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Abstract

In this thesis, we will consider five problems with an additive combinato-

rial Havour.

In Chapter[2 we will consider bounds for the arithmetic removal lemma in
abelian groups, and show that good bounds would hold as a consequence

of good bounds on a related problem.

In Chapter |3 we will discuss sets of integers with many solutions to a
linear equation, and prove various results about the maximal number of

solutions for various equations.

In Chapter [, we will consider special subspaces of a finite vector space
called Cyclically Covering Subspaces, and discuss bounds for the smallest
such subspaces. The work in this chapter answers a question asked by

Cameron, and is joint with Carla Groenland and Tom Johnston.

In Chapter |5, we will prove that, among functions supported on a Ham-
ming Sphere with a fixed 2 norm, the one which maximises the additive

energy is constant, proving a conjecture of Kirshner and Samorodnitsky.

In Chapter [0, we will present a possible strengthening of the celebrated
Polynomial Freiman-Ruzsa conjecture, and show why such a strengthening

cannot hold.
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Chapter 1

Introduction

In this thesis, we will consider several problems with a combinatorial flavour, which
will be discussed in the next five self-contained chapters. In this introductory chapter,
we will give an overview of the problems discussed.

The first of these problems concerns the question of removal in abelian groups.
This question has an obvious analogue in the graph setting: we are given a graph G
on N vertices, and wish to delete some edges in order to remove all of the triangles.

Ruzsa and Szemerédi [50], using Szemerédi’s regularity lemma, proved the following.

Theorem (Triangle removal in graphs). For any € > 0, there is a 6 > 0 with the
property that any graph with no more than 6N triangles can be made triangle-free by

removing no more than eN? of the edges.

The natural question in this setting is that of how strong we can make the bounds
on ¢. Ruzsa and Szemerédi’s original proof only gave tower-type bounds (more specif-
ically, 67! is given as a tower of height polynomial in £7!) coming from the use of
Szemerédi’s regularity lemma. For more information on this problem, see [13].

The problem we consider is concerned with the analogous problem in the context
of abelian groups. In this situation, we are given an abelian group GG and a set A C G,
and define a triangle to be a solution to the equation x +y + z = 0.

Our goal now is to delete elements of A in order to remove all triangles from G.
Green’s arithmetic triangle removal lemma, proven using the arithmetic regularity

lemma introduced in [25], says the following.

Theorem (Triangle removal in abelian groups). Let G be an abelian group. For any
e > 0, there is a § > 0 with the property that any subset with no more than SN3

triangles can be made triangle-free by removing no more than eN? of the elements.



Note that this theorem is strongly related to the graph version via the concept of
a Cayley graph. Recall that a Cayley graph on a group G generated by A is simply
the graph with vertex set GG, and where a and b are joined by an edge if a —bor b—a
is an element of the generating set A. A directed Cayley graph has us join an edge
directed from a to b if and only if b — a is an element of A. Thus, a triangle in a
set A corresponds directly to a directed triangle in the Cayley graph generated by A.
Indeed, Krél, Serra and Vena use this formulation in [42], combined with a directed
variant of the graph removal lemma due to Alon and Shapira [2, Lemma 4.1], to prove
the triangle removal lemma in groups.

Green’s proof of the triangle removal lemma uses the arithmetic regularity lemma,
and thus required tower-type bounds, analogous with the graph version. Indeed, the
bounds achieved by the proof of Kral, Serra and Vena are also of tower type, due to
their reliance on the graph removal lemma. Our goal is to improve the bounds on §
in the group triangle removal lemma.

In the special case G = F} for a fixed prime p, Fox and Lovdsz [20] proved a
much stronger bound, namely that d~! is bounded by a polynomial in ¢~!. Their
argument followed on from work by Croot-Lev-Pach [I5] and subsequent work by

Ellenberg-Gijswijt [18] on the cap set problem.

Theorem (Ellenberg-Gijswijt). If A C F} is a set with no three-term arithmetic

progression, then |A| < p™ for some constant ¢ < 1.

Define an additive matching to be a collection of triples (z;,y;, 2;) such that z; +
y; + 2z = 0 if and only if ¢« = j = k. These are also called tricolored sum-free sets,
and can be represented by (X,Y,7), where X = {x;}, Y = {y;} and Z = {z}.
Kleinberg [41] gave a polynomial upper bound for the size of an additive matching
in G in the case that G = F} using arguments related to those of Croot-Lev-Pach
and Ellenberg-Gijswijt, and Blasiak et al. [6] extended this to F} for a fixed prime
power ¢q. The argument by Fox and Lovéasz made use of these results to prove the
polynomial bounds on removal.

In Chapter [2, we will consider the same question, but in cyclic groups. We will
not be able to obtain an unconditional result without better bounds on the size of an
additive matching in a cyclic group. However, we will be able to adapt the argument
of Fox and Lovasz to show that, if we had good bounds on the size of an additive
matching, then we could get good bounds on removal. For instance, we have the

following.



Theorem. Suppose we could prove that any additive matching in Z/NZ has density
at most exp(—cy/log N) for some constant c.

Then, the group triangle removal lemma holds with

e < exp(—c1y/log1/4)

for some constant c;.

Note that the proposed bound exp(—cy/log N) is not unreasonable; indeed, it is
the bound obtained from Behrend’s construction [4] of sets with no three terms in
arithmetic progression, which is plausibly the upper bound for the size of an additive
matching.

The arguments we use to prove the above theorem are adapted from those used
by Fox and Lovasz. The idea behind their proof strategy is as follows. Given a subset
S C F for which triangle removal requires deletion of too many points, we can find a
large subset of S in which no point is contained in too many triangles. Then, we pass
to a random subspace of F}, and show that with positive probability that subspace
contains a large additive matching.

The natural analogue of this idea in the case of Z/NZ would be passing to a
random progression. Unfortunately, this does not work, essentially because Z/NZ
does not have ‘enough’ progressions. To get around this problem, we instead pass
to a triple of progressions, and consider triangles with one element in each of the

progressions.

Perhaps in the other direction, suppose we want to find a set S of integers of size
N with as many solutions as possible to the equation x 4+ y + z = 0. The answer to
this is fairly well-known; it is best to take S to be the set of integers in the interval
[1—[N/2],[N/2]], for a total of 2N? + O(N) solutions. This was proven by Hardy
and Littlewood [32] and Gabriel [2I] in the case of odd N, and extended to even N
by Lev in [43].

The ideas behind their approaches involve rearrangement inequalities, which in-
volve maximising a sum over the terms of a sequence or sequences over all rear-
rangements of that sequence (or sequences). A prototypical example of the kind of

inequalities we are interested in is as follows.

Theorem (Rearrangement inequality). Suppose we have sequences (a;)i—, and (b;),
of nonnegative reals. Then, among all reorderings of the a; and b;, the value of the

sum Y. a;b; is mazimised when both sequences are ordered so as to be increasing.



It is fairly natural that inequalities of this type should be useful for this type of
problem. For instance, given a set A of integers, we may associate to it a sequence
(a;)iez by a; = 1if i € A and a; = 0 otherwise. Rearranging the order of the terms of
the sequence simply corresponds to choosing a different set A of the same size, and the

number of solutions to x +y + 2z = 0 in A can be written as > a;a;jay, and so

i+j+k=0
maximising the number of solutions in A to x+y+2z = 0 is the samje as maximising the
given sum over all rearrangements of the sequence (a;). Rearrangement inequalities
are discussed in more detail in [33, Chapter 10], which inspires some of the arguments
we will use.

We may wish to ask the same question about other equations. One natural exam-
ple to take would be the equation x — 2y + z = 0; in other words, the equation for a
three-term arithmetic progression. It was shown by Green and Sisask in [27, Theorem
1.2] that the maximal number of solutions for a set of size N is again achieved by an

interval of length NV, for a total of £N? + O(N) solutions.

Remark. We say the equation z — 2y + z = 0 is translation-invariant. This means
that its solution set consists of the translates and scalings of an affine pattern (in this

case {0,1,2}). Equivalently, the sum of the coefficients of the variables is 0.
By analogy with this, Bhattacharya, Ganguly, Shao and Zhao considered longer

arithmetic progressions; in [5, Theorem 2.4], they proved that the number of k term
arithmetic progressions in a set S of n integers is maximised when S is an interval.

Motivated by this example, Ganguly asked [22] about other affine patterns; in
particular, finding sets S with as many affine copies of {0, 1, 3}, or solutions to z+2y =
3z, as possible. In this case, such a result would certainly be less clean; for instance,
there are more solutions to x + 2y = 3z in the set {0,1,3} than in an interval of
length 3.

We can generalise this to consideration of all three-variable linear equations. Given
coprime coefficients a,b and ¢, we are interested in the problem of finding sets with
as many solutions to ax + by + cz = 0 as possible.

The trivial upper bound on the number of solutions is |S|?. This is because, for
any choice of x and y, there is at most one choice of z such that ax + by + cz = 0,

—_“i_by. We are interested in making 7'(S) as large as possible, among

namely z =
sets of size |S| = N.

As discussed, the optimal choice of S is known for the equation = + y + z = 0 by
the work of Hardy and Littlewood, Gabriel and Lev. The same argument also deals
with the equation = + y = z (for which the optimal set is again an interval centered

around the origin). The work of Green and Sisask shows that the same set is optimal
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for the equation  — 2y + z = 0, and Lev and Pinchasi [44] show that the same set is
optimal for the equation z + 2y = z.

For other equations, much less is known. Indeed, the answer to Ganguly’s question
about the equation 42y = 3z is not known. However, we will show that for equations
with large coefficients, the interval centered at the origin is far from optimal. Indeed,
for any equation ax + by + cz = 0 with coprime coefficients, we can find large sets S
with at least & |S|? solutions to the equation in S. By contrast, the interval centered
at the origin of length |S| has no more than ﬁ\S > + O(|S|) solutions, if we assume
without loss of generality that |c| > |al, |b].

The asymptotic for the maximal number of solutions is therefore between 1—12|S |2

and |S|? for any equation. This raises the natural question of whether these constants

L

5 and 1 are optimal.

Investigating the upper bound of 1 proves to be fairly trivial. The work of Hardy
and Littlewood and Gabriel in fact proves that for any equation, any set S can have
at most 2[S|? + O(|S]) solutions, and this is optimal in view of the fact that the
equation x + y + z = 0 achieves this bound.

However, the lower bound is more interesting. The main result we prove in Chap-
ter |3|is the fact that the lower bound %|S |? cannot be improved. More precisely, we

prove the following.

Theorem. For any e > 0, we can find an equation ax+ by + cz = 0 with the property
that any large set S can have no more than (35 +¢) |S|? + O(|S]) solutions.

In Chapter [3] we will provide two fairly distinct proofs of the above statement.
The first argument is elementary, and rests on a structure theorem of Green and
Sisask which they proved in [27]. This allows us to partition a candidate set S into
highly structured pieces. Once we have done this, we use some elementary arguments
to locate where most of the solutions must be with respect to the partition, allowing
us to prove the theorem.

Our second approach relies on the arithmetic regularity lemma [25]. The argu-
ments here are more involved than in the elementary proof, but this approach has
the advantage of proving a weak structure theorem, of sorts, of optimal sets. More
precisely, we describe a restricted class of sets, which must include sets that achieve
the correct maximal number of solutions up to an O(]S|) term.

It is worth noting that the two approaches have various other minor advantages
and disadvantages. For instance, any proof of our theorem must supply two sets

of bounds. The first is a bound on how large the coefficients a,b and ¢ must be,



given €, to ensure that any large set S can have no more than (35 + €)|S|* solutions.
The second is a bound on how large |S| must be, given ¢,a,b and ¢, such that the
same holds. The elementary approach to our theorem provides exponential bounds
for both of these quantities, whereas the argument using the regularity lemma gives
a polynomial bound on the size of the coefficients, but a tower-type bound on |S].
This can be seen as an advantage of the second approach, because the bounds on the
coefficients are much more important.

An advantage of the elementary approach is that it can supply a wider class of
equations. Indeed, the equations provided by the second approach require all ratios
between the coefficients to be large, which means that it cannot provide translation-
invariant equations. The first approach only requires the ratios between the coeffi-
cients to have large height; here, we define the height of a rational number to be the
sum of the absolute values of the numerator and denominator. Equivalently, the ratios
between the coefficients must have large numerator or denominator. In particular,
this allows the first approach to provide translation-invariant equations.

A natural question at this point concerns what happens when we consider linear
equations in more variables. Naturally, if a;21+- - -+agxr = 0 is a k-variable equation,
the maximum possible number of solutions in a set S will be at most |S|¥~!, since
each k — 1-tuple (x1,...,zx_1) will give rise to at most one solution. It seems natural
to guess that a generalisation of the example giving %|5 | solutions exists, and that

is indeed the case. Indeed, if we set

. k
* [sinTx
oL = dzx,
e T

then there are large sets S with at least 745 |S|*~! solutions. For instance, o3 = 3/4,

which gives rise to the factor of 1/12 seen earlier. Moreover, we can prove that this
constant cannot be improved, using generalisations of the arguments used for the

three variable case.

Our third problem concerns the concept of cyclically covering subspaces. Given
V < F§ a vector subspace, we say that V' is cyclically covering if and only if for any
vector v € FJ, the coordinates of v can be cyclically shifted to give an element of V.

We are interested in how small a cyclically covering subspace can be. We will
define hy(n) to be the codimension of the smallest cyclically covering subspace in F7,
and so we are interested in determining, or bounding, hs(n).

The trivial bounds on he(n) are 0 < ho(n) < [logy n], the lower bound coming

from the fact that F} itself is cyclically covering, and the upper bound coming from
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an easy counting argument. These are hard to improve. For the upper bound, it has
been shown by Cameron, Ellis and Raynaud [I1] that if n is of the form 2F — 1 then
ha(n) = |logyn|. For the lower bound, there are examples to show that ho(n) > 2
when n > 5 is odd (see, for example, [11]).

It is natural to ask whether the lower bound can be improved for large n; indeed,
Cameron asked [10] whether hy(n) — oo as n — oo over the odd numbers.

Our main result, which is joint work with Groenland and Johnston, is conditionally
that the answer to Cameron’s question is no. Indeed, we prove that hy(n) = 2 for
infinitely many values of n. More precisely, we show that he(p) = 2 if p is an Artin
prime, which is a prime with 2 as a primitive root. This makes our result conditional
on Artin’s widely believed conjecture that there are infinitely many such primes.
Indeed, strong evidence for Artin’s conjecture has been given by work of Hooley [35],
which proves Artin’s conjecture subject to the Generalised Riemann Hypothesis, and
Heath-Brown [34], which proves that there are at most two primes which fail to be a
primitive root infinitely often.

The argument we use to prove our result is fairly involved. We will begin by
viewing vectors as polynomials in Fy[X]|/(X™ — 1). This has the advantage that the
cyclic shift operation is just multiplication by X. This allows us to utilise results from
Galois theory; in particular, we can use the fact that n being a prime with primitive
root 2 implies that the polynomial 1 + X + --- + X" ! is irreducible.

Once we have done this, we give a second alternate formulation of the problem,
which is to equate a vector v with a related directed Cayley graph on the cyclic
group Z/nZ. This allows us to use additive combinatorics results, particularly the
Cauchy-Davenport theorem, to prove our result. We will do this in Chapter [4]

The generalisation of cyclically covering subspaces to be defined over F, rather
than just Fy was introduced by Cameron, Ellis and Raynaud in [I1]. They raised the
question of how h,(n), the codimension of the smallest cyclically covering subspace
in F, behaves as n grows. In fact, if n is a prime with p as a primitive root for an
odd prime p, we show that h,(n) = 0. This contrasts with the case p = 2, where we
show that in such cases hy(n) = 2.

Cyclically covering subspaces were investigated by Cameron, Frankl and Cantor
in [12], in connection with their work on homogeneous games, which were introduced
by Isbell in [36] and [37]. The problem involves the following situation. We are given
n voters deciding between two candidates, and wish to define a collection of winning

sets with the following properties:

e If A and B form a partition of the voters, then exactly one of the two is winning,

7



e [f AC B and A is winning, then so is B,

e For any two voters v; and wvq, there is a permutation of the voters fixing the

collection of winning sets which takes vy to vs.

These are natural conditions one might desire for an election; the first says that
exactly one candidate wins, the second says that voters switching their preference to
a candidate cannot hurt that candidate and the last condition ensures that any two
voters are treated equally.

The central question is to determine whether or not a homogeneous game exists
for any given value of n. For instance, it is clear that a homogeneous game exists
when n is odd, because we can take the winning sets to be exactly the sets of size
greater than n/2. Isbell conjectured that for each odd b, there is an m(b) such that
if a > m(b), then a homogeneous game does not exist for n = 2%.

The connection between homogeneous games and cyclically covering subspaces is

given in [12], where it is shown that m(b) > hq(b) for any odd integer b.

Our fourth problem concerns functions defined on F}. Recall that the Hamming
sphere of radius k consists of all vectors in F} with exactly k ones.

Also, recall the Fourier transform on F3. For o € F}, we define the Fourier-Walsh
character W, by w, = (—=1)*¥, where a -y = > o;; is the standard dot product.

For a function f : F} — R, we define the Fourier transform fe F7 — R as follows:

F(@) = E,f(y)Waly).

We have the Fourier inversion theorem:
FW)=>_ fle)Wa(y),
We can define the following norms for functions.

/1l = (B ()"
1/4
Hf|’4U2 = (Ea1,a2,a3,a4eF3f(al)f(@)f(@s)f(%)) .

aj+az=az+aq
The first is also called the L, norm, and the second is also called the Gowers U,
norm, or the additive energy of f. The same definitions hold for f except we instead
normalise by taking sums rather than expectations. Finally, we have the following

two equalities:
1fll2=[Ifl>  (Parseval’s Theorem)
f 1w = [1f1]a- (%)



In this thesis, we will consider the ratio between different L, norms of functions on
F5. Bounds on ratios between norms of functions of this form are closely linked to the
Hypercontractivity Theorem, also called the Bonami-Beckner inequality [7, 3], which
bounds the ratio between the L, norm of a function and the L, norm of a “smoothing”
of it, for certain ¢ > p. Also, bounds on ratios between norms of functions of the
form above are sometimes called Khintchine-type inequalities, after the prototypical
Khintchine inequality which bounds the ratio || f||2/||f||1 [38].

The quantity ||f][,/]|f||2 has been investigated by Kirshner and Samorodnitsky
[39, [40]. In particular, they investigate the maximal value of this ratio among func-
tions f for which the support of f has been restricted to a Hamming sphere. The
functions with Fourier support restricted to the Hamming sphere of radius k£ are
precisely the homogeneous polynomials of degree k, making this a fairly natural con-
sideration.

In [39], Kirshner and Samorodnitsky focus on the ratio ||f||4/||f]|2 among such
functions. The ratio between the Ly and Lo norms is a fairly natural one to consider:
in view of the relation (x) above, this can be phrased as a statement about the additive
energy of a function f. Kirshner and Samorodnitsky conjecture that this ratio is
maximised for the function whose Fourier transform is constant on the Hamming
sphere; this function is also called the Krawchouk Polynomial. They also prove that
this conjecture is true to leading order. In Chapter [5|of this thesis, we will prove their
conjecture.

Observe that we have ||f|[+/]|f]l2 = ||f]|ca/||f]]2, as a consequence of the prop-
erties of f and f above. Thus, by replacing f with f it will suffice to show that
among functions f supported on the Hamming sphere, ||f||v,/||f]|2 is maximised for

the constant function.

Finally, we will consider a problem related to the Polynomial Freiman-Ruzsa con-

jecture over F. Recall the statement of Freiman’s theorem [24].

Theorem (Freiman’s Theorem). Let p be a prime. There exists a function f : N — N
with the following property.
Suppose that K is a constant. If A CF} is a set satisfying |A+ A| < K|A|, then

A can be covered by f(K) cosets of a subspace of size at most |A|.

Ruzsa’s original proof [49] gives f(K) exponential in K9 |

A useful equivalent form is as follows (see [24, Proposition 10.2]).



Theorem (Freiman’s Theorem, equivalent form). Let p be a prime. There exists a
function fi : N — N with the following property.
Suppose that ¢ : Fjy — FY is a function and let S = {¢(x + y) — ¢(z) — ¢(y)}.
Then there is a linear map ¢ : F; — F;V with the property that ¢ — ¢ takes at most
f1(1S]) values.

The general idea behind the usefulness of Freiman’s theorem is that it provides a
link between a set having additive structure (having small doubling), and algebraic
structure (being ‘close’ to a subgroup). Naturally, any set A which is contained in
a subspace of size at most K’|A| has doubling at most K’, because a subspace has

doubling 1. Therefore, we can write the following weak equivalence:

doubling < K
\

covered by f(K) cosets of a subspace of size < |A]

4
doubling < f(K)>.

With this in mind, it is natural to want good bounds on f. Indeed, if we had
good bounds on f, then we would be able to naturally pass between good ‘additive’
structure and good ‘algebraic’ structure with only small losses. The widely believed
Polynomial Freiman-Ruzsa Conjecture, first proposed by Marton, asserts the follow-

ing:

Conjecture (PFR Conjecture). The function f(K) in the statement of Freiman’s

Theorem may be taken to be a polynomial in K.

This is equivalent to the assertion that the function f; in the second form of
Freiman’s Theorem may be taken to be a polynomial. This form of the conjecture,
concerning a function ¢ : F} — Fi,v , is particularly appealing. The following strength-

ened form has been considered [53].

Conjecture (Strengthened PFR). There is a constant t such that the following holds.
Suppose that ¢ : F — FY is a function and let S = {¢(x +y) — ¢(x) — ¢(y)}.

Then there is a linear map ¢ with the property that ¢ — ¢ takes values in the set
tS.

10



Observe that this implies the Polynomial Freiman-Ruzsa conjecture, if we take
fi(x) =2t

In [53], Green and Tao present a counterexample to this conjecture. However,
their example only works over F,, as it relies on the fact that quadratic forms over
F2 need not be diagonalisable. In Chapter [6] of this thesis, we will discuss a different

example which disproves this conjecture, and which works in arbitrary characteristic.

Notation

As is standard, we will use the notation N, Z, Q and R to denote the positive integers,
integers, rationals and real numbers respectively. For a prime power ¢, we will let F,
denote the finite field on ¢ elements.

Throughout this thesis, we will use the Vinogradov notation f < g to denote that
f = 0O(g). When the < is subscripted, we will allow the implicit constant to depend
on the subscripts.

We will also use the standard additive combinatorial notation regarding set oper-

ations. In particular,
A+B={a+b:a€ Abe B}

A-B={a—-b:a€c Abe B}
rFA=A4- A
—_—

r copies of A

r-A={ra:a¢€ A}.

We will also use the notation [n] = {1,2,...,n}, and [m,n| = {m,m+1,...,n}.

11



Chapter 2

A connection between matchings
and removal in abelian groups

2.1 Introduction

In an abelian group G, define a triangle to be a triple of elements x, y and z with
x+y+ 2z = 0. Green’s arithmetic triangle removal lemma [25] states that for any
g > 0, there is a 6 > 0 such that the following holds. Whenever X, Y and Z are
subsets of G such that there are at most dN? triangles  + y + z = 0 with x € X,
y €Y and z € Z, we can remove at most e N elements from X, Y and Z to remove
all of the triangles. The bounds in [25] are quite weak; 1/ is given as a tower of twos
of height polynomial in 1/e. The best known bounds for this problem in general are
still of tower type.

In [20], Fox and Lovész proved a much stronger bound on d in the case of G = F}
for a fixed prime p; namely, that 1/6 is bounded by a polynomial in 1/e. Define an
additive matching to be a collection of triples (z;,v;, 2;) such that x; +y; + 2, = 0
if and only if ¢+ = 7 = k. These are also called tricolored sum-free sets, and can be
represented by (X,Y, Z), where X = {z;}, Y = {y;} and Z = {z;}. Building on the
groundbreaking work on the cap set problem by Croot-Lev-Pach [15] and subsequent
work by Ellenberg-Gijswijt [1§], Kleinberg [41] gave a polynomial upper bound for the
size of an additive matching in G in the case that G = F}, and Blasiak-Church-Cohn-
Grochow-Naslund-Sawin-Umans [6] extended this to F} for a fixed prime power g.
The argument by Fox and Lovasz made use of these results to prove the polynomial
bounds on removal.

Polynomial bounds on removal are much stronger than could possibly hold in

general groups. Indeed, using Behrend’s construction [4] of a large subset of Z/NZ

12



with no three-term arithmetic progressions, it is possible [50] to show that the best

one could hope for is

€ < exp (—c\/m) .

The goal of this section is to adapt the arguments of Fox and Lovasz to show that,
in the context of cyclic groups, good bounds on additive matchings give good bounds
on removal.

Assume that, in a cyclic group of order M, the density of an additive matching
is bounded above by f(M) for some function f. Assume that f(M) can be taken to
be decreasing as M increases, but that Af(A) < Bf(B) for A < B; these conditions
correspond to the claim that the maximum size of an additive matching increases as
the size of the group increases, but the maximum density decreases. Observe that

Behrend’s example guarantees that

F(M) 3> exp (~cy/log M)

because, if A is a progression free set, then (A, —2A, A) is an additive matching.

We will also need a function g such that

e g(p) increases as p decreases,

0 1 1
* it S 1

e For some absolute constant «, g(p)f <m> is decreasing as p decreases, for

p < a.

Here, g is just a slowly-growing function used in our argument. It is not especially
important what g is; typically, we will take g to be a function of the form g(p) =

log1+C

p for a constant ¢, to ensure that the second property holds. The third condition
will then put a constraint on the growth of f for our arguments to work. In particular,
if f(N) is as large as log”2 N, then we will not be able to find a function g satisfying
the conditions.

We are now ready to state Theorem [2.1.1]

Theorem 2.1.1. Assume that a function g satisfying the above conditions exists.
Suppose that A, B and C' are subsets of Z/NZ for some N € N with the property
that there are at most SN? trianglesa+b+c=0 witha€ A, b€ B and c € C.
Then, we can remove all of the triangles by deleting at most e N elements from A,
B and C, where ¢ satisfies

13



g<<¢g<5>f (5 oL

We can deduce some consequences of this:

Corollary 2.1.2. Suppose that we have the best possible bound on the size of an
additive matching, namely a Behrend-type bound. In particular, we can take f(N)
to be exp(—cy/Iog N) for some constant c. Then g(p) = klog®(1/p) suffices, and we
deduce the bound

e < exp(—c1y/log1/6)

for some other constant c;.

Corollary 2.1.3. Suppose that the much more pessimistic f(N) =log > N holds,
for some constant v > 0. Then, we can take g(p) = klog'*/3(1/p), and we deduce
that

£ < log(1/6)70W,

Remark. A converse of sorts to Theorem [2.1.1], namely that bounds on removal imply
similar bounds on the maximal size of an additive matching, is relatively trivial.
Indeed, suppose that, whenever subsets X, Y and Z of a cyclic group G = Z/NZ
define at most dN? triangles, the triangles can be removed by deleting at most e N
elements, where ¢ < f(1/0).

Then, an additive matching of size N defines at most N = %N 2 triangles, and
requires removal of at least §N elements to remove the triangles. Thus, 6 < f(N),

which is the converse we wanted.

