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ABSTRACT

Essays on Information Disclosure in Auctions and Monopoly Pricing

ZHIYUN LI

The existing literature on information disclosure commonly assumes full commit-
ment to truthful disclosure and therefore revelations are always credible, which can
be quite unrealistic in many circumstances. This thesis mainly contributes to the
literature by studying information disclosure in the form of cheap-talk in auctions
and monopoly pricing, which allows for mis-reporting and false disclosure.

The thesis is composed mainly of three research papers. The first paper (Chapter
2), also the major chapter of this thesis, investigates cheap-talk information disclo-
sure in auctions, where bidders’ preferences are horizontally differentiated. The
seller may reveal information of product attributes before the auction, and the dis-
closure policy is characterized by a partition of the attribute space. In a symmetric
setting, I first show that informative equilibria reveal the feature that more precise
information is provided for less popular product attributes. Second, I prove an equi-
librium existence theorem that an informative equilibrium can be supported by an
information partition of any degree, as long as the number of bidders is sufficiently
large. And finally, the optimal disclosure policy reveals a complementarity relation-
ship between the number of bidders and the optimal degree of equilibrium partitions.

In this chapter, optimal information structure is endogenously determined.
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In the second paper (Chapter 3), I turn to study how a monopoly seller should
reveal a product’s horizontal attributes, when consumer preferences conform to a
mixture distribution. I show that the optimal disclosure policy largely depends on
the characteristics of the mixture distribution. Specifically, when consumer prefer-
ences are highly heterogenous, it is better for the seller to reveal information and
serve different groups of consumers separately. And when the preference distribu-
tion becomes more asymmetric, cheap-talk disclosure is more likely to be dominated
by no disclosure at all. In this chapter, information structure is taken as given.

The third paper (Chapter 4) studies optimal regulation of risk-averse producers,
in a setting of complementary production with independent cost realization. The
production can be organized in the form of either component, or integrated produc-
tion. I show in this paper that the relative virtues of these two forms of production

depend on the degree of risk aversion of the producers.
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CHAPTER 1

Introduction

In everyday of our lives, we are exposed to huge amounts of public information,
such as product advertising by retailers, policy announcements by government, and
financial disclosure of listed companies, and there has been a vast literature exploring
these issues of information disclosure and advertising in economics and business. A
typical assumption in the existing literature, however, is that agents always commit
to truthful disclosure and false announcement is assumed impossible, and therefore
revelations are always credible (Milgrom, 1982; Lewis and Sappington, 1994; Myatt
and Johnson, 2006; Ganuza and Penalva, 2010).

Although this assumption may seem reasonable sometimes, it can be quite un-
realistic in many circumstances, especially when the information is not verifiable,
or costless, or there is no effective legal recourses for disclosure fraud. Actually,
false announcement and disclosure fraud are rather pervasive in the real world. To
investigate information disclosure in these cases where the credibility of information
is a serious concern, we should certainly forgo this full commitment assumption.

This thesis contributes to the literature by studying information disclosure in the
form of cheap-talk in auctions and monopoly pricing, which allows for the possibil-
ities of mis-reporting and false announcement. Cheap-talk means that information
is costless, non-verifiable and non-binding (Crawford and Sobel, 1982; Farrell and
Rabin, 1996). Besides the clear meaning of costless and non-verifiable, non-binding
implies that a seller is not committed to a disclosure rule, and can send any possible

signals she likes. Therefore, under cheap-talk, mis-reporting is possible.



The thesis is composed mainly of two inter-related papers on cheap-talk disclo-
sure, and a third paper on optimal regulation of risk-averse producers. In the first
paper (Chapter 2), which is also the major chapter of this thesis, I investigate cheap-
talk information disclosure in auctions where bidders’ preferences are horizontally
differentiated. In the auction, bidder’s valuations depend on the matching between
their preferences and product attributes. The seller first announces a disclosure
policy, which is characterized by a partition of the attribute space, and then send a
public message after observing the realization of product attributes. Bidders update
their beliefs after the announcement, and thereafter an auction is conducted.

Under cheap-talk, an informative equilibrium requires that interim expected rev-
enues for each possible message be equal to each other, otherwise the seller will
deviate to report the message generating the highest expected revenue.

In our model, the interim expected revenue for a message is jointly determined
by the message precision and the expected product attribute conditional on that
message, which are respectively termed as the precision effect and location effect
of a message in this chapter. The interim expected revenue increases with the
precision of the message, and decreases as the conditional expected attribute moves
towards extremes, when the product attributes become less popular. Furthermore,
when the number of bidders increases, the location effects across different messages
become more and more equalized.

I first provide an characterization of informative equilibria in a symmetric setting,
which shows that equilibrium partitions reveal the feature that the seller provides
more precise messages for less popular product attributes. The intuition is that, for
less popular attributes, the interim expected revenue is lower ceteris paribus, and to
compensate that revenue deficit, the seller needs to provide more precise messages

so as to get the equilibrium conditions satisfied.



The second also the main result of this paper is an existence theorem of informa-
tive equilibria. I prove that, under cheap-talk information disclosure, an informative
equilibrium can be supported by a partition of any degree,! as long as the number
of bidders is sufficiently large. Moreover, when the number of bidders converges to
infinity, equilibrium partitions all converge to equal partitions.

The intuition is that, as the number of bidders increases, the gaps between
the location effects across different messages converge to zero, and it is easier for
the seller to adjust the precision of messages and achieve equilibria in higher degree
partitions. In the limit, when the number of bidders converges to infinity and all the
product attributes are of the same popularity, any equal partition can constitute an
informative equilibrium, and an equilibrium can be supported by an equal partition
of any finite degree.

As the third result in this chapter, I show that the optimal disclosure policy re-
veals a complementarity relationship between the number of bidders and the optimal
degree of equilibrium partitions. That is, when the number of bidders increases, it
is better for the seller to construct an informative equilibrium using higher degree
partitions, for the purpose of revenue maximization. The intuition behind this
result is similar to that behind the existence result.

The major technical challenge in this chapter lies in the proof of the existence
theorem. It requires us to show that, under certain conditions, there exists a
partition such that all the interim expected revenues are equal. In proving this
theorem, I make use of the Intermediate Value Theorem (IVT) defined on partial
order sets (Guillerme, 1995), which imposes restrictions on the monotonicity prop-
erties of vector-valued functions. Compared with the common approach of Fixed

Point Theorems, though the conditions for applying IVT on a partial order set are

I¥or interval partition, the degree of a partition is defined as the number of interior cutting points.



more restrictive, the results are also more informative, since it provides additional
information about the locations of the informative equilibria.

In Chapter 3, I examine the question of how a seller should advertise a product’s
attributes, when consumer preferences conform to mixture distributions. Unlike
Chapter 2, where information structures, characterized as partitions of product at-
tribute space, are endogenously determined, in Chapter 3, I focus on disclosure
policies in the form of binary messages.

Chapter 3, entitled "Information Disclosure in a Hotelling Model with Mixture
Distribution", explores this question in a Hotelling model in a context of monopoly
pricing, and, to my knowledge, it is the first paper studying a Hotelling model with
mixedly distributed preferences. Compared with the typical, yet not very realistic,
assumption that consumer preferences conform to either uniform or binary distrib-
ution, mixture distribution obviously better characterizes consumer preferences in
reality.

I identify two basic functions of informative advertising in this model: first, in-
ducing consumers to adjust their expectations, and second, reducing their risk in
purchase decisions. In this paper, I first show that advertising increases trade possi-
bilities, in the sense that it makes possible some trades which are initially impossible
if there is no information disclosure. This is largely due to the risk-reduction effect
mentioned above. Second, information disclosure under full commitment generates
higher expected profit than corresponding cheap-talk disclosure. This is because,
under cheap-talk, to make the revealed information to be credible, some additional
conditions need to be satisfied such that the seller won’t deviate to mis-reporting,
which therefore reduces the expected profits.

Furthermore, I show that optimal disclosure policies largely depend on the char-

acteristics of the mixture distribution of consumer preferences. First, when different



groups of consumers’ preferences become sufficiently heterogenous, it is better for
the seller to reveal product attributes and serve different groups separately. Second,
when the composition of different groups of consumers becomes more asymmetric,
cheap-talk disclosure is more likely to be dominated by no disclosure at all, in terms
of profit maximization.

Chapter 4 is an extra paper on optimal regulation of risk-averse producers. In
this chapter, I study a setting of complementary production with independent cost
realizations. A regulator can choose between two production arrangements: one is
integrated production, where a single producer supplies both products, and the other
is component production, where each product is separately supplied by a producer.

The existing literature shows that when producers are risk neutral, integrated
production generates strictly higher revenue than component production, due to
informational economy of scope under integrated production. However, this is not
necessarily true in the case of risk-averse producers.

I show that, under component production, the regulator strictly prefers produc-
tion by risk-averse producers rather than by risk-neutral ones. Furthermore, in
the case of CRRA preferences, I prove that when the risk coefficient is higher than
some threshold, component production dominates integrated production in terms
of revenue maximization. This is because, when producers are risk-averse, they
are willing to render some information rents for the reduction in production uncer-
tainties associated with component production. As a result, the relative virtues of
integrated and component production largely depend on the degree of risk-aversion
of producers. This paper, entitled "Regulating Risk-Averse Producers: the Case of

Complementary Products", is already published at Economics Letters in 2010.



CHAPTER 2

Cheap-Talk Information Disclosure in Auctions

2.1. Introduction

In the vast literature on information disclosure, surprisingly little attention has
been paid to cheap-talk, where mis-reporting or lying is possible. A typical assump-
tion in the literature is that agents fully commit to truthful disclosure, and therefore
false announcement is impossible and revelations are always credible. Though this
assumption might be reasonable in some cases, yet it is obviously unrealistic still
in many other circumstances, especially when the information is non-verifiable, or
costless, or there is no effective legal recourses to deter false announcement. To
explore real disclosure issues in these circumstances where the credibility of infor-
mation becomes a serious concern, we certainly need to forgo this full commitment
assumption.’

This paper contributes to the literature by studying cheap-talk disclosure in an
auction context where bidders’ preferences are horizontally differentiated. Cheap-
talk implies that information is costless, non-binding and non-verifiable (Farrell and
Rabin, 1996). Besides the clear meaning of costless and non-verifiable information,
non-binding implies that there is no commitment to truthful information disclosure,
and a seller can send any possible signals she likes. Therefore, under cheap-talk,
mis-reporting is possible. In our model, a seller reveals the information about

product attributes to bidders, whose valuations depend on the matching between

IWithout causing confusion, full commitment in this paper always means full commitment to truth-
ful information disclosure. This is distinct from the full commitment assumption in mechanism
design literature, where a principal fully commits to implement the announced mechanism after
knowing agents’ types.



the product attributes and their preferences.? In this paper, we will investigate
the conditions for credible cheap-talk disclosure, prove a general result about the
existence of informative equilibria, and characterize the optimal disclosure policies.
We will also compare the cheap-talk results with those under full commitment to
truthful disclosure.

Information disclosure in auctions itself is not a new topic in the literature, and
the early classic work dates back to Milgrom and Weber (1982). They show that
in interdependent value auctions with affiliated signals, revealing information to the
bidders on average increases the expected auction revenues, and the best disclosure
policy is full information disclosure. In their symmetric auction model, the public
signal affects bidders’ valuations in the same manner, and the seller pre-commits to
a disclosure policy. Our model departs from theirs in three major aspects: first,
in our model, the public signal on product attributes has differentiated impacts
on bidders’ valuations; second, under cheap-talk, the seller does not commit to
truthfully implement the disclosure policy; and finally, in stead of interdependent
value auctions, we study standard independent private value auctions in this paper.?

More recently, the literature focuses more on optimal information structure in
disclosure games (Lewis and Sappington, 1994; Johnson and Myatt, 2006; Board,
2009; Ganuza and Penalva, 2010). These papers emphasize the result that more
precise signals result in more dispersed posterior evaluations of consumers, which im-

plicitly assumes the differentiation in consumers’ tastes. However, since there are no

2A product’s attributes can be divided into vertical and horizontal ones. Vertical attributes are
the attributes that all the consumers share the same preference over, such as quality. Horizon-
tal attributes, however, can not be ordered in the same way, and different consumers may have
different preferences over them, such as colour, design, etc. So only over a product’s horizontal
attributes could consumers have heterogenous preferences. Without specification, we always refer
to "attributes" as a product’s horizontal attributes in this paper.

3Actuaully, independent private value auction can be seen as an extreme case of interdependent
value auction with affiliated signals, as shown in Milgrom and Weber (1982). However, in this
extreme case, public information disclosure won'’t affect the ex ante expected revenue of the auction
in their model, since the signals are statistically independent.



explicit signals in their models, the differentiation in preferences is not endogenously
modelled in their models. Instead, they simply assume the relationship between the
informativeness of information structures and the distribution of posterior evalua-
tions. In this paper, we explicitly model the matching between product attributes
and consumers’ preferences, and demonstrate the mechanism how a common signal
affects bidders’ posterior valuations in differentiated ways.

In our model, a seller sells a product to a number of ex ante homogenous and risk-
neutral bidders using an auction mechanism. Bidders’ preferences are distributed
on a horizontal line, and their valuations depend on the matching between their
preferences and product attributes. Before knowing the product attributes herself,
the seller announces the disclosure policy which is characterized by a partition of
the attribute space. She then sends a public signal after observing the realization
of the attributes, upon which the bidders update their beliefs and form posterior

4 Thereafter the auction is conducted, and final payoffs are implemented.

valuations.

In our setting, after receiving the public signal, the bidders are in a standard
independent private value auction, where the one with the highest bid wins the
auction, and the expected revenue is equal to the expected value of the second
highest valuation (Milgrom, 2004, Chapter 3). Therefore, the effects of disclosure on
the expected auction revenues depend on how it affects the second highest valuation.
Intuitively, a credible signal may affect a bidder’s valuation through two channels:
one is to adjust his expectation on the location of the attributes, and the other
is to reduce the variance of his posterior estimate. The expected value of the
highest valuation is obviously increasing in the precision of the signals, but this is

not necessarily true for the second highest valuation, which depends on the number

of bidders in the auction.

In this paper, we use "she" to denote the auctioneer, and "he" to denote a bidder.



Moreover, the credibility of information is another and more important concern
in our model, as mis-reporting is possible under cheap-talk. And the major problem
in this paper is to explore the conditions for credible information disclosure, and thus
for the existence of informative equilibria.

In our model of cheap-talk disclosure, the equilibrium condition requires that the
interim expected revenues be equal to each other, otherwise the seller will deviate
and always send the signal that generates the highest level of expected revenues, as
also shown in Crawford and Sobel (1982). And a direct implication of this is that
full information disclosure is normally impossible in a cheap-talk equilibrium, as the
seller is constrained by the equal revenue constraints in equilibria, and normally she
is not able to send arbitrarily precise signals. This result is in sharp contrast to the
extreme ones of either no or full information disclosure in the cases of information
disclosure under full commitment (Milgrom and Weber, 1982; Lewis and Sappington,
1994; Johnson and Myatt, 2006; Board, 2009).

In our model, the interim expected revenue for a signal is determined by two
things. One is the precision of the signal, measured by the length of corresponding
subinterval in the partition. Intuitively, the interim expected revenue increases in
the precision of the signal, and we term this as precision effect of a signal. The
other is the expected location of the product attributes conditional on the signal.
When it moves toward the extremes, the product attributes become less popular in
our symmetric setting, and the interim expected revenue decrease ceteris paribus.
We term this as location effect of a signal. An interesting property is that, when
the number of bidders increases, the difference in popularity across different product
attributes gradually converges to zero.

Our first result in this paper is regarding an interesting characterization of the

informative equilibria in a symmetric setting. We show that under cheap-talk,
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the equilibrium partitions are asymmetric with the feature that for less popular
products, the seller provides more precise signals. The intuition is that, for less
popular product attributes, fewer bidders are attracted and willing to pay high
prices for it, and therefore the expected value of the second highest valuation is
lower ceteris paribus, if compared with the more popular ones. To compensate for
the reduced valuations, the seller needs to provide more precise information for the
less popular products, so as to increase the interested bidders’ valuations and get
the non-deviation condition satisfied.’

The second also the major result of this paper is an existence theorem of in-
formative equilibria. We prove that, under cheap-talk information disclosure, an
informative equilibrium can be supported by a partition of any degree, as long as
the number of bidders is sufficiently large.> On the other hand, for given number of
bidders, if a J—degree partition supports an informative equilibrium, then there also
exists informative equilibria supportable by a lower degree partition. Furthermore,
we also show a convergence property in our symmetric setting, that is, when the
number of bidders converges to infinity, equilibrium partitions all converge to equal
partitions.

The intuition is that, with increasing number of bidders, the difference in pop-
ularity across different product attributes converges to zero, and the differences in

interim expected revenues are increasingly determined by the precision effects of the

®An interesting observation relating to this result is the product catalog on online stores. For
example, the online bookstore of Amazon provides a catalog for 31 categories of books, varying
from the popular ones such as TravelédHoliday to the more specialized ones such as ScienceédNature.
Under TraveléHoliday, there are 7 sub-categories, and under ScienceéNature, there are 31 sub-
categories. And for the more specified categories, Amazon provides more detailed classifications.
For instance, under Chemistry, there are 18 sub-categories varying from Analytical Chemistry
to Surface Chemistry, and under Physics, there are even more, 29 sub-categories varying from
Applied Physics to Thermodynamics. Interestingly, for the more popular categories, it seems that
less detailed information is provided at Amazon. For instance, under Travel Writing, there is no
further sub-categories provided, though there are nearly 37,000 results under it!

6In our case of interval partition, the degree of a partition is defined as the number of interior
cutting points.
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signals. As the number of bidders increases, the location effects of different signals
become more and more equalized, and it becomes easier for the seller to adjust the
precision of signals and construct equilibria using higher degree partitions. In the
limit, when the number of bidders converge to infinity and all the product attributes
are of the same level of popularity, any given equal partition can constitute an in-
formative equilibrium, and an equilibrium can be supported by an equal partition
of any finite degree.

As the third result, we show that the optimal disclosure policy reveals a com-
plementarity relationship between the number of bidders and the optimal degree of
equilibrium partitions. That is, when the number of bidders increases, it is better
for the seller to construct an equilibrium using higher degree partitions, for the pur-
pose of revenue maximization. The intuition behind this result is similar to that
behind the existence theorem. When the number of bidders increase, the difference
in popularity across different product attributes vanishes, and it is easier to con-
struct informative equilibria using more precise signals, which in turn increase the
valuations of the bidders and thus the expected revenue of the auction. This result
of complementarity between the number of bidders and the precision of signals is
also reported in other researches (Ganuza, 2004; Board, 2009; Ganuza and Penalva,
2010), which study information disclosure in the cases of full commitment.”

We then proceed to study the case of information disclosure under full commit-
ment. Our model differs from other models under full commitment assumptions
in at least two aspects: first, we explicitly model the horizontal differentiation in
bidders’ preferences, and second, the disclosure policy in our model is characterized

by a partition of the state space of the product attributes. Under full commitment,

" Actually, Ganuza (2004), Ganuza and Penalva (2010) studies this in an auction context with costly
information disclosure, and thus there is the trade-off between the cost and benefit of information
disclosure. If we assume costless information disclosure, we will reach the extreme result of either
no or full information disclosure. And Board (2009) considers just the two extreme cases of either
full or no information disclosure.
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the equilibrium partitions show some distinct features from those under cheap-talk.
In our symmetric setting, the equilibrium partitions bear the feature that a signal
for the more popular attributes generates greater interim expected revenues than
those of less popular attributes. In the limit when the number of bidders converges
to infinity, the equilibrium partitions also converge to equal partitions, but from an
opposite direction of the case of cheap-talk.

The remaining parts of this paper are organized as below: Section 2.2 is a
short review of related literature; Section 2.3 is model set-up; Section 2.4 studies
the properties of interim expected revenues and then provides a characterization
of informative equilibria; Section 2.5 proves the existence theorem of informative
equilibria, the main result of this paper. Section 2.6 shows the complementarity
property of the optimal disclosure policies. In Section 2.7, we explore the case of
information disclosure under full commitment, and compare its results with those

of cheap-talk disclosure. Finally, Section 2.8 is a short conclusion.

