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ABSTRACT
Matrix elements between nonorthogonal Slater determinants represent an essential component of many emerging electronic structure
methods. However, evaluating nonorthogonal matrix elements is conceptually and computationally harder than their orthogonal coun-
terparts. While several different approaches have been developed, these are predominantly derived from the first-quantized generalized
Slater–Condon rules and usually require biorthogonal occupied orbitals to be computed for each matrix element. For coupling terms between
nonorthogonal excited configurations, a second-quantized approach such as the nonorthogonal Wick’s theorem is more desirable, but this
fails when the two reference determinants have a zero many-body overlap. In this contribution, we derive an entirely generalized extension
to the nonorthogonal Wick’s theorem that is applicable to all pairs of determinants with nonorthogonal orbitals. Our approach creates a
universal methodology for evaluating any nonorthogonal matrix element and allows Wick’s theorem and the generalized Slater–Condon
rules to be unified for the first time. Furthermore, we present a simple well-defined protocol for deriving arbitrary coupling terms between
nonorthogonal excited configurations. In the case of overlap and one-body operators, this protocol recovers efficient formulas with reduced
scaling, promising significant computational acceleration for methods that rely on such terms.

© 2021 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0045442., s

I. INTRODUCTION

Matrix elements between nonorthogonal Slater determinants
are increasingly common in emerging electronic structure meth-
ods. For example, capturing strong correlation using a linear com-
bination of nonorthogonal Slater determinants is a relatively old
idea1–4 that has seen a renaissance in the past decade.5–14 Similarly,
nonorthogonal matrix elements arise in projected Hartree–Fock
methods,15,16 while the combination of geminal-based nonorthog-
onal functions is an area of ongoing research.17 In each method,
the nonorthogonality of different determinants can capture strong
static correlation effects by breaking and restoring symmetries
of the Hamiltonian,15 or it can provide a quasi-diabatic repre-
sentation of dominant electronic configurations.5,9 Alternatively,
multiple wave functions built from different orbitals arise in

orbital-optimized excited states identified through methods such
as ΔSCF,18–21 excited-state mean-field theory,22,23 or the com-
plete active space self-consistent field (SCF).24,25 In these cases,
orbital optimization can significantly improve predictions of
charge transfer excitations, but nonorthogonal matrix elements
are required for inter-state coupling terms such as oscillator
strengths.

A variety of different approaches have been developed for the
efficient evaluation of nonorthogonal matrix elements,26–30 which
are predominantly derived from Löwdin’s general formula.31 The
most popular framework in quantum chemistry is the general-
ized Slater–Condon rules,27,32 where biorthogonal occupied orbitals
are constructed33,34 and a modified form of the Slater–Condon
rules35 is applied depending on the number of zero-overlap orbital
pairs in the biorthogonal basis. This approach is applicable to any
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pair of determinants but requires the diagonalization of the occu-
pied orbital overlap matrix each time. In contrast, the develop-
ment of many-body correlation methods using orthogonal determi-
nants has greatly benefited from the second-quantized Wick’s the-
orem.36 While a nonorthogonal variant of Wick’s theorem exists, it
is limited to determinants that have a non-zero many-body over-
lap and is not applicable if there are zero-overlap orbital pairs in
the biorthogonal basis.37,38 This limitation arises because the Thou-
less theorem,39 used to relate two nonorthogonal determinants via
an exponential transformation, breaks down when the two determi-
nants have a zero many-body overlap. As a result, the nonorthog-
onal Wick’s theorem has seen only limited use in quantum
chemistry.16,40,41

Computationally efficient nonorthogonal matrix elements
become increasingly important in methods that use orthogonally
excited configurations from nonorthogonal reference determinants.
For example, including post-NOCI dynamic correlation in meth-
ods such as perturbative NOCI-MP242–44 and NOCI-PT2,14 or
nonorthogonal multireference CI,3,16,41,45 requires overlap, one-
body, or two-body coupling terms between excitations from
nonorthogonal determinants. The number of nonorthogonal matrix
elements therefore grows rapidly, and repeated biorthogonalization
of the occupied orbitals becomes prohibitively expensive. In prin-
ciple, the nonorthogonal Wick’s theorem could allow these matrix
elements to be evaluated using only biorthogonal reference orbitals,
but until now, this requires the reference determinants to have a
strictly non-zero overlap.

In this contribution, we derive an entirely generalized
nonorthogonal form of Wick’s theorem that applies to any pair
of determinants with nonorthogonal orbitals, even if the overall
determinants have a zero overlap. This new framework, which we
call the “extended nonorthogonal Wick’s theorem,” provides the
most general approach for deriving matrix elements using second-
quantization, allowing Wick’s theorem and the generalized Slater–
Condon rules to be unified for the first time.

One particular advantage of our approach is that it allows
all matrix elements between excited configurations from a pair
of nonorthogonal determinants to be derived using a single well-
defined protocol. While some of the resulting expressions have
previously been derived for various bespoke applications (see,
e.g., Refs. 6, 42, and 45), these have often relied on the prop-
erties of matrix determinants to account for orbital excitations.
Instead, we present a unifying theory that can recover all of these
results and is automatically applicable in cases where the refer-
ence determinants have a zero overlap. Furthermore, we show
how evaluating intermediates for a given pair of determinants
can reduce the scaling of overlap and one-body coupling terms
between excited configurations to O(1). These particular non-
orthogonal matrix elements then become almost as straightfor-
ward as the orthogonal Slater–Condon rules or Wick’s theorem,
promising considerable acceleration for methods that rely on such
terms.

To derive our generalized nonorthogonal matrix elements, we
first define our notation in Sec. II. In Sec. III, we extend Thouless
theorem39 to the case where the two determinants have nonorthogo-
nal orbitals and a zero many-body overlap. Section IV combines this
extended Thouless transformation with Wick’s theorem to create a
generalized protocol for evaluating nonorthogonal matrix elements

using second-quantization. We then illustrate the application of this
approach by re-deriving the generalized Slater–Condon rules for
one- and two-body operators in Sec. V. Finally, in Sec. VI, we extend
our framework to the matrix elements between excited configura-
tions and show how O(1) scaling can be achieved for overlap and
one-body operators.

II. NOTATION
We will consider matrix elements between the two determi-

nants ∣wΦ⟩ and ∣xΦ⟩. Each determinant is constructed from a
bespoke set of molecular orbitals (MOs), represented in terms of the
atomic spin-orbital basis functions ∣χμ⟩ as

∣
wϕp⟩ = ∑

μ
∣χμ⟩wCμ⋅

⋅p . (1)

Here, we employ the nonorthogonal tensor notation of Head-
Gordon et al.46 to explicitly keep track of any required overlap
matrices. Occupied MOs are indexed as i, j, k, etc., virtual MOs
are indexed as a, b, c, etc., and any general MO is indexed as p,
q, r, etc. We emphasize that the MOs are orthogonal within each
Slater determinant but are nonorthogonal between the different
determinants.