2.2 Theorem for N prime

In this section, following the approach in [20], we prove Theorem in the case

that N is prime. We start with a lemma, which is an analogue of Lemma 5 from [20]:

Lemma 2.2.1. Suppose we have three subsets of Z/NZ, X, Y and Z, with 6 N?
triangles (z,y,z) € X XY x Z. Suppose further that, for each x € X, there are at
most pN triangles (z,y',2') € X XY x Z, and the same for X,Y and Z permuted.
Then, we deduce that
§ < 250pf(p7h). (2.2.1)

14



Proof. Choose a, b and d uniformly and independently from Z/NZ, such that d is
nonzero. Let L = 2]+ 1 be an odd positive integer such that 1/20 < Lp < 1/10. We
may assume that p is small enough that L > 20 by adjusting the implicit constant in
[2.2.7] and so such a choice of L exists.

We say that a triangle x + y + 2z = 0 is valid if and only if

r€lx:=a+[-1Id
yely =b+[-11d
z €l :=—a—b+[-21,2ld.

We say that a valid triangle x +y + z = 0 is good provided that each of x, y and z is
in only one valid triangle, namely (x,y, z). Observe that a triangle (z,y, ) is good if

and only if x € I'x and y € Iy, as those two imply that z € I.

Claim 1. Given a valid triangle x +y + z = 0, it has a probability at least 2/5 of
being good.

Proof of Claim[]l We first show that the probability that x is in another valid triangle
L

is at most 1/5. For each ¢’ that forms a triangle with x, it has a probability of % < ¥
of lying in Iy, because choosing values a, b and d such that z + y + z = 0 is valid is
equivalent to choosing values r, s € [—[,] so that © = a + rd,y = b+ sd, and then
choosing any value of d. Thus, each value of 3/ # y will occur with probability %
since, for each choice of t # s € [—[,[], there is exactly one choice of d such that
y=0b+td.

There are at most p/N possible choices of 1y to consider, so the union bound
guarantees that the probability that x is in another valid triangle is at most Lp < 1/5.

The same argument applies to the probability that y or z is in another valid
triangle. Thus, the probability that either x, y or z cause the triangle to be not good
is at most 3/5 by the union bound, and thus the probability that the triangle is good

is at least 2/5. 9

)

Claim 2. The expected number of good triangles is at least 302 -

Proof of Claim . There are 6 N? triangles. The probability that any such a triangle

is valid is exactly ]{“,—22 > and the probability that a valid triangle is good is at

1

100p2N2°
2

least s

Thus, the probability that a triangle is good is at least and so the expected

2
50002 N2

number of good triangles is at least ﬁ. O

15



Thus, there must exist a choice of parameters a,b and d for which there are at
least ﬁ good triangles.

Now, observe that we may map the intervals Ix, Iy and [ into Z/MZ, where
M = p~', in the obvious way. For example, a + rd € Ix for r € [—I,1] maps to r
mod M. It is clear that this map sends triangles to triangles; since M > 8I, this map
also preserves the status of not being a triangle.

In other words, the at least ﬁ good triangles we found correspond to an additive
matching within Z/MZ. Given our hypothesis that the size of an additive matching
is bounded above by M f(M), we deduce that

)
——— < Mf(M 2.2.2
0 < MIOD) (222)
and thus
§ < 250pf(p™h) (2.2.3)
which is exactly what we sought. O]

Next, we prove an analogue of Lemma 6 from [20].

Lemma 2.2.2. Suppose that €,0 > 0 satisfy

e > g(o)[f (géw)

for the functions f and g defined previously, and that 6 < « (which was defined
immediately before Theorem .

Suppose we have a collection of e N disjoint triangles x; + y; + z; = 0, and let
X = {x;}, defining Y and Z analogously. Then there must be at least SN? triangles
T +y; +2,=0.

Proof. Suppose we have fewer than dN? triangles. We will remove points from
X,Y and Z until there are no points contained in significantly more triangles than
average.

Let us begin a process defined as follows. If, at some stage, we have ¢’ N? triangles,
we will remove some point in more than g(6')2N triangles. We will continue until
this is no longer possible.

During the period where the number of triangles is between 3N? and 28N?, each

removal will remove at least g(ﬂ)gN triangles. This can happen at most %N times
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because there are at most 28N? triangles to remove. Thus, we will remove in total

at most

2e 2e €
N + N+...<=N
g(9) 9(4/2) 2

points. In particular, X,Y and Z will each be left with at least 5N elements. And,
for some ¢ < &, we have 0’ N? triangles, and each point is contained in at most
g(&)%N triangles.

Now, we will apply Lemma . We set ¢’ as §, and p = g(d’)%l. This gives us

5/
0" < 2509(5/)210 (ﬁ)

e < 250g(0" et f (

1
g(0")0"
1
2
e* < 2509(0)f (—)
2 9(0)o

where in the second line we used the conditions on f and in the third line we used
that the right hand side decreases as ¢’ decreases. O]

We are now ready to prove Theorem [2.1.1]

Proof of Theorem[2.1.1. We follow the same strategy as in [20]. Suppose that A, B
and C' are such that we cannot remove all the triangles without removing at least e N
elements from A, B and C'. Any maximal set of disjoint triangles must have size at
least £V, else we could remove all of the elements of those triangles and there would
be no triangles left.

Lemma guarantees that we must have at least JN? triangles in total, where

- < \/9(5)f (@)

as required. 0

2.3 Theorem for general N

In this section, we complete the proof of Theorem [2.1.1]in the case that N need not
be prime. First, observe that the prime case of Theorem [2.1.1] implies that it holds
for subsets of the interval [—M /2, M/2]. Indeed, provided that the functions f and
g exist and satisfy all of the requirements imposed upon them above, then we can

deduce the following:
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Corollary 2.3.1. Suppose that A, B and C are subsets of [—M /2, M /2] with the
property that there are at most SM? triangles a +b+c =0 witha € A, b € B and
ceC.

Then, we can remove all of the triangles by deleting at most eM elements from

A, B and C, where £ satisfies
e K 0)f <L) (2.3.1)

Proof. Suppose we have sets A, B and C' which define §M? triangles. Select a prime
N such that 2M < N < 4M, and consider the reduction modulo N map ¢ taking
[—M/2, M /2] to Z/NZ. This preserves the status of being a triangle, as well as the
status of not being a triangle.

The image of (A, B,C) under ¢ contains at most §(N/2)? triangles, and thus

requires removal of at most e N points to remove all of the triangles, where ¢ satisfies

e < \/9(5/4)f <L) (2.3.2)

g(6/4)0
Thus, to remove the triangles from (A, B, C'), the deletion of at most eN < 4e M
points is necessary. By adjusting the implicit constant, we deduce Corollary [2.3.1] [

We may now deduce that Theorem holds in arbitrary finite cyclic groups:
Corollary 2.3.2. Theorem holds without the requirement that N s prime.

Proof. Suppose not; then for some (composite) N, Z/NZ contains sets A, B and
C which define at most 6 N? triangles, but require deletion of at least e N points to
remove the triangles, and where € does not satisfy (with a slightly adjusted
implicit constant).

As in the proof of Theorem [2.1.1] a greedy argument guarantees the existence of
SN disjoint triangles. Consider the map 7 taking Z/NZ to [0, N — 1] in the obvious
way; a triple (a,b,¢) in Z/NZ is a triangle if and only if its image under 7 has sum
either N or 2NV.

For one of the two possibilities for the sum, there are at least gV disjoint triangles.
In the first case, in which the triangles have sum N in the image of 7, consider 7(A),
m(B) and 7(C) — N, and in the second case, consider m(A), 7(B) — N and 7(C) — N.
Either way, we have at most 2(2N) triangles in [—N, N|, which require deletion of
at least 5(2NNV) points to remove, because they define at least that many disjoint
triangles. Corollary gives us the result. O]
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Chapter 3

Maximising the number of
solutions to a linear equation in a
set of integers

3.1 Introduction

Let aq,a, and a3 be fixed coprime integers, none of which is zero. We will consider
the linear equation
a1 + asxo + asxrs = 0. (311)

In this section, we are interested in the problem of finding sets with as many solutions
to (3.1.1)) as possible. This leads to the following definition.

Definition 3.1.1. Given a finite set S C Z, define T(S) = T,,.4,.45(S) to be the
number of triples 1, x5, x3 € S satisfying (3.1.1)).

The trivial upper bound on T'(S) is T'(S) < |S|?. This is because, for any choice
of x1 and x4, there is at most one choice of x3 such that aixy + asxs + azxs = 0,
namely z; = =422 We are interested in making T(S) as large as possible, for a
fixed size |S|.

For some choices of coefficients ay, as and a3, the exact maximal value of T'(S) is
known. For example, consider the case a; = as = az = 1. Then, work of Hardy and
Littlewood [32] and Gabriel [21] shows that, when |S] is odd, T'(S) is maximised when
S is an interval centred about 0. This was extended to even |S| by Lev in [43]. In
fact, their arguments show that if S C Z is a set, and S’ is an interval centred about 0
of the same size, then Tj, 4,.4,(5) < T1,11(5) for any a;, ay and az. The ideas behind
their approaches involve rearrangement inequalites, which are discussed in detail in

[33, Chapter 10], and which inspire some of the arguments we use in this section.
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Similarly, it is shown by Green and Sisask in [27, Theorem 1.2] and by Lev and
Pinchasi in [44], Theorem 2] respectively that, if (ay,as,a3) = (1, =2, £1), then T'(S)
is again maximised when S is an interval centred at 0.

The set of solutions to x1—2xs+x3 = 0 is precisely the set of three-term arithmetic
progressions; that is, the set of affine shifts of the set {0, 1,2}. By analogy with this,
Bhattacharya, Ganguly, Shao and Zhao considered longer arithmetic progressions; in
[5, Theorem 2.4], they proved that the number of k& term arithmetic progressions in
a set S of n integers is maximised when S is an interval.

Ganguly asked [22] about other affine patterns; in particular, finding sets S with
as many affine copies of {0, 1,3}, or solutions to x +2y = 3z, as possible. In this case,
such a result would necessarily be less clean; for instance, there are more solutions to
x + 2y = 3z in {0, 1,3} than in {0, 1, 2}.

Indeed, in general, much less is known. For a lower bound on the maximal value

of T(S), a fairly good bound is given by the following example.

Proposition 3.1.2. Regardless of the values of ay,as and as, there are choices of S
with |S| arbitrarily large, for which T(S) = $5|S|* + O(|S]).

As far as the author is aware, this construction does not explicitly appear in the
literature. However, it is a fairly natural construction, and it seems probable that it

has been considered before.

Proof. The idea behind the construction is to split S into three pieces S7,.Sy and Ss,
of roughly equal size, for which there are many solutions to a;x, + asxs + azrz = 0
with each x; taken from S;. Let M be a large integer, which we assume to be divisible

by 6. We will define

S1 = agaz[—M/6, M /6]
Sy = ajaz[—M /6, M /6]
Sg :alag[—M/G,M/6],

where [—M /6, M /6] refers to the set of integers with absolute value no greater than
M/6, and set S = Sy U Sy U S3. Then, |S]| is certainly no more than M.

However, we may find a large collection of triples (z1,xs,x3) by choosing x; €
S1 and x5 € Sy arbitrarily, and selecting those for which x5 = %;“m is in S3. If
1 = agazx| and z9 = ajasry, then we have x3 = —ajas(z) + 7). Therefore, a pair

(«, %) will give rise to a solution precisely when |z} + 5| < M/6.
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We may compute the number of such pairs (2}, z}) as the sum

M/6 ]
> MB+1- 2] = EM2 +O(M).
z)=—M/6
Thus, the number of triples is at least 5[S]? + O(|S]). O

Given this, it is natural to define the following quantity:

Definition 3.1.3. Define v,, 45,05 by

i s T(S)
Yai,a2,a3 = H1SUP
1,02,a3 1] ro0 |S|2

where S runs over subsets of Z.

Thus, the assertion that

1
— <

12 ~ '}/a17a27a3 <

holds for all aq, as and as follows from Proposition and the work of Hardy and
Littlewood in [32].

(3.1.2)

A~ w

Remark. The limsup in the definition of v, 4,4, Tefers to the limit supremum as S

runs over all sets of integers. This definition could be rewritten as

lim sup ma; )
ai,as,a3 — X .
’7 1,a2,a3 71*>oopls‘:n |S|2

It is a natural to ask whether the limsup in this formulation may be replaced by a
limit; in other words, whether or not maxg—, Té,—]? converges as n tends to infinity.
Questions of this type have been considered before; for instance, a result of a similar
flavour has been proven by Croot in [14].

We will see later that, indeed, the answer to this question is yes. In other words,

we could replace the lim sup with a lim in this second formulation of the definition of
/yal ,a2,a3 "
Exact values for 7, a,q,; are only known in cases for which |ajasas| < 2 (this

includes the cases previously discussed). In particular, we have

(3.1.3)

Y1,1,41 =

M,—2,41 = (3.1.4)

3
4
1
2
Y1,—21 is [27, Theorem 1.2], and v, 51 = % is [44, Theorem 2]. The same holds

in the third non-equivalent case with |ajasas] = 2, namely v101 = 3, and we will

1
29
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prove this in Section . Even the value of 7 2 _3 is not known, although the author
conjectures that it is §, which is the value calculated for S = [-M/2, M/2].
The main theorem of this section is a converse, of sorts, to Proposition In

particular, we will prove the following.

Theorem 3.1.4. The constant 1—12 in the statement of Proposition 15 optimal,

in the following sense. For any e > 0, there exists a choice of ay,as and as for which

1
Ya1,a2,a3 < 12 T E.

In view of this theorem, gives the best possible bounds on 7, 4, 4, that are
independent of the coefficients a;.

In this chapter, we will present two approaches to prove Theorem [3.1.4] The first
approach is elementary, and we will present it in Section [3.2l The second relies on

the arithmetic regularity lemma, but as an intermediate lemma proves the following.

Lemma 3.1.5. To compute Va, ay.05, © suffices to restrict our attention to sets of the
following form. Choose an integer ¢ € N, with the property that if p is a prime factor
of q, then p divides some a;. Then, choose a function f : Z/qZ — [0,1] with the

property that 3~ 5. f(x) = 1.
Then, for any large M € N, set S = Sy to be

S = G+al=ms@)2mf@),2). (3.15)

z€Z/qZ

where T is the representative of x in [0,q — 1].

For example, consider the equation z + y = z, which corresponds to the problem
of calculating v 1,—1. The only choice of ¢, all of whose prime factors divide one of the
coefficients, is ¢ = 1, so Lemmasays that to calculate v; 1, it suffices to consider
sets of the form [—M /2, M/2]. From this, it is trivial to prove that v, 11 = 3/4.

In most cases, it will be substantially more difficult to determine v,, 45,44, €ven
armed with Lemma [3.1.5 However, in Section |3.8] we will present an argument that
uses it to prove 74121 = 1/2, which is the case of |ajazas| = 2 not covered by the
results of Green-Sisask [27] or Lev-Pinchasi [44].

We will prove Lemma [3.1.5] in Section [3.3] and then show how it can be used to
prove Theorem in Section [3.4, We will also prove the claim made in the remark
after Definition about replacing lim sup with lim in Section |3.3|
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One might also ask about generalising Theorem to other settings. For in-
stance, we may wish to consider equations in k variables for any k£ > 3. It turns out
that in this setting, an analogue of Proposition holds. Set

19 . k
sz/ (Sm”) dz, (3.1.6)
o \ T

so, for example, o3 = 3/4. Then, for any choice of coefficients ay, ..., ax, there are
sets S with at least 7%y |S|*=1 + O(|S|*~2) solutions to ayz; + - - - + agxy, = 0.
Furthermore, the corresponding analogue of Theorem holds. For any € > 0,

there are choices of coefficients ay, . .., a; for which any large set S must have no more

than (kfk’fl + E) |S|*=! solutions. For instance, for any small positive ¢ we can find
coefficients a1, az, az and a4 with the property that T'(S) < (g5 + ¢) |S]*, where T(S)
counts the number of solutions to a;z; + aszs + asrs + asxy = 0.

We have two proofs of Theorem [3.1.4] and analogously there are two ways to deal
with the k variable case. One way to do this would involve adapting the elementary
proof of Theorem [3.1.4} we will do this in Section Alternatively, we could prove
a generalisation of Lemma |3.1.5 and use that to generalise Theorem |3.1.4; we will do
so in Section 3.6l

Alternatively, we may wish to consider systems of more than one linear equation.
In that case, the opposite is true. Indeed, it is possible to show that there is no
constant ¢ > 0, such that for any system of 2 equations in 4 variables, there are large
sets S with at least ¢|S|? solutions to the system. We will prove this fact in Section
B.7

Finally, we will prove some further results related to calculating v, 45.45- First,
we will demonstrate how Lemma may be used to prove that v,2; = 1/2 in
Section [3.8l We will then discuss the family of equations of the form z +y = kz. In
particular, we will show that, if we restrict to this family, analogues of Proposition
and Theorem hold with the constant % replaced by % Furthermore, a
careful inspection of our argument will yield some results about the structure of the
set of numbers of the form 7, 4,4, Where a;,as and a3 are any nonzero coprime
integers. We will do this in Section [3.9,

As we have already noted, T'(S) will be the number of solutions to the equation
in S. If T is subscripted, the subscripts refer to fixed coefficients; for instance,
T111(S) is the number of solutions to z1 + z2 + 3 = 0 in S. We can extend this

definition in a number of ways.
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e For sets 51,52 and Ss, let T}, 4, 45 (S1, S2,53) = T'(S1, S2,S3) be the number of
solutions to (3.1.1)) where z; is taken from S;.

e For a function f:Z — [0, 1] with finite support, define

(= Y, f@)f(e2)f(w),
a1xr1+azzrz+azrz=0

observing that this sum is finite. This reduces to the original definition when

we set f to be the indicator function 1g of S.

Let us also define #(S) = T(S)/[S]? SO Yayazas = limsupig o, t(S). We may
define t(f) analogously.

We will also frequently refer to intervals of R. Let I, denote an interval of length
a centred at 0. Thus, I, = [—a/2,a/2]. We will also use this to denote the indicator

function, so I,(x) is 1 if |z| < a/2, and 0 otherwise.

3.2 The elementary approach to Theorem (3.1.4

In this section, we will give the elementary proof of Theorem [3.1.4] which avoids
relying on the arithmetic regularity lemma. Before we proceed with the proof, we

will present some additive combinatorial results that will be necessary for this proof.

3.2.1 Additive combinatorial lemmas

For any set A C Z, let §[A] be its growth under the differencing operator, |A|;1|A|. If
A and B are two sets of integers, let the additive energy between A and B, E(A, B),

be defined by
E(A,B) = #{(ay,b1,a2,b0) € AXx BX AX B :aj;+b =as+by}.

It is easy to see that this satisfies the following inequalities:
E(A, B) < |AP|B|
E(A,B) < |A||Bf? (3.2.1)
E(A, B) < |AP?|B)*/2.

To see why, observe that the first equation holds because for each triple (aq, as, by)

there can be at most one choice of by € B with a; + by = as + by, the second holds by

symmetry and the third follows by multiplying the first two.

We will require the following lemma, which states that, when two sets A and B

are such that §[A] and 0[B] are small, and if E(A, B) is large, then |A — B| is also

small.
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Lemma 3.2.1 ([27, Lemma 3.1 (iv)]). Suppose that A, B C Z are sets with E(A, B) >
n|AP2IB.
Then, |A — B| < 2A2E ]2  p|1/2,

We will also require a structure theorem due to Green and Sisask.

Theorem 3.2.2 ([27, Proposition 3.2]). Leteq,e9 € (0,1/2) and L € N be parameters.
Then there are choices of (large) integers K1 = Ki(L,e1) and Ko = Ko(L, €1, e5) with
the following property. For any set S C Z, there is a decomposition of S as a disjoint
union S, IL...I1.S, I1 Sy such that

1. (Components are large) |S;| > |S|/K; fori=1,...,n;
2. (Components are structured) §[S;] < Ky fori=1,...,n;

3. (Different components do not communicate) E(); - Si, \; - S;) < €] Si]*/2]9;]%/2,
whenever 1 < i < j < k and whenever \;, \; € {1,...,L};

4. (Noise term) E(Xg - So, A - S) < 1|S|* whenever Ao, A € {1,...,L}.
Observe that property (1) guarantees that n < K.

This theorem is a structure theorem of sorts for sets of integers, making it similar in
flavour to the arithmetic regularity lemma. However, they differ in the type structure
they are seeking: this theorem exhibits additive structure in an arbitrary set, whereas
the arithmetic regularity lemma is looking for analytic structure.

The quantity T'(Si, Se,S3) is related to the additive energy via the following

lemma.

Lemma 3.2.3. Suppose that S1, 52 and S5 C Z are finite sets. Then
T(S1,52,55)* < E(ay - S1,az - S2)| 3]

Proof. For any t € Z, let u(t) denote the number of ways of writing t = a1z + asxs,
for x; € S;. Thus, by definition,

E(a1 . Sl,a,g . SQ) = ZM(t)Q

Now, we see that

T(S1, S, S3)? = ( > u(t)) < (Zw)?) |Ss| = E(ay - Sy, as - S5)|Ss),

tE—a3-S3
the inequality following from Cauchy-Schwarz. This completes the proof of Lemma

B.23 O
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The following two facts are standard results in additive combinatorics.

Lemma 3.2.4 (Ruzsa triangle inequality, [54, Lemma 2.6]). For sets A, B,C C Z,
A—ClIB| < |A- B||B - C].
Lemma 3.2.5 (Energy Cauchy-Schwarz, [54, (2.9)]). For sets A,B C Z,
E(A,B) < E(A,A)Y?E(B, B)'/2.
We will require the following lemma bounding 7'(.Sy, Sa, S3).

Lemma 3.2.6. Suppose that S1,55,S3 C Z are sets with sizes s1, Sy and s3 respec-

tively. Then, we have the bound

1
Ta17a27a3(51a 527 SS) < Z_l (5132 + 5283 + 5153 + 1) . (322)

Proof. We will first prove Lemma in the case that aq,as and a3 are all 1.
Without loss of generality, assume that s; < s < s3.

Suppose first that s3 > s; + s9. In that case, we have

T11,1(51,52,S3) < 5182

The first line follows from the trivial observation that for each pair of z € S; and y €
So, there can be at most one solution to x + y + z = 0 with z € S3. The third line
follows from our assumption on s3. Thus, follows in this case.

Now, suppose that s3 < s; + so. In this case, we may apply [44, Lemma 2], which
states that

152 + S253 + S351) — (57 + 55+ 53) + 1

2
T11,1(51, 52, 53) < ( 1

(3.2.3)

(3.2.2)) follows in this case via an easy application of the Cauchy-Schwarz inequality.

Finally, for arbitrary coefficients a1, as and ag, observe that

T az,05(S1,52,53) = Th11(ar - Sh,a2 - Sz, a3 - Ss)

1
< Z (8182 + 8983 + 5183 + 1) .

This completes the proof of Lemma |3.2.6] O]
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Finally, we will require the following theorem of Bukh:

Theorem 3.2.7 ([9, Theorem 1.2]). Given two coprime integers Ay and Ay, we have
that for any S C Z,

A= S+ Ag - ST 2 ([M] + [A2))[S] = ox . (15])-

Remark. In fact, Shakan [52] has shown that we may take the oy, »,(|S|) term to be
constant. However, we will not gain anything by making use of this improvement, so

will not do so.

3.2.2 Proof of Theorem [3.1.4

In this section, we will use the lemmas of Section to prove Theorem [3.1.4, We
must prove that, given a suitable choice of a1, as and ag, all sufficiently large sets S
have T(S) < (5 +¢) |S[*

Let ¢ > 0. Given our choice of £, we must choose the values of the coefficients

a1, as and as; we will do so later. Suppose that S is a sufficiently large set. We will

immediately apply the structure theorem, Theorem|3.2.2} to S, with £ = (%)4, g =1

and L = 1. This gives us a decomposition S = Sy IT... 115, I1 .Sy. We will start by

showing that the contribution to 7'(.S) from solutions a;z1 + asxs + azxs = 0, with at

least one of the z; taken from S, is small.

Lemma 3.2.8. The number of solutions to a1x1 + asxo + azxz = 0 in S, where some

x; is taken from Sy, is no greater than 5|S|?.
Proof. The number of such solutions may be upper bounded by
T(So,S,S)+T(S,S0,S)+T(S,S,So),

and so it suffices to show that each term is no greater than £|S|.
Applying Lemmas [3.2.3 and [3.2.5, we have

T(So, S, S)? (a1 - So,as - S)|S]
(S0, S0)*E(S, 5)|8]

&S],

SSCS

<
<
<

from which it follows that 7'(Sy, S, S) < 8}/4|S’2. By our choice of ey, this gives

exactly what we claimed. O
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At this point, we must bound the number of solutions to a1 + asxs + azzrz = 0
where each of x1, x5 and x3 is taken from an .S; with ¢ > 1. To do this, we will start by
restricting which triples (4, 7, k) can have the property that there are many solutions
with z; € S;, x5 € Sj and z3 € S. For instance, the fact that §[5] is small, together
with an assumption that a; and as are coprime and |a; + as| is large, will imply that
there cannot be too many solutions with 1, x5 and x3 all in S;.

In particular, this will give us a fairly rigid structure on the collection of triples
Si, S, Sk such that T'(S;, S, Si) can give a non-trivial contribution to 7°(S, S, .S). In
order to quantify this structure, we will draw a labelled digraph G whose vertices
correspond to the S; with 7 > 1. We will draw an edge from S; to S; with label Z—; if
and only if T'(S;, S;,.5) > Ms—K%|S|2, where K is as in the statement of Theorem [3.2.2]
Similarly, we will draw an edge with label 2 if T'(S,5;, 5;) > ﬁwﬁ and similarly

for the other four possible labels.

In particular, observe that if there is an edge from S; to S; with label z, then there
will be an edge from S; to S; with label 2. Our definition of G does not necessarily
preclude the existence of multiple edges between S; and S; (with different labels), or
edges from S; to S;. However, as part of the proof, we will show that this cannot
happen, provided that we assume a suitable hypothesis on ay, as and as.

First, we will show that G captures almost all of the solutions to ajz; + asxs +

asrs — 0.

Lemma 3.2.9. Say that a triple S;, S; and Sy, is good if and only if the siz relevant
edges are present. For example, S; — S; has label Z—;, Sk — S; has label Z—g, and so
on. Say that a triple is bad otherwise.

Then, the total number of solutions to ayxi + asxs + azrs = 0 among all of the

bad triples is at most $|S|?.

Proof. There are six ways a triple (.S;, Sj, Si) can be bad. One such way is if there is
no edge from 5; to S; with label £L.

Let us count the total number of solutions among triples for which the 2} edge is
missing. That is

2 ¢ 2
> T(S:,85,8) < K1TKIQ|S|
such §;,S;

€
— —1|9|?
24 ’ ’ Y
since the number of pairs S;, S; is bounded by K7.
Summing this over the six possible ways for a triple to be bad completes the proof

of Lemma [3.2.9 ]
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In view of Lemmas|3.2.8|and [3.2.9] it remains to show that the number of solutions

among the good triples is at most (% + i) |S|?, for a suitable choice of the coefficients

ai,as and ag. The values we will choose are a; = 1,a9 = M and a3 = M + 1, where

M is any positive integer satisfying

472\ K1
M>(%) | (3.2.4)

22
We can now prove the following lemma:

Lemma 3.2.10. With the values of a1, as and ag that we have chosen, the product of

the labels along any cycle in G must be 1.

Remark. This immediately tells us that G has no loops (edges from a vertex to itself).
In view of the fact that an edge from \S; to S; with label z is accompanied by an edge
from S; to S; with label x™!, this also tells us that there can be at most one edge
from S; to ;.

Remark. We have chosen particular values of the a; for simplicity; indeed, we only
need a single choice of coefficients to work in order to establish Theorem [3.1.4, How-
ever, the same argument is able to establish Lemma [3.2.10, and thus also Theorem
[B.1.4] for a much wider class of equations. For example, whenever a;,ay and ag are
coprime, and at least two of the three coefficients are large enough, then the analogue
of Lemma holds, and thus Y4, 4545 < 1/12 + €.

