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Abstract

This thesis is concerned with several algorithmic problems for subsemigroups of infinite groups.
The main objective is to construct algorithms that decide various properties of finitely generated
subsemigroups of a given infinite group G (for example, a matrix group). Such problems might
not be decidable in general. In fact, they gave rise to some of the earliest undecidability results
in algorithmic theory. Nevertheless, when the group G admits additional structures, many
algorithmic problems become decidable for its subsemigroups. In this thesis, we study the
decidability and the complexity of these algorithmic problems in the cases where G is nilpotent,
metabelian, or represented as a low-dimensional matrix group.

Two of the main problems we consider are the Identity Problem and the Group Problem.
Given a finite subset G of a group G, the Identity Problem asks whether the semigroup (G) gen-
erated by G contains the neutral element, and the Group Problem asks whether this semigroup
is a group. We show that both problems are decidable in finitely generated nilpotent groups
of class at most ten, and in PTIME if the input is given as unitriangular matrices. We also
show the decidability of these problems in finitely generated metabelian groups, as well as their
NP-completeness in the special affine group SA(2,7Z).

Apart from the Identity Problem and the Group Problem, we also consider Semigroup In-
tersection and Orbit Intersection. Given two finite subsets G and H of the group G, Semigroup
Intersection asks whether the semigroups (G), (H) generated by G and H have empty inter-
section, while Orbit Intersection asks whether the sets S - (G) and T - (H) intersect for given
elements S, T € G. We show that Semigroup Intersection is decidable in class two nilpotent
groups (PTIME if the input is given as unitriangular matrices), and that Orbit Intersection is
decidable in the Heisenberg group H3(Q).

We apply a large variety of mathematical tools in the study of these problems, ranging from
Lie algebra, algebraic geometry and number theory, to combinatorics, graph theory and convex
geometry. By adding these techniques into the toolbox, we are able to significantly advance the

current state of art in the algorithmic theory of semigroups.
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Chapter 1

Introduction

1.1 Algorithmic problems in groups and semigroups

It has been known since the work of Church and Turing from the 1930s that certain decision
problems in mathematical logic do not admit algorithmic solutions. For a long period of time, all
examples of undecidable problems were derived directly from mathematical logic or the theory
of computing, and the notion of undecidability seemed intangible for most mathematicians. It
was not until the late 1940s that the Soviet mathematician Andrey Markov produced a concrete
undecidable problem using linear algebra. In his seminal work “On certain insoluble problems
concerning matrices” published in 1948, Markov studied the following decision problem. Its
input is a finite set of square matrices G = {4;,...,A,} and a matrix T, and the problem
is whether or not there exist an integer p > 1 and a sequence A;,---,A;, of matrices in
G such that T' = A; A;,--- A;,. Markov showed this problem to be undecidable for integer
matrices of dimension at least six, thus marking the first undecidability result obtained outside
of mathematical logic and the theory of computing.

Markov’s work falls into the area of computational group theory, which is one of the oldest
and most well-developed parts of computational algebra. The “official” start of computational
group theory dates back to 1911, when Max Dehn formulated three basic problems that would
become its foundation. Given a finite presentation of a group G, it is asked whether there
are algorithms that solve the Word Problem (whether an element is the neutral element), the
Conjugacy Problem (whether two elements are conjugate in G), and the Isomorphism Problem
(whether G is isomorphic to another finitely presented group). It was not until the 1950s that
the three problem were shown to be undecidable in general groups [1, 82].

Using the language of computational group theory, Markov’s problem can be reformulated

as deciding Semigroup Membership for a matrix (semi)group. Given a finite subset G of a group



G, denote by (G) the subsemigroup generated by G. Then the Semigroup Membership problem

can be formulated as follows.

(i) (Semigroup Membership) given a finite set G and an element T in G, decide whether
T € (G).

Markov’s undecidability result as well as the subsequent undecidability results for Dehn’s prob-
lems generated a surge of research interest in computational group theory. In the 1960s,
Mikhailova [74] introduced the group version of Semigroup Membership. Given a finite sub-

set G of a group G, denote by (G)4rp the subgroup generated by G.
(ii) (Group Membership) given a finite set G and an element T"in G, decide whether T € (G) 4.

Mikhailova [74] showed undecidability of Group Membership when G is the group SL(4,Z) of 4x4
integer matrices with determinant one. One may note that undecidability of Group Membership
subsumes that of Semigroup Membership by including the inverses of the elements in G.

There has been a steady growth in research intensity for Group and Semigroup Member-
ship problems as they establish important connections between algebra and logic. These prob-
lems now play an essential role in analysing system dynamics and program termination, and
have numerous applications in automata theory, complexity theory, and interactive proof sys-
tems [13, 21, 33, 49]. It is worth noting that membership problems are in fact decidable for
many classes of groups, such as abelian groups and low dimensional matrix groups [4, 29]. For
example, in the matrix group SL(2,7Z), Semigroup Membership is decidable by a classic result of
Choffrut [29], and Group Membership is decidable in polynomial time (PTIME) by a recent re-
sult of Lohrey [66]. Our interest in computational group theory is two-fold. From an application
point of view, we are interested in developing practical algorithms for specific classes of groups.
From a theory point of view, we aim to close the gap between decidability and undecidability.

For most classes of groups, Group Membership is much more tractable than Semigroup
Membership. For example, Group Membership is decidable in the class of polycyclic groups by a
classic result of Kopytov [61]; whereas Semigroup Membership is undecidable even in the subclass
of nilpotent groups [86]. This gap motivated the introduction of two intermediate problems by

Choffrut and Karhuméki [29] in 2005:

(iii) (Identity Problem) given a finite set G, decide whether (G) contains a neutral element.

(iv) (Group Problem) given a finite set G, decide whether (G) = (G) grp-

In other words, the Identity Problem asks whether the semigroup (G) is a monoid, and the

Group Problem asks whether the semigroup (G) is a group.



The Group Problem is crucial in determining structural properties of a semigroup. For
example, given a decision procedure for the Group Problem, one can compute a generating set
for the group of units of a finitely generated semigroup (G) (see Section 2.2). We also point out
that there are significantly more available algorithms for groups than there are for semigroups.
Therefore performing preliminary checks using the Group Problem can help decide Semigroup
Membership in many special cases. Using the Group Problem, one can also decide the lesser
known Inverse Problem: given a finite set G and an element a € G, decide whether ale (G).
As for the Identity Problem, its solution is usually the most essential special case on the way
to building an algorithm for Semigroup Membership. The Identity Problem and the Group
Problem motivated the development of numerous tools in the study of semigroups, ranging from
automata theory to Lie algebra. Both problems are shown to be undecidable in SL(4,Z) by
Bell and Potapov [16] using an embedding of the Identity Corresponding Problem. Whereas for
SL(2,Z), they are shown to be NP-complete using techniques in compressed words [14].

Heuristically, the complexity of these intermediate problems tends to lie between Group
Membership and Semigroup Membership. For example, in abelian matrix groups, Babai et al.
famously reduced algorithmic problems to computation on lattices [4], thus Group Member-
ship reduces to linear algebra over Z, and is decidable in PTIME; Semigroup Membership is
equivalent to integer programming, and is hence NP-complete; the Identity Problem and the
Group Problem reduce to solving homogeneous linear Diophantine equations, placing them in
PTIME as well. Unfortunately, decidability of these intermediate problems remain open for
larger classes of groups, even in cases where decidability of Group and Semigroup Membership
problems already have definitive answers. Notable examples include nilpotent groups, polycyclic
groups, metabelian groups and low-dimensional matrix groups.

Beyond the Identity Problem and the Group Problem, we are also interested in another

classic problem raised by Markov:
(v) (Semigroup Intersection) given two finite sets G and H, decide whether (G) N (H) = 0.

In the seminal paper where Markov demonstrated undecidabilty of Semigroup Membership, he
also showed undecidability of Semigroup Intersection for integer matrix groups of dimension at
least four [72]. Markov’s idea is to encode the famous Post Correspondence Problem, which can
be reformuated as Semigroup Intersection in a direct product of two free monoids.

The final problem we are interested in is a simultaneous generalization of Semigroup Mem-

bership and Semigroup Intersection:

(vi) (Orbit Intersection) given two finite sets G and H as well as two elements S, T in G, decide

whether T- (G) NS - (H) = 0.



Orbit Intersection was first studied by Babai et al. in the context of abelian matrix groups [4].
By taking 7" to be the neutral element and H to be the set containing only the neutral element,
Orbit Intersection subsumes Semigroup Membership. By taking both 7" and S to be the neutral

element, Orbit Intersection subsumes Semigroup Intersection.

1.2 Contributions of this thesis

Throughout this thesis we develop various tools to study algorithmic problems for subsemigroups
of infinite groups. These tools range from areas in pure mathematics such as Lie algebra,
algebraic geometry and number theory, to areas with a more computer science flavour, such as
linear programming, graph theory and complexity theory. By adding these deep mathematical
tools to the arsenal for algorithmic problems, we are able to tackle several challenging problems.
Notably, our main results include:

(1) The Identity Problem and the Group Problem are decidable in nilpotent groups of class
at most ten (Corollary 3.1.2). Moreover, if the group is given as an embedding in the
group UT(n,Q) of unitriangular matrices, then both problems are decidable in PTIME
(Theorem 3.1.1).

(2) Semigroup Intersection is decidable in nilpotent groups of class two (Corollary 3.1.4).
Moreover, if the group is given as an embedding in UT(n,Q), then it is decidable in
PTIME (Theorem 3.1.3).

(3) Orbit Intersection is decidable in the Heisenberg group H3(Q) (Theorem 3.1.5).

(4) The Identity Problem and the Group Problem are decidable in finitely generated metabelian
groups (Theorem 4.1.2).

(5) The Identity Problem and the Group Problem are decidable and NP-complete in the
special affine group SA(2,Z) (Theorem 5.1.1).

For the results in nilpotent groups, our main tool will be the Baker-Campbell-Hausdorff for-
mula. We will reduce semigroup problems to convex geometry on Lie algebra, and use assistance
from computer algebra software to prove several technical theorems. For the result in metabelian
groups, we employ graph theory techniques to establish a connection between semigroups and
polynomial semirings. This connection allows us to solve algorithmic problems for semigroups
using algebraic geometry, whose theory is much more mature than the theory of semigroups. For
the result in the special affine group, we adopt two different viewpoints on the group SA(2,Z):
one as a transformation group of the lattice Z2, the other as an extension of the virtually free
group SL(2,7Z). This allows us to combine geometric arguments and algebraic arguments to

obtain decidability and a complexity upper bound.



A common feature of all our work is the rich interaction between different areas of math-
ematics and computer science. This demonstrates the power of the interdisciplinary tools we
introduce, and paints a promising picture for future progress in the algorithmic theory of semi-

groups. The following table summarizes some of our results in the context of the current state

of art.
Grp. type ‘ Semigrp Mem. ‘ Group Mem. ‘ Identity & Grp. Prb. ‘ Semigrp Intersection
Abelian | NP-complete [4] | PTIME [4] | PTIME [4] PTIME [4]
Nilpotent | undec. [86] decidable [61] | ?/PTIME for class 10 | 7/PTIME for class 2
Metabelian | undec. [86] decidable [87] | decidable undec.*
SL(2,7Z) NP-complete’ | PTIME [66] | NP-complete [14] NP-complete
SA(2,7Z) ? decidable [32] | NP-complete ?
SL(3,Z) ? ? ? ?
SL(4,7) undec. [74] undec. [74] undec. [16] undec. [16]

Table 1.1: Purple entries = our results. 7 = open problem.

*see Section 4.1. T Semigroup Membership and Semigroup Intersection are special cases of

the Rational Subset Membership problem, which was recently shown to be decidable in NP [15]

in SL(2,Z). Their NP-hardness is subsumed by the Identity Problem.

1.3 Notes for the reader

This thesis is organized as follows. Chapter 2 introduces the preliminaries on group and semi-
group theory. We discuss reductions between different semigroup algorithmic problems and their
connection to language theory. Chapter 3, 4 and 5 focus on algorithmic problems in specific
group classes: nilpotent groups, metabelian groups and the special affine group SA(2,7Z). Chap-
ter 6 discusses possible extensions of our work and poses several open problems that may be
interesting for future research.

In order to appeal to a broader audience, we will not assume familiarity with group and
semigroup theory beyond the basic notions (normal subgroup, quotient group, generators of a
group or semigroup). However, since we will always try to represent abstract groups in a way
that is conventional in computational group theory, we will need to employ certain established
results from this area. Our strategy is always to first embed an abstract group in a concrete
matrix group, and then solve algorithmic problems over the concrete matrix group.

For example, nilpotent groups (Chapter 3) are usually represented by finite presentations.

However, in Section 3.2 we show that they can be effectively embedded in the unitriangular

10



matrix group UT(n,Q) up to a quotient by the torsion subgroup, and we proceed to solve
algorithmic problems under this matrix representation for the rest of Chapter 3. Metabelian
groups (Chapter 4) are usually represented by finite metabelian presentations (or finite presen-
tations in the class of metabelian groups). In Section 4.2 we show that algorithmic problems in
metabelian groups reduce to problems in 2 x 2 matrix groups over finitely presented modules.
We then proceed using this matrix representation for the rest of Chapter 4.

The embedding results in Section 3.2 and 4.2 are generally corollaries of deep theorems from
group theory. Therefore, readers may choose to consider them as black-boxes, and focus solely

on the parts dealing with concrete matrix groups.
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Chapter 2

Group and semigroup theory

2.1 Group theory

In this subsection we introduce the necessary concepts in group theory. Inspired by the notation
in matrix groups, we denote by I the neutral element of a group.

By an alphabet, we mean a set A. Most alphabets considered in this thesis will be finite
alphabets. Elements of an alphabet are called letters. A word over an alphabet A is a finite
string of letters, possibly empty. In particular, the empty string is called the empty word. Given
any alphabet A, we denote by A* the set of words over A:

A* = {a1a2---am|m20,a1,...amEA}-

For two words v, w € A*, we write vw for the concatenation of v and w, it is again a word over
) ) )

A.

2.1.1 Free groups and finite presentation of groups

Given a (possibly infinite) alphabet X, define the corresponding group alphabet X% := SU{a"" |

1

a € ¥}, where a~! is a new letter for each a € . There is a natural involution (-)~! over (X%)”

defined by (a™")~! = a and (ajaz---an)~' = a;,'---ay'a; . A word over the alphabet ¥+

1 1

is called reduced if it does not contain consecutive letters aa™" or a”"a. For a word w, define

L and

red(w) to be the reduced word obtained by iteratively replacing consecutive letters aa™
a~'a with the empty string. The free group F(X) over ¥ is then defined as the set of reduced
words over the alphabet ¥*, where multiplication is given by v - w = red(vw), and inversion is

1

given by the involution (-)™". A group is called free if it is a free group over some alphabet.

The free group F(X) is abelian if and only if the cardinality of X is zero or one: in this case, the

12



group F(X) is trivial (when ¥ = )) or isomorphic to the infinite cyclic group Z (when ¥ = {a}).

In computational group theory, it is customary to represent groups using finite presentations:

Definition 2.1.1 (Finite presentation of a group). Let ¥ = {g1,...,9,} be a finite alphabet
and rq,...,7, be elements of the free group F(X) represented as words over the alphabet 7.

We say that (g1,...,9n | 71,...,7m) is & finite presentation of G, if

G = F(X)/nclps)(r1, -5 mm)-

Here, nclp(s)(r1, - - ., 7m) denotes the normal closure! of {r1,...,r,}; that is, the smallest nor-
mal subgroup of F'(¥) containing {r1,...,r,}. In this case, we often write G = (g1,...,9n |
T1y... ,Tm>.

Intuitively, G is the group generated by the elements g1,...,gn, subject to the relations

ri=1I1,ro=1,...,7, = I. Here are a few examples.

Example 2.1.2. (1) The abelian group Z? has the finite presentation

2P = {x,y | xyz™ty ).

In particular, Z? is the group generated by the two elements x, 3. The relation zyz~ty~' =

I yields xy = yx, meaning x and y commute.
(2) The symmetry group Ss, consisting of permutations of the set {1,2,3}, has the finite
presentation

S3 = (a,b | a®,b%, aba=2b).

Here, a represents the cyclic permutation 1 — 2 +— 3 +— 1, and b represents the cyclic
permutation 1+ 2 — 1. See [51, Section 5.3].

(3) The group SL(2,Z) of 2 x 2 integer matrices of determinant one admits the finite presen-
tation

SL(2,Z) = (S,T | §%,(ST)3572).

Here, the element S represents the matrix (_01 (1)> , and T represents the matrix (1 (1)),
see [90, p.81]. Indeed, this presentation is the key to solving many algorithmic problems
in SL(2,Z) [14, 66].

(4) The integer Heisenberg group H3(Z), consisting of 3 x 3 upper-triangular integer matrices

In general, nclps)(r1,...,7m) is not the same as the subgroup (ri,...,7m)grp generated by
Tyee ey m.-

13



with ones on the diagonal, has the finite presentation

1,-1 1

H3(Z) = (z,y,2 | wyz "ty e zea e yzy 1),

Here, the element x represents the matrix

, the element y represents the matrix

. See [34, Example 7.32(7)].

OO~ OO
O = O O = =
_ O = = OO

100
0 1 1|, and z represents the matrix
0 01

We point out that the finite presentation of a group may not be unique, and a finitely

generated group need not admit a finite presentation [6, Theorem 1].
2.1.2 Nilpotent groups
Given a group G and its subgroup H, define the commutator [G, H] to be the group generated

by the elements in {ghg~'h™' | g € G,h € H}. That is,

(G, H] = ({ghg”'h"" |ge G, he H})

Definition 2.1.3 (Nilpotent groups). The lower central series of a group G is the inductively

defined descending sequence of subgroups
G=G1>2G2>G3 >+,

in which Gy = [G, Gk_1]. A group G is called nilpotent if its lower central series terminates with

Ga+1 = {I} for some d. In this case, the smallest such d is called the nilpotency class of G.

In particular, abelian groups are nilpotent of class one, since the commutator [G, G| of an
abelian group G is trivial. It is well known that subgroups of nilpotent groups are nilpotent [8],
and every finitely generated nilpotent group admits a finite presentation [34, Proposition 13.84].

One of the most important examples of nilpotent groups is the group of unitriangular matrices:

Definition 2.1.4 (Unitriangular matrix groups). Denote by UT(n, Q) the group of n x n upper

triangular rational matrices with ones on the diagonal:

1 % ok
0 1 * ok
UT(n,Q) = ot ..t |, where x are entries in Q
0 0 1 x
0 0 1

14



Then UT(n,Q) forms a nilpotent group under matrix multiplication.

In particular, the group UT(n,Q) is of nilpotency class n — 1 [34, Examples 13.36]. Note
that for n > 2, the group UT(n,Q) is not finitely generated. Nevertheless, the group UT(n,Q)

plays an important role in the study of finitely generated nilpotent groups by the following fact.

Fact 2.1.5 ([8, Theorem 2.1], [41, Algorithm E]). Every finitely generated nilpotent group G

is isomorphic to a subgroup of a direct product UT(n,Q) x F', where n € N and F' is a finite

group.

The dimension n in Fact 2.1.5 is not directly related to the nilpotency class of G. For
example, the direct product UT(3,Q) x UT(3,Q) naturally embeds into the group UT(6,Q), but

it is only of nilpotency class two.

2.1.3 Metabelian and solvable groups

Definition 2.1.6 (Metabelian groups). A group G is called metabelian if the commutator group
(G, G] is abelian.

Equivalently, a group G is metabelian if and only if there is an abelian normal subgroup A
such that the quotient group G/A is abelian. Here are a few common examples of metabelian

groups.

Example 2.1.7. The following groups are metabelian [18, 34]:
(1) all finite groups of order at most 23,
(2) all nilpotent groups of class at most three,
(3) the infinite dihedral group
Do = (t,7 | 2, rtrt);

this is the symmetry group of the line Z, where r represents the reflection and ¢ represents
a translation by one;

(4) the group T(2,K) of 2 x 2 invertible upper-triangular matrices over any field K:

-3 )

(5) all subgroups, quotients and direct products of metabelian groups.

x,yGK\{O},zEK},

One of the most important examples of finitely generated metabelian groups is the wreath
product 7! Z"™. This group has various equivalent definitions, we state here an intuitive repre-

sentation as a matrix group. Denote by Z[X f[, ..., XF] the ring of Laurent polynomials over n

15



variables with integer coefficients. That is, elements of Z[Xli, L XE

=] are polynomials of the

form

ai a2 a
E Pay,.an X1 Xg7 - X0,

ai,...,an€Z

where only finitely many coefficients pq, ... 4, € Z are non-zero.

Definition 2.1.8 (The wreath product Z @ Z™). The wreath product Z { Z" is defined as the

following matrix group over Z[XT, ..., XF]:

n._ Xill'“Xgn Yy
(7

The wreath product Z @ Z" is important among metabelian groups because every finitely

al,...,aneZ,yeZ[Xli,...,Xff]}.

generated metabelian group is isomorphic to a quotient G/N, where N < G are two subgroups
of Z 17" for some n € N (see Chapter 4). We point out that unlike nilpotent groups, a finitely
generated metabelian group does not necessarily admit a finite presentation (in fact, Z ! Z does
not admit a finite presentation [6]). Therefore, the convention in representing a metabelian
group is to use a finite metabelian presentation (see Section 4.2).

Metabelian groups are included in the larger class of groups known as solvable groups:
Definition 2.1.9 (Solvable groups). The derived series of a group G is the inductively defined

descending sequence of subgroups

G=060>g0>g?>...

)

in which G*) = [G*+=D G*=D]. A group G is called solvable if its derived series terminates

with G(9) = {I} for some d. In this case, the smallest such d is called the derived length of G.

In particular, metabelian groups are exactly those solvable groups of derived length at most

two.

2.1.4 Special linear groups and special affine groups

Definition 2.1.10 (Special linear groups). Let n € N. The special linear group SL(n,Z) is the

group of n X n integer matrices with determinant one:
SL(n,Z) = {A € Z"" | det(A) = 1}.

Elements of SL(n,Z) can be seen as linear transformations & — Ax of the lattice Z" that

preserves orientation. The affine version of SL(n,Z), called the special affine group, is defined
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as follows.

Definition 2.1.11 (Special affine groups). Let n € N. The special affine group SA(n,Z) is the

group of block diagonal matrices of the following form:

SA(n,7) — {(61 ‘f) ’Ae SL(n,Z),a eZ”}.

In particular, SA(n,Z) contains SL(n,Z) as a subgroup, and is itself contained as a subgroup
in SL(n +1,Z). Elements of SA(n,Z) can be seen as affine transformations & — Ax + a of the
lattice Z™ that preserves orientation.

The group SA(n,Z) can also be described as the semidirect product Z" xSL(n,Z). In general,

given two groups G, H and an action? ¢ of G on H, one can define the semidirect product H X, G

Definition 2.1.12 (Semidirect product). The semidirect product H x,G is the group consisting
of pairs (h,g) where h € H, g € G, where the group law is defined by

(h1,91) - (h2,g2) = (h1 - p(g1)(h2), 91 - g2)-

When the action ¢ is clear from the context, we write H x G instead of H %, G. Since
the group SL(n,Z) naturally acts on Z" by matrix multiplication, one can define the semidirect
product Z™ x SL(n,Z) using this action. This corresponds exactly to the special affine group
SA(n,7Z).

2.2 Semigroup algorithmic problems

2.2.1 Words and semigroups

In all semigroup algorithmic problems considered in this thesis, we work in some given group

G. The group G may be given in one of the two following forms.

(1) G may be explicitly given as a matrix group (for example, UT(n,Q),ZZ"™ or SL(n,Z)).
In this case, the elements of G are represented as matrices with binary encoded entries.
(2) G may be given as an abstract group by its generators and its defining relations. For

example, a nilpotent group is given by a finite presentation, and a metabelian group is

2An action ¢ of the group G on H is defined as follows. For every g € G, there is a group automorphism
v(g9): H— H, such that:
(i) () is the identity map,
(i) »(g9") = ¢(g) o ¢(g’) for all g, ¢" € G.

17



given by a finite metabelian presentation. In this case, the elements of G are represented

as words over its generators.

Most of this thesis deals directly with matrix groups. When G is given as an abstract group,
we will first embed it in a concrete matrix group, and then solve algorithmic problems over this
matrix group.

Fix a group G. Let G = {g1,...,9x} C G be a finite set of elements, considered as an
alphabet. For an arbitrary word w = ¢;,6i, - gi,, € G*, by multiplying consecutively the
elements appearing in w, we can evaluate w as an element 7(w) in G. As a convention, the
evaluation of the empty word is the neutral element I of G. We say that the word w represents
the element m(w) € G. The semigroup (G) generated by G is hence the set of elements in G
that are represented by non-empty words in G*. The Identity Problem can be reformulated as
deciding whether the neutral element of G can be represented by a non-empty word over G. A
similar reformulation of the Group Problem can also be obtained as follows. A word w over the

alphabet G is called full-image if every letter in G has at least one occurrence in w.

Lemma 2.2.1. The semigroup (G) is a group if and only if the neutral element of G is repre-

sented by a full-image word over G.

Proof. Let w € G* be a full-image word with 7w(w) = I. Then for every g; € G, the word w can
be written as w = vg;v’, so g; ' = 7(v/)7(v) € (G). Therefore, the semigroup (G) contains all
the inverse g, 1 and is thus a group.

If (G) is a group, then for all g; € G, the inverse g; ! can be written as 7(w;) for some word
w; € G*. Then w = giwigaws - - - gawg is a full-image word with 7(w) = w(g1w1) - - - T(gawe) =

1. O

2.2.2 Hierarchy of semigroup algorithmic problems

In this subsection we state some classic reductions between different semigroup algorithmic
problems. As mentioned in the introduction, here is a list of decision problems that are of

interest to us. For all these problems, we work in some fixed group G.

(i) (Semigroup Membership) given a finite set G and an element T in G, decide whether
T € (G).

(ii) (Group Membership) given a finite set G and an element T in G, decide whether T' € (G) grp-

(iii) (Identity Problem) given a finite set G, decide whether I € (G).

(iv

(v

)
)
) (Group Problem) given a finite set G, decide whether (G) = (G)g4rp-

) (Semigroup Intersection) given two finite sets G and H, decide whether (G) N (H) = (.
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(vi) (Orbit Intersection) given two finite sets G and H as well as two elements S, T in G, decide

whether T- (G) NS - (H) = 0.

First we generalize the Group Problem to the problem of computing invertible subsets, whose

decidability is equivalent to the Group Problem.

Definition 2.2.2. Let G be a group. Given a finite set of elements G = {¢1,...,9x} C G, its

invertible subset G, is defined as the set of element in G who inverse lies in (G):
gim; = {gi €g | g;l € <g>}

For a semigroup S, the group of units of S is the set of elements who have an inverse in S.
This set forms a group when it is not empty [48]. The algorithmic problem of computing the
group of units of a semigroup is interesting in its own right, and is important for understanding
the structure of the semigroup. The following lemma shows that the computation of invertible
subsets subsumes the Identity Problem and the Group Problem, as well as gives a generating

set for the group of units.

Lemma 2.2.3. Given a finite set of elements G = {g1,...,9x} in a group G.
(i) The Identity Problem for G has a positive answer if and only if Giny is non-empty.
(ii) The group of units of (G) is generated as a semigroup by Giny. In particular, the group of
units of (G) is empty if and only if Giny is empty.
(iii) The Group Problem for G has a positive answer if and only if Giny = G.

Proof. (i) If the Identity Problem has a positive answer, let w € G* be a non-empty word such
that m(w) = I. Write w = g;w’, (v’ could be the empty word), then g; * = m(w'). If g; = I then
obviously g; ' = g; € (G). If g; # I then w(w') # I so w' is not the empty word and 7(w’) € (G).
Therefore g, le (G). Hence, Gin, contains g; and is not empty. Conversely, if g; € Gip, for some
i, then either g; = I in which case I = g; € (G), or g; L — 7(w") for some non-empty word w’, so
I = n(gn!) € (G).

(ii) Since every element in G;,, is invertible in (G), every element in the semigroup (Giny)
is also invertible in (G). Hence, it suffices to show that no element in (G) \ (Giny) is invertible.
Suppose on the contrary that there exists a word w € G* such that m(w) € (G) \ (Giny) and
m(w)™t € (G). Since m(w) ¢ (Giny), w must contain a letter g; € G\ Ginp. But because
m(w)~! € (G), there exists a word v € G* such that 7(v) = 7(w)~!. Thus, 7(wv) = I. But then
wv is a word containing the letter g;. Writing wv = wig;ws, we have g; ! = m(w2)m(w1) € (G),

a contradiction to g; & Giny.
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(iii) Since a semigroup is a group if and only if it is its own group of units, (iii) is a direct

consequence of (ii). O

The following theorem shows that decidability of the Group Problem subsumes the com-

putability of the invertible subset and the decidability of the Identity Problem.

Lemma 2.2.4. Let G be a group. Suppose the Group Problem is decidable in G. Then one can
compute the invertible subset Gin, of any finite set G C G. In particular, the Identity Problem
is also decidable in G.

Furthermore, if the complexity of the Group Problem in G is in NP, then the Identity Problem
s also in NP.

Proof. Let G ={q1,-..,9K}. To compute the invertible subset G;,., it suffices to decide for each
gi,i =1,..., K whether its inverse is in (G). Without loss of generality suppose we want to decide
whether g; L e (G). We claim that g, Le (G) if and only if there is some subset H of G, such that
HU{g1}) = (HU{g1})grp- Indeed, if g;* € (G), suppose g; ' is represented by the word w € G*.
Let H be the set of letters appearing in w, then gjw is a full-image word in the alphabet HU{ g }
representing the neutral element, and hence (HU{g1}) = (HU{g1})grp by Lemma 2.2.1. For the
opposite implication, if (HU{g1}) = (HU{g1})grp, then g; ' € (HU{g1})grp = (HU{g1}) C (G).

Therefore, to decide whether g; L€ (@), it suffices to check the Group Problem for every
subset H U {g1} of G containing ¢g;. In particular, the Identity Problem is also decidable by
Lemma 2.2.3(i).

Note that the Identity Problem has a positive answer if and only if there exists a non-empty
subset H C G such that (#) is a group. On one hand, if the semigroup (G) contains the
neutral element I, then by Lemma 2.2.3(i) the set G;;,, C G is non-empty and (G, ) is a group.
On the other hand, if there exists a non-empty subset 4 C G such that (H) is a group, then
I € (H) C (G). Therefore, if the Group Problem in G is decidable in NP, then by guessing the
non-empty subset H C G and checking the Group Problem for H, we can decide the Identity
Problem in NP. O

Lemmas 2.2.3 and 2.2.4 show that decidability of the Group Problem is equivalent to the
computability of the invertible subset; and they both subsume decidability of the Identity Prob-
lem.

The following lemma shows that decidability of Semigroup Intersection or Semigroup Mem-

bership subsumes computability of the invertible subset.

Lemma 2.2.5. Let G be a group.
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(i) If Semigroup Intersection is decidable in G, then one can compute the invertible subset
Ginv of any finite set G C G.
(ii) If Semigroup Membership is decidable in G, then one can compute the invertible subset

Ginv of any finite set G C G.

Proof. (i) Suppose Semigroup Intersection is decidable in G. Let G = {g1,...,9x} and i €
{1,...,K}. We show how to decide whether 92‘_1 € (G), this will allow us to compute Gj,,. We
claim that g; ' € (G) if and only if (g; ') N (G) # 0, which is decidable using an algorithm for
Semigroup Intersection.

Indeed, if g; ! € (G) then (g; ')N(G) # 0. For the opposite implication, suppose (g; ')N(G) #
0. So g;™ € (G) for some m > 1. If m = 1 then g; ' € (G), otherwise g; ' = g/ - g;™ € (G)
since both ¢/"~' and g; ™ are in (G).

(ii) Suppose Semigroup Membership is decidable in G. Given G = {g1,...,9x} and i €
{1,...,K}, we can decide whether g; ! € (G) using the algorithm for Semigroup Membership,

this allows us to compute G- O

As mentioned in Section 1.1, Orbit Intersection subsumes both Semigroup Intersection and
Semigroup Membership; and Semigroup Membership subsumes Group Membership. Reductions

between the different algorithmic problems is summarized in the following diagram 2.1.

Orbit Intersection

Semigroup Membership Semigroup Intersection

Group Problem =
Invertible Subset

Group Membership

v

Identity Problem

Figure 2.1: Reductions between the different algorithmic problems.
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Chapter 3
Nilpotent groups

3.1 Introduction and main results

In this chapter we study algorithmic problems in nilpotent groups of bounded nilpotency class
(recall Definition 2.1.3). Nilpotent groups are usually considered as an immediate generalization
of abelian groups. Among the classical Max Dehn problems in nilpotent groups, the Word
Problem has long been known to be decidable [71], but it was only established comparatively
recently that it is decidable in linear time [46]. Decidability of the Conjugacy Problem is due to
Blackburn [19], and decidability of the Isomorphism Problem is due to Grunewald and Segal [41].
Grunewald and Segal’s solution to the Isomorphism Problem relies on the construction of a full
faithful functor from the category of finite presentations of torsion-free nilpotent groups to the
category of subgroups of UT(n,Z). In other words, they constructed a “canonical” embedding
of finitely generated nilpotent groups into UT(n,Z).

In the 1950s, Mal’cev [71] established the decidability of Group Membership in nilpotent
groups by showing the property of subgroup separability. For an analysis of the complexity
of Group Membership in nilpotent groups, see [77]. In 2022, Roman’kov [86] constructed a
nilpotent group of class two with undecidable Semigroup Membership. Decidability of the
Identity Problem, the Group Problem as well as Semigroup Intersection remains an intricate
open problem.

We point out that by the generalized Tits alternative [83], a linear semigroup! either con-
tains a finite-index nilpotent subsemigroup? or it contains a non-commutative free subsemigroup.
Semigroup Intersection in a direct product of two non-commutative free semigroups is undecid-

able due to an embedding of the Post Correspondence Problem (see Section 4.1). Therefore,

LA linear semigroup is a subsemigroup of the group GL(n,K) of n x n invertible matrices over a field
K.
2A semigroup is called nilpotent if the group it generates is nilpotent.
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nilpotent groups are the largest “natural” class of groups (i.e. a class closed under direct prod-
ucts) where decidability of Semigroup Intersection remains possible.

Most existing results for semigroup algorithmic problems in nilpotent groups are restricted
to the Heisenberg groups. The unitriangular matrix group UT(3,Q) (recall Definition 2.1.4) is
commonly called the Heisenberg group over rational numbers and is denoted as H3(Q). More
generally, the n-dimensional Heisenberg group H,(K) over a field or commutative ring K is

defined as

1 c
H,(K)={ |0 I, b|, wherea,bc K" 2, ccK 3,
0 1

where we use the notation I,,_s for the identity matrix of dimension n—2. The Heisenberg groups
H,, (K) play an important role in many branches of mathematics, physics and computer science.
They first arose in the description of one-dimensional quantum mechanical systems [79, 97], and
have now become an important mathematical object connecting domains like representation
theory, theta functions, Fourier analysis and quantum algorithms [47, 50, 57, 62, 99]. Heisenberg
groups are the simplest non-commutative Lie groups and are of nilpotency class two.

In [58], Ko, Niskanen and Potapov showed PTIME decidability of the Identity Problem in
H3(Q). Later, using the special structure of the first term in the Baker-Campbell-Hausdorff
formula, Colcombet, Ouaknine, Semukhin and Worrell proved the decidability of Semigroup
Membership in H,(Q) for all n by encoding it into a Parikh automaton [30]. Recently, Ro-
man’kov [86] showed undecidability of Semigroup Membership in the direct product Hz(Q)* for
sufficiently large k. His main idea is an embedding of the Hilbert’s tenth problem [73].

In this chapter we extend some of these results to nilpotent groups of higher classes, as well as
include new algorithmic problems. By default, a finitely generated nilpotent group is represented
using a finite presentation (Definition 2.1.1). Every finitely generated nilpotent group admits
a finite presentation [34, Proposition 13.84], making it the natural way to represent nilpotent

groups.

Main results

Since every finitely generated nilpotent group admits a quotient that is isomorphic to a subgroup
of UT(n,Q) [8, 53], many decision problems in nilpotent groups reduce to decision problems in
UT(n,Q). In Section 3.2 we will formalize this fact, and the rest of this chapter will only deal
with algorithmic problems in the groups UT(n, Q).

Our first result concerns computing Invertible Subsets (hence also the Identity Problem and

the Group Problem) in subgroups of UT(n, Q) with nilpotency class at most ten.
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Theorem 3.1.1. Let n > 2 and G be a subgroup of UT(n, Q) with nilpotency class at most ten.

Given any finite set G C G, the invertible subset of G is computable in polynomial time.

To be precise, elements of G are represented using matrices with binary encoded entries.
Theorem 3.1.1 implies that the Identity Problem and the Group Problem are decidable in PTIME
in subgroups of UT(n,Q) with nilpotency class at most ten (see Lemma 2.2.3(iii)).

Theorem 3.1.1 can be extended to arbitrary finitely generated nilpotent groups of class ten.

However, the complexity will depend on specific group embeddings, which we do not analyse.

Corollary 3.1.2. Let G be a finitely generated nilpotent group of class at most ten, given by a
finite presentation. Then the Group Problem (hence also the Identity Problem) is decidable in

G.
Our second result covers Semigroup Intersection in class two nilpotent subgroups of UT(n, Q).

Theorem 3.1.3. Let n > 2 and let G be a subgroup of UT(n,Q) with nilpotency class at
most two. Given finite subsets Gi,...,Gy of G, it is decidable in polynomial time whether

(G1) NN {Gn) = 0.

The decidability result for arbitrary nilpotent groups of class two follows as a corollary of

Theorem 3.1.3.

Corollary 3.1.4. Let G be a nilpotent group of class at most two, given by a finite presentation.

Given finite subsets Gi,...,Gyr of G, it is decidable whether (G1) N --- N {(Gpr) = 0.
Our last result concerns Orbit Intersection in the Heisenberg group Hs(Q).

Theorem 3.1.5. Given elements T,S € H3(Q) and two finite subsets G, H of H3(Q), it is
decidable whether T - (G) NS - (H) = 0.

Organization of the chapter

The organization of this chapter is as follows. In Section 3.2, we exhibit a series of embedding
theorems and reduce the Group Problem and Semigroup Intersection in arbitrary nilpotent
groups to subgroups of UT(n,Q). This will allow us to deduce Corollary 3.1.2 and 3.1.4 from
Theorem 3.1.1 and 3.1.3. We then focus on algorithmic problems in subgroups of UT(n,Q) in
subsequent sections. In Section 3.3, we introduce the necessary tools in linear programming and
Lie algebra. Notably, we will state the Baker-Campbell-Hausdorff formula. In Section 3.4 we
exhibit an algorithm (Algorithm 3.1) that computes invertible subsets in subgroups of UT(n, Q)

with nilpotency class at most ten. Algorithm 3.1 is correct subject to a highly non-trivial
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structural theorem of unitriangular matrix semigroups (Theorem 3.4.2). In Section 3.5 we prove
this structural theorem. Our proof relies on several technical lemmas proven using assistance
from computer algebra software. Their code is provided as additional material in Section 3.10.
In Section 3.6 we state a conjecture (Conjecture 3.6.1) under which this structural theorem
remains correct for higher nilpotency class. We also give a procedure to verify this conjecture
in case it is true>.

Sections 3.7-3.9 deal with Semigroup Intersection and Orbit Intersection in subgroups of
UT(n,Q) of nilpotency class two. In particular, in Section 3.7 we prove a proposition (Proposi-
tion 3.7.2) on the combinatorics of length-two subwords. Then, using this proposition, we prove
PTIME decidability of Semigroup Intersection in subgroups of UT(n,Q) of nilpotency class
two (Section 3.8), as well as decidability of Orbit Intersection in the Heisenberg group H3(Q)

(Section 3.9).

3.2 Representing a nilpotent group

The purpose of this section is to prove the following proposition.

Proposition 3.2.1. Suppose we are given a finite presentation of a nilpotent group G of class
at most d. One can compute an integer n € N as well as an effective homomorphism ¢: G —

UT(n,Q), such that ¢(G) is nilpotent of class at most d, and

(1) For any finite set G C G, the semigroup (G) is a group if and only if the semigroup ($(G))
1S a group.

(2) For any finite subsets G, ...,Gar of G, we have (G1) N -~ N (Gas) # O if and only if
(6(G1)) -+ N {B(Gmr)) # 0.

Proposition 3.2.1 reduces the Group Problem and Semigroup Intersection in finitely presented
nilpotent groups to respective problems in subgroups of UT(n,Q). Here is some intuition for
constructing ¢: let G be a nilpotent group, we denote by T its subgroup consisting of all torsion
elements. The quotient G/T is torsion-free and can be embedded into some UT(n, Q). Then we
can take ¢ as the composition G — G/T — UT(n, Q).

In order to prove Proposition 3.2.1 rigorously, we first recall some well-known properties of

finitely generated nilpotent groups.

Lemma 3.2.2 ([34, Lemma 13.56, Theorem 13.57]). (1) Every subgroup of a finitely gener-

ated nilpotent group is finitely generated nilpotent.

3Likely due to the lack of computational power, our verification of Conjecture 3.6.1 stops at nilpotency
class ten.
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(2) If G is finitely generated nilpotent of class d and N is a normal subgroup of G, then the
quotient G /N s finitely generated nilpotent of class at most d.
(8) The direct product of a finite family of finitely generated nilpotent groups is again finitely

generated nilpotent.

Let G be a nilpotent group with the neutral element I. An element ¢ € G is called torsion if

t"™ = I for some n > 1. The group G is called torsion free if the only torsion element of G is I.

Lemma 3.2.3 ([34, Theorem 13.64]). Let G be a nilpotent group. The set of all torsion elements

of G forms a normal subgroup of G, called the torsion subgroup of G.

Lemma 3.2.4 ([34, Proposition 13.65]). The torsion subgroup of a finitely generated nilpotent

group is finite.

We denote by T the torsion subgroup of G. The quotient group G/T is torsion-free, since
every torsion element of G is contained in T'. Let g — g := g7 denote the canonical projection

G — G/T. For a set G C G, denote

G={7i|gi G}

Lemma 3.2.5. The semigroup (G) is a group if and only if (G) is a group.

Proof. Suppose the semigroup (G) is a group, then by Lemma 2.2.1 there exists a full-image
word w = g5, i, - - - G5, over the alphabet G that represents the neutral element of G. Then the
word W = i, - -~ Gi,. is full-image over the alphabet G and represents the neutral element of
G/T. So (G) is a group by Lemma 2.2.1.

Suppose the semigroup (G) is a group. By Lemma 2.2.1, there exists a full-image word
W = Gi, Giy  * Gi, over the alphabet G that represents the neutral element of G/T. Then the

word W = ¢;, i, - - - Gi,,, 1S full-image over the alphabet G and represents some element ¢ in 7.

Suppose t" = I, then the word

W" = (i1 Gio =+ Gi) =+ (9irGi = * Girm)

n times

is full-image over the alphabet G and represents I € G. So (G) is a group by Lemma 2.2.1. [

Lemma 3.2.6. The intersection (G1) N --- N (Gpr) is non-empty if and only if the intersection

(G1) N ---N{(Grr) is non-empty.

Proof. Suppose the intersection (G1) N---N(Gxr) is non-empty and contains an element g. Then

(G1) N ---N(Gy) is non-empty since it contains g.
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Suppose (G1)N---N(Gar) is non-empty. Let g € G such that g is an element in (G1)N---N(Gar),
we now show that for a well chosen N € N, we have g% € (G1) N--- N (Gp).

Let t1,...,tpr € T be such that gt; € (G1),...g9tp € (Guy). Take any ¢ € {1,..., M},
we show that there exists m; > 1 such that (gt;)"" = g¢". Indeed, consider the sequence
ti,gtig~ 1, g*tig=2,.... Since T is a normal subgroup (Lemma 3.2.3), every element in the se-

quence is in T'. Since T is finite (Lemma 3.2.4), there exist two elements gPt;g~ P, g7t;g~ % where

p < q and gPt;g~P = ¢9t;g~9. Taking k := ¢ — p we have ¢Ft;g~* =t; and
Ftig = g Hg7UR) for all j € Z. (3.1)

Consider the element .
h = ngtig_j eT.
j=1

There exists n > 1 such that A™ = I. Then

n

kn k
B _ B B S (3.0) o
(gt:)*" g7F" = (gtig™") (g*tig™2) - (gk"tig ’m) =[[stis™7 = ([[dtis™? | =r"=1
=1 i=1

ng

Now take N := nins---nyy, then (gti)N =gV fori=1,...,M. Hence gV = (gti)N € (G)

Therefore n; := kn satisfies (gt;)

foralli € {1,..., M}, yielding ¢"v € (G1)N---N{(Gpr). Thus, (G1)N---N{(Gps) is non-empty. [

Lemma 3.2.7 ([68, Theorem 8)). Given a finite presentation of a nilpotent group G, one can

compute the generators of its torsion subgroup T'.

Note that given a finite presentation of G and the generators of T'<J G, a finite presentation
of G/T can be obtained. In fact, if G = (g1,...,9n | 71,...,7m) and the generators of T'
are ti,...,tp, then G/T = (g1,...,0n | T1,---,Tm,t1,...,tp) (see, for example, [51, Chapter 4,
Proposition 2]).

Lemma 3.2.8 ([41, Algorithm E]). Given a finite presentation of a torsion-free nilpotent group
A, one can compute n € N and an embedding 6 : A — UT(n,Q).

We can now construct the homomorphism ¢ in Proposition 3.2.1. Since G/T is torsion free,
Lemma 3.2.8 gives an effective embedding §: G/T — UT(n, Q) for some n. We compose 6 with

the canonical projection G — G/T, g — g, and obtain the homomorphism

¢: G—UT(n,Q), g+~ 0(7). (3.2)
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This homomorphism is effective by Lemma 3.2.7 and 3.2.8. We can now prove the main propo-

sition of this subsection:

Proposition 3.2.1. Suppose we are given a finite presentation of a nilpotent group G of class
at most d. One can compute an integer n € N as well as an effective homomorphism ¢: G —

UT(n,Q), such that ¢(G) is nilpotent of class at most d, and

(1) For any finite set G C G, the semigroup (G) is a group if and only if the semigroup ($(G))
1S a group.

(2) For any finite subsets Gi,...,Gn of G, we have (G1) N -+~ N {(Gy) # O if and only if
(#(G1)) N+ N (B(Gur)) # 0.

Proof. Let G = (g1,---,9n | T1,--.,7Tm) be the given finite presentation of G. Let T be the
torsion subgroup of G. By Lemma 3.2.7, the generators of T' can be effectively computed.
Denote them by t1,...,t,, then G/T = (g1,...,9n | 715+ Tm,t1,-..,tp). The set G under the
canonical projection G — G/T is given by the same words representing the elements of G.
Take ¢ to be the homomorphism defined in (3.2). By Lemma 3.2.2 (2), the image ¢(G) =
G/T is of nilpotency class at most d. Since the embedding 6 from Lemma 3.2.8 is effective, ¢ is
also effective. Since # is an isomorphism between G /T and ¢(G), Lemma 3.2.5 and 3.2.6 yield

respectively the statements (1) and (2) in the proposition. O

By Proposition 3.2.1(1), deciding the Group Problem in a finitely generated nilpotent group
G of class at most ten reduces to deciding the Group Problem in the subgroup ¢(G) of UT(n, Q)
with nilpotency class at most ten. Since decidability of the Group Problem is equivalent to
computability of the Invertible Subset (Lemma 2.2.4), Corollary 3.1.2 follows immediately from
Theorem 3.1.1. Similarly by Proposition 3.2.1(2), Corollary 3.1.4 follows immediately from
Theorem 3.1.3. Hence, for the rest of this chapter, we will only focus on proving Theorem 3.1.1,

3.1.3 and 3.1.5, and work in subgroups of UT(n,Q).

3.3 Linear programming and Lie algebra

3.3.1 Convex geometry and linear programming

Let G be a subgroup of UT(n,Q). Given a finite set of matrices G = {A1,..., Ax} in G, recall
that G* denotes the set of words over the alphabet G. We now define some concepts necessary

for analysing words with linear algebra.

Definition 3.3.1 (Parikh Image). Given a finite alphabet G = {4, ..., Ax}, the Parikh Image

of a word w = By ---B,, in G* is the vector PI9(w) = (Plg(w), . ,PI%(w)) € ZIZ(O, where
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PIig(w) is the number of times A; appears in w. That is, PIig(w) = card({j | Bj = Ai}). When
the alphabet G is clear from the context, we write PI(w), PI;(w) instead of P19 (w), PIY (w).

Definition 3.3.2 (Cones). Let V' be a Q-linear space. A subset C C V is called a Q>-cone
ifaecC = aQ>9 CC,and a,b € C = a+ b C. Given a set of vectors S C V, denote by
(S)qs, the Q>o-cone generated by S, that is, the smallest Q>o-cone of V' containing S. Similarly,
denote by (S)g the Q-linear space generated by S. These definitions can be naturally extended

to R>p-cones and R-linear spaces.

Definition 3.3.3 (Support). A subset A C Z[Z{O is called a Z>g-cone if a,b € A = a+b e A,
and 0 € A. The support of a vector £ = (¢1,...,lk) € ZIZ(O is defined as the set of indices where

the entry of £ is non-zero:
supp(€) ={i e {1,...,K} | 4 > 0}.
The support of a Z>p-cone A is defined as the union of supports of all vectors in A:

supp(A) = U supp(£) = {i | 3(¢1,...,¢Kx) € A, £; > 0}.
LeA
Let V be a Q-linear subspace of Q, represented as the solution set of linear homogeneous
equations. Then ZI><O NV is a Z>p-cone. In this chapter, we will need to compute the support

of Zx>o-cones of the form A = ZIZ(O nv.

Lemma 3.3.4. Given V represented as the solution set of linear homogeneous equations, one

can compute the support of A = le{o NV in polynomial time.

Proof. For i =1,..., K, we can check whether i € supp(A) in the following way. By definition,
i € supp(A) if and only if the system

(l1,... . lg) €V, 41 >0, ..., 4;>0, ..., g >0, (3.3)

has an integer solution (¢1,...,0x) € Z¥. By the homogeneity of the system (3.3), it has an
integer solution if and only if it has a rational solution. The existence of a rational solution
to system (3.3) can be decided by linear programming in polynomial time. Therefore, the
support of A can be computed in polynomial time by checking whether i € supp(A) for each
i=1,..., K. O
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3.3.2 The Baker-Campbell-Hausdorff formula

Definition 3.3.5 (Lie algebra u(n)). The Lie algebra u(n) is defined as the Q-linear space of

n X n upper triangular rational matrices with zeros on the diagonal:

0 = *
00
u(n) = : ¢ .. 1t 1|, where x are entries in QQ
00 --- 0 =
00 --- 00

It is a linear space of dimension $n(n — 1). There exist maps
~ (—Dk! k
log : UT(n,Q) - u(n), Ay ——(A-1IF

k=1 k

and
n

exp:u(n) - UT(n,Q), X — Z —x*,
k=0

which are inverse of one another. In particular, log I = 0 and exp(0) = I.

The Lie algebra u(n) is equipped with a Lie bracket [-,-] : u(n) x u(n) — u(n) given by
[X,Y] = XY — YX. The Lie bracket has the following three properties.

(i) Bilinearity:
[aX +bY, Z] = a[X, Z] + b]Y, Z), [Z,aX +bY] = a[Z, X] + bZ,Y]

for all scalars a,b € Q and all elements X,Y, Z € u(n).
(ii) Anticommutativity:

(X, Y] = -[¥, X]

for all elements X,Y € u(n).
(iii) The Jacobi identity:
(X, [Y, Z]| + [V, [Z, X]] + [Z,[X, Y]] = 0

for all elements XY, Z € u(n).

Notation 3.3.6 (Logarithm of sets and long Lie brackets). Given a set of matrices G C
UT(n,Q), define the set
logG = {logA| AeG}

of logarithms of matrices in G. It is a subset of u(n). If G is a subgroup of UT(n,Q), then by
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slight abuse of notation, log GG is similarly defined by considering G as a set.

Given a set of elements H C u(n) and an integer k > 2, define the set
[H]k = {[ [[Xl,XQ],Xg],...,Xk] X1, Xo,..., X € 7‘[}

That is, [H]x is the set of all “left bracketing” of length k of elements in H.

It is a standard result [42, p.576] that, using the bilinearity, anticommutativity and the Jacobi
identity, any k-iteration of Lie brackets of elements in H can be written as a linear combination

of elements in [H]. For example, for k = 4, one can write

[[Xl,XQ], [Xg,X4H = — HXQ, [X37X4H,X1] — [[[Xg,X4],X1],X2] (Jacobi identity)

= [[[X37X4],X2],X1] - [HX3,X4],X1],X2] (Anticommutativity).

