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Abstract

In this thesis superconductivity with unconventional pairing symmetries arising from
repulsive interactions is investigated. Anyonic quasiparticles within the subclass
of chiral p-wave superconductors are also examined.

In Chapter 2 we study weak-coupling superconductivity in a repulsive Hubbard
model on the tetragonal lattice. With the weak-coupling approximation we establish
the superconducting phase diagram as the out-of-plane hopping strength and electron
filling is varied. For four Fermi surface topologies we identify a total of five types
of p- and d-wave ground state orders, several of which have accidental line nodes
and break time-reversal symmetry.

The weak-coupling scheme is adapted to strontium ruthenate (SroRuOy) in
Chapter 3. We compute and compare odd- and even-parity superconducting order
parameters using a realistic three-dimensional band structure. Two superconducting
phases are identified: a helical p-wave spin triplet and a d-wave spin singlet phase.
Both orders are roughly found to be compatible with specific heat data and recent nu-
clear magnetic resonance measurements [A. Pustogow et al., Nature 574, 72 (2019)].
We suggest that a d-wave order is likely involved in the superconducting phase,
although certain experiments appear to remain incompatible with this conclusion.

In Chapter 4 we describe anyonic (Majorana) quasiparticles in chiral p-wave
superconductors at temperatures non-negligible compared to the superconducting
gap. We consider the impact of thermally occupying in-gap vortex states on the
hybridisation of two Majorana modes. The hybridisation, reflecting the state of
the qubit defined by the two Majorana modes, is found to decay algebraically
with temperature just above the first-excited state energy scale. In novel iron-
based superconductors our results suggest that there is an appreciable temperature
range in which qubit read-out can be achieved via the inter-vortex force derived
from the hybridisation.
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Chapter 1

Introduction

1.1 Prelude

Superconductivity is most commonly associated with dissipationless flow of currents
and expulsion of external magnetic fields. The phenomenon has, over its more
than 100-year long history, proven to be common in solid state systems. Still,
there is a growing number of instances in which superconductivity is yet to be
fully understood. As a prime example of a collective phase in many-body physics —
with applications of both theoretical and practical significance — superconductivity
is worthy of profound interest.

Superconductivity was initially discovered by Heike Kamerlingh Onnes in 1911 [1],
who observed the resistivity of mercury dropping to zero below temperatures of
4.2 K. But almost half a century would pass before a satisfactory theory of the
phenomenon was presented: the celebrated Bardeen—Cooper—Schrieffer (BCS) theory
of superconductivity developed in 1957 [2]. In this theory, the motion of electrons
distorts the underlying ion lattice, giving rise to an effective attraction between
the electrons. The electron-phonon-mediated attraction was, by BCS, found to
favour electrons pairing up to form bosonic Cooper pairs, which then condense to
form a superfluid in a manner reminiscent of Bose-Einstein condensation. The
Cooper pairs considered by BCS consist of electrons in a spin singlet and zero

relative angular momentum state — a spherically symmetric bound state — denoted
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by s-wave pairing. The paradigm developed by BCS is today commonly known
as conventional superconductivity.

In the years following the development of BCS theory, superconductivity
in numerous elements and compounds was found to be in full agreement with
predictions derived from the theory. Well-studied examples include aluminium,
niobium, and lead [3]. The first example of non-s-wave pairing came with the
discovery of superfluidity in liquid helium-3 (*He), identified in nuclear magnetic
resonance (NMR) experiments by Osheroff and collaborators in 1971 [4]. However,
3He is not a superconductor, but a superfluid in which the Cooper pairs are bound
states of neutral fermions. The Cooper pairs of 3He have spins in a triplet state and
relative angular momentum 1 (in units of ) [5-7], called p-wave pairing. According
to the Pauli principle, the relative angular momentum of the Cooper pairs must be
odd if the spins are in a symmetric state. The pairing mechanism of *He is clearly
non-phononic (there is no lattice). Indeed, a spin-fluctuation mediated interaction
causes non-rotationally symmetric Cooper pairs in this case [8].

With the discovery of heavy fermion superconductors [9] and the cuprates [10] in
the 1980s, it became evident that ever-growing families of strongly correlated solid
state systems lack explanation within the BCS phonon paradigm. The cuprates have
spin singlet Cooper pairs of relative angular momentum' 2, and the heavy fermion
superconductors, like UPt3 [12, 13], typically have complicated phase diagrams
and may support multiple phases. These systems have in common that their
pairing mechanism is believed to, at least partly, be mediated by electron-electron
interactions [11]. Throughout this thesis the phenomenon of superconductivity with

non-s-wave pairing will be referred to as unconventional superconductivity.

! To be precise, the Cooper pairs deriving from a lattice system (no rotational invariance)
are characterised by their symmetries with respect to the crystal point group, not the angular
momentum. For instance, s-wave means that the symmetries of the Cooper pairs coincide with
the trivial representation of the crystal point group [11].
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1.2 Motivation

The temperature below which a material superconducts is called the critical
temperature, T.. The cuprates, for instance, have T, ranging from about 30
to 150 K. One of the long-standing goals in the field of superconductivity is to
ultimately achieve room-temperature superconductivity, which could have a large
impact on technology. A general framework for predicting superconductivity and
the associated critical temperature in new compounds is elusive and remains a
holy grail in the field of high-T, superconductivity.

In the 1960s, Kohn and Luttinger [14] proposed a novel mechanism for unconven-
tional superconductivity arising from weakly repulsive electron interactions. Their
mechanism generically yields low critical temperatures compared to the Fermi energy,
and it is thus not expected to be applicable to high-T, superconductivity. However,
the framework is tractable, and it has proven helpful in gaining fundamental
insight into the favoured superconducting pairing states in lattice models [15]. The
repulsive Hubbard model [16], characterised by a repulsive on-site density-density
interaction, is well-suited for exploring the Kohn-Luttinger mechanism. Serving
as a technical background for the remainder of this thesis, an extensive study
of the Kohn-Luttinger mechanism in an anisotropic three-dimensional Hubbard
model is presented in Chapter 2.

A prime example of an unconventional superconductor of historical importance
is strontium ruthenate (SroRuOy4, SRO), in which superconductivity was discovered
by Yoshiteru Maeno and collaborators in 1994 [17]. For almost two decades SRO
has been widely hypothesised to be a chiral p-wave superconductor? — a solid state
analogue of *He [18]. Recently, however, the understanding of superconductivity
in this material reached a turning point due to NMR experiments, casting serious
doubt on the chiral p-wave hypothesis [19, 20]. As a result, the debate regard-

ing the superconducting state in SRO has substantially heated up over the last

2 Here, “chiral” means that the pairing has spontaneously chosen one of the particular complex
phases p, + ip, or p, — ipy, as discussed in Subsection 2.3.2.
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year. Determining the pairing symmetry is currently considered an open problem.
Unconventional superconductivity in SRO is the topic of Chapter 3.

A major strand of superconductivity research lies within the subclass of topolog-
ical superconductors (defined in Chapter 4), which was first discovered theoretically
around the beginning of this century. In seminal works by Read and Green, Kitaev,
and Ivanov [21-23] it was demonstrated that chiral p-wave superconductors can sup-
port quasiparticle excitations called non-Abelian anyons®, the appearance of which
is closely related to the concept of topological superconductivity. In general, anyons
have exchange statistics different from that of fermions and bosons [25, 26], and
they come in two flavours: Abelian or non-Abelian [27]. The definite experimental
confirmation of anyons would be a major triumph for theoretical physics. In addition,
non-Abelian anyons can in principle be used to encode quantum information and
hence constitute the basic building blocks of a (topological) quantum computer [28].
Quantum computers exploit the quantum superposition principle by coherent
action on quantum states. In a topological quantum computer, the non-local
properties of non-Abelian anyons are exploited to achieve quantum computation
in a fashion that by nature is resistant to errors. A quantum computer could
revolutionise the way certain problems, like prime number factorisation [29] and
quantum simulations [30, 31], are solved.

The search for chiral p-wave superconductors has intensified in the hope of
realising and employing non-Abelian anyons for quantum computation [28, 32, 33].
The non-Abelian anyons appearing in a chiral p-wave superconductor are called
Magjorana zero modes. They are neutral quasiparticles of zero energy which localise
in vortex cores and on domain walls. Two Majorana zero modes are needed to form
one quantum information unit, a quantum bit or qubit — defining the basic two-level
system which is to be manipulated in quantum computing protocols. Concrete
protocols for quantum computation with Majorana zero modes exist [34, 35], but
they are faced with major obstacles in practice. For instance, to exploit Majorana

zero modes in vortex cores, it is commonly believed that the temperature needs to

3 Such quasiparticles were first predicted to appear in the fractional quantum Hall system [24].
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be very low to avoid thermal excitations of fermionic in-gap states [36]. Another
issue faced by protocols for Majorana based quantum computing is having a scheme
for reading out the state of the qubit. Finite temperature effects and read-out of

Majorana qubits in vortex cores is the topic of Chapter 4.

1.3 Outline

The bulk of this degree has been concerned with the publications of References [37-
40]. The content presented in Chapters 2, 3, and 4 of this thesis are primarily
based on References [38], [40], [39], respectively.

The outline of this thesis is as follows. In Sections 2.1 and 2.2 we derive and
review the Kohn-Luttinger method for calculating the favoured unconventional
pairing states in tetragonal lattice models with weak repulsive interactions. In
Section 2.3 an anisotropic Hubbard model is presented for which we, in Section 2.4,
calculate asymptotically exact results in the weak-coupling low-filling limit. Relaxing
the low-filling condition, the full weak-coupling ground state phase diagram is
established numerically in Section 2.5, and Section 2.6 comments on the range
of validity of these results.

In Section 3.1 we provide a historical and experimental overview of strontium
ruthenate, and the continued interest in studying unconventional superconductivity
in this perovskite is motivated. A realistic three-dimensional tight-binding model for
the normal state of SRO is developed in Section 3.2. The weak-coupling framework
for multiband superconductors with spin-orbit coupling is reviewed in Section 3.3
and applied numerically to SRO in Section 3.4. In Section 3.5 a detailed comparison
of the results with two key experimental probes is provided. The chapter is concluded
with a discussion of outstanding aspects in Section 3.6.

In Section 4.1 the concept of topological superconductivity is introduced. We
focus on superconductors with chiral p-wave pairing and their low-energy quasi-
particles localised in vortex cores in Section 4.2. In Section 4.3 we study a chiral
p-wave superconductor containing two vortices, each hosting a Majorana zero mode.

We characterise the energy hybridisation between the Majorana zero modes when
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both the inter-vortex separation and the temperature is finite. In Section 4.4 we
discuss how the hybridisation offers a novel route to achieving read-out of the
Majorana qubit. The proposed scheme is based on measuring the inter-vortex
force contribution derived from the hybridisation — a contribution that is sensitive
to the state of the qubit. We also discuss the main practical limitations that
possibly hinder the realisation the proposed scheme. Chapter 4 is concluded with
a summary and a material-oriented outlook in Section 4.5. Finally, the thesis is

summarised and concluded in Chapter 5.



Chapter 2

Superconductivity in an
Anisotropic Hubbard Model

Contents
2.1 Introduction . .. ... ... 7
2.2 Theoretical Background .. ................ 11
2.3 An Anisotropic Hubbard Model ... ... ..... .. 19
2.4 The Low-Filling Limit . . . . ... ... .......... 24
2.5 Numerical Results . . . .. ... ... ..., 31
2.6 Rangeof Validity . ... ... ... ... 38

2.1 Introduction
2.1.1 Kohn—Luttinger Superconductivity

Soon after phonon-mediated superconductivity was microscopically understood with
BCS theory, Kohn and Luttinger (KL) [14, 41] proposed that superconductivity
(and superfluidity) could arise also from purely repulsive electron interactions'.
Today, electron-electron interactions are believed to be an important ingredient in
most instances of unconventional superconductivity [11]. The KL-mechanism for
Cooper pairing relies on the sharpness of the Fermi surface and screening of the

bare interactions. Technically, the key idea is that pairing in the particle-particle

I Gor’kov and Melik-Barkhudarov [42] presented similar ideas in 1961, a few years before KL.
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channel is determined by the irreducible vertex (which is defined in Subsection 2.2.2).
The irreducible vertex includes contributions from the particle-hole continuum and
can conspire to create an attraction in some pairing channel, even though the
initial electron-electron interaction is repulsive.