In second-quantization, the N-electron determinant ∣wΦ⟩ is
defined as

∣
wΦ⟩ =

N

∏
i=1

wb†
i ∣−⟩, (2)

where ∣−⟩ is the physical vacuum and the molecular orbital cre-
ation operators wb†

i satisfy the standard fermionic anticommutation
rules.47 Using the expansion [Eq. (1)], the MO creation and annihi-
lation operators can be represented in terms of the covariant atomic
spin-orbital creation a†

μ and annihilation aμ operators as

wb†
p = ∑

μ
a†
μ
wCμ⋅
⋅p and wbp = ∑

μ
(
wC∗)⋅μp⋅aμ. (3)

The covariant atomic spin-orbital operators have only one non-zero
anticommutator,47

[a†
ν , aμ]+ = gμν, (4)

where gμν = ⟨χμ|χν⟩ defines the corresponding covariant metric
tensor (overlap matrix).46

Throughout this paper, we will need to express the atomic
spin-orbital creation and annihilation operators in terms of the MO
creation and annihilation operators using the inverse of Eq. (3),

a†
μ = ∑

pσ

wb†
p (

wC∗)⋅σp⋅gσμ, (5a)

aμ = ∑
pσ

gμσ(wC)σ⋅⋅p
wbp. (5b)

To avoid the introduction of overlap matrices throughout our
expressions, we will often use the contravariant atomic spin-orbital
operators (aμ)† and aμ defined as
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(aν)† = ∑
μ
a†
μ g

μν and aν = ∑
μ
gνμaμ, (6)

where gμν is the contravariant metric tensor corresponding to the
inverse covariant overlap matrix,46 i.e.,

gμν = (g−1
)μν. (7)

If the AO basis is overcomplete, this contravariant metric tensor
becomes the pseudo-inverse of the covariant overlap matrix. Note
that the anticommutator of these contravariant atomic spin-orbital
operators is

[(aν)†, aμ]+ = g
μν. (8)

III. EXTENDED THOULESS TRANSFORMATION
A. Conventional Thouless transformation

The conventional form of Thouless theorem allows two
nonorthogonal determinants to be related by an exponential oper-
ator of single excitations as39

∣
wΦ⟩ = exp(Z)∣xΦ⟩⟨xΦ∣wΦ⟩. (9)

To derive the single excitation operator Z, the occupied orbitals can
be transformed to a biorthogonal basis using Löwdin pairing33,34

such that

∑
μν
(
xC̃∗)⋅μi⋅ gμν

wC̃ν⋅
⋅j =

xw S̃iδij. (10)

The virtual–occupied and virtual–virtual blocks of the biorthogonal-
ized overlap matrix become

∑
μν
(
xC̃∗)⋅μa⋅ gμν

wC̃ν⋅
⋅p =

xw S̃ap, (11)

and the transformed molecular orbital creation and annihilation
operators are given as

w b̃†
p = ∑

μ
a†
μ
wC̃μ⋅
⋅p and w b̃p = ∑

μ
(
wC̃∗)⋅μp⋅ aμ. (12)

The single excitation operator in Eq. (9) is then defined as

Z = ∑
ia

xwZai
xb̃†

a
xb̃i, (13)

with the xwZai matrix elements given by

xwZai = ∑
μν
(
xC̃∗)⋅μa⋅ gμν (

wC̃)ν⋅⋅i
1

xw S̃i
. (14)

A brief derivation of this result can be found in Appendix A.
Unfortunately, this exponential representation relies on the

strict nonorthogonality of the two determinants ⟨xΦ∣wΦ⟩ ≠ 0; in
other words, it is not applicable to a pair of determinants that are
orthogonal but contain mutually nonorthogonal orbitals. Our first
step is therefore a generalization of the Thouless transformation to
the case where ⟨xΦ∣wΦ⟩ = 0.

B. Introducing zero-overlap orbitals
We begin in the biorthogonal basis identified through Löwdin

pairing, with orbital coefficients satisfying Eq. (10). For a general
pair of nonorthogonal orbitals, it is possible for orbital pairs to have
a zero-overlap in the biorthogonal basis, where xw S̃i = 0. Taking
the case with m zero overlaps between orbitals k1, . . ., km, we con-
struct “reduced” determinants by removing the electrons in these
zero-overlap orbitals to give

∣
xΦk1⋯km⟩ =

xb̃km⋯
xb̃k1 ∣

xΦ⟩, (15a)

∣
wΦk1⋯km⟩ =

w b̃km⋯
w b̃k1 ∣

wΦ⟩. (15b)

These reduced determinants are strictly nonorthogonal with the
non-zero reduced overlap defined as

xw S̃ = ⟨xΦk1⋯km ∣
wΦk1⋯km⟩ = ∏

{i∣xw S̃i≠0}

xw S̃i. (16)

Therefore, the Thouless transformation can now be applied to these
reduced determinants to give

∣
wΦk1⋯km⟩ = exp(Z̃)∣xΦk1⋯km⟩

xw S̃. (17)

Here, we have introduced the reduced single excitation operator Z̃
that only contains excitations from occupied orbitals with a non-
zero overlap as

Z̃ = ∑
{i∣xw S̃i≠0}

∑
a

xwZai
xb̃†

a
xb̃i. (18)

The full N-electron determinants are then related through second-
quantization as

∣
wΦ⟩ = w b̃†

k1
⋯

w b̃†
km

exp(Z̃)xb̃km⋯
xb̃k1 ∣

xΦ⟩xw S̃. (19)

Equation (19) can be further simplified by exploiting the com-
mutativity relation [Z̃, xb̃k] = 0 to shift the exp(Z̃) operator to the
far right-hand side, giving

∣
wΦ⟩ = w b̃†

k1
⋯

w b̃†
km

xb̃km⋯
xb̃k1 exp(Z̃)∣xΦ⟩xw S̃. (20)

We can then introduce single-electron excitation operators ẑk for the
zero-overlap orbitals as

ẑk =
w b̃†

k
xb̃k = ∑

p

⎛

⎝
∑
μν
(
xC̃∗)⋅μp⋅gμν(

wC̃)ν⋅⋅k
⎞

⎠

xb̃†
p
xb̃k

= ∑
a

xw S̃ak
xb̃†

a
xb̃k, (21)

where we have exploited the biorthogonality and zero-overlap of the
occupied orbitals such that xw S̃ik = 0 for all i. The commutativity of
these single excitation operators with the xb̃k annihilation operators
leads to the simplified relationship
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∣
wΦ⟩ = ∏

{k∣xw S̃k=0}
ẑk exp(Z̃)∣xΦ⟩xw S̃. (22)

Introducing the relationship ẑk = exp(ẑk) − 1 allows Eq. (22) to
be expanded as

∣
wΦ⟩ = ∏

{k∣xw S̃k=0}
(exp(ẑk) − 1) exp(Z̃)∣xΦ⟩xw S̃. (23)

Expanding the product of (exp(ẑk)−1) terms then leads to a sum of
exponential transformations where every combination of the zero-
overlap single excitation operators ẑk is either included or excluded
with an appropriate phase factor, giving

∣
wΦ⟩ =

m

∑
n=0
(−1)(m−n)∑

Cn
exp(Z̃Cn

)∣
xΦ⟩xw S̃. (24)

Here, we have introduced the compound index Cn to denote a par-
ticular combination of n out of m zero-overlap orbitals, while the
superscript notation Z̃Cn indicates which particular zero-overlap
excitations are included in the corresponding operator, i.e.,

Z̃Cn
= Z̃ + ∑

k∈Cn
ẑk. (25)

We refer to this transformation in Eq. (24) as the “extended Thouless
transformation.” To explicitly illustrate its application, the case of
two zero-overlaps in orbital pairs k1 and k2 leads to

∣
wΦ⟩ = xw S̃(exp Z̃(k1 ,k2)

− exp Z̃(k1)
− exp Z̃(k2) + exp Z̃)∣xΦ⟩,

(26)

where Z̃(k1 ,k2)
= Z̃ + ẑk1 + ẑk2 and Z̃(k1)

= Z̃ + ẑk1 .