The following lemma relates the nilpotency class of G to the integer d such that the set
[log G]4+1 vanishes. This result has deep roots in what is called the Mal’cev correspondence

between unipotent Lie groups and nilpotent Lie algebras.

Lemma 3.3.7. Let G be a subgroup of UT(n,Q). If the nilpotency class of G is d, then
[log Glat1 = {0}.

Proof. For an element g € G and a rational number ¢ € Q, define g9 := exp(qlogg). A group
G < UT(n,Q) is called Q-powered if for every element g € G and ¢ € Q, we have g? € G. A
subgroup of UT(n,Q) is torsion-free, because A" =1 <= nlogA =0 < logA =0 —
A = I. Therefore, by [56, Theorem 9.20(a)], G can be embedded in a Q-powered group G of the
same nilpotency class d.* By [56, Theorem 10.3(d)], log G is a Lie algebra over Q, and log G is
of nilpotency class d (meaning [log G]4+1 = {0}). Therefore, [log G]4s1 C [log Glasr = {0}. O

We now introduce the main tool of this chapter: the Baker-Campbell-Hausdorff formula.

Theorem 3.3.8 (Baker-Campbell-Hausdorff formula [5, 26, 45]). Let n € N and G be a subgroup
of UT(n, Q) with nilpotency class at most d. Let By, ..., By, be elements of G. We have

m d
log(B1By -+ By) = Y log B; + Y _ Hi(log By, ...,log By), (3.4)
i=1 k=2
where the terms Hy(log By,...,log By,),k =2,3,..., can be expressed as Q-linear combinations

of elements in [{log By, ...,log Bpy}k-

4The smallest such group G is commonly called the Mal’cev completion of G.
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In theory, one can compute the expressions Hy, effectively using recursion (see, for example
[28]). An explicit expression for the term Hj was discovered by Dynkin (see Lemma 3.5.4).
However, as k grows, these expressions quickly become highly complicated. For example, here

are the explicit expressions of the first two terms.

1
HZ(Cla cee 7Cm) = 4 Z[C’La Cj]v

2 &~
Hy(Crrooo )= Y ({C“[C;j’c’“” + [[Ci’%k]’cj]) oSG 0. G + 1100 0. O
1<j<k 1<J

3.4 Invertible Subset

In this section, we construct the algorithm that proves Theorem 3.1.1. In order to describe our
algorithm, we need to introduce the following notation. When H be a finite set of elements in

the Lie algebra u(n), denote

Lsr(H) = <U[H]i> :
Q

i>k
That is, £>1(H) is the linear space spanned by the set of all “left bracketings” of length at least
k of elements in H. By Lemma 3.3.7, if G < UT(n,Q) has nilpotency class d, then for any
H C log G, we have £>4(H) = ([H]k)o + ((Hlk+1)o + -+ + {(H]a)o, and £>441(H) = {0}. We
have thus a descending series of linear spaces £>1(H) 2 £52(H) 2 -+ D L£s441(H) = {0} such

that [Sx4(H), £3;(H)] C £5i4,(H).5

Example 3.4.1. Let G = UT(4,Q), so it is of nilpotency class three. Consider the Lie algebra

logG =u(4) =

, where * are entries in Q

o O O O
o O O ¥
S O % ¥
O % % %

It is a Q-linear space of dimension six. Let G = { A1, Ay, A3}, where

12 -1 1 1 -1 -1 2 103 —1
01 2 1 0 1 -1 -1 010 1
A=1g 0 1 2020 0 1 o™ oo 1 -1
00 0 1 0 0 0 1 000 1

°In mathematical terms, the linear spaces £51(H) 2 £52(H) 2 --- D £5441(H) = {0} give the Lie
algebra £1(#) the structure of a filtered Lie algebra (for an exact definition, see [60]).
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Then letting H = {log A;,log Ag,log A3}, we have

02 -3 4 0o -1 -3 2 003 1

00 2 -1 0 0 -1 -1 000 1
logAl— 0 0 0 9 ,logAg— 0 0 0 0 ,logAg— 000 —1 (36)

00 0 O 00 0 0 000 O

We will compute £>,(H) for k =1,2,3,....

First, we have £>4(#H) = {0}. This can be proved either by showing that all length-four Lie
brackets vanish, or by directly applying Lemma 3.3.7 for d = 3.

Next, we compute £>3(#). This is the subspace generated by the set £>4(H) = {0} and the
set [H]s of length-three brackets:

[/H]fi = {Hlog A, log AZ]v log Al]v [[log A, log A2]> log A2]7 R [[log As, log A2]> log A2]}

It is easy to show that all length-three left brackets [[log A;,log A;],log Aj] are of the form

0 0 0 = 0 00 —4
0 00O 00 0
000 0 ,* € Q. For example, [[log A1, log As],log A;] = 000 0 £ 0.
0 00O 000 O
Therefore, we have

0 00 a

0 00O

0 00O

It is a dimension one subspace of u(4).
Next, we compute £>9(?). This is the subspace generated by £>3(H) and the set [H]2 of

length-two Lie brackets:

[H]2 = {[log A1, log As], [log A1, log A3], [log Az, log A3]} .

Direct computation shows

0000 000 -1 000 %
H]s = 000 2 000 —2 0001
27310 0o o0 o0]’lo0oo0 of'loo oo
0000 000 0 000 0
Hence,
000 a
000 b
20 =410 0 0 ol |20€Q (3.8)
0000
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It is a dimension two subspace of u(4).
Finally we compute £>1(#). This is the subspace generated by £>2(#) and all length-one
Lie brackets:
[H]1 = H = {log A1,log Az, log A3} .

Direct computation shows

0 g o a
00 b

1M =95 1y o Col o] fabeescas. (3.9)
00 0 0

It is a dimension five subspace of u(4). This concludes our example.

Now let G < UT(n,Q) be a group of nilpotency class at most ten, and fix G = {A4y,..., Ax}

to be a finite alphabet of elements in G. For any vector £ = (¢1,..., k) € ngo, define

Goupp(e) = {Ai | A; € G,i € supp(£)}

as the set of matrices in G whose index appears in supp(£).

We now give the key ingredient of an algorithm that computes the invertible subset of G.
For a word w € G*, we naturally denote by log w the logarithm of the element represented by w.
The key ingredient is the following (highly non-trivial) Theorem 3.4.2, which provides a linear
algebra criterion for the existence of a non-empty word w € G* satisfying logw = 0. Note that

logw = 0 if and only if w represents the neutral element.

Theorem 3.4.2 (Structural theorem of unitriangular matrix semigroups). Let G = {A1,..., Ak}
be a finite set of matrices in UT(n,Q) that satisfies [logGl11 = {0}. Given a non-zero vector
L= (l,....0k) € ZIZ(O:

(i) If there exists a word w € G* with P19(w) = £ and logw = 0, then

K
Z lilog A; € ng(log gsupp(e)). (3.10)
=1

(ii) If £ satisfies (3.10), then there exists a non-empty word w € G*, with PI9(w) € Zsq - £,

such that logw = 0.

Part (i) of Theorem 3.4.2 is relatively easy to prove:

Proof of part (i) of Theorem 3.4.2. Let w be a word with PI9(w) = £. Write w = B1By - By,
B; € G,i=1,...,m. Regrouping by letters, we have Zfil lilog A; =" log B;.
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If logw = 0, then by the Baker-Campbell-Hausdorff formula (3.4), we have
m n—1
Zlog B; + ZHk(log Bi,...,log By,) =log(B1By--- By,) = 0.
i=1 k=2

The higher order terms Hy,k > n vanish because [logG], = {0} (this is a consequence of

G CUT(n,Q)). Therefore, Zfil lilog A; = Y7 log B; = — Y%=, Hy(log By, . .., log By,).
Since the Parikh Image of the word B1Bs--- B,, is £, the matrices B; all lie in the set

for all i. By Theorem 3.3.8, for all k > 2 we have

Gsupp(e)- Therefore, log B; € log Ggpp(e)
_Hk(IOg By, ..., log Bm) € <[{10g B; | i=1,... am}]k>Q - SZk(IOg gsupp(@)) - EZQ(IOg gsupp(é))‘
Therefore, we have Zf; lLilog A = — ZZ;; Hj.(log By, ... ,log By,) € £>2(log Geupp(e))- O

Part (ii) of Theorem 3.4.2 is highly non-trivial and will be the focus of Section 3.5. We

continue Example 3.4.1 to give an intuition of the Condition (3.10) in Theorem 3.4.2.

Example 3.4.1 (continued). Let G be as in Example 3.4.1. As an example, we show that
£ = (1,2,2) satisfies Condition (3.10). In this case, we have supp(€) = {1, 2,3}, so (3.8) yields

000 a
000 b
SZQ(IOggsupp(Z)): 00 0 0 a,beQ
0000
Therefore,
000 2%
’ 000 —1
Z&logAl-:logA1+21ogA2+210gA3: 00 0 o | &L=2008Gmme),
= 000 0

where log A1, log Az, log A3 are computed in (3.6). Hence, £ satisfies Condition (3.10).
Therefore, Theorem 3.4.2 claims that there exists a non-empty word w € G*, with P19 (w) €

Zso - (1,2,2), such that logw = 0. Indeed, in the beginning of Section 3.5 we will show how

to construct this word w. This will serve as an intuition of the proof in the general case. This

concludes our example for now.

One can see that the proof of part (i) did not use the condition [log G]11 = {0}, hence part (i)
would still hold without this condition. However, the condition [logG]11 = {0} will be needed
in the proof of part (ii).

Note that finding solutions of Equation (3.10) only relies on linear algebra. Assuming the

structural Theorem 3.4.2, we can devise the following Algorithm 3.1 that computes the invertible

35



subset of any finite set G C G.

Algorithm 3.1 Computing the invertible subset of G
Input: A finite set of elements G = {A1,...,Ax} in G.

Output: The invertible subset G;;,, of G.
1 Initialization. Set S :={1,...,K}.
2 Main loop. Repeat the following
(a) Represent the Q-linear subspace of QX:

Vo= {(zl,...,eK)e@K

K
Z& logAi S QZQ({IOgAi ’ 1€ S})}
i=1
as the solution set of homogeneous linear equations.
(b) Define A = ZIZ(O NV and compute supp(A) using Lemma 3.3.4.
(c) If supp(A) = S, terminate the algorithm and return G;,, = {4; | i € S}.
Otherwise let S := supp(A) and continue.

Proof of Theorem 3.1.1 and correctness of Algorithm 3.1 (assuming Theorem 3.4.2). After each
iteration of Step 2, the sets £>2({log 4; | i € S}) and V' do not increase, so the set S = supp(A)
strictly decreases. Therefore, the algorithm terminates after at most K iterations of Step 2.

Since G has nilpotency class at most ten, by Lemma 3.3.7, its subset G satisfies [log G]11 =
{0}. For the correctness of the algorithm, we start by showing that, when the algorithm termi-
nates, every element of {4; | i € S} has an inverse in the semigroup (G). When the algorithm
terminates at Step 2(c), we have supp(A) = S. By the additivity of A (that is, a,b € A —
a+b e A), there exists a vector £ = ({1,...,0x) € A such that supp(£) = supp(A) = S. This
vector then satisfies

K
Y tilog A; € £55({log A | i € supp(€)})
=1

by the definition of V. By Theorem 3.4.2(ii), this shows that there exists a non-empty word w,
with PI9(w) € Zs - £ such that logw = 0. This word w represents I. For any i € S, since
supp(£) = S, the letter A; appears in the word w. Write w = wj A;wa, then wj A;we represents
1. Therefore, AZ-_1 is represented by the word wow; € G*, so Ai_1 € (G).

We then show that for every matrix A; invertible in (G), ¢ is in the set S at the termination
of the algorithm. Suppose A;l is represented by a non-empty word w € G*. Then the word
w' = wA; represents I; that is, logw’ = 0. By Theorem 3.4.2(i), the Parikh Image £ = PI9(w’)
satisfies Zfil lilog A; € £>9({log A; | i € supp(€)}). We show that supp(€) C S is an invariant

of the algorithm.

36



At initialization, we obviously have supp(£) C S. Before each iteration of Step 2(b), suppose

we have supp(£) C S, then

K
D lilog A; € £55({log A; | i € supp(£)}) C £x2({log 4; | i € 5}).

i=1
Hence £ € A = Z[z(o N V. Consequently, supp(£) C supp(A) at the beginning of Step 2(c),
which shows that supp(£) C S still holds after the iteration of Step 2. This invariant shows
that ¢ € supp(€) C S by the end of the algorithm. Combining with the previous implication, we
conclude that by the end of the algorithm, S is exactly the set of elements in G with inverse in
the semigroup (G).

For the complexity analysis, recall that the algorithm terminates after at most K iterations
of 2. At each iteration of Step 2(b), the support supp(A) can be computed in polynomial time
by Lemma 3.3.4. The total input size of these linear programming instances is polynomial with
respect to the total bit length of the matrix entries in G. Indeed, a Q-basis of £>5({log A; |
i € S}) is simply the set J;psp>o[{log Ai | i € S}, whose total bit length is of polynomial
size in G. From this, one can express V as the solution set of a system of homogeneous linear
equations whose total bit length is polynomial in G (note that the total bit length of log A; is
also polynomial in G). Therefore, the overall complexity of Algorithm 3.1 is polynomial with

respect to the input G. O

3.5 Structural theorem of unitriangular matrix semigroups

In this section we give the proof of Theorem 3.4.2(ii):

Theorem 3.4.2 (Structural theorem of unitriangular matrix semigroups). Let G = {A1,..., Ax}
be a finite set of matrices in UT(n,Q) that satisfies [logGl11 = {0}. Given a non-zero vector
L= (l1,...,lk) € ZIZ(O:

(i) If there exists a word w € G* with P19 (w) = £ and logw = 0, then

K
Z lilog A; € ng(log qupp(g)). (310)
1=1

(i) If £ satisfies (3.10), then there exists a non-empty word w € G*, with PI9(w) € Zsg - £,

such that logw = 0.

We first give an intuition of the proof by continuing Example 3.4.1.
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Example 3.4.1 (final part). Let G = {4, A2, A3} be as in Example 3.4.1:

12 -1 1 1 -1 -1 2 103 -1
01 2 1 0 1 -1 -1 010 1
A=100 1 2" o 0 1 o™ oo 1 1)
00 0 1 00 0 1 000 1
02 -3 4 o -1 -3 3 003 3
00 2 -1 0 0 -1 —1 000 1
boedi=10 0 ¢ o |M%=1g o o o8B =]|o 00 =1
00 0 0 00 0 0 000 0

Let £ = (1,2,2). We have already shown that £ satisfies Condition (3.10), so Theo-
rem 3.4.2(ii) claims that there exists a non-empty word w € G*, with PI9(w) € Zs - (1,2,2),
such that logw = 0. We illustrate here how to find this word w.

Step 1. We find elements A}, A5, A in G*, such that log A’,log A%, log A} generate the

subspace
0 00 a
0 0 0 b

’SZQ(IOg gsupp(f)) = 00 0 0 a,beQ

0 00O

as a Q>p-cone.

The idea is to take
D= AVAZAZ AL = AZTAZAL, AL = AZTATAZ (3.11)

for a suitable t € N. Apply the Baker-Campbell-Hausdorff formula (3.4)
m d
log(B1By -+~ Byn) = log B; + y_ Hy(log By, ..., log Byn)
i=1 k=2
with m = 3, By == Al, By := A3, By := A}, we obtain

log A} = log(A] A3’ A3')

3
= log Al 4 log A3" 4 log A3 + Z Hj.(log AL, log A2, log A2
k=2
3
=t-(log A1 + 2log Ay + 2log A3z) + Ztk - Hi(log A1,2log As,2log As). (3.12)
k=2

The last equality is due to log A® = tlog A and because the term Hj is a linear combina-
tion of k-iterations of Lie brackets: for example, [tlog By,tlog Ba] = t2 - [log By, log Bs] and
[[t log Bl, tlog Bg],tlog Bg] = t3 . [[log Bl, log BQ], log Bg]
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The linear term ¢ - (log A; +2log A2 +21log A3) in (3.12) falls in the subspace £>2(log Geupp(e))
by Condition (3.10). The non-linear terms t* - Hy,(log A1,2log As,2log A3), k = 2,3, also fall in
the subspace £>2(log Gaupp(e)) by Theorem 3.3.8. Therefore, we have log A} € £>2(log Gyupp(e))-
Similarly, log A% and log A5 are also in £>5(log G

supp(€ )

Using the exact expression (3.5) for the terms Hs and Hs, we obtain

00 0 5t5+24¢ 00 0 —5t3+22+ 2
, o0 o0 22—+ , o0 o0 22 — ¢
lbedi=19 00 o s =g g g 0 ’
000 0 000 0
00 0 33+%¢
, 10 0 0 —2t2—1¢
beds=1p 00 0
000 0

We then choose ¢ = 10. This choice is made so that ¢ is large enough for log A}, log A5, log A%

to exhibit their “asymptotic” behaviour. When ¢t = 10, we have

0 0 0 1410 00 0 —2390 00 0 1410
, oo o 19 , lo oo 190 , o o0 —210
logdi=1g 00 o |'M8%=|g 00 o |88 =[g 00 o
000 0 000 0 000 0

(3.13)

Then indeed we have

(log A’ log A, log A3)q., = £>2(108 Gsupp(e))
by direct computation. Furthermore, the Parikh Images are

PI9(A}) = P19(4%) = P19(4%) = (10, 20, 20).

Step 2. Consider the new alphabet G’ := {A4], A, A5}. We now find a non-empty word
A" € (G')", such that log A” € £55(£>2(10g Gyupp(e))) = {0}-

By direct computation from (3.13), we obtain
117 - log A} + 282 - log A} + 361 - log A5 = 0. (3.14)

Let
A// — (A/1)117 . (A/Z)282 . (A/3)361.
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By the Baker-Campbell-Hausdorff formula (3.4), we have
log A” = 117 - log A} + 282 - log A}, + 361 - log A% = 0.
This is because all the terms Hy, k > 2 in (3.4) are in

SZQ(SZQ(IOg gsupp(@))) - 224(10g gsupp(@)) = {0} (315)

Furthermore, the Parikh Image is
PI9(A") = 117 - PI9(A}) + 282 - PI9(A}) + 361 - P19(A4) = 7600 - (1,2,2).

We have thus found the word w = A” satisfying logw = 0, with Parikh Image 7600 - (1,2, 2).

This concludes the example.

The following subsections aim to formalize the idea exhibited in this example and provide a
rigorous proof of Theorem 3.4.2(ii). The main difficulties of formalizing a proof in the general
case are the following.

(i) In Equation (3.11) we took a specific choice of A}, A, A5. In the general case, we will use
a similar idea of taking A’ to be words of the form A’élAﬁ2 e Af-m. However, the permutations
(1,12, ...,%m) need to be chosen carefully. We need to show that there exist enough permutations
so that the constructed elements log A}, log A}, ..., generate the linear space £>9(log Gsupp(e))-
We achieve this by proving a deep combinatorial property of the terms Hj (Proposition 3.5.1).

(ii) Furthermore, log A},log A5, ..., need to generate £>2(log Gsupp(e)) as a cone. The coef-
ficients (117,282,361) obtained in Equation (3.14) happen to be positive, but this is a priori
not always true. We need to show that 0 can always be written as a positive combination
of log A]. This is proved by finding identities over the terms H} using computer assistance
(Proposition 3.5.2).

(iii) The exponent t in Equation (3.11) needs to be chosen carefully. In fact, we may need
to take several different ¢. Such ¢ are chosen using techniques from convex geometry (Proposi-
tion 3.5.3).

(iv) In the above example the nilpotency class of G is three. This is the reason why in Step
2, Equation (3.15) holds, and the matrices A}, A5, A5 commute with each other. In the general
case, we deal with groups of nilpotency class up to ten. Then, Equation (3.15) no longer holds.
Hence, we need to repeat the above process for more steps. In general, when G has nilpotency

class up to 2¢ — 1, we need to repeat the process for d steps. This corresponds to the derived
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length (see Definition 2.1.9) of the group G.

3.5.1 Overview of three technical propositions

The formal proof of Theorem 3.4.2(ii) relies on the three following technical propositions, which
address respectively the difficulties (i)-(iii) stated above.

For k € Z~y, denote by S the permutation group of the set {1,...,k}. Theorem 3.3.8 states
that the term Hy(log By, .. .,log B,,) is written as a linear combination of k-iterated Lie brackets
... [[log Bi,,log Bi,],1og Bi,], ... ,log B;,]. Our first technical proposition shows that a converse
of it is true: that for any k > 2, the k-iterated Lie bracket |. .. [[log B1,log Bs],log B3|, ..., log Bi]

can be written as a linear combination of expressions in Hy,.

Proposition 3.5.1. For every k > 2, there exists a function pyx: Sy — Z, such that for any

sequence of elements Cy,...,Cp,m >k, in the Lie algebra u(n) we have
[ [[Cl,CQ] Cg Z ,uk (1)» ...,Ca-(k)7ck+1,...7cm). (3.16)
oESK

Our second technical proposition shows that for & < 10, one can find a linear combination
with positive coefficients of the terms Hj, that lies in £>541 + £52(£>2(+)). (Note that a priori
Hk lies in Szk())

Proposition 3.5.2. Let k < 10 and let H C UT(n,Q) be a finite set of matrices for some
n > 2. Then there exist a non-negative integer r, positive rational numbers oy, ..., q,, as well
as, for s =1,...,r, words j, = js1jsz2- - Jsms i1 the alphabet T = {1,2,...,k + 1}, such that
PIL(5,) € {(1,...,1),(2,...,2)} and

Z Hy(log By (1), - - - 1108 By(ry1)) Zas Z Hy(log By(j, 1)s - - 1108 Bo(j, 1))

UES]H,l s=1 O’Esk+1

€ Lopy1(logH) + £>2(L2(logH))  (3.17)
for all matrices By, ..., Bgy1 in UT(n,Q) satisfying log B; € £>1(logH) and Zk+llogB €
L>o(logH).

Our third technical proposition concerns convex geometry and will be responsible for finding

a suitable ¢ from difficulty (ii).

Proposition 3.5.3. Let V' be a finite dimensional Q-linear space. Let d be a positive integer,

T be a finite index set, and ai;,...,aq,1 € L be vectors in V.
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For any t € Z~o, define the vectors
Pi(t) =tay; + - +tdadi, forie .

Suppose the following two conditions hold:
(i) The Qxo-cone Cq = (aqi | i € I)q., s a linear space.
(ii) Fork=d—1,d—2,...,1, the inductively defined Q>¢-cones Cy, := (ay; | i € I>on + Cra1
are linear spaces.

Then the Q>o-cone (Pi(t) | i € I,t € Z>0)qs, s equal to Cy.

Proposition 3.5.2 is the only one among the three technical propositions that is limited by
the nilpotency class. This constitutes the main obstacle to generalizing Theorem 3.4.2 to higher

nilpotency classes.

3.5.2 Proof of Proposition 3.5.1

For a permutation o € S, define d(o) to be the number of descents in o, that is, the number
of i € {1,...,k — 1} such that o(i) > o(i + 1). In order to prove Proposition 3.5.1, we need an

explicit expression for the terms Hj. This expression is provided by Dynkin®:

Lemma 3.5.4 (Dynkin formula [35], [65, Proposition 3.4 and Proposition 4.2]). We have

1
Hk(Cl,...,Cm): E ﬁgok(Cl,...,Cl,Cg,...,C’g,...,Cm,...,C’m), (318)
. : AR 77 ~ \
i1+ +im=k i io im
where the indices i1, . ..,1, are non-negative integers, and

(1)

Sok(Xla oo an) = Z W s [X0(1)7X0'(2)]7X0'(3)]7 v 7Xa(k)]' (319)
oESE (d(a))
Define recursively the following maps uy : Sp — Z,k = 2,3,.... For k = 2, let po(id) =

1, u2((12)) = —1, where id is the constant permutation and (12) is the permutation that swaps

1 and 2. For k > 3, denote by (j1j2---jm) the cyclic permutation that sends j; to jiy1,

i=1,...,m—1, and sends j,, to j1. Suppose ur_1 is already defined, we then define
pe-1(0) k=o(k)
(o) = —pp_1(0o0(12---k)) k= o(1) (3.20)
0 k=o(i),i=2,...,k—1

SDynkin originally only proved the bivariate case of Lemma 3.5.4. It was later been generalized to
the multivariate case without much difficulty.
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In the first two cases, the permutation o or o o (12---k) fixes k, so they can be considered as
elements in Si_1, hence pg_1(o) is well defined. For example, p3(o) = 1 when o = id or (13);
ps(o) = —1 when o = (12) or (132); and ps3(o) = 0 otherwise. We will show that, for this puy,
the Equation (3.16) in Proposition 3.5.1 is satisfied:

Proposition 3.5.1. For every k > 2, there exists a function puyg: Sy — Z, such that for any

sequence of elements Cy,...,Cp,m >k, in the Lie algebra u(n) we have
[. .. [[Cl, CQ], Cg], ey Ck] = Z ,uk(a)Hk(C’U(l), ce ,Cg(k), Ck+17 cey Cm) (316)
ocESK

Proof. Take py, to be the function defined recursively in (3.20). For every j > 2, there is a natural
embedding f; : S; < Sj1, defined by fj(0)(i) = o(i),i =1,...,7, fj(o)(j+1) = j+1. It is easy
to verify that under this natural embedding, u; and ;41 are identified, that is, u; = pj1 0 f;.
Therefore, we can denote by p the map Ug>2 Sy, — Z as pu(o) = ug (o), where o € Si,. We prove
Equation (3.16) in three steps.

(1) First, we simplify the right hand side of Equation (3.16) by showing

> (@) Hi(Cogrys -+ Cotrys Chats - Cm) = Y (@) or(Coqrys - Cogry), (3.21)
o€Sy oESK
where @y, is defined in Lemma 3.5.4.

Thanks to Lemma 3.5.4, H(C4,...,Cy,) can be written as

Hy(Ch,...,Cn) =

k-1
Z gOk(le,...,Cjk>+Z Z HkJ(le,...,le), (322)
1<j1<ge < <j<m =2 1<j1<j2 < <gi<m
where Hy(Cj,,...,C},) is some linear combination of elements in [{C},,...,C}}x. By
abuse of notation, for ¢ € S and x > k, we define o(z) = 0~ !(x) = z. For any | =

2,...,k—1, we have

> > () Hye 1 (Coj)s -+ Coi)

0€SE 1<j1<g2<-+<fi<m

= Y Hy(Ch,....C) > o). (3.23)

1ty t €41,.sm} oesy,
pairwise distinct o~ t)< <o~ (t)
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We claim that, for any pairwise distinct ¢y, to,...,¢ € {1,...,m}, | < k, we have

> u(o) =0. (3.24)

oES
o (t1)<<o~1(t;)

We show (3.24) by induction on k. When k& = 2, by the definition of u, (3.24) holds.
Suppose (3.24) holds for £ — 1. Denote by ¢ the cyclic permutation (12--- k), then by the

recursive definition of p,

S o)=Y pe)- ) uo).  (3.25)

o€Sy o€SE_1 o€SE_1
o~ 1(t)< <o~ 1(t) o~ (t1)< <o (t) coo (1)< -<coo1(t;)

Without loss of generality, suppose the sum on the left hand side is not empty. That is,
there exists at least one permutation o € Sy, such that o= 1(t;) < --- < o71(#;). Since
o~ ! € S}, does not permute any t; with t; > k, the elements of {t1,...,#;} which are larger
than k£ must appear after the elements which are smaller or equal to k£, and must appear
in increasing order. In other words, there exists some s > 1, such that ¢; < k for all 1 < s,

and k < tg < --- < t;. (s could be [ + 1, in which case t; < k for all i = 1,...,l.) Since

o € S does not change the value of tg,--- ,¢;, one can discard them without changing the
sum. Hence, we suppose without loss of generality ¢1,...,t; € {1,...,k}.
(a) If t; = k for some i = 2,...,l — 1. Then no permutation o € Si_; can satisfy

o t) <o tt) =k <ol (t) orcoo(t1) < coo(t;)) =1 < coo}(t). Hence,
both sums on the right hand side of Equation (3.25) are empty. The claim (3.24)
follows.

(b) Ift; = k. Then no permutation o € S;,_; can satisfy o= (t1) < o7 1(t;) = k < o7 1(ty),
so the first sum on the right hand side of Equation (3.25) is empty. As for the second
sum, because co o (t1) = c¢(k) = 1, we have coo 1(t;) < --- < coo l(t) if
and only if 07 '(t3) < --- < o~ 1(#;). Hence, using the induction hypothesis on
to,...,t; €{1,...,k} yields

> p(o) = > p(o) = 0.

o€SK_1 oESK_1
coo—L(t1)<-<coo—1(t;) o~ 1(te)< <o 1(ty)

Therefore both sums on the right hand side of Equation (3.25) equal zero. The claim
(3.24) follows.

(¢c) If t; = k. Similar to the previous case, the second sum on the right hand side
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of Equation (3.25) is empty. As for the first sum, because o~ 1(¢;) = k, we have
o7 t1) < -+ < oY) if and only if o7 (t1) < --- < 07 (#;_1). Hence, using the
induction hypothesis on t¢1,...,t1 € {1,...,k} shows the sum is zero. The claim
(3.24) follows.

(d) Ift; #k foralli=1,...,I. Then o '(t;) < --- <o !(t;) ifand only if coo1(¢;) <
.- < coo 1(t;). Hence, the two sums on the right hand side of Equation (3.25) are
the same. The claim (3.24) follows.

Using the claim (3.24) on Equation (3.23) yields

> > 1(0)Hiy(Cojyys - - - Co(ipy) = 0, (3.26)

o€Sy, 1<j1<ja<-<ji1<m

and this combined with Equation (3.22) yields

Z (o) He(Co(1ys - - s Co(kys Chats - -+, Cm)

oESK
= Z (o) He(Co1ys - - Copmy)  (define o(s) = s for o € Sy, and s > k)
oESE
=Y uo) > Pk(Co(j)s -+ Cogip))  (by (3.22) and (3.26))
o€S 1<j1<ge < <gpr<m
= Z QDk’(Ctla ) Ctk) Z ;L(O‘)
t1,t9,...y tpe{l,..., m} oESE
pairwise distinct o= (t1)< <o~ L(tg)
k
=3 > ©op(Chyy oo, Ch) > (o) (3.27)
1=0 t1,t,....t5€{1,....k} €S

pairwise distinct, 0*1(t1)<-~<o'*1(tl)
k<tjj1<---<tp<m

Because Equation (3.24) holds for I < k, that is, the sum ) ces, (o) vanishes
o (t)< <o ()
whenever [ < k, the above expression (3.27) is equal to

> k(Chys -5 Cy) > (o) =" 1w(0)er(Co)s - - Coiy)-

ty,to,... tp€{1,....,k} o€ESy, €Sk
pairwise distinct o=t <<~ 1(tk)

We have hence shown Equation (3.21):

Z #(U)Hk(ca(l)a s Ca(k)v Ok+17 s ,Cm) = Z M(U)ka’(oa(l)a SRR Ca(k))

o€Sy, oES
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(2) The second step is to show

w(T
> w@)er(Corys - Cory) = D (k)[...[[CT(l),CT(z)],CT(g)],...,C’T(k)]. (3.28)
TeS

€Sk

Using the exact expression for ¢y in Lemma 3.5.4, we have

Z ,LL(O')QOk(CU(I), s aCa(k))

€Sk
(o)
= Z Z k2 (k 1) [ .- [[0007(1)7 CaOT(Q)]: CaOT(B)]: SRR Caw(k)]
TESE TESE d(T)
-1 d(zrfloT),u o
= Z AlCray: Cr))s Cra)l, - - - Oyl Z ( k; =} () (3.29)
TESy o€Sy (d(a—loT))

1) o)y (g)

_— m depending on the permutation 7. We

We will compute the value of >
show by induction on k that

(=1)de"eT) () _ (™) 3.30
o';k k? (d(ka_li)T)) ko ( | )

1o
When k = 2, by direct computation, Zaesk % is equal to % if T'=1id and to
d(c—1oT)
—1 if T = (12). This matches the values of @ If k£ > 3, suppose (3.30) is proven for
k — 1. Again denote by ¢ the cyclic permutation (12--- k), by the recursive definition of

we have

> (1) D (o) 5 (D)4 D o) > (=D Dp(o). (3.31)

oESK k? (d(akfliT)) 0ESK_1 k? (d(ak*_liT)) o€SL_1 k? (d(colz_*lloT))

(a) If T(i) = k for some i = 2,... k — 1. We claim that d(c™' o T) = d(coo o T)
for all ¢ € Sg_1. In fact, for 0 € Sp_1, we have 0L o T(i) = k and coo ! o T(i) =
1. Therefore o071 o T(i) > 0o T(i+ 1), 0o T(i) > o' o T(i — 1), whereas
coo toT(i) < coo toT(i+1),coo toT(i) < coo toT(i—1). And for j # i—1,3,
we have 0~ Lo T(j) > o toT(j+1) if and only if coo L o T(j) > coo Lo T(j+1).
This shows d(0~t o T) = d(co o' o T). Hence, the two sums on the right hand side

0'710
of (3.31) are equal, and Zaesk M =0= @
d(c—1oT)

(b) If T(1) = k. Similar to the above discussion, we can show that d(c=! o T) =
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d(coo™toT) + 1. Hence the right hand side of (3.31) is equal to

-y ((—1)d(c°"_1°T)M(0) s <—1>d<cw‘1°T>u<a>)

0€SK_1 k? (d(cook*_liT)—&—l) k? (d(colfr_*%oT))

_ (_1)d(coa*10T)lu(U)
ae%;_l k(k — 1>(d(colz_—210T))
) 5 ) o)

0ESK_1 (k - 1)2(d(co’;121oT))

We claim that d(coo ! oT) = d(oc~! o T oc). This is because 01 o T oc(k — 1) <
o loToc(k) =k, 1 =coo1oT (1) < coo™1oT(2), and coo LT (i+1) > coo1oT(4)
if and only if o' o T o¢(i) >0 toToc(i — 1), fori =2,3,...,k — 1. Hence,

—(k—1) (—1)deor D) (o)
06%;1 (k_l ( coo-‘loT)
L) 5 )

o€SL_1 (k - 1)2(d(al€1_02Toc)>

= (by induction hypothesis)

k E—1
= (k ; D) Z(_Ti (by definition of )
_ (1)
P

(c) If T(k) = k. Similar to the above discussion, we can show that d(coo™1oT) =
d(c~1oT)+ 1. And hence the right hand side of (3.31) is equal to

(k — l)z(d(akjliT)) ok k=1 ok

(k—1) 3 (—)" Do) _ (k—1) w(T) _ w(T)

cESK_1

by the induction hypothesis, where T’ can be considered as an element in S;_ since
it stabilizes k.
We have thus shown the claim (3.30). Putting this into Equation (3.29) shows Equa-
tion (3.28):

> 1w(0)or(Corys - - Cotry) Z (k —Cry: Cr)), Cra)ls - - - Cry)-
Sk

oESK



(3) The third and last step is to show”

Z w(D)[- - [[Cry, Cr@))s Cra)l, - -+ Cray] = K- - [[Ch, Cal, O3], .. ., C]. (3.32)
TESk

First, using induction on k, we will show that

3" W)L [[Chr1, Cray)s Cr@)s -+ Crgy) = =1+ [[C1.Cal, Csl, .., Choa]. (3.33)
TeS

The case where k = 2 follows directly from the Jacobi identity. Suppose Equation (3.33)
holds for £ — 1, then

Z w(D)]. - [[Chr1, Cr)ls Creyls - - - O]
TEeSy

= > @D [[Crs1, Crr)), Cry)s - - > Crii—1), Cl

TESK—1

- Z (D) - - [[Chr1, Cl, Crpls - - Crge—ny]. - (3.34)
TESh_

By the induction hypothesis, the first sum on the right hand side is equal to
—[.--[[C1,C2],C5], ..., Crx-1], Cry1], Cl,

and the second sum on the right hand side is equal to
—I[[...[[C1,C4],Cs], ..., Ck_1], [Crs1, Ckl]-

Using the Jacobi identity and the anticommutativity of Lie brackets, we have

— [[[ .. [[Cl, Cg], Cg], - ,Ck_l], Ck+1], Ck] + [[ .. [[Cl, Cg], 03], - ,Ck_l], [Ck—f—la Ck“
= _[H .- [[Cla 02]7 C3]a s aCk—1]¢ Ck’]a Ck-i—l]'

A direct way of proving Equation (3.32) is to use the Dynkin-Specht-Wever theorem [35], which states
that if a non-commutative polynomial f € Q(C1,...,Cy) is Lie, then one can replace all monomials
Ci,Ciy -+ Cyp. by [...[C4,,Chl, ..., Cs,]/k without changing its value. Writing the right hand side of
(3.32) as an element in Q(C1, ..., C) gives k>, g, 1(0)C0s(1)Co(2) -+ - Co(ry (We can check this using the
definition of u), which is equal to the left hand side by replacing the monomials Cy(1)Co2) - - - Cok) by
the Lie brackets [...[[Co1), Co(2)], Co3)l, -+ Cory]/k. Nevertheless, here we will give a self-contained
proof without using the Dynkin-Specht-Wever theorem.
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Hence, Equation (3.34) yields

Z w(D)[- - [[Crr1, Cry], Cryls -+ Cryl = =1 - - [[C1, C2], C3] . .+, Ok, Cpepa],
TSy

concluding the proof by induction for Equation (3.33).

Next, we will again use induction on k to prove Equation (3.32):

3" WD) (Cray, Cr@) Cr@)s - - - Crw) = k... [[C1,Ca), Cs), ..., Cil.
TeSy

The case of k = 2 results from direct computation. Suppose (3.32) hold for k — 1, then

Z (D). - [[Cr1y, Cr2)), Crs)l, - - - O]

TeSk
= Z M(T)H - HCT(l)a CT(Q)]v CT(3)]7 s 7CT(k—1)]7 Ck]
TeSk_1
- Z /U'(T)[ - [[Cka CT(l)]a CT(Q)]7 KR CT(k:—l)]
TESK_1

=(k—1)...[[C1,C],C5],...,Ck]

— Z (D). [[Cr, Cry); Cre2)s - -+, Cre—n)] (by induction hypothesis)
TESK_1

=k[...[[C1,C2],Cs], ..., Ck] (by Equation (3.33) for k —1).

We have thus shown Equation (3.32).
Combining the Equations (3.21), (3.28) and (3.32) obtained in the three steps gives us

Z M(U)Hk(ca(1)7 "7CU(k)7Ck+17' : 7C’m) = [ [[01702]703]7" . 7Ck]

oESK

3.5.3 Proof of Proposition 3.5.2

In this subsection we prove Proposition 3.5.2. Again, the key is understanding the struc-
ture of the expressions for Hy. For even k, the following lemma shows that the expression

Hy(Cy,...,Cp) is “antisymmetric”, and immediately yields Proposition 3.5.2.

Lemma 3.5.5. When k is even, we have
Hy(Cy,...,Cp) = —Hg(Cpy,...,Cq).
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Proof. Define a new variable t. Replacing B; by exp(tC;) in the Baker-Campbell-Hausdorff

formula (3.4), we have

log(exp(tCy) - - - exp(tChpy _tZC’ +thHk (Cy,...,Cn). (3.35)

Now, replace B; by exp(—tCp+1-i), ¢ = 1,...,m, in the Baker-Campbell-Hausdorff Formula (3.4),

we obtain
d—1
log(exp(—tChy,) - - - exp(—tC1)) = —tz Ci+( Z (Cm, ..., Ch). (3.36)
k=2

Since log(exp(tC1) - - - exp(tCy,)) = — log(exp(—tCy,) - - - exp(—tCy)), comparing the coefficients
of t* in (3.35) and (3.36) yields

Hy(Ch,...,Cn) = —Hy(Cy, ..., CY)

for even k. O

Next, we need the following lemmas regarding the odd terms Hs, Hs, H7 and Hg. These

correspond to Proposition 3.5.2 for k = 3,5,7,9.

Lemma 3.5.6. Let H C UT(n,Q) be a finite set of matrices. Given matrices By, ..., By in
UT(n,Q) such that log B; € £>1(logH), i =1,...,m, and >.;", log B; € £>2(logH), then

Z H3(10g Ba(1)7 ...,log Bo(m)) S 224(10g H)

O’ESnL

Proof. Denote C; :=log B;,i =1,...,m, we will show the following identity

m! — Ui
> Hs(Coqrys -+ Copmy) = T Y ICL |G Y G - (3.37)
0ESm =1 7j=1
Write
H3(Co 1), -- = > His(Cop, 0+ H3a2(Copy, Cos),
1<j<k 1<j
where



Using the Jacobi identity, we have

Hs33(C;,Cy, Cy) + H3 3(Cj, Ck, Ci) + H3 3(Cy, Cs, Cj)

= 5 (165 (€5, Gl + (G5, [ Cill + G [C Gl
+ 2 ([C . G+ [1C1, G, G + (G, Cil, 1)
=0

for any i, 7, k. Similarly,

H33(Cy, Cj,C;) + Hs 3(Cj, Ci, C) + H33(Cy, Cy, Cj) = 0.

Hence,
> Y Hsa(Cogiys Coiys Cowy)
0ESH 1<j<k
m!
=% (H33(Ci, Cj, Ck) + H3 3(Cy, Cy, C;) + Hz 3(Cy, Cy, Cy))
i<j<k
m!
+ 3 Z (H33(Cy,Cj,Cy) + H3 3(C5, Cy, C) + H3 3(Cy, Cy, Cy))
i<j<k
=0.
Whereas

YD H32(Copiy, Cogy)

€S 1<j
!
= m? > Hs5(Ci,Cy)
i#]
m! 1 1
=5 (ylen Cu el + 5l cil. )

2 £~ \12
i#]

=1 j=1
m! o= 1 - m! o= 1 =
=1 7=1 7=1 =1
m! m
=1 Ci, |Ci, Y Cj
i=1 j=1

Adding up the two above expressions yields Equation (3.37). Since log B; € £>1(log H) for all i
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and Y ;" log B; € £>2(log H), Equation (3.37) yields

Z HB(IOg Bo‘(l)7 ..., log Bo(m))

oESH
m! m m
=1 ‘ log B;, |log Bi,Zlog B;
=1 7=1
Ml B o B £oo(l
Gu;[og i, [log Bj, £x2(log 1))

S 224(log H)

O]

The following Lemmas 3.5.7, 3.5.9 and 3.5.10 regarding Hs, H7, Hg are proven using computer
assistance from the software SageMath [95]. In what follows, we give a sketch of their proof.
Details of the full proof along with the algorithm used for computer assistance are given in

Section 3.10. Links to the code can be found in the respective proofs.

Lemma 3.5.7. Let H C UT(n,Q) be a finite set of matrices. There exists a permutation
(J1,72,- -, J12) of the tuple (1,1,2,2,...,6,6), such that for any given set of matrices By, ..., Bg
in UT(n, Q) with log B; € £51(logH) and 3.0, log B; € £52(logH), we have

Z Hs(log By(1), - - -, 108 By s)) + Z Hs(log By(jyys - - - 108 By(jy,))

o€S6 0€Se

S £26(10g H) + 222(222(10g H)) (3.38)

Namely, we can take (j1,j2,...,712) = (1,2,3,4,4,5,5,6,6,1,2,3).

Sketch of proof of Lemma 3.5.7. For z,y € u(n), denote x ~ y if
r—yc Ezﬁ(log H) + £22<222 (10g H))

The claim (3.38) can be written as

Z H5(10g Bo(1)7 ‘eny log Bg(g)) + Z H5(log Bg(jl), cee ,log BU(jlz)) ~ 0

oESs 0€Se

By the Dynkin formula (Lemma 3.5.4), the expressions ) g Hs(log By (1), - - -,log By ))
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and ) cq. H5(log By(j,), - -, 10g By(j,,)) can be expressed as a sum in the form of

> a; > 5108 By(jy)s - - 5108 Byjy)), (3.39)
G=(j1,d5)E{1,...,6}5  0E€Sg
where o  are rational numbers.
Since Z?Zl log B; € £>2(logH), for any tuple 5 = (j1,...,75) € {1,...,6}5, the expression
Y oese P5(10g Bo(jy), - - -, log By(js)) is equivalent (under ~) to a rational multiple of
>_i;l[[[log Bi,log Bj].log Bj|,log B;], log B;]. (See Section 3.10 for detailed justification.) In

particular, using computer assistance, we can compute these rational multiples and show

Z Hs(log B, 1y, - - -, 10g By(s)) ~ Z[[[[log B;,log By, log Bj],log B, log B;],

oESg 175‘7
> Hs(10g By(jy), - 5108 By(ji)) ~ — > _[[[[log By, log By, log Byl, log By, log Bi].
0ESe i#£j

This yields

Z H5(10g Ba(l)v C ,log BO’(G)) + Z H5(10g Bo‘(]j)a ey log Ba(jlg)) ~ 0.

o€Ss 0€Se
The code for computer assistance can be found at https://doi.org/10.6084/m9.figshare.
20124146.v1. 0

Remark 3.5.8. The added expression of £>5(£>2(log#H)) on the right hand side of Equa-
tion (3.38) is crucial for its correctness. In fact, we can consider Equation (3.38) in the quo-
tient Lie algebra L := £>1(logH)/L>2(£>2(logH)). The Lie algebra L is metabelian, meaning
[[L,L],[L, L]] = 0. (Free) metabelian Lie algebras have significantly fewer dimensions compared
to (free) Lie algebras having the same number of generators. Moreover, free metabelian Lie alge-
bras admit a relatively simple basis (sometimes called the Grébner-Shirshov basis) [22], making
it computationally viable to find identities such as Equation (3.38). In our computer assisted
proofs, we are using a heavily modified version of this basis to compute Equation (3.38) as well

as Equations (3.40) and (3.41) in the following lemmas.

Lemma 3.5.9. Let H C UT(n,Q) be a finite set of matrices. There exist positive ratio-
nal numbers aq, g, as well as, for s = 1,2, permutations (jsi,Js2;---,Js16) of the tuple
(1,1,2,2,...,8,8), such that for any given set of matrices By, ..., Bs in UT(n,Q) with log B; €
£51(logH) and 35 log B; € £59(logH), we have
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2
Z H7(10g Bg(l), ...,log Bg(g)) + Z Qg Z H7(log Bo(js,1)7 ...,log Bg(jsyw))
s=1

o€ESy oESy

€ £5g(logH) + L£52(L>2(log H)). (3.40)

Namely, we can take oy = %,052 = %, and
(jl,l;jl,?y cee ;jl,lﬁ) = (17 27 37 47 57 57 67 67 77 77 87 87 17 27 37 4)7

(j?,la j2,27 .. 7j2,16) = (17 27 37 4? 57 47 67 77 17 27 87 37 57 67 77 8)
Sketch of proof of Lemma 3.5.9. Similar to Lemma 3.5.7, define the equivalence relation
r~y = x—y € Lxs(logH) + £52(L>2(log H)).

By the Dynkin formula (Lemma 3.5.4), the expressions ) s, Hr(log By (1), .. .,log B,)) and

> vess H7(log By(j,), - - -, 10g By(j,4)) can be expressed as a sum in the form of

> aj Y #1108 By(jp), .- 1108 Bo(sn)),
J=01s0d7)€{1,....8}7  0ESs
where a; are rational numbers.
Denote C; :==log B;,i = 1,...,m. Since Zle C; € £>2(log H), for any tuple j = (j1,...,77) €
{1,...,8}7, the expression desg ©71(Co(jr)s - -+ Co(jp)) 18 equivalent to a linear combination

(with rational coefficient) of

Z[[[[HC“ C]]’ CJ]: Cl]a Cl]v C’L]v 01]7
i#j
> G, €51, €51, €, Cil, Ci), Cil,
i#j

and

> lllICs €51, €y, Crl, Crl, Cil, Cl.
didtinet

(See Section 3.10 for detailed justification.) In fact, using computer assistance, we show that

Z H7(10g Ba(l)a ..., log BU(S)) ~ % ’ H[H[C’“ Cj]? Cj]’ Cl]v Cl]’ CZ]) Cl}
O'ESS ’L;é]
- % #,HHHC@-,CJ‘],CJLOj],Cz-],Ci],ci] + % > G, €1, Cyl, Crl, Cil, Cil, Cil,
¥} i,k

distinct
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34
Z H7(log By(j, 1), - - - 108 Bo(j, 1)) ~ T Z[H[[[Ci,Cj]aCj],Ci]aCi]»Ci]aCi]

o€ESg i2j
S e XA Ne RehNeARe! Rel ERE Bl il {e'e Neh Reh ReA Re! Rl
7 aidhinet
and
Z H7(log BU(j2,1)7 s 710g BU(j2,16)) ~ _% : Z[[[H[Cﬁv Cj]? Cj]v Ci]? Ci]7 Ci]a Ci]
oESs i)
+ % > _IlIlCs 631, €1, 631, €, €, G = %4 - D G Cj), Gl Gl Cil, Cil, Cil.
7 dliS{;IIIClCt

This yields

2
> Hz(log By, -, 10g Bys)) + Y s > Hr(10g By(j, 1), - - -5108 B, 1)) ~ 0,

o€Sy s=1 o€Sg

where a; = -, g = 5. The code can be found at https://doi.org/10.6084/m9.figshare.
15 15 p g g

20124113 .v1. O

Lemma 3.5.10. Let H C UT(n,Q) be a finite set of matrices. There exist positive rational
numbers ou,...,oq, as well as, for s = 1,...,6, permutations (jsi,jsz2,---,Js20) of the tu-
ple (1,1,2,2,...,10,10), such that for any given set of matrices By, ..., By in UT(n,Q) with
log B; € £51(logH) and ;2 log B; € £9(logH), we have

6
Z H9(10g Bo‘(l)7 v 710g Bo‘(lO)) + Z g Z HQ(IOg Ba(j571)7 v 710g Ba(jsygo))

oE€S10 s=1 0€S10

S 2210(10g 7‘[) + £22(£22(10g H)) (3.41)

44566633 _ 557040 _ 205175 _ 1307207 _ 86275275
Namely, we can take a1 = 3355651, @2 = T3700661 X3 = 39150460 X4 = 13702661 X5 = 27405332

_ 4105194
a6 = Tg57503, and

J1, lyjl 27"'7j1,20 5 47 77 10727873787179777675767273797 107174 )

J2,1:72,25 -5 J2,20 8,3,95,7,10,6,8,2,1,10,2,4,9,1,5,9,3,6,7,4),

10,2,2,6,7,1,9,3,9,4,8,7,8,5,5,1,4, 10,6, 3),

)

)

7,10,2,6,4,9,6,4,1,5,3,5,1,9,3,7,10, 2,8, 8),
JA4,1,J4,25 - 5 J4,20 )
)

(J )
( )= (
(J3,15 3,25 - - -5 J3,20) = (
( )= (
(J )= (3,

J5, 17]5 PRI aj5,20 ]-0, 1’47876a9a3a257363 ]-7 10, 97 77274a5a8 ’
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(J6.15J6,25---»Jd6,20) = (4,7,2,10,2,1,3,5,8,1,6,9,10,7,6,8,3,5,9,4).

Sketch of proof of Lemma 3.5.10. Similar to Lemma 3.5.7, and Lemma 3.5.9, denote C; = log B;
for i = 1,...,m. Since Egl C; € £59(logH), for any tuple 5 = (j1,...,79) € {1,...,10}",
the expression ) g ©9(Co(jy)s - -+ Co(jy)) 18 equivalent to a linear combination (with rational

coefficient) of

;HH[H[C@» Cjl, Cjl, Gil, Gil, Gil, Gil, i), G,

;H[[H[[Cm Cjl, Cjl, Gy, €3, i, Cil, il G,

i

;[[H[[[[Cu Cjl, Cjl, Gy, Gy, G4, G4, G4, G4,
> G G5, Cil, Cil, Cul, Cil, Cil, €, Cil,

1,5,k
distinct

Z [{[{[[Cs, Cj]v Cj]? Cj]v Cy), Ckl, Cil, G4, Ci],
distinct

and

Z [H[[[[[Clv Cj]’ Cj}v Ck]’ Ck]a Ck]v Cz]a Cz]v C’L]
didtinet

Similar to the previous lemmas, the rest of the proof can be done by computer assistance. The

code can be found at https://doi.org/10.6084/m9.figshare.20122979.v1. O
Combining Lemma 3.5.5-3.5.10, we obtain Proposition 3.5.2.