2.2. Related Literature

There has been a strand of literature on information disclosure in auctions and
monopoly pricing, and recently more attentions are paid to the problem of optimal
information structure in information disclosure games. Normally, full commitment
to truthful disclosure is a common assumption in most of the existing literature.

About information disclosure in auctions, in an early and classic paper, Milgrom
and Weber (1982) show that, in an interdependent value auction with affiliated sig-
nals, revealing information to bidders can on average increase the expected revenue
of the auction, and no reporting policy is better than the one of full information
revelation. There are two major assumptions behind this full disclosure result: one

is the positive affiliation between the seller and bidders’ private signals, and the
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other is the full commitment assumption, by assuming that the seller commits to
truthfully reveal the information.

In a recent paper, Board (2009) studies the effects of disclosing independent
information to bidders in an private value auction, and finds that, under the as-
sumption that there exists horizontal differentiation among the bidders, revealing
information may increase auction revenues, if the number of bidders n is sufficiently
large. Specifically, when n = 3, the seller is indifferent between revealing informa-
tion or not, and when n > 4, it is better for the seller reveal all the information.
Intuitively, this is because in a standard auction, the expected revenue is equal to
the value of the second highest valuation, and when n = 3 it is just equal to the ex
ante expected valuation, and therefore, information disclosure has no effects on the
expected revenue of the auction. However, in this paper the author just compares
the two extreme cases of no and full information disclosure, and furthermore, there
is no explicit signal in his model.

Information disclosure is also explored in many other contexts, and a central
question is to explore how much information to reveal to consumers for the purpose
of profit maximization. Lewis and Sappington (1994) is an early paper for the case
of monopoly pricing. In their model, a product’s value can be either high or low.
If there is no information disclosure, all the buyers have a common expectation of
the product value and are willing to pay a medium price for it. Under information
disclosure, however, some buyers will receive a high signal, while others receive a low
one, and their ex post valuations of the product thus become more dispersed. Since
the buyers receiving a high signal are willing to pay a high price for it, the seller
can charge a high price and serve only parts of the buyers. Therefore, the seller
faces the trade-off between a mass market with a medium price and a niche market

with a high price, where only a portion of the buyers are served. They show that



14

the expected profit is convex in the informativeness of advertising, and the optimal
advertising policy is either no or full information disclosure.

Johnson and Myatt (2006) explore the same question as Lewis and Sappington
(1994), yet in a more general framework. They explain how information disclosure
can result in the rotation of demand curves in a market, and define the rotation or-
der of the informativeness of information structures, which is based on the intuition
that more informative signals result in more dispersed conditional distributions of
consumers’ posterior valuations. Also in a model of monopoly pricing, they show
that the seller faces the same trade-off between niche and mass markets, and the
expected profit is quasi-convex in the informativeness of the advertising informa-
tion structure. So they also get the similar result that the seller prefers extreme
advertising policies.

Recently, Ganuza and Penalva (2010) study a similar issue in the context of
auction. They introduce two nested information order criteria (supermodular and
integral precision), which is also based on the intuition that more informative signals
lead to greater dispersion of conditional expectations. They then apply these new
criteria in a model of private information provision, where the precision of the signals
is known by all while each bidder receives an idiosyncratic signal from the seller.
Using integral precision, the authors show two intuitive results that a more precise
signal yields a more efficient allocation and the seller provides less than efficient
level of information. Furthermore, when information is costly, under supermodular
precision, they find there is a complementarity relationship between information
and competition, and both social efficient and auction optimal levels of information
precision increase with the number of bidders. However, the setting-up of their
model of private information seems weird, since in reality it is rare to see a seller

provides idiosyncratic signals to bidders, and furthermore, all the bidders know that
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the signals are of the same level of precision. Second, the complementarity result
depends on the assumption of costly information, otherwise we return to the former
result of extreme disclosure policies.

Moreover, in the papers studying information structure (Johnson and Myatt,2006;
Ganuza and Penalva, 2010; Board, 2009), though the horizontal differentiation in
consumers’ preferences is commonly emphasized, yet it is not modelled in an ex-
plicit way. Instead, they simply assume that more informative signals result in
more dispersed distributions of posterior evaluations. One exception is Ganuza
(2004), which explicitly models the horizontal differentiation among bidders in a
Hotelling model, and studies the impacts of information disclosure in an auction
context. In his model, it is more costly to reveal more informative information,
and he shows that the optimal amount of information increases with the number
of bidders in the auction. In modeling horizontal differentiation, Ganuza (2004)
adopts a Hotelling model on a circle, and makes the assumptions that both bidders’
preferences and product attribute are uniformly distributed on the circle. This
setting greatly simplifies the technical complexity, since the location of the product
attribute is irrelevant, and what matters is only the informativeness of the signals.
In this paper, we adopt a Hotelling model on an interval, which is more realistic

since it allows the possibility of difference in popularity of the product attributes.®

8Sun (2008) and Chapter 3 of this thesis also study information disclosure in Hotelling models,
but they pay more attention to the tradeoff between mass and niche markets, while not much to
the information structure issues.
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All the papers above study information disclosure or revelation under the as-
sumption of full commitment®.!'® With this assumption, if information is costless,
we normally reach some extreme results whether in monopoly pricing or auctions. In
this paper, in contrast, we study cheap-talk information disclosure in auctions, and
explicitly model the horizontal differentiation of consumer preferences. We show
in cheap-talk information disclosure, even with costless information, there exists a
complementarity relationship between the number of bidders and the informative-

ness of signals, that is, it is better for the seller to provide more precise information

as the number of bidders increases.

2.3. The Model

A seller sells a product to n exr ante homogenous bidders, indexed by i =
1,2,--- ,n, using a standard auction mechanism. Both the seller and the bid-
ders are risk-neutral. The product for sale is characterized by its quality, V', and
attribute, S. The value of V' is commonly known by all the players, but the product
attribute S is a random variable, whose realization, s, is privately observed only by
the seller.

Bidders’ valuations of the product depend on the matching between their pref-

erences and the product attributes. Let 6; be bidder i’s ideal product attribute,

9Other researches include Bar-Issac et al (2009) and Hoffmann and Inderst (2009). Bar-issac
et al (2009) study a specific setting where consumers are ex ante heterogenous and advertising is
acquired at a cost, and show that intermediate advertising policy can be optimal, which is different
from the extreme result of Lewis and Sappington (1994) and Johnson and Myatt (2006). Hoffmann
and Inderst (2009), using the rotation order of information structure, study the problem of selling
information to consumers before a selling mechanism, and show that the consumers with valuation
equal to the price have the maximum incentives to buy information. Their result is similar to that
of information acquisition in auctions literature, such as Shi (2009).

100n exception is Chakraborty and Harbaugh (2010), where they also study advertising and in-
formation disclosure in cheap-talk. But different from the model in this paper, where horizontal
differentiation in preferences is emphasized, they study in the framework of multi-dimensional
cheap talk, and show that informative disclosure is always achievable in their model.
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which also represents his type, and the valuation function for bidder ¢ is thus
vi(5:0;) =V — 7 (s — 6;) (2.1)

where 7 is a coefficient measuring the degree of disutility of mis-matching. The

seller’s valuation of the product is zero, and she is a revenue maximizer.

2.3.1. Information Structure

The product attributes S conform to the cumulative distribution of G(s), and the
types of the bidders, #,’s, are independent draws from an identical cumulative distri-
bution of F'(f). S and 6,’s are also independent from each other. The distribution
functions of G(s) and F'() are defined on a common support of I = [s, 5], and both
are common knowledge among the players. When there is no information disclosure
by the seller, bidder 7’s ex ante expected valuation is therefore

v = Byv(s; 0;) = /vi(s; 6,)dG (s)

I

and he will bid according to the expected valuation of v°.

Prior to the auction, the seller has the option of revealing public information
about s to the bidders, according to some disclosure policy. In our model, a disclo-
sure policy is characterized by a partition of the state space of the product attribute,

which is an interval, I. We then define interval partition as below:

Definition 1. A J-partition of the interval I = s, §|, denoted as Py, is a finite

sequence of {p1,p2,--- ,ps} in the following form

Pr: s=po<p1 < <pj1<p;<pj1=S5 (2.2)

and J is the degree of the partition.
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Therefore, an interval partition is represented by a sequence of cutting points of
the interval. For an interval partition P;, there are J interior cutting points which
divide the interval into J + 1 subintervals. We denote the space of all possible
interval partitions of degree J as Py, and P; € P;. Let A; denote the length of the
subinterval [p;, pj+1], and

Aj = Pt — il (2.3)

and then we define equal partition, which is a partition where all the subintervals

are of the same length.

Definition 2. An equal J-partition, denoted as P, is a J-partition such that

Aj = Ay forany j,j' € {0,1,2,---,J}

It is standard to define information structures on state space partitions (Hirsh-
leifer and Riley, 1994, Chapter 5; Mas-colell, Whinston and Green, 1995, Chapter
15 ). In our model, as is common in the cheap-talk literature, we also define the
disclosure policies on information partitions. Specifically, in an information parti-
tion of Py, for a realization of the product attribute s € [p;, pj+1], the seller will send
a public message of m; to the bidders, which is costless in our model. Let Dp, (s)
denote the disclosure policy defined on the information partition of P;, and M; the

corresponding message space such that M; = {mq, my,--- ,m;}, and for any j # j/,

mj % mj/.

Definition 3. A disclosure policy under an information partition of Pj is a
mapping from the state space I to the message space My, that is, Dp, (s) : I — M.
Specifically,

Dp, (s) =m; iff s € [pj, pj+1) (2.4)
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Trivially, for s € [ps,ps+1), a message my is reported. It is worth attention that
all the messages are different from each other, and thus it is not possible that for
realizations on two dis-connected subintervals, a common message is reported. In
other words, the partition is connected!'. We also define the precision of a message

under the intuition that a shorter subinterval corresponds to a more precise message.

Definition 4. For two messages m; and m;, m; reveals more precise infor-
mation than mj iff

A; <A

The seller will not necessarily commit to truthfully follow the announced disclo-
sure policy, under cheap-talk. However, if the message is credible, upon receiving
a message m; and with a knowledge of the disclosure policy Dp, (s), a bidder will
update his belief and form a posterior estimate of his valuation, which is

' (m;) = By, vi(s; 6;) = /vi(s; 6,)dG (s |m;) (2.5)

1

The value of v' (m;) depends both on the realization of the product attributes s,

and on the information partition of P;j.

2.3.2. Timing

In our model, the seller first announces the disclosure policy of Dp, (s) before she
knows the realization of the product attribute S. Then nature selects the realization
of S and bidders’ types, 6#;’s, which are respectively observed by the seller and
corresponding bidders. Observing the realization s € [p;,psy1), the seller sends
a public message of m; to all the bidders, according to the disclosure policy of

Dp, (s). Then, receiving the public message, if it is credible, the bidders update

Hipdeed, it is easy to show that non-connected partitions can not support optimal informative
equilibria in our model.
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their beliefs and form posterior estimates of their valuations of the product, based
on the knowledge of m; and P;. Finally, a standard auction is conducted, and final

payoffs are implemented. The time line for this game is shown in Figure 2.1 below.

[ ! 1
t=0: Seller t=1: Nature t=2: Seller t=3: Receiving  t=4: Auction

announces the selects the sends a public m;, bidders conducted and

disclosure realizations of message m; update their outcomes

policy D(P;) S and 6;'s according to beliefs realized
D(P))

Figure 2.1: Timeline of the Game

2.3.3. Seller’s Problem

It is noteworthy that a disclosure policy of Dp, (s) implies J + 1 messages m;,
j=20,1,--- J, and each message induces a conditional distribution of a bidder’s
posterior expectations of his valuation. In other words, an information partition of
P; generates a set of J + 1 posteriors: one for each possible message.

For a message m; under the partition of P;, we let ER(m;) denote the corre-
sponding interim expected revenue of the auction. And the seller’s problem is to
determine the optimal partition that maximizes the ex ante expected revenue of the
auction. The optimal partition depends both on the degree of the partition, .J, and
the positions of the interior cutting points, (p1, ps, - ,pJ).

We will study two distinct cases: one is cheap-talk, and the other is information
disclosure under full commitment. In the case of full commitment, the seller will
truthfully implement the announced disclosure policy, Dp, (s), and the her problem

is thus to

maxp;cp; ER = Z;-IZO Pr (mj) ER(mJ) (26)
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For cheap-talk information disclosure, the seller does not commit to truthfully
implement the disclosure policy. In this case, if an informative equilibrium is
supported by a disclosure policy, Dp, (s), it is necessary that at any realization
of the product attribute s, truthful disclosure generates higher revenue than mis-

reporting, that is ,

]ER(mj\ s) > ER(mj/\ s) for Vs € [pj,ij) and j' # j

We will later show that the interim expected revenue ER(m;|s) does not depend

on s, and therefore in an informative equilibrium, it is necessary that

ER(m;) = ER(m;)  for any j, j’ (2.7)

otherwise, the seller has incentive to misreport the message generating the highest
level of expected revenue. The non-deviation condition of (3.7) implies that, in an
informative equilibrium, the ex ante expected revenue is equal to any of the interim
expected revenues, that is, ER = ER(m;) for any j. The seller’s problem is thus to

maxp;cp; ER = ER(mJ) (2 8)

s.t. ER(m;) =ER(mj)  for any j, j’
To solve problem (4.8), it is helpful for us to proceed in two steps. The first is to
investigate the outcomes at an arbitrary message of m;. For example, how does
the interim expected revenue ER(m;) depend on the cutting points of (p;,p;i1)
and n, the number of the bidders? Second, with these results, we then explore
the properties of equilibrium partitions under cheap-talk. The solution of optimal
equilibrium partition is determined by the partition degree, J, and the positions of

the interior cutting points, (p1,pe, -, ps)-
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2.4. Informative Equilibrium: Characterizations

To focus our attention on the properties of the informative equilibria themselves,
we will make some simplification and assume that both G(s) and F(¢) are uniform
distributions on a common support of [—1,1]. And the ez ante expected location
of the product attributes is therefore 0.

In this section, we first provide some characterizations of the informative equi-
libria under this symmetric setting, and in the following sections, we will investigate
the conditions for equilibrium existence and the seller’s optimal disclosure policy.

As for the main results in this sections, we first show that equilibrium par-
titions are symmetric to 0, with the feature that more precise messages are pro-
vided for less popular product attributes. Second, in the limit when the number
of bidders converges to infinity, equilibrium partitions all converge to equal parti-
tions. The characterizations of equilibrium partitions are directly related to the
non-deviation condition of (3.7) as well as the properties of the interim expected

revenues, ER(m;)’s.

2.4.1. Interim Expected Revenue

For an arbitrary partition of Py, a message m; is reported if the realization of the
product attributes, s € [p;, pj41), according to (3.4)."* We define p1; = E (S|m;) =
%(pj + p;+1), which is the expected location of product attributes conditional on
mj. In our symmetric setting, we assume p; > 0 without loss of generality. And
therefore p;; is positive, though p; can be negative in some cases. Obviously, a

subinterval with a message of m; can be equivalently represented either by (p;, pj+1),

1214 is noteworthy that the benchmark case of no information disclosure just corresponds to the
case of Py, where there is no interior cutting point and the only subinterval is just the entire interval
as a whole.
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the two cutting points, or by (,uj, Aj), the conditional expected location and the
length of the subinterval.

When receiving a credible message of m; under the disclosure policy of Dp, (s),
bidder ¢ will update his belief. It is easy to show that the bidder’s posterior
evaluation of the product when receiving the message of m; is

) = [utsiogacsim) =v - [T -0 @9)

And v’ (m;), the posterior evaluation of bidder i, depends both on the precision of
the message, A?, which is common to all the bidders, and on the matching between
his preference and the expected attribute, measured by (Qi — ,uj)z, which is however
type specific.

For convenience in exposition, we introduce a new random variable here,

2

By (n;) = (0: — 1)) (2.10)

which measures the distance between bidder 7’s ideal product attribute, 6;, and the
conditional expectation of the product attributes, ji;. For all the possible realization
of #;, we have 3, € [0, B], where the upper bound § = (1 + ,uj)Q. The cumulative
distribution of j3,, denoted as H(x), is
Hz)=Pr(g<a) =4 V" rel0.5] (2.11)
$ (VI V) we (5]

where 8° = (1 — uj)2 and H(x) is a continuous function'®.

BWithout causing confusion, we abbreviate the expression of j, (uj) to 3;, for the purpose of
economy in expressions.
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For a given message of m;, 3;’s are n independent draws from the same distrib-

ution of H (z). Let 6;1), 622), cee B;”) be a rearrangement of these such that

B < 3@ < ... < g

n —

and 6;’“), k = 1,2,---,n, are the order statistics of 3,’s when the number of
bidders is n. Specifically, ﬁff) is the kth smallest of the j,’s.

In a standard auction, the bidder with the highest valuation wins the auction,
which corresponds to ﬁg). Naturally, under a message of m;, the bidder whose type
0; is nearest to the conditional expected location, y;, wins the auction, who has the
highest posterior valuation.

Furthermore, the expected revenue of the auction is equal to the expected val-
uation of the bidder with the second-smallest j3;, that is, 6,(12). The cumulative

distribution function of 5% is denoted as H? (x), and it can be derived from the

following property of the order statistics of 57(12)
Pr <5£12) > x) = Pr (B, >z)" +nPr (B, >z)" ' Pr (B, <z (2.12)

P (x) is also a continuous function on the subintervals of [0, 5°] and (ﬁo, B]
Given the accumulative distribution of ﬁg), the expected value of 67(12) for a message
of m; is

8 [40 )] = [ watie) + [ aan

which is a function of just p; and n. From (3.8), the interim expected revenue of

the auction under the message m; is

ER(mj) =V —71 {A—? +E [ﬁg) (MJ)H (2.13)
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An interesting observation is that, in (3.11), the effects of a message m; on the
interim expected revenue of the auction can be divided into two parts. One is
the precision of the information revealed by the message, which is measured by A?.
The more precise the information is, the greater the value of the interim expected
revenue. And we term this effect as precision effect of a message. The other is
the expected location of the product attributes, as measured by E [ﬁf) (uj)] . Itis
a function of y;, the expected location of the product attributes conditional on my,
and n, the number of bidders in the auction, and we term this as location effect of
a message. The following proposition demonstrates some properties of the location

effect.

Lemma 5. Under a message m; for s € [pj,pj+1), in the setting of uniform
distribution, [553) (,uj)] is strictly decreasing in n, strictly increasing in p;, and

its cross derivative is negative, that 1s,

OE |BY) (; OE (B (1 0% |BE) (u;
on Ol O ;On
Furthermore, when n converges to infinity,
O [553) (Mj)}

Proof. All the omitted proofs in this Section are relegated to Appendix 2.A. [

E [67(12) (/l,j)i| decreases strictly in n is obvious, since with increasing number of
bidders in the auction, the type space of the bidders becomes denser, and therefore,
the expected value of 6512), the second shortest distance between the types and the
expected attribute becomes smaller. In the limit, that value converges to zero, and

bidder’s types can be infinitely close to the expected attribute.
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Second, when the value of 11; becomes closer to the extreme points, say p; — 1,
the value of E [ﬁf) (,uj)] increases. This is because, the product attributes at
the center are more popular than those at the extremes, and for the less popular
attributes, less bidders are attracted and the value of Eﬁff) (uj) becomes therefore
larger. For example, when the expected attribute is at the center, the demand for
that attribute comes symmetrically from both sides, while when it is at the extreme
points, the demand comes just from one side and thus the demand is smaller. Third,
the convergence property shows that, when the number of bidders converges to
infinity, the location effects across different y;’s becomes negligible.

Furthermore, the cross derivative of Eﬁff) (,uj) with respect to n and p; is neg-
ative, which shows that as the number of bidders increases, the slope of ]Eﬁg?) (uj)
with respect to u; decreases. The properties of E/Bg) (,uj) are shown in the following

diagrams.

