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Abstract

This thesis is concerned with several algorithmic problems for subsemigroups of infinite groups.

The main objective is to construct algorithms that decide various properties of finitely generated

subsemigroups of a given infinite group G (for example, a matrix group). Such problems might

not be decidable in general. In fact, they gave rise to some of the earliest undecidability results

in algorithmic theory. Nevertheless, when the group G admits additional structures, many

algorithmic problems become decidable for its subsemigroups. In this thesis, we study the

decidability and the complexity of these algorithmic problems in the cases where G is nilpotent,

metabelian, or represented as a low-dimensional matrix group.

Two of the main problems we consider are the Identity Problem and the Group Problem.

Given a finite subset G of a group G, the Identity Problem asks whether the semigroup ⟨G⟩ gen-

erated by G contains the neutral element, and the Group Problem asks whether this semigroup

is a group. We show that both problems are decidable in finitely generated nilpotent groups

of class at most ten, and in PTIME if the input is given as unitriangular matrices. We also

show the decidability of these problems in finitely generated metabelian groups, as well as their

NP-completeness in the special affine group SA(2,Z).

Apart from the Identity Problem and the Group Problem, we also consider Semigroup In-

tersection and Orbit Intersection. Given two finite subsets G and H of the group G, Semigroup

Intersection asks whether the semigroups ⟨G⟩, ⟨H⟩ generated by G and H have empty inter-

section, while Orbit Intersection asks whether the sets S · ⟨G⟩ and T · ⟨H⟩ intersect for given

elements S, T ∈ G. We show that Semigroup Intersection is decidable in class two nilpotent

groups (PTIME if the input is given as unitriangular matrices), and that Orbit Intersection is

decidable in the Heisenberg group H3(Q).

We apply a large variety of mathematical tools in the study of these problems, ranging from

Lie algebra, algebraic geometry and number theory, to combinatorics, graph theory and convex

geometry. By adding these techniques into the toolbox, we are able to significantly advance the

current state of art in the algorithmic theory of semigroups.
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Chapter 1

Introduction

1.1 Algorithmic problems in groups and semigroups

It has been known since the work of Church and Turing from the 1930s that certain decision

problems in mathematical logic do not admit algorithmic solutions. For a long period of time, all

examples of undecidable problems were derived directly from mathematical logic or the theory

of computing, and the notion of undecidability seemed intangible for most mathematicians. It

was not until the late 1940s that the Soviet mathematician Andrey Markov produced a concrete

undecidable problem using linear algebra. In his seminal work “On certain insoluble problems

concerning matrices” published in 1948, Markov studied the following decision problem. Its

input is a finite set of square matrices G = {A1, . . . , An} and a matrix T , and the problem

is whether or not there exist an integer p ≥ 1 and a sequence Ai1 , · · · , Aip of matrices in

G such that T = Ai1Ai2 · · ·Aip . Markov showed this problem to be undecidable for integer

matrices of dimension at least six, thus marking the first undecidability result obtained outside

of mathematical logic and the theory of computing.

Markov’s work falls into the area of computational group theory, which is one of the oldest

and most well-developed parts of computational algebra. The “official” start of computational

group theory dates back to 1911, when Max Dehn formulated three basic problems that would

become its foundation. Given a finite presentation of a group G, it is asked whether there

are algorithms that solve the Word Problem (whether an element is the neutral element), the

Conjugacy Problem (whether two elements are conjugate in G), and the Isomorphism Problem

(whether G is isomorphic to another finitely presented group). It was not until the 1950s that

the three problem were shown to be undecidable in general groups [1, 82].

Using the language of computational group theory, Markov’s problem can be reformulated

as deciding Semigroup Membership for a matrix (semi)group. Given a finite subset G of a group
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G, denote by ⟨G⟩ the subsemigroup generated by G. Then the Semigroup Membership problem

can be formulated as follows.

(i) (Semigroup Membership) given a finite set G and an element T in G, decide whether

T ∈ ⟨G⟩.

Markov’s undecidability result as well as the subsequent undecidability results for Dehn’s prob-

lems generated a surge of research interest in computational group theory. In the 1960s,

Mikhailova [74] introduced the group version of Semigroup Membership. Given a finite sub-

set G of a group G, denote by ⟨G⟩grp the subgroup generated by G.

(ii) (Group Membership) given a finite set G and an element T in G, decide whether T ∈ ⟨G⟩grp.

Mikhailova [74] showed undecidability of Group Membership whenG is the group SL(4,Z) of 4×4

integer matrices with determinant one. One may note that undecidability of Group Membership

subsumes that of Semigroup Membership by including the inverses of the elements in G.

There has been a steady growth in research intensity for Group and Semigroup Member-

ship problems as they establish important connections between algebra and logic. These prob-

lems now play an essential role in analysing system dynamics and program termination, and

have numerous applications in automata theory, complexity theory, and interactive proof sys-

tems [13, 21, 33, 49]. It is worth noting that membership problems are in fact decidable for

many classes of groups, such as abelian groups and low dimensional matrix groups [4, 29]. For

example, in the matrix group SL(2,Z), Semigroup Membership is decidable by a classic result of

Choffrut [29], and Group Membership is decidable in polynomial time (PTIME) by a recent re-

sult of Lohrey [66]. Our interest in computational group theory is two-fold. From an application

point of view, we are interested in developing practical algorithms for specific classes of groups.

From a theory point of view, we aim to close the gap between decidability and undecidability.

For most classes of groups, Group Membership is much more tractable than Semigroup

Membership. For example, Group Membership is decidable in the class of polycyclic groups by a

classic result of Kopytov [61]; whereas Semigroup Membership is undecidable even in the subclass

of nilpotent groups [86]. This gap motivated the introduction of two intermediate problems by

Choffrut and Karhumäki [29] in 2005:

(iii) (Identity Problem) given a finite set G, decide whether ⟨G⟩ contains a neutral element.

(iv) (Group Problem) given a finite set G, decide whether ⟨G⟩ = ⟨G⟩grp.

In other words, the Identity Problem asks whether the semigroup ⟨G⟩ is a monoid, and the

Group Problem asks whether the semigroup ⟨G⟩ is a group.
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The Group Problem is crucial in determining structural properties of a semigroup. For

example, given a decision procedure for the Group Problem, one can compute a generating set

for the group of units of a finitely generated semigroup ⟨G⟩ (see Section 2.2). We also point out

that there are significantly more available algorithms for groups than there are for semigroups.

Therefore performing preliminary checks using the Group Problem can help decide Semigroup

Membership in many special cases. Using the Group Problem, one can also decide the lesser

known Inverse Problem: given a finite set G and an element a ∈ G, decide whether a−1 ∈ ⟨G⟩.

As for the Identity Problem, its solution is usually the most essential special case on the way

to building an algorithm for Semigroup Membership. The Identity Problem and the Group

Problem motivated the development of numerous tools in the study of semigroups, ranging from

automata theory to Lie algebra. Both problems are shown to be undecidable in SL(4,Z) by

Bell and Potapov [16] using an embedding of the Identity Corresponding Problem. Whereas for

SL(2,Z), they are shown to be NP-complete using techniques in compressed words [14].

Heuristically, the complexity of these intermediate problems tends to lie between Group

Membership and Semigroup Membership. For example, in abelian matrix groups, Babai et al.

famously reduced algorithmic problems to computation on lattices [4], thus Group Member-

ship reduces to linear algebra over Z, and is decidable in PTIME; Semigroup Membership is

equivalent to integer programming, and is hence NP-complete; the Identity Problem and the

Group Problem reduce to solving homogeneous linear Diophantine equations, placing them in

PTIME as well. Unfortunately, decidability of these intermediate problems remain open for

larger classes of groups, even in cases where decidability of Group and Semigroup Membership

problems already have definitive answers. Notable examples include nilpotent groups, polycyclic

groups, metabelian groups and low-dimensional matrix groups.

Beyond the Identity Problem and the Group Problem, we are also interested in another

classic problem raised by Markov:

(v) (Semigroup Intersection) given two finite sets G and H, decide whether ⟨G⟩ ∩ ⟨H⟩ = ∅.

In the seminal paper where Markov demonstrated undecidabilty of Semigroup Membership, he

also showed undecidability of Semigroup Intersection for integer matrix groups of dimension at

least four [72]. Markov’s idea is to encode the famous Post Correspondence Problem, which can

be reformuated as Semigroup Intersection in a direct product of two free monoids.

The final problem we are interested in is a simultaneous generalization of Semigroup Mem-

bership and Semigroup Intersection:

(vi) (Orbit Intersection) given two finite sets G and H as well as two elements S, T in G, decide

whether T · ⟨G⟩ ∩ S · ⟨H⟩ = ∅.
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Orbit Intersection was first studied by Babai et al. in the context of abelian matrix groups [4].

By taking T to be the neutral element and H to be the set containing only the neutral element,

Orbit Intersection subsumes Semigroup Membership. By taking both T and S to be the neutral

element, Orbit Intersection subsumes Semigroup Intersection.

1.2 Contributions of this thesis

Throughout this thesis we develop various tools to study algorithmic problems for subsemigroups

of infinite groups. These tools range from areas in pure mathematics such as Lie algebra,

algebraic geometry and number theory, to areas with a more computer science flavour, such as

linear programming, graph theory and complexity theory. By adding these deep mathematical

tools to the arsenal for algorithmic problems, we are able to tackle several challenging problems.

Notably, our main results include:

(1) The Identity Problem and the Group Problem are decidable in nilpotent groups of class

at most ten (Corollary 3.1.2). Moreover, if the group is given as an embedding in the

group UT(n,Q) of unitriangular matrices, then both problems are decidable in PTIME

(Theorem 3.1.1).

(2) Semigroup Intersection is decidable in nilpotent groups of class two (Corollary 3.1.4).

Moreover, if the group is given as an embedding in UT(n,Q), then it is decidable in

PTIME (Theorem 3.1.3).

(3) Orbit Intersection is decidable in the Heisenberg group H3(Q) (Theorem 3.1.5).

(4) The Identity Problem and the Group Problem are decidable in finitely generated metabelian

groups (Theorem 4.1.2).

(5) The Identity Problem and the Group Problem are decidable and NP-complete in the

special affine group SA(2,Z) (Theorem 5.1.1).

For the results in nilpotent groups, our main tool will be the Baker-Campbell-Hausdorff for-

mula. We will reduce semigroup problems to convex geometry on Lie algebra, and use assistance

from computer algebra software to prove several technical theorems. For the result in metabelian

groups, we employ graph theory techniques to establish a connection between semigroups and

polynomial semirings. This connection allows us to solve algorithmic problems for semigroups

using algebraic geometry, whose theory is much more mature than the theory of semigroups. For

the result in the special affine group, we adopt two different viewpoints on the group SA(2,Z):

one as a transformation group of the lattice Z2, the other as an extension of the virtually free

group SL(2,Z). This allows us to combine geometric arguments and algebraic arguments to

obtain decidability and a complexity upper bound.
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A common feature of all our work is the rich interaction between different areas of math-

ematics and computer science. This demonstrates the power of the interdisciplinary tools we

introduce, and paints a promising picture for future progress in the algorithmic theory of semi-

groups. The following table summarizes some of our results in the context of the current state

of art.

Grp. type Semigrp Mem. Group Mem. Identity & Grp. Prb. Semigrp Intersection

Abelian NP-complete [4] PTIME [4] PTIME [4] PTIME [4]

Nilpotent undec. [86] decidable [61] ?/PTIME for class 10 ?/PTIME for class 2

Metabelian undec. [86] decidable [87] decidable undec.∗

SL(2,Z) NP-complete† PTIME [66] NP-complete [14] NP-complete†

SA(2,Z) ? decidable [32] NP-complete ?

SL(3,Z) ? ? ? ?

SL(4,Z) undec. [74] undec. [74] undec. [16] undec. [16]

Table 1.1: Purple entries = our results. ? = open problem.

*see Section 4.1. † Semigroup Membership and Semigroup Intersection are special cases of

the Rational Subset Membership problem, which was recently shown to be decidable in NP [15]

in SL(2,Z). Their NP-hardness is subsumed by the Identity Problem.

1.3 Notes for the reader

This thesis is organized as follows. Chapter 2 introduces the preliminaries on group and semi-

group theory. We discuss reductions between different semigroup algorithmic problems and their

connection to language theory. Chapter 3, 4 and 5 focus on algorithmic problems in specific

group classes: nilpotent groups, metabelian groups and the special affine group SA(2,Z). Chap-

ter 6 discusses possible extensions of our work and poses several open problems that may be

interesting for future research.

In order to appeal to a broader audience, we will not assume familiarity with group and

semigroup theory beyond the basic notions (normal subgroup, quotient group, generators of a

group or semigroup). However, since we will always try to represent abstract groups in a way

that is conventional in computational group theory, we will need to employ certain established

results from this area. Our strategy is always to first embed an abstract group in a concrete

matrix group, and then solve algorithmic problems over the concrete matrix group.

For example, nilpotent groups (Chapter 3) are usually represented by finite presentations.

However, in Section 3.2 we show that they can be effectively embedded in the unitriangular
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matrix group UT(n,Q) up to a quotient by the torsion subgroup, and we proceed to solve

algorithmic problems under this matrix representation for the rest of Chapter 3. Metabelian

groups (Chapter 4) are usually represented by finite metabelian presentations (or finite presen-

tations in the class of metabelian groups). In Section 4.2 we show that algorithmic problems in

metabelian groups reduce to problems in 2 × 2 matrix groups over finitely presented modules.

We then proceed using this matrix representation for the rest of Chapter 4.

The embedding results in Section 3.2 and 4.2 are generally corollaries of deep theorems from

group theory. Therefore, readers may choose to consider them as black-boxes, and focus solely

on the parts dealing with concrete matrix groups.
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Chapter 2

Group and semigroup theory

2.1 Group theory

In this subsection we introduce the necessary concepts in group theory. Inspired by the notation

in matrix groups, we denote by I the neutral element of a group.

By an alphabet, we mean a set A. Most alphabets considered in this thesis will be finite

alphabets. Elements of an alphabet are called letters. A word over an alphabet A is a finite

string of letters, possibly empty. In particular, the empty string is called the empty word. Given

any alphabet A, we denote by A∗ the set of words over A:

A∗ := {a1a2 · · · am | m ≥ 0, a1, . . . am ∈ A} .

For two words v, w ∈ A∗, we write vw for the concatenation of v and w, it is again a word over

A.

2.1.1 Free groups and finite presentation of groups

Given a (possibly infinite) alphabet Σ, define the corresponding group alphabet Σ± := Σ∪{a−1 |

a ∈ Σ}, where a−1 is a new letter for each a ∈ Σ. There is a natural involution (·)−1 over (Σ±)
∗

defined by (a−1)−1 = a and (a1a2 · · · am)−1 = a−1
m · · · a−1

2 a−1
1 . A word over the alphabet Σ±

is called reduced if it does not contain consecutive letters aa−1 or a−1a. For a word w, define

red(w) to be the reduced word obtained by iteratively replacing consecutive letters aa−1 and

a−1a with the empty string. The free group F (Σ) over Σ is then defined as the set of reduced

words over the alphabet Σ±, where multiplication is given by v · w = red(vw), and inversion is

given by the involution (·)−1. A group is called free if it is a free group over some alphabet.

The free group F (Σ) is abelian if and only if the cardinality of Σ is zero or one: in this case, the
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group F (Σ) is trivial (when Σ = ∅) or isomorphic to the infinite cyclic group Z (when Σ = {a}).

In computational group theory, it is customary to represent groups using finite presentations:

Definition 2.1.1 (Finite presentation of a group). Let Σ = {g1, . . . , gn} be a finite alphabet

and r1, . . . , rm be elements of the free group F (Σ) represented as words over the alphabet Σ±.

We say that ⟨g1, . . . , gn | r1, . . . , rm⟩ is a finite presentation of G, if

G ∼= F (Σ)/ nclF (Σ)(r1, . . . , rm).

Here, nclF (Σ)(r1, . . . , rm) denotes the normal closure1 of {r1, . . . , rm}; that is, the smallest nor-

mal subgroup of F (Σ) containing {r1, . . . , rm}. In this case, we often write G = ⟨g1, . . . , gn |

r1, . . . , rm⟩.

Intuitively, G is the group generated by the elements g1, . . . , gn, subject to the relations

r1 = I, r2 = I, . . . , rm = I. Here are a few examples.

Example 2.1.2. (1) The abelian group Z2 has the finite presentation

Z2 = ⟨x, y | xyx−1y−1⟩.

In particular, Z2 is the group generated by the two elements x, y. The relation xyx−1y−1 =

I yields xy = yx, meaning x and y commute.

(2) The symmetry group S3, consisting of permutations of the set {1, 2, 3}, has the finite

presentation

S3 = ⟨a, b | a3, b2, aba−2b⟩.

Here, a represents the cyclic permutation 1 7→ 2 7→ 3 7→ 1, and b represents the cyclic

permutation 1 7→ 2 7→ 1. See [51, Section 5.3].

(3) The group SL(2,Z) of 2× 2 integer matrices of determinant one admits the finite presen-

tation

SL(2,Z) = ⟨S, T | S4, (ST )3S−2⟩.

Here, the element S represents the matrix

(
0 1
−1 0

)
, and T represents the matrix

(
1 0
1 1

)
,

see [90, p.81]. Indeed, this presentation is the key to solving many algorithmic problems

in SL(2,Z) [14, 66].

(4) The integer Heisenberg group H3(Z), consisting of 3× 3 upper-triangular integer matrices

1In general, nclF (Σ)(r1, . . . , rm) is not the same as the subgroup ⟨r1, . . . , rm⟩grp generated by
r1, . . . , rm.
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with ones on the diagonal, has the finite presentation

H3(Z) = ⟨x, y, z | xyx−1y−1z−1, xzx−1z−1, yzy−1z−1⟩.

Here, the element x represents the matrix

1 1 0
0 1 0
0 0 1

, the element y represents the matrix1 0 0
0 1 1
0 0 1

, and z represents the matrix

1 0 1
0 1 0
0 0 1

. See [34, Example 7.32(7)].

We point out that the finite presentation of a group may not be unique, and a finitely

generated group need not admit a finite presentation [6, Theorem 1].

2.1.2 Nilpotent groups

Given a group G and its subgroup H, define the commutator [G,H] to be the group generated

by the elements in {ghg−1h−1 | g ∈ G, h ∈ H}. That is,

[G,H] :=
〈
{ghg−1h−1 | g ∈ G, h ∈ H}

〉
grp

Definition 2.1.3 (Nilpotent groups). The lower central series of a group G is the inductively

defined descending sequence of subgroups

G = G1 ≥ G2 ≥ G3 ≥ · · · ,

in which Gk = [G,Gk−1]. A group G is called nilpotent if its lower central series terminates with

Gd+1 = {I} for some d. In this case, the smallest such d is called the nilpotency class of G.

In particular, abelian groups are nilpotent of class one, since the commutator [G,G] of an

abelian group G is trivial. It is well known that subgroups of nilpotent groups are nilpotent [8],

and every finitely generated nilpotent group admits a finite presentation [34, Proposition 13.84].

One of the most important examples of nilpotent groups is the group of unitriangular matrices:

Definition 2.1.4 (Unitriangular matrix groups). Denote by UT(n,Q) the group of n×n upper

triangular rational matrices with ones on the diagonal:

UT(n,Q) :=




1 ∗ · · · ∗ ∗
0 1 · · · ∗ ∗
...

...
. . .

...
...

0 0 · · · 1 ∗
0 0 · · · 0 1

 , where ∗ are entries in Q


.
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Then UT(n,Q) forms a nilpotent group under matrix multiplication.

In particular, the group UT(n,Q) is of nilpotency class n − 1 [34, Examples 13.36]. Note

that for n ≥ 2, the group UT(n,Q) is not finitely generated. Nevertheless, the group UT(n,Q)

plays an important role in the study of finitely generated nilpotent groups by the following fact.

Fact 2.1.5 ([8, Theorem 2.1], [41, Algorithm E]). Every finitely generated nilpotent group G

is isomorphic to a subgroup of a direct product UT(n,Q) × F , where n ∈ N and F is a finite

group.

The dimension n in Fact 2.1.5 is not directly related to the nilpotency class of G. For

example, the direct product UT(3,Q)×UT(3,Q) naturally embeds into the group UT(6,Q), but

it is only of nilpotency class two.

2.1.3 Metabelian and solvable groups

Definition 2.1.6 (Metabelian groups). A group G is called metabelian if the commutator group

[G,G] is abelian.

Equivalently, a group G is metabelian if and only if there is an abelian normal subgroup A

such that the quotient group G/A is abelian. Here are a few common examples of metabelian

groups.

Example 2.1.7. The following groups are metabelian [18, 34]:

(1) all finite groups of order at most 23,

(2) all nilpotent groups of class at most three,

(3) the infinite dihedral group

D∞ = ⟨t, r | r2, rtrt⟩;

this is the symmetry group of the line Z, where r represents the reflection and t represents

a translation by one;

(4) the group T(2,K) of 2× 2 invertible upper-triangular matrices over any field K:

T(2,K) :=

{(
x z
0 y

) ∣∣∣∣ x, y ∈ K \ {0}, z ∈ K
}
,

(5) all subgroups, quotients and direct products of metabelian groups.

One of the most important examples of finitely generated metabelian groups is the wreath

product Z ≀ Zn. This group has various equivalent definitions, we state here an intuitive repre-

sentation as a matrix group. Denote by Z[X±
1 , . . . , X

±
n ] the ring of Laurent polynomials over n

15



variables with integer coefficients. That is, elements of Z[X±
1 , . . . , X

±
n ] are polynomials of the

form ∑
a1,...,an∈Z

pa1,...,anX
a1
1 Xa2

2 · · ·Xan
n ,

where only finitely many coefficients pa1,...,an ∈ Z are non-zero.

Definition 2.1.8 (The wreath product Z ≀ Zn). The wreath product Z ≀ Zn is defined as the

following matrix group over Z[X±
1 , . . . , X

±
n ]:

Z ≀ Zn :=

{(
Xa1

1 · · ·Xan
n y

0 1

) ∣∣∣∣ a1, . . . , an ∈ Z, y ∈ Z[X±
1 , . . . , X

±
n ]

}
.

The wreath product Z ≀ Zn is important among metabelian groups because every finitely

generated metabelian group is isomorphic to a quotient G/N , where N ⊴G are two subgroups

of Z ≀ Zn for some n ∈ N (see Chapter 4). We point out that unlike nilpotent groups, a finitely

generated metabelian group does not necessarily admit a finite presentation (in fact, Z ≀ Z does

not admit a finite presentation [6]). Therefore, the convention in representing a metabelian

group is to use a finite metabelian presentation (see Section 4.2).

Metabelian groups are included in the larger class of groups known as solvable groups:

Definition 2.1.9 (Solvable groups). The derived series of a group G is the inductively defined

descending sequence of subgroups

G = G(0) ≥ G(1) ≥ G(2) ≥ · · · ,

in which G(k) = [G(k−1), G(k−1)]. A group G is called solvable if its derived series terminates

with G(d) = {I} for some d. In this case, the smallest such d is called the derived length of G.

In particular, metabelian groups are exactly those solvable groups of derived length at most

two.

2.1.4 Special linear groups and special affine groups

Definition 2.1.10 (Special linear groups). Let n ∈ N. The special linear group SL(n,Z) is the

group of n× n integer matrices with determinant one:

SL(n,Z) := {A ∈ Zn×n | det(A) = 1}.

Elements of SL(n,Z) can be seen as linear transformations x 7→ Ax of the lattice Zn that

preserves orientation. The affine version of SL(n,Z), called the special affine group, is defined
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as follows.

Definition 2.1.11 (Special affine groups). Let n ∈ N. The special affine group SA(n,Z) is the

group of block diagonal matrices of the following form:

SA(n,Z) :=
{(

A a
0 1

) ∣∣∣∣ A ∈ SL(n,Z),a ∈ Zn

}
.

In particular, SA(n,Z) contains SL(n,Z) as a subgroup, and is itself contained as a subgroup

in SL(n+ 1,Z). Elements of SA(n,Z) can be seen as affine transformations x 7→ Ax+ a of the

lattice Zn that preserves orientation.

The group SA(n,Z) can also be described as the semidirect product Zn⋊SL(n,Z). In general,

given two groups G,H and an action2 φ of G onH, one can define the semidirect product H⋊φG:

Definition 2.1.12 (Semidirect product). The semidirect productH⋊φG is the group consisting

of pairs (h, g) where h ∈ H, g ∈ G, where the group law is defined by

(h1, g1) · (h2, g2) = (h1 · φ(g1)(h2), g1 · g2).

When the action φ is clear from the context, we write H ⋊ G instead of H ⋊φ G. Since

the group SL(n,Z) naturally acts on Zn by matrix multiplication, one can define the semidirect

product Zn ⋊ SL(n,Z) using this action. This corresponds exactly to the special affine group

SA(n,Z).

2.2 Semigroup algorithmic problems

2.2.1 Words and semigroups

In all semigroup algorithmic problems considered in this thesis, we work in some given group

G. The group G may be given in one of the two following forms.

(1) G may be explicitly given as a matrix group (for example, UT(n,Q),Z ≀ Zn or SL(n,Z)).

In this case, the elements of G are represented as matrices with binary encoded entries.

(2) G may be given as an abstract group by its generators and its defining relations. For

example, a nilpotent group is given by a finite presentation, and a metabelian group is

2An action φ of the groupG onH is defined as follows. For every g ∈ G, there is a group automorphism
φ(g) : H → H, such that:

(i) φ(I) is the identity map,
(ii) φ(gg′) = φ(g) ◦ φ(g′) for all g, g′ ∈ G.
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given by a finite metabelian presentation. In this case, the elements of G are represented

as words over its generators.

Most of this thesis deals directly with matrix groups. When G is given as an abstract group,

we will first embed it in a concrete matrix group, and then solve algorithmic problems over this

matrix group.

Fix a group G. Let G = {g1, . . . , gK} ⊆ G be a finite set of elements, considered as an

alphabet. For an arbitrary word w = gi1gi2 · · · gim ∈ G∗, by multiplying consecutively the

elements appearing in w, we can evaluate w as an element π(w) in G. As a convention, the

evaluation of the empty word is the neutral element I of G. We say that the word w represents

the element π(w) ∈ G. The semigroup ⟨G⟩ generated by G is hence the set of elements in G

that are represented by non-empty words in G∗. The Identity Problem can be reformulated as

deciding whether the neutral element of G can be represented by a non-empty word over G. A

similar reformulation of the Group Problem can also be obtained as follows. A word w over the

alphabet G is called full-image if every letter in G has at least one occurrence in w.

Lemma 2.2.1. The semigroup ⟨G⟩ is a group if and only if the neutral element of G is repre-

sented by a full-image word over G.

Proof. Let w ∈ G∗ be a full-image word with π(w) = I. Then for every gi ∈ G, the word w can

be written as w = vgiv
′, so g−1

i = π(v′)π(v) ∈ ⟨G⟩. Therefore, the semigroup ⟨G⟩ contains all

the inverse g−1
i , and is thus a group.

If ⟨G⟩ is a group, then for all gi ∈ G, the inverse g−1
i can be written as π(wi) for some word

wi ∈ G∗. Then w := g1w1g2w2 · · · gawa is a full-image word with π(w) = π(g1w1) · · ·π(gawa) =

I.

2.2.2 Hierarchy of semigroup algorithmic problems

In this subsection we state some classic reductions between different semigroup algorithmic

problems. As mentioned in the introduction, here is a list of decision problems that are of

interest to us. For all these problems, we work in some fixed group G.

(i) (Semigroup Membership) given a finite set G and an element T in G, decide whether

T ∈ ⟨G⟩.

(ii) (Group Membership) given a finite set G and an element T in G, decide whether T ∈ ⟨G⟩grp.

(iii) (Identity Problem) given a finite set G, decide whether I ∈ ⟨G⟩.

(iv) (Group Problem) given a finite set G, decide whether ⟨G⟩ = ⟨G⟩grp.

(v) (Semigroup Intersection) given two finite sets G and H, decide whether ⟨G⟩ ∩ ⟨H⟩ = ∅.
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(vi) (Orbit Intersection) given two finite sets G and H as well as two elements S, T in G, decide

whether T · ⟨G⟩ ∩ S · ⟨H⟩ = ∅.

First we generalize the Group Problem to the problem of computing invertible subsets, whose

decidability is equivalent to the Group Problem.

Definition 2.2.2. Let G be a group. Given a finite set of elements G = {g1, . . . , gK} ⊆ G, its

invertible subset Ginv is defined as the set of element in G who inverse lies in ⟨G⟩:

Ginv :=
{
gi ∈ G

∣∣ g−1
i ∈ ⟨G⟩

}
.

For a semigroup S, the group of units of S is the set of elements who have an inverse in S.

This set forms a group when it is not empty [48]. The algorithmic problem of computing the

group of units of a semigroup is interesting in its own right, and is important for understanding

the structure of the semigroup. The following lemma shows that the computation of invertible

subsets subsumes the Identity Problem and the Group Problem, as well as gives a generating

set for the group of units.

Lemma 2.2.3. Given a finite set of elements G = {g1, . . . , gK} in a group G.

(i) The Identity Problem for G has a positive answer if and only if Ginv is non-empty.

(ii) The group of units of ⟨G⟩ is generated as a semigroup by Ginv. In particular, the group of

units of ⟨G⟩ is empty if and only if Ginv is empty.

(iii) The Group Problem for G has a positive answer if and only if Ginv = G.

Proof. (i) If the Identity Problem has a positive answer, let w ∈ G∗ be a non-empty word such

that π(w) = I. Write w = giw
′, (w′ could be the empty word), then g−1

i = π(w′). If gi = I then

obviously g−1
i = gi ∈ ⟨G⟩. If gi ̸= I then π(w′) ̸= I so w′ is not the empty word and π(w′) ∈ ⟨G⟩.

Therefore g−1
i ∈ ⟨G⟩. Hence, Ginv contains gi and is not empty. Conversely, if gi ∈ Ginv for some

i, then either gi = I in which case I = gi ∈ ⟨G⟩, or g−1
i = π(w′) for some non-empty word w′, so

I = π(giw
′) ∈ ⟨G⟩.

(ii) Since every element in Ginv is invertible in ⟨G⟩, every element in the semigroup ⟨Ginv⟩

is also invertible in ⟨G⟩. Hence, it suffices to show that no element in ⟨G⟩ \ ⟨Ginv⟩ is invertible.

Suppose on the contrary that there exists a word w ∈ G∗ such that π(w) ∈ ⟨G⟩ \ ⟨Ginv⟩ and

π(w)−1 ∈ ⟨G⟩. Since π(w) /∈ ⟨Ginv⟩, w must contain a letter gi ∈ G \ Ginv. But because

π(w)−1 ∈ ⟨G⟩, there exists a word v ∈ G∗ such that π(v) = π(w)−1. Thus, π(wv) = I. But then

wv is a word containing the letter gi. Writing wv = w1giw2, we have g−1
i = π(w2)π(w1) ∈ ⟨G⟩,

a contradiction to gi /∈ Ginv.
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(iii) Since a semigroup is a group if and only if it is its own group of units, (iii) is a direct

consequence of (ii).

The following theorem shows that decidability of the Group Problem subsumes the com-

putability of the invertible subset and the decidability of the Identity Problem.

Lemma 2.2.4. Let G be a group. Suppose the Group Problem is decidable in G. Then one can

compute the invertible subset Ginv of any finite set G ⊆ G. In particular, the Identity Problem

is also decidable in G.

Furthermore, if the complexity of the Group Problem in G is in NP, then the Identity Problem

is also in NP.

Proof. Let G = {g1, . . . , gK}. To compute the invertible subset Ginv, it suffices to decide for each

gi, i = 1, . . . ,K whether its inverse is in ⟨G⟩. Without loss of generality suppose we want to decide

whether g−1
1 ∈ ⟨G⟩. We claim that g−1

1 ∈ ⟨G⟩ if and only if there is some subset H of G, such that

⟨H∪{g1}⟩ = ⟨H∪{g1}⟩grp. Indeed, if g−1
1 ∈ ⟨G⟩, suppose g−1

1 is represented by the word w ∈ G∗.

Let H be the set of letters appearing in w, then g1w is a full-image word in the alphabet H∪{g1}

representing the neutral element, and hence ⟨H∪{g1}⟩ = ⟨H∪{g1}⟩grp by Lemma 2.2.1. For the

opposite implication, if ⟨H∪{g1}⟩ = ⟨H∪{g1}⟩grp, then g−1
1 ∈ ⟨H∪{g1}⟩grp = ⟨H∪{g1}⟩ ⊆ ⟨G⟩.

Therefore, to decide whether g−1
1 ∈ ⟨G⟩, it suffices to check the Group Problem for every

subset H ∪ {g1} of G containing g1. In particular, the Identity Problem is also decidable by

Lemma 2.2.3(i).

Note that the Identity Problem has a positive answer if and only if there exists a non-empty

subset H ⊆ G such that ⟨H⟩ is a group. On one hand, if the semigroup ⟨G⟩ contains the

neutral element I, then by Lemma 2.2.3(i) the set Ginv ⊆ G is non-empty and ⟨Ginv⟩ is a group.

On the other hand, if there exists a non-empty subset H ⊆ G such that ⟨H⟩ is a group, then

I ∈ ⟨H⟩ ⊆ ⟨G⟩. Therefore, if the Group Problem in G is decidable in NP, then by guessing the

non-empty subset H ⊆ G and checking the Group Problem for H, we can decide the Identity

Problem in NP.

Lemmas 2.2.3 and 2.2.4 show that decidability of the Group Problem is equivalent to the

computability of the invertible subset; and they both subsume decidability of the Identity Prob-

lem.

The following lemma shows that decidability of Semigroup Intersection or Semigroup Mem-

bership subsumes computability of the invertible subset.

Lemma 2.2.5. Let G be a group.
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(i) If Semigroup Intersection is decidable in G, then one can compute the invertible subset

Ginv of any finite set G ⊆ G.

(ii) If Semigroup Membership is decidable in G, then one can compute the invertible subset

Ginv of any finite set G ⊆ G.

Proof. (i) Suppose Semigroup Intersection is decidable in G. Let G = {g1, . . . , gK} and i ∈

{1, . . . ,K}. We show how to decide whether g−1
i ∈ ⟨G⟩, this will allow us to compute Ginv. We

claim that g−1
i ∈ ⟨G⟩ if and only if ⟨g−1

i ⟩ ∩ ⟨G⟩ ≠ ∅, which is decidable using an algorithm for

Semigroup Intersection.

Indeed, if g−1
i ∈ ⟨G⟩ then ⟨g−1

i ⟩∩⟨G⟩ ̸= ∅. For the opposite implication, suppose ⟨g−1
i ⟩∩⟨G⟩ ̸=

∅. So g−m
i ∈ ⟨G⟩ for some m ≥ 1. If m = 1 then g−1

i ∈ ⟨G⟩, otherwise g−1
i = gm−1

i · g−m
i ∈ ⟨G⟩

since both gm−1
i and g−m

i are in ⟨G⟩.

(ii) Suppose Semigroup Membership is decidable in G. Given G = {g1, . . . , gK} and i ∈

{1, . . . ,K}, we can decide whether g−1
i ∈ ⟨G⟩ using the algorithm for Semigroup Membership,

this allows us to compute Ginv.

As mentioned in Section 1.1, Orbit Intersection subsumes both Semigroup Intersection and

Semigroup Membership; and Semigroup Membership subsumes Group Membership. Reductions

between the different algorithmic problems is summarized in the following diagram 2.1.

Orbit Intersection

Semigroup IntersectionSemigroup Membership

Group Problem =
Invertible Subset

Identity Problem

Group Membership

Figure 2.1: Reductions between the different algorithmic problems.
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Chapter 3

Nilpotent groups

3.1 Introduction and main results

In this chapter we study algorithmic problems in nilpotent groups of bounded nilpotency class

(recall Definition 2.1.3). Nilpotent groups are usually considered as an immediate generalization

of abelian groups. Among the classical Max Dehn problems in nilpotent groups, the Word

Problem has long been known to be decidable [71], but it was only established comparatively

recently that it is decidable in linear time [46]. Decidability of the Conjugacy Problem is due to

Blackburn [19], and decidability of the Isomorphism Problem is due to Grunewald and Segal [41].

Grunewald and Segal’s solution to the Isomorphism Problem relies on the construction of a full

faithful functor from the category of finite presentations of torsion-free nilpotent groups to the

category of subgroups of UT(n,Z). In other words, they constructed a “canonical” embedding

of finitely generated nilpotent groups into UT(n,Z).

In the 1950s, Mal’cev [71] established the decidability of Group Membership in nilpotent

groups by showing the property of subgroup separability. For an analysis of the complexity

of Group Membership in nilpotent groups, see [77]. In 2022, Roman’kov [86] constructed a

nilpotent group of class two with undecidable Semigroup Membership. Decidability of the

Identity Problem, the Group Problem as well as Semigroup Intersection remains an intricate

open problem.

We point out that by the generalized Tits alternative [83], a linear semigroup1 either con-

tains a finite-index nilpotent subsemigroup2 or it contains a non-commutative free subsemigroup.

Semigroup Intersection in a direct product of two non-commutative free semigroups is undecid-

able due to an embedding of the Post Correspondence Problem (see Section 4.1). Therefore,

1A linear semigroup is a subsemigroup of the group GL(n,K) of n× n invertible matrices over a field
K.

2A semigroup is called nilpotent if the group it generates is nilpotent.
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nilpotent groups are the largest “natural” class of groups (i.e. a class closed under direct prod-

ucts) where decidability of Semigroup Intersection remains possible.

Most existing results for semigroup algorithmic problems in nilpotent groups are restricted

to the Heisenberg groups. The unitriangular matrix group UT(3,Q) (recall Definition 2.1.4) is

commonly called the Heisenberg group over rational numbers and is denoted as H3(Q). More

generally, the n-dimensional Heisenberg group Hn(K) over a field or commutative ring K is

defined as

Hn(K) :=


1 a⊤ c
0 In−2 b
0 0 1

 , where a, b ∈ Kn−2, c ∈ K

 ,

where we use the notation In−2 for the identity matrix of dimension n−2. The Heisenberg groups

Hn(K) play an important role in many branches of mathematics, physics and computer science.

They first arose in the description of one-dimensional quantum mechanical systems [79, 97], and

have now become an important mathematical object connecting domains like representation

theory, theta functions, Fourier analysis and quantum algorithms [47, 50, 57, 62, 99]. Heisenberg

groups are the simplest non-commutative Lie groups and are of nilpotency class two.

In [58], Ko, Niskanen and Potapov showed PTIME decidability of the Identity Problem in

H3(Q). Later, using the special structure of the first term in the Baker-Campbell-Hausdorff

formula, Colcombet, Ouaknine, Semukhin and Worrell proved the decidability of Semigroup

Membership in Hn(Q) for all n by encoding it into a Parikh automaton [30]. Recently, Ro-

man’kov [86] showed undecidability of Semigroup Membership in the direct product H3(Q)k for

sufficiently large k. His main idea is an embedding of the Hilbert’s tenth problem [73].

In this chapter we extend some of these results to nilpotent groups of higher classes, as well as

include new algorithmic problems. By default, a finitely generated nilpotent group is represented

using a finite presentation (Definition 2.1.1). Every finitely generated nilpotent group admits

a finite presentation [34, Proposition 13.84], making it the natural way to represent nilpotent

groups.

Main results

Since every finitely generated nilpotent group admits a quotient that is isomorphic to a subgroup

of UT(n,Q) [8, 53], many decision problems in nilpotent groups reduce to decision problems in

UT(n,Q). In Section 3.2 we will formalize this fact, and the rest of this chapter will only deal

with algorithmic problems in the groups UT(n,Q).

Our first result concerns computing Invertible Subsets (hence also the Identity Problem and

the Group Problem) in subgroups of UT(n,Q) with nilpotency class at most ten.
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Theorem 3.1.1. Let n ≥ 2 and G be a subgroup of UT(n,Q) with nilpotency class at most ten.

Given any finite set G ⊆ G, the invertible subset of G is computable in polynomial time.

To be precise, elements of G are represented using matrices with binary encoded entries.

Theorem 3.1.1 implies that the Identity Problem and the Group Problem are decidable in PTIME

in subgroups of UT(n,Q) with nilpotency class at most ten (see Lemma 2.2.3(iii)).

Theorem 3.1.1 can be extended to arbitrary finitely generated nilpotent groups of class ten.

However, the complexity will depend on specific group embeddings, which we do not analyse.

Corollary 3.1.2. Let G be a finitely generated nilpotent group of class at most ten, given by a

finite presentation. Then the Group Problem (hence also the Identity Problem) is decidable in

G.

Our second result covers Semigroup Intersection in class two nilpotent subgroups of UT(n,Q).

Theorem 3.1.3. Let n ≥ 2 and let G be a subgroup of UT(n,Q) with nilpotency class at

most two. Given finite subsets G1, . . . ,GM of G, it is decidable in polynomial time whether

⟨G1⟩ ∩ · · · ∩ ⟨GM ⟩ = ∅.

The decidability result for arbitrary nilpotent groups of class two follows as a corollary of

Theorem 3.1.3.

Corollary 3.1.4. Let G be a nilpotent group of class at most two, given by a finite presentation.

Given finite subsets G1, . . . ,GM of G, it is decidable whether ⟨G1⟩ ∩ · · · ∩ ⟨GM ⟩ = ∅.

Our last result concerns Orbit Intersection in the Heisenberg group H3(Q).

Theorem 3.1.5. Given elements T, S ∈ H3(Q) and two finite subsets G,H of H3(Q), it is

decidable whether T · ⟨G⟩ ∩ S · ⟨H⟩ = ∅.

Organization of the chapter

The organization of this chapter is as follows. In Section 3.2, we exhibit a series of embedding

theorems and reduce the Group Problem and Semigroup Intersection in arbitrary nilpotent

groups to subgroups of UT(n,Q). This will allow us to deduce Corollary 3.1.2 and 3.1.4 from

Theorem 3.1.1 and 3.1.3. We then focus on algorithmic problems in subgroups of UT(n,Q) in

subsequent sections. In Section 3.3, we introduce the necessary tools in linear programming and

Lie algebra. Notably, we will state the Baker-Campbell-Hausdorff formula. In Section 3.4 we

exhibit an algorithm (Algorithm 3.1) that computes invertible subsets in subgroups of UT(n,Q)

with nilpotency class at most ten. Algorithm 3.1 is correct subject to a highly non-trivial
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structural theorem of unitriangular matrix semigroups (Theorem 3.4.2). In Section 3.5 we prove

this structural theorem. Our proof relies on several technical lemmas proven using assistance

from computer algebra software. Their code is provided as additional material in Section 3.10.

In Section 3.6 we state a conjecture (Conjecture 3.6.1) under which this structural theorem

remains correct for higher nilpotency class. We also give a procedure to verify this conjecture

in case it is true3.

Sections 3.7-3.9 deal with Semigroup Intersection and Orbit Intersection in subgroups of

UT(n,Q) of nilpotency class two. In particular, in Section 3.7 we prove a proposition (Proposi-

tion 3.7.2) on the combinatorics of length-two subwords. Then, using this proposition, we prove

PTIME decidability of Semigroup Intersection in subgroups of UT(n,Q) of nilpotency class

two (Section 3.8), as well as decidability of Orbit Intersection in the Heisenberg group H3(Q)

(Section 3.9).

3.2 Representing a nilpotent group

The purpose of this section is to prove the following proposition.

Proposition 3.2.1. Suppose we are given a finite presentation of a nilpotent group G of class

at most d. One can compute an integer n ∈ N as well as an effective homomorphism ϕ : G →

UT(n,Q), such that ϕ(G) is nilpotent of class at most d, and

(1) For any finite set G ⊆ G, the semigroup ⟨G⟩ is a group if and only if the semigroup ⟨ϕ(G)⟩

is a group.

(2) For any finite subsets G1, . . . ,GM of G, we have ⟨G1⟩ ∩ · · · ∩ ⟨GM ⟩ ̸= ∅ if and only if

⟨ϕ(G1)⟩ ∩ · · · ∩ ⟨ϕ(GM )⟩ ≠ ∅.

Proposition 3.2.1 reduces the Group Problem and Semigroup Intersection in finitely presented

nilpotent groups to respective problems in subgroups of UT(n,Q). Here is some intuition for

constructing ϕ: let G be a nilpotent group, we denote by T its subgroup consisting of all torsion

elements. The quotient G/T is torsion-free and can be embedded into some UT(n,Q). Then we

can take ϕ as the composition G→ G/T ↪→ UT(n,Q).

In order to prove Proposition 3.2.1 rigorously, we first recall some well-known properties of

finitely generated nilpotent groups.

Lemma 3.2.2 ([34, Lemma 13.56, Theorem 13.57]). (1) Every subgroup of a finitely gener-

ated nilpotent group is finitely generated nilpotent.

3Likely due to the lack of computational power, our verification of Conjecture 3.6.1 stops at nilpotency
class ten.
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(2) If G is finitely generated nilpotent of class d and N is a normal subgroup of G, then the

quotient G/N is finitely generated nilpotent of class at most d.

(3) The direct product of a finite family of finitely generated nilpotent groups is again finitely

generated nilpotent.

Let G be a nilpotent group with the neutral element I. An element t ∈ G is called torsion if

tn = I for some n ≥ 1. The group G is called torsion free if the only torsion element of G is I.

Lemma 3.2.3 ([34, Theorem 13.64]). Let G be a nilpotent group. The set of all torsion elements

of G forms a normal subgroup of G, called the torsion subgroup of G.

Lemma 3.2.4 ([34, Proposition 13.65]). The torsion subgroup of a finitely generated nilpotent

group is finite.

We denote by T the torsion subgroup of G. The quotient group G/T is torsion-free, since

every torsion element of G is contained in T . Let g 7→ g := gT denote the canonical projection

G→ G/T . For a set G ⊆ G, denote

G := {gi | gi ∈ G}.

Lemma 3.2.5. The semigroup ⟨G⟩ is a group if and only if ⟨G⟩ is a group.

Proof. Suppose the semigroup ⟨G⟩ is a group, then by Lemma 2.2.1 there exists a full-image

word w = gi1gi2 · · · gim over the alphabet G that represents the neutral element of G. Then the

word w := gi1 · · · gim is full-image over the alphabet G and represents the neutral element of

G/T . So ⟨G⟩ is a group by Lemma 2.2.1.

Suppose the semigroup ⟨G⟩ is a group. By Lemma 2.2.1, there exists a full-image word

w = gi1 gi2 · · · gim over the alphabet G that represents the neutral element of G/T . Then the

word w̃ := gi1gi2 · · · gim is full-image over the alphabet G and represents some element t in T .

Suppose tn = I, then the word

w̃n := (gi1gi2 · · · gim) · · · (gi1gi2 · · · gim)︸ ︷︷ ︸
n times

is full-image over the alphabet G and represents I ∈ G. So ⟨G⟩ is a group by Lemma 2.2.1.

Lemma 3.2.6. The intersection ⟨G1⟩ ∩ · · · ∩ ⟨GM ⟩ is non-empty if and only if the intersection

⟨G1⟩ ∩ · · · ∩ ⟨GM ⟩ is non-empty.

Proof. Suppose the intersection ⟨G1⟩∩ · · ·∩ ⟨GM ⟩ is non-empty and contains an element g. Then

⟨G1⟩ ∩ · · · ∩ ⟨GM ⟩ is non-empty since it contains g.
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Suppose ⟨G1⟩∩· · ·∩⟨GM ⟩ is non-empty. Let g ∈ G such that g is an element in ⟨G1⟩∩· · ·∩⟨GM ⟩,

we now show that for a well chosen N ∈ N, we have gN ∈ ⟨G1⟩ ∩ · · · ∩ ⟨GM ⟩.

Let t1, . . . , tM ∈ T be such that gt1 ∈ ⟨G1⟩, . . . gtM ∈ ⟨GM ⟩. Take any i ∈ {1, . . . ,M},

we show that there exists ni ≥ 1 such that (gti)
ni = gni . Indeed, consider the sequence

ti, gtig
−1, g2tig

−2, . . .. Since T is a normal subgroup (Lemma 3.2.3), every element in the se-

quence is in T . Since T is finite (Lemma 3.2.4), there exist two elements gptig
−p, gqtig

−q where

p < q and gptig
−p = gqtig

−q. Taking k := q − p we have gktig
−k = ti and

gjtig
−j = gj+ktig

−(j+k) for all j ∈ Z. (3.1)

Consider the element

h :=
k∏

j=1

gjtig
−j ∈ T.

There exists n ≥ 1 such that hn = I. Then

(gti)
kn g−kn =

(
gtig

−1
) (
g2tig

−2
)
· · ·
(
gkntig

−kn
)
=

kn∏
j=1

gjtig
−j (3.1)

=

 k∏
j=1

gjtig
−j

n

= hn = I.

Therefore ni := kn satisfies (gti)
ni = gni .

Now take N := n1n2 · · ·nM , then (gti)
N = gN for i = 1, . . . ,M . Hence gN = (gti)

N ∈ ⟨Gi⟩

for all i ∈ {1, . . . ,M}, yielding gN ∈ ⟨G1⟩∩ · · ·∩ ⟨GM ⟩. Thus, ⟨G1⟩∩ · · ·∩ ⟨GM ⟩ is non-empty.

Lemma 3.2.7 ([68, Theorem 8]). Given a finite presentation of a nilpotent group G, one can

compute the generators of its torsion subgroup T .

Note that given a finite presentation of G and the generators of T ⊴G, a finite presentation

of G/T can be obtained. In fact, if G = ⟨g1, . . . , gn | r1, . . . , rm⟩ and the generators of T

are t1, . . . , tp, then G/T = ⟨g1, . . . , gn | r1, . . . , rm, t1, . . . , tp⟩ (see, for example, [51, Chapter 4,

Proposition 2]).

Lemma 3.2.8 ([41, Algorithm E]). Given a finite presentation of a torsion-free nilpotent group

A, one can compute n ∈ N and an embedding θ : A ↪→ UT(n,Q).

We can now construct the homomorphism ϕ in Proposition 3.2.1. Since G/T is torsion free,

Lemma 3.2.8 gives an effective embedding θ : G/T ↪→ UT(n,Q) for some n. We compose θ with

the canonical projection G→ G/T, g 7→ g, and obtain the homomorphism

ϕ : G→ UT(n,Q), g 7→ θ(g). (3.2)
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This homomorphism is effective by Lemma 3.2.7 and 3.2.8. We can now prove the main propo-

sition of this subsection:

Proposition 3.2.1. Suppose we are given a finite presentation of a nilpotent group G of class

at most d. One can compute an integer n ∈ N as well as an effective homomorphism ϕ : G →

UT(n,Q), such that ϕ(G) is nilpotent of class at most d, and

(1) For any finite set G ⊆ G, the semigroup ⟨G⟩ is a group if and only if the semigroup ⟨ϕ(G)⟩

is a group.

(2) For any finite subsets G1, . . . ,GM of G, we have ⟨G1⟩ ∩ · · · ∩ ⟨GM ⟩ ̸= ∅ if and only if

⟨ϕ(G1)⟩ ∩ · · · ∩ ⟨ϕ(GM )⟩ ≠ ∅.

Proof. Let G = ⟨g1, . . . , gn | r1, . . . , rm⟩ be the given finite presentation of G. Let T be the

torsion subgroup of G. By Lemma 3.2.7, the generators of T can be effectively computed.

Denote them by t1, . . . , tp, then G/T = ⟨g1, . . . , gn | r1, . . . , rm, t1, . . . , tp⟩. The set G under the

canonical projection G→ G/T is given by the same words representing the elements of G.

Take ϕ to be the homomorphism defined in (3.2). By Lemma 3.2.2 (2), the image ϕ(G) ∼=

G/T is of nilpotency class at most d. Since the embedding θ from Lemma 3.2.8 is effective, ϕ is

also effective. Since θ is an isomorphism between G/T and ϕ(G), Lemma 3.2.5 and 3.2.6 yield

respectively the statements (1) and (2) in the proposition.

By Proposition 3.2.1(1), deciding the Group Problem in a finitely generated nilpotent group

G of class at most ten reduces to deciding the Group Problem in the subgroup ϕ(G) of UT(n,Q)

with nilpotency class at most ten. Since decidability of the Group Problem is equivalent to

computability of the Invertible Subset (Lemma 2.2.4), Corollary 3.1.2 follows immediately from

Theorem 3.1.1. Similarly by Proposition 3.2.1(2), Corollary 3.1.4 follows immediately from

Theorem 3.1.3. Hence, for the rest of this chapter, we will only focus on proving Theorem 3.1.1,

3.1.3 and 3.1.5, and work in subgroups of UT(n,Q).

3.3 Linear programming and Lie algebra

3.3.1 Convex geometry and linear programming

Let G be a subgroup of UT(n,Q). Given a finite set of matrices G = {A1, . . . , AK} in G, recall

that G∗ denotes the set of words over the alphabet G. We now define some concepts necessary

for analysing words with linear algebra.

Definition 3.3.1 (Parikh Image). Given a finite alphabet G = {A1, . . . , AK}, the Parikh Image

of a word w = B1 · · ·Bm in G∗ is the vector PIG(w) :=
(
PIG1 (w), . . . ,PI

G
K(w)

)
∈ ZK

≥0, where
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PIGi (w) is the number of times Ai appears in w. That is, PI
G
i (w) := card({j | Bj = Ai}). When

the alphabet G is clear from the context, we write PI(w),PIi(w) instead of PIG(w),PIGi (w).

Definition 3.3.2 (Cones). Let V be a Q-linear space. A subset C ⊆ V is called a Q≥0-cone

if a ∈ C =⇒ aQ≥0 ⊆ C, and a, b ∈ C =⇒ a + b ∈ C. Given a set of vectors S ⊆ V , denote by

⟨S⟩Q≥0
the Q≥0-cone generated by S, that is, the smallest Q≥0-cone of V containing S. Similarly,

denote by ⟨S⟩Q the Q-linear space generated by S. These definitions can be naturally extended

to R≥0-cones and R-linear spaces.

Definition 3.3.3 (Support). A subset Λ ⊆ ZK
≥0 is called a Z≥0-cone if a, b ∈ Λ =⇒ a+ b ∈ Λ,

and 0 ∈ Λ. The support of a vector ℓ = (ℓ1, . . . , ℓK) ∈ ZK
≥0 is defined as the set of indices where

the entry of ℓ is non-zero:

supp(ℓ) := {i ∈ {1, . . . ,K} | ℓi > 0}.

The support of a Z≥0-cone Λ is defined as the union of supports of all vectors in Λ:

supp(Λ) :=
⋃
ℓ∈Λ

supp(ℓ) = {i | ∃(ℓ1, . . . , ℓK) ∈ Λ, ℓi > 0}.

Let V be a Q-linear subspace of QK , represented as the solution set of linear homogeneous

equations. Then ZK
≥0 ∩ V is a Z≥0-cone. In this chapter, we will need to compute the support

of Z≥0-cones of the form Λ = ZK
≥0 ∩ V .

Lemma 3.3.4. Given V represented as the solution set of linear homogeneous equations, one

can compute the support of Λ = ZK
≥0 ∩ V in polynomial time.

Proof. For i = 1, . . . ,K, we can check whether i ∈ supp(Λ) in the following way. By definition,

i ∈ supp(Λ) if and only if the system

(ℓ1, . . . , ℓK) ∈ V, ℓ1 ≥ 0, . . . , ℓi > 0, . . . , ℓK ≥ 0, (3.3)

has an integer solution (ℓ1, . . . , ℓK) ∈ ZK . By the homogeneity of the system (3.3), it has an

integer solution if and only if it has a rational solution. The existence of a rational solution

to system (3.3) can be decided by linear programming in polynomial time. Therefore, the

support of Λ can be computed in polynomial time by checking whether i ∈ supp(Λ) for each

i = 1, . . . ,K.
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3.3.2 The Baker-Campbell-Hausdorff formula

Definition 3.3.5 (Lie algebra u(n)). The Lie algebra u(n) is defined as the Q-linear space of

n× n upper triangular rational matrices with zeros on the diagonal:

u(n) :=




0 ∗ · · · ∗ ∗
0 0 · · · ∗ ∗
...

...
. . .

...
...

0 0 · · · 0 ∗
0 0 · · · 0 0

 , where ∗ are entries in Q


.

It is a linear space of dimension 1
2n(n− 1). There exist maps

log : UT(n,Q) → u(n), A 7→
n∑

k=1

(−1)k−1

k
(A− I)k,

and

exp : u(n) → UT(n,Q), X 7→
n∑

k=0

1

k!
Xk,

which are inverse of one another. In particular, log I = 0 and exp(0) = I.

The Lie algebra u(n) is equipped with a Lie bracket [·, ·] : u(n) × u(n) → u(n) given by

[X,Y ] = XY − Y X. The Lie bracket has the following three properties.

(i) Bilinearity:

[aX + bY, Z] = a[X,Z] + b[Y,Z], [Z, aX + bY ] = a[Z,X] + b[Z, Y ]

for all scalars a, b ∈ Q and all elements X,Y, Z ∈ u(n).

(ii) Anticommutativity:

[X,Y ] = −[Y,X]

for all elements X,Y ∈ u(n).

(iii) The Jacobi identity :

[X, [Y,Z]] + [Y, [Z,X]] + [Z, [X,Y ]] = 0

for all elements X,Y, Z ∈ u(n).

Notation 3.3.6 (Logarithm of sets and long Lie brackets). Given a set of matrices G ⊆

UT(n,Q), define the set

log G := {logA | A ∈ G}

of logarithms of matrices in G. It is a subset of u(n). If G is a subgroup of UT(n,Q), then by
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slight abuse of notation, logG is similarly defined by considering G as a set.

Given a set of elements H ⊆ u(n) and an integer k ≥ 2, define the set

[H]k :=

{
[. . . [[X1, X2], X3], . . . , Xk]

∣∣∣∣ X1, X2, . . . , Xk ∈ H
}
.

That is, [H]k is the set of all “left bracketing” of length k of elements in H.

It is a standard result [42, p.576] that, using the bilinearity, anticommutativity and the Jacobi

identity, any k-iteration of Lie brackets of elements in H can be written as a linear combination

of elements in [H]k. For example, for k = 4, one can write

[[X1, X2], [X3, X4]] =− [[X2, [X3, X4]], X1]− [[[X3, X4], X1], X2] (Jacobi identity)

= [[[X3, X4], X2], X1]− [[[X3, X4], X1], X2] (Anticommutativity).

The following lemma relates the nilpotency class of G to the integer d such that the set

[logG]d+1 vanishes. This result has deep roots in what is called the Mal’cev correspondence

between unipotent Lie groups and nilpotent Lie algebras.

Lemma 3.3.7. Let G be a subgroup of UT(n,Q). If the nilpotency class of G is d, then

[logG]d+1 = {0}.

Proof. For an element g ∈ G and a rational number q ∈ Q, define gq := exp(q log g). A group

G ≤ UT(n,Q) is called Q-powered if for every element g ∈ G and q ∈ Q, we have gq ∈ G. A

subgroup of UT(n,Q) is torsion-free, because An = I ⇐⇒ n logA = 0 ⇐⇒ logA = 0 ⇐⇒

A = I. Therefore, by [56, Theorem 9.20(a)], G can be embedded in a Q-powered group Ĝ of the

same nilpotency class d.4 By [56, Theorem 10.3(d)], log Ĝ is a Lie algebra over Q, and log Ĝ is

of nilpotency class d (meaning [log Ĝ]d+1 = {0}). Therefore, [logG]d+1 ⊆ [log Ĝ]d+1 = {0}.

We now introduce the main tool of this chapter: the Baker-Campbell-Hausdorff formula.

Theorem 3.3.8 (Baker-Campbell-Hausdorff formula [5, 26, 45]). Let n ∈ N and G be a subgroup

of UT(n,Q) with nilpotency class at most d. Let B1, . . . , Bm be elements of G. We have

log(B1B2 · · ·Bm) =

m∑
i=1

logBi +

d∑
k=2

Hk(logB1, . . . , logBm), (3.4)

where the terms Hk(logB1, . . . , logBm), k = 2, 3, . . ., can be expressed as Q-linear combinations

of elements in [{logB1, . . . , logBm}]k.

4The smallest such group Ĝ is commonly called the Mal’cev completion of G.
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In theory, one can compute the expressions Hk effectively using recursion (see, for example

[28]). An explicit expression for the term Hk was discovered by Dynkin (see Lemma 3.5.4).

However, as k grows, these expressions quickly become highly complicated. For example, here

are the explicit expressions of the first two terms.

H2(C1, . . . , Cm) =
1

2

∑
i<j

[Ci, Cj ],

H3(C1, . . . , Cm) =
∑

i<j<k

(
[Ci, [Cj , Ck]]

3
+

[[Ci, Ck], Cj ]

6

)
+

1

12

∑
i<j

([Ci, [Ci, Cj ]] + [[Ci, Cj ], Cj ]) .

(3.5)

3.4 Invertible Subset

In this section, we construct the algorithm that proves Theorem 3.1.1. In order to describe our

algorithm, we need to introduce the following notation. When H be a finite set of elements in

the Lie algebra u(n), denote

L≥k(H) :=

〈⋃
i≥k

[H]i

〉
Q

.

That is, L≥k(H) is the linear space spanned by the set of all “left bracketings” of length at least

k of elements in H. By Lemma 3.3.7, if G ≤ UT(n,Q) has nilpotency class d, then for any

H ⊆ logG, we have L≥k(H) = ⟨[H]k⟩Q + ⟨[H]k+1⟩Q + · · · + ⟨[H]d⟩Q, and L≥d+1(H) = {0}. We

have thus a descending series of linear spaces L≥1(H) ⊇ L≥2(H) ⊇ · · · ⊇ L≥d+1(H) = {0} such

that [L≥i(H),L≥j(H)] ⊆ L≥i+j(H).5

Example 3.4.1. Let G = UT(4,Q), so it is of nilpotency class three. Consider the Lie algebra

logG = u(4) =



0 ∗ ∗ ∗
0 0 ∗ ∗
0 0 0 ∗
0 0 0 0

 , where ∗ are entries in Q

 .