Proposition 3.5.2. Let k < 10 and let H C UT(n,Q) be a finite set of matrices for some
n > 2. Then there exist a non-negative integer r, positive rational numbers aq, ..., q,, as well
as, for s =1,...,r, words j, = js1js2- - Jsms i the alphabet T = {1,2,...,k + 1}, such that
PIL(5,) € {(1,...,1),(2,...,2)} and

> Hi(log By, -5 10g Boeyn)) + > s > Hi(log By, 1), - 108 By, )

Uesk+1 s=1 Uesk+1

€ £xpr1(logH) + £52(L>2(logH))  (3.17)

for all matrices By, ..., Bgt1 in UT(n,Q) satisfying log B; € £>1(logH) and Zfill log B; €
Szz(lOg H)
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Proof. For even k, Equation (3.17) is satisfied by Lemma 3.5.5 by taking » = 0 and pairing each

permutation o with its reversal:

> Hi(log By(yy,- - - 10g By(s1))

0ESk+1
1
= 5 Z Hk(log Ba(l)v ..., log Ba(kJrl)) + Z Hk(log Brev(a)(l)v ..., log Brev(o)(k+1))
0E€Sk41 TESk 11
1
= 5 Z (Hk(log Ba’(l)a ..., log Bo(kJrl)) + Hk(log Brev(a)(1)7 ..., log Brev(cr)(kJrl)))
UESk+1
=0.
Here rev(o) € Sky1 is the reversal of o, meaning rev(c)(i) =o(k+2—1i),i=1,...,k+ 1. For

k =3,5,7,9, Equation (3.17) is satisfied by Lemma 3.5.6, 3.5.7, 3.5.9 and 3.5.10 respectively. [

3.5.4 Proof of Proposition 3.5.3

In this subsection, we give a proof of Proposition 3.5.3.

Proposition 3.5.3. Let V' be a finite dimensional Q-linear space. Let d be a positive integer,
T be a finite index set, and a1, ...,aq,1 € L be vectors in V.

For any t € Z~o, define the vectors
Pi(t) =tay; + - + tay;, foriel.

Suppose the following two conditions hold:
(i) The Q>o-cone Cq = (aqi | i € I)q., s a linear space.
(ii)) Fork=d—1,d—2,...,1, the inductively defined Q>¢-cones Cy, := (ay; | i € I>on + Cra1
are linear spaces.

Then the Q>o-cone (Pi(t) | i € Z,t € Z>0)qs, s equal to Cy.

Proof. For convenience, define Cyy1 := {0}. We will prove that, for all k =2,...,d+1, the cone
(Pi(t) | i € Z,t € Z>0)Qs, + Ck is equal to C1. Notice that the claim in the proposition is the
case where k = d + 1. We use induction on k.

For k = 2, since ay; € Co for k > 2, we have P;(t) + Co = taj; + Ca, so
(ii)

(Pi(t) |1 € I,t € Z>0)qso + C2 = (tari | i € Z,t € Z>0)gs, +C2 = C1.

For the induction step, suppose now that the cone (Pi(t) | i € Z,t € Z=0)q., + Ck is equal
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to C1, we want to prove that (P;(t) | i € Z,t € Zx0)qs, + Cr+1 is equal to Cy.
By the induction hypothesis, there exist indices i1,...,%,, € Z as well as positive integers

t1,...,tm € Z~q, such that
(Piy(tj) 13 =1,...,m)qs, +Cr = C1.
Condition (ii) of the proposition shows that there exist indices 7, ..., , € T such that

(@ |7=1,....m")qs0 + Crr1 = Cp

Hence

(Pi(t)) |5 =1,...,m)qs, + <a,%.; li=1,... ,m’>QZO +Cry1 = C1. (3.42)

We show that there exists t € Z~ such that

(Pyy(t) 15 =1,....om)qu, + Py (t) [ j=1,...,m ) g5 + Cra1 = C1.
Suppose the contrary, that for every t € Z~,

(Pyy(tj) 1 J=1,....,m)qu, + (Py(8) [ =1,...,m)qs + Ch1 & C1-

For any Q>p-cone C, define the normal cone of C as the set of vectors v € V such that v'e<0
for all ¢ € C. For every t, take a normalized vector v; € C; (meaning the norm of v; is 1) in the

normal cone of (P;;(t;) [ j=1,...,m)q., + <Pi;_ ) [j=1,...,m")qy, + Cry1. That is,
v:Pij () <0 for all j, v:Pi;_ (t) <O0forall j, vl Chyr. (3.43)

Such a vector must exist because (P;;(t;) | j = 1,...,m)qs, + (PZ-; ) 1j=1,....,m")qs, +Cri1
is a strict sub-cone of the linear space C;. The R-linear space Vg = V ®g R is finite dimensional
and hence compact. Embed V into Vi canonically, then the sequence {v;}4cz., has a limit point
in V. Denote by vy, this limit point. As all the vectors v; are in Cy, vy, must be in C; ®g R.
Since the inner product of V' canonically extends to the inner product of Vg, taking the limit of

(3.43), we have
vl—zrm : Pij (tj) <0 for all Jy  Wiim L Ck+17 (344)
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and

T Py () d—k
Viim * Aki’. = Vlim hIEO tk ta'k’—i—l i t aqq’
T Py (t) , .
:”lz‘m’}E}}o F <0, j=1,....,m. (3.45)

The second equality is due to Qg5 o5 Al € Cr+1 L vym. Hence, (3.44) and (3.45) show

that v, - <0 for all v in the R>o-cone

. . Eq. (3.42)
(Py(t) 1 5= 1oy + (@ | 5= 1oeoom)guy + o " 2% .

Since C; is a linear space, vj;y, is non-zero (it has norm one) and is in C; ®g R, this yields a

contradiction. We have thus shown that there exists ¢t € Z~ such that
(Py(t5) 17 =1,...,m)qu, + (P (8) [ =1,...,m)qy + Ch1 = C1.
Since P;(t) € C1,1 € Z,t € Z~y, this means
(Pi(t)|ieI,te Z>O>QZO + Cr41 = Cy,

concluding the induction.
Finally, take k = d + 1. This yields (Pi(t) | i € Z,t € Zx0)g., = C1. O
3.5.5 Full proof of Theorem 3.4.2

In this subsection, with Propositions 3.5.1 - 3.5.3 at our disposal, we will show the proof of

Theorem 3.4.2. First, we need the following lemma.

Lemma 3.5.11. Let H be a finite subset of the Lie algebra u(n). Let W,V be linear subspaces
of £51(H) such that W 4 £59(V) =V, then £59(W) = L£>9(V).

Proof. Since W + £59(V) =V, we have W C V| and thus £52(W) C £59(V). Therefore, it
suffices to prove the opposite inclusion £>2(W) 2 £59(V).
Note that since W,V are linear spaces, the sets [V]j, [W]i; are also linear spaces for all

k=1,...,n. We use induction on k to show that
Ve € Wk + L5p41(V). (3.46)

For k = 1 this immediately results from the equation W+ £>5(V) = V. Suppose Equation (3.46)
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hold for k — 1. Then, take any elements x € V,y € [V]i_1, by the induction hypothesis and by
W + £59(V) =V, there exist 2/ € W,y € [W]i_1, such that x — 2’ € £59(V),y — ' € £5,(V).
Then,

[y> iL'] = [y,a x/] + [y - yla .1'/] + [y7 xr — x/]
€ [[Wlk—1, W]+ [£xx(V), W] + [[V]k—1, £52(V)]
C Wk + [€55(V), V] + [€55-1(V), £2(V)]

C Wk + Lopy1 (V).

Taking the linear span for all z € V,y € [V];_1 shows [V]; C [W]i + £>k+1(V), concluding the
induction.

Now, for any [ = 2,...,d, take the sum of Equation (3.46) for k =1,...,d, we have

(V)= VIR CD W+ Lskra(V) = Exi(W) + L5141 (V).
>l >l >l

Therefore,
£22(V)

C L£x9(W) + £:3(V)

C Loo(W) + £53(W) + £54(V)

This shows the inclusion £>9(W) 2 £52(V). O
Let G = {A1,..., Ak} be a finite alphabet of elements in UT(n,Q). For any vector £ =
(l1,...,0g) € ZIZ(O, define inductively the following Q-cones Ry (£) for k = 11,10,...,2:
Ri1(£) = {0}, (3.47)

Ri(£) = Ri+1(€) + <Hk(10g By,...,log By,) ‘ B; € G*, ZPIQ(BZ-) e {¢, 2£}> . (3.48)
i=1 Q>0

That is, R (€) is the Q>¢-cone generated by the elements H;(log B, ... ,log By,),j > k, where

By, ..., By, are words in G*, and the Parikh Images of B; sum up to £ or 2¢. Recall the definition
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of

log Gaupp(e) = {log A; | i € supp(€)}

as the set of logarithm of matrices in G whose index appears in supp(£). Combining Propo-

sition 3.5.1 and 3.5.2, we can show the following proposition that characterizes the cones

Ri(1og Geupp(e)) up to the quotient by £>2(L£>2(log Geupp(e)))-

Proposition 3.5.12. Let G = {Ay,..., Ax} be a finite set of matrices in UT(n, Q) that satisfies
[logGli1 = {0}. Let £ = ({4,...,0k) € Zgo be a mon-zero vector that satisfies S0 £;log A; €
£>2(log Gaupp(e)) as well as £; > 10 for all i € supp(£). Consider the quotient linear space
u(n)/L>2(L>2(10g Gsupp(e)))-

For any set C C u(n), denote by C the subset of u(n)/L>2(£>2(10g Gsupp(e))) consisting of
the equivalence classes ¢ + £>2(£>2(10g Geupp(e))), ¢ € C. Then for all k < 11, the cone Ri(l) is

equal to the linear space £>(1og Gsupp(e))-

Proof. We show that the claim is true for £ = 11,10, ..., 2, using induction with reverse order

on k. For k = 11, we have R11(£) = £>11(log Geupp(e)) = {0} because [log G]11 = {0}. Now for

some 10 > k > 2, suppose Ry y1(€) = £>511(log Gaupp(e)) by induction hypothesis. We will show
that Ry (€) = £>(log gsupp(@).

First, we show that for any i;,12, ..., € supp(£), we have

[ .- [[log Aiy, log Ay, ], log Ajy], . . ., log A, ] € Ri(£) + £>2(L£>2(10g Gaupp(e)))-

Take a tuple of words (By,...,B; ) with B} = A;, By = A;,,..., B, = A;, By, € G, such
that Zfill P19(B!) = £. Such a tuple can always be found because £ satisfies £; > 10 > k,i €

supp(€). For this tuple, the Baker-Campbell-Hausdorff formula gives us

k+1
> logBj € Zﬁ log A; + £2(10g Geupp(e)) € £2(108 Gaupp(e) )-
=1 i=1

Hence, for any o € S, Proposition 3.5.2 shows that

~ Hy. (1og By), 108 By, .- 10g Bl log By )

k+1
€<Hk(logB1,...,logBk+1) ‘ B; €G*,) PI9(B; e>
i=1 Q>0
2k+2
+ <Hk(1og By, ...,log By2) ‘ B;€G*, ) PI9B) = 2£>
i=1 Q>0

+ L>k+1(10g Goupp(e)) + L£>2(L>2(10g Gaupp(e)))
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C R (f) + £>k+1(log gsupp ) + 2>2(£>2(10g gsupp Z)))

= Rk (E) + 222 (’822 (log gsupp(ﬂ)))' (349)

The last equality come from £ (log G = Ri+1(€) € Ri(£) by the induction hypothesis.

supp(#£ ))

Hence, by Proposition 3.5.1,

[...[[log Ai,,log Ai,],log Ai], . .., log A, |
= [... [[log By, log B3], log Bg], ..., log By]

= Z w(o)H(log B;(l), log B;@), ...,log Béf(k), log By, 1)

€Sk

€ R (f) + 222 (SZQ (log gsupp(l) ))

The last inclusion comes from the fact that both Hp(log Bér(l),...,log B(’T(k),log By ) and
—Hy(log Bg(l), ..., log B:T(k),log By 1) are in the cone R(€) + £>2(£>2(10g Geupp(e))) (by Equa-
tion (3.49)). Therefore for every o € Sy, regardless of which sign p(o) takes, the summand
w(o)Hy(log BZ;(1)7 ..., log B;(k),log By ) is in the cone Ry (£) + £52(L£>2(10g Goupp(e)))-

Therefore, [log Gsupp(e)lk € Ri(€) + £52(L>2(10g Geupp(e))); that is, [log Geuppie)lk € Ri(£)-
)) € Riv1(€) € Ry (€) by the induction hypothesis, we have

And since £5141(10g Gsupp(e

’Q’Zk(log gsupp(f)) = <[10g gsupp(ﬁ)]k’>(@ + ’Q’Zk-l-l(lOg gsupp(i)) C Rk (E) (3'50)

Next, take any tuple (Bi,...,Bny) € (G*)", Y7, PI9(B;) = £ or 2£. Note that log B; €
£>1(log Gsupp(e)), @ = 1, ..., m, by the Baker-Campbell-Hausdorff formula. Hence, the expression
Hy(log By, . .., log B,) can be written as a linear combination of elements in [£>1(log G,

That is,

supp(£ ))]k

Ry (f) - < [£21 (1Og gsupp(l))} k>@ + Rk—f—l (E)

- £>k(log gsupp ) + Rk-‘rl(e) = ’QZ/f-H(lOg gsupp(ﬁ))' (3'51)

Combining (3.50) and (3.51) we have the desired equality. This concludes the induction and
thus the whole proof. O

We now prove Theorem 3.4.2. Although part (i) has already been proven when the theorem

is first stated, we will restate it for the sake of completeness.

Theorem 3.4.2 (Structural theorem of unitriangular matrix semigroups). Let G = {41,..., Ax}
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be a finite set of matrices in UT(n,Q) that satisfies [logGl11 = {0}. Given a non-zero vector
L= (l,... lg) €75
(i) If there exists a word w € G* with P19(w) = £ and logw = 0, then

K
Z lilog A; € Szz(log gsupp(e)). (3.10)

i=1
(ii) If £ satisfies (3.10), then there exists a non-empty word w € G*, with P19(w) € Zsg - £,

such that logw = 0.

Proof. (i) Let w be a word with PI9(w) = £. Write w = ByBs---By, B; € G,i = 1,...,m.
Regrouping by letters, we have Zfil lilog A; =" log B;.
If logw = 0, then by the Baker-Campbell-Hausdorff formula, we have

m n—1
ZlogBi + Z Hy(log By, ... ,log By,) = log(B1Bs2 - - - By,) = 0.
i=1 k=2

The higher order terms Hj,k > n vanish because [logG|, = {0} (a consequence of G C
UT(n,Q)). Therefore, Zfil lilog A; = — Z;; Hy(log By, . ..,log By,).

Since the Parikh Image of the word By - - - B, is £, the matrices B; all lie in the subset {A; | i €
supp(£)} of G. Therefore, log B; € log Ggpp(e) for all i. By Theorem 3.3.8, for all k£ > 2 we have
—Hy(log By, ...,log Bp) € ([{logB; | i =1,... ,m}]k>Q C L5k (log Gsupp(e)) € £>2(108 Gaupp(e))-
Therefore, we have Efil lilog A; = — Z;% Hy(log By, ..., log By,) € £>2(log Gaupp(e))-

(ii) Suppose condition (3.10) hold for the vector £. Resonating Example 3.4.1, our proof for
(ii) proceeds in four steps. Now we give an overview of each step. As the first step, we want to

construct some matrices Af,..., A%, € (G), such that

<10g A; ‘ i=1,..., Kl)@zo + ’222<£Z2(10g gsupp(ﬂ))) = 222(10g gsupp(£)> + 222(222(10g gsupp(f)))‘
(3.52)

The candidates for the matrices Af,..., A%, are of the form Bt...Bl where m > 1,1t €

mo
Zso, Bi € G*,i = 1,...,m and > ", PI9(B;) = £ or 2¢. The general strategy is to invoke
Proposition 3.5.3 while using Proposition 3.5.12 to guarantee that the conditions (i) and (ii) of
Proposition 3.5.3 are satisfied.

As the second step, we work in the new alphabet G’ = {A],..., A}, } of matrices found in

the previous step. We want to fabricate some matrices AY,..., A%, € (G’), such that
<10g A;/ | 1=1,... vK//>Q20 + 222(£22(£22(10g gsupp(l))))
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= £>2 (£>2(10g gsupp )) + £>2(£>2(’2>2(10g gsupp ))) (353)

The candidates for the matrices AY,..., A%, are of the form B} --- Bt , where B; € (G')*,i =

m>
1,...,m. The idea is to again invoke Proposition 3.5.3 and to use Proposition 3.5.12 for the
new alphabet G’ and a suitable vector £'.

As the third step, we work in the new alphabet G” = {A,..., A%} of matrices found in

the previous step. We want to fabricate some matrices AY’,..., A%, € (G"), such that
(log A" |i=1,..., K")q., = £>2(£>2(L>2(10g Gsupp(e))))- (3.54)

(Note that £52(L>2(L>2(£>2(10g Geupp(ey)))) = {0}.) The candidates for AY’,..., A%, are of
the form Bt --- B!, where B; € (G")",i =1,...,m. The idea is to again invoke Proposition 3.5.3
and to use Proposition 3.5.12 for the new alphabet G” and a suitable vector £”.

As the fourth and last step, we work in the new alphabet G” = {AY',... A%, } of matrices
found in the previous step. We then observe that the matrices AY’, ..., A7, commute with each

other, because £>2(£>2(L£>2(£>2(log Geuppe))))) = {0}. Hence, it is very easy to search for the

supp(£
desired non-empty word w € (G"”)" with logw = 0.

We now give the detailed account of each step.

(1) Find matrices A},..., A}, € (G) satisfying condition (3.52). Since the right hand
side of Equation (3.10) is a linear space, we can replace £ by 10€, and thus suppose £
satisfy ¢; > 10,4 € supp(£). Since Z~q - 10€ C Z~ - £, the resulting word w will still satisfy
P19 (w) € Zsg - £.

Since £ satisfies Zfil lilog A; € £52(log Geupp(e)), We are able to use Proposition 3.5.12

for the vector £. Our aim is to apply Proposition 3.5.3 in the quotient space

V= u(n)/SZQ (2‘22 (log gsupp(l)))7

for the index set
7= {(Bl,...,Bm)‘mZLBiGQ* ZPIQ ) € {¢, 2£}}

that is, the set of tuples of words whose concatenation has Parikh Image £ or 2¢. For any

element & € u(n), denote by T = x + £>2(L>2(log G ) its equivalence class in

Sllpp

V = u(n)/€22(£>2(108 Goupp(e)))-
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For any tuple b = (By,...,By) € Z, consider the vectors in V:

m
ap =) _logB;,
1=1

ary = Hi(log By, ...,log By,), k=2,...,10,

and
10

Py(t) :=log(B} - BL,) = tay, + Y _ t*a,
k=2

coming from the Baker-Campbell-Hausdorff formula for BY, ..., Bf,. We now apply Propo-
sition 3.5.3 to these vectors: we need to verify that the cones Cp,k = 10,...,1 as defined

in Proposition 3.5.3 are indeed linear spaces. Proposition 3.5.12 shows that

Cio = <a10(, ’ be I>Q20 = Rlo(f)

and

Ck:<ak-b’b€I>QZO+C]g+1:Rk(£), k=9,...,2,

are linear subspaces of u(n)/£>2(£>2(log Gaupp(e)). Furthermore, by the condition

Zfil lilog A; € £52(log Geupp(e)), We have

K K
ay € Z lilog Ai, 2 - Z lilog A; p C SZQ(IOg gsupp(f)) =R2 (E)
=1 =1

for all b € Z. Hence,

Cr = (aw | b € T)g,, +C2 = Ra(€) = L£>2(10g Gaupp(e))

is also a linear space. The conditions (i) and (ii) in Proposition 3.5.3 are thus satisfied.

We can thus apply Proposition 3.5.3, which yields

<Pb(t) | bel,te ZZO)@zo =C = Szg(log gsupp(g)).

In other words,

<log(Bf s Bﬁn) ‘ te Zzo,m >1,B; € G*, ZPIQ(Bi) € {E, 2£}> = Szg(log gsupp(g)).
i=1 Q>0

Since u(n)/£>2(L£>2(10g Geupp(e))) is of finite dimension, this shows that there exist K’ > 0
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tuples of words (Bi1,..., Bim), - -+ (Bg'1,---, Bxrm) with 37 PI9(Bj;) = £ or 2£ for

all j € {1,..., K}, as well as positive integers t1,...,tx € Z~q, such that

<10g(Bfi T Bf;n) | i=1,..., Kl)@zo + 222(222(10g gsupp(l)))

= SZQ(IOg gsupp(ﬂ)) + 222(222(105{ gsupp(ﬂ)))'

Hence, the matrices A, = Bli --- Bl

'Lm’

new alphabet G’ = {A],..., A} CG.

, = 1,..., K’ satisfy the Equation (3.52). Define a

Find matrices AY,... A%, € (G') satisfying condition (3.53). Since the right hand
side of Equation (3.52) is a linear space, we have —log A} € (log A} | i =1,..., K')q., +
£>2(L€>2(log Guppe))) for j = 1,...,K’. Hence, there exists a non-zero vector £ =

(0, ..., 0) in ZK;, satisfying supp(¢') = {1,...,K'}, £, > 10 for all i € {1,...,K'},

and
K/
Za log A; € EZQ(SZQ(IOg gsupp(l)))' (3‘55)
i=1

Define loggsupp 0) = {log A | i € supp(¢)} = log§’, because supp(¥’) = {1,...,K'}.

First, we claim that

£22(£22(10g gsupp(é))) £>2(10g gsupp(g )) (3'56)

Indeed, Equation (3.52) shows that

<10g gsupp(e )> + 222(222(10g gsupp(ﬂ)))

- £>2(10g gsupp ) + ’8>2(£>2(10g gsupp 4))) = SZQ(IOg gsupp(i))'

Applying Lemma 3.5.11 with W = <logg , V.= £59(log Ggupp(e)) to the above

supp(#’ )>
equation yields the equality (3.56). Consequently, we have

K/
Y lilog Aj € £59(log Gl o)

=1

by (3.55). Apply Proposition 3.5.12 for the alphabet G’ and the vector £, then we have

that, in the quotient space

u(n)/L2(L€22(10g G e))):
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the equations Ry (£) = £>(logd’ ),k = 10,...,2, hold. Then, applying Proposi-

supp(€')

tion 3.5.3 in the quotient linear space

Vi=u(n)/L22(L2(10g Gyper)))

as in the previous step, we have

<log(B{ - Bt) ‘ t € Zso,m>1,B; € ( ZPIQ ) e {¥, 2£'}>
Q>0
>2(log G ery)-
Hence, there exist K” > 0 tuples of words (Biy,...,B!,,), ---s (Bluys---s Blen,,) in (G)"

with Y, PIg/(Bg»Z-) = £ or 2¢ for all j, as well as positive integers #],...,tn € Zso,
such that

(log(B'fy -+ By [i=1,...,K")q, + £22(€52(08 Gl e)

= £>2(log gsupp ) ) + £>2(£>2(10g qupp )) (3.57)

Substituting with £>2(log g;upp(e,)) = £52(L>2(log Geupp(e))), Equation (3.57) can be rewrit-
ten as
<10g(B:i o th;n) ‘ = 17 ey K//>Q20 + 222<222(£22(10g gsupp(lﬂ))))

= £>2(£>2(10g qupp )) + £>2(£>2(£>2 (10g gsupp(E )))

= 1,..., K" satisfy the Equation (3.53). Define

m’

the new alphabet " = {A{,..., A%}

. th
Hence, the matrices A = B’} --- B

Find matrices AY,... A}, € (G") satisfying condition (3.54). Similar to the
previous step, one can find a vector £’ = (¢1,...,0}%,) € Zgg, satisfying supp(£”’) =
{1,...,K"}, ¢/ >10,i=1,...,K", and

K//

Y log A € £55(852(log Gl p))-

=1

Define log G (") = = {log A | i € supp(£”)} =1ogG". As in the previous step, we have

£>2(log qupp e// ) £>2(£>2(log gsupp e/ ))
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Combining it with £>9(log G’ £>2(L>2(10g Gaupp(e))), We have

supp(£ )
’S>2 (log gsupp l”)) £22(£22(£22(10g gsupp(f)))) .

Apply Proposition 3.5.12 for the alphabet G” and the vector £”, then we have that, in the

quotient space u(n)/L>2(L>2(logG” )), the equations Ry(£") = £5(logG”

supp(£”) supp( K”))
k=10,....2, hold.

Then, applying Proposition 3.5.3 in the quotient linear space
V= u(n)/L22(Lx2(log G )

as in the previous steps, we have

<log(Bf s Bfn) ‘ t e Zzo,m >1,B; E ZPIg/ G {E” £/,}>
Q>0

= £>2 (10g gsupp(zu

)-

Hence, there exist K" > 0 tuples of words (BY, ..., B{,.), .- .. (Bfcus - Blem,,) in (G”)"
with >, PIgH(B}’Z-) = £" or 2¢" for all j, as well as positive integers ¢/, ..., 7., € Zso,

such that

! 4 .
<10g(B//ii o B”i;n) ’ i = K”,>Q>o + £>2(£>2(10g gsupp(gu ))

= £>9(log gsupp e )+ £2(L>2(log gsupp e ). (3.58)
Since £>2(log gsupp e”)) L9(L>2(L>2(log qupp(g)))), we have
L2(€>2(l0g G0 em)) € L£216(108 Gauppey) = {0}
Thus, Equation (3.58) can be rewritten as
(log(B"ff - B"ie) [i=1,....K")q., = £52(E52(£22(108 Guupp(s)))):

Hence, the matrices A = B”t B”fm, = 1,..., K" satisfy the Equation (3.54). Define
the new alphabet G = {AY",... A", }.
Find a word w € (G") with logw = 0. Since the right hand side of Equation (3.54) is

a linear space, we have —log A}' € (log A" [i =1,...,K")q,, for j =1,..., K. Hence,
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. 1 P
there exists a non-zero vector £” = (¢{',... %) € ZX,, satisfying

K/l/

Z " log A" = 0.
i=1

Since log " € £2(£>2(£>2(10g Gsupp(e)))) € L£8(10g Geupp(e)), We have
222(10g g///) - SZlG(IOg gsupp(l)) = {0}

Hence, by the Baker-Campbell-Hausdorff formula,

"
///Z’l” ///Zy{,/// g 1" n
log(A 1 A K"’):ZK’L' logAl :0,

=1

because the terms Hy, k > 2 are in £9(log G”’), which vanishes. Therefore, we have found

" e////// . . .
the non-empty word w = A”’il o AMED € (G™) satisfying logw = 0. By replacing

A" with their corresponding words B” le - B f;n in (G”)*, then replacing A/ with corre-
sponding words in (G’)", then replacing A} with corresponding words in G*, we see that
w considered as a word in G* has Parikh Image in Z~ - £, because the words Bfi e Bf;n

corresponding to A} all have Parikh Image in Z~ - £.

3.6 Conjecture for higher nilpotency class

In Sections 3.4 and 3.5, we showed that the invertible subset of any finite set G C G is computable
in polynomial time, where G is a subgroup of UT(n, Q) of nilpotency class at most ten. The only
obstacle for generalizing this result to higher nilpotency class is to prove Proposition 3.5.2 for
k > 11. If the identities (3.17) exist for k£ > 11, then they can be found with the same computer
aided procedure as the one used in the proof of Lemma 3.5.7-3.5.9 (see Section 3.10). Following

this idea, given k > 11, we propose the following conjecture, which generalizes Proposition 3.5.2:

Conjecture 3.6.1. Let H C UT(n, Q) be any finite set of matrices. There exist an integer r > 0,
positive rational numbers ai, ..., o, as well as, for s =1,...,r, words J, = js1Js2 """ Js,ms N

the alphabet T = {1,2,... k + 1}, such that PIX(j,) € Zwo - (1,1,...,1) and

Z Hk(log Ba(l)a ...,log Ba(k—i-l)) + Z Qg Z Hk(log BJ(js,l)’ ...,log BU(js,ms)>

0ESK+1 s=1 0€SKt1

€ Lpt1(logH) + £52(L>2(log H))  (3.59)
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for all matrices By, ..., Bgy1 in UT(n,Q) satisfying log B; € £>1(logH) and Zfill log B; €
Szg(logH).

For even k, Conjecture 3.6.1 is correct by the antisymmetry of Hy (Lemma 3.5.5). For k = 3,
it is correct by taking r = 0 and using Lemma 3.5.6. For k = 5,7, 9, it is verified by Lemma 3.5.7,
3.5.9, 3.5.10, where the words j,,s = 1,...,r, all satisfy PIZ(j,) = (2,2,...,2).

For odd k larger than 10, using Algorithm 3.3 in Section 3.10, we can search for words j,
that potentially verify Conjecture 3.6.1. Namely, starting with ¢ = 2, take all the words j,
satisfying PIZ(j,) = (p,p,...,p),2 < p < ¢. Under the equivalence relation ~ (defined in the

proof of Lemma 3.5.7), we can write each expression

hk(]s) = Z Hk(log Ba(js,1)¢ s 710g Ba(js,ms))

O'ESk+1

as a linear combination of expressions M (P, c) (see Section 3.10) using Algorithm 3.3. Then,
writing — ZaeSkH Hy(log By(1), - - -, log By (141)) also as a linear combination of M\(P, ¢), we can
verify whether it is in the Q>¢-cone generated by the elements hy(j). If this is the case, then
there exist positive rational numbers ag,s = 1,2,..., satisfying Equation (3.59). If this is not
the case, we can increase ¢ and repeat the above procedure.

If there exists a relation of the form (3.59), then the above procedure terminates for some
q and returns this relation. Otherwise it does not terminate. In practice, it is more computa-
tionally viable to not take all the words j, satisfying PI*(j,) = (p,p,...,p), but only a small
amount of them chosen randomly.

Due to the restraint on computational power, we have only verified Conjecture 3.6.1 for all
k < 10, this is the reason why the our result stops at nilpotency class ten. However, if we can
verify Conjecture 3.6.1 for larger & (it suffices to verify for odd k), then we can extend our result

to higher nilpotency class. This is formalized by the following theorem.

Theorem 3.6.2. Let G be a subgroup of UT(n,Q) whose nilpotency class is at most d. If
Conjecture 3.6.1 holds for all k < d, then Algorithm 3.1 correctly computes the invertible subset

of any finite set G C G in polynomial time.

Proof. For any € € ZIZ{O, similar to Equation (3.47), define recursively the cones

Ra+1(€) == {0},
Rk(E) = Rk+1(£) + <Hk(10g B, ... ,log Bm) m>1,B; € g*, ZPIQ(BZ') € Z~o £> ,
i=1 Q>0

k=dd—1,...,3,2,
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and the set

log Gaupp(e) = {log A; | A; € G,i € supp(£)}.

Suppose £ satisfies £; > d, i € supp(£). Consider the quotient space u(n)/L>2(£>2(10g Gupp(e)))-
Following the pattern in the proof of Proposition 3.5.12, we can show that for all k < d+ 1, the

cone Ry (£€) is equal to the linear space £ (log Geupp(e))-

Then, using the same arguments as Theorem 3.4.2, we can show the following generalization
of Theorem 3.4.2:
(i) If there exists a word w € G* with PI9(w) = £ and logw = 0, then

K
Z lilog A; € Szg(log gsupp(z)). (3.60)

i=1
(ii) If £ satisfies (3.60), then there exists a non-empty word w € G*, with P19(w) € Zsg - £,
such that logw = 0.
From here, the proof of correctness of Algorithm 3.1 and its complexity analysis is identical to

the proof of Theorem 3.1.1, replacing the property [log G]11 = {0} by [log G]4+1 = {0}. O

A natural question is whether our result can be extended to arbitrary nilpotency class d.
This can either be done by proving Conjecture 3.6.1 for higher k or by finding another way to
approach this problem. In particular, similar to Corollary 3.1.2, this would yield the decidability
for the Identity Problem and the Group Problem for arbitrary finitely generated nilpotent groups

of class at most d.

3.7 Combinatorics for length two subwords

Starting from this section we study Semigroup Intersection and Orbit Intersection in subgroups
of UT(n,Q). In this section we introduce tools from combinatorics which will be crucial in
solving these two problems.

Fix a finite alphabet G = {A;,...,Ag}. For 1 < i < j < K, let w be a word over the
alphabet G, denote by (5?]-(10) the number of occurrences of the subword ---A4;---A;--- minus
the number of occurrences of the subword - -- A;--- A; - -+ inw. That is, writing w = B1Bs - - - B,

we have

g — 59+ Gg,—
5ij(w) = 51’]’ (w) — 51’3‘ (w),
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where

5igj’+(w) ={(u,v) |1 <u<v<sB,=A4;,B, = Aj},
g,— .
57" (w) = {(u,v) |1 <u<v< s, B, =A;, By = A}

If the alphabet G is clear from the context, we write 5ij(w),5$(w) instead of 59( ), 5Zgji( ).

Obviously, we have the parity constraint
8ij(w) = 675 (w) + 05 (w) = Pli(w) - PLj(w) mod 2. (3.61)

Let G be a class two nilpotent subgroup of UT(n, Q). Fix a finite alphabet G = {41,..., Ax}
in G. Given a word w = B1Bs--- Bs in G*, specializing the Baker-Campbell-Hausdorff for-

mula (3.4) to nilpotency class two yields

m
1
log(B1Bs - - Bp,) :ZIOgBZ-+§ > [log Bi,log By. (3.62)
i— 1<i<j<s

Let £ = (¢1,...,0k) be the Parikh Image of w. Regrouping the terms in Equation (3.62) yields

K
— E 1 E + -
log w = pat gz log Az + 5 ik (57,] (w) [log Aza 10g AJ] + 5ij (’U)) [log AJ ’ log Az])

= ZE log A; —|— = Z dij(w)[log A, log Aj].  (3.63)
1<z<]<K
The second equality follows from the anticommutativity of the Lie bracket.

Now let us describe the general strategy for solving intersection-type decision problems.
Consider a simple example: given two alphabets G = {A;,...,Ax}, H = {Biy,...,By} in a
class two nilpotent subgroup of UT(n,Q), we want to decide whether (G) N (H) # 0. This boils
down to finding two non-empty words v, w respectively in the alphabets G and H, such that
logv = logw. Denote by @ = (x1,...,xx) the Parikh Image of v, and by y = (y1,...,yar) the

Parikh Image of w, then formula (3.63) yields the equivalence between log v = log w and

(v)
ZmzlogA —|—Z Z] [log A;,log Aj] ZyzlogB +Z ” logBi,logBj],

1<j 1<j

x e, yezd,, PIv) == PI(w)=y. (3.64)

Hence, deciding whether (G) N (H) # () boils down to solving Equation (3.64) in the numerical
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variables «,y and the word variables v, w over alphabets G, H.
Consider a “relaxed” version of this problem. That is, we replace 5igj (v) and 52} (w) by new

variables c;;, d;; over integers, without imposing any constraint. This gives the equation

K M

Cii di'
in log A; + Z ?J[log A;log Aj] = Zyz log B; + Z %[log B;,log Bj],
i=1 1<i<j<K =1 1<i<j<M

x e, yezd, cjdjeZforali,j  (3.65)

Obviously, if Equation (3.64) has a solution, then the relaxed version (3.65) will also admit a

solution. The converse is not necessarily true. The implicit constraints imposed by the word

H
ij

combinatorial variables 5% (v),0/f(w) in Equation (3.64) are highly non-trivial. (For example,
one should at least have |5g (v)| < x;x; for all 4, j). However, these constraints are not reflected
by the numerical variables ¢;; and d;; in Equation (3.65).

The key idea of subsequent sections is the following surprising fact. For the two problems
we consider (Semigroup Intersection and Orbit Intersection), it is sufficient to solve the relaxed
version of the equation, plus several simple constraints (such as the “modulo 2”7 constraint in
Equation (3.61)). In particular, given a “suitable” solution to the relaxed Equation (3.65),
we can always construct a solution to Equation (3.64). A priori, the values of 5% (v) cannot
reach all integers like the free variables c;;; nevertheless, when z1,...,zx tend towards infinity,
the vector ((5%(1})) - can in fact reach every value within a ball of radius size O(|z|?),
satisfying modulo 2 constraints. This will suffice to construct a suitable word v, as the quadratic
radius will eventually dominate the linear term Zfil x;log A;.

This section aims to formalize this idea. The main result of this section will be Proposi-

tion 3.7.2. First, we prove a simple case where the alphabet consists of two letters.

Lemma 3.7.1. Given an alphabet G = {A;, A;} and non-negative integers s;,s; € ZL>o, then

for every C € Z satisfying
|IC| < sis; and C =s;s; mod 2, (3.66)

there exists a permutation w of the word AfiAjj such that 6;j(w) = C.

Proof. For an illustration of the proof, see Figure 3.1. We start with the word w = AfiAjj,
which satisfies 6;;(w) = s;s;. We gradually swap pairs of consecutive letters in w: each time
we replace an occurrence of consecutive A4;A; with A;A;. An occurrence of A;A; can always be
found unless we have reached the “final” permutation A;j A7 Tt is easy to see that each swap

reduces the value of §;;(w) by 2. Therefore, by swapping consecutive A;A; one by one, d;;(w)

73



can reach every value between ¢;; (AfiA;j) = s5;5; and 6 (A;j A") = —s;s; that has the same

parity with s;s;. This proves the lemma.

| @=4A @ =4 |

A7A] 0000000000000
00000 c0decccoe
ooooooo;jooooo

| eee@ieccccccee
v ooooz:ofoooooo

eeccccedecccoe
eeccccoc0deccce
AJA 00000000000000

Figure 3.1: Illustration for the proof of Lemma 3.7.1.

O]

We then prove the main result of this section, which generalizes Lemma 3.7.1 to alphabets

of more than two letters.

Proposition 3.7.2. Fix a finite alphabet G of size K > 2. Then for any tuples £ = ({1, ...

ZIZ(O and {Cij h<icj<k € ZgéK_l)/Q satisfying
lil; 9 o
|Cwlgm—2K(€Z+€])—4K, forall 1<i<j <K,

and

Cij=4il; mod?2, foral 1<i<j<K,

there exists a word w with Parikh Image £ such that

dij(w) = Cyj,  forall 1<i<j<K.

7£K) S

(3.67)

(3.68)

(3.69)

Proof. For an illustration of the proof, see Figure 3.2. For all i, write ¢; = 2(K — 1)s; + r; with

0 <r; <2(K —1). Consider the word Wiy := Wyes - W - Wiep, where

— AT1 AT2 TK
Wres = A1 A2 AK )

W= (AT AR) (AT AS) - (AT ARE) (AP AS) - (AP ARE) (AF AT -+ (AT AYE)

Wrey 1= (AREART) (AREARTS) - (AREAY) (AT ARTS) (AT AR - (AP AT,
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® -4 O -=A4A = A;

51 452 S1 453 52 453 S3 482 S3 45 Sy 451
Ar Ay AT A; Ay A; Az Ay AJA] L Ay A
A\ N\

Pt T e\ |

/-—./\—-\ | e

W' : 00000 000000000000 000000 000000 000000000000
it

|Lemma 3.7.1| |Lemma 3.7.1|

w1 w13 W32
/__A_\ ———— /-—A_
w 00000/000000000000 (X XXX 0000000 000000000000
S~ e r v
Wies W Wieo

Figure 3.2: Illustration for the proof of Proposition 3.7.2.

In particular, W is the concatenation of all words of the form AfiAjj where ¢ < 7, and Wy, is
the reverse of W. It is easy to verify that Wj,;; contains ¢; occurrences of the letter A;, so its
Parikh Image is exactly £.

We now compute 0;;(Wipit) for i < j. Since W-W,., is a palindrome, we have 0;;(W-W.e,,) =

0, so

51](Wznzt) - 5ij(Wres) + PIi(Wres) PIJ(W : W’rev) - PIj(Wres) PIz(W : Wrev)

=rirj+r - 2(K —1)s; —rj - 2(K — 1)s;. (3.70)
In particular, since 0 < r; < 2(K — 1), we have
101 (Winit)| < 4(K —1)* 4+ 2(K — 1)%(s; + 81) < 4K + 2(K — 1)(¢; + ;) (3.71)
By Condition (3.67), we have

105§ (Winit) — Cij| < [0i(Winat)| + |Cij|

il
<AK?* +2(K — 1)(4; + 4;) + 2L — 2K (¢; + {;) — AK?

4K?
lil;
0t i+t

+1

SAK-1? 2K-1)
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(e ) e )

< 8;5;. (3.72)
Since Equation (3.70) yields 8;j(Winit) = rir; = €;¢; mod 2, Condition (3.68) then gives
5ij(Wz'nit) = Cz mod 2. (3.73)

We now show how to construct the word w. Starting with the word Wi, for every pair

i < j perform the following:

1. If 8;j(Winit) > Cyj. By Lemma 3.7.1 there exists a permutation w;; of the word AfiAjj such
that 6;;(wij) = sisj + Cij — 8ij(Winit). Indeed, Equations (3.72) and (3.73) guarantee that
the conditions (3.66) in Lemma 3.7.1 are satisfied. We then replace the subword AfiA;j

in the W-part of Wj,;; with the word w;;. The resulting new word VVZ-’ ¢ Will satisfy

8ij(Winit) = 6ij(Winit) — 05 (A A} + 05 (wij) = Cij.

This replacement does not change 6y, (Winit) for (u,v) # (i, 7).

2. If 0;;(Winit) < Cj;. By Lemma 3.7.1 there exists a permutation wj; of the word A;jAfi
such that 0;;(wj;) = —s;5;+ Cij — 0;j(Winit). Again, Equations (3.72) and (3.73) guarantee
that the conditions (3.66) in Lemma 3.7.1 are satisfied. We then replace the subword

A;j A" in the Wyep-part of Wipi with the word wj;. The resulting new word W}, ,, will

ing

satisfy
0ij(Winie) = 8ij(Winae) — 6i5(A AJ") + 65 (wjs) = Cyj.

This replacement does not change 0y, (Winit) for (u,v) # (i, ).

3. If 0;;(Winit) = Cij, do not perform any change.

Performing all these replacements on W;,;; for all pairs ¢ < j simultaneously, the resulting word
w then satisfies 6;(w) = Cyj for all 1 <i < j < K. O
3.8 Semigroup Intersection

We prove Theorem 3.1.3 in this section. Let G' be subgroup of UT(n,Q) with nilpotency class

at most two. Let

G1 = {411, A1, ..., Airy } - G = {Am, Ao, - Ak, )

76



be M sets of matrices in G. The following proposition shows that Semigroup Intersection
can be reduced to solving homogeneous linear Diophantine equations with extra constraints on

supports.

Proposition 3.8.1. We have (G1) N ---N{(Grr) # O if and only if there exist non-zero vectors
L € ZIZ% \ {0}, -,y € Zgé” \ {0} as well as rational numbers cp;; for 1 < m < M,i,j €

supp(€y,), such that

K
ZEU log A1 + Z ciij[log Ay, log Ay
=1 i<

i,jE€supp(£1)

Ky
= Zégj log Aoj + Z c2ij[log Ag;,log Agj] = - - -

Jj=1 i<j
1,jEsupp(£2)
Ky
= ZEM]' logAMj + Z CMij[logAMi,logAMj}. (3.74)
j=1 i<

i,jE€supp(€ar)

Proof. It (G1) N ---N{(Gnr) # 0, let g be an element in the intersection. There exist non-empty
words wi, ..., wys over the alphabets Gi,..., Gy such that logg = logw; = -+ = logwys. By

the Baker-Campbell-Hausdorff formula (3.63),

K
= 52 m
logg = ZPIj(wm) log Ap,j + Z ](;U ) [log A, log Apjl,  form=1,..., M.

Jj=1 Y
1,jEsupp(€m )

This shows that (3.74) is satisfied by £, = PI9"(w,,) and cpmij = 8;j(wy)/2 for 1 < m <
M,i,j € supp(£y,).
For the other implication, suppose such non-zero vectors £1, ..., £, and the rational numbers

¢mij exist. Then there exists H € u(n) such that

K
~ 2 mij
mej log Ap,j + Z %[log/lmi, log Apjl = H, form=1,...,M. (3.75)
j=1 i<j

i,j€supp(€m)

Note that if 4, j € supp(€,,) then £pilpm; # 0.
By homogeneity, for any N € Z~, the vectors N£y,..., N€y; and Ncp,;; also satisfy Condi-
tion (3.74). Hence, multiplying all ¢;;, ¢;ni; and H by a common denominator, we can suppose

all /;; and c¢,,;; to be integers. Denote K = maxi<,,<m Ky, then there exists a large enough
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even integer N € Z~ such that

N2lpilmj

|N'20mij| S 4K2

—2NK(4; +{j) — AK? (3.76)

for 1 <m < M,i,j € supp(€y,). This is because £yl ; > 0, so the right hand side of (3.76) is
quadratic in IV and dominates the linear term on the left for large enough N. Replace all ¢;; with
NY;j;, all ¢p;j with Nepj, and H with N - H, then the new variables satisfy 2¢,,i; = 0 = £yl

mod 2, and

?23 — 2K (b + €;) — AK2, (3.77)

m

Lrnilim
‘2cmij| < ZZI(Z” — QK(& +€]) — 4K? <

for all ,j,m. Equation (3.75) is still satisfied after the variable replacements. Therefore,
by Proposition 3.7.2, there exist words wi,...,wys over the alphabets Gi,...,Gy such that
Pl(wy,) = €y and d;j(wm) = 2¢pmi; for all 1 < m < M,i,5 € supp(£y,). These words are

non-empty since £, # 0. Plugging into the Baker-Campbell-Hausdorff formula (3.63), we have

K
m 2 ..
log wp, = Zﬁmj log Ap,j + Z %[logAmi,logAmj] =H form=1,...,M.
=1 i<j
’ i jesupp(£m)

This shows that H € (1, log(G;), so (exp H) € NM,(Gi) # 0. O
Using Proposition 3.8.1, we devise Algorithm 3.2 that decides Semigroup Intersection.

Proposition 3.8.2. Algorithm 3.2 is correct and terminates in polynomial time.

Proof. We prove that Algorithm 3.2 outputs False if and only if (G1) N--- N (Gpr) # 0.

After each iteration of Step 2, card(Sy) + --- + card(Sys) strictly decreases. Therefore, the
algorithm terminates after at most Kj + - -- + K iterations of Step 2.

We now show correctness of the algorithm. We first show that if Algorithm 3.2 returns
False, then mf‘i1<gz> # (). Suppose the algorithm terminates with output False, the condition
in Step 2(d) shows that supp(A) NS, =S, for all 1 < m < M. By the additivity of A (that is,
a,be A = a+b € A), there exists a vector £ = (€1, ...,€y7) € A such that supp(£) = supp(A).
This yields supp(£,,) = supp(A) NS, = S,, for all m. Since supp(£,,) = S, # 0, we have
£, # 0 for all 1 < m < M. By the definition (3.79) of m¢(W), there exist rational numbers

(Cmij)1<m<M,i,jeS,, such that

Kl K2
Zﬁu log A1 + Z c1ij[log Ay, log Ayj] = Zfzj log Agj + Z c2ij[log Ag;, log Agj]
7=1 i<j J=1 i<j

Z’7jesl l’JGSQ
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Algorithm 3.2 Algorithm for Semigroup Intersection

Input: M finite sets of matrices Gi = {411, A12,..., A1k, }s- -, G = {An, Az, - -, Ay,
in the group G.
Output: True (intersection is empty) or False (intersection is not empty).
1 Initialization. Set Sy :={1,2,...,K1},...,Sv =1{1,2,..., Ky}
2 Main loop. Repeat the following

(a) Represent the Q-linear subspace of V = QZ%:I Km+E =y card(Sm)(card(Sm)—~1)/2,

W= {((fmj)ngM,lsJ‘SKm, (Cmijhr1<m<M,ijesn) €V ’

K,
ZEU log Alj =+ Z Clij [log Ali,log Alj] = ...
=t l,jléf%
Ky
= ZfMj log AMj + Z cMij[logAMi,log AMj]} (3.78)
7j=1 i<j

1,7€SM

as the solution set of homogeneous linear equations.

(b) Compute the projection of W onto the coordinates (¢ym;)i<m<M,1<j<Kn:

M
(W) = {(Emjhgmgz\/[,lgjgf(m € QXm=15m | 3(crip)1<mentijesms

((Cmj)1<m<Mi<i<Kom» (Cmij)1<m<Mijesm) € W} (3.79)

represented as the solution set of homogeneous linear equations.
(c) Define A = Zg[)%:l Km me(W) and compute supp(A) using Lemma 3.3.4.
(d) If supp(A) NS, = Sy, for all 1 < m < M, terminate the loop and go to Step 3.
Otherwise, let S, = supp(A) NS, for every m, and continue with Step 2.
3 Output.
(a) If S, = 0 for any 1 < m < M, return True.
(b) Otherwise return False.

Ky
== ZEM] logAMj + Z cMij[logAMi,logAMj}. (3.80)
= i,jigéM

Since S,, = supp(£,,) for all m, Equation (3.80) is identical to Equation (3.74) in Proposi-
tion 3.8.1. Therefore Proposition 3.8.1 shows mfﬁ(gz) # 0.

Next, we show that if ()22, (G;) # 0, then Algorithm 3.2 returns False. Suppose (2, (G;) # 0.
By Proposition 3.8.1, there exist £; = ({1;)i1<j<k, € Zgé \{0},.... e = (Unrj)i<j<ky €

Zi(é” \{0}, and rational numbers (cmij)1<m<n,i jesupp(e,) that satisfies Equation (3.74) in Propo-
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sition 3.8.1. We show that “supp(£,,) C S, for all 1 <m < M?” is an invariant of the algorithm.
At initialization, we obviously have supp(€,,) C S, = {1,..., K,,}. Before each iteration of

Step 2(d), suppose we have supp(£,,) C Sy, for all m, then Equation (3.74) shows that

(lmj)1<m<Mi<j<K,, € Te(W).

Consequently, supp(£,,) C supp(A), meaning supp(€,,) C Sy, still holds after Step 2(d).

This invariant shows that supp(£,,) C S,, for all m by the start of Step 3. Since £,, €
Zg&n \ {0}, the set supp(¥,,) is non-empty for every m. We conclude that S,, # () for all m by
the start of Step 3. Therefore, Algorithm 3.2 returns False.

Finally, we show that Algorithm 3.2 terminates in polynomial time. Recall that the algorithm
terminates after at most K + - - - 4+ Ky iterations of Step 2. At each iteration of Step 2(b), the
projection can be computed in polynomial time by eliminating the variables (¢mij)1<m<n,i jeSn
from the equations defining W. Then, at each iteration of Step 2(c) the support supp(A)
is computed by Lemma 3.3.4. The total input size of the linear programming instances is
polynomial with respect to the total bit length of the matrix entries in Gy, ..., Gys. Indeed, the
total bit length of log Ap,; and [log Ay, log Ay, ] is at most of quadratic size in Gp,; and the
projection performed in Step 2(b) can only alter the total entry bit size at most polynomially.
From this, one can express my(W) as the solution set of a system of homogeneous linear equations
whose total bit length is polynomial in Gy, ...,Gys. Hence Lemma 3.3.4 computes the support of
A= Z;{A’f:l Kom Nme(W) in polynomial time. Therefore, each iteration of Step 2 takes polynomial
time, and thus the overall complexity of Algorithm 3.2 is polynomial with respect to the input

gla"'agM- D

Theorem 3.1.3. Let n > 2 and let G be a subgroup of UT(n,Q) with nilpotency class at
most two. Given finite subsets Gi,...,Gy of G, it is decidable in polynomial time whether

(G1)N---N{(Gn) = 0.

Proof. Theorem 3.1.3 follows from the correctness and polynomial time complexity of Algo-

rithm 3.2 (Proposition 3.8.2). O

3.9 Orbit Intersection

We prove Theorem 3.1.5 in this section. Let G and H be finite sets of matrices in the group
H3(Q), and T, S be matrices in H3(Q). Our goal is to decide whether T'- (G) NS - (H) = 0.
Multiplying both 7 - (G) and S - (H) on the left by T~!, one can without loss of generality
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suppose T = I. That is, it suffices to consider the problem of deciding whether (G)NS-(H) =0
Denote by ¢: log H3(Q) — Q? the projection onto the superdiagonal, and by ¢: log H3(Q) — Q
the projection onto the upper right entry:

— C.

o o Q
S >0
N
S Q
~_
©-
o o O
o o Q
S >0

One easily verifies that for matrices X,Y € H3(Q), we have [log X,logY] = 0 if and only
if p(logX) and ¢(logY) are linearly dependent. Indeed, write p(log X) = (24, 7)' and
©(logY) = (ya,ys) . Then ¢([log X,logY]) = (0,0)" and ¢([log X,logY]) = Za¥p — YaTs.
Therefore, we have [log X,logY] = 0 if and only if the vectors ¢(log X) and ¢(logY’) are lin-

early dependent. Define the cones

Cg = <90(10g g)>Q207 Cy = (p(log H))on'

3.9.1 Easy case: The cone Cg N(Cy has dimension zero or one
The situation in this case is similar to the one discussed in [30, Section 3, Case IJ.