Conversely, it does not suffice for just one of the a; to be large. For example,
if aj = ay = 1, then it can be shown that, for S a slightly modified version of the
set in Proposition m, Ti1.45(S) > #|S|? for any ag; in particular, we can take
S = a3[—3M,3M] U [-2M,2M]. We will discuss this further in Section

The idea behind Lemma[3.2.10]is as follows. Suppose that, instead of the condition
that the S; have small doubling, we had the stronger condition that each S; was an
arithmetic progression. Then the assertion that there is an edge from S; to S; with
label ¢ implies that the ratio between the common differences of S; and S; is close to
t~1. In this setting, it is obvious that the product of the edge labels around a cycle
must be 1; indeed, the product of the edge labels along a path is the ratio between
the common differences of the endpoints.

Of course, it is not necessarily the case that each .S; is an arithmetic progression.
However, our proof will use this idea, by following the product of the labels along a
path and relating it to the endpoints of the path, in such a way that if the path is a
cycle, that product must be 1.
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Proof of Lemma[3.2.10, Suppose there is a cycle whose label product is not 1; con-
sider a shortest such cycle. By minimality, such a cycle may have no repeated vertices,
and thus must have at most K; vertices. Thus, without loss of generality the cycle is
S1,S89, ..., Sk, S1, where S; — S;;1 has label t; (with Sk, = S;), and k < K.

By Lemma [3.2.3] we deduce that for each 1,
2

€
E(t;-S;, Sit1) = ———=|S|>.
Now, let us apply Lemma to S; and ;1. We have that
2
€
E(t; - Si, Siv1) 2 Sil*|Ss1|*?
and so we deduce that
S5T6 K}
[t - Si = Siva| < S[SOIS il |Sil' /2| Sia | 2=
ST6K K2
< ——= 215?82 (3.2.5)

Now, we can prove, by inductively applying Lemma (3.2.4] that
ST6KAKZN'
’tltg .. tl . Sl — Si+1’ § (%) ‘31’1/2’Si+1’1/2' (326)
€
Thus, setting ¢ = k, we learn that

KAR2\ 5
576—12) 1S4], (3.2.7)

[tita ...t - S1 — S1| < ( >
since k < Kj.

By hypothesis, tits ...t # 1. However, we know that ¢it,...%; can be written in
the form M (M +1)°* for some integers e; not both zero. Suppose that e; is nonzero;
the argument is similar if ey is nonzero.

Write t1ty ... 1, = % for coprime integers r and s; our hypothesis tells us that M

must divide r or s. Therefore,

1000K K2\ "™
7| + |s| > Q= ;

as a consequence of .
Thus, we have shown that |r - S; — s -S| < (57615(;[{22)](1 |S1]. But, if S; is
sufficiently large, this contradicts Theorem which states that
1000K K2\ ™
gy

e2

]r-Sl—s-Sl|><

whenever | S| is sufficiently large.

This contradiction completes the proof of Lemma [3.2.10 O
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To complete the proof of Theorem [3.1.4] we just need to bound the number of
solutions to a;x1 + asxs + asxs = 0, with xq, 29, x3 taken from a good triple. The

following lemma will achieve this.

Lemma 3.2.11. Suppose we choose a1 = 1,a95 = M and az = M + 1, as in the
statement of Lemma|3.2.10.
Then the number of solutions to a1x1 + asxs + asxs = 0 taken from good triples is

bounded above by (5 + <) |S|?, whenever |S| is large enough.

Proof. We will start by defining a function
d:[n] = Q, (3.2.8)

with the property that if S; — S; has label ¢, then d(j) = td(7).

One way we can do this is as follows. For each connected component G’ of G,
choose the smallest value of i such that S; is in G’, and set d(i) = 1. Then, for any
other j with S; in G’, d(j) is determined by the product of the labels on any path
from S; to S;. Lemma guarantees that this value does not depend on the path
chosen.

Now, for each d, let Rq = U;.q()—=aS;. Suppose that S;, S, Sy is a good triple, in
that order (so, for example, the label on S; — S; is a1 /a2). Then, setting d = a;d(7),
we have that d(i) = d/ay,d(j) = d/ay and d(k) = d/as.

Therefore, all of the solutions coming from the good triple S;, S;, Si, will be counted
in T(Rd/al,Rd/@, Raqjay), and so an upper bound for the total number of solutions

coming from good triples is

Z T(Rd/au Rajas; Rd/a3)’
d

where the sum is taken over all d such that all three of the R; exist (in particular,
there can be no more than n terms in the sum).
We may apply Lemma to give an upper bound for this.

1
> T(Rajar, Rajans Rajas) < 7 D | Rajor| | Ragaal + [ Rijan | Raas] + | Raoal | Rajas | + 1
d d

1
< D [BallRa| + Ky, (3.2.9)

di~da

where the sum on the second line is over unordered pairs di,dy such that di/ds is

equal to the ratio between two of the a;. The second inequality follows because if
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dy ~ dy, then there is exactly one ratio a;/a; such that d; /ds = a;/a;. Thus, the term
|Ra, || Ra,| appears in at most one of the sums on the right hand side of the first line.
Finally, for ¢ = 0,1 and 2, define the quantity X; by

Xi= > R4

d=M¢e1(M+1)°2
e1—ea=1 mod 3

By our construction of d, each |R,| appears as a term in exactly one of the Xj.
Furthermore, d; ~ dy only if Ry, and Ry, are in different sums X;, and any term
|Ra, || Ra,| appears at most once in (3.2.9)). Consequently, we have the upper bound

1 1
1 > Ra,||Ra| < 1 (XoXi + Xo X5 + X,.X5)

di~ds
1 €
< —=+-]I57
(5+5) s

the latter inequality following from an easy application of Cauchy-Schwarz, since
Xo + X; + X5 < |S|. This completes the proof of Lemma [3.2.11 O

Remark. Recall that the construction for a set S with T'(S) > 5|S[*> + O(]S]) given
in Proposition |3.1.2 consisted of three arithmetic progressions Sp, S, and S3, with
common differences in the ratio 1/a; : 1/as : 1/az. In this instance, the vertices
of G would be 51,55 and S3 and there would be all six edges between the S;, with
the appropriate labels. In particular, we would have d(1) = 1, d(2) = ay/as and
d(3) = ai/as; in other words, the values of d(i) are proportional to the common

differences of the arithmetic progressions that are the S;.

We have now essentially proven Theorem Indeed, any solution to a;x; +

asxy + azrs = 0 must either have some x; in Sy, or must come from a bad triple, or
must come from a good triple. Combining Lemmas [3.2.8], [3.2.9] and [3.2.11] gives the
result if |S| is large enough. O

3.3 Proving Lemma via arithmetic regularity

In this section, we will prove Lemma [3.1.5 The proof involves three key ingredients.
We will first need to exhibit some degree of structure in a set S with 7'(S) large.
Indeed, we will show that such an S can essentially be taken to be a dense subset of
an interval [—M /2, M/2], in Section [3.3.1]

Once we have done this, we will be able to apply the arithmetic regularity lemma,

introduced in [25]. The particular version we will need is the s = 1 case of [29,
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Theorem 1.2]; a convenient exposition of this is given in [16]. With this, we will
be able to show that, for any set S of integers, calculating T'(S)/|S|? is essentially
equivalent to a similar calculation for a function over Z/qZ x [~1/2,1/2] x T, where
T denotes R/Z. The details of the application of the arithmetic regularity lemma will
form Section [3.3.2]

After we have reduced to the situation of Z/qZ x [—1/2,1/2] x T4, we will exploit
various concavity properties to show the following. Given our function f defined on
Z/qZx[—1/2,1/2]xT% for any fixed x € Z/qZx T we can take f(x,-): [-1/2,1/2] —
[0, 1] to be the indicator function of an interval centred at 0. Once we have done this,
we will be able to show that the length of this interval can be taken to be independent
of the T¢ component. This will essentially complete the proof of Lemma , and
will form Section [3.3.3

3.3.1 Finding a structured subset

We will now begin the proof of Lemma(3.1.5. We wish to prove that, in the calculation
of ¥ = Va; 42,05, it is enough to consider dense subsets of [—M /2, M/2]. In particular,

we will establish the following proposition.

Proposition 3.3.1. Fix any € > 0. Then, there exists a constant n > 0 with the
following property. We can find arbitrarily large sets S" with t(S") > v — e, and such
that for some M € N, S" C [-M /2, M /2] and |S’| = nM.

It will be necessary to establish this proposition before we can apply the arithmetic
regularity lemma.

The proof of Proposition [3.3.1| will fall into two steps. Firstly, given a large set S
with ¢(.S) large, say ¢(S) > v— 3, we will find a large subset S; C S with £(S1) > v—¢,
and for which S; has a high degree of additive structure. We will use Theorem [3.2.2
to accomplish this. Once we have done this, we will be able to apply Freiman’s
Theorem to S;. This will give a bijection between S; and a subset S’ of [—M, M],
which preserves solutions to (3.1.1]).

We will begin the proof of Proposition [3.3.1| with a lemma.

Lemma 3.3.2. Choose ¢ > 0. Then there is a constant D <. 1 with the following

property. Suppose that S is a large set with t(S) > v — 5. Then S has a subset S,
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with

|51] = [S1/D,
o[S1] < D,
t(S1) =y —e.

Remark. Observe that we can take |S| to be arbitrarily large. In other words, we

immediately obtain the following corollary.

Corollary (Corollary to Lemma [3.3.2). Choose € > 0. Then for the same constant
D <. 1, there must be arbitrarily large sets S, with 6[S] < D and t(S) > v — e.

Proof of Lemma[3.3.3. We will start by applying Theorem to S. Choose L =
la1| + |az| + |as|, and let £; and €5 be small positive constants to be specified later.
Applying Theorem to S gives us a decomposition

S=5U---US,USl.

It will be sufficient to prove that, for at least one of the values of i # 0, t(S;) >
— £, This will establish Lemma , with D > Fi(L,e1) and D > Fy(L,¢eq,e).

2
Given our decomposition S = Sy U---U.S, U .Sy, observe that

T(S)=T(S,5,8) = > T(Si, S, S,)
11,22,13
over all triples 71, 79,13. We will show that the main contribution to this sum is from
k-tuples with i; = i = i3 # 0.
Case 1: i; = 0 for some j. Let us start by bounding the contribution from terms
for which #; = 0. The sum of such terms is bounded by T'(Sp, S,S). We can use
Lemma [3.2.3] to bound these terms:

T(S[),S, 5)2 < E(a1 . So,ag . S)’Sl <ep X ‘5’4,

where the second inequality follows from property 4 of Theorem Thus, we have
T(So,S,95) < 51/2]S|2. Summing this up over each choice of j with ¢; = 0 , we see
that the total contribution from such terms is bounded by 351/ ?|1S2.

Case 2: the i; are nonzero and not all equal. For terms with 7; # i, again we use
Lemma [3.2.3] to see that

T(Si,, Siys Sis)? < E(ay - Siyy a2 - Si,)|S,.
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Therefore, property 3 of Theorem tells us that
T(Siys Sizs Siy) < (22)"%]S5, [74]3, [7/4]S0 ] 2.

By Holder’s inequality, it follows that the sum of all such terms (with iy # 4y) is
bounded above by n&é/ 2]5 |?. Thus, the total contribution from terms where the i;
are not all equal is at most 3ne}/?|S 2.

Thus, the total contribution from terms 7°(S;,, S;,, Si,), other than those for which
in = ip = i3 # 0, is at most (36}/2 + 3n5§/2)|5|2. Since n is bounded independently
of g9 in Theorem m, this will certainly be less than £|S|?, provided that &; and &5
are small enough.

Now, suppose that for each of the S;, t(S;, S;, S;) < v — €, or, in other words,
T(Si, i, 8i) < (v —€)|Si[*. Then,

T(S)= Y T(Si, S Si)

11,12,13

€ 2

< T iy M1y Mi ~
; (S;, S S)+2\S|
_ 12,4 g2
<=9 158+ 58]

<l 5)ist

which contradicts our assumption on the size of (.5).
Thus, there must be a component S; with ¢(S;) > 7 — ¢, and, without loss of

generality, we may assume that that component is S;. [

Proof of Proposition |3.3.1. Thanks to the corollary following Lemma [3.3.2] we can
find arbitrarily large sets S with

<D
tS)=vy—c¢

for some D depending only on aq,as,as, and e.

Recall that L = |a1| + |az| + |as|. A Freiman L-isomorphism is an injective map
f for which a; + -+ +ar = by + -+ + by holds if and only if f(a;) +---+ f(ar) =
f(by)+-- -+ f(br) holds. In particular, if az1 +asxs +azrz3 =0 =a;-0+ay-0+as-0,
then ay f(z1)+aof(z2)+asf(xs) = (a1 +az+a3) f(0). Replacing f(x) with f(z)— f(0)
if necessary, we see that f is a map that preserves solutions to ax; + asxs +azrs = 0.
Therefore, it will suffice to find a Freiman L-isomorphism from S U {0} to a subset
of [-M/2, M /2], for some M not much larger than |S|.
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To do this, let us begin by applying Freiman’s theorem [48, Theorem 1.1] to S.
Because 0[S] <. 1 (recalling that §[S] = |S — S|/|S]|), we obtain a degree d <. 1
generalised arithmetic progression P of size |P| <. |S| containing S. More precisely,

we obtain integers a, by, ...,bg and hy, ..., hg such that
P=a + hl[—bl, bl] + -+ hd[_bd, bd]

contains S.

Next, apply [64, Theorem 3.40] to P. This gives us a generalised arithmetic
progression P’ containing P, with |P'| < |P| and dim P’ = d' < d, which is L-proper.
Informally, this means that any triple x, zo, z3 of elements of P’ with a1z, + asxs +

asxrz = 0 must have a;x1 + asws + asxz = 0 in P’. More formally, suppose we write
Pl=ad+ h/l[_bllvbll] +-t h/’[_ 2[’7 2!’]7

and have a solution xy,z9, x5 with x; = o' + hjx; + -+ + hlyx;w. Then, for each
1 <j<d, ez + aswa; + azxs; = 0. Without any loss of generality, we may assume
that P itself is L-proper.

Finally, we may complete the proof by constructing the natural L-isomorphism
a+hwyr + -+ haya = y1 + Baya + Bsys + - - - + Baya,

where B; = 2'b1by ... b;_.

The image of this map is contained within an interval of length 291,y ... by <4
|P| < |S|, where d <. 1. In other words, we have exactly a Freiman L-isomorphism
from S to a subset S’ of [—M /2, M /2], where |S'| >. M. O

3.3.2 Applying the arithmetic regularity lemma

In this section, we will use the arithmetic regularity lemma |29, Theorem 1.2] to reduce
the situation from subsets of Z to functions defined on Z/qZ x [—1/2,1/2] x T?. For
any € > 0, Proposition guarantees us a constant > 0 such that we can find
arbitrarily large values of M and sets S, such that S C [-M/2, M /2] has density at
least 7, and such that ¢(S) > v —e. The arithmetic regularity lemma provides a way
to classify the structure of a dense subset S of an interval, which will make it easier

for us to find bounds on ¢(.S). It will be most convenient for us in the following form:

Theorem 3.3.3 (Arithmetic Regularity Lemma). Let f : [-M/2,M/2] — [0, 1] be
a function, F an increasing function, and 6 > 0. Then there is a quantity B < r 1

and a decomposition

f = fstr+fsml+funf
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of f into functions fer, fomis funf: [—M /2, M /2] — [—1,1] such that
1. far(n) = F(n mod q,n/M,0n), where
F:Z/qZ x [-1/2,1/2] x T — [0, 1],

q,d < B, F has Lipschitz constant at most B, and 0 € T is (F(B), M)-

irrational (see below),

2. Z—M/2<n<M/2 |fsml(n)’ <OM,
3. sup, | fun(t)| < M/F(B),
4. fsir and for + fom take values in [0, 1].

Here, f(t) = ZfM/angM/Q f(n) exp(—2mitn) is the Fourier Transform of f on Z.
The statement that 0 is (F(B), M )-irrational means that, for anyr € Z% with Y, |r;| <
F(B) satisfies Y ||ribi]| = F(B)/M, where ||z|| is the distance from x to the nearest

nteger.

As in [26], we can control fy, with the ¢! norm instead of the £* norm as | fu| is
bounded by 1; similarly, we can control f,,s with the supremum norm of the Fourier
transform instead of the Gowers U? norm.

Fix € > 0 small. Then, we will consider large values of M and subsets S C
[—M /2, M /2] with density > n and ¢(S) > v —e€; such subsets are guaranteed to exist
by Proposition [3.3.1]

Let 6 > 0 be a constant and F a growth function to be specified later, and let f
be the indicator function of S. We will immediately apply the arithmetic regularity

lemma to f. This gives us a decomposition

f - fstr + fsml + funf
as described in the statement of Theorem [3.3.3l

We will first show that the contributions from the error terms fy,; and fu,¢ may

be ignored.

Claim. For any &' > 0, suppose that 0 is small enough, and F grows quickly enough
(both depending on €'), in the statement of Theorem [3.3.5; it will suffice to have
§ < €'/100 and F(B) > 100/¢’. Then, we have the following two bounds:

Y. faln)— Y fl)<eM (3.3.1)

—M/2<n<M/2 —M/2<n<M/2

T (foer) = T(f) < 'M*. (3.3.2)
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Proof of Claim. Establishing is easy; we have that > |fsm| < dM, and that
5 funt = Fuut(0) < M/F(B).

For (3.3.2), we start by writing f = fsr + fsm + funt, and we may expand out
T(f)=T(f, f,f) as a sum of 27 terms. One of these terms is T'( fsr, fstrs fsor). All of
the other terms have three arguments to 7', at least one of which is fy or fuus.

Terms where one of the arguments is fg,,. Without loss of generality,
suppose that the first argument is fy.,, and write f; and f3 for the other arguments.
Then, by definition of T,

T(fsmlaf%f?)) < Z |fsm1(n1)f2(n2>|

< <Z|fsm1(n1)\> <Z!f2(”2)’>
< 5]\/./;

as required.
Terms where one of the arguments is fu.r. As before, suppose that the first
argument is fur, and write fo and f3 for the other arguments.

Now, we can write

T(fr, f2. f5) = Z fi(n1) fa(n2) fs(ns).

[n1l,ln2l,Ins|<M
aini+aznz+aznz=0

For each i, write f/(a;x) = fi(x) (and set f/(z) = 0 if a; f ). Then f] still satisfies
property 3 of Theorem m (in the sense that sup, f](t) < ayM/F(B)). And, we

now have

T(fifofs)= Y. fi(m)fi(no) fi(ns)

[n1l,ln2l,Ins|<LM
n1+n2+n3=0

_ / IHOYAOTAOLL

| ([ o) ([ o)

the last line following from Cauchy-Schwarz. The first factor is bounded by M/F(B)
as fi = funs, and the second and third can be bounded by M'/? thanks to Parseval’s
identity. Thus, T'(funt, fo, f3) < M?/F(B). This completes the proof of the claim. ¢

< sup
t
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Thus, we have a function fg, which can be written in the form described by
property 1 of Theorem [3.3.3] As is standard in applications of the Regularity Lemma,
we will use a counting lemma to prove a relation of the form ¢(fy,) = (1 + o(1))t(F).
Indeed, [I7, Lemma A.4] states that provided that F(B) and M are large enough,

then
% ;fstr(n) - /F

where the integral [ F refers to the integral over Z/qZ x [—1/2,1/2] x T¢ with the
uniform measure, normalised so that f 1=1.

We would like to define a version of T on Z/qZ x [—1/2,1/2] x T¢ in such a way
that a relation similar to holds for T'; in other words, that T'(fy,) ~ T(F).
The current expression as a sum over all solutions to is fairly unwieldy in the

<, (3.3.3)

local setting. One way to do this is to parametrise the set of solutions to the equation

with a two parameter family. We do this with the following proposition.

Proposition 3.3.4 (Parametrisation of solutions). Regardless of the values of the
coefficients (a1, as,as) (which we assume to be coprime and nonzero), there exists a
pair of integer solutions (yi, Yo, y3) and (21, 22, 23) to such that, for any integer
solution (x1, xa,x3) to , there are integers u and v such that x; = y;u + z;v for
each 1.

Furthermore, we have the following two properties.

e Regardless of the choice of basis,

det (yl Zl) = das. (3.3.4)

Y2 22

o Let G be any abelian group, and let x1, x5 and x3 be any solution to m
G. Then, there exist u,v € G so that x; = y;u + z;v for each i, where y; and z;

form our solution basis over Z from Proposition |3.5.4).

Proof. The existence of the solutions (y;) and (z;) such that any solution is an integer
linear combination of them follows from the fact that any torsion-free finite rank
abelian group has a basis. Indeed, the set of solutions to is a rank two subgroup
of Z3, and we may take (y;) and (2;) to be a basis.

To establish , we observe that the set of solutions xq, x2, x3 to all

satisfy the relation
Y1 21 I
det | yo 20 x9 | =0,
Ys zZ3 I3
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as the last column is a linear combination of the first two. We may expand out the

determinant to obtain the relation

det (y2 ZQ) 71 + det (y3 25) T + det (yl Zl) 25 = 0,
Ys 23 oz Y2 22

so the coefficients of this relation must match (ay, as, ag) up to scaling by a constant.
However, these coefficients must be coprime, because the elements (y,ys,y3) and
(21, 22, 23) of Z® may be extended to a basis by any (w;, ws, ws3) satisfying the relation
Yo aw; = 1 (such (w;) must exist as the coefficients a; are coprime). Thus, the
coefficient of x3 can only be equal to az or —as, as required.

To prove the final part, we will need to have integers (w;) such that the matrix

Yyr 21 w1
M=y 2 ws
Ys zZ3 W3

satisfies det M = 1. To do this, we use the (w;) from before, possibly flipping the sign
of each of them if necessary. In particular, since the determinant of M is 1, it must
have an inverse M ! over Z.

Now, given a solution z1, x5, x3 to in an abelian group G, define u,v and
a by

u T
vl =M1z
« T3

The formula for the inverse of a 3 x 3 matrix, combined with (3.3.4]) and its cyclic
shifts, tells us that the bottom row of M~! is +(ay, as,a3); in particular, a = 0.
Consequently, the v and v produced by this procedure satisfy the required relation

T; = wy; + vz;. ]

Now that we have a parametrisation for the set of solutions to (3.1.1]), we may
rewrite the definition of T'(f) for f : Z — [0,1] a compactly supported function.

Indeed, we have

T(f)= > flyu+ z0)f(you+ 20) f(ysu + z3v)., (3.3.5)

uweZ

as the right hand side is exactly the same as the sum of f(z1)f(z2)f(x3) over triples
x1, T9, w3 satisfying (3.1.1). Furthermore, it is now possible to sensibly define T'(F)
for functions F : Z/qZ x [-1/2,1/2] x T — [0, 1]. Indeed, we extend F to the abelian
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group Z/qZ x R x Z¢ such that F(z) = 0 if the component of z in R is not within the

interval [—1/2,1/2]. This allows us to use the same formula above for 7"

T(F)= // F(y1u + 210) F(yau + 200) F(ysu + 23v)dudv, (3.3.6)

where the integrals are normalised as before (in other words, so that the integral over
Z/qZ x [—1/2,1/2] x T?is 1).
Having defined T this way, we now have the bound

%T( fu) = T(F)| < ¢ (3.3.7)

provided that F(B) and M are large enough. This is a counting lemma for T its
proof is similar to the proof of [I7, Lemma A.5]; indeed, in that paper it is shown
that if 7 : Z — Z/qZ x R x T¢ is defined by m(n) = (n mod ¢q,n/M,0n), then we
have that for any Lipschitz Fj,

# 3 F*(ﬂ(u),ﬂ(v))%//F*(u,v)dudv.

u,vE[—M/2,M /2]

Applying this to F,(u,v) = F(y1u + z10) F (yau + 290) F (ysu + z3v) gives (3.3.7)).
Putting together the results of this section, we obtain the following.

Proposition 3.3.5. For any ¢ > 0, we can find a function F : Z/qZ x [-1/2,1/2] x
T4 — [0, 1] which is Lipschitz, with

tF)>~y—c¢

where t(F) = T(F)/(fF)2

Proof. Given € > 0, choose M large, and use Proposition to find a set S with
t(S) = v — e, which is a subset of [-M /2, M /2] of density at least 7.

Next, choose an & much smaller than en?. Apply the arithmetic regularity lemma
to the indicator function f of S to obtain a decomposition f = fs, + fom + funt @S
described in the statement of the arithmetic regularity lemma. The bounds

and (3.3.3) tell us that

< 2¢

Y

1
G- [ F
and the fact that 57 >, f(n) > 7 tells us that we must have

[Feasemy Y s
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Similarly, the bounds ([3.3.2) and (3.3.7) tell us that

1 /
ST =T <22,

and the fact that T'(f) > 75 tells us that
T(F) > (1 —26¢'/n")T(f).

Putting these together, we deduce that

1 — 26¢’/n?
t(F) > —t(f).
Assuming that &’ is small enough, we have that the fraction 1_116;,,/772 is at least 1 —¢,

and so t(F') > v — 2e. This completes the proof of Proposition [3.3.5] O

3.3.3 Simplifying the local problem

By Proposition , we know that 7, 4,4, must be the supremum of ¢(F’) among
functions F' defined on Z/qZ x [—1/2,1/2] x T%. The goal of this section is to simplify
this setting by showing that for any x € Z/qZ x T¢, F|, must be the indicator
function of an interval. Here, F|, represents the function defined on [—1/2,1/2] by
Flo(y) = F(%rat, Y, Tirear), Where 2,00 € Z/qZ and Tina, € T¢ are the components of
x. Once we have done this, we will be able show that it suffices to consider functions
with d = 0, and this will essentially be enough to establish Lemma [3.1.5, We will
now begin with the first of these goals.

Proposition 3.3.6. Let F': Z/qZ x [—1/2,1/2] x T¢ — [0, 1] be a Lipschitz function.
Define F# : Z/qZ x [-1/2,1/2] x T — [0,1] to be the function with the following

properties:

o Foranyx € Z/qZ x T¢, F#|, : [—=1/2,1/2] — [0, 1] is the indicator function of

an interval centred at 0;

o Foranyx € Z/qZ x T4,

/_ Lt = /_ Y e (0

1/2 1/2

Then, T(F) < T(F#), and thus t(F) < t(F7?).
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Proof. Let us begin by rewriting the R integral in (3.3.6)). The integral operator may

be written
[/ = Eurat ;Urat EZ/qZ / / :
Uirrat,Virrat €Td UsmthsVUsmth ER

For fixed u = (Urat, Uirrat) aNd U = (Vpat, Virrat ), the real integral becomes

// Fi(y1u + 210) Fo(yau + 220) F5(ysu + 230) dtsmtn @Vsmtn,

where F;, = F

viutzv- Now, we can certainly divide by az in R; we obtain

/—Fl l‘l F2 ZEQ)F3(Z’3)d$1dI2

|as|

where 3 = —%, and the Jacobian factor of ﬁ comes from (3.3.4)).

In view of this, it will suffice to establish a version of Proposition for separate
functions F}, Fy, F3 defined on [—1/2,1/2]. In particular, it will suffice to establish
the following.

Claim. For a function F, : [—=1/2,1/2] — [0,1], define E to be (F#);. Then

// Fy (1) Fy(22) Fy(x3)dayday < // F# (1) FJf (22) Fff (25)dy dcy (3.3.8)

where the integrals run over aixy + asxs + azxrsz = 0.