Intuitively, the physics here is reminiscent to that of a charge impurity in a
metal. Screening of the charge leads to density (Friedel) modulations away from
the charge impurity. The modulations result in a long-range Coulomb potential
proportional to cos(2kpr + ¢)/r®, where kr is the Fermi momentum, r the distance
from the impurity, and ¢ some phase [43]. In some angular momentum channel [,
the two-particle wavefunction may have its dominant weight at distances coinciding
with the attractive tail of the potential, leading to stable Cooper pairs in that
channel. Here, [ = 0,1,2,... corresponds to s-, p-, d-wave pairing etc. For
screened electrons in metals with weak short-range interactions and rotational
invariance, as considered by Kohn and Luttinger, the transition temperature scales

(asymptotically) with angular momentum like
kpT./Er ~exp [ — (21)!], (2.1)

where Ep is the Fermi energy, and kp is the Boltzmann constant [14]. The
dependence on [ results in very low critical temperatures, in stark contrast to
e.g. the critical temperatures applicable to the cuprates [10].

The KL-mechanism is derived in the limit of weak interactions compared to
the electronic bandwidth, a limit we will refer to as the weak-coupling limit in this
thesis. Even though this limit formally does not apply to (nearly any) real materials,
the KL-mechanism, in various forms and generalisations, has still harboured great
success and valuable insight when applied to real systems [44]. The weak-coupling
approximation has an advantage in being controlled? and numerically tractable
in otherwise very complicated problems. Furthermore, we will in Subsection 3.4.3

argue in the context of the models considered in this and the next chapter that the

2 Controlled in the sense that the critical temperature and pairing symmetry obtained are
asymptotically exact as U/W < 1, where U is the interaction strength and W is the bandwidth [15].
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range of validity can be reasonably expected to extend beyond what is formally

the weak-coupling regime.

2.1.2 The Hubbard Model

In condensed matter theory, the Hubbard model — named after John Hubbard who
did seminal work in the 1960s [16] — represents perhaps the simplest paradigm
of interacting models to study (super)conducting and insulating phases of matter
on the lattice. The single-band Hubbard model is a many-body second-quantised
model valid when the Fermi energy lies inside a single conduction band, with weak

inter-band interactions. In its simplest form the Hubbard model is given by
H=-t Z cj»scjs - uZniS + UZniTnii, (2.2)
(i5) 50 i

where ¢;, (c!,) annihilates (creates) an electron of spin s on lattice site 7, n;; = ¢l ¢
is the density operator, t is the hopping strength between neighbouring sites (ij),
i is the chemical potential, and U is the Hubbard interaction parameter. Despite
the apparent simplicity of the model, it has been widely shown to support rich
phases ranging from Mott insulators to (anti)ferromagnetism [45]. Determining
the full phase diagram of the two- and three-dimensional Hubbard model persists
as an extremely difficult and largely open problem [46, 47].

To this end, a great deal has been established in the weak-coupling limit U/t < 1
(with repulsive interactions U > 0) [48-53]. In this limit, the square lattice (2D)
Hubbard model supports two types of d-wave superconductivity as a function of
the electron filling ((n)) below half-filling ((n) = 1), with a tiny pocket of p-wave
superconductivity at intermediate filling [53]. The cubic lattice (3D) Hubbard
model supports d- and p-wave superconductivity at high and low electron filling
at weak coupling, respectively [48]. Superconductivity in the 2D Hubbard model
has also been studied with e.g. the random phase approximation (RPA) [54, 55]. In
RPA, an infinite series of bubble diagrams, representing the interaction vertex, is
summed up at the expense of neglecting another infinite set of diagrams, leaving

little control of the error at finite U/t [56].
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The weak-coupling (Kohn—Luttinger) scheme on the lattice was recast as a
renormalisation group (RG) approach by Raghu, Scalapino, and Kivelson [15],
which is formally equivalent to the method we present and apply in this and the
succeeding chapter. In the RG framework, the high-energy degrees of freedom are
integrated out, and divergence of the RG flow of the effective two-particle vertex
(defined in Subsection 2.2.2) in the Cooper channel is used as the defining criterion for
the onset of superconductivity. It is shown in Ref. [15] that the critical temperature
permits an asymptotic expansion when using perturbation theory in U/t for the
effective two-particle vertex. Any diagram beyond second order in U contributes with

subleading corrections in U/t and can hence be neglected in the weak-coupling limit.

2.1.3 Outline

In this chapter we review the weak-coupling scheme introduced by Kohn and
Luttinger. We give a detailed derivation of the generalised gap equation, the
solution of which defines the superconducting order parameter. We provide an
overview of the symmetries of the solutions to the generalised gap equation for
tetragonal lattice models. The generalised gap equation is then solved for an
anisotropic Hubbard model, defined to generally have different in-plane (¢|) and
out-of-plane (¢, ) nearest-neighbour hopping strengths. The model continuously
interpolates between the 2D (¢ = 0) and the 3D (¢ = t,) repulsive Hubbard
model. In the 3D, low-filling limit case we recover known results in terms of the
critical temperature and the order parameter symmetry.

We expand on known results by calculating how the three-fold degeneracy of
the ground state is lifted when the hopping parameter ¢, is tuned away from the
case of t| = ¢, at low filling, which makes the Fermi surface a prolate (¢ > )
or oblate (t) < t,) spheroid. We then relax the low-filling condition and establish
the full weak-coupling ground state phase diagram numerically, as a function of
the chemical potential per in-plane hopping strength p/t; and the hopping ratio
t1/t). We investigate the nodal structure of the superconducting order parameter

at various points in the phase diagram. Interestingly, we find chiral p-wave order
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with horizontal line nodes for a weakly corrugated cylindrical Fermi surface. This
is surprising since “textbook” chiral p-wave order on a cylindrical Fermi surface

is expected to be uniform and fully gapped.

2.2 Theoretical Background

2.2.1 Cooper Susceptibility

To set the stage for superconductivity in repulsive lattice models, our starting point

is an interacting second-quantised Hamiltonian in reciprocal space:

H=Hkg+ H;
= Z Skcljrcscks + Z Z Vlel;k282;k353;k484c;2:1316225207%830/6454' (2:3)
k,s {ki}: {s:}

k1 +ka=—Fks-+ks

Here, & = € — p, where ¢ is the single-particle energy, and u is the chemical
potential. Further, V' is the bare two-body interaction potential, and C};s is the
creation operator of an electron of crystal momentum k and spin s. The momentum
sums in the interacting part of the Hamiltonian run over {k;} = {ki, ko, k3},
with ks = k1 + ko — k3 due to momentum conservation. The spin sums run over
{si} = {s1, 52, 83,54}. As a matter of convention, crystal momenta appearing in
this thesis are assumed dimensionless, i.e. scaled by the associated lattice spacing.

The hallmark of superconductivity is a non-vanishing thermal expectation value

of the Cooper pair creation operator
q)Lss’ = C;rcsctks" (24)

Within a linear response field theory approach [41, 56-60], one can relate the
thermal expectation value of Eq. (2.4) to the Hamiltonian of Eq. (2.3). The
crucial step in this process is to allow coupling to an auxiliary field J of the form
Hy = Y JkssPrss + h.c., where J is assumed small compared to the energy
scales of H. The thermal expectation of Eq. (2.4) is evaluated within a fermionic
coherent state representation, i.e. an imaginary-time field theory where time is
defined in terms of the inverse temperature, it = § = 1/(kgT). The coherent

state representation is defined in terms Grassmann variables ags(w) of fermionic



12 2.2. Theoretical Background

Matsubara frequency w = (2n + 1)7/f, which by definition are eigenvalues of
the annihilation operator cg,. The result of these briefly outlined steps is the
entrance of the Cooper susceptibility®:

ng;?:’;igﬂsé <w17 WQ) = <&k252 (w2)07*k23/2 (_w2)a7k18'1 (_w1>ak151 (w1)>1

— (A ks (~w2) gy (1) ) (A (W) ks (w1)), (2.5)
+ <O_‘—k28’2 (_w2)ak181 (w1>>[<@k282 (w2>05—k18’1 (_w1)>]‘
Here the expectation values are evaluated in the interacting theory,

Tr [AeSK+SI]

(4), = Ty [oSerS (2.6)

where S (S) is the coherent state action deriving from Hyx (Hy). We define the
Cooper instability criterion to be a divergence in the connected Cooper susceptibility
at temperature T, and zero frequency” [41]. At temperature 7, the system becomes
unstable towards the formation of Cooper pairs.

The critical temperature can now be determined by perturbation theory in Sy,
assuming that the interactions are weak. The perturbative approach makes use of a
diagrammatic representation of the Cooper susceptibility, defined by the two basic

Feynman rules shown in Fig. (2.1), which follow from the Hamiltonian of Eq. (2.3).

2.2.2 The Two-Particle Vertex

Building on the Cooper susceptibility introduced above, we introduce the two-

particle vertex as

Vk1515l1§k2525l2 (w17w2> = _%(Z’wl - fkl)(_iwl - 5*’61)(@.("'}2 - sz)(_ia& - f*kz)

Cooper,c
X Xklsls’l;kgszs'2 (wl’ WQ).

(2.7)
Convenient factors of the inverse Green’s function are introduced to cancel contri-
butions from the four external legs of the Cooper susceptibility. The vertex can be

represented as an infinite series of all connected two-particle diagrams with ingoing

3 . . _ 1 Cooper *
Precisely: (®i,s,51) = — 55 Zkz,whwz,swé Xiey si s/ sksash (w1, w2)(Jysysy)”s Where x

the unconnected version of Eq. (2.5).
“We note, however, that there is a growing interest in the possibility of finite-frequency
pairing [61].

Cooper is
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k. w
’ = (iw— &) !
(a)
ki,s1 ks, s3
| = Viysikosokgsaikasy
ko, 5 ks, 54

(b)

Figure 2.1: The basic Feynman rules defined by the theory in Eq. (2.3). (a) Solid lines
are representations of bare particle Green’s functions, and (b) dotted lines represent the
(momentum-conserving) two-particle bare interaction potential.

external legs of indices (ki, s1,w1) and (—k, s}, —w1), and outgoing external legs
of indices (ka,s2,ws) and (—ka, sy, —ws).

In the same fashion, the irreducible two-particle vertex I' is defined as the sum
of all connected two-particle irreducible diagrams. The two-particle irreducible
diagrams are those diagrams which cannot be reduced to two disconnected diagrams
when cutting any two internal lines (propagators). By definition, this allows us to
express the two-particle vertex as a composition of two-particle irreducible vertices,

as shown diagrammatically in Fig. 2.2. In matrix notation this is expressed and

V = I + I I +

Figure 2.2: Diagrammatic representation of the two-particle vertex ¥V decomposed into
compositions of the irreducible two-particle vertex I'. Full lines represent bare Green’s
function, and internal lines are summed over.

formally solved via the Bethe-Salpeter equation [62]:
—V=-T+TxGyxT+...

=T +T*Gy*V (2.8)

=V =(1+T*Gy) ' xT.
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Above, the x» product contains a factor of 37! and a contraction over repeated
indices®, and the inverse operation in Eq. (2.8) is meant with respect to this product.

The two-particle Green’s function was also introduced as

(g0)k131s’1;k2525’2 (w17w2) = B(iwl - gkl)il(_iwl - f*kl)715k1515’1w1,k2525’2¢@- (29)

Note that Eq. (2.8) is an exact recasting of the vertex, showing that a pole in the
vertex originates from the irreducible vertex [41]. Specifically, from Eq. (2.8) it is
clear that an eigenfunction of I x Gy with eigenvalue —1 signals a singularity in the
two-particle vertex and thus by definition the onset of superconductivity.

In Subsection 2.2.4 we determine the critical temperature by treating I' with
perturbation theory. In the RG formulation of Ref. [15] it is shown that the
decomposition of Fig. 2.2 then yields a consistent theory at all orders in U/t, with
the expression for the critical temperature being independent of an artificially

introduced energy cutoff above which states are integrated out.