IV. EXTENDED NONORTHOGONAL WICK’S THEOREM
A. Conventional Wick’s theorem

Efficiently deriving matrix elements using the conventional
Wick’s theorem requires the introduction of contractions, defined
for two creation or annihilation operators xbp and xbq as

(27)

where {xbpxbq} represents a normal-ordered operator string with
respect to the reference Fermi vacuum ⟨xΦ|⋯|xΦ⟩.36 The only non-
zero contractions between creation and annihilation operators with
respect to this symmetric Fermi vacuum are

(28)

Through Wick’s theorem, the Fermi vacuum expectation of an oper-
ator product is given by the sum over all fully contracted products of
operators, e.g.,

(29)

B. Zero-overlap transformed operators
Using the extended Thouless transformation, we can now

extend the nonorthogonal Wick’s theorem37,38,48 to derive matrix
elements between any pair of determinants with mutually
nonorthogonal orbitals. In what follows, we will consider the con-
travariant atomic spin-orbital operators (see Sec. II) to avoid large
numbers of overlap matrices in our expressions. The matrix ele-
ments for general operators expressed in the atomic spin-orbital
basis requires the evaluation of terms containing a string of creation
and annihilation operators, such as ⟨xΦ∣(aμ)†(aν)†⋯aσaτ ∣wΦ⟩.
Applying the extended Thouless transformation leads to the linear
combination

⟨
xΦ∣(aμ)†(aν)†⋯aσaτ ∣wΦ⟩

=
xw S̃

m

∑
n=0
(−1)(m−n)∑

Cn
⟨
xΦ∣(aμ)†(aν)†⋯aσaτ exp(Z̃Cn

)∣
xΦ⟩.

(30)

To evaluate each constituent matrix element for the combinations
Cn, we follow the approach described in Refs. 38 and 40 and intro-
duce a similarity-transformed set of spin-orbital creation and anni-
hilation operators as

(d[Cn]μ)† = exp(−Z̃Cn
)(aμ)† exp(Z̃Cn

), (31a)

d[Cn]μ = exp(−Z̃Cn
)aμ exp(Z̃Cn

). (31b)

These operators clearly depend on the particular combination Cn
of included zero-overlap single excitation operators. Expanding the
similarity transformation as

exp(−Z̃Cn
)aμ exp(Z̃Cn

) = aμ − [Z̃Cn , aμ], (32)

and similarly for (aμ)†, leads to the explicit forms

(d[Cn]μ)† = ∑
i

xb̃†
i (

xC̃∗)⋅μi⋅ +∑
a

xb̃†
a

⎡
⎢
⎢
⎢
⎢
⎣

(
xC̃∗)⋅μa⋅

− ∑
{i∣xw S̃i≠0}

xwZai(
xC̃∗)⋅μi⋅ − ∑

k∈Cn

xw S̃ak(
xC̃∗)⋅μk⋅

⎤
⎥
⎥
⎥
⎥
⎦

, (33a)

d[Cn]μ = ∑
i
(
xC̃)μ⋅⋅i

x b̃i +∑
a

⎡
⎢
⎢
⎢
⎢
⎣

∑
{i∣xw S̃i≠0}

(
xC̃)μ⋅⋅a

xwZai
xb̃i

+∑
k∈Cn
(
xC̃)μ⋅⋅a

xw S̃ak
xb̃k + (xC̃)μ⋅⋅a

xb̃a
⎤
⎥
⎥
⎥
⎥
⎦

. (33b)

An explicit derivation of these relationships can be found in
Appendix B. Exploiting the relationship
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⟨
xΦ∣ exp(−Z̃Cn

) = ⟨
xΦ∣ (34)

and the resolution of the identity

exp(Z̃Cn
) exp(−Z̃Cn

) = I (35)

then allows the constituent matrix elements within Eq. (30) to be
expressed as

⟨
xΦ∣(aμ)†(aν)†⋯aσaτ exp(Z̃Cn

)∣
xΦ⟩

= ⟨
xΦ∣(d[Cn]μ)†(d[Cn]ν)†⋯d[Cn]σd[Cn]τ ∣xΦ⟩. (36)

C. The fundamental contraction
The extended Thouless transformation essentially converts the

nonorthogonal matrix element with an asymmetric Fermi vacuum
⟨
xΦ|⋯∣wΦ⟩ to a transformed matrix element with respect to sym-

metric Fermi vacuum ⟨xΦ|⋯|xΦ⟩. Since the transformed operators
d[Cn]μ and (d[Cn]μ)† are expressed purely in terms of the xb̃p cre-
ation and xb̃†

p annihilation operators, with respect to the ⟨xΦ|⋯|xΦ⟩
vacuum, their non-zero contractions with respect to ⟨xΦ|⋯|xΦ⟩ can
be derived by combining Eqs. (28) and (33) to give

(37a)

(37b)

where we have introduced the general notation

xwPνμ
k = (

wC̃)ν⋅⋅k(
xC̃∗)⋅μk⋅ , (38a)

xwPνμ
= ∑
{k∣xw S̃k=0}

xwPνμ
k , (38b)

xwWνμ
= ∑
{i∣xw S̃i≠0}

(
wC̃)ν⋅⋅i

1
xw S̃i
(
xC̃∗)⋅μi⋅ , (38c)

xwMνμ
=

xxPνμ + xwPνμ + xwWνμ. (38d)

These expressions closely resemble the co-density matrices in Ref. 5,
and their derivation can be found in Appendix C.

The overall matrix element ⟨xΦ∣(aμ)†(aν)†⋯aσaτ ∣wΦ⟩ requires
the derivation of contractions between the aμ and (aμ)† atomic spin-
orbital operators rather than the transformed d[Cn]μ and (d[Cn]μ)†
operators. To show how a general string of operators can be eval-
uated using the contractions defined in Eqs. (37a) and (37b), we
first demonstrate the derivation of the one-body co-density matrix
element

xwΓνμ1 = ⟨
xΦ∣(aμ)†aν∣wΦ⟩. (39)

Assuming that some form of Wick’s theorem can be derived, we
expect this matrix element to be represented by the single contrac-
tion

(40)

Taking the most general case with m zero-overlap orbitals, the
extended Thouless transformation leads to

(41)

Reversing the order of summation over k and Cn yields

(42)

The first term in square brackets [∑Cn 1] can be recognized as the total number of ways to pick n orbitals from the m zero-overlap orbitals,
given by (mn). Similarly, the second term in square brackets [∑Cn/∋ k 1] is the total number of ways to pick n orbitals from the m − 1 zero-overlap
orbitals that remain when orbital k is excluded, given by (m−1

n ). These combinatorial expansions allow Eq. (42) to be expressed as

(43)
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Here, we note that there are no ways to exclude an orbital k when all
zero-orbital overlaps are included in the complete combination Cm.
Exploiting the binomial expansion

y

∑
n=0
(−1)(y−n)(

y
n
) = δ0,y (44)

then leads to the closed-form expression

(45)

The reduced overlap xw S̃ will be a prefactor for every matrix ele-
ment between these nonorthogonal determinants. The remaining
terms can then be used to define “fundamental contractions” for
second-quantization operators with respect to the asymmetric Fermi
vacuum ⟨xΦ|⋯∣wΦ⟩. The form of these contractions depends on
the number of zero-overlap orbitals m, and we define the first
fundamental contraction as

(46)

Similarly, the second fundamental contraction can be identified as

(47)

Crucially, we emphasize that these fundamental contractions are
defined with respect to the asymmetric Fermi vacuum ⟨xΦ|⋯∣wΦ⟩.

