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ABSTRACT

Matrix elements between nonorthogonal Slater determinants represent an essential component of many emerging electronic structure
methods. However, evaluating nonorthogonal matrix elements is conceptually and computationally harder than their orthogonal coun-
terparts. While several different approaches have been developed, these are predominantly derived from the first-quantized generalized
Slater-Condon rules and usually require biorthogonal occupied orbitals to be computed for each matrix element. For coupling terms between
nonorthogonal excited configurations, a second-quantized approach such as the nonorthogonal Wick’s theorem is more desirable, but this
fails when the two reference determinants have a zero many-body overlap. In this contribution, we derive an entirely generalized extension
to the nonorthogonal Wick’s theorem that is applicable to all pairs of determinants with nonorthogonal orbitals. Our approach creates a
universal methodology for evaluating any nonorthogonal matrix element and allows Wick’s theorem and the generalized Slater-Condon
rules to be unified for the first time. Furthermore, we present a simple well-defined protocol for deriving arbitrary coupling terms between
nonorthogonal excited configurations. In the case of overlap and one-body operators, this protocol recovers efficient formulas with reduced
scaling, promising significant computational acceleration for methods that rely on such terms.

© 2021 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0045442

I. INTRODUCTION

Matrix elements between nonorthogonal Slater determinants
are increasingly common in emerging electronic structure meth-
ods. For example, capturing strong correlation using a linear com-
bination of nonorthogonal Slater determinants is a relatively old
idea' " that has seen a renaissance in the past decade.” " Similarly,
nonorthogonal matrix elements arise in projected Hartree-Fock
methods, ”'® while the combination of geminal-based nonorthog-
onal functions is an area of ongoing research.”” In each method,
the nonorthogonality of different determinants can capture strong
static correlation effects by breaking and restoring symmetries
of the Hamiltonian,"” or it can provide a quasi-diabatic repre-
sentation of dominant electronic configurations.” Alternatively,
multiple wave functions built from different orbitals arise in

orbital-optimized excited states identified through methods such
as ASCF,"*?! excited-state mean-field theory,lz‘r‘ or the com-
plete active space self-consistent field (SCF).”*”” In these cases,
orbital optimization can significantly improve predictions of
charge transfer excitations, but nonorthogonal matrix elements

are required for inter-state coupling terms such as oscillator

strengths.
A variety of different approaches have been developed for the
efficient evaluation of nonorthogonal matrix elements,”* " which

are predominantly derived from Léwdin’s general formula.”' The
most popular framework in quantum chemistry is the general-
ized Slater-Condon rules,”””* where biorthogonal occupied orbitals
are constructed”””" and a modified form of the Slater-Condon
rules™ is applied depending on the number of zero-overlap orbital
pairs in the biorthogonal basis. This approach is applicable to any
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pair of determinants but requires the diagonalization of the occu-
pied orbital overlap matrix each time. In contrast, the develop-
ment of many-body correlation methods using orthogonal determi-
nants has greatly benefited from the second-quantized Wick’s the-
orem.”® While a nonorthogonal variant of Wick’s theorem exists, it
is limited to determinants that have a non-zero many-body over-
lap and is not applicable if there are zero-overlap orbital pairs in
the biorthogonal basis.””** This limitation arises because the Thou-
less theorem,” used to relate two nonorthogonal determinants via
an exponential transformation, breaks down when the two determi-
nants have a zero many-body overlap. As a result, the nonorthog-
onal Wick’s theorem has seen only limited use in quantum
chemistry.

Computationally efficient nonorthogonal matrix elements
become increasingly important in methods that use orthogonally
excited configurations from nonorthogonal reference determinants.
For example, including post-NOCI dynamic correlation in meth-
ods such as perturbative NOCI-MP2**** and NOCI-PT2,"* or
nonorthogonal multireference CIL™>'®*"**’ requires overlap, one-
body, or two-body coupling terms between excitations from
nonorthogonal determinants. The number of nonorthogonal matrix
elements therefore grows rapidly, and repeated biorthogonalization
of the occupied orbitals becomes prohibitively expensive. In prin-
ciple, the nonorthogonal Wick’s theorem could allow these matrix
elements to be evaluated using only biorthogonal reference orbitals,
but until now, this requires the reference determinants to have a
strictly non-zero overlap.

In this contribution, we derive an entirely generalized
nonorthogonal form of Wick’s theorem that applies to any pair
of determinants with nonorthogonal orbitals, even if the overall
determinants have a zero overlap. This new framework, which we
call the “extended nonorthogonal Wick’s theorem,” provides the
most general approach for deriving matrix elements using second-
quantization, allowing Wick’s theorem and the generalized Slater—
Condon rules to be unified for the first time.

One particular advantage of our approach is that it allows
all matrix elements between excited configurations from a pair
of nonorthogonal determinants to be derived using a single well-
defined protocol. While some of the resulting expressions have
previously been derived for various bespoke applications (see,
e.g., Refs. 6, 42, and 45), these have often relied on the prop-
erties of matrix determinants to account for orbital excitations.
Instead, we present a unifying theory that can recover all of these
results and is automatically applicable in cases where the refer-
ence determinants have a zero overlap. Furthermore, we show
how evaluating intermediates for a given pair of determinants
can reduce the scaling of overlap and one-body coupling terms
between excited configurations to O(1). These particular non-
orthogonal matrix elements then become almost as straightfor-
ward as the orthogonal Slater-Condon rules or Wick’s theorem,
promising considerable acceleration for methods that rely on such
terms.

To derive our generalized nonorthogonal matrix elements, we
first define our notation in Sec. II. In Sec. I1I, we extend Thouless
theorem™ to the case where the two determinants have nonorthogo-
nal orbitals and a zero many-body overlap. Section I'V combines this
extended Thouless transformation with Wick’s theorem to create a
generalized protocol for evaluating nonorthogonal matrix elements
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using second-quantization. We then illustrate the application of this
approach by re-deriving the generalized Slater-Condon rules for
one- and two-body operators in Sec. V. Finally, in Sec. V1, we extend
our framework to the matrix elements between excited configura-
tions and show how O(1) scaling can be achieved for overlap and
one-body operators.

Il. NOTATION

We will consider matrix elements between the two determi-
nants [“®) and [*®). Each determinant is constructed from a
bespoke set of molecular orbitals (MOs), represented in terms of the
atomic spin-orbital basis functions [y,) as

[“¢p) = D xu) “ Clp- (1)
u

Here, we employ the nonorthogonal tensor notation of Head-
Gordon et al.”® to explicitly keep track of any required overlap
matrices. Occupied MOs are indexed as i, j, k, etc., virtual MOs
are indexed as a4, b, ¢, etc., and any general MO is indexed as p,
g 1, etc. We emphasize that the MOs are orthogonal within each
Slater determinant but are nonorthogonal between the different
determinants.