2.2.3 The Generalised Gap Equation

We are thus interested in the eigenfunctions A of I" x Gy corresponding to the

eigenvalue —1:
L'xGoxA=—-A. (2.10)

This is a general form of the celebrated gap equation [56, 58]. An eigenfunction
of the equation A defines a superconducting order parameter (or gap). The order
parameter is a direct measure of the superconducting excitation gap in the ground
state, and it reflects the energy needed to break up a Cooper pair. Below, the gap
equation is simplified to a useful form that can be readily implemented numerically.

Assume that in some temperature regime below a frequency cutoff® kpT < w,
there is a solution to the gap equation with no frequency-dependence, and that

the frequency-dependence of the vertex in this regime can be ignored. For an

?To be precise: (go*F)klslsi;kQSQSé (wl y w?) = % Zk,w,s,s’ (gO)klsls/l;kss/ (wlv w)rkss/;kQSQS’Q (wa w?)-

6 Indeed, the critical temperature will emerge at an energy scale exponentially smaller than w,.,
cf. Eq. (2.1).
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electronically driven mechanism of superconductivity, we will take w. to be on the
order of the bare bandwidth. In contrast, w, would have been associated with the
Debye frequency wp in a BCS superconductor where phonons of the underlying ion

lattice set the cutoff. The above assumptions allow us to factorise Eq. (2.10) as

1 . _ . -

3 E Tkysis) ks Do (K) E (iw — &) ' (—iw — Ep) T = Ay (k). (2.11)
k,s,s’ |w|<we
k| <we

The innermost frequency sum is evaluated using the residue theorem. As such,

we define the complex function and the fermionic Matsubara weight function as

h(z) = (2= &) (=2 = &), (2.12)
f(z) = (1 +exp(B2)) ", (2.13)

respectively. The weight function f(z), i.e. the Fermi function, is used since it has its
simple poles situated at z = iw, = i(2n+ 1)7 /5 with residues Res [f(2), z = iw,| =
—1/p. Thus, by standard complex integration techniques (inflating the contour)

we are left with two contributions [60]:

% S h(z=iw) =~ Y Reslh(2)f(2), = = iw,]

|wn |[<we |wn | <we
= X RelREE =l gn A
w=Ek,~{—k A=te
_ tanh(58:/2) 0
26k, 7

(2.14)
where we made use of the limit kT < w,. and assumed that £, = &.

The momentum sum in Eq. (2.11) is evaluated as an integral in the coordinates

(¢, k), where k lies on the Fermi surface defined by Sz (¢) = {k : & =&

we | we dk g
L) = d dk ——(..) = d = F ).
g( ) /—wc : Sp (&) |V§;;|< ) /—wc gpg/sp(@ |SF|vF(k)( )

‘§k|<wc

(2.15)



16 2.2. Theoretical Background

In the last expression we introduced a number of definitions, namely the Fermi

velocity, the average Fermi velocity, and the density of states as

vp(k) = | V&, (2.16)
(] k1
e </sp(s> S| vF(’%)> ’ 210
dk 1
= —, 2.18
& /SF@ (27)% vy (o) 219

respectively. Finally, the Fermi surface area is denoted by |Sg|. When combining
Egs. (2.14) and (2.15) in Eq. (2.11) we arrive at the following simplified version
of the gap equation:

tanh(5¢/2) dk_pcir .
/— “ 2¢ /SF © |Srl vp(k SZ frusyshar Do (B) = =Bayg (k). (219)

The integrand above is a function of &, but it can be replaced by a power series
in £, motivated by the factor of tanh(3£/2)/(2€) that decays with . In the limit
fw, — 00, only the leading term this expansion (i.e. when evaluating the innermost

integral at £ = 0) yields a (log-)divergence. This divergence stems from

/_ g b2 (25%67) | 220

2¢ 7
as obtained when neglecting subleading terms that are regular in the aforementioned
limit”. Above, v =~ 0.5772 is the Euler-Mascheroni constant.
Finally, if Agy (k) is an eigenfunction of the remaining (£ = 0) integral equation

associated with the negative eigenvalue —|A|, the critical temperature follows from

2w.e”
-1 = A =-1=
n(ﬂ'kBTc> ’ |

27 w, _1
TC = __Ce |>\|
s kB

(2.21)

Here the numerical prefactor 2e”/m ~ 1.13 is recognised from BCS theory [58].

T After a partial integration we have ff:j( d¢ tanh(B¢/2)/(26) = In(Bw./2) tanh (Bw./2) +
In (47 /) + f[;’)::c/2 dz In(z)/ cosh?(z).



2. Superconductivity in an Anisotropic Hubbard Model 17

2.2.4 Weak-Coupling Theory

To make use of the generalised gap equation derived above, we turn to the main
assumption of the Kohn—Luttinger approach, namely that the on-site density-
density interaction, labelled U like in Eq. (2.2), is weak compared to the electronic
bandwidth U < w,, called the weak-coupling limit®. This limit is perfectly valid
mathematically; how it applies to real materials is discussed in Section 2.6 and
Subsection 3.4.3. The superconducting order parameter with the highest 7T is given
by the eigenfunction of Eq. (2.19) associated with the most negative eigenvalue. To
determine it, our strategy is to treat the irreducible vertex I' perturbatively in the
interaction strength U, specifically to one-loop (leading) order O(U?). Redefining
the vertex to be dimensionless for convenience, the gap equation reads [15]:

dk’ -
[ ST li) = o) (2:22)

(2.23)

The above integral runs over the Fermi surface (of area |Sp|), and [y is the
dimensionless irreducible vertex with spin indices left implicit. We also re-introduced
the Fermi velocity, the average Fermi velocity, and the density of states at the

Fermi level ¢ = 0 as (cf. Egs. (2.16), (2.17), and (2.18))

B . de 1 \! e
vp(k) = |VE&|, vp= (/SF |S_F]UF(]<:)) y Po = (2 (2.24)

2)

respectively. Finally, F; o 1s the irreducible vertex at second order, for which the

diagrams in both the singlet and triplet spin channels are shown in Fig. 2.3. The

second-order diagrams of Fig. 2.3 are readily evaluated:

2
L, = (2.25)

+x(k + k') spin singlet
—x(k —K') spin triplet ’

8 For a model defined on the lattice, the weak-coupling limit is U < ¢t where ¢ is on the scale of
the (maximal) electron hopping terms, cf. ¢ in Eq. (2.2).
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Figure 2.3: The second-order diagrams in the (a) singlet and (b) triplet channel. Solid
lines are bare electron propagators, dashed lines denote the Hubbard interaction, and
vertical arrows denote spins.

as expressed in terms of the the density-density response function, or the Lindhard

function, x(q) given by [15, 60]

- 5p+q

_ _/ dp f(&) — f(&pta)
Bz (27 & —&prg

when taking the continuum limit in the transition from the first to the second line.

1 1 1
x(q) = 3 > on — &, oo
pn (2.26)

The Matsubara sum was carried out in analogy to Eq. (2.14).

In the singlet channel one must also account for the (trivial) first-order contri-
bution, as readily shown in Fig. 2.1 (b). Since the first-order vertex I'") is positive
semidefinite and has no k-structure, an overall finite-T, solution to the gap equation
must belong to the kernel Ker(I'™) to evade the repulsion at first order. In turn,
this implies that for any non-degenerate order parameter:

Y(k) € Ker(TW) = ) dk (k) = 0. (2.27)
F
One may take (k) € Ker(I'V) as a defining criterion of the “unconventional
sector”. Note that this set excludes the BCS s-wave solution, which does not
change sign over the Fermi surface.

To summarise, an eigenfunction (k) of the integral equation in Eq. (2.22)

associated with a negative eigenvalue A signals the onset of superconductivity with

an order parameter A(k) below a critical temperature T,

Alk) =T, UF_(k)@b(k), T, ~ We /I (2.28)

(%




2. Superconductivity in an Anisotropic Hubbard Model 19

where W = %:—; is on the order of the electronic bandwidth, as per Eq. (2.21).
We define the ground state as the order parameter with the highest T, i.e. the

solution with the most negative eigenvalue.

2.3 An Anisotropic Hubbard Model
2.3.1 The Model and its Fermi Surface

To employ the formalism introduced in the previous section, we shall focus on an
anisotropic three-dimensional Hubbard model, previously studied in Refs. [63, 64].
We allow electrons at chemical potential 1 to hop on a primitive tetragonal lattice
(see Subsection 2.3.2 and Fig. 2.5) defined by an in-plane (out-of-plane) hopping
strength ¢ (t.). The electrons are subject to an on-site repulsive density-density
interaction U > 0. The Hamiltonian is given by (cf. Eq. (2.2))

H = —¢ Z Cszst —t Z cjscjs — uZnis + UZ”iTnii‘ (2.29)
s,(ig) 1 S, i

RGN

Here c;, (c!

! ) annihilates (creates) an electron of spin s on lattice site i, n;, = cl.c

is the density operator, and (-); ({-).) denotes in-plane (out-of-plane) nearest
neighbouring sites. The non-interacting part of the Hamiltonian yields the single-

particle dispersion in momentum space:
£ = —2t) (cos kg + cosky) — 2t cosk, — pu. (2.30)

The electron filling is defined as the expectation value

n = (Ngs) = 2/}32 %f(ﬁk), (2.31)

where the factor of 2 comes from the sum over spins, f(F) = (1 +exp(SE))™! is the
Fermi function, and the 3D Brillouin zone is BZ = [—m, 7]®. Due to the presence of
particle-hole symmetry?; it suffices to study the region below half-filling n € [0, 1]
since the order at filling 2 —n would be identical by this symmetry. The relationship

between n, u, and ¢, for fixed ¢{; = 1 is shown in Fig. 2.4.

9 The particle-hole symmetry exchanges the roles of electrons and holes and is defined as
an antiunitary operator that anti-commutes with the single-particle Bogoliubov—de Gennes
Hamiltonian [65]. We elaborate on the role of this symmetry in superconductors in Sections 4.1
and 4.2.
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Figure 2.4: Heat map of the electron filling n(u,t,,t) = 1), defined in Eq. (2.31), as
a function of the chemical potential u and the out-of-plane hopping ¢ . Black lines are
isolines for n.

The Fermi surface derived from the model in Eq. (2.29), defined by &, = 0, takes
on four topologically distinct shapes below half-filling. To see this, we introduce

the two van Hove parameter lines
p = —4t) + 2L, Py = —2t 1, (2.32)

defined by the values of the chemical potential that make the Fermi surface touch
the BZ boundaries |k,| = 7 or |k,| = |k,| = 7, respectively. A van Hove singularity
marks a singularity in the density of states and takes place when the chemical
potential is tuned to an extremum or saddle-point of the dispersion. Examples
of the various Fermi surfaces are shown in the phase diagram that we determine
numerically and comment on in Subsection 2.5.2; see Fig. 2.9. The shapes include
one closed and three open Fermi surfaces. Tuning ¢, /t) or u/t) across any of
the van Hove lines defined above produces a Lifshitz transition [66], at which the

topology of the Fermi surface is altered.

2.3.2 Tetragonal Crystal Symmetries

The Hamiltonian of Eq. (2.3) is characterised by a symmetry group composed of
a crystal point group G, spin-rotation symmetry SU(2), time-reversal symmetry
T, and a gauge symmetry U(1). While the U(1) symmetry is fundamentally

broken in the superconducting state, any non-degenerate order parameter A(k)
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respects the remaining symmetries as dictated by invariance of the Hamiltonian
under these in our framework [11]. This is in fact already encoded in Eq. (2.22)
— in the symmetry properties of the irreducible vertex. Order parameters that
break crystal symmetries are beyond the scope of the leading singularity in the
normal phase approach considered here. Within a degenerate subspace of orders,
however, both time-reversal and point group symmetries can be broken, as discussed
in Subsections 2.5.3 and 2.5.4.

