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Abstract

An intracranial aneurysm (IA) is a ballon-like focal lesion on the cerebral arte-

rial wall. IAs are poorly understood, but are commonly considered to be a dis-

ease caused by multiple factors. Current interventional treatments are accompa-

nied with risks. Given the low incidence of rupture, it would be ideal to only treat

aneurysms identified with rupture risk. Numerical models of aneurysm develop-

ment may provide insight into the disease mechanisms, and contribute to the pre-

diction of disease progression. Better understanding of the disease aetiology will

also guide clinical decision making.

Different hypotheses have been proposed on the influence of haemodynamic

stimuli on IA inception. We investigate this influence by examining the haemody-

namic stimuli of the ‘pre-aneurysmal’ vasculature in the locations of IA formation in

22 clinical cases. The ‘pre-aneurysmal’ geometries are obtained by applying a novel

numerical vessel reconstruction method on the aneurysmal geometries. This auto-

mated reconstruction method propogates a closed curve along the vessel skeleton

using the local Frenet frames to smoothly morph the upstream boundary into the

downstream boundary. We observe that locally elevated wall shear stress (WSS) and

gradient oscillatory number (GON) are highly correlated with regions susceptible to

sidewall IA formation, whilst haemodynamic indices associated with the oscillation

of the WSS vectors have much lower correlations.

A common assumption made in the literature on arterial growth and remod-

elling (G&R) is that the ‘state of stretch’ (denoted as the attachment stretch) at which

collagen fibres are configured in the extracellular matrix (ECM) is assumed to be

constant. This will lead to an unrealistically thickened arterial wall in modelling

aneurysm evolution. We propose a novel 1D mathematical model of collagen mi-

crostructural adaption during IA evolution. We assume new collagen fibres are con-
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figured into the ECM in a state of attachment stretch distribution which can be tem-

porally adaptive. We explicitly define the functional form of this distribution and

model its temporal adaption during IA evolution. This model is then implemented

into two 3D models of IA evolution: a solid structural model and Fluid-Solid-Growth

(FSG) model. In the solid structural model, the artery is modelled as a two-layer,

nonlinear elastic cylindrical membrane using a physiologically realistic constitu-

tive model. The development of the aneurysm is considered as a consequence of

the growth and remodelling of its material constituents: elastinous constituents are

prescribed to degrade in a localised circular patch; collagen concentration and re-

cruitment variables enable the growth and remodelling of collagen fabric to be sim-

ulated; adaption of the attachment stretch distribution is confined locally within

the region of aneurysm evolution. The sophisticated solid model predicts stabilised

saccular IAs with realistic sizes and wall thicknesses. The FSG model simulates

the IA development on patient-specific vasculature: the updated 3D solid struc-

tural model is integrated into a patient-specific geometry of the vasculature and

the growth and remodelling of the constituents is now linked to the local haemo-

dynamic stimuli obtained from a rigid-wall computational fluid dynamics analysis.

Adaption of the attachment stretch distribution is also confined locally in the region

where the constituents degrade. An illustrative case of IA development on patient-

specific geometry is provided.

Based on our study, we conclude that incorporating the adaption of attachment

stretch distribution is necessary to simulate IA evolution with physiological evolv-

ing wall thicknesses. However, how vascular cells confine this adaption heteroge-

neously needs further investigation. Improved understanding and modeling of the

biology of the arterial wall is needed for more sophisticated models of aneurysm

evolution. It will in turn assist in understanding the aetiology of IA formation. Ulti-

mately we hope to have a patient-specific growth model that could have the poten-

tial be used to assist diagnostic decisions.
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INTRODUCTION

An intracranial aneurysm (IA) is an arterial disease in which a localised distension

can be observed on the surface of the wall. Given a relatively high incidence rate in

the adult population, the rupture risk of IAs is not high at all, with less than 1% of

detected aneurysms rupturing per year (Juvela, 2004). However, a severe secondary

incident to the rupture of an IA is subarachnoid haemorrhage, which is accompa-

nied by a very high mortality and morbidity rates (Brisman et al., 2006). Treatments

of the disease is also associated with high morbidity and mortality rates.

Based on the facts above, one question immediately arises: if a patient is de-

tected with an unruptured IA, should treatments be carried out or not? Given such

a low risk of rupture, and the fact that the current interventional procedures for

treating an unruptured aneurysm are not without risk, economically it would be

best to only treat those aneurysms which have the potential to rupture and leave

those which will not rupture untouched. This requires a criterion to help to iden-

tify which aneurysms are likely to rupture and which are not. The current criterion

used to assess clinical interventions is predominantly based on the sizes (or more

specifically, the diameters) of the aneurysms, which apparently do not account for

patient specific variabilities including family history and life style, as well as haemo-

dynamic variabilities (Ventikos et al., 2009). In addition, while it may seem intuitive

that larger aneurysms are at greater risk of rupture, some small aneurysms do rup-

ture (Lasheras, 2007). Hence there is an urgent need for a more rigorous criterion to

1
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emerge.

The proposal of a better criterion requires improved understandings of the

pathogenesis of the disease and the cause of its subsequent progression. These

understandings will also assist the development of more sophisticated models of

aneurysm growth, which will help to improve the prediction of growth and rupture

risk of IAs, and help to determine the interventional treatment on a patient-specific

basis. Unfortunately, although IAs have been studied for decades, the exact cause

is still unknown. However, given the fact that IAs commonly occur in specific re-

gions of the arteries, particularly regions of high curvature and bifurcations where

blood flow is complex, it may be a reasonable argument that haemodynamics plays

a significant role in the disease inception and progression. Hence understanding

of which specific type of haemodynamic environment can trigger vascular cell re-

sponse, and how exactly cells are responding to these haemodynamic stimuli, be-

comes particularly important.

In this chapter, the disease is generally overviewed first, before introducing the

biological background of the arterial wall structure and constituents, including vas-

cular cells. Following this, findings on arterial biomechanics and mechanobiology

are summarised. Recently findings on the role of haemodynamics and mechanobi-

ology on IA inception and growth is also reviewed in detail. Finally we outline the

entire DPhil research, as well as the organisation of the thesis.

1.1 GENERAL OVERVIEW OF THE DISEASE

An intracranial aneurysm is a cerebrovascular disorder in which a localised dilation

occurs to the cerebral blood vessel. Inflated by the blood pressure, these aneurysms

usually appear as sac-like out-pouchings of the arterial wall. The estimated preva-

lence rates range between 0.4% and 6% (Rinkel et al., 1998; Wolfe et al., 2006) and

the overall prevalence rate in a population without comorbidity is estimated to be

about 3.2% (Vlak et al., 2011). Most remain asymptomatic; however, there is a small

but inherent risk of ruptupe: 0.1% to 1% of detected IAs rupture every year (Juvela,

2004). If rupture occurs, there is a 30% to 50% chance of fatality (Brisman et al.,

2006).

IA Disease: Novel Modelling of Inception and the Microstructural Adaption of Collagen Fabric 2
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(a) (b)

Figure 1.1: Saccular and fusiform aneurysms. (a) a saccular aneurysm, (b) a fusiform
aneurysm

1.1.1 Classification

Morphologically, aneurysms can be generally categorised into two types: saccular

aneurysms and fusiform aneurysms. A saccular aneurysm is a pouch on one side

of the wall, whereas a fusiform aneurysm is spindle-shaped and usually develops

when the arterial wall weakens along its entire circumference (See Fig. 1.1). Saccu-

lar aneurysms are most prevalently found on cerebral arteries, while fusiform ones

are rarely seen among IAs but more commonly diagnosed in other parts of human

body. The pathogenesis, symptoms and treatments greatly vary between these two

types (Lasheras, 2007). Consequently these two types of aneurysms are usually dis-

tinguished and studied separately.

1.1.2 Locations

IAs generally occur at bifurcations, origins of branching and zones of sharp curva-

ture. Approximately 85–95% of saccular IAs develop in the anterior part of the Circle

of Willis.1 The remaining 5–15% cases of IAs occur in the vertebra-basilar part in the

brain known as the posterior circulation. Fig. 1.3 highlights the most prevalent sites

1The Circle of Willis is an anastomotic system of arteries that sits at the base of the brain. All
the principal arteries that supply blood to the cerebral hemispheres of the brain branch off from the
Circle of Willis.

IA Disease: Novel Modelling of Inception and the Microstructural Adaption of Collagen Fabric 3



Haoyu Chen 1.1. General overview of the disease

of IA formation around the Circle of Willis (Brisman et al., 2006).

Figure 1.2: Most prevalent locations of IA formation (Brisman et al., 2006).

1.1.3 Identification of treatment

The identification and diagnosis of an IA is achieved by modern imaging modali-

ties including computed tomography (CT), magnetic resonance imaging (MRI) or

intracranial angiography (Forsting and Wanke, 2008). Relevant treatments for indi-

viduals with either a ruptured or unruptured cerebral aneurysm aim at stopping the

blood supply to the aneurysm. Currently there are three major treatment options

for cerebral aneurysms: surgical clipping of the aneurysmal neck, coil embolisation

and flow diverter. During surgical clipping an MRI-compatible alloy clip is placed
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across the base of the aneurysm neck after it has been exposed by craniotomy (Bris-

man et al., 2006); this will exclude the aneurysm from the blood circulation in the

brain. A different approach is coil embolisation, where Guglielmi Detachable Coils

are carried by a microcatheter and deployed in to the aneurysm to induce stagna-

tion zones at the neck of the aneurysm (Viñuela et al., 1997; Murayama et al., 2003).

Subsequently local thrombosis will initiate at the aneurysmal neck and occlude the

blood flow into the aneurysm (Brisman et al., 2006). A third approach to treat an

IA is the use of a flow diverter, which is a stent-like device deployed endovascu-

larly. As opposed to coil embolisation, flow diverters are placed within the parent

arteries rather than the IA sacs. They take advantage of changing the haemodynam-

ics at the parent artery/aneurysm sac interface, altering in-flow and out-flow jets.

Intrasaccular thrombosis occurs over time after the deployment of the flow divert-

ers. Subsequent inflammatory response, healing, and endothelial growth shrink the

aneurysm and reconstruct the parent artery/aneurysm sac interface (Alderazi et al.,

2014). In comparison with coil embolisation, flow diverters cause aneurysms to oc-

clude over time rather than immediately at the end of the procedure (Alderazi et al.,

2014). In addition to their individual use during IA treatment, flow diverters can be

used in combination with coil embolisation, enhancing the function of coiling and

prevent the coil from becoming displaced or uncoiled, which is a common problem

for wide necked aneurysms (Akpek et al., 2005). This further expands the options of

treatments available to clinicians and patients.

Studies have shown that the morbidity and mortality rates for surgical clipping

range from 4.0–10.9% and 1–3%, whereas the rates for coiling are 3.7–5.3% and 1.1–

1.5% respectively (Brisman et al., 2006). Risks of these two treatments involve cere-

bral artery occlusion, brain tissue damage, subarachnoid haemorrhage due to arte-

rial and aneurysmal wall perforation and so forth. Flow diverters are also associated

with risks, which include in-stent thrombosis, peri-aneurysmal edema, distant and

delayed hemorrhages, and perforator occlusions (Berge et al., 2012). The choice of

treatment depends on various factors such as the morphology of the aneurysm and

its parent artery, operator availability and expertise, and of course, patient prefer-

ence (Brisman et al., 2006). However, an estimated 80% of all aneurysms do not

rupture during the course of a person’s lifetime (Brisman et al., 2006). Ideally, we

would only treat those IAs at risk of rupture. This would have both health and eco-

nomic benefits. Unfortunately, the aetiology of this disease is still poorly under-

stood, hence the great need for research in this field.
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1.2 ARCHITECTURE OF THE HEALTHY ARTERY

Given that IAs evolve from a healthy cerebral artery, the starting point for under-

standing the aetiology of this disease is to have an appreciation for the biology of

the healthy arterial wall structure. The arteries generally consist of three concentric

layers: tunica intima, tunica media and tunica adventitia. Outside the adventitia

there is also a network of small blood vessels called vasa vasorum which penetrate

the vessel wall and secure blood supply to the large vessels. However, note that

cerebral arteries have no vasa vasorum. An overview of the layered structure of an

artery is shown in Fig. 1.3. Details of each layer is given below, with emphasis on the

vascular cells in each layer.

Figure 1.3: An overview of the layered structure of an artery (adapted from
(Lasheras, 2007)).

1.2.1 The tunica intima

The tunica intima is the innermost layer of the vascular wall. It basically consists of

a single smooth and ‘silky’ layer of endothelial cells (ECs) and is supported by the

internal elastic lamina (IEL), which separates the intima from the media. These ECs

are in direct contact with the lumen. In straight sections of a blood vessel, these ECs
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typically align and elongate in the direction of fluid flow (Langille and Adamson,

1981). They act as a selective barrier between the vessel lumen and the surrounding

tissue, controlling the passage of material and the transit of white blood cells into

and out of the bloodstream. These cells also regulate various biochemical pathways

such as vaso-constriction and vaso-dilation, blood clotting, reaction to inflamma-

tion, angiogenesis in wound healing and so forth (Eroschenko and Mariano, 2013).

1.2.2 The tunica media

The tunica media is the middle layer of the vascular wall. It is generally the thick-

est one of the three layers and contributes to the mechanical stretch of the vessel.

It mainly consists of the vascular smooth muscle cells (VSMCs), elastic connective

tissues and various types of collagen. The VSMCs are oriented helically about the

vessel axis with a small pitch. The main function of these cells is to regulate the di-

ameters of the blood vessels in human body. They contract or relax to change the

volume of the artery and hence the local pressure. This regulating mechanism is

responsible for the redistribution of the blood within the body to the areas where

needed. In addition, due to their function of synthesising and secreting the elastic

connective tissue, matrix degrading enzymes as well as proteoglycans, VSMCs are

also deemed very critical in the process of aneurysm formation and growth (Kondo

et al., 1998; Lee et al., 2001). The elastic connective tissue, which is bundles of elastic

fibres, are very high in elasticity. These fibres can stretch up to several times of their

original length, and then snap back when relaxed. This high elasticity is considered

to be a result of the crosslinks formed among the protein molecules in the matrix.

1.2.3 The tunica adventitia

Separated from the tunica media by the external elastic lamina, the tunica adventi-

tia is the outermost layer of the vascular wall. It is composed primarily of fibroblast

cells (FCs), ground substance and collagen fibres. Anchoring the vessel to the sur-

rounding tissue,the adventitia gives the entire vessel staibility. The adventitia has

no distinct outer border and its mechanical function is to prevent over-distension

of the blood vessel wall (Eroschenko and Mariano, 2013). Fibroblasts synthesise the

extracellular matrix and the collagen fibres, which help to maintain the structural

integrity of the connective tissues. Hence fibroblasts are also known to play a criti-

cal role in wound healing.
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1.3 BIOMECHANICS OF THE ARTERY

Being considered as a type of material supporting the pulsatile blood pressure, the

artery has mechanical properties that are very different from common daily materi-

als such as steel or glass. This difference is mainly attributed to the living organic

structural constituents in the arterial wall, such as elastins, collagens, as well as

some vascular cells, which are not only involved in bearing load, but also contin-

uously degrade and deposit these structural constituents. Some salient mechanical

properties of the arteries include:

1. Nonlinearity. One predominant mechanical property of the artery is its non-

linear mechanical response, which is a result of the compound contribution

from different vascular constituents. At low blood pressures, the load in the

artery is mainly borne by the elastinous constituents as the collagen fibres are

initially crimped, hence at this stage the artery behaves more like a linearly

elastic material. With increasing pressures, due to the progressively straight-

ening and recruitment of the collagen fibres, the artery presents an exponen-

tial stiffening effect (Shadwick, 1999; Holzapfel et al., 2000).

2. Axial in situ stretch. It is observed that when the artery is removed from the

body it will become shortened. Hence arteries are known to be subjected to

an axial in situ stretch within the physiological environment.

3. Residual stress. Experiments show that if an unloaded arterial ring is cut in

the radial-axial plane then it will open and bend away from the axis of the

artery. This implies that the stress-free state of the artery is different from its

load-free state (Holzapfel et al., 2000), i.e. there exists a residual stress in the

arterial wall.

4. Heterogeneity. Heterogeneity of the arteries mainly relates to their layer-

specific mechanical properties. Experiments show that under lower pres-

sures, the adventitia is less stiff than the media, due to the unloaded wavy

adventitial collagen fibres. However, as the pressure increases, these fibres

are stretched and the stiffness of adventitia grows very rapidly. Hence, under

high pressures, the mechanical response of the media and adventitia is found

to be very similar (Sommer, 2008). This also indicates that the collagen fibres

are the main constituents which are responsible for the arterial stiffness in this
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range. In addition to the layer-specific heterogeneity, the arterial mechanical

properties are also known to be different among different arteries, and among

different individuals. They can also adapt with physical exercise, age and dis-

ease.

5. Anisotropy. It is commonly acknowledged that the mechanical response of the

artery is anisotropic with respect to the circumferential and axial directions.

This has been evidenced by experiments on both animals and humans, al-

though some disparities exist. The cause of arterial anisotropy may be linked

to the distribution of collagen fibre orientations with respect to the circumfer-

ential axis, as well as the alignment of VSMCs along the circumferential direc-

tion.

6. Incompressibility. A common assumption for the arterial wall is its incom-

pressibility, due to its high water content (70%–80%). Experimental studies

supporting this assumption claim that, although due to the stress gradient

there is some transportation of small portions of fluids within the tissue, the

incompressibility condition is maintained at least globally (Sommer, 2008).

7. Viscoelasticity. Due to the fluid transportation within arterial wall and the fric-

tion between the fluids and solid constituents, arteries also present a certain

level of viscoelastic behaviour. This is evidenced by experiments of arterial

creep and stress relaxation, as well as hysteresis in arteries under cyclic loads

(Gasser et al., 2006).

8. Active mechanical response. In addition to all the passive mechanical re-

sponses detailed above, vascular smooth muscle cells (VSMCs) also actively

contract or relax to help maintain the local blood pressure by changing the

volume of the lumen.

To summarise, arteries generally exhibit a nonlinear, heterogeneous, anisotropic

and even viscoelastic character that is temporally, spatially and individually differ-

ent. Fig. 1.4 below shows the overall mechanical response of the arterial tissue,

together with the linear response of elastinous constituents and the non-linear re-

sponse of collagenous constituents.
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Figure 1.4: The tension-length response of human iliac arteries with contributions
from the elastins and collagens. The elastin-only response is shown as the line with
unfilled circles. The collagen-only response is shown as the curve with diamonds.
The ‘control’ curve shows the overall response of the artery (adapted from Shadwick
(1999).

1.4 ARTERIAL TISSUE MECHANOBIOLOGY

Mechanobiology is usually referred to as the interdisciplinary field of biology and

engineering, focusing on the study of how physical forces acting on the cells con-

tribute to the tissue physiological development, daily functionality, and even dis-

ease progression. In our real life, there have already been many practical applica-

tion of this subject, such as the use of tissue expanders to increase the skin area

during reconstructive surgery, the use of surgical tension devices to heal bone frac-

ture etc. Nevertheless, it seems that both the understanding and application of

mechanobiology in the environment of arterial tissues are limited. The current con-

sensus regarding the underlying mechanisms that provoke the inception of an IA

and drive its successive growth appear to be the complex interplay between the

patho-physiological process triggered by inherited biochemical or structural de-

fects, aging, infection or disease and the arterial tissue patho-mechanobiological
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factors (Lasheras, 2007, 2010). Hence understanding of relevant knowledge in arte-

rial mechanobiology and appropriate representation of the knowledge within mod-

els of arterial tissue will provide insight into the mechanisms behind the IA disease.

In general, mechanobiology can be considered from the following two aspects:

• the mechanical stimuli that cells sense and the associated physical/chemi-

cal/electrical response that cells exhibit under these mechanical stimuli;

• the exact molecular mechanism through which cells can sense the mechani-

cal signals and respond accordingly (this is also known as mechanotransduc-

tion).

For arterial tissue, cells are embedded in a complex mechanical environment and

acted on by various types of forces (for example, see Fig. 1.5). It is obvious that these

cells can respond differently under distinct types of forces, such as axial and circum-

ferential stresses in the tissue, blood pressure, the cyclic strain due to distension of

the artery, and the shear stress induced by the blood flow, i.e. the wall shear stress

(WSS) (Wang and Thampatty, 2006). For example, the endothelial cells lying on the

intimal layer of the arterial wall are in direct contact with the lumen and are able to

sense the WSS and convert it to biochemical signals. Moreover, vascular cells even

seem to respond differently under the same type of force but with distinct magni-

tudes (Hoffman et al., 2011). It has been hypothesised that these ECs can also sense

the gradient of the magnitude of the WSS, i.e. wall shear stress gradient(WSSG), and

can distinguish between positive and negative gradients, i.e. whether the magni-

tude of the gradient increases or decreases in the direction of the flow (Meng et al.,

2011). As Chien (2007) discusses, directed mechanical forces acting on ECs influ-

ence the regulation of inflammatory and proliferative pathways. Mechanical forces

with a clear direction such as the pulsatile shear stress resulting from strong for-

ward or the laminar flow in straight arteries, cause a transient activation of pro-

inflammatory and proliferative signalling pathways, which become down-regulated

when such forces are sustained. In contrast, mechanical forces without a definitive

direction, e.g. disturbed flow observed at branching regions, result in a sustained

activation of pro-inflammatory and proliferative pathways. While ECs are primarily

affected by the blood flow due to their direct contact, VSMCs seem to be primar-

ily affected by the cyclic stretch which is caused by the pulsatile changes in blood

pressure (Haga et al., 2007; Li and Xu, 2007). The influence of cyclic stretches on
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VSMCs has only received more attention recently, however, it has been shown that

cyclic stretches affect the orientation, alignment, signaling, proliferation and even

the phenotype of VSMCs (Birukov et al., 1995; Nguyen et al., 2000; Standley et al.,

2002). For example, it has been observed that in the diseased arteries VSMCs switch

from a normal contractile phenotype to a proliferative phenotype (Opitz et al., 2007).

As for the fibroblast cells in the adventitia, since they attach themselves to the sur-

rounding ECM, they tend to be affected more by the strains that they experience

during the cardiac cycle. An increase in strain usually results in an increase in the

rate of ECM material synthesis, and a decrease in the rate of matrix-degrading en-

zymes production, consequently an increase in the ECM production. On the con-

trary, a decrease in strain will produce an opposite result (Wang and Thampatty,

2006).

Figure 1.5: Endothelial cells are embedded in a complex mechanical environ-
ment and exerted on by various types of forces, including axial and circumferential
stresses, pressure, and shear stresses induced by the blood flow (Ohashi and Sato,
2005).

The cooperation and coordination among different vascular cells are so impor-

tant in non-pathophysiological arterial wall remodelling that together they consti-
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tute an auto-regulation system which is vital in our daily life and protects the artery

from the onset of many diseases such as atherosclerosis. For example, in response

to an increase in the blood flow (and thereby WSS) which can be sensed by the ECs,

the release of nitric oxide (NO) is up-regulated. NO is known to be involved in the

activation of matrix metalloproteinases (MMPs) (Metaxa et al., 2008), which act to

degrade the ECM and IEL. The degradation of the ECM and IEL then allows the

expansion of the arterial wall scaffold (Hashimoto et al., 2006; Kolega et al., 2011).

NO can also relax the VSMCs to cause vasodilation. Additionally, increase in the

blood flow also results in down-regulation of endothelin-1 production, which act

on VSMCs to constrict the vessel (Black et al., 2000). The consequence of this com-

plex physiological process is the dilation of the artery, and the dilated arterial lu-

men restores WSS to a homeostatic level. Meanwhile, synthesis of additional ECM,

and proliferation of ECs and VSMCs also occur to cover the newly enlarged surface

(Hashimoto et al., 2006; Kolega et al., 2011). However, in the case where the artery is

exposed to a prolonged increase in flow, the arterial wall constituents may remodel

to achieve an entirely new state of homeostasis (Humphrey, 1999).

As stated at the beginning of this section, the other aspect of arterial mechanobi-

ology that we should consider is the exact molecular mechanism through which

vascular cells can sense the mechanical signals and respond accordingly, i.e. how

exactly mechanical stimuli activate cellular mechanosensors, signaling pathways,

as well as gene and protein expressions (see Fig. 1.6). This process is commonly

referred to as ‘mechanotransduction’. A key component of the mechanotransduc-

tion process is the cellular cytoskeleton, which is a network of protein fibers con-

tained within the cells’ cytoplasm. The cytoskeleton is usually described as a dy-

namic stress-bearing structure, as it governs cell shape, and parts of it can be con-

stantly destroyed, renewed or newly constructed (Alberts et al., 2008; Kolahi and

Mofrad, 2010). Additionally, the cytoskeleton also provides a mechanical link be-

tween the intracellular and extracellular environments. It can bind either directly or

indirectly to the shear stress receptors of the ECs, hence can undergo rapid changes

in response to flow, cellular movement or shape change (Resnick et al., 2003; Ko-

lahi and Mofrad, 2010). For example, ECs seem to be able to response to the di-

rected mechanical stimuli by remodelling the cytoskeleton structure to minimise

the change in intracellular stress/strain from the homeostatic levels, and induce

adaptive changes in EC signalling (Chien, 2007). The deformation of the ECM by

mechanical forces can also be transduced into the cells by stretch-activated ion
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channels and by some transmembrane receptors, such as integrins, which attach

the cells to the ECM (Salameh and Dhein, 2013). These integrins couple the ECM

outside the cells to the cytoskeleton inside the cell, and their interactions lead to

transmission of mechanical loads into the cell, resulting in both intracellular and

extracellular responses (Okada et al., 1998).

Figure 1.6: The activation of a complex chain of cellular signalling pathways in re-
sponse to the extracellular mechanical stimuli (Chien, 2007).

To summarise this section, we see that, although these vascular cells may not

contribute highly to the bulk mechanical response of the arterial wall, understand-

ing the relevant knowledge of the mechanobiology of these cells and appropriate

representation of them within arterial models are obviously helpful in gaining more

insight into the mechanisms behind the IA disease.

1.5 IA INCEPTION AND GROWTH: THE ROLE OF BIOME-

CHANICS AND MECHANOBIOLOGY

In general, the aetiology of IA development has been investigated for decades but

is still not clearly understood. The current consensus appears to be that the cause

is more likely due to a complex interplay among the pathophysiological processes

triggered by inherited biochemical or structural defects, ageing, infection or disease

and specific haemodynamic factors (see Fig. 1.7). In spite of this, how each factor

exactly contributes to the aneurysm initiation is poorly understood (Lasheras, 2007,

2010.
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Figure 1.7: Interplay between mechanical stimuli and other physiological processes
on the inception of IAs. The inception of an IA is more likely to be triggered by
a complex interplay among different pathophysiological processes (adapted from
Lasheras (2010).

The influence of arterial haemodynamics on the initiation and progression of

aneurysms has been suggested by many studies both experimentally and computa-

tionally (Meng et al., 2007; Shimogonya et al., 2009a; Meng et al., 2011; Chen et al.,

2013 et. al.). In the following sub-sections, we briefly overview some important

finding and conclusion from these previous studies.

1.5.1 The role of biomechanics and mechanobiology on IA incep-

tion

As introduced in Sec. 1.4, ECs lying on the intima layer of the vessel wall are in direct

contact with the lumen and are able to sense the wall shear stress induced by blood

flow and convert it into biochemical signals such as nitric oxide (NO) (Lasheras,

2007, 2010). These biochemical signals have been shown to activate signalling path-

ways which control the functionality of the artery, such as vasodilation and vasocon-

striction. One significant result of this complex biochemical process is the recovery

of WSS to its homeostatic level in response to either short time changes caused by,
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for example, exercise, or chronic changes in the arteries. This entire process func-

tions as a feedback controlling system which is essential to the human body’s auto-

regulation. In addition, these signalling pathways may also facilitate a change in

the constitution and the structural integrity of the arterial wall (Freese, 2005). Dur-

ing normal ageing, the cerebral arteries gradually undergo morphological changes

in their geometry, which may in some cases lead to the formation of bend, kinks,

or other types of geometric irregularities. These geometric irregularities may cre-

ate ‘disturbed flow’ conditions inside the lumen. It may be argued that these dis-

turbed haemodynamic conditions may trigger some anomalous response in vascu-

lar endothelial cells, resulting in abnormality in the signalling pathway. This may

destabilise the aforementioned feedback controlling system which is usually stable,

and lead to irreversible destructive remodelling in the constitution. These factors

together could contribute to an unstable progressive weakening of the structural

integrity of the arterial wall and eventually result in the initiation of the aneurysm

(Lasheras, 2010).

Histological observations have revealed that, during the inception of an IA, it

seems that the loss of the IEL is the first prominent change in the wall (Meng et al.,

2011; Frösen et al., 2012). This is followed by the apoptosis of VSMCs, which appears

to be the key difference between normal and destructive arterial wall remodelling

(Frösen et al., 2012). Due to the loss of the IEL and VSMCs, the weakened arterial

wall is prone to be influenced by the blood pressure and protrude out to form a

bulge on the surface. An infiltration of inflammatory cells into the arterial wall then

follows (Frösen et al., 2012).

Both experimental and computational studies have focused on investigating the

role of haemodynamics in cerebral aneurysm inception. To quantify the haemody-

namic environment in the lumen, several haemodynamic indices have been pro-

posed in the literature, for example, wall shear stress (WSS), wall shear stress gradi-

ent (WSSG), the Oscillatory Shear Index (OSI), the Aneurysm Formation Indicator

(AFI) and the Gradient Oscillatory Number (GON). More details regarding the def-

initions and the calculations of these will be provided in Sec. 3.3. These indices

focus on different aspects of the flow and are supported by different studies in the

literature dedicated to investigating which is the most prominent index related to

aneurysm inception. However, as later will be discussed in details, the most accept-

able hypothesis on the role of haemodynamic indices on aneurysm inception is that
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of the WSS and its combination with WSSG.

In the study led by Meng et al. (2007), results of the CFD studies are compared

with the histological examinations of the arterial wall at artificially created bifurca-

tions in six dogs. Three regions were reported: an impingement region (with high

WSS and WSSG) where normal remodelling occurs, an acceleration region (with

even higher WSS but slightly lower WSSG) where destructive remodelling is ob-

served resembling early histological observations of the aneurysmal wall, as well

as a recovery region (with baseline level of WSS) where no change to the wall is ob-

served. Based on these observations, it is concluded that the combination of high

WSS and high WSSG form a dangerous haemodynamic environment, which may

induce aneurysmal remodelling. Follow-up studies from the same research group

conducted on rabbits also show similar results, i.e. an initial insult of high WSS and

high WSSG triggers early destructive remodelling, which leads to aneurysm devel-

opment (Meng et al., 2011; Kolega et al., 2011).

As ECs are the main type of vascular cell of the arterial wall that sense the WSS,

many in-vitro studies have also been performed using EC-embedded flow cham-

bers to investigate the effect of WSS and its possible combination with WSSG on

EC shape, alignment and their biochemical production. In a healthy artery, ECs

are usually elongated and aligned with the direction of flow (Chien, 2007). Depaola

et al. (1992) found that under the condition of elevated WSS, ECs tend to be both

elongated and aligned with direction of flow. They also found lower cell density in

regions of high WSS and high WSSG compared with regions of high WSS and low

WSSG. However, surprisingly, cell divisions are observed to occur in the regions of

high WSS and high WSSG, which implies that high WSSG induces cell division but

drives them to migrate away. Metaxa et al. (2008) shows that an increased produc-

tion of endothelial nitric oxide synthase (eNOS) occurs in bovine ECs at elevated

WSS. Interestingly, they also claim that the integrity of ECs can be maintained for a

very high level of WSS as long as the flow is laminar. Consistently, LaMack and Fried-

man (2007) also found that expression of eNOS transcriptional factors increases

with WSS magnitude, but was independent of WSSG. In addition, they found that

the expressions of MCP-1 (short for Monocyte Chemotactic Protein 1 which is a

key molecule facilitating the binding of monocytes to the arterial wall) and ICAM-

1 (short for Intercellular Adhesion Molecule 1 which is a molecule involved in the

maintaining of tight junctions between adjacent ECs), are dependent on the inter-
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action of WSS and WSSG. However, the former one has the highest expression when

both WSS and WSSG are high whereas the latter one has the highest expression

when WSS is high but WSSG is low. Sakamoto et al. (2010) found that ECs will always

eventually align themselves in the direction of flow regardless of the magnitude of

WSS if no WSSG is present. However, if WSSG is present, ECs tend to remain polygo-

nal without a preferred alignment. Most recently, Ostrowski et al. (2014) found that

at high confluency ECs migrate against the direction of the flow and concentrate in

the region of high WSS, whereas at low confluency they migrate in the flow direc-

tion. However, inconsistent to the findings of Sakamoto et al. (2010), they found at

low WSS ECs tend to align parallel to the flow but when the local WSS arises above a

critical threshold, then ECs will orient perpendicularly to the flow direction. To con-

clude, the consistent finding among the studies above is that ECs seem to response

to elevated WSS over time. However the effect of WSSG on the ECs is uncertain,

not to mention the combination of these two indices. The interaction of WSS and

WSSG might be of significance only if their magnitudes reach a certain level. A more

detailed discussion of the magnitudes of haemodynamic indices is provided in Sec.

3.6.

Then the final question arises: mechanobiologically, how exactly does a com-

bination of high WSS and high WSSG trigger the inception of an aneurysm? As in-

troduced in Sec. 1.4, ECs exposed to elevated WSS release vasodilation factors such

as NO to remodel the wall (Hoi et al., 2004). NO is known to be involved in the ac-

tivation of MMPs, which degrade the ECM and dilate the arterial wall by relaxing

VSMCs (Metaxa et al., 2008). Under sustained high WSS conditions, the degrada-

tion of the ECM is also sustained, so is the degradation of the ECM. This may be

the potential factor that decreases the mechanical strength of the wall (Hoi et al.,

2004). Interestingly, however, under high WSSG conditions, the loss of intercellu-

lar adhesion may occur, resulting in dysfunction of the ECs which further leads to

a loss of eNOS activity. This leads to a reduction in NO production, and hence re-

duction in VSMCs relaxation, and finally inhibits vasodilation (Hahn and Schwartz,

2008; Nixon et al., 2010). In addition, high WSSG also increases EC migration, result-

ing in a decrease in MMP inhibitors (Meng et al., 2007; Tanoue et al., 2011). On this

aspect, high WSSG actually seems to play a protective role to prevent the wall from

being further destructed. Consequently, under high WSS/high WSSG conditions, it

seems more likely to be a combination of normal and abnormal remodelling that

starts to destruct the IEL. The initial bulge forms on the wall leads to the forma-
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tion of a region of reduced WSS but elevated WSSG. The migration of ECs begins

and the intracellular gaps become wider in the initial bulging region. The locally

low WSS encourages the adhesion of inflammatory cells, which may more easily

penetrate the wall and induce apoptosis of the VSMCs (Tanoue et al., 2011; Hosaka

and Hoh, 2014). In return, the thinning of the media layer due to VSMC apoptosis

may even facilitate more inflammatory cell infiltration (Aoki and Nishimura, 2010;

Tanoue et al., 2011).

The hypothesis regarding the role of combinations of high WSS and high WSSG

is also supported by several computational fluid dynamics (CFD) studies (Baek

et al., 2009; Singh et al., 2010; Chen et al., 2013). One similarity among these studies

is that the original aneurysm was virtually removed and a healthy ‘pre-aneurysmal’

artery was analytically reconstructed. Subsequently CFD simulations are performed

on the reconstructed arteries to calculate the indices of interest, and the correlation

between these indices and known locations of the aneurysms is finally analysed.

Beyond disruption of the IEL, another common pathological feature of early

aneurysm formation or early aneurysmal change seems to be the atherosclerotic

change within aneurysm wall (Chalouhi et al., 2012). According to Kosierkiewicz

et al. (1994) and Killer-Oberpfalzer et al. (2012), atherosclerotic lesions are present

in all saccular IAs. Kosierkiewicz et al. (1994) observed diffuse intimal thicken-

ing and macrophages/lymphocytes in the smallest aneurysms, as well as more ad-

vanced atherosclerotic lesions with phenotypically modulated VSMCs, lipid-laden

macrophages, and lymphocytes in the largest aneurysms. In fact, atherosclerosis is

a disorder in which chronic inflammation is a critical pathogenic feature. Therefore,

the possible association of IA with atherosclerosis implies that the critical role of in-

flammation in the pathogenesis of atherosclerosis may also underlie IA formation

(Chalouhi et al., 2012). Haemodynamic conditions such as stagnation blood flow

with oscillatory WSS can prolong the residence time of atherogenic particles near

the wall. This induces more focal lipid exchange and recruitment of macrophages,

and may activate atherogenic and proinflammatory signaling pathways in ECs that

support the inflammatory process resulting in atherogenesis (Sugiyama et al., 2013).

This hypothesis suggests that stagnant and oscillatory blood flow may be one of the

key conditions for atherosclerotic lesion formation in IA. Based on this hypothesis,

one specific haemodynamic index, the OSI, which relates to the oscillatory nature

of the flow and has well-established relationships to atherosclerosis (Mantha et al.,
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2006), is believed to have a similarly pathogenic effect on the initiation of IAs (Wat-

ton et al., 2011a). Other similar indices, such as AFI and GON, are also supported by

some studies, in particular computational studies, to have potential relationships

with the inception of IA (Mantha et al., 2006; Ford et al., 2009; Shimogonya et al.,

2009a). More details on these indices, as well as their supporting studies, are intro-

duced in Chapter 3.

As introduced in Sec. 1.2.2, the media layer of the artery mainly consists of an

integrated assembly of VSMCs, elastic connective tissues and various types of col-

lagen fibres. Crosslinks between the ECM components and the VSMC-ECM inter-

actions endow the artery with adequate mechanical properties to bear the blood

pressure. However, the media layer degenerates in aging arteries: it gradually thins

out, and the elastic connective tissues become fragmented and unorganized. This

degeneration is accompanied by an increase of a much stiffer structural collage-

nous substance. In addition, these collagenous substance tends to bind to glucose

molecules, forming crosslinks known as advanced glycation end products (AGEs).

The accumulation of the AGEs alters the physical properties of the collagen fibres,

causing them become less supple but even stiffer (Lee and Oh, 2010). As a result, the

vessel progressively stiffens and loses its elasticity (Lasheras, 2007). Vascular calci-

fication due to aging may also contribute to the stiffening of the arteries as well as

their loss of distensibility (Blacher et al., 2001; London et al., 2013). Atherosclerosis

is also closely related to arterial aging. Decreased availability of nitric oxide in the

endothelium is considered as one of the earliest signs of arterial aging and a patho-

logical sign of atherosclerosis (Glasser et al., 1996; Brandes et al., 2005; Yildiz, 2007).

In the aging arteries, endothelial nitric oxide synthase (eNOS), which is necessary

in producing nitric oxide in the ECs, is often in short supply. This can prevent the

ECs from functioning properly. These aging ECs tend to cause leukocytes to adhere

to themselves, weakening the barrier between the endothelium and other layers of

the artery, and allowing fats, cholesterol, platelets as well as other substances to

accumulate in the artery walls. This accumulation can in turn stimulate other arte-

rial wall changes, leading to the additional thickening of the endothelium and the

formation of plaques (Hansson, 2005). Atherosclerotic deposits of plaques could

massively decrease the cross-sectional area of the lumen of the arteries. In some ar-

teries, together with the stiffening of the wall, the decrease of the arterial lumen may

result in an increase in the arterial pulsation. Over time, this increased arterial pul-

sation can have a direct effect on the structural elastic connective tissues, reorgan-
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ising their polymerised structure and causing the already fragmented elastic fibres

to further fatigue and fracture at levels of tensional stresses much lower than which

they were previously able to withstand (Lasheras, 2007; Lee and Oh, 2010). This ini-

tiates and propagates cracks in the elastic sheets, causing a progressive permanent

focal dilatation of the vessel. The permanent stretching of VSMCs then up-regulates

the content of the collagenous substances, further stiffening the arterial wall. The

entire age-related changes in the arterial structure may create a vicious cycle of ar-

terial properties which renders the artery more vulnerable to the inception of an

IA. Certainly, this process can be compounded and accelerated by any other vari-

ous comorbid risk factors, which are invariably highly prevalent among the elderly.

(Lasheras, 2007).

To summarise this section, the predominant model for IA formation based on

many studies in the literature is: (1) EC damage and degeneration of the elastic

lamina, (2) infiltration of the inflammatory cells and (3) chronic deterioration of the

arterial wall. EC damage can be caused by changes in the haemodynamic environ-

ment, in particularly elevated WSS and its possible combination with high WSSG.

This results in sustained degradation of the ECM. Subsequently, infiltration of var-

ious inflammatory cells follow, inducing apoptosis of the VSMCs and further de-

structive remodeling of the artery wall. This possibly leads to the formation of an

IA (Hosaka and Hoh, 2014). In addition, IA inception seems to be usually accom-

panied by atherosclerotic changes within the aneurysm wall, and is more prone to

occurring in aging arteries.

1.5.2 The role of biomechanics and mechanobiology on IA growth

In general, the major hypotheses regarding the haemodynamic condition that

drives the successive growth of IA can be divided into two categories: the high WSS

theory and the low WSS theory.

In the high WSS theory, it is assumed that similar processes which are respon-

sible for aneurysm inception, as introduced in Sec. 1.5.1, are also involved in sub-

sequent aneurysm growth. In this case, the major studies within the literature that

support this theory involve taking follow-up images of patient aneurysms and per-

forming CFD simulations, or running CFD simulations on multiple cases of seg-

mented aneurysm geometries directly (Shojima et al., 2004; Tateshima et al., 2007;

Sforza et al., 2012).
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On the other hand, in the low WSS theory, a common thought is that low WSS

may result in inflammatory cell infiltration, which is the main factor that drives the

successive growth of IAs. It is hypothesised that low WSS can induce an inflamma-

tory response from the ECs, which involves the release of MMPs by macrophages.

These MMPs continue to degrade the ECM, resulting in structural deterioration

of the arterial wall (Aoki and Nishimura, 2010; Kanematsu et al., 2011; Cebral and

Meng, 2012). In addition, it seems that low WSS can also increase both the pro-

liferation and apoptosis rates of ECs, leading to a high turnover of the cell, which

may further render the wall vulnerable to inflammatory cell infiltration (Malek et al.,

1999; Paszkowiak and Dardik, 2003; Boussel et al., 2008).

As an IA enlarges, the flow patterns in the aneurysmal vessel diverge away from

the healthy artery due to an alteration of local geometry. In general, blood flows

into the aneurysm dome along the proximal wall of the dome and leaves this section

along the distal wall during the acceleration period of systole. However, due to the

low pressure during the deceleration period of systole and diastole, blood changes

its flow direction, entering along the distal wall of the cavity and leaving along the

proximal cavity wall (Rossitti, 1998). These jets and recirculations of the blood flow

occurring in the aneurysm dome may cause prolonged residence times. Although

low WSS has been shown to cause endothelial dysfunction, several studies hypoth-

esise that it is mainly the presence of a high WSSG that triggers the destructive re-

modelling and inflammation process (Jou et al., 2005; Doenitz et al., 2010; Tanoue

et al., 2011; Sugiyama et al., 2012). The explanation for this is somewhat similar

to the aforementioned mechanism of how high WSSG is related to aneurysm in-

ception: under disturbed flow conditions, ECs show no preferential alignment and

exhibit a polygonal shape (Chien, 2007). This results in widened junctional gaps be-

tween adjacent endothelial cells and may affect permeability of the endothelium to

allow monocytes to penetrate. It seems that transendothelial permeability is more

likely to elevate in low WSS conditions, especially in the presence of large WSSG

field (LaMack et al., 2005). The residence time of inflammatory cells near the arte-

rial wall is increased due to the disturbed flow, and monocyte adhesion to ECs also

seems to be increased under conditions of high WSSG (Hashimoto et al., 2006; Szy-

manski et al., 2008; Wang et al., 2009; Tanoue et al., 2011). As a result, together with

the more permeable endothelium layer, these inflammatory cells are much easier

to attach to and penetrate the arterial wall. In addition to all of this, as discussed in

Sec. 1.5.1, high WSSG can also induce EC migration away from the region of high
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WSSG, which could further facilitate the infiltration of inflammatory cells into the

wall, resulting in a weakened wall strength.

Due to the pulsatile nature of the blood flow, the arterial wall is subjected to

a perpetual cyclic stretching. The long-term influence of this cyclic stretching on

IA evolution is still poorly understood. One possible direct influence is that an in-

creased frequency of cyclic stretching may leads to hastened fatiguing of the wall,

eventually resulting in IA rupture (Meng et al., 2014). However, more importantly,

cyclic stretching may influence the IAs by regulating the vascular cells embedded in

the arterial wall. In fact, the three primary vascular cells (ECs, VSMCs and fibroblast

cells) are all known to be exquisitely sensitive to the cyclic stretching. It has been ob-

served that the alignment, activity, biochemical production, functionality and even

apoptosis of these cells can be affected by the alteration of the cyclic stretches to

which they are subjected. For example, Sotoudeh et al. (1998) observed that EC ac-

tivity increases significantly when these cells are subjected to 15% or more cyclic

stretches. Their production of endothelin 1 (a vasoconstrictor protein) and eNOS

are also increased under elevated cyclic stretches (Humphrey, 2009). Hayakawa

et al. (2001) reported that cyclic stretching on rat VSMCs in vitro could produce

rapid reorganisation of the stress fibers perpendicular to the stretching direction.

Albinsson et al. (2004) observed that longitudinal cyclic stretching of the vascular

wall can lead to actin polymerisation. Both Cunningham et al. (2002) and Na et al.