Proposition 3.9.1. Suppose the cone Cg N Cy has dimension zero or one. Deciding whether

(G)NS - (H) # 0 can be done by solving finitely many linear Diophantine equations.

Proof. Let £ C Q? be a linear space of dimension one that contains Cg N Cy. We decompose G

and H into disjoint subsets: G = Gy U Gy, H = Ho U Hy, where

Go ={Ai€G|p(logA;) €L}, Gi=G\Go;
Ho:={B; € H|p(logB;) € L}, Hi:=H\Ho.

The key observation is that all matrices in Gy and in Hg commute with each other. Indeed, for
all A; € Gy, B; € Ho, the vectors ¢(log A;) and ¢(log B;) all fall in £ and are hence linearly
dependant. Therefore [log A;,log A;] = [log B;,log B;| = 0 for all A;, A; € Gy, B;, Bj € Ho.

Suppose (G) NS - (H) # 0, that is, there exist non-empty words v over the alphabet G and
w over the alphabet H such that logv = log Sw. We show that the number of occurrences of
letters of G, in v is effectively bounded; similarly, the number of occurrences of letters of H, in
w is also effectively bounded.

Tx is the projection parallel

Let n be a non-zero vector orthogonal to L, then x — n
to £. Since Cg N Cy C L, the values n'p(logA;), A; € G have signs opposite to that of

n'¢(log B;), B; € H. Without loss of generality, suppose n' p(log 4;) > 0 for all A; € G and
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n'¢(log B;) < 0 for all B; € H. Since n is orthogonal to £, we have furthermore n " ¢(log A;) >
0 for all 4; € G4 and n'p(log Bj) < 0 for all B; € H; as well as n'p(log X) = 0 for all
X € Go U Ho.

Now, log v = log Sw yields ¢(logv) = p(log S) + ¢(logw). Projecting onto m, this shows

Y PIY(v)-n'plogAi) =n'plogS)+ Y PIF(w)-n'p(logB;).
i,Ai€g+ i,Bi€H+

This yields
1 — 1
PIg(v) < n' p(logS) PIH( ) < n'p(logs)

’ 81
nTolog A) 0 S T leg By) (3:81)

for all A; € G4 and Bj € Hy. This gives bounds

n'p(log ) —n'p(log S)
o= 3 nelosS) g, sy el
i,Aingrn @(logAl) i, B;€H 4 n Sp(logBl)

such that if logv = log Sw, then the number of letters of G4 in v is bounded by (g, and the

number of letters of H4 in w is bounded by B.

Write v = vgCrv1Cs - - - v5_1Csvs, where Cq,...,Cs are matrices in Gy, and vg,...,vs are
words in the alphabet Gy. Similarly, write w = woDiwy1 D2 - - - wy—1 Dywy, where Dy, ..., D, are
matrices in H4, and wo, ..., w; are words in the alphabet Ho. Write Go = {A4],..., A}, } and

Mo ={B{,..., By} Define z;; := PI?(v;) for 0 <i < 5,1 < j < K’, and y;; == PII* (w;) for

0<i<t1<j <M. Then logv =logSw is equivalent to

ZlogC —1—223313 logA +f Z wa logAJ,long Z wa logC’kJogA ]

=0 j=1 0<Z<k‘<s] 1 1<k:<z<sj 1
1 1~ &
J— . . .. /
=logS + Z(log D; + 5[10g S,log D;]) + 5 Z Z yij[log S, log B;]
i=1 =0 j=1
Z Z yijllog B, log D] + Z Z yijllog Dy,log B;] (3.82)
O<z<k<t j=1 1<k<z<t j=1

All other terms are of the form [log A}, log A’] or [log Bj,log Bj] and hence vanish by the com-
mutativity of Gy and Hy. Note that Equation (3.82) is a linear Diophantine equation in the
variables w;;,y;;. Therefore, logv = log Sw has a solution if and only if there exist matrices
Cy,...,Cs in G4 and matrices Dy, ..., Dy in H4, such that Equation (3.82) has a solution in
non-negative integers, with the additional constraint that, if s = 0, then (zo1,...,zox’) # 0;
and if ¢ = 0, then (yo1,...,yonr) # 0. This additional constraint comes from the condition that

v,w are not empty words. Recall the bounds s < g and ¢t < 3. Hence, deciding whether
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logv = log Sw has a solution amounts to solving finitely many linear Diophantine equations of

the form (3.82). O

In theory, it is possible to give a bound on the complexity of the procedure described in
Proposition 3.9.1. The size of the each bound in Equation (3.81) is exponential in the bit
size of the entries S,G,H. Hence the procedure consists of solving exponentially many linear

Diophantine equations.

3.9.2 Hard case: The cone Cg NCy has dimension two

Suppose now that the cone CgNCyx spans a linear space of dimension two. We have (G)NS-(H) #
() if and only if there exist words v in the alphabet G and w in the alphabet H such that
logv = log Sw. Let @ = (x1,...,2x) be the Parikh Image of v, and y = (y1,...,ynm) be the
Parikh Image of w. By the Baker-Campbell-Hausdorff formulas (3.62) and (3.63), the equality

logv = log Sw is equivalent to

ZazllogA +f Z (5 v)[log A;,log Aj] =

1<1<]<K

1 1
log S + Z y;(log B; + E[log S, log B;]) + 3 Z 52}(w)[log B;,log B;] (3.83)
i=1 1<i<j<M

The following proposition shows that it suffices to solve a relaxed version of Equation (3.83).

Proposition 3.9.2. Suppose the cone Cg N Cy has dimension two. We have (G) NS - (H) # ()
if and only if there exist integers x;,1 < i < K and y;,1 < j < M and ¢;;,1 <1< j < K and

dij,1 <11 < j < M, satisfying

K M
Zmiap(logAi) = p(log S) + Zyicp(log B;), (3.84)
= i=1

and

K
Z:U@(IOgAz')Jr% > cijél[log Ai,log Aj)) =

i=1 1<i<j<K
M
¢(log S) + > wi(log Bi + = [logS logBi))+= > dij¢([log Bi,log Bj]), (3.85)
i=1 1<z<]<M
and
cj =xiz; mod2, 1<i<j<K, dij =vyiy; mod2, 1<i<j<M. (3.86)
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Proof. If (GYNS-(H) # 0, then let v, w be non-empty words over the respectively alphabets G and
H, such that logv = log Sw. Let (z1,...,zx) and (yi1,...,yn) be the respective Parikh Image
of v and w, and let ¢;; == 5%(1)) and d;j = 52}(10) for all 4, j. Since Equation (3.83) is satisfied,
projecting it under ¢ and ¢ gives respectively (3.84) and (3.85). The parity condition (3.86)
is obviously due to Equation (3.61). Hence we have found the integers z;, y;, ¢ij, di; satisfying
Equations (3.84), (3.85) and (3.86).

For the other implication direction, let z;, y;, ¢i;, d;; be integers that satisfy Equations (3.84),
(3.85) and (3.86). Since Cg and Cy have dimension two, the commutators [log A;,log A;] and
log B;,log B;| are not all zero (since ¢(A;) are not all linearly dependant, same for ¢(B;)).

Hence, there exist integers Cj;, D;; such that

D= Y Cyo(logAilogAj])+ > Dijé([log B, log By])
1<i<j<K 1<i<j<M
is a strictly positive rational number. Denote by F a common denominator of all the entries
of the matrices log A;, log B;, log .S, %[log S, log B;], %[log A;,log Aj] and %[log B;,log B;]. In
particular, DF is a positive integer.
Since the cone Cg N Cy has dimension two, there exist strictly positive integers Xi,..., Xk

and Y7, ..., Yy, such that

K M
> Xip(log A;) = > Yie(log Bi). (3.87)
i=1 i=1

This is because, taking v to be a vector in the interior of Cg N Cy (i.e. v admits an open
neighbourhood contained in Cg N Cy), then v is in the interior of both Cg and Cy. Hence, there

exist strictly positive rational numbers X7,..., X} and Y/,...,Y},, such that
K M
Y Xip(log 4;) =v =Y Y/p(log By).
i=1 i=1

Multiplying X7,..., X} and Y{,...,Y}, by their common denominator gives positive integers
satisfying Equation (3.87).

For any N € Zo, the integers x;,y;, ¢;j, d;; can be replaced by the integers

9:; =z, +2NDEX;
y; =vy; + 2NDEY;
K M 1
dj = cij — ANECy (Z Xi(log Ax) — ) Yid(log By + ; [log S, log Bk])>

k=1 k=1
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K M
1
djj = dij + ANED; (; Xyp(log Ay) — ; Yid(log By, + 5 [log S, log Bk]))

for all 4, j, while still satisfying Equations (3.84), (3.85) and (3.86). Furthermore, when N is

large enough, we have

z;>0,y; >0, 1<i<K1<j<M, (3.88)
zhx!
eyl < Jrp — 2K (a4 ag) —4K?, 1<i<j<K, (3.89)
and
!0
il < jAZJQ —2M(y; +yj) —4M?, 1<i<j<M. (3.90)

This is because the right hand sides of the inequalities (3.89) and (3.90) are quadratic in N,
whereas the left hand sides grow linearly in V.
Fix an N such that the inequalities (3.88), (3.89) and (3.90) are satisfied. Then, by Propo-

sition 3.7.2, there exist non-empty words v, w over the alphabets G and H, such that

PI9(v) = (&, ..., xh), 619]-(1)):6%, for1<i<j<K,

PI*(w) = (41, k), 0f(v) = d]

iy for1<i<j <M.

(Note that Condition (3.68) is guaranteed by Equation (3.86).) For these words v, w, we have

K M
p(logv) = > afp(log Ai) = p(log S) + Y _ yip(log Bi) = p(log Sw),
i=1 i=1

as well as

K
1
¢(logv) = ;x;ﬂﬁ(log Ai) + 5 Y do(log Ai,log Aj]) =

1<i<j<K
al 1 1
¢(log S) + Z yip(log B; + i[log S,log B;]) + 3 Z d;;¢([log By, log Bj]) = ¢(log Sw).
=1 1<i<j<M
This shows log v = log Sw, hence (G) N S - (H) # 0. O

Combining the two cases in Subsections 3.9.1 and 3.9.2 solves Orbit Intersection in H3(Q).

Theorem 3.1.5. Given elements T,S € H3(Q) and two finite subsets G, H of H3(Q), it is
decidable whether T - (G) NS - (H) = 0.

Proof. As mentioned in the beginning of Section 3.9, one can without loss of generality suppose
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T = I, and decide whether (G) NS - (H) # 0. Given G and H, one can effectively compute
Cg N Cy and its dimension using linear programming [89].

If Cg N Cy has dimension zero or one, then Proposition 3.9.1 shows we can decide whether
(G)N'S - (H) # 0 by solving a finite number of linear Diophantine equations of the form (3.82).

If Cg N Cy has dimension two, then Proposition 3.9.2 shows we can decide whether (G) N
S - (H) # 0 by solving Equations (3.84), (3.85) and (3.86). Equation (3.86) can be replaced by
a boolean combination of conditions of the form “zx; = 0 mod 2”, “x; =1 mod 2”7, “y; =0
mod 2”7, “y; =1 mod 2”7, “c;; =0 mod 27, “¢;; =1 mod 27, “d;; =0 mod 27, and “d;; =1
mod 2”. Each of these conditions can be expressed as a linear equation over integers, for example
“r; =1 mod 2” is equivalent to “x; = 2z} + 1,2, € Z”. Therefore, solving Equations (3.84),
(3.85) and (3.86) is equivalent to solving a boolean combination of linear equations over integers,

which is decidable by integer programming. O

3.10 (Additional material) Computer-assisted proofs

In this section we give the detailed account for the proof of Lemma 3.5.7-3.5.10 using computer
assistance.
We fix an integer k for the whole section. Let H be a subset of UT(n,Q). For z,y € u(n),

we write
. £52(L>2(logH))

~

if v —y € L52(L>2(logH)), and
. £>pt1(logH)

~

£>2(L>2(logH)) £>k+1(log H)
~ and

if v —y € L5p41(logH). Obviously, ~ are equivalence relations and

we denote by ~ the transitive closure of these two relations.
£>2(£>2(logH))

The following lemma shows the effect of the relation ~ . In fact, the quotient
Lie algebra L :== £>1(logH)/L>2(L>2(log H)) is metabelian, meaning [[L, L], [L, L]] = 0. This

property allows us the permute elements in iterated Lie brackets:
Lemma 3.10.1. For Cy,...,C; € £51(logH) and i =3,...,k — 1, we have

222 (QZEJ(IOg H))

Lol [Ch Col, e i), Cigal, -, O] Lol [CLCal, . Cisal, Cil, .., Cl.

Proof. For i =3,...,k — 1, by the Jacobi identity,



=[..[..[C1,Cy,...,Ci1],[Cs,Cit1]],- -, Ckl
S [ .. [Szg(logH),Szg(logH)], o ,Ck]
C [ [€2(L52(log H)), Cisal, - . ., Cl. (3.91)

We then show that
X e Szz(ﬂzg(log H)),Y € 221(log H) = [X,Y] € sz(gzg(log H)). (3.92)

Since X is in £>2(L£>2(logH)), it can be written as a linear combination of elements of the form
[...[X1,X2],..., Xs] where s > 2, X; € £59(logH),7 =1,...,s. Therefore it suffices to show the
implication (3.92) for the case X = [...[X1,X2],..., X,] where X; € £s9(logH),i = 1,...,s.
Let

X' =[..[X1,Xo],..., Xs 1] € L59¢5_1)(log H) C £2(log H),

so X = [X', X5] with X', X € £59(log H). Then by the Jacobi identity,
[X’ Y] = [[X,?XSLY] = —[[XS,Y],X,] - HY7X/]7XS]7

where

[[XS, Y], X/] S [[Szg(log 7‘[), Szl(log H)], Szg (log H)]

Q [222(10g ’H),Szg(log 7‘[)] Q Szz(gzz(logﬂ))

and

[, X'], X,] € [[€>1(log H), £>2(log H)], £>2(log 1))

C [€>2(logH), £>2(log H)] € L£>2(L£>2(log H)).

Therefore [X,Y] € £52(L>2(log H)), showing the implication (3.92).

Applying this implication with Y = Cj12, Cit3, ..., Ck in Equation (3.91) shows

[' .. [222(222(10g H))v Ci+2]7 ceey Ck}
C [ . [£52(L>2(logH)), Ciral; - - -, Cy]

C [£52(L>2(logH)), Ckl
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C £59(L>2(logH))

Hence Equation (3.91) yields

£>2(L> (log H))

Lol [ Gl Cil, Cinal, -, O Lol [C1, Ol Cisal, Cil, .., Cl.

O

Fix an integer k. Define an integer partition P (of k) to be a series of numbers (a1, ..., as)
such that a1 > agy > --- > as > 1 and k = a1 + -+ + as. Define max(P) = a1, min(P) = as
and set(P) := {t | Ja; = t}. Define a set partition S (of {1,...,k}) to be a set of non-
empty disjoint sets S = {A1,...,As} such that Ay U---U Ay = {1,...,k}. For any k-tuple
3 = (1, gk) € {1,...,k + 1}* define the associated set partition of j the set partition

consisting of sets of indices of its distinct elements

SP(j) = {Ai ={l]j =i} i—l,...,k—&—l,Ai#@}.

For example, if k =6, j = (4,2,7,2,2,4), then SP(5) = {{1,6},{2,4,5},{3}}.

Define the associated integer partition IP(S) of a set partition S to be the series of set
cardinalities in S in decreasing order. For example, if £ = 6, S = {{1,6},{2,4,5},{3}}, then
IP(S) = (3,2,1). In particular, in this example we have max(IP(S)) = 3, min(IP(S)) = 1 and
set(P) = {3,2,1}.

We now fix elements C1, ..., Cy € £51(log H). For a given tuple 5 = (j1,...,jk) € {1,...,k+

1}*, define the symmetric sums

1

20) = (k41— card(SP(4)))! e%: 2(Coin); Coia)s -+ Cotin):
0ESK11
N 1
M(]) = (k? 11— Card(SP(])))' e%: [ . [Ccr(_yl)7 Co‘(]g)]7 ey Co(]k)]’
0ESKt1

Here, @y, is the expression defined in the Dynkin formula (3.19). The relation between ®(j) and

M (j) can be computed as follows.

1
= — NN g ka(ca(]j)v CU(jz)’ s 7CU(jk))
(k41— card(SP(j)))! oS
1 d(T)

(k+1—cardSP Z Z

: aesk+1 TESK d(T))

®(4)

(J'T(1))’ CG(jT(z))]’ SR Cd(jf(k))]
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_y~ (=1 1
=2 k2(51)  (k+1— card(SP(5)))! Y L [CoGra Cotirapls -+ Cotirg)]

TESK (T) ) O'Esk+1
(i
= Z W “M(j5), (3.93)
TESE d(t)

where j = (Jr1), Jr@)s- - Jr(k))-

From the definition of ®(j) and M (J) it follows that that for any o € Sy, writing o(j) =
(0(j1), -, 0(ji)), we have ®(o(§)) = D(4) and M(a(5)) = M(j). By this symmetry, &(j) and
M (j) only depend on their associated set partition SP(j). Hence for any set partition S, we
can define

®(S) =d(j), M(S):=M(jg), where SP(j3)=>S5.

From Equation (3.93) we get

—1)d(7)
o(S) =) % - M(S,), (3.94)

TESK k2 (S(T))

where S; is the set partition obtained by replacing ¢ by 7(7) in all sets of S for alli=1,... k:

s.={tri) i e ) | aes).

For two set partitions S; and Ss, So is called a coarsening of Si if for every A € Sy,
there exists A’ € Sy such that A C A’. For example, {{1,3,4},{2,5,6}} is a coarsening of
{{1,3,4},{2},{5,6}}. In particular, any set partition is a coarsening of itself. Denote by
Sy = 57 if S5 is a coarsening of S.

. Lspri(logH) .
The next lemma shows the effect of the relation ~ for sums over coarsenings.

Lemma 3.10.2. Let H be a subset of UT(n,Q). Suppose Ci,...,Cry1 € L£>1(logH) and

f’:ll C; € £>2(logH). If a set partition S satisfies min(S) = 1, then

S msy =HLE (3.95)
S’'=S

Proof. First let us illustrate the intuition with an example. Let k = 6, S = {{1, 3,4}, {2}, {5,6}},

then there are five coarsenings of S, which are:

S,{{1,3,4},{2,5,6}},{{1,3,4,2},{5,6}},{{1,3,4,5,6},{2}},{{1,3,4,2,5,6} }.
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Correspondingly,

M(S)+ M({{1,3,4},{2,5,6}}) + M({{1,3,4,2},{5,6}}) + M({{1,3,4,5,6},{2}})
+ M({{1,3,4,2,5,6}})

1
=1 > lCo 1), Co@)s Comy)s Cow), Coms Co))

oEST
+ é - [[[[[[00(1)7 00(2)]’ Ca(l)]v CO‘(I)L 00(2)]7 00(2)]
+ é - [[H[[Ca(l)? Ca(l)]a Ca(l)]v Ca(l)}a Ca(Q)]a CU(Q)]
+ é - [[[[[[00(1)7 Ca(2)]a Ca(l)]v Ca(l)}v CO'(l)]? Ca(l)]
+é - [[[l[Co1): Co)]s Co))s Coyls Coyls Coy]
= > G, Cy1,Cil, €l Cel, Crl + Y IG5, Cil, Cil, Ci], Ci)
ij,k distinct itj=k
+ Y lllCi Cy), Gl ), Crl, Crl + > (G, €, Cil, Cil, Gkl Ci)
i=jtk i=hj
+ ) G, Cyl, Cil, Cil, Ci], Cil
i=j=k
77 7
=> Y N MIC:, €51, Cil, Cil, Crl, Crl
i=1 j=1 k=1
707 7
=> > IC: Y €41, Cil, Cil, Cil, Ci]
i=1 k=1 j=1
707
€ > llll[Ci, L22(log 1)), Cil, Cil, Cil, i
i=1 k=1
CL>r7(logH)

£ log H
So > g M(S') zh+1 (08 ) 0 for this particular example.

For the general case, write S = {A1,..., As} with card(A;) = 1, then

> M(S)

S'=S

:Z Z [...[leach]v"WCjk}

S"2S jef1,.. k+11k
SP

_ 3 [ [Cj. Chly o C]

(915 0d) €1, k1R
Ji=Jy if 4,7 are in the same set of S
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k+1 k+1

- Z Z[ .. [Cifu)’cif@)]’ - Cif(w] where f(r) is defined by r € Ay (.
i1=1 ig=1
k+1 k+1 kt1
:Z Z[[[sz(l)j 1f(2) ZC“ ' 7‘f(k)]
10=1 1s=1 =1
E+1 k41
c Z e Z [ .. [ .. [Cif(l)’ Cif(2)]’ e ,—SZQ(]OgH)]; e 7Cif(k)]

i2=1 is=1

C L>p41(logH).

£ log H
Hence ) g g M(S') zh+1(jo8 )0. O

Using Equation (3.94), Lemma 3.10.2 gives the following corollaries.

Corollary 3.10.3. Let ‘H be a subset of UT(n,Q). Suppose Ci,...,Cry1 € £>1(logH) and
ZkH C; € £>2(logH). If a set partition S satisfies min(S) = 1, then

T (s HlE g, (3.96)
/%8

Proof. For any T € Si, we have that S, = S; if and only if S” 3= S. Therefore by Equation (3.94),

d(T
IILICOEDS Z = 2 Z - M(S})
S'=S S'=S TESK d(T)) S1=S, TESK d(T))
_ . M(S;.) £2k+}\(/log7-l) 0
Tezsk ( (7’)) S’Tg’s}

O]

Corollary 3.10.4. Let H be a subset of UT(n,Q). Suppose Ci,...,Cry1 € L£>1(logH) and
ZkH C; € £>2(logH). For any set partition S, the symmetric sum ®(S) is equivalent under
£ log H
zh+1(logH) to a linear combination of ®(S’) where min(IP(S")) > 2 (that is, every set in the

partitions S’ has cardinality at least two).

In other words, there ewist integers ag:, where S’ ranges over all set partitions satisfying

min(IP(S")) > 2, such that

o(g) HHLEY S ga(s).
S’ min(IP(S"))>2

log H
Proof. Corollary 3.10.3 shows that if min(IP(S)) = 1, then under the equivalence Sz (o8 H)

i

we can replace ®(S) by —> g g o256 P(S). Repeat this “coarsening” procedure for all ®(S),
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min(IP(S")) = 1, for sufficiently many times, we can rewrite ®(S) as a linear combination of

expressions ®(S’) where min(IP(S")) > 2. O

Define a partition-integer pair to be a pair (P, c), where P is an integer partition and c is a

number in set(P). For a partition-integer pair (P, c), define the following symmetric sum.
Z\/Z(P, c) = M(S),

where S is a set partition such that IP(S) = P, and 1 € A € S with card(A) = max(P) and
2 € A" € S with card(A’) = ¢. For example, a possible definition of M\((i%, 2,1),1) can be

M((3,2,1),1) = ({{1 3,4},{2},{5,6}})

= Z Z [[[[[[00(2)7 00(7)], 00(2)]7 00(2)]’ 00(4)]5 00(4)}

’ oEST

_ 3 [[ll[Cs, €y, Cil, Cil, Ch), Cil.-

1<4,§,k<7,i,j,k distinct

Note that this definition a priori depends on the choice of the set partition S. However, under
the equivalence relation Szz(gzi(logm), different choices of S result in the same equivalence
class. Indeed, let j be a tuple whose associated set partition is S. By Lemma 3.10.1, any
exchange of order among the elements js, j4,...,Jjr Wwill not change the equivalence class of
[ [Co(1), Cogin)]s - - - s Co(ji)), s0 it will not change the equivalence class of M(j). This means

that the equivalent class of M(S) does not change when we permute the numbers 3,4, ..., k.

For example, M ({{1,3,4},{2},{5,6}}) ~ M ({{1,3,5},{2},{4,6}}), because

({{1 3, 4} {2} {5 6}} 4| Z 7)]700'(2)]500(2)]700(4)}700(4)]
oEST
(£>2(IOgH 4| Z 0(7)] C, (2)]7 Ca(4)]a 00(2)]7 00'(4)] = M({{17 3, 5}7 {Q}a {47 6}})
ogE€Sy

Hence, the equivalence class of M(S) only depends on the integer partition IP(S) as well as
the cardinality of the sets where 1 and 2 belong. This is uniquely determined by the partition-
cardinality pair (P,c).

Lemma 3.10.5. Let H be a subset of G. Suppose C1,...,Crs1 € £>1(logH) and Zk+1 C; €
L>9(logH). For any set partition S satisfying min(IP(S)) > 2, the symmetric sum M(S) is
equivalent (under ~) to a linear combination of ]\/Z(P, ¢), where (P, c) are partition-integer pairs
satisfying ¢ # max(P) and min(P) > 2.

In other words, there exist integers B(p,, where (P, c) ranges over all partition-integer pairs
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with ¢ # max(P) and min(P) > 2, such that

M(S) ~ > BpoM(P,c).
(Pyc)
Proof. Write S = {Ay, ..., As} with card(A;) = max(IP(S)). By Lemma 3.10.1, the equivalence
class of M(S) does not change when we permute the numbers 3,4,..., k. We can therefore
suppose 3 € A;. Take any tuple j = (j1,...,j%) € {1,...,k + 1}* with SP(§) = S. By the

Jacobi identity,

[ [[Cog) Cotin) Cotin)s - > Cotin] =
[. .. HCG’(]S)’ Co’(jz)]v Ca'(jl)]7 ey CO'(Jk)] - [ .. [[Co(j3)7 Ca'(jl)]7 CO’(jz)]’ ey Co’(]k)} (397)

Summing up for o € Spiq, the expression }° cq [ [[Coiy), Co(in))s Coi)ls -5 Cogip)] 18

—

equivalent to (k+ 1 — card(5))! - M(IP(S),c), with ¢ = card(A4;) where jo € A;. Similarly,
the expression

Y Loy Coti)) Coin)]s -+ Co )]

O’ESIH_l

—

is equivalent to (k + 1 — card(S))! - M(IP(S), ), with ¢ = card(A;) where j; € Ay.
We claim that if ¢ = max(IP(S)), then A/Z(IP(S), ¢) ~ 0. This is because, writing

—~ 1
M(IP($),¢) = G T cararon D [ ACotiay Coti)s Cotin)s -+ Coi)s

’ Uesk+1

if jo € A; with card(A;) = max(IP(S)), then swapping 2 and 3 in the set partition SP(j) does

not change its associated integer partition. Therefore, we have

— 1
M(IP(8), max(5")) = (k + 1 — card(9))! Y [ [Coti) Cotia)ls o) -+ -+ Coi)] ~
O’ES}C+1
1 I ! !
- e D [ MCoiay Cotin)s Cotin)s -+ Caio)] ~ =M(IP(S"), max(5")),

(k41— card(9))

’ JESk+1

so J\?(IP(S), max(S)) ~ 0. This proves that if ¢ = max(IP(S)), then ]\/Z(IP(S), c) ~ 0.

Summing up Equation (3.97) for o € Siy1, we conclude that

1
M(S) = (k+ 1 — card(9))! Z [ [lCo(1)s Cotin ) Coinls -+ Cotin)]

0ESKL+1

= M(IP(S), ) — M(IP(S),)

93



is equivalent (under ~) to a linear combination of expressions M (IP(S), ), where ¢ # max(S).

O]

For any k, all partition-integer pairs satisfying ¢ # max(P) and min(P) > 2 can be effectively
listed. For example, when k& = 5, there is only one pair ((3,2),2). When k = 7, there are three
pairs

((57 2)7 2)7 ((47 3)7 3)’ ((37 27 2)7 2)

When k = 9, there are six pairs

((7,2),2),((6,3),3), ((5,4),4),((5,2,2),2),((4,3,2),3), ((4,3,2), 2).

Combining Corollary 3.10.4, Equation (3.94) and Lemma 3.10.5, we obtain the following

proposition.

Proposition 3.10.6. Suppose Ci,...,Cli1 € £s1(logH) and ¥ 0y € £so(logH). Let
m =2 and j = (ji,-..,jm) € {1,...,k+ 1}". The expression 3, cq, | Hi(Co(jr)s - Co(jn))
is equivalent (under ~) to a linear combination of]/W\(P, ¢), where (P, c) ranges over all partition-
integer pairs with ¢ # max(P) and min(P) > 2. Furthermore, this linear combination can be
effectively computed.

In other words, one can effectively compute rational numbers yp,), such that

S H(Copirys- 2 Cotin) ~ D Wpe) M(P,0).

0€Ski1 (Pye)
Proof. By the Dynkin formula (Lemma 3.5.4), the expression ZUGSk+1 Hi(Co(1)s -5 Cotim))
can be rewritten into a linear combination of ®(SP(3’)), where j’ are subsequences (with possible
repetition) of j. Then, Corollary 3.10.4 shows that each ®(SP(j’)) is equivalent (under ~) to
a linear combination of ®(S") with min(IP(S’)) > 2. Next, Equation (3.94) shows that each
®(S"), min(IP(S")) > 2 is equal to a linear combination of M (S”) with min(IP(S”)) > 2. The
condition min(IP(S”)) > 2 is due to the fact that for any 7 € S; we have IP(S;) = IP(S).
Finally, by Lemma 3.10.5, each M (S”), min(IP(S”)) > 2 is equivalent (under ~) to a linear
combination of M\(P, ¢) with ¢ # max(P) and min(P) > 2.

In summary, any expression Hi(Co(jy), - - - Co(j,)) 18 equivalent to a linear combi-

O’Esk+1
nation of M (P,c), where (P,c) ranges over all partition-integer pairs with ¢ # max(P) and
min(P) > 2. Furthermore, the proof of Corollary 3.10.4, Equation (3.94) and Lemma 3.10.5

give an effective procedure that computes the coefficients of this linear combination. O
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The effective procedure of Proposition 3.10.6 is summarized by Algorithm 3.3. Note that for

the algorithm we fix the integer k, so all set partitions in the algorithm refer to set partitions of
k.

We can now give computer assisted proofs of Lemmas 3.5.7 - 3.5.10 based on Algorithm 3.3.

Proof of Lemma 3.5.7. (The SageMath [95] code can be found at https://doi.org/10.6084/
m9.figshare.20124146.v1.) Set k = 5. Using Algorithm 3.3 on the tuples (1,2,3,4,5,6) and

J=1(1,2,3,4,4,5,5,6,6,1,2,3),

we get
Z H5(10g Ba(l)a s 710g Bo‘(6)) ~ M((37 2)? 2)a
€S
> H5(log By(jy), - - 108 By(syy)) ~ —M((3,2),2).
0ESe
Therefore,

Z Hs(log By(1),- - -,108 By(s)) + Z Hs(10g By(j,); - - - 1108 By(j15)) ~ 0.

o€Se 0€Sg

0

Proof of Lemma 3.5.9. (The SageMath [95] code can be found at https://doi.org/10.6084/
m9.figshare.20124113.v1.) Set k = 7. Using Algorithm 3.3 on the tuples (1,2,...,8) and

jl = (j1717j1,27 s )j1716) = (17273747575)6)6)75 758787 1727374))

j2 = (j2,1,j2,27 s 7j2,16> = (172737475)4)6777 1;2a8535556777 8)

We get
34 —~ 34 —~ 68 ~
Z H7(10g BJ(1)7 ..., log BO‘(S)) ~ EM((57 2)7 2) - EM((ZLS)’ 3) + BM((& 2, 2)7 2)7
TESg
34 238 — 68

Z H7(10g Ba(j171)7 v 710g Ba(lee)) ~ BM((57 2)7 2) + EM((ZL 3)7 3) - gM((3’ 27 2)7 2)7
oESg

68 —~ 34 —~ 34 ~
Z H7(10g Bo‘(jg’l)7 ) IOg Bo‘(jg,m)) ~ TTF ((57 2)7 2) + EM((ZL’ 3)7 3) - FM((37 27 2)7 2)

oESsg 15
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Therefore,

> " Hr(log By(1); - - - ,10g By(s —|—Zas > H7(10g By(j, 1)s - - - 108 By(j, 1)) ~ 0

oESg

with oy = %,

oESy

8

OéQZE.

O]

Proof of Lemma 3.5.10. (The SageMath [95] code can be found at https://doi.org/10.6084/

m9.figshare.20122979.v1). Set k = 9. Using Algorithm 3.3 on the tuples (1,2,...,10) and
(]1 17.71 27"')j1,20) (574777 107278731811a977767576727379> 1011a4)7
(j? 17j2,27 v 7j2,20) = (87375777 10767872a 17 107274797 115797376a7a 4)7
(j3 17]3 2y e 7j3,20) = (77 107276747976747 17573757 17973777 10727878)7
(j4 17]4 2y 7j4720) = (107272767 77 17973797478777875757 1747 107673)7
(]5 17j5,27 o 7j5,20) - (3757 107 1)4)8)679537277767 ]-7 107 9) 7>2745578)7
(]6 17]627---7j6,20) (47 7327 10’2)17?”5’8’1’6’97 1077’6)87375a954)'
We get
347 ~ 347 ~
Z H9(10gBU(1)7?10gBU(10)) 105 ((7 2) ) 315 ((6 3) 3)
o€S10
347 ~ 1388 ~ 347 ~ 347 ~
—M 4),4 —M 222—7M4323 —M((4,3,2),2
+ 105 ((57 ) )+ 105 ((57 Y )’ ) (( =0 )’ )+ 21 (( = )’ )7
347 21167 —~
> Ho(log By(jy s - - - 1108 Bojy p0)) ~ SLM((7,2),2) + ="M ((6,3),3)
= 105 945
g 10
4511 —~ — 3817 —~ 1735 —~
——M 4),4 -M 2,2),2 7M4 —M((4,3,2),2
LR (5.4).4) + 0 1((5.2,2).2) + L RI((4.3,2).3) + T R((4.3,2).2),
347 ~ 18391 —~
Z Hg(logBa(ng)v v 710gB0'(j2,20)) ~ EM((L 2)7 ) + WM((673)73)
oES10
347 ~ 1388 ~ 9022 —~ 694 —~
2LN((5,4),4) — =221 ((5,2,2 TEE00((4,3,2),3) — =M ((4,3,2),2),
+ 14 ((57 )7 ) 315 ((7 ) )7 )+ 63 (( Y Y )7 ) 63 (( Y ) )
16309 —~ 85709 ~
> Ho(1og By(jy,)s - - - 1108 Bojy p0)) ~ —n M((7.2),2) + WM((6, 3),3)
0ES10
241859 —~ 30883 —~ 8675 —~ 94037 —~
M((5,4),4 ——M((5,2 2) — ——M((4,3,2),3 —M((4,3,2),2
1260 (( ) )+ 126 (( =D )7 ) 63 ((7 ) )7 )+ 630 (( =0 )7 )7
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20473 —~ 314729 —~

> Ho(10g By, ) -+:108 Bo(jya) ~ 515~ M((7,2),2) = o= M((6,3),3)
0€S10
4511 —~ 137759 —~ 23249 ~ 33659 —~
—M 4),4 M 2,2),2) — ——M((4,3,2),3 —M((4,3,2),2
(5, 4),4) + T OONT(5,2,2),2) — TR ONT(4,8,2),3) + SO NI(4,8,2),2),
347 ~ 35741 ~
> " Hy(10g By(j; 1)s- - - 108 Byjs 1)) ~ 2T()M((7’ 2),2) + @M((Ga:&)v?))
o€S10
18391 —~ 1041 —~ 347 —~ 1735 ~
= O N ((5,4),4) + —— M ((5,2,2),2) — LM((4,3,2),3) + ——2 M((4,3,2),2),
OO N (5,4),4) + T NE(5,2,2),2) — S RI((4,3,2),8) + o0 R7(4,3,2),2)
1388 —~ 56561 ~
EZS: H9(10g Ba(jg’l)v s 710g Ba(jﬁygo)) ~ _EM((’K 2)72) - WM((GaS)v?))
0ES10
4511 —~ 3123 —~ 28454 —~ 51703 —~
—M 4),4) — —M 2,2),2) — ——M((4,3,2),3) — ———M((4, 3,2),2).
+ 126 ((5’ )7 ) 70 ((5’ ? )’ ) 315 (( » = )’ ) 630 (( » )7 )
Therefore,

6
Z Hg(log Ba(l)v ey IOg Bo(lO)) + Z Qg Z Hg(log Ba(j371)7 e ,log BU(js,2o)> ~0

o€S10 s=1 o€S10
: _ 44566633 __ 557040 _ 205175 _ 1307207 _ 86275275 _ 4105194
with oy = 35056577 2 = T3703661° @3 = 30150467 ¥4 = 13702661 X5 = 274053927 6 = 1957523 -
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Algorithm 3.3 Computing v(p,) where ZoeSkH Hi(Coji)s s Co(im)) ~ Z(RC) ’)/(p7c)]/w\(P, c)

Input: an integer k and a tuple j = (j1,...,Jm) € {1,..., k+ 1}

Output: rational numbers vp .y, where (P, c) ranges over all partition-integer pairs with ¢ #
max(P) and min(P) > 2.

1. Compute rational numbers ag such that

Z Hk(Cg(jl), cee 7Ca(jm)) = Z CLS(I)(S) (398)

0ESK+1 set partition S

in the following way:
(a) Initialize with ag := 0 for all set partitions S.

(b) For every tuple (i1,...,iy) € ZZ, such that i1 + - - + i, = k, compute the sequence

L= (j17"'7j17j27"'7j27'"7jm7"'7jm)
—_—— — —_——

11 12 im

(k+1—card(SP(1)))! )

1l

and update agp(,) = agp(,) +

2. Compute rational numbers bg such that

Y as®(S) = > bg®(S5) (3.99)
set partition S set partition S,
min(IP(S))>2

in the following way:
(a) Initialize with bg := ag for all set partitions S.
(b) Order all set partitions S into Si,Se,. .., Sy, such that if S; »= S; then j > 4.
(¢c) Fori=1,2,...,p:
If min(IP(S;)) = 1, then update bs, := 0 and bg; = bs; — bs, for all S; = S;.

3. Compute rational numbers gg such that

dobs®(S) = > gsM(S) (3.100)
set partition S, set partition S,

min(IP(S))>2 min(IP(S))>2

in the following way:
(a) Initialize with gg := 0 for all set partitions S, min(IP(S)) > 2.

(b) For every set partition S and every permutation o € S, compute the set partition

S;={{o) i A} | Aes]

_1)d(o)
and update gg, = gs, + bs - ;2(1%1) (where d(-) denotes the number of descents).
d(o)
(To be continued in the next page)
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Algorithm 3.3 (continued)

4. Compute all partition-integer pairs (P, c) with ¢ # max(P) and min(P) > 2.

5. Compute rational numbers vp.) such that

ST gsM(S) = > Yoy M(P,c) (3.101)
set partition S (P,c)
min(IP(S))>2 c#max(P),min(P)>2

in the following way:
(a) Initialize with v(p,) = 0 for all (P, c), ¢ # max(P) and min(P) > 2.
(b) For all set partitions S with min(IP(S)) > 2:
i. If 1 € A, card(A) = max(IP(5)) and 2 € B, card(B) # max(IP(S)), then update
V(AP(S),card(B)) = Y(IP(S),card(B)) T 95-
ii. If 1 € A, card(A4) # max(IP(5)) and 2 € B, card(B) = max(IP(.5)), then update
YAP(S),card(A)) = Y(AP(S),card(A)) — 9S-
iii. If 1 € A, card(A) # max(IP(S)) and 2 € B, card(B) # max(IP(S)), then update

VAP(S),card(A)) = V(IP(S),card(A)) — 9S> V(IP(S),card(B)) = Y(IP(S),card(B)) T 9S-
6. Return the numbers vp).
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Chapter 4

Metabelian groups

4.1 Introduction and main result

In this chapter we study algorithmic problems in finitely generated metabelian groups (recall
Definition 2.1.6). Developing a complete algorithmic theory for finitely generated metabelian
groups has been the focus of extensive research since the 1950s. For recent advancements
in this area, we refer readers to surveys [9, 55]. As the convention in computational group
theory, a finitely generated metabelian group G is typically represented by a finite metabelian
presentation® (see Section 4.2 for its definition). This differs from the usual finite presentation of
groups, since not all metabelian groups admit a finite presentation [6]. Every finitely generated
metabelian group admits a finite metabelian presentation, making them a natural target for
algorithmic methods [9, p.629].

Among the classic Max Dehn problems for finitely generated metabelian groups, decidability
of the Word Problem is known since the 1950s following the seminal work of Hall [43]. The
Conjugacy Problem is shown to be decidable by Noskov [81]. The Isomorphism Problem remains
an outstanding open problem [10]. We may note that in the hierarchy of solvable groups,
metabelian groups are on the fringe of decidability. By a celebrated result of Kharlampovich,
all three Max Dehn problems are undecidable in solvable groups of derived length three (recall
Definition 2.1.9) [54], [55, Theorem 6.17, Section 6.8].

In finitely generated metabelian groups, decidability of Group Membership is a classic result
of Romanovskii [87]. Romanovskii’s solution is based on a reduction from Group Membership
to deciding membership in a finitely presented module over polynomials rings. On the other
hand, Semigroup Membership is undecidable for many instances of metabelian group. For ex-

ample, Lohrey, Steinberg, and Zetzsche [67] showed undecidability of Semigroup Membership in

lalso called an .o72-presentation in literature.
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the wreath product Z!Z by embedding the halting problem for two-counter machines. More
recently, as mentioned in the previous chapter, Roman’kov [86] showed undecidability of Semi-
group Membership in H3(Q) for sufficiently large k by embedding the Hilbert’s tenth problem.

While the undecidability of Semigroup Intersection in general metabelian groups has never
been explicitly stated in literature, it can be easily deduced from the undecidability of the
Post Correspondence Problem. Indeed, the free monoid {a,b}* over two generators can be
embedded as a submonoid of a finitely generated metabelian group (such as the wreath product
ZVZ or the free metabelian group over two generators [11, 70]). Let G be this metabelian
group, then the direct product G x G is metabelian and contains as a submonoid the direct
product {a,b}* x {a,b}*. Hence, Semigroup Intersection is undecidable in the finitely generated

metabelian group G x G by the following classic result of Emil Post.

Theorem 4.1.1 (Post Correspondence Problem [84]). The following problem is undecidable:
given as input a set of elements S = {(v1,w1),..., (vk,wK)} C {a,b}* x {a,b}*, decide whether

the semigroup (S) intersects the set of diagonals {(x,x) |z € {a,b}*}.

Note that the set of diagonals is the semigroup generated by the neutral element and the
elements (a,a),(b,b). Therefore, the Post Correspondence Problem shows it is undecidable
whether the intersection (S) N ((I,I), (a,a), (b, b)) is empty.

Despite the undecidability of Semigroup Membership and Semigroup Intersection in finitely
generated metabelian groups, the decidability status of the Identity Problem and the Group
Problem remained open. The main result of this chapter gives a positive answer to this open

problem.

Main result

Theorem 4.1.2. The Group Problem (hence also the Identity Problem) is decidable in all finitely

generated metabelian groups.

Here, the metabelian group is represented by a finite metabelian presentation.

It has been noticed since the work of Hall that metabelian groups have natural connections
with polynomials rings. Indeed, this connection is the key to deciding many group algorithmic
problems in metabelian groups. However, a parallel theory for semigroups was yet to be devel-
oped. In this chapter, we establish a connection between sub-semigroups of metabelian groups
and polynomial semirings, utilizing graph theory as an intermediate step. The connection will

be the key in solving the Group Problem, and consequently, the Identity Problem.
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Organization of the chapter

The organization of this chapter is as follows. In Section 4.2, we exhibit an embedding (Propo-
sition 4.2.2) and reduce the Group Problem in metabelian groups to the Group Problem in
semidirect products of the form Y x Z"™. We focus on algorithmic problems in ) x Z™ in sub-
sequent sections. In Section 4.3, we introduce G-graphs as means to describe words over a
finite alphabet G C Y x Z™. Section 4.4 outlines a solution for the Group Problem in Y x Z",
relying on three key theorems: Theorem 4.4.3, which relates connectivity of a graph to its
“face-accessibility”; Theorem 4.4.8, which establishes a local-global principle for solving linear
equations over polynomial semirings; and Theorem 4.4.10, which shows decidability of the “lo-
cal” conditions in the previous theorem. Section 4.5 presents the proof of Theorem 4.4.3 using
a combination of convex geometry and graph theory. Section 4.6 proves Theorem 4.4.8 by gen-
eralizing a result of Einsiedler, Mouat and Tuncel [36, Theorem 1.3] using algebraic geometry
techniques. Finally, Section 4.7 provides the proof of Theorem 4.4.10, employing a combination

of the first order theory of reals, Grobner basis over modules and number theory.

4.2 Representing a metabelian group

Let R be a commutative ring (such as Z or R) or semiring (such as N or R>(). Denote by
R[X li, ..., XF] the Laurent polynomial ring or semiring over n variables with coefficients in R:

this is the set of polynomials of the form

ai “ e an
E Ca17--~7anX1 Xn )

ai,...,an €L

where ¢4, .. 4, € Rand (ag,..., an)T ranges over a finite subset of Z". Unless otherwise specified,

all polynomials considered in this chapter are Laurent polynomials. When n is fixed, we denote

R[X*] = RIXi, ..., XE], R[X**:=R[X*\ {0}

For a = (ay,...,a,)" € Z", denote by X? the monomial X{' X2 ... X% Given f € R[X*|*
and a vector v € (R")* := R" \ {0}, define the weighted degree

deg,(f) =max{v'a|a € Z" cq,. a, #0}, where f = Z Cay,..an X" # 0.

Additionally, define deg, (0) = —oo for all v € (R™)".

Let R be a commutative ring. An R[X*]-module is an abelian group (M, +) along with an
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operation - : R[XT] x M — M satisfying f-(a +b) = f-a+f-b, (f+g)-a=f-a+g-a,
fg-a=f-(g-a) and 1-a = a. For example, for any d € N, R[X*]? is an R[X*]-module by
f(g1,---,94) = (fg1,---, fga)- Throughout this chapter, we use the bold symbol f to denote
a vector (f1,...,f4) € R[X*]%

Given gq,...,9g,, € R[X*]?, we say they generate the R[X*]-module > 1" R[X*] g, =
" pi-gi |1y pm € RIXE]}. A module is called finitely generated if it can be generated
by a finite number of elements. Given two finitely generated submodules N, M of R[X*]¢ such
that N C M, we can define the quotient M /N = {m | m € M} where m7 = g iff m; —mgy € N.
This quotient is also an R[X*]-module. We say that an R[X*]-module ) is finitely presented if
it can be written as a quotient M /N for two finitely generated submodules N C M of R[X*]¢
for some d > 1. We call a finite presentation of ) the respective generators of such M, N.

Metabelian groups are usually represented by a finite metabelian presentation. We now give
its formal definition. Understanding the technical details in the definition is not essential, since
we will only be using the more intuitive representation given by Equations (4.1), (4.2) and
Proposition 4.2.2 throughout this chapter.

Let F; be the free group over s > 2 generators. The quotient

M = Fy/[[Fs, Fs], [Fs, F]]

is metabelian and is called the free metabelian group over s generators. Let {zi1,...,xs} be
the generators of Fj, then their equivalence classes {Z1,...,Ts} are the generators of M. An
element of M is represented as a word over {Z1,...,Ts}.

Definition 4.2.1 (Finite metabelian presentation). A finite metabelian presentation of a group
G is a free metabelian group M, s > 2, along with a finite set of elements r1, ..., 7, € M, such
that

G = Mg/ nclp, (ri,...,Tm).

Here, nclyy, (11, ..., rm) denotes the normal closure of {ry,...,ry,}, that is, the smallest normal

subgroup of M containing {ry,...,7m}.

By [43, Corollary 1] or [9, p.629], every finitely generated metabelian group admits a finite
metabelian presentation. Finite metabelian presentations are not to be confused with the usual

finite presentation of groups (Definition 2.1.1). Every finite presentation of a metabelian group

G naturally induces a finite metabelian presentation of G. Indeed, if (z1,..., x5 | r1,...,7m) I8
a finite presentation of a metabelian group G, then G = F;/nclg, (71, ..., rm), where Fs denotes
the free group generated by xi,...,zs. Since G is metabelian, we have [[Fj, Fs], [Fs, Fs]] <
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nclg, (r1,...,7m,). Therefore, letting My = Fs/[[Fs, Fs, [Fs, Fs]], we obtain a finite metabelian
presentation

G = Mg/ nclpy, (11, ..y Tm)

of the group G. Nevertheless, while every finitely generated metabelian group admits a finite
metabelian presentation, some of them (such as the wreath product ZZ) do not admit a finite
presentation [6, Theorem 1].

Given a finitely presented Z[X li, ..., XF]-module Y, define the following semidirect product:
YxZ" ={(y,a) |y € V,acZ}; (4.1)

this is a group where multiplication and inversion are defined by
(y,a) - (y,d) = (y+ X"y ,a+d), (y.a)7" =(-X""y,—a). (4.2)

The neutral element of Y x Z" is (0,0). Intuitively, the element (y,a) can be seen as a 2 x 2

. X y
matrix ( 0 1
canonical projection 7 of the group Y x Z™ onto Z™:

2

), where the group law is represented by matrix multiplication.” There is a

T Y XZI" — 7",

(y,a) — a.

By Lemma 2.2.4, solving the Group Problem in metabelian groups will also provide a solution
for the Identity Problem. The following proposition shows that in order to solve the Group

Problem in metabelian groups, it suffices to solve it in groups of the form ) x Z".

Proposition 4.2.2. Suppose we are given a finite metabelian presentation of a group G as well
as a finite set G C G. One can effectively construct a finitely presented Z[Xli, ooy XF]-module
Y for some n € N, as well as a subset G of the group Y x Z", such that (G) is a group if and
only if (é} is a group. Furthermore, the constructed set G satisfies w((QV)grp) = Z" under the

canonical projection w: Y X L' — 7.

The rest of this section aims to prove Proposition 4.2.2. Readers interested only in the
decision procedure for the Group Problem in Y x Z™ may skip the rest of this section and accept

Proposition 4.2.2 as a black-box.

2When n = 0, the polynomial ring Z[Xli, ..., XF] becomes Z, and the group Y x Z" degenerates into
the Z-module ) itself, which is an abelian group.
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Let T be an arbitrary group. The group ring Z[T] is defined as

Z[T) = {Z 2t

teT

2zt € Z, and z; = 0 except for a finite number of ¢ € T} .

Here, ), 7 2t denotes a formal sum with finite support. The ring structure on Z[T] is given

by ZteT yrt + ZteT Zit = ZteT(yt + 2¢)t and ZtET Yt - ZteT 2t = ZteT D vt Yuzut

We start by stating a lemma of Baumslag, Cannonito, and Robinson:

Lemma 4.2.3 (Reformulation of [9, Theorem 3.3], [64, Theorem 9.5.3]). There is an algorithm
which, when a finite metabelian presentation of G is given, together with a finite subset G C G,
finds a finite metabelian presentation of the subgroup (G)grp. Furthermore, under this finite

metabelian presentation of (G)grp, the set G itself is explicitly given as the generators.

Proof. The first part of the statement is simply [64, Theorem 9.5.3]. We now retrace its proof to
show that the set G is explicitly given as the generators under this finite metabelian presentation.

Denote H = (G)grp, G' = [G,G], and H = HG'/G' = H/H N G'. The abelian group H N G’
is a Z[H]-module by action of conjugation. That is, for hG' € H, the action of hG' on H N G’
is defined as (hG') - x :== h~'zh. This action is well-defined (not depending on the choice of h)
since G’ is normal and abelian.

Following the proof of [64, Theorem 9.5.3], we have:

(i) Write G = {g1,...,9xK}, then the elements g1G, ..., gx G’ generate the abelian group H.

We can compute a finite set of elements
yi = (1G)" -- (g GMEi=1,..., 8, (4.3)

such that H is the abelian group generated by {g1G’,...,gx G’} modulo the relations

{yh s 7y5}'
(ii) The Z[H]-module H N G’ is generated by the set

C=1{lgi9j] | 9i,9; € GYU{g7" - gp¥ |i=1,...,5}.