It is a Q-linear space of dimension six. Let G = {A1, A2, A3}, where

A1 =


1 2 −1 1
0 1 2 1
0 0 1 2
0 0 0 1

 , A2 =


1 −1 −1 2
0 1 −1 −1
0 0 1 0
0 0 0 1

 , A3 =


1 0 3 −1
0 1 0 1
0 0 1 −1
0 0 0 1

 .

5In mathematical terms, the linear spaces L≥1(H) ⊇ L≥2(H) ⊇ · · · ⊇ L≥d+1(H) = {0} give the Lie
algebra L≥1(H) the structure of a filtered Lie algebra (for an exact definition, see [60]).
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Then letting H = {logA1, logA2, logA3}, we have

logA1 =


0 2 −3 11

3
0 0 2 −1
0 0 0 2
0 0 0 0

 , logA2 =


0 −1 −3

2
3
2

0 0 −1 −1
0 0 0 0
0 0 0 0

 , logA3 =


0 0 3 1

2
0 0 0 1
0 0 0 −1
0 0 0 0

 . (3.6)

We will compute L≥k(H) for k = 1, 2, 3, . . ..

First, we have L≥4(H) = {0}. This can be proved either by showing that all length-four Lie

brackets vanish, or by directly applying Lemma 3.3.7 for d = 3.

Next, we compute L≥3(H). This is the subspace generated by the set L≥4(H) = {0} and the

set [H]3 of length-three brackets:

[H]3 =

{
[[logA1, logA2], logA1], [[logA1, logA2], logA2], . . . , [[logA3, logA2], logA2]

}
.

It is easy to show that all length-three left brackets [[logAi, logAj ], logAk] are of the form
0 0 0 ∗
0 0 0 0
0 0 0 0
0 0 0 0

 , ∗ ∈ Q. For example, [[logA1, logA2], logA1] =


0 0 0 −4
0 0 0 0
0 0 0 0
0 0 0 0

 ̸= 0.

Therefore, we have

L≥3(H) =



0 0 0 a
0 0 0 0
0 0 0 0
0 0 0 0


∣∣∣∣∣∣∣∣ a ∈ Q

 . (3.7)

It is a dimension one subspace of u(4).

Next, we compute L≥2(H). This is the subspace generated by L≥3(H) and the set [H]2 of

length-two Lie brackets:

[H]2 = {[logA1, logA2], [logA1, logA3], [logA2, logA3]} .

Direct computation shows

[H]2 =



0 0 0 0
0 0 0 2
0 0 0 0
0 0 0 0

 ,


0 0 0 −1
0 0 0 −2
0 0 0 0
0 0 0 0

 ,


0 0 0 1

2
0 0 0 1
0 0 0 0
0 0 0 0


 .

Hence,

L≥2(H) =



0 0 0 a
0 0 0 b
0 0 0 0
0 0 0 0


∣∣∣∣∣∣∣∣ a, b ∈ Q

 . (3.8)
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It is a dimension two subspace of u(4).

Finally we compute L≥1(H). This is the subspace generated by L≥2(H) and all length-one

Lie brackets:

[H]1 = H = {logA1, logA2, logA3} .

Direct computation shows

L≥1(H) =



0 c1 c2 a
0 0 c1 b
0 0 0 c3
0 0 0 0


∣∣∣∣∣∣∣∣ a, b, c1, c2, c3 ∈ Q

 . (3.9)

It is a dimension five subspace of u(4). This concludes our example.

Now let G ≤ UT(n,Q) be a group of nilpotency class at most ten, and fix G = {A1, . . . , AK}

to be a finite alphabet of elements in G. For any vector ℓ = (ℓ1, . . . , ℓK) ∈ ZK
≥0, define

Gsupp(ℓ) := {Ai | Ai ∈ G, i ∈ supp(ℓ)}

as the set of matrices in G whose index appears in supp(ℓ).

We now give the key ingredient of an algorithm that computes the invertible subset of G.

For a word w ∈ G∗, we naturally denote by logw the logarithm of the element represented by w.

The key ingredient is the following (highly non-trivial) Theorem 3.4.2, which provides a linear

algebra criterion for the existence of a non-empty word w ∈ G∗ satisfying logw = 0. Note that

logw = 0 if and only if w represents the neutral element.

Theorem 3.4.2 (Structural theorem of unitriangular matrix semigroups). Let G = {A1, . . . , AK}

be a finite set of matrices in UT(n,Q) that satisfies [log G]11 = {0}. Given a non-zero vector

ℓ = (ℓ1, . . . , ℓK) ∈ ZK
≥0:

(i) If there exists a word w ∈ G∗ with PIG(w) = ℓ and logw = 0, then

K∑
i=1

ℓi logAi ∈ L≥2(log Gsupp(ℓ)). (3.10)

(ii) If ℓ satisfies (3.10), then there exists a non-empty word w ∈ G∗, with PIG(w) ∈ Z>0 · ℓ,

such that logw = 0.

Part (i) of Theorem 3.4.2 is relatively easy to prove:

Proof of part (i) of Theorem 3.4.2. Let w be a word with PIG(w) = ℓ. Write w = B1B2 · · ·Bm,

Bi ∈ G, i = 1, . . . ,m. Regrouping by letters, we have
∑K

i=1 ℓi logAi =
∑m

i=1 logBi.
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If logw = 0, then by the Baker-Campbell-Hausdorff formula (3.4), we have

m∑
i=1

logBi +

n−1∑
k=2

Hk(logB1, . . . , logBm) = log(B1B2 · · ·Bm) = 0.

The higher order terms Hk, k ≥ n vanish because [log G]n = {0} (this is a consequence of

G ⊆ UT(n,Q)). Therefore,
∑K

i=1 ℓi logAi =
∑m

i=1 logBi = −
∑n−1

k=2 Hk(logB1, . . . , logBm).

Since the Parikh Image of the word B1B2 · · ·Bm is ℓ, the matrices Bi all lie in the set

Gsupp(ℓ). Therefore, logBi ∈ log Gsupp(ℓ) for all i. By Theorem 3.3.8, for all k ≥ 2 we have

−Hk(logB1, . . . , logBm) ∈
〈
[{logBi | i = 1, . . . ,m}]k

〉
Q ⊆ L≥k(log Gsupp(ℓ)) ⊆ L≥2(log Gsupp(ℓ)).

Therefore, we have
∑K

i=1 ℓi logAi = −
∑n−1

k=2 Hk(logB1, . . . , logBm) ∈ L≥2(log Gsupp(ℓ)).

Part (ii) of Theorem 3.4.2 is highly non-trivial and will be the focus of Section 3.5. We

continue Example 3.4.1 to give an intuition of the Condition (3.10) in Theorem 3.4.2.

Example 3.4.1 (continued). Let G be as in Example 3.4.1. As an example, we show that

ℓ = (1, 2, 2) satisfies Condition (3.10). In this case, we have supp(ℓ) = {1, 2, 3}, so (3.8) yields

L≥2(log Gsupp(ℓ)) =



0 0 0 a
0 0 0 b
0 0 0 0
0 0 0 0


∣∣∣∣∣∣∣∣ a, b ∈ Q

 .

Therefore,

3∑
i=1

ℓi logAi = logA1 + 2 logA2 + 2 logA3 =


0 0 0 23

3
0 0 0 −1
0 0 0 0
0 0 0 0

 ∈ L≥2(log Gsupp(ℓ)),

where logA1, logA2, logA3 are computed in (3.6). Hence, ℓ satisfies Condition (3.10).

Therefore, Theorem 3.4.2 claims that there exists a non-empty word w ∈ G∗, with PIG(w) ∈

Z>0 · (1, 2, 2), such that logw = 0. Indeed, in the beginning of Section 3.5 we will show how

to construct this word w. This will serve as an intuition of the proof in the general case. This

concludes our example for now.

One can see that the proof of part (i) did not use the condition [log G]11 = {0}, hence part (i)

would still hold without this condition. However, the condition [log G]11 = {0} will be needed

in the proof of part (ii).

Note that finding solutions of Equation (3.10) only relies on linear algebra. Assuming the

structural Theorem 3.4.2, we can devise the following Algorithm 3.1 that computes the invertible
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subset of any finite set G ⊆ G.

Algorithm 3.1 Computing the invertible subset of G
Input: A finite set of elements G = {A1, . . . , AK} in G.

Output: The invertible subset Ginv of G.

1 Initialization. Set S := {1, . . . ,K}.

2 Main loop. Repeat the following

(a) Represent the Q-linear subspace of QK :

V :=

{
(ℓ1, . . . , ℓK) ∈ QK

∣∣∣∣∣
K∑
i=1

ℓi logAi ∈ L≥2({logAi | i ∈ S})

}

as the solution set of homogeneous linear equations.

(b) Define Λ := ZK
≥0 ∩ V and compute supp(Λ) using Lemma 3.3.4.

(c) If supp(Λ) = S, terminate the algorithm and return Ginv = {Ai | i ∈ S}.

Otherwise let S := supp(Λ) and continue.

Proof of Theorem 3.1.1 and correctness of Algorithm 3.1 (assuming Theorem 3.4.2). After each

iteration of Step 2, the sets L≥2({logAi | i ∈ S}) and V do not increase, so the set S = supp(Λ)

strictly decreases. Therefore, the algorithm terminates after at most K iterations of Step 2.

Since G has nilpotency class at most ten, by Lemma 3.3.7, its subset G satisfies [log G]11 =

{0}. For the correctness of the algorithm, we start by showing that, when the algorithm termi-

nates, every element of {Ai | i ∈ S} has an inverse in the semigroup ⟨G⟩. When the algorithm

terminates at Step 2(c), we have supp(Λ) = S. By the additivity of Λ (that is, a, b ∈ Λ =⇒

a + b ∈ Λ), there exists a vector ℓ = (ℓ1, . . . , ℓK) ∈ Λ such that supp(ℓ) = supp(Λ) = S. This

vector then satisfies
K∑
i=1

ℓi logAi ∈ L≥2({logAi | i ∈ supp(ℓ)})

by the definition of V . By Theorem 3.4.2(ii), this shows that there exists a non-empty word w,

with PIG(w) ∈ Z>0 · ℓ such that logw = 0. This word w represents I. For any i ∈ S, since

supp(ℓ) = S, the letter Ai appears in the word w. Write w = w1Aiw2, then w1Aiw2 represents

I. Therefore, A−1
i is represented by the word w2w1 ∈ G∗, so A−1

i ∈ ⟨G⟩.

We then show that for every matrix Ai invertible in ⟨G⟩, i is in the set S at the termination

of the algorithm. Suppose A−1
i is represented by a non-empty word w ∈ G∗. Then the word

w′ = wAi represents I; that is, logw
′ = 0. By Theorem 3.4.2(i), the Parikh Image ℓ = PIG(w′)

satisfies
∑K

i=1 ℓi logAi ∈ L≥2({logAi | i ∈ supp(ℓ)}). We show that supp(ℓ) ⊆ S is an invariant

of the algorithm.
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At initialization, we obviously have supp(ℓ) ⊆ S. Before each iteration of Step 2(b), suppose

we have supp(ℓ) ⊆ S, then

K∑
i=1

ℓi logAi ∈ L≥2({logAi | i ∈ supp(ℓ)}) ⊆ L≥2({logAi | i ∈ S}).

Hence ℓ ∈ Λ = ZK
≥0 ∩ V . Consequently, supp(ℓ) ⊆ supp(Λ) at the beginning of Step 2(c),

which shows that supp(ℓ) ⊆ S still holds after the iteration of Step 2. This invariant shows

that i ∈ supp(ℓ) ⊆ S by the end of the algorithm. Combining with the previous implication, we

conclude that by the end of the algorithm, S is exactly the set of elements in G with inverse in

the semigroup ⟨G⟩.

For the complexity analysis, recall that the algorithm terminates after at most K iterations

of 2. At each iteration of Step 2(b), the support supp(Λ) can be computed in polynomial time

by Lemma 3.3.4. The total input size of these linear programming instances is polynomial with

respect to the total bit length of the matrix entries in G. Indeed, a Q-basis of L≥2({logAi |

i ∈ S}) is simply the set
⋃

10≥k≥2[{logAi | i ∈ S}]k, whose total bit length is of polynomial

size in G. From this, one can express V as the solution set of a system of homogeneous linear

equations whose total bit length is polynomial in G (note that the total bit length of logAi is

also polynomial in G). Therefore, the overall complexity of Algorithm 3.1 is polynomial with

respect to the input G.

3.5 Structural theorem of unitriangular matrix semigroups

In this section we give the proof of Theorem 3.4.2(ii):

Theorem 3.4.2 (Structural theorem of unitriangular matrix semigroups). Let G = {A1, . . . , AK}

be a finite set of matrices in UT(n,Q) that satisfies [log G]11 = {0}. Given a non-zero vector

ℓ = (ℓ1, . . . , ℓK) ∈ ZK
≥0:

(i) If there exists a word w ∈ G∗ with PIG(w) = ℓ and logw = 0, then

K∑
i=1

ℓi logAi ∈ L≥2(log Gsupp(ℓ)). (3.10)

(ii) If ℓ satisfies (3.10), then there exists a non-empty word w ∈ G∗, with PIG(w) ∈ Z>0 · ℓ,

such that logw = 0.

We first give an intuition of the proof by continuing Example 3.4.1.
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Example 3.4.1 (final part). Let G = {A1, A2, A3} be as in Example 3.4.1:

A1 =


1 2 −1 1
0 1 2 1
0 0 1 2
0 0 0 1

 , A2 =


1 −1 −1 2
0 1 −1 −1
0 0 1 0
0 0 0 1

 , A3 =


1 0 3 −1
0 1 0 1
0 0 1 −1
0 0 0 1

 ;

logA1 =


0 2 −3 11

3
0 0 2 −1
0 0 0 2
0 0 0 0

 , logA2 =


0 −1 −3

2
3
2

0 0 −1 −1
0 0 0 0
0 0 0 0

 , logA3 =


0 0 3 1

2
0 0 0 1
0 0 0 −1
0 0 0 0

 .

Let ℓ = (1, 2, 2). We have already shown that ℓ satisfies Condition (3.10), so Theo-

rem 3.4.2(ii) claims that there exists a non-empty word w ∈ G∗, with PIG(w) ∈ Z>0 · (1, 2, 2),

such that logw = 0. We illustrate here how to find this word w.

Step 1. We find elements A′
1, A

′
2, A

′
3 in G∗, such that logA′

1, logA
′
2, logA

′
3 generate the

subspace

L≥2(log Gsupp(ℓ)) =



0 0 0 a
0 0 0 b
0 0 0 0
0 0 0 0


∣∣∣∣∣∣∣∣ a, b ∈ Q


as a Q≥0-cone.

The idea is to take

A′
1 := At

1A
2t
2 A

2t
3 , A′

2 := A2t
2 A

2t
3 A

t
1, A′

3 := A2t
2 A

t
1A

2t
3 , (3.11)

for a suitable t ∈ N. Apply the Baker-Campbell-Hausdorff formula (3.4)

log(B1B2 · · ·Bm) =
m∑
i=1

logBi +
d∑

k=2

Hk(logB1, . . . , logBm)

with m = 3, B1 := At
1, B2 := A2t

2 , B3 := A2t
3 , we obtain

logA′
1 = log(At

1A
2t
2 A

2t
3 )

= logAt
1 + logA2t

2 + logA2t
3 +

3∑
k=2

Hk(logA
t
1, logA

2t
2 , logA

2t
3 )

= t · (logA1 + 2 logA2 + 2 logA3) +

3∑
k=2

tk ·Hk(logA1, 2 logA2, 2 logA3). (3.12)

The last equality is due to logAt = t logA and because the term Hk is a linear combina-

tion of k-iterations of Lie brackets: for example, [t logB1, t logB2] = t2 · [logB1, logB2] and

[[t logB1, t logB2], t logB3] = t3 · [[logB1, logB2], logB3].
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The linear term t ·(logA1+2 logA2+2 logA3) in (3.12) falls in the subspace L≥2(log Gsupp(ℓ))

by Condition (3.10). The non-linear terms tk ·Hk(logA1, 2 logA2, 2 logA3), k = 2, 3, also fall in

the subspace L≥2(log Gsupp(ℓ)) by Theorem 3.3.8. Therefore, we have logA′
1 ∈ L≥2(log Gsupp(ℓ)).

Similarly, logA′
2 and logA′

3 are also in L≥2(log Gsupp(ℓ)).

Using the exact expression (3.5) for the terms H2 and H3, we obtain

logA′
1 =


0 0 0 4

3 t
3 + 23

3 t
0 0 0 2t2 − t
0 0 0 0
0 0 0 0

 , logA′
2 =


0 0 0 −8

3 t
3 + 2t2 + 23

3 t
0 0 0 2t2 − t
0 0 0 0
0 0 0 0

 ,

logA′
3 =


0 0 0 4

3 t
3 + 23

3 t
0 0 0 −2t2 − t
0 0 0 0
0 0 0 0

 .

We then choose t = 10. This choice is made so that t is large enough for logA′
1, logA

′
2, logA

′
3

to exhibit their “asymptotic” behaviour. When t = 10, we have

logA′
1 =


0 0 0 1410
0 0 0 190
0 0 0 0
0 0 0 0

 , logA′
2 =


0 0 0 −2390
0 0 0 190
0 0 0 0
0 0 0 0

 , logA′
3 =


0 0 0 1410
0 0 0 −210
0 0 0 0
0 0 0 0

 .

(3.13)

Then indeed we have

⟨logA′
1, logA

′
2, logA

′
3⟩Q≥0

= L≥2(log Gsupp(ℓ))

by direct computation. Furthermore, the Parikh Images are

PIG(A′
1) = PIG(A′

2) = PIG(A′
3) = (10, 20, 20).

Step 2. Consider the new alphabet G′ := {A′
1, A

′
2, A

′
3}. We now find a non-empty word

A′′ ∈ (G′)∗, such that logA′′ ∈ L≥2(L≥2(log Gsupp(ℓ))) = {0}.

By direct computation from (3.13), we obtain

117 · logA′
1 + 282 · logA′

2 + 361 · logA′
3 = 0. (3.14)

Let

A′′ :=
(
A′

1

)117 · (A′
2

)282 · (A′
3

)361
.
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By the Baker-Campbell-Hausdorff formula (3.4), we have

logA′′ = 117 · logA′
1 + 282 · logA′

2 + 361 · logA′
3 = 0.

This is because all the terms Hk, k ≥ 2 in (3.4) are in

L≥2(L≥2(log Gsupp(ℓ))) ⊆ L≥4(log Gsupp(ℓ)) = {0}. (3.15)

Furthermore, the Parikh Image is

PIG(A′′) = 117 · PIG(A′
1) + 282 · PIG(A′

2) + 361 · PIG(A′
3) = 7600 · (1, 2, 2).

We have thus found the word w = A′′ satisfying logw = 0, with Parikh Image 7600 · (1, 2, 2).

This concludes the example.

The following subsections aim to formalize the idea exhibited in this example and provide a

rigorous proof of Theorem 3.4.2(ii). The main difficulties of formalizing a proof in the general

case are the following.

(i) In Equation (3.11) we took a specific choice of A′
1, A

′
2, A

′
3. In the general case, we will use

a similar idea of taking A′
i to be words of the form At

i1
At

i2
· · ·At

im
. However, the permutations

(i1, i2, . . . , im) need to be chosen carefully. We need to show that there exist enough permutations

so that the constructed elements logA′
1, logA

′
2, . . . , generate the linear space L≥2(log Gsupp(ℓ)).

We achieve this by proving a deep combinatorial property of the terms Hk (Proposition 3.5.1).

(ii) Furthermore, logA′
1, logA

′
2, . . . , need to generate L≥2(log Gsupp(ℓ)) as a cone. The coef-

ficients (117, 282, 361) obtained in Equation (3.14) happen to be positive, but this is a priori

not always true. We need to show that 0 can always be written as a positive combination

of logA′
i. This is proved by finding identities over the terms Hk using computer assistance

(Proposition 3.5.2).

(iii) The exponent t in Equation (3.11) needs to be chosen carefully. In fact, we may need

to take several different t. Such t are chosen using techniques from convex geometry (Proposi-

tion 3.5.3).

(iv) In the above example the nilpotency class of G is three. This is the reason why in Step

2, Equation (3.15) holds, and the matrices A′
1, A

′
2, A

′
3 commute with each other. In the general

case, we deal with groups of nilpotency class up to ten. Then, Equation (3.15) no longer holds.

Hence, we need to repeat the above process for more steps. In general, when G has nilpotency

class up to 2d − 1, we need to repeat the process for d steps. This corresponds to the derived
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length (see Definition 2.1.9) of the group G.

3.5.1 Overview of three technical propositions

The formal proof of Theorem 3.4.2(ii) relies on the three following technical propositions, which

address respectively the difficulties (i)-(iii) stated above.

For k ∈ Z>0, denote by Sk the permutation group of the set {1, . . . , k}. Theorem 3.3.8 states

that the term Hk(logB1, . . . , logBm) is written as a linear combination of k-iterated Lie brackets

[. . . [[logBi1 , logBi2 ], logBi3 ], . . . , logBik ]. Our first technical proposition shows that a converse

of it is true: that for any k ≥ 2, the k-iterated Lie bracket [. . . [[logB1, logB2], logB3], . . . , logBk]

can be written as a linear combination of expressions in Hk.

Proposition 3.5.1. For every k ≥ 2, there exists a function µk : Sk → Z, such that for any

sequence of elements C1, . . . , Cm,m ≥ k, in the Lie algebra u(n) we have

[. . . [[C1, C2], C3], . . . , Ck] =
∑
σ∈Sk

µk(σ)Hk(Cσ(1), . . . , Cσ(k), Ck+1, . . . , Cm). (3.16)

Our second technical proposition shows that for k ≤ 10, one can find a linear combination

with positive coefficients of the terms Hk that lies in L≥k+1 + L≥2(L≥2(·)). (Note that a priori

Hk lies in L≥k(·).)

Proposition 3.5.2. Let k ≤ 10 and let H ⊂ UT(n,Q) be a finite set of matrices for some

n ≥ 2. Then there exist a non-negative integer r, positive rational numbers α1, . . . , αr, as well

as, for s = 1, . . . , r, words js = js,1js,2 · · · js,ms in the alphabet I = {1, 2, . . . , k + 1}, such that

PII(js) ∈ {(1, . . . , 1), (2, . . . , 2)} and

∑
σ∈Sk+1

Hk(logBσ(1), . . . , logBσ(k+1)) +
r∑

s=1

αs

∑
σ∈Sk+1

Hk(logBσ(js,1), . . . , logBσ(js,ms )
)

∈ L≥k+1(logH) + L≥2(L≥2(logH)) (3.17)

for all matrices B1, . . . , Bk+1 in UT(n,Q) satisfying logBi ∈ L≥1(logH) and
∑k+1

i=1 logBi ∈

L≥2(logH).

Our third technical proposition concerns convex geometry and will be responsible for finding

a suitable t from difficulty (ii).

Proposition 3.5.3. Let V be a finite dimensional Q-linear space. Let d be a positive integer,

I be a finite index set, and a1i, . . . ,adi, i ∈ I be vectors in V .
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For any t ∈ Z>0, define the vectors

Pi(t) := ta1i + · · ·+ tdadi, for i ∈ I.

Suppose the following two conditions hold:

(i) The Q≥0-cone Cd := ⟨adi | i ∈ I⟩Q≥0
is a linear space.

(ii) For k = d− 1, d− 2, . . . , 1, the inductively defined Q≥0-cones Ck := ⟨aki | i ∈ I⟩Q≥0
+ Ck+1

are linear spaces.

Then the Q≥0-cone ⟨Pi(t) | i ∈ I, t ∈ Z>0⟩Q≥0
is equal to C1.

Proposition 3.5.2 is the only one among the three technical propositions that is limited by

the nilpotency class. This constitutes the main obstacle to generalizing Theorem 3.4.2 to higher

nilpotency classes.

3.5.2 Proof of Proposition 3.5.1

For a permutation σ ∈ Sk, define d(σ) to be the number of descents in σ, that is, the number

of i ∈ {1, . . . , k − 1} such that σ(i) > σ(i+ 1). In order to prove Proposition 3.5.1, we need an

explicit expression for the terms Hk. This expression is provided by Dynkin6:

Lemma 3.5.4 (Dynkin formula [35], [65, Proposition 3.4 and Proposition 4.2]). We have

Hk(C1, . . . , Cm) =
∑

i1+···+im=k

1

i1! . . . im!
φk(C1, . . . , C1︸ ︷︷ ︸

i1

, C2, . . . , C2︸ ︷︷ ︸
i2

, . . . , Cm, . . . , Cm︸ ︷︷ ︸
im

), (3.18)

where the indices i1, . . . , im are non-negative integers, and

φk(X1, . . . , Xk) =
∑
σ∈Sk

(−1)d(σ)

k2
(
k−1
d(σ)

) [. . . [[Xσ(1), Xσ(2)], Xσ(3)], . . . , Xσ(k)]. (3.19)

Define recursively the following maps µk : Sk → Z, k = 2, 3, . . .. For k = 2, let µ2(id) =

1, µ2((12)) = −1, where id is the constant permutation and (12) is the permutation that swaps

1 and 2. For k ≥ 3, denote by (j1j2 · · · jm) the cyclic permutation that sends ji to ji+1,

i = 1, . . . ,m− 1, and sends jm to j1. Suppose µk−1 is already defined, we then define

µk(σ) :=


µk−1(σ) k = σ(k)

−µk−1(σ ◦ (12 · · · k)) k = σ(1)

0 k = σ(i), i = 2, . . . , k − 1.

(3.20)

6Dynkin originally only proved the bivariate case of Lemma 3.5.4. It was later been generalized to
the multivariate case without much difficulty.
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In the first two cases, the permutation σ or σ ◦ (12 · · · k) fixes k, so they can be considered as

elements in Sk−1, hence µk−1(σ) is well defined. For example, µ3(σ) = 1 when σ = id or (13);

µ3(σ) = −1 when σ = (12) or (132); and µ3(σ) = 0 otherwise. We will show that, for this µk,

the Equation (3.16) in Proposition 3.5.1 is satisfied:

Proposition 3.5.1. For every k ≥ 2, there exists a function µk : Sk → Z, such that for any

sequence of elements C1, . . . , Cm,m ≥ k, in the Lie algebra u(n) we have

[. . . [[C1, C2], C3], . . . , Ck] =
∑
σ∈Sk

µk(σ)Hk(Cσ(1), . . . , Cσ(k), Ck+1, . . . , Cm). (3.16)

Proof. Take µk to be the function defined recursively in (3.20). For every j ≥ 2, there is a natural

embedding fj : Sj ↪→ Sj+1, defined by fj(σ)(i) = σ(i), i = 1, . . . , j, fj(σ)(j+1) = j+1. It is easy

to verify that under this natural embedding, µj and µj+1 are identified, that is, µj = µj+1 ◦ fj .

Therefore, we can denote by µ the map ∪k≥2 Sk → Z as µ(σ) = µk(σ), where σ ∈ Sk. We prove

Equation (3.16) in three steps.

(1) First, we simplify the right hand side of Equation (3.16) by showing

∑
σ∈Sk

µ(σ)Hk(Cσ(1), . . . , Cσ(k), Ck+1, . . . , Cm) =
∑
σ∈Sk

µ(σ)φk(Cσ(1), . . . , Cσ(k)), (3.21)

where φk is defined in Lemma 3.5.4.

Thanks to Lemma 3.5.4, Hk(C1, . . . , Cm) can be written as

Hk(C1, . . . , Cm) =∑
1≤j1<j2<···<jk≤m

φk(Cj1 , . . . , Cjk) +
k−1∑
l=2

∑
1≤j1<j2<···<jl≤m

Hk,l(Cj1 , . . . , Cjl), (3.22)

where Hk,l(Cj1 , . . . , Cjl) is some linear combination of elements in [{Cj1 , . . . , Cjl}]k. By

abuse of notation, for σ ∈ Sk and x > k, we define σ(x) = σ−1(x) = x. For any l =

2, . . . , k − 1, we have

∑
σ∈Sk

∑
1≤j1<j2<···<jl≤m

µ(σ)Hk,l(Cσ(j1), . . . , Cσ(jl))

=
∑

t1,t2,...,tl∈{1,...,m}
pairwise distinct

Hk,l(Ct1 , . . . , Ctl)
∑
σ∈Sk

σ−1(t1)<···<σ−1(tl)

µ(σ). (3.23)
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We claim that, for any pairwise distinct t1, t2, . . . , tl ∈ {1, . . . ,m}, l < k, we have

∑
σ∈Sk

σ−1(t1)<···<σ−1(tl)

µ(σ) = 0. (3.24)

We show (3.24) by induction on k. When k = 2, by the definition of µ, (3.24) holds.

Suppose (3.24) holds for k − 1. Denote by c the cyclic permutation (12 · · · k), then by the

recursive definition of µ,

∑
σ∈Sk

σ−1(t1)<···<σ−1(tl)

µ(σ) =
∑

σ∈Sk−1

σ−1(t1)<···<σ−1(tl)

µ(σ)−
∑

σ∈Sk−1

c◦σ−1(t1)<···<c◦σ−1(tl)

µ(σ). (3.25)

Without loss of generality, suppose the sum on the left hand side is not empty. That is,

there exists at least one permutation σ ∈ Sk such that σ−1(t1) < · · · < σ−1(tl). Since

σ−1 ∈ Sk does not permute any tj with tj > k, the elements of {t1, . . . , tl} which are larger

than k must appear after the elements which are smaller or equal to k, and must appear

in increasing order. In other words, there exists some s ≥ 1, such that ti ≤ k for all i < s,

and k < ts < · · · < tl. (s could be l + 1, in which case ti ≤ k for all i = 1, . . . , l.) Since

σ ∈ Sk does not change the value of ts, · · · , tl, one can discard them without changing the

sum. Hence, we suppose without loss of generality t1, . . . , tl ∈ {1, . . . , k}.

(a) If ti = k for some i = 2, . . . , l − 1. Then no permutation σ ∈ Sk−1 can satisfy

σ−1(t1) < σ−1(ti) = k < σ−1(tl) or c ◦ σ−1(t1) < c ◦ σ−1(ti) = 1 < c ◦ σ−1(tl). Hence,

both sums on the right hand side of Equation (3.25) are empty. The claim (3.24)

follows.

(b) If t1 = k. Then no permutation σ ∈ Sk−1 can satisfy σ−1(t1) < σ−1(ti) = k < σ−1(tl),

so the first sum on the right hand side of Equation (3.25) is empty. As for the second

sum, because c ◦ σ−1(t1) = c(k) = 1, we have c ◦ σ−1(t1) < · · · < c ◦ σ−1(tl) if

and only if σ−1(t2) < · · · < σ−1(tl). Hence, using the induction hypothesis on

t2, . . . , tl ∈ {1, . . . , k} yields

∑
σ∈Sk−1

c◦σ−1(t1)<···<c◦σ−1(tl)

µ(σ) =
∑

σ∈Sk−1

σ−1(t2)<···<σ−1(tl)

µ(σ) = 0.

Therefore both sums on the right hand side of Equation (3.25) equal zero. The claim

(3.24) follows.

(c) If tl = k. Similar to the previous case, the second sum on the right hand side
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of Equation (3.25) is empty. As for the first sum, because σ−1(tl) = k, we have

σ−1(t1) < · · · < σ−1(tl) if and only if σ−1(t1) < · · · < σ−1(tl−1). Hence, using the

induction hypothesis on t1, . . . , tl−1 ∈ {1, . . . , k} shows the sum is zero. The claim

(3.24) follows.

(d) If ti ̸= k for all i = 1, . . . , l. Then σ−1(t1) < · · · < σ−1(tl) if and only if c◦σ−1(t1) <

· · · < c ◦ σ−1(tl). Hence, the two sums on the right hand side of Equation (3.25) are

the same. The claim (3.24) follows.

Using the claim (3.24) on Equation (3.23) yields

∑
σ∈Sk

∑
1≤j1<j2<···<jl≤m

µ(σ)Hk,l(Cσ(j1), . . . , Cσ(jl)) = 0, (3.26)

and this combined with Equation (3.22) yields

∑
σ∈Sk

µ(σ)Hk(Cσ(1), . . . , Cσ(k), Ck+1, . . . , Cm)

=
∑
σ∈Sk

µ(σ)Hk(Cσ(1), . . . , Cσ(m)) (define σ(s) = s for σ ∈ Sk and s > k)

=
∑
σ∈Sk

µ(σ)
∑

1≤j1<j2<···<jk≤m

φk(Cσ(j1), . . . , Cσ(jk)) (by (3.22) and (3.26))

=
∑

t1,t2,...,tk∈{1,...,m}
pairwise distinct

φk(Ct1 , . . . , Ctk)
∑
σ∈Sk

σ−1(t1)<···<σ−1(tk)

µ(σ)

=
k∑

l=0

∑
t1,t2,...,tl∈{1,...,k}
pairwise distinct,

k<tl+1<···<tk≤m

φk(Ct1 , . . . , Ctk)
∑
σ∈Sk

σ−1(t1)<···<σ−1(tl)

µ(σ) (3.27)

Because Equation (3.24) holds for l < k, that is, the sum
∑

σ∈Sk
σ−1(t1)<···<σ−1(tl)

µ(σ) vanishes

whenever l < k, the above expression (3.27) is equal to

∑
t1,t2,...,tk∈{1,...,k}
pairwise distinct

φk(Ct1 , . . . , Ctk)
∑
σ∈Sk

σ−1(t1)<···<σ−1(tk)

µ(σ) =
∑
σ∈Sk

µ(σ)φk(Cσ(1), . . . , Cσ(k)).

We have hence shown Equation (3.21):

∑
σ∈Sk

µ(σ)Hk(Cσ(1), . . . , Cσ(k), Ck+1, . . . , Cm) =
∑
σ∈Sk

µ(σ)φk(Cσ(1), . . . , Cσ(k)).
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(2) The second step is to show

∑
σ∈Sk

µ(σ)φk(Cσ(1), . . . , Cσ(k)) =
∑
T∈Sk

µ(T )

k
[. . . [[CT (1), CT (2)], CT (3)], . . . , CT (k)]. (3.28)

Using the exact expression for φk in Lemma 3.5.4, we have

∑
σ∈Sk

µ(σ)φk(Cσ(1), . . . , Cσ(k))

=
∑
σ∈Sk

∑
τ∈Sk

(−1)d(τ)µ(σ)

k2
(
k−1
d(τ)

) [. . . [[Cσ◦τ(1), Cσ◦τ(2)], Cσ◦τ(3)], . . . , Cσ◦τ(k)]

=
∑
T∈Sk

[. . . [[CT (1), CT (2)], CT (3)], . . . , CT (k)]
∑
σ∈Sk

(−1)d(σ
−1◦T )µ(σ)

k2
(

k−1
d(σ−1◦T )

) (3.29)

We will compute the value of
∑

σ∈Sk
(−1)d(σ

−1◦T )µ(σ)

k2( k−1

d(σ−1◦T ))
depending on the permutation T . We

show by induction on k that

∑
σ∈Sk

(−1)d(σ
−1◦T )µ(σ)

k2
(

k−1
d(σ−1◦T )

) =
µ(T )

k
. (3.30)

When k = 2, by direct computation,
∑

σ∈Sk
(−1)d(σ

−1◦T )µ(σ)

k2( k−1

d(σ−1◦T ))
is equal to 1

2 if T = id and to

−1
2 if T = (12). This matches the values of µ(T )

k . If k ≥ 3, suppose (3.30) is proven for

k− 1. Again denote by c the cyclic permutation (12 · · · k), by the recursive definition of µ

we have

∑
σ∈Sk

(−1)d(σ
−1◦T )µ(σ)

k2
(

k−1
d(σ−1◦T )

) =
∑

σ∈Sk−1

(−1)d(σ
−1◦T )µ(σ)

k2
(

k−1
d(σ−1◦T )

) −
∑

σ∈Sk−1

(−1)d(c◦σ
−1◦T )µ(σ)

k2
(

k−1
d(c◦σ−1◦T )

) . (3.31)

(a) If T (i) = k for some i = 2, . . . , k − 1. We claim that d(σ−1 ◦ T ) = d(c ◦ σ−1 ◦ T )

for all σ ∈ Sk−1. In fact, for σ ∈ Sk−1, we have σ−1 ◦ T (i) = k and c ◦ σ−1 ◦ T (i) =

1. Therefore σ−1 ◦ T (i) > σ−1 ◦ T (i + 1), σ−1 ◦ T (i) > σ−1 ◦ T (i − 1), whereas

c◦σ−1 ◦T (i) < c◦σ−1 ◦T (i+1), c◦σ−1 ◦T (i) < c◦σ−1 ◦T (i−1). And for j ̸= i−1, i,

we have σ−1 ◦ T (j) > σ−1 ◦ T (j + 1) if and only if c ◦ σ−1 ◦ T (j) > c ◦ σ−1 ◦ T (j + 1).

This shows d(σ−1 ◦ T ) = d(c ◦ σ−1 ◦ T ). Hence, the two sums on the right hand side

of (3.31) are equal, and
∑

σ∈Sk
(−1)d(σ

−1◦T )µ(σ)

k2( k−1

d(σ−1◦T ))
= 0 = µ(T )

k .

(b) If T (1) = k. Similar to the above discussion, we can show that d(σ−1 ◦ T ) =
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d(c ◦ σ−1 ◦ T ) + 1. Hence the right hand side of (3.31) is equal to

−
∑

σ∈Sk−1

(
(−1)d(c◦σ

−1◦T )µ(σ)

k2
(

k−1
d(c◦σ−1◦T )+1

) +
(−1)d(c◦σ

−1◦T )µ(σ)

k2
(

k−1
d(c◦σ−1◦T )

) )

= −
∑

σ∈Sk−1

(−1)d(c◦σ
−1◦T )µ(σ)

k(k − 1)
(

k−2
d(c◦σ−1◦T )

)
=

−(k − 1)

k

∑
σ∈Sk−1

(−1)d(c◦σ
−1◦T )µ(σ)

(k − 1)2
(

k−2
d(c◦σ−1◦T )

)
We claim that d(c ◦ σ−1 ◦ T ) = d(σ−1 ◦ T ◦ c). This is because σ−1 ◦ T ◦ c(k − 1) <

σ−1◦T ◦c(k) = k, 1 = c◦σ−1◦T (1) < c◦σ−1◦T (2), and c◦σ−1◦T (i+1) > c◦σ−1◦T (i)

if and only if σ−1 ◦ T ◦ c(i) > σ−1 ◦ T ◦ c(i− 1), for i = 2, 3, . . . , k − 1. Hence,

−(k − 1)

k

∑
σ∈Sk−1

(−1)d(c◦σ
−1◦T )µ(σ)

(k − 1)2
(

k−2
d(c◦σ−1◦T )

)
=

−(k − 1)

k

∑
σ∈Sk−1

(−1)d(σ
−1◦T◦c)µ(σ)

(k − 1)2
(

k−2
d(σ−1◦T◦c)

)
=

−(k − 1)

k

µ(T ◦ c)
k − 1

(by induction hypothesis)

=
(k − 1)

k

µ(T )

k − 1
(by definition of µ)

=
µ(T )

k
.

(c) If T (k) = k. Similar to the above discussion, we can show that d(c ◦ σ−1 ◦ T ) =

d(σ−1 ◦ T ) + 1. And hence the right hand side of (3.31) is equal to

(k − 1)

k

∑
σ∈Sk−1

(−1)d(σ
−1◦T )µ(σ)

(k − 1)2
(

k−2
d(σ−1◦T )

) =
(k − 1)

k

µ(T )

k − 1
=
µ(T )

k

by the induction hypothesis, where T can be considered as an element in Sk−1 since

it stabilizes k.

We have thus shown the claim (3.30). Putting this into Equation (3.29) shows Equa-

tion (3.28):

∑
σ∈Sk

µ(σ)φk(Cσ(1), . . . , Cσ(k)) =
∑
T∈Sk

µ(T )

k
[. . . [[CT (1), CT (2)], CT (3)], . . . , CT (k)].
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(3) The third and last step is to show7

∑
T∈Sk

µ(T )[. . . [[CT (1), CT (2)], CT (3)], . . . , CT (k)] = k[. . . [[C1, C2], C3], . . . , Ck]. (3.32)

First, using induction on k, we will show that

∑
T∈Sk

µ(T )[. . . [[Ck+1, CT (1)], CT (2)], . . . , CT (k)] = −[. . . [[C1, C2], C3], . . . , Ck+1]. (3.33)

The case where k = 2 follows directly from the Jacobi identity. Suppose Equation (3.33)

holds for k − 1, then

∑
T∈Sk

µ(T )[. . . [[Ck+1, CT (1)], CT (2)], . . . , CT (k)]

=
∑

T∈Sk−1

µ(T )[[. . . [[Ck+1, CT (1)], CT (2)], . . . , CT (k−1)], Ck]

−
∑

T∈Sk−1

µ(T )[. . . [[Ck+1, Ck], CT (1)], . . . , CT (k−1)]. (3.34)

By the induction hypothesis, the first sum on the right hand side is equal to

−[[[. . . [[C1, C2], C3], . . . , Ck−1], Ck+1], Ck],

and the second sum on the right hand side is equal to

−[[. . . [[C1, C2], C3], . . . , Ck−1], [Ck+1, Ck]].

Using the Jacobi identity and the anticommutativity of Lie brackets, we have

− [[[. . . [[C1, C2], C3], . . . , Ck−1], Ck+1], Ck] + [[. . . [[C1, C2], C3], . . . , Ck−1], [Ck+1, Ck]]

= −[[[. . . [[C1, C2], C3], . . . , Ck−1], Ck], Ck+1].

7A direct way of proving Equation (3.32) is to use the Dynkin-Specht-Wever theorem [35], which states
that if a non-commutative polynomial f ∈ Q⟨C1, . . . , Ck⟩ is Lie, then one can replace all monomials
Ci1Ci2 · · ·Cik by [. . . [Ci1 , Ci2 ], . . . , Cik ]/k without changing its value. Writing the right hand side of
(3.32) as an element in Q⟨C1, . . . , Ck⟩ gives k

∑
σ∈Sk

µ(σ)Cσ(1)Cσ(2) · · ·Cσ(k) (we can check this using the
definition of µ), which is equal to the left hand side by replacing the monomials Cσ(1)Cσ(2) · · ·Cσ(k) by
the Lie brackets [. . . [[Cσ(1), Cσ(2)], Cσ(3)], . . . , Cσ(k)]/k. Nevertheless, here we will give a self-contained
proof without using the Dynkin-Specht-Wever theorem.
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Hence, Equation (3.34) yields

∑
T∈Sk

µ(T )[. . . [[Ck+1, CT (1)], CT (2)], . . . , CT (k)] = −[[. . . [[C1, C2], C3], . . . , Ck], Ck+1],

concluding the proof by induction for Equation (3.33).

Next, we will again use induction on k to prove Equation (3.32):

∑
T∈Sk

µ(T )[. . . [[CT (1), CT (2)], CT (3)], . . . , CT (k)] = k[. . . [[C1, C2], C3], . . . , Ck].

The case of k = 2 results from direct computation. Suppose (3.32) hold for k − 1, then

∑
T∈Sk

µ(T )[. . . [[CT (1), CT (2)], CT (3)], . . . , CT (k)]

=
∑

T∈Sk−1

µ(T )[[. . . [[CT (1), CT (2)], CT (3)], . . . , CT (k−1)], Ck]

−
∑

T∈Sk−1

µ(T )[. . . [[Ck, CT (1)], CT (2)], . . . , CT (k−1)]

= (k − 1)[. . . [[C1, C2], C3], . . . , Ck]

−
∑

T∈Sk−1

µ(T )[. . . [[Ck, CT (1)], CT (2)], . . . , CT (k−1)] (by induction hypothesis)

= k[. . . [[C1, C2], C3], . . . , Ck] (by Equation (3.33) for k − 1).

We have thus shown Equation (3.32).

Combining the Equations (3.21), (3.28) and (3.32) obtained in the three steps gives us

∑
σ∈Sk

µ(σ)Hk(Cσ(1), . . . , Cσ(k), Ck+1, . . . , Cm) = [. . . [[C1, C2], C3], . . . , Ck].

3.5.3 Proof of Proposition 3.5.2

In this subsection we prove Proposition 3.5.2. Again, the key is understanding the struc-

ture of the expressions for Hk. For even k, the following lemma shows that the expression

Hk(C1, . . . , Cm) is “antisymmetric”, and immediately yields Proposition 3.5.2.

Lemma 3.5.5. When k is even, we have

Hk(C1, . . . , Cm) = −Hk(Cm, . . . , C1).
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Proof. Define a new variable t. Replacing Bi by exp(tCi) in the Baker-Campbell-Hausdorff

formula (3.4), we have

log(exp(tC1) · · · exp(tCm)) = t

m∑
i=1

Ci + tk
d−1∑
k=2

Hk(C1, . . . , Cm). (3.35)

Now, replaceBi by exp(−tCm+1−i), i = 1, . . . ,m, in the Baker-Campbell-Hausdorff Formula (3.4),

we obtain

log(exp(−tCm) · · · exp(−tC1)) = −t
m∑
i=1

Ci + (−t)k
d−1∑
k=2

Hk(Cm, . . . , C1). (3.36)

Since log(exp(tC1) · · · exp(tCm)) = − log(exp(−tCm) · · · exp(−tC1)), comparing the coefficients

of tk in (3.35) and (3.36) yields

Hk(C1, . . . , Cm) = −Hk(Cm, . . . , C1)

for even k.

Next, we need the following lemmas regarding the odd terms H3, H5, H7 and H9. These

correspond to Proposition 3.5.2 for k = 3, 5, 7, 9.

Lemma 3.5.6. Let H ⊂ UT(n,Q) be a finite set of matrices. Given matrices B1, . . . , Bm in

UT(n,Q) such that logBi ∈ L≥1(logH), i = 1, . . . ,m, and
∑m

i=1 logBi ∈ L≥2(logH), then

∑
σ∈Sm

H3(logBσ(1), . . . , logBσ(m)) ∈ L≥4(logH).

Proof. Denote Ci := logBi, i = 1, . . . ,m, we will show the following identity

∑
σ∈Sm

H3(Cσ(1), . . . , Cσ(m)) =
m!

12

m∑
i=1

Ci,

Ci,

m∑
j=1

Cj

 . (3.37)

Write

H3(Cσ(1), . . . , Cσ(m)) =
∑

i<j<k

H3,3(Cσ(i), Cσ(j), Cσ(k)) +
∑
i<j

H3,2(Cσ(i), Cσ(j)),

where

H3,3(X,Y, Z) =
1

3
[X, [Y, Z]] +

1

6
[[X,Z], Y ],

H3,2(X,Y ) =
1

12
([X, [X,Y ]] + [[X,Y ], Y ]).
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Using the Jacobi identity, we have

H3,3(Ci, Cj , Ck) +H3,3(Cj , Ck, Ci) +H3,3(Ck, Ci, Cj)

=
1

3
([Ci, [Cj , Ck]] + [Cj , [Ck, Ci]] + [Ck, [Ci, Cj ]])

+
1

6
([[Ci, Ck], Cj ] + [[Cj , Ci], Ck] + [[Ck, Cj ], Ci])

= 0

for any i, j, k. Similarly,

H3,3(Ck, Cj , Ci) +H3,3(Cj , Ci, Ck) +H3,3(Ci, Ck, Cj) = 0.

Hence,

∑
σ∈Sm

∑
i<j<k

H3,3(Cσ(i), Cσ(j), Cσ(k))

=
m!

6

∑
i<j<k

(H3,3(Ci, Cj , Ck) +H3,3(Cj , Ck, Ci) +H3,3(Ck, Ci, Cj))

+
m!

6

∑
i<j<k

(H3,3(Ck, Cj , Ci) +H3,3(Cj , Ci, Ck) +H3,3(Ci, Ck, Cj))

= 0.

Whereas

∑
σ∈Sm

∑
i<j

H3,2(Cσ(i), Cσ(j))

=
m!

2

∑
i ̸=j

H3,2(Ci, Cj)

=
m!

2

∑
i ̸=j

(
1

12
[Ci, [Ci, Cj ]] +

1

12
[[Ci, Cj ], Cj ]

)

=
m!

2

m∑
i=1

m∑
j=1

(
1

12
[Ci, [Ci, Cj ]] +

1

12
[[Ci, Cj ], Cj ]

)

=
m!

2

m∑
i=1

1

12

Ci,

Ci,

m∑
j=1

Cj

+
m!

2

m∑
j=1

1

12

[[
m∑
i=1

Ci, Cj

]
, Cj

]

=
m!

12

m∑
i=1

Ci,

Ci,

m∑
j=1

Cj

 .
Adding up the two above expressions yields Equation (3.37). Since logBi ∈ L≥1(logH) for all i
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and
∑m

i=1 logBi ∈ L≥2(logH), Equation (3.37) yields

∑
σ∈Sm

H3(logBσ(1), . . . , logBσ(m))

=
m!

12

m∑
i=1

logBi,

logBi,

m∑
j=1

logBj


∈ m!

12

m∑
i=1

[logBi, [logBi,L≥2(logH)]]

∈ L≥4(logH)

The following Lemmas 3.5.7, 3.5.9 and 3.5.10 regardingH5, H7, H9 are proven using computer

assistance from the software SageMath [95]. In what follows, we give a sketch of their proof.

Details of the full proof along with the algorithm used for computer assistance are given in

Section 3.10. Links to the code can be found in the respective proofs.

Lemma 3.5.7. Let H ⊂ UT(n,Q) be a finite set of matrices. There exists a permutation

(j1, j2, . . . , j12) of the tuple (1, 1, 2, 2, . . . , 6, 6), such that for any given set of matrices B1, . . . , B6

in UT(n,Q) with logBi ∈ L≥1(logH) and
∑6

i=1 logBi ∈ L≥2(logH), we have

∑
σ∈S6

H5(logBσ(1), . . . , logBσ(6)) +
∑
σ∈S6

H5(logBσ(j1), . . . , logBσ(j12))

∈ L≥6(logH) + L≥2(L≥2(logH)). (3.38)

Namely, we can take (j1, j2, . . . , j12) = (1, 2, 3, 4, 4, 5, 5, 6, 6, 1, 2, 3).

Sketch of proof of Lemma 3.5.7. For x, y ∈ u(n), denote x ∼ y if

x− y ∈ L≥6(logH) + L≥2(L≥2(logH)).

The claim (3.38) can be written as

∑
σ∈S6

H5(logBσ(1), . . . , logBσ(6)) +
∑
σ∈S6

H5(logBσ(j1), . . . , logBσ(j12)) ∼ 0

By the Dynkin formula (Lemma 3.5.4), the expressions
∑

σ∈S6 H5(logBσ(1), . . . , logBσ(6))
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and
∑

σ∈S6 H5(logBσ(j1), . . . , logBσ(j12)) can be expressed as a sum in the form of

∑
j=(j1,...,j5)∈{1,...,6}5

αj

∑
σ∈S6

φ5(logBσ(j1), . . . , logBσ(j5)), (3.39)

where αj are rational numbers.

Since
∑6

i=1 logBi ∈ L≥2(logH), for any tuple j = (j1, . . . , j5) ∈ {1, . . . , 6}5, the expression∑
σ∈S6 φ5(logBσ(j1), . . . , logBσ(j5)) is equivalent (under ∼) to a rational multiple of∑
i ̸=j [[[[logBi, logBj ], logBj ], logBi], logBi]. (See Section 3.10 for detailed justification.) In

particular, using computer assistance, we can compute these rational multiples and show

∑
σ∈S6

H5(logBσ(1), . . . , logBσ(6)) ∼
∑
i ̸=j

[[[[logBi, logBj ], logBj ], logBi], logBi],

∑
σ∈S6

H5

(
logBσ(j1), . . . , logBσ(j12)

)
∼ −

∑
i ̸=j

[[[[logBi, logBj ], logBj ], logBi], logBi].

This yields

∑
σ∈S6

H5(logBσ(1), . . . , logBσ(6)) +
∑
σ∈S6

H5(logBσ(j1), . . . , logBσ(j12)) ∼ 0.

The code for computer assistance can be found at https://doi.org/10.6084/m9.figshare.

20124146.v1.

Remark 3.5.8. The added expression of L≥2(L≥2(logH)) on the right hand side of Equa-

tion (3.38) is crucial for its correctness. In fact, we can consider Equation (3.38) in the quo-

tient Lie algebra L := L≥1(logH)/L≥2(L≥2(logH)). The Lie algebra L is metabelian, meaning

[[L,L], [L,L]] = 0. (Free) metabelian Lie algebras have significantly fewer dimensions compared

to (free) Lie algebras having the same number of generators. Moreover, free metabelian Lie alge-

bras admit a relatively simple basis (sometimes called the Gröbner-Shirshov basis) [22], making

it computationally viable to find identities such as Equation (3.38). In our computer assisted

proofs, we are using a heavily modified version of this basis to compute Equation (3.38) as well

as Equations (3.40) and (3.41) in the following lemmas.

Lemma 3.5.9. Let H ⊂ UT(n,Q) be a finite set of matrices. There exist positive ratio-

nal numbers α1, α2, as well as, for s = 1, 2, permutations (js,1, js,2, . . . , js,16) of the tuple

(1, 1, 2, 2, . . . , 8, 8), such that for any given set of matrices B1, . . . , B8 in UT(n,Q) with logBi ∈

L≥1(logH) and
∑8

i=1 logBi ∈ L≥2(logH), we have
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∑
σ∈S8

H7(logBσ(1), . . . , logBσ(8)) +

2∑
s=1

αs

∑
σ∈S8

H7(logBσ(js,1), . . . , logBσ(js,16))

∈ L≥8(logH) + L≥2(L≥2(logH)). (3.40)

Namely, we can take α1 =
1
15 , α2 =

8
15 , and

(j1,1, j1,2, . . . , j1,16) = (1, 2, 3, 4, 5, 5, 6, 6, 7, 7, 8, 8, 1, 2, 3, 4),

(j2,1, j2,2, . . . , j2,16) = (1, 2, 3, 4, 5, 4, 6, 7, 1, 2, 8, 3, 5, 6, 7, 8).

Sketch of proof of Lemma 3.5.9. Similar to Lemma 3.5.7, define the equivalence relation

x ∼ y ⇐⇒ x− y ∈ L≥8(logH) + L≥2(L≥2(logH)).

By the Dynkin formula (Lemma 3.5.4), the expressions
∑

σ∈S8 H7(logBσ(1), . . . , logBσ(8)) and∑
σ∈S8 H7(logBσ(j1), . . . , logBσ(j16)) can be expressed as a sum in the form of

∑
j=(j1,...,j7)∈{1,...,8}7

αj

∑
σ∈S8

φ7(logBσ(j1), . . . , logBσ(j7)),

where αj are rational numbers.

Denote Ci := logBi, i = 1, . . . ,m. Since
∑8

i=1Ci ∈ L≥2(logH), for any tuple j = (j1, . . . , j7) ∈

{1, . . . , 8}7, the expression
∑

σ∈S8 φ7(Cσ(j1), . . . , Cσ(j7)) is equivalent to a linear combination

(with rational coefficient) of

∑
i ̸=j

[[[[[[Ci, Cj ], Cj ], Ci], Ci], Ci], Ci],

∑
i ̸=j

[[[[[[Ci, Cj ], Cj ], Cj ], Ci], Ci], Ci],

and ∑
i,j,k

distinct

[[[[[[Ci, Cj ], Cj ], Ck], Ck], Ci], Ci].

(See Section 3.10 for detailed justification.) In fact, using computer assistance, we show that

∑
σ∈S8

H7(logBσ(1), . . . , logBσ(8)) ∼
34

15
·
∑
i ̸=j

[[[[[[Ci, Cj ], Cj ], Ci], Ci], Ci], Ci]

− 34

45
·
∑
i ̸=j

[[[[[[Ci, Cj ], Cj ], Cj ], Ci], Ci], Ci] +
68

15
·
∑
i,j,k

distinct

[[[[[[Ci, Cj ], Cj ], Ck], Ck], Ci], Ci],
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∑
σ∈S8

H7

(
logBσ(j1,1), . . . , logBσ(j1,16)

)
∼ 34

15
·
∑
i ̸=j

[[[[[[Ci, Cj ], Cj ], Ci], Ci], Ci], Ci]

+
238

45
·
∑
i ̸=j

[[[[[[Ci, Cj ], Cj ], Cj ], Ci], Ci], Ci]−
68

5
·
∑
i,j,k

distinct

[[[[[[Ci, Cj ], Cj ], Ck], Ck], Ci], Ci],

and

∑
σ∈S8

H7

(
logBσ(j2,1), . . . , logBσ(j2,16)

)
∼ −68

15
·
∑
i ̸=j

[[[[[[Ci, Cj ], Cj ], Ci], Ci], Ci], Ci]

+
34

45
·
∑
i ̸=j

[[[[[[Ci, Cj ], Cj ], Cj ], Ci], Ci], Ci]−
34

5
·
∑
i,j,k

distinct

[[[[[[Ci, Cj ], Cj ], Ck], Ck], Ci], Ci].

This yields

∑
σ∈S8

H7(logBσ(1), . . . , logBσ(8)) +
2∑

s=1

αs

∑
σ∈S8

H7(logBσ(js,1), . . . , logBσ(js,16)) ∼ 0,

where α1 = 1
15 , α2 = 8

15 . The code can be found at https://doi.org/10.6084/m9.figshare.

20124113.v1.

Lemma 3.5.10. Let H ⊂ UT(n,Q) be a finite set of matrices. There exist positive rational

numbers α1, . . . , α6, as well as, for s = 1, . . . , 6, permutations (js,1, js,2, . . . , js,20) of the tu-

ple (1, 1, 2, 2, . . . , 10, 10), such that for any given set of matrices B1, . . . , B10 in UT(n,Q) with

logBi ∈ L≥1(logH) and
∑10

i=1 logBi ∈ L≥2(logH), we have

∑
σ∈S10

H9(logBσ(1), . . . , logBσ(10)) +
6∑

s=1

αs

∑
σ∈S10

H9(logBσ(js,1), . . . , logBσ(js,20))

∈ L≥10(logH) + L≥2(L≥2(logH)). (3.41)

Namely, we can take α1 = 44566633
13702661 , α2 = 557040

13702661 , α3 = 205175
3915046 , α4 = 1307207

13702661 , α5 = 86275275
27405322 ,

α6 =
4105194
1957523 , and

(j1,1, j1,2, . . . , j1,20) = (5, 4, 7, 10, 2, 8, 3, 8, 1, 9, 7, 6, 5, 6, 2, 3, 9, 10, 1, 4),

(j2,1, j2,2, . . . , j2,20) = (8, 3, 5, 7, 10, 6, 8, 2, 1, 10, 2, 4, 9, 1, 5, 9, 3, 6, 7, 4),

(j3,1, j3,2, . . . , j3,20) = (7, 10, 2, 6, 4, 9, 6, 4, 1, 5, 3, 5, 1, 9, 3, 7, 10, 2, 8, 8),

(j4,1, j4,2, . . . , j4,20) = (10, 2, 2, 6, 7, 1, 9, 3, 9, 4, 8, 7, 8, 5, 5, 1, 4, 10, 6, 3),

(j5,1, j5,2, . . . , j5,20) = (3, 5, 10, 1, 4, 8, 6, 9, 3, 2, 7, 6, 1, 10, 9, 7, 2, 4, 5, 8),
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(j6,1, j6,2, . . . , j6,20) = (4, 7, 2, 10, 2, 1, 3, 5, 8, 1, 6, 9, 10, 7, 6, 8, 3, 5, 9, 4).

Sketch of proof of Lemma 3.5.10. Similar to Lemma 3.5.7, and Lemma 3.5.9, denote Ci = logBi

for i = 1, . . . ,m. Since
∑10

i=1Ci ∈ L≥2(logH), for any tuple j = (j1, . . . , j9) ∈ {1, . . . , 10}9,

the expression
∑

σ∈S10 φ9(Cσ(j1), . . . , Cσ(j9)) is equivalent to a linear combination (with rational

coefficient) of

∑
i ̸=j

[[[[[[[[Ci, Cj ], Cj ], Ci], Ci], Ci], Ci], Ci], Ci],

∑
i ̸=j

[[[[[[[[Ci, Cj ], Cj ], Cj ], Ci], Ci], Ci], Ci], Ci],

∑
i ̸=j

[[[[[[[[Ci, Cj ], Cj ], Cj ], Cj ], Ci], Ci], Ci], Ci],

∑
i,j,k

distinct

[[[[[[[[Ci, Cj ], Cj ], Ck], Ck], Ci], Ci], Ci], Ci],

∑
i,j,k

distinct

[[[[[[[[Ci, Cj ], Cj ], Cj ], Ck], Ck], Ci], Ci], Ci],

and

∑
i,j,k

distinct

[[[[[[[[Ci, Cj ], Cj ], Ck], Ck], Ck], Ci], Ci], Ci].

Similar to the previous lemmas, the rest of the proof can be done by computer assistance. The

code can be found at https://doi.org/10.6084/m9.figshare.20122979.v1.

Combining Lemma 3.5.5-3.5.10, we obtain Proposition 3.5.2.

Proposition 3.5.2. Let k ≤ 10 and let H ⊂ UT(n,Q) be a finite set of matrices for some

n ≥ 2. Then there exist a non-negative integer r, positive rational numbers α1, . . . , αr, as well

as, for s = 1, . . . , r, words js = js,1js,2 · · · js,ms in the alphabet I = {1, 2, . . . , k + 1}, such that

PII(js) ∈ {(1, . . . , 1), (2, . . . , 2)} and

∑
σ∈Sk+1

Hk(logBσ(1), . . . , logBσ(k+1)) +
r∑

s=1

αs

∑
σ∈Sk+1

Hk(logBσ(js,1), . . . , logBσ(js,ms )
)

∈ L≥k+1(logH) + L≥2(L≥2(logH)) (3.17)

for all matrices B1, . . . , Bk+1 in UT(n,Q) satisfying logBi ∈ L≥1(logH) and
∑k+1

i=1 logBi ∈

L≥2(logH).
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Proof. For even k, Equation (3.17) is satisfied by Lemma 3.5.5 by taking r = 0 and pairing each

permutation σ with its reversal :

∑
σ∈Sk+1

Hk(logBσ(1), . . . , logBσ(k+1))

=
1

2

 ∑
σ∈Sk+1

Hk(logBσ(1), . . . , logBσ(k+1)) +
∑

σ∈Sk+1

Hk(logBrev(σ)(1), . . . , logBrev(σ)(k+1))


=

1

2

∑
σ∈Sk+1

(
Hk(logBσ(1), . . . , logBσ(k+1)) +Hk(logBrev(σ)(1), . . . , logBrev(σ)(k+1))

)
= 0.

