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Abstract

In this thesis, we build and solve various mathematical models to describe
the interplay between alumina particles and a cryolite bath that takes place
in a Hall-Héroult cell, which is the foundational process for aluminium
production. We aim to understand the heat and mass transfer mechanisms
taking place in order to gather insights into the aluminium production
process and use these insights to suggest process improvements.

First, we examine the problem of adding a cold alumina particle to a bath
of hot cryolite. We develop a spherically symmetric model to describe
heat and mass transfer between the particle and the surrounding material,
allowing for freezing and melting of the cryolite close to the particle
and its subsequent dissolution. We solve this model numerically using
the method of lines using the early-time asymptotic solution to initiate
the numerical scheme. We explore the behaviour as we vary the key
dimensionless parameters. We also consider the model in the limits of
small superheat and of small Stefan number. Using these asymptotic
solutions, we find approximate expressions for the freezing, melting, and
dissolution timescales, with freezing being the fastest effect and dissolution
the slowest. Also, using the early-time solution, we determine constraints
on the parameters for which shell growth is possible. Our results predict
that increasing the superheat or decreasing the particle size should decrease
the time it takes for a particle to dissolve, in accordance with practical
experience. Furthermore, we note that the temperature changes are
localised to a 5–10 particle radii.

Second, we formulate a one-dimensional model for the phase-changing
infiltration into a porous alumina raft placed on top of the cryolite. We
simplify our model in the limit of small superheat. We solve the equations
using the same approach as in Chapter 2 with the method of lines, using the
early-time asymptotic solution to initiate the numerical scheme. We find
that the early-time problem can exhibit a stable and an unstable solution
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and in certain parameter regions, these solutions disappear altogether.
Furthermore, depending on the heat loss through the top of the raft, the
model can undergo a discontinuous change in behaviour which corresponds
to the clogging of the pore space. Additionally, near clogging, we find
power-law behaviour of the frozen cryolite fraction and the location of the
infiltration and solidification fronts.

Third, we formulate a model for the disintegration of a spherical clump
of alumina particles. We solve the problem numerically with the method
of lines and see that, for certain parameters, the solution behaves like a
travelling dissolution front, while in other regimes there is bulk dissolution.
We investigate the travelling dissolution front by using the method of
matched asymptotic expansions to reduce the full problem. The asymptotic
expressions match well with the numerical solutions up to the order that
would be expected.

In Chapter 5 we formulate a model for the phase-changing infiltration into
a spherical clump of alumina particles, which physically corresponds to a
larger batch that is entirely enclosed by the cryolite. We find that many of
the results in Chapter 3 carry over, such as the multiple solutions for early
time, the late time clogging, or the fact that the phase-changing front is
slower than the isothermal one. The presence of clogging in this model is
especially interesting as it is caused by the slowing down of the front, as
opposed to the cooling at the top, which was the case in Chapter 3.

Finally, we summarize the findings and offer possible extensions to our
models in Chapter 6 and present our mathematical findings in an ap-
proachable way in Chapter 7. The alumina feeding is a process with many
interacting parts producing complex behaviour. In this thesis we shed
light on a few problems, but the research is not over.
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Chapter 1

Introduction

Synopsis

In this chapter we describe the Hall-Héroult process, which is the
main aluminium-producing industrial process in the world. We then
focus our attention on the addition of the raw material, alumina, into
the production cell. We formulate industrially relevant questions
and a plan for the different mathematical models that we will use
to answer these questions.

Aluminium plays a big role in today’s society, but it does not appear naturally in

its pure state. In 1821, Pierre Belthier identified that bauxite ore could be used as a

suitable raw material for making aluminium, and the first metallic form was produced

in small amounts in 1825 by Hans Christian Ørsted [49]. Since the production of

aluminium was difficult, at first it was mainly used for luxury goods such as sculptures

and royal cutlery. More widespread use of aluminium had to wait until the late

19th century, when Charles Martin Hall and Paul Héroult independently discovered a

scalable electrolytic process for producing high purity aluminium from alumina. Since

this process requires a large amount of electrical energy, production plants were built

near large sources of cheap electricity, such as hydroelectric generators. This led to the

aluminium industry forming close connections with energy companies. For example,

1



Hydro Aluminium, one of the industrial partners in this project, produces both energy

and aluminium [41].

Aluminium has many advantageous properties. It has a high strength to density

ratio, especially when alloyed with other metals, resulting in wide use in the aerospace

industry where weight and strength are of utmost importance [56].

It is also a good conductor of both heat and electrical current and is used in the

electronics industry for heat-sinks [53], and even for the thick conducting wires used

in making aluminium. At the same time, aluminium is capable of low-temperature

superconductivity and is used in the building of quantum computers [30, 101].

Aluminium can also be used for making mirrors and solar cells, due to its high

reflectivity [1]. It forms an aluminium oxide layer when in contact with air which

prevents further degradation [55], unlike steel which rusts. It has become a widely

used material in the transportation industry as well because of its very good shock

absorbance due to the ductility of aluminium [62, 87]. One of its most important

properties that underlies aluminium’s everyday use is that it is fully recyclable without

any loss of quality.

Aluminium also has disadvantages, for example, even small-amplitude periodic

loads can cause material failure, an effect known as fatigue [81]. Steel, on the other

hand, has an apparent endurance limit, which means that if the amplitude of the

load is smaller than half of the ultimate tensile strength, then the cycles that can be

achieved are practically unlimited. Aluminium also has a lower melting point than

most metals which makes it easier to produce and recycle, but also makes it more

sensitive to heat loads.

The focus of our research is the Hall-Héroult process, which is widely used to make

millions of tons of aluminium every year. However, due to the harsh temperature and

chemical conditions inside a Hall-Héroult cell, experimental measurements are quite

hard, a detailed description of the process is still not well known, and sophisticated
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mathematical models are rarely employed to help understand the process. Our interest

is on one particular aspect of the Hall-Héroult process, namely the feeding of alumina

into the processing bath. The alumina is added at room temperature as solid particles1

containing bound water and has to dissolve into a bath of electrolyte fluid, before the

electrolytic processes turning alumina into liquid aluminium can take place.

The goal of the Hall-Héroult process (a schematic of a Hall-Héroult cell is shown in

Figure 1.1) is to make aluminium (Al) from alumina (Al2O3) by using electrolysis [28,

33, 82]. Depending on the level of detail one wants to take, there are different ways of

expressing the basic idea, but in general the electrochemical process can be summarized

by two electrochemical reactions, one that occurs on the surface of the anode:

2Al2O3 + 12NaF + 3C 12Na+ + 12 e– + 4AlF3 + 3CO2, (1.0.1)

and another one that occurs on the cathode

AlF3 + 3 e– + 3Na+ Al + 3NaF. (1.0.2)

Inside the electrolyte the conserved Na+ ions carry the current. From these two

balance equations we can see that the sodium ions are conserved in the system, so we

can also write down an overall cell reaction as

2Al2O3 + 3C 4Al + 3CO2, (1.0.3)

which summarizes that, in order to produce aluminium, the cell uses up both the

alumina and the carbon of the anode and produces CO2
2. This means that the cell

generates large amounts of greenhouse gases and also that, after some time, the anode
1The alumina particles can be comprised of γ-alumina or α-alumina, each of which has a different

crystal structure.
2In fact, 1.4 kg of CO2 for every kg of aluminium [82].
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needs to be replaced. In recent years, there has been a huge endeavour to find different

anode compositions that eliminate these disadvantages by using inert anodes [76]. For

example, a good candidate material for an inert anode has been discovered in a joint

cooperation between Alcoa, Rio Tinto and Apple, but they have not released any

further details [19].

Alumina (300K)

Electrolysis in the hot cryolite (1200K)

Cathode

Molten aluminium

Anode Anode

Tapping

Crust

Current (200 kA)

In
su
la
ti
o
n

Figure 1.1: Schematic of a Hall-Héroult cell. The electrolyte fluid resides between the
anode and the cathode. The molten aluminium product is collected on the cathode
surface. The cell interior is bounded by a crust of solidified electrolyte and additional
insulation.

In order for reactions (1.0.1) and (1.0.2) to work in the region between the anode

and the cathode, the alumina needs to be dissolved into the electrolyte fluid. This

fluid is a mixture of fluoride- and aluminium-based molten salts created by melting

cryolite (Na3AlF6) with additional chiolite (Na5Al3F14) along with small amounts

of other materials that differ company by company. The electrolyte fluid inside an

aluminium cell is usually called a cryolite bath or molten cryolite, but cryolite is not

the only component. In general, the electrolyte is made of many different ionic species

constantly reacting with each other [27]. The only cation is Na+, but there are usually

multiple anions such as AlF –
4 , AlF –

3 , F–, as well as the oxofluoride species formed by

the alumina dissolution, including Al2O2F 2–
4 , Al2O2F 4–

6 , and there is still debate on
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1.1. Feeding of alumina

exactly which ions make up the bath. One of the controversies is about the form of

alumina in the bath, and whether it is in a molecular form or reacts with the bath

to produce multiple different fluoride species [29, page 45]. A simplistic view that

we will adopt is that the electrolyte fluid is made up of two different components, a

substance that we will call cryolite that makes up the bulk of the fluid and a dilute

alumina component.

If the electrolyte has a high enough concentration of alumina in the electrolysis

region (usually around 3 % volume fraction), then it is observed that the process is

stable, but both larger and smaller alumina concentrations are detrimental [29]. At

low concentrations, a detrimental process, called the anode effect occurs. This is

characterised by a large jump in the operating voltage of the cell, with the reaction at

the anode adversely affecting the anode material and increasing wear by generating

bubbles of harmful gases (e.g. CF4, C2F6). The exact mechanism of the anode effect is

not known, but in general it is viewed as a shift in the main reaction pathway from the

desired one to an undesirable one [29]. If, however, the bath is saturated with alumina,

the feeding is inefficient and the excess undissolved alumina can aggregate, sink to the

bottom of the cell, contaminate the aluminium product, and form hard-to-dissolve

sludge.

1.1 Feeding of alumina

In order to maintain a 3 % volume fraction of alumina in the electrolyte, a feeder

mechanism is used which penetrates the crust of the molten electrolyte every few

minutes (the top of the fluid usually freezes because the outside temperature is below

the freezing temperature of the cryolite) and supplies a dose of alumina particles [51,

103] with mean radius on the order of 100 µm. The dose may penetrate into the

liquid cryolite as individual particles or as clumps of particles, or can float on the
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1.1. Feeding of alumina

surface as rafts. Since the temperature of the alumina is low (slightly higher than

room temperature) and the temperature of the cryolite is close to its melting point

(5–10 K above), there is momentary local freezing of the cryolite over the surface of

the dose. This local freezing can cause rafts to persist for a long time at the surface.

The falling of rafts through the molten aluminium is undesirable and when they

settle at the bottom of the cell they are called sludge. Once the frozen cryolite layers

have melted, the alumina dissolves (both melting and dissolution are rapid for a small

particle and slow for agglomerates) and it is transported to the electrolysis region

between the anode and the cathode by advection, diffusion, and with the bulk flow

generated by multiple effects (e.g. bubbling, magnetohydrodynamical forces, buoyancy)

with a velocity of several cm/s. We also note that the solid alumina particles and the

rafts have a porous structure [60, 77], which may influence the dissolution reaction.

We will look at this effect with more detail in Chapter 4. The feeding of alumina can

be divided into the following stages (see Figure 1.2):

• A, falling of the granular dose in the air;

• B, impacting of the dose on the cryolite surface and subsequent agglomeration

of particles, forming a floating raft;

• C, sinking of different types of agglomerates from the surface in the cryolite; and

• D and E, floating of alumina agglomerates on top of liquid aluminium with the

possibility of sinking in the liquid aluminium to the bottom of the cell forming

a sludge.

Each of the stages involve multiple different effects. In the following sections we will

summarize the physical mechanisms and related research done for each of the stages.
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1.1. Feeding of alumina

A Falling of dose

ti
m

e

C

E

Floating on cryolite surface

Sinking through the fluid

Floating on aluminium surface

Sinking to the bottom of cell

D

B

Figure 1.2: Chronology of the feeding process resulting in raft and sludge.

1.1.1 Falling

The first stage of the feeding of alumina is the falling of a granular dose after release

under the influence of gravity and the convective air flow generated by temperature

differences between the cryolite and the outside environment. This convective current

influences the dispersion of the dose on the surface of the cell.

1.1.2 Rafting

In the second stage of the process, the dose impacts on the surface of the fluid. Here,

there are at least three different interacting factors that affect the behaviour: the

granularity of the dose, the chemical reaction between the particles and the electrolyte,

and the huge temperature gradients between the particles and the fluid.

To study the effect of granularity, we need to know how a group of particles interact

with each other and with the surface, what makes them float or sink [97], and how

the fluid infiltrates between the particles. A similar problem in everyday life is the

addition of chocolate powder onto the surface of a glass of milk. Without enough

stirring, the powder can float on top of the milk for a considerable amount of time

and, even if it breaks up, it often forms dry agglomerates enclosed in wet powder. The
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1.1. Feeding of alumina

floating of agglomerates has been investigated by Kaszás et al. [44, 45, 46] in a series of

papers; they first investigate the flotation of a single spherical particle, then measure

the infiltration rate for a solid disk-like porous alumina lump. Dassylva-Raymond et al.

[9] set up a model for the alumina aggregate, which contains most of the effects that

Walker [100] identifies in his measurements on aggregates, such as the phase change

and infiltration of the cryolite, the γ-α phase change of alumina, and the amount of

gas produced in the process. They analyse their moisture evolution model numerically

and conclude that the model correctly predicts the frozen layer thickness on a single

agglomerate and the mass of the alumina agglomerate when compared with Walker’s

measurements [100].

Another problem associated with this stage is the dissolution reaction between

the particles and the electrolyte, and a key question is how fast the dissolution (the

degradation of the structure) is compared to the infiltration (the flow of cryolite into

the structure). Related problems in geoscience are, for example, the permeation of acid

into a porous rock [36] or the melting of snow [61]. In the former, the mathematical

model involves tracking the concentrations of soluble minerals and acid, while in the

latter, the mathematical model involves equations describing the evolution of the

volume fractions of ice, water and air along with the associated heat transfer problem.

In the rafts formed in the Hall-Héroult process, there are four phases present: a porous

matrix, frozen cryolite, liquid cryolite, and gas. Moreover, the frozen cryolite is not

present when the particles are submerged and so heat transfer plays a crucial role in

the evolution of the alumina particles. Thus it is difficult to translate the preexisting

results.

While the most important reaction taking place is the dissolution of alumina into

the cryolite, a side reaction between the cryolite and the bound water content of the

particles also occurs instantaneously. This reaction releases gases, the effect of which

is not well known, but might include the cracking of the particles, pushing particles
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1.1. Feeding of alumina

around, increasing pressure in an agglomerate, or decreasing the infiltration speed.

An added complication is that the bath is hot and the particles are cold, with

temperature below the freezing temperature of the liquid cryolite. This causes liquid

to solid phase change in the vicinity of the particles (or the rafts). This freezing

behaviour is complicated because the bath consists of multiple components, each

with their own melting points. This is shown by Lavoie, Taylor, and Metson [51]

and Walker [100], who identify multiple infiltration fronts into an agglomerate of

alumina of chiolite and cryolite by observing that the infiltration front temperatures

coincide with the melting points of the chiolite and cryolite. The presence of any

frozen layer surrounding particles or infiltrated into the raft inhibits the mass transfer

of alumina into the bath by substantially reducing the dissolution rate. Nevertheless,

the temperature of the bath causes the frozen material to eventually melt away, but

this frozen material affects the initial infiltration behaviour. The particles themselves

also undergo a crystal structure change that occurs at temperatures achieved during

the infiltration process [100]. It is widely believed that γ–alumina contributes to the

stability and cohesion of rafts, since it promotes the merging and bonding of the

particles.

Since the freezing is rapid, nonequilibrium effects can also have a role in the process.

A related problem is transient infiltration of liquid into a capillary tube, which has

been investigated by numerous authors (e.g. [66, 67]). Another interesting related

study has been done by Epstein [20], who investigates a growing freezing crust on the

interface between two fluids. A more macroscale problem of this transient solidifying

problem is presented by Bunk and King [7], who consider the spreading of basal melts

and find various different solidification regimes depending on the parameters.

There have been several studies that explicitly focus on the feeding of alumina

into the Hall-Héroult cell. Walker [100] studies the dissolution of alumina mainly

experimentally, but also builds a simple model for the heat-transfer-controlled freezing.
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1.1. Feeding of alumina

In the experiments, he uses large spherical and cylindrical lumps of alumina powder

and measures the temperature at different points of the lump. He observes that

a frozen cryolite layer forms around the lumps and that this frozen layer behaves

qualitatively as predicted by his simple model. He also shows that, even though there

is a frozen layer, cryolite fluid still infiltrates into the specimen even before this frozen

layer melts away. This suggests that the freeze layer is not impermeable, but is more

like a mushy region [106], which is a region that contains multiple distinct phases of

the same material. Another noteworthy observation is that some components of the

fluid penetrate further into the aggregate than others, which he attributes to the fact

that the two components have different liquidus temperatures and even when one of

them freezes out of the mixture the other part can still penetrate. Finally he mentions

that through the process the alumina material itself changes phase between α and

γ-alumina, absorbing heat.

Østbø [72] investigates the effect of the phase change of the alumina from α- to

γ-alumina when added to the cell and conducts a large number of experiments. The

main conclusion that he draws is that the phase change of alumina has a big effect

on the agglomeration behaviour: during phase change platelets (plate-like α-alumina

structures) are generated and these grow together and make the particle agglomerate

mechanically resistant to shear. He also shows that the agglomerate can break apart

due to ‘snowflaking’, in which small parts of the raft separate and start to sink; this

can be attributed to a loss of structural integrity of the raft at certain points.

Hofer [37] prescribes a flow and formulates a model for the evolution of alumina

inside the cryolite liquid, consisting of a convection-diffusion equation for the concen-

tration of the alumina and a population balance equation for the alumina particles

and solves the problem numerically using finite elements, with the aim of optimizing

the locations of the alumina feeding points. In his mathematical model, the particles

are added straight into the population balance equation in the fluid with a given
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1.1. Feeding of alumina

distribution and neglecting the multitude of effects that occur on the surface. Thus

the model does not consider rafts. This modelling framework has also been used by

other authors to investigate various aspects of the Hall-Héroult cell [6, 18, 109].

1.1.3 Sinking

In the third stage of the process, either single particles or larger agglomerates (fully or

partially infiltrated) sink through the cryolite fluid. The main processes taking place

are the infiltration of fluid into the agglomerate, the dissolution of alumina particles,

the sinking of the agglomerate, and the bulk liquid flow.

If the agglomerates have not been completely infiltrated before they become

completely submerged, there will be gas trapped inside them. Subsequently, further

infiltration will compress this gas, which will increase the pressure and hinder the

infiltration. This effect is exacerbated by the production of additional gas due to a

reaction between liquid cryolite and the bound water inside the alumina particles.

Experimental research on the feeding and dissolution of alumina particles in the

Hall-Héroult process focuses on, for example, how the particle dissolution time depends

on the bath concentration [90, 91], the size of the alumina particles [90], the initial

heating of the particles [91], and the effect of stirring, which accelerates the dissolution

by dispersing the alumina particles [34, 91].

The particle dissolution problem is well known in the scientific literature spanning

many fields including pharmaceutics, where it is an important part of the drug delivery

process [16, 57, 80], the metallurgical industry, where it is used to model corrosion [85],

and environmental science, where it is used to model polymer dissolution [54, 115]. The

dissolution reaction is dependent on difference between the (constant) concentration

of alumina in the particles and the alumina dissolved in the liquid cryolite. The

concentration of alumina dissolved in the liquid cryolite increases due to the dissolution

reaction and evolves due to diffusion and the bulk fluid flow. The bulk fluid flow is
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1.1. Feeding of alumina

turbulent and is driven by the electric field, temperature variations in the bath, the

upward flow of bubbles, and the downward flow of aggregates and particles [51]. If the

spherical particles are small enough, they are convected with the bulk flow, while if

they are larger, gravity will also be important. In a related area, Dierich and Nikrityuk

[12] and Dierich, Nikrityuk, and Ananiev [13] present a model for the melting and

freezing of a group of ice particles rising due to buoyancy in a fluid column which they

explore using direct numerical simulation. They find that the particles shift from the

wall to the centre of the column due to the Saffman force (a lifting force acting on a

particle in a shearing viscous flow). In another related area, Gan, Feng, and Hu [26]

build and solve a model for the sedimentation of hot and cold (compared to the fluid)

particles in a fluid and they observe that, in their model, a group of cold particles

disperse meanwhile a group of hot particles aggregate.

Of course, all these processes depends on the local temperature. The fluid flow is

likely to break any local particle-based symmetries and generate asymmetric phase

boundaries. Models involving asymmetric phase boundaries have been formulated for

numerous physical situations, for example [10, 13, 26, 40, 71].

1.1.4 Sludging

The last stage involves the behaviour of agglomerates on top of the liquid aluminium.

Depending on their size and velocity, they can either penetrate the surface of the liquid

aluminium or float on the top. Severe problems are caused by penetration, since the

dissolution process stops and there is no way of getting rid of the agglomerate, which is

often called a sludge. A milder case is when the aggregate floats, which can contaminate

the end product due to surface reactions and slow down the aggregate dissolution as

the sludge/aluminium interface behaves differently than the sludge/electrolyte one.

In a successful process, the alumina particles and clumps all dissolve before reaching

the aluminium layer.
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1.2 Material properties

Due to the extreme operating conditions of the cell, the material properties of the

cryolite bath cannot be accurately measured and, in some cases such as the diffusivity

of alumina in cryolite, there is no accurately known value. However, an order of

magnitude assumption can be made by looking at similar materials. The melting

point and the temperature of the cryolite are more accurately known; they depend on

the composition of the bath so, depending on the exact cell type, these values can

vary slightly. Since the solid alumina particles contain bound water (and probably

some voids), the precise value of the alumina density depends on the source material

and is less than that of pure alumina but more than that of cryolite, so the particles

themselves tend to sink in the liquid. An overview of the best guesses for key material

parameters can be found in Table 1.1.

1.3 Key questions and plan for the thesis

The key industrially questions that we are interested in answering are as follows.

• How long does it take to dissolve an alumina dose completely and what controls

the timescale?

• How much cryolite freezes during the process and how important is it?

• What parameters control whether a dose will aggregate or disperse?

• What parameters control whether a dose will float or sink?

Our overarching aim is to build a mathematical model of the feeding stage that can

inform the design of cells leading to the more efficient production of aluminium. In

this thesis, we will investigate the behaviour of various agglomerates in, and on top of,

the fluid.
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In Chapter 2, we will start by investigating the behaviour of a single cold solid

particle of alumina submerged in an unbounded cryolite bath. We will formulate a

heat and mass transfer problem for a sphere including the phase-change of the cryolite

and we will solve this model in two industrially relevant limits (small superheat, and

small Stefan number). We will also solve the full model numerically and compare the

behaviour with our asymptotic solutions.

In Chapter 3, we will change our focus and formulate a mathematical model for

the phase-changing infiltration of a cold porous structure, in order to determine the

expected behaviour of a raft floating on top of the liquid. We will investigate this

problem in the relevant small-superheat limit and use asymptotics to solve for the

early-time behaviour. Furthermore, we will solve the model numerically, and compare

these with asymptotic solutions near clogging, that is, when the pore space becomes

completely filled with frozen cryolite.

In Chapter 4 we will formulate a model for the diffusion-driven dissolution of a

porous structure, in order determine how an alumina clump, that detaches from the

main raft, dissolves while sinking in the cryolite. We will solve this model numerically

and explore two qualitatively different behaviours, that emerge, namely bulk dissolution

and travelling front solutions, both of which we will also investigate using asymptotics.

In Chapter 5 we investigate how an alumina clump behaves if it is placed into the

cryolite bath quickly, so that gas is trapped inside. We will combine the models in

Chapters 2 and 3 and investigate this model in three different limits. Our aim will be

to determine how the presence of gas modifies the infiltration behaviour.

In Chapter 6 we will draw together our conclusions and discuss recommendations

for future work, while in Chapter 7, we will summarize the results for an industrial

perspective.
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Parameter Symbol Value Sources
Alumina

initial temperature TA 373 K [41]
melting temperature TAm 2300 K [2]

heat conductivity ka 4–16 W/(m K) [2, 41]
specific heat capacity cp 1200 J/(kg K) [2, 41]

density ρp 2000–2500 kg/m3 [41][29, p.47]
diffusivity in cryolite D 1.5× 10−9 m2/s [41]

far-field concentration Cf 62 kg/m3 [41]
saturation concentration Cs 165 kg/m3 [41]

Frozen cryolite
melting point Tm 1200–1230 K [29, p.43][82, p.52]

heat conductivity ks 1.5 W/(m K) [41]
specific heat capacity cs 1450 J/(kg K) [41]

density ρs 2090 kg/m3 [41][29, p.54]
Molten cryolite

bath temperature Tc 1223–1243 K [72, 100, 108]
heat conductivity kc 0.8 W/(m K) [41]

specific heat capacity cc 1900 J/(kg K) [42]
density ρc 2070 kg/m3 [29, p.45]

latent heat of solidification L 530× 103 J/kg [41]
dynamic viscosity µc 2.7× 10−3 Pa s [29, p.56]

Environment
typical particle size a 50× 10−6 m [41][29, p.65]

raft size s 0.1× 0.1× 0.05 m [41]
top temperature Ttop 1000 K [41]

addition rate Q 16× 10−3 kg/s [41]
porosity φ 0.3–0.45 [47, T 2.1][29, p.66]

volumetric heat transfer h 1× 106 W/(m3 K) [48]

Table 1.1: Table showing the key material and physical parameters in the Hall-Héroult
process.
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Chapter 2

Solid alumina particle in a cryolite

bath

Synopsis

In this chapter, we investigate the spherically symmetric dissolution
of an initially cold alumina particle in a bath of molten cryolite. The
cryolite initially freezes on the particle, forming a shell that must
melt before the particle can dissolve. We derive asymptotic solutions
valid in the limits of small-superheat and of small Stefan number. In
the small-superheat limit, the evolution of the boundary exhibits a
two-scale behaviour. In the small Stefan number limit, we find that
the behaviour of a particle is limited by either the dissolution (in the
case where the temperature differences are small) or by heat transfer
(when both the latent heat is large and the temperature gradients
are large). Our asymptotic predictions are validated by comparing
with solutions found using a front-fixing numerical scheme that we
initiate using the early-time asymptotics.

2.1 Introduction

We first focus on the simple problem of single, cold, solid alumina particle surrounded

by liquid cryolite, as a paradigm for the feeding process where a single particle becomes
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rapidly submerged. Our aim is to explore the freezing and subsequent melting of the

cryolite around the particle and then its dissolution into the bath. This is contrast to

previous studies, which focus on the dissolution of clumps of alumina particles. The

low temperature of the feedstock compared to the bath, which is maintained only

slightly above the melting point to save energy, leads to three distinct process stages

in the single-particle case: first, some of the cryolite bath freeze into a shell around

the particle; second, this shell melts; third, after the shell has vanished, the alumina

particle dissolves into the cryolite. The first two stages are heat-transfer-driven phase

changes and are observed in experiments in which porous alumina lumps are dropped

onto the cryolite [100]. All three stages involve the motion of a free boundary.

Moving boundary problems are ubiquitous in many disciplines such as materials

science, geosciences, biology, and even finance. There is a considerable amount of

mathematical literature on spherically symmetric moving boundary problems dealing

with bubble nucleation [78], bubble dissolution [15], and mass-transfer-controlled

dissolution of an isolated sphere [16]. Due to its rich mathematical structure, the

inward solidification of a suddenly cooled liquid sphere has also been extensively

studied, for example, in [35, 58, 59, 73, 75, 84, 86]. Pedroso and Domoto [73] formulate

a spherically symmetric model involving the temperature inside and outside the liquid

sphere and the position of the freezing front. They utilize a small Stefan number

approximation to formulate asymptotic solutions to the problem. However, their

analysis breaks down as the freezing front approaches the centre of the sphere. By

considering the region close to the centre of the sphere when freezing is nearly complete,

this issue is rectified for early time in [75], and improved for later time in [86]. Similar

issues arise in solidification problems in a cylindrical geometry, which was analysed

in Soward [84], and for an N -dimensional sphere in Herrero and Velázquez [35]. In

contrast to these one-phase models McCue, Wu, and Hill [59] included temperature

evolution in both phases, leading to a two-phase Stefan problem which they analyse
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in the small Stefan number limit to find approximate solutions for the movement of

the boundary. Furthermore, Dewynne and Hill [11] investigates the integral forms of

the equations to calculate bounds for the evolution of the radius. The coupling of

heat transfer and liquid flow is investigated in Huppert [39], where the behaviour of a

hot liquid flowing over a cold solid plane is analysed.

The paper most relevant to our analysis is Ehrich, Yun-Ken, and Schwerdtfeger

[17], in which the problem of a metal particle immersed in its melt is considered. They

formulate a two-phase Stefan problem similar to our model, with the difference that

the contribution of the melt is lumped into the boundary condition using Newton’s law

of cooling with a constant convective coefficient. We will comment on the differences

and similarities as they arise. Our aim in this chapter is to formulate and solve a

mathematical model to describe the freezing, melting and dissolution process for a

single alumina particle, which is an essential building block for understanding alumina

feeding and distribution in the Hall-Héroult process.

We will present the mathematical model in Section 2.2. We then nondimensionalise

and analyse the thermal problem in Section 2.3 and present the analysis for the

dissolution problem in Section 2.4. Finally, we summarise the results and present the

conclusions in Section 2.5.

2.2 Mathematical model

We consider a spherically symmetric geometry in which a solid spherical alumina

particle is immersed in a stationary cryolite bath. We suppose that the initial

temperature, T ∗p , of the particle is much lower than the melting temperature, T ∗m, of

the cryolite. The cryolite is initially at a temperature T ∗c , which is slightly higher than

the melting temperature. Thus, a frozen shell of cryolite will form on the surface of

the particle, which will then melt away as the temperature equilibrates. We neglect
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bulk cryolite flow for simplicity and we also initially neglect the radial flow in the

cryolite caused by the phase change during the freezing and melting stages, motivated

by the small difference (1 %) in the densities between frozen and molten cryolite; we

revisit this assumption in Section 2.5.2.

2.2.1 Thermal problem

We denote by t the time since the instantaneous immersion of the particle in the

bath and by r the radial coordinate from the centre of the particle. We split the

domain into three regions as shown in Figure 2.1: the solid alumina particle of radius

a occupies 0 < r < a; the frozen cryolite shell occupies a < r < R(t), where R(t) is

the position of the interface between the frozen and unfrozen region; and finally the

molten cryolite resides in r > R(t).

Cryolite melt

Frozen Cryolite

Alumina particle r < a r

a < r < R(t)

r > R(t)

Figure 2.1: Geometry of the phase-change problem for a spherical particle of radius a
with a frozen shell located at a < r < R(t).

Conservation of heat energy and Fourier’s law for heat conduction [32] give the

governing equations in each region, namely

ρpcp
∂Tp
∂t

= kp
r

∂2

∂r2 (rTp) in 0 < r < a, (2.2.1a)

ρscs
∂Ts
∂t

= ks
r

∂2

∂r2 (rTs) in a < r < R(t), (2.2.1b)

ρccc
∂Tc
∂t

= kc
r

∂2

∂r2 (rTc) in r > R(t), (2.2.1c)
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where Ti(r, t) are the temperatures, ρi are the densities, ci are the specific heat

capacities at constant pressure, and ki are the thermal conductivities; here i ∈ {p, s, c},

where p denotes the particle, s denotes the frozen shell of cryolite and c denotes the

molten cryolite.