Now, [33] Theorem 379] gives us exactly that

//F1 .Tl Fg 332 F3 1’3 dﬂfldﬂfg // .231 5132 F (Qfg)d.Tld.iEg, (339)

where, for a function f, f* denotes the symmetric rearrangement of f; that is, the
unique even function, decreasing on {x > 0}, with the property that u({z : f(z) >
t}) = pu({z : f*(x) > t}) for each t (where p denotes the Lebesgue measure). An even
function decreasing on {x > 0} is called symmetrically decreasing.

Note the facts that

1. The convolution of symmetrically decreasing functions is symmetrically decreas-

ing,
2. If g and h are symmetrically decreasing, then [ gh < [ g%h.

Given this, we can simply apply fact 2 to each of the functions F;* on the right hand
side of (3.3.9) in turn, to establish the claim. O
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Now, we may rewrite T'(F). For x € Z/qZ x T%, let f(x) be the length of the
interval defined by F|,. Then, we have that

f(z1)/2 f(z2)/2
// / / :l-laltl-&-aztz|<a3f(3)/2|dtldt2 dudv
Z/qZxTd |a3| ti=—f(x1)/2 J ta=—f(x2)/2

(Lay f(an) * Las f(wo) * Lasf(a )(0)) dudv
//Z/quTd (|a1a2a3| f(w2) * Lasf(xs)

where x; € Z/qZ x T? are defined by z; = y;u + zv, and recalling that I, is the

indicator of an interval of length = centred at 0.

Definition 3.3.7. For 1, 9, x3 > 0, define ®(xq, x9, 23) to be the value of I, x I, *

1,.(0), where x denotes convolution.

In view of Definition we can now rewrite the definition of 7. If f is a
function defined on Z/qZ x T¢ representing the length of the intervals (as above),

then we have

T(f) =

//(I) (a1 f(z1),asf(x2), asf(x3)) dudv. (3.3.10)

\a1&2a3\
We will now state some useful properties of ®.
Proposition 3.3.8.
1. Suppose that by < by < by. Then

blbg bS bl + b2
(I)(bh b, b3) = Q(blbg + bobs + bgbl) - (b% + b% + bg) (3311)

otherwise.
4

2. For any by, by and b3,
D (by,bo, b3) < biby (3.3.12)

3. For any by, by, bg > 0, there exist py,pa, ps > 0 so that for any x1, x4, 23 > 0,
P (21, T2, 73) < P1T2T3 + P2T3T1 + P3T1T2 (3.3.13)
with equality holding when x; = b; for each 1.
4. For any by, by and bs,

1
D (b1, ba, bs) < 7 (biba + babs + bibs) (3.3.14)
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5. Let G be any finite abelian group, and let fi, fo, f3 © G — [0,1] with b; =
dea filg). Then

Z D(f1(91); fo(g2), f3(g3)) < (b1, ba, bs)
91,92,93€G (3.3.15)

g1+g2+9g3=0
= |GIP®(b,/|G|, b2/|G], b3/|G])

Proof. Establishing (3.3.11]) is fairly straightforward via direct integration, and equa-
tion (|3.3.12) follows directly from that. Equation (3.3.13|) generalises this; to prove

it, it is easiest to prove the equivalent statement that the function
O(z1, 9, x3) = T12223P(1 /21, 1/29, 1/ 23)

is a concave function, which can be proven by showing that the Hessian matrix
is always non-positive definite (for example, by using Sylvester’s Rule). Equation
(3.3.14)) is then a special case of (3.3.13)).

To establish , observe that the equality on the right hand side follows from
the homogeneity of ®. The inequality immediately follows from applying
(with this choice of by, by and b3) to each term on the left hand side, observing that
each pair g1, g2 € G occurs together in exactly one term on the left hand side (and

likewise with pairs g1, g3 and ¢s, g3). O]

Remark. Observe that (3.3.14)) is a continuous analogue of (3.2.2)).
With these, we can complete the proof of Lemma We will first establish the

following.

Lemma 3.3.9. Let G be any abelian group with a subgroup H. Suppose that H is
finite and has order coprime to ayasas. Let f: G — [0,1] be any function, and define
' G —[0,1] to be the function such that f'(g) = Enegrm f(h). Then T(f) < T(f).

Proof. Write

T(f) = J[ et anfea).ase)duds

|CL1CL2G3|

// ( yLY2, ygqu)(alf(xl + 1), asf (w2 +12), asf (w3 + y;;))) dudv.

\a1@2a3| Y aiyi=

For each 4, set f;(h) = f(z; + h/a;) for h € H, where we can divide by a; because

a; is coprime to the order of H. Then, the integrand becomes

E 1 hohsernr ®(a1fi(he), azfa(ha), asfs(hs)).

h1+ha+h3=0
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The inequality ([3.3.15)) immediately tells us that

Eyiyowsea®(afi(y), aafo(y2), asfs(ys)) < ®(arf'(x1), asf'(x2), as f'(x3)).

In other words,

1 / ! /
7)< o ] Bl @) 0f (@2). 0 () e
=T(f)
as required. O

We are now ready to complete the proof of Lemma [3.1.5] We wish to show that
the maximal value of ¢(f) over all choices of ¢ € N, d > 0 and f:Z/qZ x T — [0, 1]
is achieved when d = 0, and all prime factors of ¢ divide a; for some 1.

First, observe that Lemma immediately tells us that we can assume all prime
factors of ¢ divide some a;, by taking H < G to be the subgroup of Z/¢Z consisting
of elements coprime to each a;. We just need to establish that d can be taken to be

0. This will be made possible via the following claim:

Claim. If f : G x T — [0,1] is any Lipschitz function for an abelian group G, and
g: G —0,1] is defined by g(x) = E, f((x,y)), then t(f) < t(g).

Proof of Claim. Let p be some prime that is coprime to each a;. Given f, define f,
to be the function obtained as follows. Take H < G x T to be the subgroup of T
of order p". Let f,, be the function obtained by applying Lemma to f and H.
Thus, f = fo and T'(f;) < T(f;) for each i < j.

The claim will follow from the assertion that f, converges to a function which is

constant on T, and this follows from the Lipschitz property. O

Finally, to complete the proof of Lemma [3.1.5] we need only observe that, if we

are given a number ¢ and a function f : Z/¢qZ — [0,1] (which we may normalise so
that > f = 1), then t(Sy) — t(f) as M — oo with Sy, defined as in (3.1.5]).

Remark. This proof of Lemma [3.1.5 can also be used to establish the remark after
Definition [3.1.3| regarding replacing limsup with lim. Indeed, we can show that
max|g|—n % converges as n — oo as follows. For any € > 0, there must exist a
choice of ¢ € N and f : Z/qZ — [0, 1] such that ¢(f) > Ya,.a0.0s — €. Now, for any M,
the set Sy satisfies |Sy| = M + O(q). In particular, we have that ¢(Sy,) > v — 2¢ for
all M. Since |Sys| ranges over a set of values with bounded gaps, it must be the case
that for all sufficiently large M, there is a set S}, of size M with the property that

t(S%;) > v — 3e. This yields the claimed result.
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3.4 Completing the proof of Theorem |3.1.4

In this section, we will show how Lemma [3.1.5) may be used to prove Theorem [3.1.4]
By Lemma [3.1.5] we need only consider functions f defined on Z/qZ, with T'(f)
defined as in (3.3.10)). Indeed, we can write

(= 3 L (e (1), anf(22), as f () (3.4.1)

aiasa
r1,72,23€Z/qZ | 1 3‘
ajxr1tazxa+azxrz=0

We will start with the following lemma.

Lemma 3.4.1. Fiz 6 > 0 small. Say that a term ®(aif(x1),asf(x2),as3f(x3)) in
3.4.1) is bad if there is a pair i,7 for which % < %.
Then the contribution to T(f) from the bad pairs is no more than § (3, f(x))*;

in other words, the contribution to t(f) is no more than §.

Proof. Tt will suffice to show that the contribution to 7'(f) from terms with 2/ < 5

asf(z2)
is no more than & (3, f(z))?. And,
1 1
> D(ar f(z1), azf(x2), asf(x3)) < > — f(1) f(z3)
ayr1+asro+azrz=0 drazds a1x1+azr2+azrz=0 a
arr1<dazxs arr1<dazzs

< Y L))

a1
a1r1+azx2+azrz=0
a1z1<0a2Ts

< 7 6f () flas)

x2,T3

()

where the first inequality follows from (3.3.12), and the third follows from the fact

that because Z/qZ is cyclic, there can be at most a; solutions to ayx1+aszs+azxs = 0

2
)

for x9 and x5 fixed. O

Proof of Theorem[3.1.4] Given & > 0 small, let § = g. By Lemma m the contri-
bution to T'(f) from terms for which at least one of the ratios between two of the
a; f(x;) is smaller than 1/ is at most . We just need to show that, for a judicious
choice of a1, as and ag, the contribution from the remaining terms must be at most
—. Our choice will be a; = 1,a2 = " and a3 = 7, with r = 10* and s = 10°,

where we insist that the a; are integers.
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We will bound the sum of the good terms ®(a; f(x1), asf(x2),asf(x3)) by using

. We obtain

aiasa
a1x1+a2x2+a3r3=0 15253
term is good

(ay f(x1), anf(22), as f(x3))

Z f(x1) f(x2) + f(x1) f(a3) 4 f(xa) f(3)

as a9 aq

< . (34.2)

A~ =

ai1z1+azxz+azrz=0
(z1,22,23) is good

Select a pair of elements u, v in Z/qZ with f(u) and f(v) nonzero. Suppose that
a1 f(u)
az f(v)
(u,v,w) is a good solution to ayu+asv+azw = 0. Then, by our choice of a1, ay and as,
none of the other five ratios ZJ}((Z; can be between 1/ and 3.
J
Now, let us bound the coefficient of f(u)f(v) in the right hand side of ([3.4.2)).

There can be at most ag choices of w for which aiu + asv + azw = 0, and so i%ﬁc(”)

is between 1/ and f; in other words, there may exist choices of w for which

can appear at most as times in the sum. The same argument applies for each of the
other five ratios that could be between 1/ and . Therefore, for any pair u and v,
the coefficient of f(u)f(v) in (3.4.2) will be at most 5.
Thus,
1
T(f) < Z Zf(xl)f(x2>> (3.4.3)

z1,22€Z/NZ
x1,x2 valid

where x1, xs is valid if they are in at least one good triple (and thus one of the six
ratios is between % and ).

Now, partition the elements x € Z/gZ for which f(z) # 0 into sets B; for i € Z,
where z € By if 8 < f(x) < "' Let S; = 3,5 f(x). The right hand side of
is bounded by

i >SS, (3.4.4)

1<jeZ
J—1 valid

where j — i is valid if and only if it differs from one of {r,s,r + s} by at most 1.
We will visualise this as a graph G whose vertices are the set of ¢ for which §; is
nonzero, and with an edge connecting ¢ and j if and only if 5 — ¢ is valid. Then, the

following three claims complete the proof of the theorem.

Claim. Suppose that G is 3-colourable. Then the quantity is not greater than
15 (325"
12 \22i Qi) -
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Proof of Claim. 3-colour G and let T},T5 and T3 be the sums of S; over the three

colour classes. Then

1 1

Z E SzS] < Z_l (T1T2 + T2T3 + T3T1)
i<jez.
j—i vali

1
<35 M+ T +Ty)?

“5(3s).

where the second inequality follows from an application of the Cauchy-Schwarz in-

equality. O
Claim. If G has fewer than 500 vertices, then it must be 3-colourable.

Proof of Claim. Without loss of generality, GG is connected and contains 0 as one
of its vertices (else we may consider a connected component of G and translate the
vertices). Since G is connected, any vertex may be written as a + rb + sc, for some
|la|, |b], || < 500; note that this bound follows because along each edge, a,b and ¢ can
each change by at most 1. By our choice of r = 10% and s = 10°, this representation

must be unique. Thus, we may colour the vertices of GG according to b+ ¢ mod 3. ¢

>SS, / <Zs>2 (3.4.5)

1<jeEZ
Jj—1i valid

Claim. The quantity

achieves its maximum at a point where the number of nonzero S; is less than 500.

Proof of Claim. First, observe that, by homogeneity, we may restrict our attention
to functions with S = ). S; = 1. The set of functions with support of size at most
N and sum 1 is compact, so achieves its maximum.

At the point where is maximal, we can see that for any ¢ and j for which
Si,Sj # 0, the derivatives of > i<jez 5;S; with respect to S; and S; must be equal.

j—i valid
Let that quantity be M, so
ez
|7—1| valid
We may rewrite 1} as %%—]‘24 = %, and so at the maximum M > % Since each

vertex of GG has degree at most 18, we deduce that whenever .S; is nonzero, there is a

J connected to 7, with S; > %
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L
277

to at most 18 choices of 7, and so there can be at most 486 nonzero .S;. O

There are at most 27 choices of j with .S; > and each of those can be connected

The three claims prove that the quantity 1' must be bounded above by %
Theorem follows immediately. m

3.5 Equations in more than three variables

A fairly natural extension of Theorem is to ask if a similar result holds for
k-variable equations
a1xry + -+ apTr = 0. (351)

As before, let T'(S) be the number of solutions to in S. Similarly, denote the
number of solutions with z; taken from S; by T'(S1,. .., Sk). We have a trivial upper
bound for T'(S), namely that T(S) < |S|F~1.

For an integer k > 3, define

op = Iy *---x1)(0), (3.5.2)

recalling that I; denotes the indicator function of an interval of length 1. In particular,

03 = 3/4

Remark. We also have another simple formula for oy:

00 : k
ak:/ (Sm”) dz. (3.5.3)
o \ T

The equivalence of these forms follows from taking a Fourier transform and applying

the convolution identity; the details can be seen in [§]. See also [46], where it can be
shown that o9, is the leading coefficient of the polynomial Wy (n) (using the notation

of that paper).

Remark. o, obeys a simple asymptotic (see for example [47], or [23] for more terms):

ne= &+ om)

We may interpret o, combinatorially. If f; is the probability density function of

as k — 00.

a sum of k independent random variables distributed uniformly on [—1/2,1/2], then
or = fr(0). Thus, the form of the asymptotic for oy is not surprising, in view of the

Central Limit theorem.
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We may also generalise ® as defined by Definition [3.3.7;

Definition 3.5.1. For tq,...,t; positive real numbers, define the function & = &,
by
Qp(ty, ... tk) = Ly *--- % 1;,)(0). (3.5.4)

In particular, o, = @y (1,...,1).

Remark. There is an explicit formula for ®,. In general, we have

Bty 1) = m %}k W(E)(e - ) sen(e - b)), (3.5.5)

where w(e) = [[,&, € -t = >, &t; and sgn denotes the sign function. This is
established in [§].
Also, note that this reduces to (3.3.11]) when k = 3.

By analogy with Proposition [3.1.2] we have the following.

Proposition 3.5.2. Let k > 3 be an integer. For any equation ayxy+-- -+ agxy = 0,

there are large sets S for which

T(S) > —*

> 1S|F=1 + O(|SF2). (3.5.6)

The proof of Proposition [3.5.2| will rely on the following fact, which states that,

when the coefficients a; are all 1, long progressions behave somewhat like real intervals.

Proposition 3.5.3. Suppose Si,...,Sk are arithmetic progressions centred at the
origin, with the same common difference. Let s; be the number of terms in S;.

Then, the number of solutions to x1 + - -+ + xp = 0 where each x; € S; is
D51, 85) + Opl(s1 4+ 4 5)" 7).

Proof. We may assume without loss of generality that the progressions S; have com-

mon difference 1. To prove Proposition [3.5.3] it suffices to use the following observa-

tion.
Suppose that y;,...,y,—1 are elements of the real intervals I ,...,I;, ,. Then,
we have the following two implications for £ — 1-tuples of real numbers vy, ..., yr_1.

o If fyr + -+ +yp—a| < then [[yn] + -+ [y ]| < F + K5

o If [lyn] + -+ lyp—1)| < %= — K, then [y, + - + yp_| < 3.
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Now, T(S),...,S) counts the number of k — I-tuples of integers (z;)"=} with
x; € S;, such that — > x; € Si.
Up to an error which is at most O ((sy + - -+ + s;)%72), this can be written as an

integral
s1/2 sk—1/2

o Litgs ot yp i <si /2891 - - Ay
—51/2 —5k-1/2
The two implications above allow us to show that, up to acceptable error, this is equal

to

81/2 Sk,1/2
- / Lyt <o /20y - - - Y1,
—s1/2 —sk—1/2
which is equal to ®(sq, ..., sk). ]
We are now ready to prove Proposition [3.5.2]

Proof of Proposition[3.5.9. As in Proposition [3.1.2] we will consider S as the union
of k sets Si,..., Sk, with the property that T'(Si,...,S) is large.

The way we will do this is as follows. Let M be a large integer, which we assume

to be divisible by 2k. Define

S, = 5[-]\4/2/{;, M/2K]

(2

for each ¢ with 1 <7 < k, where we may normalise the sets to consist of integers by
multiplying by []; a;. Then, let S = U,S;, so that |S| < M.

It remains to show that T(Sy,...,Sy) = xM*1 + O(M*2). But this follows
as an easy consequence of Proposition [3.5.3] Indeed,

T(Sy,...,S) = ®u(M/k, ..., M/k) + O(M*2)

_ (%)H Di(1,...,1) +O(M+2)

g

k;kﬁle_l + O(Mk—Q).

Perhaps unsurprisingly, Theorem [3.1.4] also generalises to this setting.
Theorem 3.5.4. Let ¢ > 0. Then, there exist coefficients a, . . ., a with the property
that, for any suitably large set S,

Ok

kk—l

T(S) < ( n 5> 15151 1 of|S[F).
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In this section, we will discuss how to generalise the elementary proof from Section
to prove Theorem |3.5.4] There are two main places in which the argument slightly
differs from the argument given in Section [3.2] Firstly, we must generalise Lemma

to give a bound for T'(S,...,Sk) in terms of E(Sy, S2):
Lemma 3.5.5. Suppose that Si,...,Sr C Z are finite sets. Then
T(Sh,... S < Blar - Sy,az - So) (|S]1S] - |Sp])*~ /7).

Proof. For any t € Z, let u(t) denote the number of ways of writing t = a1z + asws,
for z; € S;. Thus, by definition,

E(ay- Sy, az-S5) = Y plt)”.

Define v(t) to be the number of ways of writing ¢t = —agzs — - - - — agry, for z; € S;.

Thus, we see that

T(Sy,...,5) = (Z u(t)y(t))

() ()

== E(a1 . Sl,ag . SQ) (Z V(t)2> .

t

Finally, we observe that >, v(t)? represents the number of solutions to the equation
asrz + -+ apTy = a3y + - + apxy,

and so we can bound it by (|Ss]... ]Sk])z_ﬁ, by the same argument used in (3.2.1)

to bound the energy. O

Secondly, we will have to apply a k variable analogue of Lemma [3.2.6, The

analogue of this is the following:

Lemma 3.5.6. Suppose that Sy, ..., S, C Z are sets with |S;| = s;. Then

T(S1,. S < (Zs) +0 <Zsi> ,

% %

where $; =[]
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Remark. This lemma is actually weaker than Lemma |3.2.6] where the error term was
O(1). The weaker error term here comes from our reduction to the real case using
Proposition an inductive proof would likely give an O(>_ s;)*™3 error term.

However, the O(3_ s;)¥=2 error term is sufficient for our purpose.

Proof of Lemma[3.5.6. First, observe that the statement of the lemma is unchanged
if we assume without loss of generality that each a; is 1, since we may replace .S; with
a; - S;.

The first step in the proof is to apply |43l Theorem 1|, which says that we may
take each S; to be an interval of length s;, roughly centred at the origin (depending
on the parity of s;), in order to maximise 7y 1(S1,...,Sk). We may immediately

apply Proposition [3.5.3], which says that
Tl,“_jl(Sl, ey Sk) = q)k(sl, ce ,Sk) + O((Sl + -+ Sk)k_z).

Thus, it suffices to prove that

D(sq,...,s1) < ?’“ (Z s) . (3.5.7)

i

This will follow if we can prove that, for positive real numbers ¢4, ..., t,
o
to O ) < f(tl TR (3.5.8)

To prove , first observe that equality holds in the case that all of the ¢; are
equal. Indeed, when t; = 1 the relation follows from the definition of o, and for other
constant values of ¢; the equality follows by homogeneity.

Set O(ty,...,t,) =t1...t,®(t7", ..., 1) To prove that O(ty,...,t) achieves its
maximum value (with ¢; + - - - + ¢; fixed) when all of the ¢; are equal, observe that it

will suffice to prove the following claim.

Claim 1. Ift; + t5 is fized (as well as each of t3, ..., tx), then O(ty, ..., t;) achieves

its maximum when t; = to.

To see that this claim is sufficient, observe that we may repeatedly replace the
largest and smallest of the ¢; with their average. In doing so, maxt; — min ¢; will tend
to 0, and we can use the continuity of © to obtain the result.

To prove Claim [1] recall the expression for O(t1, ..., ):

@(tl, ce ,tk) = tltg(tg .. .tk)([tfl * It2—1) * ([t§1 kooee X [tgl)(O)
= (hta(I, 1 % I,1) % 9)(0),
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where g(z) =t3. .. tp(L-1 % [a)(2).
Now, observe that ¢ may be written as a combination of intervals, in the following

sense:

for some function h : Ryg — Rso with bounded support. (The exception is when
k = 3, in which case g is just a single interval. But that will not affect the remainder
of the proof of Claim )

To see why this is the case, we may use induction. If k = 4, then suppose without
loss of generality that t3 < t4. Then, we take h(r) = t3t, if t;lggl <r< #, and
0 otherwise. For k > 4, it is easiest to apply the induction hypothesis to It§1 %o - ~*It;i1,

and then use a similar decomposition to the one we used for the k = 4 case.
In view of this decomposition, proving Claim (1| may be reduced to the following

claim:

Claim 2. Fix t, + to. Then, for any choice of t, we have that tltz(lt;1 * [tgl x 1;)(0)

1s maximised when t; = to.

To prove Claim , we may use (3.3.13]). Indeed, choose py,ps and ps such that
equality occurs in the relation ® (1, xe,x3) < p12as + pexsry + psr1T2 when x; =
x9 = (t1 + t2)/2 and x3 = t; by symmetry, we will have p; = p3. Then, we have

tita(L1 # Lo x 1) (0) = tita®(t7 151, 1)
< pr+ pat(ts +t2)

which is constant (as t; and ¢y vary). Therefore, the left hand side is maximised when
t1 = to. [l

Remark. If k is even, we can actually deduce a stronger version of (3.5.7)) by using
Holder’s inequality. We have

—~ —

B(sn, -, 58) = — /oolsl(r)...lsk(r)dr

:% N

. - 1/k
< P (1:[ /_OO Isi(r)d'r)
= H D (s, ... ,si)l/k

= op(sy ... sp) R,

where the second line used Hélder’s inequality along with the fact that k is even.

This is stronger than (3.5.7) via an application of the AM-GM inequality.

95



It is unclear whether the stronger version holds in the case that k is odd; indeed,
it is not too hard to establish for £ = 3 by using (3.3.11). However, this stronger

form is not necessary, so we only prove the version we need.

Armed with our more general Lemmas [3.5.5( and [3.5.6, we may use an argument
similar to the proof of Theorem in section [3.2]in order to prove Theorem [3.5.4]

Sketch proof of Theorem[3.5.4 Select ay, ..., ax to be coprime integers so that a; = 1,
and |a;| is sufficiently large for i # 1. Let S be a large set of integers.

With Lemma [3.5.5] replacing Lemma [3.2.3] much of the argument is the same as
the proof of Theorem [3.1.4

e We start by using Theorem tosplit S =5,11...11S, 1Sy, and show that

Sp can be ignored.

o We can define the labelled digraph G which captures almost all of the solutions

to a1z + - + agzp = 0.

e We can prove that the product of the labels along a cycle must be 1, allowing
us to define the function d : [n] — Q as in (3.2.8)).

e This allows us to show that an upper bound for the number of solutions coming

from good k-tuples is
> T(Raars- -+ Rajar):
d

where Ry is the union of the S; with d(i) = d (as in the case k = 3, this sum

can have no more than n terms).

Lemma [3.5.6] allows us to bound this:
Ok 5 k—2
§T<Rd/al,...,}zd/ak) < 2?;&/% + O(K; |S[*2)

(% B
ST > |Bal R |+ OS], (35.9)

(d1,erdp—1)

On the first line, ]?d/?i denotes the product of the other |Ry/,,|, and the error term
comes from the fact that there are at most n < K; terms in the sum on the left hand
side. On the second line, the sum is over unordered k — 1-tuples (di,...,dy_1) for
which, for some ordering of the a;, we have that a; dy = --- = a;,_,dy_1; there can

only be one such ordering by coprimality.
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Now, for : = 0,1,...,k — 1, define the quantity X; by

X = Z ’Rd"

al:a;2 ...azk
ea+2e3+-+(k—1)ex=d mod k

Note that if d is such that R4 is nonempty, then the representation of d as a product
d = a5 ...a;* exists due to how we constructed the labels, and is unique due to the
coprimality of the a;.

Now, suppose that R; and R4, appear together in at least one term on the
right hand side of . Then, dy/dy = a;/a; for some i # j, and so Ry, and Ry,
contribute to different X;.

Thus, we may upper bound the sum in the right hand side of :

ST Ryl R <YK (3.5.10)

(d1,sdi—1)
where X; = [1;4 X;. This bound follows from the fact that each unordered k — 1-
tuple |Ry, | ... |Ra4,_,| on the left hand side contributes to exactly one of the terms on

the right hand side.
We finish by applying the following claim.

Claim. If X;,..., Xy are nonnegative real numbers, then we have the bound

k—1
STl (Z Xi) | (3.5.11)

Proof. Fix (>, X;), so the right hand side of (3.5.11]) is constant. By compactness,

the left hand side achieves its maximum. Suppose that, at the maximum, some X;

is equal to 0; without loss of generality, assume X; = 0. Then the left hand side
i<k Xi, and the inequality follows from the AM-GM inequality and the
fact that Gy < -

Otherwise, suppose that maximum occurs when X,, # X,,, forsome 1 <u < v < k
and none of the X; are zero. Replacing X, and X, with % will leave )/(; + )/(\U

unchanged, and will increase the value of X, X, and so increase the value of the left

becomes []

hand side. Thus, it is impossible for the maximum to be achieved when the X; are
not all equal.
Equality occurs in (3.5.11)) when all of the X; are equal, and the claim follows. ¢

Putting the claim together with our upper bound (|3.5.10f) above, we deduce that
Ok

ZT(Rd/au s Raja,,) < P ‘S’kfl + O(’S|k72)7
d

which gives the bound in the statement of Theorem when | S| is large enough. [
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3.6 (Generalising Lemma (3.1.5/ to more than three
variables

Another strategy we might wish to take to prove a result like Theorem would

be to prove a k variable analogue of Lemma [3.1.5]

Lemma 3.6.1. Suppose Ya,.. q, 1S defined by

k

I T(S)

Yar.....ar, = limsup —.

QlyeensQ 15|00 |S|k 1

Then, in order to compute ~v it suffices to consider sets as in the statement of Lemma
5. 1.3l

In particular,

v = sup (I)(alf(x1>7"'7akf(xk))7
FZ)qZ—=RZ% s~ im0

Y f=1

lay ... ag

where the supremum runs over all choices of q, all of whose prime factors divide at

least one of the a;.

Indeed, armed with Lemma |3.6.1, an argument almost identical to that given in
Section replacing with its generalisation , will prove a version of
Theorem [3.5.4] (with a weaker error term).

