a+1 and {(a)=2a+1,

L arranged

and let K(a) be the curve made of m(a) segments of length ¢(a)~
to produce a spikes as depicted in Figure . Now, let £ = (§,,n € N) be a
sequence of elements of A. We will write K (&) for the Koch curve where we

used K (&,) as a building block at iteration n. For example, the curve formed

from the first iterations for £ = (1,3,2,1,...) is shown in Figure 2]
37
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JANVAN AN

FIGURE 1. The curves K(2) and K (3).

FIGURE 2. First iterations of K(1,3,2,1,...).

It will be convenient to use the notation
by =10(&), muy=m(&), €'=L,= H& and M, = I_ImZ
i=1 i=1
With these definitions, the nth iteration in the construction of K (&) consists of
M,, segments of length ¢, = L.
The domain D = D(§) in which we are interested is the one enclosed by the
Jordan curve made of three copies of K (§) arranged as in the construction of

the usual Koch snowflake. In particular, D is simply connected.

4.2. Fractal dimension and content

Since A is bounded, we have
(4.1) €n X €1 and M, < N(e,, K(€)) < N(ept1, K(§)),

where N (€, K) is the covering number of K by balls of radius €. This observation

and the mass distribution principle enable us to calculate the dimension of K (&).
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THEOREM 4.2.1. The Hausdorff and Minkowski dimensions of the set K (&)

are given by

. . .. log M,
dim K (§) = dim,, K (&) = llgg}f o L,

and

I log M,
dimy, K () = limsup 08 n
n—00 0og Ln

PRrOOF. The calculation of the upper and lower Minkowski dimension fol-
lows directly from (4.1)).

To simplify the notation for the calculation of the Hausdorff dimension,
put o = dim,, K (¢). It is standard that dim K(§) < «. To prove the other
inequality, let 6 € (0,00). By , there exists m large such that, for every
n > m, we have M;! < ¢*9  Furthermore, the set K(¢) is made of M,,

(disjoint up to M, — 1 points) copies of the set

R = L;@1K<£m+17 £m+2; S )

Now consider the Borel measure v assigning mass M, ' to sets of size L,"
in the obvious way for n > m. Let U be a subset of K and let n be such that

€nr1 < diamU < €,. Then, we have
v(U) <3M,; ' <3627 < ce?? < e(diam U)*?,

for some positive constant ¢, thanks to (4.1]).
By the mass distribution principle, Theorem 2.1.1] it follows that K, and
hence K(§), has Hausdorff dimension at least o — §. Since § is arbitrary, this

completes the proof. O
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To continue the geometric description of the spatially homogeneous snowflakes,
we now look at the volume of the inner tubular neighbourhoods of D. The fol-
lowing result immediately implies that the inner Minkowski dimensions agree

with the usual definitions and calculations of Theorem [4.2.1]

LEMMA 4.2.2. The volume of the inner tubular neighbourhoods of D satisfies

plen) < M, L, 2.

PROOF. On the one hand, the volume of the inner ¢,-tubular neighbourhood
in one third of the snowflake is bounded below by the volume of the level n

spike of a third of the boundary, i.e. a copy of K(£). This means that

1 3
§,u(en) > %Mn—lgnei = Mye,

where we used that A is bounded.
On the other hand, this same quantity is bounded above by the volume of

the set
{z e R : dist(z, K(&1,...,6)) < e},
where K (1, ..., &) is the curve obtained at the nth iteration in the construction

of the K(&). This means that

1
gﬂ(ﬁn) < 6M,é€>.

n

The result follows. U

Notice that,

log L, —ana Ylogl(a) and log M, —ana ) logm(a),

acA acA
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where (p,(n),a € A) is the empirical distribution for the proportions of the

elements of A, i.e.

1 n
OIS Sr
=1

Therefore, the key to understanding the log asymptotics of the volume inner
tubular neighbourhoods, and hence the fractal dimension of 0D, is the con-
vergence of the empirical distribution to some limiting probability measure
(pa,a € A). This observation can easily be used to produce examples such as
the following one of snowflakes whose boundary does not have a Minkowski

dimension.

EXAMPLE 4.2.3. Consider the sequence (§,,n € N) taking values in {1,2}
defined by

, neES,

&n = {2, neN\S,
Then, for a € {1,2}, it is easy to check that

where S = U{22" +1,..., 2%

n=1

1 2
liminf p,(n) = 3 and limsupp,(n) = 3

n—o0 n—00
Therefore,
ntY .  logm; Llogd+ 2log7
lim inf —2°% — lim inf 2izn 108 = :i) ° 3 CRAPN 1.2225,
n—oo log L, noo nty . logl;  3log3 4 Zlogh
while
log M, nt> _ logm; 2logd+ Llog7
lim sup 08 = lim sup ZZS" ST _ 598 3 08 ~ 1.2395.

n—oo log Ly, nooo MY, logl; glog?) + %10g5
So the Minkowski dimension of K (&) does not exist.

On the other hand, when the sequence (,,n € N) is stationary and ergodic,

we have, for every a € A,

Pa(N) = Pas
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as n — oo, for some probability measure (p,,a € A). In this case, we have the

following elementary result.

THEOREM 4.2.4. Suppose that (§,,n € N) is stationary and ergodic. Then,
the Minkowski dimension of 0D exists, is equal to its Hausdorff dimension, and
s given by

> wea Palogm(a)
Y aca Palog(a)

In a fashion inspired by [BH97], let us now focus on the stationary and
ergodic case and study how the speed of convergence in the ergodic theorem
affects the geometry of the snowflake. Assume that p,(n) — p, as n — oo for

some probability measure (p,,a € A) and that

(4.2) sup [pa(n) — pa| < n7'g(n),
acA

for some function g. If p, € (0,1) for every a € A, then

lim sup [np,(n) — np,| > 0.

n—o0
In particular, the best rate of convergence that one can get in general is g(n) =
O(1). Therefore, we will always assume that g is non-decreasing.

We now show how the rate of convergence can be used to control the volume

of the inner tubular neighbourhoods.

THEOREM 4.2.5. Suppose that (§,,n € N) is stationary and ergodic and

satisfies (4.2) for some function g. Then,

C162—76—029(03log(l/e)) S u(e) § 0462—'76029(0310g(1/e))

for small €, where v = dimy; OD.
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PROOF. By Lemma we know that
plen) < € 7M, L.
But, using Theorem [4.2.4] note that

log(M,L,") =n Y _[logm(a) — vlog £(a)|ps(n)

acA

=n Z[log m(a) — vlog {(a)][pa(n) — pa]

acA
= 0(g(n)).
Putting these observations together shows that

0162776%29(?1) < p(e,) < 0463;7602%”).

The result follows after using that g is non-increasing, and that log(1/e,) < n

and €, < €,.1, because A is bounded. O

One of the consequences of this result is that we can only have
0 < M,.(0D) < M*(0D) < o0,

if the rate of convergence is the best possible, i.e. g(n) = O(1). When that
is not the case, but the sharpest function g is known, one can ask about the
fluctuations of the volume of the inner tubular neighbourhoods between the
bounds given above. A central example where this can be done is when the

sequence (&,,n € N) is i.i.d., in which case the rate of convergence

g(n) = v/nloglogn

is given by the law of the iterated logarithm; we discuss this case in the following

theorem.
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THEOREM 4.2.6. Suppose that (&,,n € N) is i.i.d. and that the distribution

is non-degenerate, i.e. p, € (0,1) for every a € A. Then,

0162—’76—621/1(1/6) < ,u(e) < 6362—’Y6021/1(1/E)

for small €, where v = dimy; 0D and

Y(z) = \/log zlogloglog z.

Furthermore,
cap(1/e) —cap(1/e)
lim inf M(G)i— < oo and limsup (6)62 >0
e—0 €2 €—0 e«

PROOF. The first part of the result follows from Theorem [4.2.5| using the
form of g for the i.i.d. case.

For the second part, notice that, by the law of the iterated logarithm,
log(M, L") < —¢g(n), i.o. and log(M,L,") > ¢g(n), i.o.,
where
g(n) = /nloglogn
and ¢ is a positive constant that dependsm on A and (p,,a € A) in general.
Proceeding as in the proof of Theorem along the appropriate subsequences

yields the result. U

4.3. Heat content asymptotics

We now study the heat content asymptotics of the spatially homogeneous
snowflakes. We rely on the results of Chapter 3| which are readily applicable
since the snowflakes are simply connected.

Let us start by finishing the discussion of Example [4.2.3] a case where
the heat content has non-trivial log asymptotics reflecting that the Minkowski

dimension of the boundary does not exist.
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EXAMPLE 4.3.1. For the snowflake constructed in Example we get,
by Theorem[3.1.7, that

log E
fmint (¢~ 92 EE)N L o610,
s—0  \ 2 log s

while

d logk
limsup [ = — og—(s) ~ (0.6198.
s—0 2 log s

In other words, the log asymptotics of the heat content oscillate between those

dictated by the upper and lower Minkowski dimensions.

As we did when we studied the volume of the inner tubular neighbourhood
above, we now focus on the case where the sequence (,,n € N) is stationary
and ergodic with a rate of convergence given by the regularly varying function
g in (4.2)).

Using Theorems [3.1.5] [3.1.2) or [3.1.6] and [£.2.5] it is straightforward to get

upper and lower bounds for the heat content. Furthermore, when the volume
of the inner tubular neighbourhoods oscillates between the upper and lower
bounds given by ¢, then a similar reasoning along appropriate subsequences
shows that the heat content oscillates in a similar fashion.

Notice, however, that dealing with the upper bound for the heat content
is more delicate. This is because the function w in Theorem typically
involves a logarithmic correction (see the proof of Theorem [3.1.7). As we now
show, this is never a problem when ¢ is not slowly varying; we postpone the

discussion of the other situation to the next subsection.

THEOREM 4.3.2. Suppose that (§,,n € N) is stationary and ergodic and

that g s such that

logz = o(g(7)),
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as x — 0o. Then,

(4'3) 0131—7/26—029(@,log(l/S)) < E(s) < 6481—7/26629(03 log(1/s))

for small s, where v = dimy; 0D. Furthermore, if

csg(ce log(1/e€)) —cs9(ce log(1/€))
(4.4)  liminf pe)e 5 < oo and limsup (e)e 5 > 0,
0 e PN e
then
.. E(s)ecr9(esloa(1/s)) ‘ E(s)ecr9leslog(1/s))
(4.5) hrsn_gglf e < oo and llri’lj(l)lp D > 0.

Proor. The lower bound in (4.3]) follows from Theorems |3.1.5( and |4.2.5|

The limsup part of (4.4)) implies that
() > 0962—76059(06 10g(1/€))7 i.o.
Together with Theorem [3.1.5], this shows that
E(s) > 61081_7/26079(08 log(l/S))’ io.

from which the limsup part of (4.5 follows.
To get the upper bound in (4.3)), we rely on Theorem with the choice

(4.6) w(s) = /4slog(1/s)

and Theorem to get that
E(s) < p(w(s)) + 214D/ 2yoly (D)) /48

1—v/2
(A7) < 1187772 <log 1) ¢e129(13108 siogizay ) 4 2+2/2y01,(D)s
: s

1 1—v/2
< 01181_’7/2 <log _) 60129(03 log(1/s))
s
for small s. Now using that logz = o(g(x)), we get that
(48) E(S) < 6481—7/26029(03 log(1/s))

for small s, as required.
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Finally, the liminf part of (4.4]) implies that
p(e) < 1362 Ve rglaslog(l/e) g
Reasoning as above then shows that
E(S) < 61951—7/26—679(08 10g(1/5))’ i.o.
This establishes the liminf part of (4.5)) and completes the proof. O
A particular instance of this is when (§,,n € N) is i.id. and g(z) =

Vv loglog z; we state it in the following corollary.

COROLLARY 4.3.3. Suppose that (§,,n € N) is i.i.d. Then,

6151—7/26—621/)(1/5) < E(s) < 6351—7/26021#(1/8)

for small s, where v = dimy; 0D and

Y(z) = \/log zlogloglog z.

Furthermore,
o E(s)ec‘*w(l/s) ) E(s)efc‘“p(l/s)

4.4. Slowly varying rates of convergence in the ergodic theorem

The key element in the proof of Theorem [£.3.2]is that the logarithmic correc-

tion introduced in (4.6)) is not felt because g is dominates. This is what enables

us to go from (4.7) to (4.8)), which is no longer possible if g(x) = loglogx or g

is constant, for example.
These difficulties as g becomes ‘closer to a constant’ are expected. For
example, for the triadic Koch snowflake studied extensively in [FLV95), LP06],

it is known that the volume of the inner tubular neighbourhood behaves like

ple) = p(log )™ +o(e*™7),
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as € — 0, for some non-constant log 3-periodic function p; this corresponds to

g constant. By a renewal argument, this is known to imply that
E(s) = q(log s)s' "> + o(s'7?),

as s — 0, for some log 9-periodic function q. However, as pointed out in Chapter
[, it is not known whether or not ¢ is constant. In other words, it is not known
whether E(s) fluctuates between the upper and lower bounds used in Theorem
for this constant function g.

Similar problems have also been studied by Lapidus and coauthors for the
eigenvalue counting function; see [LP93), [LP 96, LvF00| and references therein.
For a family of open sets called fractal strings, the eigenvalue counting function
satisfies

aN2 < N(X) — 1/2/7A2 < ep\72,
where v is the Minkowski dimension of the boundary of the fractal string,
provided
0 < M, (0U) < M*(9U) < 0.
This again corresponds to a setup where g is constant; see the remark after
Theorem . As it turns out, the question of whether N(\) — \/2/7A\!/?
fluctuates between its upper and lower bounds is equivalent to the Riemann

hypothesis; see [LvE00| for further information.



CHAPTER 5

Statistically self-similar sets and the general branching
process

Intuitively, a set K is statistically self-similar if there is a random number

N and some random contracting similitudes @, ..., ®y such that

(5.1) K= Jou(K)),

where K7, ..., Ky are i.i.d. copies of K. In this chapter, we explain how such
sets can be encoded by a generalisation of the Galton-Watson process called
the general branching process.

The material in this chapter is taken from [Chal4].

5.1. The general branching process

Our discussion of the general branching process is inspired by [HamOO,

JagT5, INer81] where we refer the reader for further information.