(2007) found that increased cyclic stretching imposed on VSMCs resulted in a rapid

but transient increase in the expression level of focal contact-associated compo-

nents (vinculin and paxillin), suggesting that cyclic stretching may strengthen the

number and size of focal adhesion complexes. Humphrey (2008) noted that in-

creased cyclic stretch can increase VSCMs’ secretion of angiotensin II production

and AT1 receptor (angiotensin II receptor, type 1) sensitivity, which, in turn, can

stimulate the production of TGF−β (transforming growth factor beta), eventually

causing an increased production of collagen. Rubbens et al. (2009) found that in

vitro cells align perpendicular to the direction of cyclic stretching in monolayers

whereas align in the direction of cyclic stretch in three-dimensional environments.

Shin et al. (2002) and Humphrey (2008) observed that cyclic pressure can also mod-

ulate the apoptosis and proliferation of the vascular cells. Apart from these re-

searches, there are also other studies investigating the combined effect of cyclic

stretch and WSS, which seems to work either synergistically or antagonistically on

EC response (Dolan et al., 2013). For example, alignment (Moore et al., 1994) and
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stress fiber formation (Zhao et al., 1995) in ECs subjected to WSS appear to be en-

hanced by the addition of cyclic stretch. However, if WSS is applied to counteract the

orientation responses of the ECs due to cyclic stretch, then WSS and cyclic stretch

are observed to cancel each other’s effects on ECs (Owatverot et al., 2005). For more

details of how cyclic stretching can influence the functionality of the vascular cells,

interested readers are suggested to refer to (Qiu et al., 2014). Clearly, the evolving

cyclic stretching of the arterial tissue has significant consequences for vascular cells,

and thus evolution of IAs (Watton et al., 2011a). Consequently, when modelling IA

evolution, ideally, these consequences should be considered.

Similar to abdominal aortic aneurysms (AAA), the formation of intraluminal

thrombus (ILT) is also one of the common complications during IA growth (Work-

man et al., 2002; Cohen et al., 2010), though ILT in IAs has not been investigated as

extensively as that in AAAs. It is observed that in comparison with small IAs, throm-

bus formation seems more likely to occur in the giant ones (Nagata et al., 1990; Ger-

ber et al., 1994). ILT acts as a double-edged sword during IA growth. On one hand,

ILT formation is the first step leading to permanent aneurysm repair through ci-

catrisation and reverse remodelling of the vessel wall. Coil embolisation and flow

diverter treatment of IAs have demonstrated well their great potential to induce this

pathway of cure through thrombosis. On the other hand, the presence of fresh and

organising ILT is considered to be a key factor which may lead to aneurysm wall

degradation and contribute to the pathophysiologic cascade ending in IA rupture

(Kulcsár et al., 2011a). Moreover, the occurrence of ILT in IAs can also present an

additional risk of thromboembolism (Rayz et al., 2010; Castro, 2013). Neverthe-

less, the reason is still unclear why in some cases ILT may lead to cure, whereas

in others cases it leads to rupture (Kulcsár et al., 2011a). In AAAs, mural thrombus

is in permanent contact with the blood flow and undergoes continuous thrombol-

ysis and renewal. By aggregating platelets which continuously entrap circulating

white blood cells and absorbing plasma components, the mural thrombus acts as a

source of secreted proteases within the aneurysm. Its existence can lead to further

chemical degradation and weakening of the aneurysm wall with subsequent evo-

lution of the AAA (Kulcsár et al., 2011a). In IAs, one possible hypothesis to explain

the double-edged sword role of ILT is that the aneurysmal wall might be exposed to

varying thrombus-induced autolytic activities, depending on the quality, quantity,

and growth rate of the ILT. Whether cicatrisation and reverse remodeling or rup-

ture occur may depend on the balance between pro-autolytic and anti-autolytic ac-
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tivities in the aneurysm wall (Kulcsár et al., 2011a). Clearly, more investigation is

needed to gain better explanations for this paradoxical role of ILT in IA growth.

In general, the thrombus cascade can be divided mainly into two stages: ini-

tiation through platelet activation and deposition as well as aggregation majorly

through fibrinogen polymerisation into fibrin fibres (Moiseyev et al., 2013). During

the platelet activation stage, it has been suggested that the activation of platelets is

dependent on the high WSS and the time that platelets are exposed to such stresses

(Rayz et al., 2010). Activated platelets are carried by the flow, and may accumulate

in zones of recirculation and stagnation. Low WSS observed in these regions may

disrupt the endothelial layer, decreasing anti-thrombotic factor production and ex-

posing collagen fibres to the circulating platelets. Increased residence time in the

near-wall regions together with low WSS is also likely to facilitate platelet adhesion

to the collagen with collagen-specific surface receptors (Pallister and Watson, 2010;

Rayz et al., 2010). During the following fibrin aggregation stage, the fibrinogens are

converted into fibrin strands by thrombins. Factor XIII (the fibrin stabilising factor)

is also activated by thrombins, and then crosslinks the fibrin strands to form throm-

bus (Pallister and Watson, 2010). Several models have been proposed to study the

thrombus formation process, including both models focusing on these two differ-

ent stages as well as overall comprehensive coagulation models. To give the readers

a general perception, here we briefly summarise the models of thrombus formation

proposed in the most recent two years’ time. For the platelet activation stage, Affeld

et al. (2013) designed an experimental model to investigate the influence of shear

rates on the platelet deposition onto collagens, accompanied by a numerical model

to reproduce and interpret the results obtained from the experimental model. Their

findings suggested that a certain range of shear rates seem to be favourable for

the deposition of platelets. Wang and King (2012) briefly reviewed the computa-

tional methods used to simulate the process of platelet adhesion with a focus on

the method proposed by their group called platelet adhesive dynamics, which com-

bines a Monte-Carlo simulation of receptor-ligand binding and hydrodynamic cal-

culations with a complete double-layer boundary integral equation method. Reasor

et al. (2013) investigated the dependence of platelet margination on other critical

parameters through modelling the blood as a suspension of deformable red blood

cells (RBCs) and rigid platelets in a viscous liquid. The RBC membranes were mod-

elled with a coarse-grained spectrin-link method whereas the dynamics of platelets

were updated using Newton’s equations of motion for axisymmetric shapes. Their
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results emphasised that the haematocrit, viscosity ratio of plasma to cytoplasm and

the shape of platelet will all influence the rate of platelet margination (Reasor et al.,

2013). Shadden and Sahar (2013) studied the potential fluid mechanic pathways

of platelet activation by introducing a new haemodynamic-based parameter called

activation potential, which was derived from a Lagrangian integral of the strain rate

magnitude. This activation potential was then illustrated to be generally maximised

along, and near to distinguished material surfaces in their stenotic flow simulation

(Shadden and Sahar, 2013). For the fibrin aggregation stage, Moiseyev et al. (2013)

proposed a statistical model for the growth of fibrin clots based on the description

of the polymerisation process underlying the formation of the fibrin polymeric net-

work. This study aimed at providing insights to the role of different factors, such as

the concentration of thrombin and plasmin as well as shear rate on the mechanical

properties of thrombus during the coagulation process. For overall comprehensive

coagulation models, Efremov et al. (2013) integrates quartz crystal microbalance

data obtained in the laboratory with mathematical modelling of acoustic interac-

tions between quartz crystal surfaces and coagulating blood. More approaches of

modelling thrombus formation can be found in Efremov et al. (2013). In the re-

view paper of Moiseyev and Bar-Yoseph (2013), the authors classified the current

modelling schemes of haemodynamically-induced thrombus into three categories:

continuum-based methods, multi-scale methods as well as mesoscopic-like meth-

ods. The major difference among these methods lies in the way of modelling indi-

vidual particles, such as platelets, RBCs and thrombins (Moiseyev and Bar-Yoseph,

2013). In the continuum methods, individual particles are modelled as solutes un-

dergoing convection and diffusion, whereas the agents of biochemical reactions are

modelled by continuous distributions due to their much smaller sizes. In the multi-

scale methods, the particles and their interactions are modelled at the micro-scale,

while the blood flow and biochemistry interactions are still modelled at the macro-

scale. Finally, in the mesoscopic-like methods, continuous distributions are used to

describe how the particle population changes statistically over time (Moiseyev and

Bar-Yoseph, 2013). For a more comprehensive review of different models of throm-

bus under these categories, interested readers can refer to Moiseyev and Bar-Yoseph

(2013) and Flamm and Diamond (2012) which also includes an detailed introduc-

tion to the biology and physics of thrombus formation under flow.

It might also be of interest to briefly review the studies on correlations between

the formation of ILT and the flow pattern as well as the WSS distribution of the IA,
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though the amount of studies is still limited. Rayz et al. (2008) used rigid wall mod-

els to predict regions prone to thrombus formation. In a later study of Rayz et al.

(2010), Patient-specific CFD simulations were performed from MRI data for three

patients with thrombus-free IAs who proceeded to develop ILT detected in follow-

up MR studies. Results show either an increased residence time or a low WSS at

the locations where ILT formed. Xiang et al. (2012) analysed three patient-specific

models with rigid walls and found that non-Newtonian rheology overestimates wall

shear stress in IA domes, therefore underestimate the risk of ILT formation (Cas-

tro, 2013). Wang and Li (2013) utilised a fluid-structure interaction approach to

study thrombus formation in patient-specific models, where the aneurysmal wall

was considered isotropic and linear elastic. Simulation result showed that the re-

gions occupied by the ILT coincide with regions where slow rotating vortices were

formed, both of which locate in the aneurysm bulges. Low WSS values were also

detected at those locations. In addition, it is observed that the maximum WSS pre-

dicted by the simulations was lower than the previous studies where the cerebral

aneurysmal wall was considered rigid. The authors explained that the flexibility of

the wall enabled the aneurysm cavity to dilate, and hence, the direct impact com-

ing from the pulsatile blood flow acting on the wall was weakened, thus resulting in

lower WSS (Wang and Li, 2013; Castro, 2013).

Lastly, we would like to point out that, when the vessel tissue strength is weak-

ened to a certain level below the tissue stress due to tissue deformation, the

aneurysm tends to rupture. To predict aneurysm rupture, the real challenge is to

predict the strength of the tissue which changes temporally and calculate the tissue

stress induced by the enlargement of the aneurysm. Unfortunately, the strength of

the tissue may be spatially heterogeneous and vary individually, also cannot be de-

termined non-invasively. Furthermore, the thickness of the aneurysmal tissue and

mechanical properties of the tissue may also vary between patients and cannot be

determined non-invasively. Consequently, accurate structural analyses present sig-

nificant challenges. This is also a reason why research has focused mainly on the

influence of haemodynamic flow pattern on aneurysm growth.

1.6 RESEARCH OUTLINE AND THESIS ORGANISATION

The entire DPhil research forms one picture: computational modelling of intracra-

nial aneurysm disease. The ultimate objective of this research is to sophisticate a
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state-of-the-art 3D Fluid-Solid-Growth (FSG) model to incorporate the microstuc-

tural adaption of collagen fabrics so that IA evolution can be simulated on patient

specific arteries with more realistic results. Specific tasks include:

• development of automated numerical methods to reconstruct pre-diseased

healthy vasculature from medical imaging depicting sidewall IAs;

• gaining insight into the current hypotheses on the influence of haemody-

namic environment on IA inception;

• development of a novel mathematical model for the microstructural adaption

of collagen fabrics during aneurysm evolution;

• implementation of the collagen adaption model into the 3D solid structural

model of IA evolution;

• implementation of the collagen model into the state-of-the-art FSG model of

IA evolution;

During the study, different stages of aneurysm development is examined including

the inception, enlargement and stabilisation. For aneurysm inception, in order to

explore the influence of the haemodynamic environment on the initiation of IAs, a

correlation of locations of aneurysm formation with different local haemodynamic

indices is investigated. For aneurysm growth and stabilisation, a novel 1D concep-

tual model is developed to incorporate a more sophisticated representation of the

microstructural aspects of the arterial collagens and their adaption during IA devel-

opment. Following this, the conceptual collagen microstructural adaption model is

further integrated into a 3D solid IA growth model as well as a 3D FSG modelling

framework, which accounts for both fluid mechanics and solid mechanics. This en-

ables us to simulate evolution of an aneurysm on 3D patient specific arteries with

more sophisticated representation of the microstructural adaption of the tissue. De-

tails about the structure of the thesis are provided as follows:

Chapter 1 overviews the IA disease and introduces relevant biological, biomechan-

ical as well as mechanobiological backgrounds of the arterial tissue. Up-to-

date hypotheses of the role of biomechanics and mechanobiology in the in-

ception and growth of IAs is also reviewed.

IA Disease: Novel Modelling of Inception and the Microstructural Adaption of Collagen Fabric 28



Haoyu Chen 1.6. Research outline and thesis organisation

Chapter 2 introduces a novel method to reconstruct the hypothetical geometry of

the healthy vasculature prior to intracranial aneurysm formation from seg-

mented geometries depicting evolved cerebral aneurysms. This method takes

into account the tortuosity of the arterial vasculature and requires minimal

user subjectivity.

Chapter 3 investigates the correlation between aneurysm inception and local

haemodynamic stimuli which are associated with the transient wall shear

stress acting locally on the vascular wall, including WSS, WSSG, OSI, min(AFI)

and GON.

Chapter 4 presents a novel 1D conceptual model of microstructural aspects of the

collagen fabrics and their adaption. This model is applied to simulate the evo-

lution of conceptual 1D IAs. Key concepts of collagen attachment stretch and

recruitment stretch distributions are introduced; governing equations of the

mechanical equilibrium of the arterial wall, as well as the Strain Energy Func-

tions (SEFs) of the arterial constituents are derived; the approach taken to

model the growth and remodelling of the arterial tissue, as well as the tem-

poral adaption of the collagen microstructure is presented; finally the influ-

ence of different approaches for adapting the collagen microstructures on the

growth of the aneurysms is examined.

Chapter 5 illustrates the implementation of the novel 1D conceptual collagen mi-

crostructure adaption model into two aneurysm growth models: the 3D solid

model to simulate IA development on idealised cylindrical arteries, as well

as the state-of-the-art FSG model to simulate IA development on patient-

specific geometries embedded in a realistic haemodynamic environment. For

the solid model, 3D non-linear elasticity is utilised to derive the equation that

governs the mechanical response of the arterial wall; 3D SEFs for the hetero-

geneous arterial constituents and the particular approach for modelling the

growth and remodelling of the constituents are described; numerical imple-

mentation of the model is also briefly introduced. Results are compared be-

tween four simulation cases to show the advantages of the new model. The

FSG model integrates the research findings of previous chapters: a novel nu-

merical approach is used to reconstruct the healthy pre-aneurysmal geometry

of the vasculature; a realistic constitutive model of the arterial wall incorpo-

rating distributions of collagen fibres is utilised to model the mechanical re-
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sponse of wall; adaption of the microstructure of the collagen fibres are con-

sidered; growth and remodelling of the arterial constituents is explicitly linked

to the local haemodynamic stimuli acting on the surface of the aneurysm do-

main. Finally an aneurysm is observed to develop on physiological vascula-

ture.

Chapter 6 summarises the whole thesis and discusses the main shortcomings of

the research. Future research directions are also suggested, including the

development of an automated method to reconstruct pre-diseased healthy

vasculature depicting bifurcating IAs, sophistication of the 3D model so that

it can be applied to arbitrary geometry, application of the current mod-

elling framework to an experimental rabbit model of elastase induced cere-

bral aneurysms as well as the integration of the collagen adaption model into

a thick-wall model of arterial growth and remodelling.
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A NOVEL AUTOMATED METHOD TO

RECONSTRUCT HEALTHY VASCULATURE

FROM MEDICAL IMAGING DEPICTING IAS

The pathogenesis of IAs is a complex process that combines biological, biochemical

as well as mechanobiological factors together. It has been investigated for decades

but is still not clearly understood. As we have reviewed in Chapter 1, the mecha-

nisms that give rise to the initiation of an IA involve the complex interplay between

the local mechanical stimuli acting on the arterial wall, the biological processes oc-

curring at the cellular level, as well as the response of the wall to these stimuli and

biochemical reactions. A better understanding of the IA pathogenesis will not only

allow better decisions with regard to disease management, but also, more impor-

tantly, help to improve prevention measures.

Currently, it is impossible to predict whether and where an IA will occur. How-

ever, given that aneurysms are more prone to develop at certain regions in the Cir-

cle of Willis, we may question whether there is any common haemodynamic envi-

ronment associated with these regions that triggers the inception of an aneurysm.

To investigate this, one thought is to examine whether there is any correlation be-

tween the haemodynamic factors of the original ‘healthy’ artery and the locations

where the aneurysms form, which we already know from clinical imagings. Never-

theless, the geometries of the healthy arteries prior to aneurysm formation are usu-
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ally unavailable. As a result, several methods have been developed to numerically

remove the aneurysms and reconstruct the surface of the artery from imagings, and

these reconstructed surfaces are considered to be the pre-aneurysmal hypotheti-

cal ‘healthy’ geometries of the arteries. Ideally, such methods need to be repeat-

able, have reasonable user-independence in regards to the geometries of the recon-

structed arteries, and be sufficiently robust to be applied to aneurysms growing in a

variety of locations.

The main objective of this chapter is to present a novel automated numerical

method to remove sidewall IAs and reconstruct the vasculature. In the following

sections, firstly the existing vessel reconstruction methods proposed in the liter-

ature are reviewed; secondly the mathematical preliminaries on which our novel

method is based is introduced; thirdly the procedures of this method and the some

practical problems that we encountered during the implementation of the method

are detailed; finally the advantages and shortcomings of our method are discussed

in comparison with other previous methods.

2.1 A REVIEW OF EXISTING VESSEL RECONSTRUCTION

METHODS

In order to investigate the influence of haemodynamic environment on IA incep-

tion, several computational approaches which are utilised to obtain the hypothet-

ical pre-diseased healthy vasculature from medical imagings of IAs have been pro-

posed within the literature (Mantha et al. 2006; Ford et al. 2009; Shimogonya et al.

2009a; Baek et al. 2009; Cebral et al. 2010; Le et al. 2013 and et al.); some being rela-

tively simple and straightforward, and some being quite complicated to understand.

At the beginning of this chapter, we briefly summarise these approaches so that the

readers can make straight comparisons with our approach which will be introduced

later.

2.1.1 The circular section method

The circular section method generally means creating a smooth surface comprised

of circular cross sections to replace the aneurysmal segment in the parent artery.

This method usually consists of the following procedures:
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1. Sample the 3D vessel model into a contiguous set of 2D cross sections.

2. Manually define the aneurysmal segment and remove the cross sections

within the aneurysmal segment.

3. Reconstruct the parent artery with a new set of circular cross sections.

4. Transform the new cross sections into a smooth surface.

5. Optional: apply a smoothing algorithm to eliminate any geometric disconti-

nuity on the new geometry.

This method has been applied in several studies to obtain the hypothetically

healthy artery before aneurysm formation (Karmonik et al. 2004; Mantha et al. 2006;

Shimogonya et al. 2009a,b, 2012). The difference between methods lies in the gener-

ation of new circular cross sections. In the first two studies, for cross sections within

the aneurysm segment, only the boundary points belonging to the normal arterial

wall were selected excluding any point associated with the aneurysm ostium. Sub-

sequently the radial centres of these sections were determined using a single value

decomposition algorithm, and the arterial radii were calculated as the average dis-

tance between the centre points and the reduced set of boundary points. Contrarily,

in the latter studies (Shimogonya et al. 2009a,b, 2012), centre points, as well as arte-

rial radii of the new cross sections, were interpolated using the corresponding data

at several selected cross sections extracted from both remaining parts of the original

geometry. The general process of the method is provided in Fig. 2.1.

2.1.2 The Voronoi diagram method

Ford et al. (2009) developed an entirely different technique to digitally remove sac-

cular aneurysms and reconstruct the artery. The core concept of this method is the

application of the Voronoi diagram to tessellate the vascular lumen geometry. The

method can be summarised by the following procedures (see Fig. 2.2 for visual illus-

tration):

1. Partition the lumen by a set of maximally inscribed spheres of different sizes

so that no sphere contains a sphere within it. The centres of these spheres are

called the Voronoi seeds (Fig. 2.2-a, b).
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Figure 2.1: Numerical removal of the aneurysm and reconstruction of the artery ge-
ometry with the circular section method: (a) Removal of the aneurysmal segment,
(b) Reconstruct the parent artery with a new set of circular cross sections and trans-
form the new sections into a smooth surface, (c) Smoothing of the parent artery to
eliminate any kink in the new geometry (adapted from Shimogonya et al. (2009b)).

2. Clip the lumen centreline and the corresponding Voronoi seeds are between

two manually selected clipping points on the centreline (Fig. 2.2-c).

3. Interpolate a new centreline between the clipping points. Interpolate a

new set of Voronoi seeds along the new centreline within a certain distance

(Fig. 2.2-d, e).

4. Transform the new Voronoi seeds to a new surface (Fig. 2.2-f).

An obvious advantage of this method is that it can also be applied to recon-

struct arterial bifurcations. The procedures of this method have already been im-

plemented in an open source project for vascular modelling called VMTK, short for

Vascular Modeling ToolKit (Antiga et al., 2008).

2.1.3 The smoothing method

Another vessel reconstruction method was proposed by Cebral et al. (2010) in their

study on the associations between haemodynamics and the formation of blebs in
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Figure 2.2: Numerical removal of the aneurysm and reconstruction of the artery ge-
ometry with the Voronoi diagram method: (a) Partition of the lumen by a Voronoi
diagram. (b) A close-up of the Voronoi seeds. (c) Clipping of the lumen centreline
and the corresponding Voronoi seeds within the aneurysmal segment. (d) Inter-
polation of a new centreline. (e) Interpolation of a new set of Voronoi seeds along
the new centreline. (f) Transformation of the new Voronoi seeds to a new surface
(adapted from Ford et al. (2009)).

cerebral aneurysms, here named as the smoothing method. This method is based

on applying a smoothing algorithm (usually Laplacian or Gaussian smoothing) to

the bulging region manually delineated on the original geometry. Fixing the bound-

aries of the bulging region is required as a smoothing procedure tends to shrink

the surface being smoothed. Iteratively applying the procedure smooths out the

bulging and eventually generates a smooth surface, which is considered to repre-

sent the pre-bulging arterial geometry (see Fig. 2.3). This method has been applied

successively to remove blebs on aneurysms as well as aneurysms on arterial bifur-

cations (Cebral et al. 2010; Castro et al. 2012).

2.1.4 The patching method

The patching method generally means the utilisation of certain commercial pack-

ages to numerically remove the aneurysm and repair the geometry. For instance,

Baek et al. (2009) utilised the surface generation tools in Gridgen (Pointwise Inc.,

Fort Worth, Texas, USA) to remove the aneurysm and generate surface patches

bounded by user-defined splines on the removed surface. Le et al. (2013) used the
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Figure 2.3: Iteratively apply the smoothing algorithm on the bulging to generate a
smooth surface (Adapted from Cebral et al. (2010)).

software package Geomagic studio (Geomagic, Research Triangle Park, North Car-

olina, USA) to clip the aneurysm and repair the modified surface. After first remov-

ing the aneurysm segment, Selimovic (2013) used ANSYS ICEM CFD (ANSYS Inc.,

Cecil Township, Pennsylvania, USA) to embed the cylinder model within patient-

specific arterial geometries by creating surfaces that smoothly connects the cylin-

der to the parent artery. Details of these procedures can be found in the cited docu-

ments respectively.

2.2 MATHEMATICAL PRELIMINARIES FOR THE VESSEL

RECONSTRUCTION METHOD

This section introduces the mathematical preliminaries needed for developing this

novel vessel reconstruction method, including some concepts regarding the differ-

ential geometry of curves (curve parameterisation, Frenet frame, curvature, tor-

sion), a novel method to interpolate cubic Hermite spline over a series of points

as well as determination of the plane-Hermite spline intersection point. In the next

section, the novel Hermite spline interpolation method will be utilised to create a

new skeletonisation for the aneurysmal segment. The method to determine plane-

Hermite spline intersection point will be used to determine the intersection points

between the new skeletonisation and the upstream as well as downstream bound-

aries. The computed Frenet frame is then used to the guide the propagation of a

closed curve from the upstream boundary to the downstream boundary.

IA Disease: Novel Modelling of Inception and the Microstructural Adaption of Collagen Fabric 36



Haoyu Chen 2.2. Mathematical preliminaries for the vessel reconstruction method

2.2.1 Curve parameterisation and the Frenet frame

A curve in the Euclidean spaceR3 can be defined as a parametric differentiable func-

tion with one independent parameter t , i.e. C (t ): [a,b] →R3, with the starting point

C (a) and the endpoint C (b). The general form used to express the parametric func-

tion of a 3D space curve is:

x = f (t ) (2.1a)

y = g (t ) (2.1b)

z = h(t ) (2.1c)

where (x, y, z) are the three Cartesian coordinates of the points on the curve and

f (t ), g (t ) and h(t ) are three parametric equations used to represent each coordinate

of the points.

A Frenet frame is a local orthonormal basis spanning R3 and consisting collec-

tively of the unit tangent, normal and binormal vectors T, N and B (see Fig. 2.4).

Using the parametric function for a 3D space curve, we introduce the notations

Ċ (t ) = dC (t )
dt and C̈ (t ) = d2C (t )

dt 2 to denote the first and second derivatives of the curve.

The unit tangent vector determines the orientation and the forward direction of the

curve, and can be defined as:

T(t ) = Ċ (t )∣∣Ċ (t )
∣∣ (2.2)

The unit normal vector indicates the deviation of the curve from being a straight

line and takes the form:

N(t ) = Ṫ(t )∣∣Ṫ(t )
∣∣ = Ċ (t )× (C̈ (t )× Ċ (t ))∣∣Ċ (t )

∣∣ · ∣∣C̈ (t )× Ċ (t )
∣∣ (2.3)

Lastly, the binormal vector is defined as the cross product of T and N, i.e.:

B(t ) = T(t )×N(t ). (2.4)

providing the coordinates system is right-handed.

2.2.2 Curvature and torsion of a space parametric curve

For a space parametric curve C (t ), t ∈ [a,b], the curvature κ measures the deviance

of C (t ) from being flat in the osculating plane. Physically, it is defined as the mag-

nitude of the rate of change of the unit tangent vector T(s) with respect to the arc
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Figure 2.4: The 3D Frenet frame along a space curve, which consists the unit tan-
gent, normal and binormal vectors T, N and B.

length s:

κ(s) =
∣∣∣∣dT(s)

ds

∣∣∣∣= ∣∣∣∣d2C (s)

ds2

∣∣∣∣ (2.5)

where C (s) is the same curve reparameterised with respect to s. The differential

of arc length ds can be expressed in terms of the lengths of the elements in three

directions:

ds =
√

(dx)2 + (dy)2 + (dz)2 = ∣∣Ċ (t )
∣∣dt (2.6)

IA Disease: Novel Modelling of Inception and the Microstructural Adaption of Collagen Fabric 38



Haoyu Chen 2.2. Mathematical preliminaries for the vessel reconstruction method

For the original curve C (t ), the curvature κ can be computed directly from the fol-

lowing equation:

κ(t ) =
∣∣Ċ (t )× C̈ (t )

∣∣∣∣Ċ (t )
∣∣3 (2.7)

The torsion of a curve, denoted as τ, measures the extent to which a curve twists

out of the osculating plane. Geometrically, it is defined as the magnitude of the rate

of change of the unit binormal vector B(s) with respect to the arc length s. To be

more specific, for a curve that is reparameterised by s:

1. Imagine two close points on the curve P1 = C (s) and P2 = C (s +∆s), where

∆s is the curve arc length between P1 and P2. Denote the angle between the

two bionormal vectors B(s) and B(s+∆s) at P1 and P2 as∆θ. ∆θ is considered

to be positive if its measurement obeys the right-hand rule of the local Frenet

frame.

2. Define the torsion τ of the curve at point P1 as the limit of ∆θ
∆s when ∆s ap-

proaches 0:

τ(s) = lim
∆s→0

∆θ

∆s
= dθ

ds
=−dB(s)

ds
·N(s) (2.8)

Since dB(s)
ds is always colinear with N(s), the minus sign in the preceding equation

simply implies that τ(s) is positive if the twisting of the curve is consistent with the

right-hand rule of the local Frenet frame, and negative if being inconsistent (see Fig.

2.5 For the original curve C (t ), the torsion τ can be computed by:

τ(t ) = [Ċ (t )× C̈ (t )] · ...
C (t )∣∣Ċ (t )× C̈ (t )
∣∣2 (2.9)

where
...
C (t ) = d3C (t )

dt 3 . Eq. 2.7 and 2.9 show thatκdescribes the second order behavior

of a curve, whereas τ describes the third order behavior. κ and τ are related by the

famous Frenet-Serret formulas for a curve C (t ):

d

dt


T

N

B

= ∣∣Ċ (t )
∣∣


0 κ 0

−κ 0 τ

0 −τ 0




T

N

B

 (2.10)

where the additional factor
∣∣Ċ (t )

∣∣ comes from the the chain rule
∣∣Ċ (t )

∣∣ = ds
dt . Eq.

2.10 shows more clearly that the curvature κ is a measurement of how fast T rotates
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Figure 2.5: Torsion of a space curve C (s) parameterised by s between two points
P1 =C (s) and P2 =C (s +∆s).

around B, whereas the torsion τ is a measurement of how fast B rotates around T.

The rate of change of N is more complex, which is affected by both κ and τ. Note

if a curve has τ = 0 everywhere on the curve with non-vanishing κ, then this curve

belongs to a fixed plane.

2.2.3 Cubic Hermite spline interpolation over a series of points

In this section, we present a novel method to construct a cubic Hermite spline over

a series of points. We first illustrate this method with the simplest case of a single-

interval spline interpolated between two endpoints, then move onto a more com-

plicated case of multi-interval spline interpolated through a series of points. The

method introduced in this section serves to create a Hermite spline through the

points on the old skeletonisation of the aneurysmal segment, as well as to construct

new skeletonisation between the upstream and downstream boundaries.
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Given a series of N distinct points P1, P2, . . . , PN in the Euclidean space R3 ,

we can always construct a smooth continuous spline curve consecutively passing

through each point. Among the many choices of types of spline curves, the cubic

Hermite spline is selected for its unique characteristics. For instance, for only two

points P1 and P2, given the two position vectors P1, P2 as well as two additional vec-

tors T1, T2 at these points, a single-interval Hermite spline, starting from point P1

with tangent vector T1 and ending at point P2 with tangent vector T2, can be con-

structed by applying the standard Hermite formula using these boundary condi-

tions. For multiple points, a classic method for constructing a multi-interval spline

is to apply the standard Hermite formula in each single interval following the point

order, where the tangent vectors at the points are chosen in a sensible manner. How-

ever, splines constructed by this method only have C 1 continuity. A novel method

to construct a multi-interval Hermite spline which has C 2 continuity is presented

below. This assures the continuity of the entire Frenet frame along the whole inter-

polated Hermite spline (except for the twisting points, discussed later).

2.2.3.1 Single-interval Hermite spline interpolation

We start from the simplest case (N = 2), where two points Pn = (P m
1 ,P m

2 ,P m
3 ), m =

1,2 and two tangent vectors Tn = (T m
1 ,T m

2 ,T m
3 ) at these two points are given. We use

C 1 = (x1
1 , x1

2 , x1
3) to denote the cubic Hermite spline, with 1 implying the 1st interval

of the spline (to be consistent with the following context). The general form of a

single-interval Hermite spline C 1 parameterised by t ∈ [0,1] can be written as:

x1
1 = a1

01 +a1
11t +a1

21t 2 +a1
31t 3 (2.11a)

x1
2 = a1

02 +a1
12t +a1

22t 2 +a1
32t 3 (2.11b)

x1
3 = a1

03 +a1
13t +a1

23t 2 +a1
33t 3 (2.11c)

Using the Einstein notation, the preceding equation can be alternatively written in

a more concise form:

x1
j = a1

i j t i (2.12)

where i = 0,1,2,3, j = 1,2,3. An alternative option is to use the matrix notation, then

the preceding equation can be written as:

[
x1

1 x1
2 x1

3

]
=

[
1 t t 2 t 3

]


a1
01 a1

02 a1
03

a1
11 a1

12 a1
13

a1
21 a1

22 a1
23

a1
31 a1

32 a1
33

 (2.13)
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The coefficients a1
i j are determined such that the boundary conditions are fulfilled:

C 1(0) = P1 (2.14a)

C 1(1) = P2 (2.14b)

Ċ 1(0) = T1 (2.14c)

Ċ 1(1) = T2 (2.14d)

This yields 12 linear equations for the 12 unknowns a1
i j . This system of linear equa-

tions can be written compactly using matrix notation:

M1A1 = Q1 (2.15)

where

M1 =


1 0 0 0

1 1 1 1

0 1 0 0

0 1 2 3

 (2.16)

and

A1 =


a1

01 a1
02 a1

03

a1
11 a1

12 a1
13

a1
21 a1

22 a1
23

a1
31 a1

32 a1
33

 (2.17)

is the coefficient matrix storing the 12 unknown coefficients a1
i j , and

Q1 =


P1

P2

T1

T1

 (2.18)

is the matrix storing the boundary conditions. The solution to the coefficient

matrix A1, namely the 12 unknown coefficients a1
i j , can be simply calculated by

A1 = M1
−1Q1.

2.2.3.2 Multi-interval Hermite spline interpolation

Now let us look at a slightly more complicated case: a multi-interval spline, i.e. N ≥
3. Given a series of N distinct points P1, P2, . . . , PN where Pm = (P m

1 ,P m
2 ,P m

3 ), m =
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1,2, . . . , N , and two tangent vectors, T1 = (T 1
1 ,T 1

2 ,T 1
3 ) and TN = (T N

1 ,T N
2 ,T N

3 ), at the

boundary points P1 and PN , we can interpolate an N − 1 interval cubic Hermite

spline. The nth interval of the spline, connecting the two adjacent points Pn and

Pn+1 and parameterised by t ∈ [0,1], is denoted as C n = (xn
1 , xn

2 , xn
3 ), n = 1,2, . . . , N −

1. Using the Einstein notation, the general form of C n can be written as: xn
j = an

i j t i ,

i = 0,1,2,3, j = 1,2,3. Alternatively, using the matrix the notation, the preceding

equation reads:

[
xn

1 xn
2 xn

3

]
=

[
1 t t 2 t 3

]


an
01 an

02 an
03

an
11 an

12 an
13

an
21 an

22 an
23

an
31 an

32 an
33

 (2.19)

The coefficients an
i j for the nth interval C n are determined to satisfy both the

boundary conditions at the boundary points P1 and PN , as well as the C 0, C 1 and C 2

continuity conditions at all other points:

Boundary conditions at P1 and PN :

C 1(0) = P1 (2.20a)

C N−1(1) = PN (2.20b)

Ċ 1(0) = T1 (2.20c)

Ċ N−1(1) = TN (2.20d)

C 0 continuity conditions at Pn , n = 2,3, . . . , N −1:

C −1(1) = Pn (2.21a)

C n(0) = Pn (2.21b)

C 1 continuity conditions at Pn :

Ċ n−1(1)− Ċ n(0) = 0 (2.22)

C 2 continuity conditions at Pn :

C̈ n−1(1)− C̈ n(0) = 0 (2.23)

Together the conditions detailed in Eq. 2.20a to 2.23 yield 12(N − 1) linear equa-

tions for the 12(N − 1) unknowns. This system of linear equations can be written

compactly using the matrix notation:

MA = B (2.24)
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where M is a 4(N − 1) × 4(N − 1) matrix, A is a 4(N − 1) × 3 matrix storing all the

coefficients of each interval of the spline an
i j . B is a 4(N −1)×3 matrix storing the

coordinates of all of the Pm , m = 1,2, . . . , N as well as two tangent vectors T1 and TN

at points P1 and PN . These three matrices M, A and B can be written in the form of

block matrix. More specifically, M can be written as:

M =



M2 M3 0 · · · 0

0 M2 M3
. . .

...
...

. . . . . . . . . 0

0 · · · 0 M2 M3

M4 0 · · · 0 M5


(2.25)

i.e., for every row downwards except for the last row, blocks M2 and M3 are moving

a column rightwards. In this large block matrix of M, we have:

M2 =


1 0 0 0

1 1 1 1

0 1 2 3

0 0 2 6

 M3 =


0 0 0 0

0 0 0 0

0 −1 0 0

0 0 −2 0

 (2.26a)

M4 =


0 0 0 0

0 0 0 0

0 1 0 0

0 0 0 0

 M5 =


1 0 0 0

1 1 1 1

0 0 0 0

0 1 2 3

 (2.26b)

and the block 0 is a 4×4 zero matrix. The matrix A in Eq. 2.24 can be written as:

A =



A1

A2
...

AN−2

AN−1


(2.27)

where

An =


an

01 an
02 an

03

an
11 an

12 an
13

an
21 an

22 an
23

an
31 an

32 an
33

 (2.28)
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Finally, the matrix B takes the form of:

B =



B0

B1
...

BN−2

Q


(2.29)

where

B0 =
[]

and Bn =


Pn

Pn+1

0

0

 and Q =


PN−1

PN

T1

TN

 (2.30)

We note that B0 is intentionally defined to be an empty matrix which enables us to

group together the equations of computing the coefficient matrices of both single-

interval and multi-interval splines into a more generalised form. Otherwise when

N = 2, the matrix BN−2 = B0 will be undefined. Bn stores the position vectors of the

first N −1 points as well as null vectors. Q stores the position vectors of the last two

points PN−1 and PN , as well as the two tangent vectors T1 and TN at the boundary

points P1 and PN . Now return to Eq. 2.24: MA = B. The solution to the coefficient

matrix A can be simply computed by A = M−1B in any mathematical computing

environment such as MATLAB (MathWorks, Natick, Massachusetts, USA).

Of particular note is that when N = 2, matrix A in Eq. 2.27 reduces to A1 in Eq.

2.17, whereas matrices B and Q in Eqs. 2.29 and 2.30 reduce to Q1 in Eq. 2.18. Hence,

it is reasonable to write that the equation of computing the coefficient matrix of any

interval spline in a general form is simply MA = B. When a single interval spline

(N = 2) is needed, M = M1 as in Eq. 2.16. When a multi-interval spline (N ≥ 3) is

required, M takes the form of Eq. 2.25. In both cases, A and B take the forms of Eqs.

2.27 and 2.29 respectively. The coefficient matrix A is computed by A = M−1B.

2.2.4 General form of the plane equation and plane-Hermite

spline intersection

Here we derive the general form of the plane equation as well as the intersection

point of a plane and a Hermite spline in the Euclidean space R3. This provides

the mathematical solution to a problem encountered in the vessel reconstruction
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method which will be introduced later: finding the intersection points between the

skeletonisation of the vasculature and the clipping boundaries.

Let the general form of the plane equation to be defined as:

ex + f y + g z +h = 0 (2.31)

Also let Pn = (xn , yn , zn), n = 1,2,3 to be three non-collinear points on the plane.

These points should satisfy the following system of three equations:

exn + f yn + g zn +h = 0 (2.32)

This system can be solved by applying the Cramer’s Rule. Let

D =

∣∣∣∣∣∣∣∣
x1 y1 z1

x2 y2 z2

x3 y3 z3

∣∣∣∣∣∣∣∣ (2.33)

If D = 0, this means the volume of the parallelepiped taking P1, P2, P3 and the origin

as four vertices is zero. In other words, the plane passes through the origin, hence

we have d = 0 as well. In this case, this system has infinite sets of solutions for e, f , g .

One set can be obtained by giving an arbitrary non-zero number to any of e, f and

g , and the other two parameters will be easily determined. In the more common

case when D 6= 0, the values of e, f and g can be calculated as follows:

e =− h

D

∣∣∣∣∣∣∣∣
1 y1 z1

1 y2 z2

1 y3 z3

∣∣∣∣∣∣∣∣ f =− h

D

∣∣∣∣∣∣∣∣
x1 1 z1

x2 1 z2

x3 1 z3

∣∣∣∣∣∣∣∣ g =− h

D

∣∣∣∣∣∣∣∣
x1 y1 1

x2 y2 1

x3 y3 1

∣∣∣∣∣∣∣∣ (2.34)

Here the values of e, f and g are dependent on the value of h. They are uniquely

determined if h is set equal to any non-zero number. Substituting these parameters

into Eq. 2.32 yields the general form of the plane equation.

Now we want to find the intersection of a plane and a cubic Hermite spline. Sup-

pose that the interval of the Hermite spline C that intersects with the plane is pa-

rameterised by t ∈ [0,1] and can be represented by:

x(t ) = a01 +a11t +a21t 2 +a31t 3 (2.35a)

y(t ) = a02 +a12t +a22t 2 +a32t 3 (2.35b)

z(t ) = a03 +a13t +a23t 2 +a33t 3 (2.35c)
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We also have the plane represented by ex + f y + g z +h = 0. Substituting Eqs. 2.35a

- 2.35c into the plane equation yields the following cubic equation:

[
1 t t 2 t 3

]


a01 a02 a03

a11 a12 a13

a21 a22 a23

a31 a32 a33




e

f

g

+h = 0 (2.36)

Now the problem of finding the intersection point of a plane and a cubic Hermite

spline becomes finding the roots to the preceding equation which fall in the domain

t ∈ [0,1]. In general a cubic function can have 0–3 real roots in the domain t ∈ [0,1].

However, in our case where the Hermite spline is the skeletonisation of the vascula-

ture and the plane is one of the clipping boundaries (introduced in Sec. 2.3), there is

always one and only one real root t0 that satisfies 0 ≤ t0 ≤ 1. This root can be easily

computed using any computational software. The intersection point is simply given

by substituting t0 into the spline equations, i.e. (x(t0), y(t0), z(t0)).

2.3 A NOVEL METHOD TO NUMERICALLY RECONSTRUCT

THE VASCULAR GEOMETRY

In this section we present a novel and simple method to reconstruct the hypothet-

ical geometry of the healthy vasculature prior to intracranial aneurysm (IA) forma-

tion. The basic assumption for the vasculature is that the blood vessel is tapering

from one end to the other without any abrupt change in the radii. The method can

be summarised as follows: a Frenet frame is calculated along the skeletonisation

of the arterial geometry; upstream and downstream boundaries of the aneurysmal

segment are expressed in terms of the local Frenet frame basis vectors; the hypothet-

ical healthy geometry is then reconstructed by propagating a closed curve along the

skeleton using the local Frenet frames so that the upstream boundary is smoothly

morphed into the downstream boundary. This methodology takes into account the

natural tortuosity of the arterial vasculature and requires minimal user subjectivity.

The procedures of this method are summarised as follows:

1. Clinical imaging data (see Fig. 2.6(a)) depicting an aneurysmal vessel is

first segmented using @neufuse (a segmentation-registration-visualisation

software suite developed for the European project @neurIST, http://www.
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aneurist.org: Integrated Biomedical Informatics in the Management of

Cerebral Aneurysms, see Villa-Uriol et al. (2011)).

2. A skeleton of the vasculature is generated in @neufuse.

3. The aneurysmal segment is clipped from the blood vessel so that the vessel is

divided into three segments: upstream, aneurysm and downstream (see Fig.

2.6(b)). The clipping planes are normal to the vascular skeleton. The positions

of the clipping planes are chosen visually so that they do not include any of the

neck geometry and (subjectively) where the local curvature of the vessel has

not been influenced by the presence of the aneurysm. This is done whilst also

attempting to minimise the amount of vessel removed.

4. The boundary curves of the upstream and downstream segments are ex-

tracted in Tecplot (Tecplot, Inc, Bellevue, Washington, USA).

5. Both the skeleton and the two boundary curves are exported into MATLAB

(Mathworks, Natick, Massachusetts, USA) in the form of discrete points.

Points of the skeleton are interpolated by a multi-interval cubic Hermite

spline using the method introduced in Sec. 2.2.3.2. The boundary tangent

vectors are taken to be the vectors connecting the first two points as well as

the last points on the skeleton respectively.

6. The position vectors of the two intersection points of the interpolated Her-

mite spline and the two boundary planes are calculated using the method in-

troduced in Sec. 2.2.4. Two normal vectors of the boundary planes in the flow

direction are also determined.

7. Neither the skeleton nor the interpolated Hermite spline based on the skele-

ton can be used again for reconstructing a healthy geometry since the skele-

ton may has already been reshaped due to the growth of the aneurysm. Hence

a new skeleton is interpolated between the two boundary planes using the

computed vectors based on the single-interval cubic Hermite spline interpo-

lation scheme introduced in Sec. 2.2.3.1. A Frenet frame composed of the T, N

and B vectors is then calculated along the newly interpolated skeletonisation

using the equations introduced in Sec. 2.2.1 (see Fig. 2.6(c)).

8. Once the Frenet frame is defined, upstream and downstream boundaries are

defined in terms of the local Frenet frame basis vectors (see Fig. 2.6(d)).
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The hypothetical healthy geometry is then reconstructed by propagating a

closed curve along the skeletonisation in the normal planes, i.e. the planes

spanned by the N and B vectors, so that the upstream boundary morphs

smoothly into the downstream boundary. The propagating boundary curve

r(t ,θ), θ ∈ [0,2π), t ∈ [0,1], is constructed from the skeletonisation curve c(t )

and the radial vectors l(t ,θ) which lie in the N-B planes, i.e.

r(t ,θ) = c(t )+ l(t ,θ) (2.37)

where t is a parameterisation of c(t ) and θ is the angle of l(t ,θ) counted from

the local normal vector N in the direction that obeys the right-hand rule.

9. l(t ,θ) is expressed in a combination of local Frenet frame basis vectors:

l(t ,θ) =(|l(0,θ)| · (1−ω(t ))+|l(1,θ)| ·ω(t ))

· (cos(θ) ·N(t )+ sin(θ) ·B(t ))
(2.38)

whereω(t ) is an interpolation function based on some specific property of the

skeleton such as the parameterisation t or the arc-length, and should satisfy:

ω(t ) =
0 t = 0

1 t = 1
(2.39)

Different interpolation functions will provide boundaries with different

shapes. In our study, we select a simple, linear function: ω(t ) = t , which is

suitable for reconstructing a short arterial segment.

