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Abstract

y

A group I is of type F,, for some n > 1if it has a classifying complex with finite n-
skeleton. These properties generalise the classical notions of finite generation and
finite presentability.

We investigate the higher finiteness properties for fibre products of groups. The

central conjecture is this: If Ny = I} 5 Qand N, = I, 5 Q are short exact
sequences with Nj of type F,,, I7 and I, of type F,4; and Q of type F,,.,, then the
fibre product P = {(y1,y2) € [1 x I3 | m(y1) = m2(y2) } is of type F,41. This is called
the n-(n +1)-(n + 2) Conjecture.

The fibre product is the basic construction that all subgroups of direct products
can be built from inductively. The conjecture therefore has implications for the finite-
ness properties of these subgroups. In particular, we show that the n-(n+1)-(n+2)
Conjecture for nilpotent Q implies another open conjecture, the Virtual Surjections
Conjecture: A subgroup P < I3 x --- x I, of a direct product of groups of type Fy is
itself of type Fy if it virtually surjects to k-tuples of factors, i.e. if the image of the
projection P — T} x---xTI;, hasfinite index forall iy, ..., i with1 <4 <--- < i < m.

We prove the n-(n + 1)-(n + 2) Conjecture in many cases, such as when the
quotient Q is abelian or when the epimorphism 7, splits. We prove a form of the
conjecture where the F,-properties are replaced by weaker homological finiteness
conditions. We prove a converse which states (under slightly stronger assumptions)
that the fibre product can only be of type F,,; if the quotient Q is of type F,,.
We describe an explicit map in group homology whose kernel gives an obstruction
to the n-(n +1)-(n + 2) Conjecture. We prove that the general conjecture can be
reduced to the special case where I} is finitely generated free and for this case we
construct a concrete finite, (7 + 1)-dimensional complex with fundamental group
P, which is in a certain sense close to being n-aspherical (and might actually be
n-aspherical).

Our results on the n-(n+1)-(n+2) Conjecture have consequences for the Virtual
Surjections Conjecture. For example, we show that any subgroup of a direct product
that virtually surjects to k-tuples, where k is greater than half the number of factors,
is of type F. We also prove that a subgroup that virtually surjects to k-tuples satisfies
a finiteness condition on k-dimensional homology.

In order to establish these result, we present different approaches to the main
problem, employing a range of methods from topology and homological algebra,
each of which sheds light on the conjecture from a different angle.
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Introduction

Ever tried. Ever failed. No matter.
Try again. Fail again. Fail better.

—SAMUEL BECKETT

This thesis is about the higher finiteness properties of fibre products and of sub-
groups of direct products of groups. Our account is built around a central theme:

THE n-(n +1)-(n + 2) CONJECTURE. Let

ngrng
N, > T, 3 Q

be two short exact sequences of groups and
Pi={(yy2) e i x| m(y) = ma(y2)}

their fibre product.
If Ny is of type F,,, both I} and T, are of type F,.1 and Q is of type F .2, then P is
of type F 1.

The aim of this introduction then is to explain, first, the motivations behind
and consequences of this conjecture — and hence, why we should be interested in it.
And second, to give a synopsis of the progress we have made on resolving it, the task
with which, in one way or another, we shall be concerned with for the remainder of
the thesis.




CHAPTER 1. INTRODUCTION

1.1 Background

Subgroups of direct products of free groups The origins of the n-(n +1)-(n +2)
Conjecture lie in the study of subgroups of direct products of free groups, surface
groups and limit groups. Historically, subgroups of direct products of free groups
were the first source of examples for groups with exotic higher finiteness properties.
Stallings in [Sta63] discovered the first example of a finitely presented group with
non-finitely generated integral homology in dimension 3 as a subgroup of a direct
product of three free groups.

Over time, the systematic study of such subgroups of direct products has re-
vealed that higher finiteness properties play a central role in understanding this
class of groups. In particular, the literature has brought to light an apparent dicho-
tomy between those subgroups which satisfy strong finiteness properties and those
which do not — a contrast first observed by Baumslag and Roseblade in [BR84].
They showed that although in a direct product of two finitely generated free groups
one can find uncountably many isomorphism classes of subgroups, the only finitely
presented subgroups are virtually direct products of two free groups.

The “wildness” of general subgroups of a direct product of free groups is further
exemplified by a number of unsolvability results: In a direct product F x F of two
free groups on two generators

o there is a finitely generated subgroup L < F x F with unsolvable membership
problem [Mih66] and unsolvable conjugacy problem [Milgz],

« the isomorphism problem among finitely generated subgroups is unsolvable
[Milg2],

« there are uncountably many subgroups with non-isomorphic abelianisation
[BMog], and

o there is no algorithm to compute the rank of the abelianisation of an arbitrary
finitely generated subgroup [BMog].

The other side of Baumslag and Roseblade’s dichotomy was greatly expanded
on in a series of papers by Baumslag, Bridson, Howie, Miller and Short [BBMSoo,
BHMSo2, BHoyb, BHoya, BHMSo9, BHMS12]. In particular, they generalised the
result from [BR84] to direct products of any (finite) number of free groups, or more
generally, surface groups or limit groups'. This generalisation says that a subgroup
P <Tj x---xT, in a direct product of finitely generated free (surface, limit) groups
I3, ..., Ty, which is of type F,, is itself virtually a direct product of n or fewer finitely
generated free (surface, limit) groups [BHMSo2, Theorem A], [BHMSo9, Theorem
A]. In fact, if the intersection of P with each factor I; is non-trivial, then the product

"The latter are most easily defined as the finitely generated fully residually free groups, i.e. those
finitely generated groups I' such that for every finite subset X c T there is a free group F and a
homomorphism f : T — F which is injective on X. This class includes free groups, free abelian
groups and fundamental groups of orientable surfaces.
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of these intersections will have finite index in P [BHMSo2, Theorem B], [BHMSo9,
Theorem C]. So, virtually, the only subgroups of type F,, are the “obvious” ones.

In both results the higher finiteness condition is essential: Stallings’ example
mentioned earlier and its generalisations by Bieri [Bie81] provide finitely presented
subgroups in a direct product of three or more free groups (and intersecting each
factor non-trivially), which do not satisfy the conclusions of the theorems.

This indicates that a thorough study of the higher finiteness properties of sub-
groups of direct products will be necessary in order to gain a full understanding of
this class of groups. In particular, there is great interest in comprehending the class
of finitely presented subgroups of direct products of limit groups, as these are just
the finitely presented residually free groups. A systematic study of these groups was
started in [BHMS12].

In light of the work cited above, one might think of the subgroups of a direct
product of n free (or limit) groups as arranged along a spectrum according to which
finiteness properties they satisfy. At the lower end, the class of all finitely generated
subgroups is hopelessly complicated. At the upper end, the only subgroups of type
F, are the obvious ones. But if we aim to understand all the finitely presented groups
we need to find out what happens as one imposes successively stronger finiteness
conditions. The hope is that the stark contrast between “finitely generated” and “type
F,” will, to some extent, be resolved by considering the classes in between.

There are some promising signs that this is not a futile endeavour. The examples
by Stallings and Bieri are subgroups of type F,,_; in a direct product of # free groups.
And while they are certainly not as well-behaved as the subgroups of type F,, they
are not anywhere as arbitrary as finitely generated subgroups either. In fact, the
original examples are kernels of maps from the direct product to a finitely generated
abelian group, and it turns out that any subgroup of type F,_; has to be (virtually)
of that type ([BMog, Theorem E] for the case of three factors; see our Corollary 3.4
for a stronger statement).

On the other end of the spectrum, the work of [BHMS12] has demonstrated that
the finitely presented subgroups in a direct product of limit groups, while still a very
large class of groups, do not exhibit quite as much “wildness” as the finitely generated
subgroups. For example, in contrast to the unsolvability results cited above, the
finitely presented subgroups do have solvable conjugacy and membership problems
[BHMS12, Theorems ] & K].

The Virtual Surjections Conjecture In [BHMSi12] a general criterion was given to
recognise finitely presented subgroups of a direct product: If P < I} x --- x I, isa
subgroup of the direct product of finitely presented groups Iy, . . ., I, such that the
image of P under each projection P — I; x Ij to a pair of factors has finite index
in T; x Ij then P is finitely presented. The latter condition has been termed “virtual
surjection to pairs” and the criterion has been used to great effect to study the finitely
presented subgroups of free and limit groups (yielding some of the results we cited
above).



CHAPTER 1. INTRODUCTION

Given the utility of this criterion in studying finitely presented subgroups and
in view of our proclaimed goal to understand what the subgroups of type Fy in a
direct product are for any k, the following conjecture suggests itself:

THE VIRTUAL SURJECTIONS CONJECTURE. Let I, ..., I, be groups of type Fy and
P < Ty x---x T, asubgroup of their direct product. Assume that P virtually surjects
to k-tuples of factors, i.e. forany iy, ..., ix withl < i < --- < i} < n the image of P
under the projection P — T x --- x I is of finite index. Then P is of type Fy.

This conjecture appears in the literature in various forms, e.g. [Koc1o, Section
5] or [Diso8, Section 12.5]. While the conjecture makes no assumptions on the
factor groups, beyond the finiteness condition Fy, it is especially relevant for direct
products of free groups (or limit groups), where a converse is known to hold.

To state this, let us introduce two pieces of terminology: If P < I} x --- x [, is a
subgroup of a direct product, we shall call P a subdirect product of I, . . ., T, if all the
projection maps to the factors P — I are onto. P is called a full subdirect product
if, in addition, the intersections P N I'; are non-trivial for all i.

It is often possible to restrict attention to subdirect products or full subdirect
products, by means of two simple observations: If P < I x --- x I, is any subgroup
then P is a subdirect product of I}, ..., T} where I is the image of P under the
projection P — I.

And if P is a subdirect product, such that the intersection of P with, say, I} is
trivial, then the projection to the remaining factors P — I x --- x I}, has trivial
kernel, so we can embed P as a subgroup into a direct product with fewer factors.
We can repeat this procedure if necessary — one by one projecting away from the
factors that intersect P trivially — until we end up with an embedding of P as a full
subdirect product of some subset of the factors I, ..., [;.

In particular, in most cases of interest, restricting to full subdirect products does
not impose a real restriction on the class of groups considered.

For subdirect products of non-abelian free (or limit) groups the following is
conjectured to hold:

CONJECTURE. A full subdirect product P < T} x --- x I, of the non-abelian limit
groups I, ..., Iy is of type Fy if and only if it virtually surjects to k-tuples of factors.

One direction of this is, of course, contained in the Virtual Surjections Con-
jecture. The other direction — that any full subdirect product of type Fy virtually
surjects to k-tuples — has been established in [BHMS12, Theorem D] for k = 2 and
in [Kocio, Theorem D] in the general case. Proving the Virtual Surjections Conjec-
ture would thus complete the picture and give a full characterisation of the subdirect
products of type Fy. of free groups.

One of the main reasons why we care about the n-(n +1)-(n + 2) Conjecture is
that it implies the Virtual Surjections Conjecture (Theorem 3.14).

Qv
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Higher finiteness properties Another reason why we believe the n-(n+1)-(n+2)
Conjecture deserves to be studied is because of its relation to the theory surrounding
higher finiteness properties of groups.

While the higher finiteness properties are defined as natural generalisations of
the fundamental properties of finite generation and finite presentability and have
been studied for a long time (they first appear in [Wal6s] and [Ser71]), they are
still in some ways poorly understood. The interest in studying subgroups of direct
products, where, as we explained above, finiteness conditions do have palpable ef-
fects on the group structure, goes both ways: Finiteness conditions might serve as a
tool for understanding subdirect products, but conversely, understanding subdirect
products might also shed more light on the nature of the higher finiteness proper-
ties. Viewed from this angle, the n-(n +1)-(n + 2) Conjecture supplies a novel way
of establishing these properties.

Let us mention two connections in particular.

Amalgamated free products  First, it is worth mentioning that, from the viewpoint
of category theory, the fibre product is just the pullback in the category of groups,
and thus dual to the amalgamated free product. For the latter operation, an analog-
ous statement to the n-(n + 1)-(n + 2) Conjecture exists: f N - I and N = I,
are monomorphisms such that N is of type F,,_; and I} and I} are of type F,, then
the associated amalgamated product I *y I is of type F,,. For n = 2, where the
converse holds as well, this is a remark by Baumslag [Bau62] and in general it fol-
lows, for example, from the construction of classifying complexes for amalgamated
products in [SW79] (see also [Bie81, Theorem 2.13]).

Clearly, the conjecture for fibre products is decidedly more subtle, as it involves
finiteness conditions not just on the factor groups and the quotient but also on one
of the kernels in an essential way (for more on the necessity of the conditions in
the conjecture, see also the end of Section 3.3). Remarkably, the proof of the state-
ment for amalgamated products is not difficult either: Essentially, the classifying
complex for the amalgamated product constructed in the naive way will have the re-
quired finiteness properties (e.g., in the case n = 2 it suffices to consider the “usual”
presentation for the amalgamated product). The same, alas, cannot be said for the
fibre product, but in any case, as a complement to the basic theorem on finiteness
properties of amalgamated products, the n-(n +1)-(n +2) Conjecture seems worth
striving for. For more on this relationship, see also the “Further remarks” in Section
5.4.

Bestvina-Brady groups and X-invariants While it is generally a hard problem to
determine the finiteness properties of subgroups — even for the properties of fi-
nite generation and finite presentability — there is one class where a far-reaching
theory is available: For kernels of maps to abelian groups, the theory of X- or Bieri-
Neumann-Strebel-Renz invariants, provides great insights and a very useful set of
tools for establishing higher finiteness properties (we will use them for this pur-
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pose in Chapter 8). In [BBgy] Bestvina and Brady used their “synthetic Morse the-
ory” to determine the precise finiteness properties of kernels of maps from right-
angled Artin groups to Z, essentially by determining the X-invariants of general
right-angled Artin groups (see also [MMV 98, BGgg]). These kernels — the Bestvina-
Brady groups — have been studied extensively since and have proved a rich source
of examples of groups with various exotic properties.

Of course, direct products of free groups are examples of right-angled Artin
groups and the results of Bestvina and Brady (or the earlier work by Meinert in
[Meig4]) can be used to obtain information on the finiteness properties of subgroups
containing the commutator subgroup. The n-(n+1)-(n+2) Conjecture and the Vir-
tual Surjections Conjecture would complement this picture by supplying informa-
tion on the higher finiteness properties of arbitrary subgroups that are out of reach
of methods using X-invariants.

Viewed from the angle of 2-theory, an answer to the Virtual Surjections Conjec-
ture would be especially interesting because the subdirect products that virtually sur-
ject to k-tuples of factors contain some term of the lower central series, though usu-
ally not the commutator subgroup (see also Section 3.1). There have been attempts
to generalise some aspects of Z-invariants to give information on such subgroups
(e.g. [BG9s, BGoo]), but progress on this problem has been slow and a general the-
ory, possibly encompassing the higher-dimensional invariants, has yet to emerge.
Though this is speculative at present, the n-(n +1)-(n + 2) Conjecture and Virtual
Surjections Conjecture would provide an alternative approach to deriving higher
finiteness properties of subgroups contatining a term of the lower central series in
one particular setting, possibly giving some clues on what a more general theory of
X-invariants might look like.

1.2 Results

While we have not yet succeeded in proving the n-(n +1)-(n + 2) Conjecture (and
thus the Virtual Surjections Conjecture) in full generality, we have made substan-
tial progress, employing a variety of methods to establish certain special cases, rule
out potential counterexamples, prove homological analogues or shed light on the
general case.

THEOREMS 5.6 & 8.3. The n-(n +1)-(n + 2) Conjecture holds
 when the second epimorphism m, : I, > Q splits, or
o when Q is abelian.

The latter result is particularly interesting in light of the following:

THEOREM 3.14. If the n-(n + 1)-(n + 2) Conjecture holds for nilpotent Q then the
Virtual Surjections Conjecture holds.
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In particular, the result on abelian quotients implies the following special case
of the Virtual Surjections Conjecture:

COROLLARIES 8.5 & 8.6. Let I, ..., T}, be groups of type Fy. A subdirect product
P < Ty x---xT, that virtually surjects to k-tuples is of type Fy. if [; | (PNT;) is abelian
for all i (previously obtained in [Kocio, Theorem 34]); this holds, in particular, if
k>72.

2

Furthermore, we show that the general n-(n + 1)-(n + 2) Conjecture can be
reduced to a special case:

PROPOSITION 5.7. If the n-(n +1)-(n +2) Conjecture is true whenever T, is finitely
generated free, then it holds in general.

We consider the n-(n + 1)-(n + 2) Conjecture for the case where T, is free
in Section 7.3. In that case we manage to produce — assuming a certain fact, for
which we have strong evidence, but which we cannot currently prove — an (n +1)-
dimensional complex W, which has the fibre product P as its fundamental group,
and satisfies 7 (W) = 0 for 2 < k < n —1and Ho(N2, 71,(W)) = 0. We believe that
there is a good chance that, in fact, 7,(W) = 0 which would prove the n-(n + 1)-
(n +2) Conjecture.

In the literature on subdirect products, another finiteness property has proved
particularly useful. A group I is said to be of type wFP,, if the integral homology
groups Hy(I’,Z) are finitely generated for any k < n and any finite index sub-
group I’ < T. In many of the results we quoted from the literature earlier, the
F,-assumptions can in fact be weakened to wFP,,. We show a variant of the n-(n+1)-
(n+2) Conjecture and the Virtual Surjections Conjecture for these finiteness prop-
erties:

THEOREM 6.8. If

Ni=T1 > Q
Ny =T, > Q

are short exact sequences with Nj of type wFP,,, I} of type WEP .11, I of type FP 11
and Q of type FP, ., then the associated fibre product is of type WEP 1.

COROLLARY 6.9. If T}, ..., I, are groups of type Fy and P < Ty x- - -xT, is a subgroup
that virtually surjects to k-tuples then P is of type wFPy.

In conjunction with Kochloukova’s result, cited earlier, this shows

COROLLARY 6.11. A full subdirect product P < T} x --- x T}, of non-abelian free (or
limit) groups virtually surjects to k-tuples (where k > 2) if and only if it is of type
WFPk.

We also obtain a result that can be considered a kind of converse to the n-(n+1)-
(n +2) Conjecture:
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THEOREM 6.20. If

N =T - Q
Ny =T, > Q

are short exact sequences with Ny of type FP,, T, I of type FP,,,» and the associated
fibre product is of type FP .1, then Q is of type FP ..

Finally, we produce an obstruction to the Conjecture in the form of a kernel
(which might always vanish) of a particular explicit map between homology groups.

PROPOSITION 6.3. Let

N =T > Q
Ny =T, > Q

be short exact sequences and P their associated fibre product. Then there is a map
¢ : HO(FZ) Hn(Nla H ZP)) g HO(Q) Hrl(Nla H Zrl))

If this map is injective then the n-(n+1)-(n+2) Conjecture holds for the sequences
above.

1.3  Summary

We shall give a brief rundown of the main part of the thesis.

In Chapter 2, we recall some of the fundamental properties of fibre products and
their relation to subdirect products of groups.

The main result of Chapter 3 is that the n-(n +1)-(n +2) Conjecture implies the
Virtual Surjections Conjecture. We also prove the 0-1-2 Lemma, which is a standard
result, and provide a strengthening of the Virtually Nilpotent Quotients Theorem
from [BMog] and [BHMSi2], which we use later to prove Corollary 8.6, quoted
earlier. The methods in this section are mostly elementary.

In Chapter 4, we provide a proof of the 1-2-3 Theorem, which was first estab-
lished in [BBMSoo] and [BHMSo08]. While the results are not original, our method
differs from the proofin the literature. We provide this prooflargely because it serves
as a guide to the generalisations in the following chapters. The tools we use are based
around crossed modules.

In Chapter 5, we pursue a topological approach to the problem, trying to estab-
lish higher finiteness properties by constructing classifying complexes directly. Here
we prove the Split #n-(#n+1)-(n+2) Theorem and the reduction to the case where the
second factor is finitely generated free. The main tools we use are from the theory
of “stacks” as defined by Geoghegan [Geoo8].
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In Chapter 6, we establish the wFP,-version of the two conjectures, as quoted
above. The approach in this chapter is much more combinatorial, mainly using tools
from homological algebra, such as the Lyndon-Hochschild-Serre spectral sequence.
We also establish the “converse” alluded to above, employing the Bieri-Eckmann
characterisation of FP,,-properties. Furthermore this viewpoint allows us to formu-
late the obstruction given above.

In Chapter 7, we attack the Conjecture by trying to build suitable resolutions for
groups. The goal is to develop an algebraic approach which mirrors Chapter 5, but
allows for explicit computation and is at the same time more powerful than the one
based on homology groups from the previous chapter.

In Chapter 8, we prove the n-(n + 1)-(n + 2) Conjecture for abelian quotients
and the corresponding case of the Virtual Surjections Conjecture. We also give a
brief analysis of the situation for nilpotent quotients. The methods we use here are
based on the theory of Bieri-Neumann-Strebel-Renz- or X-invariants.

Finally, in an appendix, we collect some (mostly) standard results on the finite-
ness properties F,, and FP,,, which we use throughout the main text, for the conveni-
ence of the reader.
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2

Fibre products and subdirect products

We shall start off by giving the basic definitions and recalling some fundamental
facts about the construction of fibre products and how that basic construction can
be used to iteratively build up subdirect products of groups.

Definition 2.1. A subdirect product of the groups Iy, . .., I'; is a subgroup P < I3 x
---xI, of the direct product such that the canonical projections P — I; are surjective
for all i.

One way of obtaining a subdirect product of two groups is via the fibre product
construction: Let

N oT 3 Q
Nz‘—>r212>Q

be two short exact sequences. Then we call

P:={(yny2) e x| m(y1) = ma2(y2)}

the fibre product associated to these sequences (or to m; and 73).!
A crucial observation is that to any such fibre product we can associate two exact
sequences of the form N; — P - I; and N, < P — I;. More precisely:

'If the two sequences are identical, i.e. 1, = 7, P is often called a “symmetrical” or “untwisted”
fibre product (associated to 7;), but we will make little use of this concept.

11



CHAPTER 2. FIBRE PRODUCTS AND SUBDIRECT PRODUCTS

LEMMA 2.2. The fibre product above fits into a commutative diagram

1x Nz N2

Ny x1 p—2 .
H lpl lnz

N I A Q

with exact rows and columns, where py : P — Iy and p, : P — T, are the restric-
tions of the canonical projections I} x Iy — I and all the injections are inclusion
homomorphisms.

Proof. Thelower right square commutes simply by the definition of the fibre product.
If (y1,y2) € P is in the kernel of p,, then y, = 1and m(y1) = m2(y2) = 1, so
y1 € kerm = Nj. Obviously, N; x 1 is sent isomorphically to N; < I under the
projection p;. The rest follows by symmetry. O

We will usually identify Nj x 1 with N; and 1 x N, with N,.
It is a basic observation that every subdirect product of two groups is a fibre
product. Precisely, we have the following:

LEMMA 2.3. Let P < T} x I, be a subdirect product of Ty and ;. Let Ny := PN and
N, := Pn T, where I denotes the subgroup It x1 < I x I; and similarly for I (i.e.
we have identified each T; with its image under the natural inclusion T; — Iy x I}).
Then

/Ny 2 P/Ny x N, 2 I2/N,
and P is the fibre product associated to two short exact sequences
NI >»Q
N2 > F2 —>> Q

Proof. Let p; : P — T for i = 1,2 denote the restriction of the canonical projection
I x I, — T;. Clearly, Nj is the kernel of p,, so Nj is normal in P. Symmetrically,
N is normal in P, as well. Therefore N x N; is normal in P and the quotient map
P - P/(N; x N,) factors over both projections p;, giving a commutative square

P——1

|

FIL)P/leNz

12



The kernel of 71; is p1(N; x N3) = Ny, and similarly ker 7, = N,. Denoting P/(Nj x
N3) by Q, we thus have two short exact sequences:

N oT 3 Q
N2L>r27—T>Z>Q.

Let P’ denote their fibre product. Commutativity of the above square means that
P < P'. Conversely, if y' = (y],y5) € P/, set q := m(y]) = ma(y}). Then pick a
y = (y1,y2) € P with

y(N1x N2) =q.

Then 7;(y;) = q = ni(y}) for i = 1,2 by definition of the maps 7;. And hence
yy L e Ny x Nyc Psoy eP.

This shows that P = P/, so P is the fibre product associated to the two short exact
sequences. O

Indeed, not only is every subdirect product of two groups a fibre product, but
we can build up any subdirect product of three or more groups by iterating the fibre
product construction. The following notation will be frequently useful, when deal-
ing with subgroups of direct products of more than two groups:

Notation. Let I}, ..., I, be groups and P < T := I} x --- x I, a subgroup of their
direct product. For J = {i},...,in} c {1,...,n} with iy, ..., i, pairwise distinct,
we will denote by I the group I, x --- x I, which we will also, via the canonical
injection, consider a subgroup of I'. Furthermore, we will denote by p; the canonical
projection map P — Iy and by Nj the intersection P N I}. Sometimes we will omit
curly braces to unclutter the notation, e.g. we will write p; - for the projection
P—Tyx-xTyg,inplaceof py gy

Now let P < T} x --- x I, be a subdirect product. Using the notation introduced
above, set
T:=p1,..n-1(P) <Tyx - x Ty

Then P is a subdirect product of T and I';, so by Proposition 2.3 it is the fibre product
associated to short exact sequences

.....

Note that T, in turn, is a subdirect product of Iy, ..., I},;. This allows us to argue
about subdirect products of any number of groups by using induction on the num-
ber of factors and dealing with a fibre product at every step.
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3

The Virtual Surjections Conjecture

In the Introduction we explained that one of the major motivations for studying the
n-(n +1)-(n + 2) Conjecture is that it implies the Virtual Surjections Conjecture,
which relates the finiteness properties of subdirect products to the way these groups
are embedded in the ambient direct product. The main goal of the present section
is to prove this implication. En passant, we will prove the 0-1-2 Lemma, the lowest
case of the n-(n+1)-(n+2) Conjecture, and observe a curious connection between
subdirect products and nilpotent groups.

Let us restate the embedding condition from the Introduction, which we can
now phrase using the notation introduced earlier:

Definition 3.1. Let I}, . .., T, be groups and let P < T x - - - x I, be a subgroup of their
direct product. We say that P virtually surjects to k-tuples of factors if p;(P) < I} is
a finite index subgroup for every k-element subset of indices J c {1,...,n}.

Recall the conjecture from the Introduction.

CONJECTURE 3.2 (THE VIRTUAL SURJECTIONS CONJECTURE). Let k > 2. Let
..., [, begroups of type F and P < Ty x- - -x T, a subgroup of their direct product.
If P virtually surjects to k-tuples of factors then P is of type Fy.

We will now embark on the task of showing that the n-(n+1)-(n+2) Conjecture
implies the Virtual Surjections Conjecture.

3.1 Virtually Nilpotent Quotients

As our first ingredient we need an important consequence of the property of virtu-
ally surjecting to k-tuples for some k > 2. This lemma originated in the “Virtually

15



CHAPTER 3. THE VIRTUAL SURJECTIONS CONJECTURE

Nilpotent Quotients Theorem” from [BMog, Section 4.3], see also [BHMS12, Propos-
ition 3.2]. We will prove a variation of this with a precise bound on the nilpotency
class, which we will exploit in Chapter 8.

LEMMA 3.3. Let Ty, ..., Ty be groups and P < Ty x- - - x T, a subdirect product which
virtually surjects to k-tuples for some k > 2. Then for every index i the group T;/N;
is virtually nilpotent of class at most [ =] - 1.

Proof. We will show the statement only for i = 1. For other choices of i the proof
is entirely analogous (or alternatively, can be reduced to the case treated here, using
the isomorphism exchanging the first and i factor of the product).

Let s := [7=1]. Then the set I := {2,...,n} can be partitioned into s disjoint
subsets Iy,...,I; c I of size |I,;] < k -1 for all m. Set I}, := {1} U I,;,. Since P
virtually surjects to k-tuples, py: (P) is of finite index in Ty for all m. Therefore
I == M;,-,(pr, (P) N T1) is of finite index in I}. Note that I] consists of all those
y € I such that for each m with 1 < m < s there exists a g € P with p;(g) = y and
pi(g) =1forall i € I,,. In particular I contains Nj.

Now let yy,...,ys € Fl’ . We will show that the iterated commutator

c=[yn [y o [Ps-1ps] - - 1]

is in Nj. Pick elements g1, ..., gs € P such that p;(gm) = ym for1 < m < s and
pi(gm) =1fori € I,,. Now let

=g [g - [g1 8] 1]

Then ¢’ is in P and p;(c’) = c. Furthermore, for each i with 2 < i < n there is an m
with 1 < m < s such that i € I, s0 pi(gm) = 1. But clearly, if one of the elements
in an iterated commutator equals 1, then the commutator itself equals 1, too. So for
each i with 2 < i < n, we get that p;(c¢) = 1. But this means thatc = ¢’ e [[n P = N;.

We have shown that Nj contains all the commutators of length s in I] and there-
fore it also contains y,_I7, the (s — 1)® term in the lower central series of I}. This
proves that I]/Nj is nilpotent of class at most s — 1. O

In particular we record the following generalisation of [BMo9, Lemma 4.9].

COROLLARY 3.4. Let I, ..., T, be groups and let P < T} x --- x T, be a subgroup
of their direct product which virtually surjects to k-tuples for some k > 7. Then
pi(P)/N; is virtually abelian for all i.

Furthermore, P is virtually the kernel of a homomorphism to an abelian group. Pre-
cisely: There are finite index subgroups T? < T; for each i and a homomorphism
¢: ) x---x T2 > Atoan abelian group A, such that P (I x --- x IJ) = ker ¢.

Proof. Let I} := p;(P) < I;. These are finite index subgroups, since P virtually
surjects to k-tuples. Then P is a subdirect product in I} x- - - xI';,, which still virtually
surjects to k-tuples. Now, since k > 7, we have k > 5 + % and so Z_j < 2.So Lemma

3.3 says that I/ /(P n I!) = I'//Nj is virtually abelian for all i.

16



3.2. THE 0-1-2 LEMMA

Hence there are finite index subgroups I'? < I/, containing N;, for all 7, such that
I?/N; is abelian. Then N; contains the commutator subgroup [I?,T}]. Therefore
Nj x -+ x N, contains the commutator subgroup of I x - - - x T2, But then P n (T x
-+ x T?) contains this commutator subgroup as well, and in particular it is normal
in T? x --- x TY with abelian quotient group. Ul

Corollary 3.4 is particularly interesting in light of the following theorem by Koch-
loukova [Koc1o, Theorem 11]:

THEOREM 3.5. If I1, . .., I, are non-abelian free (or limit) groups and P < Ty x -+ - x
T, is a full subdirect product of type Fy then P virtually surjects to k-tuples. O]

We can thus conclude:

COROLLARY 3.6. If I, ..., I}, are non-abelian free (or limit) groups and P < T} x
-+ x Ty, is a full subdirect product of type Fy with k > % then P is virtually the kernel
of a map to an abelian group (in the same sense as in the statement of Corollary
3.4). O

The subgroups which are virtually kernels of maps to abelian groups are called
“of Stallings-Bieri type” in [BMog], alluding to the examples in [Sta63] and [Bie81] of
groups of type F,,_; with non-finitely generated n' integral homology group, which
are kernels of maps from a direct product of n finitely generated free groups to Z.
For a while, it was an open question whether every finitely presented full subdirect
product of free groups is of this type [BMog, Question 4.3], until examples proving
that this is not the case were discovered in [BHMSo08, Theorem H] (or see [BHMS12,
Theorem H]).

We will have more to say on these kinds of subgroups in Chapter 8, but let us
for now get back to the matter at hand.

3.2 The 0-1-2 Lemma and virtual surjection to factors

Next, we will investigate the case k = 1 of the Virtual Surjections Conjecture. Of
course, we have excluded this case from the Conjecture with good reason: It is not
true for k = 1; we will obtain an ample source of counterexamples shortly. It does
however become true, if we add the extra assumption that the p;(P)/N; be virtually
nilpotent for all i — as they are for k > 2 by Lemma 3.3.

To show that this is the case, we will need the 0-1-2 Conjecture. As we will see,
this is really no more than an easy lemma. Nevertheless, it is well worth recording
the steps carefully here, since we will notice at many points during our later work
on the n-(n+1)-(n+2) Conjecture that the difficulties frequently lie in formulating
and proving higher-dimensional analogues of these very simple steps.

We start with a statements on finite generation and finite presentability in short
exact sequences of groups.

17
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LEMMA 3.7. Let N = T 5 Q be a short exact sequence with T finitely generated.
If Q is finitely presented then N is finitely normally generated. In case I is finitely
presented, the converse holds, too, i.e. Q is finitely presented if and only if N is finitely
normally generated.

Proof. LetX c I beafinite generating set, F(X) the free groupon Xand p : F(X) -
I the canonical epimorphism. Since Q is finitely generated, it has a finite presenta-
tion with generating set 77(X). This means that K := ker(7 - p) is finitely normally
generated in F(X). But then N = p(K) is finitely normally generated in T

Now assume that I’ is finitely presented and N is finitely normally generated
in T, say by some finite set 7. Again, take X to be some finite generating set of I
and p : F(X) — T the induced epimorphism. Since T is finitely presented, ker p is
finitely normally generated, say by a set Z. Now ker(7- p) = p~}(N) is easily seen
to be finitely normally generated by Z and a set of lifts of the elements of Y. O]

LEMMA 3.8 (THE 0-1-2 LEMMA). Let

N~ 5Q
Nz‘—>r23>2>Q

be two short exact sequences with Ty and T, finitely generated and Q finitely presen-
ted. Then the associated fibre product is finitely generated.

Proof. Let P denote the fibre product. The proof is based on a comparison of the
two short exact rows in the following diagram:

p2

Ni—— P —>»1),

| b

N, —— I} —» Q

First note that, by the previous lemma, N; is finitely normally generated in I3, say
by some finite set X c Nj. Let 17 be a finite generating set for I} and pick a lift in P,
i.e. a finite set Yl c P with pl(?l) =71;. Let Hy := <.X @] Yl> < P. Then pl(HO) =Ii.
Now note that the action of any y = (y1,y2) € P by conjugation on N; < P is the
same as the conjugation action of p;(y) = y; on Ny < Iy:

(yuy2) (1) (yy2) ™" = (ninyy 1), forallne Ny.
In particular if x € X and y; € I} we can pick a y € Ho with p;(y) = y1 and we have
Xy = yxy” € Ho.