We assume that the temperature and the heat flux are continuous at the boundary

between the particle and the frozen cryolite shell, so that

Tp = Ts, kp
∂Tp
∂r

= ks
∂Ts
∂r

on r = a. (2.2.2)

On the moving boundary between the frozen and molten cryolite, r = R(t), we assume

that the temperature is continuous and equal to the cryolite melting temperature

T ∗m. We further assume that there is a jump in the thermal flux caused by the phase

change. Thus, we write

Ts = Tc = T ∗m, ks
∂Ts
∂r
− kc

∂Tc
∂r

= ρsLṘ on r = R(t), (2.2.3)

where L is the latent heat of solidification of the cryolite, which is assumed to be

constant. The Stefan condition given in (2.2.3) is different from the condition used in

[17], where they assume Newton’s law of cooling at the edge of frozen cryolite rather

than modelling the heat transfer in the liquid. We note that, by writing Ts = Tp on

r = a and Ts = Tc = T ∗m on r = R(t), we are explicitly excluding situations where

the initial temperature of the particle is above the melting temperature. In these

situations, no frozen cryolite layer exists and we have to solve a different thermal

problem coupled with the dissolution problem given in Section 2.2.2.

Finally, we assume that the temperature at the centre of the particle is finite, and

that the temperature far away from the particle is given, so that

Tp bdd as r → 0, (2.2.4a)
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Tc → T ∗c as r →∞, (2.2.4b)

where T ∗c is the far-field cryolite temperature, which we note is normally a few degrees

above T ∗m.

Initially, the temperatures in the particle and the cryolite are spatially homogeneous

and there is no frozen shell so that the initial conditions are given by

Tp = T ∗p for 0 < r < a at t = 0, (2.2.5a)

Tc = T ∗c for r > a at t = 0, (2.2.5b)

R = a at t = 0, (2.2.5c)

where T ∗p is the initial temperature of the particle (slightly above room temperature).

The equations (2.2.1)–(2.2.5) form a classical two-phase Stefan problem [3, 24, 59]

in the cryolite, with an added region for the particle. We note that, in contrast, the

model of [17] is a one-phase Stefan problem involving two domains (particle and shell).

The key material and physical parameters are presented in Table 1.1.

We are interested in determining the thickness of the frozen shell. We define the

freezing time, tF , to be the time at which the thickness of the frozen shell is maximal,

which we denote by RF , and the melting time, tM , to be the time at which the frozen

shell has melted away to zero thickness. We are also interested in the time of complete

dissolution of the particle, denoted by tD. A schematic of the process, indicating the

timescales, is shown in Figure 2.2. Our phase change model is only valid up to tM ,

after which the frozen shell region and the moving boundary disappears. After tM we

have to solve a standard heat conduction problem in the particle and the cryolite and

our interest turns to how the particle dissolves.
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Molten Cryolite

Stefan Condition Thermal Contact

r

t

Alumina

Frozen Cryolite

Dissolution

tDtMtF

RF

Freezing time Melting time Dissolution time

a

r = R(t)

r = R(t)

0

Figure 2.2: Schematic of the heat conduction and dissolution problems. The freezing
model (in Section 2.2.1) is valid for 0 < t < tM , while the dissolution model (in
Section 2.2.2) is valid for tM < t < tD. The maximum shell radius is denoted by RF .

2.2.2 Dissolution problem

As soon as the frozen shell has melted, the behaviour of the particle is described by a

well-known mass-transfer based problem. The pure dissolution of a particle has been

investigated before by e.g. [15, 16], and here we summarise concisely the argument.

The alumina dissolved in the molten cryolite makes up about 3 % (by mass) of the

bath, so we define the dilute concentration of alumina in the bath as C(r, t) (with units

kg/m3). Assuming spherical symmetry and that the transport of dissolved alumina is

due to diffusion and advection, the governing conservation of mass equation is given

by
∂C

∂t
+ 1
r2

∂

∂r

(
r2urC − r2D

∂C

∂r

)
= 0 in r > R(t), (2.2.6)

where ur(r, t) is the radial velocity of the molten cryolite caused by the motion of the

edge of the dissolving particle, and D is the alumina diffusivity in the molten cryolite.

Assuming that the cryolite has constant density, conservation of mass implies that the

velocity field in the molten cryolite satisfies

1
r2

∂

∂r

(
r2ur

)
= 0 in r > R(t), (2.2.7)
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which can be immediately integrated to give

ur = A(t)
r2 , (2.2.8)

for some function A(t), which we will determine later.

We note that, in this dissolution model, we include the velocity due to the movement

of the boundary because the density difference between the alumina and the molten

cryolite is substantial (see Table 1.1).

At the surface of the particle, we assume that the alumina in the cryolite is in

thermodynamic equilibrium with the particle and that the concentration of alumina in

the cryolite is equal to a given saturation concentration Cs. Far away from the particle,

we also assume that the concentration is at a known value Cf . These conditions read

C = Cs on r = R(t), (2.2.9)

C → Cf as r →∞. (2.2.10)

We note that, in general, the saturation concentration is a function of temperature.

However, for simplicity we take it to be a constant.

We have two more conditions due to the moving boundary. They can be derived

(see Scriven [78]) by considering conservation of total mass and alumina mass relative

to the moving boundary, and are given by

(ur − Ṙ)ρc = −Ṙρp on r = R(t), (2.2.11)

(ur − Ṙ)Cs −D
∂C

∂r
= −Ṙρp on r = R(t), (2.2.12)

where ρc is the density of the molten cryolite, ρp is the density of the alumina particle,

and Ṙ = dR/ dt. Solving (2.2.11) and (2.2.12) for the two unknowns, ur and Ṙ, we
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obtain1

ur = Ṙ

(
1− ρp

ρc

)
on r = R(t), (2.2.13)

Ṙ = D

ρp(1− Cs/ρc)
∂C

∂r
on r = R(t). (2.2.14)

Finally, the initial concentration in the bath and the position of the boundary are

given by

C = Cf in r > a at t = tM , (2.2.15a)

R = a at t = tM . (2.2.15b)

Before proceeding, we use (2.2.13) to find A(t) in (2.2.8) and hence the velocity

distribution in the cryolite, which reads

ur =
(

1− ρp
ρc

)
R2Ṙ

r2 . (2.2.16)

We see that, since the density of the particle ρp is greater than that of the cryolite,

decreasing the radius induces outward flow.

2.3 Analysis of the thermal problem

2.3.1 Nondimensionalisation

We nondimensionalise (2.2.1)–(2.2.5) using the scalings

r = ar̃, t = ρpcpa
2

kp
t̃, R = aR̃, Ti = T ∗p + (T ∗c − T ∗p )T̃i. (2.3.1)

1We note that these conditions are valid even when the density of the molten cryolite is not
uniform.
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We note that the temperature scale is chosen so that the dimensionless temperature

varies between 0 and 1 initially, while the time scale is chosen to be the diffusive time

scale inside the particle. Dropping the tildes, the heat equations in (2.2.1) become

∂Tp
∂t

= 1
r

∂2

∂r2 (rTp) in 0 < r < 1, (2.3.2a)

∂Ts
∂t

= κ2

r

∂2

∂r2 (rTs) in 1 < r < R(t), (2.3.2b)

∂Tc
∂t

= κ3

r

∂2

∂r2 (rTc) in r > R(t). (2.3.2c)

The boundary and interface conditions (2.2.2), (2.2.3) and (2.2.4a) become

Tp = O(1) as r → 0, (2.3.3a)

Tp = Ts, β
∂Tp
∂r

= ∂Ts
∂r

on r = 1, (2.3.3b)

Tc = Ts = θm,
∂Ts
∂r
− ν ∂Tc

∂r
= Ṙ

St on r = R, (2.3.3c)

Tc → 1 as r →∞. (2.3.3d)

The initial conditions (2.2.5) become

Tp = 0 in 0 < r < 1 at t = 0, (2.3.4a)

Tc = 1 in r > 1 at t = 0, (2.3.4b)

R = 1 at t = 0. (2.3.4c)

The dimensionless parameters are given by

κ2 = ρpcpks
ρscskp

, κ3 = ρpcpkc
ρccckp

, θm =
T ∗m − T ∗p
T ∗c − T ∗p

, (2.3.5)

β = kp
ks
, ν = kc

ks
, St =

ρpcp(T ∗c − T ∗p )ks
ρskpL

. (2.3.6)
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Here, κ2 is the ratio of the thermal diffusivities of the frozen cryolite and the solid

alumina, κ3 is the ratio of the thermal diffusivities of the molten cryolite and the solid

alumina, θm is the dimensionless melting temperature of the cryolite, β is the ratio

of the thermal conductivity of alumina to that of the frozen cryolite, ν is the ratio

of the thermal conductivity of the molten cryolite to that of the frozen cryolite, and

St is the Stefan number, which is the ratio of the heat required to warm up a unit

volume of cryolite from the particle temperature to the cryolite temperature to the

heat required to change the phase of a unit volume of cryolite from liquid to solid.

Parameter Sym. Value
Diffusivity ratio κ2 0.074–0.37 (0.13)
Diffusivity ratio κ3 0.03–0.15 (0.05)

Melting temperature θm 0.95–1 (0.98)
Conduction of particle β 2.7–10.7 (7)

Conduction of melt ν (0.5)
Stefan number St 0.19–0.95 (0.34)

Dissolution number σ 0.05
Density ratio ρr 0.97–1.2 (1.1)

Table 2.1: Dimensionless parameters, and ranges of values, with mean physical
properties written in parentheses, calculated from Table 1.1.

The typical values for each dimensionless parameter are given in Table 2.1, calcu-

lated using the data in Table 1.1. We see that the Stefan number and the diffusivity

ratios, κ2 and κ3, are small, while the dimensionless melting temperature θm is close

to 1.

We will consider three different scenarios. First, we will investigate the model as

t→ 0 to gain insight into the early-time behaviour and derive an appropriate initial

condition with which to initiate our numerical scheme. We will then use asymptotic

analysis to explore the small superheat limit (θ−1� 1), and the small Stefan number

limit (St� 1).
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2.3.2 Early-time behaviour

Anticipating that, for early-time, the frozen shell is thin and that temperature changes

will be restricted to small regions near the interfaces, we seek an asymptotic self-similar

solution of the form

Ti ∼ fi(η), R ∼ 1 + 2λ
√
t, (2.3.7)

where η = (r − 1)/2
√
t = O(1) as t→ 0+, and λ is a constant. At leading order as

t→ 0 the Stefan problem (2.3.2)–(2.3.4) reduces to the similarity formulation given

by

f ′′p + 2ηf ′p = 0 in η < 0, (2.3.8a)

f ′′s + 2η
κ2
f ′s = 0 in 0 < η < λ, (2.3.8b)

f ′′c + 2η
κ3
f ′c = 0 in η > λ, (2.3.8c)

with boundary conditions

fp → 0 as η → −∞, (2.3.9a)

fp = fs, βf ′1 = f ′2 on η = 0, (2.3.9b)

fs = fc = θm, f ′2 − νf ′3 = λ

St on η = λ, (2.3.9c)

fc → 1 as η →∞. (2.3.9d)

We note that the boundary conditions (2.3.9a) and (2.3.9d) follow from matching with

outer regions (away from the inner boundary layer regions near r = 1) in which Tp and

Tc − 1 are exponentially small as t→ 0. The solution to (2.3.8)–(2.3.9) is given by

fp(η) = θm
1 + erf (η)

1 +√κ2β erf
(
λ/
√
κ2
) , (2.3.10a)
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fs(η) = θm
1 +√κ2β erf

(
η/
√
κ2
)

1 +√κ2β erf
(
λ/
√
κ2
) , (2.3.10b)

fc(η) =
(θm − 1) erf

(
η/
√
κ3
)

+ erf
(
λ/
√
κ3
)
− θm

erf
(
λ/
√
κ3
)
− 1

, (2.3.10c)

in η < 0, 0 < η < λ and η > λ, respectively, with the Stefan condition (2.3.9c)

providing a transcendental equation for λ, which we write as

λ = Stβθm√
π

 e−λ2/κ2

1 + β
√
κ2 erf

(
λ/
√
κ2
) −ν(1− θm)

βθm
√
κ3

e−λ2/κ3

1− erf
(
λ/
√
κ3
)
 . (2.3.11)

We require λ to be positive for the boundary to move outwards initially. This

places a restriction on the possible parameter values for which freezing is possible.

From (2.3.11) we find that λ > 0 if

√
κ3βθm

ν(1− θm) > 1. (2.3.12)

In the limit St→ 0, equation (2.3.11) gives

λ ∼ Stβθm√
π

(
1− ν(1− θm)

√
κ3βθm

)
. (2.3.13)

We will compare this prediction with the small-t limit of a small-St asymptotic solution

in Section 2.3.5.

In the limit St→∞, we find that λ→ λ∞, where λ∞ is the unique positive root

of the equation

βθm
√
κ3

ν(1− θm) = e−λ2
∞(1/κ3−1/κ2) 1 + β

√
κ2 erf

(
λ∞/
√
κ2
)

1− erf
(
λ∞/
√
κ3
) , (2.3.14)

and thus, in this limit, the interface speed is independent of St.

In Figure 2.3 we plot the left-hand side (blue) and the right-hand side (black) of
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(2.3.14) as a function of λ∞, using the parameter values given in Table 2.1. We see

that the two curves intersect at one point, showing that there is a unique positive root

at least for the physically relevant parameters values. We note that, when κ3 > κ2,

the right-hand side increases monotonically from 1, so there will always be a solution

in this case.
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Figure 2.3: Graph of the left-hand side (blue) and the right-hand side (black) of
(2.3.14). The two curves intersect at one point giving a unique positive root for the
parameters β = 7, ν = 0.5, κ2 = 0.13, κ3 = 0.05, and θm = 0.98.

In Figure 2.4 (left) we show a representative early-time solution given by (2.3.10)

and (2.3.11) for three different (early) times. We see that, as time increases, the

temperature in the particle increases and the temperature in the molten cryolite

decreases, as expected. We see that a “kink” develops in the temperature profile at

the outer edge of the frozen shell because of the jump in the heat flux due to the

latent heat requirement. In Figure 2.4 (right) we show how λ varies with the Stefan

number and we compare the solution from (2.3.11) with the asymptotic solutions for

small and large Stefan numbers given by (2.3.13) and (2.3.14), for three values of θm.

We see excellent agreement in the appropriate limits.
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Figure 2.4: Left: Graph showing how the temperature varies with r, given by (2.3.10)
and (2.3.11) for t = 10−4, 10−3, 10−2. The kink denotes the position of the frozen
shell. Right: Graph showing λ vs Stefan number given by (2.3.11) for three different
1− θm = 10−1, 10−2, 10−3 with all other parameters equal to 1. The red lines depict
the solution given by (2.3.13) and (2.3.14).

2.3.3 Numerical results

We solve (2.3.2)–(2.3.4) numerically using method of lines. We apply boundary fixing

transformations given by

r = 1 + ξ(R(t)− 1) (0 < ξ < 1), r = R(t) + ζ (ζ > 0), (2.3.15)

in regions 1 < r < R(t) and r > R(t), respectively. Our spatial discretisation uses

central differences and we solve the resulting system of nonlinear ODEs using NDSolve

in Wolfram Mathematica 12.1 with the inbuilt adaptive backward differentiation

method in time. Since there is no frozen shell initially, we use the early-time asymptotic

solutions given by (2.3.10) and (2.3.11) to resolve the initial behaviour and to start

our simulation at a small, nonzero time (we choose t = 10−4). We checked convergence

in the usual manner by increasing the spatial resolution and decreasing the error

tolerances.

To see the overall behaviour of the model we present results for a range of parameters

(in Figures 2.5–2.9). Then, in Figure 2.10, we will present the behaviour for the typical
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operating parameters given in Table 1.1. In Figure 2.5, we present the solution for

the temperature T (left) and for the shell thickness R (right) in the case in which

θm = 0.95, with all other parameters set equal to unity. We see that a frozen shell

immediately forms around the particle and that the particle heats up. We see that

the cryolite is cooled slightly in a region close to the particle. We also see that the

frozen shell thickness reaches a maximum and then begins to thin. When the shell

has completely melted, the temperature in the particle is approximately constant.
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Figure 2.5: Left: Graph showing the temperature versus radius, given by solving
(2.3.2)–(2.3.4) numerically at times t = 10−2, 10−1.5, 10−1, 10−0.5, 2. Right: Graph
showing how the shell thickness varies with time. The points marked with a circle
correspond to the curves in the temperature plot. θm = 0.95; all other parameters set
equal to 1. The inset in the left figure shows a zoom in near r = 1, meanwhile the
inset in the right figure shows the boundary evolution on a logarithmic scale.

Next we examine the effect of varying the Stefan number. In Figure 2.6 (left) we

show log-log plots of the frozen shell thickness varying in time for three different Stefan

numbers. We note that, motivated by (2.3.63) which we will derive in Section 2.3.5,

an appropriate scaled shell thickness is given by 3(R− 1)/(Stβθm), which bounds the

scaled thickness by 1. We see that the numerical solutions converge to the small Stefan

number solution in the appropriate limit, and that the early-time solution (2.3.10)

and (2.3.11) holds for multiple decades. We see that there is a small increase in the

scaled shell thickness as we decrease the Stefan number. However, since the scaled
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shell thickness converges to some shape F (t) as St→ 0, the actual radius

R ∼ 1 + 1
3StβθF (2.3.16)

decreases as the Stefan number decreases, which motivates the investigation of the

small Stefan number limit.

10−3 10−2 10−1 100

10−3

10−2

10−1

100

1
0.5

Time (t)

S
h
el
l
th
ic
k
n
es
s
(3
(R

−
1)
/(
S
tβ
θ m

))

St = 1

St = 10−1

St = 10−2

10−3 10−1 101 103

10−3

10−2

10−1

100

Increasing θmIncreasing θm

Time (t)

S
h
el
l
th
ic
k
n
es
s
(3
(R

−
1
)/
(S
tβ
θ m

))

Figure 2.6: Left: Scaled shell thickness vs time. The solid lines show the numerical
solutions given by (2.3.7) and (2.3.11) for St = 10−2, 10−1, 1; the dashed lines represent
the early-time solutions found in Section 2.3.2. Right: Scaled shell thickness as a
function of time for different values of θm. The lines correspond to logarithmically
distributed 1− θm values between 10−4 and 10−1, with all other parameters set equal
to 1. The thick black line corresponds to θm = 0.99.

In Figure 2.6 (right), we see that increasing θm (the dimensionless melting temper-

ature) significantly increases the melting time, introducing a two-timescale behaviour,

namely rapid freezing followed by slow melting, and slightly increases the scaled shell

thickness. In Figure 2.7, we see that decreasing ν has the same effect as increasing

θm; meanwhile increasing β significantly increases both the thickness of the frozen

shell and the melting time. Physically, these correspond to making the cryolite region

non-conductive, decreasing the superheat, and making the particle very conductive,

respectively.

Finally, we investigate the behaviour of the melting and freezing times, tM and tF ,
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Figure 2.7: Graphs showing the shell thickness as a function of time for different β
and ν values ranging from 10−2 to 102. θm = 0.99, with all other parameters set equal
to 1.

as θm changes for St = 1. In Figure 2.8, we show graphs of the behaviour as 1− θm

changes. We see that as θm → 1−, the melting time tM scales with 1/(1− θm) (shown

as a dashed line in Figure 2.8 (left)). We note that the freezing time tF depends only

weakly on the superheat, which means that the freezing is governed mainly by the

time it takes for the temperature to equilibrate inside the particle.

2.3.4 Small superheat limit

As noted earlier, the temperature in the bath is near to the melting temperature so

that we can write θm = 1 − ε, where 0 < ε � 1. In this limit, motivated by the

behaviour in Figure 2.6 (right), we expect the problem to separate onto two different

timescales: the freezing timescale, in which t = O(1), and then the melting timescale,

in which t = O(1/ε). In the limit ε� 1, we expand the dependent variables in powers

of ε, and, on the freezing timescale, we have that T (0)
c = 1 and that T (0)

p and T (0)
s

satisfy the same problem as (2.3.2)–(2.3.4), but with T (0)
c = 1 everywhere in r > R(t).

In general there is no analytical solution for this problem. However, we can make

progress because we are mainly interested in the steady state the system achieves on

33



2.3. Analysis of the thermal problem

10−3 10−2 10−1

100

101

102

103

Superheat (1− θm)

M
el
ti
n
g
ti
m
e
(t

M
)

10−3 10−2 10−1

10−1

100

Superheat (1− θm)

F
re
ez
in
g
ti
m
e
(t

F
)

Figure 2.8: Left: Melting time as a function of the superheat. For small values the
behaviour is t ∼ 1/(1 − θm) (dashed line). Right: Freezing time vs superheat. All
other parameters are set equal to 1.

the freezing timescale so that we can match to the melting timescale. Crossing out

the time derivatives in (2.3.2a) and (2.3.2b), we can solve for T̄p, T̄s, and RF where

bars denote the steady state versions of Tp, Ts, and R. By integrating the right-hand

side of (2.3.2a) and (2.3.2b), and applying the boundary conditions (2.3.3) we deduce

that, in steady state,

T̄p = 1 in 0 < r < 1, T̄s = 1 in 1 < r < RF , (2.3.17)

which means that the particle and the shell heats up to the bath temperature, as we

would expect intuitively. The leading-order boundary position, RF , is determined using

the total energy of the system. As described in [17] for a similar model, integrating

(2.3.2a) and using (2.3.3a) gives2

d
dt

1∫
0

r2T (0)
p dr =

1∫
0

r2∂T
(0)
p

∂t
dr =

1∫
0

∂

∂r

(
r2∂T

(0)
p

∂r

)
dr =

∂T (0)
p

∂r

∣∣∣∣∣
r=1

, (2.3.18)

2We recall that 1
r

∂2

∂r2 (rT ) = 1
r2

∂
∂r

(
r2 ∂T

∂r

)
.
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while integrating (2.3.2b) gives

R(0)(t)∫
1

r2∂T
(0)
s

∂t
dr = κ2

R(0)(t)∫
1

∂

∂r

(
r2∂T

(0)
s

∂r

)
dr = κ2

(
R(0)2 ∂T (0)

s

∂r

∣∣∣∣∣
r=R(0)

− ∂T (0)
s

∂r

∣∣∣∣∣
r=1

)
.

(2.3.19)

We use Leibniz rule to transform the left-hand side of (2.3.19), to get

d
dt

R(0)(t)∫
1

r2T (0)
s dr − Ṙ(0)R(0)2

T (0)
s

∣∣∣
r=R(0)

= κ2

(
R(0)2 ∂T (0)

s

∂r

∣∣∣∣∣
r=R(0)

− ∂T (0)
s

∂r

∣∣∣∣∣
r=1

)
.

(2.3.20)

We multiply (2.3.18) by β and divide (2.3.20) by κ2, and add the two equations and

appeal to (2.3.3b) and (2.3.3c) (remembering that T (0)
c = 1), to find that

d
dt

β 1∫
0

r2T (0)
p dr + 1

κ2

R(0)(t)∫
1

r2T (0)
s dr

 = Ṙ(0)R(0)2
( 1
κ2

+ 1
St

)
, (2.3.21)

which we solve along with the conditions (2.3.4a) and (2.3.4c) to give

β

1∫
0

r2T (0)
p dr + 1

κ2

R(0)(t)∫
1

r2T (0)
s dr = 1

3
(
R(0)3 − 1

)( 1
κ2

+ 1
St

)
. (2.3.22)

As t → ∞, T (0)
p → 1, T (0)

s → 1, and R(0) → RF , and thus we find from (2.3.22)

that the maximum radius, RF , is given by

RF = 3
√

1 + βSt. (2.3.23)

We note that the maximum shell size given by (2.3.23) is identical to that predicted

in [17], which is to be expected since energy is conserved in both models. This solution

is, however, only valid for t� 1/ε; on the timescale t = O(1/ε) the boundary shrinks

due to heat transfer from the cryolite. To resolve this late-time behaviour, we introduce
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the scalings

Tc = 1− εT̂c(r, τ), R = R̂(τ), (2.3.24)

into (2.3.2)–(2.3.4) using the long timescale given by

τ = tε = O(1). (2.3.25)

Expanding the dependent variables in powers of ε, the leading-order problem for T̂c is

given by

0 = κ3

r

∂2

∂r2

(
rT̂ (0)

c

)
in r > R̂(0)(τ), (2.3.26)

T̂ (0)
c = 1 on r = R̂(0)(τ), (2.3.27)

T̂ (0)
c → 0 on r →∞, (2.3.28)

R̂ = RF at τ = 0, (2.3.29)

∂R̂(0)

∂τ
= ν

∂T̂ (0)
c

∂r
at r = R̂(0)(τ), (2.3.30)

where we have used the fact that T (0)
s = 1 (because the particle and the shell

temperature are already equilibrated on this longer timescale) in order to simplify

(2.3.30). The leading-order problem can be solved readily to give

T̂ (0)
c = R̂(0)(τ)

r
. (2.3.31)

Substituting (2.3.31) into (2.3.30) gives the boundary evolution at long times as

R̂(0)(τ) =
√
R2
F − 2ντ ; (2.3.32)
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which gives the melting time as

tM ∼
R2
F

2εν as ε = 1− θm → 0+. (2.3.33)

Hence, we have an expression that is valid for calculating the melting time in the limit

of small superheat. Since [17] do not consider superheat, they present no expression

for the melting time tM , though they do provide expressions in the large diffusivity

limit and find that the radius decreases linearly with time.

2.3.5 Small Stefan number limit

In the small Stefan number limit, the thickness of the frozen shell is small (as is shown

in Figure 2.6) because the interface speed found in (2.3.13) is O(St) as St→ 0 and

the cryolite is hard to freeze in this limit. From the Stefan condition (2.3.3c), we see

that, in this limit, R is constant at leading order. Thus, when St� 1, we introduce a

local coordinate, r̄, in the thin shell by defining

R = 1 + StR(1), r = 1 + Str̄. (2.3.34)

Substituting (2.3.34) into (2.3.2)–(2.3.4) and assuming that the dependent variables

can be expanded in the form Ti ∼ T
(0)
i + StT (1)

i as St→ 0, we find that conduction of

heat across the frozen layer is dominant so that, at leading order,

∂2T (0)
s

∂r̄2 = 0 for 0 < r̄ < R(1), (2.3.35)

with leading-order boundary conditions given by

T (0)
s = θm on r̄ = R(1),

∂T (0)
s

∂r̄
= 0 on r̄ = 0. (2.3.36)
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The solution to (2.3.35) and (2.3.36) is simply

T (0)
s = θm, (2.3.37)

i.e. the temperature through the frozen shell is equal at leading order to the melting

temperature. To obtain an equation for the interface position, we have to consider

the O(St) problem in the shell, which reads

∂2T (1)
s

∂r̄2 = 0 for 0 < r̄ < R(1), (2.3.38)

with boundary conditions

T (1)
s = 0 on r̄ = R(1), (2.3.39)

∂T (1)
s

∂r̄
= β

∂T (0)
p

∂r

∣∣∣∣∣
r=1

on r̄ = 0. (2.3.40)

The solution for T (1)
s is

T (1)
s = β

∂T (0)
p

∂r

∣∣∣∣∣
r=1

(
r̄ −R(1)

)
, (2.3.41)

and we see from (2.3.41) that the flux is preserved through the shell and so we can

write (2.3.3c) as

Ṙ(1)(t) = β
∂T (0)

p

∂r

∣∣∣∣∣
r=1−

− ν
∂T (0)

c

∂r

∣∣∣∣∣
r=1+

, (2.3.42)

with

R(1) = 0 at t = 0. (2.3.43)

Thus, at leading order, the temperatures of the particle and cryolite bath are equal to

the melting temperature at the boundary, which is linearised onto R = 1, while the

flux of heat out of each of these regions controls the evolution of the thickness of the

frozen shell.
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2.3.5.1 Leading-order solution in the alumina particle

In the particle, the leading-order problem is given by

∂T (0)
p

∂t
= 1
r

∂2

∂r2

(
rT (0)

p

)
in 0 < r < 1 for t > 0, (2.3.44)

with the boundary and initial conditions given by

T (0)
p bdd as r → 0 for t > 0, (2.3.45a)

T (0)
p = θm on r = 1 for t > 0, (2.3.45b)

T (0)
p = 0 in 0 ≤ r ≤ 1 at t = 0. (2.3.45c)

Noting that rT (0)
p satisfies a one-dimensional problem in Cartesian variables, we use

Fourier series theory to find that the solution is given by

T (0)
p (r, t) = θm

1 + 2
∞∑
j=1

(−1)j

jπr
sin(jπr)e−j2π2t

 . (2.3.46)

Hence, the heat flux at the boundary is given by

β
∂T (0)

p

∂r

∣∣∣∣∣
r=1−

= 2βθm
∞∑
j=1

e−j2π2t for t < t < tM . (2.3.47)

The infinite sum is a strictly decreasing function of time, which tends to 0 as t→∞.

As t→∞, T (0)
p → θm although we note that the solution is only physically relevant

for t < tM . For early-times, motivated by [59, Eq. 2.12] we use the transformation

given by

w(z) =
∞∑
n=1

e−n2πz, 1 + 2w(z) = z−1/2(1 + 2w(1/z)), (2.3.48)
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to rewrite the right-hand side of (2.3.47) using the fact that it is equal to 2βθmw(πt);

hence as t→ 0, the heat flux is more conveniently written as

β
∂T (0)

p

∂r

∣∣∣∣∣
r=1−

= βθm

−1 + 1√
πt

1 + 2
∞∑
j=1

e−j2/t

 . (2.3.49)

Thus, the leading-order behaviour of the heat flux at small times is given by

β
∂T (0)

p

∂r

∣∣∣∣∣
r=1−

∼ βθm√
πt

as t→ 0. (2.3.50)

2.3.5.2 Leading-order solution in the molten cryolite

The leading-order problem for T (0)
c is given by

∂T (0)
c

∂t
= κ3

r

∂2

∂r2

(
rT (0)

c

)
in r > 1 for t > 0, (2.3.51)

with the following boundary and initial conditions

T (0)
c = θm on r = 1 for t > 0, (2.3.52a)

T (0)
c → 1 as r →∞ for t > 0, (2.3.52b)

T (0)
c = 1 in r ≥ 1 at t = 0. (2.3.52c)

This problem admits the similarity solution given by

T (0)
c (r, t) = 1 +

(1− θm)
(
erf

(
r−1

2
√
κ3t

)
− 1

)
r

, (2.3.53)

for r > 1 and 0 < t < tM .

The flux through the phase boundary r = 1 is

ν
∂T (0)

c

∂r
(1+, t) = ν(1− θm)

(
1√
κ3πt

+ 1
)

for t > 0. (2.3.54)
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2.3. Analysis of the thermal problem

Since all the parameters are positive and θm < 1, the heat flux is positive for all time

with

ν
∂T (0)

c

∂r
(1+, t) ∼ ν

1− θm√
κ3πt

as t→ 0. (2.3.55)

In Figure 2.9, we show the temperature distributions in the particle and in the

cryolite, found by solving (2.3.2)–(2.3.4), for various times while the frozen region

exists. We see that the particle warms up and the cryolite cools, as expected from

(2.3.46).
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Figure 2.9: Graphs showing the temperature distribution in the particle given by
(2.3.46) (left) and cryolite given by (2.3.53) (right) at different times (uniformly
logarithmically distributed between t = 10−3 and t = 164). The parameters are β = 7,
ν = 0.5, κ3 = 0.05, and θm = 0.98. Note that both figures have the same number
of lines at the same times, but on the left multiple lines collapse onto the spatially
uniform state.