10. By considering a discrete range of values for t and θ, we can generate a con-

tiguous set of boundaries (see Fig. 2.6(e)).

11. These boundaries are triangulated and converted into a smooth surface,

which is considered as the reconstructed, hypothetical healthy segment (in-

troduced in Sec. 2.5).

The procedures of the method are summarised in Fig. 2.6.

2.4 PRACTICAL PROBLEMS DURING METHOD IMPLEMEN-

TATION

During the implementation of this novel vessel reconstruction method we encoun-

tered several problems, including reinterpolation of the points on the boundary
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Figure 2.6: Some key procedures of the novel vessel reconstruction methodology.
(a) Segmented clinical image of vasculature depicting an IA and the skeletonization
of the arterial vasculature. (b) Aneurysmal segment removal. (c) Extraction of the
boundaries, interpolation of a new skeleton using a cubic polynomial and computa-
tion of the Frenet frame along the interpolated skeleton (tangent vector not shown).
(d) Morphing the inlet boundary into the outlet boundary. Position vectors of re-
constructed surface section r(t ,θ) computed by adding the position vectors of the
skeleton curve c(t ) to radial vectors in the local N-B plane, i.e., l(t ,θ). The magnitude
of l(t ,θ) is defined using an interpolation of the radial vector magnitudes of the inlet
and outlet boundaries. (e) Transformation of the boundaries into a smooth surface
and reconnecting this surface into the parent geometry reconstruction method.

curves, specifying the magnitude of the boundary vectors for the interpolation

of the new skeleton, as well as twisting points on the new skeletonisation of the

aneurysmal segment.

2.4.1 Reinterpolation of the points on the boundary curves

When this method is numerically implemented, the parameter t of the skeleton and

the angle θ of the radial vectors l(t ,θ) should first be discretised. The upstream

and downstream boundary curves can be represented by radial vectors l(0,θ) and

l(1,θ). For these radial vectors θ must be identically discretised so that l(t ,θ) of
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other boundary curves are correctly interpolated. However, these upstream and

downstream boundary curves are extracted in the format of discrete points from the

imaging data. Neither the numbers of points on these boundary curves are equal,

nor the angle between any two adjacent points on one boundary curve is same. In

other words, θ is not identically discretised for these two boundary curves. Hence

these boundaries curves must be processed before being applied to interpolate the

radial vectors on other cross sections. A simple method is developed to solve this

problem, which is based on the application of an equidistant angle interpolation

to the radial vectors on these two boundary curves. Taking the upstream boundary

curve (t = 0) as an example and assume it is extracted into the format of N discrete

points, we summarise the procedures of this method as follows:

1. Compute all the radial vectors l(0,θn), n = 1,2, · · · , N in this boundary curve by

subtracting the position vectors of the boundary points with the local skeleton

point c(0). Here θn is defined as the angle between the local normal vector of

the skeleton N(0) and the radial vector l(0,θn), measured following the right-

hand rule of the Frenet frame.

2. We define a new angular function ϕ(i ) = i , i ∈ (0,2π], where the associated

new radial vectors l(0,ϕ) will be interpolated based on the values of ϕ.

3. We linearly interpolate l(0,ϕ) using the radial vectors of the discrete boundary

points l(0,θn). For any angle of ϕ, we interpolate l(0,ϕ) as:

l(0,ϕ) =


l(0,θN )+ [l(0,θ1)− l(0,θN )] · ϕ−θN+2π

θ1−θN+2π 0 <ϕ≤ θ1

l(0,θn)+ [l(0,θn+1)− l(0,θn)] · ϕ−θn
θn+1−θn

θn <ϕ≤ θn+1

l(0,θN )+ [l(0,θ1)− l(0,θN )] · ϕ−θN
θ1−θN+2π θN <ϕ≤ 2π

(2.40)

4. By considering discrete values of i following a finite arithmetic progression,

we can have equidistant angles ofϕ, as well as an equidistant angle interpola-

tion of the radial vectors l(0,ϕ) in this boundary curve. An example would be

letting i = mπ
180 where m = 1,2, · · · ,360, then we would have discretised l(0,ϕm)

whereby ϕm = mπ
180 .

Fig. 2.7 visualises the reinterpolation of the points on the upstream boundary. Af-

ter repeating the preceding procedures for the downstream boundary curve, we now
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have both upstream and downstream boundary curves whose radial vectors are dis-

cretised in an identical way with respect to the angle ϕ. This enables us to correctly

proceed to the interpolation of the radial vectors of other boundary curves.

Figure 2.7: Reinterpolation of the upstream boundary points based on the existing
points on the boundary. (a) Upstream boundary represented by the original points.
(b) Reinterpolation of new boundary points whose radial vectors have equidistant
angles around the boundary based on the original points. (c) Upstream boundary
represented by the newly reinterpolated points.

2.4.2 Specifying the boundary tangent vectors for interpolating

the new vascular skeleton

In this vessel reconstruction method, a new single-interval cubic Hermite spline

is created to be taken as the skeleton of the reconstructed arterial segment. The

boundary conditions needed to create this spline, i.e. the matrix Q1 in Eq. 2.18, con-

sist of two endpoints P1 and P2, as well as two tangent vectors T1 and T2 at P1 and

P2. P1 and P2 are the intersection points of the old skeleton and the clipping planes,

hence are determined boundary conditions for interpolating the new spline. How-

ever, the tangent vectors still have yet to be determined. Each tangent vector has

three degrees of freedom (DOFs): two supplied by the direction cosines to specify

the direction of the vector and one supplied by the magnitude of the vector. The

directions of T1 and T2 are taken to be normal to the clipping planes, together oc-

cupying 4 DOFs. This leaves two DOFs undetermined, i.e. the magnitudes of the

vectors. Here the magnitude of T1 is denoted as κ1 and that of T2 is denoted as κ2.
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(a) Influence of changing the magnitude
of only one tangent vector on the curve
shape

(b) Influence of changing the magnitudes
of both two tangent vectors on the curve
shape

Figure 2.8: Influence of the magnitudes of the tangent vectors on the shape of the
interpolated single-interval Hermite spline. In the left case, the right tangent mag-
nitude remains unchanged. Increasing the left tangent magnitude makes the curve
travel a longer distance before bending towards the right endpoint. In the right case,
both tangent magnitudes are changed equally. Increasing the magnitudes makes
the curve rise in the middle and even form a loop (adapted from Mortenson 2006).

Interestingly, values of κ1 and κ2 affect the shape of the curve. Fig. 2.8 shows the

effect of adjusting the values of κ1 and κ2 on the shape of an interpolated two di-

mensional curve with the endpoints and the directions of the curve at the endpoints

fixed. It can be seen that the magnitudes of the tangent vector affect the curve shape

by adjusting the entire arc length as well as its trend of how it travels from one end to

the other. In general, increasing the values of κ1 and κ2 will result in longer curves,

even generating loops. Varying κ1 and κ2 will yield an infinite family of curves, all

of which have the same endpoints and same directions at the endpoints yet entirely

different interior shapes; thus the vessels reconstructed using these curves as the

new skeletons will all be different. In the literature, several methods have been sug-

gested to determine κ1 and κ2 (Barsky and Beatty 1983; Kochanek and Bartels 1984;

Manning 1974); some being quite complicated, some being easier to implement. A

simple method is adopted in our study: we set the magnitudes of both tangent vec-

tors to be the distance between the two endpoints, i.e. κ1 = κ2 = ‖P2 −P1‖. New

vessel skeletons were interpolated using this method in 22 cases of physiological

vasculatures. Results show that the vessels reconstructed based on these skeletons

look realistic in all cases.
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2.4.3 Twisting points on the new vascular skeleton

One intrinsic feature that associates with a space Hermite spline, or more generally,

any cubic curve, is the presence of abrupt twists of the spline at certain locations on

the curve (Wang et al., 2008). We call them the twisting points in general. At these

locations, due to the abrupt twists of the curve, the normal and binormal vectors

N and B of the Frenet frame will also exhibit a very sudden spin along the tangent

vector T (see Fig. 2.9). If this Frenet frame is employed to reconstruct the cross

Figure 2.9: An illustration of two twisting points on a space curve. Notice the rapid
spinning of the Frenet frame in the neighbourhood of the twisting points.

sections of the artery (as detailed in Sec. 2.3), the final surface transformed from

the cross sections will be discontinuous (See Fig. 2.10). Hence before applying the

vessel reconstruction method, we need to determine whether the new skeleton has

any twisting points, and where these points are if they exist. In addition, the rapidly

spinning Frenet frame caused by the twisting points also needs to be processed.

Generally speaking, a cubic Hermite spline can have a maximum of two twisting

points. For a plane spline in which the torsion τ equals to 0 everywhere on the curve,
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Figure 2.10: Reconstructed geometry using Frenet frames with a twisting point.

the twisting points coincide with the inflection points, i.e. points where the curva-

ture κ vanishes and the curve concavity changes sign. For a space spline, the defini-

tion of a twisting point becomes ambiguous since κ can never be exactly equal to 0

(see below for proof). The fast spin of the Frenet frame happens within a very short

segment of the curve where κ nearly vanishes rather than a single point, namely

in very short segments where the spline is relatively straight. In this case locating

the ‘twisting segment’ and processing the Frenet frame accordingly becomes very

important. Here we present a simple and practical method to detect the general

twisting points and to process the affected Frenet frame of the vascular skeleton

C (t ), t ∈ [0,1], which has the same form as in Eq. 2.35a to 2.35c. Two scenarios are

considered: (1) Plane curve, (2) Space curve. In order to determine whether C (t )

is a plane spline or a space spline, we compute the determinant of the following

coefficient matrix:

A =


a11 a12 a13

a21 a22 a23

a31 a32 a33

 (2.41)

If det(A) = 0, then C (t ) is a plane spline, otherwise C (t ) is a space spline. To prove

this, we know that det(A) = 0 means that the three column vectors of A are linearly

dependent, i.e.: 
a13

a23

a33

= k1


a11

a21

a31

+k2


a12

a22

a32

 (2.42)
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The parameters k1 and k2 are not both 0. Substituting Eq. 2.42 into the spline equa-

tions 2.35a to 2.35c, we have:

k1x +k2 y − z +p = 0 (2.43)

where p = a03 −k1a01 −k2a02. Comparing this equation with Eq. 2.31, we see that

Eq. 2.43 satisfies the general form of a plane equation. Hence we have proven that

this spline is a plane curve. On the contrary, if det(A) 6= 0, then the equation of the

spline does not satisfy the general form of a plane equation. Hence the spline is a

space curve. Now we summarise our method to detect the general twisting points

and to process the affected Frenet frame of the vascular skeleton as follows:

1. If C (t ) is a plane spline, the problem of finding twisting points becomes find-

ing the inflection points of a plane spline. This is done by letting the curvature

κ vanish:

κ(t ) =
∣∣Ċ (t )× C̈ (t )

∣∣∣∣Ċ (t )
∣∣3 = 0 (2.44)

which implies that the numerator must be 0. Eq. 2.44 can be further decom-

posed into three separate equations:∣∣∣∣∣∣∣∣
3t 2 a12 a13

−3t a22 a23

1 a32 a33

∣∣∣∣∣∣∣∣=
∣∣∣∣∣∣∣∣
a11 3t 2 a13

a21 −3t a23

a31 1 a33

∣∣∣∣∣∣∣∣=
∣∣∣∣∣∣∣∣
a11 a12 3t 2

a21 a22 −3t

a31 a32 1

∣∣∣∣∣∣∣∣= 0 (2.45)

This means the vector (3t 2,−3t ,1)T t ,∈ [0,1] lies in the same plane as the

three vectors (a11, a21, a31)T , (a12, a22, a32)T and (a13, a23, a33)T composed of

the spline coefficients. Since these three vectors are coplanar for a plane

spline, the solution to any of these three equations automatically satisfies the

other two. Now the problem of finding the twisting points of a plane spline

C (t ) has become finding the solution to a quadratic equation (or a linear

equation if the quadratic coefficient is 0) within the range [0,1]. No solution

implies no twisting point (or inflection point) on the spline, one solution rep-

resents a single twisting point, whereas two solutions corresponds to double

twisting points. Having determined the twisting points, we need to process

the Frenet frame. Assume the skeleton is discretised by N points, denoted as

Pn , n = 1,2, · · · , N :

a) If no twisting point presents on the spline, nothing needs to be done to

the Frenet frame.
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b) If a single twisting point exists, here denoted as PM1 , then we reverse the

normal and binormal vectors Nn and Bn , n = 1, · · · , M1, between the ini-

tial endpoint P1 and PM1 if M1 ≤ N
2 , or reverse Nn and Bn , n = M1, · · · , N ,

between PM1 and the last endpoint PN if M1 ≥ N
2 .

c) If double twisting points presents, denoted as PM1 and PM2 , M1 ≤ M2,

respectively, then we simply reverse Nn and Bn , n = M1, · · · , M2, between

PM1 and PM2 .

This will yield a continuous Frenet frame along the spline.

2. If C (t ) is a space curve, then the three vectors (a11, a21, a31)T , (a12, a22, a32)T

and (a13, a23, a33)T are not coplanar. Hence the twisting points cannot be

found by simply setting κ = 0 since Eq. 2.45 can never be satisfied. In addi-

tion, the method we have used to process the Frenet frame for a plane spline

fails as for a space curve the Frenet frame usually spins rapidly in the ‘twist-

ing segment’ rather than at one point. Hence we have used a different nu-

merical method of detecting the twisting points (twisting segments), based

on the computation of the spinning angle of the Frenet frame. In order to pro-

cess to Frenet frame, a modified Frenet frame (also called rotation minimising

frames) is used (Bloomenthal, 1990). The details of this method is as follows:

a) Determine if the spline contains a twisting point. To do this, firstly, com-

pute the absolute value of the torsion |τ| at all points on the curve Pn ,

n = 1,2, · · · , N , and assume the point PM1 which has the maximum |τ|
is a twisting point. Secondly, specify another two points PA and PB

on the curve on each side of PM1 , satisfying A = max(M1 −Q,1) and

B = min(M1 +Q, N ), Q ∈ Z+. In our cases, given each skeleton con-

sists of around 100 points, we choose Q = dN /50e. Now the curve arc
_

PAPB is assumed to be the segment in which the Frenet frame rapidly

spins. Thirdly, calculate the total spinning angle of the binormal vector

B within the segment based on the definition of τ (i.e. Eq. 2.8):

θ =
∫ s(PB )

s(PA)
τ(s)ds =

∫ t (PB )

t (PA)
τ(t )

∣∣Ċ (t )
∣∣ dt (2.46)

Lastly, define a critical spinning angle θC : if θ ≥ θC , then the assump-

tion is accepted, i.e. PM1 is a twisting point and
_

PAPB is a segment in

which the Frenet frame rapidly spins; otherwise the assumption is re-

jected, PM1 is a normal point. For a plane spline, the inflection points
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cause a complete reverse of B. This can be regarded as a spinning angle

of π. For numerical purposes, after many trials, we set θC = 3π
4 to detect

the existence of a twisting point for a space curve. If PM1 is not a twisting

point, then the spline is considered to have no twisting point at all. How-

ever, if PM1 is a twisting point, then we apply this method on the skeleton

points again Pn , n = 1, · · · , A−1 and n = B +1, · · · , N excluding the points

bounded by
_

PAPB to check if the spline has a second twisting point. If

it exists, we denoted as PM2 , and the corresponding twisting segment as
_

PC PD , where PC is closer to the upstream boundary and PD is closer to

the downstream boundary.

b) If no twisting point exists on the spline, nothing needs to be done to the

Frenet frame. If a single twisting point PM1 presents together with the

twisting segment
_

PAPB , then we reverse the normal and binormal vec-

tors Nn and Bn , n = B , · · · , N , between PB and the last endpoint PN , i.e.

N̂n = −Nn and B̂n = −Bn where N̂n and B̂n are the new frame vectors.

For the Frenet frame between PA and PB , we use a simple interpolation

scheme proposed by Bloomenthal (1990) (introduced later). Finally, if

double twisting point PM1 and PM2 presents together with the two twist-

ing segment
_

PAPB and
_

PC PD , assuming m1 < m2, we simply interpolate

a new set of Frenet frame between points PA and PD .

c) We use the concept called rotation minimising frame (RMF) (Bloomen-

thal, 1990) to interpolate a new set of Frenet frame between PA and PX

where X = B for a single twisting point spline and X = D for a double

twisting point spline. The interpolation of a new frame is based on its

previous frame: the new frame (Tn ,N̂n , B̂n) at Pn is computed by trans-

forming (Tn−1,N̂n−1, B̂n−1) from Pn−1 to Pn , and then rotating it so that

Tn−1 aligns itself with Tn , n = A + 1, · · · , X − 1. Then the rotated frame

is considered as the new frame (Tn ,N̂n , B̂n) at point Pn . To be more

specific, the axis of rotation at Pn can be represented by a unit vector

un = (un
x ,un

y ,un
z ) computed by:

un = Tn−1 ×Tn∣∣Tn−1 ×Tn
∣∣ (2.47)

The rotation angle αn is given by:

αn = arccos(
Tn−1 ·Tn∣∣Tn−1

∣∣ |Tn | ) (2.48)

IA Disease: Novel Modelling of Inception and the Microstructural Adaption of Collagen Fabric 58



Haoyu Chen 2.5. Transforming boundary curves into a surface

The rotation matrix Rn can be written concisely in Rodrigues’ rotation

formula:

Rn = cosαnI+ sinαn[un]×+ (1−cosαn)un ⊗un (2.49)

where I is the 3×3 identity matrix, [un]× is the skew-symmetric matrix of

un and un ⊗un is the tensor product of un with itself, i.e.:

[un]× =


0 −un

z un
y

un
z 0 −un

x

−un
y un

x 0

 un ⊗un =


(un

x )2 un
x un

y un
x un

z

un
x un

y (un
y )2 un

y un
z

un
x un

z un
y un

z (un
z )2

 (2.50)

Hence given the frame (Tn−1,N̂n−1, B̂n−1) at point Pn−1, we can compute

the new frame (Tn ,N̂n , B̂n) at point Pn :

N̂n = RnN̂n−1 and B̂n = RnB̂n−1 (2.51)

and Tn is just taken to be the tangent vector of the old Frenet frame. An

extreme case is when Tn = Tn−1, Eq. 2.47 becomes undefined hence no

axis is available to perform the rotation. In this case we simply assume

that there is no rotation of the frame and set the rotation matrix R = I,

hence N̂n = N̂n−1, B̂n = B̂n−1. Fig. 2.11 shows the approach to create

the RMFs: the frame (Tn−1,N̂n−1, B̂n−1) is first transformed from point

Pn−1 to point Pn then rotated into (Tn ,N̂n , B̂n). Starting from point PA+1,

repeating this approach in order and finishing at point PX−1, we finally

have a new set of frames interpolated in order between points PA and

PX .

The reconstructed geometry using a smooth processed Frenet frame is com-

pared with the reconstructed geometry using the original Frenet frame in Fig. 2.12.

2.5 TRANSFORMING BOUNDARY CURVES INTO A SURFACE

During the implementation of this method, the boundary curve functions r(t ,θ) are

discretised by tn where n = 1,2, · · · , N and by θm where m = 1,2, · · · , M . This yields N

boundary curves and M points on each of these boundary curves. Hence the total

amount of points on the reconstructed segment is N ×M . These points need to be
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Figure 2.11: The approach to create a rotation minimising frame. The interpolation
of a new frame is based on its previous frame.
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Figure 2.12: This compares the reconstructed geometries using original Frenet
frame which includes one twisting point and the processed Frenet frame without
twisting point.

transformed into a surface so that the reconstructed surface geometry can be con-

nected back to the parent artery. The method we adopted to achieve this is based

on creating triangular facets from these points, and a natural way to triangulate the

points is to write standard STL files. STL, which is short for STereoLithography, is a

file format that describes a raw unstructured triangulated surface by the unit nor-

mal vectors and the vertices of the triangles using a three-dimensional Cartesian

coordinate system. A standard STL file can be specified in either ASCII or binary

representations, the first one of which is adopted in our study. An STL file is built up

by many blocks each of which is used to represent a single triangular facet. For three

points Pi = (P i
x ,P i

y ,P i
z), i = 1,2,3, a general triangular facet can be created, denoted

as 4P1P2P3. The corresponding STL block representing this facet has the following

shape:

Listing 2.1: A general STL block used to represent a triangular facet

fac et normal nx (4P1P2P3) ny (4P1P2P3) nz (4P1P2P3)

outer loop

vertex P 1
x P 1

y P 1
z

vertex P 2
x P 2

y P 2
z

vertex P 3
x P 3

y P 3
z

endloop

endfacet

where nx(4P1P2P3), ny (4P1P2P3), nz(4P1P2P3) are the coordinates of the out-

ward unit normal vector n of the facet. Note that the direction of n should be

consistent with the order of the points P1 → P2 → P3 by the right-hand rule. Now

in our method, in order to transform the generated boundary points into a sur-
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face, we still need to sort out the correct order of the points that are used to

write the facet blocks in the STL file. We denote four adjacent points, two on

the nth boundary curve as P(tn ,θm) and P(tn ,θm+1), and the other two on the

(n +1)th boundary curve as P(tn+1,θm) and P(tn+1,θm+1), where n = 1,2, · · · , N −1

and m = 1,2, · · · , M − 1. Using these four points, we can generate two triangular

facets: 4P(tn ,θm)P(tn ,θm+1)P(tn+1,θm) and 4P(tn ,θm+1)P(tn+1,θm+1)P(tn+1,θm).

Each of these facets shares one common edge (or two common vertices)

with each of its three adjacent facets. The STL blocks for representing

4P(tn ,θm)P(tn ,θm+1)P(tn+1,θm) and 4P(tn ,θm+1)P(tn+1,θm+1)P(tn+1,θm) should

be written following the point order P(tn ,θm) → P(tn ,θm+1) → P(tn+1,θm) and

P(tn ,θm+1) → P(tn+1,θm+1) → P(tn+1,θm) respectively:

Listing 2.2: Two consecutive blocks used to represent two adjacent triangular facets

composed of vectices θm

fac et normal nx (4P(tn ,θm)P(tn ,θm+1)P(tn+1,θm)) ny (4P(tn ,θm)P(tn ,θm+1)P(tn+1,θm))

»nz (4P(tn ,θm)P(tn ,θm+1)P(tn+1,θm))

outer loop

vertex Px (tn ,θm) Py (tn ,θm) Pz (tn ,θm)

vertex Px (tn ,θm+1) Py (tn ,θm+1) Pz (tn ,θm+1)

vertex Px (tn+1,θm) Py (tn+1,θm) Pz (tn+1,θm)

endloop

endfacet

fac et normal nx (4P(tn ,θm+1)P(tn+1,θm+1)P(tn+1,θm))

»ny (4P(tn ,θm+1)P(tn+1,θm+1)P(tn+1,θm)) nz (4P(tn ,θm+1)P(tn+1,θm+1)P(tn+1,θm))

outer loop

vertex Px (tn ,θm+1) Py (tn ,θm+1) Pz (tn ,θm+1)

vertex Px (tn+1,θm+1) Py (tn+1,θm+1) Pz (tn+1,θm+1)

vertex Px (tn+1,θm) Py (tn+1,θm) Pz (tn+1,θm)

endloop

endfacet

where the subscripts x, y and z denote the x, y and z components of the vec-

tors respectively. A special case will be m = M , which corresponds to the last

point P(tn ,θM ) on the nth boundary and the last point P(tn+1,θM ) on the (n +1)th

boundary curves. These points should also be triangulated together with the first

points P(tn ,θ1) and P(tn+1,θ1) on these boundary curves. Hence another two facets

are generated based on these four points following the point order P(tn ,θM ) →
P(tn ,θ1) → P(tn+1,θM ) and P(tn ,θ1) → P(tn+1,θ1) → P(tn+1,θM ), here denoted
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as 4P(tn ,θM )P(tn ,θ1)P(tn+1,θM ) and 4P(tn ,θ1)P(tn+1,θ1)P(tn+1,θM ) respectively.

The STL blocks corresponding to these two facets have the following form:

Listing 2.3: Two consecutive blocks used to represent two adjacent triangular facets

composed of vectices θm

fac et normal nx (4P(tn ,θM )P(tn ,θ1)P(tn+1,θM )) ny (4P(tn ,θM )P(tn ,θ1)P(tn+1,θM ))

»nz (4P(tn ,θM )P(tn ,θ1)P(tn+1,θM ))

outer loop

vertex Px (tn ,θM ) Py (tn ,θM ) Pz (tn ,θM )

vertex Px (tn ,θ1) Py (tn ,θ1) Pz (tn ,θ1)

vertex Px (tn+1,θM ) Py (tn+1,θM ) Pz (tn+1,θM )

endloop

endfacet

fac et normal nx (4P(tn ,θ1)P(tn+1,θ1)P(tn+1,θM )) ny (4P(tn ,θ1)P(tn+1,θ1)P(tn+1,θM ))

»nz (4P(tn ,θ1)P(tn+1,θ1)P(tn+1,θM ))

outer loop

vertex Px (tn ,θ1) Py (tn ,θ1) Pz (tn ,θ1)

vertex Px (tn+1,θ1) Py (tn+1,θ1) Pz (tn+1,θ1)

vertex Px (tn+1,θM ) Py (tn+1,θM ) Pz (tn+1,θM )

endloop

endfacet

After all the points on the nth and (n+1)th boundary curves have been triangulated

into facets, the same process starts again from the first points on the (n +1)th and

(n+2)th boundary curves and continues until the tessellation for the last two points

on the (N −1)th and N th boundary curves is finished. The entire reconstructed seg-

ment containing N ×M points will have (N −1)×2M facets (see Fig. 2.13). The STL

file containing all the facets of the reconstructed geometry is then imported into AN-

SYS ICEM CFD (ANSYS Inc, Cecil Township, Pennsylvania, United States) with the

geometry of the parent vessel. These geometries are remeshed together with un-

structured tetrahedral elements. Now a new continuous surface geometry is finally

obtained representing the hypothetically healthy vasculature prior to aneurysm for-

mation.

2.6 DISCUSSION

To investigate the haemodynamic environment prior to IA formation it is neces-

sary to obtain the pre-aneurysmal arterial geometry. Generally, the pre-aneurysmal
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Figure 2.13: The generated STL mesh of the geometry with triangular facets.

geometry is not available and hence numerical methods have been developed to es-

timate it. For instance, Karmonik et al. (2004), Mantha et al. (2006) and Shimogonya

et al. (2009a) reconstructed the healthy arteries from circular segments; Ford et al.

(2009) developed a reconstruction technique based on the digitisation of the arterial

vessel by Voronoi diagrams; Baek et al. (2009) utilised commercial surface genera-

tion tools to generate surface patches bounded by user-defined splines on the arte-

rial surface; Cebral et al. (2010) applied a smoothing algorithm to the bulging region

manually delineated on the original geometry to smooth out the bulging and gener-

ate a smooth surface. One obvious limitation of these vessel reconstruction meth-

ods is the strong user dependence: all of these methods require plenty of manual in-

tervention. To overcome this shortcoming, we propose a novel, simple yet effective

methodology: a local Frenet frame is defined along the skeletonisation of the vas-

culature; upstream and downstream boundaries of the aneurysmal segment are ex-

pressed in terms of the local Frenet frame basis vectors; the hypothetically ‘healthy’

geometry is then reconstructed by propagating a closed curve along the skeleton-

isation using the local Frenet frames so that the upstream boundary is smoothly

morphed into the downstream boundary. Our method takes into consideration

the tortuosity of vasculature and requires minimum user dependence. However,

an inherent problem to all of these methodologies is that as the aneurysm grows,

the local geometry of the vessel may be distorted, particularly for large aneurysms.
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Consequently, the accuracy with which the reconstructed geometry reflects the real

vasculature prior to IA formation may be reduced. Inaccurate geometry recon-

structions would affect the computational fluid dynamics, spatial distributions of

haemodynamic indices (introduced in the next chapter) and thus the conclusions

of our study. In order to avoid such inaccuracies the ideal would be to find a proper

approach to validate the reconstruction results. However, in order to do this, the

actual pre-aneurysmal arterial geometry is needed for comparison. Unfortunately,

this is currently impossible since most clinical collections of aneurysm data do not

contain pre-aneurysmal healthy blood vessel images, as it is impractical, costly and

ethically dubious to routinely capture images of subjects without the presence of

due clinical concern. Nevertheless, despite this fact, the above mentioned studies

still have the potential to guide hypotheses relating to the mechanobiology of IA

inception.

2.7 CONCLUSION

In this chapter, a novel method is presented to reconstruct the hypothetical geom-

etry of the healthy vasculature prior to IA formation, based on the propagation of

a closed curve along the skeletonisation using the local Frenet frames to morph

the upstream boundary into the downstream boundary. In the next chapter, this

method will be applied to 22 clinical cases depicting IAs and computational fluid

dynamic simulations of the reconstructed vasculature without the presence of IA

will be performed.
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INVESTIGATION OF THE INFLUENCE OF

HAEMODYNAMIC FACTORS ON THE

INCEPTION OF IAS

As introduced in Chapter 2, several recent numerical investigations (Mantha et al.,

2006; Shimogonya et al., 2009a; Ford et al., 2009; Baek et al., 2009; Singh et al., 2010

et al.) have attempted to estimate the pre-aneurysmal, ‘healthy’ geometry of the

vasculature from the diseased one. For sidewall IAs, the general approach involves

removal of the arterial section containing the IA from the segmented geometry and

reconstructing the healthy geometry in this region. Computational fluid dynamic

(CFD) studies on the hypothetical healthy geometry are then used to investigate

whether patterns of haemodynamic stimuli on the healthy vasculature correlate

with the known location of IA formation. However, these studies to date have been

relatively small, i.e. examined between only 1 and 5 clinical cases, and consequently

inconsistencies in conclusions are apparent. For example, it has been concluded

(from such studies) that local elevations in wall shear stress (WSS), wall shear stress

gradient (WSSG), oscillatory shear index (OSI), aneurysm formation indicator (AFI)

and/or gradient oscillatory number (GON) may be suggestive of a region that is sus-

ceptible to IA formation. Table 3.1 illustrates the disparaties in conclusions of pre-

vious studies. Whilst these are not studies of causality per se, they may give rise

to novel hypotheses that can be tested in vivo, in vitro or in-silico, using aneurysm
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Table 3.1: Summary of the previous IA inception studies. Specific patterns of
these haemodynamic indices have been observed to correspond to the location
of aneurysm formation (LAF). Note that conclusions are sometimes inconsistent
among different studies and that the number of cases considered is small.

Study Conclusions
(supporting
indices)

Positive
corre-
lations

Mantha et al. (2006) Low AFI 3/3
Shimogonya et al. (2009a) GON 1/1

Ford et al. (2009) GON 4/5
Baek et al. (2009) High WSS 2/2
Singh et al. (2010) High WSS 2/2

High OSI 1/2

evolution models. However, given the divergence in the conclusions of previous

studies, there is a need for further investigations using larger databases to provide

guidance on which indices are most relevant with respect to IA inception.

In this chapter, we present a study that is conducted on 22 (segmented) clini-

cal cases depicting sidewall IAs. The original, pre-aneurysmal vascular geometry

is numerically reconstructed using the novel method introduced in Chapter 2 and

CFD simulations on these ‘hypothetically healthy’ geometry are performed. The

first sections of this Chapter cover the following: an introduction to CFD, includ-

ing basic assumptions, determination of boundary conditions and meshing of sur-

face geometries; clear definitions of the aforementioned haemodynamic indices; a

means of objectively defining the positive correlation between various indices at

locations of IA formation; an analysis of haemodynamic index distributions in the

region where the IA is known, a priori, to develop. Finally, our findings are com-

pared and discussed with the observations from previous studies in the literature.
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3.1 CASE SELECTION AND APPLICATION OF THE VESSEL

RECONSTRUCTION METHOD

The sidewall IA cases used in this study are pre-selected from a database of ap-

proximately 200 segmented aneurysm geometries collected and processed during

the European project @neurist. To assist in the pre-selection, we exclude: IAs with

perforating arteries, IAs immediately adjacent to small side-branching arteries, IAs

which incorporate a branching artery on the segment to be reconstructed, as well as

terminal IAs. Several sidewall aneurysms which develop close to (but not at) bifur-

cations were included. This is done by visual inspection of the segmented geometry

and skeletonisation to identify if the aneurysm section could be clipped. Using this

approach, a subset of 22 sidewall IA cases was identified for this study. The age of the

patients ranges between 40 and 77 years, with an average age of 58 years; 14 of the

aneurysms are from females and 8 are from males. The locations are summarised

in Table 3.2. We successfully applied the novel vessel reconstruction method (de-

Table 3.2: Locations of the IAs in this study.

Locations Number

carotid bifurcation 1
posterior communicating artery 10
ophthalmic artery 3
anterior choroidal artery 1
A1 segment of anterior cerebral artery 2
anterior communicating artery 2
sylvian bifurcation 1
basilar artery 2

tailed in Chapter 2) to all 22 of the pre-selected sidewall IA cases: the aneurysm

sections are removed and the arterial segments are reconstructed. Twenty geome-

tries are illustrated in Fig. 2 with the original aneurysms superimposed onto the

reconstructed segment.

3.2 COMPUTATIONAL FLUID DYNAMICS INITIATION

To investigate the haemodynamic environment in the arteries, computational fluid

dynamics (CFD) is employed. The main assumptions adopted in this study are:
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Figure 3.1: Illustration of the application of the vessel reconstruction method to 20
(out of 22) clinical cases depicting sidewall IAs. The reconstructed segments are
depicted in dark blue whilst IAs are superimposed on the reconstructed geometries
and depicted in light blue (Chen et al., 2013).

• Blood is modelled as incompressible Newtonian fluid. One factor that affects

the viscosity property of blood is the shear stress. Blood only shows an obvious

non-Newtonian nature at low shear stress level, which usually occurs in small

vessels such as arterioles and capillaries. Of the arteries being analysed here,

only the ophthalmic and posterior communicating artery are relatively nar-

row, however, the average diameter for these is approximately 1.5mm, which

is deemed wide enough for the blood to be considered as a Newtonian fluid.

Therefore in the simulations the blood is assumed to have a constant viscos-

ity of 0.0035Pa · s and a constant density of 1069kg/m3, both taken from the

literature.

• Arteries are modelled as rigid-wall vessels. We do not consider the pulsatile

nature of the arterial wall, since coupling the deformation of the wall and

the blood flow is computationally-demanding as it required to continuously

remesh the fluid domain as the wall boundary deforms. Previous studies

also prove this assumption to be reasonable. For example, Perktold et al.
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(1984) demonstrated that, for cerebral vasculature with aneurysms, the ra-

dial Cauchy strain of the parent vessel and aneurysm is only 0.02–0.05 as a

consequence of pulsatile flow, which results in a negligible change to the WSS

distribution.

• No-slip condition is assumed at the wall of the vessels. This assumption is

considered to be applicable due to the fact that, although blood contains red

blood cells which may ‘bounce along’ down the surface, the red blood cells

tend to concentrate at the centre of the vessel due to their spinning behaviour

in the vessel. Hence a small cell-free flow boundary layer exists at the wall of

the vessels.

These assumptions have also been adopted in many other computational studies on

arterial haemodynamics within the literature, and have been proven to be reliable

(Mantha et al. 2006; Watton et al. 2009a; Shimogonya et al. 2009a; Ford et al. 2009;

Doenitz et al. 2010; Kulcsár et al. 2011b; Chen et al. 2013; Aparício et al. 2014 and et

al.).

Navier-Stokes equations for incompressible flow of a Newtonian fluid govern the

motion of the fluid:

ρ(
∂v

∂t
+v ·Ov) =−Op +µO2v+ f (3.1)

where ρ is the density of the fluid, v is the flow velocity and Ov is the velocity gra-

dient tensor, p is pressure, µ is fluid viscosity and f is the body force per unit vol-

ume acting on the fluid. These equations are solved using ANSYS CFX (ANSYS Inc.,

Canonsburg, Pennsylvania).

Realistic temporal profiles are used to model the flow and pressure variation

during the cardiac cycle. These were obtained directly from @neufuse, in which

a 1D model of the human circulatory system is incorporated. In this 1D model, the

inlet pulsatile flow rates are obtained from phase contrast MR measurement on nor-

mal subjects, whereas the outlet pulsatile pressure profiles are obtained by numeri-

cally solving the 1D form of the momentum and continuity equations derived from

the Navier-Stokes equations. Elastic properties of the vessel in this 1D model were

taken from previous studies and dimensions of the vessels were taken from previ-

ous 1D models. The outlet pressure profiles have been validated by Reymond et al.

(2009) and Reymond et al. (2011) in which non-invasive pressure measurements
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using tonometry is performed on volunteers. The velocity profiles are applied per-

pendicularly to the inlet boundary and pressure profiles are imposed on the outlet

surfaces (see Fig. 3.2 for an illustrative case of the applied boundary conditions in

one simulation).

Figure 3.2: The boundary conditions applied on the geometry for one simulation.
(a) Arterial geometry with boundary normals, (b) Internal carotid artery (ICA) ve-
locity profile, (c) Anterior communicating artery (ACA) pressure profile, (d) Middle
cerebral artery (MCA) pressure profile.

ANSYS ICEM (ANSYS Inc., Canonsburg, Pennsylvania) is used to construct a

tetrahedral mesh of the vessel volume; prism mesh layers are specified near the ar-

terial wall, which can help to enhance grid quality near the wall and give rise to

more accurate solutions and better convergence for our study (Fig. 3.3). In order

to exclude the initialisation artefacts in the early stages, three cardiac cycles were

simulated and only the last cycle is used for analysis. Haemodynamic comparison

results were exported into ANSYS CFD-Post (ANSYS Inc., Canonsburg, Pennsylva-

nia) for further analysis.

3.3 CALCULATION OF THE HAEMODYNAMIC INDICES

We briefly overview the definitions of the haemodynamic indices used in this study.

For an incompressible and isotropic Newtonian fluid, the total stress tensorσ at any
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Figure 3.3: Tetrahedral mesh of the volume with prism layers specified near the ar-
terial wall.

point is given by:

σ=−pI+2µD =−pI+µ[Ov+ (Ov)ᵀ] (3.2)

where again, p is the hydrostatic pressure, I is the identity tensor, µ is the blood

viscosity, D is the rate of deformation tensor and Ov is the velocity gradient tensor.

If we denote as n the unit normal vector at any point on the vessel wall pointing

towards the lumen; then the traction force vector at the same point can be defined

as t = σn. The shearing component of this traction vector, the wall shear stress

vector ts , is given by Cheng et al. (2002):

ts = t− (t ·n)n = (I−n⊗n)t (3.3)

We denote the magnitude of ts as τ(t ) and compute its time-averaged value τav ,

WSS ≡ τav = 1

T

∫ T

0
τdt (3.4)

and refer to this in the text as the wall shear stress (WSS), where T is the length of a

cardiac cycle.

IA Disease: Novel Modelling of Inception and the Microstructural Adaption of Collagen Fabric 72



Haoyu Chen 3.3. Calculation of the haemodynamic indices

We calculate the wall shear stress gradient (WSSG) in a similar manner to the

WSS. First, the tangential component of the gradient of WSS on the vessel surface is

computed:

gs =Oτ− (Oτ ·n)n = (I−n⊗n)Oτ (3.5)

and the time-averaged WSSG, γav , is computed as

γav = 1

T

∫ T

0
|gs |dt (3.6)

We compute two measures associated with the oscillation in direction of the

wall shear stress vectors during the cardiac cycle, i.e. the oscillatory shear index

(OSI) and minimum Aneurysm Formation Indicator (min(AFI)). If we define ts as

the mean wall shear stress vector during one cardiac cycle:

ts = 1

T

∫ T

0
ts dt (3.7)

Then the OSI is calculated as Ku et al. (1985); He and Ku (1996):

OSI = 1

2
(1− |ts |

τav
) (3.8)

The values of OSI vary from 0 to 0.5, where OSI = 0 corresponds to the case in which

the direction of the WSS vector ts is constant and OSI = 0.5 corresponds to the case

in which the direction of ts is continuously rotating during the cardiac cycle.

The aneurysm formation indicator (AFI) proposed by Mantha et al. (2006) is a

quantification of the cosine of the angle between the instantaneous and mean wall

shear stress vectors at any time point:

AFI = ts · ts

τ · |ts |
(3.9)

However, as AFI is an instantaneous quantity, we compute the minimum value of

AFI during a cardiac cycle and denote it as min(AFI). This index quantifies the max-

imum deviation of the wall shear stress vector from its mean direction during the

cardiac cycle. Hence each value of min(AFI) has a unique geometrical interpreta-

tion, e.g. min(AFI) = 1,0,−1 implies the maximum deviation of the wall shear stress

vector from its mean direction during the cardiac cycle is 0,90,180 degrees, respec-

tively. Given that there is ambiguity in interpreting values of OSI other than 0 and

0.5, the index min(AFI) may offer some advantages in characterising the flow.
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formation

Lastly, in order to define the gradient oscillatory number (GON) index, at every

surface point we define a local instantaneous right-hand Cartesian coordinate sys-

tem pqr : p axis has the same direction as the local mean WSS vector ts ; q axis is

perpendicular to ts ; r axis has the same direction as the local surface normal vector

n. The components of ts in this coordinate system are ((ts)p , (ts)q ,0). If we define

G = (
∂(ts )p

∂p ,
∂(ts )q

∂q ,0), then the gradient oscillatory number (GON), recently proposed

by Shimogonya et al. (2009a), is defined as:

GON = 1− |∫ T
0 Gdt |∫ T

0 |G|dt
(3.10)

The values of GON vary from 0 to 1. Similarly to OSI, the minimum value GON = 0

corresponds to the case in which the direction of G is constant and the maximum

value GON = 1 corresponds to the case in which the direction of G is continuously

rotating during the cardiac cycle.

3.4 DEFINITION OF POSITIVE CORRELATIONS BETWEEN

HAEMODYNAMIC INDICES AND LOCATIONS OF IA

FORMATION

In an attempt to reduce the subjectivity of result analysis, we consider three distinct

scenarios in which a correlation between a local elevation in a haemodynamic index

and the location of aneurysm formation (LAF) can exist. More specifically, a corre-

lation may be deemed positive if the region of local elevation of a haemodynamic

index:

1. is within the ostium boundary

2. overlaps the ostium boundary

3. is within the vicinity of the ostium

where ‘the vicinity of the ostium’ refers to the half-section of the reconstructed

artery segment that includes the aneurysm ostium. The third condition relaxes the

definition of a positive correlation so that we have an upper bound on the number

of positively correlated cases. Fig. 3.4 illustrates examples of these three criteria.
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formation

We consider two definitions of correlations: definition I contains all three scenar-

ios (1,2,3), whereas definition II considers the first two scenarios (1,2). Note that we

take care to use the word ‘elevated’ as opposed to using the word ‘high’ to describe

a local increase in a haemodynamic index, since there is ambiguity with regards to

what magnitude can be actually defined as ‘high’ (see Sec. 3.6). Given these defi-

nitions, the results are inspected independently by three observers. For each case

of geometry, if a possible correlation is agreed by two or more observers, then the

correlation is taken to be positive; otherwise negative. This criterion is utilised for

analysing the spatial distributions of the five indices considered (WSS, WSSG, GON,

OSI, min(AFI)) for all 22 cases.

Figure 3.4: Three scenarios of relative positions between the elevation regions of
the indices and the aneurysm ostium which can possibly be considered as positive
correlations. (a) Elevation region of WSS (Pa) inside aneurysm ostium. (b) Elevation
region of GON partially overlaps the ostium. (c) Elevation region of OSI locating in
the vicinity of the ostium.

In this study, it is the local elevations of a haemodynamic index that are of pri-

mary interest to us, not the absolute magnitudes. However, to determine a visual

correlation between a local elevation of a haemodynamic indice and the LAF, the

range of each colourmap needs to be specified. Consequently, the identification of

a local elevation is partly dependent on the choice of the upper and lower limits

of the colourmap. The approach we have taken in this numerical study is as fol-

lows. For all cases, the number of intervals of the colourmap legend is set to 10.

For OSI, min(AFI) and GON, we use the same colourmap ranges for all cases, i.e.

OSI ∈ [0,0.25]; min(AFI) ∈ [−1,1]; GON ∈ [0,0.5]. Magnitudes of OSI above 0.1 and

GON above 0.2 can easily be visually distinguished by looking for contours on the

artery that are green, yellow or red, i.e. not blue. min(AFI) ≤ 0.2 can also be eas-

ily distinguished as green, yellow or red contours (the colourmap is reversed). The

magnitudes of WSS and WSSG in the region of the LAF may vary significantly be-
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tween different cases and thus it is difficult to utilise a universal colourmap range

that applies to all cases. To proceed, we set the minimum values of the colourmap

ranges for WSS and WSSG to be 0 Pa and 0 Pa/m respectively. The upper magnitude

of the colourmap range, denoted as Lmax, is specified as follows. Initially Lmax is set

to be the global maximum value of the WSS/WSSG on the entire geometry (the de-

fault setting in ANSYS CFX). However, as the global maximum value can be much

greater than the local maximum value of WSS/WSSG in the LAF, this results in no

local elevation being identified due to monotonous blue colour in the region. In

this case, we successively reduce Lmax to see if a local elevation can be identified.

However, we do specify a greatest lower bound (glb) for Lmax so that we have a min-

imum threshold of WSS/WSSG that can be considered to be an elevation. For WSS,

glb(Lmax) = 5 Pa, this enables local elevations of WSS exceeding 2 Pa to be identified.