In second-quantization, the N-electron determinant |“®) is
defined as

N
“®) =TT “bl-), 2)
i=1

where |-) is the physical vacuum and the molecular orbital cre-
ation operators bj satisfy the standard fermionic anticommutation
rules.”” Using the expansion [Eq. (1)], the MO creation and annihi-
lation operators can be represented in terms of the covariant atomic
spin-orbital creation al and annihilation a, operators as

G- NaleCs and b= Y("CHfa. @)
u u

The covariant atomic spin-orbital operators have only one non-zero
: 47
anticommutator,

[“L au], = g 4

where gy, = (xulxv) defines the corresponding covariant metric
tensor (overlap matrix). 0

Throughout this paper, we will need to express the atomic
spin-orbital creation and annihilation operators in terms of the MO
creation and annihilation operators using the inverse of Eq. (3),

al = prb; (C)p &ou> (5a)
au = &ua('C) “bp. (5b)
po

To avoid the introduction of overlap matrices throughout our
expressions, we will often use the contravariant atomic spin-orbital
operators (a*)' and a* defined as
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(a)' = Za}lg’w and o' =) ¢"a, (6)
“ “

where g"" is the contravariant metric tensor corresponding to the
inverse covariant overlap matrix, “e.,

g = D @)

If the AO basis is overcomplete, this contravariant metric tensor
becomes the pseudo-inverse of the covariant overlap matrix. Note
that the anticommutator of these contravariant atomic spin-orbital
operators is

[(a")',a"], =g ®)

I1l. EXTENDED THOULESS TRANSFORMATION
A. Conventional Thouless transformation

The conventional form of Thouless theorem allows two
nonorthogonal determinants to be related by an exponential oper-
ator of single excitations as”’

@) = exp(Z)["®)(*®|"' D). ©)

To derive the single excitation operator Z, the occupied orbitals can
be transformed to a biorthogonal basis using Léwdin pairing”™*
such that

Z(xc*),‘ug‘uva; = sti(sij- (10)
uv

The virtual-occupied and virtual-virtual blocks of the biorthogonal-
ized overlap matrix become

Z(xc*);u.gvac.‘; :waup> (11)
uv

and the transformed molecular orbital creation and annihilation
operators are given as

wé; = Za;w@; and “b, = 2(C) a (12)
“ “

The single excitation operator in Eq. (9) is then defined as
Z="""Z7,"b by, (13)
ia
with the ** Z,; matrix elements given by
1

waai = Z(Xc*);ﬁgyv (wc)vl wa" (14)
uwv !

A brief derivation of this result can be found in Appendix A.

Unfortunately, this exponential representation relies on the
strict nonorthogonality of the two determinants (*®[*®) # 0; in
other words, it is not applicable to a pair of determinants that are
orthogonal but contain mutually nonorthogonal orbitals. Our first
step is therefore a generalization of the Thouless transformation to
the case where (*O|“ @) = 0.

ARTICLE scitation.org/journalljcp

B. Introducing zero-overlap orbitals

We begin in the biorthogonal basis identified through Lowdin
pairing, with orbital coefficients satisfying Eq. (10). For a general
pair of nonorthogonal orbitals, it is possible for orbital pairs to have
a zero-overlap in the biorthogonal basis, where wg = . Taking
the case with m zero overlaps between orbitals ki, .. ., kn, we con-
struct “reduced” determinants by removing the electrons in these
zero-overlap orbitals to give

|x(Dkl...km> = xika“-xiJkl |xq)>) (15a)

YO g, ) = Vg by, [V D). (15b)

These reduced determinants are strictly nonorthogonal with the
non-zero reduced overlap defined as

S = (g, [ Ok ) = ]S (16)
(i 820}

Therefore, the Thouless transformation can now be applied to these
reduced determinants to give

| o, ) = exp(2)[* Py, ) S (17)

Here, we have introduced the reduced single excitation operator z
that only contains excitations from occupied orbitals with a non-
zero overlap as

xwg St D, (18)

The full N-electron determinants are then related through second-
quantization as

[“®@) = "“bf b} exp(Z)“by, by, [‘@)™S. (19)

Equation (19) can be further simplified by exploiting the com-

mutativity relation [ Z,*b;] = 0 to shift the exp(Z) operator to the
far right-hand side, giving

[“®) = b} - bf *by, by, exp(Z)[* )8, (20)

We can then introduce single-electron excitation operators Z for the
zero-overlap orbitals as

Zr = “”B,t"l}k = Z(Z(x(j* )}H.gﬂv(wc)-vlé)xi’;xi’k
P\ v
= > S bl b -
a

where we have exploited the biorthogonality and zero-overlap of the
occupied orbitals such that *§; = 0 for all i. The commutativity of
these single excitation operators with the *b; annihilation operators
leads to the simplified relationship
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“o)= ]

{klx 8 =0}

Zeexp(Z)[*@)™S. (22)

Introducing the relationship 2 = exp(2;) — 1 allows Eq. (22) to
be expanded as

“o)= ]

{kfx §=0}

(exp(%) - 1) exp(z) ”‘(D)xwg. (23)

Expanding the product of (exp(2;) —1) terms then leads to a sum of
exponential transformations where every combination of the zero-
overlap single excitation operators Zj is either included or excluded
with an appropriate phase factor, giving

)™, (24)

"0) = 31" Tep( 2

Here, we have introduced the compound index C, to denote a par-
ticular combination of n out of m zero-overlap orbitals, while the

superscript notation 2 indicates which particular zero-overlap
excitations are included in the corresponding operator, i.e.,

2 oze Y g (25)

keC,

We refer to this transformation in Eq. (24) as the “extended Thouless
transformation.” To explicitly illustrate its application, the case of
two zero-overlaps in orbital pairs k; and k; leads to

2)

" @) =3 (exp 21 —exp 24 - exp 2 1 exp Z)'00),

(26)

where 28 Z Z4 5 45 and 280 = 245, .

IV. EXTENDED NONORTHOGONAL WICK'S THEOREM
A. Conventional Wick’s theorem

Efficiently deriving matrix elements using the conventional
Wick’s theorem requires the introduction of contractions, defined
for two creation or annihilation operators *b, and *b, as

—

'T'bpmbq = QEbpl'bq - {xbivxbfl}" (27)

where {*b,"b,} represents a normal-ordered operator string with
respect to the reference Fermi vacuum (*®|--|*®).”* The only non-
zero contractions between creation and annihilation operators with
respect to this symmetric Fermi vacuum are

—, L
"by"b} =04, and  "b"b; = 4, (28)

Through Wick’s theorem, the Fermi vacuum expectation of an oper-
ator product is given by the sum over all fully contracted products of
operators, e.g.,

ARTICLE scitation.org/journalljcp
b rep epter
("RF[*DF) = ("®I"b;"ba b, by|" P) = bij0ap- (29)

B. Zero-overlap transformed operators

Using the extended Thouless transformation, we can now
extend the nonorthogonal Wick’s theorem”**** to derive matrix
elements between any pair of determinants with mutually
nonorthogonal orbitals. In what follows, we will consider the con-
travariant atomic spin-orbital operators (see Sec. II) to avoid large
numbers of overlap matrices in our expressions. The matrix ele-
ments for general operators expressed in the atomic spin-orbital
basis requires the evaluation of terms containing a string of creation
and annihilation operators, such as (*®|(a*)"(a")"--a"a"[* ®).
Applying the extended Thouless transformation leads to the linear
combination

(‘@|(a")'(a")"-a"a"|" ®)

(D 0| (@) aa" exp(27)

XUIS

).

1M

(30)

To evaluate each constituent matrix element for the combinations
Cn, we follow the approach described in Refs. 38 and 40 and intro-
duce a similarity-transformed set of spin-orbital creation and anni-
hilation operators as

(dlCa])" = exp(-Z" ) ()" exp(Z7), (31a)

d[C.])" = exp(—Z'C")a'4 exp(zc").