Definition and notation. In the general branching process, the typical
individual z is born at time o,, has offspring whose birth times are determined
by a point process &, on (0,00), a lifetime modelled as a non-negative ran-
dom variable L,, and a (possibly random) cadlag function ¢, on R called a

characteristic.

49



50 5. SELF-SIMILAR SETS AND THE GENERAL BRANCHING PROCESS
It is natural to index the individuals of the general branching process using

the address space
(5.2) I= U N¥ where N°={(}.
k=0

The ancestor ) is born at time oy = 0, and individual z has &,(0, o) offspring

whose birth times o, ; satisfy

51(0700

)
gx: Z 509071-—0357

=1

where ¢ is the Dirac measure and x, ¢ is the concatenation of x and 7. The trace
of the underlying Galton-Watson process is a random subtree of I which we
denote by T.

It is customary to assume that the triples (&, L;, ¢.). are i.i.d. but we allow
¢, to depend on the progeny of z; we do not, however, make any assumptions
of the joint distribution of (&, L., ¢,). When discussing a generic individual,
we drop the dependence on x and write (£, L, ¢).

We define

§(t) = &£((0,1]), v(dt) = B&(dt), & (dt) = e™¢(dt) and v, (dt) = EE,(dt),
for v € (0, 00). Furthermore, we will always assume that v is finite on compact
sets and that the general branching process has Malthusian growth, i.e. that
there exists a Malthusian parameter v € (0,00) for which
(5.3) v,(00) = 1,

where we use the notation v,(t) = v,((0,t]); in particular ©,(0) = 0. This
implies, in particular, that the general branching process is super-critical, i.e.

that v(oco) > 1. We denote the first moment of the probability measure v, by

(5.4) pr = /000 tv, (dt).
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In all cases of interest to us, p; we be finite. Note, however, that some conver-
gence results still hold when p; = oo, as explained in [Ner81].

Finally, we write
Li=#{zeT:0, <t}

the number of individuals born up to time ¢. It is standard to show that, for

every t,
ET, = Z v (t) < o0;
n=0

see, for example, [Jag75].
The individuals of the population are counted using the characteristic ¢
through the characteristic counting process Z® defined by
§(o0)
(55) Z¢<t) - Z ¢x(t - Ua:) = ¢@(t) + Z Zj)@ - Ui)a
x€T i=1
where the Zfs are i.i.d. copies of Z®. An important example of a characteristic

is given by
o(t) = [€(00) — &(t)]1ex0,

whose associated characteristic counting process Z¢ is easily seen to have the
property that Z?(t) is the number of individuals born after time ¢ to parents
born up to time ¢. In Chapters [7] and [8] we will define characteristics that
capture the volume of tubular neighbourhoods and the heat content of a domain
with a statistically self-similar boundary.

It is often natural to impose that ¢(t) = 0 for ¢t < 0. However, we will work
without this assumption unless explicitly stated otherwise.

In the rest of this section, we introduce the two key notions to study the

large time asymptotics of the general branching process: a renewal equation,
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and a fundamental martingale reminiscent of that central to the theory of the

Galton-Watson process.
Renewal equation. Given a characteristic ¢, define
22(t) = e "EZ%(t) and u®(t) = e E¢(t).
Using , it is easy to check that z? and u? satisfy the renewal equation

(5.6) 22(t) = u®(t) + /000 22(t — s)v,(ds).

We may therefore use renewal theory to study the behaviour of 2?(t) for large
t.
It is often easier to use renewal theory when ¢(t) and therefore u®(t) vanish

when ¢ < 0. This situation can be created conveniently by putting

(5.7) Xa(t) = G liz0 + D Z2,(t — 0i)Lo<ico,
i=1

so that
ICS)

Z0p000)(t) = x0(t) + D> ZL(t = 0:) 1y g2,

i=1

which means that Z¢1[0700) = ZX, the counting process of the characteristic .
Then, we work with ZX instead of Z? because y vanishes for negative times
and ZX and Z¢ obviously have the same asymptotics as t — oo.

Note that even when (¢,), is an i.i.d. collection, x, might depend on the
progeny of z; this illustrates why allowing this dependence is natural and con-

venient.

Fundamental martingale. Define

Fo=0({(& Ly) 0y S 00}), Fi=0(Fp,00 <)
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and
(5.8) A={zreT:z=(y,i)forsomeyecT,ieN, and o, <t <o,},

i.e. A; is the set of individuals born after time ¢ to parents born up to time t.

Then, the process M defined by

(5.9) M, =) e

TENA:

is a non-negative cadlag Fi-martingale with unit expectation, see [Jag75),
Ner&1], which we shall call the fundamental martingale. By martingale con-
vergence,

M, — My, a.s.,
as t — 0o, for some random variable M,,. Furthermore, under an z log x condi-
tion standard in the theory of branching processes, M is uniformly integrable.

More precisely, in [Don72), Don76], Doney proved the following result.

THEOREM 5.1.1 (Doney). The following are equivalent:

(i) E[&;(c0)(log&;(00))+] < oo;
(i)
(i) E
(iv) My > 0 almost surely on the set where there is no extinction;

)

(v) M is uniformly integrable.

Otherwise, My, = 0 almost surely.

Notice that

e’tht Z e'yt ) = Z (bm t - Ux - (t)7

TENA: o<t
with the definition

o(t) = e7'[&(00) — & (1)]1iz0.
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Therefore, the martingale can be thought of as a rescaled counting process for

an appropriate characteristic.

5.2. Applications to statistically self-similar sets

The general branching process provides a natural way to encode statistically
self-similar sets discussed in [Fal86l, (Gra87, MW&6| which we outline now.

To build a statistically self-similar set K in R?, start with the address space I
defined in and a non-empty compact set Ky. To each = € I, we associate a
random collection (N, @, 1,... P, n,), where N, is a natural number and ®,;
are contracting similitudes whose ratios we write I,,. We assume that the
collection is i.i.d. in x.

The random numbers (N,,z € I) generate a random subtree 7 of I defined

by 0 € T and
Y=9Y,-- Y €T = y1,...,Yn—1 €T and y, < Ny, 4, ;-
For x = x4,...,x, € T, define

K,=®,0---0®, . (Ky) and K = ﬁ U K.

where |z| is the length of the word x. The set K has the intuitive property

mentioned in (5.1)).

Let us emphasise that the choice of Ky is not unique in general. However, for
technical reasons discussed in [Fal86], we make the following two assumptions.

First, we assume that the sets (int K,z € T) form a net, i.e.
r <y = int K, C int K,
where x < y means that the shortest path from ) to y contains x, and also

int K, Nint K, = () if neither < y nor y < x;
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the analogue of the open set condition for self-similar sets. Second, we assume
that the construction of K is proper, i.e. that every cut of C of T satisfies the
condition: for every x € C, there exists a point in K, that does not lie in any
other K, with y € C.

The Hausdorff dimension of statistically self-similar sets is almost surely
constant and was calculated in [Fal86), |[Gra87, MWS86|. It is given in the
following result by a formula a la Moran [Mor46] and Hutchinson [Hut81]

familiar from the deterministic setup.

THEOREM 5.2.1. Let K be a statistically self-similar set as above. Write
(N, Ry,...,Ry) for the number of similitudes and their ratios. Then, on the

event that the set K is not empty,

N
dim K = inf{s - E (ZR:) < 1} a.s.
i=1

To specify the corresponding general branching process, we set

Nz
f;p = § 5flong,¢7
=1

and L, = sup, 0,,; — 0,. With this parametrisation, the set K, in the construc-

tion of K is born at time o, and has size e~ ?*. Furthermore, since

o[ s -s ().

the Malthusian parameter ~ is equal to the Hausdorff dimension of K by defi-
nition. In applications later, we will use the general branching process to show

that ~ is also equal to the Minkowski dimension.






CHAPTER 6

Limit theorems for the general branching process

This chapter is devoted to the study of the asymptotic behaviour of the
characteristic counting process of the general branching process. We will prove
laws of large numbers and a central limit theorem. The sections on the laws
of large numbers are largely inspired by [Ner81]. The central limit theorem
discussed here extends a similar result appearing in [JIN84|] because here we

allow ¢, to depend on the progeny of x.

6.1. Outline of the results and their proofs

Consider a general branching process (&, Ly, ¢, ), with Malthusian param-

eter 7. The laws of large numbers that we prove here are results of the form
e " Z%(t) — Z., in some sense,

as t — oo for some random variable Z., which is proportional to M., the limit
of the fundamental martingale. Such results are proved in [Gat00bl, Ner81];
extensions to particular cases are discussed in [CHOS8, [HamO0O0]. The proofs

are divided into four steps:

(i) truncate ¢ appropriately;
(ii) establish that for the truncated version ¢, of ¢, say, the expectation
of e Z% (t) converges to a constant ¢, as t — 0o;
(iii) prove that e™*Z% (t) — ¢, M., with the desired mode of convergence

as t — oo using standard probabilistic techniques; and
57
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(iv) use suitable approximations to remove the truncation and get the

result for Z¢.

The second step in the description of the proofs typically relies on renewal
theory. A consequence of this is that the cases when v, is lattice (i.e. supported
on a discrete additive subgroup of R) and non-lattice (i.e. not lattice) need to
be treated separately. Throughout this chapter, we will focus on the non-lattice
case and discuss how the results may be adapted to the lattice case in Section
0.6l

The aim of Sections [6.2] and [6.3] is to recover and extend the results of
[CHO8,, |Gat00b, HamO00, Ner81] in a way that emphasises the separation
between the steps, in the hope that the statements given here will be easier to
use for other applications to statistically self-similar sets.

Note that from the point of view of the general branching process, it is desir-
able to have theorems with assumptions on & and ¢ rather than Z¢. However,
for many applications of interest to us, Z? is the natural object and is used to
define ¢. It is therefore useful to have a collection of results applicable to either
situation and we will try to do that here.

The laws of large numbers give a precise meaning to the intuitive notion that
the population of the general branching process growth like €*. Therefore, the
central limit theorem suggests that we use the scaling /2 to investigate the
fluctuations of e=7*Z%(t) around its limiting behaviour. This is the object of
Section [6.5] where we use the independence built into the general branching
process to prove a central limit theorem for the general branching process using

the standard Taylor expansion technique. We show that, under some regularity
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conditions,
2 e Z(t) — Zyo] —4 some distribution,

whose form is reminiscent of the martingale central limits theorems discussed,

for example, in [HHS80].

6.2. Weak law of large numbers

Our first aim in this section is to prove the following result.

THEOREM 6.2.1. Let (&4, Ly, ) be a general branching process with Malthu-
sian parameter v, where ¢ > 0 and ¢(t) = 0 when t > s for some s. Assume

that v, is non-lattice, that 2% is bounded and that
22(t) = 2%(c0),
a finite constant, ast — oo. Assume further that, for everyt,

(6.1) E [sg) Z¢(u)} < 00.
Then
e "Z%(t) — 2°(00) My, in probability,
as t — 0o, where My, is the almost sure limit of the fundamental martingale of

the general branching process.

The proof relies on a few lemmas which we prove now. We will use the

notation
Ne={z=(y,i) 0, <t t+c<0,}

and
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Compare with (5.8) and (5.9)). Finally, we will write

Nt,c = #(At \ At,c)-

LEMMA 6.2.2. Assume that v, is non-lattice. Then,

1 o
EY,. — E\/c (1 —wv,(t))dt = e(c),

say, as t — oo, where e(c) — 0, as ¢ — 0.

This may be rewritten as

(6.2) lim limsup EY; . = 0.

€0t o0

Intuitively, this means that if ¢ is large, the contribution of the terms in A;. to

the martingale M; are small in expectation in the limit as ¢ — oo.
PROOF. Notice that Y; . = e Z%(t) for
h(t) = 7§ (00) = & (t + )] 1iz-
Put
2(t)=e "EZ¥(t) and u(t) = e "E(t) = v, (00) —vy(t+e) = 1—v (t+e).

The functions z and wu satisfy the renewal equation (5.6)). Since p; is finite, u
is directly Riemann integrable. Therefore, the renewal theorem in Appendix [A]

implies that
1 o0
2(t) = z(o0) = M_/ (1 —w,(t))dt.
1 Je

The rest is elementary. O

LEMMA 6.2.3. For every c¢ such that v(c) > 1, we have, on {T; — oo},

Nie
liminf —2¢ > v(c) — 1 > 0, a.s.

t—o00 t
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The existence of a value of ¢ satisfying the condition of the theorem is

guaranteed since the general branching process is super-critical.

PROOF. The result follows from the law of large numbers applied to the
collection (&,([0, ¢])), and the inequality

(63) Nt,c 2 Z fz([OvC]) - Tt U

o<t

Our next lemma relies on the following version of the weak law of large

numbers, see [AKT6, Ner81].

THEOREM 6.2.4. Let (Xiy, k < ngt > 0) be a family of non-negative ran-
dom variables such that, for everyt, the variables (X5, k < n;) are independent.
Assume that ny — oo as t — oo and that X,y are stochastically dominated by

an integrable random variable X .

Then,
1

— 2:()(1”€ —EX, ;) — 0, in probability,
Uz

k=1
ast — 00.

LEMMA 6.2.5. Let (&, Ly, ¢2)z be a general branching process satisfying the
assumptions of Theorem [6.2.1. Assume that c is such that v(c) > 1. Then, on
{Tt — OO},

Z e o (e M=o 7ot 4 s — g,) — 2(t+ 5 — 0,)) — 0, in probability,
€A \A¢,c

ast — oo.

Proor. When N, is positive, we may write

Z e‘“’”z(e”(t“_”z)Zf(t +5—0,) —2°(t+5—0,)) = Nt,ce”(t“)At,c,
xeAt\At,c
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where

A= Nt’_c1 Z ettemon) (e ths=oa) 7ot 4 g 5} — 2%t + 5 — 0y)).
€A \At,c

Recall that N; . € F; and that, for every x € Ay\ A¢ ., we have o, € F; while
the processes Z2 with z € A; \ A;. are mutually independent and independent
of F;. These observations and conditioning on F; together with Theorem

and show that, on {NN;. — oo}, we have, for every € € (0, 00),
P(|A:.| > €|F:) — 0, in probability,
as t — 0o. By dominated convergence, it then follows that, for every e € (0, 00),
P(|A:.] > e and N, . — o0 as T — 00) — 0, in probability,

as t — o0o.

