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Abstract

r

A group Γ is of type Fn for some n ≥  if it has a classifying complex with �nite n-
skeleton. �ese properties generalise the classical notions of �nite generation and
�nite presentability.
We investigate the higher �niteness properties for �bre products of groups. �e

central conjecture is this: If N ↪ Γ
π↠ Q and N ↪ Γ

π↠ Q are short exact
sequences with N of type Fn, Γ and Γ of type Fn+ and Q of type Fn+, then the
�bre product P = {(γ,γ) ∈ Γ × Γ ∣ π(γ) = π(γ)} is of type Fn+. �is is called
the n-(n + )-(n + ) Conjecture.
�e �bre product is the basic construction that all subgroups of direct products

can be built from inductively. �e conjecture therefore has implications for the �nite-
ness properties of these subgroups. In particular, we show that the n-(n+ )-(n+)
Conjecture for nilpotentQ implies another open conjecture, the Virtual Surjections
Conjecture: A subgroup P ≤ Γ × ⋅ ⋅ ⋅ × Γn of a direct product of groups of type Fk is
itself of type Fk if it virtually surjects to k-tuples of factors, i.e. if the image of the
projection P→ Γi×⋅ ⋅ ⋅×Γik has �nite index for all i, . . . , ik with  ≤ i < ⋅ ⋅ ⋅ < ik ≤ n.
We prove the n-(n + )-(n + ) Conjecture in many cases, such as when the

quotient Q is abelian or when the epimorphism π splits. We prove a form of the
conjecture where the Fn-properties are replaced by weaker homological �niteness
conditions. We prove a converse which states (under slightly stronger assumptions)
that the �bre product can only be of type Fn+ if the quotient Q is of type Fn+.
We describe an explicit map in group homology whose kernel gives an obstruction
to the n-(n + )-(n + ) Conjecture. We prove that the general conjecture can be
reduced to the special case where Γ is �nitely generated free and for this case we
construct a concrete �nite, (n + )-dimensional complex with fundamental group
P, which is in a certain sense close to being n-aspherical (and might actually be
n-aspherical).
Our results on the n-(n+)-(n+)Conjecture have consequences for theVirtual

Surjections Conjecture. For example, we show that any subgroup of a direct product
that virtually surjects to k-tuples, where k is greater than half the number of factors,
is of type Fk. We also prove that a subgroup that virtually surjects to k-tuples satis�es
a �niteness condition on k-dimensional homology.
In order to establish these result, we present di�erent approaches to the main

problem, employing a range of methods from topology and homological algebra,
each of which sheds light on the conjecture from a di�erent angle.





As my work on this thesis draws to a close it is my obligation and great pleasure
to acknowledge the invaluable contributions other people have made to it.
First and foremost, I am deeply indebted to my supervisor, Martin Bridson,

whose guidance and advice made this work possible and whose infectious enthu-
siasm for mathematics and eagerness to share his knowledge and ideas made it ex-
citing.
Among the many people who have taught me mathematics in the past, Robert

Bieri and RichardWeidmann deserve my special gratitude not only for introducing
me to this subject area but also for their continued support over the years.
My studies in Oxford were funded by the German Academic Exchange Service

and the Engineering and Physical Sciences Research Council, for which I am very
grateful indeed.
I also would like to thank my friends and fellow students who provided much

encouragement, motivation and comfort.
Finally, I would hardly have been able to start this work, much less �nish it,

without the constant and unconditional support from my family.



vi



Contents

r

1 Introduction 1
1.1 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.2 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
1.3 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

2 Fibre products and subdirect products 11

3 �e Virtual Surjections Conjecture 15
3.1 Virtually Nilpotent Quotients . . . . . . . . . . . . . . . . . . . . . . 15
3.2 �e -- Lemma and virtual surjection to factors . . . . . . . . . . 17
3.3 �e n-(n + )-(n + ) Conjecture implies the Virtual Surjections

Conjecture . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

4 �e --�eorem 25
4.1 Building presentations from short exact sequences . . . . . . . . . . 25
4.2 Reducing to the “free Γ” case . . . . . . . . . . . . . . . . . . . . . . 28
4.3 �e -- situation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
4.4 Crossed modules . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34
4.5 Identities among relators in a short exact sequence . . . . . . . . . . 39
4.6 Proof of the -- �eorem . . . . . . . . . . . . . . . . . . . . . . . . 44
4.7 Towards higher dimensions . . . . . . . . . . . . . . . . . . . . . . . 45

5 A topological approach 49
5.1 Introducing stacks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49
5.2 Stacks and an Fn+-criterion . . . . . . . . . . . . . . . . . . . . . . . 52
5.3 �e Split n-(n + )-(n + ) Conjecture and the reduction to free Γ 56
5.4 Classifying complexes for �bre products with one free factor . . . . 57

6 Homological �niteness properties of �bre products 63
6.1 Type wFPn . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

vii



Contents

6.2 �eWeak n-(n + )-(n + )�eorem . . . . . . . . . . . . . . . . . 67
6.3 �e Bieri-EckmannCriterion and the FP-n-(n+)-(n+)Conjecture 74

7 Resolutions for group extensions 87
7.1 Building complexes from resolutions . . . . . . . . . . . . . . . . . . 88
7.2 Constructing resolutions from short exact sequences . . . . . . . . . 91
7.3 A candidate complex for the n-(n + )-(n + ) Conjecture . . . . . 100

8 Abelian quotients 109
8.1 Σ-invariants, Meinert’s Inequality and the abelian n-(n+ )-(n+)

Conjecture . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110
8.2 �e problem of nilpotent quotients . . . . . . . . . . . . . . . . . . . 112

A Finiteness properties 115
A.1 Topological �niteness properties . . . . . . . . . . . . . . . . . . . . . 115
A.2 Homological �niteness properties . . . . . . . . . . . . . . . . . . . . 124

viii



1
Introduction

r

Ever tried. Ever failed. No matter.
Try again. Fail again. Fail better.

—Samuel Beckett

�is thesis is about the higher �niteness properties of �bre products and of sub-
groups of direct products of groups. Our account is built around a central theme:

The n-(n + )-(n + ) Conjecture. Let

N ↪ Γ
π↠ Q

N ↪ Γ
π↠ Q

be two short exact sequences of groups and

P ∶= {(γ,γ) ∈ Γ × Γ ∣ π(γ) = π(γ)}

their �bre product.
If N is of type Fn, both Γ and Γ are of type Fn+ and Q is of type Fn+, then P is
of type Fn+.

�e aim of this introduction then is to explain, �rst, the motivations behind
and consequences of this conjecture— and hence, why we should be interested in it.
And second, to give a synopsis of the progress we havemade on resolving it, the task
with which, in one way or another, we shall be concerned with for the remainder of
the thesis.
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Chapter 1. Introduction

1.1 Background

Subgroups of direct products of free groups �e origins of the n-(n+ )-(n+ )
Conjecture lie in the study of subgroups of direct products of free groups, surface
groups and limit groups. Historically, subgroups of direct products of free groups
were the �rst source of examples for groups with exotic higher �niteness properties.
Stallings in [Sta63] discovered the �rst example of a �nitely presented group with
non-�nitely generated integral homology in dimension  as a subgroup of a direct
product of three free groups.
Over time, the systematic study of such subgroups of direct products has re-

vealed that higher �niteness properties play a central role in understanding this
class of groups. In particular, the literature has brought to light an apparent dicho-
tomy between those subgroups which satisfy strong �niteness properties and those
which do not — a contrast �rst observed by Baumslag and Roseblade in [BR84].
�ey showed that although in a direct product of two �nitely generated free groups
one can �nd uncountably many isomorphism classes of subgroups, the only �nitely
presented subgroups are virtually direct products of two free groups.
�e “wildness” of general subgroups of a direct product of free groups is further

exempli�ed by a number of unsolvability results: In a direct product F × F of two
free groups on two generators

• there is a �nitely generated subgroup L ≤ F × F with unsolvable membership
problem [Mih66] and unsolvable conjugacy problem [Mil92],

• the isomorphism problem among �nitely generated subgroups is unsolvable
[Mil92],

• there are uncountably many subgroups with non-isomorphic abelianisation
[BM09], and

• there is no algorithm to compute the rank of the abelianisation of an arbitrary
�nitely generated subgroup [BM09].

�e other side of Baumslag and Roseblade’s dichotomy was greatly expanded
on in a series of papers by Baumslag, Bridson, Howie, Miller and Short [BBMS00,
BHMS02, BH07b, BH07a, BHMS09, BHMS12]. In particular, they generalised the
result from [BR84] to direct products of any (�nite) number of free groups, or more
generally, surface groups or limit groups1. �is generalisation says that a subgroup
P ≤ Γ × ⋅ ⋅ ⋅ × Γn in a direct product of �nitely generated free (surface, limit) groups
Γ, . . . , Γn, which is of type Fn, is itself virtually a direct product of n or fewer �nitely
generated free (surface, limit) groups [BHMS02, �eorem A], [BHMS09, �eorem
A]. In fact, if the intersection of Pwith each factor Γi is non-trivial, then the product

1�e latter are most easily de�ned as the �nitely generated fully residually free groups, i.e. those
�nitely generated groups Γ such that for every �nite subset X ⊂ Γ there is a free group F and a
homomorphism f ∶ Γ → F which is injective on X. �is class includes free groups, free abelian
groups and fundamental groups of orientable surfaces.
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1.1. Background

of these intersections will have �nite index in P [BHMS02, �eorem B], [BHMS09,
�eorem C]. So, virtually, the only subgroups of type Fn are the “obvious” ones.
In both results the higher �niteness condition is essential: Stallings’ example

mentioned earlier and its generalisations by Bieri [Bie81] provide �nitely presented
subgroups in a direct product of three or more free groups (and intersecting each
factor non-trivially), which do not satisfy the conclusions of the theorems.
�is indicates that a thorough study of the higher �niteness properties of sub-

groups of direct products will be necessary in order to gain a full understanding of
this class of groups. In particular, there is great interest in comprehending the class
of �nitely presented subgroups of direct products of limit groups, as these are just
the �nitely presented residually free groups. A systematic study of these groups was
started in [BHMS12].
In light of the work cited above, one might think of the subgroups of a direct

product of n free (or limit) groups as arranged along a spectrum according to which
�niteness properties they satisfy. At the lower end, the class of all �nitely generated
subgroups is hopelessly complicated. At the upper end, the only subgroups of type
Fn are the obvious ones. But if we aim to understand all the �nitely presented groups
we need to �nd out what happens as one imposes successively stronger �niteness
conditions. �ehope is that the stark contrast between “�nitely generated” and “type
Fn” will, to some extent, be resolved by considering the classes in between.
�ere are some promising signs that this is not a futile endeavour. �e examples

by Stallings and Bieri are subgroups of type Fn− in a direct product of n free groups.
And while they are certainly not as well-behaved as the subgroups of type Fn, they
are not anywhere as arbitrary as �nitely generated subgroups either. In fact, the
original examples are kernels of maps from the direct product to a �nitely generated
abelian group, and it turns out that any subgroup of type Fn− has to be (virtually)
of that type ([BM09, �eorem E] for the case of three factors; see our Corollary 3.4
for a stronger statement).
On the other end of the spectrum, the work of [BHMS12] has demonstrated that

the �nitely presented subgroups in a direct product of limit groups, while still a very
large class of groups, do not exhibit quite asmuch “wildness” as the �nitely generated
subgroups. For example, in contrast to the unsolvability results cited above, the
�nitely presented subgroups do have solvable conjugacy andmembership problems
[BHMS12, �eorems J & K].

�eVirtual Surjections Conjecture In [BHMS12] a general criterion was given to
recognise �nitely presented subgroups of a direct product: If P ≤ Γ × ⋅ ⋅ ⋅ × Γn is a
subgroup of the direct product of �nitely presented groups Γ, . . . , Γn such that the
image of P under each projection P → Γi × Γj to a pair of factors has �nite index
in Γi × Γj then P is �nitely presented. �e latter condition has been termed “virtual
surjection to pairs” and the criterion has been used to great e�ect to study the �nitely
presented subgroups of free and limit groups (yielding some of the results we cited
above).
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Chapter 1. Introduction

Given the utility of this criterion in studying �nitely presented subgroups and
in view of our proclaimed goal to understand what the subgroups of type Fk in a
direct product are for any k, the following conjecture suggests itself:

The Virtual Surjections Conjecture. Let Γ, . . . , Γn be groups of type Fk and
P ≤ Γ×⋅ ⋅ ⋅×Γn a subgroup of their direct product. Assume that P virtually surjects
to k-tuples of factors, i.e. for any i, . . . , ik with  ≤ i < ⋅ ⋅ ⋅ < ik ≤ n the image of P
under the projection P→ Γi × ⋅ ⋅ ⋅ × Γik is of �nite index. �en P is of type Fk.

�is conjecture appears in the literature in various forms, e.g. [Koc10, Section
5] or [Dis08, Section 12.5]. While the conjecture makes no assumptions on the
factor groups, beyond the �niteness condition Fk, it is especially relevant for direct
products of free groups (or limit groups), where a converse is known to hold.
To state this, let us introduce two pieces of terminology: If P ≤ Γ × ⋅ ⋅ ⋅ × Γn is a

subgroup of a direct product, we shall call P a subdirect product of Γ, . . . , Γn if all the
projection maps to the factors P → Γi are onto. P is called a full subdirect product
if, in addition, the intersections P ∩ Γi are non-trivial for all i.
It is o�en possible to restrict attention to subdirect products or full subdirect

products, by means of two simple observations: If P ≤ Γ × ⋅ ⋅ ⋅ × Γn is any subgroup
then P is a subdirect product of Γ′ , . . . , Γ

′
n where Γ′i is the image of P under the

projection P→ Γi.
And if P is a subdirect product, such that the intersection of P with, say, Γ is

trivial, then the projection to the remaining factors P → Γ × ⋅ ⋅ ⋅ × Γn has trivial
kernel, so we can embed P as a subgroup into a direct product with fewer factors.
We can repeat this procedure if necessary — one by one projecting away from the
factors that intersect P trivially — until we end up with an embedding of P as a full
subdirect product of some subset of the factors Γ, . . . , Γn.
In particular, inmost cases of interest, restricting to full subdirect products does

not impose a real restriction on the class of groups considered.
For subdirect products of non-abelian free (or limit) groups the following is

conjectured to hold:

Conjecture. A full subdirect product P ≤ Γ × ⋅ ⋅ ⋅ × Γn of the non-abelian limit
groups Γ, . . . , Γn is of type Fk if and only if it virtually surjects to k-tuples of factors.

One direction of this is, of course, contained in the Virtual Surjections Con-
jecture. �e other direction — that any full subdirect product of type Fk virtually
surjects to k-tuples — has been established in [BHMS12, �eorem D] for k =  and
in [Koc10, �eorem D] in the general case. Proving the Virtual Surjections Conjec-
ture would thus complete the picture and give a full characterisation of the subdirect
products of type Fk of free groups.
One of the main reasons why we care about the n-(n+ )-(n+ ) Conjecture is

that it implies the Virtual Surjections Conjecture (�eorem 3.14).

p
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1.1. Background

Higher �niteness properties Another reason why we believe the n-(n+)-(n+)
Conjecture deserves to be studied is because of its relation to the theory surrounding
higher �niteness properties of groups.
While the higher �niteness properties are de�ned as natural generalisations of

the fundamental properties of �nite generation and �nite presentability and have
been studied for a long time (they �rst appear in [Wal65] and [Ser71]), they are
still in some ways poorly understood. �e interest in studying subgroups of direct
products, where, as we explained above, �niteness conditions do have palpable ef-
fects on the group structure, goes both ways: Finiteness conditions might serve as a
tool for understanding subdirect products, but conversely, understanding subdirect
products might also shed more light on the nature of the higher �niteness proper-
ties. Viewed from this angle, the n-(n+ )-(n+ ) Conjecture supplies a novel way
of establishing these properties.
Let us mention two connections in particular.

Amalgamated free products First, it is worthmentioning that, from the viewpoint
of category theory, the �bre product is just the pullback in the category of groups,
and thus dual to the amalgamated free product. For the latter operation, an analog-
ous statement to the n-(n + )-(n + ) Conjecture exists: If N ↪ Γ and N ↪ Γ
are monomorphisms such that N is of type Fn− and Γ and Γ are of type Fn then
the associated amalgamated product Γ ∗N Γ is of type Fn. For n = , where the
converse holds as well, this is a remark by Baumslag [Bau62] and in general it fol-
lows, for example, from the construction of classifying complexes for amalgamated
products in [SW79] (see also [Bie81, �eorem 2.13]).
Clearly, the conjecture for �bre products is decidedly more subtle, as it involves

�niteness conditions not just on the factor groups and the quotient but also on one
of the kernels in an essential way (for more on the necessity of the conditions in
the conjecture, see also the end of Section 3.3). Remarkably, the proof of the state-
ment for amalgamated products is not di�cult either: Essentially, the classifying
complex for the amalgamated product constructed in the naı̈ve way will have the re-
quired �niteness properties (e.g., in the case n =  it su�ces to consider the “usual”
presentation for the amalgamated product). �e same, alas, cannot be said for the
�bre product, but in any case, as a complement to the basic theorem on �niteness
properties of amalgamated products, the n-(n+ )-(n+) Conjecture seems worth
striving for. For more on this relationship, see also the “Further remarks” in Section
5.4.

Bestvina-Brady groups and Σ-invariants While it is generally a hard problem to
determine the �niteness properties of subgroups — even for the properties of �-
nite generation and �nite presentability — there is one class where a far-reaching
theory is available: For kernels of maps to abelian groups, the theory of Σ- or Bieri-
Neumann-Strebel-Renz invariants, provides great insights and a very useful set of
tools for establishing higher �niteness properties (we will use them for this pur-
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Chapter 1. Introduction

pose in Chapter 8). In [BB97] Bestvina and Brady used their “synthetic Morse the-
ory” to determine the precise �niteness properties of kernels of maps from right-
angled Artin groups to Z, essentially by determining the Σ-invariants of general
right-angledArtin groups (see also [MMV98, BG99]). �ese kernels— theBestvina-
Brady groups — have been studied extensively since and have proved a rich source
of examples of groups with various exotic properties.
Of course, direct products of free groups are examples of right-angled Artin

groups and the results of Bestvina and Brady (or the earlier work by Meinert in
[Mei94]) can be used to obtain information on the �niteness properties of subgroups
containing the commutator subgroup. �e n-(n+)-(n+)Conjecture and the Vir-
tual Surjections Conjecture would complement this picture by supplying informa-
tion on the higher �niteness properties of arbitrary subgroups that are out of reach
of methods using Σ-invariants.
Viewed from the angle of Σ-theory, an answer to the Virtual Surjections Conjec-

turewould be especially interesting because the subdirect products that virtually sur-
ject to k-tuples of factors contain some term of the lower central series, though usu-
ally not the commutator subgroup (see also Section 3.1). �ere have been attempts
to generalise some aspects of Σ-invariants to give information on such subgroups
(e.g. [BG95, BG00]), but progress on this problem has been slow and a general the-
ory, possibly encompassing the higher-dimensional invariants, has yet to emerge.
�ough this is speculative at present, the n-(n + )-(n + ) Conjecture and Virtual
Surjections Conjecture would provide an alternative approach to deriving higher
�niteness properties of subgroups contatining a term of the lower central series in
one particular setting, possibly giving some clues on what a more general theory of
Σ-invariants might look like.

p

1.2 Results

While we have not yet succeeded in proving the n-(n+ )-(n+ ) Conjecture (and
thus the Virtual Surjections Conjecture) in full generality, we have made substan-
tial progress, employing a variety of methods to establish certain special cases, rule
out potential counterexamples, prove homological analogues or shed light on the
general case.

Theorems 5.6 & 8.3.�e n-(n + )-(n + ) Conjecture holds

• when the second epimorphism π ∶ Γ↠ Q splits, or

• when Q is abelian.

�e latter result is particularly interesting in light of the following:

Theorem 3.14. If the n-(n + )-(n + ) Conjecture holds for nilpotent Q then the
Virtual Surjections Conjecture holds.

6



1.2. Results

In particular, the result on abelian quotients implies the following special case
of the Virtual Surjections Conjecture:

Corollaries 8.5 & 8.6. Let Γ, . . . , Γn be groups of type Fk. A subdirect product
P ≤ Γ×⋅ ⋅ ⋅×Γn that virtually surjects to k-tuples is of type Fk if Γi/(P∩Γi) is abelian
for all i (previously obtained in [Koc10, �eorem 34]); this holds, in particular, if
k > n

 .

Furthermore, we show that the general n-(n + )-(n + ) Conjecture can be
reduced to a special case:

Proposition 5.7. If the n-(n+ )-(n+ ) Conjecture is true whenever Γ is �nitely
generated free, then it holds in general.

We consider the n-(n + )-(n + ) Conjecture for the case where Γ is free
in Section 7.3. In that case we manage to produce — assuming a certain fact, for
which we have strong evidence, but which we cannot currently prove — an (n+ )-
dimensional complexW, which has the �bre product P as its fundamental group,
and satis�es πk(W) =  for  ≤ k ≤ n −  and H(N,πn(W)) = . We believe that
there is a good chance that, in fact, πn(W) =  which would prove the n-(n + )-
(n + ) Conjecture.
In the literature on subdirect products, another �niteness property has proved

particularly useful. A group Γ is said to be of type wFPn if the integral homology
groups Hk(Γ′,Z) are �nitely generated for any k ≤ n and any �nite index sub-
group Γ′ ≤ Γ. In many of the results we quoted from the literature earlier, the
Fn-assumptions can in fact be weakened towFPn. We show a variant of the n-(n+)-
(n+ ) Conjecture and the Virtual Surjections Conjecture for these �niteness prop-
erties:

Theorem 6.8. If

N ↪ Γ↠ Q
N ↪ Γ↠ Q

are short exact sequences with N of typewFPn, Γ of typewFPn+, Γ of type FPn+
and Q of type FPn+, then the associated �bre product is of type wFPn+.

Corollary 6.9. If Γ, . . . , Γn are groups of type Fk and P ≤ Γ×⋅ ⋅ ⋅×Γn is a subgroup
that virtually surjects to k-tuples then P is of type wFPk.

In conjunction with Kochloukova’s result, cited earlier, this shows

Corollary 6.11. A full subdirect product P ≤ Γ × ⋅ ⋅ ⋅ × Γn of non-abelian free (or
limit) groups virtually surjects to k-tuples (where k ≥ ) if and only if it is of type
wFPk.

We also obtain a result that can be considered a kind of converse to the n-(n+)-
(n + ) Conjecture:

7



Chapter 1. Introduction

Theorem 6.20. If

N ↪ Γ↠ Q
N ↪ Γ↠ Q

are short exact sequences with N of type FPn, Γ, Γ of type FPn+ and the associated
�bre product is of type FPn+, then Q is of type FPn+.

Finally, we produce an obstruction to the Conjecture in the form of a kernel
(whichmight always vanish) of a particular explicit map between homology groups.

Proposition 6.3. Let

N ↪ Γ↠ Q
N ↪ Γ↠ Q

be short exact sequences and P their associated �bre product. �en there is a map

ϕ ∶ H(Γ,Hn(N,∏ZP)) → H(Q,Hn(N,∏ZΓ)).

If this map is injective then the n-(n+ )-(n+) Conjecture holds for the sequences
above.

p

1.3 Summary

We shall give a brief rundown of the main part of the thesis.
In Chapter 2, we recall some of the fundamental properties of �bre products and

their relation to subdirect products of groups.
�emain result of Chapter 3 is that the n-(n+ )-(n+)Conjecture implies the

Virtual Surjections Conjecture. We also prove the -- Lemma, which is a standard
result, and provide a strengthening of the Virtually Nilpotent Quotients �eorem
from [BM09] and [BHMS12], which we use later to prove Corollary 8.6, quoted
earlier. �e methods in this section are mostly elementary.
In Chapter 4, we provide a proof of the -- �eorem, which was �rst estab-

lished in [BBMS00] and [BHMS08]. While the results are not original, our method
di�ers from the proof in the literature. Weprovide this proof largely because it serves
as a guide to the generalisations in the following chapters. �e tools we use are based
around crossed modules.
In Chapter 5, we pursue a topological approach to the problem, trying to estab-

lish higher �niteness properties by constructing classifying complexes directly. Here
we prove the Split n-(n+)-(n+)�eorem and the reduction to the case where the
second factor is �nitely generated free. �e main tools we use are from the theory
of “stacks” as de�ned by Geoghegan [Geo08].
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1.3. Summary

In Chapter 6, we establish the wFPn-version of the two conjectures, as quoted
above. �e approach in this chapter ismuchmore combinatorial, mainly using tools
from homological algebra, such as the Lyndon-Hochschild-Serre spectral sequence.
We also establish the “converse” alluded to above, employing the Bieri-Eckmann
characterisation of FPn-properties. Furthermore this viewpoint allows us to formu-
late the obstruction given above.
In Chapter 7, we attack the Conjecture by trying to build suitable resolutions for

groups. �e goal is to develop an algebraic approach which mirrors Chapter 5, but
allows for explicit computation and is at the same time more powerful than the one
based on homology groups from the previous chapter.
In Chapter 8, we prove the n-(n + )-(n + ) Conjecture for abelian quotients

and the corresponding case of the Virtual Surjections Conjecture. We also give a
brief analysis of the situation for nilpotent quotients. �e methods we use here are
based on the theory of Bieri-Neumann-Strebel-Renz- or Σ-invariants.
Finally, in an appendix, we collect some (mostly) standard results on the �nite-

ness properties Fn and FPn, which we use throughout themain text, for the conveni-
ence of the reader.
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2
Fibre products and subdirect products

r

We shall start o� by giving the basic de�nitions and recalling some fundamental
facts about the construction of �bre products and how that basic construction can
be used to iteratively build up subdirect products of groups.

g De�nition 2.1. A subdirect product of the groups Γ, . . . , Γn is a subgroup P ≤ Γ ×
⋅ ⋅ ⋅×Γn of the direct product such that the canonical projections P→ Γi are surjective
for all i.

One way of obtaining a subdirect product of two groups is via the �bre product
construction: Let

N ↪ Γ
π↠ Q

N ↪ Γ
π↠ Q

be two short exact sequences. �en we call

P ∶= {(γ,γ) ∈ Γ × Γ ∣ π(γ) = π(γ)}

the �bre product associated to these sequences (or to π and π).1

A crucial observation is that to any such �bre product we can associate two exact
sequences of the form N ↪ P↠ Γ and N ↪ P↠ Γ. More precisely:

1If the two sequences are identical, i.e. π = π, P is o�en called a “symmetrical” or “untwisted”
�bre product (associated to π), but we will make little use of this concept.

11



Chapter 2. Fibre products and subdirect products

Lemma 2.2.�e �bre product above �ts into a commutative diagram

 × N N

N ×  P Γ

N Γ Q

↪
→

↪
→

↪ → ↠p

↠ p ↠ π

↪ → ↠π

with exact rows and columns, where p ∶ P → Γ and p ∶ P → Γ are the restric-
tions of the canonical projections Γ × Γ → Γi and all the injections are inclusion
homomorphisms.

Proof. �e lower right square commutes simply by the de�nition of the �bre product.
If (γ,γ) ∈ P is in the kernel of p, then γ =  and π(γ) = π(γ) = , so
γ ∈ kerπ = N. Obviously, N ×  is sent isomorphically to N ≤ Γ under the
projection p. �e rest follows by symmetry.

We will usually identify N ×  with N and  × N with N.
It is a basic observation that every subdirect product of two groups is a �bre

product. Precisely, we have the following:

Lemma 2.3. Let P ≤ Γ×Γ be a subdirect product of Γ and Γ. Let N ∶= P∩Γ and
N ∶= P∩ Γ, where Γ denotes the subgroup Γ ×  ≤ Γ × Γ and similarly for Γ (i.e.
we have identi�ed each Γi with its image under the natural inclusion Γi ↪ Γ × Γ).
�en

Γ/N ≅ P/N × N ≅ Γ/N

and P is the �bre product associated to two short exact sequences

N ↪ Γ↠ Q
N ↪ Γ↠ Q.

Proof. Let pi ∶ P → Γi for i = ,  denote the restriction of the canonical projection
Γ × Γ → Γi. Clearly, N is the kernel of p, so N is normal in P. Symmetrically,
N is normal in P, as well. �erefore N × N is normal in P and the quotient map
P→ P/(N × N) factors over both projections pi, giving a commutative square

P Γ

Γ P/N × N

→p

→p → π

→π

12



�e kernel of π is p(N × N) = N, and similarly kerπ = N. Denoting P/(N ×
N) by Q, we thus have two short exact sequences:

N ↪ Γ
π↠ Q

N ↪ Γ
π↠ Q.

Let P′ denote their �bre product. Commutativity of the above square means that
P ≤ P′. Conversely, if γ′ = (γ′,γ′) ∈ P′, set q ∶= π(γ′) = π(γ′). �en pick a
γ ∶= (γ,γ) ∈ P with

γ(N × N) = q.

�en πi(γi) = q = πi(γ′i) for i = ,  by de�nition of the maps πi. And hence
γγ′− ∈ N × N ⊂ P so γ′ ∈ P.
�is shows that P = P′, so P is the �bre product associated to the two short exact

sequences.

Indeed, not only is every subdirect product of two groups a �bre product, but
we can build up any subdirect product of three or more groups by iterating the �bre
product construction. �e following notation will be frequently useful, when deal-
ing with subgroups of direct products of more than two groups:

g Notation. Let Γ, . . . , Γn be groups and P ≤ Γ ∶= Γ × ⋅ ⋅ ⋅ × Γn a subgroup of their
direct product. For J = {i, . . . , im} ⊂ {, . . . ,n} with i, . . . , im pairwise distinct,
we will denote by ΓJ the group Γi × ⋅ ⋅ ⋅ × Γim , which we will also, via the canonical
injection, consider a subgroup of Γ. Furthermore, wewill denote by pJ the canonical
projection map P → ΓJ and by NJ the intersection P ∩ ΓJ. Sometimes we will omit
curly braces to unclutter the notation, e.g. we will write p,...,n− for the projection
P→ Γ × ⋅ ⋅ ⋅ × Γn−, in place of p{,...,n−}.

Now let P ≤ Γ × ⋅ ⋅ ⋅ × Γn be a subdirect product. Using the notation introduced
above, set

T ∶= p,...,n−(P) ≤ Γ × ⋅ ⋅ ⋅ × Γn−.

�en P is a subdirect product ofT and Γn, so by Proposition 2.3 it is the �bre product
associated to short exact sequences

N,...,n− ↪T ↠ Q
Nn ↪ Γn↠ Q.

Note that T, in turn, is a subdirect product of Γ, . . . , Γn−. �is allows us to argue
about subdirect products of any number of groups by using induction on the num-
ber of factors and dealing with a �bre product at every step.
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3
�eVirtual Surjections Conjecture

r

In the Introduction we explained that one of the major motivations for studying the
n-(n + )-(n + ) Conjecture is that it implies the Virtual Surjections Conjecture,
which relates the �niteness properties of subdirect products to the way these groups
are embedded in the ambient direct product. �e main goal of the present section
is to prove this implication. En passant, we will prove the -- Lemma, the lowest
case of the n-(n+ )-(n+)Conjecture, and observe a curious connection between
subdirect products and nilpotent groups.
Let us restate the embedding condition from the Introduction, which we can

now phrase using the notation introduced earlier:

g De�nition 3.1. Let Γ, . . . , Γn be groups and let P ≤ Γ×⋅ ⋅ ⋅×Γn be a subgroup of their
direct product. We say that P virtually surjects to k-tuples of factors if pJ(P) ≤ ΓJ is
a �nite index subgroup for every k-element subset of indices J ⊂ {, . . . ,n}.

Recall the conjecture from the Introduction.

Conjecture 3.2 (The Virtual Surjections Conjecture). Let k ≥ . Let
Γ, . . . , Γn be groups of type Fk and P ≤ Γ×⋅ ⋅ ⋅×Γn a subgroup of their direct product.
If P virtually surjects to k-tuples of factors then P is of type Fk.

Wewill now embark on the task of showing that the n-(n+)-(n+)Conjecture
implies the Virtual Surjections Conjecture.

3.1 Virtually Nilpotent Quotients

As our �rst ingredient we need an important consequence of the property of virtu-
ally surjecting to k-tuples for some k ≥ . �is lemma originated in the “Virtually
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Chapter 3. The Virtual Surjections Conjecture

NilpotentQuotients�eorem” from [BM09, Section 4.3], see also [BHMS12, Propos-
ition 3.2]. We will prove a variation of this with a precise bound on the nilpotency
class, which we will exploit in Chapter 8.

Lemma 3.3. Let Γ, . . . , Γn be groups and P ≤ Γ×⋅ ⋅ ⋅×Γn a subdirect product which
virtually surjects to k-tuples for some k ≥ . �en for every index i the group Γi/Ni
is virtually nilpotent of class at most ⌈n−

k− ⌉ − .

Proof. We will show the statement only for i = . For other choices of i the proof
is entirely analogous (or alternatively, can be reduced to the case treated here, using
the isomorphism exchanging the �rst and ith factor of the product).
Let s ∶= ⌈n−

k− ⌉. �en the set I ∶= {, . . . ,n} can be partitioned into s disjoint
subsets I, . . . , Is ⊂ I of size ∣Im∣ ≤ k −  for all m. Set I′m ∶= {} ∪ Im. Since P
virtually surjects to k-tuples, pI′m(P) is of �nite index in ΓI′m for all m. �erefore
Γ′ ∶= ⋂sm=(pI′m(P) ∩ Γ) is of �nite index in Γ. Note that Γ

′
 consists of all those

γ ∈ Γ such that for each m with  ≤ m ≤ s there exists a g ∈ P with p(g) = γ and
pi(g) =  for all i ∈ Im. In particular Γ′ contains N.
Now let γ, . . . ,γs ∈ Γ′ . We will show that the iterated commutator

c ∶= [γ, [γ, . . . , [γs−,γs] . . . ]]

is in N. Pick elements g, . . . , gs ∈ P such that p(gm) = γm for  ≤ m ≤ s and
pi(gm) =  for i ∈ Im. Now let

c′ ∶= [g, [g, . . . , [gs−, gs] . . . ]].

�en c′ is in P and p(c′) = c. Furthermore, for each i with  ≤ i ≤ n there is an m
with  ≤ m ≤ s such that i ∈ Im, so pi(gm) = . But clearly, if one of the elements
in an iterated commutator equals , then the commutator itself equals , too. So for
each i with  ≤ i ≤ n, we get that pi(c′) = . But this means that c = c′ ∈ Γ ∩ P = N.
We have shown that N contains all the commutators of length s in Γ′ and there-

fore it also contains γs−Γ′ , the (s − )th term in the lower central series of Γ′ . �is
proves that Γ′/N is nilpotent of class at most s − .

In particular we record the following generalisation of [BM09, Lemma 4.9].

Corollary 3.4. Let Γ, . . . , Γn be groups and let P ≤ Γ × ⋅ ⋅ ⋅ × Γn be a subgroup
of their direct product which virtually surjects to k-tuples for some k > n

 . �en
pi(P)/Ni is virtually abelian for all i.
Furthermore, P is virtually the kernel of a homomorphism to an abelian group. Pre-
cisely: �ere are �nite index subgroups Γi ≤ Γi for each i and a homomorphism
ϕ ∶ Γ × ⋅ ⋅ ⋅ × Γn → Ato an abelian group A, such that P ∩ (Γ × ⋅ ⋅ ⋅ × Γn) = kerϕ.

Proof. Let Γ′i ∶= pi(P) ≤ Γi. �ese are �nite index subgroups, since P virtually
surjects to k-tuples. �en P is a subdirect product in Γ′ ×⋅ ⋅ ⋅×Γ′n, which still virtually
surjects to k-tuples. Now, since k > n

 , we have k ≥
n
 +


 and so

n−
k− ≤ . So Lemma

3.3 says that Γ′i/(P ∩ Γ′i) = Γ′i/Ni is virtually abelian for all i.
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3.2. The -- Lemma

Hence there are �nite index subgroups Γi ≤ Γ′i , containingNi, for all i, such that
Γi /Ni is abelian. �en Ni contains the commutator subgroup [Γi , Γi ]. �erefore
N × ⋅ ⋅ ⋅ ×Nn contains the commutator subgroup of Γ × ⋅ ⋅ ⋅ × Γn. But then P∩(Γ ×
⋅ ⋅ ⋅ × Γn) contains this commutator subgroup as well, and in particular it is normal
in Γ × ⋅ ⋅ ⋅ × Γn with abelian quotient group.

Corollary 3.4 is particularly interesting in light of the following theorembyKoch-
loukova [Koc10, �eorem 11]:

Theorem 3.5. If Γ, . . . , Γn are non-abelian free (or limit) groups and P ≤ Γ×⋅ ⋅ ⋅×
Γn is a full subdirect product of type Fk then P virtually surjects to k-tuples.

We can thus conclude:

Corollary 3.6. If Γ, . . . , Γn are non-abelian free (or limit) groups and P ≤ Γ ×
⋅ ⋅ ⋅×Γn is a full subdirect product of type Fk with k > n

 then P is virtually the kernel
of a map to an abelian group (in the same sense as in the statement of Corollary
3.4).

�e subgroups which are virtually kernels of maps to abelian groups are called
“of Stallings-Bieri type” in [BM09], alluding to the examples in [Sta63] and [Bie81] of
groups of type Fn− with non-�nitely generated nth integral homology group, which
are kernels of maps from a direct product of n �nitely generated free groups to Z.
For a while, it was an open question whether every �nitely presented full subdirect
product of free groups is of this type [BM09, Question 4.3], until examples proving
that this is not the case were discovered in [BHMS08,�eoremH] (or see [BHMS12,
�eorem H]).
We will have more to say on these kinds of subgroups in Chapter 8, but let us

for now get back to the matter at hand.

3.2 �e -- Lemma and virtual surjection to factors

Next, we will investigate the case k =  of the Virtual Surjections Conjecture. Of
course, we have excluded this case from the Conjecture with good reason: It is not
true for k = ; we will obtain an ample source of counterexamples shortly. It does
however become true, if we add the extra assumption that the pi(P)/Ni be virtually
nilpotent for all i— as they are for k ≥  by Lemma 3.3.
To show that this is the case, we will need the -- Conjecture. As we will see,

this is really no more than an easy lemma. Nevertheless, it is well worth recording
the steps carefully here, since we will notice at many points during our later work
on the n-(n+)-(n+)Conjecture that the di�culties frequently lie in formulating
and proving higher-dimensional analogues of these very simple steps.
We start with a statements on �nite generation and �nite presentability in short

exact sequences of groups.
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Chapter 3. The Virtual Surjections Conjecture

Lemma 3.7. Let N ↪ Γ π↠ Q be a short exact sequence with Γ �nitely generated.
If Q is �nitely presented then N is �nitely normally generated. In case Γ is �nitely
presented, the converse holds, too, i.e. Q is �nitely presented if and only if N is �nitely
normally generated.

Proof. LetX ⊂ Γbe a �nite generating set, F(X) the free group onX and p ∶ F(X) ↠
Γ the canonical epimorphism. Since Q is �nitely generated, it has a �nite presenta-
tion with generating set π(X). �is means that K ∶= ker(π ○ p) is �nitely normally
generated in F(X). But then N = p(K) is �nitely normally generated in Γ.
Now assume that Γ is �nitely presented and N is �nitely normally generated

in Γ, say by some �nite set Y. Again, take X to be some �nite generating set of Γ
and p ∶ F(X) → Γ the induced epimorphism. Since Γ is �nitely presented, ker p is
�nitely normally generated, say by a set Z. Now ker(π ○ p) = p−(N) is easily seen
to be �nitely normally generated by Z and a set of li�s of the elements of Y.