(31b)

These operators clearly depend on the particular combination Cy
of included zero-overlap single excitation operators. Expanding the
similarity transformation as

eXp(—ZC">a“ exp(Zc") =a - [ZC",a”], (32)

and similarly for (a*)T, leads to the explicit forms

(d[cn]l‘)T _ in)]‘(xc*)ly n ZXBE[(XC*)K

— Z Xme'(xC*);.’f _ Z wauk(xC*)Z{l’ (33a)
{iw 80} keC,
d[C,,]" = Z(xC)MtX iJi + Z|: Z (xc)ya "“’Zai"i),-
i a | {ipw§=#0}
+ 5 (O 8 by + ("C)!;"Ba]. (33b)
keC,

An explicit derivation of these relationships can be found in
Appendix B. Exploiting the relationship

J. Chem. Phys. 154, 144109 (2021); doi: 10.1063/5.0045442
© Author(s) 2021

154, 144109-4


https://scitation.org/journal/jcp

The Journal
of Chemical Physics

(xCD| exp(—ZC") = (xCD| (34)
and the resolution of the identity
exp(Zc") exp(—zc") =7 (35)

then allows the constituent matrix elements within Eq. (30) to be
expressed as

(o|(a) (a")-a"a" exp(ZC") )

= (o|(d[Ca))(d[Ca]") T d[Cal d[Ca] T D). (36)

C. The fundamental contraction

The extended Thouless transformation essentially converts the
nonorthogonal matrix element with an asymmetric Fermi vacuum
(*®|--|“ @) to a transformed matrix element with respect to sym-
metric Fermi vacuum (*®|---|*®). Since the transformed operators
d[C4]* and (d[C,]*)T are expressed purely in terms of the *b, cre-
ation and xi); annihilation operators, with respect to the (*®|---[*®)
vacuum, their non-zero contractions with respect to (*®|---|*®) can
be derived by combining Eqs. (28) and (33) to give

(dlen)") (dlen]”) = " M¥ =y~ v pr, (37a)
k¢cn
(d[cn]u)(d[cn]y)f — g;w _ zw g ruy + Z acmplil,z/7 (37b)
kécn

where we have introduced the general notation

m
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P = (MO)RCCHE, (38a)
pt = Z waZ“ , (38b)
{kw §=0}
U | AV
whe Y (MO e (O (380)
{iJxw§#0} Si
waW — xxpv,u +wav,u +wav,u. (38(1)

These expressions closely resemble the co-density matrices in Ref. 5,
and their derivation can be found in Appendix C.

The overall matrix element (*®|(a*)" (av)T---a“aleGD) requires
the derivation of contractions between the a* and (a*)" atomic spin-
orbital operators rather than the transformed d[C,]* and (d[C,]*)"
operators. To show how a general string of operators can be eval-
uated using the contractions defined in Eqs. (37a) and (37b), we
first demonstrate the derivation of the one-body co-density matrix
element

Tl = (fol(a) a'[" @), (39)
Assuming that some form of Wick’s theorem can be derived, we

expect this matrix element to be represented by the single contrac-
tion

TwV, x ’_‘l/ w
T = (P0|(a*) a” [ D). (40)

Taking the most general case with m zero-overlap orbitals, the
extended Thouless transformation leads to

(l(@) a’ [ ®) =75 S0 (=) S D (dlea)) dlea) @)

n=0

n=0

Cn

Cn

_ zursv Z(_l)('rrl—'rz) Z (z’wﬂfup _ Z waZM> ) (41)

Reversing the order of summation over k and C,, yields

(“I)Ka“)fa”‘w(l)) _ :vav Z(*l)<m7u) (

n=0

k¢cn

|

Cn k cnpk

The first term in square brackets [ch 1] can be recognized as the total number of ways to pick n orbitals from the m zero-overlap orbitals,

given by (Vn" ) Similarly, the second term in square brackets [ch K 1] is the total number of ways to pick # orbitals from the m — 1 zero-overlap

orbitals that remain when orbital k is excluded, given by ('";1) These combinatorial expansions allow Eq. (42) to be expressed as

m

m—1

. ~ m m—1
z wt v w gy — aw _1\(m—n) 2w o _1\(m—1-n) Tw prp
*®|(a™)a” |V ®) S{g (-1) <n> M"F 4 E (-1) < > P } (43)

n=0

n
n=0
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Here, we note that there are no ways to exclude an orbital k when all
zero-orbital overlaps are included in the complete combination Cy.
Exploiting the binomial expansion

Z( 10" ")() 8oy (44)

then leads to the closed-form expression

L ) w O w A SV Tw pv,
(l(a)'a’|B) = S [Fon M A Gy a TP o

The reduced overlap *’S will be a prefactor for every matrix ele-
ment between these nonorthogonal determinants. The remaining
terms can then be used to define “fundamental contractions” for
second-quantization operators with respect to the asymmetric Fermi
vacuum (*®|--|“®). The form of these contractions depends on
the number of zero-overlap orbitals m, and we define the first
fundamental contraction as

TOMYES m =0

(a“)Ta" = TwprE o, =1
' (46)

0, m > 1.

Similarly, the second fundamental contraction can be identified as

,—\ m
("®|(a") (a") a7aT["®) = "5 Y (-1
n=0 Cn

m

:xuSZ

n=0

[
(m n Z<m¢,‘(d[cn]u
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g;u/ _TWNTHY g — ()

m”)T — LW phy m=1
’ : (47)

0, m > 1.

Crucially, we emphasize that these fundamental contractions are
defined with respect to the asymmetric Fermi vacuum (*®|--|“ ®).

D. Combining several contractions

Next, we show how the fundamental contractions can be com-
bined to derive matrix elements for longer products of creation
and annihilation operators. As an example, consider the two-body
reduced co-density matrix element, defined as

I3 = (“0|(a")"(a") 'a"a’[ " ). (48)

Applying Wick’s theorem, this matrix element should be given by
the sum of the two contractions,

() (@) 70" ®) + ("] (@) 0T [te). (49)
Note that the second term in this expression carries a phase of —1
from the intersection of the contraction lines, representing the fun-
damental parity of fermionic operators.’® Taking the first contrac-
tion as an example, we apply the extended Thouless transformation
and the transformed contractions defined in Egs. (37a) and (37b) to
give

T|wq>>

— 1
) (dlea]”) dlen) " dlen] | ®).

(m n) Z (ij\lru Z IwPI;H) (7“”]\[0'" _ z ’”wP,g_)”). (50)

kiécn ko&cn

Once again, the reduced overlap *”3 appears as an overall prefactor. The order of summation over the ki, k, indices and C, can then be

swapped to give

m

:zusz

n=0

]
(®|(a)' (@) a0 | @

(m—n) (1:11)]\[7‘;1 zw ) rov [Z 1}

Cn

_ Z(wa\JT‘u mu:P}fx/ + .er]:/l, acwﬂlau)[ Z 1}
k

cnpk

) "

k1,k2

Cn Bk k2

The third term in square brackets [ch S 1] is simply the number of ways to pick 7 orbitals from the m — 2 zero-overlap orbitals that remain

when orbitals k; and k are removed, given by ('”;2
leads to the closed form

(””<I>|(a“)T(a")Ta"aT\wq)) _ ”“”S[(so,m (l'w]\/[Tu 1’WA101/) + 6017—,1,1 (l'w]\/[Tu TW POV | TW DT :L”LU]\/IUV) + 60?7n72(l‘ﬂ,'PT[1 acu,'Po'V)] .