Here rev(σ) ∈ Sk+1 is the reversal of σ, meaning rev(σ)(i) = σ(k + 2− i), i = 1, . . . , k + 1. For

k = 3, 5, 7, 9, Equation (3.17) is satisfied by Lemma 3.5.6, 3.5.7, 3.5.9 and 3.5.10 respectively.

3.5.4 Proof of Proposition 3.5.3

In this subsection, we give a proof of Proposition 3.5.3.

Proposition 3.5.3. Let V be a finite dimensional Q-linear space. Let d be a positive integer,

I be a finite index set, and a1i, . . . ,adi, i ∈ I be vectors in V .

For any t ∈ Z>0, define the vectors

Pi(t) := ta1i + · · ·+ tdadi, for i ∈ I.

Suppose the following two conditions hold:

(i) The Q≥0-cone Cd := ⟨adi | i ∈ I⟩Q≥0
is a linear space.

(ii) For k = d− 1, d− 2, . . . , 1, the inductively defined Q≥0-cones Ck := ⟨aki | i ∈ I⟩Q≥0
+ Ck+1

are linear spaces.

Then the Q≥0-cone ⟨Pi(t) | i ∈ I, t ∈ Z>0⟩Q≥0
is equal to C1.

Proof. For convenience, define Cd+1 := {0}. We will prove that, for all k = 2, . . . , d+1, the cone

⟨Pi(t) | i ∈ I, t ∈ Z>0⟩Q≥0
+ Ck is equal to C1. Notice that the claim in the proposition is the

case where k = d+ 1. We use induction on k.

For k = 2, since aki ∈ C2 for k ≥ 2, we have Pi(t) + C2 = ta1i + C2, so

⟨Pi(t) | i ∈ I, t ∈ Z>0⟩Q≥0
+ C2 = ⟨ta1i | i ∈ I, t ∈ Z>0⟩Q≥0

+ C2
(ii)
= C1.

For the induction step, suppose now that the cone ⟨Pi(t) | i ∈ I, t ∈ Z>0⟩Q≥0
+ Ck is equal
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to C1, we want to prove that ⟨Pi(t) | i ∈ I, t ∈ Z>0⟩Q≥0
+ Ck+1 is equal to C1.

By the induction hypothesis, there exist indices i1, . . . , im ∈ I as well as positive integers

t1, . . . , tm ∈ Z>0, such that

⟨Pij (tj) | j = 1, . . . ,m⟩Q≥0
+ Ck = C1.

Condition (ii) of the proposition shows that there exist indices i′1, . . . , i
′
m′ ∈ I such that

⟨aki′j
| j = 1, . . . ,m′⟩Q≥0

+ Ck+1 = Ck.

Hence

⟨Pij (tj) | j = 1, . . . ,m⟩Q≥0
+ ⟨aki′j

| j = 1, . . . ,m′⟩Q≥0
+ Ck+1 = C1. (3.42)

We show that there exists t ∈ Z>0 such that

⟨Pij (tj) | j = 1, . . . ,m⟩Q≥0
+ ⟨Pi′j

(t) | j = 1, . . . ,m′⟩Q≥0
+ Ck+1 = C1.

Suppose the contrary, that for every t ∈ Z>0,

⟨Pij (tj) | j = 1, . . . ,m⟩Q≥0
+ ⟨Pi′j

(t) | j = 1, . . . ,m′⟩Q≥0
+ Ck+1 ⊊ C1.

For any Q≥0-cone C, define the normal cone of C as the set of vectors v ∈ V such that v⊤c ≤ 0

for all c ∈ C. For every t, take a normalized vector vt ∈ C1 (meaning the norm of vt is 1) in the

normal cone of ⟨Pij (tj) | j = 1, . . . ,m⟩Q≥0
+ ⟨Pi′j

(t) | j = 1, . . . ,m′⟩Q≥0
+ Ck+1. That is,

v⊤
t Pij (tj) ≤ 0 for all j, v⊤

t Pi′j
(t) ≤ 0 for all j, vt ⊥ Ck+1. (3.43)

Such a vector must exist because ⟨Pij (tj) | j = 1, . . . ,m⟩Q≥0
+ ⟨Pi′j

(t) | j = 1, . . . ,m′⟩Q≥0
+ Ck+1

is a strict sub-cone of the linear space C1. The R-linear space VR = V ⊗QR is finite dimensional

and hence compact. Embed V into VR canonically, then the sequence {vt}t∈Z>0 has a limit point

in VR. Denote by vlim this limit point. As all the vectors vt are in C1, vlim must be in C1 ⊗Q R.

Since the inner product of V canonically extends to the inner product of VR, taking the limit of

(3.43), we have

v⊤
lim · Pij (tj) ≤ 0 for all j, vlim ⊥ Ck+1, (3.44)
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and

v⊤
lim · aki′j

= v⊤
lim · lim

t→∞

(
Pi′j

(t)

tk
− tak+1,i′j

− · · · − td−kad,i′j

)

= v⊤
lim · lim

t→∞

Pi′j
(t)

tk
≤ 0, j = 1, . . . ,m′. (3.45)

The second equality is due to ak+1,i′j
, . . . ,ad,i′j

∈ Ck+1 ⊥ vlim. Hence, (3.44) and (3.45) show

that v⊤
lim · v ≤ 0 for all v in the R≥0-cone

⟨Pij (tj) | j = 1, . . . ,m⟩Q≥0
+ ⟨aki′j

| j = 1, . . . ,m′⟩Q≥0
+ Ck+1

Eq. (3.42)
= C1.

Since C1 is a linear space, vlim is non-zero (it has norm one) and is in C1 ⊗Q R, this yields a

contradiction. We have thus shown that there exists t ∈ Z>0 such that

⟨Pij (tj) | j = 1, . . . ,m⟩Q≥0
+ ⟨Pi′j

(t) | j = 1, . . . ,m′⟩Q≥0
+ Ck+1 = C1.

Since Pi(t) ∈ C1, i ∈ I, t ∈ Z>0, this means

⟨Pi(t) | i ∈ I, t ∈ Z>0⟩Q≥0
+ Ck+1 = C1,

concluding the induction.

Finally, take k = d+ 1. This yields ⟨Pi(t) | i ∈ I, t ∈ Z>0⟩Q≥0
= C1.

3.5.5 Full proof of Theorem 3.4.2

In this subsection, with Propositions 3.5.1 - 3.5.3 at our disposal, we will show the proof of

Theorem 3.4.2. First, we need the following lemma.

Lemma 3.5.11. Let H be a finite subset of the Lie algebra u(n). Let W,V be linear subspaces

of L≥1(H) such that W + L≥2(V ) = V , then L≥2(W ) = L≥2(V ).

Proof. Since W + L≥2(V ) = V , we have W ⊆ V , and thus L≥2(W ) ⊆ L≥2(V ). Therefore, it

suffices to prove the opposite inclusion L≥2(W ) ⊇ L≥2(V ).

Note that since W,V are linear spaces, the sets [V ]k, [W ]k are also linear spaces for all

k = 1, . . . , n. We use induction on k to show that

[V ]k ⊆ [W ]k + L≥k+1(V ). (3.46)

For k = 1 this immediately results from the equationW+L≥2(V ) = V . Suppose Equation (3.46)
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hold for k − 1. Then, take any elements x ∈ V, y ∈ [V ]k−1, by the induction hypothesis and by

W + L≥2(V ) = V , there exist x′ ∈W, y′ ∈ [W ]k−1, such that x− x′ ∈ L≥2(V ), y − y′ ∈ L≥k(V ).

Then,

[y, x] = [y′, x′] + [y − y′, x′] + [y, x− x′]

∈ [[W ]k−1,W ] + [L≥k(V ),W ] + [[V ]k−1,L≥2(V )]

⊆ [W ]k + [L≥k(V ), V ] + [L≥k−1(V ),L≥2(V )]

⊆ [W ]k + L≥k+1(V ).

Taking the linear span for all x ∈ V, y ∈ [V ]k−1 shows [V ]k ⊆ [W ]k + L≥k+1(V ), concluding the

induction.

Now, for any l = 2, . . . , d, take the sum of Equation (3.46) for k = l, . . . , d, we have

L≥l(V ) =
∑
k≥l

[V ]k ⊆
∑
k≥l

[W ]k +
∑
k≥l

L≥k+1(V ) = L≥l(W ) + L≥l+1(V ).

Therefore,

L≥2(V )

⊆ L≥2(W ) + L≥3(V )

⊆ L≥2(W ) + L≥3(W ) + L≥4(V )

...

⊆ L≥2(W ) + L≥3(W ) + · · ·+ L≥n(W )

= L≥2(W ).

This shows the inclusion L≥2(W ) ⊇ L≥2(V ).

Let G = {A1, . . . , AK} be a finite alphabet of elements in UT(n,Q). For any vector ℓ =

(ℓ1, . . . , ℓK) ∈ ZK
≥0, define inductively the following Q-cones Rk(ℓ) for k = 11, 10, . . . , 2:

R11(ℓ) := {0}, (3.47)

Rk(ℓ) := Rk+1(ℓ) +

〈
Hk(logB1, . . . , logBm)

∣∣∣∣ Bi ∈ G∗,

m∑
i=1

PIG(Bi) ∈ {ℓ, 2ℓ}
〉

Q≥0

. (3.48)

That is, Rk(ℓ) is the Q≥0-cone generated by the elements Hj(logB1, . . . , logBm), j ≥ k, where

B1, . . . , Bm are words in G∗, and the Parikh Images of Bi sum up to ℓ or 2ℓ. Recall the definition

60



of

log Gsupp(ℓ) := {logAi | i ∈ supp(ℓ)}

as the set of logarithm of matrices in G whose index appears in supp(ℓ). Combining Propo-

sition 3.5.1 and 3.5.2, we can show the following proposition that characterizes the cones

Rk(log Gsupp(ℓ)) up to the quotient by L≥2(L≥2(log Gsupp(ℓ))).

Proposition 3.5.12. Let G = {A1, . . . , AK} be a finite set of matrices in UT(n,Q) that satisfies

[log G]11 = {0}. Let ℓ = (ℓ1, . . . , ℓK) ∈ ZK
≥0 be a non-zero vector that satisfies

∑K
i=1 ℓi logAi ∈

L≥2(log Gsupp(ℓ)) as well as ℓi ≥ 10 for all i ∈ supp(ℓ). Consider the quotient linear space

u(n)/L≥2(L≥2(log Gsupp(ℓ))).

For any set C ⊆ u(n), denote by C the subset of u(n)/L≥2(L≥2(log Gsupp(ℓ))) consisting of

the equivalence classes c+ L≥2(L≥2(log Gsupp(ℓ))), c ∈ C. Then for all k ≤ 11, the cone Rk(ℓ) is

equal to the linear space L≥k(log Gsupp(ℓ)).

Proof. We show that the claim is true for k = 11, 10, . . . , 2, using induction with reverse order

on k. For k = 11, we have R11(ℓ) = L≥11(log Gsupp(ℓ)) = {0} because [log G]11 = {0}. Now for

some 10 ≥ k ≥ 2, suppose Rk+1(ℓ) = L≥k+1(log Gsupp(ℓ)) by induction hypothesis. We will show

that Rk(ℓ) = L≥k(log Gsupp(ℓ)).

First, we show that for any i1, i2, . . . , ik ∈ supp(ℓ), we have

[. . . [[logAi1 , logAi2 ], logAi3 ], . . . , logAik ] ∈ Rk(ℓ) + L≥2(L≥2(log Gsupp(ℓ))).

Take a tuple of words (B′
1, . . . , B

′
k+1) with B

′
1 = Ai1 , B

′
2 = Ai2 , . . . , B

′
k = Aik , B

′
k+1 ∈ G∗, such

that
∑k+1

i=1 PIG(B′
i) = ℓ. Such a tuple can always be found because ℓ satisfies ℓi ≥ 10 ≥ k, i ∈

supp(ℓ). For this tuple, the Baker-Campbell-Hausdorff formula gives us

k+1∑
i=1

logB′
i ∈

K∑
i=1

ℓi logAi + L≥2(log Gsupp(ℓ)) ⊆ L≥2(log Gsupp(ℓ)).

Hence, for any σ ∈ Sk, Proposition 3.5.2 shows that

−Hk

(
logB′

σ(1), logB
′
σ(2), . . . , logB

′
σ(k), logB

′
k+1

)
∈
〈
Hk(logB1, . . . , logBk+1)

∣∣∣∣ Bi ∈ G∗,

k+1∑
i=1

PIG(Bi) = ℓ

〉
Q≥0

+

〈
Hk(logB1, . . . , logB2k+2)

∣∣∣∣ Bi ∈ G∗,

2k+2∑
i=1

PIG(Bi) = 2ℓ

〉
Q≥0

+ L≥k+1(log Gsupp(ℓ)) + L≥2(L≥2(log Gsupp(ℓ)))
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⊆ Rk(ℓ) + L≥k+1(log Gsupp(ℓ)) + L≥2(L≥2(log Gsupp(ℓ)))

= Rk(ℓ) + L≥2(L≥2(log Gsupp(ℓ))). (3.49)

The last equality come from L≥k+1(log Gsupp(ℓ)) = Rk+1(ℓ) ⊆ Rk(ℓ) by the induction hypothesis.

Hence, by Proposition 3.5.1,

[. . . [[logAi1 , logAi2 ], logAi3 ], . . . , logAik ]

= [. . . [[logB′
1, logB

′
2], logB

′
3], . . . , logB

′
k]

=
∑
σ∈Sk

µ(σ)Hk(logB
′
σ(1), logB

′
σ(2), . . . , logB

′
σ(k), logB

′
k+1)

∈ Rk(ℓ) + L≥2(L≥2(log Gsupp(ℓ))).

The last inclusion comes from the fact that both Hk(logB
′
σ(1), . . . , logB

′
σ(k), logB

′
k+1) and

−Hk(logB
′
σ(1), . . . , logB

′
σ(k), logB

′
k+1) are in the cone Rk(ℓ)+L≥2(L≥2(log Gsupp(ℓ))) (by Equa-

tion (3.49)). Therefore for every σ ∈ Sk, regardless of which sign µ(σ) takes, the summand

µ(σ)Hk(logB
′
σ(1), . . . , logB

′
σ(k), logB

′
k+1) is in the cone Rk(ℓ) + L≥2(L≥2(log Gsupp(ℓ))).

Therefore, [log Gsupp(ℓ)]k ⊆ Rk(ℓ) + L≥2(L≥2(log Gsupp(ℓ))); that is, [log Gsupp(ℓ)]k ⊆ Rk(ℓ).

And since L≥k+1(log Gsupp(ℓ)) ⊆ Rk+1(ℓ) ⊆ Rk(ℓ) by the induction hypothesis, we have

L≥k(log Gsupp(ℓ)) =
〈
[log Gsupp(ℓ)]k

〉
Q + L≥k+1(log Gsupp(ℓ)) ⊆ Rk(ℓ). (3.50)

Next, take any tuple (B1, . . . , Bm) ∈ (G∗)m,
∑m

i=1 PI
G(Bi) = ℓ or 2ℓ. Note that logBi ∈

L≥1(log Gsupp(ℓ)), i = 1, . . . ,m, by the Baker-Campbell-Hausdorff formula. Hence, the expression

Hk(logB1, . . . , logBm) can be written as a linear combination of elements in
[
L≥1(log Gsupp(ℓ))

]
k
.

That is,

Rk(ℓ) ⊆
〈[

L≥1(log Gsupp(ℓ))
]
k

〉
Q
+Rk+1(ℓ)

⊆ L≥k(log Gsupp(ℓ)) +Rk+1(ℓ) = L≥k+1(log Gsupp(ℓ)). (3.51)

Combining (3.50) and (3.51) we have the desired equality. This concludes the induction and

thus the whole proof.

We now prove Theorem 3.4.2. Although part (i) has already been proven when the theorem

is first stated, we will restate it for the sake of completeness.

Theorem 3.4.2 (Structural theorem of unitriangular matrix semigroups). Let G = {A1, . . . , AK}
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be a finite set of matrices in UT(n,Q) that satisfies [log G]11 = {0}. Given a non-zero vector

ℓ = (ℓ1, . . . , ℓK) ∈ ZK
≥0:

(i) If there exists a word w ∈ G∗ with PIG(w) = ℓ and logw = 0, then

K∑
i=1

ℓi logAi ∈ L≥2(log Gsupp(ℓ)). (3.10)

(ii) If ℓ satisfies (3.10), then there exists a non-empty word w ∈ G∗, with PIG(w) ∈ Z>0 · ℓ,

such that logw = 0.

Proof. (i) Let w be a word with PIG(w) = ℓ. Write w = B1B2 · · ·Bm Bi ∈ G, i = 1, . . . ,m.

Regrouping by letters, we have
∑K

i=1 ℓi logAi =
∑m

i=1 logBi.

If logw = 0, then by the Baker-Campbell-Hausdorff formula, we have

m∑
i=1

logBi +

n−1∑
k=2

Hk(logB1, . . . , logBm) = log(B1B2 · · ·Bm) = 0.

The higher order terms Hk, k ≥ n vanish because [log G]n = {0} (a consequence of G ⊆

UT(n,Q)). Therefore,
∑K

i=1 ℓi logAi = −
∑n−1

k=2 Hk(logB1, . . . , logBm).

Since the Parikh Image of the wordB1 · · ·Bm is ℓ, the matricesBi all lie in the subset {Ai | i ∈

supp(ℓ)} of G. Therefore, logBi ∈ log Gsupp(ℓ) for all i. By Theorem 3.3.8, for all k ≥ 2 we have

−Hk(logB1, . . . , logBm) ∈
〈
[{logBi | i = 1, . . . ,m}]k

〉
Q ⊆ L≥k(log Gsupp(ℓ)) ⊆ L≥2(log Gsupp(ℓ)).

Therefore, we have
∑K

i=1 ℓi logAi = −
∑n−1

k=2 Hk(logB1, . . . , logBm) ∈ L≥2(log Gsupp(ℓ)).

(ii) Suppose condition (3.10) hold for the vector ℓ. Resonating Example 3.4.1, our proof for

(ii) proceeds in four steps. Now we give an overview of each step. As the first step, we want to

construct some matrices A′
1, . . . , A

′
K′ ∈ ⟨G⟩, such that

⟨logA′
i | i = 1, . . . ,K ′⟩Q≥0

+L≥2(L≥2(log Gsupp(ℓ))) = L≥2(log Gsupp(ℓ)) +L≥2(L≥2(log Gsupp(ℓ))).

(3.52)

The candidates for the matrices A′
1, . . . , A

′
K′ are of the form Bt

1 · · ·Bt
m, where m ≥ 1, t ∈

Z>0, Bi ∈ G∗, i = 1, . . . ,m and
∑m

i=1 PI
G(Bi) = ℓ or 2ℓ. The general strategy is to invoke

Proposition 3.5.3 while using Proposition 3.5.12 to guarantee that the conditions (i) and (ii) of

Proposition 3.5.3 are satisfied.

As the second step, we work in the new alphabet G′ = {A′
1, . . . , A

′
K′} of matrices found in

the previous step. We want to fabricate some matrices A′′
1, . . . , A

′′
K′′ ∈ ⟨G′⟩, such that

⟨logA′′
i | i = 1, . . . ,K ′′⟩Q≥0

+ L≥2(L≥2(L≥2(log Gsupp(ℓ))))
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= L≥2

(
L≥2(log Gsupp(ℓ))

)
+ L≥2(L≥2(L≥2(log Gsupp(ℓ)))). (3.53)

The candidates for the matrices A′′
1, . . . , A

′′
K′′ are of the form Bt

1 · · ·Bt
m, where Bi ∈ (G′)∗ , i =

1, . . . ,m. The idea is to again invoke Proposition 3.5.3 and to use Proposition 3.5.12 for the

new alphabet G′ and a suitable vector ℓ′.

As the third step, we work in the new alphabet G′′ = {A′′
1, . . . , A

′′
K′′} of matrices found in

the previous step. We want to fabricate some matrices A′′′
1 , . . . , A

′′′
K′′′ ∈ ⟨G′′⟩, such that

⟨logA′′′
i | i = 1, . . . ,K ′′⟩Q≥0

= L≥2(L≥2(L≥2(log Gsupp(ℓ)))). (3.54)

(Note that L≥2(L≥2(L≥2(L≥2(log Gsupp(ℓ))))) = {0}.) The candidates for A′′′
1 , . . . , A

′′′
K′′′ are of

the form Bt
1 · · ·Bt

m, where Bi ∈ (G′′)∗ , i = 1, . . . ,m. The idea is to again invoke Proposition 3.5.3

and to use Proposition 3.5.12 for the new alphabet G′′ and a suitable vector ℓ′′.

As the fourth and last step, we work in the new alphabet G′′′ = {A′′′
1 , . . . , A

′′′
K′′′} of matrices

found in the previous step. We then observe that the matrices A′′′
1 , . . . , A

′′′
K′′′ commute with each

other, because L≥2(L≥2(L≥2(L≥2(log Gsupp(ℓ))))) = {0}. Hence, it is very easy to search for the

desired non-empty word w ∈ (G′′′)∗ with logw = 0.

We now give the detailed account of each step.

(1) Find matrices A′
1, . . . , A

′
K′ ∈ ⟨G⟩ satisfying condition (3.52). Since the right hand

side of Equation (3.10) is a linear space, we can replace ℓ by 10ℓ, and thus suppose ℓ

satisfy ℓi ≥ 10, i ∈ supp(ℓ). Since Z>0 · 10ℓ ⊆ Z>0 · ℓ, the resulting word w will still satisfy

PIG(w) ∈ Z>0 · ℓ.

Since ℓ satisfies
∑K

i=1 ℓi logAi ∈ L≥2(log Gsupp(ℓ)), we are able to use Proposition 3.5.12

for the vector ℓ. Our aim is to apply Proposition 3.5.3 in the quotient space

V := u(n)/L≥2(L≥2(log Gsupp(ℓ))),

for the index set

I :=

{
(B1, . . . , Bm)

∣∣∣∣ m ≥ 1, Bi ∈ G∗,
m∑
i=1

PIG(Bi) ∈ {ℓ, 2ℓ}
}
,

that is, the set of tuples of words whose concatenation has Parikh Image ℓ or 2ℓ. For any

element x ∈ u(n), denote by x := x+ L≥2(L≥2(log Gsupp(ℓ)) its equivalence class in

V = u(n)/L≥2(L≥2(log Gsupp(ℓ))).
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For any tuple b = (B1, . . . , Bm) ∈ I, consider the vectors in V :

a1b :=

m∑
i=1

logBi,

akb := Hk(logB1, . . . , logBm), k = 2, . . . , 10,

and

Pb(t) := log(Bt
1 · · ·Bt

m) = ta1b +
10∑
k=2

tkakb,

coming from the Baker-Campbell-Hausdorff formula for Bt
1, . . . , B

t
m. We now apply Propo-

sition 3.5.3 to these vectors: we need to verify that the cones Ck, k = 10, . . . , 1 as defined

in Proposition 3.5.3 are indeed linear spaces. Proposition 3.5.12 shows that

C10 = ⟨a10b | b ∈ I⟩Q≥0
= R10(ℓ)

and

Ck = ⟨akb | b ∈ I⟩Q≥0
+ Ck+1 = Rk(ℓ), k = 9, . . . , 2,

are linear subspaces of u(n)/L≥2(L≥2(log Gsupp(ℓ)). Furthermore, by the condition∑K
i=1 ℓi logAi ∈ L≥2(log Gsupp(ℓ)), we have

a1b ∈


K∑
i=1

ℓi logAi, 2 ·
K∑
i=1

ℓi logAi

 ⊆ L≥2(log Gsupp(ℓ)) = R2(ℓ)

for all b ∈ I. Hence,

C1 = ⟨a1b | b ∈ I⟩Q≥0
+ C2 = R2(ℓ) = L≥2(log Gsupp(ℓ))

is also a linear space. The conditions (i) and (ii) in Proposition 3.5.3 are thus satisfied.

We can thus apply Proposition 3.5.3, which yields

⟨Pb(t) | b ∈ I, t ∈ Z≥0⟩Q≥0
= C1 = L≥2(log Gsupp(ℓ)).

In other words,

〈
log(Bt

1 · · ·Bt
m)

∣∣∣∣ t ∈ Z≥0,m ≥ 1, Bi ∈ G∗,
m∑
i=1

PIG(Bi) ∈ {ℓ, 2ℓ}
〉

Q≥0

= L≥2(log Gsupp(ℓ)).

Since u(n)/L≥2(L≥2(log Gsupp(ℓ))) is of finite dimension, this shows that there exist K ′ > 0
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tuples of words (B11, . . . , B1m), . . ., (BK′1, . . . , BK′m) with
∑m

i=1 PI
G(Bji) = ℓ or 2ℓ for

all j ∈ {1, . . . ,K ′}, as well as positive integers t1, . . . , tK′ ∈ Z>0, such that

⟨log(Bti
i1 · · ·B

ti
im) | i = 1, . . . ,K ′⟩Q≥0

+ L≥2(L≥2(log Gsupp(ℓ)))

= L≥2(log Gsupp(ℓ)) + L≥2(L≥2(log Gsupp(ℓ))).

Hence, the matrices A′
i = Bti

i1 · · ·B
ti
im, i = 1, . . . ,K ′ satisfy the Equation (3.52). Define a

new alphabet G′ = {A′
1, . . . , A

′
K′} ⊆ G.

(2) Find matrices A′′
1, . . . , A

′′
K′′ ∈ ⟨G′⟩ satisfying condition (3.53). Since the right hand

side of Equation (3.52) is a linear space, we have − logA′
j ∈ ⟨logA′

i | i = 1, . . . ,K ′⟩Q≥0
+

L≥2(L≥2(log Gsupp(ℓ))) for j = 1, . . . ,K ′. Hence, there exists a non-zero vector ℓ′ =

(ℓ′1, . . . , ℓ
′
K′) in ZK′

≥0, satisfying supp(ℓ′) = {1, . . . ,K ′}, ℓ′i ≥ 10 for all i ∈ {1, . . . ,K ′},

and
K′∑
i=1

ℓ′i logA
′
i ∈ L≥2(L≥2(log Gsupp(ℓ))). (3.55)

Define log G′
supp(ℓ′)

:= {logA′
i | i ∈ supp(ℓ′)} = log G′, because supp(ℓ′) = {1, . . . ,K ′}.

First, we claim that

L≥2(L≥2(log Gsupp(ℓ))) = L≥2(log G′
supp(ℓ′)). (3.56)

Indeed, Equation (3.52) shows that

〈
log G′

supp(ℓ′)

〉
Q
+ L≥2(L≥2(log Gsupp(ℓ)))

= L≥2(log Gsupp(ℓ)) + L≥2(L≥2(log Gsupp(ℓ))) = L≥2(log Gsupp(ℓ)).

Applying Lemma 3.5.11 with W =
〈
log G′

supp(ℓ′)

〉
Q
, V = L≥2(log Gsupp(ℓ)) to the above

equation yields the equality (3.56). Consequently, we have

K′∑
i=1

ℓ′i logA
′
i ∈ L≥2(log G′

supp(ℓ′))

by (3.55). Apply Proposition 3.5.12 for the alphabet G′ and the vector ℓ′, then we have

that, in the quotient space

u(n)/L≥2(L≥2(log G′
supp(ℓ′))),
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the equations Rk(ℓ
′) = L≥k(log G′

supp(ℓ′)
), k = 10, . . . , 2, hold. Then, applying Proposi-

tion 3.5.3 in the quotient linear space

V := u(n)/L≥2(L≥2(log G′
supp(ℓ′)))

as in the previous step, we have

〈
log(Bt

1 · · ·Bt
m)

∣∣∣∣ t ∈ Z≥0,m ≥ 1, Bi ∈
(
G′)∗ , m∑

i=1

PIG
′
(Bi) ∈ {ℓ′, 2ℓ′}

〉
Q≥0

= L≥2(log G′
supp(ℓ′)

).

Hence, there exist K ′′ > 0 tuples of words (B′
11, . . . , B

′
1m), . . ., (B′

K′′1, . . . , B
′
K′′m) in (G′)∗

with
∑m

i=1 PI
G′
(B′

ji) = ℓ′ or 2ℓ′ for all j, as well as positive integers t′1, . . . , t
′
K′′ ∈ Z>0,

such that

⟨log(B′t′i
i1 · · ·B

′t′i
im) | i = 1, . . . ,K ′′⟩Q≥0

+ L≥2(L≥2(log G′
supp(ℓ′)))

= L≥2(log G′
supp(ℓ′)) + L≥2(L≥2(log G′

supp(ℓ′))). (3.57)

Substituting with L≥2(log G′
supp(ℓ′)

) = L≥2(L≥2(log Gsupp(ℓ))), Equation (3.57) can be rewrit-

ten as

⟨log(Bt′i
i1 · · ·B

t′i
im) | i = 1, . . . ,K ′′⟩Q≥0

+ L≥2(L≥2(L≥2(log Gsupp(ℓ))))

= L≥2(L≥2(log Gsupp(ℓ))) + L≥2(L≥2(L≥2(log Gsupp(ℓ)))).

Hence, the matrices A′′
i = B′t′i

i1 · · ·B′t′i
im, i = 1, . . . ,K ′′ satisfy the Equation (3.53). Define

the new alphabet G′′ = {A′′
1, . . . , A

′′
K′′}.

(3) Find matrices A′′′
1 , . . . , A

′′′
K′′′ ∈ ⟨G′′⟩ satisfying condition (3.54). Similar to the

previous step, one can find a vector ℓ′′ = (ℓ′′1, . . . , ℓ
′′
K′′) ∈ ZK′′

≥0 , satisfying supp(ℓ′′) =

{1, . . . ,K ′′}, ℓ′′i ≥ 10, i = 1, . . . ,K ′′, and

K′′∑
i=1

ℓ′′i logA
′′
i ∈ L≥2(L≥2(log G′

supp(ℓ′))).

Define log G′′
supp(ℓ′′)

:= {logA′′
i | i ∈ supp(ℓ′′)} = log G′′. As in the previous step, we have

L≥2(log G′′
supp(ℓ′′)) = L≥2(L≥2(log G′

supp(ℓ′))).
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Combining it with L≥2(log G′
supp(ℓ′)

) = L≥2(L≥2(log Gsupp(ℓ))), we have

L≥2(log G′′
supp(ℓ′′)) = L≥2(L≥2(L≥2(log Gsupp(ℓ)))).

Apply Proposition 3.5.12 for the alphabet G′′ and the vector ℓ′′, then we have that, in the

quotient space u(n)/L≥2(L≥2(log G′′
supp(ℓ′′)

)), the equations Rk(ℓ
′′) = L≥k(log G′′

supp(ℓ′′)
),

k = 10, . . . , 2, hold.

Then, applying Proposition 3.5.3 in the quotient linear space

V := u(n)/L≥2(L≥2(log G′′
supp(ℓ′′)))

as in the previous steps, we have

〈
log(Bt

1 · · ·Bt
m)

∣∣∣∣ t ∈ Z≥0,m ≥ 1, Bi ∈
(
G′)∗ , m∑

i=1

PIG
′′
(Bi) ∈ {ℓ′′, 2ℓ′′}

〉
Q≥0

= L≥2(log G′′
supp(ℓ′′)

).

Hence, there existK ′′′ > 0 tuples of words (B′′
11, . . . , B

′′
1m), . . ., (B′′

K′′′1, . . . , B
′′
K′′′m) in (G′′)∗

with
∑m

i=1 PI
G′′
(B′′

ji) = ℓ′′ or 2ℓ′′ for all j, as well as positive integers t′′1, . . . , t
′′
K′′′ ∈ Z>0,

such that

⟨log(B′′t′′i
i1 · · ·B

′′t′′i
im) | i = 1, . . . ,K ′′′⟩Q≥0

+ L≥2(L≥2(log G′′
supp(ℓ′′)))

= L≥2(log G′′
supp(ℓ′′)) + L≥2(L≥2(log G′′

supp(ℓ′′))). (3.58)

Since L≥2(log G′′
supp(ℓ′′)

) = L≥2(L≥2(L≥2(log Gsupp(ℓ)))), we have

L≥2(L≥2(log G′′
supp(ℓ′′))) ⊆ L≥16(log Gsupp(ℓ)) = {0}.

Thus, Equation (3.58) can be rewritten as

⟨log(B′′t′′i
i1 · · ·B

′′t′′i
im) | i = 1, . . . ,K ′′′⟩Q≥0

= L≥2(L≥2(L≥2(log Gsupp(ℓ)))).

Hence, the matrices A′′′
i = B′′t′′i

i1 · · ·B′′t′′i
im, i = 1, . . . ,K ′′′ satisfy the Equation (3.54). Define

the new alphabet G′′′ = {A′′′
1 , . . . , A

′′′
K′′′}.

(4) Find a word w ∈ ⟨G′′′⟩ with logw = 0. Since the right hand side of Equation (3.54) is

a linear space, we have − logA′′′
j ∈ ⟨logA′′′

i | i = 1, . . . ,K ′′′⟩Q≥0
for j = 1, . . . ,K ′′′. Hence,
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there exists a non-zero vector ℓ′′′ = (ℓ′′′1 , . . . , ℓ
′′′
K′) ∈ ZK′′′

≥0 , satisfying

K′′′∑
i=1

ℓ′′′i logA′′′
i = 0.

Since log G′′′ ∈ L≥2(L≥2(L≥2(log Gsupp(ℓ)))) ⊆ L≥8(log Gsupp(ℓ)), we have

L≥2(log G′′′) ⊆ L≥16(log Gsupp(ℓ)) = {0}.

Hence, by the Baker-Campbell-Hausdorff formula,

log(A′′′ℓ′′′1
1 · · ·A′′′ℓ

′′′
K′′′
K′′′ ) =

K′′′∑
i=1

ℓ′′′i logA′′′
i = 0,

because the terms Hk, k ≥ 2 are in L≥2(log G′′′), which vanishes. Therefore, we have found

the non-empty word w = A′′′ℓ′′′1
1 · · ·A′′′ℓ

′′′
K′′′
K′′′ ∈ (G′′′)∗ satisfying logw = 0. By replacing

A′′′
i with their corresponding words B′′t′′i

i1 · · ·B′′t′′i
im in (G′′)∗, then replacing A′′

i with corre-

sponding words in (G′)∗, then replacing A′
i with corresponding words in G∗, we see that

w considered as a word in G∗ has Parikh Image in Z>0 · ℓ, because the words Bti
i1 · · ·B

ti
im

corresponding to A′
i all have Parikh Image in Z>0 · ℓ.

3.6 Conjecture for higher nilpotency class

In Sections 3.4 and 3.5, we showed that the invertible subset of any finite set G ⊆ G is computable

in polynomial time, where G is a subgroup of UT(n,Q) of nilpotency class at most ten. The only

obstacle for generalizing this result to higher nilpotency class is to prove Proposition 3.5.2 for

k ≥ 11. If the identities (3.17) exist for k ≥ 11, then they can be found with the same computer

aided procedure as the one used in the proof of Lemma 3.5.7-3.5.9 (see Section 3.10). Following

this idea, given k ≥ 11, we propose the following conjecture, which generalizes Proposition 3.5.2:

Conjecture 3.6.1. Let H ⊂ UT(n,Q) be any finite set of matrices. There exist an integer r ≥ 0,

positive rational numbers α1, . . . , αr, as well as, for s = 1, . . . , r, words js = js,1js,2 · · · js,ms in

the alphabet I = {1, 2, . . . , k + 1}, such that PII(js) ∈ Z>0 · (1, 1, . . . , 1) and

∑
σ∈Sk+1

Hk(logBσ(1), . . . , logBσ(k+1)) +
r∑

s=1

αs

∑
σ∈Sk+1

Hk(logBσ(js,1), . . . , logBσ(js,ms )
)

∈ L≥k+1(logH) + L≥2(L≥2(logH)) (3.59)

69



for all matrices B1, . . . , Bk+1 in UT(n,Q) satisfying logBi ∈ L≥1(logH) and
∑k+1

i=1 logBi ∈

L≥2(logH).

For even k, Conjecture 3.6.1 is correct by the antisymmetry of Hk (Lemma 3.5.5). For k = 3,

it is correct by taking r = 0 and using Lemma 3.5.6. For k = 5, 7, 9, it is verified by Lemma 3.5.7,

3.5.9, 3.5.10, where the words js, s = 1, . . . , r, all satisfy PII(js) = (2, 2, . . . , 2).

For odd k larger than 10, using Algorithm 3.3 in Section 3.10, we can search for words js

that potentially verify Conjecture 3.6.1. Namely, starting with q = 2, take all the words js

satisfying PII(js) = (p, p, . . . , p), 2 ≤ p ≤ q. Under the equivalence relation ∼ (defined in the

proof of Lemma 3.5.7), we can write each expression

hk(js) :=
∑

σ∈Sk+1

Hk(logBσ(js,1), . . . , logBσ(js,ms )
)

as a linear combination of expressions M̂(P, c) (see Section 3.10) using Algorithm 3.3. Then,

writing −
∑

σ∈Sk+1
Hk(logBσ(1), . . . , logBσ(k+1)) also as a linear combination of M̂(P, c), we can

verify whether it is in the Q≥0-cone generated by the elements hk(js). If this is the case, then

there exist positive rational numbers αs, s = 1, 2, . . . , satisfying Equation (3.59). If this is not

the case, we can increase q and repeat the above procedure.

If there exists a relation of the form (3.59), then the above procedure terminates for some

q and returns this relation. Otherwise it does not terminate. In practice, it is more computa-

tionally viable to not take all the words js satisfying PII(js) = (p, p, . . . , p), but only a small

amount of them chosen randomly.

Due to the restraint on computational power, we have only verified Conjecture 3.6.1 for all

k ≤ 10, this is the reason why the our result stops at nilpotency class ten. However, if we can

verify Conjecture 3.6.1 for larger k (it suffices to verify for odd k), then we can extend our result

to higher nilpotency class. This is formalized by the following theorem.

Theorem 3.6.2. Let G be a subgroup of UT(n,Q) whose nilpotency class is at most d. If

Conjecture 3.6.1 holds for all k ≤ d, then Algorithm 3.1 correctly computes the invertible subset

of any finite set G ⊆ G in polynomial time.

Proof. For any ℓ ∈ ZK
≥0, similar to Equation (3.47), define recursively the cones

Rd+1(ℓ) := {0},

Rk(ℓ) := Rk+1(ℓ) +

〈
Hk(logB1, . . . , logBm)

∣∣∣∣ m ≥ 1, Bi ∈ G∗,
m∑
i=1

PIG(Bi) ∈ Z>0 · ℓ
〉

Q≥0

,

k = d, d− 1, . . . , 3, 2,
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and the set

log Gsupp(ℓ) := {logAi | Ai ∈ G, i ∈ supp(ℓ)}.

Suppose ℓ satisfies ℓi ≥ d, i ∈ supp(ℓ). Consider the quotient space u(n)/L≥2(L≥2(log Gsupp(ℓ))).

Following the pattern in the proof of Proposition 3.5.12, we can show that for all k ≤ d+1, the

cone Rk(ℓ) is equal to the linear space L≥k(log Gsupp(ℓ)).

Then, using the same arguments as Theorem 3.4.2, we can show the following generalization

of Theorem 3.4.2:

(i) If there exists a word w ∈ G∗ with PIG(w) = ℓ and logw = 0, then

K∑
i=1

ℓi logAi ∈ L≥2(log Gsupp(ℓ)). (3.60)

(ii) If ℓ satisfies (3.60), then there exists a non-empty word w ∈ G∗, with PIG(w) ∈ Z>0 · ℓ,

such that logw = 0.

From here, the proof of correctness of Algorithm 3.1 and its complexity analysis is identical to

the proof of Theorem 3.1.1, replacing the property [log G]11 = {0} by [log G]d+1 = {0}.

A natural question is whether our result can be extended to arbitrary nilpotency class d.

This can either be done by proving Conjecture 3.6.1 for higher k or by finding another way to

approach this problem. In particular, similar to Corollary 3.1.2, this would yield the decidability

for the Identity Problem and the Group Problem for arbitrary finitely generated nilpotent groups

of class at most d.

3.7 Combinatorics for length two subwords

Starting from this section we study Semigroup Intersection and Orbit Intersection in subgroups

of UT(n,Q). In this section we introduce tools from combinatorics which will be crucial in

solving these two problems.

Fix a finite alphabet G = {A1, . . . , AK}. For 1 ≤ i < j ≤ K, let w be a word over the

alphabet G, denote by δGij(w) the number of occurrences of the subword · · ·Ai · · ·Aj · · · minus

the number of occurrences of the subword · · ·Aj · · ·Ai · · · in w. That is, writing w = B1B2 · · ·Bs,

we have

δGij(w) := δG,+ij (w)− δG,−ij (w),
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where

δG,+ij (w) := {(u, v) | 1 ≤ u < v ≤ s,Bu = Ai, Bv = Aj},

δG,−ij (w) := {(u, v) | 1 ≤ u < v ≤ s,Bu = Aj , Bv = Ai}

If the alphabet G is clear from the context, we write δij(w), δ
±
ij(w) instead of δGij(w), δ

G,±
ij (w).

Obviously, we have the parity constraint

δij(w) ≡ δ+ij(w) + δ−ij(w) = PIi(w) · PIj(w) mod 2. (3.61)

Let G be a class two nilpotent subgroup of UT(n,Q). Fix a finite alphabet G = {A1, . . . , AK}

in G. Given a word w := B1B2 · · ·Bs in G∗, specializing the Baker-Campbell-Hausdorff for-

mula (3.4) to nilpotency class two yields

log(B1B2 · · ·Bm) =
m∑
i=1

logBi +
1

2

∑
1≤i<j≤s

[logBi, logBj ]. (3.62)

Let ℓ = (ℓ1, . . . , ℓK) be the Parikh Image of w. Regrouping the terms in Equation (3.62) yields

logw =
K∑
i=1

ℓi logAi +
1

2

∑
1≤i<j≤K

(
δ+ij(w)[logAi, logAj ] + δ−ij(w)[logAj , logAi]

)

=

K∑
i=1

ℓi logAi +
1

2

∑
1≤i<j≤K

δij(w)[logAi, logAj ]. (3.63)

The second equality follows from the anticommutativity of the Lie bracket.

Now let us describe the general strategy for solving intersection-type decision problems.

Consider a simple example: given two alphabets G = {A1, . . . , AK}, H = {B1, . . . , BM} in a

class two nilpotent subgroup of UT(n,Q), we want to decide whether ⟨G⟩ ∩ ⟨H⟩ ≠ ∅. This boils

down to finding two non-empty words v, w respectively in the alphabets G and H, such that

log v = logw. Denote by x = (x1, . . . , xK) the Parikh Image of v, and by y = (y1, . . . , yM ) the

Parikh Image of w, then formula (3.63) yields the equivalence between log v = logw and

K∑
i=1

xi logAi +
∑
i<j

δGij(v)

2
[logAi, logAj ] =

M∑
i=1

yi logBi +
∑
i<j

δHij (w)

2
[logBi, logBj ],

x ∈ ZK
≥0, y ∈ ZM

≥0, PIG(v) = x, PIH(w) = y. (3.64)

Hence, deciding whether ⟨G⟩ ∩ ⟨H⟩ ≠ ∅ boils down to solving Equation (3.64) in the numerical
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variables x,y and the word variables v, w over alphabets G,H.

Consider a “relaxed” version of this problem. That is, we replace δGij(v) and δ
H
ij (w) by new

variables cij , dij over integers, without imposing any constraint. This gives the equation

K∑
i=1

xi logAi +
∑

1≤i<j≤K

cij
2
[logAi, logAj ] =

M∑
i=1

yi logBi +
∑

1≤i<j≤M

dij
2
[logBi, logBj ],

x ∈ ZK
≥0, y ∈ ZM

≥0, cij , dij ∈ Z for all i, j. (3.65)

Obviously, if Equation (3.64) has a solution, then the relaxed version (3.65) will also admit a

solution. The converse is not necessarily true. The implicit constraints imposed by the word

combinatorial variables δGij(v), δ
H
ij (w) in Equation (3.64) are highly non-trivial. (For example,

one should at least have |δGij(v)| ≤ xixj for all i, j). However, these constraints are not reflected

by the numerical variables cij and dij in Equation (3.65).

The key idea of subsequent sections is the following surprising fact. For the two problems

we consider (Semigroup Intersection and Orbit Intersection), it is sufficient to solve the relaxed

version of the equation, plus several simple constraints (such as the “modulo 2” constraint in

Equation (3.61)). In particular, given a “suitable” solution to the relaxed Equation (3.65),

we can always construct a solution to Equation (3.64). A priori, the values of δGij(v) cannot

reach all integers like the free variables cij ; nevertheless, when x1, . . . , xK tend towards infinity,

the vector
(
δGij(v)

)
1≤i<j≤K

can in fact reach every value within a ball of radius size O(|x|2),

satisfying modulo 2 constraints. This will suffice to construct a suitable word v, as the quadratic

radius will eventually dominate the linear term
∑K

i=1 xi logAi.

This section aims to formalize this idea. The main result of this section will be Proposi-

tion 3.7.2. First, we prove a simple case where the alphabet consists of two letters.

Lemma 3.7.1. Given an alphabet G = {Ai, Aj} and non-negative integers si, sj ∈ Z≥0, then

for every C ∈ Z satisfying

|C| ≤ sisj and C ≡ sisj mod 2, (3.66)

there exists a permutation w of the word Asi
i A

sj
j such that δij(w) = C.

Proof. For an illustration of the proof, see Figure 3.1. We start with the word w = Asi
i A

sj
j ,

which satisfies δij(w) = sisj . We gradually swap pairs of consecutive letters in w: each time

we replace an occurrence of consecutive AiAj with AjAi. An occurrence of AiAj can always be

found unless we have reached the “final” permutation A
sj
j A

si
i . It is easy to see that each swap

reduces the value of δij(w) by 2. Therefore, by swapping consecutive AiAj one by one, δij(w)
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can reach every value between δij(A
si
i A

sj
j ) = sisj and δij(A

sj
j A

si
i ) = −sisj that has the same

parity with sisj . This proves the lemma.

Figure 3.1: Illustration for the proof of Lemma 3.7.1.

We then prove the main result of this section, which generalizes Lemma 3.7.1 to alphabets

of more than two letters.

Proposition 3.7.2. Fix a finite alphabet G of size K ≥ 2. Then for any tuples ℓ = (ℓ1, . . . , ℓK) ∈

ZK
≥0 and {Cij}1≤i<j≤K ∈ ZK(K−1)/2

≥0 satisfying

|Cij | ≤
ℓiℓj
4K2

− 2K(ℓi + ℓj)− 4K2, for all 1 ≤ i < j ≤ K, (3.67)

and

Cij ≡ ℓiℓj mod 2, for all 1 ≤ i < j ≤ K, (3.68)

there exists a word w with Parikh Image ℓ such that

δij(w) = Cij , for all 1 ≤ i < j ≤ K. (3.69)

Proof. For an illustration of the proof, see Figure 3.2. For all i, write ℓi = 2(K − 1)si + ri with

0 ≤ ri < 2(K − 1). Consider the word Winit :=Wres ·W ·Wrev, where

Wres := Ar1
1 A

r2
2 · · ·ArK

K ,

W := (As1
1 A

s2
2 ) (As1

1 A
s3
3 ) · · ·

(
As1

1 A
sK
K

)
(As2

2 A
s3
3 ) · · ·

(
As2

2 A
sK
K

)
(As3

3 A
s4
4 ) · · ·

(
A

sK−1

K−1A
sK
K

)
,

Wrev :=
(
AsK

K A
sK−1

K−1

) (
AsK

K A
sK−2

K−2

)
· · ·
(
AsK

K As1
1

) (
A

sK−1

K−1A
sK−2

K−2

) (
A

sK−1

K−1A
sK−3

K−3

)
· · · (As2

2 A
s1
1 ) .
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Lemma 3.7.1 Lemma 3.7.1 Lemma 3.7.1

Figure 3.2: Illustration for the proof of Proposition 3.7.2.

In particular, W is the concatenation of all words of the form Asi
i A

sj
j where i < j, and Wrev is

the reverse of W . It is easy to verify that Winit contains ℓi occurrences of the letter Ai, so its

Parikh Image is exactly ℓ.

We now compute δij(Winit) for i < j. SinceW ·Wrev is a palindrome, we have δij(W ·Wrev) =

0, so

δij(Winit) = δij(Wres) + PIi(Wres) PIj(W ·Wrev)− PIj(Wres) PIi(W ·Wrev)

= rirj + ri · 2(K − 1)sj − rj · 2(K − 1)si. (3.70)

In particular, since 0 ≤ ri < 2(K − 1), we have

|δij(Winit)| ≤ 4(K − 1)2 + 2(K − 1)2(sj + si) < 4K2 + 2(K − 1)(ℓi + ℓj) (3.71)

By Condition (3.67), we have

|δij(Winit)− Cij | ≤ |δij(Winit)|+ |Cij |

< 4K2 + 2(K − 1)(ℓi + ℓj) +
ℓiℓj
4K2

− 2K(ℓi + ℓj)− 4K2

=
ℓiℓj
4K2

− 2(ℓi + ℓj)

<
ℓiℓj

4(K − 1)2
− ℓi + ℓj

2(K − 1)
+ 1
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=

(
ℓi

2(K − 1)
− 1

)(
ℓj

2(K − 1)
− 1

)
< sisj . (3.72)

Since Equation (3.70) yields δij(Winit) ≡ rirj ≡ ℓiℓj mod 2, Condition (3.68) then gives

δij(Winit) ≡ Cij mod 2. (3.73)

We now show how to construct the word w. Starting with the word Winit, for every pair

i < j perform the following:

1. If δij(Winit) > Cij . By Lemma 3.7.1 there exists a permutation wij of the word A
si
i A

sj
j such

that δij(wij) = sisj +Cij − δij(Winit). Indeed, Equations (3.72) and (3.73) guarantee that

the conditions (3.66) in Lemma 3.7.1 are satisfied. We then replace the subword Asi
i A

sj
j

in the W -part of Winit with the word wij . The resulting new word W ′
init will satisfy

δij(W
′
init) = δij(Winit)− δij(A

si
i A

sj
j ) + δij(wij) = Cij .

This replacement does not change δuv(Winit) for (u, v) ̸= (i, j).

2. If δij(Winit) < Cij . By Lemma 3.7.1 there exists a permutation wji of the word A
sj
j A

si
i

such that δij(wji) = −sisj+Cij−δij(Winit). Again, Equations (3.72) and (3.73) guarantee

that the conditions (3.66) in Lemma 3.7.1 are satisfied. We then replace the subword

A
sj
j A

si
i in the Wrev-part of Winit with the word wji. The resulting new word W ′

init will

satisfy

δij(W
′
init) = δij(Winit)− δij(A

sj
j A

si
i ) + δij(wji) = Cij .

This replacement does not change δuv(Winit) for (u, v) ̸= (i, j).

3. If δij(Winit) = Cij , do not perform any change.

Performing all these replacements on Winit for all pairs i < j simultaneously, the resulting word

w then satisfies δij(w) = Cij for all 1 ≤ i < j ≤ K.

3.8 Semigroup Intersection

We prove Theorem 3.1.3 in this section. Let G be subgroup of UT(n,Q) with nilpotency class

at most two. Let

G1 = {A11, A12, . . . , A1K1}, . . . ,GM = {AM1, AM2, . . . , AMKM
}
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be M sets of matrices in G. The following proposition shows that Semigroup Intersection

can be reduced to solving homogeneous linear Diophantine equations with extra constraints on

supports.

Proposition 3.8.1. We have ⟨G1⟩ ∩ · · · ∩ ⟨GM ⟩ ̸= ∅ if and only if there exist non-zero vectors

ℓ1 ∈ ZK1
≥0 \ {0}, · · · , ℓM ∈ ZKM

≥0 \ {0} as well as rational numbers cmij for 1 ≤ m ≤ M, i, j ∈

supp(ℓm), such that

K1∑
j=1

ℓ1j logA1j +
∑
i<j

i,j∈supp(ℓ1)

c1ij [logA1i, logA1j ]

=

K2∑
j=1

ℓ2j logA2j +
∑
i<j

i,j∈supp(ℓ2)

c2ij [logA2i, logA2j ] = · · ·

=

KM∑
j=1

ℓMj logAMj +
∑
i<j

i,j∈supp(ℓM )

cMij [logAMi, logAMj ]. (3.74)

Proof. If ⟨G1⟩ ∩ · · · ∩ ⟨GM ⟩ ≠ ∅, let g be an element in the intersection. There exist non-empty

words w1, . . . , wM over the alphabets G1, . . . ,GM such that log g = logw1 = · · · = logwM . By

the Baker-Campbell-Hausdorff formula (3.63),

log g =

Km∑
j=1

PIj(wm) logAmj +
∑
i<j

i,j∈supp(ℓm)

δij(wm)

2
[logAmi, logAmj ], for m = 1, . . . ,M.

This shows that (3.74) is satisfied by ℓm := PIGm(wm) and cmij := δij(wm)/2 for 1 ≤ m ≤

M, i, j ∈ supp(ℓm).

For the other implication, suppose such non-zero vectors ℓ1, . . . , ℓM and the rational numbers

cmij exist. Then there exists H ∈ u(n) such that

Km∑
j=1

ℓmj logAmj +
∑
i<j

i,j∈supp(ℓm)

2cmij

2
[logAmi, logAmj ] = H, for m = 1, . . . ,M. (3.75)

Note that if i, j ∈ supp(ℓm) then ℓmiℓmj ̸= 0.

By homogeneity, for any N ∈ Z>0, the vectors Nℓ1, . . . , NℓM and Ncmij also satisfy Condi-

tion (3.74). Hence, multiplying all ℓij , cmij and H by a common denominator, we can suppose

all ℓij and cmij to be integers. Denote K = max1≤m≤M Km, then there exists a large enough
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even integer N ∈ Z>0 such that

|N · 2cmij | ≤
N2ℓmiℓmj

4K2
− 2NK(ℓi + ℓj)− 4K2 (3.76)

for 1 ≤ m ≤ M, i, j ∈ supp(ℓm). This is because ℓmiℓmj > 0, so the right hand side of (3.76) is

quadratic in N and dominates the linear term on the left for large enough N . Replace all ℓij with

Nℓij , all cmij with Ncmij , and H with N ·H, then the new variables satisfy 2cmij ≡ 0 ≡ ℓmiℓmj

mod 2, and

|2cmij | ≤
ℓmiℓmj

4K2
− 2K(ℓi + ℓj)− 4K2 ≤ ℓmiℓmj

4K2
m

− 2Km(ℓi + ℓj)− 4K2
m (3.77)

for all i, j,m. Equation (3.75) is still satisfied after the variable replacements. Therefore,

by Proposition 3.7.2, there exist words w1, . . . , wM over the alphabets G1, . . . ,GM such that

PI(wm) = ℓm and δij(wm) = 2cmij for all 1 ≤ m ≤ M, i, j ∈ supp(ℓm). These words are

non-empty since ℓm ̸= 0. Plugging into the Baker-Campbell-Hausdorff formula (3.63), we have

logwm =

Km∑
j=1

ℓmj logAmj +
∑
i<j

i,j∈supp(ℓm)

2cmij

2
[logAmi, logAmj ] = H for m = 1, . . . ,M.

This shows that H ∈
⋂M

i=1 log⟨Gi⟩, so (expH) ∈
⋂M

i=1⟨Gi⟩ ≠ ∅.

Using Proposition 3.8.1, we devise Algorithm 3.2 that decides Semigroup Intersection.

Proposition 3.8.2. Algorithm 3.2 is correct and terminates in polynomial time.

Proof. We prove that Algorithm 3.2 outputs False if and only if ⟨G1⟩ ∩ · · · ∩ ⟨GM ⟩ ≠ ∅.

After each iteration of Step 2, card(S1) + · · · + card(SM ) strictly decreases. Therefore, the

algorithm terminates after at most K1 + · · ·+KM iterations of Step 2.

We now show correctness of the algorithm. We first show that if Algorithm 3.2 returns

False, then
⋂M

i=1⟨Gi⟩ ̸= ∅. Suppose the algorithm terminates with output False, the condition

in Step 2(d) shows that supp(Λ)∩Sm = Sm for all 1 ≤ m ≤M . By the additivity of Λ (that is,

a, b ∈ Λ =⇒ a+b ∈ Λ), there exists a vector ℓ = (ℓ1, . . . , ℓM ) ∈ Λ such that supp(ℓ) = supp(Λ).

This yields supp(ℓm) = supp(Λ) ∩ Sm = Sm for all m. Since supp(ℓm) = Sm ̸= ∅, we have

ℓm ̸= 0 for all 1 ≤ m ≤ M . By the definition (3.79) of πℓ(W ), there exist rational numbers

(cmij)1≤m≤M,i,j∈Sm such that

K1∑
j=1

ℓ1j logA1j +
∑
i<j

i,j∈S1

c1ij [logA1i, logA1j ] =

K2∑
j=1

ℓ2j logA2j +
∑
i<j

i,j∈S2

c2ij [logA2i, logA2j ]
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Algorithm 3.2 Algorithm for Semigroup Intersection

Input: M finite sets of matrices G1 = {A11, A12, . . . , A1K1}, . . . ,GM = {AM1, AM2, . . . , AMKM
}

in the group G.

Output: True (intersection is empty) or False (intersection is not empty).

1 Initialization. Set S1 := {1, 2, . . . ,K1}, . . . , SM := {1, 2, . . . ,KM}.

2 Main loop. Repeat the following

(a) Represent the Q-linear subspace of V := Q
∑M

m=1 Km+
∑M

m=1 card(Sm)(card(Sm)−1)/2:

W :=

{(
(ℓmj)1≤m≤M,1≤j≤Km , (cmij)1≤m≤M,i,j∈Sm

)
∈ V

∣∣∣∣
K1∑
j=1

ℓ1j logA1j +
∑
i<j

i,j∈S1

c1ij [logA1i, logA1j ] = · · ·

=

KM∑
j=1

ℓMj logAMj +
∑
i<j

i,j∈SM

cMij [logAMi, logAMj ]

}
(3.78)

as the solution set of homogeneous linear equations.

(b) Compute the projection of W onto the coordinates (ℓmj)1≤m≤M,1≤j≤Km :

πℓ(W ) :=

{
(ℓmj)1≤m≤M,1≤j≤Km ∈ Q

∑M
m=1 Km

∣∣∣∣ ∃(cmij)1≤m≤M,i,j∈Sm ,(
(ℓmj)1≤m≤M,1≤j≤Km , (cmij)1≤m≤M,i,j∈Sm

)
∈W

}
(3.79)

represented as the solution set of homogeneous linear equations.

(c) Define Λ := Z
∑M

m=1 Km

≥0 ∩ πℓ(W ) and compute supp(Λ) using Lemma 3.3.4.

(d) If supp(Λ) ∩ Sm = Sm for all 1 ≤ m ≤ M , terminate the loop and go to Step 3.

Otherwise, let Sm := supp(Λ) ∩ Sm for every m, and continue with Step 2.

3 Output.

(a) If Sm = ∅ for any 1 ≤ m ≤M , return True.

(b) Otherwise return False.

= · · · =
KM∑
j=1

ℓMj logAMj +
∑
i<j

i,j∈SM

cMij [logAMi, logAMj ]. (3.80)

Since Sm = supp(ℓm) for all m, Equation (3.80) is identical to Equation (3.74) in Proposi-

tion 3.8.1. Therefore Proposition 3.8.1 shows
⋂M

i=1⟨Gi⟩ ≠ ∅.

Next, we show that if
⋂M

i=1⟨Gi⟩ ≠ ∅, then Algorithm 3.2 returns False. Suppose
⋂M

i=1⟨Gi⟩ ≠ ∅.

By Proposition 3.8.1, there exist ℓ1 = (ℓ1j)1≤j≤K1 ∈ ZK1
≥0 \ {0}, . . . , ℓM = (ℓMj)1≤j≤KM

∈

ZKM
≥0 \{0}, and rational numbers (cmij)1≤m≤M,i,j∈supp(ℓm) that satisfies Equation (3.74) in Propo-
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sition 3.8.1. We show that “supp(ℓm) ⊆ Sm for all 1 ≤ m ≤M” is an invariant of the algorithm.

At initialization, we obviously have supp(ℓm) ⊆ Sm = {1, . . . ,Km}. Before each iteration of

Step 2(d), suppose we have supp(ℓm) ⊆ Sm for all m, then Equation (3.74) shows that

(ℓmj)1≤m≤M,1≤j≤Km ∈ πℓ(W ).

Consequently, supp(ℓm) ⊆ supp(Λ), meaning supp(ℓm) ⊆ Sm still holds after Step 2(d).

This invariant shows that supp(ℓm) ⊆ Sm for all m by the start of Step 3. Since ℓm ∈

ZKm
≥0 \ {0}, the set supp(ℓm) is non-empty for every m. We conclude that Sm ̸= ∅ for all m by

the start of Step 3. Therefore, Algorithm 3.2 returns False.

Finally, we show that Algorithm 3.2 terminates in polynomial time. Recall that the algorithm

terminates after at most K1 + · · ·+KM iterations of Step 2. At each iteration of Step 2(b), the

projection can be computed in polynomial time by eliminating the variables (cmij)1≤m≤M,i,j∈Sm

from the equations defining W . Then, at each iteration of Step 2(c) the support supp(Λ)

is computed by Lemma 3.3.4. The total input size of the linear programming instances is

polynomial with respect to the total bit length of the matrix entries in G1, . . . ,GM . Indeed, the

total bit length of logAmi and [logAmi, logAmj ] is at most of quadratic size in Gm; and the

projection performed in Step 2(b) can only alter the total entry bit size at most polynomially.

From this, one can express πℓ(W ) as the solution set of a system of homogeneous linear equations

whose total bit length is polynomial in G1, . . . ,GM . Hence Lemma 3.3.4 computes the support of

Λ := Z
∑M

m=1 Km

≥0 ∩πℓ(W ) in polynomial time. Therefore, each iteration of Step 2 takes polynomial

time, and thus the overall complexity of Algorithm 3.2 is polynomial with respect to the input

G1, . . . ,GM .