Since o, <t +cfor x € Ay \ A¢, we know that
e "IN, < My — My, as.,
as t — oco. Hence, on {V;. — oo},
e "IN, A, . — 0, in probability,

as t — oo.
Finally, by Lemma [6.2.3] we know that N;. — oo on {1} — oo}, and the

result follows. O
We may now proceed with the proof of the weak law of large numbers.
PrROOF OoF THEOREM [6.2.1]. Since ¢(t) = 0 when t > s, we have

Z%(t +5) = Z Zo(t+s—0,),

TEN:
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which we rewrite as

e—'y(t+s)Z¢(t + S) — Z e—vaze—v(t-l—s—am)zf(t 45— U:c)
€A \At,c

+ Z 6_7016_7(t+s_”’)Zf(t + 5 —0y).
:EEAt,c

Fix € € (0,00). We shall show that
(6.4) P(le ") Z9(t 4 5) — 2%(00) Myo| > €) — 0,

as t — oo.
Pick 6 € (0,00) and choose ¢ with v(¢) > 1 and to > 0. Assume that ¢, s

and ty are large enough to guarantee that, for ¢ > tg,

(6.5) P(2%(c0)|M; — My| > €/4) < 6/4,

(6.6)

P Z e‘”"“(e”(t“_‘”)Zf(t +s—o0,) — z¢(t +s—o0,))| >€/d| <d6/4
ZEAt\At’c

(this is possible thanks to Lemma [6.2.5)),

o€
6.7 EY,, < %
(6.7 " 82 e

(this is possible thanks to Lemma [6.2.2)), and, for u > s — ¢,

de
(6.8) |22 (u) — 2%(c0)| < 6

We now bound the probability in (6.4) by
P(le ") Z9(t 4 5) — 2%(00) My | > €)
(6.9) <P ( Z e—wxe—w(tJrs—m)Zf(t +5—0,) — 2%(00) Z L
TEN TEA;

+ P(2%(00)|[(M; — My)| > ¢/4).

> 36/4)
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Here we used the definition of M. The first part of the right-hand side is at

most

(6.10)

P Y e (e 20t s — 0,) — 20(L+ s — 0,))| > €/4
mEAt\At,c

(6.11) +P [ > et + 5 —04) — 2%(00)| > €/4
{Z‘EAt\At,c

(6.12) +P Z e 17 |e VT 79t 4 s — 0,) — 2%(00)| > €/4

€A

Let t > to. By (6.5)), the last term in is at most 0/4. By (6.6]), we get

that (6.10]) is at most 6/4. By and Markov’s inequality, (6.11)) is at most
d/4 since EM,; = 1. Finally, by (6.7) and Markov’s inequality, (6.12)) is at most

d/4. Therefore, the left-hand side in is at most 0. Since ¢ is arbitrary, we
have established (/6.4]) and the proof is complete. O

To remove the assumption that ¢(t) vanishes for ¢ large, we need a way to
approximate ¢ by a sequence (¢,,n € N) of characteristics that do and that
satisfy 2?7 (00) — 2%(00) as n — oco. One way to ensure this is to impose that

the map t — e ""E¢(t) be directly Riemann integrable as we show now.

THEOREM 6.2.6. Let (&, Ly, ¢2)x be a general branching process with Malthu

sian parameter v, where ¢ > 0. Assume that v., is non-lattice, that u® is directly
Riemann integrable and that 2% is the unique solution to the renewal equation
such that

2?(—t) — 0,

as t — oo. Assume further that, for everyt,

E [sup Z¢(u)} < 00.

u<t
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Then,
22(t) — 2%(00),
some finite constant, and
e "Z0(t) = 2%(00) M, in probability,

as t — 0o, where My, is the almost sure limit of the fundamental martingale of

the general branching process.

PROOF. The existence of the limit 2?(oco) follows from the renewal theorem

in Appendix [A] For the rest, put

Gn(t) = o(H)li<n, and  u,(t) = e "Eg,(t).

Since 0 < wu,(t) < u®(t), the functions u, and u® — u, are directly Riemann
integrable too. Furthermore, for every n, we have 2%"(—o0) = 0. Therefore, by
the renewal theorem in Appendix [A]
. 1) 1 > —t 1 = —t
lim z%"(t) = — e "E¢,(t)dt - — e "E¢(t)dt,
t—o0 /,Ll —o0 1 —oo

and

lim 2%~ (t) = 1 / h e ""E[p(t) — ¢n(t)]dt — 0,

i—o0 M1 o
as n — 00, by dominated convergence.
Notice that
€729 () — 29 (00) Muo] < e[ Z%(t) — 2% (1)
(6.13) + e Z% (1) — 2% (00) M|

+ 2% (00) — 2%(00) | M,
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which we now show converges to 0 in probability. First, by Markov’s inequality,
P(e™|Z0(t) — 27" (t)| = €) < e 'Ele"Z°(t) — Z°(¢)]]
< e ')
— e 12979 (00),
which can be made arbitrarily small, by choosing n large. Second,
P(|2%"(00) — 2%(00)| M > €)

can be made arbitrarily small by choosing n large. And third, by Theorem
6.2.1] for every n,

le™Z% (t) — 29" (00) M| — 0, in probability,

ast — 0.
Together, these observations show that the left hand side in (6.13)) converges

to 0 in probability as ¢ — oo, as required. O

Let us conclude this section by noticing that a convenient sufficient condition

for (6.1)) to hold in the one-sided case is that, for every ¢,

E lsup qb(v)] < 0.

v<t

Indeed, for u < t, we then have

Z°(u) = Z Or(u—o0,) < Z sup ¢, (v).

oz<u oz <t vst

The independence of o, and ¢, and the finiteness of ET; show that

B| Y supo (o)

oot v<t

from which (6.1]) follows.

< BIBJB [supolv)| < .

v<t

We can now state the version of the weak law of large numbers of [Ner81].
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THEOREM 6.2.7. Let (&, Ly, ¢2). be a general branching process where ¢ >
0 and vanishes for negative times. Assume that u® is directly Riemann inte-

grable. Assume further that, for everyt,

< 00.

2 ot

u<t

Then,
22(t) — 2%(00),
some finite constant, ast — oo, and
e 1 Z2(t) = 2%(00) My, in probability,
as t — 0o, where My, is the almost sure limit of the fundamental martingale of

the general branching process.

Of course, using ((5.7)) it is possible to apply Theorem to investigate
the asymptotics even when the characteristic ¢ does not vanish for negative

times. The condition to check then becomes that, for every t,

§(o0)
(6.14) E | sup | o(u) + E Zilu—0)lycy, | | < 0.
0<u<t i—1

This condition is a joint condition on £ and ¢. It reflects the care that has to
be taken to avoid having many offspring x in the distant future that can still
have an impact on Z? through the values that ¢, takes for negative times, and
then violate the condition in (6.1)).

The form of also suggests that if either £ is compactly supported, or
¢(t) = 0 when ¢t < s for some (typically negative) s, then it should be easily

satisfied. This is a natural setup in some cases; see, for example, [Ham00].
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6.3. Strong law of large numbers

Strong laws of large numbers for general branching processes require some

more technical conditions which we discuss now.

CONDITION 6.3.1. There exists a non-increasing bounded positive integrable

function g on [0,00) such that

B [up S _60)

sup

£20 g(t) ] =

This condition is satisfied if there exists a non-increasing bounded positive

function g such that

| ot < oo,

because then

§;(00) — &,(1) =1 s 1 s
o) §[9@5W>?ﬂg@@”’

which has finite expectation. As such, Condition [6.3.1] can be thought of as
some kind of moment condition that is weaker than imposing that v, have a
finite second moment as is seen by taking g(t) = 1 A t~2. In particular, this
condition is always satisfied if the expected number of offspring is finite because
then, with g(t) = 1 At™2, we have
bloe) ~6(0) [

9(t) N

The next condition generalises Condition and will be used to control

1 1 e ¢ (0o
5605 < [ s (ds) < supl(1v e (o).

the error made when truncating the characteristic. It will be particularly handy

when ¢ vanishes for negative times.
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CONDITION 6.3.2. For some s, there exists a non-increasing bounded posi-

tive integrable cadlag function h on [s,00) such that

B [sup | <o

It will be convenient, for such functions h, to extend them to the real line
by setting h(t) = 0 when ¢ < s.
To extend the law of large numbers for ¢ on particular lattices to ¢ in R, we

need some new notation. For € € (0, 00), write

¢e(t) = inf du) and ¢(t) = sup o(u).

u€lt—et+e| uE[t—e,t+e

This defines cadlag functions, and we have the following convenient property.

PROPOSITION 6.3.3. Let ¢ > 0 be a random cadlag function on R satisfying

Condition[6.3.9. Then so do ¢. and ¢°.

PROOF. The result is obvious for ¢.. To establish it for ¢¢, notice that

g (1) e g(u)
2 TN £ e -7\
Sape Bt —¢) = S h(u)

which has finite expectation. Since ¢ — h(t — ¢€) satisfies the requirements, the

proof is complete. U

The last condition that will be useful concerns the regularity of the char-
acteristic function ¢ in terms of how close ¢, and ¢¢ are to ¢ in a suitable

sense.

CONDITION 6.3.4. For some € € (0,00), the map u® (t) = e ""E¢(t) is

directly Riemann integrable.
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By Fubini’s theorem and dominated convergence, this condition has the

consequence that

oo oo

(6.15)  lim e_“’tEqﬁe(t)dt:liL% / (:e_”tEgbe(t)dt: / e "Eo¢(t)dt.

e—0 oo oo

In the one-sided case when ¢ > 0, Condition can conveniently be used
to verify Condition as we show now.

PROPOSITION 6.3.5. Let ¢ > 0 be a random cadlag function on [0, 00)

satisfying Condition with s = 0. Then, Condition [6.5.4 is satisfied.

PROOF. Since ¢ is cadlag, Condition|6.3.2]and dominated convergence show

that ¢ — E¢(t) is also cadlag. Furthermore,

e "E¢(t) < h(t)E Elifo) %qz:)(u)} )

which is a bounded non-increasing integrable function. Therefore, t — e " Egp(t)
is directly Riemann integrable. Using Proposition the same is true of ¢,

and ¢, which completes the proof. O

Our first aim in this section is to prove the following result.

THEOREM 6.3.6. Let (&, Ly, ¢r)x be a general branching process with Malthu-
sian parameter 7y, where ¢ > 0 and ¢(t) = 0 when |t| > s for some s. Assume

that v., is non-lattice. Assume further that, for some € € (0, 00),

< 00,

(6.16) E {sup Z% (u)

u<t

and that Conditions|6.3.1] and |6.3.4] are satisfied; in particular, z* is bounded

and
22(t) = 2%(00),

some finite constant, as t — oo.
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Then,
e MZ0(t) = 2%(00) My, a.s.,
ast — oo, where My, is the almost sure limit of the fundamental martingale of

the general branching process.

By monotonicity, it is clear that, under these assumptions, (6.16)) holds

when € = 0.

REMARK 6.3.7. Unlike in Theorem|6.2.1, here, we require that ¢p(—t) vanish
for large t. This additional requirement comes for the impossibility to control
the term in (6.12) when proving almost sure convergence without further as-

sumptions.
The proof of Theorem relies on a few lemmas which we prove now.

LEMMA 6.3.8. There exists a positive constant K such that

limsupe "7, < KM, a.s.

t—o00

PROOF. From Lemmal6.2.3] if v(c) > 1, we have, on {T; — oo},

Nie
liminf =2 > v(c) —1 > 0, as.
t—00 t

Since M; > e 7+ N, .. we have

> (v(c) —1)e ¢, as.,

lim inf
t—oo e~ ,—Tt

from which the result follows. O

For the next lemma, we will use the following version of the strong law of

large numbers, see [AK76), Ner81].
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THEOREM 6.3.9. Let (X, ,7 < n;,i € N) be a family random variables such

that, for every i, the variables (X;;,j < n;) are independent. Assume that

.. Ni+1
lim inf !

! >0,
11— 00 n1+"'+ni

and that X; ; are stochastically dominated by an integrable random variable X.

>E><OO.

1 &
— Z(Xi’j — EXi’j) — 0, a.s.
7=1

n; 4

Then, for every e € (0,00),

ng

> X —EX;

J=1

In particular,

as 1 — o0.

REMARK 6.3.10. If the sequence (n;,i € N) in Theorem is random
(and the condition on the limsup holds with probability one), but X;; = Y;
for an i.i.d. collection of random variables (Y;,j € N), then the proof given in

[Ner81] still applies, and the result still holds.
We will also need the following version of the Borel-Cantelli lemma.

THEOREM 6.3.11. Let (G,,n € N) be an increasing sequence of o-algebras

and (A,,n € N) be a sequence of events. Define the event

E = {ZP(An|gn) < oo} :
n=1
Then

P (A, infinitely often |E) = 0.

LEMMA 6.3.12. Assume that (¢,), s i.i.d. and that ¢(t) = 0 when t < s

for some s > 0. Assume further that Condition is satisfied. Then, there
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exists a positive constant K such that

limsupe " Z%(t) < KMOO/ h(t)dt.
s—K

t—o00

PROOF. Let ¢ be such that v(c) > 1. Since

T;H-c 2 Z 5([076])a

o<t

the strong law of large numbers implies that

T;
. . +c
lim inf

t—00 t

>v(c) > 1, as.
Therefore, by Theorem and Remark [6.3.10] on {7} — oo}, we have

1
(6.17) Y U, >EU as,
TUH_I)C = e ke<oz<(k+1)c

as k — oo, where

—t
U, = sup A Ox(1)

te[0,00) h(t)
has finite expectation, by Condition [6.3.2]

Furthermore,

6_7(t+8)Z¢(t + s)

=) S it 45— a)

o<t

< Z e % h(t + s — 0,)U,

o<t

<Y DY e+ s —(k+ DU,
0z <t ke<oz<(k+1)c
[t/c]

Tkt 1)e
<Y e *h(t4s— (k+ 1)) N U,

T, —T;
k=0 (k+1)e ™ ke poco <(kt1)e

73
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Together with (6.17) and Lemma this shows that, for any € € (0, 00),

we have, almost surely,

limsup e 7+ 29 (¢ + 5)

t—00
[t/c]
< (1+¢€)limsup Z e h(t + s — (k+ 1)) T(kr1)e

t—o00 h—1

t/c]
< (14 €)*K My, lim sup Z h(t+s— (k+1)c)

t—o0 =1
< (142K M / h(u)du,
s—2c
for some positive constant K. The result follows. Il

A particular case of this result is given in the following corollary.

