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Abstract: Statistical theory forms a foundation for how epidemiologists learn about populations in public health
and medical studies and is fundamental for the understanding of more advanced epidemiological methods (e.g.,
in causal inference and machine learning). Textbooks provide in-depth coverage of probability and statistical
theory, but with such comprehensive coverage that it can be easy to miss the forest for the trees. Here, we provide
a summary of fundamental concepts from large-sample statistical theory to allow for more focused understand-
ing tailored to epidemiologists and health science researchers. This primer aims to promote appropriate under-
standing and application of statistical methods in epidemiologic research. We clarify several often-confused
statistical topics and provide a motivation for the application of large-sample inferential methods to data from
population health and medical studies. Assumptions underlying commonly used statistical methods that must
be considered for valid inference are also discussed. These ideas are contextualized with an example from the
Women’s Interagency HIV Study.
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Epidemiologists aim to understand and improve population health. For a target population, a specific group of
people characterized in terms of person, place, and time [1], epidemiologists may wish to describe current health
characteristics, quantify known contributors to risk for a disease, estimate the effects of interventions on health
outcomes, or predict future health trends. As data for the entire target population are typically not available
or are prohibitively expensive to collect, epidemiologists rely on samples, or subsets, of population members
to make inference. Here, inference refers to the process of estimating parameters of interest (e.g., summary
measures of health characteristics) and quantifying associated uncertainty.

Statistical theory forms a foundation for such inference, which is fundamental to epidemiology research.
While there are many textbooks focused on probability and statistical inference, they are generally not targeted
towards epidemiologists. Our aim is to complement the formal, rigorous coverage of statistical theory offered
in textbooks with a more conceptual introduction that ties together key ideas and builds statistical intuition
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around topics relevant to epidemiologists. Our hope is that this tutorial will help solidify these important topics
which are foundational to the understanding of both basic and more advanced epidemiologic methods.

We focus this primer on large-sample (i.e., frequentist) inference, which predominates in epidemiology.
Based on our teaching experience, one common source of confusion is how large-sample inferential meth-
ods, which are commonly justified with an infinite superpopulation, can be applied to real-world finite study
samples. Therefore, we start this primer by motivating the use of large-sample methods with finite popu-
lations. We then describe statistical parameters, inference, and systematic errors. We conclude the primer
with a brief discussion of alternative paradigms of inference and more advanced epidemiological methods,
for which this primer provides a foundation. A glossary of terms from this primer is included in Appendix
Table 1.

Our motivating example throughout is an example from descriptive epidemiology. Assume we aim to esti-
mate mean CD4 cell count among women with HIV in the United States at a given time and the proportion of
women with CD4 cell counts <200 cells/mm?®. CD4 cell count is a measure of immune function relevant for mea-
suring HIV disease progression, where a normal CD4 count is about 500-1,500 cells/mm? and a dangerously low
CD4 count is below 200 cells/mm?. Our study sample is comprised of n units, drawn from the target population.
Here, our study sample consists of n=1,164 participants from the Women’s Interagency HIV Study (WIHS) in 1995
[2]. Let the outcome, Y, represent nadir CD4 cell count, observed for all n units.

Motivation for large-sample inference

What does it mean to be iid?

With large-sample inference, we often assume the n observations of Y in the sample, ie, Y, Y,,...,Y,, are
independent and identically distributed (iid) realizations of a random variable from the target population. Inde-
pendent means that the variables of one unit do not depend on the distributions of other units’ variables. One
implication of independence for binary random variables A and B is that P(A|B) = P(A). That is, with inde-
pendent random variables, whether or not B occurred tells us nothing about whether or not A will occur. For
example, whether one cancer patient survives 5 years following diagnosis is not expected to affect an unre-
lated cancer patient’s status at 5 years. Violations of the independence assumption occur in situations where
observed data are correlated (e.g., breast cancer statuses of mothers and daughters or repeated measures of
CD4 cell counts from the same person). Identically distributed means that the distribution of observed variables
is the same for all units [3] (p. 210). That is, the units were drawn from the same probability distribution. Vio-
lations of the identically distributed assumption occur in situations where data are sampled from two or more
distinct populations. For example, the CD4 cell counts of women with HIV sampled from a single population
are identically distributed. However, if separate samples are selected from women in and out of HIV care, and
these populations have different underlying probability distributions, then CD4 cell counts from the two sam-
ples will not be identically distributed. In the motivating example, a single sample of women is selected from the
target population, so it is reasonable to assume the data are identically distributed. Except where noted other-
wise, the focus herein is on the standard iid setting. Settings with non-iid data require additional methodological
considerations [4-6].

How can we use iid methods with finite samples?