Lemma 3.8 (The -- Lemma). Let

N ↪ Γ
π↠ Q

N ↪ Γ
π↠ Q

be two short exact sequences with Γ and Γ �nitely generated and Q �nitely presen-
ted. �en the associated �bre product is �nitely generated.

Proof. Let P denote the �bre product. �e proof is based on a comparison of the
two short exact rows in the following diagram:

N P Γ

N Γ Q

↪ → ↠p

↠ p ↠ π

↪ → ↠π

First note that, by the previous lemma, N is �nitely normally generated in Γ, say
by some �nite set X ⊂ N. Let Y be a �nite generating set for Γ and pick a li� in P,
i.e. a �nite set Ỹ ⊂ P with p(Ỹ) = Y. Let H ∶= ⟨X ∪ Ỹ⟩ ≤ P. �en p(H) = Γ.
Now note that the action of any γ = (γ,γ) ∈ P by conjugation on N ≤ P is the
same as the conjugation action of p(γ) = γ on N ≤ Γ:

(γ,γ)(n, )(γ,γ)− = (γnγ− , ), for all n ∈ N.

In particular if x ∈ X and γ ∈ Γ we can pick a γ ∈ H with p(γ) = γ and we have

γxγ− = γxγ− ∈ H.

But, by assumption, any element of N is a product of such conjugates. �erefore
N ≤ H.
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Let Y be a �nite generating set for Γ and Ỹ ⊂ P a li� to P, i.e. Ỹ is �nite and
p(Ỹ) = Y. Set H ∶= ⟨X ∪ Ỹ ∪ Ỹ⟩. �en p(H) = Γ. Now let γ ∈ P. �en
there is a γ′ ∈ H with p(γ′) = p(γ), so γγ′− ∈ N ≤ H ≤ H and therefore also
γ = γγ′−γ′ ∈ H. Hence we have shown that P = H and so P is �nitely generated.

We now have all we need to establish the “k =  case” of the Virtual Surjections
Conjecture, as announced earlier.

Proposition 3.9. Let Γ, . . . , Γn be �nitely generated groups and P ≤ Γ × ⋅ ⋅ ⋅ × Γn
a subgroup of their direct product. If the image pi(P) ≤ Γi under the projection to
each factor Γi is of �nite index in Γi and pi(P)/(P∩Γi) is virtually nilpotent for all
i then P is �nitely generated.

Proof. Note �rst that all the Γ′i ∶= pi(P) are �nitely generated, since they are of �nite
index in Γi, and that pi(P)/(P ∩ Γ′i) = pi(P)/(P ∩ Γi). �us, replacing all the Γi by
Γ′i , we may assume without loss of generality that P is a subdirect product.
We now prove the claim by induction on n. If n = , there is nothing to prove.

So assume n ≥ . Let T ∶= p,...,n−(P). As described at the end of Chapter 2, P is
the �bre product associated to the short exact sequences

N,...,n− ↪T ↠ Q
Nn ↪ Γn↠ Q.

Here, T is a subdirect product of Γ, . . . , Γn−. Note that T ∩ Γi for  ≤ i ≤ n − 
contains P ∩ Γi, therefore Γi/(T ∩ Γi) is a quotient of the virtually nilpotent group
Γi/(P∩ Γi), and hence virtually nilpotent itself. �us we can conclude by induction
that T is �nitely generated. By assumption, Q ≅ Γn/Nn is �nitely generated and
virtually nilpotent and therefore �nitely presented. Hence we can apply the --
Lemma to conclude that P is �nitely generated.

Remark 3.10. Note that the nilpotency condition on the groups Γi/Ni is only used
in the penultimate sentence of the proof, to establish that certain �nitely generated
groups are �nitely presented. Going through the proof carefully, we can see that the
condition that Γi/Ni be virtually nilpotent can be replaced with the much weaker
condition that Γi/(pJ(P) ∩ Γi) be �nitely presented for all i and all J ⊂ {, . . . ,n}
with i ∈ J. In particular, this holds if all quotients of Γi/Ni are �nitely presen-
ted. For �nitely presented groups this condition is sometimes called Max-n, as the
property of having only �nitely presented quotients is equivalent to satisfying the
“maximal condition for normal subgroups” (i.e. any ascending chain of normal sub-
groups is eventually constant). Other examples of �nitely presented Max-n groups
— apart from the �nitely generated virtually nilpotent groups — are virtually poly-
cyclic groups and �nitely presented metabelian groups [BS80] (though there are
�nitely presented soluble groups which are not Max-n [Abe79]).
We can also use Lemma 3.7 to show that the Virtual Surjections Conjecture for

k =  is not true without any extra condition. To do this we prove a sort of converse
of the -- Lemma (this is [BM09, Corollary 2.4]):
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Proposition 3.11. Let

N ↪ Γ
π↠ Q

N ↪ Γ
π↠ Q

be two short exact sequences with Γ and Γ �nitely presented. �en the associated
�bre product is �nitely generated if and only if Q is �nitely presented.

Proof. �e “if-direction” of the proof is simply a special case of the -- Lemma.
Conversely, denote the �bre product by P and assume that it is �nitely generated.

�en consider the short exact sequence

N ↪ P
p↠ Γ.

From Lemma 3.7 we can conclude that N is �nitely normally generated in P. But
then N is �nitely normally generated in Γ as well (by the same observation as in
the proof of Lemma 3.8). From the second part of Lemma 3.7 it then follows that Q
is �nitely presented.

LetQ be any�nitely generated, but not �nitely presented group and letπ ∶ F↠ Q
be an epimorphism from a �nitely generated free group to Q. �en the symmetric
�bre product associated to π is a subdirect product P ≤ F × F, which is not �nitely
generated, providing a counterexample for the Virtual Surjections Conjecture with
k = .

3.3 �e n-(n + )-(n + ) Conjecture implies the Virtual Sur-
jections Conjecture

Before we �nally show the main result of this chapter, we need two quick lemmas.

Lemma 3.12. Let P ≤ Γ× ⋅ ⋅ ⋅ ×Γn. Let I, J ⊂ {, . . . ,n} with I∪ J = {, . . . ,n} and
I ∩ J ≠ ∅. �en pI∩J(P ∩ ΓI) = pJ(P) ∩ ΓI∩J.

Proof. Let γ ∈ pI∩J(P ∩ ΓI). Pick p ∈ P ∩ ΓI with pI∩J(p) = γ. Now pJ(p) ∈ ΓI∩J,
therefore γ = pI∩J(p) = pI∩J(pJ(p)) = pJ(p). And so γ ∈ pJ(P) ∩ ΓI∩J.
Conversely, let γ ∈ pJ(P)∩ΓI∩J. Pick a p ∈ Pwith pJ(p) = γ. Note that pI∩J(p) =

pI∩J(pJ(p)) = pI∩J(γ) = γ. But pJ(p) ∈ ΓI∩J, so p ∈ ΓI and hence γ ∈ pI∩J(P ∩
ΓI).

Lemma 3.13. Let P ≤ Γ×⋅ ⋅ ⋅×Γn. If P virtually surjects to k-tuples (for some k ≥ )
then N,...,n− = P ∩ (Γ × ⋅ ⋅ ⋅ × Γn−) virtually surjects to (k − )-tuples.

Proof. Let J′ ⊂ {, . . . ,n − } be some (k − )-element subset. Apply the preceding
lemma with I ∶= {, . . . ,n − } and J ∶= J′ ∪ {n} to conclude that pJ′(N,...,n−) =
pJ(P) ∩ ΓJ′ . Note that pJ(P) has �nite index in ΓJ, so pJ(P) ∩ ΓJ′ has �nite index in
ΓJ′ .
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Theorem 3.14. Assume that the n-(n+ )-(n+ ) Conjecture holds whenever the
quotient Q is virtually nilpotent.
�en the Virtual Surjections Conjecture is true.

Proof. We prove the following statement by induction on k ≥ :

Claim. Let Γ, . . . , Γn be groups of type Fk and P ≤ Γ × ⋅ ⋅ ⋅ × Γn a subgroup of the
direct product. If P virtually surjects to k-tuples and pi(P)/(P ∩ Γi) is virtually
nilpotent for all i, then P is of type Fk.

Of course, the nilpotency assumption is redundant when k ≥  by Lemma 3.3,
so this Claim does imply the Virtual Surjections Conjecture. Furthermore, by the
same argument as in the proof of Proposition 3.9 we can always reduce to the case
where P is a subdirect product: If P is not subdirect, we replace all the Γi by their
�nite index subgroups pi(P), which will satisfy the same �niteness properties as the
Γi (Proposition A.22).
We have already supplied the base case k =  of the induction in Proposition 3.9.

So �x some k ≥ . We now prove the Claim for this k by induction on n.
If n ≤ k then there is nothing to prove: P will be of �nite index in Γ × ⋅ ⋅ ⋅ × Γn

and therefore certainly of type Fk (Propositions A.22 and A.24).
So assume n > k. Set T ∶= p,...,n−(P), so P is the �bre product associated to

the sequences

N,...,n− ↪T ↠ Q
Nn ↪ Γn↠ Q.

Here, T ≤ Γ × ⋅ ⋅ ⋅ × Γn− is a subdirect product, which also virtually surjects to k-
tuples, since pJ(T) = pJ(P) for all J ⊂ {, . . . ,n − }. By induction, we can assume
that T is of type Fk.
By Lemma 3.13, N,...,n− ≤ Γ × ⋅ ⋅ ⋅ × Γn− virtually surjects to (k − )-tuples.

Furthermore,
Γi/(N,...,n− ∩ Γi) = Γi/P ∩ Γi

is virtually nilpotent for all i ∈ {, . . . ,n − }. �us, again by induction (on k this
time), we can assume that N,...,n− is of type Fk−.
By assumption,Q ≅ Γn/Nn is virtually nilpotent and �nitely generated (since Γn

is) and therefore of type F∞ (Propositions A.27 and A.22). So, assuming the (k− )-
k-(k + ) Conjecture, we can conclude that P is of type Fk.

Two remarks are in order. Firstly, from the proof it is clear that we only need to
assume the n-(n+)-(n+)Conjecture for n < k to conclude that virtual surjection
to k-tuples implies type Fk. In particular, the -- �eorem implies the Virtual
Surjection to Pairs�eorem, i.e. if a subgroup P ≤ Γ × ⋅ ⋅ ⋅ ×Γn of a direct product of
�nitely presented groups Γ, . . . , Γn virtually surjects to pairs of factors Γi × Γj, then
P is �nitely presented. �is was �rst proved in [BHMS12, �eorem E].
�e second remark concerns the word “virtually” in the statement of �eorem

3.14. In fact, a quick argument shows that it su�ces to assume the n-(n+ )-(n + )
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Conjecture for nilpotent quotients Q, as this implies the conjecture for virtually nil-
potent quotients.
To see this, assume that the n-(n+)-(n+)Conjecture holds for some particu-

lar quotient groupQ and letQ be a group that containsQ as a �nite index subgroup.
Let

N ↪ Γ
π↠ Q

N ↪ Γ
π↠ Q

be short exact sequences such thatN is of type Fn and Γ and Γ are of type Fn+. We
will show that the �bre product of π and π, call itP, is of type Fn+. Set Γ′ ∶= π− (Q)
and Γ′ ∶= π− (Q), so we have another pair of short exact sequences

N ↪ Γ′
π∣↠ Q

N ↪ Γ′
π∣↠ Q.

Now Γ′ and Γ
′
 have �nite index in Γ and Γ respectively, so they are of type Fn+

(PropositionA.22). We can therefore apply the assumption that the n-(n+)-(n+)
Conjecture holds for Q to obtain that P′ ≤ Γ′ × Γ′, the �bre product associated to
the latter pair of short exact sequences, is of type Fn+. But P′ is just the intersection
of Pwith the �nite index subgroup Γ′ ×Γ′ ≤ Γ×Γ, so P′ has �nite index in P. �us
P is of type Fn+ as well (Proposition A.22 again).

p

�eassumptions in then-(n+)-(n+)Conjecture Beforewe embark onproving
the �rst interesting cases of the conjecture in the next chapter, we shouldmake some
brief remarks on the necessity of the assumptions in the n-(n+)-(n+)Conjecture.
�ere are, for each n, groups that are of type Fn but not of type Fn+. �e �rst

such examples to be constructedwere given by Stallings [Sta63] in the case n =  and
Bieri [Bie76, Bie81] in the general case. �ese groups can be de�ned as follows. Let
F ∶= ⟨a,b ∣ −⟩ be a free group on two generators and ϕ ∶ F → Z the homomorph-
ism which maps a and b to some �xed generator t ∈ Z. �en let ϕn ∶ (F)n → Z be
the homomorphism from a direct product of n free groups to Z that restricts to ϕ
on each factor. �e kernel SBn ∶= kerϕn is the nth Stallings-Bieri group and SBn is
of type Fn− but not Fn (see Section A.2 or the references quoted above).
It is easy to see that the conditions on Γ and Γ in the conjecture cannot be

weakened to “type Fn”. Take Γ to be any group of type Fn but not Fn+ (for example
Γ ≅ SBn+) and pick Γ to be any group of type Fn+. �en letQ be the trivial group,
so π and π are the trivial homomorphisms. �en N = Γ is of type Fn. �e �bre
product associated to π and π is Γ × Γ, which is of type Fn but not Fn+ (Proposi-
tion A.24).
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More subtly, it will follow from our later results that whenever N, Γ and Q are
chosen to be of type Fn, Fn and Fn+ respectively, the �bre product is of type Fn+
only if Γ is (Proposition 5.3).
To see that the condition on N in the n-(n + )-(n + ) Conjecture cannot be

weakened to Fn−, take P ∶= SBn+ ≤ (F)n+. Writing (F)n+ = (F)n × F, we can
consider SBn+ a subgroup of the direct product of (F)n and F. It is easy to check
that this is in fact a subdirect product and that SBn+ ∩(F)n = SBn and SBn+ ∩F =
SB. �erefore SBn+ is the �bre product associated to short exact sequences

SBn ↪ (F)n↠ Z

SB ↪ F↠ Z

�emiddle groups are of type F∞, as is the quotient and SBn is of type Fn−. But the
�bre product P = SBn+ is not of type Fn+.
While this shows that the condition on N cannot be weakened while keeping

the other conditions �xed, there is a possibility that the condition on N may be
weakened if if an accordingly stronger �niteness condition onN is introduced. �is
in fact happens for the abelian case of the conjecture treated in Chapter 8: Here the
condition that N be of type Fn− is replaced by the condition that N be of type Fk
and N of type Fn−−k for some k with  ≤ k ≤ n − .
�e situation is a lotmore involved for the Fn+-condition on the quotient group

Q, so we will defer this discussion until Section 6.3.

23



Chapter 3. The Virtual Surjections Conjecture

24



4
�e --�eorem

r

In this section we will turn to the �rst truly interesting case of the n-(n+ )-(n+ )
Conjecture: �e -- �eorem.
�is was �rst established in the symmetrical case by Baumslag, Bridson, Miller

and Short in [BBMS00] and then in the general case in [BHMS08, Section 2] (the
latter reference contains a sketch of the proof, which is essentially the same as in the
symmetrical case; a more detailed account of the same proof is given in [Dis08]).
�e original proof is very transparent and there would be little sense in merely

copying it here. �ere are however some very good reasons for including a proof
here: �e -- case is the lowest dimension in which the di�culties of proving the
Conjecture become apparent and simultaneously the highest dimension in which
a full proof is known. �erefore it is not surprising that many of our methods to
prove the Conjecture in higher dimensions are inspired by the -- case. �e issue
then with the proof in [BBMS00], in view of our goals, is that at �rst glance it does
not present any clear opportunities of generalisation to higher dimensions. Our
objective here is expressly not to give the easiest or the most succinct proof of the
--�eorem, for which we happily refer the reader to [BBMS00] and [BHMS08].
Rather, we aspire to give a proof which readily suggests higher-dimensional gener-
alisations and so can act as a guide to those we present a�erwards. As a result, our
proof retains the basic idea of [BBMS00], but at many points we will interpret the
argument in a new way, present it in a di�erent context, split it up into �ner steps or
dwell longer on the details.

4.1 Building presentations from short exact sequences

Like the proof of the -- Lemma, all the results on the n-(n+)-(n+)Conjecture
rely on a careful analysis of the relationships between the �niteness properties of the
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groups in a short exact sequence.
So the natural place to start our discussion of the --�eorem is a description

of how to construct a presentation of a group from given presentations of a normal
subgroup and the corresponding quotient group. �e construction is standard, but
we describe it in some detail to �x notation for the following sections.

g Notation.We will give a presentation of a group Γ in the form Γ ≅ ⟨X ∣ R,∂⟩. �is
means that X and R are sets, ∂ ∶ R → F(X) is a set map and there is some (usually
implicit) epimorphism F(X) ↠ Γ with kernel ⟨⟨∂(R)⟩⟩, so that Γ ≅ F(X)/⟨⟨∂(R)⟩⟩.
We will usually not consider X to be a subset of Γ nor R to be a subset of F(X).1

Let
N ↪ Γ π↠ Q

be a short exact sequence of groups and let

N ≅ ⟨X ∣ RN ,∂N⟩
Q ≅ ⟨Z ∣ RQ,∂Q⟩

be presentations for N and Q. Denote by pN ∶ F(X) ↠ N and pQ ∶ F(Z) ↠ Q the
implied epimorphisms.
Let Z̃ be a set isomorphic to Z with a bijection denoted by z̃↔ z. Pick for each

z ∈ Z an element γz ∈ Γ with π(γz) = pQ(z) and de�ne a map pΓ ∶ X ∪ Z̃ → Γ
by pΓ(x) = pN(x) for x ∈ X and pΓ(̃z) = γz for z̃ ∈ Z̃. �en extend pΓ to a
homomorphism F(X ∪ Z̃) → Γ (still denoted by pΓ). It is clear that this map is an
epimorphism. For succinctness we will set

F(X) =∶ FN , F(Z) =∶ FQ, F(X ∪ Z̃) =∶ FΓ.

�e inclusion map X ↪ X ∪ Ỹ induces a map FN ↪ FΓ, which we will take to
identify FN as a subgroup of FΓ. Furthermore, let π ∶ FΓ↠ FQ be the epimorphism
with π(x) =  for x ∈ X and π(̃z) = z for z̃ ∈ Z̃. We denote the natural splitting

1�is convention does admittedly make notation more cumbersome at �rst, but we do not use it
for mere misplaced pedantry: Once we introduce higher-dimensional concepts, sloppy notation can
quickly make life miserable. More precisely: We will later in this chapter consider the second homo-
topy group of the -dimensional presentation complex associated to some presentation. Naturally, we
would like the generators in a presentation to correspond to the edges and the relators to correspond
to the -cells in this complex. Identifying x ∈ X with its image in Γ or r ∈ R with its image in F(X)
amounts to identifying an edge with the corresponding element in the fundamental group or a -cell
with its boundary, respectively. �is is not much of an issue as long as one deals only with elements of
the presented group (i.e. the fundamental group of the complex). But it is obviously impractical to use
the same notation for a cell and its boundary when trying to investigatemore complicated topological
properties of a complex. And once we start looking at higher-dimensional skeleta of BΓ-complexes
in later chapters, using careful notation becomes completely unavoidable anyway.
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homomorphism by σ ∶ FQ → FΓ, sending z ∈ Z to z̃.

FN FΓ FQ

N Γ Q

↪ →

→ pN

↠
π

↠ pΓ ↠ pQ

→σ

↪ → ↠π

We will now give a presentation for Γ by specifying three sets of relators RΓ, R

Γ

and RΓ along with a map ∂Γ ∶ RΓ ∪ RΓ ∪ RΓ → FΓ such that ker pΓ = ⟨⟨∂Γ(RΓ ∪ RΓ ∪
RΓ)⟩⟩.
First, set RΓ ∶= RN and ∂Γ(r) = ∂N(r) for r ∈ RΓ.
Second, RΓ contains one element rx,z,ε for each pair x ∈ X and zε ∈ Z±. For

each such x and zε, set
dx,z,ε ∶= z̃εxz̃−ε.

Since N is normal, we have pΓ(dx,z,ε) ∈ N, so we can pick an element cx,z,ε ∈ F(X)
with pΓ(dx,z,ε) = pN(cx,z,ε). Set ∂Γ(rx,z,ε) ∶= dx,z,εc−x,z,ε.
Finally, RΓ contains one relation rs for every s ∈ RQ. For any s ∈ RQ let ds ∶=

σ(∂Q(s)). �en πpΓ(ds) = , so pΓ(ds) ∈ N. Let cs ∈ F(X) be an element with
pN(cs) = pΓ(ds) and set ∂Γ(rs) ∶= dsc−s .

Lemma 4.1. Let w ∈ FΓ with pΓ(w) ∈ N. �enw is equivalent2modulo RΓ to some
element w′ ∈ FΓ with π(w′) = .

Proof. We have pQπ(w) = πpΓ(w) = , so π(w) ∈ ker pQ. �us we can write

π(w) =
n

∏
i=
ui∂Q(si)u−i , for some ui ∈ FQ, si ∈ RQ.

Let v ∶= ∏n
i= σ(ui)rsiσ(ui)−. �en π(v) = π(w), so w′ ∶= wv− is equivalent to

wmodulo RΓ and lies in kerπ
.

Lemma 4.2. Let w ∈ FΓ. �en w = uwxwz for some u ∈ ⟨⟨∂Γ(RΓ)⟩⟩, wx ∈ F(X)
and wz = σπ(w) ∈ F(Z̃).

Proof. Let K ∶= ⟨⟨∂Γ(RΓ)⟩⟩ and p ∶ FΓ → FΓ/K the quotient map. �en

p(̃zεx) = p(cx,z,εz̃ε), for all z̃ε ∈ Z̃± and x ∈ X.

We can use these relations inductively to swap all the z̃-letters in a word to the right,
that is, to �nd a word wxwz with wx ∈ F(X) and wz ∈ F(Z̃) and π(w) = π(wxwz).
�en w = uwxwz for some u ∈ K. Since π(RΓ) = , we have π(w) = π(wz), and
clearly σπ(wz) = wz, so σπ(w) = wz.

2by which, of course, we mean that w−w′ ∈ ⟨⟨∂Γ(R
Γ)⟩⟩
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Lemma 4.3. Let w ∈ FΓ with π(w) = . �en w is equivalent modulo RΓ to some
element w′ ∈ FN .

Proof. Use Lemma 4.2 to writew = uwxwz withwx,wz and u as in the statement of
that lemma. Now we have  = π(w) = π(wz). But clearly, π is an isomorphism
when restricted to F(Z̃), so wz =  and w = uwx.

Lemma 4.4. If w ∈ F(X) ≤ FΓ with pΓ(w) = , then w is equivalent to  modulo
RΓ.

Proof. We can consider w an element of FN . �en pN(w) = pΓ(w) = , so w ∈
⟨⟨∂N(RN)⟩⟩F(X). By de�nition, ∂N(RN) = ∂Γ(RΓ), so certainly w ∈ ⟨⟨∂Γ(RΓ)⟩⟩FΓ .

�is shows that RΓ ∶= RΓ ∪ RΓ ∪ RΓ is a complete set of relators for Γ: If w ∈ FΓ
with pΓ(w) = , then w is equivalent modulo RΓ to some w

′ with π(w′) =  (by
Lemma 4.1), which is equivalent modulo RΓ to some w

′′ ∈ F(X) (by Lemma 4.3)
and this is equivalent to  modulo RΓ (by Lemma 4.4).
Hence we have constructed a presentation for Γ from the presentations for N

and Q. Note the choices that this construction depended on: First, we chose pΓ(̃z)
to be any li� of pQ(z) along π; then, when de�ning the relators, we had some
freedom in picking the “correction words” cx,z,ε ∈ F(X) for each rx,z,ε ∈ RΓ and
cs ∈ F(X) for each rs ∈ RΓ.

4.2 Reducing to the “free Γ” case

Recall the siutation of the -- �eorem:

N

N P Γ

N Γ Q

↪
→

↪ →

↠

↠

↠

↪ → ↠

Weare given two short exact sequences (the bottom row and the right-hand column)
with Γ and Γ �nitely presented, N �nitely generated and Q of type F. We want to
show that the associated �bre product P is �nitely presented.

Transferring �nite presentability As in the -- Lemma, the proof will be based
on comparing the two short exact rows in the diagram. Looking at the middle row,
we know that N is �nitely generated and Γ is �nitely presented.
Using the presentations from the previous section we can prove a useful lemma,

which shows that if we have a map between two short exact sequences of this type
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with isomorphic kernels, then �nite presentability can be “transferred” from one to
the other. Precisely:

Lemma 4.5. Let N ↪ P π↠ Γ be a short exact sequence with N �nitely generated
and Γ �nitely presented. �en P is �nitely presented if and only if there is a second

short exact sequence N′ ↪ P′ π
′
↠ Γ′ with P′ �nitely presented and a homomorphism

ϕ ∶ P′ → P which restricts to an isomorphism ϕ∣N′ ∶ N′ → N.

N′ P′ Γ′

N P Γ

↪ →↪
↠ ϕ∣

↠π
′

→ ϕ →
↪ → ↠π

Proof. �e “only if ” is obvious: ϕ can be chosen as the identity map.
Pick presentations

PN = ⟨X ∣ RN ,∂N⟩ ≅ N
PΓ = ⟨Z ∣ RΓ,∂Γ⟩ ≅ Γ

with X, Z and RΓ �nite. Let

PP = ⟨X ∪ Z̃ ∣ RP ∪ RP ∪ RP,∂P⟩

be a presentation for P as constructed in the previous section. �en the sets RP and
RP are �nite, but R


P = RN will typically not be.

Like earlier, let pN ∶ F(X) ↠ N denote the epimorphism implied in the present-
ation PN . Now pick for each x ∈ X an n′x ∈ N′ with ϕ(n′x) = pN(x). �en choose
some �nite set Y ⊂ P′ so that {n′x ∣ x ∈ X} ∪ Y generates P′ (for example Y could
simply be chosen as a �nite generating set of P′). Let FP′ ∶= F(X∪Y) and de�ne an
epimorphism pP′ ∶ FP′ ↠ P′ by p′P(x) = n′x for x ∈ X and pP′(y) = y for y ∈ Y.
Since P′ is �nitely presented, ker pP′ is �nitely normally generated. Let ∂P′ ∶

RP′ → FP′ be a (set) map from a �nite set RP′ to FP′ , such that ⟨⟨∂P′(RP′)⟩⟩ = ker pP′ .
In other words,

P′ ≅ ⟨X ∪Y ∣ RP′ ,∂P′⟩.
Now de�ne a map ϕ̃ ∶ FP′ → FP by setting ϕ̃(x) = x and choosing ϕ̃(y) so that

pP(ϕ̃(y)) = ϕ(pP′(y)). �en the following diagram commutes:

F(X) F(X)

FP′ FP

P′ P

↪
→

↪
→

→ϕ̃

↠ pP′ ↠ pP

→ϕ
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We claim that

ker pP = ⟨⟨ϕ̃(∂P′(RP′)) ∪ ∂P(RP) ∪ ∂P(RP)⟩⟩,

which would �nish the proof that P is �nitely presented, since RP′ , RP and R

P are

�nite. Let w ∈ ker pP. By Lemmas 4.1 and 4.3, w is equivalent, modulo RP and RP
to some w′ ∈ F(X). More precisely,

ww′− ∈ ⟨⟨∂P(RP) ∪ ∂P(RP)⟩⟩.

Now ϕ(pP′(w′)) = pP(w′) =  and since pP′(F(X)) = N′ and ϕ is injective on N′,
we have pP′(w′) = . �us w′ ∈ ⟨⟨∂P′(RP′)⟩⟩ and so

w′ = ϕ̃(w′) ∈ ⟨⟨ϕ̃(∂P′(RP′))⟩⟩.

Hence
w ∈ ⟨⟨ϕ̃(∂P′(RP′)) ∪ ∂P(RP) ∪ ∂P(RP)⟩⟩.

�e split case and reducing to free Γ How can we apply this criterion in our
situation? One obvious case is, when the second short exact sequenceN ↪ Γ

π↠ Q
splits. Let σ ∶ Q → Γ be a homomorphismwith πσ = idQ. De�ne σ ∶ Γ → P,γ ↦
(γ,σπ(γ)). �en σ maps N isomorphically to N ×  ≤ P. So Lemma 4.5 (with
ϕ = σ) shows that P is �nitely presented. �us we have proved the --�eorem in
the split case.
Of course, a homomorphism Γ → P which maps N ≤ Γ isomorphically to

N ×  ≤ P exists if and only if π splits, so there is no hope of �nding such a homo-
morphism in the general case.
However, we can still put Lemma 4.5 to good use in the general case: We will

show that we can reduce to the case in which Γ is �nitely generated free. So assume
we are in the generic situation of the -- �eorem as at the start of the section
again. Pick a �nitely generated free group Fwhichmaps onto Γ via an epimorphism
p ∶ F → Γ and set π′ ∶= π ○ p. Let P′ ≤ Γ ×F denote the �bre product associated to
π and π′. �en p induces a homomorphism Γ × F → Γ × Γ which maps P′ onto
P and sends N ×  ≤ Γ × F isomorphically to N ×  ≤ Γ × Γ. If the -- �eorem
is true whenever the second factor is free then P′ is �nitely presented and we can
apply Lemma 4.5 to the “top” sequences in the following diagram:

N P Γ

N P′ F

N Γ Q

N Γ Q

↪ →

↠

↠

↠↪ →
↠

↠
↠

↪ → ↠

↪ →

↠

↠

↠
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�erefore we obtain

Proposition 4.6.�e -- Conjecture is true if it is true for free Γ.

To get some idea of why itmight be useful to have Γ be free, we canmake a quick
obervation: Note that, if Γ = F is free, the short exact sequence N ↪ P

p↠ F splits,
so the �bre product P is a semidirect product N ⋊ F. We can describe the de�ning
conjugation action of F onN in terms of the original short exact sequences: IfX ⊂ F
is a basis of F, the conjugation action is determined by picking for each x ∈ X a li�
x̃ ∈ P with p(x̃) = x. Now, as we observed in the proof of the -- Lemma, x̃ acts
on N ≤ P by conjugation the same as p(x̃) acts on N ≤ Γ and p(x̃) is a li� of
π(x) along π. So the conjugation action of F on N can be given by picking for
each x ∈ X a li� of π(x) along π.

Presenting �bre products with one free factor However, to really appreciate why
reducing the original statement of the --�eorem to the case of free Γ simpli�es
matters, wewill now seewhat the construction fromSection 4.1 yields, when applied
to the short exact sequences involved in a �bre product with one free factor.
So assume we are given two short exact sequences

N ↪ Γ
π↠ Q

N ↪ F
π↠ Q

with F �nitely generated free, along with a presentation N ≅ ⟨X ∣ RN ,∂N⟩, a basis
Z for F and a presentation for Q on the generating set Z, say Q ≅ ⟨Z ∣ RQ,∂Q⟩ (i.e.
∂Q ∶ RQ → F). Let P denote the associated �bre product.
Later, of course, we will impose the �niteness conditions from the -- Conjec-

ture, namely that N be �nitely generated, Γ be �nitely presented and Q of type F.
But for now, we do not need to worry about this.
Our goal here is to apply the construction from Section 4.1 to the rows in the

diagram

N ≅ ⟨X ∣ RN⟩ P F ≅ ⟨Z ∣ −⟩

N ≅ ⟨X ∣ RN⟩ Γ Q ≅ ⟨Z ∣ RQ⟩

↪ → ↠p

↠ p ↠ π

↪ → ↠π

We will see that by making careful choices during the construction, we can obtain
some particularly insightful presentations for the groups Γ and P.
First, let Z̃ be in bijection with Z, as in Section 4.1. As before, we denote FP =

F(X ∪ Z̃) = FΓ. Now we have to de�ne epimorphisms pP ∶ FP → P and pΓ ∶ FΓ → Γ.
Pick li�s αz ∈ P for each z ∈ Z with p(αz) = z. �en set γz ∶= p(αz) and note
that π(γz) = π(z). Now de�ne pP ∶ X ∪ Z̃ → P by pP(x) = pN(x) for x ∈ X and
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pP(̃z) = αz and extend this to an epimorphism pP ∶ F(X∪ Z̃) → P. Similarly, de�ne
pΓ ∶ X ∪ Z̃ → P by pΓ(x) = pN(x) for x ∈ X and pΓ(̃z) = γz, so that pΓ = ppP.

F(X ∪ Z̃) F(Z)

P F

Γ Q

↠

→ pP

→

pΓ

→ ≅

→ p
→p

→ π

→π

Now we follow the procedure from the Section 4.1 to describe the relators. In
both P and Γ we have the relators RP = RΓ = RN coming from N with the bound-
aries given by ∂P(r) = ∂Γ(r) = ∂N(r) for all r ∈ RN .
Now note that for any n ∈ N and α ∈ P we have αnα− = p(α)np(α)−. Since

pΓ = p ○ pP, we have pP(̃zεxz̃−ε) = pΓ(̃zεxz̃−ε) in N for all x ∈ X and zε ∈ Z±.
�us we can pick the same correction words cx,z,ε for both presentations. �erefore
we have the same relations wP(rx,z,ε) = wΓ(rx,z,ε) = z̃εxz̃−εcx,z,ε in both P and Γ.
Finally, the presentation for Γ has additional relations of type RΓ, which are not

present in P (there are no relations of type RP). Summarising, we have constructed
presentations

P ≅ ⟨X ∪ Z̃ ∣ RΓ ∪ RΓ,∂Γ⟩
Γ ≅ ⟨X ∪ Z̃ ∣ RΓ ∪ RΓ ∪ RΓ,∂Γ⟩

�us Γ is simply the quotient of P by the relations ∂Γ(RΓ). Here we can see the fruits
of reducing the general -- Conjecture to the case of free Γ: In this particular
situation, we can obtain natural presentations of P and Γ arising from the short
exact sequences and the given presentations for N and Q, which di�er precisely in
the extra relations RΓ, coming from relators in Q. Another way to put this is that
the presentation -complex for P is a subcomplex of that for Γ.

4.3 �e -- situation

Let us see what happens when we impose the �niteness restrictions from the --
Conjecture. Assume that N is �nitely generated, Γ and F are �nitely presented and
Q is of type F. �en we can choose the generating sets X for N and Z for F to be
�nite. Also, we can choose the presentation Q ≅ ⟨Z ∣ RQ,wQ⟩ to be �nite (using
that a �nitely presented group has a �nite presentation with respect to any �nite
generating set).
With these choices, the sets RΓ and R


Γ in the above presentations for P and Γ

will be �nite. �e set RΓ = RN of course, will usually be in�nite. However, since Γ is
�nitely presented, �nitely many of the relations from RΓ su�ce to present Γ. More
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precisely, there is a �nite subset RΓ
′ ⊂ RΓ such that ker pΓ = ⟨⟨∂Γ(RΓ

′ ∪ RΓ ∪ RΓ)⟩⟩,
i.e. Γ ≅ ⟨X ∪ Z̃ ∣ RΓ

′ ∪ RΓ ∪ RΓ,∂Γ⟩. In general, ⟨X ∣ RΓ
′,∂Γ⟩ is not a presentation

for N, of course. Nor is ⟨X ∪ Z̃ ∣ RΓ
′ ∪ RΓ,∂Γ⟩ usually a presentation for P. In other

words, not every a ∈ ker pP can be written as a product of conjugates of the RΓ
′ and

RΓ alone, but it can be written as a product of conjugates

a =
n

∏
i=
wi∂Γ(ri)w−i , ri ∈ RΓ

′ ∪ RΓ ∪ RΓ,wi ∈ FΓ. (4.1)

We want to show that P is �nitely presented. �is is equivalent to showing that
there is some �nite subset RΓ

′′ ⊂ RΓ such that ker pP = ⟨⟨∂Γ(RΓ
′′ ∪ RΓ)⟩⟩. If a ∈

ker pP then it follows from Lemmas 4.1 and 4.3 that a is equivalent modulo RΓ to
some word a′ ∈ F(X). So to show that ker pP = ⟨⟨wΓ(RΓ

′′ ∪ RΓ)⟩⟩ it is enough
to show that any word in the x-letters a ∈ F(X) with pP(a) =  is a product of
conjugates

a =
n

∏
i=
wi∂Γ(ri)w−i , ri ∈ RΓ

′′ ∪ RΓ,wi ∈ FΓ. (4.2)

Essentially then, we need to show that we can transform any product (4.1) to one
of the form (4.2), getting rid of the terms involving relators from RΓ while possibly
introducing new relators from a �nite set RΓ

′′ ⊂ RΓ. �is is where the F-condition
on Q comes in.
In a moment we will introduce the theory of crossed modules, which formal-

ises the calculus of products of conjugates. But before we do that, let us try �rst to
give a rough geometric sketch of how the F-condition can help here. We consider
the presentation -complexes associated to the presentations of N, Γ and Q. For
a presentation P = ⟨X ∣ R,∂⟩, the associated presentation -complex has a single
-cell, -cells ex indexed by X and -cells er indexed by R, with er attached along
the word ∂(r), considered as a loop in the -skeleton. In the sequel, we will for
convenience sometimes consider r ∈ R itself as a -cell, identifying it with er .
Apply this construction to the presentations from above

N ≅ ⟨X ∣ RN ,∂N⟩ = PN

Q ≅ ⟨Z ∣ RQ,∂Q⟩ = PQ

Γ ≅ ⟨X ∪ Z̃ ∣ RΓ ∪ RΓ ∪ RΓ,∂Γ⟩ = PΓ

yielding -complexes XN , XQ and XΓ respectively. We can treat XN as a subcomplex
of XΓ, identifying the respective -cells associated to the generators X and the -
cells associated to the relators RN = RΓ. Also, we can de�ne a natural cellular map
ϕ ∶ XΓ → XQ, inducing the homomorphism π ∶ Γ → Q on fundamental groups: ϕ
sends the -cell ez̃ ⊂ XΓ to ez ∈ XQ. For the -cells, it sends each er with r ∈ RΓ to the
-cell in XQ, each er with r = rx,z,ε ∈ RΓ to the -cell ez and each er with r = rs ∈ RΓ
to es . Schematically, we may depict the situation as follows:
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X

Z~

RΓ
0

RΓ
1

RΓ
2

XN XP XΓ

Now XP, the presentation -complex for the presentation P ≅ ⟨X ∪ Z̃ ∣ RΓ ∪
RΓ,∂Γ⟩, is just a subcomplex of XΓ (missing the cells RΓ), and we have XN ⊂ XP ⊂
XΓ. A word a ∈ F(X) can be represented by a loop pa ∶ S → XN . If this word
represents the trivial element in N, then we can write it as a product of conjugates
of relators, and these products correspond to discs d ∶ D → XΓ with boundary
d∣S = pa (we may think of van Kampen diagrams here). Since RΓ

′ ∪ RΓ ∪ RΓ is a
complete set of relators for Γ, we can always �nd such a disc d, which only intersects
the -cells corresponding to RΓ

′ ∪ RΓ ∪ RΓ. �e rough idea of the proof of the --
�eoremnow is this: Wewill describe a �nite set of -cells to glue into XΓ. �ese can
be used to transform discs, by pushing them across the -cells. If a disc d ∶ D → XΓ
is pushed across a -cell e, this yields a new disc d′ ∶ D → XΓ, whose image is
contained in the union of imd with the boundary of e. We will then give a method
to push any disc d ∶ D → XΓ with boundary contained in XN across the -cells
(while keeping the boundary �xed) to yield a new disc d′ which does not intersect
any of the cells corresponding to RΓ. If d intersected only the -cells R


Γ
′ ∪ RΓ ∪ RΓ,

then d′ will only intersect the -cells RΓ
′ ∪ RΓ and those -cells from RΓ that lie

in the boundary of some -cell. Since there are only �nitely many -cells, each of
which can contain only �nitely many -cells in its boundary, the new disc d′ will
be contained in RΓ

′′ ∪ RΓ for some �nite subset RΓ
′′. �is shows that RΓ

′′ ∪ RΓ is a
complete set of relators for P, establishing that P is �nitely presented.