D. Combining several contractions
Next, we show how the fundamental contractions can be com-

bined to derive matrix elements for longer products of creation
and annihilation operators. As an example, consider the two-body
reduced co-density matrix element, defined as

xwΓτμσν2 = ⟨
xΦ∣(aμ)†(aν)†aσaτ ∣wΦ⟩. (48)

Applying Wick’s theorem, this matrix element should be given by
the sum of the two contractions,

(49)

Note that the second term in this expression carries a phase of −1
from the intersection of the contraction lines, representing the fun-
damental parity of fermionic operators.36 Taking the first contrac-
tion as an example, we apply the extended Thouless transformation
and the transformed contractions defined in Eqs. (37a) and (37b) to
give

(50)

Once again, the reduced overlap xw S̃ appears as an overall prefactor. The order of summation over the k1, k2 indices and Cn can then be
swapped to give

(51)

The third term in square brackets [∑Cn/∋k1 ,k2
1] is simply the number of ways to pick n orbitals from the m − 2 zero-overlap orbitals that remain

when orbitals k1 and k2 are removed, given by (m−2
n ). Applying the binomial expansion Eq. (44) in an analogous way to the single contraction

leads to the closed form

(52)

A similar expression can be derived for the second contraction as

(53)
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which, analogously with the orthogonal case, will carry a −1 phase factor from the intersection of the contraction lines. Combining Eqs. (52)
and (53), with their associated phase factors, yields the full expression for the two-body reduced co-density matrix elements with m zero-
overlap orbitals as

⟨
xΦ∣(aμ)†(aν)†aσaτ ∣wΦ⟩ =

⎧⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎩

xw S̃(xwMτμ xwMσν
−

xwMσμ wxMτν
), m = 0

xw S̃(xwPτμ xwMσν + xwMτμ xwPσν
−

xwPσμ xwMτν
−

xwMσμ xwPτν
), m = 1

xw S̃(xwPτμ xwPσν
−

xwPσμ xwPτν
), m = 2

0, m ≥ 3.

(54)

E. General rules for constructing matrix elements
To simplify the derivation of even longer operator strings, we note that the two-body matrix elements in Eq. (52) can be factorized into

the product of two fundamental contractions with individual m1 and m2 values under the constraint m1 + m2 = m, giving

(55)

This factorization can be extended for a general product of contrac-
tions with each mi restricted to the values 0 or 1 for the overall prod-
uct to be non-zero. We can therefore define an intuitive approach
for extending Wick’s theorem to generalized nonorthogonal matrix
elements as follows:

1. Construct all fully contracted combinations of the operator
product with the associated phase factors.

2. For each term, sum every possible way to distribute m zeros
among the contractions such that∑imi = m.

3. For every set of {mi} in each term, construct the relevant con-
tribution as a product of fundamental contractions depending
on whether each contraction has mi = 0 or 1.

4. Multiply the final combined expression with the reduced over-
lap xw S̃.

These rules and contractions therefore allow any matrix ele-
ment to be evaluated with respect to the asymmetric Fermi vac-
uum ⟨xΦ|⋯∣wΦ⟩ for nonorthogonal orbitals, regardless of whether
the many-body determinants are orthogonal or not. As a result,
our formulation is the most flexible form of Wick’s theorem and
reduces to the previous nonorthogonal37,38,48 or orthogonal36 vari-
ants under suitable restrictions on the MO coefficients. We refer
to this approach as the “extended nonorthogonal Wick’s theorem.”
In Secs. V and VI, we will show how these steps can be applied
to recover the generalized Slater–Condon rules32 and to derive
matrix elements between excited configurations with respect to the
nonorthogonal reference determinants.

V. GENERALIZED SLATER–CONDON RULES
The generalized Slater–Condon rules provide a first-quantized

approach for evaluating matrix elements between nonorthogonal
determinants. A detailed description of these rules, their derivation,
and their application can be found in Ref. 32. However, to the best
of our knowledge, the generalized Slater–Condon rules have never

previously been derived though a fully second-quantized frame-
work. In this section, we will show how these rules can be recovered
using the extended nonorthogonal Wick’s theorem.

A. One-body operators
Consider first the one-body operator

f̂ = ∑
μν

fμν(aμ)†aν, (56)

with the corresponding matrix element

⟨
xΦ∣f̂ ∣wΦ⟩ = ∑

μν
fμν⟨xΦ∣(aμ)†aν∣wΦ⟩. (57)

Applying the extended nonorthogonal Wick’s theorem yields only
one non-zero contraction to give

(58)

Substituting the fundamental contraction [Eq. (46)] and considering
the possible values of m immediately yield the one-body generalized
Slater–Condon rules32 in the form presented in Ref. 5 as

⟨
xΦ∣f̂ ∣wΦ⟩ =

⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎩

xw S̃∑μν fμν(
xwW)νμ no zeros

xw S̃∑μν fμν(
xwPk)νμ one zero (k)

0 otherwise.
(59)

Here, we note that xwMνμ = xwWνμ when there are no zero-overlap
orbitals, while xwPνμ

=
xwPνμ

k for one-zero overlap in orbital k. The
matrices xwM and xwPk correspond, respectively, to the weighted
and unweighted co-density matrices discussed in Ref. 5.

B. Two-body operators
Next, consider a general two-body operator v̂ defined in

second-quantization as
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v̂ = ∑
μνστ

vμντσ(aμ)†(aν)†aσaτ , (60)

with the two-electron integrals in the spin-orbital basis defined as

vμντσ = ⟨χμχν∣v̂∣χτχσ⟩. (61)

The corresponding matrix element is given by

⟨
xΦ∣v̂∣wΦ⟩ = ∑

μνστ
vμντσ⟨

xΦ∣(aμ)†(aν)†aσaτ ∣wΦ⟩. (62)

Recognizing the ⟨xΦ∣(aμ)†(aν)†aτaσ ∣wΦ⟩ term as the two-body
reduced co-density matrix derived in Eq. (54), we immediately
recover

⟨
xΦ∣v̂∣wΦ⟩ =

⎧⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎩

xw S̃ ∑μνστ vμντσ(
xwMτμ xwMσν

−
xwMσμ xwMτν

), m = 0
xw S̃ ∑μνστ vμντσ(

xwPτμ xwMσν + xwMτμ xwPσν
−

xwPσμ xwMτν
−

xwMσμ xwPτν
), m = 1

xw S̃ ∑μνστ vμντσ(
xwPτμ xwPσν

−
xwPσμ xwPτν

), m = 2
0, m ≥ 3.

(63)

Here, note that the m = 1 terms each contain two terms with the single zero-overlap in either the first or second contraction. Exploiting the
symmetry vμντσ = vνμστ and the identity

xwPτμ xwPσν
−

xwPσμ xwPτν
= ∑

k1≠k2

(
xwPτμ

k1

xwPσν
k2
−

xwPσμ
k1

xwPτν
k2
) (64)

then allows the two-body generalized Slater–Condon rules32 to be recovered as

⟨
xΦ∣v̂∣wΦ⟩ =

⎧⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎩

xw S̃ ∑μνστ vμντσ(
xwWτμ xwWσν

−
xwWσμ xwWτν

), no zeros
2 xw S̃ ∑μνστ vμντσ(

xwPτμ
k

xwWσν
−

xwPσμ
k

xwWτν
), one zero (k)

2 xw S̃ ∑μνστ vμντσ(
xwPτμ

k1

xwPσν
k2
−

xwPσμ
k1

xwPτν
k2
), two zeros (k1, k2)

0, otherwise.

(65)

Note that for the m = 1 case with one zero-overlap in orbital
k, we have exploited the identities xwPτμ

k
xxPσν

k =
xwPσμ

k
xxPτν

k
and xwPτμ

k
xwPσν

k =
xwPσμ

k
xwPτν

k to introduce the simplification
xwM → xwW.