COROLLARY 6.3.13. Assume that & satisfies Condition [0.3.1. Then, there

exists a positive constant K such that, for every c € (0, 00),

limsup Y, < KMOO/ g(t)dt, a.s.
c—K

t—o00

PROOF. Notice that Y;. = Z?(t + ¢) when

¢(t) = ewt[g'y(oo) - f’y(t)]lbc-
Then apply Lemma |6.3.12] using Condition [6.3.1] U

This implies that
lim limsup¥;. =0, a.s..
€00 t00
As such, it is the analogue of ((6.2)) in the proof of the weak law of large numbers.
We will now prove a strong law of large numbers for the general branching

process when time is restricted to certain lattices. For ¢ € (0,00) and ¢ty €

0, 00), write

k
ty, =to+kc, keZ and t;m:—c, keZ,neN.
n
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We need the following convergence result.

LEMMA 6.3.14. Assume that v(c) > 1. Then,

k—o0

Nipyie
P (liminf% >0

Tt—>oo>:1.

=1 ti,c

PROOF. Since

k
E :Nth < Ttk+1’
=1

the result follows from Lemma [6.2.3] O
LEMMA 6.3.15. Let (&4, Ly, ¢2). be a general branching process satisfying
the assumptions of Theorem[6.3.6 Assume that v(c) > 1. Then,
e Z2(t) — 2%(00) My, a.s.,

as k — o0.

PROOF. Let ng be such that
25 < ngc.

For n > ng even, we have

(6.18)

e tn/2 Z0 (o) — 2%(00) Mo |

(619) <| 3 e et 20ty ngs — 04) — 2 (tnsz — 0)

iUeAtk \Atk ,nc

(6.20) + D €72 (thnga — 02) — 2%(00) Moo

IGAtk \Atk,nc

Rewrite the term in (6.19) as

—t
€ 7 thk,ncAtk,n,cu
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where Ay, . = N; . is defined as

Z eiv(azitk)[eiw(tk"'”/ziaz)zf(tk—&-nm - U:Jc) - zd)(tk‘—i-n/Q - Uz)] .
-’EEAtk\Atk,nc

To control (6.19)), notice first that
(6.21) e Ny, pe < €My, — €2 M,,, ass.,

as k — oo. Then, reason as in the proof of Lemma [6.2.5; conditioning on

Fi, together with Theorem and Remark |6.3.10, Lemma [6.3.14] and the
condition in (6.16]) yields that, on {7} — oo}, we have, for any € € (0, c0),

ZP<Atk7”7C > €|ftk) < Q.

00
k=1

By Theorem [6.3.11} this shows that, on {7} — oo},

Apne — 0, as.,

as k — oo. And therefore, because of (6.21]), so does the expression in (6.19)).
Let us now deal with (6.20). Pick 0 € (0,00). Let r € (0,00) be large

enough that

limsup Y; . <

—M
t—o0 3||Z¢||oo >

(this is possible thanks to Corollary [6.3.13)), and assume that n > ng is large

enough that, for u > (n/2 —r)c > 0,

|22 (1) — 2%(00)| < §/2.
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Then, by definition of M, we get that, almost surely,

lim sup Z e 17 2% (tyyny2 — 0) — 2%(00) Mo

k=00 JUEAtk \Atk,nc

< lim sup Z e 1 [Z¢(tk+n/2 —0y) — Z¢(OO)]

k—
ee Z'GAtk \Atk,rc

+ lim sup Z e 17 (2 (tpnja — 04) — 2°(00)] — Z e 177 2% (00)

k—o0
IEAtk,rc\Atk,nc xeAtk,nc

+ limsup |2%(c0) M, — 2%(00) M|

k—o0

J
< —limsup M;, + [|2%||o0 limsup Y, .
2 k—o0 k—o00

< OM.

Since ¢ arbitrary, we conclude that (6.20) converges to 0 almost surely as

k — oo. This concludes the proof. O

The convergence is easily extended for ¢, as we show now.

COROLLARY 6.3.16. Let (&, Ly, ¢.)x be a branching process satisfying the
assumptions of Theorem . Assume that v(c) > 1. Then, almost surely,

e 79ty ) — 2%(00) My, for all m,

as k — 0.

PROOF. Denote by A, the event that the convergence in Lemma |6.3.15
occurs when ¢y = gc. Then, A = NyegA, has probability one, and, on it, we
have

e—Wtk,nZ¢(tk7n) — Z¢(QQ)MOO, for all n,

as k — oo. The proof is complete. Il

We may now proceed with the proof of the strong law of large numbers.
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PROOF OF THEOREM [6.3.6]. Let ¢ be such that v(c) > 1. By definition,

for t € [tkn, tkr1n),
2% (tn) < Z°(t) < 277" (tis1,0)-

By Corollary [6.3.16| applied to ¢/, and /™, we have

e/ 2%/ (00) Mo < liminf e " Z%(t) < limsup e " Z%(t) < 6_76/”z¢c/n(oo)Moo.

t—o0 t—00

But, by Condition [6.3.4], the renewal theorem of Appendix [A] and dominated

convergence, we have

2%e/n (OO) - i /Oo ei’ytE¢c/n(t>dt T i /OO ei’YtE(b(t)dt = Z¢<OO),

7:“’1 —00 H1 J—oo

as n — 0o. A similar reasoning shows that 2" (c0) | 2%(c0), as n — oo. The

result follows. O

Our next step is to extend the strong law of large numbers to the case when
¢ is not compactly supported. This will, of course, require some conditions on

the tails of ¢; we will also need to strengthen Lemma |6.3.12 as follows.

LEMMA 6.3.17. Lemma still holds without the assumption that (¢ ).

1S 1.1.d.

PROOF. Define the characteristic

e "o(u
Y(t) = Slilg ﬁg)logtg = Ulp<i<i.

Note that 1 is compactly supported and the assumptions of Theorem [6.3.6| are

easily checked, so we have
e M7V (t) — 2¥(00) My, as.

as t — oo, where

1
2¥(00) = / e "EUdt < EU < cc.
0
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Since ¢(t) = 0 for t < s, we have

e th¢> )=¢e 1t Z Gz (t — 0y)

o <t—s
<e Z h(t — o,)e" =720,
o <t—c
Lt c]—-1
S S

k=1 k—-1<0:<k

[t—c]—1

Z h(t _ ]{5 v(t—k+1) Z U,
k=1

k—1<0.<k
[t—c]—1
— Z h(t e'yt k+1)Zw(k)
Therefore,
limsupe " Z%(t) < 67E(U)Moo/ h(u)du
t—00 5—2
as required. O

From this, we deduce that Condition [6.3.2] may be used to remove the
condition that ¢(t) vanish for large ¢ in Theorem [6.3.6 Indeed, it suffices to
truncate and apply Lemma|6.3.17|to control the error caused by the truncation.

This immediately produces the following result.

THEOREM 6.3.18. Let (&4, ¢u, Ly be a general branching process with Malthu-
sian parameter v, where ¢ > 0 and ¢(t) = 0 when t < —s for some positive s.

Assume that v., is non-lattice. Assume further that, for some € € (0, 00),

< 00,
u<t

E [sup 7% (u)

and that Conditions |6.3.1, |6.3.9 and |6.3.4] are satisfied; in particular, z® is

bounded and

22(t) = 2%(00),
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some finite constant as t — oo.

Then,
e MZ0(t) = 22(00) M, a.s.,

as t — 0o, where My, is the almost sure limit of the fundamental martingale of

the general branching process.

Note the asymmetry of the statement: We need ¢(—t) to vanish for large
t. Indeed, unlike for the weak laws of large number, it is difficult to prove a
strong law of large numbers directly when ¢ does not vanish for negative times
for the reason described in Remark In some applications, see for example
[HamO0]|, this setup is appropriate. In other applications where ¢(—t) does
not vanish for large ¢, we typically use the method described in to be in
the one-sided case.

Using Proposition [6.3.5] we recover from Theorem the strong law of

large numbers of [Ner81].

THEOREM 6.3.19. Let (&, Ly, ¢x). be a general branching process with Malthu-

sian parameter y, where ¢ > 0 and ¢(t) =0 for t < 0. Assume that v, is non-

lattice. Assume further that Conditions|0.5.1 and|6.5.2 are satisfied. Then,

2(t) — 2%(c0),
some finite constant, and
e MZo(t) = 2%(00) My, a.s.,

as t — oo, where My, is the almost sure limit of the fundamental martingale of

the general branching process.
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6.4. Convergence in L'

As stated in Theorem |[5.1.1] when a general branching process satisfies the
xlog x condition, its fundamental martingale is uniformly integrable. In par-
ticular, M, — M, in L', as t — oo. It is natural to ask when the xlogz
condition is sufficient to make the counting process Z% converge to its limit in
L'. A sufficient condition is for Z? to satisfy the weak law of large numbers a

we show now.

THEOREM 6.4.1. Let (&, Ly, ¢2)x be a general branching process with Malthu-
sian parameter v where ¢ > 0. Assume that M is uniformly integrable. Assume

further that
2(t) — 2%(c0),
some finite constant, and
e "Z0(t) = 2°(t) My, in probability,

ast — 00.
Then,

e "Z0(t) — 2%(00) My, in L,

ast — 00.

PROOF. Since M is uniformly integrable, EM,, = 1. Therefore, we have

that
e "Z%(t) = 2%(00) My, in probability
and

e "EZ%(t) = 2°(00)EM,,
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as t — oo. This establishes that (e™*Z¢(t),t > 0) is uniformly integrable and

the convergence in L'; see, for example, [Dur10]. O

6.5. Central limit theorem

We start by introducing some additional notation. Consider the general
branching process (&, L, ;). with Malthusian parameter . We assume that
¢ is such that
Z(t) = Z°(t)
has zero expectation, where the equation defines the left-hand side. In applica-
tions, ( is typically a suitably centred version of some characteristic ¢.

We will use the rescaled version Z of Z defined by

§(o0)
(6.22) 2(6) = 21 = &) + 3 e 22t — o),

i=1
where (t) = e "/2((t).
Finally, to have a proxy for the variance, we define

(6.23) V(t) = Z(t) )+ Z Vi(t

where

(6.24) pp(t) = Co(t)?> + 2(p(¢ ZZt—oZ—l—QZZZt—JZ (t—0;).

i=1 j<i
As before, the functions v and r defined by
(6.25) v(t) =e "EV(t) and r(t) =e "Ep(t)
satisfy the renewal equation
(6.26) v(t) =r(t) + /000 v(t — s)v,(ds).

Our central limit theorem requires the following two technical conditions.
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CONDITION 6.5.1. There exists € € (0,1/2) such that

e t/2 Z Co(t — 03) — 0, in probability,

o <et

ast — o0.

This is a regularity condition on ¢. In applications, we typically expect C to
satisfy a weak law of large numbers. Therefore, the sum should grow like €7

and we can expect that the condition is satisfied.

CONDITION 6.5.2. There exists a € (0,00) such that

sup E{|Z (1)} < .
teR

This is a moment condition. In applications, it is convenient to check it for
integer moment, i.e. when o = 1 or 2, because it can be done using renewal

arguments.

THEOREM 6.5.3. Let (&4, Ly, (o) be a general branching process with Malthu-
sian parameter v, where  is such that EZ(t) = 0 for every t. Assume that v

1s bounded and that
v(t) — v(00),

some finite constant, as t — oo. Assume further that Conditions [6.5.1] and

are satisfied. Then,
Z(t) = Zus, in distribution,

as t — 0o, where the distribution of Z, is characterised by

E |:ei9200] —E |:e—%€2v(oo)Moo:| )
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In the proof, we will use that if z1,..., 2, and wy,...,w, are complex num-

bers whose modulus is bounded by C', then

n n n
=1 =1 =1

A proof of this may be found in [Durl0l Lemma 3.4.3].

(6.27)

PRrOOF. For € € (0,1/2), iterating from ((6.22)), the definition of Z, we get

(6.28) Z(t) =Y e Gt —0u)+ Y e Lt - 0,).

oz <et €At

The first sum appearing in ([6.28)) can be rewritten as

ei’yt/Q Z 590(75 - 0'3;),

o <et

which, by Condition [6.5.1] converges to 0 in probability as ¢t — oo if we choose
e appropriately. For the rest of the proof, we fix such a choice of e.

We now consider the other sum appearing in , and show that it con-
verges in distribution to Z., as t — co. The result will then follow from

Slutsky’s lemma. In other words, for § € R, we want to show that
(6.29) E [e“’ Saeng ¢ hltm0n) _ 6‘592”(‘”)%"} 0,
as t — oo. To do this, write, for an zy € (0, 1) that will be chosen below,

Ay = { sup [e 72 Z (t — 0,)| < :1:0} ,

.’I?GAet

and split ((6.29) as

(6.30) E [eiQZzeAet €002 Za(t=00) _ o=3070(00) Moo A t]
(631) +E |:ei0 Zwe/\et e~ 192/2 7 (t—0y) o eféo%(oo) EzeAet e~ o : A€ t]
(632) +E [67%921;(00) Z-TEAet e~z 67%921;(00)]\/[00; A€ t:| )

We will show that each of these terms converges to 0 as t — oc.
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Fix € R and § € (0,1). Let xy € (0,1) be such that

2

(6.33) le* —1—z| <d|z| and ez—l—z—% < d|z/?,

whenever z € C satisfies |z| < zp. And let 7 € (0, 00) be such that for t > 7,

(6.34) 7o “TUNOP sup BYZ () e }e N <6,
(6.35) 0%||v|sce ™7 < g

and

(6.30) [0(t/2) = v(o0)| < 6,

where « is given by Condition [6.5.2]
Let us start by dealing with (6.30). For ¢ > 7,

P(A{,) =P (sup 0727 (t — 0,)|*T* > ngra)

€At
=7 ( P e A GRS [ ) |
Z’eAet

which, by Markov’s inequality, is bounded by

S e Zu(t - am>|2+a]

IEEAet

xo—(2+a) |Q|2+ae—'yeat/2E

< $a(2+a) |9|2+a€—75at/2E

(6.37) > e E{|Z.(t - ax)|2+“lfet}]
TEAt

< xa@-ﬁ-a) |Q|2+a Sup E{\Z(u) |2+a}e—'yeat/2
u€eR
<d

J

where we have used that o, € F., that Zx is independent of F,; and that
EM,. = 1. (This is where we need to control the moment of order 2 + « for

some « € (0,00).) Therefore, (6.30) is dominated by

2P(AC,) < 2.
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Since 0 is arbitrary, it follows that
E [67L9 Dweny e 192/2 7 (t—0g) e—%va(oo)Moo; Agt

as t — 00, as required.