4.4 Crossed modules

One of the main reasons we can actually carry out the idea outlined above, is that
we can describe all the geometric notions involved (such as discs in the presentation
complex, attaching maps of -cells, pushing a disc across a -cell) in combinatorial
terms, enabling us to do explicit computations.
For general -complexes this formulation was essentially introduced by White-

head [Whi41, Whi46, Whi49], in his program on “combinatorial homotopy”. Inde-
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pendently, Reidemeister and Pei�er [Rei49, Pei49] discovered closely related form-
alisms describing “identities among relators” of a group, which is the special case of
Whitehead’s work that will interest us here. A good general account of this material
is found in [BH82a] (see also [BHS11]).
If X() is a -complex, then the homotopy classes of discs with boundary in

the -skeleton (D,S) → (X(),X()) form the relative (non-abelian) homotopy
group π(X(),X()). �is group �ts in an exact sequence (part of the long exact
homotopy sequence of the pair (X(),X()))

→ π(X()) → π(X(),X())
∂→ π(X()) → π(X())

Whitehead gave a precise algebraic description of the groups and maps in this se-
quence. More precisely, he showed that π(X(),X()) with the boundary map ∂
forms what he called a free crossed π(X())-module. �is is a deep theorem and
we will not recount its proof here, but we will try to give some motivation for the
relevant algebraic de�nitions.

Pre-crossedmodules Whitehead’s theorem in essence says that discs in the present-
ation -complex associated to Γ ≅ ⟨X ∣ R,∂⟩ correspond to products of conjugates
of the relators3

n

∏
i=
wi∂(ri)w−i , wi ∈ F(X), ri ∈ R. (4.3)

If such a product is trivial in F(X), i.e. corresponds to a sphere in the presentation
complex, then it speci�es an “identity” between the relators, in the same way as a
trivial product of generators in Γ describes a relation between the generators.
To make the notion of a “trivial product of generators” in a group Γ precise, we

have to introduce the free group on these generators. Similarly, if we want to speak
of a trivial product of conjugates of relators of the form (4.3), we clearly cannot just
consider these products as elements of F(X). Instead, we have to introduce a struc-
ture whose elements are “formal products of conjugates of relators”. �is structure
is what we will later call a free crossed module. Roughly speaking, this is a group
C with a homomorphism ∂ ∶ C → F, which maps each “formal product of conjug-
ates” to its value in F. In this way, the situation is not much di�erent from the free
group F(X) in a set of generators X ⊂ Γ with the epimorphism F(X) ↠ Γ. But
crucially, the crossed module (C,∂) comes with some extra structure which has
to be accounted for, namely a conjugation action of F on C, which is in some way
compatible with the homomorphism ∂.
To make all this precise, we start with the following de�nition:

g De�nition 4.7. Let F be a group. A pre-crossed F-module is an F-group4A along
with a homomorphism ∂ ∶ A→ F such that

∂(g ⋅ a) = g∂(a)g−.
3or rather, equivalence classes of such products, as we will explain shortly
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In other words, if we consider F as acting on itself by conjugation, then we ask
for ∂ to be a homomorphism of F-groups.
Two easy examples for pre-crossed F-modules are a normal subgroup N ⊲ F

with ∂ ∶ N → F the inclusion map and any ZF-module Awith ∂ ∶ A→ F the trivial
map.
For us, the most important example will be this: Given a presentation P = ⟨X ∣

R,∂⟩, we de�ne Λ(P) to be the free group Λ on the basis F × R (where F ∶= F(X))
together with the homomorphism ∂ ∶ Λ → F which sends a basis element (w, r) ∈
F×R towrw−. �en Λ becomes an F-group by setting u ⋅ (w, r) = (uw, r) for each
u ∈ F and (w, r) ∈ F × R (and extending the action of u to all of Λ in the unique
way that makes Λ → Λ,a ↦ u ⋅ a a homomorphism). By de�nition ∂(u ⋅ (w, r)) =
u∂(w, r)u− and it is easy to show that, in fact, ∂(u⋅a) = u∂(a)u− for all a ∈ Λ. �us
(Λ,∂) is a pre-crossed module. We call Λ(P) the pre-crossed module associated to
P.
We may identify r ∈ Rwith (, r) ∈ F ×R and thus consider R a subset of Λ. We

can then write (w, r) as w ⋅ r.
More generally, if Γ is any group and w ∶ R → Γ a set map, we can de�ne Λ =

F(Γ × R) and a map ∂ ∶ Λ → Γ with ∂∣R = w∣R in the same way as above and Λ is
then called the free pre-crossed Γ-module on w.5

g Notation. If Γ is a group, A is a Γ-group and R ⊂ A is some subset, we set

⟨⟨R⟩⟩Γ ∶= ⟨{γ ⋅ r ∣ γ ∈ Γ, r ∈ R}⟩.

If it is unambiguous which group is acting on A, we may also abbreviate this to
⟨⟨R⟩⟩ = ⟨⟨R⟩⟩Γ. Note that this is consistent with the notation for normal subgroups,
if we consider a group as acting on itself by conjugation.

Crossed modules If (A,∂) is any pre-crossed F-module then

∂(aba−) = ∂(∂(a) ⋅ b), for all a,b ∈ A,

so aba−(∂(a) ⋅ b)− ∈ ker ∂. We call these elements the basic Pei�er elements and
the subgroup they generate the Pei�er subgroup P. We have:

Lemma 4.8. Let (A,∂) be a pre-crossed F-module. �en its Pei�er subgroup P is
normal and F-invariant. If X ⊂ A is a Γ-invariant generating set for A, then P is
the normal subgroup generated by the basic Pei�er elements

xyx−(∂(x) ⋅ y)−, with x, y ∈ X.
4�at is, a group Λ equipped with a homomorphism ϕ ∶ F → AutΛ. We write w ⋅ a ∶= ϕ(w)(a)

for w ∈ F, a ∈ Λ.
5�ese are, of course, the free objects in the category of pre-crossed Γ-modules. A morphism

between pre-crossed Γ-modules (A,∂) (A′,∂′) is an Γ-group homomorphism ϕ ∶ A → A′ with
ϕ∂′ = ∂, and a free pre-crossed module on a set map ∂ ∶ R→ Γ can be de�ned by a natural universal
mapping property. For details, see [BH82a, Section 3].
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For a proof of these basic facts, we refer the reader to [BH82a, Propositions 2
and 3].
In the context of a pre-crossed module Λ(P) associated to a presentation P =

⟨X ∣ R,∂⟩ we would like to think of the kernel of ∂ as “identities between relations”.
�e elements of the Pei�er subgroup P then represent trivial identities, those which
hold in every presentation. So it is natural to pass to the quotient group Λ/P with
the induced map ∂ ∶ Λ/P → F. Since P is Γ-invariant the Γ-action on Λ induces a
well-de�ned Γ-action on Λ/P and clearly, ∂ is still a homomorphism of F-groups. In
other words (Λ/P,∂) is again a pre-crossed module. However, the Pei�er subgroup
of Λ/P is trivial. �is is called a crossed module.

g De�nition 4.9. A crossed F-module is a pre-crossed F-module (A,∂) with trivial
Pei�er subgroup, or in other words,

aba− = ∂(a) ⋅ b, for all a,b ∈ A.

With this terminology, the discussion above can be summarised as saying that to
any pre-crossed F-module (A,∂), there is an induced crossed F-module (A/P,∂),
where P is the Pei�er subgroup of A and ∂ ∶ A/P→ F is the induced map.6

g De�nition 4.10. IfP = ⟨X ∣ R,∂⟩ is a presentation with associated pre-crossed mod-
ule (Λ(P),∂), thenwe denote the induced crossed F(X)-module by (C(P),∂) and
call this the crossed module associated to P.
�ekernel of ∂ is denoted by π(P) and is called themodule of identities between

relators of P (or the module of identities of P, for short).

More generally, if Γ is a group and (Λ,∂) the free pre-crossed module on some
set map w ∶ R → Γ, then we call the induced crossed module (Λ/P,∂) the free
crossed module on the basis w.7

From the properties of crossed modules we obtain immediately:

Lemma 4.11. Let F be a group and (A,∂) a crossed F-module. �en π ∶= ker ∂ lies
in the centraliser of A. In particular, it is abelian and thus an F-module. Further-
more, N ∶= im ∂ acts trivially on π, so there is an induced F/N-module structure
on π.

Proof. We have

aba− = ∂(a) ⋅ b =  ⋅ b = b, for all a ∈ π, b ∈ A.

So π lies in the centraliser of A.
6One easily checks that this induced crossed F-module satis�es a universal property: If (B,∂′) is

a crossed F-module and ϕ ∶ A→ B a morphism of pre-crossed F-modules then ϕ factors uniquely
through the quotient map A↠ A/P to a morphism of crossed modules ϕ ∶ A/P→ B.

7More precisely, we should take R to be the image of R under Λ→ Λ/P and call the induced map
w ∶ R→ Γ the basis of the free crossed module. But in fact, one can show that R is mapped injectively
under the quotient map Λ→ Λ/P, so we can still regard R as a subset of the induced crossed module.
For proofs of this, see [BH82a, Section 3].
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But then
∂(b) ⋅ a = bab− = a, for all a ∈ π, b ∈ A.

So im ∂ acts trivially on π.

Corollary 4.12. If P = ⟨X ∣ R,∂⟩ ≅ Γ, then the module of identities π(P) is a
Γ-module.

We can now state the central theorem byWhitehead alluded to at the beginning
of the section:

Theorem 4.13. Let X be a -dimensional CW-complex. Let E denote the set of -
cells and pick for each e ∈ E a characteristic map ce ∶ D → X. �en π(X,X())
with the map ∂ ∶ π(X,X()) → π(X()) is a free crossed π(X())-module. A
basis is given by the set {[ce] ∣ e ∈ E} ⊂ π(X,X()) of homotopy classes of the
characteristic maps of the -cells.

For an exposition of Whitehead’s original proof, see [Bro80]. A more algebraic
proof was given by Ratcli�e [Rat80]).
Consider now the case where X = XP is a presentation -complex associated to

P = ⟨X ∣ R,∂⟩ ≅ Γ. �en π(X()) ≅ F(X) and Whitehead’s theorem tells us that
π(X(),X())

∂→ F(X) is a free crossed F(X)-module with a basis given by a set
of characteristic maps for the -cells. By de�nition of X, the boundary of the -cell

associated to some relator r ∈ R is ∂(r) ∈ F(X). �erefore, π(X(),X())
∂→ F(X)

is isomorphic to the crossed module C(P) ∂→ F(X) associated to the presentation.
�us we have identi�ed most of the terms in the following excerpt from the long
exact homotopy sequence of the pair (X(),X()):

π(X()) π(X()) π(X(),X()) π(X()) π(X())

C(P) F(X) Γ

→ → →∂

→ ≅
→

→ ≅ → ≅
→∂ →pΓ

But the higher homotopy groups of any -dimensional complex are trivial (since
the universal cover of such a complex is contractible and covering maps induce iso-
morphisms on the higher homotopy groups), so the �rst group in the sequence van-
ishes. �erefore, π(X()) is the kernel of ∂ and can be identi�ed with ker ∂ =
π(P).
LemmaA.20 from the appendix says that a group is of type Fn if and only if some

(or, equivalently, every) �nite presentation complex has �nitely generated second
homotopy group. �erefore we can say:

Corollary 4.14. A group Γ is of type F if for some (or, equivalently, any) �nite
presentation P = ⟨X ∣ R,∂⟩, the module π(P) of identities of relations of P is
�nitely generated as a Γ-module.
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4.5 Identities among relators in a short exact sequence

Now thatwe have set up the necessary technology of presentation crossed complexes
to analyse identities among relators, we can apply this to the situation of presenta-
tions built from short exact sequences.
A description of the generators of the second homotopy module of a such a

presentation obtained from a short exact sequence has been given by Baik, Har-
lander and Pride in [BHP98]. �eir description employs the diagrammatical lan-
guage of “pictures”, while we will stick to the purely algebraic description in terms
of crossed modules.
Let

N ↪ Γ π↠ Q

be a short exact sequence of groups. Assume as before that we are given presenta-
tions PN = ⟨X ∣ RN ,∂N⟩ ≅ N and PQ = ⟨Z ∣ RQ,∂Q⟩ ≅ Q. Let PΓ = ⟨X ∪ Z̃ ∣
RΓ ∪ RΓ ∪ RΓ,∂Γ⟩ be the presentation associated to the short exact sequence, as
constructed in Section 4.1.
Recall thatRΓ = RN , and ∂Γ∣R

Γ
= ∂N , so we can consider the pre-crossedmodule

Λ(PN) = F(F(X) × RN) as contained in Λ(PΓ). It is clear that the Pei�er group
of Λ(PN) is contained in that of Λ(PΓ), so this inclusion induces a map C(PN) →
C(PΓ).8 Furthermore, we can de�ne a natural map π ∶ Λ(PΓ) → Λ(PQ) by
setting

π(w ⋅ r) ∶=  for w ∈ FΓ, r ∈ RΓ ∪ RΓ
π(w ⋅ rs) ∶= π(w) ⋅ s for w ∈ FΓ, rs ∈ RΓ

We have de�ned the presentation PΓ in such a way that ∂Q ○π = π ○ ∂Γ. �is map
π thus induces a homomorphism of the free crossed modules C(PΓ) → C(PQ),
which we will denote π. In fact, this is a morphism of crossed FΓ-modules if we
regard C(PQ) as an FΓ-group via the map π ∶ FΓ → FQ.
We obtain a commutative diagram with exact columns (but note that the top

row, like the middle row, is not exact):

π(PN) π(PΓ) π(PQ)

C(PN) C(PΓ) C(PQ)

FN FΓ FQ

N Γ Q

↪
→

↪
→

↪
→

↪ →

→ ∂N

↠π


→ ∂Γ → ∂Q
↪ →

↠ pN

↠
π

↠ pΓ ↠ pQ

→ σ

↪ → ↠π

8In fact this map is again an inclusion, but we will not need this fact here.
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g Notation. In the followingwewill workwith elements of the crossedmodules associ-
ated to the presentations. We will denote the image of c ∈ Λ(P) under the quotient
map Λ(P) → C(P) by [c] ∈ C(P). We will also denote images of sets A ⊂ Λ(P)
under this quotient map by [A].
Now assume that we are also given a generating set of the identities of relators of

Q. More precisely, let IQ ⊂ ker ∂Q ≤ Λ(PQ) be such that [IQ] ⊂ π(PQ) generates
π(PQ) as a Q-module.
We will now describe two sets of identities between the relators of PΓ.
�e �rst set of identities IΓ ⊂ Λ(PΓ) contains one element ix,s for each x ∈ X

and s ∈ RQ. Recall that we have for each s ∈ RQ a relator rs ∈ RΓ with

∂Γ(rs) = dsc−s
where

ds = σ(∂Q(s)) ∈ F(Z̃) and cs ∈ F(X) with pN(cs) = pΓ(ds).

De�ne
dx,s ∶= (x ⋅ rs)r−s .

�en
π∂Γ(dx,s) = π(xdsc−s x−(dsc−s )−) = ∂Q(s)∂Q(s)− = .

By Lemmas 4.3 and 4.4 there exists

cx,s ∈ ⟨⟨RΓ ∪ RΓ⟩⟩FΓ ≤ Λ(PΓ) with ∂Γ(cx,s) = ∂Γ(dx,s).

So, if we set
ix,s ∶= dx,sc−x,s,

then ∂Γ(ix,s) = , so [ix,s] ∈ π(PΓ).
�e second set of identities IΓ contains one element ij for each j ∈ IQ. Each

j∈ IQ is of the form

(w ⋅ s)⋯(wn ⋅ sn), with w, . . . ,wn ∈ FQ and s, . . . , sn ∈ RQ.

Set
dj ∶= (σ(w) ⋅ rs)⋯(σ(wn) ⋅ rsn),

so that π(dj) = j. We then have

π(∂Γ(dj)) = ∂Q(π(dj)) = ∂Q(j) = 

By Lemmas 4.3 and 4.4 there exists

cj ∈ ⟨⟨RΓ ∪ RΓ⟩⟩FΓ ≤ Λ(PΓ) with ∂Γ(cj) = ∂Γ(dj).

So set
ij ∶= djc−j ,

and we have ∂Γ(ij) = , i.e. [ij] ∈ π(PΓ). In particular, since π is trivial on RΓ and
RΓ, we have π

(ij) = π(dj) = j.
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X

Z~

RΓ
0

RΓ
1

RΓ
2

IΓ
2

IΓ
3

�e next lemma tells us how we can use the identities IΓ. Recall that each [i] ∈
π(PΓ) can be thought of as a -sphere in the presentation complex XΓ of PΓ. In
Section 4.3 we saw that the presentation complex XN for N can be regarded as a
subcomplex of XΓ and there is a map ϕ ∶ XΓ → XQ which sends XN to the single
vertex of XQ. So if d ∶ D → XΓ is a disc in XΓ with boundary in XN then ϕ ○d
is a -sphere in XQ. If we glue -cells into XQ along the set [IQ] of generators of
π(XQ) then every -sphere in the resulting complex is null-homotopic.
�e lemma can then be interpreted geometrically as saying: If we glue in a -

cell along each [i] ∈ IΓ then every disc c in XΓ with boundary in XN can be ho-
motoped to yield a c′ with the same boundary such that the image of c′ in XQ is
null-homotopic in XQ (that is, null-homotopic in the -skeleton).

Lemma 4.15. For any c ∈ Λ(PΓ) with ∂Γ(c) ∈ F(X) there is a c′ ∈ ⟨⟨IΓ⟩⟩FΓ such
that π([cc′−]) = .

Proof. We have ∂Q(π([c])) = π(∂Γ(c)) = , so π([c]) ∈ π(PQ). Since [IQ]
generates π(PQ) as an FQ-module, we can �ndw, . . . ,wn ∈ FQ and j, . . . , jn ∈ IQ
such that π([c]) = (w ⋅ j)⋯(wn ⋅ jn). Let

c′ ∶= (σ(w) ⋅ ij)⋯(σ(wn) ⋅ ijn) ∈ ⟨⟨I⟩⟩FΓ ,

and clearly π([c]) = π([c′]).

Next, we will see what the identities IΓ can be used for.

Lemma 4.16. Let s ∈ RQ and w ∈ FΓ. �en [w ⋅ rs] is equivalent9modulo [IΓ], to
[c(wz ⋅ rs)] for some c ∈ ⟨⟨RΓ ∪ RΓ⟩⟩FΓ and wz = σπ(w) ∈ F(Z̃).

Proof. First note that we can write w in the form w = uwzwx with u ∈ ⟨⟨∂Γ(RΓ)⟩⟩
and wx ∈ F(X), wz = σπ(w) ∈ F(Z̃) by Lemma 4.2. Now, note that for any x ∈ X
we have

i−x,s(x ⋅ rs) = cx,srs
9precisely, we say that some [c], [c′] ∈ C(PΓ) are equivalent modulo [IΓ] if there is an i ∈ ⟨⟨IΓ⟩⟩FΓ

with [c] = [i][c′]
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and cx,s ∈ ⟨⟨RΓ ∪ RΓ⟩⟩FΓ . By induction we can then show that wx ⋅ rs is equivalent
modulo IΓ to some crs with c ∈ ⟨⟨RΓ∪RΓ⟩⟩FΓ . �usw ⋅rs = uwZwX ⋅rs is equivalent
modulo IΓ to uwZ ⋅(crs). Since u ∈ ⟨⟨∂Γ(RΓ)⟩⟩, there is a c ∈ ⟨⟨RΓ⟩⟩FΓ with ∂Γ(c) =
u. We have

[uwz ⋅ (cr)] = [(uwz ⋅ c)(uwz ⋅ r)]
= [uwz ⋅ c][∂(c) ⋅ (wz ⋅ r)]
= [uwz ⋅ c][c(wz ⋅ r)c− ]
= [uwz ⋅ c][c(∂(wz ⋅ r) ⋅ c− ][wz ⋅ r]

and
c ∶= (uwz ⋅ c)c(∂(wz ⋅ r) ⋅ c− ) ∈ ⟨⟨RΓ ∪ RΓ⟩⟩FΓ .

Lemma 4.15 yields c ∈ Λ(PΓ)with π([c]) =  (geometrically, discs in XΓwhose
images in XQ are spheres that can be contracted in the -skeleton of XQ). We will
now analyse how we can use the identities IΓ to transform these elements further.
First, we treat a special case.

Lemma 4.17. Let c ∈ ⟨⟨RΓ⟩⟩F(Z̃) with π([c]) = . �en [c] is equivalent modulo
[IΓ] to some [c′] with c′ ∈ ⟨⟨RΓ ∪ RΓ⟩⟩FΓ.

Proof. We can de�ne a group homomorphism σ ∶ Λ(PQ) → Λ(PΓ) by de�ning
σ(w ⋅ s) = σ(w) ⋅ rs for w ∈ FQ and s ∈ RQ (recall that, as a group, Λ(PQ) is free
on these w ⋅ s). By de�nition, σ is an inverse to the restriction of π to ⟨⟨RΓ⟩⟩F(Z̃).
Now, we have  = π([c]) = [π(c)], so π(c) is in the kernel of the quotient

map Λ(PQ) → C(PQ). �is kernel is the Pei�er subgroup P ≤ Λ(PQ). Since
c = σ(π(c)), we have c ∈ σ(P).
By Lemma 4.8, P is generated by the basic Pei�er elements

aba−(∂Q(a) ⋅ b)−, with a,b ∈ FQ × RQ.

Without loss of generality we may assume that c is the image of one of these gener-
ators, i.e.

c = σ(aba−(∂Q(a) ⋅ b)−)

for some a = u ⋅ s and b = v ⋅ t with u,v ∈ FQ and s, t ∈ RQ. We have

σ(∂Q(a) ⋅ b) = σ(u∂Q(s)u−v ⋅ t) = σ(u∂Q(s)u−v) ⋅ rt.

Set
w ∶= σ(u)∂Γ(rs)σ(u−v).

Recall that ∂Γ(rs) = σ(∂Q(s))c−s where cs ∈ ⟨⟨∂Γ(RΓ ∪ RΓ)⟩⟩. �en π(cs) = , so

wz ∶= σπ(w) = σ(u∂Q(s)u−v).

42



4.5. Identities among relators in a short exact sequence

�en Lemma 4.16 tells us that there is a c′ ∈ ⟨⟨RΓ ∪ RΓ⟩⟩FΓ such that [w ⋅ rt] is
equivalent modulo [IΓ] to [c′(wz ⋅ rt)]. So there is some i ∈ ⟨⟨IΓ⟩⟩FΓ , such that

[σ(∂Q(a) ⋅ b)] = [wz ⋅ rt]
= [ic′−][w ⋅ rt]
= [ic′−][σ(u)∂Γ(rs)σ(u−v) ⋅ rt]
= [ic′−][∂Γ(σ(u) ⋅ rs) ⋅ (v ⋅ rt)]
= [ic′−][∂Γ(σ(a)) ⋅ σ(b)]
= [ic′−][σ(a)σ(b)σ(a)−]

so
[c] = [i][c′].

More generally we can now show the following, which should be compared to
Lemma 4.3:

Lemma 4.18. Let [c] ∈ C(PΓ) with ∂Γ(c) ∈ F(X) and π([c]) = . �en [c] is
equivalent, modulo [IΓ] to some [c′] ∈ C(PΓ) with c′ ∈ ⟨⟨RΓ ∪ RΓ⟩⟩FΓ.

Proof. Let [c] ∈ C(PΓ) with ∂Γ([c]) ∈ F(X) and π([c]) = . �en c is of the form

c = (w ⋅ r)⋯(wn ⋅ rn), with w, . . . ,wn ∈ F(X ∪ Z̃)
r, . . . , rn ∈ RΓ ∪ RΓ ∪ RΓ.

First, we can use the previous lemma to replace all the terms wi ⋅ ri with ri ∈ R by
some ciwzi ⋅ ri with ci ∈ ⟨⟨R⟩⟩Γ andwzi ∈ F(Z̃). We can thus �nd some [c] ∈ C(PΓ)
which is equivalent to [c]modulo [IΓ] and which is of the form

c = (w′ ⋅ r′)⋯(w′m ⋅ r′m), with w′, . . . ,w
′
n ∈ F(X ∪ Z̃)

r, . . . , rn ∈ RΓ ∪ RΓ ∪ RΓ
such that w′i ∈ F(Z̃) whenever ri ∈ R.

Now we can use the crossed module relations

[w′i ⋅ r′i][w′i+ ⋅ r′i+] = [(∂(w′i ⋅ r′i) ⋅ (w′i+ ⋅ r′i+)][w′i ⋅ r′i]

to move all the terms with r′i ∈ RΓ to the right of the word. �us we have

[c] = [c][(u ⋅ rs)⋯(uk ⋅ rsk)]

for some c ∈ ⟨⟨R ∪ R⟩⟩FΓ and u, . . . ,uk ∈ F(Z̃) and s, . . . , sk ∈ RQ. Now [c] and
[c] are equivalent modulo [IΓ] and we have π([IΓ]) = , so π([c]) = π([c]) = .
Furthermore we have π([c]) = , and thus

π([(u ⋅ rs)⋯(uk ⋅ rsk)]) = .

By Lemma 4.17 it follows that [(u ⋅rs)⋯(uk ⋅rsk)] is equivalentmodulo [IΓ] to some
[c] ∈ C(PΓ) with c ∈ ⟨⟨RΓ ∪ RΓ⟩⟩FΓ . �erefore, modulo [IΓ], our [c] is equivalent
to [c] which is equivalent to [cc] and cc ∈ ⟨⟨RΓ ∪ RΓ⟩⟩FΓ .
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4.6 Proof of the --�eorem

Nowwe are ready to give a proof of the --�eorem. As we showed in Section 4.2,
it is su�cient to consider the following situation:

N P F

N Γ Q

↪ → ↠

↠ ↠ π

↪ → ↠π

where N is �nitely generated, Γ is �nitely presented, Q is of type F, F is �nitely
generated free, and P is the �bre product of π and π. In order to establish the --
�eorem, we need to show that P is �nitely presented.
As in Section 4.3 pick a presentationPN = ⟨X ∣ RN ,∂N⟩ for N with X �nite and

a presentation PQ = ⟨Z ∣ RQ,∂Q⟩ for Q, with both Z and RQ �nite and such that Z
is a basis for F. Furthermore, pick a �nite set IQ ⊂ Λ(PQ) such that [IQ] generates
π(PQ) as a Q-module. Let PΓ = ⟨X ∪ Z̃ ∣ RΓ ∪ RΓ ∪ RΓ,∂Γ⟩ be the presentation
constructed in Section 4.3. �en let

KΓ ∶= ker(pΓ ∶ F(X ∪ Z̃) ↠ Γ) = ⟨⟨∂Γ(RΓ ∪ RΓ ∪ RΓ)⟩⟩

and
KP ∶= ker(pP ∶ F(X ∪ Z̃) ↠ P) = ⟨⟨∂Γ(RΓ ∪ RΓ)⟩⟩.

Since Γ is �nitely presented there is a �nite subset RΓ
′ ⊂ RΓ such that

KΓ = ⟨⟨∂Γ(RΓ
′ ∪ RΓ ∪ RΓ)⟩⟩.

Now consider the identities IΓ and I

Γ from the previous section. Recall that there is

one identity ix,s in IΓ for each generator x ∈ X of N and relator s ∈ RQ of Q and one
identity ij in IΓ for each identity j ∈ IQ of Q. �erefore IΓ and IΓ are �nite subsets
of Λ(PΓ). �us

⟨⟨[IΓ] ∪ [IΓ]⟩⟩F(X∪Z̃) ⊂ ⟨⟨[RΓ
′′] ∪ [RΓ] ∪ [RΓ]⟩⟩

for some �nite RΓ
′′ ⊂ RΓ. Without loss of generality, we assume that RΓ

′ ⊂ RΓ
′′.

Now set
K′P ∶= ⟨⟨∂Γ(RΓ

′′ ∪ RΓ)⟩⟩.

We will show that KP = K′P, which �nishes the proof that P is �nitely presented.
So let w ∈ KP. Firstly, by Lemmas 4.1 and 4.3, w is equivalent modulo RΓ to

some w′ ∈ F(X). So, without loss of generality, assume w ∈ F(X).
Now w ∈ KP, so w ∈ KΓ = ⟨⟨∂Γ(RΓ

′ ∪ RΓ ∪ RΓ)⟩⟩. �us we can pick some
c ∈ ⟨⟨RΓ

′ ∪ RΓ ∪ RΓ⟩⟩F(X∪Z̃) ⊂ C(PΓ) with ∂Γ(c) = w. We can now apply Lemmas
4.15 and 4.18 to conclude that there is some i ∈ ⟨⟨IΓ ∪ IΓ⟩⟩F(X∪Z̃) with [c′] ∶= [i][c] ∈
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⟨⟨[RΓ]∪[RΓ]⟩⟩F(X∪Z̃). Since i is in the kernel of ∂Γ, we have ∂Γ([c′]) = ∂Γ([c]) = w.
Furthermore, both c and i lie in ⟨⟨RΓ

′′ ∪ RΓ ∪ RΓ⟩⟩ and thus so does c′. �erefore
c′ ∈ ⟨⟨RΓ

′′ ∪ RΓ⟩⟩, and hence w ∈ K′P.
From 3.14 (and the remark following the proof) this implies the Virtual Surjec-

tions to Pairs �eorem, which was originally obtained in [BHMS12, �eorem E]:

Corollary 4.19 (The Virtual Surjections to Pairs Theorem). Let
Γ, . . . , Γn be �nitely presented groups and P ≤ Γ×⋅ ⋅ ⋅×Γn a subgroup of their direct
product. If P virtually surjects to pairs of factors, then P is �nitely presented.

p

4.7 Towards higher dimensions

We have seen in this chapter how the combinatorics of crossedmodules enable us to
prove the --�eorem. Why is this approach not available in higher dimensions?
In fact, the central theorem by Whitehead (�eorem 4.13), does have a satisfying
generalisation to higher dimensions: If X(n) is an n-dimensional CW-complex for
n >  then the relative homotopy group πn(X(n),X(n−)) is a free π(X)-module,
with a basis given by a set of characteristic maps for the n-cells.
All the relative homotopy groups πn(X(n),X(n−)) can be assembled into an

exact sequence by splicing together parts of the long exact homotopy sequences of
each pair (X(n),X(n−)):

πn(X(n))

πn+(X(n+),X(n)) πn(X(n),X(n−)) πn−(X(n−),X(n−))

πn−(X(n−))

→
→

→∂n+

→

→∂n

→

�is is a sequence of free π(X)-modules and module homomorphisms except in
the lowest dimensions

π(X(),X())
∂→ π(X(),X())

where π(X(),X()) is a free group and (π(X(),X()),∂) is a free crossed mod-
ule on that group.
Such sequences are called crossed complexes and were �rst studied in [Hue80].

In the special case where X is a BΓ-complex (say with a single vertex) the crossed
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complex can be extended by an “augmentation map”, as we did at the end of Section
4.4:

π(X(),X()) π(X(),x) π(X(),x)

C(P) F Γ

→∂

→ ≅
↠

→ ≅ → ≅
→ ↠

�is is termed a crossed resolution of Γ. For more information on the general the-
ory, see [BH82b, BRS99, BHS11]. �e kernels of the boundary maps involved have
been studied as “homotopical syzygies” in [Lod00] and a choice of generating set for
each of the groups has been called a “generalised group presentation” and studied
in [Bro92].
So, to recapture, in a way, the combinatorics in fact become easier in higher

dimensions: Instead of having to deal with crossedmodules, we are facing themuch
more familiar modules over a group ring.
Of course, there is a catch. In dimension  the long exact homotopy sequence

associated to the pair (X(),X()) is

⋯ → π(X()) → π(X()) → π(X(),X()) → π(X()) → ⋯

Crucially, as we observed earlier, the �rst term vanishes. It is this fact that allowed
us to identify, for a given presentation P = ⟨X ∣ R,∂⟩, the second homotopy group
of the presentation complex XP with the kernel of the boundary map ∂ ∶ C(P) →
F(X).
Life is not so simple in higher dimensions: �e relevant part of the long exact

homotopy sequence of the pair (X(n),X(n−)) is

⋯ → πn(X(n−)) → πn(X(n)) → πn(X(n),X(n−))
∂n→ πn−(X(n−)) → ⋯.

�is is now a sequence of π(X)-modules and module homomorphisms, but the
module πn(X(n)) is no longer the kernel of ∂n if n > . In general, we cannot expect
the term πn(X(n−)) to be trivial, nor the map πn(X(n)) → πn(X(n),X(n−)) to be
injective. So the characterisation of F that we achieved in Corollary 4.14 has no
analogue in higher dimensions.
Of course, this does not mean that nothing can be gained from replicating the

approach presented here in higher dimensions, investigating the relative homotopy
groups πn(X(n),X(n−)) in place of π(X(),X()). In a way, this is what we do
in Chapter 7, though couched in a di�erent language: If X is a BΓ-complex then
in dimensions n ≥  the groups πn(X(n),X(n−)) are isomorphic to the cellular
chain groups Cn(X̃) of the universal cover X̃ of X. In fact, the sequence of relative
homotopy groups

⋯ → πn(X(n),X(n−)) → πn−(X(n−),X(n−)) → ⋯ → π(X(),X())

is chain isomorphic to the cellular chain complex of the universal covering. So in
higher dimensions these relative homotopy groups do not contain more informa-
tion than a resolution of Z as a trivial Γ-module. We study these resolutions in
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detail in Chapter 7 and we will see that many of the results from the current chapter
carry over to higher dimensions. �e issues raised here help to explain why these
generalisations do not easily add up to a proof of the n-(n + )-(n + ) Conjecture,
but we will leave it to the end of Chapter 7 to explore more thoroughly what they
actually do allow us to say.
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5
A topological approach

r

�e statement of the n-(n + )-(n + ) Conjecture is at its core a topological ques-
tion, as the �niteness properties Fn are concerned with the existence of classi�ying
complexes of a certain type and implicitly with questions about �nite generation of
higher homotopy groups (see A.20).
Putting aside for now the troubles about the algebra of higher homotopy groups,

which we alluded to at then end of the previous chapter, we will present in this
chapter an attack on the n-(n+ )-(n+ ) Conjecture by mostly topological means.
Having seen how the proof of the -- �eorem involved a fair amount of calcu-
lations with crossed modules, maybe we should not expect to get very far without
delving into the combinatorics of classifying complexes. But in fact, we can obtain a
number of interesting results: Essentially, many of the results from Sections 4.1–4.3
can be generalised to higher dimensions without appeal to explicit combinatorics.
In particular, this method will enable us to replicate the main results from Section
4.2 in higher dimensions: �e n-(n+ )-(n+ ) Conjecture holds when the second
short exact sequence splits and the general conjecture can be reduced to the case
when Γ is free.

5.1 Introducing stacks

A crucial step in proving the -- �eorem was the construction of a presentation
of the middle group Γ in a short exact sequence N ↪ Γ ↠ Q from presentations
for the kernel N and quotient Q. �is amounts to constructing the -skeleton of a
BΓ-complex. Now, our task will be to construct an entire useful BΓ-complex from
given BN- and BQ-complexes. “Useful” is a vague term here, of course, but recall
from4.3 someof the properties satis�ed by the presentation complexXΓ constructed
there: �e presentation complex XN appeared as a subcomplex, we could de�ne a
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map XΓ → XQ inducing π ∶ Γ → Q on the fundamental groups and XΓ could be
pictured as a sort of “twisted product” of XN and XQ. We shall hope to replicate
these properties in some form here.
Various ways of making these notions precise and constructing the kinds of

complexes we look for have been given by di�erent authors (e.g. the “complexes
of spaces” in [CS98], the construction in [Sta98] and the more algebraic analogue of
“complexes of groups” [Cor92, Hae91]), but the most useful for our purposes is Ross
Geoghegan’s theory of “stacks” from [Geo08, Chapter 6]. We will start by brie
y
laying out the parts of the theory pertinent to our discussion.
As a �rst approximation, given a short exact sequence N ↪ Γ π↠ Q, we can

“represent” it topologically via the Borel construction. For this we pick a BΓ-complex
Y and a BQ-complex Z. �en Γ acts naturally on the universal cover Ỹ via deck
transformations and also on the universal cover Z̃ through the homomorphism Γ π→
Q ≅ Deck(Z̃ ↠ Z). So we can let Γ act diagonally on Ỹ × Z̃ and noting that
this action is free and properly discontinuous we obtain a new BΓ-complex Y ∶=
(Ỹ × Z̃)/Γ. �e covering map Z̃ → Z then gives a map ϕ ∶ Y → Z, which induces
π ∶ Γ → Q on the level of fundamental groups. Furthermore ϕ is a �bre bundle
with �bre the BN-complex X ∶= Ỹ/N. So, topologically, ϕ has very desirable
properties but unfortunately Y is not a very useful BΓ-complex for our purposes,
yet. We are interested in “small” classifying complexes (in the sense as demanded by
the �niteness properties Fn), andY is not small: It will typically have in�nitelymany
cells of any dimension (for example, the �bre X will have in�nitely many -cells if
Q is in�nite).
Geoghegan’s construction builds from Y a new BΓ-complex Y′ and map ϕ′ ∶

Y′ → Z by swapping out the �bres X for a di�erent BN-complex X′ that can be
chosen arbitrarily. As a result, the complex Y′ will be reasonably small if the initial
complexes Z and X′ are. �e price to pay is that the map ϕ′ is no longer a �bre
bundle. However, it is what Geoghegan calls a stack, which is a cellular projection
map that retains some of the structure of a �bre bundle.
We will now make this notion precise in the following de�nition from [Geo08,

Section 6.1].

g De�nition 5.1. Let X, Y and Z be CW-complexes. Denote by En the set of closed
n-cells of Z. A map ϕ ∶ Y → Z is called a stack with �bre X, if there is for each
e ∈ En a map fe ∶ X × Sn− → ϕ−(Z(n−)) and denoting the disjoint union of these
maps by

fn ∶ ⊍
e∈En

X × Sn− → ϕ−(Z(n−))

there are for each n ≥  homeomorphisms1

kn ∶ ϕ−(Z(n−)) ∪fn ( ⊍
e∈En

X × Bn) → ϕ−(Z(n)),

such that
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1. kn agrees with inclusion on ϕ−(Z(n−)).

2. kn maps each closed cell of Y onto a closed cell of Z.

3. �e following diagram commutes:

ϕ−(Z(n−)) ⊍ (⊍e∈En X × Bn)

ϕ−(Z(n−)) ∪fn (⊍e∈En X × Bn) Z(n)

ϕ−(Z(n))

→ quotient
→

u

→ kn
→

ϕ∣

where u agrees with ϕon ϕ−(Z(n−)) and on each copy X×Bn corresponding
to some cell e ∈ En it is projection to Bn followed by a characteristic map
Bn → e.

Roughly speaking, if ϕ ∶ Y → Z is a stack, then Y can be built up step-by-step
as a �ltration Yn ∶= ϕ−(Z(n)), where going from Yn− to Yn involves gluing in a
complex X × Bn over each n-cell e ∈ En. Over the interior e̊ of the cell the map
ϕ ∶ ϕ−(e̊) → e̊ has the form of a projection X × e̊ → e̊.
Note also what the de�nition means in dimension : By convention, S− = ∅ =

Z(−), so f is the map ∅ → ∅ and k is a homeomorphism ⊍e∈E X → ϕ−(Z()),
that is ϕ−(Z()) consists of a copy of X for each vertex of Z and ϕ merely maps
each copy to the corresponding vertex.
�e utility of De�nition 5.1 lies in two facts: Firstly, the Borel construction de-

scribed above in fact yields a stack (Ỹ × Z̃)/Γ → Z with �bre X ∶= Ỹ/N. Secondly,
if ϕ ∶ Y → Z is a stack with �bre X and X′ is homotopy equivalent to X, we can “re-
build” the stack, by gluing in the �bre X′ instead of X at each step. �is yields a new
stack ϕ′ ∶ Y′ → Z, and a homotopy equivalence h ∶ Y → Y′ making the diagram

Y Y′

Z

→ϕ

→h

→

ϕ′

commute up to homotopy. �is homotopy can be chosen such that the above dia-
gram commutes up to homotopy “over every cell”, meaning that there is a homotopy
H ∶ Y × I → Z from ϕ to ϕ′ ○ h with H(ϕ−(e) × I) ⊂ e for all closed cells e ⊂ Z.
Proofs of these facts can be found in [Geo08, Section 6.1].

