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Abstract

We consider systems of polynomial equations and inequalities to be solved
in integers. By applying the circle method, when the number of variables is
large and the system is geometrically well-behaved we give an asymptotic

estimate for the number of solutions of bounded size.

In the case of R homogeneous equations having the same degree d, a clas-
sic theorem of Birch provides such an estimate provided the number of
variables is R(R + 1)(d — 1)2¢71 + R or greater and the system is non-
singular. In many cases this conclusion has been improved, but except in
the case of diagonal equations the number of variables needed has always

grown quadratically in R.

We give a result requiring only d2¢R+ R variables, obtaining linear growth
in R. When d = 2 or 3 we require only that the system be nonsingular;
when d > 4 we require that the coefficients of the equations belong to a
certain explicit Zariski open set. These conditions are satisfied for typical
systems of equations, and can in principle be checked algorithmically for

any particular system.

We also give an asymptotic estimate for the number of solutions to R poly-
nomial inequalities of degree d with real coefficients, in the same number
of variables and satisfying the same geometric conditions as in our work on
equations. Previously one needed the number of variables to grow super-
exponentially in the degree d in order to show that a nontrivial solution

exists.
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Chapter 1

Introduction

A system of Diophantine equations is a system of polynomial equations, with integer
coefficients, to be solved in integers. An example is the pair of quadratic equations

in six variables given by
22+ yv = 22 ru+y* = wh (1.1)

These equations are homogeneous, that is, every term has the same degree. The
name refers to the third-century mathematician Diophantus of Alexandria. Among
many other results he gave a construction [Thol4, p541] which provides infinitely
many nontrivial solutions to the equations (1.1), where we call those solutions with
x =y =z =w =0 trivial. Determining if such a system has a (nontrivial) solution,
and giving some description of the set of solutions, are problems which recur across
mathematics.

When a system of Diophantine equations involves many variables one can apply
the circle method. This technique originated in the years 1916-1923, with work of
Hardy, Ramanujan and Littlewood, and reached its modern form in the work of
Vinogradov, see Kempner [Kem23| and Cassels and Vaughan [CV85, §1]. For an
example of the kind of conclusion obtained by this method, consider the Diophantine
equation

amrd 4+ apr? =0, (1.2)

where the degree d is fixed and at least 2, and the a; are fixed nonzero integers.
If d is even and all the a; have the same sign, then the only solution is given by
x1 = ---=1x, = 0. Suppose this is not case. Provided that n sufficiently large, one
can apply the circle method to show that (1.2) has nontrivial solutions, and moreover

that the number of solutions with |z;| < P is of size around P"~¢.



To phrase this more formally we introduce some notation, which will be employed
frequently throughout this thesis. We put @ for the vector of variables (zy,...,x,)7,
and we let ||| be the maximum norm max;—i,__,|z;|. We write O(A) to stand for
a quantity whose absolute value (or, for vector quantities, whose maximum norm)
is bounded by C'A, where C' is some implicit positive constant. Any parameters on
which C depends are indicated by subscripts. We put A < B to mean that A = O(B),
and A < B if both A < B and B < A hold. We say that A = o(B) as t — 0o to
indicate that A/B — 0 as t — oc.

We can now state the following more precise result about (1.2).

Theorem 1.1. Let a € Z" and let d € N with d > 2. Suppose either that d is odd,
or that some two a; have different signs. Suppose that n > d*> +1. Then there exist a
positive real  depending only on d, and a positive real constant v depending only on
a and d, such that for all P > 1 we have

#HxeZ: |z| <P azi+ - +aal =0} =vP" %+ Og o(P""°).

If d = 2 this result is classical, see Theorem 8.1 of Davenport [Dav05] and the
subsequent comments. Otherwise the result follows by the argument used to prove
Theorem 4.2 in Wooley [Woo12], together with the main conjecture in Vinogradov’s
mean value theorem as proved by Wooley [Woo16] in the case d = 3 and by Bourgain,
Demeter and Guth [BDG16] when d > 4. In particular, Wooley [Woo12] refers in
the comments following his Theorem 4.2 to an improved version conditional on the
Vinogradov main conjecture, which includes Theorem 1.1.

We cannot weaken the condition n > d? + 1 in Theorem 1.1, since if d = p — 1 for

a prime number p, then we have the Diophantine equation in d? variables given by
o 4 b xg Py e ag) o+ (g o+ 2R) =0

which has no nontrivial solutions by an application of Fermat’s Little Theorem.

The equation (1.2) is diagonal, that is there is no term which involves more than
one of the variables x;. Such equations are particularly well adapted to the circle
method. For non-diagonal systems, one may need many more variables to obtain
results similar to Theorem 1.1.

The primary goal of this thesis is to somewhat improve this situation for systems
of several non-diagonal equations of the same degree. The study of such systems
by the circle method began with the work of Birch [Bir62]. After briefly indicating

some technical issues which such a result must necessarily address, we state Birch’s



theorem in §1.2.1, summarise the subsequent developments in §1.2.2 and describe our
conclusions in §1.2.3.

We then turn to the problem of extending what is known for Diophantine equa-
tions to the case of inequalities with real coefficients. We outline the present state of
knowledge in §1.4.1 and present our contribution in §1.4.2. We then end this intro-

duction with an overview of the following chapters and the structure of the thesis.

1.1 Notation

The following notation and terminology will be used throughout this thesis.

1.1.1 Basic notation

As above «x is a vector of n variables. Welet fi(x),. .., fr(x) be polynomials with real
coefficients of the same degree d > 2, and we write fl[d](:c), ce f}[g} (x) for the degree
d parts. We use vector notation for R-tuples of polynomials, so that for example
f(x)=(filz),..., fr(z))" and o - f = Zil @i fi.

We write F'(x) for a system of R homogeneous forms of degree d in n variables
with integral coefficients.

If y is a vector of k variables we write V,, for (%, ey %)T. For each k € N we
write A for the Lebesgue measure on R* and we let |||, = max;|¢;| be the supremum

norm on R¥. If L is a real k x ¢ matrix, we set ||L||_, = max;;|L;;|. We also define

t = minl|lt — 1.
1tz = minllt — ull (1.3)
and
121l = min|| L — M|, (1.4)
where the minimum is over k x ¢ matrices M with integral entries. If H(x) is a
_ 1 0 H ()
homogeneous form of degree d then we let ||H| = Emaxje{l,...,n}d‘m‘> SO

that ||H || is the absolute value of the largest coefficient of H.

1.1.2 p-adic numbers

The field of p-adic numbers Q, can be realised as the set of infinite formal sums
r =Y 2, a;p’ where k € Z, a; € {0,...,p — 1} and a, # 0. The p-adic integers Z,
are the subset defined by k£ > 0. Putting |z| » = p~ " gives an absolute value on Q,,

which makes Q, into a metric space with the p-adic topology. A system of polynomial



equations p(x) = 0 with coefficients in Z has a (nonzero) solution over Z, if and only

if it has a (nonzero) solution modulo p* for every k € N.

1.1.3 Algebraic varieties

By a projective variety we mean a reduced, not necessarily irreducible, closed sub-
scheme of either projective space Pg‘_l, or a product of projective spaces IP’?“l X+ee X
Ppe~! ) over a field F. See §§4 and 5.1 in Chapter 1 of Shafarevich [Shal3a] for a clas-
sical perspective on these two cases, and for the scheme structure see Chapter 3 of the
second volume [Shal3b| and in particular Example 5.19 in that chapter. Concretely
these varieties have the following form. If H (x) is an R-tuple of homogeneous forms
in n variables with coefficients in a field F, then V(H') will be the projective variety
in P! defined by H(x) = 0. If M (2", ... ") is a system of multihomogeneous
forms, where () is a vector of n; variables, we may similarly define a variety V(M)
in Pptt x - x PR by M= 0.

If V' is a variety over IF, we denote the set of F-points of V by V(F). Then
V(H)(F) may be identified with the set of points € F" \ {0} with H(x) = 0
modulo equivalence, where two points are equivalent if they lie on a line through the
origin. When F = Q, a necessary condition for V' to have a Q-point is that it has an
R-point and a Q,-point for each prime p. We say V satisfies the Hasse principle if
this necessary condition is also sufficient. We say that weak approximation holds for
V if V(Q) is a dense subset of V(R) x [ s V(Q,) in the real and p-adic topologies
for any finite set of primes S.

Taking the subvarieties of a given variety V' as closed sets defines a topology on
V', the Zariski topology.

The dimension of a variety is as in §6.1 from Chapter 1 of Shafarevich [Shal3al,
with the addition that if V' = () then we define dimV = —1.

If p(x) is a system of R polynomials, then we say a solution to p(x) = 0 is
nonsingular if the Jacobian matrix (Op;(x)/0x;);; has rank R.

If H(x) is a system of R homogeneous forms in n variables, with coefficients in
a field F, then the conditions that H(x) = 0 and that (9p;(x)/0z;);; has rank less
than R define a variety in P! which we call Sing(H).

If Sing(H) is empty we set dim Sing(H) = —1, and we say H is nonsingular.
Equivalently, H is nonsingular if H(x) = 0 has no singular solutions over any field
except for the trivial solution @ = 0. This occurs precisely when V(H) is smooth
with ideal generated by the H; and is a complete intersection, that is, has dimension
n — R — 1. See Shafarevich [Shal3a, pp89 and 93].

4



1.2 Diophantine equations in many variables

In this section we consider analogues of Theorem 1.1 for systems of one or more

homogeneous forms which are not necessarily diagonal.

1.2.1 A result of Birch

We begin with a theorem which has served as a model for subsequent work applying

the circle method to systems of homogeneous Diophantine equations.

Theorem 1.2 (Birch [Bir62]). As in §1.1, let d > 2 and let F(x) be a system of
R homogeneous forms Fi(x), all of degree d with integer coefficients in n variables
T1,..., Ty Let B be a box in R™, contained in the box [—1,1]" and having sides of

length at most 1 which are parallel to the coordinate axes. For each P > 1, write
Npz(P)=#{x € Z" :x/P € #, F(x) = 0}. (1.5)

Let V} be the projective variety cut out in IP’%_I by the condition thalt the R X n
Jacobian matriz (OF;(x)/0x;),; has rank less than R. If

n—1—dimV} > (d—1)2'R(R+ 1), (1.6)
then for some Jp %, Gr > 0 we have
Np.z(P) = Jp 6P 4 O(P—419) (1.7)

for all P > 1. Here the implicit constant and the constant &g depend only on the
forms F;, the constant Jp 4z depends only on F' and % and 0 is a positive constant
depending only on d and R. If F(x) = 0 has a nonsingular solution over R which
lies in the interior of A, then Jr 5 is positive. If there is a nonsingular solution over

Qp for each prime p, then &F is positive.

If F is nonsingular and (1.6) holds, then the theorem implies that the projective
variety V (F') satisfies the Hasse principle as defined in §1.1. In this case it also follows
from Birch’s methods that V(F') satisfies weak approximation, as we will see when
we prove our main results in §§4.1 and 5.1.

The quantities Jp » and GF are the singular integral and singular series. They
measure the density of solutions over R and over Q, for each p, and satisfy the

formulae
Jrg = Plgréo ﬁ/\{t cR": }%t € A, ||F(t)||Oo < %}, (1.8)



where as in §1.1.1 we let A denote the Lebesgue measure, and
Sp =[] im jmm#{be{1.2,....p"}"  F(b) =0 modp'},  (19)
P

where the product is over primes p and converges absolutely. The asymptotic formula
(1.7), with these values of the singular series and integral, can be interpreted as a case
of the Manin-Peyre conjecture [FMT89, BM90, Pey95]. This gives predictions for the
size of considerably more general counting functions than Ng »(P), as described in
§2.1 below.

We note that some hypothesis similar to (1.6) is required to prevent the system

F from being “too singular”. For instance, (1.6) rules out the quartic form
q(@) = 2@} + - F a0 0)" + 1T,y — 1y,

since one can check that dim V,' = n — 4. Lind [Lin40] and Reichart [Rei42] showed
that the hypersurface z* — 17y* = 222 violates the Hasse principle, with nontrivial
solutions over R and every Q,, but not over Q. For n > 6, it follows by Lagrange’s
four-squares theorem that ¢(x) = 0 has nonsingular solutions over R and every Q,
but not over Q, and so cannot satisfy (1.7).

The requirement that F'(x) = 0 have nonsingular solutions over R and each Q,
can also be necessary. For example the quadratic form x? + --- + 22, has only
the singular real zeroes (0,...,0,z,), and consequently has too few integral zeroes
to satisfy (1.7). Nonsingular p-adic solutions are guaranteed to exist whenever F' is
nonsingular and the number of variables is sufficiently large. Wooley [Wo0098] has
shown that (d2R)2""" + 1 variables suffices.

When F' is nonsingular we can simplify the condition (1.6) as follows.

Lemma 1.3 (Browning and Heath-Brown [BHB17]). Suppose that F is nonsingular.
Then we have
dim V) <R -1,

and so we may replace the condition (1.6) with
n>(d—1)2"'R(R+ 1)+ R. (1.10)

For the proof, set D =2, r =0, ro = R, and F;» = F; in Browning and Heath-
Brown [BHB17, (1.3)]. We obtain an “equivalent optimal system” by replacing F
with AF for some A € GL,(Q), as described after their formula (1.7). Then their
(1.4) and (1.8) show that By < R — 1, where B, = 1 + dim(V;). This proves the

lemma.



One might ask what the minimum number of variables should be for the formula
(1.7) to hold. When F' is nonsingular and the number of variables satisfies n > 2dR+1
one conjectures that this formula should hold based on a heuristic application of the
circle method, see the comments around formula (1.5) in Browning [Brol5]. Without
further conditions on F' this is best possible, as can be seen when R =1 and n = 2d
by considering the equation z{ + -+ + 29 = 29, + --- + 24,. Here the “diagonal”
solutions given by x; = ;44 are too numerous for the formula (1.7) to hold.

Our goal will be to weaken the hypothesis (1.10) on the number of variables, when
the number of forms R is greater than one. Previous improvements of this type have

required R =1 or 2.

1.2.2 Subsequent work

We consider previous improvements on (1.6). We begin with conclusions concerning
systems of forms of a particular degree. We then pass to results for general degrees
d, and applications of Birch’s methods in different contexts to Theorem 1.2. Finally
we discuss the case of systems of forms with different degrees.

When d = 2 and R = 1 we have a single quadratic form F', and work of Heath-
Brown [HB96] introduces new techniques based on a smooth decomposition of the
indicator function of {0} due to Duke, Friedlander and Iwaniec [DFI93]. He proves
an asymptotic formula analogous to (1.7) whenever F' is nonsingular and n > 3. The
main term in this formula may exhibit additional logarithmic factors compared with
(1.7). Building on this work, Browning and Munshi [BM13, BM15| prove (1.7) for a
certain class of pairs of quadratic forms in 9 variables, and for certain pairs of diagonal
quadratic forms in 8 variables. Munshi [Mun15] obtains the same conclusion when F'
is a nonsingular pair of quadratic forms and n = 11; by contrast (1.10) would require
n > 14.

When d = 2 and R = 2, Heath-Brown [Heal5] proves the Hasse principle and
weak approximation for V(F') when n > 8 and F' is nonsingular. In this case the
Hasse principle holds for V(F') when n > 9 regardless of whether F' is nonsingular
by work of Colliot-Thélene, Sansuc and Swinnerton-Dyer [CTSSD87a, CTSSD87b].
If d =2 and R = 3 then Heath-Brown [HB17] proves the Hasse principle and weak
approximation for V(F') when n > 19 and F' is nonsingular.

We next consider the case when d = 3 and R = 1. When F' is a single nonsingular
cubic form and n = 9, Hooley [Ho094] proves that V (F') satisfies the Hasse principle
and weak approximation. Provided the box %4 does not contain a point at which the

determinant of the Hessian matrix of F' vanishes, he also proves that an asymptotic



similar to (1.7) holds with the weaker error term Op(P" 4% /(log P)°). If n = 9 and
the only singularities of V(F') are isolated double points, then he shows that the
Hasse principle holds [Hoo13]. When F' is a nonsingular cubic form in 8 variables he
proves the Hasse principle and weak approximation as well as the asymptotic (1.7)
when Z does not contain a zero of the Hessian determinant, assuming a Riemann
hypothesis for a certain modified Hasse-Weil L-function [Hoolb5]. Additionally, if F
is any rational cubic form in 10 or more variables Heath-Brown [HB83] shows that
V(F') always has a Q-point. In this setting Theorem 1.2 requires n > 17.

If d =3 and R = 2, Dietmann and Wooley [DWO03] show that V (F') has a Q-point
provided n > 827. In general, if d = 3 then Schmidt [Sch82] shows V(F') has a Q-
point if n > (10R)%. In recent work Dietmann [Die08] improves this to n > 400 000R*
variables.

When F is a single nonsingular quartic form, Hanselmann [Han12] gives the con-
dition n > 40 in place of the n > 49 required to apply Theorem 1.2. Work in progress
of Marmon and Vishe yields a further improvement.

We turn now to results which apply to general values of d. Whend > 5 and R =1,
a sharper condition than (1.6) is available by work of Browning and Prendiville [BP15].
For 5 < d < 9 and F nonsingular this is essentially a reduction of 25% in the number
of variables required.

Dietmann [Diel5] and Schindler [Sch15] give a refinement applicable for any d and
any R > 2. They show that the condition (1.6) may be replaced with n — oz (F') >
(d—1)29"TR(R + 1), where

oz(F) =1+ aer%lRaéo} dim Sing(a - F). (1.11)
This improves on Birch’s result whenever oz(F) < 1+ dim V. If R = 1 this is
impossible as the two sides are equal, but Dietmann and Schindler give examples to
show that it can occur if R > 2. This does not however allow one to improve the
condition (1.10) for nonsingular F.

Next we consider adaptations of Birch’s methods to different contexts. Skin-
ner [Ski97] allows the variables, and the coefficients of the forms F;, to take values
in the ring of integers of a number field, see Chapter 7 for more details on this and
related results.

An extension to systems of bihomogeneous forms of the same degree is given by
Schindler [Sch14]. Mignot [Migl5, Migl6] further develops these methods for certain

trilinear forms and for hypersurfaces in toric varieties.



Liu [Liull] proves existence of solutions in prime numbers to a quadratic equation
in 10 or more variables, and asymptotic formulae for systems of equations of the same
degree with prime values of the variables are considered by Cook and Magyar [CM14]
and by Xiao and Yamagishi [XY15]. Magyar and Titchetrakun [MT17] extend these
results to values of the variables with a bounded number of prime factors.

Brandes [Bral4, Bral7| proves theorems which count linear spaces of solutions to
a system of equations of the same degree. We also mention versions of Birch’s result
for function fields due to Lee [Leell] and to Browning and Vishe [BV17].

The results above all concern systems of forms of the same degree. Schmidt [Sch85]
succeeds in treating the case of differing degrees, replacing (1.6) with a more arith-
metic condition involving “h-invariants”. When the F; have possibly different degrees

which are all odd, he applies this to give a lower bound
Np.z(P) >p P ¢

for the counting function Ng 4(P) from (1.5), without any condition on the singular-
ities of the system. Here C' is an extremely large constant depending on the number
of forms F; and their degrees.

Browning and Heath-Brown [BHB17] give a version of Theorem 1.2 for nonsingular
systems of forms with differing degrees, with a number of variables which is polynomial
in the number of forms and exponential in their degrees. Frei and Madritsch [FM17]
extend this work over number fields, and a parallel conclusion with prime values of

the variables is given by Yamagishi [Yam17].

1.2.3 Our results

Our main result is the following. The proof is completed in §5.1.

Theorem 1.4. Let F be as in §1.1. If d = 2 or 3, suppose that F is nonsingular.
If d > 4 then suppose that F € Uy, g(Q) for some explicit, nonempty Zariski open
set Ugn,r which will be defined in Proposition 5.3 below. Then we may replace the
condition (1.6) in Theorem 1.2 with

n>d2°R+ R. (1.12)

In particular, if we assume that F is nonsingular, that (1.12) holds and that F €
Uinr(Q) if d > 4, then V(F) satisfies the Hasse principle, weak approrimation and

the Manin-Peyre conjecture over Q.



The Manin-Peyre conjecture, which was mentioned in the comments after The-
orem 1.2, will be described in more detail in §2.1 below. The Zariski topology was
defined in §1.1, and in particular F' € U, p(Q) means that hy(F') #0,...,hn(F) #0
for some fixed list of polynomials h;(F') in the coefficients of the forms F;. Hence the
set Ugn r(Q) contains 100% of systems F'. Although we do not give the polynomials
h; explicitly, the construction in Proposition 5.3 is entirely concrete and for a given
F with integral coefficients the question of whether F' € Uy, r(Q) can in principle
be decided by a finite computation.

When d = 2 Theorem 1.4 sharpens Birch’s result for systems of 4 or more forms.
For example when R = 4, (1.12) requires n > 36, as opposed to n > 44 for (1.10).
When d = 3 we have an improvement for 3 or more forms and in particular, the case
R = 3 of Theorem 1.4 applies when n > 75 while Birch’s theorem requires n > 99.
For higher degrees d > 4 the condition (1.12) is weaker than (1.10) as soon as R > 2.

Recall from the end of §1.2.1 that if F' is nonsingular, the condition n > 2dR + 1
would conjecturally be sufficient in place of (1.6). By handling systems of forms in
O4(R) variables we come, for given d, within a constant factor of this limit.

When d = 2 or 3 we will deduce Theorem 1.4 from the following more refined

version, proved in §4.1.

Theorem 1.5. Let F be as in §1.1. If d = 2 or 3, then we may replace the condition
(1.6) in Theorem 1.2 with the condition

n—or(F) > d2°R (1.13)
where og(F') is the element of {0,...,n} defined by

or(F)=1+ gelﬁlg\’?o} dim Sing(3 - F), (1.14)

and Sing(B - F) is the variety cut out in Pi~" by 3. BiV.Fi(x) = 0. In particular, if
(1.13) holds then the nonsingular locus V(F') \ Sing(F') satisfies the Hasse principle

and weak approximation over Q.

Ifd=2and R >4,ord=3and R > 3, then (1.13) is strictly weaker than Birch’s
condition (1.6). This follows from the fact that we have Sing(8 - F') C V} whenever
B € R\ {0}, and so

op(F) <1+ dim V..

In general we have the bound
or(F) < R+ dim Sing(F). (1.15)
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For if we let 3 € R\ {0} then one of the 3;, say g, must be nonzero and so
Slng(F) = Sing(Fl, c. ,FlR — ]_,/8 : F)

Hence
V(Fl, e 7FR—1) N Smg(,@ . F) C Slng(F)

which implies that dim Sing(3- F) — (R—1) < dim Sing(F'), from which (1.15) follows
by (1.14).
We remark that previous work of the author [RM15] applies whenever F' is non-

singular, and allows one to replace the condition (1.10) with

44 — 4
n > 2d71TR + R,
which is still an improvement on (1.10) when R is around 4¢/d in size. In forthcoming

work we will update this result to conclude that for d > 3 one may use the condition
n—og(F) > (477" —29)dR + R,

in place of (1.6), where og(F') is as in Theorem 1.5. This is superior to (1.6) as soon
as R is around 27 in size.

We next describe the method of proof of our results above.

1.3 The Hardy-Littlewood circle method

We sketch the circle method in the form used by Birch [Bir62] to prove Theorem 1.2.
This approach is based in turn on the work of Davenport [Dav59]. We employ the
same approach in Chapter 3, where the following notation will be used throughout.
We let # be a box in R" contained in the box [—1,1]", and having sides of length
at most 1 which are parallel to the coordinate axes. In Proposition 3.1 below we will
call such boxes admissible. Recall the system of R real, degree d polynomials f(x)

from §1.1. For each o € R and P > 1, we define the exponential sum

S(aP)= ) el f(z)) (1.16)

where e(t) = €™, This depends implicitly on Z and the system f.
We are concerned with the case when f has integral coefficients, and our goal is

to prove the asymptotic formula
#a el x/PeB, flx)=0} =647 ,P "+ O (P) (1.17)

11



for all P > 1, some § > 0 and some constants Gy and J 44 4 satisfying (1.8) and
(1.9). Observe that when f(x) € Z[x]® we have
#{x€elZ" :x/Pec B, flx)=0} = S(a; P) dex (1.18)
0,1)"

by (1.16) and the identity

1 ifu=0
/ ela-u)da = 1 v R
0,17 0 ifwueZ™\{0}.

The principle behind the circle method is that the main term in (1.18) should come
from those values of a which lie near to rational vectors of small height. To make
this precise, for each A € (0,1) and P > 1 define the major arcs

Mpan = |J U {ec0Df:la—-29| <P}, (1.19)

q
qeN 0<ai,...,ar<q
g<PA (a1,...,ar,q)=1

and the minor arcs
mpaa =[0,1°\ Mpga. (1.20)

When o € Mpya we can approximate S(a; P) by a more well-behaved function, as
described in Lemma 5.1 of Birch, or Lemma 3.7 below. Provided that we choose A

sufficiently small, one hopes to deduce that
/ S(e; P)da = & 47 jia P~ + Op(P*110) (1.21)
Mp,a,A 7

for all P > 1, some 6 > 0 depending on d,n, R and A and some constants S
and jf[d]7g satisfying for all P > 1, some 0 > 0 and some constants & and ’Jf[d]ﬁ
satisfying (1.8) and (1.9). To prove the asymptotic (1.17) it then remains to show
that
/ S(e; P)doe = Op (PR 7%) (1.22)
mp d,A

for some 0 > 0 depending on d,n, R and A. In Birch’s work, and in ours, the

constraint on the number of variables n comes ultimately from the proof of (1.22).

1.3.1 Birch’s approach

Birch proceeds by a “sliding scale” argument which we sketch here. Let P > 1 and
A € (0,1). For each A’ € [A,00) define the modified major arcs

Wan= ) U fachn)® |a-g <44

qeN 0<a,...,ar<g
q<pA (a1,..,aR,q)=1

12



Birch’s Lemma 4.3 shows that for each A’ € [A, 00| and € > 0 we have

(n 1— dlth
sup  |S(a; P)| Kqppe PN FTTRED
a€l0,1)F\Np 4 Ar

5o (1.23)

where V)l is as in Theorem 1.2. By estimating the measure of Mp4 A/, it follows that
for any Ay, Ay € (0,00) with Ay > Ay, we have

n—1— dlmV

2d—TR(d—1) )AH'E

/ S(cx; P)|dex gy P08
Np,d,00\NPd A,

Observe that we have mpga C [0,1)%\Npgn and so if Ap > Ap_1 > -+ > Ag=A
holds then

/ |S(a;P)|da§/ |S(a; P)| dex
mp.d A

(0,1)F\Np g A
;
n—1 dlmV
Lanpe P dR+e§ :P(R+1)Az+1 (m)A
=0

n—1—dim VT

+ Pn (m)AT—Fe

(1.24)

If we set
{
log P’
then the sum in (1.24) becomes a geometric progression. If n — 1 — dim V;\ > R(R +

1)(d — 1)2%71, in other words if (1.6) is satisfied, then we can sum the progression
and let T — oo to deduce (1.22). A nearly equivalent proof is given in Lemma 4.4 of
Birch.