To deal with (6.32)), recall that

E e %" = My — My, a.s.,

xGAet

as t — 0o. Therefore, dominated convergence implies that

1

1 —vyox
E [67592”(00) Saeng €7 a0 v(00) Moo, Ae,t] — 0,

as t — oo, as required.

We will spend the rest of the proof dealing with (6.31]), which we rewrite as

N | LI E)
€,t €

33€Aet
using the conditional independence built into the branching structure, where

Azt = {|9€_70'z/22x(t _ O_x)| S 1'0},

By (6.27)), the term inside the expectation satisfies

(6.38)
H E{eiQe—“/G:c/QZz(tfaz)lAL } H E{ 7792 (c0)e= Vo= 1A’f’t fet}|
wEAet xGAEt
S s SR

TEAet

A Taylor expansion and the second order exponential estimate yield that

|74
I

- 1 .
—E { <1 + i&e’””z/zZm(t —0y) — 502677‘”2%(25 — O'w)2) Laz

< 06?||v]|oee ™",
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Furthermore,

_ 1 3
‘E { (1 +i0e 12 Z (t — 0,) — 5026_7"”Zx(t - ax)2) Laz,

!

<[5 { (0200 o) 1,

]:et}

1 —vyox
_E {@*5920(00)6 i 140

)

1 ~ o
+ ‘E{ (1 o 5926—70$Zm<t . 0-93)2 . e—%GQU(oo)e v > 1A§7t

Now, since

E [Zm(t — o) fet} —0,

reasoning as in (|6.37]) shows that

E{ (07220~ 02) Lz, | Fa}|
- ‘E{ (iee‘m/ 2Z,(t - %)) Lovaz,

(6.39) < 2B {I51|9|€_W”0/2|Zx(t — 03)|1ayaz,

Fa}
Ful }

< 2E {xg Eraljg2raeme=(4e/d)| Z (1 — 6,)**La\ae,

Fu

< e 7

for t > 7. And, since for x € A, we have
[v(00)0%e™777 /2| < 0%||v||ece™ " < z0,

a Taylor expansion and the first moment exponential estimate yield that

fet}’

]—"Et}‘ + %(592|U(oo)|67‘“

1 . o3
'E { (1 — S0P Lt — 0,)? — e BT ) Laz,

1 ~ 1
< ‘E { —582677‘”210(25 —0.) + 5921)(()0)677%

< 0*{Jv(t — 02) — v(00)| + d]Jv]loc ke,
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Notice that, for ¢t > 7,

Z 02{|U(t — ax) — v(oo)| + 5||U||oo}€_wz

TEAet

< 2 —YOgx 2 —7YO0x
DT DR (RN (S SRV DRNCEI I
feAet\At/Q :BEAgtﬂAt/g

<001+ |vllee) Me + 022+ 0)[vfloe > 7.

TEANet ﬂAt/Q

Together, Equations (6.38]) to (6.40]) show that (6.31)) is dominated by

(641)  E[5[1+6°(1+2/v]eo)]M] + B[P+ 0) 0] Y €

xeAet ﬁAt/Q

Fix ¢ € (0, 00) large. For ¢ large enough, by Lemma[6.2.2]

E Z e | <E Z e | — ,ul_l/ (1 —v,(s))ds,

TEAtNAy /2 TEAtNActtc

as t — 0o. The limiting expression can be made arbitrarily small by choosing

¢ large enough. Therefore, the second term in (6.41)) converges to 0. Since

EM, = 1, the first term can also be made arbitrarily small by adjusting 6. The

result follows.

6.6. The lattice case

When v, is supported on the lattice AZ, the 2?(¢) does not have a limit as

t — oo. However, renewal theory provides conditions under which, for every v,

2y + kX)) = g(y),

as k — oo, for some A periodic function g. This can then be used to prove laws

of large numbers which state that, for every vy,
e VWA 79(y + kX) — g(y) Mo, in probability or a.s.,

as k — 00.
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We refrain from developing this here and refer the reader to [Gat00a], where
Gatzouras proved analogues of the results of [Ner81] for the lattice case.

As for the central limit theorem, the statement given here does not depend

on the non-lattice structure. Of course, when v, is lattice, we cannot expect

v(t) to have a limit as t — co. Instead we typically get that, for every y,

v(y + kX)) = g(y),

as k — oo, where g(y) is a A-periodic function. Nevertheless, in this case, the

proof presented above shows that, for every y,
Z(y + kX = Zoo(y), in distribution,

as k — oo, where the distribution of Z.(y) is characterised by

E [¢7~0)] = E [e—ée%(y)Mw] .






CHAPTER 7

Heat content asymptotics with Dirichlet weights

In this chapter, we define a class of bounded open subsets of the unit interval
whose boundary is a statistically self-similar Cantor set. This class has the
property that the construction of the boundary is determined using certain
Dirichlet distributions, which makes it easier to apply the central limit theorem

given in Chapter [6]

7.1. Construction of statistically self-similar sets with Dirichlet

weights

Choose v € (0,1), n > 2 and consider the random vector
(Ty,...,T,) ~ Dir(«),
where a = (ay, . .., ay,), Dir denotes the Dirichlet distribution. That is, (71, ...,7},)
takes values in the simplex
{(z1,...,2,) eRY 12y + -+ -+ 2, = 1},

where it has a density given by

n

HllFal H

=1
here, I' denotes the Gamma function and we have set

Qp = Q1 + -+ Qp,

as usual. Start with the unit interval K, = [0, 1] and replace it by n equally

spaced intervals of length Tll/ Y ..., T, Replace each of these intervals by n
91
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FIGURE 1. First 4 iterations of the construction of K with the
distribution Dir(1,1,1) and v = 0.6.

intervals created independently with the same procedure. Iterating indefinitely,
we obtain a decreasing sequence of compact sets (K;,j > 0), and K = N, K;
is a statistically self-similar Cantor set. Indeed, in the notation of Subsection

[.2] it suffices to set
(N,Ry,...,Ry) = (n, 1}, ..., TY);

the maps (®1, ..., Py) can easily be deduced from this. The corresponding gen-
eral branching process (£, L) (no characteristic just yet) is obtained as detailed
in Section Figure [If depicts the first 4 iterations in the construction of the
set K with the distribution Dir(1,1,1).

The set in which we are interested in this chapter is U = [0, 1] \ K, whose
boundary is K by construction. Thanks to the Lindel6f property, U is a count-
able union of intervals. As such, U can be thought of as a random string in
the sense of Lapidus and coauthors; see [LP93|, [LP96, LvF00] and references
therein.

A key aspect that we will need is that the fundamental martingale M of
the general branching process corresponding to this statistically self-similar set
satisfies M = 1. This follows because the Dirichlet distributions are supported

on the simplex.
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7.2. Fractal dimension and Minkowski content

Consider the set U defined above and notice that the Hausdorff dimension of
OU = K is . Our aim in this section is to show that the Minkowski dimension
of K exists and is also equal to v, and to determine the volume of the inner

tubular neighbourhoods and the inner Minkowski content of U.

THEOREM 7.2.1. The Minkowski dimension of K is almost surely equal to

Proor. Consider the characteristic function defined by

¢(t) = [§(00) = E()] 11z

The corresponding counting process Z¢ counts the number of offspring born
after time ¢ to parents born up to time ¢. As such, Z?(t) is an upper bound for
the covering number N (e~ K) of K with balls of radius e™".

By the strong law of large numbers, we have

1 o0
eMZot) = —/ Ee " ¢(s)ds € (0,00), a.s.,
H1 Jo

as t — oo. This is easily used to check that dimy K < v almost surely. The

result follows since dim K = v almost surely by Theorem [5.2.1] O

We now give a finer picture of the geometry of the set U by looking at the

volume of its inner tubular neighbourhoods pu.

THEOREM 7.2.2. Consider the set U with statistically self-similar boundary

K defined above. We have

" u(e) = M, a.s. and in L',
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as € — 0, for some positive constant M. In particular, the inner Minkowsk:

content of U exists, is finite, and is equal to M.

In particular, this result implies that the inner Minkowski dimension of K

coincides with the usual definition.

PROOF. By construction U is made of n i.i.d. copies U; of itself scaled by

R; and n — 1 intervals. Therefore,

(7.1) po(€) = 0(e) + > pru,(€),
i=1
where 6(¢) is the volume of of the inner e-tubular neighbourhoods of the n — 1

intervals and is therefore bounded by 2(n — 1)e. By scaling,
/’I’RiUi(e) = Ri,U/Ui(R;IE)'

In the language of the general branching process, each R;U; corresponds to an

offspring of U born at time 0; = —log R;. Therefore, putting, for ¢t € R,
(7.2) Z°(t) = e'pu(e™) and  ¢(t) = e'o(e™),
the relations and combine to produce
Z9(t) = gu(t) + ﬂf) 2t - ),
i=1

where the Zj) are i.i.d. copies of Z and ¢ is bounded. In particular, Z? is the
counting process of the characteristic ¢.

To apply the strong law of large numbers, we need to consider
ZX(t) = Z° (M) liz0 = xo(t) + > ZX(t = 0v),

defined using ([5.7)).

Since £(00) = n and Z9(t) is bounded for negative times (by 1, the measure

of the unit interval), the characteristic x is bounded as well. These observations
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show that we can apply Theorem |6.3.19| to get that
e "ZX(t) = M, as.,

as t — oo, where

1 oo
M = —/ e Ex(s)ds € (0,00).
H1 Jo

Here we used that M = 1 so that, in particular, M, = 1. This also implies that
the martingale is uniformly integrable, from which we get that the convergence

also takes place in L' thanks to Theorem The result follows. O

7.3. Application of the central limit theorem for the general

branching process with Dirichlet weights

This section is devoted to discussing how to apply the central limit theorem
for the general branching process with Dirichlet weights corresponding to the
statistically self-similar set K described in Section . We write (&, Ly, ¢z ) s
for this general branching process where ¢ is a characteristic that we assume

regular enough to satisfy a weak law of large numbers, i.e.
e " Z%(t) — 2°(c0), in probability,

as t — oo.

Preliminaries. We are interested in studying the asymptotic properties of

the expression
(7.3) 2[e™Z%(t) — 2%(00)] = 2 [e M Z%(t) — 2°(t)] + ™22 (t) — 2% ().

Our aim is to apply Theorem to the first term of the right-hand side.

We will see that conditions making this possible ensure that the second term
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in the right-hand side converges to 0. This will then produce a result on the
fluctuations of Z?(t) of the desired form, thanks to Slutsky’s lemma.

To start, notice that, in the notation of Section [6.5]

ZO(t) — e 2%(t) = Z(t) = Z(1)
is a centred characteristic counting process, if we define ¢ by

Golt) = do(t) + Y _ 7020t — oy) — 2% (t)
(7.4) -
= ¢p(t) + Z 0t — o) — 20(t)],

where we used that e777' 4 .. 4+ ¢779" = 1. This representation can be used to

get the following control on (.

LEMMA 7.3.1. Let (&, Ly, ¢2)z be a general branching process with Dirichlet
weights o. Assume that
122(t) — 22(00)| < c1e™P A ¢y,
for some (1 € [0,7]. Then,

IC)] < [o(t)] 4+ 2n (c1eT7PIF A cpe™) .

PROOF. Notice that

Q)] < [go(D)] + Y |20t = 01) = 2%(00)| + [2°(t) — 2%(00) [}

< |¢®(t>| + Z (cle(’y—ﬁl)(t—m‘) A 626“/(15—01')) +n (Cle(’v—ﬁl)t A 026%)
=1

< |po(t)| + <Cl Z c(Y=B1)(t=0i) A Co Z e'Y(t_Ui)> +n (616(7—61)15 A C2emt)
i=1 i=1

The result follows upon noticing that

Z e(r=B1)(t=0s) _ (v=P1)t Z e~ (r=PB1)oi < ne('yfﬁl)t,
=1 =1
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and proceeding similarly for the other sum. U

This lemma and the decomposition in (7.3 show that understanding the
rate of convergence of 2?(t) to its limit in the renewal theorem is critical to

describe the fluctuations of Z¢.

Convergence rate in the renewal theorem. Consider the renewal equa-

tion
(7.5) 2(t) = u(t) + /000 z(t — s)F(ds),

where F' is a non-lattice distribution function on [0, 00). The key to solving the

renewal equation is the renewal measure

oy
n=0
where F* denotes the n-fold convolution of F' with itself, because z is typically

given by

(7.6) )= [ ult = ) H(y)
0
see [Fel68), [Kar55] among others. The renewal theorem of [Fel68| states that

if I has a finite mean puq, then
H(t) ~ 't

where f(x) ~ g(z) means that f(z)/g(z) — 1 as x — oo. Under some regular-
ity conditions on u, e.g. if u is directly Riemann integrable, this can be used to

show that

1 o0
2(t) = z(o0) = —/ u(s)ds,
H1 J -0
as t — oo; see [Fel68].

The error in the linear approximation of the renewal function

G(t) = H(t) — 't
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has been studied extensively. When F' has a finite second moment o,

H2
7.7 G(t) = —,
(7.7) (t) 20
as t — oo; see [Fel68].

The rate of convergence of G(t) to its limit in this case can be studied using

the Fourier transform f or F' defined by

fw) :/ e F(ds), weC.
We refer the reader to [Fel68, [Lea64, [Sto65al, [Sto65b] and references therein
for proofs; see also Appendix B of [Kig01] for a discussion of the lattice case.