Theorem 3.1.3. Let n ≥ 2 and let G be a subgroup of UT(n,Q) with nilpotency class at

most two. Given finite subsets G1, . . . ,GM of G, it is decidable in polynomial time whether

⟨G1⟩ ∩ · · · ∩ ⟨GM ⟩ = ∅.

Proof. Theorem 3.1.3 follows from the correctness and polynomial time complexity of Algo-

rithm 3.2 (Proposition 3.8.2).

3.9 Orbit Intersection

We prove Theorem 3.1.5 in this section. Let G and H be finite sets of matrices in the group

H3(Q), and T, S be matrices in H3(Q). Our goal is to decide whether T · ⟨G⟩ ∩ S · ⟨H⟩ = ∅.

Multiplying both T · ⟨G⟩ and S · ⟨H⟩ on the left by T−1, one can without loss of generality
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suppose T = I. That is, it suffices to consider the problem of deciding whether ⟨G⟩∩S · ⟨H⟩ = ∅.

Denote by φ : log H3(Q) → Q2 the projection onto the superdiagonal, and by ϕ : log H3(Q) → Q

the projection onto the upper right entry:

φ :

0 a c
0 0 b
0 0 0

 7→
(
a
b

)
; ϕ :

0 a c
0 0 b
0 0 0

 7→ c.

One easily verifies that for matrices X,Y ∈ H3(Q), we have [logX, log Y ] = 0 if and only

if φ(logX) and φ(log Y ) are linearly dependent. Indeed, write φ(logX) = (xa, xb)
⊤ and

φ(log Y ) = (ya, yb)
⊤. Then φ([logX, log Y ]) = (0, 0)⊤ and ϕ([logX, log Y ]) = xayb − yaxb.

Therefore, we have [logX, log Y ] = 0 if and only if the vectors φ(logX) and φ(log Y ) are lin-

early dependent. Define the cones

CG := ⟨φ(log G)⟩Q≥0
, CH := ⟨φ(logH)⟩Q≥0

.

3.9.1 Easy case: The cone CG ∩ CH has dimension zero or one

The situation in this case is similar to the one discussed in [30, Section 3, Case I].

Proposition 3.9.1. Suppose the cone CG ∩ CH has dimension zero or one. Deciding whether

⟨G⟩ ∩ S · ⟨H⟩ ≠ ∅ can be done by solving finitely many linear Diophantine equations.

Proof. Let L ⊆ Q2 be a linear space of dimension one that contains CG ∩ CH. We decompose G

and H into disjoint subsets: G = G0 ∪ G+, H = H0 ∪H+, where

G0 := {Ai ∈ G | φ(logAi) ∈ L}, G+ := G \ G0;

H0 := {Bi ∈ H | φ(logBi) ∈ L}, H+ := H \H0.

The key observation is that all matrices in G0 and in H0 commute with each other. Indeed, for

all Ai ∈ G0, Bi ∈ H0, the vectors φ(logAi) and φ(logBi) all fall in L and are hence linearly

dependant. Therefore [logAi, logAj ] = [logBi, logBj ] = 0 for all Ai, Aj ∈ G0, Bi, Bj ∈ H0.

Suppose ⟨G⟩ ∩ S · ⟨H⟩ ̸= ∅, that is, there exist non-empty words v over the alphabet G and

w over the alphabet H such that log v = logSw. We show that the number of occurrences of

letters of G+ in v is effectively bounded; similarly, the number of occurrences of letters of H+ in

w is also effectively bounded.

Let n be a non-zero vector orthogonal to L, then x 7→ n⊤x is the projection parallel

to L. Since CG ∩ CH ⊆ L, the values n⊤φ(logAi), Ai ∈ G have signs opposite to that of

n⊤φ(logBj), Bj ∈ H. Without loss of generality, suppose n⊤φ(logAi) ≥ 0 for all Ai ∈ G and
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n⊤φ(logBj) ≤ 0 for all Bj ∈ H. Since n is orthogonal to L, we have furthermore n⊤φ(logAi) >

0 for all Ai ∈ G+ and n⊤φ(logBj) < 0 for all Bj ∈ H+; as well as n⊤φ(logX) = 0 for all

X ∈ G0 ∪H0.

Now, log v = logSw yields φ(log v) = φ(logS) + φ(logw). Projecting onto n, this shows

∑
i,Ai∈G+

PIGi (v) · n
⊤φ(logAi) = n⊤φ(logS) +

∑
i,Bi∈H+

PIHi (w) · n⊤φ(logBi).

This yields

PIGi (v) ≤
n⊤φ(logS)

n⊤φ(logAi)
, PIHj (w) ≤

−n⊤φ(logS)

n⊤φ(logBj)
, (3.81)

for all Ai ∈ G+ and Bj ∈ H+. This gives bounds

βG :=
∑

i,Ai∈G+

n⊤φ(logS)

n⊤φ(logAi)
and βH :=

∑
i,Bi∈H+

−n⊤φ(logS)

n⊤φ(logBi)
,

such that if log v = logSw, then the number of letters of G+ in v is bounded by βG , and the

number of letters of H+ in w is bounded by βH.

Write v = v0C1v1C2 · · · vs−1Csvs, where C1, . . . , Cs are matrices in G+, and v0, . . . , vs are

words in the alphabet G0. Similarly, write w = w0D1w1D2 · · ·wt−1Dtwt, where D1, . . . , Dt are

matrices in H+, and w0, . . . , wt are words in the alphabet H0. Write G0 = {A′
1, . . . , A

′
K′} and

H0 = {B′
1, . . . , B

′
M ′}. Define xij := PIG0

j (vi) for 0 ≤ i ≤ s, 1 ≤ j ≤ K ′, and yij := PIH0
j (wi) for

0 ≤ i ≤ t, 1 ≤ j ≤M ′. Then log v = logSw is equivalent to

s∑
i=1

logCi+

s∑
i=0

K′∑
j=1

xij logA
′
j+

1

2

∑
0≤i<k≤s

K′∑
j=1

xij [logA
′
j , logCk]+

1

2

∑
1≤k≤i≤s

K′∑
j=1

xij [logCk, logA
′
j ]

= logS +

t∑
i=1

(logDi +
1

2
[logS, logDi]) +

1

2

t∑
i=0

M ′∑
j=1

yij [logS, logB
′
j ]

+
1

2

∑
0≤i<k≤t

M ′∑
j=1

yij [logB
′
j , logDk] +

1

2

∑
1≤k≤i≤t

M ′∑
j=1

yij [logDk, logB
′
j ] (3.82)

All other terms are of the form [logA′
i, logA

′
j ] or [logB′

i, logB
′
j ] and hence vanish by the com-

mutativity of G0 and H0. Note that Equation (3.82) is a linear Diophantine equation in the

variables xij , yij . Therefore, log v = logSw has a solution if and only if there exist matrices

C1, . . . , Cs in G+ and matrices D1, . . . , Dt in H+, such that Equation (3.82) has a solution in

non-negative integers, with the additional constraint that, if s = 0, then (x01, . . . , x0K′) ̸= 0;

and if t = 0, then (y01, . . . , y0M ′) ̸= 0. This additional constraint comes from the condition that

v, w are not empty words. Recall the bounds s ≤ βG and t ≤ βH. Hence, deciding whether
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log v = logSw has a solution amounts to solving finitely many linear Diophantine equations of

the form (3.82).

In theory, it is possible to give a bound on the complexity of the procedure described in

Proposition 3.9.1. The size of the each bound in Equation (3.81) is exponential in the bit

size of the entries S,G,H. Hence the procedure consists of solving exponentially many linear

Diophantine equations.

3.9.2 Hard case: The cone CG ∩ CH has dimension two

Suppose now that the cone CG∩CH spans a linear space of dimension two. We have ⟨G⟩∩S ·⟨H⟩ ̸=

∅ if and only if there exist words v in the alphabet G and w in the alphabet H such that

log v = logSw. Let x = (x1, . . . , xK) be the Parikh Image of v, and y = (y1, . . . , yM ) be the

Parikh Image of w. By the Baker-Campbell-Hausdorff formulas (3.62) and (3.63), the equality

log v = logSw is equivalent to

K∑
i=1

xi logAi +
1

2

∑
1≤i<j≤K

δGij(v)[logAi, logAj ] =

logS +
M∑
i=1

yi(logBi +
1

2
[logS, logBi]) +

1

2

∑
1≤i<j≤M

δHij (w)[logBi, logBj ] (3.83)

The following proposition shows that it suffices to solve a relaxed version of Equation (3.83).

Proposition 3.9.2. Suppose the cone CG ∩ CH has dimension two. We have ⟨G⟩ ∩ S · ⟨H⟩ ̸= ∅

if and only if there exist integers xi, 1 ≤ i ≤ K and yj , 1 ≤ j ≤ M and cij , 1 ≤ i < j ≤ K and

dij , 1 ≤ i < j ≤M , satisfying

K∑
i=1

xiφ(logAi) = φ(logS) +
M∑
i=1

yiφ(logBi), (3.84)

and

K∑
i=1

xiϕ(logAi) +
1

2

∑
1≤i<j≤K

cijϕ([logAi, logAj ]) =

ϕ(logS) +
M∑
i=1

yiϕ(logBi +
1

2
[logS, logBi]) +

1

2

∑
1≤i<j≤M

dijϕ([logBi, logBj ]), (3.85)

and

cij ≡ xixj mod 2, 1 ≤ i < j ≤ K; dij ≡ yiyj mod 2, 1 ≤ i < j ≤M. (3.86)
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Proof. If ⟨G⟩∩S ·⟨H⟩ ̸= ∅, then let v, w be non-empty words over the respectively alphabets G and

H, such that log v = logSw. Let (x1, . . . , xK) and (y1, . . . , yM ) be the respective Parikh Image

of v and w, and let cij := δGij(v) and dij := δHij (w) for all i, j. Since Equation (3.83) is satisfied,

projecting it under φ and ϕ gives respectively (3.84) and (3.85). The parity condition (3.86)

is obviously due to Equation (3.61). Hence we have found the integers xi, yj , cij , dij satisfying

Equations (3.84), (3.85) and (3.86).

For the other implication direction, let xi, yj , cij , dij be integers that satisfy Equations (3.84),

(3.85) and (3.86). Since CG and CH have dimension two, the commutators [logAi, logAj ] and

[logBi, logBj ] are not all zero (since φ(Ai) are not all linearly dependant, same for φ(Bi)).

Hence, there exist integers Cij , Dij such that

D :=
∑

1≤i<j≤K

Cijϕ([logAi, logAj ]) +
∑

1≤i<j≤M

Dijϕ([logBi, logBj ])

is a strictly positive rational number. Denote by E a common denominator of all the entries

of the matrices logAi, logBi, logS, 1
2 [logS, logBi],

1
2 [logAi, logAj ] and

1
2 [logBi, logBj ]. In

particular, DE is a positive integer.

Since the cone CG ∩ CH has dimension two, there exist strictly positive integers X1, . . . , XK

and Y1, . . . , YM , such that
K∑
i=1

Xiφ(logAi) =
M∑
i=1

Yiφ(logBi). (3.87)

This is because, taking v to be a vector in the interior of CG ∩ CH (i.e. v admits an open

neighbourhood contained in CG ∩ CH), then v is in the interior of both CG and CH. Hence, there

exist strictly positive rational numbers X ′
1, . . . , X

′
K and Y ′

1 , . . . , Y
′
M , such that

K∑
i=1

X ′
iφ(logAi) = v =

M∑
i=1

Y ′
i φ(logBi).

Multiplying X ′
1, . . . , X

′
K and Y ′

1 , . . . , Y
′
M by their common denominator gives positive integers

satisfying Equation (3.87).

For any N ∈ Z>0, the integers xi, yi, cij , dij can be replaced by the integers

x′i := xi + 2NDEXi

y′i := yi + 2NDEYi

c′ij := cij − 4NECij

(
K∑
k=1

Xkϕ(logAk)−
M∑
k=1

Ykϕ(logBk +
1

2
[logS, logBk])

)
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d′ij := dij + 4NEDij

(
K∑
k=1

Xkϕ(logAk)−
M∑
k=1

Ykϕ(logBk +
1

2
[logS, logBk])

)

for all i, j, while still satisfying Equations (3.84), (3.85) and (3.86). Furthermore, when N is

large enough, we have

x′i > 0, y′j > 0, 1 ≤ i ≤ K, 1 ≤ j ≤M, (3.88)

|c′ij | ≤
x′ix

′
j

4K2
− 2K(x′i + x′j)− 4K2, 1 ≤ i < j ≤ K, (3.89)

and

|d′ij | ≤
y′iy

′
j

4M2
− 2M(y′i + y′j)− 4M2, 1 ≤ i < j ≤M. (3.90)

This is because the right hand sides of the inequalities (3.89) and (3.90) are quadratic in N ,

whereas the left hand sides grow linearly in N .

Fix an N such that the inequalities (3.88), (3.89) and (3.90) are satisfied. Then, by Propo-

sition 3.7.2, there exist non-empty words v, w over the alphabets G and H, such that

PIG(v) = (x′1, . . . , x
′
K), δGij(v) = c′ij , for 1 ≤ i < j ≤ K,

PIH(w) = (y′1, . . . , y
′
K), δHij (v) = d′ij , for 1 ≤ i < j ≤M.

(Note that Condition (3.68) is guaranteed by Equation (3.86).) For these words v, w, we have

φ(log v) =

K∑
i=1

x′iφ(logAi) = φ(logS) +

M∑
i=1

y′iφ(logBi) = φ(logSw),

as well as

ϕ(log v) =
K∑
i=1

x′iϕ(logAi) +
1

2

∑
1≤i<j≤K

c′ijϕ([logAi, logAj ]) =

ϕ(logS) +
M∑
i=1

y′iϕ(logBi +
1

2
[logS, logBi]) +

1

2

∑
1≤i<j≤M

d′ijϕ([logBi, logBj ]) = ϕ(logSw).

This shows log v = logSw, hence ⟨G⟩ ∩ S · ⟨H⟩ ≠ ∅.

Combining the two cases in Subsections 3.9.1 and 3.9.2 solves Orbit Intersection in H3(Q).

Theorem 3.1.5. Given elements T, S ∈ H3(Q) and two finite subsets G,H of H3(Q), it is

decidable whether T · ⟨G⟩ ∩ S · ⟨H⟩ = ∅.

Proof. As mentioned in the beginning of Section 3.9, one can without loss of generality suppose
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T = I, and decide whether ⟨G⟩ ∩ S · ⟨H⟩ ̸= ∅. Given G and H, one can effectively compute

CG ∩ CH and its dimension using linear programming [89].

If CG ∩ CH has dimension zero or one, then Proposition 3.9.1 shows we can decide whether

⟨G⟩ ∩ S · ⟨H⟩ ≠ ∅ by solving a finite number of linear Diophantine equations of the form (3.82).

If CG ∩ CH has dimension two, then Proposition 3.9.2 shows we can decide whether ⟨G⟩ ∩

S · ⟨H⟩ ≠ ∅ by solving Equations (3.84), (3.85) and (3.86). Equation (3.86) can be replaced by

a boolean combination of conditions of the form “xi ≡ 0 mod 2”, “xi ≡ 1 mod 2”, “yi ≡ 0

mod 2”, “yi ≡ 1 mod 2”, “cij ≡ 0 mod 2”, “cij ≡ 1 mod 2”, “dij ≡ 0 mod 2”, and “dij ≡ 1

mod 2”. Each of these conditions can be expressed as a linear equation over integers, for example

“xi ≡ 1 mod 2” is equivalent to “xi = 2x′i + 1, x′i ∈ Z”. Therefore, solving Equations (3.84),

(3.85) and (3.86) is equivalent to solving a boolean combination of linear equations over integers,

which is decidable by integer programming.

3.10 (Additional material) Computer-assisted proofs

In this section we give the detailed account for the proof of Lemma 3.5.7-3.5.10 using computer

assistance.

We fix an integer k for the whole section. Let H be a subset of UT(n,Q). For x, y ∈ u(n),

we write

x
L≥2(L≥2(logH))

∼ y

if x− y ∈ L≥2(L≥2(logH)), and

x
L≥k+1(logH)

∼ y

if x− y ∈ L≥k+1(logH). Obviously,
L≥2(L≥2(logH))

∼ and
L≥k+1(logH)

∼ are equivalence relations and

we denote by ∼ the transitive closure of these two relations.

The following lemma shows the effect of the relation
L≥2(L≥2(logH))

∼ . In fact, the quotient

Lie algebra L := L≥1(logH)/L≥2(L≥2(logH)) is metabelian, meaning [[L,L], [L,L]] = 0. This

property allows us the permute elements in iterated Lie brackets:

Lemma 3.10.1. For C1, . . . , Ck ∈ L≥1(logH) and i = 3, . . . , k − 1, we have

[. . . [[. . . [C1, C2], . . . , Ci], Ci+1], . . . , Ck]
L≥2(L≥2(logH))

∼ [. . . [[. . . [C1, C2], . . . , Ci+1], Ci], . . . , Ck].

Proof. For i = 3, . . . , k − 1, by the Jacobi identity,

[. . . [[. . . [C1, C2], . . . , Ci], Ci+1], . . . , Ck]− [. . . [[. . . [C1, C2], . . . , Ci+1], Ci], . . . , Ck]
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= [. . . [[. . . [C1, C2], . . . , Ci−1], [Ci, Ci+1]], . . . , Ck]

∈ [. . . [L≥2(logH),L≥2(logH)], . . . , Ck].

⊆ [. . . [L≥2(L≥2(logH)), Ci+2], . . . , Ck]. (3.91)

We then show that

X ∈ L≥2(L≥2(logH)), Y ∈ L≥1(logH) =⇒ [X,Y ] ∈ L≥2(L≥2(logH)). (3.92)

Since X is in L≥2(L≥2(logH)), it can be written as a linear combination of elements of the form

[. . . [X1, X2], . . . , Xs] where s ≥ 2, Xi ∈ L≥2(logH), i = 1, . . . , s. Therefore it suffices to show the

implication (3.92) for the case X = [. . . [X1, X2], . . . , Xs] where Xi ∈ L≥2(logH), i = 1, . . . , s.

Let

X ′ := [. . . [X1, X2], . . . , Xs−1] ∈ L≥2(s−1)(logH) ⊆ L≥2(logH),

so X = [X ′, Xs] with X
′, Xs ∈ L≥2(logH). Then by the Jacobi identity,

[X,Y ] = [[X ′, Xs], Y ] = −[[Xs, Y ], X ′]− [[Y,X ′], Xs],

where

[[Xs, Y ], X ′] ∈ [[L≥2(logH),L≥1(logH)],L≥2(logH)]

⊆ [L≥2(logH),L≥2(logH)] ⊆ L≥2(L≥2(logH))

and

[[Y,X ′], Xs] ∈ [[L≥1(logH),L≥2(logH)],L≥2(logH)]

⊆ [L≥2(logH),L≥2(logH)] ⊆ L≥2(L≥2(logH)).

Therefore [X,Y ] ∈ L≥2(L≥2(logH)), showing the implication (3.92).

Applying this implication with Y = Ci+2, Ci+3, . . . , Ck in Equation (3.91) shows

[. . . [L≥2(L≥2(logH)), Ci+2], . . . , Ck]

⊆ [. . . [L≥2(L≥2(logH)), Ci+3], . . . , Ck]

...

⊆ [L≥2(L≥2(logH)), Ck]
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⊆ L≥2(L≥2(logH))

Hence Equation (3.91) yields

[. . . [[. . . [C1, C2], . . . , Ci], Ci+1], . . . , Ck]
L≥2(L≥2(logH))

∼ [. . . [[. . . [C1, C2], . . . , Ci+1], Ci], . . . , Ck].

Fix an integer k. Define an integer partition P (of k) to be a series of numbers (a1, . . . , as)

such that a1 ≥ a2 ≥ · · · ≥ as ≥ 1 and k = a1 + · · · + as. Define max(P ) := a1,min(P ) := as

and set(P ) := {t | ∃ai = t}. Define a set partition S (of {1, . . . , k}) to be a set of non-

empty disjoint sets S = {A1, . . . , As} such that A1 ∪ · · · ∪ As = {1, . . . , k}. For any k-tuple

j = (j1, . . . , jk) ∈ {1, . . . , k + 1}k, define the associated set partition of j the set partition

consisting of sets of indices of its distinct elements

SP(j) :=

{
Ai := {l | jl = i}

∣∣∣∣ i = 1, . . . , k + 1, Ai ̸= ∅
}
.

For example, if k = 6, j = (4, 2, 7, 2, 2, 4), then SP(j) = {{1, 6}, {2, 4, 5}, {3}}.

Define the associated integer partition IP(S) of a set partition S to be the series of set

cardinalities in S in decreasing order. For example, if k = 6, S = {{1, 6}, {2, 4, 5}, {3}}, then

IP(S) = (3, 2, 1). In particular, in this example we have max(IP(S)) = 3,min(IP(S)) = 1 and

set(P ) = {3, 2, 1}.

We now fix elements C1, . . . , Ck ∈ L≥1(logH). For a given tuple j = (j1, . . . , jk) ∈ {1, . . . , k+

1}k, define the symmetric sums

Φ(j) :=
1

(k + 1− card(SP(j)))!

∑
σ∈Sk+1

φk(Cσ(j1), Cσ(j2), . . . , Cσ(jk)),

M(j) :=
1

(k + 1− card(SP(j)))!

∑
σ∈Sk+1

[. . . [Cσ(j1), Cσ(j2)], . . . , Cσ(jk)].

Here, φk is the expression defined in the Dynkin formula (3.19). The relation between Φ(j) and

M(j) can be computed as follows.

Φ(j) =
1

(k + 1− card(SP(j)))!

∑
σ∈Sk+1

φk(Cσ(j1), Cσ(j2), . . . , Cσ(jk))

=
1

(k + 1− card(SP(j)))!

∑
σ∈Sk+1

∑
τ∈Sk

(−1)d(τ)

k2
(
k−1
d(τ)

) [. . . [Cσ(jτ(1)), Cσ(jτ(2))], . . . , Cσ(jτ(k))]
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=
∑
τ∈Sk

(−1)d(τ)

k2
(
k−1
d(τ)

) · 1

(k + 1− card(SP(j)))!

∑
σ∈Sk+1

[. . . [Cσ(jτ(1)), Cσ(jτ(2))], . . . , Cσ(jτ(k))]

=
∑
τ∈Sk

(−1)d(τ)

k2
(
k−1
d(τ)

) ·M(jτ ), (3.93)

where jτ := (jτ(1), jτ(2), . . . , jτ(k)).

From the definition of Φ(j) and M(j) it follows that that for any σ ∈ Sk+1, writing σ(j) :=

(σ(j1), . . . , σ(jk)), we have Φ(σ(j)) = Φ(j) and M(σ(j)) =M(j). By this symmetry, Φ(j) and

M(j) only depend on their associated set partition SP(j). Hence for any set partition S, we

can define

Φ(S) := Φ(j), M(S) :=M(j), where SP(j) = S.

From Equation (3.93) we get

Φ(S) =
∑
τ∈Sk

(−1)d(τ)

k2
(
k−1
d(τ)

) ·M(Sτ ), (3.94)

where Sτ is the set partition obtained by replacing i by τ(i) in all sets of S for all i = 1, . . . , k:

Sτ :=

{
{τ(j) | j ∈ A}

∣∣∣∣ A ∈ S

}
.

For two set partitions S1 and S2, S2 is called a coarsening of S1 if for every A ∈ S1,

there exists A′ ∈ S2 such that A ⊆ A′. For example, {{1, 3, 4}, {2, 5, 6}} is a coarsening of

{{1, 3, 4}, {2}, {5, 6}}. In particular, any set partition is a coarsening of itself. Denote by

S2 ≽ S1 if S2 is a coarsening of S1.

The next lemma shows the effect of the relation
L≥k+1(logH)

∼ for sums over coarsenings.

Lemma 3.10.2. Let H be a subset of UT(n,Q). Suppose C1, . . . , Ck+1 ∈ L≥1(logH) and∑k+1
i=1 Ci ∈ L≥2(logH). If a set partition S satisfies min(S) = 1, then

∑
S′≽S

M(S′)
L≥k+1(logH)

∼ 0. (3.95)

Proof. First let us illustrate the intuition with an example. Let k = 6, S = {{1, 3, 4}, {2}, {5, 6}},

then there are five coarsenings of S, which are:

S, {{1, 3, 4}, {2, 5, 6}}, {{1, 3, 4, 2}, {5, 6}}, {{1, 3, 4, 5, 6}, {2}}, {{1, 3, 4, 2, 5, 6}}.
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Correspondingly,

M(S) +M({{1, 3, 4}, {2, 5, 6}}) +M({{1, 3, 4, 2}, {5, 6}}) +M({{1, 3, 4, 5, 6}, {2}})

+M({{1, 3, 4, 2, 5, 6}})

=
1

4!

∑
σ∈S7

[[[[[[Cσ(1), Cσ(2)], Cσ(1)], Cσ(1)], Cσ(3)], Cσ(3)]

+
1

5!

∑
σ∈S7

[[[[[[Cσ(1), Cσ(2)], Cσ(1)], Cσ(1)], Cσ(2)], Cσ(2)]

+
1

5!

∑
σ∈S7

[[[[[[Cσ(1), Cσ(1)], Cσ(1)], Cσ(1)], Cσ(2)], Cσ(2)]

+
1

5!

∑
σ∈S7

[[[[[[Cσ(1), Cσ(2)], Cσ(1)], Cσ(1)], Cσ(1)], Cσ(1)]

+
1

6!

∑
σ∈S7

[[[[[[Cσ(1), Cσ(1)], Cσ(1)], Cσ(1)], Cσ(1)], Cσ(1)]

=
∑

i,j,k distinct

[[[[[[Ci, Cj ], Ci], Ci], Ck], Ck] +
∑

i ̸=j=k

[[[[[[Ci, Cj ], Ci], Ci], Ck], Ck]

+
∑

i=j ̸=k

[[[[[[Ci, Cj ], Ci], Ci], Ck], Ck] +
∑

i=k ̸=j

[[[[[[Ci, Cj ], Ci], Ci], Ck], Ck]

+
∑

i=j=k

[[[[[[Ci, Cj ], Ci], Ci], Ck], Ck]

=

7∑
i=1

7∑
j=1

7∑
k=1

[[[[[[Ci, Cj ], Ci], Ci], Ck], Ck]

=
7∑

i=1

7∑
k=1

[[[[[[Ci,
7∑

j=1

Cj ], Ci], Ci], Ck], Ck]

∈
7∑

i=1

7∑
k=1

[[[[[[Ci,L≥2(logH)], Ci], Ci], Ck], Ck]

⊆L≥7(logH).

So
∑

S′≽SM(S′)
L≥k+1(logH)

∼ 0 for this particular example.

For the general case, write S = {A1, . . . , As} with card(A1) = 1, then

∑
S′≽S

M(S′)

=
∑
S′≽S

∑
j∈{1,...,k+1}k
SP(j)=S′

[. . . [Cj1 , Cj2 ], . . . , Cjk ]

=
∑

(j1,...,jk)∈{1,...,k+1}k

ji=ji′ if i,i′ are in the same set of S

[. . . [Cj1 , Cj2 ], . . . , Cjk ]
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=
k+1∑
i1=1

· · ·
k+1∑
is=1

[. . . [Cif(1) , Cif(2) ], . . . , Cif(k) ] where f(r) is defined by r ∈ Af(r).

=

k+1∑
i2=1

· · ·
k+1∑
is=1

[. . . [. . . [Cif(1) , Cif(2) ], . . . ,

k+1∑
i1=1

Ci1 ], . . . , Cif(k) ]

∈
k+1∑
i2=1

· · ·
k+1∑
is=1

[. . . [. . . [Cif(1) , Cif(2) ], . . . ,L≥2(logH)], . . . , Cif(k) ]

⊆ L≥k+1(logH).

Hence
∑

S′≽SM(S′)
L≥k+1(logH)

∼ 0.

Using Equation (3.94), Lemma 3.10.2 gives the following corollaries.

Corollary 3.10.3. Let H be a subset of UT(n,Q). Suppose C1, . . . , Ck+1 ∈ L≥1(logH) and∑k+1
i=1 Ci ∈ L≥2(logH). If a set partition S satisfies min(S) = 1, then

∑
S′≽S

Φ(S′)
L≥k+1(logH)

∼ 0. (3.96)

Proof. For any τ ∈ Sk, we have that S
′
τ ≽ Sτ if and only if S′ ≽ S. Therefore by Equation (3.94),

∑
S′≽S

Φ(S′) =
∑
S′≽S

∑
τ∈Sk

(−1)d(τ)

k2
(
k−1
d(τ)

) ·M(S′
τ ) =

∑
S′
τ≽Sτ

∑
τ∈Sk

(−1)d(τ)

k2
(
k−1
d(τ)

) ·M(S′
τ )

=
∑
τ∈Sk

(−1)d(τ)

k2
(
k−1
d(τ)

) ·
∑

S′
τ≽Sτ

M(S′
τ )

L≥k+1(logH)
∼ 0.

Corollary 3.10.4. Let H be a subset of UT(n,Q). Suppose C1, . . . , Ck+1 ∈ L≥1(logH) and∑k+1
i=1 Ci ∈ L≥2(logH). For any set partition S, the symmetric sum Φ(S) is equivalent under

L≥k+1(logH)
∼ to a linear combination of Φ(S′) where min(IP(S′)) ≥ 2 (that is, every set in the

partitions S′ has cardinality at least two).

In other words, there exist integers αS′, where S′ ranges over all set partitions satisfying

min(IP(S′)) ≥ 2, such that

Φ(S)
L≥k+1(logH)

∼
∑

S′,min(IP(S′))≥2

αS′Φ(S′).

Proof. Corollary 3.10.3 shows that if min(IP(S)) = 1, then under the equivalence
L≥k+1(logH)

∼ ,

we can replace Φ(S) by −
∑

S′≽S,S′ ̸=S Φ(S′). Repeat this “coarsening” procedure for all Φ(S′),
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min(IP(S′)) = 1, for sufficiently many times, we can rewrite Φ(S) as a linear combination of

expressions Φ(S′) where min(IP(S′)) ≥ 2.

Define a partition-integer pair to be a pair (P, c), where P is an integer partition and c is a

number in set(P ). For a partition-integer pair (P, c), define the following symmetric sum.

M̂(P, c) :=M(S),

where S is a set partition such that IP(S) = P , and 1 ∈ A ∈ S with card(A) = max(P ) and

2 ∈ A′ ∈ S with card(A′) = c. For example, a possible definition of M̂((3, 2, 1), 1) can be

M̂((3, 2, 1), 1) :=M({{1, 3, 4}, {2}, {5, 6}})

=
1

4!

∑
σ∈S7

[[[[[[Cσ(2), Cσ(7)], Cσ(2)], Cσ(2)], Cσ(4)], Cσ(4)]

=
∑

1≤i,j,k≤7,i,j,k distinct

[[[[[[Ci, Cj ], Ci], Ci], Ck], Ck].

Note that this definition a priori depends on the choice of the set partition S. However, under

the equivalence relation
L≥2(L≥2(logH))

∼ , different choices of S result in the same equivalence

class. Indeed, let j be a tuple whose associated set partition is S. By Lemma 3.10.1, any

exchange of order among the elements j3, j4, . . . , jk will not change the equivalence class of

[. . . [Cσ(j1), Cσ(j2)], . . . , Cσ(jk)], so it will not change the equivalence class of M(j). This means

that the equivalent class of M(S) does not change when we permute the numbers 3, 4, . . . , k.

For example, M({{1, 3, 4}, {2}, {5, 6}}) ∼M({{1, 3, 5}, {2}, {4, 6}}), because

M({{1, 3, 4}, {2}, {5, 6}}) = 1

4!

∑
σ∈S7

[[[[[[Cσ(2), Cσ(7)], Cσ(2)], Cσ(2)], Cσ(4)], Cσ(4)]

L≥2(L≥2(logH))
∼ 1

4!

∑
σ∈S7

[[[[[[Cσ(2), Cσ(7)], Cσ(2)], Cσ(4)], Cσ(2)], Cσ(4)] =M({{1, 3, 5}, {2}, {4, 6}}).

Hence, the equivalence class of M(S) only depends on the integer partition IP(S) as well as

the cardinality of the sets where 1 and 2 belong. This is uniquely determined by the partition-

cardinality pair (P, c).

Lemma 3.10.5. Let H be a subset of G. Suppose C1, . . . , Ck+1 ∈ L≥1(logH) and
∑k+1

i=1 Ci ∈

L≥2(logH). For any set partition S satisfying min(IP(S)) ≥ 2, the symmetric sum M(S) is

equivalent (under ∼) to a linear combination of M̂(P, c), where (P, c) are partition-integer pairs

satisfying c ̸= max(P ) and min(P ) ≥ 2.

In other words, there exist integers β(P,c), where (P, c) ranges over all partition-integer pairs
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with c ̸= max(P ) and min(P ) ≥ 2, such that

M(S) ∼
∑
(P,c)

β(P,c)M̂(P, c).

Proof. Write S = {A1, . . . , As} with card(A1) = max(IP(S)). By Lemma 3.10.1, the equivalence

class of M(S) does not change when we permute the numbers 3, 4, . . . , k. We can therefore

suppose 3 ∈ A1. Take any tuple j = (j1, . . . , jk) ∈ {1, . . . , k + 1}k with SP(j) = S. By the

Jacobi identity,

[. . . [[Cσ(j1), Cσ(j2)], Cσ(j3)], . . . , Cσ(jk)] =

[. . . [[Cσ(j3), Cσ(j2)], Cσ(j1)], . . . , Cσ(jk)]− [. . . [[Cσ(j3), Cσ(j1)], Cσ(j2)], . . . , Cσ(jk)]. (3.97)

Summing up for σ ∈ Sk+1, the expression
∑

σ∈Sk+1
[. . . [[Cσ(j3), Cσ(j2)], Cσ(j1)], . . . , Cσ(jk)] is

equivalent to (k + 1− card(S))! · M̂(IP(S), c), with c = card(Ai) where j2 ∈ Ai. Similarly,

the expression ∑
σ∈Sk+1

[. . . [[Cσ(j3), Cσ(j1)], Cσ(j2)], . . . , Cσ(jk)]

is equivalent to (k + 1− card(S))! · M̂(IP(S), c′), with c′ = card(Ai′) where j1 ∈ Ai′ .

We claim that if c = max(IP(S)), then M̂(IP(S), c) ∼ 0. This is because, writing

M̂(IP(S), c) =
1

(k + 1− card(S))!

∑
σ∈Sk+1

[. . . [[Cσ(j3), Cσ(j2)], Cσ(j1)], . . . , Cσ(jk)],

if j2 ∈ Ai with card(Ai) = max(IP(S)), then swapping 2 and 3 in the set partition SP(j) does

not change its associated integer partition. Therefore, we have

M̂(IP(S),max(S′)) =
1

(k + 1− card(S))!

∑
σ∈Sk+1

[. . . [[Cσ(j3), Cσ(j2)], Cσ(j1)], . . . , Cσ(jk)] ∼

− 1

(k + 1− card(S))!

∑
σ∈Sk+1

[. . . [[Cσ(j2), Cσ(j3)], Cσ(j1)], . . . , Cσ(jk)] ∼ −M̂(IP(S′),max(S′)),

so M̂(IP(S),max(S)) ∼ 0. This proves that if c = max(IP(S)), then M̂(IP(S), c) ∼ 0.

Summing up Equation (3.97) for σ ∈ Sk+1, we conclude that

M(S) =
1

(k + 1− card(S))!

∑
σ∈Sk+1

[. . . [[Cσ(j1), Cσ(j2)], Cσ(j3)], . . . , Cσ(jk)]

= M̂(IP(S), c)− M̂(IP(S), c′)
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is equivalent (under ∼) to a linear combination of expressions M̂(IP(S), c), where c ̸= max(S).

For any k, all partition-integer pairs satisfying c ̸= max(P ) and min(P ) ≥ 2 can be effectively

listed. For example, when k = 5, there is only one pair ((3, 2), 2). When k = 7, there are three

pairs

((5, 2), 2), ((4, 3), 3), ((3, 2, 2), 2).

When k = 9, there are six pairs

((7, 2), 2), ((6, 3), 3), ((5, 4), 4), ((5, 2, 2), 2), ((4, 3, 2), 3), ((4, 3, 2), 2).

Combining Corollary 3.10.4, Equation (3.94) and Lemma 3.10.5, we obtain the following

proposition.

Proposition 3.10.6. Suppose C1, . . . , Ck+1 ∈ L≥1(logH) and
∑k+1

i=1 Ci ∈ L≥2(logH). Let

m ≥ 2 and j = (j1, . . . , jm) ∈ {1, . . . , k + 1}m. The expression
∑

σ∈Sk+1
Hk(Cσ(j1), . . . , Cσ(jm))

is equivalent (under ∼) to a linear combination of M̂(P, c), where (P, c) ranges over all partition-

integer pairs with c ̸= max(P ) and min(P ) ≥ 2. Furthermore, this linear combination can be

effectively computed.

In other words, one can effectively compute rational numbers γ(P,c), such that

∑
σ∈Sk+1

Hk(Cσ(j1), . . . , Cσ(jm)) ∼
∑
(P,c)

γ(P,c)M̂(P, c).

Proof. By the Dynkin formula (Lemma 3.5.4), the expression
∑

σ∈Sk+1
Hk(Cσ(j1), . . . , Cσ(jm))

can be rewritten into a linear combination of Φ(SP(j′)), where j′ are subsequences (with possible

repetition) of j. Then, Corollary 3.10.4 shows that each Φ(SP(j′)) is equivalent (under ∼) to

a linear combination of Φ(S′) with min(IP(S′)) ≥ 2. Next, Equation (3.94) shows that each

Φ(S′),min(IP(S′)) ≥ 2 is equal to a linear combination of M(S′′) with min(IP(S′′)) ≥ 2. The

condition min(IP(S′′)) ≥ 2 is due to the fact that for any τ ∈ Sk we have IP(Sτ ) = IP(S).

Finally, by Lemma 3.10.5, each M(S′′),min(IP(S′′)) ≥ 2 is equivalent (under ∼) to a linear

combination of M̂(P, c) with c ̸= max(P ) and min(P ) ≥ 2.

In summary, any expression
∑

σ∈Sk+1
Hk(Cσ(j1), . . . , Cσ(jr)) is equivalent to a linear combi-

nation of M̂(P, c), where (P, c) ranges over all partition-integer pairs with c ̸= max(P ) and

min(P ) ≥ 2. Furthermore, the proof of Corollary 3.10.4, Equation (3.94) and Lemma 3.10.5

give an effective procedure that computes the coefficients of this linear combination.
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The effective procedure of Proposition 3.10.6 is summarized by Algorithm 3.3. Note that for

the algorithm we fix the integer k, so all set partitions in the algorithm refer to set partitions of

k.

We can now give computer assisted proofs of Lemmas 3.5.7 - 3.5.10 based on Algorithm 3.3.

Proof of Lemma 3.5.7. (The SageMath [95] code can be found at https://doi.org/10.6084/

m9.figshare.20124146.v1.) Set k = 5. Using Algorithm 3.3 on the tuples (1, 2, 3, 4, 5, 6) and

j = (1, 2, 3, 4, 4, 5, 5, 6, 6, 1, 2, 3),

we get

∑
σ∈S6

H5(logBσ(1), . . . , logBσ(6)) ∼ M̂((3, 2), 2),

∑
σ∈S6

H5

(
logBσ(j1), . . . , logBσ(j12)

)
∼ −M̂((3, 2), 2).

Therefore,

∑
σ∈S6

H5(logBσ(1), . . . , logBσ(6)) +
∑
σ∈S6

H5(logBσ(j1), . . . , logBσ(j12)) ∼ 0.

Proof of Lemma 3.5.9. (The SageMath [95] code can be found at https://doi.org/10.6084/

m9.figshare.20124113.v1.) Set k = 7. Using Algorithm 3.3 on the tuples (1, 2, . . . , 8) and

j1 = (j1,1, j1,2, . . . , j1,16) = (1, 2, 3, 4, 5, 5, 6, 6, 7, 7, 8, 8, 1, 2, 3, 4),

j2 = (j2,1, j2,2, . . . , j2,16) = (1, 2, 3, 4, 5, 4, 6, 7, 1, 2, 8, 3, 5, 6, 7, 8).

We get

∑
σ∈S8

H7(logBσ(1), . . . , logBσ(8)) ∼
34

15
M̂((5, 2), 2)− 34

45
M̂((4, 3), 3) +

68

15
M̂((3, 2, 2), 2),

∑
σ∈S8

H7

(
logBσ(j1,1), . . . , logBσ(j1,16)

)
∼ 34

15
M̂((5, 2), 2) +

238

45
M̂((4, 3), 3)− 68

5
M̂((3, 2, 2), 2),

∑
σ∈S8

H7

(
logBσ(j2,1), . . . , logBσ(j2,16)

)
∼ −68

15
M̂((5, 2), 2) +

34

45
M̂((4, 3), 3)− 34

5
M̂((3, 2, 2), 2).
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Therefore,

∑
σ∈S8

H7(logBσ(1), . . . , logBσ(8)) +

2∑
s=1

αs

∑
σ∈S8

H7(logBσ(js,1), . . . , logBσ(js,16)) ∼ 0

with α1 =
1
15 , α2 =

8
15 .

Proof of Lemma 3.5.10. (The SageMath [95] code can be found at https://doi.org/10.6084/

m9.figshare.20122979.v1). Set k = 9. Using Algorithm 3.3 on the tuples (1, 2, . . . , 10) and

(j1,1, j1,2, . . . , j1,20) = (5, 4, 7, 10, 2, 8, 3, 8, 1, 9, 7, 6, 5, 6, 2, 3, 9, 10, 1, 4),

(j2,1, j2,2, . . . , j2,20) = (8, 3, 5, 7, 10, 6, 8, 2, 1, 10, 2, 4, 9, 1, 5, 9, 3, 6, 7, 4),

(j3,1, j3,2, . . . , j3,20) = (7, 10, 2, 6, 4, 9, 6, 4, 1, 5, 3, 5, 1, 9, 3, 7, 10, 2, 8, 8),

(j4,1, j4,2, . . . , j4,20) = (10, 2, 2, 6, 7, 1, 9, 3, 9, 4, 8, 7, 8, 5, 5, 1, 4, 10, 6, 3),

(j5,1, j5,2, . . . , j5,20) = (3, 5, 10, 1, 4, 8, 6, 9, 3, 2, 7, 6, 1, 10, 9, 7, 2, 4, 5, 8),

(j6,1, j6,2, . . . , j6,20) = (4, 7, 2, 10, 2, 1, 3, 5, 8, 1, 6, 9, 10, 7, 6, 8, 3, 5, 9, 4).

We get

∑
σ∈S10

H9(logBσ(1), . . . , logBσ(10)) ∼
347

105
M̂((7, 2), 2) +

347

315
M̂((6, 3), 3)

+
347

105
M̂((5, 4), 4) +

1388

105
M̂((5, 2, 2), 2)− 347

21
M̂((4, 3, 2), 3) +

347

21
M̂((4, 3, 2), 2),

∑
σ∈S10

H9

(
logBσ(j1,1), . . . , logBσ(j1,20)

)
∼ −347

105
M̂((7, 2), 2) +

21167

945
M̂((6, 3), 3)

− 4511

315
M̂((5, 4), 4) + 0 · M̂((5, 2, 2), 2) +

3817

63
M̂((4, 3, 2), 3) +

1735

63
M̂((4, 3, 2), 2),

∑
σ∈S10

H9

(
logBσ(j2,1), . . . , logBσ(j2,20)

)
∼ 347

45
M̂((7, 2), 2) +

18391

945
M̂((6, 3), 3)

+
347

14
M̂((5, 4), 4)− 1388

315
M̂((5, 2, 2), 2) +

9022

63
M̂((4, 3, 2), 3)− 694

63
M̂((4, 3, 2), 2),

∑
σ∈S10

H9

(
logBσ(j3,1), . . . , logBσ(j3,20)

)
∼ 16309

42
M̂((7, 2), 2) +

85709

630
M̂((6, 3), 3)

+
241859

1260
M̂((5, 4), 4) +

30883

126
M̂((5, 2, 2), 2)− 8675

63
M̂((4, 3, 2), 3) +

94037

630
M̂((4, 3, 2), 2),
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∑
σ∈S10

H9

(
logBσ(j4,1), . . . , logBσ(j4,20)

)
∼ 20473

210
M̂((7, 2), 2)− 314729

1890
M̂((6, 3), 3)

+
4511

140
M̂((5, 4), 4) +

137759

630
M̂((5, 2, 2), 2)− 23249

315
M̂((4, 3, 2), 3) +

33659

210
M̂((4, 3, 2), 2),

∑
σ∈S10

H9

(
logBσ(j5,1), . . . , logBσ(j5,20)

)
∼ 347

210
M̂((7, 2), 2) +

35741

1890
M̂((6, 3), 3)

− 18391

1260
M̂((5, 4), 4) +

1041

70
M̂((5, 2, 2), 2)− 347

63
M̂((4, 3, 2), 3) +

1735

126
M̂((4, 3, 2), 2),

∑
σ∈S10

H9

(
logBσ(j6,1), . . . , logBσ(j6,20)

)
∼ −1388

105
M̂((7, 2), 2)− 56561

945
M̂((6, 3), 3)

+
4511

126
M̂((5, 4), 4)− 3123

70
M̂((5, 2, 2), 2)− 28454

315
M̂((4, 3, 2), 3)− 51703

630
M̂((4, 3, 2), 2).

Therefore,

∑
σ∈S10

H9(logBσ(1), . . . , logBσ(10)) +
6∑

s=1

αs

∑
σ∈S10

H9(logBσ(js,1), . . . , logBσ(js,20)) ∼ 0

with α1 =
44566633
13702661 , α2 =

557040
13702661 , α3 =

205175
3915046 , α4 =

1307207
13702661 , α5 =

86275275
27405322 , α6 =

4105194
1957523 .
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Algorithm 3.3 Computing γ(P,c) where
∑

σ∈Sk+1
Hk(Cσ(j1), . . . , Cσ(jm)) ∼

∑
(P,c) γ(P,c)M̂(P, c)

Input: an integer k and a tuple j = (j1, . . . , jm) ∈ {1, . . . , k + 1}m.

Output: rational numbers γ(P,c), where (P, c) ranges over all partition-integer pairs with c ̸=

max(P ) and min(P ) ≥ 2.

1. Compute rational numbers aS such that

∑
σ∈Sk+1

Hk(Cσ(j1), . . . , Cσ(jm)) =
∑

set partition S

aSΦ(S) (3.98)

in the following way:

(a) Initialize with aS := 0 for all set partitions S.

(b) For every tuple (i1, . . . , im) ∈ Zm
≥0 such that i1 + · · ·+ im = k, compute the sequence

ι := (j1, . . . , j1︸ ︷︷ ︸
i1

, j2, . . . , j2︸ ︷︷ ︸
i2

, . . . , jm, . . . , jm︸ ︷︷ ︸
im

)

and update aSP(ι) := aSP(ι) +
(k+1−card(SP(ι)))!

i1!···im! .

2. Compute rational numbers bS such that

∑
set partition S

aSΦ(S) =
∑

set partition S,

min(IP(S))≥2

bSΦ(S) (3.99)

in the following way:

(a) Initialize with bS := aS for all set partitions S.

(b) Order all set partitions S into S1, S2, . . . , Sp, such that if Sj ≽ Si then j ≥ i.

(c) For i = 1, 2, . . . , p :

If min(IP(Si)) = 1, then update bSi
:= 0 and bSj

:= bSj − bSi for all Sj ≽ Si.

3. Compute rational numbers gS such that

∑
set partition S,

min(IP(S))≥2

bSΦ(S) =
∑

set partition S,

min(IP(S))≥2

gSM(S) (3.100)

in the following way:

(a) Initialize with gS := 0 for all set partitions S,min(IP(S)) ≥ 2.

(b) For every set partition S and every permutation σ ∈ Sk, compute the set partition

Sσ :=
{
{σ(j) | j ∈ A}

∣∣∣ A ∈ S
}

and update gSσ
:= gSσ + bS · (−1)d(σ)

k2(k−1
d(σ))

(where d(·) denotes the number of descents).

(To be continued in the next page)
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Algorithm 3.3 (continued)

4. Compute all partition-integer pairs (P, c) with c ̸= max(P ) and min(P ) ≥ 2.

5. Compute rational numbers γ(P,c) such that

∑
set partition S

min(IP(S))≥2

gSM(S) =
∑
(P,c)

c ̸=max(P ),min(P )≥2

γ(P,c)M̂(P, c) (3.101)

in the following way:

(a) Initialize with γ(P,c) := 0 for all (P, c), c ̸= max(P ) and min(P ) ≥ 2.

(b) For all set partitions S with min(IP(S)) ≥ 2:

i. If 1 ∈ A, card(A) = max(IP(S)) and 2 ∈ B, card(B) ̸= max(IP(S)), then update

γ(IP(S),card(B)) := γ(IP(S),card(B)) + gS .

ii. If 1 ∈ A, card(A) ̸= max(IP(S)) and 2 ∈ B, card(B) = max(IP(S)), then update

γ(IP(S),card(A)) := γ(IP(S),card(A)) − gS .

iii. If 1 ∈ A, card(A) ̸= max(IP(S)) and 2 ∈ B, card(B) ̸= max(IP(S)), then update

γ(IP(S),card(A)) := γ(IP(S),card(A)) − gS , γ(IP(S),card(B)) := γ(IP(S),card(B)) + gS .

6. Return the numbers γ(P,c).
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Chapter 4

Metabelian groups

4.1 Introduction and main result

In this chapter we study algorithmic problems in finitely generated metabelian groups (recall

Definition 2.1.6). Developing a complete algorithmic theory for finitely generated metabelian

groups has been the focus of extensive research since the 1950s. For recent advancements

in this area, we refer readers to surveys [9, 55]. As the convention in computational group

theory, a finitely generated metabelian group G is typically represented by a finite metabelian

presentation1 (see Section 4.2 for its definition). This differs from the usual finite presentation of

groups, since not all metabelian groups admit a finite presentation [6]. Every finitely generated

metabelian group admits a finite metabelian presentation, making them a natural target for

algorithmic methods [9, p.629].

Among the classic Max Dehn problems for finitely generated metabelian groups, decidability

of the Word Problem is known since the 1950s following the seminal work of Hall [43]. The

Conjugacy Problem is shown to be decidable by Noskov [81]. The Isomorphism Problem remains

an outstanding open problem [10]. We may note that in the hierarchy of solvable groups,

metabelian groups are on the fringe of decidability. By a celebrated result of Kharlampovich,

all three Max Dehn problems are undecidable in solvable groups of derived length three (recall

Definition 2.1.9) [54], [55, Theorem 6.17, Section 6.8].

In finitely generated metabelian groups, decidability of Group Membership is a classic result

of Romanovskii [87]. Romanovskii’s solution is based on a reduction from Group Membership

to deciding membership in a finitely presented module over polynomials rings. On the other

hand, Semigroup Membership is undecidable for many instances of metabelian group. For ex-

ample, Lohrey, Steinberg, and Zetzsche [67] showed undecidability of Semigroup Membership in

1also called an A 2-presentation in literature.

100



the wreath product Z ≀ Z by embedding the halting problem for two-counter machines. More

recently, as mentioned in the previous chapter, Roman’kov [86] showed undecidability of Semi-

group Membership in H3(Q)k for sufficiently large k by embedding the Hilbert’s tenth problem.

While the undecidability of Semigroup Intersection in general metabelian groups has never

been explicitly stated in literature, it can be easily deduced from the undecidability of the

Post Correspondence Problem. Indeed, the free monoid {a, b}∗ over two generators can be

embedded as a submonoid of a finitely generated metabelian group (such as the wreath product

Z ≀ Z or the free metabelian group over two generators [11, 70]). Let G be this metabelian

group, then the direct product G × G is metabelian and contains as a submonoid the direct

product {a, b}∗×{a, b}∗. Hence, Semigroup Intersection is undecidable in the finitely generated

metabelian group G×G by the following classic result of Emil Post.

Theorem 4.1.1 (Post Correspondence Problem [84]). The following problem is undecidable:

given as input a set of elements S = {(v1, w1), . . . , (vK , wK)} ⊂ {a, b}∗×{a, b}∗, decide whether

the semigroup ⟨S⟩ intersects the set of diagonals {(x, x) | x ∈ {a, b}∗}.

Note that the set of diagonals is the semigroup generated by the neutral element and the

elements (a, a), (b, b). Therefore, the Post Correspondence Problem shows it is undecidable

whether the intersection ⟨S⟩ ∩ ⟨(I, I), (a, a), (b, b)⟩ is empty.

Despite the undecidability of Semigroup Membership and Semigroup Intersection in finitely

generated metabelian groups, the decidability status of the Identity Problem and the Group

Problem remained open. The main result of this chapter gives a positive answer to this open

problem.

Main result

Theorem 4.1.2. The Group Problem (hence also the Identity Problem) is decidable in all finitely

generated metabelian groups.

Here, the metabelian group is represented by a finite metabelian presentation.

It has been noticed since the work of Hall that metabelian groups have natural connections

with polynomials rings. Indeed, this connection is the key to deciding many group algorithmic

problems in metabelian groups. However, a parallel theory for semigroups was yet to be devel-

oped. In this chapter, we establish a connection between sub-semigroups of metabelian groups

and polynomial semirings, utilizing graph theory as an intermediate step. The connection will

be the key in solving the Group Problem, and consequently, the Identity Problem.
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Organization of the chapter

The organization of this chapter is as follows. In Section 4.2, we exhibit an embedding (Propo-

sition 4.2.2) and reduce the Group Problem in metabelian groups to the Group Problem in

semidirect products of the form Y ⋊ Zn. We focus on algorithmic problems in Y ⋊ Zn in sub-

sequent sections. In Section 4.3, we introduce G-graphs as means to describe words over a

finite alphabet G ⊆ Y ⋊ Zn. Section 4.4 outlines a solution for the Group Problem in Y ⋊ Zn,

relying on three key theorems: Theorem 4.4.3, which relates connectivity of a graph to its

“face-accessibility”; Theorem 4.4.8, which establishes a local-global principle for solving linear

equations over polynomial semirings; and Theorem 4.4.10, which shows decidability of the “lo-

cal” conditions in the previous theorem. Section 4.5 presents the proof of Theorem 4.4.3 using

a combination of convex geometry and graph theory. Section 4.6 proves Theorem 4.4.8 by gen-

eralizing a result of Einsiedler, Mouat and Tuncel [36, Theorem 1.3] using algebraic geometry

techniques. Finally, Section 4.7 provides the proof of Theorem 4.4.10, employing a combination

of the first order theory of reals, Gröbner basis over modules and number theory.

4.2 Representing a metabelian group

Let R be a commutative ring (such as Z or R) or semiring (such as N or R≥0). Denote by

R[X±
1 , . . . , X

±
n ] the Laurent polynomial ring or semiring over n variables with coefficients in R:

this is the set of polynomials of the form

∑
a1,...,an∈Z

ca1,...,anX
a1
1 · · ·Xan

n ,

where ca1,...,an ∈ R and (a1, . . . , an)
⊤ ranges over a finite subset of Zn. Unless otherwise specified,

all polynomials considered in this chapter are Laurent polynomials. When n is fixed, we denote

R[X±] := R[X±
1 , . . . , X

±
n ], R[X±]∗ := R[X±] \ {0}.

For a = (a1, . . . , an)
⊤ ∈ Zn, denote by Xa the monomial Xa1

1 Xa2
2 · · ·Xan

n . Given f ∈ R[X±]∗

and a vector v ∈ (Rn)∗ := Rn \ {0}, define the weighted degree

degv(f) := max{v⊤a | a ∈ Zn, ca1,...,an ̸= 0}, where f =
∑

ca1,...,anX
a ̸= 0.

Additionally, define degv(0) = −∞ for all v ∈ (Rn)∗.

Let R be a commutative ring. An R[X±]-module is an abelian group (M,+) along with an
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operation · : R[X±] ×M → M satisfying f · (a + b) = f · a + f · b, (f + g) · a = f · a + g · a,

fg · a = f · (g · a) and 1 · a = a. For example, for any d ∈ N, R[X±]d is an R[X±]-module by

f · (g1, . . . , gd) = (fg1, . . . , fgd). Throughout this chapter, we use the bold symbol f to denote

a vector (f1, . . . , fd) ∈ R[X±]d.

Given g1, . . . , gm ∈ R[X±]d, we say they generate the R[X±]-module
∑m

i=1R[X
±] · gi :=

{
∑m

i=1 pi · gi | p1, . . . , pm ∈ R[X±]}. A module is called finitely generated if it can be generated

by a finite number of elements. Given two finitely generated submodules N,M of R[X±]d such

that N ⊆M , we can define the quotientM/N := {m | m ∈M} wherem1 = m2 iffm1−m2 ∈ N .

This quotient is also an R[X±]-module. We say that an R[X±]-module Y is finitely presented if

it can be written as a quotient M/N for two finitely generated submodules N ⊆ M of R[X±]d

for some d ≥ 1. We call a finite presentation of Y the respective generators of such M,N .

Metabelian groups are usually represented by a finite metabelian presentation. We now give

its formal definition. Understanding the technical details in the definition is not essential, since

we will only be using the more intuitive representation given by Equations (4.1), (4.2) and

Proposition 4.2.2 throughout this chapter.

Let Fs be the free group over s ≥ 2 generators. The quotient

Ms := Fs/[[Fs, Fs], [Fs, Fs]]

is metabelian and is called the free metabelian group over s generators. Let {x1, . . . , xs} be

the generators of Fs, then their equivalence classes {x1, . . . , xs} are the generators of Ms. An

element of Ms is represented as a word over {x1, . . . , xs}.

Definition 4.2.1 (Finite metabelian presentation). A finite metabelian presentation of a group

G is a free metabelian group Ms, s ≥ 2, along with a finite set of elements r1, . . . , rm ∈Ms, such

that

G =Ms/nclMs(r1, . . . , rm).

Here, nclMs(r1, . . . , rm) denotes the normal closure of {r1, . . . , rm}, that is, the smallest normal

subgroup of Ms containing {r1, . . . , rm}.

By [43, Corollary 1] or [9, p.629], every finitely generated metabelian group admits a finite

metabelian presentation. Finite metabelian presentations are not to be confused with the usual

finite presentation of groups (Definition 2.1.1). Every finite presentation of a metabelian group

G naturally induces a finite metabelian presentation of G. Indeed, if ⟨x1, . . . , xs | r1, . . . , rm⟩ is

a finite presentation of a metabelian group G, then G ∼= Fs/ nclFs(r1, . . . , rm), where Fs denotes

the free group generated by x1, . . . , xs. Since G is metabelian, we have [[Fs, Fs], [Fs, Fs]] ≤
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nclFs(r1, . . . , rm). Therefore, letting Ms = Fs/[[Fs, Fs], [Fs, Fs]], we obtain a finite metabelian

presentation

G ∼=Ms/nclMs(r1, . . . , rm)

of the group G. Nevertheless, while every finitely generated metabelian group admits a finite

metabelian presentation, some of them (such as the wreath product Z ≀ Z) do not admit a finite

presentation [6, Theorem 1].

Given a finitely presented Z[X±
1 , . . . , X

±
n ]-module Y, define the following semidirect product:

Y ⋊ Zn := {(y, a) | y ∈ Y, a ∈ Zn}; (4.1)

this is a group where multiplication and inversion are defined by

(y, a) · (y′, a′) = (y +Xa · y′, a+ a′), (y, a)−1 = (−X−a · y,−a). (4.2)

The neutral element of Y ⋊ Zn is (0, 0). Intuitively, the element (y, a) can be seen as a 2 × 2

matrix

(
Xa y
0 1

)
, where the group law is represented by matrix multiplication.2 There is a

canonical projection π of the group Y ⋊ Zn onto Zn:

π : Y ⋊ Zn → Zn,

(y, a) 7→ a.

By Lemma 2.2.4, solving the Group Problem in metabelian groups will also provide a solution

for the Identity Problem. The following proposition shows that in order to solve the Group

Problem in metabelian groups, it suffices to solve it in groups of the form Y ⋊ Zn.

Proposition 4.2.2. Suppose we are given a finite metabelian presentation of a group G as well

as a finite set G ⊆ G. One can effectively construct a finitely presented Z[X±
1 , . . . , X

±
n ]-module

Y for some n ∈ N, as well as a subset G̃ of the group Y ⋊ Zn, such that ⟨G⟩ is a group if and

only if ⟨G̃⟩ is a group. Furthermore, the constructed set G̃ satisfies π(⟨G̃⟩grp) = Zn under the

canonical projection π : Y ⋊ Zn → Zn.

The rest of this section aims to prove Proposition 4.2.2. Readers interested only in the

decision procedure for the Group Problem in Y⋊Zn may skip the rest of this section and accept

Proposition 4.2.2 as a black-box.

2When n = 0, the polynomial ring Z[X±
1 , . . . , X

±
n ] becomes Z, and the group Y⋊Zn degenerates into

the Z-module Y itself, which is an abelian group.
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Let T be an arbitrary group. The group ring Z[T ] is defined as

Z[T ] :=

{∑
t∈T

ztt

∣∣∣∣∣ zt ∈ Z, and zt = 0 except for a finite number of t ∈ T

}
.

Here,
∑

t∈T ztt denotes a formal sum with finite support. The ring structure on Z[T ] is given

by
∑

t∈T ytt+
∑

t∈T ztt =
∑

t∈T (yt + zt)t and
∑

t∈T ytt ·
∑

t∈T ztt =
∑

t∈T
∑

uv=t yuzvt.

We start by stating a lemma of Baumslag, Cannonito, and Robinson:

Lemma 4.2.3 (Reformulation of [9, Theorem 3.3], [64, Theorem 9.5.3]). There is an algorithm

which, when a finite metabelian presentation of G is given, together with a finite subset G ⊆ G,

finds a finite metabelian presentation of the subgroup ⟨G⟩grp. Furthermore, under this finite

metabelian presentation of ⟨G⟩grp, the set G itself is explicitly given as the generators.