1We write ∪fn for “gluing along fn”, i.e. the quotient space of the disjoint union identifying each
x in the domain of fn with fn(x).
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In particular, we obtain the following (this is [Geo08, �eorem 7.1.10]):

Theorem 5.2. Let N ↪ Γ π↠ Q be a short exact sequence. Furthermore, let X be
a BN-complex and Z a BQ-complex and identify their fundamental groups with
N and Q, respectively, by �xing isomorphisms N ≅ π(X,x) and Q ≅ π(Z, z).
�en there is a BΓ-complex Y and a cellular map ϕ ∶ Y → Z with the following
properties:

1. ϕ induces the homomorphism π ∶ Γ→ Q on the level of fundamental groups.

2. ϕ is a stack with �bre X.

5.2 Stacks and an Fn+-criterion

To apply this construction to our situation, let us now consider a short exact se-
quence of groups

N ↪ P π↠ Γ

where N is of type Fn and Γ is of type Fn+ for some n ≥ .2 We will be interested in
conditions for P to be of type Fn+ (later, we will apply these considerations to the
short exact sequence N ↪ P↠ Γ associated to a �bre product P ≤ Γ × Γ).
Pick a BN-complex X with �nite n-skeleton and a BΓ-complex Y with �nite

(n + )-skeleton and let ϕ ∶ W → Y be a stack with �bre X, as given by �eorem
5.2. �at is,W is a BP-complex and ϕ induces the homomorphism π ∶ P↠ Γ. We
may furthermore assume that Y has a single vertex ∗ (Proposition A.6 and A.18).
By the stack property, ϕ−(∗) is a subcomplex isomorphic to X. Identifying these
complexes, we will frequently regard X as a subcomplex ofW.
Note that in any stack ϕ ∶W → Y with �bre X the m-cells ofW are in bijective

correspondence with the set⋃k+l=m EYk ×EXl where EYk is the set of k-cells of Y and
EXl is the set of l-cells of X. So in particular, if Y and X have �nite n-skeleta then
the same will be true ofW.
�e (n+ )-skeleton ofW will usually be in�nite, since there might be in�nitely

many (n + )-cells in X. However, there are only �nitely many (n + )-cells inW
that project down to cells in Y of dimension ≥ . In other words, only �nitely many
(n+ )-cells ofW are not completely contained in X = ϕ−(∗). So P is of type Fn+
if and only if we can remove from the (n+ )-skeletonW(n+) all but �nitely many
of the (n+ )-cells in X while making sure that the complex stays n-aspherical (see
Lemma A.16).
We seek a generalisation of Lemma 4.5, which was the main ingredient in redu-

cing the -- �eorem to the case of the second factor being free.
�e proposition we will prove is the following:

2Most of what follows can, in principle, be applied to the case n =  as well. However, we have
treated this case before and excluding it here sometimes avoids clutter.
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Proposition 5.3. Let N ↪ P↠ Γ be a short exact sequence of groups with Γ of
type Fn+ and N of type Fn for some n ≥ . Assume that there is another short exact
sequence N′ ↪ P′ ↠ Γ′ and a homomorphism ϕ ∶ P′ → P which restricts to an
isomorphism ϕ ∶ N′ → N such that P′ is of type Fn+.

Fn Fn+ Fn+

N′ P′ Γ′

N P Γ
Fn Fn+

↪ →↪
↠ ϕ∣

↠

→ ϕ →
↪ → ↠

�en P is of type Fn+ as well.
First we will need an easy lemma which essentially states that removing some

(n+)-cells from an n-aspherical complex results in a complex whose nth homotopy
group is generated, as a π-module, by the attaching maps of the (n + )-cells that
have been removed.

Lemma 5.4. Let n ≥ . Let A be a connected, (n + )-dimensional CW-complex
with πn(A) =  and B,C ⊂ Asubcomplexes such that C is connected, B(n) = A(n)
and B ∪ C = A. �en πn(B) is generated as a π(B)-module by the image of the
map πn(C(n)) → πn(B) induced by inclusion.

Proof. �e pair (A(n+),A(n)) is an (n + )-cellular extension, so by a theorem of
J.H.C.Whitehead ([Whi41, Whi49]; see also [Whi78, Chapter V.1,�eorem 1.1]) the
kernel of the map πn(A(n)) → πn(A(n+)) induced by inclusion is generated by
the attaching maps of (n + )-cells. To make this statement precise, we will have to
introduce basepoints. For each (n + )-cell e of A, pick a characteristic map he ∶
(Dn+,Sn) → (A(n+),A(n)). �en pick basepoints v ∈ A() and x ∈ Sn and for
each e a path pe ∶ [, ] → A from v to he(x). Writing εn for some �xed generator
of πn(Sn,x) and de for the restriction he∣Sn (i.e. de is an attaching map for the
cell e), we have that de represents an element de∗(εn) ∈ πn(A(n),he(x)) and pe
induces an isomorphism

τpe ∶ πn(A(n),he(x)) → πn(A(n),v).

�e theorem byWhitehead alluded to above then says that the elements τpede∗(εn)
generate πn(A(n),v) as a π(A,v)-module.
Now (A(n),B) is again an (n + )-cellular extension, so ι∗ ∶ πn(A(n),v) →

πn(B,v), induced by inclusion, is a surjection. Since B and A have the same -
skeleton, we have π(A) = π(B). �erefore the elements ι∗(τpede∗(εn)) generate
πn(B,v) as a π(B)-module. Now ι∗(τpede∗(εn)) =  for those (n + )-cells e
which are contained in B, and all the other (n + )-cells are contained in C, since
B ∪ C = A. But if e is in C then ι∗(τpede∗(εn)) lies in the image of the map
πn(C(n),v) → πn(B,v) (we can always choose pe to lie in C), so this image gen-
erates πn(B,v) as a π(B,v)-module. �is proves the assertion.
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Theorem 5.5. Let N ↪ P π↠ Γ be an exact sequence of groups, such that Γ is of
type Fn+ and N is of type Fn (where n ≥ ). Furthermore let X be a BN-complex
with �nite n-skeleton and �x an isomorphism to identify π(BN) with N. �en P
is of type Fn+ if and only if there exists a �nite (n + )-dimensional, n-aspherical
complex X, such that

1. X(n) can be embedded as a subcomplex in X and the inclusion ι ∶ X(n) ↪ X
induces an injective map ι∗ on fundamental groups.

2. �ere is a homomorphism f ∶ π(X) → P making the following diagram
commute:

X(n) X

π(X(n)) π(X)

N P

→ι

↪ →ι∗

→ f

↪ →

Proof. Let Y be a BΓ-complex with a single vertex and �nite (n + )-skeleton and
let ϕ ∶ W → Y be a stack with �bre X and inducing π on fundamental groups, as
per�eorem 5.2. �enW has �nite n-skeleton. As before we regard X = ϕ−(Y) as
a subcomplex ofW.
To prove one direction of the claim, suppose P is of type Fn+. In this case some

�nite P-invariant subcomplexW′(n+) ⊂W(n+) is n-aspherical (see A.16). Clearly
W′(n+) contains X(n) as a π-embedded subcomplex and the inclusionW′(n+) →
W(n+) induces a homomorphism f as required in the claim.
�e idea of the proof for the other direction is to “replace” the potentially in�n-

itely many (n+ )-cells of X ⊂W with the �nitely many (n+ )-cells from X, glued
intoW using a topological realisation of f.
LetV denote the subcomplex ofW(n+) consisting ofW(n) together with those

�nitely many (n+ )-cells ofW that are mapped under ϕ to cells of Z of dimension
≥ . Applying Lemma 5.4 with A = W(n+), B = V and C = X(n+) we obtain that
πn(V) is generated as a π(V)-module by the image of themap πn(X(n)) → πn(V)
induced by inclusion. Roughly speaking, we can push any n-sphere inW into X(n)

via a homotopy not intersecting any of the (n + )-cells in X. We now proceed to
make n-spheres in X contractible.
We have the following diagram of spaces and inclusions and the induced dia-

gram on fundamental groups:

X(n) X
(n)

π(X(n)) π(X
(n))

X(n) W(n) N P

↪ →ι →ι∗

→ f

↪ → ↪ →
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SinceW(n) is (n − )-aspherical there is no obstruction to constructing a cellular
map ψ ∶ X(n) →W(n) making the le� square commute and inducing f on the level
of fundamental groups. Now let W̃ ∶= V ∪ψ X, i.e. W̃ is constructed by attaching
to V the (n + )-cells of X along ψ. Denote by ψ ∶ X → W̃ the natural map (i.e.
the composition of the inclusion map X → V ⊍ X with the quotient map V ⊍ X →
V ∪ψ X).

X(n) X
(n)

X

X(n) W(n) V W̃

↪ →

→ ψ
↪ →

→ ψ

↪ → ↪ → ↪ →

So W̃ is a �nite, (n + )-dimensional complex with the same n-skeleton as our
original BP-complexW. Wewill now show that W̃ is in fact n-aspherical, and there-
fore a �nite BP(n+), proving that P is of type Fn+.
We consider the following sequence of homomorphisms induced by inclusions:

πn(X(n))
ι→ πn(V) ι→ πn(W̃).

First note that, since V(n) = W̃(n), the map ι is a surjection. If α ∶ Sn → X(n) is
any n-sphere in X then, since X is n-aspherical, α can be contracted in X, i.e. there
is an extension α̂ ∶ Dn+ → X with α̂∣Sn = α. Since ψ was assumed to restrict to
inclusion on X(n), so does ψ. So the composition ψ ○ α̂ ∶ Dn+ → W̃ shows that α
is null-homotopic in W̃. In other words, the map ι ○ ι ∶ πn(X(n)) → πn(W̃

(n+)),
induced by inclusion, is the zero map.
But we have shown above that the image of ι generates πn(V) as a π-module.

�erefore a set of generators of πn(V) is sent to  under ι, proving that ι is the zero
map. Combining this with the fact that ι is a surjection, we get that πn(W̃) = , as
claimed.

Proposition 5.3 now follows as a corollary.

Proof of Proposition 5.3. Let X be a BN′-complex with �nite n-skeleton. �e quo-
tient Γ′ ≅ P′/N′ is of type Fn (actually, even Fn+; see either [Geo08,�eorem 7.2.21]
or Lemma 6.16 and �eorem 7.2), so we can pick a BΓ′-complex Z′ with �nite n-
skeleton and a single vertex as its -skeleton.
By�eorem 5.2 we can pick a BP′-complexW which is a stack over Z′ with �bre

X. In particularW has �nite n-skeleton and contains X as a subcomplex. Since P′

is of type Fn+, there is a �nite n-aspherical subcomplex W′(n+) ⊂ W(n+) with
W′(n) = W(n). Since the fundamental group depends only on the -skeleton, we
have π(W′(n+)) = π(W(n+)) ≅ P′ andW′(n+) still contains X(n) as a subcom-
plex with π-injective embedding X(n) ↪W′(n+). �us we can takeW′(n+) to be
X in �eorem 5.5 and conclude that P is of type Fn+.
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Chapter 5. A topological approach

5.3 �e Split n-(n+ )-(n+)Conjecture and the reduction to
free Γ

Applying this to the situation of the n-(n+)-(n+)Conjecture, consider, as always,
two short exact sequences

N ↪ Γ
π↠ Q

N ↪ Γ
π↠ Q

such that N is of type Fn and Γ and Γ are of type Fn+ (with n ≥ ). As in the split
-- �eorem we do not need an additional assumption on Q (though of course
the ones we have made on Γ and N imply that Q is at least of type Fn+).
�en the associated �bre product P �ts into a short exact sequence

N ↪ P
p↠ Γ,

which satis�es the �niteness requirements of Proposition 5.3. So to show that P is
of type Fn+ we need to �nd a group P′ as in the statement of the Proposition. Note
that Γ is a group of type Fn+ that contains N as a normal subgroup, as required of
P′. However, in general there is no homomorphism ϕ ∶ Γ → P which maps N ≤ Γ
toN×  ≤ P.3 Yet there is one particular special case, where such a map does always
exist, namely when the second short exact sequence splits. �is allows us to prove
the split case of the n-(n + )-(n + ) Conjecture.

Corollary 5.6. Let

N ↪ Γ
π↠ Q

N ↪ Γ
π↠ Q

be short exact sequences with Γ, Γ of type Fn+ and N of type Fn and assume the
second sequence splits. �en the associated �bre product is of type Fn+.

Proof. Let σ ∶ Q → Γ be a splitting homomorphism for the second sequence, so
π ○ σ = idQ. Now consider the exact sequence

N ↪ P
p↠ Γ.

De�ne
ϕ ∶ Γ → P,γ ↦ (γ,σπ(γ)).

Note that since π(γ) = πσπ(γ) the image of ϕ does indeed lie in P. Obviously,
ϕ restricts to the identity on N. �erefore, Proposition 5.3 applies to yield the con-
clusion.

3Note that in the symmetric case, where the two short exact sequences are identical, there always
is a natural homomorphism Γ → P ≤ Γ × Γ, sending γ to (γ,γ). But this homomorphism does not
�t into a commutative diagram, as in the statement of Proposition 5.3, since it does not map N ≤ Γ
to N ×  ≤ P.
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factor

�is result was previously obtained, using di�erent methods, byMartin Bridson
and Ken Brown in unpublished work.
As for the -- �eorem, we can use Proposition 5.3 not just to prove the split

case but also to reduce the general case of the n-(n + )-(n + ) Conjecture to the
case when Γ is �nitely generated free, by the same method as before.
Consider again the sequences

N ↪ Γ
π↠ Q

N ↪ Γ
π↠ Q

with N of type Fn, Γ and Γ of type Fn+ and Q of type Fn+ Now let F be a �nitely
generated free group with an epimorphism p ∶ F → Γ. Let P′ denote the �bre
product associated to the short exact sequences

N ↪ Γ
π↠ Q

N′
 ↪ F

πp↠ Q

where N′
 = ker(πp) = p−(N). Now the homomorphism

id × p ∶ Γ × F → Γ × Γ,(γ, g) ↦ (γ, p(g))

maps P′ onto P and clearly sends N ×  to N × . �us by Proposition 5.3, P is of
type Fn+ if P′ is.

Proposition 5.7. If the n-(n+ )-(n+) Conjecture holds whenever Γ is �nitely
generated free then it holds in general.

5.4 Classifying complexes for�breproductswithone free factor

Recall how we used the reduction to the case of free Γ in the proof of the --
�eorem: In this special case, we constructed presentations for Γ and P (Section
4.2) of the form:

Γ ≅ ⟨X ∪ Z̃ ∣ R ∪ R ∪ R,∂⟩
P ≅ ⟨X ∪ Z̃ ∣ R ∪ R,∂⟩

In otherwords, the presentation complex forP is a subcomplex of that for Γ, missing
some -cells derived from the relators of Q.
Now that we know that the general case of the n-(n + )-(n + ) Conjecture

can likewise be reduced to the case of free Γ, we might ask whether we can �nd an
analogue of this statement for entire classifying complexes. In fact, we have a very
satisfying equivalent:
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Proposition 5.8. Let

N ↪ Γ
π↠ Q

N ↪ F
π↠ Q

be short exact sequences with F free and let P be the associated �bre product. As-
sume that X is a BN-complex and that Z is a BQ-complex with one vertex such
that the inclusion Z() → Z induces the map π. �en there is a complex Y and a
cellular map ϕ ∶ Y → Z such that

1. Y is a BΓ-complex,

2. ϕ is a stack with �bre X which induces the homomorphism π on funda-
mental groups, and

3. W ∶= ϕ−(Z()) is a BP-complex, and the commutative (pullback) square of
spaces on the le� induces the commutative square of fundamental groups on
the right:

W Z() P F

Y Z Γ Q

→ϕ∣↪
→

↪
→

→p

→ p ↠ π

↠ϕ ↠π

Remark 5.9. Of course, there is no di�culty in choosing a BQ-complex Z as in the
assumption. Pick a generating set Z of F. We may regard Z as a generating set forQ
via the epimorphism p. So pick a presentation Q ≅ ⟨Z ∣ RQ,∂⟩ (with p being the
implied epimorphism F(Z) ↠ Q). �en let Z() be the corresponding presentation
complex and extend it to a classifying complex Z (Lemma A.5). Clearly, Z() is a
classifying complex for F (the presentation complex associated to F ≅ ⟨Z ∣ −⟩), and
the inclusion Z() ↪ Z induces p.
In particular, if F is �nitely generated and Q satis�es some �niteness condition

Fn, then there is always a Z as in the statement with �nite n-skeleton (use Proposi-
tion A.18 before Lemma A.5, when extending the presentation complex to a BQ).

Proof. We follow the Borel construction outlined at the start of the chapter. Let
Y be a BΓ-complex. �en BΓ acts freely on Ỹ × Z̃, where Ỹ and Z̃ denote the
universal covers of Y and Z respectively. Let Y′ ∶= (Ỹ× Z̃)/Γ. �en the projection
map Ỹ × Z̃ → Z̃ induces a map on the quotients ϕ′ ∶ Y′ → Z so the following
diagram commutes:

Ỹ × Z̃ Z̃

Y′ Z

↠

↠ ↠

↠ϕ′

Now ϕ induces the homomorphism π ∶ Γ → Q on fundamental groups and, as
in the discussion at the start of the chapter, ϕ′ is a �bre bundle and a stack with
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5.4. Classifying complexes for fibre products

�bre X′ ∶= Ỹ/N, which is a BN-complex. We can then “rebuild” ϕ′ ([Geo08,
Proposition 6.1.4]) to yield a new stack ϕ ∶ Y → Z with �bre X and a homotopy
equivalence h ∶ Y′ → Y making the following diagram commute up to homotopy:

Y′ Y

Z

→ϕ′

→h

→

ϕ

In fact, as we mentioned earlier, this diagram can be made to commute up to homo-
topy “over every cell”, meaning that the homotopy equivalence h and a homotopy
H ∶ Y′ × I → Z from ϕ′ to ϕ ○ h can be chosen in such a way thatH(ϕ′−(e)× I) ⊂ e
for each closed cell e ∈ Z. In particular, this implies that for any subcomplex Z ⊂ Z,
the homotopy equivalence h restricts to a homotopy equivalence of the preimages
of Z under ϕ′ and ϕ respectively.
So setW′ ∶= ϕ′−(Z()) andW ∶= ϕ−(Z()). �en h∣W′ is a homotopy equival-

ence, making the diagram

W′ W

Z()

→ϕ′∣

→h∣

→

ϕ∣

commute up to homotopy.
Furthermore, the restriction ϕ′∣ ∶W′ → Z() is still a �bre bundle, so there is a

long exact sequence of homotopy groups:

⋯ → πn(X′)
ι∗→ πn(W′) (ϕ

′∣)∗→ πn(Z()) → πn−(X′) → ⋯

For n ≥  the groups πn(X′) and πn(Z()) are trivial, so we can conclude that the
same is true of πn(W′). HenceW′ is aspherical. �is means thatW′ is a classifying
complex for P′ ∶= π(W′). We will now show that P′ ≅ P.
In the lowest dimensions, the long exact homotopy sequence of the �bre bundle

yields a short exact sequence of groups:

⋯ π(Z()) π(X′) π(W′) π(Z()) π(X′)

 N P′ F 

→ → →ι∗ →(ϕ
′∣)∗ →

Note that the inclusion map ε ∶ W′ ↪ Y′ induces a map ε∗ ∶ P′ → Γ. �e
commutative diagram of spaces on the le� then induces a commutative diagram on
the level of fundamental groups (as before, we identify X′ with the preimage of the
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single vertex in Z):

X′ W′ Z() N P′ F

X′ Y′ Z N Γ Q

↪ → →ϕ′∣

↪
→

↪
→

↪ → →(ϕ′∣)∗

→ ε∗ ↠ π

↪ → ↠ϕ′ ↪ → ↠π

We can de�ne a homomorphism η ∶ P′ → Γ × F, g↦ (ε∗(g),ϕ∗(g)) and commut-
ativity of the right-most square just means that η is in fact a homomorphism into
the �bre product P ≤ Γ× F.

N P′ F

N P F

N Γ Q

↪ →

→

η

↠(ϕ∣)∗

↠

↪ → ↠p

→p ↠
↪ → ↠π

→

ε∗

We have observed above that the “front” of this diagram commutes. �e “bottom”
part obviously commutes as well, and the middle triangle commutes by de�nition
of η. �erefore the “top” squares commute and thus η is an isomorphism.
So we have showed thatW′ is a classifying complex for P. ButW is homotopy

equivalent toW′ and thus a BP as well. It only remains to show the claim about the
commutative squares in the statement. Again, we have seen that this claim is true
when W and Y are replaced by W′ and Y′. So the claim about W and Y follows
from commutativity (up to homotopy) of the following diagram:

W

W′ Z()

Y

Y′ Z

↠
ϕ∣↪

→

→h∣

↠ϕ′∣

↪
→

↪
→

↠
ϕ→h

↠ϕ′

�is �nishes the proof.

�e classifying complex for P constructed in this proposition gives a good idea
of where the problem lies in proving the n-(n + )-(n + ) Conjecture. To apply it
in this situation, assume that N is of type Fn, that Γ and Q are of type Fn+ and
that F is a �nitely generated free group. �en we can pick the BN-complex X in
the statement of Propisition 5.8 to have �nite n-skeleton and the BQ-complex Z to
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5.4. Classifying complexes for fibre products

have �nite (n + )-skeleton. �e proposition gives us a BΓ-complex Y and a stack
ϕ ∶ Y → Z with �bre X, such that ϕ induces the homomorphism π ∶ Γ → Q on
fundamental groups and such that the preimageW ∶= ϕ−(Z()) is a BP-complex.
As in the previous sections, Y has �nite n-skeleton and only �nitely many (n + )-
cells outside of X (the embedded �bre over the single vertex of Z). �e same is then
obviously true forW. Since Γ is of type Fn+, we know that we can remove all but
�nitelymany of the (n+)-cells fromXwhile keepingY n-aspherical.4�equestion
iswhetherwe can also remove all but �nitelymany (n+)-cells fromXwhile keeping
W n-aspherical. Another way to put this: �ere is a �nite set E of (n + )-cells of
X such that any n-sphere f ∶ Sn → X(n) can be extended to f ∶ Bn+ → Y(n+) in
such a way that the only (n + )-cells of X that im f intersects are from E. Now we
want to do the same thing, only this time, we demand that the extension f lie over
the -skeleton of Z. Precisely: Is there a �nite set E′ of (n + )-cells of X such that
any n-sphere f ∶ Sn → X(n) can be extended to f ∶ Bn+ → W(n+) in such a way
that the only (n+ )-cells of X that im f intersects are from E′? If there is such a set,
then P is of type Fn+.
Of course, up to this point of the analysis, we did not use the condition that Q

be of type Fn+ at all. Based on our experiences from the proof of the --�eorem
we might predict that this condition could be used for “pushing disks” from Y into
W. We will pick up this thread again in Chapter 7.

p

Further remarks Wemight remark that the classifying spaceW for P constructed
in Proposition 5.8 is satisfying from a conceptual viewpoint, since it realises the
pullback square of groups characterising the �bre product by a pullback square of
classifying complexes. As a curious sidenote, the method of how this complex is
constructed is in a certain way formally dual to the way a classifying space for the
pushout of groups, i.e. the amalgamated product, is usually constructed (see, e.g.,
[SW79] or [Geo08, Section 6.2]). Given two monomorphisms ι ∶ N ↪ Γ and
ι ∶ N ↪ Γ and classifying spaces X, Y and Y for N, Γ and Γ respectively, we can
construct a classifying space for the amalgamated product Γ∗N Γ by gluing the two
ends of the “cylinder”X×[, ] intoY andY respectively, bymaps realising ι and ι.
�ere is another way to phrase this: We may start o� picking maps f ∶ X→ Y and
f ∶ X→ Y which induce ι and ι on fundamental groups. �e pushout of f and f
(in the category of topological spaces) will usually not be a CW-complex, though, so
we modify one of the maps �rst. Speci�cally, we replace Y by the mapping cylinder
of f. Call this Y′ ∶= Y ∪f (X × [, ]) and let f′ ∶ X → Y′ be the natural inclusion.
�en the inclusion Y ↪ Y′ is a homotopy equivalence (so Y

′
 is still a BΓ) and the

4more precisely, we should say, as before, that we can �nd a �nite subcomplex X′(n+) ⊂ X(n+)

with X′(n) = X(n) and such that (Y(n+) ∖ X(n+)) ∪ X′(n+) is n-aspherical (see Lemma A.16)
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square

X

Y Y′

→f →

f′

↪ →

commutes. Now the pushout Z of f′ and f is a CW-complex and a classifying space
for Γ ∗N Γ.

X Y C B

Y′ Z A A∗C B

↪
→ f′

→f

→

↪ →↪
→

↪
→

→ ↪ →

If we choose the classifying complexes X, Y and Y such that X has �nite n-
skeleton, and Y and Y have �nite (n + )-skeleton, then the resulting complex Z
has �nite (n+ )-skeleton. �is proves that an amalgamated product of two groups
of type Fn+ along a common subgroup of type Fn is of type Fn+.
Now note how this is formally similar to our construction for �bre bundles. �is

time, we are given two epimorphisms π ∶ Γ↠ Q and π ∶ F → Q. We pick classi-
fying complexes Y and Z for Γ and Q and a map realising π. �en we replace this
map by a �bration, namely the �bre bundle ϕ′ ∶ Y′ → Z coming out of the Borel
construction (note that above, we replaced f by a co�bration f′ ). In the proof, we
essentially showed that the pullback of this map ϕ′ and the inclusion Z() ↪ Z
(which realises π) is a classifying complex for the pullback of π and π. Unlike
for amalgamated products, the resulting complex does not automatically have good
�niteness properties. Speci�cally, in order to make use of the extra �niteness condi-
tion on the kernel N, we had to further replace ϕ′ with the stack ϕ ∶ Y → Z. Still,
the resulting pullback falls short of providing the �niteness conditions demanded
by the n-(n + )-(n + ) Conjecture, but it certainly conveys much greater insight
into the nature of the problem.
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6
Homological �niteness properties of �bre

products

r

In the topological approach presented in the previous section, we endeavoured to
prove the n-(n + )-(n + ) Conjecture by constructing a �nite (n + )-skeleton of
a classifying space of the �bre product directly. We have seen how proving a group
to be of type Fn+ comes down to proving a certain higher homotopy group to be
�nitely generated.
An essential feature in the proofs of the -- Lemma and the -- �eorem

is the fact that the low-dimensional homotopy groups of CW-complexes have com-
binatorial descriptions. �e fundamental group of a -dimensional complex can be
described by edge paths and this enables us to represent the -skeleton of a classi-
fying complex by generators and relations. One dimension up we can describe the
second homotopy group of a -dimensional complex in a similar way, using crossed
modules. �is combinatorial formalism is crucial to the proof of the --�eorem.
But as we mentioned at the end of Section 4 there is no completely satisfying

analogue of this combinatorial formalism in higher dimensions. �is is one of the
reasons why higher homotopy groups and are so notoriously hard to compute, and
it should come as no surprise that the same is usually true of the higher �niteness
properties. In the previous section we have attempted to make do with the more
conceptual understanding that stacks provide, but without the algebraic tools to do
explicit combinatorial computation, we had to content ourselves with introducing
some rather crude restrictions, such as the split condition.
Here we will take a di�erent course.
It is in part because of the inherent di�culties with computation of higher ho-

motopy groups, that we o�en consider homology groups when a more computable
invariant of spaces is needed. And so it is natural to turn to homological algebra in
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Chapter 6. Homological finiteness properties

search for more computable �niteness properties of groups. As is usual, computab-
ility comes at a price: �e homological analogues will generally be weaker than the
properties Fn.
One of these properties is the “type FPn” condition, which we will consider in

Section 6.3 and in Chapter 7. Here we study the weaker property of having �nitely
generated integral homology groups up to a certain dimension: If Γ is a group of type
Fn then Hk(Γ,Z) is �nitely generated for all k ≤ n. �is implication is commonly
used to show that a group is not of type Fn. In the major result of this section we
will show that under the assumptions of the n-(n + )-(n + ) Conjecture the �bre
product has �nitely generated integral homology groups up to dimension n + .

6.1 TypewFPn
We will consider the following homological �niteness condition.1

g De�nition 6.1. A group Γ is of type wFPn (“weak FPn”) if Hk(Γ′,Z) is �nitely gen-
erated for all k ≤ n and all �nite index subgroups Γ′ ≤ Γ.

Recall the de�nition of homology groups. Choosing any free resolution of Z by
Γ-modules

F↠ Z ∶ ⋅ ⋅ ⋅ → F → F → F↠ Z

the homology groups of Γ with coe�cients in some Γ-moduleM are de�ned as2

Hk(Γ,M) = Hk(F⊗ΓM),

and this de�nition does not depend on the choice of free resolution F ↠ Z (more
generally, one can also choose projective or 
at resolutions of Z).
We will now show that “type3 FPn” implies “type wFPn”. Wemake the following

observation:

Lemma 6.2. Let Λ be a ring, A a �nitely generated right Λ-module and B a le�
Λ-module which is �nitely generated as an abelian group. �en A⊗Λ B is �nitely
generated as an abelian group.

Proof. Let X ⊂ A be a �nite generating set of A as a Λ-module and let Y ⊂ B be a
�nite generating set of B as an abelian group.

1A similar condition has been used before by K. Brown in [Bro74, Bro75] in the context of Euler
characteristics of groups. He de�nes a group to be of �nite homological type if it has �nite virtual
cohomological dimension and every �nite index subgroup has �nitely generated integral homology.
A very similar condition (also called “�nite homological type”) is used in [Bro94], see also [LS06].
We will discuss the latter condition in more detail at the end of the chapter.

2Unless otherwise noted, we employ the usual convention of taking all modules over a group ring
to be le� modules. Any le� Γ-module can be turned into a right Γ-module by de�ning a ⋅ g ∶= g−a
for all a ∈ A and g ∈ Γ. �e tensor product A⊗G B of two le� Γ-modules A and B is understood to
employ this induced right-module structure on A.

3for more information on the FPn-properties, see Appendix A.2
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Let a ∈ A and b ∈ B. �en

a = ∑
x∈X

xλx, for certain λx ∈ Λ.

And for any x ∈ X and y ∈ Y we can write

λxb = ∑
y∈Y

nx,yy, for certain nx,y ∈ Z.

�erefore

a⊗ b = ∑
x∈X

xλx ⊗ b = ∑
x∈X

x ⊗ ∑
y∈Y

nx,yy = ∑
x∈X
y∈Y

nx,y(x ⊗ y)

Hence A⊗ΛB is generated as an abelian group by the set {x⊗ y ∣ x ∈ X, y ∈ Y}.

�is immediately implies:

Proposition 6.3. If Γ is of type FPn and M is a Γ-module which is �nitely gener-
ated as an abelian group then Hk(Γ,M) is �nitely generated for all k ≤ n.

Proof. Let Γ be a group of type FPn and M a Γ-module which is �nitely generated
as an abelian group. Pick a free resolution

F↠ Z ∶ ⋅ ⋅ ⋅ → F → F → F↠ Z

of the trivial Γ-module Z which is �nitely generated up to dimension n. �en the
groups Fk⊗ΓM are �nitely generated for k ≤ n and hence so isHk(Γ,M) = Hk(F⊗Γ
M).

In conjunction with Proposition A.34 this yields:

Corollary 6.4. Any group of type FPn is of type wFPn.

�at the converse is not true was shown by Leary and Saadetoğlu in [LS06] and
we recount their construction in the Appendix (Proposition A.49).

�eLHS spectral sequence To prove an analogue of the n-(n+ )-(n+)Conjec-
ture using the wFPn condition, we need to study how the homology groups of the
groups in a short exact sequence are related to one another. �emain tool for doing
this is the Lyndon-Hochschild-Serre spectral sequence. For a short exact sequence
N ↪ Γ↠ Q this is a �rst quadrant spectral sequence of the form

Epq = Hp(Q,Hq(N,M)) ⇒ Hp+q(Γ,M).

where M is any Γ-module. Let us brie
y recall how the action of Q on Hq(N,M)
arises.
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Let G and H be two groups and M a G-module, B an H-module. If ϕ ∶ G →
H is a homomorphism then f ∶ M → N is called compatible with ϕ, if f(gm) =
ϕ(g)f(m) for all g ∈ G and m ∈ M, i.e. f is a homomorphism of G-modules, if N
is considered a G-module via ϕ ∶ G → H.
Such a pair (ϕ, f) of compatible morphisms induces a map on homology in the

following way: Choose a free resolution

F↠ Z ∶ ⋅ ⋅ ⋅ → F → F → F↠ Z

of Z by G-modules and a free resolution

F′↠ Z ∶ ⋅ ⋅ ⋅ → F′ → F′ → F′↠ Z

of Z by H-modules. �en there is a map of chain complexes

F↠ Z ∶ ⋯ F F F Z

F′↠ Z ∶ ⋯ F′ F′ F′ Z

→ g∗
→

→ g
→

→ g
→

→ g
↠

→ → → ↠

extending the identity map on Z and compatible with ϕ (i.e. each fn is compatible
with ϕ in the same sense as before).
Tensoring this map with f gives a chain map F⊗M → F⊗ N:

F⊗M ∶ ⋯ F ⊗M F ⊗M F ⊗M 

F′ ⊗ N ∶ ⋯ F′ ⊗ N F′ ⊗ N F′ ⊗ N 

→ g∗⊗f
→

→ g⊗f
→

→ g⊗f
→

→ g⊗f
→

→ → → →

�is chain map induces a homomorphism on homology

(ϕ, f)∗ ∶ H∗(G,M) → H∗(H,N),

which, as usual, does not depend on any of the choices made during the construc-
tion.
Now let N ↪ Γ π↠ Q be a short exact sequence andM a Γ-module. We can now

consider the special case of the above construction where ϕ is a conjugation homo-
morphism. For γ ∈ Γ, let cγ ∶ N → N,h↦ γhγ−. �en themodule homomorphism
tγ ∶ M → M,m↦ γm is compatible with cγ, since

tγ(hm) = ghm = γhγ−(γm) = cγ(tγ(m)), for h ∈ N,m ∈ M.

So we can follow the above construction to obtain an induced endomorphism cγ∗ ∶
H∗(N,M) → H∗(N,M).
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Oneway of doing this concretely is by picking a free resolution ofZby Γ-modules

F↠ Z ∶ ⋅ ⋅ ⋅ → F → F → F↠ Z

and considering it as a complex of N-modules. We then de�ne a chain map gγ∗ ∶
F→ F as

gγn ∶ Fn → Fn,a↦ γa.

�is extends the identity map on Z and is compatible with cγ. Tensoring with tγ
gives a map fγ∗ ⊗ tγ ∶ F ⊗ M → F ⊗ M which induces the desired map cγ∗ on ho-
mology. Inspecting this construction it is easy to see that the maps cγ∗ are all auto-
morphisms (cγ

−
∗ being an inverse) and that the map Γ → Aut(H∗(N,M)),γ ↦ cγ∗

is a homomorphism. �us we have de�ned an action of Γ on the homology groups
Hn(N,M) given by

γ ⋅ a = cγ∗(a), for γ ∈ Γ, a ∈ Hn(N,M).

Furthermore, if h ∈ N then

(fhn ⊗ th)(a⊗m) = ha⊗ hm = a⊗m, for all n ≥ , a ∈ Fn,m ∈ M

and soN itself acts trivially onH∗(N,M). �us the action of ΓonH∗(N,M) factors
through π ∶ Γ→ Q, giving an action of Q on H∗(N,M).

6.2 �eWeak n-(n + )-(n + )�eorem

Let N ↪ Γ ↠ Q be a short exact sequence. Using the LHS spectral sequence it is
easy to prove that4 Hn(Γ) will be �nitely generated if Q is of type FPn and N is of
type wFPn. Looking a little more carefully, we see that in fact, we can get away with
a weaker condition on N:

Lemma 6.5. Let N ↪ Γ ↠ Q be a short exact sequence with Q of type FPn and
N of type wFPn−. Also, assume that H(Q,Hn(N)) is �nitely generated. �en
Hk(Γ,Z) is �nitely generated for k ≤ n.

Proof. �is follows easily from the LHS spectral sequence. Using Proposition 6.3,
the assumptions on N and Q imply that Epq = Hp(Q,Hq(N)) is �nitely generated
for q ≤ n−  and p≤ n. In particular, Epq is �nitely generated whenever p+q ≤ n− .

4as usual, we write Hn(Γ) ∶= Hn(Γ,Z)
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�n. gen.

E2

H0(Q, Hn(N))

q ≤ n – 1

p ≤ n
p + q = n

SinceH(Q,Hn(N)) is �nitely generated as well, all the entries Epq on the diagonal
p+ q = n are �nitely generated. �en the same holds true for the corresponding
entries on the E∞ page. But for any k, the entries E∞pq on the diagonal p+ q = k
are the factors of a �ltration of Hk(Γ), and so Hk(Γ) is �nitely generated for all
k ≤ n.

Conversely, if Γ is of type wFPn, then the stated condition for the kernelN holds,
whenever Hn+(Q,Z) is �nitely generated.

Lemma 6.6. Let N ↪ Γ↠ Q be a short exact sequence of groups. Assume that N
is of type wFPn−, that Γ is of type wFPn and that Q is of type FPn.
If Hn+(Q) is �nitely generated, then so is H(Q,Hn(N)). If Γ is of type wFPn+
the converse holds as well.

Remark 6.7. In the case n =  this lemma is a “weak” analogue of 3.7.

Proof. Consider the LHS spectral sequence

Epq = Hp(Q,Hq(N)) ⇒ Hp+q(Γ).

�e assumptions on N and Q imply that Epq is �nitely generated for q ≤ n −  and
p≤ n.
Let us �rst focus on the entry at position (n+ , ) in the spectral sequence. On

the Er+-page, Er+n+, is the kernel of themap dr ∶ Ern+, → Ern+−r,r−. �e codomain
of this map is �nitely generated for  ≤ r ≤ n and thus Er+n+, = kerdr is �nitely
generated if and only if Ern+, is. Hence, by induction, E

n+
n+, is �nitely generated if

and only if En+, = Hn+(Q,Z) is.
Similarly, looking at the entry (,n)we �nd that Er+,n is the cokernel of the map

dr ∶ Err,n−r+ → Er,n. �e groups E
r
r,n−r+ are �nitely generated for  ≤ r ≤ n and

thus Er+,n = cokerdr is �nitely generated if and only if Er,n is. By induction, En+,n is
�nitely generated if and only if E,n = H(Q,Hn(N)) is.
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On the En+-page we have a map

dn+ ∶ En+n+, → En+,n (6.1)

�e cokernel of this map is En+,n = E∞,n, which is �nitely generated, since Γ is of type
wFPn. �us, if En+n+, is �nitely generated, then so is E

n+
,n .

If Γ is of typewFPn+, then the kernel of (6.1), En+n+, = E∞n+, is �nitely generated
as well. So in this case, En+n+, is �nitely generated if and only if E

n+
,n is.

Nowwe can prove the desired “weak” version of the n-(n+)-(n+)Conjecture.