In particular, Stone proved the following theorem in [Sto65al.

THEOREM 7.3.2 (Stone). Suppose that there exists r1 € (0,00) such that

f(w) is analytic and # 1 when Rw € (0,r1). Then, for every r € (0,r1),

H2 —rt
G(t)——= =0 :
()~ 55 =0
as t — o0.
Since we aim to apply Lemma [7.3.1, we will be particularly interested in
exponential rates of convergence of z(t) to its limit. This rate of convergence
is connected to that in Theorem by the following lemma adapted from

[CH10] which we include for convenience.

LEMMA 7.3.3. Let z, u and F satisfy the renewal equation ([7.5)). Suppose
that

(1) = / T ult — y)H(dy) = g / )y,

[e.e]

ast — oo. Then,

2(00) — 2(t) = iy’ / Tt +y)dy - / " ult — y)C(dy).
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PROOF. It suffices to notice that

2(00) — 2(t) = iy / "t y)dy / "t — y)dy — / "t — ) H(dy).

and use the definition of G. O

Explicit calculation for some Dirichlet weights. In general, it is dif-
ficult to determine the solutions to f(w) = 1 needed to use Theorem [7.3.2] In
some cases with Dirichlet weights which we discuss now, however, we can use
some properties of the Gamma function to study f and deduce convergence
rates for the renewal theorem.

Let X ~ Dir(a) be a random vector in R”. It is well-known that, for every

X; ~ Beta(ay;, ag — ),

where Beta denotes the Beta distribution. Recall that if Y ~ Beta(/;, 52) then

B(0 + B, £2)
EY’ = ———
B(81, B2)
where B is the Beta function, i.e.
['(a)I'(y)
B -

Therefore, we get that

Y(0) = E

Zn:Xie _ ['(ayp) zn: Doy + 9)7
— [(ag +0) ['(ay)
where the equation defines 1. For the general branching process with Dirichlet

weights defined above, it follows that
(7.8)

flw) = /_OO v, (ds) = /_OO e 5y (ds) = E

o0 oo

n

3 6_7gi(1—w/7)] = p(1—w/7).

=1

If ag — a; € Z for every i, we can use that I'(w + 1) = wI'(w) to reduce the

function % to a rational function which may be simpler to analyse. Notice that



100 7. HEAT CONTENT ASYMPTOTICS WITH DIRICHLET WEIGHTS
this assumption implies in particular that there exist some a € R and ¢; € Z

such that, for every ¢, we have a; = a + ¢;. Therefore,
ag=a+ly=ar+ - +a,=na+Lli+---+1,,

from which it follows that (n — 1)a € Z.
Let us now see how these observations enable us to establish the desired

rate of convergence for two simple cases of Dirichlet weights.

LEMMA 7.3.4. Consider the general branching processes with Dirichlet weights

« described above. Assume that
P Rp— n p— —’ k E 1’ 2 .
a = {1,2}

Then the Fourier transform f(w) of v, is analytic and # 1 when Rw € (0,~].
In particular,

G(t) = 505 = OL™™),
1

ast — oo.

PROOF. For k =1, a direct calculation shows that

. n
1+ (n-10

In particular, the only solution to ¢(0) = 1 is § = 1. Using ([7.8) shows that

»(6) 0>—1/(n—1).

f(w) is analytic and # 1 on Rw € (0,{1+ (n —1)"'}).
For k = 2, a direct calculation shows that

B (a+1)(a+2) _p(l)
‘Z’(e)_(em)(emﬂ)_p(e)’ 0> —a,

say, where we kept the notation o = 2/(n — 1) for legibility. Now we know that

the equation

p(0) —p(1) =0*+ (2a+1)0 —2(a+1) =0
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has one, and therefore two (not necessarily distinct), real solutions, one of them
being 6; = 1. So the other one has to be

02:—(2a+1)—\/(2;x+1) +8(a+1) ot ).

In particular, the only solution to 1(#) = 1 that is different from 6; = 1 is given

by 5. This means that the two solutions to f(w) =1 are
w; =0 and we = (2a + 3)7.

Reasoning as above shows that f(w) is analytic and # 1 on Rw € (0, (1+ «a)7).

The rest of the statement follows from Theorem [7.3.2] O

To discuss more complicated examples and the sharpness of Theorem [7.3.2

for the general branching process with the Dirichlet weights « satisfying
o; = a+ ¢; for some a € R and some ¥¢; € Z

described above, we need to study the Fourier transform of G.

By definition of G, we have

G*F(t):H*F(t)—ul_l/ooo(t—s)F(ds)
= H(t) = L0 — pi; 't + 1

Denoting by g the Fourier transform of G and f that of F', we thus get that

g(w) = 1_;][(1[]), w e C.

Recall from ([7.8)) that for the general branching process with Dirichlet weights

«, the function f satisfies

fw) =yl —w/y)=>"

=1

R
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where P; is a polynomial of degree avg — ;. It follows that

g(w) = — H?:1 P:L<W)
[Tim) Pi(w) = 320, Hj;éi Pj(w)
> it Hj;éi Pj(w)
H?:1 Pi(w) — Z?:l Hj;éi Pj(w)
R(w)

~ 1 Quy

=1+

say. It is easy to check that
deg R < (n—1)ay = deg Q.
Now, decompose ¢ into partial fractions and write
q
Qi(w)
glw) =1+ ————,
; (w — pi)™

where (p;,7 < ¢) are the roots of Q with corresponding multiplicities m; and

(; are polynomials with deg (); < m; for every ¢; in particular,
my+ - +my = (n—1)ap.

Recall that, for k € Z,

) 9 _1\k+17.
Myk _—rt o k (A—=r)t . ( ]') k!
/_ Mike 1t>0dt—/ et = s

e’} 0

and therefore that

o d* (—1)F+1 I\
7.9 M (e ™) dt = 2T
(7.9) /0 e diF ( € ) (\ — )kt

Using this, it is easy to check that

G(dt) = (50(t)dt + Z Qi(t)epit1t<odt + Z Qi(t)e_pitltzodt,

Rp;<0 Rpi>0

where the Q; are polynomials determined using (7.9) and satisfying deg Q: <
m;. Of course, since F' is supported on [0,00), so is H and therefore, by

definition of G, we have

G(t) 1o = —pi "t
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Putting these considerations together shows that

(7.10) G(dt) = do(t)dt — " Licodt + Y Qi(t)e " Lysodt,
Rp;>0

which we can integrate to study the asymptotics of G. A particular example

which will guide us below is given in the following lemma.

LEMMA 7.3.5. Assume that all the roots of QQ are simple. Then,

_ Ci _,.
G<t> =M 1]-t<075 + ILL_QQ]-tZO + Z —e Pztltz(),
21 Rpr =0 Pi

where ¢; = Res(g; p;), the residue of g at p;.

Since none of the singularities can be removed and since they all have order
one, all the ¢; are non zero. Furthermore, since if p; is a root with residue ¢;
then p; is a root with residue ¢; as g(w) = g(w), roots with the same real part

cannot cancel out. In particular, in this case, the result of Theorem is

sharp.

PROOF. Since all the roots of () are simple, we have

q
C;
gw) =1+
=1

Y
w — pPi

where we must have ¢; = Res(g; p;). Integrating ([7.10]) then shows that

C; C; )
G(t) = Lo — p Lot — > —Limo+ > —e #'lysg.
§Rp7;>0 pl éRpi>0 pz

Since F' has a second moment, the result now follows from (7.7 after letting

t — 0. O

Checking the conditions of the central limit theorem. Discussing the
conditions of the central limit theorem involves growth estimates on ¢ which
can be verified using Lemma [7.3.1]

We start by looking at Condition [6.5.1] in the following lemma.
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LEMMA 7.3.6. Let (&, Ly, ¢2) be a general branching process with Dirichlet
weights o and let ¢ be defined as in (7.4). Assume that

CH)] < e1 + cpe™,

for some B € (0,7v/2). Then, Condition is satisfied.

PRrOOF. Let € € (0,7/2 — (). Then, for t > 0,

e N ((t—oy)

o <et

< e(Bre=7/2)t —et Z (c1 + 2).

o <et

By the weak law of large numbers for the general branching process,

1 [ 1
e Z 1— —/ e "dt = —— in probability,
on<ct H1 Jo TH1
as t — 0. So the result follows since 5 + € < v/2. g

Coupled with Lemma this result illustrates that we should not expect
to have a central limit theorem when 29(t) — 2?(c0) does not decay at least as
fast as e 7%/2, the threshold for the second term in the right-hand side of
to vanish.

For the discussion of the existence of the limiting variance, we assume that
(¢s)s is id.d. This is sufficient for our applications and enables us to have
natural sufficient conditions as above. When the characteristics are not i.i.d., a
direct calculation can be used instead.

The existence of the limiting variance can be established using the following

lemma.

LEMMA 7.3.7. Let (&, Ly, ¢.)z be a general branching process with Dirichlet

weights . Assume that (¢y), is i.i.d. and that

C)] < er(€M 1z + €™'1,),
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for some positive 1 and By satisfying B1 < v/2 < By. Then, the function v

defined by the renewal equation (6.25)) has a positive finite limit v(co) ast — oo.

ProoOF. Thanks to the independence of (¢,)., we have that
H(t) = e p(t) = e BIC(H)? < e,

for some positive constant 7, where r and p are defined in (6.25)). Therefore,

by the renewal theorem of [LV96],

1 o0
v(t) = v(c0) = " /Oo r(s)ds € (0,00),

as required. O

Finally, let us discuss the moment condition for the central limit theorem.
In the cases discussed here, it is convenient to check Condition [6.5.2| separately
for positive and negative times, and to do it for an integer moment (e.g. « =1
or 2 in the statement), so that we can rely on renewal theory. The next lemmas

discuss a set of sufficient assumptions for the moment condition to hold.

LEMMA 7.3.8. Let (&, Ly, )z be a general branching process with Dirichlet

weights o. Assume that
1Z2(t)| < 1?2 fort <0,
for some positive constant c; and that 2% is bounded. Then,

sup E|Z(t)]® < oc.
+<0

ProoOF. By definition,
Z(1)] < 1Z2°(0O)] + 20 (1)] < e,
for t < 0. Therefore,

ZWP = e PIZH) < ¢,
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and the result follows. U
To deal with the third moment of Z for positive times, we will use the

following observation.

LEMMA 7.3.9. Let (&, Ly, ¢.)z be a general branching process with Dirichlet

weights o. Then, we have

E

S| =St

€T
and the sum is finite if y € (1,00).

ProOF. By monotone convergence,

Z eywz] — i E Z e~ Y10

z€T k=0 |z|=k

E

Further, conditioning on the birth times, we get that

E Ze_yww —E Z zn:e—ywze—yv(%,i—az)

|| =k |a|=k—1 i=1

—ywE| 3 e

|z|=k—1

[terating this and summing over k proves the equality with the infinite sum.

Noting that ¢ (y) < 1 for y € (1, 00) completes the proof. O

Let us close the discussion of the third moment condition with the following
lemma which deals with positive times. It is naturally framed in the setup

where ¢ vanishes for negative times.

LEMMA 7.3.10. Let (&, Ly, ¢2)z be a general branching process with Dirich-

let weights . Assume that ¢(t) =0 fort <0, that

IC(t)| < c1e?/? fort >0
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and that v is bounded. Then,

sup E|Z(1)]? < .
>0

PROOF. Notice that

where

Ww(t)ZE@(t)3+3C@(t)Z i(t —a3) +3G() Z i(t —0:)Z;(t — 0;)

3
+ Y Zit— o) Zi(t — o)) Zi(t — o).
1,5,k=1
not all equal

Therefore, it is clear that |Z(¢)]? is bounded by

(711) Z|C_m<t_ar)|3

xeT
(7.12) +33 |Gt — 0n)? Z\Zm -l
z€T
(7.13) + 32 |Ca(t — 02)] Z | Zei(t = 003)| | 223 (t = 023)]
€T i,j=1
(7.14) > D N Zeilt = 0eid) | Zay(t = ou )| | Zoa(t = 0.
z€T  i,5,k=1

not all equal

—37t/2

To prove the lemma, it is sufficient to check that e times the expectation

of each of these terms is bounded, which we do now.

To deal with (7.11]), note that

ST - ax>|3] < B

€T
thanks to Lemma [7.3.91

e—3’yt/2E

Z] =) (3/2)" < oo,

€T k=0

Notice that our assumption on the boundedness of v implies that

EZ(t)? < cye™.
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Therefore, we can control the term corresponding to ([7.12)) using that

_37t/2EZ|Cx t_ax ‘ Zlez — Ogii ‘

zeT

SE|) |Gt -0 ZE it — 044)? |f}1/2]
xeT
< ClcQE Ze 'Yo'zze 'Yazz/zl
xeT
< nc%cQZ@b(?)/?)k
k=1

< 00,

using that o,; > 0, and Lemma [7.3.9]

To deal with ([7.13]), we proceed similarly to get that

B Clt = 0| S Vaalt - 0 Zat — 70

zeT 1,j=1
<0 B Y Gt~ 0 S Zualt - )P
x€T i=1
<nlcicy y (3/2)F
k=0

The similar argument needed to bound the term corresponding to ([7.14))
relies on the observation that, if 7,7 and k are not all equal, then, assuming

without loss of generality that i is different, we have

E{|Zi(t — 00)| 1Z;(t = 0})| | Zi(t — ow)|| Fu}
= B{|Zi(t — o) || Fo} B{| Z;(t — 0)| | Z(t — o0)|| Fo}

< (BIZi(t — 0:)?|Fo)) V*(BIZ;(t — 0;)*| Fo]) " (BIZu(t — 00)?|Fa]) /2.
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Using this and reasoning as above then shows that

PRy Y N Zeilt = 00| | Zey(t = 00g) || Zeg(t = )]

z€T  i,5,k=1
not all equal

< n’c, i (3/2)".
k=0

The proof is complete. O

These results are easily combined to produce the following lemma.

LEMMA 7.3.11. Let (&, Ly, ¢2)z be a general branching process with Dirich-

let weights «v. Assume that (¢)s is i.i.d. and that
[29(t) — 2%(00)| < cre™™,

for some By > /2, that

6(t)] < 2 + 5™,
for some B3 < /2 and that
Z0(t) < cue??, £ <0.