But, by assumption, any element of N; is a product of such conjugates. Therefore
N; < Hy.
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Let 1> be a finite generating set for I’; and Y, c Paliftto P, ie. Y5 is finite and
p2(Y3) = Yy, Set H := (X u Y, U T3). Then p,(H) = I,. Now let y € P. Then
there is a y’ € H with p,(y’) = pa(y), so yy’™! € Ny < Hy < H and therefore also
y = yy'"1y’ € H. Hence we have shown that P = H and so P is finitely generated. [

We now have all we need to establish the “k =1 case” of the Virtual Surjections
Conjecture, as announced earlier.

PROPOSITION 3.9. Let I, ..., T, be finitely generated groups and P < Ty x --- x T},
a subgroup of their direct product. If the image p;(P) < T; under the projection to
each factor T; is of finite index in T; and p;(P) /(P NT;) is virtually nilpotent for all
i then P is finitely generated.

Proof. Note first thatall the I'/ := p;(P) are finitely generated, since they are of finite
index in I}, and that p;(P)/(PnT}) = p;(P)/(P nT;). Thus, replacing all the T; by
I'/, we may assume without loss of generality that P is a subdirect product.

We now prove the claim by induction on n. If n = 1, there is nothing to prove.
So assume n > 2. Let T := py,__,-1(P). As described at the end of Chapter 2, P is
the fibre product associated to the short exact sequences

Here, T is a subdirect product of T},...,T;,—;. Notethat TnT;for1 < i <n-1
contains P N T}, therefore [;/(T N I;) is a quotient of the virtually nilpotent group
I;/(PnT;), and hence virtually nilpotent itself. Thus we can conclude by induction
that T is finitely generated. By assumption, Q 2 I';/N,, is finitely generated and
virtually nilpotent and therefore finitely presented. Hence we can apply the 0-1-2
Lemma to conclude that P is finitely generated. O]

Remark 3.10. Note that the nilpotency condition on the groups I;/N; is only used
in the penultimate sentence of the proof, to establish that certain finitely generated
groups are finitely presented. Going through the proof carefully, we can see that the
condition that I';/N; be virtually nilpotent can be replaced with the much weaker
condition that T;/(p;(P) n I;) be finitely presented for all i and all J c {1,...,n}
with i € J. In particular, this holds if all quotients of I';/N; are finitely presen-
ted. For finitely presented groups this condition is sometimes called Max-n, as the
property of having only finitely presented quotients is equivalent to satisfying the
“maximal condition for normal subgroups” (i.e. any ascending chain of normal sub-
groups is eventually constant). Other examples of finitely presented Max-n groups
— apart from the finitely generated virtually nilpotent groups — are virtually poly-
cyclic groups and finitely presented metabelian groups [BS80] (though there are
finitely presented soluble groups which are not Max-n [Abey9]).

We can also use Lemma 3.7 to show that the Virtual Surjections Conjecture for
k = 1is not true without any extra condition. To do this we prove a sort of converse
of the 0-1-2 Lemma (this is [BMog, Corollary 2.4]):
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PROPOSITION 3.11. Let

N1“>F1Z>1>Q
N, >, 3 Q

be two short exact sequences with Iy and T, finitely presented. Then the associated
fibre product is finitely generated if and only if Q is finitely presented.

Proof. 'The “if-direction” of the proof is simply a special case of the 0-1-2 Lemma.
Conversely, denote the fibre product by P and assume that it is finitely generated.
Then consider the short exact sequence

N> PBT,

From Lemma 3.7 we can conclude that N; is finitely normally generated in P. But
then Nj is finitely normally generated in I3 as well (by the same observation as in
the proof of Lemma 3.8). From the second part of Lemma 3.7 it then follows that Q
is finitely presented. O]

Let Q be any finitely generated, but not finitely presented groupandlet 7 : F - Q
be an epimorphism from a finitely generated free group to Q. Then the symmetric
fibre product associated to 7 is a subdirect product P < F x F, which is not finitely
generated, providing a counterexample for the Virtual Surjections Conjecture with
k=1

3.3 The n-(n +1)-(n + 2) Conjecture implies the Virtual Sur-
jections Conjecture

Before we finally show the main result of this chapter, we need two quick lemmas.

LEMMA 3.12. Let P< Ty x---x T, Let I, c {1,...,n} withIu] = {1,...,n} and
In]+@. Then plm](Pﬁ FI) = p](P) N Iqny.

Proof. Lety € pinj(P nTy). Pick p € P n Ty with pinj(p) = y. Now py(p) € Tiny,

therefore y = pny(p) = p1ny(ps(p)) = py(p)- Andsoy € p;(P) N Iy
Conversely, lety € p;(P)NIyn;. Picka p € Pwith pj(p) = y. Note that pjnj(p) =

prry(pr(p)) = prnj(y) = y. But py(p) € Iiny, so p € Ty and hence y € pray(P N
I7). O

LEMMA 3.13. Let P < I x---xT,. If P virtually surjects to k-tuples (for some k > 2)
n-1=Pn (0 x -+ x Ty_y) virtually surjects to (k —1)-tuples.

.....

Proof. Let]' c {1,...,n—1} be some (k — 1)-element subset. Apply the preceding
lemma with I := {1,...,n -1} and J := J' U {n} to conclude that py(Ny,_,-1) =

py(P) nTy. Note that p;(P) has finite index in I}, so py(P) N I} has finite index in
Iy, O
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THEOREM 3.14. Assume that the n-(n+1)-(n +2) Conjecture holds whenever the
quotient Q is virtually nilpotent.
Then the Virtual Surjections Conjecture is true.

Proof. We prove the following statement by induction on k > 1:

Claim. Let I}, ..., I, be groups of type Fy and P < I} x --- x I, a subgroup of the
direct product. If P virtually surjects to k-tuples and p;(P)/(P n I;) is virtually
nilpotent for all i, then P is of type Fy.

Of course, the nilpotency assumption is redundant when k > 2 by Lemma 3.3,
so this Claim does imply the Virtual Surjections Conjecture. Furthermore, by the
same argument as in the proof of Proposition 3.9 we can always reduce to the case
where P is a subdirect product: If P is not subdirect, we replace all the T; by their
finite index subgroups p;(P), which will satisfy the same finiteness properties as the
I; (Proposition A.22).

We have already supplied the base case k = 1 of the induction in Proposition 3.9.
So fix some k > 2. We now prove the Claim for this k by induction on n.

If n < k then there is nothing to prove: P will be of finite index in I} x --- x I},
and therefore certainly of type Fy (Propositions A.22 and A.24).

So assume n > k. Set T := py,__,-1(P), so P is the fibre product associated to
the sequences

.....

Ni.n1=2T > Q
N, =TI, > Q.

Here, T < I} x --- x I',_; is a subdirect product, which also virtually surjects to k-
tuples, since p;(T) = py(P) forall J c {1,...,n —1}. By induction, we can assume
that T is of type Fy.

By Lemma 3.13, N;
Furthermore,

.....

is virtually nilpotent for all i € {1,...,n —1}. Thus, again by induction (on k this
time), we can assume that Ny __,_; is of type Fy_;.

By assumption, Q = I},/N, is virtually nilpotent and finitely generated (since I,
is) and therefore of type Fo, (Propositions A.27 and A.22). So, assuming the (k —1)-
k-(k +1) Conjecture, we can conclude that P is of type Fy. O

Two remarks are in order. Firstly, from the proof it is clear that we only need to
assume the n-(n+1)-(n+2) Conjecture for n < k to conclude that virtual surjection
to k-tuples implies type Fy. In particular, the 1-2-3 Theorem implies the Virtual
Surjection to Pairs Theorem, i.e. if a subgroup P < I x --- x I, of a direct product of
finitely presented groups Iy, . . ., I; virtually surjects to pairs of factors I'; x I;, then
P is finitely presented. This was first proved in [BHMS12, Theorem E].

The second remark concerns the word “virtually” in the statement of Theorem
3.14. In fact, a quick argument shows that it suffices to assume the n-(n+1)-(n + 2)
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Conjecture for nilpotent quotients Q, as this implies the conjecture for virtually nil-
potent quotients.
To see this, assume that the n-(n+1)-(n+2) Conjecture holds for some particu-
lar quotient group Q and let Q be a group that contains Q as a finite index subgroup.
Let

N 3Q
Nz‘érzzié

be short exact sequences such that Nj is of type F,, and I} and I'; are of type F,,,;. We
will show that the fibre product of 7;; and 7, call it P, is of type F,41. Set I} = 71 (Q)
and T := 715'(Q), so we have another pair of short exact sequences

;)
N =17 > Q
M»QEQ

Now I} and T have finite index in I3 and I, respectively, so they are of type F,,1;
(Proposition A.22). We can therefore apply the assumption that the n-(n+1)-(n+2)
Conjecture holds for Q to obtain that P’ < I} x I, the fibre product associated to
the latter pair of short exact sequences, is of type F,,.;. But P’ is just the intersection
of P with the finite index subgroup I} x I; < T} x I;, so P’ has finite index in P. Thus
P is of type F,,,; as well (Proposition A.22 again).

Qv

The assumptions in the n-(n+1)-(n+2) Conjecture Before we embark on proving
the first interesting cases of the conjecture in the next chapter, we should make some
brief remarks on the necessity of the assumptions in the n-(n+1)-(n+2) Conjecture.

There are, for each n, groups that are of type F, but not of type F,,;. The first
such examples to be constructed were given by Stallings [Sta63] in the case n = 2and
Bieri [Biey6, Bie81] in the general case. These groups can be defined as follows. Let
F, :=(a, b | —) be a free group on two generators and ¢ : F, - Z the homomorph-
ism which maps a and b to some fixed generator ¢ € Z. Then let ¢”" : (F,)" — Z be
the homomorphism from a direct product of # free groups to Z that restricts to ¢
on each factor. The kernel SB,, := ker ¢" is the n'™ Stallings-Bieri group and SB,, is
of type F,_; but not F,, (see Section A.2 or the references quoted above).

It is easy to see that the conditions on I3 and I in the conjecture cannot be
weakened to “type F,,”. Take I to be any group of type F, but not F,,,; (for example
I = SB,41) and pick I; to be any group of type F,41. Then let Q be the trivial group,
so m and 7, are the trivial homomorphisms. Then N; = I} is of type F,,. The fibre
product associated to m; and 7, is I x I, which is of type F,, but not F,,; (Proposi-
tion A.24).
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More subtly, it will follow from our later results that whenever Nj, I} and Q are
chosen to be of type F,, F, and F,,; respectively, the fibre product is of type F,1;
only if T; is (Proposition 5.3).

To see that the condition on Nj in the n-(n +1)-(n + 2) Conjecture cannot be
weakened to F,,_, take P := SB,,;; < (F»)™*!. Writing (F,)"*! = (F,)" x F,, we can
consider SB,,.; a subgroup of the direct product of (F,)" and F,. It is easy to check
that this is in fact a subdirect product and that SB,,.; N(F,)" = SB,, and SB,41 NF, =
SB;. Therefore SB,,4; is the fibre product associated to short exact sequences

SB, = (F)" > Z
SB1 > F2 A

The middle groups are of type Fo, as is the quotient and SB,, is of type F,_;. But the
fibre product P = SB,,,; is not of type F,.;.

While this shows that the condition on N; cannot be weakened while keeping
the other conditions fixed, there is a possibility that the condition on N; may be
weakened if if an accordingly stronger finiteness condition on N is introduced. This
in fact happens for the abelian case of the conjecture treated in Chapter 8: Here the
condition that N be of type F,_, is replaced by the condition that N; be of type Fj
and N, of type F,,_;_j for some k with0 < k <n -1

The situation is a lot more involved for the F,,,,-condition on the quotient group
Q, so we will defer this discussion until Section 6.3.
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4

The 1-2-3 Theorem

In this section we will turn to the first truly interesting case of the n-(n +1)-(n+2)
Conjecture: The 1-2-3 Theorem.

This was first established in the symmetrical case by Baumslag, Bridson, Miller
and Short in [BBMSoo] and then in the general case in [BHMSo08, Section 2] (the
latter reference contains a sketch of the proof, which is essentially the same as in the
symmetrical case; a more detailed account of the same proof is given in [Diso8]).

The original proof is very transparent and there would be little sense in merely
copying it here. There are however some very good reasons for including a proof
here: The 1-2-3 case is the lowest dimension in which the difficulties of proving the
Conjecture become apparent and simultaneously the highest dimension in which
a full proof is known. Therefore it is not surprising that many of our methods to
prove the Conjecture in higher dimensions are inspired by the 1-2-3 case. The issue
then with the proof in [BBMSo0], in view of our goals, is that at first glance it does
not present any clear opportunities of generalisation to higher dimensions. Our
objective here is expressly not to give the easiest or the most succinct proof of the
1-2-3 Theorem, for which we happily refer the reader to [BBMSoo] and [BHMSo08].
Rather, we aspire to give a proof which readily suggests higher-dimensional gener-
alisations and so can act as a guide to those we present afterwards. As a result, our
proof retains the basic idea of [BBMSoo0], but at many points we will interpret the
argument in a new way, present it in a different context, split it up into finer steps or
dwell longer on the details.

4.1 Building presentations from short exact sequences

Like the proof of the 0-1-2 Lemma, all the results on the n-(n+1)-(n+2) Conjecture
rely on a careful analysis of the relationships between the finiteness properties of the
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groups in a short exact sequence.

So the natural place to start our discussion of the 1-2-3 Theorem is a description
of how to construct a presentation of a group from given presentations of a normal
subgroup and the corresponding quotient group. The construction is standard, but
we describe it in some detail to fix notation for the following sections.

Notation. We will give a presentation of a group T in the form I' 2 (X | R, 9). This
means that X and R are sets, 0 : R - F(X) is a set map and there is some (usually
implicit) epimorphism F(X) — I with kernel ((0(R))), so that T = F(X)/{{(0(R))).
We will usually not consider X to be a subset of I nor R to be a subset of F(X).!

Let
NoT3Q

be a short exact sequence of groups and let

N 2 (X | Ry, On)
Q 2 (Z|Rq,dq)

be presentations for N and Q. Denote by py : F(X) - N and pq : F(Z) - Q the
implied epimorphisms.

Let Z be a set isomorphic to Z with a bijection denoted by Z <> z. Pick for each
z € Z an element y, € T with 7(y,) = pq(z) and define a map pr : XuZ — T
by pr(x) = pn(x) for x € X and pr(Z) = y, for Z € Z. Then extend pr to a
homomorphism F(X u Z) — T (still denoted by pr). It is clear that this map is an
epimorphism. For succinctness we will set

F(X)=Fy, F(Z2)=Fq, F(XuZ)=Fr.

The inclusion map X = X U ¥ induces a map Fy = Fr, which we will take to
identify Fy as a subgroup of Fr. Furthermore, let 7' : Fr - Fg be the epimorphism
with 7'(x) = 1for x € X and 7'(Z) = z for Z € Z. We denote the natural splitting

"This convention does admittedly make notation more cumbersome at first, but we do not use it
for mere misplaced pedantry: Once we introduce higher-dimensional concepts, sloppy notation can
quickly make life miserable. More precisely: We will later in this chapter consider the second homo-
topy group of the 2-dimensional presentation complex associated to some presentation. Naturally, we
would like the generators in a presentation to correspond to the edges and the relators to correspond
to the 2-cells in this complex. Identifying x € X with its image in T or r € R with its image in F(X)
amounts to identifying an edge with the corresponding element in the fundamental group or a 2-cell
with its boundary, respectively. This is not much of an issue as long as one deals only with elements of
the presented group (i.e. the fundamental group of the complex). But it is obviously impractical to use
the same notation for a cell and its boundary when trying to investigate more complicated topological
properties of a complex. And once we start looking at higher-dimensional skeleta of BI'-complexes
in later chapters, using careful notation becomes completely unavoidable anyway.
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homomorphism by o : Fq — Fr, sending z € Z to Z.

PSS
Fn Fr - Fq
lPN lpr lPQ
N r —=»Q

We will now give a presentation for T by specifying three sets of relators RY, R}
and R} along with a map dr : R U R} U R} — Fr such that ker pr = ((dr(RY URL U
R?)).

First, set RY := Ry and or(r) = dn(r) for r € R,

Second, R} contains one element r, ., for each pair x € X and z° € Z*!. For
each such x and z¢, set

dyeyei=2xZ ¢
5Z5€

Since N is normal, we have pr(dy . ¢) € N, so we can pick an element ¢y, . € F(X)
with pr(dyze) = Pn(Cxze)- Set Or(rxze) = dxzeCry e

Finally, R? contains one relation r, for every s € Rq. For any s € Rq let d; :=
0(dq(s)). Then mpr(ds) =1, so pr(ds) € N. Let ¢; € F(X) be an element with
pn(cs) = pr(ds) and set or(rs) := dyc; .

LEMMA 4.1. Let w € Fr with pr(w) € N. Then w is equivalent*modulo R% to some
element w' € Fp with i'(w") = 1.

Proof. We have pon'(w) = npr(w) =1, so n'(w) € ker pq. Thus we can write
n
nl(w) = H uiaQ(s,-)ui_l, for some u; € Fg, s; € Rq.
i-1

Let v := [1%, 0(u;)rs,0(u;) ™" Then '(v) = n'(w), so w’ := wv! is equivalent to

w modulo Rl% and lies in ker 7. O

LEMMA 4.2. Let w € Fr. Then w = uw,w, for some u € ((or(R}.))), wx € F(X)
and w, = o' (w) € F(2).

Proof. Let K := {(or(R}))) and p : Fr — Fr/K the quotient map. Then
p(Z°x) = p(cxzeZ°), forall Z° e Z*' and x € X.

We can use these relations inductively to swap all the Z-letters in a word to the right,
that is, to find a word wyw, with w, € F(X) and w, € F(Z) and n(w) = m(wyw,).
Then w = uwyw; for some u € K. Since 7' (R}.) = 1, we have n'(w) = n'(w,), and
clearly o7' (w,) = w,, so o' (w) = w,. O

>by which, of course, we mean that w™'w’ € {(3r (R})))
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LEMMA 4.3. Let w € Fr with n'(w) = L. Then w is equivalent modulo R}. to some
element w' € Fy.

Proof. Use Lemma 4.2 to write w = uw,w, with wy, w, and u as in the statement of
that lemma. Now we have 1 = 7'(w) = 7'(w,). But clearly, 7! is an isomorphism
when restricted to F(Z), so w, = land w = uwy. O

LEMMA 4.4.Ifw € F(X) < Fr with pr(w) =1, then w is equivalent to 1 modulo
RY.

Proof. We can consider w an element of Fy. Then py(w) = pr(w) = 1, sow €
{(ON(RN) ) E(x)- By definition, dn(Ry) = or(RY), so certainly w € {(or(RY) )
O

This shows that Rr := R U R} U R} is a complete set of relators for I': If w € Fr
with pr(w) = 1, then w is equivalent modulo RZ to some w’ with 7'(w’) = 1 (by
Lemma 4.1), which is equivalent modulo R} to some w”' € F(X) (by Lemma 4.3)
and this is equivalent to 1 modulo qu (by Lemma 4.4).

Hence we have constructed a presentation for I' from the presentations for N
and Q. Note the choices that this construction depended on: First, we chose pr(Z)
to be any lift of pg(z) along 7; then, when defining the relators, we had some
freedom in picking the “correction words” cy . € F(X) for each ry ., € R} and
cs € F(X) for each r; € R

4.2 Reducing to the “free I,” case

Recall the siutation of the 1-2-3 Theorem:

N,
|
N P I
||
Ny I Q

We are given two short exact sequences (the bottom row and the right-hand column)
with I} and T, finitely presented, N; finitely generated and Q of type F3. We want to
show that the associated fibre product P is finitely presented.

Transferring finite presentability ~As in the 0-1-2 Lemma, the proof will be based
on comparing the two short exact rows in the diagram. Looking at the middle row,
we know that Nj is finitely generated and I} is finitely presented.

Using the presentations from the previous section we can prove a useful lemma,
which shows that if we have a map between two short exact sequences of this type
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with isomorphic kernels, then finite presentability can be “transferred” from one to
the other. Precisely:

LEMMA 4.5. Let N = P 5 T be a short exact sequence with N finitely generated
and T finitely presented. Then P is finitely presented if and only if there is a second

short exact sequence N’ — P’ 5 T' with P’ finitely presented and a homomorphism
¢ : P! — P which restricts to an isomorphism ¢|n : N’ - N.

N/ P/ T r/
ool
N P—"»T

Proof. The “only if” is obvious: ¢ can be chosen as the identity map.
Pick presentations

Py = (X|Ry,dn) 2N
Pr=(Z|Rp,dr) 2T

with X, Z and Ry finite. Let
Pp=(XUZ|R)URpURD,Ip)

be a presentation for P as constructed in the previous section. Then the sets R}, and
R3 are finite, but RY = Ry will typically not be.

Like earlier, let py : F(X) - N denote the epimorphism implied in the present-
ation Py. Now pick for each x € X an n), € N with ¢(n’,) = pn(x). Then choose
some finite set ¥ ¢ P’ so that {n), | x € X} U Y generates P’ (for example Y could
simply be chosen as a finite generating set of P’). Let Fp := F(XU Y) and define an
epimorphism pps : Fpr > P’ by p’,(x) = n', for x € X and pp/(y) = yfor y € 1.,

Since P’ is finitely presented, ker pp: is finitely normally generated. Let dp: :
Rpr — Fpr be a (set) map from a finite set Rps to Fps, such that ((dp(Rp))) = ker ppr.
In other words,

= <.XU Y | Rp/,ap/>.

Now define a map ¢ : Fpr — Fp by setting ¢(x) = x and choosing (y) so that
pp(6(»)) = ¢(pp(y)). Then the following diagram commutes:

F(X) = F(X)

L

Fpr ——— Fp

b

¢

pP———p
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We claim that
ker pp = (((9p'(Rpr)) U dp(Rp) U 0p(RB))),

which would finish the proof that P is finitely presented, since Rp, R} and R are
finite. Let w € ker pp. By Lemmas 4.1 and 4.3, w is equivalent, modulo R% and R}p
to some w’ € F(X). More precisely,

ww'™ € (9p(Rp) U 0p(Rp))).

Now ¢(ppr(w')) = pp(w’) = 1and since pp/(F(X)) = N’ and ¢ is injective on N,
we have ppr(w") = 1. Thus w' € ((dp/(Rpr))) and so

w' = ¢(w') € (#(ap/(Rpr)))).

Hence
w e ($(dp/(Rpr)) U dp(Rp) U dp(Rp))). O

The split case and reducing to free I, How can we apply this criterion in our

situation? One obvious case is, when the second short exact sequence N, — I, 3 Q
splits. Let 03 : Q — I'; beahomomorphism with m,0; = idg. Defineo : I} - P, y; —
(y1, 02m1(y1)). Then ¢ maps Nj isomorphically to Ny x 1 < P. So Lemma 4.5 (with
¢ = o) shows that P is finitely presented. Thus we have proved the 1-2-3 Theorem in
the split case.

Of course, a homomorphism It — P which maps N; < I3 isomorphically to
N x 1< P exists if and only if m, splits, so there is no hope of finding such a homo-
morphism in the general case.

However, we can still put Lemma 4.5 to good use in the general case: We will
show that we can reduce to the case in which I, is finitely generated free. So assume
we are in the generic situation of the 1-2-3 Theorem as at the start of the section
again. Pick a finitely generated free group F which maps onto I'; via an epimorphism
p: F > Tyandset ) := mpo p. Let P’ < T} x F denote the fibre product associated to
m and 75. Then p induces a homomorphism Iy x F — I} x I which maps P’ onto
P and sends N; x 1 < T x F isomorphically to N; x 1 < T} x I,. If the 1-2-3 Theorem
is true whenever the second factor is free then P’ is finitely presented and we can
apply Lemma 4.5 to the “top” sequences in the following diagram:

N P I
A1 7
Ny p F
H !
N I Q
7 7 7
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Therefore we obtain
| PROPOSITION 4.6. The 1-2-3 Conjecture is true if it is true for free I'5. O

To get some idea of why it might be useful to have I'; be free, we can make a quick

obervation: Note that, if I, = F is free, the short exact sequence N; — P B F splits,
so the fibre product P is a semidirect product N; x F. We can describe the defining
conjugation action of F on Nj in terms of the original short exact sequences: If X c F
is a basis of F, the conjugation action is determined by picking for each x € X a lift
X € P with p,(X) = x. Now, as we observed in the proof of the 0-1-2 Lemma, X acts
on Nj < P by conjugation the same as p;(X) acts on N; < I} and p;(X) is a lift of
m2(x) along ;. So the conjugation action of F on Nj can be given by picking for
each x € X alift of m,(x) along .

Presenting fibre products with one free factor However, to really appreciate why
reducing the original statement of the 1-2-3 Theorem to the case of free I, simplifies
matters, we will now see what the construction from Section 4.1 yields, when applied
to the short exact sequences involved in a fibre product with one free factor.

So assume we are given two short exact sequences

NoT3Q
N, E3Q

with F finitely generated free, along with a presentation N; = (X | Ry, dn; ), a basis
Z for F and a presentation for Q on the generating set Z, say Q = (Z | Rg, dq) (i.e.
0q : Rq — F). Let P denote the associated fibre product.

Later, of course, we will impose the finiteness conditions from the 1-2-3 Conjec-
ture, namely that N; be finitely generated, I' be finitely presented and Q of type F.
But for now, we do not need to worry about this.

Our goal here is to apply the construction from Section 4.1 to the rows in the
diagram

= (X | Ry,) PP Fr2(z]|-)

R

st

2 (X|Ry) —— T —> Q= (Z|Rq)

We will see that by making careful choices during the construction, we can obtain
some particularly insightful presentations for the groups I and P.

First, let Z be in bijection with Z, as in Section 4.1. As before, we denote Fp =
F(XuZ) = Fr. Now we have to define epimorphisms pp : Fp — P and pr : Fr — T.
Pick lifts o, € P for each z € Z with py(a;) = z. Then set y, := pi(«;) and note
that ,(y,) = m2(z). Now define pp : X UZ — P by pp(x) = pn(x) for x € X and
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pp(Z) = a, and extend this to an epimorphism pp : F(XUZ) — P. Similarly, define
pr:XuZ - Pby pr(x) = px(x) for x € X and pr(Z) = y., so that pr = p;pp.

F(XuZ) — F(2)

|7+ E

p2

pr| P——— F

Pk

r—= 5Q

Now we follow the procedure from the Section 4.1 to describe the relators. In
both P and I' we have the relators RY = R) = Ry, coming from Nj with the bound-
aries given by dp(r) = or(r) = dn,(r) for all r € Ry;,.

Now note that for any n € N and « € P we have ana™ = p;(a)np; (). Since
pr = p1opp, we have pp(ZxZ¢) = pr(Z°xZ ) in N for all x € X and z° € Z*..
Thus we can pick the same correction words cy . for both presentations. Therefore
we have the same relations wp(7xz¢) = Wr(7xze) = Z2°XZ ®Cx ¢ in both Pand T.

Finally, the presentation for I has additional relations of type RZ, which are not
present in P (there are no relations of type R%). Summarising, we have constructed
presentations

p
r

112

(XuZ|REURL, or)
(XUZ|RYURF URE, or)

112

Thus T is simply the quotient of P by the relations o (R%). Here we can see the fruits
of reducing the general 1-2-3 Conjecture to the case of free I;: In this particular
situation, we can obtain natural presentations of P and I arising from the short
exact sequences and the given presentations for N; and Q, which differ precisely in
the extra relations RZ, coming from relators in Q. Another way to put this is that
the presentation 2-complex for P is a subcomplex of that for I.

4.3 The1-2-3 situation

Let us see what happens when we impose the finiteness restrictions from the 1-2-3
Conjecture. Assume that N; is finitely generated, I and F are finitely presented and
Q is of type F3. Then we can choose the generating sets X for N; and Z for F to be
finite. Also, we can choose the presentation Q 2 (Z | Rq,wq) to be finite (using
that a finitely presented group has a finite presentation with respect to any finite
generating set).

With these choices, the sets R} and RZ in the above presentations for P and T
will be finite. The set R(F) = Ry of course, will usually be infinite. However, since T is
finitely presented, finitely many of the relations from R} suffice to present I'. More
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precisely, ther~e isa flnite subset R(r)’ c RY such that ker p,r = ((ar(R(r)’ URLURE))),
ie. T2 (XuZ|RY UR}URE Ir). In general, (X | RY, dr) is not a presentation
for N, of course. Nor is (X U Z | Rg' U R}, dr) usually a presentation for P. In other

words, not every a € ker pp can be written as a product of conjugates of the Rg’ and
R; alone, but it can be written as a product of conjugates

n
a=[]wior(ri)w;', rie R(r)/ U R URF, w; € Fr. (4.1)
i=1

We want to show that P is finitely presented. This is equivalent to showing that
there is some finite subset Rg” c R} such that ker pp = (<ar(Rg” URL))). Ifa e
ker pp then it follows from Lemmas 4.1 and 4.3 that a is equivalent modulo er to
some word a’ € F(X). So to show that ker pp = ((wr(Rg" U R}))) it is enough
to show that any word in the x-letters a € F(X) with pp(a) = 1is a product of
conjugates

n
-1 o’ 1
a= Hwiar(ri)w,- , ri€Rp URp,w; € Fr. (4.2)
i=1

Essentially then, we need to show that we can transform any product (4.1) to one
of the form (4.2), getting rid of the terms involving relators from Rf while possibly
introducing new relators from a finite set R%" c RY. This is where the F3-condition
on Q comes in.

In a moment we will introduce the theory of crossed modules, which formal-
ises the calculus of products of conjugates. But before we do that, let us try first to
give a rough geometric sketch of how the F3-condition can help here. We consider
the presentation 2-complexes associated to the presentations of N, I' and Q. For
a presentation P = (X | R, d), the associated presentation 2-complex has a single
0-cell, 1-cells el indexed by X and 2-cells e indexed by R, with e? attached along
the word d(r), considered as a loop in the 1-skeleton. In the sequel, we will for
convenience sometimes consider r € R itself as a 2-cell, identifying it with e2.

Apply this construction to the presentations from above

N = (X|Ry,0n) = Py
Q = (Z|Rq,dq) = Pq
I'2(XuZ|RYURLURE, ) = Pr

yielding 2-complexes Xy, Xq and Xt respectively. We can treat X as a subcomplex
of Xr, identifying the respective 1-cells associated to the generators X and the 2-
cells associated to the relators Ry = R(}. Also, we can define a natural cellular map
¢ : Xr —» Xq, inducing the homomorphism 7 : I' - Q on fundamental groups: ¢
sends the 1-cell e} c Xr to e € X. For the 2-cells, it sends each e with r € RY to the
0-cell in Xq, each e? with r = 1, . . € Rk to the 1-cell e} and each e? with r = r, € R2
to e2. Schematically, we may depict the situation as follows:
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Xy Xp | X;

I

Now Xp, the presentation 2-complex for the presentation P = (X u Z | R) U
er, or), is just a subcomplex of Xt (missing the cells R%), and we have Xy c Xp c
Xr. A word a € F(X) can be represented by a loop p, : S' - Xy. If this word
represents the trivial element in N, then we can write it as a product of conjugates
of relators, and these products correspond to discs d : D* — Xr with boundary
d|g1 = pa (we may think of van Kampen diagrams here). Since Rg’ URLUR}isa
complete set of relators for I', we can always find such a disc d, which only intersects
the 2-cells corresponding to R%' U R} U R%. The rough idea of the proof of the 1-2-3
Theorem now is this: We will describe a finite set of 3-cells to glue into Xr. These can
be used to transform discs, by pushing them across the 3-cells. Ifa disc d : D*> » X
is pushed across a 3-cell €2, this yields a new disc d’ : D*> — Xt, whose image is
contained in the union of im d with the boundary of e*. We will then give a method
to push any disc d : D* - Xr with boundary contained in Xy across the 3-cells
(while keeping the boundary fixed) to yield a new disc d’ which does not intersect
any of the cells corresponding to Rf. If d intersected only the 2-cells Rg/ URLURZ,
then d’ will only intersect the 2-cells R(r” U R} and those 2-cells from RY that lie
in the boundary of some 3-cell. Since there are only finitely many 3-cells, each of
which can contain only finitely many 2-cells in its boundary, the new disc d’ will
be contained in R(r)” U Ry, for some finite subset Rg". This shows that Rg" URjisa
complete set of relators for P, establishing that P is finitely presented.

4.4 Crossed modules

One of the main reasons we can actually carry out the idea outlined above, is that
we can describe all the geometric notions involved (such as discs in the presentation
complex, attaching maps of 3-cells, pushing a disc across a 3-cell) in combinatorial
terms, enabling us to do explicit computations.

For general 2-complexes this formulation was essentially introduced by White-
head [Whigq1, Whi46, Whi49], in his program on “combinatorial homotopy”. Inde-
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pendently, Reidemeister and Peiffer [Rei49, Pei49] discovered closely related form-
alisms describing “identities among relators” of a group, which is the special case of
Whitehead’s work that will interest us here. A good general account of this material
is found in [BH82a] (see also [BHS11]).

If X is a 2-complex, then the homotopy classes of discs with boundary in
the 1-skeleton (D%, 8") — (X, X() form the relative (non-abelian) homotopy
group 75(X®, X)), This group fits in an exact sequence (part of the long exact
homotopy sequence of the pair (X, X))

1 m(X@) 5 my(X®, X0 2 (X0 5 7y (x@)

Whitehead gave a precise algebraic description of the groups and maps in this se-
quence. More precisely, he showed that 7,(X @), x() with the boundary map 0
forms what he called a free crossed 7;(X())-module. This is a deep theorem and
we will not recount its proof here, but we will try to give some motivation for the
relevant algebraic definitions.

Pre-crossed modules Whitehead’s theorem in essence says that discs in the present-
ation 2-complex associated to I' = (X | R, d) correspond to products of conjugates
of the relators?

n
H w;o(ri)w;',  wieF(X),r;eR. (4.3)
i=1

If such a product is trivial in F(X), i.e. corresponds to a sphere in the presentation
complex, then it specifies an “identity” between the relators, in the same way as a
trivial product of generators in I' describes a relation between the generators.