Theorem 6.8 (The Weak n-(n + )-(n + ) Theorem). Let

N ↪ Γ
π↠ Q

N ↪ Γ
π↠ Q

be short exact sequences with N of type wFPn, Γ of type wFPn+, Γ of type FPn+,
and Q of type FPn+. �en the associated �bre product is of type wFPn+.

Proof. Denote the �bre product by P and the projection homomorphisms by p ∶
P→ Γ and p ∶ P→ Γ.
We need to show that Hk(P′) is �nitely generated for all k ≤ n +  and all �nite

index subgroups P′ ≤ P. First we will show that it is in fact enough to prove that
Hk(P) is �nitely generated for k ≤ n + .
Let P′ ≤ P be a subgroup of �nite index and set Γ′ ∶= p(P) and Γ′ ∶= p(P).

�en P′ is itself a subdirect product of Γ′ and Γ
′
. �e associated short exact se-

quences are

N′
 ↪ Γ′

π↠ Q′

N′
 ↪ Γ′

π↠ Q′

where N′
 ∶= P′ ∩ Γ, N′

 ∶= P′ ∩ Γ and Q′ = P′/(N′
 × N′

). Now the Γ′i and N′
i are

�nite index subgroups in Γi and Ni respectively, so they share the same �niteness
properties. Furthermore Q′ ≅ Γ′/N′

 is a �nite index subgroup of Γ/N′
 which �ts

in a short exact sequence
N/N′

 ↪ Γ/N′
 ↠ Q.

Here N/N′
 is �nite and Q is of type FPn+, so Γ/N′

 is of type FPn+ as well.
�uswe have shown that any �nite index subgroup P′ ≤ P is itself a �bre product

associated to two short exact sequences satisfying the same �niteness conditions as
those in the statement of the theorem. Without loss of generality, it therefore su�ces
to show that Hk(P,Z) is �nitely generated for all k ≤ n.
Consider �rst the short exact sequence

N ↪ P
p↠ Γ.
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Here, Γ is of type FPn+ and N is of type wFPn. By Lemma 6.5, if we can show that
H(Γ,Hn+(N)) is �nitely generated, it follows thatHk(P) is �nitely generated for
k ≤ n.
Now consider the short exact sequence

N ↪ Γ
π↠ Q.

Here, we can apply Lemma 6.6 to conclude that H(Q,Hn+(N)) is �nitely gener-
ated. What remains then is to compare H(Γ,Hn+(N)) with H(Q,Hn+(N)),
and we will show that these two modules are in fact isomorphic, �nishing the proof.
Recall that for any group Γ and Γ-module A, the th homology group H(Γ,A)

is the module of coinvariants

H(Γ,A) = AΓ = A/⟨{a − γa ∣ a ∈ A,γ ∈ Γ}⟩.

Let γ ∈ Γ. As we explained above, the action of Γ on Hn+(N) is induced by
the conjugation action of P on N. More precisely, given γ ∈ Γ, pick a li� γ =
(γ,γ) ∈ P. �en the action of γ onHn+(N) is given by themap cγ∗ ∶ Hn+(N) →
Hn+(N) induced by the conjugation homomorphism cγ ∶ N → N. As we have
remarked before, conjugating an element of N = N ×  by γ has the same e�ect as
conjugating by γ in Γ:

cγ(n) = (γ,γ)(n, )(γ,γ)− = (γnγ− , ).

�erefore cγ = cγ . Now set q ∶= π(γ) = π(γ). By de�nition of the Q-action on
Hn+(N) (stemming from the short exact sequence N ↪ Γ↠ Q), we have

qa = cγ∗ (a) = cγ∗(a) = γa, for all a ∈ Hn+(N).

Since any q ∈ Q li�s to some γ ∈ Γ, we obtain that

(Hn+(N))Γ = Hn+(N)/⟨a − γa ∣ γ ∈ Γ,a ∈ Hn+(N)⟩
= Hn+(N)/⟨a − π(γ)a ∣ γ ∈ Γ,a ∈ Hn+(N)⟩
= Hn+(N)/⟨a − qa ∣ q ∈ Q,a ∈ Hn+(N)⟩
= (Hn+(N))Q

Since the n-(n+)-(n+)Conjecture implies theVirtual SurjectionsConjecture,
it should come as no surprise that�eorem 6.8 implies a weak variant of the Virtual
Surjections Conjecture. �e proof follows closely that of �eorem 3.14.

Corollary 6.9 (The Weak Virtual Surjections Theorem). Let k ≥ .
Let Γ, . . . , Γn be groups of type FPk and P ≤ Γ × ⋅ ⋅ ⋅ × Γn a subgroup of their direct
product. If P virtually surjects to k-tuples of factors then P is of type wFPk.

Proof. We will use the notation established at the end of Chapter 2. As in �eorem
3.14 we prove the following claim by induction on k:
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Claim. Let k ≥ . Let Γ, . . . , Γn be groups of type FPk and P ≤ Γ×⋅ ⋅ ⋅×Γn a subgroup
of their direct product such that P/(P ∩ Γi) is virtually nilpotent for all i with  ≤
i ≤ n. �en P is of type wFPk.

For k ≥  the extra assumption on the P/(P ∩ Γi) is redundant, by 3.3, so the
Claim does imply the statement of the Corollary. Furthermore we may assume, by
the same argument as used in Chapter 3 (see Proposition 3.9), that P is a subdirect
product, replacing each Γi by its �nite index subgroup pi(P), if necessary.
In the base case k = , the groups Γ, . . . , Γn are FP and thus �nitely generated.

So from Proposition 3.9 we have that P is �nitely generated and thus a fortiori of
type wFP.
Fix a k ≥ . We prove the Claim for this k by induction on n. If n ≤ k then P is

of �nite index in Γ × ⋅ ⋅ ⋅ × Γn and thus of type FPk.
So let n > k. Set T ∶= p,...,n−(P) ≤ Γ × ⋅ ⋅ ⋅ × Γn−. �en P is the �bre product

associated to the short exact sequences

N,...,n− ↪T ↠ Q
Nn ↪ Γn↠ Q

Here, T ≤ Γ × ⋅ ⋅ ⋅ × Γn− is a subdirect product, which also virtually surjects to k-
tuples, since pJ(T) = pJ(P) for all J ⊂ {, . . . ,n − }. By induction, we can assume
that T is of type wFPk.
By Lemma 3.13, N,...,n− ≤ Γ × ⋅ ⋅ ⋅ × Γn− virtually surjects to (k − )-tuples. In

addition,
Γi/(N,...,n− ∩ Γi) = Γi/P ∩ Γi

is virtually nilpotent for all i ∈ {, . . . ,n− }. �us, by the inductive assumption on
k, we can assume that N,...,n− is of type wFPk−.
Furthermore, by assumption, Q ≅ Γn/Nn is virtually nilpotent and �nitely gen-

erated and therefore of type F∞, so certainly of type wFP. We can then apply �e-
orem 6.8 to conclude that P is of type wFPk, �nishing the induction.

Kochloukova in [Koc10] proved a converse to this theorem in the case where the
factors are non-abelian free (or limit) groups, which we quoted earlier (in a weaker
form) as �eorem 3.5. Her theorem states [Koc10, �eorem 11]:

Theorem 6.10. Let Γ, . . . , Γn be non-abelian limit groups and P ≤ Γ × ⋅ ⋅ ⋅ × Γn a
full subdirect product. If P is of typewFPk (for some k ≥ ) then P virtually surjects
to k-tuples.

So in conjunction with Corollary 6.9 this gives a complete characterisation of
the full subdirect products of type wFPk of free groups:

Corollary 6.11. Let Γ, . . . , Γn be non-abelian limit groups and P ≤ Γ × ⋅ ⋅ ⋅ × Γn
a full subdirect product. �en P is of type wFPk (for some k ≥ ) if and only if P
virtually surjects to k-tuples.
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Of course, the conjecture (whichwould follow from theVirtual Surjections Con-
jecture) is that “wFPk” in this statement can be replaced by “Fk”, which would that
these two �niteness properties are equivalent (for k ≥ ) among the class of sub-
groups of direct products of free groups.
As wementioned, examples of groups which are of type wFPk but not of type Fk

do exist for any k and we give a construction in Proposition A.49 in the Appendix.
So wemay note that, in principle, the Virtual Surjections Conjecture (and hence the
n-(n+ )-(n+ ) Conjecture) could be disproved by embedding one such example
in a direct product of free groups, though the known examples give no indication
that this is possible.

p

Further remarks on �eorem 6.8 Let us investigate how much further we can
push the method presented here to improve on the result of �eorem 6.8. First we
may notice that we do not actually use the FP-conditions on Γ and Q in the proof
beyond the consequences of Proposition 6.3. Let us say that a group Γ is of type
FHTn if Hk(Γ,A) is �nitely generated for all k ≤ n and all Γ-modules A which
are �nitely generated as abelian groups.5 Proposition 6.3 shows that property FPn
implies FHTn and Leary and Saadetoğlu [LS06] showed that FHTn is in fact strictly
weaker than FPn for all n ≥ .
�e proof of�eorem 6.8 only uses the fact thatQ is of type FHTn+ and that Γ

is of type FHTn+, so we may substitute these weaker properties for the correspond-
ing FPk-properties in the statement.
More saliently, theWeak n-(n+)-(n+)�eorem can be interpreted as saying:

If the n-(n+)-(n+)Conjecture should fail, then this failure cannot be detected in
the integral homology of �nite index subgroups of the �bre product. �is is crucial,
since showing that a group has a non-�nitely generated integral nth homology group
is a very common way of establishing that a group is not of type FPn.
Having ruled out this way of disproving the Conjecture, how else might we use

homology to con�rm some suspected counterexample? We could try our luck with
other coe�cient modules: Finding any P-module Awhich is �nitely generated as
an abelian group, such that Hn+(P,A) is not �nitely generated, would prove that
P is not of type FPn+. Conversely, can the Weak n-(n + )-(n + )�eorem be
generalised to cover coe�cient modules other than Z? Can we show, under the
conditions of the n-(n + )-(n + ) Conjecture, that the �bre product is of type
FHTn+?

5Aswe noted before, a similar property was introduced by Brown in [Bro94, Section IX.6]. Brown
de�nes a group Γ to be of �nite homological type (or FHT) if it has �nite virtual cohomological dimen-
sion andHk(Γ,M) is �nitely generated for all k ≥  and any Γ-moduleM which is �nitely generated
as an abelian group. Our nomenclature is chosen in such a way that the FHT/FHTn properties are
related in roughly the same way as the FP/FPn properties. A group Γ is of type FP if it has �nite
cohomological dimension and is of type FP∞.
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In fact, two steps of the proof easily generalise to other coe�cient modules. As-
sume that we are given two sequences

N ↪ Γ
π↠ Q

N ↪ Γ
π↠ Q

withN of type FHTn, both Γ and Γ of type FHTn+ andQ of type FHTn+. Denote
their �bre product by P. By adapting Lemma 6.5, we can show that it is su�cient
to show thatH(Γ,Hn+(N,A)) is �nitely generated for any P-module Awhich is
�nitely generated as an abelian group.
Similarly, by adapting Lemma 6.6, we can show that H(Γ,Hn+(N,A)) is �-

nitely generated for any Γ-module Awhich is �nitely generated as an abelian group.
�e problem is that, in this case, we cannot adapt our previous method to show

that the second statement implies the �rst: �e �rst statement is about P-modules,
the second about Γ-modules. In general, we cannot just consider a P-module as
a Γ-module in any obvious way. However, this is possible for those P-modules A
on which N acts trivially. In this case, the action of P, given by a morphism P →
Aut(A) factors through p ∶ P ↠ Γ, giving a Γ-action on A. �en we can use the
same method as in the proof of �eorem 6.8 to show that H(Γ,Hn+(N,A)) is
�nitely generated.
To sum up, we have:

Proposition 6.12. Let

N ↪ Γ
π↠ Q

N ↪ Γ
π↠ Q

be short exact sequences of groups with N of type FHTn, both Γ and Γ of type
FHTn+ and Q of type FHTn+. Denote their �bre product by P.
�en Hn+(P,A) is �nitely generated for all P-modules Awhich are �nitely gener-
ated as abelian groups and on which the subgroup N ≤ P acts trivially.
We do not know at present, whether this statement can be improved to cover

arbitrary P-modulesAwith �nitely generated underlying abelian group, i.e. to show
that P is of type FHTn.6

We should note that thewFPn-condition can be rephrased in terms of homology
with coe�cients as well. If Γ′ ≤ Γ is a subgroup then the Eckmann-Shapiro Lemma
states that

Hk(Γ′,A) ≅ Hk(Γ, Γ⊗ZΓ′ A), for any Γ′-module A.

In particular, if Γ′ ≤ Γ is a �nite index subgroup then

Hk(Γ′,Z) ≅ Hk(Γ, Γ⊗ZΓ′ Z) ≅ Hk(Γ,Z[Γ/Γ′]),
6In fact, this is the reason why we preferred the wFPn-condition over the (in some ways more

natural) FHTn-conditions in the statement of the weak n-(n + )-(n + )�eorem.
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where Z[Γ/Γ′] is the permutation module, which is a free abelian group on the (�-
nite) basis Γ/Γ′, with Γ acting on the basis in the obvious way.
It should also be mentioned, though, that we do not know of any examples of

groups which are of type wFPn but not of type FHTn (see also [LS06, Remark 2]).

6.3 �eBieri-EckmannCriterion and the FP-n-(n+ )-(n+)
Conjecture

When passing from the topological �niteness properties of Chapters 4 and 5 to the
homological �niteness properties in the present chapter, we implied that there is a
choice to be made: �e homology of a group is more readily computable (thanks to
tools from homological algebra such as spectral sequences) but it comes with a loss
of power, since the stronger Fn and FPn properties cannot be deduced from �nite
generation of homology groups alone.
In fact, this is something of a false dichotomy, as we will see in this section and

the next chapter. While it is true that the properties wFPn (or even FHTn from the
end of last section) are strictly weaker than FPn, there is in fact a way of expressing
the FPn properties in terms of group homology:

The Bieri-Eckmann Criterion. Let Γ be a group. �e following are equivalent:

1. Γ is of type FPn.

2. Hk(Γ,−) commutes with direct products for  ≤ k < n.

3. Γ is �nitely generated and Hk(Γ,∏ZΓ) =  for  ≤ k < n, where the product
is over some countably in�nite index set.

A criterion of this form �rst appeared in [BE74, Proposition 3.2], see also [Bie81,
Section 2]. We explain the precise meaning of the second condition and give a proof
of the Bieri-Eckmann Criterion in the Appendix (�eorem A.39).
Of course, the groupsHk(Γ,∏ZΓ) aremuch harder to understand than integral

homology groups (or even, say, the coe�cient modules which are �nitely generated
as abelian groups that we considered at the end of the previous section). But some of
the advantages from before remain. We can still apply spectral sequence techniques,
for example. �is makes it possible to give some surprisingly simple — but, it has
to be said, not necessarily elucidating — proofs of a number of results on the FPn-
properties. For example, we will give a short proof below that an extension of two
groups of type FPn is itself FPn.
In this section we will show how the Bieri-Eckmann characterisation can be

used to give analogues of some of the results from the previous section.
�is will allow us to prove a kind of “converse” to the n-(n + )-(n + ) Con-

jecture (similar to what Proposition 3.11 accomplished vis-à-vis the -- Lemma)
and specify a concrete Bieri-Eckmann type obstruction to the Conjecture holding
in general.
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�e FP-n-(n+)-(n+)Conjecture �ere is an obvious analogue of the n-(n+)-
(n+)Conjecture, replacing all the Fn-properties by corresponding FPn-properties.
We will call this the FP-n-(n + )-(n + ) Conjecture.

The FP-n-(n + )-(n + ) Conjecture. Let

N ↪ Γ↠ Q
N ↪ Γ↠ Q

be short exact sequences such that N is of type FPn, both Γ and Γ are of type FPn+
and Q is of type FPn+. �en the associated �bre product is of type FPn+.

Note that the FP-n-(n + )-(n + ) Conjecture, compared to the original n-
(n + )-(n + ) Conjecture has both weaker assumptions and a weaker conclusion,
so one does not purely formally imply the other. But it turns out that, in fact, the
FP-version of the conjecture is stronger than the F-version. We can show this using
the following partial converse to Proposition A.30 (which we will prove in the next
chapter):

Theorem 7.2. If a group is �nitely presented and of type FPn then it is of type Fn.

Now consider the situation in the n-(n + )-(n + ) Conjecture for some n ≥ ,
i.e.

N ↪ Γ↠ Q
N ↪ Γ↠ Q

are short exact sequences with N of type Fn, both Γ and Γ of type Fn+ and Q of
type Fn+. �en the �bre product P is certainly �nitely presented, since it �ts in an
exact sequence

N ↪ P↠ Γ
with �nitely presented kernel and quotient. If the FP-n-(n + )-(n + ) Conjecture
held, then P would also be of type FPn+ and thus of type Fn+ by�eorem 7.2.
�us the FP-n-(n+ )-(n+ ) Conjecture implies the n-(n+ )-(n+ ) Conjec-

ture.
So we could just try to prove the FP-version of the conjecture instead, and the

next section and chapter can be regarded as attempts on this version of the conjec-
ture. One word of warning is in order though:

Proposition 6.13.�e FP--- Conjecture is false.

Proof. �is follows from the existence of groups which are of type FP but not �-
nitely presented, which was proved by Bestvina and Brady in [BB97]. Let Q be such
a group and pick an epimorphism π ∶ F ↠ Q. Let P ≤ F × F be the symmetric
�bre product associated to π. But by Proposition 3.11 (the “converse” to the --
Lemma), Q not being �nitely presented implies that P is not �nitely generated, that
is, not of type FP.
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FPn-criteria for short exact sequences We will start by proving an FPn-analogue
of Lemma 6.5. As mentioned above, it is not hard to show, using the Bieri-Eckmann
Criterion, that an extension of groups of type FPn is of type FPn. We will show
something slightly stronger:

Lemma 6.14. Let N ↪ Γ↠ Q be a short exact sequence with Q of type FPn and
N of type FPn− (where n ≥ ). Also, assume that H(Q,Hn−(N,∏ZΓ)) = .
�en Γ is of type FPn.

Remark 6.15. In particular, the condition on the coinvariants is certainly satis�ed
if N is of type FPn, since then Hn−(N,∏ZΓ) is trivial. �e case n =  has been
excluded for convenience. In this case the given conditionwould have to be replaced
with the requirement that the natural map

H(Q,Hn−(N,∏ZΓ)) →∏H(Q,H(N,ZΓ)) ≅ ∏Z

be onto.

Proof. First note that Γ is certainly �nitely generated, sinceN andQ are. So we need
to prove thatHk(Γ,∏ZΓ) =  for  ≤ k ≤ n−  (where the product here and in what
follows is always taken over some �xed countable index set).
Consider the LHS spectral sequence

Epq = Hp(Q,Hq(N,∏ZΓ)) ⇒ Hp+q(Γ,∏ZΓ).
Since N is of type FPn− and using that ZΓ is a free N-module, by Lemma A.38 we
have

Hq(N,∏ZΓ) ≅ ∏Hq(N,ZΓ) = , for  ≤ q ≤ n − ,
and

H(N,∏ZΓ) ≅ ∏H(N,ZΓ) ≅ ZQ.
In particular Epq =  for  ≤ q ≤ n − , and since Q is of type FPn,

Ep, = Hp(Q,H(N,∏ZΓ)) ≅ Hp(Q,∏ZQ) = , for  ≤ p≤ n − .

Finally, the condition from the statement just says that E,n− = . So to sum up, we
have Epq =  whenever  ≤ p+ q ≤ n− . But then E∞pq =  also, for  ≤ p+ q ≤ n− .
�is implies that

Hk(Γ,∏ZΓ) = , for  ≤ k ≤ n − ,
so Γ is of type FPn.

�e next lemma should be compared to Lemma 6.6.
Lemma 6.16. Let N ↪ Γ ↠ Q be a short exact sequence with N of type FPn−
and Γ of type FPn for some n ≥ . �en Q is of type FPn and there is a surjective
homomorphism

Hn(Q,∏ZQ) ↠ H(Q,Hn−(N,∏ZΓ))

where the products are over some countably in�nite index set.
If Γ is of type FPn+ then this map is an isomorphism.
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Remark 6.17. In particular, if Q above is of type FPn+, then Hn(Q,∏ZQ) = , so
H(Q,Hn−(N,∏ZΓ))must vanish as well. In this sense the �rst part can be seen
as a kind of converse to Lemma 6.14.

Proof. Consider once again the LHS spectral sequence associated to the given short
exact sequence,

Ep,q = Hp(Q,Hq(N,∏ZΓ)) ⇒ Hp+q(Γ,∏ZG).

As in the previous proof, the assumption on N implies that Ep,q =  for  ≤ q ≤ n−
and Ep, ≅ Hp(Q,∏ZQ).
On the Er-page of the spectral sequence there is a boundary map

dr ∶ Err,n−r → Er,n−

and Er+,n− is the cokernel of this map. But for  ≤ r ≤ n −  the domain of this map
is trivial. It follows that En,n− ≅ E,n−.
Now consider the groups along the bottom edge of the spectral sequence. �ere

is a boundary map on the Er-page

dr ∶ Erm, → Em−r,r−

and Er+m, is the kernel of this map. But for  ≤ r ≤ n−  the codomain of this map is
trivial. �erefore Enm, ≅ Em,. Form ≤ n− , we have Enm, = E∞m,. But since Γ is of
type FPn, we haveHm(Γ,∏ZΓ) =  for  ≤ m ≤ n−, so all E∞p,qwith  ≤ p+q ≤ n−
must vanish. �us Hm(Q,∏ZQ) = Em, =  for  ≤ m ≤ n −  and so Q is of type
FPn.

En

1 ≤ q ≤ n – 2 dn

0

Hn(Q, ∏ ℤQ)

H0(Q, Hn–1(N, ∏ℤΓ))

Finally, the boundary map on the En-page,

dn ∶ Enn, → En,n−,

under the isomorphisms from before becomes a map

dn ∶ Hn(Q,∏ZQ) → H(Q,Hn−(N,∏ZΓ)).
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Now the cokernel of this map is En+,n− = E∞,n−. But if Γ is of type FPn, then
Hn−(Γ,∏ZΓ) = , so all the entries E∞p,q on the diagonal p+ q = n−  must vanish.
So in this case the map dn above has trivial cokernel and hence is surjective.
Similarly, kerdn ≅ En+n, = E∞n, must vanish if Γ is to be of type FPn+.

Using these lemmaswe can analyse the situation of the n-(n+)-(n+)�eorem
in much the same way as in the previous section.
Let

N ↪ Γ
π↠ Q

N ↪ Γ
π↠ Q

be short exact sequences and assume that N is of type FPn, that Γ and Γ are of
type FPn+ and that Q is of type FPn+. Let P denote the associated �bre product
and consider the short exact sequence

N ↪ P
p↠ Γ.

To establish the FP-n-(n + )-(n + ) Conjecture we would have to show that P is
of type FPn+ and by Lemma 6.14 it would su�ce to prove that

H(Γ,Hn(N,∏ZP)) = . (6.2)

Now consider the short exact sequence

N ↪ Γ
π↠ Q.

From Lemma 6.16 it follows that

H(Q,Hn(N,∏ZΓ)) = . (6.3)

So the question becomes how the two homology groups (6.3) and (6.2) are related.
We will show that there is a map

ϕ ∶ H(Γ,Hn(N,∏ZP)) → H(Q,Hn(N,∏ZΓ)).

It is not hard to describe how this map should be de�ned: �e projection p ∶ P→ Γ
induces a map f ∶ ∏ZP → ∏ZΓ; the pair (idN , f) ∶ (N,∏ZP) → (idN ,∏ZΓ)
induces a map g on the nth homology groups and this map factors through to the
coinvariants to give ϕ. Of course, we will have to do some work to show that this
is a valid de�nition. Granting this for the moment, the following is now an easy
observation:

Proposition 6.18. In the situation of the FP-n-(n+ )-(n+ ) Conjecture, let ϕ
be the map de�ned above. If this map is injective, then P is of type FPn+.

Proof. We showed that (6.3) holds, and if ϕ is injective this implies that (6.2) holds,
which implies that P is of type FPn+.
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Unfortunately, we do not know whether ϕ is injective. We will say a little more
about the sense in which the kernel of ϕ is an obstruction to the n-(n + )-(n + )
Conjecture at the end of the section.
Here, instead, we will study the map ϕ under di�erent conditions to show a

“converse” to the FP-n-(n+ )-(n+ ) Conjecture, a higher-dimensional equivalent
to Proposition 3.11. In particular, this shows that the FPn+ condition on the quotient
Q is in a certain sense necessary — more on that later.
First of all though, let us show that ϕ can indeed be de�ned as described. �e

following construction does not depend on any of the �niteness assumptions made
earlier.
Let f ∶ ZP → ZΓ be the homomorphism of free abelian groups induced by

the homomorphism p ∶ P → Γ. We may consider f as a map of P-modules, with
P acting on ZΓ via p. Now let f ∶ ∏ZP → ∏ZΓ be the product map f = ∏ f,
which maps each component by f. Denoting the index set of the product by Λ, we
have

f(ha)(λ) = f(ha(λ)) = hf(a(λ)) = hf(a)(λ), for h ∈ N, a ∈ ZP and λ ∈ Λ.

So f can be considered an N-module homomorphism. In other words, the identity
homomorphism on N is compatible with f in the sense of Section 6.1. �us we
obtain an induced map on homology

ψ∗ ∶ H∗(N,∏ZP) → H∗(N,∏ZΓ).

NowH∗(N,∏ZP) is a Γ-module andH∗(N,∏ZΓ) is aQ-module andwewould
like to show that ψn induces a map ϕ on the coinvariants.

Hn(N,∏ZP) Hn(N,∏ZΓ)

Hn(N,∏ZP)Γ Hn(N,∏ZΓ)Q

→ψn

↠ ↠

→ϕ

To achieve this we show that ψ∗ is a map of Γ-modules, if H∗(N,∏ZΓ) is con-
sidered a Γ-module via the map π ∶ Γ → Q.
So let us take a look at the respective actions of Γ and Q on these groups. Let

F↠ Z ∶ ⋅ ⋅ ⋅ → F → F → F↠ Z

be a free resolution of Z by ZP-modules and let

F′↠ Z ∶ ⋅ ⋅ ⋅ → F′ → F′ → F′↠ Z

be a free resolution of Z by ZΓ-modules. Via the map p ∶ P → Γ we can consider
both of these as chain complexes of P-modules. �en there is a chain map g∗ ∶ F→
F′ extending the identity map on Z. �is means that gk(γa) = p(γ)gk(a) for all
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γ ∈ P and a ∈ Fk and so, as above, this chain map is compatible with idN . �en ψ∗
is the map induced on homology by the chain map g∗ ⊗ f:

F⊗N ∏ZP ∶ ⋯ F ⊗N ∏ZP F ⊗N ∏ZP F ⊗N ∏ZP

F′ ⊗N ∏ZΓ ∶ ⋯ F′ ⊗N ∏ZΓ F′ ⊗N ∏ZΓ F′ ⊗N ∏ZΓ

→ g∗⊗f

→

→ g⊗f

→

→ g⊗f

→

→ g⊗f

→ → →

Now recall how Γ acts on H∗(N,∏ZP) = H∗(F ⊗ ∏ZP): �e group P acts
diagonally on the chain groups Fk ⊗ ∏ZP and the induced action on homology
factors through P → Γ. So to describe the action of γ ∈ Γ, �rst li� it to some
γ ∶= (γ,γ) ∈ P. �en, by de�nition, for any basic tensor a ⊗ b with a ∈ Fk and
b ∈ ∏ZP we have7

γ[a⊗ b] = [(γa) ⊗ (γb)],
and so

ψ∗(γ[a⊗ b]) = [(gk ⊗ f)(γa⊗ γb)] = [(γgk(a)) ⊗ (γ f(b))].

Now let q ∶= π(γ) = π(γ). By de�nition Q acts on the homology of F′ ⊗∏ZΓ
by li�ing to the diagonal action of Γ on the chain complex. �is means that

qψ∗([a⊗ b]) = q[gk(a) ⊗ f(b)] = [(γgk(a)) ⊗ (γ f(b))].

And this proves thatψ∗ is compatible with π ∶ Γ → Q, so that we obtain an induced
map8

ϕ ∶ H(Γ,Hn(N,∏ZP)) → H(Q,Hn(N,∏ZΓ)).

Lemma 6.19. If N is of type FPn then ϕ is onto.

Proof. It is clearly su�cient to show that the map

ψn ∶ Hn(N,∏ZP) → Hn(N,∏ZΓ)

de�ned earlier is onto, since ϕ is just an induced map on quotient modules.
To show that ψn is onto, it will be advantageous to derive ψn from a di�erent

chain map than earlier. �is time we choose a free resolution of Z by N-modules

C↠ Z ∶ ⋅ ⋅ ⋅ → C
∂→ C

∂→ C↠ Z,

which is �nitely generated up to dimension n.
7denoting homology classes by brackets
8In fact, this proves more generally that there are maps

ϕp,q ∶ Hp(Γ,Hq(N,∏ZP)) → Hp(Q,Hq(N,∏ZΓ))

for any p,q ≥ .
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Let f ∶ ∏ZP → ∏ZΓ be de�ned as earlier as the natural homomorphism of
P-modules induced by the projection p ∶ P → Γ. �en ψ∗ is the map induced on
homology by the chain map

id⊗ f ∶ C⊗N ∏ZP→ C⊗N ZΓ.

To understand the map on n-dimensional homology, we need to understand, �rst
of all, the kernels of the nth boundary map of these two chain complexes.
So let us investigate these a little closer. For k ≤ n the natural map

Ck ⊗N ∏ZP→∏(Ck ⊗N ZP)

is an isomorphism by Lemma A.37 since Ck is a �nitely generated free N-module.
So if we consider the chain complex C⊗N ∏ZP truncated at dimension n, it is of
the form

∏(Cn ⊗N ZP) →∏(Cn− ⊗N ZP) → ⋯
�eboundarymaps in this chain complex are simply products of themaps ∂k⊗idZP.
Now let Zn ∶= ker ∂n, so there is an exact sequence

→ Zn → Cn
∂n→ Cn−.

Note that ZP is free as an N-module and thus 
at, so the functor −⊗N ZP is exact.
�erefore

→ Zn ⊗N ZP→ Cn ⊗N ZP
∂n⊗idÐÐÐ→ Cn− ⊗N ZP

is exact and we have
ker(∂n ⊗ id) = Zn ⊗N ZP,

and thus
ker(∂n ⊗ id∏ZP) =∏(Zn ⊗N ZP),

by our observation on the boundary maps above. �e same argument, with ZΓ in
place of ZP, shows that

ker(∂n ⊗ id∏ZΓ) =∏(Zn ⊗N ZΓ).

Now consider the map id ⊗ f on the truncated chain complexes. Under the
isomorphisms Ck ⊗ ∏ZP ≅ ∏(Ck ⊗ ZP) and Ck ⊗ ∏ZΓ ≅ ∏(Ck ⊗ ZΓ) this
becomes a map

∏(Cn ⊗N ZP) ∏(Cn− ⊗N ZP) ⋯

∏(Cn ⊗N ZΓ) ∏(Cn− ⊗N ZΓ) ⋯

→∏ ∂n⊗id

→ ηn

→

→ ηn−

→∏ ∂n⊗id →

where ηk is just the product of the maps idCk ⊗ f ∶ Ck ⊗ ZP → Ck ⊗ ZΓ, with
f ∶ ZP → ZΓ induced by the projection p ∶ P → Γ as before. �e map ψn ∶
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Hn(N,∏ZP) → Hn(N,∏ZΓ) on homology is induced by the restriction of ηn
to the kernels of the le�-most boundary maps.

ker(∏ ∂n ⊗ idZP) Hn(N,∏ZP)

ker(∏ ∂n ⊗ idZΓ) Hn(N,∏ZΓ)

↠

→ ηn∣ → ψn

↠

From our analysis of the kernels above, we know that this restriction is just the map

∏(idZn ⊗ f) ∶ ∏(Zn ⊗N ZP) →∏(Zn ⊗N ZΓ).

Now f is clearly surjective and then so is idZn ⊗ f, since tensor products are right
exact. Hence the product map is surjective as well and it follows thatψn is surjective,
�nishing the proof.

Now we can easily derive the desired “converse” of the FP-n-(n + )-(n + )
Conjecture.

Theorem 6.20. Let

N ↪ Γ
π↠ Q

N ↪ Γ
π↠ Q

be short exact sequences with N of type FPn and both Γ and Γ of type FPn+ (for
some n ≥ ). If the associated �bre product is of type FPn+ then Q is of type FPn+.

Proof. �is time, applying Lemma 6.16 to the short exact sequence

N ↪ P
p↠ Γ,

we may conclude that
H(Γ,Hn(N,∏ZP)) = .

But from Lemma 6.19, we know that the natural map

ϕ ∶ H(Γ,Hn(N,∏ZP)) → H(Q,Hn(N,∏ZΓ))

is surjective, hence
H(Q,Hn(N,∏ZΓ)) = .

Applying the Lemma 6.16 again, to the short exact sequence N ↪ Γ↠ Q this time,
we obtain that Q is of type FPn+ and that there is an isomorphism

Hn+(Q,∏ZQ) ≅ H(Q,Hn(N,∏ZΓ)).

But then Hn+(Q,∏ZQ) = , so Q is of type FPn+.
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�enecessity of the FPn+ condition It would be very tempting to conclude from
the above theorem that the condition in the FP-n-(n+ )-(n+)Conjecture thatQ
be of type FPn+ cannot be weakened to Q being of type FPn+. In view of�eorem
6.20, all we need is to �nd a short exact sequence

FPn FPn+ not FPn+

N Γ Q↪ → ↠π
(6.4)

with the indicated �niteness properties. �eorem 6.20 allows us to conclude that
the symmetric �bre product associated to π is not of type FPn+.
For n =  such sequences can be found using a construction due to Rips [Rip82].

Rips’ construction supplies to any �nitely presented groupQ a short exact sequence
N ↪ Γ ↠ Q with Γ a C′(⁄) small-cancellation group (and in particular, �nitely
presented) andN �nitely generated. To obtain a sequence of the form (6.4), we only
need to pick a group Q which is �nitely presented and not of type FP. �ere are
many examples of such groups. �e �rst were found by Stallings in [Sta63] and in
general the construction by Bestvina and Brady in [BB97] provides an ample source
of groups of this type.
We can thus record:

Proposition 6.21. In the FP--- Conjecture, the condition that Q be of type
FP cannot be replaced by the weaker assumption that Q be of type FP.
Unfortunately, we do not know of any examples for short exact sequences of the

type (6.4) for n > . Let us rephrase this problem as a question:
Question. If Γ is a group of type FPn+ and N a normal subgroup of type FPn, does
the quotient Γ/N have to be of type FPn+?
Of course, Lemma 6.16 says that Γ/N has to be of type FPn+ if N is of type

FPn+, so the question asks whether we can weaken this assumption to “type FPn”.
If we try to follow the construction for n = , we would �rst look for a Q of

type FPn+ but not of type FPn+. �ere is no shortage of such groups (for example
Bieri’s generalisation of Stallings’ example in [Bie81] or, again, groups built using the
Bestvina-Brady construction). However, Rips’ construction (or its variants [Wis03,
CBW]) will typically not yield a short exact sequence with kernel of type FP. �e
reason is that C′(⁄) small-cancellation groups are of cohomological dimension 
and Bieri showed that every normal subgroup of type FP in such a group is either
free or of �nite index ([Bie76], see also [Bie81, Corollary 8.6]).
Conversely, there are also many examples of groups with normal subgroups of

type FPn but not FPn+, for example using the theory of Σ-invariants (see Chapter
8). But in those cases the quotients will always be “nice” (i.e. of type F∞). It seems
much harder to construct short exact sequences like (6.4), where we have to arrange
for both the kernel and quotient to have speci�c �niteness properties.
So, while there is — at least to our knowledge — no good reason to believe that

the Question above should have a positive answer, actual counterexamples, for now,
remain elusive.
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p

Further remarks �e Bieri-Eckmann criterion can be viewed as identifying an
obstruction for a group Γof type FPn− to be of type FPn in the formof the homology
groupHn−(Γ,∏ZΓ). �e group Γ is of type FPn if and only if this homology group
vanishes.
In that sense, we can view Lemmas 6.14 and 6.16 as identifying a precise ob-

struction for the middle group Γ in a short exact sequence N ↪ Γ ↠ Q to be of
type FPn+, given that N is of type FPn and Q is of type FPn+. Namely, Γ is of type
FPn+ if and only if the homology group

H(Q,Hn(N,∏ZΓ))

vanishes (though note that the precise statements of the two lemmas extract some
more subtle information from this homology group).
Now consider the map

ϕ ∶ H(Γ,Hn(N,∏ZP)) → H(Q,Hn(N,∏ZΓ))

that we associated to a pair of exact sequences

N P Γ

N Γ Q

↪ →

↠ p
↠p

↠ π

↪ → ↠π

Wemay then think of this as a map between the groups of obstructions from above.
�e kernel and cokernel of ϕ can then be regarded (roughly) as obstructions to trans-
ferring �niteness properties from one sequence to the other.
We made this notion precise in two ways earlier: Firstly, we showed that the

cokernel of ϕ vanishes if N is of type FPn and used this in�eorem 6.20 to transfer
a �niteness condition on P to one on Q.
Secondly (and maybe even more importantly), we identi�ed the kernel of ϕ as

an obstruction to the FP-n-(n + )-(n + ) Conjecture. We should explain what
we mean by this exactly. As we have seen, under the �niteness conditions of the
FP-n-(n + )-(n + ) Conjecture, the codomain of this map, the homology group
H(Q,Hn(N,∏ZΓ)), in fact vanishes. So the kernel is the really the entire homo-
logy group H(Γ,Hn(N,∏ZP)). So this group is also an obstruction to P being
of type FPn+, as is, most obviously, the groupHn(P,∏ZP). But the point is that ϕ
has a chance of being injective under much more general conditions than just those
of the FP-n-(n + )-(n + ) Conjecture.
To conclude that P is of type FPn+ from the statement that ϕ is injective, we

used all of the �niteness conditions in the Conjecture in an essential way. So it is
feasible that wemay not actually need them to show that ϕ is injective. Compare this
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to the situation in �eorem 6.20: We used that ϕ is onto to establish this theorem,
but in fact we were able to show that ϕ is onto under much more general conditions
than those of�eorem 6.20 (namely whenever N is of type FPn, with no additional
conditions on Γ, Γ or Q). In a similar way, the question whether (or when) ϕ is
one-to-one can really be studied independently of the rest of the Conjecture. It is
in this sense that we call the kernel of ϕ an obstruction to the n-(n + )-(n + )
Conjecture.
Of course, the map and the groups involved are subtle objects to work with, as

the proof of Lemma 6.19 may indicate. But the results we obtained demonstrate that
improving our understanding of the map ϕ (possibly under additional assumptions
or in special cases) would go a long way towards proving or disproving the FP-n-
(n + )-(n + ) Conjecture.
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7
Resolutions for group extensions

r

In Chapter 5, we approached the n-(n + )-(n + ) Conjecture from a topological
perspective, analysing classifying complexes and their homotopy groups. �en, in
Chapter 6, we abandonedhomotopy in favour of homology groups. Both approaches
have their upsides: Working with homology, we had at our disposal powerful algeb-
raic tools such as the LHS spectral sequence, which allowed us to establish homolo-
gical �niteness properties for a �bre product under satisfyingly general conditions
in the Weak n-(n + )-(n + ) �eorem. On the 
ipside, the integral homology
groups do not contain enough information to establish the stronger �niteness prop-
erties from the original n-(n + )-(n + ) Conjecture. �e classifying complexes
potentially do, but our tools from Chapter 5 seem too blunt to tease out the desired
results.
�e approach via the Bieri-Eckmann Criterion from Section 6.3 combines some

of the advantages from both worlds, as we have seen. Its major disadvantage is its
non-constructiveness: We can, in principle, use the criterion to conclude that some
particular partial free resolution exists, but the Bieri-Eckmann approach gives little
idea what such a resolution might look like. On the one hand this can lead to el-
egant quick proofs of facts that might be hard to prove in a constructive way. On
the other hand, this makes it much harder to apply the geometric intuition gained
from the proof of the -- �eorem or from the work in Chapter 5. While resolu-
tions relate in a rather straightforward way to geometric notions, the same cannot
be said for the homology groups Hn(Γ,∏ZΓ). By “hiding” the low-level structure
of chain groups and boundary maps to some degree, the approach from Section 6.3
also makes explicit computation harder.
In this chapter wewill actually construct and analyse resolutions. �is combines

some of the advantages of both of our previous approaches: Resolutions are algeb-
raic objects and as such they retain some of the advantages of computability. As a
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result we will be able to analyse them in much �ner detail than we could the stacks
fromChapter 5. At the same time a resolution containsmuchmore data thanmerely
its homology groups. In a certain sense, which will be made precise shortly (Propos-
ition 7.1), a classifying complex can actually be recovered from the cellular chain
complex of its universal cover, so in this sense we sacri�ce very little information
compared to working with the classifying complexes themselves.
As a result, we will be able to derive higher-dimensional analogues of many of

the more computational steps involved in the proof we gave of the -- �eorem
in Chapter 4, especially those of Sections 4.4–4.6. So in a way, this method picks up
where the topological approach from Chapter 5 le� o�.