Fs®
Ep@

2C
n H

Figure 2.2.1. ES® vs. n Figure 2.2.2. EA? vs. 14
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The result below shows that [67(12) (uj)] is convex in f;, and uniformly con-
verges to 0 when the number of bidders converges to infinity. The convexity property
implies that its value increases at an accelerating rate when p; moves towards the
extremes. And from the property of uniform convergence, we know for any € > 0,

there exists a positive integer N (€) such that for all n > N (¢)

E [6512) (,uj)] < € for any p;

which is equivalent to [E [622) (1)] < € given that E [55? (,uj)] is strictly increasing.
Uniform convergence is a desirable property of the location effect, and it is important
for our proof of the existence theorem for informative equilibria in the next section.

These results are formally summarized in the corollary below:

Lemma 6. E [5512) (uj)} : (1) is strictly convex in ju;, and (2) uniformly con-

verges to 0.

Lemma 5 and Lemma 6 provide some characterizations of the location effects
of E [553) (,uj)], and Figure 2.2 above illustrates how E [ﬁf) (uj)} changes with
p; across different n’s.  We see that K [6512) (,uj)] is convex in i, and when the
number of bidders increases, its value converges to zero and the location effects
across different p;’s are also become more and more equalized.

As mentioned, the interim expected revenue, ER (m;), can be seen as function of
either (Aj, uj) or (pj,pj+1). In the first case, it is obvious that ER (m;) is increasing
in the precision of the message, A;, and decreasing in p;, the expected location of
the product attributes, from (3.12). And we have the following result of the interim

expected revenue.
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Proposition 7. The interim expected revenue, ER (m;), is decreasing in both

Aj and p;
JER (m;) <0 JER (m;)
0A; o

J

<0 (2.16)

Therefore, for a given message m;, if the conditional expected value of i; remains
unchanged, we can increases the value of the interim expected revenue by increasing
the precision of the message m;. On the other hand, if the precision of the message
is given, when the expected product attribute moves towards the center, the value
of the interim expected revenue also increases.

If ER (m;) is represented as function of (p;, pj11), then for given p;, it is obvious
that BR (m;) is decreasing in p;;1, since both A; and p; increases in this case.
However, when p;; is given, increasing p, can result in two opposite effects: on the
one hand, the information revealed by the message becomes more precise, since A,
decreases; on the other hand, the expected product attribute becomes more closer
to the extremes. These opposite effects make the effects of increasing p; on the

value of ER (m;) ambiguous. However, we can still derive the following result

Corollary 8. When m =m; for s € [pj,pj+1)

JER (m;

9BR(mj) (2.17)
8pj+1

Forp;i1 >0, (1) for any n, there exist p; € (—pj+1,pj+1) such that for any p; > p;,

OER(m;)
Op;
OER(m;)
Op;

< 0; (2) for any n, there exist p; € (—pj+1,pj41) such that for any p; < P

> 0.

Compared with the result of part (1), we see that the condition for the existence
of P, of part (2) is much more restrictive, since for an arbitrary J—partition, for all
the subintervals but one we have p; and p;;; are of the same sign. As a result,

for an arbitrary J—partition, we can always find a p; for each interval such that
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OER(m;)

< 0 for p; > pj, but it is not necessary that we can also always find a P, for

OER(m;)

each interval such that — -
Pj

> 0 for p; <p;

2.4.2. Properties of Informative Equilibria

In this subsection, we provide a simple yet interesting characterization of informa-
tive equilibria, which is based on the non-deviation condition in (3.7) for informative
equilibria and the properties of the interim expected revenue, ER (m;), in Propo-
sition 7. In the next section, we will prove an existence theorem for informative
equilibria.

We first introduce some notations. Under the symmetric setting of our model, we
will focus on the partitions that are symmetric to the center of 0. For a J-partition
of the state space, J can be either an even or odd numbers. If J =2K +1, K € Z*,

then the symmetric partition is
—1=—pg <—pg < <P <0<p < <pg <Ppr41=1 (2.18)
and Ay = |py|. If J = 2K, then the symmetric partition is

—1l=-prn<-pg < <-p1<p1 < - <pg <prg1=1 (2.19)

and we define Ay = |2p;|. In both cases, when j =1,2,--- | K, A; = |pj+1 — pjl,

as defined before. We then define the popularity of a product attribute as below:

Definition 9. For two product attributes, s and s', s is more popular than ',

if at any positive price, the demand for s is greater than that for s'.

Specifically, in our symmetric setting, the product attribute of 0 is most popular,
since its demand is derived symmetrically from both sides. When s is approaching to

the extremes of the interval, the attribute becomes less and less popular. Therefore,
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under our symmetric setting, the popularity of a product attribute, s, increases when
it is closer to the central point of 0.
With these notations and the definition of popularity, a characterization of the

informative equilibria can be summarized as below.

Proposition 10. For given number of bidders n, in our setting of uniform dis-
tribution, if a J—partition Py supports an informative equilibrium under cheap-talk,
then it is necessary that

A0>A1>“'>AK (220)

J=2K or2K +1, K € Z*. That is, in an informative equilibrium, more precise

information is provided for the less popular product attributes.

Under the symmetric setting of our model, Proposition 10 says that if a par-
tition P; supports an informative equilibrium, it is necessary that the lengths of
subintervals become shorter and shorter when they are moving from the center to
the extremes. This result is implied by the non-deviation condition for informative
equilibria and the properties of the location effect. The intuition is that, when the
subintervals move to the extremes, y; increases and so does the value of & [67(12) (uj)} ,
and therefore the interim expected revenue decreases ceteris paribus. However, the
non-deviation condition requires that all the interim expected revenues be equal to
each other. So when 4, is approaching to the extremes, to compensate the revenue
deficit of E [R (m;)], the seller needs to provide increasingly more precise information
for the subintervals that are closer to the extremes.

Another direct implication is that full information is not possible under cheap-
talk, if the number of bidders is finite. Full information disclosure implies that the
seller will truthfully report each realization of the product attributes, implying that

A; = 0 for any j. However, when n is given, & (ﬁ?) is strictly increasing in ;.
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Therefore, under full information disclosure, for any two realization 0 < s; < s9,
ER (s1) > ER (s2) necessarily and there is no way to get the non-deviation condition

of (3.7) satisfied. This result is formally stated as below:

Corollary 11. For given finite number of bidders, full information disclosure is

not possible in an informative equilibrium under cheap-talk disclosure.

The result below demonstrates a convergence property of the informative equi-
libria, which shows that when the number of bidders converges to infinity, all equi-
librium partitions converge to equal partition. This is because, in the limit, the
location effects of j1; become fully equalized across different messages, and what
matters for the interim expected revenue is only the precision effect of the messages.
The non-deviation condition then implies that equilibrium partition will converge
to equal partition in the limit, where all the messages are of equal precision of

information.

Proposition 12. When n — oo, any informative equilibrium partition, Py,

converges to equal partition where
Aj = Aj’ for anyj7jl € {Oa 1,2, aK}

Example 13. We provide an numerical example when the partition degree J = 2.
Under our symmetric setting, this implies that the partition is —1 < —p; < p; < 1,

and when p; = % the partition is an equal partition. First Proposition 10 implies

1
3

that in any equilibrium partitions of degree 3, p¥ > L since it is necessary that
Ao > Ay. Second, from Proposition 12, when n — oo, the equilibrium partition
will converge to equal partition, that is

1
lim pf = 3

n—-—auoo
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We set V=10 and 7 = 1, the following diagram shows how the expected revenue in

equilibrium and the cutting point py changes with n, the number of bidders.

98F B

98+

9.7

ER(mU) and ER(m1)

n=g

g5 | 1 1 1
1] 0.1 0.2 0.3 04 0.5 06 07 0.8 0.4 1

Py

Figure 2.3. Equilibrium Partition and Convergence in P,

In Figure 2.3, we provides an example for P,. The solid lines shows how the
interim expected revenue E [R (my)] changes with the cutting point p; for different
n’s. Similarly, the dashed lines shows the trends of the interim expected partition of
E [R (m1)]. For a given n, when these two lines cross, the crossing point represents
an informative equilibrium of this game, since E [R (m)] = E [R (m4)] at this point.

Figure 2.3 shows four crossing points of the interim expected revenue curves,
corresponding to n = 6, 8,10 and 20 respectively. An obvious observation is that
in all the equilibria, p¥ > %, which implies that Ay > A; in equilibrium, and
therefore more precise information is provided to the attributes that are closer to

the extremes, as shown in Proposition 10. Second, when the number of bidders
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increases, the crossing point moves up-left, and becomes more and more close to the

equal partition point of p; = % This has two implications: first, when the number

of bidders increases, p; — % from the right hand side, and second, the equilibrium
revenue increases with the number of bidders, for a given degree of equilibrium

partitions.

2.5. Informative Equilibrium: An Existence Theorem

2.5.1. The Existence Theorem

The above section provides some interesting characterizations of the informative
equilibria in our game of cheap-talk disclosure. However, the conditions for the
existence of an informative equilibrium haven’t been explored. In this section, we
will prove an existence theorem, which demonstrates that an informative equilibrium
can be supported by a partition of any degree, as long as the number of bidders is
sufficiently large.

To prove the existence of an informative equilibrium, we need to show that,
under certain conditions, there exists a partition such that all the interim expected
revenues are equal to each other. The main difficulty lies in the fact that, for a
general partition of P;, there are J 4 1 subintervals and correspondingly the same
number of interim expected revenues. Then how to construct a partition such that
all the interim expected revenues are equal, and what are the necessary elements to
make that partition possible?

To prove the existence result, we make use of the Intermediate Value Theorem
defined on partial order sets, such as vector spaces (Guilerme, 1995). The main
objective is to construct a vector-valued function in R/, whose element values cor-

respond to the revenue difference between two consecutive subintervals, and then
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show that, under certain conditions, there exists a partition such that the value of
the vector-valued function is 0.

The outline of the proof constitutes the following five steps: (1) to define a
metric space of partitions, (P, d), and the partial order on it; (2) to show that it is
convex and thus connected; (3) then to define a continuous vector valued function
f: P, — R, and its jth element is f; (P;) = L[ER(m;) —ER(m;_1)], j =
1,--+, K; (4) to construct two special partitions, P; and P, and show that for n
large enough, f (P,;) < 0 < f (P;); (5) By applying the Intermediate Value Theorem
on a poset, we then prove that for n large enough, there exists a partition P 7, such
that P, < Py < Py and f (Pj) ~0.

In the general case, the set of all possible J—partitions is denoted as P;, and
P; € Pj is a particular partition of degree J. Under our symmetric setting, we
focus on the partitions symmetric to the center, and a partition P;, J = 2K or

2K +1, K € Z™", can be represented by a sequence of K positive numbers, that is

PJ = {p17p27”' 7pK} (221)

where 0 < p; < ps < -+ < pg < 1, as shown in (3.18) and (2.22).

We define a metric on the partition space, d : Py x P; — R, in the usual
way as in K-dimension Euclidean space, that is, for any P;, P} € Py, d(P;, P}) =
[ZJK=1 (pj - p})ﬁ %, and the metric space of (P;,d) is then defined. We second
introduce a partial order, >, into the space P; in the usual way as in ]Rff , that is,
for any P;, P; € P;, P; > P iff p; > p’; for all j = 1,--- | K, and thus we define
the poset (partially ordered set) of (P;;>).

The first result is to show that the partition space P; is connected.  Ac-

tually, we can get a stronger result that P; is convex, since for any two parti-

tions, Py, P; € Py, and « € [0,1], aP; + (1 — «) P, is also a J—partition, since
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(apr+ (1 —a)p), - ,apx + (1 — a) pl) is also a sequence of K ordered positive

numbers. We then get the following Lemma.
Lemma 14. P; C Rf 18 convex, and thus connected.

Knowing that P; is connected, we then next construct two ordered special parti-
tions with desirable properties, denoted as P; and P;. We will show that P; > P,
according to the defined partial order on P;.

Actually, the partition of P; is just the equal partition, as shown in Definition
2. In an equal partition, the length of all subintervals are equal, which is denoted

as A (J). It is easy to show that this common length of subintervals

A(J):JL_H: —2K2+1 it J=2K (2.22)
7 if J=2K+1

and in the equal partition P, the locations of the interior cutting points, denoted

as pj’s, are

_ | j=1,--- K (2.23)
! it J=2K+1

The other partition, denoted as Py, is the partition that satisfies
Aj=Aj;1+6(J) for j=0,1,--- ,K—1and Ax =B (2.24)

d (J) is an positive incremental length when the subintervals are moving from the
extremes to the center, and B is the length of the terminal subinterval. For this
partition to be compatible and § (J) > 0, it is necessary that B < A (J). It is easy

to derive that the length of a subinterval in P;

A; =B+ (K —35)8(J) (2.25)
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where the incremental term

§5(J) = %[1_(K+%>B:|:(J:11)2(2_BJ) if J=2K (2.26)
7z L= (K+1) Bl = 5= (2= BJ) if J=2K +1

For partition Pj, the locations of the interior partition points, denoted as p;’s, satisfy

5 - (J—3) B+o())(K-3j+3)]+§0(J) if J=2K (227

j[B+36(J)(2K —j+1)] if J=2K+1

The following Lemma provides a result about the ordering between the two parti-
tions, P; and P;. And Figure 2.3 provides an illustrative example for the case of

K=2and J=5.
Lemma 15. P; > P;.

Proof. All the omitted proofs in this Section are relegated to Appendix 2.B. 0J

Figure 2.4. An Example of P, (upper) and P; (lower)

We then define a vector-valued function f : P; — RX, which is a mapping from
the partition space Py to the R¥ space. The function f (-) = (f1 (*), fo (), -, fx (),

and its jth element function is

5P = 15 (82, - 82 = [B(5% (1)) =B (52 (1))
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forj =1,2,---, K. Obviously, for a partition Py, f; (P;) =  [ER (m;) — ER (m;_,)]
and f; (P;) = 0 implies that the two interim expected revenues are equal to each

other. And a desirable property of the two ordered partitions, P; and P, is that

Lemma 16. £ (P;) < 0 for any n. And there exists an N (PJ) such that for
any n > N (PJ),

f(P;)>0
Proof. see Appendix 2.B. O

So far we have constructed two partitions, P; and Pj, such that P, < P;, and
define a vector valued function f ( P;) which corresponds to the differences in interim
expected revenues across all the subintervals. We show that f (P ;) < 0, and for n
large enough, f (15 ]) > 0. To prove the existence of an informative equilibrium, we
just need to show that under certain conditions, there exist a equilibrium partition
P;, such that P, < P; < P; and f (é;) =0.

Before turning to the proof of the existence theorem, we provide an addition
result about a partition P; between P; and P;.  We know that when J is given,
P; is fully determined by B, the length of the terminal subinterval. We can then
show there exists a value of B , the length of the terminal subinterval, such that in
any .J—partition Pj, such that P, < P; < P;, the length of any subinterval, A;, is

1

greater than 5

Lemma 17. There exists B € (0, A (J)), such that for a partition Py satisfying
BJ < PJ < pJ

min A =—
je{0,1,- \K—1} J
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With the above preparation, we now turn to the proof of the existence theorem.
To prove this result, we make use of the Intermediate Value Theorem (IVT) for semi-
continuous functions defined in product spaces (Guillerme,1995). The theorem is

as below

Theorem 18. (Intermediate Value Theorem, Guillerme (1995)) Leth := (h;),c,
be a function from an interval of [u,v] in RT with u < v. Suppose that, for each i
in I and each x in [u, V], the following properties are fulfilled:

(1) the function h; (-, x_;) is upper semi-continuous on the right on [u;, v;];

(2) the function h; (-,x_;) is lower semi-continuous on the left on [u;,v;);

(3) the function h; (z;,-) is nonincreasing on [u_;, v_;].

Then the interval [h(u),h (v)] is contained in the set h ([u,v]).

Different from the IVT theorem for real value functions defined on an interval,
the IVT theorem for vector valued functions defined on vector spaces not only require
the continuity of the function, but impose monotonicity restrictions on its element
real-value functions. In our model, these conditions are all satisfied, and we provide

the following existence theorem result.

Theorem 19. (Existence Theorem) For any J € 7", there exists a minimum
number of bidders, N (J), such that an informative equilibrium can be supported

by a partition of J for any n > N (J).

Proof. see Appendix 2.B. 0J

The intuition is that, with increasing number of bidders, the difference in popu-
larity across different product attributes gradually converge to zero, since <B£L2) (uj)>
uniformly converges to zero as n increases. The interim expected revenues, ER (m;)’s,

are increasingly determined by the precision of messages, A;. Therefore, when the
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number of bidders increases, the location effect of j1; gradually reduces, the difference
in popularities across different attributes gradually vanish, and it becomes easier
to adjust the precision of messages, A;’s, so as to get the non-deviation conditions
satisfied. In the limit, when the number of bidders converge to infinity and all the
product attributes are of the same popularity, any equal partition can constitute an
informative equilibrium, and we can construct an equilibrium using equal partitions

of any finite degree.

Corollary 20. In a n bidder auction, if there exists an informative equilibrium
at a partition of degree J, Py, then for any n' > n, there is also an equilibrium

supportable by a same degree partition, denoted as P;. Moreover, Py < Py.

Corollary 20 seems straightfoward. If there exists an informative equilibrium
supported by a partition of P;, then all the interim expected revenues are equal
to each other. If we increase the number of bidders in this case, as the value of
Eﬁf) (,uj) decreases more for greater p;, then the interim expected revenues are
no longer equal to each other. Corollary 20 just shows that, when the number
of bidders increases, there also exists an equilibrium supportable by a same degree
partition, and specifically the new equilibrium partition is closer to equal partition.

Remarks: (1) For any given number of bidders, there exists a maximum degree
of partition, J (n), that can support an informative equilibrium; (2) Under cheap-
talk, a seller’s ability to reveal credible information is largely determined by the size
of the market, and full information disclosure is not possible under cheap-talk, for
any given n; (3) P; < P; < Py, also implies the characterization of the informative

equilibria.



40

2.5.2. An Additional Result

In the above subsection, we have shown that for given J, there exists an informative
equilibrium supportable by a J—partition as long as the number of bidders are
sufficiently large.

Here we will show the result that, for given n, if an informative equilibrium
is supportable by a partition of degree .J, then informative equilibria can also be
supported by a partition of any lower degree J', with J' < J. To prove this, we will
first show it is true for J' = J — 1 and J — 2, and then as a result of mathematical
induction, it is true for any J' < J.

For the cases of J being an odd (J = 2K + 1) or even number (J = 2K), the
corresponding partitions are shown in (3.15) and (3.16). In both cases, as in the
Existence Theorem, we use P; = (p1,D2, -+ ,Pr) to represent the corresponding
J—partition, that supports an informative equilibrium.

Corresponding to the given partition P 7, we introduce the following special par-
tition of degree J — 2, by removing the two cutting points of £p;, which is denoted

as below

A

PJ—Z = (pllap/% ap/K—l) = (ﬁ27ﬁ37"' 7pK)

and as before, we use P;_, to denote the corresponding equal partition of degree
J — 2. It is easy to show that

ijz < PJ—2

Example 21. For ezample, when J = 2K + 1, P; , = (%, %, e ,%), and

because Pj supports an informative equilibrium, we have, for Py o

E+1

E<K-1
K +1 -

p;c = Pry1 >
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k

as implied by the equilibrium property of (3.10).  Therefore, pj, > % and P; , <

Pj_y. And we can easily show that this is also true for the case of J = 2K.

For the case of partitions of degree J — 1, we similarly introduce the follow
specific partitions. For J = 2K + 1, by removing the cutting point of py = 0, we get
the new partition of degree 2K, denoted as P;_; = (py,po,- - ,pr). For J = 2K,
by removing the two cutting point of +p; and introducing the new cutting point of

po = 0, we get the new partition of degree 2K —1, denoted as P;_; = (fa, Pz, -+ , Prc)-

It is easy to show that in both cases,

Py <P

where P;_, is again the corresponding equal partition of degree J — 1.

Proposition 22. For given n, if there exists a partition of degree J, Py, that
supports an informative equilibrium, then there also exists an informative equilibrium
supportable by a partition of degree J' = J — 1 and J — 2, denoted as Py, with the
property that

BJ/SPJ'SPJ’

The proof of this result is similar to that of the Existence Theorem. We first
construct two specific partitions of degree J', P, and Pj such that P g < Py
Second, we show the corresponding defined vector-valued function f (P;/) has the
property that f(P ;) < 0 and f (PJ’) > 0. Then, by applying the Intermediate
Value Theorem defined on vector spaces, we have there exists a partition P on the
interval of [BJ,, PJ/], such that f (pj/> =0.