In this section, we will discuss where the proof of Lemma differs from the
proof of Lemma [3.1.5]

Recall the structure of the original proof of Lemma We began by showing
in Proposition [3.3.1] that, if S is a set with 7°(S) large, we find a set S” with about the
same number of solutions, but which is a dense subset of an interval [—M /2, M /2].

Having done this, we could apply the arithmetic regularity lemma to S’. After
some manipulation, this gave us Proposition |3.3.5, which essentially said that to
calculate 7q, ag.45, it suffices to consider functions F : Z/qZ x [—1/2,1/2] x T%.

Finally, we completed the proof of Lemma [3.1.5] We did this in two steps. First,
we manipulated the expression for ¢(F') to show that we could assume that, when we
fix the components of z in Z/gZ and T¢, the resulting function on [—1/2,1/2] is the
indicator function of an interval centred at 0. This formed Proposition [3.3.6 Having
done this, we used some concavity properties of the function ® to complete the proof
of Lemma B.1.5

When generalising this argument, the first two steps remain mostly unchanged.

Indeed, the only major difference is that, instead of using the energy bound of Lemma
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3.2.3 we use its k-variable analogue Lemma [3.5.5l This again reduces to the con-
sideration of functions F : Z/qZ x [—1/2,1/2] x T¢. Furthermore, the argument in
Proposition [3.3.6] carries through to the k-variable case exactly.

This leaves us with the completion of the proof of the Lemma. Unfortunately, this
required the use of concavity properties of the function ®, which do not obviously
generalise to the k variable case.

In particular, we used (|3.3.15)), whose proof used (3.3.13)). It is tempting to
conjecture that a k variable analogue of (3.3.13)) holds in the k variable case:

Conjecture 3.6.2. For any ay...a, > 0, there exist p1...pr > 0 so that for all
T1...x, >0,
Qp(z1,...,25) <K P11+ -+ + Dl (3.6.1)

where z; = H#i xj. In other words, the function

@k(Il, . ,l’k) = X1 .. l’kq)k<1/$1, ceey 1/;Ck)
s a concave function.

Indeed, the author has verified Conjecture for &, and ®5 with the aid of a
computer. However, the full k-variable version remains unresolved. Fortunately, we

can use a different argument to generalise ((3.3.15)).

Lemma 3.6.3 (Generalising (3.3.15) to k variables). Let G be any finite abelian
group, and let fu,..., fy : G — [0,1] with b; =} . fi(g). Then

Do Sulfilgr), s folgr)) < Prlba,. . by)
91,9k EG (3.6.2)

= |G|k_1@(b1/|G|7 R bk/|G|)
Proof. As in the proof of the case k = 3, the equality part of (3.6.2]) follows from

the homogeneity of ®,. To prove the inequality, we will carry out an induction
over k. For symmetrically decreasing functions f,¢g : R — [0,1], write f II g for
the symmetrically decreasing function with the property that p({z|f(z) > t}) +
pw{z|g(x) > t}) = p({z|(f I g)(x) > t}), where u(S) denotes the standard Lebesgue
measure. In particular, I, 1 [, = I,4,.

For each 1 <7 < k, and each g € G, let f;(g) be a symmetrically decreasing func-
tion, and let h; = [, fi(g)- Then, it suffices to establish the following inequality:

Y (falg) o x filg))(0) < (ha -+ hy) (0). (3.6.3)
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Observe that for any particular value of k, follows from since we can
express all of the symmetrically decreasing functions as combinations of intervals. In
particular, the k = 3 case of follows immediately from (3.3.15]).

In order to establish for a particular value of £ > 4, define

Flg)= > (fslgs) %= * fulgn)(0).

Thus, the left hand side of (3.6.3]) becomes
> (filgr) * falg2) * F(9))(0).

91,92,9€G
g1+g2+g=0

By the k& = 3 case of (3.6.3), we immediately have

> (filgr) * falge) * F(9))(0) < (hn  hy % H)(0),

91,92,9€G
g1+g2+9=0

where H = [, F(g)- Thus, it will suffice to establish that
(h1 % hg * H)(0) < (hy * hg % hg x -+ % hy,)(0)
or, by expressing hy * hy as a combination of intervals, that
(L H)(0) < (L # g %+ 1) (0)

for any interval I,.
But, by definition of H, it is possible to write z =

(I % H)(0) = (I, * F(9))(0)

geG

— Z (Ly, * f3(gs) * - * fr(gr))(0)

9,935+,9k €EG
9=9g3++gk

< (I % ha * -+ % hy)(0),

geq Lg in such a way that

where the last line of this deduction follows from the induction hypothesis. This
completes the proof of (3.6.3), and thus of Lemma [3.6.3] O

Remark. The definition of fIIg in the proof of Lemma|[3.6.3|is inspired by arguments
of Hardy and Littlewood [32]. In particular, it is a continuous analogue of the fol-
lowing opperation for sequences: given two finite sequences (a;) and (b;) which are
symmetrically decreasing (which in this setting means that ag > a; > a_1 > as > ...
and the same for the b;), take the symmetrically decreasing sequence whose terms are

the union of the terms in the sequences (a;) and (b;).
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3.7 Systems of more than one equation

Another way in which one might wish to extend Theorem is to ask if a similar
result holds for systems of m equations in k variables. One might imagine that a

result of the following form ought to hold.

Question. Suppose that £ > m + 2 and m > 1. Does there exist an explicit positive

constant o, , with the following properties:

e For any system A of m equations in k variables, there are large sets S, for which

there are at least (0, — 0(1))]S|*~™ k-tuples in S satisfying A.

e For any € > 0, there are systems such that the number of k-tuples satisfying A

in any large S C Z is no more than (o, + ¢)|S|*™.

Thus, Theorems [3.1.4] and [3.5.4] tell us that O,k €xists whenever m = 1, and that
o1 = 0% /k*% with oy, as defined by (3.5.2)). However, it turns out that when m > 1,

not even the first of these has a positive answer, in the following sense.

Theorem 3.7.1. Let ¢ > 0. Then, there exists a non-degenerate system of two
equations in four variables with the property that for any large enough S, there are

no more than €|S|? solutions to the system in S.

Remark. An easy modification of the proof of Theorem [3.7.1] gives the analogous

result for any choice of k,m with £ > m + 2 and m > 1.

The goal of this section is to prove Theorem |3.7.1}]
Proof. We will prove Theorem for the following system:

r+y==z
(3.7.1)
r+ My =w,
where M is a sufficiently large constant (in terms of ) to be chosen later.
We will start by borrowing the following lemma, which appears as part of the

proof of the Balog-Szemerédi-Gowers theorem.

Lemma 3.7.2 ([54, Corollary 6.20]). Let G be a bipartite graph with vertex sets A
and B and edge set E C A x B. Suppose that |E| > €|A||B|, for some ¢ > 0. Then
we can find subsets A’ C A and B' C B, with |A’| >. |A| and |B'| >. |B|, such that,
whenever a € A' and b € B', there are > |A||B| paths of length three from a to b in
G.
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Let S be a sufficiently large set (in terms of M and ¢), and suppose that there are
more than ¢|S|? solutions to in . Consider the bipartite graph on vertex set
AIl B, where A = B = §; that is, both parts of G are S. Draw an edge from a to
b if and only if there is a solution to with x = a and y = b; in other words, if
a+b and a + Mb are both in S. In particular, G has at least £|S|* edges.

We may immediately apply Lemmal[3.7.2]to G. This gives us sets A’ C A and B’ C
B such that, for any a € A’ and b € B, there are >. |S|? paths of length 3 in G from
a to b.

Claim. These sets A" and B’ satisfy |A' + B'| <. |S| and |A"+ M - B'| <. |S|.

Proof of Claim. To prove this claim, we can use an argument similar to that used
in the proof of the Balog-Szemerédi-Gowers theorem. Showing that |A" + B'| <. |S|
and |A"+ M - B'| <. |S| are similar, so we will only do the former.

Let X denote the set of triples (z,vy,z) of elements of (A + B) N .S, for which
x—y+z€ A+ B'. We may trivially upper bound |X|; indeed, [(A+ B)N S| < |S],
so | X| < |SP.

For a lower bound on |X]|, consider an element a + b of A’ + B’. By definition,
there are >_ |S|? paths of length 3 from a to b in G. Each such path may be written
a~b a ~V,a ~bforsomed € A bV € B. In other words, a +b',a’ + b and a + V/
are all in S.

Now, (a + V) — (' + V') + (@’ +b) = (a + b), so we have located a triple z,y, z €
(A+ B)NS with © —y + z = a+b. These triples will be different for different paths,
and so there must be >, |S|? such triples.

There are |A’ + B'| elements of A’ + B’, each of which gives >, |S|? triples z, y, z.
Thus, we have that |A’ + B||S]? <. |S]?, and thus |A’ + B'| <. |S], as required. ¢

Let us now see how we may use this claim to complete the proof of Theorem
B.7.1 Lemma immediately tells us that |B’ — M - B'| <. |S|, and thus that
|B'— M- B'| <. |B'|. This contradicts Theorem [3.2.7] provided that M is sufficiently
large.

O
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3.8 Thecase x+2y+2=0

In this section, we will discuss how to complete the proof of (3.1.4), namely that
Y121 = 3, by using Lemma 3.1.5] Lemma m tells us that

maa=swp [ S SR, 2f(0). S(2) / (me) (38.1)

n.f T,y,2€Z2/2"Z
z+2y+2=0

Now, we will prove that 7121 = % by showing that
1 1
S SRU@ 26w NS Y SO@).2f0) f@).  (382)
x,y,2€Z/2"Z z,yeZ/2"Z

z+2y+2=0

It is easy to see why ([3.8.2) would imply that 7151 = 3. This is because the right
hand side of (3.8.2)) becomes
1 1

S SR 21 (w), F()) = 5 3 5 (@), 26 (), F0)) + (7). 26 (), £ )

‘Z7y

= > F@)fw)

2
1
-3 (Zow)
where the second equality follows from (3.3.11)).
It remains to establish (3.8.2)), and to do so we will use the following Lemma.

Lemma 3.8.1.

e Let ag,ay, by, by, co,cq be positive real numbers with the property that ag < aq,
bo < by and co < ¢1. Then ®(a;, by, cx) + P(ai—;, bi_j, c1—k) is mazimized when

i=j=F.

o Let (a;)Y and (b)Y be two increasing sequences of N positive real numbers, and
let ¢ > 0. Then, over all permutations T of [N], the quantity Y. ®(a;, by, ¢) is

maximized when T 1s the identity permutation.

Proof.
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e To prove the first part, observe that without loss of generality, it suffices to
show that

q)((lo, bg, Cl) + <I>(a1, bl, CO) < (I)(CL(), bo, C()) + (I)(Cll, bl, Cl). (383)

Recall that by definition ®(a, b, c) = I, I, *1.(0). Thus, we may rewrite (3.8.3)

as follows:
Loy * Iy % 1o (0) + 1oy % Iy, % 10y (0) < Loy * Ty % 1oy (0) + 1, % I, % 1, (0).
Subtracting the left hand side from the right hand side, we obtain
(I, * Iy, — Loy x Ipy) % (I, — 1) (0),

which is nonnegative as both (I, * Iy, — I,, * I,) and (I, — I.,) are pointwise

nonnegative.

e Choose the permutation 7 so as to maximise ), ®(a;, b-(;), ), and among all
such choices of 7, choose the one to maximise ), i7(7). If 7 is not the identity,
then there must exist j < k such that 7(j) > 7(k).

Now, let 7/ = 7, except with 7/(j) = 7(k) and 7/(k) = 7(j). Then > ir(i) <
>;17'(i), and thus the inequality ), ®(a;, brs),c) = >, ®(ai, by, ¢) must be

strict.

It follows that
q)(ai, br(i), C) + (IJ(aj, bT(j), C) > @(ai, b‘r’(i), C) + (IJ(aj, bT/(j), C),
contradicting the previous part.

]

Finally, we will complete the proof of (3.8.2). To do this is now simple. We may

rewrite the left hand side of the equation as

S LR 20w) S = 5 Y (Z (£ (), 2/1), f<n,<x>>>>

z,y,2€Z/2"Z y
z+2y+2=0

where 7, is defined to be the permutation = — 2y — x.
Then, Lemma exactly tells us that

D 0(f(@), 2f (), f(7(2))) <D (f(), 2f(y), f(x)),

which completes the proof that v; 21 = %
Remark. Observe that this proof applies equally to the other two equations z+42y—z =
0 and x — 2y + 2z = 0 to prove that v, 21 = 7121 = %
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3.9 Equations of the form z +y = kz

The equation x + y = kz, where k is a constant, is of particular special interest. Of

course, Proposition shows that for any k, we have v11_; > 5. However, it
1

turns out that for this family, we can improve the value 4.

Proposition 3.9.1. For any value of k, we have y11 _ = %

Proof. To prove Proposition |3.9.1, we will modify the construction used in the proof
of Proposition |3.1.2 The idea is that instead of taking three sets Si, Sy and S3 as
we did in Proposition [3.1.2] here we will take two sets S; and Ss, for which there are
many solutions to z + y = kz with z and y taken from S; and z taken from Ss. Let

M be a large integer, which we assume to be divisible by 10. We will define

S; = k[—3M/10,3M/10]
SQ = [_M/57M/5]a

and define S = S; U Sy. Then, |S]| is no more than M.

Now, we may find a large collection of triples (z,y, z) by choosing x and y in S
arbitrarily, and selecting those for which z = 1’—?’
number of such triples by using Proposition [3.5.3} this tells us that the number is
®(3M/5,3M/5,2M/5) + O(M).

We may use to show that ®(3M/5,3M/5,2M/5) = M?/5, completing
the proof of Proposition |3.9.1] O

is in S5. We may compute the

Remark. A similar construction works if k is a rational number that is not an integer;

simply scale both S; and S5 by the denominator of k.
In this section, we will prove an analogue of Theorem for this family of

equations.

Theorem 3.9.2. The constant + in the statement of Proposition is optimal, in
the following sense. For any e > 0, there exists a choice of k for which 11— < %—f—E.

Proof. We will prove Theorem by modifying the elementary proof of Theorem
[B.1.4l Asin that argument, we start with a sufficiently large set .S and apply Theorem
to obtain a decomposition S = S;II...11.5,I1.5y. Again, we can show that the

contribution to 7'(.S) from solutions involving Sy is small.
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This allows us to draw the labelled digraph G whose vertices correspond to the
S; with ¢ > 1, and an edge from S; to S; with label 1, k=! or k if T(S;,S;,S),
T(S;,1,8;) or T(S;,1,5;) respectively is large enough (as in the proof of Theorem
. An analogue of Lemma shows that we can ignore solutions which do not
come from triples S;, S; and S, with the relevant edges present. Then, an analogue
of Lemma [3.2.10] allows us to prove that the product of the labels along any cycle in
G must be 1, with the same proof, provided that k is suitably large for the given e.

At this point, our argument diverges from the argument to prove Theorem |3.1.4];
for instance, it is no longer the case that G can have no loops (as it is allowed to have

edges with label 1). However, we can still define a function
d:[n]—Q

with the property that if S; — S; has label ¢, then d(j) = td(7). We do this as we did
in the proof of Lemma [3.2.11] and observe that for each i € [n], we have d(i) = k"
for some integer r.

Now, let R, = U;.q()=krSs, and so an upper bound for the total number of solutions

under consideration is

> T(R., Ry, R, 1),

where the sum is taken over all r € Z with R, and R,_; nonempty.

Now, set s, = |R,|. In order to obtain an upper bound for T'(R,, R, R,_1), we
will use [43, Theorem 1]; recall that this says that we may assume that R, and R, 4
are arithmetic progressions roughly centered at the origin with lengths s, and s,_;.

Combining this with Proposition [3.5.3] we deduce that
T(Rr7 Rra Rr‘fl) < q)(sra Sr, Sr71> + O("SD
Summing over 7, it follows that

ZT(RM Rr; Rr—l) < Z (I)(SM Sy 87‘—1) + O€<|S|)

since n is bounded depending only on e. Thus, it suffices to prove that for any

sequence of nonnegative real numbers s, with finite support, we have that

2 D(s,, 8, 8r-1) < é (Z si>2 ) (3.9.1)

To prove that (3.9.1) holds, we start by proving the following lemma, which will

enable us to reduce to the case of a single nonzero term on the left hand side.

66



Lemma 3.9.3. Given any nonnegative real numbers a, b and c, there are nonnegative
real numbers x and y with x+y = a+b+c, x > a and ®(a,a,b)+P(b,b,c) < ¢(z,x,y).

It is easy to see how Lemmawill enable us to reduce the left hand side (3.9.1)
to a single term. Indeed, suppose that r is the smallest index for which s, is nonzero.
Apply the lemma with a = s,49, b = 5,41 and ¢ = s, to find x and y, and replace
Sri2, Sqo1 and s, with z, y and 0 respectively.

The right hand side of remains unchanged since x+y = a+b+c. However,
the left hand side does not decrease, as ®(s,+3, Sr13, Spr2) < P(Sy43, 8713, ) by the
monotonicity of ®, and ®(s,42, Sr12, Sr41) + P(Sr41s Srt1, Sr) < P(z,2,y). Thus, we
have an instance of with one fewer term, and can iterate to reduce to the case

of one nonzero term.

Proof of Lemma[3.9.3. First, we will specialise the formula (3.3.11)) to ®(x,z,y):

x? y = 2x

O(z,x,y) = { L

xry — 7y°  otherwise.

(3.9.2)

Now, we will split into cases according to the size of a. First, suppose that
a < 2(a+b+c). Then, we may take = 2(a+b+c¢) and y = 2(a + b+ ¢),
sox+y=a+b+c, x> aand O(z,z,y) = t(a+ b+ c)®. We will prove that
®(a,a,b) + ®(b,b,c) < $(a+ b+ c)? for any triple a,b and c.

If ¢ > 2b, then we may reduce c to equal 2b - this will not affect the left hand
side and will decrease the right hand side. Thus, we can assume ®(b, b, c) = bc — }LCQ.
Now, if b < 2a then ®(a,a,b) = ab— 1b?, and the assertion that ab— $b* +bc — 1¢* <
$(a+ b+ c)? is a rearrangement of (2a — 3b + 2¢)® 4+ 5¢2 > 0. On the other hand, if
b > 2a then ®(a,a,b) = a®, and the assertion that a® +bc — 1> < f(a+b+c)’ is a
rearrangement of (3¢ — 2b)? + 8ac + 8a(b — 2a) = 0.

Otherwise, we have that a > 2(a + b+ ¢), in which case we may take z = a and
y = b+c. Then, we will certainly have xt+y = a+b+c and x > a. Moreover, we have
b<b+c<2aandso ®(a,a,b) =ab— 1b? and ®(a,a,b+c) = a(b+c) — 1(b+ c)?,
so we must prove that ab— 10> + ®(b,b,¢) < a(b+c) — 3(b+¢)?, or equivalently that
®(b,b,c) < ac— tbe — 1

To do this, we substitute a > 2(b+ c) so we are required to prove that ®(b, b, ¢) <
be + 2¢?, and this holds because ®(b, b, ¢) < be. O

Finally, we must prove that ®(z,z,y) < é(x +y)?. To do this, observe that if
y > 2z then the left hand side is 2% and the right hand side is at least %xZ. On
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the other hand, if y < 2z then ®(z,x,y) = zy — iyz, and then the inequality is a
rearrangement of the assertion that 5-(2z — 3y)? > 0.
This completes the proof of Theorem |3.9.2 O]

3.9.1 The set of numbers of the form ~,, 4, q,

Let X C (1—12, %} be the set of numbers of the form 7,, 4,4, for nonzero coprime integers
ai,as and az. Examining the proofs of Proposition and Theorem allows
us to prove further results about the structure of the X. In particular, we can prove

the following lemma.

Lemma 3.9.4. Let ¢ be a fized rational number. There is a constant n, > % with

the following properties.
1. Whenever as = lay, we have that Ya, ay.a5 > Me-

2. Lete > 0. Suppose that k is a rational number with height large enough depend-

ing on €, and ag = kay. Then, we have that Yo, ay.05 < M¢ + €.

For example, it can be deduced from the proof of Theorem that 7, exists

and is equal to é Furthermore, the elementary proof of Theorem m shows that

if the ratios between a,ay and as all have large height, then 7, 4,4, is close to %
Consequently, whenever ¢ has large height it follows that 1, must be close to 1—12
For any § > 0, there can be only finitely many values of ¢ for which n, > % + 0.

This allows us to deduce the following structural result regarding X.

Proposition 3.9.5. Any subset of X has a largest element. In other words, X has

no infinite increasing sequence.

Remark. Proposition [3.9.5| may also be phrased as saying that the set —X is well-

ordered.

Proposition [3.9.5]is a simple consequence of Lemma [3.9.4) and the above remarks.
Indeed, the second part of Lemma [3.9.4] says that there can be no infinite increasing
sequence Of g, 05,0, With ¢+ fixed. Thus, given an infinite increasing sequence of
elements gACIRCIND of X, the heights of the ratios between the agl), ag) and a:(;) must

all tend to infinity with 7. It follows that Y, ) ) 4 must tend to %, contradicting
1 72 73
the assertion that the sequence is increasing.

We now sketch the proof of Lemma
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Sketch proof of Lemma|3.9.4. Fix a rational number ¢, and let € > 0. Suppose that
k is a rational number with height large enough depending on ¢, and let aq,ay and
as be such that ay = fa; and az = kay.

Let S be a set with many solutions to aix1 + asxs + azrs = 0. We mimic the start
of the proof of Theorem m (which itself mimics the start of the elementary proof
of Theorem . This gives us a labelled digraph G, whose vertices are the sets
(S;)i-, of a decomposition of S, and with edges controlling which terms 7°(S;, S;, Sk)
are large; the total contribution to 7T'(S) from the other triples is no greater than
elS|2.

It will not be possible to prove that the product of the labels of the edges of a
cycle is 1. However, if k is large enough, it will be the case that the product of the
labels of the edges of a cycle must be of the form ¢, for some —n < i < n.

Again, this allows us to define a function d : [n] — Q with the property that if
S; — S; has label ¢, then % is either /71, 1 or /. We do this again as we did in the
proof of Lemma [3.2.11], and again observe that for each i € [n], we have d(i) = k" for
some integer r.

Letting R, = Uj.q(:)=kSi, we deduce the same upper bound for the total number

of solutions:
Z Ta1,€a1,ka1 (Rra RT7 erl) = Z Tal,fal,al (RT‘7 RT7 k - erl)

T

=-N'7 (R.,R.,R._,)

- a1,fay,a1 ry ey thr—1/
r

where we set R, = k™" - R,. In particular, as the sequence of sets (R]) runs over
all sequences of sets of rational numbers with fixed total size |S|, the maximal value
of the expression on the right hand side is independent of k. Let f(|S|) denote that

maximum value (which depends only on ¢ and not a; or k), and define n, by

. )
Ne = lim sup —-=.
|S|—o0 |S|2
Then, we have proven that an upper bound for 7y, 4,44 1S given by 7, + €.
Finally, observe that 7, is a lower bound for 7q, 4,.4,- Indeed, given a sequence of
sets (RY), the set S = U,k"- R, has TS(‘L\? > 1. Note that, in view of the construction in
Proposition [3.1.2] this shows that 7, > 5 and indeed completes the proof of Lemma

3.9.4 O
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Chapter 4

Cyclically covering subspaces in Fj

4.1 Introduction

For n € N, let {eg,e1,...,e,_1} be the standard basis for Fj. Throughout this
chapter, the indices of vectors in F} will be taken modulo n (in particular, we set

en = €g). Define the cyclic shift operator o : Fy — FJ by

n—1 n—1
o E €T;€; | = E Ti€it1-
=0 =0

We say that a subspace U < F} is cyclically covering if U?;Ol o'(U) = F5. For any
n € N, let he(n) denote the largest possible codimension of a cyclically covering
subspace of FJ.

For all odd n > 5, Cameron, Ellis and Raynaud [I1] give an explicit construction
for a cyclically covering subspace with codimension 2, which establishes the lower
bound hs(n) > 2. In 1991, Cameron asked (a question equivalent to) whether hy(n) —
oo as n — oo over the odd integers or whether hyo(n) = 2 for infinitely many odd
n (see [10, Problem 190]). The motivation for the original formulation came from
proving lower bounds for Isbell’s conjecture (stated in [12]), and we refer the reader
to the paper by Cameron, Ellis and Raynaud [I1] for further discussion.

Cameron, Ellis and Raynaud [II] show that ho(mn) > max{hs(m), ha(n)} for
m,n € N. It follows that there are three possibilities for the behaviour of ho(n) as

n — oo over the odd integers:
1. either there is a prime p > 2 such that hy(p") is bounded over all n € N,

2. or there is some M € N such that there are infinitely many primes p with
h2 (p) < M7
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3. or ha(n) — oo over odd integers n.

In Section[1.2] we improve the stated lower bound by showing that ho(mn) > ho(m)+
ha(n) for all m,n € N, which rules out the first case. The main result of this chapter
shows that, provided there are infinitely many primes with 2 as a primitive root, the

correct case is the second one.

Theorem 4.1.1. Suppose that p is a prime for which 2 is a primitive root. Then

Artin conjectured that there are infinitely many primes for which 2 is a primitive
root; such primes are known as Artin primes. More generally, Artin’s conjecture states
that for any n € N which is not a perfect square, there are infinitely many primes
p such that n is a primitive root modulo p. Artin’s conjecture is widely believed;
in particular, it follows as a consequence of the generalised Riemann hypothesis, as
shown by Hooley [35]. While there are no primes for which Artin’s conjecture has
been established, Heath-Brown [34] has shown that there can be no more than two
primes ¢ for which Artin’s conjecture fails.

Throughout this chapter, rather than considering cyclically covering subspaces,
we will consider an equivalent problem in the orthogonal complement. We say that
a vector v € F} works if for every x € F} there is a k (which we may take to be in
{0,...,n—1}) such that v-o*2z = 0. We say that the vectors v, v ... 0™ work
together if for every x € F} there is a k € {0,...,n — 1} such that

-0 x:.:v(m)o—kxzo

Suppose U is a cyclically covering subspace of F§ and let vV, ... v(™ be a basis
for U+, the orthogonal complement of U. Since U is cyclically covering, for any

x € F2, there exists u € U and a k such that z = o*u, so, by definition,

v 0"k =0y =0 Vi€ [m]
and the vectors {v™, ... v(™} work together.
Conversely, if we have a set V = {v™, ... 0™} of vectors which work together,

then U = Span(V)* is cyclically covering. Indeed, if z € F}, then by definition there
is a k such that

z=0v® . .gFr=... =™ .gFr = 0.

Hence, 0%z € U, and x € 0" *U, which shows U is cyclically covering.
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This means that hs(n) is the largest value m € Z such that there exist vectors
IR CONS F5 which work together and are linearly independent.

In Section [4.2| we use this formulation to prove the lower bound hy(mn) > he(m)+
ha(n), and to give an upper bound of hy(2n) < 2hy(n). In this formulation, there is
a direct correspondence between vectors that work and cyclically covering subspaces
with codimension 1, and we give a precise characterisation of these vectors in Theorem
425

Sections [£.3] and [4.5 are all devoted to the proof of our main result, Theo-
rem [£.1.1] Suppose that we could find three linearly independent vectors that work
together for p a prime with 2 as a primitive root. In Section we show that we
can assume one of the vectors is e = (0, 1,...,1), which allows us to prove the other
vectors must have various properties. We call a vector v € F} symmetric if it is of the
form (vg,v1,v9,...,v2,v1) (in other words, v; = v; whenever ¢ = —j mod n). Based

on our experimental results, we make the following conjecture.