The assumption that our sample is iid is typically at odds with how units (e.g., participants) are selected into
our studies. For the purposes of demonstration, assume our target population consists of five women with
advanced HIV. For each woman, whether her CD4 count is <200 cells/mm? is recorded, such that the out-
comes for the five women are {1,0,0,1,1}. Here, the population mean is 0.6. Assume we sample two women
from this population, with Y, and Y, denoting the outcomes for the first and second sampled women, respec-
tively. If we select the women with replacement, meaning that all women in the population are eligible for
selection at each sample draw, the two selections are independent, as the value of Y, does not affect the
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distribution of Y,, ie, P(Y, =1]Y; =1) = P(Y, =1]¥; = 0) = 0.6. Alternatively, we could sample without
replacement, meaning that once a woman is sampled, she is ineligible to be selected again. Under sampling
without replacement, if Y; =1 (i.e, woman 1, 4, or 5 is sampled first), the mean outcome for the remaining
women is 0.5, i.e., P(Y, = 1]¥; = 1) = 0.5. However, if Y; = 0 (i.e., woman 2 or 3 is sampled first), the mean out-
come for the remaining women is 0.75, i.e., P(Y2 =1y, = 0) = 0.75. Thus, the distribution of the outcome of the
second sampled woman (Y,) depends on the value of the first sampled woman (Y;), and thus Y, and Y, are not
independent.

This simple example demonstrates that for finite populations, sampling with replacement is in agreement
with the iid assumption, but without replacement sampling violates the iid assumption. In practice, most epi-
demiologic studies use without replacement sampling because (1) researchers often do not have enumerated
lists of the target population from which to select with replacement samples and (2) with replacement designs
are inefficient due to the redundancy in information provided by (possibly) selecting the same unit twice.

Although without replacement sampling in finite populations leads to dependency in observations and
violates the iid assumption, the degree of dependence varies by the relative sizes of the target population and
sample. In the above example, assume each of the five observations represents the outcome for 10,000 women,
for a total population of 50,000 women. In this larger population, regardless of which woman is sampled first,
the mean outcome for the remaining population members is approximately 0.6 (P(Y2 =1y, = 1) = 0.599992 ~
P(Y2 =1y, = 0) = 0.600012). In this setting, observations are “nearly” independent because the probability dis-
tribution of the outcome for an individual given the outcomes of previously sampled individuals is similar to its
marginal distribution [3] (p. 210). A formal demonstration of near independence based on a mathematical limit
is presented in the Appendix. The key takeaway from this demonstration is that, while scientists almost never
have an infinite target population, for simple random sample designs inference can safely proceed using large-
sample methods when the target population is large relative to the sample size such that the iid assumption
holds approximately.

Evaluating samples prior to analysis

Most large-sample inferential methods assume, conceptually, that the study sample was randomly selected from
the target population. One of the first steps in any analysis is to clearly specify the target population and assess
the plausibility of the random-sampling assumption. In population health research, the study sample may be a
convenience sample [7], which violates the random-sampling assumption. For example, epidemiologic studies
can rely on patients who attended a healthcare system during a specific time period, patients who signed up for
clinical trials, or population members recruited online who agreed to complete health questionnaires. When
the random sampling assumption is violated, one option is to respecify the target population to align with the
observed sample, i.e., to implicitly or explicitly assume that the target population is the population that, when
repeatedly sampled, would align with study data in expectation [8]. However, redefining the target population
might not address the original research question. Alternatively, methods to correct for biased sampling and
generalize estimates from the study sample to the target population can be implemented, as further discussed
in the Systematic Errors section.

Parameter of interest

Once the target population is defined, the next step is specification of the parameter of interest, i.e., the estimand.
Under large-sample (frequentist) inference, parameters are viewed as fixed, but unknown, constants. That is, the
parameter is a characteristic of the target population that we do not know but seek to estimate from the observed
sample. Unlike the parameter of interest, the observed data result from random sampling and differ for each
potential sample selected from the target population. Thus, our outcome of interest Y is viewed as a random
variable defined by its cumulative distribution function [3] (p. 29): Fy(y) = P(Y < y). Common parameters of
interest are summaries of the outcome’s cumulative distribution function (e.g., risk at a particular time point
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in survival analysis) or measures of central tendency such as the mean (i.e., the random variable’s expected
value, E(Y) = p). A formal definition of expected value is provided in the Appendix. The parameters of interest
in our motivating example are the mean CD4 cell count and the proportion of women with CD4 cell counts <200
cells/mm3.

Variance and standard deviation quantify how much spread there is in the outcome variable in the target
population, with Var(Y) = E{(Y - ,u)z}, and standard deviation, SD(Y) = 4/Var(Y). The standard deviation is
typically easier to interpret than the variance, as the square root puts the measure back in the natural units of Y
(rather than Y squared). Variation in Y introduces random error in estimation of the parameter of interest from
the sample, which is quantified during statistical inference.

Statistical inference

A central goal of analysis is to estimate the parameter of interest and quantify uncertainty due to sampling.

Estimators are formulated to provide an approximation of the parameter of interest given the sample data.

Note the estimator is the method used to approximate the parameter with data from any given sample, while an

estimate is a single realized numeric value of the estimator when applied to a sample. Here, we use 6 to denote

estimators of an arbitrary parameter 6 and other symbols to denote specific estimators.

Any function that maps the observed data to possible values of the parameter of interest is an estimator,

but not all estimators are useful. For example, consider two estimators of the population mean y: (1) the sam-
n

ple mean u =n~'Y ¥; and (2) the sample minimum p* = min(Yi),for i=1,..., n. In the WIHS data, z = 394
i=1

cells/mm? and y* = 0 cells/mm? (Figure 2A). One might expect the sample mean to be a good approximation for

the population mean (as discussed further below), but would in general not think the minimum observed value

would be close to the true population mean. The properties of estimators are thus important when deciding

which methods to apply for a given study.