A finite presentation of the Z[H]-module H N G’ under the generators C can be effectively
computed (see [64, Theorem 9.4.6]). That is, for each ¢ € C let e, be a new variable, we

can compute a finite set of elements fi, ..., f7 in the free Z[H]-module > _. Z[H] e, such

ceC
that H N G’ is isomorphic to the quotient of > .. Z[H] - e, by the submodule generated

by fi,..., fr. This isomorphism is given by ¢ — e..
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The proof of [64, Theorem 9.5.3] then states that these data naturally give us a finite metabelian
presentation of H. We now explicitly give this finite metabelian presentation. Let M(G) be the
free metabelian group generated by the set G, and rq,...,rp be the elements in M(G) obtained
as follows. For each f;,7 =1,...,T, defined above, substitute e, with ¢ for all ¢ € C, and write
the action of Z[H] using conjugation by elements of G U G~!. We then obtain the elements

ri,i=1,...,T, in M(G). For example, if f; = (¢1G’) - e., then r; is obtained as gflcgl. Then
H= M(g)/nCIM(g)(Tl, ce ,’I”T)

is a finite metabelian presentation of H, where the set G is explicitly given as the generators.

Indeed, the elements r1,...,7r7 are obviously relations in H. On the other hand, let w be
a word over G U G~! that is a relation in H. We show that w is normally generated by the
relations 71, ...,rp (and the double-commutators).

Note that wH' represents the neutral element in the abelianization H/H’, this means that
wH' can be written as (riH')P*--- (rpH')PT. This is because ry,...,rp generate H N G’ as
a Z[H]-module, but conjugacy by G does not change the class of element in H N G'/H’, so
riH', ... ,rpH' generate HNG'/H' as an abelian group. In particular, by pushing the elements

of H' to the right, w can be rewritten in the form
7"?1 DY /r‘g_‘Twl DY wq7 (4.4)

where each wi,...,w, is a conjugate of some commutator [g;,g;],9i,9; € G, by some word
over G U G~!. Hence, it suffices to show that wy - - -wq is normally generated by the relations
r1,...,77. Note that wy, ..., ws commute with each other by the double-commutator relations.
Since w, 71, ..., rr all represent the neutral element in H, the word wy - - - wg, also represents the
neutral element in H. Therefore w; - - - w, must be in the Z[H]-module generated by r1, ..., 77,

so it can be written as a product of conjugates of rq,...,rpr. We conclude that w is normally

generated by the relations ry,...,rr. O

Since our goal is to decide the Group Problem (whether (G) = (G)4rp), we can without loss
of generality suppose G = (G)4rp by Lemma 4.2.3.

We now recall the definition of the wreath product. Given two groups A, T, their (restricted)
wreath product A7 is defined as a semidirect product A7 x T' (recall Definition 2.1.12). Here,
AT is the direct sum of A over the index set T and is called the base group. That is, AT is
the set of sequences (as)ser,as € A where ag is the neutral element for all but finitely many

s € T. Tt is a group by pointwise multiplication. There is a natural action ¢ of T on AT by
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o(t): (as)ser + (a-14)4er ,t € T. Hence, the wreath product AtT = AT x T is the set of pairs

((as)ser,t) with (as)ser € ATt € T, where multiplication is defined by

((as)ser,t) - ((ag)ser,t') = ((asay-1,)ser tt) -

The wreath product AT canonically contains as a subgroup T = {(I4r,t) | t € T}, where I,
is the neutral element of AT as well as AT = {((as)ser, IT) | (as)ser € AT}, where Ir is the
neutral element of 7.

An important special case of the wreath product is when A = Z™ and T is abelian. In

n

this case, the base group A” is isomorphic to the direct power (Z[T])". The wreath product
AT then becomes the semidirect product (Z[T])" x T consisting of the pairs (y,t), where
y € (Z[T])" ,t € T, with multiplication given by (y,t) - (¢/,t') = (y +t - ¢/, tt’).

Furthermore, if A = Z" and T = Z¢, then the wreath product AT is simply the semidirect
product (Z[X fc, e X;lt])n xZ% defined in Equation (4.1). The following classic result of Magnus

gives an explicit embedding of the quotient of a free group into a wreath product.

Lemma 4.2.4 (Magnus Embedding Theorem [7, Lemma 2], [69]). Let F' be a free group over
the alphabet X = {x; | i € I}, and let R be a normal subgroup of F. Let the mapping

z,R—t;, 1€1,

define an isomorphism from F/R to a group T generated by t;,i € 1. Furthermore, let A be a

free abelian group, freely generated by the elements a;, i € I. Then the mapping
.TZ[R, R] — at;, 1€l

defines an injection of F/[R, R] into the wreath product W = A T.

Recall that Y xZ™ canonically contains the subgroup Z" = {(0,a) | a € Z"}. The next lemma
shows that a finitely generated metabelian group can be effectively embedded in a quotient

(Y x2Z") /H, where H is a subgroup of Z" = {(0,a) | a € Z"}.

Lemma 4.2.5 (Corollary of [7, Lemma 3]). Let G be a finitely generated metabelian group.
Then G is isomorphic to a subgroup G of a quotient (Y X Z™) /H, where

(i) n €N and Y is a finitely presented Z| X, ..., X;F]-module.

(i) H is a subgroup of Z" < Y xZ", and elements of H commute with all elements in Y x Z™.

(iii) the image w(G) under the projection w: (¥ x Z"™) /H — Z"/H is equal to Z"/H .
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Furthermore, given a finite metabelian presentation of G, the integer n, the finite presentation

of Y, the generators of H and the isomorphism G = G can all be effectively computed.

Proof. This lemma is a simple extension of [7, Lemma 3]. We give a recount of its proof to show
effectiveness and the conditions (ii) and (iii).

Let {g1,...,9n} be the generators of G, let F' be the free group over the an alphabet
{z1,...,2zn}, such that M, = F/[[F,F|,[F,F]] and G = M,/ncly, (11,...,7m) is the given
finite metabelian presentation of G. Here, 7; = r;[[F, F], [F, F]],i = 1,...,m where 7; is given

as an element of the free group F'. Let ¢ be the epimorphism from F' to G defined by
brxi—> g, (G=1,...,n).

Let K be the kernel of ¢ and let R be the inverse image of [G, G] under ¢. Since ¢([F, F]) = [G, G]
we have R = ¢ (|G, G]) = K[F,F]. Then R/K = [G,G] and hence is abelian. Therefore
[R, R] < K, which means that

[R,R]< K <R.

Note that K is the normal closure of r1,...,r,, and [[F, F],[F, F]] in the group F.

Now let A be a free abelian group generated by the elements aq,...,a, and consider the
wreath product A? T, where T'= F/R. The structure of the abelian group 7" can be effectively
computed by T'= F/R = F/ (K[F, F]) = (F/[F, F]) / (K[F, F]/[F, F]). In other words, writing
T = xfjll g::jjj ,j=1,...,m, and writing t;, = x;R,i = 1,...,n, then T is the quotient Fy;,/H,
where F,, = F/[F, F] is the free abelian group generated by t1,...,t,, and H = K|[F, F]/[F, F)|
is the subgroup of F; generated by tfjll o t:;l ,j=1,...,m.

i

Let ¥ be the homomorphism of F' into AT defined by
’lb(l’z) :aiti, (i=1,...,n).

By Lemma 4.2.4 the kernel of ¢ is [R, R]. Hence 1 induces an isomorphism ¢, : z;[R, R| — a;t;,
of F/[R, R] into A T.

We put N = ¢.(K/[R,R]). Now N < 9,(F/[R,R]). Therefore N is normalized by the
elements a;t;,i = 1,...,n. But it follows from the definition of i, that N is contained in the
base group B = AT of AYT. Since B is abelian, N is normalized by B and hence by the elements
t;, and therefore by all of A?T. In other words N is a normal subgroup of AT, and is the
normal closure of 9. (r1[R, R]),...,Y(rm[R, R]). This is because N = ¢.(K/[R, R]) and K is
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the normal closure of {ry,...,rn} U[[F, F],[F, F]] in F. Note that we can effectively write

Gulrg B, R)) = (as, tih)eh . (M% b, )e”f j=1,...,m. (4.5)
Now G is isomorphic to the subgroup G := 1,(F/[R, R])/N of (A1 T) /N by the map g; — a;t;N.

Note that (A1 T) /N = (AT /N)xT where N is normal, so N is the Z[T]-module generated by
Vi(r1[R, R]), ..., Yx(rm[R, R]). Furthermore, since G contains the elements a;t;N,i = 1,...,n,
its projection onto 1" contains the elements ¢;,7 = 1,...,n and hence is T itself.

We write T = F,,/H = Z"/H since Fy, is the free abelian group over n generators. The
canonical projection Z™ — T induces a ring homomorphism Z[Z"] — Z[T], so the Z[T]-module
AT /N is naturally also a Z[XT, . .., X;F] = Z[Z"]-module, where elements of the form X" h € H
act trivially. Taking ) := AT /N, we define the semidirect product Y x Z" by considering
Y = AT/N as a Z[Xli, ..., XF]-module. We show that elements of H commute with every
element in Y x Z". This is rather straightforward: since elements of the form X" h € H act
trivially on Y = AT /N, we have (0,h)(y,a)(0,h™') = (X" - y,a) = (y,a). Therefore, elements
of H commute with every element in ) x Z", proving (ii). A fortiori, this shows that H is a
normal subgroup of ) x Z".

Finally, we have
G=(AT/N)xT=Yx(Z"/H)= (Y= Z") /H,

and (iii) follows directly from the fact that the projection G = (AT/N)xT - T = Z"/H
has full image. We now show that ) = AT /N can be effectively written as a finitely presented
ZIXiE, ..., X;F-module. First, we write AT as a finitely presented Z[XT,..., X;F]-module in
the following way. Let hq,...,h,, the generators of H as a subgroup of Z". Since A = Z", we
have AT = (Z[T])", and Z[T7] is the quotient of Z[XF, ..., X;F] = Z|Z"] by the ideal generated
by elements X" — 1,7 =1,...,m. Hence we obtain a finite presentation of the Z[Xli, L X

module Z[T, and from it a finite presentation of the module AT = (Z[T])". The generators of

N C AT as a Z[XE, ..., X;F]-module is the same as its generators as a Z[T]-module, which are
given by the elements in (4.5). Therefore, we obtain a finite presentation of the Z[ X5, ... X;F]-
module Y = AT /N, and (i) follows. O

By Lemma 4.2.5 we can hence suppose G is given as a subgroup of (Y x Z") /H and the
generator set G is given as a subset of (Y x Z") /H. Write G = {q1H, ..., g H} where g1, ..., g

are elements of ) x Z", and let hq,...,hys be the generators of H C Y x Z" as a semigroup.
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Lemma 4.2.6. The semigroup (G) is a group if and only if the semigroup generated by the set

{91, -, 9k, P1y.. . har} T Y X Z" is a group.

Proof. Suppose (G) is a group. Then by Lemma 2.2.1 there exists a full-image word

w=ygi,H gi,H-g,,H

P

over the alphabet G representing the neutral element in (Y x Z") /H. Since elements of H
commute with every element of V x Z", this means g;,gi, - -+ gi, € H. Therefore there exists
a word v over the alphabet H := {h1,...,hp} such that g;, gi, - - gi, - v represents the neutral
element in ) x Z™. Since H generates the group H as a semigroup, there exists a full-image
word v’ over the alphabet H representing the neutral element of H < ) x Z". Then, the word
GirYis -+ 93, - v - V' is full-image over the alphabet {g1,...,gx,h1,...,has} and it represents the

neutral element in J) xZ". By Lemma 2.2.1, the semigroup generated by {g1, ..., gk, h1,..., har}

is a group.

For the other implication, suppose now the semigroup generated by {g1,...,9x, h1,...,har}
is a group, so there exists a full-image word w over the alphabet {g1,...,9k,h1,...,har} rep-
resenting the neutral element (Lemma 2.2.1). Since the elements hq, ..., hy commute with all

other elements, we can move them to the rightmost side of w and suppose
w = i1 9iz - 'giphjth'Q T hjq'

Then the word g;, H - g;, H - - - - g;, H is full-image over the alphabet G and represents the neutral
element of () x Z") /H. By Lemma 2.2.1, the semigroup (G) is a group. O

Proposition 4.2.2 follows from Lemmas 4.2.3, 4.2.5 and 4.2.6:

Proposition 4.2.2. Suppose we are given a finite metabelian presentation of a group G as well
as a finite set G C G. One can effectively construct a finitely presented Z[Xli, <o, XF]-module
Y for some n € N, as well as a subset G of the group Y x Z"™, such that (G) is a group if and
only if (G) is a group. Furthermore, the constructed set G satisfies F(<§>grp) = Z" under the

canonical projection w: Y X 2™ — 7.

Proof. By Lemma 4.2.3, we can compute a finite metabelian presentation for the group (G)gp.
Since the generators G are explicitly given under this presentation, we can without loss of
generality suppose G = (G)g4rp. By Lemma 4.2.5, G can be effectively embedded as a subgroup
of a quotient () x Z™) /H, where H is a subgroup of Z" < ) x Z", and elements of H commute
with all elements of J x Z"™. We can hence suppose G = G is a subgroup of (Y X Z™) /H and
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the generator set G is given as {g1H,...,gxH} where g1,...,9x € Y X Z". Let hy,...,hy be
the generators of H C ) X Z™ as a semigroup.

Let G = {91, 9k, h1,...,har} C Y X Z". By Lemma 4.2.5, the image of (G)grp = G under
the projection 7 : (Y X Z")/H — Z"/H is equal to Z"/H. Since hy,...,hy generate H as
a semigroup, the group generated by G admits image (Z"/H) + H = Z"™ under the canonical
projection Y x Z™ — Z™. Finally, by Lemma 4.2.6, the semigroup (G) is a group if and only if

the semigroup generated by Gisa group. This proves the proposition. O

4.3 G-graphs

Thanks to Proposition 4.2.2, for the rest of this chapter we will focus on solving the Group

Problem in Y x Z™. We now fix the set of elements

g = {(Z/lﬂl)a---v(?/K,aK)} c y X"

In this section, we define the notion of G-graphs.

Definition 4.3.1 (G-graphs). Suppose a finite set G = {(y1,a1),...,(yx,ax)} C Y < Z" is
given. A G-graph is a directed multigraph I', whose set of vertices is a finite subset of Z™, each
adjacent to at least one edge. The edges of I' are each labeled with an index in {1,..., K}.

Furthermore, if an edge from vertex v to vertex w has label ¢, then v = w + q;.

For a graph T', we denote by V(I') its set of vertices and by F(T") its set of edges. For a
(directed) edge e, we denote by s(e) its starting vertex and by d(e) its destination vertex. A
loop is an edge that starts and ends at the same vertex. In particular, if a; = (0,...,0), then
edges of label ¢ in a G-graph are loops.

A circuit of a graph is a path that starts and ends at the same vertex. An Euler path of
a graph G is a path that uses each edge exactly once. An Fuler circuit is an Euler path that
starts and ends at the same vertex. We call a graph Fulerian if it contains an Euler circuit. A
directed graph is called symmetric if for each vertex, its out-degree equals its in-degree. It is a
well known fact that a directed graph is Eulerian if and only if it is symmetric and connected.
Note that in a symmetric directed graph, strong connectivity (reachable from s to ¢ for every
pair (s,t) of vertices) and weak connectivity (connected as an undirected graph) are equivalent,
so connectivity can refer to any one of the two notions.

Given z € Z" and a G-graph I, its translation I' 4z is a graph obtained by moving everything

in I' by the vector z. See Figure 4.1 for an illustration.
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Figure 4.1: A G-graph I" (in black) and its translation I' + (3,1) (in red).

Definition 4.3.2 (Element represented by a G-graph). For an edge e € E(T"), denote by /(e)

the label of e. We say I' represents the following element of ) x Z":

Yo X e D ane | (4.6)
)

ecE(T e€E(T)

For a word w over the alphabet G, we associate to it a unique G-graph I'(w), defined as
follows. Write w = (yi,, ai, ) (¥i,, @iy) - - - (¥, @i, ). For each j =1,...,p, we add an edge starting
at the vertex a;, +-- Hag;_y, ending at the vertex a;, +- - +a;;, with the label ;. (If 7 = 1 then
the edge starts at 0 and ends at a;,.) The graph I'(w) is then obtained by taking the connected

component of the vertex 0. See Figure 4.2 for an illustration.

Figure 4.2: The graph I'(w) where a1 = (-2,3), a2 = (2,0), a3 = (0,—2) and w =
(y1, a1)(y2, a2)(y2, a2)(ys, as)(ys, as)(y1, a1)(ys3, as).

Fact 4.3.3. For a word w over the alphabet G, the element of )) X Z'™ represented by its associated
graph I'(w) is equal to the element of ) x Z" represented by the word w.

By reading the letters in w one by one and tracing the corresponding edges of T'(w), we

obtain an Euler path of I'(w). Furthermore, if the word w represents the neutral element (or
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any element of the form (y,0)), then this Euler path is an Euler circuit. Conversely, given an
Eulerian G-graph I' containing the vertex 0, we can follow an Euler circuit starting from 0 and
read a word w such that I'(w) =T

A G-graph T is called full-image if it contains an edge with label ¢ for every ¢ € {1,..., K}.
Note that for a word w over the alphabet G, its associated graph I'(w) is full-image if and only
if the word w is full-image. Combining Lemma 2.2.1 with the above correspondence between

words and Eulerian graphs, we immediately obtain the following lemma.

Lemma 4.3.4. The semigroup (G) is a group if and only if there exists a full-image Fulerian

G-graph that represents the neutral element.

Proof. If the semigroup (G) is a group, then by Lemma 2.2.1 there exists a full-image word w
representing the neutral element. Then its associated G-graph I'(w) is full-image, Eulerian and
represents the neutral element.

If T is a full-image Eulerian G-graph representing the neutral element, then let z € V(I') be
any vertex of I'. Consider the translation I' — z: it represents the element (X2 -0,0) = (0,0)
and contains an Eulerian circuit starting from 0. We read from this FKulerian circuit a word w,
then w represents the neutral element. Furthermore, w is full-image because I" — z is full-image.

Therefore by Lemma 2.2.1 the semigroup (G) is a group. O

4.4 The Group Problem

Recall that the Group Problem in metabelian groups reduces to the Group Problem in Y x Z™
(Proposition 4.2.2). Therefore, our main decidability result on the Group Problem in metabelian

groups (Theorem 4.1.2) boils down to proving the following technical theorem.

Theorem 4.4.1. Let Y be a Z[Xli, .oy XE]-module with a given finite presentation. Suppose
we are given a finite subset G of the semidirect product Y x Z", such that the subgroup (G)grp of
Y X Z" admits the tmage Z™ under the canonical projection Y x Z™ — Z". Then it is decidable

whether the semigroup (G) is a group.

In this section we summarize the proof of Theorem 4.4.1. In Subsection 4.4.1 we introduce
the notion of “face-accessibility” of a G-graph to replace the property of being Eulerian. In
Subsection 4.4.2 we introduce “position polynomials” to reduce problems on G-graphs to solving
linear equations over polynomial semirings. In Subsection 4.4.3 we state a local-global principle
for modules over polynomial semirings. In Subsection 4.4.4 we state our decidability result.

Proofs of the stated theorems will be given in the later Sections 4.5,4.6 and 4.7.

113



4.4.1 From semigroups to face-accessible graphs

By Lemma 4.3.4, deciding the Group Problem boils down to deciding existence of an Fulerian
graph with given properties. There is one downside of this reduction: being Eulerian is hard to
characterize as a property of the graph. In fact, being Eulerian is equivalent to being symmetric
and connected; while symmetry is easy to describe locally (i.e. at each vertex), connectivity of
a graph is a global property and is hence hard to describe. The key idea of this subsection is to
introduce a local property called “face-accessibility” to replace connectivity.

For a detailed reference on convex polytopes, see [3]. Let C' be a bounded closed convex

polytope in R™. That is, C is the convex hull of a finite number of points 1, ..., x, in R™:

C={rmxi+ - +rmem|r1,....,7m € R>p, r1 + - +1p, =1}

The dimension of a polytope is the dimension of the smallest linear space containing it. All
polytopes considered in this chapter will be bounded closed convex polytopes.

A face of a polytope is any intersection of the polytope with a halfspace such that none
of the interior points of the polytope lies on the boundary of the halfspace. A strict face of a
polytope C is a face that is not the empty set or C' itself. For example, if C' is of dimension two,
then the strict faces of C' are its edges and its vertices. (While the non-strict faces of C also
include the empty set and C' itself.)

Let I be a G-graph. Denote by C' the convex hull of V(I'). A strict face F' of C is called
accessible if there exists an edge of I' starting in F' and ending in C'\ F'. That is, F' is accessible
if there is an edge e € E(I') starting from a vertex s(e) € F N V(I') and ending at a vertex
d(e) € (C\ F)NV(T). See Figure 4.3 for an example. Note that I' may contain loops as shown
in Figure 4.3, even though they do not affect the accessibility of a face.

The graph I' is called face-accessible if every strict face of C' is accessible.

— edgesof I’
@ accessible faces
® inaccessible faces

Figure 4.3: Accessible and inaccessible faces.
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Observation 4.4.2. An FEulerian graph is face-accessible.

Indeed, if T is an Eulerian graph and F' is a strict face of the convex hull of V(I"), then there
must be a path of I' starting in F' and ending outside F. This path must contain an edge that
starts in F' and ends outside F', so F' is accessible.

On the contrary, a symmetric face-accessible graph need not be Eulerian, as it might not be

connected. Moreover, a symmetric graph need not be face-accessible. See Figures 4.4 and 4.5.

Figure 4.4: A symmetric and face-accessible Figure 4.5: A symmetric graph that is not
graph that is not Eulerian (due to being dis- face-accessible (the red face is not accessible).
connected).

A graph I with vertices in Z" is called Z™-generating if the set of vectors
{d(e) —s(e) [ e E(T')}

generates Z™ as a semigroup. If I' is symmetric, then I' can be decomposed into a finite number
of circuits. Then for any edge e from d(e) to s(e), I' contains a path from s(e) to d(e). The sum
of the edge vectors in this path ammounts to s(e) — d(s), which is the inverse of d(e) — s(e).
Therefore, if I is symmetric, then the semigroup generated by {d(e)—s(e) | e € E(I")} is a group.
Hence, a full-image symmetric G-graph is Z"-generating if and only if {a1,...,ax} generates
Z" as a group. When G satisfies the assumption in Theorem 4.4.1, any full-image symmetric
G-graph is Z™-generating.

The main theorem of this subsection is the following, it shows that face-accessibility can

characterize connectivity up to taking a finite union of translations.

Theorem 4.4.3. Let I’ be a G-graph that is symmetric, face-accessible and Z'™-generating. Then
there exist z1,. .., zm € Z", such that the union of translations T' == UiZ, (T + z;) is an Eulerian

graph.

See Figures 4.6 and 4.7 for an illustration of Theorem 4.4.3. The proof of Theorem 4.4.3

uses a combination of convex geometry and graph theory, and will be given in Section 4.5. Note
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that the face-accessibility condition in Theorem 4.4.3 is necessary. The example in Figures 4.8

and 4.9 shows that Theorem 4.4.3 does not hold without face-accessibility.

A

<>

Figure 4.6: A symmetric face-accessible and Figure 4.7: An Eulerian graph T constructed
Z™-generating graph I' from Theorem 4.4.3. in Theorem 4.4.3, consisting of four transla-
tions of I', each noted with a different colour.

e A

Figure 4.8: A T that is not face-accessible. Figure 4.9: A union of translations of I is dis-
connected due to isolation of the right-most
component.

If I" represents the neutral element, then the union = Ui~ (T + z;) represents the element
>l X#-0,50,0) = (0,0). Therefore, from Lemma 4.3.4 and Theorem 4.4.3 we immediately

obtain the following.

Proposition 4.4.4. The semigroup (G) is a group if and only if there exists a full-image sym-

metric face-accessible G-graph that represents the neutral element.

Proof. By Lemma 4.3.4 and Observation 4.4.2, it suffices to prove the “if” direction. Suppose
I' is a full-image symmetric face-accessible G-graph representing the neutral element. By Theo-
rem 4.4.3, there exist z1,..., 2z, € Z", such that T = UiZ, (T + 2;) is an Eulerian graph. Since
T contains at least one translation of I, it is full-image. The graph r represents the neutral
element (37", X% -0,% 7", 0) = (0,0). Therefore, by Lemma 4.3.4, the semigroup (G) is a

group. O

4.4.2 From face-accessible graphs to positive polynomials

In this subsection we introduce “position polynomials” to describe a G-graph, and reduce the
graph theory problem in Proposition 4.4.4 to a computational problem over polynomial semir-
ings. Recall that for an edge e in a G-graph, ¢(e) denotes the label of e, and s(e) € Z™ denotes the
starting vertex of e. Given a G-graph I', define its tuple of position polynomials f = (f1,..., fK)
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in the following way:

fi= >, X€ i=1,.. K (4.7)
ecE(T),L(e)=1

That is, f; is the sum of monomials X*®, where s ranges over the starting vertex of all label 4
edges in I'. These polynomials have only non-negative coefficients, and are hence in N[X i]. See
Figure 4.10 for an example. Note that I' is a multigraph, so the same edge can appear more

than once, giving the polynomials f; a coefficient larger than one.

(%) [
; T
- L D ST O S
JB I?y

Figure 4.10: In this example, fi = 1 + Figure 4.11: Let v = (0,1)T, we have
X12X2_17 f? = Xl_QXS) f3 = X%XS + X%XQ Mv({17273}5f) = {273}7 Ov = {173}

Conversely, given any tuple of polynomials f = (f1,..., fx) € NI XT]¥, one can construct a
G-graph I' such that f is exactly its tuple of position polynomials. Indeed, for each monomial
eX?of f;,i=1,...,K, we draw c edges of label i starting at vertex b. The resulting G-graph
will have position polynomials (fi,..., fx). Note that it is crucial for all f; to be elements of
N[X*] instead of Z[X*], so that ¢ > 0 for all monomials cX? of fi,i=1,..., K.

For a vector v € (R")* and a set I C {1,..., K}, define

My(I, f) = {Z €l ‘ deg, (fi) = g}gf{degv(fa)}}-

This is the set of indices i € I such that deg,(f;) is maximal among i € I. Define
Oy ={ie{l,....K}|a; Lv}

This is the set of indices i € {1,..., K} such that a; is not orthogonal to v. See Figure 4.11 for
an example.

The following proposition shows that we can completely characterize the graph theoretic
properties from Proposition 4.4.4 using position polynomials and the sets M,,O,. The key
point is how we characterize face-accessibility. As a comparison, no good characterization of

connectivity can be obtained from position polynomials.

Proposition 4.4.5. Let I' be a G-graph with position polynomials f; € N[ X*)|,i=1,... K.
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(i) T is full-image if and only if f; #0 foralli=1,..., K.
(ii) T is symmetric if and only if Zfil fi- (X% —1)=0.

(iii) T is face-accessible if and only if
Oy NM,({1,....,K}, f)#0  for every v € (R™)". (4.8)

(iv) SupposeT is symmetric, then it represents the neutral element if and only if Zfil firyi = 0.

Proof. (i) I is full-image if and only if each label appears at least once, meaning f; # 0 for all i.

(ii) We have

K K
Z fz . (Xai o Z Z *s(e) (Xa,' - 1) _ Z Z (Xs(e)Jrai . Xs(e))
i=1 i=1 ec

i=1 ec E(T),f(e)=i B(D),(e)=i
_ Z (Xd( _ X e) Z Xd Z Xs(e
ecE() ecE(T) ecE(T)

This is equal to zero if and only if the in-degree equals the out-degree at every vertex.

(iii) Let C be the convex hull of V(T'). Suppose I' is face-accessible. Take an arbitrary
vector v € (R™)*. The set I of all points = in C such that v’ is maximal forms a strict face
of C. Since F' is accessible, there is an edge e € E(T') such that s(e) € F and d(e) € C \ F.
By the definition of F, the value of v' - s(e) is maximal among all edges in E(T). Since the
monomial X*(€) appears in fe(e), this means £(e) € M,({1,..., K}, f). Since d(e) € C'\ F, we
have v - d(e) < v - s(e). Therefore ay.) = d(e) — s(e) is not orthogonal to v, so £(e) € O,.
Hence, we have {(e) € O, N M,({1,..., K}, f). This yields Property (4.8).

For the other implication, suppose Property (4.8) hold. Take any arbitrary strict face F' of C.

T2 is maximal. Let

There is a vector v € (R™)" such that F consists of all points z € C where v
¢ be any element in O, N M,({1,..., K}, f). Then f; contains a monomial X5 corresponding
to some edge e € E(I'), such that deg,(X*(®) is maximal among all monomials of f, ..., fx.
In particular, v' - s(e) is maximal among all edges in E(I"), so s(e) € F. The condition £ € O,
shows that ay f v, so v" -d(e) # v' - s(e). Hence, the edge e starts in F and ends in C \ F.
This makes the face F' accessible. We conclude that I' is face-accessible.

(iv) Suppose I' is symmetric, then ZSGE(F) agey = 0. By Equation (4.6), I' represents the

element

K
> X T o) = 5 MR :(zfi.yi,o)
=1

ecE(T ecE(T) =1 ecE(T =i
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which is the neutral element if and only if S5 f; -y = 0. O

Let Mz be the Z[X*]-module consisting of all f € Z[XT]X satisfying Zfil fi-(X%—-1)=0
and Zfilfi-yi:O:

K K
Mz, = {f €ZXH|Y fi- (X —1)=0and Y fi-yi= o}. (4.9)
i=1 =1

Then Proposition 4.4.5 shows the following: there exists a full-image symmetric face-accessible G-
graph that represents the neutral element if and only if Mz contains an element f € (N[)? jE]*)K
satisfying Property (4.8). Using linear algebra over Z[X*], generators of Mz can be effectively

computed:

Lemma 4.4.6. A finite set of generators gy, . ..,g,, € Z[XT|X of the Z[X*]|-module Mz can

be computed from {(y1,a1), ..., (yx, ax)}-

Proof. Recall that ) is given as a quotient M/N where N and M are Z[X*]-submodules of
Z[X*]¢ respectively generated by m,...,mp and ny,...,ny € Z[X*]%. Fori=1,..., K, the
element y; is given as y; = ¥, + N where gy, € M C Z[X*]?.

The equation Zfil fi - y; = 0 can be written as Zfil fi-y; € N, which is equivalent to

K L
Zfi-@:z:hj-nj for some hy, ..., hy € Z[X*]. (4.10)
i=1 j=1

Let M be the set of solutions (fi,. o, fx b1, ... hr) € Z[XE]EFL of the following system of

homogeneous linear equations:

K L
Zfi'??i_zhj'"jzo
i=1 j=1

K

S - (Xu -1 =0.

=1

The set M is also known as a syzygy module. It is a classic result from linear algebra over
Noetherian rings that a finite set of generators (f;,h1),...,(f,, hs) for M can be effectively
computed (see [17, 88] or [37, Theorem 15.10]). Let

T Z[Xi]K"’L — Z[Xi]K,

(f1,-- s fr,he, .o he) = (f1, o0, f)
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be the projection onto the first K coordinates. Then My = (M), and a finite set of generators
for MZ is Slmply {ﬂ—((fla h1)>7 te 77T((fs7 hs))} = {f17 R fs} O

4.4.3 Local-global principle for positive polynomials

We now start constructing an algorithm that decides whether Mgz contains an element f €
(N[)? jE]*)K satisfying Property (4.8). This problem is highly non-trivial due to the polynomi-
als having coefficients in N instead of Z. In fact, solving systems of non-homogeneous linear
equations over the semiring N[X*] is known to be undecidable [78]. Our key to obtaining a
decidability result is to exploit the homogeneity of our linear equations.

The first step is to generalize Property (4.8). Given two sets I, J C {1,..., K}, our new goal

is to decide whether Mz contains an element f € (N[)? j[]*)K satisfying the following condition.
(O, UJ)NMy(I, f) #0, for every v € (R™)*. (4.11)

Note that Property (4.8) can be considered as a special case of (4.11) by taking I = {1,..., K},
J = (. Considering the sets I and J as variables instead of fixing them as {1,..., K} and () will
be crucial to our subsequent results (Theorems 4.4.8 and 4.4.10). Intuitively, edges with labels
in J can be considered to be “going out into an (n + 1)-th dimension”; and edges with labels
outside of I can be considered to “exist in an (n + 1)-th dimension”.

The second step is to pass from polynomial semirings over Z and N to polynomial semir-
ings over R and R>( in order to facilitate subsequent usage of analytic methods. Recall from
Lemma 4.4.6 that a finite set of generators gy, ...,g,, € Z[XT]X of the Z[X*]-module Mz can
be computed. Let M be the R[X *]-submodule of R[X*]X generated by g,...,g,,, that is,

M= {]’ngl++hmgm‘h177hm€R[)?i]}

Lemma 4.4.7. Fiz two sets I,J C {1,...,K}. There exists an element f € Mz N (N[Xi]*)K
satisfying Property (4.11), if and only if there exists an element f € MD(RZO[)?i]*)K satisfying
Property (4.11).

Proof. An element } e Mzn (N[X i]*)K satisfying Property (4.11) is obviously an element in
M N (Rxo[X i]*)K Therefore it suffices to prove the “if” implication.

Suppose we have an element f € M N (RZO[)? i]*)K satisfying Property (4.11), we show
that there is an element Af e MznN (N[Xi]*)K satisfying Property (4.11).
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Write f = (f1,..., fx) where fori=1,..., K,

fi=) X’
beB;
Here, the support B; is a non-empty finite subset of Z", and ¢;; € Ry for all b € B;. Since

Property (4.11) depends only on the supports By, ..., By, it suffices to show that there exists
~ - _ K
f:(f1)7fK)€MZm(N[Xi] ) where

fi= Z cip X0,
beB;
and ¢;p € Zo for all b € B;.

Since f € M, we have f = Z;n:l hj - g, for some hy,... hy € R[X*]. For each j €
{1,...,m}, write h; = ZbeHj hjX°, where H; is a finite subset of Z". Then the equation
f= Z;”Zl hj - g; can be rewritten as a finite system of linear equations over R, where the left
hand sides are 0 or the variables ¢;;,b0 € B;,7 = 1,..., K, and the right hand sides are Z-linear
combinations of the variables hjp,j € {1,...,m},b € Hj (because the coefficients of g; are
integers for all 7).

Note that this system of linear equations is homogeneous over the variables c; p, hjp, and the
coefficients are all in Z. Therefore, it has a solution h;, € R,j € {1,...,m},b € H; and ¢; €
Rso,b € B;,i =1,..., K, if and only if it has a solution with h;; € Q, ¢;, € Qx¢ for all 4, j,b. By
multiplying all Ay, ¢;, with their common denominator, we obtain a solution ﬁj,b € ZL,cip € Lo
for all ,j,b. Then, ﬁ = D ben, ¢ipXPi=1,...,K and Ej = Zbeﬂjﬁj,b)?bvj =1,...,m,
satisfy f = Z;nzl TL]- -g;. Hence, f= (fl, cey fK) e Mzn (N[Xi]*)K. The element f satisfies

Property (4.11) since the condition depends only on the supports By, ..., Bg. ]

Denote

A= R[)?i], A+ = Rzo[yﬂ:]*.

Given f € A and v € (R™)", the initial polynomial of f at direction v is defined as the sum of

all monomials in f having the maximal degree deg, (-):

3 — b _ b
in,(f) = Zdegv()?b):degv(f) X", where f = ZcbX .

For f = (f1,..., fx) € AK, we naturally denote in,(f) := (in,(f1),...,in,(fx)) € AX. The key
result of this subsection is the following local-global principle, which generalizes a deep result of

Einsiedler, Mouat and Tuncel [36, Theorem 1.3].
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Theorem 4.4.8. Let M be a A-submodule of A% and I,J be two subsets of {1,...,K}. There
exists f € MnN (A*)K satisfying

(O, UJ)NMy(I,f)#0  for every v € (R™)*, (4.12)

if and only if the two following conditions are satisfied:

1. (LocR): For every r € R, there exists f, € M such that f,(r) € RE,.
2. (LocInf): For every v € (R™)*, there exists f, € M, such that

(a) iny (£,) € (A5
(b) Denote I' .= M,(I, f,),J =0, UJ. We have

(0w UJ) N My(I',ing(f,)) #0  for every w € (R")". (4.13)

The full proof of Theorem 4.4.8 is highly non-trivial and is given in Section 4.6. As a
comparison, the original result of Einsiedler, Mouat and Tuncel does not include Property (4.12)

or (4.13):

Theorem 4.4.9 (Einsiedler, Mouat, Tuncel [36, Theorem 1.3]). Let M be a A-submodule of
AKX Then M N (A*)K # 0 if and only if the two following conditions are satisfied:

1. For every r € RY, there exists f, € M such that f,.(r) € RE,.
2. For every v € (R")*, there exists f, € M, such that in, (f,) € (AT,

Intuitively, Theorem 4.4.9 states that the module M contains an element f satisfying the
“global” positivity constraint f € (A+)K if and only if it contains elements f,, f, that satisfy
the “local” positivity constraints 1 and 2. Condition 1 can be seen as a local positivity constraint
at the positive reals r € RZ,, while condition 2 can be seen as a local positivity constraint at
infinity with direction v € (R")*.

Recall that the constraint (4.12) in Theorem 4.4.8 is motivated by our characterization of
face-accessibility and hence cannot be removed. Theorem 4.4.8 generalizes Theorem 4.4.9 by
including Property (4.12) in the “global” part of the statement. Correspondingly, a similar
Property (4.13) is added to the “local” part of the statement. Note that the sets I’ and J’ in
the “local” Property (4.13) are different from the sets I and J in the “global” Property (4.12).
This is the main reason why, as explained in the beginning of this subsection, we need to keep I
and J as variables instead of fixing them as {1,..., K} and (). The complex interaction between
the sets M,, 0, and f constitutes the main difficulty in generalizing from Theorem 4.4.9 to
Theorem 4.4.8.
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4.4.4 Decidability

Theorem 4.4.8 is the key to an algorithm that finds f € M N (A"')K satisfying Property (4.11).

Indeed, we have:

Theorem 4.4.10. Fiz n € N. Suppose we are given as input a set of elements g,...,9,, €
AK with integer coefficients, as well as the vectors ai,...,ax € Z" and two subsets I,J of
{1,...,K}. Denote by M be the A-submodule of AX generated by g,,...,g,,. It is decidable
whether there exists f € M satisfying f € (A+)K and

(O, U N ML, f)#0  for every v € (R™)". (4.14)

Here, if n =0 then A is understood as R, and Property (4.14) is considered trivially true.

The full proof of Theorem 4.4.10 will be given Section 4.7. The main idea is as follows. We
use an induction on the number of variables n. Theorem 4.4.8 allows us to reduce the decision
problem into verifying two conditions (LocR) and (LocInf). Deciding Condition (LocR) can
be done using the first order theory of reals. For Condition (LoclInf), the key idea is to show
that it suffices to decide it for countably many v. For each v we can decide (LocInf) by an
appropriate application of the induction hypothesis. We then run two parallel procedures. One
procedure enumerates all elements in My and checks if any one of them is in (A*)K and
satisfies Property (4.14); the other procedure enumerates the countably many v and checks if
Condition (Loclnf) is false. Theorem 4.4.8 guarantees that one of the two procedures must
terminate.

Putting together Lemma 2.2.4, Propositions 4.4.4-4.4.5, Lemmas 4.4.6-4.4.7, and Theo-

rem 4.4.10, we obtain our main technical result:

Theorem 4.4.1. Let Y be a Z[Xf[, ..., X:F]-module with a given finite presentation. Suppose
we are given a finite subset G of the semidirect product Y x Z", such that the subgroup (G)grp of
Y xZ" admits the tmage Z™ under the canonical projection Y x Z™ — Z™. Then it is decidable

whether the semigroup (G) is a group.

Proof. Recall that elements in N[X*]% have an one-to-one correspondence with G-graphs (Sub-
section 4.4.2). Therefore, Proposition 4.4.4 and 4.4.5 show that it suffices to decide whether the
module My (defined in (4.9)) contains an element f € (N[)?i]*)K satisfying Property (4.8).
We use Lemma 4.4.6 to compute a basis of Myz. Lemma 4.4.7 then shows it suffices to decide

whether there exists f € M N (RZO[Xi]*)K satisfying Property (4.8). But Property (4.8) is
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simply Property (4.14) with I = {1,...,K},J = 0. So Theorem 4.4.10 shows this is decid-
able. O

Our main result follows from Theorem 4.4.1.

Theorem 4.1.2. The Group Problem (hence also the Identity Problem) is decidable in all finitely

generated metabelian groups.

Proof. Let G be a finitely generated metabelian group. By Lemma 2.2.4, decidability of the
Group Problem in G subsumes decidability of the Identity Problem. Given a finite subset G
in G, we use Proposition 4.2.2 to construct a a finitely presented Z[Xli, ... 7X,jf]—module N
for some n € N, as well as a subset G of the group Y x Z", such that (G) is a group if and
only if (G) is a group. Furthermore, the constructed set G satisfies 7T(<§>grp) = Z" under the
canonical projection m: Y x Z" — Z". Theorem 4.4.1 shows we can decide whether <§> is a

group. Therefore, it is decidable whether (G) is a group. O

4.5 From face-accessible graphs to to connected graphs

In this section we prove Theorem 4.4.3:

Theorem 4.4.3. Let I" be a G-graph that is symmetric, face-accessible and Z™-generating. Then
there exist z1,...,2zm € Z", such that the union of translations T = Uiz, (T + 2;) is an Eulerian

graph.

Let I" be a G-graph that is symmetric, face-accessible and Z™-generating. Recall that being
Eulerian is equivalent to being symmetric and connected. Since a union of symmetric graphs is
automatically symmetric, it suffices to consider the connectivity of T. Note that in a symmetric
graph, there exists a path from vertex v to w if and only if there exists a path from w to v.
Therefore it will suffice to show connectivity for the undirected version of the graph L.

Let z be an arbitrary point in R™”. Given ¢ € R and r € Ry, denote by scale(z,c,r) the

scaling of x with centre ¢ by the ratio . That is,
scale(x,c,r) =c+r-(z—c).
Let S be an arbitrary set in R", define

scale(S, c,r) = {scale(x,c,r) | z € S}.
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When the centre of a scale is the origin 0, we simplify the notation by defining
rS = scale(S,0,r)

Let C be the convex hull of V(I"). Since I' is Z"-generating, the polytope C' is of dimension
n. For any N € N, let NC' := scale(C,0, N). Define

Sy ={z€Z" |24+ C C NC}.
That is, S is the set of translation vectors z that make C' + z stay in NC. Consider the graph

Iy = Z (T + 2).
zESN
We have V(I'y) € NC. Intuitively, I'y is the union of translations of the graph I" whose convex
hull is contained in NC. See Figure 4.12 and 4.13 for an illustration. Our goal is to prove that

for some large N, the graph I'y is connected.

N Se e e
S ST OSS
S S S S S S S
: LR Ry

s

Y
7z

"'
%o

7

% 7%
7

/

X

%

N

Figure 4.12: A graph I'. Its convex hull C' Figure 4.13: The graph I'y with N = 2, con-
is covered in grey, and each edge is denoted sisting of translations of I'. The polytope 2C
with a different colour. is covered in grey.

First we define the (infinite) graph I'g as follows. The vertices of I'g are V(I'g) := C' N Q".

The edges of I'g are
E(I'g) = {scale(e,c,r) | e € E(I'),c e C,r € (0,1) N Q}.

That is, I'p is the union of all scaled versions of I' that completely falls inside C. Intuitively,

I'gp can be seen as the “limit” of %FN when N tends towards infinity. See Figure 4.14 for an
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illustration.

x
e pointsin C,
e points notin C,
Figure 4.14: Illustration for I'g, where I' is as Figure 4.15: Hlustration of the set C,.

in Figure 4.12.

Define the face lattice Lat(C) to be the set of all faces of C. For F' € Lat(C), its relative

interior int(F') is the set of points in F' that are not contained in any sub-face of F:
int(F):={r € F |z ¢gF for all faces F' C F}.
The relative interiors of faces constitute a partition of C:

c= |J it(F).

FeLat(C)

For any point x € C, define F}, to be the face of C such that = € int(F}). This is the smallest

face containing x. For any face F' of C, we have x € F' if and only if F, C F. Define

C, = U int(F).

FeLat(C),FDF,

That is, the set C, is the union of the interior of all faces containing F);. See Figure 4.15 for an

illustration. This is also the union of the interior of all faces containing x.
Observation 4.5.1. Let x,y be points in C. If y € C, then Cy C C,.

Proof. If y € Cy, then int(F,) C Cy, so F,, O F,. Therefore,

C, = U int(F) C U int(F) = C,.
FeLat(C),FDF, FelLat(C),FOF,
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Lemma 4.5.2. For any c € C, and r € (0,1), we have scale(C,c,r) C Cy.

Proof. Let v € C, we show that scale(v,c,r) € Cy. Since ¢ € Cp = Uperat(c),ror, MH(F),
we have int(F,) C C,. Therefore F. O F, because F. must appear in the index set {F €
Lat(C), F DO F,}.

Denote by seg(c,v) the closed segment that connects ¢ and v, and denote int(seg(c,v)) =
seg(c,v) \ {c,v}. Let F be the smallest face containing the seg(c,v), then F' O F, D F,. Hence,

scale(v, ¢, r) € int(seg(c,v)) C int(F) C Uperar(c),por, nt(F) = Cs. O

Since C' = J e Cx, we have E(I'g) = U, Ez(I'g), where
E,(T'g) = {scale(e,c,r) |e € E(I'),c € Cy,r € (0,1) N Q}.

Every edge in E,(I'g) is contained in C, by Lemma 4.5.2.

Lemma 4.5.3. Every vertex x of I'g is connected to a point in int(C) by a finite path P,
consisting of edges in E.(T'g).

Proof. See Figure 4.16 for an illustration of the proof. We first show that x is connected by an
edge e; € E,(T'g) to some 2’ € Cy where Fy D F.

Since I is face-accessible, there exists an edge e € E(I") connecting w € F, and w’ € C'\ F.
Since z € int(F;) and w € F,, there exists ¢ € Q¢ such that ¢ := scale(z,w,1 +¢) € int(F,) C
Cy. Then z = scale(w, ¢, 157), and x' = scale(w', c, 75z) € Cy by Lemma 4.5.2. We also have

x' & Fy since w' ¢ F,, and ¢ € F,. So F, 2 F,. Therefore, the edge e, = scale(e,c, 1%%) is in

E.(Tg) and connects = and z'.

Note that ' € Cy, so Cpy C Cy by Observation 4.5.1, and thus E,/(I'g) € E;(I'g). Re-

peating this process for 2/, we can find a sequence of edges ez, e, .. ., respectively in E,(T'g) C
E,(I'g) C ---, that gradually connects x to the interiors of faces of increasingly higher dimen-
sions. Eventually x is connected to a point in int(C') by a path P,. ]

Let x be an arbitrary point in C. For each edge ¢’ in P, (the path defined in Lemma 4.5.3),
write ¢/ = scale(e, ¢, r) where e € E(T"),c € Cy,r € (0,1) N Q; define the polytope

C(€') :== scale(C,c,r). (4.15)
Then ¢’ C C(¢’) C C, by Lemma 4.5.2. Therefore, defining the finite union of polytopes

Uy = U C(e),

e'ePy
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oe—eo edgesof I’
edges of P,

Figure 4.16: Hlustration for Lemma 4.5.3.

we have P, C U, C C, and U, is compact. See Figure 4.17 for an illustration.

edges of P,
the set U,

C

Figure 4.17: Tllustration of U,.

Consider the topology of C inherited from the Euclidean topology of R™ (that is, the open
subsets of C' are of the form C'NU where U is an open subset of R™). Then C' is compact under

this topology. Furthermore, U, is still compact under this topology.
Fact 4.5.4. For each x € C, the set C; is an open subset of C.

Proof. 1t suffices to show that C'\ Cy is closed. Indeed, C'\ Cp = Upepa(c)zgp nt(F). For
any I" € Lat(C),z ¢ I, we have x ¢ F” for all faces I" C F". Therefore Upep (o) zgr it(F) =

UFGLat(C’),zéF UF’ELat(C),F’gF int(F/) = UFGLat(C),mQF F. S0 C \ Cr = UFELat(C’),:EgFF is a

finite union of (closed) faces, and is hence closed. O

Denote by d, := d(P,) € int(C) the destination of P,. Fix a point ¢y in the interior of C.

Then d, is contained in the interior of scale(C, cg, ;) for some rational 0 < r, < 1.
Lemma 4.5.5. Let x be any point in C.
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scale(C/cp, 1y)
C C
Figure 4.18: Illustration of V. Figure 4.19: Ilustration of V.

(1) There exists an open neighbourhood V, C C of x, such that for all y € V, we have
(y—z)+ U, CC,. See Figure 4.18 for illustration.

(2) There exists an open neighbourhood V] C C of x, such that for all y € V], we have
(y —x) + dy C scale(C,co,ry). See Figure 4.19 for illustration.

Proof. For y € C,r € R+, denote by B(y,r) the open ball centered at y with radius r. Denote
Be(y,r) = CnN B(y,r); it is an open subset of C.

(1) For each y € U, C Cy, let s, be the supremum of real numbers s such that Bo(y, s) C Cy.
We have s, > 0 since C is an open set of C. The function f : y — s, is continuous on U,
since |sy — s,| < |y — ¢/|. Since U, is compact, f attains a minimum S, > 0 on U,. Then let
V== Bo(x, Smin), we have (y —z) + U, C C, for all y € V..

(2) Since scale(C, co,7;) is an n-dimensional polytope, its interior is an open set of C. Since
d, is in the interior of scale(C,cg,r;), there exists p, > 0 such that B(d,, p,) is contained in

the interior of scale(C, co, ;). We then simply take V) := Bo(z, pg). O

For each z € C, denote W, := V, N V. The open sets W,z € C cover the compact set C,
so we can choose a finite number of representatives x1, ...,z such that W, U---UW, = C.
Let R == max{rz,,... "z,

Therefore, for each y € C, there exists ¢ € {1,...,m} such that y € W,,; the set Uy, +(y—x;)
is contained in C, and the path P, + (y — x;) leads from y to the point (y — z;) + dg, in the
interior of scale(C, cy, R).

For each edge ¢ = scale(e,c,r),e € E(I'),c € Cp,r € (0,1) N Q in each of the paths

P, ..., Py, ,let n(e') be a positive integer such that n(e’)-r € Nand n(e’)-c € Z". Furthermore,

y L Tm>
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let ng be a positive integer such that ng - ¢y € Z". Define
Ny :=ng - H n(e).

Then in particular, Noz; has only integer entries for all i = 1,...,m; and Ny - s(e’) has only

integer entries for all ¢ € Py, U--- U Py,.

Lemma 4.5.6. Let N > 1 be such that Ny | N. Then every vertex in I'y is connected to some

vertex in scale(NC, Ncyo, R) NV (I'y).

Proof. See Figure 4.20 and 4.21 for an illustration of the proof.

Take any vertex y in I'y, we show it is connected to some vertex in scale(NC, Ncy, R) N
V(In). We have y € conv(I'y) € NC, so the point y = & € %C is contained in one
of Wyy,...,Ws,,. Without loss of generality suppose y' € Wy, so ¢ is connected in I'g to
the point (y — z1) + ds, € scale(C,cp, R) by the path (v — x1) + Py,. We will show that
scale((y’ — x1) + Py,,0,N) is a path in T'y. If this is the case, then it connects the vertex
Ny’ =y to the vertex N(y' — x1 + dy,) € scale(NC, Ncy, R) and we are done.

In order to show that scale((y’ — 1) + Py,,0,N) is a path in 'y, it suffices to show that
for each edge €’ € Py, the segment scale((y’ — x1) + €/,0,N) is a concatenation of edges in
I'y. Again write ¢/ = scale(e,c,r),e € E(I'),c € Cp,r € (0,1) N Q. Consider the polytope
C(e') == scale(C,c,r) as defined in (4.15). Since y' € W,,, the translation C” = (y' — z1) +
C(¢/) C (y — x1) + Uy, is contained in C. Therefore, defining C' := NC”, the polytope C is
contained in NC. Also, the edge ¢” := (y/ — x1) + ¢ is contained in C”, so Ns(e”) € C. Denote
5:=Ns(e")=y— Nay + Ns(¢) e CNZ".

Given convex polytopes A and A’ and points z, 2’ € R". We denote by (A, z) ~ (A4',2'), if

(i) either there exists ¢ € R™ and r € R>, such that 2’ = scale(z, ¢,r) and A’ = scale(A4, ¢, 7).

(ii) or there exists ¢t € R™, such that 2/ =z +¢ and A’ = A + ¢.