As an implication of Proposition 22, we have the following corollary, the proof

of which is just a direct application of the method of mathematical induction.
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Corollary 23. For given n, if there exists an informative equilibrium supported
by a partition of degree J, then for any J' < J, there also exist an informative

equilibrium supportable by a partition of degree J'.

2.6. Optimal Disclosure Policy

In this section, the central question to explore is: what is the optimal cheap-talk
equilibrium? In the above section we have provided an existence theorem which
shows that an informative equilibrium can be supported by a partition of any degree,
if the number of bidders is large enough. Therefore, for given number of bidders in
the auction, there may exists more than one informative equilibrium, corresponding
toJ=0,1,2,--- and so on.

Specifically, when J = 0, it corresponds to the case of no information disclosure,
since the only subinterval is just the entire interval. = Naturally, in an optimal
informative equilibrium, the expected revenue should be greater than that of no
information disclosure. Our first result demonstrates that when the number of
bidders is greater than 3, it is optimal for the seller to reveal information to the

bidders.

Proposition 24. When n > 3, revealing information generates higher expected

revenues than in the case of no information disclosure.

Proof. All the omitted proofs for this section are in Appendix 2.C. 0

Interestingly, When n = 3, the seller strictly prefers revealing the information to
the bidders, and n = 3 is no longer a threshold where the seller is indifferent between
disclosing or not the information, as in the case of Ganuza (2004) and Board (2009).
This is because in the case of Hotelling model, the expected revenue depends on the
expected value of Bﬁ), which is in quadratic form of #;. When n = 3, we always

have EU:E,Q) = [Ev, but this is not true in the case of Hotelling model.
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From the equilibrium existence results, we already know that, on the one hand,
for any given partition degree of J, there exists an informative equilibrium support-
able by a partition P;, as long as the number of bidders is sufficiently large. On the
other hand, for given number of bidders, if there exists an equilibrium supported
by a J-partition, then informative equilibria are also supportable at lower degree
partitions.

Roughly speaking, informative equilibria supported by higher degree partitions
correspond to finer partition of the attribute space, and thus more precise messages.
And more precise messages increase the expected revenue of the auction. About
the optimal disclosure policy, then a natural question is, will the optimal degree of
equilibrium partitions increases with the number of bidders in the auction? The
answer is yes, and we will provide a proof of this result here.

Let J* (n) denote the optimal degree of equilibrium partition when the number
of bidders is n, and we will show it is an non-decreasing function in n. The proof
is composed of several steps. First, we will investigate the property of ER (m),
which is the interim expected revenue under a message of my, corresponding to an
attribute realization on the subinterval of [px, 1]. ER (m) is thus a function of pg,
and an appealing feature of it is that, different from ER (my), it does not depend
on whether J is even or not.

The first result is that ER (mg) is a strictly concave in pg, and when px ap-
proaches to 1, it is decreasing. Moreover, let pj denote the cutting point that
maximizes the value of ER (mg), and we show that, pj. increases with the number

of bidders. The results are summarized as below

Lemma 25. (1) ER (m) is strictly concave in pr, and

<0
pPr—1 6pK
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and % >0 iff n>5. (2) Let p}; = argmaxER (mg), then forn >5
0

Opk

>0
on

From the Lemma above, we know ER (my) is a decreasing function in px when
n < 4. And when n > 5, it is first increasing and then decreasing in px. And
Pl at which ER (mg) achieves its maximum is increasing in the number of bidders.
Figure 2.5 below shows how ER (m), as a function of pg, changes with the number

of bidders.

ER(m,)

2, n)
/x(

Figure 2.5. How ER (mf) changes with n

With the result of Lemma 25, we next show a property of optimal partitions. Let
J*(n) be the optimal degree of equilibrium partition when the number of bidders is
n. We already know that, for any J' < J*(n), there also exists an informative equi-
librium supportable by a partition of degree J’, denoted as Py = (P17, D2ry s+ Dir)-

Then we have the following result:
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Lemma 26. For J' < J*(n) and a partition Py that supports an informative

equilitbrium, we have

>0
Opk

lﬁK/

or equivalently, prr < pj.

As shown also in Figure 2.5, Lemma 26 states that, at the cutting point of pg in
the lower degree equilibrium partition of P 7, BR (mg) must be increasing. Think
otherwise, if it is decreasing, we must have ER (m)|, , > ER (mx)|,, , as b < px
and ER (m) is strictly concave, which contradicts the presumption that J*(n) is
the optimal degree of equilibrium partition.

With these two lemmas, we then now approach to the main result about the
optimal disclosure policy. The result is that J*(n) is a non-decreasing function of
n, which reveals a complementarity relationship between the number of bidders and
the optimal degree of equilibrium partitions. Roughly speaking, the result states
that when the number of bidders increase, it is better for the seller to provide more

precise information about product attributes to the bidders.

Theorem 27. The optimal degree of equilibrium partition, J* (n), is non-decreasing

mmn. That is, form' >n
T () = J* (n)

The result states that, if J* (n) is the optimal degree of equilibrium partition
at n, then when n increases, the new optimal degree of equilibrium partition is no
smaller than J*(n). The result is rather intuitive. As we already know that when
the number of bidders increases, the seller is able to construct equilibrium using
higher degree partitions. And roughly speaking, higher degree partitions corre-

spond to more precise messages, which will increase the interim expected revenues
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in equilibrium. As a result, when the number of bidders increases, the optimal
degree of equilibrium partitions should also increase.

This result reveals a kind of complementarity relationship between the number
of bidders, n, and the optimal degree of equilibrium partitions. It is similar to the
complementarity results in Ganuza (2004) and Ganuza and Panelva (2010), both of
which show that the precision of revealed information increases with the number of
bidders, under the assumption that revealing information is costly.

Though the result of our model is similar to theirs, yet our model setup differ
from theirs in at least two ways. First, we study cheap-talk, while they study
information disclosure under full commitment. Second, their result depends on the
assumption of costly information. If information is costless, their models will predict
extreme disclosure policies, that is, in optimality, the seller will either reveal no or
full information to the bidders, as in Lewis and Sappington (1994) and Johnson and

Myatt(2006).

J*(n)

0 +—¢

0123456 7 8 91011121314151617181920212223

n

Figure 2.6. Optimal Degree of Equilibrium Partition: an Example
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Example 28. Actually, we can directly derive numerical results about the opti-
mal degrees of equilibrium partition in our model, where we have assumed that both
product attributes and bidders’ types conform to uniform distribution on [—1,1].
The method is similar to that in Example 13, we derive the curves of the interim
expected revenues as functions of the cutting points, and then identify the crossing
points of them, which constitute part of an informative equilibrium. For n < 22,

we have the optimal degree of equilibrium partitions, J* (n), in our model as below

p

0 ifne{l,2}

1 ifne{3,---,7}
2 ifne{8---,11}
3 ifne{12,---,17}
4 ifne{18,21}

5 ifn=22

\
We did not provide the result for n > 22. The numerical result shows that J* (n),
the optimal degree of equilibrium partition, is non-decreasing in n, as shown in

Proposition 21. Figure 2.6. above provides an illustration of the numerical results.

2.7. Information Disclosure under full Commitment

In this section, we proceed to study the case of information disclosure under full
commitment, and then compare its results with those under cheap-talk. Our model
differs from other models on information disclosure under full commitment in at least
two aspects. First, adopting a Hotelling model on an interval, we explicitly model
the matching between product attributes and consumers’ preferences. Second, the
information structure in our model is characterized by a partition of the state space

of product attributes.
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Again we consider an information structure of J-partition, and try to characterize
the equilibrium in this case of full commitment. As before, if J = 2K + 1 number,
then the partition is —1 < —pg < --- < —p1 < 0 < p; < -+ < pg < 1, and the

expected revenue of the auction is

K
ER:2Z pi+1 — p;) ER (m;)
=0

where py = 0. If J = 2K, then the partition is —1 < —pg < -+ < —p1 < p1 <

- < prx < 1, and the expected revenue of the auction is
K

ER = QZ pj+1 — pj) ER (m;)
7=0

where py = 0 and mg corresponds to s € [—p;,p1]. And the interim expected
revenue is shown in (3.4).

The existence of an optimal partition that maximizes the ex ante expected rev-
enue is guaranteed by the Maximum Value Theorem, as the function of ex ante
expected revenue is continuous in the partition Py, and the set of J—partition itself

is a bounded close set. Therefore, we have the following result.

Proposition 29. (Ezxistence Theorem) For information disclosure under full
commitment, for any J—partition there are always exists unique interior partition

points, p;’s, that maximizes the ex ante expected revenue of the auction.

An interesting characterization of the equilibria under full commitment reveals
that, in equilibrium, a message for more popular product attributes generates strictly
higher interim expected revenue than those of less popular attributes. Therefore,
the equilibrium partitions under full commitment distinct from those under cheap-
talk, where all the interim expected revenues in a partition are equal to each other.

The result is as below.
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Proposition 30. Given the number of bidders n, if a J-partition of the state

space constitutes an equilibrium, then it is necessary that

ER (mg) > ER (my) > --- > ER (mk) (2.28)

Proof. The omitted proofs of this section is in Appendix 2.D. U

The other result is about a convergence property of the equilibrium partitions
under full commitment, which also shows that in the limit when the number of bid-
ders converges to infinity, the equilibrium partitions all converge to equal partitions,

just as in the case of cheap-talk information disclosure.

Proposition 31. For disclosure under full commitment, when the number of
bidders converges to infinity, the optimal J-partition converges to equal partition,
that 1s,

lim P} =P,

n—-—auoo

2.8. Conclusion Remarks

The existing literature on information disclosure commonly makes the assump-
tion of full commitment to truthful disclosure, and thus lying and false announce-
ment are simply assumed impossible. This assumption is obviously unrealistic in
many circumstances, especially for our understanding of real disclosure issues. In
this paper, we avoid this full commitment assumption, and study cheap-talk infor-
mation disclosure in an auction context, when bidders’ preferences are horizontally
differentiated. Cheap-talk implies that information is costless, non-binding and
non-verifiable, and thus lying and disclosure fraud are possible.

We first provide an characterization of informative equilibria in a symmetric
setting, which reveals the feature that the seller provides more precise information for

less popular product attributes. The intuition is simple: for less popular attributes,
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the interim expected revenue is lower ceteris paribus, and to compensate that revenue
deficit, the seller needs to provide more precise messages so as to get the non-
deviation conditions satisfied.

The second also the main result of this paper is an existence theorem of in-
formative equilibria. We prove that, under cheap-talk information disclosure, an
informative equilibrium can be supported by a partition of any degree, as long as
the number of bidders is sufficiently large. Moreover, when the number of bidders
converges to infinity, equilibrium partitions all converge to equal partitions.

The intuition is that, as the number of bidders increases, the gaps between the
location effects across different messages converge to zero, and it is easier for the
seller to adjust the precision of messages and achieve equilibria in higher degree
partitions. In the limit, when the number of bidders converge to infinity and all the
product attributes are of the same popularity, any equal partition can constitute an
informative equilibrium, and an equilibrium can be supported by an equal partition
of any finite degree.

As the third result, we show that the optimal disclosure policy reveals a com-
plementarity relationship between the number of bidders and the optimal degree of
equilibrium partitions. That is, when the number of bidders increases, it is better
for the seller to construct an informative equilibrium using higher degree partitions,
for the purpose of revenue maximization. The intuition behind this result is similar
to that behind the existence result.

We also compare the cheap-talk results with those under full commitment. In
our symmetric setting, the equilibrium partitions under full commitment reveal the
feature that messages for more popular attributes generates greater revenues than
those for less popular attributes. This is a distinct feature from the partition

equilibria under cheap-talk.  Second, in the limit when the number of bidders
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converges to infinity, the equilibrium partitions also converge to equal partitions,
but from an opposite direction if compared with the case of cheap-talk.

This paper contributes to the literature on information disclosure in several as-
pects. First, we study cheap-talk information disclosure, thus avoiding the typical
yet unrealistic assumption of full commitment to truthful disclosure, and make it
possible to investigates the issue of disclosure frauds. Second, we explicitly model
the horizontal differentiation in bidders’ preferences, and thus make transparent the
mechanism that how bidders respond differently to a common message. Finally,
the analytical framework developed in this paper can be readily extended to other
contexts, such as monopoly pricing and advertising.

Cheap-talk information disclosure is a relatively new topic in the literature, and
there are two possible directions to extend our current framework. One is to explore
the case of multiple product information disclosure, which is of great practical im-
portance. In the real world, from eBay to Amazon, from manufacturers to retailers,
a seller commonly has many products for sale. Then how should a seller advertise
the product attributes to the consumers in this multiple product environment? And
what are the determinants for the optimal disclosure policies? These are interesting
and important questions to investigate. This research is related to the fast-growing
literature on multiple-product auctions and internet auctions, and it is imaginable
that it will be quite technically challenging.

The other direction is to extend the current static model to a model of dynamic
information disclosure.. We commonly observe that a seller may be willing to reveal
some true yet bad information about the products, which is detrimental to contem-
porary profit, even through there is no commitment for the seller to do so. How
to explain this? An intuition is that a seller is willing to do so because of the

concern of long-run reputation, and his current profit loss can be compensated in
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the long run if a good reputation is maintained. Obviously, for dynamic information
disclosure, the trade-off in a dynamic context can be distinct from that in a static

game. This research is related to the recent literature on dynamic cheap-talk, such

as Jullien and Park (2011).

2.A. Omitted Proofs for Section 2.4

Proof. [Lemma 5] We first derive the cumulative distribution function of 3® from

the following property of (4.10) that

Pr ([3512) > :L‘) = Pr(B,>2)"+nPr(B;,>xz)" 'Pr(p, <z

(1= VD) +nyo(l— )" zel0,8]

= S (2:29)
1= 6(@)]" + ne(2) [1 = ¢(x)]"" z € (5°, 5]
where ¢(z) = M Therefore, the cumulative distribution function of ﬁf)

is 7 (x)=1—-Pr (622) > J;), which is continuous function on [0, 5°] and (ﬁo, B]

The expected value of the order statistics 5% is thus

B[00 ()] = [ aan® [ en

o

6 5
= 2" — 2" (2 — 2.
CECED R “J( n+1> (2:30)
5 9
20" |1 —
ek [ n+1+(n+1>(n+2)]

To prove that the location effect, E [5,(12) (,uj)], is increasing in p;, we simply take

the derivative and get that

10E5Y 4
5 ai" = {(n —3+ —) 15+ (3 —2n) u; + n} 1wyt = g1 (pym) gt (2.31)
J

n+1
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(2)
and % > 0 for p; € (0,1] is equivalent to ¢ (;Lj,n) > 0.

991 ()
O

:2%(n—3+ )+@—2m

n+1
The maximum value of this derivative is achieved at p; = 1 since (n -3+ i) >0

n+1

agl(') < 0 for all
Hj

for n > 2, and the maximum value is negative. = We then get

w € (0, 1], and
4
n+1

min gy (p;) = g1 (1) = >0 (2.32)

Therefore, g (,uj) > 0 for p; € (0,1]. We the prove that E [5%2) (,uj)} is strictly in-

o . . oB( 8 |m;)
creasing in p;. It is easy to show that whether 1, = 1 or not, lim,, . — o =
0.

LOESY O gr (wyn) 15

2 Ou;0on B on

= ut 1 1 ! 2 —2u. +1
= M gl(ﬂjﬂl) nf; + —m My — 24 +
= " h(py,n)

where h (uj, n) = q1 (uj,n) Inpu; + [(1 — ) = 2u+ 1}, achieving its maxi-

(n+1)*
mum at p; = 1. The maximum of A (,uj, n)is h(1,n) = —ﬁ < 0, and therefore
OBy
Op;0n

Second, for the result that & [6,(12) (uj)} is decreasing in n, if we could show the
cumulative distribution function of 3®, which is H](V?) (x), is increasing in n, then

n ?

we get the result proved since

B[00 ()] =5 [ BP@a - [ HP @ 233
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When x € [0, 8°], that is \/x € [O, 1— pj},

OH? (x ) _

= (1= )”1{\/‘+[n—1)\/‘+1}1n(1—\/‘)}; 0

<0 with equahty only at =0

with equality only at = 0. When =z € (8° 3], that is \/z € [1 — fy, 1+ ,uj],

), 1
OD) () - ()] — o) [t~ o))"
—ng(z) [1 = ¢(«)]" " In[1 - ()]
= L= 6@ {9la) + [(n— 1) 9(x) + 1 In[L = 6(x)]} > 0
<0 for;(ﬂo,ﬁ]
where ¢(z) = <ﬁ+\[), as shown above. Therefore, E [65\2,) (,uj)] is strictly de-

creasing in n for any given p. Whether y; < 1 or p; = 1, the limit of E [55\2,) (mR)]

is obviously zero. 0

Proof. [Lemma 6] Part (1): To prove convexity, we just take the second order

derivative, from (2.31)

1 O°B (57(12)> 2
sz = = 1P 0 3= 2m) s = )] = o ()

J

i
where 15 € [0,1], and a<#2 ) > 0 is equivalent to g, (,uj) > 0.
J

992 (ﬂj)
O,

:2(n—1)2,uj+n(3—2n)

and the maximum value of it is achieved at y; = 1 since 2 (n — 1)> > 0 for n > 2,

991 (uj)

and the value is equal to 2 —n < 0. We the get < 0 for all p;, and

mings (1) = g2 (1) = 1> 0



95

oB(8Y
Therefore o ] is strictly increasing in p;, and E [ﬁff)] is strictly convex in fi;.
J

Part (2): We have lim,, . E [6,(12) (uj)} = 0, and therefore E [6 (,u])] con-

verges pointwise to the continuous function 5 (,uj) = 0 for y; € [0,1]. For any
OE[82 (u,

n, & [5(2) (,u])] is continuous on the support of y; € [0,1]. Since w <0,

E [553) (,uj)] >E [Bf}rl (/LJ)} for Viu; € [0,1] and n = 1,2,3,---. The limit func-

tion is continuous on the support of ;1; € [0, 1], and then from the Dini Theorem we

know that [E [6 (,u])] uniformly converges to 0 for x; € [0, 1]. O

Proof. [Corollary 8] (1) How ER (m;) changes with p;;1: According to our as-

sumptions, u; € 0, pj41] for given p;q, and

10ER (m;) 1 OF B2 (1n,)]

LOBROn) Ly -

T  Opj+1 6 , Opj+1
positive positive

1 4 -~
= 6<pj+1_pj)_ Kn—3+n+1)u3+uj(3—2n)+n i
91 (nj)=g1(

=g1 (H;) and min pj+1)>0 from (2.32)

1

6 i1 = p3) = 91 (pj1) 1wt = o (p))

IN

Obviously ¢ (p;) is strictly decreasing in p; with

min ¢ (p;) = ¢ (pjzs1) = —g1 (pj+1) Py <0
max ¢ (p;) = ¢(—pjn1) = %pj+1 >0

Therefore, for given p;1; > 0, there exists p; € (—p;i1,p;11) such that ¢ (p;) = 0,

8ER(m])

and for any p; > p;, < 0.




o6

(2) How ER (m;) changes with p;: Again, we take the derivative

10ER (m;) 1 40N, .
o g(pjﬂ—l)j)— "—3+n—+1 i+ (3=2n) +n|
=g1 (Mj)7 g (uj)<0 and max g1 (uj):gl(ﬂ):n from (2.32)
1 n—
> = (pjr1 — pj) — b= ¢ (pj)

6

Obviously ¢ (p;) is strictly decreasing in p; with

min ¢ (p;) = ¢ (pjr1) = —npﬁf <0

1
max ¢ (p;) = ¢(—pj1) = 3Pi1 > 0
Therefore, for given p;;1 > 0, there exists p; € (=Pjt1,pj+1) such that ¢ (Bj) =0,