Properties of estimators

Two properties of estimators that can be considered when gauging their utility are bias and variance. Bias is
equal to the expected value of the estimator minus the true parameter value, i.e., Bias(é ) =E (é ) — 6. Such
bias is different than sparse data bias, which refers to bias resulting from analyzing data with few or no study
participants that have particular combinations of variables [9]. Unlike sparse data bias, which is remedied as
the sample size increases, bias of the form E é) — 0 may persist even with large samples.

Even if an estimator is unbiased and gives us the right answer on average (i.e., across hypothetical repeated
samples), we typically only observe one sample resulting in a single estimate (Figure 1B). The single estimate
observed for the study is rarely exactly equal to the true parameter value, even with an unbiased estimator. The
distribution of the possible values of the estimator across potential samples is often referred to as the estimator’s
sampling distribution (Figure 1C). It is important to characterize the sampling distribution by quantifying how

R R R )2
much spread is expected in 6. The variance of the estimator is Var(@) =E {0 - E(H) } ] . The standard error

of the estimator, SE(é) = Var(é), is a metric that quantifies how much the estimator 0 differs from its

expected value on average across potential samples of size n from the target population. Note the distinction
between the standard deviation and the standard error. While the standard deviation quantifies spread in the
outcome values (Y), the standard error quantifies spread in an estimator (0) across potential repeated samples
of size n from the target population. Because the standard error quantifies spread in 0, it tends to decrease
as n increases. This is not true for the standard deviation, which measures the variability in the outcome for
the entire population and thus remains constant regardless of sample size. Understanding distinctions between
different types of variability can be difficult, even for experts [10].
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Figure 1: Sampling process. Panel A displays the distribution of the outcome of interest in the target population, panel B depicts three
potential random samples of size 200 from the target population, with sample means 1, 1,, and u; (dotted lines), and panel C depicts
the distribution of sample means across 10,000 possible random samples from the target population. In all figures, the solid line denotes
the true mean in the target population (u).
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Figure 2: Distribution of (A) CD4 cell counts in WIHS sample, n=1,164 and (B) mean CD4 cell count in 2,000 bootstrap samples.

Ideally, estimators will be both unbiased and precise, such that E (é) = @ and Var(6) is small relative to the

variance of other possible estimators of 6. In practical settings, epidemiologists often must make analytic deci-
sions that have implications on both bias and variance, as some approaches that aim to reduce bias in estimators
can result in more imprecision. This is often referred to as the “bias-variance trade-off” [11] (pp. 159-160). When
comparing candidate estimators, researchers should consider both their bias and their variance. Mean squared
error (MSE) is one way to gauge the combined performance of an estimator, as it quantifies both bias and vari-
A A 2 A )2

ance [3] (p. 330), with MSE(G’) = E{ (9 — 9) } = Var(@) + {Bias(é’) } . Note the MSE is equal to variance
for unbiased estimators. .

As an example of the above concepts, the sample mean i = n~'Y’ Y; is an unbiased estimator of the popula-

i=1

tion mean y (see proof [3] (pp. 213-214)), with Var(ﬁ) = ¢2/n, where ¢ = Var(Y). The standard deviation of ¥,

SD(Y) = Vo? = ¢, and the standard error of the estimator SE(z) = y/Var(%) = &/+/n. Note the standard error
and variance of u are scaled by \/ﬁ and n, respectively, as there is less uncertainty in estimation for larger sam-

i=1

n
ples than smaller samples. The standard deviation is typically estimated by SD(Y) = \/ { > (Yi - ﬁ)z } /m—1).
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The division by n — 1rather than n is referred to as “Bessel’s correction” and is done to provide an unbiased esti-
mator of SD(Y) [12]. The standard error of u is typically estimated as SAE(ﬁ) = §5(Y) / \/ﬁ Estimated standard
errors are commonly reported as a metric to gauge the precision of estimators and used to construct confidence
intervals. Since u is an unbiased estimator of , MSE(E) = Var(ﬁ) + {0}* = o2 /n. A proportion (p) is a special
case of the mean estimator when Y is binary, with =  and Var(p) = »(1 — ) /n. In the WIHS example, the
estimated standard deviation and standard error for CD4 cell count are §]\)(Y) = 264 cells/mm? and SAE(E) =8
cells/mm?, respectively. The estimated proportion of women with CD4 cell counts <200 cells/mm? is p = 0.23
with SE(7) = 0.01.

When evaluating estimators, epidemiologists can consider their exact properties, as discussed in the pre-
vious paragraph, or their “large-sample” properties. The large-sample properties of estimators are established
using asymptotic theory, which describes the limiting behavior of estimators as the sample size approaches
infinity. When estimators approach a fixed value as the sample size increases, this is mathematically referred
to as convergence. In practice, many useful estimators may be biased in small samples, but they have desirable
large-sample properties (e.g., asymptotic unbiasedness, consistency). Asymptotically unbiased estimators have
bias that tends toward zero as the sample size tends to infinity, but their variance does not necessarily tend to
zero (i.e., the limit of the expected value of the estimator converges to the parameter of interest). An estimator
can be asymptotically unbiased even if it sometimes produces estimates far from the true parameter value as
long as the average of these estimates is close to the true parameter value as the sample size increases. Con-
sistent estimators converge in probability to the parameter of interest, i.e., the limit of the probability that the
estimator is close to the true parameter value converges to 1 (see Appendix). A consistent estimator has a high
probability of being close to the parameter of interest when the sample size is large [13] (p. 51), which means
that consistency is often a more desirable property than asymptotic unbiasedness. Consistent estimators may
exhibit bias in small samples (see, for example [14]) but tend to perform well in large samples.