We note that if we move away from the boundary by 5–10 particle diameters, the

cryolite temperature is close to the undisturbed bath temperature. This suggests a

critical length scale which distinguishes between well distributed and closely packed

particles.
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2.3. Analysis of the thermal problem

2.3.5.3 Motion of the freezing surface

Now that we have expressions for the fluxes, namely (2.3.49) and (2.3.54), we can

substitute them into the Stefan condition (2.3.43), to find that

Ṙ(1)(t) = 2βθm
∞∑
j=1

e−π2j2t − ν(1− θm)
(

1√
πκ3t

+ 1
)
. (2.3.56)

We integrate (2.3.56) and apply the initial condition R(1) = 0 to obtain

R(1) = βθm

1
3 − 2

∞∑
j=1

e−π2j2t

π2j2

− ν(1− θm)
(
t+ 2

√
t

√
πκ3

)
. (2.3.57)

We plot R(1)(t) in Figure 2.10. We see that the frozen shell grows on a short timescale,

reaches a maximum and then melts away again over a longer timescale. If we consider

the special case θm = 1, in which the bath is everywhere at the melting temperature,

then the second term in (2.3.57) disappears and the liquid will freeze and form a shell

which will grow until its thickness reaches β/3. Using (2.3.56) and (2.3.57), we find

that the freezing time, tF , and the melting time, tM , are given implicitly by

0 = 2βθm
∞∑
j=1

e−π2j2tF − ν(1− θm)
(

1√
πκ3tF

+ 1
)
, (2.3.58)

0 = βθm

1
3 − 2

∞∑
j=1

e−π2j2tM

π2j2

− ν(1− θm)
(
tM + 2

√
tM√
πκ3

)
. (2.3.59)

It is useful to rearrange the terms in (2.3.56) to further investigate the behaviour

by writing
Ṙ(1)

βθm
= 2

∞∑
j=1

e−π2j2t − δ
(

1√
πκ3t

+ 1
)
, (2.3.60)

with

δ = ν(1− θm)
βθm

. (2.3.61)
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Figure 2.10: Graph showing the scaled shell thickness given by (2.3.57) as a function
of time (black). Fast freezing given by (2.3.62) (blue) tends to a constant value given
by (2.3.63), while the slow melting effect given by (2.3.66) (red) can be used to provide
an approximation for the melting time given by (2.3.67) as θm → 1. tF is given by
(2.3.71). The parameters are β = 7, ν = 0.5, κ3 = 0.05, θm = 0.98.

Substituting in the parameters in Table 1.1, we find that δ ≈ 10−3 and that the

solution to (2.3.60) in the limit δ � 1, with initial condition given by R(1) = 0, is

R(1)

βθm
= 1

3 −
2
π2

∞∑
j=1

e−π2j2t

j2 . (2.3.62)

This gives us the maximum radius in the large-time limit of the t = O(1) problem as

R(1) = βθm
3 , (2.3.63)

and thus we predict that

RF ∼ 1 + Stβθm
3 as δ → 0, St→ 0. (2.3.64)

Setting θm = 1 in (2.3.64), we recover the same formula for RF as in the small Stefan

number limit of (2.3.23). For large time, we rescale t = T/δ, so that (2.3.60) becomes,
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at leading order in δ,
1
βθm

dR(1)

dT = −1. (2.3.65)

We solve (2.3.65) and match with the long-time behaviour of the shorter time problem

given by (2.3.63), to find that
R(1)

βθm
= 1

3 − T, (2.3.66)

which gives us an explicit estimate for the melting time as

tM = 1
δ

= βθm
ν(1− θm) , (2.3.67)

which is consistent with (2.3.33). For t� 1 the behaviour of (2.3.56) is

Ṙ(1) ∼ θmβ√
πt

(
1− ν

β
√
κ3

1− θm
θm

)
> 0 as t→ 0, (2.3.68)

where again we have made use of (2.3.48). Since all the parameters are positive, in

order for the cryolite to freeze, we require

√
κ3βθm

ν(1− θm) > 1. (2.3.69)

We find a simple upper bound for the freezing time by noticing that the cryolite

temperature distribution results in constant steady-state heat flux. As the sum in

(2.3.57) rapidly decreases, we balance

ν(1− θm) ≈ 2βθme−π
2t, (2.3.70)

which yields

tF ≈
1
π2 log

(2
δ

)
. (2.3.71)

We note that, in (2.3.69) and (2.3.71), the main parameters are κ3 (see (2.3.6)) and δ
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which represents the ratio of the heat transfer rates in the cryolite and the alumina

particle, and describes how intensive the heat flow is between the regions. If δ is small,

the timescale for solidification is much smaller than the melting and so we expect a

shell to form. Conversely, if δ is large then the temperatures equilibrate fast and no

freezing is possible.

In Figure 2.11, we compare the numerical solutions of the full system (2.3.2)–(2.3.4)

with the asymptotic solutions given by (2.3.57). We see that the numerical solutions

converge to the small Stefan number solution in the appropriate limit.
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Figure 2.11: Graph showing the scaled shell thickness as a function of time for different
Stefan numbers The black curves correspond to numerical solutions and the small-St
limit in red from Section 2.3.5.
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2.4 Analysis of the dissolution problem

2.4.1 Nondimensionalisation

Since we assume that dissolution can only start after complete melting of the frozen

shell, we nondimensionalise3 the system (2.2.6)–(2.2.16) using the scalings

r = ar̂, R = aR̂, t− tM = a2

Dσ
τ, C = Cf + (Cs − Cf )Ĉ. (2.4.1)

Eliminating the liquid velocity, the dimensionless system (2.2.6)–(2.2.16) can be

written, dropping the hats, as

∂C

∂τ
= 1
r2

∂

∂r

(
r2

σ

∂C

∂r
− (1− ρr)R2 dR

dτ C
)

in r > R(τ), (2.4.2a)

with boundary conditions

C = 1, dR
dτ = ∂C

∂r
on r = R(τ), (2.4.2b)

C → 0 as r →∞, (2.4.2c)

and initial conditions

C = 0 at τ = 0 in r > 1, (2.4.2d)

R = 1 at τ = 0, (2.4.2e)

where we have introduced the dimensionless parameters

σ = Cs − Cf
ρp(1− Cs/ρc)

, ρr = ρp
ρc
, (2.4.3)

3It is worth noting that there are two natural choices for the timescale: the dissolution timescale
that we used in (2.4.1), which balances the two terms in the second boundary condition in (2.2.14),
and the diffusive timescale a2/D, representing the balance in the governing equation (2.4.2a).
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2.4. Analysis of the dissolution problem

where σ is the dissolution Stefan number, and ρr is the density ratio of the alumina

to the cryolite. We see in Table 2.1 that σ = 0.05 and ρr = 2. We will now investigate

the early-time behaviour of (2.4.2) analytically, then numerically in Section 2.4.3, and

finally in the small-σ limit in Section 2.4.4.

2.4.2 Early-time behaviour

To initiate our the numerical simulations, it is necessary to derive the early-time

behaviour (as C is discontinuous initially at r = R). The analysis is similar to that for

the temperature problem presented in Section 2.3.2. The concentration is exponentially

small except in a boundary layer in which we assume that the asymptotic similarity

solution is given by

C ∼ f(η), R ∼ 1− 2λ
√
τ/
√
σ (2.4.4)

with η =
√
σ(r − 1)/(2

√
τ) = O(1) as τ → 0+, where λ is a constant that needs to

be found as part of the solution. After substituting (2.4.4) into (2.4.2) and expanding

for small τ , we find that the leading-order equation for f is given by

2ηf ′(η) + f ′′(η) = 0, (2.4.5)

while the boundary and matching conditions are given by

f(−λ) = 1, f(η)→ 0 as η →∞. (2.4.6)

The solution to (2.4.5) and (2.4.6) is

f(η) = 1− erf(η)
1 + erf(λ) , (2.4.7)
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2.4. Analysis of the dissolution problem

where λ is the unique positive root of the transcendental equation

λ
√
π(1 + erf(λ)) = σe−λ2

. (2.4.8)

Equation (2.4.7) is often referred to as the Neumann Solution. The asymptotic

behaviour of λ for small and large σ are given by

λ ∼ σ/
√
π as σ → 0, (2.4.9)

λ ∼ log1/2(σ/
√

2π) as σ →∞. (2.4.10)

These limits are shown in Figure 2.12, along with the solution to (2.4.8), showing

excellent agreement in both limits.
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Figure 2.12: Graph showing λ given by (2.4.8) as σ varies, along with the two
asymptotic limits (2.4.10).

2.4.3 Numerical results

We use (2.4.4), (2.4.7) and (2.4.8) to initiate our numerical simulations to (2.4.2). We

solve the model using the method of lines with a discretisation analogous to the one

described in Section 2.3.3. We define the dissolution time, τD, to be the time τ at
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2.4. Analysis of the dissolution problem

which R = 0. We show how the radius of the particle varies with scaled time τ/τD

for various values of σ in Figure 2.13 (left). We see that, for small σ, the numerical

results agree with the small-σ asymptotic result that we will derive in (2.4.13). For

large σ, we see that the numerical results agree with the small-time solution presented

in (2.4.4) and (2.4.10).
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Figure 2.13: Left: R(τ) for varying σ for ρr = 1. The lines range between σ =
10−4, · · · , 105. The red dashed line is the small-time solution, while the blue dashed
line is the small-σ solution given by (2.4.13). Right: Dissolution time for varying
Stefan number (σ) for different ρr values showing the non-monotonicity at σ ≈ 1/ρr.
Note that the two asymptotic limits are denoted with dashed red lines.

The dissolution time, τD, is also an important prediction of our model. In Fig-

ure 2.13 (right), we plot the dissolution time as a function of σ for different σ values.

We note that, in the small-σ limit, τD tends to a constant, while the behaviour for

large σ is more complicated. At first sight the scaling looks like σ, however σ/ log(σ)

(shown with a red dashed line in Figure 2.13 (right)) looks like a more appropriate

candidate, hinting at logarithmic behaviour in this limit, but we do not explore this

further. The final observation that we make is that the tD-σ curve is non-monotonic

when ρr < 1; there is a minimum dissolution time which occurs when σ ≈ 1/ρr.

In Figure 2.13, we also see that, in the small-σ limit, the dependence on the density

disappears. Physically this means that, if the boundary is moving slowly, then the

induced liquid movement due to the phase change is also small and the density ratio
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only changes the higher-order dynamics.

2.4.4 Small-σ limit

In this section, we will consider the physically relevant limit of small σ by expanding

R ∼ R(0) + σR(1), C ∼ C(0) + σC(1) as σ → 0. (2.4.11)

A regular perturbation analysis shows that the leading-order solution is quasi-steady

with (2.4.2) giving

C(0) = R(0)

r
,

dR(0)

dτ = − 1
R(0) ; (2.4.12)

applying the initial condition R(0)(0) = 1 then gives

R(0) =
√

1− 2τ . (2.4.13)

We can see from (2.4.13) that complete dissolution occurs at τD ∼ 1/2 as σ → 0, after

which the particle ceases to exist. This result has been calculated by many authors, e.g.

[16]. By undoing the nondimensionalisation, we see that the leading-order dissolution

time tD is given by

tD − tM ∼
a2

2Dσ = a2ρp(1− Cs/ρc)
2D(Cs − Cf )

as σ → 0. (2.4.14)

2.5 Conclusions

2.5.1 Summary of scales

In Figure 2.14, we plot tF , tM and tD given by (2.3.58), (2.3.59) and (2.4.14) as

a function of βθm
√
κ3/ν(1 − θm), where δ is defined in (2.3.61). There are two

qualitatively different regimes. Below the freeze limit (shown by the vertical dot-
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dashed line given by (2.3.12)) the particle simply dissolves, since the heat transfer in

the cryolite is fast enough that the cryolite temperature remains above the freezing

temperature and no freezing occurs. However, above this limit, freezing, melting, and

dissolution all occur. The actual operating regime is shown as a vertical dotted line.

We also see that the dissolution takes the largest amount of time, except in the limit

δ → 0 corresponding to θm → 1, where the melting takes over. A similar behaviour is

shown in Huppert [39] for the related problem of turbulent flow of lava over a cold

surface.
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Figure 2.14: Graph showing tF , tM and tD given by (2.3.58), (2.3.59) and (2.4.14)
as a function of βθm

√
κ3/ν(1− θm), coloured blue, red and green, respectively. The

parameters are St = 0.34, β = 7, ν = 0.5, κ3 = 0.05, and θm = 0.98. Dashed lines are
given by (2.3.67) and (2.3.71) and are valid as δ → 0. The dotted vertical line indicate
the operating regime of the Hall-Héroult cell, and the freeze limit is given by (2.3.12).

We use the data to obtain analytical predictions for the dimensional freezing time

tF , melting time tM , and dissolution time tD for a 50 µm particle, which we find to be

tF ≈
a2cpρp
π2kp

log
(

2(T ∗m − T ∗p )kp
(T ∗c − T ∗m)kc

)
≈ 500 µs, (2.5.1)
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from (2.3.71),

tM ∼
a2cpρp

3kp
(T ∗m − T ∗p )kp
(T ∗c − T ∗m)kc

≈ 100 ms, (2.5.2)

from (2.3.67) and

tD ∼
a2ρp(1− Cs/ρc)

2D(Cs − Cf )
≈ 17 s, (2.5.3)

from (2.4.14). The ratios of these three timescales are independent of a and, for the

parameters given in Table 1.1, are tD/tM ≈ 170 and tM/tF ≈ 200. We note that the

approximations for the melting and freezing times are only strictly valid when the

dimensionless melting temperature is close to the cryolite temperature, i.e. 1− θm is

small (as is true in our case), and that our results only depend on one property of the

frozen cryolite, namely the dimensional melting temperature T ∗m. We also note that

the dissolution timescale tD is a factor of 10 smaller than that observed by Haverkamp

and Welch [34], which is likely due to the difference between dissolving one particle

rather than dissolving a powder.

2.5.2 Bulk flow

We now revisit our modelling assumption concerning the neglect of the bulk flow. If

we consider a stationary solid alumina particle of radius a in a background cryolite

flow with average speed U , with dynamic viscosity µc, then the particle Reynolds

number is given by

Re = aUρc
µc

. (2.5.4)

Assuming U ≈ 10 cm/s and using the other parameters in Table 1.1, we find that

Re ≈ 4, which means that the particle is in the “Stokes drag” regime. The governing

equation for the location r of the particle, assuming Stokes drag given by

Fd = 6πµcaU, (2.5.5)
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can be written as

4
3πρpa

3r̈ = 6πµca(u− ṙ) + 4
3π(ρp − ρc)a3g. (2.5.6)

We scale (2.5.6) using

r = Hr̂, u = U û, T = H

U
t̂, (2.5.7)

where H ≈ 100 cm is the typical depth of the bath. Using these scales the nondimen-

sional equation is

Stk r̈ = u− ṙ−G k, (2.5.8)

where u is the velocity of the cryolite and k is the unit vector in the vertical direction

and where

Stk = 2ρpUa2

9µcH
≈ 10−5, (2.5.9)

G = 2(ρp − ρc)ga2

9Uµc
≈ 10−3. (2.5.10)

Since both Stk and G are small, we conclude that both inertia and gravity can be

neglected compared to drag, and hence the particles follow the flow. This also means

that the relative velocity between the flow and particle is small, so we are justified in

neglecting the influence of flow on the freezing, melting and dissolution, and hence we

are permitted to use spherically symmetric geometry. These assumptions break down

when Stk and G are O(1), which occurs for particles with a millimetre or bigger radii.

2.5.3 Summary

In this chapter, we have examined the problem of adding a cold alumina particle to a

bath of hot cryolite. We developed a spherically symmetric model to describe heat

and mass transfer between the particle and the surrounding material, allowing for

freezing and melting of the cryolite close to the particle and its subsequent dissolution.
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We solved this model numerically with the method of lines, using the early-time

asymptotic solution to initiate the numerical scheme. We explored the behaviour as we

varied the key dimensionless parameters. We also considered the problem in the limits

of small superheat and of small Stefan number. Using these asymptotic solutions, we

found approximate expressions for the freezing, melting, and dissolution timescales,

with freezing being the fastest effect and dissolution the slowest. Also, using the

early-time solution, we determined constraints on the parameters for which shell

growth is possible. Our results predict that increasing the superheat or decreasing the

particle size should decrease the time it takes for a particle to dissolve, in accordance

with practical experience. Furthermore, the temperature changes are localised to

a 5–10 particle radii region. Our goal is to use the insight we have found for the

single-particle situation as a building block towards a more realistic model for the

feeding of alumina particles into the Hall-Héroult cell.
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Chapter 3

A porous alumina raft on a cryolite

bath

Synopsis

In this chapter, we develop a one-dimensional Stefan-type model
for the imbibition of molten cryolite into a cold porous lump of
alumina. In the small overheat limit, we analyse the small-time
behaviour using the method of matched asymptotic expansions
seeking locally self-similar solutions that describe analytically the
competition between imbibition and freezing. Depending on the
balance between these effects, the problem exhibits two self-similar
solutions (one being stable and the other unstable) or no solution,
signalling a case where the molten cryolite freezes first on the exterior
before imbibition occurs. Our asymptotic predictions are validated
by direct numerical simulations that are also used to investigate late
time behaviour. In particular, we predict the depth of the imbibition
layer before the cryolite freezes.

3.1 Introduction

Having considered what happens to an isolated particle in an unbounded bath in

Chapter 2, we now turn our attention to the more realistic case of a cold porous
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alumina raft floating on the surface of the cryolite, which is experimentally studied

in [46]. In this chapter, we focus on the interplay between two mechanisms: the

imbibition of the cryolite into, and the freezing of cryolite inside, a porous raft when

it is floating on the top of the cryolite bath, see Figure 3.1.

In Figure 3.1 (right) we show a microscope image, reproduced from [44] (with

permission) that depicts a slice of a raft, where the light grey areas are the alumina

particles and the darker grey areas are the frozen cryolite. In the experimental image,

three distinct regions are visible; the uninfiltrated region on the top left (labelled

I), the liquid region on the bottom right (labelled II), and a region where both the

alumina particles and the cryolite are present (labelled III). Since the porous medium

is cold, we expect that the cryolite freezes as it infiltrates. One possibility is that the

liquid solidifies on the outer surface of the raft. Another possibility is that the liquid

infiltrates into the porous medium and solidifies inside the pores, which has been

observed experimentally. However, frozen cryolite cannot be the only phase in the

porespace, since in that case the infiltration front would not be able to propagate. We

thus assume that the infiltration involves a mushy region, which is a region containing

both solid and liquid cryolite at the same temperature. The region marked as III

in Figure 3.1 (right) is thus split into two: a mushy region (consisting of liquid and

solid cryolite, and alumina) and an infiltrated region (consisting of liquid cryolite and

alumina). This structure permits the solidification and flow of the cryolite at the same

time, and these types of models have been used in many different contexts such as

the growth of sea ice [23, 104] and the infiltration of metals [63]. We note that, since

the cryolite in the raft has to solidify before imaging can take place, details of the

mushy region cannot be seen in the image so the line separating the two regions is

illustrative to aid the subsequent presentation of the model. The darker solid region

in the bottom right is the background for the SEM image and does not represent a

physical region.
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Figure 3.1: Chronology of the process (left), with the focus of this chapter denoted
with B. Image of a raft (right) showing the different regions that will be used in
our mathematical model. The background image (right) is an experiment from [44],
reproduced with permission.

We show a schematic of the problem in Figure 3.2 (left) in which we see the raft

partially submerged at the top surface of the cryolite bath. An infiltration front

penetrates into the porous medium vertically upwards, while below this front there is a

melting front which separates a mushy region containing both liquid and solid cryolite

as well as alumina particles from a region which is saturated with liquid cryolite.

Throughout this chapter, we will analyse a one-dimensional model, see Figure 3.2

(right), which is relevant in practice because the vertical thickness, H, of a raft is

much smaller than the horizontal width, L. We assume that the bottom surface of

the raft is at some given fixed depth Hd.

The model that we formulate is similar to the one used by Mortensen et al. [63] to

model the infiltration of metal into fibrous performs, but with a number of differences.

They use the same general regions and governing equations that we introduce, except

for the pure liquid region which is not present in their model. They investigate a

different microstructure, so their permeability function differs in form. In addition,

the geometry they consider is also different: they investigate a problem where metal
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Figure 3.2: Geometry of a rectangular raft with the different regions inside at early
time. We consider H/L� O(1) in our current model and only investigate the vertical
variation corresponding to the y axis. See text for details.

is injected into an adiabatic or cooled mould. They observe the appearance of fully

solidified or clogged regions, which appear at the sides of the cylindrical mould.

They do not observe finite time clogging at the front during the process. For the

unidirectional case, they find a similarity solution, which they use to explore the

behaviour of the infiltrating front.

There is also a substantial body of research on the infiltration of liquid into a

partially cooled capillary tube [21, 22, 66], where the behaviour can be rather complex,

including the emergence of ice-bands along the inner surface of the pipe, or the

phenomenon of freeze-shut, which is the clogging of a pipe from freezing from the

sides. In the context of porous media, averaging techniques have been used to derive

macroscopic equations for a solidifying liquid in porous media [67], but this model is

only applicable where the porous medium is fully saturated, hence can not be used

for problems containing an infiltration front, such as ours. A similar model has been

used to model crust infiltration in a Hall-Héroult cells [110], where they assume that

the cryolite is a binary liquid. They investigate the model numerically and validate it

against experimental measurements.
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Related models have been used to describe liquid-gas phase change in porous media

as well. An example of this is the formation of salt precipitate during evaporation

of water in porous medium [93, 95, 96]. In these papers, the authors consider

the propagation of an evaporating front in a porous medium saturated with water

containing salt. They model the vapour region using Clapeyron’s equations, the liquid

region with the heat equation and a concentration equation for the salt, and they

prescribe continuity and phase-change conditions on the evaporating front. They find

that their model exhibits multiple solutions to their early-time similarity solution, due

to salt precipitation decreasing the porosity at the front.

In contrast with the solid particle problem considered in Chapter 2, where the

frozen layer forms around the particle, in the case of imbibition and freezing of a raft

we expect that qualitatively different behaviours can occur depending on the size of

different parameters. If the porous medium is densely packed, we expect that the

resulting behaviour is similar to a solid body which is covered by a surface freeze.

However, if the porous medium is loosely packed, then we expect that the liquid can

infiltrate the porous medium and freeze around the particles. Our aim is to develop a

model that can capture these two limits. We note that, if the top surface of the raft is

sufficiently cold, infiltration may stop at some finite time due to complete freezing of

the cryolite at the infiltrating front.

The structure of this chapter is the following. In Section 3.2 we formulate a multi-

phase model for liquid cryolite infiltrating into a porous medium. We nondimensionalise

this model in Section 3.3, and then consider the small superheat limit in Section 3.4. We

investigate the early-time behaviour of the problem in Section 4.5, determining whether

an infiltrating solution exists and investigate the effect of varying the parameters

on the existence of solutions. We solve the problem numerically in Section 3.6 to

determine the influence of the ambient temperature above the raft on the behaviour.

Using the numerical results as a guide we investigate the near clogging behaviour
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in Section 3.7 and investigate the stability of the multiple solutions in Section 3.8.

Finally, we discuss the results in Section 3.9.

3.2 Mathematical Model

We use t to denote the time since the porous raft was placed on top of the liquid

and y to denote the vertical spatial coordinate with origin at the bottom surface of

the porous medium. We initially consider two regions; a semi-infinite bath located in

y < 0, denoted as Ωb, and an uninfiltrated porous medium, residing in 0 < y < H, and

denoted as Ωu, where H is the height of the porous medium as shown in Figure 3.3.a.

In practice the temperature in these two regions are different. Initially, the bath

temperature T ∗b is above the melting temperature of the cryolite T ∗m, and the porous

medium is at some temperature smaller than T ∗m denoted as T ∗a .

In an isothermal situation, if the liquid wets the porous medium, the liquid then

imbibes due to the capillary pressure difference generated by the small liquid menisci

inside the porous medium; these menisci displace the air in the pores as they move.

This continues until the imbibed height becomes so large that the weight of the liquid

slows down and stops this process [98, 102].

In the nonisothermal case, the liquid can freeze and, if the porous medium is

cool enough, then the problem turns into a Stefan problem (which is similar to the

single-particle problem considered in Chapter 2) where the liquid freezes on the outside

of the porous medium, and this layer then recedes as the porous region heats up. If

buoyancy effects due to the temperature gradient are important, they will generate

convective flows in the bath liquid, possibly forming mushy regions instead of a sharp

freezing front on the outer surface (see [105]).

It is also possible for the freezing and infiltration to balance, which gives rise to

an infiltrating front on which phase-change also occurs. In this case, the liquid will
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propagate into the porous medium and freeze on the surface of the alumina particles.

In the rest of this section, we will describe a model for this infiltrating and freezing

situation (we will see that the isothermal imbibition is a straightforward limit of our

model).
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Figure 3.3: Schematics showing the evolution of the domains in our model from (a)
the initial time, through (b) early-time infiltration, to (c) late-time clogging. The
constituents in each of the regions are shown in (d).

For the infiltrating situation, we introduce the additional regions shown in Fig-

ure 3.3.b; an infiltrated porous medium region in which the cryolite is liquid, which we

denote by Ωi in 0 < y < b(t) and a mushy region in which there is a mixture of solid

and liquid cryolite, which we denote by Ωm for b(t) < y < c(t). We denote the location

of the melting front by b(t) and infiltration front by c(t). If the infiltration front

reaches the top of the raft, we denote that time with ti. If the liquid cryolite at c(t)

completely freezes, then c(t) = cmax, the maximum penetration height, subsequently.

We call the time at which this happens the clogging time, tc. After the clogging

time, a region of completely frozen cryolite can develop. We denote this frozen region

by Ωc, and assume that it lies in d(t) < y < cmax, where d(t) denotes the position

of the clogging front (see Section 3.2.5 for more discussion). We assume that the
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different constituents in the pore space are in a thermal equilibrium locally, so we

can describe the state of the infiltrated porous medium using one local temperature1.

We denote the temperature in each region as Tb(y, t), Ti(y, t), Tm(y, t), Tu(y, t) and

Tc(y, t), and the average liquid cryolite flow speed in each region as ub(y, t), ui(y, t)

and um(y, t), remembering that there is no flow in Ωu or Ωc. We denote the pressure

in each of the regions by pb(y, t), pi(y, t) pm(y, t), respectively. We denote the volume

fraction of alumina particles as φa (which we take to be a constant since we are only

considering the temperature problem and not dissolution), the volume fraction of air

as φair(y, t), the volume fraction of liquid cryolite by φc(y, t) and the volume fraction

of frozen cryolite by φs(y, t) We summarize the constituents present in each region in

Figure 3.3.d.

We denote densities as ρa, ρc, ρs, specific heat capacities as ca, cc, cs and heat

conductivities as ka, kc, ks and kair, where a denotes alumina, c denotes cryolite, and

s denotes frozen cryolite. Furthermore, we denote the viscosity of the liquid cryolite

as µc and the gravitational acceleration as g.

In the following sections, we describe the equations that hold in each region, and

will then present the boundary and initial conditions.

3.2.1 Bath region

In the cryolite bath located in y < 0, the temperature Tb, velocity ub and the pressure

pb are governed by conservation of energy, conservation of mass and conservation of

momentum and are given by

ρccc
∂Tb
∂t

+ ρcccub
∂Tb
∂y

= kc
∂2Tb
∂y2 , (3.2.1)

∂ub
∂y

= 0, (3.2.2)

1This assumption can be relaxed by writing down the full microscale problem then using some
procedure like homogenisation or averaging obtain the macroscale equations [67].
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−∂pb
∂y
− ρcg + µc

∂2ub
∂y2 = 0, (3.2.3)

where we assumed that the liquid inertia is negligible in the bath region.

3.2.2 Infiltrated region

We assume that as the cryolite penetrates into the porous medium, it saturates each

pore. In this infiltrated region, we assume that the liquid flow is described by Darcy’s

equation. Furthermore, we assume that the transport of energy is due to advection

by the liquid in the pore space and by conduction in both phases. The governing

conservation of energy, mass and momentum equations for the temperature Ti, average

velocity ui and pressure pi in this region, 0 < y < b(t), are

ρ̂c
∂Ti
∂t

+ φcρcccui
∂Ti
∂y

= ki
∂2Ti
∂y2 , (3.2.4)

∂

∂y
(φcui) = 0, (3.2.5)

−K(φc)
φcµc

(
∂pi
∂y

+ ρcg

)
= ui, (3.2.6)

remembering that there is no air or solid cryolite in this region, so that φa = 1− φc.

We use mixture properties given in [47], namely

ρ̂c = φcρccc + (1− φc)ρaca, ki = kφcc k
1−φc
a ; (3.2.7)

K(φc) is the permeability function, which we assume is given by the Carman-Kozeny

relationship [47] namely

K(φc) = a2φ3
c

180(1− φc)2 , (3.2.8)

where a is the average diameter of the particles and the pores.
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3.2.3 Mushy region

Due to the initial temperature difference between the cryolite bath and the porous

medium, we expect that the cryolite changes phase from liquid to solid in some parts

of the porous medium. We consider the situation where, as the liquid infiltrates, some,

but not all of it, freezes, forming a mushy region. We thus need to track how much

of the liquid solidifies and thus how much of the liquid infiltrates further into the

porous medium. Here, we consider the simplest possible model of a mushy region

closely following [63], remembering that more complicated problems, such as the

solidification of liquids with multiple components [64] or solidification in the presence

of convection [105], require more complicated constitutive laws. The main assumptions

for our mushy-region model are the following:

• The constituents (liquid cryolite, frozen cryolite and the alumina particles) are

in thermal equilibrium on the microscale, at a temperature equal to the constant

melting temperature T ∗m.

• The timescales for freezing and melting are shorter than the timescale of the

infiltration, so phase change occurs only in thin layers at the boundaries of the

mushy region.

• Since freezing occurs instantaneously at the infiltration front, the frozen cryolite

is laid down inside the mushy region as the front moves and, at a given position,

does not vary with time once the front has passed.

The equations governing the temperature Tm, average velocity um, pressure pm,

frozen cryolite fraction φs and liquid cryolite fraction φc in this mushy region in

b(t) < y < c(t) are given by the following conservation of energy, mass, and momentum

equations

Tm = T ∗m, (3.2.9)
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∂φs
∂t

= 0, (3.2.10)
∂φc
∂t

+ ∂

∂y
(φcum) = 0, (3.2.11)

−K(φc)
φcµc

(
∂pm
∂y

+ ρcg

)
= um, (3.2.12)

along with the condition of ‘no voids’, which reads

φc + φs + φa = 1. (3.2.13)

Here, K(φc) is the permeability function given in (3.2.8), µc is the viscosity of the

liquid cryolite, ρc is the density of the liquid cryolite, g is the gravitational acceleration,

and φa is the alumina fraction.