The model defined in Eq. (2.29) (and the model studied in Chapter 3) is defined
on a tetragonal lattice. A primitive tetragonal lattice is characterised by the in-plane

lattice spacing a and the out-of-plane lattice spacing ¢, as shown in Fig. 2.5. The

2
B2

a
a

Figure 2.5: Unit cell of the primitive tetragonal lattice, with in-plane lattice constant a
and out-of-plane lattice constant c.

order parameter deriving from a model defined on such a lattice thus belongs to
one of the ten irreducible representations (irreps) of the tetragonal point group
G = Dy, in order to respect the spatial symmetries imposed by the crystal [11].
The irreps have well-defined properties under rotations and reflections allowed by
the lattice. Here, we characterise key properties of the order parameters belonging
to the various irreps in reciprocal space'".

A convenient and standardised nomenclature for the order parameter is given

by the so-called d-vector basis, introduced by Balian and Werthamer (BW) [7].

10 As commented on in Section 2.2, we adopt the convention of scaling crystal momenta k, and
ky by the lattice constant a, and k. by the lattice constant c.
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Following this convention, the order parameter is parametrised by the scalar spin
singlet component dy, and the vector spin triplet d according to

Anp(k) An(k)\ 1 (—d.(k)+idy(k) d.(k)+ do(k)
(Aﬁ(k) Au(kﬂ)) V2 ( d,(k) —do(k) d.(k) +z’dy(k)) : (2.33)

where Ayy (k) is the order parameter with spin indices s and s’. As ensured by
fermionic asymmetry of the two-particle wavefunction (the Pauli principle), the

components transform under the parity operation as
do(—k) = do(k), and d(—k) = —d(k), (2.34)

respectively. Table 2.1 summarises the irreps of the tetragonal point group and
gives examples of associated order parameter structures in the d-vector basis.

In general, the order parameter in any given irrep can be expressed as an infinite
sum of its Fourier components (called “lattice harmonics”). In some cases this sum
is dominated by the fundamental lattice harmonic. For instance, in the case of the
By, irrep (see Table 2.1), the fundamental lattice harmonic is cos(k,) — cos(k,),

which in the case of small k, and k, often is denoted by d,2_,2 in the literature.

)
This notation is inspired by orbital physics, where the letters s, p, d, ... refer to
Cooper pairs of relative angular momentum [ = 0,1, 2, ... in a rotational invariant
system, respectively. Fermionic asymmetry dictates the Cooper pair to have spins
in a singlet or triplet state for even or odd [, respectively. Generally, the solutions to
Eq. (2.19) will have contributions from higher lattice harmonics, but for convenience
we coin the simplified orbital notation irrespectively in this thesis.

The orbital notation gives valuable information about the nodal structure of the
order parameter as imposed by the tetragonal symmetries. For example, d,2_,2 has
nodes along |k, | = |k,|, and d,, has nodes along k, = 0 and k, = 0. Such nodes —
imposed by symmetry — will be denoted by “robust” nodes. Nodes occurring from
the interplay of higher lattice harmonics and the particular shape of the Fermi
surface will be denoted by “accidental” nodes. In Fig. 2.6 we show simple examples
of unconventional order parameters in the 2D Brillouin zone BZ = [—7, 71]* with

a cylindrical Fermi surface drawn in black for reference.
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Table 2.1: Irreducible representations (irreps) of the tetragonal point group Dy [11].
Even-parity representations (subscript g) are described by a scalar (dy) order parameter,
whereas odd-parity (subscript u) order parameters are described by a vector (d). The
second column provides order parameter examples. Here, f; should be associated with
any function that transforms like sin k; under the point group operations and ff with any
function that transforms like cos k; for j = x,y, 2. Irreps E, and E, are two-dimensional
and can favour time-reversal symmetry breaking (TRSB) order parameters as indicated.

Irrep Order parameter Name TRSB

Ay do(k) =1 s-wave (BCS), No
2+ 1 generalised s-wave

Agg do(k) = fufy(f2 = f7)  g-wave No

B, do(k) = f2 =1 d-wave No

By, do(k) = fofy d-wave No

E, do(k) = f.(fe £ify) chiral d-wave Yes

Alu d(k> = facfny(f:g - fy2)2’ h-WaVG, No
[+ fy7 helical p-wave (BW)

Agy, dk) = f.2, p-wave, No
fy® — f20 helical p-wave

Blu d<k) = fmfyfz'%; f—WaV@, No
22— 147 helical p-wave

Bo, d(k) = fz(fx2 - fy2)2a f—wave, No
fy® + f20 helical p-wave

E, dk)=(f. £ify)2 chiral p-wave (ABM)  Yes

(b) () (d) ()

Figure 2.6: Examples of possible unconventional order parameters consistent with the
tetragonal lattice symmetries. The colours reflect the signed magnitude of the order
parameter in the 2D BZ, with a cylindrical Fermi surface shown in black for reference.
(a) cosky 4 cosky (Aig), (b) sin kg sin ky(cos kg — cosky) (Agg), (c) cosk, — cosky (Big),
(d) sin kg sinky (Bag), (e) sink, (Ey).
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It should be emphasised that the order parameters provided in the second column
of Table 2.1 are merely selectively chosen examples [11] relevant for the models of this
thesis. For example, the odd-k, order parameter d(k) = f,(Z + ig), where f, is any
function transforming like sin k£, under the point group operations, would be another
example of an order parameter belonging to the E, irrep. It should also be noted that
irreps F, and E, are two-dimensional, whereas the remaining eight irreps are one-
dimensional. A consequence of this is that order parameters belonging to either FE,
or B, can favour complex (chiral) combinations of orders to yield an increase in the
superconducting condensation energy (see Eq. (2.46)). Complex order parameters
are time-reversal symmetry breaking (TRSB), as indicated in the fourth column of
Table 2.1. Complex order parameters will be discussed further in Subsection 2.5.4.

Finally, in the case of a single-band model, which is the case throughout this
chapter, the d-vector is free to rotate. Phrased differently, the absence of spin-orbit
coupling (SOC) makes the three spin triplet components d,, d,, and d, degenerate.
The presence of SOC pins the direction of d and splits this degeneracy, as we

shall elaborate on in the next chapter.

2.4 The Low-Filling Limit

Consider the model in Eq. (2.29) at low filling, such that n < 1, where n is the
electron filling defined in Eq. (2.31). Equivalently, one can define the low-filling
limit by kr < m, where kp is the Fermi (crystal) momentum. In this limit, the
equation defining the Fermi surface, & = 0, can be well approximated by expanding
& in k; for © = x,y, z. To leading order, the Fermi surface becomes rotationally

symmetric around the Z-axis:

i
B4k + ﬁkQ =K ke =1+ 2t/ (2.35)

The expression for kr gives the relationship between the Fermi momentum, the
chemical potential, and the electron filling when combined with Fig. 2.4. The
surface defined by Eq. (2.35) is either a prolate spheroid or an oblate spheroid for

t| >t ort) <t.,respectively. Before elaborating on the case of a spheroidal Fermi
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surface, we first discuss exact results established in the instance of a spherical

Fermi surface, ¢ = t,.

2.4.1 Spherical Fermi Surface

Defining t = t| = t, in this subsection, the Lindhard function of Eq. (2.26) in

the low-filling limit evaluates to [15, 43]:

)
x(@) = oo (5
1 1-—2? 14+
= | 2.36
pO - 477'21:7
with ¢ = |g|. The gap equation for even/odd angular momentum,
IOOU2 / A
+ dQp x(k £ E)Y(E') = M(k), (2.37)
T

as per Eq. (2.22), permits exact solutions. Above, the symbol d€);, is an infinitesimal
Fermi surface element around the direction of k’. The solutions to Eq. (2.37) are the
spherical harmonics, (k) = Y;™(6, ¢), with a (2[41)-fold degeneracy in m, where we
parametrised k = kp(sin 6 cos ¢, sin §sin ¢, cos@). To obtain the exact eigenvalues,
and hence the critical temperature, we express x(q) as a power series in q/(2krp),
perform the integration term by term'!, and resum the series. For instance, for odd I:

_P0U2
47

/ Ay x(k — K)Y,™(0,¢') = poU Z / Ay X" (k — Y0, ¢)

= (poU)? i?’”nmw, ®)

= (pU)*NY;™(0, 9).
(2.38)

Above, the symbol x™(q) = — 5 lq/(2kp)]*" was introduced. The “partial”

eigenvalues S\Z(n) appearing above turn out to have the structure 5\1(") = B(n)/Qii3(n),
where Pj(n) (Q;(n)) is an [th order polynomial in n, the particular form of which

is not instructive to discuss here.

' This works because the spherical harmonics are eigenfunctions of the integral equation at all
orders in the ¢/(2kp) expansion, individually.
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Table 2.2: Exact pairing eigenvalues to one-loop order with a spherical Fermi surface.
The first three values here were originally reported by Ref. [67].

Pairing (1) M =N/ (poU)?
s-wave (0) +1(1+1n4) ~ 40.80
p-wave (1) —+(In4 —1) = —0.077
d-wave (2) —-1(16 — 111n4) ~ —0.0072

~wave (3) —5=(69In4 — 94) ~ —0.0018
g-wave (4) — 1355 (109 — 78 In4) ~ —0.00063
h-wave (5) — 35615 (1770 In 4 — 2443) ~ —0.00028
i-wave (6) — o325 (3461 — 2490 1n4) ~ —0.00014

The first seven exact eigenvalues \; = (poU )25\1 are listed in Table 2.2, demon-
strating that the leading instability is p-wave in the weak-coupling low-filling limit.
The critical temperature of the pairing states with [ > 1 decays with [ and eventually
approaches the law reported by Kohn and Luttinger, cf. Eq. (2.1). The first three
eigenvalues of Table 2.2 were initially obtained, by contour integration, in Ref. [67].

In principle, one should also consider the competition with other instabilities at
finite momentum, like charge-density and spin-density waves. However, in the weak-
coupling limit, the Cooper instability has been shown by renormalisation-group
methods to be the only relevant one [57]. Moreover, (anti)ferromagnetic order is

also irrelevant at low filling in the weakly coupled Hubbard model [45, 47].

2.4.2 Spheroidal Fermi Surface

Above, it was established that the three-fold degenerate p-wave pairing channel
(eigenfunctions Y™, for m = —1,0,1) is favoured in the low-filling weak-coupling
limit. As soon as we tune the parameters away from the particular case of ¢ =1,
the three-fold degeneracy of the ground state is expected to be lifted. However,
how this degeneracy lifts — i.e. determining which states are favoured for t; < ¢

and which for ¢, > ¢ — is non-trivial. It would be of interest to establish the
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nature of the eigenvalue splitting away from this parameter line as a function of
the Fermi surface warping. The splitting may even have measurable consequences
in superfluid helium-3, as discussed in the next subsection.

The spheroidal Fermi surface when ¢, # ¢ can be parametrised by the spheroid
eccentricity, which we denote by v (7) in the prolate (oblate) regime. In Table 2.3
we have summarised the Fermi velocity and the Fermi surface area in these cases.

When t, # t| the denominator of Eq. (2.26) at low filling is modified compared

Table 2.3: Fermi surface eccentricity, Fermi velocity, and Fermi surface area in the
prolate (| >t ) and oblate (f < t,) regime at low filling. Here 0 is the zenith angle.

Regime  Eccentricity vr(k) |SE|

>t v=,/1- (%‘)2 2kpt V1 — 12 cos? 0 2mk%(1 + v~ tarcsinv)
Y2 2ty 1+ B cos?0 2mk3(1+ 5 In 122)

ty

t||<tL U= 1—(

to the spherical case:
_ 2 2 L oo tL 4

&p — Eprg = —t) (@2 + @) + e + 2|quPs + qypy + t—”quz} + O(pi,@:)").  (2.39)
This expansion is justified at low filling since the Fermi momentum is small compared
to 7. By rescaling the Z-axis according to k. — /t|/t . k., we can bring Eq. (2.39)
back to the form of the spherical case at the expense of including a Jacobian factor
of \/t|/t. in the Fermi surface integrals. We combine this with the various elements
of Table 2.3 in Eq. (2.22) to obtain the dimensionless two-particle vertex in rescaled

coordinates, stated here in the triplet channel:

_ 1+ v arcsiny x(k — k')
Fpro}ate =—p U2 , 2.40
ok ’ 2(1 =% [(1—v2cos?6) (1 — 12 cos? )]/ (2:40)
fwoblatc o _pOU21_ﬂ2 [l—i-ih'l 1+ﬁ:| X(k_k/)
Kk . . . . ,
v 1-v [(1 + % cos? 9) (1 + 12?72 cos? 9’)}1/4
(2.41)

where x is the same function as in the spherical case (Eq. (2.36)).
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A common way to solve integral equations, like Eq. (2.22) in the present case,
is to expand the integration kernel and its eigenfunctions in a basis of orthogonal
polynomials [68], with further details given in Appendix A. Given that no ¢'-
dependence was introduced in the various new factors of Eq. (2.40) and (2.41)

compared to the spherical case, we apply the reasonable ansatze

Upatin, (0, ) = 1(0) exp(+ig), (2.42)
. (6,0) = 0(0), (2.43)

in the two sectors of interest, corresponding to m = +1 and m = 0, respectively.
When inserting this and integrating over ¢, we are left with a one-variable integral
equation. By further expanding both the integration kernel fk;,k’ and the solutions
1 in orthogonal polynomials, the continuous problem (integral equation) maps
onto an infinite-dimensional matrix eigenvalue problem that we solve numerically

by truncation.