As an illustration of the above concepts, consider the following estimators. If one were to take the first
observation (Y;) as an estimator of the mean (), this estimator would be unbiased since E(Y;) = . How-
ever, it is not consistent since the estimator does not get closer to the population mean as the sample size
increases. Thus, not all unbiased estimators are consistent. Alternatively, many estimators we use in prac-
tice (e.g., estimators of the odds and hazard ratios) are biased but consistent. Another example is the Hajek

n n
estimator ji = <Z WiY,-> / (Z Wi>, where W, represents the weight for participant i. The Hajek estimator
is commonly useldlin inversel-plrobability weighted analyses. This estimator is biased but consistent [15], and
often has a smaller standard error and mean squared error than the unbiased Horvitz-Thompson estimator
n
i= <2 WiYi> /n [16, 17].
i=1

The sample mean  is an unbiased estimator of the population mean y and has desirable asymptotic behav-
ior. The law of large numbers states that, for iid samples, as n approaches infinity, the sample estimator of the
mean will tend toward the population mean (formal statement in Appendix). More precisely, the weak law of
large numbers is a fundamental theorem of statistics that states that the sample mean is a consistent estimator
of the population mean [13] (p. 49).

Confidence intervals

Point estimation is only one piece of the inferential puzzle. As previously discussed, there is spread in 6 across
the multiple potential samples that could be selected from the target population (Figure 1C). While variance
and standard error quantify this spread, confidence intervals (CIs) provide additional information about the
precision of an estimator that is useful in interpreting study findings. If a study were repeated an infinite number
of times and our assumptions are correct, an exact 95 % CI would contain the true population parameter value
in at least 95 % of these repeated studies. However, researchers rarely have the opportunity to conduct repeated
sampling. In practice, the width of the CI is often interpreted as a relative measure of statistical precision. Wide
CIs are indicative of high uncertainty in estimation due to random error, while narrower CIs reflect smaller
amounts of sampling error and better statistical precision [18]. An alternative interpretation of CIs considers
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them to be “compatibility intervals,” as they provide the range of parameter values compatible with the observed
data [19, 20].

Exact vs. large-sample confidence intervals

In some settings it is possible to construct an exact (1 — a)% CI for a given significance level « which has the
desirable property that the interval contains the true parameter at least (1 — )% of the time across repeated
samples, even for small samples. However, exact CIs tend to be conservative, i.e., they are often wider than
necessary. Additionally, they are often based on strong assumptions about the distribution of the data, or fall
outside of the large-sample inferential paradigm [21]. Instead, we focus on asymptotic, or approximate, CIs.

Asymptotic CIs are common in epidemiologic studies. With such CIs, the interpretation of containing the
true parameter (1 — a)% of the time across repeated samples does not hold exactly for small samples but is
expected to be close for moderately sized samples. The central limit theorem (CLT) provides theoretical jus-
tification for commonly used asymptotic CIs. The CLT states that for sequences of iid random variables with
finite variance, the standardized sample mean, ﬁ (ﬁ - y) /o, has a limiting standard normal distribution (for-
mal definition in the Appendix). That is, as the sample size grows, the sampling distribution of z more closely
resembles a normal distribution, centered at u. Note this does not imply that the distribution of Y in the sam-
ple is or becomes normal for large samples (Figure 1A and B). Instead, the distribution of the estimated means
across potential samples tends towards a normal distribution as the sample size grows, converging to a normal
distribution in the limit (Figure 1C).

The CLT is a powerful result that holds regardless of the distribution of Y. While individual values of Y
are difficult to predict when the distribution of Y is unknown, the (mean of Y becomes easier to estimate as
sample size grows. A sample size of n = 30 or larger is often suggested as a rule of thumb for applying the CLT
for the estimation of means [22] (p. 348). However, the exact sample size needed for the CLT approximation to
be adequate varies depending on the distribution of Y [13] (pp. 73-74) (e.g., the outcome’s distribution could be
similar to a normal distribution or could be skewed or discrete). The CLT approximation may be reasonable for
smaller samples when Y is known or assumed to be normally distributed.