To make the notion of a “trivial product of generators” in a group I' precise, we
have to introduce the free group on these generators. Similarly, if we want to speak
of a trivial product of conjugates of relators of the form (4.3), we clearly cannot just
consider these products as elements of F(X). Instead, we have to introduce a struc-
ture whose elements are “formal products of conjugates of relators”. This structure
is what we will later call a free crossed module. Roughly speaking, this is a group
C with a homomorphism o : C — F, which maps each “formal product of conjug-
ates” to its value in F. In this way, the situation is not much different from the free
group F(X) in a set of generators X c I' with the epimorphism F(X) — T. But
crucially, the crossed module (C, 0) comes with some extra structure which has
to be accounted for, namely a conjugation action of F on C, which is in some way
compatible with the homomorphism 0.

To make all this precise, we start with the following definition:

Definition 4.7. Let F be a group. A pre-crossed F-module is an F-group*A along
with a homomorphism o : A — F such that

(g-a)=gd(a)g ™.

*or rather, equivalence classes of such products, as we will explain shortly
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In other words, if we consider F as acting on itself by conjugation, then we ask
for 0 to be a homomorphism of F-groups.

Two easy examples for pre-crossed F-modules are a normal subgroup N < F
with 0 : N — F the inclusion map and any ZF-module A with 0 : A — F the trivial
map.

For us, the most important example will be this: Given a presentation P = (X |
R, d), we define A(P) to be the free group A on the basis F x R (where F := F(X))
together with the homomorphism o : A — F which sends a basis element (w,r) €
F x Rto wrw™. Then A becomes an F-group by setting u- (w, ) = (uw, r) for each
u € Fand (w,r) € F x R (and extending the action of u to all of A in the unique
way that makes A - A, a — u - a a homomorphism). By definition o(u - (w, 7)) =
ud(w, r)u~'and it is easy to show that, in fact, d(u-a) = ud(a)u ' foralla € A. Thus
(A, 9) is a pre-crossed module. We call A(‘P) the pre-crossed module associated to
P.

We may identify r € R with (1,7) € F x R and thus consider R a subset of A. We
can then write (w,r) asw - r.

More generally, if I is any group and w : R — I a set map, we can define A =
F(T x R) and amap 0 : A — I with d|g = w|g in the same way as above and A is
then called the free pre-crossed I'-module on w.?

Notation. If I is a group, A is a I'-group and R c A is some subset, we set

{(R)r=({y-r[yel,reR}).

If it is unambiguous which group is acting on A, we may also abbreviate this to
((R)) = {(R))r- Note that this is consistent with the notation for normal subgroups,
if we consider a group as acting on itself by conjugation.

Crossed modules If (A, 9) is any pre-crossed F-module then
d(aba) =93(d(a) -b), foralla,beA,

so aba'(9(a) - b)™! € ker 9. We call these elements the basic Peiffer elements and
the subgroup they generate the Peiffer subgroup P. We have:

LEMMA 4.8. Let (A, 9) be a pre-crossed F-module. Then its Peiffer subgroup P is
normal and F-invariant. If X c A is a T-invariant generating set for A, then P is
the normal subgroup generated by the basic Peiffer elements

xyx N (9(x)- )7, withx,ye X.

*That is, a group A equipped with a homomorphism ¢ : F — Aut A. We write w - a := ¢(w)(a)
forwe F,acA.

>These are, of course, the free objects in the category of pre-crossed I'-modules. A morphism
between pre-crossed T-modules (A,d) (A’,9") is an T-group homomorphism ¢ : A — A’ with
¢d’ = 0, and a free pre-crossed module on a set map 9 : R — T can be defined by a natural universal
mapping property. For details, see [BH82a, Section 3].
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For a proof of these basic facts, we refer the reader to [BH82a, Propositions 2
and 3].

In the context of a pre-crossed module A(P) associated to a presentation P =
(X | R, 0) we would like to think of the kernel of d as “identities between relations”.
The elements of the Peiffer subgroup P then represent trivial identities, those which
hold in every presentation. So it is natural to pass to the quotient group A/P with
the induced map 0 : A/P — F. Since P is I-invariant the -action on A induces a
well-defined T'-action on A/P and clearly, 0 is still a homomorphism of F-groups. In
other words (A/P, 0) is again a pre-crossed module. However, the Peiffer subgroup
of A/P is trivial. This is called a crossed module.

Definition 4.9. A crossed F-module is a pre-crossed F-module (A, 9) with trivial
Peiffer subgroup, or in other words,

aba!= d(a)-b, foralla,beA.

With this terminology, the discussion above can be summarised as saying that to
any pre-crossed F-module (4, 0), there is an induced crossed F-module (A/P,0),
where P is the Peiffer subgroup of A and 0 : A/P — F is the induced map.®

Definition 4.10. If P = (X | R, 9) is a presentation with associated pre-crossed mod-
ule (A(P), d), then we denote the induced crossed F(X)-module by (C(P), d) and
call this the crossed module associated to P.

The kernel of 9 is denoted by 71(P) and is called the module of identities between
relators of P (or the module of identities of P, for short).

More generally, if T is a group and (A, 0) the free pre-crossed module on some
set map w : R — T, then we call the induced crossed module (A/P, d) the free
crossed module on the basis w.”

From the properties of crossed modules we obtain immediately:

LEMMA 4.11. Let F be a group and (A, 9) a crossed F-module. Then 1 := ker 0 lies
in the centraliser of A. In particular, it is abelian and thus an F-module. Further-
more, N := im 0 acts trivially on 7, so there is an induced F|N-module structure
on .

Proof. We have
aba'=0(a)-b=1-b=b, forallaemn beA.

So 7 lies in the centraliser of A.

®One easily checks that this induced crossed F-module satisfies a universal property: If (B, d') is
a crossed F-module and ¢ : A — B a morphism of pre-crossed F-modules then ¢ factors uniquely
through the quotient map A - A/P to a morphism of crossed modules ¢ : A/P — B.

7More precisely, we should take R to be the image of R under A — A/P and call the induced map
# : R — T the basis of the free crossed module. But in fact, one can show that R is mapped injectively
under the quotient map A — A/P, so we can still regard R as a subset of the induced crossed module.
For proofs of this, see [BH82a, Section 3].
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But then
o(b)-a=babt=a, forallaembeA.

So im 0 acts trivially on 7. O]

‘ COROLLARY 4.12. If P = (X | R,9) = T, then the module of identities (P) is a
I'-module. O]

We can now state the central theorem by Whitehead alluded to at the beginning
of the section:

THEOREM 4.13. Let X be a 2-dimensional CW-complex. Let E* denote the set of 2-
cells and pick for each e € E* a characteristic map c, : D* - X. Then my(X, X))
with the map 9 : (X, XM) > m(XW) is a free crossed m (XM)-module. A
basis is given by the set {[c.] | e € E*} c my(X, XM) of homotopy classes of the
characteristic maps of the 2-cells. O

For an exposition of Whitehead’s original proof, see [Bro8o]. A more algebraic
proof was given by Ratcliffe [Rat80]).

Consider now the case where X = X is a presentation 2-complex associated to
P = (X | R,3) =T. Then m(XM) = F(X) and Whitehead’s theorem tells us that

1 (X®, xM) % F(X) is a free crossed F(X)-module with a basis given by a set
of characteristic maps for the 2-cells. By definition of X, the boundary of the 2-cell
associated to some relator r € Ris 9(r) € F(X). Therefore, (X, X)) % F(X)
is isomorphic to the crossed module C(P) 2F (X) associated to the presentation.

Thus we have identified most of the terms in the following excerpt from the long
exact homotopy sequence of the pair (X, xM):

1 (XD) — m,(X®) — 1 (x@, x(0) % m(XW) — m(x®)

}= i }= l;

C(P) —2—— F(x) —2 1

But the higher homotopy groups of any 1-dimensional complex are trivial (since
the universal cover of such a complex is contractible and covering maps induce iso-
morphisms on the higher homotopy groups), so the first group in the sequence van-
ishes. Therefore, m,(X(®) is the kernel of 9, and can be identified with ker 9 =
n(P).

Lemma A.20 from the appendix says that a group is of type F,, if and only if some
(or, equivalently, every) finite presentation complex has finitely generated second
homotopy group. Therefore we can say:

COROLLARY 4.14. A group T is of type Fs if for some (or, equivalently, any) finite
presentation P = (X | R,0), the module n(‘P) of identities of relations of P is
finitely generated as a T-module. O]
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4.5 Identities among relators in a short exact sequence

Now that we have set up the necessary technology of presentation crossed complexes
to analyse identities among relators, we can apply this to the situation of presenta-
tions built from short exact sequences.

A description of the generators of the second homotopy module of a such a
presentation obtained from a short exact sequence has been given by Baik, Har-
lander and Pride in [BHP98]. Their description employs the diagrammatical lan-
guage of “pictures’, while we will stick to the purely algebraic description in terms
of crossed modules.

Let

N<T > Q

be a short exact sequence of groups. Assume as before that we are given presenta-
tions Py = (X | Ry,on) 2 Nand Pg = (Z | Rg,9q) £ Q. Let Pr = (XU Z |
R% U R} U R}, dr) be the presentation associated to the short exact sequence, as
constructed in Section 4.1.

Recall that R} = Ry, and or| RO = JN, s0 we can consider the pre-crossed module
A(Pn) = F(F(X) x Ry) as contained in A(Pr). It is clear that the Peiffer group
of A(Py) is contained in that of A(‘Pr), so this inclusion induces a map C(Py) —
C(Pr).® Furthermore, we can define a natural map n? : A(Pr) - A(Pq) by
setting

m*(w-r)=0 for w € Fr,r € R:UR}

m*(w-rg) = (w) - s for w € Fr, r € RE
We have defined the presentation Pr in such a way that dq » 7% = 7' - dr. This map
% thus induces a homomorphism of the free crossed modules C(Pr) - C(Pq),
which we will denote 77%. In fact, this is a morphism of crossed Fr-modules if we
regard C(Pq) as an Fr-group via the map 7' : Fr — Fq.

We obtain a commutative diagram with exact columns (but note that the top

row, like the middle row, is not exact):

ﬂ(?N) ﬂ(?r) n(Pq)

C(Py) —— C(Pr) — C(Pq)

N or o aQ
RS
Fy Fr > F
b
PN pr Pq
N - T = Q

8In fact this map is again an inclusion, but we will not need this fact here.
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Notation. In the following we will work with elements of the crossed modules associ-
ated to the presentations. We will denote the image of ¢ € A(P) under the quotient
map A(P) - C(P) by [c] € C(P). We will also denote images of sets A ¢ A(P)

under this quotient map by [A].

Now assume that we are also given a generating set of the identities of relators of
Q. More precisely, let I c ker dg < A(Pq) be such that [Iq] c n(Pq) generates
7(Pq) as a Q-module.

We will now describe two sets of identities between the relators of Pr.

The first set of identities I# ¢ A(Pr) contains one element iy for each x € X
and s € Rq. Recall that we have for each s € Rq a relator r; € R with

a1“(7’5) = dsC;I

where
d;=0(dq(s)) € F(Z) and ¢, € F(X) with py(cs) = pr(ds).
Define
dys = (x-r)rs
Then

m'or(dys) = m'(xdse; ' x M (doe;) ™) = 9g(s)dg(s) ' = L.
By Lemmas 4.3 and 4.4 there exists
Cx,s € ((R% U er))pr <A(Pr) with Or(cys) =0r(dyys).

So, if we set
. o -1
Ix,s -= dx,scx,sy

then or(iys) = 1,50 [ixs] € 7(Pr).
The second set of identities I; contains one element i; for each j € I,. Each
j € Iq is of the form

wi-s1)(Wy-s,), withwy,...,w, € Fopandsy,...,s, € Ro.
Q Q

Set
dj = (o(wr) - ”51)"'(‘7(""71) : rsn))
so that 72(d;) = j. We then have
7' (3r(d;j)) = d(7*(d))) = 3q(j) =1
By Lemmas 4.3 and 4.4 there exists
cj€ «Rg U R%"»Fr < A(Tr) with ar(Cj) = ar(d])
So set
i]' = d]'C]TI,
and we have or(i;) =1, i.e. [ij] € 7(Pr). In particular, since 7* is trivial on R and

R}, we have 712(1']-) = ﬂz(dj) =J.
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g

The next lemma tells us how we can use the identities 3. Recall that each [i] €
7(Pr) can be thought of as a 2-sphere in the presentation complex Xr of Pr. In
Section 4.3 we saw that the presentation complex Xy for N can be regarded as a
subcomplex of Xr and there is a map ¢ : Xr — X which sends Xy to the single
vertex of Xq. So if d : D* - Xr is a disc in Xt with boundary in Xy then ¢-d
is a 2-sphere in Xq. If we glue 3-cells into X along the set [I] of generators of
m2(X¢q) then every 2-sphere in the resulting complex is null-homotopic.

The lemma can then be interpreted geometrically as saying: If we glue in a 3-
cell along each [i] € I} then every disc ¢ in Xr with boundary in Xy can be ho-
motoped to yield a ¢’ with the same boundary such that the image of ¢’ in X is
null-homotopic in X (that is, null-homotopic in the 2-skeleton).

LEMMA 4.15. For any ¢ € A(Pr) with 9r(c) € F(X) thereisa ¢’ € {(I3))p, such
that 1*([cc’™']) = 1.

Proof. We have dq(7%([c])) = #'(dr(c)) = 1, so 72([c]) € n(Pq). Since [Iq]
generates 77(Pq ) as an Fo-module, we can find wy, ..., w, € Fgand ji,..., ju € I
such that 7%([c]) = (w1 - j1)--(Wn - jn). Let
¢"i= (a(wr) - ij,)~(o(wn) - ij,) € (L) Fs
and clearly 7%([c]) = 7*([¢']). O
Next, we will see what the identities I% can be used for.

LEMMA 4 16. Let s € Rg and w € Fr. Then [w - rs] is equivalent®modulo [I], to
[c(w; - 15)] for some ¢ € ((RY U RL) g, and w, = o' (w) € F(Z).

Proof. First note that we can write w in the form w = uw,w, with u € ((dr(R})))
and wy € F(X), w, = on'(w) € F(Z) by Lemma 4.2. Now, note that for any x € X
we have

i;}s(x “Ts) = Cxsts

oprecisely, we say that some [c], [¢'] € C(Pr) are equivalent modulo [I7] if there is an i € {(I})) 5,

with [c] = [i][¢]
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and cys € ((RY U RL))f,. By induction we can then show that wy - 7 is equivalent
modulo I? to some cors with ¢g € ((ROURL) . Thus wrs = uwzwx -1, is equivalent
modulo 12 to uwz-(cors). Since u € ((r(R}))), thereisa c; € ((R})) g with o (1) =
u. We have

[uwz (COr)]: (uwz'CO)(qu'r)]

[
[uwz - co][9(er) - (w2 - 1)]
[
=[

uw, - co][cr(w, - r)Cl_l]

uw, - co][cr(@(wy - ) - ¢ [ws - 1]

and
c:= (uwy - co)a(d(wy 7)) € ((RYURL)E,. O

Lemma 4.15 yields ¢ € A(Pr) with 72([c]) = 1 (geometrically, discs in Xt whose
images in X are spheres that can be contracted in the 2-skeleton of Xq). We will
now analyse how we can use the identities I3 to transform these elements further.
First, we treat a special case.

LEMMA 4. 17 Let c € ((R%))F(Z) with 72([c]) = 1. Then [c] is equivalent modulo
[12] to some [c'] with ¢" € ((RY U RL ),

Proof. We can define a group homomorphism ¢% : A(Pq) — A(Pr) by defining
o*(w-s) = o(w) - rs for w € Fq and s € Rq (recall that, as a group, A(Pq) is free
on these w - 5). By definition, 0? is an inverse to the restriction of 7% to ((R%)) F(Z)-

Now, we have 1 = 7%([c]) = [7%(c)], so m(¢) is in the kernel of the quotient
map A(Pq) - C(Pq). This kernel is the Peiffer subgroup P < A(Pq). Since
¢ = a*(7*(c)), we have ¢ € o(P).

By Lemma 4.8, P is generated by the basic Peifter elements

aba™(9q(a)-b)™', witha,be FgxRq.

Without loss of generality we may assume that ¢ is the image of one of these gener-
ators, i.e.

¢ =0*(aba(dg(a)-b)™)
forsomea =u-sand b =v-twithu,v € Fg ands, t € Rg. We have
0*(9q(a) - b) = c*(udq(s)u™v-t) = a(udq(s)u™v) - rs.

Set
w = a(u)or(rs)o(u™'v).

Recall that or(r) = 0(9q(s))c;* where c; € ((r(R% U R}))). Then 7' (cs) =1, so

wy = o' (w) = a(udq(s)u™v).
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Then Lemma 4.16 tells us that there is a ¢’ € (R U RL))p, such that [w - r¢] is

equivalent modulo [I3] to [¢'(w; - r¢)]. So there is some i € ((I2))F;, such that
[0°(9q(a) - b)] = [w - 1]

= [ic[w -]

= [ic"[o(w)or(r)o(u™'v) - 1]

= [ic o (a(u) 1) - (v-11)]

= [ic""][or(e*(a)) - * ()]

= [ic"][0*(a)o*(b)0* (a) ']

1c

$O
[e] = T[], N
More generally we can now show the following, which should be compared to
Lemma 4.3:
LEMMA 4.18. Let [c] € C(Pr) with or(c) € F(X) and 7*([c]) = 1. Then [c] is
equivalent, modulo [I%] to some [c'] € C(Pr) with ¢’ € (R} U R} ) p,.

Proof. Let [c] € C(Pr) with or([c]) € F(X) and n?([c]) = 1. Then c is of the form
c=(wr-r)(wy 1), with wy,...,w, e F(X U Z)
T,...,n € REURLURE.
First, we can use the previous lemma to replace all the terms w; - r; with r; € R? by

some ¢;w? - r; with ¢; € ((R"))r and w? € F(Z). We can thus find some [¢;] € C(Pr)
which is equivalent to [¢] modulo [I%] and which is of the form

cr=(wyr)(wh, - 1h), with wy,...,w) e F(XuZ)
Tls...sTn € REURL URE
such that w! € F(Z) whenever r; € R

Now we can use the crossed module relations

[wi - rillwisn - rial = [Q(wi - i) - (Wi i) 1 [wi - 7]

to move all the terms with 7} € R? to the right of the word. Thus we have

[e1] = [ea][(ur - 15y )+ (g - 75,) ]

for some ¢; € ((R°U RYp, and wy, ..., ux € F(Z) and sy,. .., s; € Rg. Now [c] and
[c1] are equivalent modulo [I%] and we have 7%([IZ]) = 1, so 7*([a1]) = 7*([c]) = L.
Furthermore we have 72([c;]) = 1, and thus

7 ([(ur - rs) - (ug 1)) = 1

By Lemma 4.17 it follows that [ (uy-7y, )--(ug-15, )] is equivalent modulo [I3] to some
[c3] € C(Pr) with c3 € (R U R}.)) ;.. Therefore, modulo [I}], our [c] is equivalent
to [c1] which is equivalent to [cac3] and czc3 € (RO U RL) g O
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4.6 Proof of the 1-2-3 Theorem

Now we are ready to give a proof of the 1-2-3 Theorem. As we showed in Section 4.2,
it is sufficient to consider the following situation:

|

where N is finitely generated, I' is finitely presented, Q is of type F3, F is finitely
generated free, and P is the fibre product of 77; and 71,. In order to establish the 1-2-3
Theorem, we need to show that P is finitely presented.

As in Section 4.3 pick a presentation Py = (X | Ry, dn) for N with X finite and
a presentation P = (Z | Rg, dq) for Q, with both Z and R, finite and such that Z
is a basis for F. Furthermore, pick a finite set I ¢ A(Pq) such that [I] generates
n(Pq) as a Q-module. Let Pr = (X U Z | R U R} U RZ, dr) be the presentation
constructed in Section 4.3. Then let

N——P —->

N —

“— M
&
)

st
B

)

Kr=ker(pr: F(XuZ) - T) = ((r(RY UR} URE)))

and
Kp = ker(pp : F(XUZ) - P) = {(r(Rp URY))).

Since T' is finitely presented there is a finite subset R(F)’ c RY such that
Kr = (or(Ry U RF URE)))-

Now consider the identities IZ and I3 from the previous section. Recall that there is
one identity iy ; in I% for each generator x € X of N and relator s € R of Q and one
identity i; in I3. for each identity j € I of Q. Therefore I7 and I3 are finite subsets
of A(Pr). Thus

(U] 0 [ proz) © (IRY T U [RE] U [RED)

for some finite R%" c RY. Without loss of generality, we assume that Rg’ c R%H.
Now set
1
Kp = {{or(Rp U Rp))).-

We will show that Kp = K}, which finishes the proof that P is finitely presented.

So let w € Kp. Firstly, by Lemmas 4.1 and 4.3, w is equivalent modulo er to
some w’ € F(X). So, without loss of generality, assume w € F(X).

Now w € Kp, so w € Kr = ((9r(RY U RL U R%))). Thus we can pick some
ce ((R(IZ, URL U Rlz“»F(XuZ) c C(Pr) with dr(c) = w. We can now apply Lemmas
4.15 and 4.18 to conclude that there is some i € (IZU T} Wr(xoz) with [c'] = [i][c] €
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([R2]u [er]>>F(xU2)' Since i is in the kernel of ar, we have or([¢']) = dr([c]) = w.
Furthermore, both ¢ and i lie in ((R%" U R} U RE)) and thus so does ¢’. Therefore
e ((Rg” U R})), and hence w € K} O

From 3.14 (and the remark following the proof) this implies the Virtual Surjec-
tions to Pairs Theorem, which was originally obtained in [BHMS12, Theorem E]:

COROLLARY 4.19 (THE VIRTUAL SURJECTIONS TO PAIRS THEOREM). Let
In,..., I, be finitely presented groups and P < T x - - - x T, a subgroup of their direct
product. If P virtually surjects to pairs of factors, then P is finitely presented. ~ []

4.7 'Towards higher dimensions

We have seen in this chapter how the combinatorics of crossed modules enable us to
prove the 1-2-3 Theorem. Why is this approach not available in higher dimensions?
In fact, the central theorem by Whitehead (Theorem 4.13), does have a satisfying
generalisation to higher dimensions: If X(") is an n-dimensional CW-complex for
n > 2 then the relative homotopy group 7, (X, X("™1) is a free 7;(X)-module,
with a basis given by a set of characteristic maps for the n-cells.

All the relative homotopy groups 7, (X (), X("1D) can be assembled into an
exact sequence by splicing together parts of the long exact homotopy sequences of
each pair (X("), x(n-D);

ﬂn(X(n))

N

7Tn+1(X("+1),X(”)) O, nn(X(”)’X(”—l)) o ﬂn,l(X("—l)’X(n—z))

~ 7

Myt (X(n—l) )

This is a sequence of free (X )-modules and module homomorphisms except in
the lowest dimensions

nz(X(z),X(l)) iﬁ ﬂl(X(l),X(O))

where 7 (X, X(©)) is a free group and (m,(X®, X(), 9,) is a free crossed mod-
ule on that group.

Such sequences are called crossed complexes and were first studied in [Hue80].
In the special case where X is a BI'-complex (say with a single vertex) the crossed
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complex can be extended by an “augmentation map’, as we did at the end of Section

4.4

m(X®), x() SN m(XW, x0) —> m(XP, x0)

= l; l;

C(P) F r

This is termed a crossed resolution of I'. For more information on the general the-
ory, see [BH82b, BRS99, BHS11]. The kernels of the boundary maps involved have
been studied as “homotopical syzygies” in [Lodoo] and a choice of generating set for
each of the groups has been called a “generalised group presentation” and studied
in [Brog2].

So, to recapture, in a way, the combinatorics in fact become easier in higher
dimensions: Instead of having to deal with crossed modules, we are facing the much
more familiar modules over a group ring.

Of course, there is a catch. In dimension 2 the long exact homotopy sequence
associated to the pair (X®), XM is

e m(XWY) 5 my(XP) 5 m(x@, xW) 5 m(xW) -

Crucially, as we observed earlier, the first term vanishes. It is this fact that allowed
us to identify, for a given presentation P = (X | R, 9), the second homotopy group
of the presentation complex X with the kernel of the boundary map 9 : C(P) —
F(X).

Life is not so simple in higher dimensions: The relevant part of the long exact
homotopy sequence of the pair (X("), X("™1) js

o g (XY S (XY S, (XM, X (07D 9 T (XY

This is now a sequence of 7;(X)-modules and module homomorphisms, but the
module 7,,(X(")) is no longer the kernel of 9,, if n > 2. In general, we cannot expect
the term 7,, (X (")) to be trivial, nor the map 7, (X(") — 7, (X", X("D) to be
injective. So the characterisation of F3 that we achieved in Corollary 4.14 has no
analogue in higher dimensions.

Of course, this does not mean that nothing can be gained from replicating the
approach presented here in higher dimensions, investigating the relative homotopy
groups 7, (X, X(*1Y in place of 7,(X®, X)), In a way, this is what we do
in Chapter 7, though couched in a different language: If X is a BI'-complex then
in dimensions n > 3 the groups 7, (X (), x("-1)) are isomorphic to the cellular

chain groups C,(X) of the universal cover X of X. In fact, the sequence of relative
homotopy groups

e = ﬂn(X("),X("*l)) N nn_l(X(nfl)’X(;%Z)) TN 7'[3(X(3),X(2))

is chain isomorphic to the cellular chain complex of the universal covering. So in
higher dimensions these relative homotopy groups do not contain more informa-
tion than a resolution of Z as a trivial I'-module. We study these resolutions in
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detail in Chapter 7 and we will see that many of the results from the current chapter
carry over to higher dimensions. The issues raised here help to explain why these
generalisations do not easily add up to a proof of the n-(n +1)-(n + 2) Conjecture,
but we will leave it to the end of Chapter 7 to explore more thoroughly what they
actually do allow us to say.
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A topological approach

The statement of the n-(n + 1)-(n + 2) Conjecture is at its core a topological ques-
tion, as the finiteness properties F,, are concerned with the existence of classifiying
complexes of a certain type and implicitly with questions about finite generation of
higher homotopy groups (see A.20).

Putting aside for now the troubles about the algebra of higher homotopy groups,
which we alluded to at then end of the previous chapter, we will present in this
chapter an attack on the n-(n +1)-(n + 2) Conjecture by mostly topological means.
Having seen how the proof of the 1-2-3 Theorem involved a fair amount of calcu-
lations with crossed modules, maybe we should not expect to get very far without
delving into the combinatorics of classifying complexes. But in fact, we can obtain a
number of interesting results: Essentially, many of the results from Sections 4.1-4.3
can be generalised to higher dimensions without appeal to explicit combinatorics.
In particular, this method will enable us to replicate the main results from Section
4.2 in higher dimensions: The n-(n +1)-(n + 2) Conjecture holds when the second
short exact sequence splits and the general conjecture can be reduced to the case
when T} is free.

5.1 Introducing stacks

A crucial step in proving the 1-2-3 Theorem was the construction of a presentation
of the middle group I' in a short exact sequence N = I' - Q from presentations
for the kernel N and quotient Q. This amounts to constructing the 2-skeleton of a
BT'-complex. Now, our task will be to construct an entire useful BI'-complex from
given BN- and BQ-complexes. “Useful” is a vague term here, of course, but recall
from 4.3 some of the properties satisfied by the presentation complex Xt constructed
there: The presentation complex Xy appeared as a subcomplex, we could define a
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map Xr — Xq inducing 7 : T - Q on the fundamental groups and Xt could be
pictured as a sort of “twisted product” of Xy and Xq. We shall hope to replicate
these properties in some form here.

Various ways of making these notions precise and constructing the kinds of
complexes we look for have been given by different authors (e.g. the “complexes
of spaces” in [CS98], the construction in [Stag8] and the more algebraic analogue of
“complexes of groups” [Corg2, Haeg1]), but the most useful for our purposes is Ross
Geoghegan’s theory of “stacks” from [Geoo8, Chapter 6]. We will start by briefly
laying out the parts of the theory pertinent to our discussion.

As a first approximation, given a short exact sequence N < T’ 5 Q, we can
“represent” it topologically via the Borel construction. For this we pick a BI'-complex
Yo and a BQ-complex Z. Then I acts naturally on the universal cover Y via deck

transformations and also on the universal cover Z through the homomorphism I' 5
Q = Deck(Z — Z). So we can let T act diagonally on Y, x Z and noting that
this action is free and properly discontinuous we obtain a new BI'-complex Y :=
(Yo x Z)/T. The covering map Z — Z then gives a map ¢ : Y — Z, which induces
m: T — Q on the level of fundamental groups. Furthermore ¢ is a fibre bundle
with fibre the BN-complex Xy := Y(/N. So, topologically, ¢ has very desirable
properties but unfortunately Y is not a very useful BI'-complex for our purposes,
yet. We are interested in “small” classifying complexes (in the sense as demanded by
the finiteness properties F, ), and Y is not small: It will typically have infinitely many
cells of any dimension (for example, the fibre X, will have infinitely many 0-cells if
Q is infinite).

Geoghegan’s construction builds from Y a new BI'-complex Y’ and map ¢’ :
Y’ — Z by swapping out the fibres X for a different BN-complex X’ that can be
chosen arbitrarily. As a result, the complex Y’ will be reasonably small if the initial
complexes Z and X' are. The price to pay is that the map ¢’ is no longer a fibre
bundle. However, it is what Geoghegan calls a stack, which is a cellular projection
map that retains some of the structure of a fibre bundle.

We will now make this notion precise in the following definition from [Geoo8,
Section 6.1].

Definition 5.1. Let X, Y and Z be CW-complexes. Denote by E, the set of closed
n-cells of Z. Amap ¢ : Y — Z is called a stack with fibre X, if there is for each
ecE,amap f,: X x §"' - ¢71(Z(")) and denoting the disjoint union of these
maps by

foi 1 X870 720D

ecE,

there are for each n > 0 homeomorphisms'

kn 97 (20" D) g, ( ) X x B“) R CADE

ecE,

such that
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1. k, agrees with inclusion on ¢~1(Z("™V).
2. k, maps each closed cell of Y onto a closed cell of Z.

3. The following diagram commutes:

¢_1(Z(n_1)) B (UeeEn X x Bn)
lquotient u

¢ (2D Uy, (Weer, X x B") zm

o

p71(z)

where u agrees with ¢ on ¢™'(Z(") and on each copy X x B" corresponding
to some cell e € E, it is projection to B" followed by a characteristic map
B" > e.

Roughly speaking, if ¢ : Y — Z is a stack, then Y can be built up step-by-step
as a filtration Y, := ¢~'(Z(™), where going from Y,_; to Y, involves gluing in a
complex X x B" over each n-cell e € E,. Over the interior é of the cell the map
¢ : ¢'(é) — é has the form of a projection X x é — é.

Note also what the definition means in dimension 0: By convention, Sl=g-=
Z( 50 fp is the map @ — @ and ky is a homeomorphism [Jeeg, X — ¢7(Z2(?),
that is ¢~1(Z(?)) consists of a copy of X for each vertex of Z and ¢ merely maps
each copy to the corresponding vertex.

The utility of Definition 5.1 lies in two facts: Firstly, the Borel construction de-
scribed above in fact yields a stack (Y x Z)/T — Z with fibre X := Y/N. Secondly,
if § : Y - Z is a stack with fibre X and X’ is homotopy equivalent to X, we can “re-
build” the stack, by gluing in the fibre X’ instead of X at each step. This yields a new
stack ¢’ : Y’ - Z, and a homotopy equivalence h : Y — Y’ making the diagram

h

Yy ——— Y’

N

z

commute up to homotopy. This homotopy can be chosen such that the above dia-
gram commutes up to homotopy “over every cell”, meaning that there is a homotopy
H:YxI - Zfrom ¢ to ¢’ oh with H(¢'(e) x I) c e for all closed cells e c Z.
Proofs of these facts can be found in [Geoo8, Section 6.1].

"We write Uy, for “gluing along f,.”, i.e. the quotient space of the disjoint union identifying each
x in the domain of f, with f,(x).
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In particular, we obtain the following (this is [Geoo8, Theorem 7.1.10]):

THEOREM 5.2. Let N = T 5 Q be a short exact sequence. Furthermore, let X be
a BN-complex and Z a BQ-complex and identify their fundamental groups with
N and Q, respectively, by fixing isomorphisms N = m (X, xo) and Q = m(Z, zp).
Then there is a BI'-complex Y and a cellular map ¢ : Y — Z with the following
properties:

1. ¢ induces the homomorphism i : T — Q on the level of fundamental groups.

2. ¢ is a stack with fibre X. O]

5.2 Stacks and an F,,,-criterion

To apply this construction to our situation, let us now consider a short exact se-
quence of groups

N<_>P—"»F

where N is of type F,, and T is of type F,,;; for some n > 2. We will be interested in
conditions for P to be of type F,; (later, we will apply these considerations to the
short exact sequence N; — P — I, associated to a fibre product P < I3 x I).

Pick a BN-complex X with finite n-skeleton and a BI'-complex Y with finite
(n + 1)-skeleton and let ¢ : W — Y be a stack with fibre X, as given by Theorem
5.2. That is, W is a BP-complex and ¢ induces the homomorphism 7 : P - I'. We
may furthermore assume that Y has a single vertex * (Proposition A.6 and A.18).
By the stack property, ¢!(x) is a subcomplex isomorphic to X. Identifying these
complexes, we will frequently regard X as a subcomplex of W.

Note that in any stack ¢ : W — Y with fibre X the m-cells of W are in bijective
correspondence with the set Uy, -, E,f X E,X where EZ is the set of k-cells of Y and
E;X is the set of [-cells of X. So in particular, if Y and X have finite n-skeleta then
the same will be true of W.

The (1 +1)-skeleton of W will usually be infinite, since there might be infinitely
many (# + 1)-cells in X. However, there are only finitely many (# + 1)-cells in W
that project down to cells in Y of dimension > 1. In other words, only finitely many
(n +1)-cells of W are not completely contained in X = ¢ (). So P is of type F,,4
if and only if we can remove from the (7 + 1)-skeleton W(**1) all but finitely many
of the (n +1)-cells in X while making sure that the complex stays n-aspherical (see
Lemma A.16).

We seek a generalisation of Lemma 4.5, which was the main ingredient in redu-
cing the 1-2-3 Theorem to the case of the second factor being free.

The proposition we will prove is the following:

*Most of what follows can, in principle, be applied to the case n = 1 as well. However, we have
treated this case before and excluding it here sometimes avoids clutter.
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PROPOSITION 5.3. Let N < P — T be a short exact sequence of groups with I' of
type 1 and N of type F,, for some n > 2. Assume that there is another short exact
sequence N' = P" — T’ and a homomorphism ¢ : P' — P which restricts to an
isomorphism ¢ : N' — N such that P is of type F,.1.