1.3.2 Owur approach

In §3.1.1 we will follow the strategy of §1.3.1, but rather than the sets Mpga+i/1og P

with ¢ = 0,...,T we will use sets of the form
D(2") = {a € [0,1) : |S(a; P)| > 2" P}
where i € Z. In place of (1.23) we have a trivial upper bound

sup  |S(a; P)| < 2'P"
a€l0,1)R\D(27)
and the difficulty is to show that the set D(2%) has small measure. To do this we use
a repulsion principle of the form

SW(ECRANEELS T

PnJre Pn+e

_ _ L%
\}<<f,emax{P Y1 IBIENYE,  (125)
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valid for all o, 3 € R and P > 1, some € > 0 and some small ¢ > 0. Here we
interpret the right-hand side to be +oo if 3 = 0. If both S(a; P) and S(a + 8; P)
are large then (1.25) implies that one of the terms P~%||3|| ' or ||B||§§ must be large.
In particular, the points & and o+ 3 must be either very close together or somewhat
far apart, hence the term “repulsion principle”.

In Chapter 3 this bound allows us to cover D(2%) by a collection of small balls
separated by large gaps, and thereby to show that

A(D(2) <. PR~ (1.26)

where A is the Lebesgue measure, as in §1.1.1. This will imply (1.22) provided that
% > dR. Essentially the same idea is used in Bentkus and Gotze [BG99, Theorem 5.1]
and also in Miiller [Miil08, Lemma 4].

The proof of (1.25) given in §3.2 essentially involves only properties of the single
polynomial 3 - f rather than the system of R polynomials f, which enables us to
obtain a result which scales well as R grows. Since 3 - f may have real rather than
rational coefficients, the argument can also be applied to systems of real polynomials,

which we will discuss in §2.2

1.3.3 Passing to an auxiliary counting problem

To prove the minor arc bound (1.23) Birch uses the method known as Weyl differ-
encing, which leads to a counting problem involving a certain system of multilinear
forms. We use the same techniques to treat the repulsion principle (1.25), and in this
section we describe the counting problem that results.

Suppose that f(x) is a degree d polynomial in n variables, and that d > 2. For

each i = 1,...,nand j = 1,...,d — 1 we let xgj) be a variable. We let /) =

(xgj) ...,x,(f))T, so that £V, ... (@Y are n-dimensional vectors of variables. For
each i = 1,...,n we define a multilinear form in these vectors of variables by
n d
e 1)y _ W, @y__ f(x)
m (@0 )y = Y )l e (1.27)
G1yes Ja_1=1 J1 Jd—1 ?

This is well defined since the dth derivatives of f(x) are independent of . We write

m (xW . x@=D) for the vector

D@D, @) D) (g

g ey n

o xdTD)T (1.28)

and we then define the following counting function.
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Definition 1.6. For each B > 1 we put N3**(B) for the number of (d — 1)-tuples of
vectors £V, ... 2D € Z" with
lz@ s 2 < B,
lm D (@, eI < BT

In Proposition 3.3 we will prove the repulsion estimate (1.25) provided that

(1.29)

aux —1l)n— d O
for all B > 1 and 3 € RE. From the definition we have the trivial bounds
Bld-2n Ldm Ngu;g(B) Ldn Bld-1n

In particular, we saw in the comments following (1.26) that we will need ¢ > dR,
and so we must have n > 29dR in order for this approach to succeed. Chapters 4

and 5 will develop various strategies to prove bounds of the form (1.30).

1.4 Diophantine inequalities

We now consider results comparable to Birch’s Theorem 1.2 above, but for systems
of polynomials with real coefficients. Throughout this section f(x) will be a system
of R real polynomials in n variables with leading part f[d](a:), as in §1.1. In general
one would not expect the system of equations f(x) = 0 to have integral solutions.

We will instead consider the system of Diophantine inequalities given by

1f (@)l < 1, (1.31)

to be solved in integers 1, ..., x,. Under suitable conditions we aim to show that

He e Z": |zl <P [[f(®)lo <1}
= (L+oW)Mz eR": ||z < P, |F(2)], <1} (1.32)

for all P > 1. This would show that the number of integral points in the region
defined by (1.31) is well approximated by the measure of that region.

If it happened that one of the f; had integral coefficients, then (1.31) would imply
that f;(x) = 0 or 1. This will impose p-adic conditions on the variables, which
should be taken into account by including a singular series G in (1.32), as in §1.2.1.

We can rule out this situation as follows.

Definition 1.7. We say that f9 is irrational if there is no vector a € R\ {0} such

that the linear combination a - f19(x) = 3" o f;(x) has integer coefficients.

We begin by outlining some previous work on inequalities of the form (1.31) which

can be compared to Theorem 1.2. We then describe some new results.
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1.4.1 Previous work

We begin by summarising the principle applications of the circle method to diagonal
Diophantine inequalities. We then turn to non-diagonal systems of inequalities. In
this case, other than two results due to Schmidt and to Chow, the results we describe
relate to cubic and quadratic inequalities.

The work of Davenport, Heilbronn, Freeman, Bentkus and Gotze is particularly
relevant to our present investigation and will be discussed again in §2.2.

Davenport and Heilbronn [DH46] use the circle method to give an estimate for
the number of solutions to |f(x)| < 1 with |z;| < P, when f is an irrational diagonal
quadratic form in five variables. Their techniques are only applicable for a certain
sequence of values of P related to Diophantine approximation properties of the coef-
ficients of f. This is however sufficient to show that there are infinitely many integral
solutions. A large body of subsequent work uses their approach to study irrational
systems of diagonal inequalities. We refer the reader to Briidern and Cook [BC92]
for a summary.

Freeman [Fre01, Fre02, Fre03], inspired by the work of Bentkus and Gotze [BGI7,
BG99] discussed below, develops a version of the Davenport-Heilbronn method which
can prove asymptotic formulae for the number of solutions to systems of diagonal
inequalities. His methods are discussed in §2.2 below. Parsell [Par99, Par01, Par(2]
extends this work to systems of diagonal equations of differing degrees. These tech-
niques are further refined by Wooley [Woo003], showing that the number of variables
required is essentially the same as for a system of diagonal equations with the same
degrees.

We now turn to results for forms which are not assumed to be diagonal. A lower
bound is given by Schmidt [Sch80b] for the number of solutions to the inequality
| f(z)], <1 with ||z||, < P, where f(x) is a system of R homogeneous forms of
possibly different odd degrees dy, ..., dg in a sufficiently large number of variables.

Chow [Chol7] proves an analogue of Theorem 1.2 for the inequalities || F(x +
)|, <1, where F is a system of R forms of degree d with rational coefficients and
p is a vector of irrational real numbers. The condition (1.6) remains unchanged, and
an asymptotic for the number of solutions with |z;| < P is obtained.

More is known for cubic inequalities. In the case of a system f of R cubic forms,
Freeman [Fre00, Fre04] shows that there are infinitely many solutions provided only
that n > (10R)°®° Chow [Chol4] shows that |f(z)] < 1 has nonzero integer
solutions for all real cubic forms f if the number of variables n is at least 358 823 708.

He proves the same result for forms f(«) + g(y) which split into two parts with
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n > 120897257, for forms fi(x™) 4 --- + fs(x®) which split into six parts with
n > 77027, and various intermediate cases.

Chow [Chol6] also considers the system F(x) =0, ||L(x) — 7|/, < 1, where F'is
a cubic form with integral coefficients, L is an irrational system of r linear forms and
T is a vector of real numbers. An asymptotic formula is obtained for the number of
solutions if F' is nonsingular and n > 16 + 8r.

Last of all we take the case of quadratic inequalities. Margulis [Mar88, Mar89a,
Mar89b] uses ideas from ergodic theory to show that if f(x) is an indefinite, irrational,
nonsingular real quadratic form in n > 3 variables and ¢ € R, then |f(z) —t| < 1
has nonzero integer solutions. This is false when n = 3, see Freeman [Fre99, p17].
When n > 5, or when n = 4 and f satisfies a certain explicit Diophantine condition,
Eskin, Margulis and Mozes [EMM95, EMMO98, EMMO05| give an asymptotic for the
number of solutions in integers between —P and P. The Diophantine condition
in the case n = 4 excludes those forms which are extremely well approximated by
rational forms with signature 0 and square discriminant, and they construct forms
of this type for which their conclusions do not hold. For any n > 3, Dani and
Margulis [DM92, DM93] prove a lower bound for the number of solutions which
exactly matches the asymptotic. Margulis and Mohammadi [MM11] extend all of
the work of Margulis and collaborators described above to inhomogeneous quadratic
polynomials. In the case n = 3 Lindenstrauss and Margulis [LM14] give a lower
bound for the number of primitive integer solutions.

For forms in 9 or more variables, Bentkus and Gétze [BG97, BG99] give a new
proof of Eskin, Margulis and Mozes’ asymptotic estimate using the circle method.
They also give an asymptotic for the number of integer solutions to B < f(x) <
B + 1, where f is a positive definite irrational quadratic form and B — oo. These
results are extended to n > 5 by Gétze [Got04] and by Gotze and Margulis [GM10].
Miiller [Miil05, Miil08, Miill1] estimates the number of solutions in integers between
—P and P to a system of inequalities || f(z) — ¢|| ., < 1, where t € R and f is a
system of R quadratic forms in at least 8R + og(f) + 1 variables, with or(f) as in
Theorem 1.5.

1.4.2 Our results

Our main result on Diophantine inequalities is the following, proved in §6.1. The
conditions on f may be compared with the hypotheses on F' in Theorem 1.4 above.
In particular, the condition that fl9 e Uign,r(R) reduces to a list of polynomial
inequations hy (F19) # 0, ..., An(f9) # 0 in the coefficients of the fi[d].
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Theorem 1.8. Ifd =2 or 3, suppose that Fld s nonsingular. If d > 4 then suppose
that the system f[d] belongs to Uq, r(R), where the Zariski open set Uy, g 15 as defined

i Proposition 5.3 below. If f[d] 18 irrational and we have
n>d2°R + R,
then there is Jpa > 0, depending only on f[d], such that
#Ha el |zl <P | f(@)l, <35} =Tpa PP~ + o(P~) (1.33)
as P — oo, and

Mz eR": |zl < P, [|f9@)]o < 3} = Tpa P+ Op(P9R0) (1.34)

oo —

for all P > 1. Here § is some positive constant depending on d and R only, and the
implicit constant in (1.34) depends at most on f. If f%x) = 0 has a nonsingular
real solution, then we have jf[d] > 0.

If the system f has coefficients which are real algebraic numbers, then we may
replace the o( P"=9%) error term in (1.33) with a term O¢(P"~%=%") for some §' > 0

depending at most on d,n and R.

In the case that d = 2, Theorem 1.8 is essentially a restatement of results due to
Bentkus and Gétze [BG99, Theorem 2.2] and Miiller [Mul08, Theorem 1]. The factors
of 5 in [[f(z)],, < 5 have been inserted to ensure that the constant J 4 agrees with
the usual singular integral found in applications of the circle method.

We can reduce the number of variables required, and remove the irrationality
condition on f, by considering a weaker condition than || f(z)||_ < 5. The theorem

below is also proved in §6.1

Theorem 1.9. Ifd =2 or 3, suppose that f[d} is nonsingular. If d > 4 then suppose
that the system f[d] belongs to the Zariski open set Uq, r defined in Proposition 5.3
below.

Let p € (0,d — 1], and for P > 1 set

Ny(P,P") =#{z € Z" : @], < P, [ f(z)ll. < 5P"},

My (P, P?) = Mz € R" : ||, < P, [|F(2)l|. < 5P}

loo

If we have
n>(d—p2°R+R—1,
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then there is Jpa > 0, depending only on f[d], such that

Ng(P, P?) =3 g PP~ 708 4 O (PP ld70E70), (1.35)
M i) (P, PP) = 3y P 7PF 4 O (P4 0R20) (1.36)

for all P > 1 some positive 6 depending on d, n, R and p only. If f[d}(ac) =0 has a

nonsingular real solution, then we have jf[d] > 0.

In the theorem above we assume that p < d — 1. Larger values of p would be
possible but would not lead to any further improvement in the number of variables
required, while other techniques would become available. For example if p > d — 1
and f[d] is nonsingular with a nontrivial real zero, then it can be deduced from a
result of Davenport [Dav51, Dav64] that

N¢(P, P*) = (14 Ogpnr(P71)) Mg (P, P*).

If £19 is irrational with algebraic coefficients, one could also allow p < 0 in The-
orem 1.9 as long as |p| is sufficiently small. For simplicity, we omit the necessary
modifications.

The results above are proved using the Davenport-Heilbronn circle method, an

outline of which is given in §2.2 below.

1.5 Plan of this thesis

For reference, we give an overview of the argument used to prove the results above.

Some technical background is given in Chapter 2. Our §2.1 introduces the Manin-
Peyre conjecture and relates it to the results of §1.2.1-1.4.2. We then, in §2.2, describe
the Davenport-Heilbronn method used to prove Theorems 1.8 and 1.9. Finally §2.3
provides us with some lemmas from the geometry of numbers, Diophantine approxi-
mation and the elementary theory of real matrices.

In Chapter 3 we reduce the proof of Theorems 1.5 and 1.4 to the task of bounding
the function NV, gu}‘(B) from §1.3.3 above. This is accomplished in two stages. Propo-
sitions 3.1 and 3.2 implement the circle method assuming a repulsion principle of the
type described in §1.3.2, and Proposition 3.3 shows that such a principle follows from
a bound for N§'#(B). Propositions 3.1 and 3.2 are proved in §3.1 following the outline
from §1.3. After dealing with the major arcs in §3.1.2 we assemble some lemmas in

§3.1.1 with which to treat the minor arcs and the proof is completed in §3.1.3. A
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variant of a well-known Weyl differencing argument is given in §3.2.1, which is used
in §3.2.2 to prove Proposition 3.3.

We prove Theorem 1.5 at the start of Chapter 4 assuming Proposition 4.1, which
is a bound for the counting function N3 (B) from §1.3.3 and is valid when d = 2 or
3. In §4.2, we prove Proposition 4.1 in the simpler case when d = 2. When d = 3
we base our approach on an argument of Davenport which revolves around a Hessian
matrix H.(a). This argument proceeds in four stages, described in §4.3. In §§4.4.1—
4.4.4 we translate each stage into our new setting, with the final step completing the
proof of the proposition.

In Chapter 5 we handle systems of forms of degree 4 or more. We use two results
involving a certain quantity o*(f¥) defined by equation (5.2). Proposition 5.2 bounds
the function N3 (B) from §1.3.3 in terms of o( F), while Proposition 5.3 shows
that o*(f) < R holds for typical f. We prove Theorem 1.4 in §5.1, assuming these
results. After a preliminary lemma in §5.2.1, we prove Proposition 5.2 in §5.2.2. We
then prove Proposition 5.3 in §5.3 by relating the quantity o*(f [d]) to the dimension
of an explicit projective variety W, and parametrizing the complex points of W.

Forms with real coefficients are addressed in Chapter 6 with the Davenport-
Heilbronn circle method. Here Proposition 6.1 gives an e-free version of the repulsion
estimate from Proposition 3.3. Proposition 6.2 then runs through the circle method
assuming a bound on the function Ng'f(B) from §1.3.3 and a complementary-arc
bound (6.4). When p = 0 the latter bound (6.4) will be proved using a uniform
upper bound given by Proposition 6.3. In §6.1 we deduce Theorems 1.8 and 1.9 from
these results. In §6.2.1 we give a Weyl differencing argument analogous to §3.2.1, and
Proposition 6.1 is deduced in §6.2.2. We then tackle Proposition 6.2, treating the cen-
tral arc in §6.3.1 and the complementary arcs in §6.3.2 with the final steps occurring
in §6.3.3. In §6.4 we invoke Lemma 2.10 from §2.3.2 to prove Proposition 6.3.

The remaining Chapter 7 is concerned with forms over number fields. After some
basic definitions in §7.1, we introduce the construction known as Weil restriction in
§7.2. In §7.3 we use this to prove an analogue of Theorem 1.4 over number fields,

which we compare to the known results in this case.
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Chapter 2

Background

In this chapter, we will set out a number of technical results for later use.

2.1 The Manin-Peyre conjecture

We reinterpret the asymptotic formula (1.7) from Chapter 1 as a result about the

rational points on a variety.

Conjecture 2.1. Assume that H(x) is a system of R forms of degrees dy, ..., dg in
n variables with integer coefficients, and let H be nonsingular in the sense of §1.1.
Write D = Y D; and suppose that n > max{D + 2, R+ 4}. SetV = V(H). Any
point X € V(Q) is represented by a unique vector € Z" with coprime coordinates
x;, and we define the height of X by hy(X) = HwHZZQ We say that V' satisfies the

Manin-Peyre conjecture over Q if there is a Zariski open set U C V' such that

#{X € U(Q) : hy(X) < B} = 0w (VR) ([[ V@) B(1 +0())  (21)

as B — oo. Here ( is the Riemann zeta function, the product is over primes p and

converges absolutely and we define

1
Qe = n—D’ (22)
n—D n e
(VR = "2 i IA{t e R Y < BH), < 1), (23)
V(@) = (1=p~ D) lim b e {127} H(B)=0 mod '},
(2.4)

where as in §1.1.1 we write X for the Lebesgue measure.
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As we will see below, the formula (2.1) is a special case of the conjectures of Manin
and collaborators [FMT89, BM90]. Peyre [Pey95, p9 and Definition 2.1] proposes
formulae for the constants ., ws(V(R)) and w,(V(Q,)) in the setting of varieties
over a general number field, and his Lemmas 2.4.4-2.4.6 imply that our definitions
are special cases of his. The relation between the formula (2.1) and the asymptotic

(1.7) from Theorem 1.2 is as follows.

Lemma 2.2. Let F(x) be a nonsingular system of R forms with integral coefficients
in n wvariables, all of the same degree d. Assume n > max{dR + 2, R + 4}. Let
Np#(P) be as in (1.5), let B = [—3,3]" and let 6 € (0,1). Suppose that for all
P > 1 we have

Np.z(P) = Jp38pP " 4 Op (P 4R70) (2.5)

where the constants Jp g and S satisfy formulae (1.8) and (1.9). Then the Manin-
Peyre conjecture holds for V(F') with choice U =V (F') for the open set U.

Proof. Let U = V(F') and observe that

£{X € U(Q) : hy(X) < B)
- %#{w cZ"\ {0} :x € 9 BY/(n=dR) gg. ged(xy, ..., 2,) =1, F(x) = 0},

where the leading factor of % accounts for the fact that +a represent the same pro-
jective point. Let u be the Mobius function, that is, p is the function defined on
natural numbers m by p(m) = (—1)" if m is squarefree with r distinct prime factors

and p(m) = 0 otherwise. We have

S (k) — {1 ifm=1

0 otherwise,
klm

and so on writing B = BY®=4® we have

1
#HX U@ h(X)<By =5 > u(k)
a:EZ"\{O} kl(x1,yTn)
xE2BA, F(x)=0

:%Zu(k) > oL

k<2B %:iezn\{o}
x€2BA, F(x)=0

With Np 2(P) as in (1.5), we have shown that

#{X €U(Q) : X)) < By =35> uk){Nrs2B/k) - 1}.

k<2B
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It thus follows from (2.5) that

#{X € U(Q) : h(X) < B}
L 2§ n—dR 2§ n—dR—6
= ;Irs6r ) % +OF<Z %iw)
k<2B k<2B

By assumption we have n — dR > 2, and so

(X € U(Q) 1 h(X) < BY = Tp @201 (30 L)) roon o pn-amy
k=1
1

S ) L Y B). 2.
C(n—dR)JFM?@F ‘f‘O( ) ( 6)

Additionally

1 1
o dnoF = (1;[ T ) O

= [« (V@) (2.7)

by (1.9) and (2.4), where the product converges absolutely. Finally by (1.8) and (2.3)
we have (n— D)2" 13 5 = w.(V(R)). Together with (2.6) and (2.7) this implies
(2.1). O

2.1.1 The general setting

The formula (2.1) belongs to a wider family of predictions for the number of rational
points of bounded height on varieties. In the most general setting one can consider a
number field K, a projective variety V' over K whose canonical class is not effective
and a height function h, associated to an ample, adelically metrised line bundle £

on V. In this case, Manin and Batyrev [BM90, Conjecture C'] propose that
#{X € U(K) : hyx(X) < B} = C(log B)" 'B*(1 + 0(1)) (2.8)

as B — oo where a € R and ¢t € N are explicit constants, U C V is a suitable Zariski
open subset and C' is some real constant. Manin and Batyrev [BM90, Conjecture B’|
and Franke, Manin and Tschinkel [FMT89, (0.2)] consider in particular the case
when V' is Fano, that is it has ample anticanonical class. In this case a« = 1 and
t = rank PicV, where rank PicV is the rank of the Picard group of V as a free
Abelian group.
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Peyre [Pey95, Conjecture 2.2.1] gives an explicit formula for C' when V' is a smooth
Fano variety and h, is the usual anticanonical height. Batyrev and Tschinkel [BT98]
give such a formula whenever V' is “L-primitive”. This is more general, including for
example the case when h, is the anticanonical height and V' is Fano with at worst

canonical singularities.

2.1.2 Counterexamples

As we have stated it, Conjecture 2.1 will fail if V' violates the Hasse principle, since
the right-hand side of (2.1) will then be positive and the left-hand side will be zero.
More generally one expects the conjecture to fail if the points V(Q) are not Zariski
dense. One should then ask for the more general conjecture (2.8) to hold for any
suitably large number field K.

This is not always the case, however. Tschinkel and Batyrev [TB96] construct
a smooth Fano variety V' such that (2.8) fails for every number field K containing
v/—3, every open subset U and every height h,; associated to a metrisation of the
anticanonical bundle. Loughran [Loul5| constructs such a V' for any given number
field K. It may also be the case that Peyre’s prediction for the constant C' fails, even
if the asymptotic (2.8) is correct, see Le Rudulier [LR14, Théoreme 4.2].

Browning and Loughran [BL17] discuss a number of counterexamples to a uniform
version of (2.8) in which the open set U is not allowed to depend on the choice of
height h,. In particular, in their Example 3.6 they construct a counterexample which
takes the form V(H), where H is a nonsingular system of two quadratic forms in 6
variables such that V(H)(Q) is Zariski dense. This suggests that Conjecture 2.1 may
fail to hold even when V(Q) is Zariski dense.

One may obtain a revised conjecture compatible with all of these counterexamples
by following a suggestion of Peyre [Pey03, §8]. If V' is a Fano variety over a number
field K, and V(K) is Zariski dense, then this conjecture states that

#{X € V(K)\ Z : hyx(X) < B} = C(log B)**PV)=1 B(1 4+ o(1))

as B — oo, where the constant C' agrees with the conjectures of Peyre [Pey95] and
Batyrev and Tschinkel [BT98], and Z is a thin set in the sense of Serre [Ser08, §3.1].
That is, Z is a finite union of sets each of which is contained either in a proper
subvariety of V', or in the image of the K-points of an irreducible variety W under a
generically finite dominant morphism of degree at least 2. This possibility is discussed

at greater length by Browning and Loughran [BL17].
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2.2 The Davenport-Heilbronn circle method

We now consider a variant of the circle method devised by Davenport and Heil-
bronn [DH46], which we use in Chapter 6 to prove Theorems 1.8 and 1.9. The
notation defined here, in particular (2.11), (2.12), (2.16) and Definition 2.3, will be
used throughout that chapter.

Let the system f be as in §1.1. As in Theorem 1.8, one hopes to prove that

#Hx € 2" |zl < P [ f(@)]l < 5} = (1+0(1))T pra P~ (2.9)

as P — oo, where jf[d] is a real constant.
Let the box Z# and the sum S(a; P) be as in §1.3 and let ¢ be a continuous,

compactly supported function on R which takes values in [0, 1]. We have

[ persiaip)da= 3 wlf@) (2.10)

xTEL™
x/PeXB

where we write ¢(a) = [ @(t)e(—a - t) dt for the Fourier transform. If f is nonsin-
gular, n is large and f9 is irrational in the sense of Definition 1.7 then we expect the

main term in (2.10) to come from small values of a in the following sense. For each
P >1and A € (0,1) define

Cpan = [-PA~4, PAI", (2.11)
cpaa =R\ Cpga. (2.12)

Historically €p4 A been called the major arc. Drawing on Briidern et al [BKW12] we
avoid ambiguity by referring to €p4a as the central arc and cpga as the complemen-

tary arcs. Then one expects that for an appropriate choice of A we have
/ S(a; P)p(ar) da = $(0)T piay 5y P~ 4+ O ,(P*H70) (2.13)
Cpa,A

for all P > 1, some jf[d]’% > 0 and some 0 > 0. Following the circle method as
described in §1.3, one might hope that

/ S(a; P)p(a) da <5 PP (2.14)
CP,d,A

for all P > 1 and some ¢ > 0. Writing X[_1 1R for the indicator function of [—3, %]R7
we could then try to deduce (2.9) by setting # = [—3,3]" and letting ¢ tend to

X 7 pointwise.

_11
272
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However (2.14) may be false, for example if the coefficients of f are extremely
well approximable by rational numbers. In such cases one might still hope for some
bound of the form

/ S(e; P)o(a) do = o( PR, (2.15)

CP.d,A

Except on the central arc or major arcs, upper bounds for S(a; P) typically include
an extra multiplicative factor of size at least (log P)°W. But the o(1) term in (2.15)
might tend to 0 very slowly, more slowly than (log P)~¢ for any ¢ > 0. As a result
there are irrational systems f for which the bound (2.15) seems at present to be
beyond reach. Largely for these reasons, the original method of Davenport and Heil-
bronn [DH46] is limited to a special sequence of values of P at which (2.14) holds,

and cannot prove (2.9).

2.2.1 Freeman’s innovations

Freeman [Fre01, Fre02, Fre03], building on Bentkus and Gétze [BG97, BG99], intro-
duced a variant Davenport-Heilbronn method which is capable of proving the asymp-
totic formula (2.9). Given P > 1, o € R and an infinitely differentiable, compactly
supported function w on R™ taking values in [0, 1), we define an exponential sum
Srw(a; P) =Y e(a- f(x))w(z/P). (2.16)
@ezn
As in (2.10) let ¢ be a continuous, compactly supported function on R which takes

values in [0, 1]. By Fourier inversion,

> o(f(@)w(m/P) = /RR Stu(c; P)p(ar) dex.

xeZn

Freeman’s course of action is to show that for some A € (0,1) we have

| Srates Pty dac= (03P 1 OPY), )

Cpd,n

/ St.w(; P)p(a) da = o( P"~H) (2.18)
CP.d,A

as P — o0o. One can use Weyl differencing to obtain upper bounds for a smoothly
weighted sum S, (o; P) without introducing extra logarithmic factors, in contrast
to the situation for S(a; P) described after (2.15). This makes (2.18) more easily
accessible than (2.15).

One aims to deduce (2.9) from (2.16)—(2.18). This requires the error terms in
(2.17) and (2.18) to depend in a controlled way on the weights ¢ and w. It is conve-

nient to introduce smoothness classes of the following kind.

26



Definition 2.3. Write k for a sequence of positive reals (kg, k1, ko, ...). We write
¥ € S(k, k) if ¥ is an infinitely differentiable function on R¥, supported on [—2,2]",
such that

dI9(t)
Ot - Oty

kj

for all t € R* and j,4y,...,i; € N. We write Poly, (k) for a polynomial in finitely
many of the k;, with coefficients depending at most on d and n, and which may vary
from line to line. We adopt the convention that the implicit constants in O(-) and
< notation may depend on the sequence k only by having a multiplicative factor of

the form Poly, (), so that for example Oy .(-) means Poly,,, (k)Oy(-).