3.2.4 Uninfiltrated region

In the uninfiltrated region, we neglect the contribution to the temperature field due to

the air, since its heat capacity is much smaller than that for alumina. We assume that

the heat transfer in this region is only due to conduction in the particle-air mixture,

hence the temperature Tu for c(t) < y < H is governed by

φaρaca
∂Tu
∂t

= kp
∂2Tu
∂y2 . (3.2.14)

There are many ways to model the heat conductivity of a porous matrix, which in itself

is a whole field of study (e.g. [14, 32, 47]). We consider that the raft microstructure

can be modelled accurately by a packed bed of spheres, and in this case the effective

heat conductivity coefficient is given by (see [47])

kp = kφaa k
1−φa
air . (3.2.15)
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3.2.5 Clogged region

If the top of the raft is cold enough, the liquid cryolite at the infiltration front may

completely freeze, preventing further front motion. We call the time at which this

happens the clogging time, tc. At t = tc, we suppose that the infiltrating front is at

position cmax and thus, since the volume fraction of liquid cryolite reaches zero at the

infiltration front, the pores become completely blocked, so that φs (cmax, tc) = 1− φa.

A clogging front, located at y = d(t), initiates from y = cmax and moves backwards

through the mushy region, freezing material as it moves. The governing equation for

the temperature, Tc, in the clogged region d(t) < y < cmax reads

ρ̂cf
∂Tc
∂t

= kf
∂2Tc
∂y2 , (3.2.16)

where the mixture properties (analogously to (3.2.7)) are given by

ρ̂cf = (1− φa)ρscs + φaρaca, kf = kφaa k
1−φa
s . (3.2.17)

3.2.6 Boundary and initial conditions

In order to close the model, we apply the following boundary and initial conditions,

which couple together the different regions. We assume that, in the far-field, deep in

the bath, the temperature Tb tends to a constant given by

Tb → T ∗b as y → −∞, (3.2.18)

where T ∗b denotes the far-field temperature of the cryolite bath.

At the interface at y = 0 between the porous medium and the liquid, we assume

that the pressure is given by the hydrostatic head, corresponding to placing the base

of the porous medium below the free surface by a given amount and keeping it there,
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as illustrated in Figure 3.2. In order to model free-floating, this height should change

as the weight of the porous medium changes, but we assume that the position is fixed,

and that the timescale of mechanical equilibration is faster than all the timescales in

our model. Hence, we write

pi = p0 + ρcgHd at y = 0, (3.2.19)

where Hd is the distance of the bottom of the raft from the undisturbed liquid surface,

and p0 is the atmospheric pressure. Additionally, we assume that the temperature

and heat flux are continuous across this boundary and write

Tb = Ti at y = 0, (3.2.20)

kc
∂Tb
∂y

= ki
∂Ti
∂y

at y = 0. (3.2.21)

At the interface between the infiltrated layer and the mushy region at y = b(t), we

assume that the total mass of the cryolite is conserved through the moving boundary

using

φ+
c ρc(um − ḃ)− φ−c ρc(ui − ḃ) = φ+

s ρsḃ at y = b(t), (3.2.22)

where, since the volume fractions φc and φs does not need to be continuous across

y = b, + and − denote the values of the variables on y = b+ and y = b−, respectively.

The left-hand side of (3.2.22) denotes the discontinuity in the flux of the liquid across

the interface, caused by phase change on the right-hand side.

We assume that the temperature is continuous at y = b(t), which means that the

temperature is equal to the melting temperature. We also assume that the pressure is

continuous across this boundary, and thus we write

Ti = T ∗m at y = b(t), (3.2.23)
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pi = pm at y = b(t). (3.2.24)

We assume that melting happens instantaneously, and hence the difference in heat

fluxes must balance the latent heat necessary to melt the frozen material. This is

equivalent to stating that energy must be conserved at the moving boundary and thus

we write

φ+
c ρchc(um − ḃ)− φ+

s ρshsḃ = φ−c ρchc(ui − ḃ)− ki
∂Ti
∂y

at y = b(t), (3.2.25)

where hc is the enthalpy of the liquid cryolite and hs is the enthalpy of the solid

cryolite. Equation (3.2.25) can be simplified using mass conservation (3.2.22) and

using the fact that the latent heat of solidification L is defined to be the difference

between the enthalpies of the solid and liquid at a given temperature [38], i.e.

L = hc − hs at T = T ∗m. (3.2.26)

Since we know that the temperature at this interface is continuous and is given by

the solidification temperature, we reduce (3.2.25) to the more commonly used form

φ+
s ρsLḃ = −ki

∂Ti
∂y

at y = b(t). (3.2.27)

Using similar arguments as before, the temperature at the infiltrating front is also

held at the melting temperature, thus

Tu = T ∗m at y = c(t). (3.2.28)

At this front, we also assume that the liquid pressure is given by the capillary
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contribution

pm = p0 −
γ

r(φc)
at y = c(t), (3.2.29)

where p0 is the atmospheric pressure, γ is the surface tension of the microscale air-

cryolite interfaces, and r represents the pore radius, which we assume depends on the

local volume fraction of liquid cryolite φc. This radius and, in general, the capillary

pressure are also dependent on the microstructure evolution which, for a general

porous medium, is hard to characterise. We would expect that, in the case where the

porosity does not change much, this effect will be negligible, but that the contribution

might be substantial when the pores are small. We follow [47] and suppose that r(φc)

is given by the square root of the permeability thus we write

r(φc) =
√
K = a√

180
φ3/2
c

1− φc
. (3.2.30)

This function has the desired property that it tends to a constant as the volume

fraction of frozen cryolite tends to zero (i.e. φs = 1 − φa − φc → 0, which implies

φc → 1− φa), and tends to zero (giving large suction pressure) when the solid fraction

is large. Other models are also possible that have these behaviours; an example is

r(φc) =
∣∣∣∣∣ φc
1− φa

∣∣∣∣∣
n

, (3.2.31)

where n > 0 is some exponent. With increasing n we get stronger effect and if n = 0

we neglect this effect and simply have r(1− φa) = 1. In the absence of any concrete

physical evidence for picking one form over another, we choose to use (3.2.30) in our

model.

We also conserve energy and mass across the moving front c(t), which can be

69



3.2. Mathematical Model

written analogously to (3.2.22) and (3.2.27) as

φ−s ρsLċ = −kp
∂Tu
∂y

at y = c(t), (3.2.32)

φ−c ρc(uc − ċ) = φ−s ρsċ at y = c(t). (3.2.33)

At the top of the raft, we assume that the surface is open to the atmosphere, so a

natural boundary condition to prescribe is Newton’s law of cooling [32, p. 19], which

reads

− kp
∂Tu
∂y

= h(Tu − Ttop) at y = H, (3.2.34)

where Ttop is the ambient temperature and h is the convective coefficient. We note

that, as h→ 0, the boundary becomes insulated, while as h→∞, the boundary is at

the prescribed ambient temperature.

After clogging has occurred, we need to prescribe different boundary conditions. At

the stationary infiltration front at y = cmax, we replace (3.2.28), (3.2.29) and (3.2.32)

with

Tc = Tu at y = cmax, (3.2.35)

ks
∂Tc
∂y

= kp
∂Tu
∂y

at y = cmax, (3.2.36)

remembering that we only need 2 conditions since cmax is known. Meanwhile, on the

clogging front y = d(t) we write the Stefan conditions

φ−c (d(t))ρsLḋ = ks
∂Tc
∂y

at y = d(t), (3.2.37)

ρcφ
−
c (ui − ḋ)− ρsφ−s ḋ = −ρsφ+

s ḋ at y = d(t), (3.2.38)

Tu = T ∗m at y = d(t), (3.2.39)

where we note that in (3.2.37) the liquid fraction φ−c is a function of position (given
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from the previous stage), and hence this clogged problem is similar to a problem with

spatially varying latent heat, which has been previously investigated for the shoreline

problem [99] and for power-law functions [114].

Initially, we assume that the porous medium is dry, and thus the infiltrating and

melting boundaries are at the bottom of the raft, i.e.

b = c = 0 at t = 0. (3.2.40)

We assume that the temperature of the external cryolite and the uninfiltrated porous

medium are given, and so we write

Tu = T ∗a in 0 < y < H and Tb = T ∗b in y < 0 at t = 0, (3.2.41)

where T ∗a is the initial temperature of the porous raft, H is the height of the porous

medium and T ∗b is the initial temperature of the cryolite bath (which is identical to

the far-field temperature). We note that, in general, the temperature of the air around

the raft and the initial temperature of the raft can be different; however for simplicity

we will take them to be the same, assuming that the temperature of the particles is in

equilibrium with the environment before the porous raft made contact with the bath.

We further note that, since b = c = 0 at t = 0, we do not need to prescribe φs or φc,

nor Ti, Tm or Tc initially.

Equations (3.2.1)–(3.2.24), (3.2.27)–(3.2.30) and (3.2.32)–(3.2.41) form a closed

system describing the raft infiltration problem. In Figure 3.4, we present an overview of

the different regions in the (y, t) plane for the two cases of full and partial infiltration.
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Figure 3.4: Overview of the location of the different regions and moving fronts in the
(y, t) plane for the two possible qualitatively different solutions. The Ωs denote the
different regions, meanwhile b(t), c(t), and d(t) denote the positions of the infiltration,
melting, and clogging fronts, respectively.

3.3 Nondimensionalisation

We use (3.2.2), (3.2.3) and (3.2.19) to solve for the pressure in the cryolite bath, which

gives a hydrostatic pressure distribution which we write as

pb = p0 − ρcg(y −Hd) in y < 0. (3.3.1)

We thus nondimensionalize our model for the raft infiltration problem using the

scalings

y = Hŷ, t = H2

αp
t̂, T = T ∗a + (T ∗b − T ∗a )T̂ , K = a2

180K̂, (3.3.2)

b = Hb̂, c = Hĉ, d = Hd̂, r = ar̂, (3.3.3)

p = p0 + ρcgHd − ρcgHŷ +
(
γ

a
+ ρcgHd

)
p̂, u = αp

H
û, (3.3.4)

where we note that we have used the same nondimensionalisation for T , p, and u in

each region and we have thus omitted the subscripts. We note that αp is the thermal
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3.3. Nondimensionalisation

diffusivity of the porous medium, and is given by

αp = kp
φaρaca

, (3.3.5)

where kp is defined in (3.2.15). Substituting (3.3.2)–(3.3.4) into (3.2.1)–(3.2.24),

(3.2.27)–(3.2.30) and (3.2.32)–(3.2.41) and subsequently dropping the hats, the dimen-

sionless model for Tb, ub, Ti, ui, pi, Tm, um, pm, φs, Tu, in the case of no clogging,

reads

∂Tb
∂t

+ ub
∂Tb
∂y

= αcp
∂2Tb
∂y2 in y < 0, (3.3.6a)

∂ub
∂y

= 0, ∂pb
∂y

= 0 in y < 0, (3.3.6b)

∂Ti
∂t

+ qφcui
∂Ti
∂y

= αip
∂2Ti
∂y2 in 0 < y < b(t), (3.3.6c)

∂

∂y
(φcui) = 0, ui = −BeK(φc)

φc

∂pi
∂y

in 0 < y < b(t), (3.3.6d)

Tm = θm in b(t) < y < c(t), (3.3.6e)

∂φs
∂t

= 0, ∂φc
∂t

+ ∂

∂y
(φcum) = 0 in b(t) < y < c(t), (3.3.6f)

um = −BeK(φc)
φc

∂pm
∂y

in b(t) < y < c(t), (3.3.6g)

∂Tu
∂t

= ∂2Tu
∂y2 in c(t) < y < 1, (3.3.6h)

where K(φc) = φ3
c/(1− φc)

2. The boundary conditions are

Tb → 1 as y → −∞, (3.3.7a)

Tb = Ti, pi = 0, kci
∂Tb
∂y

= ∂Ti
∂y

on y = 0, (3.3.7b)

Ti = θm,
1

kifαspStφsḃ = −∂Ti
∂y

on y = b(t), (3.3.7c)

73



3.3. Nondimensionalisation

pi = pm, φ−c (ui − ḃ) = φ+
c (um − ḃ)− φ+

s ρrḃ on y = b(t), (3.3.7d)

Tu = θm,
1

kpfαspStφsċ = −∂Tu
∂y

on y = c(t), (3.3.7e)

pm = c(t)(1− β)Q+
(

1− 1
r(φc)

)
β − 1 on y = c(t), (3.3.7f)

φ−s ρrċ = φ−c ρc(uc − ċ) on y = c(t), (3.3.7g)

∂Tu
∂y

= −Nu(Tu − θe) on y = 1, (3.3.7h)

where r(φc) = φ
3/2
c

1−φc . Finally, the initial conditions become

c = b = 0 at t= 0. (3.3.8a)

Tu = 0 in 0 < y < 1, Tb = 1 in y < 0 at t= 0, (3.3.8b)

When clogging occurs, for t > tc the system for Tb, ub, Ti, ui, Tm, φs, Tc, Tu reads

∂Tb
∂t

+ ub
∂Tb
∂y

= αcp
∂2Tb
∂y2 in y < 0, (3.3.9a)

∂ub
∂y

= 0, ∂pb
∂y

= 0 in y < 0, (3.3.9b)

∂Ti
∂t

+ qφcui
∂Ti
∂y

= αip
∂2Ti
∂y2 in 0 < y < b(t), (3.3.9c)

∂

∂y
(φcui) = 0, ui = −BeK(φc)

φc

∂pi
∂y

in 0 < y < b(t), (3.3.9d)

Tm = θm in b(t) < y < d(t), (3.3.9e)

∂φs
∂t

= 0, ∂φc
∂t

+ ∂

∂y
(φcum) = 0 in b(t) < y < d(t), (3.3.9f)

um = −BeK(φc)
φc

∂pm
∂y

in b(t) < y < d(t), (3.3.9g)

∂Tc
∂t

= αfp
∂2Tc
∂y2 in d(t) < y < cmax, (3.3.9h)

74



3.3. Nondimensionalisation

∂Tu
∂t

= ∂2Tu
∂y2 in cmax < y < 1, (3.3.9i)

with boundary conditions given by

Tb → 1 as y → −∞, (3.3.10a)

Tb = Ti, kci
∂Tb
∂y

= ∂Ti
∂y

on y = 0, (3.3.10b)

Ti = θm,
1

kifαspStφsḃ = −∂Ti
∂y

on y = b(t), (3.3.10c)

φ−c (ui − ḃ) = φ+
c (um − ḃ)− φ+

s ρrḃ on y = b(t), (3.3.10d)

Tc = θm,
1

ksfαspStφ
−
c ḋ = −∂Tu

∂y
on y = d(t), (3.3.10e)

−φ+
s ρrḃ = φ−c (ui − ḃ)− φ−s ḃ on y = d(t), (3.3.10f)

Tc = Tu,
∂Tc
∂y

= kpf
∂Tu
∂y

on y = cmax, (3.3.10g)

∂Tu
∂y

= −Nu(Tu − θe) on y = 1. (3.3.10h)

The initial conditions for the clogged case are the solutions to (3.3.6)–(3.3.8) evaluated

at t = tc. We have introduced the following 18 dimensionless parameters. We collate

these into two groups of nine. The first group is:

q = 1
φc + φa

ρaca
ccρc

, Be = (γ/a+ ρcgHd) a2

180αpµc
, θm = T ∗m − T ∗a

T ∗b − T ∗a
, Nu = Hh

kp
, ρr = ρs

ρc
,

St = (T ∗b − T ∗a )cs
L

, β = γ/a

(γ/a+ ρcgHd)
, θe = Ttop − T ∗a

T ∗b − T ∗a
, Q = H

Hd

,

(3.3.11)

where q is the ratio of heat capacities of the liquid and the total heat capacity in the

infiltrated region, Be is the Bejan number, which is a nondimensional pressure drop,

θm is the dimensionless melting temperature, Nu is the Nusselt number, which is a

measure of how easy it is to exchange energy between the porous medium and the
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3.4. Small-superheat approximation

surrounding atmosphere, ρr is the density ratio of frozen to liquid cryolite, St is the

Stefan number, which is the ratio of sensible heat (the heat required to change the

temperature of a given mass of substance) to the latent heat (the heat required to

change the phase of a given mass of substance), β is ratio of the pore pressure and

the total pressure, θe is the dimensionless ambient temperature, and Q is the depth

ratio, indicating how much of the raft is above the surface of the cryolite bath. In the

absence of experimental data, we will assume Q = 1, that is, the top surface of the

raft is level with the bath surface, and we will vary Nu to explore the effect of heat

transfer at the top of the raft on the behaviour of the system.

The second group of parameters involves the ratios of the different thermal dif-

fusivities αcp, αip, αsp, αfp and heat conductivities kci, kif , kst, ksp, kpf , denoted by

αij = αi/αj and kij = ki/kj, where the thermal diffusivities are given by

αc = kc
ρccc

, αs = ks
ρscs

, αi = kφaa k
φc
c

ρacaφa + φcρccc
, αf = kφaa k

φs
s

ρacaφa + ρscsφs
, (3.3.12)

and where αp is defined in (3.3.5). In Table 3.1 we present the typical values of

the dimensionless parameters using the typical values of the dimensional parameters

presented in Table 1.1. We note that the “superheat” 1− θm is small and that Be is

large. Furthermore, αcp, αsp and 1− β are also small, but we do not focus on those

limits in this analysis. We note that we do not have an experimentally provided value

for the convective coefficient, h. Thus, the size of the Nusselt number is unknown and,

consequently, we will explore the behaviour of the model as the Nusselt number varies.

3.4 Small-superheat approximation

Since the melting temperature θm is near 1, we seek an asymptotic solution for small

ε = 1− θm.
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3.4. Small-superheat approximation

Parameter Value
Diffusivity ratio αcp 0.36
Diffusivity ratio αip 2.06
Diffusivity ratio αsp 0.89
Diffusivity ratio αfp 2.99

Conductivity ratio kci 0.22
Conductivity ratio kif 2.42
Conductivity ratio kpf 0.6
Conductivity ratio ksf 0.56
Conductivity ratio ksp 10.23

Relative heat capacity q 1.23
Effect of pore-size change β 0.92

Bejan number Be 25
Top temperature θe 0.05

Melting temperature θm 0.98
Stefan number St 2.55
Density ratio ρr 1.001
Height ratio Q 1

Nusselt number Nu not known

Table 3.1: Non-dimensional parameters using the mean physical properties presented
in Table 1.1.

3.4.1 Unclogged problem

We expand the dependent variables in powers of ε (for example, writing Tb = T
(0)
b +O(ε)

as ε→ 0), and we find that the solutions to the leading-order problems for Tb, Ti and

Tm from (3.3.6a), (3.3.6c), (3.3.6e), (3.3.7a)–(3.3.7c) and (3.3.8b) are T (0)
b = T

(0)
i =

T (0)
m = 1. This also means that the melting front in the leading-order problem does not

move, with (3.3.7b) giving b(0) = 0. The remaining equations provide the leading-order

problem for c(0)(t), u(0)
m (y, t), T (0)

u (y, t), and

S(0)(y, t) := φ(0)
s (y, t)
1− φa

, (3.4.1)

where S(0) represents the fraction of the pore space that is solid. Substituting our

expansions into (3.3.6), dropping terms of O(ε) or smaller and dropping the order
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3.4. Small-superheat approximation

notation, the leading-order problem for the remaining unknowns becomes

∂

∂y
((1− S)um) = 0 in 0 <y < c(t), (3.4.2a)

∂S

∂t
= 0 in 0 <y < c(t), (3.4.2b)

(1− S)um = −B̂eK̂(S)∂pm
∂y

in 0 <y < c(t), (3.4.2c)

∂Tu
∂t

= ∂2Tu
∂y2 in c(t) <y < 1, (3.4.2d)

where we have defined K̂(S) = K((1− φa)(1− S)) and

B̂e = (1− φa)Be = a2 (γ/a+ ρcgHd) (1− φa)
180αpµc

. (3.4.3)

The leading-order boundary conditions are given by

pm = 0 at y = 0, (3.4.4a)

Tu = 1, ASċ = −∂Tu
∂y

at y = c(t), (3.4.4b)

pm = B(S), ċ = u
1− S

1 + S(ρr − 1) at y = c(t), (3.4.4c)

Tu = 0 at y = 1, (3.4.4d)

where

A = (1− φa)
αspkpfSt = (1− φa)ρsL

φaρaca(T ∗b − T ∗a ) , B(S) = − 1
r((1− φa)(1− S)) . (3.4.5)

We note that B(S) is the capillary pressure which depends on the volume fraction of

frozen cryolite. The initial conditions are given by

Tu = 0 at t = 0 in 0 < y < 1, (3.4.6a)

c = 0 at t = 0. (3.4.6b)
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Figure 3.5: Sketch of the small-superheat limit and the two possible outcomes de-
pending on the value of Nu. For the partial infiltration, after tc the geometry of the
problem changes, requiring a different model which is presented in Section 3.4.2.

Equations (3.4.2a)–(3.4.2c) describe the problem in the mushy region, meanwhile

(3.4.2d) describes the heat-transfer problem in the uninfiltrated region.

In order to make the system as compact as we can for solving it numerically, we

integrate (3.4.2a) and (3.4.2b) and apply (3.4.4c) to find

S(y, t) = S(y), (1− S(y))um = ċ (1 + S(c(t))(ρr − 1)) , (3.4.7)

where (1−S(y))um is the liquid flux, and S(y) the spatial distribution of solid cryolite

after it has been deposited by the front. In order to simplify the notation slightly, we

will also define Sc(t) = S(c(t)). We integrate (3.4.2c) and use (3.4.4a) to find that

ċ(1 + Sc(t)(ρr − 1))I(t) = −B(Sc(t)), (3.4.8)

where I, the total resistance of the flow across the infiltrated region, is given by

I(t) =
c(t)∫
0

(
B̂eK̂(S(y))

)−1
dy . (3.4.9)

Using the Leibniz integral rule, we differentiate (3.4.9) to get an evolution equation
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for I(t), which is given by

İ = ċ
(
B̂eK̂(Sc(t))

)−1
; (3.4.10)

we note that, by inserting c(0) = 0 into (3.4.9), we arrive at the initial condition

I(0) = 0.

Thus, the system (3.4.2a) to (3.4.6b) can be reduced to solving

∂Tu
∂t

= ∂2Tu
∂y2 in c(t) < y < 1, (3.4.11)

and

ċ = J(Sc(t))
I

, İ = J(Sc(t))
B̂eIK̂(Sc(t))

, (3.4.12)

where Sc(t) is calculated from

Sc(t) = − ∂Tu
∂y

∣∣∣∣∣
y=c

I

AJ(Sc(t))
. (3.4.13)

and, for simplicity, we introduce the function J(S) given by

J(S) = −B(S)
(1 + S(ρr − 1)) . (3.4.14)

The boundary and initial conditions are

Tu = 1 at y = c(t), ∂Tu
∂y

= −Nu (Tu − θe) at y = 1, (3.4.15)

Tu = 0 for 0 < y < 1 at t = 0, (3.4.16)

c = 0, I = 0 at t = 0. (3.4.17)

We have reduced the problem to a coupled system comprising a partial differential

equation for T (y, t), two ordinary differential equations for c(t), I(t), and an algebraic

equation for Sc(t), along with appropriate boundary and initial conditions.
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3.4. Small-superheat approximation

3.4.2 Clogged problem

Again, we seek an asymptotic solution for small ε = 1 − θm. We expand all the

dependent variables in (3.3.9) and (3.3.10) in the form Tb = T
(0)
b + O(ε) as ε → 0

and find that the leading order solution is T (0)
b = T

(0)
i = T (0)

m = 1 with b(0) = 0. The

remaining equations for the leading-order versions of Tu(y, t) and Tc(y, t) are

∂Tu
∂t

= ∂2Tu
∂y2 in cmax < y < 1, (3.4.18a)

∂Tc
∂t

= αfp
∂2Tc
∂y2 in d(t) < y < cmax, (3.4.18b)

with boundary conditions

Tc = 1, kpfA(1− S(d))ḋ = ∂Tc
∂y

at y = d(t), (3.4.18c)

Tc = Tu,
∂Tc
∂y

= kpf
∂Tu
∂y

at y = cmax, (3.4.18d)

∂Tu
∂y

= −Nu(Tu − θe) at y = 1, (3.4.18e)

where the initial conditions, and S(y), are given by the state of the system at the end

of the previous, unclogged, stage, namely

S = Sclog(y) at t = tc, in cmax < y < 1, (3.4.18f)

Tu = Tclog(y) at t = tc, in cmax < y < 1, (3.4.18g)

q = cmax at t = tc. (3.4.18h)

In the rest of the chapter, we will work with these small-superheat approximations

and investigate their behaviour at early time using asymptotic methods, and later

times numerically.
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3.5. Early-time solution

3.5 Early-time solution

We seek an asymptotic self-similar solution to the system (3.4.11)–(3.4.17) of the form

Tu ∼ g(η), c ∼ 2λc
√
t, I ∼ 2λI

√
t, Sc ∼ S̄, (3.5.1)

where η = y/(2
√
t) = O(1) as t→ 0+ and the function g(η) and constants λc, λI and

S̄ are to be determined. It follows from (3.4.11) and (3.4.15) that the system that we

need to solve is

g′′ + 2ηg′ = 0 in η > λc, (3.5.2)

with

g = 1 on η = λc, g → 0 as η →∞, (3.5.3)

which has the solution

g(η) = erfc(η)
erfc(λc)

. (3.5.4)

Using (3.4.12) and (3.4.13), we solve for λI and λc to find that

λI =

√√√√ J(S̄)
2B̂eK̂(S̄)

, λc =

√√√√B̂eJ(S̄)K̂(S̄)
2 , (3.5.5)

where we have taken the positive square root for λI (giving that the front moves into

the porous medium initially). Equation (3.4.13) implies that S̄ satisfies

1
A

=
√
π exp

(
G(S̄)2) erfc(G(S̄))G(S̄)S̄, (3.5.6)

where G(S̄) =
√

B̂eJ(S̄)K̂(S̄)/2. Equation (3.5.6) is similar to conditions that arise

in one-phase Stefan problems [31] but, in our case, the nonlinear function G(S̄)

complicates further analysis. Here, we know that G is positive when 0 < S̄ < 1 and

that G(0) = G(1) = 0, because of the form of the permeability function. We plot the
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3.5. Early-time solution

left-hand side and the right-hand side of (3.5.6) in Figure 3.6 to show that there are

either 0, 1 or 2 roots (the intersections between the blue and black curves) depending

on the values of the parameters B̂e and A due to the nonmonotonicity of G(S̄). If

A < 1, then no solution is possible because the right-hand side of (3.5.6) lies strictly

between 0 and 1. Interestingly, a similar observation was found in a different setting,

namely the modelling of liquid infiltration into a hot porous media with an evaporating

front [94].
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Figure 3.6: Graph showing the left-hand side of (3.5.6) (blue) and the right-hand side
of (3.5.6) (black) as a function of frozen fraction, S̄, for B̂e = 10, 100, 500.

One immediate implication of the fact that we can have 0, 1 or 2 solutions to the

early-time problem is that the infiltrating solution outlined in this chapter does not

always exist. When our infiltrating model predicts no solutions, instead a qualitatively

different solution must occur. One possible alternative solution is that the cryolite

solidifies on the external surface of the porous medium, giving a similar problem to

the one considered in Chapter 2. We show the region of parameter space where we

expect to get zero or two solutions in Figure 3.7. We show the current operating

conditions as a shaded ellipse, where the size of the disc indicates our uncertainty in

the parameters. We see that the operating regime is close to the boundary between
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3.5. Early-time solution

two and zero solutions, suggesting that small changes in the feedstock might result in

large changes in the behaviour of the system. We see that the centre of the ellipse is in

the region where no infiltrating solution are possible, which suggests that a porous raft

placed on the cryolite bath would exhibit surface freezing initially. We also conclude

that, in order to prevent the initial freezing of the cryolite on the surface of the raft,

it is more important to increase A than increase B̂e, for example by heating up the

raft before putting it into the cryolite.

Two infiltrating solutions

No infiltrating solution

B̂e

A

0 200 400 600 800 1,000
0

1

2

3

Figure 3.7: Regime diagram of the possible solutions of (3.5.6) varying A and B̂e.
The parameter values corresponding to the operating regime are marked by a shaded
ellipse.

In Figure 3.8 we plot the temperature in the uninfiltrated region and the frozen

fraction as a function of the similarity variable. We see that the solution that

corresponds to higher frozen fraction propagates slower than the one with the smaller

frozen fraction, since the λc value is smaller.

In the rest of the section, we vary the parameters to see what effect they have

on the solutions. In each case we plot S̄ versus B̂e. First, we vary ρr to investigate

the effect of density change on the behaviour of the roots of (3.5.6), and we show the

results in Figure 3.9 (left) for ρr = 1/2, 1, 2 (we do not anticipate a large change in

ρr from the parameter uncertainty in Table 1.1). We see that, for a given B̂e there

are either 0, 1 or two solutions, and the region of parameter space in which there

are no solutions increases as ρr increases. We also see that the lower value of S̄ is
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3.5. Early-time solution
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Figure 3.8: Temperature and frozen fraction as a function of the similarity variable.
The solution in red is the unstable one and the green is the stable one. The parameters
are A = 10, B̂e = 10. The vertical lines indicate the two values of λc and thus the
positions of the two potential infiltrating fronts.

independent of ρr for B̂e large.
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Figure 3.9: Scaled frozen fraction as a function of B̂e for (left) different values of
density ratio given by ρr = 1/2, 1, 2, with A = 5, and (right) for different values of A
given by A = 2, 5, 10 for ρr = 1.

Since

A = Lρs(1− φa)
caρa(T ∗b − T ∗a )φa

, (3.5.7)

is the ratio of the heat released by freezing the cryolite present in the pore space to

the heat needed to raise the temperature of the particles, A corresponds to how easy

it is to freeze the material. If this ratio is less then one, then it means that the cold
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3.6. Numerical results

particles that make up the porous medium can freeze more cryolite than the amount

that can fit in the pore space. Since the freezing process is faster than all the other

processes in the model, this shows up as non-existence of solutions. In Figure 3.9

(right), as we increase A we see that the lower value of S̄ decreases, and that the

region of space in which we have two solutions increases. This can also be seen in

Figure 3.6, where we see that, for a given A, solutions only exist above a critical value

of B̂e.

In all cases, there are values of B̂e for which there are no solutions to this early-time

problem. We recall that B̂e:

B̂e = (γ/a+ ρcgHd) a2(1− φa)
180αpµc

, (3.5.8)

so, in terms of the physical parameters, we would not expect to have an infiltrating

solution when, for example, the viscosity of the liquid is large, or the driving pressure

is small.

3.6 Numerical results

To solve (3.4.11)–(3.4.17) numerically, we map (3.4.11) to a fixed domain 0 < ζ < 1

using

ζ = y − c(t)
1− c(t) , (3.6.1)

then discretise spatially using central differences. We solve the resulting set of ODEs

along with (3.4.12) and (3.4.13) using an adaptive backward differentiation method

with NDSolve implemented in Mathematica 12.1. As in Chapter 2, since initially

there is no infiltrated region, we use the small-time similarity solution in Section 3.5

to initiate our solver by prescribing the small-time solution at t = 10−5. We solve the

clogged model (3.4.18) similarly, by transforming d(t) < y < cmax to a fixed domain

86



3.6. Numerical results

0 < ξ < 1 using

ξ = y − d(t)
cmax − d(t) , (3.6.2)

and solve (3.4.18) using the method of lines. We note that we do not need to map

(3.4.18a) to a fixed domain, because during this stage of the process this region does

not have a moving boundary.