The CLT is the basis for the construction of commonly used Wald-type asymptotic CIs which have the form
0+ Zi_y /ZS/E<§ ) where z,_, , is the 1 — a/2 percentile of the standard normal distribution. For a two-sided
95 % CI, @ = 0.05 and z; ;5 = 1.96. In practice, Wald-type CIs have known limitations [23, 24], but because they
can be used with a broad range of estimators they are widely applicable. An approximate (1 — a)% Wald-type CI
for the population mean y is 4 + z,_,, /zgﬁ(Y) / \/ﬁ

Bootstrap confidence intervals

Another method for constructing approximate CIs is the nonparametric bootstrap [25]. As it is typically not fea-
sible to select multiple samples from the target population, bootstrap instead relies on repeated sampling from
the original sample. Typically, B repeated samples with replacement of size n are drawn from the sample. The
estimator is applied to each resample, resulting in estimates éb. The distribution of the bootstrap estimates mim-
ics the sampling distribution of 6. Therefore, the standard deviation of the bootstrap estimates 6 , 1S an estimator
of the standard error of 6. Then, the Wald-type CI formula can be applied to construct a Wald-type bootstrap CL
Alternatively, CIs can be constructed based on the percentiles of the bootstrap sampling distribution (e.g., the 2.5
and 97.5 percentiles form a 95 % CI). Both types of bootstrap CIs are asymptotically valid (i.e., provide coverage
of (1 — a)% as the sample size tends to infinity) for the sample mean and other smooth functions of the data
under regularity conditions [26, 27]. While no single value of B is appropriate for all applications, methods are
available to estimate the required B for a given application [28].

There are tradeoffs for these two types of bootstrap confidence intervals. Wald-type bootstrap CIs typically
require less resampling than the percentile method [25] (p. 52), making Wald-type bootstrap CIs preferred for
many computationally intensive applications. However, Wald intervals are symmetric and may produce confi-
dence bounds outside of the range of possible values for the parameter (i.e., the parameter space), while the
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percentile method produces intervals within the parameter space, provided that the point estimator itself does
not produce estimates outside of the parameter space. As an example, Wald intervals may be preferred for esti-
mating the variance of the sample mean of a continuous variable in the context of a simulation study, where
bootstrap resampling would need to be performed within each of thousands of simulated samples. In contrast,
the percentile method may be preferred when estimating the prevalence of a rare outcome near the boundary
of the parameter space.

The bootstrap method is not without limitations. Because the bootstrap is based on large-sample theory,
resulting CIs may not attain the nominal level of coverage when the sample is small. The bootstrap method
relies on the idea that the sample can approximate the population well enough that resampling from the orig-
inal sample (creating “bootstrap samples”) can mimic drawing directly from the population. However, when
the original sample size is small, resamples may not faithfully represent the population distribution. There are
other known limitations of bootstrap methods, so care must be taken to ensure they are appropriate for a given
application [29].

Bootstrap methods have particular utility in settings where it is difficult to derive an analytical form for
the variance of the estimator, including for more complex estimators that require nuisance models [30, 31]. M-
estimation is another estimation approach for such complex estimators [32, 33] but is beyond the scope of this
primer.

In our example, approximate 95 % CIs for the mean CD4 cell count among women living with HIV in the
United States in 1995 based on the Wald interval Y + Zi_q /2§l\)(Y) / ﬁ bootstrap percentile method (B=2,000),
and Wald-type bootstrap CI (B=2,000) are similar: 378 to 409, 379 to 409, and 378 to 409 cells/mm?, respectively.
CIs for the proportion of women with CD4 cell counts <200 cells/mm?® based on the Wald interval, bootstrap
percentile method (B=2,000), and Wald-type bootstrap CI (B=2,000) are all 0.21 to 0.25.

Systematic errors

The inferential methods discussed above are only valid when the stated assumptions hold (i.e., we have an iid
random sample from a probability distribution with finite variance). When assumptions fail to hold, estimators
may exhibit bias, or CIs may fail to have appropriate coverage. Systematic errors are non-random errors that
lead to bias in an estimator relative to the true value in the target population. Large-sample statistical methods
are often used in epidemiology to account for systematic errors. Providing a comprehensive list of the many
ways assumptions can be violated and the methods used to correct for these violations is beyond the scope of
this primer. Here we include a discussion of common violations, with emphasis on biased sampling.

Biased sampling

Standard large-sample inferential approaches assume that the observed sample is a random sample from the
target population. However, sometimes epidemiologists intentionally over- and under-sample units with given
characteristics. For example, stratified samples can be selected, where the target population is divided into
two or more mutually exclusive, exhaustive groups, and independent random samples are selected from each
group. This is common in survey sampling [17] and for case-control studies [34] (pp. 161-184). Both designs aim
to increase representation of certain population units (e.g., based on demographic characteristics or outcome
status) to improve precision of estimators. For consistent estimation, stratified sampling approaches must be
considered in data analysis, e.g., through the use of weights [17].

In other settings, over- and under-sampling of population subgroups is an unintentional consequence of
the sample design, e.g., when study samples are convenience samples that may differ from the target popula-
tion in important ways. Bias may occur when factors associated with study participation are also associated
with the outcome of interest [35]. For example, Figure 3A displays the same target population distribution as
Figure 1A. However, the samples selected in Figure 3B are biased such that individuals with lower levels of the
outcome were oversampled. Specifically, 115 individuals with outcomes below the median and 85 individuals
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Figure 3: Sampling process with biased sampling. Panel A displays the distribution of the outcome of interest in the target population,
which is unchanged from Figure 1. Panel B depicts three biased samples of size 200 from the target population, with sample means u;,
H,, and u; (dotted lines). Samples were selected by stratifying above and below the population median and randomly selecting 115
observations below the median and 85 observations above the median. Panel C depicts the distribution of sample means across 10,000
possible biased samples from the target population. In all figures, the solid line denotes the true mean in the target population (). Note
the sampling distribution is centered left of the true population mean.

with outcomes above the median were sampled. The resulting sampling distribution in Figure 3C is centered
below the population mean, so the estimated mean from a single observed sample is expected to be less than the
population mean. Based on this biased sampling scheme, the previous methods are invalid. Estimates from the
sample do not generalize to the desired target population.