Proof. The first part of the statement is simply [64, Theorem 9.5.3]. We now retrace its proof to

show that the set G is explicitly given as the generators under this finite metabelian presentation.

Denote H = ⟨G⟩grp, G′ = [G,G], and H̄ = HG′/G′ ∼= H/H ∩G′. The abelian group H ∩G′

is a Z[H̄]-module by action of conjugation. That is, for hG′ ∈ H̄, the action of hG′ on H ∩G′

is defined as (hG′) · x := h−1xh. This action is well-defined (not depending on the choice of h)

since G′ is normal and abelian.

Following the proof of [64, Theorem 9.5.3], we have:

(i) Write G = {g1, . . . , gK}, then the elements g1G
′, . . . , gKG

′ generate the abelian group H̄.

We can compute a finite set of elements

yi := (g1G
′)ni1 · · · (gKG′)niK , i = 1, . . . , S, (4.3)

such that H̄ is the abelian group generated by {g1G′, . . . , gKG
′} modulo the relations

{y1, . . . , yS}.

(ii) The Z[H̄]-module H ∩G′ is generated by the set

C := {[gi, gj ] | gi, gj ∈ G} ∪ {gni1
1 · · · gniK

K | i = 1, . . . , S}.

A finite presentation of the Z[H̄]-module H ∩G′ under the generators C can be effectively

computed (see [64, Theorem 9.4.6]). That is, for each c ∈ C let ec be a new variable, we

can compute a finite set of elements f1, . . . , fT in the free Z[H̄]-module
∑

c∈C Z[H̄]·ec, such

that H ∩ G′ is isomorphic to the quotient of
∑

c∈C Z[H̄] · ec by the submodule generated

by f1, . . . , fT . This isomorphism is given by c 7→ ec.
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The proof of [64, Theorem 9.5.3] then states that these data naturally give us a finite metabelian

presentation of H. We now explicitly give this finite metabelian presentation. Let M(G) be the

free metabelian group generated by the set G, and r1, . . . , rT be the elements in M(G) obtained

as follows. For each fi, i = 1, . . . , T, defined above, substitute ec with c for all c ∈ C, and write

the action of Z[H̄] using conjugation by elements of G ∪ G−1. We then obtain the elements

ri, i = 1, . . . , T, in M(G). For example, if f1 = (g1G
′) · ec, then r1 is obtained as g−1

1 cg1. Then

H ∼=M(G)/nclM(G)(r1, . . . , rT )

is a finite metabelian presentation of H, where the set G is explicitly given as the generators.

Indeed, the elements r1, . . . , rT are obviously relations in H. On the other hand, let w be

a word over G ∪ G−1 that is a relation in H. We show that w is normally generated by the

relations r1, . . . , rT (and the double-commutators).

Note that wH ′ represents the neutral element in the abelianization H/H ′, this means that

wH ′ can be written as (r1H
′)p1 · · · (rTH ′)pT . This is because r1, . . . , rT generate H ∩ G′ as

a Z[H̄]-module, but conjugacy by G does not change the class of element in H ∩ G′/H ′, so

r1H
′, . . . , rTH

′ generate H ∩G′/H ′ as an abelian group. In particular, by pushing the elements

of H ′ to the right, w can be rewritten in the form

rp11 · · · rpTT w1 · · ·wq, (4.4)

where each w1, . . . , wq is a conjugate of some commutator [gi, gj ], gi, gj ∈ G, by some word

over G ∪ G−1. Hence, it suffices to show that w1 · · ·wq is normally generated by the relations

r1, . . . , rT . Note that w1, . . . , wq commute with each other by the double-commutator relations.

Since w, r1, . . . , rT all represent the neutral element in H, the word w1 · · ·wq also represents the

neutral element in H. Therefore w1 · · ·wq must be in the Z[H̄]-module generated by r1, . . . , rT ,

so it can be written as a product of conjugates of r1, . . . , rT . We conclude that w is normally

generated by the relations r1, . . . , rT .

Since our goal is to decide the Group Problem (whether ⟨G⟩ = ⟨G⟩grp), we can without loss

of generality suppose G = ⟨G⟩grp by Lemma 4.2.3.

We now recall the definition of the wreath product. Given two groups A, T , their (restricted)

wreath product A ≀ T is defined as a semidirect product AT ⋊ T (recall Definition 2.1.12). Here,

AT is the direct sum of A over the index set T and is called the base group. That is, AT is

the set of sequences (as)s∈T , as ∈ A where as is the neutral element for all but finitely many

s ∈ T . It is a group by pointwise multiplication. There is a natural action φ of T on AT by
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φ(t) : (as)s∈T 7→ (at−1s)s∈T , t ∈ T . Hence, the wreath product A ≀T = AT ⋊T is the set of pairs

((as)s∈T , t) with (as)s∈T ∈ AT , t ∈ T , where multiplication is defined by

((as)s∈T , t) ·
(
(a′s)s∈T , t

′) = ((asa′t−1s)s∈T , tt
′) .

The wreath product A ≀ T canonically contains as a subgroup T ∼= {(IAT , t) | t ∈ T}, where IAT

is the neutral element of AT , as well as AT ∼= {((as)s∈T , IT ) | (as)s∈T ∈ AT }, where IT is the

neutral element of T .

An important special case of the wreath product is when A = Zn and T is abelian. In

this case, the base group AT is isomorphic to the direct power (Z[T ])n. The wreath product

A ≀ T then becomes the semidirect product (Z[T ])n ⋊ T consisting of the pairs (y, t), where

y ∈ (Z[T ])n , t ∈ T , with multiplication given by (y, t) · (y′, t′) = (y + t · y′, tt′).

Furthermore, if A = Zn and T = Zd, then the wreath product A ≀ T is simply the semidirect

product
(
Z[X±

1 , . . . , X
±
d ]
)n⋊Zd defined in Equation (4.1). The following classic result of Magnus

gives an explicit embedding of the quotient of a free group into a wreath product.

Lemma 4.2.4 (Magnus Embedding Theorem [7, Lemma 2], [69]). Let F be a free group over

the alphabet X = {xi | i ∈ I}, and let R be a normal subgroup of F . Let the mapping

xiR 7→ ti, i ∈ I,

define an isomorphism from F/R to a group T generated by ti, i ∈ I. Furthermore, let A be a

free abelian group, freely generated by the elements ai, i ∈ I. Then the mapping

xi[R,R] 7→ aiti, i ∈ I,

defines an injection of F/[R,R] into the wreath product W = A ≀ T .

Recall that Y⋊Zn canonically contains the subgroup Zn ∼= {(0, a) | a ∈ Zn}. The next lemma

shows that a finitely generated metabelian group can be effectively embedded in a quotient

(Y ⋊ Zn) /H, where H is a subgroup of Zn ∼= {(0, a) | a ∈ Zn}.

Lemma 4.2.5 (Corollary of [7, Lemma 3]). Let G be a finitely generated metabelian group.

Then G is isomorphic to a subgroup G̃ of a quotient (Y ⋊ Zn) /H, where

(i) n ∈ N and Y is a finitely presented Z[X±
1 , . . . , X

±
n ]-module.

(ii) H is a subgroup of Zn ≤ Y⋊Zn, and elements of H commute with all elements in Y⋊Zn.

(iii) the image π(G̃) under the projection π : (Y ⋊ Zn) /H → Zn/H is equal to Zn/H.
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Furthermore, given a finite metabelian presentation of G, the integer n, the finite presentation

of Y, the generators of H and the isomorphism G
∼−→ G̃ can all be effectively computed.

Proof. This lemma is a simple extension of [7, Lemma 3]. We give a recount of its proof to show

effectiveness and the conditions (ii) and (iii).

Let {g1, . . . , gn} be the generators of G, let F be the free group over the an alphabet

{x1, . . . , xn}, such that Mn = F/[[F, F ], [F, F ]] and G = Mn/ nclMn(r̃1, . . . , r̃m) is the given

finite metabelian presentation of G. Here, r̃i = ri[[F, F ], [F, F ]], i = 1, . . . ,m where ri is given

as an element of the free group F . Let ϕ be the epimorphism from F to G defined by

ϕ : xi 7→ gi, (i = 1, . . . , n).

LetK be the kernel of ϕ and let R be the inverse image of [G,G] under ϕ. Since ϕ([F, F ]) = [G,G]

we have R = ϕ−1([G,G]) = K[F, F ]. Then R/K ∼= [G,G] and hence is abelian. Therefore

[R,R] ≤ K, which means that

[R,R] ≤ K ≤ R.

Note that K is the normal closure of r1, . . . , rm and [[F, F ], [F, F ]] in the group F .

Now let A be a free abelian group generated by the elements a1, . . . , an and consider the

wreath product A ≀ T , where T = F/R. The structure of the abelian group T can be effectively

computed by T = F/R = F/ (K[F, F ]) ∼= (F/[F, F ]) / (K[F, F ]/[F, F ]). In other words, writing

rj = x
ej1
ij1

· · ·x
ejℓj
ijℓj

, j = 1, . . . ,m, and writing ti = xiR, i = 1, . . . , n, then T is the quotient Fab/H,

where Fab = F/[F, F ] is the free abelian group generated by t1, . . . , tn, and H = K[F, F ]/[F, F ]

is the subgroup of Fab generated by t
ej1
ij1

· · · t
ejℓi
ijℓi

, j = 1, . . . ,m.

Let ψ be the homomorphism of F into A ≀ T defined by

ψ(xi) = aiti, (i = 1, . . . , n).

By Lemma 4.2.4 the kernel of ψ is [R,R]. Hence ψ induces an isomorphism ψ∗ : xi[R,R] 7→ aiti,

of F/[R,R] into A ≀ T .

We put N = ψ∗(K/[R,R]). Now N ≤ ψ∗(F/[R,R]). Therefore N is normalized by the

elements aiti, i = 1, . . . , n. But it follows from the definition of ψ∗ that N is contained in the

base group B = AT of A ≀T . Since B is abelian, N is normalized by B and hence by the elements

ti, and therefore by all of A ≀ T . In other words N is a normal subgroup of A ≀ T , and is the

normal closure of ψ∗(r1[R,R]), . . . , ψ∗(rm[R,R]). This is because N = ψ∗(K/[R,R]) and K is
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the normal closure of {r1, . . . , rm} ∪ [[F, F ], [F, F ]] in F . Note that we can effectively write

ψ∗(rj [R,R]) =
(
aij1 tij1

)ej1 · · ·(aijℓj tijℓj )ejℓj , j = 1, . . . ,m. (4.5)

Now G is isomorphic to the subgroup G̃ := ψ∗(F/[R,R])/N of (A ≀ T ) /N by the map gi 7→ aitiN .

Note that (A ≀ T ) /N =
(
AT /N

)
⋊T whereN is normal, soN is the Z[T ]-module generated by

ψ∗(r1[R,R]), . . . , ψ∗(rm[R,R]). Furthermore, since G̃ contains the elements aitiN, i = 1, . . . , n,

its projection onto T contains the elements ti, i = 1, . . . , n and hence is T itself.

We write T = Fab/H = Zn/H since Fab is the free abelian group over n generators. The

canonical projection Zn → T induces a ring homomorphism Z[Zn] → Z[T ], so the Z[T ]-module

AT /N is naturally also a Z[X±
1 , . . . , X

±
n ] = Z[Zn]-module, where elements of the form Xh, h ∈ H

act trivially. Taking Y := AT /N , we define the semidirect product Y ⋊ Zn by considering

Y = AT /N as a Z[X±
1 , . . . , X

±
n ]-module. We show that elements of H commute with every

element in Y ⋊ Zn. This is rather straightforward: since elements of the form Xh, h ∈ H act

trivially on Y = AT /N , we have (0, h)(y, a)(0, h−1) = (Xh · y, a) = (y, a). Therefore, elements

of H commute with every element in Y ⋊ Zn, proving (ii). A fortiori, this shows that H is a

normal subgroup of Y ⋊ Zn.

Finally, we have

G̃ =
(
AT /N

)
⋊ T = Y ⋊ (Zn/H) = (Y ⋊ Zn) /H,

and (iii) follows directly from the fact that the projection G̃ =
(
AT /N

)
⋊ T → T = Zn/H

has full image. We now show that Y = AT /N can be effectively written as a finitely presented

Z[X±
1 , . . . , X

±
n ]-module. First, we write AT as a finitely presented Z[X±

1 , . . . , X
±
n ]-module in

the following way. Let h1, . . . , hm the generators of H as a subgroup of Zn. Since A ∼= Zn, we

have AT = (Z[T ])n, and Z[T ] is the quotient of Z[X±
1 , . . . , X

±
n ] = Z[Zn] by the ideal generated

by elements Xhi − 1, i = 1, . . . ,m. Hence we obtain a finite presentation of the Z[X±
1 , . . . , X

±
n ]-

module Z[T ], and from it a finite presentation of the module AT = (Z[T ])n. The generators of

N ⊆ AT as a Z[X±
1 , . . . , X

±
n ]-module is the same as its generators as a Z[T ]-module, which are

given by the elements in (4.5). Therefore, we obtain a finite presentation of the Z[X±
1 , . . . , X

±
n ]-

module Y = AT /N , and (i) follows.

By Lemma 4.2.5 we can hence suppose G is given as a subgroup of (Y ⋊ Zn) /H and the

generator set G is given as a subset of (Y ⋊ Zn) /H. Write G = {g1H, . . . , gkH} where g1, . . . , gk

are elements of Y ⋊ Zn, and let h1, . . . , hM be the generators of H ⊆ Y ⋊ Zn as a semigroup.
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Lemma 4.2.6. The semigroup ⟨G⟩ is a group if and only if the semigroup generated by the set

{g1, . . . , gk, h1, . . . , hM} ⊆ Y ⋊ Zn is a group.

Proof. Suppose ⟨G⟩ is a group. Then by Lemma 2.2.1 there exists a full-image word

w = gi1H · gi2H · · · · gipH

over the alphabet G representing the neutral element in (Y ⋊ Zn) /H. Since elements of H

commute with every element of Y ⋊ Zn, this means gi1gi2 · · · gip ∈ H. Therefore there exists

a word v over the alphabet H := {h1, . . . , hM} such that gi1gi2 · · · gip · v represents the neutral

element in Y ⋊ Zn. Since H generates the group H as a semigroup, there exists a full-image

word v′ over the alphabet H representing the neutral element of H ≤ Y ⋊ Zn. Then, the word

gi1gi2 · · · gip · v · v′ is full-image over the alphabet {g1, . . . , gk, h1, . . . , hM} and it represents the

neutral element in Y⋊Zn. By Lemma 2.2.1, the semigroup generated by {g1, . . . , gk, h1, . . . , hM}

is a group.

For the other implication, suppose now the semigroup generated by {g1, . . . , gk, h1, . . . , hM}

is a group, so there exists a full-image word w̃ over the alphabet {g1, . . . , gk, h1, . . . , hM} rep-

resenting the neutral element (Lemma 2.2.1). Since the elements h1, . . . , hM commute with all

other elements, we can move them to the rightmost side of w̃ and suppose

w̃ = gi1gi2 · · · giphj1hj2 · · ·hjq .

Then the word gi1H · gi2H · · · · gipH is full-image over the alphabet G and represents the neutral

element of (Y ⋊ Zn) /H. By Lemma 2.2.1, the semigroup ⟨G⟩ is a group.

Proposition 4.2.2 follows from Lemmas 4.2.3, 4.2.5 and 4.2.6:

Proposition 4.2.2. Suppose we are given a finite metabelian presentation of a group G as well

as a finite set G ⊆ G. One can effectively construct a finitely presented Z[X±
1 , . . . , X

±
n ]-module

Y for some n ∈ N, as well as a subset G̃ of the group Y ⋊ Zn, such that ⟨G⟩ is a group if and

only if ⟨G̃⟩ is a group. Furthermore, the constructed set G̃ satisfies π(⟨G̃⟩grp) = Zn under the

canonical projection π : Y ⋊ Zn → Zn.

Proof. By Lemma 4.2.3, we can compute a finite metabelian presentation for the group ⟨G⟩grp.

Since the generators G are explicitly given under this presentation, we can without loss of

generality suppose G = ⟨G⟩grp. By Lemma 4.2.5, G can be effectively embedded as a subgroup

of a quotient (Y ⋊ Zn) /H, where H is a subgroup of Zn ≤ Y ⋊Zn, and elements of H commute

with all elements of Y ⋊ Zn. We can hence suppose G = G̃ is a subgroup of (Y ⋊ Zn) /H and
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the generator set G is given as {g1H, . . . , gkH} where g1, . . . , gk ∈ Y ⋊ Zn. Let h1, . . . , hM be

the generators of H ⊆ Y ⋊ Zn as a semigroup.

Let G̃ := {g1, . . . , gk, h1, . . . , hM} ⊆ Y⋊Zn. By Lemma 4.2.5, the image of ⟨G⟩grp = G̃ under

the projection π : (Y ⋊ Zn) /H → Zn/H is equal to Zn/H. Since h1, . . . , hM generate H as

a semigroup, the group generated by G̃ admits image (Zn/H) + H = Zn under the canonical

projection Y ⋊ Zn → Zn. Finally, by Lemma 4.2.6, the semigroup ⟨G⟩ is a group if and only if

the semigroup generated by G̃ is a group. This proves the proposition.

4.3 G-graphs

Thanks to Proposition 4.2.2, for the rest of this chapter we will focus on solving the Group

Problem in Y ⋊ Zn. We now fix the set of elements

G := {(y1, a1), . . . , (yK , aK)} ⊆ Y ⋊ Zn.

In this section, we define the notion of G-graphs.

Definition 4.3.1 (G-graphs). Suppose a finite set G := {(y1, a1), . . . , (yK , aK)} ⊆ Y ⋊ Zn is

given. A G-graph is a directed multigraph Γ, whose set of vertices is a finite subset of Zn, each

adjacent to at least one edge. The edges of Γ are each labeled with an index in {1, . . . ,K}.

Furthermore, if an edge from vertex v to vertex w has label i, then v = w + ai.

For a graph Γ, we denote by V (Γ) its set of vertices and by E(Γ) its set of edges. For a

(directed) edge e, we denote by s(e) its starting vertex and by d(e) its destination vertex. A

loop is an edge that starts and ends at the same vertex. In particular, if ai = (0, . . . , 0), then

edges of label i in a G-graph are loops.

A circuit of a graph is a path that starts and ends at the same vertex. An Euler path of

a graph G is a path that uses each edge exactly once. An Euler circuit is an Euler path that

starts and ends at the same vertex. We call a graph Eulerian if it contains an Euler circuit. A

directed graph is called symmetric if for each vertex, its out-degree equals its in-degree. It is a

well known fact that a directed graph is Eulerian if and only if it is symmetric and connected.

Note that in a symmetric directed graph, strong connectivity (reachable from s to t for every

pair (s, t) of vertices) and weak connectivity (connected as an undirected graph) are equivalent,

so connectivity can refer to any one of the two notions.

Given z ∈ Zn and a G-graph Γ, its translation Γ+z is a graph obtained by moving everything

in Γ by the vector z. See Figure 4.1 for an illustration.
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Figure 4.1: A G-graph Γ (in black) and its translation Γ + (3, 1) (in red).

Definition 4.3.2 (Element represented by a G-graph). For an edge e ∈ E(Γ), denote by ℓ(e)

the label of e. We say Γ represents the following element of Y ⋊ Zn: ∑
e∈E(Γ)

Xs(e) · yℓ(e),
∑

e∈E(Γ)

aℓ(e)

 . (4.6)

For a word w over the alphabet G, we associate to it a unique G-graph Γ(w), defined as

follows. Write w = (yi1 , ai1)(yi2 , ai2) · · · (yip , aip). For each j = 1, . . . , p, we add an edge starting

at the vertex ai1 + · · ·+aij−1 , ending at the vertex ai1 + · · ·+aij , with the label ij . (If j = 1 then

the edge starts at 0 and ends at ai1 .) The graph Γ(w) is then obtained by taking the connected

component of the vertex 0. See Figure 4.2 for an illustration.

Figure 4.2: The graph Γ(w) where a1 = (−2, 3), a2 = (2, 0), a3 = (0,−2) and w =
(y1, a1)(y2, a2)(y2, a2)(y3, a3)(y3, a3)(y1, a1)(y3, a3).

Fact 4.3.3. For a word w over the alphabet G, the element of Y⋊Zn represented by its associated

graph Γ(w) is equal to the element of Y ⋊ Zn represented by the word w.

By reading the letters in w one by one and tracing the corresponding edges of Γ(w), we

obtain an Euler path of Γ(w). Furthermore, if the word w represents the neutral element (or
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any element of the form (y, 0)), then this Euler path is an Euler circuit. Conversely, given an

Eulerian G-graph Γ containing the vertex 0, we can follow an Euler circuit starting from 0 and

read a word w such that Γ(w) = Γ.

A G-graph Γ is called full-image if it contains an edge with label i for every i ∈ {1, . . . ,K}.

Note that for a word w over the alphabet G, its associated graph Γ(w) is full-image if and only

if the word w is full-image. Combining Lemma 2.2.1 with the above correspondence between

words and Eulerian graphs, we immediately obtain the following lemma.

Lemma 4.3.4. The semigroup ⟨G⟩ is a group if and only if there exists a full-image Eulerian

G-graph that represents the neutral element.

Proof. If the semigroup ⟨G⟩ is a group, then by Lemma 2.2.1 there exists a full-image word w

representing the neutral element. Then its associated G-graph Γ(w) is full-image, Eulerian and

represents the neutral element.

If Γ is a full-image Eulerian G-graph representing the neutral element, then let z ∈ V (Γ) be

any vertex of Γ. Consider the translation Γ − z: it represents the element (X−z · 0, 0) = (0, 0)

and contains an Eulerian circuit starting from 0. We read from this Eulerian circuit a word w,

then w represents the neutral element. Furthermore, w is full-image because Γ− z is full-image.

Therefore by Lemma 2.2.1 the semigroup ⟨G⟩ is a group.

4.4 The Group Problem

Recall that the Group Problem in metabelian groups reduces to the Group Problem in Y ⋊ Zn

(Proposition 4.2.2). Therefore, our main decidability result on the Group Problem in metabelian

groups (Theorem 4.1.2) boils down to proving the following technical theorem.

Theorem 4.4.1. Let Y be a Z[X±
1 , . . . , X

±
n ]-module with a given finite presentation. Suppose

we are given a finite subset G of the semidirect product Y ⋊Zn, such that the subgroup ⟨G⟩grp of

Y ⋊Zn admits the image Zn under the canonical projection Y ⋊Zn → Zn. Then it is decidable

whether the semigroup ⟨G⟩ is a group.

In this section we summarize the proof of Theorem 4.4.1. In Subsection 4.4.1 we introduce

the notion of “face-accessibility” of a G-graph to replace the property of being Eulerian. In

Subsection 4.4.2 we introduce “position polynomials” to reduce problems on G-graphs to solving

linear equations over polynomial semirings. In Subsection 4.4.3 we state a local-global principle

for modules over polynomial semirings. In Subsection 4.4.4 we state our decidability result.

Proofs of the stated theorems will be given in the later Sections 4.5,4.6 and 4.7.

113



4.4.1 From semigroups to face-accessible graphs

By Lemma 4.3.4, deciding the Group Problem boils down to deciding existence of an Eulerian

graph with given properties. There is one downside of this reduction: being Eulerian is hard to

characterize as a property of the graph. In fact, being Eulerian is equivalent to being symmetric

and connected; while symmetry is easy to describe locally (i.e. at each vertex), connectivity of

a graph is a global property and is hence hard to describe. The key idea of this subsection is to

introduce a local property called “face-accessibility” to replace connectivity.

For a detailed reference on convex polytopes, see [3]. Let C be a bounded closed convex

polytope in Rn. That is, C is the convex hull of a finite number of points x1, . . . ,xm in Rn:

C = {r1x1 + · · ·+ rmxm | r1, . . . , rm ∈ R≥0, r1 + · · ·+ rm = 1}.

The dimension of a polytope is the dimension of the smallest linear space containing it. All

polytopes considered in this chapter will be bounded closed convex polytopes.

A face of a polytope is any intersection of the polytope with a halfspace such that none

of the interior points of the polytope lies on the boundary of the halfspace. A strict face of a

polytope C is a face that is not the empty set or C itself. For example, if C is of dimension two,

then the strict faces of C are its edges and its vertices. (While the non-strict faces of C also

include the empty set and C itself.)

Let Γ be a G-graph. Denote by C the convex hull of V (Γ). A strict face F of C is called

accessible if there exists an edge of Γ starting in F and ending in C \F . That is, F is accessible

if there is an edge e ∈ E(Γ) starting from a vertex s(e) ∈ F ∩ V (Γ) and ending at a vertex

d(e) ∈ (C \ F )∩ V (Γ). See Figure 4.3 for an example. Note that Γ may contain loops as shown

in Figure 4.3, even though they do not affect the accessibility of a face.

The graph Γ is called face-accessible if every strict face of C is accessible.

accessible faces
inaccessible faces

edges of

Figure 4.3: Accessible and inaccessible faces.
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Observation 4.4.2. An Eulerian graph is face-accessible.

Indeed, if Γ is an Eulerian graph and F is a strict face of the convex hull of V (Γ), then there

must be a path of Γ starting in F and ending outside F . This path must contain an edge that

starts in F and ends outside F , so F is accessible.

On the contrary, a symmetric face-accessible graph need not be Eulerian, as it might not be

connected. Moreover, a symmetric graph need not be face-accessible. See Figures 4.4 and 4.5.

Figure 4.4: A symmetric and face-accessible
graph that is not Eulerian (due to being dis-
connected).

Figure 4.5: A symmetric graph that is not
face-accessible (the red face is not accessible).

A graph Γ with vertices in Zn is called Zn-generating if the set of vectors

{d(e)− s(e) | e ∈ E (Γ)}

generates Zn as a semigroup. If Γ is symmetric, then Γ can be decomposed into a finite number

of circuits. Then for any edge e from d(e) to s(e), Γ contains a path from s(e) to d(e). The sum

of the edge vectors in this path ammounts to s(e) − d(s), which is the inverse of d(e) − s(e).

Therefore, if Γ is symmetric, then the semigroup generated by {d(e)−s(e) | e ∈ E(Γ)} is a group.

Hence, a full-image symmetric G-graph is Zn-generating if and only if {a1, . . . , aK} generates

Zn as a group. When G satisfies the assumption in Theorem 4.4.1, any full-image symmetric

G-graph is Zn-generating.

The main theorem of this subsection is the following, it shows that face-accessibility can

characterize connectivity up to taking a finite union of translations.

Theorem 4.4.3. Let Γ be a G-graph that is symmetric, face-accessible and Zn-generating. Then

there exist z1, . . . , zm ∈ Zn, such that the union of translations Γ̂ :=
⋃m

i=1 (Γ + zi) is an Eulerian

graph.

See Figures 4.6 and 4.7 for an illustration of Theorem 4.4.3. The proof of Theorem 4.4.3

uses a combination of convex geometry and graph theory, and will be given in Section 4.5. Note
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that the face-accessibility condition in Theorem 4.4.3 is necessary. The example in Figures 4.8

and 4.9 shows that Theorem 4.4.3 does not hold without face-accessibility.

Figure 4.6: A symmetric face-accessible and
Zn-generating graph Γ from Theorem 4.4.3.

Figure 4.7: An Eulerian graph Γ̂ constructed
in Theorem 4.4.3, consisting of four transla-
tions of Γ, each noted with a different colour.

Figure 4.8: A Γ that is not face-accessible. Figure 4.9: A union of translations of Γ is dis-
connected due to isolation of the right-most
component.

If Γ represents the neutral element, then the union Γ̂ :=
⋃m

i=1 (Γ + zi) represents the element

(
∑m

i=1X
zi ·0,

∑m
i=1 0) = (0, 0). Therefore, from Lemma 4.3.4 and Theorem 4.4.3 we immediately

obtain the following.

Proposition 4.4.4. The semigroup ⟨G⟩ is a group if and only if there exists a full-image sym-

metric face-accessible G-graph that represents the neutral element.

Proof. By Lemma 4.3.4 and Observation 4.4.2, it suffices to prove the “if” direction. Suppose

Γ is a full-image symmetric face-accessible G-graph representing the neutral element. By Theo-

rem 4.4.3, there exist z1, . . . , zm ∈ Zn, such that Γ̂ :=
⋃m

i=1 (Γ + zi) is an Eulerian graph. Since

Γ̂ contains at least one translation of Γ, it is full-image. The graph Γ̂ represents the neutral

element (
∑m

i=1X
zi · 0,

∑m
i=1 0) = (0, 0). Therefore, by Lemma 4.3.4, the semigroup ⟨G⟩ is a

group.

4.4.2 From face-accessible graphs to positive polynomials

In this subsection we introduce “position polynomials” to describe a G-graph, and reduce the

graph theory problem in Proposition 4.4.4 to a computational problem over polynomial semir-

ings. Recall that for an edge e in a G-graph, ℓ(e) denotes the label of e, and s(e) ∈ Zn denotes the

starting vertex of e. Given a G-graph Γ, define its tuple of position polynomials f = (f1, . . . , fK)
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in the following way:

fi :=
∑

e∈E(Γ),ℓ(e)=i

Xs(e), i = 1, . . . ,K. (4.7)

That is, fi is the sum of monomials Xs, where s ranges over the starting vertex of all label i

edges in Γ. These polynomials have only non-negative coefficients, and are hence in N[X±]. See

Figure 4.10 for an example. Note that Γ is a multigraph, so the same edge can appear more

than once, giving the polynomials fi a coefficient larger than one.

Figure 4.10: In this example, f1 = 1 +
X2

1X
−1
2 , f2 = X−2

1 X3
2 , f3 = X2

1X
3
2 +X3

1X2.
Figure 4.11: Let v = (0, 1)⊤, we have
Mv({1, 2, 3},f) = {2, 3}, Ov = {1, 3}.

Conversely, given any tuple of polynomials f = (f1, . . . , fK) ∈ N[X±]K , one can construct a

G-graph Γ such that f is exactly its tuple of position polynomials. Indeed, for each monomial

cXb of fi, i = 1, . . . ,K, we draw c edges of label i starting at vertex b. The resulting G-graph

will have position polynomials (f1, . . . , fK). Note that it is crucial for all fi to be elements of

N[X±] instead of Z[X±], so that c ≥ 0 for all monomials cXb of fi, i = 1, . . . ,K.

For a vector v ∈ (Rn)∗ and a set I ⊆ {1, . . . ,K}, define

Mv(I,f) :=

{
i ∈ I

∣∣∣∣ degv(fi) = max
i′∈I

{degv(fi′)}
}
.

This is the set of indices i ∈ I such that degv(fi) is maximal among i ∈ I. Define

Ov := {i ∈ {1, . . . ,K} | ai ̸⊥ v}.

This is the set of indices i ∈ {1, . . . ,K} such that ai is not orthogonal to v. See Figure 4.11 for

an example.

The following proposition shows that we can completely characterize the graph theoretic

properties from Proposition 4.4.4 using position polynomials and the sets Mv, Ov. The key

point is how we characterize face-accessibility. As a comparison, no good characterization of

connectivity can be obtained from position polynomials.

Proposition 4.4.5. Let Γ be a G-graph with position polynomials fi ∈ N[X±], i = 1, . . . ,K.
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(i) Γ is full-image if and only if fi ̸= 0 for all i = 1, . . . ,K.

(ii) Γ is symmetric if and only if
∑K

i=1 fi · (Xai − 1) = 0.

(iii) Γ is face-accessible if and only if

Ov ∩Mv({1, . . . ,K},f) ̸= ∅ for every v ∈ (Rn)∗ . (4.8)

(iv) Suppose Γ is symmetric, then it represents the neutral element if and only if
∑K

i=1 fi·yi = 0.

Proof. (i) Γ is full-image if and only if each label appears at least once, meaning fi ̸= 0 for all i.

(ii) We have

K∑
i=1

fi · (Xai − 1) =
K∑
i=1

∑
e∈E(Γ),ℓ(e)=i

Xs(e)(Xai − 1) =
K∑
i=1

∑
e∈E(Γ),ℓ(e)=i

(Xs(e)+ai −Xs(e))

=
∑

e∈E(Γ)

(Xd(e) −Xs(e)) =
∑

e∈E(Γ)

Xd(e) −
∑

e∈E(Γ)

Xs(e).

This is equal to zero if and only if the in-degree equals the out-degree at every vertex.

(iii) Let C be the convex hull of V (Γ). Suppose Γ is face-accessible. Take an arbitrary

vector v ∈ (Rn)∗. The set F of all points x in C such that v⊤x is maximal forms a strict face

of C. Since F is accessible, there is an edge e ∈ E(Γ) such that s(e) ∈ F and d(e) ∈ C \ F .

By the definition of F , the value of v⊤ · s(e) is maximal among all edges in E(Γ). Since the

monomial Xs(e) appears in fℓ(e), this means ℓ(e) ∈ Mv({1, . . . ,K},f). Since d(e) ∈ C \ F , we

have v⊤ · d(e) < v⊤ · s(e). Therefore aℓ(e) = d(e) − s(e) is not orthogonal to v, so ℓ(e) ∈ Ov.

Hence, we have ℓ(e) ∈ Ov ∩Mv({1, . . . ,K},f). This yields Property (4.8).

For the other implication, suppose Property (4.8) hold. Take any arbitrary strict face F of C.

There is a vector v ∈ (Rn)∗ such that F consists of all points x ∈ C where v⊤x is maximal. Let

ℓ be any element in Ov ∩Mv({1, . . . ,K},f). Then fℓ contains a monomial Xs(e) corresponding

to some edge e ∈ E(Γ), such that degv(X
s(e)) is maximal among all monomials of f1, . . . , fK .

In particular, v⊤ · s(e) is maximal among all edges in E(Γ), so s(e) ∈ F . The condition ℓ ∈ Ov

shows that aℓ ̸⊥ v, so v⊤ · d(e) ̸= v⊤ · s(e). Hence, the edge e starts in F and ends in C \ F .

This makes the face F accessible. We conclude that Γ is face-accessible.

(iv) Suppose Γ is symmetric, then
∑

e∈E(Γ) aℓ(e) = 0. By Equation (4.6), Γ represents the

element ∑
e∈E(Γ)

Xs(e) · yℓ(e),
∑

e∈E(Γ)

aℓ(e)

 =

 K∑
i=1

∑
e∈E(Γ),ℓ(e)=i

Xs(e) · yi, 0

 =

(
K∑
i=1

fi · yi, 0

)
,
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which is the neutral element if and only if
∑K

i=1 fi · yi = 0.

Let MZ be the Z[X±]-module consisting of all f ∈ Z[X±]K satisfying
∑K

i=1 fi ·(Xai −1) = 0

and
∑K

i=1 fi · yi = 0:

MZ :=

{
f ∈ Z[X±]K

∣∣∣∣∣
K∑
i=1

fi · (Xai − 1) = 0 and

K∑
i=1

fi · yi = 0

}
. (4.9)

Then Proposition 4.4.5 shows the following: there exists a full-image symmetric face-accessible G-

graph that represents the neutral element if and only if MZ contains an element f ∈
(
N[X±]∗

)K
satisfying Property (4.8). Using linear algebra over Z[X±], generators of MZ can be effectively

computed:

Lemma 4.4.6. A finite set of generators g1, . . . , gm ∈ Z[X±]K of the Z[X±]-module MZ can

be computed from {(y1, a1), . . . , (yK , aK)}.

Proof. Recall that Y is given as a quotient M/N where N and M are Z[X±]-submodules of

Z[X±]d respectively generated by m1, . . . ,mL′ and n1, . . . ,nL ∈ Z[X±]d. For i = 1, . . . ,K, the

element yi is given as yi = ỹi +N where ỹi ∈M ⊆ Z[X±]d.

The equation
∑K

i=1 fi · yi = 0 can be written as
∑K

i=1 fi · ỹi ∈ N , which is equivalent to

K∑
i=1

fi · ỹi =

L∑
j=1

hj · nj for some h1, . . . , hL ∈ Z[X±]. (4.10)

Let M̃ be the set of solutions (f1, . . . , fK , h1, . . . , hL) ∈ Z[X±]K+L of the following system of

homogeneous linear equations:

K∑
i=1

fi · ỹi −
L∑

j=1

hj · nj = 0

K∑
i=1

fi · (Xai − 1) = 0.

The set M̃ is also known as a syzygy module. It is a classic result from linear algebra over

Noetherian rings that a finite set of generators (f1,h1), . . . , (f s,hs) for M̃ can be effectively

computed (see [17, 88] or [37, Theorem 15.10]). Let

π : Z[X±]K+L → Z[X±]K ,

(f1, . . . , fK , h1, . . . , hL) 7→ (f1, . . . , fK)
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be the projection onto the first K coordinates. Then MZ = π(M), and a finite set of generators

for MZ is simply {π((f1,h1)), . . . , π((f s,hs))} = {f1, . . . ,f s}.

4.4.3 Local-global principle for positive polynomials

We now start constructing an algorithm that decides whether MZ contains an element f ∈(
N[X±]∗

)K
satisfying Property (4.8). This problem is highly non-trivial due to the polynomi-

als having coefficients in N instead of Z. In fact, solving systems of non-homogeneous linear

equations over the semiring N[X±] is known to be undecidable [78]. Our key to obtaining a

decidability result is to exploit the homogeneity of our linear equations.

The first step is to generalize Property (4.8). Given two sets I, J ⊆ {1, . . . ,K}, our new goal

is to decide whether MZ contains an element f ∈
(
N[X±]∗

)K
satisfying the following condition.

(Ov ∪ J) ∩Mv(I,f) ̸= ∅, for every v ∈ (Rn)∗ . (4.11)

Note that Property (4.8) can be considered as a special case of (4.11) by taking I = {1, . . . ,K},

J = ∅. Considering the sets I and J as variables instead of fixing them as {1, . . . ,K} and ∅ will

be crucial to our subsequent results (Theorems 4.4.8 and 4.4.10). Intuitively, edges with labels

in J can be considered to be “going out into an (n + 1)-th dimension”; and edges with labels

outside of I can be considered to “exist in an (n+ 1)-th dimension”.

The second step is to pass from polynomial semirings over Z and N to polynomial semir-

ings over R and R≥0 in order to facilitate subsequent usage of analytic methods. Recall from

Lemma 4.4.6 that a finite set of generators g1, . . . , gm ∈ Z[X±]K of the Z[X±]-module MZ can

be computed. Let M be the R[X±]-submodule of R[X±]K generated by g1, . . . , gm, that is,

M :=
{
h1 · g1 + · · ·+ hm · gm

∣∣ h1, . . . , hm ∈ R[X±]
}
.

Lemma 4.4.7. Fix two sets I, J ⊆ {1, . . . ,K}. There exists an element f̃ ∈ MZ ∩
(
N[X±]∗

)K
satisfying Property (4.11), if and only if there exists an element f ∈ M∩

(
R≥0[X

±]∗
)K

satisfying

Property (4.11).

Proof. An element f̃ ∈ MZ ∩
(
N[X±]∗

)K
satisfying Property (4.11) is obviously an element in

M∩
(
R≥0[X

±]∗
)K

. Therefore it suffices to prove the “if” implication.

Suppose we have an element f ∈ M ∩
(
R≥0[X

±]∗
)K

satisfying Property (4.11), we show

that there is an element f̃ ∈ MZ ∩
(
N[X±]∗

)K
satisfying Property (4.11).
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Write f = (f1, . . . , fK) where for i = 1, . . . ,K,

fi =
∑
b∈Bi

ci,bX
b.

Here, the support Bi is a non-empty finite subset of Zn, and ci,b ∈ R>0 for all b ∈ Bi. Since

Property (4.11) depends only on the supports B1, . . . , BK , it suffices to show that there exists

f̃ = (f̃1, . . . , f̃K) ∈ MZ ∩
(
N[X±]∗

)K
where

f̃i =
∑
b∈Bi

c̃i,bX
b,

and c̃i,b ∈ Z>0 for all b ∈ Bi.

Since f ∈ M, we have f =
∑m

j=1 hj · gj for some h1, . . . , hm ∈ R[X±]. For each j ∈

{1, . . . ,m}, write hj =
∑

b∈Hj
hj,bX

b, where Hj is a finite subset of Zn. Then the equation

f =
∑m

j=1 hj · gj can be rewritten as a finite system of linear equations over R, where the left

hand sides are 0 or the variables ci,b, b ∈ Bi, i = 1, . . . ,K, and the right hand sides are Z-linear

combinations of the variables hj,b, j ∈ {1, . . . ,m}, b ∈ Hj (because the coefficients of gj are

integers for all j).

Note that this system of linear equations is homogeneous over the variables ci,b, hj,b, and the

coefficients are all in Z. Therefore, it has a solution hj,b ∈ R, j ∈ {1, . . . ,m}, b ∈ Hj and ci,b ∈

R>0, b ∈ Bi, i = 1, . . . ,K, if and only if it has a solution with hj,b ∈ Q, ci,b ∈ Q>0 for all i, j, b. By

multiplying all hj,b, ci,b with their common denominator, we obtain a solution h̃j,b ∈ Z, c̃i,b ∈ Z>0

for all i, j, b. Then, f̃i :=
∑

b∈Bi
c̃i,bX

b, i = 1, . . . ,K and h̃j =
∑

b∈Hj
h̃j,bX

b, j = 1, . . . ,m,

satisfy f̃ =
∑m

j=1 h̃j · gj . Hence, f̃ = (f̃1, . . . , f̃K) ∈ MZ ∩
(
N[X±]∗

)K
. The element f̃ satisfies

Property (4.11) since the condition depends only on the supports B1, . . . , BK .

Denote

A := R[X±], A+ := R≥0[X
±]∗.

Given f ∈ A and v ∈ (Rn)∗, the initial polynomial of f at direction v is defined as the sum of

all monomials in f having the maximal degree degv(·):

inv(f) :=
∑

degv(X
b)=degv(f)

cbX
b, where f =

∑
cbX

b.

For f = (f1, . . . , fK) ∈ AK , we naturally denote inv(f) := (inv(f1), . . . , inv(fK)) ∈ AK . The key

result of this subsection is the following local-global principle, which generalizes a deep result of

Einsiedler, Mouat and Tuncel [36, Theorem 1.3].
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Theorem 4.4.8. Let M be a A-submodule of AK and I, J be two subsets of {1, . . . ,K}. There

exists f ∈ M∩ (A+)
K

satisfying

(Ov ∪ J) ∩Mv(I,f) ̸= ∅ for every v ∈ (Rn)∗ , (4.12)

if and only if the two following conditions are satisfied:

1. (LocR): For every r ∈ Rn
>0, there exists f r ∈ M such that f r(r) ∈ RK

>0.

2. (LocInf): For every v ∈ (Rn)∗, there exists fv ∈ M, such that

(a) inv (fv) ∈ (A+)
K
.

(b) Denote I ′ :=Mv(I,fv), J
′ := Ov ∪ J . We have

(
Ow ∪ J ′) ∩Mw(I

′, inv(fv)) ̸= ∅ for every w ∈ (Rn)∗. (4.13)

The full proof of Theorem 4.4.8 is highly non-trivial and is given in Section 4.6. As a

comparison, the original result of Einsiedler, Mouat and Tuncel does not include Property (4.12)

or (4.13):

Theorem 4.4.9 (Einsiedler, Mouat, Tuncel [36, Theorem 1.3]). Let M be a A-submodule of

AK . Then M∩ (A+)
K ̸= ∅ if and only if the two following conditions are satisfied:

1. For every r ∈ Rn
>0, there exists f r ∈ M such that f r(r) ∈ RK

>0.

2. For every v ∈ (Rn)∗, there exists fv ∈ M, such that inv (fv) ∈ (A+)
K
.

Intuitively, Theorem 4.4.9 states that the module M contains an element f satisfying the

“global” positivity constraint f ∈ (A+)
K

if and only if it contains elements f r,fv that satisfy

the “local” positivity constraints 1 and 2. Condition 1 can be seen as a local positivity constraint

at the positive reals r ∈ Rn
>0, while condition 2 can be seen as a local positivity constraint at

infinity with direction v ∈ (Rn)∗.

Recall that the constraint (4.12) in Theorem 4.4.8 is motivated by our characterization of

face-accessibility and hence cannot be removed. Theorem 4.4.8 generalizes Theorem 4.4.9 by

including Property (4.12) in the “global” part of the statement. Correspondingly, a similar

Property (4.13) is added to the “local” part of the statement. Note that the sets I ′ and J ′ in

the “local” Property (4.13) are different from the sets I and J in the “global” Property (4.12).

This is the main reason why, as explained in the beginning of this subsection, we need to keep I

and J as variables instead of fixing them as {1, . . . ,K} and ∅. The complex interaction between

the sets Mv, Ov and f constitutes the main difficulty in generalizing from Theorem 4.4.9 to

Theorem 4.4.8.
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4.4.4 Decidability

Theorem 4.4.8 is the key to an algorithm that finds f ∈ M∩ (A+)
K

satisfying Property (4.11).

Indeed, we have:

Theorem 4.4.10. Fix n ∈ N. Suppose we are given as input a set of elements g1, . . . , gm ∈

AK with integer coefficients, as well as the vectors a1, . . . , aK ∈ Zn and two subsets I, J of

{1, . . . ,K}. Denote by M be the A-submodule of AK generated by g1, . . . , gm. It is decidable

whether there exists f ∈ M satisfying f ∈ (A+)
K

and

(Ov ∪ J) ∩Mv(I,f) ̸= ∅ for every v ∈ (Rn)∗ . (4.14)

Here, if n = 0 then A is understood as R, and Property (4.14) is considered trivially true.

The full proof of Theorem 4.4.10 will be given Section 4.7. The main idea is as follows. We

use an induction on the number of variables n. Theorem 4.4.8 allows us to reduce the decision

problem into verifying two conditions (LocR) and (LocInf). Deciding Condition (LocR) can

be done using the first order theory of reals. For Condition (LocInf), the key idea is to show

that it suffices to decide it for countably many v. For each v we can decide (LocInf) by an

appropriate application of the induction hypothesis. We then run two parallel procedures. One

procedure enumerates all elements in MZ and checks if any one of them is in (A+)
K

and

satisfies Property (4.14); the other procedure enumerates the countably many v and checks if

Condition (LocInf) is false. Theorem 4.4.8 guarantees that one of the two procedures must

terminate.

Putting together Lemma 2.2.4, Propositions 4.4.4-4.4.5, Lemmas 4.4.6-4.4.7, and Theo-

rem 4.4.10, we obtain our main technical result:

Theorem 4.4.1. Let Y be a Z[X±
1 , . . . , X

±
n ]-module with a given finite presentation. Suppose

we are given a finite subset G of the semidirect product Y ⋊Zn, such that the subgroup ⟨G⟩grp of

Y ⋊Zn admits the image Zn under the canonical projection Y ⋊Zn → Zn. Then it is decidable

whether the semigroup ⟨G⟩ is a group.

Proof. Recall that elements in N[X±]K have an one-to-one correspondence with G-graphs (Sub-

section 4.4.2). Therefore, Proposition 4.4.4 and 4.4.5 show that it suffices to decide whether the

module MZ (defined in (4.9)) contains an element f ∈
(
N[X±]∗

)K
satisfying Property (4.8).

We use Lemma 4.4.6 to compute a basis of MZ. Lemma 4.4.7 then shows it suffices to decide

whether there exists f ∈ M ∩
(
R≥0[X

±]∗
)K

satisfying Property (4.8). But Property (4.8) is
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simply Property (4.14) with I = {1, . . . ,K}, J = ∅. So Theorem 4.4.10 shows this is decid-

able.

Our main result follows from Theorem 4.4.1.

Theorem 4.1.2. The Group Problem (hence also the Identity Problem) is decidable in all finitely

generated metabelian groups.

Proof. Let G be a finitely generated metabelian group. By Lemma 2.2.4, decidability of the

Group Problem in G subsumes decidability of the Identity Problem. Given a finite subset G

in G, we use Proposition 4.2.2 to construct a a finitely presented Z[X±
1 , . . . , X

±
n ]-module Y

for some n ∈ N, as well as a subset G̃ of the group Y ⋊ Zn, such that ⟨G⟩ is a group if and

only if ⟨G̃⟩ is a group. Furthermore, the constructed set G̃ satisfies π(⟨G̃⟩grp) = Zn under the

canonical projection π : Y ⋊ Zn → Zn. Theorem 4.4.1 shows we can decide whether ⟨G̃⟩ is a

group. Therefore, it is decidable whether ⟨G⟩ is a group.

4.5 From face-accessible graphs to to connected graphs

In this section we prove Theorem 4.4.3:

Theorem 4.4.3. Let Γ be a G-graph that is symmetric, face-accessible and Zn-generating. Then

there exist z1, . . . , zm ∈ Zn, such that the union of translations Γ̂ :=
⋃m

i=1 (Γ + zi) is an Eulerian

graph.

Let Γ be a G-graph that is symmetric, face-accessible and Zn-generating. Recall that being

Eulerian is equivalent to being symmetric and connected. Since a union of symmetric graphs is

automatically symmetric, it suffices to consider the connectivity of Γ̂. Note that in a symmetric

graph, there exists a path from vertex v to w if and only if there exists a path from w to v.

Therefore it will suffice to show connectivity for the undirected version of the graph Γ̂.

Let x be an arbitrary point in Rn. Given c ∈ Rn and r ∈ R>0, denote by scale(x, c, r) the

scaling of x with centre c by the ratio r. That is,

scale(x, c, r) := c+ r · (x− c).

Let S be an arbitrary set in Rn, define

scale(S, c, r) := {scale(x, c, r) | x ∈ S}.
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When the centre of a scale is the origin 0, we simplify the notation by defining

rS := scale(S, 0, r)

Let C be the convex hull of V (Γ). Since Γ is Zn-generating, the polytope C is of dimension

n. For any N ∈ N, let NC := scale(C, 0, N). Define

SN := {z ∈ Zn | z + C ⊂ NC}.

That is, SN is the set of translation vectors z that make C + z stay in NC. Consider the graph

ΓN :=
∑
z∈SN

(Γ + z).

We have V (ΓN ) ⊆ NC. Intuitively, ΓN is the union of translations of the graph Γ whose convex

hull is contained in NC. See Figure 4.12 and 4.13 for an illustration. Our goal is to prove that

for some large N , the graph ΓN is connected.

Figure 4.12: A graph Γ. Its convex hull C
is covered in grey, and each edge is denoted
with a different colour.

Figure 4.13: The graph ΓN with N = 2, con-
sisting of translations of Γ. The polytope 2C
is covered in grey.

First we define the (infinite) graph ΓQ as follows. The vertices of ΓQ are V (ΓQ) := C ∩Qn.

The edges of ΓQ are

E(ΓQ) := {scale(e, c, r) | e ∈ E(Γ), c ∈ C, r ∈ (0, 1) ∩Q}.

That is, ΓQ is the union of all scaled versions of Γ that completely falls inside C. Intuitively,

ΓQ can be seen as the “limit” of 1
NΓN when N tends towards infinity. See Figure 4.14 for an
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illustration.

Figure 4.14: Illustration for ΓQ, where Γ is as
in Figure 4.12.

points in
points not in

Figure 4.15: Illustration of the set Cx.

Define the face lattice Lat(C) to be the set of all faces of C. For F ∈ Lat(C), its relative

interior int(F ) is the set of points in F that are not contained in any sub-face of F :

int(F ) := {x ∈ F | x ̸∈ F ′ for all faces F ′ ⊊ F}.

The relative interiors of faces constitute a partition of C:

C =
⋃

F∈Lat(C)

int(F ).

For any point x ∈ C, define Fx to be the face of C such that x ∈ int(Fx). This is the smallest

face containing x. For any face F of C, we have x ∈ F if and only if Fx ⊆ F . Define

Cx :=
⋃

F∈Lat(C),F⊇Fx

int(F ).

That is, the set Cx is the union of the interior of all faces containing Fx. See Figure 4.15 for an

illustration. This is also the union of the interior of all faces containing x.

Observation 4.5.1. Let x, y be points in C. If y ∈ Cx then Cy ⊆ Cx.

Proof. If y ∈ Cx, then int(Fy) ⊆ Cx, so Fy ⊇ Fx. Therefore,

Cy =
⋃

F∈Lat(C),F⊇Fy

int(F ) ⊆
⋃

F∈Lat(C),F⊇Fx

int(F ) = Cx.
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Lemma 4.5.2. For any c ∈ Cx and r ∈ (0, 1), we have scale(C, c, r) ⊂ Cx.

Proof. Let v ∈ C, we show that scale(v, c, r) ∈ Cx. Since c ∈ Cx =
⋃

F∈Lat(C),F⊇Fx
int(F ),

we have int(Fc) ⊂ Cx. Therefore Fc ⊇ Fx because Fc must appear in the index set {F ∈

Lat(C), F ⊇ Fx}.

Denote by seg(c, v) the closed segment that connects c and v, and denote int(seg(c, v)) :=

seg(c, v) \ {c, v}. Let F be the smallest face containing the seg(c, v), then F ⊇ Fc ⊇ Fx. Hence,

scale(v, c, r) ∈ int(seg(c, v)) ⊂ int(F ) ⊂
⋃

F∈Lat(C),F⊇Fx
int(F ) = Cx.

Since C =
⋃

x∈C Cx, we have E(ΓQ) =
⋃

x∈C Ex(ΓQ), where

Ex(ΓQ) := {scale(e, c, r) | e ∈ E(Γ), c ∈ Cx, r ∈ (0, 1) ∩Q}.

Every edge in Ex(ΓQ) is contained in Cx by Lemma 4.5.2.

Lemma 4.5.3. Every vertex x of ΓQ is connected to a point in int(C) by a finite path Px

consisting of edges in Ex(ΓQ).

Proof. See Figure 4.16 for an illustration of the proof. We first show that x is connected by an

edge ex ∈ Ex(ΓQ) to some x′ ∈ Cx where Fx′ ⊋ Fx.

Since Γ is face-accessible, there exists an edge e ∈ E(Γ) connecting w ∈ Fx and w′ ∈ C \Fx.

Since x ∈ int(Fx) and w ∈ Fx, there exists ε ∈ Q>0 such that c := scale(x,w, 1+ ε) ∈ int(Fx) ⊆

Cx. Then x = scale(w, c, ε
1+ε), and x

′ := scale(w′, c, ε
1+ε) ∈ Cx by Lemma 4.5.2. We also have

x′ ̸∈ Fx since w′ ̸∈ Fx and c ∈ Fx. So Fx′ ⊋ Fx. Therefore, the edge ex := scale(e, c, ε
1+ε) is in

Ex(ΓQ) and connects x and x′.

Note that x′ ∈ Cx, so Cx′ ⊆ Cx by Observation 4.5.1, and thus Ex′(ΓQ) ⊆ Ex(ΓQ). Re-

peating this process for x′, we can find a sequence of edges ex, ex′ , . . . , respectively in Ex(ΓQ) ⊆

Ex′(ΓQ) ⊆ · · · , that gradually connects x to the interiors of faces of increasingly higher dimen-

sions. Eventually x is connected to a point in int(C) by a path Px.

Let x be an arbitrary point in C. For each edge e′ in Px (the path defined in Lemma 4.5.3),

write e′ = scale(e, c, r) where e ∈ E(Γ), c ∈ Cx, r ∈ (0, 1) ∩Q; define the polytope

C(e′) := scale(C, c, r). (4.15)

Then e′ ⊆ C(e′) ⊆ Cx by Lemma 4.5.2. Therefore, defining the finite union of polytopes

Ux :=
⋃

e′∈Px

C(e′),
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edges of
edges of

Figure 4.16: Illustration for Lemma 4.5.3.

we have Px ⊆ Ux ⊆ Cx and Ux is compact. See Figure 4.17 for an illustration.

edges of

the set

Figure 4.17: Illustration of Ux.

Consider the topology of C inherited from the Euclidean topology of Rn (that is, the open

subsets of C are of the form C ∩U where U is an open subset of Rn). Then C is compact under

this topology. Furthermore, Ux is still compact under this topology.

Fact 4.5.4. For each x ∈ C, the set Cx is an open subset of C.

Proof. It suffices to show that C \ Cx is closed. Indeed, C \ Cx =
⋃

F∈Lat(C),x ̸∈F int(F ). For

any F ∈ Lat(C), x ̸∈ F , we have x ̸∈ F ′ for all faces F ′ ⊆ F . Therefore
⋃

F∈Lat(C),x ̸∈F int(F ) =⋃
F∈Lat(C),x ̸∈F

⋃
F ′∈Lat(C),F ′⊆F int(F ′) =

⋃
F∈Lat(C),x ̸∈F F . So C \ Cx =

⋃
F∈Lat(C),x ̸∈F F is a

finite union of (closed) faces, and is hence closed.

Denote by dx := d(Px) ∈ int(C) the destination of Px. Fix a point c0 in the interior of C.

Then dx is contained in the interior of scale(C, c0, rx) for some rational 0 < rx < 1.

Lemma 4.5.5. Let x be any point in C.
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Figure 4.18: Illustration of Vx. Figure 4.19: Illustration of V ′
x.

(1) There exists an open neighbourhood Vx ⊂ C of x, such that for all y ∈ Vx, we have

(y − x) + Ux ⊆ Cx. See Figure 4.18 for illustration.

(2) There exists an open neighbourhood V ′
x ⊂ C of x, such that for all y ∈ V ′

x, we have

(y − x) + dx ⊆ scale(C, c0, rx). See Figure 4.19 for illustration.

Proof. For y ∈ C, r ∈ R>0, denote by B(y, r) the open ball centered at y with radius r. Denote

BC(y, r) := C ∩B(y, r); it is an open subset of C.

(1) For each y ∈ Ux ⊂ Cx, let sy be the supremum of real numbers s such that BC(y, s) ⊂ Cx.

We have sy > 0 since Cx is an open set of C. The function f : y 7→ sy is continuous on Ux

since |sy − sy′ | ≤ |y − y′|. Since Ux is compact, f attains a minimum smin > 0 on Ux. Then let

Vx := BC(x, smin), we have (y − x) + Ux ⊆ Cx for all y ∈ Vx.

(2) Since scale(C, c0, rx) is an n-dimensional polytope, its interior is an open set of C. Since

dx is in the interior of scale(C, c0, rx), there exists ρx > 0 such that B(dx, ρx) is contained in

the interior of scale(C, c0, rx). We then simply take V ′
x := BC(x, ρx).

For each x ∈ C, denote Wx := Vx ∩ V ′
x. The open sets Wx, x ∈ C cover the compact set C,

so we can choose a finite number of representatives x1, . . . , xm such that Wx1 ∪ · · · ∪Wxm = C.

Let R := max{rx1 , . . . , rxm}.

Therefore, for each y ∈ C, there exists i ∈ {1, . . . ,m} such that y ∈Wxi ; the set Uxi+(y−xi)

is contained in C, and the path Pxi + (y − xi) leads from y to the point (y − xi) + dxi in the

interior of scale(C, c0, R).

For each edge e′ = scale(e, c, r), e ∈ E(Γ), c ∈ Cx, r ∈ (0, 1) ∩ Q in each of the paths

Px1 , . . . , Pxm , let n(e
′) be a positive integer such that n(e′)·r ∈ N and n(e′)·c ∈ Zn. Furthermore,
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let n0 be a positive integer such that n0 · c0 ∈ Zn. Define

N0 := n0 ·
∏

e′∈Px1∪···∪Pxm

n(e′).

Then in particular, N0xi has only integer entries for all i = 1, . . . ,m; and N0 · s(e′) has only

integer entries for all e′ ∈ Px1 ∪ · · · ∪ Px1 .

Lemma 4.5.6. Let N ≥ 1 be such that N0 | N . Then every vertex in ΓN is connected to some

vertex in scale(NC,Nc0, R) ∩ V (ΓN ).

Proof. See Figure 4.20 and 4.21 for an illustration of the proof.

Take any vertex y in ΓN , we show it is connected to some vertex in scale(NC,Nc0, R) ∩

V (ΓN ). We have y ∈ conv(ΓN ) ⊆ NC, so the point y′ := y
N ∈ 1

NC is contained in one

of Wx1 , . . . ,Wxm . Without loss of generality suppose y′ ∈ Wx1 , so y′ is connected in ΓQ to

the point (y′ − x1) + dx1 ∈ scale(C, c0, R) by the path (y′ − x1) + Px1 . We will show that

scale((y′ − x1) + Px1 , 0, N) is a path in ΓN . If this is the case, then it connects the vertex

Ny′ = y to the vertex N(y′ − x1 + dx1) ∈ scale(NC,Nc0, R) and we are done.

In order to show that scale((y′ − x1) + Px1 , 0, N) is a path in ΓN , it suffices to show that

for each edge e′ ∈ Px1 , the segment scale((y′ − x1) + e′, 0, N) is a concatenation of edges in

ΓN . Again write e′ = scale(e, c, r), e ∈ E(Γ), c ∈ Cx, r ∈ (0, 1) ∩ Q. Consider the polytope

C(e′) := scale(C, c, r) as defined in (4.15). Since y′ ∈ Wx1 , the translation C ′′ := (y′ − x1) +

C(e′) ⊆ (y′ − x1) + Ux1 is contained in C. Therefore, defining C̃ := NC ′′, the polytope C̃ is

contained in NC. Also, the edge e′′ := (y′ − x1) + e′ is contained in C ′′, so Ns(e′′) ∈ C̃. Denote

s̃ := Ns(e′′) = y −Nx1 +Ns(e′) ∈ C̃ ∩ Zn.

Given convex polytopes A and A′ and points z, z′ ∈ Rn. We denote by (A, z) ∼ (A′, z′), if

(i) either there exists c ∈ Rn and r ∈ R≥0, such that z′ = scale(z, c, r) and A′ = scale(A, c, r).

(ii) or there exists t ∈ Rn, such that z′ = z + t and A′ = A+ t.

In other words, (A, z) ∼ (A′, z′) if the pair (A′, z′) can be obtained from (A, z) by simultaneous

scaling or translation. Obviously, the relation ∼ is transitive, meaning (A, z) ∼ (A′, z′), (A′, z′) ∼

(A′′, z′′) =⇒ (A, z) ∼ (A′′, z′′). We have

(C̃, s̃) = (NC ′′, Ns(e′′)) ∼ (C ′′, s(e′′)) ∼ (C(e′), s(e′)) ∼ (C, s(e)).