Then, all the conditions of Theorem |6.5.5 are satisfied.

PROOF. By Lemmas [7.3.1] and [7.3.6] Condition [6.5.1] is satisfied. By Lem-

mas [7.3.1] and [7.3.7], there is a limiting variance. By Lemma [7.3.8] the moment

condition is satisfied for negative times. Furthermore, by Lemma [7.3.1] work-
ing with the characteristic vanishing for negative times defined in ([5.7), Lemma
7.3.10| shows that the moment condition is satisfied for positive times. In other

words, Condition [6.5.2]is satisfied. Il
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N ~—

P

e

FIGURE 2. The left-hand side is the phase plot of 1 — f(~w) for
w € [—10, 10]4+4[—10, 10]. The right-hand side is the phase plot of
g(yw) for w € [—5,5] +i[—5,5]. The black line is {w € C: Rw =
1/2}.

An example with no central limit theorem. We now discuss the case

when the Dirichlet weights are o« = (10, 10,10, 10,10). In that case (many

similar examples can be constructed),

G(t) — 2“—:%
cannot be controlled by e=7/2.

To see this, we look at the functions f(yw) and g(yw), where we rescale
by 7 because the discussion does not really depend on it. The corresponding

phase plots are given in Figure [2]

Notice that 1 — f(yw) has simple roots at
p+ =~ 0.3832 £ 3.965¢;

the ones with the smallest positive real part. The residues at the corresponding

poles of g(yw) can be evaluated numericallyf] to be

cy >~ —0.6297 + 0.12125.

I The numerical integration was performed using the Matlab package Chebfun developed
at the Mathematical Institute of the University of Oxford by the members of Nick Trefthen’s
numerical analysis group. Mohsin Javed’s help and expertise are gratefully acknowledged.
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Therefore, the reasoning in ([7.9) and Lemma m show that, for ¢ > 0,

G(t) — ;—:2 =d_ e P " pde P 0(6_%”*”),
2

as t — oo, for some d_ and d, that are conjugate and non zero. In particular,
in this case, Theorem is sharp.
Since Rp_ = Rp, € (0,1/2), the decomposition in ([7.3)) indicates that there

can be no central limit theorem of the desired form. Furthermore, none of the

Lemmas [7.3.1], [7.3.3] [7.3.6], [7.3.7] and [7.3.10] are applicable.

7.4. Fluctuations of the volume of the tubular neighbourhoods

In this section, we return to the setup of Section [7.2|and use the central limit
theorem for the general branching process to study the fluctuations in Theorem

[7.2.2] Using the results of Section we prove the following theorem.

THEOREM 7.4.1. Consider the set U with statistically self-similar boundary

K defined in Section[7.1. Assume that the Dirichlet weights are such that

iz _
G(t) = 3.5 = 0(e™™),
1

for some B € (v/2,00). Then,
e/ [Ev_lﬂ(e) — M] — N(0, Ui), i distribution

2

. 1S a positive constant and

as €, where N stands for the normal distribution, o

M is given in Theorem [7.2.3

PRrRoOOF. We use the notation introduced in the proof of Theorem and
check the conditions of Theorem [6.5.3

Notice that

o) < er(e" v 1),
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Therefore, using Lemmas [7.3.3] and [7.3.1], we see that

[CP ()] < cae,

when ¢ > 0, where we included ¢ in the notation to emphasise that we are using

that characteristic. Furthermore, it is easy to check from the definition that
()] < ese™,

when ¢ < 0.

Since (¢, ), is i.i.d., Lemma[7.3.7] thus shows that there is a limiting variance
v(oo) € (0,00). Thanks to the renewal theorem in Appendix [A] we also see
that v is bounded.

To conclude, it thus suffices to check the third moment condition. For

negative times, this easily done using Lemma [7.3.8] Indeed,
Z9(t) = e'pple™) < eyet < c e,

when t < 0 since v € (0, 1). For positive times, we need to use the characteristic

X instead and the observation that
Z°(t) = ZX(t) when t > 0,

which follows from the definition in ([5.7]). Here again, we included the charac-
teristic in the notation to emphasise which one is used. Therefore, the third mo-
ment condition for positive times follows from Lemma since  is bounded
as observed in the proof of Theorem [7.2.2]

In other words, we have checked all the conditions of Lemma[7.3.11] We can

now apply Theorem [6.5.3 with our definitions and get the required result. [
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7.5. Heat content asymptotics

The study of the heat content asymptotics of the set U defined in Section
[7.1] closely resembles that of the volume of the tubular neighbourhoods and we
address it now. We will use that, by scaling, if D is a domain of R¢, then for

k € (0,00), the heat content satisfies
(7.15) E.p(s) = k'Ep(k2s)
in the proof of the following theorem.

THEOREM 7.5.1. Consider the set U with statistically self-similar boundary
K defined in Section[7.1. We have

sTUN2E(s) = &, a.s. and in L',

as s — 0, for some positive constant £, where v = dimy; 0K

The proof largely follows that of Theorem and we therefore omit some
details for brevity.

PRroOF. By construction of U,

Ey(s) = (n—1)Eg,(s) + i Eru,(s),
i=1

where U; are i.i.d. copies of U, I = [0,1] and (n —1)Ry=1— Ry —---— R, is
the length of the remaining intervals.

Putting, for t € R,
Z5(t) = e By(e®) and o(t) = e'(n — 1) Epor(e),
the scaling ([7.15]) implies that

Z°(t) = ¢(t) + Z Zi(t — 0i),
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where Z; are i.i.d. copies of Z. Furthermore, by scaling again,
B(t) = Roe' Er(e™%)

is bounded thanks to (3.9)). The end of the proof now follows as that of Theorem
(2.2 U

7.6. Fluctuations of the heat content

Proceeding as in Section [7.4] we can study the fluctuations of the heat

content content of the set U and get the following result.

THEOREM 7.6.1. Consider the set U with statistically self-similar boundary

K defined in Section[7.1]. Assume that the Dirichlet weights are such that

L _
G(t) — 2—:2 =0(e™™),
1

for some B € (v/2,00). Then,
sV SEI2E(s) — E] — N(0,0%), in distribution

as €, where N stands for the normal distribution, o2 is a positive constant and

& is given in Theorem [7.5.1].

PRroOF. Follow the proof of Theorem [7.4.1 O
Note that these conditions are verified, for example, for the set depicted in
Figure [1], as is easily checked using the results in Section [7.3]
7.7. A note on continuum random trees

Dirichlet weights simplify the applications of the central limit theorem be-
cause the fundamental martingale is equal to 1 and thus they may seem some-

what artificial. However, in [CHOS8], Croydon and Hambly showed that the
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Brownian continuum random tree can be represented as a statistically self-
similar sets with Dir(1/2,1/2,1/2) distribution. The study of the spectral
asymptotics of the continuum random tree motivates a detailed discussion of
fractals with Dirichlet weights. Further, in [CH10|, Croydon and Hambly per-
form a similar analysis for stable trees. It is a natural and open question to
determine if and when a stable central limit theorem for the general branching
process exists and captures fluctuations of the spectral asymptotics of those

fractals.






CHAPTER 8

Statistically-self similar snowflakes

In this chapter, we define a class of statistically self-similar snowflakes and
study their geometry and heat content.

Let us stress that the discussion here can be extended to any other snowflakes
with statistically self-similar boundary so long as the corresponding general
branching process is regular enough. However, for brevity, we focus on a par-
ticular class that can easily be connected to the discussion in Chapter dl Our
aim is to emphasise that the behaviour of the heat content is qualitatively
different when the boundary of the snowflake is statistically self-similar and
not spatially homogeneous, because of additional spatial independence. The

material in this chapter is taken from [Chal4].

8.1. Construction

Start with the segment [0, 1] and pick a € A, a bounded subset of N, ran-
domly according to the probability distribution (p,,a € A). Consider the build-
ing block K (a) described in Chapter [4f Then replace each linear piece of K (a)
by a scaled i.i.d. copy of itself, i.e. again using (p,,a € A). Iterating indefinitely,
we obtain a sequence of curves converging to a statistically self-similar curve

K. Indeed, in the notation of Subsection [5.2] it suffices to set

(N(a), Ri(a),...,Ry(a)) = (m(a),£(a)”,..., 0a)™");
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Lol

FiGURE 1. Statistically self-similar curve K for a third of the
snowflake U with its natural decomposition.

the maps (®y, ..., Py) can easily be deduced from this. The corresponding gen-
eral branching process (£, L) (no characteristic just yet) is obtained as detailed
in Section [5.2] Figure [1] contains an approximation of K when A = {1,2,3}
and (p,,a € A) is uniform.

Finally, the snowflake D is defined as the simply connected interior of the
Jordan curve created using three i.i.d. copies of K.

To ensure that v, is non-lattice, we will make the following assumption.

ASSUMPTION 8.1.1. The set A contains two elements a; and ay such that

log ¢(ay)

a d pa, € (0,1 d ————=
Da, anaG p 6( ) an logﬁ(ag)

¢ Q.

8.2. Fractal dimension and Minkowski content

Now that we have defined the statistically self-similar snowflakes, we will
use the general branching process to study their geometry. First, note that
the proof of Theorem [7.2.1] applies here without a change to show that the
Minkowski dimension of 0D exists and is equal to v almost surely. We therefore

move directly to the study of the volume of the inner tubular neighbourhoods
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of D with the following result which implies that for this example, the inner

Minkowski dimension of 0D coincides with the usual definition.

THEOREM 8.2.1. For the statistically self-similar snowflake D, we have
€ ule) = MNy, a.s. and in L',

as € — 0, for some positive constant M and positive random variable N, with
unit expectation. In particular, the inner Minkowski content exists, is finite,

and giwven by M Ny almost surely.

PROOF. The snowflake D is built from three i.i.d. copies of U, the open set
whose boundary is made of two linear pieces and K, as depicted in Figure [T}
We will focus on how to deal with one such third U for now. To do that,

put
fiv(e) = vol,({z € U : d(z, K) < €}),

i.e. i measures the volume of the part of the inner tubular neighbourhood close
to the fractal part K of the boundary of U only.

By construction of K, the set U is made of a polygonal region V (shaded
in Figure (1)), say, and m(a) copies U; of itself scaled by a random factor R;.

Therefore,

(a)
(8.1) fiv(€) = 0(e) + Z firv; (€),

where 6(¢) is an error term bounded by c;€?, as is clear from Figure [1] (the
existence of the constant ¢; also uses that the set A and therefore m(a) is

bounded). Furthermore, by scaling,

(82) /]’RiUi(e) - R?ﬂUz(R;le)
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In the language of the general branching process, each R;U; corresponds to
an offspring of the fractal K born at time o; = —log R;. Therefore, putting,

for t € R,

Z0(t) = *fw(e™) and o(t) = e*O(e™),

the relations (§8.1]) and (8.2)) combine to produce

§(0)
Z9(t) = o(t) + Y Z{(t — o),

where the Zf) are i.i.d. copies of Z and ¢ is bounded. In particular, Z? is the
counting process of the characteristic ¢.

To apply the strong law of large numbers, we need to consider
Z2X(t) = Z°(t) Lo = X(t) + Y ZX(t — o),

defined using ([5.7)).
Since £(o0o) is bounded (because A is) and Z?(t) is bounded for negative

times (by voly(U)), the characteristic xy must be bounded as well. The ob-

servations imply that Conditions [6.3.1] and [6.3.2] are satisfied and that M is

uniformly integrable thanks to Theorem [5.1.1] Therefore, by Theorems [6.3.19
and

e " ZX(t) = 2X(00) My a.s. and in L',

as t — oo, where

Sy (t)dt
N Jo~ vy (dt)

By definition of ZX, this shows that

2X(00) € (0,00).

(8.3) " 2y (€) — 2X(00) My
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As p is the sum of three i.i.d. copies of iy, we get the desired result by
putting M = 3zX(c0) and setting N, to be a third of the sum of the three

i.i.d. copies of M., given by the general branching process. U

8.3. Heat content asymptotics

Following the analysis performed above for the volume of the inner tubular
neighbourhoods of D, we now use the general branching process to study the

heat content of D. Our aim is to prove the following result.

THEOREM 8.3.1. For the statistically self-similar Koch snowflake D
§7271E(s) = ENy, a.s. and in L',

as s — 0, for some positive constant £ and positive random variable Ny, with

unit expectation, where v = dimy; 0D.

The random variable appearing in this theorem is the same as that appearing
in Theorem [8.2.1 So this theorem implies that, for statistically self-similar
snowflakes, one can recover almost surely both the Minkowski dimension and
the inner Minkowski content from short time asymptotics of the heat content.

In the proof, we will use the elementary fact that if D is a domain in RY

and r € (0,00), then
(8.4) E,p(s) = r’Ep(r~2s).

PROOF. As in the proof for the volume of the inner tubular neighbourhood,
we first only consider a third U of the snowflake and let w be the solution of

the heat equation with the boundary condition

(s, 2) 1, =z in the fractal part of OU,
w(s,z) =
’ 0, x in the linear part of U,
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and the initial condition

w(0,2) =0, zeUl.
Now write Fy; for the heat content of U with this altered boundary condition,
ie.

Fy(s) = / w(s,z)dz.

U
Before we can use the theory of general branching processes, we need some

notation to understand the effect of adding extra cooling inside U. More pre-

cisely, write w for the solution of the heat equation with boundary condition

(s, 7) = 1, =z in the fractal part of OU,
"7 710, =z in the linear part of U or in dV,

where V' is the polygonal region defined in the proof of Theorem and the
initial condition
w(0,2) =0, zeUl.
Let Fy; be the corresponding heat content
Fy(s) = / w(s,z)dz.
U
With these definitions, we have
(a) (a)
Fy(s) = Fy(s) = Fy(s) + Y Fru,(s) = ¥(s) + > Fru,(s),
i=1 i=1
say. By scaling (8.4]),
Fru,(s) = RIFy, (R;%s) = e 27 Fy, (e*5).
Putting, for t € R,
Z°(t) = e*Fy(e™) and ¢(t) = e*y(e™™),

yields
§(o0)

29) = 0(t) + 3 Z(t )
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where the Z¢ are i.i.d. copies of Z.