A similar expression can be derived for the second contraction as

T NN Lo T w Tw ) )
< @‘(a;) ((1 ) a’a ‘ ’1’) — S 5 (:ru [(7’;1 TTI)A[TI/) + 50 — l(:ru ]\[0;1 T’u)PTV Tu,P(ru I?A,A{Tl/) + 50‘777,72(‘LUJPU# LwPTV>:|>

). Applying the binomial expansion Eq. (44) in an analogous way to the single contraction

(52)

(53)
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which, analogously with the orthogonal case, will carry a —1 phase factor from the intersection of the contraction lines. Combining Egs. (52)
and (53), with their associated phase factors, yields the full expression for the two-body reduced co-density matrix elements with m zero-

overlap orbitals as

{fol(a")(a") a"a’|" @) =

XU)S(X’LUMT‘M XU)MUV _ X'lUMUAM ’LUXMTV) m — O
X’LUS(XH)PT# X’LUMUV + X’LUMT‘M. XH)PO'V _ XH)PO'# X’MIMTV _ X’UJMO"M. X’IJ)PTV)’ m= 1
XU)S(XU}PT[J X’lUPO"V _ X'lUPO"M XU)PTV) m — 2 (54)
0, m > 3.

E. General rules for constructing matrix elements

To simplify the derivation of even longer operator strings, we note that the two-body matrix elements in Eq. (52) can be factorized into
the product of two fundamental contractions with individual m; and m, values under the constraint m; + m, = m, giving

] N
<I®‘(a”)t(m"a7|w¢) —rwg Z

mi,ma
mi1+ma=m

This factorization can be extended for a general product of contrac-
tions with each m; restricted to the values 0 or 1 for the overall prod-
uct to be non-zero. We can therefore define an intuitive approach
for extending Wick’s theorem to generalized nonorthogonal matrix
elements as follows:

1. Construct all fully contracted combinations of the operator
product with the associated phase factors.

2. For each term, sum every possible way to distribute m zeros
among the contractions such that Y ;m; = m.

3. For every set of {m;} in each term, construct the relevant con-
tribution as a product of fundamental contractions depending
on whether each contraction has m; = 0 or 1.

4. Multiply the final combined expression with the reduced over-
lap 8.

These rules and contractions therefore allow any matrix ele-
ment to be evaluated with respect to the asymmetric Fermi vac-
uum (*®|--|®) for nonorthogonal orbitals, regardless of whether
the many-body determinants are orthogonal or not. As a result,
our formulation is the most flexible form of Wick’s theorem and
reduces to the previous nonorthogonal’”**** or orthogonal™® vari-
ants under suitable restrictions on the MO coefficients. We refer
to this approach as the “extended nonorthogonal Wick’s theorem.”
In Secs. V and VI, we will show how these steps can be applied
to recover the generalized Slater-Condon rules’” and to derive
matrix elements between excited configurations with respect to the
nonorthogonal reference determinants.

V. GENERALIZED SLATER-CONDON RULES

The generalized Slater-Condon rules provide a first-quantized
approach for evaluating matrix elements between nonorthogonal
determinants. A detailed description of these rules, their derivation,
and their application can be found in Ref. 32. However, to the best
of our knowledge, the generalized Slater-Condon rules have never

(60177“ TWNFTH 4 501”“71 ZwPT#)((SO,mz TWNFOV 4 50,m271 IL"UJPG'I/). (55)

previously been derived though a fully second-quantized frame-
work. In this section, we will show how these rules can be recovered
using the extended nonorthogonal Wick’s theorem.

A. One-body operators

Consider first the one-body operator
=2 w@)'a, (56)
uv
with the corresponding matrix element

(“olf[“®) = 3 fu{*@|(a")"a"" D). (57)
uv

Applying the extended nonorthogonal Wick’s theorem yields only
one non-zero contraction to give

£lw s xr ” viw
(Folf[ @) =D fun("@l(a")la”[" D). (58)
7%
Substituting the fundamental contraction [Eq. (46)] and considering

the possible values of m immediately yield the one-body generalized
Slater-Condon rules’ in the form presented in Ref. 5 as

g Y Jur W)™ no zeros
(olf|“®) = {8 Y fuv (M Pr)™  one zero (k) (59)
0 otherwise.

Here, we note that ** M" =** W' when there are no zero-overlap
orbitals, while * P = **P}¥ for one-zero overlap in orbital k. The
matrices * M and ** Py correspond, respectively, to the weighted
and unweighted co-density matrices discussed in Ref. 5.

B. Two-body operators

Next, consider a general two-body operator ¢ defined in
second-quantization as
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b= vww(a”)f(av)TaaaT, (60)
uvor
with the two-electron integrals in the spin-orbital basis defined as

Ve = (Xuxs[Oexo)- (61)

The corresponding matrix element is given by

ARTICLE scitation.org/journalljcp

<x®|@|w®) = Z U}wm<x®|(a#)1‘(av)]\aga1 w(D) (62)

uvor

Recognizing the (*®|(a*)"(a")Ta’a’[“®) term as the two-body
reduced co-density matrix derived in Eq. (54), we immediately
recover

XU)S ZHVUT 'U'uv-[g(waT‘u waov _ XU)MU‘H wa‘rV)’ m = 0

(X(D 5 wq)) ) xwgg Zyvo‘r me(xwpm XW ALV | XW g TH XW ROV XW DO XW ATV XW A rOU X’LUPTV)’ m=1 (63)
XU)S ZHVUT UHVTU(}CU)PT[J xwpm/ _ XU)PU[A wa‘rV)’ m = 2
0, m > 3.

Here, note that the m = 1 terms each contain two terms with the single zero-overlap in either the first or second contraction. Exploiting the

symmetry Uuyre = Uyor and the identity

XUIPT‘M XH)PO'V X’H)PO'# X'MJPTV

ki ky

_ Z (waT.“ waIZZV _ xwpou xwpg) (64)

then allows the two-body generalized Slater-Condon rules™ to be recovered as

xwg Z}wo‘r Vpvro (xw WH xw Wwov _xw Wa,u xw WT‘V),
XW & xw pTH xw oV Xw pOf XW 47TV

28 S e Vg (MR T W X PE W,
XW & Xw pTH xw pov ~ xw pll xw pTvV

28 S por urna (VP PY <P,

A

ol

wq)>:

0,

Note that for the m = 1 case with one zero-overlap in orbital
k, we have exploited the identities **P;" P}’ wpl py
and *p} TPy = *WPF *P to introduce the simplification
X'LUM N xw W'

VI. MATRIX ELEMENTS FOR EXCITED
CONFIGURATIONS

While re-deriving the generalized Slater-Condon rules pro-
vides an important verification of the extended nonorthogonal
WicKk’s theorem, it does not provide any computational advantage
over the original framework. On the contrary, the primary focus
of our new framework involves deriving matrix elements between
excited configurations from a pair of nonorthogonal determinants,
e.g., (x®gh||w®i‘f) Terms of this form arise in perturbative

4,424

corrections to NOCI,' ' the NOCI-CIS approach for core excita-
tions,”"’ and the evaluation of {S*) coupling terms in NOCI expan-
sions.” Furthermore, these nonorthogonal matrix elements will be
required to evaluate inter-state coupling elements between orbital-
optimized excited-state wave functions identified using excited-
state mean-field theory” or state-specific complete active space
SCF.”