We present the solution to (3.4.11)–(3.4.13) in Figure 3.10, where we show the

evolution of the temperature through the raft at different times during the infiltration

phase (left) and the backwards freezing phase (right). We show the temperature

distribution at t = tc as red lines and the clogging position as a vertical dotted line

(in Figure 3.10 (right)), which partitions the region into frozen (to the left of the

line) and dry regions (to the right of the line). We see in Figure 3.10 (left) that,

as the infiltration front moves, the temperature gradient becomes steeper, while in

Figure 3.10 (right), we see that the temperature gradient decreases as the clogging

front moves.

In Figure 3.11 (left), we show the deposited frozen fraction as a function of position

during the infiltrating phase. We see that, as the front moves in, the frozen fraction

initially remains constant at S̄, the value given by the early time solution (3.5.6), then

gradually increases and reaches 1 at a finite time. To further evaluate the behaviour

of the frozen fraction near the blow-up, in Figure 3.11 (right) we also show the liquid

fraction near the clogging point; we see that the numerics suggest, and further analysis

(in Section 3.7) near the clogging time confirms, that the frozen fraction follows a

power law given by 1− S ∼ (t− tc)1/4.

Finally, we show the vertical position of the infiltration front (black) and the

clogging front (blue) as a function of time in Figure 3.12. We see that the numerical

solution (solid lines) closely follows the early time solution denoted by a dashed red

line, but then stops because ċ → 0 as t → tc. After this, a clogging front (blue) is

initiated which moves in the opposite direction. We might expect this front to move
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Figure 3.10: Graphs showing the spatial distribution of temperature at different times
(left) during the infiltration phase, given by solving (3.4.11)–(3.4.17) for Tm and Tu,
and (right) during the backwards freezing stage, given by solving (3.4.18) for Tm,
Tc and Tu. The temperature distribution when the pores clog is shown in red. The
vertical solid line denotes the clogging position. Parameters are B̂e = 10, A = 10, and
Nu = 10.
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Figure 3.11: Graphs showing the deposited frozen fraction as a function of the vertical
position (left) and the liquid fraction as a function of the distance from cmax (right)
at the clogging time. The S̄ in the left-hand graph denotes the value of the frozen
fraction using the similarity solution given by (3.5.6). Parameters are B̂e = 10, A = 10,
and Nu = 10.

according to a
√
t law. However, on closer inspection (right), we can see that, at early

times (t − tc � O(1)), the front moves like (t− tc)4/5. This is due to the fact that

S is now spatially dependent and looks like a power-law near tc, which introduces a

deviation from the
√
t behaviour. We expect that this behaviour is only valid locally

near tc. In order to check this, we plot the distance of the clogging front from the

maximum infiltration point cmax in Figure 3.12 (right), which shows that at small

times the (t− tc)4/5 law is appropriate, but at later times it changes to
√
t− tc.
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Figure 3.12: Left: Graphs showing the location of the infiltration front (black) and the
clogging front (blue) along with asymptotic solutions in dashed (right). Right: Graph
showing the position of the shifted clogging front location cmax − d(t) as a function of
the shifted time t− tc along with the asymptotic limits in dashed lines. Dotted line
denotes the boundary of the porous medium. Parameters are B̂e = 10, A = 10, and
Nu = 10.

We now investigate the effect of changing the Nusselt number on the stopping

time tstop given by

tstop = min(ti, tc), (3.6.3)

where ti denotes the time at which the infiltration front reaches the top surface of the

raft, and tc denotes the time at which the infiltration front clogs.

In Figure 3.13 we show how the infiltration time changes as we change Nu for

different ambient temperatures θe. We see that, as we decrease the ambient temperature

θe, the infiltration time increases from the isothermal infiltration time given by

tiso = B̂eK(1− φa)
2 , (3.6.4)

found by solving Darcy flow with infiltration boundary condition (3.4.4c) without any

freezing or melting. Thus phase change slows down the propagation of the infiltration

front. We see that, for a given θe, there is a value of Nu at which we switch between

complete and partial infiltration. This value, which we call Nu∗, gives the maximum

stopping time for a given value of θe. We observe that, as θe increases, Nu∗ increases.
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3.6. Numerical results

We recall that, in the large Nusselt number limit, the temperature at the top of the

raft is equal to the temperature in the atmosphere, which is less than the melting

temperature. We thus expect the front to clog and stop because the temperature has

to pass through the freezing temperature at some internal point in the raft. Conversely,

in the small Nusselt number limit, the liquid infiltrates without clogging, since the

top of the raft significantly reduces energy loss to the atmosphere.
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Nusselt number (Nu)

t s
to

p
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Figure 3.13: Stopping time tstop given by (3.6.3) as a function of Nu for different
ambient temperatures θe = 0, 0.05, . . . , 1. The red line without markers corresponds
to isothermal infiltration calculated from (3.6.4).

In Figure 3.14, we show how the infiltration height, cmax, varies as a function of Nu

and θe, along with the boundary Nu∗(θe) that separates the solutions in which complete

infiltration occurs from those in which partial infiltration occurs. We see qualitatively

what we would expect intuitively, namely that, if the ambient temperature θe is low

and the convective cooling Nu is strong enough, the front will stop, while if the

temperature is above a certain value, then no clogging can happen.

In Figure 3.15 we plot Sc, given by (3.4.13), versus time, initiating the simulations

with initial conditions close to the similarity solutions given by (3.5.6). We see that

the similarity solution with the smaller value of S̄ attracts the solutions, while the
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3.7. Near clogging analysis

similarity solution with the larger value of S̄ repels them. This suggests that the root

with smaller S̄ is stable, and the other one is unstable. We will explore the linear

stability of these solutions in Section 3.8.

3.7 Near clogging analysis

We see in Figures 3.11 and 3.12 that the liquid fraction 1−S(c(t)) before the clogging,

and d(t) after the clogging, show power-law behaviour in t. In this section we aim

to explain these power-law behaviours by further analysis of (3.4.11)–(3.4.13) with a

method analogous to the one presented in [4].

For simplicity, we set ρr = 1 (i.e. we assume that there is no density difference

between the liquid and frozen cryolite) and we set B(S) = −1 (i.e. we assume that

the capillary pressure does not change with frozen fraction), giving J(S) = 1. This

makes the analysis simpler to follow, but should not change the qualitative behaviour.

Furthermore, we let Sc(t) = S(c(t)). With these simplifications, (3.4.11)–(3.4.13)
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Figure 3.14: Contour plot of cmax as a function of Nu and θe, showing where the
complete and partial infiltration happen in the parameter space. The black line
is Nu∗(θe). For Nu < Nu∗ the front always infiltrates completely for all ambient
temperatures.
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Figure 3.15: Graph of Sc given by (3.4.13) as a function of τ , for various initial
conditions close to the similarity solutions. The red dashed line is the unstable
similarity solution, while the green dashed line is the stable similarity solution. The
parameters are B̂e = 10, A = 10, and φ0 = 0.5.

become
∂Tu
∂t

= ∂2Tu
∂y2 in c(t) < y < 1, (3.7.1)

ċ = 1
I
, İ = 1

B̂eIK̂(Sc)
, Sc = − I

A

∂Tu
∂y

∣∣∣∣∣
y=c

, (3.7.2)

with boundary and initial conditions given by

Tu = 1 at y = c(t), ∂Tu
∂y

= −Nu (Tu − θe) at y = 1, (3.7.3)

Tu = 0 for 0 < y < 1 at t = 0, (3.7.4)

c = 0, I = 0 at t = 0, (3.7.5)

and K̂ is given by

K̂(Sc) = (1− φ0)3

(1− (1− φ0)(1− Sc))2 (1− Sc)3, (3.7.6)

where we note that K̂ → 0 as Sc → 1, which makes the problem singular due to

the second equation in (3.7.2). In order to aid our analysis, we plot our numerical

solutions for c, Sc, and I near clogging in Figure 3.16, along with guesses for the
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Figure 3.16: Figures showing the power-law relationships between cmax − c, 1 − Sc,
Imax − I, and tc − t. The solid lines are the numerical solutions of the problem,
meanwhile the red dashed lines are the near-clogging asymptotic expressions given by
(3.7.21), (3.7.25) and (3.7.26). Parameters are B̂e = 10, A = 10, and Nu = 10.

power-law behaviour (these guesses will be shown to be justified later). In each case,

the subscript max refers to the value of these functions at the clogging time, we

note from Figure (3.10), that Tu is approximately linear even before we approach the

clogging time. Our goal is to analyse the near-clogging behaviour, so we recast the

variables using

t = tc − ετ, c(t) = cmax − εξ(τ), I(t) = Imax − ε1/4ζ(τ), (3.7.7)

Sc(t) = 1− ε1/4σ(τ), Tu(t, y) = Tu,max(y) + o(1), (3.7.8)

where ε is an arbitrary small parameter and we have picked the powers of ε to be

consistent with Figure 3.16, and tc, cmax, Imax, and Tu,max are unknown. We substitute

(3.7.7) and (3.7.8) into (3.7.1)–(3.7.5) to find that

∂2Tu,max

∂y2 = 0, (3.7.9)

dξ
dτ = 1

Imax − ε1/4ζ
, (3.7.10)

dζ
dτ = ε3/4

B̂eK̂(1− ε1/4σ)(Imax − ε1/4ζ)
, (3.7.11)

A(1− ε1/4σ) = −(Imax − ε1/4ζ) dTu,max

dy

∣∣∣∣∣
y=cmax−εξ

. (3.7.12)
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with boundary conditions

Tu,max = 1 at y = cmax−εξ,
∂Tu,max

∂y
= −Nu (Tu,max − θe) at y = 1, (3.7.13)

and initial conditions

ξ = 0, ζ = 0, σ = 0 at τ = 0. (3.7.14)

We expand the nonlinear terms and collect the leading-order equations in ε to find

∂2Tu,max

∂y2 = 0, (3.7.15)

dξ
dτ = 1

Imax
, (3.7.16)

dζ
dτ = 1

B̂e(1− φ0)3σ3Imax
, (3.7.17)

A = −Imax
dTu,max

dy

∣∣∣∣∣
y=cmax

. (3.7.18)

We solve (3.7.15) along with (3.7.13) to find that

Tu,max = 1 + (1− cmaxθe)Nu− (1− θe)Nu y
1 + (1− cmax)Nu . (3.7.19)

We immediately see from (3.7.18) that

Imax = A (1 + (1− cmax)Nu)
(1− θe)Nu . (3.7.20)

Integrating (3.7.16), we find that

ξ = τ

Imax
, (3.7.21)

which is a linear relationship between the front position and the time to clogging (as
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shown in Figure 3.16). In order to further proceed, we need to consider the O(ε1/4)

version of (3.7.12), which reads

− σ = ζ

A

dTu,max

dy

∣∣∣∣∣
y=cmax

. (3.7.22)

We substitute for dTu,max / dy from (3.7.18) to yield

σ = ζ

Imax
, (3.7.23)

and thus (3.7.17) reduces to

dσ
dτ σ

3 = 1
B̂e(1− φ0)3I2

max
. (3.7.24)

We note that the terms on the right-hand side of (3.7.24) are independent of τ , and

hence we integrate (3.7.24) and choose the physically relevant (positive real) solution

to find

σ =
(

4τ
B̂e(1− φ0)3I2

max

)1/4

, (3.7.25)

which we then substitute into (3.7.23) to get

ζ = Imax

(
4τ

B̂e(1− φ0)3I2
max

)1/4

. (3.7.26)

Thus, we have recovered all the power-law behaviour we saw in Figures 3.10, 3.11

and 3.16, namely Imax− I ∼ 1−Sc ∼ (tc− t)1/4 and cmax− c ∼ (tc− t) for the system

near clogging. The remaining unknowns tc and cmax still need to be determined by

numerical calculations. The dashed lines on Figure 3.16 are plotted using (3.7.21),

(3.7.25) and (3.7.26) and show good agreement with the numerical solutions in the

τ → 0 limit.
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We conclude by presenting the power laws in terms of the original variables, giving

S(y) = 1− (cmax − y)1/4
(

4
B̂e(1− φ0)3Imax

)1/4

(3.7.27)

I = Imax − (tc − t)1/4
(

4I2
max

B̂e(1− φ0)3

)1/4

, (3.7.28)

c = cmax −
(tc − t)
Imax

. (3.7.29)

3.7.1 After clogging power law

In the previous section, we derived the power-law behaviour of the solution just

before clogging. From Figure 3.12, we see that, after the clogging, cmax − d(t) is also

described by power-law behaviour, which we now derive using the same methods as in

the previous section. We introduce shifted coordinates given by

t = tc + ετ, d(t) = cmax − ε4/5ξ(τ), Sd(t) = 1− ε1/5σ(τ), (3.7.30)

Tu = Tu,max(y, t) +O(ε4/5), Tc = 1− ε4/5Tc,max(η, τ), (3.7.31)

and, again, we choose the exponents of ε to be consistent with the numerical behaviour

observed in Figures 3.12 and 3.16, we use a scaled spatial coordinate in the completely

frozen region, given by η = (cmax − y)/ε4/5 since, after clogging, this region is O(ε4/5),

and consequently this determines the choice of scaling for Tc. With these scalings, the

leading-order version of (3.4.18) becomes

∂Tu,max

∂τ
= 0 in cmax < y < 1, (3.7.32a)

∂2Tc,max

∂η2 = 0 in 0 < η < ξ(τ), (3.7.32b)
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and the boundary conditions are

Tc,max = 0, kpfAσ
dξ
dτ = ∂Tc,max

∂η
at η = ξ(t), (3.7.32c)

Tu,max = 1 at y = cmax, η = 0, (3.7.32d)

kpf
∂Tu,max

∂y
= −∂Tc,max

∂η
at y = cmax, η = 0, (3.7.32e)

∂Tu,max

∂y
= −Nu(Tu,max − θe) at y = 1, (3.7.32f)

and finally, the initial conditions are

Tu,max = 1 + (1− cmaxθe)Nu− (1− θe)Nu y
1 + (1− cmax)Nu at τ = 0, (3.7.32g)

ξ = 0 at τ = 0. (3.7.32h)

First, we solve (3.7.32a) and (3.7.32g), giving

Tu,max = 1 + (1− cmaxθe)Nu− (1− θe)Nu y
1 + (1− cmax)Nu . (3.7.33)

We then solve (3.7.32b), (3.7.32c), and (3.7.32e) giving that

Tc,max = kpf (1− θe)Nu
1 + (1− cmax)Nu (η − ξ) . (3.7.34)

Thus, from (3.7.34) and (3.7.32c) we see that

Aσ
dξ
dτ = (1− θe)Nu

1 + (1− cmax)Nu . (3.7.35)

We recall from (3.4.2b) that the volume fraction of frozen cryolite laid down in the

porespace during infiltration does not change in time and hence S(y) is known in
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0 < y < cmax and, from (3.7.27), is given by

1− S(y) = (cmax − y)1/4
(

4
B̂e(1− φ0)3Imax

)1/4

. (3.7.36)

Substituting (3.7.30) and (3.7.31) into (3.7.36) and evaluating at y = d(t) we find that

σ =
(

4ξ
B̂e(1− φ0)3Imax

)1/4

. (3.7.37)

We use (3.7.37) to eliminate σ in (3.7.35) and we write the resulting equation as

ξ1/4 dξ
dτ = (1− θe)Nu

A (1 + (1− cmax)Nu)

B̂e(1− φ0)3Imax

4

1/4

. (3.7.38)

We integrate (3.7.38) to find

ξ =
(

5(1− θe)Nu
4A (1 + (1− cmax)Nu)

)4/5
B̂e(1− φ0)3Imax

4

1/5

τ 4/5, (3.7.39)

which we use to find the evolution of d using (3.7.30). We plot the solution given

by (3.7.39) in Figure 3.12 and see that there is close agreement with the numerical

solution.

3.8 Stability of the similarity solutions

We have seen from the early-time nonlinear system that it can have 0, 1, or 2 solutions

and that numerically we can follow only one of them. This is a characteristic case

of a saddle-node bifurcation, where changing a parameter changes the number of

equilibria of the system. In this section, we investigate the stability of these equilibria

analytically to show which can occur in practice. For clarity, we consider B(S) = −1

and ρr = 1, motivated by the fact that changing these parameters should not change
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the qualitative behaviour of the two solutions. We expect that the same argument

holds for the non-simplified case. It is useful to first transform to a coordinate system

moving with the front; we use

x = y − c(t), (3.8.1)

so that y = c(t) corresponds to x = 0. We use ċ = 1/I(t) to remove all of the explicit

dependence on the front position c(t) from (3.3.6)–(3.3.10) and the resulting system is

∂2T

∂x2 = −1
I

∂T

∂x
+ ∂T

∂t
, (3.8.2)

Iİ = H

(
I
∂T

∂x

∣∣∣∣∣
x=0

)
, (3.8.3)

with

T = 1, on x = 0, T → 0, as x→∞, (3.8.4)

where

H(Θ) = 1
B̂eK((1− φ0)(1 + Θ

A
))
, (3.8.5)

K is given by (3.7.6), and φ0 is the volume fraction of the alumina particles. We

introduce the similarity variables

η = x

2
√
t
, s = log(t), (3.8.6)

and look for a solution of the form

T (x, t) = g(η, s), I(t) = 2es/2λI(s). (3.8.7)

Substituting from (3.8.7) into (3.8.2)–(3.8.5), we find that the coupled problem for g

and λI is (
2η + 1

λI

)
∂g

∂η
+ ∂2g

∂η2 = 4∂g
∂s
, (3.8.8)
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H

λI ∂g
∂η

∣∣∣∣∣
η=0

 = 2λI
(
λI + 2dg

ds

)
, (3.8.9)

with

g = 1 at η = 0, g → 0 as η →∞. (3.8.10)

Since we are interested in the stability of the solutions, we consider the following

ansatz

g = g(0)(η) + εg(1)(η)eΛs, λI = λ
(0)
I + ελ

(1)
I eΛs, (3.8.11)

where g(0)(η) is the steady state solution to (3.8.8)–(3.8.10) in which λI = λ
(0)
I , given

by

g(0)′′ +
(

2η + 1
λ

(0)
I

)
g(0)′ = 0, (3.8.12)

H(λ(0)
I g(0)′(0)) = 2λ(0)

I

2
, (3.8.13)

g(0) = 1 at η = 0, g(0) → 0 as η →∞. (3.8.14)

We have already solved an analogue of (3.8.12)–(3.8.14) in Section 3.5, giving an error

function for g(0) and some constant for λ(0)
I (multiple solutions still apply; we present

the two solutions in Figure 3.17). The equations for the perturbations g(1)(η) and λ(1)
I

form an eigenvalue problem which we write as

− λ
(1)
I

λ
(0)
I

2 g
(0)′(η) +

(
2η + 1

λ
(0)
I

)
g(1)′(η) + g(1)′′(η) = 4Λg(1)(η), (3.8.15)

H ′(λ(0)
I g(0)′(0))(λ(1)

I g(0)′(0) + λ
(0)
I g(1)′(0)) = 4(1 + Λ)λ(0)

I λ
(1)
I , (3.8.16)

g(1) = 0 on η = 0, g(1) → 0 as η →∞. (3.8.17)

We solve for λ(1)
I from (3.8.16) and substitute into (3.8.15), and then, after some
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Figure 3.17: Graph showing the two solutions of (3.8.12)–(3.8.14) as a function of the
similarity variable. The parameters are A = 10, B̂e = 4, φ0 = 1/2.

simplifications, we arrive at the following equation for g(1)

4Λg(1) − g(0)′(η)H ′(Θ)
−4(1 + Λ)λ(0)

I

2
+H ′(Θ)Θ

g(1)′(0) =
(

2η + 1
λ

(0)
I

)
g(1)′ + g(1)′′, (3.8.18)

g(1) = 0 on η = 0, g(1) → 0 as η →∞, (3.8.19)

where H is given by (3.8.5).

We discretise (3.8.18) and (3.8.19) using finite differences on η ∈ [0, L], where

L is chosen to be large and can be considered a numerical parameter. We multiply

(3.8.18) by the denominator of the second term, then discretise in η, the state vector

g(1) = {g(1)
(
i L
N

)
| 0 < i < N}, where N is the number of grid points of the

discretisation, satisfies

(Λ2A + ΛB + C)g(1) = 0, (3.8.20)

where the matrices A, B and C are given by

A = 16λ(0)
I

2
I, (3.8.21)

B = (16λ(0)
I

2
− 4λ(0)

I H ′(Θ)g(0)(0))I− (4λ(0)
I I + 8λ(0)

I

2
η)D + (−4λ(0)

I

2
)D2, (3.8.22)

C = (λ(0)
I H ′(Θ)g(0)′(0)− 4λ(0)

I

2
)D2 + (H ′(Θ)f ′0(η))GD (3.8.23)

+ (2ηλ
(0)
I H ′(Θ)g(0)′(0) +H ′(Θ)g(0)′(0)I− 8ηλ

(0)
I

2
− 4λ(0)

I I)D, (3.8.24)
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and

ηij =


i L
N

i = j

0 i 6= j

, Gij =


1 i = j

0 i 6= j

, Dij = N

L



0 i = j

1 i = j + 1

−1 i = j − 1

, (3.8.25)

and I is the identity matrix. This is a quadratic eigenvalue problem, which can be

solved by many different methods, and can even be transformed into a generalized

eigenvalue problem [92, Eq. 2.13]. Since we are only interested in the dominant

eigenvalues, we choose the grid size to be small and use Arnoldi iteration to find

the largest eigenvalues. We note that, instead of solving the quadratic eigenvalue

problem (3.8.18)–(3.8.19), we could have instead solved the linear eigenvalue problem

(3.8.15)–(3.8.17). We choose to solve the quadratic eigenvalue problem since, in this

case, we only need to discretise g(1).

Here we point out that we multiplied (3.8.18) with a term that is dependent on

the eigenvalue. This operation is only valid if that term is non zero, and hence we

need to take care in evaluating the eigenvalues by removing the spurious eigenvalue

that is induced by this multiplication. Interestingly this spurious eigenvalue turns out

to be the largest one for the stable solution.

Having implemented the discretisation and chosen a solver, we investigate the

behaviour of the spectrum of eigenvalues for (3.8.18) and (3.8.19). In Figure 3.18 we

plot the 10 largest eigenvalues for both of the solutions we saw in Figure 3.17, for

A = 10, B̂e = 4, and φ0 = 1/2. We vary the number of discretization points, N , and

see that the eigenvalues are converged for as low as 256 discretization points. We

calculate from (3.8.13) that the two values of λ(0)
I are 0.75 and 5.81. We see that, for

λ
(0)
I = 0.75, all of the eigenvalues have negative real part, while, for λ(0)

I = 5.81, two
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3.8. Stability of the similarity solutions

of the eigenvalues have positive real part. Combining (3.7.2) and (3.8.7), we find that

ċ = e−s/2

2λI
and Sc = λIg

′(0)
A

, (3.8.26)

and thus we see that the stable solution has a lower amount of frozen cryolite and a

faster moving front than the unstable solution.
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Figure 3.18: Plot of the 10 largest eigenvalues for the two different solutions of the
similarity problem (3.8.15)–(3.8.17). The different symbols are for different number of
discretization points, N . The parameters are A = 10, B̂e = 4, φ0 = 1/2. The insets
show the largest eigenvalues.

The truncated and discretised system (3.8.20)–(3.8.25) converges to the semi-infinite

continuous problem (3.8.18)–(3.8.19) when the two limits L→∞ and ∆η = L/N → 0

are simultaneously taken. We investigate the convergence of the truncated system

by fixing one of L and ∆η and varying the other. First, we investigate the effect of

increasing the computational domain, L, as shown in Figure 3.19. We see that, by

increasing the computational domain by a factor of 64, the roots change, but the

critical eigenvalue is not affected by this change, so we expect that our results are

still valid in the L → ∞ limit. To further check this, we plot the eigenfunctions in

Figure 3.20 and note that all of them exhibit exponentially decaying tails. We also

compare the eigenvalue calculation to the solution of the original nonlinear initial

value problem, then estimate the coefficient of the exponential decay, which should
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3.8. Stability of the similarity solutions

coincide with the eigenvalue. We present the results in Figure 3.21, where we plot the

solutions to the nonlinear system (3.8.8)–(3.8.10), linear system, and the eigenvalue

calculation (3.8.18) and (3.8.19). We see that the three different solutions are on top

of each other and hence we can be confident in our numerical schemes.
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Figure 3.19: Plot of the 5 largest eigenvalues for the two different solutions of the
similarity problem (3.8.15)–(3.8.17). The degree of discretisation is fixed at N = 2048
and the computational domain length L is varied. The parameters are A = 10, B̂e = 4,
φ0 = 1/2. For the stable solution on the left λ(0)

I = 0.75, while for the unstable solution
on the right λ(0)

I = 5.81.
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Figure 3.20: Plot of the eigenfunctions corresponding to the 5 largest eigenvalues
for the two different solutions of the similarity problem (3.8.15)–(3.8.17). The red
lines are for L = 4, while the blue lines are for L = 16. In both cases N = 2048.
The parameters are A = 10, B̂e = 4, φ0 = 1/2. For the stable solution on the left
λ

(0)
I = 0.75, while for the unstable solution on the right λ(0)

I = 5.81.
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Figure 3.21: Plot of the perturbation λ(1)
I (s) as a function of the logarithm of time.

We plot the result of the eigenvalue calculation given by (3.8.11), (3.8.18) and (3.8.19)
with red dashed line and the nonlinear initial value problem given by (3.8.8)–(3.8.10)
with grey. The parameters are A = 10, B̂e = 4, φ0 = 1/2.

3.9 Conclusions

In this chapter, we considered the problem of phase changing infiltration of cryolite

into a cold porous raft of alumina floating on top of a slightly superheated cryolite bath.

We formulated a one-dimensional mathematical model to investigate the infiltration

behaviour in the industrially relevant small-superheat limit. We found that the

early-time problem had a solution of similarity form which we used to initialize our

numerical solver. We verified both methods by comparing them in the intermediate

limit.

We used the early time solution to find that, depending on the parameters, there

can either be multiple solutions to the model (a stable and an unstable pair of similarity

solutions as shown in Figure 3.15) or no solutions, which suggests that external freezing

occurs instead. We show the location of these regimes in the (B̂e, A/B̂e) parameter

space in Figure 3.7, where B̂e is the Bejan number, and A is the modified Stefan

number. This regime plot can be used to predict how the qualitative behaviour of

the system changes as a function of the process parameters. We used linear stability

analysis to show that the stable solution is the one which has less frozen cryolite.

After investigating the early-time behaviour, we turned our attention to late-time
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behaviour. We find that, depending on the size of the key dimensionless parameters the

Nusselt number (that controls the heat transfer through the top of the porous alumina

raft) and the ambient temperature, there are two qualitatively different possibilities

for the end state of the raft (see Figure 3.14). If the heat transfer is small enough,

then the front infiltrates the raft fully, resulting in a raft where the void space is filled

with a mixture of liquid and solid. If, however, the heat transfer is large enough, we

find that the infiltration front stops and a clogging front is created instead. This

new front moves backwards through the raft resulting in a dry region near the top of

the raft, which is above a region completely filled with frozen cryolite and particles.

Additionally, we show that the infiltration time is non-monotonic when phase change

is included in the model (see Figure 3.13).

We investigated the near-clogging problem further and found that the early time

similarity solution transitions to a different type of solution which exhibits power-law

behaviour as t→ t−c , where tc is the clogging time. In addition to this, we investigate

the early time evolution after the clogging time. We find that the front speed is

described by a (t − tc)4/5 law after clogging (see Figures 3.11 and 3.12). This is a

transient effect, and the behaviour transitions to
√
t at longer timescales. These results

improve our understanding of the infiltration of alumina rafts by molten cryolite,

highlighting that small deviations from the operating conditions can fundamentally

alter the behaviour.

106



Chapter 4

Dissolution of a spherical clump of

alumina

Synopsis

In this chapter, we formulate a mathematical model for the dissolu-
tion of a spherical porous clump of alumina. We solve numerically
the resulting system of equations using the method of lines and
find that two qualitatively different behaviours are possible: bulk
dissolution and localized dissolution near the boundary. The second
behaviour corresponds to a travelling front solution which we anal-
yse using the method of matched asymptotic expansions, resulting
in a system similar to the one presented in Chapter 2 for a solid
sphere. We compare the numerical results of the model with the
travelling front solutions, showing agreement between them. Thus,
we establish the dependence of the dissolution time of the spherical
clump on the material parameters.

4.1 Introduction

After considering the evolution of a single solid particle in liquid cryolite in Chapter 2,

and the imbibition of cryolite into a porous raft in Chapter 3, we turn our attention

to a different stage of the alumina feeding process: the dissolution of a porous clump
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of alumina. Motivated by the timescales described in previous chapters, we assume

that any cryolite infiltration has already reached an equilibrium. In particular, we

assume that the front has fully infiltrated into the porous clump, so that there are no

dry pockets inside (we will relax this assumption in Chapter 5). In order to simplify

our modelling, we assume that the clump is spherical and submerged in cryolite. This

assumption should be reasonable for a clump that detached from the main raft (see

Figure 4.1; clumps shown in C). Lastly, we assume that the porous clump maintains

its structural integrity during the dissolution.

A Falling of dose

ti
m

e

C

E

Floating on cryolite surface

Sinking through the fluid

Floating on aluminium surface

Sinking to the bottom of cell

D

B

Figure 4.1: Schematic showing stages of the alumina feeding process. The focus in
this chapter are the clumps in C.

There are three main questions that we would like to answer:

• How fast does the porous medium dissolve (what is the timescale)?

• What is the primary dissolution mechanism (dissolve from the bulk, or from the

surface)?

• How do these answers depend on the parameters of the model (e.g. the porosity

of the alumina clump)?

In general, we aim to determine how to minimise the dissolution time.
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Porous medium dissolution has been investigated by many authors before. For

example, Fujita [25] considers a problem in which a diffusing substance interacts with

a dissolving medium, and formulates a sharp interface model in planar and cylindrical

geometries. Chadam et al. [8] are among the first to incorporate flow via Darcy’s

equation and couple this with the conservation of mass for the fluid and a dissolved

species. They solve the model in a planar geometry for constant velocity fronts and

investigate the limit of a large density solid, finding that the planar front is often

unstable. Hinch and Bhatt [36] consider a similar model, where the pore space of

the porous medium consists of two different reacting species, a mobile acid and an

immobile dissoluble mineral. They consider that the porosity does not change, but the

permeability is dependent on the concentration of the dissoluble material. They solve

the problem in the planar case and further investigate the small-permeability-change

limit of the problem and find that the planar front is unstable in certain parameter

regimes. Szymczak and Ladd [88] investigate the reactive dissolution of a rock matrix.

Since previous studies suggest that the dissolution fronts might be unstable, they

focus on a particular type of nonplanar solution called fracture dissolution, which

is a dissolution type where channels form and penetrate into the porous medium.