F, Fnn Fut1
N’ P’ I’
oo
N p r
Fn Fn+1

Then P is of type F .1 as well.

First we will need an easy lemma which essentially states that removing some
(n+1)-cells from an n-aspherical complex results in a complex whose " homotopy
group is generated, as a 71;-module, by the attaching maps of the (n + 1)-cells that
have been removed.

LEMMA 5.4. Let n > 2. Let A be a connected, (n + 1)-dimensional CW-complex
with 71,(A) = 0 and B, C c A subcomplexes such that C is connected, B(") = A(")
and BuU C = A. Then n,(B) is generated as a m(B)-module by the image of the
map 1,(C") - 7, (B) induced by inclusion.

Proof. The pair (A1), A(") is an (n + 1)-cellular extension, so by a theorem of
J.H.C. Whitehead ([Whi4q1, Whigg]; see also [Whiz8, Chapter V.1, Theorem 1.1]) the
kernel of the map 7,(A(™) - 7, (A1) induced by inclusion is generated by
the attaching maps of (# + 1)-cells. To make this statement precise, we will have to
introduce basepoints. For each (1 + 1)-cell e of A, pick a characteristic map h, :
(D"1,8") — (A("*D, A1) Then pick basepoints vy € A(®) and xo € $" and for
each e a path p, : [0,1] > A from v, to h.(xo). Writing ¢, for some fixed generator
of 71,(8",x0) and d, for the restriction h.|s» (i.e. d, is an attaching map for the
cell e), we have that d, represents an element d,, (&,) € ﬂn(A(”), he(x0)) and p,
induces an isomorphism

Tpe * ﬂn(A(n), he(xO)) - ﬂn(A(n)’VO)'

The theorem by Whitehead alluded to above then says that the elements 7,,d. . (&)
generate nn(A(”), vo) as a m (A, vo)-module.

Now (A("), B) is again an (n + 1)-cellular extension, so 1, : 7,(A™,vy) —
7 (B, vo), induced by inclusion, is a surjection. Since B and A have the same 2-
skeleton, we have m(A) = m(B). Therefore the elements 1, (7, de . (¢,)) generate
7n (B, vo) as a mi(B)-module. Now 1, (7p,de(e4)) = 0 for those (n +1)-cells e
which are contained in B, and all the other (n + 1)-cells are contained in C, since
BuC = A. Butifeisin C then 1,(7p,de.(ex)) lies in the image of the map
ﬂn(C("), vo) = 7, (B, vo) (we can always choose p, to lie in C), so this image gen-
erates 77, (B, vg) as a 71 (B, vo ) -module. This proves the assertion. O
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THEOREM 5.5. Let N = P 5 T be an exact sequence of groups, such that T is of
type F,11 and N is of type F,, (where n > 2). Furthermore let X be a BN-complex
with finite n-skeleton and fix an isomorphism to identify m(BN) with N. Then P
is of type Fy41 if and only if there exists a finite (n + 1)-dimensional, n-aspherical
complex X, such that

1. XU can be embedded as a subcomplex in X and the inclusion 1 : X(") — X
induces an injective map 1. on fundamental groups.

2. There is a homomorphism f : m(X) — P making the following diagram
commute:

x(m) d X
m (X)) s 7 (X)
jf

P

N

Proof. Let Y be a BI'-complex with a single vertex and finite (n + 1)-skeleton and
let $ : W — Y be a stack with fibre X and inducing 7 on fundamental groups, as
per Theorem 5.2. Then W has finite n-skeleton. As before we regard X = ¢'(Y) as
a subcomplex of W.

To prove one direction of the claim, suppose P is of type F,,;;. In this case some
finite P-invariant subcomplex W' (1) < py(ne) i n-aspherical (see A.16). Clearly
W’ contains X(M as a m-embedded subcomplex and the inclusion W’ (n+1)
w (D) induces a homomorphism f as required in the claim.

The idea of the proof for the other direction is to “replace” the potentially infin-
itely many (7 +1)-cells of X ¢ W with the finitely many (# +1)-cells from X, glued
into W using a topological realisation of f.

Let V denote the subcomplex of W ("*1) consisting of W (") together with those
finitely many (7 +1)-cells of W that are mapped under ¢ to cells of Z of dimension
> 1. Applying Lemma 5.4 with A = W(**), B = V and C = X("*) we obtain that
71,( V') is generated as a 7;( V') -module by the image of the map 7,,(X(™) - 7, (V)
induced by inclusion. Roughly speaking, we can push any #-sphere in W into X (")
via a homotopy not intersecting any of the (#n + 1)-cells in X. We now proceed to
make n-spheres in X contractible.

We have the following diagram of spaces and inclusions and the induced dia-
gram on fundamental groups:

x(m) . )—((")

x(n)  , wn) N— ;

ﬂl(X(n)) LN ﬂl()—((n))
I

I
: f
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Since W) is (n —1)-aspherical there is no obstruction to constructing a cellular
map ¥ : X ™) W making the left square commute and inducing f on the level
of fundamental groups. Now let W := V Uy, X, i.e. W is constructed by attaching
to V the (n + 1)-cells of X along . Denote by y : X - W the natural map  (ie.
the composition of the inclusion map X — V v X with the quotient map Vu X —

Vuy X).

>

xm )—((n)

| b

x(m) o wh) Ly

«—
<l

=

So W is a finite, (n + 1)-dimensional complex with the same n-skeleton as our
original BP-complex W. We will now show that W is in fact n-aspherical, and there-
fore a finite BP("*1), proving that P is of type F,,.,.

We consider the following sequence of homomorphisms induced by inclusions:

(XY 5 1, (V) 3, (W).

First note that, since y(n) - W(n), the map 1, is a surjection. If a : §" — X s
any n-sphere in X then, since X is n-aspherical, « can be contracted in X, i.e. there
is an extension & : D"*! — X with &|g» = a. Since ¥ was assumed to restrict to
inclusion on X", so does . So the composition o & : D"*' — W shows that «
is null-homotopic in W. In other words, the map 1511 : 77, (X)) — 7,,( A )>
induced by inclusion, is the zero map.

But we have shown above that the image of i; generates 7,(V') as a m;-module.
Therefore a set of generators of 7z, (V') is sent to 0 under 15, proving that 15 is the zero
map. Combining this with the fact that 1, is a surjection, we get that ,,(W) = 0, as
claimed. O

Proposition 5.3 now follows as a corollary.

Proof of Proposition 5.3. Let X be a BN’-complex with finite n-skeleton. The quo-
tient " = P//N’ is of type F,, (actually, even F,,.1; see either [Geoo8, Theorem 7.2.21]
or Lemma 6.16 and Theorem 7.2), so we can pick a BI'-complex Z’ with finite n-
skeleton and a single vertex as its 0-skeleton.

By Theorem 5.2 we can pick a BP’-complex W which is a stack over Z’ with fibre
X. In particular W has finite n-skeleton and contains X as a subcomplex. Since P’
is of type F.1, there is a finite n-aspherical subcomplex W' (1) wn) with
w'™ = W™, Since the fundamental group depends only on the 2-skeleton, we
have ﬂl(W’("+l)) = m(W) = P’ and W’ till contains X(™ as a subcom-
plex with 71;-injective embedding X (") W'D Thus we can take W' to be
X in Theorem 5.5 and conclude that P is of type Fpi1. ]
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5.3 The Split n-(n+1)-(n+2) Conjecture and the reduction to
free I,

Applying this to the situation of the n-(n+1)-(n+2) Conjecture, consider, as always,
two short exact sequences

NI‘*FIE’I’Q
N, > T, 3 Q

such that Nj is of type F,, and I} and I, are of type F,;; (with n > 2). As in the split
1-2-3 Theorem we do not need an additional assumption on Q (though of course
the ones we have made on I and N; imply that Q is at least of type F,,11).

Then the associated fibre product P fits into a short exact sequence

N1;>P£>2>1"2,

which satisfies the finiteness requirements of Proposition 5.3. So to show that P is
of type F,,41 we need to find a group P’ as in the statement of the Proposition. Note
that I is a group of type F,; that contains N; as a normal subgroup, as required of
P'. However, in general there is no homomorphism ¢ : I} - P which maps N; < Ty
to N; x1 < P.3 Yet there is one particular special case, where such a map does always
exist, namely when the second short exact sequence splits. This allows us to prove
the split case of the n-(n +1)-(n + 2) Conjecture.

COROLLARY 5.6. Let
N> 5 Q
N, >T, 3 Q

be short exact sequences with Iy, T, of type F,,.1 and Ny of type F,, and assume the
second sequence splits. Then the associated fibre product is of type F 1.

Proof. Let 0 : Q — I be a splitting homomorphism for the second sequence, so
m,~ 0 = idg. Now consider the exact sequence

N> P BT,

Define
¢: 1= Py~ (yiom(n)).
Note that since 7m;(y;) = mp0om(y1) the image of ¢ does indeed lie in P. Obviously,

¢ restricts to the identity on Nj. Therefore, Proposition 5.3 applies to yield the con-
clusion. O

*Note that in the symmetric case, where the two short exact sequences are identical, there always
is a natural homomorphism I} — P < T} x I}, sending y to (y, y). But this homomorphism does not
fit into a commutative diagram, as in the statement of Proposition 5.3, since it does not map N; < I}
to Nl x1<P.
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FACTOR

This result was previously obtained, using different methods, by Martin Bridson
and Ken Brown in unpublished work.

As for the 1-2-3 Theorem, we can use Proposition 5.3 not just to prove the split
case but also to reduce the general case of the n-(n +1)-(n + 2) Conjecture to the
case when I} is finitely generated free, by the same method as before.

Consider again the sequences

Ni= T 5 Q
N, ->T, 3 Q
with N of type F,, I} and I; of type F,4; and Q of type F,,..» Now let F be a finitely

generated free group with an epimorphism p : F — I;. Let P’ denote the fibre
product associated to the short exact sequences

N> > Q
Né - F 7T—2>£) Q
where N; = ker(mp) = p~'(N;). Now the homomorphism

1d><p 1 xF—>17x FZ:()/bg) = (YI’P(g))

maps P’ onto P and clearly sends Nj x 1 to Nj x 1. Thus by Proposition 5.3, P is of
type B4 if P/ is.

PROPOSITION 5.7. If the n-(n+1)-(n+2) Conjecture holds whenever T, is finitely
generated free then it holds in general.

5.4 Classifying complexes for fibre products with one free factor

Recall how we used the reduction to the case of free I, in the proof of the 1-2-3
Theorem: In this special case, we constructed presentations for I} and P (Section
4.2) of the form:

112

I 2 (XuZ|R°UR'UR%0)
P2 (XuZ|R°UR,0)

In other words, the presentation complex for P is a subcomplex of that for I'}, missing
some 2-cells derived from the relators of Q.

Now that we know that the general case of the n-(n + 1)-(n + 2) Conjecture
can likewise be reduced to the case of free I, we might ask whether we can find an
analogue of this statement for entire classifying complexes. In fact, we have a very
satisfying equivalent:
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PROPOSITION 5.8. Let

N >T53Q
N2~ F3Q
be short exact sequences with F free and let P be the associated fibre product. As-
sume that X is a BNy-complex and that Z is a BQ-complex with one vertex such
that the inclusion Z0) — Z induces the map m,. Then there is a complex Y and a
cellular map ¢ : Y — Z such that
1. Y is a BI'-complex,

2. ¢ is a stack with fibre X which induces the homomorphism m on funda-
mental groups, and

3. W= ¢~Y(ZW) is a BP-complex, and the commutative (pullback) square of
spaces on the left induces the commutative square of fundamental groups on

the right:
w2, 70 P F
T bk
¢ m
Y Z I — Q

Remark 5.9. Of course, there is no difficulty in choosing a BQ-complex Z as in the
assumption. Pick a generating set Z of F. We may regard Z as a generating set for Q
via the epimorphism p,. So pick a presentation Q = (Z | Rq, 0) (with p, being the
implied epimorphism F(Z) - Q). Then let Z(?) be the corresponding presentation
complex and extend it to a classifying complex Z (Lemma A.s5). Clearly, Z() is a
classifying complex for F (the presentation complex associated to F = (Z | —)), and
the inclusion Z(") < Z induces p,.

In particular, if F is finitely generated and Q satisfies some finiteness condition
F,, then there is always a Z as in the statement with finite n-skeleton (use Proposi-
tion A.18 before Lemma A.5, when extending the presentation complex to a BQ).

Proof. We follow the Borel construction outlined at the start of the chapter. Let
Yy be a BI'-complex. Then BT acts freely on Y, x Z, where Y and Z denote the
universal covers of Yy and Z respectively. Let Y’ := (Y x Z)/T. Then the projection
map Yo x Z — Z induces a map on the quotients ¢’ : Y’ — Z so the following
diagram commutes:

Now ¢ induces the homomorphism 7; : [ = Q on fundamental groups and, as
in the discussion at the start of the chapter, ¢’ is a fibre bundle and a stack with
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fibre X’ := Y,/Ny, which is a BNj-complex. We can then “rebuild” ¢’ ([Geoo8,
Proposition 6.1.4]) to yield a new stack ¢ : Y — Z with fibre X and a homotopy
equivalence h : Y’ — Y making the following diagram commute up to homotopy:

y by
N e
Z

In fact, as we mentioned earlier, this diagram can be made to commute up to homo-
topy “over every cell”, meaning that the homotopy equivalence 4 and a homotopy
H:Y'xI— Z from ¢’ to ¢ h can be chosen in such a way that H(¢' "(e) xI) c e
for each closed cell e € Z. In particular, this implies that for any subcomplex Z, c Z,
the homotopy equivalence h restricts to a homotopy equivalence of the preimages
of Zy under ¢’ and ¢ respectively.

Soset W := ¢/ (ZM) and W := ¢7(Z™M). Then h|y is a homotopy equival-
ence, making the diagram

w— " W
71

commute up to homotopy.

Furthermore, the restriction ¢| : W’ — Z() is still a fibre bundle, so there is a
long exact sequence of homotopy groups:

7N\ bx / (¢’|)* (1) /
o 1y (XY) 5 (W) s 1, (Z2Y) 5 (X)) - -

For n > 2 the groups 7,(X") and 7,,(Z(")) are trivial, so we can conclude that the
same is true of 7,,(W'). Hence W' is aspherical. This means that W' is a classifying
complex for P’ := 1;(W'). We will now show that P’ = P.

In the lowest dimensions, the long exact homotopy sequence of the fibre bundle
yields a short exact sequence of groups:

o (Z0) (X)) 5 (W) R (20) g (x)
|

| | | |
1 N P’ F 1

Note that the inclusion map ¢ : W' < Y’ induces a map ¢, : P’ - I. The
commutative diagram of spaces on the left then induces a commutative diagram on
the level of fundamental groups (as before, we identify X’ with the preimage of the
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single vertex in Z):

X/ AN O N p W, g
R S N T G
X’ y — .z N r—".,Q

We can define a homomorphism 77 : P - T x F, g — (&.(g), ¢+(g)) and commut-
ativity of the right-most square just means that # is in fact a homomorphism into
the fibre product P < T x F.

/ (8D«

£ /
F
m \
We have observed above that the “front” of this diagram commutes. The “bottom”
part obviously commutes as well, and the middle triangle commutes by definition
of 7. Therefore the “top” squares commute and thus # is an isomorphism.

So we have showed that W' is a classifying complex for P. But W is homotopy
equivalent to W’ and thus a BP as well. It only remains to show the claim about the
commutative squares in the statement. Again, we have seen that this claim is true

when W and Y are replaced by W' and Y’. So the claim about W and Y follows
from commutativity (up to homotopy) of the following diagram:

R
NEEVEAN

w

™

w’ AU

|
|
Y
h ¢
Y,/ ¢'\Z

This finishes the proof. O

The classifying complex for P constructed in this proposition gives a good idea
of where the problem lies in proving the n-(n + 1)-(n + 2) Conjecture. To apply it
in this situation, assume that Nj is of type F,, that I} and Q are of type F,;; and
that F is a finitely generated free group. Then we can pick the BN;-complex X in
the statement of Propisition 5.8 to have finite n-skeleton and the BQ-complex Z to
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have finite (n + 1)-skeleton. The proposition gives us a B['-complex Y and a stack
¢ : Y — Z with fibre X, such that ¢ induces the homomorphism m; : I' = Q on
fundamental groups and such that the preimage W := ¢~1(Z()) is a BP-complex.
As in the previous sections, Y has finite n-skeleton and only finitely many (n +1)-
cells outside of X (the embedded fibre over the single vertex of Z). The same is then
obviously true for W. Since I' is of type F,.;, we know that we can remove all but
finitely many of the (n+1)-cells from X while keeping Y n-aspherical.# The question
is whether we can also remove all but finitely many (n+1)-cells from X while keeping
W n-aspherical. Another way to put this: There is a finite set E of (n + 1)-cells of
X such that any n-sphere f : §" - X(") can be extended to f : B"*! - Y("*1) in
such a way that the only (7 + 1)-cells of X that im f intersects are from E. Now we
want to do the same thing, only this time, we demand that the extension f_ lie over
the 1-skeleton of Z. Precisely: Is there a finite set E of (n + 1)-cells of X such that
any n-sphere f : §" - X(") can be extended to f : B**! > W("*1) in such a way
that the only (1 +1)-cells of X that im f intersects are from E’? If there is such a set,
then P is of type F,.;.

Of course, up to this point of the analysis, we did not use the condition that Q
be of type F,.» at all. Based on our experiences from the proof of the 1-2-3 Theorem
we might predict that this condition could be used for “pushing disks” from Y into
W. We will pick up this thread again in Chapter 7.

Qv

Further remarks We might remark that the classifying space W for P constructed
in Proposition 5.8 is satisfying from a conceptual viewpoint, since it realises the
pullback square of groups characterising the fibre product by a pullback square of
classifying complexes. As a curious sidenote, the method of how this complex is
constructed is in a certain way formally dual to the way a classifying space for the
pushout of groups, i.e. the amalgamated product, is usually constructed (see, e.g.,
[SW79] or [Geoo8, Section 6.2]). Given two monomorphisms /; : N < Ij and
1 : N = I; and classifying spaces X, Y; and Y, for N, I} and I'; respectively, we can
construct a classifying space for the amalgamated product I * 5y I'; by gluing the two
ends of the “cylinder” X x[0,1] into Y; and Y, respectively, by maps realising /; and 15.
There is another way to phrase this: We may start off picking maps f; : X - ¥; and
f2 : X = Y, which induce 1; and 1, on fundamental groups. The pushout of f; and f,
(in the category of topological spaces) will usually not be a CW-complex, though, so
we modify one of the maps first. Specifically, we replace Y; by the mapping cylinder
of f1. Call this ¥ := Y1 Uy, (X x [0,1]) and let ' : X — Y; be the natural inclusion.
Then the inclusion Y; — Y] is a homotopy equivalence (so Y{ is still a BI3) and the

“more precisely, we should say, as before, that we can find a finite subcomplex X 1) o x (D)
with X’ = X( and such that (YD« X*D) 4 x""*V i n-aspherical (see Lemma A.16)

61



CHAPTER 5. A TOPOLOGICAL APPROACH

square

commutes. Now the pushout Z of f/ and f; is a CW-complex and a classifying space
for I1 *y I.
f2

XLy C—B
N
Y —— Z A—— AxcB

If we choose the classifying complexes X, Y; and Y, such that X has finite n-
skeleton, and Y; and Y, have finite (n + 1)-skeleton, then the resulting complex Z
has finite (7 + 1)-skeleton. This proves that an amalgamated product of two groups
of type F,; along a common subgroup of type F, is of type F,,.1.

Now note how this is formally similar to our construction for fibre bundles. This
time, we are given two epimorphisms 7; : I' - Q and 7, : F - Q. We pick classi-
tying complexes Y; and Z for I} and Q and a map realising 77;. Then we replace this
map by a fibration, namely the fibre bundle ¢’ : Y’ - Z coming out of the Borel
construction (note that above, we replaced f; by a cofibration f{'). In the proof, we
essentially showed that the pullback of this map ¢’ and the inclusion Z() < Z
(which realises 7,) is a classifying complex for the pullback of m; and 7,. Unlike
for amalgamated products, the resulting complex does not automatically have good
finiteness properties. Specifically, in order to make use of the extra finiteness condi-
tion on the kernel N, we had to further replace ¢’ with the stack ¢ : Y — Z. Still,
the resulting pullback falls short of providing the finiteness conditions demanded
by the n-(n +1)-(n + 2) Conjecture, but it certainly conveys much greater insight
into the nature of the problem.
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6

Homological finiteness properties of fibre
products

In the topological approach presented in the previous section, we endeavoured to
prove the n-(n +1)-(n + 2) Conjecture by constructing a finite (n + 1)-skeleton of
a classifying space of the fibre product directly. We have seen how proving a group
to be of type F,.; comes down to proving a certain higher homotopy group to be
finitely generated.

An essential feature in the proofs of the 0-1-2 Lemma and the 1-2-3 Theorem
is the fact that the low-dimensional homotopy groups of CW-complexes have com-
binatorial descriptions. The fundamental group of a 1-dimensional complex can be
described by edge paths and this enables us to represent the 2-skeleton of a classi-
fying complex by generators and relations. One dimension up we can describe the
second homotopy group of a 2-dimensional complex in a similar way, using crossed
modules. This combinatorial formalism is crucial to the proof of the 1-2-3 Theorem.

But as we mentioned at the end of Section 4 there is no completely satisfying
analogue of this combinatorial formalism in higher dimensions. This is one of the
reasons why higher homotopy groups and are so notoriously hard to compute, and
it should come as no surprise that the same is usually true of the higher finiteness
properties. In the previous section we have attempted to make do with the more
conceptual understanding that stacks provide, but without the algebraic tools to do
explicit combinatorial computation, we had to content ourselves with introducing
some rather crude restrictions, such as the split condition.

Here we will take a different course.

It is in part because of the inherent difficulties with computation of higher ho-
motopy groups, that we often consider homology groups when a more computable
invariant of spaces is needed. And so it is natural to turn to homological algebra in
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search for more computable finiteness properties of groups. As is usual, computab-
ility comes at a price: The homological analogues will generally be weaker than the
properties F,,.

One of these properties is the “type FP,” condition, which we will consider in
Section 6.3 and in Chapter 7. Here we study the weaker property of having finitely
generated integral homology groups up to a certain dimension: If I'isa group of type
F, then Hy (T, Z) is finitely generated for all k < n. This implication is commonly
used to show that a group is not of type F,. In the major result of this section we
will show that under the assumptions of the n-(n +1)-(n + 2) Conjecture the fibre
product has finitely generated integral homology groups up to dimension # + 1.

6.1 Type wFP,

We will consider the following homological finiteness condition.!

Definition 6.1. A group I is of type wFP,, (“weak FP,”) if Hy(I", Z) is finitely gen-
erated for all k < » and all finite index subgroups I'' < T.

Recall the definition of homology groups. Choosing any free resolution of Z by
I'-modules
F»7: - >F->FK—>F—>»Z

the homology groups of I with coefficients in some I''module M are defined as®
Hk(F,M) = Hk(F ®r M),

and this definition does not depend on the choice of free resolution F - Z (more
generally, one can also choose projective or flat resolutions of Z).

We will now show that “type® FP,,” implies “type wFP,,”. We make the following
observation:

LEMMA 6.2. Let A be a ring, A a finitely generated right A-module and B a left
A-module which is finitely generated as an abelian group. Then A ® B is finitely
generated as an abelian group.

Proof. Let X c A be a finite generating set of A as a A-module andlet Y c Bbea
finite generating set of B as an abelian group.

'A similar condition has been used before by K. Brown in [Bro74, Broys] in the context of Euler
characteristics of groups. He defines a group to be of finite homological type if it has finite virtual
cohomological dimension and every finite index subgroup has finitely generated integral homology.
A very similar condition (also called “finite homological type”) is used in [Brog4], see also [LSo6].
We will discuss the latter condition in more detail at the end of the chapter.

*Unless otherwise noted, we employ the usual convention of taking all modules over a group ring
to be left modules. Any left [-module can be turned into a right T-module by defining a - g := g"'a
forall a € A and g € I. The tensor product A ®¢ B of two left I'-modules A and B is understood to
employ this induced right-module structure on A.

*for more information on the FP,-properties, see Appendix A.2
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Let a € Aand b € B. Then

a= Z xAy, forcertain A, € A.
xeX

And for any x € X and y € Y we can write

Aeb = Z hx,yy, forcertain ny , € Z.
yey

Therefore

a®b=> xA®b=> x® ) neyy=> nyy(x®y)

xeX xeX yeY xeX
yeyYy

Hence A®, B is generated as an abelian group by theset {x® y | x e X,y e Y}. [
This immediately implies:

PROPOSITION 6.3. If T is of type FP,, and M is a T-module which is finitely gener-
ated as an abelian group then Hy (T, M) is finitely generated for all k < n.

Proof. Let I be a group of type FP,, and M a I''module which is finitely generated
as an abelian group. Pick a free resolution

F»7: --->F->FK->F—>»Z

of the trivial I'-module Z which is finitely generated up to dimension n. Then the
groups F;, ®r M are finitely generated for k < n and hence sois Hy(I', M) = Hx(F®r
M). O

In conjunction with Proposition A.34 this yields:
| COROLLARY 6.4. Any group of type FP,, is of type wFP,,. O

That the converse is not true was shown by Leary and Saadetoglu in [LSo6] and
we recount their construction in the Appendix (Proposition A.49).

The LHS spectral sequence To prove an analogue of the n-(n+1)-(n+2) Conjec-
ture using the wFP,, condition, we need to study how the homology groups of the
groups in a short exact sequence are related to one another. The main tool for doing
this is the Lyndon-Hochschild-Serre spectral sequence. For a short exact sequence
N < T - Q this is a first quadrant spectral sequence of the form

Ej, = Hp(Q,Hy(N, M)) = Hp (T, M).
where M is any I'-module. Let us briefly recall how the action of Q on H,(N, M)

arises.
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Let G and H be two groups and M a G-module, B an H-module. If ¢ : G —
H is a homomorphism then f : M — N is called compatible with ¢, if f(gm) =
¢(g)f(m) forall g € Gand m € M, ie. f is a homomorphism of G-modules, if N
is considered a G-module via ¢ : G - H.

Such a pair (¢, f) of compatible morphisms induces a map on homology in the
following way: Choose a free resolution

F»7: --->F,>F—>F—>»Z
of Z by G-modules and a free resolution
F»7: - >F—->F->F—>»Z

of Z by H-modules. Then there is a map of chain complexes

F>2Z: F, R Fo z
- A
F—>Z: F} F F} z

extending the identity map on Z and compatible with ¢ (i.e. each f, is compatible
with ¢ in the same sense as before).
Tensoring this map with f gives a chainmap F® M - F® N:

FoM: i —— FBHOM —— FFOM —— Fpo M —— 0
lg*@’f lgz@f lg1®f lgo@f
FeN: "'—>F£®N—>F1,®N—>F(’)®N—>0

This chain map induces a homomorphism on homology
(¢, /)« : H.(G, M) - H.(H, N),

which, as usual, does not depend on any of the choices made during the construc-
tion.

Nowlet N = T' 3 Q be a short exact sequence and M a T-module. We can now
consider the special case of the above construction where ¢ is a conjugation homo-
morphism. Fory € T, letc? : N — N, h = phy~!. Then the module homomorphism
ty: M — M, m ~ ym is compatible with c?, since

ty(hm) = ghm = yhy™ (ym) = ¢¥(t,(m)), forhe N, me M.

So we can follow the above construction to obtain an induced endomorphism c? :

H.(N, M) - H,(N, M).
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One way of doing this concretely is by picking a free resolution of Z by I'-modules
F»7: --->F->FKF->F—>»Z

and considering it as a complex of N-modules. We then define a chain map g7 :
F — Fas
g, :Fy— Fy,a e ya.
This extends the identity map on Z and is compatible with c?. Tensoring with t,
givesamap f! ® t, : F® M — F ® M which induces the desired map c% on ho-
mology. Inspecting this construction it is easy to see that the maps c! are all auto-
-1

morphisms (c; being an inverse) and that the map T' — Aut(H, (N, M)),y + ¢}
is a homomorphism. Thus we have defined an action of ' on the homology groups
H,(N, M) given by

y-a=cl(a), foryeTl,aeH,(N,M).
Furthermore, if & € N then
(ffret"Y(a®@m)=ha®hm=a®m, foraln>0,aeF,, meM

and so N itselfacts trivially on H. (N, M). Thus the action of ' on H, (N, M) factors
through 7 : T — Q, giving an action of Q on H.(N, M).

6.2 The Weak n-(n +1)-(n + 2) Theorem

Let N = I' - Q be a short exact sequence. Using the LHS spectral sequence it is
easy to prove that* H, (T) will be finitely generated if Q is of type FP, and N is of
type wEP,,. Looking a little more carefully, we see that in fact, we can get away with
a weaker condition on N:

LEMMA 6.5. Let N = I - Q be a short exact sequence with Q of type FP, and
N of type wFP,,_;. Also, assume that Hy(Q, H,(N)) is finitely generated. Then
Hy (T, Z) is finitely generated for k < n.

Proof. This follows easily from the LHS spectral sequence. Using Proposition 6.3,
the assumptions on N and Q imply that Ef,q = Hy(Q, Hy(N)) is finitely generated
for g < n—-1and p < n. In particular, Ef,q is finitely generated whenever p+q < n-1.

*as usual, we write H,(T) := H,(T, Z)
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EZ
( HO(Q) Hn(N))
fin. gen.
g<n-1
psn e
ptgq=n

Since Ho(Q, H,(N)) is finitely generated as well, all the entries EIZ, 4 on the diagonal
p + q = n are finitely generated. Then the same holds true for the corresponding
entries on the E® page. But for any k, the entries Egy on the diagonal p + q = k
are the factors of a filtration of H(T), and so Hy(T) is finitely generated for all
k <n. O]

Conversely, if I is of type wFP,,, then the stated condition for the kernel N holds,
whenever H,,.1(Q, Z) is finitely generated.

LEMMA 6.6. Let N — I' - Q be a short exact sequence of groups. Assume that N
is of type wFP,,_y, that T is of type wFP,, and that Q is of type FP,,.
If Hy11(Q) is finitely generated, then so is Hyo(Q, H,(N)). If T is of type WFP,,.;
the converse holds as well.

Remark 6.7. In the case n = 1 this lemma is a “weak” analogue of 3.7.

Proof. Consider the LHS spectral sequence
E) = Hy(Q Hy(N)) = Hpg(T).

The assumptions on N and Q imply that Ef,q is finitely generated for g < n —1and
p<n.

Let us first focus on the entry at position (7 +1,0) in the spectral sequence. On
the E™*'-page, E/'}  is the kernel of themap d, : E}, , , - EJ, The codomain

n+l, n+l-r,r—1°
of this map is finitely generated for 2 < r < n and thus EJ}} ; = kerd, is finitely

generated if and only if E],, , is. Hence, by induction, E}'*]  is finitely generated if
and only if E;,; o = Hy1(Q, Z) is.

Similarly, looking at the entry (0, ) we find that E*} is the cokernel of the map
dr: Ey, .. — Eg,- The groups Ef .., are finitely generated for 2 < r < n and
thus EJ’ = coker d, is finitely generated if and only if Ef, , is. By induction, E§};' is

finitely generated if and only if E§ ,, = Ho(Q, H,(N)) is.
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On the E"*!-page we have a map
dns1: Eptio > Egn (61)

The cokernel of this map is Ef}? = Eg°,, which is finitely generated, since T is of type

wFP,,. Thus, if E"*] , is finitely generated, then so is Eg;,l.

n+1,0
IfT is of type WFP,,1, then the kernel of (6.1), Ell = Eg%,  is finitely generated
as well. So in this case, E'1] , is finitely generated if and only if Ef*! is. O

Now we can prove the desired “weak” version of the n-(n+1)-(n+2) Conjecture.

THEOREM 6.8 (THE WEAK n-(n +1)-(n + 2) THEOREM). Let

N1‘—>r17—1>1>Q
N, >T, 3 Q

be short exact sequences with Nj of type wEP,, I of type WEP .1, I; of type FP .,
and Q of type FP,,.». Then the associated fibre product is of type WEP 1.

Proof. Denote the fibre product by P and the projection homomorphisms by p; :
P—>F1andp2:P—>F2.

We need to show that Hy (P’) is finitely generated for all k < n + 1 and all finite
index subgroups P’ < P. First we will show that it is in fact enough to prove that
Hy (P) is finitely generated for k < n + 1.

Let P’ < P be a subgroup of finite index and set I] := p;(P) and [} := p,(P).
Then P’ is itself a subdirect product of I] and I;. The associated short exact se-
quences are

7 m

N> TI] » Q'
N, > Ty 5 Q

where N{ := P'n T}, Nj := P’ nT; and Q" = P'/(N x N3). Now the I'/ and N/ are
finite index subgroups in I'; and N; respectively, so they share the same finiteness
properties. Furthermore Q" = I{/Nj is a finite index subgroup of I1/N; which fits
in a short exact sequence

NI/NII S Fl/le - Q.

Here N;/Nj is finite and Q is of type FP,,5, so I1/Nj is of type FP,,, as well.

Thus we have shown that any finite index subgroup P’ < Pisitselfa fibre product
associated to two short exact sequences satisfying the same finiteness conditions as
those in the statement of the theorem. Without loss of generality, it therefore suffices
to show that Hy (P, Z) is finitely generated for all k < n.

Consider first the short exact sequence

NP5,
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Here, I is of type FP,,4; and N is of type wFP,,. By Lemma 6.5, if we can show that
Ho (T2, Hy11(N1)) is finitely generated, it follows that Hy (P) is finitely generated for
k <n.

Now consider the short exact sequence

Nl‘—>F1iT>1>Q.

Here, we can apply Lemma 6.6 to conclude that Hyo(Q, Hy,+1(IN7)) is finitely gener-
ated. What remains then is to compare Hy (I, H,+1(Ny)) with Ho(Q, Hy41(Ny)),
and we will show that these two modules are in fact isomorphic, finishing the proof.

Recall that for any group I’ and I'-module A, the 0" homology group Hy (T, A)
is the module of coinvariants

Ho(T,A) = Ar =A/<{a—ya |acA,yel}).