We claim that

s̃− s(e) + C = scale(C̃, s̃,
1

rN
). (4.16)
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Figure 4.20: Illustration 1 of Lemma 4.5.6.

Figure 4.21: Illustration 2 of Lemma 4.5.6.

Indeed, (
scale(C̃, s̃,

1

rN
), s̃

)
∼ (C̃, s̃) ∼ (C, s(e)).

Since scale(C̃, s̃, 1
rN ) is a translation of 1

rN C̃ = C, the point s(e) becomes s̃ under the same

translation. Thus, we have s̃− s(e) + C = scale(C̃, s̃, 1
rN ).
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For every k = 0, 1, . . . , rN − 1, define

rk := k(d(e)− s(e)) + s̃− s(e) ∈ Zn.

Consider the polytopes r0 + C, . . . , rrN−1 + C. For every k = 0, 1, . . . , rN − 1, we have

rk + C = k(d(e)− s(e)) + s̃− s(e) + C
(4.16)
= k(d(e)− s(e)) + scale(C̃, s̃,

1

rN
)

= scale(C̃, s̃+
krN

rN − 1
(d(e)− s(e)),

1

rN
). (4.17)

The centre of the scaling in the right hand side of (4.17) satisfies

s̃+
krN

rN − 1
(d(e)− s(e)) ∈ s̃+ rN(e− s(e)) = s̃+N(e′′ − s(e′′)) = Ne′′ ⊆ NC ′′ = C̃.

Therefore

scale(C̃, s̃+
krN

rN − 1
(d(e)− s(e)),

1

rN
) ⊆ C̃,

since rN > 1. Combined with (4.17), this yields

rk + C ⊆ C̃ = NC ′′ ⊆ NC.

Thus, rk ∈ SN , and rk + e is an edge of ΓN for k = 0, 1, . . . rN − 1. Concatenating these rN

edges, we obtain the segment from the point s̃ = Ns(e′′) to the point

s̃+ rN(d(e)− s(e)) = s̃+N(d(e′′)− s(e′′)) = N(s(e′′) + d(e′′)− s(e′′)) = Nd(e′′).

This is exactly the segment Ne′′ = scale((y′−x1)+e′, 0, N). We have thus shown that scale((y′−

x1) + e′, 0, N) is a concatenation of edges in ΓN , concluding our proof.

For k = 1, . . . , n, let ek = (0, . . . , 1, . . . , 0) denote the k-th element in the canonical basis of

Zn. Note that Γ is Zn-generating. Therefore for each k = 1, . . . , n, there exists a concatenation

Qk of translations of edges in E(Γ), such that Qk connects from 0 to ek. In other words, one can

find a sequence i1, . . . , im ∈ {1, . . . ,K}, such that ai1+· · ·+aim = ek; andQk is the concatenation

of edges with label i1, . . . , im. A priori, Qk is not a path in ΓN , since its translations of edges

might not appear in ΓN . Let Mk be the total length of the edges appearing in Qk; that is,

Mk := ∥ai1∥+ · · ·+ ∥aim∥ where ∥ · ∥ denotes the Euclidean norm. Let M := max1≤k≤nMk.

Denote by ∂C the boundary of C; that is, ∂C is the union of strict faces of C. For two sets

S, T ∈ Rn, define their distance to be dist(S, T ) := inf{∥t− s∥ | s ∈ S, t ∈ T}. The diameter of
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C is defined as diam(C) := sup{∥t− s∥ | s, t ∈ C}. Let N1 ∈ N be such that

N1 · dist(scale(C, c0, R), ∂C) > M +
√
n+ diam(C). (4.18)

Such an N1 exists because scale(C, c0, R) and ∂C are disjoint compact sets, so their distance is

larger than zero.

Lemma 4.5.7. Let N ∈ N be such that N > N1. Then every two vertices in scale(NC,Nc0, R)∩

V (ΓN ) are connected in the graph ΓN .

Proof. See Figure 4.22 for an illustration of the proof.

Let v1, v2 be two arbitrary vertices in scale(NC,Nc0, R) ∩ V (ΓN ). There exists a path

PZn(v1, v2) in the grid Zn from v1 to v2, such that each point in PZn(v1, v2) is at most of

distance
√
n from the segment seg(v1, v2). The path PZn(v1, v2) consists of translations of the

segments seg(0, ek), k = 1, . . . , n. For k = 1, . . . , n, replacing each segment seg(0, ek) + z in

PZn(v1, v2) by the translation Qk + z of the path Qk, we obtain a path PΓ(v1, v2). We now show

that each edge of PΓ(v1, v2) is in E(ΓN ).

Each point in PΓ(v1, v2) is at most of distance
√
n + M from the segment seg(v1, v2) ⊂

scale(NC,Nc0, R), so it is at most of distance
√
n+M from scale(NC,Nc0, R). By the defini-

tion (4.18) of N1, we have

dist (scale(NC,Nc0, R), ∂ (NC)) = N · dist(scale(C, c0, R), ∂C) > M +
√
n+ diam(C).

Therefore each point in PΓ(v1, v2) is at least of distance diam(C) from the boundary ∂ (NC).

Take an arbitrary edge e in PΓ(v1, v2), it comes from some translation Γ + z of the graph Γ.

Therefore e is contained in C + z. Since e is of distance at least diam(C) from ∂ (NC), the

polytope C + z must be contained in NC. Hence z ∈ SN and so e is an edge of ΓN . We

have thus shown that each edge of PΓ(v1, v2) is in E(ΓN ). Therefore every two vertices in

scale(NC,Nc0, R) ∩ V (ΓN ) are connected in ΓN .

Theorem 4.4.3. Let Γ be a G-graph that is symmetric, face-accessible and Zn-generating. Then

there exist z1, . . . , zm ∈ Zn, such that the union of translations Γ̂ :=
⋃m

i=1 (Γ + zi) is an Eulerian

graph.

Proof. See Figure 4.23 for an illustration of the proof. Let N ∈ N be such that N0 | N and

N > N1. We show that the graph ΓN is connected. Take any two vertices v, w of the graph ΓN .

Since N0 | N , Lemma 4.5.6 shows that v and w are respectively connected in ΓN to two vertices
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Figure 4.22: Illustration of Lemma 4.5.7.

v1 and v2 in scale(NC,Nc0, R)∩ V (ΓN ). Since N > N1, Lemma 4.5.7 shows that v1 and v2 are

connected in ΓN . Therefore, v and w are connected in ΓN . Since a union of symmetric graphs

is also symmetric, ΓN is symmetric and connected, hence Eulerian.

Figure 4.23: Illustration of proof of Theorem 4.4.3.

4.6 A local-global principle

In this section we prove Theorem 4.4.8:

Theorem 4.4.8. Let M be a A-submodule of AK and I, J be two subsets of {1, . . . ,K}. There
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exists f ∈ M∩ (A+)
K

satisfying

(Ov ∪ J) ∩Mv(I,f) ̸= ∅ for every v ∈ (Rn)∗ , (4.12)

if and only if the two following conditions are satisfied:

1. (LocR): For every r ∈ Rn
>0, there exists f r ∈ M such that f r(r) ∈ RK

>0.

2. (LocInf): For every v ∈ (Rn)∗, there exists fv ∈ M, such that

(a) inv (fv) ∈ (A+)
K
.

(b) Denote I ′ :=Mv(I,fv), J
′ := Ov ∪ J . We have

(
Ow ∪ J ′) ∩Mw(I

′, inv(fv)) ̸= ∅ for every w ∈ (Rn)∗. (4.13)

Theorem 4.4.8 can be considered as a generalization of Einsiedler, Mouat and Tuncel’s local-

global principle (Theorem 4.4.9), where the additional Property (4.12) (as well as (4.13)) is

included. Many components of the original proof [36] of Theorem 4.4.9 fail when trying to

integrate Property (4.12), notably [36, Lemma 3.2] and [36, Lemma 5.2]. In order to take into

account this extra property, we need to introduce new arguments to rework several parts of

the original proof. The key new component will be the following Lemma 4.6.1, which shows a

certain “continuity” of Property (4.12) when changing the direction v by a small amount.

Before stating Lemma 4.6.1, we will make a few observations. Define the quotient

Dn := (Rn)∗ /R>0.

That is, elements of Dn are of the form vR>0, v ∈ (Rn)∗, where vR>0 = v′R>0 if and only if

v = r ·v′ for some r ∈ R>0. The quotient Dn can be identified with the unit sphere of dimension

n since every vR>0 is equal to exactly one v′R>0 with ∥v′∥ = 1. We equip Dn with the standard

topology of the unit sphere. Note that inv(·),Mv(·) and Ov are invariant when scaling v by any

positive real number.

Lemma 4.6.1. Fix v ∈ (Rn)∗, a set I ⊆ {1, . . . ,K} and f ∈ AK . There exists an open

neighbourhood U ⊆ Dn of vR>0, such that for every w ∈ (Rn)∗ with (v + w)R>0 ∈ U , we have

inv+w (f) = inw (inv(f)) , Mv+w(I,f) =Mw(Mv(I,f), inv(f)), and Ov+w = Ov ∪Ow.

(4.19)

Proof. See Figures 4.24 and 4.25 for an illustration. For each i = 1, . . . ,K such that fi ̸= 0,
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Monomials of

Monomials of
Monomials of

Figure 4.24: Illustration of Lemma 4.6.1.
Here, Mv({1, 2, 3},f) = {1, 2}.

Monomials of

Monomials of
Monomials of

Figure 4.25: Continuation of the example
in Figure 4.24. Here, Mv+w({1, 2, 3},f) =
{1} =Mw({1, 2}, inv(f)).

write fi = gi + hi where gi := inv(fi) and degv(hi) < degv(gi).

Since degv(hi) and degv(gi) vary continuously when v varies in (Rn)∗, there exists an open

neighbourhood Ui ⊆ Dn of vR>0 such that degv′(hi) < degv′(gi) for every v
′R>0 ∈ Ui. Therefore,

for (v + w)R>0 ∈ Ui we have

inv+w (fi) = inv+w(gi) = inw (gi) = inw (inv(fi)) ,

where inv+w(gi) = inw (gi) can be justified as follows. For every monomials cXb appearing

in gi, we have degv(cX
b) = degv gi since all monomials in gi = inv(fi) have the same degv.

Hence, we have degv+w(cX
b) = v⊤b + w⊤b = degv gi + w⊤b = degv gi + degw(cX

b); therefore

the monomials in gi with maximal degv+w are exactly those with maximal degw. This yields

inv+w(gi) = inw (gi).

Note that for each i ∈ Mv(I,f) and i
′ ∈ I \Mv(I,f), we have degv(fi) > degv(fi′). Again

by the continuity of degv with respect to v, there exists an open neighbourhood U ′ of vR>0 such

that for all v′R>0 ∈ U ′, we have degv′(fi) > degv′(fi′) for all i ∈ Mv(I,f), i
′ ∈ I \Mv(I,f).

Then for every (v + w)R>0 ∈ ∩i∈I,fi ̸=0Ui ∩ U ′, we have

Mv+w (I,f)

=

{
i ∈ I

∣∣∣∣ degv+w(fi) = max
i′∈I

{degv+w(fi′)}
}

=

{
i ∈Mv(I,f)

∣∣∣∣ degv+w(fi) = max
i′∈Mv(I,f)

{degv+w(fi′)}
}

(since (v + w)R>0 ∈ U ′)

=

{
i ∈Mv(I,f)

∣∣∣∣ degw(inv(fi)) = max
i′∈Mv(I,f)

{degw(inv(fi′))
}

(since (v + w)R>0 ∈ Ui, i ∈ I)

=Mw(Mv(I,f), inv(f)).

Finally, take any i ∈ {1, . . . ,K}. If ai ̸⊥ v then there exists an open neighbourhood U ′′
i ⊆ Dn

of vR>0 such that for every v′R>0 ∈ U ′′
i we have ai ̸⊥ v′. If ai ⊥ v then for every w ∈ (Rn)∗ we

have ai ⊥ (v + w) ⇐⇒ ai ⊥ w. Take U ′′ := ∪i∈{1,...,K},ai ̸⊥vU
′′
i . For all (v + w)R>0 ∈ U ′′, we
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have

Ov+w = {i ∈ {1, . . . ,K} | ai ̸⊥ (v + w)}

= {i ∈ {1, . . . ,K} | (ai ̸⊥ v and ai ̸⊥ (v + w)) or (ai ⊥ v and ai ̸⊥ (v + w))}

= {i ∈ {1, . . . ,K} | (ai ̸⊥ v) or (ai ⊥ v and ai ̸⊥ (v + w))} (since (v + w)R>0 ∈ U ′′
i )

= {i ∈ {1, . . . ,K} | (ai ̸⊥ v) or (ai ⊥ v and ai ̸⊥ w)}

= {i ∈ {1, . . . ,K} | (ai ̸⊥ v) or (ai ̸⊥ w)}

= Ov ∪Ow.

We conclude the proof by taking U = ∩i∈I,fi ̸=0Ui ∩ U ′ ∩ U ′′.

As an illustration of how to integrate Property (4.12) into the local-global principle using

Lemma 4.6.1, we first give a proof of the “only if” part of Theorem 4.4.8. As a comparison, the

“only if” part of the original Theorem 4.4.9 is immediate.

Proof of “only if” part of Theorem 4.4.8. Suppose f ∈ M∩(A+)
K

satisfies Property (4.12). To

show (LocR), simply take f r := f for all r ∈ Rn
>0, then f(r) ∈ RK

>0. As for (LocInf), for every

v ∈ (Rn)∗ we show that fv := f satisfies Properties (LocInf)(a) and (b). Property (LocInf)(a) is

satisfied because every monomial in f ∈ (A+)
K

has positive coefficient. We now show Property

(LocInf)(b).

When w ∈ vR>0, we have Ow ∪ J ′ = Ow ∪ Ov ∪ J = Ov ∪ J and Mw(I
′, inv(f)) =

Mw(Mv(I,f), inv(f)) = Mv(Mv(I,f), inv(f)) = Mv(I,f), so Property (LocInf)(b) is equiv-

alent to (Ov ∪ J) ∩Mv(I,f) ̸= ∅. This is exactly the Property (4.12) satisfied by f .

When w ̸∈ vR>0, let U ⊆ Dn be the open neighbourhood of vR>0 defined in Lemma 4.6.1.

Recall that scaling w by any positive real does not change the Property (4.13). Therefore by

scaling w by a small enough positive real we can suppose (v + w)R>0 ∈ U . We have

inv+w (f) = inw (inv(f)) , Mv+w(I,f) =Mw(I
′, inv(f)), and Ov+w = Ov ∪Ow,

where I ′ = Mv(I,f). Therefore (Ov+w ∪ J) ∩Mv+w(I,f) = (Ow ∪Ov ∪ J) ∩Mw(I
′, inv(f)) =

(Ow ∪ J ′)∩Mw(I
′, inv(f)). Since f satisfies Property (4.12), we have (Ov+w ∪ J)∩Mv+w(I,f) ̸=

∅. Therefore we also have (Ow ∪ J ′) ∩Mw(I
′, inv(f)) ̸= ∅ for all w ̸∈ vR>0.

We now start working towards proving the “if” part of Theorem 4.4.8. The main idea is

a “gluing” procedure inspired by the original proof [36] of Theorem 4.4.9. The roadmap for
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proving the “if” part of Theorem 4.4.8 is illustrated in Figure 4.26, where the case n = K = 1

is taken as an example.

Lemma 4.6.4

Lemma 4.6.5

Corollary 4.6.7

Figure 4.26: Roadmap for proofing the “if” part of Theorem 4.4.8, illustrated for n = K = 1.

The following lemma is the foundation of our gluing argument. It shows the “continuity” of

Condition (LocInf) when changing the direction v by a small amount.

Lemma 4.6.2. Suppose v ∈ (Rn)∗ and fv ∈ M satisfies Properties (LocInf)(a) and (b) of

Theorem 4.4.8. Then there exists an open neighbourhood Uv ⊆ Dn of vR>0 such that for every

v′R>0 ∈ Uv, we have

(i) inv′ (fv) ∈ (A+)
K
.

(ii) (Ov′ ∪ J) ∩Mv′(I,fv) ̸= ∅.

Proof. We use Lemma 4.6.1 on v, I and fv to obtain an open neighbourhood Uv ⊆ Dn of vR>0,

where for all v′R>0 = (v + w)R>0 ∈ Uv we have

inv+w (fv) = inw (inv(fv)) , Mv+w(I,fv) =Mw(Mv(I,fv), inv(fv)), and Ov+w = Ov ∪Ow.

Note that inv(fv) ∈ (A+)
K

by Property (LocInf)(a) of fv. Since taking the initial polynomial

of any polynomial in A+ yields an element of A+, we have inv+w (fv) = inw (inv(fv)) ∈ (A+)
K
.

Furthermore, (Ov+w∪J)∩Mv+w(I,fv) = (Ow ∪Ov ∪ J)∩Mw(Mv(I,fv), inv(fv)) = (Ow ∪ J ′)∩

Mw(I
′, inv(fv)), which is non-empty by Property (LocInf)(b) of fv. Therefore, both (i) and (ii)

are satisfied for v′R>0 = (v + w)R>0 ∈ Uv.
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Before proceeding further, we recall the definition of the Lebesgue number of the open cov-

ering of a metric space.

Lemma 4.6.3 (The Lebesgue number lemma [76, Chapter 3, Lemma 7.2]). Let {Uα | α ∈ A}

be an open covering of the metric space X. (That is, X =
⋃

α∈A Uα where each Uα is an open

set.) If X is compact, then there is a δ > 0 such that every subset of X with diameter less than

δ is contained in some Uα, α ∈ A.

The number δ > 0 is called a Lebesgue number for the covering {Uα | α ∈ A}.

The following lemma shows that one can “glue” all different fv, v ∈ (Rn)∗ together to obtain

a single f that has positive initial polynomial at every direction v ∈ (Rn)∗.

Lemma 4.6.4. Suppose Condition (LocInf) of Theorem 4.4.8 is satisfied. Then there exists

f ∈ M that satisfies

(i) inv (f) ∈ (A+)
K

for all v ∈ (Rn)∗.

(ii) (Ov ∪ J) ∩Mv(I,f) ̸= ∅ for all v ∈ (Rn)∗.

Proof. The main steps of our proof follow that of [36, Lemma 5.2]. See Figure 4.27 for an

illustration of our proof.

Monomials of

Monomials of

Figure 4.27: Illustration of the proof of Lemma 4.6.4. In this example, a1 = a2 = (0, 0), I =
{1, 2}, J = {1}. That is, condition (ii) requires 1 ∈Mv({1, 2},f) for all v ∈ (Rn)∗.

For each v ∈ (Rn)∗ , ∥v∥ = 1, let fv be the element of M that satisfies Properties (LocInf)(a)

and (b). Let Uv ⊆ Dn be an open neighbourhood of vR>0 defined in Lemma 4.6.2. The family

of sets Uv, v ∈ (Rn)∗ , ∥v∥ = 1 forms an open cover of the compact set Dn. We identify Dn

with the unit sphere in Rn, and consider the metric on the unit sphere inherited from Rn. In

particular, each Uv is now considered as an open subset of the unit sphere.
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Let 2λ < 1 be a Lebesgue number of the open covering {Uv | v ∈ (Rn)∗ , ∥v∥ = 1} of the

unit sphere Dn. This means that every ball of radius λ in Dn is contained in some Uv. Take

a finite collection of balls of radius λ which cover Dn, and label their centers v1, . . . , vm: these

points on the unit sphere. Note that each ball B(vj , λ), j = 1, . . . ,m, is contained in some Uv′j
.

Let F j := fv′j
, so that inv(F j) ∈ (A+)

K
and (Ov ∪ J) ∩Mv(I,F j) ̸= ∅ for all v ∈ B(vj , λ) (by

Lemma 4.6.2). Let 2κ be a Lebesgue number for the open cover {B(vj , λ) | j = 1, . . . ,m} of Dn.

Then for any v ∈ Dn there exists j ∈ {1, . . . ,m} such that B(v, κ) ⊂ B(vj , λ) and, in particular,

∥vj − v∥ < λ− κ.

Let δ be the infimum of

{
v⊤vj − v⊤vj′

∣∣∣∣ ∥v∥ = 1, ∥vj − v∥ < λ− κ, ∥vj′ − v∥ ≥ λ, j, j′ = 1, . . . ,m

}
.

Note that δ ≥ κ(λ− κ
2 ) > 0 since for all v, vj , vj′ of norm one we have

v⊤vj − v⊤vj′ =
1

2

(
∥vj′ − v∥2 − ∥vj − v∥2

)
≥ 1

2
(λ2 − (λ− κ)2) = κ(λ− κ

2
).

Choose r large enough so that |degv(Fj,i)| < δ
2r −

√
n
2 for all ∥v∥ = 1, i = 1, . . . ,K and

j = 1, . . . ,m. Such an r exists because Fj,i ̸= 0 (since inv(F j) ∈ (A+)
K
), degv(Fj,i) is continuous

with respect to v, and Dn is compact.

For j = 1, . . . ,m pick wj ∈ Zn such that ∥wj − rvj∥ ≤
√
n
2 . Let

f :=

m∑
j=1

XwjF j .

We show that f satisfies both conditions (i) and (ii). Consider any v ∈ (Rn)∗ with norm one.

Let j ∈ {1, . . . ,m} be such that ∥v − vj∥ < λ − κ. For any j′ ∈ {1, . . . ,m} with ∥v − vj′∥ ≥ λ

we have

max
1≤i≤K

{
degv

(
Xwj′Fj′,i

)}
= v⊤wj′ + max

1≤i≤K

{
degv

(
Fj′,i

)}
< v⊤wj′ +

δ

2
r −

√
n

2

≤ rv⊤vj′ +
δ

2
r

= rv⊤vj − r(v⊤vj − v⊤vj′) +
δ

2
r

≤ rv⊤vj −
δ

2
r

≤ v⊤wj +

√
n

2
− δ

2
r
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< v⊤wj + min
1≤i≤K

{degv (Fj,i)}

= min
1≤i≤K

{
degv

(
XwjFj,i

)}
. (4.20)

For the remaining indices j′ with ∥v − vj′∥ < λ we already know that inv(F j′) ∈ (A+)
K
. Since

there can be no cancellation with those initial parts, we get

inv(f) = inv

 ∑
j′ : ∥v−vj′∥<λ

Xwj′F j′

 ∈
(
A+
)K

.

Therefore f satisfies condition (i).

For condition (ii), take any point v on the unit sphere, let j′ ∈ {1, . . . ,m} be such that

maxi∈I{degv(Xwj′Fj′,i)} = max1≤j≤mmaxi∈I{degv(XwjFj,i)}. We must have ∥v − vj′∥ < λ.

Indeed, if we had ∥v−vj′∥ ≥ λ then there would exist j ∈ {1, . . . ,m} such that ∥v−vj∥ < λ−κ

and Inequality (4.20) yields maxi∈I{degv(Xwj′Fj′,i)} < maxi∈I{degv(XwjFj,i)}, a contradiction.

We will now show Mv(I,F j′) ⊆Mv(I,f). Take any i′ ∈Mv(I,F j′), we show i′ ∈Mv(I,f).

On one hand, inv(F j′) ∈ (A+)
K

because ∥v − vj′∥ < λ. We have

degv(X
wj′Fj′,i′) = max

i∈I
{degv(Xwj′Fj′,i)} = max

1≤j≤m
max
i∈I

{degv(XwjFj,i)}

= max
i∈I

max
j:∥v−vj∥<λ

{degv(XwjFj,i)} = max
i∈I

degv

 ∑
j:∥v−vj∥<λ

XwjFj,i


= max

i∈I
degv

 m∑
j=1

XwjFj,i

 = max
i∈I

degv(fi), (4.21)

since there can be no cancellation when summing inv(X
wjFj,i) ∈ A+ for j, ∥v − vj∥ < λ.

On the other hand,

degv(X
wj′Fj′,i′) = max

1≤j≤m
max
i∈I

{degv(XwjFj,i)} ≥ max
1≤j≤m

{degv(XwjFj,i′)}.

So degv(X
wj′Fj′,i′) = max1≤j≤m{degv(XwjFj,i′)}. Hence,

degv(X
wj′Fj′,i′) = max

1≤j≤m
{degv(XwjFj,i′)} = max

j:∥v−vj∥<λ
{degv(XwjFj,i′)}

= degv

 ∑
j:∥v−vj∥<λ

XwjFj,i′

 = degv

 m∑
j=1

XwjFj,i′

 = degv(fi′),

since there can be no cancellation when summing inv(X
wjFj,i′) ∈ A+ for j, ∥v − vj∥ < λ.
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Hence degv(fi′) = degv(X
wj′Fj′,i′) = maxi∈I degv(fi), which yields i′ ∈Mv(I,f). Since this

holds for all i′ ∈Mv(I,F j′), we have shownMv(I,F j′) ⊆Mv(I,f). Thus, (Ov∪J)∩Mv(I,f) ⊇

(Ov ∪ J) ∩Mv(I,F j′) ̸= ∅. Therefore f satisfies condition (ii).

Denote by f∞ the element f ∈ M obtained in Lemma 4.6.4. Since inv (f∞) ∈ (A+)
K

for

all v ∈ (Rn)∗, there exists c > 1 such that f∞(x) ∈ RK
>0 for all x ∈ Rn

>0 \ [1/c, c]n. Define the

following compact set in Rn
>0:

C := [1/(4nc), 4nc]n ⊋ [1/c, c]n.

Lemma 4.6.5. Let M be an A-submodule of AK and C ⊂ Rn
>0 be a compact set. Suppose for

all r ∈ C there exists f r ∈ M with f r(r) ∈ RK
>0. Then there exists f ∈ M such that f(x) ∈ Rn

>0

for all x ∈ C.

Proof. For each r ∈ C, by the continuity of polynomial functions, there is an open ball B(r, br),

centered at r, with radius br, such that f r(x) ∈ Rn
>0 for all x ∈ B(r, br).

Consider the open cover B(r, br2 ), r ∈ C of the set C. Since C is compact, there is a finite

subcover, which we denote by B(r1,
br1
2 ), · · · , B(rm,

brm
2 ). By the compactness of C and closed

balls, we have

s := min
1≤i≤K,1≤j≤m

inf
∥x−rj∥≤

bj
2

frj ,i(x) > 0,

and

t := max
1≤i≤K,1≤j≤m

sup
x∈C

∣∣frj ,i(x)∣∣ <∞.

Let δ > 0 be such that δ < s
mt . By the Stone-Weierstrass theorem, for each 1 ≤ j ≤ m,

there exists a polynomial qj ∈ A such that

(i) 0 < qj(x) for all x ∈ C,

(ii) qj(x) < δ for all x ∈ C \B(rj , brj ),

(iii) qj(x) > 1 for all x ∈ B(rj ,
brj
2 ).

We claim that the sum f :=
∑m

j=1 qj · f rj ∈ M satisfies f(x) ∈ Rn
>0 for all x ∈ C. Indeed, take

any x ∈ C. Without loss of generality suppose x ∈ B(r1,
br1
2 ). Then for i = 1, . . . ,K, we have

fi(x) = q1(x) · fr1,i(x) +
∑

j>1,x ̸∈B(rj ,brj )

qj(x) · frj ,i(x) +
∑

j>1,x∈B(rj ,brj )

qj(x) · frj ,i(x)

≥ 1 · s−
∑

j>1,x ̸∈B(rj ,brj )

δt+
∑

j>1,x∈B(rj ,brj )

0 ≥ s− (m− 1)δt > 0.
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Denote by fC the element f ∈ M obtained in Lemma 4.6.5. We also need the following

theorem from Handelman:

Theorem 4.6.6 (Handelman’s Theorem [31], [44, V.6. Theorem C]). Let f ∈ A be a polynomial.

There exists g ∈ A+ such that fg ∈ A+ if and only if the two following conditions are satisfied:

(i) For all r ∈ Rn
>0, we have f(r) > 0.

(ii) For all v ∈ (Rn)∗ and r ∈ Rn
>0, we have inv(f)(r) > 0.

Corollary 4.6.7. Let f ∈ AK . There exists g ∈ A+ such that gf ∈ (A+)
K

if and only if the

two following conditions are satisfied:

(i) For all r ∈ Rn
>0, we have f(r) ∈ RK

>0.

(ii) For all v ∈ (Rn)∗ and r ∈ Rn
>0, we have inv(f)(r) ∈ RK

>0.

Proof. If there exists g ∈ A+ such that g · f ∈ (A+)
K
, then obviously (i) and (ii) are satisfied.

On the other hand, let f ∈ Ak satisfy (i) and (ii). By Handelman’s theorem (Theorem 4.6.6),

there exist g1, . . . , gK ∈ A+ such that f1g1 ∈ A+, . . . , fKgK ∈ A+. Let g := g1g2 · · · gK , then

gf ∈ (A+)
K
.

We are now ready to prove the “if” part of Theorem 4.4.8 by “gluing” together the elements

f∞,fC ∈ M obtained respectively in Lemma 4.6.4 and 4.6.5.

Proof of “if” part of Theorem 4.4.8. Let f∞,fC ∈ M be the elements obtained respectively in

Lemma 4.6.4 and 4.6.5. Define the polynomial

q :=
1

2nc

n∑
i=1

(Xi +X−1
i ) ∈ A+.

It is easy to see that we have degw(q) > 0 for all w ∈ (Rn)∗. By the compactness of the unit

sphere, the value inf∥w∥=1 degw(q) is positive.

Let ϵ > 0 be such that

ϵ · f∞(x) + fC(x) ∈ Rn
>0 (4.22)

for all x ∈ C. Such an ϵ exists by the compactness of C and because fC(x) > 0 for all x ∈ C.

We claim that there exists N ∈ N such that the element

f := ϵqN · f∞ + fC ∈ M

satisfies Conditions (i) and (ii) in Corollary 4.6.7 simultaneously.
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Let M ∈ N be such that degv(f∞,i) + M · inf∥w∥=1 degw(q) > degv(fC,i) for all v ∈

(Rn)∗ , ∥v∥ = 1 and i = 1, . . . ,K. Such an M exists by the compactness of the unit sphere

and because inf∥w∥=1 degw(q) > 0. Let

g := ϵqM · f∞ + fC .

Then for all v ∈ (Rn)∗ , i = 1, . . . ,K, we have degv(ϵq
M · f∞,i) = M · degv(q) + degv(f∞,i) >

degv(fC,i). Therefore inv(g) = inv(ϵq
M · f∞) ∈ (A+)

K
for all v ∈ (Rn)∗. Therefore, there exists

another compact set [1/d, d]n ⊃ C such that g(x) ∈ RK
>0 for all x ∈ Rn

>0 \ [1/d, d]n. Since

[1/d, d]n ⊃ C = [1/(4nc), 4nc]n, we have d ≥ 4nc. Since the set [1/d, d]n \ (1/(4nc), 4nc)n is

compact and f∞(x) ∈ RK
>0 for all x ∈ [1/d, d]n \ (1/(4nc), 4nc)n ⊆ Rn

>0 \ [1/c, c]n, there exists

N > M such that

ϵf∞,i(x) · 2N + fC,i(x) > 0 (4.23)

for all x ∈ [1/d, d]n \ (1/(4nc), 4nc)n and all i = 1, . . . ,K. We prove that for this N , the element

f := ϵqN · f∞ + fC satisfies Conditions (i) and (ii) in Corollary 4.6.7 simultaneously.

Fix any i ∈ {1, . . . ,K}. For every x ∈ Rn
>0 \ [1/d, d]n, we have q(x) > d

2nc > 1 and

f∞,i(x) > 0, so

fi(x) = ϵq(x)N · f∞,i(x) + fC,i(x) > ϵq(x)M · f∞,i(x) + fC,i(x) = gi(x) > 0.

For every x ∈ [1/d, d]n \ C = [1/d, d]n \ [1/(4nc), 4nc]n, we have xi′ ≥ 4nc for at least one

i′ ∈ {1, . . . ,K}. Since f∞,i(x) > 0 by the definition of C, we have

fi(x) = ϵf∞,i(x) ·

 n∑
j=1

xj + x−1
j

2nc

N

+ fC,i(x) ≥ ϵf∞,i(x) · 2N + fC,i(x) > 0

by
∑n

j=1(xj + x−1
j ) > xi′ ≥ 4nc and Inequality (4.23).

For every x ∈ C \ [1/c, c]n, we have

fi(x) = ϵq(x)N · f∞,i(x) + fC,i(x) > 0

since f∞,i(x) > 0 for all x ̸∈ [1/c, c]n and fC,i(x) > 0 for all x ∈ C.

For every x ∈ [1/c, c]n, we have

fi(x) = ϵf∞,i(x) ·

(
n∑

i=1

xi + x−1
i

2nc

)N

+ fC,i(x) ≥ min{ϵf∞,i(x), 0}+ fC,i(x) > 0.
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The last inequality is due to fC,i(x) > 0 and Inequality (4.22). The second to last inequal-

ity can be justified as follows. If f∞,i(x) ≥ 0 then f∞,i(x) ·
(∑n

i=1
xi+x−1

i
2nc

)N
≥ 0, otherwise(∑n

i=1
xi+x−1

i
2nc

)N
≤
(∑n

i=1
2c
2nc

)N
= 1 so f∞,i(x) ·

(∑n
i=1

xi+x−1
i

2nc

)N
≥ f∞,i(x).

Therefore, for every x ∈ Rn
>0, we have fi(x) > 0. In other words, f satisfies Conditions (i)

in Corollary 4.6.7. Furthermore, since N > M we have degv(q
N · f∞,i) > degv(fC,i) for i =

1, . . . ,K, v ∈ (Rn)∗. Hence inv(f) = inv(ϵq
N · f∞) ∈ (A+)

K
and Mv(I,f) = Mv(I,f∞) for all

v ∈ (Rn)∗. Therefore, f satisfies Conditions (ii) in Corollary 4.6.7.

Therefore, by Corollary 4.6.7, we can find g ∈ A+ such that gf ∈ (A+)
K
. We have at

the same time gf ∈ M as well as (Ov ∪ J) ∩Mv(I, gf) = (Ov ∪ J) ∩Mv(I,f) = (Ov ∪ J) ∩

Mv(I,f∞) ̸= ∅ for all v ∈ (Rn)∗. We have thus found the required element gf ∈ M ∩ (A+)
K

satisfying Property (4.12).

4.7 Decidability of local conditions

In this section we prove Theorem 4.4.10:

Theorem 4.4.10. Fix n ∈ N. Suppose we are given as input a set of elements g1, . . . , gm ∈

AK with integer coefficients, as well as the vectors a1, . . . , aK ∈ Zn and two subsets I, J of

{1, . . . ,K}. Denote by M be the A-submodule of AK generated by g1, . . . , gm. It is decidable

whether there exists f ∈ M satisfying f ∈ (A+)
K

and

(Ov ∪ J) ∩Mv(I,f) ̸= ∅ for every v ∈ (Rn)∗ . (4.14)

Here, if n = 0 then A is understood as R, and Property (4.14) is considered trivially true.

By the local-global principle (Theorem 4.4.8), this amounts to showing decidability of the

two “local” Conditions (LocR) and (LocInf).

4.7.1 Decidability of local condition at positive reals (LocR)

In this subsection we show that the Condition (LocR) of Theorem 4.4.8 is decidable. Let M be

a A-submodule of AK .

Lemma 4.7.1. Let g1, . . . , gm be the generators for M. Condition (LocR) of Theorem 4.4.8 is

equivalent to the following:

1. (LocRLin) For every r ∈ Rn
>0, there exist x1, . . . , xm ∈ R such that

∑m
i=1 xigi(r) ∈ RK

>0.
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Proof. (LocR) =⇒ (LocRLin): Suppose Condition (LocR) of Theorem 4.4.8 is true. For r ∈ Rn
>0,

Condition (LocR) shows there exist p1, . . . , pm ∈ A such that
∑m

i=1 pigi = f r with f r(r) ∈ RK
>0.

Then letting x1 := p1(r), . . . , xm := pm(r) we have
∑m

i=1 xigi(r) = f r(r) ∈ RK
>0.

(LocRLin) =⇒ (LocR): Suppose Condition (LocRLin) is true. For any r ∈ Rn
>0, Con-

dition (LocRLin) shows there exist x1, . . . , xm ∈ R>0 such that
∑m

i=1 xigi(r) ∈ RK
>0. Then

f r :=
∑m

i=1 xigi ∈ M satisfies f r(r) ∈ RK
>0.

Proposition 4.7.2. Given the generators g1, . . . , gm for M, it is decidable whether Condi-

tion (LocR) of Theorem 4.4.8 is satisfied.

Proof. By Lemma 4.7.1, it suffices to decide Condition (LocRLin). This is expressible in the

first order theory of the reals:

∀r1 > 0 · · · ∀rn > 0,∃x1 · · · ∃xm,

(
m∑
i=1

xigi,1(r1, . . . , rn) > 0

)
∧· · ·∧

(
m∑
i=1

xigi,K(r1, . . . , rn) > 0

)
.

By Tarski’s theorem [94], the truth of this sentence is decidable.

4.7.2 Local condition at infinity: shifted initials (LocInfShift)

In this subsection we introduce the shifted initials, in order to replace Condition (LocInf) of

Theorem 4.4.8 with a new Condition (LocInfShift). Our definition follows that of [36, Section 1].

Suppose we are given f ∈ AK , v ∈ (Rn)∗ and α = (α1, . . . , αK) ∈ RK . Then the shifted

initials inv,α(f) = (inv,α(f)1, . . . , inv,α(f)K) are defined as

inv,α(f)i :=


inv(fi) if degv(fi) + αi = max1≤i′≤K{degv(fi′) + αi′},

0 if degv(fi) + αi < max1≤i′≤K{degv(fi′) + αi′},

for i = 1, . . . ,K.

Lemma 4.7.3. Let f ∈ AK and v ∈ (Rn)∗. Then inv(f) ∈ (A+)
K

if and only if there exists

α ∈ RK such that inv,α(f) ∈ (A+)
K
. Furthermore, in this case we have inv(f) = inv,α(f) and

α1 + degv(f1) = · · · = αK + degv(fK).

Proof. If inv (f) ∈ (A+)
K
, then f1, . . . , fK are non-zero. Let α1 := −degv(f1), . . . , αK :=

−degv(fK). We have degv(f1) + α1 = · · · = degv(fK) + αK = max1≤i≤K{degv(fi) + αi}, so

inv,α (f) = inv (f) ∈ (A+)
K
.

If inv,α (f) ∈ (A+)
K
, then inv (fi) = inv,α(f)i ∈ A+ for i = 1, . . . ,K. Therefore inv (f) =

inv,α(f) ∈ (A+)
K
.
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Furthermore, in this case, since inv,α (f)i ̸= 0 for i = 1, . . . ,K, we have degv(fi) + αi =

max1≤i′≤K{degv(fi′) + αi′}. Hence α1 + degv(f1) = · · · = αK + degv(fK).

Given v = (v1, . . . , vn)
⊤ ∈ (Rn)∗, denote by

∑n
k=1 Zvk the Z-module generated by v1, . . . , vn:

n∑
k=1

Zvk :=

{
n∑

k=1

zkvk

∣∣∣∣∣ z1, . . . , zn ∈ Z

}
.

Then for every f ∈ A \ {0}, we have degv(f) ∈
∑n

k=1 Zvk.

Proposition 4.7.4. Condition (LocInf) of Theorem 4.4.8 is equivalent to the following:

2. (LocInfShift): For every v ∈ (Rn)∗, there exists f ∈ M as well as α ∈ (
∑n

k=1 Zvk)
K

satisfying the following properties:

(a) inv,α (f) ∈ (A+)
K
.

(b) Denote I ′ := {i ∈ I | αi = mini′∈I αi′}, J ′ := Ov ∪ J . We have

(
Ow ∪ J ′) ∩Mw(I

′, inv,α(f)) ̸= ∅ for every w ∈ (Rn)∗.

Proof. (LocInf) =⇒ (LocInfShift). Suppose Condition (LocInf) of Theorem 4.4.8 is true.

Fix a vector v ∈ (Rn)∗. Then there exists f ∈ M, such that inv (f) ∈ (A+)
K

satisfies

Property (LocInf)(b). As in Lemma 4.7.3, we can let αi := −degv(fi) for i = 1, . . . ,K.

Then inv,α (f) = inv (f) ∈ (A+)
K
, satisfying (LocInfShift)(a). Furthermore, we have α ∈

(
∑n

k=1 Zvk)
K by the definition of αi = −degv(fi). Finally, I ′ = {i ∈ I | αi = mini′∈I αi′} =

{i ∈ I | degv(fi) = maxi′∈I degv(fi′)} =Mv(I,f), so (LocInf)(b) implies (LocInfShift)(b).

(LocInfShift) =⇒ (LocInf). Suppose Condition (LocInfShift) is true. Fix a vector v ∈

(Rn)∗. Then there exists f ∈ M as well as α ∈ (Rn)∗, such that inv,α (f) ∈ (A+)
K

satisfies

Property (LocInfShift)(b). By Lemma 4.7.3, we have inv (f) = inv,α (f) ∈ (A+)
K
, and α1 +

degv(f1) = · · · = αK + degv(fK). Therefore we have I ′ = {i ∈ I | αi = mini′∈I αi′} = {i ∈ I |

degv(fi) = mini′∈I degv(fi′)} =Mv(I,f), so (LocInfShift)(b) implies (LocInf)(b).

4.7.3 Dimension reduction: a special case

In this and the following subsections we will further reduce Condition (LocInfShift) to a Con-

dition (LocInfD) (which will be defined in Proposition 4.7.11). In this subsection we first con-

sider the special case where the vector v ∈ (Rn)∗ in Condition (LocInfShift) is of the form

(0, . . . , 0, vd+1, . . . , vn)
⊤, where vd+1, . . . , vn ∈ R are Q-linearly independent.

Let M be any A-submodule of AK . Similar to [36, Section 2], we now define the notion of

a super Gröbner basis of M. This is a generalized version of the universal Gröbner basis [91]
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for modules over a Laurent polynomial ring.3 Note that our definition differs slightly from [36,

Section 2], although the intuition is the same. Let v ∈ (Rn)∗ ,α ∈ RK . Define inv,α(M) to be

the A-module generated by the elements inv,α(f),f ∈ M:

inv,α(M) :=
∑
f∈M

A · inv,α(f) =


q∑

j=1

pj · inv,α(f j)

∣∣∣∣∣∣ q ∈ N, p1, . . . pq ∈ A,f1, . . . ,f q ∈ M

 .

In general, the module inv,α(M) is not equal to its generating set {inv,α(f) | f ∈ M}.

Definition 4.7.5 (Super Gröbner basis). A set of generators g1, . . . , gm for the module M is

called a super Gröbner basis if for all v ∈ (Rn)∗ ,α ∈ RK , the set {inv,α(g1), . . . , inv,α(gm)}

generates inv,α(M) as an A-module.

A super Gröbner basis for a module M always exists and can be effectively computed as

in [36, Lemma 2.1]:

Lemma 4.7.6 (Reformulation of [36, Lemma 2.1]). Suppose we are given a finite set of gener-

ators4 for the module M. Then a super Gröbner basis of M is effectively computable.

Proof. Let R[X] := R[X1, . . . , Xn] be the usual polynomial ring over n variables (instead of the

Laurent polynomial ring A = R[X±]). Let e1, . . . , eK be the canonical R[X]-basis of R[X]K . A

monomial of R[X]K is an element of the form Xuei for some u ∈ Zn
≥0, i ∈ {1, . . . ,K}. A term

order on the monomials of R[X]K is a total order ≺ satisfying

(i) ei ≺ Xuei,

(ii) Xuei ≺ Xu′
ei′ =⇒ Xu+wei ≺ Xu′+wei′ ,

for all i, i′ ∈ {1, . . . ,K} and u, u′, w ∈ Zn
≥0.

Let N be an R[X]-submodule of R[X]K . An element f ∈ R[X]K can be written uniquely

as a sum
∑

u,i cu,iX
uei with coefficients cu,i in R. Among the finitely many monomials of

R[X]K that have nonzero coefficients in this sum, the one that is maximal according to the term

order ≺ is denoted in≺(f). Define in≺(N), the initial module of N with respect to ≺, to be

the R[X]-module generated by all in≺(f),f ∈ N . We say that the elements f1, . . . ,f ℓ ∈ N

form a Gröbner basis for N with respect to ≺ if in≺(N) is generated as an R[X]-module by

in≺(f1), . . . , in≺(f ℓ).

3The usual universal Gröbner basis is defined for ideals over a polynomial ring.
4There is a subtlety in how the generators are represented, since element of M are tuples of poly-

nomials over real numbers. However, in our application throughout this section, the generators of M
are always tuples of polynomials with integer coefficients. Therefore, they can indeed be effectively
represented.
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A universal Gröbner basis of N is given by elements f1, . . . ,f ℓ that form a Gröbner basis of

N with respect to every term order. A universal Gröbner basis of N exists and can be effectively

computed from a set of generators of N as described in [36, Section 2].

Now let f1, . . . ,f ℓ be a set of generators of M as an R[X±]-module. Let δ = (δ1, . . . , δn) ∈

{−1, 1}n. Pick u ∈ Zn such that

Xuf1, . . . , X
uf ℓ ∈

(
R[Xδ1

1 , . . . , X
δn
n ]
)K

,

and let f δ,1, . . . ,f δ,ℓδ
be a universal Gröbner basis for the R[Xδ1

1 , . . . , X
δn
n ]-submodule generated

by Xuf1, . . . , X
uf ℓ. List the union of {f δ,1, . . . ,f δ,ℓδ

} over δ ∈ {−1, 1}n as g1, . . . , gm. By [36,

Lemma 2.1], this is a super Gröbner basis for M.

It is easy to see the following from the proof: if the given generators for M are tuples

of polynomials with integer coefficients, then Lemma 4.7.6 computes a super Gröbner basis

containing only tuples of polynomials with integer coefficients. From now on we fix a super

Gröbner basis g1, . . . , gm.

Let 0 ≤ d ≤ n− 1 be an integer. From now on we denote

Ad := R[X±
1 , . . . , X

±
d ], A+

d := R≥0[X
±
1 , . . . , X

±
d ]∗.

In particular, A0 = R,A+
0 = R>0.

As stated in the beginning of this subsection, we now consider the vectors v ∈ (Rn)∗ with

the special form (0, . . . , 0, vd+1, . . . , vn)
⊤ where vd+1, . . . , vn are Q-linearly independent. The

following lemma can be seen as a generalization of [36, Lemma 6.2].

Lemma 4.7.7 (Generalization of [36, Lemma 6.2]). Let g1, . . . , gm be a super Gröbner basis of

M. Let v = (0, . . . , 0, vd+1, . . . , vn)
⊤ ∈ (Rn)∗ be such that 0 ≤ d ≤ n − 1 and vd+1, . . . , vn are

Q-linearly independent. Let α ∈ RK . Then there exist bi ∈ {0}d × Zn−d and cj ∈ {0}d × Zn−d

such that XbiXcj inv,α(gj)i ∈ Ad for i = 1, . . . ,K and j = 1, . . . ,m. See Figure 4.28 for an

illustration.

Proof. Let j ∈ {1, . . . ,m}, i ∈ {1, . . . ,K}, be such that inv,α(gj)i ̸= 0. Let cXz and c′Xz′ be

any two monomials appearing in inv,α(gj)i, then v
⊤z = v⊤z′. Since v = (0, . . . , 0, vd+1, . . . , vn)

⊤

where vd+1, . . . , vn are Q-linearly independent, this yields z− z′ ∈ Zd×{0}n−d. This shows that

Xzij inv,α(gj)i ∈ Ad for some zij ∈ {0}d × Zn−d.

Letting F := {(i, j) | inv,α(gj)i ̸= 0}, this defines zij for all (i, j) ∈ F . Note that for (i, j) ∈ F
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Monomials of

Monomials of
Monomials of

Figure 4.28: Illustration of Lemma 4.7.7 in the case d = 0. Note that inv,α(gj)i may be zero, in
which case it does not contain any monomial.

we have

max
1≤i′≤K

{
degv

(
gj,i′
)
+ αi′

}
= −v⊤zij + αi.

Considering a sequence

(i0, j0), (i1, j0), (i1, j1), . . . , (il, jl−1), (il, jl), (i0, jl) (4.24)

in F , and writing il+1 = i0, we find that

0 =
l∑

s=0

(
max

1≤i′≤K
{degv(gj,i′) + αi′} − max

1≤i′≤K
{degv(gj,i′) + αi′}

)
=

l∑
s=0

(
v⊤zis+1js − v⊤zisjs

)
.

Since v = (0, . . . , 0, vd+1, . . . , vn)
⊤ with vd+1, . . . , vn being Q-linearly independent and zij ∈

{0}d × Zn−d, the above equation yields

l∑
s=0

(
zis+1js − zisjs

)
= 0 (4.25)

for every allowed sequence (4.24) in F .

We now extend zij and Equation (4.25) to all pairs (i, j) ∈ {1, . . . ,K}×{1, . . . ,m}. Assume

zij is already defined on a set E ⊇ F and (4.25) is valid on E. Pick (i, j) ̸∈ E. If there exists a

sequence

(i1, j), (i1, j1), . . . , (il, jl−1), (il, jl), (i, jl) ∈ E,
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we put il+1 = i and define

zij := zi1j −
l∑

s=1

(
zisjs − zis+1js

)
.

One easily verifies that Equation (4.25) then holds for every allowed sequence (4.24) in E ∪

{(i, j)}.

If there is no sequence

(i1, j0), (i1, j1), . . . , (il, jl−1), (il, jl), (i0, jl)

in E, we can take zij to be any element of {0}d × Zn−d and have Equation (4.25) hold for all

sequences (4.24) in E ∪ {(i, j)}.

Having thus extended zij to all pairs (i, j) ∈ {1, . . . ,K} × {1, . . . ,m}, we define

bi := zi1,

and

cj := zij − zi1,

which is independent of i thanks to Equation (4.25). Indeed, using Equation (4.25) on the

allowed sequence (i, j), (i′, j), (i′, 1), (i, 1) we get zij − zi1 = zi′j − zi′1. Hence, zij = bi + cj and

the lemma follows.

Suppose v ∈ (Rn)∗ is such that v = (0, . . . , 0, vd+1, . . . , vn)
⊤ with vd+1, . . . , vn being Q-

linearly independent. Let α ∈ RK . For each j = 1, . . . ,m, define

indv,α(gj) = (indv,α(gj)1, . . . , in
d
v,α(gj)K),

where

indv,α(gj)i := XbiXcj inv,α(gj)i ∈ Ad, i = 1, . . . ,K.

Here, bi and cj are defined as in Lemma 4.7.7. Note that the vectors bi, cj ∈ {0}d × Zn−d

are not necessarily uniquely determined. However, when d, v,α are fixed, the polynomials

indv,α(gj)i, j = 1, . . . ,m, i = 1, . . . ,K, are uniquely determined by g1, . . . , gm. In fact, by

Lemma 4.7.7, each inv,α(gj)i can be uniquely written as Xs · p for some Xs ∈ R[X±
d+1, . . . , X

±
n ]

and p ∈ R[X±
1 , . . . , X

±
d ]. Therefore indv,α(gj)i is uniquely determined as the polynomial p in the

decomposition.

Note that if indv,α(gj)i ̸= 0 then degv(gj,i) = −v⊤(bi+cj), otherwise degv(gj,i) < −v⊤(bi+cj).
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In both cases,

degv(gj,i) ≤ −v⊤(bi + cj), (4.26)

where the equality holds if and only if indv,α(gj)i ̸= 0.

Lemma 4.7.8. Let i, i′ ∈ {1, . . . ,K}. If there exists j ∈ {1, . . . ,m} such that indv,α(gj)i ̸=

0, indv,α(gj)i′ ̸= 0, then αi − v⊤bi = αi′ − v⊤bi′.

Proof. If indv,α(gj)i ̸= 0 and indv,α(gj)i′ ̸= 0, then inv,α(gj)i ̸= 0 and inv,α(gj)i′ ̸= 0, so

degv
(
inv,α(gj)i

)
+ αi = degv

(
inv,α(gj)i′

)
+ αi′ .

But degv
(
inv,α(gj)i

)
= degv

(
X−biX−cj · indv,α(gj)i

)
= −v⊤(bi + cj). Deriving the same

equation for i′ we have −v⊤(bi + cj) + αi = −v⊤(bi′ + cj) + αi′ . This yields αi − v⊤bi =

αi′ − v⊤bi′ .

Define by indv,α(M) the Ad-module generated by indv,α(g1), . . . , in
d
v,α(gm) ∈ AK

d :

indv,α(M) :=
m∑
j=1

Ad · indv,α(gj) =


m∑
j=1

pj · indv,α(gj)

∣∣∣∣∣∣ p1, . . . pm ∈ Ad

 .

A key component of proving the original decidability result of Einsiedler et al. [36] is [36,

Lemma 3.2], which shows that indv,α(M) ∩
(
A+
d

)K ̸= ∅ implies M ∩ (A+)
K ̸= ∅. However,

this no longer work when we additionally impose Property (4.12): an element in M ∩ (A+)
K

satisfying Property (4.12) might not be obtained from an element in indv,α(M)∩
(
A+
d

)K
satisfy-

ing a similar property. Indeed, if we directly apply [36, Lemma 3.2] to our situation, the main

failure would be in the last paragraph of the proof, where different “levels” of polynomials are

combined together to create a positive element. This no longer works if we add in degree con-

straints. The following lemma shows that [36, Lemma 3.2] can still be made partially compatible

with Property (4.12), if we impose the additional constraint α ∈
(∑n

k=d+1 Zvk
)K

.

Lemma 4.7.9. Let g1, . . . , gm be a super Gröbner basis of M. Let v = (0, . . . , 0, vd+1, . . . , vn)
⊤

be such that 0 ≤ d ≤ n−1 and vd+1, . . . , vn are Q-linearly independent. Let α ∈
(∑n

k=d+1 Zvk
)K

.

Denote I ′ := {i ∈ I | αi = mini′∈I αi′}, J ′ := Ov ∪J . Denote by πd : Zn → Zd the projection onto

the first d coordinates. For every u ∈
(
Rd
)∗
, define O′

u := {i ∈ {1, . . . ,K} | πd(ai) ̸⊥ u}. Then

the two following conditions are equivalent:

(i) (Condition in (LocInfShift)): There exists f ∈ M such that inv,α (f) ∈ (A+)
K

and

(
Ow ∪ J ′) ∩Mw(I

′, inv,α(f)) ̸= ∅ for every w ∈ (Rn)∗. (4.27)
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(ii) We have J ′ ∩ I ′ ̸= ∅, and there exists fd ∈ indv,α(M) ∩
(
A+
d

)K
, such that

(
O′

u ∪ J ′) ∩Mu(I
′,fd) ̸= ∅ for every u ∈

(
Rd
)∗
. (4.28)

When d = 0, the Property (4.28) is considered trivially true.

Proof. (i) =⇒ (ii). Suppose (i) holds. Let f ∈ M∩ (A+)
K

satisfy (4.27). We now show (ii).

The property J ′∩I ′ ̸= ∅ follows from inv,α (f) ∈ (A+)
K

and (4.27) by taking w := v. Indeed,

we have Ov ∪ J ′ = Ov ∪ J and

Mv(I
′, inv,α(f)) =

{
i ∈ I ′

∣∣∣∣ degv(inv,α(f)i) = max
i′∈I′

degv(inv,α(f)i′)

}
=

{
i ∈ I ′

∣∣∣∣ −αi = max
i′∈I′

(−αi′)

}
= I ′,

where the second equality comes from inv,α (f) ∈ (A+)
K

and Lemma 4.7.3. Therefore, Prop-

erty (4.27) yields J ′ ∩ I ′ ̸= ∅ by taking w := v.

Since g1, . . . , gm is a super Gröbner basis, we can write

inv,α(f) =
m∑
j=1

hj · inv,α(gj) (4.29)

for some h1, . . . , hm ∈ A. Let

S :=

{
1 ≤ j ≤ m

∣∣∣∣ degv(hj) + max
1≤i≤K

(degv(gj,i) + αi) is maximal

}
.

Without loss of generality suppose
∑

j∈S inv(hj) · inv,α(gj) ̸= 0, otherwise we can replace each

hj , j ∈ S by hj − inv(hj) while (4.29) still holds. We have

inv,α(f) = inv,α

 m∑
j=1

hj · inv,α(gj)

 =
∑
j∈S

inv(hj) · inv,α(gj). (4.30)

Indeed, by the definition of the shifted initials inv,α, the right hand side above are the only

elements that can contribute to the shifted initials of the sum in the middle. Equation (4.30)

shows we can without loss of generality suppose hj = inv(hj) for all j ∈ S. Denote D :=

degv(hj) + max1≤i′≤K(degv(gj,i′) + αi′), j ∈ S. This does not depend on the choice of j ∈ S.

Since v = (0, . . . , 0, vd+1, . . . , vn)
⊤ such that vd+1, . . . , vn are Q-linearly independent and

since hj = inv(hj), we can write hj = Xzjpj , where pj ∈ Ad and zj ∈ {0}d × Zn−d. Note that

D = degv(hj) + max1≤i′≤K(degv(gj,i′) + αi′) = v⊤zj − v⊤(bi + cj) + αi for all (i, j) satisfying
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indv,α(gj)i ̸= 0, j ∈ S. Since α ∈
(∑n

k=d+1 Zvk
)K

, each αi, i = 1, . . . ,K, can be written as

αi = v⊤z′i for some z′i ∈ {0}d × Zn−d. So D = v⊤(zj − bi − cj + z′i) for all (i, j) satisfying

indv,α(gj)i ̸= 0, j ∈ S.

By the Q-linear independence of the entries in v, there exists a single z ∈ {0}d × Zn−d

such that z = zj − bi − cj + z′i for all (i, j) satisfying indv,α(gj)i ̸= 0, j ∈ S. Recall that∑
j∈S inv(hj) · inv,α(gj) = inv,α(f) ∈ (A+)

K
. Hence, for each i ∈ {1, . . . ,K} there exists j ∈ S

such that indv,α(gj)i ̸= 0. Then for i = 1, . . . ,K, we have

inv,α(f)i =
∑
j∈S

Xzjpj inv,α(gj)i =
∑
j∈S

pjX
zj−bi−cj indv,α(gj)i = Xz−z′i

∑
j∈S

pj in
d
v,α(gj)i.

Define

fd :=
∑
j∈S

pj in
d
v,α(gj) ∈ indv,α(M).

Then for i = 1, . . . ,K,

fdi = Xz′i−z inv,α(f)i ∈ A+ ∩ Ad = A+
d .

Therefore fd ∈
(
A+
d

)K
. It is left to show that fd satisfies Property (4.28). If d = 0 then

Property (4.28) is trivially true. Suppose d ≥ 1. For each u ∈
(
Rd
)∗
, let w := (u, 0n−d) in (4.27).

Then (
Ow ∪ J ′) ∩Mw(I

′, inv,α(f)) ̸= ∅. (4.31)

For each i ∈ {1, . . . ,K}, because z − z′i ∈ {0}d × Zn−d and w ∈ Zd × {0}n−d we have

degw (inv,α(f)i) = degw

(
Xz−z′ifdi

)
= degu

(
fdi
)
. Hence,

Mw(I
′, inv,α(f)) =

{
i ∈ I ′

∣∣∣∣ degw(inv,α(f)i) = max
i′∈I′

degw(inv,α(f)i′)

}
=

{
i ∈ I ′

∣∣∣∣ degu(fdi ) = max
i′∈I′

degu(f
d
i′)

}
=Mu(I

′,fd). (4.32)

Since the last n − d entries of v are Q-linearly independent, we have ai ⊥ v if and only if

ai ∈
∑d

k=1 Zek. Furthermore,

O′
u ∪ J ′ = O′

u ∪Ov ∪ J = {i | ¬(πd(ai) ⊥ u ∧ ai ⊥ v)} ∪ J

=

{
i

∣∣∣∣∣ ¬
(
πd(ai) ⊥ u ∧ ai ∈

d∑
i=1

Zei

)}
∪ J =

{
i

∣∣∣∣∣ ¬
(
ai ⊥ w ∧ ai ∈

d∑
i=1

Zei

)}
∪ J

= {i | ¬(ai ⊥ w ∧ ai ⊥ v)} ∪ J = Ow ∪Ov ∪ J = Ow ∪ J ′ (4.33)

154



Therefore, combining Equations (4.31), (4.32) and (4.33), we obtain

(
O′

u ∪ J ′) ∩Mu(I
′,fd) =

(
Ow ∪ J ′) ∩Mw(I

′, inv,α(f)) ̸= ∅.

We have thus shown that fd satisfies Property (4.28).

(ii) =⇒ (i). Suppose (ii) holds. Write fd =
∑m

j=1 pj in
d
v,α(gj) where pj ∈ Ad for j =

1, . . . ,m.

For each i ∈ {1, . . . ,K}, write αi = v⊤zi for some zi ∈ {0}d × Zn−d. By the Q-linear

independence of the entries of v, such zi is unique.

For each j ∈ {1, . . . ,m}, take any ij ∈ {1, . . . ,K} such that indv,α(gj)ij ̸= 0, note that the

vector cj + bij − zij does not depend on the choice of ij . Indeed, take any other i′j ∈ {1, . . . ,K}

such that indv,α(gj)i′j ̸= 0, then by Lemma 4.7.8 we have αij − v⊤bij = αi′j
− v⊤bi′j . Since

αij = v⊤zij , αi′j
= v⊤zi′j we have v⊤(zij − bij ) = v⊤(zi′j − bi′j ). By the Q-linear independence of

the entries of v, we have zij − bij = zi′j − bi′j . So the vector cj + bij − zij does not depend on the

choice of ij .

Since indv,α(gj)ij ̸= 0, for all i ∈ {1, . . . ,K} we have

degv(gj,i) + αi ≤ degv(gj,ij ) + αij , (4.34)

where the equality holds if and only if indv,α(gj)i ̸= 0.

Take

f :=
m∑
j=1

Xcj+bij−zij pj · gj ∈ M.

For each i ∈ {1, . . . ,K} and j ∈ {1, . . . ,m}, we have

degv(X
cj+bij−zij pjgj,i) + αi = v⊤(cj + bij )− v⊤zij + degv(gj,i) + αi

≤ −degv(gj,ij )− αij + degv(gj,i) + αi ≤ 0 (4.35)

The first equality follows from degv(pj) = 0 because pj ∈ Ad and v ∈ {0}d × Rn−d. The first

inequality comes from (4.26) and αij = v⊤zij , while the second inequality comes from (4.34).