M (poU)?

o A
—03} Pz \.‘
-04} Apx Py l\‘\‘
~0.5} L]

(a)

Figure 2.7: Pairing eigenvalues in the (a) prolate and (b) oblate regime as a function of
the Fermi surface eccentricity at low filling. The p-wave value of Table 2.2 is recovered at
v, v =0.

The resulting eigenvalues are shown in Fig. 2.7, revealing that the p, ({ps,py})
order is favoured in the prolate (oblate) regime. Corresponding eigenfunctions
for three values of the eccentricity are shown in Fig. 2.8, demonstrating that the
eigenfunctions barely receive any corrections compared to the spherical harmonics,

even for eccentricities close to 1.
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Figure 2.8: Eigenfunctions in the (a) prolate and (b) oblate regime as a function of the
zenith angle at low filling. The insets show projections of the Fermi surfaces to illustrate
the warping.

The reason why 7. is enhanced in the prolate case and suppressed in the oblate
case can be seen from the 6-dependent factors of Egs. (2.40) and (2.41). These
factors, coming from the inverse Fermi velocity, promote vertical § = 0, 7 (horizontal
6 = 7/2) pairing increasingly in v (7) in the prolate (oblate) regime. In the prolate
regime these factors (which are > 1) contribute to enhanced pairing, whereas
the pairing is suppressed in the oblate regime (since the factors are < 1 here).
Intuitively, the above observation can be understood in terms of the Fermi surface
self-nesting wave-vectors, defined as the @ at which the susceptibility peaks. In

the triplet channel it is advantageous to have
arg[A(k + Q)] = arg[A(K)], (2.44)

with k, k+ Q € Sp, to achieve the most negative pairing eigenvalue. For a {p,,p,}
order parameter this is achieved with @ || 2, which for a prolate spheroid is also
the direction promoting the largest Fermi surface self-overlap when shifting by Q.
For a p, order parameter the condition of Eq. (2.44) is satisfied with @ L 2, but
the Fermi surface self-overlap is reduced relative to the spherical case here.

The splitting of orders away from the spherical case is in principle detectable
experimentally via specific heat measurements. While the p, order parameter has
a horizontal line node, the p, =+ ip, orders have two point nodes, which yield 72

and T? power laws, respectively, for the electronic specific heat at low temperature
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compared to the maximal gap'? (we elaborate on this in Subsection 3.5.1 in the
context of SroRuQy). Alternatively, different dimensionality of the gap nodes implies
different values of the specific heat jump at T, associated with the release of entropy
when the gap opens. The specific heat jump, normalised by the normal-state value,
is calculated from averages of the order parameter over the Fermi surface [69]. Using
the spherical harmonics as reasonable approximations to the prolate and oblate

eigenstates at small eccentricities, the specific heat jump evaluates to

AC 12 (kR

Cul,_, T (W),

21((3)

%(03) ~1.19  for ¢(k) = eFsing’

Fo__

{ X~ ~0.792 for (k) = cosd (2.45)

F
where ( is the Riemann zeta function, with ((3) ~ 1.202, and where (-)g, is an
average over the Fermi surface. The corrections to Eq. (2.45), due to the Fermi

surface warping, are second order in v ().

2.4.3 Analogy to Helium-3

In contrast to the electronic model on the lattice explored in this chapter, helium-3
(®He) is a neutral fluid that undergoes a phase transition from a Fermi liquid
above T, = 2.7 mK to a superfluid below 7, [4, 8]. As a function of temperature
and pressure, the superfluid phase diagram of *He exhibits two distinct p-wave
phases, as identified with NMR (we return to this probe in Subsection 3.5.3). At a
pressure of around 30 bars and temperatures close to T, a chiral p-wave phase with
d(k) = (kyxik,)Z, known as the A-phase or the Anderson-Brinkman-Morel (ABM)
phase [5, 6], is realised. At lower pressure and temperature, an isotropic p-wave
phase with d(k) = k,Z + k,§+ k.2, known as the B-phase or the Balian-Werthamer
phase (BW) [7] phase, is realised. The BW phase is an analogue of the helical
p-wave state belonging to the Ay, irrep on the tetragonal lattice, as per Table 2.1.

Interestingly, in a superfluid that by many has been considered fully understood,
yet another p-wave phase, perhaps yet to be experimentally established in any

material, has recently been proposed in 3He confined to strained silica aerogels [70].

12 Similarly, different power laws appear when comparing e.g. the heat conductivity, ultrasound
absorption, or the London penetration depth in the cases of point nodes and line nodes,
respectively [58].
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This newly suggested phase has d(k) = k,Z, i.e. the gap has a horizontal line node
at k, = 0 — it corresponds precisely to the Ay, phase found in the prolate Fermi
surface low-filling case on the lattice in the preceding subsection. Though merely
an analogy to the lattice case, we leave this as an interesting remark that does

not appear to have been discussed in the literature.

2.5 Numerical Results

Various studies have previously obtained the weak-coupling phase diagram of the
2D Hubbard model (¢, = 0 in our model) [15, 49, 51, 53]. Initial studies found
a transition from d,2_,2 to d, order as the filling was lowered, but this was
later refined with the presence of an intermediate pocket of {p,,p,} order close
to n ~ 0.55 that had been overlooked [53]. The phase diagram has also been
established with random phase approximation (RPA) methods [54, 55, 71]. In
general, the RPA phase diagram contains a rich variety of orders, and greater
regions of the phase diagram are dominated by d-wave superconductivity at finite
U compared to the weak-coupling limit.

The 3D cubic lattice Hubbard model (¢, = ¢ in our model) has also been
studied numerically in the weak-coupling limit [15, 48]. In this case, the lattice
symmetries of the octahedral point group O), are restored, and it was established
that a transition from {d,2_,2, dy,2_,2_,2} order (irrep E, of Op) to {p,, py, p.} order
(irrep T3, of Oy) takes place when lowering the electron filling through n ~ 0.32.

Functional renormalisation-group studies in both the 2D [72, 73] and the 3D [74]
Hubbard model have mostly focused on the regime close to half-filling. Here,
these studies identify d-wave superconducting orders in agreement with the results
discussed above, but depending on the details, antiferromagnetic instabilities tend
to dominate at intermediate to strong coupling'®.

Taken together, the above lines, {; = 0 and ¢ = t,, constitute important

consistency checks as we here aim to bridge the gap between these limits, as well as

13 At half-filling in the strong-coupling limit, the Hubbard model maps onto the Heisenberg
model with antiferromagnetic exchange coupling J o t?/|U| in any dimension [45, 75].
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addressing the parameter region ¢; > ). In the subsections to follow we present
numerical results for the weak-coupling ground state phase diagram, supplemented

with examples of orders and pairing eigenvalues.

2.5.1 The Phase Diagram

Numerically, we discretise the Fermi surface, thereby reducing Eq. (2.22) to a regular
matrix eigenvalue problem. We use 3000 to 4000 k-points typically, and we vary
t, (with ¢ = 1.0 fixed throughout) with a resolution of ¢, = 0.1 for a range of
p-values. Identifying the most negative eigenvalue of f‘kk/ at each parameter point
results in the phase diagram shown in Fig. 2.9. In this figure examples of Fermi
surfaces at six parameter points are indicated with gray surfaces. The van Hove
lines from Eq. (2.32) are shown as black dashed lines, horizontal dotted lines mark
cuts for the coupling strengths examined in Subsection 2.5.2, and labelled crosses
show the positions of order parameters examined in Subsection 2.5.3.

In the parameter window (u, t,) € [—5,0] x [0.0,1.6] we find order parameters
belonging to five distinct irreps of Dy,. We reproduce previously-established results
in aforementioned limits. Specifically, as the chemical potential is lowered from
half-filling in the 2D limit ¢, = 0, we recover the transition from B;, to E, at
n = 0.57 (u = —1.15) and the subsequent transition from E, to By, at n = 0.51
(u = —1.40), cf. Ref. [53]. The transition from d-wave to p-wave order for t, = t| is
also reproduced as the filling is lowered through n = 0.32 (u = —2.46), cf. Ref. [15].

At low filling, n < 0.05 ( < —4.8), the p-wave orders split, away from t, = ¢,
in the fashion described analytically in Section 2.4, i.e. such that {p,,p,} are
favoured for ¢, < t and p, is favoured for £, > #;. Notably, the splitting is

opposite at intermediate electron fillings.

2.5.2 Coupling Strengths

In Fig. 2.10 the pairing eigenvalues along the parameter points of the horizontal
dotted cuts of Fig. 2.9 are shown. To understand key trends of Fig. 2.10, recall
that the Lifshitz transition (van Hove singularity) at p = ., = —2t, marks a

change in the Fermi surface topology (enhancement of the density of states) due to



2. Superconductivity in an Anisotropic Hubbard Model 33

1.25 1.5

} } > t t
r Ly [4
SIIIIIIIIIII SIS PP SIS

R R Ry
s777 /17777
/

\
\
N\
N\
\
\
N\
\
N\
N
N
\
N
N
N
\
N
N\
N\
\
N
N\
N\
\
\
N
\

NANNNNNNN
NANNNNNN
NANNNNNN
NANNNNNNN
NWNNNNN

e)ﬁ

NNRD PP LA NARA LA PSS S S Sa o A
N ey

NN ///////////// ANs7777777

‘/Irr/VVV/ﬁ»n j{ yvyvvrrraA

NN S22 PVIISTIRIYP s s 7 7
N /I00777727

VU N
AR N
Z

Blg B2g Alg A2u D Eu

Figure 2.9: The ground state phase diagram of the model in Eq. (2.29) in the weak-
coupling limit. The van Hove lines (dashed) of Eq. (2.32) separate four distinct Fermi
surface shapes, as exemplified with gray surfaces. The gray shaded area has no Fermi
surface, and in the white regions the Fermi surface is too small for the numerical scheme
to be trusted. Pairing eigenvalues along the horizontal dotted lines are shown in Fig. 2.10.
Order parameters at the positions of the labelled black crosses are examined in Fig. 2.11.

touching of the k,, k, = £7 BZ boundaries. Similarly, the Fermi surface touches
the k., = &7 zone boundary at u = p. = —4¢; + 2t,. The condensation energy

of an anisotropic superconductor is given by [69]

Funa = —5 (o(R) AR)?)s, (2.16)

where p(k) is the density of states. Hence, a maximal gap in the regions where
the density of states peaks, i.e. at a van Hove singularity, yields a gain in the
condensation energy. This is notably the case for the d,2_,2 order at p,, and for
the dy,2_g2_,2 order at p., respectively. Hence, these orders tend to be favoured
in vicinity of the respective van Hove lines.

The interpretation is more complicated for the p-wave orders since there are

qualitatively opposing mechanisms here. On the one hand, one could argue that
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Figure 2.10: Leading (negative) pairing eigenvalues at the locations of the dotted lines
in Fig. 2.9: p=-1.2,-1.5,-2.0,-3.0 in (a), (b), (c), (d), respectively. The short vertical
dotted lines show the positions of the van Hove points, which tend to favour d-wave orders
close to half-filling.

the p, order would be favoured in vicinity to the pu, line since this order has a
maximal gap magnitude at the extremal values of k,. On the other hand, a p, order
parameter, being of odd parity, would also have opposite signs at the k, = +7 zone
boundaries. These opposite signs typically leave little room for self-nesting, as per
Eq. (2.44). Hence, a simple analytical prediction for regions of favoured p-wave

order is not clear-cut and requires a numerical calculation.