VI. MATRIX ELEMENTS FOR EXCITED
CONFIGURATIONS

While re-deriving the generalized Slater–Condon rules pro-
vides an important verification of the extended nonorthogonal
Wick’s theorem, it does not provide any computational advantage
over the original framework. On the contrary, the primary focus
of our new framework involves deriving matrix elements between
excited configurations from a pair of nonorthogonal determinants,
e.g., ⟨xΦab...

ij... ∣⋯∣
wΦcd...

kl... ⟩. Terms of this form arise in perturbative
corrections to NOCI,14,42–44 the NOCI–CIS approach for core excita-
tions,8,49 and the evaluation of ⟨S2

⟩ coupling terms in NOCI expan-
sions.6 Furthermore, these nonorthogonal matrix elements will be
required to evaluate inter-state coupling elements between orbital-
optimized excited-state wave functions identified using excited-
state mean-field theory22 or state-specific complete active space
SCF.24

Until now, evaluating these matrix elements has required the
direct application of the generalized Slater–Condon rules to each
pair of excitations. This approach leads to significant computa-
tional costs associated with the biorthogonalization of the excited

determinants, which scales as O(N3
) each time. In this section,

we show how the extended nonorthogonal Wick’s theorem allows
these matrix elements to be evaluated using only biorthogonal-
ized reference determinants. When large numbers of coupling
elements are required, avoiding the biorthogonalization of these
excited configurations significantly reduces the overall computa-
tional cost. Furthermore, the cost of certain nonorthogonal matrix
elements (including all one-body operators) becomes independent
of the number of electrons or basis functions if additional inter-
mediate matrix elements are computed for each pair of reference
determinants.

In this section, we describe how the extended nonorthogonal
Wick’s theorem can be applied to matrix elements between excited
configurations. First, we discuss how the fundamental contractions
described in Sec. IV C can be modified to an MO-based form that
makes excited configurations easier to handle. We then illustrate the
derivation of certain overlap, one-body, and two-body matrix ele-
ments between nonorthogonal excited configurations. The resulting
expressions are entirely generalized for any pair of nonorthogonal
reference determinants and can significantly reduce the computa-
tional scaling compared to a naïve application of the generalized
Slater–Condon rules.

A. Asymmetric representation
Evaluating matrix elements between two excited determinants

will require the evaluation of the asymmetric contractions
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with respect to the asymmetric Fermi vacuum ⟨xΦ|⋯|wΦ⟩. Expand-
ing the molecular orbital creation and annihilation operators using
Eq. (3) yields

(66a)

(66b)

Introducing the fundamental contractions for and
defined in Eqs. (46) and (47), respectively, then reduces these expres-
sions to different forms depending on the number of zero-overlaps
mk associated with the contraction,

(67a)

(67b)

Here, we have defined the “screened” overlap terms
wxXqp = ∑

μνστ
(
wC∗)⋅μq⋅ gμσ(

xwM)στ gτν (xC)ν⋅⋅p, (68a)

wxX̄qp = ∑
μνστ
(
wC∗)⋅μq⋅ gμσ(

xwP)στ gτν (xC)ν⋅⋅p, (68b)

and
xwYpq = −(

xwXpq −
xwSpq), (69a)

xwȲpq = −
xwX̄pq, (69b)

with xwP and xwM defined in Eqs. (38b) and (38d), respectively, and
the overlap element

wxSpq = ∑
μν
(
wC∗)⋅μp⋅ gμν (

xC)ν⋅⋅q. (70)

Although the indexing notation used in Eq. (68a) may seem counter-
intuitive, we find that it helps to keep track of the bra and ket orbital
coefficients in the screened overlap terms.

Crucially, the orbital coefficients used to evaluate these con-
tractions do not need to be the same as those used to evaluate the
xwM and xwP matrices. This feature is particularly advantageous as
the excited configurations can be represented in terms of the orig-
inal orbital basis while the xwM and xwP matrices are evaluated in
the biorthogonal basis. As a result, only the reference determinants
need to be biorthogonalized, and the remaining matrix elements are
evaluated in terms of these screened overlap terms. Furthermore, the
screened overlap elements are themselves one-body matrix elements
that can be computed once for a given pair of determinants and
stored, before being combined to evaluate more complicated matrix

elements. With Nref determinants, the total cost of computing these
intermediates therefore scales as O(N2

ref n
3
).

To take full advantage of these asymmetric contractions, the
one- and two-body operators can also be represented in terms of
one set of molecular orbitals as

f̂ = ∑
pq

xfpqxb†
p
xbq, (71a)

v̂ = ∑
pqrs

xvpqrs
xb†

p
xb†

q
xbsxbr , (71b)

where we have defined the transformed matrix elements

xfpq = ∑
μν
(
xC∗)⋅μp⋅ fμν (

xC)ν⋅⋅q (72)

and
xvpqrs = ∑

μνστ
(
xC∗)⋅μp⋅(

xC∗)⋅νq⋅ vμνστ (
xC)σ⋅⋅r (

xC)τ⋅⋅s . (73)

Evaluating nonorthogonal matrix elements through the extended
nonorthogonal Wick’s theorem then proceeds using similar steps
outlined in Sec. IV E:

1. Assemble all fully contracted combinations of the asymmet-
ric operator and excitation operator product and compute the
corresponding phase factors.

2. For each term, sum every possible way to distribute m zeros
among the contractions such that∑imi = m.

3. For every set of {mi} in each term, construct the relevant con-
tribution as a product of fundamental contractions defined in
Eqs. (67a) and (67b) depending on whether each contraction
has mi = 0 or 1.

4. Multiply the combined expression with the reduced overlap
xw S̃ of the reference determinants.

Note that the number of zero-overlap orbitals in these expres-
sions corresponds to the biorthogonalized reference determinants,
not the excited configurations.

In Secs. IV B–IV E, we will illustrate this process through a
series of typical nonorthogonal matrix elements. As we shall see
below, evaluating the sum of every combination of zero-overlap
indices assigned to each contraction quickly leads to complicated
equations. However, we can derive the general structure of a matrix
element for the case with no zero-overlap orbitals m = 0 and then
recover the forms for different values of m by distributing the zero-
overlap indices over each fundamental contraction. We will there-
fore focus on the parent equation with m = 0, which we refer to as
the “canonical form” and denote using the notation ⟨⋯⟩0. Further-
more, any matrix element with more zero-overlap orbitals than the
total number of contractions must be strictly zero.

B. Overlap terms
First, we consider the overlap element between excited deter-

minants. The simplest overlap matrix element involves only a single
excitation ⟨xΦ∣wΦa

i ⟩. For m zero-overlap orbitals in the reference
determinants, this single excitation matrix element can be identified
using one contraction as
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(74)

Here, the canonical form is simply

⟨
xΦ∣wΦa

i ⟩0 =
xw S̃ wwXia, (75)

and there is only one way to assign one zero-overlap orbital to the single contraction. Note that the reduced overlap between the reference
determinants remains a prefactor for the overall matrix elements.

Next, the overlap of two single excitations ⟨xΦa
i ∣
wΦb

j ⟩ can be evaluated as

(76)

The canonical form for this element is the m = 0 term

⟨
xΦa

i ∣
wΦb

j ⟩0 =
xw S̃(wwXjb

xxXai + wxXji
xwYab). (77)

The m = 1 term is recovered by taking the sum of the two different ways to distribute one zero-overlap orbital to the two contractions, while
there is only one way to distribute two zero-overlap orbitals for the m = 2 term.

As a third example, consider the double excitation overlap ⟨xΦ∣wΦab
ij ⟩, which can be evaluated as

(78)

In this case, the minus sign arises from the intrinsic −1 phase
that results from the intersection of the contraction lines in

The relevant canonical form of this matrix
element is

⟨
xΦ∣wΦab

ij ⟩0 =
xw S̃(wwXia

wwXjb −
wwXib

wwXja), (79)

from which the terms for m = 1 and m = 2 can be derived. Notably,
this form of ⟨xΦ∣wΦab

ij ⟩ has previously be derived for m = 0 in
Refs. 42 and 45, but our derivation generalizes for any number of
zero-overlap orbitals.