The strategy is establish the bounds (2.17) and (2.18) for all ¢ € S(k, R) and
w € S(k,n) with an error term which depends polynomially on . Then one chooses
© to be a function which converges pointwise as P — 0o to the indicator function of
33"
of [-1,1]". In order for ¢ € S(k, R) and w € S(k,n) to hold one needs that x; — oo

, and similarly one chooses w to converge pointwise to the indicator function

as P — oo for each fixed j. However the error terms in (2.17) and (2.18) will still be
negligible so long as ; does to tend to infinity too quickly. This allows one to recover
the unweighted asymptotic (2.9).

The principal challenge is the bound (2.18) for the integral over ¢cpga. When f is
diagonal Freeman [Fre03] arranges for S, (a; P) to factor as a product of exponential
sums in one variable, and using major and minor arc estimates for these one-variable

sums he is able to prove (2.18). We use a different strategy.

2.2.2 Our approach

We prove the estimate (2.17) in §6.3.1. We then tackle (2.18) in §6.3.2 via the sharp
mean value (6.46). This takes the form

dR—§ |Sfw(a; P)| ’ dR
/leM(a; P)lda < P"4"° + (sup —) P (2.19)
E acE pn
and is valid for some § > 0, any w € S(k,n), any P > 1 and any measurable set F
is contained in a hypercube of side length 1 in R¥. In the case when f 4 is irrational

this is combined with the uniform upper bound (6.4) which is of the shape

sup |Srw(os P)| < Polyy,(k)§(P)P" (2.20)
acRE
PA*d<||aHo€O<£(P)*1P*P
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where ¢ is some decreasing function, taking positive real values, such that £(P) — 0
as P — oo. Although the details vary, applications of Freeman’s method can typically
be rephrased in this way if desired; compare for example formulae (1.5) and (1.6) of
Wooley [Woo003] and the subsequent comments.

In §6.3.2 we will prove the sharp mean value (2.19) by an e-free repulsion estimate
from Proposition 6.1, and deduce (2.18) using (2.20) and the rapid decay of ¢. In the
case d = 2 this essentially reproduces work of Bentkus and Gotze [BG99, Theorem 5.1]
and Miiller [Miil08, Lemma 4]. Then in §6.3.3 we deduce (2.9) following the strategy
outlined in §2.2.1.

In fact we address a slightly more general problem. Recall that in Theorem 1.9
we considered the inequality || f ()|, < 2P? for some p € (0,d — 1], rather than
1f(x)]|, < % asin (2.9). In order to deal with this we actually carry out the
argument sketched n §2.2.1 with ¢(f(x)) replaced by p(P~* f(x)) and ¢(a) replaced
by PPRG(PPar) for some p € [0,d — 1]. We then specialise to the case p = 0 to prove
Theorem 1.8, and to the case p > 0 to prove Theorem 1.9.

2.3 Auxiliary results

In this section we collect together results which will be needed later.

2.3.1 Eigenvalues and minors

We give some results on real matrices for use in §4.4.2. We need the following relatively

straightforward fact; we include a proof for the reader’s convenience.
Lemma 2.4. For each k,¢ € N, let
Tk’g:{aENkzlgal<---<ak§€}.

This set has (f;) members. For each k,{,m € N such that k < min{¢, m}, and each

¢ x m real matriz L, define an (ﬁ) X (ZL) real matriz L¥ by

k k
L[k] = (LLI])GET;C,LbéTk,m’ LLI]) = det((L )1<’L j<k)

so that the LZC,]) are the k x k minors of L. For all { x m matrices L, all m xn matrices
M and all k < min{¢,m,n} we have (LM)¥ = LIFIMI - That is, we have

(LM)oy = > LE M. (2.21)

’wGTk m
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Proof. Let e, ... e(™ be the standard basis of R™. Fix L,a,b; then each side
of (2.21) is an alternating multilinear form in those k& columns of M whose indices
appear in the vector b. This is some k-tuple of m-vectors.

Given the value of an alternating multilinear form at the k-tuple eV, ... e(*)
for each z € T}, ,,, one can extend by linearity and the alternating property to find its
value at any k-tuple of m-vectors. In other words, it suffices to check (2.21) when, for
some z € Tjpm, the k x k submatrix (M., )1<ij<k is the identity and all other entries
of M are zero. In this case both sides of (2.21) are equal to MZUZ] ]

We next relate the size of the minors of a matrix M to the eigenvalues of MT M.

Lemma 2.5. Let M be a real m xn matriz. Recall that MT M is positive semidefinite
and symmetric. Let the eigenvalues of MT M be A2, --- | A% in decreasing order, where
the A; are nonnegative and in decreasing order. That is, the A; are the singular values
of M, listed in decreasing order.

In particular, if M is a symmetric matriz, then the A; are exactly the absolute
values of the eigenvalues of M, by diagonalisation.

Given a natural number k with k < min{m,n}, let A® be the vector of k x k

minors of M, arranged in some order. Then the mazimum norm HA(k)Hoo satisfies
||A(/<r)||Oo Zom A1 - A (2.22)

Proof. Let the sets T}, , and the matrices L¥ be as in Lemma 2.4. Let O be an n X n
orthogonal matrix such that O’ M7 MO is diagonal. Let A(k) be the vector of k x k
minors of MO. We claim that the norms ||5(k)||
size.

Lemma 2.4 shows that (MO)¥ = MMOW  and since (OT)MOMW = [H and

(OT)[OI% = O[ﬂki we see that O is orthogonal. Hence the maximum norm of the

_ and [[A®]||__ are of comparable

entries satisfies
~ (k)
1A™ ]| = [(MOYH]| < [MY] = AP ..

So in proving (2.22) we may assume that M7 M is diagonal with diagonal entries AZ.
We have

Z Azl'”Aik: Z (MTM)[f(]z

aGTkyn GETk’n

= > (ML), (2.23)
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by (2.21). The left-hand side of (2.23) is =<, A?--- A2, and the right-hand side is
Znn AP 2, s0 this proves (2.22). O

The next lemma shows, roughly speaking, that if there is no linear space of a given
dimension on which M is uniformly large, then there must be a space of greater than

the complementary dimension on which M is uniformly small.

Lemma 2.6. Let M be a real m x n matriz. Let k € N such that k < min{m,n}

holds. For any C > 1, either there is an (n — k + 1)-dimensional linear subspace X
of R™ such that

IMX|,, <C X for all X € X, (2.24)

or there is a k-dimensional linear subspace V' of R™, spanned by standard basis vectors
of R™, such that

M| >mn C v, for allv € V. (2.25)

Proof. Let Ay,..., A, be as in Lemma 2.5. Let X be the span of the A?-eigenvectors
of MT M, where i runs from k up to n. Suppose that X does not satisfy (2.24). Since
MTM is orthogonally diagonalizeable , we have X" MTMX <, || X||> A2 for all
X € X. It follows that

IMX | <o XA
for all X € X. We assumed that (2.24) is false, and so we must have
Ag > O (2.26)
We claim that there is a k-dimensional linear space V' C R"™ such that
| Mol >mn ||| Ak, forallv eV, (2.27)

and that we may take V to be a span of k standard basis vectors e in R". Then
(2.25) follows from (2.26) and (2.27), which proves the lemma.

It remains to find a span of k standard basis vectors which satisfies (2.27). As in
Lemma 2.5, let A® be the vector of k x k minors of M.

By permuting the rows and columns of M, we may assume that

||A(k)||oo = |det(Mij)1gi,jgk|- (2.28)
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Let V be the span of the first k£ basis vectors, and let v € V. If we apply the same
permutation to the v; and to the first k£ rows of M, then both sides of our claim (2.27)
and our assumption (2.28) remain the same. By applying such a permutation we may
assume [|v||_ = |v1].

Since v; = 0 for 7 > k, one has the identity

My - My, (M’U)1 My -+ My,
. (v le(n_1)) _
My -+ My, L (Mv), My -+ My

O(n—k)xk ‘ Iy, O(n—r)xk ‘ Iy,

where we have divided each matrix into three blocks, and 0,, stands for a p x ¢ block
of zeroes. By (2.28) we have v, - |AW||__ for the determinant of the left-hand side.
Expanding the determinant of the right-hand side in the first column, we find that it
is equal to

[cen

S (1) (M), det((My )iz,

k
/=1 J=2,...,

So we have [|[A®||_ v < |Mo|_||A*V|_. By Lemma 2.5, this implies that
Apv1 L |Mo|| . As |||, = |vi1], we have shown that (2.27) holds. O

2.3.2 Geometry of numbers

Recall the notation || - ||/, defined in §1.1. The goal of this section is Lemma 2.11,
which shows that if L is a real matrix and || Lu/g ; is small for a large proportion of
integral vectors w of bounded height, then ||L|[  is small. This will be used in §6.4
to treat irrational systems of forms.

For the proof we use the geometry of numbers. We begin with some terminology.

Suppose that A is a lattice in R”, that is, a set of the form
k
{Z ait(’) ta € Z’“}
i=1

where the t® are some k linearly independent vectors in R¥. We call tM, ... ¢t a

basis of A. The determinant of A is the quantity
det A = det (M | ... | ¢®),

where (M | ... | t®) is the matrix with columns t*). The determinant of A is

independent of the choice of basis ).
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If F'is a non-negative real function on R¥, then for i = 1,..., k we define the ith
successive minimum of F' with respect to A to be the smallest positive real number
M, such that there are ¢ linearly independent vectors t in A with F(t) < M;. Observe
that these successive minima are well defined, and that M; < --- < M. We can

relate these to det A as follows.

Theorem 2.7 (Minkowski’s second theorem). Suppose that F is a norm on R*. Let
M, ..., M, be the successive minima of F with respect to a lattice A. Suppose that
the set {t € R": F(t) < 1} is convex. Then we have

2k i
et A < (H Mi))\{t e RY: F(t) < 1} < 28 det A,
i=1

where \ is the Lebesque measure.

For a proof, see Theorem V in §VII1.4.3 of Cassels [Cas97]. It is often useful to
pick a basis of the following kind.

Lemma 2.8. If F is a norm on R¥, and M, ..., My, are the successive minima of F
with respect to A, then there is a basis tV ... t*®) of A such that 2F (%) < iM;.

This is the Corollary to Theorem VII in §VIIL.5.2 of Cassels [Cas97]. We quote

one more result, relating the M; to the counting function of the lattice A.

Lemma 2.9. Let A be a lattice in R* and let My, ..., My, be the successive minima
of the norm || - ||, with respect to A. For each r > 0 there exists { € {0, ..., k} such
that
-
#{te A |t <r}=s ML (2.29)

where the implicit constants depend only on k.

Proof. This is Lemma 12.4 in Davenport [Dav05]. The statement of that result has
a Euclidean norm V&7t in place of the maximum norm |t]|.- These norms are
equivalent, that is we have V7t =, |t]|., and so up to adjustments in the implicit
constant in (2.29) this is equivalent to the result as we state it. Additionally, to
simplify the proof Davenport states his result on the assumption that det A = 1. We
are free to scale the lattice A by some real constant to ensure that this condition is

satisfied, and the lemma follows. n

In order to prove Lemma 2.11, treating ||Lv|| sz, for a real matrix L and integral

vectors v, we specialise to a particular lattice and norm.
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Lemma 2.10. Let L be a real m x n matrixz and let C, P > 1. Let F be the norm on
R™ x R™ given by

F(u,v) = maX{PHu — Ly, P*1HUHOO}.

Let My, ..., M,,, be the successive minima of F' with respect to the lattice Z™ X 7.

Suppose that
#{veZ":|vll, <P | Lvlg, < P~} >ma PP (2.30)

for some sufficiently large implicit constant depending only on m and n. Then
#{veZ": vl <P |[Lollpy < P~} <o [[ M7 (2.31)
i=1

Proof. We will begin by proving that

’

#Ho ez ol < P |l < P} = [[ 7 (2.32)

i=1
for some 0 < n’ < n + m, where we interpret the empty product H?Zl = (0 as zero.
We consider the lattice A in R™ x R™ defined by

A ={(P(u— Lv), P"'v) : (u,v) € Z™™}.

We defined the M; to be the successive minima of F' with respect to Z™ x Z™. But
these are identical to the successive minima of || - || with respect to A. So Lemma 2.9
shows that

#{te A |t <1} =pun I_IM[1 for some 0 < n' < n+m,
i=1

which is exactly (2.32). In order to show that n’ = n in (2.32), we claim that

P'< M; <pmn P foreach i =1,...,m +n, (2.33)
and that
m+n
I 27t =m P (2.34)

i=1

We have F(u,v) > 1/P for any (u,v) # (0,0), which implies the lower bound
in (2.33). For the upper bound, let dW. ... d™ be the standard basis of R™, let
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e, ... e™ be the standard basis of R" and for each i write [Le’] € Z™ for an
integer vector such that ||Le® — [Le®]|| , = ||Le® ||y, holds. We then have a basis
of Z™ x Z given by

(d,0).....(d™,0). ([Le®].e), ... ([Le™], &™),

The first 7 vectors from this basis form a linearly independent set, and by the definition
of the successive minima above Theorem 2.7 this proves the upper bound in (2.33).

For (2.34) we apply Theorem 2.7. This gives us [ M, <, L dt, and
(2.34) follows since

/ dt = / / dudv = 2" prm, (2.35)
F(t)<1 vl <P J[lu—Lo||  <P~!

Now suppose that n’ > n in (2.32). Then (2.33) and (2.34) give

J F(t)<

m+n

#{v ez ol <P [|Lollyy < P} =pn P T M
i=n’+1
<<m,n Pn—um—l

— Pn—l

which contradicts our assumption (2.30). If instead n’ < n in (2.32), then (2.33) gives

/

#{'U €Z": vl <P, ||Lv||]R/Z < P_l} ~m,n HMi_l <P

i=1
again contradicting our assumption. This proves that n’ = n, and so (2.31) holds. [

We can now state the main lemma of this section.

Lemma 2.11. Let ||-||g/z be as in §1.1. Let C' > 1 and let L be an m x n integer
matriz. Suppose that P >, , C'" and that

#{veZ": vl <P |Lollg, <P '} >CP"

Then
gLl <mn CP~2 (2.36)

for some q € N satisfying ¢ = Oy, n(C).
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Proof. Let the norm F' and the successive minima M; be as in Lemma 2.10. The

assumptions of Lemma 2.11 ensure that
#{v eZ" vl <P, ||Lv||R/Z < P_l} >mn prt

for some sufficiently large implicit constant. Hence we may apply Lemma 2.10 to
show that

[[M7" >, Cc7' P (2.37)
=1

We apply Lemma 2.8 to find a basis (u®,v®?) € Z™ x Z" (1 <i < m+n) of R™ x R"
such that

[ut = LoV, < SMP7, lo®l < 5MP (2.38)
We then define two integer matrices, of size m x n and n x n respectively, by

U= (ub| | u(”>),
Vo= (o] | 0™, (2.39)
and set
q = |det V.
Note that ¢ € NU {0}. If we write V¥ for the adjoint, then we have
lgLllz)z < IUV* — gLl
= (U= L)V
<<m,n P72 HMZP>
i=1
by the definition (2.38). Together with (2.37) this implies that (2.36) holds. We claim
that ¢ # 0, and that ¢ <, , 1.
Suppose for a contradiction that ¢ = 0, so that det V= 0. Let W be a nonsingular
square submatrix of V' of maximal size. Considering the columns of the adjoint

Wadi one can construct a vector w € Z" \ {0} with Vw = 0, such that the bound
|w|, <man [T, [P, holds. Then we have

[Uw]|| = [Uw — LVw]||
L [[ILV = Ul - lw]

Lo (M P ] M P,
i=1
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by (2.38). Now, by the same argument as in (2.33), we have M; > P~! for each i. So

we must have

|Uw| K P72 T[(M:P)?.
i=1
By (2.37), it follows that |Uw|| <, P~2C~2. But by assumption we have P >>,, ,
C, and so since Uw is an integral vector it must vanish. But then both Uw and
Vaw vanish while w is nonzero, which is impossible as the (u®,v®) are linearly
independent. So we have ¢ # 0.
It remains to show that ¢ <, C holds. It suffices to observe that by (2.39) we

have

¢ < [ 1071
i=1
and by (2.38) this is

=1

A final application of (2.37) proves the claim. O

2.3.3 Schmidt’s Subspace Theorem

In §6.4 we will treat systems of forms with algebraic coefficients using a corollary to

the following celebrated theorem of Schmidt.

Theorem 2.12 (The Subspace Theorem). Let Li(x), ..., L,(x) be linearly indepen-
dent linear forms with real or complex algebraic coefficients and let 6 > 0. Then there
are finitely many proper linear subspaces Ty, ..., T, of Q" such that every nonzero

integral vector x € 7" \ {0} satisfying
-5
[ Li(z) - - L ()] < [l
is contained in one of the spaces T;.

For a proof, see the original paper by Schmidt [Sch72] or the textbook by the
same author [Sch80a, Theorem 1F, p153]. The result we use is the following.

Corollary 2.13. Let M be a nonsingular m x n matrix with real algebraic entries,
with m < n, such that Max = 0 has no integral solutions. Then for all nonzero

integral vectors x € Z" \ {0} we have

M|y >are [l S (2.40)

o) :
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Proof. We proceed by induction on n. If n = 1 then we must have m = 1, and the
result is trivial, merely stating that |[Mxz| >y ||~ for all nonzero real algebraic
numbers M and integers x. Suppose that n > 1 and that m < n.

Without loss of generality, by permuting the rows and columns of M if necessary,
we may assume that the leading minor (M;;) is nonsingular. Define linear

forms Lyi(x), ..., L,(x) by

1<ij<m

J=1

Our assumption that (M) is nonsingular ensures that the L, are linearly

1<i,j<m
independent.

Let & € Z". By the Subspace Theorem (Theorem 2.12), we either have & = 0, or
1La(@) - - Ln (@) > |2 (2.42)

or else x is contained in one of a finite collection {77, ...,T,} of proper linear sub-
spaces of Q", which depends only on M and e.
If & = 0 then (2.40) is trivial. If (2.42) holds, then (2.41) implies that

M|l ]|25 = el

and hence (2.40) holds. It remains to consider the case when @ € T; for some partic-
ular 7.

Let dimT; = n/, so that n’ < n holds. All integral points in T; are Z-linear
combinations of vV, ... v™) for some rational vectors v*¥) € T, depending only
on M,i and e. We define a matrix V = (v|...|v™)), so that the integral vector
x € T, NZ" satisfies

z=Vy (2.43)

for some y € Z™ \ {0}.

Consider the m x n’ matrix MV. Write m’ for the rank of this matrix. Let M’
be an m’ x n’ matrix constructed by taking the first m’ linearly independent rows of
MYV and discarding the remaining rows. Then the matrix M’ is a nonsingular m’ x n/
matrix depending only on M,i and €, and the inequalities m’ < n’ < n hold. By

induction we have
IMVyll o >w eyl " (2.44)

0 .

Since ||y|| o, =mie [|VYll, and ¢ is drawn from a finite set depending only on M and
€, we see from (2.43) and (2.44) that (2.40) holds. O
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Chapter 3

Repulsion and the circle method

In this chapter we will estimate the number of solutions to systems of Diophantine
equations, conditional on an upper bound for the counting function N5 (B) from
Definition 1.6.

Recall the system f from §1.1 and the exponential sum S(c; P) from (1.16).
Following the plan sketched in §§1.3.2, we will be able to apply the circle method to
the equations f(x) = 0 provided that the repulsion principle

in |20 P),|Sto )

Pn+e Pn+e

‘} < Cmax{ P48, |8157}* (3.1)

holds for some € > dR, C' > 1 and € > 0 and all o, 3 € R and P > 1. Recall from
(1.17) that the left-hand side of (3.1) depends implicitly on %, and recall from the
comments after (1.25) that if 8 = 0 then we interpret the right-hand side of (3.1) to
be +oo0.

Proposition 3.1. Let f be as in §1.1 above and let P > 1. Assume f € Z[x|® has
integral coefficients, and that the leading forms f\%(x) are linearly independent. Call
a box in R™ an admissible box if it is contained in the box [—1, 1]R, and has sides of

length at most 1 which are parallel to the coordinate axes. Write
Nf7g(P) = #{m S QZ/P € %, _f(a:) = O}

Suppose we are given € > dR, C' > 1 and € > 0 such that the bound (3.1) holds for
all a, B € RE, all P > 1 and all admissible boxes HB. If € is sufficiently small in
terms of €, d and R, then we have

Nf,%(P) = ’Jf[d]“%GfP”—dR + Oc’f(Pn_dR_‘s)

for all P > 1, all admissible boxes 2B, some J s 5 > 0 depending only on f and A,
some & > 0 depending only on f and some § > 0 depending only on €, d and R.
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Proposition 3.1 is proved in §3.1.3. The constants J sl o and G have the following
explicit description (compare (1.8) and (1.9) above).

Proposition 3.2. In Proposition 3.1 we may take Jga 4 and Sy to be the usual

singular integral and series given by
Tpa,5 = Hm emMt R St € B, || fA)|,, <1} (3.2)

and
Sy = Hkh—{rolo m#{b €{1,2,....p"}": f(b) =0 mod p*}, (3.3)
p

where the product is over primes p and converges absolutely. If the equation f(x) =0
has a solution lying in the box % for which the Jacobian matriz (0fi(x)/0x;); is
nonsingular, then Jgpa 4 is positive. If, for each prime p, the equation f(x) = 0
has a solution in p-adic integers for which the Jacobian matriz (0f;(z)/0x;),; is

nonsingular, then Gy is positive.

Proposition 3.2 is proved in §3.1.4. Our last result of this chapter, proved in §3.2.2,
gives conditions for the hypothesis (3.1) to be satisfied.

Proposition 3.3. Let f be as in §1.1, and let N$*™(B) be as in Definition 1.6.
Suppose that the forms fi[d] are linearly independent, and that we are given Cy > 1
and € > 0 such that for all 3 € RE and B > 1 we have

N3™(B) < CoBU-In=2"¢ (3.4)

Let € > 0. Then there exists C' > 1, depending only on Cy, F9 and e, such that the
bound (3.1) holds for all P > 1 and all o, 3 € RE.

3.1 The circle method

The proof of Proposition 3.1 divides into minor and major arcs, as described in §1.3.

3.1.1 The minor arcs

Our aim in this section is to assemble two lemmas which can be used to prove the
minor arc bound (1.22). Lemma 3.5 shows that it suffices to have the repulsion
principle (3.1), together with a bound for the supremum of |S(c; P)| on the minor
arcs, which will be provided by Lemma 3.6.

We begin with a technical lemma concerning repulsion-type estimates of a very

general kind.
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Lemma 3.4. Let 1 : (0,00) — (0,00) be a strictly decreasing continuous function,
and let 5 : (0,00) — (0,00) be a strictly increasing continuous function. Write ri*
and ry* for the inverses of these maps. Let v > 0 and let Ey be a hypercube in RT
whose sides are of length v and parallel to the coordinate azes. Let E be a measurable
subset of Ey and let p : E — [0,00) be a measurable function.

Suppose that for all o, B € R such that a € E and o + B € E, we have

min{g(e), ¢l + B)} < max{r " (Bl.), r2 ' (18ll.) }- (3.5)

Then, for any integers k and ¢ with k < £, we have

/-1

[Ew(a) doe g sz’“+;2¢<$&7”}>3

+ ( _n(®) V}>Rsup p(a), (3.6)

min{ry(2¢), acE

where the implicit constant depends only on R.

Note that if we choose
o(a) =|S(a; P)|/CP™ e, r(t) = P~ ro(t) =t/
then the hypothesis (3.5) is precisely the bound (3.1).

Proof. The strategy of proof is as follows. We deduce from (3.5) that if both p(a) >t
and p(a + B) > ¢t hold, then either ||3||,, < ri(t) or ||B]|,, > r2(t) must hold. From
this we will show that the set of points a satisfying the bound ¢(a) > t can be
covered by a collection of hypercubes of side length 2r;(t), each of which is separated
from the others by a gap of size 37r2(¢). The lemma will follow upon bounding the
total Lebesgue measure of this collection of hypercubes.

For each t > 0 we set
D(t)={a € E: p(a) >t} (3.7)
Observe that if o and a + 3 both belong to D(t), then (3.5) implies that

max{rfl(HﬁHoo) HIBH } >t

from which it follows that either ||| < r1(¢) or || 8], > r2(t) must hold.
Let a be any hypercube in R whose sides are of length 57"2( ) and parallel to the
coordinate axes. We claim that a N D(t) is contained in a hypercube B whose sides

are of length 2ry(t).

40



To see this let a be any fixed vector lying in a N D(¢), and set

A={a+B:BeR" Bl <m(t)}

If a + B belongs to a N D(t), then by definition of b the bound [|B]l, < ira(t)
must hold. In particular |8, < r2(t), so by the comments after (3.7) the bound
18]l < r1(t) must hold. This shows that a4+ 3 € 2, and hence that a N D(t) C A,
as claimed. In particular the Lebesgue measure of a N D(t) is at most (2r(¢))%.
The set D(t) is contained in FEy, a hypercube of side length v. Thus, in order to

cover the set D(t) the number of boxes b of side length 1r,(¢) one needs is at most

R

min{ry(t), v}

<R

Summing over all the boxes b, it follows that

AD(1) <r (%) R, (3.8)

min{ry(t),

where A is the Lebesgue measure. Consequently we have

/Ego(a) do = / ola)da + Z / o(a) da
EN(D(2)\D(2"+1))
+ / o(a) da

END(2¢)
-1

< vR2F 43 T 2IN(D(27) + A(D(2)) sup p(a).

i—k ack
With (3.8) this yields (3.6). ]
We now apply Lemma 3.4 to deduce mean values from bounds of the form (3.1).

The following result is stated in greater generality than is strictly required here, so

we may apply it to forms with real coefficients in Chapter 6.

Lemma 3.5. Let T be a comples-valued measurable function on RE. Let Ey be a
hypercube in RE whose sides are of length v and parallel to the coordinate axes, and

let E be a measurable subset of Ey. Suppose that for some P > 1 and some € > 0,

min{ ‘ T](Df)

the inequality

| 'T(ap—: ﬁ)‘} < max{ P8I, I1B1Z7}" (3.9)
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holds for all o, B € RE. Suppose further that

sup|T(a)| < P"™° (3.10)
ack
for some 6 > 0. Then
(VRPn—% 4 Pn—‘ﬁ—(d—l)R ’Lf ¢ < R
yRpn=?¢ + PR ]og P if¢ =R
/ T(a)da < { vEP"™7 4 pr—dR=5(1-%) if R< % <dR (3.11)
e VRP=Clog P+ PriR-0-2) il ¢ = dR
\VRPndef(S(lf%) + Pndefé(lf%) if € > dR,

with an implicit constant depending only on €,d and R.

In §3.1.3 we will take T(a) = C7'P~°S(ax; P) where C is as in (3.1). We
will take E to be the minor arcs mpga from (1.20). We will need to prove that
medA S(e; P)dae < P"48=% for which only the case € > dR of the bound (3.11)

will be satisfactory.