OER(m;)
dp;

and for any p; < pj, > 0. ([l

Proof. [Proposition 10] For the existence of an informative equilibrium, it is

necessary that for any j and j’,
ER (m;) = BR (m;)

which is just the non-deviation condition of (3.7). We know that ER (m;) =
V—r [% +E (69)]. Without loss of generality, 7 > j, and therefore in an

informative equilibrium

DB [ ()] = T2+ B[ (1) 23

Since E [5&2) (,uj,)} >E [B,(f) (/l,j)i|, it is necessary that
A]’ > Aj/

for the equality of (2.34) to hold. O
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Proof. [Corollary 11] Suppose not, and then there exists an informative equilib-
rium where the auctioneer truthfully reveals the real state, that is, m = s for all

s € [—1,1]. Without loss of generality, let s’ > s, and
_ (2) no__ (2) (ot
ER(s) =V —7E (ﬁn (s)) and ER(s") =V —71E <Bn (s )>

Since E (ﬁ,(f) (s)) <E <6£f) (s’)), ER (s) > ER(s) and therefore it’s always prof-
itable for the seller to deviate to report s when the true state is s’, which contradicts
the assumption that full information disclosure constitutes an informative equilib-

rium. O

n

Proof. [Proposition 12| When n — oo, lim,, . E [6(2) (uj)] = 0 for any m;,

and the equilibrium condition, ER (m;) = ER (m;/), reduces to

1 1
127 1277

And therefore, when n — oo, in an informative equilibrium, it is necessary that
Aj == Aj/

which constitutes an equal J-partition. O

2.B. Omitted Proofs for Section 2.5 (Existence Theorem)

Proof. [Lemma 15] For any j =1,2,--- | K and J =2K +1

Pi _ (K+1) _B+%5(J)(2K—j+1)}

p.
- QK —j+1) (j—K-1)
= (K+1)_ KK 1) + e B}
(@K -j+1) (-K-1)7]
> B+ 1wyt K(K+1)]_1
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the inequality is based on the fact that B < ﬁ and j — K —1<0. O

Proof. [Lemma 16] For equal partition P;, A; = A, for any j = 0,1,--- | K.
Therefore,

f5(P2) =B (52 (1)) ~ B (B (1)) <0

since p; < pi;4, and K (57(12) (/@)) is strictly increasing in ;. Second, the partition
Pj is fully determined by the value of B and 6 (.J). It is easy to show that in partition
Py,
min (A2 A2, )) =A% | — A% =20(J) [B+A())] =€ (P))
Since E [Bq(f) (/uaj)} uniformly converges to 0, there exists a N(P;) such that for
12

all n > N(PJ), 0 < E [59 (uj)} < Le (PJ) for p; € [0,1].  Therefore, for

n>N(P),

5P = £(P)=— (0 = pj=1)* = (P2 = 23)"] = [E (5512) (%’)) — B (ﬁf) (ﬂj—l))}

12

1 _ 1 _
> EG(PJ)—EE(P]):O

Proof. [Lemma 17] For any P; > P; > P, we have when J = 2 (K + 1)

J . 1 .
- < . < — _
il S pj_j|:B+25(J)(2K j—i—l)}
J+1 . 1 ,
— < < = _
Kl = piv1 < (j+1) {B+2(5(J) (2K j)]
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Let B = %7 with o € [0, 1], then we have

Pj+1 —DP; = %—j{B—l—%(S((})(?K—j—I—l)
= %—j[B+m[l—(K+l)B](2K—j+l)
_J+1l Q2K —-j+1)  (K—-j+1)
- K+1 T ERE+) TERE D
= e U+ D+ 10—+ Da— @K+ 1))
Since
0A; . . .
K(K+1)a—jj = K+[(K—j+1)a—Q2K—j+1)]+j(—a+1)

<0 j<i(K+1)
= (K-2j+1)(a—1)= ?
>0 j>1(K+1)

Aj = p; — pj1 reaches its minimum at j = 3 (K + 1) which is

1

m{K(K+3)+(K+l) %(Kﬂ)a—%(gKH)H

min A; =

and it is monotonically increasing in a. When o = 1, min Ap; = KLH = %, when

a =0, mnAp; = —% <0. Welete(J)= %, by intermediate value theorem,

there always exists an & € (0,1) such that min A;| _, = . O

Proof. [Theorem 19| (Existence Theorem) We already know that the set of all

possible partitions of J, P; is a convex hull in Rf . Define the function f : P; —

R¥ and £ (-) = (f1 (), f2(-) -+, fx (-)) where

1

fi(Pr) =15 [(p; = p-1)" = (Pjs1 = p))"] — [E <57(12) (Mj)) — B <5£12) (qu))]

for j =1,2,---, K. Obviously, f; (Py) is continuous in P; and thus conditions (1)

and (2) of Theorem 18 are satisfied.
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According to the partial order we defined, P; < P;, and for any n > N (]5 J),
f(P,)<0<f(P)

we just need to show, for enough large n, there exists a partition Pye [E 5P J] such

that f (ﬁ;) = 0. We then check condition (3) of Theorem 18.

0fi(Py) _ 1, 108 [ﬁf) (“j)}

=—Aiq —
8pj+1 6 I 2 8M]

<0

which is negative every where, and

of; (Py) 1 1 OB [553) (Mj)]
m - _6 (pj _pj—l) + §T

J

<0

Denote ¢ = % (p; —pj-1) = 36(J) = 55, and there exists an N (¢') such that

W« ¢ and therefore 2D < 0 Let N(J) =
a.uj ap]*l

max {N (¢'), N (¢)}. Then for any n > N (J), conditions (1), (2) and (3) of Theorem

for any n > N (¢),

18 are all satisfied, and therefore, there exists a partition of .J, denoted as P 7, such

£(Py) =0

So an informative equilibrium can be supported by a partition of degree J, as long

that

as the number of bidders n > N (J). O

Proof. [Corollary 20] Suppose in a n bidder auction, the partition of degree .J
that supports an informative equilibrium is ]5J defined by the sequence of cutting

points, {p1, P2, - ,ps}. Then we know

fi (é}) = 1—12 [(B5 = Dj—1)" = (D1 — 5))"] — [E (5%2) (ﬂj)> - (67(”‘2) (ﬂj‘l)ﬂ =0
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for any j =1,2,---J + 1. For any n’ > n, at the partition P;, we have

fi <PJ) =

>

(B = Pi-1)" = (1 = 5))"] = [E (57(12') (ﬂj)) —E (57(12') (ﬂj—l))]
(B = B=1)" = (b1 — )] — [E <57(12) (ﬂj)> -5 (ﬂ’(f) (ﬂj‘l)ﬂ =0

ol Bl

because []E (6%2) (ﬂj)> —E (ﬁg) (ﬂj_l)ﬂ is strictly decreasing in n, from (3.12).
Therefore, f (PJ> > 0 and we also have f (P;) < 0. By applying the Intermediate
Value Theorem again, we know there exists a partition P; between P ; and P; such

that f <]5 J) = 0 when the number of bidders is greater than n. ([

Proof. [Proposition 22] As before, we define the corresponding vector-valued

function, f : P, — RX’, with its jth element function being

fi(Prp) = % [Af, - A7) - [E (ﬁﬁf) (HQ)) - <ﬁ7(12) (H;_l)ﬂ

We already know that P, < Py, and f(P;) < 0 as P, is equal partition and
therefore f; (P;) = — [Eﬁff) (1)) — E3® (,u;-fl)] < 0. If we show f (Py) > 0,
then by applying the Intermediate Value Theorem, we know there exists a partition
Py e [BJ,,PJ/], such that f (Rp) =0.
If J' = J—2, then Py = (p},ph, -+ ,Pi_1) = (p2,-++ ,pk), and therefore
fi (Pro2) = 5 (A8 — AP)- [Eﬁﬁ?) (1) — EBYD <u'o>} = 5 [AF — AY— BB (1) — BBY (1) | >
= [AZ — Af- [Eﬂg) (1) — BB (,uo)} = 0. This is because AZ > A2 and g > 1.
And for other j # 1, fi (PJ_Q) = 0, because P; constitutes an informative equilib-

rium. Therefore,

7 [ER (m}) — ER (my)]

0
f(PJ/): ‘ >0
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If J' = J — 1, we consider the case of J = 2K + 1 and the partition P is thus
Pyp:—1<—pg<---<—p<p<---<pg<l
In this new partition,

B (1) — BAY (0)
= BB (1) = B (1o) + B (o) — BAY (0)

< 2 [Eﬁ,(f) (1) — Eﬁf) (Mo)}

1 _
= 2 P [A3 — A%]  (P; supports equilibrium)
< X [(A' )2~ A2 } (A} = 2A,)
1o |20 K 0

The inequality on line 3 is because Eﬁf) (uj) is convex and g — fty > o —0. And
therefore, f; (pj_l) >0 and f (PJ/> > 0. Following the similar approach, we also
show that it is also true for the case of J = 2K.

Therefore, we have P, < Py, f(P,) < 0 and f (Py) > 0 for J' = J — 1 and
J — 2. By applying the Intermediate Value Theorem above, we have that there

exists a partition of degree J', Py, such that f (pjl) =0. 0]

2.C. Omitted Proofs for Section 2.6

Proof. [Proposition 24] When no information disclosure, J = 0, and the expected

revenue is ERy = V — 7 %+( 6

m] We just need to show that an equal

partition of J = 1 generates higher expected revenue than ER, for each n > 3.
Given our symmetric settings, an equal partition of J = 1 naturally supports an
informative equilibrium, and the expected revenue is

1- 5 4 9 ] 5
1 6 T e (2-5) 1
ER, =V—7{ — -

! N2 T hiDmr2 " ont1 on on—1
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To prove this, we just need to show for n > 3

1 1 5 9 5)
o> 2—(7’L+1) 1— —_9 n (9 _ 2—7’L+1
3 = 127 1l A D(mt2) nri) "t

| 5 9
= — ot
2 L T i) 2

the left hand side of the inequality is decreasing in n, and thus its maximum is

achieved at n = 3, which is %(1). And it is strictly smaller than % 0

Proof. [Lemma 25] (1) ER(mg) =V — 7 [M +E (5(2) (mK))]

12 n

10BR (mg) (1—pK)_3E(ﬁ53) (mK))

T 8}9[( 6 8pK
2
10°ER (mx) 1 OB (62) (mK)>
52 T e 2 <0
T Opy 6 Opy;
62 (2) m
since W > 0 from Corollary 6. We know
K
98 (51 (mi) Y 1
= -3+ — 3—2 n
o Kn +n+1)uK+( n)uKJrn]uK

where e = 3 (14 px). When pg =1, %% =0— =25 < 0. When pg =0,

4+n—|—1+4

19ER (mx) é_ [n 1 3} (;

n—1
= —) >0 ifn>5
T Opk

and negative if n < 5. (2) Forn =1,--- 4, we already knows that p}, = 0. When

n > 5, we know at pj,, 8E§Z():“K )

= 0 and it is unique.

(g OB (A i)
T Opk N B

=0
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By taking total differentiation with respect to px and n,

1 OB (B2 (mics i) 9B (B2 (mic;pic))
- dpr = — d
6 * Op3 PK . OprOn . "
~ ~~ -~ nega?i;e
positive
and therefore ag_z( > 0. O

Proof. [Lemma 26] From Proposition 21, we know that for two partitions of degree
J' and J*(n), with J' < J*(n), we have prr < px, as Py < Py. If pgr > pi,
then BR (mk)], , > BR (mk)|,, because ER (my) is strictly concave in py, which

results in the contradiction that J*(n) is the optimal degree of partition. O

Proof. [Theorem 27] We prove by contradiction. When the number of bidders
is n, the optimal degree of equilibrium partition is J* (n) and the corresponding
expected revenue is ER* (n) ;_ ;. (n)- When the number of bidders increases to n' >n,

suppose the optimal degree is J* (n’) and
J*(n') < J"(n)

Let ER* (1) _ «(,y denote the optimal expected revenue in this case.

(n
First, as J* (n') < J* (n), from Corollary 23, we know at n there also exists an
informative equilibrium that is supportable by a partition of degree J*(n’). Fur-
thermore, from Proposition 22, we have pxs (n) < px (n). In addition, as J* (n) is
the optimal degree of equilibrium partition, from Lemma 26, we know that at n,

OER (mg;n)

>0
Opkr (n)

Second, when the number of bidders increases from n to n’, from Corollary 20,

there are also exist informative equilibria supported by partitions of degree J* (n')
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and J*(n). And as J*(n') < J* (n), we have
prr (n) < px (')

again from Proposition 22. Furthermore, for given degree of partition, the equilib-
rium partition converges to equal partition as the number of bidders increases, and

therefore

pr (n') < per (n) and pi (n') < pi (n)
From Lemma 25, we know pj, increases in n. As a result, at n’ we also have

OER (mg;n')

>0
6pK/ (n’)

Finally, we know at n, ER (mg;n)| > ER (mx;n)l, ) as J*(n) is the

pi(n)
optimal degree of equilibrium partition. In addition, as the number of bidders

increases to n’ > n, we already have that

p (') <px (') < px (n)
and pxr (n') < pi (n'). Therefore, we get the following result that

ER (mg; )|,y > ER (mK;n')]pK/(n,)

pK (n’

as ag}z}z}({yg: ) > 0 from (3.14). And this implies that

which results in a contradiction! O
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2.D. Omitted Proofs in Section 2.7

Proof. [Proposition 30| For any two adjacent subintervals corresponding to m;_;

and m;, we will show only when ER (m;_1) > ER (m;) is it possible for the optimal-

ity condition to hold. First, if ER (m;_1) = ER (m;), then (pjﬂlgpj)Q - (pjffg’l)z =

E [ﬂf) (,uj)] —E [5%2) (,uj)} < 0 which also implies p; — pj_1 > pj41 —p; >0

o = “A;
27 Op; T 7 Op; * i Ipj
_ A N OBBD (my) AL OBRY (my)
6 7 Op; 6 T ap,
= 2[E 82 (my)| B [B2 (my)] ] - 4, OBBY (mjm) | OBBY (m))
= | n m] n m] | 7—1 ap] J 8pj
20 —— ——
<0 N >
<0

Second, if ER (m;_1) < ER (m;), then it is necessary that A;_; > A; >0

1 OER

2T 8]?]'

1 1. 0ER(m;) 1 OER (mj_1)
— Z[E R ) Vo A2 A IR

- [ R(m] 1) R(mj>] + T+ ap] + T+ 1 apj
1 A, 9BBY (my) Aj1 _ OBBY (my)
= ; [ER (m]_l) ER (m])] + AJ F a—p] + A]_l 6 apj

1 OEBY (m;) OEBY (m;_y)  [A2 A2,
= —[E ) —E N — AN VA, N VT B A —

7_[ R (m] 1Zr R (mJ )l J ap] Jj—1 apj + 6 6

<0 N’ ~ ~ DN ~ 4,
>0 >0 <0

Therefore, in optimality it is necessary that

ER (mj_l) > ER (m])
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Proof. [Proposition 31] We already knows that lim, .., ES® (m;) = 0 and

@
lim,, aEﬁg—pj(mJ) = (0. Taking limit of the first order condition, we have

, 1 OER

lim —

n—soo 2T apj
_[AZ A2 , OBBY (m; 1)

= i [T |5 )]+ 0 P
, IEBY (m,)
# Jim (B[ ()] - &,

Therefore, when n — oo, in optimality we have

AT =AY

which constitutes an equal partition of the interval. O]



CHAPTER 3

Information Disclosure in a Hotelling Model with Mixture

Population

3.1. Introduction

It is common that there are different groups of consumers present in a market,
who can be classified by their genres, occupations and so on, and their preferences
over a certain product attribute can be highly heterogeneous. For example, for the
product of shampoo, some consumers may prefer oily-hair shampoos, while others
not.

By saying a product attribute, we actually mean here a product’s horizontal
attribute. A product’s attributes can be divided into vertical and horizontal ones.
For vertical attributes, such as quality, all the consumers have the same preference
over. A product’s horizontal attributes, however, can not be ordered in the same
way, and different consumers normally have different preferences over them, such as
color, design, etc.

Naturally, when there are different groups of consumers present in a market, re-
vealing a product’s horizontal attribute appeals just parts of the consumers, but not
all. An interesting question is then how to optimally reveal a product’s attributes.
More interestingly, how is the optimal disclosure policy related to the distribution of
consumer preferences? In this paper, we will explore these questions in a Hotelling
model.

Hotelling model is a natural candidate for studying product horizontal differen-

tiation. In the huge literature on Hotelling models, however, consumer preferences

68
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are commonly assumed to conform to either binary or uniform distributions, which
is obviously unrealistic in many contexts. The main departure in this paper, if
compared with the standard Hotelling literature, is that we assume consumer pref-
erences conform to mixture distributions, which is more realistic and can better
characterize real consumer preferences in a market.

Mixture distribution means that population distribution is a mixture of several
component, usually simpler, distributions. In the literature of statistics, there is a
growing interest in studying mixture distribution and finite mixture models. Initial
researches focus on how to describe and characterize a mixture distribution, and
later more attentions are casted into how to identify and estimate different mixture
distributions (Titterington, et al, 1985; Everitt and Hand, 1981; McLachlan and
Peel, 2000; Dosla, 2009).

About information disclosure, there has been a strand of literature on how to
advertise product attributes to consumers. Lewis and Sappington (1994) is one of
the earliest paper showing the trade-off between mass and niche market strategies
under information disclosure. In their model, a product’s value can be either high
or low. When there is no information, consumers are willing to pay just a medium
price for it. However, under information disclosure, some consumers receive a
high message and are willing to pay higher prices for it, while others receive a
low message. Therefore, when revealing information, the seller faces the trade-off
between a medium price in a mass market and higher prices in a niche market,
where only a portion of the consumers are served. They show that the seller will
either reveal all or no information of the product. Johnson and Myatt (2006) study
a similar question yet in a general framework. They also show the same trade-off
between niche and mass markets, and the seller also adopts extreme information

disclosure policies. Bar-Issac et al (2009) study the problem in a different setting,
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where consumers are ex ante heterogenous and information disclosure is acquired at a
cost, and in contrast to the above results, they show in their model that intermediate
disclosure strategy can be optimal. In these papers, it is the vertical values of a
product that are advertised.

The paper of Sun (2009) is nearest to ours in model setting. She explores the
issue of how to disclose a product’s multiple attributes in a Hotelling model, and
the main result is that when a product’s vertical value is known to be high, it is
less likely for the seller to reveal the horizontal attributes. This result, in fact, also
reflects the trade-off between mass and niche markets. This is because revealing
the horizontal attributes appeals only parts of the consumers, and when the vertical
value is high, the market is already fully covered and it is better to choose a mass
market strategy. In her model, consumers’ preferences are assumed to be uniformly
distributed.

A common assumption in the papers reviewed above is that the seller commits to
truthful information disclosure, and therefore lying or mis-reporting is not possible.
However, this assumption can be problematic in many situations, especially when
the information is not verifiable, such as in the case of cheap-talk. Cheap-talk means
that information is costless, non-verifiable and non-binding (Farell and Rabin, 1996),
and non-binding implies that the seller is not committed to an announced disclosure
rule. Under cheap-talk, the central issue is always the condition for credible or
informative information.

In this paper, we will investigate how a monopoly seller should reveal a product’s
attributes to consumers, when their preferences are mixedly distributed. The ver-
tical value of the product is assumed commonly known, and a consumer’s valuation
therefore depends on the matching between his preference and the product attribute.

Specifically, we study the simple case of dichotomal disclosure, and the seller can
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send just two possible messages regarding the product attributes'. Informative in-
formation revealed by the seller assumes two basic functions: first, reducing the risks
of mismatching for the consumers, and second, indicating the expected location of
the product attribute. We will compare the results of disclosure with full commit-
ment and those under cheap talk, where mis-reporting is possible. Furthermore,
we will explore how optimal disclosure policy is related to the characteristics of the
mixture distribution.

There are many real examples of advertising and information disclosure that fit
the situations in our model, where a seller commits to a dichotomal reporting policy,
but not to truthful disclosure. One example is shampoo, as a shampoo producer
normally indicates it is for "men" or "women" users. The other example is COD
liver oil, whose consumers are normally classified into different age ranges, such as
adult, child, etc. We can still enumerate many other examples. A common feature
of these examples is that labelling a product is easy and costless, yet it is highly
costly or nearly impossible to verify whether the revealed information is true or not.
In the case of shampoo and COD liver oil, it depends on product ingredients and
nutrients, which is hardly verifiable by common consumers.