Until now, evaluating these matrix elements has required the
direct application of the generalized Slater-Condon rules to each
pair of excitations. This approach leads to significant computa-
tional costs associated with the biorthogonalization of the excited

no zeros
one zero (k) (65)
two zeros (ki,k2)

otherwise.

(

determinants, which scales as O(N3) each time. In this section,
we show how the extended nonorthogonal Wick’s theorem allows
these matrix elements to be evaluated using only biorthogonal-
ized reference determinants. When large numbers of coupling
elements are required, avoiding the biorthogonalization of these
excited configurations significantly reduces the overall computa-
tional cost. Furthermore, the cost of certain nonorthogonal matrix
elements (including all one-body operators) becomes independent
of the number of electrons or basis functions if additional inter-
mediate matrix elements are computed for each pair of reference
determinants.

In this section, we describe how the extended nonorthogonal
WicK’s theorem can be applied to matrix elements between excited
configurations. First, we discuss how the fundamental contractions
described in Sec. IV C can be modified to an MO-based form that
makes excited configurations easier to handle. We then illustrate the
derivation of certain overlap, one-body, and two-body matrix ele-
ments between nonorthogonal excited configurations. The resulting
expressions are entirely generalized for any pair of nonorthogonal
reference determinants and can significantly reduce the computa-
tional scaling compared to a naive application of the generalized
Slater-Condon rules.

A. Asymmetric representation

Evaluating matrix elements between two excited determinants
1

. . . . . x TUJ
will require the evaluation of the asymmetric contractions ’»" e
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with respect to the asymmetric Fermi vacuum (*®|---| ®). Expand-
ing the molecular orbital creation and annihilation operators using
Eq. (3) yields

a '_’lU\ w *\ T o x v
Dby = 3 (YN g ()} (@) g POV (660)

proT

l"—’u| xr *\ - L o T w V-
b, by = > (FC)t Guo (a7) (@) gr (VO

proT

(66b)

. . T v T v
Introducing the fundamental contractions for (¢")'a” and (a”)'a

defined in Eqgs. (46) and (47), respectively, then reduces these expres-
sions to different forms depending on the number of zero-overlaps
my, associated with the contraction,

X gp, My =0

mb;wbq _ 'wur,qu; my = 1 (67a)
0, mg > 1,
— Iw}fl"], my = 0
szurb:; — :muypq7 my =1 (67b)
0, my > 1.
Here, we have defined the “screened” overlap terms
U Xap = 22 (MCT)g guo (M) gy (C) (68a)
uvot
Y Xap = 22 (MC)g us (") gr (FC)p (68b)
uvot
and
xw qu _ (xprq _Xw Spq)> (693)

with*™Pand*™ M defined in Egs. (38b) and (38d), respectively, and
the overlap element

P Spg = 2 (M C)p g Oy (70)
[JV

Although the indexing notation used in Eq. (682) may seem counter-
intuitive, we find that it helps to keep track of the bra and ket orbital
coefficients in the screened overlap terms.

Crucially, the orbital coefficients used to evaluate these con-
tractions do not need to be the same as those used to evaluate the
*@M and "™ P matrices. This feature is particularly advantageous as
the excited configurations can be represented in terms of the orig-
inal orbital basis while the *’M and **’P matrices are evaluated in
the biorthogonal basis. As a result, only the reference determinants
need to be biorthogonalized, and the remaining matrix elements are
evaluated in terms of these screened overlap terms. Furthermore, the
screened overlap elements are themselves one-body matrix elements
that can be computed once for a given pair of determinants and
stored, before being combined to evaluate more complicated matrix

ARTICLE scitation.org/journalljcp

elements. With N,.r determinants, the total cost of computing these
intermediates therefore scales as O(eref n3).

To take full advantage of these asymmetric contractions, the
one- and two-body operators can also be represented in terms of

one set of molecular orbitals as

F =3 a" b} by, (71a)
1Zi
0= “0pgrs by I b By, (71b)
pqrs
where we have defined the transformed matrix elements
“fog = 2 CC)p fun (O (72)
uv
and
x’l)pqrs = Z(xc* )P‘u(xc*)qv Vuvor (xC)U,(xC)TS (73)

uvor

Evaluating nonorthogonal matrix elements through the extended
nonorthogonal Wick’s theorem then proceeds using similar steps
outlined in Sec. IV E:

1. Assemble all fully contracted combinations of the asymmet-
ric operator and excitation operator product and compute the
corresponding phase factors.

2. For each term, sum every possible way to distribute m zeros
among the contractions such that Y im; = m.

3. For every set of {m;} in each term, construct the relevant con-
tribution as a product of fundamental contractions defined in
Egs. (67a) and (67b) depending on whether each contraction
has m; =0 or 1.

4. Multiply the combined expression with the reduced overlap
*3 of the reference determinants.

Note that the number of zero-overlap orbitals in these expres-
sions corresponds to the biorthogonalized reference determinants,
not the excited configurations.

In Secs. IV B-IV E, we will illustrate this process through a
series of typical nonorthogonal matrix elements. As we shall see
below, evaluating the sum of every combination of zero-overlap
indices assigned to each contraction quickly leads to complicated
equations. However, we can derive the general structure of a matrix
element for the case with no zero-overlap orbitals m = 0 and then
recover the forms for different values of m by distributing the zero-
overlap indices over each fundamental contraction. We will there-
fore focus on the parent equation with m = 0, which we refer to as
the “canonical form” and denote using the notation (---)o. Further-
more, any matrix element with more zero-overlap orbitals than the
total number of contractions must be strictly zero.

B. Overlap terms

First, we consider the overlap element between excited deter-
minants. The simplest overlap matrix element involves only a single
excitation (*®|“®{). For m zero-overlap orbitals in the reference
determinants, this single excitation matrix element can be identified
using one contraction as
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zw g uvqum’ m=20

<z(1)|wq>g> _ <‘T’@‘walwbi‘w¢> —{awg wa’ia., m=1 (74)
0, m > 1.
Here, the canonical form is simply
<x(D|w(D?>0 — X’wS waim (75)

and there is only one way to assign one zero-overlap orbital to the single contraction. Note that the reduced overlap between the reference
determinants remains a prefactor for the overall matrix elements.

Next, the overlap of two single excitations (XCD?|wCDjh) can be evaluated as

<T©(I‘7U¢b> — <T(I)‘TZ;TTI) 'U'lm."u}q)> + <T(I)‘TbTTZ’)T’bTU'b‘7U¢>
i j i Ca b Yj i Ca b Yj
;L'ws:'(wajbzqui + wij’in ub)v —
zws(wajhszai + szjiszab + wajbza:XM_ + szji_mw ah), m=1

zwg(wajhszM 4 szjizw 7@[))7 m=2 (76)
0, m > 2.