C. One-body operators
We now consider matrix elements for one-body operators of

the form given in Eq. (71a). To further simplify the subsequent
expressions, we can introduce intermediate matrices that account
for partial contraction with the one-body operator. In particular, we
introduce the partially contracted intermediate terms

F0 = ∑
pq

xfpqxxXqp, (80a)

yw
[XFX]rs = ∑

pq

yxXrp
xfpqxwXqs, (80b)

yw
[XFY]rs = ∑

pq

yxXrp
xfpqxwYqs, (80c)

yw
[YFX]rs = ∑

pq

yxYrp
xfpqxwXqs, (80d)

yw
[YFY]rs = ∑

pq

yxYrp
xfpqxwYqs. (80e)

Note that the individual contraction in the F0 term, indicated by the
X matrix, may correspond to a zero-overlap orbital pair, as indicated
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by the notation F̄0. The yw[XFX]rs (and similar) terms correspond to
two contractions and can thus be assigned two zero overlap orbitals.
The different possibilities of assigning these zero-overlap contrac-
tions is denoted as yw

[X̄FX]rs or yw
[XFX̄]rs and similarly for terms

involving theY contraction. Crucially, these intermediate values also
correspond to orbital pairs and can be precomputed once for each
pair of reference determinants, leading to a one-off computational
cost that scales as O(N2

ref n
3
). As a result, the summation over the

p, q indices is avoided for the subsequent evaluation of matrix ele-
ments between excited determinants, and the computational scal-
ing of these one-body terms is the same as the overlap matrix
elements.

To illustrate the application of this approach, we take the sim-
plest one-body matrix element ⟨xΦ∣f̂ ∣wΦa

i ⟩. For m zero-overlap
orbitals in the reference determinants, this matrix element can be
expanded as

(81)

Using the contractions defined in Eqs. (67a) and (67b), and the inter-
mediate terms defined in Eq. (80), the canonical form for m = 0 is
given as

⟨
xΦ∣ f̂ ∣wΦa

i ⟩0 =
xw S̃(F0

wwXia + ww
[XFY]ia). (82)

If F0, wwXia, and ww[XFY]ia are precomputed and stored once
for the reference determinants, the subsequent cost of evaluating
⟨
xΦ∣f̂ ∣wΦa

i ⟩ is independent of the number of electrons or basis func-
tions and scales as O(1). From this canonical form, expressions for
m = 1 and 2 (or higher) can be identified as

⟨
xΦ∣f̂ ∣wΦa

i ⟩ =

⎧⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎩

xw S̃(F0
wwXia + ww

[XFY]ia), m = 0
xw S̃(F̄0

wwXia + ww
[X̄FY]ia + F0

wwX̄ia + ww
[XFȲ]ia), m = 1

xw S̃(F̄0
wwX̄ia + ww

[X̄FȲ]ia), m = 2
0, m > 2.

(83)

Next, consider the coupling of two single excitations ⟨xΦa
i ∣f̂ ∣

wΦb
j ⟩, corresponding to the fully contracted terms

(84)

In this case, the canonical form is given by

⟨
xΦa

i ∣f̂ ∣
wΦb

j ⟩0 =
xw S̃(F0

xxXai
wwXjb + F0

wxXji
xwYab + ww

[XFY]jb
xxXai + xx

[YFX]aiwwXjb + xw
[YFY]ab

wxXji −
wx
[XFX]jixwYab). (85)

Again, the form for m zero-overlap orbitals can be recovered as the sum of every way to distribute the zero-overlap contractions over the X,
Y, or F0 terms in each product. We omit the explicit form of these m > 0 expressions to maintain brevity.

Finally, consider the one-body coupling of a reference determinant and a double excitation

(86)

The corresponding canonical form for m = 0 is

⟨
xΦ∣f̂ ∣wΦab

ij ⟩0 =
xw S̃(F0

wwXia
wwXjb − F0

wwXib
wwXja + ww

[XFY]iawwXjb + ww
[XFY]jb

wwXia −
ww
[XFY]jawwXib −

ww
[XFY]ib

wwXja),

(87)

from which expressions for m > 0 can be obtained as described above.
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D. Two-body operators
Finally, we consider matrix elements for two-body operators,

with the general form given in Eq. (71b). Again, we can define
intermediate matrices in the orbital basis that can be pre-computed
for a given pair of nonorthogonal determinants. First, we intro-
duce analogs of the Coulomb and exchange matrices, respectively,
defined as

xJpr = ∑
qs

xvpqrs
xxXsq,

xKps = ∑
qr

xvpqrs
xxXrq.

(88)

Partially contracted intermediate matrices can then be defined
as, e.g.,

yw
[X(J − K)X]rs = ∑

pq

yxXrp(
xJ − xK)pqxwXqs, (89a)

yw
[Y(J − K)X]rs = ∑

pq

yxYrp(
xJ − xK)pqxwXqs, (89b)

yw
[X(J − K)Y]rs = ∑

pq

yxXrp(
xJ − xK)pqxwYqs, (89c)

yw
[Y(J − K)Y]rs = ∑

pq

yxYrp(
xJ − xK)pqxwYqs, (89d)

with the constant value

V0 = ∑
pqrs

xvpqrs(
xxXsq

xxXrp −
xxXrq

xxXsp). (90)

The one-off computational cost of evaluating each of these inter-
mediate matrices is dominated by the cost of evaluating Eqs. (88)

and (90) for each reference determinant, and so the overall scaling is
O(Nref n4

).
Like the one-body intermediate matrices, when the zero-

overlap orbitals are distributed among the contractions, these zeros
may be independently assigned to any of the X, Y, or (J − K) terms,
as each of these contain one contraction. For example, with m = 1,
one must consider the sum of three terms given as, e.g.,

yw
[X̄(J − K)X]rs + yw

[X(J̄ − K̄)X]rs + yw
[X(J − K)X̄]rs, (91)

where
x J̄pr = ∑

qs

xvpqrs
xxX̄sq (92a)

xK̄ps = ∑
qr

xvpqrs
xxX̄rq. (92b)

On the contrary, the V0 constant term corresponds to two con-
tractions and can be assigned two zero-overlap orbitals. Noting the
symmetry xvpqrs = xvqpsr , we denote these possibilities as

V̄0 = 2∑
pqrs

xvpqrs(
xxX̄sq

xxXrp −
xxX̄rq

xxXsp), (93a)

¯̄V0 = ∑
pqrs

xvpqrs(
xxX̄sq

xxX̄rp −
xxX̄rq

xxX̄sp). (93b)

Here, the factor of two in Eq. (93a) arises because the zero-
overlap orbital can be assigned to either the first or second contrac-
tion to give the same result.

To illustrate the application of this approach for excited config-
urations, we first consider the two-body matrix element

(94)

Combining each contraction and exploiting the intermediates in Eqs. (89) and (90) yields the canonical form (m = 0) for this matrix
element as

⟨
xΦ∣v̂∣wΦa

i ⟩0 =
xw S̃(V0

wwXia + 2 ww
[X(J − K)Y]ia). (95)

Distributing the zero-overlap orbitals among each contraction then leads to explicit expressions for all m values as

⟨
xΦ∣v̂∣wΦa

i ⟩ =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

xw S̃(V0
wwXia + 2 ww

[X(J − K)Y]ia), m = 0
xw S̃(V0

wwX̄ia + 2 ww
[X̄(J − K)Y]ia + V̄0

wwXia + 2 ww
[X(J̄ − K̄)Y]ia + 2 ww

[X(J − K)Ȳ]ia), m = 1
xw S̃( ¯̄V0

wwXia + 2 ww
[X̄(J̄ − K̄)Y]ia + V̄0

wwX̄ia + 2 ww
[X̄(J − K)Ȳ]ia + 2 ww

[X(J̄ − K̄)Ȳ]ia), m = 2
xw S̃( ¯̄V0

wwX̄ia + 2 ww
[X̄(J̄ − K̄)Ȳ]ia), m = 3

0 m > 3.