Let y, € I,. As we explained above, the action of I, on H,;(N;) is induced by
the conjugation action of P on N;. More precisely, given y, € I3, pick a lift y =
(y1,72) € P. Then the action of y; on H,,41(Ny) is given by the map ¢} : H,,11(N;) —
H,41(N;) induced by the conjugation homomorphism ¢¥ : Ny - Nj. As we have
remarked before, conjugating an element of N; = N; x 1 by y has the same effect as
conjugating by y; in I3:

c?(n) = (y1,y2)(m 1) (y1,y2) " = (mmyi L 1).

Therefore ¢¥ = ¢¥'. Now set q := m1(y1) = m2(y2). By definition of the Q-action on
Hy,41(N7) (stemming from the short exact sequence Ny = I} > Q), we have

ga=ct(a)=cl(a)=yia, forallaeH,, (Ny).
Since any g € Q lifts to some y, € I;, we obtain that

(Hns1(N1))r, = Hunt(N1) /(a - Y26 | y2 €Ty, a € Hpia(N1))
= Hunt(NV)/(a - my(y2)a | y2 € Tay a € Hyiy ()
=Hni(N1)/(a-qa|qeQ,aecHui(Ny))
= (Hn(N1))q =
Since the n-(n+1)-(n+2) Conjecture implies the Virtual Surjections Conjecture,

it should come as no surprise that Theorem 6.8 implies a weak variant of the Virtual
Surjections Conjecture. The proof follows closely that of Theorem 3.14.

COROLLARY 6.9 (THE WEAK VIRTUAL SURJECTIONS THEOREM). Let k > 2.
LetTh, ..., T, be groups of type FPy and P < Ty x - -- x T, a subgroup of their direct
product. If P virtually surjects to k-tuples of factors then P is of type wFPy.

Proof. We will use the notation established at the end of Chapter 2. As in Theorem
3.14 we prove the following claim by induction on k:
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Claim. Let k > 1. Let I}, . . ., T}, be groups of type FPy and P < I x- - - x I, a subgroup
of their direct product such that P/(P n I;) is virtually nilpotent for all i with 1 <
i < n. Then P is of type wFP.

For k > 2 the extra assumption on the P/(P n I;) is redundant, by 3.3, so the
Claim does imply the statement of the Corollary. Furthermore we may assume, by
the same argument as used in Chapter 3 (see Proposition 3.9), that P is a subdirect
product, replacing each I; by its finite index subgroup p;(P), if necessary.

In the base case k = 1, the groups I, .. ., I, are FP; and thus finitely generated.
So from Proposition 3.9 we have that P is finitely generated and thus a fortiori of
type wFP;.

Fix a k > 2. We prove the Claim for this k by induction on n. If n < k then P is
of finite index in I} x - - - x T}, and thus of type FPy.

Soletn > k. Set T := py,_4-1(P) < Ty x -+ x [),_;. Then P is the fibre product
associated to the short exact sequences

Here, T < I} x --- x I',_; is a subdirect product, which also virtually surjects to k-
tuples, since p;(T) = py(P) forall J c {1,...,n —1}. By induction, we can assume
that T is of type wFPy.

By Lemma 3.13, Ny, 51 < Iy x - -+ x [,,_; virtually surjects to (k — 1)-tuples. In
addition,

.....

is virtually nilpotent for all i € {1,..., n —1}. Thus, by the inductive assumption on
k, we can assume that Ny, is of type wFPj_;.

Furthermore, by assumption, Q = I},/N,, is virtually nilpotent and finitely gen-
erated and therefore of type Fo., so certainly of type wEP,. We can then apply The-
orem 6.8 to conclude that P is of type wFPy, finishing the induction. O

Kochloukova in [Koc10] proved a converse to this theorem in the case where the
factors are non-abelian free (or limit) groups, which we quoted earlier (in a weaker
form) as Theorem 3.5. Her theorem states [Kocio, Theorem 11]:

THEOREM 6.10. Let I, ..., T}, be non-abelian limit groups and P < Ty x---x T, a
full subdirect product. If P is of type WEPy. (for some k > 2) then P virtually surjects
to k-tuples. O]

So in conjunction with Corollary 6.9 this gives a complete characterisation of
the full subdirect products of type wEPy of free groups:

COROLLARY 6.11. Let I, .. ., T, be non-abelian limit groups and P < Ty x --- x I
a full subdirect product. Then P is of type wFPy (for some k > 2) if and only if P
virtually surjects to k-tuples. O
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Of course, the conjecture (which would follow from the Virtual Surjections Con-
jecture) is that “wFP;” in this statement can be replaced by “F;”, which would that
these two finiteness properties are equivalent (for k > 2) among the class of sub-
groups of direct products of free groups.

As we mentioned, examples of groups which are of type wFP but not of type Fy
do exist for any k and we give a construction in Proposition A.49 in the Appendix.
So we may note that, in principle, the Virtual Surjections Conjecture (and hence the
n-(n+1)-(n +2) Conjecture) could be disproved by embedding one such example
in a direct product of free groups, though the known examples give no indication
that this is possible.

Further remarks on Theorem 6.8 Let us investigate how much further we can
push the method presented here to improve on the result of Theorem 6.8. First we
may notice that we do not actually use the FP-conditions on I'; and Q in the proof
beyond the consequences of Proposition 6.3. Let us say that a group T is of type
FHT, if H(T, A) is finitely generated for all k < n and all I-modules A which
are finitely generated as abelian groups.> Proposition 6.3 shows that property FP,,
implies FHT,, and Leary and Saadetoglu [LSo6] showed that FHT), is in fact strictly
weaker than FP,, for all n > 1.

The proof of Theorem 6.8 only uses the fact that Q is of type FHT ;. and that I,
is of type FHT,.1, so we may substitute these weaker properties for the correspond-
ing FPy-properties in the statement.

More saliently, the Weak #n-(n+1)-(n+2) Theorem can be interpreted as saying:
If the n-(n+1)-(n+2) Conjecture should fail, then this failure cannot be detected in
the integral homology of finite index subgroups of the fibre product. This is crucial,
since showing that a group has a non-finitely generated integral n'" homology group
is a very common way of establishing that a group is not of type FP,,.

Having ruled out this way of disproving the Conjecture, how else might we use
homology to confirm some suspected counterexample? We could try our luck with
other coefficient modules: Finding any P-module A which is finitely generated as
an abelian group, such that H,.;(P, A) is not finitely generated, would prove that
P is not of type FP,;;. Conversely, can the Weak n-(n + 1)-(n + 2) Theorem be
generalised to cover coefficient modules other than Z? Can we show, under the
conditions of the n-(n + 2)-(n + 2) Conjecture, that the fibre product is of type
FHT 41?2

> As we noted before, a similar property was introduced by Brown in [Brog4, Section IX.6]. Brown
defines a group I' to be of finite homological type (or FHT) if it has finite virtual cohomological dimen-
sion and Hy (T, M) is finitely generated for all k > 0 and any I'-module M which is finitely generated
as an abelian group. Our nomenclature is chosen in such a way that the FHT/FHT, properties are
related in roughly the same way as the FP/FP, properties. A group T is of type FP if it has finite
cohomological dimension and is of type FPo.
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In fact, two steps of the proof easily generalise to other coefficient modules. As-
sume that we are given two sequences

N -T 3 Q
Nzgfng

with Nj of type FHT,, both I} and I; of type FHT ;4 and Q of type FHT ;. Denote
their fibre product by P. By adapting Lemma 6.5, we can show that it is sufficient
to show that Ho(T2, Hy11(N1, A)) is finitely generated for any P-module A which is
finitely generated as an abelian group.

Similarly, by adapting Lemma 6.6, we can show that Ho (T2, H,41(Ny, A)) is fi-
nitely generated for any I'-module A which is finitely generated as an abelian group.

The problem is that, in this case, we cannot adapt our previous method to show
that the second statement implies the first: The first statement is about P-modules,
the second about I1-modules. In general, we cannot just consider a P-module as
a I;-module in any obvious way. However, this is possible for those P-modules A
on which N; acts trivially. In this case, the action of P, given by a morphism P —
Aut(A) factors through p; : P - I, giving a [}-action on A. Then we can use the
same method as in the proof of Theorem 6.8 to show that Hy(L2, H,41(Ny, A)) is
finitely generated.

To sum up, we have:

PROPOSITION 6.12. Let

N> I 3 Q

N, >, 3 Q
be short exact sequences of groups with N; of type FHT,, both I} and T, of type
FHT, . and Q of type FHT,,,. Denote their fibre product by P.

Then Hy.1(P, A) is finitely generated for all P-modules A which are finitely gener-
ated as abelian groups and on which the subgroup N, < P acts trivially. d

We do not know at present, whether this statement can be improved to cover
arbitrary P-modules A with finitely generated underlying abelian group, i.e. to show
that P is of type FHT,.°

We should note that the wFP,,-condition can be rephrased in terms of homology
with coefficients as well. If I’ < T is a subgroup then the Eckmann-Shapiro Lemma
states that

Hi(T',A) 2 Hi(T,T ®z1» A), forany I'-module A.
In particular, if I” < T is a finite index subgroup then

H(I",Z) = Hi(T,T ®zr Z) = Hy(T, Z[T/T"]),

®In fact, this is the reason why we preferred the wFP,-condition over the (in some ways more
natural) FHT,-conditions in the statement of the weak n-(n +1)-(n + 2) Theorem.
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where Z[T/I"] is the permutation module, which is a free abelian group on the (fi-
nite) basis I'/I”, with T acting on the basis in the obvious way.

It should also be mentioned, though, that we do not know of any examples of
groups which are of type wFP,, but not of type FHT,, (see also [LS06, Remark 2]).

6.3 The Bieri-Eckmann Criterion and the FP-n-(n+1)-(n +2)
Conjecture

When passing from the topological finiteness properties of Chapters 4 and 5 to the
homological finiteness properties in the present chapter, we implied that there is a
choice to be made: The homology of a group is more readily computable (thanks to
tools from homological algebra such as spectral sequences) but it comes with a loss
of power, since the stronger F,, and FP,, properties cannot be deduced from finite
generation of homology groups alone.

In fact, this is something of a false dichotomy, as we will see in this section and
the next chapter. While it is true that the properties wFP,, (or even FHT,, from the
end of last section) are strictly weaker than FP,, there is in fact a way of expressing
the FP,, properties in terms of group homology:

THE BIERI-ECKMANN CRITERION. Let T' be a group. The following are equivalent:
1. Tis of type FP,,.
2. Hy(T, -) commutes with direct products for 0 < k < n.

3. T is finitely generated and Hy (T, [1ZT) = 0 for 1 < k < n, where the product
is over some countably infinite index set.

A criterion of this form first appeared in [BE74, Proposition 3.2], see also [Bie81,
Section 2]. We explain the precise meaning of the second condition and give a proof
of the Bieri-Eckmann Criterion in the Appendix (Theorem A.39).

Of course, the groups Hy (T, [TZT') are much harder to understand than integral
homology groups (or even, say, the coefficient modules which are finitely generated
as abelian groups that we considered at the end of the previous section). But some of
the advantages from before remain. We can still apply spectral sequence techniques,
for example. This makes it possible to give some surprisingly simple — but, it has
to be said, not necessarily elucidating — proofs of a number of results on the FP,,-
properties. For example, we will give a short proof below that an extension of two
groups of type FP,, is itself FP,,.

In this section we will show how the Bieri-Eckmann characterisation can be
used to give analogues of some of the results from the previous section.

This will allow us to prove a kind of “converse” to the n-(n +1)-(n + 2) Con-
jecture (similar to what Proposition 3.11 accomplished vis-a-vis the 0-1-2 Lemma)
and specify a concrete Bieri-Eckmann type obstruction to the Conjecture holding
in general.
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The FP-n-(n+1)-(n+2) Conjecture There is an obvious analogue of the n-(n+1)-
(n+2) Conjecture, replacing all the F,,-properties by corresponding FP,,-properties.
We will call this the FP-n-(n +1)-(n + 2) Conjecture.

THE FP-n-(n +1)-(n + 2) CONJECTURE. Let

Ni=T1 - Q
Ny =T - Q

be short exact sequences such that Ny is of type FP,,, both It and T, are of type FP,,1;
and Q is of type FP,.». Then the associated fibre product is of type FP,.

Note that the FP-n-(n + 1)-(n + 2) Conjecture, compared to the original n-
(n+1)-(n + 2) Conjecture has both weaker assumptions and a weaker conclusion,
so one does not purely formally imply the other. But it turns out that, in fact, the
FP-version of the conjecture is stronger than the F-version. We can show this using
the following partial converse to Proposition A.30 (which we will prove in the next
chapter):

‘ THEOREM 7.2. If a group is finitely presented and of type FP, then it is of type F,,.
O

Now consider the situation in the n-(n +1)-(n + 2) Conjecture for some n > 2,

ie.

Ni=I1 »Q
Ny =TI - Q

are short exact sequences with Nj of type F,,, both I} and I; of type F,; and Q of
type F,2. Then the fibre product P is certainly finitely presented, since it fits in an
exact sequence

N> P—>1I),

with finitely presented kernel and quotient. If the FP-n-(n +1)-(n + 2) Conjecture
held, then P would also be of type FP,,;; and thus of type F,; by Theorem 7.2.
Thus the FP-n-(n +1)-(n + 2) Conjecture implies the n-(n +1)-(n + 2) Conjec-
ture.
So we could just try to prove the FP-version of the conjecture instead, and the
next section and chapter can be regarded as attempts on this version of the conjec-
ture. One word of warning is in order though:

| PROPOSITION 6.13. The FP-0-1-2 Conjecture is false.

Proof. This follows from the existence of groups which are of type FP, but not fi-
nitely presented, which was proved by Bestvina and Brady in [BBg7]. Let Q be such
a group and pick an epimorphism 7 : F - Q. Let P < F x F be the symmetric
fibre product associated to 7. But by Proposition 3.11 (the “converse” to the 0-1-2
Lemma), Q not being finitely presented implies that P is not finitely generated, that
is, not of type FP;. O
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FP,-criteria for short exact sequences We will start by proving an FP,,-analogue
of Lemma 6.5. As mentioned above, it is not hard to show, using the Bieri-Eckmann
Criterion, that an extension of groups of type FP,, is of type FP,. We will show
something slightly stronger:
LEMMA 6.14. Let N = T - Q be a short exact sequence with Q of type FP, and
N of type FP,_; (where n > 2). Also, assume that Ho(Q, H,-1(N,[1ZT)) = 0.
Then T is of type FP,,.
Remark 6.15. In particular, the condition on the coinvariants is certainly satisfied
if N is of type FP,, since then H,_1(N, []ZT) is trivial. The case n = 1 has been
excluded for convenience. In this case the given condition would have to be replaced
with the requirement that the natural map

Ho(Q, Hna(N, I1ZT)) - [T Ho(Q, Ho(N, ZT)) = [] Z
be onto.
Proof. First note that I' is certainly finitely generated, since N and Q are. So we need
to prove that Hy (T, [TZT') = 0 for 1 < k < n—1 (where the product here and in what

follows is always taken over some fixed countable index set).
Consider the LHS spectral sequence

EIZ"J - HP(Q’H‘I(N’ HZF)) = Hp+q(r, HZF)

Since N is of type FP,_; and using that ZTI is a free N-module, by Lemma A.38 we
have
Hy(N,[1ZT) 2 [TH4(N,ZT) =0, forl<q<n-2,

and
Ho(N,T1ZT) = [][ Ho(N,ZT) = ZQ.

In particular Elz,q =0for1< g <n-2,andsince Q is of type FP,,

E) = Hp(Q,Ho(N,IZT)) = Hy(Q,[1ZQ) =0, forl<p<n-—1

Finally, the condition from the statement just says that E§ ,,_; = 0. So to sum up, we
haveEIZ,q =0 whenever1<p+q<n-1 Butthen Ejg =0also,for1<p+qg<n-1.
This implies that

Hi(T,J12r) =0, forl<k<n-1,

so I is of type FP,,. O

The next lemma should be compared to Lemma 6.6.

LEMMA 6.16. Let N — I' - Q be a short exact sequence with N of type FP,_;
and T of type FP,, for some n > 2. Then Q is of type FP, and there is a surjective
homomorphism

H,(Q,T1ZQ) - Ho(Q, H,—1(N, [12T))

where the products are over some countably infinite index set.
IfT is of type FP,., then this map is an isomorphism.
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Remark 6.17. In particular, if Q above is of type FP,., then H,(Q,[1ZQ) = 0, so
Ho(Q, H,—1(N,TIZT)) must vanish as well. In this sense the first part can be seen
as a kind of converse to Lemma 6.14.

Proof. Consider once again the LHS spectral sequence associated to the given short
exact sequence,

ElzJ,q = HP(Q’HQ(N) HZF)) = Hp+q(r, HZG)

As in the previous proof, the assumption on N implies that Elz,)q =0forl<g<mn-2

and E , = H,(Q,T1ZQ).
On the E"-page of the spectral sequence there is a boundary map

. nr r
d" ' Er,n—r - EO,n—l

and E")_, is the cokernel of this map. But for 2 < r < n — 1 the domain of this map
is trivial. It follows that Ef , ; = E§ ;.

Now consider the groups along the bottom edge of the spectral sequence. There
is a boundary map on the E"-page

. or
d,: Em,o = Em—rr1

and E;; ; is the kernel of this map. But for 2 < r < n — 1 the codomain of this map is
trivial. Therefore E}, £ E}, . For m < n—1, we have Ep o =E, o Butsince I'is of
type FP,,, we have H,, (I, [T ZT') = 0for1< m < n—1,soall E;7, with1< p+q < n-1
must vanish. Thus H,,(Q,[1ZQ) = E%n,O =0forl1 <m < n-1andso Q is of type

FP,.

H(Q H, (N 1izr)) P
N

H,(Q I1ZQ)

Finally, the boundary map on the E”-page,
dn: Epo — Eg s
under the isomorphisms from before becomes a map

dn: Hy(Q,T1ZQ) — Ho(Q, H,—1(N, [1ZT)).
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Now the cokernel of this map is Ef;, = E¢°,_;. Butif I is of type FP,, then

H,_1(T, [1ZT) = 0, so all the entries E;°, on the diagonal p + ¢ = n — 1 must vanish.

So in this case the map d,, above has trivial cokernel and hence is surjective.
Similarly, ker d,, = EZI)I = E;7 must vanish if ' is to be of type FP ;. O

Using these lemmas we can analyse the situation of the n-(n+1)-(n+2) Theorem
in much the same way as in the previous section.
Let

NIQFIE;Q
N, > T, 3 Q

be short exact sequences and assume that Nj is of type FP,,, that I} and I, are of
type FP,,; and that Q is of type FP,.,. Let P denote the associated fibre product
and consider the short exact sequence

N>PBL.

To establish the FP-n-(n +1)-(n + 2) Conjecture we would have to show that P is
of type FP,4; and by Lemma 6.14 it would suffice to prove that

Hy(T3, H, (N, [1ZP)) = 0. (6.2)
Now consider the short exact sequence
N> T > Q.
From Lemma 6.16 it follows that

Ho(Q, Hx (N1, [1Z11)) = 0. (6.3)

So the question becomes how the two homology groups (6.3) and (6.2) are related.
We will show that there is a map

¢ : Ho(I2, Hy (N1, [1ZP)) - Ho(Q, Hy(Ny, [1Z11)).

Itis not hard to describe how this map should be defined: The projection p; : P - I3
induces a map f : []ZP — [] ZI}; the pair (idy,, f) : (N1, [1ZP) — (idn,, [1211)
induces a map g on the n'™ homology groups and this map factors through to the
coinvariants to give ¢. Of course, we will have to do some work to show that this
is a valid definition. Granting this for the moment, the following is now an easy
observation:

PROPOSITION 6.18. In the situation of the FP-n-(n +1)-(n + 2) Conjecture, let ¢
be the map defined above. If this map is injective, then P is of type FP,.;.

Proof. We showed that (6.3) holds, and if ¢ is injective this implies that (6.2) holds,
which implies that P is of type FP,,. O
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Unfortunately, we do not know whether ¢ is injective. We will say a little more
about the sense in which the kernel of ¢ is an obstruction to the n-(n +1)-(n + 2)
Conjecture at the end of the section.

Here, instead, we will study the map ¢ under different conditions to show a
“converse” to the FP-n-(n +1)-(n +2) Conjecture, a higher-dimensional equivalent
to Proposition 3.11. In particular, this shows that the FP,,,, condition on the quotient
Q is in a certain sense necessary — more on that later.

First of all though, let us show that ¢ can indeed be defined as described. The
following construction does not depend on any of the finiteness assumptions made
earlier.

Let fo : ZP — ZI; be the homomorphism of free abelian groups induced by
the homomorphism p; : P — I}. We may consider fy as a map of P-modules, with
P acting on ZI} via p;. Now let f : [TZP — [] ZI be the product map f =[] fo,
which maps each component by fy. Denoting the index set of the product by A, we
have

f(ha)(X) = fo(ha(A)) = hfo(a(A)) =hf(a)(A), forheNjaecZPandAceA.

So f can be considered an N;-module homomorphism. In other words, the identity
homomorphism on Nj is compatible with f in the sense of Section 6.1. Thus we
obtain an induced map on homology

V. : H.(Ny,[1ZP) —» H.(Ny, 1 ZTh).

Now H, (Ny, [1ZP) isa>-module and H, (Nj, [T ZI}) isa Q-module and we would
like to show that y,, induces a map ¢ on the coinvariants.

H,(Ny, TI1ZP) —¥— H, (N, T1ZT})

| |

¢
Hy(Ny, [1ZP)r, —— Hu(N1,[1Z11)q

To achieve this we show that v, is a map of I;-modules, if H,(Nj, [T ZL}) is con-
sidered a I;-module via the map 7, : I - Q.
So let us take a look at the respective actions of I, and Q on these groups. Let

F»7: --->F->FK->F—>»Z
be a free resolution of Z by ZP-modules and let
F»7: - >F—>F->F—>Z

be a free resolution of Z by ZI}-modules. Via the map p; : P — I} we can consider
both of these as chain complexes of P-modules. Then there is a chain map g, : F —
F’ extending the identity map on Z. This means that gx(ya) = p1(y)gk(a) for all
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y € P and a € Fy and so, as above, this chain map is compatible with idy,. Then y.
is the map induced on homology by the chain map g. ® f:

F®NIHZP: ---—>F2®N1HZP—>F1®N1HZP—>F0®N1HZP
lg@f lgz@)f lg@f lgo@)f
F on, [125: - — Fé on, [1Z1) —— Fl' on, [1Z2I) —— F(') ®n, [1Z51

Now recall how I, acts on H,(Ny,[]ZP) = H.(F ® []ZP): The group P acts
diagonally on the chain groups Fy ® []ZP and the induced action on homology
factors through P — T. So to describe the action of y, € I}, first lift it to some
y := (y1,¥2) € P. Then, by definition, for any basic tensor a ® b with a € Fy and
b € T[] ZP we have’

y2la®b] =[(ya) ® (yb)],
and so
v« (y2la®b]) = [(gx ® f)(ya @ yb)] = [(11gk(a)) ® (y1f (b))].

Now let g := m1(y1) = m2(y2). By definition Q acts on the homology of ¥’ ® [ ZIy
by lifting to the diagonal action of I} on the chain complex. This means that

qy+([a®b]) = q[gk(a) ® f(b)] = [(r18k(a)) @ (11 (P))].

And this proves that y, is compatible with 7, : I, - Q, so that we obtain an induced

map®

¢ : Ho(T2, Hn (N1, [1ZP)) — Ho(Q, Hn (N1, [TZ11)).
| LEMMA 6.19. If Ny is of type FP,, then ¢ is onto.
Proof. It is clearly sufficient to show that the map
Yn : Ho(N1, [1ZP) - Hu(Ny, [1 Z11)

defined earlier is onto, since ¢ is just an induced map on quotient modules.
To show that v, is onto, it will be advantageous to derive v, from a different
chain map than earlier. This time we choose a free resolution of Z by N;-modules

0 0
C»Z: ——>C3C>C—7Z,

which is finitely generated up to dimension 7.

’denoting homology classes by brackets
®In fact, this proves more generally that there are maps

$p,q t Hp(T2, Hy(Ni, T1ZP)) — Hp(Q, Hy(N1, 1 Z11))

for any p,q > 0.
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Let f : [1ZP — J] ZI be defined as earlier as the natural homomorphism of
P-modules induced by the projection p; : P — I3. Then y is the map induced on
homology by the chain map

id® f:C®y, [[ZP - Coy, ZT.

To understand the map on n-dimensional homology, we need to understand, first
of all, the kernels of the n'" boundary map of these two chain complexes.
So let us investigate these a little closer. For k < n the natural map

Ck AN, HZP - H(Ck AN, ZP)

is an isomorphism by Lemma A.37 since Cy is a finitely generated free N;-module.
So if we consider the chain complex C ®y, [T ZP truncated at dimension #, it is of
the form

[1(Cu @, ZP) - [](Cus @, ZP) — --

The boundary maps in this chain complex are simply products of the maps d; ®idzp.
Now let Z,, := ker 9y, so there is an exact sequence

On
0-2,—->C, - C,_.

Note that ZP is free as an Nj-module and thus flat, so the functor — ® N, ZP is exact.

Therefore
9, ®id
0= Z, ®, ZP - C, ®y, ZP ==5 C,_y ® N, ZP

is exact and we have
ker(0, ® id) = Z, ®n, ZP,
and thus
ker(an ® idnzp) = H(Z" N, ZP),

by our observation on the boundary maps above. The same argument, with ZI in
place of ZP, shows that

ker(an ® idnz[‘l) = H(Z” N, Zl“l).

Now consider the map id ® f on the truncated chain complexes. Under the
isomorphisms C; ® [TZP 2 [[(Cy ® ZP) and Cy ® [1ZI3 2 [1(Ck ® ZI) this
becomes a map

10, ®id
[1(Cp ®n, ZP) =2=5 T1(Cpy ®N, ZP) —> -

| [

0,®id
1(Cp &, Z1y) L2 [1(Cy @, Z1)) —— -

where 7 is just the product of the maps id¢, ® fo : Cx ® ZP —» Cj ® ZI3, with
fo : ZP — ZI; induced by the projection p; : P — I as before. The map vy, :
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H,(Ny,T[1ZP) - H,(Ny, ] ZI1) on homology is induced by the restriction of 7,
to the kernels of the left-most boundary maps.

ker([T 0, ® idzp) — H,(Ny,[1ZP)

| I

ker([10, ® idzr,) — H, (N1, [1ZL)

From our analysis of the kernels above, we know that this restriction is just the map

H(idzn ®f0) : H(Z” AN, ZP) — H(Z" AN, Zl‘l).

Now fy is clearly surjective and then so is idz, ® fo, since tensor products are right
exact. Hence the product map is surjective as well and it follows that y,, is surjective,
finishing the proof. O

Now we can easily derive the desired “converse” of the FP-n-(n + 1)-(n + 2)
Conjecture.

THEOREM 6.20. Let
Ny =T ud Q
Ny, = I U Q

be short exact sequences with Ny of type FP,, and both I and I, of type FP ., (for
some n > 1). If the associated fibre product is of type FP,, ;1 then Q is of type FP,, 5.

Proof. This time, applying Lemma 6.16 to the short exact sequence
Ni-PET,

we may conclude that
Ho(T3, Hy(Ny, TIZP)) = 0.

But from Lemma 6.19, we know that the natural map

(/) : Ho(rz,Hn(Nl, HZP)) g Ho(Q,Hn(Nl, HZFI))

is surjective, hence
Hy(Q,H, (N1, [121Y)) = 0.

Applying the Lemma 6.16 again, to the short exact sequence N; = I} - Q this time,
we obtain that Q is of type FP,,; and that there is an isomorphism

Hu1(Q,T1ZQ) 2 Ho(Q, Ha(Ny, [1Z11)).

But then H,41(Q,1ZQ) =0, so Q is of type FP,,,. O
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The necessity of the FP,,,, condition It would be very tempting to conclude from
the above theorem that the condition in the FP-n-(n+1)-(n +2) Conjecture that Q
be of type FP,,,, cannot be weakened to Q being of type FP,,.;. In view of Theorem
6.20, all we need is to find a short exact sequence

FP, FP, 4> not FP,,.»
(6.4)

N<—>T—”»Q

with the indicated finiteness properties. Theorem 6.20 allows us to conclude that
the symmetric fibre product associated to 7 is not of type FP,.;.

For n = 1such sequences can be found using a construction due to Rips [Rip82].
Rips’ construction supplies to any finitely presented group Q a short exact sequence
N - T -» Q with I'a C'(%) small-cancellation group (and in particular, finitely
presented) and N finitely generated. To obtain a sequence of the form (6.4), we only
need to pick a group Q which is finitely presented and not of type FP3. There are
many examples of such groups. The first were found by Stallings in [Sta63] and in
general the construction by Bestvina and Brady in [BBg7] provides an ample source
of groups of this type.

We can thus record:

PROPOSITION 6.21. In the FP-1-2-3 Conjecture, the condition that Q be of type
FP3 cannot be replaced by the weaker assumption that Q be of type FP. O]

Unfortunately, we do not know of any examples for short exact sequences of the
type (6.4) for n > 1. Let us rephrase this problem as a question:

Question. If T is a group of type FP,, and N a normal subgroup of type FP,,, does
the quotient I'/N have to be of type FP,;,,?

Of course, Lemma 6.16 says that I'/N has to be of type FP,., if N is of type
FP,,.1, so the question asks whether we can weaken this assumption to “type FP,,”.

If we try to follow the construction for n = 1, we would first look for a Q of
type FP,.; but not of type FP,,,,. There is no shortage of such groups (for example
Bieri’s generalisation of Stallings’ example in [Bie81] or, again, groups built using the
Bestvina-Brady construction). However, Rips’ construction (or its variants [Wiso3,
CBW]) will typically not yield a short exact sequence with kernel of type FP,. The
reason is that C’(% ) small-cancellation groups are of cohomological dimension 2
and Bieri showed that every normal subgroup of type FP, in such a group is either
free or of finite index ([Biey6], see also [Bie81, Corollary 8.6]).

Conversely, there are also many examples of groups with normal subgroups of
type FP,, but not FP,,,;, for example using the theory of Z-invariants (see Chapter
8). But in those cases the quotients will always be “nice” (i.e. of type Foo). It seems
much harder to construct short exact sequences like (6.4), where we have to arrange
for both the kernel and quotient to have specific finiteness properties.

So, while there is — at least to our knowledge — no good reason to believe that
the Question above should have a positive answer, actual counterexamples, for now,
remain elusive.
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Further remarks The Bieri-Eckmann criterion can be viewed as identifying an
obstruction for a group I' of type FP,,_; to be of type FP,, in the form of the homology
group H,_;(T, []1 ZT'). The group I is of type FP,, if and only if this homology group
vanishes.

In that sense, we can view Lemmas 6.14 and 6.16 as identifying a precise ob-
struction for the middle group I in a short exact sequence N = I' - Q to be of
type FP,.1, given that N is of type FP, and Q is of type FP,,,;. Namely, I is of type
FP,., if and only if the homology group

Ho(Q, Hn(N,I12T))

vanishes (though note that the precise statements of the two lemmas extract some
more subtle information from this homology group).
Now consider the map

¢ : Ho(Iy, Hy (N1, [1ZP)) — Ho(Q, Ha (N1, [1211))
that we associated to a pair of exact sequences

P2

N——P—»1I,

We may then think of this as a map between the groups of obstructions from above.
The kernel and cokernel of ¢ can then be regarded (roughly) as obstructions to trans-
ferring finiteness properties from one sequence to the other.

We made this notion precise in two ways earlier: Firstly, we showed that the
cokernel of ¢ vanishes if Nj is of type FP, and used this in Theorem 6.20 to transfer
a finiteness condition on P to one on Q.

Secondly (and maybe even more importantly), we identified the kernel of ¢ as
an obstruction to the FP-n-(n + 1)-(n + 2) Conjecture. We should explain what
we mean by this exactly. As we have seen, under the finiteness conditions of the
FP-n-(n +1)-(n + 2) Conjecture, the codomain of this map, the homology group
Ho(Q, H,(Ny, [1ZT11)), in fact vanishes. So the kernel is the really the entire homo-
logy group Hy(T2, Hy(Ny, [T1ZP)). So this group is also an obstruction to P being
of type FP,,.1, as is, most obviously, the group H, (P, [T ZP). But the point is that ¢
has a chance of being injective under much more general conditions than just those
of the FP-n-(n +1)-(n + 2) Conjecture.

To conclude that P is of type FP,,; from the statement that ¢ is injective, we
used all of the finiteness conditions in the Conjecture in an essential way. So it is
teasible that we may not actually need them to show that ¢ is injective. Compare this
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to the situation in Theorem 6.20: We used that ¢ is onto to establish this theorem,
but in fact we were able to show that ¢ is onto under much more general conditions
than those of Theorem 6.20 (namely whenever Nj is of type FP,,, with no additional
conditions on I, I; or Q). In a similar way, the question whether (or when) ¢ is
one-to-one can really be studied independently of the rest of the Conjecture. It is
in this sense that we call the kernel of ¢ an obstruction to the n-(n + 1)-(n + 2)
Conjecture.

Of course, the map and the groups involved are subtle objects to work with, as
the proof of Lemma 6.19 may indicate. But the results we obtained demonstrate that
improving our understanding of the map ¢ (possibly under additional assumptions
or in special cases) would go a long way towards proving or disproving the FP-n-
(n+1)-(n+2) Conjecture.
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Resolutions for group extensions

In Chapter 5, we approached the n-(n +1)-(n + 2) Conjecture from a topological
perspective, analysing classifying complexes and their homotopy groups. Then, in
Chapter 6, we abandoned homotopy in favour of homology groups. Both approaches
have their upsides: Working with homology, we had at our disposal powerful algeb-
raic tools such as the LHS spectral sequence, which allowed us to establish homolo-
gical finiteness properties for a fibre product under satisfyingly general conditions
in the Weak n-(n + 1)-(n + 2) Theorem. On the flipside, the integral homology
groups do not contain enough information to establish the stronger finiteness prop-
erties from the original n-(n + 1)-(n + 2) Conjecture. The classifying complexes
potentially do, but our tools from Chapter 5 seem too blunt to tease out the desired
results.