3

The canonical form for this element is the m = 0 term

<x(DAiz|w(Djb>0 :wa(wwAthmXai+wx){jixwYah)- (77)

The m = 1 term is recovered by taking the sum of the two different ways to distribute one zero-overlap orbital to the two contractions, while

there is only one way to distribute two zero-overlap orbitals for the m = 2 term.
As a third example, consider the double excitation overlap ("CI>|w<ngb), which can be evaluated as

T & |wFHab\ /g w T’LU’I‘_’U,‘ w rHwpTwpfwy wyp jw
(FO[UDL) = ("®["by by b b, [V R) + (TD|bY by b | @)

.7771/'S(U'U'X’ia“,’ﬂ,’X‘]b . “”“Xib“]“]Xja), m = 0
B :muSV(u,vu,inawaJb _ u'u'Xibwaja + unuXiawajb _ u”“X’ibwaju), m=1
a‘ws(zuuerwaJb _ waibwaja), m=2 (78)
0, m > 2.
(
In this case, the minus sign arises from the intrinsic —1 phase Fo=>"fog" Xgp» (80a)
that results from the intersection of the contraction lines in rq
valwrtwptw
("®[*by"b,"b;"b;|"®). The relevant canonical form of this matrix
element is
YOIXFX]rs = 3. Xy fog ™ Xgoo (80b)
Pq
PUIXEY T = 2 Xy fog ™ Yo (80c)
from which the terms for m = 1 and m = 2 can be derived. Notably, P
this form of ("d)\“’(l)?}b) has previously be derived for m = 0 in
Refs. 42 and 45, but our derivation generalizes for any number of
> yw _ yx Xp o xw
zero-overlap orbitals. [YEX]:s = % Yo Soa Koo (80d)
C. One-body operators
We now copsider rrlatrix elements for‘ one?body operators of YUIYFY ] = ZJ”‘ Yo fog™ Yos- (80e)
the form given in Eq. (71a). To further simplify the subsequent rq
expressions, we can introduce intermediate matrices that account
for partial contraction with the one-body operator. In particular, we Note that the individual contraction in the Fy term, indicated by the
introduce the partially contracted intermediate terms X matrix, may correspond to a zero-overlap orbital pair, as indicated
J. Chem. Phys. 154, 144109 (2021); doi: 10.1063/5.0045442 154, 144109-10
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by the notation Fy. The”™ [XFX],s (and similar) terms correspond to
two contractions and can thus be assigned two zero overlap orbitals.
The different possibilities of assigning these zero-overlap contrac-
tions is denoted as [ XFX]s or ”’[XFX],s and similarly for terms i <w¢mb;wmlwbilw¢>> )

N [ '.v__‘
TR D) =3 fog | (FRI7H) by by @)
Pa

involving the Y contraction. Crucially, these intermediate values also (81)
correspond to orbital pairs and can be precomputed once for each ) )
pair of reference determinants, leading to a one-off computational ~ Using the contractions qeﬁned in Egs. (672) an.d (67b), and the Inter-
cost that scales as O(Ny¢n’). As a result, the summation over the n.ledlate terms defined in Eq. (80), the canonical form for m = 0 is
P> q indices is avoided for the subsequent evaluation of matrix ele- given as
ments between excited determinants, and the computational scal- o AW e W A W ww
ing of these one-body terms is the same as the overlap matrix COIAT o =" S(Fo™ Xia + " [XFY ]ia)- (82)
elements.. o . . If Fo, “*Xja, and “*[XFY]i, are precomputed and stored once
To illustrate the application of this approach, we take the sim-  for the reference determinants, the subsequent cost of evaluating
plest one-body matrix element (*®|f|“®f). For m zero-overlap (*O|f|"* @) is independent of the number of electrons or basis func-
orbitals in the reference determinants, this matrix element can be tions and scales as O(1). From this canonical form, expressions for
expanded as m = 1and 2 (or higher) can be identified as
|
S(Fo"" Xig + Y [XFY Jia), m=0
. FUS(Fo"" Xia + Y [XFY Jia + Fo " Xia + V" [XFY]ia), m=1
(xq)qu)ia) _ xw~(_0ww ia ww[ _]m 0 ia [ ]m) (83)
S(Fo"" Xia + " [XFY]ia), m=2
0, m> 2.
ext, consider the coupling of two single excitations 2| £1w , corresponding to the fully contracted terms
N ider the coupling of two single excitations (*®{|f|*®} ponding to the fully d
CBFI@L) = 3% f (V0D by b ;) + (PRIB Db, 0] b, )
v [ — — [
+ <1¢|1blxba1b;quwbzwa ‘u@> + <L(D|Lb}‘1baLbLquubzwb] ‘u.(I)>
L —F== 1 |
+ <Z(P‘Zbjlbaﬂbglbq'ﬂ)b;}u’bjrﬂ(b) + <.L¢|.Lbzlbalb;.qulvau’bj‘1[}@))' (84)

In this case, the canonical form is given by

(O @Yo = S(Fo™ X X + Fo " Xi™ Y + " [XFY 1" Xai + “[YEX]ai ™" X + ““ [YFY ] Xji — “*[XFX)i"™ Yap).  (85)

Again, the form for m zero-overlap orbitals can be recovered as the sum of every way to distribute the zero-overlap contractions over the X,
Y, or Fy terms in each product. We omit the explicit form of these m > 0 expressions to maintain brevity.
Finally, consider the one-body coupling of a reference determinant and a double excitation

<.T,<I)‘]E|w<qu> _ er (<T<I>\Tbﬁb wawa’T‘,b‘wb"wq)> + <T¢)‘Tﬁ) wawawb‘wb‘IUY‘I)>
g/ T Prq p 74 a b J g p 4 a b J Q
rq
. — 1 .1 |
—+ <zq)‘zblmbqwawambju;bi‘wq)>+ <.T<I)‘acb:)mbqwbj;urbguvbjuvbiIuv(I)>
+ <'T"I)‘mblmbqwblwbzwbjwbz"wq)> + <mq>‘.rb;lr)mbqwblwbl’iwbjmbi‘w(l)»' (86)

The corresponding canonical form for m = 0 is

<xq)|j(|wq):_zjb>0 _ wa(FOwaiawajh _ FOwaibwaja 4w [XFY]iawa'

i+ [XFY 1" Xia — " [XFY 1™ Xip — " [XFY 13" Xja)»

(87)

from which expressions for m > 0 can be obtained as described above.
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D. Two-body operators

Finally, we consider matrix elements for two-body operators,
with the general form given in Eq. (71b). Again, we can define
intermediate matrices in the orbital basis that can be pre-computed
for a given pair of nonorthogonal determinants. First, we intro-
duce analogs of the Coulomb and exchange matrices, respectively,
defined as

x x xx
]pr = Z Upgrs qu,
qs

X X XX
Kp_g = Z ’qurg qu.
qr

(88)

Partially contracted intermediate matrices can then be defined
as, e.g.,

PUXU = KX = 20 X (T = "K)pg ™ Xgs (892)

)z
e [Y(] - K)X] rs = Z nyrp (x] - xK)pqxwqu (89b)

Pq
TUXT = K)Y s = 3 Xep ("] = "K)pg ™ Yo, (89¢)

Pq
TYT=K) Y = 2 Y (T = "K)pg ™ Y, (89d)

Pq

with the constant value

VO _ Z x'qurs (XstqXXer _ xxquxxXS ) (90)

pqrs

The one-off computational cost of evaluating each of these inter-
mediate matrices is dominated by the cost of evaluating Egs. (88)

J
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and (90) for each reference determinant, and so the overall scaling is
O(Nref H4 ) .