Conjecture 4.1.2. Suppose that n € N is an odd number that is not divisible by 7.

Let v € F}, and suppose that v and e work together. Then v is symmetric.

We also prove that if e, v and w work together and are linearly independent,
neither v nor w can be symmetric. Thus, Conjecture would imply Theorem
411

In Section[f.4] we give an equivalent graph-theoretic formulation of our conjecture,
and we use this to prove various structural properties satisfied by a vector v which
works together with e. In particular, we obtain some partial progress towards our
conjecture by eliminating vectors v which have large “girth”.

In Section we consider vectors with small “girth”, and we show that we
cannot have two linearly independent non-symmetric vectors with small girth that
work together with e. This then completes the proof of Theorem [4.1.1]

Cameron, Ellis and Raynaud [11] consider the more general problem of computing
hg(n), the maximal codimension of a cyclically covering subspaces in Fy, for prime
powers ¢q. Amongst many other results, they show that the lower bound hy(mn) >
max{hg(m), ho(n)} mentioned earlier holds even when 2 is replaced by any prime
power ¢. In Section we show how our lower bound also holds in F; and extend
the upper bound given in Theorem to this setting as well. Finally, we show that

hy(p) = 0 when ¢ is an odd prime and p > ¢ is a prime with ¢ as a primitive root.
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4.2 Multiplicative bounds

Cameron, Ellis and Raynaud [11, Lemma 3] proved that for any m,n € N, we have
ha(mn) > max{hg(n), ha(m)}. We offer the following improvement to this lower
bound.

Theorem 4.2.1. For any m,n € N,
ho(mn) = ha(m) + ha(n)
Theorem immediately tells us that hy(n;) — oo for many sequences n;.

Corollary 4.2.2. hy(m™) — oo as n — oo for any m for which ha(m) > 0.

Indeed, Theorem immediately tells us that ho(m™) = nhs(m). Note that the
condition he(m) > 0 is not very restrictive: Cameron, Ellis and Raynaud [11] proved
that ho(m) = 0 if and only if m is a power of 2. We will provide an alternative proof

of this fact later in this section.

Proof of Theorem[{.2.1] Let vV, ... v(@ € FI* be a set of a = hy(m) linearly inde-
pendent vectors which work together for m, and w™®, ... w® € F aset of b = hy(n)
linearly independent vectors which work together for n. We will now give a family of
a + b linearly independent vectors in FJ"™ which work together for mn.

Firstly, for each i € [a] and j € [b], define the vectors 2 € Fy™ and w') € Fp"

as
20 = (E;él), o ,v(()li, . ,vﬁ,?_l, . ,vq(fl)_l),
n copies n c:);)ies
W = (w, ..., w?).
——
m copies
We claim that the family of vectors oM, ..., 5@ @M . . @® all work together and

are linearly independent, which will imply that he(mn) > a + b.

First, we will prove that the vectors work together; in other words, we will prove
that for any z € FJ™, there is a k € Z such that 9 - oz = W) - o¥2 = 0 for each
i € [a] and j € [b].

Suppose z € FJ". Let y € F} be the vector defined by



This means that w9 - oF2 = w . o*y for all k € Z. Since the w¥) work together in
F2, there is some choice of k € Z such that w() - g¥y = 0 for each j, which means
that w7 - %2 = 0 for each j. We may assume that & = 0 by replacing = with o*z.

Let z € FJ' be given by

z=@o+  +To-1,Tu+ F+ T, Trapen + 0 F Tin1) -
Then
79 o =09 .o’ for all i € [a] and £ € Z.

Since v ... v work together for m, there is some choice of ¢ € [m] such that
v . g2 = 0 for every i € [a]. We conclude

70 .oty =0 . of2 =0 Vi€ [a],

V.o =w® .y =0 Vielb.
This shows the vectors vV, ..., 5@ @M .. @® all work together and it only re-

mains to show that the vectors are linearly independent in FJ'".

First, observe that the vectors ) € FJ™ for i € [a] are linearly independent
because the vectors v € FJ' are linearly independent. Similarly, the family w) is
linearly independent because the family w®) is.

To show that the vectors oM, ... 7@ @M . w® are linearly independent, it
suffices to show that any vector that is in the span of the ¥ and also in the span of

the w" is the zero vector. Suppose that u is such a vector.

By considering the standard basis vector x = ¢y in the definition of working
together for vV, ... v it follows that there must be an r such that o = 0 for
each 4. In particular, v,,,s = 0 for each s € {0,1,...,n — 1}.

However, the fact that the w) are linearly independent means that the only linear
combination of the w") for which w,,,s = 0 for each s € {0,1,...,n — 1} is zero.
Thus, u = 0, which means that the vectors o, ..., 3@ @M . @® are linearly
independent, as required. O]

We also obtain the following rough upper bound.

Theorem 4.2.3. For any n > 0,

ha(2n) < 2ho(n). (4.2.1)
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Proof. Suppose {vM), ... v@} C F2" is a collection of a = hy(2n) linearly inde-
pendent vectors which work together for 2n and write v® = (u® 4+ w® w®) for
u® w® € F3. The vectors u), ..., u® € F§ work together. To see why, note that
for any y € F}, there is a k such that

for every 1.

%) is a maximal linearly independent subset

Without loss of generality vV, ... u!
of {u™, ..., u}. Then for j > ¢ we can find Ay,..., )\, such that u¥) = \ju®) +
—o 4 Aul®. We may replace v9) with Ao + -+ + X\ + 00 without changing the

span of the v or the fact that they work together. This will give the vector

(Alw(l) S )\Zw(f) + w(j)7 Alw(l) e /\gw(@ + w(j)) ]

Doing this for all j > ¢, we can assume that u), ... «® are linearly independent
(hence ¢ < hy(n)) and that u® = 0 for i > (.
In particular, for each i > ¢, we have v = (w® w®). We claim that the

vectors w'® with i > ¢ are linearly independent and work together. This implies that
ha(2n) — ha(n) < ha(n), which gives the desired result.

The linear independence of the w® follows from the linear independence of the
v®. To show that the w® work together we must prove that, for any y € F3, there
is some k such that w® - g%y = 0 for each i > ¢.

Since the v work together, there must exist a k < 2n such that v . o*(0,y) =0

for each ¢ > £. But we also have that v = (w®, w®), so
v - oty = (D w®) . 50, y) = w - oty
Thus, for this choice of k, we have that w® - g%y = 0 for each i > ¢, as required. [

It is unlikely that is tight in general; indeed, if n is chosen such that
ha(n) > Llogy(n)+1, then the tightness of would contradict the upper bound
ha(2n) < logy(n) + 1. However, we may combine Theorem with the fact that
ha(1) = 0 to deduce the following.

Corollary 4.2.4. hy(2Y) =0 for every i € N.

Let W(n) be the set of v € F} which work. The fact that hy(2") = 0 implies
that no nonzero vector can work whenever n is a power of 2 (the zero vector always
works). We determine the exact structure of W (n) whenever n is not a power of 2,

which in particular implies hy(n) > 1 when n is not a power of 2.
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Theorem 4.2.5. For n odd, the vectors that work are given by
W(n)={veF]:|v|]=0 mod 2}.
For a odd and b € N,

W(a2’) = {vél) . v(()Qb)vg) . .vfb) ool v((f_b{ oM @) e W(a)} .

a

Remark. Since W (1) = 0, this shows W(2%) = @ for all b > 0, which agrees with
Corollary [4.2.4]

Proof. Suppose first that v € Fy (where n is odd) is a vector that works. Setting

k

x = (1,...,1), there must be some k such that v - 0"z = 0. However, for every shift

k€ [nl,

v-ofr = vl

Hence any vector which works must satisfy [v| =0 mod 2.
Conversely, suppose that |[v] = 0 mod 2. Given x € Fj, the number of shifts k

with v - ofz = 1 is given by

n—1
Hk:v-ofz=1 mod 2} =v- Zakx = |v||z| mod 2.
k=0
Since [v| = 0 mod 2, this shows the number of shifts k with v - o*z = 1 is even.

by =0. In

Since n is odd, we find that there is an odd number of shifts k£ with v - o
particular, there is at least one such k, proving the first claim.

Suppose now that n is of the form a2’ for a odd. Let v € W (n) be given and split

it into components vV, ..., v?") by writing
v = (vél), . ,v(()Zb),vgl), . ,v?b), . ,vc(ll_)l, . ,vf_bl). (4.2.2)

Let w € F2" be the vector with elements w; = |[v¥)|. Suppose that w # 0. By
Corollary 4.2.4L we then know that there is some vector z € F%b for which all shifts

fail, or in other words that
w-o*z =1 Vk e [2°.

Now consider the vector x € Fj with Zj0i = Tjoipq = -+ = T(jy1)2i-1 = 2; for
j€40,...,a—1}. Then

ofr-v=0"2-w=1 Vk € [n].
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This contradicts the assumption that v works. Hence we find that w; = [v9)| = 0 for
all j € [2°], which shows that v, ... v@") € W (a).
Conversely, suppose v is given in the form for v, ... 0@ € W(a). Let
2 € F2 be arbitrary, and split it into components ), ..., 22" in the same way. We
will show that
{k € la]:v-02*z =0}

is odd. Note that

za:v oy = 2‘1: (Za: o). ka(j)>

k=1 k=1 \j=1
_ Z (Z o) . ka(j)>
j=1 \k=1

= Z 0@ ||z9)| = 0.
j=1

This shows that the number of k € [a] for which v - 0%z = 1 has to be even. Since

a is odd, this proves our claim. O

4.3 Primitive roots and a structural conjecture

In order to prove Theorem [4.1.1| we must first think about the structure of Fj. For
this, it will be easiest to think about vectors as polynomials, as in [T1].

Given a vector v € FJ, let its corresponding polynomial be
fo(z) = v+ 1 X + 02 X% 4 - + v, X" € Fy[ X]/(X™ —1).

We say a set of polynomials f,a),..., f,m work together if and only if, for every
vector & € F%, there is a k such that the coefficient of X* in f ¢ f, is 0 for each
i € [m]. The following proposition shows that the two definitions of working together

are equivalent, and so we will use them interchangeably.

m

Proposition 4.3.1. The vectors vV, ..., 0™ work together if and only if the corre-

sponding polynomials f,ay, ..., f,em) work together.

Proof. By definition, vV, ... v™ work together if and only if, for every x € F3,
there is a k such that v - gF2 = 0 for each i € [m)].

Let 2" be the reverse of x (so 2; = x_; for each j). The constant coefficient of
(vo+ i X+ 40, X" ) (zo+ 1 X+ + 2, X"")  mod (X" —1)
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is given by

/
VLo + V1Tp—1 + Valp—o + -+ +Up_121 =0 - T

Similarly,
n—1 n—1
=0 j=0

is the coefficient of X* in f ) fa.
Thus, v - o*2 = 0 for every i € [m] if and only if the coefficient of X* of f . fu
is 0 for every i € [m]. O

Since af, + fu = favtw for all a € Fy and v,w € Fj, a collection of vectors
v, 0™ s linearly independent if and only if the corresponding polynomials

fo), .-, foom are linearly independent.

Remark. The m = 1 case of Proposition gives an alternative approach to prove
Theorem Indeed, Proposition tells us that the vector v will work if and
only if f, works. By definition, f, works if and only if, for every x € F}, there is a k
with k& € {0,...,n — 1} such that the X* coefficient of f,f, is 0; in other words, f,
works if and only if f, does not divide 1 + X + -+ X" ! in Fy[X]/(X™ — 1).

Since (1 +X)(1+ X +---+ X"!) = X" + 1, it can be shown that that the
polynomial f, does not divide 1 + X + -+ 4+ X"~ ! exactly when (1 + X)" divides f,,
where (1 4+ X)" is the highest power of 1 + X which divides X™ + 1.

Now, r = 2°, where 2° is the highest power of 2 which divides n. Thus, f, does
not divide 1+ X + - - - + X" ! exactly when (1+ X)? divides f,, which is equivalent

to the description given in Theorem [4.2.5]

This alternative formulation in terms of polynomials is particularly useful when
n = pis a prime with 2 as a primitive root. This is because of the following well-known

results.

Lemma 4.3.2 ([45, Theorem 2.47 (ii)]). Let p be an odd prime and let ord,(2) be the
multiplicative order of 2 mod p. Then the polynomial 1 + X + --- + XP~! splits as a
product of t distinct irreducible factors in Fo[X], where t = %,)(12)'

In particular, if 2 is a primitive root mod p, then 1+ X +--- 4+ XP~! is irreducible

in Fa X].

Lemma 4.3.3 ([45, Theorem 1.61]). The quotient ring Fo[X]/(f) is a field if and

only if the polynomial f s irreducible over Fy.
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The following lemma is key to our approach to proving Theorem [4.1.1], and is the

only part of the proof which requires 2 to be a primitive root modulo p.

Lemma 4.3.4. Let p be a prime with 2 as a primitive root, and define the identity
vector e to be the vector such that ey = 0 and e; = 1 for i # 0. Suppose that the
vectors vV, ... v work together and are linearly independent. Then there is a
collection of m linearly independent vectors which work together, and which contains

e.

Proof. Each polynomial f,s works individually. By Theorem [£.2.5] this means
lv®@| = 0 mod 2, which means that f,u is divisible by 1 + X. Since none of the
polynomials can be the zero polynomial, they must all be equivalent to a nonzero
polynomial modulo 1+ X + -+ 4+ X?71,

By Lemma [4.3.2] X? — 1 factors into irreducibles as
XP—1=(X+1D1+X+---+XPh.

Thus, Fo[X]/(X? — 1) & FR[X]/(X +1) ® Fo[X]/(1 + X + -+ + XP71), and
Lemma tells us that the two factors are fields. In particular, the irreducibility
of 1+ X + -+ 4 XP~! tells us that each f,u) is invertible modulo 1+ X + -+ + X771,

Thus, we may use the Chinese Remainder Theorem to find a polynomial ¢ which
is 1 mod (1 + X) and an inverse to f,1) modulo (1 + X + --- 4 XP~1).

Now, ¢f,1 is 0 mod (X + 1) and 1 mod (1 + X +--- + X?71) so

¢foy =X+ + X7 = fo.

We claim that the polynomials g f,q), ..., qf,wm still work together and are linearly
independent. Taking the vectors in F5 corresponding to the given polynomials then
gives the collection of vectors required by the statement of the lemma.

Suppose first that ¢f, ), ..., q¢f,mm do not work together; thus, there exists a vector
x € F} such that for any k, there is an i € [m] such that the X* coefficient of f.qf,u)
is 1. Writing f,q = f» for some 2’ € Fb, we find that for any k, there is an i € [m)]
such that the X* coefficient of f,/f, is 1. This contradicts the assumption that the
v® work together.

Next, suppose that the ¢ f, ) are not linearly independent. Then there is a relation

Z Xiqfyi) = 0mod (XP —1)
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for some choice of \; € Fy not all 0. However, ¢ is invertible modulo X? — 1 by

construction, so

Z)\z‘fv(i> = 0 mod (X? —1).
This contradicts the linear independence of the f, @ . n

Lemma tells us that in order to show that hy(p) = 2 for a prime p with
2 as a primitive root, it suffices to show that there is no collection of three linearly
independent vectors e, v, w which work together.

We now turn to examining the structure of the set of vectors v € Fj which work
with e. There is a fairly substantial collection of vectors v which work with e, as

shown by the following proposition.

Proposition 4.3.5. Let n be any odd number, and suppose v € F} is a vector with
vo = 0. Suppose further that v is symmetric, in that v; = v_; for each i. Then v

works together with e.

Proof. Let x € F} be any vector. We must prove that there exists a k such that

by =wv-ofr =0.

e-o
First, observe that we may assume that x has odd weight. If x had even weight,
we could add the vector z = (1,...,1) of all ones; this would give a vector of odd

k2 =e-0%2 =0, it does not change the inner products v - o*x

weight but, since v - o
and e - ofz.

Now, e - 0¥z = 0 exactly when z_;, = 1, and for such a choice of k,

v-otr = Z ;. (4.3.1)

tx; =1

Summing (4.3.1)) over all of the values of k with x_, = 1, we obtain

E v-ofr = E V;

kix_p=1 (ki) _p=x;—=1
= E : Uja—ji1-
(j17j2)555j1:$j2:1
Since vg = 0, and vj,_;, + vj,_;, = 0, this sum is 0.

k

Therefore, the sum of v - o*x over all k such that e - 0¥z = 0 is zero. Since there

are an odd number of such k (as x has odd weight), at least one of these k must have

e-dhr=v-ovx=0. L]

Since e and v work together whenever v is symmetric, the following lemma will

be necessary if we are to prove that ho(p) = 2.
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Lemma 4.3.6. Let p > 3 be a prime, and suppose that v # e is a nonzero symmetric
vector. Suppose further that w € Fy is any vector such that e, v and w work together.

Then w is contained in the subspace (e,v) spanned by e and v.

In order to prove this, we will rely on the Cauchy-Davenport inequality [54, The-
orem 5.4] and Vosper’s theorem [54, Theorem 5.9], both of which we state here for

convenience.

Theorem 4.3.7 (Cauchy-Davenport Inequality). Suppose that p is a prime, and A
and B are two sets in Z/pZ. Then

A+ B| > min(|A| + | B - 1,p).

Theorem 4.3.8 (Vosper’s Theorem). Suppose that p is a prime, and A and B are
two sets in Z/pZ. Suppose that |Al,|B| = 2 and |[A+ B| < p—2. Then |A+ B| =
|A|+|B|—1 if and only if A and B are arithmetic progressions with the same common

difference.

We will often implicitly use the following observation, which gives a simple re-

striction on vectors v that can work together with e.
Observation 4.3.9. Suppose that v € F} works with e. Then vy = 0.

This follows by considering the test vector z = ey of weight 1. Since o*z - e is only

zero if k =0 and e works with v, we must have that vy = ¢y - v = 0.

Proof of Lemma[4.53.6. Suppose that v € F} is symmetric, nonzero and not equal to
e. Let A C Z/pZ consist of the values of i for which v; = 1, and let B C (Z/pZ)\ {0}
consist of the values of i (except 0) for which v; = 0. Observe that both A = —A and
B = —B since v is symmetric, and that |A|, |B| > 2 as we assume that v is nonzero
and v # e.

The space (e, v) consists of the four vectors u which satisfy both that uy = 0 and
that u is constant on both A and B. Thus, if w is a vector that works together with
both e and v, it suffices to prove that w is constant on both A and B, since wg = 0
by Observation [4.3.9,

Consider the equivalence relation ~ on (Z/pZ) \ {0} generated as follows. We say
that ¢ ~ j if w; = w; for any w which works together with e and v. Thus, it suffices
to prove that the only two equivalence classes are A and B. The following claim will

help us to do so.
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Claim. Suppose thati € B and j € A are such that i+ j € A. Then j ~i+ 7. The

same also holds with A and B reversed.

Proof of Claim. We only prove the first case as the second is almost identical. Con-
sider the vector x = eg+e;+e_; of weight 3. The only shifts of  which are orthogonal
to e are x, o'z and o’x, and by assumption neither # nor o~‘z are orthogonal to v.

Thus the only shift of x which is orthogonal to both e and v is o7z, and this
must therefore be orthogonal to w for any vector w that works together with e and

v. Hence w; = w;4;, which means that j ~ ¢ + j. O

Now, we prove that the only two equivalence classes are A and B. We will prove
that A is an equivalence class; the proof that B is an equivalence class is almost
identical. Suppose that C' C A is an equivalence class of ~ which is not the whole of
A; without loss of generality, we may assume that C' is the smallest such class, which
means that |C| < |A]/2.

Suppose that i € B and j € C. Then i 4 j # 0, so either j +i € B, or j +i € A.
In the latter case, j ~ j 4 7, and so the claim tells us that j +¢ € C. In particular,
we always have j+i ¢ A\ C. Thus, B+C C BIIC.

Now, letting By = BII {0} and Cy = C'I1 {0}, we see that

By +Cy C BIIC'TI{0}. (4.3.2)

Since C' # A, it must be the case that |B II C' II {0}| < p. Thus, by Cauchy-
Davenport we have that |By + Cy| > |Bo| + |Co| — 1 = |B| + |C| + 1, and so we have
equality in (4.3.2). Both of By and Cj have at least two elements, so we have two
cases.

Case 1:  |By+ Cy| = p— 1. Then |By| + |Co| = p, and A\ C has only one
element. By assumption, |C| < |A|/2, and so we must have |A| =2 and |C| = 1.

Since A is symmetric, it is of the form {—a,a} with either a or —a the unique
element of C; without loss of generality, we can assume that C' = {1} and A =
{=1,1}. Since p > 3, we must have 2 € B, and applying the Claim with i = 2 and
j = —1 gives —1 ~ 1. This contradicts the fact that C' is an equivalence class.

Case 2: |By+ Cy| < p—2, and so we can apply Vosper’s Theorem. This tells us
that By and Cj are arithmetic progressions with the same common difference, which
we may assume is 1 by scaling. Since 0 is part of the arithmetic progression B, and
By = — By, both 1 and —1 must be in By. However, C is an arithmetic progression
with common difference 1, so either 1 or —1 must be in Cj. This contradicts the fact
that C' C A and A and B are disjoint.
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We conclude that the only two equivalence classes must be A and B. Therefore,
any vector w which works with both e and v must be constant on both A and B,

which means that w is contained in the span of e and v, as required. O

As well as using that n is odd, the proof of Proposition crucially relies on the
fact that v is symmetric. In view of this, it is tempting to conjecture that a converse is
true; in other words, that the only vectors v € F} which work together with e are the
symmetric vectors. This leads us to propose Conjecture [£.1.2] Indeed, if Conjecture
4.1.2| were true, then Lemma and Lemma would tell us immediately that
hao(p) = 2 for any prime p with 2 as a primitive root.

Note that Conjecture4.1.2|cannot hold for p = 7, as demonstrated by the following

counterexample.

Observation 4.3.10. In FI, the following two vectors work together:

e=(0,1,1,1,1,1,1)
v=1(0,1,1,0,0,0,0).

We have verified Conjecture for 3 < n < 43, and have some partial progress
towards it for arbitrary primes. We will present our partial progress in the next
section, and then show how we can use it to prove Theorem in Section [4.5]

4.4 Partial progress towards conjecture

In this section, we will show that any vector v which is a counterexample to Conjecture

must have certain properties.

4.4.1 A further reformulation of the problem

First, we will provide a reinterpretation of the statement that v works together with
e, which will help us to describe the structure of such a vector.

To any vector v € F we associate a Cayley (multi)digraph G, on vertex set Z/nZ,
where we draw a directed edge from i to ¢ + j exactly when v; = 1. By Observation
[4.3.9] we may restrict to vectors v € Fy with vy = 0, which means that G, will have no

self-loops. The relevance of G, to our problem is given by the following proposition.

Proposition 4.4.1. Let n be odd. A vector v € Fy with vy = 0 works together with
e if and only if G, has no induced subgraph on an odd number of vertices where each

vertex has odd outdegree.
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Figure 4.1: The Cayley graph G, for v = (0,1,0,0,0,0,1,0,0). The graph induced
on {0,1,2,4,8} is of odd size and every vertex has odd outdegree so the vector
(1,1,1,0,1,0,0,0, 1) shows that e and v do not work together.

Proof. Suppose first that v and e do not work together. Equivalently, there exists
a vector x € F%, which we may assume has odd weight, such that any shift o*z is
non-orthogonal to at least one of e and v.

Let A= {i:x; =1}, and consider G,[A]. We have that oc~*z is orthogonal to e

k

exactly when z, = 1. Thus, for each k with z;, = 1, we must have v-o0 "z = 1. Now,

note that
k. . o 1
v-0 = Vi—k = Vi—k = k—i is an edge

iixi=1 icA icA
which is exactly the outdegree of k in G,[A] modulo 2. Thus, G,[4] is our required
subgraph.

Conversely, suppose that A is a set with odd size such that every vertex in G,[A4]
has odd outdegree. Define the vector 2 by z = 3, , ;. As A has odd size, e-0 7"z =0
if and only if k£ € A. But for such a k, v-0~*x = 1 as it is the outdegree of k in G,[A]
modulo 2. Thus, no shift of x is orthogonal to both e and v, proving that e and v do

not work together. O

Remark. Proposition gives an easy proof of Proposition Indeed, if v is
symmetric, then G, is a proper graph, and so, by the Handshaking Lemma, any
subgraph with an odd number of vertices must have a vertex with even degree (in the

subgraph).

By the following lemma, outdegree can also be replaced with indegree.

Lemma 4.4.2. A Cayley digraph has an odd induced subgraph where each vertex has
odd indegree if and only if it has an odd induced subgraph where each vertex has odd

outdegree.

84



Proof. 1f there is an edge from ¢ to j in G,[A], then there is an edge from —j to
—i in G,[—A]. Hence, passing from G,[A] to G,[—A] swaps the indegrees and the

outdegrees (and the number of vertices remains odd). O
We call an induced subgraph H of G, a bad subgraph if
1. H has an odd number of vertices and
2. at least one of the following holds:

(a) each vertex in H has odd outdegree within H;
(b) each vertex in H has odd indegree within H.

In particular, an odd induced cycle is a bad subgraph.

Proposition and Lemma imply that for v € Fy with vy = 0, v works
with e if and only if G, has no bad subgraphs. An example of a bad subgraph is
given in Figure [4.1]

In what follows, we will assume that certain non-symmetric vectors work together

with e and will try to find a contradiction by finding a bad subgraph.

4.4.2 Restricting the edges of the digraph

For the remainder of the argument, we will work in F}, where p is an odd prime. We
will now begin searching for a bad subgraph in G,,, for v € F} a non-symmetric vector
with vy = 0. Given such a v that works with e, GG, is a directed graph which may
include two-way edges. We will first show that we may assume that this does not

happen, which means that G, is a proper digraph.

Lemma 4.4.3. Suppose that v € F5 is non-symmetric. Suppose that there are si-
multaneously © with v; = v_; =1 and j # 0 with v; = v_; = 0. Then G, has a bad
subgraph.

Proof. Suppose that v € F§ works with e; in other words, G, has no bad subgraphs.
Define the sets A = {i: v; =v_; =1} and B = {j # 0 : v; = v_; = 0}. The condition
on v is therefore that both A and B are nonempty.

To prove Lemma [4.4.3, we will use the following claim.

Claim. A+ BC AIl B.
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Proof of Claim. Suppose that i € A and 7 € B. We must show that i +j € AIl B.
Assume this is not the case and consider the subgraph of G, induced on {—i,0, j}.
By our assumptions, there is no edge between 0 and j, a two-way edge between 0 and
—1 and a one-way edge between —i and j.

There are two cases, depending on the direction of the edge between —i and j. If
it is directed from —i to j, then each vertex has outdegree 1. Otherwise, each vertex

has indegree 1. In either case, G,[{—1,0,j}] is a bad subgraph. O

Now, we have A+ B C ATl B, which means that Ag+ By C AIl BII {0}, where
Ay = AII{0} and By = BI1{0}. We know that |Ag| > 1 and |B,| > 1 since A and B
are assumed to be nonempty. Furthermore, |4y + By| < |A| + |B| + 1 < p — 2, since
otherwise AIl BII {0} = Z/pZ and v is symmetric.

Thus, Vosper’s Theorem allows us to conclude that Ay and By are both arithmetic

progressions with the same common difference d. Since A = —A and B = —B are
both symmetric, we deduce that {d, —d} is contained in both Ay and By, which
contradicts the fact that they are disjoint. O

If v is a vector such that there is at least one value of ¢ with v; = v_; = 1, we will
say that v is large. Otherwise, v is small. In particular, v is small if and only if G, is
a proper digraph. Lemma tells us that if v is non-symmetric and works with e,
either v or e + v must be small.