The approach via the Bieri-Eckmann Criterion from Section 6.3 combines some
of the advantages from both worlds, as we have seen. Its major disadvantage is its
non-constructiveness: We can, in principle, use the criterion to conclude that some
particular partial free resolution exists, but the Bieri-Eckmann approach gives little
idea what such a resolution might look like. On the one hand this can lead to el-
egant quick proofs of facts that might be hard to prove in a constructive way. On
the other hand, this makes it much harder to apply the geometric intuition gained
from the proof of the 1-2-3 Theorem or from the work in Chapter 5. While resolu-
tions relate in a rather straightforward way to geometric notions, the same cannot
be said for the homology groups H, (T, [T ZT'). By “hiding” the low-level structure
of chain groups and boundary maps to some degree, the approach from Section 6.3
also makes explicit computation harder.

In this chapter we will actually construct and analyse resolutions. This combines
some of the advantages of both of our previous approaches: Resolutions are algeb-
raic objects and as such they retain some of the advantages of computability. As a
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result we will be able to analyse them in much finer detail than we could the stacks
from Chapter 5. At the same time a resolution contains much more data than merely
its homology groups. In a certain sense, which will be made precise shortly (Propos-
ition 7.1), a classifying complex can actually be recovered from the cellular chain
complex of its universal cover, so in this sense we sacrifice very little information
compared to working with the classifying complexes themselves.

As a result, we will be able to derive higher-dimensional analogues of many of
the more computational steps involved in the proof we gave of the 1-2-3 Theorem
in Chapter 4, especially those of Sections 4.4-4.6. So in a way, this method picks up
where the topological approach from Chapter 5 left off.

71 Building complexes from resolutions

Resolutions for a group I' are commonly obtained as the cellular chain complexes of
some contractible free I'-complex, say the universal cover of a BI'-complex (see the
Appendix A.2). The following proposition, conversely, allows us to convert a resol-
ution back into a complex whose universal cover has this resolution as its cellular
chain complex. However, this does not work in the lowest dimensions, so we have
to assume the 2-skeleton of the desired complex as given a priori.

The technique used here to construct these complexes is essentially due to Wall
[Wal6s, Wal66] (who credits Milnor with having invented it). There are several in-
stances in the literature where this technique is used to prove results very similar to
the one below (see e.g. [Brog4, Section VIIL.7]), but we do not know of a reference
for this particular statement, which suits our needs best.
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PROPOSITION 7.1. Let X be a 2-complex with fundamental group T. Let
C2 22) C1 il> Co A

be the augmented cellular chain complex of the universal cover of X. Assume that
there is a partial free resolution C' — Z of dimension n and isomorphisms ¢y,
Cy. = Cy for 0 < k <2, so that we have a commutative diagram

oL o . N BNy G L BN
lsbz j/‘pl lil’o
C2 % C1 % C() — 7

= =(2
Then there is an n-dimensional complex X with x®

of chain complexes

= X and an isomorphism ¢

I
Cp— - — G G G o

j«pn “3 l«sz l@ j%

Cp 25— G =2 € —2 G —2 Gy

%

where (C., 0, is the cellular chain complex of the universal cover of X, extending
the given isomorphism in dimensions < 2.

If for each C; with k > 3 a basis is given, then ¢ can be chosen so that it sends
each generator to the (singular) homology class of a characteristic map of a cell in
the universal cover of X.

Proof. Assume that X ™) has been constructed for some m with 2 < m < nand
denote its universal cover by p : Y(") — X ()

an isomorphism of chain complexes

. Furthermore, assume we are given

2, 2, ?, 2,

Cn — G —"= 0 — G G aG— G
e kb
Cn =2 o — G =2 G —2 G —2 G

where (Cy) is the cellular chain complex of Y (™).

Pick a free generating set X for C/, .. For x € X, we have

Gm0hy.q(x) ekerd, = Hm(Y(m)).

Now Y™ isa simply connected complex. Since C' is exactand (¢, ) is an isomorph-
ism up to dimension m, the homology groups Hy (Y (")) = H;(C) are trivial for k <
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m — 1. So by Hurewicz’ Theorem, the Hurewicz map h,, : 7, (Y (™) — H,,(Y(™))
is an isomorphism. Pick for each x € X a map f, : " — Y (") with

B ([fx]) = dmOpin (%),

where [ f] denotes the pointed homotopy class of fy in 7,, (Y (™).

Glue into )_((m), for each x € X one (m +1)-cell e, along po f; to yield )_((m+l).

Let ¢, : B"" - X"V be a characteristic map for ey, such that ¢, |sn = pfy. We
can obtain Y (") from Y (") by gluing in a T-orbit of (m + 1)-cells along all the
I'-translates of f, for each x € X. Denote the cell glued in along f, by €, and pick a
characteristic map cz, : B! - Y"1 with ¢;_|gm = fi. We can then extend p to
Y (") by setting p(gcs, (a)) = ce, (a) forall x € X, g e T and a € B™*.,

Recall that, by definition of the cellular homology groups

Cmst = Hyy (YO, Y (7)),
where H® denotes singular homology. Pick a fixed generator
w e HS,, (B™1,8™).
By basic homology theory, Cy,, is freely generated as an abelian group by
{(cz)«(w) | Ean (m +1)-cell of Y("*V},

where (cz). : HS,,;(B™,8™) — Cy,41 is map induced on homology by the charac-
teristic map cz. The (m +1)-cells of Y "*1) are of the form g&, with x € Xand g € T,
so asa I'-module Cy,,; is freely generated by the (¢z, )« (w) with x € X. We can thus
define ¢4 as the unique I'-module homomorphism with ¢,,,11(x) = (cz, )« (w).
By what we said before, this is an isomorphism.

It remains to show that the square

a!

! m+1 /
Cm+1 Cm
l‘bmﬂ ld’m
aerl

Cins1 — Cyy

commutes. First recall that the Hurewicz map h,y, : 7, (Y(™) > H,,(Y("™) is
defined by

h([f1) = £:(8),

where [ f] is the (pointed) homotopy class of some f : " — Y™, f, : H,,(§™) -
H,,(Y(™) is the induced map on homology and & € H,,(S™) is some fixed choice
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of generator. We may take £ := dw. Then we have

Im1(Pmi1(x)) = (cz, )+ (dw)
= (cz,lsm)«(§)
= (fx)+(8)
= hm([fx])
= ¢m(a:n+1(x))

and that finishes the proof. O]

As a direct consequence we obtain:

THEOREM 7.2. A group T is of type B, with n > 2 ifand only if it is finitely presented
and of type FP,,.

Proof. We have already proved that every group of type F,, is of type FP,,.

So let T be a finitely presented group of type FP,. Let X be a finite presentation
complex for T (i.e.a B[, in the language of Appendix A.1). Then the cellular chain
complex

C->C—-C~Z

of the universal cover of X is a finitely generated partial free resolution of Z by I'-
modules. By Lemma A.33 it can be extended to a finitely generated partial free res-
olution C' - Z of dimension #:

Cl — - — C} o o Ch— Z
I I I

C2 C] Co — 7

= =(2
By Proposition 7.1 there is then an n-dimensional complex X with X @ X and

such that the cellular chain complex of its universal cover Y is isomorphic to C. In
particular, since the fundamental group depends only on the 2-skeleton, we have
m(X) = T. Furthermore, since all the C!, with 0 < m < n are finitely generated
I-modules, Y is cocompact with respect to the I'-action, so X is finite. Also, Y
is a simply connected space with H,,(Y) = 0 for1 < m < n — 1. By Hurewicz’
Theorem, this means that Y is (n — 1)-connected. Therefore, 71,,(X) % 7m,,(Y) = 0
for2 < m < n—1. Thus X is a finite BF(”), so I'is of type F,,. O

7.2 Constructing resolutions from short exact sequences
In all of our attempts on the n-(n+1)-(n+2) Conjecture the core of the argument is

a careful analysis of short exact sequences, and this will be the case here as well. Let
N = T - Q beashort exact sequence of groups. In Chapter 5 we used Geoghegan’s
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stack construction to describe a classifying complex Y for I in terms of given clas-
sifying complexes X for N and Z for Q. The stack construction provides a rough
conceptual view of what Y looks like: It is a kind of “twisted” product, containing
an n-cell for every pair of a k-cell in X and an (n - k)-cell in Z. However, it supplies
little information about the attaching maps of the cells of Y.

In Chapter 4 we described the lower-dimensional cells of this complex in more
detail. The presentation of I' associated to the short exact sequence, that we de-
scribed there, may be viewed as an explicit description of the attaching maps of the
2-cells of Y. We also described explicitly (as elements of the presentation crossed
module) the attaching maps of certain 3-cells of Y, namely those that project to the
2-cells and the 3-cells of Y.

In this chapter we will start off with free resolutions of Z as an N- or a Q-module
respectively, which should be thought of as the cellular chain complexes of the uni-
versal covers of X and Z. We will then build a free resolution of Z as a I-module,
which will have the same kind of “twisted product” structure as the stacks from
Chapter 5 or the lower-dimensional terms from Chapter 4. The crucial point is that
we can not only describe the chain groups but also specify the boundary maps in
great detail.

Let

N<T5Q
be a short exact sequence of groups. Let

9

o e
A>»7Z: - 5A)5>A-A)>Z

be a free resolution of Z by N-modules and let

% O e
C»Z: -+=>C->C—->C—~Z

be a free resolution of Z by Q-modules.
Pick for each n a basis X, for the free N-module A,, and a basis Z,, and for the
free Q-module C,,.
Let Z, = {Z | z € Z,} be a copy of Z, and let D,, be the free '-module with basis
Z,. Now define
By,1 = Ax ®zn D).

Since D;isadirect sum D; = @, 7, ZT,itcan be given the structure of a I'-bimodule,
considering each ZI'-summand as a bimodule in the natural way and letting I' act
diagonally on the sum D;. We use the left-module structure on D; to form the
tensor product. The right-module structure can then be used to supply By ; with the
structure of a (right) I'-module, by setting (a ® d)y = a ® (dy) fora € Ay, d € D,
and y € T. As usual, we will consider By ; aleft T-module with y(a®d) = a® (dy™).
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Note that

o]
>
112

, EBZN ®7zN @ZG

xeXy ZEZI

@ (ZN ®zN ZG)

xeXk
2621
@ z6.,
xeXy
EEZI

112

112

s0 By is a free T-module on the basis {x ® Z | x € X;,Z € Z; }.!
Fix some [/ > 0. Tensoring the resolution A - Z with D; gives a chain complex
4 eid olteid e4®id
> Ay®OND; —— A, 1®ND) = -+ > A1®ND] —— Agy®QND; —— ZQND;

(7.1)
By definition Ay ® y D; = By ; and we have

Z®Nn D) 27Z®N @ZG ;@Z(@NZGg @ZQECI

ZGZl ZEZZ ZEZ[

Following all these natural identifications, we find that an explicit isomorphism
Z®n D; - Cjisgivenby1® Z ~ z for z € Z;. Thus we obtain, for each I > 0,
a chain complex

! d
n 1 T
=B, — B, >~ By — By — ( (7.2)

where d,l< is given by
d,lc(x ®Z) =0 (x)®Z, forxeX;,zeZ

and
m(x®Z) =¢ea(x)z, forxe Xy, zeZ.?

Furthermore note that, since D; is a free ZN-module the functor — @y D; is exact,
so0 (7.1) and (7.2) are in fact exact sequences, so (7.2) is a free resolution of C; as a
I'-module.

'In fact, we could have used this as the definition of By, but the tensor notation will come in
handy in the sequel.

>Note that we can always pick the resolution A = Z such that e4(x) = 1 for all x ¢ X,. If we do
this, we have 77;(x ® Z) = z. We could go further and assume that Ay = ZN (since there is always a
resolution where this holds) in which case By ; = D; and 71; can simply be thought of as the I'-module
homomorphism that sends Z € D; to z € C;.
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We have now obtained a diagram

As Bso B3, Bs, B33
o d3 d; d3 d3
A B B, By B3
5 d3 dy d3 d3
Ay Bio B1 Bi,2 B3
o dy di dt d;
Ao Bo,o Bo,1 Bo,» Bo,3
A o §711 2 3

¥ ¥ ¥ ¥

z Co Gl G —— s

where the columns are resolutions of the C; as I'-modules.
We shall now show how to make a resolution of Z by I'-modules from the By ;.
The theorem we will prove applies to a more general situation.

THEOREM 7.3. Let T be a group. Let

s af ¢

(CoY): = C3C=>Co30

be a chain complex of I-modules and for each | > 0 let

1 dl

(Bupdl) 5 Cp: ++o— By = By > Boy > €
be a free resolution of C; by I'-modules (so we have a diagram as above). Defining

B,:= @ By

k+l=n

we can extend the augmentation map m, to B, by setting m,(Bg,;) = 0 for k > 1.
Then we can define boundary maps o : B,, — B,,_; for each n > 1 to give a chain

complex
B aB B

d
(B,o®): ... B, 3B 3 By—>0

such that the maps m, : B, - C, induce an isomorphism on homology.

Remark 7.4. Note that in the situation considered before, C - Z was actually a resol-
ution of Z (which is not required in the statement of the theorem), so the homology
of the chain complex (Cy, %) is Z in dimension 0 and trivial in higher dimensions.
The theorem then says that the same is true for (B, 9%), so that

B B

0 e
-+ By 3 B, > By » By/imaP = Z
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is a free resolution of Z by I'-modules.

Theorem 7.3 was proved for the case of extensions of groups by Wall in [Wal61],
and in full generality by Ken Brown [Bro82, Lemma 1.5]. The theorem as stated
above is sufficient to prove, for example, that any extension of groups of type FP,, is
itself of type FP,, (or more generally, that a group is of type FP,, if it acts on an acyc-
lic space such that the stabiliser of every k-cell is of type FP,,_1). We will, however,
need to analyse extensions of groups in finer detail later, for which we will require
a more precise description of the maps o&. This is provided by the proposition be-
low, which implies the theorem. Brown in his proof of Theorem 7.3 [Bro82] does
not give a description of the boundary maps. Wall does prove something similar to
the following proposition in [Wal61], but he treats only the case of group extensions,
and his description of the boundary maps is rather different from ours (in particu-
lar, the description we give is detailed enough to prove the conclusions of Theorem
7.3 directly, without the need to appeal to a spectral sequence argument). Further
variations of Wall’s construction have been given in [Stag4] and [EWos5]. Finally, a
related and very explicit construction for dimension 2 can be found in [Meig7].
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PROPOSITION 7.5. Assume we are in the situation of Theorem 7.3. Set
(m) ._ T
B, = @Bn—l,l C By.
1=0
Then we can define boundary maps
dg: Boy — Boyts forl>1

making the following diagram commute

do dg dg

Bo,o Bo,a Bo,2 Bo,3
o m 2 s
¥ ¥ ¥ ¥

C C C C
0 e L R 3

as well as “correction maps”
c,lc :Bgy = By, fork,1>0
and the boundary maps
0% :B, > B,1, forn>1
such that the following hold:

(i) 0Blp,, =di+ckforn>1 k+1=n.

(ii) imc,l{ cBﬁlljll)forn21,k+l=nandk21andimc’01 CB£

(iii) 08 08 =0 forn>1.

n-2)
-1 i

If the maps have been defined up to some n, in a way that (i)-(iii) hold, then addi-
tionally we have:

(iv) Ifx € B,y withm, 1(x) € im 95 then thereisa y € By, such that x—95(y) €
ker 7,,_1.

(v) If x € B,y with m,_1(x) = O then there is a y € By,_1 with x — 35(y) €
(n-2)
B

n-1
(vi) If x € 351"_11) for some m < n —1with 35_(x) € Bi"_qz_l) then thereisa y €
Bymm withx —05(y) € B,(ffl).
(vii) If x € BE,TI) for some m < n —1with 08_(x) = 0 and m,_1(x) = 0 then
x e 2B(B{™).
(viii) If x € B,y with 98 _(x) = 0 and m,_1(x) € im 9$ then x € im 95,
(ix) 7. as a chain map from (B, %) to (C.,0%) induces an isomorphism on
H,.
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Remark 7.6. To gain a better geometric understanding of these conditions, compare
this to the setup of stacks from Chapter 5. To a short exact sequence N — I' - Q and

classifying spaces X for N and Z for Q, we associated a stack X < Y 4 Z. where ¢
is a map such that for each open cell o c Z, the preimage ¢!(¢) is homeomorphic
to X x 0. So an open cell of Y is a product of a cell of X and a cell of Z.

In this setting, By ; corresponds to the cells of Y which are products of a k-cell
in X and an [-cell in Z (cells of “dimension k x I”’). The chain map 7. corresponds to
¢ and Bff") correponds to ¢~ (Z(™)). So lem) should be seen as the n-chains lying
“over the m-skeleton of C”. In the conditions (iv) to (vi), subtracting 95 (y) from x,
should be read as “pushing the chain x across y”. So, for example condition (v) says
that any (n — 1)-chain in the kernel of 77, can be pushed across cells of dimension
1x (n—1) tolie over the (n —2)-skeleton of C. Condition (vi) says that a chain over
the m-skeleton of C which bounds over the (m —1)-skeleton, can be pushed across
cells of dimension (n — m) x m to lie over the (m —1)-skeleton of C.

Proof. Since the modules By ; are free, we can surely choose maps d(])‘ : Bo.x = Bo k-1
as in the statement: Simply choose for every x € X and z € Z; a by 3 € B y_; with
e-1(b) = 0 (mx (x ® Z)) and define df by df (x ® Z) = by 3.

We set (necessarily, to satisfy (ii)) c? = c}, := 0 and define (to satisfy (i)) 8{3 by
7|5, = df and 9f|s,, = dp. Condition (iii) is trivially satisfied.

Next, we will show that, if maps cf{ and 05 have been defined for some # > 1and
all k, I > 0 with k + I = n, satistying conditions (i)-(iii), then (iv)-(ix) hold as well.

First we will make some useful observations. Recall that, by definition, m,_; is
trivial on By ; for k > 1. We have

2 n—-1
Bfﬁl )= EBBk,n—l—k,
=1

) 7Tn_1|B(n—2) = 0 and by (ii) this implies that 7,_;~cj = 0.

n-1
Similarly, for n > 1, k + [ = n we have
-1 n-1
B = @ By,
K=k

so if k > 1 this implies Bfll:ll) =0,and so m,_1° cf{ = 0 by (ii). To sum up, we have

fpyock =0, forallkand [ withk+1=n (+)

To prove (iv), let x € B,_; with 7, 1(x) € im $. So pick ¢ € C, with 3$(¢) =
mn-1(x) and y € By, with 7,,(y) = c. By (i) and (*) we have

”n—lag()’) = Mpady (y) + mnacy () = maadg ().
Thus

Mn-1(x = 95()) = Mu1(x) = Muadg (3) = 05 (€) = Oy ma(y) = 0.
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To prove (v), let x € B,y with 7,_1(x) = 0. Note that B,_; = By -1 & Bgf:z).
Write x as
x=x"+x", withx' €Bg,1,x" ¢ BE;:Z)

n-1
TTn—1

Then 7, 1(x’) = m,_1(x) = 0. Since By, .1 —> Bon.1 —> C,_; is an exact
sequence, there is a y € By ,_ with d/""'(y) = x’. Now

IW(y) ="+ (y)
and by (ii), ¢ 1(y) € Bf::z). Thus
=000 ="~ () e B,
To prove (vi), let x € Bgffl) for some m < n — 1 such that 9%_ (x) € B'(fz_l). Note
that BEl"_ql) =By1-mm D B](fl_l), so write

(m-1)

4 144 . 4 144
x=x+x", withx €B, 1_pmmx €B,

Now
On1(x) = dpty (x) + ety (x7) + 951 (x)

Both ¢™, . (x')and 02 (x") arein Bglrfz_l), and by assumption, so is 95_ (x). But

. o . . -1
dr, .. (x") € By_a_mm, and this set has trivial intersection with BEl"_qz ). Hence
. d:tnfm d;nflfm .
ar,_..(x") = 0. Since By_m,m — Bn-1-mm ——> Bn_2-m,m is an exact se-

quence, thereisa y € By_, ., with d)i",, () = x". Now
I (y) =x"+ e u(y)
and by (ii), ¢, (y) € BV Thus
x=08(y) =x" = et (y) € B

Property (vii) is a simple inductive application of (vi) and (v). We will do induc-
tion on m. First let m = 0. If n = 1, then (vii) follows directly from (v), noting that
Bi’:z) = 0. If m = 0 and n > 1 then (vii) follows from (vi), noting that B,(;fz_ D_o

and Bgfl_ D = 0. Now suppose n > 1 and that (vii) is true for some m < n — 1 and let

X € Bn"ffl). If m +1 < n—1, then we can apply (vi) to give a y € B,_p—1,m+1 With

x-05(y) € ijﬁ? Now, by (iii), we have
o1 (x—05(y)) =0,

and clearly 7, ;(x — 98(y)) = 0. Thus, by induction, there is a y’ € B{™ with
m+1
08(y') = x - 9B(y), and so x = 95(y’ + y). Note that y' + y € B{™Y and that

finishes the induction for the case m +1 < n — 1.
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If m +1=n -1, then (v) says that there isa y € By ,_; with x — 95(y) € Bgf:z).
Now again, 9,1 (x - 32(y)) = 0and 7,,_,(x - 98 (y)) = 0, so by induction there is a
y € B{™ with 05(y") = x-08(y). Then y+y' ¢ Bg,"_l) = B{" and B(y+y) =x.

To prove (viii) let x € B,_; with @%_,(x) = 0 and 7,,_;(x) € im 95. By (iv) there
is a y € By, such that x — 38(y) € ker m,,_;. By (iii) we have

ag—l(x - 83()/)) = ag—l(x) - ag—lag()’) =0.

Thus (vii) can be applied to x — d5(y) (with m = n — 1), to yield a ' € B,S’") with
95 (y') = x = 7 (y). Then x = 0, (y + ).

Finally we prove (ix). First we need to prove that 77, as a map from (B, ) to (C.)
is indeed a chain map, i.e. that it commutes with the boundary maps. Let x € B,,.
Then we can write

. n-2
X =X0+x1+x3, withxgeBo,,x;€By,-1and x; € B,(1 ).

Note that 98 (x,) € BE::Z), 50 7,105 (x) = 0. We also have
Tn10p-1(%1) = Tnadyy g (31) = 0,

Furthermore, we have
7tn(x1 + x2) = 0.

And thus
ﬂn_laf(x) = nn_laf(xo) = ﬂn_ldg(xo) = afﬂn(xo) = agnn(x).

This shows that 7, is indeed a chain map up to dimension #, and therefore induces
a homomorphism H,_;(B.) - H,_1(C.).

To show that this map is onto, we have to prove that ker 9¢ , ¢ m,,_;(ker 9%_)).
So let ¢ € C,_; with BS_I(C) = 0. Picka b € By, with m,1(b) = ¢. Now
08 ,38_,(b) = 0 by (iii) and

”n—2ag—1(b) = Mu—adg ' (b) = ag—l”n—l(b) =0.

So by (vii) thereisa y € BE,’:Z) with 98_,(y) = 08_,(b). Thus b - y € kero® ;.
Furthermore 7,_1(y) =0, so m,,_1(b — y) = m,_1(b) = c.

To show that the induced map H,_;1(B.) - H,-1(C.) is injective, we have to
show that im 95 c 7,,_;(im 0%). So let ¢ € im 8¢ . Pick x € By, ,,_; with 7, 1(x) = c.
By (iv) there is a y € By, such that x — 98(y) € ker ,_;. Thus

My102(y) = mua(x) = c.

This finishes the proof of (ix).

The only thing left to prove now is that, assuming maps 05 and cf{ have been
defined for some n > 1 and all k, [ with k + [ = n, such that (i)-(ix) hold, we can
define maps 81,3 . and ci for k + I = n + 1 such that (i)—(iii) hold.
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1 =0and d%|5,.,, = d%,;. Then

. 0
Because of (ii), we have to set ¢ il

n

BB _ 3040 _
an arH—1|Bn+1,o = dndn+1 =0,

so (iii) holds on By41,0.
Now we will define 02 on By ; with for 1 < I < n. For b € By we have

N (di (b)) = di_dj(b) + iy di (b)

Now, if k > 1then d._dl = 0andimcl_ e BV If k = 1, then imd!_ € By_y,,
and imc¢,_y € Bﬁll:lz). So in any case, we have 95(d} (b)) € BEII:II). Furthermore
08_,98(dl(b)) = 0 and m,108(d. (b)) = 0. Thus (vii) applies and so there is a
p € B,(ql_l) with 08(c;,) = 98(d} (b)). So we can pick for each x € Xj and 7 € Z;
such a ¢, z with 98(c,3) = af(d,l{(x ® Z)) and define cf{ by

c,l{(x ®Z)=—Cpz
Then (i) is satisfied and setting 95 _,|p, , := d !+ cl, we have
OO (x ®2) = 9 (di(x ©2)) = 9i(cxz) = 0

for all x € X,, and Z € Z, so (iii) holds on By 1.
Finally, we have to define c(')‘“. For b € By.1,0 we have

I (dg (b)) = dydy ™ (b) + cidg ™ (b).
Now 05_,08d*1(b) = 0 and
Ty 198 (B) = iy r ™ (b) = 50C, s () = 0

Thus, by (vii), there is a ¢}, € B,(f_l) with 08 (c;) = 0842+ (b). Again, pick for each
x € Xoand Z € Z,41 a 3 with 05 (¢ z) = 95(d2!(x ® Z)) and define c}, by

c,lc(x ®Z)=—Cyz-
Then (ii) is satisfied and setting 95 g, .., := dii** + c§*!, we have

n

0808, (x ®2) = 95 (df M (x ®2)) — 9 (cxz) = 0

n

for all x € Xo and Z € Z,.,1, so (iii) holds on Bo,n+1- O

73 A candidate complex for the n-(n + 1)-(n + 2) Conjecture

With this construction in hand, we can now tackle the sequences arising in the 7-
(n+1)-(n+ 2)-Conjecture.
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PROPOSITION 7.7. Let N = I' = Q be an extension of groups, where N is of type
FP,, T is of type FP,.; and Q is of type FP,., (with n > 1). Let (A4,9%) be a
free resolution of Z by N-modules which is finitely generated up to dimension n
and (C,, d%) a free resolution of Z by Q-modules which is finitely generated up
to dimension n + 2. Let (B, 0%) be a resolution of Z by T-modules as given by
Proposition 75. Then there is a finitely generated submodule Bj,,, o < By1,0, such
that any n-cycle in B, o bounds in B,  ® By 1.

Proof. First, note that by assumption, By ; is a finitely generated I'-module for k < n
and [ < n + 2. Therefore B,, is finitely generated for all 1 < n and hence

By —>By1—>-+—>B>By>Z

is a partial finitely generated free resolution of Z as a I''module. By a basic lemma,
ker 98 is finitely generated, since T is of type FP,,. Thus there is some finitely gener-
ated submodule B), | c By with 9,41(B),, ) = ker 0,,. Since

n+l

Bn+1 = EB Bk,n+1—k
k=0

and By .1k is finitely generated for k < n, we might assume that B}, 2 By .1k

for k < n. Hence B, , is of the form

144
By = Bn+1 0® @Bk n+l-k-
k=0

where B}, , is a finitely generated submodule of B;.1 .
Furthermore, all the B,,,,_;; are finitely generated for 2 < [ < n + 2. So we can
pick a finitely generated By ,, ; < By1,0 containing By, , and

n
1 pf
Bn+1 T Bn+1,0 @ @ Bk,n+1—k

such that B),,; 2 98(B,,,_;;) for2< I <n+2.
Let ¢ € By, with 05(¢) = 0. Then there isa x € B//,, with 92, (x) = c. Now

p1 1 (X) = Mndyy (%) = () = 0

and since (C. ) isacyclic, we have 77,41 (x) € im 8S, . By property (iv) in Proposition
7.5, there is ayo € Bg p+2 With x— 8n+2 (y0) € ker my41. By (v) thereisthena y; € By ;.1
with x — 08,,(y0) — 08,,(31) € B£;+)1 Now assume that elements yy, ..., y, have
been defined for some m with 1 < m < n such that yy € By ., and

(n+1- m)

x_a§+2(y0+ +ym)€Bn+1

Note that
O (x-38,(yo+-+ ym)) = 3,1 (x) = c e BY
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By (vi) there is then a y,,41 € Byi11,n+1-m with

x =08 (Yo + -+ ym+ ymur) € BUT™.

By induction we can thus define yy, ..., y, with y; € By .2k and

x'=x =05 ,(yo -+ yn) ¢ B0

ntl:
Note that
agﬂ(x,) = agﬂ(x) =¢
and by definition x" € B), . Therefore
x'€Byqn B;(:le = Bji11,0 ® Bu,1. O

This statement should be compared to the discussion following Proposition 5.8.
There we considered a fibre product P associated to two short exact sequences

N-T 3Q
N> FZ2Q

with N of type F,, I} of type F,,;; and F finitely generated free.

Given a BN-complex X with finite n-skeleton and a BQ-complex Z with finite
(n +1)-skeleton (and a single vertex) we constructed a BI'-complex Y and a stack
¢ : Y — Z realising 7y, with fibre X, such that W := ¢~1(Z()) was a BP-complex.
Then Y and W have finite n-skeleton, and identifying X with the fibre above the
single vertex of Z, we considered X a subcomplex of both X and W.

Proving that P is of type FP,,,; came down to answering the following question:

Question 7.8. Is there some finite set E of (7 +1)-cells of X such that every n-sphere
f:8" - X(" can be extended to f : B"*! - W such that the only (n + 1)-cells of
X that im f intersects are in E?

In other words: Is there a finite subcomplex X’ (n+1) o x(n+1) gych that every
n-sphere $” — X(") can be contracted in (W \ X) U XDy

Since T is of type FP,,1, this question has a positive answer when W is replaced
by Y. So we speculated whether we can (as in the 1-2-3 case) use the FP,,,,-property
on Q to “push” a disk f : B"! - (Y \ X) u X" into W in such a way that
the pushing process fixes the boundary and only introduces cells from some finite
subcomplex X" c X in the image.

In this chapter we attempted to “algebraise” the notions of Chapter 5, replacing
classifying complexes by resolutions. The resolutions from Proposition 7.5 are our
“algebraisation” of stacks. Proposition 7.7 now says that Question 7.8 has a positive
answer in the algebraic setting.

Let us go through the intuition of the translation from the topological to the
algebraic setting in some more detail. As we explained before, the generators of By
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in the resolution we constructed for I' correspond to those kl-cells of the stack Y
that project to I-cells in Z under ¢. So the cells of W = ¢~1(Z() correspond to the
first two columns of the B. .-grid

As Bso g By g Byg e Bs3
2 g la e :
42 B2, oo Bz,l‘.‘ﬁ --------- Byp < B,s
aé‘ dg d; d% d;
Ay
o
Ao
€A o m - -
Z Co P G oS C, e C;

The spheres f : $" - X" correspond to the cycles in B, o. The finitely generated
submodule Bj,,, o, whose existence Proposition 7.7 asserts, corresponds to a finite
set E of (n + 1)-cells of X. The proposition tell us that any n-cycle in B, o does
bound in B}, (@ B, 1, i.e. it is the boundary of a chain that uses only the generators
corresponding to the finite set E of (n + 1)-cells of X and the finitely many (n +1)-
cells of Y projecting onto 1-cells in Z.

However, the correspondence between the topological and algebraic setting is
not a purely intuitive notion. As we have seen in Proposition 7.1, resolutions can ac-
tually be “translated” into complexes in a precise sense. So how far oft is Proposition
7.7 from actually answering Question 7.8 in the topological setting and thus solving
the n-(n +1)-(n + 2) Conjecture?

To address this question, assume that we are in the situation as above,

N,
N P F  fg free
| b
N I —> Q
Fn I:ﬂ+l Fn+2

with n > 2. Let
q)Nl = <'X | RNpaNl) = Nl
Pq =(Z|Rq,dq) = Q
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be finite presentations for N; and Q respectively, where Z is a basis for F. Let X(?)
and Z(® be corresponding presentation 2-complexes and extend these to BN;- and
BQ-complexes X and Z respectively (Lemma A.5). Let (A, 04) and (C, 0¢) denote
the cellular chain complexes of the universal covers of X and Z respectively.
Let
Pr=(XUZ|RYURLURE, or)

be a presentation for T as constructed in Section 4.1. Let Y(®) be the corresponding
presentation 2-complex and denote the set of k-cells in Y by Ej. The 1-cells E; cor-
respond to the generators, so E; = Ej o U Eg,; with E; o and Ey; denoting the cells
corresponding to generators from X and Z respectively. Similarly, the 2-cells of Y
correspond to the relators of Pr, so E; = E; o U Ey; U Eg, where E,_j ; denotes
the set of 2-cells corresponding to the relators R'lf (see the picture in page 34). For
completeness, let Eg ¢ := Ej.

-(2)

Let py : ¥/ — Y® be the universal cover of Y(?) and

ok 9B

Bz—>Bl—l>B()—>0

its cellular chain complex. The chain group By is freely generated, as a I'-module, by
a set of representatives for the I'-orbits of k-cells and each such I'-orbit is mapped
by py to one k-cell in Y(?).

Thus By = By,o ® Bo,; and B, = B, 9 @ By @ Bz where By is the submodule
generated by the (k + I)-cells that map to cells from the set Ey ;.

As we explained at the end of Section 4.3, we can also define a natural map
¢ : Y - Z which maps the cells from Ej ; to the [-cells of Z. This lifts to a map

¢ #? . Z on universal covers, which induces a chain map ¢, : B — C.

From our definition of the boundary map dr in the presentation Pr it is now
clear that one can find isomorphisms By ; = A, ®y, D; such that the boundary maps
BE are in fact of the form as in Proposition 7.5, so we have a grid (where the dotted
arrows stem from the “correction words” ¢, . . and ¢, in Section 4.1):

A B

o4 d3

Ay Bo g By

o df "'ld}_

Ao Bo,o a Bo,1 p By,
€A $o l% l@
z Co e GG

Here, ¢, is the map called 7, in the statement of Proposition 7.5.
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We can now employ Proposition 7.5 to extend this to a full grid as in the state-
ment of the proposition, yielding in particular, a resolution (B, d%) of Z by I'-mo-
dules.

But now we are in the situation of Proposition 7.1: We have defined a 2-complex
Y®) and we have extended the cellular chain complex of its universal cover to a
full resolution B - Z. This proposition then yields a complex Y, with Y(?) as its
2-skeleton and the cellular chain complex of its universal cover isomorphic to B.
From the last sentence in the statement of the proposition it is also clear that we can
choose the complex Y in such a way that its cells correspond precisely to a chosen
set of generators of B, (say, the generators of the form x ® Z used in Section 7.2). So,
let Ey ; be the set of cells in Y corresponding to* By ;.