With biased sampling, the target population can be respecified to better align with the study sample or
analytic adjustments can be made to allow for inference to the original target population. Methods for general-
izability seek to correct biases in convenience samples such that they emulate random samples from the target
population, akin to how methods seek to make observational studies emulate target trials with randomized
treatments [36].

Here, we demonstrate one generalizability method using inverse odds of sampling weights [37]. Alterna-
tive approaches have been proposed based on the g-formula [8] and augmented inverse probability weighted
estimators [38]. In the observed WIHS sample, 76 % of participants were over age 30 (Table 1). Assume that the
WIHS sample was older, on average, than the target population, where only 10 % of individuals were over age
30. To make inference to this hypothetical target population, we weight the WIHS data such that the distribution
of age in the WIHS matches the target population distribution. We first stack the WIHS data with a random sam-
ple of 2,000 individuals from the target population (simulated for illustrative purposes). Note, when combined,
the biased sample and the target population sample are not identically distributed, and thus inference relies on
an extension of the standard CLT [13] (p. 571). We fit a logistic regression model, predicting the probability of
being included in the WIHS sample as a function of covariates (here, an intercept term and an indicator for age
>30). Inverse odds of sampling weights [37] are estimated from the fitted model, and the previously discussed
Hajek estimator j is applied to estimate mean CD4 cell count in the target population. The estimated CD4 cell

Table 1: Distribution of WIHS sample and hypothetical target population sample by age group.

Age<30 Age>30 Total
WIHS Sample 279 885 1,164
Hypothetical target population sample® 1,794 206 2,000

@Hypothetical target population sample was randomly selected from a population where 10 % of women had age >30.
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count in the hypothetical target population is 427 cells/mm?, with corresponding 95 % bootstrap CIs (B=2,000)
based on the Wald-type and percentile methods of 399-454 cells/mm?® and 400 to 454 cells/mm?, respectively.
The point estimate is notably larger than the unadjusted mean (i.e., 394 cells/mm3) due to overrepresentation of
women over age 30 in the study sample relative to the target population. CIs are over 50 % wider than the three
intervals presented in the confidence interval section that assume the data are a random sample from the target
population. As previously discussed, there are often tradeoffs between precision and bias.

Other systematic errors

Bias can also be introduced in the presence of measurement error [39], which occurs when the recorded values
of Y do not align with the actual values of Y, due to errors in self-reported data [40, 41] or imperfect assays
[42, 43], for example. Missing data due to study dropout or missed measurements on participating subjects may
lead to biased estimates when the probability of missingness is associated with the outcome of interest [44].
Confounding between an observed exposure and outcome may bias estimates of causal effects, as there may be
common causes of the treatment and outcome that lead to structural associations that differ from the underlying
causal effect [11] (Ch. 7). Methods have been and continue to be developed for valid inference in the presence of
each of these systematic errors.

Many statistical methods assume data are measured perfectly and completely on a random sample from the
target population, and corresponding CIs quantify sampling error alone. In fact, large studies that yield narrow
CIs can give a false sense of security in results in the presence of systematic errors [34, 45]. In the survey sampling
literature, proponents of the “total survey error” framework point to these additional sources of error, which
should be minimized at the study design phase and adjusted for and quantified during analyses [46]. Quanti-
tative bias analysis methods seek to quantify potential systematic errors in terms of magnitude and direction
[47]. Other research focuses on incorporating systematic error into measures of uncertainty, e.g., by proposing
alternatives to conventional CIs that account for more than just sampling error [30]. Sensitivity analyses also
gauge the robustness of findings to violations of assumptions [48-50].

Discussion

Large-sample inference predominates in epidemiology. Over the past several decades, advanced epidemiologic
methods have been developed, building upon the foundational concepts discussed here. Yet large-sample sta-
tistical methods cannot be applied blindly, as these methods depend on assumptions. A clear understanding of
these assumptions can facilitate appropriate selection and application of statistical methods. Even when clearly
understood, these assumptions are often questionable, and violations may result in systematic errors. Common
statistical methods quantify only random error due to sampling from the target population. But as data set size
increases, random error shrinks such that, for large datasets, systematic error often becomes a larger compo-
nent of total error than random error. Therefore, systematic errors hecome a greater driver of accuracy in the
era of big data.

Large-sample inference is not the only inferential paradigm available for epidemiologists. Alternative
paradigms include finite population inference and Bayesian inference. Finite population inference prevails in
the design-based analysis of complex survey data [51-53] and is the basis for many exact, randomization-based
statistical tests [21]. Such methods do not rely on asymptotic arguments, so are particularly useful when applied
to small samples. Bayesian inference leverages Bayes’ theorem to synthesize study data with prior knowledge
about population parameters to inform inference [54].

Statistical inference is a broad field of study, and the theory developed to date is summarized across
numerous texthooks (e.g., [3, 13, 22, 51]) and articles (e.g., [55-57]) in the peer-reviewed literature. The topics
explained in this primer provide an overview of commonly used large-sample inferential methods and point
towards resources with in-depth coverage of key topics. However, this primer is by no means a complete cover-
age of statistical inference. Several important topics (e.g., maximum likelihood estimation, imputation, modern
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statistical methods) were not covered here for brevity, but are described in depth elsewhere in the epidemiology
literature (e.g., [58—60]).