Proof. We apply Lemma 3.4 with

T
ple) = LNy = oty g =g (s
noting that the bound (3.5) then follows from (3.9).
It remains to choose the parameters k£ and ¢ from (3.6). We will choose these so
that the right-hand side of (3.6) is dominated by the sum Zf;,i, rather than either

of the other two terms. More precisely, take
k= [log, P77, ¢ = [log, P~°], (3.13)
observing that
Ip7 <2k <p? prlh<2t<ap (3.14)

We may assume that ¢ > §, for otherwise the bound [, T'(er) dov < v*P"~°, which
follows from (3.10), is stronger than any of the bounds listed in (3.11). We then have
k < ¢ and so this choice of k,¢ is admissible in Lemma 3.4. Hence (3.6) holds, and

substituting in our choices (3.12) for the parameters yields

/-1 —do—i R
T ()] Reok ( vpPTi2ie
—d 2 2! .
/E pn aLpV + ; min{Q(d_l)z/%7 v}

+( y Pt/ >R 1T ()]

—_— 3.15
min{20@-D/% p} iﬁ% pr (3.15)
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By (3.10) and (3 14) we have sup,cp % < 2° and so we may extend the sum in
(3.15) from 3¢~} to 327, to obtain

| Rok i VP_dQ_i/%) f
/ N o < 172 +Zz (2 )

Since .
P—d2—z/(@”
min{2(d-1i/¢ 1}

< P~ d2 di/€ +V_1P d2—z/‘€

we deduce that

’ ¢
T ‘ '
Note that
, ok(1—dR/)  if ¢ < dR
Z 9i(1-dR/?) <4dR (— k if% =dR
i—k t—dR/C) it ¥ > dR.

Recall from (3.14) that we have 2F > %P’%& and 2¢ < 2P7% and observe that by
(3.13) the bound ¢ — k < 2 4 € log, P holds. It follows that

¢ pe—dr if € <dR
D 2D <o ap S log P if € =dR
i=k p=31—dR/%) if ¢ > 4R,

and reasoning similarly for 33¢_, 2/0-R/%) we deduce from (3.16) that

vRok 4 yRp=¢ + pro¢d=DR if ¢ <R
pRok 4 yRp=%¢ + P~ ]og P it =R
< vk 4 yRp=7 4 pTdR-0(=R/E)if R <« € < dR

vRF 4 yEP=%log P 4 pTdR-0(=R/E) if @ = dR
VRzk 4 VRP—dR—(S(l—dR/%) 4 P—dR—(S(l—R/‘K) if € > dR

with an implicit constant depending only on %, d, and R. One final application of
the bound 2F < P~ from (3.14) completes the proof of (3.11). O

Recall from (1.11) the quantity oz(F') € {0,...,n}. We have

[y =1 dim S (d] 3.17
oz(f'") +a§£3§0} im Sing(a - f'“). (3.17)

In terms of this quantity, we have the following upper bound for S(a; P) on the minor

arcs mpga from (1.20).
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Lemma 3.6 (Dietmann [Diel5], Schindler [Sch15]). Suppose that the polynomials f;
have integer coefficients. Let S(a; P) be as in §1.1, let A € (0,1), let mpga be as in
(1.20), let oz(fU) be as in (3.17) and let € > 0. Then we have

sup |S(e; P)| Kan pie pr—Adote

acmp 4 A

where the implicit constant depends only on d,n, R and €, and we write

n —oz(f1)
0p= ————. 3.18
7 (d—-1)2¢'R (3.18)
Furthermore we have dg > m whenever the forms fi[d] are linearly independent.

Proof. This follows from Lemma 4 in Dietmann [Diel5], or from Lemma 2.2 in
Schindler [Sch15]. Indeed the comments at the start of the proof of Schindler’s The-
orem 1.1 show that those two results are equivalent. In either author’s work, by

choosing the parameter 6 to be

A—c¢
0= ——
(d—1R
we find that for each P > 1, either
S(a; P) < g, P 8%0T00r() (3.19)

or else there exist ¢ <gn.r P27 and (ay,...,ar,q) = 1 such that
lae = 2|, g PE°

Taking the parameter P to be sufficiently large in terms of d,n, R and e, this shows

that the inequality |ja — % < P27 holds; since this contradicts the assumption

[
a € mpy A we conclude that (3.19) holds.

Provided the forms fi[d] are linearly independent, the variety V(a- f [d]) is a proper
subvariety of P%_l for each a € Z%\ {0}, and so oz(f¥) < n — 1 holds, by (3.17).

This implies that 6y > (

m , as claimed. O

3.1.2 The major arcs

Let A € (0,1), and recall the major arcs Mpya from (1.19). In this section we
estimate meM S(a; P) da, with the goal of proving the asymptotic (1.21). We

define some additional notation. For each ¢ € N and a € Z, set

Selay=q™ > (2 fly). (3.20)



This could be thought of as a “local analogue” of the sum S(a; P) over the ring Z/qZ,

with a normalisation factor ¢~™. Additionally, for each v € R, set

Sl = [ el £7w))at. (321)

which is a local analogue of S(a; P) over R. Further define local analogues of the

integral fmpd . S(a; P) de by writing

&P)=> Y Sla) (3.22)

and
J(P) = / P"S.(Pla) da. (3.23)

acRE
lof| o < P2~

We start by approximating fmpd N S(a; P) da in terms of these quantities.

Lemma 3.7. Suppose that the polynomials f; have integer coefficients. With notation
as above, for all B € RE, all a € Z® and all ¢ € N such that ¢ < P we have

S(&+ B; P) = P"Sy(a)Sx(P'B) + Op(¢P" {1+ P*|IB]l..}), (3.24)
and it follows that

/ S(a; P)da = &(P)J(P) + Op (Pr@ftERE)AZL), (3.25)
Mp.d,A

Proof. To show (3.24) we follow the proof of Lemma 5.1 in Birch [Bir62]. First observe
that 8- f(x) = 8- (@) + O (|25 '[|Bl.). and so

S(E+B;P)= > e(B- flx)e(2 flx))

xreZ™
x/PeA
= Y et fw) X B @)
1<y1,..,yn<q YAl
x/PeR
=y mod q
+ 0 (P 7YB]l..)- (3.26)

If 7 is any once continuously differentiable, complex-valued function on R", then we

have

W’):‘J”/%Rn b@+u)du+tOu(q max |[Vab@+u)l,).  (3:27)

[l o <q/2 llull<q/2
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Setting 1(x) = e(B - f¥(x)), we deduce that

. fld — -n . fld

Yo el = Y o . eB f t ) du
xrcZ” xTcZ” ]| o <q/2

x/PeA x/PeAh

=y mod q =y modq

+Op(g" " P18l )
=q" /veRn e(B- f[d} (v)) dv

v/PeR
+ Op(¢" " P B + ¢ P,

where we have included a term ¢'~"P"! to allow for errors in approximating the
boundary of the box . Substituting into (3.26) shows that

S(8+BiP) = Syfa) [, (B F(w))dv+ OslaP™ (14 PUIBI.)

veR”
v/PeA

To complete the proof of (3.24) it suffices to set v = Pt and use the definition of
Seo () from the statement of the lemma.
Now (3.25) follows from (3.24) by the definition (1.19) of M p 4. O

Next we treat the quantity &(P) from (3.22).

Lemma 3.8. Let the polynomials f; have integer coefficients and let S,(a) be as in
(3.20). Suppose we are given € > 0 and C > 1, such that for all a, 3 € R and all
P > 1 the bound (3.1) holds with 8 = [0,1]". Then:

(i) There is € > 0 such that € = Og(€) and

€
a-1 (3.28)

a
" loo

q

min{|S,(a)l, |Sy(a’)|} <c5 (¢ +q)

e
forallaed{0,...,q— 1Y anda’ € {0,...,¢—1}" suchthat;‘—f#g.

(ii) If € > €, then for allt >0 and qo € N we have

_(d-1R

#{2 € [0.1)%: g < q0,|5,(a)] > t} <5 (g5t) T,

where it is understood that the fractions % are in lowest terms.

(11i) If the forms fi[d] are linearly independent, then there is 6 > 0 depending only on
d and R, such that for all ¢ € N and a € ZT satisfying (a1, ...,ar,q) = 1, we
have

[Sq(a)l < g™
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(iv) Let A € (0,1) and let S(P) be as in (3.22). Suppose that € is sufficiently small
in terms of €, d and R. Provided the inequality € > (d — 1)R holds and the

forms fi[d] are linearly independent, we have
6(P> — Gf L. f pAa (329)

for some G € C and some 6, > 0 depending at most on €, d and R. Moreover,

we then have
& =[] jim bm#t{be {1,201 f(B) =0 modp},  (330)
p

where the product is over primes p and converges absolutely.

Proof. Part (i). Provided P is sufficiently large, Lemma 3.7 will allow us to approxi-
mate the sum S;(a) by a multiple of S(a/g; P). This will enable us to transform the
bound (3.1) into the bound (3.28).

Let P > 1 be a parameter, to be chosen later. Then (3.1) gives

min {

Since Z = [0,1]" we have Sy, (0) = 1, and so (3.24) from Lemma 3.7 implies that

S(%; P) S(%;P)
pr pr

Together, (3.31) and (3.32) yield

S(%; P)

q"’

Pn+e

5(2:P)

q I

Pn+e

!

o _a|TTy (331)

v el

9

} < Cmax{P~

= S,(a) + Os(qP™). = Sy(a)+Os(dP7).  (3.32)

min{|S,(a)l, |Sy(a)|}
2 ZT+0s((d +9)P7). (3.33)

a_’_gH*‘f clla’ _
q qlloo +CoP q

Observe that for P sufficiently large the term C’P€||‘;—,/ - %H%ﬂ/(d_l)

right-hand side of (3.33). We claim this is the case for

dominates the

1+¢€

PZ(Q’+Q)|Z—:—GH771- (3.34)
Indeed, since ||— — %l <1, it follows from (3.34) and (3.33) that

m1n{|S )5 [S¢( ')]}

SCPe(quq)‘WH‘;—f—EHzﬁ +oP|% - 2|77 + 0y (\

a’_a” )
_€_

ngq

qlloo ?

<o P17

which proves the result.
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Part (7). If € < € is small, then by part (i), the points in the set
{2€[0,1)":q <q|9(a)l >t}
are separated by gaps of size

. o de1
5 = ¢lle >cr (g0 0) e

(d—1)R

At most Oc ¢(g5t)” ¢ such points fit in the box [0,1)", proving the claim.

Part (iii). This is essentially identical to the proof of Lemma 5.4 in Birch [Bir62]. If
P =¢"" and A = #1 then % € mpga. Since we have assumed that the fi[d] are

linearly independent, Lemma 3.6 shows that
St.#(2) <dnre P'q ~SoH(n+1)e”

for some §y > and all ¢’ > 0. Together with the case P = ¢"! of (3.24)

this yields

1
(d—1)27 TR

+(n+1)e” _

1
Sq(a) <<f,€” q (d—1)2d—1R +q n

This proves the result.

Part (iv). In this part of the proof, whenever we write a/q it is understood that
a € Z" and q € N with (ay,...,agr,q) = 1. For each Q > 1, define

s@Q =Y [S(a)l. (3.35)

a/qel0,1)k
Q<q=L2Q
We will show below that
S(Q) Lcz.f Q_51 (3.36)

for all @ > 1, and some d; > 0 depending only on ¥, d and R. Since we have

or)- ¥ sfals X s

a/qel0, 1)k a/qe[0,1)R
g>pPA

this proves (3.29) with

Sy = Z Sq(a)

a/q€l0,1)F
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where this sum is absolutely convergent. To deduce (3.30), define

for each prime p. This is absolutely convergent as it is the sum of a subset of the
terms of G¢. By the Chinese Remainder Theorem, if p and ¢ are distinct primes then

we have

Spk (a)Sqe (b) = Spkqe (C),

where ¢ is the unique vector in {1,...,p"¢’}" such that ¢ = a modulo p* and ¢ = b
modulo p’. By absolute convergence we can then rearrange terms to conclude that

Sy = Hp S,, where the product converges absolutely, and (3.30) follows since

= Iﬁ#{be {1,2,....,p"}": f(b) =0 mod p"}.

It remains to prove (3.36). Let ¢ € Z and let s(Q) be as in (3.35). We have

s@= Y IS(a)+ Z Y. ISi(a)

a/qel0,1)F a/qel0,1)"
|Sq(a)[>2~¢ 270>y (a)|>27i
Q<q<2Q Q<q<2Q

< #{2€[0,1)":¢<2Q,]5,(a)] = 27} - sup|S,(a)|
>Q
+Y #He e ) g<20 (S (a)) 227127 (3.37)
i={

Now parts (ii) and (iii) show that

l)R

#{2€(0,1)":¢<2Q,|S,(a)| = t} <c5 (Q° '

and that
sup|S,(a)] <5 Q.
>Q
Substituting these bounds into (3.37) gives
(d—1

(d l)R .
(Q) <<Cf QO% d, R 6) 52€ / + QO% d,R E) Z 2(Z+1 ) —i
i={
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We have € > (d — 1)R and we have assumed that € is small in terms of €, d and R.

(Cfé,__lg,R >¢ ar 1. It follows that

So we may assume that

(d—1)R
5(Q) e g QUEHHI2TET (Q70 +27°).

Picking ¢ = |log, Q°|, shows that

(d—1)R—%
2%

s(Q) <c@ar Q_(Si‘f'oﬁg,d,l%(e) .

As € is small in terms of ¢, d and R it follows that s(Q) <cw.ar Q@ ° for some
91 > 0 depending only on ¢, d and R. This proves (3.36). ]

Next we estimate the integral J(P). Together with (3.25) and (3.29) this will

allow us to give an asymptotic expression for fmpd . S(ay; P) de.
Lemma 3.9. Let A € (0,1), let Soo(7y) be as in (3.21) and let I(P) be as in (3.23).

(i) Suppose we are given C > 1, € > 0 and € > 0 such that (3.1) holds for all
a,B €RE and P > 1. Then for all v € RE we have

Seo() <erg IV, (3.38)

where € > 0 and € = Og(e).

(i1) If the conclusion of part (i) holds and € — € > R, then there exists Jpa 5 € C
such that for all P > 1 we have

prarI(P) = T gy <o g0 PO, (3.39)
Furthermore we have
Jpa = lim shmM{teR": dte B, |F1 ), < 3}, (3.40)
where \ is the Lebesque measure.

The proof largely follows Birch [Bir62, §5-6] except when we prove (3.40), where

we give an alternative treatment using a smooth weight function.

Proof. Part (i). First, for all 8 € R we have |S(83; P)| < S(0; P), from the defini-
tion (1.16). Consequently, taking a = 0 and 3 = P~%y in our hypothesis (3.1) shows
that )

[S(P~%y; P)| < CP™ max{||yll.), P71 v £}
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Together with the case a = P~%~ of the bound (3.1), this yields
_ _d 1% _ _
See(7) <oy Prmax{|v L, PTT Ty} + P+ Py (3.41)

If we have |v||, < 1, then we set P = 1 and (i) follows. Otherwise we put P =

max{1, ||7]|.7}, and the result follows since (3.41) then implies
] 1 ~1- 9\ € —1-% —
Soo(7) ey Prmax{[vll, Ivlle "} + vl ™" + vl

S 3||7||;O<5+(1+<5)6

Part (ii). If the inequality ¥ — ¢ > R holds, then by (3.38) we have for all @ > 1
that

| Iss@lar<as [ I ar

~eRF ~eRFE
7]l >@ 7o >@

R—€+¢€
L pe @ .

Hence, if € — ¢ > R, then

([ rrmsaman) -ar) = [ itsma

YERH ~YERRE
Y[l oo > P2

Lg0.p0 PrUTAER

where the integrals converge absolutely. This proves (3.39) with
~ERE

It remains to prove (3.40). Let y : R — [0,1] be the indicator function of the box

-1, %]R. We must evaluate the limit

Jim A {t € R : bt € 2,70, < 1)

— lim ﬁ/@w x(F)) dt. (3.43)

P—o0
t/PcA

Let ¢ be any infinitely differentiable, compactly supported function on R, taking val-
ues in [0, 1]. We evaluate prtam ft/PEﬂ o(F(t)) dt, which we think of as a smoothed
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version of (3.43). Fourier inversion gives

Joee G @ 0= [, [ Aeteter 70 e

t/PeB By
- /RR Ple) /te]R" e(a- f(t)) dtda
t/PERB
RE t'cR"
t'cB
:/ Plo0) 7 Seo{ Pt} (3.44)
RRE

where ¢(a) is the Fourier transform [, ¢(v)e(—ax - ) dv.
Since € — €’ > R holds by assumption, it follows from (3.38) that the function S,
is Lebesgue integrable. Hence (3.42) implies

GO0, = [0Sy

= lim [ G(P %y)Sx(y)dy

P—oo RR

= lim P /R i P(a)Se(Plar) dex. (3.45)

P—o0

Together, (3.44) and (3.45) show that for any infinitely differentiable, compactly

supported ¢ taking values in [0, 1], we have
dimn gt [ o) dt = 502 (3.46)
t/Pe#

With y as in (3.43), choose ¢ such that p(v) < x(7) for all v € R, Then by (3.43)
and (3.46) we have

liminf --LmA{t € R" : 1t € B, 19, < 11> P(0)T pia -

P—oo

Letting ¢ — X almost everywhere gives ¢(0) — 1, 50 T 4 is a lower bound for
the limit inferior in (3.43). Repeating the argument with ¢(v) > x(7) instead of
¢(v) < x(7v) shows that T 4, is also an upper bound for the corresponding limit

superior, so the limit exists and is equal to J st - O

3.1.3 Proof of Proposition 3.1

The work of §3.1.1-§3.1.2 allows us to quickly dispose of the first proposition.
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Proof of Proposition 3.1. Let P > 1 and A = Flﬂs' By (1.18) we have

Ny #(P) :/

Mp.a,A

S(a; P) da+/ S(a; P)da,
mpd,A
where M p g and mpg A are as in (1.19) and (1.20) respectively. We apply Lemma 3.5
with
T(a)=C'PS(a; P), Ey=[0,1", E=mpga, 0= A0,

where the quantity &y is as in (3.18). With these choices for T, Ey, E and ¢, the
hypothesis (3.9) of the lemma follows from (3.1). The remaining hypothesis (3.10)
follows from Lemma 3.6, possibly after increasing C' if necessary. This verifies the

hypotheses of Lemma 3.5, and since we have ¥ > dR by assumption, the conclusion
(3.11) becomes

/ S(e; P)da ey p PR 200+ (3.47)
mpd,A

and since the fi[d} are linearly independent, we have dg > m.

We turn to the major arcs. Since A = it follows from Lemma 3.7 that

1
4R+67
/ S(e; P)da = S(P)3(P) + O (P"~R-3), (3.48)

Mp,a,A

where &(P) and J(P) are as in (3.22) and (3.23) respectively. The hypotheses of
Lemma 3.8(iv) and Lemma 3.9(ii) are satisfied since 4 > dR holds, the fi[d] (x) are

linearly independent and e is small in terms of &, d and R. Therefore (3.29) and
(3.39) hold, and so

6(P>/J(P) = ijf[d] ”%)Pnde -+ O‘K,C,f (PnidR*A(cng)/Q)
+ O%),C,f (PndefA(Sl ) : (349>

where ¢; > 0 depends at most on ¢, d and R. By (3.47), (3.48) and (3.49), the result
holds. ]

3.1.4 Proof of Proposition 3.2

To prove this proposition we use the Implicit Function Theorem and a variant of

Hensel’s Lemma.
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Proof of Proposition 3.2. Inspecting the proof of (3.49) above, we see that J 411 4 and
S are given by formulae (3.30) and (3.40) respectively. This proves (3.2) and (3.3).
It remains to show that T , and Sy are positive under the given conditions.

Let y lie in the interior of 4, and suppose that * = y is a solution to the equation
f(z) = 0 for which the Jacobian matrix (0f;(z)/0x;),;
Implicit Function Theorem to the equations f (x) = 0 at the point * = y. This

is nonsingular. Apply the

gives us an open subset U of the box Z, such that the set of points @ in U satisfying
the equation f(z) = 0 forms an (n — R)-dimensional real manifold. Considering a

small neighbourhood of this manifold shows that for all € € (0, 1] we have
MseU: I 9(s)|, < e} >y €.
Letting t = Ps and € = %P‘d, we see that
MteR":t/P e U, |9, <1} >p PR,

and (3.2) then shows that J fld 5 1s positive under the conditions given in the propo-
sition.

Let p be a prime and let @ € Z;. Suppose that = a is a solution to the equation
f(z) = 0 for which the Jacobian matrix (9f;(x)/9z;),; is nonsingular. Possibly after
permuting the variables z; if necessary, we can assume that the submatrix M (x)
consisting of the last R columns of (9f;(x)/0x;),; is nonsingular at = a.

The so-called valuation theoretic Implicit Function Theorem then applies to the
polynomials f; with the common zero a over the valued field Q,. This is essen-
tially a version of Hensel’s Lemma,; see Kuhlmann [Kuh11, Theorem 25]. If we write

|det M(a)|p = p~“, the theorem states that for all p-adic numbers df,...,a],_r € Q,

with |aj — a;], < p~**, there are unique p-adic numbers a;,_p.,,...,a), € Q, with
|a; — a;|, < p~® such that each fi(a') = 0.
Now let @), ...,al, g be p-adic integers satisfying a, = a; modulo p***!. For each

k € N there are p*=20=D(=R) choices for a} which are distinct modulo p*, and by the
Implicit Function Theorem above each one extends to a vector of p-adic integers a
satisfying f(a’) = 0.

If this holds for each prime p, then G is positive. For then reducing the vectors
a’ modulo p* gives >, p*"~1) distinct vectors b € {1,...,p*}" for which f(b) =0
modulo p*. The equality (3.3) then shows that & > 0. Thus the singular series is
positive under the conditions given in the proposition.

]
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3.2 Large values of the sum S repel one another

In this section we verify the hypothesis (3.1), assuming a bound on the number of

solutions to the “auxiliary inequality” from Definition 1.6.

3.2.1 Weyl differencing

Following Birch [Bir62], we bound S(ev; P) in terms of the following counting function.

Definition 3.10. For each B > 1 and § > 0, we let Us(B,d) be the number of

(d — 1)-tuples of integer n-vectors =M, ... x4 such that

20l 2V € B minflo - m (@2 <o

oot vEL™ o0

Our estimate is as follows.

Lemma 3.11. Let Us(B,§) be as in Definition 3.10. For alle >0, P> 1, a,3 € R
and 0 € (0,1], we have

. [|S(e; P)
min }Dn+€

S(a+ B; P) ‘}Qd Uﬁ_f(pe’ P(d—l)e—d>
<<d,n,e

Pprn+te P(dfl)é?n (350)

Y

where the implicit constant depends only on d,n, €.
Proof. Observe that (3.50) will follow if we can prove that

Q(H Ug.g(P?, Pl=10=d)
Ldyn,e pd—1)on :

S(e; P)S(a + B; P)
P2(nte)

First we use an idea from the proof of Theorem 5.1 in Bentkus and Gotze [BG9I7],

also found in Lemma 2.2 of Miiller [Miil05], to eliminate ae. We have

S(a+ B; P)S(a; P)
=Y Y e((at+B) fle)-a fl@+=2)

L™ zeZ™
x/PeRB (x+z)/PcR

< Z Z e({a—kﬁ}-f(az)—a-f(aﬂrz))‘

=Y 1 Y 6(5-f[d}($)+ga,ﬁ,z($))’

zezn | zezn
|2z]| (<P a/PERB
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for some real polynomials g4 g.(x) of degree at most d — 1 in « and some boxes
B. C A. It is a special case of Cauchy’s inequality that |) ., AP < (#1) ~Zi€I|)\il2,
and it follows that

|S(ex + B; P)S(e; P)[*

g( Y1 D B %) + gap(@))

zezn | zezn
|2z]| (<P a/PERB

Kan PN LN o8 £ @) + gapa(@))

zeZ" xTcZ™
zll(o<P @/Pe

2d—1

)

2d—1

(3.51)

Lemma 2.4 of Birch [Bir62] states that for all # € (0, 1] we have'
S(a; P) Ldme P2d_1n—(d—1)n9+eUa.f(P0’ P(d—l)@—d)'

The innermost sum in (3.51) has the same form as S(a; P), with 4, in place of &
and B f9(x) + Jop,z(x) in place of o - f as the underlying polynomial. The degree
of gap,> is at most d — 1, so 3 - f[d}(a:) is the leading part of this polynomial. So

applying Birch’s result to the innermost sum in (3.51) shows

2d— 1

Z 6(6 : f[d](m) + o8,z (:13))

xeZm
x/PERB,

2d—1p (d—1)fn+e
<<d,n,e P Uﬁ'f[d] (®)+9a,8,2(x)

_ P2d_1n_<d_1)€n+€Uﬁ.f<P0, P(d—l)@—d%

(PG’ P(d*l)@*d) )

as epends only on the degree d part of f. Wit . this proves the result.
Urd d 1 he d d f f. With (3.51) thi h \ ]

3.2.2 Proof of Proposition 3.3

We prove Proposition 3.3 by comparing the two counting functions from Defini-
tions 1.6 and 3.10.

Proof. Lemma 3.11 shows that for 6 € (0, 1] we have

S(a; P)
Pn—i—e

}Zd. (3.52)

'Birch writes N (P?; P(4=D9=4:q) and S(a) where we write Uy.¢(P?, P(4=D9=4) and S(a; P),
respectively.

Ugf(Pe, P(d—l)@—d) >>d,n,e P(d—l)@n mln{

S(a+ B; P)
’ Pprnte
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Define 6 by

(3.53)

. . - _1/%
szcll/z%mm{ S<auP)” S(Q‘FIB,P)‘} ’

Pn+e Pn+e

for some sufficiently large positive constant C'; depending only on Cy, d,n and e. Then

we have
d
1)n—2d A ideton . [|S(e; P)| | S(a+ B; P) 2
(P?)(d=n=2"¢ _ -1 pld=1)0 mln{‘ e ', Prite ;
and hence by (3.4) we have
d
Co a- _ [(|S(e; P)| |S(a+B;P)\?
aux( pb 0 »(d—1)6n ) )
Nﬂ-_f (P ) < ap( ) mln{’ pnte |’ ‘ Prnte ’ (354)

We consider three cases.

First case (0 < 6 < 1). In this case (3.52) holds, and on comparing this to (3.54)

and choosing C to be sufficiently large we can ensure that
NES(P?) < Ug.p(P?, PU=D0=d),

Then there must be a (d — 1)-tuple of vectors V), ... x@Y € Z" which is included
in the count Ug.¢(P?, P{4"19=) but not in N33 (P?).

Since the tuple (z™), ... 2@V} is counted by Ug.z(P?, P{~1V9=4) the inequality
2@ < P? holds for each i = 1,...,d — 1, and we have the bound

v — mB) (x® ,m(d_l))Hoo < pld-Db-d (3.55)

for some v € Z". Since this (d—1)-tuple (), ..., 2"V} is not counted by N (P?),
we must also have

[m D, 2 ) > 8 F P, (3.56)

We use (3.55) and (3.56) to relate P? and [|3]| .. It follows from (3.55) that either

[m®D(a), .. 2dD)|_ < pla-1i-d (3.57)
or
1
Hm(ﬁ'f)(m(l),...,az(d_l))Hoo > 3 (3.58)
When (3.57) holds, then (3.56) implies
P(d—l)@—d B
18- 9, < “par P, (3.59)



When on the other hand (3.58) holds, then the bound ||| < P? implies
BN @, 2l < 8- £ PO,
and it follows by (3.58) that
18- F U o >an P (3.60)

Either (3.59) or (3.60) holds, and since the forms fi[d] are linearly independent there
exist M > u > 0, depending only on f 4 such that for all 3 € RE we have

wlBll. < 18- £ < M|
It follows that )
P~ g max{ P~ 8|, 18157}

This estimate implies the conclusion (3.1) of the lemma upon substituting in the value

of 6 from (3.53) and choosing C' to satisfy the bound C' >4, . m 011/24.

Second case (¢ < 0). We can rule this out. For if § < 0 then (3.53) gives

min{ S(a;P)‘ ’S(a+ﬂ;P)'} > 01_1/2d.