It is less clear that we can extend the map ¢ : Y?) — Z to all of Y in such a
way that it maps each cell from Ej ; onto an [-cell of Z, but in fact this is possible.#
From Section 4.2 we know that ¢~'(Z() has fundamental group P. Of course, we
would like to know that, once we have extended ¢ to Y, the preimage ¢1(Z() is
a BP-complex, like in Proposition 5.8. Unfortunately, we do not know how to show
this at present.

However, in view of Proposition 5.8, this certainly seems like a reasonable ex-
pectation, so let us assume this for the moment:

Assumption. W := ¢1(Z(D) is indeed aspherical and thus a BP-complex.

Let W := p3}(W) c Y be the preimage of W under the universal convering map
of Y.

— ¢l =(1)

W——-—---—>~Z7

N

We have a commutative diagram:
Z
[_» 71
Z

Y

Y

Here, all the vertical maps are covering maps and the slanted maps are inclusions.
The n-skeleton of W is finite, so to prove that P is of type F,;, we would have

to show that there is a finite subcomplex W/ ¢ W1 with W’ )~ wm (see

2*—

3What this means precisely, is that for any n-cell € in the universal cover ¥ which maps to a

cell e € Ej; under the covering projection py : Y — Y, the singular homology class [c.] €
H S(Y(n) o 1)) of a characteristic map for e is in By,; (recall that the singular relative homology

group H; (Y(”) 7 )) is the n'™ cellular chain group).
*Ideally, of course, we would like for¢ to be a stack with fibre X, but we do not know at the moment
whether it is possible to construct Y and ¢ in a way to ensure this.
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Lemma A.16) and 7,(W’) = 0. Similarly, W s cocompact. It would be enough

to show that there is a cocompact, I}-invariant subcomplex W' with W'(n) = W(n)
with 7,,(W") = 0, since the covering map py induces an isomorphism.

Now apply Proposition 7.7. This tells us that there is a finitely generated submod-
ule B, o < Bp1,0 such that any n-cycle in B,, o bounds in B}, ; ® By, 1. Recall that
the T-orbits of cells in W correspond precisely to a fixed set of generators of B,

and B,,;. We may assume that B, ,, , is generated by some finite subset of this fixed

set of generators. Let W' be the subcomplex of W with W = W™ and
containing exactly those (7 + 1)-cells of Y which correspond to the finitely many
generators of B}, , and B, ;. Then W’ is cocompact and another way of expressing
Proposition 7.7 is to say that H,(W') = 0.

As we said above, it would be sufficient to show that 7,,(W') = 0, but even
though W’ has zero homology in dimensions 2 to n, we cannot apply Hurewicz
Theorem here: py| : W — W is not the universal cover of W. In fact, since this is
just the restriction of py, the deck transformation group of W — W is still Ty, so
m (W) = Ny, the kernel of the map P — T} induced by the inclusion W < Y (note
that also, 7 (Z (1)) = N», since Z is a BQ-complex, so Z M is just the fundamental
group of the Cayley graph of Q on the generating set Z, and ker(F(Z) - Q) =
ker ) = Nz)

Let W denote the universal cover of W (and W). and let W’ c W(n+1) be the
preimage of W’ under the covering projection. Also, let W’ = py(W') ¢ W),
So we have a diagram:

W’ 1% 0]
W’ W 70
W’ w VAY)

In a way, we can quantify how far 7,,(W') is from being trivial. For that, consider the
Cartan-Leray spectral sequence associated to the regular covering W' — W'/N, =
W' (see [Brog4, Theorem VII.7.9]):

Ej, = Hy(Np, Hy(W')) = Hyg(W')
Since W’ () _ W(n) and W is contractible, we have
Hy(W')=Hg(W)=0, forl<q<n-1, (7.3)
and thus E, ; =0 for1< g <n-1landallr>2. Also,

Ejo = Hp(Ny, Ho(W')) = Hp(N;) =0, for p>2,
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since N is free (it is a subgroup of the free group F).
Now focus on the term at position (0,7). By what we have just shown, the
boundary maps
d, E

:,n—r+1 - Es,n’ for r>2

are all trivial. Therefore
EgS, = E§ , = Ho(Np, Hy(W')).

But this sequence abuts to H, (W’) and we have picked W’ such that H,,(W') = 0.
Hence,
Ho(Ny, Hy (W) = 0.

Now W’ is a simply connected space with trivial homology up to dimension n — 1
(by (73)). So, by Hurewicz’ Theorem, H,(W’) = 7,(W'). But W' is the universal
cover of W, therefore 7,(W’) = 7,,(W’). To sum up, this shows that

Ho (N, m, (W) = 0.

It is not inconceivable that, in fact, ,,( W') = 0. If this were the case, then W' would
be a finite BP("*V) -complex, proving (modulo the assumption made earlier) that P
is of type F41.
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3

Abelian quotients

We have found in Chapter 3 that there is particular interest in resolving the n-(n+1)-
(n+2) Conjecture in the case where the quotient Q is nilpotent, as that would suffice
to establish the Virtual Surjections Conjecture. One might try then, as a first step
towards that goal, to prove the conjecture in the case where the quotient Q is abelian,
hoping to then establish the nilpotent case by induction on the nilpotency class. We
will prove in this chapter the abelian case, followed by an analysis of the difficulties
one comes up against in a potential induction argument.

The case of abelian Q is in fact quite special. Recall the standard setup: We are
given two short exact

N1“>F12>1>Q
N, =T, 3 Q

where I and I, are of type F,,.1, Nj is of type F,, and Q now is a finitely generated
abelian group (and therefore in particular of type F). The fibre product

P={(yny2) eTi x| m(n) = m(y2)}

is then the kernel of a homomorphism to an abelian group, namely

I x T = Q, (y1,y2) = m(y1) — ma(y2)-

This innocuous observation simplifies matters enormously: While there is a
rather short supply of generally applicable tools to answer the question which sub-
groups of a group of type F,, are themselves of this type, there is one large exception.
That is the case where the subgroup in question is the kernel of a homomorphism
to an abelian group. For here, the theory of X-invariants can be brought to bear.
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8.1 ZX-invariants, Meinerts Inequality and the abelian n-(n+1)-
(n + 2) Conjecture

We content ourselves here with a brief summary of results from Z-theory pertinent
to our discussion. The invariants were first introduced in the context of metabelian
group by Bieri and Strebel in [BS80] and later generalised in [BNS87, BR88, BGo3].
A general reference is [BS]. The higher-dimensional topological invariants used here
were introduced in [Ren88]. For a survey, see [Bieg3, Biegg].

Consider for any group T of type F, the set Hom(T,R) \ {0} of non-trivial
homomorphisms from I to the additive reals (the “characters” of I'). We take two
such homomorphisms y1, y2 : T = R to be equivalent if they only differ by a positive
real factor, i.e. y1 = cx2 for some ¢ > 0. The set of equivalence classes is called the
character sphere S(T') (note that Hom(T, R) is a finite-dimensional real vector space
if T is finitely generated, so S(T') is a topological sphere).

We can then associate to I' a chain of invariants

S(r)>2X(T) 2 =*(I) o--- 2 ="(T),

the X- or Bieri-Neumann-Strebel-Renz invariants of T'.

The X-invariants describe certain connectivity properties of ET-complexes and
are related to a variety of structural properties of the group, for which we refer the
reader to the sources cited above. For us, the utility of these invariants lies in the
fact that they contain all the information on the higher finiteness properties of the
normal subgroups of I with abelian quotient. The following theorem is due to Renz
[Ren88, Ren89] (see [BR88] for a proof of the analogous result for the homological
invariant or [BGo3] for a proof in a much more general setting).

THEOREM 8.1. Let T be a group of type F,, and N < T a normal subgroup with T /N
abelian. Then N is of type F,, if and only if

$(G,N) = {[x] € S(G) [ x(N) = 0}

is contained in X", O

To apply this theorem to the problem at hand we also need a way of relating the
X-invariants of a direct product to those of the factor groups. Fortunately, all our
needs are served by Meinert’s Inequality. This is due to Meinert (unpublished, based
on work in [Meigo]; for a proof see [Gehg8, Lemma 9.1] or the sketch in [Biegg]).

THEOREM 8.2 (MEINERT’S INEQUALITY). Let I} and T, be groups of type F,
and let y : T} x T, — R be a homomorphism with both x|r, and x|r, non-trivial.
If [xIr,] € =X(Ty) and [xlr,] € ZH(Ty) for some k,1 > 1 with k + 1 < n then
[x] € =KD x Iy). O

Now we are equipped to give a proof of the n-(n +1)-(n + 2) Conjecture in the
case where the quotient Q is virtually abelian.
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THEOREM 8.3. Let
N -T 5 Q
N =D 5% Q

be short exact sequences of groups with Iy and I of type F,.11, Q finitely generated
virtually abelian, Ny of type Fy and N, of type F; for some k,1 > 0 with k + 1 > n.
Then the fibre product associated to these sequences is of type F, 1.

Remark 8.4. Note that the assumptions on the finiteness properties of the kernels
here are more general than in the original statement, where we asked for N; to be of
type F, but made no assumptions on N,. This asymmetry disappears in the abelian
case, where we have the more attractive assumption that the finiteness properties of
the kernels N; and N, “add up to n™}

Proof. First, we note that we may assume that Q is abelian instead of merely virtually
abelian, by the remark after Theorem 3.14.

We have to show that [y] € "*!(T; x I) for all non-trivial homomorphisms
x: I xI; — Rwith P c ker y.

So let x be any such a homomorphism. Since we can pick for any y = (y1,y2) €
I1xTyay" = (y],y2) € P, so that y'y’ € Ty, we have Iy x T, = [} P. So x|r, cannot be
trivial, otherwise y would be, too. Similarly x|, # 0.

Now y|r, vanishes on PnTj = Nj. Since Nj is of type Fy, Theorem 8.1 tells us that
[xIr,] € Z%(11). By an analogous argument, [ y|r,] € Z'(I3). By Meinert’s inequality
this implies [ y] € Z¥**1(Iy x I,) ¢ "1 x I,). O

Solving the n-(n +1)-(n + 2) Conjecture in this special case means that we can
also establish a corresponding case of the Virtual Surjections Conjecture. This was
previously proved by [Koc1o].

COROLLARY 8.5. Let Ty, ..., I, be groups of type Fy and P < Ty x- - -xT, a subgroup
of their direct product. If P virtually surjects to k-tuples of factors and p;(P)/(P n
I;) is virtually abelian for all i with 1 < i < n then P is of type Fj.

Proof. This follows directly from Theorem 3.14 (or, more precisely, from the Claim
in the proof). O

In fact Lemma 3.3 tells us that if P < Ty x --- x [, is a subdirect product that
virtually surjects to k-tuples, where 2k > n, then the quotients I;/N; are virtually
abelian, so we obtain:

COROLLARY 8.6. The Virtual Surjections Conjecture holds if 2k > n and in partic-
ular for n <5.

'Of course it is tempting to speculate whether this alternative assumption might be sufficient in
the general case as well, but at this point, the abelian case aside, we have very little evidence to either
support or reject this.
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Proof. The latter statement follows from the Virtual Surjections to Pairs Theorem
(Corollary 4.19). O

8.2 'The problem of nilpotent quotients

What are the challenges one faces when trying to extend this statement to nilpotent
Q? First off, while the X-invariants, as presented here, do allow certain general-
isations,” there simply is no analogue of these invariants giving a similar degree of
control over subgroups that contain some term of the lower central series but not the
whole commutator subgroup. So there seems to be little hope of directly extending
the argument given above to the more general class of nilpotent groups.

Let us try to approach the problem naively, by attempting an induction on the
nilpotency class. A finitely generated nilpotent group is built up from finitely gener-
ated abelian groups by iterated central extensions. So the problem we have to solve
is this: Assuming the n-(n +1)-(n + 2) Conjecture holds for some particular group
Q (say, of type Fo,) and

Z<—>Q—p»6

is a central extension with Z finitely generated, show that the Conjecture holds for

Q.
So suppose the groups Q, Q and Z are given as above. Let

N~ 3Q
Nz‘—>F23>2>Q

be short exact sequences with I and I; of type F,.; and N; of type F,, and denote
the associated fibre product by P. We can then compare this fibre product with the
one associated to the short exact sequences

ZT71“>F1p—7>r’16
N29r2%6

Let us call this fibre product P. Here, N; = ker(pm) is the preimage 7, (ker p) =
n71(Z). Thus it fits in a short exact sequence

N1;>N17—T>1>Z.

Since Nj is of type F,, and Z is finitely generated abelian (and hence of type F., ), we
obtain that Ny, also, is of type F,,.

*providing, for example, similar descriptions of the finiteness properties of point stabilisers of
action on CAT(0) spaces
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Since we have assumed that the #-(n +1)-(n + 2) Conjecture holds for Q, we
can apply it here and conclude that Pis of type Fyi1.

How does P relate to P? Clearly, P is a subgroup of P. It is easy to see, in fact,
that P is normal in P: If « = (a;, ay) € P, then pm(a;) = pma(az), and so my(ay) =
m3(az)z for some z € Z. Since Z is central in Q, taking y = (y1,y2) € P we then find
that

m(ay y1an) = 27 m(a2) " (p2) ma(02)z = ma(a2y20)

and hence a !y« € P. It is not much more difficult to identify the quotient P/P.

| PROPOSITION 8.7. With the above definitions, P|P 2 Z.

Proof. Define a map

¢: P~ Z, (yy2) = m(y)m(y2) "

This map has image in Z = ker p since, by definition, pm(y;) = pma(y2) for any
(y1,y2) € P. Moreover, ¢ is a homomorphism, since for & = (a1, @2), = (B1, B2) €
P, we have

¢(aB) = m(opr)ma(azBz)™
= m(an) (m(B)ma(B2) ) ma(a2) ™!
= m(ocl)nz(az)_l(m(ﬁl)ﬂz(ﬁZ)_l)

= ¢(a)¢(B)-
Forany z € Z, thereisa y; € Ty with 71;(y;) = zand then (y1,1) € Pand ¢((y1,1)) = z.
So ¢ is onto. Furthermore, it is clear that the kernel of ¢ is exactly P. O

We have thus shown that P is of type F,41 and P is a normal subgroup of p
with abelian quotient. Potentially then, the problem could again be attacked using
Y-invariants: P is of type F,.; if and only if [y] € (P) for all non-trivial homo-
morphisms y : P — R with P c ker y. This raises the question what the X-invariants
of P are.

Our knowledge here, alas, is scant. There is certainly little hope of relating the
-invariants of the fibre product P to those of the factor groups I and T, in a simil-
arly elegant way as Meinert’s Inequality accomplishes for the direct product. As an
indication of the difficulties involved, consider the (much more elementary) ques-
tion of how the character spheres S(P) and S(I} x I3) are related. The inclusion
P < Tj x T, induces a restriction map Hom(I} x I;,R) — Hom(P,R), and thus a
map S(T; x I;) - S(P) u{0}. But in general, there is no reason to even expect this
map to be onto, meaning that every character P — R could be extended to Ty x T.
This is not even the case when restricting attention to the homomorphisms whose
kernels contain P.

Using the notation from Theorem 8.1 we have observed that

S(B.P) = {[x] € S(P) | P c ker y}
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is naturally isomorphic to S(Z). Similarly, S(I; x I, P) = S(Qap). However, the
natural map Z — Qgp, can easily turn out to be trivial (just consider a Q that is
nilpotent of class 2 and Z = [Q, Q]). In those cases the natural map S(I} x I, P) —
S(P, P) u {0} will also be trivial. This suggests that knowledge of the Z-invariants
of I} x T, might not be of much help in determining whether S(P, P) is contained
in ="*1(P).
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Finiteness properties

In this appendix we collect proofs for some fundamental results on topological fi-
niteness properties for the convenience of the reader. All of this material is standard,
but we compile it here since it often appears somewhat scattered across the literat-
ure. Of course, some excellent general references do exist. In particular, [Geoo8],
[Brog4] and [Bie81] cover many of the results we prove here (and, obviously, many
more interesting results).

A1 Topological finiteness properties

Classifying complexes One of the basic methods of geometric group theory is
to associate to a given group some topological space, which serves as a “model” of
I', and then to investigate geometric properties of this space and finding how they
reflect the structure of the group.

There are essentially two ways of “modelling” a group I topologically. One is to
consider spaces which have I' as their fundamental group, the other is to consider
spaces with a I'-action. In both approaches the spaces are usually endowed with
some additional structure and further conditions are imposed such as connectivity
assumptions or restrictions on the stabilisers in the second approach.

Here, the spaces we consider will be CW-complexes which satisfy strong con-
nectivity assumptions, making them unique up to homotopy equivalence, as we will
see later. Let us first introduce terminology for our conditions:

Definition A.1. A complex X is n-aspherical if it is path-connected and 7, (X) = 0
for all k with 2 < k < n or, equivalently, if every map Sk X with 2 < k < n can be
extended to a map BF*! — X.

A complex is called aspherical if it is n-aspherical for all #.
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Remark A.2. Therefore, a complex is 0-aspherical or 1-aspherical exactly if it is path-
connected. It is #n-connected if and only if it is simply connected and n-aspherical.

By Whitehead’s Theorem, a CW-complex is contractible if and only if it is simply
connected and aspherical. Since any covering map p : X — X induces isomorph-
isms p, : me(X, x0) = (X, p(x0)) for all k > 2 (this is a simple application of the
basic lifting theorems) a CW-complex is then aspherical if and only if its universal
cover is contractible.

Definition A.3. Let T be a group. A classifying complex for T, or a BI'-complex, is
an aspherical CW-complex with fundamental group isomorphic to T'.
An ET-complex is a contractible CW-complex with a free I'-action'.

Remark A.4. In the case of BI'-complexes it would be better to take a particular iso-
morphism between I' and the fundamental group to be part of the data, but in prac-
tice we will usually just tacitly assume that a fixed isomorphism has been chosen.

These two notions are very closely related: If X is a BI'-complex then its universal
cover X will be an ET-complex. Conversely, if Y is an ET-complex then the quotient
complex Y/G is a BI'-complex. So the two are in some way dual viewpoints and
usually to any statement about BI'-complexes there is a “dual” statement about EI'-
complexes.

As we shall see, classifying complexes (and ET'-complexes) exist for any group
and any two classifying complexes for the same group are homotopy equivalent.

To show that classifying complexes exist, let I be a group and pick a presentation
[ 2 (X|R,d). Let X(®) consist of a single 0-cell x. For each x € X glue a 1-cell el
into X(©) to give a complex X(!) with a single 0-cell and one loop for each generator.
The fundamental group of X () js isomorphic to F(X), the free group on X, with an
isomorphism given by the map ¢ : F(X) — m(X(, xo) which maps each x € X to
the homotopy class of a characteristic map (B', $°) - (XM, {x¢}) of L.

For each r € R, pick a path representing ¢(9(r)) and glue in a 2-cell e? along
this path to yield a 2-complex X(?). By the Seifert-Van Kampen Theorem, we have
m(X®, xo) 2 T, with a particular isomorphism induced by the composition of ¢
with the natural map 7;(X®, x¢) — m (X, xo).

F(X) —2— m (X0, x0) —— m(X®, x0)

|

r
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The following lemma then says that X(?) is the 2-skeleton of an aspherical com-
plex, which will therefore be a BI'-complex.

'All the group actions on CW-complexes that we consider will be so-called rigid actions, i.e. T
acts by cell-permuting homeomorphisms and the (set-wise) stabiliser of each closed cell fixes the
cell point-wise. From now on, we will not spell out this assumption explicitly; whenever we talk of
I'-complexes this is understood to mean a CW-complex with a rigid I'-action.
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LEMMA A.s. Let X") be an n-dimensional, (n — 1)-aspherical CW-complex for
some n > 2. Then there is an aspherical complex Y with X(") as its n-skeleton.

Proof. We will inductively construct the skeleta for Y, i.e. we will construct a chain
of complexes
YO C le I Y2 C .-

such that Y, is m-dimensional and (m — 1)-aspherical and Y,,_; is the (m - 1)-
skeleton of Y,,. Set Y;, := X(™) for m < n. Assuming that Y, has been constructed
for some m > n, pick representatives for a set of generators of 7,, (X, ) and glue in
an (m +1)-cell along each one to yield an (m +1)-dimensional complex Yy,;1. Then
clearly 7, (Y1) = 0.

We may then take Y := Uyysy Y and by definition Y(™) = Y,,. Since the m™
homotopy group depends only on the (m + 1)-skeleton, we have

T (Y) = 7 (YD) = 71, (Vi1) =0, forall m > 2.
So Y is aspherical. O]

We record:
PROPOSITION A.6. Every group T' has a BI'-complex and an ET'-complex. These
can be chosen to have a single vertex or a single orbit of vertices, respectively, as their
0-skeleton. O]
It is useful to consider the same construction from the dual viewpoint, where it
appears a little cleaner: For I a group, let Y be a single T'-orbit of 0-cells. Then
apply the following equivalent of Lemma A.5:

LEMMA A.7. Let T be a group and X" an n-dimensional, (n — 1)-connected T-
complex for some n > 0. Then there is a contractible T-complex Y with X(") as its
n-skeleton. If the action on X™) is free then Y can be chosen as a free T-complex
as well.

Proof. The method is essentially the same as above. We construct a chain of com-
plexes
YocYicY,c--

such that Y,, is an m-dimensional, (m — 1)-connected T-complex (free if X" is),
with Yy,_; as its (m —1)-skeleton. Set Yy, := X for m < n.

If Y,, has been constructed for some m > n, pick representatives for a set of
generators of 7,,(Y,,) and glue in an orbit of spheres along the I'-translates of each
map to yield Y,,.;. Clearly, the I'-action can be extended to an action on Y1, so
that I acts freely on Y,,41 \ Y.

Set Y := Upsn Y, and by the same argument as earlier, Y is n-connected for all

n > 0, and therefore contractible. O

The complexes in the previous two lemmas will be used very frequently, so we
will give them a name:*

*>This notation is not standard.
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Definition A.8. An n-dimensional, (n — 1)-aspherical complex (for some n > 2)
with fundamental group T is called a BT(")-complex.

An n-dimensional, (1 —1)-connected? free I'-complex (for some n > 0) is called
an ET(")-complex.

Clearly, if X is a BI'-complex then the n-skeleton X (") js a BT ") -complex (for
n > 2) and Lemma A.5 shows that any BF(")—complex is the n-skeleton of some BI'-
complex. Analogously, by Lemma A.7, ET(")-complexes are exactly the n-skeleta of
ET'-complexes (for n > 0).

Having shown existence we will now show that classifying complexes are unique
up to homotopy equivalence. The key reason why aspherical or contractible spaces
are so useful is that it is easy to construct maps from CW-complexes into them.
Precisely, we have:

LEMMA A.9. Let T be a group. Let X be a free I'-complex with a I'-invariant sub-
complex X' < X. Let Y be another T-complex and ¢ : X' - Y a cellular T-map.
IfY is contractible or every cell of X outside of X' is of dimension at most n +1 and
Y is n-connected, then ¢ can be extended to a cellular T-map ¢ : X — Y.

Proof. We set ¢|xs := ¢ and extend ¢ inductively by skeleta. If xy € X is any 0-cell
not in X', we can just pick ¢(xo) to be some arbitrary 0-cell of ¥ and then extend
equivariantly to the I'-orbit of xq by setting ¢(yxo) = y¢(xo) for y € T. Since we
assumed that T acts freely on X, this is well-defined. Also note that, since X’ is T'-
invariant, any orbit of 0-cells (or any open cells) is either contained in X’ or disjoint
from it, so this does not interfere with the earlier definition that ¢|x = ¢.

Assume ¢ has already been defined on X’ U X(K), Let o be a (k +1)-cell of X
with characteristic map c, : B€*! - X. Then ¢ has been defined on ¢,(S¥), so we
can define an n-sphere in Y by f := ¢ o cg|gk. Since mx(Y) = 0, this k-sphere can be
extended to a map F : B¥*! - Y. Define ¢ on o by ¢(c,(x)) = F(x) for x € B¥*1,
Again, thanks to freeness of the action, we can extend ¢ equivariantly to the entire
I'-orbit of 0. The same can be done on all the other orbits of (7 + 1)-cells, defining
¢ on X (1), O

If X and Y are I'-complexes and ¢y, ¢, : X — Y are I'-maps, then a ['-homotopy
from ¢; to ¢, is simply a homotopy H : X x I — Y from ¢; to ¢, which is T'-
equivariant with T actingon X x I by y(x,t) = (yx,t) foryeI,x e X and t € I.

Then we can define the notions of “I'-homotopic”, “I'-homotopy equivalent” etc.,
in the obvious way.

LEMMA A.10. Let T be a group. Let X be a free I'-complex and Y a I'-complex.
Ifeither Y is contractible or X is n-dimensional and Y is n-connected then any two
cellular T-maps ¢y, ¢2 : X - Y are T'-homotopic.

Proof. By the above lemma we can extend the map H : X x {0,1} — Y defined by
H|xxo := ¢1 and H|xx1 := ¢ to X x I to give a [-homotopy from ¢ to ¢,. 0

3“(-1)-connected” means non-empty

118



A.1. TOPOLOGICAL FINITENESS PROPERTIES

PROPOSITION A.11. Any two BT'-complexes for a group T are homotopy equival-
ent.
Any two ET'-complexes are T'-homotopy equivalent.

Proof. We prove the second claim first. Let Y; and Y, be ET-complexes. By Lemma
A.g there are I-maps ¢ : Y] - Yo and v : Y, — Y; (extending the empty map)
and by Lemma A.10 there are I'-homotopies H; : Y; x I — Y, from idy, to ¢ and
H,: Y, xI - Y, from idy, to ¢y, proving the second claim.

To prove the first claim, let X; and X be classifying complexes for I'. Then their
universal covers Y; and Y, are ET'-complexes. So let ¢, v and H;, H; be as above.
Then ¢ and y descend to maps ¢/T : X — Y and y/T : Y — X. Furthermore,
Hy/T: X xI—Tand Hy/T : Y x I - Y are homotopies from idx to y¢ and idy to
oy, respectively. O

Type F,, Having proved existence and uniqueness (up to homotopy equivalence)
for BI'-complexes, we can now feel justified in calling these classifying complexes.
However, the fact that any two classifying complexes are homotopy equivalent does
not mean that each one is as useful as any other. The situation is similar to present-
ations, which correspond, after all, to the 2-skeleta of classifying complexes: It is
easy enough to show that every group has a presentation, but for a presentation of
a group to be actually useful it has to, at least, be of a manageable size — preferably
finite.

There are different ways of imposing finiteness conditions on classifying com-
plexes, but the one we will focus on is the one that naturally generalises the notion
of finite presentation: We ask for the classifying complex to have finite n-skeleton
for some n. Of course, not every group will have such a classifying complex for any
n, so we define:

< Definition A.12. A group I' is of type F,, if there is a classifying complex for I with
finite n-skeleton.
It is of type Fo if it has a classifying complex with finite n-skeleton for every
n>0.

The following characterisations follow easily:

PROPOSITION A.13. Let T be a group. The following are equivalent:

1. Tis of type Fy,.

2. There is a cocompact ET("),

And for n > 2 both are equivalent to

3. There is a finite BT ("),
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Proof. If X is a BT with finite n-skeleton for some # > 2 then this n-skeleton will be
a finite B[, If X(") is a finite BT(") then we can embed X (") as the n-skeleton of
some BI' by Lemma A 5.

If X is a BI' with finite n-skeleton for some n > 0, then the n-skeleton of the
universal cover of X is a cocompact ET)_ If Y(") is a cocompact ET'") for some
n > 0 then we can embed Y(") as the n-skeleton of some EI'-complex Y and Y/T
will be a BT with finite n-skeleton. O]

PROPOSITION A.14. A group is of type Fy if and only if it is finitely generated. It is
of type By if and only if it is finitely presented.

Proof. The “if”-statements follow immediately from our construction of BI'-com-
plexes.

If X is a path-connected complex with finite I-skeleton then the inclusion X(!)
X induces an epimorphism on fundamental groups and 77; (X (1) is the fundamental
group of a finite graph and thus finitely generated free.

And if X is a path-connected space with finite 2-skeleton then the Seifert-van
Kampen Theorem implies that its fundamental group is the quotient of the finitely
generated free group 1;(X (")) by the normal subgroup generated by the attaching
maps of the 2-cells.# O

A classical result says that a finitely presented group is finitely presented with
respect to any finite generating set. More precisely, if I' is finitely presented and
X c T is any finite generating set then the kernel of the canonical epimorphism
F(X) — T is finitely normally generated, i.e. there is a finite presentation of the
form (X | R, 9).

There is a higher-dimensional analogue: If we try to build a finite BI' (") skeleton-
by-skeleton, we cannot “start off wrong”: If T is of type F,, then any finite B['(") for
2 < n < m can serve as the n-skeleton of some finite BI("),

This will follow easily from the following lemma, which roughly says that if I
is a group of type F,,,; and Y is an EL("*1) with cocompact n-skeleton then all but
finitely many I'-orbits of (# + 1)-cells can be discarded:

LEMMA A.15. Let T be a group of type Fp,1. Let Y be an EL("*V_complex with
cocompact n-skeleton (for some n > 0). Then there is a cocompact, n-connected
T-invariant subcomplex Y' c Y (so Y' is still an ET("D) with Yy -y,

Proof. Since I is of type F,;; there is a cocompact Er ("D _complex Z.

Let¢p : Y > Zand y : Z — Y be I'-maps (which exist by Lemma A.9) and
H: Y™ xI - Y ahomotopy from the inclusion Y (") < Y to y¢|y () (which exists
by Lemma A.10). Since Y(") x I and Z are cocompact, the images of H and y are
cocompact I'-invariants subspaces of Y. Hence they are contained in a cocompact
T-invariant subcomplex Y’ c Y. Note that Y’ contains Y™ (since im H does). It

*To make this completely precise, one would have to choose basepoints, of course, but we will
skip the technical details.
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remains to show that Y is #n-connected. Let f : $" - Y(") be an n-sphere. Then
Ho(f xid) is a homotopy in Y from f to y¢ f. Since Z is n-connected, ¢ f is null-
homotopic, say via a homotopy H' : " x I - Z. Then yo H' is a null-homotopy of
YH'|gnxo = y¢ f with image in Y'. Therefore the concatenation of Ho (f x id) and
wH' is a null-homotopy of f in Y.

Thus Y’ is an n-connected, cocompact T'-invariant subcomplex. O

The analogous statement for BI'-complexes can, as usual, be proved by passing
to universal covers and we omit the proof:

LEMMA A.16. Let T be a group of type Fp,1. Let X be a BT"D with finite n-
skeleton (for some n > 2). Then there is a finite, n-aspherical subcomplex X' c¢ X

(so X" is still a BD(D) with X' = x(m) O

Using Lemma A.15, we can easily prove the following:

PROPOSITION A.17. If Y is a cocompact ET™) and T is of type E,, for some m > n
then there is a cocompact ET("™)-complex Y' with Y™ -y,

Proof. Itis enough to show the statement for m = n+1. The proposition then clearly
follows by induction.

But by Lemma A.7, Y can be embedded in an El-complex Z with Z(") = Y.
Then Z("*V is an ET("*)_complex with finite n-skeleton, so Lemma A.15 produces

a cocompact subcomplex Z’ which is a ET("*D) with 7™y, O

When we try to show that a group is of type F, this proposition enables us to
proceed inductively by skeleta: We can start off with a single I'-orbit of 0-cells, then
try to glue in finitely many orbits of 1-cells to make the space connected, then try to
glue in finitely many orbits of 2-cells to make the resulting space 1-connected and
so on. If at any step it is not possible to continue, i.e. to glue in finitely many orbits
of (n +1)-cells to make the space n-connected, then I is not of type F.1.

The analogous proposition for BI'-complexes follows from Proposition A.17 (or
can be proved in the same way, using Lemma A.16 in place of Lemma A.15).

PROPOSITION A.18. If X is a finite BT(") and T is of type B, for some m > n then
there is a BTU™)-complex Y with Y(") = X. O]

In particular, using this lemma inductively, we may conclude:

PROPOSITION A.19. A group is of type Foo if and only if it is of type F,, for all
n20. O

If Y is a simply connected I'-complex then the higher homotopy groups 7,,(Y)
for n > 2 are I'-modules in a natural way. Let us briefly recall how this works. Pick
a basepoint yy € Y. For each y € T the translation map t¥ : ¥ — Y,y — yy
induces an isomorphism ¢} : 7, (Y, yo) = m,(Y, yyo). The assumption of simply
connectedness is needed to make the latter group naturally isomorphic to 7, (Y, yo).
If y, z € Y are any points in the space, picka path p : [0,1] — Y from y to z. This path
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induces a map «, : 7,(Y,z) — m,(Y, y) by concatenating the path with spheres®.
Since any two paths from y to z in Y are homotopic, «,, in fact does not depend on
p, but only on the endpoints y and z. We write ), , := a,. Thus we can define an
action of ' on 71, (Y, yo) by letting y act as &y, ,y,  t”.

Now assume that X is the universal cover of a BI")-complex X with n > 2.
Then X is simply connected, so the I'-action on X induces a I'-action on the higher
homotopy groups as above. Of course, the homotopy group 7,(X) for n > 2 are
I'-modules as well: For some loop p : I — X based at xo, the element y = [p] ¢
m(X,x0) = Tacts as a, : 7,(X, x0) = m,(X, x9), defined as above. This action is
easily seen to be compatible with the action on X in the sense that the homomorph-
isms 7,(X) — m,(X) induced by the covering map X — X are homomorphisms of
I'-modules for n > 2 (in fact, isomorphisms).

LEMMA A.20. Let X be a finite BT for n > 2. Then T is of type F,,.1 if and only
if 1, (X) is finitely generated as a T-module.

Proof. 1f the T-module 7, (X) has a finite generating set then gluing in one (1 +1)-
cell along a representative for each generator yields a finite BT ("*1).