For WSSG, glb(Lmax) = 10000 Pa/m, this enables WSSG exceeding 4000 Pa/m to be

identified as an elevation. For the 22 cases considered in this study, the ranges for

the WSS colourmap vary between [0,5] Pa and [0,70] Pa whilst for WSSG they vary

between [0,10000] Pa/m and [0,50000] Pa/m.

3.5 SIMULATION RESULTS

Fig. 3.5 illustrates the spatial distributions of (a) WSS, (b) WSSG, (c) OSI, (d)

min(AFI) and (e) GON; Fig. 3.6 illustrates the distributions of all the indices on one

geometry. It can be seen that the OSI and min(AFI) tend to maximise locally in spe-

cific zones on the vessel, such as bifurcations, roots of branching arteries and large

bends. However, the GON index appears more noisy with elevation regions appear-

ing throughout the vessel in small patches.

Figure 3.5: Illustration of spatial distribution patterns of the five investigated
haemodynamic indices: (a) WSS, (b) WSSG, (c) OSI, (d) min(AFI) and (e) GON.
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Figure 3.6: Spatial distributions of indices on one geometry: (a) WSS, (b) WSSG, (c)
OSI, (d) min(AFI) and (e) GON.

The spatial distributions of WSS, WSSG, OSI, min(AFI) and GON were analysed

and compared with respect to the aneurysm ostium using the two definitions for

a positive correlation (see Sec. 3.4). Table 3.3 summarises the observations for all

22 cases. We observed that the magnitudes of the local elevations for the correlated

cases varied, more specifically, magnitudes for local elevations were in the following

ranges: WSS ∈ [8,50] Pa; WSSG ∈ [7000,45000] Pa/m; OSI ∈ [0.3,0.5]; min(AFI) ∈
[−1.0,−0.8]; GON ∈ [0.4,0.8]; we will return to this in the Sec. 3.6.

Table 3.3: Summary of positive correlations between haemodynamic indices and
LAFs. Results are based on the relative locations of the elevation region with respect
to the aneurysm ostium. P, D, L, R denote the proximal, distal, left and right regions
of the ostium and the suffixes E and V denote edge and vicinity, respectively.

Ostium PE PV DE DV LE LV RE RV I II
WSS 14 4 1 1 20/22 20/22
WSSG 1 2 1 2 1 7/22 3/22
OSI 1 2 2 2 7/22 1/22
AFI 1 1 2 1 2 7/22 2/22
GON 8 2 9 19/22 19/22

Examples of both positive correlations (upper row) and non-correlations (lower

row) of local elevations of haemodynamic indices with respect to the aneurysm os-

tium are depicted in Fig. 3.7. We observed a strong correlation between a local eleva-

tion of WSS and the LAF. Of the 22 geometries considered, 20 geometries witnessed

WSS elevations in regions of IAs: 14/22 elevations occurred within the aneurysm

ostium, whereas 6/22 elevations occurred on the edge of the ostium (4/22 proximal

region, 1/22 distal edge, 1/22 lateral edge). Fig. 3.7a shows examples of correla-

tion and non-correlation for the WSS index. Note that although a significant hot

spot occurs on the downstream section of artery away from the location where the
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aneurysm develops, a local elevation of WSS does occur in the aneurysm orifice;

hence it is taken to be a positive correlation.

The correlations between WSSG and LAF appear to be low (see Fig. 3.7b for ex-

amples of positive and negative correlations for WSSG). By definition I of a positive

correlation, 7/22 positive correlation cases are observed; 1/22 within the ostium;

2/22 on the proximal edge, 4/22 in the vicinity (1/22 proximal side, 2/22 distal side,

1/22 lateral side). Consequently, by definition II, there are only 3/22 positive corre-

lations.

The indices OSI and min(AFI) quantify the oscillatory nature of the WSS vectors

and hence have similar distribution patterns on the vessel wall. For both indices,

low correlations with the LAF (OSI: 7/22, min(AFI): 7/22) were observed by defini-

tion I. By definition II, the correlations are further reduced (OSI: 1/22, min(AFI):

2/22). For OSI (see Fig. 3.7c), 1/22 elevation occurred on the distal edge of the

aneurysm, whereas 6/22 elevations occurred in the vicinity (2/22 distal side, 4/22

lateral side). For min(AFI) (Fig. 3.7d), 1/22 elevation was observed to fully coin-

cide with LAF, and another 1/22 elevation occurred on the distal edge the LAF. 5/22

elevations were observed in the vicinity of LAF (2/22 distal side, 3/22 lateral side).

Lastly, the GON index was observed to have a high level of correlation with the

LAF in our study: 19/22 by both definitions for a positive correlation. However, note

that regions of elevation are distributed throughout the artery (see Fig. 3.7e) and

hence a high number of positive correlations is to be expected.

3.6 DISCUSSION

Consistent with previous studies such as Shimogonya et al. (2009a) and Ford et al.

(2009) (see Table 3.1), we observed that elevated WSS and elevated GON were found

to have the highest positive correlation with the LAF (20/22 for WSS and 19/22 for

GON). For 17 out of 19 positively correlated cases of GON, the WSS was also ele-

vated; consequently, in this study, GON offers little additional benefit in identifying

the LAF. Interestingly, it can be seen in Figs. 3.5, 3.6 and 3.7 that all indices have

elevations in the non-aneurysm regions as well. For example, in the upper figure

of Fig. 3.7(a), a significant hot spot of WSS occurs on the downstream section of

artery away from the location where the IA develops. Another good case to be con-

sidered is the GON index. Given that the accuracy of GON is two orders lower than
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Figure 3.7: Examples of positive and negative correlations of elevations of haemo-
dynamic indices and locations of aneurysm formation: (a) WSS, (b) WSSG, (c) OSI,
(d) min(AFI) and (e) GON. The upper row depicts positive correlations whilst the
lower row depicts negative correlations. Note that for the positive correlations we
used a top view to highlight the relationship between the elevation region and the
aneurysm ostium more clearly; for negative correlations, we used lateral view to
illustrate that even in the vicinity of the aneurysm ostium, no index elevation is ob-
served.

the velocity, it is understandable why GON appears noisy that it elevates at many

non-aneurysmal sites. These false positive correlations obviously reduce the pre-

diction qualities of all the proposed haemodynamic indices, especially of the ones

which have high positive correlations, i.e. WSS and GON. However, while certain

geometric features (e.g. bifurcations and sharp bends of the arteries) exhibit such

haemodynamic conditions which are believed to be more ‘dangerous’, these geo-

metric features are actually common both among individuals as well as across the

population. In fact, only approximately 40% of the population has a ‘textbook’ Cir-

cle of Willis (Nixon et al., 2010). Despite of these facts, only minor population de-

velops aneurysms whereas major does not. Hence these elevations of indices at the

non-aneurysm regions clearly demonstrate that only they alone cannot account for

the inception of IAs. Given the inter-person variability in arterial geometries and

the incidence of IAs at certain regions in the Circle of Willis, it appears to be more

likely that, IA formation is an unfortunate coincidence of multiple factors. In addi-

tion, we would like to remind the readers that the aim of this study is not to find a

haemodynamic index which can be utilised to predict the locations where IAs will

initiate. It is to examine one of current hypotheses regarding IA inception that spe-
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cific haemodynamic patterns can possibly lead to the inception of IAs. Bearing this

aim in mind, we consider that it is natural and actually meaningful to have these

false positive correlations in our study where elevations of the indices are observed

at non-aneurysm regions.

We observed low correlations between indices associated with the oscillatory

nature of the flow and the LAF: by definition I, OSI (7/22) and min(AFI) (7/22); by

definition II, OSI (1/22) and min(AFI) (2/22). These findings differ significantly from

Mantha et al. (2006) in which a strong correlation for min(AFI) was observed (3/3).

However, they are consistent with the observations from Singh et al. (2010) where

OSI (1/2).

We observed locally elevated WSSG to be correlated to the LAF in only 7/22

cases by definition I, and merely 3/22 cases by definition II. This seems low com-

pared to recent findings, e.g. in a recent clinical study, for which the vasculature

geometry prior to aneurysm formation was known, Kulcsár et al. (2011b) observed

that 3/3 bifurcation IAs evolved in regions of high WSS and high WSSG. Given that

the spatial distributions of these indices at bifurcations usually differs from that for

non-branched vessels, it is beneficial to distinguish between these two categories to

avoid selection bias. If we consider only those IAs that occur near a bifurcation, the

correlation with WSSG is much stronger, i.e. 3/5 cases (see Table 3.4). Interestingly,

we observed that for the 6/7 cases with a positive correlation between WSSG and

the LAF, elevations of WSS in the aneurysmal regions were also observed.

Table 3.4: Correlations for the IA cases close to a bifurcation (5 cases) and away from
bifurcation (17 cases).

Bifurcation Bifurcation Sidewall Sidewall
Indices definition I definition II definition I definition II

WSS 4/5 4/5 16/17 16/17
WSSG 3/5 0/5 4/17 3/17
OSI 5/5 1/5 2/17 0/17
min(AFI) 5/5 2/5 2/17 0/17
GON 5/5 5/5 14/17 14/17

It is not the role of this numerical study to provide guidance on the threshold

values of haemodynamic indices that should be considered to be elevated. More-

over, thresholds should also be considered in conjunction with the cell exposure
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time (Glor et al., 2004). In this respect, it may be beneficial to consider a range of

flow/pressure profiles to reflect the activity of a person during a day, week or month.

However, it is of interest to compare the magnitudes of elevations observed in this

study with other studies in the literature; particularly given the wide variations pro-

posed.

Thresholds for OSI observed and/or suggested in the literature vary consider-

ably. Cebral et al. (2003) observed that regions of vessel branching and high curva-

ture that are often associated with localisation of atherosclerotic plaque formation

and aneurysm development exhibit OSI magnitudes between 0.3 and 0.4. Similar

magnitudes are reported by Baek et al. (2009). However, Jou and Mawad (2011a)

utilise a threshold of OSI > 0.1 to identify regions subject to intimal hyperplasia and

thrombosis for aneurysms treated with stenting. Singh et al. (2010) suggest a thresh-

old for OSI of 0.2; this follows from the studies of Glor et al. (2003, 2004) where it is

suggested that OSI > 0.2 is the threshold above which endothelial alignment is per-

turbed. For our study, the colourmap range had 10 intervals between 0 and 0.25.

This enables magnitudes of OSI ≥ 0.2 to be easily visually identified. However, the

actual magnitudes of the local elevations range between 0.30 and 0.50. This is con-

sistent with the values obtained by Cebral et al. (2003) and Baek et al. (2009). An

inherent difficulty with the OSI index is that values other than 0 and 0.5 do not have

a clear interpretation; this is perhaps why there is difficultly in defining a unique

threshold value. Another problem is that some research groups appear to put too

much emphasis on local elevations: it is not uncommon to see presentations at in-

ternational conferences where a locally elevated OSI < 0.05 is referred to as high;

spatial distributions of this index are sometimes presented with a small colour bar

range, i.e. up to 0.01 in Singh et al. (2010). Such low values of OSI reflect negligi-

ble oscillation of the WSS vectors and thus it is questionable whether they would be

of mechanobiological significance. Experimental guidance may assist in defining a

minimum threshold of OSI that can be considered elevated.

Mantha et al. (2006) first proposed the AFI index. Recall, it quantifies the instan-

taneous deviation of the WSS vector from its mean direction (during the cardiac cy-

cle). They observe positive correlations between this index and the LAF in 3/3 cases.

A critical threshold value for AFI is not given; however, the highest value of AFI con-

sidered to be a correlation in their study is approximately 0 and hence a threshold of

0 is implicitly implied. For our analysis, we considered the minimum of the AFI in-
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dex over the cardiac cyclic and denoted it min(AFI). We adopted a colourmap range

between −1 and 1 which enables AFI ≤ 0.2 to be easily (visually) identified. Inter-

estingly, for all 7/22 positive correlations the magnitude of the local minimum of

min(AFI) ranged between -0.8 and -1. From a mechanobiological point of view it

may be beneficial to quantify both the maximum deviation and the mean deviation

of the WSS vector from its mean direction during the cardiac cycle, i.e. min(AFI)

and mean(AFI). As with OSI, experimental guidance is needed to determine thresh-

old magnitudes which correspond to altered functionality of endothelial cells (ECs).

Shimogonya et al. (2009a) proposed the novel index GON. In their initial study,

the maximum value of GON reached 1 in the aneurysm region. In a subsequent

study led by Shimogonya et al. (2009b), in which the same geometry is adopted, a

threshold of 0.6 was utilised to drive aneurysm growth. A more recent study by Shi-

mogonya et al. (2012), investigating the sensitivity of GON to inlet flow waveforms,

considered a colourmap range up to 0.5. Ford et al. (2009) observed 4/5 correlations

between elevations of GON and the LAF; the magnitudes of the elevations being

approximately 0.25. In our study, for the correlated cases, the GON index ranged

between 0.4 and 0.8. These values are higher than the results of Ford et al. (2009);

however, these are consistent with the magnitudes observed in other studies (Shi-

mogonya et al., 2009a,b, 2012).

The magnitude of a high WSS threshold has a broad range among previous stud-

ies. Glor et al. (2003, 2004) considered 2.5Pa as the threshold above which they

found endothelial alignment to be perturbed. This is the also the value up to which

the WSS is plotted in Ford et al. (2009). However, greater magnitudes are frequently

interpreted as high, i.e. 5.6Pa in Augst et al. (2007), 15Pa in Singh et al. (2010), 40–

60Pa in Baek et al. (2009) and Kulcsár et al. (2011b). Dolan et al. (2011) proposed

two categories of high WSS under the assumption that different thresholds may

elicit unique transcriptional profiles that favour particular cell functions; magni-

tudes greater than 5Pa and 10Pa were referred to as high and very high WSS respec-

tively. In our study, the local elevations of WSS in the correlation cases have magni-

tudes in the range of 8Pa to 50Pa. Interestingly, magnitudes of WSS that have been

considered to be high may be referred to as low WSS (Doenitz et al., 2010); however,

this is actually attributed to the magnitudes being associated with a local minima of

WSS. Hence it appears there is not a clear consensus with regards to what magnitude

of WSS should be considered ‘high’. However, perhaps some clarity is possible if we
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take into account that the endothelium is spatially and temporally heterogeneous,

i.e. the properties of ECs not only vary between different sites of the vasculature,

they may adapt from one moment in time to the next, responding to the unique

needs of the underlying tissue (Aird, 2005; Regan and Aird, 2012). Hence we suggest

care is needed when proposing absolute thresholds for high WSS, i.e. thresholds

may be dependent on the species, the individual, the spatial location within the ar-

terial tree and the time of observation.

The role of WSSG with respect to aneurysm inception is supported by animal

(Meng et al., 2006, 2007; Tremmel et al., 2010; Metaxa et al., 2010; Dolan et al., 2011)

as well as human studies (Kulcsár et al., 2011b). However, magnitudes of critical

thresholds can vary considerably between species due to allometric scaling (Trem-

mel et al., 2010). For example, 10kPa/m is considered as high WSSG for dogs (Meng

et al., 2007) whereas for rabbits, two thresholds of WSSG for internal elastic laminar

damage have been recently proposed: optimal threshold at 146 kPa/m and conser-

vative threshold at 530kPa/m (Metaxa et al., 2010). In a recent clinical study in which

the vasculature geometry prior to aneurysm formation was actually known, 3/3 IAs

evolved in locations of high WSS and high WSSG; the peaks of the WSSG are between

40–90kPa/m (Kulcsár et al., 2011b). The values of local elevations of WSSG observed

in the correlation cases in our study were in between 7kPa/m and 45kPa/m; broadly

consistent with the clinical findings of Kulcsár et al. (2011b). However, note that

much lower magnitudes are observed in flow chamber studies: Dolan et al. (2011)

observe that positive WSSG (1kPa/m) will inhibit endothelial alignment and stimu-

late proliferation and apoptosis under high WSS condition, whereas negative WSSG

(-1kPa/m) has the opposite effect. From the above discussion, it can be seen that

challenges remain in defining a precise threshold.

Many studies can be found in the literature where the definition of WSSG utilised

is not given. When definitions are available, inconsistencies in the definitions can

also be found. For instance, WSSG has been defined to be the magnitude of the

gradient of the WSS (Jou and Mawad, 2011b) or the gradient of the WSS resolved

in the flow direction (Tremmel et al., 2010); a more recent definition distinguishes

between positive WSSG and negative WSSG, i.e. it is defined to be the spatial deriva-

tive of WSS along the flow direction with respect to the streamwise distance (Meng

et al., 2011). In this study, we considered the magnitude of the tangential compo-

nent of gradient of the magnitude of the wall shear stress vector. From a purely
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phenomenological perspective, we desire to find an index which gives strong cor-

respondence to the location at which inception occurs and thus one could debate

which is most appropriate. However, from a mechanobiological perspective, the

index that relates to what the endothelial cell actually senses is preferable. For in-

stance, given that ECs can differentiate between positive and negative WSSG, it is

desirable for the definition of WSSG to account for this and thus the recent defini-

tion proposed by Meng et al. (2011) may be most appropriate.

The reconstruction algorithm we have developed is applicable only to sidewall

aneurysms. Out of a set of 200 segmented aneurysm geometries, we pre-selected

22 sidewall IAs which were suitable for its application. However, whilst these nicely

illustrate the application of the algorithm, they are from a variety of locations in the

Circle of Willis. We point out that computational fluid dynamic investigations which

focus on aneurysms from specific locations may offer improved insight with respect

to the aetiology of different categories of aneurysms. In this study correlations be-

tween elevations of the haemodynamic indices and LAF were evaluated by visual

observations. In an attempt to minimise subjectivity we used multiple observers;

however, subjectivity remains. For future research, a fully automated method to in-

spect for correlations may be beneficial; particularly if larger datasets are analysed.

In response to elevated WSS, ECs release vasodilation factors such as nitric oxide

(NO) to relax vascular smooth muscle cells (VSMCs) resulting in a dilatation of the

arterial wall and a return of WSS to baseline levels (Hoi et al., 2004). In sustained,

elevated WSS conditions, it is suggested that the degradation of the ECM is also sus-

tained, leading to a decrease in strength of the wall (Hoi et al., 2004) and thus to the

potential for aneurysm inception. However, as discussed above, a clear definition

of a supra-physiological level of WSS is yet to emerge. In fact, some studies suggest

that such a threshold may only be defined in conjunction with a high WSSG. For

example, in the series of animal studies (Meng et al., 2006, 2007, 2011), Meng and

colleagues observed a very high correlation between a combination of high WSS

and high WSSG with the LAF. In contrast, other research groups observe a locally

low WSS in the region of aneurysm formation (Doenitz et al., 2010). It appears that

a common element of many hypotheses of low-WSS-induced IA formation is in-

flammatory cell infiltration. For instance, Cebral and Meng (2012) hypothesise that

low WSS induces an inflammatory response from the endothelium, which involves

the release of MMPs by macrophages (Aoki and Nishimura, 2010; Kanematsu et al.,
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2011), which in turn acts to degrade the arterial wall.

Our study is merely a computational investigation of the spatial correlations be-

tween local patterns of certain haemodynamic indices and locations where IAs tend

to form. The physiological mechanisms that give rise to the development of an IA in-

volve the complex interplay between the local mechanical forces acting on the arte-

rial wall and the biological processes occurring at the cellular level. Consequently, to

gain further insight into IA inception, enlargement, stabilisation and rupture, CFD

alone is insufficient; improved understanding and modelling of the biology of the

arterial wall is also needed (Robertson and Watton, 2012). We must take into con-

sideration: (i) the biomechanics of the arterial wall; (ii) the biology of the arterial

wall and (iii) the complex interplay between (i) and (ii), i.e. the mechanobiology

of the arterial wall. Fluid-Solid-Growth (FSG) models (Humphrey and Taylor, 2008)

which incorporate fluid and solid mechanics analysis of the vascular wall in combi-

nation with algorithmic representations of the vascular mechanobiology may play

a vital role. However, such models are still in their infancy and there is a need for

experimental models to guide the theoretical representation of the mechanobiol-

ogy: the application of Fluid-Solid-Growth models (Watton et al., 2011, 2013) to in

vitro models and animal models (Meng et al., 2011; Zeng et al., 2011) may be an

important step in this direction.

3.7 CONCLUSION

In this chapter, CFD simulations are performed on 22 clinical sidewall IAs, whose

hypothetical pre-diseased geometries are estimated using the novel vessel recon-

struction methodology introduced in Chapter 2. It is observed that locally elevated

wall shear stress (WSS) and gradient oscillatory number (GON) are highly correlated

with regions susceptible to sidewall IA formation, whilst haemodynamic indices as-

sociated with the oscillation of the wall shear stress vectors have much lower cor-

relations with the locations of IA formation. To gain insight into IA growth, in the

next chapter, we will introduce a novel 1D model of the microstructural aspects of

the arterial collagen fabrics as well as their adaption during IA evolution.
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4
A NOVEL MATHEMATICAL MODEL FOR

MICROSTRUCTURAL ADAPTION OF THE

COLLAGEN FABRIC DURING ANEURYSM

EVOLUTION

As we have discussed in Chapter 1, the current consensus regarding aneurysm

growth is that the growth and remodelling (G&R) of the arterial tissue regulated

by biochemical and biomechanical factors play a key role in the disease progres-

sion. Mathematical models of aneurysm growth are proposed with the potential to

test different hypotheses and gain insight into the disease (Watton et al., 2004; Wat-

ton and Hill, 2009; Kroon and Holzapfel, 2009; Baek et al., 2006). One common as-

sumption among these models, as well as other models of arterial G&R, is that new

collagen fibres are assumed to be deposited and configured into the extant matrix

under certain mechanical stretch (stress). According to Humphrey and Rajagopal

(2002), although this stretch has not been identified experimentally, there are in-

creasing biological observations supporting this assumption (Eastwood et al., 1998;

Alberts et al., 2008). Both experimental and computational studies have demon-

strated that cells contract the matrix by compaction strain with order of 15% - 20%

during deposition or reorganisation of collagen network, which might be the po-

tential the cause of this ‘attachment stretch’ of newly deposited constituents (En-
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gler et al., 2004; Meshel et al., 2005; Grinnell and Petroll, 2010; Nagel and Kelly,

2012). Different names have been used throughout the literature to denote this

stretch state, e.g. attachment stretch, homeostatic stretch, deposition stretch, equi-

librium stretch, preferred stretch, pre-stretch etc (Watton et al., 2004; Gleason and

Humphrey, 2005; Eriksson et al., 2009; Machyshyn et al., 2010). In this thesis the

terminology attachment stretch will be used for consistency. Previous studies on

modelling arterial G&R show that the attachment stretch is of great significance in

determining the mechanical behavior of the arterial wall. For example, Valentín

and Humphrey (2009a) believed that the attachment stretch is one of the important

fundamental mechanisms in arterial G&R in maintaining a stable and optimal ge-

ometry under normal conditions as well as enabling effective adaptions to altered

loads; and Kroon and Holzapfel (2009) concluded that the attachment stretch deter-

mines the growth speed and stability of the aneurysm. However, the current under-

standing of this stretch (or stress) state is still very limited. Although understanding

has been developed from single and discrete values to statistical distributions (see

Sec. 4.9 for the review of the development history), no explicit functional form of

the attachment stretch distribution has been suggested in the literature. More im-

portantly, all of the studies assume that the attachment stretch is invariant of time.

This may lead to unrealistic results in the mathematical models of arterial G&R. For

example, based on the results of their model, Baek et al. (2006) concluded that the

ability of the lesion to thicken quickly is critical to arresting the enlargement and

thus yielding a stable growth. Results showing thickening of the arterial wall can be

found in other similar studies on modelling aneurysm growth as well (Kroon and

Holzapfel, 2009). However, in many of the histological observations of the aneurys-

mal tissue, thinning of the lesion wall is usually present (Kondo et al., 1997). This

makes us reassess the correctness of the current assumption that the attachment

stretch is always constant.

In this Chapter we make the assumption that the attachment stretches are tem-

porally adaptable during the growth of an IA. The aneurysm evolution modelling

framework proposed by Watton et al. (2004) is adopted. Concepts of collagen re-

cruitment, in vivo and attachment stretch distributions are detailed, modelling me-

chanical response of the arterial wall as well as arterial G&R are introduced; some

variables for analysing the growth of aneurysms are defined; different approaches

utilised to adapt the attachment stretch distribution are also compared. Finally,

simulation results in different scenarios obtained using these approaches are anal-
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ysed and the influence of the adaption of attachment stretches on arterial G&R is

discussed. Limitations of this model and its further development are also discussed.

4.1 BRIEF REVIEW OF THE EVOLUTIONARY HISTORY OF

THE CONCEPT OF ATTACHMENT STRETCH

Due to the important role of the attachment stretch in arterial G&R, here we first

briefly review the evolutionary history of this concept so that the readers can have

a better appreciation of its chronological development. However, before starting,

readers should first be aware that the concept of attachment stretch is not confined

to collagen fibres in some of the studies in the literature. It is also used to refer the

‘born stretch states’ of the new elastinous constituents as well the smooth muscle

cells (SMCs), despite of the fact that the half life of some elastinous constituents

(such as elastins) can be extremely long. The initial formulation of this concept can

be traced back to the study of Humphrey (1999), where a new approach of mod-

elling tissue G&R was proposed which serves as the basis for many subsequent ar-

terial G&R models, including our study. This approach assumes that the deposi-

tion and degradation of the arterial constituents occur at different configurations.

To be more specific, deformation and mechanical response of the old constituents

are measured relative to the initial natural configuration, whereas deformation and

mechanical response of the newly deposited constituents are measured relative to

an altered configuration which is different from both the initial natural configura-

tion as well as the current deformed configuration. However, new constituents are

assumed to be laid down stress-free in the altered configuration, i.e. their attach-

ment stretch equals to unity. Later Humphrey and Rajagopal (2002) realised that

the new constituents are likely to be deposited under stress. As this stress had not

been identified in the literature, they hypothesised it to be the ‘deposition stress’ of

the constituents. However, no actual value of the deposition stress is suggested in

this study. Watton et al. (2004) and Gleason et al. (2004) seem to be the first peo-

ple to formulate the pre-loading of the new collagen fibres in terms of deformation

(stretch) rather than force (stress). In Watton et al. (2004)’s study, the attachment

stretch is linked to the cyclic pulsations of the artery: the time that fibroblast cells

need to configure new collagens into the matrix is assumed to be much longer than

the duration of a pulse. This implies a range of attachment stretches with a maxi-

mum value that the fibroblasts can achieve, which is equal to the maximum stretch
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of the fibres which occur at the systole of the cardiac cycle. This concept of max-

imum attachment stretch is utilised throughout the researchers’ subsequent stud-

ies on modelling aneurysm growth (Watton and Hill, 2009; Watton et al., 2009b).

Gleason et al. (2004) suggested that the attachment stretches can be anisotropic,

i.e. different values of attachment stretches were used for the constituents align-

ing in radial and axial directions respectively. In their succeeding study, Gleason

and Humphrey (2005) also utilised the concept of range (distribution) of attachment

stretches and assumed that attachment stretches in the radial and axial directions

form a 2D distribution function. However, rather than prescribing any functional

form of the attachment stretch distribution, they only specified the mean values

and prescribe the functional form of distribution of the natural configurations in-

stead. Similar approaches based on prescribing the functional forms of the natural

configurations, as well as their evolution, have been utilised in several other stud-

ies in the literature (Wan et al., 2010; Martufi and Gasser, 2012). Recently, Karšaj

and Humphrey (2012) considered the heterogeneity of the attachment stretches of

the elastinous constituents by linearly varying its single discrete values along the

radial direction in their model. On the contrary, the attachment stretches of the

collagenous constituents, as well as of the smooth muscle cells, are assumed to be

homogeneous.

4.2 MODEL OVERVIEW

As one of the first sections of this chapter, we would like to first overview the model

so that the readers can have a general impression. We model the artery as a 1D two-

layer (media and adventitia) non-linear elastic cylindrical membrane subject to in-

ternal blood pressure and a constant axial stretch. The media is modelled as a mem-

brane composed of both elastic and collagen fibres, whereas the adventitia is simply

modelled as a collagenous membrane. Collagen fibres are assumed to align circum-

ferentially in both layers. We model elastic fibres using the isotropic Neo-Hookean

constitutive model. We also assume that the strain energy function (SEF) of an in-

dividual collagen fibre has a simple quadratic functional form and the mechani-

cal nonlinearity of collagens results from the gradual fibre recruitment during load

bearing, which is represented by a distribution of collagen recruitment stretches.

Initially the media is the main load bearing layer and the adventitia acts as a protec-

tive sheath bearing no load in the physiological state. Different distributions of col-
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lagen attachment stretches are adopted to represent the distinct mechanical roles

of the medial and adventitial collagens: both are simplified as triangular distribu-

tions but have different values. Gradual degradation of the media layer is prescribed

to drive the development of an aneurysm. Continual growth and remodelling of

the adventitial collagens is captured by modelling the change of mass density and

modelling the evolution of natural configurations through modelling the distribu-

tion of recruitment stretches. The change of the mechanical role of the adventitia

layer from a protective sheath to the primary load bearer during media degradation

is explicitly captured by considering the temporal adaption of adventitial collagen

attachment stretch distribution, whose functional form remains triangular but val-

ues adapt. Influences of different prescribed adaptions of the attachment stretch

distributions on the aneurysm development are examined.

4.3 CONCEPTS OF COLLAGEN RECRUITMENT AND AT-

TACHMENT STRETCH DISTRIBUTIONS

In the previous studies, Watton et al. (2004) defined the recruitment stretch λR as

the stretch that the unloaded tissue needs to be tensioned in order to straighten the

initially wavy (hypothetical) collagen fibres and recruit them for load bearing. Given

a 1D tissue under stretch λ, λR is related to λ by the collagen fibre stretch λC (see

Fig. 4.1). In other words, λC is measured from the own natural configuration of the

collagen fibre:

λC = λ

λR
(4.1)

In vitro experimental observations demonstrate that real collagen fibres exhibit

a distribution of waviness in the unloaded configuration (Schrauwen et al., 2012)

(see Fig. 4.2). This implies that the natural configurations of the fibres are in a man-

ner of statistical distribution, so are their recruitment stretches. We define the sta-

tistical distribution of the collagen recruitment stretches as the recruitment stretch

distribution, denoted as Pr (ΛR ). Pr (ΛR ) describes the distributional manner of

the natural reference configurations of the arterial constituents and similar con-

cepts can be found in the literature (Gleason and Humphrey, 2005; Wan et al., 2010;

Martufi and Gasser, 2012). The direct consequence of Pr (ΛR ) is that the in vivo

stretches of the collagen fibres should also be in a manner of statistical distribution
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Figure 4.1: The recruitment stretch λR is defined as the stretch that the unloaded
tissue needs to be tensioned in order to straighten the initially wavy collagen fibre
and recruit it for load bearing. The actual stretch of the collagen fibreλC is measured
from it own configuration.

when the tissue is at physiological stretch λ. We name this stretch distribution the

in vivo stretch distribution, denoted as Pr (ΛC ). Having Pr (ΛR ) and Pr (ΛC ) defined,

Eq. 4.1 can be rewritten as:

ΛC = λ

ΛR
(4.2)

whereΛC andΛR are any corresponding single values of in vivo stretches in Pr (ΛC )

and recruitment stretches in Pr (ΛR ).

Watton et al. (2004) defined the attachment stretch λAT as the state of stretch

in which collagen fibres are configured to the arterial extracellular matrix (ECM) in

the physiological (loaded) configuration. Considering the distributional manner of

collagen waviness in the physiological configuration (Schrauwen et al., 2012), it is

reasonable to assume that human arterial collagen fibres are actually configured

into the ECM in a state of stretch distribution, referred as the attachment stretch

distribution and denoted as Pr (ΛAT ). We assume that Pr (ΛAT ) can be simplified

by a triangular distribution whose probability density function (PDF) fΛAT (λAT ) is
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Figure 4.2: Experimental observation of distribution of collagen waviness in the un-
loaded configuration (Schrauwen et al., 2012).

represented by the triangular function:

fΛAT (λAT ) =



0 λAT <λmi n
AT

2(λAT −λmi n
AT )

(λmax
AT −λmi n

AT )(λmod
AT −λmi n

AT )
λmi n

AT ≤λAT ≤λmod
AT

2(λmax
AT −λAT )

(λmax
AT −λmi n

AT )(λmax
AT −λmod

AT )
λmod

AT <λAT ≤λmax
AT

0 λAT >λmax
AT

(4.3)

As shown in the equation above as well as in Fig. 4.3 (the left distribution), fΛAT (λAT )

is uniquely defined by the three variables: minimum attachment stretchλmi n
AT , max-

imum attachment stretch λmax
AT and mode attachment stretch λmod

AT . Collagen fibres

with λmi n
AT are recruited last as the tissue is stretched, thus having the maximum re-

cruitment stretch, here denoted as λmax
R . Fibres achieving λmax

AT are recruited first,

thus having the minimum recruitment stretch, denoted as λmi n
R . Similarly, fibres

with λmod
AT are all simultaneously recruited for load bearing, hence have the same

mode recruitment stretch, denoted as λmod
R . Therefore the collagen recruitment

stretch distribution Pr (ΛR ), which is due to the variation in fibre waviness/ undu-

lations in the unloaded tissue, is indeed a natural consequence of the attachment

stretch distribution Pr (ΛAT ).

Now we want to determine the recruitment stretch distribution when the arterial

wall is in initial homeostasis at time t = 0. In this situation, the collagen in vivo
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Figure 4.3: This figure shows the attachment stretch and recruitment stretch dis-
tributions of medial and adventitial collagens at time t = 0 with tissue circumfer-
ential stretch λ = 1.3. Both the attachment and the recruitment stretch distribu-
tions are determined by three salient points: minimum attachment and recruitment
stretches (λmi n

ATL
and λmi n

RL
), maximum attachment and recruitment stretches (λmax

ATL

and λmax
RL

), as well as mode attachment and recruitment stretches (λmod
ATL

and λmod
RL

).
Here L can take either M representing medial collagens or A representing adventi-
tial collagens. Different values of attachment and recruitment stretch distributions
are used to represent the medial and adventitial collagen fibres. In the left attach-
ment stretch distributions, collagens with attachment stretches whose values are
bigger than 1 are bearing load. This portion of collagens corresponds to the colla-
gens whose recruitment stretches are smaller than the tissue stretch λ = 1.3 in the
right recruitment stretch distributions.

stretch distribution should be identical to its attachment stretch distribution, i.e.

Pr (ΛC ) = Pr (ΛAT ). Equivalently, for any single collagen fibre, its in vivo stretch is

same as its attachment stretch, i.e. ΛC =ΛAT . Substituting this equation into Eqn.

4.2 immediately yields the following relationship:

λmi n
AT ·λmax

R =λmax
AT ·λmi n

R =λmod
AT ·λmod

R =ΛAT ·ΛR =λ (4.4)

This equation implies that the PDF fΛR (λR ) of the recruitment stretch distribution

Pr (ΛR ) can be determined from the PDF fΛAT (λAT ) of the attachment stretch dis-

tribution Pr (ΛAT ). As fΛAT (λAT ) is a piecewise triangular function described by Eq.

4.3, fΛR (λR ) is also a piecewise function. The explicit functional form of fΛR (λR )

when the tissue is at initial homeostatic stretch λ can be written as (see Appendix A
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for the full derivation):

fΛR (λR ) =



0 λR < a

2(λR−a)
(b−a)(c−a) · abc

λR
3 a ≤λR < c

2(b−λR )
(b−a)(b−c) · abc

λR
3 c ≤λR < b

0 λR ≥ b

(4.5)

where a, b and c are used to denote λmi n
R , λmax

R and λmod
R respectively for conve-

nience. One thing worth noting is that fΛR (λR ) is not a triangular function due to

the extra nonlinear term abc
λR

3 . In other words, given the attachment stretch distribu-

tion Pr (ΛR ) a triangular distribution, the recruitment stretch distribution Pr (ΛR ) is

not triangular. However, for simplicity reasons, we simplify Pr (ΛR ) by a triangular

distribution and use triangular functions for fΛR (λR ), i.e. taking out the nonlinear

term abc
λR

3 in Eq. 4.5. This gives the fΛR (λR ) that we have used in the model when

the arterial wall is in initial homeostasis at time t = 0 under tissue circumferential

stretch λ:

fΛR (λR ) =



0 λR < a

2(λR−a)
(b−a)(c−a) a ≤λR < c

2(b−λR )
(b−a)(b−c) c ≤λR < b

0 λR ≥ b

(4.6)

where a, b and c (i.e. λmi n
R , λmax

R and λmod
R ) can be determined from Eq. 4.4 if the

corresponding attachment stretches are given. The difference of fΛR (λR ) between

the real functional form (Eq. 4.5) and simplified triangular functional form (Eq. 4.6)

can be evaluated by performing a Kolmogorov-Smirnov test (Massey, 1951). Fig.

4.4 illustrates both of these two functional forms of medial and adventitial colla-

gens recruitment stretch distributions at time t = 0. In the figure we have used the

subscript L to denote the layer to which the collagen fibres belong. L can be ei-

ther M representing media layer or A representing adventitia layer, e.g. λmi n
RL

means

the minimum recruitment stretch of collagens in the L layer. Determination of the

initial values of the minimum, maximum and mode recruitment stretches for the

model are introduced in Sec. 4.7. Adaption of fΛR (λR ) is used for modelling colla-

gen remodelling during aneurysm growth. This is introduced in Sec. 4.5.

As introduced above, when the arterial wall is in initial homeostasis, we also

have Pr (ΛC ) = Pr (ΛAT ). Hence it is reasonable to assume that the collagen in

vivo stretch distribution Pr (ΛC ) follows triangular distribution as well, i.e. the PDF
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Figure 4.4: This figure shows the real functional forms as well as simplified triangu-
lar functional forms of the PDF fΛR (λR ) of medial and adventitial collagen recruit-
ment stretch distributions at time t = 0 with tissue circumferential stretch λ = 1.3.
The real functional forms represented by the dashed lines are calculated by Eq. 4.5.
The simplified triangular functional forms represented by solid lines are the ones
that are determined by Eqn. 4.6. These are the ones which are actually used in this
study. Medial and adventitial collagens are also distinguished by different filling
patterns. Salient points of the distributions are illustrated as well, i.e. the mini-
mum (λmi n

RM
, λmi n

RA
), maximum (λmax

RM
, λmax

RA
) and mode (λmod

RM
, λmod

RA
) recruitment

stretches.

fΛC (λC ) can be simplified as a triangular function and uniquely determined by the

three key variables λmi n
C , λmax

C and λmod
C , which are the minimum, maximum and

mode in vivo stretches. At initial homeostasis we have λmi n
C = λmi n

AT , λmax
C = λmax

AT

and λmod
C = λmod

AT . During aneurysm growth, we assume that the functional form

of fΛC (λC ) maintains a triangular function though in reality its functional function

may not be. Values of λmi n
C , λmax

C and λmod
C are computed using Eq. 4.2.

As opposed to all of previous studies in the literature, in this study we assume

that fΛAT (λAT ) can adapt temporally during aneurysm growth but remains a trian-

gular function. fΛAT (λAT ) is applied to model collagen fibres having different me-

chanical roles, whereas its temporal adaption is utilised to represent the adaption

of these mechanical roles. Details are given below. We assume that initially the me-

dia acts as the main load bearer with some of the collagens recruited to bear load,

whereas the adventitial collagens act as a protective sheath bearing no load. This

is achieved by letting fΛAT (λATM ) and fΛAT (λATA ) have different initial values: we let
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λmi n
ATM

, λmax
ATM

and λmod
ATM

take values of 0.9, 1.1 and 1 (see Sec. 4.7 for justification),

whereas λmi n
ATA

, λmax
ATA

and λmod
ATA

take values of 0.8, 1.0 and 0.9 so that both fΛAT (λATM )

and fΛAT (λATA ) are symmetric. Collagens whose attachment stretches are smaller

than 1 indicate that they are deposited crimpedly, hence bearing no load. Because

λmax
C A

= λmax
ATA

≤ 1 in initial homeostasis, this means these adventitial collagen are

borne without taking load. But they will take load if the artery further dilates, i.e.

λmax
C A

≥ 1. Hence their mechanical role is a protective sheath. Fig. 4.3 illustrates

the use of Pr (ΛATL ) to represent the medial and adventitial collagen fibres at time

t = 0 respectively, with the stretch of the tissue set to be λ = 1.3. The recruitment

stretches can also be determined accordingly (see Sec. 4.7). The use of the temporal

adaption of fΛAT (λAT ) to represent the change of the mechanical role of the collagen

fibres are introduced in Sec. 4.5.

4.4 MECHANICAL RESPONSE OF THE ARTERIAL WALL

We consider a hollow cylindrical elastic membranal tube to represent the artery in

1D, with length l (not to be confused with L used to denote each layer), radius R

and wall thickness H in the unloaded configuration. The tube is subject to inter-

nal pressure p acting normal to the midplane and a constant axial stretch λz . The

procedures to derive the mechanical governing equation is detailed in Watton et al.

(2004) and Watton et al. (2009b). Here we give an outline of the derivation to avoid

unnecessary repetition. Deformation of the arterial wall is governed by the prin-

ciple of virtual displacement. The principle of stationary potential energy requires

that the first variation of the total potential energy vanishes:

δΠi nt −δΠext = 0 (4.7)

where δΠi nt is the variation of the internal potential energy stored in the arterial

wall and δΠext is the variation of the external potential energy caused by the normal

pressure p acting on the membrane. Given that the membrane is relatively thin,

the area elements as well as the virtual displacement field of the upper and lower

surfaces are approximated to be equal to those of the midplane. So Eq. 4.7 can be

written as: ∫
V
δΨdV −

∫
S

p(â3 ·δu)dS = 0 (4.8)

where S is the portion of the boundary surface on which the internal pressure p is

applied and Ψ is the SEF per unit volume, â3 is the unit normal vector of the de-

formed midplane, u is the displacement field of the midplane. The assumption that
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the strain field is uniform through the thickness of the arterial wall equating that of

the midplane implies that the SEFΨ is constant in each layer along the direction of

â3. This converts the volume integral in Eq. 4.8 into a surface integral and enables

an immediate integration yielding:∫ 2πR

0

∫ l

0
(HMδΨM +HAδΨA −pâ3 ·δu)d X1d X2 = 0 (4.9)

where HM and HA are the thicknesses of the media and adventitia layers respec-

tively, and HM +HA = H . ΨM andΨA are the SEFs per unit volume in the media and

adventitia layers.

For 1D deformations of the cylindrical membranes, the deformation field can

be further described by one independent stretch variable, i.e. the circumferential

stretch of the tissue λ. Applying the geometric constraints of symmetric deforma-

tion of a cylinder (see Watton et al. (2004) and Watton et al. (2009b) for details), Eq.

4.9 can be eventually written as the following form:

p = HM

λλzR

∂ΨM

∂λ
+ HA

λλzR

∂ΨA

∂λ
(4.10)

The SEF of the media layerΨM is considered to be an additive contribution from

both the elastinous and collagenous constituents, whereas the SEF of the adventitia

ΨA is only contributed to by the collagenous constituents:

ΨM =ΨEM +ΨCM (4.11)

and

ΨA =ΨC A (4.12)

where ΨJL denotes the SEF of the elastin (J = E) or collagen (J = C ) constituent

in the L layer (M for the media or A for the adventitia). Substituting Eq. 4.11 and

4.12 into Eq. 4.9 yields the governing equation Eq. 4.13 which describes the gross

mechanical response of the artery under pressure p and axial stretch λZ :

p = HM

λλzR

∂

∂λ
(ΨEM +ΨCM )+ HA

λλzR

∂ΨC A

∂λ
(4.13)

Now the SEF of each constituent needs to be specified. We model arte-

rial elastins as an isotropic Neo-Hookean solid, utilising the model proposed by

Holzapfel et al. (2000), with an extra degradation function of the elastin mass den-

sity:

ΨEM = mEM (t )KEM (I1(C)−3) (4.14)
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where mEM (t ) is the mass density of elastin at time t normalised with respect to the

initial mass density at t = 0, i.e. mEM (0) = 1. KEM is the elastin material constant.

I1 is the first invariant of the right Cauchy-Green deformation tensor C. For a 1D

cylindrical axially pre-stretched tube, I1(C) can be calculated by:

I1(C) =λ2 +λ2
z +

1

λ2λ2
z

, (4.15)

where the radial stretch is implied by applying the incompressibility constraint.

The approach proposed by Hill et al. (2012) is modified for modelling the me-

chanical response of collagen fibres. We assume that the SEF Ψ∗
CL

of an individual

collagen fibre in the L layer has a simple quadratic functional form, described by the

following equation:

Ψ∗
CL

= KCL

2
(λCL −1)2 (4.16)

where KCL is the collagen material constant and λCL is the stretch of the individual

collagen fibre measured from its own natural configuration. λCL is related to the

stretch of the tissue λ by the recruitment stretch λRL of the fibre, i.e. via Eq. 4.2. Eq.

4.16 implies a linear relationship between the 1st Piola-Kirchhoff stress P∗
CL

and the

stretch λCL of the fibre.