With this model setting, we first show that information disclosure increases trade
possibility, in the sense that it makes possible some trades which are initially im-
possible if there is no disclosure. This is largely due to the risk-reduction effect
mentioned above. Second, information disclosure under full commitment generates
higher expected profit than corresponding cheap-talk disclosure. This is because,
under cheap-talk, to make the revealed information to be credible, some additional
non-deviation conditions need to be satisfied such that the seller won’t deviate to

mis-reporting, which therefore reduces the expected profits for the seller.

IChapter 2 in this thesis studies cheap-talk information disclosure in auctions, where it is possible
for the seller to send abitrary number of signals.
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Furthermore, we show that optimal disclosure policies largely depend on the
characteristics of the mixture distribution of consumer preferences, in an example
of mixture normals. First, when different groups of consumers’ preferences become
sufficiently heterogenous, it is better for the seller to reveal product attributes and
serve different groups separately. For example, in the case of mixture normal
distribution, information disclosure becomes more profit-enhancing when the modes
of the two component distributions are farther away from each other. Second, when
the composition of different groups of consumers becomes more asymmetric, cheap-
talk disclosure is more likely to be dominated by no disclosure at all, in terms of
profit maximization. For example, in the case of mixture normal distribution, when
the mixture proportion converges to 0 or 1, compared with cheap-talk disclosure,
it’s better for the seller to withhold information and reveal no information at all.?

The contributions of this paper to the literature are mainly twofold. First, to my
best knowledge, it is the first paper studying information disclosure in a Hotelling
model with mixture population. Compared with the standard assumption of either
binary or uniform distributions, mixture distribution obviously better characterizes
real consumer preferences in a market. Second, in addition to studying information
disclosure with full commitment, this paper also investigates cheap-talk disclosure,
where lying or mis-reporting is possible. By comparing the two scenarios, we are able
to evaluate the impacts of commitment on the outcomes of information disclosure.

The remaining parts of this paper are organized as below. Section 3.2 describes
the model setup. In Section 3.3, we provide some general results about informa-
tion disclosure and trade possibility, and the impacts of commitment on disclosure

outcomes. In Section 3.4, in an example of mixture normal distribution, we show

2Furthermore, we also show in a numerical example that when the vertical value is sufficiently
high, it is better for the seller to withhold the information and send no messages. This is because
when the vertical value is sufficiently high, the market is nearly fully covered even no information is
revealed, and it is better for the seller adopt a mass market strategy. This result is also consistent
with the main result of Sun (2009).
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how optimal information disclosure policy is related to the features of the mixture

distribution. And Section 3.5 is a short conclusion.

3.2. The Model

Consider a market where a profit-maximizing monopoly seller sells a product to
a continuum of consumers. The product is produced at constant marginal cost,
¢, and is characterized by its vertical value, V', and horizontal attribute, S. The
vertical value V' is commonly known, but the horizontal attribute S is a random
variable, whose realization s is known only by the seller.

We normalize the population of the continuum of consumers to one, and each
consumer has a unit demand, say he buys either one or zero unit of the product. A
consumer’s valuation of the product depends on the matching between the product’s
horizontal attribute s and his own preference #. Let 6 be the type of a consumer,

and the vNM utility of a type # consumer buying one unit of product is
u(s,p;0) =V —7(s—0)° —p (3.1)

where p is the price and 7 a coefficient measuring the degree of disutility of mis-
matching.

It is worth attention that consumers are risk averse in s, the realization of the
horizontal attribute, since u(-) is strictly concave in s. Consumer’s reservation
utility is normalized to 0, so a type 6 consumer will buy the product if and only
if the expected utility U(p;6) = Egu(s,p;0) > 0. For simplicity, we assume the
horizontal attribute S is uniformly distributed on [—N, N], N > 0.

The population of the consumers consists of two subgroups, denoted as 1 and
2, and their probability density functions are f;(f) and f5(f) respectively. The

mixture proportion of group 1 is a € (0,1). Therefore, the density function of the
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mixture population, denoted as g(), is

9(0) = afi(0) + (1 —a) f2(0) (3.2)

We assume f1(0) and fo(6) are both uni-modal, differentiable and strictly positive.
For simplicity, we assume f(0) has a unique mode at —M, and f»(0) at M with
0<M<N.
Before setting the price, the seller may send a public message regarding the
horizontal attribute of the product, in the following dichotomal form?
L ifse[-N,s"
m= (3.3)
R if s € (s*, N]
and the cutoff value s* is a policy variable of the seller. Obviously, when s* = £,
, it is strategically equivalent to no information disclosure.
After announcing a message m, the seller set a price for the product, denoted as
p" = {pL, pR}. Therefore, p™ implies both a message of m announced and a price

of p™ charged. At p™, the expected demand for the product is

D)= [ oo
oeB(p™)
where B(p, m) is the set of consumer types with positive demand, so

B@") ={6:V —p" —7E, [(s — 0)? Im] >0}

3In this paper, we focus on the disclosure rule in the form of (3.3), where there are two connected
subintervals corresponding to the two distinct messages. There are other dichotomal disclosure
rules where the partition are not connected, which is disregarded here. For example, there are
two cutting points s and s, such that —N < s1 < so < N: for attributes s € [N, s1] or [s2, N],
a message L is reported, and for s € (s1, s2) a message R reported.
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At the interim stage when the seller observes value of s, the interim expected profit

for a message m is
Ex(p™) = (p™ — ¢) D(p;m) (3.4)

Except for s, the realization of the horizontal attribute, all other information is

assumed to be common knowledge. And the timing of the game is as below:

(1) The seller announces the disclosure policy in the dichotomal form of (3.3);

(2) Nature selects the realization of S, which is then privately observed by the
seller;

(3) The seller decides whether or not to reveal information. If yes, she will
send a public message, m, according to (3.3), and then she sets the price
P

(4) Receiving the message m, the consumers decide whether or not purchase

the product at p™.

In this chapter, we will investigate only the pure strategy equilibria in our model,
and focus on the specific equilibrium outcomes under the binary disclosure policy

and pricing strategies specified above.

3.3. Disclosure, Commitment and Trade Possibility

We study in this section, first, how information disclosure affects trade possibility,
and then the impacts of committing to truthful disclosure on equilibrium outcomes,
in a general setting. In next section, we will explore how optimal disclosure policy
is related to the characteristics of the mixture preference distribution. The main
results of this section are, first, information disclosure increases trade possibility,
and second, disclosure under full commitment dominates cheap-talk disclosure in

terms of profit maximization.
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3.3.1. Benchmark: No Information Disclosure

If there is no information revealed by the seller, the consumers will keep their prior
of S unchanged. Let p be the price charged, and a type 6 consumer’s expected

utility in this case is
1
Up;0) =V —p—7B,(s—0)°=V —p—1 <92+§N2)

Given this, it is easy to derive that the consumers with type

<L -p - v = o £n

have strictly positive demand for the product, and the threshold v(p) is decreasing
in both p and N.
The seller chooses p to maximize the expected profit

v(p)
En(p) = (0 — &) D(p) = (p— ) / 9(0)d6 (3.6)

—v(p)

By charging a higher p, the seller faces the trade-off between increased unit profit
and reduced total demand for the product, as increasing price reduces the value of
v(p) and thus the demand D(p) in this case. We use 7° denote the maximum profit
under no information disclosure, and its existence is guaranteed by the maximum
value theorem.

The minimum possible price for the seller is the marginal cost ¢, at which v(p)
achieves its maximum, v(c). If £ (V —¢) — $N? < 0, v(c) is not well-defined and
therefore trade is not possible. We then get the following result on the possibility

of trade in this case.
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Proposition 32. When there is no information disclosure, trade is not possible
if

V—c< §N2 (3.7)

The left hand side of the inequality, V' — ¢, can be interpreted as net value of the
product, and N is a parameter that measures the risk facing the consumers. For
example, when N increases, the consumers face greater uncertainty in the realization
of the horizontal attribute. So the intuition behind the above statement is that, in
the case of no information disclosure, when the product net value can not compensate
the risk facing the consumers, no trade will happen even at the minimum possible

price c.

3.3.2. Information Disclosure with Full Commitment

We then study information disclosure with full commitment, which implies that the
seller will truthfully follow the disclosure policy of (3.3), if she decides to reveal
information. Therefore, the seller’s message is credible in this case.

When receiving a message of L, the consumers will know that the conditional
distribution of S is now a uniform distribution on U[—N, s*|, according to (3.3).

The expected utility for a type 6 consumer is thus

s*— N 2 1 )
Up,0lm=L)=V —p—71|[|0— 5 +E(N+S)

which is symmetric to the conditional expectation of the horizontal attribute, (s* — N) /2.
And it is easy to show that for the consumers with type 6 located in the following

interval

v (p) <0 < 0" (p) (3.8)
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have positive demand, where

Following the same calculation, we can get the corresponding result for a R

message: the consumers with 6 such that

N + s*

i(p) = 5 —\/;(V—P)—E(N—S*)Z

o) = X2 v op - Do ey

So far we have derived the intervals of consumer type, #’s, for each message, on
which the consumers have positive demand for the product, as shown in (3.5), (3.8)
and (3.9). We then study how information disclosure can affect trade possibilities.
Let range?, range’ and range’ represent the lengths of the corresponding type

intervals for m = @ (no information disclosure), m = L and R respectively, and

1 1
range’ = 2v(p) = 2\/— (V—p)— =N?
T

3
range” = 0% (p) —v(p) = 2\/; (V—p) - % (N + %) (3.10)
range® = 97(p) ~ () =2/ L (v ) 5 (¥ s’

and the following result is obvious.
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Proposition 33. For Vs* € [—=N, N|, at a given price
min {mngeL,mngeR} > range” (3.11)

range” decreases in s*, and range® increases in s*.

This result illustrates the role of risk reduction in information disclosure. In the
above expressions (3.10), the terms $ N2, - (N + s*)* and L (N - 5*)? measure the
risks facing the consumers for m = @, L and R respectively. By introducing a cutoff
value s* € [—N, N], information disclosure reduces consumers’ risks in purchase,
since the values of both & (N + s*)* and L (N - s*)* are no greater than that of
%N 2 for any s* € [N, N]. Roughly speaking, as a result of risk reduction, more
types of consumers are willing to buy the product under information disclosure, for
given price. It is worth attention that this range expansion doesn’t necessarily imply
greater demand for the production, which still depends on the mixture distribution
itself.

We already know that, when there is no disclosure, trade is not possible if and
only if V.—c < IN 2. However, a direct implication of Proposition 2 is that

information disclosure increases trade possibilities, as a result of the range expansion

effect, which is formalized as below:

Corollary 34. For information disclosure under full commitment, trade is pos-
sible iff
V—-—c>0 (3.12)

Intuitively, this is because as the cutoff point, s*, approaching the terminal points
of either N or — N, the risks facing the consumers gradually reduces to zero at one

message,and trade is possible for a product with positive net values.
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We now turn to the optimal expected profit. Naturally, after a message m
is reported in this case, the seller will charge an optimal price, denoted as p™, to
maximize the interim expected profit

Er(p™) = (0" — / " g(6)de

v m

We denote the optimal interim expected profit as 7. Both 7™ and p™ are functions
of the cutoff value s*. Then the seller’s problem is to select the optimal s*, to
maximize the ex ante expected profit, as below

* *

Er(s*) 5N ST+ 5N

(3.13)

It is worth attention that, when fully committing to the disclosure policy, the seller
maximizes the expected profit at the ex ante stage, before she knows the realization
of the horizontal attribute S.

We denote this optimal cutoff value as §*, and the corresponding maximum ez
ante expected profit as 7€, where the superscript C' means full commitment. Be-
cause s* € [N, N] and Ex(s*) is continuous in s*, the existence of 7% is guaranteed
by the maximum value theorem. As mentioned above, the benchmark case is strate-
gically equivalent to setting s* = &N in the case of full commitment, and we then

get the following result:

Lemma 35. For information disclosure with full commitment, there exists a
triple (§*,ﬁL, ﬁR) that mazximizes the expected profit, and the maximum expected

profit, #°, is greater than that under no information disclosure, that is
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This result is natural and reflects an important property of costless disclosure,
that is, profit-enhancing. A seller decides to reveal product information just because
it increases the expected profit.

Figure 3.1 below shows an example of a mixture distribution of consumer pref-
erences, and the demands for the product at different messages in the case of full
commitment. The shaded areas correspond to the market demands when the mes-

sages are L and R respectively.

Mixture pdf

£

Figure 3.1. Market Demand under Disclosure with Commitment

3.3.3. Cheap-talk Information Disclosure

We now investigate the case of cheap-talk information disclosure. Under cheap-talk,
although the seller has announced the dichotomal reporting policy of (3.3), she can
still freely switch between R and L message, after observing the realization of S.

Therefore, mis-reporting is possible in this case, and the central issue here is the

condition for credible information.
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In cheap-talk games, equilibria can generally be divided into two groups. One is
pooling equilibrium, also known as babbling equilibrium, in which the messages sent
by the seller are not credible and therefore no informative information is conveyed.
In this case, the consumers will disregard the messages sent by the seller and keep
their priors unchanged, which is equivalent to the benchmark case of no information
disclosure. An a babbling equilibrium always exists in this kind of cheap-talk games
(Gibbons, 1992, Chapter 4). The other is informative equilibrium, where, under
certain conditions, the seller truthfully follows the disclosure rule and thus convey
credible information. In this case, when receiving a message, the consumers will
update their beliefs and adjust their strategies accordingly. Due to the triviality of
babbling equilibria, we will focus on informative equilibria.

Specifically, we are interested in non-degenerated informative equilibrium, where
the cutoff point is strictly interior, that is, s* € (=N, N). In the degenerated case
of s* = N, the seller returns to the benchmark case of no information disclosure
and achieves the profit of 7°. For example, by setting s* = N, with probability zero
the seller reports a message of R, and a message of L reveals no more information
than in the benchmark case. As setting s* = £+ is always an option available
for the seller, if a non-degenerated informative equilibrium exists, it is necessarily
(weakly) profit-enhancing. We then first explore the conditions for the existence of
a non-degenerated informative equilibrium, and then study its profit properties.

Without any commitment requirement, for truthful information disclosure to be
possible, it is necessary that the disclosure policy itself is self-enforcing for the seller,
that is, the seller has no incentive to deviate from truthful reporting, which implies

the following non-deviation conditions

(3.14)



83

which simply puts that truthful reporting is preferable to mis-reporting. We observe
that the interim expected profits depends just on the message m, not s, and therefore
condition (3.14) must be held with equalities.

We denote the maximum profit in an informative equilibrium as #V¢, where the
superscript ” NC” represents no commitment, and the corresponding optimal cutoff

value and prices are 5%, p* and p*. Then we have the following result:

Proposition 36. Under cheap-talk information disclosure, if there exists a triple
(5*, o, ﬁR) that supports a (non-degenerated) informative equilibrium, it is necessary
that

1) Er (p%|s < s*) = Em (p% |s > s*) (non-deviation condition);

2) #NC > 7 (profit-enhancing property).

An interesting question is regarding the comparison of the maximum profits
achieved under disclosure with and without commitments. Intuitively, information
disclosure with commitment always generates greater profit than one under cheap-
talk. This is because, under cheap-talk, the interim non-deviation conditions need
to be satisfied in an informative equilibrium, which is absent in the case of disclosure
with full commitment.

And the non-deviation condition implies that, in a non-denegerated informative
equilibrium supported by {5*, o, ﬁR}, the maximum ez ante expected profit, 77,
is just equal to the interim expected profit Ex(p*) or En(pt), because they are equal
in equilibrium.

Moreover, we already know that, in the case of disclosure with full commitment,
at the same cutoff point of §*, the maximum interim expected profits achievable are
#%(5*) and 7%(5*) respectively, and the corresponding prices charged are p%(5*) and
pf(5*). In an informative equilibrium under cheap-talk, the interim expected profits

must be equal, and therefore the maximum ez ante expected profit, 77V¢, must be



84

Pt

equal to the minimum of #%(3*) and #"(5*), otherwise the seller can increase the
profit without violating the non-deviation condition. A further implication is that,
for the prices charged in an informative equilibrium under cheap-talk, p* and p%,

R

we must have either p* = p¥ or pf* = pf*. We formalize the results in the following

proposition

Proposition 37. For dichotomal information disclosure, the one under full com-

mitment always generates greater expected profit than that under cheap-talk, that is,

And in a non-degenerated informative equilibrium supported by the triple of {5*,}5L , ﬁR},

#NC = min {#"(5"),7"(5%)}

and either p* = p* or p® = p¥ or both.

The existence of a (non-degenerated) informative equilibrium, however, is not
necessarily guaranteed, which depends on the shape of the mixture distribution g(6),
as well as the distribution of the horizontal attributes S. In the next section, we will
show some examples for the non-existence, as well as the existence, of informative

equilibria with mixture normal distribution.

3.4. Optimal Disclosure: An Example of Mixture Normals

So far we haven’t explored how optimal disclosure policy is related to the mix-
ture distribution of consumer preferences. In this section, we try to answer this
question in an example of mixture normal distribution. Specifically, the population
distribution is a mixture of two normal distributions with equal variance, normalized

to be 1, with mean —p and p respectively. The density functions of the component
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distributions are thus
o3 (0+w)? 0, (0) = e 30-pw? (3.15)

with corresponding cumulative distribution functions ®4(6) and ®5(#). The density

function of the mixture population is

9(0) = ap(0) + (1 — a)p,(0) (3.16)

with cumulative distribution function G(6) = a®,(0) + (1 — a)P,(6).

For simplicity, we assume the horizontal attribute S conforms to a binary dis-
tribution, and takes the values of —p and p with equal probability. Under the
symmetric setting, without loss of generality, we assume a > % Throughout this
section, we assume that ¢ = 0 and 7 = 1 for simplicity. The timing and the struc-
ture of the game remain the same as before. We first have the following result of

component distributions:

Lemma 38. For any 0 € R, we have p,(0) = ¢,(—0) and

D1(0) — 1(—0) = Po(0) — Po(—0) (3.17)

3.4.1. Benchmark: No disclosure

We already know that, for the case of no disclosure, the consumers with [0 < v(p)
have positive demand for the product. It is easy to show that, in the example of

mixture normals

v(p) =V —p—p? (3.18)
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If V < u?, then v(p) is not well defined for any positive price p.

Therefore, when there is no disclosure, trade is not possible if and only if V' < 2.
This result is quite intuitive, since p? is a measure of the risk facing the consumers.
If V < 42, then the vertical value is not high enough to compensate the risk facing
the consumers, and therefore no trade happens in this case.

For V > 12, the expected profit is

En(p) = p|G (v(p)) — G (—v(p))] = p[®1 (v(p)) — &1 (—v(p))]

where the last equality is a direct result of Lemma 38. &, (v(p)) — @4 (—v(p)) is
the total demand for the product, which is strictly decreasing in p. An increase in
price will increase unit profit, yet reduce the total demand. When the first effect
dominates the second one, the profit will increase with price. Otherwise, increasing

price will reduce the profit. The first order condition is

o = 210) = (o)) = [y (0) + 1 ()] =0

and the second-order condition is satisfied!. We then have the following result:

Lemma 39. When there is no disclosure and V > n2, the profit maximizing

price 18
0= 2 Py (v) — P1(—v) (3.19)
¢1(v) + 1 (—v)
and
o o 9 g Wy (3.20)

ov ou du

4The second order derivative is
0%7°
i (01 (V) + @o (V)] (20" + pv”) + p [P} (V) + Py (v)] V™

[£1(v) + (V)] (20 + pv”) + pu? [—(v + )1 (V) + (1 — V) Py (V)] S O

where ¢ (v) = —(v+ p)p; (V) and @h(v) = (1 — vV)py(v). Except for the last term (1 — v)py(v),
which is positive when p > v, all the other terms are negative. Using Matlab to plot the profit
function, it is easy to see that this is a concave function in p in numerical examples.
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Moreover, both ° and p° are independent of c.

We observe that, in the case of no disclosure, first, neither the expected profit
nor the optimal price depends on the mixture ratio, «, because it is a mixture
distribution of two symmetric normal distributions, and the binary distribution of S
is also symmetric to zero. The second and obvious result is that, the expected profit
increases with V', since for a higher value of V', the demand for the product is greater
ceteris paribus. Finally, increasing p reduces the maximum expected profit 7°. This
is because increasing j increases the risk of mismatching for the consumers, and thus
reduces the demand. Interestingly, increasing p also decreases the optimal price p°,
because when p increases the tastes of the two groups of consumers become more
heterogeneous, and therefore the seller should charge lower prices so as to increase
the market coverage.