Prnte Prnte
To prove (3.1), we can assume without loss of generality that P >, . 1 holds. But
then (3.61) is false, since |S(a; P)| < (P + 1)" by the definition (1.16).

(3.61)

Third case (f > 1). If § > 1, we have by (3.53) that

min{ Sla+ B P) ’} <O pe (3.62)

Pnte
Now for any ¢ > 0 we have max{P~%"1, 71} > P~1, and hence

S(a; P)
Prnte

Y

_ -1 % —
max{P~|8] ., I8]&*}* = P~°.

So (3.1) follows from (3.62) on choosing C' such that C' > 011/2d holds. O
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Chapter 4

Cubic and quadratic systems

Recall the quantity N3*(B) from Definition 1.6. In this chapter we estimate N3"(B)
in the cases when d = 2 and d = 3. Our main result, proved in §84.2 and 4.4.4, is as

follows.

Proposition 4.1. We call a set K of real degree d forms in n variables a closed cone
if (1) for all F € IC and A > 0 we have \F € K, and (ii) KC is closed in the real linear
space of cubic forms in n variables.

Suppose that d = 2 or 3, let K be a closed cone as above with K # {0}, and let
N§™(B) be as in Definition 1.6. We set

=1 ing(F 41
s +Fg&>{<0}8mg( ), (4.1)

where Sing(F') is as in §1.1. In particular we have o € {0,...,n—1}. Then
Np™(B) <c,e BU-2mtorte (4.2)
foralle >0, F e K and B > 1.

We have phrased the result in terms of closed cones to facilitate future applications.

4.1 Deduction of Theorem 1.5

Proof of Theorem 1.5. Let F be as in §1.1. Suppose that the condition (1.13) from
Theorem 1.5 holds, which is to say that

n—op(F) > d2°R+ 1 (4.3)

where og (F') is as in (1.14). In particular the F; must be linearly independent, or else
we would have og(F) = n, by (1.14). If we set K = {a - F : a € R®}, then clearly
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we have og(F') > ox. So Proposition 4.1 shows that for all e > 0, FF € K and B > 1
we have
N;ux(B) Lp.e B<d_2)n+UR(F)+€. (44)

Taking € = 5 in (4.4) and applying (4.3), we have
NE(B) < CuBU- I, (4.5

where € = dR + 27?1 and Cy > 1 depends at most on F.

Let ¢ € N and a € Z be parameters to be chosen later and let f(x) = F(qx —
a). Then NZ¥(B) = Ng'(B) and the bound (4.5) verifies the hypothesis (3.4) of
Proposition 3.3. Since fi[d] = qF; the fi[d] are linearly independent. So we can apply
Proposition 3.3 to the system of polynomials f. This shows that for each € > 0 there
is a constant C' > 1 depending at most on F', ¢, a and ¢, such that

|| S(e; P)
min e |

S(a+ B; P)
Pn+6

1
_ _ —31%
\} < max{ P 8] 2, |BIE"

for all P > 1 and o, B € Rf. Together with the facts that the F; are linearly
independent and ¢ > dR, this satisfies the hypotheses of Proposition 3.1.

Taking ¢ = 1 and a = 0, so that f = F, proves the asymptotic formula (1.7)
holds, as claimed in the theorem. Proposition 3.2 shows that the singular series and
integral are positive under the conditions given in the theorem. The latter proposition
also verifies that the formulae (1.8) and (1.9) from the comments after Theorem 1.2
continue to hold in the setting of Theorem 1.5.

It remains to prove that V(F') \ Sing(F') satisfies the Hasse principle and weak
approximation. Suppose that there are nonsingular real and p-adic zeroes of F'.

We can choose a box % which contains a nonsingular real zero and does not
contain a singular real zero. We obtain Jp 4&F > 0, and the formula (1.7) then
implies that F' has an integral zero which lies in a dilate of Z and which is therefore
nonsingular. This proves the Hasse principle for V(F') \ Sing(F').

To prove weak approximation, it suffices to show the following. Choose a real
e > 0, a natural number k, a vector (> € R™ which is a nonsingular zero of F with
|2, = 1. For each p in some finite set of primes S choose a vector z® € Ly

which is a nonsingular zero of F'. We claim that there is a vector w € Z" which is

w

— = | <eand w = ® mod p* for

a nonsingular zero of F and satisfies ||2(>)
each p € S.
Let a € Z" with a = z® modulo p* for each p € S, let ¢ = [[esp" and set

f(x) = F(qz — a). Let & be a sufficiently small box centred on $(>*). Then f has
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a nonsingular real zero lying in % and nonsingular zeroes over the completions Q,
for every prime p. So by Propositions 3.1 and 3.2, for any P > 1 we have f(b) =0
for some integral vector b lying in P#. Thus w = ¢gb + a is a nonsingular zero
of F' satisfying the required congruences, and if P is sufficiently large we will have

e — il <. 0

4.2 The quadratic case

We will now prove the quadratic case of Proposition 4.1. The proof of the cubic case

will occupy the remainder of the chapter and will be completed in §4.4.4.

Proof of the case d = 2 of Proposition 4.1. Let d = 2 and let the matrix of each
quadratic form F' in the cone K be M(F'). That is, M(F') is the unique real n x n

symmetric matrix with
F(x) =2 M(F)x.

Then the system m) from §1.3.3 is given by
m) (u) = 2M (F)u,
so that the function N#*(B) from Definition 1.6 counts vectors u € Z" satisfying
< B, IM(Ful, < 5F].

where [|F||, is as in §1.1. These integral vectors w are all contained in the box
|ul|, < B, and in the ellipsoid

E(F)={teR":t"M(F)"M(F)t <n-||F|°.}.

If £ =0 then E(F) =0 and we are done. Otherwise, this ellipsoid has principal radii
A" /R F|l,, where A runs over the eigenvalues of the real symmetric matrix M(F),

counted with multiplicity. Hence

N (B) < [[min{|A Y IF] + 1, B+1}
A

where ) is as before. So to prove (4.2) it suffices that at least (n —ox) of the A satisfy
NS

Suppose for a contradiction that this is false. Then there exists a sequence ' € K
such that at least ox + 1 of the eigenvalues of M(F®) satisfy A = o(||[F?|_). By
passing to a subsequence, we can assume that F@/||F®|_ — F as i — oo, for some
form F. At least ox + 1 of the eigenvalues of M (F') must then be zero. But then
dim V(F') > ox holds, which contradicts the definition (4.1). O
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4.3 An argument of Davenport

We sketch the basis of the argument used for the case d = 3 of Proposition 4.1, and
the notation used throughout the proof.

Definition 4.2. Let c¢(x) be a cubic form in n variables with real coefficients which

does not vanish uniformly, and define a symmetric matrix by

Ho(z)= (82"'(“’))@&9 (16)

el \ Oz:0;

where ||c|| = %maxijk}aa_;c—(%)L as in Definition 1.6. Thus H.(x) is the Hessian
R ;0% ;01 )

of the normalised cubic form c(z)/||c||,,. For each i € {1,...,n} let A)(z) be the

vector of all ¢ X ¢ minors of H.(x), arranged in some order. This is a vector of degree

i homogeneous forms in the variables «, with real coefficients. Let J, (. (x) be the

Jacobian matrix (8A§-c’i) (z)/0wk) 5.

We aim to bound the function N2"*(B) from Definition 1.6. In the case of a
cubic form one sees from the definition above that N*™(B) is the number of pairs
(x,y) € (Z")* with

2l 1Yl < B, [He(®)yll,, < B, (4.7)
since the multilinear forms (1.28) are given by
m' (@, y) = ||c]|  He(x)y. (4.8)

To prove Proposition 4.1 we adapt the argument used to prove Lemma 3 in Dav-
enport [Dav63], and subsequently a slightly more general result in Schmidt [Sch82,

§5]. These authors consider the counting function defined by
Ne(B) = 4H{(x,y) € (2") : |2 . Iyl < B, He(z)y = 0}

for some cubic form ¢ with coefficients in Z. Davenport proves that either N2**4( )
is small, or there is a large rational linear space on which ¢ vanishes. We briefly sketch

the line of reasoning.

(1) Let 0 € {0,...,n — 1}. Suppose that N2***4(B) > B"*? for some sufficiently
large implicit constant. The contribution to this count from any one vector @ is
at most O(B" @k He(®@)) - So there must be an integer b in the set {0,...,n—1}
such that at least > B°*’ integer points x satisfy both rank H,(x) = b and
Jell.. < B.
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(2) If 0,b are as in (1), then it follows that there is an integer point (® such that
rank H.(x(®)) = b holds and the tangent space to the affine variety A(C’b+1)(a:) =
0 at the point ¥ has dimension ¢+b+1 or more. Equivalently, rank H,.(x®) =
b and rank J A (ep+1) () < n—0—b—1 both hold. This follows from Lemma 2
of Davenport [Dav63].

(3) If there exists a vector (¥ as in (2), then it follows that there exist linear
subspaces X, Y of Q", with dimensions o + b+ 1 and n — b respectively, such
that for all X € X and Y, Y’ € Y the equality YT H.(X)Y”’ = 0 holds. See
Lemma 4 in Schmidt [Sch82] or the proof of Lemma 3 in Davenport [Dav63].

(4) We conclude that if N2™*9(B) > B"*? then there are spaces X,Y as in (3).
So the space Z defined by Z = X NY is a rational linear space, with dimension
at least o 4 1, such that for all Z € Z the equality ¢(Z) = 0 holds.

Our setting differs in three ways from that of Schmidt and Davenport. First,
we consider the inequality ||H.(x)y||,, < B rather than the equation H.(x)y = 0.
Second, for us the cubic form c(x) may have real coefficients. And third, rather
than concluding that c¢(x) has a rational linear space of zeroes, we seek to show that
the variety V(c) is very singular. In §4.4.1-4.4.4 we will modify each of the four
steps (1)—(4) above to accommodate these three differences.

The largest single change is as follows. Steps (1) and (2) count the number of x
such that the rank of H.(x) takes a specified value. We will instead count the number
of x for which the eigenvalues of H.(x) lie in specified dyadic ranges, in the following

sense.

Definition 4.3. Let A.1(x),..., Acn(x) be the eigenvalues of the real symmetric

matrix H.(x), listed with multiplicity and in order of decreasing absolute value.
Suppose that B > 1, that k € {0,...,n} and that Fy, ..., Fx.; € R such that the

inequalities Fy > -+ > Ej4q > 1 hold. Then we define Ky g(E1,. .., Ex1) to be the

set of all vectors & in R™ satisfying the following conditions:
e the inequality ||| < B holds,
e we have 1E; < |\.;(x)| < E; whenever 1 < i <k holds, and

e we have |A\.;(x)| < Ejy1 whenever k£ +1 < i <n holds.
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Our main technical result in this chapter, Lemma 4.6, provides a bound, (4.16),

for the number of integer points in Ky g(Ey, ..., Ext1). Note that
Aea(@)] < nl|He(@)|, < n?llzl,, (4.9)

and so we need only consider values of E; of size O,,(B).

4.4 The cubic case

Following the direction set in §4.3, we will now prove Proposition 4.1 in the case when
d=3.

4.4.1 Linear Diophantine inequalities with a normal matrix

In this section we show that if the counting function N2**(B) from Definition 1.6 is
large, then there are many integer points & for which the eigenvalues of H.(x) lie
in some fixed dyadic ranges. This corresponds to step (1) from §4.3. We begin by
estimating the number of solutions of a system of linear Diophantine inequalities,

assuming that the underlying matrix is normal.

Lemma 4.4. Let H be a real n X n matrix. Suppose H is normal and let A1, ..., \,

be its eigenvalues, listed with multiplicity and in order of decreasing absolute value.
Let C > 1 and B > 1, and suppose that |\| < CB holds. Set

Nu(B)=#{y € Z" : |yl < B, [[Hy|l,, < B}.
Then we have

B"
Nyx(B p, min ———

Proof. The integral vectors y counted by Ny (B) are contained in the box |ly|| < B,

and also in the ellipsoid
{t e R": t"H"Ht < nB?},

which has principal radii [\;| " /nB. Hence
Ny(B) <, [ [min{1 + |x|~'vnB, B},
i=1
and as |\;| < CB holds, this is

< [[min{2C|\| "' vnB, B}.
=1
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It follows that .
Ny (B) ¢ B" [ [ min{|\|7, 1},

i=1
Since the inequalities |A;| > -+ > |A,| hold, we deduce that

1 1 1
Ny(B) <cp B"mind 1, —, ———, ..., ————
H(B) C, { A1l (A ‘)\1...)\n|}

BTL
< min —— O
1ign 1+ g - A

We will now apply Lemma 4.4 to the auxiliary inequality (4.7). The result
will be that the counting function N5 (B) can be large only if one of the sets

Ky p(Ey, ..., Egyq) from Definition 4.3 contains many integral points.

Corollary 4.5. Let N*(B) be as in Definition 1.6, let ¢ and A“)(x) be as in
Definition 4.2 and let A\.;(x) and Ky g(E1, ..., Ext1) be as in Definition 4.53. For any
B > 1, one of the following alternatives holds. FEither

Naux<B>
— <, #H{Z" N Kyp(1)}, 4.10
or there is k € {1,...,n — 1} and there are ey, ..., ex € N such that the inequalities

log B>, e >--- > e hold and

ge1tteg NCauX(B)
B"(log B)"

<n #{Z" N Ky p(27,...,2%, 1)}, (4.11)

or there are ey, ..., e, € N satisfying log B >, e; > --- > e, and

261+~~+enNcauX(B)
Bn(log B)"

< #{Z" N Ky p(27,...,2°7) ) (4.12)

Proof. Note that in the case that £k = n, there are no values of ¢ satisfying £ + 1 <
i < n, so the last condition in the definition of Ky g(E1, ..., Exy1) is vacuously true

and can be omitted. In particular, if & = n then (4.12) follows from (4.11), because
Kn73(261, RN 2671’ 1) C Kn_LB(Qel, ey 26").

So it is enough to prove that either (4.10) holds or there exist integers k and ey, . . . , ey,
satisfying the inequalities 1 < k < n and log B >, e; > --- > e,, such that (4.11)
holds.

Now the set Ky 5(1), together with the sets Ky 5(2°,...,2%, 1), partition the box
x|, < B into disjoint pieces. If we let H.(x) be as in Definition 4.2 and set

N @) (B) =#{y € 2" : |yl < B, ||[Nu.()(B)yll < B},
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then we have

N2™(B)= > Nug@(B)+ >, > Ny, (z)(B).  (4.13)

xeL” 1<k<n xelm
x€Ko,B(1) e1>-->ep>1 €Ky, p(2°1,...,2%,1)
e1<nlog B

The total number of terms on the right-hand side of (4.13) is O, ((log B)") at most,

so it follows that either

N2v(B)
Z N (z)(B) >n W (4.14)
xel™

:EEKO’B(l)

holds, or else there are 1 < k <mn and e; > --- > e, > 1 such that

3 N™(B)
NHc(w)(B) > —<10g B)n (415)
xeZ™

ZSEK]C’B(2€1 ..... 28k,1)

If (4.14) holds then the trivial bound Ny, (2)(B) <, B" implies (4.10). Suppose
instead that (4.15) holds.

By (4.9), for each real vector @ the bound |\.;(x)| <, B holds. So we may apply
Lemma 4.4 with the choice H = H.(x) and some C' depending on n only. This shows

that
Bn

NHC(m)(B) <n Qei1+-+er

Substituting this into (4.15) we see that (4.11) holds, as claimed. O

4.4.2 Counting points in the sets K p(F1,..., Er1)

In this section our goal is to estimate the number of integer points in the sets
Ky p(Ey, ..., Eg) from Definition 4.3, in terms of the quantitites H.(x), A(c’i)(a:)
and J 4 (» () from Definition 4.2. We give the following result.

Lemma 4.6. Suppose that B,C > 1,0 € {0,...,n—1}, and k € {0,...,n—o — 1},
and that CB > Ey > --- > Eiy1 > 1. Then at least one of the following holds:

(1) The set Ky g(En, ..., Exy1) may be covered by a collection of at most
Ocn(B7(Er -+ Be) B 7

bozes in R"™ of side length Eyyy. Such a box contains On(E}, ) integral points,
so it follows that

#{Z" N Ky, 5(B, ..., Er1)} <o BO(Ey -+ By Epy (4.16)
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(II); There exist an integer 1 < b < k, a point =(® ¢ Kyp(Er, -, Ep1), and a
(0 + b+ 1)-dimensional linear subspace X of R™ such that

By < CT'Ey,
[Jaon (@) X o < CTHAD (@) | X, forall X € X. (4.17)

(III) There is a (o + 1)-dimensional linear subspace X of R™ such that
|H( X)) < C7HX for all X € X, (4.18)

with ||Ho(X)||,, as in §4.3.

oo

Here we have subscripted the first two items to emphasize their dependence on k;
note that item (III) has no such dependence.

One could think of (II), as saying that H.(x) is close to having rank b, while
JA(c,b+1)(a:(0)) is close to having rank < n — o — b — 1. This can be compared to the

conclusion of step (2) in §4.3 above.
Proof of Lemma 4.6. The proof is by induction on k. Let ¢, C, B, and ¢ be fixed.

The case k =0. Let k = 0, let CB > FE; > 1 and suppose that alternative (III)
does not hold. We claim that alternative (I)y holds, which is to say that Ky g(E;) is
covered by O¢,,(B?/EY) boxes of side length E.

As (III) is false, applying Lemma 2.6 to the matrix of the linear map x — H.(x)

shows that there is an (n — o)-dimensional subspace V' of R™ with
|He ()|, >n C vl for all v € V. (4.19)
For each z € R™, let Ap(z) be the box in R™ defined by
A(z)={z+tu+v:uecV+-veVlul  <E,|v|, < B}

Now Ko p(E,) is contained in the box |||, < B. It follows that we can cover
Ko p(Ey) with a collection of O¢,,(B?/EY) boxes of the form Ay(z), each one of
which is centred at a point z belonging to Ko g(£1). We will show below that for
each z € Ky p(E1), the intersection Ag(z) N Ky p(E,) is contained in a box of side
length O¢,,(Ey). It follows that Ko g(E)) is covered by Oc¢,,(B?/EY) boxes of side
length F, as claimed.

It remains to let z € Ky p(E1) and let y € Ag(z) N Ko p(E1), and to deduce that
ly — 2|, <c¢n By must hold.
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By definition of Ky g(E;1) we have |A\.1(y)| < Ey and |A.1(z)| < Ej, and the
bounds ||H.(y)||., <n E1 and ||H.(2)||,, <, E; follow by (4.9). So we have

[ loo

[He(y — 2) |0 <n B (4.20)

Let w € V* and let v € V such that y = z + u + v holds. Since y lies in Ay(2), we
have ||u|| < Ei, and with (4.20) this implies that

[He(v)]loc <n En.

By (4.19) it follows that ||v||, <, CEi, and hence that ||y — 2| <cn E1, as

claimed.

The inductive step. Let k& > 1 and let CB > Fy > ---Epyqy > 1. We suppose
that (II); and (III) are both false, and claim that (I); holds.

By induction, at least one of (I);_1, (II);_1, or (III) holds. Note that of these (III)
is false by assumption, and (II),_; is false since it implies (II);. So in proving (I) we
may assume that (I);_; holds.

Suppose for the time being that
By < CT'E,. (4.21)
The contrary case will be dealt with at the end of the proof. We claim that

Kip(Ey, ... Een) =\ JKG By, ... Een), (4.22)
v
where V' runs over all (n — o — k)-dimensional subspaces of R” which are spanned by

standard basis vectors, and the set K ,S,SB’V)(El, ..., Eyy1) is given by

KIS;%V) (Eb see 7Ek+1)
={z € Kip(Br, ..., En1) ¢ | Jacrn (@)v] o 2 CTHAD (@)]| 1ol
for all v € V}. (4.23)

We will then be able to cover each of these sets K,g%v)(El, ooy Eyy1) with a small

number of boxes by using a similar argument to the case k£ = 0 considered at the
start of the proof.

We have assumed that Ey; < C~1E} and that the case b = k of (II),, is false. So
the case b = k of (4.17) must be false for every (o + b + 1)-dimensional subspace X
of R” and every ) € Ky g(E1, ..., Epyr). Thus for any z0 ¢ Ky p(E1, ..., Ex1)
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and any (o + k + 1)-dimensional linear subspace X of R™, there is some X € X such
that
1 e (&) X || > CTH A @) [ X |

By applying Lemma 2.6 with the choice M = Jp ck+1) (2(®), we deduce that for each
AR Ky p(Ey, ..., Epy1) there is an (n — 0 — k)-dimensional subspace V' of R™,

spanned by standard basis vectors, such that
[Tacren (@ )o], = C7HACP @) o], (4.24)

for all v € V. This proves (4.22), and so to prove (I); it now suffices to show that
for each (n — o — k)-dimensional space V, the set (4.23) is covered by a union of
Ocn(B°(Ey --- Ek+1)Ek_fl_k_1) boxes of side length Ej .

Let € > 0 be a sufficiently small constant depending at most on C' and n, and for
each z € R" set

Av(z)={z+u+v:uecViveV|u| < Eu,|vl, < B} (4.25)

We assumed at the start of this inductive step that (I),_; holds. Therefore the set
Ki_15(E, ..., Ey) is covered by a collection of O¢,,(B7(E} - - Ek)Ek_"_k) boxes of
side length Ej. Since

K](C%V)(Eh CII) Ek+1> - Kk—l,B(Eh RN Ek)’

the same is true for K,;CB’V)(ED ..., Exy1). We subdivide each of these boxes into
Oc,n(EJTF/E7TF) sub-boxes of the form Aj(z). This shows that the set (4.23) may
be covered by a collection of O¢,,(B7(E; - - - Ej41)E; 77 ") boxes of the form Ay (z),
each of which is centred at a point z belonging to the set (4.23).

We claim that any intersection of the form Ax(z) N Klfév)(El, ooy Egyq) is con-
tained in a box having sides of length O¢ ,,(Ej+1). Then the set (4.23) is covered by
Ocn(B(Ey --- EkH)E,;ffk’l) boxes of side length Fj 1, and by the comments after
(4.24) this proves the lemma.

Ifwelet z € K3 (Ey,.... Epn) and y € Ap(2)NKG (B, ..., Ejsy), then the
claim is that ||y — 2| <cn Egt1 holds. Defineu € V- andv € V by y = z4+u+w,

and note that since y € Ag(z), we have
[ull o < Bk, ]l < €Ek. (4.26)

Now the jth partial derivatives of the minors A“**1) () are linear combinations

of the minors A9 (z) with coefficients of size at most O,(1). So we have

99 Alek+1) (o, e
‘ r@i)Hw < A (@) (4.27)

]
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and Taylor expansion shows that

A (2 o) = ALY (2) 4 Ty ewin (2)U + Jpeiin (2)v

2 c,k— k c
+ On (Il + w2 AV @)l + - + vl | A ()

+Jlu+ ][5,
Now (4.27) shows that J i (2)u = O, (|Ju| | AP (2)]..), and so

JA(c,k-H)(Z)'U = A(67k+1) (y) o A(C,k+l) (Z)

c k c k
+ Ol JIACP @), + -+ [l I A )], + ull5)
+ 0, (IWILIAFD (@) + -+ ol AV, + o). (@4.28)
Since y, z € Ky g(FE1, ..., Fxi1), Lemma 2.5 gives us the bounds
j k+1
1A ()] = [] B 1A DY) = [T B (4.29)
i=1 1=1
and since z € K,(C%V)(El, ooy Epyq) it follows from (4.23) that
k
(@)l 0 C ol T B (430)
i=1
Substituting (4.29) and (4.30) into (4.28) yields
k41 k
CHvlloe <o [T B+ Nl [T B+ + Nl By + ulls
i=1 i=1

oo

k—1

2 k k+1

ol [T &+ + ol By + o5
i=1

Applying the bounds from (4.26) and the inequalities Fy > --- > FEj., we deduce

that
E+1 k

CH ol < [ ] Ei +ellvll ] ] B
i=1 i=1

Since € is assumed to be small in terms of C' and n, it follows that [|v]| <, CEx1q
holds and hence that ||y — z||_ < Ek41 holds. By the comments after (4.25), this
proves the lemma.

It remains to consider the case when (4.21) is false and so Ej,; > C~'E}, holds. At
the start of the inductive step we supposed that (I)x_; holds, so Ky_1 g(En, ..., Ey)
may be covered by O¢,,(B7(E) - - -Ek)Ek_"_k) boxes of side length E;. We have

Kyp(Er,...,Epp1) C Koy g(En, ..., Ey),

and so K p(E1,. .., Ex1) is also covered by these boxes. Since Ejiq > C~'E,, we
divide each of box into O¢,,(1) boxes of side length Ej.1 to prove (I)y. O
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4.4.3 Small values of a trilinear form

Part (3) of Davenport’s argument from §4.3 shows that if the matrices H.(x) and
J a1y () have small rank, then we can find linear spaces X,Y such that for all
X € X and Y,Y’ € Y the equation Y7 H,(X)Y’ = 0 holds. Our analogue is the
following result. Here, as above, ¢, H.(x) and J, . (x) are as in Definition 4.2 and

Aci(x) is as in Definition 4.3.

Lemma 4.7. Suppose that b € {1,...,n — 1} and that £® € R™. Then, provided
AV () s nonzero, there exists an (n — b)-dimensional linear subspace Y of R”

such that for all Y, Y' €Y and all t € R™ we have

[T acoen (@t [Aepr (@) - [l
1A (@) Acp(@ )]

YTH(O)Y' <, ( )HYHOOHY'HOO- (4.31)

By setting b = rank H.(x®) and X = ker J 141 (2(?)), one may recover exactly

Part (3) from §4.3. We prove Lemma 4.7 at the end of this section, after deducing

Corollary 4.8. Let ¢ be as in Definition 4.2, and let N*"(B) be as in Definition 1.6.
Let B,C > 1 and let 0 € {0,...,n — 1}. Then either

N*(B) <¢n B"(log B)", (4.32)

or else there exist positive-dimensional linear subspaces X andY of R™ which satisfy
dimX +dimY =n+ o0+ 1 and for which we have

YTH(X)Y'| <, CHY [ X NY' |l foral X eX, Y, Y €Y. (4.33)

Proof. The proof amounts to putting Corollary 4.5 together with Lemmas 4.6 and 4.7,
and checking each of the various cases which may arise.
Lemma 4.6 shows that for any £ € {0,...,n— 0 — 1} and any Ey,...,Ex 1 € R
satisfying
CB>FE, >--->FE1 > 1,

one of (I)g, (I)g, or (IIT) must hold. Suppose first that in every case alternative (I)y
holds. By (4.16), we then have

#{Z" N Ky p(Er,...,Ep)} <cp BY(Ey -+ By B 7 (4.34)
for every k € {0,...,n — o — 1} and every CB > E;, > -+ > FEp;; > 1. Now
Corollary 4.5 shows that either

% <, #{Z" N Ky (1)}, (4.35)
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or there are k € {1,...,n — 1} and ey,...,ex1 € N such that B >, 24 > ... >
2¢+1 > 1 and

261+---+6k Ncaux(B)
Bn(log B)"

< #{Z" N Ky p(27,...,2%, 1)}, (4.36)

or there are eq,...,e, € N such that B >, 2°* > ... > 2° > 1 and

261+'~~+enNCaux(B)
Bn(log B)"

< #{Z" N Ky p(2,...,2°) ) (4.37)

We may assume that C'is sufficiently large in terms of n, so we may assume that C'B >
2% in (4.36) and (4.37). Substituting the bound (4.34) into each of the estimates
(4.35)—(4.37) proves the conclusion (4.32).