As introduced in Sec. 4.3, the recruitment of collagen fibres for load bearing is

assumed to be in a manner of statistical distribution, represented by the recruitment

stretch distribution Pr (ΛRL ). Hence the SEF ΨCL of all the collagen fibres per unit

volume at tissue stretch λ can be computed by integrating the SEF Ψ∗
CL

of a single

fibre with respect to the proportion of the recruited fibres, multiplied by the collagen

mass density :

ΨCL (λ) = mCL (t )
∫ λ

1
Ψ∗

CL
(
λ

λRL

) fΛR (λRL )dλRL (4.17)

Again, λRL is the recruitment stretch and fΛR (λRL ) is the PDF of Pr (ΛRL ). mCL (t ) is

the mass density of collagen fibres normalised with respect to its initial mass density

at t = 0, i.e. mCL (0) = 1. As shown in Eq. 4.6, fΛR (λRL ) is assumed to be a piecewise

triangular function, hence ΨCL (λ) is a piecewise function as well. For 1D deforma-

tion, if we differentiate ΨCL (λ) with respect to the tissue stretch λ, then we obtain

the average 1st Piola-Kirchhoff stress PCL of all the collagen fibres within a unit vol-
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ume at tissue stretch λ, which is also a piecewise function:

PCL =
dΨCL (λ)

dλ
=



0 λ< aL

f (λ) aL ≤λ≤ cL

g (λ) cL <λ≤ bL

h(λ) λ> bL

(4.18)

where

f (λ) = γL · (bL − cL)[(λ+aL) ln
λ

aL
+2aL −2λ] (4.19a)

g (λ) = γL · [(bL − cL)(λ+aL) ln
cL

aL
− (cL −aL)(λ+bL) ln

λ

cL
+2(cL −aL)(λ−bL)]

(4.19b)

h(λ) = γL · [(bL −aL)(λ+ cL) ln
cL

aL
− (cL −aL)(λ+bL) ln

bL

aL
] (4.19c)

where γL = mCL KCL /((bL − aL)(cL − aL)(bL − cL)). For convenience, aL , bL and cL

are used to denote the minimum, maximum and mode recruitment stretches of

fΛR (λRL ) respectively, i.e. aL = λmi n
RL

, bL = λmax
RL

, cL = λmod
RL

. Fig. 4.5 shows the

mechanical responses between tissue gross circumferential stretches λ and the av-

erage 1st Piola-Kirchhoff stresses PCL of the medial and adventitial collagens within

a unit volume. The recruitment stretch distributions of the collagens fΛR (λRM ) and

fΛR (λRA ) are also shown. Both Eq. 4.16 - 4.19c as well as Fig. 4.5 show that nonlin-

eariry of the mechanical response of collagenous constituents can be obtained by

assuming a linear response for each single collagen fibre and gradual recruitment

of the fibres.

4.5 GROWTH AND REMODELLING OF THE ARTERIAL TIS-

SUES

In a healthy artery, elastins are known to be one of the most stable proteins in the

body, with a half-life approximately 40-70 years (Langille, 1993; Martyn and Green-

wald, 1997; Franklin, 2006), whereas collagen fibres are always in a state of contin-

ual deposition by the cells and degradation by the collagenase, with a much shorter

half-life of around only 2-3 months (Langille, 1993). In an aneurysm artery, histolog-

ical observations of the aneurysmal wall usually involve thinning/loss of the media

layer as well as thickening of the adventitia layer. More specifically, loss of internal
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Figure 4.5: The non-linear mechanical response of the medial and adventitial colla-
gen fibres can be considered by assuming a linear response for each single collagen
fibre and gradual recruitment of the fibres. Mechanical response between the tis-
sue circumferential stretches and average 1st Piola-Kirchhoff stresses of the medial
(black) and adventitial (red) collagens within a unit volume is illustrated with solid
curves (left y axis). The recruitment stretch distributions for the collagen fibres are
also shown with dotted lines (right y axis).

elastic lamina, apoptosis of vascular smooth muscle cells (VSMC), as well as frag-

mentation of the elastic fibres have been observed in the media layer; whereas in the

adventitia highly organised collagen fibres are commonly present (Canham et al.,

1991). However, the pathological processes leading to the histological changes of

the arterial layers which may incorporate various signaling pathways are still poorly

understood.

With limited understanding of underlying biological cause, we degrade the me-

dial fibres to initiate an aneurysm on the artery and impel its following growth. This

is done by prescribing the change of medial elastin and collagen mass densities mEM

and mCM using an exponential decay function during the time span of n years:

m JM (t ) = (%JM )
t
n m JM (0) (4.20)

where %JM is the percentage of the J (J = E ,C ) constituents which remain in the

media after n years and m JM (0) is the mass density of the J constituents at t = 0

(before aneurysm formation). In the study we assume a loss of the entire media

layer after 5 years. For this reason %JM is set to be 0.01 for numerical implementation

and n set to be 5, which means only 1% of the medial constituents remain in the

media after 5 years. From Year 5 onwards mEM and mCM are set to 0.
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The loss of medial constituents is compensated by the growth and remodelling

(G&R) of the collagen fibres to prevent over-dilation of the artery due to internal

blood pressure. Adventitial collagen growth is related to the mass change of the

adventitial collagenous constituents and is simulated by evolving its mass density

mC A . Based on the fact that adventitial collagens are exclusively degraded and de-

posited by the fibroblast cells, we assume that:

1. The rate of change of mC A is proportional to the amount of fibroblast cells

and the level that these fibroblast cells are mechanically deviated from their

homeostatic states.

2. The amount of fibroblast cells is equal to the amount of adventitial collagens.

3. The level that these fibroblast cells are mechanically deviated from their

homeostatic states is evaluated by the deviations of the current average

stretch of the fibroblast cells from their homeostatic average stretch.

4. Fibroblast cells have the same natural reference configurations as the adventi-

tial collagens, i.e., the current average stretch of the fibroblast cells is equal to

the mean stretch of the collagen in vivo stretch distribution Pr (ΛC A ), denoted

as λmean
C A

, whereas the homeostatic average stretch of the fibroblast cells is

equal to the mean attachment stretch of collagen attachment stretch distri-

bution Pr (ΛATA ), denoted as λmean
ATA

.

Then the evolution of mC A , i.e. the growth of adventitial collagen is modelled using

a simple stretch-based evolution law:

dmC A

dt
=βmC A (

λmean
C A

−λmean
ATA

λmean
ATA

) (4.21)

where β is a growth rate parameter relating to the rate at which additional adventi-

tial collagen is deposited and configured. It is numerically determined that β= 3 so

that the dilation is physiologically consistent over a typical timescale of aneurysm

growth: we assume that the diameter increases by a factor of 2–3 over a period of

10 years (Watton et al., 2004; Watton and Hill, 2009). However, it is noted that some

IAs may grow very fast (Doenitz et al., 2010). λmean
C A

and λmean
ATA

are the expected

values of the collagen in vivo and attachment stretch distributions Pr (ΛC A ) and

Pr (ΛATA ) respectively. For triangular distributions, they are simply calculated by
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λmean
C A

= (λmi n
C A

+λmax
C A

+λmod
C A

)/3 and λmean
ATA

= (λmi n
ATA

+λmax
ATA

+λmod
ATA

)/3. Here, again

λmax
C A

, λmi n
C A

and λmod
C A

are the maximum, minimum and mode in vivo stretches of

Pr
(
ΛC A

)
in the adventitia layer during the cardiac cycle, whereas λmax

ATA
, λmi n

ATA
and

λmod
ATA

are the maximum, minimum and mode attachment stretches of Pr (ΛATA ), as

introduced in Sec. 4.3.

Remodelling of the medial and adventitial collagen fibres generally refers to the

natural physiological processes occurring in the tissue that change the gross mi-

crostructure of the fibres without changing their total mass. To be more specific,

this includes the degradation of old fibres and deposition of new fibres with al-

tered microstructure, natural configurations and orientation angles. As mentioned

previously, during aneurysm development, old collagen fibres are continuously re-

placed by the new collagen fibres, with attachment stretches measured relative to

their new natural configurations. This naturally implies that the collagen natural

configurations are evolving so that the collagen in vivo stretch distribution Pr (ΛCL )

is continuously remodelled into its attachment stretch distribution Pr (ΛATL ). This

phenomenon is generally captured by modelling the evolution of the recruitment

stretch distributions Pr (ΛRL ) of the fibres: we assume that Pr (ΛRL ) always main-

tains a triangular distribution during its evolution, and propose three linear differ-

ential equations to remodel the three salient variables λmi n
RL

, λmax
RL

and λmod
RL

in its

PDF fΛR (λRL ):

dλmi n
RL

dt
=α(

λmax
CL

−λmax
ATL

λmax
ATL

) (4.22a)

dλmax
RL

dt
=α(

λmi n
CL

−λmi n
ATL

λmi n
ATL

) (4.22b)

dλmod
RL

dt
=α(

λmod
CL

−λmod
ATL

λmod
ATL

) (4.22c)

where α is the collagen remodelling rate parameter which can be determined nu-

merically so that the remodelling rate of the recruitment stretches is physiologically

realistic. Watton (2002) presented a method to correspond α to a prescribed col-

lagen half-life. For more explanations on this method please refer to Sec. 2.3.3 of

Watton (2002). Given that collagen in the arterial wall typically has a half-life of 60

days, we assume a default value of α= 2 is determined for this study.

Now we want to emphasise that we assume the adventitial collagen attachment

stretch distribution Pr (ΛATA ) can adapt temporally during aneurysm growth. The
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change of the mechanical role of the adventitia from a protective sheath in a normal

arterial wall to the primary load bearer in the aneurysmal arterial wall implies that

some newly deposited collagens must have attachment stretches λATA > 1 so that

they take load in the homeostatic state. Since for the initial healthy artery we have

λmi n
ATA

(0) = 0.8, λmax
ATA

(0) = 1.0 and λmod
ATA

(0) = 0.9, this indicates that an augmenting

adaption of fΛAT (λATA ) is needed to represent the transition of the mechanical role

of adventitia to the primary load bearer. However, due to the lack of biological data

on this, currently we analytically prescribe the adaption fΛAT (λATA ): we assume that

fΛAT (λATA ) adapts but its functional form always remains triangular. Then we pre-

scribe the adaption of fΛAT (λATA ) by prescribing the evolution of λmi n
ATA

, λmax
ATA

and

λmod
ATA

. A simplified Richards’ growth function (Richards, 1959) is adopted to evolve

the adventitial collagen maximum attachment stretch λmax
ATA

(t ):

λmax
ATA

(t ) =λmax
ATA

(0)+
λmax

ATA
| f −λmax

ATA
(0)

1+e−B(t−n/2)
(4.23)

where n is the duration of media degradation, same as the one in Eq. 4.20. B relates

to the growth rate of the curve and is numerically determined, B = 3, so that the evo-

lution curve ofλmax
ATA

(t ) is relatively flat near t = 0 and t = n while not too steep in the

middle. λmax
ATA

| f is the maximum attachment stretch of adventitial collagens after the

entire media layer has been degraded. This variable describes the maximum abil-

ity of the fibroblast cells to stretch the newly synthesised collagen fibres and attach

them to the extracellular matrix. Again, due to the lack of biological understanding

on this, the only justification we can take into consideration is that adventitial col-

lagens are known to be stiff and act to prevent over-dilation of the artery. Hence we

simply assume that the maximum strain of the adventitial collagens is same as the

value of media λmax
ATM

, i.e. λmax
ATA

| f = 1.10. Fig. 4.6 shows the prescribed evolution of

the maximum attachment stretch λmax
ATA

(t ) during aneurysm evolution.

In order to explore the influence of fΛAT (λATL ) evolution on the aneurysm

growth, we modelled five scenarios with different variances to evolve minimum

and mode attachment stretches λmi n
ATA

and λmod
ATA

, including one scenario in which

fΛAT (λATA ) is assumed to be constant for comparison:

1. fΛAT

(
λATA

)
is constant, i.e. λmi n

ATM
(t ) = 0.8, λmax

ATM
(t ) = 1.0 and λmod

ATM
(t ) = 0.9.

2. λmi n
ATA

(t ) = λmax
ATA

(t )−0.2 and λmod
ATA

(t ) = 0.5 · [λmi n
ATA

(t )+λmax
ATA

(t )], i.e. the range

and skewness of fΛAT

(
λATA

)
are constant (Range(ΛATA ) = 0.2,Skew(ΛATA ) =
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Figure 4.6: This figure shows the evolution of the maximum attachment stretch
λmax

ATA
(t ) during aneurysm evolution. The evolution is prescribed during the period

of elastin degradation in the first 5 years. After t = 5, λmax
ATA

(t ) is set to be constant.

0). This scenario represents the only shifting of fΛAT

(
λATA

)
during aneurysm

growth.

3. λmi n
ATA

(t ) = λmax
ATA

(t ) − 0.2 and λmod
ATA

(t ) = 0.5 · [λmi n
ATA

(t ) + λmax
ATA

(t )] + γ ·
q(t )[λmax

ATA
(t )−λmi n

ATA
(t )], i.e. fΛAT

(
λATA

)
is gradually skewed negatively. q(t ) is

the interpolation parameter defined as:

q(t ) =
t/n t ≤ n

1 t > n
(4.24)

and 0 ≤ γ≤ 0.5 is the parameter that controls the speed of skewing the distri-

bution. The bigger γ is, the faster the distribution is skewed. In this study, we

choose γ= 0.3. This scenario represents shifting and skewing of fΛAT (λATA ).

4. λmi n
ATA

(t ) = λmax
ATA

(t )+0.1 · q(t )−0.2 and λmod
ATA

(t ) = 0.5 · [λmi n
ATA

(t )+λmax
ATA

(t )], i.e.

fΛAT (λATA ) is gradually narrowed as the range is linearly approaching the

value of 0.1. This scenario represents the shifting and narrowing of fΛAT (λATA ).

5. λmi n
ATA

(t ) = λmax
ATA

(t )+0.1 · q(t )−0.2 and λmod
ATA

(t ) = 0.5 · [λmi n
ATA

(t )+λmax
ATA

(t )]+γ ·
q(t )[λmax

ATA
(t )−λmi n

ATA
(t )], i.e. fΛAT (λATA ) is both gradually narrowed and skewed

negatively. This scenario represents the combination of shifting, narrowing as

well as skewing of fΛAT (λATA ).
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(a)

(c)

(b)

(d)

Figure 4.7: Four simulations using different approaches to adapt the attach-
ment stretch distribution. (a) Only shifting, (b) Shifting accompanied by skew-
ing, (c) shifting accompanied by narrowing, (d) a combination of shifting, skew-
ing and narrowing

These five scenarios of using different variances to evolve fΛAT (λATA ) are simulated

in order to investigate the influence of its evolution on the aneurysm growth. In all

of these scenarios, the three variables λmi n
ATA

, λmax
ATA

and λmod
ATA

determine the adaption

of fΛAT (λATA ). Fig. 4.7 shows the evolution of the attachment stretch distribution in

the last four scenarios.

However, the above is for adventitial collagens. For medial collagens, as they

have already participated in load bearing in a healthy artery and are eventually de-

graded during aneurysm evolution, we simply assume fΛAT (λATM ) is constant, i.e:

fΛAT (λATM (t )) = fΛAT (λATM (0)) (4.25)

The minimum, maximum and mode attachment stretches are set as λmi n
ATM

(t ) = 0.9,

λmax
ATM

(t ) = 1.1 and λmod
ATM

(t ) = 1.0 throughout the simulation.
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4.6 ANALYSIS OF ANEURYSM GROWTH

This section introduces some additional variables that are used to analyse the evo-

lution of the aneurysm, including the cyclic stretch, the remodelled wall thickness,

as well as ratio of remodelled thickness to evolving radius.

The cyclic stretch λc yc is defined as the ratio of the systolic circumferential

stretch to the diastolic circumferential stretch:

λc yc = λ

λdi as
(4.26)

where λ and λdi as are the systolic and diastolic circumferential stretches computed

from Eq. 4.13 with p being the systolic p and diastolic blood pressures pdi as respec-

tively.

We define the remodelled thickness hr em to be the thickness of the arterial wall

incorporating the volumetric growth of the tissue (including both degradation of

the medial constituents and growth of the adventitial collagen). The remodelled

wall thickness hr em can be approximated by (see Appendix B):

hr em(t ) ≈ κr em(t ) · H

λ(t )λZ
(4.27)

where the first term κr em(t ) accounts for the volumetric growth of the wall con-

stituents, whereas the second term after the dot is the thickness only considering

the incompressibility condition of the wall. The inference of κr em(t ) is based on

the assumption that the volumetric growth of the tissue is proportional to the mass

growth of the constituents. We have (see Appendix B for the derivation):

κr em(t ) ≈ 2mEM (t )+2mCM (t )+mC A (t )

5
(4.28)

Now let us assume the total loss of medial layer at t = 10, i.e. mEM (10) = mCM (10) = 0.

Substituting Eq. 4.28 into Eq. 4.27 and evaluating hr em(t ) at t = 10, we have:

hr em(10) ≈ H

5λZ
· mC A (10)

λ(10)
(4.29)

Eq. 4.29 shows that the remodelled wall thickness hr em is proportional to mC A and

inversely proportional to λ after the medial layer is totally degraded.

We also define a dimensionless variable χ for comparison reasons: ratio of re-

modelled thickness to remodelled radius, which is computed by (see Appendix B

for the derivation):

χ(t ) = hr em(t )

rr em(t )
≈ H

RλZ

κr em(t )

[λ(t )]2
(4.30)
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where the remodelled radius rr em(t ) is the radius of the remodelled geometry con-

sidering volumetric growth of the wall constituents.

4.7 MODELLING VARIABLES

Variables used in this study are summarised in Table 4.1. The unloaded geometry

of our artery model has a radius R = 2 mm and wall thickness H = 0.4 mm. We

assume that the media occupies 2/3 of the thickness of the arterial wall whereas

the adventitia occupies the remaining 1/3, i.e. HM = 0.27mm and HA = 0.13 mm.

In the systolic configuration, the artery has a radius r (0) = 2.6 mm, an axial pre-

stretch λz = 1.3, and a circumferential stretch λ(0) = 1.3. These data are consistent

with previous reports on geometry of cerebral arteries: Kroon and Holzapfel (2007)

reported that basilar and internal carotid arteries usually have radii in the range 1.5–

2.5mm, whereas Monson et al. (2003) found that the wall thickness of an unloaded

middle cerebral artery is approximately 1/5 of the thickness of the outer radius and

the average in vivo axial stretch of fresh human cerebral blood vessels is about 1.31.

Additionally, we also assume that the artery has a 10% pulsation at t = 0, i.e. the

initial cyclic stretch λc yc (0) = 1.1. This implies a diastolic radius rdi as(0) = 2.36mm

and a diastolic stretch λdi as(0) = 1.18. The systolic and diastolic pressures in the

artery are assumed to be p = 120 mmHg and pdi as = 80 mmHg respectively, i.e. 16

kPa and 10.7 kPa. These values have been used in the literature (Watton et al., 2009a)

and are consistent with subjects in the supine position (Hansen et al., 1995).

The orientations of both medial and adventitial collagen fibres are assumed

to be only in the circumferential direction of the artery. We assume that the me-

dial collagens start to be recruited to load bearing from the diastolic configuration,

whereas the adventitia collagens initially act as a protective sheath starting to bear

load from the systolic configuration at t = 0. These assumptions imply the initial

values of the minimum recruitment stretches of medial and adventitial collagens,

i.e. λmi n
RM

(0) = λdi as(0) = 1.18 and λmi n
RA

(0) = λ(0) = 1.3. Values of the maximum

in vivo stretches of medial and adventitial collagens can also be determined, i.e.

λmax
CM

(0) = λ(0)/λmi n
RM

(0) = 1.1 and λmax
C A

(0) = λ(0)/λmi n
RA

(0) = 1. When the artery

is initial homeostasis, the collagen attachment stretches are equal to the in vivo

stretches, hence we have λmax
ATM

(0) = λmax
CM

(0) = 1.1 and λmax
ATA

(0) = λmax
C A

(0) = 1. An-

other constraint of the initial values of the medial collagen attachment stretch dis-

tribution fΛAT (λATM ) is that, since some collagens are still wavy when the artery is
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in the physiological state, we should have λmi n
ATM

(0) < 1. Due to the lack of biological

data on the values of attachment stretch distributions, we assume that initially both

of the distributions are symmetric. We set λmi n
ATM

= 0.9, λmax
ATM

= 1.1, λmod
ATM

= 1.0 for

medial collagen, and λmi n
ATA

= 0.8, λmax
ATA

= 1.0, λmod
ATA

= 0.9 for adventitia. Finally, ini-

tial values of other salient points of the recruitment stretch distributions fΛR (λRM )

and fΛR (λRA ) can be determined by Eq. 4.4, see Table 4.1 for the values.

The material constants of the elastic and collagenous constituents still need to

be determined. Given the systolic and diastolic circumferential stretches of the

artery λ(0) and λdi as(0) at the systolic and diastolic pressures p and pdi as respec-

tively, we can determine the material parameters of the medial constituents KEM

and KCM . These values yield a condition that around 77% of the blood pressure is

borne by the elastic constituents during the initial systolic configuration. This is

very close to the value used in the literature, i.e. 80% (Watton and Hill, 2009). For

adventitia collagen material constant KC A , we simply set KC A = 2KCM . However, we

note this is just a purely arbitrary choice. More accurate determination of the pa-

rameters requires mechanical testing of the individual layers of the cerebral arteries.

The pressure-diameter curve of our artery model is shown in Fig. 4.8. We note

that during the dilation of the artery due to the increase of the total blood pressure,

collagen fibres are bearing gradually larger proportion of the total pressure.

Figure 4.8: The pressure-diameter curve captures the mechanical response of our
artery model during radial dilation due to the increase of blood pressure. The in-
crease of the load borne by the elastins due to pressure increase is very limited. On
the contrary, the proportion of total pressure borne by the collagen fibres are grad-
ually increasing as a result of the gradual recruitment of fibres for load bearing.
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Table 4.1: The initial values of some modelling variables and material constants
used in the model

Undeformed wall thickness:
Media HM 0.27 mm
Adventitia HA 0.13 mm

Undeformed radius R 2 mm

Pressures:
Systolic p 120 mmHg
Diastolic pdi as 80 mmHg

Axial pre-stretch λz 1.3
Deformed radius:

Systole r 2.60 mm
Diastole rdi as 2.36 mm

Circumferential stretches:
Systole λ 1.3
Diastole λdi as 1.18

Cyclic stretch λc yc 1.1
Medial collagen

Attachment stretches λmax
ATM

, λmi n
ATM

, λmod
ATM

1.1, 0.9, 1.0

Recruitment stretches λmax
RM

, λmi n
RM

, λmod
RM

1.44, 1.18, 1.30
Adventitial collagen

Attachment stretches λmax
ATA

, λmi n
ATA

, λmod
ATA

1.0, 0.8, 0.9

Recruitment stretches λmax
RA

, λmi n
RA

, λmod
RA

1.63, 1.30, 1.44
Material Parameters:

Elastin KEM 0.15 MPa
Medial collagen KCM 4.25 MPa
Adventitial collagen KC A 8.50 MPa

4.8 RESULTS

MATLAB (Mathworks, Natick, Massachusetts) was used to run this model. Five

cases of simulations were performed in total, using different variances to tempo-

rally adapt the adventitial collagen attachment stretch distribution: 1©case 1: con-

stant, unchanged; 2©case 2: only shifting; 3©case 3: shifting and skewing; 4©case 4:

shifting and narrowing; 5©case 5: shifting, skewing and narrowing. Details about

these variances are introduced in Sec. 4.5. Results including evolution of the me-

dial and adventitial fibre mass densities, collagen maximum in vivo stretches, cyclic

stretches, remodelled wall thickness as well as ratio of remodelled wall thickness to

remodelled radius are illustrated over a time span of 10 years.
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Fig. 4.9 illustrates the prescribed degradation of the mass densities of the medial

elastinous and collagenous constituents m JM using Eq. 4.20. Here J can be either E

representing elastins or C representing collagens. In the initial five years, the degra-

dation of m JM is prescribed to follow an exponential decay function. The media

layer is assumed to totally disappear after the end of fifth year.

Figure 4.9: Degradation of the medial elastin and collagen fibres drives the continu-
ous growth of the aneurysm. The change of mass density m JM of medial constituent
J is prescribed using an exponential decay function over the first five years’ time.
After the end of fifth year, the media layer is assumed to be totally lost so m JM = 0.
Here J can be either E representing the elastins or C representing the collagens.

Fig. 4.10 depicts the evolution of adventitial collagen mass densities mC A . We

notice that in the first year and a half the growth of adventitial collagen mass densi-

ties in all cases are very similar to each other. If we refer back to Fig. 4.9, this time

point corresponds to when more than 30% of medial constituents still remain within

the artery wall. However, after the first year these curves start to divert from each

other. The largest collagen growth is achieved in case 1, where the collagen mass

density increases uncontrollably. Case 5 has the smallest growth rate and tends to

stabilise fastest.

Fig. 4.11 shows the evolution of elastin stretch λ, which is also the circumfer-

ential stretch of the artery. It measures the increase in size of the aneurysms. We

observe that λ is very similar in all of the five cases in the first year and a half. After

that, different trends of evolution of λ can be observed. The aneurysm with largest

size occurs in Case 1 whereas the aneurysm with smallest size occurs in Case 5. The
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Figure 4.10: The growth of adventitial collagen is modelled by the change of adven-
titial collagen mass density mC A . The rates of change of mC A in the five cases in the
first year and a half are very similar to each other. After that, the change of mC A be-
gins to have different trends in different cases: in Case 1, mC A grows uncontrollably;
in Case 2, mC A grows with an almost constant rate; in Case 3, 4 and 5, the growth of
mC A gradually slow down during the later years. At the end of the simulations (ten
years), mC A is observe to only stabilise in Case 5.

final arterial radii of these five cases are approximately 4.1/1.3 ≈ 3.2, 2.9/1.3 ≈ 2.2,

2.5/1.3 ≈ 1.9, 2.4/1.3 ≈ 1.8 and 2.2/1.3 ≈ 1.7 times of the original arterial radii re-

spectively.

Fig. 4.12 shows the evolution of adventitial collagen maximum in vivo stretch

λmax
C A

. Starting from a value of 1, λmax
C A

first increases in a similar manner in all these

five cases in the first year, reaching the peak values between 1.14 and 1.17 in the

middle of the third year, and decreases again and tends to stabilise at the values of

maximum attachment stretch λmax
ATA

, which is set to be 1.0 in Case 1 and 1.1 in other

cases. However, note that the stabilisation of λmax
C A

towards λmax
ATA

in these cases is

relatively slow so that λmax
C A

is still decreasing at the end of the simulations.

Fig. 4.13 shows the evolution of the cyclic stretch λc yc , which is defined as the

ratio of tissue systolic stretch λ to diastolic stretch λdi as . In all of the cases, λc yc

decreases rapidly within the first two years, from the initial value of 1.1 to about

1.03 at the end of the second year. After this, Case 1 λc yc continues to decrease and

eventually stabilise at around 1.01, whereas in the other cases λc yc only decreases

slightly and tends to finally stabilise at the values around 1.02.
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Figure 4.11: The elastin stretch λEM , which is also the circumferential stretch of the
artery, measures the change of sizes of the aneurysms. The rates of change of λEM

in the five cases in the first year and a half are very similar to each other. After that,
different trends of evolution can be seen: λEM grows fastest in Case 1, in which it
eventually reaches the level of 4.1 after 10 years; whereas in other cases, λEM grows
slower in the following years than Case 1. The aneurysm in Case 5 has the small-
est growth rate among the five cases, hence stabilises fastest. Aneurysms in other
cases have bigger growth rates, hence have larger dilations. However they are still
enlarging at the end of simulations.

Fig. 4.14 illustrates the evolution of remodelled wall thickness hr em considering

volumetric growth of the tissue. It can be seen that hr em decreases in similar ways

in all cases during the initial two years. From the beginning of the third year, Case 1

hr em increases again and eventually reaches about 3.4 times its initial value. In Case

2, hr em only increases slightly in the following years. In Case 3 and 4, the increase

of hr em is trivial compared with Case 1, whereas in Case 5, hr em finally stabilises at

about 1/4 of its initial value.

Lastly, Fig. 4.15 illustrates the evolution of the newly defined dimensionless vari-

able χ, which is the ratio of remodelled thickness hr em to remodelled radius rr em

(see Appendix B). The trends of χ curves are similar to those of hr em . Starting from

the initial value of 0.09, χ decreases in almost identical ways in all of the five cases

during the first two years. From the beginning of the third year, Case 1 χ increases

again and eventually returns to approximately the same level as the initial value at

the end of the simulation. In Case 2, χ only increases slightly in the following years.

In Case 3 and 4, the increase of χ is also trivial compared with that of Case 1. In Case

5, χ eventually stabilises to around 1/5 of its initial value.
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Figure 4.12: The maximum in vivo stretch of adventitial collagen λmax
C A

measures
the maximum deformation of the adventitial collagen fibres from their own natural
reference configurations. The rates of change of λmax

C A
in the five cases in the first

year are almost identical. After the end of the first year, different trends of λmax
C A

can be seen. However, in general, in all cases λmax
C A

reaches the maximum values
in the middle of the third year, and then decreases and tends to stabilise towards
the values of λmax

ATA
. Note the rate of stabilisation are slow, hence at the end of the

simulations, λmax
C A

is still decreasing in all cases. λmax
C A

stabilises towards λmax
ATA

= 1.0
in Case 1, and towards λmax

ATA
= 1.1 in the other four cases.

Figure 4.13: The cyclic stretch λc yc measures the cyclic deformation of the arterial
tissue and is defined as the ratio of tissue systolic circumferential stretch to the di-
astolic circumferential stretch. Starting from the value of 1.1, λc yc experiences rapid
decrease during the first two years in all cases. After this, λc yc continues to decrease
and eventually stabilise at around 1.01 in Case 1, whereas in the other cases, λc yc

only decreases slightly and tends to stabilise eventually.
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Figure 4.14: The remodelled wall thickness hr em takes into consideration the volu-
metric growth of the wall constituents. Starting from the initial value 0.24 mm, hr em

decreases to about 0.08 mm in similar patterns in all of the five cases during the first
two years. After that, Case 1 hr em increases dramatically and finally reaches 0.78
mm at the end of the simulation, i.e. 3.3 times of its initial value, whereas in Case 2
hr em only increases slightly in the following years. In Case 3 and 4, the increase of
hr em is trivial compared with Case 1. In Case 5, hr em eventually stabilises at around
0.06 mm, i.e. 1/4 of its initial value.

Figure 4.15: The ratio of remodelled thickness to remodelled radius is a dimension-
less variable denoted as χ. The evolution patterns of χ in the five cases are similar to
those of hr em . Starting from the initial value of 0.09, χ decreases in almost identical
ways in all of the five cases during the first two years. After that, Case 1 χ increases
rapidly and finally returns to approximately the same level as the initial value at the
end of the simulation, whereas in Case 2, χ only increases slightly in the following
years. In Case 3 and 4, the increase of χ is trivial compared with Case 1. In Case 5, χ
eventually stabilises at value of 0.018, i.e. about 1/5 of its initial value.

IA Disease: Novel Modelling of Inception and the Microstructural Adaption of Collagen Fabric 114



Haoyu Chen 4.9. Discussion

4.9 DISCUSSION

In Sec. 4.1, we briefly reviewed the evolutionary history of the concept of attach-

ment stretch prior to this study. In our study, the attachment stretches are assumed

to be in the form of 1D distribution. This 1D distribution is homogeneous in each

layer, but heterogeneous between different layers. More importantly, it is assumed

to be able to adapt temporally. Considering Sec. 4.1, here we can summarise that

the concept of statistical distributions of attachment stretches is gradually becom-

ing a consensus in this field of modelling arterial G&R. The distribution itself may

also be anisotropic (i.e. multivariate distribution) and spatially heterogeneous. Ad-

ditionally, this attachment stretch distribution is not temporally constant. It should

be able to adapt if the mechanical environments surrounding the fibroblast cells,

or the mechanical properties of the fibroblast cells themselves have changed. This

is where many things are currently unknown and more experimental investigations

are needed.

In this study we investigated the influence of temporal adaption of the attach-

ment stretch distribution on the growth of an aneurysm. Due to the lack of relevant

biological information on the ‘born stretch states’ of the newly deposited collagen

fibres at the moment, different variances are tested to evolve the attachment stretch

distribution, including only shifting, shifting and skewing, shifting and narrowing,

as well as shifting and skewing and narrowing of the distribution. We also include

one case in which the attachment stretch distribution is assumed to be constant for

comparison reasons. Results show that a constant attachment stretch distribution

yields an unrealistic thickened arterial wall, which is much thicker than the original

wall in initial homeostasis. If shifting of the distribution is considered, the result

for the remodelled wall thickness hr em is improved. However, hr em is still observed

to increase in the final years. When skewing or/and narrowing of the distribution

is incorporated, the results for the remodelled wall thickness become more realis-

tic, i.e. the wall gradually becomes thinner and eventually stabilises. However, in

these cases the dilation of the aneurysm is also smaller than the cases of constant

attachment distribution and only shifting the distribution. In general, if larger pro-

portions of collagen fibres are configured into the matrix with bigger attachment

stretches, then both the amount of collagens required to balance the blood pressure

and the tissue circumferential stretch of the tissue will be smaller. The remodelled

wall thickness, as well as the ratio of wall thickness to remodelled radius, will also
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be reduced. Given that the remodelled thickness is proportional to the collagen

mass density and inversely proportional to the circumferential stretch after the me-

dia layer is totally degraded (see Eq. 4.29), this implies that larger proportions of

collagen fibres with bigger attachment stretches have greater influence on the col-

lagen mass density than on the tissue circumferential stretch. Based on previous

histological observations of the aneurysmal tissue, whereby a much thinned arte-

rial wall is usually present, our simulation results suggest that, in order to achieve

a reduced wall thickness, it seems that more and more collagen fibres are gradu-

ally configured into the matrix with bigger attachment stretches during aneurysm

evolution, i.e. the attachment stretches are temporally variant in a way that the at-

tachment stretch distribution is continuously shifted positively before it reaches an

upper bound. Additionally, it is very possible that narrowing, as well as negative

skewing of the distribution, are also present.

It might be of interest to have a quick review of the actual values of the attach-

ment stretches used in the literature. Table 4.2 summaries some of the latest studies

from different research groups in which values of the attachment stretches are pro-

vided. From this table we can see that, except for the studies conducted by the re-

searchers Gleason et al. in which comparatively large values of attachment stretches

are used, the values of the collagen attachment stretches are always less or equal to

1.10. Surprisingly, however, in many of the studies, no information as to which cri-

teria led to the choice of value was provided. In one of the few studies in which the

criteria were actually introduced, Watton et al. (2004) determined the value of max-

imum attachment stretch by assuming that collagen fibres begin to be recruited to

load bearing at diastolic pressure. Hence the maximum attachment stretch is just

equal to the initial maximum stretch of the collagen fibres, which is also equal to

the initial cyclic stretch of the artery, i.e. approximately 1.1. Valentín and Humphrey

(2009b) suggested that the values of the attachment stretches could be determined

by comparing with observations from purely collagenous tissues such as tendons

and intracranial aneurysms. Hence values between 1.05 and 1.1 are recommended

by the researchers, with 1.08 being the choice for their study. In the two studies con-

ducted by Kroon and Holzapfel (2007, 2009), values between 1.012 and 1.10 were

tested in an aneurysm growth model and, based on the results, values roughly of the

order 1.02 - 1.04 were suggested by the authors. In our study, we assume the medial

collagen attachment stretch distribution initially ranges from 0.9 to 1.1, whereas the

adventitial distribution initially ranges from 0.8 to 1.0. These values are selected due
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to their mechanical roles as the primary load bearer and as a protective sheath re-

spectively in the initial homeostasis. During the aneurysm growth, the medial distri-

bution remains constant whereas the adventitial distribution shifts positively. The

maximum attachment stretch increases to 1.1 whereas the minimum attachment

stretch increases to no less than 0.9 but no more than 1.0. These values are cho-

sen to represent the change of the mechanical role of the adventitial collagen from

a protective sheath to the main load bearer. As the minimum attachment stretch

is no more than unity, this represents the assumption that there are always some

collagen fibres bearing no load when being deposited and configured into the ma-

trix. The values used here are fairly consistent with the ones used in other studies in

the literature. To conclude briefly, the values of the collagen attachment stretches

are subjectively prescribed in all of the studies in the literature. However, as the

physiological cause of the attachment stretches is considered to be related to the

compaction of the matrix by cells in order to achieve certain level of strain or stress,

we suggest that these attachment stretches can possibly be linked to the mechanical

environment outside the cells, including cyclic stretches of the wall, stretch/stress

of the ECM, matrix stiffness, as well as the mechanical environment inside the cells,

which specifically means the architecture as well as mechanical property of the cy-

toskeleton.

In this 1D study, all of the collagen fibres are simply assumed to align perfectly

in the circumferential direction. Due to this reason we only consider 1D single-

variate attachment stretch distribution for the fibres deposited along the circumfer-

ential direction. However, collagen fibres are known to align in two distinct prin-

cipal directions, with some dispersions in the orientations in both the media and

adventitia layers of normal arteries (Rezakhaniha et al., 2012; Schriefl et al., 2012).

Under abnormal physiological conditions, these fibre orientations also remodel as

the arterial G&R process. This includes the deposition of the new fibres with differ-

ent orientations, as well as reorientation of the existent fibres. Several studies have

been focusing on modelling the arterial fibre orientations, as well as their remod-

elling, via certain distribution functions (Hariton et al., 2007; Driessen et al., 2008;

Baaijens et al., 2010; Nagel and Kelly, 2012). In more realistic arterial G&R models

where fibre orientations, as well as the remodelling of the orientations are incorpo-

rated, the anisotropic behaviour of the attachment stretch distribution should then

be taken into consideration. Multivariate distributions might be of use if the attach-

ment stretch is proven to be anisotropic.
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Table 4.2: Types and values of collagen attachment stretches used in some selected
studies in the literature. Note in Gleason and Humphrey (2005) and Wan et al.
(2010), that although distributions of attachment stretches are proposed in theory,
in practice only mean values of the distributions are used.

Studies Type Actual value(s)

Humphrey (1999) Single 1
Watton et al. (2004) Single 1.10

Gleason and Humphrey (2005) Distribution 1.259 (circumferential)
1.334 (axial)

Baek et al. (2006) Single 1.10
Valentín and Humphrey (2009b) Single 1.08

Figueroa et al. (2009) Single 1.07
Kroon and Holzapfel (2009) Single 1.02–1.04 suggested

Eriksson et al. (2009) Single 1.02
Watton et al. (2009a) Single 1.07

Machyshyn et al. (2010) Single 1.10
Wan et al. (2010) Distribution 1.340 (isotropic)

Nagel and Kelly (2012) Single 1.05
Karšaj and Humphrey (2012) Single 1.08

The formulation of this 1D model is based on a thin membrane assumption,

where the arterial tissue is assumed to be incompressible, i.e. def(F) = 1. When de-

riving the mechanical equilibrium equation Eq. 4.13, the constituents are assumed

to turn over in a way that the mass density changes and the volume of the arte-

rial wall preserves, i.e. constant volume of the wall is maintained during aneurysm

growth. However, in order to infer the remodelled wall thickness considering volu-

metric growth using Eq. 4.27 and Eq. 4.28, we approximate the volumetric growth

of the constituents by assuming that the volumetric growth is proportional to the

mass growth of the constituents. In other words, the constituents are assumed to

turn over in a way that the volume changes and the mass density preserves, i.e.

constant mass density of the arterial wall is maintained during aneurysm growth.

The need to make these two different assumptions in this study is attributed to the

impossibility of quantitatively measuring the dynamic change of the masses of the

constituents in the artery wall during aneurysm growth. Actually, if the wall itself

is considered as an isolated system of interest, then the total mass of this system

may not even be conserved during aneurysm growth. Hence, other principles in

the field of continuum mechanics which are derived based on the principle of mass

conservation may also be challenged. In reality, it is biologically unclear whether the
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constituents are turned over to maintain constant volume or constant mass density.

Most likely it happens in a combined way of changing the volume and mass density

at the same time. Hence better understanding this mechanism may provide insight

into the formulation of more realistic models on arterial G&R, and is also imperative

for the calculation of actual remodelled wall thickness, as well as other calculations

that are based on the wall thickness.

In this study we only modelled the mechanbiology of the fibroblast cells in a sim-

ple and phenomenological way. The mechanobiology of the endothelial cells (ECs)

and vascular smooth muscle cells (VSMCs) are not modelled. However, these two

types of cells are also known to play important roles in tissue G&R as well. For in-

stance, ECs sense the haemodynamic environment near the vessel wall and release

certain chemical substance into the media. This is considered to possibly have an

impact on aneurysm initiation as well as subsequent growth (Chien, 2007; Chiu and

Chien, 2011; Chen et al., 2013). VSMCs actively help to bear the mechanical load

within the arterial wall caused by the local blood pressure, and are involved in regu-

lating the blood pressure through vasodilation and vasoconstriction. They are also

responsible for synthesising and degrading medial constituents. Ideally the effects

of ECs and VSMCs on arterial G&R should be taken into consideration in a more

realistic model.

Currently the model presented here is in 1D form. It has be fully integrated

into the 3D solid aneurysm growth model, as well as the Fluid-Solid-Growth (FSG)

computational framework for modelling aneurysm evolution on patient-specific

geometries of the vasculature. The FSG framework represents the functionality of

the ECs by linking the degradation of the elastinous constituents within the arte-

rial wall to the haemodynamic stimuli obtained from computational fluid dynamics

analysis. Spatial heterogeneity of the ECs is also considered (Aparício et al., 2014).

In addition, a quasistatic structural analysis quantifies the cyclic deformation of the

arterial wall so that collagen G&R is explicitly linked to the cyclic deformation of vas-

cular cells. Implementing this collagen microstructure adaption model into the 3D

solid model, as well as the FSG framework requires the incorporation of collagens

with different orientations. The current formulations for modelling the mechanical

response of the artery, as well as the G&R of the arterial constituents, are sophis-

ticated when implemented into both the 3D solid model and the FSG framework.

More realistic simulation results, especially regarding the remodelled wall thickness
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and the Cauchy stress within wall, will be presented in the next chapter.

4.10 CONCLUSION

In this chapter, a novel mathematical model is presented for microstructural adap-

tion of the collagen fabric during aneurysm evolution. In this 1D model we assume

that the ‘born stretch states’ of the new collagen fibres, which is referred to here as

the attachment stretch distribution, can temporally adapts when the external me-

chanical environment of the cells alters. We investigated the influence of temporal

adaption of the attachment stretch distribution on the growth of an aneurysm. Dif-

ferent variances are utilised to adapt the attachment stretch distribution, including

only shifting, shifting and skewing, shifting and narrowing, as well as shifting and

skewing and narrowing of the attachment stretch distribution. One extra scenario

in which the attachment stretch distribution is assumed to be constant is also in-

cluded for comparison reason. Results show that in general, if larger proportions of

collagen fibres are configured into the matrix with bigger attachment stretches, then

the collagen mass density, size of the aneurysm, remodelled wall thickness as well

as ratio of remodelled wall thickness to evolving radius will all be reduced. Based

on our results, as well as on histological observations, we concluded that in order

to achieve a thinned wall, the attachment stretches should be temporally variant

in a way that the attachment stretch distribution is continuously shifted positively

before it reaches an upper bound. Narrowing as well as negative skewing of the dis-

tribution may be also present. Our model is the first collagen microstructural adap-

tion model that explicitly defines the functional form of the attachment stretch dis-

tribution and incorporates the temporal adaption of the distribution. Although this

model is proposed based on an aneurysm evolution model to simulate the growth

of an IA, it can be also implemented into other models on arterial growth and re-

modelling.

In the next chapter, we will present the full integration of this collagen mi-

crostructure model into the 3D solid model as well as a novel Fluid-Solid-Growth

modelling framework of aneurysm evolution.
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5
THE 3D SOLID MODEL AND THE

FLUID-SOLID-GROWTH MODEL OF IA
EVOLUTION

In the previous chapter, a novel 1D model of the microstructural adaption of the col-

lagen fabrics during IA evolution is presented. Simulation results of a 1D conceptual

aneurysm development show that thinning of the remodelled wall thickness and re-

duction of the thickness to radius ratio can be achieved if new collagens are config-

ured into the ECM by the vascular cells with a positive adaption of the attachment

stretch distribution.

3D computational models have been developed to address the evolution of

aneurysms. For example, Watton et al. (2004) developed a computational frame-

work to model the evolution of abdominal aortic aneurysms (AAAs). In their model,

spatially and temporally dependent microstructural variables are introduced into a

realistic constitutive model of the arterial wall (Holzapfel et al., 2000). This enables

the G&R of the arterial tissue to be simulated during the evolution of an AAA, includ-

ing the degradation of elastinous constituents, growth/atrophy of the mass of col-

lagenous constituents as well as remodelling of the natural reference configurations

with respect to which collagen fibres are recruited to load bearing. Subsequently,

this model was updated to model the evolution of intracranial aneurysms (Watton

and Ventikos, 2009). Other models of IA evolution can also been seen within the
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literature (Baek et al., 2005, 2006; Kroon and Holzapfel, 2007, 2008, 2009). Most re-

cently, the aforementioned model was further sophisticated to model the evolution

of IAs in patient-specific geometries (Watton et al., 2011a), where G&R of the arte-

rial constituents is explicitly linked to the local haemodynamic environment in the

aneurysm region as well as the mechanical environment of the vascular cells (in

particular the cyclic deformations).

In this chapter, we illustrate the integration of our 1D model of collagen mi-

crostructural adaption into two 3D models of IA evolution: the solid structural

model presented in Watton and Ventikos (2009), as well as the Fluid-Solid-Growth

(FSG) model presented in Watton et al. (2011a). Mechanical response of the arte-

rial wall with the strain energy functions for the heterogeneous arterial tissue in

the 3D environment is first introduced. The approach to model G&R of the arte-

rial constituents with the adaption of the collagen microstructure is also presented.

Results are compared to show the influence of incorporating the 1D collagen adap-

tion model on the evolution of the aneurysm. Finally, the implementation of the

1D collagen adaption model into the state-of-the-art 3D FSG model is briefly in-

troduced. One illustrative case is presented to show the successful implementation

and its influence on simulated IA evolution.