The two figures below show numerically how the expected profit changes with
V and p respectively. For given pu, the optimal profit increases with V', and when
the price is low enough, the profit increases in the proportion with the price, since
the market is nearly fully covered in this case. The figure on the right shows that

for given price, the profit decreases with i, as a result of increasing risk.

V=10

0 5 10 0 2 4 [ 5
P P

Figure 3.2. Profit vs. V Profit vs. p
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3.4.2. Information Disclosure with Full Commitment

From this subsection on, we investigate how optimal profits under information dis-
closure is related to the characteristics of the mixture normal distribution. As
before, the seller may advertise the horizontal attributes in the following dichotomal

form

e (3.21)
R ifs=ypu
Under full commitment, it is easy to show that, for a message L and price p, the
consumers with type 0 € [QL (p), vk (p)] will purchase the product, where v’ (p) =
—p—+/V —pand v¥(p) = —pu + vV —p. Similarly, for m = R, correspondingly
we have v2(p) = — /V —p and 9%(p) = u+ vV — p.

It is obvious that range® =rangef = 2./V — p, which is positive if V > p.
Therefore, for dichotomal information disclosure under full commitment, trade is
possible if and only if V' > 0. As before, this result is due to the risk reduction
effects of information disclosure, but what is different here is that, in our example,
a truthful message of R or L implies removing all the risk facing the consumers.

For a message m = L or R, the interim expected profit is

T om

Ban =" [ 9@ =p" [ laei(0)+ (1 - )y (0))df

um
and the first order condition for profit maximization is

a]l«;;m = [G(©™) — GW™)] +p™ [g(@™) + g(v™)] o _

from which we get the optimal price, p, and expected profit, 7", as follows

smo_ (=mo o my G(ET)=G([™)
pr=(v u™) g(™)+g(L™) m—=L.R
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Obviously, the values of the optimal interim profit, 7, is determined by the values
of the parameters {V, u, a}. V is the vertical value of the product which is common
to all the consumers, and i and « are parameters that fully determine the shape of
the mixture distribution. p measures the distance between these two component

normal distributions, and « is the mixture proportion.

Figure 3.3. Exl vs. p

Figure 3.3 above provides numerical results on how the profit Exl varies with
the price p for different values of u. We first get the following two results related

to the interim expected profits

Lemma 40. (1) 7% (o) = 7 (1 — «), and for p > 0,

ort orht

(2) For m = L andR,%<0and%>0.
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The interim profits 7% and #% are symmetric to o = 0.5, which is a direct result
of our symmetric setting. 7 increases in « because « is the mixture proportion of
group 1 consumers and a message of L corresponds to s = —u, which is exactly the
mode of the component distribution of group 1. Furthermore, 7™ decreases in p is
due to the demand reduction effect of increasing p. For example, for m = L and
given price, the demand from group 1 consumers remains unchanged, but that from
group 2 consumers will decrease with increasing u, since they are farther away from
their ideal horizontal attribute.

Let w°(V, i, ) denote the profit in this case of information disclosure under full

commitment, and

—_

1
WC(‘/v K Oé) = 57ATL<‘/7 ILL’a) + _ﬁ-R(‘/a M,O./) (323)

\)

The proposition below provides some comparative statics results of the relationship

between 7¢ and the values of the parameters {V, i, a}.

Proposition 41. For information disclosure under full commitment, (1) ¢

wncreases with V', decreases in |

on® on®

and lim,,_, % =0; and (2) ¢ (o) = ¢ (1 — a) and

or° () _87rc (1—a)
O O

Specifically, % =0.
a=0.5

The result of V' is quite natural, since for given prices, increasing V' results in
greater demand for the product, and thus higher values of #* and #. This result of

(11, ) shows that increasing the distance between the two component distributions
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will reduce the value of 7. In our setting, S takes the values of —u and p respec-
tively, so under information disclosure, increasing ;1 won’t reduce the demand from
the targeted group, but that from the un-targeted groups. For example, increasing
1, the decrease in 7% is mainly due to the demand reduction of group 2 consumers,
and the decrease in 7% is mainly due to the demand reduction of group 1 consumers.

The symmetric result of (2) stems also from the symmetric setting in our model.
It is noteworthy that the value of 7¢ is not necessarily greater than 7°, which
depends on the values of the parameters {V,«a,u}. Let #% denote the optimal

profit under information disclosure with full commitment, and we get

# = max {7, 7°} (3.24)

Only when 7¢ > 7° should the seller choose to reveal the product’s horizontal
attributes in the case of full commitment. And in Subsection 3.4.4 below, we will

discuss the conditions under which the inequality is held strictly.

3.4.3. Cheap-talk Information Disclosure

From Proposition 5 we know that, for the existence of a non-degenerated informative
equilibrium, it is necessary that the non-deviation condition is satisfied. In this
example of mixture normals, it is Exl(p*) = Exf{(p), that is, the interim expected
profits are equal for m = L and R. Since s* is no longer a choice variable, the only
control variables for the seller are the prices, p* and p*. The result below states

that the non-deviation condition can always be satisfied at some prices.

Lemma 42. For V > 0, there always exists a price pair {ﬁL,ﬁR} such that

AL (Gh) = (R = 7.
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It is possible that V¢ < 7°, depending on the values of the parameters {V, «, u1}.
If 7V¢ > 7°, the informative equilibrium supported by { pl, ﬁR} is therefore profit-
enhancing.

NG Just as

The results below show some properties of the expected profit =
7%, it increases with V and decreases with p. Moreover, 77V¢ first increases and
then decreases in «, and achieves its maximum value at o = 0.5. This is because
7N¢ = min {er,er}, which is equal to 7% for a < 0.5 and 7 for a > 0.5, and
#1 increases in a while 7 decreases in a. The economic intuition is that, if in a
market, a consumer group becomes more populous than the other, then the seller

needs to sacrifice more profit in the market for the more populous group to make

cheap-talk disclosure credible.

Corollary 43. (1) Other things equal, T™V¢ < 7, and ©™¢ = 7% only for equal

mizture distribution (o = 0.5); (2) V¢ achieves its highest value at o = 0.5, and

Ve 1
T— >0 fora<s
oo 2
o (3.25)
—aga <0 fora> %
and ™ (o) = V¢ (1 — a); (3 6’5150 > 0. %Zc <0 and lim,,_,» % =0.

As before, no disclosure is always an option available to the seller, and the

optimal profit in the case of information disclosure under no commitment is thus
¢ = max {7V 7} (3.26)

N

3.4.4. Comparison of ¢, V¢ and 7°

An important question is when the seller should reveal the product’s horizontal

attributes to the buyers. Obviously, the answer to this question depends on the

N

relative values of 7¢, 7% and 7°, all of which, in our example, are functions of
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(V,a,u). V' is the vertical value of the product, and («, ) totally characterizes
the mixture normal distribution in our example. Specifically, we are particularly
interested in how the optimal disclosure decisions depend on the shape of the mixture
distribution, that is, (o, u).

In our example of mixture normal distribution with equal variance, « is the
mixture proportion. If o = 0.5, then it is a equal mixture of two subgroups
of consumers. When o moves farther from 0.5, then the mixture distribution
becomes more asymmetric. Specifically, when o« = 0 or 1, there is only one group
of consumers present in the market. p and —p are respectively the modes of the
two component distributions. Increasing p means the two component distributions
are farther away from each other, and thus the preferences of different groups of
consumers in the market become more heterogenous.

The first result in this section is that, when the consumer preferences are suffi-
ciently heterogenous, i.e. u is great enough, it is better for the monopolistic seller to
advertise the product horizontal attributes, and serve the two subgroups separately.

This result is formally summarized as below:

Proposition 44. For any V > 0 and « € [0, 1], there exists a p° such that for

any pr > p°

7¢ > aNC > 7o (3.27)

1° = /V guarantees the results, but it can be smaller than v/V, as shown in

the numerical results in Figure 3.4 below. For o = 0.5, 7¢ = 7¥¢ and therefore

the two profit curves coincide; for a = 0.75, 7¢ > 7V, as the figure below on

the right shows. In both figures, with the increase in u, all the profits decreases,

NC  This is because there is double

but 7° decreases more quickly than 7¢ and 7
reduction of 7° when p increases: one is due to increasing risk, which is absent

under disclosure in our example; the other is reducing demand, because when u
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increases, the component distributions become farther apart, and the demand now
cover thinner tails of both component distributions. And when p? > V| trade is not
possible under no information disclosure. This result is quite intuitive. When the
tastes of different groups of consumers are quite different from each other, it is better
for the seller to reveal the horizontal attributes of the product, which contributes to

the matching between consumer’s tastes and product attributes.

a=0.5 V=10 a=0.5 V=10

Figure 3.4. 7w vs. p (v =0.5) mvs. i (a0 =0.75)

The second result is about how optimal information disclosure under no commit-
ment is related to the mixture proportion a. We know 7V¢ first increases and then
decreases in o, and achieves its maximum at o = 0.5, and 7V¢ < 7¢. Moreover,

7N is symmetric to o = 0.5 since V¢ () = 7¥¢ (1 — «), and reaches its minimum

values at either & = 0 or 1. On the other hand 7° is independent from o. So V¢ is
more likely to be dominated by 7° when « is close to 0 and 1. In other words, when
the mixture distribution is sufficiently asymmetric, it is more likely for the seller to

withhold the information of product attributes, rather than advertise it under no

commitment. The result is formally summarized as below:
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Proposition 45. For given (u, V), if #% (= 0,1, V) < 7°(u, V), then there

1

exists a® € [0, —] such that for any o < a® ora>1—a’

2

Figure 3.5 below provides numerical examples for this result.

7w, V) > 7V (a, 1, V)

(3.28)

For information

disclosure under no commitment, to make advertised information credible, the non-

deviation condition must be satisfied, which implies that 7V¢ = min {er s } If

in a market, one group of consumers is much more populous than the other, the

seller needs to sacrifice much profit in the market for the more populous group to

make disclosure credible. In this case, she would prefer no disclosure rather than

information disclosure under no commitment.

It is interesting in Figure 3.5 below that no disclosure can also dominate infor-

mation disclosure when p becomes smaller.

This is because, under information

disclosure, the seller appeals one consumer group and attracts just a thin tail of the

other. On the other hand, without information disclosure, moderate parts of both

groups will be attracted into the market.

And the results show that, when g is

small enough, the latter dominates the former case of disclosure, in terms of demand

for the product.

pal =05 V=10
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Figure 3.5. m vs. a (u
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In addition, the numerical examples below further show that for given mixture
distribution, if the vertical value V' becomes large enough, no information disclosure
can dominate information disclosure with and under no commitment. We do not
give a formal proof here, but the intuition is very simple and straightforward. When
V' is large enough, the market is nearly fully covered even if there is no disclosure,
and a large part of both groups of consumers are willing to buy the product at some
price. However, in this case, revealing the value of horizontal attributes though will
appeal one group, yet it will also discourage the other group of consumers. As a
result, compared with the case of no disclosure, the seller will lose a "fat tail" of

either group of consumers for a given information disclosure message, L or R.

Eop=0.5 o=0.75

Figure 3.6. m vs. V (u = 0.5) mvs. V (u=1.0)

3.5. Conclusion

This paper explores the question of how a seller should advertise a product’s
horizontal attributes to the consumers, when the consumer preferences are mixedly
distributed, in a Hotelling model. It also studies the impacts of commitment on the
outcomes of information disclosure. In our model, a consumer’s valuation of the

product depends on the matching between his preference and the product attribute,
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at a given price. And an informative message sent by the seller, first, can reduce
the risks of mismatching for the consumers, and second, can indicate the expected
location of the product attribute.

We shows that information disclosure increases trade possibility in the sense that
it may make possible some trades which are impossible when there is no informa-
tion disclosure. This is mainly due to the risk-reduction function of information
disclosure. Second, information disclosure under full commitment generates higher
expected profit than one under no commitment. This is because in the case of no
commitment, to make information disclosure credible to the consumers, the seller
needs to satisfy interim non-deviation conditions, which is absent in the case of
information disclosure under full commitment.

Moreover, we show that optimal information disclosure policies largely depend
on the shape of the mixture distribution. First, when the preferences of different
groups of consumers become sufficiently heterogenous, it is better for the seller to
advertise product attributes and serve different groups separately. Second, when the
composition of different groups of consumers becomes more asymmetric, information
disclosure under no commitment is more likely to be dominated by no disclosure.
And finally, when the vertical value is great enough, it is more likely for the seller
to choose not to advertise the horizontal attributes.

To our knowledge, this is the first research that introduces mixture distribution
into the study of the classical Hotelling model. And the results of our model provide

important implications for the real practice of disclosure.

3.A. Appendix: Mathematical Proofs

Proof. [Corollary 34] Take m = L as an example. The minimum possible price is

¢, which corresponds to the maximum value of range”, which is 2\/ 1V—-c)— 5 (N+ 5%)°,

for given s*.  Since range’ decreases in s*, the maximum value of range’ =
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24/ (V —¢) when s* = —N. We have assumed that the density function of the

mixture distribution, g (6), is strictly positive, and therefore, whenever V' — ¢ > 0,

there is positive demand for the product for at least some cutoff value s*. O

Proof. [Proposition 36] (1) If 5* € (—N, N), then # = min {7 (p%), 7(p%)} <

N r(pr) + 55 7(p) < 79 With a little abuse of notation, for §* = +N,

we also use 7V¢ to denote the expected profit in a degenerated informative equilib-
rium. When the seller sets s* = £V, it is equivalent to the case of no information
revelation, and therefore #V¢ = 70 < #¢.

(2) We know that in a non-denegerated informative equilibrium supported by

{5 0" 0"},

e N+ 5" _ N — 5" N
E’ﬂ'(s ) = 2NS . Eﬂ'(pL> + s R

and Er(p") < #%(5*) and Ex(pF) < #7(5*), as #%(5*) and 77(5*) are respectively
maximum interim expected profits achievable at the cutting point §*, under full
commitment. The non-deviation condition implies that in equilibrium, Er(pt) =
Em(p?), and therefore Emr(5*) < min {#"(5*),7"(5")}.

In optimality, we must have #¥¢

= min {#"(5*),7%(§*)}. If not, suppose with-
out loss of generality that #V¢ < #7(5*) < #%(5*), then by setting p* = p* we have
En(p") = #%(5*) and there exists a p such that Er(p?) = #%(5*) < #¥(5*), which

is guaranteed by the continuity of En(p®) and the intermediate value theorem. [

Proof. [Lemma 38| It is obvious that ¢,(f) = p,(—0). We also have ®5(f) —

Dy(—0) = fi)g po(z)dr = _ffg @1 (—r)d(—x) = _fa_e o1 (y)dy = f_09 o1(y)dy =
®1(0) — P1(—0). O
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Proof. [Lemma 39] (1) The expected profit function is 7°(p; V, ) f vV, (. ‘f# v, (6

which is independent of a. Using envelope theorem, we have for V

on° ov
oy P [ (V) + @1 (—v)] v >0

ov _ 1
where 5 = 5-. And for 4,

om° ov v vV 9, (0; )
— ple@g teugts [ S g
a'u {Sol( )a,u 801( )alu V) alu

v(p; V)
= p{—[wl(v)Jrsol(—v)]H —/_ @1(9;u)(9+u)d9}

v u(p;V,m)

= p{-[e0) + (-0 ~ [ (-v) — ()] | <0

where g—z = -2 <0. (2) We know p[p;(v) + ¢, (=v)] = 20 [®1(v) — @1 (—v)] = 0

and by taking total differentiation, we have

d
d—v}+du-A(-)—U+da-0:0
dp

i {0+ ool A0

where A(-) = p [ (v) — @1 (=v)] = 2[®1(v) = P2(=v)] = 2v[py (V) + 1 (=0)] < 0

and < 0 and < 0. Therefore, dp < 0.

Proof. [Lemma 40: Part 1] 7% () = #% (1 — «) is a direct result of the symmetric
setting of our model. #*(V, 1, o) = ° (;p ‘Y ; g(0; u, a)dh. By envelope theorem

and Newton-Leibniz Formula

1 ort ot
]ﬁ% = /L [901(9) —902(9)] do

[0 = (0] — [a(5) — a(u?)]

; )b,
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where ® (-) is the cumulative distribution function of standard normal distribution
and A = \/m > 0. We know & () is strictly concave for x > 0 and strictly
convex for x < 0. (1) If A—2u > 0, then ® (A) — & (A —2u) > ¢ (A) - 2u and
O(—A)—D(—2p—A) < ¢ (—A)-2u, where ¢ (-) is the density function of standard
normal distribution and ¢ (—A) = ¢ (4). So

1 or*
Laa

>p(A)-2u—p(=A)-2u=0

(2) If A—2u < 0, then ®(0) — P (—A) > & (—2u+A) — D (—2u) > & (—2u) —
® (—2u — A) by concavity. Therefore
O (A) =2 (=4) = 2[®(0) - 2 (-A)]
> [@(=2p 4+ A) = @ (=20)] + [@(=2p) — @ (=20 — A)]

— D (—2u+ A) — D (—2u— A)

Therefore, %%L > 0. Since #” (o) = #" (1 — @), the result for 7 is obvious. O
[Lemma 40: Part 2] (1) u: For m = L, #%(V, i, a0 va(pp‘Y:) (0; p, 0)db.

By Envelope theorem and Newton-Leibniz formula

Lort O s o)
pt op op
ool 1 Ouk o g
= = =7 a9
g(v )fm (v™) ot an
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where ¢, (01) — ¢, (v¥) = 0 and

—L =L
v _1 v 1 B
[ @ mam = [ e = o) - gy

[ - = S [0 e = o) - e

Similarly, for 7%, by symmetry we have pl ag# = 2a [, (F) — o, (0F)] < 0. (2) V:

orl ool ovr

— = — >0

v =90 )5y~ )av
smce—>0andaL<O and so is %7;, ]
Proof. [Proposition 41| (1) For V, % = é%’; + %% > 0. For p, % =

: (% + %) < 0, and since p™ is bounded by V' and lim,,_, [ (0™) — ¢, (0™)] =

0 for m = L, R, from the Lemma above, we know lim, . % = 0. (2) For

a, 219 (a) = 7f(a) + R (a) = 7f(1—a) + 7' (1 —a) = 27 (1 — ). Since

27 (@) = 7* (@) + 7 (1 — ), for a = 4,

Qafrc 0t (e)  0rt(1-a)
da  Oa oo

O

Proof. [Lemma 42] Without loss of generality, we assume 7~ > 7. By setting

~R

Pt = pf, we have % = 78 (pf) =

D 7NC. Furthermore, since 7’ is continuous in p”

and when p” =0 or V, 7’ = 0. By intermediate value theorem, there always exists

a price p* such that 7 (p*) = #*. O
Proof. [Corollary 43| Since ¢ = 1 (#" + #") and

7 for a <

N =

NC

T —mln{wL AR}—

A% for a >

N |—=
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it’s obvious that V¢ < 7€, with equality only when a = 0.5 such that 7% = 7%,

Since 7% (a) = #% (1 —a) and 7% /' in a, #¥ (a) < 7% () if and only if o < 2.

87TNC
Ja

aﬂ.NC’
[ole"

>Of0ra<%,

Therefore, < 0 for a > %, and 7V achieves its maximum

value at a = 0.5. 7€ (o) = 7V¢ (1 — ) stems from the simple fact that #” (o) =

(1 - a). O

Proof. [Proposition 44] It is self-evident that 7 > V¢, For the existence of
1°, we can simply select u® = +/V. Therefore, for any 1 > p°, trade is not possible
when there is no disclosure. However, for any V' > 0 and « € [0, 1], trade is possible
under information disclosure, either with or under no commitment, and the optimal

profit is positive. 0

Proof. [Proposition 45] We know that 7 (o) = #' (1 — «), and for p > 0, 88% >

0 and % < 0. Furthermore,

At oifa<

N =

Ve = min{er,ﬁR} =
7 oifa >

D=

If 7% (e = 0, 1, V') < 7 (11, V), then the result is self-evident. O



CHAPTER 4

Regulating Risk-Averse Producers: the Case of
Complementary Products
4.1. Introduction

In multiproduct industry, a regulator often faces the problem of selecting a proper
production form, for example, between integrated production and component pro-
duction. Integrated production means a single producer supplies all products, while
component production means different products are separately supplied by different
producers. The relative virtues of these two production forms depend on specific
industrial features and production technologies. If there is significant effect of tech-
nological economy of scope, then integrated production can dominate component
production. On the other hand, if there is no such effect, it is shown in the case
of independent products with correlated costs that, when the correlation is low,
the regulator prefers integrated production, due to informational economy of scope
under integrated production, but when the correlation is sufficiently high, compo-
nent production is preferred instead, since the regulator can exploit the benefits of
yardstick competition under component production (Dana, 1993; Armstrong, 1999).