Notably, this primer was limited to discussions of univariate analyses. Estimating associations and causal
effects are clearly of interest to epidemiologists. A wide range of statistical methods have been developed for
the multivariable setting, including nonparametric and semiparametric, regression-based, inverse probability
weighting, and doubly robust approaches. New methods are being developed and published every day. Impor-
tantly, the concepts in this primer are essential to understanding these and other advanced methods. Our hope
is that this primer, focusing on the essentials of large-sample statistical inference, will provide a clearer picture
of the forest for better comprehension of existing and newly emerging trees.
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See Appendix Table 1.
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Appendix Table 1: Glossary of terms.

Sampling and populations

Convenience sampling A method of sample selection where units are not selected randomly but rather from “convenient”
places. An example would be a study that recruited via a flyer displayed in a clinic.

Identically distributed The distribution of observed variables is the same for all units, i.e., the units were drawn from the
same probability distribution.

11D Independent and identically distributed

Independent The variables of one unit do not depend on the variables of other units.

Sample A subset of units from the target population that we use to make inference about the target
population.

Sampling with replacement A method of sampling from the target population where units are “replaced” after being selected,

such that each unit is eligible for selection for each draw from the target population.

Sampling without replacement A method of sampling from the target population where a unit is not replaced after sampling, such
that each unit can be selected into the sample a maximum of one time.

Target population The population for which we want to make inference.

Parameters and estimation

Bias The expected value of the estimator minus the true parameter value, i.e., Bias 0) = E(é) - 0.
Bias tells us how far we expect our estimator to be from the true parameter value, on average.

Bias-variance trade-off When analytic decisions that aim to reduce bias in estimators result in more imprecision, this is
commonly referred to as a bias-variance trade-off.

Estimate Assingle realized numeric value of the estimator when applied to a sample.

Estimator A function of the data from any given sample used to approximate the parameter of interest.

Expected value The average value that a variable takes across repeated sampling from the target population (see

formal definition in “Definitions” section).

Inference The process of estimating parameters of interest (e.g., summary measures of health
characteristics) and quantifying associated uncertainty.

Mean The expected value of a variable in the target population.

Mean squared error A measure that gauges the combined performance of an estimator in terms of variance and bias,
A A 2 A )2
ie, MSE(Q) = E{ (9 - 9) } = Var(e) + {Bias(@)} . Mean squared error is equal to

variance for unbiased estimators.

Parameter of interest, i.e., estimand A fixed, but unknown, characteristic of the target population that we do not know but seek to
estimate from the observed sample. Examples include the mean of the outcome and risk of the
outcome at a specific time point.

Random error Variability in estimation that results from only observing a sample from the target population
rather than the whole population.

Sampling distribution The distribution of an estimator that characterizes the possible values of the estimator across
potential samples.

Standard deviation (of a variable ¥) Standard deviation quantifies spread in a variable in the target population. Formally, it is equal to
the square root of the variance of the variable, i.e., SD(Y) = +/Var(Y). Since standard deviation is
presented in the same units as Y, it can be more intuitive than variance.

Standard error (of an estimator §) ~ Standard error quantifies spread in an estimator with a fixed sample size across possible repeated
samples from the target population. Formally, it is equal to the square root of the variance of the

estimator, i.e., SE(@) =1 /Var(é).

Variance (of an estimator ) The variance of an estimator quantifies how much spread is expected in the estimator with a fixed
sample size across possible repeated samples from the target population. Formally, it is calculated
as the expected squared deviation of the estimator from its mean, i.e.,

var(8) = €[ {0 -£(0) ']
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Sampling and populations

Variance (of a variable Y)

The variance of a variable quantifies how much spread there is in the variable in the target population.
Formally, it is calculated as the expected squared deviation of the variable from its mean, i.e.,
Var(Y) = E{(Y — u)*}.

Large-sample theory

Asymptotically unbiased

An estimator is asymptotically unbiased if bias tends toward zero as the sample size tends to infinity.
That is, the limit of the expected value of the estimator converges to the parameter of interest.

Central limit theorem

The central limit theorem states that for sequences of iid random variables with finite variance, the
standardized sample mean, ﬁ(ﬁ — i) /o, has a limiting standard normal distribution. That is, as
the sample size grows, the sampling distribution of iz more closely resembles a normal distribution,
centered at u. A formal definition of the central limit theorem is included in the “Definitions” section.

Convergence

A mathematical concept describing the behavior of a sequence of random variables as the sample size
increases. Different types of convergence include convergence in probability and convergence in
distribution.

Large-sample inference

The predominant statistical paradigm of inference in epidemiology, which is primarily based on
asymptotic theory, describing the limiting behavior of estimators as the sample size approaches
infinity.

Law of large numbers

The law of large numbers states that, for iid samples, as n approaches infinity, the sample estimator of
the mean will tend toward the population mean. More precisely, the weak law of large numbers is a
fundamental theorem of statistics that states that the sample mean is a consistent estimator of the
population mean. A formal definition of the weak law of large numbers is included in the “Definitions”
section.