7.1 Building complexes from resolutions

Resolutions for a group Γ are commonly obtained as the cellular chain complexes of
some contractible free Γ-complex, say the universal cover of a BΓ-complex (see the
Appendix A.2). �e following proposition, conversely, allows us to convert a resol-
ution back into a complex whose universal cover has this resolution as its cellular
chain complex. However, this does not work in the lowest dimensions, so we have
to assume the -skeleton of the desired complex as given a priori.
�e technique used here to construct these complexes is essentially due to Wall

[Wal65, Wal66] (who credits Milnor with having invented it). �ere are several in-
stances in the literature where this technique is used to prove results very similar to
the one below (see e.g. [Bro94, Section VIII.7]), but we do not know of a reference
for this particular statement, which suits our needs best.
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Proposition 7.1. Let X be a -complex with fundamental group Γ. Let

C
∂→ C

∂→ C↠ Z

be the augmented cellular chain complex of the universal cover of X. Assume that
there is a partial free resolution C′ ↠ Z of dimension n and isomorphisms ϕk ∶
C′k → Ck for  ≤ k ≤ , so that we have a commutative diagram

C′n ⋯ C′ C′ C′ C′ Z

C C C Z

→∂
′
n → →

∂′ →∂′

→ ϕ → ϕ

→∂
′


→ ϕ

↠

→∂ →∂ ↠

�en there is an n-dimensional complex X with X
() = X and an isomorphism ϕ∗

of chain complexes

C′n ⋯ C′ C′ C′ C′

Cn ⋯ C C C C

→∂
′
n

→ ϕn

→ →
∂′

→ ϕ

→∂′

→ ϕ

→∂
′


→ ϕ → ϕ

→∂n → →∂ →∂ →∂

where (C∗,∂∗) is the cellular chain complex of the universal cover of X, extending
the given isomorphism in dimensions ≤ .
If for each C′k with k ≥  a basis is given, then ϕ∗ can be chosen so that it sends
each generator to the (singular) homology class of a characteristic map of a cell in
the universal cover of X.

Proof. Assume that X
(m)

has been constructed for some m with  ≤ m < n and
denote its universal cover by p ∶ Y(m) ↠ X

(m)
. Furthermore, assume we are given

an isomorphism of chain complexes

C′m+ C′m ⋯ C′ C′ C′ C′

Cm ⋯ C C C C

→
∂′m+ →∂′m

→ ϕm

→ →
∂′

→ ϕ

→∂′

→ ϕ

→∂
′


→ ϕ → ϕ

→∂m → →∂ →∂ →∂

where (Ck) is the cellular chain complex of Y(m).
Pick a free generating set X for C′m+. For x ∈ X, we have

ϕm∂′m+(x) ∈ ker ∂m = Hm(Y(m)).

NowY(m) is a simply connected complex. SinceC′ is exact and (ϕ∗) is an isomorph-
ism up to dimensionm, the homology groupsHk(Y(m)) = Hk(C) are trivial for k ≤
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m − . So by Hurewicz’ �eorem, the Hurewicz map hm ∶ πm(Y(m)) → Hm(Y(m))
is an isomorphism. Pick for each x ∈ X a map fx ∶ Sm → Y(m) with

hm([fx]) = ϕm∂′m+(x),

where [fx] denotes the pointed homotopy class of fx in πm(Y(m)).
Glue into X

(m)
, for each x ∈ X one (m + )-cell ex along p○ fx to yield X

(m+)
.

Let cex ∶ Bm+ → X
(m+)

be a characteristic map for ex, such that cex ∣Sm = pfx. We
can obtain Y(m+) from Y(m) by gluing in a Γ-orbit of (m + )-cells along all the
Γ-translates of fx for each x ∈ X. Denote the cell glued in along fx by ẽx and pick a
characteristic map cẽx ∶ Bm+ → Y(m+) with cẽx ∣Sm = fx. We can then extend p to
Y(m+), by setting p(gcẽx(a)) = cex(a) for all x ∈ X, g ∈ Γ and a ∈ Bm+.
Recall that, by de�nition of the cellular homology groups

Cm+ = Hs
m+(Y(m+),Y(m)),

where Hs denotes singular homology. Pick a �xed generator

ω ∈ Hs
m+(Bm+,Sm).

By basic homology theory, Cm+ is freely generated as an abelian group by

{(cẽ)∗(ω) ∣ ẽ an (m + )-cell of Y(m+)},

where (cẽ)∗ ∶ Hs
m+(Bm+,Sm) → Cm+ is map induced on homology by the charac-

teristic map cẽ. �e (m+ )-cells of Y(m+) are of the form g̃ex with x ∈ X and g ∈ Γ,
so as a Γ-module Cm+ is freely generated by the (cẽx)∗(ω)with x ∈ X. We can thus
de�ne ϕm+ as the unique Γ-module homomorphism with ϕm+(x) = (cẽx)∗(ω).
By what we said before, this is an isomorphism.
It remains to show that the square

C′m+ C′m

Cm+ Cm

→
∂′m+

→ ϕm+ → ϕm

→∂m+

commutes. First recall that the Hurewicz map hm ∶ πm(Y(m)) → Hm(Y(m)) is
de�ned by

hm([f]) = f∗(ξ),

where [f] is the (pointed) homotopy class of some f ∶ Sm → Y(m), f∗ ∶ Hm(Sm) →
Hm(Y(m)) is the induced map on homology and ξ ∈ Hm(Sm) is some �xed choice
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of generator. We may take ξ ∶= ∂ω. �en we have

∂m+(ϕm+(x)) = (cẽx)∗(∂ω)
= (cẽx ∣Sm)∗(ξ)
= (fx)∗(ξ)
= hm([fx])
= ϕm(∂′m+(x))

and that �nishes the proof.

As a direct consequence we obtain:

Theorem 7.2. A group Γ is of type Fn with n ≥  if and only if it is �nitely presented
and of type FPn.

Proof. We have already proved that every group of type Fn is of type FPn.
So let Γ be a �nitely presented group of type FPn. Let X be a �nite presentation

complex for Γ (i.e. a BΓ(), in the language of Appendix A.1). �en the cellular chain
complex

C → C → C → Z

of the universal cover of X is a �nitely generated partial free resolution of Z by Γ-
modules. By Lemma A.33 it can be extended to a �nitely generated partial free res-
olution C′↠ Z of dimension n:

C′n ⋯ C′ C′ C′ C′ Z

C C C Z

→ → → → → ↠

→ → ↠

By Proposition 7.1 there is then an n-dimensional complex X with X
() = X and

such that the cellular chain complex of its universal cover Y is isomorphic to C. In
particular, since the fundamental group depends only on the -skeleton, we have
π(X) ≅ Γ. Furthermore, since all the C′m with  ≤ m ≤ n are �nitely generated
Γ-modules, Y is cocompact with respect to the Γ-action, so X is �nite. Also, Y
is a simply connected space with Hm(Y) =  for  ≤ m ≤ n − . By Hurewicz’
�eorem, this means that Y is (n − )-connected. �erefore, πm(X) ≅ πm(Y) = 
for  ≤ m ≤ n − . �us X is a �nite BΓ(n), so Γ is of type Fn.

7.2 Constructing resolutions from short exact sequences

In all of our attempts on the n-(n+)-(n+)Conjecture the core of the argument is
a careful analysis of short exact sequences, and this will be the case here as well. Let
N ↪ Γ↠ Q be a short exact sequence of groups. In Chapter 5 we used Geoghegan’s
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stack construction to describe a classifying complex Y for Γ in terms of given clas-
sifying complexes X for N and Z for Q. �e stack construction provides a rough
conceptual view of what Y looks like: It is a kind of “twisted” product, containing
an n-cell for every pair of a k-cell in X and an (n−k)-cell in Z. However, it supplies
little information about the attaching maps of the cells of Y.
In Chapter 4 we described the lower-dimensional cells of this complex in more

detail. �e presentation of Γ associated to the short exact sequence, that we de-
scribed there, may be viewed as an explicit description of the attaching maps of the
-cells of Y. We also described explicitly (as elements of the presentation crossed
module) the attaching maps of certain -cells of Y, namely those that project to the
-cells and the -cells of Y.
In this chapter wewill start o�with free resolutions ofZ as anN- or aQ-module

respectively, which should be thought of as the cellular chain complexes of the uni-
versal covers of X and Z. We will then build a free resolution of Z as a Γ-module,
which will have the same kind of “twisted product” structure as the stacks from
Chapter 5 or the lower-dimensional terms from Chapter 4. �e crucial point is that
we can not only describe the chain groups but also specify the boundary maps in
great detail.
Let

N ι↪ Γ π↠ Q

be a short exact sequence of groups. Let

A↠ Z ∶ ⋅ ⋅ ⋅ → A
∂A→ A

∂A→ A
εA↠ Z

be a free resolution of Z by N-modules and let

C↠ Z ∶ ⋅ ⋅ ⋅ → C
∂C→ C

∂C→ C
εC↠ Z

be a free resolution of Z by Q-modules.
Pick for each n a basis Xn for the free N-module An and a basis Zn and for the

free Q-module Cn.
Let Z̃n = {z̃ ∣ z ∈ Zn} be a copy of Zn and letDn be the free Γ-module with basis

Z̃n. Now de�ne
Bk,l ∶= Ak ⊗ZN Dl .

SinceDl is a direct sumDl = ⊕z̃∈Z̃l ZΓ, it can be given the structure of a Γ-bimodule,
considering each ZΓ-summand as a bimodule in the natural way and letting Γ act
diagonally on the sum Dl . We use the le�-module structure on Dl to form the
tensor product. �e right-module structure can then be used to supply Bk,l with the
structure of a (right) Γ-module, by setting (a⊗ d)γ = a⊗ (dγ) for a ∈ Ak, d ∈ Dl
and γ ∈ Γ. As usual, we will consider Bk,l a le� Γ-module with γ(a⊗d) = a⊗(dγ−).
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Note that

Bk,l ≅
⎛
⎝⊕x∈Xk

ZN
⎞
⎠
⊗ZN

⎛
⎝⊕
z̃∈Z̃l

ZG
⎞
⎠

≅ ⊕
x∈Xk
z̃∈Z̃l

(ZN ⊗ZN ZG)

≅ ⊕
x∈Xk
z̃∈Z̃l

ZG,

so Bk,l is a free Γ-module on the basis {x ⊗ z̃ ∣ x ∈ Xk, z̃ ∈ Z̃l}.1
Fix some l ≥ . Tensoring the resolution A↠ Z with Dl gives a chain complex

⋅ ⋅ ⋅ → An⊗NDl
∂An⊗idÐÐÐ→ An−⊗NDl → ⋅ ⋅ ⋅ → A⊗NDl

∂A ⊗idÐÐÐ→ A⊗NDl
εA⊗idÐÐÐ→ Z⊗NDl

(7.1)
By de�nition Ak ⊗N Dl = Bk,l and we have

Z⊗N Dl ≅ Z⊗N
⎛
⎝⊕z∈Zl

ZG
⎞
⎠
≅ ⊕

z∈Zl
Z⊗N ZG ≅ ⊕

z∈Zl
ZQ ≅ Cl

Following all these natural identi�cations, we �nd that an explicit isomorphism
Z ⊗N Dl → Cl is given by  ⊗ z̃ ↦ z for z ∈ Zl . �us we obtain, for each l ≥ ,
a chain complex

⋅ ⋅ ⋅ → Bn,l
dlnÐ→ Bn−,l → ⋅ ⋅ ⋅ → B,l

dlÐ→ B,l
πlÐ→ Cl (7.2)

where dlk is given by

dlk(x ⊗ z̃) = ∂Ak(x) ⊗ z̃, for x ∈ Xk, z ∈ Zl

and
πl(x ⊗ z̃) = εA(x)z, for x ∈ X, z ∈ Zl .2

Furthermore note that, since Dl is a free ZN-module the functor −⊗N Dl is exact,
so (7.1) and (7.2) are in fact exact sequences, so (7.2) is a free resolution of Cl as a
Γ-module.

1In fact, we could have used this as the de�nition of Bk,l , but the tensor notation will come in
handy in the sequel.

2Note that we can always pick the resolution A
εA↠ Z such that εA(x) =  for all x ∈ X. If we do

this, we have πl(x ⊗ z̃) = z. We could go further and assume that A ≅ ZN (since there is always a
resolution where this holds) in which case B,l ≅ Dl and πl can simply be thought of as the Γ-module
homomorphism that sends z̃ ∈ Dl to z ∈ Cl .
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We have now obtained a diagram

A B, B, B, B,

A B, B, B, B,

A B, B, B, B,

A B, B, B, B,

Z C C C C

→ ∂A → d → d → d → d

→ ∂A → d → d → d → d

→ ∂A → d → d → d → d

→ εA ↠ π ↠ π ↠ π ↠ π

→

∂C

→

∂C

→

∂C

where the columns are resolutions of the Cl as Γ-modules.
We shall now show how to make a resolution of Z by Γ-modules from the Bk,l .

�e theorem we will prove applies to a more general situation.
Theorem 7.3. Let Γ be a group. Let

(C,∂C∗) ∶ ⋅ ⋅ ⋅ → C
∂C→ C

∂C→ C
∂C→ 

be a chain complex of Γ-modules and for each l ≥  let

(B∗,l ,dl∗)
πl↠ Cl ∶ ⋅ ⋅ ⋅ → B,l

dl→ B,l
dl→ B,l

πl↠ Cl

be a free resolution of Cl by Γ-modules (so we have a diagram as above). De�ning

Bn ∶= ⊕
k+l=n

Bk,l ,

we can extend the augmentation map πn to Bn by setting πn(Bk,l) =  for k ≥ .
�en we can de�ne boundary maps ∂Bn ∶ Bn → Bn− for each n ≥  to give a chain
complex

(B,∂B∗) ∶ ⋅ ⋅ ⋅ → B
∂B→ B

∂B→ B
∂B→ 

such that the maps πn ∶ Bn → Cn induce an isomorphism on homology.

Remark 7.4. Note that in the situation considered before,C↠ Zwas actually a resol-
ution ofZ (which is not required in the statement of the theorem), so the homology
of the chain complex (C∗,∂C∗) is Z in dimension  and trivial in higher dimensions.
�e theorem then says that the same is true for (B∗,∂B∗), so that

⋅ ⋅ ⋅ → B
∂B→ B

∂B→ B → B/ im ∂B = Z
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is a free resolution of Z by Γ-modules.

�eorem 7.3 was proved for the case of extensions of groups by Wall in [Wal61],
and in full generality by Ken Brown [Bro82, Lemma 1.5]. �e theorem as stated
above is su�cient to prove, for example, that any extension of groups of type FPn is
itself of type FPn (or more generally, that a group is of type FPn if it acts on an acyc-
lic space such that the stabiliser of every k-cell is of type FPn−k). We will, however,
need to analyse extensions of groups in �ner detail later, for which we will require
a more precise description of the maps ∂Bn. �is is provided by the proposition be-
low, which implies the theorem. Brown in his proof of �eorem 7.3 [Bro82] does
not give a description of the boundary maps. Wall does prove something similar to
the following proposition in [Wal61], but he treats only the case of group extensions,
and his description of the boundary maps is rather di�erent from ours (in particu-
lar, the description we give is detailed enough to prove the conclusions of �eorem
7.3 directly, without the need to appeal to a spectral sequence argument). Further
variations of Wall’s construction have been given in [Sta94] and [EW05]. Finally, a
related and very explicit construction for dimension  can be found in [Mei97].
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Proposition 7.5. Assume we are in the situation of �eorem 7.3. Set

B(m)n ∶=
m

⊕
l=

Bn−l,l ⊂ Bn.

�en we can de�ne boundary maps

dl ∶ B,l → B,l−, for l ≥ 

making the following diagram commute

B, B, B, B, ⋯

C C C C ⋯

↠ π ↠ π

→d
↠ π

→d

↠ π

→d →

→

∂C

→

∂C

→

∂C

→

as well as “correction maps”

clk ∶ Bk,l → Bn−, for k, l ≥ 

and the boundary maps

∂Bn ∶ Bn → Bn−, for n ≥ 

such that the following hold:

(i) ∂Bn ∣Bk,l = dlk + clk for n ≥ , k + l = n.
(ii) im clk ⊂ B

(l−)
n− for n ≥ , k + l = n and k ≥  and im cn ⊂ B

(n−)
n− .

(iii) ∂Bn−∂
B
n =  for n ≥ .

If the maps have been de�ned up to some n, in a way that (i)–(iii) hold, then addi-
tionally we have:

(iv) If x ∈ Bn−with πn−(x) ∈ im ∂Cn then there is a y ∈ B,n such that x−∂Bn(y) ∈
kerπn−.

(v) If x ∈ Bn− with πn−(x) =  then there is a y ∈ B,n− with x − ∂Bn(y) ∈
B(n−)n− .

(vi) If x ∈ B(m)n− for some m < n −  with ∂Bn−(x) ∈ B(m−)n− then there is a y ∈
Bn−m,m with x − ∂Bn(y) ∈ B

(m−)
n− .

(vii) If x ∈ B(m)n− for some m ≤ n −  with ∂Bn−(x) =  and πn−(x) =  then
x ∈ ∂Bn(B

(m)
n ).

(viii) If x ∈ Bn− with ∂Bn−(x) =  and πn−(x) ∈ im ∂Cn then x ∈ im ∂Bn.
(ix) π∗ as a chain map from (B∗,∂B∗) to (C∗,∂C∗) induces an isomorphism on

Hn−.
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Remark 7.6. To gain a better geometric understanding of these conditions, compare
this to the setup of stacks fromChapter 5. To a short exact sequenceN ↪ Γ↠ Q and

classifying spaces X for N and Z for Q, we associated a stack X↪ Y
ϕ↠ Z. where ϕ

is a map such that for each open cell σ ⊂ Z, the preimage ϕ−(σ) is homeomorphic
to X × σ. So an open cell of Y is a product of a cell of X and a cell of Z.
In this setting, Bk,l corresponds to the cells of Y which are products of a k-cell

in X and an l-cell in Z (cells of “dimension k× l”). �e chainmap π∗ corresponds to
ϕ and B(m)n correponds to ϕ−(Z(m)). So B(m)n should be seen as the n-chains lying
“over the m-skeleton of C”. In the conditions (iv) to (vi), subtracting ∂Bn(y) from x,
should be read as “pushing the chain x across y”. So, for example condition (v) says
that any (n − )-chain in the kernel of π∗ can be pushed across cells of dimension
×(n− ) to lie over the (n− )-skeleton of C. Condition (vi) says that a chain over
them-skeleton of C which bounds over the (m− )-skeleton, can be pushed across
cells of dimension (n −m) ×m to lie over the (m − )-skeleton of C.

Proof. Since themodules Bk,l are free, we can surely choosemaps dk ∶ B,k → B,k−
as in the statement: Simply choose for every x ∈ X and z ∈ Zl a bx,̃z ∈ B,k− with
πk−(b) = ∂Ck (πk(x ⊗ z̃)) and de�ne dk by dk(x ⊗ z̃) = bx,̃z.
We set (necessarily, to satisfy (ii)) c = c ∶=  and de�ne (to satisfy (i)) ∂B by

∂B ∣B, = d and ∂B ∣B, = d. Condition (iii) is trivially satis�ed.
Next, we will show that, if maps clk and ∂

B
n have been de�ned for some n ≥  and

all k, l ≥  with k + l = n, satisfying conditions (i)–(iii), then (iv)–(ix) hold as well.
First we will make some useful observations. Recall that, by de�nition, πn− is

trivial on Bk,l for k ≥ . We have

B(n−)n− =
n−
⊕
k=

Bk,n−−k,

so πn−∣B(n−)n−
=  and by (ii) this implies that πn− ○ cn = .

Similarly, for n ≥ , k + l = n we have

B(l−)n− =
n−
⊕
k′=k

Bk′,l ,

so if k ≥  this implies B(l−)n− = , and so πn− ○ clk =  by (ii). To sum up, we have

πn− ○ clk = , for all k and l with k + l = n (∗)

To prove (iv), let x ∈ Bn− with πn−(x) ∈ im ∂Cn . So pick c ∈ Cn with ∂Cn(c) =
πn−(x) and y ∈ B,n with πn(y) = c. By (i) and (∗) we have

πn−∂Bn(y) = πn−dn (y) + πn−cn(y) = πn−dn (y).

�us

πn−(x − ∂Bn(y)) = πn−(x) − πn−dn (y) = ∂Cn(c) − ∂Cnπn(y) = .
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To prove (v), let x ∈ Bn− with πn−(x) = . Note that Bn− = B,n− ⊕ B(n−)n− .
Write x as

x = x′ + x′′, with x′ ∈ B,n−, x′′ ∈ B(n−)n−

�en πn−(x′) = πn−(x) = . Since B,n−
dn−ÐÐ→ B,n−

πn−ÐÐ→ Cn− is an exact
sequence, there is a y ∈ B,n− with dn− (y) = x′. Now

∂Bn(y) = x′ + cn− (y)

and by (ii), cn− (y) ∈ B(n−)n− . �us

x − ∂Bn(y) = x′′ − cn− (y) ∈ B(n−)n− .

To prove (vi), let x ∈ B(m)n− for somem < n −  such that ∂Bn−(x) ∈ B
(m−)
n− . Note

that B(m)n− = Bn−−m,m ⊕ B
(m−)
n− , so write

x = x′ + x′′, with x′ ∈ Bn−−m,m, x′′ ∈ B(m−)n−

Now
∂Bn−(x) = dmn−−m(x′) + cmn−−m(x′) + ∂Bn−(x′′)

Both cmn−−m(x′) and ∂Bn−(x′′) are in B
(m−)
n− , and by assumption, so is ∂Bn−(x). But

dmn−−m(x′) ∈ Bn−−m,m, and this set has trivial intersection with B(m−)n− . Hence

dmn−−m(x′) = . Since Bn−m,m
dmn−mÐÐ→ Bn−−m,m

dmn−−mÐÐÐ→ Bn−−m,m is an exact se-
quence, there is a y ∈ Bn−m,m with dmn−m(y) = x′. Now

∂Bn(y) = x′ + cmn−m(y)

and by (ii), cmn−m(y) ∈ B(m−)n− . �us

x − ∂Bn(y) = x′′ − cmn−m(y) ∈ B(m−)n− .

Property (vii) is a simple inductive application of (vi) and (v). We will do induc-
tion on m. First let m = . If n = , then (vii) follows directly from (v), noting that
B(n−)n− = . If m =  and n >  then (vii) follows from (vi), noting that B(m−)n− = 
and B(m−)n− = . Now suppose n >  and that (vii) is true for some m < n −  and let
x ∈ B(m+)n− . If m +  < n − , then we can apply (vi) to give a y ∈ Bn−m−,m+ with
x − ∂Bn(y) ∈ B

(m)
n− . Now, by (iii), we have

∂Bn−(x − ∂Bn(y)) = ,

and clearly πn−(x − ∂Bn(y)) = . �us, by induction, there is a y′ ∈ B(m)n with
∂Bn(y′) = x − ∂Bn(y), and so x = ∂Bn(y′ + y). Note that y′ + y ∈ B(m+)n and that
�nishes the induction for the casem +  < n − .
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If m +  = n − , then (v) says that there is a y ∈ B,n− with x − ∂Bn(y) ∈ B
(n−)
n− .

Now again, ∂n−(x−∂Bn(y)) =  and πn−(x−∂Bn(y)) = , so by induction there is a
y′ ∈ B(m)n with ∂Bn(y′) = x−∂Bn(y). �en y+y′ ∈ B

(n−)
n = B(m+)n and ∂Bn(y+y′) = x.

To prove (viii) let x ∈ Bn− with ∂Bn−(x) =  and πn−(x) ∈ im ∂Cn . By (iv) there
is a y ∈ B,n such that x − ∂Bn(y) ∈ kerπn−. By (iii) we have

∂Bn−(x − ∂Bn(y)) = ∂Bn−(x) − ∂Bn−∂Bn(y) = .

�us (vii) can be applied to x − ∂Bn(y) (with m = n − ), to yield a y′ ∈ B(m)n with
∂Bn(y′) = x − ∂Bn(y). �en x = ∂Bn(y+ y′).
Finally we prove (ix). First we need to prove that π∗ as amap from (B∗) to (C∗)

is indeed a chain map, i.e. that it commutes with the boundary maps. Let x ∈ Bn.
�en we can write

x = x + x + x, with x ∈ B,n, x ∈ B,n− and x ∈ B(n−)n .

Note that ∂Bn(x) ∈ B
(n−)
n− , so πn−∂

B
n(x) = . We also have

πn−∂Bn−(x) = πn−dn−(x) = .

Furthermore, we have
πn(x + x) = .

And thus

πn−∂Bn(x) = πn−∂Bn(x) = πn−dn(x) = ∂Cnπn(x) = ∂Cnπn(x).

�is shows that π∗ is indeed a chain map up to dimension n, and therefore induces
a homomorphism Hn−(B∗) → Hn−(C∗).
To show that this map is onto, we have to prove that ker ∂Cn− ⊂ πn−(ker ∂Bn−).

So let c ∈ Cn− with ∂Cn−(c) = . Pick a b ∈ B,n− with πn−(b) = c. Now
∂Bn−∂

B
n−(b) =  by (iii) and

πn−∂Bn−(b) = πn−dn− (b) = ∂Cn−πn−(b) = .

So by (vii) there is a y ∈ B(n−)n− with ∂Bn−(y) = ∂Bn−(b). �us b − y ∈ ker ∂Bn−.
Furthermore πn−(y) = , so πn−(b − y) = πn−(b) = c.
To show that the induced map Hn−(B∗) → Hn−(C∗) is injective, we have to

show that im ∂Cn ⊂ πn−(im ∂Bn). So let c ∈ im ∂Cn−. Pick x ∈ B,n− with πn−(x) = c.
By (iv) there is a y ∈ B,n such that x − ∂Bn(y) ∈ kerπn−. �us

πn−∂Bn(y) = πn−(x) = c.

�is �nishes the proof of (ix).
�e only thing le� to prove now is that, assuming maps ∂Bn and clk have been

de�ned for some n ≥  and all k, l with k + l = n, such that (i)–(ix) hold, we can
de�ne maps ∂Bn+ and c

l
k for k + l = n +  such that (i)–(iii) hold.
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Because of (ii), we have to set cn+ =  and ∂Bn ∣Bn+, = dn+. �en

∂Bn∂
B
n+∣Bn+, = dndn+ = ,

so (iii) holds on Bn+,.
Now we will de�ne ∂Bn on Bk,l with for  ≤ l ≤ n. For b ∈ Bk,l we have

∂Bn(dlk(b)) = dlk−dlk(b) + clk−dlk(b)

Now, if k >  then dlk−dlk =  and im clk− ∈ B
(l−)
n− . If k = , then imdlk− ∈ Bk−,l−

and im ck−l ∈ B
(l−)
n− . So in any case, we have ∂

B
n(dlk(b)) ∈ B(l−)n− . Furthermore

∂Bn−∂
B
n(dlk(b)) =  and πn−∂Bn(dlk(b)) = . �us (vii) applies and so there is a

cb ∈ B(l−)n with ∂Bn(cb) = ∂Bn(dlk(b)). So we can pick for each x ∈ Xk and z̃ ∈ Z̃l
such a cx,̃z with ∂Bn(cx,̃z) = ∂Bn(dlk(x ⊗ z̃)) and de�ne clk by

clk(x ⊗ z̃) = −cx,̃z.

�en (ii) is satis�ed and setting ∂Bn+∣Bk,l ∶= dlk + clk, we have

∂Bn∂
B
n+(x ⊗ z̃) = ∂Bn(dlk(x ⊗ z̃)) − ∂Bn(cx,̃z) = 

for all x ∈ Xn and z̃ ∈ Z̃l , so (iii) holds on Bk,l .
Finally, we have to de�ne cn+ . For b ∈ Bn+, we have

∂Bn(dn+ (b)) = dndn+ (b) + cndn+ (b).

Now ∂Bn−∂
B
ndn+ (b) =  and

πn−∂Bnd
n+
 (b) = πn−dndn+ (b) = ∂Cn∂Cn+πn+(b) = 

�us, by (vii), there is a cb ∈ B(n−)n with ∂Bn(cb) = ∂Bndn+ (b). Again, pick for each
x ∈ X and z̃ ∈ Z̃n+ a cx,̃z with ∂Bn(cx,̃z) = ∂Bn(dn+ (x ⊗ z̃)) and de�ne clk by

clk(x ⊗ z̃) = −cx,̃z.

�en (ii) is satis�ed and setting ∂Bn+∣B,n+ ∶= dn+ + cn+ , we have

∂Bn∂
B
n+(x ⊗ z̃) = ∂Bn(dn+ (x ⊗ z̃)) − ∂Bn(cx,̃z) = 

for all x ∈ X and z̃ ∈ Z̃n+, so (iii) holds on B,n+.

7.3 A candidate complex for the n-(n + )-(n + ) Conjecture

With this construction in hand, we can now tackle the sequences arising in the n-
(n + )-(n + )-Conjecture.
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Proposition 7.7. Let N ↪ Γ↠ Q be an extension of groups, where N is of type
FPn, Γ is of type FPn+ and Q is of type FPn+ (with n ≥ ). Let (A∗,∂A∗) be a
free resolution of Z by N-modules which is �nitely generated up to dimension n
and (C∗,∂C∗) a free resolution of Z by Q-modules which is �nitely generated up
to dimension n + . Let (B∗,∂B∗) be a resolution of Z by Γ-modules as given by
Proposition 7.5. �en there is a �nitely generated submodule B′n+, ≤ Bn+,, such
that any n-cycle in Bn, bounds in B′n+, ⊕ Bn,.

Proof. First, note that by assumption, Bk,l is a �nitely generated Γ-module for k ≤ n
and l ≤ n + . �erefore Bm is �nitely generated for allm ≤ n and hence

Bn → Bn− → ⋅ ⋅ ⋅ → B → B↠ Z

is a partial �nitely generated free resolution of Z as a Γ-module. By a basic lemma,
ker ∂Bn is �nitely generated, since Γ is of type FPn. �us there is some �nitely gener-
ated submodule B′′n+ ⊂ Bn+ with ∂n+(B′′n+) = ker ∂n. Since

Bn+ =
n+
⊕
k=

Bk,n+−k

and Bk,n+−k is �nitely generated for k ≤ n, we might assume that B′′n+ ⊃ Bk,n+−k
for k ≤ n. Hence B′′n+ is of the form

B′′n+ = B′′n+, ⊕
n

⊕
k=

Bk,n+−k.

where B′′n+, is a �nitely generated submodule of Bn+,.
Furthermore, all the Bn+−l,l are �nitely generated for  ≤ l ≤ n + . So we can

pick a �nitely generated B′n+, ≤ Bn+, containing B′′n+, and

B′n+ ∶= B′n+, ⊕
n

⊕
k=

Bk,n+−k

such that B′n+ ⊃ ∂Bn(Bn+−l,l) for  ≤ l ≤ n + .
Let c ∈ B,n with ∂Bn(c) = . �en there is a x ∈ B′′n+ with ∂Bn+(x) = c. Now

∂Cn+πn+(x) = πn∂Bn+(x) = πn(c) = 

and since (C∗) is acyclic, we have πn+(x) ∈ im ∂Cn+. By property (iv) in Proposition
7.5, there is a y ∈ B,n+with x−∂Bn+(y) ∈ kerπn+. By (v) there is then a y ∈ B,n+
with x − ∂Bn+(y) − ∂Bn+(y) ∈ B(n)n+. Now assume that elements y, . . . , ym have
been de�ned for somem with  ≤ m < n such that yk ∈ Bk,n+−k and

x − ∂Bn+(y + ⋅ ⋅ ⋅ + ym) ∈ B(n+−m)n+ .

Note that
∂Bn+(x − ∂Bn+(y + ⋅ ⋅ ⋅ + ym)) = ∂Bn+(x) = c ∈ B

()
n
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By (vi) there is then a ym+ ∈ Bm+,n+−m with

x − ∂Bn+(y + ⋅ ⋅ ⋅ + ym + ym+) ∈ B
(n−m)
n+ .

By induction we can thus de�ne y, . . . , yn with yk ∈ Bk,n+−k and

x′ ∶= x − ∂Bn+(y + ⋅ ⋅ ⋅ + yn) ∈ B
()
n+.

Note that
∂Bn+(x′) = ∂Bn+(x) = c

and by de�nition x′ ∈ B′n+. �erefore

x′ ∈ B′n+ ∩ B
()
n+ = B

′
n+, ⊕ Bn,.

�is statement should be compared to the discussion following Proposition 5.8.
�ere we considered a �bre product P associated to two short exact sequences

N ↪ Γ
π↠ Q

N ↪ F
π↠ Q

with N of type Fn, Γ of type Fn+ and F �nitely generated free.
Given a BN-complex X with �nite n-skeleton and a BQ-complex Z with �nite

(n + )-skeleton (and a single vertex) we constructed a BΓ-complex Y and a stack
ϕ ∶ Y → Z realising π, with �bre X, such thatW ∶= ϕ−(Z()) was a BP-complex.
�en Y and W have �nite n-skeleton, and identifying X with the �bre above the
single vertex of Z, we considered X a subcomplex of both X andW.
Proving that P is of type FPn+ came down to answering the following question:

Question 7.8. Is there some �nite set E of (n+ )-cells of X such that every n-sphere
f ∶ Sn → X(n) can be extended to f ∶ Bn+ →W such that the only (n + )-cells of
X that im f intersects are in E?
In other words: Is there a �nite subcomplex X′(n+) ⊂ X(n+) such that every

n-sphere Sn → X(n) can be contracted in (W ∖ X) ∪ X′(n+)?

Since Γ is of type FPn+, this question has a positive answer whenW is replaced
by Y. So we speculated whether we can (as in the -- case) use the FPn+-property
on Q to “push” a disk f ∶ Bn+ → (Y ∖ X) ∪ X′(n+) into W in such a way that
the pushing process �xes the boundary and only introduces cells from some �nite
subcomplex X′′ ⊂ X in the image.
In this chapter we attempted to “algebraise” the notions of Chapter 5, replacing

classifying complexes by resolutions. �e resolutions from Proposition 7.5 are our
“algebraisation” of stacks. Proposition 7.7 now says that Question 7.8 has a positive
answer in the algebraic setting.
Let us go through the intuition of the translation from the topological to the

algebraic setting in somemore detail. As we explained before, the generators of Bk,l
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7.3. A candidate complex for the n-(n + )-(n + ) Conjecture

in the resolution we constructed for Γ correspond to those kl-cells of the stack Y
that project to l-cells in Z under ϕ. So the cells ofW = ϕ−(Z()) correspond to the
�rst two columns of the B∗,∗-grid

A B, B, B, B,

A B, B, B, B,

A B, B, B, B,

A B, B, B, B,

Z C C C C

→ ∂A → d → d

→

→ d

→

→ d

→

→ ∂A → d → d

→

→ d

→

→

→ d

→

→

→ ∂A → d → d

→

→ d

→

→

→ d

→

→

→

→ εA ↠ π ↠ π

→

d

↠ π

→

d

→

↠ π

→

d

→

→

→

∂C

→

∂C

→

∂C

�e spheres f ∶ Sn → X(n) correspond to the cycles in Bn,. �e �nitely generated
submodule B′n+,, whose existence Proposition 7.7 asserts, corresponds to a �nite
set E of (n + )-cells of X. �e proposition tell us that any n-cycle in Bn, does
bound in B′n+,⊕Bn,, i.e. it is the boundary of a chain that uses only the generators
corresponding to the �nite set E of (n + )-cells of X and the �nitely many (n + )-
cells of Y projecting onto -cells in Z.
However, the correspondence between the topological and algebraic setting is

not a purely intuitive notion. As we have seen in Proposition 7.1, resolutions can ac-
tually be “translated” into complexes in a precise sense. So how far o� is Proposition
7.7 from actually answering Question 7.8 in the topological setting and thus solving
the n-(n + )-(n + ) Conjecture?
To address this question, assume that we are in the situation as above,

N

N P F f.g. free

N Γ Q
Fn Fn+ Fn+

↪
→

↪ → ↠

↠ ↠ π

↪ → ↠π

with n ≥ . Let

PN = ⟨X ∣ RN ,∂N⟩ ≅ N

PQ = ⟨Z ∣ RQ,∂Q⟩ ≅ Q
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be �nite presentations for N and Q respectively, where Z is a basis for F. Let X()

and Z() be corresponding presentation -complexes and extend these to BN- and
BQ-complexes X and Z respectively (Lemma A.5). Let (A,∂A∗) and (C,∂C∗) denote
the cellular chain complexes of the universal covers of X and Z respectively.
Let

PΓ = ⟨X ∪ Z̃ ∣ RΓ ∪ RΓ ∪ RΓ,∂Γ⟩

be a presentation for Γ as constructed in Section 4.1. Let Y() be the corresponding
presentation -complex and denote the set of k-cells in Y by Ek. �e -cells E cor-
respond to the generators, so E = E, ∪ E, with E, and E, denoting the cells
corresponding to generators from X and Z̃ respectively. Similarly, the -cells of Y
correspond to the relators of PΓ, so E = E, ∪ E, ∪ E, where En−k,k denotes
the set of -cells corresponding to the relators RkΓ (see the picture in page 34). For
completeness, let E, ∶= E.
Let pY ∶ Ỹ

() → Y() be the universal cover of Y() and

B
∂B→ B

∂B→ B → 

its cellular chain complex. �e chain group Bk is freely generated, as a Γ-module, by
a set of representatives for the Γ-orbits of k-cells and each such Γ-orbit is mapped
by pY to one k-cell in Y().
�us B = B, ⊕ B, and B = B, ⊕ B, ⊕ B, where Bk,l is the submodule

generated by the (k + l)-cells that map to cells from the set Ek,l .
As we explained at the end of Section 4.3, we can also de�ne a natural map

ϕ ∶ Y() → Z which maps the cells from Ek,l to the l-cells of Z. �is li�s to a map
ϕ̃ ∶ Ỹ() → Z̃ on universal covers, which induces a chain map ϕ∗ ∶ B→ C.
From our de�nition of the boundary map ∂Γ in the presentation PΓ it is now

clear that one can �nd isomorphisms Bk,l ≅ Ak⊗NDl such that the boundarymaps
∂Bn are in fact of the form as in Proposition 7.5, so we have a grid (where the dotted
arrows stem from the “correction words” cx,z,ε and cs in Section 4.1):

A B,

A B, B,

A B, B, B,

Z C C C

→ ∂A → d

→ ∂A → d → d

→

→ εA ↠ ϕ ↠ ϕ

→

d

↠ ϕ

→

d

→

→

∂C

→

∂C

Here, ϕ∗ is the map called π∗ in the statement of Proposition 7.5.