5.1 NON-LINEAR ELASTICITY

To model the gradual development of the arterial wall during aneurysm evolution,

a geometric non-linear membrane theory (Heil, 1996) is adopted. The internal

carotid artery in the unloaded reference configuration, here denoted asΩ0, is mod-

elled as a thin cylinder of undeformed radius R, length L1, and thickness H . The

thickness of the media layer HM is assumed to be 2/3 of the thickness of the arterial

wall, whilst the thickness of the adventitia HA is assumed to be 1/3. In the initially

loaded configurationΩt
0, the artery is subject to a physiological axial pre-stretch λz ,

and a constant systolic pressure p = 16kPa which leads to a circumferential stretch

of λ0. Hence in Ωt
0 the cylindrical artery has dimensions of length L = λzL1, ra-

dius r = λ0R and thickness h = H/(λ0λz) (see Fig. 5.1). During the evolution of the

aneurysm, both the proximal and distal ends are considered to be fixed.

The membrane is described by a 3D body-fitted Lagrangian coordinate system,

where coordinates θ1, θ2 and θ3 initially lie in the axial, circumferential and radial
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Figure 5.1: Different reference configurations of the arterial model: (a) unloaded
configurationΩ0; (b) initially loaded configurationΩt

0 (adapted from (Watton et al.,
2009a).

directions of the cylinder respectively (see Fig. 5.2). The midplane of the arterial

wall is positioned at θ3 = 0 so that the upper and lower surfaces of the arterial wall

have coordinates θ3 =±H/2. Here we note that the coordinate system we adopt is a

material coordinate system which deforms with the development of the aneurysm,

i.e. θ1 and θ2 always sit in the midplane, whereas θ3 is always perpendicular to the

midplane. In the following numerical description of the deformation, the Einstein

notation is used throughout. Upper case letters are used to refer to the undeformed

configuration, whereas lower case letters are used to refer to the deformed configu-

ration.

In general, a material point on the midplane of the membrane is described by its

position vector X(θ1,θ2). At this point, a pair of covariant basis vectors is defined as

the tangents to the coordinate curves θα (α= 1,2):

Aα = X,α = ∂X

∂θα
(5.1)

where the comma denotes partial derivatives with respect to θα. The third basis

vector is defined as the unit normal vector to the two midplane basis vectors:

A3 = A1 ×A2

|A1 ×A2|
(5.2)

Hence, in the undeformed configuration, the covariant midplane metric tensors can

be defined as Ai j = Ai ·A j (i , j = 1,2,3).

During the deformation, the material point which originally lies at position

X(θ1,θ2) in the undeformed configuration is displaced to its new position given by:

x(θ1,θ2) = X(θ1,θ2)+u(θ1,θ2) (5.3)

where u(θ1,θ2) gives the midplane displacement field. A pair of basis vectors of

the deformed midplane aα (α = 1,2) can be defined as the tangent vectors to the
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Figure 5.2: A body-fitted Lagrangian coordinate system is adopted to describe the
deformation of the arterial membrane (showing the midplane of the arterial wall).
(a) and (b): Coordinates θ1 and θ2 are parallel to the midplane of the arterial wall; (c)
coordinate θ3 is perpendicular to the midplane. The position vector X of any point
on the membrane is defined with respect to the coordinates θ1 and θ2. At each point,
a set of covariant basis vectors is defined as tangents to θ1 and θ2 (adapted from
(Watton, 2002).

coordinate curves in the deformed midplane:

aα = x,α = ∂x

∂θα
= Aα+u,α (5.4)

The third midplane basis vector a3 is chosen as the normal vector to a1 and a2. In

addition, the condition of incompressibility on the midplane needs to be satisfied.

To achieve this, a3 is defined as:

a3 = (a1 ×a2)|A1 ×A2|
(|a1 ×a2|)2

(5.5)

Similarly, in the deformed configuration, the covariant midplane metric tensors can

be defined as ai j = ai ·a j (i , j = 1,2,3).
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The membrane theory assumes that the off-midplane and midplane strain fields

are equal, i.e. the strain field is uniform along the direction normal to the midplane.

Therefore, the Green-Lagrangian (GL) strain tensor can be defined as the difference

between the deformed and undeformed midplane metrics:

Ei j = 1

2
(ai j − Ai j ) (5.6)

In our model, cylindrical polar Lagrangian coordinates θi (i = 1,2,3) are used to

denote the arc lengths in the axial, circumferential and radial directions respectively.

Hence, the position vector of a material point on the undeformed midplane with

respect to a Cartesian coordinate system is given by:

[X] = [R sin(θ2/R),R cos(θ2/R),θ1] (5.7)

for θ1 ∈ [0,L1] and θ2 ∈ [0,2πR]. The position vector of the point after deformation

is then given by:

[x] = [(R+u3)sin(θ2/R)+u2 cos(θ2/R), (R+u3)cos(θ2/R)−u2 sin(θ2/R),θ1+u1] (5.8)

where u1, u2 and u3 are the components of the diplacement field in the axial, cir-

cumferential as well as radial directions respectively. Now the strain field can be

calculated through Eq. 5.1 to Eq. 5.6.

5.2 OVERVIEW OF THE SOPHISTICATED SOLID STRUC-

TURAL MODEL OF IA EVOLUTION

We begin by first overviewing the 3D solid structural model of IA evolution so-

phisticated with the implementation of the 1D collagen microstructural adaption

model. The artery is modelled as a two-layer, nonlinear elastic cylindrical mem-

brane subject to a constant systolic pressure and a physiological axial pre-stretch.

Both the media and the adventitia layers are modelled as composites of elasti-

nous constituents and two sets of normal collagen fibres (positively and negatively

wound). Two sets of additional protective collagen fibres (positively and negatively

wound) are also added to the adventitia layer. These additional collagen fibres are

assumed to bear no load in the normal physiological regime, hence acting as a

protective sheath to prevent the artery from over-dilation. Elastinous constituents
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are modelled using an isotropic Neo-Hookean constitutive model. Normal colla-

gens are modelled using a highly non-linear (exponential) model, whereas the ad-

ditional protective collagens are modelled by aggregating the mechanical contribu-

tions of individual collagen fibres which are successively recruited for load bearing,

represented by the distribution of collagen recruitment stretches. IA evolution is

assumed to be a consequence of the growth and remodelling of the arterial con-

stituents. To localise the aneurysm, the degradation of the elastinous and the nor-

mal collagenous constituents are prescribed within a circular patch. Remodelling

of the collagen recruitment stretch distributions allow the degradation and deposi-

tion of the collagen fabrics in altered configurations to be simulated. The temporal

adaption of the attachment stretch distribution of the additional protective colla-

gen fibres is also incorporated to model their transition from a protective sheath

to the primary load bearer during IA evolution. This adaption is confined to the

aneurysm domain. One simulation under this modelling scheme is compared with

three other simulations, including: 1. model with no additional protective colla-

gens; 2. model with no remodelling of the additional protective collagens; 3. model

with collagen attachment stretch distribution adapted throughout the artery. It is

observed that the sophisticated solid structural model incorporating collagen mi-

crostructural adaption predicts stabilised saccular IAs with more realistic evolution

of wall thicknesses and stresses in the wall. We also observe that confining the at-

tachment stretch adaption in the aneurysm region is necessary.

5.3 MECHANICAL RESPONSE OF THE ARTERIAL WALL

In this model, the inception and growth of the IA is assumed to be a consequence of

the growth and remodelling of the material constituents of the artery. The principal

of stationary potential energy governs the steady deformation of the arterial wall.

For mechanical equilibrium of the system, it requires that the first variation of the

total potential energy vanishes (Holzapfel, 2000; Bower, 2010):

δΠint −δΠext = 0 (5.9)

where δΠint represents the variation of the internal potential energy stored in the

arterial wall, whilst δΠext represents the variation of the external potential energy

caused by the normal pressure acting on the artery. To evaluate the steady defor-

mation of the arterial wall, δΠint must be computed. The stored internal potential
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energy can be expressed in the form of the SEFs of the arterial constituents. Given

that the membrane is relatively thin, the area elements as well as the virtual dis-

placement field of the upper and lower surfaces are approximated to be equal to

those of the midplane. So Eq. 5.9 can be written as:∫
V
δΨdV −

∫
S

p(â3 ·δu)dS = 0 (5.10)

where S is the portion of the boundary surface on which the internal pressure p is

applied and dS = |a1 ×a2|dθ1dθ1. Ψ is the SEF per unit volume, â3 is unit normal

vector of the deformed midplane and â3 = (a1 ×a2)/|a1 ×a2|, u is the displacement

field of the midplane and u = ui Ai . The assumption that the strain field is uniform

through the thickness of the arterial wall equating that of the midplane implies the

SEF Ψ is constant in each layer along the direction of â3. This converts the volume

integral in Eq. 5.10 into a surface integral. Substituting these equations into Eq. 5.10

enables an immediate integration yielding:∫ 2πR

0

∫ L1

0
[HMδΨM +HAδΨA −p(a1 ×a2) ·δui Ai ]dθ1dθ2 = 0 (5.11)

where again HM and HA are the thicknesses of the media and adventitia layers re-

spectively, and HM +HA = H . ΨM andΨA are the SEFs per unit volume in the media

and adventitia layers.

5.4 STRAIN ENERGY FUNCTIONS FOR THE ANEURYSMAL

TISSUES

Appropriate functional forms for the spatially and temporally heterogeneous strain

energy functions (SEFs) for the media ΨM , and the adventitia ΨA need to be spec-

ified. Structurally, the arterial wall is modelled as a two-layered, non-linear cylin-

drical membrane. The inner layer models the mechanical response of the medial

elastinous constituents (ground substance, elastic fibres and passive VSMCs) and

two sets of collagen fibres helically wound around the artery at an angle of γMp to

circumferential axis. The outer layer models the mechanical response of the ad-

ventitia, which comprises a small amount of elastinous constituents and two sets

of helically wound collagen fibres oriented at an angle of γAp to the circumferential

axis. Here p can be either ‘+’ or ‘-’, denoting the positive or negative pitch of the col-

lagen fibre γJp relative to the circumferential axis of the unloaded artery, where the
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subscript J denotes either the media M or the adventitia layer A. Hence γM+ =+γM ,

γM− =−γM and γA+ =+γA, γA− =−γA. Two sets of additional protective collagen fi-

bres helically wound around the artery at an angle of γSp are added onto the adven-

titia layer to simulate the role of the adventitia as a protective sheath to prevent the

over-dilation of the artery, where γS+ =+γS , γS− =−γS . Fig. 5.3 illustrates the orien-

tations of the collagen fibres in the media and adventitia layers. By implementing

the 1D model in this way, we can minimise the change to the original model while

being able to examine the functional role of the adventitia as a protective sheath on

the aneurysm growth.

Figure 5.3: Illustration of the orientation of the collagen fibres in the media and ad-
ventitia layers. Blue: medial normal collagen; black: adventitial normal collagens;
red: adventitial protective collagens. Fibres positively and negatively wound around
the artery are both shown.

The total mechanical response of the artery is modelled as the sum of the me-

chanical responses of each layer, which is considered to be the sum of the con-

tributions from the individual constituents in the layer. Three different SEFs are

used to model the mechanical contributions of the elastinous and collagenous con-

stituents respectively. Spatially and temporally dependent functions are introduced

for the concentration of these constituents, as well as the configurations in which

the collagen fibres are recruited to load bearing, i.e. the recruitment stretches. The
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dimensionless concentration functions of the constituents define the ratio of the

mass density of a constituent at time t to its mass density at time t = 0. This enables

to model the growth and atrophy of the constituents. We have utilised the concept

of recruitment stretch many time is Chapter 4. However, in the 3D environment,

it needs to be redefined: we define the recruitment stretch function as the factor

by which the tissue must be stretched relative to the unloaded configuration, in the

direction of a collagen fibre, for the fibre to begin to be recruited for load bearing.

Remodelling the recruitment stretches enables us to model the remodelling of the

collagenous constituents during aneurysm development. To model the mechanical

response of different constituents, the following is applied:

1. for the elastinous constituents in the media and adventitia, classical neo-

Hookean SEFs are used (Watton et al., 2009c). These SEFs are multiplied

by a normalised spatially and temporally dependent concentration function

mE (θ1,θ2, t ), where initially mE (θ1,θ2, t = 0) = 1. This function is employed to

prescribe the degradation of the elastinous constituents.

2. for the collagen fibres that are included in the old model (here denoted as the

normal collagens) in the media and adventitia layers, a highly nonlinear SEF is

used (Holzapfel et al., 2000). Fields of spatially and temporally dependent fi-

bre concentration variables mC
Jp

(θ1,θ2, t ) as well as fibre recruitment stretches

λR
Jp

(θ1,θ2, t ) are defined throughout the midplane of the arterial wall, where

initially mC
Jp

(θ1,θ2, t = 0) = 1. Again, p = ± so mC
J+(θ1,θ2, t ) and mC

J−(θ1,θ2, t )

are the concentration variables and λR
J+(θ1,θ2, t ) and λR

J−(θ1,θ2, t ) are the re-

cruitment stretches of the positive and negative wound collagens fibres in the

J layer respectively.

3. for the added additional protective collagen fibres, the approach proposed by

Hill et al. (2012) is adopted and modified (which is also introduced in the 1D

model in Chapter 4, however, collagen orientation needs to be incorporated

now). The SEF of an individual collagen fibreΨC∗
S is assumed to have a simple

quadratic functional form:

ΨC∗
Sp

= K C
S (EC

Sp
)2 (5.12)

where K C
S is the collagen material constant and EC

Sp
is the Green-Lagrange

(GL) strains in the collagen fibres with pitch p defined relative to their own
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natural reference configurations. The highly nonlinear mechanical response

of the collagen ensemble is considered to be a consequence of the gradual

recruitment of the fibres during load bearing. The recruitment of collagen fi-

bres is assumed to be in a manner of statistical distribution, represented by

the recruitment stretch distribution Pr (ΛR
Sp

) whose probability density func-

tion fΛR
Sp

[λR
Sp

(θ1,θ2, t )] is also spatially and temporally dependent. Hence the

SEF ΨC
Sp

of all the collagen fibres per unit volume when the stretch of the

elastin resolved in the direction of the collagen fibres is λSp can be deter-

mined by integrating the SEFΨC∗
Sp

of a single fibre with respect to the propor-

tion of the recruited fibres, multiplied by a normalised spatially and tempo-

rally dependent collagen concentration function mC
Sp

(θ1,θ2, t ), where initially

mC
Sp

(θ1,θ2, t = 0) = 1:

ΨC
Sp

(λC
Sp

) = mC
Sp

∫ λSp

1
ΨC∗

Sp
(EC

Sp
) fΛR

Sp
(λR

Sp
)dλR

Sp
(5.13)

where we have

λC
Sp

=
λSp

λR
Sp

(5.14)

The PDF of the collagen recruitment stretch distribution fΛR
Sp

(λR
Sp

) is still as-

sumed to be a piecewise triangular function, hence ΨC∗
Sp

is also a piecewise

function.

Consequently, the SEF for the media layer is:

ΨM = mE K E
M (E11 +E22 +E33)+ ∑

p=±, EC
Mp

>0

mC
Mp

K C
M {exp[AC (EC

Mp
)2]−1} (5.15)

and the SEF for the adventitia layer is:

ΨA = mE K E
A (E11+E22+E33)+ ∑

p=±, EC
Ap

>0

mC
Ap

K C
A {exp[AC (EC

Ap
)2]−1}+ ∑

p=±, EC
Sp

>0

ΨC
Sp

(λC
Sp

)

(5.16)

where K E
J is the material parameters for the elastinous constituents and K C

J and

AC are parameters related to the normal collagen fabrics, where J = M represents

the media and J = A represents the adventitia. The GL strains of the elastin, i.e.

E11,E22 and E33 are defined relative to the unloaded configuration. They represent

strains in the axial, circumferential as well as radial directions respectively in the

initial cylindrical configuration. The GL strains in the collagen fibres are denoted
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by EC
Jp

(θ1,θ2, t ) and EC
Sp

(θ1,θ2, t ). They are defined relative to the configuration in

which the collagen fibres are recruited to load bearing. More specifically, the GL

strains EC
Jp

and EC
Sp

of the collagen fibres are a function of the GL strains of the elastin

resolved in the directions of the collagen fibres, denoted as E Jp and ESp , and can be

computed from the components of the GL strain tensor:

E Jp = E11 sin2γJp +E22 cos2γJp +2E12 sinγJp cosγJp (5.17a)

ESp = E11 sin2γSp +E22 cos2γSp +2E12 sinγSp cosγSp (5.17b)

They are related to the elasin stretches resolved in the directions of the collagen

fibres λJp and λSp respectively by:

E Jp = ((λJp )2 −1)/2 and ESp = ((λSp )2 −1)/2 (5.18)

Hence, EC
Jp

and EC
Sp

are calculated by:

EC
Jp
=

E Jp −E R
Jp

1+2E R
Jp

and EC
Sp

=
ESp −E R

Sp

1+2E R
Sp

(5.19)

where

E R
Jp
= ((λR

Jp
)2 −1)/2 and E R

Sp
= ((λR

Sp
)2 −1)/2 (5.20)

can be interpreted as the recruitment strains and λR
Jp

(θ1,θ2, t ) and λR
Sp

(θ1,θ2, t ) are

the recruitment stretch functions.

In addition, to calculate the average stresses in the wall based on the remodelled

wall thickness, we recall that the 2nd Piola-Kirchhoff (PK) stress tensor S is energy

conjugate to the GL strain tensor E. Hence the average 2nd PK stresses Si j in the

arterial wall can be computed by taking the partial differentiation of the SEF of the

entire wall with respect to the components of the GL strain tensor Ei j .

Si j = 1

Hr em

∂(HMΨM +HAΨA)

∂Ei j
(5.21)

where Hr em is the remodelled thickness inferred from the volumetric change of the

wall (see Appendix B). Also notice that as the SEFs in Eq. 5.15 and Eq. 5.16 are

expressed in terms of not only the GL strains of the elasin, but also the GL strains

of collagen fibres EC
Jp

, as well as the stretches of the additional collagen fibres λC
Jp

,

hence variations of these variables are also needed and the chain rule needs to be

applied. In addition, since the recruitment stretch distribution of adventitial protec-

tive collagens is a piecewise function, each components of the 2nd PK stress tensor

will also be piecewise.
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The average Cauchy stress in the wall based on the remodelled thickness is com-

puted by:

σi j = J−1Fi k Skl F j l (5.22)

where F is the deformation gradient tensor and J = det(F). In our case where mem-

brane incompressibility is adopted, J = 1.

Lastly, we note that during aneurysm evolution, although the orientations of the

collagen fibres (i.e. the γJp and γSp ) distort with the material coordinates, these

orientations with respect to the unloaded reference configuration are constant. In

other words, in our model the reorientation of the collagen fibres as a result of the

tissue growth and remodelling during aneurysm evolution is not modelled.

5.5 GEOMETRY, PHYSIOLOGICAL DATA AND MATERIAL

PARAMETERS

In the initial systolic configuration, the modelled artery has a radius of rS , an axial

pre-stretch of λz and a circumferential stretch of λ0. The additional adventitia col-

lagen acts as a protective sheath bearing no load and the elastinous constituents are

assumed to bear 80% of the total load in the physiological configuration. The elasti-

nous response of the adventitia is assumed to be an order of magnitude weaker than

that of the media, i.e. K E
A = K E

M /10, and the ratio of the medial and adventitial colla-

gen material parameters is specified to be K C
A = K C

M /4 (Watton and Ventikos, 2009).

Values of K E
M , K C

M , AC are also obtained from the literature (Watton and Ventikos,

2009). Finally the value for the additional protective collagen K C
P is taken from the

1D model with some rounding. A few simulations are also run to make sure this

value of K C
P will not over-stiffen the adventitia, i.e. IAs can still evolve will realistic

sizes.

To keep the model simple and minimise the change to the original model, we

still give single and constant value of attachment stretch to the normal medial and

adventitial collagens instead of variable distribution. The magnitude of the attach-

ment stretch λC
AT is defined to be the stretch in the medial collagen fibres at sys-

tole at t = 0. We note that in the initial reference configuration when t = 0, the

arterial geometry is still cylindrical. Hence the initial values of the variables asso-

ciated with the collagen fibres are independent on the their pitches, for example,

λC
M+ |t=0 = λC

M− |t=0. For the healthy artery, the medial collagen fibres do not bear
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significant load until the upper end of physiological pressures. The value of λC
AT is

taken directly from the literature. It is computed by assuming that the medial col-

lagen fibres which are predominantly orientated circumferentially are recruited to

load bearing at diastole, i.e. when the circumferential stretch isλ0/λS
D , whereλS

D de-

notes the ratio of systolic to diastolic diameters. This implies an initial value λR
M |t=0

for the medial recruitment stretches λR
Mp

where p =±:

λR
M |t=0 =λR

Mp
|t=0 =

√
(λ0/λS

D )2 cos2γMp + (λz)2 sin2γMp (5.23)

Consequently, the attachment stretch λC
AT , which is defined to be equivalent to the

stretch of the medial collagen fibres at systole at t = 0, i.e. λC
Mp

|t=0, can be computed

by:

λC
AT =λC

Mp
|t=0 = (

√
(λ0)2 cos2γMp + (λz)2 sin2γMp )/λR

M |t=0 (5.24)

Finally, the initial value of the recruitment stretch of the normal adventitial collagen

fibres λR
A|t=0 is determined so that the stretch of the adventitial collagen fibres at

systole at t = 0 equals its attachment stretch, i.e.

λR
A|t=0 =λR

Ap
|t=0 = (

√
(λ0)2 cos2γAp + (λz)2 sin2γAp )/λC

AT (5.25)

As for the additional adventitial protective collagen fibres, triangular distribu-

tions of attachment stretches and recruitment stretches from the 1D model are

used. Since these fibres are assumed to be deposited crimpedly and bear no load

in the initial systolic configuration, values of the minimum, maximum and mode

attachment stretches are set to be no more than 1. Initial values of the attachment

stretches are assumed to be λAT
S |mi n

t=0 = 0.9, λAT
S |max

t=0 = 1.0 and λAT
S |mod

t=0 = 0.95, i.e.

a symmetric distribution independent on collagen pitches. If the artery further di-

lates, these additional collagen fibres will be recruited to load bearing. Hence their

mechanical role is that of a protective sheath. Here we note that being different from

the normal collagen fibres, the attachment stretch distribution of these additional

collagen fibres are assumed to adapt temporally during aneurysm growth. Details

about the use of temporal adaption of the attachment stretch distribution to repre-

sent the change of the mechanical role of the collagen fibres are introduced in Sec.

5.6. The initial values of the salient points λR
S |t=0 of the distribution of recruitment
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stretches can also be determined by:

λR
S |mi n

t=0 =λR
Sp
|mi n
t=0 = (

√
(λ0)2 cos2γSp + (λz)2 sin2γSp )/λAT

S |max
t=0 (5.26a)

λR
S |max

t=0 =λR
Sp
|max
t=0 = (

√
(λ0)2 cos2γSp + (λz)2 sin2γSp )/λAT

S |mi n
t=0 (5.26b)

λR
S |mod

t=0 =λR
Sp
|mod
t=0 = (

√
(λ0)2 cos2γSp + (λz)2 sin2γSp )/λAT

S |mod
t=0 (5.26c)

Table 5.1 summarised the arterial geometry and physiological data, as well as

the material parameters for the medial and adventitial constituents, which serve

the basis for this 3D model.

5.6 GROWTH AND REMODELLING OF THE ARTERIAL TIS-

SUES

In this chapter the framework applied to model the growth and remodelling of the

arterial tissue including the adaption of the collagen microstructure is explicitly de-

tailed.

5.6.1 Degradation of the elastinous constituents

As we discussed in Sec. 4.5, in a healthy artery, elastins are known to be one of the

most stable proteins in the body with a half-life approximately 40–70 years (Langille,

1993; Martyn and Greenwald, 1997; Franklin, 2006), whereas collagen fibres are al-

ways in a state of continual deposition by the cells and degradation by the collage-

nase, with a much shorter half-life of only 2–3 months (Langille, 1993). A saccular

IA usually appears as a thin collagenous structure in the aneurysm dome, whilst the

parent artery still has a well-defined structure with an intact medial layer. To be

more specific, loss of internal elastic lamina, apoptosis of vascular smooth muscle

cells (VSMCs), fragmentation of the elastic fibres, as well as highly organised col-

lagen fibres have been observed (Canham et al., 1991). There is also a relatively

abrupt transition from healthy tissue to aneurysmal tissue in the neck region of the

aneurysm (Watton and Ventikos, 2009).

Although it is thought and widely accepted that the inception and development

of the aneurysm is strongly related to the complex haemodynamic environment at

the aneurysm site, in this 3D solid structural model, we still prescribe a loss of the
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Table 5.1: Geometry, physiological data and some parameters used in this model

Radii
Reference configuration R 1.50 mm
At systole rS 1.87 mm
At systole rD 1.70 mm

Wall thickness
Total H 0.375 mm
Media HM 0.25 mm
Adventitia HA 0.125 mm

Fibre orientation
Media normal γM 30◦

Adventitia normal γA 60◦

Adventitia protective γS 45◦

Applied pressure, kinematics
Systolic pressure p 16 kPa
Axial pre-stretch λz 1.3
Ratio of systolic to diastolic circumferential diameters λS

D 1.1

Attachment stretches (t = 0)
Medial normal λC

AT 1.07
Adventitial normal λC

AT 1.07
Adventitial protective minimum λAT

S |mi n 0.90
Adventitial protective maximum λAT

S |max 1.00
Adventitial protective mode λAT

S |mod 0.95

Recruitment stretches (t = 0)
Medial normal λR

Mp
1.18

Adventitial normal λR
Ap

1.20

Adventitial protective minimum λR
Sp
|mi n 1.28

Adventitial protective maximum λR
Sp
|max 1.42

Adventitial protective mode λR
Sp
|mod 1.34

Modulus parameters
Medial elastin K E

M 133.8 kPa
Adventitial elastin K E

A 13.38 kPa
Medial normal collagen K C

M 1.964 kPa
Adventitial normal collagen K C

A 0.491 kPa
Adventitia protective collagen K C

S 8 MPa

Normal collagen exponential constant AC 60
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elastinous constituents to initiate an aneurysm on the artery and impel its follow-

ing growth. The degradation of the elastinous constituents are prescribed to occur

within a circular patch in the centre of the Lagrangian computational domain. The

circular patch is split into an inner circle of radius RE
i and a thin outer concentric

annulus with an outer radius RE
o (see Fig. 5.4). We prescribe the elastin degradation

within the inner circle and assume that there is no degradation outside the outer cir-

cular annulus. The elastin concentration is linearly interpolated using radial splines

between its values on the inner and outer circular annuli so that it is a continuous

function throughout the domain. Within the central circular patch, the concentra-

tion of elastin is defined as:

mE (θ1,θ2, t ) = 1− (1−mE
M I N (t ))× {exp[−ω1(

θ1 −L1/2

L1/2
)2] ·exp[−ω2(

θ2 −L2/2

L2/2
)2]}

(5.27)

where θ1 ∈ [0,L1], θ2 ∈ [0,L2) and (θ1 −L1/2)2 + (θ2 −L1/2)2 ≤ R i
E . Here θ1 and θ2

are the Lagrangian coordinates of the computational domain. The parameters ω1

and ω2 control the degree of localisation of the degradation function; values used

in the literature are adopted ω1 =ω2 = 1 (Watton and Ventikos, 2009). mE
M I N repre-

sents the minimum concentration of elastin located at the centre of the inner circle:

(θ1,θ2) = (L1/2,L2/2). The concentration of elastin at the point (L1/2,L2/2) at time

T is specified and denoted as mE
T . It is assumed that the minimum concentration

mE
M I N decays exponentially at 0 ≤ t < T and is constant at t ≥ T , i.e.:

mE
M I N (t )

(mE
T )(t/T ) 0 ≤ t < T

mE
T t ≥ T

(5.28)

Note that we have mE
M I N (t = 0) = 1. In the 3D model presented in this chapter, we

use mE
T = 0.1 and T = 10 years.

Now for all θ1 and θ2 satisfying
√

(θ1 −L1/2)2 + (θ2 −L1/2)2 ≥ Ro
E , it is specified

that mE (θ1,θ2, t ) = 1. For the domain between the inner and outer annulus, the

elastin concentration is linearly interpolated between its values on the inner radius

to its values on the outer radius using radial spines with origin (θ1,θ2) = (L1/2,L2/2).

5.6.2 Growth and atrophy of the collagen fabric

As discussed in Sec. 1.4, fibroblast cells adhere to the ECM via specialised cell sur-

face receptors, in particular integrins (Wang and Thampatty, 2006). These integrins

IA Disease: Novel Modelling of Inception and the Microstructural Adaption of Collagen Fabric 136



Haoyu Chen 5.6. Growth and remodelling of the arterial tissues

Figure 5.4: The elastinous constituents are prescribed to degrade in a circular patch
in the central region of the computational domain to initiate the development of an
IA. The degradation within the inner circular patch of radius R i

E is prescribed. The
degradation between the inner and outer circular annulus is linearly interpolated
using radial splines between the values on the inner annulus and the outer annulus
where no degradation occurs. No degradation of the elastinous constituents occurs
throughout the rest of the computational domain (adapted from Watton and Ven-
tikos (2009)).
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physically link the ECM to the cytoskeleton of the fibroblasts, and transduce exte-

rior mechanical signals into the cells (Gupta and Grande-Allen, 2006). Experimental

evidences suggest that these integrins act as mechanical stretch sensors and enable

the fibroblasts to sense changes in the mechanical strains applied to them (Chi-

quet et al., 2003, 2009). In case of increased stretch, for example, fibroblasts at-

tempt to reduce their stretches and reach new levels of equilibrium by restructur-

ing their cytoskeleton and contracting the ECM that they are attached to. In other

words, fibroblasts reconfigure their natural reference configurations in response of

increased stretch (Watton and Ventikos, 2009).

In addition, fibroblasts also deposit collagen fabrics and secrete proteases to de-

grade them. Hence the growth/atrophy of the collagens is directly related to the

functionality of the fibroblast cells. In this study we use different modelling ap-

proaches to simulate the growth/atrophy of the normal collagen fibres and the ad-

ditional protective collagen fibres. For normal collagen fibres in the media and ad-

ventitia layer, the approach proposed by Watton (2002) is utilised. Here we first have

a general review of this approach. In this approach, we assume that

1. the fibroblasts’ rates of depositing and degrading the collagenous constituent

are proportional to the amount of fibroblast cells in the arterial wall, denoted

as N F
Jp

and the strains of fibroblast cells, denoted as E F
Jp

.

2. N F
Jp

is proportional to the mass concentration of the collagenous constituents,

i.e. N F
Jp
= ξ0mC

Jp
, ξ0 > 0.

3. the local reference configuration of the fibroblast cell is identical to that of the

collagen fabric which it is maintaining. Under this assumption, the GL strain

of the fibroblasts, denoted as E F
Jp

, is equal to the GL strain of the collagen fibre,

i.e. E F
Jp
= EC

Jp
.

These assumptions imply that the rate of change of the collagen concentration mC
Jp

can be expressed in terms of the current fibre concentration:

∂mC
Jp

∂t
= N F

Jp
FS(E F

Jp
)−N F

Jp
FD (E F

Jp
)

= mC
Jp
ξ0[FS(EC

Jp
)−FD (EC

Jp
)]

= mC
Jp

FG (EC
Jp

) (5.29)

IA Disease: Novel Modelling of Inception and the Microstructural Adaption of Collagen Fabric 138



Haoyu Chen 5.6. Growth and remodelling of the arterial tissues

where FG (EC
Jp

) = ξ0[FS(EC
Jp

)−FD (EC
Jp

)], FS(E F
Jp

) is a function to depict how colla-

gen synthesis is related to the strain of the fibroblast cell, and similarly FD (E F
Jp

) is a

function to depict how the production of matrix metalloproteases (MMP) is related

to the stretch of the fibroblast cell (Watton and Ventikos, 2009). Now the functional

form of FG (EC
Jp

) needs to be determined as it is currently unknown. However, when

the collagen fabric is in homeostasis, we have EC
Jp

= EC
AT , and the secretion of ECM

is balanced by the degradation and there is no change in concentration. Hence if

EC
Jp

= EC
AT it is required that FG (EC

Jp
) = 0. In addition, stretching the ECM results in

an up-regulation of ECM protein expression and a down-regulation of collagenase

expression. Conversely, relaxing the ECM can trigger a reversed pattern of protein

expression, i.e. down regulation of ECM protein expression and up-regulation of

collagenase expression Chiquet et al. (2003). Although we do not explicitly model

protein synthesis and enzymatic degradation of the ECM, the net result is to stimu-

late upregulation/downregulation of the ECM proteins (Watton and Ventikos, 2009).

The simplest functional form for FG that satisfies these requirements is linear, i.e.:

FG =β(EC
Jp
−EC

AT )/EC
AT (5.30)

Substituting Eq. 5.30 into 5.29, we use the following equation for evolving the colla-

gen fibre concentration:
∂mC

Jp

∂t
=βmC

Jp

EC
Jp
−EC

AT

EC
AT

, (5.31)

where β is a phenomenological growth parameter that relates to the rate at which

the fibroblasts increase or decrease the mass of the collagenous constituents in

response to deviations of stretch from normotensive levels (Watton and Ventikos,

2009). It can be numerically determined so that the enlargement of the geometry

is physiologically consistent over a typical timescale of aneurysm growth (Watton

et al., 2004; Watton and Hill, 2009). In this study, we consider β = 0.1 for the cases

where the additional protective collagen is absent so that in that particular simula-

tion case the aneurysms can enlarge to a realistic size at the end of the simulation

(10 years). However, some IAs may grow very fast (Doenitz et al., 2010). We also note

that we increase the value of β by a factor of 100 in the last simulation year, other-

wise the aneurysm will keep enlarging without stabilisation and the computation

will eventually collapse.

Above is the general approach utilised to model the evolution of mass concen-

tration of the normal collagens in the arterial wall when the additional protective
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collagen is absent. However, we note that in the simulated cases where the addi-

tional protective collagen fibre is present, we actually decrease the mass concen-

tration of the normal medial and adventitial collagen fibres to model gross effect of

collagen atrophy, using the exact same method that was introduced in Sec. 5.6.1 to

degrade the elastin fibres. The reason for doing this is to allow the additional colla-

gen fibres to bear most of the load in the aneurysmal artery to show the conversion

of its mechanical role from a protective sheath to the main load bearer.

For the additional protective collagen fibres, in order to investigate the influence

of adapting the attachment stretch distribution on the growth of an aneurysm, we

eliminate the contribution of load bearing from the increased mass concentration of

these fibres by simply assuming that the mass concentration mC
Sp

is constant during

aneurysm growth, i.e.:

mC
Sp

(t ) = mC
Sp

(0) = 1 (5.32)

To simplify the presentation of the results, we define the average fibre concen-

tration mC of the medial and adventitial layers (excluding the additional protective

collagen fibres as their mass concentration is constantly unity), where:

mC = 1

H
(HM

(mC
M+ +mC

M−)

2
+HA

(mC
A+ +mC

A−)

2
) (5.33)

5.6.3 Collagen remodelling

We first briefly revisit the concepts of the recruitment stretch and attachment

stretch distributions. For the understanding of these concepts as well as the remod-

elling of collagen natural reference configurations, it is sufficient to visualise the

idea with regard to a uniaxial stretching of a strip of arterial tissue in which the col-

lagen fibres are arranged parallel to the direction of tension (Watton and Ventikos,

2009).

The stretches in the collagen fibres are defined with respect to the reference con-

figurations in which the fibres are recruited to load bearing whilst the stretch in the

elastin is always defined with respect to the initial unloaded reference configura-

tion. Now consider a strip of tissue with collagen fibres aligned along its length.

These collagen fibres are recruited to load bearing when they are fully straightened

out. For a single collagen fibre, if it becomes straight when the unstrained tissue is

stretched by a factor λR , then λR is defined as the recruitment stretch of this fibre

IA Disease: Novel Modelling of Inception and the Microstructural Adaption of Collagen Fabric 140



Haoyu Chen 5.6. Growth and remodelling of the arterial tissues

and its actual stretch is defined with respect to this recruitment configuration. A

simple relationship between the elastin stretch λ and the collagen stretch λC exists:

λC = λ

λR
(5.34)

Given that collagen fibres exhibit different waviness in the tissue, this implies that

there should be a distribution of recruitment stretches and a distribution of actual

stretches. However, we can still use Eq. 5.34 to represent the relationship between

single values of the corresponding collagen recruitment stretches and the actual

stretches within the distributions. The significance of Eq. 5.34 is that the recruit-

ment stretch distribution can be remodeled to maintain the actual stretch distribu-

tion in the collagen fibres to an equilibrium distribution whilst the stretch in the

elastin increases as the tissue is stretched (Watton and Ventikos, 2009).

Collagen fibres are in a continual state of deposition and degradation

(Humphrey, 1999). We define the state of stretch distribution in which these fibres

are synthesised and attached to the ECM to be the attachment stretch distribution,

and denoted as λC
AT . For more details regarding the recruitment stretch and attach-

ment stretch distributions and their motivations, see Sec. 4.3.

The remodelling of the recruitment stretch distribution is subtle and it may be

more helpful to visualise what is occurring on the scale of the collagen fibres using

simpler representations. In order to explain the motivation for this concept more

clearly, we further simplify the problem in the following illustrative case by assum-

ing that:

1. all the collagen fibres have the same waviness, i.e. the same recruitment and

attachment stretches.

2. the state of the stretch with which new fibres are attached to the tissue, i.e. the

attachment stretch, is constant.

These are actually the common assumptions that are widely made in the past stud-

ies found in the literature (including the old 3D solid aneurysm growth model).

Under these assumptions, the recruitment stretch and attachment stretch distri-

butions become single values (or in other words, Dirac delta distributions). Fig. 5.5

illustrates the 1D representation of the effects of fibre deposition and degradation

for a tissue that is stretched and held at fixed length whilst remodelling occurs. From
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this figure we can see that the gross effect of the continual turnover of collagen fibres

that are attached to the matrix with the attachment stretch λC
AT can be captured by

remodelling the recruitment stretch λR of the fibre.

In reality, collagen fibres do have different waviness in the unloaded tissue that

may follow certain statistical distributions (Rezakhaniha et al., 2012; Schrauwen

et al., 2012), which implies distributions of recruitment stretch and attachment

stretch of the collagen fibres. These facts must be accounted for when modelling

the remodelling of collagen fibres. The turnover of collagen and the consequence of

fibre attachment is simulated by proposing remodelling equations that act to main-

tain the actual stretch distribution of the collagen fibres to the equilibrium distri-

bution. This is achieved by remodelling the reference configurations in which the

fibres are recruited to load bearing throughout the arterial domain, i.e. remodelling

the fields of recruitment stretches distributions. Triangular distributions are once

again used here to represent the recruitment, attachment, and actual stretch dis-

tributions for their simple analytical functional form. The simplest way to remodel

the triangular recruitment stretch distribution is to remodel the three salient values

in the distribution, i.e. the minumum, maximum and mode recruitment stretches

λR
Sp
|mi n ,λR

Sp
|max andλR

Sp
|mod of the adventitial protective collagens either positively

wound (p = +) or negatively wound (p = −) respectively. Linear differential equa-

tions are proposed for the remodelling of the recruitment stretches:

∂λR
Sp
|mi n

∂t
=α(

λC
Sp
|max −λAT

S |max

λAT
S |max

) (5.35a)

∂λR
Sp
|max

∂t
=α(

λC
Sp
|mi n −λAT

S |mi n

λAT
S |mi n

) (5.35b)

∂λR
Sp
|mod

∂t
=α(

λC
Sp
|mod −λAT

S |mod

λAT
S |mod

) (5.35c)

where again λAT
S |mi n , λAT

S |max and λAT
S |mod are the minimum, maximum and mode

attachment stretches of the adventitial protective collagens and λC
Sp
|mi n , λC

Sp
|max

and λC
Sp
|mod are their minimum, maximum and mode in vivo stretches. α > 0 is

the collagen remodelling rate parameter which is numerically determined so that

the remodelling rate of the collagen recruitment stretches is physiologically realis-

tic and can correspond to a prescribed half-life of the collagen fibres. α is computed

by specifying the kinetics of the amount of collagen laid down in altered configura-

tions and the amount of collagen which remains from the original configuration as
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Figure 5.5: Deposition and degradation of the collagen fibres in a tissue that is
stretched and held at fixed length. 1. The configuration Ω0 is the undeformed/un-
loaded reference configuration of the tissue. In this state, the stretch in the tissue is
λ = 1. 2. The initial recruitment configuration ΩR

0 of the collagen fibres. Collagen
fibres have straightened out and begin to bear load. 3. The initial loaded configura-
tionΩt

0: collagen strain is equal to its equilibrium value λC
AT . The tissue is currently

in homeostasis. New fibres are attached with identical levels of stretch to the tissue
as those who decay, thus no change occurs to the gross mechanical properties of the
tissue. 4. The tissue is stretched further. The new stretch of the tissue is λ = λCλR

0
where λC > λC

AT . At this state, the collagen fibres are no longer in material equi-
librium: subsequent fibre deposition and degradation will result in a change in the
configuration of the collagenous tissue. Old fibres are degraded whereas new fibres
attach to the tissue with a stretch of λC

AT , hence the distribution of collagen fibres
changes. This process continues to restore the stretches in all the fibres to equilib-
rium levels. 5. All of the old fibres have been degraded and been replaced by new
fibres of stretch λC

AT . Now the artery reaches a new equilibrium configuration. 6.
The new recruitment configuration ΩR of the collagen fibres following remodelling
of the tissue. In this configuration, fibre deposition and degradation continues but
no change occurs to the gross mechanical properties of the tissue. 7. If the tissue
is presumably contracted back to the reference configurationΩ0, then crimp of the
collagen will have increased. Consequently, the factor the tissue must be stretched
for the collagens to be recruited to load bearing has increased. Hence the mechani-
cal effects of fibre deposition and degradation in altered configurations can be cap-
tured by remodelling the evolution of the recruitment stretch (adapted from Watton
and Ventikos (2009)).
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functions of time in a half-life model, so that the model itself can correspond to the

1D uni-axial model which is initially in equilibrium and is subject to an increased

stretch and held at a new fixed length whilst the collagen remodells to restore its

strain by remodelling its recruitment stretch. For more details regarding the deter-

mination of this variable see Watton (2002)). Collagen in the healthy arterial wall

typically has a half life of 60 days, however turnover rates may increase to 15 days in

hypertensive conditions (Nissen et al., 1978) and seem to be typically increased in

aneurysmal tissue (Abdul-Hussien et al., 2007; Watton and Ventikos, 2009). In this

study, we choose a half-life of one month for the collagens, which corresponds to

α= 0.6 year−1.

As opposed to the common assumption made in the literature where the attach-

ment stretch is constant, in this study we again assume that the collagen attach-

ment stretch distribution can temporally adapt during aneurysm growth. In the

normal arteries, the additional adventitial collagen fibres act as a protective sheath,

the whole attachment stretch distribution is on the left side of the value of 1, i.e.

λAT
S |max ≤ 1. In the aneurysmal arteries, these collagen fibres are assumed to be-

come the primary load bearer in the artery, hence some newly deposited collagens

are borne with stretches greater than unity and we have λAT
S |max > 1. This implies

the need for an augmenting adaption of the attachment stretch distribution to rep-

resent the conversion of the mechanical role of these collagen fibres from a protec-

tive sheath to the primary load bearer. Due to the lack of biological information, we

analytically prescribe the adaption of the attachment stretch distribution. However,

in this study we only shift the distribution without any skewing or narrowing. This

is done by prescribing the evolution of the maximum attachment stretch λAT
S |max .

The same approach introduced in Chapter 4.5 is adopted to evolve λAT
S |max based

on a simplified Richards’ growth function (Richards, 1959). However, a different

evolution time is applied:

λAT
S |max(t ) =


λAT

S |max
t=0 t ≤ t1

λAT
S |max

t=0 + λAT
S |max

t2
−λAT

S |max
t=0

1+e−B(t−t1−t2/2) t1 < t ≤ t2

λAT
S |max

t2
t ≥ t2

(5.36)

where t1 is the time at which the evolution starts and t2 is the time at which the

evolution ends. In this study, we choose t1 = 2 and t2 = 4. B is a parameter which

relates to the growth rate of the curve and is numerically determined to be B = 3 so

that the evolution curve of λAT
S |max(t ) is relatively flat near t = t1 and t = t2 while
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not too steep in the middle. λAT
S |max

t2
is the maximum attachment stretch of the

additional adventitial collagens after the entire media layer has been degraded. This

variable describes the maximum ability of the fibroblast cells to stretch the newly

synthesised collagen fibres and attach them to the extracellular matrix. The value

from the 2D model is directly applied to the 3D model, i.e. λAT
S |max

t2
= 1.10. The

minimum and mode attachment stretches λAT
S |mi n and λAT

S |mod are simply evolved

as:

λAT
S |mi n(t ) =λAT

S |max(t )−W AT
S (5.37)

and

λAT
S |mod (t ) = 1

2
[λAT

S |mi n(t )+λAT
S |max(t )] =λAT

S |max(t )− W AT
S

2
(5.38)

where W AT
S is the base width of attachment stretch distribution and in this study,

we set W AT
S = 0.1. The choice of this value is based on the assumption we have

made in the study that all new collagen fibres in the aneurysmal tissue are even-

tually laid down and attached to the extant ECM with stretches. Together the evo-

lution of the three salient variables λAT
S |mi n , λAT

S |max and λAT
S |mod determine the

adaption of attachment stretch distribution. Eq. 5.36–5.38 imply a symmetric trian-

gular distribution with constant base width, i.e. the attachment stretch distribution

is only shifted without shape change during its evolution. In addition, these equa-

tions are not dependent on the orientation of the collagen fibres (the pitch angles),

in other words, we consider an isotropic adaption of the additional collagen attach-

ment stretch distribution. However, we note that the adaption of the attachment

stretch distribution can be dependent on the Lagrangian coordinates, i.e. it can be

heterogeneous. More details will be given in Sec. 5.7, where two cases are used to

illustrate the differences between a homogeneous adaption (adaption throughout

the artery) and a heterogeneous adaption (adaption confined within the aneurysm

region).