Statistical consistency

Estimators that are (statistically) consistent converge in probability to the parameter of interest. A
consistent estimator has a high probability of being close to the parameter of interest when the
sample size is large (see formal definition in “Definitions” section).

Confidence interval construction

Asymptotic confidence intervals

If a study were repeated an infinite number of times, an asymptotic 95 % confidence interval is
expected to contain the true parameter value in approximately 95 % of these repeated studies. This
property does not hold exactly for small samples but is expected to be close for moderately sized
samples.

Bootstrap confidence intervals

Confidence intervals constructed by repeatedly sampling (with replacement) from the original sample
to mimic the estimator’s sampling distribution.

Exact confidence intervals

If a study were repeated an infinite number of times, an exact 95 % confidence interval would contain
the true parameter value in at least 95 % of these repeated studies, even for small samples.

Wald-type confidence intervals

(asymptotic)

Type of confidence interval of the form 6 + z1_a/ZSAE<é), where z,_,,, is the 1 — a/2 percentile of the
standard normal distribution. Wald confidence intervals are based on the central limit theorem.

Systematic errors

Biased Sampling

A systematic error resulting from intentionally or unintentionally over- or under-sampling population
subgroups relative to their representation in the target population.

Confounding

A systematic error resulting from common causes of the treatment and outcome that lead to a
structural association that differs from the underlying causal effect.

Generalizability methods

Methods that seek to correct biases in sampling to enable valid inference to the target population.

Measurement error

An error which occurs when the recorded values of a variable do not align with the actual values of
that variable.

Systematic errors

Systematic errors are non-random errors that lead to bias in an estimator relative to the true value in
the target population. Bias from systematic errors is not remedied by increasing the sample size.
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Definitions

Expected Value: The expected value of a random variable is the mean value the random variable takes across
repeated samples from the target population, i.e., the weighted average of the random variable’s values, where
the random variable’s probability distribution serves as the weight. The expected value can be thought of as the

central location of the distribution of a random variable. Formally [3], if Y is continuous, E(Y) = [ yfy ( y)dy,
where £y (y) is the probability density function for Y. If Y is discrete, E(Y) = > yP(Y = y), where the summation
y

is taken over all values of y that Y can equal.
Statistical Consistency: An estimator 0, is consistent for a population parameter 0 if 6, converges in prob-

ability to 6. That is, for a sequence of random variables él, éz, e én, nllquén - 9| < s) =1foreverye >0
[3] (p. 232). This means that the limit of the probability that the estimator is close to the true parameter value
converges to 1. For this reason, a consistent estimator has a high probability of being close to the parameter of
interest when the sample size is large.

The Weak Law of Large Numbers: Consider the independent and identically distributed (iid) random sam-

n
pleY,,Y,,..., Y, with E(Y;) = p and Var(Y;) = o2 where ¢ is finite. Let zz, = n~') ¥;. Then 7, is a consistent
i=1
estimator for y, i.e., nli)mP( [y — | < e) = 1for every € > 0. A proof of this result can be found in Casella and
Berger [3] (pp. 232-233).

The Central Limit Theorem: Before stating the central limit theorem, we first introduce convergence in dis-
tribution, which relies on the concept of a limit. A sequence of random variables Y;, Y, ..., Y, is said to converge
in distribution to a random variable Y if.

limFy (¥) = Fy(y) for all y where Fy () is continuous, where Fy (y) = P(Y, <y) and Fy(y) = P(Y < y)
are the cumulative distribution functions for Y, and Y, respectively [3] (p. 235). That is, the cumulative distribu-
tion function for Y, approaches the cumulative distribution function for ¥ as n becomes large.

The central limit theorem relies on the concept of convergence in distribution. Consider the iid random
sample Yy, Y,, ..., Y, with E(Y;) = p and Var(Y;) = o2 where o is finite. Then, Z, = y/n(% — 1) /o converges
in distribution to Z as n — oo, where Z has a standard normal distribution [61] (pp. 238-239).

Near independence

The idea of observations being nearly independent can be seen more formally with the introduction of a math-

ematical limit. If a function f(x) approaches the value L as x goes to ¢, we say that L is the limit of f(x) as x

approaches c [62] (p. 51), denoted as lim f(x) = L. In the example in the “Motivation for Large-Sample Inference”
X—C

section, let the population size be denoted by N and the outcome for each member of the population by y;, with
N
i=1,..., N. Then, the population mean is u = N~'Y y;. Under simple random sampling without replacement,
i=1
consider what happens to the mean outcome in the population for units eligible to be selected second (i.e., not
N
selected first) as the population size gets larger. Denote this mean by u/ = W —1)* >y |—Y, p, where
i=1
Y, is the outcome for the first sampled unit, i.e, Y; =y, for a randomly selected i € {1,2,...,N}. Note that
N
imul = 1 -1 T _—1='L_' ST ot s s .l:.
A}LTO u 1}52 N-1) l:ZI Vi ]\}Lrglo WN-1)Y, A}Lrglo Hyg 0. Then, by L’Hopital’s rule, A}Hllo Hy =H Thus,
A}im u! = p. As the population size approaches infinity, the limit of the mean outcome for units eligible to be
—00
selected second is the overall population mean.
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