In other words, (A, z) ~ (A’,2’) if the pair (A, 2’) can be obtained from (A, z) by simultaneous
scaling or translation. Obviously, the relation ~ is transitive, meaning (A, z) ~ (A4’,2'), (A", 2') ~

(A", 2") = (A, z) ~ (A", 2"). We have
(C,3) = (NC",Ns(") ~ (C",5(e") ~ (C(), 5(e") ~ (C, s(e)).

We claim that

s —s(e) + C = scale(C, s, m) (4.16)
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NC

Figure 4.20: Illustration 1 of Lemma 4.5.6.

Figure 4.21: Illustration 2 of Lemma 4.5.6.

Indeed,
~ 1 _ ~
(sca1e<c,s, m“) ~ (6.3) ~ (C, 5(c)).

Since scale(a',’sv, TLN) is a translation of TLNG = C, the point s(e) becomes s under the same

translation. Thus, we have 5 — s(e) + C = scale(C, 3, +).
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For every k =0,1,...,rN — 1, define

ry = k(d(e) — s(e)) +5—s(e) € Z".

Consider the polytopes ro + C,...,r,ny—1 + C. For every k =0,1,..., 7N — 1, we have

ro 4+ C = k(d(e) — s(e)) + 5 — s(e) + C "2V k(d(e) — s(e)) + scale(C, 3, %)
~ krN
= scale(C,s + N1 (d(e) — s(e)), T—) (4.17)

The centre of the scaling in the right hand side of (4.17) satisfies

v _
5+ N]i;“_ -(d(e) ~ 5(e)) € 4+ rN(e —s(c)) =3+ N(¢” — s(¢”)) = Ne" C NC" = C.
Therefore
~ krN 1 ~
— —) C
scale(C,S—i—TN_l(d(@) S(e))"rN) cC,

since rN > 1. Combined with (4.17), this yields

re +C CC=NC"CNC.

Thus, rp € Sy, and r; + e is an edge of I'y for £k =0,1,...rN — 1. Concatenating these rN

edges, we obtain the segment from the point s = Ns(e”) to the point

S+rN(d(e) —s(e)) =5+ N(d(e") — s(e")) = N(s(e") + d(e") — s(e”)) = Nd(e").

This is exactly the segment Ne” = scale((y' —z1)+¢€’,0, N). We have thus shown that scale((y'—

x1) +€',0, N) is a concatenation of edges in I'y, concluding our proof. O

For k=1,...,n,let e, = (0,...,1,...,0) denote the k-th element in the canonical basis of
Z". Note that I' is Z"-generating. Therefore for each kK =1, ..., n, there exists a concatenation
Qy. of translations of edges in E(I"), such that @ connects from 0 to ej. In other words, one can
find a sequence i1, ...,im, € {1,..., K}, such that a;, +- - -+a;,, = ex; and Q is the concatenation
of edges with label iy,...,i,. A priori, Qi is not a path in T'y, since its translations of edges
might not appear in I'yy. Let My be the total length of the edges appearing in Q)p; that is,
My, = |lai, || + - - - + ||ai,, || where || - || denotes the Euclidean norm. Let M = maxj<g<, M.

Denote by 9C the boundary of C'; that is, 0C is the union of strict faces of C'. For two sets
S, T € R™, define their distance to be dist(S,T) = inf{||t — s|| | s € S,t € T'}. The diameter of
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C is defined as diam(C) = sup{||t — s|| | s,t € C}. Let N; € N be such that
Ny - dist(scale(C, cp, R),0C) > M + v/n + diam(C). (4.18)

Such an Nj exists because scale(C, ¢, R) and 0C' are disjoint compact sets, so their distance is

larger than zero.

Lemma 4.5.7. Let N € N be such that N > Ni. Then every two vertices in scale(NC, Ncy, R)N

V(T'n) are connected in the graph T'y.

Proof. See Figure 4.22 for an illustration of the proof.

Let v1,v9 be two arbitrary vertices in scale(NC,Nco, R) N V(I'y). There exists a path
Pyn(v1,v2) in the grid Z™ from v; to wve, such that each point in Pzn(v1,v2) is at most of
distance /n from the segment seg(vi,vs). The path Pzn(v1,vs) consists of translations of the
segments seg(0,er),k = 1,...,n. For k = 1,...,n, replacing each segment seg(0,ex) + z in
Pyn(v1,v2) by the translation Qy + z of the path Q, we obtain a path Pr(v1,v2). We now show
that each edge of Pr(vi,v2) is in E(I'y).

Each point in Ppr(vi,v) is at most of distance /n + M from the segment seg(vi,ve) C
scale(NC, Ncg, R), so it is at most of distance /n + M from scale(NC, Ncg, R). By the defini-
tion (4.18) of Ny, we have

dist (scale(NC, Ncg, R),0 (NC)) = N - dist(scale(C, co, R),0C) > M + +/n + diam(C).

Therefore each point in Pr(vi,ve) is at least of distance diam(C') from the boundary 9 (NC).
Take an arbitrary edge e in Pr(vi,vs), it comes from some translation I" + z of the graph T
Therefore e is contained in C' + z. Since e is of distance at least diam(C) from 0 (NC), the
polytope C' + z must be contained in NC. Hence z € Sy and so e is an edge of I'y. We
have thus shown that each edge of Pr(vi,v2) is in E(I'y). Therefore every two vertices in

scale(NC, Ncy, R) NV (I'y) are connected in T'y. O

Theorem 4.4.3. Let I’ be a G-graph that is symmetric, face-accessible and Z™-generating. Then
there exist z1,. .., zm € Z", such that the union of translations T' == Uiz, (T + z;) is an Eulerian

graph.

Proof. See Figure 4.23 for an illustration of the proof. Let N € N be such that Ny | N and
N > Nj. We show that the graph I'y is connected. Take any two vertices v, w of the graph I'y.

Since Ny | N, Lemma 4.5.6 shows that v and w are respectively connected in Iy to two vertices
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Qz NC

Figure 4.22: Tllustration of Lemma 4.5.7.

vy and vy in scale(NC, Ncg, R)NV (I'y). Since N > Ny, Lemma 4.5.7 shows that v; and vy are
connected in I'y. Therefore, v and w are connected in I'y. Since a union of symmetric graphs

is also symmetric, I'y is symmetric and connected, hence Eulerian. O

NC

Figure 4.23: Hlustration of proof of Theorem 4.4.3.

4.6 A local-global principle

In this section we prove Theorem 4.4.8:

Theorem 4.4.8. Let M be a A-submodule of A® and I,J be two subsets of {1,...,K}. There
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exists f € M N (A*)K satisfying
(O, UJ)N My, f)#0  for every v € (R™)*, (4.12)

if and only if the two following conditions are satisfied:

1. (LocR): For every r € R, there exists f, € M such that f,.(r) € RE,.
2. (LocInf): For every v € (R™)*, there exists f, € M, such that

(a) iny (£,) € (AF)".
(b) Denote I' .= M,(I, f,),J =0, UJ. We have

(0w UJ) N My(I',ing(f,)) #0  for every w € (R™)". (4.13)

Theorem 4.4.8 can be considered as a generalization of Einsiedler, Mouat and Tuncel’s local-
global principle (Theorem 4.4.9), where the additional Property (4.12) (as well as (4.13)) is
included. Many components of the original proof [36] of Theorem 4.4.9 fail when trying to
integrate Property (4.12), notably [36, Lemma 3.2] and [36, Lemma 5.2]. In order to take into
account this extra property, we need to introduce new arguments to rework several parts of
the original proof. The key new component will be the following Lemma 4.6.1, which shows a
certain “continuity” of Property (4.12) when changing the direction v by a small amount.

Before stating Lemma 4.6.1, we will make a few observations. Define the quotient
D,, = (R™)* /Rxo.

That is, elements of D,, are of the form vR~g,v € (R")", where vR~g = v/Rs¢ if and only if
v =r-v for some r € Rsg. The quotient D,, can be identified with the unit sphere of dimension
n since every vR~g is equal to exactly one v'R~q with ||¢/|| = 1. We equip D,, with the standard
topology of the unit sphere. Note that in,(-), M,(-) and O, are invariant when scaling v by any

positive real number.

Lemma 4.6.1. Fiz v € (R")*, a set I C {1,...,K} and f € AX. There exists an open

neighbourhood U C D,, of vR~q, such that for every w € (R™)* with (v + w)Rsg € U, we have

Nyt (f) = iny (in,(F)),  Mytw(L, f) = My(My(L, £),ing(f)), and Oyt = Oy U Oy,
(4.19)

Proof. See Figures 4.24 and 4.25 for an illustration. For each ¢ = 1,..., K such that f; # 0,
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e oo oo Monomials of f Monomials of in,(f1)

° o ® Monomials of f ® Monomials of in,(f2)

® Monomials of f3 ® Monomials of in,(f3)
Figure 4.24: Illustration of Lemma 4.6.1. Figure 4.25: Continuation of the example
Here, M,({1,2,3}, f) = {1,2}. in Figure 4.24. Here, M,4,({1,2,3},f) =

{1} = Mw({lﬁ 2}7inv(f))'

write f; = g; + h; where g; := in,(f;) and deg,(h;) < deg,(g;).
Since deg, (h;) and deg,(g;) vary continuously when v varies in (R")*, there exists an open
neighbourhood U; C D,, of vR~¢ such that deg,,(h;) < deg,,(g;) for every v'R~¢ € U;. Therefore,

for (v 4 w)Rso € U; we have

iy (fi) = ytw(gi) = iny (1) = iny (0 ()

where in, . (g;) = iny (g;) can be justified as follows. For every monomials ¢X? appearing
in g;, we have deg,(cX") = deg, g; since all monomials in g; = in,(f;) have the same deg,.
Hence, we have deg,,(cX®) = v b+ w'b = deg, g; + w'b = deg, g; + deg,,(cX?); therefore
the monomials in g; with maximal deg, ,,, are exactly those with maximal deg,,. This yields
Ny4w(gi) = iny (9i)-

Note that for each i € M, (I, f) and i’ € I\ M,(I, f), we have deg,(f;) > deg,(fr). Again
by the continuity of deg, with respect to v, there exists an open neighbourhood U’ of ¥R~ such
that for all v'Rsg € U’, we have deg,(f;) > deg, (fi) for all i € M,(I, f),i € I\ My(I, f).

Then for every (v+ w)Rsq € Nier,f,20U; N U’, we have

MU-HU (Ia .f)

—{ie 1] denn) = maxdes ()}

=<1i€ My(I, d i) = deg, ., (fi i +w)Rso € U’

{ie .| deguiu(F) = o (e} ) Gsince (0 )R < )

=<ie My(I,f) ’degw in,(fi)) = 5\141&(}](f){degw(mv(fZ ))} (since (v +w)Rsg € Us,i € 1)
i'€EMy

= My(M,(I, f),in, (f)).

Finally, take any ¢ € {1,...,K}. If a; £ v then there exists an open neighbourhood U/ C D,
of ¥R~ such that for every v'Rso € U/ we have a; £ v'. If a; L v then for every w € (R")* we

have a; L (v+w) <= a; L w. Take U" = Ujeq1,. k},a,00U; - For all (v +w)Rsg € U”, we
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have

Oviw={i€{1,.... K} |a; L (v+w)}
—{ie{l,....K}|(a; Lvanda; £ (v+w))or (a Lvanda; £ (v+uw))}
—{ie{l,....K}|(a; Lv)or (g Lvanda; £ (v+w)} (since (v+w)Rsg € UY)

—{ie{l,....K}|(a; L v)or (a Lvanda; £ w)}

(

={ie{l,....,K}| (a; Lv)or (a; L w)}
= 0, UO,.

We conclude the proof by taking U = Nier,f,20Us NU' NU”. O

As an illustration of how to integrate Property (4.12) into the local-global principle using
Lemma 4.6.1, we first give a proof of the “only if” part of Theorem 4.4.8. As a comparison, the

“only if” part of the original Theorem 4.4.9 is immediate.

Proof of “only if” part of Theorem 4.4.8. Suppose f € Mﬂ(A*)K satisfies Property (4.12). To
show (LocR), simply take f, := f for all r € R, then f(r) € RE . As for (LocInf), for every
v € (R™)" we show that f, := f satisfies Properties (LocInf)(a) and (b). Property (LocInf)(a) is
satisfied because every monomial in f € (A*)K has positive coefficient. We now show Property
(LocInf)(b).

When w € vRsg, we have O, UJ = 0, UO, UJ = O, U J and M,(I',in,(f)) =
Mu(My(L, ), ino(£)) = My(My(L, ), in,(£) = My(, f), so Property (LocInf)(b) is equiv-
alent to (O, U J) N M,(I, f) # 0. This is exactly the Property (4.12) satisfied by f.

When w € vR~g, let U C D,, be the open neighbourhood of vR+ g defined in Lemma 4.6.1.
Recall that scaling w by any positive real does not change the Property (4.13). Therefore by

scaling w by a small enough positive real we can suppose (v + w)Rsg € U. We have

Nyt (F) = 0w (i (), Mysw(I, f) = Mo(I',ing(£)), and Opiw = Op U Oy,

where I’ = M, (I, f). Therefore (Oyi0y UJ) N Myioo(I, f) = (O UO, U J) N My (I, ing, (f))
(Op U JYNM,y(I',in,(f)). Since f satisfies Property (4.12), we have (Oyy U J) N My (I, f) #
(). Therefore we also have (O, U J") N M, (I',in,(f)) # 0 for all w & vR~y. O

We now start working towards proving the “if” part of Theorem 4.4.8. The main idea is

a “gluing” procedure inspired by the original proof [36] of Theorem 4.4.9. The roadmap for
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proving the “if” part of Theorem 4.4.8 is illustrated in Figure 4.26, where the case n = K =1

is taken as an example.

for feo

Lemma 4.6.4
for= 2, XSy
f
f=eq"fo+ fc
fc lCoroIIary 4.6.7
frifro -~ fo, Lemma 4.6.5
m K
fe=2 aifr o fe(AY)

Figure 4.26: Roadmap for proofing the “if” part of Theorem 4.4.8, illustrated for n = K = 1.

The following lemma is the foundation of our gluing argument. It shows the “continuity” of

Condition (LocInf) when changing the direction v by a small amount.

Lemma 4.6.2. Suppose v € (R™)" and f, € M satisfies Properties (LocInf)(a) and (b) of
Theorem 4.4.8. Then there exists an open neighbourhood U, C D,, of vRsq such that for every

v'Rsg € U,, we have

(i) iny (f,) € (AH)".
(ii) (Oy UJ)NMy(I, f,) # 0.
Proof. We use Lemma 4.6.1 on v, and f, to obtain an open neighbourhood U, C D,, of vR+g,

where for all vRsg = (v 4+ w)Rsg € U, we have

Nyt (fy) = 0w (0 (f,)) s Motw(l, fo) = Muw(Mo(1, fy),inu(f,)), and Opi = Oy U Oy

Note that in,(f,) € (A*)K by Property (LocInf)(a) of f,. Since taking the initial polynomial
of any polynomial in A+ yields an element of AT, we have iny. ., (f,) = inw (ing(f,)) € (AT,
Furthermore, (Oy1,UJ)N Myt (I, f,) = (O U Oy U J)NMy(My(1, f,),in,(f,)) = (O UJ)N
My (I',in,(f,)), which is non-empty by Property (LocInf)(b) of f,. Therefore, both (i) and (ii)

are satisfied for v'Rsg = (v + w)Rsg € U,. O
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Before proceeding further, we recall the definition of the Lebesgue number of the open cov-

ering of a metric space.

Lemma 4.6.3 (The Lebesgue number lemma [76, Chapter 3, Lemma 7.2]). Let {U, | a € A}
be an open covering of the metric space X. (That is, X = J,cq Ua where each Uy is an open
set.) If X is compact, then there is a 6 > 0 such that every subset of X with diameter less than

0 is contained in some Uy, o € A.

The number ¢ > 0 is called a Lebesgue number for the covering {U, | a € A}.
The following lemma shows that one can “glue” all different f,,v € (R™)" together to obtain

a single f that has positive initial polynomial at every direction v € (R™)*.

Lemma 4.6.4. Suppose Condition (LocInf) of Theorem 4.4.8 is satisfied. Then there exists
f € M that satisfies

(i) iny (F) € (AN for all v € (R™)*.

(11) (O, UJ)NM,(I, f) # 0 for allv e (R™)".

Proof. The main steps of our proof follow that of [36, Lemma 5.2]. See Figure 4.27 for an

illustration of our proof.

Monomials of F; 1
® Monomials of F;,

Figure 4.27: Tllustration of the proof of Lemma 4.6.4. In this example, a; = a2 = (0,0),] =
{1,2},J = {1}. That is, condition (ii) requires 1 € M,({1,2}, f) for all v € (R™)".

For each v € (R™)*, ||v|| = 1, let f, be the element of M that satisfies Properties (LocInf)(a)
and (b). Let U, C D,, be an open neighbourhood of vR+( defined in Lemma 4.6.2. The family
of sets U,,v € (R™)",|lv|| = 1 forms an open cover of the compact set D,,. We identify D,

with the unit sphere in R", and consider the metric on the unit sphere inherited from R". In

particular, each U, is now considered as an open subset of the unit sphere.
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Let 2\ < 1 be a Lebesgue number of the open covering {U, | v € (R™)*,|lv| = 1} of the
unit sphere D,,. This means that every ball of radius A in D,, is contained in some U,. Take
a finite collection of balls of radius A which cover D,,, and label their centers v, ..., v,,: these
points on the unit sphere. Note that each ball B(v;,A),j =1,...,m, is contained in some UU}.
Let Fj = f,s. so that in,(F}) € (AN and (0, U J) N M, (I, F;) # 0 for all v € B(vj,\) (by
Lemma 4.6.2). Let 2k be a Lebesgue number for the open cover {B(v;,A) | j =1,...,m} of D,,.
Then for any v € D,, there exists j € {1,...,m} such that B(v, k) C B(v;, A) and, in particular,
lv; — vl <A —k.

Let 6 be the infimum of

%U@—waww—qu—w<A—mmf—wzxaf—anm}

Note that § > k(A — §) > 0 since for all v,v;,v; of norm one we have

K
vivj—v vy = —).
2

(A = (A= r)%) = K(X =

N[ =

1
5 (log =l = 1oy — v]]?) 2

Choose r large enough so that |deg,(Fj:)| < %r - 4 for all ||v|| = 1, i = 1,...,K and

j=1,...,m. Such an r exists because F}; ; # 0 (since in,(F';) € (A+)K), deg, (Fj;) is continuous
with respect to v, and D,, is compact.

For j =1,...,m pick w; € Z" such that ||w; — rv;|| < 4 Let
m
f = ZijFj'
j=1

We show that f satisfies both conditions (i) and (ii). Consider any v € (R™)* with norm one.
Let j € {1,...,m} be such that ||[v —v;|| < A\ — k. For any j' € {1,...,m} with ||[v —vj| > A

we have

max {deg, (X" Fyi)} = vl wyr + max {deg, (Fy.i) }

5 Jn
T
<w wj/+§r_7

< rvij/ + 5"

5
= rvij — T(UTU]' — UTU]'/) + 3"
)

< rvij — 57“

0
Svaj—i—\éﬁ—Qr
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<0 wj—l— imn {deg, (Fj)}

= 121<nK {deg, (X" Fj;)}. (4.20)
For the remaining indices j" with ||v —v;/|| < A we already know that in,(F ;) € (A+) Since

there can be no cancellation with those initial parts, we get

in,(f) = in, Z XVi'Fj | € (A+)K
' llo—vy <A
Therefore f satisfies condition (i).

For condition (ii), take any point v on the unit sphere, let 7/ € {1,...,m} be such that
max;cr{deg, (X" Fj ;)} = maxi<j<m max;er{deg, (X" F;;)}. We must have ||v — vj/|| < A.
Indeed, if we had ||[v —v;/|| > A then there would exist j € {1,...,m} such that |[v —v;|| <A=&
and Inequality (4.20) yields max;e;{deg, (X" Fy ;) } < max;cr{deg, (X" F};)}, a contradiction.

We will now show M, (I, Fj) C M,(I, f). Take any ¢’ € M,(I, Fj), we show i € M,(I, f).

On one hand, in, (Fj/) € (A*) because ||v —vj|| < A. We have

YW L) = YW —
deg, (X™" Fy,i) = max{deg, (X7 Fji)} = max max{deg, (X" Fji)}

=max max {deg,(X"F;;)}= max deg, Z X"iF;,
€l jillv—vj||<X .
Jillv—v;ll<A

m
—r{lealxdegv zle iFj; —r?ealxdegv(fz), (4.21)
]:

since there can be no cancellation when summing in, (X" Fj;) € AT for j, ||v — v, < A.

On the other hand,

YW, o — > .
deg, (X" Fyri) = max. max{deg, (X" Fj;)} nax {deg, (X" Fj )}

So deg, (X" Fj ) = maxi<j<m{deg,(X"i F;)}. Hence,

degv()?wf/Fj/i/): max {degv(j(ijji/)}: max {deg, (X" iFj)}
’ 1<j<m ’ Jillv—vzll<A

m
= deg, Z X" Fj | = deg, Zyijj,i’ = deg, (f),

Jillv=v; <A

since there can be no cancellation when summing in, (X% Fj ;1) € A% for j, [|[v — v;]| < A
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Hence deg,(fir) = deg,(X"3' Fjr /) = max;es deg, (fi), which yields i’ € M,(I, f). Since this
holds for all i € M,(I, F ), we have shown M, (I, F;) C My(I, f). Thus, (O,UJ)NM,(I, f) 2
(O, UJ)N My(I,Fj) # (. Therefore f satisfies condition (ii). O

Denote by f., the element f € M obtained in Lemma 4.6.4. Since in, (f.,) € (A*)K for
all v € (R")", there exists ¢ > 1 such that f.(z) € RE, for all z € RZ\ [1/¢,c]". Define the

following compact set in RZ:
C = [1/(4nc),4nc]™ 2 [1/c, ]".

Lemma 4.6.5. Let M be an A-submodule of A® and C C RZ, be a compact set. Suppose for
allr € C there exists f, € M with f,.(r) € RE,. Then there exists f € M such that f(x) € RZ,
forall x € C.

Proof. For each r € C, by the continuity of polynomial functions, there is an open ball B(r,b,),
centered at r, with radius b,, such that f.(x) € RY for all x € B(r,b,).

Consider the open cover B(r, %), r € C of the set C'. Since C is compact, there is a finite
subcover, which we denote by B(rq, b%), <o B(rm, bTTm) By the compactness of C' and closed

balls, we have

s:= _ min inf  fr.i(z) >0,
e e
and
t= max su (2] < 0.
1§i§K,1§j§mxeg ‘frj,z( )‘
Let 0 > 0 be such that o < % By the Stone-Weierstrass theorem, for each 1 < j < m,

there exists a polynomial ¢; € A such that
(i) 0 < gj(x) for all z € C,
(ii) gj(z) < ¢ for all z € C'\ B(ry,by,),
(iii) g;(x) > 1 for all z € B(ry, b%)
We claim that the sum f:= 377" q; - f, € M satisfies f(z) € RZ, for all z € C. Indeed, take

any = € C. Without loss of generality suppose z € B(ry, b%) Then for i = 1,..., K, we have

fiw)=a(@) - fra@+ > @@ L@+ Y g(@) fr(@)

j>17x€B(rj,brj) j>l,xEB(Tj,brj)
>1-5— > at+ > 0=s—(m—1)5t>0.
J>1,x¢B(r;;br;) i>1,z€B(rj,br;)
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Denote by f- the element f € M obtained in Lemma 4.6.5. We also need the following

theorem from Handelman:

Theorem 4.6.6 (Handelman’s Theorem [31], [44, V.6. Theorem C]). Let f € A be a polynomial.

There exists g € AT such that fg € AT if and only if the two following conditions are satisfied:

(i) For allr € R, we have f(r) > 0.
(it) For allv € (R™)* and r € RZ,, we have in,(f)(r) > 0.

Corollary 4.6.7. Let f € AX. There exists g € At such that gf € (A+)K if and only if the

two following conditions are satisfied:

(i) For all r € R%, we have f(r) € RE,.

(ii) For allv € (R™)" and r € R, we have in,(f)(r) € RE,.

Proof. If there exists g € AT such that g- f € (A*)K, then obviously (i) and (ii) are satisfied.
On the other hand, let f € A* satisfy (i) and (ii). By Handelman’s theorem (Theorem 4.6.6),

there exist g1,...,9x € AT such that figy € AT, ..., fkgr € AT. Let g :== g192--- g, then

gf € (AN, O

We are now ready to prove the “if” part of Theorem 4.4.8 by “gluing” together the elements
foos o € M obtained respectively in Lemma 4.6.4 and 4.6.5.

Proof of “if” part of Theorem 4.4.8. Let f ., fc € M be the elements obtained respectively in

Lemma 4.6.4 and 4.6.5. Define the polynomial
1 n
g=5—> (X;+X; ') eAt

2nc
i=1

It is easy to see that we have deg,(q) > 0 for all w € (R")". By the compactness of the unit
sphere, the value inf|,,—; deg,(q) is positive.

Let € > 0 be such that

€ fool®) + folz) € RY (4.22)

for all z € C. Such an € exists by the compactness of C' and because f(z) > 0 for all z € C.

We claim that there exists N € N such that the element
f:zeqN'foo+fCEM

satisfies Conditions (i) and (ii) in Corollary 4.6.7 simultaneously.
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Let M € N be such that deg,(fw,i) + M - inf|, =1 deg,(¢) > deg,(fc:) for all v €
(R™)*,|jv]l =1 and ¢ = 1,...,K. Such an M exists by the compactness of the unit sphere
and because inf)j,,|—; deg,,(¢) > 0. Let

g=eq" foo+ fc.

Then for all v € (R")*,i = 1,..., K, we have deg,(eqg™ - foo;) = M - deg,(q) + deg,(fooi) >
deg,(fc.i). Therefore in,(g) = in,(eqg™ - o) € (A for all v € (R™)*. Therefore, there exists
another compact set [1/d,d]™ D C such that g(z) € RE for all z € RZ \ [1/d,d]". Since
[1/d,d]™ D C = [1/(4nc),4nc]™, we have d > 4nec. Since the set [1/d,d]" \ (1/(4nc),4nc)” is
compact and f.(z) € RE) for all z € [1/d,d]™ \ (1/(4nc),4nc)® C R%\ [1/c,c]", there exists
N > M such that

efooi(@) -2V + fou(z) >0 (4.23)

for all x € [1/d,d]"\ (1/(4nc),4nc)™ and all i = 1,..., K. We prove that for this N, the element
f=-eq" - foo + f satisfies Conditions (i) and (ii) in Corollary 4.6.7 simultaneously.
Fix any i € {1,...,K}. For every z € RZ; \ [1/d,d]", we have ¢(x) > ﬁ > 1 and

foo,i(x) >0, so
filx) = eq(@)N - fooi(®) + fei(x) > eq(2) - fooi(®) + foi(x) = gi(x) > 0.

For every z € [1/d,d]" \ C = [1/d,d]™ \ [1/(4nc),4nc]™, we have x; > 4nc for at least one
i" €{1,...,K}. Since fooi(z) > 0 by the definition of C, we have

N
n

fi@) = efooi(@) - [ 30

j=1

o
jZTc] + foi(e) > efoci(x) -2V + fou(x) >0
by Z?ﬂ(ﬂﬁj + m;l) > x> 4ne and Inequality (4.23).

For every x € C'\ [1/c,c]", we have
filx) = eq(@)" - fooi(x) + fei(z) >0
since fooi(z) > 0 for all = & [1/c,¢]™ and fci(x) > 0 for all x € C.
For every = € [1/¢c, c|", we have

-1

fi(z) = €foci(®) - (Z i +x;

N
2 e ) + fei(x) > min{efs i(x), 0} + fei(z) > 0.
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The last inequality is due to fci(z) > 0 and Inequality (4.22). The second to last inequal-
. -1 N
ity can be justified as follows. If fo;(x) > 0 then fi(x) - <Z?:1 2t ) > 0, otherwise

2nc

n ocri-x[l N n 2 \N n oci—i-x[l N
(Zi:l 2nc) S(Zz‘:lﬁ) =1lso fooyi(x)'(zz‘:l 2nc> 2 foo,i(®).

Therefore, for every x € RZ,, we have f;(z) > 0. In other words, f satisfies Conditions (i)

in Corollary 4.6.7. Furthermore, since N > M we have deg,(¢" - fo:) > deg,(fc:) for i =
1,...,K,v € (R")*. Hence in,(f) = iny(eq" - fo) € (AT and M, (I, f) = M, (I, f..) for all
v € (R™)*. Therefore, f satisfies Conditions (ii) in Corollary 4.6.7.

Therefore, by Corollary 4.6.7, we can find ¢ € AT such that gf € (A*)K. We have at
the same time gf € M as well as (O, UJ) N M,(I,gf) = (O, UJ)NM,(I, f) = (O, UJ)N
My(I, f..) # 0 for all v € (R")*. We have thus found the required element gf € M N (AT)*

satisfying Property (4.12). O

4.7 Decidability of local conditions

In this section we prove Theorem 4.4.10:

Theorem 4.4.10. Fiz n € N. Suppose we are given as input a set of elements g4,...,39,, €
AK with integer coefficients, as well as the vectors ai,...,ax € Z" and two subsets I,J of
{1,...,K}. Denote by M be the A-submodule of AX generated by g4,...,g,,. It is decidable
whether there exists f € M satisfying f € (A+)K and

(O, UJ)NMy(I,f)#0  for every v € (R™)". (4.14)

Here, if n =0 then A is understood as R, and Property (4.14) is considered trivially true.

By the local-global principle (Theorem 4.4.8), this amounts to showing decidability of the
two “local” Conditions (LocR) and (Loclnf).
4.7.1 Decidability of local condition at positive reals (LocR)

In this subsection we show that the Condition (LocR) of Theorem 4.4.8 is decidable. Let M be

a A-submodule of AK.

Lemma 4.7.1. Let g4,...,g,, be the generators for M. Condition (LocR) of Theorem 4.4.8 is

equivalent to the following:

1. (LocRLin) For every r € RY, there exist x1,...,Tm € R such that Y| x,g,(r) € RE,.
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Proof. (LocR) = (LocRLin): Suppose Condition (LocR) of Theorem 4.4.8 is true. For r € RZ,
Condition (LocR) shows there exist p1,...,pn € A such that >I" | p;g; = f, with f.(r) € RE,.
Then letting 21 = p1(r), ..., Zm = pm(r) we have >_1", z;9,(r) = f,.(r) € RE,.

(LocRLin) = (LocR): Suppose Condition (LocRLin) is true. For any r € RZ;, Con-
dition (LocRLin) shows there exist z1,...,zy, € Ry such that ", xig;(r) € RI;O. Then
Fr=>" 2:9; € M satisfies f,(r) € RE. O

Proposition 4.7.2. Given the generators g,,...,g,, for M, it is decidable whether Condi-
tion (LocR) of Theorem 4.4.8 is satisfied.

Proof. By Lemma 4.7.1, it suffices to decide Condition (LocRLin). This is expressible in the

first order theory of the reals:
Vry >0---Vr, > 0,dry -+ - Jo, (Z:cigivl(rl, ceayT) > O) A A (Z zigi k(715 ,Tn) > 0> .
i=1 =1

By Tarski’s theorem [94], the truth of this sentence is decidable. O

4.7.2 Local condition at infinity: shifted initials (LocInfShift)

In this subsection we introduce the shifted initials, in order to replace Condition (LocInf) of
Theorem 4.4.8 with a new Condition (LocInfShift). Our definition follows that of [36, Section 1].
Suppose we are given f € AKX, v € (R")* and a = (ay,...,ax) € RX. Then the shifted

initials iny o (f) = (iny,a(f)1, ..., inyo(f)x) are defined as

, iny(f;) if deg,(fi) + o = maxi<y<g{deg,(fi) + ai},
1nv,a(f)i =

0 if deg,(fi) + ; < maxj<y<g{deg,(fi) + air},
fori=1,..., K.

Lemma 4.7.3. Let f € AX and v € (R")*. Then in,(f) € (A+)K if and only if there exists

a € RE such that in, o(f) € (A*)K. Furthermore, in this case we have in,(f) = in, o (f) and

aq +degv(f1) = =0K +degv(fK)'
Proof. If in, (f) € (A+)K, then fi,..., fk are non-zero. Let ay = —deg,(f1),...,ax =
—deg,(fx). We have deg,(f1) + a1 = -+ = deg,(fx) + ax = maxi<;<x{deg,(fi) + a;}, so

in,.o (f) =in, (f) € (AT,
If in, o (f) € (A, then in, (f;) = in, o(f); € AT for i = 1,..., K. Therefore in, (f) =
iny.a(f) € (A7)",
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Furthermore, in this case, since in, o (f); # 0 for ¢ = 1,..., K, we have deg,(f;) + o =

maxi << {deg,(fir) + o }. Hence aq +deg,(f1) = -+ = ax + deg,(fx). O

Given v = (v1,...,v,)" € (R™)*, denote by > p—q Zvy, the Z-module generated by v1, ..., vp:

21,...,zn€Z}.

Then for every f € A\ {0}, we have deg,(f) € > p_; Zvy.

n n
Zka = E 21Uk
k=1 k=1

Proposition 4.7.4. Condition (LoclInf) of Theorem 4.4.8 is equivalent to the following:

2. (LocInfShift): For every v € (R™)", there exists f € M as well as o € (> p_, Zg)
satisfying the following properties:

(a) o () € (A"
(b) Denote I' ={i € I| a; =minycray},J = 0,UJ. We have

(0w UJ) N My(I' ingo(f) #0  for every w € (R™)".

Proof. (LocInf) = (LocInfShift). Suppose Condition (LocInf) of Theorem 4.4.8 is true.
Fix a vector v € (R")*. Then there exists f € M, such that in, (f) € (AT)™ satisfies
Property (LocInf)(b). As in Lemma 4.7.3, we can let «; = —deg,(f;) for i = 1,... K.
Then iny, q (f) = in, (f) € (A*)K, satisfying (LocInfShift)(a). Furthermore, we have o €
(0, Zug)™ by the definition of a; = —deg, (f;). Finally, I' = {i € I | o = mingesap} =
{i € I'| deg,(fi) = maxyeydeg,(fi)} = My(I, f), so (LocInf)(b) implies (LocInfShift)(b).
(LocInfShift) = (LocInf). Suppose Condition (LocInfShift) is true. Fix a vector v €
(R™)*. Then there exists f € M as well as a € (R")", such that in, o (f) € (A satisfies
Property (LocInfShift)(b). By Lemma 4.7.3, we have in, (f) = in, o (f) € (A+)K, and a; +
deg,(f1) = -+ = ax + deg,(fk). Therefore we have I' = {i € [ | a; = mingeray} ={i €1 |
deg,(fi) = minyerdeg, (fir)} = My(I, f), so (LocInfShift)(b) implies (LocInf)(b). O

4.7.3 Dimension reduction: a special case

In this and the following subsections we will further reduce Condition (LocInfShift) to a Con-
dition (LocInfD) (which will be defined in Proposition 4.7.11). In this subsection we first con-
sider the special case where the vector v € (R")* in Condition (LocInfShift) is of the form
(0,...,0,0441,- - ,vn)T, where vg11,...,v, € R are Q-linearly independent.

Let M be any A-submodule of AX. Similar to [36, Section 2], we now define the notion of

a super Gréobner basis of M. This is a generalized version of the universal Grébner basis [91]
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for modules over a Laurent polynomial ring.> Note that our definition differs slightly from [36,
Section 2], although the intuition is the same. Let v € (R")*,a € RE. Define in, o(M) to be
the A-module generated by the elements in, o (f), f € M:

q
ing (M) = Z A-in, o(f) = ij iy a(f;) | ¢ €ENp1,...pg €A Fr, o fpEM
fem j=1

In general, the module in, o(M) is not equal to its generating set {in, o(f) | f € M}.

Definition 4.7.5 (Super Grobner basis). A set of generators g, ...,g,, for the module M is
called a super Grébner basis if for all v € (R™")*,a € RE| the set {inya(g1),---,iNu.a(gm)}

generates in, o (M) as an A-module.

A super Grobner basis for a module M always exists and can be effectively computed as

in [36, Lemma 2.1]:

Lemma 4.7.6 (Reformulation of [36, Lemma 2.1]). Suppose we are given a finite set of gener-

ators® for the module M. Then a super Grébner basis of M is effectively computable.

Proof. Let R[X] :=R[X1,...,X,] be the usual polynomial ring over n variables (instead of the
Laurent polynomial ring A = R[X*]). Let ej,...,ex be the canonical R[X]-basis of R[X]¥. A

monomial of R[X]X is an element of the form X"e; for some u € 28,1 €{1,...,K}. A term

order on the monomials of R[X]¥ is a total order < satisfying

(i) e; < X“ei,

(i) Xe; < X', = Xutwe, < Xu'twe,,

for all 4,4 € {1,..., K} and u,u/,w € Z%,.

Let N be an R[X]-submodule of R[X]X. An element f € R[X]® can be written uniquely
as a sum ZM cuﬂ-)i(“ei with coefficients ¢,; in R. Among the finitely many monomials of
R[X]X that have nonzero coefficients in this sum, the one that is maximal according to the term

order < is denoted in.(f). Define inL(N), the initial module of N with respect to <, to be

the R[X]-module generated by all in<(f), f € N. We say that the elements f,,...,f, € N

form a Grébner basis for N with respect to < if in4(/N) is generated as an R[X]-module by

ing(f1),-- - in<(fo).

3The usual universal Grébner basis is defined for ideals over a polynomial ring.

4There is a subtlety in how the generators are represented, since element of M are tuples of poly-
nomials over real numbers. However, in our application throughout this section, the generators of M
are always tuples of polynomials with integer coefficients. Therefore, they can indeed be effectively
represented.
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A universal Grobner basis of N is given by elements f1,..., f, that form a Grobner basis of
N with respect to every term order. A universal Grobner basis of N exists and can be effectively
computed from a set of generators of N as described in [36, Section 2].

Now let f1,..., f, be a set of generators of M as an R[X*]-module. Let 6 = (61,...,6,) €
{—1,1}". Pick u € Z" such that

XU, ... . X"f, € (R[Xfl,...,X5n])K,

and let f5,,..., fs5,, be a universal Grobner basis for the R[Xfl, ..., X2n]-submodule generated
by X“f1,...,X"f,. List the union of {fs,,..., fs,,} over 6 € {-1,1}" as g;,...,g,,. By [36,

Lemma 2.1], this is a super Grobner basis for M. O

It is easy to see the following from the proof: if the given generators for M are tuples
of polynomials with integer coefficients, then Lemma 4.7.6 computes a super Grébner basis
containing only tuples of polynomials with integer coefficients. From now on we fix a super
Grobner basis gq,...,9,,-

Let 0 < d <n—1 be an integer. From now on we denote
Ag=RIXF,...,X7], Al :=Rso[XF,..., X7]"

In particular, Ag = R, AS‘ = Ryp.
As stated in the beginning of this subsection, we now consider the vectors v € (R™)* with
the special form (0,...,0,v441, ... ,vn)T where vg11,...,v, are Q-linearly independent. The

following lemma can be seen as a generalization of [36, Lemma 6.2].

Lemma 4.7.7 (Generalization of [36, Lemma 6.2]). Let g4,...,g,, be a super Grébner basis of
M. Letv=(0,...,0,0441,...,0,) € (R")* be such that 0 < d <n —1 and vgy1,...,v, are
Q-linearly independent. Let o € RE. Then there exist b; € {0} x Z"~¢ and ¢; € {0} x Z"~4
such that X% X¢ inya(g;)i € Ag fori=1,...,K and j = 1,...,m. See Figure 4.28 for an

illustration.

Proof. Let j € {1,...,m},i € {1,..., K}, be such that in, o(g,); # 0. Let ¢X? and X7 be

T T

any two monomials appearing in in, (g,):, then v' z = v'2. Since v = (0,...,0,Vq41,.-.,0n)
where vg,1,. .., v, are Q-linearly independent, this yields z — 2’ € Z¢ x {0}”*d. This shows that
X#ii inv,a(gj)i € Ag for some z;; € {0}4 x zZn—1.

Letting F' := {(, j) | iny,a(g;): # 0}, this defines 2;; for all (i, ) € F. Note that for (i,j) € F'
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inl”,z\ (g] )

i U (}(gz ln L\(g’;

g ' inﬂ,w(ng)
- C-l ’

€1
/ L -
! Monomials of in,, ,(g/)1
?/ ® Monomials of in,, ,(g/)2
O& 7, ® Monomials of in,, ,(g/)3

Figure 4.28: Illustration of Lemma 4.7.7 in the case d = 0. Note that inv,a(gj)i may be zero, in
which case it does not contain any monomial.

we have

1211/&3[( {degv (g] 3/ ) + oy } = U Zij + ;.

Considering a sequence

(405 Jo)s (@15 Jo)s (i1s g1), - (i, Ji—1), (i1, ) (40, 1) (4.24)

in F', and writing 7,11 = 49, we find that

! I
-
= ZO (lgl,a%XK{degv gj.ir) +ouir}y —  nax {deg,(g;,i) + aw }) E (U Zigirje — U zws) )
s=

<i'<K
5=

Since v = (0,...,0,v441, ... ,vn)T with v441,...,v, being Q-linearly independent and z;; €

{0}¢ x Z"=4, the above equation yields

l
Z (Zis+ljs - Zisjs) = 0 (425)
s=0

for every allowed sequence (4.24) in F.
We now extend z;; and Equation (4.25) to all pairs (4,5) € {1,..., K} x {1,...,m}. Assume
zi; is already defined on a set £ D F and (4.25) is valid on E. Pick (4, j) ¢ E. If there exists a

sequence

(ilaj)a (i17j1)7 ey (hajl—l)? (ilajl)? (Zvjl) € E7
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we put 411 = ¢ and define
l

Zij = Zing T E : (zisjs - zis+ljs) :

s=1
One easily verifies that Equation (4.25) then holds for every allowed sequence (4.24) in E' U
{(i,9)}-

If there is no sequence

(i1, Jo), (41, 71), - - -, (i1, Ji—1), (i1, J), (40, J)

in E/, we can take z;; to be any element of {0}¢ x Z"¢ and have Equation (4.25) hold for all
sequences (4.24) in EU {(¢,7)}.

Having thus extended z;; to all pairs (i,7) € {1,..., K} x {1,...,m}, we define
bi = zi1,

and

Cj = Zij — Zil,

which is independent of ¢ thanks to Equation (4.25). Indeed, using Equation (4.25) on the
allowed sequence (i, j), (7', 7), (¢',1), (i, 1) we get z;; — z;i1 = zirj — zir1. Hence, zj; = b; + ¢; and

the lemma follows. OJ

Suppose v € (R™)* is such that v = (0,...,0,0441,...,0,)" with vg41,...,v, being Q-

linearly independent. Let o € RE. For each j = 1,...,m, define

. d . d . d
HLU,a(gj) = (lnv,a(gj)l’ s ?lnv,a(gj)K)’

where

ind ,(g,)i = X"X9inya(g;)i €Ag, i=1,...,K.

Here, b; and c; are defined as in Lemma 4.7.7. Note that the vectors b;,c; € {0} x Z"4
are not necessarily uniquely determined. However, when d,v,a are fixed, the polynomials
ing,a(gj)i,j =1,...,m,i = 1,..., K, are uniquely determined by g;,...,9,,.- In fact, by

Lemma 4.7.7, each in, o(g;):; can be uniquely written as X* . p for some X* € R[XT ,,... , XH]

d+10°
and p € ]R[Xli, cee XC';E]. Therefore ingva(gj)i is uniquely determined as the polynomial p in the
decomposition.

Note that if inia(gj)i # 0 then deg,(g;.;) = —v' (bi+c;), otherwise deg,(g;;) < —v ' (bi+c;).
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In both cases,

deg, (gj0) < —v' (b +¢;), (4.26)
where the equality holds if and only if inff’a(gj)i # 0.

Lemma 4.7.8. Let i,i' € {1,...,K}. If there exists j € {1,...,m} such that ing’a(gj)i #

0 1nva(gj) #0, then a; —v by = ayp — v by

Proof. 1f inf ,(g;)i # 0 and ind ,(g;)y # 0, then in,o(g;)i # 0 and inya(g;)s # 0, so
degv (lnv a(gj) ) +a; = degv (lnv a(gj) ) + ayr.

But deg, (iny,a(g;)i) = deg, (X "X~% -in¢ (g;)i) = —v' (b + ¢;). Deriving the same
equation for i we have —v' (b; + ¢) + a; = —v " (by + ¢j) + a. This yields a; — vy =
Qyr — ’UTbi/.

Define by inf (M) the Ag-module generated by inia(gl), ...,ind 4 (g,,) € AL:

ZAd m ij ] Pl,---Pm € Ay

A key component of proving the original decidability result of Einsiedler et al. [36] is [36,
Lemma 3.2], which shows that inf (M) N (AI)K # 0 implies M N (AN % 0. However,
this no longer work when we additionally impose Property (4.12): an element in M N (A*)K
satisfying Property (4.12) might not be obtained from an element in inf , (M) N (A;)K satisfy-
ing a similar property. Indeed, if we directly apply [36, Lemma 3.2] to our situation, the main
failure would be in the last paragraph of the proof, where different “levels” of polynomials are
combined together to create a positive element. This no longer works if we add in degree con-
straints. The following lemma shows that [36, Lemma 3.2] can still be made partially compatible

with Property (4.12), if we impose the additional constraint a € (ZZ:dH ka)K

Lemma 4.7.9. Let gy,...,g,, be a super Grébner basis of M. Letv = (0,...,0,0411,...,0n) "
be such that 0 < d < n—1 and vgy1,. .., v, are Q-linearly independent. Let o € (ZZ:d-s—l ka)K.
Denote I' == {i € I | a; = minyey oy}, J' = O, U.J. Denote by ng: Z" — Z¢ the projection onto
the first d coordinates. For every u € (RY)", define Ol = {i € {1,...,K} | ma(a;) L u}. Then

the two following conditions are equivalent:

1 ondition tn (LocInfShift) ): ere exists f € such that iny o S an
(i) (Cond (LocInfShift) ): Th f € M such that ing o (f) € (AT and

(0w UJ") N My(I',ingo(f)) 0 for every w € (R™)". (4.27)
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(ii) We have J'NI' # 0, and there exists f@ € ind (M) N (A(—;)K, such that

(OLUT) N M, Y #0  for every u € (Rd)*. (4.28)

When d = 0, the Property (4.28) is considered trivially true.

Proof. (i) = (ii). Suppose (i) holds. Let f € M N (A+)K satisfy (4.27). We now show (ii).
The property J'NI’ # 0 follows from iny o (f) € (AT)X and (4.27) by taking w = v. Indeed,
we have O, UJ' = O, U J and

dog (ita(£):) = max degz,(inu,a(f)if)}

Vel
= {ie.ﬂ

where the second equality comes from in, o (f) € (A*)K and Lemma 4.7.3. Therefore, Prop-

My(I',ing o (f)) = {z el

—qy = gpéa[)/((—az,)} — I’7

erty (4.27) yields J' N I' # 0 by taking w = v.

Since g4,...,9,, is a super Grobner basis, we can write
m
inv,a(f) = Z hj : in'u,a(gj) (429)
j=1

for some hi,...,h;, € A. Let
=11<j< , . ) i i .
S {1 <j<m ‘ deg,(hj) + 1%%}%((16&(9]#) + ;) is max1mal}

Without loss of generality suppose jes iny(hy) - iny a(g;) # 0, otherwise we can replace each

hj,j € S by h; —in,(h;) while (4.29) still holds. We have

m
iya(f) = iva | Y hj-inalgy) | = in(hy) - invalg))- (4.30)
=1 jes

Indeed, by the definition of the shifted initials in, , the right hand side above are the only
elements that can contribute to the shifted initials of the sum in the middle. Equation (4.30)
shows we can without loss of generality suppose h; = in,(h;) for all j € S. Denote D =

deg, (h;) + maxi<y<x(deg,(g;) + a),j € S. This does not depend on the choice of j € S.
Since v = (0,...,0,Vg41,...,v,)" such that vg1,...,v, are Q-linearly independent and
since hj = in,(h;), we can write h; = X% p;, where p; € Ay and z; € {0}¢ x Z"~%. Note that

D = deg,(h;) + maxi<y<x(deg,(gj) + air) = v'z; —v' (b + ¢;) + a; for all (i,7) satisfying
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inia(gj)i £ 0,j € S. Since a € (Zzzdﬂ ka)K, each «;,7 = 1,..., K, can be written as
a; = vzl for some z, € {0} x Z" 9. So D = v'(z; — b; — ¢; + 2}) for all (i,7) satisfying
ind ,(g;)i # 0,5 € 8.

By the Q-linear independence of the entries in v, there exists a single z € {0} x zZn~9
such that z = z; — b; — ¢; + 2 for all (7,7) satisfying inia(gj)i # 0,7 € S. Recall that
> jes inu(hy) - inya(g;) = inya(f) € (A+)K. Hence, for each i € {1,..., K} there exists j € S

such that in? (g;)i # 0. Then fori=1,..., K, we have

v,

inpa(f)i =Y X9pjingalg)i =Y p X5 "9 ind 4 (g;) = X*73) pjind o (g)):
jes JjeES jes

Define
.fd = ij ing,a(gj) € ing,a(M)‘

j€S
Then for i =1,..., K,
fl =X, o(f)i € AT NA;= AT

Therefore f¢ € (A;r . Tt is left to show that f? satisfies Property (4.28). If d = 0 then
Property (4.28) is trivially true. Suppose d > 1. For each u € (Rd)*, let w = (u,0"~%) in (4.27).

Then

)K

(0w UJ") N My(I',iny o (f)) # 0. (4.31)

For each i € {1,...,K}, because z — 2/ € {0}¢ x Z" ¢ and w € Z% x {0}~ we have

degw (inwa(f)i) = degw <XZ_Z;f7,d) = degu (fzd) Hence’

degy(ina(£):) — max degw@nv,a(fm}

el
= {z el

Since the last n — d entries of v are Q-linearly independent, we have a; L v if and only if

My(I'ying o (f)) = {z el

deg (1) = mxdes, () b = ML(T' £, (132

a; € Zzzl Zey,. Furthermore,
O,uJ =0,U0,UJ = {i|~(rg(a;) LuAa; Lo)}UJ

d d
:{i —|(Wd(ai)J_u/\(LiGZZ&)}UJ:{i —|<aij_w/\aiEZZ€i>}UJ

i=1 i=1

={i|=(a; LwAa; Lo)JUJ=0,U0,UJ=0,UJ (4.33)
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Therefore, combining Equations (4.31), (4.32) and (4.33), we obtain
(OLUT) N M (I, ) = (0 UJ') N My(I',ing o (f)) # 0.

We have thus shown that f? satisfies Property (4.28).

(i) = (i). Suppose (i) holds. Write f* = Y™ p;in{ ,(g;) where p; € A4 for j =
1,...,m.

For each i € {1,...,K}, write a; = vz for some z € {0}¢ x Z"~?. By the Q-linear
independence of the entries of v, such z; is unique.

For each j € {1,...,m}, take any i; € {1,..., K} such that inﬁya(gj)ij # 0, note that the
vector ¢;j + b;; — z;; does not depend on the choice of i;. Indeed, take any other 23 e{l,...,K}
such that ing,a(gj)i;_ # 0, then by Lemma 4.7.8 we have a;; — vaij = oy — vai;_. Since

T

Qi =0z, Q= v' 2y we have ’UT(Zij —b;,) = v' (2 — by). By the Q-linear independence of
J J - J J

the entries of v, we have Zi; — b, = Zi — big,. So the vector c; + bij — 2z does not depend on the

i
choice of ;.

Since in‘ia(gj)ij #0, for all i € {1,..., K'} we have
degv(gjﬂ') +a; < degv (gj7ij) + Qs (434)

where the equality holds if and only if inia(gj)i # 0.
Take

m
Fi= Y X g e M.
j=1

For each i € {1,...,K} and j € {1,...,m}, we have

deg, (XH5 %ipig;i) + op = vT (¢j + by,) — v 2, + deg,(g;4) + i

< - degv(gjﬂ'j) -y + deg, (gj,i) +a; <0 (4'35)

The first equality follows from deg,(p;) = 0 because p; € Ay and v € {0}¢ x R*~4. The first

inequality comes from (4.26) and «a;; = szij, while the second inequality comes from (4.34).
d

v,

Furthermore, the equality in (4.35) holds if and only if in
in (4.26) and (4.34).