Above is for the additional adventitial protective collagens. For the normal me-

dial and adventitial collagens, as they have already participated in load bearing

in the initial physiological configuration, we simply utilise the existing modelling

scheme of Watton and Ventikos (2009): we consider single values of the actual col-

lagen stretchλC
Jp

, recruitment stretchλR
Jp

and attachment stretchλC
AT instead of dis-

tributions. We also assume the attachment stretchλC
AT is constant during aneurysm
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evolution. Under these simplifications, the recruitment stretch is modelled by:

∂λR
Jp

∂t
=α

(EC
Jp
−EC

AT )

EC
AT

(5.39)

Finally, we summarise this section here. The growth and remodelling of the

arterial tissue during aneurysm evolution has four features within this theoretical

framework. Firstly, the degradation of the elastinous constituents is modelled in

a specific region to initiate the local inception of an aneurysm and drive its sub-

sequent growth. Secondly, the growth/atrophy of the collagen fibres is simulated

by evolving the fibre concentration. Increase of the fibre concentration simulate

fibroblasts upregulating collagen synthesis and downregulating enzymes that de-

grade the collagenous matrix, and vice versa. Thirdly, newly synthesised fibres are

assumed to be attached to the ECM in a state of stretch distribution (the attachment

stretch distribution) which can vary in altered configurations. Lastly, remodelling

the reference configurations in which the collagen fibres are recruited to load bear-

ing by remodelling the recruitment stretch distributions simulates the net effect of

fibre deposition and degradation in altered configurations (Watton and Ventikos,

2009).

The sophisticated model is numerically formulated in a finite element method

code based on FORTRAN 77. Details about the numerical formation as well as the

solutions can be found in Watton (2002) and Watton et al. (2004).

5.7 RESULTS ANALYSIS

We briefly review the framework of this sophisticated 3D model of IA evolution prior

to presenting the results. The spatially and temporally dependent SEF for the arte-

rial wall tissue is defined in Eq. 5.15 and 5.16. These functions model the indepen-

dent reference configurations for the elastins and collagens at each point through-

out the domain. The aneurysms develop as the elastins degrade (Eq. 5.27 and 5.28)

and the collagens adapt to restore their stretch distributions to the homeostatic dis-

tribution (Eq. 5.35a to 5.35c as well as 5.39). In addition, the homeostatic distribu-

tions also adapt temporally (Eq. 5.36 to 5.38). The variation of the total potential

energy (Eq. 5.9) governs the equilibrium displacement field, and is solved by the

finite element method coded in FORTRAN 77.
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Four cases of simulations of developing saccular IAs are performed in this study

over a time span of 10 years:

1. no additional adventitial protective collagen fibres (i.e. the original model);

2. including the additional protective collagen fibres, but no remodelling of re-

cruitment stretch distribution nor attachment stretch distribution adaption

of these fibres;

3. including the additional protective collagen fibres with remodelling of recruit-

ment stretch distribution and adaption of the attachment stretch distribution;

adaption of the attachment stretch distribution is throughout the artery;

4. including the additional protective collagen fibres with remodelling of recruit-

ment stretch distribution and adaption of the attachment stretch distribution;

adaption of the attachment stretch distribution is confined to the domain of

aneurysm growth.

Details about modelling the remodelling of the recruitment stretch distributions

and the adaption of the attachment stretch distributions are introduced in Sec. 5.6.

We note that in case 1, in order to stabilise the geometry, we increase the value of

β in Eq. 5.31 and turn off the value of α in Eq. 5.39 after t = 9 years to simulate

the upregulation of collagen deposition. Otherwise the aneurysm will continue to

enlarge and ultimately the computation will fail to converge. Results including evo-

lutions of the elastin concentration, the elastin GL strains, the collagen GL strains,

the collagen concentrations, the remodelled wall thicknesses, as well as the average

Cauchy stresses computed based on the remodelled wall thicknesses are illustrated.

Fig. 5.6 illustrates the prescribed degradation of the spatial distribution of the

normalised elastin concentration mE at time t = 0,0.5,1,1.5,2 and 10 years in case 1.

The prescribed elastin degradation is identical for the other three cases, hence this

figure can be also referred to whilst keeping in mind that the geometry is different. It

can be seen that within the aneurysm dome the elastinous constituents have even-

tually almost completely degraded with only 10% of the original elastinous con-

stituents remain, whilst no degradation has occurred outside the aneurysm dome.

A transition region exists where mE is linearly interpolated between its magnitude

in the aneurysm dome to its magnitude in the surrounding tissue.
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(a)

(c)

(e)

(b)

(d)

(f)

Figure 5.6: The prescribed spatial distribution of the normalised elastin con-
centration mE for t values of (a) 0 year, (b) 0.5 year, (c) 1 year, (d) 1.5 years, (e) 2
years and (f) 10 years respectively.
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(a)

(c)

(b)

(d)

Figure 5.7: The elastin GL strain E11 (axial) for the four simulated cases at t = 10
years respectively. (a) case 1, (b) case 2, (c) case 3, (d) case 4.

Fig. 5.7 and 5.8 illustrate the elastin GL strains E11 and E22 in the four cases at

t = 10 years. In case 2, only little bulging of the arterial wall is observed, whereas

in the other three cases, aneurysms do evolve on the surface of the wall. The size

of the aneurysm in case 1 is slightly larger than the ones in case 3 and 4, where the

two aneurysms have similar sizes. However, in case 3, shrinking of the artery can be

clearly seen. In all of these four cases, maximum values of the GL strains occur at

the apexes of the aneurysm domes.

Fig. 5.9 takes case 4 as an example to illustrate the evolution of the GL strains

EC
A− of the negatively wound adventitial collagen fibres. Comparing the magnitudes

of the collagen GL strains in Fig. 5.9 with elastin GL strains in Fig. 5.7 and 5.8, we

notice that whilst there is large deformation of the geometry, the collagen GL strains

increase negligibly in comparison with the increase of the elastin strains. This is due

to the evolution of the natural reference configurations with respect to which these

collagen fibres are recruited to load bearing. Initially, as the aneurysm enlarges, the

collagen fibre strains increase throughout the dome with a larger increase around
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(a)

(c)

(b)

(d)

Figure 5.8: The elastin GL strain E22 (circumferential) for the four simulated
cases at t = 10 years respectively. (a) case 1, (b) case 2, (c) case 3, (d) case 4.

the aneurysm neck. After t = 7.5 years, the fibre strains in the dome start to decrease

back to the homeostatic levels, i.e. EC
Ap

→ EC
AT , indicating a trend for the aneurysm

to stabilise in size. However, local maximums still remain at the proximal and distal

neck region. The reason why the spatial distribution is asymmetric is because this

colourmap depicts the GL strain field of the adventitial collagen fibres which are

negatively wound relative to the circumferential axis in the unloaded configuration.

Similar asymmetric patterns of the spatial distributions can be also observed in Fig.

5.10 and 5.11, in which the collagen fibres are positively wound. Fig. 5.10 and 5.11

illustrate the GL strains EC
M+ and EC

A+ of the positively wound medial and advential

collagen fibres in all cases at t = 10 years respectively. In both figures, except for

case 2 where there is only a slight bulging of the geometry, the collagen GL strains

EC
M+ and EC

A+ appear to be elevated around the neck regions with highest values on

the lateral sides. In the aneurysm domes, the values of the GL strains approximate

the homeostatic values, indicating the stabilisation of the aneurysms.

Fig. 5.12 illustrates the normalised average collagen fibre concentration mC for
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(a)

(b)

(d)

(c)

(e)

Figure 5.9: The evolution of the negatively wound adventitial collagen
fibres’ GL strain EC

A− in case 4 for t values of (a) 0 year, (b) 2.5 years, (c)
5 year, (d) 7.5 years and (e) 10 years respectively.
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(a)

(c)

(b)

(d)

Figure 5.10: The positively wound medial collagen fibres’ GL strain EC
M+ for the

four simulated cases at t = 10 years respectively. (a) case 1, (b) case 2, (c) case 3,
(d) case 4.

the four simulated cases at t = 10 years respectively. Significant differences are ob-

served: in case 1, the collagen fibre concentration dramatically increases approxi-

mately about 20 fold within the aneurysm dome to compensate for the loss of the

elastinous constituents and the enlargement of the geometry. In other cases, since

the normal collagens are prescribed to degrade, then mC calculated based on Eq.

5.33 is also decreasing during aneurysm evolution.

Fig. 5.13 illustrates the remodelled arterial wall thickness Hr em incorporating

the volumetric growth of the tissue (calculated based on the equation proposed in

Sec. 4.6 of the 1D model) for the four simulated cases at t = 10 years respectively.

Similar patterns of spatial distribution to Fig. 5.12 are observed: in case 1, com-

paring with other regions of the artery, the wall in the aneurysm dome thickens by

approximately 2–3 times while the geometry enlarges, whereas in the other three

cases, Hr em decreases significantly in the aneurysm dome.

Fig. 5.14 and 5.15 illustrate the average Cauchy stressesσ11 andσ22 based on the
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(a)

(c)

(b)

(d)

Figure 5.11: The positively wound adventitial collagen fibres’ GL strain EC
A+ for

the four simulated cases at t = 10 years respectively. (a) case 1, (b) case 2, (c)
case 3, (d) case 4.

remodelled thickness in the four cases at t = 10 years from different views. In case 1,

as the aneurysm grows, both σ11 and σ22 decrease significantly in the dome. Local

maximum values ofσ11 appear on the lateral sides of the neck region, whereas local

maximum values of σ22 appear on the proximal and distal sides of the neck region.

On the contrary, in case 3 and 4, Cauchy stresses σ11 and σ22 increase dramatically

within the aneurysm dome compared with the average level on the parent artery.

In case 2, where only little bulging of the arterial wall is observed, the increase of

σ11 and σ22 is much smaller than the increases in case 3 and 4 due to the smaller

geometric deformation. Global minimum values of the Cauchy stresses occur at the

apex of the aneurysm dome in case 1, whereas global maximum values occur at the

apexes in case 2,3 and 4.
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(a)

(c)

(b)

(d)

Figure 5.12: The normalised average collagen fibre concentration mC for the
four simulated cases at t = 10 years respectively. (a) case 1, (b) case 2, (c) case 3,
(d) case 4.

5.8 DISCUSSION

In this study, in order to model the formation of a 3D saccular IA, the growth & re-

modelling (G&R) framework proposed by Watton and Ventikos (2009) is successfully

sophisticated to incorporate the novel 1D model of collagen microstructural adap-

tion presented in Chapter 4. A localised degradation of the elastins is prescribed in

a circular patch in the centre of the artery. An additional layer of collagen fibres is

added onto the adventitia layer to simulate its initial mechanical role as a protective

sheath and its conversion into the main load bearing layer during aneurysm evo-

lution. The normal medial and adventitial collagen fibres are degraded to facilitate

the additional protective collagens to take the load shifted from elasin degradation,

whereas the mass concentrations of the these additional collagen fibres are set to be

constant. The natural reference configurations of the collagen fibres are remodelled

to simulate the effect of fibre deposition and degradation in the altered configura-

tions. The state of stretch distribution with which new additional collagen fibres are

attached to the ECM (i.e. the attachment stretch distribution) is also adapted.
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(a)

(c)

(b)

(d)

Figure 5.13: The remodelled wall thickness Hr em (m) incorporating the volu-
metric growth of the tissue for the four simulated cases at t = 10 years respec-
tively. (a) case 1, (b) case 2, (c) case 3, (d) case 4.

It is observed that given almost complete loss of elastinous constituents, in all

of the four cases the geometries finally stabilise in size. No additional protective

collagen layer is added into the model in case 1. This case is a replica of the origi-

nal model discussed in Watton and Ventikos (2009) and serves as a role with which

we want to compare our sophisticated 3D model. The load shifted from the elastin

degradation is taken on by the normal collagen fibres in the wall, which is allowed

to grow as well as remodel. For the value of the growth parameter β used in this

case, the aneurysm enlarges rapidly and does not stabilise. Hence we temporar-

ily increase the value of β to simulate the increased collagen synthesis and/or re-

duced enzymatic degradation. This yields almost immediate stabilisation. In case

2, neither the remodelling of recruitment stretch distribution nor the adaption of

the attachment stretch distribution is modelled. In other words, the natural refer-

ence configurations of the additional collagen fibres are assumed to be constant.

Hence these fibres always act as a protective sheath which does not remodel. This

limits the enlargement of the geometry. Even though the normal collagens have also
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(a)

(c)

(b)

(d)

Figure 5.14: The average Cauchy stress σ11 (Pa) (axial) in the wall based on the
remodelled thickness for the four simulated cases at t = 10 years respectively.
(a) case 1, (b) case 2, (c) case 3, (d) case 4.

been degraded, the additional protective collagens bear the load shifted from elastin

degradation. As a result only a slight bulge of the arterial wall is observed instead

of an obvious aneurysm. This case clearly demonstrates the biomechanical role

of the adventitia layer as a protective sheath to prevent over-dilation of the artery.

The only difference between case 3 and 4 lies in the initiation of the simulations:

in case 3, adaption of the attachment stretch distribution is throughout the artery,

whereas in case 4, it is confined in the domain of aneurysm growth. Adaption of the

attachment stretch distribution over the whole geometry implies that some of the

new additional collagen fibres are also laid down to bear load outside the aneurysm

region. As a consequence it can be clearly observed that in case 3 the entire ge-

ometry shrinks, which would be impossible in reality. In case 4, where adaption of

the attachment stretch distribution is confined in the region of aneurysm growth,

no shrinking of the artery is observed. Hence this leads us to propose the following

question: how do vascular cells realise the heterogeneous adaption of the attach-

ment stretch distribution? Are these cells dictated to by some specific bio-molecules
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(a)

(c)

(b)

(d)

Figure 5.15: The average Cauchy stress σ22 (Pa) (circumferential) in the wall
based on the remodelled thickness for the four simulated cases at t = 10 years
respectively. (a) case 1, (b) case 2, (c) case 3, (d) case 4.

within the arterial wall or are they influenced by the extracellular mechanical envi-

ronment? Is the adaption of the attachment stretch distribution also heterogeneous

within the aneurysm region during IA evolution? Or the worst scenario: is our hy-

pothesis on the adaption of the attachment stretch distribution simply incorrect?

Currently none of these question could be answered due to the lack in biological

understanding of vascular cells. Nowadays, the consensus accepted by most of the

people in this field is still that the attachment of the collagen constituents into the

ECM by the vascular cells is independent of the current configurations of the cells.

To improve this, we must have a better understanding of the biology of the vascular

cells, in particular how exactly they interact with the extracellular environment.

It is also observed that the GL strains of the collagen fibres have almost restored

to homeostatic levels within the aneurysm dome, indicating the stabilisation of the

aneurysms in the four cases. However, small regions of elevation still remain around

the necks. Similar patterns are also observed in Watton and Ventikos (2009) and ac-

cording to the authors, this may merely be an artifact of the model, e.g. implement-

IA Disease: Novel Modelling of Inception and the Microstructural Adaption of Collagen Fabric 157



Haoyu Chen 5.8. Discussion

ing hypotheses for fibre reorientation may redress this issue. However, the authors

also pointed out that the remaining elevation of the collagen GL strains around the

neck may just be an implication of fact that the domes have already stabilised whilst

the aneurysms continue to enlarge from the neck region. Given that most of the IAs

do stabilise in size (Koffijberg et al., 2008; Wermer et al., 2005), we do need to have a

better understanding of the mechanisms which govern the compensatory adaption

of the collagen fabrics during aneurysm development (Watton and Ventikos, 2009).

This includes the understandings of why/how most aneurysms stabilise and of why

subsequent evolution/rupture can still occur.

For the two types of simulations illustrated in Fig. 5.12, it can be seen that the

collagen concentration is significantly increased in the case 1 where no additional

protective collagen is added into the model. This result is consistent with some of

the other studies in the literature, where a large increase in the collagen mass con-

centration can be seen (Watton et al., 2009a; Watton and Ventikos, 2009). On the

contrary, in case 4 where the additional protective collagen fibres are included, the

aneurysm can still stabilise even though most of the normal medial and adventitial

collagen fibres have been prescribed to degrade by a large amount (only less than

10% of the normal collagens are left in the arterial wall) and the concentration of the

additional protective collagen fibres are set to be constant. In other words, in case

1, the complete loss of elastin and the enlargement of the geometry need to be com-

pensated by a large increase in the collagen concentration; whereas in case 4, these

are compensated by the change of the mechanical role of the additional protective

collagen fibres from merely a protective sheath which do not bear any load initially

to the main load bearer after the aneurysm has stabilised. Here we just remind the

readers again that this is achieved by adapting the attachment stretch distributions

of these additional collagen fibres. Initially the upper bound of the distribution, i.e.

the maximum attachment stretch is set to be 1, hence these additional collagens

only act as a sheath bearing no load. As other constituents in the wall are degraded

during aneurysm growth, the attachment stretch distribution is shifted rightwards

so that some of the newly synthesised collagens are borne to be load bearers. From

this comparison between case 1 and 4, in can be inferred that although the adap-

tion of the attachment stretch distribution is merely an assumption proposed in our

study so far and clinical evidences are definitely needed to prove its facticity, it is be-

yond all doubt that adapting the attachment stretch distribution is a very wise way

for the collagen fibres to be able to stabilise the enlarged geometry without being
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over-synthesised.

The remodelled wall thickness Hr em takes the volumetric growth of the tissue

into account. The approximate inference of the remodelled thickness is based on

the mass concentrations of the constituents and is derived in Appendix B. Conse-

quently similar patterns of remodelled thicknesses can be observed among these

cases as the patterns of collagen mass concentrations. In case 1, the remodelled

thickness dramatically increases due to the large increase in collagen concentration.

Other studies showing a thickened arterial wall during aneurysm evolution can also

be found in the literature (Baek et al., 2005, 2006; Kroon and Holzapfel, 2009). Baek

et al. (2006) concluded that the ability of the lesion to thicken quickly is critical to

arresting the enlargement and thus yielding a stable growth of the aneurysm. How-

ever, in many of the histological observations of the aneurysmal tissue, thinning of

the lesion wall is usually observed (Kondo et al., 1997), see Fig. 5.16 for graphic illus-

tration. In case 4, on the contrary, it is observed that the remodelled wall thickness

actually decreases by a large amount in the aneurysm dome due to the prescribed

degradation of the normal collagen fibres in the two layers and the fixed value of

the additional collagen concentration. The reduced wall thickness in this case is

more consistent with histological observations, and hence is more realistic com-

pared with case 1. This comparison clearly illustrates the advantage of the sophisti-

cated 3D solid model of IA evolution incorporating microstructural adaption of the

collagens over the original 3D model: simulation of IAs stabilising at a similar size

but with more realistic wall thickness.

The average Cauchy stressσr em is computed based on the remodelled thickness

Hr em . In case 1, we observe low Cauchy stress in the aneurysm dome with some lo-

cal elevations outside the aneurysm neck, whereas in case 4, elevated Cauchy stress

is only observed in the aneurysm dome. In general, the strains of the constituents in

the aneurysm dome is larger than the strains of the same type of constituents out-

side the dome on the parent artery. This larger strain field in the dome is compen-

sated by the dramatic increase in wall thickness in case 1, resulting in low a Cauchy

stress field in the dome. On the contrary, in case 4, the larger strain field is amplified

by the much thinned wall thickness, leading to a huge elevation in the stress field in

the dome region. In the literature, there are a few aneurysm studies with which our

results can be compared ((Isaksen et al., 2008; Bazilevs et al., 2010a,b; Zhou et al.,

2010)). In these studies, the geometries of the aneurysms are reconstructed from
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Figure 5.16: Illustration of the thinned arterial wall of a saccular aneurysm grow-
ing at the bifurcation of anterior cerebral artery and olfactory artery bifurcation
(adapted from Kondo et al. (1997)).

realistic imaging data; the wall stress/tension, which is defined as the principal

in-plane stress, is determined either from fluid solid interaction (FSI) simulations

((Isaksen et al., 2008; Bazilevs et al., 2010a,b)) or using an inverse approach (Zhou

et al., 2010) in which the aneurysms are modelled as nonlinear thin shell structures.

One consistency in all these studies is that, compared with the wall stresses on the

parent vessels, elevated stresses are clearly present in the aneurysm domes. This is

also consistent with the result of case 4 in our study, despite the fact that the max-

imum stresses may not occur at the tip of aneurysms in their studies due to the

geometric irregularity of their aneurysm domes. In reality, although the mechan-

ical properties of aneurysmal tissue may deteriorate compared with those of the

healthy tissue in the parent vessel, it is still likely that the stress in the aneurysm

dome is higher than that of the surrounding parent artery, given that aneurysms

usually bleed and rupture from the dome. Consequently, this comparison demon-

strates that the sophisticated 3D aneurysm growth model also provides a more re-

alistic prediction of the wall stress, whereas the old model, which assumes single

and constant attachment stretch, unrealistically underestimates the wall stress in
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the aneurysm dome.

In summary, we have illustrated that the sophisticated 3D solid structural model

of aneurysm evolution with the 1D collagen microstructural adaption model im-

plemented can be utilised to develop saccular aneurysms with more realistic re-

sults on the evolution of the remodelled wall thickness and the average stress in

the wall. However, this model would still benefit from further sophistications. An

immediate one would be to model the dispersion of the additional protective col-

lagen fibres about a mean orientation and the remodelling of the fibre orientation

as well as the dispersion: the orientations of the collagen fibres can be assumed

to follow a certain statistic distribution with mean orientations (Rezakhaniha et al.,

2012; Schrauwen et al., 2012). Both the mean orientations and the distributions re-

model during aneurysm evolution. More details are provided in Chapter 6. Another

sophistication would be to model the adaption of the shape of the collagen attach-

ment stretch distribution, for example, apart from being shifted in the model, it can

also be skewed or narrowed down (using similar ways introduced in the 1D model

of collagen adaption). In addition to this, more realistic analytic functional forms of

the attachment stretch distribution directly fitted from experimental data can also

be implemented into this model. The implementation of these sophistications will

reduce even more the collagen concentration in the wall required to compensate for

the loss of other constituents, and hence will result in an even thinner arterial wall

and higher stress in the wall. Other sophistications such as more explicit modelling

of the vascular cells, development of thick-walled G&R formulation with volumetric

adaption of the arterial constituents, as well as development of 3D aneurysm growth

models based on arbitrary geometries will be discussed in Chapter 6. Experimental

evidences and better understanding of the arterial biology, in particular the biology

of the vascular cells are clearly in an urgent need to guide further sophistication of

this model.

5.9 IMPLEMENTATION OF 1D COLLAGEN ADAPTION INTO

THE 3D FSG MODEL

This section presents the implementation of the 1D collagen microstructural adap-

tion model into the state-of-the-art 3D Fluid-Solid-Growth framework of aneurysm

evolution. One illustrative case is provided to show the application of this sophis-
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ticated FSG framework to model the evolution of an IA on patient-specific vascula-

ture. The results demonstrate the successful implementation of the collagen adap-

tion model into the FSG framework.

5.9.1 Overview of the sophisticated Fluid-Solid-Growth frame-

work of IA evolution

We would like to begin by generally overviewing this FSG computational framework

sophisticated with the 1D collagen microstructural adaption model. In the frame-

work, the sophisticated solid structural model (two-layer, nonlinear elastic cylin-

drical membrane model with elastins and normal collagens in the media and ad-

ventitia as well as the additional adventitial protective collagen) presented in this

chapter is integrated into a patient-specific geometry of the vasculature. For each

computational cycle, it starts with a finite element quasi-static structural analysis

to solve the initial equilibrium deformation fields in the systolic and diastolic con-

figurations for a given blood pressure and boundary conditions (Fig. 5.17(i)). This

quantifies mechanical information such as stress/stretch of the vascular cells and

components of the ECM as well as the cyclic deformations. Then the systolic geom-

etry of the aneurysm is automatically prepared for a rigid-wall computational fluid

dynamics (CFD) analysis (Fig. 5.17(ii)): the geometry file of the structural domain is

exported from the structural solver and integrated into a physiological geometrical

domain which serves as the parent vessels in a scripted manner using ANSYS ICEM;

the volumetric domain is meshed; physiological flow rates and pressures are ap-

plied as the boundary conditions and the flow is solved with ANSYS CFX V14. Once

the flow has been solved, haemodynamic information evaluated on the surface of

the fluid domain (to be specific, the WSS) are obtained and then interpolated onto

the nodes of the structural mesh. Now each node of the structural mesh is associ-

ated with both local mechanical information from the structural analysis as well as

haemodynamic information from the CFD simulation. Subsequently, these infor-

mations are fed into the G&R formulations which simulate cell-mediated adaption

of tissue (Fig. 5.17(iii)). Following this, the constitutive model of the aneurysmal

tissue is updated: degradation of the elastins and normal collagen fibres is linked

to the reductions in WSS below the assumed homeostatic threshold; remodelling of

the collagen recruitment stretches allow the degradation and deposition of collagen

fabrics in altered configurations to be simulated. Temporal adaptions of the attach-

ment stretch distribution of the additional protective collagen fibres are modelled
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to simulate their transition from the protective sheath to the main load bearer dur-

ing IA evolution. Once the constitutive model of the aneurysmal tissue is updated,

the computational cycle then begins again and the structural analysis is re-executed

to calculate the new systolic and diastolic deformation fields of the updated tissue.

The updated geometry is exported again for a new haemodynamic analysis. As the

computational cycle repeats, the tissue continuously adapts and the geometry con-

tinuously enlarges, i.e. an IA develops (Aparício et al., 2014). Compared with the up-

dated solid structural model, the sophisticated FSG framework enables the growth

and remodelling of the arterial tissue to be linked to the physiologically representa-

tive spatial distributions of haemodynamic stimuli obtained from the CFD analysis.

Key aspects of implementing the 1D collagen microstructural adaption model into

the framework are discussed in the following sections.

5.9.2 Structural model of aneurysm evolution

The 3D solid model introduced in this chapter serves as the structural model of the

FSG framework. We will not repeat introducing this again here. Instead, we intro-

duce one novel index of interest associated with the cyclic deformation of the arte-

rial wall: the biaxial stretch index (BSI)χBSI . The biological motivation for this index

is that, in the initial geometrical configuration, the artery is subject to cyclic stretch

that is only in the circumferential direction, i.e. one dimensional. As the aneurysm

evolves, regions of the artery experience biaxial stretching. To characterise the evo-

lution of the cyclic stretch environment, we consider a novel Biaxial Stretch Index

χBSI proposed by Watton et al. (2011a), where 0 ≤ χBSI ≤ 1. This variable quanti-

fies the degree of the biaxial distortion of the tissue during the cardiac cycle and

is independent of the magnitude of the GL strains. If χBSI = 0, the tissue is sub-

ject to 1D cyclic stretching whereas if χBSI = 1, the tissue is subject to equi-biaxial

cyclic stretching. If the cyclic (linearised) strain in the direction of the first principal

stretch is a factor κ greater than the cyclic (linearised) strain in the direction of the

second principal stretch then χBSI = 1/κ.

5.9.3 Haemodynamic modelling

A patient-specific geometry of an IA is utilised to generate the pre-aneurysmal ge-

ometry of the vasculature; the general process is illustrated in Fig. 5.18. A 3D surface

geometry of the internal carotid artery with a sidewall aneurysm is provided to us

IA Disease: Novel Modelling of Inception and the Microstructural Adaption of Collagen Fabric 163



Haoyu Chen 5.9. Implementation of 1D collagen adaption into the 3D FSG model

Figure 5.17: Overview of the state-of-the-art Fluid-Solid-Growth computational
framework for modelling aneurysm evolution. (a) structural analysis to solve the
initial equilibrium deformation fields in the systolic and diastolic configurations;
(b) computational fluid dynamics (CFD) analysis to evaluate the haemodynamic
information on the surface of the aneurysm domain; (c) local mechanical environ-
ment of vascular cells exported from the structural and haemodynamic analysis; (d)
Cell-mediated G&R of the arterial tissue (adapted from Watton et al. (2011a)).

which is generated from the segmentation of a DICOM data set of Computed To-

mography Angiography (CTA) images depicting the cerebral region. Based on this

geometry, the ‘pre-aneurysmal’ geometry is obtained through the following proce-

dures:

1. upstream and downstream segments were clipped; the aneurysm segment is

removed; the skeleton of the artery and a reference anterior point (the neck

point) are defined to guide positioning of the cylindrical artery (Fig. 5.18(a));

2. the radius of the cylinder is chosen to be equal to the mean of the average radii

of the upstream outlet and downstream inlet, while the length of the cylinder

(λzL) is chosen subjectively to be around 80% of the distance between the
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two boundaries of the removed aneurysm segment. This is done for smoothly

connecting the cylindrical segment to the upstream and downstream geome-

tries;

3. the cylindrical segment is placed in the domain using the information of the

neck point and the skeleton (Fig. 5.18(b));

4. two smooth connecting surfaces are generated between the cylindrical seg-

ment and the upstream as well as downstream segments respectively using

the novel vessel reconstruction method introduced in Chapter 2 (Fig. 5.18(c)).

Fig. 5.19 illustrates the final geometry consisting of the upstream and downstream

segments, as well as the cylindrical segment used to simulate aneurysm growth.

Figure 5.18: Integration of the cylindrical artery into the patient-specific vascula-
ture. (a) Original aneurysmal geometry with aneurysm segment identified; (b) Re-
moval of the aneurysmal segment and placement of the cylindrical artery; (c) con-
necting the cylindrical artery into the upstream and downstream segments of the
parent artery.

The method to solve the haemodynamics as the aneurysm evolves is sum-

marised as follows. The geometry of the aneurysmal section is exported from the

structural solver to ANSYS ICEM. ANSYS ICEM then automatically attaches the up-

stream and downstream boundaries to the parent vessel so that the aneurysmal

section is integrated into the physiological geometrical domain. Then an unstruc-

tured tetrahedral mesh is automatically generated with three prism layers lining

the boundary (See Fig. 3.3). The mean flow and pressure boundary conditions are

computed from the software suite @neufuse (Villa-Uriol et al., 2011) based on a 1D

model of the arterial tree (Reymond et al., 2009). It solves the 1D form of the Navier-

Stokes equation in a distributed model of the human systemic arteries, account-

ing for the ventricular-vascular interaction and wall viscoelasticity (Aparício et al.,
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Figure 5.19: The final geometry consisting of the upstream and downstream seg-
ments, as well as the cylindrical segment in the FSG model.

2014). This model is recently validated through a comparison with in vivo flow mea-

surements (Reymond et al., 2011). The flow rate boundary condition prescribed at

the inlet and the pressure boundary conditions prescribed at each outlet are de-

tailed (see Sec. 3.2 for the initiation of CFD simulation). However, we note that in

order to reduce the cost of the simulation in this illustrative FSG study, we actually

adopt steady flow conditions instead of pulsatile flow. Blood is modelled as a New-

tonian fluid with constant density 1069kg/m3 and a constant viscosity 0.0035Pa · s.

No slip, no-flux conditions are applied at the arterial wall boundaries.

Simulations are performed on a 64-bit desktop computer (four-core Intelr

Xeonr Processor W3530 @2.80 GHz, 12GB RAM) running windows 7 professional.

Flow was solved by ANSYS CFX using two cores with a criterion for maximum resid-
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ual of 0.0001. A complete FSG simulation consists of 250 solid steps and the CFD

is performed every ten steps. This takes approximately one day. Here we note that,

although specific computational tools (ANSYS, Tecplot360 et al.) are used as indi-

vidual modules of the FSG framework, the overall framework does not depend on

the particular implementation of these individual modules. In other words, for ex-

ample, replacing the CFD solver with any other same type of solvers can still provide

the same information such as wall shear stress.

5.9.4 Growth and remodelling of the arterial tissue

The approach of modelling growth and remodelling of the arterial tissue detailed in

Sec. 5.6 also serves as the foundation of modelling arterial G&R in the FSG study.

However, differences do exist. In this FSG study, we link the G&R of arterial tissue to

the haemodynamic environment in the aneurysmal domain. To be more specific,

the degradation of elastin and the atrophy of the normal collagens are linked to the

low WSS haemodynamic stimuli. Details are given as follows.

5.9.4.1 Elastin Degradation

As reviewed in Sec. 1.5.2, low WSS may result in inflammatory cell infiltration, which

is the main factor that drives the successive growth of IAs (Shojima et al., 2004).

Thus the spatial and temporal changes in the WSS distribution could influence the

degradation of elastin and thus the rate at which an IA enlarges.

In the FSG study, the degradation of elastin is linked to the low WSS that acts

on the vascular wall and is modelled in two distinct stages. First, a degradation of

elastin is prescribed to create a small AAA (as introduced in Sec. 5.6.1). The only dif-

ference is that in this study, the parameter T in Eq. 5.28 is set as T = 5 so that elastin

degradation is only prescribed in the initial t ≤ 5 year. This creates a perturbation to

the geometry and the haemodynamic environment so that the WSS distribution is

perturbed from its original distribution. The initial prescribed small out-pouching

of the wall is made to stabilise (4 < t ≤ 5) by increasing the growth rate parameter

β by a factor of 100 for 4 < t < 5 and reset to its default value for t ≥ 5. Doing this

allows the stretch of the collagen fabric to restore to the homeostatic values through-

out the domain. This is to prevent further enlargement of the aneurysm which may

be a consequence of the collagen fabric not being initially in homeostasis (Aparício

et al., 2014). Subsequently from t = 5 years, the FSG coupling starts and the degra-
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dation of elastin is linked to the deviations in WSS from homeostatic values, which

needs to be defined. The concentration of elastin mE evolves according to:

∂mE

∂t
=−FD DmaxmE (5.40)

where Dmax specifies the maximum rate of elastin degradation and this illustrative

study, Dmax = 0.5 is chosen. FD (θ1,θ2, t ): 0 ≤FD ≤ 1 is a spatially dependent func-

tion that describes the relation between the local WSS and the degree of the degra-

dation of elastin. If FD = 1, elastin degrades at a maximum rate whilst if FD = 0, no

degradation occurs. In this study, we assume that low WSS drives elastin degrada-

tion and that there exists a homeostatic WSS threshold τh . If the maximum value of

the WSS is greater than τh , then no degradation of elastin occurs. Additionally, we

also assume that there exists a value of WSS τX : 0 ≤ τX < τh , at which the maximum

rate of elastin degradation occurs. To simplify the modelling, we set τX = 0Pa and

assume a simple quadratic functional form for the degradation function FD :

FD [τ(θ1,θ2, t )] =


0 τ≥ τh

( τh (X,t )−τ(X,t )
τh (X,t )−τX (X,t ) )2 τX < τ< τh

1 τ≤ τX

(5.41)

Now the homeostatic WSS threshold τh(X, t ) needs to be defined. In this illustra-

tive study, we simply choose a homogeneous and constant value as the homeostatic

WSS threshold: i.e. τh = 5Pa. However, we note that considering the fact that the

phenotypic response of ECs to WSS is a complex process which may be modulated

by some genes expressions sensitive to local haemodynamic environment, the latest

FSG framework allows this threshold to be spatially heterogeneous and temporally

adaptive. More details about the definition and selection of spatially heterogeneous

and temporally adaptive homeostatic WSS threshold can be found in Aparício et al.

(2014).

5.9.4.2 Collagen growth and remodelling

Growth/atrophy of the collagen fabric In this FSG study, in order to realise the

adaption of the role of the additional protective collagens from a protective sheath

to the main load bearer, we still assume the atrophy of the normal fibres instead of

growth so that they are not able to bear much load. The method of modelling atro-

phy of these collagens is identical to the method of modelling elastin degradation
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as introduced in Sec. 5.9.4.1 and will not be repeated again. However, we note that,

if modelling collagen growth is needed, then the approached proposed by Aparício

et al. (2014) can be utilised, which is an update of the current approach utilised in

our 3D solid model: the phenomenological growth parameter β is explicitly linked

to the magnitude of the differential cyclic areal stretch AC S , which is defined as the

ratio of the area metrics in the systolic and diastolic configurations. A specific func-

tional form for β is also suggested, for details, refer to Aparício et al. (2014).

As for the additional protective adventital collagen, again, their mass concentra-

tions are constantly set to 1.

Collagen remodelling To model collagen remodelling, the following equations

are utilised:
∂λR

Jp

∂t
=α

[EC
Jp

]max −EC
AT

EC
AT

(5.42)

for normal medial and adventitial collagen fibres, where

[EC
Jp

]max = max([EC
Jp

]s y s , [EC
Jp

]di as) (5.43)

and

∂λR
Sp
|mi n

∂t
=α(

[λC
Sp
|max]max −λAT

S |max

λAT
S |max

) (5.44a)

∂λR
Sp
|max

∂t
=α(

[λC
Sp
|mi n]max −λAT

S |mi n

λAT
S |mi n

) (5.44b)

∂λR
Sp
|mod

∂t
=α(

[λC
Sp
|mod ]max −λAT

S |mod

λAT
S |mod

) (5.44c)

for adventitial protective collagen fibres, where

[λC
Sp
|max]max = max([λC

Sp
|max]s y s , [λC

Sp
|max]di as) (5.45a)

[λC
Sp
|mi n]max = max([λC

Sp
|mi n]s y s , [λC

Sp
|mi n]di as) (5.45b)

[λC
Sp
|mod ]max = max([λC

Sp
|mod ]s y s , [λC

Sp
|mod ]di as) (5.45c)

[EC
Jp

]s y s and [EC
Jp

]di as denote the magnitudes of the strains of the normal collagen

strains in the J layer evaluated in the systolic and diastolic configurations respec-

tively. [λC
Sp
|max]s y s , [λC

Sp
|mi n]s y s and [λC

Sp
|mod ]s y s are the magnitudes of the max-

imum, minimum and mode actual stretches of the additional protective collagen

evaluated in the systolic configuration respectively, and [λC
Sp
|max]di as , [λC

Sp
|mi n]di as
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and [λC
Sp
|mod ]di as are the magnitudes of the maximum, minimum and mode actual

stretches of the additional protective collagen evaluated in the diastolic configura-

tion. The motivation for updating the remodelling equations from the ones in the

3D solid structural model to Eq. 5.42 to 5.45c is that, as the geometry becomes more

complex, the temporal largest deformations during one cardiac cycle may not be

achieved in the systolic configuration. In this study we assume that they occur in

either the systolic or diastolic configuration. However, we note that due to the geo-

metric complexity, for some positions on the geometry, the temporal largest defor-

mations are very likely to be achieved at some specific configurations between the

systolic and diastolic ones.

Mostly importantly in this FSG model, we consider the adaption of the collagen

microstructure, i.e. the adaption of the attachment stretch distribution for the ad-

ditional protective collagen fibres. The modelling approach is identical to that used

in the 3D solid model hence will not be repeated here. For details, refer to Sec. 5.6.3.

5.9.5 Results analysis

We present one illustrative example of an enlarging IA in a patient-specific arterial

geometry. Before presenting the results, we briefly review the implementation of

the 1D collagen adaption model into the state-of-the-art 3D FSG framework. Ini-

tially (t < 5 years), the elastin degradation is prescribed to create a small IA on the

wall surface. This aneurysm is numerically stabilised so that the collagen fabric is

initially in homeostasis (i.e. the actual stretch distribution of the additional protec-

tive collagens is identical to its attachment stretch distribution). For t > 5 years,

evolution of the aneurysm is driven by the atrophy of the elastin and normal col-

lagen fibres in the wall linked to deviations of WSS from homeostatic levels. The

homestatic WSS level is considered to be a spatially homogeneous and temporally

constant. Degradation of the elastin and normal collagen fibres leads to a transfer

of load onto the additional protective collagens and the stretches of these collagens

increase (i.e. the actual stretch distribution moves rightwards). Subsequent col-

lagen G&R, as well as collagen microstructural adaption, attempt to restore these

collagens to homeostasis (restoring the actual stretch distribution to the adapted

attachment stretch distribution).

Streamlines in the whole artery are first illustrated to give the reader a first im-

pression of the CFD simulation. Results of the GL strains of the elastin, the GL strain
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of the medial collagen fibres, the evolutions of WSS, the elastin concentration, as

well as the biaxial stretch index are also illustrated.

Fig. 5.20 shows the streamlines within the entire geometry including the growth

of a small IA. Initial prescription of the degradation of elastins and normal collagen

fibres localise the IA at the desired region. Further bulge of the geometry is a con-

sequence of the continuous G&R of the arterial constituents. The region where the

IA grew is zoomed in. It can observed that the local out-pouching of the geometry

complicates the flow condition within that region.

Figure 5.20: Streamlines within the entire geometry including the growth of a IA.
The aneurysm region is zoomed in. The flow condition becomes more complicated
in the aneurysm region where the geometry bulges out locally.

Fig. 5.21 and Fig. 5.22 quantify the enlargement of the geometry by showing the

evolution of the GL strain component E11 (axial direction) and E22 (circumferen-
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tial direction) of the elastins. These strains increase from between 0.3 and 0.4 (E11)

and between 0.2 and 0.3 (E22) in the healthy artery, to between 0.6 and 0.7 (E11) and

higher than 1 (E22) in the aneurysm dome at t = 7.5. It can also be seen that the

axial strains outside both the proximal and distal necks regions of the aneurysm de-

crease as the aneurysm enlarges. This is a consequence of the axial retraction of the

proximal and distal regions in the aneurysm segment. Due to the axial pre-stretch

of the healthy artery and remodelling of collagen, this retraction actually assists the

axial expansion of the aneurysm. A similar pattern of decreased E22 is also observed

on the lateral sides of the IA, which also help the circumferential expansion of the

aneurysm.

The evolution of the GL strains of the normal collagen fibres differs substantially

from that of the elastin strains. This is due to the evolution of the reference configu-

rations that the fibres are recruited to load bearing, as we have discussed throughout

the whole chapter. Fig. 5.23 and Fig. 5.24 depict the evolution of the GL strains EC
M−

and EC
A+ of the normal medial negatively pitched and advential positively pitched

collagen fibres. respectively. At t = 0 year, the collagen strains are constant through-

out the domain, with the magnitudes equal to the attachment strain EC
AT = 0.073. As

the geometries enlarges (t > 0), there is an apparent increase in the magnitudes of

the collagen strains in the aneurysm domain. However, due to the continuous evo-

lution of the fibre recruitment stretch and the turnover of the fibres, the increases

of collagen strains are negligible compared with the increases of elastin stretch. In-

terestingly, it can be seen that from time t = 6 years, the collagen strains start to

decrease again as they tend to restore back to homeostatic levels, even though the

aneurysm is still enlarging. However, in Fig. 5.24, both small regions of locally el-

evated and decreased collagen strains EC
A+ are observed outside the proximal and

distal neck region of the aneurysm. This might be related to the positive pitch of

these fibres which have a preferential axial orientation.

Fig. 5.25, and Fig. 5.26 show the evolutions of the WSS spatial distribution and

the evolution of elastin concentration during the aneurysm growth respectively. Ini-

tially, a prescribed degradation of the elastin results in a local out-pouching of the

geometry, which leads to a localised decrease in WSS within the aneurysm domain

(Fig. 5.25 (a)-(d) and Fig. 5.26 (a)-(d)). As the aneurysm enlarges, the proximal re-

gions (left) experience a lower WSS than the distal region (right). Regions of elevated

WSS are also observed outside the proximal and distal neck region. From t = 5 years,
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(a)

(c)

(e)

(b)

(d)

(f)

Figure 5.21: Evolution of the GL strain component E11 of the elastins for t values
of (a) 0 year, (b) 1.5 years, (c) 3 years, (d) 4.5 years, (e) 6 years and (f) 7.5 years
respectively.
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(a)

(c)

(e)

(b)

(d)

(f)

Figure 5.22: Evolution of the GL strain component E22 of the elastins for t values
of (a) 0 year, (b) 1.5 years, (c) 3 years, (d) 4.5 years, (e) 6 years and (f) 7.5 years
respectively.
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(a)

(c)

(e)

(b)

(d)

(f)

Figure 5.23: Evolution of the GL strains EC
M− of the normal medial negatively

pitched collagen fibres for t values of (a) 0 year, (b) 1.5 years, (c) 3 years, (d) 4.5
years, (e) 6 years and (f) 7.5 years respectively.
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(a)

(c)

(e)

(b)

(d)

(f)

Figure 5.24: Evolution of the GL strain EC
A+ of the normal adventitial positively

pitched collagen fibres for t values of (a) 0 year, (b) 1.5 years, (c) 3 years, (d) 4.5
years, (e) 6 years and (f) 7.5 years respectively.
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at some locations in the aneurysm domain, the level of WSS had reduced to less than

the homeostatic WSS threshold (5Pa), hence the degradation of the elastins starts to

be linked to the haeomodynamics and is influenced by the further reduction in WSS

magnitude. The evolution of the elastin concentration becomes spatially complex

as a consequence of the evolving WSS pattern. Notice the similar patterns of distri-

butions between Fig. 5.25 (f) and Fig. 5.26 (f): regions of lower WSS results in faster

degradation of the elastin. This complex pattern of elastin degradation further in-

fluences the shape of the aneurysm, which in turn, affects the evolving pattern of

the WSS.