Kang et al. [43] uses the Lattice-Boltzmann method to investigate the microscale

behaviour of a dissolving porous medium and they find planar front propagation (face

dissolution), uniform dissolution, and worm holing (in which channels form inside the

rock matrix) in different parameter regimes. Zhao, Hobbs, and Ord [111, 112] and

Zhao et al. [113] investigate the planar form of the equations that form the basis of

our model, though we do not take account of the flow of the cryolite and we work with

a specific form of the constitutive law describing the dissolution. They investigate the

travelling front solutions, however in their model the porosity cannot increase up to

unity so that there is always some amount of porous media left, in contrast to our

model in which we allow for complete dissolution. They formulate a finite element
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numerical scheme that they validate by considering the evolution of the constant

speed planar front by transforming the equations into the moving frame. As the

dissolution progresses, the porosity increases to one and the problem exhibits a sharp

front. A review of the methods applicable to finding sharp-front solutions for nonlinear

diffusion equations is presented by Sherratt [79], who provides a detailed derivation

for a version of Fisher’s equation with degenerate diffusion with u(x, t) satisfying

ut = (uux)x + u(1− u).

In the following sections, we formulate a model for the diffusion-driven dissolution

of a spherical porous alumina particle, then solve this model numerically using the

method of lines and asymptotically in two different limits, before comparing these

predictions.

4.2 Mathematical model

We consider the diffusion-driven dissolution of a spherically symmetric porous clump

of alumina, as illustrated in Figure 4.2. We choose to track the concentration of

alumina in the cryolite, and the porosity of the solid alumina clump using equations

that are valid both inside and outside the clump — an alternative approach would be

to treat inside and outside the clump separately. This has the advantage that we do

not need to explicitly track the location of the boundary. We denote the time from

the start of dissolution by t and we will use r for the radial distance from the centre

of the spherical clump.

We denote by φ(r, t) the volume fraction of the pore space and we denote by C(r, t)

the concentration of alumina in the cryolite, that is, the mass of the alumina contained

in a unit volume of liquid. Our model comprises equations that describe conservation

of mass of dissolved alumina in the liquid cryolite and conservation of mass of solid
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Figure 4.2: Schematic showing the process scale geometry.

alumina, which read
∂

∂t
(φC) = 1

r2
∂

∂r

(
φr2D

∂C

∂r

)
+ D, (4.2.1)

ρp
∂

∂t
(1− φ) = −D, (4.2.2)

for r > 0, t > 0, where D is the diffusivity of alumina in the liquid cryolite, D is

the dissolution rate of alumina, and ρp is the constant density of the solid alumina.

We note that, for simplicity, we neglect in (4.2.1) the flow of liquid induced by the

density change caused by the dissolution of the alumina into the liquid cryolite. This

reduces the complexity of our model, since we do not have to write down any equations

describing how the liquid flows. However, it is unlikely to be true in practice, since

the concentration change driving the reaction is similar to the density change causing

the flow.

We assume that the dissolution reaction occurs when the concentration of alumina

in the cryolite is lower than saturation concentration Cs and that no precipitation of

alumina occurs when the concentration is greater than Cs. We further assume that

the rate is proportional to the local surface area of the porous clump (1− φ)2/3. Thus

we write that D is

D = ν(1− φ)2/3(Cs − C)+, (4.2.3)
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where (�)+ denotes the positive part of �, Cs is the saturation concentration, and ν

is the reaction coefficient. We note that (4.2.3) is a simple constitutive law for the

dissolution, and that it would be interesting to explore and derive a more accurate

law by homogenising an appropriate mass transfer problem at the microscale, such as

the single-particle model described in Chapter 2.

We assume that the concentration is bounded at the centre of the clump, and that

the concentration far away from the clump is known. Hence we write

C = O(1) as r → 0, (4.2.4)

C = Cf as r →∞, (4.2.5)

where the Cf denotes the far-field concentration. Note that in the numerical scheme

we will apply the boundary condition (4.2.5) at some large finite value L. Finally, we

assume that the liquid cryolite infiltrates the clump over a much shorter timescale

than that associated with the dissolution reaction, and thus we assume that the clump

is completely filled with cryolite initially and that the initial concentration of alumina

is constant and everywhere equal to the far-field bulk concentration. We also assume

that the initial porosity of the clump is known. Thus, we write

C = Cf at t = 0, (4.2.6)

φ =


φ0 r ≤ R0

1 r > R0

at t = 0, (4.2.7)

where φ0 is the initial porosity inside the clump, which has an initial radius R0.
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4.3 Dimensionless model

We nondimensionalise our model using the scalings

C = Cf + (Cs − Cf )Ĉ, r = R0r̂, t = ρp
ν(Cs − Cf )

t̂, (4.3.1)

where we chose the timescale by balancing the two terms in (4.2.2). Dropping the

hats, the dimensionless model may be written in the form

∂ (φ(C − β))
∂t

= α

r2
∂

∂r

(
r2φ

∂C

∂r

)
, (4.3.2)

∂φ

∂t
= (1− φ)2/3(1− C)+, (4.3.3)

for r > 0, with boundary conditions

C = O(1) as r → 0, (4.3.4)

C = 0 as r →∞, (4.3.5)

and initial conditions given by

C = 0 at t = 0, (4.3.6)

φ =


φ0 r ≤ 1

1 r > 1
at t = 0. (4.3.7)

We have introduced two dimensionless quantities,

α = ρpD

νR2
0 (Cs − Cf )

, β = ρp − Cf
Cs − Cf

, (4.3.8)
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where α is the ratio of the reactive and the diffusive timescales, and β represents the

amount of alumina stored in the particles divided by the carrying capacity of the

cryolite fluid. For large values of β, (4.3.2) suggests that the concentration should be

close to saturation inside the porous particle except near its edge. We assume that

the parameters take the following values

Cs ≈ 164 kg m−3, Cf ≈ 62 kg m−3, D ≈ 1.5× 10−9 m2 s−1,

ρp ≈ 2000 kg m−3, R0 ≈ 50 µm.
(4.3.9)

We do not have an accurate estimation for the reaction coefficient ν. However, we

assume that the the reactive timescale is smaller than the diffusive timescale, which

we estimate to be 0.083 s, thus we pick an indicative value of ν = 100/s. We use the

values to calculate that

β ≈ 20, α ≈ 0.1. (4.3.10)

4.4 Numerical solution

We discretize (4.3.2)–(4.3.6) using a uniform grid on a truncated domain, namely r ∈

[0, L], and solve the resulting set of ODEs using an adaptive backward differentiation

method with NDSolve implemented in Mathematica 12.1. We check for convergence

of the results by varying the spatial step size and we use the stepsize beyond which

the results do not change. In the numerical codes we solve for Q = φC using the

formulation

∂Q

∂t
= α

r2
∂

∂r

(
r2
(
∂Q

∂r
− ∂φ

∂r

Q

φ

))
+ β

∂φ

∂t
in 0 < r < L, (4.4.1)

∂φ

∂t
= (1− φ)2/3(1−Q/φ)+ in 0 < r < L, (4.4.2)
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with

Q = O(1) at r = 0, (4.4.3)

Q = 0 as r = L, (4.4.4)

Q = 0 for 0 < r < L at t = 0, (4.4.5)

φ =


φ0 0 < r < 1

1 1 < r < L

at t = 0. (4.4.6)

A representative solution is shown in Figure 4.3 (left), where we plot the concentration

field along with the porosity as a function of the radius for different times for parameters

α = 1, β = 1. We see that the porosity increases with time and φ → 1 everywhere

as t → ∞, indicating that the porous clump completely dissolves. Meanwhile, the

concentration is initially zero, grows to a maximum, then finally decreases to zero,

corresponding to all the alumina diffusing away from the region. In Figure 4.3 (right)

we plot the concentration at the centre of the sphere which first increases (due to the

dissolution reaction), then decreases (due to the diffusion) at the end of the evolution.

We note that C(0, t) never reaches the saturation concentration (which we show as

the dashed line).

In Figure 4.4 we investigate the case where α = 0.1, β = 20. We plot the

concentration and the porosity at (left) early times and (right) late times. In this

case, the behaviour is different. We see that, for early times, the porosity inside the

particle remains spatially uniform and increases slightly with time. The concentration

also remains spatially uniform, except in a layer near r = 1, and increases towards the

saturation concentration (C = 1). After this early transient behaviour, the porosity

changes in a thin, moving, region that propagates into the particle and has a similar

shape throughout the rest of the evolution. Inside the particle, we see that the

concentration is approximately constant at the saturation concentration, and that
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Figure 4.3: Left: Concentration and the porosity as a function of radius for t =
0.28, . . . , 2.8. The concentration curve corresponding to t = 0 is the horizontal line at
C = 0. Right: Concentration at the centre of the clump as a function of time. The
dashed line denotes the saturation concentration. The dots correspond to the values
of C(0, t) shown in the lines in the left-hand figure. The parameters are α = β = 1
and φ0 = 0.1.

outside it decreases as the alumina diffuses away. This behaviour continues until the

front reaches r = 0, when, finally, the porous particle completely dissolves and the

concentration field tends to zero. In order to see what happens as α decreases, we show

in Figure 4.5 the concentration and the porosity at (left) early times and (right) late

times, for α = 0.01 and β = 20. We see that, at late time, the width of the travelling

front is smaller. In Figure 4.6 we show the concentration at the centre of the sphere as

a function of time for both sets of parameters. In both cases we see that the alumina

concentration swiftly increases to the saturation concentration (shown as a dashed

red line), stays there for the majority of the evolution, and then rapidly decreases

as the particle completely dissolves. In Section 4.5 we will explore the early-time

behaviour of the model, while in Section 4.6 we will derive an approximate travelling

front solution when α� 1.

In Figure 4.7 we plot the location of the boundary r = s(t), which we define

here to be the point where φ = 1/2. We plot the evolution for three different pairs
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Figure 4.4: Concentration and the porosity as a function of radius at early times given
by t = 10−3, . . . , 1 (left) and late times (right) t = 1, . . . , 86.69. The parameters are
α = 0.1, β = 20 and φ0 = 0.1.
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Figure 4.5: Concentration and the porosity as a function of radius at early times given
by t = 10−3, . . . , 1 (left) and late times (right) t = 1, . . . , 772.095. The parameters are
α = 0.01, β = 20 and φ0 = 0.1.

of parameter values (α, β), which illustrate that the dissolution is fastest when the

dominant effect is bulk dissolution (left curve), and that at higher values of β the

dissolution is slower.

In Figure 4.8 we show the dissolution time tdiss (which we define to be the time

when φ = 1 at r = 0) as a function of the nondimensional parameters. We see that, for

the majority of the parameter space, the dissolution time is similar. This is because
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Figure 4.6: Concentration at the centre of the clump as a function of time. The
dashed line denotes the saturation concentration. The dots correspond to the values
of t for each line shown in Figures 4.4 and 4.5. The parameters for the black curve are
α = 0.01, β = 20, while for the blue curve α = 0.1, β = 20, for both we take φ0 = 0.1.

in these regions, the problem is not diffusion limited and the process is controlled

by dissolution in the bulk of the porous medium. However, in the top left corner

of (α, β) space, corresponding to large β and small α, the dissolution time increases.

This is because, for large β and small α, the problem becomes diffusion-limited, which

inhibits the bulk dissolution, so the behaviour changes to a travelling front.

In order to use matched asymptotics for approximating the solution in the case

where α� 1, we need to figure out the scaling involved with the width of the travelling

front which we call interior layer. Immediately the question arises: How does the total

dissolution time and interior layer thickness scale with α? We plot the dissolution

time tdiss, found by running multiple simulations, in Figure 4.9 (left). In Figure 4.9

(right) we plot the interior layer thickness δinner calculated by taking the difference

between the positions at which the porosity is φ = 1 − ε and φ = φ̄ + ε, where φ̄

is the porosity on the solid side of the boundary and we use ε = 10−3. We see that

the interior layer size scales with
√
α, and that the timescale for dissolution scales

with α−1. We will use this information in Section 4.6 to motivate the scalings in our

matched asymptotic analysis for α� 1.
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Figure 4.7: Location of the edge of the clump as a function of time for three different
parameter values. (α, β) = (1, 1), (0.1, 10), and (0.01, 2) in order from left to right.

4.5 Small diffusion, α� 1

Given that, for the operating parameters, we estimated in (4.3.10) that α is small, we

now investigate the limit α� 1 with the aim of understanding how the choice of β

determines whether we have bulk dissolution or travelling front solutions. We consider

the leading-order equations in the small-α limit by expanding φ ∼ φ(0), C ∼ C(0) as

α→ 0, giving
∂
(
φ(0)

(
C(0) − β

))
∂t

= 0, (4.5.1)

∂φ(0)

∂t
= (1− φ(0))2/3(1− C(0))+, (4.5.2)

with initial conditions

φ(0) =


φ0 0 < r < 1

1 1 < r <∞
at t = 0, (4.5.3)

C(0) = 0 at t = 0. (4.5.4)
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Figure 4.8: Dissolution time as a function of nondimensional parameters α and β. The
colour denotes the dissolution time, with blue values indicating shorter dissolution
times.

Since (4.5.1) and (4.5.2) are simply ODEs in time, we consider the cases r < 1 and

r > 1 separately. For r > 1, since φ(0) = 1 at t = 0, equation (4.5.2) tells us that

φ(0) = 1 everywhere, while (4.5.1) tells us that C(0) = 1. For r < 1, we integrate

(4.5.1) and apply the initial conditions (4.5.3) and (4.5.4) to find that

C(0) = β

φ(0) (φ(0) − φ0). (4.5.5)

We substitute (4.5.5) into (4.5.2) which results in a single ODE for φ(0), namely

∂φ(0)

∂t
= F (φ(0)) = (1− φ(0))2/3

(
1− β

φ(0)

(
φ(0) − φ0

))
+
. (4.5.6)

We see from (4.5.6) that, if β < 1, ∂φ(0)/∂t > 0 for all φ(0) ∈ (0, 1), while if β > 1,

∂φ(0)/∂t > 0 if φ(0) ∈
(
0,min(1, φ̄)

)
where φ̄ = βφ0/(β − 1), and ∂φ(0)/∂t = 0

otherwise. Thus for β > 1, there is a critical value of β, given by βc = 1/(1 − φ0),

below which ∂φ(0)/∂t > 0 for all φ(0) ∈ (0, 1). In Figure 4.10 we plot ∂φ(0)/∂t as a

function of φ(0) for β = 0.5 and β = 2, with φ0 = 0.3, these being representative of
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the dashed line shows δinner =

√
α. β = 10 in these plots.

the cases β < 1 and β > 1, respectively. We see that, when β < 1, all the curves go

through the point φ(0) = 1 and ∂φ(0)/∂t = 0, while for β > 1, ∂φ(0)/∂t = 0 at φ̄(β).

Hence, given the initial condition φ(0) = φ0 < 1, we deduce that, for β < 1, φ(0) → 1

and, from (4.5.5), C(0) → β
(
1− φ̄

)
as t→ tdiss (some critical time), while, for β > 1,

φ(0) → φ̄ and, from (4.5.5), C(0) → 1 as t→∞.

We further explore the steady states of (4.5.6) by carrying out a local analysis.

First, we substitute φ(0) = 1 − εφ
(0)
1 and t = ε1/3T into (4.5.6) and consider the

leading-order equation in ε, which reads

dφ(0)
1

dT = −(1− β(1− φ0))φ(0)
1

2/3
, (4.5.7)

which has the solution

φ
(0)
1 = 1

27 ((1− β(1− φ0))(Tc − T ))3 , (4.5.8)

for a positive constant Tc, at which φ(0)
1 = 0. Thus, we conclude that the steady state

φ(0) = 1 is reached in finite time.

Next, for the steady state φ(0) = φ̄, we substitute φ(0) = φ̄− εφ(0)
1 into (4.5.6) to
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Figure 4.10: Plot of ∂φ(0)/∂t as a function of φ(0) in (4.5.6) for β = 0.25 (dashed),
β = 0.5 (dotted), β = 0.75 (solid) (left) and β = 1.1 (dashed), βc = 10/7 (dotted),
β = 2 (solid) (right), for φ0 = 0.3.

find that φ(0)
1 satisfies

dφ(0)
1

dt = −(β − 1)2

βφ0

(
β(1− φ0)− 1

β − 1

)2/3

φ
(0)
1 , (4.5.9)

which has the solution

φ
(0)
1 = C exp

−(β − 1)2

βφ0

(
β(1− φ0)− 1

β − 1

)2/3

t

, (4.5.10)

for some constant C. Thus we see that, φ(0)
1 → 0 as t→∞, so reaching the steady

states takes infinite amount of time. We solve (4.5.6) in φ(0) ∈ (φ0,min(1, φ̄)) to find

that

t =
3
(

3
√

1− φ(0) − 3
√

1− φ0

)
β − 1

+ 3βφ0

2(β − 1)2

 2F1
(

2
3 , 1; 5

3 ; β(φ0−1)+1
(β−1)(φ(0)−1)

)
(1− φ(0))2/3 −

2F1
(

2
3 , 1; 5

3 ; β(φ0−1)+1
(β−1)(φ0−1)

)
(1− φ0)2/3

 , (4.5.11)
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which provides an implicit solution for φ(0) as a function of t; here 2F1 is a hyper-

geometric function (and we note that the first hypergeometric function in (4.5.11)

tends to infinity as φ → φ̄). We plot the solution for φ(0) and C(0) given by (4.5.5)

and (4.5.11), for various values of β, in Figure 4.11; the critical value of βc = 10/7. We

see that both the concentration and the porosity increases with time. For β < βc, we

see that φ(0) → 1 and C(0) → β(1− φ0) as t→ tdiss, while for β = βc, both φ(0) → 1

and C(0) → 1 as t→∞, and finally, for β > βc, φ(0) → φ̄ and C(0) → 1.
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Figure 4.11: Graph of φ(0) and C(0) given by (4.5.5) and (4.5.11) as a function of time
for three different values of β = 0.2, 10/7, 2 with φ0 = 0.3. The βc = 10/7 is the value
at which the behaviour changes. The dots marks the points at which t = tdiss.

In Figure 4.12 we compare the asymptotic solution given by (4.5.5) and (4.5.11)

with the numerical solution of (4.4.1)–(4.4.6) in the case where α = 0.1 and we see

that there is excellent agreement between these solutions at early time, except very

close to the edge of the clump.

When β < βc, we use the explicit formula (4.5.11) to calculate the dissolution time,
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Figure 4.12: Concentration and the porosity as a function of radius for t = 0, . . . , 1.
The initial concentration is a horizontal line and the red dashed lines denote the
solutions of (4.5.5) and (4.5.11) in r < 1. The parameters are α = 0.1, β = 20, and
φ0 = 0.1.

tdiss, which is

tdiss =

β

4πφ0

(
β(−φ0)+β+φ0−1

β(φ0−1)+1

)2/3

√
3 + 6φ0 − 6

− 3βφ0 2F1
(

2
3 , 1; 5

3 ; β(φ0−1)+1
(β−1)(φ0−1)

)
− 6φ0 + 6

2(β − 1)2 (1− φ0)2/3 .

(4.5.12)

In Figure 4.13 we show tdiss as a function of β and φ0 and we see that, as we approach

the curve β = βc(φ0), the dissolution time tends to infinity.

We summarize all of the behaviours by plotting in Figure 4.14 the phase plane of

(4.5.1) and (4.5.2) for 4 different values of β. We show the trajectories for the solutions

presented in Figure 4.10 as dotted lines; all trajectories emanate from the left-hand

axis of the phase plane. Since the phase plane enables us to consider all values of

φ0 simultaneously, we invert the critical β relationship and write φc = (βc − 1)/βc,

which we plot as a red line, when it exists. When β > 1, we see that solutions above

the red line reach φ(0) = 1 and C(0) = β(1− φ0), while solutions below the red line

reach φ(0) = φ̄ and C(0) = 1. When β ≤ 1 we see that all solutions reach φ(0) = 1 and
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Figure 4.13: Dissolution time given by (4.5.12) as a function of β and φ0. The colour
denotes the dissolution time, with blue values indicating shorter dissolution times.
The black line is β = βc(φ0).

C(0) = β(1− φ0) and we note that no trajectories can pass the line C(0) = β shown in

blue.

We note that our solution is not able to reproduce the longer time behaviour seen

in Figures 4.4 and 4.5 and that both φ(0) and C(0) are discontinuous at r = 1 when

β > βc. Thus, from (4.3.2), we expect there to be a diffusive interior layer of width
√
α around r = 1 that smoothes this sharp interface and becomes a travelling front.

We will analyse the motion of this travelling front in the next section, where we will

consider the behaviour of the system on a longer timescale.

4.6 Small diffusion – large time solution

From the numerical solutions presented in Section 4.4, the solution exhibits travelling

front behaviour when α� 1 and β > βc. We anticipate that the leading-order problem

in α outside the particle will be similar to the solid dissolution model analysed in

Chapter 2. We consider α� 1 and we take β ∼ O(1) > βc.

As illustrated in Figure 4.15, we introduce a front into the problem, located at
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Figure 4.14: Phase plane of (4.5.1) and (4.5.2) for four different β values given
by 1/2, 1, 2, 5. The separatrices are shown in red lines. The dashed lines are two
trajectories in Figure 4.10. States that cannot be achieved from the initial condition
C(0) = 0 are shown by a dotted background.

r = s(t), which separates the domain into three regions: A porous region ahead of the

front in r < s(t), a fluid region in r > s(t), and an interior layer connecting these at

r ∼ s(t), with thickness
√
α (using the numerical solution as a guide). For clarity we

use subscripts to distinguish the solutions in each of the regions using subscript p for

the porous region, subscript f for the interior layer, and o for the fluid region outside.

Since we know that the movement of the front happens on a timescale t ∼ 1/α as
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Figure 4.15: Sketch of the asymptotic structure of the moving front case.

α→ 0, we scale time in (4.3.2)–(4.3.7) by this value, introducing

t = T/α. (4.6.1)

In the next few sections, we present and solve the problem in each of the three

regions. Before proceeding, we establish the initial conditions for the problem on the

T timescale. We write φp = φ(0)
p +

√
αφ(1)

p + · · ·, Cp = C(0)
p +

√
αC(1)

p + · · · as α→ 0,

and match the leading-order-in-α terms with the long-time solution to the early time

problem presented in Section 4.5. Thus our initial conditions are

φ(0)
p ∼ φ̄, C(0)

p ∼ 1 in r < 1 as T → 0. (4.6.2)

Meanwhile, for r > 1 the porosity and the concentration do not evolve on the short

timescale, so we write φo = φ(0)
o +

√
αφ(1)

o + · · ·, Co = C(0)
o +

√
αC(1)

o + · · · as α→ 0,

giving leading-order-in-α initial conditions as

φ(0)
o ∼ 1, C(0)

o → 0 in r > 1 as T → 0. (4.6.3)
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4.6.1 Inside the particle

Inside the particle, equations (4.3.2) and (4.3.3) may be written in the form

∂

∂T
(φp(Cp − β)) = 1

r2
∂

∂r

(
r2φp

∂Cp
∂r

)
, (4.6.4)

α
∂φp
∂T

= (1− φp)2/3(1− Cp)+, (4.6.5)

for 0 < r < S(T ), T > 0, with boundary conditions

Cp = O(1) as r → 0, (4.6.6)

and initial conditions given by

Cp → 1 for 0 < r < 1 as T → 0, (4.6.7)

φp → φ̄ for 0 < r < 1 as T → 0. (4.6.8)

Additionally, we require that the solution for Cp and φp match with the interior layer

solution as r → s(T ). We now expand in powers of
√
α (where the exponent of α

is chosen so that we can match with the inner solution in space) with Cp ∼ C(0)
p ,

φp ∼ φ(0)
p , as α→ 0 and find that the leading-order problem of (4.6.4) and (4.6.5) is

given by
∂

∂T

(
φ(0)
p (C(0)

p − β)
)

= 1
r2

∂

∂r

(
r2φ(0)

p

∂C(0)
p

∂r

)
, (4.6.9)

(1− φ(0)
p )2/3(1− C(0)

p )+ = 0. (4.6.10)

Since φ(0)
p = φ̄ < 1 at sufficiently small times, (4.6.10) gives C(0)

p = 1 initially; but

then (4.6.9) then gives ∂φ(0)
p /∂T = 0 initially, and we deduce therefore that φ(0)

p = φ̄

and C(0)
p = 1 inside the particle for r < s(0)(T ) and all T > 0.
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4.6.2 Outside the particle

Outside the particle, in r > s(T ), after rescaling time with t = T/α, the system is

similar to the one inside the particle given by (4.6.4) and (4.6.5), and reads

∂

∂T
(φo(Co − β)) = 1

r2
∂

∂r

(
r2φo

∂Co
∂r

)
, (4.6.11)

α
∂φo
∂T

= (1− φo)2/3(1− Co)+. (4.6.12)

with boundary condition

Co → 0 as r →∞, (4.6.13)

and the initial condition is

Co → 0, φo = 1 for r > s(0) = 1 as T → 0. (4.6.14)

The final boundary condition comes from matching the solution to (4.6.15), (4.6.17)

and (4.6.18) with the corresponding solution in the interior layer.

We expand the variables in power series of the form Co = C(0)
o +

√
αC(1)

o + · · · and

φo = φ
(0)
0 +

√
αφ(1)

o + · · · which gives

∂

∂T

(
φ(0)
o (C(0)

o − β)
)

= 1
r2

∂

∂r

(
r2φ(0)

o

∂C(0)
o

∂r

)
, (4.6.15)

(1− φ(0)
o )2/3(1− C(0)

o )+ = 0, (4.6.16)

with boundary condition

C(0)
o → 0 as r →∞, (4.6.17)

and the initial condition is

C(0)
o → 0, φ(0)

o → 1 for r > s(0) = 1 as T → 0. (4.6.18)
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4.6. Small diffusion – large time solution

Since the solution of (4.6.16) cannot be C(0)
o = 1 because this would violate (4.6.17)

and (4.6.18), we instead conclude that φ(0)
o = 1. Thus, equation (4.6.15) simplifies to

the standard heat equation.

4.6.3 Interior layer

Motivated by the results from Figure 4.9, we introduce the inner scaling as

r = s(T ) +
√
αx, C = Cf (x, t), (4.6.19)

giving the following rescaled equations

α
∂ (φf (Cf − β))

∂t
−
√
α

ds
dT

∂ (φf (Cf − β))
∂x

= ∂

∂x

(
φf
∂Cf
∂x

)
+ 2

√
αφf

x
√
α + s(T )

∂Cf
∂x

,

(4.6.20)

α
∂φf
∂t
−
√
α

ds
dT

∂φf
∂x

= (1− φf )2/3(1− Cf )+. (4.6.21)

We expand in powers of
√
α using

Cf ∼ C
(0)
f +
√
αC

(1)
f +· · · , φ ∼ φ

(0)
f +
√
αφ

(1)
f +· · · , s ∼ s(0)+

√
αs(1)+· · · , (4.6.22)

as α→ 0, to give the O(1) equations

∂

∂x

φ(0)
f

∂C
(0)
f

∂x

+ β(1− φ(0)
f )2/3(1− C(0)

f )+ = 0, (4.6.23)

(1− φ(0)
f )2/3(1− C(0)

f )+ = 0, (4.6.24)

for −∞ < x < ∞. From (4.6.24) we see that the solution is either C(0)
f = 1 and

φ
(0)
f = f(x, t) for some function f , or φ(0)

f = 1 and C
(0)
f = A(t)x + B(t) for some

functions A(t) and B(t). However, applying the matching conditions with the particle

(that will be verified in the next section) give the far-field boundary conditions given
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4.6. Small diffusion – large time solution

by

C
(0)
f → 1, φ

(0)
f → φ̄ as x→ −∞. (4.6.25)

Applying these gives that the solution in the interior layer is C(0)
f = 1 and φ(0)

f = f(x, t).

To find the unknown function f and close the system, we use the O(
√
α) equations

given by

−(1− β)ds(0)

dT
∂φ

(0)
f

∂x
= ∂

∂x

φ(0)
f

∂C
(1)
f

∂x

 , (4.6.26)

−ds(0)

dT
∂φ

(0)
f

∂x
= −C(1)

f (1− φ(0)
f )2/3, (4.6.27)

for −∞ < x < x∗, where x∗ is a finite value at which φ(0)
f reaches unity (see Figure 4.16

for a sketch of the solution), with far-field conditions given by

φ
(0)
f → φ̄, C

(1)
f → 0 as x→ −∞. (4.6.28)

We integrate (4.6.26), apply the far-field conditions on the left (ahead of the front),

and find that

φ(0)∂C
(1)
f

∂x
= ds(0)

dT (β − 1)(φ(0)
f − φ̄), (4.6.29)

giving an autonomous phase-plane system (4.6.27) and (4.6.29) for C(1)
f (x, T ) and

φ
(0)
f (x, T ).

In x > x∗ the governing equations can be written as

∂

∂x

φ(0)
f

∂C
(1)
f

∂x

 = 0 (4.6.30)

∂φ
(0)
f

∂x
= 0, (4.6.31)

which, by using the assumed continuity of φ(0)
f , C(1)

f , and ∂C(0)
f /∂x at x = x∗ has the
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4.6. Small diffusion – large time solution

solution

φ
(0)
f = 1, (4.6.32)

C
(1)
f = ds(0)

dT (β − 1)(1− φ̄)(x− x∗) + C
(1)
f

∣∣∣
x=x∗

. (4.6.33)

We note that, in this expression, x∗ and C
(1)
f

∣∣∣
x=x∗

are degrees of freedom one of

which cannot be determined by solving the autonomous phase-plane system (4.6.27)

and (4.6.29) subject to (4.6.25). In order to determine x∗ we solve (4.6.26) and (4.6.27)

starting at x = 0 and find the point where φ(0)
f = 1. We then read off C

(1)
f

∣∣∣
x=x∗

.

Having found the solution for C(1)
f and φ(0)

f , we then translate the solution to align

with the numerical solution. An alternative approach would be to fix x∗ = 0, and

define s(0)(T ) to be the point at which φ(0)
f = 1.
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Figure 4.16: Graph of the concentration and the porosity in the interior layer as a
function of position for (4.6.27) and (4.6.29). The dashed line on the right denote φ̄,
while the dotted vertical lines mark x = x∗, the left of this is (4.6.29), while to the
right of this line (4.6.32) and (4.6.33) is valid. The parameters are φ = 0.3, β = 5 and
ds(0)

dT = −1.

4.6.4 Matching the solutions

We need to match together the asymptotic expansions that hold in each of the regions

in order to determine the problem that governs the evolution of r = s(0). The

132



4.6. Small diffusion – large time solution
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Figure 4.17: Phase plane of the inner problem (4.6.27) and (4.6.29) for β = 10.

expansions in the different regions as α→ 0 are given by

Cp(r) = 1 + O(α1/2), φp(r) = β

β − 1φ0 + O(α1/2), (4.6.34)

Cf (x) = 1 + O(α1/2), φf (x) = φ
(0)
f (x) + O(α1/2), (4.6.35)

Co(r, T ) = C(0)
o (r, T ) + O(α1/2), φo(r) = 1 + O(α1/2), (4.6.36)

where φ(0)
f (x) is the solution of the system (4.6.27) and (4.6.29) and C(0)

o obeys the

diffusion equation (4.6.15) outside.