Conversely, if X is a finite B[") and T is of type F,,; then by Proposition A.18,
there is a finite B[(**D_complex X’ with x'" = X. Thus (X', X)isan (n+1)-
cellular extension and a theorem by Whitehead (originally proved in [Whi41, Whi4g];
see also [Whiy8, Chapter V.1, Theorem 1.1]) says that the relative homotopy group
mn+1(X’, X) is a free T-module with basis given by a set of characteristic maps for
the (n +1)-cells of X'. In particular, 77,.1(X’, X) is finitely generated. But the long
exact homotopy sequence

> 7Tn+1(X,) — 7Tn+1(X’aX) — ﬂn(X) — ﬂn(X,) >
I
0
then shows that 77, (X) is finitely generated as well. O

With the observation from above that the universal covering projection induces
I'-module isomorphisms between higher homotopy groups, the following analogue
is easily deduced:

LEMMA A.21. Let Y be a cocompact ET"™) for n > 2. Then T is of type ., if and
only if n,(Y) is finitely generated as a T-module. O]

SPrecisely: We represent elements of 7, (Y, y) by maps (B", $" ") — (Y, {y}). Let C := (8" ' x
I) Uy B", where g : "' — 8" x I,a — (a,1), and pick a fixed homeomorphism 4 : (B",8"") —
(C,8" ' x0).If f: (B",S"™") — (Y, {z}) is an n-sphere based at z then define f, : (C, "' x 0) —
(Y, y) by setting f,(a,t) = p(t) for (a,t) € $"' x I and f,(b) = f(b) for b € B". Finally, define
ap:ma(Y,2) > mu(Y, ), [f] = [fp o h]. Clearly, if p’ is another path homotopic to p then a = a,.
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Basic properties The finiteness properties F,, behave well with respect to finite
index subgroups and finite extensions.

PROPOSITION A.22. Let T be a group and H < T a subgroup of finite index. Then
T is of type F,, if and only if H is.

Proof. This is classical for n < 2.

Suppose 1 > 3. If T'is of type F,, then let Y be a cocompact EI'("). By restricting
the action we can also regard Y as an n-dimensional, (n — 1)-connected free H-
complex. Since H is of finite index the restricted action will still be cocompact.

Conversely, assume H is of type F,. Inductively, we may assume that T is of
type F,_1. Let Y be a cocompact EI' (")), Restricting the action as above, we may
regard Y as a cocompact EH(""V. By Lemma A.21, 77,1 () is finitely generated as
an H-module. But then 7,_1(Y) is certainly finitely generated as a [-module. ]

PROPOSITION A.23. Let T be a group of type F,, and H a retract of . Then H is
of type F,, as well.

Proof. This is trivial for n = 1, so assume n > 2.

Let 7 : I' - H be an epimorphism and ¢ : H — T a splitting, i.e. 700 = idg.
Inductively, we may assume that H is of type F,,_. Let Y be a cocompact EI'(") and
Z an EH(™ with finite (n —1)-skeleton (which exists by A.15).

We may consider Z a I'-complex by defining yz = n(y)zfory e 'and z € Z. Let
¢ :Y > Z be a-map in this sense (which exists by A.9), so ¢(yy) = n(y)$(y) for
yelandyeY.

Similarly, we may consider Y an H-complex, via 0. Let y : Z — Y be an H-map,
ie.y(hz) =o(h)y(z)forhe Handz € Z.

Then ¢y is an H-map, since

h-¢y(z) = no(h) - py(2) = (o(h)y(2)) = py(he), forheH, zeZ.

Therefore, there is an H-homotopy & : Z(""V xI — Z from idy to ¢y. Also, im ¢ isa
cocompact H-invariant subspace of Z. To see this, let Y’ ¢ Y be a compact subspace
with TY’ = Y. Then ¢(Y’) is compact and H(Y') = n(H)p(Y') = ¢(TY’) =
¢(Y). Hence, im ¢ Uim h is a cocompact H-invariant subspace and thus contained
in some cocompact H-invariant subcomplex Z' ¢ Z. We will show that Z’ is an
EH™. Since 2/("™V = z(nD i only remains to show that every (n — 1)-sphere in
71 can be contracted in Z'.

Let f : S"7! - 7z Then yf is an n-sphere in Y which is null-homotopic
since Y is n-aspherical. Let g : $"! x I — Y be a null-homotopy of f. Now f
is homotopic in Z’ to ¢y f via ho(f x id) and ¢y f is null-homotopic in Z’ via
$og. O

PROPOSITION A.24. A direct product T = T} x --- x I}, is of type F, if and only if
the factors T; are.
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Proof. The factors are retracts of T, so one direction follows directly from Proposi-
tion A.23.

The other direction is the simple observation that if X, ..., X}, are classifying
complexes for Iy, . .. I, respectively then X; x --- x X, is a classifying complex for I'.
This is because 7, (X x Y) 2 7,(X) x m,(Y) holds for all (path-connected) spaces
XandYandalln > 1. O

| COROLLARY A.25. Every finitely generated abelian group is of type Foo.

Proof. Clearly, Z is of type Fo, so Z" is, by the previous proposition, and every
finitely generated abelian group has some Z" as a finite index subgroup, so the claim
follows from Proposition A.22. t

PROPOSITION A.26.If N — T' - Q is a short exact sequence with N and Q of
type F,, then I is of type F,,.

Proof. There are several ways of proving this. For example, it follows immediately
from Theorem 5.2, which we quote from [Geoo8]. Alternatively, using the FP,-
properties discussed in the next section, it follows from Lemma 6.14 (or Section
7.2) and Theorem 7.2 for which we give full proofs. O

| PROPOSITION A.27. Every finitely generated nilpotent group is of type Fo.

Proof. We do an induction on nilpotency class. We proved the statement for finitely
generated abelian groups.

Assume that every group which is nilpotent of class at most 7 is of type Fo. Let
I be a group which is nilpotent of class n + 1. Then I' is a central extension

Z=>T—>Q,

where Q is nilpotent of class at most n. Therefore Q is of type Fo. Furthermore, Z
is finitely normally generated by Lemma 3.7. But since Z is central, T acts trivially
on Z by conjugation, so Z is actually finitely generated. Therefore Z is of type Fo,
by Proposition A.25 and so I is of type Fo, by the preceding proposition. O]

A.2  Homological finiteness properties

The topological finiteness properties F,, from the previous section are natural gener-
alisations of finite generation and finite presentability, but the fact that they are char-
acterised by topological properties such as the finite generation of certain homotopy
groups (as in Lemma A.20) can make them difficult to work with. “Algebraisations”
of these properties were introduced in [Wal66] and [Sery1], which essentially re-
place the classifying complexes from the last chapter with resolutions.
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Resolutions Let I be a group and Y an ET-complex. Then consider its (augmen-
ted) cellular chain complex:

5 Ca(Y) 2 ot (Y) > - > Ci(Y) = Co(Y) - Z.

The action of T on Y induces an action on the chain groups C,(Y).® Since I acts
freely on Y, this gives each C,(Y) the structure of a free I'-module. Z can be con-
sidered as a I'-module with a trivial action and in this way the above chain complex
forms what we call a free resolution of Z.

Definition A.28. Let A be a ring and M a A-module. A free resolution of M is an
exact sequence of A-modules

d 2} d
SBR3R3FRSM

where all the F, are free. We will also denote this resolution by F = M, meaning
that F (or, more accurately, (F, 9.)) is the (unaugmented) chain complex

BRER3ER -0
A partial free resolution of M (of length ) is an exact sequence
F,-F,1—-+-—F—>F - M.

We call a resolution or partial resolution finitely generated if all the F; for i > 0
are finitely generated (as A-modules). We will call it finitely generated up to dimen-
sion k if F; is finitely generated for i < k.

The partial free resolutions of Z by I'-modules are the “algebraisations” of the
ET(") complexes from Section A.1. Most of the notions and results from that section
can now be “algebraised”, by replacing maps by chain maps, homotopies by chain
homotopies and so on. In particular, the results on extending maps or building ho-
motopies carry over and one can use them to prove that resolutions are unique up to
chain homotopy. We will not carry out these standard constructions of homological
algebra here, however, and instead refer the reader to [Brog4].

Type FP,, Going back to our earlier example of a resolution, if I' is a group of type
F, and Y is an ET with cocompact n-skeleton, then the chain groups Ci(Y) with
0 < k < n are finitely generated I'-modules. This motivates the next definition:

®To see how this action is defined, recall that these chain groups are just defined to be the relative
singular homology groups Hi (Y™, Y("™1). There is an obvious action of I on the set of singular
simplices A" — X and thus on the singular chain groups. This action respects skeleta, since I acts
cellularly, and thus induces an action on the relative homology groups. By standard results C,(Y) is
freely generated as an abelian group by the characteristic maps of the n-cells of Y, and since I acts by
cell-permuting homeomophisms the action of T on C, (Y) just permutes these generators.
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Definition A.29. A group I' is of type FP,, if there is a free resolution

A R%RAR S
of Z by I'-modules which is finitely generated up to dimension #.
So as an immediate consequence we have:
| PROPOSITION A.30. If a group is of type E,, then it is of type FP,,. O

In particular, every finitely generated group is of type FP;. In fact the converse
holds as well (see [Brog4, Section VIII.5]).

For n > 2 the converse of Proposition A.30 does not hold, as was proved in
[BB97y]. However, there is a partial converse (essentially due to Wall [Wal6s, Wal66]),
saying that F,, and FP,, are equivalent among finitely presented groups, which we
prove as Theorem 7.2.

Let us now give a homological analogue of Proposition A.18, showing that if I is
a group of type FP,, one can build a finitely generated partial free resolution of Z of
length n step-by-step. In other words, any finitely generated partial free resolution
of length k < n can be extended to one of length n.

We could simply imitate the proof of Proposition A.18 in the homological setting,
but we will give a different proof instead.

SCHANUEL’s LEMMA. If A is a ring and

K> F 3 M
Ky F 3 M

are short exact sequences of A-modules with F, and F, free, then

KieF,2K,® F,.

Proof. Let
P:={(a,b) e F®F, | m(a) =m(b)}.

Then the projection map p; : P — F; has kernel 1 x K. Furthermore it is easy to
check that p; is onto so we have an exact sequence

Ky, - P > F,.

Since F is free, this sequence splits and therefore P = K, @ Fj.
By considering the projection p, : P - F,, we can show that P = K; @ F,. [

126



A.2. HOMOLOGICAL FINITENESS PROPERTIES

LEMMA A.31. Let M be a A-module and let

0 Oy d d
05F,3F1 5 - 5>FR5>F>M
/

[a:l 4 a:z—l /a{ /aO
0O-F,—-F,, > —>F—->F,>M

be exact sequences with Fy, F,_free for 0 < k < n —1. Then

FhoFoFhe - 2FioFRoF®- -

Proof. Let K, := ker 0, and K], := ker d/,. By Scanuel’s Lemma, we have
Ko ® Fy = Ky @ F.

We also have short exact sequences

Ki—>F@®F,~»Ky®F,

and
K{QF{@F() —»K(,)GBF().
Using that F; ® F| and F| @ F, are free and K, @ Fj = K{ @ F,, Schanuel’s Lemma
implies that
KioF ®F 2K ®F oF,.

Continuing inductively in this manner proves the proposition. O
PROPOSITION A.32. Let T be a group of type FP,, (for some n > 1) and

an—l

P) % .2 )
F,3F,1 5 .. .3FR3F>7Z

a finitely generated partial free resolution of Z by T-modules. Then T is of type FP .1
if and only if ker 9,, is finitely generated.

Proof. 1f ker 9, is finitely generated then we can pick a finitely generated free I'-
module F,,;; and a surjection d,4; : F,11 - ker 9, to extend the resolution above
to a finitely generated partial free resolution

Ony On
Fpnn 3 Fy 3 Fpi > > = Fy > Z.
Thus I' is of type FP,,4;.
Conversely, if I is of type FP,; then there is a finitely generated partial free
resolution
/ 9,

n+l

/a;' ! ! !
F - F,-F,_—>-—>F - Fy—»7Z.

n+l

We thus have two exact sequences
On
0—>kerd, >F,>F,1—>--—>F—>F>»Z

9,
0—>kerd, > F, > F,_ —-—>F —>F,»Z
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which satisfy the assumptions of Lemma A.31. Hence,
kerd, ® F, ® F,_1 @ = kerd,, ® F, ® F,_; & --.

But ker 9}, = im 9, is finitely generated, since F,; is, and so are all the F and F;

with 0 < k < n. Thus the right hand side is finitely generated, hence the left hand
side is, and thus also the direct factor ker 0,,. O

As a corollary we get:
LEMMA A.33. Let I be a group of type FP,, and

Fp—>Fpyq—-—>FH->F—->Z

a finitely generated partial free resolution of Z as a T'-module of dimension m < n.
Then this resolution can be extended to the left to a finitely generated free resolution
of dimension n:

F,->----F,->F,1—»-->F—>F->Z

Proof. This is a simple inductive application of the previous proposition. O

Like the topological properties, type FP, behaves well with respect to passing to
finite index subgroups or finite extensions:

PROPOSITION A.34. Let T be a group of type FP,, and H < T a finite index sub-
group. Then T is of type FP,, if and only if H is.

Proof. First assume that I is of type FP,,. Let
F»7: --->F->F—->F—>»/Z

be a free resolution of Z by I'-modules, which is finitely generated up to dimension
n. Then we can regard the F; as H-modules. If F is a free I'-module on a basis X c F,
and T c T is a set of representatives of the cosets of H, then it is easy to check that
TX is a basis of F considered as an H-module. In particular any finitely generated
free I'-module is finitely generated free when considered as an H-module. So the
resolution F - Z can in fact be considered a free resolution of Z by H-modules,
which is finitely generated up to dimension 7.

Conversely, let H be of type FP,,. Inductively, we may assume that I' is of type

Fpn—l- Let
an—l an—Z

) )
Fuq %' Fup 5 3R> Fy>Z
be a finitely generated partial free resolution of Z by I'-modules. Again, we can
consider this as a complex of H-modules, in which case it still is a finitely generated
partial free resolution. Since H is of type FP,, the kernel ker 9,,_; is finitely generated
as an H-module and a fortiori, finitely generated as a I'-module. O

All of the other results that we proved for the topological properties at the end
of Section A.1 have analogues for the FP,,-properties, and mostly they can be proved
by simply “algebraising” the proofs given there.
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The Bieri-Eckmann criterion In this section we will introduce an important cri-
terion, due to Bieri and Eckmann, which comes down to the statement that a group
T is of type FP,, if and only if the functors Hy (T, —) commute with arbitrary direct
products.

A proof of this statement can be found in [Bie81, Section 2]. Since we use this
criterion extensively in Section 6.3, we take the time to explain it carefully and prove
it here. The proof we give is different from the one in [Bie81]. In particular, it is
essentially completely elementary, not using much homological algebra beyond the
definitions.

The computations involved are fairly simple, but sometimes awkward to write
down, since they involve following through long sequences of isomorphisms be-
tween sets of functions. Therefore, we will use, just in this section, two pieces of
uncommon but intuitive notation, which will make many formulae a lot cleaner.

< Notation. If f : X — Y is a function, we write

fo»y for f(x)=y.

and

x~ f(x) for f.
The first convention allows us to write, for example

a Af» bi ¢ i3 d
for h(g(f(a))) = d. The second allows us to describe functions without having
to name them, which is useful when working with direct sums and products (see
the Lemma below for an example). We will consistently regard the direct product
[Tyep Ay or direct sum @Pjep A as a set of functions A — Ujep Aj.
We first note two basic properties of tensor products.

LEMMA A.35.If R is a ring, B a left R-module, A an index set and A) a right
R-module for each A € A then the map

(@A,{) ®r B — GB (A)L ®R B)
AeA AeA
givenbya® b~ (A~ a(1) ® b) is an isomorphism. O

LEMMA A.36. If R is a ring and A a left R-module then the map R®r A — A given
by r ® a = ra is an isomorphism (with inverse a — 1® a). Ul

As alluded to above, the Bieri-Eckmann criterion is concerned with whether
the homology functor Hy (T, —) commutes with direct products. We will now make
this statement precise. Let R be a ring, N a right R-module, A some index set and
M) aleft R-module for each A € A. While we do not have an analogue of Lemma

129



APPENDIX A. FINITENESS PROPERTIES

A 35, replacing direct sums with direct products, we can nevertheless always define
a homomorphism

¢:Ner [[My— [[(NeM,)
AeA AeA

with ¢(n®@ m) = (A » n@ m(1)).
This map is natural in N in the following sense: If N; and N, are left R-modules
and f : N; — N, is a homomorphism, then f on the one hand induces a map

f®idHMA3N1®HMA—>N2®HMA
AeA AeA

and on the other hand the maps f ® idy;, : Ni ® M) — N, ® M, can be assembled
into a map

fTI(Nie My) - [T(N20 M)

AeA AeA
given by f'(p) = (A~ (f ®idp, ) (p(A))). Thus we obtain a square:

f®id
N1 ® [Tyen My —— Na® [1jen My

b

f
[Ihea N1 ® My —— [Thea N2 ® M),
where the vertical maps are the maps defined above. This square commutes since

nem’S )y em S (Ve f(n) @ m(L)
and
n®mﬂ(/l»—>n®m()t))
Lo (Foid)(n@m(1)) = (A~ f(n) ®m(A))

Now let I be a group and

0 d d
S EB3FRS5F»Z

a free resolution of Z by I''modules. Applying the above construction yields a chain
map (with all the tensor products over ZT'):

9, ®id d
"_>Fn®H)LeAM/1_>Fn—1®HAEAM)L FO®HAEAM/\

Jfbn prn—l l%
2! 9

n n— o
= [Tyea Fn ® M) —— [Tjea Fn1® M) — o —— TIyen Fo ® M)

n-1®id 01 ®id

This induces a map between the homology groups. By definition, the homology
groups of the first chain complex are Hy (T, [Tycp M) ). The second chain complex
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is simply the dimensionwise product of the chain complex (F. ® M, d. ® id), so
its homology is the product [Tcx Hx (T, My).
So there is a natural map’

Ha(I. TIM,) > [] Ha(T, My).

The Bieri-Eckmann criterion asserts that this map is an isomorphism for all k < n
if and only if T is of type FP,,.
Our proof is based on the following elementary calculation:

LEMMA A.37. Let R be a ring, A an index set and M), a left R-module for each A €
A. If F is a finitely generated free right R-module then the natural homomorphism

¢:Fer [[ My~ []FerM
AeA AeA

as defined above is an isomorphism.

Proof. Since F is finitely generated free, it is of the form

F= PR

xeX

for some finite set X.
There is a sequence of natural isomorphisms:

(EBR)@R HM,\ﬁ @(R@R HM)L) ﬁ @HMA
xeX AeA xeX AeA xeX deA
ST OMETI® ®RerM) 2] (@R)@zzMA

deA xeX AeA xeX deA \xeX

Here, ¢; and ¢5 are given by Lemma A.35, ¢, and ¢4 are as in Lemma A.36 and ¢3
is the “transpose” map a — (A — (x — a(x)(A))). Note that this latter map is an
isomorphism since X is finite, so the direct sum over X can be replaced by a direct
product, which clearly commutes with the direct product over A.

Following the definitions, we get, for a € @,cx R and m € [T cp M):

agm (x> a(x) ®m)
% (x - a(x)m)
L (A (x - alx)m())))
(e (xe10a(x)m(1) = (Ao (x> a(x) @ m(1)))
Lo aem))=¢laem)
Thus ¢ = ¢5 ¢4 o P3¢y o dy is an isomorphism. O

7 Another way to describe this map: For each A € Alet f; : H,([,[IM,) — H.(T,M,)
be the map induced by the projection [T M, — M,. Then the f) can be assembled into a map
Hn(r)I—IM/\) - HHn(r>M/\)-

131



APPENDIX A. FINITENESS PROPERTIES

Before we give the proof of the Bieri-Eckmann Criterion, let us make one more
observation. The construction before Lemma A.37 can be carried out for direct sums
in place of direct products to give a map

Hy (T, @ My ) > @ Ha(T, My)
AeA AeA

for any I'-modules M. But because of Lemma A.35, this map will be an isomorph-
ism.

| LEMMA A.38. If T is a group and F is a free T-module then H,(T, F) = 0 forn > 1.
Proof. Let
F»7: --->F->F—->F—>»/Z

be a free resolution of Z by I'-modules. Since the map from Lemma A.36 is clearly
natural, tensoring this resolution with ZT' will do nothing, i.e. F® ZI' = F. Since F
has trivial homology in every dimension > 1 we have

H,(T,ZT) = H,(F® ZT) = H,(F) =0, forn>1.

With the isomorphism above we obtain

H,,(F,AEB Zr) > @ H,(T,ZI) =0, forn>1.
eA AeA

for any direct sum of copies of ZI'. Since all free I'-modules are of this form, this
proves the claim. 0

Now we are ready for the proof.

THEOREM A.39 (THE BIERI-ECKMANN CRITERION). Let T be a group. Then
the following are equivalent (for n > 1):

1. Tis of type FP,.

2. The natural map Hy (T, [Trea My) = TTaea Hx (T, M)) is an isomorphism
for k < n, where A is a countable set and M) a left T-module for each A € A.

3. Thenatural map Hy (T, [1 ZT) — [1 Hx(T, ZT) is an isomorphism for k < n,
where the product is over a countable index set.

4. T is finitely generated and Hy (T, ] ZT') = 0 for all k < n, where the product
is over a countable index set.

Proof. 1Ttis clear that 2 implies 3.
We will show first that 1 implies 2. Let I be a group of type FP, and

a5 _ 3 0
333 F »Z
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a free resolution of Z by I'-modules. Then, by Lemma A.37, the natural chain map

d,®id d
"—>Fn®HAeAM/\—)Fn—1®HAeAM/1 FO®HA€AM/1

l¢n l¢n—l l‘bo
’ 9 Pl

-+ = Tyea Fn ® My —— TIyep Foo1 ® M) —— — [Tren Fo ® M),

n—-10id 01®id

consists of isomorphisms up to dimension #n. Thus the induced map on homology
groups Hy (T, T M,) — I1Hk(T, M,) is an isomorphism for k < n. This proves
that 1 implies 2.

Now we will show that 3 implies 1. We may inductively assume that I' is of type
FPn_l. Let

on On— 9 9
F,3F,, 5 . 3FR3F>Z

be a partial free resolution, finitely generated up to dimension #n — 1. We then have
a commutative diagram

0, ®id 0,-1®id
Fu ® [Thea Z0 225 Fpiy © TThep Z0 2225 Fyy ® [Tjep 2T

l¢n l(pn—l lﬁbn—z
o, o,

HAEAFn ® ZT — H/\GAFn—l ® 7T — HAeA Fn—z ® 7T

j/V/n JV/H—I lV/n—Z
9" 9"

HAEA Fn . H)LeA Fn—l = H/leA Fn—2

Where the maps ¢ are the natural homomorphisms and the maps y are isomorph-
isms as in Lemma A.36. Since ¢,_; and ¢,_, are isomorphisms by Lemma A.37,
Wn-1¢,—1 maps ker(d,_; ®id) onto ker 9],_,. Thus ¢,_; induces an isomorphism on
homology only if y,,_1¢,_1 also maps the image of 9, ® id onto im 0),.

Suppose that I' were not of type FP,. Then ker d,_; is not finitely generated,
so we can find a family of elements (a) ))cx which is not contained in any finitely
generated submodule of ker 9,,_; (recall that A is simply a countably infinite index
set). Since ker 9,1 = im d,,, we can find elements b, € F,, with d,(b, ) = a, for each
AeA.

Seta := (A~ ay) € [Tyean Fn-1and b := (A — b)) € [Ijen Fn- By definition
9,/ (b) = a, so a € im d),. Therefore,

(On1 ®id)¢, vt (a) = 6,113,110, 1 (a) = 0.

Hence, there is some x € F,, ® [Tyea ZT with v_1¢,-1(9, ® id)(x) = a. Now x is
of the form

ca®my+--+c,®my, forsomecy,...,c,¢€F,, ml,...,mkeHZF,
AeA
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and we have

x 9n®id On(c1) @ my+-+-+9,(ck) ® my
¢n71
~ (A 9u(c1) @ my(A) + -+ 9u(ck) ® mr(A))
V/nfl

~ (A 9p(c)mi(A) + -+ + 9 (ci)mr(R))
Therefore, for each A,
ay = dp(cr)my(A) +--- + 9 (cx)mr(A),

contradicting the assumption that the set of all a, is not contained in any finitely
generated submodule of ker d,,-; = im 9,,. This shows that I has to be of type FP,,
after all and thus proves that 3 implies 1.

Therefore the first three statements are equivalent and we will now show that
the third is equivalent to the fourth. Assume that 3 holds. Since 3 implies 1, I is of
type FP; and hence finitely generated. Furthermore 3 implies that

Hy(T,[]ZT) = Hi(T,ZT) =0, for2<k<n,

because of Lemma A.38.
Conversely, assume that 4 holds. Since T is finitely generated and 1 implies 3, we
know that the map
Hy(T,T12T) - [] Hy (T, 2T)

is an isomorphism for k = 0. For 2 < k < n we assumed that the domain of this map
is trivial. But so is the codomain by Lemma A .38, so the map is an isomorphism. []

Type wFP,, and examples In Section 6.1 we introduced the property “weak FP,,”:

Definition A.40. A group T is of type wFP,, if H; (I, Z) is finitely generated for all
k < n and all finite index subgroups I < T.

It is of type wFP if Hi(I”,Z) is finitely generated for all k > 0 and all finite
index subgroups I'" < T.

In this section we will construct some examples, that distinguish the wFP,-
properties from each other and from the FP, - and F,,-properties.

For the topological properties we have the following description of the finiteness
properties of amalgamated products and HNN extensions:
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PROPOSITION A.41. Let T =T} ¢ I, be an amalgamated product of groups.

1. Assume Iy and T, are finitely presented. Then T is finitely presented if and
only if C is finitely generated.

2. Assume I and I, are of type F,,. Then I is of type F,, if C is of type Fp,_1.
Let T = Ty*¢ be an HNN extension.

1. Assume I is finitely presented. Then T is finitely presented if and only if C is
finitely generated.

2. Assume Ty is of type F,,. Then T is of type F,, if C is of type F,,_.

Proof. The first statement is due to Baumslag [Bau62] for amalgamated products.
The analogous statement for HNN extensions can be found in [Milo2].

The second statement follows from the construction of classifying complexes
given in [SW79] or [Geoo8, Section 6.2] (which we describe in Section 5.4 for amal-
gamated products). O]

To give an analogous statement for the wEP,,-properties, we need the following
extremely useful Mayer-Vietoris sequences describing the homology of amalgam-
ated free products and HNN extensions. These are [Bie81, Theorems 2.10 & 2.12]:

THEOREM A.42. Let T = I #¢ I, be an amalgamated product and let M be a
I'-module. Then there is a Mayer-Vietoris sequence:

> Hy(C,M) - H,(I1y M) ® H,(I3, M) - H,(T,M) > H,_1(C, M) — ---

Let T = Ty*c be an HNN extension and let M be a T-module. Then there is a
Mayer-Vietoris sequence:

- H,(C,M) - H,(Ip,M) > H,(T,M) > H,.1(C,M) — -

O]

Using these sequences for M = [] ZT and the Bieri-Eckmann Criterion from
the previous section it is not hard to derive the following ([Bie81, Proposition 2.13];
alternatively, we could use Theorem 7.3 for the “if ”-direction):

PROPOSITION A.43. Let T = I *¢ I}, be an amalgamated product of groups with
I1 and T, of type FP,,. Then I is of type FP,, if and only if C is of type FP,,_;.

Let T = To*c be an HNN extension with Iy of type FP,. Then T is of type FP,, if
and only if C is of type FP,,_;. O

As we mentioned before, Bestvina and Brady in [BBgy] constructed examples
of groups which are of type FP,, for all n, but not finitely presented. Their examples
are normal subgroups of right-angled Artin groups. Denote one of these Bestvina-
Brady examples by C and the ambient right-angled Artin group by I'. Then the
amalgamated product I' x¢ I' (or the HNN group I'+¢) is finitely presented by 1
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from Proposition A.41 and of type FP,, for all #n by Proposition A.43. Thus it is also
of type F,, for all n by Theorem 7.2. But C, by assumption, is not of type F, for any
n > 3. This shows that the converses of the statements 2 in Proposition A.41 do not
hold.

But let us now try to give a statement analogous to Propositions A.41 and A.43
for the wFP,,-properties. It is not hard to see the following:

LEMMA A.44.IfT = T} *¢ I} is an amalgamated product with Iy and T, of type
wEP,,, then H,(T) is finitely generated if and only if H,_1(C) is.

IfT = Ty*c is an HNN extension with Ty of type wFP,, then H,(T) is finitely
generated if and only if H,_1(C) is.

Proof. This follows directly from the Mayer-Vietoris sequences, in which the bound-
ary maps

o Hy (1) @ Hy(Ty) = Hy(T) > Hyy(C) > Hyy(Th) © Hyy(I) =

and }
- > Hy(Ty) = Hu(T) > H,1(C) > Hy_1(Ty) — -

have finitely generated kernel and cokernel. O]

PROPOSITION A.45. If T =T} *¢ I3 is an amalgamated product with Ty and T, of
type WEP,,, then T is of type wFP,, if and only if C is of type wFP,,_;.

IfT = Ly*c is an HNN extension with I} and T, of type wEP,, then T is of type
wFEP,, if and only if C is of type wFP,,_.

Proof. We consider first the statement about amalgamated products.

Let I'" < T be a finite index subgroup. Let T be the Bass-Serre tree associated to
the splitting I} *¢ ;. Then I acts on T with vertex stabilisers isomorphic to finite
index subgroups of I or I'; and edge stabilisers isomorphic to finite index subgroups
of C. Therefore the vertex stabilisers are certainly of type wFP,,.

Now consider first the case where C is of type wFP,,_;. Then the edge stabilisers
of the action of I” on T are of type wFP,,_;. Since I acts cocompactly on T and I is
of finite index, I'" acts cocompactly on T as well, so I’ is the fundamental group of a
finite graph of groups. More precisely, I is inductively built up from groups of type
wFP,, (the vertex groups) by a finite sequence of amalgamated products and HNN
extensions along subgroups of type wEP,,_; (the edge groups). Thus it follows from
Lemma A.44 that Hy(T”) is finitely generated for any k < n. Since this holds for any
finite index subgroup I', we can conclude that T is of type wFP,,.

Conversely, if T is not of type wEP,,, then there is a finite index subgroup I'" < T
with Hy(T”) not finitely generated for some k < n. By the same argument as before
and using the other implication of Lemma A.44, this shows that there must be some
edge stabiliser C” such that Hy_(C’) is not finitely generated. Since C’ has finite
index in C, this implies that C is not of type wEP,,_;.

The proof for the statement about HNN extensions is entirely analogous. [
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A.2. HOMOLOGICAL FINITENESS PROPERTIES

Using a method from [Brigg] (or [BHgg, Section IIL.T.5]), the theorems on am-
algamated products can be used to “shift up” finiteness properties in dimension. So,
for example, if C is a group of type wFP,_; but not of type wFP,,, we could try to
embed it in a group I of, say, type Foo; then I' x¢ I will be of type wFP,, but not
WFPn+1.

To make this work, we need a way of finding the required embeddings. For that
purpose, the following lemma, which is [Brigg, Lemma 2.8], is very useful:

LEMMA A.46. Let T be a group and N < T a normal subgroup such that T/N = Z.
Then there is a short exact sequence

TsnT > Tx(Z%Z)»Z O

Let us show how this can be used (as in [Brigg]) to construct the Stallings-Bieri
examples of groups of type F,, with non-finitely generated (n+1)* integral homology
group (see [Sta63, Biey6]).

Let : F, — Z be the epimorphism from the free group on two generators to Z
which sends each generator to 1 € Z. Then SBy := ker 7 is a normal, infinite index
subgroup of a free group and therefore free and not finitely generated. Therefore
its abelianisation H;(SBy) is a non-finitely generated free abelian group and so SBy
is not of type wFP;. From Lemma A.46 it then follows that there is a short exact
sequence

F, *spy F, &> F x F, > Z.

Denote the kernel by SB;. Then SB; is finitely generated but not of type wFP,, by
Proposition A.45. Since SB; < F, x F, we can apply Lemma A.46 again. Continuing
this inductively, we obtain:

PROPOSITION A.47. For each n there is a group SB,, which is a kernel of a map
from (F,)" to Z and is ¥,,_; but not wEP,,. O

With a more sophisticated choice of base group we can use the same argument
to show that wFP, does not imply FP, for any n > 1. The construction we will
describe is essentially the one given in [LSo06].

We need a lemma first.

LEMMA A.48. A group T is of type wFP,, if Hi(N) is finitely generated for every
normal finite index subgroup N and k < n.

Proof. LetI’ < T bean arbitrary finite index subgroup of I'. Then there is a subgroup
N < T’ of finite index which is normal in T. So I fits into a short exact sequence

NoTI'>F

where F is finite. Then F is of type FP,, (by Proposition A.34) and it follows by the
same argument as in the proof® of Lemma 6.5 that Hy(T) is finitely generated for
k <n. O]

%in fact, the proof works verbatim if the assumption that N be of type wFP,,_; is replaced by the
assumption that Hy (N)) is finitely generated forall k < n —1
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APPENDIX A. FINITENESS PROPERTIES

PROPOSITION A.49. There is a sequence of groups K, such that K, is of type
wFPo, and F,_; but not of type FP,, and such that K, fits into a short exact se-
quence

K,>TI,>»>7Z

with T, of type Foo.

Proof. Let S be an infinite group of type Fo, with no finite quotients and Hy(S) = 0
for all k > 1 (such groups are constructed, for example, in [BGog4, Chapter 4]). Now
take countably many isomorphic copies S,, = S with m € Z and consider their free
product K; = %,,e7S,. Then Kj is not finitely generated but still does not have
finite quotients (for any homomorphism K; — T'is determined by the compositions
Sm = K — T, and if T is finite, all these compositions must be trivial) and thus no
finite index normal subgroups. A Mayer-Vietoris argument shows that H;(K;) = 0
for all k > 1, so by Lemma A .48, K is of type wFP,. Furthermore, observe that K;
embeds in I} := S « (t | —) by sending S, to t~™St™. In fact Kj is the kernel of the
map S * Z — Z mapping S trivially and Z isomorphically. Note that I is of type Foo.
Thus the short exact sequence

KIQFI—»Z

supplies the base case n =1 of the Proposition.

Now suppose groups K, and I, with the claimed properties have been construc-
ted. Then the double K,,,; := I, *k, T is still of type wFP, (by Proposition A.45)
and of type F,, but not of type FP,,; (by Proposition A.43). Furthermore, by Lemma
A .46, K, fits into a short exact sequence

Kn+1‘—>an(Z>+Z)—»Z,

where [, x (Z * Z) =: T4 is of type Foo. O
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