Lastly, we consider the evolution of the cyclic deformation environment of the

vascular wall. Fig. 5.27 illustrates the evolution of the recently proposed biaxial

stretch index (BSI) χBSI . The healthy artery model is only subject to 1D cyclic cir-

cumferential stretching, hence χBSI = 0 throughout the domain. As the aneurysm

develops, the distribution of χBSI becomes more complex. Maximum values of

χBSI = 1 are achieved both in the centre of the aneurysm dome as well as in the

regions surrounding the aneurysm neck; these locations are subject to equi-biaxial

cyclic stretching.

5.9.6 Discussion

In this section, we present the implementation of the 1D collagen microstructural

adaption model into a novel Fluid-Solid-Growth (FSG) computational framework

for modelling aneurysm evolution. The 3D solid structural model of IA evolution

introduced previously is integrated into a patient-specific geometry of the vascu-

lature. This enables the growth and remodelling of the arterial tissue to be linked

to the physiological haemodynamic environment obtained from a rigid-wall CFD

analysis. To be more specific, the degradation of the elastinous constituents and

the growth/atrophy of the normal collagen fibres are linked to deviations of WSS

below its homeostatic level. Then remodelling of the collagen fibres is explicitly

linked to the deformation of the arterial wall obtained from the quasi-static struc-

tural analysis. Evolution of the microstructure of the additional protective collagen

fibres is achieved by adapting the attachment stretch distributions so that they grad-

ually become the main load bearer in the arterial wall during IA evolution. We also

use a patient-specific illustrative example to show the successful implementation

of 1D collagen microstructural adaption model into the 3D FSG framework: a real-
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(a)

(c)

(e)

(b)

(d)

(f)

Figure 5.25: Evolution of the WSS on the arterial wall in aneurysm domain for t
values of (a) 0 year, (b) 1.5 years, (c) 3 years, (d) 4.5 years, (e) 6 years and (f)
7.5 years respectively. From t = 5 years, at some locations in the aneurysm
dome, the magnitude of WSS has reduced to be lower than the homeostatic
WSS threshold, which is assumed to be 5pa in this study. This is the beginning
of linking elastin degradation to the haemodyamics.
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(a)

(c)

(e)

(b)

(d)

(f)

Figure 5.26: Evolution of the elastin concentration mE during aneurysm growth
for t values of (a) 0 year, (b) 1.5 years, (c) 3 years, (d) 4.5 years, (e) 6 years and
(f) 7.5 years respectively. (a)-(b) are prescribed evolution, where (e) and (f) are
linked to the level of WSS.
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(a)

(c)

(e)

(b)

(d)

(f)

Figure 5.27: Evolution of the biaxial stretch index χBSI of the arterial wall in
aneurysm domain for t values of (a) 0 year, (b) 1.5 years, (c) 3 years, (d) 4.5
years, (e) 6 years and (f) 7.5 years respectively.
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istic small aneurysm grows on the surface of the arterial wall under the impact of

haemodynamics.

One interesting problem which needs to be addressed is that in this FSG study,

the size of the simulated aneurysm is obviously smaller than the aneurysm evolved

in case 4 in the 3D solid model. A possible explanation for this is that the elastin and

normal collagen degradation rate in the FSG model is significantly slower than that

rate in the solid model: in the solid model, most of these constituent has already

been degraded by t = 2 years (only 10% remains), whereas in the structural model,

more than half of these constituents still remain in the arterial wall by t = 5 years be-

fore their degradation is linked to the haemodynamics. The enlargement of the ge-

ometry is a result of the degradation of the constituents. This indicates that at t = 2

years, the geometry in the structural model has already bulged by a large amount

whereas the geometry in the FSG model only has a slight out-pouching. In addition,

in both models, the adaption of the attachment stretch distribution is analytically

prescribed between t = 2 years and t = 4 years. In other words, from t = 2 years, the

additional protective collagen fibres start to adapt their microstructure and to bear

the load shifted from the degradation of other constituents. The attendance of these

collagen fibres in load bearing slow down the growth rates of the aneurysms. At t = 4

years, the attachment stretch distribution reaches the upper bound and the adap-

tion stops. From this time point, new additional protective collagens are always

configured into the ECM with the adapted attachment stretch distribution. These

collagen fibres prevent the aneurysm from further enlarging. However, in the FSG

model at t = 4 years, there are still more than 60% of the other arterial constituents

remaining in the wall. Even though they are further degraded as their concentra-

tions are linked to the haemodynamics, these additional protective collagens tightly

wrap around the artery so that further enlargement of the geometry is restrained. As

a result, only a small aneurysm is observed on the arterial wall. In the FSG model,

if we allow the adaption of the attachment stretch distribuion to start after most of

the constituents have been degraded, we believe an aneurysm of similar size as the

one in case 4 of the solid model can be achieved. This problem clearly demonstrates

the need for a more realistic adaption of attachment stretch distribution rather than

being analytically prescribed. Better understanding of the biological process of how

collagens are configured into the matrix by the cell to bear load will be helpful.

In Fig. 5.24(c) and Fig. 5.24(f) as well as a few result figures presented in Sec. 5.7
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(such as Fig. 5.12(a)), banded contours of the plotted variables can be clearly seen.

We consider this problem to be likely caused by the interpolation artefact during the

numerical computation. In both the 3D solid structural model as well as the FSG

framework, we use structured quadrilateral mesh to discretise the arterial surface

for its high space efficiency. The mesh is refined in the aneurysmal segment with

fixed smaller node width, but no remeshing of the surface is conducted during the

simulations. As the IA grows, the geometry bulges out and becomes more complex.

At certain areas of the geometry where the gradients of the field whose solution is

sought is high, the accuracy of the solutions will be reduced and sudden changes

of values of the variables at the local nodes can be usually encountered. As a result,

the values interpolated within each element may also change rapidly (i.e. have large

gradients). Therefore as shown in our results, when the contours of these fields are

plotted, if no enough levels of the colour maps are set to capture these values with

big gradients, then these contours may appear as banded pattern. Improving the

mesh quality and using finer unstructured mesh in the regions where the surface

tend to bulge out for more accurate solutions might eliminate this problem.

The FSG we adopted in this study includes several modifications compared with

Aparício et al. (2014):

• In this study, the homeostatic WSS threshold we used is spatially and tem-

porally homogeneous. However, in Aparício et al. (2014), the homeostatic

threshold is allowed to be spatially and temporally heterogeneous and three

distinct definitions are considered: 1. constant threshold (which is exactly

the definition adopted in our study); 2. spatially heterogeneous threshold; 3.

spatially heterogeneous and temporally adaptive. It is observed that different

choices of definitions of the thresholds will result in different spatial variations

in tissue G&R and distinct predicted geometries of the evolved aneurysms

(Aparício et al., 2014). Consequently, in future sophistication, it may actu-

ally be necessary to consider the spatial and temporal heterogeneity of en-

dothelial homeostasis. However, the understanding of endothelial homeosta-

sis is still far from enough. Undoubtedly, better representation of the ECs in

mathematical modelling (especially on how WSS is sensed by the ECs and in-

fluences their functionality, and on the communication between them and

other vascular cells), numerical parameter studies may be helpful in gaining

this understanding (Aparício et al., 2014).
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• In this study, we actually model the atrophy of the normal collagen fibres so

that the additional protective collagen fibres can take the role of the main load

bearer when the aneurysm grows. In Aparício et al. (2014), where no addi-

tional protective collagen is present, collagen growth is modelled and linked

to the cyclic deformation of the vascular cells (an update on Eq. 5.31.) Accord-

ing to our simulation results, the loading condition in the arterial wall changes

from 1D cyclic circumferential stretching in the initial healthy geometry to bi-

axial cyclic stretching in the aneurysmal geometry. The vascular cells (partic-

ularly the fibroblasts) embedded in the arterial wall may actually be able to

‘feel’ this change and adapt accordingly. This may possibly affect its produc-

tion of matrix substance. Hence incorporating the effect of cyclic deformation

in modelling arterial G&R seems to be more biologically reasonable. However,

we must notice that this is still a guess. Experimental guidance is definitely

necessary in deepening the understanding of fibroblast mechanobiology.

• In this study, we consider the microstructural adaption of the collagens, i.e.

the concept of probability distribution is utilised to more realistically repre-

sent the recruitment configurations of the fibres and their attachment to the

ECM. In addition, we consider that the state of stretch distribution at which

newly synthesised fibres are attached to the ECM is variable, which may de-

pend on the extracellular mechanical environment of the cells. On the con-

trary, in Aparício et al. (2014), the concept of hypothetical fibres are utilised to

represent the gross mechanical response of a bundle of fibres. Under this con-

cept, single values of attachment, recruitment and actual stretches are used

instead of distributions. More importantly, it is assumed that collagen fibres

are configured into the ECM in fixed state of stretch, which is independent of

the extracellular environment. This is a universal assumption in the literature

of modelling arterial G&R. Another study that adopts this FSG to simulate the

evolution of IAs is Watton et al. (2011a), in which the attachment stretch is also

considered to be constant. Although their study is also about the simulation

of IA evolution on cylindrical arteries, due to the huge difference in aneurysm

size between their study and ours, it will not be very meaningful to compare

our results with theirs. However, it is reasonable to deduce that, given the

large increase in the collagen mass density in Watton et al. (2011a), the arte-

rial wall will still be over-thickened, whereas in our study, the remodelled wall

thickness could be significantly reduced due to the prescribed atrophy of the
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arterial constituents. On this aspect, implementation of the 1D collagen adap-

tion model into the 3D FSG model predict more realistic results than the FSG

model itself due to the consideration of collagen microstructural adaption.

5.10 CONCLUSION

In this chapter, we present the successful implementation of the 1D collagen mi-

crostructural adaption model introduced in Chapter 4 into two 3D IA evolution

models: a solid structural model and a state-of-the-art Fluid-Solid-Growth (FSG)

framework. In both models, the arterial segments where IAs form are modelled as

two-layer, nonlinear elastic cylindrical membrane subject to internal pressure and

physiological axial pre-stretch. Both the media and the adventitia layers are mod-

elled as composites of elastinous and normal collagenous fibres. Additional pro-

tective collagen fibres are added to the adventitia layer, which are assumed to bear

no load in the normal physiological regime and act as a protective sheath to pre-

vent the artery from over-dilation. IAs develops as a consequence of arterial growth

and remodelling. For the sophisticated solid structural model, in order to localise

the IA, degradation of the elastins and normal collagens is prescribed within a cir-

cular patch. Remodelling of the collagen recruitment stretches allow the degrada-

tion and deposition of collagen fabrics in altered configurations to be simulated.

Temporal adaptions of the attachment stretch distribution of the additional pro-

tective collagen fibres are incorporated to model their transition from the protec-

tive sheath to the main load bearer during IA evolution. For the sophisticated FSG

framework, the updated solid structural model is integrated into a patient-specific

geometry of the vasculature, enabling arterial growth and remodelling (G&R) to be

linked to the physiologically representative spatial distributions of haemodynamic

stimuli obtained from a rigid-wall computational fluid dynamics (CFD) analysis. In

addition, elatin degradation is first prescribed and then linked to the reductions in

wall shear stress (WSS) below the assumed homeostatic threshold. IAs realistic in

size are observed to develop in both two models. The sophisticated solid structural

model demonstrates that incorporation of the collagen microstructural adaption

into the previous solid structural model can predict stabilised IAs with more realis-

tic evolving wall thicknesses and stresses, whereas the sophisticated FSG framework

exhibits the successful implementation of the collagen adaption model into the pre-

vious FSG framework.
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In the next chapter, we overview our studies again, summarise the main find-

ings, identify the major limitations and suggest the future research directions.
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6
CONCLUSIONS AND RECOMMENDATIONS

FOR MODEL DEVELOPMENT

The focus of this entire thesis is to develop novel methods to model the inception

of intracranial aneurysm (IA) disease, as well as the microstructural adaption of the

collagen fabrics during IA development. Broadly speaking, the entire study has two

aims:

• to examine the hypotheses regarding the influence of different proposed

haemodynamic indices on the inception of IAs;

• to identify one of the limitations of current aneurysm growth models: over-

thickened wall thickness and under-estimated stresses in the wall, which are

caused by unrealistic assumptions in the model formation. And on this basis,

to develop new models with more realistic assumptions and exam the results

to see improvements;

Bearing in mind these two objectives, we can generally divide this thesis into two

big parts:

Modelling aneurysm inception: a novel numerical method is developed to recon-

struct the ‘pre-aneurysmal’ geometry of the vasculature from the diseased
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one. Subsequently, the method is applied to study the influence of patient-

specific haemodynamic environment on IA inception in 22 clinical cases.

Modelling aneurysm growth: a novel 1D mathematical model of the adaption of

the microstructure of the collagen fibres during aneurysm evolution is devel-

oped. This model is integrated into two models: a 3D solid aneurysm growth

model to simulate IA evolution on 3D geometries, as well as a state-of-the-

art Fluid-Solid-Growth (FSG) framework to simulate IA evolution on patient-

specific geometries where the arterial growth and remodelling is linked to the

local haemodynamic environment in the aneurysm domain.

In this chapter, we summarise the key findings and identify limitations of our

studies. We also make recommendations for further developments and refinements

to the current modelling framework.

6.1 SUMMARIES OF THE STUDY

In this section, we overview our study again and summarise the main findings.

Novel vessel reconstruction method. A novel automated numerical method is de-

veloped to reconstruct the hypothetical ‘pre-aneurysmal’ geometry of the

healthy vasculature based on medical images depicting IAs. In this novel ap-

proach, the aneurysmal segment is reskeletonised and a Frenet frame is com-

puted along the new skeletonisation; upstream and downstream boundaries

of the aneurysmal segment are expressed in terms of the local Frenet frame

basis vectors; finally a closed curve is propagated along the skeletonisation

using the local Frenet frames vectors to smoothly morph the upstream bound-

ary into the downstream boundary. This novel method takes into account the

tortuosity of the arterial vasculature and requires minimal user subjectivity.

Investigation of haemodynamics on IA inception. The novel vessel reconstruc-

tion method is applied in 22 clinical sidewall IAs to prepare the hypotheti-

cal ‘pre-diseased’ geometries; computational fluid dynamic simulations are

performed on those geometries; an objective definition of ‘a positive cor-

relation’ is proposed; correlations are analysed between five clearly defined

haemodynamic indices (WSS, WSSG, OSI, AFI and GON) and known loca-

tions of aneurysm formations. It is observed that locally elevated WSS and
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GON are highly correlated with regions susceptible to sidewall IA formation,

whilst haemodynamic indices associated with the oscillation of the WSS vec-

tors have much lower correlations.

Novel 1D model of collagen microstructure adaption. A novel 1D mathematical

model for the microstructural adaption of the collagen fabric during

aneurysm evolution is proposed. It is the first collagen microstructural adap-

tion model in the literature that explicitly defines the functional forms for the

attachment stretch distribution and considers its temporal adaption. In this

model, new collagen fibres are assumed to be configured into the extracel-

lular matrix (ECM) in a state of stretch distribution (the attachment stretch

distribution) which is temporally adaptive. Different means of adapting the

collagen attachment stretch distributions are examined in a 1D conceptual

model of aneurysm evolution, including different combinations of shifting,

skewing and narrowing of the distribution. The aneurysm evolves as a conse-

quence of the degradation of the elastinous constituents and the growth and

remodelling of the collagenous constituents. It is observed that in general if

larger proportions of collagen fibres are configured into the matrix with big-

ger attachment stretches, then less collagen fibres are required to stabilise the

aneurysm, leading to a much reduced thickness evolution of the arterial wall.

It is concluded that in order to achieve a thinned wall during aneurysm evolu-

tion, collagen fibres are very likely to be configured into the ECM in a way that

their attachment stretch distribution is continuously shifted positively before

reaching an upper limit, with the possible presences of narrowing and skew-

ing of the distribution.

Integration of the 1D collagen adaption model into 3D models of IA evolution.

The novel 1D collagen adaption model is successfully implemented into

two 3D models of IA evolution: a solid structural model and a Fluid-Solid-

Growth (FSG) model. In the sophisticated solid model, the nonlinear mem-

brane formulation is adopted. The arterial wall is modelled as a two-layer,

fibre-reinforced composite with the elastinous and collagenous constituents

embedded in each layer. Additional protective collagen fibres are added to

the adventitia and are assumed to bear no load in the initial physiological

configuration. An IA develops as a consequence of the G&R of the arterial

constituents: degradation of the elastin and normal collagens is prescribed

within a circular patch; collagen recruitment stretch distributions are re-
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modelled to simulate the evolution of their natural reference configurations;

collagen attachment stretch distribution is also adapted heterogeneously

within the artery. It is observed that the IA stabilised in size with more real-

istic thickness and stress evolution. A question is proposed: how do vascular

cells realise the heterogeneous adaption of the attachment stretch distribu-

tion in the wall? In the sophisticated FSG model, an illustrative case of IA

evolution is utilised to explain the model and demonstrate its implementa-

tion: the updated solid structural model is integrated into a patient-specific

geometry of the vasculature. This enables the G&R of the arterial tissue to be

linked to the physiologically representative spatial distributions of haemody-

namic stimuli obtained from a rigid-wall CFD analysis. Degradation of the

constituents are initially prescribed and subsequently linked to the reduc-

tions in WSS below the homeostatic threshold when the WSS drops below

a spacially homogeneous level. Collagen remodelling also accounts for the

stretches of the vascular cells in the diastolic configuration. Adaption of the

microstructure of the additional collagen fibres is incorporated. It is observed

that a small size IA evolves on a patient-specific vasculature.

6.2 LIMITATIONS OF THE STUDY

In this section, we identify some major limitations of the studies.

Difference between the reconstructed geometry and the pre-aneurysmal healthy one.

To investigate the real haemodynamic environment prior to the formation

of an IA through CFD simulations, we need the healthy arterial geometry,

which is barely available since most clinical collections of aneurysm data

do not contain the pre-aneurysmal healthy blood vessel images, as it is im-

practical, costly and ethically dubious to routinely capture images of subjects

without the presence of due clinical concern. Hence numerical methods

have been developed to reconstruct this ‘healthy’ geometry from the diseased

ones. One key question is to what extent can the reconstructed hypothetical

‘healthy’ geometry reflect the real healthy geometry? In order to reconstruct

the aneurysm region, our vessel reconstruction method (in fact all the vessel

reconstruction methods in the literature) use local geometric information

in the vinicity of the aneurysm region. However, as an IA grows, the local
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geometry of the vessel may be distorted, particularly for large aneurysms.

In other words, this local geometric information of diseased artery after IA

development may already be different from the corresponding information

of the real healthy artery. This difference may be even amplified by the er-

rors between in vivo arterial geometries and the computer constructed 3D

geometries which rely on the accuracy of the imaging techniques as well as

the stability of the patient. As a result, the difference between the ‘healthy’

geometries reconstructed from the numerical methods and in vivo healthy

arterial geometries may not even be measurable, which could be possibly

significant. However, what we really should be concerned about is whether

this difference is acceptable, i.e. whether it will affect the spatial distributions

of the haemodynamic indices computed from the CFD analysis, and thereby

affect the conclusion of the study. Nevertheless, despite of this limitation,

we believe our study still has the potential to examine the hypotheses of the

influence of haeomodynamics on IA inception.

Vessel reconstruction method not working on bifurcating aneurysms. Another

limitation of our vessel reconstruction method is that it cannot be applied

to bifurcating aneurysms. Given that 90% of the IAs grows at bifurcations, it

would be beneficial to develop an automated vessel reconstruction method

that can be applied to bifurcating aneurysms. Some preliminary advance-

ments have been made in developing such a method. More details will be

provided in Sec. 6.3.1.

Need of better understanding of endothelial cell homeostasis. Similar to many

other computational studies in this field, our study in Chapter 3 is a CFD

study with the aim of investigating if there are any correlations between local

haemodyanamic patterns and the locations where aneurysms are observed to

form. There is an obvious lack of the understanding of how exactly haemody-

namics interact with the biology of the ECs, and hence how it influences the

formation of IAs. It is well known that haemodynamic forces can modulate

the structure and function of ECs in blood vessels to maintain a homeosta-

sis within the cell. Under normal conditions, when the pressure and flow

change, ECs will adapt accordingly to optimise their functional performance

(Chien, 2007). We also reviewed in Sec. 1.4 and 1.5 that previous studies have

shown that ECs will have different shapes, alignments, phenotypes and even

gene expressions under different types of mechanical environment (such as
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high WSS, high WSSG etc). However, the understanding of exact interactions

between ECs and different flow environments is still very limited. Questions

such as what the exact the definition of EC homeostasis is, whether it is het-

erogeneous on the lumen surface, whether it is temporally adaptive (Aparício

et al., 2014), and more importantly, how exactly it is maintained in the face

of external perturbations still cannot be answered. These questions may

actually be quite difficult to answer in the near future merely based on exper-

imental observation of ECs. This is also the reason why mathematical models

of ECs and their interaction with the mechanical environment is needed:

to test different hypotheses. Integration of these two types of research (bi-

ological and mathematical modelling) will further help our understanding

of the mechanobiology of ECs. With better improved understanding of the

mechanisms, CFD will contribute even more to studies of IA inception. This

is also one of the reasons why a Fluid-Solid-Growth model is preferable when

studying IA evolution.

Modelling of collagen orientation distribution and orientation remodelling. In

the IA evolution models in our study, we assume a distribution of collagen

attachment stretches based on the consideration of a distribution of collagen

waviness in the unloaded configuration. Experimental results show that the

spatial orientations of the fibres also follow certain statistical distributions

(Rezakhaniha et al., 2012; Schrauwen et al., 2012). However, this fibre property

of orientation distribution with respect to a mean direction is not accounted

for. Models of arterial tissue G&R incorporating the concept of collagen orien-

tation distribution can be seen in the literature (Hill et al., 2012; Martufi and

Gasser, 2012). Ideally this would also be considered in the future. In addition,

in our modelling approach, collagen orientations are fixed with respect to the

unloaded reference configuration of the artery. Their orientation with respect

to the loaded (in vivo) configuration changes over time due to the body-fitted

coordinate system that we adapt and to the deformation of the arterial ge-

ometry from being a cylinder. New fibres are assumed to be laid down in

the direction of the existing fibres in the loaded configuration. Aparício et al.

(2014) pointed out the biological justification for this assumption: in order to

deposite new fibres, fibroblast cells need to attach themselves to the existing

fibres and move in the direction along these fibres. Thus when modelling

this effect, it is thought that the orientation of the newly synthesised fibres is

IA Disease: Novel Modelling of Inception and the Microstructural Adaption of Collagen Fabric 191



Haoyu Chen 6.2. Limitations of the study

dependent on the orientation of the existing fibres along which the fibreblast

cells crawl (Aparício et al., 2014). The net effect of this is that all collagen

fibres reorient towards the directions of increasing principal stretch in the

loaded configuration as the aneurysm evolves (Aparício et al., 2014). How-

ever, studies can also been seen in the literature with different assumptions.

For example, Driessen et al., 2005, 2008 assume that new fibres are laid down

in the direction of the principal stretches in the loaded configuration. More

experimental guidance is needed to examine which assumption has the best

consistency with reality. Given that the additional protective collagen fibres

in our models take over most of the load during IA evolution, more accurate

modelling of how the collagen structure adapts can be of very great signifi-

cance. Further sophisticating the collagen microstructral adaption model to

incorporate orientation distributions of the fibres, as well as the remodeling

of this orientation distribution with experimental guidance may prove of

great value in this respect.

Need of the understanding of vascular cell mechanobiology. Our lack of under-

standing of the mechanobiology of the fibroblasts also currently limits the

development of our models. It is not known to us what exactly drives the fi-

broblasts to adapt the attachment stretch distribution of the collagen fibres,

not to mention how exactly they achieve a spatially heterogeneous adaption.

We have shown in all of our 1D, 3D solid as well as the FSG models that this

adaption of the attachment stretch distribution plays an extremely important

role in IA evolution, as it controls the mass concentration evolution, thickness

evolution, stress evolution, and even the size of the evolved aneurysm. Hence

a better understanding of how fibroblasts biomechanically and biochemically

interact with the environment is of great necessity. In addition, given the facts

that VSMCs deposite the connective tissue and matrix degrading enzymes,

and that their apoptosis is associated with the formation of IAs (Watton and

Ventikos, 2009), these cells also play a critical role in the development of IAs.

Consequently, it would be of interest and value to improve the representa-

tion of the mechanobiology of these cells by modelling the signalling path-

ways relating the mechanical stimuli acting on these cells to the biochemical

substances that they produce, as well as enzymes and the production of con-

nective tissues. Moreover, explicit representation of the active and passive re-

sponses of the VSMCs under different phenotypes using a proper constitutive
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model, and relating their mechanical response to the chemical environment

such as calcium concentration (Zulliger et al., 2004; Murtada et al., 2010; Hill

et al., 2001) may also be valuable (Watton and Ventikos, 2009).

6.3 FINAL REMARKS AND FUTURE RECOMMENDATIONS

6.3.1 An arterial bifurcation vessel reconstruction method

One limitation of our vessel reconstruction method is that, whilst this method works

well for the sidewall saccular aneurysms, it cannot be applied to remove termi-

nal aneurysms at arterial bifurcations (see Fig. 6.1). Given that 90% of cerebral

aneurysms are occurring at arterial bifurcations, there is a need for a more ad-

vanced automated vessel reconstruction method that works on arterial bifurcations.

Inspired by the method of modelling tree branching introduced by (Bloomenthal,

1985), some preliminary work has been conducted and a new vessel reconstruc-

tion method is under development. Being different from the vessel reconstruction

method presented in this thesis, the new method directly interpolates splines be-

tween the upstream boundary and the two downstream boundaries, as well as be-

tween the two downstream boundaries (see Fig. 6.2). In Fig. 6.2, two splines are

constructed first (yellow and red). Together with the three boundaries, they form

the skeleton of the bifurcation. Subsequently, splines are constructed directly to

connect the upstream boundary to the two downstream boundaries. To connect

the two downstream boundaries smoothly, splines are interpolated with the guid-

ance of the red spline.

One problem encountered so far in the development of this method is the spatial

overlapping between the splines on the surfaces of the non-bifurcation regions and

of the bifurcation regions (see Fig. 6.3). A numerical algorithm has recently been de-

veloped to detect the spatial overlapping points and re-interpolate splines through

those points (Dandapani, 2014). Fig. 6.4 shows the general process of this method.

Conceptual geometry of the arterial bifurcation has also been reconstructed after

the spline overlapping problem was solved.

However, further development of this method is needed:

• The spline overlapping detection algorithm works if there is only one pair of

splines that overlap. More splines may overlap if we need a finer reconstruc-
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Figure 6.1: Three examples showing IAs growing at bifurcations. The novel vessel
reconstruction method proposed within this thesis cannot be applied to these types
of geometries.

tion of the geometry. Hence this algorithm needs to be improved so that it

also works on detecting the overlapping of multiple splines;

• The entire arterial bifurcation reconstruction method needs to be fully auto-

mated;

• This method also needs to be refined so that it also works perfectly on physi-

ological geometries.

Once a fully automated bifurcation reconstruction method is developed to work

perfectly on physiological geometries, it can be applied to remove bifurcating

aneurysms and reconstruct the geometries. CFD simulations will be carried out on

those geometries to investigate the haemodynamic environment at arterial bifurca-

tions and its influence on IA inception.

6.3.2 Modelling IA evolution on arbitrary geometries

The sophisticated 3D solid structural model of IA evolution that we present in this

thesis simulates the growth of an aneurysm on an idealised cylindrical vessel. Mod-

elling the artery as a cylinder implies that the structure of the collagen and spatial

distributions of G&R variables are initially homogeneous and can be analytically

determined (Aparício et al., 2014). For aneurysms growing on short segments of
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Figure 6.2: A developing automated numerical method to reconstruct the arterial
geometry at bifurcations (adapted from Bloomenthal (1985)).

cerebral arteries, we consider a cylinder to be a good approximation of the physio-

logical arterial geometry. This sophisticated 3D solid model is also integrated into

a patient-specific geometry in the FSG modelling framework so that the G&R of the

arterial tissue benefits from the real physiological haemodynamic stimuli. However,

the haemodynamic environment in the idealised cylindrical arterial segment may

still be different from that of the physiological healthy artery. This triggers the need

to further sophisticate the FSG framework so that the development of IAs can be

simulated on a patient-specific physiological arterial geometry directly. Addition-

ally, it would also be of interest and value to model the evolution of bifurcation IAs.

Hence modelling IA evolution on arbitrary geometries draws our attention.
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Figure 6.3: Spatial overlapping between the splines on the surfaces at the non-
bifurcation sites and at the bifurcation site.

Figure 6.4: The general process to solve the spline overlapping problem. The red
points denote the identified spatial overlapping points between these splines. New
splines are interpolated through these points (adapted from Dandapani (2014)).
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Figure 6.5: A reconstructed conceptual geometry of artery bifurcation after the
spline overlapping problem is solved.

In order to achieve this, the current structure solver which only works on cylin-

drical geometries needs to be replaced by new structure solver. This poses several

challenges:

• Clinical imaging data only depicts the loaded configuration. For accurate

structural analysis, the geometry in the unloaded reference configuration

needs to be obtained. A new structural code that can be accessed to, FEANOR,

which has this functionality, will be utilised (see Fig. 6.6). However, to simu-

late growth and remodelling of arterial tissue, the unloaded reference con-

figurations for each constituent need to be determined, which means a more

sophisticated algorithm needs to be developed to determine the unloaded ref-

erence configurations of the collagens fibres;

• Collagen fibres are distributed with a range of orientations in vascular tissue.

For a cylindrical artery, it is straightforward to define the fibre orientations

with respect to the unloaded configuration. However, for more complex ge-

ometries, especially arterial bifurcations, an algorithm needs to be developed
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to map fibre orientations on to the surface of the geometries;

• To simulate the evolution of an IA, the updated structural solver also needs to

be incorporated into the arterial G&R framework.

Figure 6.6: Calculation of the unloaded reference configuration of the geometry
from the loaded one. (a) Loaded reference configuration for the structural con-
stituents; (b) unloaded reference configuration for structural constituents solved
from a structural analysis of (a) (using FEANOR code developed by Dr. Jens Georg
Schmidt (Department for Mathematics and Technology, University of Applied Sci-
ences Koblenz/RheinAhrCampus)).

Once this model is developed, given any arbitrary IA geometry (sidewall or bifurca-

tion), we can use the vessel reconstruction methods either introduced in Chapter 2

or Sec. 6.3.1 to remove the aneurysm and reconstruct the ‘pre-aneurysmal healthy’

geometry. Then IA evolution can be simulated on these hypothetical ‘healthy’ ar-

teries using the new model. The simulated aneurysms will be compared with the

original aneurysms that grow on these geometries. This allow us to examine differ-

ent hypotheses proposed in arterial G&R during aneurysm evolution.

6.3.3 Application of the Fluid-Solid-Growth framework to experi-

mental rabbit model

One key question associated with FSG modelling would be how to validate the

framework, and especially how to assess whether the theoretical modelling hy-
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potheses utilised in the FSG framework on modelling G&R of the arterial tissue dur-

ing aneurysm evolution is correct.

Recently, the FSG framework has been applied to model experimental rabbit

models of elastase induced aneurysms (See Fig. 6.7). The general procedure of the

ongoing work can be summarised as follows: the rabbit ‘pre-aneurysmal healthy’

geometries are reconstructed using our novel vessel reconstruction method based

on 3D images of the rabbit aneurysm geometries; CFD simulations are initiated with

boundary conditions measured directly from the experiment model; other variables

used in the model (e.g. collagen recruitment stretch distribution, orientation, con-

centration and elastin degradation) are determined directly from the quantitative

data associated with the constituents in the arterial wall (e.g. collagen waviness,

orientations, densities and internal elastic lamina damage) from the experiments

using multi-photon microscopy/mechanical testing techniques; FSG simulations

of aneurysm evolution is performed for the given rabbit geometry.

Application of the FSG framework to experimental models of rabbit aneurysms

direcly enable the FSG framework to benefit from the following advantages:

• the use of quantitative information of the arterial constituents mea-

sured directly from the experiment using techniques such as mechanical

testing/multi-photon microscopy imaging;

• the use of temporal data from the rabbit aneurysm experiments, which is usu-

ally unavailable for human aneurysms;

• the testing of the adopted hypotheses of arterial G&R during aneurysm evolu-

tion.

Ultimately, the direct validation of the FSG framework from the rabbit models will

improve our understanding of the role of arterial mechanobiology during aneurysm

evolution.

6.3.4 Sophistication of the FSG model to a thick-walled model

In the all of the three models we presented in this thesis, the arterial wall is modelled

as a nonlinear incompressible elastic membrane structure. There are two motiva-

tions for doing this: firstly, the arterial wall is relatively thin; secondly, the residual
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Figure 6.7: Application of the FSG modelling framework to experimental rab-
bit models of elastase induced cerebral aneurysms. Information that can be
utilised from the experimental model and integrated into the FSG modelling frame-
work: (i) geometrical data of the rabbit arterial geometries; a 3D image of the
rabbit aneurysm geometry will be used to computationally reconstruct the ‘pre-
aneurysmal healthy’ rabbit geometry; (ii) boundary conditions for the CFD simu-
lations can be directly measured from the experimental models; (iii) quantitative
data such as collagen waviness, fibre orientations and densities can be obtained di-
rectly from the experimental measurement (e.g. using multi-photon microscopy).
These can be used to inform the initial conditions and the G&R hypotheses in the
FSG framework.

strain that is present in the unloaded reference configuration of the artery gives rise

to an approximately uniform strain field through the thickness of the arterial wall at

physiological pressures (Aparício et al., 2014). For modelling purposes, we believe

that a membrane model of the arterial wall is adequate. However, one key limita-

tion associated with the membrane model is that it is impossible to accurately pre-

dict volumetric change of the arterial wall. In Appendix B, we show the derivation

of the remodelled wall thickness considering the tissue volumetric growth in our

model. However, the volumetric growth of the wall is inferred from the mass growth

of the wall constituents, i.e. the volumetric change is assumed to be proportional

to the mass change of the wall constituents based on the incompressibility assump-

tion made in the membrane formation. More accurate prediction of the volumetric

change of the arterial wall is needed so that the thickness evolution and stress evo-
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lution can be also predicted more accurately.

Recently, Eriksson et al. (2014) proposed a novel finite element framework for

modelling the G&R of a fibre-reinforced artery incorporating volumetric change of

the wall. Two underlying assumptions for modelling G&R including constant indi-

vidual density (CID) and adaptive individual density (AID) are examined. They also

suggest a novel combination approach to describe the collagen growth using CID,

and model elastin atrophy using AID to simulate volumetric G&R. In the future, it

is suggested that our novel collagen microstructural adaption model could be in-

tegrated into their thick wall framework. The integrated model will predict more

realistic volumetric changes within the wall, which can be further integrated into

other models such as the FSG framework in order to obtain better predictions of

thickness evolution and stress evolution of the arterial wall during arterial disease

evolution.

6.4 CONCLUSION

In this thesis, a novel automated method is proposed to numerically remove the

intracranial aneurysms and reconstruct the hypothetical ‘pre-diseased healthy’ ar-

terial vasculature. This method is then applied to 22 clinical cases depicting side-

wall IAs to prepare the geometries prior to IA formation. Computational fluid dy-

namics simulations are conducted on these geometries and investigations are per-

formed on the influence of haemodynamic indices on IA inception. Results show

that locally elevated wall shear stress and gradient oscillatory number are highly

correlated with regions susceptible to sidewall IA formation. A novel 1D model of

microstructural adaption of the collagen fabrics during aneurysm evolution is pro-

posed. This is the first ever model in the literature to explicitly define the functional

forms of collagen fibre attachment stretch distribution and more importantly, con-

siders its temporal adaption. This 1D model is successfully implemented into two

3D models of aneurysm evolution: a solid structural model, as well as a Fluid-Solid-

Growth model. Results show that in order to achieve an aneurysm stabilised in size

with physiologically realistic evolution of the wall thickness and stress, adaption of

the attachment stretch distribution is necessary. However, what drives the vascular

cells to adapt the collagen attachment stretch distribution and how a heterogeneous

adaption is achieved is worth more investigation. As a computational study of mod-

elling IA disease, our study examines the hypotheses proposed in this field regarding
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IA inception and growth. However, more understanding of the biology, especially of

how vascular cells respond to external mechanical stimuli, is urgently needed. This

will help to develop more sophisticated models of aneurysm inception, growth and

rupture, which hopefully can guide clinical decision making for the interventional

treatment of the disease.
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A
DERIVATION OF THE ACTUAL

FUNCTIONAL FORM OF fΛR (λR) BASED

ON fΛAT (λAT ) AT INITIAL HOMEOSTASIS

We want to determine the PDF fΛR (λR ) of the recruitment stretch distribution

Pr (ΛR ) based on the attachment stretch distribution Pr (ΛAT ) when the tissue is

in initial homeostasis. First we have the following relationship (repeating Eq. 4.4):

λmi n
AT ·λmax

R =λmax
AT ·λmi n

R =λmod
AT ·λmod

R =ΛAT ·ΛR =λ (A.1)

We use FΛR (λR ) to denote the cumulative distribution function (CDF) associated

with Pr (ΛR ). Utilising the equation above, FΛR (λR ) can be computed by:

FΛR (λR ) = Pr (ΛR ≤λR ) = Pr

(
λ

ΛAT
≤λR

)
= Pr

(
ΛAT ≥ λ

λR

)
(A.2)

Note that Pr
(
ΛAT ≥ λ

λR

)
represents the proportion of collagen fibres whose attach-

ment stretch is bigger than the value of λ
λR

, hence it can be computed by:

Pr

(
ΛAT ≥ λ

λR

)
= 1−Pr

(
ΛAT ≤ λ

λR

)
= 1−

∫ λ
λR

λmi n
AT

fΛAT (λAT )dλAT (A.3)

Now fΛR (λR ) can be obtained by differentiating FΛR (λR ) with respect to λR :

fΛR (λR ) = d

dλR
FΛR (λR ) =− d

dλR

∫ λ
λR

λmi n
AT

fΛAT (λAT )dλAT (A.4)
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As fΛAT (λAT ) is a piecewise triangular function described by (repeating Eq. 4.3):

fΛAT (λAT ) =



0 λAT <λmi n
AT

2(λAT −λmi n
AT )

(λmax
AT −λmi n

AT )(λmod
AT −λmi n

AT )
λmi n

AT ≤λAT ≤λmod
AT

2(λmax
AT −λAT )

(λmax
AT −λmi n

AT )(λmax
AT −λmod

AT )
λmod

AT <λAT ≤λmax
AT

0 λAT >λmax
AT

(A.5)

fΛR (λR ) is also a piecewise function. Utilising Eq. A.1, the explicit functional form

of fΛR (λR ) can be written as:

fΛR (λR ) =



0 λR < a
2(λR−a)

(b−a)(c−a) · abc
λR

3 a ≤λR < c
2(b−λR )

(b−a)(b−c) · abc
λR

3 c ≤λR < b

0 λR ≥ b

(A.6)

where a, b and c are used to denote λmi n
R , λmax

R and λmod
R respectively for conve-

nience.
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B
DERIVATION OF THE REMODELLED

THICKNESS hr em OF THE ARTERIAL WALL

CONSIDERING THE VOLUMETRIC

GROWTH OF THE WALL CONSTITUENTS

At the beginning we note that variables such as λ(t ), h(t ) and r (t ) are used to rep-

resent the values calculated from our model (as introduced in Chapter 4), whereas

variables such as λr em(t ), hr em(t ) and rr em(t ) are used to represent the correspond-

ing values of the arterial geometry considering volumetric growth of the wall con-

sitituents. First, consider a segment of the 1D cylindrical unloaded artery of unit

length, whereby the volume of the arterial wall is Vn . Then this artery segment is

pressurised by blood pressure p as well as stretch axially byλZ to simulate the physi-

ological condition. Due to the incompressibility of the wall, the loaded wall volume,

denoted as V (0), is the same as the unloaded volume, i.e. Vn = V (0). Now we use

κr em(t ) to denote the volumetric growth of the wall constituents during aneurysm

growth:

Vr em(t ) = κr em(t ) ·V (0) (B.1)

where Vr em (t ) is the volume of the remodelled wall of the same artery at time t . For

a 1D cylindrical artery subject to blood pressure p and constant axial stretch λZ ,

the remodelled geometry is still a cylinder. The thin membrane formulation of the

arterial wall assumes that the area elements of the upper and lower surfaces are ap-
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proximated to be equal to those of the midplane. Hence Eq. B.1 can be alternatively

written as:

rr em(t ) ·hr em(t ) = κr em(t ) · r (0)h(0) (B.2)

where rr em(t ) and hr em(t ) are the remodelled radius and wall thickness of the artery,

and r (0) and h(0) are the initial radius and thickness in the loaded configuration at

time t = 0. Applying the imcompressibility condition, we can calculate r (0) and h(0)

based on the radius R and thickness H of the artery in the unloaded configuration,

i.e.:

r (0) = Rλ(0) and h(0) = H

λ(0)λZ
(B.3)

whereλ(0) is the initial circumferential stretch of the tissue at time t = 0. In addition,

we also have rr em(t ) = Rλr em(t ), where λr em(t ) is the remodelled circumferential

stretch. Substituting this relationship as well as Eq. B.3 into Eq. B.2, we have:

hr em(t ) = κr em(t ) · H

λr em(t ) ·λZ
(B.4)

Now, we assume the circumferential stretch λ(t ) calculated from the our model can

represent the actual circumferential stretch λr em(t ) of the remodelled geometry, i.e.

λ(t ) ≈λr em(t ). Substituting this equation into Eq. B.4 eventually yields the equation

that is used to infer the remodelled wall thickness:

hr em(t ) ≈ κr em(t ) · H

λ (t )λZ
(B.5)

where κr em(t ) accounts for the wall thickness change due to volumetric growth and

the second term after the dot is the thickness only considering the incompressibility

condition of the arterial wall.

In addition, the dimensionless variable χwhich is defined as the ratio of remod-

elled thickness to remodelled radius, can be calculated by:

χ(t ) = hr em(t )

rr em(t )
= hr em(t )

Rλr em(t )
(B.6)

Utilising the relationship λ(t ) ≈λr em(t ) as well as Eq. B.5, we have:

χ(t ) ≈ H

RλZ

κr em(t )

[λ (t )]2 (B.7)

In order to calculate κr em(t ), we assume that the volumetric growth of the tissue is

proportional to the mass growth of the constituents. Ignoring the intima layer, we

can infer κr em(t ) by:

κr em(t ) = Mr em(t )

M(0)
= Mr em |EM (t )+Mr em |CM (t )+Mr em |C A (t )+Mr em |GW (t )

MEM (0)+MCM (0)+MC A (0)+MGW (0)
(B.8)

IA Disease: Novel Modelling of Inception and the Microstructural Adaption of Collagen Fabric 218



Haoyu Chen

where Mr em(t ) is the mass of the same arterial wall considering volumetric growth

of the wall constituents at time t , whereas M(0) is the corresponding initial mass

at time t = 0. Mr em |EM (t ), Mr em |CM (t ), Mr em |C A (t ) and Mr em |GW (t ) are the masses

of medial elastin, medial collagen, adventitial collagen as well as other ground sub-

stance and water respectively, whereas MEM (0), MCM (0), MC A (0) and MGW (0) are the

corresponding masses in the initial configuration at time t = 0. We assume the total

mass of other ground substance and water is constant during aneurysm growth, i.e.

Mr em |GW (t ) = MGW (0), and represent this term by a constant G . We also assume

that the remodelled masses of the constituents can be calculated based on the cur-

rent mass densities computed from the model and the initial volumes of the arterial

layers, i.e, Mr em |JL (t ) = m JL (t )ρ JL VL(0), where m JL (t ) is the normalised mass den-

sity of the J constituent in the L layer, ρ JL is its mass density at time t = 0, and VL(0)

is the initial volume of L layer so that VM (0)+VA (0) = V (0). Now, expressing the

masses in terms of the mass densities and volumes, we have:

κr em(t ) = [mEM (t )ρEM +mCM (t )ρCM ]VM (0)+mC A (t )ρC A VA(0)+G

[mEM (0)ρEM +mCM (0)ρCM ]VM (0)+mC A (0)ρC A VA(0)+G
(B.9)

We let ω1 = ρEM /ρC A and ω2 = ρCM /ρC A . Considering mEM (0) = mCM (0) = mC A (0) =
1, we can further reduce the preceding equation into:

κr em(t ) =
[ω1mEM (t )+ω2mCM (t )]VM (0)+mC A (t )VA(0)+ G

ρC A

(ω1 +ω2)VM (0)+VA(0)+ G
ρC A

(B.10)

Now utilising the relationship VM (0) = 2VA(0) (thin membrane), Eq. B.10 can be

reduced to:

κr em(t ) =
2[ω1mEM (t )+ω2mCM (t )]+mC A (t )+ G

ρC A VA(0)

2(ω1 +ω2)+1+ G
ρC A VA(0)

(B.11)

The term G
ρC A VA(0) = MGW (0)

MC A (0) , i.e. it represents the ratio of total mass of other ground

substances and water to the mass of adventitial collagen fibres in the initial con-

figuration. This ratio is generally unknown. However, if we assume it is relatively

small compared with the sum of other terms in the numerator and denominator in

the preceding equation, then this makes κr em(t ) calculable by simply taking off the

term G
ρC A VA(0) . Then κr em(t ) can be approximated by:

κr em(t ) ≈ 2[ω1mEM (t )+ω2mCM (t )]+mC A (t )

2(ω1 +ω2)+1
(B.12)

Due to the lack of biological information, in this study we assume that the initial

mass densities of elastins and collagens are all identical, i.e. ω1 =ω2 = 1. Eventually
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we have:

κr em(t ) ≈ 2mEM (t )+2mCM (t )+mC A (t )

5
(B.13)

Note we have κr em(0) = 1 satisfying the initial condition.
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