Consequently, we will only consider small vectors v. Given such a v, we will start
to look for bad subgraphs of G,,. We will do this by looking at the shortest directed
cycle in GG,,. This cycle must have length at least 3 because G, is a proper digraph,
and must be induced else GG, would have a shorter cycle. We will say that the girth
of Gy, or (abusing notation) the girth of v, is the length of the shortest cycle in G,.

For the results below, we assume the following set-up. Let v € F5 be a nonzero
small vector with vy = 0 that works together with e. Let A = A® be the set
{i :v; = 1}. Since v is small, A and —A are disjoint. Let A(()U) = Ay be AIT {0} and

let k£ be the girth of G,. We may immediately make some simple observations.
Lemma 4.4.4. With v,G,, A, Ay and k as defined above, the following hold.
1. k s even.

2. 0¢ (k—2)Ag+ A, or in other words

(k—2)Ag+ A < p—1. (4.4.1)
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Proof.

1. The shortest cycle in GG, is an induced subgraph in which each vertex has degree
1. Thus, as v and e work together, such a subgraph must have an even number

of vertices, which means that k£ must be even.

2. If 0 can be written as a sum of £ — 1 elements of Ay, not all zero, then we get
a corresponding cycle of length at most £ — 1 in G, which we assume does not
exist. The inequality (4.4.1)) follows immediately. O

The next proposition gives bounds on the size of A.

Proposition 4.4.5. With v,G,, A, Ay and k as defined above,

p p
= <Al < —. 4.4.2
b < 2 (142)

The proof of Proposition [4.4.5| relies on the following lemma.

Lemma 4.4.6. Suppose that C' is a k-cycle in G,. For any 1 & C, there are at least

two edges between i and C' (ignoring direction).

Proof. 1f there is one edge from ¢ to C', then C'II {i} induces a bad subgraph as each
vertex has outdegree 1. If there is one edge from C to i, then C II {i} induces a
bad subgraph as each vertex has indegree 1. In either case, we find a bad subgraph,
contradicting the assertion that v and e work together.

Suppose instead that there are no edges at all between ¢ and C'. Without loss
of generality (since G, is vertex transitive), we may assume 0 € C' and write C' as
C ={0,a1,a1+as,...,a1+---+ax_1} for some ay,...,ap € Awitha;+---+a; =0.

Consider doing a single swap of a; with as; that is, we replace the order of the edges
labelled a; and as in the cycle C to get a new cycle Cy. Thus, C; = C'\ {a;} U {az}.
Observe that the subgraph induced on C is also a k-cycle, as any other edges between
vertices would create a shorter cycle, and this does not exist by the assumption that
C is a shortest cycle. Note that this swap changes the number of edges between ¢
and the cycle by at most one, since at most one vertex is changed. There cannot be
an edge between the new vertex as and ¢ since that would put us in the earlier case,
so we find that ¢ is not connected to C}.

We can continue doing this; swap a; with ag to form Cy = {0, as,as + a3, a1 +
as + as,...,a; + -+ + ap_1}, and again ¢ can have no edges to or from Cy. After
k — 1 iterations, we form the cycle Cy_1 = {0,a9,a3 + as,...,as + az + --- + ay},

and there are no edges between ¢ and Cj_;. Since ), a; = 0, we can rewrite this as
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Cro1={a1 —ay,a1 +ay—ay,...,a1 +as+ -+ a1 —a,0—ay} so Cp_1 = C — a4
(having shifted any fixed starting point).

If we consider C}_; as starting at —aq, the first edge to 0 again corresponds to
adding a; and we can repeat this procedure, but starting with Cj_;. This gives the
cycle Cy(—1) = C' — 2a; and we can continue iterating. Since p is prime and a; # 0,
we will see the family of cycles {C' — j : j € Z/pZ}, and, in particular, every point is
in some cycle.

However, throughout this procedure, ¢ will never be connected to any point in any
of these cycles. This contradicts the assertion that every element of Z/pZ is contained
in some cycle, in view of the fact that ¢ is connected to every element of ¢ + A.

Thus, there must be at least two edges between i and C. [

Proof of Proposition[{.4.5 The upper bound follows immediately from and
k — 2 applications of the Cauchy-Davenport inequality.

For the lower bound, we will use Lemma [£.4.6] Let C' be the vertex set of a cycle
of length k in G,. We will count the number of pairs (7, j) with i € Z/pZ and j € C,
such that there is an edge between i and j. Each element of C' has |A| outedges and
|A| inedges. Thus, there are 2| A| pairs for each j € C, and so 2k|A| pairs in total.

On the other hand, Lemma tells us that there are at least 2 edges for each
i € Z/pZ, and so there are at least 2p edges. Therefore, 2p < 2k|A|, which rearranges
to give the lower bound claimed in Proposition

To see the strict inequality, observe that k is not a factor of p; indeed, if k = p
then C' = Z/pZ induces an odd directed cycle. O

4.4.3 Eliminating large girth

We will continue to restrict the possible small non-symmetric vectors v that can work
together with e. Recall that A = {i : v; = 1} and Ay = A Il {0}, and since v is
small, A and —A are disjoint. Denote again G, for the Cayley graph generated by
A as defined before Proposition The main result of this subsection is an upper
bound on the girth & of G,,.

Proposition 4.4.7. If a small v # 0 works together with e, then the girth of v is 4

or 6.

Our proof of Proposition 4.4.7] will rely on a weak version of a theorem due to

Grynkiewicz.
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Figure 4.2: Various snapshots of C' throughout the swapping process.
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Theorem 4.4.8 ([30, Theorem 19.3]). Let p be a prime, let o € (0,0.45695] and let
X C Z/pZ be a nonempty subset such that |2X| = 2|X| —1+r < p. Suppose that
the following two bounds hold:

2X] < (2 +a)| X| - 3, (4.4.3)
2
9X| < min 4 L3 9= (14 20) (2;”)‘) . (4.4.4)
2 9— (1 +2a)

Then, X is contained in an arithmetic progression of length at most |A| + r.

Remark. Theorem m is similar to Freiman’s 3k — 3 theorem [54, Theorem 5.11],
except in Z/pZ rather than Z (and with slightly altered conditions). In Freiman’s 3k —
3 theorem, the conditions and are not needed; instead, the conclusion is
satisfied by any set A with |2A| < 3|A| —3. It is conjectured that a similar weakening
of the conditions should hold in Z/pZ (see [30, Conjecture 19.2]).

There are various similar results in the literature which also provide weak forms
of Freiman’s 3k — 3 theorem in Z/pZ; for instance, Serra and Zémor prove in [51]
that the size constraint can be omitted, at the expense of a worse bound on
the doubling [2X| < (2 + €)|X| for some small X (and sufficiently large p). Such a
result could be used to obtain a version of Proposition 4.4.7| with a weaker bound on
the girth.

In particular, we obtain the following instance of Theorem by taking o =
0.36.

Corollary 4.4.9. Let p be a prime, and let X C Z/pZ be a nonempty subset. Suppose
that

|2X] < 2.36|X| -3 (4.4.5)
12X < 0.334p. (4.4.6)
Then X is contained in an arithmetic progression with |2X| —|X|+ 1 terms.

We will also need a strong upper bound on the value of k, depending on p, in the

case that Ay is not an arithmetic progression.
Lemma 4.4.10. If Ay is not an arithmetic progression, then k < /p + 2.
Proof. Suppose that Ay is not an arithmetic progression. Note that this implies

Al > 2.
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Equation tells us that |(k — 2)Ap + A| < p — 1. The Cauchy-Davenport
inequality gives |(k—2)Ay| < p—|A|. Applying the contrapositive of Vosper’s Theorem
(see Theorem [4.3.8)) to [(k—3)Ag+Ag| < p—2 gives that [(k—2)Ag| > |(k—3)Ao|+]|Ao|-
Applying this k—4 further times, we conclude that (k—2)|Ag| < |(k—2)Ao| < p—|A].

Write p = rk + s, where 0 < s < k. We have that |A| > r 4+ 1 by Proposition
[1.4.5 and so (k —2)(r 4+ 2) < (rk + s) — (r + 1), which rearranges to give

2k —3 < r+s. (4.4.7)

If r < k—1, then this equation gives r = k—2, s = k—1, and hence p = k> -k —1.
The only value of | A| satisfying Proposition is |A| = k—1, which is odd because
k is even. However, |A| must be even, else the whole of G, is a bad subgraph, so we

must have r > k — 1. If » > k, we have p > k?. Else we have r = k — 1 and equation
4.4.7| gives s > k — 2, and so p > k? — 2. O

Finally, we will need to use the following theorem due to Hamidoune and Rgdseth
[31], which is an extension of Vosper’s Theorem. Say that an almost progression is

an arithmetic progression, possibly missing one term.

Theorem 4.4.11 ([31], Theorem 3]). Suppose that A, B C Z/pZ are sets which satisfy
|A|,|B| = 3. Suppose further that

T<|A+B|<|A|+|B| <p-—4
Then A and B are both almost progressions with the same common difference.

We are now ready to prove Proposition [4.4.7]

Proof of Proposition[f.4.7. Suppose that v is a vector with girth k that works with
e. Suppose further that &k is not 4 or 6; this implies k£ > 8 since k is even.
We will start by using Corollary and Theorem [4.4.11| to prove the following

claim.

Claim. Ay is contained in an arithmetic progression of length at most 5 + 1.

Proof of Claim. Our proof will fall into three cases, depending on the structure of Agy
and 2A,.

Case 1: Ay is already an arithmetic progression. In this case, we may use the
upper bound of Proposition to see that

’A0|<%+1<$+1.
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Thus, we may take the progression P to be Ay, and it will already be of the required
length.

Case 2: Aq is not an arithmetic progression, but 2Aqy is an almost progression.
First, we will use to obtain an upper bound on |24y|. Indeed, one application
of Cauchy-Davenport tells us that |(k — 2)Ag| < p — |A], a second application gives

that
(57 e

and a further (k — 6)/2 applications give

+[240] = 1 < |(k = 2) Ao,

k—2
—5 ([240] = 1) < [(k — 2)Ao].

Since |A| > p/k by Proposition this immediately tells us that

2p(k — 1)

24| < PEZ D)
240 < 39

+1. (4.4.8)

Now, suppose without loss of generality that 24, is an almost progression with com-
mon difference 1, which we will treat as a subset of Z in the natural way. Say that
the endpoints of 24, are —r and s, for r,s > 0. In particular, —r and s are both
elements of 2A4,.

We immediately obtain that

2p(k —1)

<—
r+s Rk —2)

+1, (4.4.9)

since there is at most one element of [—r, s| missing from 2A,.

Now, we claim that Ay C [— [r/2],|s/2]]. Indeed, 0 € Ay, so for any x € Ay,
x+0 € 24y C [-r,s|. Therefore, Ay C [—r,s].

However, if x € Ay, then 2z € [-r;s|. If x € [-r,—[r/2] — 1], then 2z €
[—2r, —r — 1]. Because p—2r > s, which follows from (4.4.9) and the fact that k& > 8,
it follows that Ay does not meet [—r,— |r/2] — 1]. A similar argument rules out
[|s/2] + 1, s], and so it must be the case that Ay C [— |r/2],[s/2]] as claimed.

Thus, A is contained in a progression of length at most |r/2] + |s/2] + 1, which
1s at most N k-1 3
r+s p(k —

5 1< m + 7
This will be no greater than p/(k —2)+ 1 provided that p > k(k —2)/2, which follows
from Lemma 410l
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Case 3: 24, is not an almost progression. Our plan is to prove that Ay obeys the
conditions (4.4.5) and (4.4.6)). Again, we may use to show that |(k —2)Ao| <
p— 1Al < plk — 1)/k.

Observe that [2A4p| > 3 and |[4Ag| > 7, both of which follow from the assertion
that |Ag| > 3. Furthermore, |(k — 2)Ao| < p(k — 1)/k, which is less than p — 4 by
Lemma and the fact that £ > 8. Thus, we may apply the contrapositive of
Theorem (k —4)/2 times to show that

k—2 k—4
0k = 2)40] > =240 + =,

which, combined with our upper bound |(k — 2)Ag| < p — |A| < p(k — 1) /k, gives

2p(k—1) k-4
k(k—2) k-2

24| < (4.4.10)

Now, we will first prove that Ay satisfies (4.4.6)). Indeed, this is the case provided

that
Wk —1) k-4

k(k—2) k-2
Since k > 8, the left hand side is at most 7p/24, which is less than 0.334p.
It remains to prove that A, satisfies (4.4.5). Suppose that this is not the case; in

other words,

< 0.334p.

1240] > 2.36| 4| — 3. (4.4.11)
In view of (4.4.10) and Proposition [4.4.5 we deduce that

2p(k—1) k-4 P
- 236 (2 +1) —3.
Kk—2) k-2 (1)

Rearranging, this becomes
0.36k — 2.72 k—4
—_— 0.64 — ——.
p( Kk —2) >< k2

However, when k& > 8 the left hand side of this is positive and the right hand side is

negative, which gives a contradiction.

Thus, Ay satisfies (4.4.5)) and (4.4.6), and so we may apply Corollary This

tells us that Ay is contained in an arithmetic progression with [2A4y| —|Ag|+ 1 terms,

and this is at most p/(k — 2) + 1 by Proposition and the bound (4.4.10)). O

Without loss of generality, we may assume A, is contained in an arithmetic pro-

gression P of common difference 1, and that both endpoints of P are elements of Ay.
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We will derive a contradiction by finding a bad subgraph. We will split into two cases
depending on whether or not 0 is an endpoint of P.

Case A: 0 is not an endpoint of P. We will treat the elements of P as elements
of Z in the natural way.

Let P = [—R, S|, where R # S follows from the fact that A and —A are disjoint.
Without loss of generality, assume that that R < S. The bound |P| < ;25 +1 tells us
that R+ S < ;%5. Let —r be the largest negative element of Ay and s be the smallest
positive element of Ay. Consider H = G,[[—r, s]], the subgraph of G, induced on the
interval [—r, s].

Each nonnegative vertex of H has an outgoing edge corresponding to —r, and each
nonpositive vertex of H has an outgoing edge corresponding to +s. Consequently,
each vertex of H has positive outdegree. In particular, H contains a cycle C'; which
we may assume to be induced by taking the shortest such cycle. In other words, G,
contains an induced cycle C' contained in [—r, s].

If C' is an odd cycle, then it is the required bad subgraph. Otherwise, C' must
be even. Translate so that —r is the smallest element of C. We claim that —r — S
has exactly one outgoing edge pointing towards C', and no incoming edges from C.
Indeed, there is an edge directed from —r — S to —r because S is assumed to be in
A.

Now, the outgoing edges from —r — S go to —r — S + A, which is contained in
—r — S+ [—R, S], and the incoming edges to [—r — S| come from —r — S — A, which
is contained in —r — S — [—S, R]. Because S > R, we have that

(—r—=8S+A)U(-r—S—A4)C—r-S5+[-5,59],

and so there will be no other edges between —r — S and C provided that (—r — S +
(=5, 5] N [=rs] = {-r}.

To see that this is the case, observe that —r — S + [=S,S] = [-r — 25, —r].
Working in Z/pZ, the intervals [—r — 25, —r — 1] and [—r, s] will be disjoint provided
that p —r — 25 > s. This holds because r + s and S are both less that Z5 < £.

Thus, there is exactly one outgoing edge from —r — S to ', and no incoming edges
from C' to —r — S. This means that each vertex in C'II {—r — S} has outdegree 1,
and so this is our required bad subgraph.

Case B: 0 is an endpoint of P. We will treat elements of P as elements of [0, p]
in the natural way. Let m = max P, so m < ;%5.

We claim that any r with the property that m/2 < r < 3m/2 is the sum of two

elements of Ag. Indeed, |Ag| > p/k + 1, so there are fewer than m —p/k — 1 elements
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of P\ Ay. However, given any r with m/2 < r < 3m/2, there are at least m/4 disjoint
pairs of elements of P which sum to r. Thus, if r is not expressible as the sum of two

elements of A, then it must be the case that

m p
mem-2_
1 "%

Since m < p/(k — 2) and k > 8, this cannot happen.

Now, choose r with m/2 < r < 3m/2 so that p — r is divisible by m (this is
possible since there are at least m integers in the interval [m/2,3m/2]), and let
and 79 be two elements of Ay which sum to r. This gives two cases depending on
whether r; and 75 are both nonzero or at least one is zero; we prove only the first
case, as the second is easier.

We write p = sm + r1 + ro; since v has girth at least 8, we must have s > 6. If
s is odd, then we have an odd induced cycle of length s + 2 whose elements are the
partial sums of

m+---+m-+ry+m-—+ry=p.
—_———

s—1 terms
Note that the order of the elements is important, and that m is chosen (and placed

in between r; and r3) such that the odd cycle
{0,m,2m,...,(s—1)m, (s — 1)m+ry,sm+r}

is induced.

Otherwise, s is even. By a similar argument to the one used to show that r is a
sum of two elements of Ay, we can deduce that m is the sum of two elements of A;
we write m = my + msy. This gives us an odd induced cycle of length s + 3, whose

elements are the partial sums of

m+my+m+me+m+---+m+ri+m-+ry=p. [l
N’

s—4 terms

4.5 Proof of the main result

Unfortunately, we were unable to show that there are no small vectors v € F) with
girth at most 6 which work together with e. However, in order to prove that hy(p) = 2,
it suffices to show that there are no two vectors v and w, such that e, v and w are
linearly independent and work together.

Suppose that such a pair of vectors exists. As before, set A®) = {i : v; = 1} and

Aé”) = AW I {0}, and define A®) and A(()w) similarly. Recall from Lemma that
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we may assume that v and w are small, possibly by replacing with e + v or e + w if
necessary. In other words, A®) is disjoint from —A®), and the same holds for A®).
Since v,w and e all work together, v + w must also work with e. Now, v + w
cannot be symmetric, else the fact that e, v and v+ w work together would contradict
Lemma [4.3.6, Thus, v + w must be small or large. We will now show that the latter

of these cannot occur.

Lemma 4.5.1. Suppose that v,w € F5 are small vectors such that v,w and e work

together. Then, the vector v+ w must also be small.

Proof. Suppose otherwise that v+w is large. Since v and w are small, they must have
girth at least 4, and so, by Proposition 4.4.5, A® and A®™) have size at most |p/3].
Since AVTY) = AMAA®) - A®+) must have size at most 2 |p/3], which means that
Alervtw)] > p —1 -2 p/3].

However, by assumption e + v 4+ w is a small vector that works with e, and so has
girth at least 4. In particular, A€+ T)| < |p/3].

Combining these two equations, we find that (p — 1)/3 < [p/3], which implies
that, for some m > 2, p = 3m + 1 and |AW| = |AW)| = |Aletvtw)| = m,

To rule out this special case, we will use Vosper’s Theorem to find the structure
of v and show that G, has an induced 5-cycle, which contradicts the assertion that
v works with e. By two applications of Cauchy-Davenport, |2A(()U) + AW > 3m.
However, |2A(()v) + AW| < 3m by . Therefore, equality holds, and we may
apply Vosper’s Theorem to see that Aév) and A®) are arithmetic progressions with
the same common difference; without loss of generality, the common difference is 1,
and A(()v) ={0,...,m}.

Now, we have an induced 5-cycle whose vertices are {0, m — 1, m+ 1, 2m, 2m + 2}.
Indeed, m — 1 and 2 are both elements of [m], and there will be no other edges
provided that 2m — 2 > m, which holds for p > 7. O

As with Proposition [4.4.1] we can rephrase our problem in terms of a graph
theoretical problem. Since v 4+ w is small, there cannot be any edges that have
different directions in G, and G,,. Thus, we may encode GG, and GG, in a single graph

G with vertex set Z/pZ using edges coloured with three colours. We do this as follows.

e If there is an edge from i to i + j in both G, and G, (so j € A®) N A™)), then

draw a green edge from 7 to i + j.

e If there is an edge from i to i + j in G, but not in G, (so j € AW\ A™) then

draw a red edge from i to i + 7.
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e Finally, if there is an edge from i to i+ in Gy, but not in G,, (so j € A\ A®)),

then draw a blue edge from i to ¢ + j.

Thus, G, consists of the red and green edges of GG, and G, consists of the blue and
green edges. Furthermore, G, consists of the red and blue edges.

The relevance of G to our problem is given by the following proposition, which is
analogous to Proposition [£.4.1]

Proposition 4.5.2. If v,w € F5 are two small vectors with vg = wg = 0, then v, w
and e work together if and only if there is no induced subgraph H of G on an odd
number of wvertices such that, for each i € H, the numbers of red, blue and green

outneighbours of i in H are not all of the same parity.

As with Lemma [£.4.2] the outdegrees can be replaced with indegrees. Thus, for
the remainder of the proof, we will call an induced subgraph H of G bad if

1. H has an odd number of vertices and
2. at least one of the following holds:

(a) for each vertex in H, the outdegrees in the three colours do not all have

the same parity;

(b) for each vertex in H, the indegrees in the three colours do not all have the

same parity.

In other words, Proposition [4.5.2] implies that v and w work together with e if and

only if G has no bad subgraphs.

Proof of Proposition[{.5.9. The vectors v, w and e fail to work together if and only
if there is a vector x for which any shift ¢*x is not orthogonal to at least one of them.
Let B={i:x; = 1}.

As shown in the proof of Proposition , we find that v - 0%z = 1 if and only
if & has odd outdegree in G,[B], and similarly with v replaced by w.

Thus, v, w and e fail to work together if and only if there is a subset B such that
for each k € B, k has odd outdegree in at least one of G,[B] and G, [B]. Since G,
consists of the red and green edges of G, the outdegree of some k € B is even in G,|B|
if and only if the number of red and green outedges of k in G[B] has the same parity.
The same statement holds of for w with red replaced by blue. Hence the statement
that k& has odd outdegree in at least one of G,[B] and G,[B] is equivalent to the
assertion that the outdegrees of k in G[B] in the three colours are not all of the same

parity. O
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Observation 4.5.3. For any colouring of the edges, a directed triangle is a bad

subgraph.

Let us write A for A® U A™) so there is an edge from i to i + j in G if and only
if j € A. Let Agreen = A® N AW (so there is a green edge from 4 to i + j if and only
if j € Agreen) and similarly define A,eq = A® \ A® and Ape = A® \ AW,

Since v, w and v + w all work with e, Proposition tells us that they must
each have girth 4 or 6. To complete the proof of Theorem [4.1.1] we will divide into
cases depending on how many of v,w and v + w have girth 4 and how many have
girth 6.

Lemma 4.5.4. Suppose that at least two of v,w and v+ w have girth 4. Then G has
a bad subgraph.

Proof. Without loss of generality, we can assume that both v and w have girth 4. By
Proposition 4.4.5, [A®] |A®)| > p/4 and |AC+®)| > p/6. Since AUT®) = AWAAW)
each element j € A is in exactly 2 of A® A®) and A®+%) Hence,

1

|A| — 5 (|A(v)|+|A(w)|+|A(v+w)|)
lLyp p py_Pp
>§(:ﬁ1 6)—3-

Thus, Cauchy-Davenport tells us that [2(AII{0}) + A| > p, and in particular 0 is
the sum of at most 3 elements of A. Thus, there is a cycle of length at most 3 in G.

There are no two-way edges in GG, so GG contains a directed triangle. O
For the remaining two cases, we will require the following lemma.

Lemma 4.5.5. If G contains a 4-cycle which includes edges of all three colours, then

G contains a bad subgraph.

Proof. Suppose that G contains a 4-cycle which includes edges of all three colours.
Label a red edge r (so the edge is directed from some ¢ to ¢ + ), label a blue edge b,
a green edge ¢ and the final edge x. Without loss of generality we can assume that
the edges are in the order r, g,b,z. We will consider subgraphs induced on (subsets
of) {0,7,9,b,7r+ g,r+b,b+ g, 7+ g+ b}.

First, consider the subgraph H = G[{0,r,g9,7 + g, + g + b}], as illustrated by
Figure [4.4] Observe that there can be no edge between 0 and r + g. If there were
an edge from 0 to r + g, then {0,7 + g, + g + b} would induce a directed triangle,
and if there were an edge from r + ¢g to 0 then {0, g, 4+ g} would induce a directed
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r+g

o, <

/

b+ g

Figure 4.3: A rainbow 4-cycle implies the existence of a subgraph as depicted in the
figure. The black edge can be coloured either red, green or blue.

triangle. In either case, we obtain a bad subgraph. Similarly, there can be no edge
between r + g + b and either » or g. Thus, the only possible edge that can be added
is between r and g¢.

Now, observe that if there is no edge between r and g, then H is a bad subgraph.
In fact, the only way to stop H from being bad is to have a red edge from g to r, or
a green edge from 7 to g.

The same argument can be applied to subgraphs induced by {0,7,b,r+b,r+g+b}
and {0,¢9,b,b+ g, + g + b} to show that there is either a blue edge from r to b or a
red edge from b to r, and either a blue edge from ¢ to b or a green edge from b to g.
If we take edges of all three colours, then {r, g,b} would induce a directed triangle.
Thus, one colour appears twice between pairs of r, g and b; without loss of generality,
that colour is red. We may hence assume there are red edges directed from g and b
to r.

Now, consider the subgraph H induced by the vertices {0, r,b,r + g, 7+ g+ b}, as
seen in Figure

As before, the only edge that is undetermined is a possible edge between b and
r + g; such an edge cannot be directed from r + g to b, else {b,r,r 4+ g} induces a
triangle.

If there is no edge from b to r + g, then H is bad. Indeed, H is bad unless there
is a red edge from b to r + g.

Finally, consider the subgraph induced on {0,b,g,r + g, + b+ g} as depicted in

Figure [4.6]
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Figure 4.4: If none of the dotted edges is present, then the depicted subgraph of G is
a bad subgraph.

We know that there is an edge between b and ¢ and that edge is either blue or
green. In both cases, this is the bad subgraph we sought. O]

Lemma 4.5.6. Suppose that v,w and v + w all have girth 6. Then G has a bad
subgraph.

Proof. As in the proof of Lemma we learn that |A| > p/4, and so, by 3 appli-
cations of Cauchy-Davenport, G contains a cycle of length at most 4. Since there can
be no directed triangles (Observation , the girth must be at least 4, so there is
an induced 4-cycle C.

Suppose that C' contains only red and green edges; then C' is contained entirely
within G,, contradicting the fact that v has girth 6. Therefore, C' must contain at
least one blue edge. Similarly C' must contain at least one red edge and at least one

green edge. Thus, C' must contain all three colours, and so we are done by Lemma

4.5.0l [

Lemma 4.5.7. Suppose that v and w have girth 6, and v+ w has girth 4. Then G
has a bad subgraph.

Proof. As in the proof of Lemma [£.5.6] since G, and G,, do not contain a 4-cycle,
we find that there cannot be a 4-cycle in G with no blue edges or with no red edges.
Since there cannot be a 4-cycle with all three colours by Lemma [4.5.5] we find that
G cannot have a 4-cycle containing a green edge. Note that GG can also not contain

an induced directed 3-cycle or 5-cycle, as such a subgraph is bad.

100



r+g+0b

Figure 4.5: Vertex r has an even number of edges coming in for each colour. If the
dotted line is not an edge, then the depicted subgraph is bad on outdegrees.

r+g

r+g+b

Figure 4.6: There is no way to add an edge to the depicted subgraph without creating
a bad subgraph.
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r b+r

T

Figure 4.7: If the graph G contains a 5-cycle, then we may assume it contains the
subgraph depicted.