104



7.3. A candidate complex for the n-(n + )-(n + ) Conjecture

We can now employ Proposition 7.5 to extend this to a full grid as in the state-
ment of the proposition, yielding in particular, a resolution (B,∂B∗) of Z by Γ-mo-
dules.
But now we are in the situation of Proposition 7.1: We have de�ned a -complex

Y() and we have extended the cellular chain complex of its universal cover to a
full resolution B ↠ Z. �is proposition then yields a complex Y, with Y() as its
-skeleton and the cellular chain complex of its universal cover isomorphic to B.
From the last sentence in the statement of the proposition it is also clear that we can
choose the complex Y in such a way that its cells correspond precisely to a chosen
set of generators of Bn (say, the generators of the form x⊗ z̃ used in Section 7.2). So,
let Ek,l be the set of cells in Y corresponding to3 Bk,l .
It is less clear that we can extend the map ϕ ∶ Y() → Z to all of Y in such a

way that it maps each cell from Ek,l onto an l-cell of Z, but in fact this is possible.4

From Section 4.2 we know that ϕ−(Z()) has fundamental group P. Of course, we
would like to know that, once we have extended ϕ to Y, the preimage ϕ−(Z()) is
a BP-complex, like in Proposition 5.8. Unfortunately, we do not know how to show
this at present.
However, in view of Proposition 5.8, this certainly seems like a reasonable ex-

pectation, so let us assume this for the moment:

Assumption.W ∶= ϕ−(Z()) is indeed aspherical and thus a BP-complex.

LetW ∶= p−Y (W) ⊂ Ỹ be the preimage ofW under the universal converingmap
of Y.
We have a commutative diagram:

W Z̃()

Ỹ Z̃

W Z()

Y Z

↪
→

↠

↠ϕ̃∣

↪
→

↠

↠

↠ϕ̃

↪
→

↠ϕ∣

↪
→

↠ϕ

↠

Here, all the vertical maps are covering maps and the slanted maps are inclusions.
�e n-skeleton ofW is �nite, so to prove that P is of type Fn+, we would have

to show that there is a �nite subcomplex W′ ⊂ W(n+) with W′(n) = W(n) (see
3What this means precisely, is that for any n-cell ẽ in the universal cover Ỹ which maps to a

cell e ∈ Ek,l under the covering projection pY ∶ Ỹ → Y, the singular homology class [ce] ∈
Hs(Ỹ(n), Ỹ(n−)) of a characteristic map for e is in Bk,l (recall that the singular relative homology
group Hs

n(Ỹ
(n), Ỹ(n−)) is the nth cellular chain group).

4Ideally, of course, wewould like forϕ to be a stackwith �breX, but we do not know at themoment
whether it is possible to construct Y and ϕ in a way to ensure this.
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Lemma A.16) and πn(W′) = . Similarly,W(n) is cocompact. It would be enough
to show that there is a cocompact, Γ-invariant subcomplexW′ withW′(n) =W(n)

with πn(W′) = , since the covering map pY induces an isomorphism.
Now apply Proposition 7.7. �is tells us that there is a �nitely generated submod-

ule B′n+, ≤ Bn+, such that any n-cycle in Bn, bounds in B′n+, ⊕ Bn,. Recall that
the Γ-orbits of cells inW correspond precisely to a �xed set of generators of Bn+,
and Bn,. We may assume that B′n+, is generated by some �nite subset of this �xed

set of generators. Let W′ be the subcomplex of W(n+) with W′(n) = W(n) and
containing exactly those (n + )-cells of Y which correspond to the �nitely many
generators of B′n+, and Bn,. �enW

′ is cocompact and another way of expressing
Proposition 7.7 is to say that Hn(W′) = .
As we said above, it would be su�cient to show that πn(W′) = , but even

though W′ has zero homology in dimensions  to n, we cannot apply Hurewicz’
�eorem here: pY ∣ ∶ W → W is not the universal cover ofW. In fact, since this is
just the restriction of pY , the deck transformation group ofW → W is still Γ, so
π(W) = N, the kernel of the map P → Γ induced by the inclusionW ↪ Y (note
that also, π(Z̃

()) = N, since Z is a BQ-complex, so Z̃
() is just the fundamental

group of the Cayley graph of Q on the generating set Z, and ker(F(Z) ↠ Q) =
kerπ = N).
Let W̃ denote the universal cover ofW (andW). and let W̃′ ⊂ W̃(n+) be the

preimage ofW′ under the covering projection. Also, letW′ ∶= pY(W′) ⊂ W(n+).
So we have a diagram:

W̃′ W̃ Z̃()

W′ W Z̃()

W′ W Z()

↪ →

↠

↠

↠ ↠

↪ →

↠

↠

↠ ↠

↪ → ↠

In away, we can quantify how far πn(W′) is frombeing trivial. For that, consider the
Cartan-Leray spectral sequence associated to the regular covering W̃′ → W̃′/N =
W′ (see [Bro94, �eorem VII.7.9]):

Epq = Hp(N,Hq(W̃′)) ⇒ Hp+q(W′)

Since W̃′(n) = W̃(n) and W̃ is contractible, we have

Hq(W̃′) = Hq(W̃) = , for  ≤ q ≤ n − , (7.3)

and thus Erp,q =  for  ≤ q ≤ n −  and all r ≥ . Also,

Ep, = Hp(N,H(W̃′)) = Hp(N) = , for p≥ ,
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7.3. A candidate complex for the n-(n + )-(n + ) Conjecture

since N is free (it is a subgroup of the free group F).
Now focus on the term at position (,n). By what we have just shown, the

boundary maps
dr ∶ Err,n−r+ → Er,n, for r ≥ 

are all trivial. �erefore

E∞,n = E,n = H(N,Hn(W̃′)).

But this sequence abuts to H∗(W′) and we have pickedW′ such that Hn(W′) = .
Hence,

H(N,Hn(W̃′)) = .

Now W̃′ is a simply connected space with trivial homology up to dimension n − 
(by (7.3)). So, by Hurewicz’ �eorem, Hn(W̃′) ≅ πn(W̃′). But W̃′ is the universal
cover ofW′, therefore πn(W̃′) ≅ πn(W′). To sum up, this shows that

H(N,πn(W′)) = .

It is not inconceivable that, in fact, πn(W′) = . If this were the case, thenW′ would
be a �nite BP(n+)-complex, proving (modulo the assumption made earlier) that P
is of type Fn+.
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8
Abelian quotients

r

Wehave found in Chapter 3 that there is particular interest in resolving the n-(n+)-
(n+)Conjecture in the case where the quotientQ is nilpotent, as that would su�ce
to establish the Virtual Surjections Conjecture. One might try then, as a �rst step
towards that goal, to prove the conjecture in the case where the quotientQ is abelian,
hoping to then establish the nilpotent case by induction on the nilpotency class. We
will prove in this chapter the abelian case, followed by an analysis of the di�culties
one comes up against in a potential induction argument.
�e case of abelian Q is in fact quite special. Recall the standard setup: We are

given two short exact

N ↪ Γ
π↠ Q

N ↪ Γ
π↠ Q

where Γ and Γ are of type Fn+, N is of type Fn and Q now is a �nitely generated
abelian group (and therefore in particular of type F∞). �e �bre product

P = {(γ,γ) ∈ Γ × Γ ∣ π(γ) = π(γ)}

is then the kernel of a homomorphism to an abelian group, namely

Γ × Γ → Q,(γ,γ) ↦ π(γ) − π(γ).

�is innocuous observation simpli�es matters enormously: While there is a
rather short supply of generally applicable tools to answer the question which sub-
groups of a group of type Fn are themselves of this type, there is one large exception.
�at is the case where the subgroup in question is the kernel of a homomorphism
to an abelian group. For here, the theory of Σ-invariants can be brought to bear.
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8.1 Σ-invariants,Meinert’s Inequality and the abeliann-(n+)-
(n + ) Conjecture

We content ourselves here with a brief summary of results from Σ-theory pertinent
to our discussion. �e invariants were �rst introduced in the context of metabelian
group by Bieri and Strebel in [BS80] and later generalised in [BNS87, BR88, BG03].
A general reference is [BS]. �ehigher-dimensional topological invariants used here
were introduced in [Ren88]. For a survey, see [Bie93, Bie99].
Consider for any group Γ of type Fn the set Hom(Γ,R) ∖ {} of non-trivial

homomorphisms from Γ to the additive reals (the “characters” of Γ). We take two
such homomorphisms χ, χ ∶ Γ→ R to be equivalent if they only di�er by a positive
real factor, i.e. χ = cχ for some c > . �e set of equivalence classes is called the
character sphere S(Γ) (note thatHom(Γ,R) is a �nite-dimensional real vector space
if Γ is �nitely generated, so S(Γ) is a topological sphere).
We can then associate to Γ a chain of invariants

S(Γ) ⊃ Σ(Γ) ⊃ Σ(Γ) ⊃ ⋅ ⋅ ⋅ ⊃ Σn(Γ),

the Σ- or Bieri-Neumann-Strebel-Renz invariants of Γ.
�e Σ-invariants describe certain connectivity properties of EΓ-complexes and

are related to a variety of structural properties of the group, for which we refer the
reader to the sources cited above. For us, the utility of these invariants lies in the
fact that they contain all the information on the higher �niteness properties of the
normal subgroups of Γ with abelian quotient. �e following theorem is due to Renz
[Ren88, Ren89] (see [BR88] for a proof of the analogous result for the homological
invariant or [BG03] for a proof in a much more general setting).

Theorem 8.1. Let Γ be a group of type Fn and N ⊲ Γ a normal subgroup with Γ/N
abelian. �en N is of type Fn if and only if

S(G,N) ∶= {[χ] ∈ S(G) ∣ χ(N) = }

is contained in Σn.

To apply this theorem to the problem at hand we also need a way of relating the
Σ-invariants of a direct product to those of the factor groups. Fortunately, all our
needs are served byMeinert’s Inequality. �is is due toMeinert (unpublished, based
on work in [Mei90]; for a proof see [Geh98, Lemma 9.1] or the sketch in [Bie99]).

Theorem 8.2 (Meinert’s Inequality). Let Γ and Γ be groups of type Fn
and let χ ∶ Γ × Γ → R be a homomorphism with both χ∣Γ and χ∣Γ non-trivial.
If [χ∣Γ] ∈ Σk(Γ) and [χ∣Γ] ∈ Σl(Γ) for some k, l ≥  with k + l < n then
[χ] ∈ Σk+l+(Γ × Γ).

Now we are equipped to give a proof of the n-(n+ )-(n+ ) Conjecture in the
case where the quotient Q is virtually abelian.
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Theorem 8.3. Let

N ↪ Γ
π↠ Q

N ↪ Γ
π↠ Q

be short exact sequences of groups with Γ and Γ of type Fn+, Q �nitely generated
virtually abelian, N of type Fk and N of type Fl for some k, l ≥  with k + l ≥ n.
�en the �bre product associated to these sequences is of type Fn+.

Remark 8.4. Note that the assumptions on the �niteness properties of the kernels
here are more general than in the original statement, where we asked for N to be of
type Fn but made no assumptions on N. �is asymmetry disappears in the abelian
case, where we have the more attractive assumption that the �niteness properties of
the kernels N and N “add up to n”.1

Proof. First, we note that wemay assume thatQ is abelian instead ofmerely virtually
abelian, by the remark a�er �eorem 3.14.
We have to show that [χ] ∈ Σn+(Γ × Γ) for all non-trivial homomorphisms

χ ∶ Γ × Γ → R with P ⊂ ker χ.
So let χ be any such a homomorphism. Since we can pick for any γ = (γ,γ) ∈

Γ × Γ a γ′ = (γ′,γ) ∈ P, so that γ−γ′ ∈ Γ, we have Γ × Γ = ΓP. So χ∣Γ cannot be
trivial, otherwise χ would be, too. Similarly χ∣Γ ≠ .
Now χ∣Γ vanishes on P∩Γ = N. SinceN is of type Fk, �eorem 8.1 tells us that

[χ∣Γ] ∈ Σk(Γ). By an analogous argument, [χ∣Γ] ∈ Σl(Γ). By Meinert’s inequality
this implies [χ] ∈ Σk+l+(Γ × Γ) ⊂ Σn+(Γ × Γ).

Solving the n-(n+ )-(n+ ) Conjecture in this special case means that we can
also establish a corresponding case of the Virtual Surjections Conjecture. �is was
previously proved by [Koc10].

Corollary 8.5. Let Γ, . . . , Γn be groups of type Fk and P ≤ Γ×⋅ ⋅ ⋅×Γn a subgroup
of their direct product. If P virtually surjects to k-tuples of factors and pi(P)/(P ∩
Γi) is virtually abelian for all i with  ≤ i ≤ n then P is of type Fk.

Proof. �is follows directly from�eorem 3.14 (or, more precisely, from the Claim
in the proof).

In fact Lemma 3.3 tells us that if P ≤ Γ × ⋅ ⋅ ⋅ × Γn is a subdirect product that
virtually surjects to k-tuples, where k > n, then the quotients Γi/Ni are virtually
abelian, so we obtain:

Corollary 8.6.�eVirtual Surjections Conjecture holds if k > n and in partic-
ular for n ≤ .
1Of course it is tempting to speculate whether this alternative assumption might be su�cient in

the general case as well, but at this point, the abelian case aside, we have very little evidence to either
support or reject this.
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Proof. �e latter statement follows from the Virtual Surjections to Pairs �eorem
(Corollary 4.19).

p

8.2 �e problem of nilpotent quotients

What are the challenges one faces when trying to extend this statement to nilpotent
Q? First o�, while the Σ-invariants, as presented here, do allow certain general-
isations,2 there simply is no analogue of these invariants giving a similar degree of
control over subgroups that contain some termof the lower central series but not the
whole commutator subgroup. So there seems to be little hope of directly extending
the argument given above to the more general class of nilpotent groups.
Let us try to approach the problem näıvely, by attempting an induction on the

nilpotency class. A �nitely generated nilpotent group is built up from �nitely gener-
ated abelian groups by iterated central extensions. So the problem we have to solve
is this: Assuming the n-(n+ )-(n+ ) Conjecture holds for some particular group
Q (say, of type F∞) and

Z ↪ Q
p↠ Q

is a central extension with Z �nitely generated, show that the Conjecture holds for
Q.
So suppose the groups Q, Q and Z are given as above. Let

N ↪ Γ
π↠ Q

N ↪ Γ
π↠ Q

be short exact sequences with Γ and Γ of type Fn+ and N of type Fn and denote
the associated �bre product by P. We can then compare this �bre product with the
one associated to the short exact sequences

N ↪ Γ
pπ↠ Q

N ↪ Γ
pπ↠ Q

Let us call this �bre product P. Here, N = ker(pπ) is the preimage π− (ker p) =
π− (Z). �us it �ts in a short exact sequence

N ↪ N
π↠ Z.

Since N is of type Fn and Z is �nitely generated abelian (and hence of type F∞), we
obtain that N, also, is of type Fn.

2providing, for example, similar descriptions of the �niteness properties of point stabilisers of
action on CAT() spaces
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Since we have assumed that the n-(n + )-(n + ) Conjecture holds for Q, we
can apply it here and conclude that P is of type Fn+.
How does P relate to P? Clearly, P is a subgroup of P. It is easy to see, in fact,

that P is normal in P: If α = (α,α) ∈ P, then pπ(α) = pπ(α), and so π(α) =
π(α)z for some z ∈ Z. Since Z is central inQ, taking γ = (γ,γ) ∈ Pwe then �nd
that

π(α− γα) = z−π(α)−π(γ)π(α)z = π(αγα)
and hence α−γα ∈ P. It is not much more di�cult to identify the quotient P/P.

Proposition 8.7.With the above de�nitions, P/P ≅ Z.

Proof. De�ne a map

ϕ ∶ P→ Z,(γ,γ) ↦ π(γ)π(γ)−.

�is map has image in Z = ker p since, by de�nition, pπ(γ) = pπ(γ) for any
(γ,γ) ∈ P. Moreover, ϕ is a homomorphism, since for α = (α,α),β = (β,β) ∈
P, we have

ϕ(αβ) = π(αβ)π(αβ)−

= π(α)(π(β)π(β)−)π(α)−

= π(α)π(α)−(π(β)π(β)−)
= ϕ(α)ϕ(β).

For any z ∈ Z, there is a γ ∈ Γwith π(γ) = z and then (γ, ) ∈ P andϕ((γ, )) = z.
So ϕ is onto. Furthermore, it is clear that the kernel of ϕ is exactly P.

We have thus shown that P is of type Fn+ and P is a normal subgroup of P
with abelian quotient. Potentially then, the problem could again be attacked using
Σ-invariants: P is of type Fn+ if and only if [χ] ∈ Σ(P) for all non-trivial homo-
morphisms χ ∶ P→ Rwith P ⊂ ker χ. �is raises the question what the Σ-invariants
of P are.
Our knowledge here, alas, is scant. �ere is certainly little hope of relating the

Σ-invariants of the �bre product P to those of the factor groups Γ and Γ in a simil-
arly elegant way as Meinert’s Inequality accomplishes for the direct product. As an
indication of the di�culties involved, consider the (much more elementary) ques-
tion of how the character spheres S(P) and S(Γ × Γ) are related. �e inclusion
P ↪ Γ × Γ induces a restriction map Hom(Γ × Γ,R) → Hom(P,R), and thus a
map S(Γ × Γ) → S(P) ∪ {}. But in general, there is no reason to even expect this
map to be onto, meaning that every character P → R could be extended to Γ × Γ.
�is is not even the case when restricting attention to the homomorphisms whose
kernels contain P.
Using the notation from�eorem 8.1 we have observed that

S(P,P) = {[χ] ∈ S(P) ∣ P ⊂ ker χ}
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is naturally isomorphic to S(Z). Similarly, S(Γ × Γ,P) ≅ S(Qab). However, the
natural map Z → Qab, can easily turn out to be trivial (just consider a Q that is
nilpotent of class  and Z = [Q,Q]). In those cases the natural map S(Γ × Γ,P) →
S(P,P) ∪ {} will also be trivial. �is suggests that knowledge of the Σ-invariants
of Γ × Γ might not be of much help in determining whether S(P,P) is contained
in Σn+(P).
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A
Finiteness properties

r

In this appendix we collect proofs for some fundamental results on topological �-
niteness properties for the convenience of the reader. All of this material is standard,
but we compile it here since it o�en appears somewhat scattered across the literat-
ure. Of course, some excellent general references do exist. In particular, [Geo08],
[Bro94] and [Bie81] cover many of the results we prove here (and, obviously, many
more interesting results).

A.1 Topological �niteness properties

Classifying complexes One of the basic methods of geometric group theory is
to associate to a given group some topological space, which serves as a “model” of
Γ, and then to investigate geometric properties of this space and �nding how they
re
ect the structure of the group.
�ere are essentially two ways of “modelling” a group Γ topologically. One is to

consider spaces which have Γ as their fundamental group, the other is to consider
spaces with a Γ-action. In both approaches the spaces are usually endowed with
some additional structure and further conditions are imposed such as connectivity
assumptions or restrictions on the stabilisers in the second approach.
Here, the spaces we consider will be CW-complexes which satisfy strong con-

nectivity assumptions, making them unique up to homotopy equivalence, as we will
see later. Let us �rst introduce terminology for our conditions:

g De�nition A.1. A complex X is n-aspherical if it is path-connected and πk(X) = 
for all k with  ≤ k ≤ n or, equivalently, if every map Sk → X with  ≤ k ≤ n can be
extended to a map Bk+ → X.
A complex is called aspherical if it is n-aspherical for all n.
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RemarkA.2. �erefore, a complex is -aspherical or -aspherical exactly if it is path-
connected. It is n-connected if and only if it is simply connected and n-aspherical.

ByWhitehead’s�eorem, a CW-complex is contractible if and only if it is simply
connected and aspherical. Since any covering map p ∶ X̃ → X induces isomorph-
isms p∗ ∶ πk(X̃,x) → πk(X, p(x)) for all k ≥  (this is a simple application of the
basic li�ing theorems) a CW-complex is then aspherical if and only if its universal
cover is contractible.

g De�nition A.3. Let Γ be a group. A classifying complex for Γ, or a BΓ-complex, is
an aspherical CW-complex with fundamental group isomorphic to Γ.
An EΓ-complex is a contractible CW-complex with a free Γ-action1.

Remark A.4. In the case of BΓ-complexes it would be better to take a particular iso-
morphism between Γ and the fundamental group to be part of the data, but in prac-
tice we will usually just tacitly assume that a �xed isomorphism has been chosen.

�ese twonotions are very closely related: IfX is a BΓ-complex then its universal
cover X̃will be an EΓ-complex. Conversely, if Y is an EΓ-complex then the quotient
complex Y/G is a BΓ-complex. So the two are in some way dual viewpoints and
usually to any statement about BΓ-complexes there is a “dual” statement about EΓ-
complexes.
As we shall see, classifying complexes (and EΓ-complexes) exist for any group

and any two classifying complexes for the same group are homotopy equivalent.
To show that classifying complexes exist, let Γ be a group and pick a presentation

Γ ≅ ⟨X ∣ R,∂⟩. Let X() consist of a single -cell x. For each x ∈ X glue a -cell ex
into X() to give a complex X() with a single -cell and one loop for each generator.
�e fundamental group of X() is isomorphic to F(X), the free group onX, with an
isomorphism given by the map ϕ ∶ F(X) → π(X(),x) which maps each x ∈ X to
the homotopy class of a characteristic map (B,S) → (X(),{x}) of ex.
For each r ∈ R, pick a path representing ϕ(∂(r)) and glue in a -cell er along

this path to yield a -complex X(). By the Seifert-Van Kampen �eorem, we have
π(X(),x) ≅ Γ, with a particular isomorphism induced by the composition of ϕ
with the natural map π(X(),x) → π(X(),x).

F(X) π(X(),x) π(X(),x)

Γ

↠

→ϕ →
→

≅

�e following lemma then says that X() is the -skeleton of an aspherical com-
plex, which will therefore be a BΓ-complex.

1All the group actions on CW-complexes that we consider will be so-called rigid actions, i.e. Γ
acts by cell-permuting homeomorphisms and the (set-wise) stabiliser of each closed cell �xes the
cell point-wise. From now on, we will not spell out this assumption explicitly; whenever we talk of
Γ-complexes this is understood to mean a CW-complex with a rigid Γ-action.
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Lemma A.5. Let X(n) be an n-dimensional, (n − )-aspherical CW-complex for
some n ≥ . �en there is an aspherical complex Y with X(n) as its n-skeleton.

Proof. We will inductively construct the skeleta for Y, i.e. we will construct a chain
of complexes

Y ⊂ Y ⊂ Y ⊂ ⋯
such that Ym is m-dimensional and (m − )-aspherical and Ym− is the (m − )-
skeleton of Ym. Set Ym ∶= X(m) for m ≤ n. Assuming that Ym has been constructed
for some m ≥ n, pick representatives for a set of generators of πm(Xm) and glue in
an (m+ )-cell along each one to yield an (m+ )-dimensional complex Ym+. �en
clearly πm(Ym+) = .
We may then take Y ∶= ⋃m≥nYm and by de�nition Y(m) = Ym. Since the mth

homotopy group depends only on the (m + )-skeleton, we have

πm(Y) = πm(Y(m+)) = πm(Ym+) = , for allm ≥ .

So Y is aspherical.

We record:
Proposition A.6. Every group Γ has a BΓ-complex and an EΓ-complex. �ese
can be chosen to have a single vertex or a single orbit of vertices, respectively, as their
-skeleton.
It is useful to consider the same construction from the dual viewpoint, where it

appears a little cleaner: For Γ a group, let Y() be a single Γ-orbit of -cells. �en
apply the following equivalent of Lemma A.5:

Lemma A.7. Let Γ be a group and X(n) an n-dimensional, (n − )-connected Γ-
complex for some n ≥ . �en there is a contractible Γ-complex Y with X(n) as its
n-skeleton. If the action on X(n) is free then Y can be chosen as a free Γ-complex
as well.

Proof. �e method is essentially the same as above. We construct a chain of com-
plexes

Y ⊂ Y ⊂ Y ⊂ ⋯
such that Ym is an m-dimensional, (m − )-connected Γ-complex (free if X(n) is),
with Ym− as its (m − )-skeleton. Set Ym ∶= X(m) form ≤ n.
If Ym has been constructed for some m ≥ n, pick representatives for a set of

generators of πm(Ym) and glue in an orbit of spheres along the Γ-translates of each
map to yield Ym+. Clearly, the Γ-action can be extended to an action on Ym+, so
that Γ acts freely on Ym+ ∖ Ym.
Set Y ∶= ⋃m≥nYm, and by the same argument as earlier, Y is n-connected for all

n ≥ , and therefore contractible.

�e complexes in the previous two lemmas will be used very frequently, so we
will give them a name:2

2�is notation is not standard.
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g De�nition A.8. An n-dimensional, (n − )-aspherical complex (for some n ≥ )
with fundamental group Γ is called a BΓ(n)-complex.
An n-dimensional, (n−)-connected3 free Γ-complex (for some n ≥ ) is called

an EΓ(n)-complex.

Clearly, if X is a BΓ-complex then the n-skeleton X(n) is a BΓ(n)-complex (for
n ≥ ) and Lemma A.5 shows that any BΓ(n)-complex is the n-skeleton of some BΓ-
complex. Analogously, by Lemma A.7, EΓ(n)-complexes are exactly the n-skeleta of
EΓ-complexes (for n ≥ ).
Having shown existence wewill now show that classifying complexes are unique

up to homotopy equivalence. �e key reason why aspherical or contractible spaces
are so useful is that it is easy to construct maps from CW-complexes into them.
Precisely, we have:

Lemma A.9. Let Γ be a group. Let X be a free Γ-complex with a Γ-invariant sub-
complex X′ ≤ X. Let Y be another Γ-complex and ϕ ∶ X′ → Y a cellular Γ-map.
If Y is contractible or every cell of X outside of X′ is of dimension at most n+  and
Y is n-connected, then ϕ can be extended to a cellular Γ-map ϕ ∶ X→ Y.

Proof. We set ϕ∣X′ ∶= ϕ and extend ϕ inductively by skeleta. If x ∈ X is any -cell
not in X′, we can just pick ϕ(x) to be some arbitrary -cell of Y and then extend
equivariantly to the Γ-orbit of x by setting ϕ(γx) = γϕ(x) for γ ∈ Γ. Since we
assumed that Γ acts freely on X, this is well-de�ned. Also note that, since X′ is Γ-
invariant, any orbit of -cells (or any open cells) is either contained in X′ or disjoint
from it, so this does not interfere with the earlier de�nition that ϕ∣X′ = ϕ.
Assume ϕ has already been de�ned on X′ ∪ X(k). Let σ be a (k + )-cell of X

with characteristic map cσ ∶ Bk+ → X. �en ϕ has been de�ned on cσ(Sk), so we
can de�ne an n-sphere in Y by f ∶= ϕ ○ cσ∣Sk . Since πk(Y) = , this k-sphere can be
extended to a map F ∶ Bk+ → Y. De�ne ϕ on σ by ϕ(cσ(x)) = F(x) for x ∈ Bk+.
Again, thanks to freeness of the action, we can extend ϕ equivariantly to the entire
Γ-orbit of σ. �e same can be done on all the other orbits of (n + )-cells, de�ning
ϕ on X(n+).

If X and Y are Γ-complexes and ϕ,ϕ ∶ X→ Y are Γ-maps, then a Γ-homotopy
from ϕ to ϕ is simply a homotopy H ∶ X × I → Y from ϕ to ϕ, which is Γ-
equivariant with Γ acting on X × I by γ(x, t) = (γx, t) for γ ∈ Γ, x ∈ X and t ∈ I.
�enwe can de�ne the notions of “Γ-homotopic”, “Γ-homotopy equivalent” etc.,

in the obvious way.

Lemma A.10. Let Γ be a group. Let X be a free Γ-complex and Y a Γ-complex.
If either Y is contractible or X is n-dimensional and Y is n-connected then any two
cellular Γ-maps ϕ,ϕ ∶ X→ Y are Γ-homotopic.

Proof. By the above lemma we can extend the map H ∶ X × {, } → Y de�ned by
H∣X× ∶= ϕ and H∣X× ∶= ϕ to X × I to give a Γ-homotopy from ϕ to ϕ.

3“(−)-connected” means non-empty
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Proposition A.11. Any two BΓ-complexes for a group Γ are homotopy equival-
ent.
Any two EΓ-complexes are Γ-homotopy equivalent.

Proof. We prove the second claim �rst. Let Y and Y be EΓ-complexes. By Lemma
A.9 there are Γ-maps ϕ ∶ Y → Y and ψ ∶ Y → Y (extending the empty map)
and by Lemma A.10 there are Γ-homotopies H ∶ Y × I → Y from idY to ψϕ and
H ∶ Y × I → Y from idY to ϕψ, proving the second claim.
To prove the �rst claim, let X and X be classifying complexes for Γ. �en their

universal covers Y and Y are EΓ-complexes. So let ϕ, ψ and H, H be as above.
�en ϕ and ψ descend to maps ϕ/Γ ∶ X → Y and ψ/Γ ∶ Y → X. Furthermore,
H/Γ ∶ X × I → I and H/Γ ∶ Y × I → Y are homotopies from idX to ψϕ and idY to
ϕψ, respectively.

p

Type Fn Having proved existence and uniqueness (up to homotopy equivalence)
for BΓ-complexes, we can now feel justi�ed in calling these classifying complexes.
However, the fact that any two classifying complexes are homotopy equivalent does
not mean that each one is as useful as any other. �e situation is similar to present-
ations, which correspond, a�er all, to the -skeleta of classifying complexes: It is
easy enough to show that every group has a presentation, but for a presentation of
a group to be actually useful it has to, at least, be of a manageable size — preferably
�nite.
�ere are di�erent ways of imposing �niteness conditions on classifying com-

plexes, but the one we will focus on is the one that naturally generalises the notion
of �nite presentation: We ask for the classifying complex to have �nite n-skeleton
for some n. Of course, not every group will have such a classifying complex for any
n, so we de�ne:

g De�nition A.12. A group Γ is of type Fn if there is a classifying complex for Γ with
�nite n-skeleton.
It is of type F∞ if it has a classifying complex with �nite n-skeleton for every

n ≥ .

�e following characterisations follow easily:

Proposition A.13. Let Γ be a group. �e following are equivalent:

1. Γ is of type Fn.

2. �ere is a cocompact EΓ(n).

And for n ≥  both are equivalent to

3. �ere is a �nite BΓ(n).
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Proof. If X is a BΓ with �nite n-skeleton for some n ≥  then this n-skeleton will be
a �nite BΓ(n). If X(n) is a �nite BΓ(n) then we can embed X(n) as the n-skeleton of
some BΓ by Lemma A.5.
If X is a BΓ with �nite n-skeleton for some n ≥ , then the n-skeleton of the

universal cover of X is a cocompact EΓ(n). If Y(n) is a cocompact EΓ(n) for some
n ≥  then we can embed Y(n) as the n-skeleton of some EΓ-complex Y and Y/Γ
will be a BΓ with �nite n-skeleton.

Proposition A.14. A group is of type F if and only if it is �nitely generated. It is
of type F if and only if it is �nitely presented.

Proof. �e “if ”-statements follow immediately from our construction of BΓ-com-
plexes.
IfX is a path-connected complexwith �nite -skeleton then the inclusionX() ↪

X induces an epimorphismon fundamental groups and π(X()) is the fundamental
group of a �nite graph and thus �nitely generated free.
And if X is a path-connected space with �nite -skeleton then the Seifert-van

Kampen �eorem implies that its fundamental group is the quotient of the �nitely
generated free group π(X()) by the normal subgroup generated by the attaching
maps of the -cells.4

A classical result says that a �nitely presented group is �nitely presented with
respect to any �nite generating set. More precisely, if Γ is �nitely presented and
X ⊂ Γ is any �nite generating set then the kernel of the canonical epimorphism
F(X) ↠ Γ is �nitely normally generated, i.e. there is a �nite presentation of the
form ⟨X ∣ R,∂⟩.
�ere is a higher-dimensional analogue: If we try to build a �nite BΓ(n) skeleton-

by-skeleton, we cannot “start o� wrong”: If Γ is of type Fm then any �nite BΓ(n) for
 ≤ n < m can serve as the n-skeleton of some �nite BΓ(m).
�is will follow easily from the following lemma, which roughly says that if Γ

is a group of type Fn+ and Y is an EΓ(n+) with cocompact n-skeleton then all but
�nitely many Γ-orbits of (n + )-cells can be discarded:

Lemma A.15. Let Γ be a group of type Fn+. Let Y be an EΓ(n+)-complex with
cocompact n-skeleton (for some n ≥ ). �en there is a cocompact, n-connected
Γ-invariant subcomplex Y′ ⊂ Y (so Y′ is still an EΓ(n+)) with Y′(n) = Y(n).

Proof. Since Γ is of type Fn+ there is a cocompact EΓ(n+)-complex Z.
Let ϕ ∶ Y → Z and ψ ∶ Z → Y be Γ-maps (which exist by Lemma A.9) and

H ∶ Y(n)× I → Y a homotopy from the inclusion Y(n) ↪ Y to ψϕ∣Y(n) (which exists
by Lemma A.10). Since Y(n) × I and Z are cocompact, the images of H and ψ are
cocompact Γ-invariants subspaces of Y. Hence they are contained in a cocompact
Γ-invariant subcomplex Y′ ⊂ Y. Note that Y′ contains Y(n) (since imH does). It

4To make this completely precise, one would have to choose basepoints, of course, but we will
skip the technical details.
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remains to show that Y′ is n-connected. Let f ∶ Sn → Y(n) be an n-sphere. �en
H ○ (f × id) is a homotopy in Y from f to ψϕf. Since Z is n-connected, ϕf is null-
homotopic, say via a homotopy H′ ∶ Sn × I → Z. �en ψ ○H′ is a null-homotopy of
ψH′∣Sn× = ψϕf with image in Y′. �erefore the concatenation of H ○ (f × id) and
ψH′ is a null-homotopy of f in Y′.
�us Y′ is an n-connected, cocompact Γ-invariant subcomplex.

�e analogous statement for BΓ-complexes can, as usual, be proved by passing
to universal covers and we omit the proof:

Lemma A.16. Let Γ be a group of type Fn+. Let X be a BΓ(n+) with �nite n-
skeleton (for some n ≥ ). �en there is a �nite, n-aspherical subcomplex X′ ⊂ X
(so X′ is still a BΓ(n+)) with X′(n) = X(n).
Using Lemma A.15, we can easily prove the following:

Proposition A.17. If Y is a cocompact EΓ(n) and Γ is of type Fm for some m ≥ n
then there is a cocompact EΓ(m)-complex Y′ with Y′(n) = Y.

Proof. It is enough to show the statement form = n+. �e proposition then clearly
follows by induction.
But by Lemma A.7, Y can be embedded in an EΓ-complex Z with Z(n) = Y.

�en Z(n+) is an EΓ(n+)-complex with �nite n-skeleton, so Lemma A.15 produces
a cocompact subcomplex Z′ which is a EΓ(n+) with Z′(n) = Y.

When we try to show that a group is of type Fn this proposition enables us to
proceed inductively by skeleta: We can start o� with a single Γ-orbit of -cells, then
try to glue in �nitely many orbits of -cells to make the space connected, then try to
glue in �nitely many orbits of -cells to make the resulting space -connected and
so on. If at any step it is not possible to continue, i.e. to glue in �nitely many orbits
of (n + )-cells to make the space n-connected, then Γ is not of type Fn+.
�e analogous proposition for BΓ-complexes follows from Proposition A.17 (or

can be proved in the same way, using Lemma A.16 in place of Lemma A.15).

Proposition A.18. If X is a �nite BΓ(n) and Γ is of type Fm for some m ≥ n then
there is a BΓ(m)-complex Y with Y(n) = X.

In particular, using this lemma inductively, we may conclude:

Proposition A.19. A group is of type F∞ if and only if it is of type Fn for all
n ≥ .
If Y is a simply connected Γ-complex then the higher homotopy groups πn(Y)

for n ≥  are Γ-modules in a natural way. Let us brie
y recall how this works. Pick
a basepoint y ∈ Y. For each γ ∈ Γ the translation map tγ ∶ Y → Y, y ↦ γy
induces an isomorphism tγ∗ ∶ πn(Y, y) → πn(Y,γy). �e assumption of simply
connectedness is needed tomake the latter group naturally isomorphic to πn(Y, y).
If y, z ∈ Y are any points in the space, pick a path p ∶ [, ] → Y from yto z. �is path
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induces a map αp ∶ πn(Y, z) → πn(Y, y) by concatenating the path with spheres5.
Since any two paths from y to z in Y are homotopic, αp in fact does not depend on
p, but only on the endpoints y and z. We write αy,z ∶= αp. �us we can de�ne an
action of Γ on πn(Y, y) by letting γ act as αy,γy ○ tγ.
Now assume that X̃ is the universal cover of a BΓ(n)-complex X with n ≥ .

�en X̃ is simply connected, so the Γ-action on X̃ induces a Γ-action on the higher
homotopy groups as above. Of course, the homotopy group πn(X) for n ≥  are
Γ-modules as well: For some loop p ∶ I → X based at x, the element γ = [p] ∈
π(X,x) = Γ acts as αp ∶ πn(X,x) → πn(X,x), de�ned as above. �is action is
easily seen to be compatible with the action on X̃ in the sense that the homomorph-
isms πn(X̃) → πn(X̃) induced by the covering map X̃→ X are homomorphisms of
Γ-modules for n ≥  (in fact, isomorphisms).

Lemma A.20. Let X be a �nite BΓ(n) for n ≥ . �en Γ is of type Fn+ if and only
if πn(X) is �nitely generated as a Γ-module.

Proof. If the Γ-module πn(X) has a �nite generating set then gluing in one (n+ )-
cell along a representative for each generator yields a �nite BΓ(n+).
Conversely, if X is a �nite BΓ(n) and Γ is of type Fn+ then by Proposition A.18,

there is a �nite BΓ(n+)-complex X′ with X′(n) = X. �us (X′,X) is an (n + )-
cellular extension and a theorembyWhitehead (originally proved in [Whi41,Whi49];
see also [Whi78, Chapter V.1, �eorem 1.1]) says that the relative homotopy group
πn+(X′,X) is a free Γ-module with basis given by a set of characteristic maps for
the (n + )-cells of X′. In particular, πn+(X′,X) is �nitely generated. But the long
exact homotopy sequence

⋯ πn+(X′) πn+(X′,X) πn(X) πn(X′) ⋯



→ → → → →

then shows that πn(X) is �nitely generated as well.

With the observation from above that the universal covering projection induces
Γ-module isomorphisms between higher homotopy groups, the following analogue
is easily deduced:

Lemma A.21. Let Y be a cocompact EΓ(n) for n ≥ . �en Γ is of type Fn+ if and
only if πn(Y) is �nitely generated as a Γ-module.