2.5.3 Order Parameters

A selection of order parameters, at the locations indicated by labelled crosses
in Fig. 2.9, are shown in Fig. 2.11. In Fig. 2.11 (a)—(e) two order parameters
are degenerate (by symmetries of the lattice), and we consequentially show the

magnitude of a complex combination of order parameters normalised by the maximal
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Figure 2.11: Order parameters on the Fermi surface at the parameter locations indicated
with labelled crosses in Fig. 2.9 coloured by the (signed) order parameter magnitude.
(a)—(e) Magnitude of complex order parameters |A(k)|, and (f)—(1) real order parameters
A(k), normalised by the maximal gap. Order parameters: (a)—~(d) pg +ipy, (€) dy2_,2 +
idgy2_g2_y2, (£)(8) dy2_y2, (h)—(i) dos2_y2_y2, (j) day, and (k)—(1) p.. The arrows in (b)
point at the horizontal line nodes.
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gap'!, see also the discussion in Subsection 2.5.4 below. In Fig. 2.11 (f)—(1) we show
various real order parameters normalised by the maximal gap.

Related to the discussion of Subsection 2.3.2, we find a rich variety of order
parameters with contributions from lattice harmonics beyond the fundamental ones.
For instance, the F, order shown in Fig. 2.11 (a) has a substantial contribution
from the next-to-fundamental harmonic sin(3k,) + isin(3k,). The resulting gap is
highly anisotropic in k and has deep vertical minima, challenging the commonly
accepted view that the £, order is uniform on a cylindrical Fermi surface [79]. An
even more striking example is the E), order realised at lower filling, close to the 2D
limit, shown in Fig. 2.11 (b). The slightly warped Fermi surface (¢, = 0.2) favours
a higher lattice harmonic in k., which makes the complex p, + ip, order acquire
horizontal line nodes. Accidental horizontal line nodes are generally unexpected
on a fairly 2D Fermi surface.

For closed Fermi surfaces the F, orders display varied nodal structures, see
Fig. 2.11 (c) and (d). Point nodes at the north and south pole, like in Fig. 2.11 (c),
is the expectation for a “textbook” chiral p-wave order parameter on a spherical
Fermi surface. The p-wave order in Fig. 2.11 (d), however, has a total of ten point
nodes, eight of which are the consequences of circular-like, accidental nodes in the
p, and p, components (similar to those seen in the p, order of Fig. 2.11 (k)).

The d, and d,2_,2 orders on cylinder-like Fermi surfaces, both with robust
vertical line nodes, remain overall fairly 2D and dominated by the fundamental

lattice harmonic, see e.g. Fig. 2.11 (f) and (j). The structure of dy.2_,2_,2 and

~y
the locations of its line nodes strongly change character depending on the Fermi

surface topology, cf. Fig. 2.11 (h) and (i).

1 Caveat: a two-component order parameter also allows for a nematic combination of orders,
like p, =+ py, which would break the point group symmetries. A nematic order parameter can be
favoured over a chiral one, as determined by minimisation of the free energy [76]. However, no
nematic order parameter was found to be favoured within our phase diagram. The compound
Cu,BisSes is one of the few real examples of a putative nematic p-wave superconductor [77, 78].
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2.5.4 Time-Reversal Symmetry Breaking

Certain regions of the phase diagram in Fig. 2.9 permit degeneracies of orders, as
imposed by the lattice symmetries. Examples are shown in Fig. 2.11 (a)—(e). For
instance, the p, and p, order parameters (irrep E, of Dy;) are ensured degenerate
by the tetragonal lattice. Another example is the parameter line ¢, = ¢ at which
the octahedral point group symmetries are restored, thus enforcing degeneracy of
e.g. the d,»

> and dy,2_,2_,2 order parameters (irrep E, of O). In such cases,

-y -y
complex combinations of order parameters are often favoured to minimise the free
energy and yield an increase in the superconducting condensation energy, as per
the argument given in Subsection 2.5.2 [11].

Chiral complex orders are time-reversal symmetry breaking (TRSB). Here, time-
reversal symmetry is encoded by an antiunitary operator 7 = Tk, where & is the
complex conjugation operator, and where T" acts on momentum and spin states as
T |vs(k)) = s|s(—k)), with § = —s. A phase is said to be time-reversal symmetry
invariant (TRSI) if the single-particle (Bogoliubov-de Gennes) Hamiltonian H (as
to be shown explicitly in Subsection 3.5.2) commutes with 7, [T, H] = 0 [65, 80].
Correspondingly, if the single-particle Hamiltonian does not commute with this
operator, the phase is said to be TRSB.

For TRSB orders the Chern number provides a topological distinction of gapped
phases in 2D [81]. We elaborate on the classification of topological phases of matter
in Chapter 4. The Chern number may be defined for any 2D slice of the 3D Brillouin
zone, so long as the magnitude of the gap is non-zero throughout the slice [64, 82].

We choose to define it in terms of k,-slices of the Fermi sea, denoted by Sg(k.).

The Chern number measures the winding of the complex order parameter phase:

1

~or

C(k,) fs . )dk - Viarg [A(k)] . (2.47)

As long as the gap does not close along the integrated path, the Chern number takes
on integer values, C'(k,) € Z, and remains invariant under smooth deformations of
the order parameter. As k, varies, the Chern number can discontinuously jump up

or down by one unit for each point node the integration path passes through.
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For example, the d,2_,2 + idy,2_,2_,2 order shown in Fig. 2.11 (e) has C' = 0 for
all gapped k, slices'”. The eight point nodes of this order occur at |k,| = |k,| = |k.]|
as imposed by symmetry. This order is realised for —2.46 < p < 0 and ¢, = t. The
odd-parity complex order parameters of Fig. 2.11 (a)—(d), on the contrary, display
various gapped and nodal structures, which is a priori unexpected for such a simple
single-band model. For instance, the fully gapped order parameter in Fig. 2.11 (a),
found at (u,t,) = (—1.2,0.10), has C(k,) = —3. However, the order parameter
in Fig. 2.11 (c), found at (u,t;) = (—3.0,0.55), has C'(k,) = +1 for |k,| < kp.
where kp, is the z-component of the Fermi wave-vector at k, = k, = 0. The order
parameter of Fig. 2.11 (d), found at (p,t,) = (—2.5,0.90), is more exotic and has

Clh.) = +1 for |k,| < KL, (2.48)
=3 for K, < |k.| < kg, ‘

where k. is the positive z-component of the eight point nodes closest to k, = 0. This
latter phase resembles a Weyl superconductor [83], in which bands touch in a linear
fashion at Weyl points where the gap vanishes. Finally, a recent study showed that
three odd-parity orders found and described here in principle can be distinguished

by distinct low-temperature thermal Hall conductivity characteristics [64].

2.6 Range of Validity

The aim of this chapter was to create a simple and transparent platform in
which unconventional superconductivity in three dimensions can be described
and understood. The phase diagram of Fig. 2.9 might serve as a useful reference
for future studies aiming to explore models that stabilise specific p- and d-wave
orders. The weak-coupling approach, which dates back to seminal work by Kohn
and Luttinger [14], asserts that a perturbative expansion in U/t is justified. As
such, the results presented in this chapter are considered asymptotically exact as
U/t — 0. An advantage of this approach compared to e.g. advanced Monte Carlo

methods [84] is that it is computationally feasible and exhibits appreciable numerical

15 Looking ahead to Chapter 4 and Table 4.1, a d + id-wave superconductor formally belongs to
class C in the classification of topological superconductors and insulators.
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convergence. Secondly, the approximation is well-controlled, making the scheme
transparent and allowing for calibration with analytical methods in the low-filling
limit (as per Section 2.4) and with e.g. RPA studies in the weak-coupling limit (in
which RPA reduces to the weak-coupling approach) for intermediate filling.
Clearly, the anisotropic Hubbard model of Eq. (2.29) is too simple to accurately
describe real materials. In most cases, a realistic description of real compounds
would require the inclusion of multiple tight-binding terms, multiple orbitals, spin-
orbit coupling, and multi-orbital interactions that are rarely weak compared with
the bandwidth. On the note of weak interactions, however, it is worth commenting
that a recent numerical study suggests that the results obtained at weak coupling
might serve as reasonable approximations well beyond the strict regime of U < t,
at least in the 2D Hubbard model close to half-filling [85]. We elaborate on this
point in the context of real materials in Subsection 3.4.3. Finally, it deserves being
noted that another recent extensive numerical study suggests that the 2D Hubbard
model may in fact not support a superconducting ground state in the intermediate

U/t regime [86], supposedly the regime that applies to the cuprates.
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Chapter 3

Superconductivity in Strontium
Ruthenate
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3.1 Introduction

Superconductivity in strontium ruthenate (SroRuO4, SRO) has accumulated an
intriguing history with more than 26 years of theoretical and experimental research.
To understand why this particular material merits a continued interest after so
many years, with many hundreds of scientific papers published on the topic, it is
necessary to review the historical and experimental situation. Since SRO has been
subject to an extensive number of experimental and theoretical studies, we can only

aim at reviewing a limited subset of the literature!. We open this chapter with a

! Elaborate reviews, some of which in light of recent experimental progress [19] must now be
considered out of date, are given in Refs. [79, 87-90].
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modest historical and experimental overview of superconductivity in SRO. Towards
the end of the introduction we outline the remainder of this chapter.

It should be noted that the experimental front for superconductivity in SRO has
been moving rapidly forward recently. To illustrate this, from the appearance of the
new nuclear magnetic resonance (NMR) results [19] (which will be described below)
until February 2020, on the order of ten experimental preprints have appeared
on arXiv.org. Our intention with this section is to provide an overview of the
historical situation, not to review the ongoing and still evolving experimental effort.
Instead, we will discuss some of the most recent developments and interpret our

results in light of them in Sections 3.5 and 3.6.

3.1.1 Historical and Experimental Overview

In the early history of high-temperature (high-T.) superconductivity, a common
feature of all high-7,. compounds was that they had copper and a layered perovskite
crystal structure. In 1994 superconductivity in SRO — a compound with the
same layered structure but without copper — was discovered below the modest
critical temperature T, ~ 1.5 K [17]. The perovskite crystal structure, defining
a tetragonal lattice, is shown in Fig. 3.1.

The ruthenium ¢y, electrons, as defined by the electronic orbitals 4d,., 4d,., and

Yz
4d,,, are believed to be dominantly responsible for the superconductivity in SRO. In
reciprocal space these three orbitals hybridise and form three semi-cylindrical Fermi
surface sheets, denoted by «, 3, and 7. As SRO makes crystals of excellent purity, its
Fermi surface sheets have been successfully measured with at least two independent
probes, which show excellent agreement: angle-resolved photoemission spectroscopy
(ARPES) [92, 93], and de Haas-van Alphen quantum oscillations [87, 94]. In Fig. 3.2
we show a two-dimensional slice of the approximately cylindrical Fermi surface
sheets as measured with recent high-resolution ARPES [93].