By Proposition 4.4.5, p/4 < |A®T%)| < p/3, and by Cauchy-Davenport
|3Aév+w) + A(v+w)| > 4|A(v+w)| > p.

Thus, 3A(()U+w) + A*T®) is the whole of Z/pZ. Consequently, for any g € Ageen, We
can find ay,...,a4 € A(()Mw) not all zero such that a; + as + a3 + a4 = —g. Note
that —g & AT = A4 U Apjue, S0 at least two of the a; are nonzero. Exactly two
nonzero a; corresponds to a directed 3-cycle, whereas exactly three nonzero a; would
correspond to a directed 4-cycle with a green edge, both of which cannot exist by the
observations above. We conclude that all a; must be nonzero and that GG contains a
(non-induced) 5-cycle C' with exactly one green edge.

The cycle C' must contain at least one red edge and at least one blue edge. Without
loss of generality there are at least two red edges, so we may assume that r = a; €
Ared, ' = a9 € Areg and b = a3 € Appe. Set 2 = ag4 € Areq U Aplue-

We will now consider subgraphs induced on (subsets of) {0,b,b+ g,b+r,b+ g+
r,—x} as in Figure

First, consider H = G[{0,b,b+g,7+g+b, —x}|. Since G has no induced 5-cycles,
there must be another edge present. As shown in Figure [4.8 there are only two
possible edges that can be added without creating a 3-cycle or a 4-cycle containing a
green edge, from 0 to b+ ¢ and from b to r + g + b. Since {0,b,b+ g,7 + g+ b, —z}
is an odd-sized set, H will be bad unless there is a vertex for which the indegree has
the same parity in every colour, and also a vertex for which the outdegree has the

same parity in every colour.
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T

Figure 4.8: The only edges that can be added to the subgraph without creating a
rainbow 4-cycle or a directed triangle are depicted with dotted lines.

r b+r
b b+g
\
b
0 " —T

Figure 4.9: The dotted line indicates the only place where we might be able to add
an edge to the subgraph.

As we cannot add green edges without creating a 4-cycle with a green edge, H will
be bad because of indegree unless we have a red edge from b to b + g + r. Similarly,
H will be bad because of outdegree unless we have a blue edge from 0 to b + g.

A similar analysis on {0,b,b+ r,r + g + b, —x} shows us that there is a red edge
from b+ to —z, and so the only unknown edge is a possible edge between b+ g and
b+ r, as illustrated by Figure We make the following two claims:

1. There must be either a red edge from b+ g to b+ r or a red edge from b+ 7 to
b+ g.

2. There must be either a red edge from b+ g to b+ r or a blue edge from b+ r
tob+g.
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0 i

Figure 4.10: Starting from the 5-cycle depicted in Figure we show G either
contains a bad subgraph or it contains the subgraph depicted in the figure.

To see the first claim, consider H = G[{0,b,b+ g,b+ r,—x}|. The only way that H
can have a vertex all of whose indegrees have the same parity is if there is a red edge
from b+ g to b+ r or a red edge from b+ r to b+ g. Similarly, the second claim
follows by considering the outdegrees of G[{0,b+ ¢g,b+r,b+ g +r,—x}].

The only way both 1 and 2 can hold is if there is a red edge from b+ g to b+ r.
In particular, r — g € Ayeq-

Thus, given a 5-cycle b+ 1+ g+ '+ 2 = 0, we get that r — g and ' 4 g are red,
and b+ (r—g)+g+ (r' +g)+2x = 0is also a 5-cycle. We may iterate this argument
to see that each element of the sequence r,7 — g, — 2g,... will be red. However, p
is prime, which means that the sequence will hit every element of Z/pZ. This yields

the required contradiction, and so G must have a bad subgraph. O]

Lemmas 4.5.4) and combine to show that regardless of the girths of v
and w, G must have a bad subgraph, and so v and w cannot work together with e.
This completes the proof of Theorem [4.1.1]

4.6 Generalisation to arbitrary finite fields

We will now investigate h,(n), the maximal codimension of a cyclically covering sub-
space in Fg, for ¢ a prime power. We consider this problem in the orthogonal com-
plement in an analogous way to the case ¢ = 2: we say that a vector v € Fj works
if for every x € F there is a k € {0,...,n — 1} such that v - oFr = 0, and that the
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vectors v v® ... v work together if for every z € F, there exists a k such that

z=0® . ogFr=... =™ .gFr = 0.

As before, h,(n) is given by the largest m for which there exist v v@ 0™ that
are linearly independent and work together.
The following result is an analogue of Theorem [4.2.1] and can be proven by re-

placing 2 with ¢ in the proof of Theorem [4.2.1]

Theorem 4.6.1. Let q be a prime power. For allm,n € N, hy(mn) = hy(m)+hy(n).
Theorem generalises as follows.

Theorem 4.6.2. Let p be a prime, and let g be a power of p. Then hy(pn) < phy(n).
To prove Theorem |4.6.2, we use the following lemma.

Lemma 4.6.3. Suppose that f is a polynomial of degree at most p—1 over F,. Then

> 0 degf<p—1
; f(z) = {—cp_1 dogfop1 (4.6.1)

where ¢,y refers to the leading coefficient of f when f has degree p — 1.
Proof. Lemma {4.6.3| will follow from the special case of monomials. If f is constant,

then clearly > f(z) = pf(0) = 0. If f(z) = 2" for some 0 < r < p — 1, then let
w € Z/pZ be a primitive root. Then,

Zﬂ = Z(wx)r =w' Zmr,

where the first equality follows from the fact that multiplying by w is a bijection on
(Z/pzZ)*. Thus (w" —1)> _ f(z) =0, and so > f(z) =0 as w is a primitive root.
Finally, observe that 3° a?~' =3 1 =p— 1. O

Proof of Theorem[{.6.3. Given a vector v € FE", we will define its degree as follows.
Fori € {0,...,n— 1} and v € FI", let
mi(v) : Fy, = F,
J > Unjie
Any function taking F, to F, can be written uniquely as the restriction to F, of a

polynomial of degree at most p — 1 over F,. Let d; be the degree of m;(v). The degree

d of v is defined as d = max; d;.
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Suppose that V' C FI" is the vector space spanned by hqy(np) vectors that are
linearly independent and work together. For d € {0,...,p — 1}, let V; < V be the
subspace consisting of all vectors of degree at most d. Since every vector has degree
at most p — 1, we immediately get that V,_; = V.

Then, Theorem [4.6.2| will follow from the following claim.

Claim. If V_; is defined to be the trivial subspace, then for each 0 < d < p — 1,
dim Vy < dim V4 + hy(n).

Proof of Claim. Suppose that v ... v are vectors in V; that extend a basis of
Vi-1 to a basis of Vg; thus, r = dim V; — dim V;_;. We must prove that r < hy(n).

For ¢ € [r], define w® € F? such that wl@ is the coefficient of X in the polynomial
corresponding to m;(v?). We claim that w(V), ..., w() are linearly independent and
work together, proving r < hy(n).

We first show they work together. Let x € Fj. We must prove that there is a
shift & such that w® - o¥x = 0 for each t € [r].

Define the vector y € FI" by y,;1: = gP gy for i € {0,...,n — 1} and j €
{0,...,p—1}. Since the v work together, there must be a shift k with the property
that v® - g%y = 0 for all t € [r]. By definition,

n—1 p—1
0=0v". oMy = Z Z vs])—l-iynﬁrifk-
i=0 j=0
Now, we will prove that
p—1
Z vv(mtj)—kiynjﬂfk = —wz(t)l’ifk (4.6.2)

Jj=0

for each t € [r], where the index of x;_j is taken modulo n.

To prove this, note that by definition of w®, we may write

o = (me)() = 0 + £(5)

where f is some polynomial of degree at most d — 1. There is a unique A € Z/pZ
with the property that, for each j € {0,...,p — 1},

nj+i—k=n(j+A\)+¢
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where ¢ € {0,...,n — 1} satisfies { = ¢ — k mod n. This gives that ynj1i—r =
T (5 + AP~ and thus

p—1 p—1
Z Ufgﬂynﬂwk = Z <w§t)jd T f(‘7>) zik(J A
=0 §=0

= —wgt)xifk

by Lemma
It follows that

n—1
0=—ov". oMy = Zw?t)xi_k =w" .oz,
=0

for each ¢ € [r]. This proves that the w® work together.
It remains to show that the w® are linearly independent. Suppose otherwise;

then, there must exist a linear relation

Z )\tw(t) =0
t=1

for some \; € F, not all zero.
By definition, this means that each m;(>;_, Aw®) : F, — F, has coefficient of X¢
equal to zero, and thus has degree at most d — 1. In other words, >, Mo® e Vg,

contradicting the assertion that the v® extend a basis of V_;. O

Applying the claim, we conclude that

p—1
hy(pn) =dimV = Z (dim V; — dim V1) < phy(n). O
d=0

For ¢ < p, note that h,(¢) <log,(¢) < 1. This gives us the following corollary of
Theorem [4.6.2]

Corollary 4.6.4. Let p be prime, and let q be a power of p. Then hy,(¢p?) = 0 for
any < q.

Remark. In Theorem [{.6.2] we require that the characteristic of the field F, is the
same p as in the bound. For example, h3(2n) < 2hz(n) fails for n = 4. Indeed, observe
that h3(4) = 0 (as noted in [11]), whereas h3(8) = 1 follows from [I1, Theorem 5].

For ¢ > 2, we have the following stronger version of Theorem [4.1.1]
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Theorem 4.6.5. Suppose that q is an odd prime, and p > q is a prime with q as a
primitive root. Then h,(p) = 0; in other words, there are no nonzero vectors v € Fr
that work.

Remark. It is known by a result of Heath-Brown [34] that for all but at most two
primes ¢, there are infinitely many primes p such that ¢ is a primitive root of p. In
particular, we know unconditionally that for all but two primes ¢, h,(n) does not
tend to infinity among n coprime to ¢. It is widely believed that there are no primes
q that are primitive roots for only finitely many p; if this were true, we would know

that h,(n) does not tend to infinity for any ¢ (among n coprime to ¢).

Proof. Suppose that v € F? is nonzero. We consider the polynomial f, € F,[X]/(X?—
1) which corresponds to a vector v, after making the natural modifications to the
definition given in Section An analogue of Proposition holds over F,, with
the same proof. Thus, v works if and only if, for every x € Ff, there is a k such that
the coefficient of X* in f,f, is 0. This holds if and only if f,f, is never equal to a
polynomial with no coefficient equal to zero. In other words, v fails to work if and
only if f, is a factor of a polynomial with no zero coefficients.

Since ¢ is a primitive root for the prime p, the analogue of Lemma tells us

that X? — 1 factors into irreducible polynomials as
XP—1=(X -1+ X+ +XPh).

Then we can write

FIX] X X

(Xp—1) (X—1) (Q+X+X2F--+Xxp1)

Suppose f, is nonzero in F,[X]/(X? —1). Write a € F,[X]/(X —1) for f, mod X —1
and b € F [X]/(1+ X +---+ XP~ Y for f, mod 1+ X +---+ XP~'. The assertion
that f, is nonzero is then equivalent to the assertion that either a or b is nonzero.

Suppose first that a is nonzero. Since F,[X]/(X — 1) is a field, there is an inverse
atfora. Letc=14X+---+XP~' mod X —1, and let g € F,[X]/(X? —1) denote
the polynomial that is ca™ mod X —1 and 0 mod 1+ X +---+ XP~!. Thus, f,g is
¢ mod X —1land 0 mod 1+ X +---+ XP! andsoisequal to 1+ X + ...+ XP~!
mod X? — 1. In particular, f, is a factor of 1 + X + .-+ + XP~1,

On the other hand, suppose that a is zero. Then b must be nonzero, and a similar

argument shows that f, is a factor of X — 1. Thus, any nonzero polynomial in
F,[X]/(X? —1) is a factor of either X — 1 or 1+ .-+ XP~1
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Now, 1+ --- 4 XP~! itself has no coefficient equal to zero. Also, X — 1 is a factor
of

p—1
(X DX XP 4 X = 1) =1-2X+ X7+ ) (-X),
i=3
which also has no coefficient equal to zero.
Thus, any nonzero polynomial is a factor of a polynomial with no coefficient equal

to zero, and so any nonzero vector does not work. O]

109



Chapter 5

Functions of large additive energy
supported on a Hamming Sphere

5.1 Introduction

For a function f : F} — R, we define its Gowers Us norm to be

1/4
111, = (Ea17a27a3,a4ngf(a1)f(az)f(as)f(a4)) . (5.11)

ai1t+az=az+aq

This is also called the additive energy of f, and agrees with the usual notion of energy
E(A)

~i, Where N = 2" is the size

for sets (up to a scaling) in the sense that ||14]|}, =

of F2. Similarly, we will define the £2 norm to be

1/2

1 f]l2 = (Eaerg f(a)?)
For a set A C F4, define pu(A) by

u(A) = max 111z, (5.1.2)

—rRoRr |f3
suppfCA

where supp(f) denotes the support of f.

Let the Hamming Sphere S(n,k) C FJ consist of those vectors of weight k; in
other words, S(n, k) consists of those vectors with exactly k ones. A natural lower
bound for ;(A) would be to take f to be constant on A. This gives p(A) > +Z4)

N A2
In [39], Kirshner and Samorodnitsky conjectured that this is optimal:

1 E4)
N A2

Conjecture (Conjecture 1.9 from [39]). Let A = S(n,k). Then, u(A) =

4
17113,

TR achieves its maximum when f is constant.
2

In other words, the ratio

The purpose of this section is to establish this conjecture.
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Theorem 5.1.1. Let A= S(n, k). Then, u(A) = %]ff(l[l?'
4
Moreover, if 2 < k < n — 2, then any function which maximises % must have
2
|f| constant.
ILf113

Remark. Kirshner and Samorodnitsky define p1(A) as the maximal value of among

17113
functions whose Fourier transform is supported on A. However, it can easily be seen
that these two formulations are equivalent (up to normalisation) by taking a Fourier

transform, and using Parseval’s identity and the relation that ||f||4 = ||f |1, -

5.2 Proof of Theorem [5.1.1]

Throughout the proof, let ey, ..., e, denote the standard basis for F}, so that any
element of F} may be written ) €;e;, where ¢; € Fy. If v,w € F3, let (v, w) denote

the standard inner product of v and w. In other words,

<Zg<l>ei, zg<2>ei> I SRONC)

The idea behind our approach is to define an operation on functions f, which

we call a compression, which increases the value of ||f||y2 without affecting || f]]2-
17118,
IE

under compressions. This idea is loosely inspired by the use of compression techniques

In particular, there must be a function maximising the ratio which is invariant

in extremal set theory, and particularly the additive combinatorial applications as in

[28]. However, the actual compressions we consider are different.

Definition 5.2.1. For a function f : F} — R and 7 < j < n, define the 7, j compres-

sion f) as follows:

y f(z) (r,e;+¢€j) =0
(i5) —
fi() = {\/f(z)2+f(x+ei+ej)2
2

otherwise.

In other words, let m;; : Fy — Fg"d) denote the projection given by ignoring the

coefficients of e; and e;. Then, f@)(z) is the (2-average of f over elements of the

coset of ker ;; containing x, which have the same Hamming weight as x.
The proof of Theorem relies on the following lemma about compressions.
Lemma 5.2.2. Let A = S(n, k), and suppose that f is supported on A.

1. f%) is also supported on A.

111



2N f s = [If]2-
3Ny = 1w,
4. If equality holds above, then it must be the case that |f| = |f@)].

Proof. The proofs of and follow immediately from Definition m

For (3)), observe that we may rewrite (5.1.1]) as follows.

HfH?JQZ%Ebl,bz,bs,b4ewz»]-(Fg) > flan)f(az)fas) f(aa) | . (5.2.1)

bit+b2=bs+bs arem; (bi)NA

a1+as=az+as
where the outer expectation is over cosets of ker m;;, and the factor of 4% comes from
the fact that we have renormalised the inner expectation to be a summation. Our
strategy will be to prove that each bracketed term on the right hand side of

does not decrease when we pass from f to f).

Observe that, if f is supported on A, then the outer expectation of may
be restricted to terms such that each b, has Hamming weight either k, k — 1 or k — 2,
and the size of Wigl(bt) N A depends on whether b, has weight £ — 1 or not. Thus, we
split naturally into three cases.

Case 1: None of by, by, b3 or by has Hamming weight k — 1. In this case, the
bracketed term is a sum over exactly one term, and is unchanged as we pass from f
to f(ij)‘

Case 2: Ezactly two of by, ba, bs and by have Hamming weight k — 1. Without loss
of generality, it is by and by which have Hamming weight k£ — 1. Then, there are two
possibilities for the bracketed term, depending on how many of b3 and b, have weight

k — 2. If neither or both of them do, then we may write the bracketed term as

(b1 +e;) f(ba + €;) faz) f(as) + f(br + e;) f(ba + €;) fasz) f(as),

where a3 denotes the unique element of Wigl(bg) N A (and likewise for a4). The con-

clusion then follows from the assertion that
f(b1 + €1>f<bz + 61') + f(bl + ej)f(bg —+ €j> < 2]!'(1])([)1 + 61)][(2])([?2 + el-),

which is a consequence of the Cauchy-Schwarz inequality. A similar argument applies

if exactly one of b3 and by have weight k — 2.
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Case 3: All four of by, by, bs and by have Hamming weight k — 1. In this case, the

bracketed term is now a sum of eight terms. One of the terms is

flar) f(az) f(as) f(as) = f(br +€;) f(ba+ e;) f(bs + €;) f(bs + €;),

and the others can be obtained by replacing two or four of the e; with e;.
Group the terms into four pairs, according to the values of a3 and a,. If a3 =

bs + e1 and a4 = by + €1, for example, then we have

J(br+ ) f (b2 + €:) f(as) f(as) + f (b1 + ;) f(b2 + ;) [ (as) f(aq)
< 9 (a) f9(as) f(as) f(aa),

as in case 2. The conclusion then follows from the fact that
flbs +e:) + f(bs +¢;) < 2% (ay),

which follows from Cauchy-Schwarz.

Finally, it remains to prove . Suppose that |f| # |f@)|. In other words, there
must be some vector v of weight & — 1 such that f(v+e¢;) # f(v+e;). Then, consider
the term of coming from b, = by = by = by = v. This term may be rewritten
as

flo+e) +6f(v+e)f(v+e)+ flv+e)h

The corresponding term for £ is 8 () (v+e;)* in view of the fact that £ (v+e;) =
f@) (v + e;), and this is strictly larger for f(¥) than it is for f by the AM-GM
inequality. O]

We can now complete the proof of Theorem [5.1.1, By compactness, there must
exist some function f achieving the maximal value of || f||y,, for fixed || f||2. Suppose
that this maximal value is achieved for a function f for which |f| is not constant.

Consider the Hamming Sphere as a graph, where we join two elements v and w
with an edge if and only if w = v + e; + ¢; for some 4 and j. Then, the Hamming
Sphere is connected. Thus, there must be two adjacent elements v and w for which
()] # 1 (w)].

Thus, if w = v + ¢; + ¢;, then |f| # ||, and so Lemma tells us that
£l < 1£99||u,, contradicting the maximality of || f|]v,-

Therefore, | f| must be constant. Observe that by the definition of Us norm, the
Us norm of f is bounded above by the Us norm of |f|, proving that the constant

function indeed maximises || f||y, among functions with || f||2 fixed. O
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Remark. In fact, by examining the proof of Lemma [5.2.2] we may classify exactly
which functions f with |f| constant maximise ||f||v,/|f]]2. We will prove that any
function maximising this ratio must be of the form f(v) = C(—1)"", where w is a
fixed vector. In particular, if & = 1 or n — 1 then any function with |f| constant
maximises the ratio.

Suppose that v and w are any vectors of weight k — 1 with no e; or e; component,
and let e be any basis vector that is not e; or e;. For the term in ([5.2.1)) coming from

b1 =v,bp =w,b3 =v+e,by =w + e, the bracketed term becomes

flote)flwte)flvte)f(w+e)+ fo+e)flw+e)f(vte)f(wte).

For this not to increase when we pass to f(¥), it must be the case that we have
flo+e)f(w+e) = f(v+e;)f(w+e;) (noting that all of the factors are nonzero as
|f| is constant). In other words, the signs of f(v + e;) and f(v + e;) are the same if
and only if the signs of f(w + e;) and f(w + e;) are the same.

Consider the graph on vertex set [n], with an edge between i and j if the signs
of f(v+e;) and f(v + e;) are different for all v. Such a graph must be a complete
bipartite graph (or an empty graph, which may be viewed as a complete bipartite
graph with one of the parts being empty). Indeed, for any i,; and k, the number
of edges among 7, jk and ¢k that are present must be even, and an easy induction
shows that such a graph must be complete bipartite.

Accordingly, let w be the sum of the e; with 7 taken from one of the parts. It is easy
to see that the sign of f(v)(—1)"" must remain constant, and thus f(v) = C(—1)""

as claimed.
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Chapter 6

A counterexample to a strong
variant of the Polynomial
Freiman-Ruzsa conjecture

6.1 Introduction

Let A C F} be a subset, with |A + A] < K[A|. The Polynomial Freiman-Ruzsa
conjecture, attributed to Marton, asserts that A can be covered by at most KO0
translates of a subspace of size at most K°M|A].

An equivalent form of the Polynomial Freiman-Ruzsa conjecture may be stated
as follows [24]:

Conjecture 6.1.1. Suppose that ¢ : F) — Fé,v is a function such that ¢(x + y) —
o(x) — ¢(y) takes values in some set S.
Then there is a linear map qg o F:fjv with the property that gb—q; takes at most

1S|°M) values.

It is tempting to hope that there might be a natural combinatorial relationship
between the set S and the image of ¢ — ¢. The following is a natural strengthening of
Conjecture [6.1.1], which has been considered elsewhere (see [19], [53, Section 1.17]).

Conjecture 6.1.2. There is a constant t such that the following holds. Suppose that
¢ Fp — FY is a function such that ¢(x +y) — ¢(x) — ¢(y) takes values in some set
S.

Then there is a linear map ¢ : Fy — F;V with the property that ¢ — ¢ takes values
in tS.

In particular, in [I9] Farah proves Conjecture when S is a Hamming ball.
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Green and Tao give a counterexample in [53], Section 1.17]. However, their example
is based on quadratic forms, and only works in the case that p = 2. In [19, Theorem
3.3], Farah proposes a different example which refutes Conjecture , and works
for any value of p.

In this section, we offer an alternative approach to that of Farah to refute Con-
jecture [6.1.2] Our construction defines the same function ¢ as Farah, but provides a
somewhat different argument to prove that ¢ — ¢ does not take values in ¢S. In par-
ticular, our approach gives linear bounds on how large we need to take n to refute the
conjecture for a particular value of ¢; namely, we show that we may take n = 12t + 7.
By contrast, Farah’s approach provides bounds on n which are doubly exponential in
t, as the argument relies on Ramsey’s theorem.

Note that our construction is optimal, in the sense that there cannot be any
counterexample to Conjecture with a bound better than linear.

Proposition 6.1.3. Ift > (p — 1)n, then Conjecture holds.

Proof. Given ¢ : FJ — Ffpv , construct ¢ as follows. Let eq,...,e, form a basis
for F) and say that if * = xie; + -+ + zne, for scalars x; € Fp, then qg(x) =
d(er) + -+ Taden).

Now, if x = z1e1 + -+ - + e, with 21 + -+ - + x,, = k (here considering the z; as
elements of the interval [0,p — 1] € Z), we will prove that ¢(z) — ¢(z) is the sum of
at most k elements of S via an induction on k. In particular, this will complete the
proof of Proposition [6.1.3]

If k = 1 then ¢(z) — ¢(z) = 0. For the inductive step, we simply use the relation

P(x) — ¢(x) = d(x — e;) — d(v — e;) + (o) — P2 — €;) — 9(ei))

which follows from the definition of (/5 If we choose i so that x; # 0, then the inductive

hypothesis tells us that ¢(z — e;) — ¢(x — e;) may be written as the sum of k — 1

elements of S, which completes the proof. O

6.2 The construction

The construction goes as follows.

Theorem 6.2.1. Given t, suppose thatn > 12t +7. View Fi,v as the space of all (not

necessarily linear) maps from FZ;’L to F, (in particular, N = p*" ).
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Let ¢ : F) — F;,V be defined as follows. If v is an element of F}, then define
Py
o(v) : Fp? — F, by
o(v) : f— f(v),
where f: F) — Fp.
Let S C F) denote the set of values taken by ¢(x +y) — ¢(x) — ¢(y). Then, there

is no linear map ¢ such that ¢ — ¢ takes values in tS.

Proof. Suppose that there does exist ¢ such that ¢ — ¢ takes values in ¢S.
An element of S may be written ¢(a +b) — ¢(a) — ¢(b) for some a,b € F). Thus,
for each = € F}, there are pairs (agz), bgz)) for 1 < ¢ <t with the property that

(B(x) = d(@)(f) =D flaf + ) = f(ai) — F(BI7) (6.2.1)

i=1

for every map f: F) — F,.
For each = € F}, define V, = Span(z, al” b\ al™ b)Y, v, obeys the follow-

ing three properties:
1. V, has dimension at most 2t + 1.
2. eV,

3. Suppose that f : F) — F, is a map such that ¢(z)(f) # ¢(x)(f). Then the

restriction f|y, is nonlinear.
The first two properties follow trivially. To see why the third holds, suppose that
¢(x)(f) # é(x)(f). By (6.2.1), we learn that
t
> (@ +67) = fa) = F) # 0.
i=1
Thus, at least one term in the sum must be nonzero; from that term, we have that

Fal + 0y # @) + F(61).

However, all three of the arguments to f above are in V,, so f|y, must be nonlinear.
Now, in order to find a contradiction, observe that it suffices to find a pair z,y € F)

such that
ey ¢ (Ve Vis) + (VN Vi), (6.2.2)

To see why, construct a function f : F} — F, as follows:
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e Set fly, =0 and f|y, =0.

e Set f(r 4+ y) = 1, and extend to a linear function on V,4,. This is possible

because of our condition on x + y.
e Define f arbitrarily on FJ\(V, UV, UV, ).

Now, we have that

In each line, the first equality holds by construction, the second follows from the
definition of ¢ and the third follows from property (3) since f|y,, f|v, and flv,,, are
linear. Thus ¢(z 4 y) — ¢(x) — ¢(y) is not zero when evaluated at f, contradicting
the linearity of ¢.

Thus, we will be done if we can establish the following:

n
p’

ston at most 2t + 1. Then, provided that n > 12t + 7, there must exist some pair x,y

satisfying .

Proof. Suppose that no such pair z,y exist. Then, for each z,z there exist v,, €
VeNnV,and w,, € V,_, NV, with 2 = v, , +w, ..

As x runs over FJ, v, . takes values in V.. Thus, by the pigeonhole principle, there
n—4t—2

Proposition 6.2.2. Suppose that for each x € F', we have a subspace V. of dimen-

must exist some choice v, € V, which occurs for at least p choices of z.

If we define U = {v € F}llv € V, for at least p"~*~? choices of 2}, then we in-

=42 choices of

stantly learn that v, € U for each z € F,, since v, € V,, for at least p
x. Similarly, w, € U, since w, € V,_,. In view of the fact that v, + w, = 2, we learn
that U + U is the whole of F?, and so |U| > p™/2.

However, we can also give an upper bound for |U|. There are at most p
n—4t—2

n+2t+1

pairs v,z with v € V,, and each v € U must count at least p of those pairs.

6t+3

Thus, there can be at most p elements of U.

Putting this together, we have that p/? < |U| < p%*3, and so that n < 12t+6. [

This gives us the required contradiction, and so such a linear function é indeed

cannot exist. O
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