Like the one-body intermediate matrices, when the zero-
overlap orbitals are distributed among the contractions, these zeros
may be independently assigned to any of the X, Y, or (J — K) terms,
as each of these contain one contraction. For example, with m = 1,
one must consider the sum of three terms given as, e.g.,

TX(J -K)X]s +7 [XT - K)X]rs +7[X(J - K)X]rs» (91)

where
xjpr = vapqrsxx)_(sq (92a)
qs
Ko = 3 vpgrs Koy (92b)

qr

On the contrary, the Vi constant term corresponds to two con-
tractions and can be assigned two zero-overlap orbitals. Noting the
symmetry “vpqrs = Vgpsr, we denote these possibilities as

Vo =23 “opgre (F Ko Xop = K" Xop ) (93a)
pqrs
= )= Z xqu” (Xstqxxer _ xxquxstp ) . (93b)

quS
Here, the factor of two in Eq. (93a) arises because the zero-
overlap orbital can be assigned to either the first or second contrac-
tion to give the same result.
To illustrate the application of this approach for excited config-
urations, we first consider the two-body matrix element

" ~ ) T [ r— I_’_\—\ [
("elo|odf) =" mpqrs(<2q>|rb;fz)gfbs%rwb§%i\%) + ("®|7b b1 Tb b, bl b, | )

pqrs

— o 1
T <Iq)|l‘b1)l‘bgl‘bérb,’wblwb7‘wq)>+ <T¢‘TbLTbIITbbTbT7“b21”b1|m@>

— = 1 — 1 1
+ (FB|7bLTbE b, Th, bl b, [V B) + (”<I>|”b;,””bfll'b_q””br'wbz“’bi|“’<I>>)4

(94)

Combining each contraction and exploiting the intermediates in Egs. (89) and (90) yields the canonical form (m = 0) for this matrix

element as

A

("o|o

YO = S(Vo ' Xig + 2V [X(J - K)Y]ia). (95)

Distributing the zero-overlap orbitals among each contraction then leads to explicit expressions for all m values as

MYV Xig + 2" [X(J = K) Y]ia)

(Vo Kig + 2V [X( K)o + Vo Xia 422 [X(T ~ )Y + 2 [X( - K) V)i,
Yol = (Vo X, +2YYX(T-K)Y]ia+ Vo Kig + 2" [X(J - K) Y ]ia + 2™ [X(J - I?)Y],—u),
[ ]

("o|d

wg ‘:/Oww}_(ia Lpww

0

X(j_K)Y ia):

(96)

33 333
WW[!JP—‘O
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Next, we consider the two-body coupling of two singly excited determinants as

(o

J
pars

00) = 3 O, B, 6] ), o)

With a total of 24 possible ways to fully contract the corresponding matrix element, we maintain brevity by directly presenting the canonical

form for m =0 as

(O 10] " @ Yo = 8| Vo (" Xa ™ Xip + X" Yap) + 2(F[Y(J - K) Xt Xy + " [X(J ~ K) Y135 Xar)
+ 2("[Y(J - K)Y]ap " Xji = ““[X(T = K)X]i™ Xap) + 2> “pgrs™ Yap " Xig (" Yo ™ Xoi = ' Y, " Xai) |- (98)
PqVS

From here, expressions for the cases with m > 0 can be recovered by
distributing the zero-overlap orbitals over the contractions associ-
ated with the V, X, (J — K), or Y matrices. While partially contracted
intermediate expressions could also be evaluated to avoid the nested
summation on the last line in Eq. (98), this will generally incur an
unacceptably large storage cost.

Finally, we consider the two-body coupling of a reference
determinant and a double excitation

A

+ Z(UJUJ [X(] _ K) Y]]bwwxla _ ww [X(] _ K) Y]]au)leh) + 2 Z xqurswxXipwx}(jq(Xw Ybeu) Ym _ xXw YsaXU) Yrb) .

We note that this formula has previously been identified in Ref. 45
for m = 0, but our approach now allows this result to be extended
for m > 0.

E. lllustration of scaling

Through the use of intermediate matrices in Secs. VI A-VI C,
the cost of evaluating overlap and one-body matrix elements
between excited configurations can be made independent of the
number of electrons N or basis functions n. In both cases, the
computational cost of evaluating the intermediate matrices scales
as O(eref n3), which is determined by the cost of evaluating the
screened overlap terms in Eqs. (68a) and (68b). The subsequent
cost of evaluating matrix elements between excited configurations
then scales as O(1). In contrast, the cost of applying the generalized
Slater-Condon rules for overlap or one-body operators is dominated
by the evaluation of the occupied orbital overlap matrix, giving a
scaling of O(nzN ) for every excited coupling term.

For two-body operators, a similar application of two-body
intermediates requires transformations of the two-electron integrals
into an asymmetric MO representation for each pair of determinants

A

(*olo

) = 3 s O by by b by b} by by b @),
pqu
99)

Again, there are a total of 24 possible ways to fully contract the cor-
responding matrix element, so we advance directly to the canonical
form for m = 0, given as

b — X Xja) + Z(ww [XU-K)Y]a""Xp - " [XJ -K)Y]p""X; )

7

(100)
pars

and for every possible combination of four contractions in the four
possible forms given in Eq. (67a) or (67b). These two-body interme-
diates therefore carry a storage overhead that scales as (9(44N,2ef n4),
which will generally be unacceptably large. We imagine that there
may be certain applications that require only a subset of these two-
electron intermediates, which could then be stored to achieve the
subsequent O(1) scaling. In general, however, the n* scaling for
two-body matrix elements cannot be overcome, although the overall
cost is still reduced by avoiding biorthogonalization of the occupied
orbitals in the excited configurations.

To explicitly illustrate the computational speed-up that might
be expected using the extended nonorthogonal Wick’s theorem,
consider the evaluation of matrix elements between two configu-
ration interaction singles (CIS) wave functions built from different
reference Slater determinants,

["Wars) = 3 “tia " ®ia), (101a)
ia

[“Wais) = . “tip]“ @) (101b)

jb
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TABLE I. Computational scaling for evaluating the overlap, one-body, and two-body
coupling between two CIS wave functions with different reference determinants using
the generalized Slater-Condon rules (Slat.—Con.) or extended non-orthogonal Wick’s
theorem.

Intermediate Subsequent cost
Coupling term Slat.—Con.  Wick’s  Slat.—Con.  Wick’s
("Yeis|"Pers) N/A n Nn? N*n?
<X\I’C15|f|w\1’015> N/A 113 N3I’l4 1\]21’12
(X‘I’CIslﬁ‘w\PCIs> N/A 1’l3 l\le’l6 N2n6
In particular, consider the evaluation of the overlap
("Was|“Yas) = >t (" Dia O ), (102)
ia,jb

a one-body operator f , e.g., the transition dipole moment,

(“Wors| fI" Wars) = 3 "t (" Dual fI" D), (103)

ia,jb
and a two-body operator ¢ such as the two-electron repulsion

Xprwy
Z tia q)za
ia,jb

("Wrs|d|“ Wers) = d)jh). (104)

The relevant overlap, one-body, and two-body nonorthogonal
matrix elements are given in Eqs. (76), (84), and (98), respectively.
In each case, only one set of intermediates need to be evaluated using
the biorthogonalized reference determinants, followed by a total of
N?n? nonorthogonal matrix elements between singly excited config-
urations (assuming n > N). Here, we only consider one pairing of
the reference determinants.

The computational scaling associated with first evaluating the
intermediate terms from the reference determinants and then eval-
uating all the nonorthogonal coupling terms between the excited
configurations is summarized in Table I. For the overlap and one-
body terms, the computational scaling is dominated by the evalua-
tion of the intermediates, which scales as (’)(n3). In comparison, the
total cost of biorthogonalizing the occupied orbitals for every pair of
excited configurations scales as O(N3n4). For two-body operators,
the cost for both approaches is dominated by the contraction with
the two-body integrals for each pair of excited configurations. This
leads to a total scaling O(Nzns) for both cases, but the extended
nonorthogonal Wick’s theorem may still be faster as the prefactor is
reduced for each element.