Furthermore, the equality in (4.35) holds if and only if indv,α(gj)i ̸= 0 by the equality conditions

in (4.26) and (4.34).

Hence, for each i ∈ {1, . . . ,K} we have

inv,α(f)i =
∑

j:indv,α(gj)i ̸=0

Xcj+bij−zij inv(pjgj,i) =
∑

j:indv,α(gj)i ̸=0

Xcj+bi−zipj inv(gj,i)
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=
∑

j:inv,α(gj)i ̸=0

Xcj+bi−zipj inv,α(gj)i =
m∑
j=1

Xcj+bi−zipj inv,α(gj)i = X−zi

m∑
j=1

pj in
d
v,α(gj)i

= X−zifdi ∈ A+. (4.36)

In the first equality, the initial polynomials do not cancel each other because their sum is

X−zifdi ∈ A+
d . Therefore inv,α(f) ∈ (A+)

K
.

We now prove Property (4.27). Recall I ′ := {i ∈ I | αi = mini′∈I αi′}. For i, i′ ∈ I ′, we have

v⊤zi = αi = αi′ = v⊤zi′ . By the Q-linear independence of the entries of v, we have

zi = zi′ for all i, i
′ ∈ I ′. (4.37)

Take any w ∈ (Rn)∗.

If w ∈
∑n

k=d+1Rek, then

Mw(I
′, inv,α(f)) =

{
i ∈ I ′

∣∣∣∣ degw(inv,α(f)i) = max
i′∈I′

degw(inv,α(f)i′)

}
=

{
i ∈ I ′

∣∣∣∣ −w⊤zi = max
i′∈I′

{−w⊤zi′}
}

(by (4.36))

= I ′. (by (4.37))

So (
Ow ∪ J ′) ∩Mw(I

′, inv,α(f)) =
(
Ow ∪ J ′) ∩ I ′ ⊇ J ′ ∩ I ′ ̸= ∅.

If w ̸∈
∑n

k=d+1Rek and d ≥ 1, write w = w′+u where w′ ∈
∑n

k=d+1Rek and u ∈
∑d

k=1Rek.

Then

Mw(I
′, inv,α(f))

=

{
i ∈ I ′

∣∣∣∣ degw(inv,α(f)i) = max
i′∈I′

degw(inv,α(f)i′)

}
=

{
i ∈ I ′

∣∣∣∣ −w′ · zi + degu(f
d
i ) = max

i′∈I′
{−w′ · zi′ + degu(f

d
i′)}
}

(by (4.36))

=

{
i ∈ I ′

∣∣∣∣ degu(fdi ) = max
i′∈I′

{degu(fdi′)}
}

(by (4.37))

=Mu(I
′,fd).

Since the last n − d entries of v are Q-linearly independent, we have ai ̸∈ Ov if and only if

ai ∈
∑d

k=1 Zek. Hence, O′
u ∪ J ′ = Ow ∪ J ′ as in (4.33). Therefore,

(
Ow ∪ J ′) ∩Mw(I

′, inv,α(f)) =
(
O′

u ∪ J
)
∩Mu(I

′,fd) ̸= ∅.
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If w ̸∈
∑n

k=d+1Rek and d = 0. We have fdi ∈ R for i = 1, . . . ,K, so

Mw(I
′, inv,α(f)) =

{
i ∈ I ′

∣∣∣∣ degw(inv,α(f)i) = max
i′∈I′

degw(inv,α(f)i′)

}
=

{
i ∈ I ′

∣∣∣∣ −w′ · zi = max
i′∈I′

{−w′ · zi′}
}

(by (4.36))

= I ′ (by (4.37))

So (Ow ∪ J ′) ∩Mw(I
′, inv,α(f)) = (Ow ∪ J ′) ∩ I ′ ⊃ J ′ ∩ I ′ ̸= ∅.

This proves Property (4.27).

4.7.4 Dimension reduction: the general case (LocInfD)

This subsection continues the work of the previous one. Our goal is to reduce Condition (LocIn-

fShift) to a Condition (LocInfD) (which will be defined in Proposition 4.7.11). In the previous

subsection we considered the special case where the vector v ∈ (Rn)∗ in Condition (LocInfShift)

is of the form (0, . . . , 0, vd+1, . . . , vn)
⊤. In this subsection we consider the general case of v. The

key idea when dealing with the general case is the following coordinate change.

Given a matrix A = (aij)1≤i,j≤n ∈ GL(n,Z), define the new variables X ′
1, . . . , X

′
n where

X ′
i := Xa1i

1 Xa2i
2 · · ·Xani

n . Then

R[X1, . . . , Xn] = R[X ′
1, . . . , X

′
n].

In other words, we can define the ring automorphism

φA : A → A, Xi 7→ Xa1i
1 Xa2i

2 · · ·Xani
n ,

such that φA(X
b) = XAb. The automorphism φA extends entry-wise to AK → AK .

For each A ∈ GL(n,Z), denote by A−⊤ the inverse of its transpose. Then (A−⊤v)⊤ · (Ab) =

v⊤b for all v ∈ (Rn)∗ , b ∈ Zn. Hence, for any f ∈ A we have inA−⊤v(φA(f)) = φA(inv(f)), and

for any f ∈ AK we have Mv(I,f) = MA−⊤v(I, φA(f)). Furthermore, if we replace the vectors

a1, . . . , aK ∈ Zn by the vectors Aa1, . . . , AaK ∈ Zn, then the set Ov becomes OA−⊤v. It is easy

to verify that if g1, . . . , gm is a super Gröbner basis for M, then φA(g1), . . . , φA(gm) is a super

Gröbner basis for φA(M) := {φA(f) | f ∈ M}.

Let v ∈ (Rn)∗ and let A ∈ GL(n,Z) be such that A−⊤v = (0, . . . , 0, vd+1, . . . , vn)
⊤ where

vd+1, . . . , vn are Q-linearly independent. Then as in the previous section we define the module

ind
A−⊤v,α

(φA(M)) to be the module generated by ind
A−⊤v,α

(φA(g1)), . . . , in
d
A−⊤v,α

(φA(gm)).

157



The above observation shows the following. Fix v ∈ (Rn)∗ in (LocInfShift) of Theorem 4.4.8.

Given any change of coordinates A ∈ GL(n,Z), we can simultaneously multiply A−⊤ to v and

multiply A to all a1, . . . , aK , while applying φA to the super Gröbner basis g1, . . . , gm of M.

Then the original properties (LocInfShift)(a)(b) are satisfied by f if and only if they are satisfied

by φA(f) after the change of coordinates. We will use this observation to reduce the general

case for v to the special case considered in the previous subsection.

Fact 4.7.10. For every vector v ∈ (Rn)∗, there exists a matrix A ∈ GL(n,Z) such that A−⊤v =

(0, . . . , 0, vd+1, . . . , vn)
⊤ with vd+1, . . . , vn being Q-linearly independent.

Proof. It suffices to show the following. If v ∈ (Rn)∗ is of the form (0, . . . , 0, vd, . . . , vn)
⊤,

1 ≤ d ≤ n where vd, . . . , vn are Q-linearly dependent, then we can find a matrix Ad ∈ GL(n,Z)

such that Adv = (0, . . . , 0, v′d+1, . . . , v
′
n)

⊤. Indeed, if this is true, then we can find a series of

matrices Ar, . . . , Ar+s such that Ar+s · · ·Ar+1Arv is of the form (0, . . . , 0, v′r+s+1, . . . , v
′
n)

⊤ with

v′r+s+1, . . . , v
′
n being Q-linearly independent. We would then let A := (Ar+s · · ·Ar+1Ar)

−⊤.

Suppose now that v = (0, . . . , 0, vd, . . . , vn)
⊤, 1 ≤ d ≤ n where vd, . . . , vn are Q-linearly

dependent. Let zd, . . . , zn ∈ Q, not all zero, be such that zdvd + · · · + znvn = 0. Multiplying

them by a common denominator we can suppose zd, . . . , zn ∈ Z. Using Gaussian pivoting, we

can find a matrix Ãd ∈ GL(n− d+1,Z) such that (zd, . . . , zn)Ãd = (z, 0, . . . , 0) for some z ∈ Z∗.

Then we have

0 = (zd, . . . , zn) · (vd, . . . , vn)⊤ = (zd, . . . , zn)Ãd · Ãd
−1

(vd, . . . , vn)
⊤

= (z, 0, . . . , 0) · Ãd
−1

(vd, . . . , vn)
⊤.

Therefore Ãd
−1

(vd, . . . , vn)
⊤ is of the form (0, v′d+1, . . . , v

′
n)

⊤. We then letAd := diag(Id−1, Ãd
−1

).

That is, Ad is the block diagonal matrix consisting of the block Id−1 of (d−1)-dimensional identity

matrix and the block Ãd
−1

of (n−d+1)-dimensional matrix. ThenAdv = (0, . . . , 0, v′d+1, . . . , v
′
n)

⊤.

Proposition 4.7.11. Condition (LocInfShift) of Proposition 4.7.4 is equivalent to the following:

2. (LocInfD): For every v ∈ (Rn)∗ , A ∈ GL(n,Z), such that A−⊤v = (0, . . . , 0, vd+1, . . . , vn)
⊤,

0 ≤ d ≤ n−1 where vd+1, . . . , vn are Q-linearly independent, there exist α ∈
(∑n

k=d+1 Zvk
)K

and fd ∈ ind
A−⊤v,α

(φA(M)) satisfying the following properties:

(a) fd ∈
(
A+
d

)K
.

158



(b1) Denote I ′ := {i ∈ I | αi = mini′∈I αi′}, J ′ := Ov ∪ J , we have

J ′ ∩ I ′ ̸= ∅. (4.38)

(b2) Denote by πd := Zn → Zd the projection onto the first d coordinates. For u ∈
(
Rd
)∗
,

define O′
u := {i ∈ {1, . . . ,K} | πd(Aai) ̸⊥ u}, we have

(
O′

u ∪ J ′) ∩Mu(I
′,fd) ̸= ∅ for every u ∈

(
Rd
)∗
. (4.39)

Same as in Lemma 4.7.9, the Property (4.39) is considered trivially true when d = 0.

Proof. Fix a vector v = (v1, . . . , vn)
⊤ ∈ (Rn)∗ in Condition (LocInfShift). Take any matrix

A ∈ GL(n,Z) such that A−⊤v = (0, . . . , 0, v′d+1, . . . , v
′
n)

⊤ where v′d+1, . . . , v
′
n are Q-linearly

independent. Note that
∑n

k=1 Zvk =
∑n

k=d+1 Zv′k because A ∈ GL(n,Z). Therefore, we

can apply Lemma 4.7.9 to the super Gröbner basis φA(g1), . . . , φA(gm), the vector A−⊤v =

(0, . . . , 0, v′d+1, . . . , v
′
n)

⊤ as well as the vectors Aa1, . . . , AaK ∈ Zn. Lemma 4.7.9 shows that

there exist α ∈
(∑n

k=d+1 Zv′k
)K

and fd ∈ ind
A−⊤v,α

(φA(M)) satisfying (LocInfD)(a)(b1)(b2) if

and only if there exists α ∈ (
∑n

k=1 Zvk)
K and f ∈ M satisfying (LocInfShift)(a)(b).

4.7.5 Local condition at infinity: computing cells (LocInfCell)

In this subsection we further reduce the Condition (LocInfD) to a Condition (LocInfCell)

which consists of verifying a finite number of v ∈ (Rn)∗ for each coordinate-change matrix

A ∈ GL(n,Z).

Let v ∈ (Rn)∗ ,α ∈ RK . Denote by e1, . . . , eK the canonical basis of the A-module AK . We

introduce the new variables T1, . . . , TK and define an A-module homomorphism

ϕ : AK → R[X±
1 , . . . , X

±
n , T

±
1 , . . . , T

±
K ], Xuei 7→ XuTi.

We have ϕ(inv,α(f)) = in(v,α)(ϕ(f)) for every f ∈ AK .

As in the previous subsections, let g1, . . . , gm be a super Gröbner basis of M. For each i

since ϕ(gi) is a polynomial in R[X±
1 , . . . , X

±
n , T

±
1 , . . . , T

±
K ], there exists a partition of (Rn)∗ ×

RK such that for any two directions w,w′ in the same partition element the initial parts

inw (ϕ(gi)) , inw′ (ϕ(gi)) are the same. Let LM be the common refinement of the partitions

associated to the polynomials ϕ(g1), . . . , ϕ(gm).

From now on we use the term “cell” to call an element of a given partition. Fix I ⊆

{1, . . . ,K}. There exists a partition LI of RK such that for any two vectors (α1, . . . , αK),
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(α′
1, . . . , α

′
K) in the same cell, we have αi > αj ⇐⇒ α′

i > α′
j and αi < αj ⇐⇒ α′

i < α′
j for

all i, j ∈ I. Define the partition L′
I := (Rn)∗ × LI of (Rn)∗ × RK where each cell is of the form

(Rn)∗ × P, P ∈ LI .

There exists a partition LO of (Rn)∗ such that any two vectors v, v′ in the same cell satisfy

v ⊥ ai ⇐⇒ v′ ⊥ ai for all i ∈ {1, . . . ,K}. Similar to the definition of L′
I , we define the partition

L′
O := LO × RK of (Rn)∗ × RK .

For any two partition A,B of the same set S, define A ∨ B to be the partition of S whose

elements are of the form A ∩B,A ∈ A, B ∈ B. Consider the partition L of (Rn)∗ × RK defined

by

L := LM ∨ L′
I ∨ L′

O.

We point out that from the definition of the partitions LM,L′
I ,L′

O, the cells of L are invariant

under scaling by a positive real, meaning x ∈ Q ⇐⇒ r · x ∈ Q for all cells Q ∈ L and r ∈ R>0.

By subdividing L we can suppose that each cell is a convex polyhedron invariant by R>0-scaling.

Let π : (Rn)∗×RK → (Rn)∗ , (v,α) 7→ v be the canonical projection. For each Q ∈ L, define

the two-element partition {π(Q), (Rn)∗ \π(Q)} of (Rn)∗. Define the following partition of (Rn)∗:

P :=
∨
Q∈L

{π(Q), (Rn)∗ \ π(Q)}.

By this definition, take any P ∈ P and Q ∈ L with π−1(P ) ∩ Q ̸= ∅, then for v, v′ ∈ P , there

exists α ∈ RK with (v,α) ∈ Q if and only if there exists α′ ∈ RK with (v′,α′) ∈ Q. See

Figure 4.29 for an illustration.

cells in

cells in

Figure 4.29: Example of the partitions L and P.

It is important to note that the partitions LM,LI ,LO are all defined using equalities and
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inequalities with rational coefficients. Also, each inequality is strict, so every cell Q ∈ L and

P ∈ P is relatively open (a polyhedron is called relative open if it is open in the smallest linear

space containing it). In other words, each cell is defined by a combination of equalities and strict

inequalities. We also point out that, like the cells of L, the cell of P are invariant under scaling

by a positive real, meaning x ∈ P ⇐⇒ r · x ∈ P for all cells P ∈ P and r ∈ R>0.

For any coordinate change A ∈ GL(n,Z), we similarly define the partitions A−⊤L and A−⊤P

based on the super Gröbner basis φA(g1), . . . , φA(gm) and the vectors Aa1, . . . , AaK . In partic-

ular, each cell of A−⊤L is of the form diag(A−⊤, IK) ·Q,Q ∈ L, and each cell of A−⊤P is of the

form A−⊤ · P, P ∈ P. By the definition of L and A−⊤L, we immediately obtain the following.

Lemma 4.7.12. Fix a change of coordinates A ∈ GL(n,Z), two sets I, J ⊆ {1, . . . ,K}, and

a cell Q ∈ A−⊤L. Then the sets I ′, J ′ defined in (LocInfD)(b1) are effectively computable and

do not depend on v,α as long as (A−⊤v,α) ∈ Q. In particular, the Property (LocInfD)(b1) is

either always true or always false for v,α, (A−⊤v,α) ∈ Q.

Proof. By the definition of the partition LI , the set I ′ = {i ∈ I | αi = mini′∈I αi′} in Property

(LocInfD)(b1) only depends on which cell of LI contains α. Hence I ′ only depends on the cell

of A−⊤L containing (A−⊤v,α). Similarly, by the definition of the partition LO, the set Ov

only depends on which cell of LO contains v. Hence J ′ = Ov ∪ J only depends on the cell of

A−⊤L containing (A−⊤v,α). The sets I ′, J ′ can be computed by taking an arbitrary element

(v,α) ∈ Q with rational entries. Therefore, the truth of Property (LocInfD)(b1) only depends

on the cell of A−⊤L containing (A−⊤v,α).

Let Q ∈ L. For (v,α), (v′,α′) ∈ Q, we have

inv,α(gj) = inv′,α′(gj)

for all j = 1, . . . ,m. Thus, if v = (0, . . . , 0, vd+1, . . . , vn)
⊤ is such that vd+1, . . . , vn are Q-linearly

independent, then indv,α(M) depends only on the cell Q ∈ L containing (v,α). Hence, we can

denote

indQ(gj) := indv,α(gj), j = 1, . . . ,m, indQ(M) := indv,α(M), where (v,α) ∈ Q.

If A−⊤v = (0, . . . , 0, vd+1, . . . , vn)
⊤ is such that vd+1, . . . , vn are Q-linearly independent,

then ind
A−⊤v,α

(φA(M)) depends only on the cell Q ∈ A−⊤L containing (A−⊤v,α). Similarly,
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for j = 1, . . . ,m, we can denote

indQ(φA(gj)) := indA−⊤v,α(φA(gj)), in
d
Q(φA(M)) := indA−⊤v,α(φA(M)), where (A−⊤v,α) ∈ Q.

The inputs in Theorem 4.4.10 are generators for modules M over A = R[X±
1 , . . . , X

±
n ],

vectors a1, . . . , aK in Zn and two sets I, J . Our strategy is to use induction on n to prove

Theorem 4.4.10. The base case n = 0 reduces to linear programming. Indeed, when n = 0,

A = R,A+ = R>0, the Property (4.14) is trivially true; and the problem becomes the following:

given an R-submodule M of RK , decide whether M contains an element of RK
>0. Since the given

generators of M all have integer coefficients, this is decidable using linear programming.

The following lemma shows that a decision procedure for Theorem 4.4.10 with smaller n can

help us decide for a given cell Q ∈ L if the module indQ(φA(M)) contains an fd satisfying the

Properties (LocInfD)(a) and (b2).

Lemma 4.7.13. Fix a change of coordinates A ∈ GL(n,Z), two sets I, J ⊆ {1, . . . ,K}, and a

number 0 ≤ d ≤ n − 1. Suppose Theorem 4.4.10 is true for all n0, 0 ≤ n0 ≤ n − 1. Fix a cell

Q ∈ A−⊤L, let I ′, J ′ be the pair of sets defined in (LocInfD)(b1). We can decide whether the

module indQ(φA(M)) contains an element fd satisfying the Properties (LocInfD)(a) and (b2).

Proof. Suppose Theorem 4.4.10 is true for all 0 ≤ n0 ≤ n−1. In particular it is true for d ≤ n−1.

Fix a cell Q ∈ A−⊤L. In (LocInfD), the Ad-submodule ind
A−⊤v,α

(φA(M)) = indQ(φA(M)) of AK
d

is generated by the elements indQ(φA(gj)), j = 1, . . . ,m.

We then apply Theorem 4.4.10 the following way: replace n by d; replace the elements

g1, . . . , gm ∈ AK by the elements indQ(φA(g1)), . . . , in
d
Q(φA(gm)) ∈ AK

d ; replace the vectors

a1, . . . , aK ∈ Zn by the vectors πd(Aa1), . . . , πd(AaK) ∈ Zd; and replace the sets I, J by the sets

I ′, J ′. Then Theorem 4.4.10 shows we can decide whether indQ(φA(M)) contains an element fd

satisfying fd ∈
(
A+
d

)K
and

(
O′

u ∪ J ′) ∩Mu(I
′,fd) ̸= ∅, for every u ∈

(
Rd
)∗
.

These are exactly the Properties (LocInfD)(a) and (b2).

Denote by Op(A, d) the union of all cells Q ∈ A−⊤L such that the Property (LocInfD)(b1) is

true for (A−⊤v,α) ∈ Q, and such that indQ(φA(M)) contains an element fd satisfying the Prop-

erties (LocInfD)(a)(b2). By Lemma 4.7.12 and 4.7.13, the set Op(A, d) is effectively computable

as a finite union of polyhedra defined over rational coefficients (supposing Theorem 4.4.10 is

true for all 0 ≤ n0 ≤ n− 1). See Figure 4.30 for an illustration of Op(A, d).
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Proposition 4.7.14. Condition (LocInfD) of Proposition 4.7.11 is equivalent to the following:

2. (LocInfCell): For every A ∈ GL(n,Z) and every number 0 ≤ d ≤ n− 1, the following is

true:

(a) For every v = (0, . . . , 0, vd+1, . . . , vn)
⊤ ∈ {0}d × (Rn−d)∗ with vd+1, . . . , vn being Q-

linearly independent, there exists α ∈
(∑n

k=d+1 Zvk
)K

with (v,α) ∈ Op(A, d).

Proof. This follows directly from the definition of Op(A, d).

cells in

other cells in

cells in

Figure 4.30: Example of Op(A, d).

Figure 4.31: Illustration of Lemma 4.7.15

Lemma 4.7.15. Given A ∈ GL(n,Z), d ∈ N and given Op(A, d) as a finite union of polyhedra

defined over rational coefficients, it is decidable whether the statement (LocInfCell)(a) is true.
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Proof. Replace each cell Q in A−⊤L with its intersection with {0}d× (Rn−d)∗×RK ; and replace

each cell P ∈ A−⊤P with its intersection with {0}d × (Rn−d)∗. We can suppose A−⊤P is a

partition of (Rn−d)∗, A−⊤L is a partition of (Rn−d)∗×RK , Op(A, d) ⊆ (Rn−d)∗×RK is a union

of cells in A−⊤L, and that v ∈
(
Rn−d

)∗
. We separate two cases.

(1) When d = n − 1. In this case, since the partitions are invariant under scaling, we can

suppose vn ∈ {1,−1}. Then for each case vn = 1 and vn = −1, decide whether there exists

α ∈ (Zvn)K = ZK with (v,α) ∈ Op(A, d). Since Op(A, d) is a finite union of polyhedra

defined using rational coefficients, this is decidable using integer programming.

(2) When d ≤ n − 2. See Figure 4.31 for an illustration in this case. Whenever v =

(vd+1, . . . , vn)
⊤ with vd+1, . . . , vn being Q-linearly independent, v must fall in a cell P ∈

A−⊤P of full dimension (dimension n − d). For each cell P ∈ A−⊤P of dimension n − d,

consider all cells Q ⊆ Op(A, d) such that π(Q) ∩ P ̸= ∅. If there is no such cell Q then

statement (LocInfCell)(a) is false. Indeed, in this case, since P ∈ A−⊤P is of dimension

n− d, it contains an element v = (vd+1, . . . , vn)
⊤ with vd+1, . . . , vn being Q-linearly inde-

pendent. Then for this v, there does not exist any α ∈ RK such that (v,α) ∈ Op(A, d),

so statement (LocInfCell)(a) is false.

Suppose now that for every cell P ∈ P of dimension n− d there exist cells Q ⊆ Op(A, d)

such that π(Q) ∩ P ̸= ∅. Fix a cell P ∈ P, let Q1, . . . , Qℓ denote all cells in Op(A, d) such

that π(Q)∩P ̸= ∅. Define Q′
t := Qt ∩π−1(P ) for t = 1, . . . , ℓ. Each Q′

t is a relatively open

polyhedron.

Take an arbitrary Q′
t, it is defined by the following equations and inequalities:

(vd+1, . . . , vn)
⊤ ∈ P (4.40)

βj,1α1 + · · ·+ βj,KαK = γj,d+1vd+1 + · · ·+ γj,nvn, j = 1, . . . ,m0, (4.41)

δj,1α1 + · · ·+ δj,KαK < ϵj,d+1vd+1 + · · ·+ ϵj,nvn, j = 1, . . . ,m1. (4.42)

Where βj,i, γj,i, δj,i, ϵj,i are all rational numbers. Note that by the definition of P , for

v, v′ ∈ P , there exists α ∈ RK with (v,α) ∈ Q if and only if there exists α′ ∈ RK with

(v′,α′) ∈ Q. Therefore π(Q′
t) = P and we can suppose that the left hand sides of (4.41)

and (4.42) do not vanish (so that no extra constraint on (vd+1, . . . , vn)
⊤ other than (4.40)

is imposed).

Using Gaussian pivoting and possibly exchanging the orders of αi, i = 1, . . . ,K, we can
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rewrite the above equations and inequalities into the “reduced echelon” form

(vd+1, . . . , vn)
⊤ ∈ P (4.43)

αi = βi,D+1αD+1 + · · ·+ βi,KαK + γi,d+1vd+1 + · · ·+ γi,nvn, i = 1, . . . , D, (4.44)

δj,D+1αD+1 + · · ·+ δj,KαK < ϵj,d+1vd+1 + · · ·+ ϵj,nvn, j = 1, . . . ,m1. (4.45)

In particular, the numberD ∈ N is such that Q′
t is a polyhedron of dimension n−d+K−D.

Let M ∈ N be a common denominator of all βi,j , γi,k, i = 1, . . . , D, j = D + 1, . . . ,K, k =

d + 1, . . . , n. We multiply both sides of the Equations (4.44) by M , and suppose Q′
t is

defined by

(vd+1, . . . , vn)
⊤ ∈ P (4.46)

Mαi = βi,D+1αD+1 + · · ·+ βi,KαK + γi,d+1vd+1 + · · ·+ γi,nvn, i = 1, . . . , D, (4.47)

δj,D+1αD+1 + · · ·+ δj,KαK < ϵj,d+1vd+1 + · · ·+ ϵj,nvn, j = 1, . . . ,m1, (4.48)

where βi,j , γi,k, i = 1, . . . , D, j = D + 1, . . . ,K, k = d+ 1, . . . , n, are integers.

Fix any v = (vd+1, . . . , vn)
⊤ ∈ P with vd+1, . . . , vn being Q-linearly independent. We

claim the following. There exists α ∈
(∑n

k=d+1 Zvk
)K

such that (v,α) ∈ Q′
t, if and only

if the following system of (n − d)D equations has integer solutions zi,k, i = 1, . . . , D,D +

1, . . . ,K, k = d+ 1, . . . , n.

Mzi,d+1 = βi,D+1zD+1,d+1 + · · ·+ βi,KzK,d+1 + γi,d+1, i = 1, . . . , D,

Mzi,d+2 = βi,D+1zD+1,d+2 + · · ·+ βi,KzK,d+2 + γi,d+2, i = 1, . . . , D,

...

Mzi,n = βi,D+1zD+1,n + · · ·+ βi,KzK,n + γi,n, i = 1, . . . , D. (4.49)

We now prove this claim. For the “only if” implication, suppose there exists an α ∈(∑n
k=d+1 Zvk

)K
such that (v,α) ∈ Q′

t. For each i ∈ {1, . . . ,K}, write αi =
∑n

k=d+1 zi,kvk,

then the Equations (4.47) become

M

n∑
k=d+1

zi,kvk = βi,D+1

n∑
k=d+1

zD+1,kvk+· · ·+βi,K
n∑

k=d+1

zK,kvk+γi,d+1vd+1+· · ·+γi,nvn,

i = 1, . . . , D. (4.50)

Since vd+1, . . . , vn are Q-linearly independent, Equations (4.50) hold if and only if for all
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k = d+ 1, . . . , n, the coefficients of vk on both sides are equal. That is,

Mzi,k = βi,D+1zD+1,k + · · ·+ βi,Kzi,k + γi,k, i = 1, . . . , D, k = d+ 1, . . . , n.

This is exactly the system (4.49).

For the “if” implication, suppose the system of equations (4.49) has integer solutions

zi,k, i = 1, . . . , D,D + 1, . . . ,K, k = d+ 1, . . . , n.

For each tuple of integers ci,k, i = D + 1, . . . ,K, k = d+ 1, . . . , n, we can construct a new

solution of the system (4.49) by letting z′i,k := zi,k+Mci,k, i = D+1, . . . ,K, k = d+1, . . . , n,

and

z′i,d+1 := zi,d+1 + βi,D+1cD+1,d+1 + · · ·+ βi,KcK,d+1, i = 1, . . . , D,

z′i,d+2 = zi,d+2 + βi,D+1cD+1,d+2 + · · ·+ βi,KcK,d+2, i = 1, . . . , D,

...

z′i,n = zi,n + βi,D+1cD+1,n + · · ·+ βi,KcK,n, i = 1, . . . , D. (4.51)

Since z′i,k, i = 1, . . . , D,D + 1, . . . ,K, k = d + 1, . . . , n, is a solution for (4.49), it is easy

to verify that αi :=
∑n

k=d+1 z
′
i,kvk, i = 1, . . . ,K constitute a solution for (4.47). We now

show that for every tuple (vd+1, . . . , vn)
⊤ ∈ P , we can actually find integers ci,k, i =

D + 1, . . . ,K, k = d + 1, . . . , n such that αi :=
∑n

k=d+1(zi,k +Mci,k)vk, i = D + 1, . . . , n,

satisfy also (4.48).

Since Q′
t is relatively open and non-empty, the set π−1((vd+1, . . . , vn)

⊤) ∩Q′
t is also non-

empty. Therefore, the solution set A for (αD+1, . . . , αK) ∈ RK−D of the inequalities (4.48)

is non-empty. This solution set A is an open subset of RK−D since it is define by strict

inequalities. Since vd+1, . . . , vn are Q-linearly independent, the set

{
αi :=

n∑
k=d+1

(zi,k +Mci,k)vk

∣∣∣∣∣ ci,d+1, . . . , ci,n ∈ Z

}

is dense in R for every i ∈ {D+1, . . . ,K}. Thus we can find cD+1,d+1, . . . , cD+1,n ∈ Z such

that αD+1 :=
∑n

k=d+1(zD+1,k +McD+1,k)vk satisfies (αD+1, xD+2, . . . , xn) ∈ A for some

xD+2, . . . , xn ∈ R. Similarly, by the openness of A, we can then find cD+2,d+1, . . . , cD+2,n ∈

Z such that αD+2 :=
∑n

k=d+1(zD+2,k +McD+2,k)vi satisfies (αD+1, αD+2, xD+3, . . . , xn) ∈

A for some xD+3, . . . , xn ∈ R. Continue this way and we will find integers ci,k, i =

D + 1, . . . ,K, k = d + 1, . . . , n such that (αD+1, . . . , αn) ∈ A. This tuple (αD+1, . . . , αn)

satisfies (4.48). Since αi =
∑n

k=d+1 z
′
i,kvk, i = 1, . . . ,K, is a solution for (4.47) regardless
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of the choice of ci,k, both (4.47) and (4.48) are now satisfied. We have proved the “if”

implication.

Note that whether the system (4.49) has integer solutions depend only on the coefficients

βi,k, γi,k, i = 1, . . . , D, j = D+1, . . . ,K, k = d+1, . . . , n. These coefficients are determined

by the polyhedron Q′
t, but not on the choice of v. For each Q′

t, t = 1, . . . , ℓ, we can

decide whether its system (4.49) has integer solutions (by integer programming, or more

efficiently, by considering solutions moduloM). If for some t ∈ {1, . . . , ℓ}, its system (4.49)

has integer solutions, then the above claim shows that for all v = (vd+1, . . . , vn)
⊤ ∈ P with

vd+1, . . . , vn being Q-linearly independent, there exists α ∈
(∑n

k=d+1 Zvk
)K

such that

(v,α) ∈ Q′
t. Otherwise, if for all t ∈ {1, . . . , ℓ}, its system (4.49) has no integer solutions,

then for any v = (vd+1, . . . , vn)
⊤ ∈ P with vd+1, . . . , vn being Q-linearly independent, there

does not exist α ∈
(∑n

k=d+1 Zvk
)K

such that (v,α) ∈ Q′
t.

To summarize, in order to decide whether the statement (LocInfCell)(a) is true, it suffices

to enumerate all cells P ∈ A−⊤P of dimension n − d. For a cell P , if there is no cell

Q ⊆ Op(A, d) such that π(Q)∩P ̸= ∅. then statement (LocInfCell)(a) is false. Otherwise,

for each Q′
1, . . . , Q

′
ℓ, check whether system (4.49) has integer solutions; in case an integer

solution exists for some Q′
t, we call the cell P “operational”. If every cell P ∈ P of

dimension n−d is operational, then statement (LocInfCell)(a) is true, otherwise it is false.

4.7.6 Proving Theorem 4.4.10: induction and a double procedure

In this subsection we give the full proof of Theorem 4.4.10. The overall strategy is to use

induction on n, while deciding the Conditions (LocR) and (LocInf) from the local-global principle

(Theorem 4.4.8).

Theorem 4.4.10. Fix n ∈ N. Suppose we are given as input a set of elements g1, . . . , gm ∈

AK with integer coefficients, as well as the vectors a1, . . . , aK ∈ Zn and two subsets I, J of

{1, . . . ,K}. Denote by M be the A-submodule of AK generated by g1, . . . , gm. It is decidable

whether there exists f ∈ M satisfying f ∈ (A+)
K

and

(Ov ∪ J) ∩Mv(I,f) ̸= ∅ for every v ∈ (Rn)∗ . (4.14)

Here, if n = 0 then A is understood as R, and Property (4.14) is considered trivially true.

Proof. We use induction on n. As remarked in Subsection 4.7.5, the base case n = 0 degenerates

into linear programming (given an R-submodule M of RK , decide whether M contains an
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element of RK
>0). Suppose we have a decision procedure for all n0 < n, we now construct a

procedure for n.

By the local-global principle (Theorem 4.4.8), it suffices to decide whether the two conditions

(LocR) and (LocInf) are both satisfied. First we check if (LocR) is true using Proposition 4.7.2.

If (LocR) is false then we return False and conclude there is no f ∈ M∩(A+)
K

satisfying (4.14).

If (LocR) is true then we proceed.

We now run the two following procedures in parallel :

1. Procedure A: We enumerate all elements of the Z[X±
1 , . . . , X

±
n ]-module:

MZ :=


m∑
j=1

hj · gj

∣∣∣∣∣∣ h1, . . . , hm ∈ Z[X±
1 , . . . , X

±
n ]

 .

For each element f ∈ MZ, check if f is in (A+)
K

and if it satisfies Property (4.14). This

can be done in the following way: since the entries of f contain finitely many monomials,

it suffices to check Property (4.14) for a finite number of v. Indeed, since each of f1, . . . , fK

has only finitely many monomials, there exists a partition Lf of (Rn)∗ such that for each

cell L ∈ Lf , all directions v ∈ L yield the same set Mv(I,f). Recall the partition LO of

(Rn)∗ defined in Subsection 4.7.5. For each cell L ∈ LO, all directions v ∈ L yield the

same set Ov. Therefore, it suffices to check Property (4.14) for one vector v in each cell of

the partition Lf ∨ LO. This can be done in finite time for any given f . If some element

f ∈ MZ is in (A+)
K

and satisfies Property (4.14), we stop the procedure and return True.

2. Procedure B: We enumerate all A ∈ GL(n,Z) and d ∈ {0, 1, . . . , n − 1}. For each A

and d, compute Op(A, d) using Lemma 4.7.13 and the induction hypothesis on n. Using

Lemma 4.7.15, we check if the statement (LocInfCell)(a) from Proposition 4.7.14 is false.

If for some A, d, the statement (LocInfCell)(a) is false, then we stop the procedure and

return False.

We claim that one of the two above procedures must stop.

Indeed, if M contains an element of (A+)
K

satisfying Property (4.14), then there exists an

element f ∈ MZ ∩ (A+)
K

satisfying Property (4.14) (see Lemma 4.4.7). In this case, Procedure

A terminates by finding an element f of MZ ∩ (A+)
K

that satisfies Property (4.14).

IfM does not contain an element of (A+)
K
satisfying Property (4.14), then by Theorem 4.4.8,

Condition (LocInf) must be false (since we have already checked (LocR) to be true). By the

chain of Propositions 4.7.4, 4.7.11 and 4.7.14, the statement (LocInfCell)(a) must be false for
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some A ∈ GL(n,Z) and d ∈ {0, 1, . . . , n − 1}. In this case, Procedure B terminates by finding

A ∈ GL(n,Z) and d ∈ {0, 1, . . . , n− 1} where the statement (LocInfCell)(a) is false.

Therefore, by running Procedure A and Procedure B in parallel, we obtain an algorithm that

always terminates for n.
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Chapter 5

The special affine group SA(2,Z)

5.1 Introduction and main result

Many semigroup algorithmic problems were first considered in the context of matrix semigroups.

Indeed, the first undecidability result given by Markov [72] showed undecidability of Semigroup

Membership for integer matrices of dimension six. Most group and semigroup algorithmic prob-

lems remain undecidable even for matrix groups of smaller dimensions. Mikhailova [74] famously

showed undecidability of Group Membership (and hence also Semigroup Membership) in the spe-

cial linear group SL(4,Z). Later, Bell and Potapov [16] showed undecidability of the Identity

Problem and the Group Problem in SL(4,Z). Both undecidability results stem from the fact

that SL(4,Z) contains as a subgroup a direct product of two free groups over two generators.

In SL(2,Z), Semigroup Membership, the Identity Problem and the Group Problem were shown

to be NP-complete by Bell, Hirvensalo and Potapov [14, 15], while Group Membership was

shown to be in PTIME by Lohrey [66]. All these complexity results suppose the elements of

SL(2,Z) to be represented by matrices with binary encoded entries. It remains an intricate open

problem whether any of these four algorithmic problems is decidable in SL(3,Z). Nevertheless,

Ko, Niskanen and Potapov [58] recently showed that the direct product {a, b}∗ × {a, b}∗ of two

free monoids over two generators cannot be embedded into the group SL(3,Z). This excluded

the possibility of directly embedding the Post Correspondence Problem (Theorem 4.1.1), and

suggested that Semigroup Membership in SL(3,Z) might be decidable.

Since most algorithmic problems have been solved for SL(2,Z), but seem currently out of

reach for SL(3,Z), this chapter will focus on an intermediate group between SL(2,Z) and SL(3,Z):

the special affine group SA(2,Z). Recall that elements of SA(2,Z) are 3× 3 integer matrices of
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the following form.

SA(2,Z) :=
{(

A a
0 1

) ∣∣∣∣ A ∈ SL(2,Z),a ∈ Z2

}
⊊ SL(3,Z).

To be precise, elements of SA(2,Z) are represented using matrices with binary encoded entries.

We denote by (A,a) the element

(
A a
0 1

)
, then the neutral element of SA(2,Z) is (I,0); the

group law in SA(2,Z) is given by

(A,a) · (B, b) = (AB,Ab+ a).

Naturally, SA(2,Z) has a subgroup {(A,0) | A ∈ SL(2,Z)} ∼= SL(2,Z).

Special affine groups are important in the context of many fundamental problems, such

as Lie groups [98], polyhedral geometry [75], dynamical systems [24], quadrics [93], computer

vision [39, 63] and gauge theory [2]. Apart from the intrinsic interest to study SA(2,Z), we also

point out that the Special affine group has tight connections to various reachability problems.

Some of the central questions in automated verification include reachability problems in Affine

Vector Addition Systems and Affine Vector Addition Systems with states (Affine VASS) over

the integers [85]. While both problems as well as many of their variations have been shown to be

decidable in dimension one and undecidable for dimension three [38, 59], few results are known

for dimension two. Since the study of these reachability problems in dimension two necessitates

the study of sub-semigroups of SA(2,Z), the techniques introduced in this chapter might provide

insights into these open problems.

Currently, among the decision problems introduced in Section 2.2.2, the only known result

in SA(2,Z) is the decidability of Group Membership. This can be deduced from the recent

work of Delgado [32], who showed decidability of Group Membership in the semidirect product

Zm ⋊ F , where F is a free group. Delgado’s result relies on generalizing the techniques of

Stallings foldings [52], and can therefore be extended to the case where F is virtually free. This

can then be applied to the group SA(2,Z) = Z2 ⋊ SL(2,Z), since SL(2,Z) is virtually free. In

this chapter, we step further by considering the Identity Problem and the Group Problem in

SA(2,Z).

Main result

Our main result is decidability and NP-completeness of the Identity Problem and the Group

Problem in SA(2,Z). This extends the NP-completeness result of Bell et al. [14] for the Identity

Problem and the Group Problem in SL(2,Z).
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Theorem 5.1.1. The Group Problem and the Identity Problem in SA(2,Z) are NP-complete.

The NP-hard lower bounds in SA(2,Z) directly follows from its embedding of the subgroup

SL(2,Z). Therefore our main contribution is the decidability and the NP upper bounds.

Beyond the Identity Problem and the Group Problem, we will also discuss some obstacles to

generalizing our results to Semigroup Membership in SA(2,Z). Our results actually show that

Semigroup Membership in SA(2,Z) is decidable in many cases under additional constraints. We

identify one of the remaining difficult cases, namely when the semigroup ⟨G⟩ is isomorphic to a

sub-semigroup of the semidirect product Z[λ] ⋊λ Z, where λ is a quadratic integer. Semigroup

Membership in Z[λ]⋊λZ remains an open problem. However, the group Z[λ]⋊λZ bears certain

similarities to the Baumslag-Solitar group BS(1, q) := Z[1q ]⋊qZ; and a recent result by Cadilhac,

Chistikov and Zetzsche [25] showed decidability of the rational subset membership problem1 in

BS(1, q) by considering rational languages of base-q expansions. Despite some visible difficulties,

it would be interesting in the future to adapt this approach to study Semigroup Membership

in Z[λ]⋊λ Z, namely by considering rational languages of base-λ expansions [20], where λ is an

algebraic integer.

Organization of the chapter

The organization of this chapter is as follows. Section 5.2 contains the preliminaries in linear

algebra, group theory, as well as a classification of elements in SL(2,Z). Section 5.3 gives an

overview of the decision procedure for the Group Problem (and hence the Identity Problem)

in SA(2,Z). This procedure relies on an effective dichotomy on the structure of subgroups of

SL(2,Z) (the Tits alternative, Theorem 5.3.2). We then solve the Group Problem in the two

cases of the dichotomy. Section 5.4 deals with the case when the projection of ⟨G⟩grp on SL(2,Z)

contains a non-abelian free subgroup. Section 5.5 deals with the case when the projection of

⟨G⟩grp on SL(2,Z) is virtually solvable. Finally, in Section 5.6 we discuss possible extensions of

our result and obstacles to solving Semigroup Membership in SA(2,Z).

5.2 Preliminaries

Full-image words

Let G be an arbitrary group and G = {g1, . . . , gK} be a set of elements in G. Recall from

Lemma 2.2.1 that the semigroup ⟨G⟩ is a group if and only if the neutral element I of G is

represented by a full-image word w ∈ G∗. The following lemma slightly extends this result.

1The rational subset membership problem subsumes Semigroup Membership.
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Lemma 5.2.1. Let G = {g1, . . . , gK} be a set of elements in a group G. Suppose the semigroup

⟨G⟩ is a group, then every element g ∈ ⟨G⟩ is represented by a full-image word over G.

Proof. If ⟨G⟩ is a group, then by Lemma 2.2.1, the neutral element I is represented by some

full-image word wI ∈ G∗. Then for any element g ∈ ⟨G⟩, represented by some word wg ∈ G∗, the

word w := wgwI is a full-image word representing g.

Let G = {(A1,a1), . . . , (AK ,aK)} be a set of elements in SA(2,Z). Suppose that an element

A ∈ ⟨A1, . . . , AK⟩ in SL(2,Z) is represented by a full-image word w in the alphabet {A1, . . . , AK}.

Then replacing each letter Ai in w by (Ai,ai), we obtain a product (A,a) ∈ SA(2,Z) for some

a ∈ Z2, represented by a full-image word over G.

Linear algebra

For an arbitrary matrix A ∈ SL(2,Z), an invariant subspace of A is a C-linear subspace V of C2

such that AV = V . If the eigenvalues of A are reals, then one can suppose that the invariant

spaces of A are subspaces of R2. Denote by Lat(A) the set of dimension one invariant subspaces

of A. If A /∈ {I,−I}, then Lat(A) has one or two elements.

Two matrices A and B are called conjugates over a field K if P−1AP = B for some invertible

matrix P with entries in K. This is denoted as A
K∼ B. Two matrices A,B ∈ SL(2,Z) are

called simultaneously triangularizable if there exists a complex matrix P such that P−1AP and

P−1BP are both upper-triangular. It is easy to see that if Lat(A) ∩ Lat(B) ̸= ∅, then A and

B are simultaneously triangularizable. Indeed, let v be any non-zero vector in a subspace of

Lat(A) ∩ Lat(B), and let P = (v, w) be such that w is linearly independent from v. Then both

P−1AP and P−1BP are upper-triangular.

Group theory

Recall the definition of a solvable group (Definition 2.1.9). Every subgroup of a solvable group

is solvable [34, Proposition 13.91]. For any field K and a number n, denote by T(n,K) the

group of n×n invertible upper-triangular matrices with entries in K. Then T(n,K) is a solvable

group [12]. In particular, if two matrices A,B ∈ SL(2,Z) are simultaneously triangularizable,

then the group G they generate is isomorphic to a subgroup of T(2,C); thus G is solvable.

Recall the definition of a free group (Subsection 2.1.1). Like solvable groups, the class of free

groups is stable under taking subgroups:

Theorem 5.2.2 (Nielsen–Schreier [90, Chapter I, Theorem 5]). Every subgroup of a free group

is free.
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Given an arbitrary group G with neutral element I. Recall that an element T ∈ G is called

torsion if Tm = I for some m ≥ 1. A group is called torsion-free if it does not contain any

non-trivial torsion element (i.e. if its only torsion element is the neutral element). In particular,

a free group is torsion-free.

A group is called virtually solvable if it admits a finite index subgroup that is solvable.

Similarly, a group is called virtually free if it admits a finite index subgroup that is free. The

following is a classic result on the structure of SL(2,Z).

Theorem 5.2.3 ([80]). The group SL(2,Z) is virtually free. Moreover, it contains a finite index

free subgroup F ({S, T}) over two generators.

Based on this fact, Bell, Hirvensalo, and Potapov showed the following complexity result.

Theorem 5.2.4 (Bell, Hirvensalo, Potapov [14]). The Identity Problem and the Group Problem

in SL(2,Z) are NP-complete.

Classification of elements in SL(2,Z)

Let A =

(
a b
c d

)
be a matrix in SL(2,Z). The characteristic polynomial of A is f(X) =

X2 − (a+ d)X + (ad− bc) = X2 − (a+ d)X + 1. Consider the five following cases.

(i) a+ d = 0.

In this case, A
Q(i)∼

(
i 0
0 −i

)
, the eigenvalues of A are i and −i. We have A4 = I, so A is

a torsion element.

(ii) |a+ d| = 1.

In this case, A
Q(ω)∼

(
ω 0
0 ω−1

)
, where ω = 1+

√
3i

2 or −1+
√
3i

2 . In both cases, we have

A6 = I, so A is a torsion element.

(iii) a+ d = 2.

In this case, either A = I, or A
Q∼
(
1 1
0 1

)
. In the second situation, we call A a shear.

The only eigenvalue of A is 1. If A is a shear, then Lat(A) has exactly one element. See

Figure 5.2 for an illustration.

(iv) a+ d = −2.

In this case, either A = −I, or A Q∼
(
−1 1
0 −1

)
. In the second situation, we call A a

twisted inversion. In particular, if A is a twisted inversion, then (A+ I)2 = 0, and A2 is a

shear, and Lat(A) has exactly one element.
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(v) |a+ d| ≥ 3.

In this case, A
R∼
(
λ 0
0 λ−1

)
, where λ is the root of f(X) such that |λ| ≥ 1. Furthermore,

λ is real. In this case, we call A a scale. If λ > 0, we call A a positive scale; if λ < 0,

we call A an inverting scale. In both cases, Lat(A) has two elements, one element is the

invariant space corresponding to the eigenvalue λ, and is called the stretching direction;

the other element is the invariant space corresponding to the eigenvalue λ−1, and is called

the compressing direction. See Figure 5.1 for an illustration.

Figure 5.1: Illustration for a positive scale. Figure 5.2: Illustration for a shear.

5.3 Overview of decision procedures

In this section we give an overview of the decision procedure for the Group Problem (and hence

the Identity Problem) in SA(2,Z). We state two propositions (Propositions 5.3.3 and 5.3.4)

regarding the structure of sub-semigroups of SA(2,Z). Assuming these propositions, we prove

NP-completeness of the Identity Problem and the Group Problem in SA(2,Z). The proofs of

propositions 5.3.3 and 5.3.4 are delayed until Section 5.4 and 5.5.

We focus on solving the Group Problem, because by Lemma 2.2.4, decidability and an NP

upper bound of the Group Problem will imply decidability and an NP upper bound of the

Identity Problem. Fix a set

G := {(A1,a1), . . . , (AK ,aK)}

of elements in SA(2,Z). The following lemma shows that, if the semigroup H := ⟨A1, . . . , AK⟩

is not a group, then ⟨G⟩ is also not a group. Therefore, to decide whether ⟨G⟩ is a group, we can

focus on the case where H is a group.
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Lemma 5.3.1. Let G := {(A1,a1), . . . , (AK ,aK)} be a set of elements of SA(2,Z). If the

semigroup H := ⟨A1, . . . , AK⟩ is not a group, then the semigroup ⟨G⟩ is also not a group.

Proof. If ⟨G⟩ is a group, then (A−1
i ,−A−1

i ai) = (Ai,ai)
−1 ∈ ⟨G⟩ for all i. Therefore, A−1

i ∈

⟨A1, . . . , AK⟩ for all i. Thus ⟨A1, . . . , AK⟩ is a group.

Suppose now that H is a group. The key idea of solving the Group Problem is the following

dichotomy known as the Tits alternative.

Theorem 5.3.2 (Tits alternative [96, Theorem 1], effective version [12, Theorem 1.1]). Fix any

n ∈ N. Given a finitely generated subgroup H of SL(n,Z), exactly one of the following is true:

(i) H contains a non-abelian free subgroup.

(ii) H is virtually solvable.

Furthermore, given a set of group generators of H, it is decidable in PTIME which of the two

cases is true.

In case of H containing a non-abelian free subgroup, we will prove the following Proposi-

tion 5.3.3, which shows that the semigroup ⟨G⟩ must be a group.

Proposition 5.3.3. Let G = {(A1,a1), . . . , (AK ,aK)} be a set of elements of SA(2,Z), such that

the semigroup H := ⟨A1, . . . , AK⟩ is a group. Suppose H contains a non-abelian free subgroup,

then ⟨G⟩ is a group.

The proof of Proposition 5.3.3 is highly non-trivial and will be given in Section 5.4. The

proof is mainly geometric: it consists of analysing the action of SA(2,Z) on the lattice Z2.

In case of H being virtually solvable, we will prove the following Proposition 5.3.4 which

refines the Tits alternative. In particular, it shows that virtually solvable subgroups of SL(2,Z)

have relatively simple structure: it is either trivial, or it contains a non-trivial torsion element,

or it is infinite cyclic.

Proposition 5.3.4. Let G = {(A1,a1), . . . , (AK ,aK)} be a set of elements of SA(2,Z), such

that the semigroup H := ⟨A1, . . . , AK⟩ is a group. Suppose H is virtually solvable, then exactly

one of the following six conditions holds:

(i) H is the trivial group.

(ii) H contains a non-trivial torsion element.

(iii) H = ⟨A⟩grp, where A is a twisted inversion.

(iv) H = ⟨A⟩grp, where A is a shear.
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(v) H = ⟨A⟩grp, where A is an inverting scale.

(vi) H = ⟨A⟩grp, where A is a positive scale.

Furthermore, in cases (ii), (iii) and (v), the semigroup ⟨G⟩ is always a group. Overall, it is

decidable in PTIME whether ⟨G⟩ is a group.

Proposition 5.3.4 will be proved in Section 5.5. The proof will be mainly algebraic: it

consists of analysing the structure of sub-semigroups of a virtually solvable group. Lemma 5.3.1-

Proposition 5.3.4 yield the decidability of the Group Problem (and consequently, the Identity

Problem) in SA(2,Z). An overview of the procedure is given in Algorithm 5.1. The justification

of each step is given in parentheses with reference to the corresponding lemmas or propositions.

Theorem 5.1.1. The Group Problem and the Identity Problem in SA(2,Z) are NP-complete.

Proof. The NP-hard lower bounds come from the NP-completeness of both problems in the

subgroup SL(2,Z) ∼= {(A,0) | A ∈ SL(2,Z)} ≤ SA(2,Z) (see Theorem 5.2.4).

To show decidability and the NP upper bounds, we first solve the Group Problem. Let

G = {(A1,a1), . . . , (AK ,aK)} be a set in SA(2,Z). As a first step, we can check in NP whether

⟨A1, . . . , AK⟩ is a group (Theorem 5.2.4). If ⟨A1, . . . , AK⟩ is not a group, then ⟨G⟩ is not a group

by Lemma 5.3.1.

Suppose now that ⟨A1, . . . , AK⟩ is a group. As the second step, we check in PTIME whether

⟨A1, . . . , AK⟩ contains a non-abelian free subgroup using the Tits alternative (Theorem 5.3.2).

If ⟨A1, . . . , AK⟩ contains a non-abelian free subgroup, then the Group Problem has a positive

answer by Proposition 5.3.3. Otherwise, ⟨A1, . . . , AK⟩ is virtually solvable, and we can decide

the Group Problem in PTIME using Proposition 5.3.4. In total, the Group Problem for G can

be decided in NP.

By Lemma 2.2.4, the Identity Problem in SA(2,Z) can also be decided in NP.

5.4 Non-abelian free subgroup

In this section we prove Proposition 5.3.3:

Proposition 5.3.3. Let G = {(A1,a1), . . . , (AK ,aK)} be a set of elements of SA(2,Z), such that

the semigroup H := ⟨A1, . . . , AK⟩ is a group. Suppose H contains a non-abelian free subgroup,

then ⟨G⟩ is a group.

The proof depends on two lemmas concerning the effect of “pumping” a word (A,a)(B, b),

where (A,a) · (B, b) = (I,x) for some x ∈ Z2. Let A be a scale with Lat(A) = {V,W}. Since
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Algorithm 5.1 Deciding the Group Problem in SA(2,Z).
Input: A subset G = {(A1,a1), . . . , (AK ,aK)} of SA(2,Z).

Output: True (⟨G⟩ is a group) or False (⟨G⟩ is not a group).

1. Decide whether the semigroup H := ⟨A1, . . . , AK⟩ is a group by Theorem 5.2.4. If H is

not a group, return False. (Lemma 5.3.1)

2. Decide for H ≤ SL(2,Z) which case of Theorem 5.3.2 is true.

3. If H contains a non-abelian free subgroup, return True. (Proposition 5.3.3)

4. If H is virtually free, decide which case of Proposition 5.3.4 is true using Lemma 5.5.4.

(i) If H is trivial, decide whether n1a1 + · · ·nKaK = 0 has a solution over ZK
>0. If yes,

return True, otherwise return False. (Proposition 5.5.5)

(ii) If H contains a non-trivial torsion element, return True. (Proposition 5.5.6)

(iii) If H = ⟨A⟩grp, where A is a twisted inversion, return True. (Proposition 5.5.7)

(iv) If H = ⟨A⟩grp, where A is a shear, compute the set φ(G) defined by Equation (5.7).

Decide whether ⟨φ(G)⟩ is a group using Algorithm 3.1 (Theorem 5.5.8). If yes, return

True; if not, return False. (Corollary 5.5.9)

(v) If H = ⟨A⟩grp, where A is a inverting scale, return True. (Proposition 5.5.10)

(vi) If H = ⟨A⟩grp, where A is a positive scale, compute the set S defined by Equa-

tion (5.10). Decide whether the condition in Proposition 5.5.14 is satisfied for S. If

yes, return True; if not, return False. (Corollary 5.5.15)

V,W are distinct one dimensional subspaces of R2, every element x ∈ R2 can be written uniquely

as x = xV + xW , where xV ∈ V,xW ∈W . We will adopt this notation in the following lemma.

For an element y ∈ R2, yV ,yW are defined similarly. We use ∥ ·∥ to denote the Euclidean norm.

Lemma 5.4.1. Let (A,a), (B, b) be elements of SA(2,Z) such that (A,a) · (B, b) = (I,x) for

some x ∈ Z2. Suppose A is a scale; denote by V,W the elements of Lat(A), and suppose

x /∈ V ∪W . Let v be any non-zero vector in the subspace V .

Then for every ε ∈ (0, 1), there exists a word w ∈ {(A,a), (B, b)}∗, such that (A,a) · w ·

(B, b) = (I,y), where y ∈ Z2 satisfies

1− |v⊤y|
∥v∥∥y∥

< ε, y⊤
V xV > 0, y⊤

WxW > 0. (5.1)

In other words, the acute angle θ between y and V satisfies 1− cos θ < ε. Also, y and x lie in

same cone out of the four cut out by V and W . See Figure 5.3 for an illustration.

Proof. Since (A,a) · (B, b) = (I,x), we have B = A−1 and x = Ab+ a.

Let λ be the eigenvalue of A associated to the invariant subspace V , then λ−1 is the eigenvalue
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Figure 5.3: Illustration for Lemma 5.4.1. Figure 5.4: Illustration for Lemma 5.4.2.

associated to the invariant subspace W . Then we have Anx = λnxV + λ−nxW for every integer

n. Consider two cases.

1. If V is a stretching direction. In this case, |λ| > 1. Let m > 0 be a positive integer, and

let w := (A,a)m−1(B, b)m−1. Consider the product

(A,a) · w · (B, b)

= (A,a)m(B, b)m

= (I, (I +A+ · · ·+A(m−1))(Ab+ a))

= (I, (I +A+ · · ·+A(m−1))x)

=

(
I,

m−1∑
i=0

λixV +
m−1∑
i=0

λ−ixW

)
(5.2)

Let y :=
∑m−1

i=0 λixV +
∑m−1

i=0 λ−ixW , then yV =
∑m−1

i=0 λixV , yW =
∑m−1

i=0 λ−ixW .

Since x /∈ V ∪W , we have xV ̸= 0,xW ̸= 0. When m is odd, we have
∑m−1

i=0 λi > 0,∑m−1
i=0 λ−i > 0, so y⊤

V xV > 0 and y⊤
WxW > 0.

Note that we always have |v⊤y|
∥v∥∥y∥ ≤ 1 by the Cauchy-Schwarz inequality. We then show

that when m tends towards infinity, the value |v⊤y|
∥v∥∥y∥ will tend to one. Indeed,

|v⊤y|
∥v∥∥y∥

=

∣∣∣∑m−1
i=0 λiv⊤xV +

∑m−1
i=0 λ−iv⊤xW

∣∣∣
∥v∥

∥∥∥∑m−1
i=0 λixV +

∑m−1
i=0 λ−ixW

∥∥∥
≥

∣∣∣(∑m−1
i=0 λi

)
v⊤xV

∣∣∣
∥v∥

∥∥∥∑m−1
i=0 λixV +

∑m−1
i=0 λ−ixW

∥∥∥ −

∣∣∣(∑m−1
i=0 λ−i

)
v⊤xW

∣∣∣
∥v∥

∥∥∥∑m−1
i=0 λixV +

∑m−1
i=0 λ−ixW

∥∥∥
179



=
∥v∥∥xV ∥

∥v∥ ∥xV + λ1−mxW ∥
−

∣∣v⊤xW

∣∣
∥v∥ ∥λm−1xV + xW ∥

When m → ∞, the right hand side tends towards 1− 0 = 1. This is because |λ| > 1 and

v ̸= 0,xV ̸= 0. Hence, for a large enough odd integer m, we have

1− |v⊤y|
∥v∥∥y∥

< ε, y⊤
V xV > 0, y⊤

WxW > 0.

2. If V is a compressing direction. In this case, |λ| < 1. Let m > 0 be a positive integer, and

let w := (B, b)m(A,a)m. Consider the product

(A,a) · w · (B, b)

= (A,a)(B, b)(B, b)m−1(A,a)m−1(A,a)(B, b)

=
(
I, (2I +A−1 + · · ·+A−(m−1))(Ab+ a)

)
=
(
I, (2I +A−1 + · · ·+A−(m−1))x

)
=

(
I,

(
1 +

m−1∑
i=0

λ−i

)
xV +

(
1 +

m−1∑
i=0

λi

)
xW

)

Let y :=
(
1 +

∑m−1
i=0 λ−i

)
xV +

(
1 +

∑m−1
i=0 λi

)
xW , then yV =

(
1 +

∑m−1
i=0 λ−i

)
xV ,

yW =
(
1 +

∑m−1
i=0 λi

)
xW . Since x /∈ V ∪ W , we have xV ̸= 0 and xW ̸= 0. When

m is odd, we have
∑m−1

i=0 λi > 0,
∑m−1

i=0 λ−i > 0, so y⊤
V xV > 0,y⊤

WxW > 0.

We then show that when m tends towards infinity, the value |v⊤y|
∥v∥∥y∥ ≤ 1 will tend to one.

Indeed,

∣∣v⊤y
∣∣

∥v∥∥y∥
=

∣∣∣(1 +∑m−1
i=0 λ−i

)
v⊤xV +

(
1 +

∑m−1
i=0 λi

)
v⊤xW

∣∣∣
∥v∥

∥∥∥(1 +∑m−1
i=0 λ−i

)
xV +

(
1 +

∑m−1
i=0 λi

)
xW

∥∥∥
≥ ∥v∥∥xV ∥

∥v∥
∥∥∥xV +

1+
∑m−1

i=0 λi

1+
∑m−1

i=0 λ−i
xW

∥∥∥ −
∣∣v⊤xW

∣∣
∥v∥

∥∥∥1+
∑m−1

i=0 λ−i

1+
∑m−1

i=0 λi
xV + xW

∥∥∥
When m → ∞, the right hand side tends towards 1− 0 = 1. This is because |λ| < 1 and

v ̸= 0,xV ̸= 0, so

lim
m→∞

1 +
∑m−1

i=0 λi

1 +
∑m−1

i=0 λ−i
= 0.