(96)
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Next, we consider the two-body coupling of two singly excited determinants as

⟨
xΦa

i ∣v̂∣
wΦb

j ⟩ = ∑
pqrs

xvpqrs⟨
xΦ∣xb†

i
xba

xb†
p
xb†

q
xbsxbrwb†

b
wbj∣

wΦ⟩. (97)

With a total of 24 possible ways to fully contract the corresponding matrix element, we maintain brevity by directly presenting the canonical
form for m = 0 as

⟨
xΦa

i ∣v̂∣
wΦb

j ⟩0 =
xw S̃
⎡
⎢
⎢
⎢
⎢
⎣

V0(
xxXai

wwXjb + wxXji
xwYab) + 2(xx[Y(J − K)X]aiwwXjb + ww

[X(J − K)Y]jb
xxXai)

+ 2(xw[Y(J − K)Y]ab
wxXji −

wx
[X(J − K)X]jixwXab) + 2∑

pqrs

xvpqrs
xxYap

wxXjq(
xwYsb

xxXri −
xwYrb

xxXsi)

⎤
⎥
⎥
⎥
⎥
⎦

. (98)

From here, expressions for the cases with m > 0 can be recovered by
distributing the zero-overlap orbitals over the contractions associ-
ated with the V, X, (J − K), or Y matrices. While partially contracted
intermediate expressions could also be evaluated to avoid the nested
summation on the last line in Eq. (98), this will generally incur an
unacceptably large storage cost.

Finally, we consider the two-body coupling of a reference
determinant and a double excitation

⟨
xΦ∣v̂∣wΦab

ij ⟩ = ∑
pqrs

xvpqrs⟨
xΦ∣xb†

p
xb†

q
xbsxbrwb†

a
wb†

b
wbj

wbi∣
wΦ⟩.

(99)

Again, there are a total of 24 possible ways to fully contract the cor-
responding matrix element, so we advance directly to the canonical
form for m = 0, given as

⟨
xΦ∣v̂∣wΦab

ij ⟩0 =
xw S̃ ×

⎡
⎢
⎢
⎢
⎢
⎣

V0(
wwXia

wwXjb −
wwXib

wwXja) + 2(ww
[X(J − K)Y]iawwXjb −

ww
[X(J − K)Y]ib

wwXja)

+ 2(ww
[X(J − K)Y]jb

wwXia −
ww
[X(J − K)Y]jawwXib) + 2∑

pqrs

xvpqrs
wxXip

wxXjq(
xwYsb

xwYra −
xwYsa

xwYrb)

⎤
⎥
⎥
⎥
⎥
⎦

. (100)

We note that this formula has previously been identified in Ref. 45
for m = 0, but our approach now allows this result to be extended
for m > 0.

E. Illustration of scaling
Through the use of intermediate matrices in Secs. VI A–VI C,

the cost of evaluating overlap and one-body matrix elements
between excited configurations can be made independent of the
number of electrons N or basis functions n. In both cases, the
computational cost of evaluating the intermediate matrices scales
as O(N2

ref n
3
), which is determined by the cost of evaluating the

screened overlap terms in Eqs. (68a) and (68b). The subsequent
cost of evaluating matrix elements between excited configurations
then scales as O(1). In contrast, the cost of applying the generalized
Slater–Condon rules for overlap or one-body operators is dominated
by the evaluation of the occupied orbital overlap matrix, giving a
scaling of O(n2N) for every excited coupling term.

For two-body operators, a similar application of two-body
intermediates requires transformations of the two-electron integrals
into an asymmetric MO representation for each pair of determinants

and for every possible combination of four contractions in the four
possible forms given in Eq. (67a) or (67b). These two-body interme-
diates therefore carry a storage overhead that scales as O(44N2

ref n
4
),

which will generally be unacceptably large. We imagine that there
may be certain applications that require only a subset of these two-
electron intermediates, which could then be stored to achieve the
subsequent O(1) scaling. In general, however, the n4 scaling for
two-body matrix elements cannot be overcome, although the overall
cost is still reduced by avoiding biorthogonalization of the occupied
orbitals in the excited configurations.

To explicitly illustrate the computational speed-up that might
be expected using the extended nonorthogonal Wick’s theorem,
consider the evaluation of matrix elements between two configu-
ration interaction singles (CIS) wave functions built from different
reference Slater determinants,

∣
xΨCIS⟩ = ∑

ia

xtia∣xΦia⟩, (101a)

∣
wΨCIS⟩ = ∑

jb

wtjb∣
wΦjb⟩. (101b)
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TABLE I. Computational scaling for evaluating the overlap, one-body, and two-body
coupling between two CIS wave functions with different reference determinants using
the generalized Slater–Condon rules (Slat.–Con.) or extended non-orthogonal Wick’s
theorem.

Intermediate Subsequent cost

Coupling term Slat.–Con. Wick’s Slat.–Con. Wick’s

⟨
xΨCIS|wΨCIS⟩ N/A n3 N3n4 N2n2

⟨
xΨCIS∣ f̂ ∣wΨCIS⟩ N/A n3 N3n4 N2n2

⟨
xΨCIS∣v̂∣

wΨCIS⟩ N/A n3 N2n6 N2n6

In particular, consider the evaluation of the overlap

⟨
xΨCIS∣

wΨCIS⟩ = ∑
ia,jb

xt∗ia
wtjb⟨

xΦia∣
wΦjb⟩, (102)

a one-body operator f̂ , e.g., the transition dipole moment,

⟨
xΨCIS∣ f̂ ∣wΨCIS⟩ = ∑

ia,jb

xt∗ia
wtjb⟨

xΦia∣ f̂ ∣wΦjb⟩, (103)

and a two-body operator v̂ such as the two-electron repulsion

⟨
xΨCIS∣v̂∣

wΨCIS⟩ = ∑
ia,jb

xt∗ia
wtjb⟨

xΦia∣v̂∣
wΦjb⟩. (104)

The relevant overlap, one-body, and two-body nonorthogonal
matrix elements are given in Eqs. (76), (84), and (98), respectively.
In each case, only one set of intermediates need to be evaluated using
the biorthogonalized reference determinants, followed by a total of
N2n2 nonorthogonal matrix elements between singly excited config-
urations (assuming n ≫ N). Here, we only consider one pairing of
the reference determinants.

The computational scaling associated with first evaluating the
intermediate terms from the reference determinants and then eval-
uating all the nonorthogonal coupling terms between the excited
configurations is summarized in Table I. For the overlap and one-
body terms, the computational scaling is dominated by the evalua-
tion of the intermediates, which scales as O(n3

). In comparison, the
total cost of biorthogonalizing the occupied orbitals for every pair of
excited configurations scales as O(N3n4

). For two-body operators,
the cost for both approaches is dominated by the contraction with
the two-body integrals for each pair of excited configurations. This
leads to a total scaling O(N2n6

) for both cases, but the extended
nonorthogonal Wick’s theorem may still be faster as the prefactor is
reduced for each element.

VII. CONCLUDING REMARKS
Intuitive derivations and efficient implementations of

nonorthogonal matrix elements are becoming increasingly impor-
tant for the development of nonorthogonal configuration interac-
tion methods and inter-state coupling terms for state-specific excited
state wave functions. However, until now, the evaluation of these
matrix elements has relied on the generalized Slater–Condon rules,

while the second-quantized nonorthogonal Wick’s theorem fails
when there are any zero-overlap orbital pairs between the refer-
ence determinants. In this work, we have extended the nonorthog-
onal Wick’s theorem to the case where two determinants have
nonorthogonal orbitals but have a zero many-electron overlap. This
new theory, which we call the extended nonorthogonal Wick’s theo-
rem, provides the most generalized framework for evaluating matrix
elements between two nonorthogonal determinants using second
quantization.