Let us now show that ¢ is bounded. This is done using the results of
[vdBG98| about the impact on the heat content of imposing extra cooling.
Put

Ae) = voly({z € U = d(x,S) < ¢/vV2 and d(x,V) < €/V/2}),

where S is the fractal part of U, i.e.

S={redU:w(—,xz) =1}
It is easy to check (by drawing a picture) that
Ae) < eré?.
Therefore, by Corollary 1.3 of [vdBG98| and an integration by parts,
0 <(s) < e /00 eI\ (de) = 27 57! /OO Aeee /P de < cy5 A ¢y
0

0

From this, it follows that ¢ is bounded.

Now reasoning as in the proof of Theorem shows that
§72 7 Fy(s) = FMy, a.s. and in L',

as s — 0 for some positive constant F.
To conclude, recall that D is the union of three i.i.d. copies of U, say

UM, ..., U, Furthermore, by the estimate of [vdBG98| again, we have
3
Ep(s) =Y Fyw(s) + O(s),
=1
as s — 0. It follows that
sY* 1 Ep(s) = ENy, a.s. and in L,

as s — 0, where & = 3F and N, is defined as in the proof of Theorem [8.2.1}

as required. O
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FIGURE 2. The left hand side is the phase plot of 1 — f(w) for
w € [—10,10] + i[—10, 10]. The right-hand side is the phase plot
for g(w) with w € [=5,5] +i[—5,5]. The black line is {w € C :
Rw = ~v/2}.

8.4. Fluctuations of the heat content

More work on general branching processes is required before the central
limit theorem can be applied to statistically self-similar snowflakes, where the
fundamental martingale is not equal to 1. However, the discussion in Chapter

[7 naturally leads to the following conjecture.

CONJECTURE 8.4.1. There is a non-trivial class of statistically self-similar

snowflakes D for which
sV 1ED(s) — ENs) —va Yao,

where £ and N4 are defined as above and Y., 1s a random wvariable whose

characteristic function has the form
E[c"~] =B [6_%9202%0}

for some o € (0, 00).
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Comparing this with Theorem shows that if and when this conjecture
holds, the random fluctuations are of an order strictly bigger than the deter-
ministic fluctuations around the first order behaviour that occur for the triadic
Koch snowflake.

Rather surprisingly, for the statistically self-similar snowflakes built from the
construction detailed in Section the problem with the speed of convergence
of 2%(t) to its limit typically seems to occur. For example, when A = {1,2,3}
and (pg,a € A) is uniform, the Minkowski dimension v of the boundary can be

evaluated numerically and we have
v~ 1.2114.

The corresponding phase plots shown in Figure [2] illustrate the presence of

simple roots of 1 — f(w) at
0, 0.5768 £6.58317 and 0.5877 + 3.7127:.

These correspond to simple poles in the phase plot of g which are non-removable
and therefore have non-zero residue. While the arguments in Section rely
on the polynomial form of the Fourier transform f(w), the numerical evidence
suggests there is little hope of getting a central limit theorem for this simple

example.

Open question. Can we easily characterise the class of snowflakes for
which Conjecture [8.4.1] for example, using only a condition on the rate of
convergence in the renewal theorem?

There are many different ways to construct snowflakes with a statistically

self-similar boundary. The example presented here was chosen to illustrate
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the qualitative impact of the additional spatial randomness, compared the the
spatially homogeneous case.

What is needed is to find a construction for which the rate of convergence
in the renewal theorem for the corresponding renewal equation is fast enough.
Typically, however, the fundamental martingale of the corresponding general
branching process will not be equal to one. Therefore, a better understanding
of the property of the fundamental martingale of the general branching process,

and its speed of convergence to its limit in LP would also be required.



APPENDIX A

Renewal theory

In this appendix, we present some results on renewal theory. The approach
here is largely taken from Feller [Fel68]. We do not reproduce all of Feller’s

proofs but give some details when they are left to the reader.

A.1. One-sided renewal theory

Let F' be a probability distribution with F'(0) = 0. We assume that F' is
non-lattice; the lattice case is discussed in [Fel68]. We also assume that F' has

a finite mean, i.e. that

=[Pty = [Py <o

Let (7,7 € N) be a sequence of i.i.d. random variables with distribution F' and

put

It is intuitively clear that

N(z) = Z 1g,<: < 00, a.s.

n=0
But in fact, the expectation of N(x) is finite: we now show that the measure
defined by U(z) = EN(z) is transient, i.e., that, for every z,
U(x) =EN(z) =) P(S, <a)=)> F"(z) < o0,
n=0 n=0

127
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where F*™" is the nth convolution of F' with itself. For this, we will use that,

for every x,
F*(x) — 0,

as n — 0o.
PROPOSITION A.1.1. The measure U is transient.

PROOF. Let # > 0. There exists r such that F*"(z) < 1. Furthermore,

n — F**(z) is non-increasing, and, since F*" is supported on R, for every n,

Therefore,

n=0

Given a function z and a measure F', the renewal equation is the relation
Z=z+FxZ

where z and Z are functions that vanish on (—oc0,0). Explicitly, this means

that

2(z) = () + / " Z(e — y)F(dy) = 2(z) + / 2o~ y)F(dy).

since F'(0) = 0 and Z vanishes on (—o0, 0).
It is clear that if Z is the solution of the renewal equation, then so is Z+c for
every constant c. However, we have the following uniqueness result for solutions

vanishing for x < 0, which are often the solutions of interest in applications.

PROPOSITION A.1.2. There exists a unique solution Z to the renewal equa-

tion that vanishes for x < 0 and is bounded on compact sets.
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PRrROOF. Let Z and Y be two solutions to the renewal equation satisfying
the assumptions above. Put V = Z — Y’; we shall show that V' = 0. It is clear
that V = F' %V, that V vanishes for x < 0 and that V' is bounded on compact

intervals. Therefore,
V(@)] = |F = V(x)] = [F" V()]
< [ Wiz =lFa)
0

< sup {|V(y)[}F"(z)

yG[O,CE]
— 0,

as n — 0o, and the proof is complete. O

Let us emphasise that this result relies on Z vanishing when z < 0 to end
up with an integral over a compact set; it is false otherwise, which hints that
two-sided renewal equations are more delicate.

The solution of the renewal equation can be described explicitly as follows.

THEOREM A.1.3. Let z be a bounded function vanishing on (—o0,0). Then
the unique solution to the renewal equation that vanishes for (—oo,0) and is

bounded on compact intervals is given by Z = U % z. More explicitly,
2a) = [ +ta = p)Utdy)
0

Proor. It suffices to check that Z satisfies the renewal equation, which is
easily done using Proposition to see that everything is well-defined; see
[Fel68| also. O

Results about the behaviour of Z(x) and U(z) for x large are called renewal
theorems and we conclude this section by giving some such results. The proofs

are omitted; see [Fel68| for the details.



130 A. RENEWAL THEORY

THEOREM A.1.4. The following two statements are equivalent:

(i) For every h > 0, we have
U(x) —Ul(x —h) — u;'h,

as r — oo, and;
(i) for every directly Riemann integrable function z that vanishes on (—00,0),

we have

Z(x) - / ")y,

k1
as x — oo, where Z s the only solution that is bounded on compact

intervals and vanishes on (—o00,0).
The following result is Feller’s version of the renewal theorem ]

THEOREM A.1.5. For every h > 0, we have
U(z) — Uz — h) — pi*h,
as x — 00.

When gy = 0o, there are still some result with convergence to 0. And when
the distribution F' has finite higher moments, or decays quickly, sharper results
on the behaviour of U are known. See [Fel68) [Sto65a, [Sto65b] for more
details.

The proof relies on the following lemma which is of independent interest.

LEMMA A.1.6. Let F be a non-lattice probability distribution not concen-

trated at the origin, and let { be a bounded continuous function such that

(@) = (F+ O)(a / ((a - y)F(dy).

Then, C is constant.

1Often, in the literature, renewal theorems are about Z rather than U.
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A.2. Two-sided renewal theory

In the applications of renewal theory discussed in this document, F'is always
satisfies F'(0) = 0. However, in the two-sided case, this assumption is not made
in general; instead, we require that U be transient, i.e. that, for every bounded

interval I,
U(I) =Y F™(I) < .
n=0
We will keep working with the assumption that F' has a finite mean p;.

In the two-sided case, given a function z and a measure F', the renecwal

equation
Z=z+FxZ

where z and Z do not necessarily vanish on (—o0,0), becomes

25) =2+ [ " Z(e— ) F(dy).

oo

When z is compactly supported (and continuous), the function

(e 9]

Z(x) = (U % 2)(x) = / 2(x — y)U(dy)

is well-defined, bounded (and continuous). And then we get the following

uniqueness result from Lemma

PROPOSITION A.2.1. Let z be continuous and compactly supported. Then,
up to an additive constant, Z = U % z 1s the unique solution to the renewal

equation Z = z + F x Z that is bounded and continuous.
We now detail the proof of the analogue of Theorem [A.T.4]

THEOREM A.2.2. The following two statements are equivalent:
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(i) For every h > 0, we have
U(x) —Ul(x —h) — u;'h,
as r — oo and
U(x) —U(z — h) — 0,

as r — —oo; and

(i) for every directly Riemann integrable function z, we have

Z(r) » L / " L)y,

o0

as x — oo, provided that Z =U % z and Z(x) — 0 as x — —o0.

PROOF. Let us start by proving that (ii) implies (i). Consider the function

z =1y and put Z = U * z so that

Z(z) = /_ i — U (dy) = / 1w (0)Udy) = Ul) — Ul — ).

o0 —00
Because of the assumptions on Z, we have established (i).

Let us now show that (i) implies (ii). Fix h and, for n € Z, put

Zn = 1{(n—1)h,nh]-

Reasoning as above, it is clear that Z,, = U *z, satisfies Z,,(z) — 0 as x — —oc.

Therefore,
Zu(a) = Ut (n=1)h) = Ult—nh) = Zo(t— (n=0h) = b = [ zalu)dy
as r — OQ.

Now suppose that Z has the form

Z = Z A Zn,

nel



A.2. TWO-SIDED RENEWAL THEORY

where (a,,n € Z) is a sequence of non-negative numbers such that

Za" < 0.

neE”L

Then,

Z:U*z:ZanZn

nez
But since Z,(x) < M for some constant M, we have

Z anZn(x) < Z(z) < Z anZn(x) + M Z Ay,

In<N In|<N In|>N

Letting © — oo and N — oo shows that
h 1 [
Z(x) —» — a, = — z(y)dy.
() MIZ o] 2wy
For z a non-negative directly Riemman integrable function, put
my,(n)=inf =z and mp(n)= sup 2y
)= ntx() = s ()

and define

th n)L-1)nnn(z) and  Zn(z th 1) L{(n—1)h,nn) (T)-

nez nez
Notice that

hmlnf—th Yh < lim Z,(z) < liminf Z(x)

h—0 T—00 T—00
nEZ

<limsup Z(z) < lim Z,(z) < limsup — th

T—00
T—00 h—0 W nel
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where Z = U * z and Z = U * zZ. And the result follows because the leftmost

term and rightmost term are equal by direct Riemann integrability.

For an arbitrary directly Riemann integrable function, it suffices to write

it as the difference of its positive and negative parts and use this to get the

result.

We conclude this section with the two-sided renewal theorem of Feller.

g
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THEOREM A.2.3. For every h > 0, we have
U(z) — Uz — h) — pi'h,
as r — 0o, and
U(x) —U(x —h) — 0,

as r — —0OQ.

As in the one-sided case, there are results 3 = oo, see [Fel68]. Other

relevant versions of two-sided renewal theorems may be found in [Kar55] and

[LV96].



APPENDIX B

Heat content estimates with extra cooling

In this appendix, we reproduce, without proofs, the comparison estimates
for the heat equation of [vdBG98|. They provide a relevant version of the
‘principle of not feeling the boundary’.

Let D be a domain of R? and let ¢ : 9D — R, be a bounded continuous
function. Let u be the solution to the heat equation with Dirichlet boundary

condition ¢ and zero initial condition, i.e.
Quu(s,z) = %Au(s,x), (s,z) € (0,00) x D,
(B.1) u(0, ) = u(0+,z) = 0, r €D,
u(—,x) = ¢(x), x € dD.

The heat content of D is the function

Now let C be a closed subset of D and consider solving the heat equation as
before, but with the additional requirement that the temperature of C' remain

0 at all times, i.e. we are looking for u such that

Dyi(s, ) — %Aa(s,x), (s,2) € (0,00) x D,

(B.2) (0, z) = u(0+,x) =0, r €D,
w(—,z) = ¢(x), r € oD\ C,

(—,x) =0, x e C.

135
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We will denote the heat content with the extra cooling by

The following three results estimate the differences between u— and E—E,
i.e. the effect of the extra cooling on the heat flow inside D.

We will use the notation

S={zredD: (x) =0}

We start with an estimate on the difference between the solutions to the

heat equation.

THEOREM B.0.4. Let p and q be such that 1/p +1/q = 1. Then, for all

x €D and s € (0,00),

. , ,
0 < uls,x) — (s, x) < 2D/ p||.. exp {_dls“x»s) _ dist(z,C) } |

4dps 4qs

The second result is an estimate on u that is very intuitively interpreted as

a principle of not feeling the boundary in short time.

THEOREM B.0.5. Suppose that ¢ = 1. Then, for allx € D and t € (0,00),

_ dist(x, 8D)2}

< 2(d+2)/2
u(s,x) < exp P

To state the final result about the difference between the heat contents, we
use need the following notation. For p and ¢ such that 1/p+1/¢ =1, put
p(e) = voly({z € D\ C : dist(z, S) < /pe and dist(z,C) < \/qe})

and

v(e) = volg({z € C : dist(x, S) < \/pe}).
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THEOREM B.0.6. Suppose that, for every s € (0,00),
/e—dist(m,S)Q/(4ps)dw < 0.
D

Then,
0< E(s)— E(s) < 2<d+2>/2||¢|yoo/ e~/ (1 + v)(de).
0

Furthermore, if voly(C) = 0, then

0< B(s) - E(s) <202 oll [ e Hu(de)
0
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