Gilbert and Riordan (1995, thereafter GR) study the problem of regulating com-
plementary products with independent cost realizations. It is obvious that, in their
setting, there are neither technological economy of scope nor the benefits of yardstick
competition. In this case, they prove that the regulator prefers integrated produc-
tion over component production, due to the benefit of informational economy of

scope.

103
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To our knowledge, the existing literature commonly assumes that the producers
are risk-neutral. However, risk-averse producers seems a more realistic assumption
in many cases. For example, a producer may worry about not only the expected
value, but the volatility of his revenue streams. Does producers’ risk-aversion have
any impact on the relative virtues of integrated and component productions? This
paper tries to answer this question in the case of complementary products.

Following the same setting as GR, we prove two important results. First, com-
ponent production by risk-averse producers generates higher revenue than that by
risk-neutral producers. This is because the aversion to outcome uncertainty relaxes
the incentive constraints, and thus reduces the information-rent to the producers.
Second, when the producers are risk-averse, the relative virtues of integrated and
component production depend on the degree of risk aversion. Specifically, in the
case of CRRA preference, we prove that component production generates higher
expected revenue than integrated production iff the coefficient of risk-aversion is
higher than some threshold.

The paper is organized as follows. Section 4.2 presents the model. Section
4.3 investigates the relative virtues of integrated and component productions under

risk-aversion producers. And section 4.4 is conclusion.

4.2. The Model

A regulator contracts for a final good made up of two complementary interme-
diate products. The cost of a unit of final good is the sum of the costs of a unit of
each intermediate product. The regulator’s problem is two folds, selecting a proper
production form and designing optimal production contacts. Both products are
produced at constant marginal costs, which are drawn independently from the same

distribution
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C; = Z:1,2
c Pr=1-p

and Ac = ¢ — ¢ > 0. The realization of ¢; is observable only to the producer of
product i. We also keep GR’s assumption that when cost realizations (¢y, ) =
(¢,¢), the production is not profitable.

For integrated production, the contract is a scheme of combination of transfers
and outputs, {T'(¢), Q(€)}, conditional on the producer’s cost announcement ¢ =
(¢1,¢2). T(€) is the transfer to the producer, and Q(€) is the output of the final

good. The regulator is risk neutral, and his revenue is
wl(e) = S(Q) — T(@)

where j = n,a denotes the cases of risk-neutral (n) and risk-averse (a) producers,
and S(-) is increasing and strictly concave. When the producer is risk neutral,
his vNM utility is just the amount of net monetary transfer, that is, U(¢|c) =
T(€) — (c1 + c2)Q(€), where ¢ = (cq, ¢2) is the true realization of the marginal costs.

When the producer is risk averse, his vNM utility is

and u(-) is a strictly concave and increasing function satisfying Inada conditions,
with the normalization that u(0) = 0.

For component production, the contract is {t1(€),?2(€), ¢(€)}, where t; is the
transfer to the producer of product ¢ and ¢(-) is the output level. The regulator’s

revenue is thus

WY (@) = S(q(@)) — ta(&) — t2(8)
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For risk- neutral producers, the vNM utility is U;(€|c;) = t;(€) — ¢;q(€) for i =1,2.

For risk-averse producers, they are
Ueles) = ulti@) - ca(@)] 1= 1,2

We consider only symmetric equilibrium in our model, which implies that ¢(c, ¢) =
q(¢, ), ti(c, ¢) = ta(c,¢) and t1(c, ¢) = ta(c, €) for ¢ = ¢, é.

The timing of the game is as follows: (1)The regulator selects the production
form and proposes the contract to the producer(s); (2) ¢; is observed by relevant
producer, and (¢4, &) is report; (3) If € = (¢, ¢), the game is ended and each player
receives a payoff of 0; otherwise, the project is implemented. (4) Production is

finished and transfers are paid according to the contract.

4.3. Regulating Risk-averse Producers

For the case of risk-neutral producers, GR have shown under the same setting
that the regulator prefers integrated production to component production. We will

show that this is not necessarily true in the case of risk-averse producers.

4.3.1. Component Production

We first introduce some new notations for output and net monetary transfer: q=
q(c,c), ¢ = q(c,e) = q(&,¢); m = ti(c, ¢)—c-q, m = 11 (¢, &) —c-¢, M = t1(¢,¢)—¢-¢." In
equilibrium, the following interim incentive compatible (IC) conditions for producers

should be satisfied

IC (¢; =c¢) pu(m)+ (1 —p)u(m) > pu(m+ Ac-q) (4.1)
IC (¢; =¢) pu(m) > pu (m — Acg) + (1 = p)u(m — Acq) (4.2)

L'n symmetric equilibrium, for the producer of product 2, we have m = ta(c,c) — ¢ - q, m =
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So should the following interim individual rationality (IR) conditions.

IR (¢; = c) p-u(m)+ (1 —p)-u(m) >0 (4.3)

IR (¢; =¢) pu(m) >0 (4.4)
And the regulator’s ex ante expected revenue is

EWY = p* [S(q) —2cq — 2m] +2p(1 — p) [S() — (c + )G — 1 — 1]
and his objective is to maximize EWY subject to the IC and IR constraints, that is

max EWY
(P1)
st. (4.1)— (4.4)

We need first to clarify which constraints are binding in (P;), and the result is as

below.

Lemma 46. In the case of risk averse producers, only constraint (4.1) and (4.4)

are binding in the optimality of (P1).

Proof. From (4.1), we have
pu(m) + (1 — pJuli) > p- {u(m) + o (7 + Acq) - Acq}
=p-ulm)+ A
where u(m) > 0 and A > 0. Thus (4.4) is binding but (4.3) is not. From (4.2), we
have
pu(m) > p{u(m) - (m — Acg) - Acg} + (1 = p) {u(in) — o' (1 — Acg) - Acg}

= pu(m) + (1 — p)u(iir) — Ac{pg - v (m — Acq) + (1 —p)¢- v’ (i — Acg) }

= pu(m) + (1 — p)u(m) — B
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From u(m) = 0, we have B > p-u(m)+ (1 —p)-u(m) > A. The regulator wants to

reduce the rent of the producers, and therefore (4.1) is binding but (4.2) is not. [

Given this result, we can easily write down the Lagrangian of (P;), and charac-

terizes the optimal contract for component production as below.

)y ==

Proposition 47. The optimal allocation of (P1), {¢°*,¢°* m®, mc*, m“},

satisfies the following conditions’:

S = 2 (45)
1 +Ca Lo p u(Acgt?)
= . A 4.
S'(%) (c+¢)+ T—p  w{mo c (4.6)
u(m®) = pu(Acg) (4.7)
mCa — 0; mCa — mCa (48)

From Proposition 47, we can easily derive that, for component production by

risk-neutral producers, an optimal allocation {g“", G¢™; m®", M, m"} satisfies:®

S'(¢“") = 2

S'(Gm) = (g+c)+1p%p-Ac (4.9)
m = pAc-q" (4.10)
mer = 0, m“" =m" (4.11)

It is noteworthy that, in both cases, the producers are fully insured if they truthfully

report their types, as revealed in condition (4.8) and (4.11). The result below shows

2The superscripts Ca and Cn mean "component production" by "risk-averse" and "risk-neutral"
producers respectively.

3Tt worths attention that in the case of risk-neutral producers, there are multiple solutions for
{m®™ M}, since only the expected value of pm©™ + (1 — p)mC™ that matters.
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that, under component production, risk-averse producers produce more than risk-

neutral producers in equilibrium.
Corollary 48. m“* < pAc- ¢ and ¢°* > .

Proof. From condition (4.7) we have u(m®®) = pu(Acg®) < u(p - Acg®?), so
m% < pAcg®®, and therefore u/(m®) < u'(Acg®®). Comparing condition (4.6)

with (4.9), we have ¢°* > ™. O

The first important result of this paper, regarding the relative virtues of compo-

nent production by risk-averse and risk-neutral producers, is summarized as follows.

Proposition 49. Under complementary production with independent cost real-
ization, a component production by risk-averse producers generates strictly higher

expected revenue than that by risk-neutral producers.

Proof. For the problem of component production by risk-neutral producers, substi-
tuting the binding constraints (4.10) and (4.11) into the objective function, we get

the value function as

EWE (", ¢°™) = max p® [S(q) — 2¢q] +2p(1 — p) [S(4) — (c+©)q] — 2p* - Acd

4,4

Similarly, substituting (4.7) and (4.8), we get the value function for component

production by risk-averse producers as

EWE(¢°*,¢°*) =maxgq p* [S(q) — 2cq] +2p(1 —p) [S(q) — (c+2)g] —2p-m
> max,g p? [S(q) — 2cq] + 2p(1 = p) [S(§) — (¢ +©)q] — 2p - pAcq

— EI/VHC(QCWL7 an)

Since both (4.1) and (4.4) are binding, and m = 7 at optimality, we have

m = u"pu(Acq)] < ut[u(pAcg)] = pAcg
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O

The result is quite intuitive. Though the optimal contact exposes the truth-
telling producers no risk, the deviation payoff is risky for the producers. Specifically,
when a low cost producer deviates by reporting ¢, he will receive AcGg®® with prob-
ability p, and 0 otherwise. And the aversion to outcome uncertainty reduces the
information rent to the low cost producers, as m©® < pAc-§“® shows. As a result,

risk-averse producers generate higher expected revenue than risk-neutral producers.

4.3.2. Integrated Production

In the case of integrated production, the marginal cost of producing final good is

¢! = ¢; + ¢y, and its distribution is

2c Pr = p?
=% cte Pr=2p(1-p)
2¢ Pr= (1 - p)?

Again we introduce some notations: Q = Q(2¢), Q=Q(c+¢); M =T(2)—2c- Q,

and M = T(c+¢) — (¢+¢) - Q. The IC and IR constraints are:

IC: w(M) > u(M + Ac- Q) (4.12)
IC: u(M)> UM — Ac- Q) (4.13)
IR: w(M) >0 (4.14)
IR: wu(M) >0 (4.15)

The regulator’s expected revenue is

A ~

EW! =p*(S(Q) —2cQ — M) +2p(1 — p)(S(Q) — (c+&)Q — M)
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and the problem is thus

max EW!
(P2)
st (4.12) — (4.15)

It’s easy to prove that at optimality, only constraints (4.12) and (4.15) are binding,

and the solution to (Ps) is summarized as below:

Proposition 50. The optimal allocation of (Ps), {Qla, QTo; M N} satisfies:

Q") = 2 (4.16)
SO = (g+c)+ﬁ-Ac (4.17)
M = 0 (4.18)
M = Ac- Q' (4.19)

It worth attention that, under integrated production, the optimal contract for a
risk-averse producer is the same as that for a risk-neutral producer, because there is
no risk facing the producer indeed. We next investigate the impacts of producers’
risk-aversion on the relative virtues of integrated and component production.

We have shown that the value function of component production is

U‘I(W(Acc}))]

EW (@™,4") = max p* [S(q) — 2cq]+2p(1-p) [S(fi) —(ete)q————

and that of integrated production is

EWHQ.Q") = max 12 [S(Q) — 2:Q) + 20(1 — ) [S(Q) — (e + DQ — 2%
Qe 2(1-p)

For risk-neutral producers, it is obvious that u=!(pu(Acq)) = pAcg and EWS <

EW! as shown in GR. For risk-averse producers, the difference between EW

4The superscript Ta means "integrated production" by "risk-averse" producers.
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and EW! depends on the functional form of u(-). The regulator faces the trade-
off between the reduction of information rent under component production, due
to producers’ risk-aversion, and the benefit of information economy of scope under
integrated production. Intuitively, when the degree of risk-aversion is low, we should
still have EWC < EW!, but when the producers are sufficiently risk-averse, it is
possible that EWS > EWI!? We next provide a clear result for this in the case of
CRRA preference.

The producer’s vNM utility is

u(z) = (4.20)

where 7 is the coefficient of relative risk-aversion, and u=!(pu(Acq)) = pﬁAcé.

The second main result of this paper is summarized as below.

Proposition 51. Under complementary production by CRRA producers with in-
dependent cost realization, component production generates higher expected revenue

than integrated production iff
In2

_ 4.21
r= In2—1Inp ( )

Proof. Since ¢“* = QI“, the difference between EWS and EW/! stems from the
difference of revenues generated from ¢°* and QC“. That of component production
is S(¢) — (c+ )G — 1%;: -pﬁAccj, and that of integrated production is S(Q) — (¢ +

E)Q — fp . %pAcQ. Obviously, a necessary and sufficient condition for
EWS(¢7,¢7) > EW(Q™, Q™)

is pﬁ > %p, which is equivalent to (4.21). O
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Proposition 6 shows that the relative virtues of component and integrated pro-
duction depends on the degree of producers’ risk-aversion. When the producers are
sufficiently risk-reverse, the reduction of information rent under component produc-
tion may outweigh the benefit of informational economy of scope under integrated
production, and component production generates higher expected revenue to the

regulator.

4.4. Conclusion

We study the regulation of risk-averse producers in the context of complementary
products with independent cost realization. The production can be organized either
in the form of component production or integrated production. The regulator faces
the trade-off between the benefit of informational economy of scope under integrated
production, and the reduction in information rent under component production, due
to the producers’ risk-aversion. We first show that a regulator prefers component
production by risk-averse producers than that by risk-neutral producers. And we
then prove in the case of CRRA preference that, when the producers are sufficiently
risk-averse, component production generates strictly higher expected revenue than
integrated production. The results of this paper provide important implications for

regulating complementary product industries in real practice.



CHAPTER 5

Conclusion and Extension

Information disclosure itself is not a new topic in economics. However, a typical
assumption in the existing literature is that agents commit to truthful disclosure, and
therefore there is no possibility of false announcement, and revelations are always
credible. This assumption is obviously unrealistic in many circumstances, especially
when the information is not easily verifiable, or there is no effective legal recourses
to deter disclosure fraud. In fact, false announcement and disclosure fraud are never
rare in the real world. To investigate real disclosure problems in these cases, we
should certainly abandon this full commitment assumption.

Departure from the full commitment assumption, this thesis contributes to the
literature by studying cheap-talk information disclosure in auctions and monopoly

pricing, which allows for the possibilities of mis-reporting or false announcement.

5.1. Main Findings

As the first step of exploration, Chapter 3 investigates and compares the dif-
ferences between cheap-talk disclosure and disclosure with full commitment, in a
Hotelling model. And the main research question of this chapter is that how a
monopoly seller should reveal a product’s horizontal attributes to consumers, when
their preferences conform to mixture distributions. In contrast to the standard as-
sumption in Hotelling models, that consumer preferences conform to either uniform
or binary distributions, mixture distributions could obviously better characterize

consumer preferences in reality.
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I first show in Chapter 3 that optimal disclosure policies largely depend on the
characteristics of the mixture distribution. Specifically, when consumer preferences
are highly heterogenous, it is better for the seller to reveal information and serve
different groups of consumers separately. And when the preference distribution
becomes more asymmetric, cheap-talk disclosure is more likely to be dominated by
no disclosure at all. Second, I also show that cheap-talk disclosure is dominated
by disclosure with full commitment, in terms of profit maximization. The intuition
behind this result is that commitment makes effective communication easier, which
in turn increases the expected profit under information disclosure.

Chapter 3 focuses on the disclosure policies in the form of binary messages, and
information structure is therefore taken as given. However, in optimal disclosure
problems, it should be determined endogenously.

In Chapter 2, the major chapter of this thesis, I make one step forward further by
studying optimal cheap-talk disclosure in auctions, with endogenously determined
information structures. In the auction, bidders’ preferences are horizontally dif-
ferentiated, and the seller’s disclosure policy is characterized by partitions of the
product’s attribute space. In a symmetric setting, I show that informative equi-
libria reveal the feature that more precise information is provided for less popular
product attributes. Second, I prove an equilibrium existence theorem that an infor-
mative equilibrium can be supported by an information partition of any degree, as
long as the number of bidders is sufficiently large. And finally, the optimal disclo-
sure policy reveals a complementarity relationship between the number of bidders
and the optimal degree of equilibrium partitions. Moreover, I also compare the

cheap-talk outcomes with those of information disclosure under full commitment.
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Compared with the recent literature that focuses on optimal information struc-
ture in information disclosure, Chapter 2 makes important contributions to the liter-
ature. First, it study information disclosure under cheap-talk, avoiding the typical
assumption of full commitment, and thus makes it possible to evaluate the impacts
of commitment on disclosure outcomes. Second, although differentiated preferences
is commonly emphasized in the recent literature, it is not explicitly modelled yet.
Instead, in a Hotelling model, Chapter 2 explicitly models the horizontal differen-
tiation in bidders’ preferences, and thus endogenizes the distributions of bidder’s
posterior valuations under a public signal. Finally, without introducing restric-
tive assumptions, the analytical framework developed in Chapter 2 can be readily

extended to other situations, such as monopoly pricing and advertising.

5.2. Possible Directions for Extensions

This thesis contributes to the existing literature on information disclosure and
advertising by studying cheap-talk disclosure, and it has the potentials to initiate
a new line of researches in the related literature. The thesis, especially Chapter 2,
develops a clean and tractable framework to investigate the issues of revealing prod-
uct attributes to consumers under cheap-talk, and this framework can be extended
to many other situations.

At this stage, there are at least two possible directions for the theoretical exten-
sion of the current model. One is to explore the case of multiple product disclosure,
as this thesis just investigates the one product case. And the other, also more impor-
tant, is to extend the current static framework to a model of dynamic information
disclosure.

The first extension to multiple products is of great practical importance. In the
real economy, from eBay to Amazon, from manufacturers to retailers, a seller com-

monly has many products for sale. The products can belong to different categories,
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or in the same category yet with different attributes. And they can be substitutes
or complements to each other. In this multiple product environment, how should
a seller optimally advertise the product attributes? How does the optimal adver-
tising policy under cheap-talk depends on the structure of the market? These are
important questions to investigate, and it is related to the fast-growing literature
on multiple-product or combinatorial auctions.

The second direction is to investigate cheap-talk disclosure in a dynamic context.
We commonly observe that a seller may be willing to reveal some true yet negative
information about the products, which is detrimental to contemporary profit, even
through there is no commitment or obligation for the seller to do so. For example,
the rating system at most online stores is a platform of intertemporal information
disclosure, which keeps records of both positive and negative comments. Why
should an online store has incentives to keep the negative comments on his products.
An intuition is that the seller is willing to do so under the concern of long-run
reputation, and his current profit loss can be compensated in the future if a good
reputation is maintained. This research is related to the recent literature on dynamic
cheap-talk games.

Besides the two directions of extension mentioned above, there is still a theoreti-
cal challenge in the studies of cheap-talk disclosure, that is, how to order information
structures in terms of informativeness, especially in the case of information parti-
tions. When we investigate optimal cheap-talk disclosure, we should be able to
order different equilibrium partitions according to some economically meaningful
terms, such as informativeness. Two recent papers, Ganuza and Penalva (2010)
and Quah and Strulovici (2009), explore the question of how to order information
structures. They introduce stochastic order in the literature of statistics into their

studies and provide some preliminary results, but neither of them investigate the
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case of information partitions. I think this is a challenging theoretical question for
the research on cheap-talk information disclosure.

Finally, to check the validity of a theory, empirical verification is indispensable.
There are many interesting empirical questions to explore, and one of them would
be how the advertising policies change with market structures. And I plan to collect
data, and conduct some empirical studies jointly with empirical researchers in the

future.
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