Suppose next that alternative (IIT) holds in Lemma 4.6. In this case we let Y = R",
and the conclusion (4.33) follows from (4.18).

It remains to treat the case when there exist &k € {0,...,n — o — 1} and CB >
Ey > .-+ > Ery1 > 1 such that alternative (II); holds in Lemma 4.6. This means
that there exist an integer 1 < b < k, a point ¥ € K, (Ey, -+, Fp1), and a
(0 + b+ 1)-dimensional linear subspace X of R™ such that

By < CT'E, (4.38)
and
[T s ()X, < CTHAED (2O 1 X | for all X € X. (4.39)

Since ) € Ky p(Ei,..., Err), the inequalities 1E; < A ;(z¥) < E; hold.
Therefore (4.38) implies

Aepir (@) < 2071\ (2 ), (4.40)

Note that (4.40) implies that A.,(2®) is nonzero, and so A () is nonzero, by
Lemma 2.5. Hence we may apply Lemma 4.7 to find an (n — b)-dimensional linear
space Y such that for all Y, Y’ € Y and all ¢ € R" the bound (4.31) holds. The
conclusion (4.33) follows on taking ¢ = X in (4.31) of Lemma 4.7 and substituting
in the bounds (4.39) and (4.40). O

We now proceed to prove Lemma 4.7.
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Proof of Lemma 4.7. We imitate the proof of Lemma 3 in Davenport [Dav63], which
begins by considering the following easy “warm-up” problem. Suppose we were to look
for n — b linearly independent vectors y at which H,(x(®))y vanishes. One approach
would be as follows. One can construct matrices L, M@ for i = 1,...,n — b, with
entries in {0, £1}, such that the vectors

yD(x) = LYAC) () (4.41)
satisfy
H,(z)y®(x) = MDA (), (4.42)

In other words we can take the components of y(z) to be polynomials of the form
iA§b)(w), and we can arrange that the components of H.(z)y® (x) are polynomials
of the form j:Ag-bH)(w).

If H,(x®)y = 0 had exactly n — b linearly independent solutions ¥y, we would
have AP () = 0, while AY (2®) would be nonzero. We would then have
n — b solutions Y'® defined by

y ) y W (x)

= 1<k<n-—-0» 4.4
HA(c,b)(w(o)) (I<k<n-b), (4.43)

oo

and if we chose our matrices L, M@ appropriately these would be linearly indepen-
dent.

We now return to the proof of the lemma. Assume for the time being that we are
given L, M®_ y®(x) and Y9 satisfying (4.41)-(4.43), and let (® be as in the
lemma. Let t € R". Let 0y be the directional derivative along t defined by Ztia%iv
and apply 0; to both sides of (4.42). This shows that

(0:H(z))y" (z) + Ho(x) 0y (z)) = MWD (8tA(c’b+1)(:13)). (4.44)

We have
6tA(C”“)(a:) = JA(C,k)(w)t,

and together with (4.41) and (4.44) this shows that
H.(t)y (z) = MD Ty o ()t — Ho(z) LD, A ().
Premultiplying by y(j)(a:)T and using (4.42) gives
y9 (@) He(t)y" (x) =y (@) MV Tgcomn (@)t

_ (M(i)A(C’b“)(m))T(L(i)atA(c’b) (w)) (4.45)

73



Now Lemma 2.5 shows that

||A(c,b+1) (213)
A (@)]|

10: A0 ()] R
) "
AT ()]

oo
<y |)\c,b+1($)|’ P\ b(w)’

o0

and substituting these bounds into (4.45) gives

1T acoen (@Dt [Aepr (@) - [[El]o

Y(j)THc HY ® <,
2 | A ()| Desl@®)

(4.46)

where the Y® are as in (4.43).

The idea is now to let Y be the span of the Y® and deduce (4.31) from (4.46). As
we are looking for an (n — b)-dimensional space Y we will need YV, ... Y ("% to be
linearly independent. In order to prove (4.31) we require the following slightly stronger
statement. We claim there are L®, M@ y®(x) and Y9 satisfying (4.41)(4.43),
such that the linear combination defined by Y = Y277~ Y@ satisfies ||v]., <
|Y||, for every vector v in real (n — b)-space. The lemma then follows, with Y
being the span of the Y@ on expressing Y, Y’ as linear combinations of the Yy ®
and applying (4.46).

For the remainder of the proof we will assume for simplicity that the b x b minor

of H.(x'®) with largest absolute value is the minor in the lower right-hand corner,

that is, we will assume that

14D @O, = [det (He(@ @) )imnps1,..0)] (4.47)

l=n—b+1,...,n
In general (4.47) holds after permuting the rows and columns of the matrix H.(x) and
one can then apply the same permutations throughout the rest of our construction
of Y every time the matrix H,(x) appears.
Define yM(x),...,y™ Y (x) by

(=1)" " det ((Ho(®) ) kmn—bt1,.m)  ifj =1,
{=n—b+1,....,n

y](-i) () = § (—1)/ det((Ho(®)y,) k=n—bit,m ) ifj>n—0b,
0 otherwise
where ({ =i,n —b+1,...,n; £ # j) means that ¢ first takes the value ¢ and then

runs over the numbers n —b+1,...,n with j omitted. Now this is of the form (4.41),

and one can check that

) (_1)n7b det (HC(CL') )k: jn—b+1,...m 1f.] S n—>b
(H(2)y ()); = ((He@iadtmprrs.r)
0 otherwise
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which is of the form (4.42). Define a matrix @) by

Q= (Y(l) ‘ ‘ y (n=b) ‘ e(n—b+1) ‘ ‘ e™),
or equivalently by
y(l)(w(o)) yn— b)(w(O)) (n—b+1) | .. (n)
@= (IIA =T (@), ‘ ‘ AP @) ‘ € )

so that the entries ();; have absolute value at most 1. Then one sees from (4.47) that

_ (Tt Dbt
o= (5" ™).

where Q is some (n — b) x (n — b) matrix. In particular detQ = 1, and so the
entries of Q! are bounded in terms of n. It follows that if Y = Y "] %Y@ then
7= (Q7Y), <, Y], as claimed. O

4.4.4 Proof of Proposition 4.1

Corollary 4.8 shows that either N*(B) is small, or there are spaces X,Y of large
dimension on which YTHC(X )Y is small. To complete the proof of Proposition 4.1
we show that the second alternative implies that c¢ is singular. This is our analogue

of Davenport’s step (4), as described in §4.3.

Proof of Proposition /.1. At the start of this chapter we proved the proposition in
the case when d = 2 holds. Let d = 3, fix some B > 1 and suppose for a contradiction
that the result is false. Then for every N € N there is ¢y € K with

N2(B) > NB™(log B)".

We cannot have cy = 0 since Ng"™(B) = 0. So by Corollary 4.8, there are linear
subspaces Xy, Yy of R" satisfying

dimXN + dleN =n-+ox+ 1,
such that for all X € Xy and Y,Y’ € Yy, we have
Y H (X)Y'| < NY [ X Y]l

If we multiply ¢x by a constant then the matrix H., (x) does not change. So we may

assume that for each N the equality ||cy||,, = 1 holds. After passing to a subsequence
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we have cy — ¢ as N — oo, and it follows that there are subspaces X,Y of R" such
that dim X +dimY =n + o + 1 and

Y'H(X)Y' =0 forall X € X, Y, Y' €Y. (4.48)
Let b € {0,...,n — o — 1} such that
dim X =n — b, dimY =0 +b+ 1.

Let £, ..., 2™ be a basis of R” such that £tV ... ™ is a basis of X.
Let [Y] be the projective linear space in Pg_l associated to Y. Take homogeneous
coordinates y on [Y], so that y takes values in Y.

Let V be the projective variety cut out in [Y] by the b equations
y H (D)y =0 (i=1,...,b), (4.49)

so that
dimV > dim[Y] — b = 0.

We claim that V' is contained in Sing(c). It follows that dim Sing(c) > oy, which is
a contradiction, by (4.1).
Now (4.48) implies that for every y € Y we have

yTH (x)y =0 (i=b+1,...,n).
So if we let y € Y such that (4.49) holds, then we have
y H.(x)y =0 for all x € R".

This implies that V,c(y) = 0 holds, by the definition (4.6). It follows that every

point of V' is contained in Sing(c), as claimed. O
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Chapter 5

Higher degree systems in general
position

In Chapter 3 we saw that to apply the circle method it suffices to have a strong enough
upper bound for the counting function N§'#(B) from Definition 1.6. In Chapter 4 we
handled this counting function for systems of quadratic or cubic forms. In this section
we treat the case of higher degrees. We then complete the proof of Theorem 1.4,
describing the integral zeroes of suitably nonsingular systems of forms.

Our work in this chapter will involve a quantity o*(H) defined as follows.

Definition 5.1. Suppose that f(x) is a polynomial of degree d in n variables, and
that d > 2. We let m) (™, ... x@) be the vector of polynomials defined by
(1.27) and (1.28). Then we write Ju (2@, ... z(@1) for the n x (d — 1)n Jacobian

matrix of m)(x® ... x(@1) that is,

IO (@D, gldy =

Om) (M) 2@=1) | gm) (2D .. xd-1) omN) (e x(d=D) | gmH)(x() . pld-1)
( e 924D PYCES) )

n—1

(5.1)

If H () is a system of R homogeneous polynomials of the same degree d in n variables,

with coefficients in a field F, then we set

o (H)=n— min min rank JB ) (W) gldl) (5.2)
BeF\{0} 2, z(4=1)cF™\{0}
mBH) (1) 2(d-1))_g

where F is an algebraic closure of F.
In §5.2.2 we prove a bound for the counting function N#*(B) from Definition 1.6

in terms of this quantity o*(f%).
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Proposition 5.2. For all B € R" and all B > 1 we have
aux —2n+o* (£l —
Ny(B) <5 B2 (log B) 1,
The following result, proved in §5.2; shows that o*(H) is typically quite small.

Proposition 5.3. Suppose that n > R holds. We may consider the space of R-tuples
of homogeneous degree d forms in n variables as an affine space defined over Q. The
condition that o*(H) < R — 1 defines a nonempty Zariski open set Uy, r in this

space.

5.1 Deduction of Theorem 1.4

We use Propositions 5.2 and 5.3 to complete the proof of Theorem 1.4.

Proof of Theorem 1.4. Let F be as in the theorem. If d > 4 then Proposition 5.2
shows that for all € > 0, B > 1 and B € R® we have

aux —Nnto*( FflAy1e
N3™%(B) <, B 2w (1 (5.3)
while Proposition 5.3 and the assumption (1.12) show that we have
n—o*(F)>d2R+ 1. (5.4)

In particular the forms F; must be linearly independent, or else we would have
o*(F) = n. We can now complete the proof along identical lines to the proof of
Theorem 1.5 in §4.1, with (5.3) in place of (4.4) and (5.4) in place of (4.3). In partic-
ular, when F' is nonsingular this proves the Hasse principle and weak approximation
for V(F'), and the Manin-Peyre conjecture is satisfied by Lemma 2.2.

Suppose next that d = 2 or 3. Theorem 1.5 and Lemma 2.2 imply the result if

n —og(F) > d2°R,

where og(F) is as in (1.14). Since F' is nonsingular, this follows from (1.15) from the

introduction combined with our assumption (1.12). ]

5.2 Counting solutions to the auxiliary inequality

We now prove Proposition 5.2. We begin with a technical lemma.
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5.2.1 Finding spaces on which the Jacobian is large

The following result shows that, provided o*( f [d}) is small, then for every point where
m BN (M. 2@=D)|_ is small, there are many ways in which we can perturb

the variables (¥ such that [|[m®¥)||_ increases rapidly.

Lemma 5.4. Let J,(ﬂ:)(:v(l), .., x4 Y) and o* be as in Definition 5.1. Suppose that
B € RE\ {0} and that V),... =1 ¢ R™\ {0}. Then one of the following two

alternatives holds: either we have
lm D (@ ) g 180NVl -l
or else there exist linear subspaces Uy, ..., U1 of R™, satisfying
dimU; 4 - +dimUy_y = n — o*(f19),

such that for allu®™ € Uy, ..., u'*Y € Uy_;, we have

u®
HJ,(f'f)(m(l),...,m(d_l)) : H
2@ /) lleo

Furthermore we may take the spaces U; to be spanned by standard basis vectors of R™.

> 18l 2Vl - 2V
Proof. Suppose that v € Rf and 2z, ..., 2(@=1) € R™ such that
e = 120l = -+ = |24, = 1

holds. We will show that either
||m(7‘f)(z(1), o ’z(d—l))Hoo > 1,
or else
[T D (2D 2 | >y |l for all uw € U, (5.5)

for some (n—o*(f%))-dimensional linear subspace U of R~D" spanned by standard
basis vectors of (d — 1)n-dimensional space. Once we have shown this, the result will

follow on writing

¥ = B/18lls = /IIIE( [
/IISB

U=U; x---xUyg_

u(@ /Hw(d il

[e.o]
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Let C' > 1 and apply Lemma 2.6 with k = n — o*(f'9) and JT(r’Z'f)(z(l)’ ozl
as the matrix M. This shows that either

TGP (20, 2 | > O |, for all u € U,

for some (n— o*(f¥))-dimensional linear subspace U of R(@=1)"

spanned by standard
basis vectors, or else there is a (14 o*(f¥))-dimensional linear subspace X of R(¢~1"

such that
[T DO 2 X) < e X, for all X € X. (5.6)

Suppose for a contradiction that (5.5) is false for every U satisfying the required
conditions. Then for each C' > 1 there exist vectors v, 21, ..., 21 with unit norm,
and a space X with dimension 14 o* (%), satisfying (5.6). Passing to a convergent
subsequence, we find vectors v, 2z, ..., 2(¢~D with unit norm and a space X with
dimension (d — 2)n 4 1+ o*(f'9), such that

JH W 2 X =0 for all X € X.
In other words, the matrix J,(qz'f)(z(l), ..., 219 D) has rank n — o*(F) — 1 or less.
But this is impossible, by the definition (5.2) of the quantity o*. This proves the
result. O

5.2.2 Proof of Proposition 5.2

We use Lemma 5.4 to bound the counting function NV, gu}‘(B) by covering the set of
solutions to the auxiliary inequality (1.29) with a collections of boxes of controlled

size.

Proof of Proposition 5.2. If B = 0 then N'¥(B) = 0 and the result is trivial. Let
B € R\ {0}. For each Ty,..., Ty 1 > 1, define

Z(Ty, ..., Ty 1)
= {(:13(1), Ly ez T < 2V <21 (i=1,...,d—1)
[m@ (@, a0 < BB,

so that
NgS(B) <1+ Y #Z(2",... 2. (5.7)

t1,.5tq—1EN
ti<log, B
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Let C be a positive real number which is sufficiently large in terms of f. The trivial
bound #K(11,...,Ty—1) <, 17" --- T} | gives

Sy 4720, 24 1) <4, B4 (log C1B)* !,
t1,.5tq—1EN
1+ +tg_1<logy C1 B2

and substituting this into (5.7) gives

N§¥(B) <anc, B4 2"(logB)"" + > #2721, 241 (5.8)

t1,eeny tg_1€N
ti<log, B
t1+-+tg—1>logy C1 B2

For the remainder of the proof, we will let T, ..., Ty € (0, B) such that
T Ty, >C, B2 (5.9)
and we will prove that

T ... T, \E-1
1—‘“> . (5.10)

#Z2(Th, ..., Ta1) <y B(d_Q)n+R_1< Rd-1

Substituting (5.10) into (5.8) will then prove the proposition.

We claim that for each (z™®,... z@Y) ¢ Z(Ty,...,Ty_1), there exist linear
subspaces Uy, ...,U -1 of R™, spanned by standard basis vectors of n-space, such
that dim Uy + - - - + dim Uy_y = n — o*(f%) and

u(l)

...zt ( ) NETA IR

..... d—1
2@

(%)

i

for all u® € U;. Indeed, if (™M), ... 2@ Y) e Z(Ty,...,Ty_1), then
[m @D (@D, )| < 8] B,

and by (5.9) it follows that
Im @D (@D, 2 @) < O BT Taa

In particular,

[m® (@, 2| < Bl - )

o0’

and since we took € > 1 sufficiently large, we can apply Lemma 5.4 to give us

spaces U; satisfying the required conditions.
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Fix some particular U;, and fix integral n-vectors v, ... vV satisfying T; <
[v@||_, < 2T; such that every v® lies in the orthogonal complement of U;. We then
define Z*(11,...,T4—1) to be the subset of Z(T},...,T; 1) containing those (d — 1)-
tuples (2, ..., (@) which satisfy the bound (5.11) for all u( € U;, and for which
2 — v e U, for each i. We claim that

B2 n=o (1) dim U dim U,
#Z*(Tl,--'aTdfl) <<f <ﬁ) Tllm 1 “‘Td—l d-1 (512)

Every point in the set Z(Ty,...,Ty_1) lies in Z*(T},...,T,;_1) for some choice of the
parameters U; and v?. There are Oan(1) choices for the spaces U;, and for each one

T{l—dim Uy . T?”L*dim Ug—1

of these choices there are Ogp( i1 ) possibilities for the vectors

v s0 by summing over all the possibilities we see that (5.12) implies

B(d—Q) n—o*(f14)
Z(Th, ..., Ty —_— v Ty
#Z(Th,. .., Ty) <5 (Tl---le) 1 d—1

which is the desired conclusion (5.10).
Let (zW,... @) (yO .  y@bY)y ¢ Z5Ty,...,T;-1) and for each i write
u') =y — 20 5o that u® is an integral vector lying in U;. We suppose that

Ju?| . < 7T foralli=1,...,d—1, (5.13)

where C) is the sufficiently large constant from our assumption (5.9), and we will
show that

] Bd—?ﬂ

From this it will follow that any box of the form

A(C) = {(5(1), L€YY e (RMT s for each i = 1,...,d — 1 there are
v® € U; such that €% = ¢ + v and [p?]|_ < CflTi}
will satisfy

_ n—R+1
B(d 2) Tdim U . Tdim Ug—1
Ty Ty 1 d-1 :

#{AQUZ(Th,..., Ty} <5 (

We need at most O¢(1) such boxes to cover all of Z(T1,...,Ty_1), so this implies our
claim (5.12).

It remains to prove (5.14). We have
mBD (GO @) B0 (g0 M) gD | g @Dy
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and we will expand the right-hand side as a sum of terms of the type

2@ ),

mPH (W @ g® D),

m @D (u®

and so on. That is, each term is equal to the system m3¥) evaluated at a (d—1)-tuple
of vectors, where we may take either £ or u for the ith vector in the (d — 1)-tuple.
After grouping the terms together according to the number of vectors u? occurring

in the argument of m®f) | this gives

Mm@y 4D

&)
—l—J,(f'f)(a:(l),...,az(d_l))( u; )

u d—T1
+ 05 (Hﬂlloo DR Tl N 7 N Tk)
1<i1<ia<d—1 k;ﬁil,ig
R o7 I S N Ll ™
1<i1 <+ <ig_o<d—1 k#i1 . yig—2
(5.15)
By (5.13), the total error in (5.15) is
- @]l
Oy (Cl Bl Tr - Ty | max T)

In addition, as (™, ..., 2@"Y) and (y™,...,y ) belong to Z(T,...,Ty_1) we

have

Im @ (@™, D) Im P (y O,y )< 18]l B

So by (5.15),
€
JBD (@M g0y [
u d—1
0
B2 —1 T T, I .
<<f ”IBHOO +Cl H/BHOO 1 d 11':{{,1,%2(—1 E
By (5.11) this implies that
[ ]
T . . T, =
”ﬁ”oo 1 d li:?,?.?:gfl T,
[

d—2 ~1
<Ls 1Bl B + O 1Bl Th Td_l@:{?%fi{—l T;
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At the start of the proof we assumed that 8 # 0 and that C; >¢ 1, so this implies
the conclusion (5.14). O

5.3 Proof of Proposition 5.3

In this section we will prove Proposition 5.3, bounding the quantity o*(H ) for typical
systems H. The strategy is to relate o* to the dimension of a certain explicit complex

variety W, which we will be able to parametrise.

Proof of Proposition 5.3. If H is a system of degree d forms with coefficients in a
field F, we define a subvariety X g of ]P’ﬂ{?_l X (Pg_l)d*I as follows. Taking 3 and the
2 as homogeneous coordinates on Pg’l and Py~ respectively, ¥ is cut out by the

conditions

mBH) (W =Dy =g,

rank JBH) (W gd-D)y <p - R,

The condition that ¥ g be nonempty cuts out a Zariski closed subset, defined over
Q, in the space of all systems H. We will show that this is a proper subset. This
will prove the proposition, because by (5.2) we have ¢*(H) > R precisely when the
variety g has a K-point.

Suppose for a contradiction that X g is nonempty for every system H.

Let N(d,n) be the number of coefficients of a general form of degree d in n

variables. The space Pg (dn)=1 parametrises degree d forms in n variables up to mul-
tiplication by a constant. Let ¥y be the subvariety of Pg(d’")_l x (Pg )% defined

by the two conditions

mD (W 2Dy =0,
P 1 (5.16)
rank JUD (2, 2@ V) <n - R,
where the form H represents a point of Pg(d’n)_l. Given a system H with linearly

independent H;, we can embed the variety Xy into ¥y by sending the vector 3 to

the form B - H. The image of this embedding is © N ¥y, where O is the projective

linear subspace of Pg (dm)-1 spanned by the H;. Since every variety Yy is nonempty

by assumption, the intersection © N ¥y is nonempty for every (R — 1)-dimensional

d,n)—1

projective linear space © in Pg( . So we have

dim ¥y > N(d,n) — R. (5.17)
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Now let 3; be the subvariety of Pg(d’n)_l X (]P’&_l)d cut out by the conditions

m(H) (w(1)7 .. ,w(d_l)) — 0’

q

where H represents a point of Pg (@n)=1 and M, .. @ are vectors of homogeneous
coordinates on IP’&‘I. Each solution of (5.16) corresponds to an R-dimensional space
of vectors x(@ satisfying (5.18). So each point of ¥y corresponds to an (R — 1)-

dimensional projective space of points on ¥, and by (5.17) we must have

dim¥; > N(d,n) — 1. (5.19)
Consider the map
,’(5) (a‘;(l)’ . 7w(d_1))Tw(d)
Hw— m (@0 @) , (5.20)

where the right-hand side is a vector with 2n entries obtained by concatenating
two vectors with n entries each. This map is linear in the coefficients of H. Let
L(zW, ... @) be the matrix of this linear map, so that L(z™, ..., x@) is a (dn) x
N(d,n) matrix whose entries are polynomials in the ¥ with rational coefficients.
Given a d-tuple (M, ... @), the space of forms H satisfying (5.18) has dimension
equal to

N(d,n) —rank L(z®, ... z@).

So if we let A(k) be the subvariety of (Pg')? cut out by the condition
rank L(zW, ... @) =k,

then each point on A(k) corresponds to a (N(d,n) — k — 1)-dimensional projective

linear space on .1, and hence
dimY; = . ?1ax dimA(k) + (N(d,n) — k —1).
In particular, (5.19) implies that for some ko € {0,...,dn} we have
dim A(kg) > ko. (5.21)
Let W be the variety cut out in (P&’l)d X P(é”’l by the equation

wLizW, ... @) =0, (5.22)
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where w is a vector of homogeneous coordinates on Pé”’l. If we are given a d-tuple
(M. .., z9) representing a point on A(kg), then the space of vectors w satisfying
(5.22) has dimension

dn — kg.

So each point on A(kg) corresponds to a (dn — ko — 1)-dimensional projective linear

space on W, and (5.21) implies that
dimW > dn — 1. (5.23)

We will show that the complex points W (C) can be parametrised by dn — 2 complex
parameters. By standard results this implies that dim W < dn — 2, see the remarks
at the end of §2.3 in Chapter 2 of Shafarevich [Shal3a].

Let (xM,... 2@ w) represent a C-point of W. From the definitions (5.20) and

(5.22) we see that the expression

(H) /(1) (d—1\T (d) “
wT<m(w S >:<w<d>>TJ,§’:”<a:“>,...,w<d”>( | )

mH) (M) xd1) W(a-1)n

W(d—1)n+1
+mD (W gl ( : )

Wdn

must vanish uniformly for all degree d forms H. In the special case when H(x) =
(b-x)?, so that the form H is a dth power of a linear form, we calculate from the

definition of Ja (x®, ... @) in (5.1) that this expression is

(b-wb-2?).--(b-2D)+ (b - 2B - w?)(b-2P).-- (b 2@D)
+ bWy (b2 (b w@D),

where we split w into d separate n-vectors w®, given by

w®
w:<;>. (5.24)
w@

We may divide through by (b-2®)---(b-x@) to see that

b-w® b-w@®
b x0T @

0 (5.25)

whenever b € C" and all of the denominators b - ¥ # 0 are nonzero.
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Below we will find m € {1,...,d}, ke {1,...,m}*, A e (C\ {0})%, p € C™ and
yM, ... y™ € C"\ {0} such that

=1 (=1,...,m), (5.26)
k;j={

Nix® = gyl (i=1,...,d), (5.28)
Z Aw) = gy (L=1,....,m), (5.29)
=t

where the w(® are as in (5.24). Given m and k, we have an mn-dimensional space
of parameters (y™"), ..., y™)) and a (d — 1)-dimensional space of parameters (X, )
satisfying (5.26) and (5.27). Having chosen the values of these parameters the value
of each £ is fixed uniquely by (5.28), and there is a (d — m)n-dimensional space
of vectors w satisfying (5.29). In total then, the space of possible (d + 1)-tuples

(2@, ..., 2 w) has dimension at most
mn+(d—1)4+(d—m)n=dn+d— 1.

For any uy, ..., uq, v € C\{0}, the (d+1)-tuple (u1z™, ... ugz'® vw) represents the
same point of W (C) as (", ..., @ w). Consequently W (C) can be parametrised
with dn — 2 complex parameters, and by the comments after (5.23) this gives a
contradiction and proves the proposition.

It remains to find, for each (d + 1)-tuple (zV),... 2@ w) satisfying (5.22), a
choice of the parameters m, k, A\, mu and y* such that the relations (5.26)(5.29)
hold. Define an equivalence relation on the set {), ... x(®} by saying that () and
xU) are equivalent if they are linearly dependent. Let m be the number of equivalence
classes. Number them from 1 to m, and let k; be the number of the equivalence class
to which z® belongs. All the vectors in a given equivalence class are multiples of one
fixed vector, so there are nonzero scalars \q, ..., Ag and nonzero vectors y», ... y(™
satisfying (5.28). By replacing each y) with a scalar multiple of itself if necessary,
we may assume that (5.26) holds. It remains to find g € C™ satisfying (5.27) and
(5.29).

Substituting (5.28) into (5.25) shows that

" by, Nw®
> yé(g) =0 (5.30)

(=1
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whenever b € C" and none of the denominators b - y¥ vanish. Let ¢, € {1,...,m},
let t € C" and suppose that t-y%) = 0. Since the inequalities m < d < n hold, there

exist u, v € C" satisfying the three conditions

u- -y £0 for all ¢ # ¢y, (5.31)
u - y(EO) = 07 and
vy =1 (5.32)

For some small € > 0 we set
b=t+eu+ v,

Then the conditions (5.31) and (5.32) ensure that

b-y > e for all ¢ # ¢y, and
b . y(‘eO) — 62.