First, we match the particle solution and the front solution which gives

lim
r→s(T )

C(0)
p (r, T ) = 1 = lim

x→−∞
C

(0)
f (x, T ), (4.6.37)

lim
r→s(T )

φ(0)
p (r, T ) = βφ0

β − 1 = lim
x→−∞

φ
(0)
f (x, T ). (4.6.38)

This yields the far-field condition (4.6.25) that closes the inner problem. Then we
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4.6. Small diffusion – large time solution

match the front solution with the solution outside of the spherical clump to obtain

lim
x→∞

C
(0)
f (x, T ) = 1 = lim

r→s(T )
C(0)
o (r, T ), (4.6.39)

lim
x→∞

φ
(0)
f (x, T ) = 1 = lim

r→s(T )
φ(0)
o (r, T ). (4.6.40)

These matching conditions are not enough to close the system because ds(0)/dT is

still unknown. The missing condition is the matching condition for the flux

lim
x→∞

∂C
(1)
f

∂x
= lim

r→s(T )

∂C(0)
o

∂r
, (4.6.41)

which gives the final condition for the outer problem C(0)
o : using (4.6.33) we deduce

that
∂C(0)

o

∂r
(s(0), T ) = (1− φ̄)(β − 1)ds(0)

dT , (4.6.42)

which physically means that the flux of alumina into the liquid region is dependent on

the jump in the porosity, the reaction rate β, and the speed of the front.

With this condition, we now defined a system for r > s(T ) and T > 0 given by

∂C(0)
o

∂T
= 1
r2

∂

∂r

(
r2∂C

(0)
o

∂r

)
, (4.6.43)

C(0)
o → 0 as r →∞, (4.6.44)

C(0)
o = 1, ∂C(0)

o

∂r
(s(0), T ) = (1− φ̄)(β − 1)ds(0)

dT at r = S(0)(T ), (4.6.45)

C(0)
o = 0 for r > S(0)(0) = 1 at T = 0, (4.6.46)

which can be used to track the moving boundary in the sharp interface limit, without

the need to solve the system in the whole region. We note that this outer problem

is identical to problem (2.4.2) presented in Chapter 2 if we scale τ = σT , and set

σ = (1− φ̄)(β − 1) and ρr = 1. We compare the numerical solution to (4.3.2)–(4.3.6)
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4.6. Small diffusion – large time solution

(obtained using the method of lines) with the numerical solution to the reduced

travelling front problem (4.6.43)–(4.6.46) (also obtained using the method of lines)

in Figure 4.18. We show the numerical solution of (4.3.2)–(4.3.6) with solid lines,

using circles for the travelling front solution given by (4.6.43)–(4.6.46) and using a

red-dashed line for the solution of the inner problem given by (4.6.27) and (4.6.29),

fixing the translational invariance by fitting the curve to the appropriate position

using least squares (we initiate the fitting by setting x∗ = S(0)(T )). We see that the

travelling wave solution agrees well with the full numerical solution, except at early

and late-times. We further see that there is excellent agreement between the solution

of the inner problem and the full numerical solution. Similarly, in Figure 4.19 we

compare the interior layer solution for the porosity to the numerical solution and find

that there is good agreement. We note that, as the front approaches r = 0, the interior

layer solution is no longer valid, and hence we omit the last curve.
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Figure 4.18: Graph showing the concentration as a function of radial position for
different times. The solid lines are the numerical solutions of (4.4.1)–(4.4.6) using the
method of lines; the dots denote the solution of (4.6.43)–(4.6.46), and the red dashed
line is the solution of the inner problem near the front given by (4.6.27) and (4.6.29).
Parameters are β = 2, φ0 = 0.1, and α = 10−3.
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Figure 4.19: Graph showing the porosity as a function of radial position for different
times. The solid lines are the numerical solutions of (4.4.1)–(4.4.6) using the method
of lines and the red dashed lines are the solutions of the interior layer problem near the
front given by (4.6.27) and (4.6.29). Parameters are β = 2, φ0 = 0.1, and α = 10−3.
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4.7 Conclusions

In this chapter, we investigated the dissolution of a spherical clump of alumina

in a cryolite bath. We formulated a mathematical model which depends on the

dimensionless parameters

α = ρpD

νR2
0 (Cs − Cf )

, β = ρp − Cf
Cs − Cf

, (4.7.1)

along with the initial porosity, φ0, and obtained numerical solutions for various values

of α and β using the method of lines. We identified two qualitatively distinct cases:

bulk and surface dissolution. In the case of bulk dissolution, the porous medium

dissolves at every point uniformly, while in the case of surface dissolution, the clump

saturates with alumina, and dissolves from its side and the solution is of travelling

front form. We found that the time to completely dissolve the clump in these two

cases is given by

tbulk ∼
ρp

ν(Cs − Cf )
(= α tfront), tfront ∼

R2
0
D
, (4.7.2)

respectively.

We explored the behaviour of the system in the limit α� 1, which corresponds to

large reaction rate, using asymptotic analysis. We use phase-plane analysis to find

that, when β < βc, the clump undergoes bulk dissolution, while if β > βc, the clump

undergoes surface dissolution. We investigated the travelling front case using sharp-

interface asymptotics and derived a simplified model similar to the one in Chapter 2.

We compared the solution of the original system to the simplified moving boundary

case and noted that there is excellent agreement between them in the majority of the

evolution.
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Chapter 5

Infiltration of a spherical clump

Synopsis

In this chapter, we formulate a mathematical model for the infil-
tration of molten cryolite into an initially cold, gas-filled, spherical,
porous alumina, clump. We investigate two sub-limits: firstly, when
the molten cryolite infiltrates without freezing, and secondly when
the molten cryolite is partially frozen inside the porespace as it
infiltrates. We find that, in both cases, the pressure of the gas
increases, which slows down the infiltration. In the second case, the
slowdown of the infiltrating front promotes freezing in the porespace
and ultimately yields finite time clogging at the infiltration front.

5.1 Introduction

In the previous chapter, we studied the dissolution of a saturated spherical clump of

alumina placed instantaneously in a cryolite bath. We now turn our attention to the

initial behaviour of a porous spherical clump of alumina immersed instantaneously

in molten cryolite, building on the insight gained in Chapters 2 and 3. We saw in

Chapter 3 that the combination of infiltration and solidification can result in interesting

behaviours, such as the existence of multiple solutions or the nonexistence of a solution,

and, for certain parameters values, clogging in finite time. Our goal in this chapter is
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5.1. Introduction

to investigate a key effect that we have previously neglected, namely the presence of

trapped gas.

In Chapter 3, we neglected the presence of the gas because the rafts are open to

the atmosphere and so any gas inside the raft when it enters the cryolite bath can

freely exit through the top surface. However, this is not true in general when a clump

is submerged sufficiently rapidly that the gas does not have time to escape. Our main

area of interest is how the presence of gas inhibits the infiltrating front.

Research into the infiltration of porous materials was discussed in detail in Chap-

ter 3, but we revisit the key references here, for completeness. Models for infiltration

of porous spheres are presented in [5, 52, 107], where they investigate experimentally

the motion of infiltrating fronts into spherical agglomerates for various fluids. They

compare their experimental measurements with explicit predictions from a model based

on Darcy’s law (for cases where the gas pressure does not increase considerable inside

the cavity); they find good agreement between the predictions and the measurements.

Often the effect of gas transport and non-equilibrium thermodynamics are included

in mathematical models for heat transfer in porous media. The most well-known

method for this is to write down a two-temperature model [47, p. 403], which has been

used successfully in many contexts [47]. Often multi-phase and complex flow models

are derived using homogenisation theory to generate macroscale equations, such as

during evaporation [65] or complex flows [74]. The flow of ideal gas inside a porous

reservoir was investigated by Muskat and Botset [68] who formulate a mathematical

model for radially symmetric injection and solve it using a quasi-steady approximation;

subsequent articles refine this approach [69, 70].

We will present the mathematical model in Section 5.2 and nondimensionalise it in

Section 5.3. We analyse the model in two different limits. First, we will consider the

non-phase changing infiltration limit in Section 5.4 and then we will consider how the

solution changes when phase-change is included in Section 5.5. Finally, we summarise
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the results and present the conclusions in Section 5.6.

5.2 Mathematical Model

We now describe the mathematical model that we will use to investigate the infiltration

of a stationary spherical clump of radius R0 submerged in cryolite (as shown in

Figure 5.1). As before, we will use t to denote the time from the placement of the

clump into the liquid. We assume that an infiltration front forms at r = c(t) which

separates the clump into two regions: (i) a dry core region in r < c(t) which consists of

gas (air in our case) in the pore space between the alumina particles, and (ii) a mushy

region in c(t) < r < R0, which consists of liquid and frozen cryolite and alumina

particles. We summarize the constituents in each of the regions visually in Figure 5.2.

We note that, in this chapter, we will use the small-superheat approximation right

from the start in order to not overcomplicate our model, since we have seen in

Chapters 2 and 3 that the superheat only changes the behaviour on a longer timescale.

In the following sections, we will describe the governing equations in each of these

regions using appropriate conservation laws and constitutive relations, and present

the boundary and initial conditions.

5.2.1 Dry core

In the dry core region r < c(t), we use a two-temperature formulation for the porous

medium [47, p.403]. We assume that, at any given macroscale position, the gas phase

and the solid phase can have different temperatures and that there is an exchange of

heat between them which manifests as source and sink terms in the governing heat

equations. Appealing to conservation of energy and assuming that the heat transfer

is proportional to the temperature difference between the two constituents [47], the
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tinf

Mushy

Figure 5.1: Schematic of the cell-scale geometry (left), showing a spherical porous
clump of alumina particles inside the cryolite bath, and the local geometry (right),
showing the spatial coordinate on the horizontal and the temporal evolution vertically.
The moving front is located at r = c(t), and the radius of the porous clump is R0.

Alumina particles φp

Trapped Gas φg

r
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0

Figure 5.2: Schematic showing the constituents in the two regions in the mathematical
model. The infiltration front is shown by a thick black line. On the left of that front is
the dry core region containing trapped gas and alumina particles, while to the right is
the mushy region with three different constituents, namely the molten cryolite, frozen
cryolite, and alumina particles.

equation for the temperature, Tp, of the particles can be written as

φpρpcp
∂Tp
∂t

= 1
r2

∂

∂r

(
r2kp

∂Tp
∂r

)
+ h (Tg − Tp) , (5.2.1)

where φp is the volume fraction of alumina particles, ρp is the density of the alumina,

cp is the heat capacity of the alumina, kp is the effective heat conductivity of the

alumina that takes into account the microscale geometry (here we use kp = φpka rather

than (3.2.7) since we have not averaged over the phases in the temperature fields),
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and h is the heat transfer coefficient between the gas and the particles.

Similarly, including convection, the gas temperature Tg obeys

φgcg
∂

∂t
(ρgTg) + 1

r2
∂

∂r

(
r2φgρgcgTgug

)
= 1
r2

∂

∂r

(
r2kg

∂Tg
∂r

)
− h (Tg − Tp) , (5.2.2)

where φg is the gas volume fraction, ρg is the density of air, cg is the heat capacity of

air, kg is the effective heat conductivity of air (given by kg = φgkair), and ug is the

radial gas velocity in the porous medium. We assume that there are no voids in the

core so that

φg + φp = 1, (5.2.3)

and we further assume that φp, and hence φg, is constant. Assuming that the air flow

is governed by Darcy’s law as in, e.g., [68], conservation of mass and momentum for

the gas phase can be written as

∂

∂t
(φgρg) + 1

r2
∂

∂r

(
r2φgρgug

)
= 0, (5.2.4)

φgug = −K(φg)
µg

∂pg
∂r

, (5.2.5)

where pg is the pressure of the gas, K is the permeability function, and µg is the

viscosity of the gas. We consider that the permeability function can be modelled using

the Carman-Kozeny relationship (see, e.g., [47]) given by

K(φg) =
a2φ3

g

180(1− φg)2 , (5.2.6)

where a is the characteristic size of the pores.

Equations (5.2.1), (5.2.2), (5.2.4) and (5.2.5) provide four equations for the five

unknowns Tp, Tg, pg, ρg, ug. The additional equation that we need is an equation of

state for the gas. We assume that the ideal gas law applies locally at every point in
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the porous medium, and thus write

pg = ρgTgRgas, (5.2.7)

where the Rgas is the specific gas constant (which is the universal gas constant divided

by the molar mass of the gas).

5.2.2 Mushy region

In the mushy region, c(t) < r < R0, where frozen and molten cryolite both coexist,

we make a priori the small superheat approximation as in Chapter 3, so that the

temperature of the frozen cryolite Tf , of the molten cryolite Tc, and of the porous

medium Tp, are everywhere at the melting temperature, Tm, of the cryolite, i.e.

Tf = Tc = Tp = Tm in c(t) < r < R0. We appeal to conservation of mass for the solid

and for the liquid, assume Darcy flow, and no voids, and thus write

∂φf
∂t

= 0, (5.2.8)

∂φc
∂t

+ 1
r2

∂

∂r

(
r2φcuc

)
= 0, (5.2.9)

φcuc = −K(φc)
µc

∂pc
∂r

, (5.2.10)

φc + φf + φp = 1, (5.2.11)

where φf is the volume fraction of frozen cryolite, φc is the volume fraction of molten

cryolite, uc is the radial velocity of the molten cryolite, µc is the viscosity of the molten

cryolite, and pc is the liquid pressure. We note that, here, φp is constant.
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5.2.3 Boundary and initial conditions

At the centre of the sphere we assume that the temperatures and the gas density are

bounded, so we write

Tg, Tp, pg, ρg bdd at r = 0. (5.2.12)

At the infiltration front, r = c(t), we ensure that we conserve the mass of the

gas, the mass of the cryolite, and energy. Further, we assume that the temperatures

of all of the phases are at the melting temperature, and that the pressure at this

front is given by the difference between the gas pressure and the capillary pressure.

Conserving the mass of the gas, we write

ug = ċ at r = c(t), (5.2.13)

while conservation of liquid mass implies

ρcφc(uc − ċ)− ρfφf ċ = 0 at r = c(t), (5.2.14)

where ρc is the density of the molten cryolite, ρf is the density of the frozen cryolite,

and we account for the phase-change between the liquid and frozen cryolite.

Continuity of temperature across the moving front is given by

Tp = Tg = Tc = Tf = Tm at r = c(t), (5.2.15)

while conservation of energy at the interface reads

− kp
∂Tp
∂r
− kg

∂Tg
∂r

= ρcφchc(uc − ċ)− ρfφfhf ċ at r = c(t), (5.2.16)

where hc and hf are the enthalpies of the liquid and solid cryolite, respectively. We
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simplify (5.2.16) using (5.2.14) and

hc − hf = L at T = Tm, (5.2.17)

where L is the latent heat, to give

− kp
∂Tp
∂r
− kg

∂Tg
∂r

= ρfLφ
+
f ċ at r = c(t), (5.2.18)

The right-hand side accounts for the contribution due to the phase-change of the

cryolite at the front, while the left-hand side is the heat flux out of the dry region. The

pressures in the liquid and the air are connected at the moving front by the capillary

pressure and so we write

pc = pg − Pc at r = c(t), (5.2.19)

where Pc is the capillary pressure generated by the microscopic menisci, given by

Pc = γ/a, where γ is the surface tension of cryolite and a is the pore size. We note

that here, for simplicity, we consider the capillary pressure to be constant, in contrast

with Chapter 3.

We assume that the radius of the clump is much smaller than the depth, H, of

the clump below the approximate horizontal free boundary of the bath, so that the

hydrostatic pressure does not change much around the clump, i.e we write

pc = p0 + ρcgH at r = R0, (5.2.20)

where p0 is the ambient pressure outside the bath.

We assume that, initially, the gas pressure pg0 is constant, that the clump is at a
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5.3. Nondimensionalisation

given temperature, T0, and that there is no infiltration. Thus, at t = 0,

pg = pg0, Tp = Tg = T0 in r < R0, (5.2.21)

c = R0. (5.2.22)

The model for ρg, φc, φf , pc, pg, uc, ug, Tg, Tp, and c is now fully specified, by the PDEs

(5.2.1)–(5.2.10), the boundary conditions (5.2.12)–(5.2.20), and the initial conditions

(5.2.21) and (5.2.22).

5.3 Nondimensionalisation

We nondimensionalize (5.2.1)–(5.2.22) using the following scalings and subsequently

drop the hats

t = µcR
2
0

φ0a2 (p0 + ρcgH + Pc)
t̂, r = R0r̂, c = R0ĉ, ρg = pg0

T0Rgas

ρ̂g, (5.3.1)

ug = φ0a
2R0 (p0 + ρcgH + Pc)

µcR2
0

ûg, uc = φ0a
2R0 (p0 + ρcgH + Pc)

µcR2
0

ûc, (5.3.2)

pc = (p0 + ρcgH + Pc) p̂c − Pc, pg = pg0p̂g, K = a2K̂, (5.3.3)

Tp = (Tm − T0)T̂p + T0, Tg = (Tm − T0)T̂g + T0. (5.3.4)

With these scalings we keep the dominant balance in (5.2.5) and (5.2.10), scale the

temperatures between the two achievable extremes, and the gas pressure and density

with the initial conditions. The timescale that we chose corresponds to the cryolite

infiltration timescale.
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5.3.1 Dry core

With these scalings, the equations (5.2.1), (5.2.2), (5.2.4), (5.2.5) and (5.2.7) in the

dry core in r < c(t) read

∂Tp
∂t

= C

r2
∂

∂r

(
r2∂Tp
∂r

)
+D(Tg − Tp), (5.3.5)

∂

∂t
(ρgTg) + 1

r2
∂

∂r

(
r2ρgTgug

)
= A

r2
∂

∂r

(
r2∂Tg
∂r

)
−B(Tg − Tp), (5.3.6)

∂ρg
∂t

+ 1
r2

∂

∂r

(
r2ρgug

)
= 0, (5.3.7)

µgcφgug = −AK(φg)
∂pg
∂r

, (5.3.8)

pg = ρg(1 + T Tg), (5.3.9)

where the nondimensional parameters, written in terms of the liquid cryolite infiltration

timescale

τ = µcR
2
0

φ0a2 (p0 + ρcgH + Pc)
, (5.3.10)

are given by

A = τkgT0Rgas

R2
0pg0cgφg

, B = τhT0Rgas

pg0cgφg
, C = τkp

R2
0ρpcpφp

, (5.3.11)

D = hτ

cpρpφp
, T = Tm − T0

T0
, µgc = µg

µc
; (5.3.12)

here A is the ratio of the liquid cryolite infiltration timescale to the timescale for

thermal diffusion of the gas; B is the ratio of the liquid cryolite infiltration timescale

to the timescale for the gas/alumina heat transfer; C is the ratio of the liquid cryolite

infiltration timescale to the timescale for the thermal diffusion of the alumina; D is

the ratio of the liquid cryolite infiltration timescale to the timescale for the cryolite

heat transfer; T is the ratio of the superheat to the initial temperature; and µgc is the
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ratio of the gas viscosity to the cryolite viscosity.

5.3.2 Mushy region

Meanwhile, equations (5.2.8)–(5.2.10) in the mushy region c(t) < r < 1 read

∂φc
∂t

= 0, (5.3.13)

1
r2

∂

∂r

(
r2φcuc

)
= 0, (5.3.14)

φcuc = −K(φc)
∂pc
∂r

, (5.3.15)

where we note that we have used (5.2.11) to replace φf in (5.3.13), which subsequently

simplifies (5.3.14), and where

K(φc) = φ3
c

180(1− φc)2 . (5.3.16)

We note that the temperature is equal to one everywhere in this region.

5.3.3 Boundary and initial conditions

Finally, the scaled boundary conditions (5.2.12)–(5.2.14) are

ρg, pg, Tg, Tp bdd at r = 0, (5.3.17)

ug = ċ at r = c(t), (5.3.18)

uc = ċ

(
1 + ρr

φf
φc

)
at r = c(t), (5.3.19)

where ρr = ρf/ρc. Since |uc| ≥ |ċ|, the liquid speed is faster than the front speed,

which is appropriate physically, because part of the pores are filled with solid, so that

the liquid has to move faster than the front. Remembering that, at the infiltration
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front, the temperatures Tg = Tp = 1, conservation of energy (5.2.14) reads

− ċφf = St
(
∂Tg
∂r

+ k̄
∂Tp
∂r

)
at r = c(t), (5.3.20)

where we note that, if St is small, so that it is hard to change the phase of the material,

then either the front moves slowly or there is a small amount of freezing, giving φf

small. Finally the remaining boundary conditions (5.2.15), (5.2.19) and (5.2.20) are

given by

Tp = Tg = 1 at r = c(t), (5.3.21)

pc = Apg at r = c(t), (5.3.22)

pc = 1 at r = 1. (5.3.23)

The initial conditions (5.2.21) and (5.2.22) at t = 0 are straightforwardly given by

pg = 1, Tp = Tg = 0 in r < 1, c = 1 at t = 0. (5.3.24)

We have introduced a further three dimensionless parameters, namely

A = pg0
p0 + ρcgH + Pc

, St = τkg(Tm − T0)
ρsLR2

0
, k̄ = kp

kg
, (5.3.25)

where A represents the ratio of the initial pressure of the gas compared to the total

pressure drop from the ambient pressure, St is a modified Stefan number, which is the

ratio of the solidification timescale to the timescale of liquid infiltration, and k̄ is the

ratio of the particle heat conductivity to that of the gas.

If A = 1, the gas pressure balances with the pressure outside, and hence the front

does not move because, from (5.3.14), (5.3.15), (5.3.22) and (5.3.24), the pressure is

uniform. If A < 1, the pressure inside the dry region is smaller than the gas pressure

and hence infiltration is possible. Finally, if A > 1, the inner pressure is larger than
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5.4. Isothermal infiltration

the driving pressure, which would drive out the gas inside. We expect A < 1 for most

situations of practical interest. We summarize the values of each of the dimensionless

parameters in Table 5.1, and note that B, D and St are all small.

Parameter Value
Timescale ratio A 67
Timescale ratio B 2.075
Timescale ratio C 0.02
Timescale ratio D 7.9× 10−4

Overheat T 3.4
Pressure drop A 0.79

Modified Stefan number St 0.5× 10−4

Conductivity ratio k̄ 37
Viscosity ratio µgc 0.02

Table 5.1: Dimensionless parameters using the mean physical properties presented in
Table 1.1.

In the following sections we will consider two sublimits of our model, namely

(i) isothermal infiltration (in Section 5.4, given by µgc � 1, T � 1, St � 1), and

(ii) phase-changing infiltration (in Section 5.5, given by µgc � 1, D � 1, k̄ � 1,

T � 1).

5.4 Isothermal infiltration

We first consider the case in which there is no phase change, the gas viscosity is small

compared to that of the invading liquid, and the temperature change in the gas is

negligible, i.e.

µgc � 1, T � 1, St� 1. (5.4.1)

In order to simplify the algebra, we rescale time using t = φc/K(φc)t̂. Neglecting the

corresponding small terms in (5.3.5)–(5.3.24), we obtain at leading order the following
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model: in the dry core region, equations (5.3.7)–(5.3.9) imply

K(φc)
φc

∂ρg
∂t

+ 1
r2

∂

∂r

(
r2ρgug

)
= 0 in 0 < r < c(t), (5.4.2)

AK(φg)
∂pg
∂r

= 0 in 0 < r < c(t), (5.4.3)

pg = ρg in 0 < r < c(t), (5.4.4)

and, in the mushy region, equations (5.3.13)–(5.3.15) give

∂φf
∂t

= 0 in c(t) < r < 1, (5.4.5)

φcuc = −K(φc)
∂pc
∂r

in c(t) < r < 1, (5.4.6)
1
r2

∂

∂r

(
r2φcuc

)
= 0 in c(t) < r < 1. (5.4.7)

The boundary conditions (5.3.19)–(5.3.23) become

pg bdd at r = 0, (5.4.8)

ug = K(φc)
φc

ċ at r = c(t), (5.4.9)

uc = K(φc)
φc

ċ at r = c(t), (5.4.10)

φf = 0 at r = c(t), (5.4.11)

pc = Apg at r = c(t), (5.4.12)

pc = 1 at r = 1, (5.4.13)

and the initial condition (5.3.24) becomes

pg = 1, c = 1 at t = 0. (5.4.14)
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5.4.1 Analysis

First, we use conservation of momentum (5.4.6) and conservation of cryolite mass (5.4.7)

to find
1
r2

∂

∂r

(
r2∂pc
∂r

)
= 0 in c(t) < r < 1, (5.4.15)

then we use conservation of solid mass (5.4.5) and boundary condition (5.4.11) to

find that φf = 0 in the mushy region, as expected. Conservation of momentum of the

gas (5.4.3) yields that pg is spatially uniform in the dry region. Next, we integrate

conservation of mass of the gas (5.4.2) from r = 0 to r = c(t) and use boundary

condition (5.4.9) to find that the total mass of the gas is conserved, i.e

d
dt

c(t)∫
0

r2pg(t) dr = 0. (5.4.16)

This expression can be integrated using the fact that pg is only a function of time,

giving

c3pg(t) = 1. (5.4.17)

We integrate the pressure equation (5.4.15), apply the boundary conditions (5.4.12)

and (5.4.13) and use (5.4.17). We find that the pressure inside the infiltrated region is

given by

pc = c(t)3 − r c(t)2 +A(r − 1)
r(c(t)− 1)c(t)2 . (5.4.18)

We substitute (5.4.18), and the pressure given by (5.4.6), into (5.4.10), which provides

a nonlinear ODE for c(t) given by

ċ = c(t)3 −A
(c(t)− 1)c(t)4 . (5.4.19)
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We solve (5.4.19) to find that

t+ C = 1
6
(
A2

(
log
(
A2 +Ac+ c2

)
+ 2A log

(
c3 −A3

)
− 2 log(A− c)− 2

√
3 arctan

(
A+ 2c√

3A

))
+ c2(2c− 3)

)
, (5.4.20)

where the constant C is determined by applying (5.4.14) and is found to be

C =A
2

6
(
log
(
1 +A+A2

)
+ 2A log

(
1−A3

)
− 2 log(A− 1)

− 2
√

3 arctan
(
A+ 2√

3A

)
− 1
A2

)
. (5.4.21)

In Figure 5.3 we plot the solution for c given by (5.4.20) and (5.4.21) for various

values of A. We see that, for A > 0, the front moves into the porous clump and

approaches a finite-radius steady state as t→∞, as is to be expected. The steady-

state front location c∗, where the gas pressure counteracts the infiltration, is calculated

from (5.4.19) to be

c∗ = A1/3, (5.4.22)

and we show these steady states using red dashed lines in Figure 5.3.

Furthermore, in the limit A → 0 , equation (5.4.19) can be written as

ċ = 1
(c(t)− 1)c(t) , (5.4.23)

which has the implicit solution

t = 1
6 −

c2

2 + c3

3 , (5.4.24)

which we show using a green line. In this limit, the front reaches the centre of the

particle in finite time, in contrast to the A 6= 0 case. The limit is thus singular and we

do not expect it to be representative of the A 6= 0 behaviour. We see in Figure 5.3 the
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Figure 5.3: Graph showing the front position as a function of time. The black lines are
the analytical solutions of (5.4.20) and (5.4.21) for A = 10−3, · · · , 1 (10 logarithmically
distributed points), the green line is the solution when A = 0, given by (5.4.24), and
the red dashed lines denote the equilibrium radii given by (5.4.22).

divergence between the A = 0 and A > 0 solutions, as anticipated. This expression,

for A = 0, was also derived by Levresse et al. [52, Eq. 7], where they neglect the

contribution of gas pressure. In the next section, we will investigate how phase change

modifies this behaviour.

5.5 Infiltration with phase-change

We next consider the case in which the viscosity of the gas is small compared to that

of the liquid, the gas-solid heat exchange is negligible, the overheat is small, and the

heat conductivity of the solid is much greater than that of the gas, i.e.

µgc � 1, D � 1, T � 1, k̄ � 1. (5.5.1)

In this limit, the leading-order equations (5.3.5) and (5.3.7)–(5.3.9) are

∂Tp
∂t

= C
1
r2

∂

∂r

(
r2∂Tp
∂r

)
in 0 < r < c(t), (5.5.2)
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K(φc)
φc

∂ρg
∂t

+ 1
r2

∂

∂r

(
r2ρgug

)
= 0 in 0 < r < c(t), (5.5.3)

AK(φg)
∂pg
∂r

= 0 in 0 < r < c(t), (5.5.4)

pg = ρg in 0 < r < c(t), (5.5.5)

and, in the mushy region, equations (5.3.13)–(5.3.15) give

∂φc
∂t

= 0 in c(t) < r < 1, (5.5.6)

φcuc = −K(φc)
∂pc
∂r

in c(t) < r < 1, (5.5.7)
1
r2

∂

∂r

(
r2φcuc

)
= 0 in c(t) < r < 1. (5.5.8)

The boundary conditions (5.3.17) and (5.3.19)–(5.3.23) for these are

Tp bdd as r → 0, (5.5.9)

ug = ċ at r = c(t), (5.5.10)

ċ(ρrφf + φc) = −K(φc)
∂pc
∂r

at r = c(t), (5.5.11)

φf ċ = −Stk̄ ∂Tp
∂r

at r = c(t), (5.5.12)

Tp = 1 at r = c(t), (5.5.13)

pc = Apg(t) at r = c(t), (5.5.14)

pc = 1 at r = 1, (5.5.15)

and the initial conditions (5.3.24) are

Tp = 0 in r < 1, c = 1 at t = 0. (5.5.16)

In this limit, phase-change is possible at the infiltration front and we have to track

the temperature in the porous alumina clump, in contrast to the model in Section 5.4.
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5.5.1 Analysis

We solve the problem using a method similar to the one presented in Chapter 3. First,

we combine (5.5.7) and (5.5.8) to get

1
r2

∂

∂r

(
r2K̂(φc(r))

∂pc
∂r

)
= 0 in c(t) < r < 1, (5.5.17)

which we then integrate to find that pc is given by

pc = 1 + Apg(t)− 1
I(t)

r∫
1

dr̂
r̂2K̂(φc(r̂))

in c(t) < r < 1, (5.5.18)

in order to satisfy the pressure boundary conditions (5.5.14) and (5.5.15), where I is

defined to be

I(t) =
c(t)∫
1

1
r̂2K̂(φc(r̂))

dr̂ . (5.5.19)

We use the differentiation rule to derive an evolution equation for I given by

İ(t) = ċ

K̂(φc(c(t)))c(t)2
, with I(0) = 0. (5.5.20)

Note that, if K̂ = 1, equation (5.5.18) reduces to the expression (5.4.18) for isothermal

infiltration. We differentiate (5.5.18) to find

∂pc
∂r

∣∣∣∣∣
r=c(t)

= Apg(t)− 1
I(t)c(t)2K̂(φc(c(t)))

, (5.5.21)

which we substitute into the conservation of mass boundary condition (5.5.11) to

obtain

ċc2(ρrφf + φc) = −Apg(t)− 1
I(t) . (5.5.22)

Finally, similarly to the isothermal case, we integrate conservation of mass of the
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gas (5.4.2) from r = 0 to r = c(t) and use boundary condition (5.4.9) to obtain

c3pg(t) = 1. (5.5.23)

With these manipulations and defining φ∗f (t) = φf (c(t)), we now have a heat equation

for the temperature in the alumina clump with three straightforward boundary

conditions given by

∂Tp
∂t

= C

r2
∂

∂r

(
r2∂Tp
∂r

)
in r < c(t), (5.5.24)

Tp bdd at r = 0, (5.5.25)

Tp = 1 at r = c(t), (5.5.26)

together with the ODEs for c(t) and I(t) given by

c5ċ((ρr − 1)φ∗f + 1− φa) = −A− c
3

I
, (5.5.27)

İ = ċ

K̂(1− φa − φ∗f )c2
, (5.5.28)

where φ∗f is given by

φ∗f = −Stk̄
ċ

∂Tp
∂r

∣∣∣∣∣
r=c

, (5.5.29)

with initial conditions

Tp = 0 in r < 1, c = 1, I = 0 at t = 0, (5.5.30)

After this point, making further analytical progress is hard, so we investigate the

behaviour numerically. Since the initial condition is discontinuous, we initiate our

numerics with the early-time solution that we will now present in the next section.
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5.5.2 Early-time solution

At early times, we seek an asymptotic self-similar solution to the system (5.5.24)–

(5.5.30) of the form

Tp ∼ g(η), c ∼ 1 + 2λc
√
t, I ∼ 2λI

√
t, φ∗f ∼ Φ, (5.5.31)

where η = (r − 1)/(2
√
t) and the function g(η) and constants λc (< 0), λI , and Φ are

to be determined. It follows from (5.5.24) and (5.5.26), and (5.5.30) that the system

that we need to solve is

Cg′′ + 2ηg′ = 0 in η < λc, (5.5.32)

with

g = 1 on η = λc, g → 0 as η → −∞, (5.5.33)

and, because we are considering early time, the boundedness condition (5.5.25) is also

applied as η → −∞, and is consistent with (5.5.33). Equations (5.5.32) and (5.5.33)

have the solution

g(η) = 1 + erf(η/
√
C)

1 + erf(λc/
√
C)
. (5.5.34)

Appealing to (5.5.27)–(5.5.29), we find that the unknowns λc, λI , and Φ are given by

solving

2Φλc + k̄Stg′(λc) = 0, (5.5.35)

− 1 + A = −2λIλc(1− φa + Φ(ρr − 1)), (5.5.36)

λI = λc

K̂(1− Φ− φa)
. (5.5.37)

We use these equations as initial conditions for our numerical solution, applying them

at a small, yet finite, time. We combine (5.5.36) and (5.5.37) and eliminate λI to find
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that

λc = −

√√√√(1− A)K̂(1− Φ− φa)
2(1− φa + Φ(ρr − 1)) , (5.5.38)

where we take λc < 1 on physical grounds. In Figure 5.4, motivated by (5.5.35), we

plot −2Φλc/g′(λc) and k̄St for the parameters in Table 5.1 in order to determine

whether or not there are solutions for a given set of parameters. As in Section 3.5, we

find that there is a critical value of k̄St above which there are no solutions and, below

this value, two solutions exist.
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Figure 5.4: Graph of −2Φλc/g′(λc) in the Φ, k̄St plane using (5.5.35) and (5.5.38).
The intersection of these two curves give the two different early time solutions.