In the years following the discovery a range of experiments provided strong

evidence that superconductivity in SRO is unconventional. Two probes qualitatively
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Figure 3.1: Crystal structure of the perovskite SroRuO4 (SRO) and the high-7, family
Lay_,Ba,;CuOy4 [91]. For SRO the lattice constants are a = b = 3.86 A and ¢ = 12.72 A.
Adapted from [Y. Maeno, T. M. Rice, and M. Sigrist, Physics Today 54, 1, 42 (2001)],
with the permission of the American Institute of Physics.

imply time-reversal symmetry breaking (TRSB) in the superconducting phase’.
Muon spin rotation (xSR) — a bulk probe where the subsequent decay of polarised
muons incident on the sample are correlated with the local magnetic surroundings —
hinted at spontaneous magnetic fields generated by chiral currents [96]. The same
conclusion was later also reached with the magneto-optic polar Kerr effect [97].
The latter is a surface probe where linearly polarised light incident on the sample

surface is reflected as elliptically polarised light after interacting with a magnetic

2 New experimental results indicate that the critical temperature is higher than the temperature
where TRSB sets in [95]. This is discussed in Section 3.6.
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Figure 3.2: Fermi surface sheets o, 8, and =y of strontium ruthenate from high-resolution
ARPES measurements. The Brillouin zone labels are explained in Fig. 3.5. Figure adapted
from Ref. [93]: [A. Tamai et al., Phys. Rev. X 9, 021048 (2019)] under the terms of the
Creative Commmons Attribution 4.0 International license.

environment. If the apparent observations of TRSB indeed are associated with
superconductivity in SRO, we emphasise that this is a highly restrictive criterion
in terms of the possible order parameters on a tetragonal lattice. From Table 2.1
it is clear that only the two-dimensional representations F, and E, offer robust
ways of achieving a chiral order parameter. By “robust” we mean disregarding
the option of coupling order parameters from different irreducible representations
(irreps) — an option we return to in Section 3.6.

For a single-band superconductor with no spin-orbit coupling (SOC), the
magnetic response under the application of a small magnetic field (compared
with the upper critical field H.) yields a characteristic zero-temperature value
(when normalised appropriately) depending on the order parameter [18, 69], see
Fig. 3.12. In SRO NMR Knight shift measurements initially showed no drop in the
spin susceptibility below the critical temperature for a magnetic field pointing in
the basal plane [98, 99]. In the absence of SOC, such an observation can only be
reconciled with a d-vector pointing in the Z-direction in the notation of Table 2.1.
Hence, these experiments were interpreted as strong evidence of the realisation of
a chiral p-wave order parameter (irrep £,) in SRO. Furthermore, the bulk of the
experimental and theoretical studies the years to follow kept a perhaps biased focus

on observations supporting the chiral p-wave hypothesis.
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If the chiral p-wave hypothesis was found to be true, it would make SRO one of the
first chiral p-wave superconductors discovered and a solid-state analogue of superfluid
SHe [8, 18]. A 2D chiral p-wave superconductor would also be topological (which
is described in Chapter 4). The most remarkable application of a 2D topological
superconductor is that it would (in principle) give a platform for topological
quantum computation with non-Abelian anyons [21, 23, 28]. Despite strong initial
indications of a chiral p-wave phase being realized in SRO, an accumulated series
of experiments have raised substantial objections to this interpretation, some
of which we highlight below.

In a conventional (BCS) superconductor the density of states drops to zero for
energies below the superconducting gap Ag. In turn, this yields a specific heat
exponentially suppressed below the gap, C(T') oc T~3/2exp[—Ao/(kT)] [58, 69].
Unconventional superconductors are, on the other hand, characterised by low-lying
quasiparticles and nodes in the gap, as explained in Chapter 2. Thus, unconventional
superconductors obey instead power law behaviour at low temperature: C(7") o< T™
with n =2 (n = 3) when the gap has line (point) nodes. Specific heat experiments
conducted on SRO result in a C(T')/T « T dependence down to temperatures
in the mK range [100-102], see Fig. 3.3. The linear tendency implies very deep
line-like minima or true line nodes in the gap. Similar conclusions are inferred
from thermal conductivity measurements [103, 104], and from acoustic attenuation
experiments [105]. Since a “textbook” p, + ip, order parameter on a cylindrical
Fermi surface would be fully gapped [79], the above experiments lack a crisp
explanation in the chiral p-wave scenario.

When uniform strain is applied to a tetragonal crystal in either of the in-plane
directions (& or §) the crystal symmetries are broken and the point group symmetries
reduced, Dy, — Dsp,. One consequence of this is the lifting of the degeneracy between
p, and p, orders. At mean-field level in the absence of disorder this degeneracy
lifting was predicted to give a T,-cusp at zero strain (when T, is plotted as a function
of strain) for a two-component order parameter like p, & ip, [11, 106]. In SRO no

cusp is observed [107, 108]. When strained to the vicinity of a van Hove singularity
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Figure 3.3: Experimentally measured electronic specific heat per temperature, C. /T, for
SroRuOy4. The linear tendency down to mK temperatures implies line-like (near-)nodes in
the gap. Figure from Ref. [100], [S. NishiZaki, Y. Maeno, Z. Mao, J. Phys. Soc. Jpn. 69,
572-578 (2000)], (c) (2000) The Physical Society of Japan.

for the v band, the behaviour of H.; as a function of strain is reminiscent of that of a
d-wave superconductor [108]. A hypothesised solution to this apparent contradiction
is the transition between, say, a chiral p-wave to a d-wave order parameter at some
intermediate strain value. However, no clear indications of this possibility are
revealed when the specific heat is probed continuously under strain® [109].

To add to the accumulated set of conflicting evidence, the in-plane NMR Knight
shift experiment was recently repeated [19], yielding results that strongly conflict
with the original ones [98]. Now, a substantial drop in the spin susceptibility is
measured? at temperatures of 7'~ 20 mK. In the absence of SOC this observation
would rule out all vectorial order parameters with d || 2. We emphasise, however,
that SOC is crucial for the quantitative interpretation of both the NMR results
and the normal-state properties of SRO [93, 110, 111]. In a multi-orbital system

with strong SOC the analysis for the spin susceptibility is more involved than for

3 This situation should be contrasted with the successful observation of an order parameter
transition, such as for UPtg [12].

4 The discrepancy with the original results was explained by heating of the sample when using
too high NMR pulse frequencies.
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that of a single-band model, as we explain in Subsections 3.5.2 and 3.5.3. The new
NMR results have also reassuringly been reproduced by the Ishida group reporting
the initial result [20]. When interpreted in isolation, the new NMR results appear
compatible with several even-parity order parameters and possibly the helical order

parameters, but not a chiral p-wave order parameter.

3.1.2 Motivation and Outline

Arguably, strontium ruthenate has played an important role in the development
of our understanding of unconventional superconductivity, independently of which
order parameter turns out to be describing the superconducting state of SRO.
In many ways, SRO is an ideal testbed for theory to work towards an enhanced
understanding of the mechanism(s) of unconventional superconductivity. For T, <
T < Tpp, = 25 K the material has a well-defined Fermi liquid behaviour [87, 112], it
makes crystals almost free from disorder [113], and it has a low T, encouraging the
weak-coupling approach. Moreover, there are hundreds of high-quality experimental
results spanning wide-ranging probes to compare with.

With exclusive regard to the NMR experiments, the history of SRO has, as
explained above, undergone a peculiar turn. Until 2019 the chiral p-wave order
parameter appeared to be the only one consistent with the NMR experiment [98].
With the new results [19, 20] the chiral p-wave order parameter appears to be
the only option clearly inconsistent with the experiment. To this end, the debate
concerning the superconducting order of SRO has largely reopened. There is an
explicit call for theory to compare possible order parameters in an unbiased fashion
(cf. the irreps listed in Table 2.1). Microscopically calculated order parameters
should crucially be quantitatively compared to experimental data, especially the
new NMR data, to validate or invalidate the theory.

Most previous microscopic three-band studies of SRO have made use of 2D
models® [116-118]. This is a reasonable assumption from the perspective of the

semi-2D Fermi surface sheets, as detected with quantum oscillations [87, 94]. One

® Recently, more 3D studies have started to appear, one of which we will comment on in due
course [114, 115].
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might thus expect the inter-layer hopping to be correspondingly weak. To some
extent the semi-2D Fermi surface is deceptive. The band structure reveals a non-
negligible k,-dispersion, at least for the 8 and v bands [90, 110, 111]. Moreover,
owing to the strong SOC — which is expected to play an important role in SRO [93]
— spin correlations and the orbital content were shown to exhibit a substantial
k.-dependence [110, 111]. Furthermore, for an unbiased comparison of all ten
irreps that the order parameter can belong to, a 3D model is indeed required. A
3D study can also address the prospects of horizontal line nodes, which in the
present case might be unexpected but nevertheless has been proposed repeatedly
in the literature over the past two decades [19, 38, 79, 90, 104, 119-122]. This is
particularly important in light of the recent experimental progress.

In the remainder of this chapter we present one of the first microscopic cal-
culations of the superconducting order parameter in SRO derived from a 3D
three-band model including SOC. We construct an effective tight-binding model
by fitting the band structure of a three-band model to the relevant three bands of
an existing 17-band model derived from spin-resolved ARPES data [111]. On-site
Hubbard-Kanamori type interaction terms are added [123], and the generalised
gap equation is solved numerically within the multiband weak-coupling framework.
As a function of the (unknown) effective interaction parameter J/U, where J
(U) is the spin-spin (density-density) on-site Hubbard strength, we identify two
phases: helical p-wave triplet and d,2_,2-wave singlet for J/U smaller and larger
than J/U =~ 0.15, respectively.

We further present a detailed comparison of both orders with two key experimen-
tal probes: the specific heat and the spin susceptibility as probed via NMR Knight
shift. Both orders are roughly found compatible with current data, and we show that
they can be distinguished by a future NMR experiment where the magnetic field
points out of the basal plane. The chiral p-wave order, numerically competitive with
helical order, is found to sharply conflict with the recent NMR experiments [19, 20].
This is a surprising result since chiral p-wave has been the leading order parameter

candidate in SRO for more than two decades. We also clarify that horizontal line
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nodes in the gap, which have been proposed in various previous works, appear
unfavoured; the highest-T, order parameters found have all vertical (near-)nodes.
When taking into account recent experimental progress, we conclude the chapter
with a discussion of outstanding aspects, primarily the observation of TRSB. Possible

outcomes to the long-standing SRO puzzle are discussed in the Subsection 3.6.2.

3.2 A Tight-Binding Model in Three Dimensions

We start by constructing a tight-binding model for the normal state of SRO
valid near the Fermi energy. The essential ingredients for this description are
the three electronic Ru ¢y, orbitals 4d,., 4d,., and 4d,,. Aided by the spin-orbit
coupling [110, 111], hybridisation of these orbitals is responsible for the formation
of the three bands that cross the Fermi energy, which are commonly denoted by

a, f, and v [92, 93], see Fig. 3.5 (cf. Fig. 3.2).
3.2.1 A Tight-Binding Ansatz
The starting point is a generic three-orbital tight-binding model:

Hy =Y l(k)H,(k)p,(k). (3.1)
k,s

Here, 1 (k) = [cas(k), cps(k), ccs(k)]T, where c,s(k) is the annihilation operator
of an electron of crystal momentum k and spin s (with § = —s) on Ru orbital

4d,, when using the shorthand orbital notation A = zz, B = yz, and C' = xy,

as visualised in Fig. 3.4. In the above notation one should understand s = +1

C da:y

Figure 3.4: The three 3, Ru (4d) orbitals included in the effective model, relevant to
the Fermi surface physics of SroRuQy.
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as spin T, and s = —1 as spin | when the spins are quantised in the Z-direction.

The matrix H, has the structure

€AA(k) 6A3(k) —iS?] 8,40(’(7) +i77
Hs(k) = | epa(k) +isn epp(k) epo(k) —sn |, (3.2)
ecalk) —in  ecp(k) — sn ecc(k)

where 7 parametrises the spin-orbit coupling®. For the orbital energies e, (k) we
account for both intra- and inter-orbital hopping, both in-plane and out-of-plane,
consistent with the crystal symmetries. As anséitze for €44 and egp we retain
hopping terms up to three sites apart in the basal plane and leading order terms

out of the basal plane. Specifically, we let

5AA<k:Jc7 ky; kz) - é‘lD(kma kyv ]{72>,

(3.3)
5BB<kxa k'ya kz) = 51D(kya k:}m kz>7
where
eip(k, ki, k.) =—24 cos(k”) — 2ty cos(ky) — 2t3 cos(?k:u)
— 4ty cos(k”) cos(k,) — 4t5 cos (2k:||) cos(k,)
(3.4)
— 2tg cos(3k)) — 2ty cos (2t )

— 2t5 cos(ky /2) cos(k /2) cos(k./2) — pup.
For the semi-2D orbital C' = xy we treat hopping in the & and ¢ directions

on equal footing:
eco(k) = — 2ty [cos(k,) + cos(k,)] — 4tz cos(k,) cos(ky)
— 2t3 [cos(2k,) + cos(2k,)] — 4t, [cos(2k,) cos(k,) + cos(2k,) cos(k.)]