So (5.30) implies that
€t Z Aw' = O(e7h).

ki=fo
Letting € — 0 we see that ¢ - Zki:eo A\w® = 0 vanishes. Recall that this holds for
any o € {1,...,m} and any t € C", provided only that ¢ - y©) vanishes. So for each
ly € {1,...,m} there must be some py, € C such that

3 A = .
ki=0o

This gives us an m-vector p satisfying (5.29). Finally, substituting (5.29) into (5.30)
shows that

" b-y®
Zﬂzm:lﬁ1+"'+ﬂm20,
=1 y
which proves (5.27). So (5.26)—(5.29) all hold, as required. O
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Chapter 6

Diophantine inequalities

In this chapter we prove Theorems 1.8 and 1.9, concerning systems of inequalities
If @)l <3P el < P.

Theorem 1.9 treats the case p > 0. The results of the previous chapters would, with
some modifications, suffice to handle this problem. When p vanishes however, we
must use the circle method in the form laid out by Freeman [Fre02] and described in

§2.2. In order to do this we will need to assume a bound
N2%(B) < CpBU=In=2¢ (6.1)

for all « € R® and B > 1 and some Cy, > 1 and € > 0, where NJ%“X(B) is as in
Definition 1.6.

Throughout this chapter we let £ and f9 be as in §1.1, we let S¢.w(o; P) be as
in (2.16) and we let k, S(k, k) and Poly, (k) be as in Definition 2.3. As described
in that definition, we adopt the convention that all implicit constants in < and O( -)
notation may depend on & only by a multiplicative factor Poly, ().

In §6.2.2 we prove a smoothly weighted version of Proposition 3.3 from Chapter 3.

Proposition 6.1. Let w € S(k,n), Cy > 1 and € > 0.
Suppose the leading forms fi[d] (x) are linearly independent, and that the bound
(6.1) holds for every a € RE and B > 1. Then for any o, 3 € R? we have

Sfwlog P B _ 1
10D iy g ma{ Pl £, (62)

Y

. Sﬁw(a;P)
IIIIH{‘ Pn

_ - ¢
D (P BIL IBIEY (63

with implicit constants of the form Poly, .(k)Ocy 7.x(1).
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We now give the conclusions of Freeman’s variant of the Davenport-Heilbronn

method, as described in §2.2. The following result is proved in §6.3.3.

Proposition 6.2. Let p € [0,d—1]. Suppose that the fi[d}(m) are linearly independent,
and that the bound (6.1) holds for all @ € R® and B > 1 and some Cy > 1 and

€ > (d— p)2¢R. Assume that for some A € (0, RLH) and some function & taking
values in (0, 1], we have
sup |S5w(a; P)| <5 Polyy,(r)E(P)P" (6.4)

acRE
PATI< el <&(P) PP

forall P> 1, allw € S(k,n) and all sequences of positive real numbers K.
Then for all such k and all w € S(k,n), ¢ € S(k, R) and P > 1 we have

S o(PPf(x)w(w/P) = / (P2 £ (8))w(t/ P) dt

+ Poly, ,,(k)Ocy 2.5 (£(P)° prld=n)R . pr—(d=p)A=0)
(6.5)

/ o (P2 £ ()t P) dt = $(0)Ty, PP (@
+ POlyd,n(R)OCo,%,f (Pn_(d_p)R_é) , (66)

where 6 > 0 depends only on €¢,A,d, R and p, while J¢,, > 0 depends only on Fld
and w. Furthermore there is 0’ > 0 depending only on €,A,d,n, R and p such that

#Hz el |z|, <P | f=@)l, <iP}
= Jjial PR 4 O g, (E(P)” Prold=nft 4 pro(d=afindhy,
(6.7)

Ma eR": |lzl|, < P, || f% )|l < iP°}
=3 pr—(d=p)R O(gf’p(pn—(d—p)R—y), (6.8)

for all P > 1, where J¢a) depends only on 9 and X is the Lebesque measure.

To prove the complementary-arc bound (6.4) we will employ Proposition 6.1,
together with the following uniform upper bound in the case when p = 0. This is

proved in §6.4.

Proposition 6.3. Suppose that f[d] 15 1rrational in the sense of Definition 1.7. Then
there is a function n : [1,00) = (0,1], depending only on f'9, such that n(P) — 0 as
P — o0, and

sup |S¢w(c; P)| < Polyy,(k)n(P)P" (6.9)

acRE
n(P)<|lello<n(P)~"
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for all P> ¢ 1 and w € S(k,n). Moreover, if F9(x) has real algebraic numbers for
coefficients, then we can set n(P) = P~° for some § > 0 depending only on d and R.

In the case d = 2 this reproduces Lemma 3.2 of Miiller [Miil05]. For higher degrees
there are considerable technical complications. Our main tool is Lemma 2.11 from
§2.3.2 in Chapter 2, which relates the quality of rational approximations to the matrix

L and the density of integer vectors v at which Lw is close to an integral vector.

6.1 Deduction of Theorems 1.8 and 1.9

We combine the propositions above with the work of Chapters 4 and 5.

Proof of Theorems 1.8 and 1.9. Throughout this proof d,n, R and f will be asin §1.1
and p will be a real number satisfying p € [0,d — 1]. We will write § to stand for
a positive real number which depends at most on d,n, R and p and which may vary
from line to line. We let the smoothness classes S(k, k) be as in Definition 2.3, and
we use the convention for implicit constants described there.

We prove the two theorems simultaneously, in the following way. If d = 2 or 3, we
suppose that f19 is nonsingular. If d > 4 we suppose that f ) belongs to the Zariski

open subset Uy, g from Proposition 5.3. In either case we suppose that
n>(d—p2°R+R—1. (6.10)

Now if p > 0 we are in the setting of Theorem 1.9, while if p = 0 and f 4 is irrational
in the sense of Definition 1.7, then we are in the setting of Theorem 1.8. We claim

that the hypotheses of Proposition 6.2 are satisfied for

1
C=(d-pR+5, A=, (6.11)

and some function &, depending only on 9 and p, such that

EP)=P° ifp>0, (6.12)
EP)—0 as P — oo if p = 0 and f is irrational, and (6.13)
E(P)=P7% if p=0and f'9is irrational with algebraic coefficients.  (6.14)

If p = 0 then the conclusions (1.33) and (1.34) from Theorem 1.8 follow from (6.7)
and (6.8) in Proposition 6.2, while if p > 0 then the conclusions (1.35) and (1.36) from
Theorem 1.9 follow in the same way. Furthermore, if f [ (x) = 0 has a nonsingular

real solution then the positivity of Ja follows from (6.8) just as we deduced the
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positivity of T, 4 from (3.2) in the proof of Proposition 3.2 in §3.1.4. This will
complete the proof of the theorems.

So we must show that the hypotheses of Proposition 6.2 all hold with ¢, A and &
satisfying (6.11)—(6.14). We begin by proving that the fi[d] are linearly independent,
and that the bound (6.1) holds with & as in (6.11), that is

N3™(B) < BU-Dn=(d=p)2hi= (6.15)

for all B > 1 and B € RE. If d = 2 or 3, then the fi[d] are linearly independent
since £ is nonsingular. Moreover (6.15) will follow from Proposition 4.1 and (6.10)
provided that ox < R — 1, where
=1 dim Sing(F
o =1+ max dim ing(F),

K={8-f%:8eRr"}.

By (1.15) from the introduction we have ox < R + dim Sing( f[d]), and because fI%
is nonsingular it follows that o < R — 1 as required.
If instead d > 4, then Propositions 5.2 and 5.3 show that for any B > 1 and any

€ > 0 we have
Ngu}c(B) <<f,e B(d—2)n+R—l+€’

and by (6.10) it follows that (6.15) holds. Furthermore the fi[d] must be linearly
independent, or else the quantity o*(f [d}) defined in (5.2) would be equal to n, con-
tradicting Proposition 5.3. This proves the claim.

To satisfy the hypotheses of Proposition 6.2, it remains to show that (6.4) holds
with A given by (6.11) and with some function ¢ satisfying (6.12)—(6.14). Observe
that by Proposition 6.1 we have for all w € S(k,n), all P > 1 and all a € R” that

Sﬁw(a; P)

%7
pr '

_1
< g max{ P el| ], [lexllsT}

It follows that for any A > 0 we have
S f,w(a; P )

n

sup <gx PR 4 AdT (6.16)

PR~ <||af| ,<A
If p > 0 then we pick A = P~*/2 to see that

Sf,w(a; P)

_% __€p
sup <L i PTir 4 P21,

1
PIR~ < af| <P~r/?
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This proves the complementary-arc bound (6.4) with A as in (6.11) and some & of
the form ¢(P) = P~ as required by (6.12).

If instead p = 0 and f 4 is irrational, then Proposition 6.3 shows that there is a
function 7 : [1,00) — (0, 1] such that n(P) — 0 as P — oo and

Ssola; P
sup fwlo; P)

<srn(P) (6.17)
nP)<lal<np)-t P

for all w € S(k,n) and all P > 1. Choose A = 5" in (6.16). Then (6.16) and
(6.17) show that

Stw(o; P) % %

sup P”’ L P71R +n(P)@D 4+ n(P),

1
PIR <o <n(P) !

for all w € S(k,n) and all P > 1, which proves (6.4) with A as in (6.11), and for
some ¢ satisfying (6.13). Additionally, if f 4 is irrational with algebraic coefficients,
then we may take n(P) = P~ in Proposition 6.3. After adjusting the value of § if
necessary we may then take £(P) = P~°, which justifies (6.14). By the comments
after (6.14) this proves the theorems. O

6.2 Smoothly weighted sums

We consider the weighted sum Sy, (a; P) from (2.16), where the weight w belongs to

a smoothness class S(k,n) as in Definition 2.3.

6.2.1 Weyl differencing

We require an analogue of Lemma 3.11 from §3.2.1.

Lemma 6.4. Let U;(B,d) be as in Definition 3.10. For all a, 8 € R®, w € S(k,n)
and 0 € (0,1] we have

d—1
Stulo; P)| Up.5(P?, Pa=10=d)
d
. |[|Sfu(a; P)| |Stw(a+ B;P) 2 Ug.(P?, Pld-10-d)
mln{ an+e ‘7 ’ ! Prte < POIYd,n(K) 2l Pld—1)on . (619)
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Proof. We have

Stw(a; P)* = | e(a- f(a))w(®/P)
= Y ela flx+2)—a- fl@)w(Z)w(®H)
= S P) (6.20)

where, following the notation of Browning and Prendiville [BP15, (3.1)], we put

wz(w) =w(x + z)w(x),  [fl.(x) = flz+2) - flz) (6.21)

We define w, )

7777777777

Wy, (®) = w0, e (@+2M)w,0 e (@), (6.22)

..........

777777777777

We claim that for all £ > 1 we have

Srulas P _ 1 Y5 (@ P). (6.23)

P2kn — pP(k+Ln

2 (k)

,,,,,

If k=1 this is just (6.20). If £ > 2 then by induction we can assume that

P2kn Pkn (), = 1)W (1) (k1) (

,,,,,

k 2
|S ,w(a§P)|2 1
! < > Sy a; P),

2z z(k=1)e7n

and by the special case |Y ., 7 MNI° < (#I) - Zig\)\if of Cauchy’s inequality, this is

1 2
= Pk+1)n Z ‘S[-ﬂz(l) L(k=1)W (1) (k—1) (Oz;P)} :

SO, genggn R

An application of (6.23) completes the proof of (6.23).
We will use the case k = d — 1 of (6.23) to prove (6.18). As in formula (3.4) of

Browning and Prendiville [BP15], by Taylor expansion we see that o [f], ) w1 (@)
has degree at most 1 in  and that the degree 1 part satisfies
o R N B O S o
a-[flo  an(®) = | Z Zi o Z m“ - f(x).
11,4yt —1=1
—x-m@H W 2D (6.24)
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where m{/) is as in §1.3.3. Now by substituting (6.24) into (6.23), we see that

P2(’1*1>n

1
S pdn Z Z 6(33 ’ m(af) (z(l)v s 7z(d_1))) W z(d—l)(m/P) ;

2d—1

2z | zd=Degn ' xel®
120l <4P
(6.25)
where we are free to impose the condition ||zV||_ < 4P in the first sum, since

w € S(k,n) is supported on [—2,2]" and so the weights w,)

(6.21) and (6.22) vanish unless ||z®||_ < 4P for each 1.
Observe that w,u)

the r; depending on d,7 only. We claim that for any £ € N, £ € R", o’ € S(Kk’,n) we

L@ (x/P) =0 from

-----

21 € S(K',n) where k; = Poly,;(k) is some polynomial in

.....

have

Y el§-2)w(/P) < Poly, (k') - P max{1, P||€]g,} """ (6.26)

xeln
where | - || sz is as in §1.1 and Poly,, is a polynomial depending on n only. By Poisson

summation we have
D el¢-x)(@/P) =) P'W(Py— PE)
TEL™ yeL”

where @’ is the Fourier transform, and since w’ € S(k/,n) is n+ 1 times differentiable
and the x| are upper bounds for w’ and its derivatives, it follows that

> elé-a)w'(/P) < Poly, (k') ) | P"(Py— P&
TEL™ yezZ”
By treating the points y lying close to & separately, we obtain

S P Py-P) =P > (- Pt Y (-

yeL” yezL” yezL”
ly—¢&lloo <1 ly—¢&lloo>1

< P7Ou(€llg]z ) + P710a(1)
<n PRz
This proves (6.26) provided that If [[£]|z; > 1/P, and in the contrary case (6.26) is

trivial.

By (6.25) and (6.26) we have

[Spules P)PP < Poly,, () - P
ST max{1, Pm@H (2 2@y T (6.27)

z(z) =il
2| ,<4P
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Let Uy(B, d) as in Definition 3.10. Observe that the number of (d—1)-tuples of integer
vectors 2 satisfying ||| < 4P and

9i-1 < Hm(wf)(z(l)’ o ,Z(d b )HR/Z <2

is at most Uy.f(4P,2°P~1), and so we have

Z max{1, Pllm>D (M 270) H]R/Z}i )
z(i)ezn

2], <4P
< Uap (AP, P71 4+ 27700, o (4P, 2P,
=1

Together with (6.27) this yields

[Sg.wla: PP < Poly,, (k) - PE-0n N " omitiDy, (4P, 2 P7Y),

=1

(6.28)
By the Dirichlet box principle one sees that

Ua (4P 2' P71 <, 2"Up 4 (P, P71,
and together with (6.28) this proves (6.18).
To prove (6.19), it is enough to show that

9d—1

‘Sf,w(a; P)Sf (o +B; P)

U,C-Lf(Pe, P(dfl)Hfd)
P2n

< POIYd,n(K’) Pld—1)on

We apply the inequality [ .., NI < (#T) - Zi61|)\i|27 which is a special case of
Cauchy’s inequality, a total of d — 1 times to find

1St + B; P)Spu(a; P)*

=Y ela fla+y) —a-f@)w(@)wE)
< _p(de '=1)n
SIS e((a+8)- fl@+y) —a- fl@)w(@Z)wE)
= PETI NT N gy () w(ZRE)w(E) (6.29)
e zap

where g, is a polynomial depending only on a, 3, f and y, and which has the same

degree d part as the polynomial 3 - f. Applying (6.18) to the inner sum in (6.29)
proves (6.19). O
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6.2.2 Proof of Proposition 6.1

Proof. The proof of Proposition 3.3 in §3.2.2 bounds the minimum

S St 2
min{ ;ﬁi") s ’”]gf:r b >‘} (6.30)
using the bound
S(a: P .pyN 2 L (PY. pld-1)o—d
min{‘ (a’ )" S<a+/6’ )‘} e Uﬁf( ) )
Prnte Prte e Pp(d-1)6n
from Lemma 3.11. This and the trivial upper bound
d
. St 2 St 4 + 2
mln{‘ J;i(f) ; ‘ leﬁ B) } Ldm 1, (6.31)

which is employed in the second (6 < 0) of the three cases at the end of the proof,
are the only properties of the minimum (6.30) used in that proof.

The proof of the present result is precisely similar. Instead of bounding the above
unweighted minimum (6.30) with Lemma 3.11, we bound the left-hand side of (6.3)
or (6.2) with Lemma 6.4. Either of these quantities has a trivial upper bound of size
O, (k2") which may be used in place of (6.31). One easily verifies that the implicit
constants all have the form Poly,,,(k)Oc¢;,#.x(1), as required. O

6.3 The circle method

We now apply Freeman’s variant of the Davenport-Heilbronn method, as described
in §2.2. Throughout this section S, (a; P) will be as in (2.16), and &, S(k, k) and
Poly, (k) will be as in Definition 2.3. We will always follow the convention for
implicit constants described in Definition 2.3.

We let A € (0,1) be a parameter, the central arc €pga will be as in (2.11) and

the complementary arcs ¢pga will be as in (2.12).

6.3.1 The central arc

We first treat the €pga from (2.11). We begin by approximating Sy, (a; P) when o
is small, using the function defined for each v € R by

Suclr) = [ el £98)) ) . (6.32)
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Lemma 6.5. Let w € S(k,n) and let S, () be as in (6.32). Then for each o € RT
and P > 1 we have

St (o P) = P"S, (P'a) + P" 'Oy . (1 + PY|)-

Proof. The case ¢ = 1 of equation (3.27) from §3.1.2 states that if ¢ is a continuously

differentiable complex-valued function on R", then
(x) = / v V@t dut 0, max [Vazrw)ll).  (633)
lulloo<1/2 el <1/2

Set ¥(x) = e(a- f(x))w(x/P), and observe that from the definition of the smoothness

class S(k,n) we have

sup |V (t)[| = max [[Veh(#)]]

teR" teR”
Itll . <2P

<dn,R HaHoonHoopdflfﬁo + PRy,

Substituting this into (6.33) shows that

Spwla; P) = Z Y(x)
el <P

= | () dt—i—P"‘lOf,,Q(l +Pd||a\|oo>. (6.34)
R
Because f(t)w(t/P) = f9(#)w(t/P) + Of (P ||al|..), we have

() dt = / e(ac- fU(E)w(t/P)dt + Opu (P, )

Rn

_ pr / e(Ploc- £1(6))w(t) dt + Op (P ], )
and together with (6.34) this proves the claim. O

We use Lemma 6.5 to prove a central arc estimate along the lines of (2.17) from
§2.2.

Lemma 6.6. Let Cpya be as in (2.11) and let S, () be as in (6.32). Suppose that
for some w € S(k,n), € € (R,00) and all P > 1, a, B € RE we have

Sﬁw(a; P)

_ _ T C
o < Polyy, () max{ P[], 1B]1%7} (6.35)
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Then for any ¢ € S(k, R), p € (—o0,d), A € (0,1) and P > 1 we have

/¢ St (o PYPPRG(PPa) do = / ngp(P_pf[d](t))w(t/P) dt

+Polydm(K)O%)’f(Pn—(d—p)R+A(R+1)—1  pr@=PR-AE-R)) (6 36)
Furthermore the integral on the right-hand side of (6.36) satisfies
[ ePosie)ete Pt = 03P 0"
+ Polydm(n)Og,f(P"_(d_”)(R“) + pn—(d—p)R—d(%’—R)) (6.37)
with Jg, = fRR Sw.0o(y) dvy absolutely convergent.

Proof. Throughout this proof we follow the convention that implicit constants will
be polynomial in k, as described in Definition 2.3.

We begin by showing that the function S, () from Lemma 6.5 is Lebesgue
integrable. Together, (6.35) and the case @ = B of Lemma 6.5 show that

P[Sue(PB)| g P max{P~B] ), BT} + P Op (L4 PY)B]l.).
Setting v = P¢3, we find that
[Seco M| g (VI + Os 5. (P
and letting P — oo we see that for all v € R we have
SN < g 11 (6.38)

In particular, as € > R, we see that S, : Rf — C is Lebesgue integrable.
Next we prove (6.36). We have

/ St (o PYPPEG(PPar) dex
Cpd,n

= / PPPRS, (Pla)g(ar) dex
Cpa,A
+ Of R(Pn—(d—p)R-‘,-A(R—&—l)—l)

_ / PURS, (Pla)@(PPa) dar
]RR

4 PR O, o (PARTDSL L pAE-R)) (6.39)
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using Lemma 6.5 for the first equality and (6.38) for the second. Furthermore
/ PrORS, (Pla)p(PPa) da
RR
/ PrteRg Ppa)/ e(Plo- fl(t))w(t) dt dex
/ PrRg( / e(a - F(E))w(t/P) dt dov
= [ otpr sttt/ P (6.40)

by Fourier inversion. The formula (6.36) follows from (6.39) and (6.40). It remains
to prove (6.37).

By Definition 2.3, we have the bound 9¢(a)/0a; = Or(ky) for each i. It follows
that @(a) = $(0) + Op (|l .) and hence that

/ S (Pla)p(PPa) dax = / S (P10) $(0) do
Cpa,n

lleell oo <1

+om(/ |sw,oo<Pda>|Pp||a||wda>
Cpd,n

= @(O)/ Seoo(Plx) dex
el o<1
+ 0%7 F (de(R+1))
where the second equality follows from (6.38). Moreover (6.38) implies
/ Swm(Pda) do <L £, p~
el oo =1
and so

/ PPRS (Pla)@(PPa) da — $(0) / PrrRS (Pl de
RR

RR
<osn ( pr—d-p)(E+1) | pn—(d—p)R—d(@f—m) (6.41)

Putting a = P~%y, we find that

/ P”Swm(Pda) do = / Sw,oo(’)/) d7 = jfzw'
RR

RR

Together with (6.40) and (6.41), this proves (6.37). O

100



6.3.2 The complementary arcs

We now consider the complementary arc estimate (2.18). We follow the strategy
outlined in §2.2.2.

Lemma 6.7. Let cpga be as in (2.12). Let € and p be real numbers satisfying
¢ > max{d — p, 1}R. (6.42)

Suppose that for some w € S(k,n) and all P > 1 and o, B € RE we have

. Srola; P S¢uwla+B; P _
min | S22 21| 8108 LBV ) oty ) max{ P8I 1BIET
(6.43)
Let € be a function on [1,00) taking values in (0,1], and suppose that
sup |Srw(cs P)| <y Polyy,(k)§(P)P" (6.44)

acRE
PATI<| e <€(P) PP

for all P > 1 and some A € (0,1). Then there exists 6 > 0 depending only on
€,d, R, p such that for any P > 1 we have

/ St w(a; P)PPES(PPa) do

tP,d,A

<ig,1.p Poly g, () (E(P)° P00 4 pro(@0f=0) = (6.45)

Proof. Throughout this proof we write ¢ for a small positive constant which depends
at most on %,d, R and p, and which may vary between uses. Implicit constants
in < notation will depend on & only through a factor Poly, (), as described in
Definition 2.3.

We follow the approach described in §2.2.2. Let (i,...,(gr € R, define a box by
Eo = [1%,[G, G + P~*?] and let E C Ey be a measurable subset. The bound (6.43)
allows us to apply Lemma 3.5 with v = P~ and T'(a) = C~'Sf ,(a; P), where C is
the implicit constant in (6.43). Since we have € > (d — p)R and € > R, this shows
that

/|Sf o; P)|da < g PP log P + <supP ™S (e P)|>6P"‘dR (6.46)

ack

where as above § > 0 denotes some constant depending at most on %, d, R, p. Set

bpas={acRY: PP < <EP) P (6.47)
tpy ={a e R*: &(P)'P 7 < o .},
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so that ¢pg is the union of these two pieces. Since ¢ € S(k, R), we have
| SrataiPpPralda <nn [ |SpulaiP)l (Plal) " dan (6.4
tpf tpf
By covering R® with hypercubes of side length P~" and applying (6.46) on each
hypercube, we deduce that
| I8putasPotpra) da

tpy

<ggn Y, (P log P4 PP |al|
aczZh
lall o >€P)~!

Lganr, E(P)PPH, (6.49)

Now covering the set bpa s from (6.47) with hypercubes of side length P~* and
applying (6.48) and (6.46), we obtain

| I8rales Pa(Pra)] da
bpa,f
S / 17 (0 P)| max{P?a]_, 1} dex
bpA,f

<gpn O (P log P+ €(P) P~ max{|lal|,,, 1}

acZk
Lgarp PP+ (P PR (6.50)
The conclusion (6.45) now follows from (6.49) and (6.50). O

6.3.3 Proof of Proposition 6.2

Lemmas 6.6 and 6.7 are sufficient to prove the weighted asymptotics (6.5) and (6.6).
The bulk of the following proof is therefore devoted to deducing the unweighted
asymptotics (6.7) and (6.8). The requirement that our implicit constants be polyno-

mial in K, as described in Definition 2.3, is essential for this last step.

Proof of Proposition 6.2. We first prove the bounds (6.5) and (6.6). Let w € S(k,n),
¢ € S(k,R) and P > 1 and let ¥ and A be as in the statement of the proposition.

By Fourier inversion we have

S o (P f(@))w(z/P) = / Sy.(a P)PPR(PPay) dov

R
xEL™ R

= / St.(a; PYPPES(PPar) dex
Cpd,A

+ / St.(a; P)PPES(PPar) de, (6.51)

Cp.d,A
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where €pgn,cpan are as in (2.11) and (2.12). We apply Lemmas 6.6 and 6.7 to
estimate the last two integrals in (6.51). Proposition 6.1 shows that the hypotheses
(6.35) and (6.43) of these lemmas are satisfied. Additionally, Lemma 6.6 requires that
% > R while Lemma 6.7 has the stricter condition (6.42). These both hold, since we
have assumed that € > (d — p)R and p < d — 1. The remaining hypothesis (6.44) is
exactly the complementary-arc bound (6.4), so both lemmas apply.

Now in the proposition we have A < RLH and ¥ > R, and this ensures that the
error term in (6.36) is of size Poly,, (k)Og s(P"~(4=PB=01) "where 6, is a positive
constant depending at most on €, A, d, R. The first estimate (6.5) follows, by sub-
stituting (6.36) and (6.45) into (6.51) and choosing the constant ¢ appearing in the
proposition appropriately. The second estimate (6.6) follows from (6.37), since in the
proposition we have p < d —1 and ¢ > R.

It remains to prove the formulae (6.7) and (6.8) from the weighted versions (6.5)
and (6.6). We first define some additional notation, then we determine the value
which J ¢q must take in (6.8), prove (6.8) and deduce (6.7).

As in Theorem 1.9, let

Ny(P,PP)=#{x € Z" : ||z|, < P, [ f(z)|, <3P’} (6.52)
Mpa (P, P?) = Mz e R": |lz| < P, | f%)|, < 3P} (6.53)

Pick a decreasing and infinitely differentiable function i : R — [0, 1] such that
h(t)y=1 (t<0), h(t)=0 (t>1).