Among the primary advantages of our new approach is the ease
of deriving and evaluating matrix elements between excited config-
urations from nonorthogonal reference determinants. To illustrate
this feature, we have derived a series of overlap, one-body, and two-
body coupling terms between nonorthogonal excited configurations.
For overlap terms and one-body operators, these excited nonorthog-
onal matrix elements can be expressed in terms of one-body inter-
mediate terms that can be precomputed and stored for a given pair of
reference determinants. As a result, the subsequent cost of evaluating
the coupling of excited configurations scales as O(1), which is the
same as the conventional Slater–Condon rules or Wick’s theorem for
orthogonal reference determinants. However, in the current form of
the theory, the cost of evaluating two-body coupling terms scales as
O(n4

), which is the same as applying the generalized Slater–Condon
rules for each pair of nonorthogonal excited configurations. From a
computational perspective, the extended nonorthogonal Wick’s the-
orem will therefore provide the greatest acceleration in tasks that
require at most one-body coupling terms, such as the evaluation of
transition dipole moments for orbital-optimized excited states,22–25

or the coupling elements of a one-body reference Hamiltonian in
nonorthogonal perturbation theories.14,42–44

Looking forward, we hope that this work will encourage and
accelerate future developments in nonorthogonal electronic struc-
ture theory by creating a unifying theory for deriving challenging
nonorthogonal matrix elements. As part of this vision, we are work-
ing on an open-source C++ library for evaluating typical nonorthog-
onal matrix elements, and we intend to report on this project
soon.
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APPENDIX A: THOULESS THEOREM
Thouless’ theorem39 allows any Slater determinant to be repre-

sented using only single excitations from another
determinant, i.e.,

∣
wΦ⟩ = exp(Z)∣xΦ⟩. (A1)

Here, we follow Ref. 40 and provide a brief derivation of this the-
orem. First, the two sets of second-quantization operators can be
related as

wb†
i = ∑

j

xb†
j
xwAji +∑

b

xb†
b
xwBbi, (A2a)

wb†
a = ∑

j

xb†
j
xwB̃ja +∑

b

xb†
b
xwDba, (A2b)
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where
xwAji = ∑

μν
(
xC∗)⋅νj⋅ gνμ(

wC)μ⋅⋅i , (A3a)

xwBbi = ∑
μν
(
xC∗)⋅νb⋅gνμ(

wC)μ⋅⋅i , (A3b)

xwB̃ja = ∑
μν
(
xC∗)⋅νj⋅ gνμ(

wC)μ⋅⋅a , (A3c)

xwDba = ∑
μν
(
xC∗)⋅νb⋅gνμ(

wC)μ⋅⋅a (A3d)

are sub-blocks of the orbital overlap matrix. Taking a suitable trans-
formation among the orbitals of ∣wΦ⟩ allows these to be further
reduced to

w b̃†
i =

xb†
i +∑

ja

xb†
a
xwBaj(

xwA−1
)ji, (A4a)

w b̃†
a =

xb†
a +∑

jb

xb†
j
xwB̃jb(

xwD−1
)ba. (A4b)

The occupied orbitals can then be represented by the transformation

w b̃†
i =

xb†
i +∑

a

xb†
a
xwZai, (A5)

where now
xwZai = ∑

j

xwBaj(
xwA−1

)ji. (A6)

The overall transformation in Eq. (A1) is then given by

Z = xwZai
xb†

a
xbi. (A7)

Finally, if the occupied orbitals are represented in a biorthogo-
nal basis satisfying Eq. (10), then the Z matrix elements are given
simply as

xwZai = ∑
μν
(
xC̃∗)⋅μa⋅ gμν (

wC̃)ν⋅⋅i
1

xw S̃i
. (A8)

APPENDIX B: SIMILARITY TRANSFORMED
OPERATORS

To evaluate common matrix elements using the single excita-
tion operators defined in Eq. (25), we follow Ref. 40 and consider
the similarity transformed operators

(d[Cn]μ)† = exp(−Z̃ Cn
)(aμ)† exp(Z̃Cn

), (B1a)

d[Cn]μ = exp(−Z̃ Cn
)aμ exp(Z̃Cn

). (B1b)

First, consider the expansion of (d[Cn]μ)† as

(d[Cn]μ)† = exp(−Z̃ Cn
)(aμ)† exp(Z̃ Cn

)

= (aμ)† − [Z̃ Cn , (aμ)†]. (B2)

Expanding (aμ)† using Eq. (6) and inserting the definition of Z̃ Cn

from Eq. (25) lead to

(d[Cn]μ)† = ∑
p

xb̃†
p (

xC̃∗)⋅μp⋅ −∑
ap

⎛

⎝
∑

{i∣xw S̃i≠0}

xwZai[
xb̃†

a
xb̃i, xb̃†

p]

+ ∑
k∈Cn

xw S̃ak[
xb̃†

a
xb̃k, xb̃†

p]
⎞

⎠
(
xC̃∗)⋅μp⋅ . (B3)

Noting the commutation relation [xb̃†
a
xb̃i, xb̃†

p] =
xb̃†

aδip then
allows this expression to be simplified as

(d[Cn]μ)† = ∑
p

xb̃†
p(

xC̃∗)⋅μp⋅ −∑
a

xb̃†
a
⎛

⎝
∑

{i∣xw S̃i≠0}

xwZai(
xC̃∗)⋅μi⋅

+ ∑
k∈Cn

xw S̃ak(
xC̃∗)⋅μk⋅

⎞

⎠
. (B4)

Finally, separating the summation over p into a summation over the
occupied orbitals i and the virtual orbitals a recovers the form given
in Eq. (33a). Applying a similar approach for the (d[Cn]μ) operators
then recovers the expression in Eq. (33b).

APPENDIX C: SIMILARITY TRANSFORMED
CONTRACTIONS

To evaluate the contractions and
with respect to the Fermi vacuum ⟨

xΦ|⋯|xΦ⟩, we first expand
the transformed operators in terms of the xb̃p and xb̃†

p operators.
The only non-zero contractions between these MO operators are

and . We can therefore expand the con-

tracted product as

(C1)

Inserting the definition of xwZai and xw S̃ak from Eqs. (14) and (11), respectively, then leads to the form
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(C2)

Resolving the identity allows us to obtain the additional relationship

∑
a
(
xC̃)ν⋅⋅a (

xC̃∗)⋅σa⋅ = g
νσ
−∑

j
(
xC̃)ν⋅⋅j (

xC̃∗)⋅σj⋅ , (C3)

which, when inserted into Eq. (C2), leads to

(C4)

To obtain Eq. (C4) from Eq. (C2), we have exploited the relationships

∑
{i∣xw S̃i≠0}

∑
j
∑
στ
(
xC̃)ν⋅⋅j (

xC̃∗)⋅σj⋅ gστ (
wC̃)τ⋅⋅i

1
xw S̃i
(
xC̃∗)⋅μi⋅ = ∑

{i∣xw S̃i≠0}
(
xC̃)ν⋅⋅i (

xC̃∗)⋅μi⋅ (C5)

and

∑
k∈Cn
∑
j
∑
στ
(
xC̃)ν⋅⋅j (

xC̃∗)⋅σj⋅ gστ (
wC̃)τ⋅⋅k(

xC̃∗)⋅μk⋅ = 0. (C6)

Finally, Eq. (37a) is recovered by modifying the separation of summation indices in Eq. (C4) to give the form

(C7)

and introducing the matrices defined in Eqs. (38a)–(38d). The
second contraction [Eq. (37b)] then follows from

(C8)
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