VII. CONCLUDING REMARKS

Intuitive derivations and efficient implementations of
nonorthogonal matrix elements are becoming increasingly impor-
tant for the development of nonorthogonal configuration interac-
tion methods and inter-state coupling terms for state-specific excited
state wave functions. However, until now, the evaluation of these
matrix elements has relied on the generalized Slater-Condon rules,

ARTICLE scitation.org/journalljcp

while the second-quantized nonorthogonal Wick’s theorem fails
when there are any zero-overlap orbital pairs between the refer-
ence determinants. In this work, we have extended the nonorthog-
onal Wick’s theorem to the case where two determinants have
nonorthogonal orbitals but have a zero many-electron overlap. This
new theory, which we call the extended nonorthogonal Wick’s theo-
rem, provides the most generalized framework for evaluating matrix
elements between two nonorthogonal determinants using second
quantization.

Among the primary advantages of our new approach is the ease
of deriving and evaluating matrix elements between excited config-
urations from nonorthogonal reference determinants. To illustrate
this feature, we have derived a series of overlap, one-body, and two-
body coupling terms between nonorthogonal excited configurations.
For overlap terms and one-body operators, these excited nonorthog-
onal matrix elements can be expressed in terms of one-body inter-
mediate terms that can be precomputed and stored for a given pair of
reference determinants. As a result, the subsequent cost of evaluating
the coupling of excited configurations scales as O(1), which is the
same as the conventional Slater-Condon rules or Wick’s theorem for
orthogonal reference determinants. However, in the current form of
the theory, the cost of evaluating two-body coupling terms scales as
o (n4), which is the same as applying the generalized Slater-Condon
rules for each pair of nonorthogonal excited configurations. From a
computational perspective, the extended nonorthogonal Wick’s the-
orem will therefore provide the greatest acceleration in tasks that
require at most one-body coupling terms, such as the evaluatlon of
transition dipole moments for orbital-optimized excited states,”
or the coupling elements of a one-body reference Hamiltonian in
nonorthogonal perturbation theories. """

Looking forward, we hope that this work will encourage and
accelerate future developments in nonorthogonal electronic struc-
ture theory by creating a unifying theory for deriving challenging
nonorthogonal matrix elements. As part of this vision, we are work-
ing on an open-source C++ library for evaluating typical nonorthog-
onal matrix elements, and we intend to report on this project
soon.
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APPENDIX A: THOULESS THEOREM

Thouless’ theorem™ allows any Slater determinant to be repre-
sented using only single excitations from another
determinant, i.e.,

[ ®) = exp(Z)[‘D). (A1)
Here, we follow Ref. 40 and provide a brief derivation of this the-
orem. First, the two sets of second-quantization operators can be
related as
Ybl = 3 b A+ 3 b} By, (A2a)
j b
wbl _ be]j’ Xija + Z xbz waba)
j b

(A2b)
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where

A= 3 (Cgw (MO, (A3a)

}JV
By = 3 ("C)pgu (MO, (A3b)

u
B = 3 ("CY)lgw (MO, (A3¢)

‘M.V
(A3d)

"Dy = 2 C g (0Nl
uv

are sub-blocks of the orbital overlap matrix. Taking a suitable trans-
formation among the orbitals of [ ®) allows these to be further
reduced to

wi’j = xb; + bel owaj(wail)ji, (Ada)
ja

wi’}l :Xbl-"sz;xwéjb(wa_l)ha- (A4b)
jb

The occupied orbitals can then be represented by the transformation

1

YT =Bl + > b Za, (A5)

where now
waai _ waBaj(XwA_l)ji- (A6)
J
The overall transformation in Eq. (A1) is then given by

Z=""7..*b}"p,. (A7)

Finally, if the occupied orbitals are represented in a biorthogo-
nal basis satisfying Eq. (10), then the Z matrix elements are given
simply as

1

= SOC N g (VN (a9)
uv 1

APPENDIX B: SIMILARITY TRANSFORMED
OPERATORS

To evaluate common matrix elements using the single excita-
tion operators defined in Eq. (25), we follow Ref. 40 and consider
the similarity transformed operators

i a

(dlea]) (dlea]) = D (O (FCIE+ D (

ARTICLE scitation.org/journalljcp

(d[Cc.))" = exp(—ZC")(a”)Jr exp(Zc"), (Bla)
d[C.)" = exp(—Z’C")a’4 exp(ZC"). (B1b)
First, consider the expansion of (d[C,]")" as
(C]) = exp(-2)(a")  exp(Z)
= (@) - [27(@)] (82)

Expanding (a*)" using Eq. (6) and inserting the definition of Z G
from Eq. (25) lead to

(d[cn]l‘)T _ ZXI;; (xc*); _ Z( Z waai[xl;in’iaxl;};]
P {

ap \{i*w3,20}

+ 3 stak["éi"i;k,"é;])(xc* L. (B3)
keC,

Noting the commutation relation [ Elx Bi,xl;;] = "EJ;S,'P then
allows this expression to be simplified as

(d[cn]#)’r - ZxB;(xc*)Py _ Zxél( Z xwzai(xc*);/f
P a {ifw§=#0}
+ > “”Sak("@*)}ff). (B4)

keC,

Finally, separating the summation over p into a summation over the
occupied orbitals i and the virtual orbitals a recovers the form given
in Eq. (33a). Applying a similar approach for the (d[C,]") operators
then recovers the expression in Eq. (33b).

APPENDIX C: SIMILARITY TRANSFORMED
CONTRACTIONS

| — 1
To evaluate the contractions (dle.]*)"(dle.]") and (dle.]*)(d[c.]")!
with respect to the Fermi vacuum (*®|---[*®), we first expand
the transformed operators in terms of the *b, and xl;; operators.
The only non-zero contractions between these MO operators are
“ba"b} = Sab and Tbj “bj =i, We can therefore expand the con-

tracted product (dle.]*)"(d[e.]") as

S ORI ZaF O Y O T ST
{il=w S0}

kecn, ) . (Cl)

Inserting the definition of **’ Z,; and **S, from Egs. (14) and (11), respectively, then leads to the form
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p C)#+ZZ

Resolving the identity allows us to obtain the additional relationship

2(0L(Cl=¢" -

which, when inserted into Eq. (C2), leads to

(e dlen)) = D (EOHRECHE+

{k|=w §),=0}

To obtain Eq. (C4) from Eq. (C

PIEDIDN WOl

{ipw§z0y ot

and

2, 2. 200 (¢

keC, j oT

e D C)l_, 5

> (0 g O,
7w §;#0} k€cn (C4)

2), we have exploited the relationships

-0 W ANT 1 X%
) 8or (M C)si xwg_( = X

ARTICLE

scitation.org/journalljcp

{i|=w 3,40} kg“" (C2)

SCO) T, ()
J

+Zu, 1(‘v

COiCChH (Cs)

{il=w§i=0}

)7 gor (VO)H(EDE = 0. (C6)

Finally, Eq. (37a) is recovered by modifying the separation of summation indices in Eq. (C4) to give the form

(dlen]*)(d]en]”) = Z @CY (O +

kv 5,0} k| 5,0}

and introducing the matrices defined in Eqgs. (38a)-(38d). The
second contraction [Eq. (37b)] then follows from

[ —

(dlen]*)(d[en])) = g™ —

[ —

(dlen]”) (dlen]”). (C8)
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