5Precisely: We represent elements of πn(Y, y) by maps (Bn,Sn−) → (Y,{y}). Let C ∶= (Sn− ×
I) ∪g Bn, where g ∶ Sn− → Sn− × I, a ↦ (a, ), and pick a �xed homeomorphism h ∶ (Bn,Sn−) →
(C,Sn− × ). If f ∶ (Bn,Sn−) → (Y,{z}) is an n-sphere based at z then de�ne fp ∶ (C,Sn− × ) →
(Y, y) by setting fp(a, t) = p(t) for (a, t) ∈ Sn− × I and fp(b) = f(b) for b ∈ Bn. Finally, de�ne
αp ∶ πn(Y, z) → πn(Y, y), [f] ↦ [fp ○ h]. Clearly, if p′ is another path homotopic to pthen αp′ = αp.
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Basic properties �e �niteness properties Fn behave well with respect to �nite
index subgroups and �nite extensions.

Proposition A.22. Let Γ be a group and H ≤ Γ a subgroup of �nite index. �en
Γ is of type Fn if and only if H is.

Proof. �is is classical for n ≤ .
Suppose n ≥ . If Γ is of type Fn, then let Y be a cocompact EΓ(n). By restricting

the action we can also regard Y as an n-dimensional, (n − )-connected free H-
complex. Since H is of �nite index the restricted action will still be cocompact.
Conversely, assume H is of type Fn. Inductively, we may assume that Γ is of

type Fn−. Let Y be a cocompact EΓ(n−). Restricting the action as above, we may
regard Y as a cocompact EH(n−). By Lemma A.21, πn−(Y) is �nitely generated as
an H-module. But then πn−(Y) is certainly �nitely generated as a Γ-module.

Proposition A.23. Let Γ be a group of type Fn and H a retract of Γ. �en H is
of type Fn as well.

Proof. �is is trivial for n = , so assume n ≥ .
Let π ∶ Γ ↠ H be an epimorphism and σ ∶ H → Γ a splitting, i.e. π ○ σ = idH.

Inductively, we may assume that H is of type Fn−. Let Y be a cocompact EΓ(n) and
Z an EH(n) with �nite (n − )-skeleton (which exists by A.15).
Wemay consider Z a Γ-complex by de�ning γz = π(γ)z for γ ∈ Γ and z ∈ Z. Let

ϕ ∶ Y → Z be a Γ-map in this sense (which exists by A.9), so ϕ(γy) = π(γ)ϕ(y) for
γ ∈ Γ and y ∈ Y.
Similarly, we may consider Y anH-complex, via σ. Let ψ ∶ Z → Y be anH-map,

i.e. ψ(hz) = σ(h)ψ(z) for h ∈ H and z ∈ Z.
�en ϕψ is an H-map, since

h ⋅ ϕψ(z) = πσ(h) ⋅ ϕψ(z) = ϕ(σ(h)ψ(z)) = ϕψ(hz), for h ∈ H, z ∈ Z.

�erefore, there is anH-homotopy h ∶ Z(n−)×I → Z from idZ to ϕψ. Also, imϕ is a
cocompactH-invariant subspace of Z. To see this, letY′ ⊂ Y be a compact subspace
with ΓY′ = Y. �en ϕ(Y′) is compact and Hϕ(Y′) = π(H)ϕ(Y′) = ϕ(ΓY′) =
ϕ(Y). Hence, imϕ∪ im h is a cocompactH-invariant subspace and thus contained
in some cocompact H-invariant subcomplex Z′ ⊂ Z. We will show that Z′ is an
EH(n). Since Z′(n−) = Z(n−) it only remains to show that every (n − )-sphere in
Z(n−) can be contracted in Z′.
Let f ∶ Sn− → Z(n−). �en ψf is an n-sphere in Y which is null-homotopic

since Y is n-aspherical. Let g ∶ Sn− × I → Y be a null-homotopy of f. Now f
is homotopic in Z′ to ϕψf via h ○ (f × id) and ϕψf is null-homotopic in Z′ via
ϕ ○ g.

Proposition A.24. A direct product Γ = Γ × ⋅ ⋅ ⋅ × Γn is of type Fn if and only if
the factors Γi are.
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Proof. �e factors are retracts of Γ, so one direction follows directly from Proposi-
tion A.23.
�e other direction is the simple observation that if X, . . . ,Xn are classifying

complexes for Γ, . . . Γn respectively then X × ⋅ ⋅ ⋅ ×Xn is a classifying complex for Γ.
�is is because πn(X × Y) ≅ πn(X) × πn(Y) holds for all (path-connected) spaces
X and Y and all n ≥ .

Corollary A.25. Every �nitely generated abelian group is of type F∞.

Proof. Clearly, Z is of type F∞, so Zn is, by the previous proposition, and every
�nitely generated abelian group has someZn as a �nite index subgroup, so the claim
follows from Proposition A.22.

Proposition A.26. If N ↪ Γ ↠ Q is a short exact sequence with N and Q of
type Fn then Γ is of type Fn.

Proof. �ere are several ways of proving this. For example, it follows immediately
from �eorem 5.2, which we quote from [Geo08]. Alternatively, using the FPn-
properties discussed in the next section, it follows from Lemma 6.14 (or Section
7.2) and�eorem 7.2 for which we give full proofs.

Proposition A.27. Every �nitely generated nilpotent group is of type F∞.

Proof. We do an induction on nilpotency class. We proved the statement for �nitely
generated abelian groups.
Assume that every group which is nilpotent of class at most n is of type F∞. Let

Γ be a group which is nilpotent of class n + . �en Γ is a central extension

Z ↪ Γ↠ Q,

where Q is nilpotent of class at most n. �erefore Q is of type F∞. Furthermore, Z
is �nitely normally generated by Lemma 3.7. But since Z is central, Γ acts trivially
on Z by conjugation, so Z is actually �nitely generated. �erefore Z is of type F∞
by Proposition A.25 and so Γ is of type F∞ by the preceding proposition.

A.2 Homological �niteness properties

�e topological �niteness properties Fn from the previous section are natural gener-
alisations of �nite generation and �nite presentability, but the fact that they are char-
acterised by topological properties such as the �nite generation of certain homotopy
groups (as in Lemma A.20) can make them di�cult to work with. “Algebraisations”
of these properties were introduced in [Wal66] and [Ser71], which essentially re-
place the classifying complexes from the last chapter with resolutions.
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Resolutions Let Γ be a group and Y an EΓ-complex. �en consider its (augmen-
ted) cellular chain complex:

⋅ ⋅ ⋅ → Cn(Y) ∂n→ Cn−(Y) → ⋅ ⋅ ⋅ → C(Y) → C(Y) ↠ Z.

�e action of Γ on Y induces an action on the chain groups Cn(Y).6 Since Γ acts
freely on Y, this gives each Cn(Y) the structure of a free Γ-module. Z can be con-
sidered as a Γ-module with a trivial action and in this way the above chain complex
forms what we call a free resolution of Z.

g De�nition A.28. Let Λ be a ring and M a Λ-module. A free resolution of M is an
exact sequence of Λ-modules

⋅ ⋅ ⋅ ∂→ F
∂→ F

∂→ F
ε↠ M

where all the Fn are free. We will also denote this resolution by F
ε↠ M, meaning

that F (or, more accurately, (F,∂∗)) is the (unaugmented) chain complex

⋅ ⋅ ⋅ ∂→ F
∂→ F

∂→ F → 

A partial free resolution ofM (of length n) is an exact sequence

Fn → Fn− → ⋅ ⋅ ⋅ → F → F↠ M.

We call a resolution or partial resolution �nitely generated if all the Fi for i ≥ 
are �nitely generated (as Λ-modules). We will call it �nitely generated up to dimen-
sion k if Fi is �nitely generated for i ≤ k.

�e partial free resolutions of Z by Γ-modules are the “algebraisations” of the
EΓ(n) complexes from Section A.1. Most of the notions and results from that section
can now be “algebraised”, by replacing maps by chain maps, homotopies by chain
homotopies and so on. In particular, the results on extending maps or building ho-
motopies carry over and one can use them to prove that resolutions are unique up to
chain homotopy. We will not carry out these standard constructions of homological
algebra here, however, and instead refer the reader to [Bro94].

Type FPn Going back to our earlier example of a resolution, if Γ is a group of type
Fn and Y is an EΓ with cocompact n-skeleton, then the chain groups Ck(Y) with
 ≤ k ≤ n are �nitely generated Γ-modules. �is motivates the next de�nition:

6To see how this action is de�ned, recall that these chain groups are just de�ned to be the relative
singular homology groups Hs

n(Y(n),Y(n−)). �ere is an obvious action of Γ on the set of singular
simplices ∆n → X and thus on the singular chain groups. �is action respects skeleta, since Γ acts
cellularly, and thus induces an action on the relative homology groups. By standard results Cn(Y) is
freely generated as an abelian group by the characteristic maps of the n-cells of Y, and since Γ acts by
cell-permuting homeomophisms the action of Γ on Cn(Y) just permutes these generators.
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g De�nition A.29. A group Γ is of type FPn if there is a free resolution

⋅ ⋅ ⋅ ∂→ F
∂→ F

∂→ F
ε↠ Z

of Z by Γ-modules which is �nitely generated up to dimension n.

So as an immediate consequence we have:

Proposition A.30. If a group is of type Fn then it is of type FPn.

In particular, every �nitely generated group is of type FP. In fact the converse
holds as well (see [Bro94, Section VIII.5]).
For n ≥  the converse of Proposition A.30 does not hold, as was proved in

[BB97]. However, there is a partial converse (essentially due toWall [Wal65,Wal66]),
saying that Fn and FPn are equivalent among �nitely presented groups, which we
prove as �eorem 7.2.
Let us now give a homological analogue of Proposition A.18, showing that if Γ is

a group of type FPn, one can build a �nitely generated partial free resolution of Z of
length n step-by-step. In other words, any �nitely generated partial free resolution
of length k < n can be extended to one of length n.
We could simply imitate the proof of PropositionA.18 in the homological setting,

but we will give a di�erent proof instead.

Schanuel’s Lemma. If Λ is a ring and

K ↪ F
π↠ M

K ↪ F
π↠ M

are short exact sequences of Λ-modules with F and F free, then

K ⊕ F ≅ K ⊕ F.
Proof. Let

P ∶= {(a,b) ∈ F ⊕ F ∣ π(a) = π(b)}.

�en the projection map p ∶ P → F has kernel  × K. Furthermore it is easy to
check that p is onto so we have an exact sequence

K ↪ P↠ F.

Since F is free, this sequence splits and therefore P ≅ K ⊕ F.
By considering the projection p ∶ P→ F, we can show that P ≅ K ⊕ F.
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Lemma A.31. Let M be a Λ-module and let

→ Fn
∂n→ Fn−

∂n−→ ⋅ ⋅ ⋅ → F
∂→ F

∂↠ M

→ F′n
∂′n→ F′n−

∂′n−→ ⋅ ⋅ ⋅ → F′
∂′→ F′

∂′↠ M

be exact sequences with Fk,F′k free for  ≤ k ≤ n − . �en

F ⊕ F′ ⊕ F ⊕⋯ ≅ F′ ⊕ F ⊕ F′ ⊕⋯.

Proof. Let Kn ∶= ker ∂n and K′n ∶= ker ∂′n. By Scanuel’s Lemma, we have

K ⊕ F′ ≅ K′ ⊕ F.

We also have short exact sequences

K ↪ F ⊕ F′↠ K ⊕ F′
and

K′ ↪ F′ ⊕ F↠ K′ ⊕ F.
Using that F ⊕ F′ and F′ ⊕ F are free and K′ ⊕ F′ ≅ K′ ⊕ F, Schanuel’s Lemma
implies that

K ⊕ F′ ⊕ F ≅ K′ ⊕ F ⊕ F′.
Continuing inductively in this manner proves the proposition.

Proposition A.32. Let Γ be a group of type FPn (for some n ≥ ) and

Fn
∂n→ Fn−

∂n−→ ⋅ ⋅ ⋅ ∂→ F
∂→ F

∂↠ Z

a �nitely generated partial free resolution ofZ by Γ-modules. �en Γ is of type FPn+
if and only if ker ∂n is �nitely generated.

Proof. If ker ∂n is �nitely generated then we can pick a �nitely generated free Γ-
module Fn+ and a surjection ∂n+ ∶ Fn+ ↠ ker ∂n to extend the resolution above
to a �nitely generated partial free resolution

Fn+
∂n+→ Fn

∂n→ Fn− → ⋅ ⋅ ⋅ → F → F → Z.

�us Γ is of type FPn+.
Conversely, if Γ is of type FPn+ then there is a �nitely generated partial free

resolution
F′n+

∂′n+→ F′n
∂′n→ F′n− → ⋅ ⋅ ⋅ → F′ → F′↠ Z.

We thus have two exact sequences

→ ker ∂n → Fn
∂n→ Fn− → ⋅ ⋅ ⋅ → F → F↠ Z

→ ker ∂′n → F′n
∂′n→ F′n− → ⋅ ⋅ ⋅ → F′ → F′↠ Z
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which satisfy the assumptions of Lemma A.31. Hence,

ker ∂n ⊕ F′n ⊕ Fn− ⊕⋯ ≅ ker ∂′n ⊕ Fn ⊕ F′n− ⊕⋯.

But ker ∂′n = im ∂′n+ is �nitely generated, since F
′
n+ is, and so are all the Fk and F

′
k

with  ≤ k ≤ n. �us the right hand side is �nitely generated, hence the le� hand
side is, and thus also the direct factor ker ∂n.

As a corollary we get:
Lemma A.33. Let Γ be a group of type FPn and

Fm → Fm− → ⋅ ⋅ ⋅ → F → F → Z

a �nitely generated partial free resolution of Z as a Γ-module of dimension m < n.
�en this resolution can be extended to the le� to a �nitely generated free resolution
of dimension n:

Fn → ⋅ ⋅ ⋅ → Fm → Fm− → ⋅ ⋅ ⋅ → F → F → Z
Proof. �is is a simple inductive application of the previous proposition.

Like the topological properties, type FPn behaves well with respect to passing to
�nite index subgroups or �nite extensions:

Proposition A.34. Let Γ be a group of type FPn and H ≤ Γ a �nite index sub-
group. �en Γ is of type FPn if and only if H is.

Proof. First assume that Γ is of type FPn. Let

F↠ Z ∶ ⋅ ⋅ ⋅ → F → F → F↠ Z

be a free resolution of Z by Γ-modules, which is �nitely generated up to dimension
n. �en we can regard the Fi asH-modules. If F is a free Γ-module on a basisX ⊂ F,
and T ⊂ Γ is a set of representatives of the cosets of H, then it is easy to check that
TX is a basis of F considered as an H-module. In particular any �nitely generated
free Γ-module is �nitely generated free when considered as an H-module. So the
resolution F ↠ Z can in fact be considered a free resolution of Z by H-modules,
which is �nitely generated up to dimension n.
Conversely, let H be of type FPn. Inductively, we may assume that Γ is of type

FPn−. Let
Fn−

∂n−→ Fn−
∂n−→ ⋅ ⋅ ⋅ ∂→ F

∂→ F↠ Z

be a �nitely generated partial free resolution of Z by Γ-modules. Again, we can
consider this as a complex ofH-modules, in which case it still is a �nitely generated
partial free resolution. SinceH is of type FPn, the kernel ker ∂n− is �nitely generated
as an H-module and a fortiori, �nitely generated as a Γ-module.

All of the other results that we proved for the topological properties at the end
of Section A.1 have analogues for the FPn-properties, andmostly they can be proved
by simply “algebraising” the proofs given there.
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�e Bieri-Eckmann criterion In this section we will introduce an important cri-
terion, due to Bieri and Eckmann, which comes down to the statement that a group
Γ is of type FPn if and only if the functors Hk(Γ,−) commute with arbitrary direct
products.
A proof of this statement can be found in [Bie81, Section 2]. Since we use this

criterion extensively in Section 6.3, we take the time to explain it carefully and prove
it here. �e proof we give is di�erent from the one in [Bie81]. In particular, it is
essentially completely elementary, not using much homological algebra beyond the
de�nitions.
�e computations involved are fairly simple, but sometimes awkward to write

down, since they involve following through long sequences of isomorphisms be-
tween sets of functions. �erefore, we will use, just in this section, two pieces of
uncommon but intuitive notation, which will make many formulae a lot cleaner.

g Notation. If f ∶ X→ Y is a function, we write

x
f↝ y for f(x) = y.

and
x ↦ f(x) for f.

�e �rst convention allows us to write, for example

a
f↝ b

g↝ c h↝ d

for h(g(f(a))) = d. �e second allows us to describe functions without having
to name them, which is useful when working with direct sums and products (see
the Lemma below for an example). We will consistently regard the direct product
∏λ∈ΛAλ or direct sum⊕λ∈ΛAλ as a set of functions Λ→ ⋃λ∈ΛAλ.
We �rst note two basic properties of tensor products.

Lemma A.35. If R is a ring, B a le� R-module, Λ an index set and Aλ a right
R-module for each λ ∈ Λ then the map

(⊕
λ∈Λ

Aλ) ⊗R B→⊕
λ∈Λ

(Aλ ⊗R B)

given by a⊗ b↦ (λ↦ a(λ) ⊗ b) is an isomorphism.

Lemma A.36. If R is a ring and Aa le� R-module then the map R⊗RA→ Agiven
by r⊗ a↦ ra is an isomorphism (with inverse a↦ ⊗ a).

As alluded to above, the Bieri-Eckmann criterion is concerned with whether
the homology functorHk(Γ,−) commutes with direct products. We will nowmake
this statement precise. Let R be a ring, N a right R-module, Λ some index set and
Mλ a le� R-module for each λ ∈ Λ. While we do not have an analogue of Lemma
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A.35, replacing direct sums with direct products, we can nevertheless always de�ne
a homomorphism

ϕ ∶ N ⊗R∏
λ∈Λ

Mλ → ∏
λ∈Λ

(N ⊗Mλ)

with ϕ(n⊗m) = (λ↦ n⊗m(λ)).
�is map is natural in N in the following sense: If N and N are le� R-modules

and f ∶ N → N is a homomorphism, then f on the one hand induces a map

f⊗ id∏Mλ
∶ N ⊗∏

λ∈Λ
Mλ → N ⊗∏

λ∈Λ
Mλ

and on the other hand the maps f⊗ idMλ
∶ N ⊗Mλ → N ⊗Mλ can be assembled

into a map
f′ ∶ ∏

λ∈Λ
(N ⊗Mλ) → ∏

λ∈Λ
(N ⊗Mλ)

given by f′(p) = (λ↦ (f⊗ idMλ
)(p(λ))). �us we obtain a square:

N ⊗∏λ∈ΛMλ N ⊗∏λ∈ΛMλ

∏λ∈ΛN ⊗Mλ ∏λ∈ΛN ⊗Mλ

→f⊗id

→ ϕ → ϕ

→f
′

where the vertical maps are the maps de�ned above. �is square commutes since

n⊗m f⊗id↝ f(n) ⊗m ϕ↝ (λ↦ f(n) ⊗m(λ))

and

n⊗m ϕ↝ (λ↦ n⊗m(λ))
f′↝ (λ↦ (f⊗ id)(n⊗m(λ))) = (λ↦ f(n) ⊗m(λ))

Now let Γ be a group and

⋅ ⋅ ⋅ ∂→ F
∂→ F

∂→ F↠ Z

a free resolution ofZ by Γ-modules. Applying the above construction yields a chain
map (with all the tensor products over ZΓ):

⋅ ⋅ ⋅ → Fn ⊗∏λ∈ΛMλ Fn− ⊗∏λ∈ΛMλ ⋯ F ⊗∏λ∈ΛMλ

⋅ ⋅ ⋅ → ∏λ∈Λ Fn ⊗Mλ ∏λ∈Λ Fn− ⊗Mλ ⋯ ∏λ∈Λ F ⊗Mλ

→∂n⊗id

→ ϕn

→∂n−⊗id

→ ϕn−

→∂⊗id

→ ϕ

→∂′n →
∂′n− →∂

′


�is induces a map between the homology groups. By de�nition, the homology
groups of the �rst chain complex are Hk(Γ,∏λ∈ΛMλ). �e second chain complex
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is simply the dimensionwise product of the chain complex (F∗ ⊗Mλ,∂∗ ⊗ id), so
its homology is the product∏λ∈ΛHk(Γ,Mλ).
So there is a natural map7

Hn(Γ,∏Mλ) →∏Hn(Γ,Mλ).

�e Bieri-Eckmann criterion asserts that this map is an isomorphism for all k < n
if and only if Γ is of type FPn.
Our proof is based on the following elementary calculation:

Lemma A.37. Let R be a ring, Λ an index set and Mλ a le� R-module for each λ ∈
Λ. If F is a �nitely generated free right R-module then the natural homomorphism

ϕ ∶ F ⊗R∏
λ∈Λ

Mλ → ∏
λ∈Λ

F ⊗RMλ

as de�ned above is an isomorphism.

Proof. Since F is �nitely generated free, it is of the form

F ≅ ⊕
x∈X

R

for some �nite set X.
�ere is a sequence of natural isomorphisms:

(⊕
x∈X

R) ⊗R∏
λ∈Λ

Mλ

ϕ→ ⊕
x∈X

(R⊗R∏
λ∈Λ

Mλ)
ϕ→ ⊕

x∈X
∏
λ∈Λ

Mλ

ϕ→ ∏
λ∈Λ
⊕
x∈X

Mλ

ϕ→ ∏
λ∈Λ
⊕
x∈X

(R⊗RMλ)
ϕ→ ∏

λ∈Λ
(⊕
x∈X

R) ⊗RMλ

Here, ϕ and ϕ are given by Lemma A.35, ϕ and ϕ are as in Lemma A.36 and ϕ
is the “transpose” map a ↦ (λ ↦ (x ↦ a(x)(λ))). Note that this latter map is an
isomorphism since X is �nite, so the direct sum over X can be replaced by a direct
product, which clearly commutes with the direct product over Λ.
Following the de�nitions, we get, for a ∈ ⊕x∈X R andm ∈ ∏λ∈ΛMλ:

a⊗m ϕ↝ (x ↦ a(x) ⊗m)
ϕ↝ (x ↦ a(x)m)
ϕ↝ (λ↦ (x ↦ a(x)m(λ)))
ϕ↝ (λ↦ (x ↦ ⊗ a(x)m(λ))) = (λ↦ (x ↦ a(x) ⊗m(λ)))
ϕ↝ (λ↦ a⊗m(λ)) = ϕ(a⊗m)

�us ϕ = ϕ ○ϕ ○ϕ ○ϕ ○ϕ is an isomorphism.
7Another way to describe this map: For each λ ∈ Λ let fλ ∶ Hn(Γ,∏Mλ) → Hn(Γ,Mλ)

be the map induced by the projection ∏Mλ → Mλ. �en the fλ can be assembled into a map
Hn(Γ,∏Mλ) → ∏Hn(Γ,Mλ).
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Before we give the proof of the Bieri-Eckmann Criterion, let us make one more
observation. �e construction before LemmaA.37 can be carried out for direct sums
in place of direct products to give a map

Hn(Γ,⊕
λ∈Λ

Mλ) → ⊕
λ∈Λ

Hn(Γ,Mλ)

for any Γ-modulesMλ. But because of Lemma A.35, this map will be an isomorph-
ism.

Lemma A.38. If Γ is a group and F is a free Γ-module then Hn(Γ,F) =  for n ≥ .

Proof. Let
F↠ Z ∶ ⋅ ⋅ ⋅ → F → F → F↠ Z

be a free resolution of Z by Γ-modules. Since the map from Lemma A.36 is clearly
natural, tensoring this resolution with ZΓ will do nothing, i.e. F⊗ ZΓ ≅ F. Since F
has trivial homology in every dimension ≥  we have

Hn(Γ,ZΓ) = Hn(F⊗ZΓ) = Hn(F) = , for n ≥ .

With the isomorphism above we obtain

Hn(Γ,⊕
λ∈Λ
ZΓ) ≅ ⊕

λ∈Λ
Hn(Γ,ZΓ) = , for n ≥ .

for any direct sum of copies of ZΓ. Since all free Γ-modules are of this form, this
proves the claim.

Now we are ready for the proof.

Theorem A.39 (The Bieri-Eckmann Criterion). Let Γ be a group. �en
the following are equivalent (for n ≥ ):

1. Γ is of type FPn.

2. �e natural map Hk(Γ,∏λ∈ΛMλ) → ∏λ∈ΛHk(Γ,Mλ) is an isomorphism
for k < n, where Λ is a countable set and Mλ a le� Γ-module for each λ ∈ Λ.

3. �e naturalmapHk(Γ,∏ZΓ) → ∏Hk(Γ,ZΓ) is an isomorphism for k < n,
where the product is over a countable index set.

4. Γ is �nitely generated and Hk(Γ,∏ZΓ) =  for all k < n, where the product
is over a countable index set.

Proof. It is clear that 2 implies 3.
We will show �rst that 1 implies 2. Let Γ be a group of type FPn and

⋯ →∂→ F
∂→ F

∂→ F↠ Z
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a free resolution of Z by Γ-modules. �en, by Lemma A.37, the natural chain map

⋅ ⋅ ⋅ → Fn ⊗∏λ∈ΛMλ Fn− ⊗∏λ∈ΛMλ ⋯ F ⊗∏λ∈ΛMλ

⋅ ⋅ ⋅ → ∏λ∈Λ Fn ⊗Mλ ∏λ∈Λ Fn− ⊗Mλ ⋯ ∏λ∈Λ F ⊗Mλ

→∂n⊗id

→ ϕn

→∂n−⊗id

→ ϕn−

→∂⊗id
→ ϕ

→∂′n →
∂′n− →∂

′


consists of isomorphisms up to dimension n. �us the induced map on homology
groups Hk(Γ,∏Mλ) → ∏Hk(Γ,Mλ) is an isomorphism for k < n. �is proves
that 1 implies 2.
Now we will show that 3 implies 1. We may inductively assume that Γ is of type

FPn−. Let
Fn

∂n→ Fn−
∂n−→ ⋅ ⋅ ⋅ ∂→ F

∂→ F↠ Z

be a partial free resolution, �nitely generated up to dimension n − . We then have
a commutative diagram

Fn ⊗∏λ∈ΛZΓ Fn− ⊗∏λ∈ΛZΓ Fn− ⊗∏λ∈ΛZΓ

∏λ∈Λ Fn ⊗ZΓ ∏λ∈Λ Fn− ⊗ZΓ ∏λ∈Λ Fn− ⊗ZΓ

∏λ∈Λ Fn ∏λ∈Λ Fn− ∏λ∈Λ Fn−

→∂n⊗id

→ ϕn

→∂n−⊗id

→ ϕn− → ϕn−

→∂′n
→ ψn

→
∂′n−

→ ψn− → ψn−

→∂′′n →
∂′′n−

Where themaps ϕk are the natural homomorphisms and themapsψk are isomorph-
isms as in Lemma A.36. Since ϕn− and ϕn− are isomorphisms by Lemma A.37,
ψn−ϕn− maps ker(∂n−⊗ id) onto ker ∂′′n−. �us ϕn− induces an isomorphism on
homology only if ψn−ϕn− also maps the image of ∂n ⊗ id onto im ∂′′n .
Suppose that Γ were not of type FPn. �en ker ∂n− is not �nitely generated,

so we can �nd a family of elements (aλ)λ∈Λ which is not contained in any �nitely
generated submodule of ker ∂n− (recall that Λ is simply a countably in�nite index
set). Since ker ∂n− = im ∂n, we can �nd elements bλ ∈ Fn with ∂n(bλ) = aλ for each
λ ∈ Λ.
Set a ∶= (λ ↦ aλ) ∈ ∏λ∈Λ Fn− and b ∶= (λ ↦ bλ) ∈ ∏λ∈Λ Fn. By de�nition

∂′′n(b) = a, so a ∈ im ∂′′n . �erefore,

(∂n− ⊗ id)ϕ−n−ψ−n−(a) = ϕ−n−ψ−n−∂′′n−(a) = .

Hence, there is some x ∈ Fn ⊗∏λ∈ΛZΓ with ψn−ϕn−(∂n ⊗ id)(x) = a. Now x is
of the form

c ⊗m + ⋅ ⋅ ⋅ + ck ⊗mk, for some c, . . . , ck ∈ Fn, m, . . . ,mk ∈ ∏
λ∈Λ
ZΓ,
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and we have

x
∂n⊗id↝ ∂n(c) ⊗m + ⋅ ⋅ ⋅ + ∂n(ck) ⊗mk

ϕn−↝ (λ↦ ∂n(c) ⊗m(λ) + ⋅ ⋅ ⋅ + ∂n(ck) ⊗mk(λ))
ψn−↝ (λ↦ ∂n(c)m(λ) + ⋅ ⋅ ⋅ + ∂n(ck)mk(λ))

�erefore, for each λ,

aλ = ∂n(c)m(λ) + ⋅ ⋅ ⋅ + ∂n(ck)mk(λ),

contradicting the assumption that the set of all aλ is not contained in any �nitely
generated submodule of ker ∂n− = im ∂n. �is shows that Γ has to be of type FPn
a�er all and thus proves that 3 implies 1.
�erefore the �rst three statements are equivalent and we will now show that

the third is equivalent to the fourth. Assume that 3 holds. Since 3 implies 1, Γ is of
type FP and hence �nitely generated. Furthermore 3 implies that

Hk(Γ,∏ZΓ) ≅ Hk(Γ,ZΓ) = , for  ≤ k < n,

because of Lemma A.38.
Conversely, assume that 4 holds. Since Γ is �nitely generated and 1 implies 3, we

know that the map
Hk(Γ,∏ZΓ) →∏Hk(Γ,ZΓ)

is an isomorphism for k = . For  ≤ k < nwe assumed that the domain of this map
is trivial. But so is the codomain by LemmaA.38, so themap is an isomorphism.

Type wFPn and examples In Section 6.1 we introduced the property “weak FPn”:

g De�nition A.40. A group Γ is of type wFPn if Hk(Γ′,Z) is �nitely generated for all
k ≤ n and all �nite index subgroups Γ′ ≤ Γ.
It is of type wFP∞ if Hk(Γ′,Z) is �nitely generated for all k ≥  and all �nite

index subgroups Γ′ ≤ Γ.

In this section we will construct some examples, that distinguish the wFPn-
properties from each other and from the FPn- and Fn-properties.
For the topological properties we have the following description of the �niteness

properties of amalgamated products and HNN extensions:
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Proposition A.41. Let Γ = Γ ∗C Γ be an amalgamated product of groups.

1. Assume Γ and Γ are �nitely presented. �en Γ is �nitely presented if and
only if C is �nitely generated.

2. Assume Γ and Γ are of type Fn. �en Γ is of type Fn if C is of type Fn−.

Let Γ = Γ∗C be an HNN extension.

1. Assume Γ is �nitely presented. �en Γ is �nitely presented if and only if C is
�nitely generated.

2. Assume Γ is of type Fn. �en Γ is of type Fn if C is of type Fn−.

Proof. �e �rst statement is due to Baumslag [Bau62] for amalgamated products.
�e analogous statement for HNN extensions can be found in [Mil02].
�e second statement follows from the construction of classifying complexes

given in [SW79] or [Geo08, Section 6.2] (which we describe in Section 5.4 for amal-
gamated products).

To give an analogous statement for the wFPn-properties, we need the following
extremely useful Mayer-Vietoris sequences describing the homology of amalgam-
ated free products and HNN extensions. �ese are [Bie81, �eorems 2.10 & 2.12]:

Theorem A.42. Let Γ = Γ ∗C Γ be an amalgamated product and let M be a
Γ-module. �en there is a Mayer-Vietoris sequence:

⋯ → Hn(C,M) → Hn(Γ,M) ⊕Hn(Γ,M) → Hn(Γ,M) → Hn−(C,M) → ⋯

Let Γ = Γ∗C be an HNN extension and let M be a Γ-module. �en there is a
Mayer-Vietoris sequence:

⋯ → Hn(C,M) → Hn(Γ,M) → Hn(Γ,M) → Hn−(C,M) → ⋯

Using these sequences for M = ∏ZΓ and the Bieri-Eckmann Criterion from
the previous section it is not hard to derive the following ([Bie81, Proposition 2.13];
alternatively, we could use �eorem 7.3 for the “if ”-direction):

Proposition A.43. Let Γ = Γ ∗C Γ be an amalgamated product of groups with
Γ and Γ of type FPn. �en Γ is of type FPn if and only if C is of type FPn−.
Let Γ = Γ∗C be an HNN extension with Γ of type FPn. �en Γ is of type FPn if
and only if C is of type FPn−.

As we mentioned before, Bestvina and Brady in [BB97] constructed examples
of groups which are of type FPn for all n, but not �nitely presented. �eir examples
are normal subgroups of right-angled Artin groups. Denote one of these Bestvina-
Brady examples by C and the ambient right-angled Artin group by Γ. �en the
amalgamated product Γ ∗C Γ (or the HNN group Γ∗C) is �nitely presented by 1
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from Proposition A.41 and of type FPn for all n by Proposition A.43. �us it is also
of type Fn for all n by �eorem 7.2. But C, by assumption, is not of type Fn for any
n ≥ . �is shows that the converses of the statements 2 in Proposition A.41 do not
hold.
But let us now try to give a statement analogous to Propositions A.41 and A.43

for the wFPn-properties. It is not hard to see the following:

Lemma A.44. If Γ = Γ ∗C Γ is an amalgamated product with Γ and Γ of type
wFPn, then Hn(Γ) is �nitely generated if and only if Hn−(C) is.
If Γ = Γ∗C is an HNN extension with Γ of type wFPn then Hn(Γ) is �nitely
generated if and only if Hn−(C) is.

Proof. �is follows directly from theMayer-Vietoris sequences, in which the bound-
ary maps

⋯ → Hn(Γ) ⊕Hn(Γ) → Hn(Γ)
∂→ Hn−(C) → Hn−(Γ) ⊕Hn−(Γ) → ⋯

and
⋯ → Hn(Γ) → Hn(Γ)

∂→ Hn−(C) → Hn−(Γ) → ⋯
have �nitely generated kernel and cokernel.

Proposition A.45. If Γ = Γ ∗C Γ is an amalgamated product with Γ and Γ of
type wFPn, then Γ is of type wFPn if and only if C is of type wFPn−.
If Γ = Γ∗C is an HNN extension with Γ and Γ of type wFPn, then Γ is of type
wFPn if and only if C is of type wFPn−.

Proof. We consider �rst the statement about amalgamated products.
Let Γ′ ≤ Γ be a �nite index subgroup. Let T be the Bass-Serre tree associated to

the splitting Γ ∗C Γ. �en Γ′ acts on T with vertex stabilisers isomorphic to �nite
index subgroups of Γ or Γ and edge stabilisers isomorphic to �nite index subgroups
of C. �erefore the vertex stabilisers are certainly of type wFPn.
Now consider �rst the case where C is of type wFPn−. �en the edge stabilisers

of the action of Γ′ on T are of type wFPn−. Since Γ acts cocompactly on T and Γ′ is
of �nite index, Γ′ acts cocompactly on T as well, so Γ′ is the fundamental group of a
�nite graph of groups. More precisely, Γ′ is inductively built up from groups of type
wFPn (the vertex groups) by a �nite sequence of amalgamated products and HNN
extensions along subgroups of type wFPn− (the edge groups). �us it follows from
Lemma A.44 thatHk(Γ′) is �nitely generated for any k ≤ n. Since this holds for any
�nite index subgroup Γ′, we can conclude that Γ is of type wFPn.
Conversely, if Γ is not of type wFPn, then there is a �nite index subgroup Γ′ ≤ Γ

with Hk(Γ′) not �nitely generated for some k ≤ n. By the same argument as before
and using the other implication of LemmaA.44, this shows that there must be some
edge stabiliser C′ such that Hk−(C′) is not �nitely generated. Since C′ has �nite
index in C, this implies that C is not of type wFPn−.
�e proof for the statement about HNN extensions is entirely analogous.

136



A.2. Homological finiteness properties

Using a method from [Bri99] (or [BH99, Section III.Γ.5]), the theorems on am-
algamated products can be used to “shi� up” �niteness properties in dimension. So,
for example, if C is a group of type wFPn− but not of type wFPn, we could try to
embed it in a group Γ of, say, type F∞; then Γ ∗C Γ will be of type wFPn but not
wFPn+.
To make this work, we need a way of �nding the required embeddings. For that

purpose, the following lemma, which is [Bri99, Lemma 2.8], is very useful:

Lemma A.46. Let Γ be a group and N ⊲ Γ a normal subgroup such that Γ/N ≅ Z.
�en there is a short exact sequence

Γ ∗N Γ↪ Γ× (Z ∗Z) ↠ Z

Let us show how this can be used (as in [Bri99]) to construct the Stallings-Bieri
examples of groups of type Fnwith non-�nitely generated (n+)st integral homology
group (see [Sta63, Bie76]).
Let π ∶ F → Z be the epimorphism from the free group on two generators to Z

which sends each generator to  ∈ Z. �en SB ∶= kerπ is a normal, in�nite index
subgroup of a free group and therefore free and not �nitely generated. �erefore
its abelianisation H(SB) is a non-�nitely generated free abelian group and so SB
is not of type wFP. From Lemma A.46 it then follows that there is a short exact
sequence

F ∗SB F ↪ F × F↠ Z.

Denote the kernel by SB. �en SB is �nitely generated but not of type wFP, by
Proposition A.45. Since SB ⊲ F × F we can apply Lemma A.46 again. Continuing
this inductively, we obtain:

Proposition A.47. For each n there is a group SBn, which is a kernel of a map
from (F)n to Z and is Fn− but not wFPn.
With a more sophisticated choice of base group we can use the same argument

to show that wFPn does not imply FPn for any n ≥ . �e construction we will
describe is essentially the one given in [LS06].
We need a lemma �rst.

Lemma A.48. A group Γ is of type wFPn if Hk(N) is �nitely generated for every
normal �nite index subgroup N and k ≤ n.

Proof. Let Γ′ ≤ Γbe an arbitrary �nite index subgroup of Γ. �en there is a subgroup
N ≤ Γ′ of �nite index which is normal in Γ. So Γ′ �ts into a short exact sequence

N ↪ Γ′↠ F

where F is �nite. �en F is of type FPn (by Proposition A.34) and it follows by the
same argument as in the proof8 of Lemma 6.5 that Hk(Γ) is �nitely generated for
k ≤ n.

8in fact, the proof works verbatim if the assumption that N be of type wFPn− is replaced by the
assumption that Hk(N) is �nitely generated for all k ≤ n − 
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Proposition A.49.�ere is a sequence of groups Kn such that Kn is of type
wFP∞ and Fn− but not of type FPn and such that Kn �ts into a short exact se-
quence

Kn ↪ Γn↠ Z

with Γn of type F∞.

Proof. Let S be an in�nite group of type F∞ with no �nite quotients andHk(S) = 
for all k ≥  (such groups are constructed, for example, in [BG04, Chapter 4]). Now
take countably many isomorphic copies Sm ≅ S with m ∈ Z and consider their free
product K = ∗m∈ZSm. �en K is not �nitely generated but still does not have
�nite quotients (for any homomorphism K → Γ is determined by the compositions
Sm ↪ K → Γ, and if Γ is �nite, all these compositions must be trivial) and thus no
�nite index normal subgroups. A Mayer-Vietoris argument shows that Hk(K) = 
for all k ≥ , so by Lemma A.48, K is of type wFP∞. Furthermore, observe that K
embeds in Γ ∶= S ∗ ⟨t ∣ −⟩ by sending Sm to t−mStm. In fact K is the kernel of the
map S∗Z→ Zmapping S trivially andZ isomorphically. Note that Γ is of type F∞.
�us the short exact sequence

K ↪ Γ↠ Z

supplies the base case n =  of the Proposition.
Now suppose groupsKn and Γn with the claimed properties have been construc-

ted. �en the double Kn+ ∶= Γn ∗Kn Γn is still of type wFP∞ (by Proposition A.45)
and of type Fn but not of type FPn+ (by Proposition A.43). Furthermore, by Lemma
A.46, Kn+ �ts into a short exact sequence

Kn+ ↪ Γn × (Z ∗Z) ↠ Z,

where Γn × (Z ∗Z) =∶ Γn+ is of type F∞.
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