5.5.3 Numerical results

We map the region 0 < r < c(t) onto a fixed domain using r = ξ c(t), then discretize

using finite differences. As in Chapters 2 and 3, since initially there is no infiltrated

region, we use the early-time asymptotic solutions in Section 5.5.2 to resolve the initial

behaviour and to start our simulation. We expect that the temperature gradient near

the moving front needs to be calculated accurately, so we use a nonuniform grid in

which there are more points near r = c(t). For our numerical calculations, we use a
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geometric point density increase given by

ξi = qi+1 − 1
qN+1 − 1 for i = 0, . . . , N, (5.5.39)

where N is the number of discretisation points, and q < 1 is a number that controls the

geometric sequence which we took to be 0.98. We undertook the usual convergence tests

by refining the spatial grid and refining the numerical tolerances used by Mathematica.

In Figure 5.5, we show how c and φf vary with time and we see that there are

two possible solutions. We also show the solutions to the early-time problem (5.5.34)–

(5.5.37) using red and green dashed lines. We see that the numerical solution initiated

from the larger volume fraction diverges from the initial condition more quickly than

the one initiated from the smaller volume fraction. Thus we speculate that the solution

with smaller volume fraction is stable (in line with Section 3.8). We note that both

fronts stop at finite time, which occurs when φf reaches 1/2.
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Figure 5.5: Comparison of the two different solutions at early-times. The solid lines
are the numerical integration of (5.5.24)–(5.5.30) with initial conditions chosen by the
two solutions of (5.5.34)–(5.5.37), the red and green dashed lines are the two solutions
of (5.5.34)–(5.5.37), while the black dashed line on the left is the steady-state front
location given by (5.4.22). The parameters for this plot are given in Table 5.1.

In Figure 5.6 (left), we show the solution for Tp as a function of r at different times.
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5.5. Infiltration with phase-change

We see that, as time progresses, the edge of the clump heats up as it is infiltrated —

the infiltration front is located at Tp = 1 for each curve. However, clogging occurs

quite swiftly and the centre of the clump remains cold througout the evolution. In

Figure 5.6 (right), we show how c, I, and φ∗f vary with time (we note that we have

plotted −I and the scale for I is different from the scale for c and φ∗f ). We see that,

initially, c and I decrease and φ∗f increases with time but, while the progression of the

infiltrating front slows as time increases, we see that φ∗f starts to increase faster and,

as it approaches φ∗f = 1− φa = 0.5, this generates a rapid change in the gradient of I

which becomes infinite at some finite time, tc, after which we stop the simulation.
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Figure 5.6: (Left) Graph of Tp as a function of r for different times. (Right) Graphs
showing the evolution of c (black), φ∗f (red), and −I (blue) as a function of time. The
parameters for this plot are given in Table 5.1.

In order to see if the model can exhibit qualitatively different behaviour, for

example, whether the temperature can rise in the particle, in Figure 5.7 we plot Tp,

c, φ∗f , and I for an artificial parameter set, where we have increased St and C and

decreased A and k̄. We see the same qualitative behaviour for c, φ∗f , and I as we have

previously observed, but now the infiltration front gets much deeper into the clump

and the temperature at the centre has risen singificantly by the time clogging occurs.

In Figure 5.8, we compare the solution in the isothermal case to the solution

in the phase-changing case for two different values of A and we see that including

phase-change significantly slows down the infiltration, and in the appropriate limit
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Figure 5.7: (Left) Graph of Tp as a function of r for different times. (Right) Graphs
showing the evolution of c (black), φ∗f (red), and −I (blue) as a function of time. The
parameters for this plot are St = 10−2, A = 10−2, C = 10−1, φa = 1/2, k̄ = 1.

(when St → 0), the two solutions coincide. We note that, irrespective of the value

of St, the final position of the front in the phase-changing case is the same as the

steady-state front position in the isothermal case.

In Figure 5.9, we plot the evolution of the flux I (left) and frozen fraction φ∗f (right)

as a function of time for five different Stefan numbers. We see that the clogging time

decreases as St decreases (the solution with the smallest amount of solid at early times

clogs the earliest). As St→ 0, I and φ∗f both approach some limiting behaviour: in

the case of φ∗f the solution is approximately constant initially, then rapidly increases

to 1− φa.

5.6 Conclusions

In this chapter, we investigated a mathematical model combining the spherical geome-

try in Chapter 2 with the model for infiltration in Chapter 3 in order to evaluate the

effect of the enclosed dry core on the evolution of the infiltration front. We considered

two cases: isothermal infiltration, in which there is no freezing, and phase-changing

infiltration, in which we have to track the volume fractions of solid and liquid cryolite

as well as the temperature of the porous material. We solved the isothermal infiltration
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Figure 5.8: Front position as a function of time for the different cases for two different
values of A (A = 10−2 in the top figure, and A = 0.3 in the bottom one). The black
lines are the numerical solutions of the phase-changing case for different values of
St = 1/100, 1/200, 1/400, 1/800, 1/1600, the blue line is the isothermal case given by
(5.4.20) and (5.4.21), and the red dashed line is the equilibrium given by (5.4.22). The
rest of the parameters for this plot are C = 10−1, φa = 1/2, and k̄ = 1.

problem analytically, which shows that, in the presence of the gas core, the infiltration

slows down and reaches a steady state, because the gas pressure increases and results

in an opposing force, which ultimately stops the infiltration. We showed that our

model agrees with the model in [52] in the limit in which the pressure of the trapped

air is negligible.

In the phase-changing case, we employed a similar methodology to that presented

in Chapter 3 in order to find the early-time evolution of the model. We found that
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Figure 5.9: Value of −I (left) given by (5.5.19) and the solidified fraction, φ∗f ,
(right) given by (5.5.22) as a function of time, for different values of St =
1/100, 1/200, 1/400, 1/800, 1/1600. Note that at the time of clogging the flux ap-
proaches a finite value and does not blow up — the clogging happens at φf = 1− φa.
The rest of the parameters for this plot are A = 10−2, C = 10−1, φa = 1/2, k̄ = 1.

multiple solutions were again possible and we speculated that the solution with smaller

initial volume fraction of solid cryolite is stable. Our numerical solutions showed

that the front always clogs at finite time, and away from the centre of the sphere.

This is in contrast with the results in Chapter 3, where there is a possibility of

complete infiltration. We compared the solutions to the phase-changing problem for

different Stefan numbers to the solution to the isothermal problem; the positions of

the infiltration front agree as St→ 0. We note that the equilibrium position is reached

at finite time in the phase-changing case in contrast to the isothermal case where it is

reached as t→∞.

We note that, regardless of whether we consider isothermal or phase-changing

infiltration, the presence of the gas core changes the qualitative behaviour from

complete infiltration of a spherical clump to partial infiltration with clogging.
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Chapter 6

Conclusions

In this thesis, we have focused on the modelling of one part of the Hall-Héroult

process for turning alumina into aluminium, namely the microenvironment around

an individual alumina particle or a raft of particles in a cryolite bath. Our aim was

to understand the heat and mass transfer processes taking place, in order to provide

insight into how to control the process.

In Chapter 2, we examined the problem of the dissolution of a cold alumina particle

in a bath of hot cryolite. Initially, the dissolution is inhibited by the formation of a

frozen layer of cryolite which forms around the particle. We developed a spherically

symmetric model to describe the heat and mass transfer between the particle and the

surrounding material, allowing for freezing and melting of the cryolite close to the

particle, and the particle’s subsequent dissolution. We solved this model numerically

using the method of lines by using the early-time asymptotic solution to initiate the

numerical scheme. We explored the behaviour as we varied the key dimensionless

parameters. We find that the temperature perturbation is localised to within 5–10

particle radii. We also considered the problem in the limits of small superheat and

of small Stefan number. Using these asymptotic solutions, we found approximate

expressions for the freezing, melting, and dissolution times, with freezing being the
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fastest effect and dissolution the slowest. In addition, using the early-time solution

we determined constraints on the parameters for which shell growth is possible. Our

results predict that increasing the superheat or decreasing the particle size should

decrease the time it takes for a particle to dissolve, in accordance with practical

experience.

In Chapter 3, we formulated a one-dimensional model for the phase-changing

infiltration into a porous raft, placed on top of the cryolite. The model comprises of

equations describing the temperature in the whole raft, the cryolite velocity, and the

volume fraction of frozen cryolite, which we assume can coexist with liquid cryolite in

a mushy region. We simplify our model in the limit of small-superheat and solve the

equations in a similar way to Chapter 2 using the method of lines and initiating the

numerical scheme using the early-time asymptotic solution. The early-time behaviour

highlights that the model can exhibit multiple solutions for a given parameter set,

one of which is stable and the other one is unstable. We find that, if the Nusselt

number is smaller than a critical value that depends on the external temperature

the infiltrating front moves completely through the raft leaving behind a region with

partially frozen cryolite. For Nusselt numbers above the critical value the model

undergoes a discontinuous change in behaviour which corresponds to the clogging of

the pore space. Furthermore, near clogging, the volume fraction of frozen cryolite is

described by a power law that is dependent on the form of the permeability function;

for our choice of permeability, this gave a t1/4 power law. This, in turn, influences

the short-time behaviour of a backwards propagating clogging front, which has a t4/5

front propagation speed, as opposed to the well-known
√
t behaviour for standard

Stefan problems. We also find that there is a critical value of one of the dimensionless

parameters, A (which represents how easy it is to freeze the cryolite), below which

there are no solutions to the early-time problem. This critical parameter depends very

weakly on the Bejan number (which represents the pressure drop at the infiltration
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front). When no solutions exist, we expect the cryolite to freeze on the external surface

of the raft.

In Chapter 4, we formulated a model for the disintegration of a porous clump

of alumina and solved the problem numerically using the method of lines. The

numerical solutions have a travelling dissolution front in one parameter regime and

bulk dissolution in another. We investigated the travelling dissolution front situation

in the case where the reaction rate is large and the diffusion is small by using the

method of matched asymptotic expansions to reduce the full problem to a simpler case.

The asymptotic expressions match well with the numerical solutions. Our asymptotic

analysis yielded a simplified problem analogous to the solid particle problem but

for the case of a porous sphere, and we identified the two important timescales in

the problem, describing the reaction-limited (bulk dissolution) and diffusion-limited

(travelling front) dissolution.

In Chapter 5, we formulated a model for the infiltration of cryolite into a submerged,

spherical, clump to see what effect the trapped gas at the centre of the clump will have

on the behaviour. We again worked in the limit of small superheat. We simplified

this model and compare two cases: (i) isothermal infiltration, and (ii) infiltration with

freezing of the cryolite. We solved the isothermal infiltration problem analytically and

the phase-changing infiltration problem numerically using the method of lines. We see

that, in both cases, the infiltration front stops moving since the pressure of the gas

rises and balances the capillary pressure, resulting in a dry core in the centre. In the

case where phase change is possible, we observe that the infiltration front propagates

slower than in the isothermal infiltration case, and that the front clogs after some

finite time since the gas slows down the propagation of the front.

Our overarching question was to determine how long would it take to dissolve an

alumina dose completely when it was introduced into a cryolite bath. We answered

this question for three relevant geometries (solid particle, porous raft, and porous
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6.1. Extensions

clump) and presented timescales for each of them that our industrial collaborators

can modify to improve the process.

We were also interested in how much cryolite freezes during the process, which

we clarified by finding the maximum radius of a cryolite crust in the case of an

impermeable sphere of alumina and the frozen volume fraction of cryolite in the cases

of porous rafts and clumps. In the porous raft case, we found out that the infiltrating

front can clog, that is, completely freeze, depending on the properties of the raft.

This is connected to the question of whether the raft will float or sink since a colder

environment promotes front infiltration which increases the weight of the raft and

makes it more prone to sinking.

The last question that we wanted to answer is whether the dose will aggregate or

disperse. If the infiltrating solution does not exist in the early-time evolution of the

raft infiltration model, then we expect that the dose will be frozen at the surface of

the cryolite, inhibiting dissolution, while if the infiltrating solution exists, we expect

that the dose can disperse after a brief infiltration period, and hence the raft will be

consumed.

For a more detailed non-technical summary, we refer the reader to Chapter 7,

where these key results are explained in more detail.

6.1 Extensions

A complete description of the feeding of alumina is difficult because many different

qualitative changes occur during the process which makes mathematical modelling

difficult. Multiple research avenues could be explored in order to build a more complete

picture of the process.

In all of our models, we have focused on macroscale problems and assumed

that they are governed by averaged physical quantities, such as the average heat
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6.1. Extensions

conductivity, that smooth out any porescale variations. Obtaining values for these

averaged quantities is not straightforward. A natural next step would be to zoom in

to the porescale and systematically average models that hold on the porescale in order

to capture the influence of the microscale geometry. We now turn our attention to

specific extensions for each chapter.

First, in Chapter 2, we neglected the effect of bulk flow around the alumina particle.

Including the bulk flow in the mathematical model would introduce asymmetry and

enable a more accurate, non-radially-symmetric prediction for the evolution of the

shape of the particle. We also only considered a single particle. Incorporating

additional particles, moderately spaced, and assessing the influence of one particle

on its neighbours would be useful for describing the local freezing and dissolution

processes at higher particle density.

In Chapter 3, we restricted our investigation to one-dimensional rafts. In order

to account for infiltration near to the edges of the raft, we would need to explore

the behaviour of a two-dimensional analogue of the model that we presented. We

anticipate that the increase in the dimensionality of the problem would make both

the early-time evolution and the late-time numerical solution much more complicated

to solve. Our focus thus far has been on infiltration of rafts. Nevertheless, dissolution

should also be incorporated. For simplicity, we used the Kozeny-Carman relation

to describe the permeability. It would be useful to explore how other constitutive

equations for the permeability would alter the power-law behaviours near clogging.

In Chapter 4, for simplicity we neglected the flow of cryolite generated by the

dissolution of the alumina particles. This is unlikely to be negligible in practice,

and so including this flow is the key extension to this chapter. We anticipate that

including the flow will not alter the general structure of the solution. In addition, the

simple relationship describing the dissolution could be replaced by one obtained via

systematic averaging of the processes occurring on the porescale.

169



6.1. Extensions

In Chapter 5, we focused on a spherical clump. The next step would be to apply

this model to a two dimensional raft as mentioned earlier. In this model we also

ignored the interplay between trapped water and cryolite. Another natural extension

would be to include the change of phase from water to steam that occurs when cryolite

meets the water, and the subsequent increase in the pressure in the gas phase.

More broadly, there are numerous additional phenomena that we have neglected

that could form the basis of future investigations. These include:

(i) Granular Flow

In order to make our investigations simpler, we made the assumption that the

alumina particles are either isolated or have been formed into rafts or clumps. This is

not true initially, since the alumina flows out of the feeder as a powder and impacts

on the surface of the liquid cryolite. We expect that the initial behaviour of the

alumina particles upon impacting the cryolite surface is what generates the rafts and

clumps, so it would be interesting to explore raft formation by considering the motion

of the free-flowing cold powder onto the surface of the hot cryolite. This granular

flow problem is hard, even without any phase change in the cryolite. A realistic

constitutive model would need to be identified for the bulk movement of the alumina

particles which will influence how this powder impacts, and moves into, the liquid

cryolite. At one extreme, if the density of the powder is extremely low then the model

in Chapter 2 would describe the dissolution, while if the density is high, a modified

version of the model in Chapter 3 would be required. In between these regimes, the

interplay between individual particles will be crucial for understanding their motion

and subsequent dissolution. Such a model could be used to give insight into whether

or not a raft forms, which would help our industry collaborators understand how to

optimise the feeding part of the process. With a suite of additional such models, it

would be possible to answer questions such as: (i) How does the freezing of the cryolite
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effect the initial spreading of the powder, or (ii) what is the difference between a cold

and hot powder impacting a liquid? These would give more information on how the

process parameters, (such as the typical particle size, the height from which the dose

is added, the frequency of addition, and the dose size) influence the properties of rafts

and clumps.

(ii) Multi-component infiltration

We have focused on the infiltration and freezing of cryolite, assuming that it

is a ‘pure’ liquid. However, cryolite is a multi-component molten salt containing

many different molecules [100] and has a complex behaviour that depends heavily on

the different chemicals that are added to it. The presence of these chemicals mean

that the phase-diagram of the cryolite is not straightforward and local hot spots

in the concentration of some of the components are likely to alter the infiltration

and freezing behaviour. Capturing these variations, possibly by extending our raft

infiltration model to include multiple species and concentration-dependent mushy

region behaviour, would be an interesting next step.

It would be interesting to explore how a more complicated phase-diagram changes

the infiltration behaviour, and how it affects the presence of multiple solutions and

the clogging. When combined with the granular flow model, this would be then a

close approximation of the real system.

(iii) Radiation

The Hall-Héroult cell is at such a high temperature that heat transfer via radiation

start to become important [83]. Since the cryolite is partly transparent, the boundary

conditions that we have prescribed on the boundaries of the porous media in the

current thesis are not quite right. For this topic we could draw upon related work

on glass manufacture (e.g. [89]), and extend Chapters 2 and 3 to include a radiative

Stefan condition. This would enable us to provide more accurate predictions for the
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heat transfer times. We expect that including radiation would speed up the melting

timescales and make the shells thinner, so we expect that our model give an upper

bound for these.

Summary

In this thesis, we have set out to shed new light on the topic of alumina dissolution

into molten cryolite in Hall-Héroult cells and we addressed some unanswered questions.

We expect that this work will be used by our industrial partners as a stepping

stone towards improving the understanding and efficiency of Hall-Héroult cells and,

ultimately, benefitting the world by providing a more energy-efficient and cheaper way

to produce aluminium, one of the most important materials in today’s society.
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Chapter 7

Industrial recommendations

7.1 Solid alumina particle

The problem of the feeding of alumina particles into a cryolite bath in the Hall-Héroult

process is complicated. Hence, to get a basic understanding of the process, we first

investigated the related, but geometrically simpler, problem of placing a single cold

alumina particle into a large pool of cryolite [50]. The particle is colder than the liquid

and so it removes heat from it. A shell of frozen cryolite thus forms on the particle as

shown in the schematic in Figure 7.1. This leads us to the question, how big is this

shell, and how fast does it form? Using the mathematical model we have formulated,

we provide an answer for these in the form of the following simple equations:

maximum size of the shell, R = a 3

√√√√1 +
ρpcp(T ∗c − T ∗p )ks

ρsksL
, (7.1.1)

time for shell to reach maximum size, tF ≈
a2cpρp
π2kp

log
(

2(Tm − T ∗p )kp
(T ∗c − Tm)kc

)
, (7.1.2)

where a is the initial size of the particle, cp is the alumina specific heat capacity, ρp is

the density of the alumina particle, kp is the heat conductivity of the alumina particle,

Tm is the melting temperature of the cryolite, T ∗p is the initial temperature of the
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7.1. Solid alumina particle
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Figure 7.1: Schematic of the geometry used in the mathematical model using time
and the radial coordinate.

alumina particle, T ∗c is the temperature of the cryolite liquid far from the particle, kc

is the heat conductivity of the cryolite liquid, ks is the heat conductivity of the frozen

cryolite, ρs is the density of the frozen cryolite, and L is the latent heat of solidification

for the cryolite. We summarize the dependency of the timescales on these parameters

in Figure 7.2 using a dimensionless parameter grouping on the horizontal axis. Using

realistic parameters, we find that tF ≈ 500 µs and R ≈ 75 µm.

We note that the time it takes the cryolite layer to freeze scales with the square of

the size of the particle, so small changes in the particle size can change the freezing

time substantially. We further note that the radius of the frozen shell scales with

the size of the particle and depends only weakly on the other parameters, so is less

sensitive to change.

After the frozen shell forms, since the liquid is still hot far away from the sphere,

the system gradually heats up and the shell melts. Our model predicts that the time

to get back to having no frozen cryolite, tM , is given by

tM ∼
a2cpρp

3kp
(Tm − T ∗p )kp
(T ∗c − Tm)kc

≈ 100 ms, (7.1.3)
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Figure 7.2: Schematic of the different regimes based on the parameters.

(using typical parameters). Once the shell has melted, we find that the temperature of

the cryolite is constant. We see that we can decrease the time for melting by increasing

the superheat T ∗c − Tm (that is, the difference between the bath temperature and the

melting temperature of the cryolite), or by decreasing the particle size a.

After the shell has melted, the liquid cryolite and the alumina particle are in

contact, and we use a dissolution model to predict that the time, tD, taken for the

particle to completely dissolve is given by

tD ∼
a2ρp(1− Cs/ρc)

2D(Cs − Cf )
≈ 17 s, (7.1.4)

(using typical parameters), where Cs is the saturation concentration of alumina in

the cryolite, D is the diffusivity of alumina in the cryolite, and Cf is the alumina

concentration far from the particle.

Thus, in order to minimize the time of dissolution, we should minimize the

particle size, a, or increase the saturation concentration, Cs, by changing the cryolite
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7.2. Porous alumina raft

composition or modifying the temperature.

To assess how valid our ‘single particle’ model is, we evaluate how far the particle

influences the environment. We find that the temperature of the cryolite only decreases

in a 5-10 radii region around the particle, which means that if the particles are well

separated the evolution will be well captured by our model, but if the particles are

closer together, then more detailed models that capture the influence of particles on

each other are necessary.

7.2 Porous alumina raft
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Figure 7.3: Schematic of the geometry focused in this section. The background image
(right) is an experiment by [44].

Our next approach was to investigate the infiltration of cryolite into a porous raft

of alumina that is floating on top of the liquid as shown in Figure 7.3, since rafts are

prevalent in the Hall-Héroult process. Typical questions that industry would like to

be answered are: Under what circumstances does a raft form? How long does it take

for the raft to disappear? What are the mechanisms determining whether it floats or

sinks into the liquid? As a first step towards answering some of these questions, we

formulate a mathematical model for the infiltration of liquid cryolite into a porous
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7.2. Porous alumina raft

raft in order to gain insight into how phase change affects the infiltration.

There are (at least) two things that can happen. Either the liquid freezes on

the surface of the raft leading to a frozen-layer-growth problem, similar to the solid

particle case, or the liquid infiltrates into the porous medium and freezes inside. We

formulate a model for the second scenario and investigate its behaviour. Our model

allows for the coexistence of liquid and frozen cryolite within the porous media in a

“mushy region”.

We find that the infiltration front that moves into the porous medium has a slightly

lower speed compared to the speed for an infiltrating front of an isothermal liquid and,

in fact, there are two solutions to our model. To decide which one happens in reality,

we investigate the stability of these solutions and find that only one of them, which

has a faster propagating front and lower volume fraction of frozen cryolite, is stable.

A key result of the model is that we determine (see Figure 7.4) the parameters

where the infiltrating solutions cease to exist (which we hypothesise corresponds to a

shift to external layer growth). We notice that the industrially relevant parameters put

the operating regime, shown as a shaded region with size related to the uncertainty

in the physical parameters, near the transition line. This means that small changes

in operating conditions may significantly alter the qualitative behaviour of the rafts.

This suggests that more research (further refining the transition line) in these marginal

cases would be very useful for industrial designs. The controlling parameters for the

process are

A = (1− φa)ρsL
φaρaca(Tc − Ta)

, Be = ρacaa
2(1− φa)(σ/a+ ρcgH)

180µckp
, (7.2.1)

where φa is the volume fraction of alumina particles, ρs is the density of the solidified

cryolite, L is the latent heat of solidification of the cryolite, ρa is the density of alumina

particles, ca is the isobaric heat capacity of alumina, Tc is the cryolite temperature,
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7.3. Dissolution of a porous clump

Ta is the initial temperature of the alumina particles, a is the particle size, σ is the

cryolite-alumina capillary pressure, ρc is the density of the liquid cryolite, g is the

gravitational acceleration, H is the depth at which the particle is placed, µc is the

viscosity of the cryolite, and kp is the heat conductivity of the alumina particle.

Two infiltrating solutions

No infiltrating solution

B̂e

A

0 200 400 600 800 1,000
0

1

2

3

Figure 7.4: Regime diagram for the different solutions, and dashed region shows the
operating regime. The definitions of A and B̂e are given in the text.

7.3 Dissolution of a porous clump

Often clumps of alumina particles split from rafts and sink into the cryolite. We

next built a mathematical model to explore the dissolution of a submerged, saturated,

porous clump. We restrict ourselves to considering spherical clumps.

When a clump separates, we assume that it is already completely infiltrated with

liquid, and the liquid then starts to dissolve the constituent particles. Here the

question that we can ask is how long does it take to dissolve the clump? We find that,

depending on the parameters, there are two qualitatively different behaviours that

can occur. If the reaction speed is fast, then the cryolite inside the clump saturates

with alumina which slows down the internal dissolution, and the main route for

dissolution is through the surface of the clump, similarly to the solid sphere case that

we investigated previously. However, if the reaction speed is slow enough, then the

clump dissolves from within, at the same rate everywhere. We provide the timescales

178



7.4. Infiltration of a gas-filled spherical clumps

for both cases and the regime diagram showing the different behaviours depending on

the parameters of the process. The two timescales are given by

tbulk ∼
ρp

ν(Csat − Cf )
, tfront ∼

a2

D
, (7.3.1)

where ρp is the density of the alumina, ν is the reaction rate, Cf is the far-field

concentration of alumina in cryolite, Csat is the saturation concentration of alumina

in cryolite, a is the size of the clump, and D is the diffusion coefficient of alumina

in cryolite. In the model, we assume the simplest possible form for the dissolution

reaction, namely D = ν(1 − φ)2/3(Csat − Cf). The reaction rate, ν is not known

apriori; it would need to be determined by fitting with experimental data.

Our model suggests that, if the goal is to speed up the dissolution of the clumps as

much as possible, the bulk alumina concentration should be decreased, or the reaction

rate increased by modifying the composition or temperature. Other approaches would

be to spread out the clumps or to introduce stirring.

7.4 Infiltration of a gas-filled spherical clumps

Finally, we revisit the behaviour of the clump to see how the presence of gas enclosed at

the centre of an alumina clump submerged in cryolite alters the infiltration. The initial

behaviour is the same as for a raft: a front that moves into the clump. However, as it

moves into the clump, the volume of gas inside decreases. This volume change increases

the pressure, which slows down and stops the front propagation resulting in a dry

core inside the clump. This effect is present for infiltration when the cryolite remains

liquid, but even more pronounced when the cryolite freezes, since this decreases the

size of the pores even further.

Using the isothermal model, we calculate how long it takes for liquid cryolite

to completely infiltrate into the spherical clump, using realistic parameters for a
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Figure 7.5: Front position shown as a function of time for different values of the Stefan
number. The blue line is the solution of the isothermal problem, the red dashed line
is the equilibrium front position of the isothermal problem, and the black lines are the
solutions of the phase changing model.

centimetre size clump gives

tinf ∼
a2µ

(p0 + ρcgH + pc)K
≈ 868 µs, (7.4.1)

where a is the size of the clump, µ is the viscosity of the cryolite, p0 is the atmospheric

pressure, ρc is the density of the cryolite, H is the depth at which the clump is

placed (10 cm), pc is the capillary pressure, and K is the permeability of the porous

medium. With the typical parameters, the infiltration and the temperature variations

are confined to a thin region near the edge of the clump, and therefore most of the

clump is cold when the infiltration stops. As we increase the influence of phase-change

we find that the infiltration time, tinf, increases (see Figure 7.5).

7.5 Conclusions & Further Work

We have investigated the feeding of alumina into a Hall-Héroult cell. We have

formulated mathematical models for a single particle, a floating raft, and a porous

clump. We solved all of these models numerically and, where applicable, analytically.
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We have identified the important timescales for each of the models and how the

solutions of these models behave.

The production of alumina is a complex process and our research can be extended

in many different ways. We neglected the effect of bulk flow in our models. Including

such flow would enable a more accurate, non-radially-symmetric prediction for the

evolution of the shape of the particles and clumps. We focused initially on the heat

and mass transfer problem for freezing and melting around, and dissolution of, a single

particle. A natural next step is to consider multiple particles in order to determine the

influence of particles on each other. We have only considered one-dimensional rafts

and are thus not able to capture the infiltrating behaviour near corners. Our model

could be easily extended to the two-dimensional analogue which would enable corner

infiltration to be studied. Another extension would be to incorporate dissolution into

the raft model. In our model for the dissolution of spherical clumps, we neglected

the induced flow caused by the dissolution. This is likely to be important and so

including flow will be essential for a complete picture on how clumps evolve. It

would also be interesting to extend our gas-filled phase-changing infiltration model

to describe submerged rafts and to include the reaction between the cryolite and

bound water contained within the structure. All our models were formulated at

the macroscale level, and involved averaged physical quantities, such as the heat

conductivity. In order to more accurately capture the influence of the microscale

geometry and chemistry, a key next step is to formulate the appropriate equations

on the microscale and systematically average them to find these physical quantities.

There are also additional phenomena that we could take into account. For example,

introducing granular flow would give more accurate information about the formation

of rafts, incorporating the multi-component nature of cryolite would give more insights

into the mushy layers, and introducing radiation would more accurately reflect the

heat-transfer mechanisms.
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We hope that our models and their results increase understanding of particle

infiltration and show new perspectives in the field of alumina feeding, ultimately

helping our industrial partners to become more energy efficient.
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