(g;)i # 0 by the equality conditions
Hence, for each i € {1,..., K} we have

. citbi—zi - X CGt0i—2iy 4
na(fi= Y, XU Tin(piga) = Y X Hpsing(gy)
jind o (g;)i#0 3G o (9;)i#0
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_ cj+b;i—z; ci+b;—z;
= Z X€ pglnva(g]z—ZXJ p]ln’l)a g] § pjln
jjﬂv,a(gj)i?éo J=1

=X Fflc AT, (4.36)

In the first equality, the initial polynomials do not cancel each other because their sum is
X% fd e A}. Therefore in, o(f) € (AT

We now prove Property (4.27). Recall I’ := {i € I | a; = miny ¢y oy }. For i,i’ € I', we have

v'2 = a; = ay = v zy. By the Q-linear independence of the entries of v, we have

2 = zy for all i, € I'. (4.37)

Take any w € (R™)".

If we ) ;_ ;. Reg, then

My(I'ying o (f)) = {z el ’ deg,, (iny,o(f)i) = ??}fdegw(mva(f) /)}
= {z el

= 1. (by (4.37))

/ell

—w' 2z = max{—w zl}} (by (4.36))

So
(0w UJ) N My(I',ingo(f)) = (OwUJ )N 2T NI #0.

Ifwdd i 41 Repand d > 1, write w = w' +u where w' € Y77, | Reg and u € Zzzl Rey,.
Then
My(I', iny,a(f))

i eI | degy(ing.a(f)i) = meagdegw(mva(f)')}

Il
—N—

P I | <l des () = el sk den () ) (by (430)

e 1| dog, (1) = maxfdes, (DY) (v (437)

= M,(I', f9).

Since the last n — d entries of v are Q-linearly independent, we have a; ¢ O, if and only if

a; € Y4_| Zey. Hence, O, UJ' = 0, UJ' as in (4.33). Therefore,

(0w UJ') N My(I' ing.o(f)) = (O, UJ) N M,(I', f%) # 0.

156



Ifw¢ > p_ 41 Rep and d = 0. We have fleRfori=1,...,K,so

My(I' iny o (f)) = {z el

:{z‘e]’

=I'  (by (4.37))

et im0 (£)9) = o e ()

el

—w' - z; = max{—w' - zz-/}} (by (4.36))

So (O UJ") N My(I',ing o(f)) = (O, U YNNI DT NI #0.
This proves Property (4.27). O

4.7.4 Dimension reduction: the general case (LocInfD)

This subsection continues the work of the previous one. Our goal is to reduce Condition (LocIn-
fShift) to a Condition (LocInfD) (which will be defined in Proposition 4.7.11). In the previous
subsection we considered the special case where the vector v € (R™)" in Condition (LocInfShift)
is of the form (0,...,0,v441,... ,vn)T. In this subsection we consider the general case of v. The
key idea when dealing with the general case is the following coordinate change.

Given a matrix A = (aij)i<ij<n € GL(n,Z), define the new variables X7,..., X, where

X! = X{"X5% ... X Then
R[X1,..., X, = R[X],..., X]].
In other words, we can define the ring automorphism
oar A — A, X XTUXGH . X

such that ¢ 4(X?) = X4, The automorphism ¢4 extends entry-wise to AK — AK.

For each A € GL(n,Z), denote by A~ " the inverse of its transpose. Then (A~ Tv)" - (Ab) =
v'b for all v € (R")*,b € Z". Hence, for any f € A we have iny—7,(pa(f)) = ¢a(in,(f)), and
for any f € AX we have M, (I, f) = M —7,(I,4(f)). Furthermore, if we replace the vectors
ai,...,ax € Z" by the vectors Aay,...,Aax € Z", then the set O, becomes O,-7,. It is easy
to verify that if g,...,g,, is a super Grobner basis for M, then v4(g;),...,¢a(g,,) is a super
Grobner basis for 4 (M) == {pa(f) | f € M}.

Let v € (R")* and let A € GL(n,Z) be such that A~Tv = (0,...,0,v441,...,v,)" where
Vgi1,-- -, Uy are Q-linearly independent. Then as in the previous section we define the module

ini,T%a(goA(M)) to be the module generated by ini*%,a (palg1)),... ,ini,Tv’a(goA(gm)).
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The above observation shows the following. Fix v € (R™)" in (LocInfShift) of Theorem 4.4.8.
Given any change of coordinates A € GL(n,Z), we can simultaneously multiply A~" to v and
multiply A to all ay,...,ax, while applying ¢4 to the super Grobner basis gq,...,g,, of M.
Then the original properties (LocInfShift)(a)(b) are satisfied by f if and only if they are satisfied
by @a(f) after the change of coordinates. We will use this observation to reduce the general

case for v to the special case considered in the previous subsection.

Fact 4.7.10. For every vector v € (R")*, there exists a matrix A € GL(n,Z) such that A~ v =

(0,...,0,0g41,-..,0n)" with vgi1,...,v, being Q-linearly independent.

Proof. Tt suffices to show the following. If v € (R™)* is of the form (0,...,0,v4,...,v,)",
1 <d < n where vy, ...,v, are Q-linearly dependent, then we can find a matrix A; € GL(n,Z)
such that Agv = (0,... ,O,UQH, ...,v!)T. Indeed, if this is true, then we can find a series of

» Un
matrices Ay, ..., Arqs such that A, s--- Ar 11 A0 is of the form (0,...,0,v/ . q,... ;o) T with
V). fgi1s- -5V being Q-linearly independent. We would then let A := (A, - Ar+1Ar)_T.
Suppose now that v = (0,...,0,vg,...,v,)", 1 < d < n where vg,...,v, are Q-linearly
dependent. Let zg4,...,z, € Q, not all zero, be such that zqug + - - - 4+ zpv, = 0. Multiplying
them by a common denominator we can suppose zq4,...,2, € Z. Using Gaussian pivoting, we
can find a matrix Ay € GL(n —d+1,Z) such that (z4,. .. ,zn);lvd = (z,0,...,0) for some z € Z*.
Then we have
0= (Zdse s 2n) - (Wdseeos0n) T = (2 s 20) Ag - Ag (Vs 0m) T

= (2,0,...,0) - Ay (vgs-. . 00) T

rEn

—1 —~ 1

Therefore Ay (vg,...,v,)" is of the form (0, Vlyqse e Uy )T, We then let Ay = diag(Iy_1,Aq ).

That is, Ay is the block diagonal matrix consisting of the block 131 of (d—1)-dimensional identity
—1

matrix and the block Ag ~ of (n—d+1)-dimensional matrix. Then Aqgv = (0,...,0,v) ..., v, )T

rEn

O
Proposition 4.7.11. Condition (LocInfShift) of Proposition 4.7.4 is equivalent to the following:

2. (LocInfD): For everyv € (R")*, A € GL(n,Z), such that A~ Tv = (0,...,0,0441,...,0n) ",
0 <d < n—1 wherevgit,...,v, are Q-linearly independent, there exist o € (ZZ:d+1 ka)K

and f € inj,Tv o(Pa(M)) satisfying the following properties:

(a) f4e (AD)F.
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(b1) Denote I' ={i € I | a; = minyeyay}, J == O, UJ, we have
TOI#0. (4.38)

(b2) Denote by mq = Z" — Z2 the projection onto the first d coordinates. For u € (Rd)*,
define O), = {i € {1,..., K} | m4(Aa;) L u}, we have

(0, UJ") N M, (I, FH 40 for everyu € (Rd>*. (4.39)

Same as in Lemma 4.7.9, the Property (4.39) is considered trivially true when d = 0.

Proof. Fix a vector v = (vq,...,v,)" € (R")* in Condition (LocInfShift). Take any matrix

A € GL(n,Z) such that A= Tv = 0,...,0,v, 4, v))T where Vii1s-- -,y are Q-linearly

ren

independent. Note that Y ', Zvy = > ,_,.; Zv), because A € GL(n,Z). Therefore, we
can apply Lemma 4.7.9 to the super Grobner basis ¢a(g;),...,9a(g,,), the vector A=Tv =
(0,...,O,vfi+1,...,v;)T
there exist o € (D p_y44 ZU;C)K and f? ¢ ini,TU’a(gpA(M)) satisfying (LocInfD)(a)(b1)(b2) if

and only if there exists a € (34 Zvp)™ and f € M satisfying (LocInfShift)(a)(b). O

as well as the vectors Aaq,...,Aax € Z"™. Lemma 4.7.9 shows that

4.7.5 Local condition at infinity: computing cells (LocInfCell)

In this subsection we further reduce the Condition (LocInfD) to a Condition (LocInfCell)
which consists of verifying a finite number of v € (R")* for each coordinate-change matrix
A€ GL(n,Z).

Let v € (R")",ax € RX. Denote by e1,...,ex the canonical basis of the A-module AX. We

introduce the new variables 17, ..., Tk and define an A-module homomorphism
¢ AN S RIXE L OXETE L TE, XY XU

We have ¢(iny o (f)) = ing,q)(¢(f)) for every f € AK.

As in the previous subsections, let g4, ..., g, be a super Grobner basis of M. For each i
since ¢(g;) is a polynomial in ]R[Xli, e ,Xf,Tli, e ,T[%], there exists a partition of (R™)* x
RE such that for any two directions w,w’ in the same partition element the initial parts
ing (¢(g;)) ,iny (¢(g;)) are the same. Let L be the common refinement of the partitions
associated to the polynomials ¢(g;), ..., #(g,,)-

From now on we use the term “cell” to call an element of a given partition. Fix I C

{1,...,K}. There exists a partition £; of R¥ such that for any two vectors (a1,...,ax),
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(af,...,a) in the same cell, we have a; > o; <= o} > oz; and o; < aj <= o) < oz; for
all i, j € I. Define the partition £} := (R")* x L; of (R")* x RE where each cell is of the form
(R")* x P,P € Lj.

There exists a partition Lo of (R™)" such that any two vectors v, v’ in the same cell satisfy
vla < v La;forallie{1,...,K}. Similar to the definition of £/, we define the partition

= Lo x RE of (R")* x RE,

For any two partition A, B of the same set S, define AV B to be the partition of S whose
elements are of the form AN B, A € A, B € B. Consider the partition £ of (R™)* x R defined
by

L:=LmV LV Lp.

We point out that from the definition of the partitions Laq, L7, L), the cells of £ are invariant
under scaling by a positive real, meaning r € Q <= r-x € @ for all cells Q € £ and r € Ry.
By subdividing £ we can suppose that each cell is a convex polyhedron invariant by Rsg-scaling.

Let m: (R™)* x RE — (R")*, (v, @) — v be the canonical projection. For each Q € L, define

the two-element partition {m(Q), (R™")*\7(Q)} of (R™)". Define the following partition of (R™)":

P =\ {x(Q), R")"\ m(Q)}.
QeL
By this definition, take any P € P and Q € £ with 771(P) N Q # (), then for v,v’ € P, there
exists a € RF with (v,a) € Q if and only if there exists o/ € RX with (v/,a’) € Q. See

Figure 4.29 for an illustration.

e cellsin L
e cellsin P

Figure 4.29: Example of the partitions £ and P.

It is important to note that the partitions Laq, L5, Lo are all defined using equalities and
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inequalities with rational coefficients. Also, each inequality is strict, so every cell Q € £ and
P € P is relatively open (a polyhedron is called relative open if it is open in the smallest linear
space containing it). In other words, each cell is defined by a combination of equalities and strict
inequalities. We also point out that, like the cells of £, the cell of P are invariant under scaling
by a positive real, meaning x € P <= r-x € P for all cells P € P and r € Ryg.

For any coordinate change A € GL(n,Z), we similarly define the partitions A~T£ and A~ TP
based on the super Grobner basis ©4(g1),- .-, ¢Aa(g,,) and the vectors Aay, ..., Aag. In partic-
ular, each cell of A=T L is of the form diag(A~",Ix)-Q,Q € L, and each cell of A~ TP is of the
form A=T - P, P € P. By the definition of £ and A~ " £, we immediately obtain the following.

Lemma 4.7.12. Fiz a change of coordinates A € GL(n,Z), two sets I,J C {1,...,K}, and
a cell Q € A~TL. Then the sets I',.J" defined in (LocInfD)(b1) are effectively computable and
do not depend on v, as long as (A~ Tv,a) € Q. In particular, the Property (LocInfD)(b1) is

either always true or always false for v, o, (A~ Tv, ) € Q.

Proof. By the definition of the partition Lj, the set I’ = {i € I | a; = miny¢; oy} in Property
(LocInfD)(b1) only depends on which cell of £; contains a. Hence I’ only depends on the cell
of A=TL containing (A~ Tv, ). Similarly, by the definition of the partition Lo, the set O,
only depends on which cell of Lo contains v. Hence J' = O, U J only depends on the cell of
A~TL containing (A~ Tv,a). The sets I, J’ can be computed by taking an arbitrary element
(v, ) € @ with rational entries. Therefore, the truth of Property (LocInfD)(b1l) only depends

on the cell of A~ T £ containing (A~ v, a). O

Let Q € L. For (v, ), (v, ') € Q, we have
iny,a(g;) = iny.a(g;)

forall j =1,...,m. Thus,ifv = (0,...,0,v441,...,0,) " issuch that vg,1,...,v, are Q-linearly
d

independent, then iny .

(M) depends only on the cell @ € £ containing (v, ). Hence, we can

denote
indQ(gj) = inia(gj), j=1,...,m, indQ(./\/l) = ingja(M), where (v, ) € Q.

If A~Tv = (0,...,0,v441,...,v,)  is such that vgy1,...,v, are Q-linearly independent,

then ini,Tva(goA(M)) depends only on the cell Q € A~TL containing (A~ v, ). Similarly,

161



for j =1,...,m, we can denote

ind(alg;)) = inf-7, 4 (9a(g;)), G (pa(M)) = injr, ,(0a(M)), where (A" Tv, @) € Q.

The inputs in Theorem 4.4.10 are generators for modules M over A = R[Xli, o XE]
vectors ay,...,ax in Z" and two sets I,J. Our strategy is to use induction on n to prove
Theorem 4.4.10. The base case n = 0 reduces to linear programming. Indeed, when n = 0,
A =R,AT =R.g, the Property (4.14) is trivially true; and the problem becomes the following:
given an R-submodule M of RX decide whether M contains an element of RI;O. Since the given
generators of M all have integer coefficients, this is decidable using linear programming.

The following lemma shows that a decision procedure for Theorem 4.4.10 with smaller n can

help us decide for a given cell Q € L if the module indQ(cp 4(M)) contains an f? satisfying the
Properties (LocInfD)(a) and (b2).

Lemma 4.7.13. Fiz a change of coordinates A € GL(n,Z), two sets I,J C {1,...,K}, and a
number 0 < d < n — 1. Suppose Theorem 4.4.10 is true for all ng, 0 < ng <n—1. Fiz a cell
Qe AL, let I',J" be the pair of sets defined in (LocInfD)(b1). We can decide whether the
module indQ(cpA(M)) contains an element f satisfying the Properties (LocInfD) (a) and (b2).

Proof. Suppose Theorem 4.4.10 is true for all 0 < ng < n—1. In particular it is true for d < n—1.
Fix a cell Q € A~ T L. In (LocInfD), the A4-submodule ini,Tv’a(goA(M)) = ind) (pa(M)) of Al
is generated by the elements ingz(<p,4(gj)),j =1,...,m.

We then apply Theorem 4.4.10 the following way: replace n by d; replace the elements
g1s---,9, € AF by the elements indQ(cpA(gl)),...,indQ(cpA(gm)) € AX; replace the vectors
ai,...,ax € Z" by the vectors m4(Aay), ..., m4(Aag) € Z% and replace the sets I,.J by the sets
I')J'. Then Theorem 4.4.10 shows we can decide whether in%(go A(M)) contains an element f¢
satisfying f% e (A;)K and

(0L UJ)Y N M (I, f4) #£0, for every u € (Rd>* :

These are exactly the Properties (LocInfD)(a) and (b2). O

Denote by Op(A, d) the union of all cells Q € A~ L such that the Property (LocInfD)(b1) is
true for (A~ Tv, @) € @, and such that indQ(cp A(M)) contains an element f¢ satisfying the Prop-
erties (LocInfD)(a)(b2). By Lemma 4.7.12 and 4.7.13, the set Op(A, d) is effectively computable
as a finite union of polyhedra defined over rational coefficients (supposing Theorem 4.4.10 is

true for all 0 < ng <n —1). See Figure 4.30 for an illustration of Op(A4,d).
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Proposition 4.7.14. Condition (LocInfD) of Proposition 4.7.11 is equivalent to the following:

2. (LocInfCell): For every A € GL(n,Z) and every number 0 < d < n — 1, the following is

true:

a) For every v = (0,...,0,0441,...,0n) € {0} x (R"* with vgy1,...,v, being Q-
+ +

linearly independent, there exists o € (ZZ:dH ka)K with (v, ) € Op(A,d).

Proof. This follows directly from the definition of Op(A4,d). O

o cellsin Op(A, d)
e othercellsin A™" L,
e cellsin A TP

¢

Figure 4.30: Example of Op(A,d).

7

1

4

Q>

Figure 4.31: Illustration of Lemma 4.7.15

Lemma 4.7.15. Given A € GL(n,Z),d € N and given Op(A,d) as a finite union of polyhedra

defined over rational coefficients, it is decidable whether the statement (LocInfCell)(a) is true.
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Proof. Replace each cell Q in A~" L with its intersection with {0} x (R"~%)* x RX; and replace

each cell P € A~TP with its intersection with {0} x (R"~9)*. We can suppose A~ P is a
partition of (R"~9)* A~T L is a partition of (R"~%)* x RX Op(A4,d) C (R"~4)* x RX is a union

of cells in A~TL£, and that v € (R”_d)*. We separate two cases.

(1)

When d = n — 1. In this case, since the partitions are invariant under scaling, we can
suppose v, € {1, —1}. Then for each case v,, = 1 and v,, = —1, decide whether there exists
a € (Zv,)* = ZX with (v, @) € Op(A,d). Since Op(A,d) is a finite union of polyhedra
defined using rational coefficients, this is decidable using integer programming.

When d < n — 2. See Figure 4.31 for an illustration in this case. Whenever v =
(Vgs1,.--,vn) | With vgy1,..., v, being Q-linearly independent, v must fall in a cell P €
A~ TP of full dimension (dimension n — d). For each cell P € A~"P of dimension n — d,
consider all cells @ C Op(A,d) such that 7(Q) N P # (. If there is no such cell Q then
statement (LocInfCell)(a) is false. Indeed, in this case, since P € A~TP is of dimension
n — d, it contains an element v = (vgy1,...,v,) " With vgy1,...,v, being Q-linearly inde-
pendent. Then for this v, there does not exist any o € R¥ such that (v, @) € Op(A, d),
so statement (LocInfCell)(a) is false.

Suppose now that for every cell P € P of dimension n — d there exist cells Q C Op(A,d)
such that 7(Q) NP # (). Fix a cell P € P, let Q1,...,Qy denote all cells in Op(A, d) such
that 7(Q) NP # 0. Define Q, := Q; N7 1 (P) fort = 1,...,£. Each Q) is a relatively open
polyhedron.

Take an arbitrary @}, it is defined by the following equations and inequalities:

(Vig1s--- vn)| €P (4.40)
Biiar + -+ Bj KOK = Vjd+1Vde1 + + Vinln, J=1,...,m0, (4.41)
djaa1 + -+ 05 koK < €a41Vd41 + F €patn,  J=1,...,m1. (4.42)

Where (3,740, €5, are all rational numbers. Note that by the definition of P, for
v,v" € P, there exists a € R¥ with (v,a) € Q if and only if there exists o’ € RF with
(v, a’) € Q. Therefore w(Q}) = P and we can suppose that the left hand sides of (4.41)
and (4.42) do not vanish (so that no extra constraint on (vgi1,...,v,)' other than (4.40)
is imposed).

Using Gaussian pivoting and possibly exchanging the orders of «;,i = 1,..., K, we can
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rewrite the above equations and inequalities into the “reduced echelon” form

(Vag1,-- - 0n) €P (4.43)
a; = B p+10p+1 + -+ Bi KOK + Vide1Vas1 + o F YinUn, 1=1,...,D,  (4.44)

0jp+10p41 + - + 05 koK < € dr1Var1 + -+ €pn, J=1,...,m1. (4.45)

In particular, the number D € N is such that @)} is a polyhedron of dimension n—d+ K —D.
Let M € N be a common denominator of all 3; j,vix,i =1,...,D,j=D+1,... K,k =
d+1,...,n. We multiply both sides of the Equations (4.44) by M, and suppose Q) is
defined by

(Vas1,...,vn) €P (4.46)
Mo = Bipy1ops1 + -+ Bi kK + Vid41Var1 + -+ ViU, 1=1,...,D, (4.47)

djpr10py1 + -+ 05 kK < €j441Vdr1 + 0+ €ntn, J=1,...,my, (4.48)

where 3;;,vik,i=1,...,D,j=D+1,..., K,k =d+1,...,n, are integers.

Fix any v = (vg41, .- .,vn)T € P with vgyq,...,v, being Q-linearly independent. We
claim the following. There exists a € (3 _y.4 ka)K such that (v, @) € Q}, if and only
if the following system of (n — d)D equations has integer solutions z; 5,i =1,...,D,D +

1,... . Kk=d+1,...,n.

Mz 411 = Bipy12D+1,d41 + - + Bi k2K d+1 + Vid+1, 1=1,...,D,
Mz g0 = Bi py12D+1,d42 + - + Bi k2K ,d+2 + Vid+2, =1,...,D,
Mz = Bipy12Dy1in + -+ Bik2Kkn + Yim, 1=1,...,D. (4.49)

We now prove this claim. For the “only if” implication, suppose there exists an a €
(Y hedit ka)K such that (v, ) € Q}. Foreachi € {1,..., K}, write a; = > ). 2i k Uk,

then the Equations (4.47) become

n n n
M Z 2 kVk = Bi,D+1 Z 2D4+1,kVk+- -+ Bi K Z 2K kVk +Yi,d+1Vd+1+ " -+ YinUn,
k=d+1 k=d+1 k=d+1

i=1,...,D. (4.50)
Since vg41,. .., U, are Q-linearly independent, Equations (4.50) hold if and only if for all
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k=d+1,...,n, the coefficients of vy on both sides are equal. That is,
M'Zi,k:B’L’,D+1ZD+1,]€+“'+ﬁi,KZi,k‘+’yi7k7 i1=1,....D, k=d+1,...,n.

This is exactly the system (4.49).

For the “if” implication, suppose the system of equations (4.49) has integer solutions
Zigot=1,...,D,D+1,... K,k=d+1,...,n.

For each tuple of integers ¢;,i = D +1,..., K,k =d+1,...,n, we can construct a new
solution of the system (4.49) by letting Z;,k =zix+Mcig,i=D+1,...,K,k=d+1,...,n,

and

/ . .
Zid41 = Zid+1 T Bip+icpyrael + - + BikCkar1, i=1,...,D,

! .
Zidya = Zid+2 T Bip+1¢pi1,dr2 + -+ BikCrare, 1=1,...,D,

! .
Zin = Zin + ﬁi,D+1CD+1,n —+ -+ 5i,KcK,n7 i=1,...,D. (4.51)

Since zg’k,i =1,....,.D,D+1,..., K,k =d+1,...,n, is a solution for (4.49), it is easy
to verify that a; = >"p_;. #{ yvk,i = 1,..., K constitute a solution for (4.47). We now
show that for every tuple (vgyq,... ,vn)T € P, we can actually find integers c¢;,7 =
D+1,...,K,k=d+1,...,nsuch that oy == > "0_, (2 + Mcig)vg,i = D +1,...,n,
satisfy also (4.48).

Since @) is relatively open and non-empty, the set 7! ((vgi1,...,vs) ") N Q) is also non-
empty. Therefore, the solution set A for (ap,1,...,ar) € RE=P of the inequalities (4.48)
is non-empty. This solution set A is an open subset of RX~P since it is define by strict

inequalities. Since vg41,...,v, are Q-linearly independent, the set

{ai = Z (zig + Mcig)v

k=d+1

Ci,d+15---5Cin € Z}

is dense in R for every ¢ € {D+1,..., K}. Thus we can find ¢py1 441, ..,¢p+1,n € Z such
that apy1 = > p_gi1(2p41k + Mcpy1x)vy satisfies (apy1,2py2,...,2,) € A for some
TD42;--.,Tn € R. Similarly, by the openness of A, we can then find cpi2 441,...,¢p12n €
7 such that apyo = ZZ:d+1(ZD+2J€ + Mecpyoi)vi satisfies (apy1, apy2, £p43, ..., Tn) €
A for some zpys,...,z, € R. Continue this way and we will find integers c¢;,7 =
D+1,...,K,k=d+1,...,n such that (ap41,...,a,) € A. This tuple (aps1,...,ap)

satisfies (4.48). Since oy = > p_;. 1 2, vk, i = 1,..., K, is a solution for (4.47) regardless
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of the choice of ¢;, both (4.47) and (4.48) are now satisfied. We have proved the “if”
implication.

Note that whether the system (4.49) has integer solutions depend only on the coefficients
BikrVigst=1,...,D,5=D+1,..., K,k =d+1,...,n. These coefficients are determined
by the polyhedron @}, but not on the choice of v. For each Q},t = 1,...,¢, we can
decide whether its system (4.49) has integer solutions (by integer programming, or more
efficiently, by considering solutions modulo M). If for some t € {1,..., ¢}, its system (4.49)
has integer solutions, then the above claim shows that for all v = (vg41,. .., vp) ! € P with
VUd41,-- -,V being Q-linearly independent, there exists a € (Zzzd 11 ka)K such that
(v, @) € Q). Otherwise, if for all t € {1,..., ¢}, its system (4.49) has no integer solutions,
then for any v = (vgy1, ..., vn)T € P with vgy1, ..., v, being Q-linearly independent, there
does not exist a € (D p_y4 ka)K such that (v, ) € Q).

To summarize, in order to decide whether the statement (LocInfCell)(a) is true, it suffices
to enumerate all cells P € A~TP of dimension n — d. For a cell P, if there is no cell
Q C Op(A,d) such that 7(Q) NP # . then statement (LocInfCell)(a) is false. Otherwise,
for each @1, ..., @), check whether system (4.49) has integer solutions; in case an integer

solution exists for some @}, we call the cell P “operational”. If every cell P € P of

dimension n —d is operational, then statement (LocInfCell)(a) is true, otherwise it is false.

O]

4.7.6 Proving Theorem 4.4.10: induction and a double procedure

In this subsection we give the full proof of Theorem 4.4.10. The overall strategy is to use
induction on n, while deciding the Conditions (LocR) and (LocInf) from the local-global principle
(Theorem 4.4.8).

Theorem 4.4.10. Fiz n € N. Suppose we are given as input a set of elements g,,...,9,, €
AE with integer coefficients, as well as the vectors ai,...,ax € Z" and two subsets I,J of
{1,...,K}. Denote by M be the A-submodule of AX generated by g,,...,g,,. It is decidable
whether there exists f € M satisfying f € (A*)K and

(O, UJ)NMy(I,f)#0  for every v € (R™)*. (4.14)

Here, if n =0 then A is understood as R, and Property (4.14) is considered trivially true.

Proof. We use induction on n. As remarked in Subsection 4.7.5, the base case n = 0 degenerates

into linear programming (given an R-submodule M of R¥, decide whether M contains an
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element of ]R[;O). Suppose we have a decision procedure for all ng < n, we now construct a
procedure for n.

By the local-global principle (Theorem 4.4.8), it suffices to decide whether the two conditions
(LocR) and (Loclnf) are both satisfied. First we check if (LocR) is true using Proposition 4.7.2.
If (LocR) is false then we return False and conclude there is no f € MnN (A*)K satisfying (4.14).
If (LocR) is true then we proceed.

We now run the two following procedures in parallel:

1. Procedure A: We enumerate all elements of the Z[X:E, ..., X;F]-module:
m
Mg =8> "hj-g; | h1,... hm € ZIXT, ..., X]]
j=1

For each element f € Mz, check if f is in (A*)K and if it satisfies Property (4.14). This
can be done in the following way: since the entries of f contain finitely many monomials,
it suffices to check Property (4.14) for a finite number of v. Indeed, since each of fi,..., fx
has only finitely many monomials, there exists a partition L of (R™)" such that for each
cell L € Ly, all directions v € L yield the same set M, (I, f). Recall the partition Lo of
(R™)* defined in Subsection 4.7.5. For each cell L € Lo, all directions v € L yield the
same set O,. Therefore, it suffices to check Property (4.14) for one vector v in each cell of
the partition L7 V Lo. This can be done in finite time for any given f. If some element

feMygisin (A+)K and satisfies Property (4.14), we stop the procedure and return True.

2. Procedure B: We enumerate all A € GL(n,Z) and d € {0,1,...,n — 1}. For each A
and d, compute Op(A,d) using Lemma 4.7.13 and the induction hypothesis on n. Using
Lemma 4.7.15, we check if the statement (LocInfCell)(a) from Proposition 4.7.14 is false.
If for some A, d, the statement (LocInfCell)(a) is false, then we stop the procedure and

return False.

We claim that one of the two above procedures must stop.

Indeed, if M contains an element of (A+)K satisfying Property (4.14), then there exists an
element f € MyznN (A*)K satisfying Property (4.14) (see Lemma 4.4.7). In this case, Procedure
A terminates by finding an element f of Mz N (A*)K that satisfies Property (4.14).

If M does not contain an element of (A+)K satisfying Property (4.14), then by Theorem 4.4.8,
Condition (LocInf) must be false (since we have already checked (LocR) to be true). By the
chain of Propositions 4.7.4, 4.7.11 and 4.7.14, the statement (LocInfCell)(a) must be false for
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some A € GL(n,Z) and d € {0,1,...,n — 1}. In this case, Procedure B terminates by finding
A€ GL(n,Z) and d € {0,1,...,n — 1} where the statement (LocInfCell)(a) is false.
Therefore, by running Procedure A and Procedure B in parallel, we obtain an algorithm that

always terminates for n. O
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Chapter 5
The special affine group SA(2,7Z)

5.1 Introduction and main result

Many semigroup algorithmic problems were first considered in the context of matrix semigroups.
Indeed, the first undecidability result given by Markov [72] showed undecidability of Semigroup
Membership for integer matrices of dimension six. Most group and semigroup algorithmic prob-
lems remain undecidable even for matrix groups of smaller dimensions. Mikhailova [74] famously
showed undecidability of Group Membership (and hence also Semigroup Membership) in the spe-
cial linear group SL(4,7Z). Later, Bell and Potapov [16] showed undecidability of the Identity
Problem and the Group Problem in SL(4,7Z). Both undecidability results stem from the fact
that SL(4,Z) contains as a subgroup a direct product of two free groups over two generators.
In SL(2,Z), Semigroup Membership, the Identity Problem and the Group Problem were shown
to be NP-complete by Bell, Hirvensalo and Potapov [14, 15|, while Group Membership was
shown to be in PTIME by Lohrey [66]. All these complexity results suppose the elements of
SL(2,Z) to be represented by matrices with binary encoded entries. It remains an intricate open
problem whether any of these four algorithmic problems is decidable in SL(3,7Z). Nevertheless,
Ko, Niskanen and Potapov [58] recently showed that the direct product {a,b}* x {a,b}* of two
free monoids over two generators cannot be embedded into the group SL(3,7Z). This excluded
the possibility of directly embedding the Post Correspondence Problem (Theorem 4.1.1), and
suggested that Semigroup Membership in SL(3,7Z) might be decidable.

Since most algorithmic problems have been solved for SL(2,Z), but seem currently out of
reach for SL(3,7Z), this chapter will focus on an intermediate group between SL(2,7Z) and SL(3,Z):

the special affine group SA(2,7Z). Recall that elements of SA(2,Z) are 3 x 3 integer matrices of
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the following form.

SA(2,7) = {(61 ‘1‘> ‘ AeSL2,Z),ac ZQ} CSL(3,2).

To be precise, elements of SA(2,7Z) are represented using matrices with binary encoded entries.
We denote by (A,a) the element <61 Cf), then the neutral element of SA(2,Z) is (I,0); the

group law in SA(2,7Z) is given by
(A,a) - (B,b) = (AB, Ab + a).

Naturally, SA(2,Z) has a subgroup {(4,0) | A € SL(2,Z)} = SL(2,Z).

Special affine groups are important in the context of many fundamental problems, such
as Lie groups [98], polyhedral geometry [75], dynamical systems [24], quadrics [93], computer
vision [39, 63] and gauge theory [2]. Apart from the intrinsic interest to study SA(2,Z), we also
point out that the Special affine group has tight connections to various reachability problems.
Some of the central questions in automated verification include reachability problems in Affine
Vector Addition Systems and Affine Vector Addition Systems with states (Affine VASS) over
the integers [85]. While both problems as well as many of their variations have been shown to be
decidable in dimension one and undecidable for dimension three [38, 59], few results are known
for dimension two. Since the study of these reachability problems in dimension two necessitates
the study of sub-semigroups of SA(2,Z), the techniques introduced in this chapter might provide
insights into these open problems.

Currently, among the decision problems introduced in Section 2.2.2, the only known result
in SA(2,Z) is the decidability of Group Membership. This can be deduced from the recent
work of Delgado [32], who showed decidability of Group Membership in the semidirect product
Z™ x F, where F is a free group. Delgado’s result relies on generalizing the techniques of
Stallings foldings [52], and can therefore be extended to the case where F' is virtually free. This
can then be applied to the group SA(2,Z) = Z? x SL(2,Z), since SL(2,Z) is virtually free. In
this chapter, we step further by considering the Identity Problem and the Group Problem in
SA(2,7Z).

Main result

Our main result is decidability and NP-completeness of the Identity Problem and the Group
Problem in SA(2,7Z). This extends the NP-completeness result of Bell et al. [14] for the Identity
Problem and the Group Problem in SL(2,Z).
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Theorem 5.1.1. The Group Problem and the Identity Problem in SA(2,7Z) are NP-complete.

The NP-hard lower bounds in SA(2,7Z) directly follows from its embedding of the subgroup
SL(2,Z). Therefore our main contribution is the decidability and the NP upper bounds.

Beyond the Identity Problem and the Group Problem, we will also discuss some obstacles to
generalizing our results to Semigroup Membership in SA(2,Z). Our results actually show that
Semigroup Membership in SA(2,Z) is decidable in many cases under additional constraints. We
identify one of the remaining difficult cases, namely when the semigroup (G) is isomorphic to a
sub-semigroup of the semidirect product Z[\] X Z, where A is a quadratic integer. Semigroup
Membership in Z[A] X Z remains an open problem. However, the group Z[A] x ) Z bears certain
similarities to the Baumslag-Solitar group BS(1,q) = Z[é] X4 Z; and a recent result by Cadilhac,
Chistikov and Zetzsche [25] showed decidability of the rational subset membership problem! in
BS(1, ¢) by considering rational languages of base-q expansions. Despite some visible difficulties,
it would be interesting in the future to adapt this approach to study Semigroup Membership
in Z[A] x) Z, namely by considering rational languages of base-\ expansions [20], where \ is an

algebraic integer.

Organization of the chapter

The organization of this chapter is as follows. Section 5.2 contains the preliminaries in linear
algebra, group theory, as well as a classification of elements in SL(2,7Z). Section 5.3 gives an
overview of the decision procedure for the Group Problem (and hence the Identity Problem)
in SA(2,Z). This procedure relies on an effective dichotomy on the structure of subgroups of
SL(2,Z) (the Tits alternative, Theorem 5.3.2). We then solve the Group Problem in the two
cases of the dichotomy. Section 5.4 deals with the case when the projection of (G),, on SL(2,Z)
contains a non-abelian free subgroup. Section 5.5 deals with the case when the projection of
(G)grp on SL(2,7Z) is virtually solvable. Finally, in Section 5.6 we discuss possible extensions of

our result and obstacles to solving Semigroup Membership in SA(2,Z).

5.2 Preliminaries

Full-image words

Let G be an arbitrary group and G = {g1,...,9x} be a set of elements in G. Recall from
Lemma 2.2.1 that the semigroup (G) is a group if and only if the neutral element I of G is

represented by a full-image word w € G*. The following lemma slightly extends this result.

!The rational subset membership problem subsumes Semigroup Membership.
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Lemma 5.2.1. Let G = {g1,...,9x} be a set of elements in a group G. Suppose the semigroup

(G) is a group, then every element g € (G) is represented by a full-image word over G.

Proof. 1f (G) is a group, then by Lemma 2.2.1, the neutral element I is represented by some
full-image word w; € G*. Then for any element g € (G), represented by some word wy € G*, the

word w = wywy is a full-image word representing g. 0

Let G = {(A1,a1),...,(Ak,ax)} be a set of elements in SA(2,Z). Suppose that an element
A€ (Aq,...,Ax) inSL(2,Z) is represented by a full-image word w in the alphabet {A;, ..., Ax}.
Then replacing each letter A; in w by (A4;,a;), we obtain a product (A, a) € SA(2,Z) for some

a € 72, represented by a full-image word over G.

Linear algebra

For an arbitrary matrix A € SL(2,7), an invariant subspace of A is a C-linear subspace V of C?
such that AV = V. If the eigenvalues of A are reals, then one can suppose that the invariant
spaces of A are subspaces of R2. Denote by Lat(A) the set of dimension one invariant subspaces
of A. If A ¢ {I,—1I}, then Lat(A) has one or two elements.

Two matrices A and B are called conjugates over a field K if P~' AP = B for some invertible
matrix P with entries in K. This is denoted as A ~ B. Two matrices A,B € SL(2,Z) are
called simultaneously triangularizable if there exists a complex matrix P such that P~'AP and
P~!BP are both upper-triangular. It is easy to see that if Lat(A) N Lat(B) # (), then A and
B are simultaneously triangularizable. Indeed, let v be any non-zero vector in a subspace of
Lat(A) N Lat(B), and let P = (v, w) be such that w is linearly independent from v. Then both
P~1AP and P~'BP are upper-triangular.

Group theory

Recall the definition of a solvable group (Definition 2.1.9). Every subgroup of a solvable group
is solvable [34, Proposition 13.91]. For any field K and a number n, denote by T(n,K) the
group of n x n invertible upper-triangular matrices with entries in K. Then T(n,K) is a solvable
group [12]. In particular, if two matrices A, B € SL(2,Z) are simultaneously triangularizable,
then the group G they generate is isomorphic to a subgroup of T(2,C); thus G is solvable.
Recall the definition of a free group (Subsection 2.1.1). Like solvable groups, the class of free

groups is stable under taking subgroups:

Theorem 5.2.2 (Nielsen—Schreier [90, Chapter I, Theorem 5]). Every subgroup of a free group

18 free.
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Given an arbitrary group G with neutral element /. Recall that an element 1" € G is called
torsion if T™ = I for some m > 1. A group is called torsion-free if it does not contain any
non-trivial torsion element (i.e. if its only torsion element is the neutral element). In particular,
a free group is torsion-free.

A group is called wvirtually solvable if it admits a finite index subgroup that is solvable.
Similarly, a group is called wvirtually free if it admits a finite index subgroup that is free. The

following is a classic result on the structure of SL(2,Z).

Theorem 5.2.3 ([80]). The group SL(2,Z) is virtually free. Moreover, it contains a finite index

free subgroup F({S,T}) over two generators.
Based on this fact, Bell, Hirvensalo, and Potapov showed the following complexity result.

Theorem 5.2.4 (Bell, Hirvensalo, Potapov [14]). The Identity Problem and the Group Problem
in SL(2,Z) are NP-complete.

Classification of elements in SL(2,7Z)

Let A = <ch Z) be a matrix in SL(2,Z). The characteristic polynomial of A is f(X) =

X2 —(a+d)X + (ad — be) = X? — (a + d)X + 1. Consider the five following cases.

(i) a+d=0.
?
0

Q)

In this case, A '~ < _Ol>, the eigenvalues of A are i and —i. We have A* = I, so A is

a torsion element.

(i) la+d| = 1.

In thi A~
n this case, 0 w-l

A5 =T, so A is a torsion element.

) <w 0 >, where w = 1+§/§i or _1‘2‘/§i. In both cases, we have

(iii) a+d = 2.
11

01
The only eigenvalue of A is 1. If A is a shear, then Lat(A) has exactly one element. See

In this case, either A = I, or A 2 ( . In the second situation, we call A a shear.

Figure 5.2 for an illustration.

(iv) a+d=—2.

-1 1
0 -1
twisted inversion. In particular, if A is a twisted inversion, then (A +1)? = 0, and 4% is a

In this case, either A = —1I, or A 2 < ) In the second situation, we call A a

shear, and Lat(A) has exactly one element.
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(v) |la+d| > 3.

A0
0 !
A is real. In this case, we call A a scale. If A\ > 0, we call A a positive scale; if A < 0,

In this case, A R ( >, where A is the root of f(X) such that |A\| > 1. Furthermore,
we call A an inverting scale. In both cases, Lat(A) has two elements, one element is the
invariant space corresponding to the eigenvalue A, and is called the stretching direction;
the other element is the invariant space corresponding to the eigenvalue A™!, and is called

the compressing direction. See Figure 5.1 for an illustration.

Ax
A Aa:\
N\

x
<—> Stretching direction
>—=< Compressing direction <—— Invariant subspace
Figure 5.1: Illustration for a positive scale. Figure 5.2: Illustration for a shear.

5.3 Overview of decision procedures

In this section we give an overview of the decision procedure for the Group Problem (and hence
the Identity Problem) in SA(2,Z). We state two propositions (Propositions 5.3.3 and 5.3.4)
regarding the structure of sub-semigroups of SA(2,Z). Assuming these propositions, we prove
NP-completeness of the Identity Problem and the Group Problem in SA(2,Z). The proofs of
propositions 5.3.3 and 5.3.4 are delayed until Section 5.4 and 5.5.

We focus on solving the Group Problem, because by Lemma 2.2.4, decidability and an NP
upper bound of the Group Problem will imply decidability and an NP upper bound of the
Identity Problem. Fix a set

G ={(A1,a1),...,(Ak,aK)}

of elements in SA(2,Z). The following lemma shows that, if the semigroup H = (41,..., Ak)
is not a group, then (G) is also not a group. Therefore, to decide whether (G) is a group, we can

focus on the case where H is a group.
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Lemma 5.3.1. Let G = {(A1,a1),...,(AKk,aK)} be a set of elements of SA(2,7Z). If the

semigroup H = (A1, ..., Ak) is not a group, then the semigroup (G) is also not a group.

Proof. If (G) is a group, then (A; ', —A;'a;) = (A;,a;)~' € (G) for all . Therefore, A;! €

)

(A1,...,Ak) for all . Thus (Ay,...,Ak) is a group. O

Suppose now that H is a group. The key idea of solving the Group Problem is the following

dichotomy known as the Tits alternative.

Theorem 5.3.2 (Tits alternative [96, Theorem 1], effective version [12, Theorem 1.1}). Fiz any

n € N. Given a finitely generated subgroup H of SL(n,Z), exactly one of the following is true:

(i) H contains a non-abelian free subgroup.

(i) H is virtually solvable.

Furthermore, given a set of group generators of H, it is decidable in PTIME which of the two

cases 1S true.

In case of H containing a non-abelian free subgroup, we will prove the following Proposi-

tion 5.3.3, which shows that the semigroup (G) must be a group.

Proposition 5.3.3. Let G = {(A1,a1),...,(AKk,aK)} be a set of elements of SA(2,Z), such that
the semigroup H = (A1, ..., Ak) is a group. Suppose H contains a non-abelian free subgroup,

then (G) is a group.

The proof of Proposition 5.3.3 is highly non-trivial and will be given in Section 5.4. The
proof is mainly geometric: it consists of analysing the action of SA(2,7Z) on the lattice Z2.

In case of H being virtually solvable, we will prove the following Proposition 5.3.4 which
refines the Tits alternative. In particular, it shows that virtually solvable subgroups of SL(2,Z)
have relatively simple structure: it is either trivial, or it contains a non-trivial torsion element,

or it is infinite cyclic.

Proposition 5.3.4. Let G = {(A1,a1),...,(Ax,ak)} be a set of elements of SA(2,Z), such
that the semigroup H := (A1,...,Ak) is a group. Suppose H is virtually solvable, then exactly

one of the following six conditions holds:

(i) H is the trivial group.
(ii) H contains a non-trivial torsion element.
(11t) H = (A)grp, where A is a twisted inversion.

() H = (A)grp, where A is a shear.
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(v) H = (A)grp, where A is an inverting scale.

(vi) H = (A)grp, where A is a positive scale.

Furthermore, in cases (ii), (iii) and (v), the semigroup (G) is always a group. Qwverall, it is

decidable in PTIME whether (G) is a group.

Proposition 5.3.4 will be proved in Section 5.5. The proof will be mainly algebraic: it
consists of analysing the structure of sub-semigroups of a virtually solvable group. Lemma 5.3.1-
Proposition 5.3.4 yield the decidability of the Group Problem (and consequently, the Identity
Problem) in SA(2,7Z). An overview of the procedure is given in Algorithm 5.1. The justification

of each step is given in parentheses with reference to the corresponding lemmas or propositions.
Theorem 5.1.1. The Group Problem and the Identity Problem in SA(2,7Z) are NP-complete.

Proof. The NP-hard lower bounds come from the NP-completeness of both problems in the
subgroup SL(2,Z) = {(4,0) | A € SL(2,Z)} < SA(2,Z) (see Theorem 5.2.4).

To show decidability and the NP upper bounds, we first solve the Group Problem. Let
G ={(A1,a1),...,(Ak,ax)} be a set in SA(2,Z). As a first step, we can check in NP whether
(A1, ..., Ak) is a group (Theorem 5.2.4). If (A;,..., Ak) is not a group, then (G) is not a group
by Lemma 5.3.1.

Suppose now that (A, ..., Ax) is a group. As the second step, we check in PTIME whether

(A1, ..., Ak) contains a non-abelian free subgroup using the Tits alternative (Theorem 5.3.2).
If (A,...,Ak) contains a non-abelian free subgroup, then the Group Problem has a positive
answer by Proposition 5.3.3. Otherwise, (A1, ..., Ax) is virtually solvable, and we can decide

the Group Problem in PTIME using Proposition 5.3.4. In total, the Group Problem for G can
be decided in NP.
By Lemma 2.2.4, the Identity Problem in SA(2,Z) can also be decided in NP. O

5.4 Non-abelian free subgroup

In this section we prove Proposition 5.3.3:

Proposition 5.3.3. Let G = {(A1,a1),...,(AKk,aK)} be a set of elements of SA(2,Z), such that
the semigroup H = (A1,..., Ak) is a group. Suppose H contains a non-abelian free subgroup,

then (G) is a group.

The proof depends on two lemmas concerning the effect of “pumping” a word (A, a)(B,b),

where (A4,a) - (B,b) = (I, z) for some x € Z?. Let A be a scale with Lat(A) = {V,W}. Since
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Algorithm 5.1 Deciding the Group Problem in SA(2,7Z).
Input: A subset G = {(A41,a1),...,(Ax,ax)} of SA(2,Z).

Output: True ((G) is a group) or False ((G) is not a group).

1. Decide whether the semigroup H = (Aj,..., Ak) is a group by Theorem 5.2.4. If H is
not a group, return False. (Lemma 5.3.1)
2. Decide for H < SL(2,Z) which case of Theorem 5.3.2 is true.
3. If H contains a non-abelian free subgroup, return True. (Proposition 5.3.3)
4. If H is virtually free, decide which case of Proposition 5.3.4 is true using Lemma 5.5.4.
(i) If H is trivial, decide whether nja; + - --nxax = 0 has a solution over ZI;O. If yes,
return True, otherwise return False. (Proposition 5.5.5)
(ii) If H contains a non-trivial torsion element, return True. (Proposition 5.5.6)
(iii) If H = (A)grp, where A is a twisted inversion, return True. (Proposition 5.5.7)
(iv) If H = (A)gyp, where A is a shear, compute the set p(G) defined by Equation (5.7).
Decide whether (¢(G)) is a group using Algorithm 3.1 (Theorem 5.5.8). If yes, return
True; if not, return False. (Corollary 5.5.9)
(v) If H = (A)grp, where A is a inverting scale, return True. (Proposition 5.5.10)
(vi) If H = (A)grp, where A is a positive scale, compute the set S defined by Equa-
tion (5.10). Decide whether the condition in Proposition 5.5.14 is satisfied for S. If
yes, return True; if not, return False. (Corollary 5.5.15)

V, W are distinct one dimensional subspaces of R?, every element & € R? can be written uniquely
as € = xy + xw, where xy € V, xyy € W. We will adopt this notation in the following lemma.

For an element y € R?, yy,, yy, are defined similarly. We use || - || to denote the Euclidean norm.

Lemma 5.4.1. Let (A, a),(B,b) be elements of SA(2,Z) such that (A,a) - (B,b) = (I,x) for
some x € Z2. Suppose A is a scale; denote by V,W the elements of Lat(A), and suppose
x ¢ VUW. Let v be any non-zero vector in the subspace V.

Then for every € € (0,1), there ezists a word w € {(A,a),(B,b)}*, such that (A,a) - w -
(B,b) = (I,y), where y € Z? satisfies

vy
lvll[lyll

<e yyxy >0, ypxw >0. (5.1)

In other words, the acute angle 6 between y and V' satisfies 1 — cosf < e. Also, y and x lie in

same cone out of the four cut out by V and W. See Figure 5.3 for an illustration.

Proof. Since (A, a) - (B,b) = (I,x), we have B= A~! and = = Ab + a.

Let X be the eigenvalue of A associated to the invariant subspace V, then A~! is the eigenvalue
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Figure 5.3: Illustration for Lemma 5.4.1. Figure 5.4: Illustration for Lemma 5.4.2.

associated to the invariant subspace W. Then we have A"x = \"xy + A\ "aw for every integer

n. Consider two cases.

1. If V is a stretching direction. In this case, |A| > 1. Let m > 0 be a positive integer, and
let w = (A, a)™ 1(B,b)™ 1. Consider the product

=(I,(T4+A+---+ A™V)(4b + a))

LI+ A+ 4+ AM D)
m—1 A m—1 A

= <I, > Nay + > A—me) (5.2)
1=0 =0

Let y = 22161 Ny + Z?;_Ol A lxy, then y, = Z?:ol Ny, yy = Z?:ol Ay
Since @ ¢ V UW, we have zy # 0,z # 0. When m is odd, we have Z?Z)l A> 0,
Z?;_Ol 278> 0, so yyzy > 0 and yy,xw > 0.

JvTy|
Tyl

.
that when m tends towards infinity, the value m will tend to one. Indeed,

Note that we always have < 1 by the Cauchy-Schwarz inequality. We then show

lvTy| ’Zm "o Ty + 3 A ww‘
[EA “Z?lol/\’varZi:B A—szH
(St o] (St A7) oTaw|
"ol [Tt vy + Srg A lol [Sit vey + S0 A
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el JoTaw]
[oll Ty + A=z ]|~ ol [V Tay + zw]

When m — oo, the right hand side tends towards 1 — 0 = 1. This is because |A| > 1 and

v # 0,xy # 0. Hence, for a large enough odd integer m, we have

vy

T T
- >0 > 0.
Jollg = YvEV ST YwEw

. If V' is a compressing direction. In this case, |A\| < 1. Let m > 0 be a positive integer, and

let w = (B,b)™(A,a)™. Consider the product

(A,a)-w- (B,b)
= (A,a)(B,b)(B,b)™" YA, a)" (A, a)(B,b)
- (1, QI+ A 4 A D) A+ a))

= (I, I+ A 4.+ A*(mfl))m)
m—1 m—1

(I, (1 +) w) zy + (1 +) x’) ww>
1=0 1=0

Let y = (1 + st )\_i> Ty + (1 + 3t )x’) xw, then y, = (1 + 3yt )\_i> xTy,
Y = (1—1—2”‘ IAZ) xw. Since © ¢ VU W, we have xy # 0 and zyw # 0. When

m is odd, we have 371 A > 0, ST ATT > 0, s0 yl@y > 0,y xw > 0.

We then show that when m tends towards infinity, the value Iyl < 1 will tend to one.

oyl
Indeed,

"UTy‘ ‘(1—1—2?61)\_")0 mv+<1+zm 1)3)'0 azw‘
lolllyl oy || (1+ St a) @y + (14 S0 A |

/
[TES [vTzw |
> L -
ol o + SRS e | ol [ Ry +

When m — oo, the right hand side tends towards 1 — 0 = 1. This is because |A| < 1 and

v #0,xy #0, so )
1 A
SEES > it
RS S

Hence, for a large enough odd integer m, we have

vy

T T
- < >0 zw > 0.
ellfyll = FVE ST SR
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Combining the two cases yields the desired result. O

A similar lemma can be proved for shears. In this case we want the stronger condition

T T
1— 2 e f1— oyl <
Tollly < € instead o Tollyll < €

Lemma 5.4.2. Let (A, a),(B,b) be elements of SA(2,7Z) such that (A,a) - (B,b) = (I,x) for
some x € Z2. Suppose A is a shear, Lat(A) = {V}, and = ¢ V. Let v be any non-zero vector
in the subspace V.