For each € € (0,1] define w, : R™ — [0,1] and ¢, : R® — [0, 1] by

s =T e -,

i=1

These are increasing as functions of €, and satisfy

we(x) =0 if ||| >1+e¢, we(x) =1 if ||| <1, (6.54)
. 1+e€ . 1
pn) =0 i >0 e =1 i <y
Further define
@e(x) = we((1 + €)z), Ce(v) =@ (1 +€)y), (6.55)
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noting that these are decreasing as functions of €, and are supported on [—1,1]"
d =1 LFE
an [ 27 2]

We, We € S(k19 n) and ., §. € S(k'9, R) and which also satisfies

respectively. There is a sequence k') of positive real numbers with

K< e (i=0,1,...). (6.56)

We use these weights to identify the constant J 4« in (6.8). Applying (6.8) with
the weights w,, @, above and any nonzero ¢ € S(k, R), we find that

~ . 1
Jfwe = A%W/Rn o (f(t))w(t/P) dt, (6.57)
~ . 1
Iy = Jim o /R p(F )l (1 + )t/ P)dt. (6.58)

It follows that Jg,, is an increasing function of €, and that J;gz is a decreasing
function of e. But we have J;5 = (1 + €)™ "7, , by substituting P=(1+¢P
in (6.58) and comparing to (6.57). By letting ¢ — 0 we find that there is J4q > 0,
depending only on f [d], such that

Tfw = jf[d] + Ogn.r(e), Jto = jf[d] + Oun,r(€). (6.59)

We now prove (6.8). We see from the definitions (6.53)—(6.55) that

/ 5. (PP F(£))3.(¢/P) dt < My(P,P?) < / o(PF(8))w.(t/P)dt.  (6.60)
Applying (6.8) with w = w, and ¢ = ¢, and inserting (6.56) gives
/ (P Pf(t))we(t/P)dt = p.(0)Ty, PP 4 Oun)Oy o (Prd=pIR=0),

By setting € = P%/©4»() observing that ¢.(0) = 1+ Og(€) and inserting (6.59), we
deduce that

/ (P F(t))we(t/P)dt =T pa PP~ "PR 4 Og p (P40

for some ¢’ > 0 depending on €, A, d,n, R, p only. By repeating this argument with

We, Pe in place of we, ¢, and substituting into (6.60), we obtain
Mf(P, Pp) = jf[d] P”_(d—P)R + O%ﬂ’f’p(Pn—(d—p)R—zS’)

which is exactly (6.8).
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Essentially the same argument suffices to prove (6.7). Consulting the definitions
(6.53), (6.54) and (6.55) we see that for all P > 1 and € € (0, 1] we must have

> PP f(@))@e(w/P) < Np(P,PP) < > (P f(a))we(x/P).  (6.61)
Applying (6.7) and (6.8) shows that
> (P f(@))we(@/P) = ¢c(0)T 4, P41

xEL™

+ €_Od,n(1)O(g’f’p<€(P>5Pn_(d_p)R + pn—(d—p)R—5)7
— ’jf[d] pr(d=p)R O%f?p(epn—(d—p)R)

+ E_Od’n(l)O(bﬂ,ﬁp(g(P)(SPn_(d_p)R + Pn—(d—p)R—&)j
(6.62)

where the last line follows by (6.59) and the fact that ¢.(0) = 1 + Og(e). Now by
choosing
€ = max{g(P)(s/Od,n(l)’ P_‘S/Od,'n(l)}’

we deduce from (6.62) that

Z g06(P7p~f<'r'c>)u)e(:r/P) == jf[d] Pnf(dfp)R
Y =y/AL

+ Og 4, (E(P)Y Pr=(@=PR | pr=(d=p)R=3"y

for some 0’ > 0 depending on ¥, A,d, n, R, p only. Repeating this argument with w,

and @, instead of w, and ¢, and substituting into (6.61), we obtain
Ny(P, P?) =3 5ia P"™0% + Og g, (§(P)" P10 4 prottznfi=shy,

and together with (6.8) this proves (6.7). O

6.4 Irrational systems of forms

We now consider Proposition 6.3, giving an extra bound on the sum Sy (a; P) in
the case when fI% is irrational.
6.4.1 Passage to a system of linear forms

Recall that Lemma 6.4 gave us a bound for the sum S¢,(c; P) in terms of the
counting function Uy.f(B,d) from Definition 3.10 in §3.2.1. This counting function

involves a system of multilinear forms of degree d — 1.
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To prove Proposition 6.3, we use repeated applications of Lemma 2.11 from §2.3.2
to relate the counting function Ug.f(B,d) to certain counting functions Uy, s x(B, )
which we will now define.

The underlying polynomials in the counting function Uy, £ 4 (B, ¢) will be as follows.
Given integers d > 2 and k € {1,...,d — 1} and a degree d polynomial f(x) with

leading part f¥(x), define a system of multilinear forms

nd—k

mUP (D x®) e RleW, . 2®)] (6.63)
with components
n d
W, . ® 0 f(z) . ,
Xy (1 <idgyr,...,0a<d)  (6.64)
31,...2,]';—1 Tk Tk (9le s 5’Ijk8xik+l s 8xid

arranged in some order. In particular we can take

m D (W gl — D (W gldD) (6.65)

to be the vector of forms defined in (1.27) and (1.28). We further define m/:9 ¢ R™

to be the vector with components

0% f(x)
- 1<iy,...,19<d
O, - 0w, I<i,.la<d)
in some order. Thus each system of forms m(*) (2™ . . 2®) has exactly the

components of mi9 as its coefficients.

Definition 6.8. Let the distance function | -[|z,; be as in §1.1 and let the forms
mF) be as above. For each k € {1,...,d—1}, B> 1 and § > 0 define U; (B, d) to

be the number of k-tuples of vectors (), ... x® e Z" such that

J2 @ 2 < B, [m @, 2l <o

In particular Uy q_1(B,6) = Uy(B, ) is the counting function from Definition 3.10.
The following lemma passes from Uq.£(B,6) to Uqn.£.4-1(B,0).

Lemma 6.9. Let Uqy.£(B, ) be as in Definition 3.10 and let Uz (B, 6) be as in Def-
inition 6.8. Suppose that C, P > 1 and o € R such that

C <l <C

Ugs(P, P71 > C71pl-1n, (6.66)
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Then for each k € {1,...,d— 1}, there is C, > 1 depending only on C,d,n such that
for some g € N with g, = O4,(Cy), we either have

quaf,k(P, P_l) > Ck_lpkna (6.67)
or else P <y, Ciy1. Furthermore we may take Cy_y = C and Cy_1 = Oy, (C?).

Proof. In this proof, implied constants in <, > or O(-) may always depend on d, n.
By (6.65), the case k = d — 1 of (6.67) holds with Cy_; = C and ¢4—1 = 1. We
suppose by induction that the lemma holds for some particular £ > 1, and prove that
it holds with k replaced by k — 1.
We may assume that P > C)_; for some sufficiently large implicit constant,
since otherwise the case k — 1 of the lemma follows at once. After increasing C_; if

necessary we may assume that P > Cj, and so we may fix a natural number g, with
qx = O(Cy), such that (6.67) holds. Define

Z={xzel": x| < P},
X = {(:c(l), xtk) e Zh

#Ha € 2 gm T @D, a)|y, < P> LC P

That is, X is the set of (), ..., 2*~Y) which contribute more than 1C, ' P" values

of ™ to the count Uy, q.74(P, P7'). Then

C«k—l Pkn

IN

UQka'f,k(P’ P_l)
= Z #{w(k) € Z: ||gm TP (D ,as(k))HR/Z <P

:1:(1) ,,,,, w(kfl)ez
< > P" + ) eopn
(M. z*k=-1)ex (D, ,xk-D)eZk-1\X

and so
#X > Lot ptin, (6.68)
Now m(@fik) (:c(l), . ,w(k)) is linear in ™, so we can view it as a matrix product
m @i (g™ g®)y = [(e® L gk)g®)
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We apply Lemma 2.11 with the choice g, L(z", ..., & ~1)2® for the matrix L. This
shows that if (), ..., *~V) € X, then there is ¢’ € N, satisfying ¢ = O(C}), such
that

¢ qrL(xD, ... ,zc(k_l))HR/Z < CyP2

The components of m(@fik=1 (M) x(k-1) are exactly the entries of the matrix
L(z®M, ... 2® V) by the definition of m**) in (6.63) and (6.64). Moreover we
assumed that at the start of the proof that P > Cj, for some sufficiently large implicit
constant, so we can assume that CyP~? < P~!. Therefore each of the (k — 1)-tuples
in X satisfies

afik=1)(p1) | gkl

Mgz <P

Hq,%m(
So every member of the set X is counted by the counting function Uy, x—1(P, P71),
for some ¢’ € N satisfying ¢ = O(Cy). Together with (6.68), this proves (6.67) for all
k by induction, with Cj,_; = O(C?) and g1 = O(Crqr) = O(Cx_1) both bounded as

required. O

6.4.2 Proof of Proposition 6.3

We are now ready to prove Proposition 6.3. We use Lemma 6.4 to bound S, (c; P)
in terms of Uy.£(B,0). We then use Lemma 6.4 to pass to Un.f,1(B,0), which counts
solutions to a linear inequality. This we will treat using Lemma 2.11.

We treat the case of the proposition when f 9 is irrational first, and then the case

of algebraic coefficients later.

Proof of Proposition 6.3, irrational case. Let [ - ||z 5 be as in §1.1, let Ua.£(B,4) be
as in Definition 3.10, let m*) be as in (6.63) and (6.64), and let Uy (B, ) be as in
Definition 6.8.
Let £ be irrational in the sense of Definition 1.7. By Lemma 6.4 it suffices to
find a function 7, depending only on _f[d], such that n(P) — 0 as P — oo, and
sup Us.;(P,P~') < n(P)Pl-n (6.69)

acRE
n(P)<|le]l o <n(P) ™

for all P > £l 1. Suppose there is no such function. It follows that for some C' > 1

there exist arbitrarily large values of P such that some a € R with satisfies

C' < e, <C, (6.70)
Ug.s(P,P~1) > C~1pld-n, (6.71)
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This is precisely the hypothesis (6.66) of Lemma 6.9. We apply that lemma with the
choice k = 1 for the parameter k. This shows that there exists C; such that whenever
P >, Cy, there is ¢; € N with ¢; <, C; such that

Upa-g1(P, P71 > CT P,
which we can rewrite as
#{xecZ": |z|, <P, qum(o"f?l)(az)HR/Z <P '}y =crte. (6.72)

Now m(®¥i1)(x) = Lx where the entries of the matrix L are the components of the
vector m(@ %9 by the definitions above. We apply Lemma 2.11 to this matrix L.
Together with (6.72), this shows that

min qu(a'ﬁo Lgn C1P72. (6.73)

)
4<C HR/ z
By assumption, this holds for pairs (P, ) with P arbitrarily large and C~! < |||, <
C. But this is impossible. If there are sequences (P, P,...), (a™, a®,...) such
that P, — oo, C~! < [|a@||, < C and

min qu(a(i)'f‘o Lgn C1P72

)
q<Ch ‘ ‘ R/zZ

then as |[a®|_ < C we can pass to a subsequence and assume o — «a. Letting
i — oo we see that a - f19 has rational coefficients. But we must have o # 0, as
|a®|| > C~! for each i, so this contradicts the irrationality of £ proving the

proposition. O

Proof of Proposition 6.3, algebraic case. As in the first part of the proof we assume
the notation of Definition 6.8, allow all implicit constants to depend on d and n and
use the distance function [| - ||z 7 defined in §1.1.

Let f [ he irrational with algebraic coefficients. As in the first part of the proof,
we suppose that C' > 1, P > 1 and a € R¥ such that (6.70) and (6.71) hold, and we
will deduce that P is bounded. More precisely, we will show that P < Fld) C9.r(1) By
the comments above (6.71), this shows that we may take n(P) = P~Y/°M) in (6.69),
and hence in the conclusion (6.9) of the proposition.

Let ' be as in Lemma 6.9. That lemma gives us a series of constants Cy_1,...C}
satisfying Cy_1 = C and Cy_; = O4,(C?), so we have C; <4, C#). We claim
that P <4, C. Suppose for a contradiction that this is false.
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Since P >4, Ci, the comments below (6.71) show that the bound (6.73) will
hold, that is,

(]I£1<icnl qu(a'ﬁo) HR/Z Lgn C1P2. (6.74)

Thus there exist ¢ < C; and b € Z"" such that
lgm* 50 — b|| , <gn C1P?, (6.75)
where, since |||, < C and ¢ <4, C1, we must have
16]] o <an CCh. (6.76)

Let Y c R™ " be the span of the R linearly independent vectors

m(fl;o)’ o ’m(fR§0)’

and let this space Y be cut out by the linear equations
Lt=0
where L is an (n?! — R) x n4~! real matrix depending on f [ only. Since
Lm0 — 0,

it follows from (6.75) that
||Lb||OO L gpla) C,P2. (6.77)

Since the fi[d] have algebraic coefficients, we may assume that L has algebraic entries.
As no nonzero form 3- 9 has integral coefficients, we see that Lt = 0 has no integral

solutions. We now apply Corollary 2.13 from §2.3.3 in Chapter 2. This shows that
bl > pua . 1B

So (6.77) implies that
P? Lyl ¢ Cle‘|R+€

oo

and on choosing € = 1 and applying (6.76) it follows that
pP? <L gl 01(001)R+1.
Since n > R and () <4, C94r(M) it follows that P <Lt C9a.r() a5 claimed. By

the comments at the start of the proof, this proves the proposition. O
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Chapter 7

A result over number fields

In Chapters 3-5 we considered equations to be solved in rational integers. Here we

deduce a result for equations over a number field.

7.1 Preliminaries

Let K be a number field of degree m over Q. In this section we describe the form
taken by the Hasse principle and weak approximation over K.

If p is a prime ideal of O we let N'(p) be the norm #(O/p) and for each z € Ok
we let ord,(z) be the unique non-negative integer k such that z € p* \ p*™, where it
is understood that p® = Og. Given y € K we can write y = ¢ for some a,b € Ok,
and we then define the p-adic absolute value by |y|, = N (p)orde®—ord(@) - We let K,
be the completion of K as a metric space with respect to | - |p, see §5 of Chapter II in
Cassels and Frolich [CF67]. When K = Q and p = (p) this recovers the field Q, with
the usual p-adic metric.

Later we will use an alternative description of the K. By the Primitive Element
Theorem there exists some a € K such that K = Q(a). Denoting by f the unique
monic minimal polynomial of o over Q, we have K = Q[t]/(f(t)). Let p be a prime
and let fi(t),..., f;(t) be the irreducible factors of f(t) over Q,. Up to isomorphism
the fields Q,[t]/( fi(t)) are exactly the fields K, for primes p dividing the rational prime
p, by the second Theorem in §10 of Chapter II from Cassels and Frolich [CF67]. So

the Chinese Remainder Theorem gives

Qult]/(f(t)) = @ Ky, (7.1)

plp

where this is an isomorphism as rings, in particular as Q,-vector spaces and hence as

topological spaces.
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We can handle the Archimedean completions of K in a similar way. Let the
embeddings of K into R be 7y, ..., 7., and let the remaining embeddings of K into C be
Tribly - ooy Trirg @A Tp 41, ooy Tryry S0 that m =71 4+2ry. Foreachi =1,...,r 41y,
set x| = |m(r)| and let K, be the completion of K with respect to |-|_. Thus
K. =Rfori <r;and K,, =2 Cfori > r;. Over R the polynomial f(¢) has irreducible
factors t — 7;(a) for i =1,...,7m and (t — 7())(t — Ti()) for i =ry +1,... 7 +7ro.
As with (7.1) we deduce that

r1+r2

R[]/ (f(8) = @ K, (7.2)

as rings and as topological spaces.

Let M be the set consisting of 7, ..., 7,4, and all prime ideals of Ok.

In earlier chapters we worked with projective varieties; here we also consider affine
varieties. By an affine variety we mean a reduced, not necessarily irreducible, closed
subscheme of affine space over a field. See §2 in Chapter 1 from the first volume
and Chapter 3 from the second volume of Shafarevich [Shal3a, Shal3b] for a full
definition.

Let U be a Zariski open subset of an affine or projective variety over K. For each
v € Mg we have U(K) C U(K,), and so if S is a finite subset of My then we can
embed U(K) into ], .4 U(K,). We then say that V satisfies the Hasse principle if
the existence of a point in U(K,) for every v € M), guarantees the existence of a point
in U(K). We say that U satisfies weak approzimation if U(K) is dense in [[, .o U(K,)
for any finite S, where we equip each U(K,) with the v-adic topology, that is, the
topology induced by |-|,.

7.2 Well restriction

Recall the result of Birch stated as Theorem 1.2 in Chapter 1. Birch [Bir62, §§]
also gave a result over algebraic number fields, using the construction known as Weil
restriction or restriction of scalars. We give an explicit description of the relevant
case of this construction. For a more abstract approach see Weil [Wei82, §1.3].

As above let K be a number field of degree m, let & € K such that K = Q(«) and
let f(t) be the monic minimal polynomial of a. Let G(x) be a system of R forms of
degree d in n variables, with coefficients in Ok. The equation G(x) = 0 defines an

affine variety in n-space over K. We let U be the Zariski open subset of this variety
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defined by the condition rank(9G;(z)/0x;);; = R, so that the points of U correspond

to the nonsingular solutions to G(x) = 0.

Let each of y™, ... y™ be a vector of n variables and put
P
v ( ; ) |
y(m)
Taking 1,...,a™ ! as a basis for K over Q, we can write

~(1)

m— m m— )
Gy +- - +am Yy =G (y)+---+a" G (y) (7.3)

for some systems é(j) of R degree d forms in mn variables with coefficients in Z. Put

é(l)[y}
Gly) = f
G"(y)
The condition é(y) = 0 defines an affine variety in mn-space over Q. The open
subset of this variety defined by rank(9G;(y)/ dz;);; = mR is the Weil restriction of

U, and we denote it by Rg/oU. The points of Ri /U may be described as follows.

Lemma 7.1. Let F be a field extending Q. There is a bijection between the F-points
of RisU and the F[t]/(f(t))-points of U. If y represents an F-point of Ry U then
the corresponding F[t]/(f(t))-point of U is given by x(t) =yt 4 - 4 tm1y(m),

Proof. By construction the equation G (y) = 01is equivalent to the polynomial congru-
ence G(x(t)) =0 mod f(t). It remains only to show that rank(@éi(y)/ﬁxj)ij =mR
if and only if rank(9G;(x)/07;),;|e=a@) = R, where the vector x(t) is understood to
take values in (F[t]/(f(¢)))™

Let g1(t), ..., gx(t) be the irreducible factors of f(t) over F. Let F be an algebraic
closure of F, and let a1, . . ., Qgm, be the roots of gx(t) in F. Define a linear change

of variables over [ by

By the definition (7.3) this transforms the system G(y) = 0 into G'(z) = 0, where

G(z(1‘1>)
G (z) = ( : ) :
G(z(K’ij)

So rank(aéi(y)/axj)ij = mR if and only if rank(9G;(x)/0x;);;|p—rn0 = R for each
k and ¢. Because y € F™" the vectors z(®1) .. z(*™) are Galois conjugates over F

(k,0)

and so we need only consider £ = 1. Since z = x(ay ) we obtain the condition that

rank(90G;(x)/0x;);;|w=w(ay,) = I for each k. By the Chinese Remainder Theorem this
occurs exactly when rank(0G;(x)/0z;),;lz=a) = R. O
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Corollary 7.2. The set Ry qU(Q) is in bijection with U(K). If we identify U(K)
with its image in Hp‘p U(K,) under the diagonal embedding, then there is a homeo-
olp U(Ky) with the p-adic
topology which sends Ry ;oU(Q) to U(K). Similarly, there is a homeomorphism from
R oU(R) with the real topology to [[}1"* U(K.,,) with the | - |, -topology, which maps
R qU(Q) to the diagonally embedded copy of U(K).

morphism from Ry qU(Q,) with the p-adic topology to ||

Proof. The bijection from Ry /qU(Q) to U(K) is immediate from Lemma 7.1. Equa-
tion (7.1), this gives us a bijection from Ry/qU(Qy) to [],, U(K,), while by (7.2)
we have a bijection from Ry /U (R) to [[/X7" U(K,,). By the comments after (7.1)
and (7.2), these maps preserve the topology. Finally, if y € Q™" then we have
x(t) € (Qt]/(f(t)" = K", so on Rk /qU(Q) we recover the diagonal embedding as

claimed. u

Since nonsingular solutions to G(x) = 0 correspond to points of V(G) \ Sing(G),
and likewise for G(y) = 0 and V(G) \ Sing(G), we deduce:

Corollary 7.3. The Hasse principle (resp. weak approzimation) holds for the projec-
tive open set V(G) \ Sing(G) over K if and only if the Hasse principle (resp. weak
approzimation) holds for V(G) \ Sing(G) over Q.

Geometrically the system G may be described as follows. Let the roots of f(t) in

Q be ay, ..., a,, and define a linear change of variables over Q by
20 =y 4 ay® 4 g ol Iy,

As in the proof of Lemma 7.1 this transforms the system G(y) = 0 into G'(z) = 0,

where
G z(l)}
G'(z) = ( : ) :

G(z(™

In particular, the quantity ¢* from Definition 5.1 satisfies

o*(G) =" (G') < (m—1)n+o*(G). (7.4)

Similarly the quantity og defined in (1.14) satisfies

or(G) <1+ max dimSing(y- -G’
=(G) +eQm T\ (0} )

<(m-1)n+1+ max dimSing(é- G),
scQf\{0}
and the same argument which was used to prove (1.15) in the introduction then shows
that

or(G) < (m —1)n+ 1+ dim Sing(G). (7.5)
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7.3 Results

In the case of a nonsingular system of forms over a number field, we may summarise

the conclusions of Birch [Bir62, §8] as follows.

Theorem 7.4 (Birch [Bir62]). Let K be a number field of degree m over Q. Let G
be a system of R homogeneous forms of degree D in n variables with coefficients in
Ok. Suppose that G is nonsingular in the sense of §1.1. Then V(G) satisfies the

Hasse principle and weak approximation over K provided that
n > R(mR+1)(d —1)2¢" + R. (7.6)

The right-hand side of (7.6) depends on the degree m of K/Q, and consequently
(7.6) requires more variables than the condition (1.10) from the introduction. Skin-
ner [Ski97] is able to remedy this by introducing a variant of the circle method adapted

to number fields, giving a number of variables equal to that in (1.10).

Theorem 7.5 (Skinner [Ski97]). In Theorem 7.4 we may replace the condition (7.6)
with
n>R(R+1)(d—1)2""+R.

Birch and Skinner also give an asymptotic analogous to (1.7) from the intro-
duction. They estimate the number of solutions to G(x) = 0 as P — oo, where
x =ww + - 4+ w,w™ for some integral basis wy, . ..,w, of K over Q and each
w") lies in a box of size P. This is not the most natural way to count solutions over
a number field. In particular we saw in §2.1 that Theorem 1.2 implies a case of the
Manin-Peyre conjecture, which is not the case for the results of Birch and Skinner
above. Loughran [Loul5, §4.3] shows how to treat this conjecture with the circle

method and a form of Md6bius inversion, proving:

Theorem 7.6 (Loughran [Loulb|). In Theorems 7.4 and 7.5 we may also conclude
that V(QG) satisfies the Manin-Peyre conjecture over K.

We give the following result, which improves on Theorem 7.5 when R+1 > 2md%‘ll.

Theorem 7.7. Suppose that d < 3 and that G is nonsingular, or that d > 4 and
G € Uy r(K) where the Zariski open set Uy, g s as in Proposition 5.3. Then V(G)

satisfies the Hasse principle and weak approximation provided that

n > d2'mR + R. (7.7)
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Proof. By Corollary 7.3 it suffices to prove the Hasse principle and weak approxi-
mation for V(é’) over Q. If d < 3 then (7.7), (7.5) and the assumption that G is
nonsingular imply that

mn — og(G) > d2%mR + 1.

The result then follows from Theorem 1.5. If d > 4 then (7.7), (7.4) and the assump-
tion that G € Uy, g(K) show that

mn — o*(G) > d2*mR + 1. (7.8)

In particular the éﬁf ) must be linearly independent, or else 0*(&) = mn would hold.

Recall the counting function N from Definition 1.6. By Proposition 5.2 we have

N:ué(B) <G B(d72)n+a*(G)+e (79)

for all v € R™?, B > 1 and € > 0. To complete the proof of Theorem 7.7 we can
follow the proof of Theorem 1.5 in §4.1, with G replacing F', (7.9) replacing (4.4) and
(7.8) replacing (4.3). O

We expect that by adapting the arguments of Loughran one could strengthen
Theorem 7.7 to show that the variety V(G) satisfies the Manin-Peyre conjecture as
well as the Hasse principle and weak approximation. In future work we hope to

eliminate the dependence on m in the right-hand side of (7.7).
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Index of notation

Mathematical symbols

<, =< order notation, 2
1 gz distance to nearest Z-point, 3
\Y% gradient, 3
Greek letters

A positive real, 12
) positive real, 5, 18, 38, 91, 101
8o (n —oz(f9)/(d — 1)2¢7 'R, 44
A (z)  vector of minors of H(x), 62
AR vector of minors of M, 29
K sequence of positive reals, 27
A a lattice, 31
A; singular values of M, 29
A Lebesgue measure, 3
Aci(T) eigenvalues of H.(x), 63
p € (0,d— 1], 18, 28
Yu C PE! x (Ppt)d—t 84
o, Ty C Py x (PyT)e, 84
oz(F) 1+ aer;}%a\fo} dim Sing(a - F'), 8
or(F) 1+ Berﬂgl}g\:?o} dim Sing(8 - F'), 10
oK 1 4+ maxpek {0y Sing(F'), 59
a*(+) a measure of nonsingularity, 77
w smooth weight, 26

Roman letters

B admissible box, 5, 11
Cpaa central arc, 25
CPd.A complementary arcs, 25
c(x) real cubic form, 62
d degree of the F; and f;, 3
det A determinant of a lattice A, 31
e(+) e 11
F(x) € Z|z|"®, system of forms, 3
f € R[z|%, 3
fl degree d part of f, 3
F(u,v)  max{P|lu— Lo, H=1 33
f(x) minimal polynomial of «, 111
é, é(j) WEeil restriction of G, 113
G(x) € Oklx], system of forms, 112
H.(x) normalised Hessian of ¢(x), 62
Jstal singular integral of f, 5
g T gl o1y 18
Ttw weighted singular integral, 90
J(P) [ P'So(Pla)da, 45
el (o <PA—
J ptei) () Jacobian of A(®? (x), 62
J,(,{) Jacobian of m\), 77
K closed cone of cubic forms, 59
K number field, 111

117



Ky p set where A.;(x) < E;, 63
K lg%V) subset of K}, 68
Lz, ...  x@®) matrix, 85
Mpan, major arcs, 12
MmpgA minor arcs, 12
M gia (P, PP) measure of the solutions
in real numbers < P to

IF @), <% 18,103

M matrix of £ X k minors, 28
m{) multilinear forms, 14, 62
mU/k) multilinear forms, 106
n number of variables z;, 3
N(d,n) number of coefficients of a
degree d form in n variables, 84

N> (B) count of solutions to
#wumwm < B4?% 15, 62

N1 (B) count of solutions to
H.(x)y =0, 62

N¢ 2(P) count of solutions to
F(x)=0,5, 38

Ng(P, P?) count of solutions to

If ()]l < 5P7, 18, 103

O(-), o(-)

Ok

i

118

big-O and little-o, 2
ring of integers of K, 111

€ [1,00), real parameter,, 11, 26

dimension of f and F', 3

singular series of f, 5

> 2 Syla), 45

g<PA (ai,q)=1
smoothness class, 27

>, ela- f(x)), 11

xeZ"UP A

>, ela- fx))w(x/P), 26

D> e(2-fly), 4

yi=1
- F(t)) dt, 45

Jely

[ e(j - FA())w(t) dt, 97
. singular locus, 4
the set on which o* > R, 78
count of solutions to
[l < 6, 55

as Us(B,§) with m)
replaced by m*) 106
projective variety, 4

Birch’s singular locus, 5

vector of n variables, 3



Index of terms

admissible box

central arc, complementary arcs
closed cone

diagonal

Hasse principle

irrational

major arcs, minor arcs

Manin-Peyre conjecture

11, 38
25
59

4, 112
15
12
21

p-adic numbers, p-adic intergers
repulsion principle

singular, nonsingular

singular series, singular integral
variety

weak approximation

Zariski topology
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