Hence, for a large enough odd integer m, we have

1− |v⊤y|
∥v∥∥y∥

< ε, y⊤
V xV > 0, y⊤

WxW > 0.
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Combining the two cases yields the desired result.

A similar lemma can be proved for shears. In this case we want the stronger condition

1− v⊤y
∥v∥∥y∥ < ε instead of 1− |v⊤y|

∥v∥∥y∥ < ε.

Lemma 5.4.2. Let (A,a), (B, b) be elements of SA(2,Z) such that (A,a) · (B, b) = (I,x) for

some x ∈ Z2. Suppose A is a shear, Lat(A) = {V }, and x /∈ V . Let v be any non-zero vector

in the subspace V .

Then for every ε ∈ (0, 1), there exists a word w ∈ {(A,a), (B, b)}∗, such that (A,a) · w ·

(B, b) = (I,y), where y ∈ Z2 satisfies

1− v⊤y

∥v∥∥y∥
< ε, (5.3)

and y and x lie in same halfspace cut by V . In other words, the angle θ between y and v satisfies

1− cos θ < ε. See Figure 5.4 for an illustration.

Proof. Since (A,a) · (B, b) = (I,x), we have B = A−1 and x = Ab+ a.

Let W be the orthogonal space of V , and w be a non-zero vector in W . Under the basis

{v,w}, the matrix A has the form

(
1 µ
0 1

)
, where µ ̸= 0. Then for every integer n, we have

Anx = x + nµcv, where c is a scalar such that cw = xW . Since x /∈ V , we have xW ̸= 0, so

c ̸= 0. Consider two cases.

1. If µc > 0. Let m > 0 be a positive integer, and let w := (A,a)m−1(B, b)m−1. Consider

the product

(A,a) · w · (B, b)

= (A,a)m(B, b)m

=
(
I, (I +A+ · · ·+A(m−1))(Ab+ a)

)
=
(
I, (I +A+ · · ·+A(m−1))x

)
=

(
I,mx+

m(m− 1)

2
µcv

)
.

Let y := mx+ m(m−1)
2 µcv, then y and x lie in same halfspace cut by V .

We then show that when m tends towards infinity, v⊤y
∥v∥∥y∥ will tend to one. Indeed,

v⊤y

∥v∥∥y∥
=

mv⊤x+ m(m−1)
2 µcv⊤v

∥v∥
∥∥∥mx+ m(m−1)

2 µcv
∥∥∥

181



=
v⊤x

∥v∥
∥∥∥x+ (m−1)

2 µcv
∥∥∥ +

(m−1)
2 µc∥v∥∥∥∥x+ (m−1)

2 µcv
∥∥∥ .

When m→ ∞, this expression tends towards 0+1 = 1, because µc > 0 and v ̸= 0. Hence,

for a large enough odd integer m, we have 1− v⊤y
∥v∥∥y∥ < ε.

2. If µc < 0. Let m > 0 be a positive integer, and let w := (B, b)m(A,a)m. Consider the

product

(A,a) · w · (B, b)

= (A,a)(B, b)(B, b)m−1(A,a)m−1(A,a)(B, b)

=
(
I, (2I +A−1 + · · ·+A−(m−1))(Ab+ a)

)
=
(
I, (2I +A−1 + · · ·+A−(m−1))x

)
=

(
I, (m+ 1)x− m(m− 1)

2
µcv

)
.

Let y := (m+ 1)x− m(m−1)
2 µcv, then y and x lie in same halfspace cut by V .

We then show that when m tends towards infinity, v⊤y
∥v∥∥y∥ will tend to one. Indeed,

v⊤y

∥v∥∥y∥
=

(m+ 1)v⊤x− m(m−1)
2 µcv⊤v

∥v∥
∥∥∥(m+ 1)x− m(m−1)

2 µcv
∥∥∥

=
v⊤x

∥v∥
∥∥∥x− m(m−1)

2(m+1) µcv
∥∥∥ +

−m(m−1)
2(m+1) µc∥v∥∥∥∥x− m(m−1)

2(m+1) µcv
∥∥∥ .

When m→ ∞, this expression tends towards 0+1 = 1, because µc < 0 and v ̸= 0. Hence,

for a large enough odd integer m, we have 1− v⊤y
∥v∥∥y∥ < ε.

We now prove Proposition 5.3.3.

Proposition 5.3.3. Let G = {(A1,a1), . . . , (AK ,aK)} be a set of elements of SA(2,Z), such that

the semigroup H := ⟨A1, . . . , AK⟩ is a group. Suppose H contains a non-abelian free subgroup,

then ⟨G⟩ is a group.

Proof. Suppose that the group ⟨A1, . . . , AK⟩ contains a non-abelian free subgroup. In particular,

it contains a subgroup isomorphic to the free group F2 of two generators. Let A,B be elements

of ⟨A1, . . . , AK⟩ that generate this free group. Since A,B are non-torsion, they are twisted

inversions, scales, or shears. Hence, A2, B2 ∈ ⟨A1, . . . , AK⟩ are positive scales or shears. Since
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A and B generate a non-abelian free group, A2 and B2 also generate a non-abelian free group.

Therefore, we can replace A,B by A2, B2, and without loss of generality suppose A and B to

be positive scales or shears.

Since ⟨A1, . . . , AK⟩ is a group, A and B can be represented by full-image words over the

alphabet {A1, . . . , AK} due to Lemma 5.2.1. Hence, let (A,a) and (B, b) be elements in ⟨G⟩

represented by full-image words.

Note that A,B are not simultaneously triangularizable, otherwise the group they generate is

isomorphic to a subgroup of T(2,C), which is solvable (see Section 5.2). This contradicts that fact

that A,B generate a non-abelian free group (see Theorem 5.3.2). Therefore, Lat(A)∩Lat(B) = ∅.

There are three cases to consider:

(1) Both A and B are positive scales.

(2) One of A and B is a shear.

(3) Both A and B are shears.

Case 1. Both A and B are positive scales. Denote Y = A−1B−1 ∈ ⟨A1, . . . , AK⟩,

we have AY B = I. Let y ∈ Z2 be such that (Y,y) ∈ ⟨G⟩, and let x ∈ Z2 be such that

(A,a)(Y,y)(B, b) = (I,x). If x = 0, then (I,0) can be represented as a full-image word over

G, since (A,a) can. In this case, ⟨G⟩ is a group by Lemma 5.2.1. Otherwise, there are two

subcases. Starting from any one-dimension subspace S, rotate S counter-clockwise and consider

its sequence of encounters with Lat(A) and Lat(B) before finishing a full cycle. Either the

sequence of encounters is a cyclic permutation of (Lat(A),Lat(A),Lat(B),Lat(B)), or it is a

cyclic permutation of (Lat(A),Lat(B),Lat(A),Lat(B)).

(a) First consider the case of (Lat(A), Lat(A), Lat(B), Lat(B)). An illustration for the proof

of this case is shown in Figure 5.5. Denote by VA,WA, VB,WB these subspaces in this

order. Since x ̸= 0, either x /∈ VA ∪WA, or x /∈ VB ∪WB. Without loss of generality

suppose x /∈ VB ∪WB.

Let ε > 0. Apply Lemma 5.4.1 to ε, to the elements (A′,a′) := (A,a)(Y,y) and (B, b),

and to the subspaces VB,WB of Lat(B) = Lat(A′). (Note that A′ = B−1, so Lat(A′) =

Lat(B).) Since (A′,a′)(B, b) = (A,a)(Y,y)(B, b) = (I,x), Lemma 5.4.1 shows there exists

an element w ∈ ⟨G⟩ such that (A′,a′) · w · (B, b) = (I,x1), with

1−
|v⊤

Bx1|
∥vB∥∥x1∥

< ε, (x1)
⊤
VB

xVB
> 0, (x1)

⊤
WB

xWB
> 0. (5.4)

Here, vB is a non-zero vector in VB. In other words, when ε is sufficiently small, the acute

angle between x1 and VB is also sufficiently small. Also, x1 and x lie in same cone out
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Figure 5.5: Illustration for case 1(a). Figure 5.6: Illustration for case 1(b).

of the four cut by VB and WB. This gives us an element (Y1,y1) := (Y,y) · w ∈ ⟨G⟩ such

that (A,a)(Y1,y1)(B, b) = (I,x1) with x1 satisfying (5.4), see Figure 5.5.

Next, apply Lemma 5.4.1 to ε, to the elements (A,a) and (B′, b′) := (Y1,y1)(B, b) of

SA(2,Z), and to the subspaces VA,WA in Lat(A). Same as above, we obtain an element

(Y2,y2) ∈ G such that (A,a)(Y2,y2)(B, b) = (I,x2) with x2 satisfying

1−
|v⊤

Ax2|
∥vA∥∥x2∥

< ε, (x1)
⊤
VA

xVA
> 0, (x1)

⊤
WA

· xWA
> 0. (5.5)

Here, vA is a non-zero vector in VA. In other words, when ε is sufficiently small, the acute

angle between x2 and VA is also sufficiently small. Hence, one can take ε such that x2 and

−x1 lie in the same cone out of the four cut by VB and WB. Furthermore, x2 and x1 lie

in same cone out of the four cut by VA and WA.

We follow this pattern and apply Lemma 5.4.1 again on (A′,a′) := (A,a)(Y2,y2) and

(B, b), and to the subspaces VB,WB. This yields an element (Y3,y3) ∈ ⟨G⟩ such that

(A,a)(Y3,y3)(B, b) = (I,x3) with x3 very close to VB, but lies in the same cone cut by

VB and WB as x2.

Finally we apply Lemma 5.4.1 again on (A,a) and (B′, b′) := (Y3,y3)(B, b), and to the

subspaces VA,WA. This yields (Y4,y4) ∈ ⟨G⟩ such that (A,a)(Y4,y4)(B, b) = (I,x4) with

x4 very close to VA, but lies in the same cone cut by VA and WA as x3.

When ε is small enough, the angles of the vectors x1,x2,x3,x4 are sufficiently close to

VB, VA, VB, VA, with opposing directions. Hence, they generate Q2 as a Q≥0-cone. In other
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words, there exist positive integers n1, n2, n3, n4 such that n1x1+n2x2+n3x3+n4x4 = 0.

Therefore,

(I,x1)
n1(I,x2)

n2(I,x3)
n3(I,x4)

n4 = (I,0).

Since the element (A,a) can be represented as a full-image word over G, the element (I,x1)

and hence (I,0) can be represented by a full-image word as well. Therefore, ⟨G⟩ is a group.

(b) Next consider the case (Lat(A), Lat(B), Lat(A), Lat(B)). Denote by VA, VB,WA,WB

these subspaces in this order. Without loss of generality suppose x /∈ VB ∪ WB. The

strategy is exactly the same as the previous case, see Figure 5.6. However, in the present

case, we need to apply Lemma 5.4.1 for a total of six times, where V will be the subspaces

VB,WA,WB, VA, VB,WA respectively.

In this way, we obtain (I,x1), (I,x2), (I,x3), (I,x4), (I,x5), (I,x6) with x1, . . . ,x6

generating Q2 as a Q≥0-cone. Hence, there exist positive integers n1, . . . , n6 such that

(I,x1)
n1 · · · (I,x6)

n6 = (I,0).

Similarly, since the element (A,a) (and hence (I,0)) can be represented as a full-image

word over G, the semigroup ⟨G⟩ is a group.

This concludes case 1.

Case 2. One of A and B is a shear. The approach is similar to the previous cases, but

we have to apply Lemma 5.4.1 and Lemma 5.4.2 alternately. See Figure 5.7 for an illustration.

Figure 5.7: Illustration for case 2. Figure 5.8: Illustration for case 3.
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Without loss of generality, let A be the shear and B be the positive scale. Starting from any

one-dimension subspace S, rotate S counter-clockwise and consider its sequence of encounters

with Lat(A) and Lat(B) before finishing a full cycle. The sequence of encounters must a cyclic

permutation of (Lat(A),Lat(B),Lat(B)). Denote by VA, VB,WB be these subspaces in this

order. Without loss of generality suppose x /∈ VB ∪WB, the case where x /∈ VA is analogous.

For a small enough ε, apply Lemma 5.4.1 to x to obtain x1 that is sufficiently close to VB;

then apply Lemma 5.4.2 to x1 to obtain x2 that is sufficiently close to VA and lies in the same

cone cut by VB and WB as −x1; then apply Lemma 5.4.1 to x2 to obtain x3 that is sufficiently

close to VB and lies in a different halfspace cut by VA than x2; finally, apply Lemma 5.4.2 to

x3 to obtain x4 that is sufficiently close to VA and lies in the same cone cut by VB and WB as

−x3. In this way, we obtain (I,x1), (I,x2), (I,x3), (I,x4) with x1, . . . ,x4 generating Q2 as a

Q≥0-cone. Hence, there exist positive integers n1, . . . , n4 such that

(I,x1)
n1 · · · (I,x4)

n4 = (I,0).

Since the element (A,a) (and hence (I,0)) can be represented as a full-image word over G, the

semigroup ⟨G⟩ is a group.

Case 3. Both A and B are shears. The approach is similar to the previous cases, but

we have to apply Lemma 5.4.2 only. See Figure 5.8 for an illustration.

Denote by VA, VB respectively the elements of Lat(A) and Lat(B). Without loss of gen-

erality suppose x /∈ VB, the case where x /∈ VA is analogous. For a small enough ε, apply

Lemma 5.4.2 to x to obtain x1 that is sufficiently close to VB; then apply Lemma 5.4.2 again

to x1 to obtain x2 that is sufficiently close to VA and lies in a different halfspace cut by VB

than x1; then apply Lemma 5.4.2 to x2 to obtain x3 that is sufficiently close to VB and lies

in a different halfspace cut by VA than x2; finally, apply Lemma 5.4.2 to x3 to obtain x4 that

is sufficiently close to VA and lies in a different halfspace cut by VB than x3. In this way, we

obtain (I,x1), (I,x2), (I,x3), (I,x4) with x1, . . . ,x4 generating Q2 as a Q≥0-cone. Hence, there

exist positive integers n1, . . . , n4 such that

(I,x1)
n1 · · · (I,x4)

n4 = (I,0).

Since the element (A,a) (and hence (I,0)) can be represented as a full-image word over G, the

semigroup ⟨G⟩ is a group.
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5.5 Virtual solvability

In this section we prove Proposition 5.3.4:

Proposition 5.3.4. Let G = {(A1,a1), . . . , (AK ,aK)} be a set of elements of SA(2,Z), such

that the semigroup H := ⟨A1, . . . , AK⟩ is a group. Suppose H is virtually solvable, then exactly

one of the following six conditions holds:

(i) H is the trivial group.

(ii) H contains a non-trivial torsion element.

(iii) H = ⟨A⟩grp, where A is a twisted inversion.

(iv) H = ⟨A⟩grp, where A is a shear.

(v) H = ⟨A⟩grp, where A is an inverting scale.

(vi) H = ⟨A⟩grp, where A is a positive scale.

Furthermore, in cases (ii), (iii) and (v), the semigroup ⟨G⟩ is always a group. Overall, it is

decidable in PTIME whether ⟨G⟩ is a group.

As in the statement of the proposition, we fix a set G = {(A1,a1), . . . , (AK ,aK)} of elements

in SA(2,Z), such that H := ⟨A1, . . . , AK⟩ is a virtually solvable group.

Lemma 5.5.1. Let H be a virtually solvable subgroup of SL(2,Z). Then H is either finite, or

it contains a finite index subgroup H ′ isomorphic to Z.

Proof. By Theorem 5.2.3, let F ≤ SL(2,Z) be a free subgroup over two generators, such that the

index [SL(2,Z) : F ] is finite. Then [H : F ∩H] ≤ [SL(2,Z) : F ], so the group H ′ := F ∩H is of

finite index in H. But H ′ is a subgroup of the free group F , so it must be free by Theorem 5.2.2.

On the other hand, H ′ is a subgroup of the virtually solvable group H, so H ′ is virtually solvable.

SinceH ′ ≤ SL(2,Z) is virtually solvable and free, it must be abelian by Theorem 5.3.2. Therefore

either H ′ ∼= Z or H ′ = {I}; in the second case, H is finite.

In case H is finite, it is either trivial or it contains a non-trivial torsion element. We further

analyse the case where H contains a finite index subgroup H ′ isomorphic to Z. We need a deep

result from Swan:

Lemma 5.5.2 (Swan [92, Theorem B]). A group that is torsion-free and virtually free is free.

Lemma 5.5.3. Let H ≤ SL(2,Z) be a group which contains a finite index subgroup H ′ isomor-

phic to Z. Then either H contains a non-trivial torsion element, or it is also isomorphic to

Z.
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Proof. Suppose H is torsion-free. Since H is virtually free and torsion-free, by Lemma 5.5.2, it is

free. Hence either H ∼= Z, or H is a non-abelian free group. But a non-abelian free group is not

virtually solvable (Theorem 5.3.2), so it cannot contain a finite index subgroup H ′ isomorphic

to Z. Therefore, we must have H ∼= Z.

By Lemma 5.5.1 and 5.5.3, we can already prove the first part of Proposition 5.3.4. In

particular, by Lemma 5.5.1, H is either finite or contains a finite index subgroup isomorphic

to Z. If H is finite, then either it is trivial or it contains a non-trivial torsion element. If H

contains a finite index subgroup isomorphic to Z, then by Lemma 5.5.3, either it contains a

torsion element, or it is isomorphic to Z. Therefore, we have proved that exactly one of the

following holds.

(1) H is the trivial group.

(2) H contains a non-trivial torsion element.

(3) H is isomorphic to Z.

In case (3), the generator of H is either a twisted inversion, a shear, an inverting scale, or a

positive scale. This corresponds to the cases (iii)-(vi) of Proposition 5.3.4. We have thus proved

the first part of Proposition 5.3.4. The following lemma shows that one can decide which of the

six cases in Proposition 5.3.4 is true.

Lemma 5.5.4. Let A1, . . . , AK be matrices in SL(2,Z). The following can be done in PTIME:

(i) decide whether the group H := ⟨A1, . . . , AK⟩grp is trivial.

(ii) decide whether H is isomorphic to Z.

(iii) compute a generator A of H in case H ∼= Z.

Proof. (i). H is trivial if and only if Ai = I for all i.

(ii). First we check whether H is abelian, this is done simply by checking whether AiAj =

AjAi for all 1 ≤ i, j ≤ K. If H is not abelian, then it is not isomorphic to Z.

Suppose H is abelian. Then the group homomorphism

φ : ZK −→ H

(n1, . . . , nK) 7−→ An1
1 · · ·AnK

K

is surjective. The kernel

Λ := ker(φ) = {(n1, . . . , nK) | An1
1 · · ·AnK

K = I}
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is a finitely generated subgroup of ZK . A Z-basis of Λ is computable in PTIME by a classic

result of Babai et al. [4].

Let ℓ1, . . . , ℓm be a Z-basis of Λ. Define

Λ :=
{
n ∈ ZK

∣∣ n = q1ℓ1 + · · ·+ qmℓm, where q1, . . . , qm ∈ Q
}
,

which is the lattice of integer points in the Q-linear space spanned by Λ. A basis of Λ is effectively

computable in PTIME using the Hermite Normal Form [23, Chapter 14]. It is then decidable

in PTIME whether Λ = Λ, again using the Hermite Normal Form.

We claim that H is torsion-free if and only if Λ = Λ. Indeed, let T = An1
1 · · ·AnK

K be a

non-trivial torsion element of H, then Tm = I for some m > 1. Therefore Amn1
1 · · ·AmnK

K = I,

so (mn1, . . . ,mnK) ∈ Λ. This shows (n1, . . . , nK) ∈ Λ. But T ̸= I, so (n1, . . . , nK) /∈ Λ. Hence,

T = An1
1 · · ·AnK

K is a non-trivial torsion element if and only if (n1, . . . , nK) ∈ Λ \ Λ.

This proves the claim. Therefore it is decidable in PTIME whether H contains a non-trivial

torsion element. By Lemma 5.5.3, it is decidable in PTIME whether H ∼= Z.

(iii). If H is isomorphic to Z, then the quotient group ZK/Λ ∼= H is isomorphic to Z. Using

the Hermite Normal Form, one can in PTIME compute an element x = (x1, . . . , xK) ∈ ZK such

that x, ℓ1, . . . , ℓm form a Z-basis of ZK . (Recall that ℓ1, . . . , ℓm are a Z-basis of Λ.) Then x+Λ

generates ZK/Λ. Therefore A := φ(x) = Ax1
1 · · ·AxK

K generates H.

We now proceed to prove the PTIME decidability claim of Proposition 5.3.4 for all six cases.

We may note that in the cases (iii)-(vi), the group ⟨G⟩grp is actually metabelian, hence the

Group Problem for G is already decidable by Theorem 4.1.2. However, the difficult part is to

obtain an algorithm that runs in PTIME. Let H := ⟨A1, . . . , AK⟩.

5.5.1 H is trivial

In this case, G = {(I,a1), · · · , (I,aK)}.

Proposition 5.5.5. Let G = {(I,a1), · · · , (I,aK)}. Then ⟨G⟩ is a group if and only if the

equation

n1a1 + n2a2 + · · ·nKaK = 0 (5.6)

has a solution (n1, . . . , nK) ∈ ZK
>0. In particular, this is decidable in PTIME.

Proof. Note that the matrices in G commute. Therefore by Lemma 2.2.1, ⟨G⟩ is a group if and

only if Equation (5.6) has a solution (n1, . . . , nK) ∈ ZK
>0. By the homogeneity of Equation (5.6),
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it has a solution in ZK
>0 if and only if it has a solution in QK

>0. This is decidable in PTIME by

linear programming.

5.5.2 H contains a torsion element

We show that ⟨G⟩ is always a group in case H contains a non-trivial torsion element.

Proposition 5.5.6. Let G := {(A1,a1), . . . , (AK ,aK)} be a set of elements of SA(2,Z). If the

semigroup ⟨A1, . . . , AK⟩ is a group containing a non-trivial torsion element, then ⟨G⟩ is a group.

Proof. Suppose ⟨A1, . . . , AK⟩ contains a non-trivial torsion element T . Let m > 1 be such that

Tm = I. Let t ∈ Z2 be a vector such that (T, t) is an element in ⟨G⟩ represented by a full-image

word (such a word exists by Lemma 5.2.1). Then

(T, t)m = (Tm, (I + T + · · ·+ Tm−1)t) = (I, (I − T )−1(I − Tm)t) = (I,0).

Here, I − T is invertible because T ∈ SL(2,Z) is non-trivial torsion, so the eigenvalues of T are

all different from one (see the classification of element of SL(2,Z) in Section 5.2). We conclude

that (I,0) can be represented by a full-image word over the alphabet G. Hence, ⟨G⟩ is a group

by Lemma 2.2.1.

In the next four cases, H is isomorphic to Z. Let A be a generator of H, computable in

PTIME by Lemma 5.5.4. The Jordan Normal Form of A can be computed in PTIME [40]. One

can directly obtain from its Jordan Normal Form whether A is a twisted inversion, a shear or a

scale.

5.5.3 H is generated by a twisted inversion A

We show that if A is a twisted inversion, then ⟨G⟩ is always a group.

Proposition 5.5.7. If the generator A of the group ⟨A1, . . . , AK⟩ ∼= Z is a twisted inversion,

then ⟨G⟩ is a group.

Proof. Since ⟨A1, . . . , AK⟩ is isomorphic to Z, we have A,A−1 ∈ ⟨A1, . . . , AK⟩. As ⟨A1, . . . , AK⟩

is a group, let (A,a) and (A−1, b) be elements of ⟨G⟩ represented by full-image words over G.

We claim that

(A,a)2 · (A−1, b)3 · (A,a)2 · (A−1, b) = (I,0).

By direct computation, (A,a)2 · (A−1, b)3 · (A,a)2 · (A−1, b) = (I, A−1(A + I)2a + (A + I)2b).

But since A is a twisted inversion, we have (A+ I)2 = 0. Therefore, (A,a)2 · (A−1, b)3 · (A,a)2 ·
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(A−1, b) = (I,0). We conclude that (I,0) can be represented as a full-image word over G.

Hence, ⟨G⟩ is a group.

5.5.4 H is generated by a shear A

If A is a shear, the main idea in this case is that the semigroup generated by G can be embedded

as a subsemigroup of the Heisenberg group H3(Q). Recall from Section 3.1 that the Heisenberg

group H3(Q) is defined as:

H3(Q) :=


1 a b
0 1 c
0 0 1

 ∣∣∣∣∣∣ a, b, c ∈ Q

 .

Since A is a shear, it is triangularizable over Q. Since A1, . . . , AK all commute, they all have the

same eigenvalue one, and are simultaneously triangularizable. Let P be a matrix (with entries

in Q) such that P−1AiP are all of the form

(
1 λi
0 1

)
with λi ∈ Q. Then, we have the following

conjugation:

(
P−1 0
0 1

)(
Ai ai

0 1

)(
P 0
0 1

)
=

(
P−1AiP P−1ai

0 1

)
∈ H3(Q).

This shows that the map

φ : G → H3(Q), (Ai,ai) 7→
(
P−1AiP P−1ai

0 1

)
, (5.7)

extends to an injective semigroup homomorphism from ⟨G⟩ to H3(Q). Therefore, ⟨G⟩ is a group

if and only if ⟨φ(G)⟩ is a group. The Group Problem in H3(Q) is decidable in PTIME as a

special case of Theorem 3.1.1:

Theorem 5.5.8 (Corollary of Theorem 3.1.1). The Group Problem in H3(Q) is decidable in

PTIME.

Proof. Recall that H3(Q) is UT(3,Q), where the Invertible Subset can be computed in PTIME

by Algorithm 3.1 (Theorem 3.1.1). By Lemma 2.2.3(iii), the Group Problem can be decided in

PTIME.

The elements φ(A1), . . . , φ(AK) can be computed in PTIME. By Theorem 5.5.8, we imme-

diately obtain:

Corollary 5.5.9. If the generator A of the group ⟨A1, . . . , AK⟩ ∼= Z is a shear, then the Group

Problem for ⟨G⟩ is equivalent to the Group Problem for ⟨φ(G)⟩, which is decidable in PTIME.
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5.5.5 H is generated by an inverting scale A

We show that if A is an inverting scale, then ⟨G⟩ is a group.

Proposition 5.5.10. If the generator A of the group ⟨A1, . . . , AK⟩ ∼= Z is an inverting scale,

then ⟨G⟩ is a group.

Proof. Since ⟨A1, . . . , AK⟩ is a group, we have A,A−1 ∈ ⟨A1, . . . , AK⟩. Recall that λ < −1 is

the smaller eigenvalue of A. Let V and W be the invariant spaces of A corresponding to the

eigenvalues λ and λ−1, and let xV ,xW be non-zero vectors respectively in V andW . In particular

we have AxV = λxV , AxW = λ−1xW . As ⟨A1, . . . , AK⟩ is a group, let (A, a+xV + b+xW ) and

(A−1, a−xV + b−xW ) be elements of ⟨G⟩ represented by full-image words.

Then for any m > 0, the elements

(I,vm) := (A, a+xV + b+xW )m · (A−1, a−xV + b−xW )m

=

(
Am,

m−1∑
i=0

λia+xV +

m−1∑
i=0

λ−ib+xW

)
·

(
A−m,

m−1∑
i=0

λ−ia−xV +

m−1∑
i=0

λib−xW

)

=

(
I,

(
a+

1− λ
− a−

1− λ−1

)
(1− λm)xV +

(
b+

1− λ−1
− b−

1− λ

)
(1− λ−m)xW

)

and

(I,wm) := (A−1, a−xV + b−xW )m · (A, a+xV + b+xW )m

=

(
A−m,

m−1∑
i=0

λ−ia−xV +
m−1∑
i=0

λib−xW

)
·

(
Am,

m−1∑
i=0

λia+xV +
m−1∑
i=0

λ−ib+xW

)

=

(
I,

(
a+

1− λ
− a−

1− λ−1

)
(λ−m − 1)xV +

(
b+

1− λ−1
− b−

1− λ

)
(λm − 1)xW

)

are in ⟨G⟩ and represented by full-image words.

Consider four cases:

1. a+
1−λ − a−

1−λ−1 = b+
1−λ−1 − b−

1−λ = 0. In this case we have directly vm = 0 for all m. So (I,0)

can be represented by a full-image word.

2. a+
1−λ − a−

1−λ−1 = 0, but b+
1−λ−1 − b−

1−λ ̸= 0. When m is even, wm is a positive multiple of(
b+

1−λ−1 − b−
1−λ

)
xW , and when n is odd, wn is a negative multiple of

(
b+

1−λ−1 − b−
1−λ

)
xW .

Therefore, there exists positive real numbers r1, r2 such that r1wm + r2wn = 0. Since

wm,wn have integer entries, there even exist positive integers n1, n2 such that n1wm +

n2wn = 0. Therefore (I,0) = (I,wm)n1(I,wn)
n2 can be represented by a full-image word.
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3. b+
1−λ−1 − b−

1−λ = 0, but a+
1−λ − a−

1−λ−1 ̸= 0. This case is the exact symmetry of the previous

case.

4. Both a+
1−λ − a−

1−λ−1 and b+
1−λ−1 − b−

1−λ are non-zero. In this case, consider the vectors v2m,

v2m+1, w2m, w2m+1 when m tends to infinity. Since λ < −1, we have limm→∞(1−λ2m) =

−∞, limm→∞(1 − λ2m+1) = +∞, limm→∞(1 − λ−2m) = 1, limm→∞(1 − λ−2m−1) = 1.

Therefore, the direction of v2m tends towards −
(

a+
1−λ − a−

1−λ−1

)
xV , the direction of v2m+1

tends towards
(

a+
1−λ − a−

1−λ−1

)
xV , the direction of w2m tends towards

(
b+

1−λ−1 − b−
1−λ

)
xW ,

the direction of w2m+1 tends towards −
(

b+
1−λ−1 − b−

1−λ

)
xW . Hence, when m is large

enough, the four vectors v2m, v2m+1, w2m, w2m+1 in Z2 generate Q2 as a Q≥0-cone.

Hence, there exist positive integers t1, . . . , t4 such that

(I,v2m)t1 · · · (I,w2m+1)
t4 = (I,0).

Therefore (I,0) can be represented by a full-image word.

In all cases, (I,0) can be represented by a full-image word, so ⟨G⟩ is a group.

5.5.6 H is generated by a positive scale A

This is the most technical case in this section. We show that if A is a positive scale, then we

can decide whether ⟨G⟩ is a group in PTIME. Let P = (xV ,xW ) ∈ SL(2,R) be a change of basis

matrix such that P−1AP = A′, where A′ is diagonal and can be written as

A′ =

(
λ 0
0 λ−1

)

with λ > 1. For i = 1, . . . ,K, let A′
i := P−1AiP and a′

i := P−1ai, with

A′
i =

(
λzi 0
0 λ−zi

)
, zi ∈ Z, a′

i =

(
ai
bi

)
.

These are the forms of Ai and ai under the new basis (xV ,xW ). In particular we have AxV =

λxV , AxW = λ−1xW .

Define the sets

J+ := {i | zi > 0}, J− := {i | zi < 0}, J0 := {i | zi = 0}.

Then J+∪J−∪J0 = {1, . . . ,K}. Since ⟨A1, . . . , AK⟩ is isomorphic to Z, we have J+ ̸= ∅, J− ̸= ∅.
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Divide the set R2 into nine parts:

R++ := {(x, y) | x > 0, y > 0},R+0 := {(x, y) | x > 0, y = 0},R+− := {(x, y) | x > 0, y < 0},

R0+ := {(x, y) | x = 0, y > 0},R00 := {(x, y) | x = 0, y = 0},R0− := {(x, y) | x = 0, y < 0},

R−+ := {(x, y) | x < 0, y > 0},R−0 := {(x, y) | x < 0, y = 0},R−− := {(x, y) | x < 0, y < 0}.

Each part is called a cell. See Figure 5.9.

Figure 5.9: Cells. Figure 5.10: Illustration for Lemma 5.5.11.

For an element x ∈ R2, denote by Cell(x) the cell which it belongs to. Writing x = (x1, x2)
⊤,

it is easy to see that

Cell(x) =
{
(r1x1, r2x2)

⊤
∣∣∣ r1, r2 ∈ R>0

}
. (5.8)

In particular, x and A′zx are in the same cell for all integers z.

For each i ∈ J+ ∪ J− ∪ J0, denote

ni :=


|zi| zi ̸= 0

1 zi = 0.

For each tuple (i, j) ∈ J+ × J−, define the vector

dij := (dija, dijb)
⊤ ∈ R2

where

dija := − ai
1− λni

+
aj

1− λ−nj
, dijb :=

bi
1− λni

− bj
1− λ−nj

.
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These expressions are defined so that

(A′
i,a

′
i)
nj (A′

j ,a
′
j)

ni =
(
I, (1− λ−ninj ) · (λninjdija, dijb)

⊤
)
.

For each element k ∈ J0, define the vector

ek := (ak, bk)
⊤ ∈ R2.

Similarly, this expression is defined so that

(A′
k,a

′
k)

nk = (I, ek) .

Denote by G′ the new alphabet {(A′
1,a

′
1), . . . , (A

′
K ,a

′
K)}. The following lemma shows that the

rays vR>0 such that (I,v) ∈ ⟨G′⟩ can “fill up” the cells Cell(dij), (i, j) ∈ J+ × J−.

Lemma 5.5.11. Let (i, j) be a pair in J+ × J− and (x, y)⊤ ∈ R2 be a vector in Cell(dij). If

λ > 1, then there exist elements (I,v) and (I,w) in ⟨G′⟩, where the vector (x, y)⊤ can be written

as r1v + r2w for some r1, r2 ∈ R>0. Furthermore, (I,v) and (I,w) are represented by words

over the alphabet G′, such that the letters (A′
i,a

′
i) and (A′

j ,a
′
j) both occur. See Figure 5.10 for

an illustration.

Proof. For any p ∈ Z>0, denote

(I,vp) := (A′
i,a

′
i)
pnj (A′

j ,a
′
j)

pni , (I,wp) := (A′
j ,a

′
j)

pni(A′
i,a

′
i)
pnj .

By direct computation, we have

vp = (1− λ−pninj ) · (λpninjdija, dijb)
⊤ , wp = (1− λ−pninj ) · (dija, λpninjdijb)

⊤ . (5.9)

Since λ > 1, we have 1− λ−pninj > 0.

If Cell(dij) is of dimension one or zero, then either dija = 0 or dijb = 0. In both cases,

(x, y)⊤,vp,wp are linearly dependant and have the same direction, so (x, y)⊤ can be written as

r1vp + r2wp for some r1, r2 ∈ R>0.

If Cell(dij) is of dimension two, then dija ̸= 0 and dijb ̸= 0. Let p be large enough so that

λpninj dija
dijb

> x
y >

dija
λpninj dijb

. Then (x, y)⊤ can be written as r1vp+r2wp for some r1, r2 ∈ R>0.

A similar lemma can be shown for Cell(ek): the rays vR>0 such that (I,v) ∈ ⟨G′⟩ can fill

up the cells Cell(ek), k ∈ J0.
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Lemma 5.5.12. Suppose J+ and J− are non-empty. Let k be an element in J0, and (x, y)⊤ ∈ R2

be a vector in Cell(ek). If λ > 1, then there exist elements (I,v) and (I,w) in ⟨G′⟩, such that

the vector (x, y)⊤ can be written as r1v + r2w for some r1, r2 ∈ R>0. Furthermore, (I,v) and

(I,w) are represented as words over the alphabet G′, such that the letter (A′
k,a

′
k) occurs.

Proof. Let (i, j) be any pair in J+ × J−. For any p ∈ Z≥0, q ∈ Z>0, denote

(I,vpq) := A′
i
pnjA′

k
q
A′

j
pni , (I,wpq) := A′

j
pniA′

k
q
A′

i
pnj ,

By direct computation, we have

vpq = (1− λ−pninj ) · (λpninjdija, dijb)
⊤ + q · (λpninjak, λ

−pninjbk)
⊤,

wpq = (1− λ−pninj ) · (dija, λpninjdijb)
⊤ + q · (λ−pninjak, λ

pninjbk)
⊤.

Since λ > 1, we have 1− λ−pninj > 0.

If Cell(ek) has dimension one or zero, then take p = 0 and the statement is trivial. Suppose

that Cell(ek) has dimension two, then we have dija ̸= 0 and dijb ̸= 0. Fix a large enough p

so that λpninjak
λ−pninj bk

> x
y > λ−pninjak

λpninj bk
. Then (x, y)⊤ can be written as r1(λ

pninjak, λ
−pninjbk)

⊤ +

r2(λ
−pninjak, λ

pninjbk)
⊤ for some r1, r2 ∈ R>0. When q tends towards infinity, the direction

of the vectors vpq,wpq tends respectively to (λpninjak, λ
−pninjbk)

⊤ and (λ−pninjak, λ
pninjbk)

⊤.

Therefore, for large enough q, the vector (x, y)⊤ can be written as r′1vpq + r′2wpq for some

r′1, r
′
2 ∈ R>0.

Define the radical ̂(A′
i,a

′
i) of (A

′
i,a

′
i) as

̂(A′
i,a

′
i) :=

((
λ 0
0 λ−1

)
,

(
ai · 1−λ

1−λni

bi · 1−λ−1

1−λ−ni

))

if zi = ni > 0, and

̂(A′
i,a

′
i) :=

((
λ−1 0
0 λ

)
,

(
ai · 1−λ−1

1−λ−ni

bi · 1−λ
1−λni

))
if zi = −ni < 0, and

̂(A′
i,a

′
i) := (A′

i,a
′
i)

if zi = 0. This is defined so that ̂(A′
i,a

′
i)
ni

= (A′
i,a

′
i) in all cases.

Define the alphabet

Ĝ :=
{

̂(A′
1,a

′
1), . . . ,

̂(A′
K ,a

′
K)
}
.
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Define the following union of cells:

S :=

 ⋃
i∈J+,j∈J−

Cell(dij)

⋃ ⋃
k∈J0

Cell(ek)

 . (5.10)

Lemma 5.5.13. Let w := (C1, c1) · · · (CM , cM ) be a full-image word over the alphabet Ĝ,

such that (C1, c1) · · · · (CM , cM ) = (I,x). Then there exists a finite non-empty set of vectors

{s1, . . . , sm} ⊆ S such that the following conditions are satisfied:

(i) r1s1 + · · ·+ rmsm = x for some strictly positive reals r1, . . . , rm.

(ii) For each i ∈ J+, there exist j ∈ J− and ℓ ∈ {1, . . . ,m}, such that sℓ ∈ Cell(dij).

(iii) For each j ∈ J−, there exist i ∈ J+ and ℓ ∈ {1, . . . ,m}, such that sℓ ∈ Cell(dij).

(iv) For each k ∈ J0, there exist ℓ ∈ {1, . . . ,m} such that sℓ ∈ Cell(ek).

Proof. We call a vector of the form r1s1 + · · · + rmsm,m ≥ 1, ri ∈ R>0, si ∈ S, an R>0-linear

combination of elements in S. For i = 1, . . . ,M , write

(Ci, ci) =

((
λti 0
0 λ−ti

)
,

(
ci
di

))
,

where ti ∈ {−1, 0, 1}. We show that if (C1, c1) · · · · (CM , cM ) = (I,x) then x can be written

as an R>0-linear combination of elements in S. We use induction on M . When M = 1,

(C1, c1) = (I, ek) for some k ∈ J0, and the statement is obvious. When M ≥ 2, distinguish the

following three cases.

1. If t1tM = 1. Suppose t1 = tM = 1, the case where t1 = tM = −1 can be done analogously.

Since t1 = 1 > 0 and t1 + · · ·+ tM−1 = −1 < 0, there must exist 2 ≤ i ≤M − 2 such that

t1 + · · ·+ ti = 0. By induction hypothesis,

(C1, c1) · · · (Ci, ci) = (I,y), (Ci+1, ci+1) · · · (CM , cM ) = (I,y′),

where y and y′ can be written as a R>0-linear combination of elements in S. Therefore

x = y + y′ also satisfies this claim.

2. If t1tM = −1. In this case, C2 · · ·CM−1 = C1C2 · · ·CM = I. Define

w′ := (C2, c2) · · · (CM−1, cM−1).

Then the product of w′ is of the form (I,x′), where x′ is either 0 (when w′ is empty), or
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x′ is a R>0-combination of elements in S by the induction hypothesis. Hence

(C1, c1) · · · (CM , cM ) = (C1, c1) · (I,x′) · (CM , cM ) = (I, c1 + C1cM + C1x
′).

We claim that c1 + C1cM ∈ Cell(dij) for some indices i ∈ J+, j ∈ J−. First suppose

t1 = 1, tM = −1. Let i ∈ J+, j ∈ J− be indices such that ̂(A′
i,a

′
i) = (C1, c1) and

̂(A′
j ,a

′
j) = (CM , cM ), then

c1 + C1cM =

(
aj ·

λ− 1

1− λ−nj
+ ai ·

1− λ

1− λni
, bj ·

λ−1 − 1

1− λnj
+ bi ·

1− λ−1

1− λ−ni

)⊤

=
(
(λ− 1)dija, (1− λ−1)dijb

)⊤
∈Cell(dij). (by Equation (5.8))

Next suppose t1 = −1, tM = 1. Let i ∈ J+, j ∈ J− be indices such that ̂(A′
j ,a

′
j) = (C1, c1)

and ̂(A′
i,a

′
i) = (CM , cM ), then

c1 + C1cM =

(
ai ·

λ−1 − 1

1− λni
+ aj ·

1− λ−1

1− λ−nj
, bi ·

λ− 1

1− λ−ni
+ bj ·

1− λ

1− λnj

)⊤

=
(
(1− λ−1)dija, (λ− 1)dijb

)⊤
∈Cell(dij).

Hence, in both cases, c1+C1cM ∈ Cell(dij) ⊆ S. We then show that c1+C1cM +C1x
′ is a

R>0-combination of elements in S. Since x′ is either zero or a R>0-combination of elements

in S, write x′ =
∑m

i=1 risi, where m ≥ 0, ri > 0, si ∈ S. Then C1x
′ =

∑m
i=1 riC1si is

still a R>0-combination of elements in S by Equation (5.8). Hence, c1 + C1cM + C1x
′ is

a R>0-combination of elements in S.

3. If t1tM = 0. Suppose t1 = 0, the case where tM = 0 can be done analogously.

By induction hypothesis,

(C1, c1) = (I,y), (C2, c2) · · · (CM , cM ) = (I,y′),

where y and y′ can be written as a R>0-linear combination of elements in S. Therefore

x = y + y′ also satisfies this claim.

Therefore we have found an R>0-linear combination that satisfies (i). The following can be

easily seen from the above induction procedure: if for some i ∈ J+ the letter ̂(A′
i,a

′
i) appears in
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w, then the R>0-linear combination contains a vector sℓ in the cell Cell(dij) for some j ∈ J−.

Since w is full-image, the condition (ii) in the statement of the Lemma must hold. Similarly,

the conditions (iii) and (iv) must also hold.

Proposition 5.5.14. The semigroup ⟨G⟩ is a group if and only if there exists a finite set of

vectors {s1, . . . , sm} ⊆ S that satisfies the four conditions (i)-(iv) in Lemma 5.5.13.

Proof. First suppose there exists a finite set of vectors {s1, . . . , sm} ⊆ S satisfying (i)-(iv), we

want to find a full-image word w over the alphabet G, representing (I,0).

For any t ∈ {1, . . . ,m}, if st is an element of Cell(dij), then by Lemma 5.5.11, there exist

(I,v), (I,w) ∈ ⟨G′⟩ such that st = r1v + r2w for some r1, r2 > 0. Also, the letters (A′
i,a

′
i) and

(A′
j ,a

′
j) appear in some words representing (I,v) and (I,w). If st is an element of Cell(ek), then

by Lemma 5.5.12, there exist (I,v), (I,w) ∈ ⟨G′⟩ such that st = r1v + r2w for some r1, r2 > 0.

Also, the letter (A′
k,a

′
k) appears in some words representing (I,v) and (I,w).

Therefore, st can always be written as a strictly positive linear combination of vectors v

with (I,v) ∈ ⟨G′⟩. Hence, by condition (i), there exist strictly positive reals r1, . . . , rM such that

r1v
′
1 + · · · + rMv′

M = 0, where (I,v′
t) ∈ ⟨G′⟩, t = 1, . . . ,M . Furthermore, conditions (ii), (iii)

and (iv) show that every letter (A′
i,a

′
i) in G′ appears at least once in a word representing (I,v′

t)

for some t ∈ {1, . . . ,M}.

Changing back to the original basis, this shows that r1v1 + · · ·+ rMvM = 0, where (I,vt) ∈

⟨G⟩ for t = 1, . . . ,M . Since the entries of vt are all integers, there exist strictly positive integers

n1, . . . , nM , such that n1v1 + · · ·+ nMvM = 0. Hence

(I,v1)
n1 · · · (I,vM )nM = (I,0).

Every letter (Ai,ai) in G appears at least once in a word representing (I,vt) for some t ∈

{1, . . . ,M}. Therefore, (I,0) can be represented as a full-image word. This shows that ⟨G⟩ is a

group by Lemma 2.2.1.

Next, suppose ⟨G⟩ is a group, we show that there exists an R>0-linear combination of elements

in S equal to 0, that satisfies the conditions (ii), (iii) and (iv).

By Lemma 2.2.1, there exists a full-image word w := (B′
1, b

′
1) · · · (B′

m, b
′
m) over the alphabet

G′, representing (I,0). Replacing each letter (B′
i, b

′
i) in w with ni consecutive letters ̂(B′

i, b
′
i),

we obtain a full-image word

ŵ = (C1, c1) · · · (CM , cM )

over the alphabet Ĝ, representing (I,0).
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Then by Lemma 5.5.13, the vector 0 can be written as a R>0-linear combination of a finite

number of elements in S, satisfying the conditions (ii), (iii) and (iv).

Corollary 5.5.15. If the generator A of the group ⟨A1, . . . , AK⟩ ∼= Z is a positive scale, it is

the decidable in PTIME whether ⟨G⟩ is a group.

Proof. Since ⟨A1, . . . , AK⟩ ∼= Z, we have J+ ̸= ∅, J− ̸= ∅. Given S as a set of cells, it is decidable

whether there exist a finite non-empty set of vectors {s1, . . . , sm} ⊆ S satisfying conditions (ii),

(iii) and (iv), as well as strictly positive reals r1, . . . , rm such that r1s1+ · · ·+rmsm = 0. Indeed,

this is true if and only if the largest linear subspace L of the R≥0-cone ⟨S⟩R≥0
contains some cell

Cell(di∗) for each i ∈ J+, some cell Cell(d∗j) for each j ∈ J−, and some cell Cell(ek) for each

k ∈ J0. This is decidable in PTIME since the number of cells in L is finite (at most nine).

Given the input set G, we can compute the set of cells in S in PTIME. Therefore, by

Proposition 5.5.14, it is decidable in PTIME whether ⟨G⟩ is a group.

Combining all cases, we can now prove the main result of this section.

Proposition 5.3.4. Let G = {(A1,a1), . . . , (AK ,aK)} be a set of elements of SA(2,Z), such

that the semigroup H := ⟨A1, . . . , AK⟩ is a group. Suppose H is virtually solvable, then exactly

one of the following six conditions holds:

(i) H is the trivial group.

(ii) H contains a non-trivial torsion element.

(iii) H = ⟨A⟩grp, where A is a twisted inversion.

(iv) H = ⟨A⟩grp, where A is a shear.

(v) H = ⟨A⟩grp, where A is an inverting scale.

(vi) H = ⟨A⟩grp, where A is a positive scale.

Furthermore, in cases (ii), (iii) and (v), the semigroup ⟨G⟩ is always a group. Overall, it is

decidable in PTIME whether ⟨G⟩ is a group.

Proof. Division into six cases has already been proved by Lemma 5.5.1 and 5.5.3 as well as the

discussion that follows. In cases (ii), (iii) and (v), Proposition 5.5.6, 5.5.7 and 5.5.10 show that

⟨G⟩ is a group. We now show PTIME decidability.

First, we decide in PTIME which of the six cases is true for H, using Lemma 5.5.4. In cases

(ii), (iii) and (v), the Group Problem for ⟨G⟩ has positive answer. In cases (i), (iv) and (vi),

Proposition 5.5.5, Corollary 5.5.9 and Corollary 5.5.15 show the required PTIME decidability

result.
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5.6 Extensions and obstacles to Semigroup Membership

In previous sections we showed decidability and NP-completeness of the Identity Problem and

the Group Problem in SA(2,Z). In this section we discuss possible extensions of our result and

obstacles to solving Semigroup Membership in SA(2,Z).

Let G := {(A1,a1), . . . , (AK ,aK)} be a set of elements of SA(2,Z). Compared to the Identity

Problem and the Group Problem, the first obvious obstacle for deciding Semigroup Membership

for ⟨G⟩ is that we can no longer suppose H := ⟨A1, . . . , AK⟩ to be a group. However, if we restrict

the target to elements of the form (I,a), that is, if we want to deciding whether (I,a) ∈ ⟨G⟩,

then we can still suppose H to be a group.

Indeed, if H is not a group, then at least one of the Ai is not invertible in H. Therefore, a

word over G representing (I,a) cannot contain the letter (Ai,ai). We can thus delete (Ai,ai)

from the alphabet G without changing whether (I,a) ∈ ⟨G⟩. One can repeat this process until

H becomes a group.

Under the additional assumption that H is a group, we can decide Semigroup Member-

ship for ⟨G⟩ in all except one cases. Recall Theorem 5.3.2, if H contains a non-abelian free

subgroup, then ⟨G⟩ is a group by Proposition 5.3.3. Hence Semigroup Membership reduces to

Group Membership, and is decidable by the result of Delgado [32]. If H is virtually solvable,

then consider the six cases in Proposition 5.3.4. Case (ii), (iii) and (v) are easy since ⟨G⟩ be-

comes a group. In case (i), deciding whether (I,a) ∈ ⟨G⟩ reduces to solving the linear equation

n1a1 +n2a2 + · · ·nKaK = a for (n1, . . . , nK) ∈ ZK
≥0 \ {0}, and is decidable by integer program-

ming. In case (iv), Semigroup Membership for ⟨G⟩ reduces to Semigroup Membership in the

Heisenberg group H3(Q), which is decidable by the result of Colcombet, Ouaknine, Semukhin

and Worrell [30, Corollary 8]. Hence, only case (vi) remains unsolved.

We now show that deciding Semigroup Membership in case (vi) is equivalent to deciding

Semigroup Membership in a semidirect product Z[λ]⋊λZ. Given λ > 1 that satisfies a quadratic

equation λ2 − aλ+ 1 = 0 for some a ≥ 3, we define the following semidirect product:

Z[λ]⋊λ Z :=

{(
λk x
0 1

) ∣∣∣∣ k ∈ Z, x ∈ Z[λ]
}
. (5.11)

Here, Z[λ] is the ring generated by 1 and λ. There exist an embedding of Z[λ]⋊λZ as a subgroup

of SA(2,Z) in the following way. For a given λ satisfying λ2 − aλ + 1 = 0, define the matrix

Aλ :=

(
0 −1
1 a

)
in SL(2,Z). Since λ is a quadratic integer, every element x ∈ Z[λ] can be
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written uniquely as x = x1 + λxλ for some x1, xλ ∈ Z. Define the map

ϕ : Z[λ]⋊λ Z −→ SA(2,Z)(
λk x
0 1

)
7−→

(
Ak

λ, (x1, xλ)
⊤
)
.

It is easy to verify that ϕ is an injective group homomorphism. Furthermore, the image under

ϕ of a subsemigroup2 of Z[λ]⋊λ Z satisfies case (vi) of Proposition 5.3.4. Therefore, solving the

hard case of Semigroup Membership in SA(2,Z) necessitates solving Semigroup Membership in

Z[λ]⋊λ Z.

On the other hand, given any positive scale A ∈ SL(2,Z) with eigenvalue λ > 1, one can

find a change of basis matrix P ∈ SL(2,Z) such that P−1AP = Aλ (see [27]). Therefore, any

(finitely generated) semigroup ⟨G⟩ satisfying case (vi) of Proposition 5.3.4 must be conjugate3

to a (finitely generated) sub-semigroup of ϕ(Z[λ] ⋊λ Z) ≤ SA(2,Z). Hence, solving Semigroup

Membership in Z[λ] ⋊λ Z is sufficient for solving Semigroup Membership in the case (vi) of

Proposition 5.3.4.

Although Semigroup Membership in Z[λ] ⋊λ Z remains an open problem, the group bears

certain similarities to the better studied Baumslag-Solitar group BS(1, q).

BS(1, q) := Z[1/q]⋊q Z =

{(
qk x
0 1

) ∣∣∣∣ k ∈ Z, x ∈ Z[1/q]
}
.

Here, q ≥ 2 is an integer. A recent result by Cadilhac, Chistikov and Zetzsche [25] showed decid-

ability of the rational subset membership problem in BS(1, q) by considering rational languages

of base-q expansions. This result subsumes decidability of Semigroup Membership in BS(1, q).

Therefore, it would be interesting to adapt this approach to study Semigroup Membership in

Z[λ] ⋊λ Z by considering rational languages of base-λ expansions [20], where λ is an algebraic

integer. Nevertheless, adaptation of the previous result to a non-integer base of numeration

poses various additional difficulties that we have not been able to surmount.

2We suppose that the upper-left entries of elements of the semigroup contain both positive and
negative exponents of λ, otherwise deciding Semigroup Membership is easy.

3The conjugation is realized by the change-of-basis matrix diag(P, 1).
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Chapter 6

Conclusion and outlook

In this chapter, we discuss some possible extensions of our work and pose several open problems

that may be interesting for future research in this direction.

6.1 Identity Problem and Group Problem

In this thesis we have obtained decidability of the Identity Problem and the Group Problem in

the following groups:

(i) finitely generated nilpotent groups of class at most ten,

(ii) finitely generated metabelian groups,

(iii) the semidirect product SA(2,Z) = Z2 ⋊ SL(2,Z). (Note that SL(2,Z) is virtually free.)

A natural follow-up for (i) is whether it can be extended to groups of arbitrary nilpotency

class. The natural next step after (ii) is to consider centre-by-metabelian groups. These are

groups G that commute with [[G,G], [G,G]]. In other words, G is centre-by-metabelian if

[[[G,G], [G,G]], G] = {I}. Centre-by-metabelian groups are solvable of derived length three,

but their algorithmic problems remain partially tractable and may still admit decidable Identity

Problem. In general, the algorithmic theory of solvable groups of derived length three is highly

intractable. Notably, their Word Problem is undecidable [54]. For (iii), a natural generalization

is the group Zn ⋊ F where F is virtually free and n ≥ 3. Another possible follow-up is the

group SL(3,Z), but its algorithmic problems seem currently out of reach. To sum up, we have

the following natural open problems.

Problem 6.1.1. Are the Identity Problem and the Group Problem decidable in the following

groups:

(i) finitely generated nilpotent groups of arbitrary nilpotency class,

(ii) finitely generated centre-by-metabelian groups,
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(iii) the semidirect product Zn ⋊ F where F is virtually free and n ≥ 3?

Problem 6.1.2. Is there a solvable group of derived length three1 where the Identity Problem

is undecidable?

Recall that in a fixed group G, decidability of the Group Problem implies decidability of the

Identity Problem (Lemma 2.2.4). However, no evidence suggest the converse to be true. Hence,

we have the following open problem.

Problem 6.1.3. Is there a group G with decidable Identity Problem but undecidable Group

Problem?

6.2 Open problems in specific metabelian groups

In this thesis we focused most effort on the Identity Problem and the Group Problem. This is

because Semigroup Membership is known to be undecidable in most natural classes of groups.

Nevertheless, certain decidability results [25, 67] for Semigroup Membership have been shown

for specific classes of metabelian groups such as the Baumslag-Solitar groups BS(1, q), q ≥ 2 and

the wreath product (Z/pZ) ≀Z, p ≥ 2. Both can be seen as quotients of the wreath product Z ≀Z:

BS(1, q) := (Z[1/q])⋊ Z =

{(
Xa y
0 1

) ∣∣∣∣ a ∈ Z, y ∈ Z[X]/(qX − 1)

}
.

(Z/pZ) ≀ Z :=

(
(Z/pZ)[X]

)
⋊ Z =

{(
Xa y
0 1

) ∣∣∣∣ a ∈ Z, y ∈ Z[X]/(p)

}
.

Here, (qX − 1) and (p) respectively represent the ideals of Z[X] generated by qX − 1 and p.

This leads to the question of whether Semigroup Membership is decidable in other quotients of

Z ≀ Z:

Problem 6.2.1. For which f ∈ Z[X] is Semigroup Membership decidable in the group:

(
Z[X]/(f)

)
⋊ Z :=

{(
Xa y
0 1

) ∣∣∣∣ a ∈ Z, y ∈ Z[X]/(f)

}
?

Here, (f) denotes the ideal generated by the element f . The only known undecidability result

is the distinguished case f = 0. That is, Semigroup Membership is undecidable in the wreath

product Z ≀ Z itself [67].

Recall that in Section 5.6 we have identified the group Z[λ]⋊λZ as one of the main obstacles

to solving Semigroup Membership in SA(2,Z). This can be considered as a special case of

1As a convention, we only consider groups that are finitely presented in the class of solvable groups.
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Problem 6.2.1:

Z[λ]⋊λ Z ∼=
(
Z[X]/(X2 − aX + 1)

)
⋊ Z.

Here, X2 − aX + 1 is the minimal polynomial of λ.

One possible way to approach Problem 6.2.1 is to adapt the tools introduced in Chapter 4

and try to reduce it to solving (possibly non-homogeneous) linear equations over polynomial

semirings. While solving a system of non-homogeneous linear equations over the polynomial

semiring N[X] is undecidable [78], it is unclear whether solving a single non-homogeneous linear

equation is decidable. This yields the following open problem.

Problem 6.2.2. Given as input the polynomials y1, . . . , yK , g ∈ Z[X±], can we decide whether

the equation

f1y1 + f2y2 + · · ·+ fKyK = g

has solution f1, . . . , fK in the semiring N[X±]?

Finally, recall that in class two nilpotent groups, Semigroup Intersection is decidable (Corol-

lary 3.1.2), despite Semigroup Membership being undecidable [86]. We ask the same question for

the wreath product Z ≀Z. The wreath product Z ≀Z has undecidable Semigroup Membership [67].

However, the Identity Problem, which can be considered as a special case of Semigroup Inter-

section, is decidable by Theorem 4.1.2. Furthermore, Z ≀Z cannot embed a direct product of two

non-abelian free monoids, making it unlikely to show undecidability of Semigroup Intersection

using the Post Correspondence Problem.

Fact 6.2.3. There is no embedding of the monoid {a, b}∗ × {a, b}∗ into the group Z ≀ Z.

Proof. Suppose on the contrary that such an embedding

φ : {a, b}∗ × {a, b}∗ ↪→ Z ≀ Z

exists. Let ϵ denote the empty word of {a, b}∗, write

φ((a, ϵ)) =

(
XA f1
0 1

)
, φ((b, ϵ)) =

(
XB f2
0 1

)
,

φ((ϵ, a)) =

(
XC f3
0 1

)
, φ((ϵ, b)) =

(
XD f4
0 1

)
.

We have the following equations and inequalities in {a, b}∗ × {a, b}∗:

(a, ϵ) · (ϵ, a) = (ϵ, a) · (a, ϵ), (a, ϵ) · (ϵ, b) = (ϵ, b) · (a, ϵ),
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(b, ϵ) · (ϵ, a) = (ϵ, a) · (b, ϵ), (b, ϵ) · (ϵ, b) = (ϵ, b) · (b, ϵ),

(a, ϵ) · (b, ϵ) ̸= (b, ϵ) · (a, ϵ), (b, ϵ) · (a, ϵ) ̸= (a, ϵ) · (b, ϵ).

Applying φ, we obtain

(XA − 1)f3 = (XC − 1)f1, (XA − 1)f4 = (XD − 1)f1, (6.1)

(XB − 1)f3 = (XC − 1)f2, (XB − 1)f4 = (XD − 1)f2, (6.2)

(XA − 1)f2 ̸= (XB − 1)f1, (XC − 1)f4 ̸= (XD − 1)f3. (6.3)

Consider three cases.

1. If A,B,C,D are all non-zero. Then (6.1) and (6.2) yield

f1
XA − 1

=
f2

XB − 1
=

f3
XC − 1

=
f4

XD − 1
.

This contradicts (6.3).

2. If exactly one of the two sets {A,B}, {C,D} contains zero. Without loss of generality

suppose A = 0 and 0 ̸∈ {C,D}. Since A = 0 and (XA − 1)f2 ̸= (XB − 1)f1, we have

B ̸= 0. Then (6.2) yields

f2
XB − 1

=
f3

XC − 1
=

f4
XD − 1

,

contradicting (XC − 1)f4 ̸= (XD − 1)f3.

3. If both sets {A,B} and {C,D} contain zero. Without loss of generality supposeA = C = 0.

Since C = 0 and (XC−1)f4 ̸= (XD−1)f3, we have D ̸= 0. Then, (XA−1)f4 = (XD−1)f1

and A = 0, D ̸= 0 yield f1 = 0. Then (XA − 1)f2 = 0 = (XB − 1)f1, contradicting (6.3).

Therefore, such an embedding φ cannot exist.

Consequently, decidability of Semigroup Intersection in the group Z ≀ Z becomes a natural

open problem.

Problem 6.2.4. Is Semigroup Intersection decidable in the group Z ≀ Z?
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[34] C. Druţu and M. Kapovich. Geometric group theory, volume 63. American Mathematical

Soc., 2018.

[35] E. B. Dynkin. Calculation of the coefficients in the Campbell-Hausdorff formula. Selected

Papers of E. B. Dynkin with Commentary. Ed. by Yushkenich, A. A., pages 31–35, 2000.

[36] M. Einsiedler, R. Mouat, and S. Tuncel. When does a submodule of (R[x1, . . . , xk])n contain

a positive element? Monatshefte für Mathematik, 140(4):267–283, 2003.

[37] D. Eisenbud. Commutative algebra: with a view toward algebraic geometry, volume 150.

Springer Science & Business Media, 2013.
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