Then for every € € (0,1), there ezists a word w € {(A,a),(B,b)}*, such that (A,a) - w -
(B,b) = (I,y), where y € Z? satisfies

’UTy

- 2Y (5.3)
oyl

and y and x lie in same halfspace cut by V. In other words, the angle 0 between y and v satisfies

1 —cosf < e. See Figure 5.4 for an illustration.

Proof. Since (A,a) - (B,b) = (I,x), we have B = A~ and z = Ab + a.

Let W be the orthogonal space of V', and w be a non-zero vector in W. Under the basis
{v,w}, the matrix A has the form (é lf), where p # 0. Then for every integer n, we have
A"x = x + nucv, where c is a scalar such that cw = @y . Since ¢ V, we have xy # 0, so

¢ # 0. Consider two cases.

1. If guc > 0. Let m > 0 be a positive integer, and let w := (A, a)™ ' (B,b)™ 1. Consider

the product

(A,a) w-(B,b)
= (A,a)™(B,b)™
_ (I,(I+A+---+A<m—1>)(Ab+a,))
= (I,(I+A+-~+A(m*1))m)

-1
= (I,mw—sz(n;)ucv).

m(m—1)

Let y := mx + —5—pcv, then y and x lie in same halfspace cut by V.

We then show that when m tends towards infinity, HU”HT#” will tend to one. Indeed,

vy _ mv'x + Wucvj—v
[oll[yll o] Hmac—k%ucv“
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When m — oo, this expression tends towards 0+ 1 = 1, because puc > 0 and v # 0. Hence,

-
for a large enough odd integer m, we have 1 — m <e.

2. If uc < 0. Let m > 0 be a positive integer, and let w := (B,b)"(A,a)™. Consider the

product

(A,a)-w - (B,b)
— (A,a)(B,b)(B,b)" (A, a)™ (A, a)(B,b)
- (1, @I+ A 4 4 AmDy(Ab + a)>

- (I, Q[+ A 4. 4 A*<m*1>)w)

= <I, (m+1)x — m(n;_l)ucv) .

Let y == (m+ 1)z — m(wg_l)ucv, then y and « lie in same halfspace cut by V.

We then show that when m tends towards infinity, H;"‘Tﬁ will tend to one. Indeed,
vy (m+ 1o’z — Mucv—rv

T ™ ol [Jom -+ 1) — 25D o]

v — i el

ol - Smuee| - [lo - SEne|

When m — oo, this expression tends towards 0+ 1 = 1, because puc < 0 and v # 0. Hence,

-
for a large enough odd integer m, we have 1 — m <e.

We now prove Proposition 5.3.3.

Proposition 5.3.3. Let G = {(A1,a1),...,(AKk,ax)} be a set of elements of SA(2,7Z), such that
the semigroup H = (Ay,..., Ak) is a group. Suppose H contains a non-abelian free subgroup,

then (G) is a group.

Proof. Suppose that the group (A, ..., Ax) contains a non-abelian free subgroup. In particular,
it contains a subgroup isomorphic to the free group F5 of two generators. Let A, B be elements
of (A1,...,Ak) that generate this free group. Since A, B are non-torsion, they are twisted

inversions, scales, or shears. Hence, A%, B? € (Ay,..., Ag) are positive scales or shears. Since

182



A and B generate a non-abelian free group, A? and B? also generate a non-abelian free group.
Therefore, we can replace A, B by A?, B%, and without loss of generality suppose A and B to
be positive scales or shears.

Since (Aj,...,Ak) is a group, A and B can be represented by full-image words over the
alphabet {41,..., Ax} due to Lemma 5.2.1. Hence, let (4,a) and (B,b) be elements in (G)
represented by full-image words.

Note that A, B are not simultaneously triangularizable, otherwise the group they generate is
isomorphic to a subgroup of T(2, C), which is solvable (see Section 5.2). This contradicts that fact
that A, B generate a non-abelian free group (see Theorem 5.3.2). Therefore, Lat(A)NLat(B) = 0.
There are three cases to consider:

(1) Both A and B are positive scales.
(2) One of A and B is a shear.
(3) Both A and B are shears.

Case 1. Both A and B are positive scales. Denote Y = A~!B~1 € (Ay,..., Ak),
we have AYB = I. Let y € Z* be such that (Y,y) € (G), and let = € Z? be such that
(A,a)(Y,y)(B,b) = (I,x). If £ = 0, then (I,0) can be represented as a full-image word over
G, since (A,a) can. In this case, (G) is a group by Lemma 5.2.1. Otherwise, there are two
subcases. Starting from any one-dimension subspace S, rotate S counter-clockwise and consider
its sequence of encounters with Lat(A) and Lat(B) before finishing a full cycle. Either the
sequence of encounters is a cyclic permutation of (Lat(A),Lat(A),Lat(B),Lat(B)), or it is a
cyclic permutation of (Lat(A), Lat(B), Lat(A), Lat(B)).

(a) First consider the case of (Lat(A), Lat(A), Lat(B), Lat(B)). An illustration for the proof
of this case is shown in Figure 5.5. Denote by V4, W4, Vg, Wg these subspaces in this
order. Since & # 0, either ¢ ¢ V4 U Wy, or & ¢ Vg U Wp. Without loss of generality

suppose « ¢ Vg U Wp.

Let € > 0. Apply Lemma 5.4.1 to &, to the elements (A’,a’) = (A,a)(Y,y) and (B,b),
and to the subspaces Vg, Wy of Lat(B) = Lat(A’). (Note that A’ = B~} so Lat(4) =
Lat(B).) Since (A’,a’)(B,b) = (A,a)(Y,y)(B,b) = (I,z), Lemma 5.4.1 shows there exists
an element w € (G) such that (A’,a’) - w - (B,b) = (I,x1), with

v pe1 |

1— —B7
[vg|[l@:]l

<e, (ml)‘T/B xy, >0, (a:l)ITVB xw, > 0. (5.4)

Here, vp is a non-zero vector in V. In other words, when ¢ is sufficiently small, the acute

angle between x; and Vg is also sufficiently small. Also, ; and x lie in same cone out
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Figure 5.5: Illustration for case 1(a). Figure 5.6: Illustration for case 1(b).

of the four cut by Vi and Wp. This gives us an element (Y1,y;) = (Y,y) - w € (G) such
that (A,a)(Y1,y,)(B,b) = (I,x1) with x; satisfying (5.4), see Figure 5.5.

Next, apply Lemma 5.4.1 to e, to the elements (A4,a) and (B',b") == (Y1,y,)(B,b) of
SA(2,7), and to the subspaces V4, W4 in Lat(A). Same as above, we obtain an element
(Ya,y,) € G such that (A4,a)(Y2,y5)(B,b) = (I, x2) with xy satisfying

v a2

1 zA=al
lvallllz:|

<e, (x1)y, @V, >0, (@1)yy, - Tw, > 0. (5.5)

Here, v 4 is a non-zero vector in V4. In other words, when ¢ is sufficiently small, the acute
angle between @ and V4 is also sufficiently small. Hence, one can take € such that xs and
—x1 lie in the same cone out of the four cut by Vg and Wpg. Furthermore, x5 and x; lie

in same cone out of the four cut by V4 and Wiy.

We follow this pattern and apply Lemma 5.4.1 again on (A’,a’) = (A, a)(Y2,y,) and
(B,b), and to the subspaces Vg, Wp. This yields an element (Y3,y3) € (G) such that
(A,a)(Ys,y3)(B,b) = (I,z3) with x3 very close to Vg, but lies in the same cone cut by
Ve and Wp as xs.

Finally we apply Lemma 5.4.1 again on (4,a) and (B',b’) := (Y3,y3)(B,b), and to the
subspaces V4, W4. This yields (Ya,y,4) € (G) such that (A, a)(Ys,y,)(B,b) = (I,x4) with

x4 very close to V4, but lies in the same cone cut by V4 and W4 as x3.

When ¢ is small enough, the angles of the vectors xi,xs, 3, x4 are sufficiently close to

Vg, Va, Vg, Va, with opposing directions. Hence, they generate Q2 as a Q>¢-cone. In other

184



words, there exist positive integers ni, ne, ns, ng such that nix; +nexs +ngxs +nsxy = 0.
Therefore,

(I, :131)”1 (I, QZQ)TLQ (I, $3)n3 (I, $4)n4 = (I, 0)

Since the element (A, a) can be represented as a full-image word over G, the element (I, 1)

and hence (I, 0) can be represented by a full-image word as well. Therefore, (G) is a group.

(b) Next consider the case (Lat(A), Lat(B), Lat(A), Lat(B)). Denote by Va, Vg, Wa, Wg
these subspaces in this order. Without loss of generality suppose # ¢ Vp U Wp. The
strategy is exactly the same as the previous case, see Figure 5.6. However, in the present
case, we need to apply Lemma 5.4.1 for a total of six times, where V' will be the subspaces

Ve, Wa,Wg,Va, Vg, W4 respectively.

In this way, we obtain (I,x1), (I,z2), (I,x3), (I,x4), (I,z5), (I,x¢) with x1,...,x¢

generating Q? as a Q>p-cone. Hence, there exist positive integers nq,...,ng such that

(L,x)™ - (I,26)" = (1,0).

Similarly, since the element (A, a) (and hence (I,0)) can be represented as a full-image

word over G, the semigroup (G) is a group.

This concludes case 1.
Case 2. One of A and B is a shear. The approach is similar to the previous cases, but

we have to apply Lemma 5.4.1 and Lemma 5.4.2 alternately. See Figure 5.7 for an illustration.

Vi

Figure 5.7: Illustration for case 2. Figure 5.8: Illustration for case 3.

185



Without loss of generality, let A be the shear and B be the positive scale. Starting from any
one-dimension subspace S, rotate S counter-clockwise and consider its sequence of encounters
with Lat(A) and Lat(B) before finishing a full cycle. The sequence of encounters must a cyclic
permutation of (Lat(A),Lat(B),Lat(B)). Denote by Va,Vp,Wp be these subspaces in this
order. Without loss of generality suppose ¢ Vg U Wp, the case where & ¢ V is analogous.

For a small enough ¢, apply Lemma 5.4.1 to « to obtain @x; that is sufficiently close to Vp;
then apply Lemma 5.4.2 to &1 to obtain xy that is sufficiently close to V4 and lies in the same
cone cut by Vp and Wg as —x1; then apply Lemma 5.4.1 to @2 to obtain @3 that is sufficiently
close to Vp and lies in a different halfspace cut by V4 than xo; finally, apply Lemma 5.4.2 to
x3 to obtain x4 that is sufficiently close to V4 and lies in the same cone cut by Vg and Wp as
—x3. In this way, we obtain (I,z1), (I, x2), (I,x3), (I, x4) with x1,..., T4 generating Q? as a

Q>o0-cone. Hence, there exist positive integers ni,...,n4 such that
(I7 xl)nl e (I7 w4>n4 - <I7 0)

Since the element (A, a) (and hence (I,0)) can be represented as a full-image word over G, the
semigroup (G) is a group.

Case 3. Both A and B are shears. The approach is similar to the previous cases, but
we have to apply Lemma 5.4.2 only. See Figure 5.8 for an illustration.

Denote by V4, Vg respectively the elements of Lat(A) and Lat(B). Without loss of gen-
erality suppose ¢ Vp, the case where & ¢ Vy is analogous. For a small enough e, apply
Lemma 5.4.2 to « to obtain x; that is sufficiently close to Vp; then apply Lemma 5.4.2 again
to 1 to obtain o that is sufficiently close to V4 and lies in a different halfspace cut by Vp
than «1; then apply Lemma 5.4.2 to xo to obtain x3 that is sufficiently close to Vp and lies
in a different halfspace cut by V4 than xo; finally, apply Lemma 5.4.2 to x3 to obtain x4 that
is sufficiently close to V4 and lies in a different halfspace cut by Vp than 3. In this way, we
obtain (I,x1), (I,x2), (I, x3), (I, 24) with x1, ..., x4 generating Q? as a Q>g-cone. Hence, there

exist positive integers ni,...,n4 such that
(I> ml)nl o (17 w4)n4 = (I’ 0)

Since the element (A, a) (and hence (1,0)) can be represented as a full-image word over G, the

semigroup (G) is a group. O
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5.5 Virtual solvability

In this section we prove Proposition 5.3.4:

Proposition 5.3.4. Let G = {(41,a1),...,(Ak,ak)} be a set of elements of SA(2,Z), such
that the semigroup H = (A1,...,Ak) is a group. Suppose H is virtually solvable, then exactly

one of the following siz conditions holds:

(i) H is the trivial group.
(ii) H contains a non-trivial torsion element.
(1it) H = (A)grp, where A is a twisted inversion.
(iv) H = (A)grp, where A is a shear.
(v) H = (A)grp, where A is an inverting scale.
(4)

(vi) H = (A)grp, where A is a positive scale.

Furthermore, in cases (ii), (iii) and (v), the semigroup (G) is always a group. QOwverall, it is

decidable in PTIME whether (G) is a group.

As in the statement of the proposition, we fix a set G = {(A1,a1), ..., (Ax,ax)} of elements

in SA(2,7Z), such that H := (Aj,..., Ak) is a virtually solvable group.

Lemma 5.5.1. Let H be a virtually solvable subgroup of SL(2,7Z). Then H is either finite, or

it contains a finite index subgroup H' isomorphic to 7.

Proof. By Theorem 5.2.3, let F' < SL(2,7Z) be a free subgroup over two generators, such that the
index [SL(2,Z) : F] is finite. Then [H : F N H| < [SL(2,Z) : F], so the group H' := F N H is of
finite index in H. But H' is a subgroup of the free group F', so it must be free by Theorem 5.2.2.
On the other hand, H' is a subgroup of the virtually solvable group H, so H' is virtually solvable.
Since H' < SL(2,Z) is virtually solvable and free, it must be abelian by Theorem 5.3.2. Therefore
either H' 2 Z or H' = {I}; in the second case, H is finite. O

In case H is finite, it is either trivial or it contains a non-trivial torsion element. We further
analyse the case where H contains a finite index subgroup H’ isomorphic to Z. We need a deep

result from Swan:
Lemma 5.5.2 (Swan [92, Theorem B]). A group that is torsion-free and virtually free is free.

Lemma 5.5.3. Let H < SL(2,Z) be a group which contains a finite index subgroup H' isomor-
phic to Z. Then either H contains a non-trivial torsion element, or it is also isomorphic to

Z.
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Proof. Suppose H is torsion-free. Since H is virtually free and torsion-free, by Lemma 5.5.2 it is
free. Hence either H = Z, or H is a non-abelian free group. But a non-abelian free group is not
virtually solvable (Theorem 5.3.2), so it cannot contain a finite index subgroup H' isomorphic

to Z. Therefore, we must have H = Z. ]

By Lemma 5.5.1 and 5.5.3, we can already prove the first part of Proposition 5.3.4. In
particular, by Lemma 5.5.1, H is either finite or contains a finite index subgroup isomorphic
to Z. If H is finite, then either it is trivial or it contains a non-trivial torsion element. If H
contains a finite index subgroup isomorphic to Z, then by Lemma 5.5.3, either it contains a
torsion element, or it is isomorphic to Z. Therefore, we have proved that exactly one of the
following holds.

(1) H is the trivial group.

(2) H contains a non-trivial torsion element.

(3) H is isomorphic to Z.
In case (3), the generator of H is either a twisted inversion, a shear, an inverting scale, or a
positive scale. This corresponds to the cases (iii)-(vi) of Proposition 5.3.4. We have thus proved
the first part of Proposition 5.3.4. The following lemma shows that one can decide which of the

six cases in Proposition 5.3.4 is true.
Lemma 5.5.4. Let Ay,..., Ag be matrices in SL(2,Z). The following can be done in PTIME:

(i) decide whether the group H := (A1,..., Ak)grp is trivial.
(ii) decide whether H is isomorphic to Z.

(iii) compute a generator A of H in case H = 7.

Proof. (i). H is trivial if and only if A; = I for all 1.
(ii). First we check whether H is abelian, this is done simply by checking whether A;A; =
AjA; for all 1 <4,j < K. If H is not abelian, then it is not isomorphic to Z.

Suppose H is abelian. Then the group homomorphism

0: 72X — H

(n1,...,ng) — AP' - ARE
is surjective. The kernel

A =ker(p) = {(n1,...,nx) | AT" --- ARX =T}
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is a finitely generated subgroup of Z%. A Z-basis of A is computable in PTIME by a classic
result of Babai et al. [4].
Let £1,...,4,, be a Z-basis of A. Define

A= {nGZK’n:q1£1+-"+qm£m, Whereql,...,qme(@},

which is the lattice of integer points in the Q-linear space spanned by A. A basis of A is effectively
computable in PTIME using the Hermite Normal Form [23, Chapter 14]. It is then decidable
in PTIME whether A = A, again using the Hermite Normal Form.

We claim that H is torsion-free if and only if A = A. Indeed, let T = AT --- A%X be a
non-trivial torsion element of H, then 7™ = I for some m > 1. Therefore A" ... A< =1,
so (mna,...,mng) € A. This shows (n1,...,nx) € A. But T # I, so (n1,...,nx) ¢ A. Hence,
T = AP --- A%X is a non-trivial torsion element if and only if (n1,...,nx) € A\ A.

This proves the claim. Therefore it is decidable in PTIME whether H contains a non-trivial
torsion element. By Lemma 5.5.3, it is decidable in PTIME whether H = Z.

(iii). If H is isomorphic to Z, then the quotient group Z% /A = H is isomorphic to Z. Using

the Hermite Normal Form, one can in PTIME compute an element & = (z1,...,zx) € ZX such
that x, £y, ..., £, form a Z-basis of ZX. (Recall that £1, ..., £, are a Z-basis of A.) Then z + A
generates Z /A. Therefore A == p(x) = A7' - -+ ATX generates H. O

We now proceed to prove the PTIME decidability claim of Proposition 5.3.4 for all six cases.
We may note that in the cases (iii)-(vi), the group (G)grp is actually metabelian, hence the
Group Problem for G is already decidable by Theorem 4.1.2. However, the difficult part is to
obtain an algorithm that runs in PTIME. Let H = (A, ..., Ak).

5.5.1 H is trivial

In this case, G = {({,a1), -+ ,(I,ax)}.

Proposition 5.5.5. Let G = {(I,a1), - ,(I,ax)}. Then (G) is a group if and only if the
equation

nia] + nsaos + - -ngag =0 (5.6)
has a solution (ny,...,nk) € ZX,. In particular, this is decidable in PTIME.

Proof. Note that the matrices in G commute. Therefore by Lemma 2.2.1, (G) is a group if and

only if Equation (5.6) has a solution (ny,...,ng) € Z%,. By the homogeneity of Equation (5.6),

189



it has a solution in ZI;O if and only if it has a solution in Q[;O. This is decidable in PTIME by

linear programming. O

5.5.2 H contains a torsion element

We show that (G) is always a group in case H contains a non-trivial torsion element.

Proposition 5.5.6. Let G .= {(A1,a1),...,(AKk,ax)} be a set of elements of SA(2,Z). If the

semigroup (A1, ..., Ak) is a group containing a non-trivial torsion element, then (G) is a group.

Proof. Suppose (A1, ..., Ak) contains a non-trivial torsion element 7. Let m > 1 be such that
T™ = I. Let t € Z* be a vector such that (T, t) is an element in (G) represented by a full-image

word (such a word exists by Lemma 5.2.1). Then
(T, )" = (T",(I+T+---+T"YNt)=(I,(I-T) (I -T™)t) = (I,0).

Here, I — T is invertible because T' € SL(2,Z) is non-trivial torsion, so the eigenvalues of T" are
all different from one (see the classification of element of SL(2,7Z) in Section 5.2). We conclude
that (I,0) can be represented by a full-image word over the alphabet G. Hence, (G) is a group
by Lemma 2.2.1. O

In the next four cases, H is isomorphic to Z. Let A be a generator of H, computable in
PTIME by Lemma 5.5.4. The Jordan Normal Form of A can be computed in PTIME [40]. One
can directly obtain from its Jordan Normal Form whether A is a twisted inversion, a shear or a

scale.

5.5.3 H is generated by a twisted inversion A

We show that if A is a twisted inversion, then (G) is always a group.

Proposition 5.5.7. If the generator A of the group (Ai,...,Ax) = Z is a twisted inversion,
then (G) is a group.

Proof. Since (A1, ..., A) is isomorphic to Z, we have A, A=t € (Ay,...  Ag). As (Ay,..., Ak)
is a group, let (4, a) and (A7, b) be elements of (G) represented by full-image words over G.
We claim that
(A,a)?- (A7 b) - (A4,a)* (A71)b) = (1,0).

By direct computation, (A,a)?- (A71,b)3 - (A,a)?- (A~1,b) = (I, A" (A+1)%a + (A +1)°b).
But since A is a twisted inversion, we have (A + I)? = 0. Therefore, (4,a)?- (A71,5)3-(4,a)?-
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(A71,b) = (I1,0). We conclude that (I,0) can be represented as a full-image word over G.

Hence, (G) is a group. O

5.5.4 H is generated by a shear A

If A is a shear, the main idea in this case is that the semigroup generated by G can be embedded
as a subsemigroup of the Heisenberg group H3(Q). Recall from Section 3.1 that the Heisenberg
group H3(Q) is defined as:

1 a b
H3(Q) == 01 ¢ a,b,ceQ
0 01
Since A is a shear, it is triangularizable over Q. Since Ay, ..., Ak all commute, they all have the

same eigenvalue one, and are simultaneously triangularizable. Let P be a matrix (with entries

in Q) such that P~1A; P are all of the form <(1) )il> with \; € Q. Then, we have the following

Pt 0\ /A a)\ (P O P lA,P P la;
(0 1)(0 1)(0 1>:< 0 1 >€H3<@)'

This shows that the map

conjugation:

(5.7)

-1 4. —-1,.
o1 G — H5(Q), <Ai,ai>H(P AP P “Z>,

0 1

extends to an injective semigroup homomorphism from (G) to H3(Q). Therefore, (G) is a group
if and only if (¢(G)) is a group. The Group Problem in H3(Q) is decidable in PTIME as a

special case of Theorem 3.1.1:

Theorem 5.5.8 (Corollary of Theorem 3.1.1). The Group Problem in H3(Q) is decidable in
PTIME.

Proof. Recall that H3(Q) is UT(3,Q), where the Invertible Subset can be computed in PTIME
by Algorithm 3.1 (Theorem 3.1.1). By Lemma 2.2.3(iii), the Group Problem can be decided in
PTIME. O

The elements p(A1),...,p(Ax) can be computed in PTIME. By Theorem 5.5.8, we imme-
diately obtain:

Corollary 5.5.9. If the generator A of the group (A1,..., Ax) = 7Z is a shear, then the Group
Problem for (G) is equivalent to the Group Problem for (p(G)), which is decidable in PTIME.
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5.5.5 H is generated by an inverting scale A

We show that if A is an inverting scale, then (G) is a group.

Proposition 5.5.10. If the generator A of the group (Ai,...,Ax) = 7 is an inverting scale,

then (G) is a group.

Proof. Since (Ajy,...,A) is a group, we have A, A=! € (Ay,..., Ag). Recall that A < —1 is

the smaller eigenvalue of A. Let V' and W be the invariant spaces of A corresponding to the

eigenvalues A and A~!, and let 1/, 1 be non-zero vectors respectively in V and W. In particular

we have Axy = \xy, Az = A\ lay. As (Aq,..., Ag) is a group, let (A, a xy + byxy ) and

(A=Y a_xy + b_xy) be elements of (G) represented by full-image words.

Then for any m > 0, the elements

and

(I,vm) = (A azzy +bixw)™ - (A a_xy + b_zy)™

m—1 m—1 m—1 m—1
= (Am, Z Najxy + Z )\_ib+mw) . <A_m, Z A la_xy + Z )\ib_zcw)
i=0 i=0

=0 =0

(1 () s () o)

(I, wp) = (A" a_wy +b_azw)™ - (A, ay @y + byow)™

m—1 m—1 m—1 m—1
= (A—m, d Naxy+ ) x‘bmw> : (Am, > Nagzy + ) )\‘iberW)
i=0 i=0

1=0 1=0

~(n (5 ) o v (i 1) - )

are in (G) and represented by full-image words.

Consider four cases:

1.

=5 — l_aﬁ = 1_1)% — f_—}\ = 0. In this case we have directly v,, = 0 for all m. So (I,0)

can be represented by a full-image word.

a4 a— _ b+ b_ . . oy .
1oy 1ot = 0, but .= — 7= # 0. When m is even, wy, is a positive multiple of
b b . . . . b b
(ﬁ — ﬂ) xw, and when n is odd, w, is a negative multiple of (ﬁ — ﬂ) Ty .

Therefore, there exists positive real numbers rq,ro such that riw,, + row, = 0. Since
w.,,, Wy, have integer entries, there even exist positive integers ni, ng such that nyw,, +

nowy, = 0. Therefore (I,0) = (I, w,,)™ (I, wy)" can be represented by a full-image word.
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3. 2= — 0 but 75 — 751 # 0. This case is the exact symmetry of the previous

AT 1T-x
case.
4. Both 1% — %= and l_b)f,l - f_—’)\ are non-zero. In this case, consider the vectors va,,,

Vom+1, Wom, Wom41 when m tends to infinity. Since A < —1, we have lim,, oo (1 —)\2"‘) =
—00, limy, seo(1 — A2 = 400, limy, soo(l — A72™) = 1, limy,seo(1 — A72771) = 1.

Therefore, the direction of vs,, tends towards — (% — #) v, the direction of vo,,+1

tends towards (a—+ — Jﬁ) xy, the direction of ws,, tends towards (% — %) Ty,

—X
. . b b_ :
the direction of w41 tends towards — (ﬁ — ﬂ) xy. Hence, when m is large

enough, the four vectors vom, Vom+i1, Wam, Wami1 in Z* generate Q* as a Qxo-cone.

Hence, there exist positive integers ¢1,...,t4 such that
(Iv va)tl e (Ia w2m+1)t4 - (I7 0)

Therefore (I,0) can be represented by a full-image word.

In all cases, (I,0) can be represented by a full-image word, so (G) is a group. O

5.5.6 H is generated by a positive scale A

This is the most technical case in this section. We show that if A is a positive scale, then we
can decide whether (G) is a group in PTIME. Let P = (zy,zw) € SL(2,R) be a change of basis

matrix such that P71 AP = A’, where A’ is diagonal and can be written as

, (N0
=0 )

with A > 1. Fori=1,..., K, let A} := P~'A;P and a} := P~'a,;, with

I A7 0 ) A R
Ai—<0 A~ % €L, a; = b )

These are the forms of A; and a; under the new basis (xy, ). In particular we have Axy =
Axy, Axy = Aflmw.

Define the sets
J+ Z:{Z"Zi>0}, J_ I:{’L'|Zi<0}, JQIZ{i|2i:0}.

Then JyUJ_UJy ={1,...,K}. Since (Aq,..., Ak) is isomorphic to Z, we have J; # (), J_ # (.
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Divide the set R? into nine parts:

Rir ={(z,y) |z>0,y >0}, Ryo={(z,y) |z >0,y =0}, Rs— :={(x,y) | x > 0,y < 0},

R0+ = {($7y) |$:O,y>0},R00 = {(fﬂ,y) ’l‘:O,y:O},Rof = {(a:,y) | $:O7y<0}7

Ry ={(z,y) |z <0,y >0},Rg:={(z,y) |z <0,y=0},R__ :={(z,y) | x <0,y < 0}.

Each part is called a cell. See Figure 5.9.

(R0+
{ Cell(d;)
R, Riy
X, Y)
R
R-oo o« =0 R0
R__ R E— /)
Ro_
Figure 5.9: Cells. Figure 5.10: Tllustration for Lemma 5.5.11.

For an element = € R2, denote by Cell(z) the cell which it belongs to. Writing & = (x1,22) ",

it is easy to see that

Cell(z) = {(7“1901,7“2962)T r1,T9 € R>0}.

In particular, z and A’*x are in the same cell for all integers z.

For each i € Jy U J_ U Jy, denote

For each tuple (i,7) € J+ x J_, define the vector
dij = (dija, dijp) " € R?

where
a; a; b;

(5.8)

bj

dijq = — = + TR dijp =
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These expressions are defined so that
(A5 @)™ (A, af)" = (L= X7%) - (N do, digy) ')
For each element k € Jy, define the vector
ey = (ak,bk)T € R
Similarly, this expression is defined so that

( ;wa’;c)nk = (I7 ek)'

Denote by G’ the new alphabet {(A},a}),..., (A%, a’%)}. The following lemma shows that the
rays vRs¢ such that (I,v) € (G') can “fill up” the cells Cell(d;;), (¢,7) € J4 x J_.

Lemma 5.5.11. Let (i,j) be a pair in Jy x J_ and (z,y)" € R% be a vector in Cell(d;;). If
A\ > 1, then there exist elements (I,v) and (I,w) in (G'), where the vector (z,y)" can be written
as 11V + row for some r1,r2 € Rsg. Furthermore, (I,v) and (I,w) are represented by words

over the alphabet G', such that the letters (Aj, a;) and (A, a’;) both occur. See Figure 5.10 for

an llustration.

Proof. For any p € Z~q, denote
(1,vp) = (A}, @)™ (Af, ay)’™, (I, wp) = (4], af)"" (Aj, aj)"™ .
By direct computation, we have
vy = (1= AN7PUM) (AP, i) wy = (1= AP - (dija, NP di) . (5.9)

Since A > 1, we have 1 — A7P™" > (),

If Cell(d;;) is of dimension one or zero, then either d;;, = 0 or d;j = 0. In both cases,
(z,9)", v, w, are linearly dependant and have the same direction, so (z,y)" can be written as
r1Vp + row, for some 71,72 € Ryp.

If Cell(d;;) is of dimension two, then d;j, # 0 and d;j, # 0. Let p be large enough so that
AP dyjq

d; i .
i, > % > spmirtjg - Then (x, y)T can be written as r1v,+row), for some ri,ry € Ryg. 0O
(¥

¢
1 dyjp

A similar lemma can be shown for Cell(ey): the rays vRs such that (I,v) € (G') can fill
up the cells Cell(ex), k € Jy.
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Lemma 5.5.12. Suppose J and J_ are non-empty. Let k be an element in Jo, and (x,y)" € R?
be a vector in Cell(eg). If A > 1, then there exist elements (I,v) and (I,w) in (G'), such that
)T

the vector (x,y)' can be written as riv + row for some ry1,ry € Rsg. Furthermore, (I,v) and

(I,w) are represented as words over the alphabet G', such that the letter (A}, a},) occurs.

Proof. Let (i,7) be any pair in J4 x J_. For any p € Z>¢, q¢ € Z>, denote
(1 0pg) = AP AIAT™ (I wy) = AT ALIAP,
By direct computation, we have
Vpg = (1= X7P) - (AP g dip) |+ q - (AP ag, APy T

Wpg = (1 = AP - (djjq, N dijb)T + q - (AP gy, NPT bk)T.

Since A > 1, we have 1 — A7P™" > ().
If Cell(ey) has dimension one or zero, then take p = 0 and the statement is trivial. Suppose

that Cell(e;) has dimension two, then we have d;j, # 0 and d;j # 0. Fix a large enough p

AP gy

so that 22k > 7> S, Then (z,y)" can be written as 71 (A\P""ay,, \TPPM b ) T

AP
ro (AP gy, NPk ) T for some 71,79 € Rsg. When ¢ tends towards infinity, the direction
of the vectors v, Wy, tends respectively to (APiMiag, A™PPi"b) T and (A7P%" ay,, \PPiniby ) T
)T

Therefore, for large enough ¢, the vector (x,y)' can be written as rjvpg + rhwy, for some

.75 € Rso. O

Define the radical (m) of (A%, al) as

- A0 a; - 1_}3‘1
(A.a)) = (( ). ( 3 ))
0 A bi - A
- A0 fai- S
( / = v 1-A""
(A’La az) (( O >\> 9 ( bz i 117_)\%[\%

(4, al) = (Al a)})

(At

if z; =mn; >0, and

if z; = —n; <0, and

if z; = 0. This is defined so that (m)m = (A4}, a}) in all cases.

7

Define the alphabet

G={(A,al)..... (4} af) }.

196



Define the following union of cells:

S = U Cendy) | |J | | Cell(er) | - (5.10)

i€Jy jeT_ keJo

Lemma 5.5.13. Let w = (Cq,¢1)--- (Cr,enr) be a full-image word over the alphabet é,
such that (C1,c1) - -+ (Cum,enm) = (I,x). Then there exists a finite non-empty set of vectors

{s1,...,8m} C S such that the following conditions are satisfied:

(i) 181+ -+ TmSm = x for some strictly positive reals ri,...,7ny.

(it) For each i € J, there exist j € J_ and £ € {1,...,m}, such that s; € Cell(d;;).
(i1i) For each j € J_, there existi € J. and £ € {1,...,m}, such that sy € Cell(d;;).
(iv) For each k € Jy, there exist £ € {1,...,m} such that s; € Cell(e).

Proof. We call a vector of the form r1s1 + -+ + 7S, m > 1,1, € Ryg,s8; € S, an Ryg-linear

combination of elements in S. For ¢ =1,..., M, write

(Ci,ei) = ((AS Agt’) ’ (cci)) ’

where t; € {—1,0,1}. We show that if (Ci,¢1) - -+ (Car,en) = (I, x) then & can be written
as an Rsg-linear combination of elements in S. We use induction on M. When M = 1,
(C1,e1) = (I, eg) for some k € Jy, and the statement is obvious. When M > 2, distinguish the

following three cases.

1. If t1tps = 1. Suppose t; =ty = 1, the case where t; =ty = —1 can be done analogously.

Sincet1 =1>0and t1 +---+ty—1 = —1 <0, there must exist 2 <7 < M — 2 such that

t1 +---+t; = 0. By induction hypothesis,
(Ch Cl) e (Cla Ci) - (Ia y)a (Ci+17 ci-‘rl) e (CM') CM) - (Iv y/)a

where y and y’ can be written as a R-g-linear combination of elements in S. Therefore

x = y + vy’ also satisfies this claim.

2. If t1tps = —1. In this case, Cy---Cpy_1 = C1Cs - - - Cpy = 1. Define
w' = (Cy,¢9) - (Cri—1,€M-1)-

Then the product of w’ is of the form (I, ), where &’ is either 0 (when w’ is empty), or
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x’ is a R-p-combination of elements in S by the induction hypothesis. Hence
(Cl, Cl) cee (CM,CM) = (Cl, Cl) . (I,(I},) . (CM, CM) = (I, c1 + Cch + Clilt/).

We claim that ¢; + Cicy € Cell(d;;) for some indices i € Jy,j € J_. First suppose
t1 = 1,tpr = —1. Let @ € Jy,j € J_ be indices such that (m) = (C1,¢1) and

(A, a)) = (Car, ear), then

et e (g AL L LA AT 1A !
P =G ey T T e T T

_ T
= ((A = Ddija, (1 = X" Hdijp)

€ Cell(d;j). (by Equation (5.8))

Next suppose t; = —1,tyr = 1. Let i € J1,j € J_ be indices such that (m) = (C1,¢1)

and (m) = (Cu, ), then

A1 1- ! A-1 1—/\>T

CI+OICM:<ai' 1 — \mi +aj'1_)\—nj> i'l_/\—ni

=((1 = A Ddija, (A — Udi]’b)T

S Cell(d”)

Hence, in both cases, ¢1 +Cicpr € Cell(d;;) € S. We then show that ¢ +Ciey+Chix’ is a
R~ ¢-combination of elements in S. Since @’ is either zero or a R~ g-combination of elements
in S, write ' = ", r;8;, where m > 0,r; > 0,s; € S. Then Ci1a’ = >, riCys; is
still a Rsg-combination of elements in S by Equation (5.8). Hence, ¢1 + Ciey + Cia’ is

a Rsp-combination of elements in S.

. If t1tpr = 0. Suppose t1 = 0, the case where t); = 0 can be done analogously.

By induction hypothesis,

(Cr,e1) = (1Y), (Coe2)---(Curem) = (1Y),

where y and y’ can be written as a Rg-linear combination of elements in S. Therefore

x = y + 1y also satisfies this claim.

Therefore we have found an Rsg-linear combination that satisfies (i). The following can be

—

easily seen from the above induction procedure: if for some i € J the letter (A}, a}) appears in
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w, then the Ry o-linear combination contains a vector sy in the cell Cell(d;;) for some j € J_.
Since w is full-image, the condition (ii) in the statement of the Lemma must hold. Similarly,

the conditions (iii) and (iv) must also hold. O

Proposition 5.5.14. The semigroup (G) is a group if and only if there exists a finite set of

vectors {si1,...,8m} C S that satisfies the four conditions (i)-(iv) in Lemma 5.5.13.

Proof. First suppose there exists a finite set of vectors {si,...,s,} C S satisfying (i)-(iv), we
want to find a full-image word w over the alphabet G, representing (1, 0).

For any t € {1,...,m}, if s; is an element of Cell(d;;), then by Lemma 5.5.11, there exist
(I,v), (I, w) € (') such that s; = riv + raw for some 71,72 > 0. Also, the letters (A4}, a}) and
(A%, a’;) appear in some words representing (I, v) and (I, w). If s; is an element of Cell(ey), then
by Lemma 5.5.12, there exist (I, v), (I, w) € (G') such that s; = riv 4+ rew for some r1,7r9 > 0.
Also, the letter (A}, a}) appears in some words representing (I,v) and (I, w).

Therefore, s; can always be written as a strictly positive linear combination of vectors v
with (I,v) € (G’). Hence, by condition (i), there exist strictly positive reals r1, ..., ry such that
vy + -+ ryvy, = 0, where (I,v}) € (G'),t = 1,..., M. Furthermore, conditions (ii), (iii)
and (iv) show that every letter (A}, a;) in G’ appears at least once in a word representing (I, v})
for some t € {1,...,M}.

Changing back to the original basis, this shows that ryvi 4 -+ +ryvy = 0, where (I,v;) €
(G) for t =1,..., M. Since the entries of v; are all integers, there exist strictly positive integers

ni,...,ny, such that njvy + -+ nyvy = 0. Hence
(I,’Ul)nl s (I, ’UM)nM = (I, 0).

Every letter (A;,a;) in G appears at least once in a word representing (I,v;) for some ¢t €
{1,..., M}. Therefore, (I,0) can be represented as a full-image word. This shows that (G) is a
group by Lemma 2.2.1.

Next, suppose (G) is a group, we show that there exists an R -linear combination of elements
in S equal to 0, that satisfies the conditions (ii), (iii) and (iv).

By Lemma 2.2.1, there exists a full-image word w = (Bj,b})--- (B.,,bl,) over the alphabet

G’, representing (I,0). Replacing each letter (B!, b}) in w with n; consecutive letters (B!, b)),

(2 17 71

we obtain a full-image word

W= (Clacl)"'(cM,cM)

over the alphabet G, representing (I, 0).
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Then by Lemma 5.5.13, the vector 0 can be written as a Ry g-linear combination of a finite

number of elements in S, satisfying the conditions (ii), (iii) and (iv). O

Corollary 5.5.15. If the generator A of the group (A1,...,Ax) = Z is a positive scale, it is
the decidable in PTIME whether (G) is a group.

Proof. Since (A1, ..., Ax) =7, we have J # 0, J_ # (). Given S as a set of cells, it is decidable
whether there exist a finite non-empty set of vectors {si,...,s,} C S satisfying conditions (ii),
(iii) and (iv), as well as strictly positive reals 71, ..., 7y, such that r;8;+- - -4+r;, s, = 0. Indeed,
this is true if and only if the largest linear subspace £ of the R>g-cone <S>R20 contains some cell
Cell(d;x) for each i € J,, some cell Cell(d,;) for each j € J_, and some cell Cell(e) for each
k € Jo. This is decidable in PTIME since the number of cells in £ is finite (at most nine).
Given the input set G, we can compute the set of cells in § in PTIME. Therefore, by
Proposition 5.5.14, it is decidable in PTIME whether (G) is a group. O

Combining all cases, we can now prove the main result of this section.

Proposition 5.3.4. Let G = {(A1,a1),...,(Ax,ax)} be a set of elements of SA(2,Z), such
that the semigroup H = (A1,...,Ak) is a group. Suppose H is virtually solvable, then exactly

one of the following six conditions holds:

(i) H is the trivial group.
(ii) H contains a non-trivial torsion element.
(11i) H = (A)grp, where A is a twisted inversion.
() H = (A)grp, where A is a shear.
(v) H = (A)grp, where A is an inverting scale.
(4)

(vi) H = (A)grp, where A is a positive scale.

Furthermore, in cases (i), (iit) and (v), the semigroup (G) is always a group. QOwerall, it is

decidable in PTIME whether (G) is a group.

Proof. Division into six cases has already been proved by Lemma 5.5.1 and 5.5.3 as well as the
discussion that follows. In cases (ii), (iii) and (v), Proposition 5.5.6, 5.5.7 and 5.5.10 show that
(G) is a group. We now show PTIME decidability.

First, we decide in PTIME which of the six cases is true for H, using Lemma 5.5.4. In cases
(ii), (iii) and (v), the Group Problem for (G) has positive answer. In cases (i), (iv) and (vi),
Proposition 5.5.5, Corollary 5.5.9 and Corollary 5.5.15 show the required PTIME decidability

result. O
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5.6 Extensions and obstacles to Semigroup Membership

In previous sections we showed decidability and NP-completeness of the Identity Problem and
the Group Problem in SA(2,Z). In this section we discuss possible extensions of our result and
obstacles to solving Semigroup Membership in SA(2,7Z).

Let G == {(41,a1),...,(Ak,ak)} be a set of elements of SA(2,Z). Compared to the Identity
Problem and the Group Problem, the first obvious obstacle for deciding Semigroup Membership
for (G) is that we can no longer suppose H := (Aj,..., Ak) to be a group. However, if we restrict
the target to elements of the form (I, a), that is, if we want to deciding whether (I,a) € (G),
then we can still suppose H to be a group.

Indeed, if H is not a group, then at least one of the A; is not invertible in H. Therefore, a
word over G representing (I, a) cannot contain the letter (4;,a;). We can thus delete (4;, a;)
from the alphabet G without changing whether (I,a) € (G). One can repeat this process until
H becomes a group.

Under the additional assumption that H is a group, we can decide Semigroup Member-
ship for (G) in all except one cases. Recall Theorem 5.3.2, if H contains a non-abelian free
subgroup, then (G) is a group by Proposition 5.3.3. Hence Semigroup Membership reduces to
Group Membership, and is decidable by the result of Delgado [32]. If H is virtually solvable,
then consider the six cases in Proposition 5.3.4. Case (ii), (iii) and (v) are easy since (G) be-
comes a group. In case (i), deciding whether (I, a) € (G) reduces to solving the linear equation
niai +ngaz+---ngag = a for (ny,...,ng) € Zgo \ {0}, and is decidable by integer program-
ming. In case (iv), Semigroup Membership for (G) reduces to Semigroup Membership in the
Heisenberg group H3(Q), which is decidable by the result of Colcombet, Ouaknine, Semukhin
and Worrell [30, Corollary 8]. Hence, only case (vi) remains unsolved.

We now show that deciding Semigroup Membership in case (vi) is equivalent to deciding
Semigroup Membership in a semidirect product Z[\] xZ. Given A > 1 that satisfies a quadratic

equation A\ — a\ 4+ 1 = 0 for some a > 3, we define the following semidirect product:

ZIN i\ Z = {(Aok f) ‘keZ,er[/\]}. (5.11)

Here, Z[)] is the ring generated by 1 and A. There exist an embedding of Z[\] x\Z as a subgroup
of SA(2,7Z) in the following way. For a given \ satisfying A> — aA + 1 = 0, define the matrix
Ay = <0 _al> in SL(2,Z). Since A is a quadratic integer, every element x € Z[A] can be
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written uniquely as x = x1 + Az for some x1,x) € Z. Define the map

¢: ZIN] x\Z — SA(2,7Z)
<)E)k T) — (Alf\, (:cl,xA)T).

It is easy to verify that ¢ is an injective group homomorphism. Furthermore, the image under
¢ of a subsemigroup? of Z[\] x1) Z satisfies case (vi) of Proposition 5.3.4. Therefore, solving the
hard case of Semigroup Membership in SA(2,7Z) necessitates solving Semigroup Membership in
ZIN] X\ Z.

On the other hand, given any positive scale A € SL(2,Z) with eigenvalue A > 1, one can
find a change of basis matrix P € SL(2,Z) such that P~1AP = A, (see [27]). Therefore, any
(finitely generated) semigroup (G) satisfying case (vi) of Proposition 5.3.4 must be conjugate?
to a (finitely generated) sub-semigroup of ¢(Z[A] xx Z) < SA(2,Z). Hence, solving Semigroup
Membership in Z[\] x Z is sufficient for solving Semigroup Membership in the case (vi) of
Proposition 5.3.4.

Although Semigroup Membership in Z[A] X Z remains an open problem, the group bears

certain similarities to the better studied Baumslag-Solitar group BS(1, q).

BS(1,q) == Z[1/q] x4 Z = {(qok f) ‘ kel,xe Z[l/q]} .
Here, ¢ > 2 is an integer. A recent result by Cadilhac, Chistikov and Zetzsche [25] showed decid-
ability of the rational subset membership problem in BS(1,q) by considering rational languages
of base-q expansions. This result subsumes decidability of Semigroup Membership in BS(1, q).
Therefore, it would be interesting to adapt this approach to study Semigroup Membership in
Z[\] %) Z by considering rational languages of base-\ expansions [20], where X is an algebraic
integer. Nevertheless, adaptation of the previous result to a non-integer base of numeration

poses various additional difficulties that we have not been able to surmount.

2We suppose that the upper-left entries of elements of the semigroup contain both positive and
negative exponents of A\, otherwise deciding Semigroup Membership is easy.
3The conjugation is realized by the change-of-basis matrix diag(P, 1).
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Chapter 6

Conclusion and outlook

In this chapter, we discuss some possible extensions of our work and pose several open problems

that may be interesting for future research in this direction.

6.1 Identity Problem and Group Problem

In this thesis we have obtained decidability of the Identity Problem and the Group Problem in
the following groups:

(i) finitely generated nilpotent groups of class at most ten,

(ii) finitely generated metabelian groups,

(iii) the semidirect product SA(2,7Z) = Z? x SL(2,Z). (Note that SL(2,7Z) is virtually free.)
A natural follow-up for (i) is whether it can be extended to groups of arbitrary nilpotency
class. The natural next step after (ii) is to consider centre-by-metabelian groups. These are
groups G that commute with [[G,G],[G,G]]. In other words, G is centre-by-metabelian if
[[G,G],[G,G]],G] = {I}. Centre-by-metabelian groups are solvable of derived length three,
but their algorithmic problems remain partially tractable and may still admit decidable Identity
Problem. In general, the algorithmic theory of solvable groups of derived length three is highly
intractable. Notably, their Word Problem is undecidable [54]. For (iii), a natural generalization
is the group Z™ x F where F' is virtually free and n > 3. Another possible follow-up is the
group SL(3,Z), but its algorithmic problems seem currently out of reach. To sum up, we have

the following natural open problems.

Problem 6.1.1. Are the Identity Problem and the Group Problem decidable in the following
groups:
(i) finitely generated nilpotent groups of arbitrary nilpotency class,

(ii) finitely generated centre-by-metabelian groups,
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(iii) the semidirect product Z"™ x F' where F' is virtually free and n > 37

Problem 6.1.2. Is there a solvable group of derived length three! where the Identity Problem

is undecidable?

Recall that in a fixed group G, decidability of the Group Problem implies decidability of the
Identity Problem (Lemma 2.2.4). However, no evidence suggest the converse to be true. Hence,

we have the following open problem.

Problem 6.1.3. Is there a group G with decidable Identity Problem but undecidable Group

Problem?

6.2 Open problems in specific metabelian groups

In this thesis we focused most effort on the Identity Problem and the Group Problem. This is
because Semigroup Membership is known to be undecidable in most natural classes of groups.
Nevertheless, certain decidability results [25, 67] for Semigroup Membership have been shown
for specific classes of metabelian groups such as the Baumslag-Solitar groups BS(1, q),q > 2 and

the wreath product (Z/pZ)17Z,p > 2. Both can be seen as quotients of the wreath product ZZ:

BS(1,q) == (Z[1/q]) x Z = {(X(') 31/>
= () oo {3 )

aEZ,yEZ[X]/(qX—l)}.

ae%yemmmm}

Here, (¢X — 1) and (p) respectively represent the ideals of Z[X] generated by ¢X — 1 and p.
This leads to the question of whether Semigroup Membership is decidable in other quotients of

YRV

Problem 6.2.1. For which f € Z[X] is Semigroup Membership decidable in the group:

(za/n) 5= {(5 1)

Here, (f) denotes the ideal generated by the element f. The only known undecidability result

«eZyezXl/()] ?

is the distinguished case f = 0. That is, Semigroup Membership is undecidable in the wreath
product Z 1 Z itself [67].
Recall that in Section 5.6 we have identified the group Z[A] X Z as one of the main obstacles

to solving Semigroup Membership in SA(2,Z). This can be considered as a special case of

1As a convention, we only consider groups that are finitely presented in the class of solvable groups.
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Problem 6.2.1:
ZIN X\ Z = (Z[X]/(X2 —aX + 1)) x Z.

Here, X? — aX + 1 is the minimal polynomial of \.

One possible way to approach Problem 6.2.1 is to adapt the tools introduced in Chapter 4
and try to reduce it to solving (possibly non-homogeneous) linear equations over polynomial
semirings. While solving a system of non-homogeneous linear equations over the polynomial
semiring N[X] is undecidable [78], it is unclear whether solving a single non-homogeneous linear

equation is decidable. This yields the following open problem.

Problem 6.2.2. Given as input the polynomials y1,...,yx, g € Z[X7T], can we decide whether

the equation

fivi + oo+ -+ fryk =g
has solution fi,..., fx in the semiring N[X*]?

Finally, recall that in class two nilpotent groups, Semigroup Intersection is decidable (Corol-
lary 3.1.2), despite Semigroup Membership being undecidable [86]. We ask the same question for
the wreath product Z!Z. The wreath product Z!Z has undecidable Semigroup Membership [67].
However, the Identity Problem, which can be considered as a special case of Semigroup Inter-
section, is decidable by Theorem 4.1.2. Furthermore, Z{7Z cannot embed a direct product of two
non-abelian free monoids, making it unlikely to show undecidability of Semigroup Intersection

using the Post Correspondence Problem.
Fact 6.2.3. There is no embedding of the monoid {a,b}* x {a,b}* into the group ZZ.

Proof. Suppose on the contrary that such an embedding
v: {a,b}* x{a,b}* — Z17Z

exists. Let e denote the empty word of {a,b}*, write

A B
eta= (% W) eeo= (4 ),
C D
etean= (3 Yoot = (7).
We have the following equations and inequalities in {a,b}* x {a,b}*:
(a7 6) : (67 a’) = (67 a) : (a7 6)7 (a’7 6) : (67 b) = (67 b) : (CL, 6)7
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(b, 6) ' (e,a) = (6, a) ' (ba 6)7 (b7 6) ' (67 b) = (Ea b) : (b7 6)7
(CL, 6) : (b7 6) 7é (b, 6) ' (a7 6)7 (b7 6) : (a7 6) 7& (a, 6) ' (b7 6)'

Applying ¢, we obtain

(XA -1Dfs=X=1f, X*-Dfi=(X"-1)f, (6.1)
(XP—1)fs = (X =1)fo, (XP-1)fs=(XP —1)fs, (6.2)
(XA=Dfa# (XP-1)f1, (X=Dfs# XD —1)fs (6.3)

Consider three cases.

1. If A, B,C, D are all non-zero. Then (6.1) and (6.2) yield

h kN
XA _1 XB 1 XC¢ 1 XD 1’

This contradicts (6.3).

2. If exactly one of the two sets {A, B}, {C, D} contains zero. Without loss of generality
suppose A = 0 and 0 ¢ {C,D}. Since A = 0 and (X4 — 1)fy # (XB —1)f1, we have
B # 0. Then (6.2) yields

fo  _fs _ fa
XB-1 X¢-1 XP-1

contradicting (X¢ —1)f; # (XP — 1) fs.

3. If both sets {A, B} and {C, D} contain zero. Without loss of generality suppose A = C' = 0.
Since C' = 0 and (X©—1)f4 # (XP—1)f3, we have D # 0. Then, (X4 —1)fy = (XP-1)f;
and A =0,D # 0 yield f; =0. Then (X4 —1)fy =0 = (XB — 1)1, contradicting (6.3).

Therefore, such an embedding ¢ cannot exist. O

Consequently, decidability of Semigroup Intersection in the group Z ! Z becomes a natural

open problem.

Problem 6.2.4. Is Semigroup Intersection decidable in the group Z Z?
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