— 2t5 cos(k,/2) cos(k,/2) cos(k,/2) — pap.

(3.5)

Finally, we include leading inter-orbital terms:
eap(k) = —4t; sin(k,) sin(k,) — 4ty sin(k,/2) sin(k, /2) cos(k./2), (3.6)
eac(k) = —4izsin(k,/2) cos(k,/2) sin(k,/2), (3.7)
epc(k) = —4tssin(k,/2) sin(k,/2) cos(k,/2). (3.8)

% Technically, the n-dependence in Eq. (3.2) arises from Hsoc = 2nP,, L - SP,,,, where Py,
is a projector onto the to, triplet shown in Fig. 3.4, and where L (S) is the angular momentum
(spin) operator [124, 125].
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All terms included above are consistent with the symmetries of the tetragonal
lattice [126], and the model is considered over the Brillouin zone defined as BZ =
[—m, 7]? x [—2m, 27]. The elongated k. interval is due to the body-centred tetragonal
Brillouin zone which exhibits a shifted stacking (due to the shifted RuOs layers) [87].
Our definition above is a choice to ensure that all distinct k-points are represented.
We have also defined dimensionless momenta: k, and k, are measured in units
of the in-plane lattice constant a, and k. is measured in units of the out-of-plane

lattice constant ¢, see Fig. 3.1.

3.2.2 Bands and Pseudo-Spins

The hopping Hamiltonian H, is described by orbital (a) and spin (s) degrees
of freedom, and it includes SOC as parametrised by n. When diagonalising the
matrix Hs—y1(k) ® Hs=_1(k) the eigenvalues are labelled by band u = «, 3,7

and pseudo-spin ¢ = =+ indices:

Hy = Z Z guo(k)cla(k)cua(k)- (3.9)

k p,o
The eigenvectors define a unitary transformation between the bases of orbital and

spin, and band and pseudo-spin:

cha(k) =) ubt(k)cl (k), and (k)= [WZ(R)] |, (k).  (3.10)

11,0
The eigenvectors of the matrices H,—11 are related by a combined time-reversal
and inversion symmetry’, and they give rise to a two-fold Kramers degeneracy of
the three eigenvalues &,,—+(k) = £,(k). A convenient choice is to assign o = +
to the block H,—,;. If one in addition imposes a k-dependent gauge choice for
the eigenvectors, the eigenvectors corresponding to pseudo-spin value ¢ = — are
uniquely fixed. Such a gauge choice is described in Subsection 3.3.2. The three
Fermi surface sheets are defined by &,(k) = 0, and they are shown in Fig. 3.6 after

fixing the tight-binding parameters as described in the following subsection.

" Inversion symmetry sends k — —k, and time-reversal symmetry involves complex conjugation,
sending k — —k, and flipping spins (see Subsection 2.5.4).
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3.2.3 Tight-Binding Parameters

The model proposed in Subsection 3.2.1 contains 19 undetermined parameters,

{1y = {4y, (Y Ay i pan . (3.11)

In this section these parameters are determined by fitting the band structure, via
Monte Carlo (MC) sampling, to the three relevant bands of the 17-band model of
Ref. [111]. The latter model is based on fitting an extensive tight-binding ansatz
to the band structure inferred from spin-resolved ARPES data. To facilitate a

combined band structure and orbital content fit, we define a cost function [127]:

D({1}) = Zzwm AtD) — (k)"
+Zqu(|uéi<q, (hE -l ()P

12 qGS;L

(3.12)

Here, quantities with a tilde refer to those obtained from the model of Ref. [111], and
bare quantities to those as obtained with our effective model. The symbols w; and
wq are chosen energy and orbital weights, respectively. First, we fix w; = 1.0 eV—1/2
and wy = 0 for 44 fitting points in a primitive tetragonal unit cell, as shown with
crosses in Fig. 3.5 (b). The weights wy, are increased by a factor of four for 16 of the
k-points closest to the Fermi energy and for the high-symmetry points with labels
in the inset of Fig. 3.5 (b). Sets {t} are drawn from uniform intervals for each MC
cycle. A set {t} is kept as the new optimal set with probability exp(—D({t})/?/T)
if it reduces the value of D({t}) compared to the previous optimal set. Here, T"is a
parameter that we gradually reduce in hope of converging to the global minimum
of D. After millions of MC cycles with consecutive narrowing of the parameter
ranges for {t}, we end up with a preliminary band fit.

Secondly, we turn on the orbital fitting weights w, = 2.0 for all bands, where
the @’s are momenta on the Fermi surface picked at the three in-plane directions
0 =0, w/6, m/4 (0 is defined as the in-plane polar angle relative to the Z-axis) for the
three k,-slices k, = 0, m, 2w. We repeat the procedure outlined above to refine the fit

and ensure reproduction of the orbital content of the bands compared with Ref. [111].
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Figure 3.5: (a) Reproduced band structure of the 17-band tight-binding model proposed
in Ref. [111], [C. N. Veenstra et al., Phys. Rev. Lett., 112, 127002 (2014)], based on
spin-resolved ARPES data. The three bands crossing the Fermi energy are highlighted in
blue. (b) Optimal band structure fit, at the fitting points marked with crosses, of our
effective three-band model to the relevant bands of the 17-band model. The inset of (b)
shows the primitive tetragonal unit cell.

The optimal tight-binding parameters found in this way are listed in Tables 3.1,
3.2, and 3.3. Since the threshold for inclusion of terms in the model in Ref. [111]
is O(10 meV), we can only hope to accurately describe tight-binding terms larger

than this threshold. Hence, the parameters ts, g, t7, t5, t1, and t3 can and should



o4 3.2. A Tight-Binding Model in Three Dimensions

be discarded to increase numerical efficiency. We note that, surprisingly, the
inter-layer term tg comes out as the next-to-largest hopping term in Table 3.1,
giving strong hints of the deceptive perception that the inter-layer physics of
SRO can safely be ignored.

Table 3.1: Tight-binding parameters for Eq. (3.4) obtained with Monte Carlo fitting.

Parameter tl t2 t3 t4 t5 tﬁ t7 tg

Value [meV] 2578 278 —35.5 —224 —47 —-24 32 04.5

Table 3.2: Tight-binding parameters for Eq. (3.5) obtained with Monte Carlo fitting,.

Parameter t1 to ts ts ts

Value [meV] 356.8 126.3 17.0 22.3 —4.1

Table 3.3: Tight-binding parameters for Eq. (3.2) obtained with Monte Carlo fitting.

Parameter 11D oD n t to t3

Value [meV] 2869 351.9  59.2 2.0 —15.5 =54

The Fermi surface produced with the effective model, using the tight-binding
parameters above, is shown in Fig. 3.6, where the bands are coloured by a measure of
the orbital content. Note that the o band is dominated by the Ru orbitals 4d,, and
4d,.. In contrast, bands 8 and 7 exhibit strong mixing between the aforementioned
orbitals and 4d,,. Moreover, the k.,-dependence of the orbital mixing is non-
negligible on the § band. To provide a quantitative comparison of the Fermi surface

produced with our effective model to the model of Ref. [111], Fermi surface k,
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Figure 3.6: Three-dimensional Fermi surface on bands (a) «, (b) 8, and (c) v produced
with our effective model colour coded with a measure of the orbital content, |ufﬁ(k)|2 +

Julgy (k).

cuts at k, = 0, 27 are shown in Fig. 3.7. Though revealing an overall match, the
k.-warping of band ( is slightly exaggerated in the effective model. However, this
tiny discrepancy is not an unreasonable consequence of the serious and necessary
simplification of projecting a 17-band model onto an effective three-band model.
Such a simplification is needed to make the numerical procedure realistically feasible.

Finally, it should be commented that determining the global minimum of a
high-dimensional function like Eq. (3.12) is not trivial, and our approach does not
provide any guarantee of finding it. Furthermore, the energy landscape of D({t})
is likely complicated and might contain numerous local minima. However, the

quality of the resulting fit shown in Fig. 3.5 is arguably high enough to produce
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Figure 3.7: Fermi surface cuts at (a) k, = 0 and (b) k, = 27 for the three-band model
of Eq. (3.2) and the 17-band model of Ref. [111].

an accurate, yet effective description of SRO that can serve as a testbed for

advanced numerical calculations.

3.3 Weak-Coupling Theory with Multiple Bands

Building on the kinetic Hamiltonian of Eq. (3.1) proposed in the preceding section,
we add repulsive on-site interaction terms to the description. Since we effectively
treat a model for the ty, = {4d,., 4d,.,4d,,} electron triplet, the interactions are
more complicated than in the single-band case of Chapter 2. When projecting the
on-site interactions onto the ¢, triplet, the phenomenological Coulomb interactions,
known as Kanamori-Hubbard type interactions, read [123]

Hy = % Z NiasNias’ + %, Z MiasTibs!

i,a,57#8s’ i,a#b,s,s’

+ £ c e e + i/ e e
9 ias 1bs’ “ias’ “ibs ) as “ias’ “ibs’ “ibs*
i,a#b,s,s’ i,a7#b,s#£s’

(3.13)

Here n;q, = cgascms is the density operator on site ¢ and orbital a of spin s. The four
phenomenological interaction parameters, U, J, U’, and J’, stem from Coulomb
overlap integrals. From the overlap consideration the parameters are dependent and

satisfy U’ = U—2J and J' = J [123]. Below, we will consider the weak-coupling limit
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in which the leading-order contribution to the two-particle vertex is O(U?) such that
an overall factor of U? can be factorised from the interaction. This leaves the single
parameter J/U to characterise the effective interaction. This parameter is considered
unknown, as discussed further in Subsection 3.4.1. A justification for employing

the weak-coupling approach in the case of SRO is given in Subsection 3.4.3.

3.3.1 Balian—Werthamer Basis with Pseudo-Spins

A natural extension of Subsection 2.3.2 is to define an order parameter basis in
which spins are replaced by good quantum numbers in the presence of SOC. It
is desirable to arrange this in a fashion that reproduces the Balian—Werthamer
basis of Subsection 2.3.2 when turning off SOC. As such, we define a basis at
the level of pseudo-spins (and bands), as shown rigorously in Refs. [59, 128]. In
this basis the order parameter is parametrised by the scalar pseudo-spin singlet
dy and the vector pseudo-spin triplet d as

Acc(k) A (R)\ _ L (~du(k) +id,(k) d.(k) + do(k)
(A—+(k> A-—(k>>_\/§( d. (k) — do(K) dx(k)Jrz’dy(k:))’ (3.14)

analogous to Eq. (2.33). Here, A,/ (k) is the pair correlation between pseudo-spins
o and ¢’ (i.e. the order parameter) with band indices kept implicit. As still ensured
by fermionic asymmetry, cf. Eq. (2.34), the d-vector and d have well-defined parity
transformations: do(—k) = dy(k) and d(—k) = —d(k).

3.3.2 Absence of Instability at First Order

With multiple bands and the interactions of Eq. (3.13), the structure of the first-
order vertex from Fig. 2.1 (b) is involved compared to the single-band case. In this
subsection we prove that, in this more complicated setting, the first-order vertex
remains positive semi-definite so long as the ratio J/U is sufficiently small®. We
quantify what is meant by “sufficiently” below. Negative eigenvalues at tree-level
are generally not expected, as per Refs. [15, 116, 128-131], but providing a solid

proof would be useful and instructive.

8 A similar argument was originally formulated by Victor Emery (private communication with
Steven Kivelson).
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When diagonalising H (k) the interaction potential is transformed accordingly,

VMSU3M4U4(’C17 k27 k37 k4)

H101 4202

— Z Vosssasss o (o Vo202 (fo,) [u“3"3(k3)]* [u“4‘74(k4)]*, (3.15)

a151a282 a1s1 asso a3s3 a484
{ai}7{si}

where the u’s are the eigenvectors of H(k), as per Eq. (3.10). The interaction
potential with spin and orbital indices, as appearing in Eq. (3.15), consistent with
H; from Eq. (3.13) is given by
Vst = UdayasOasasOasasOs15:0s551 (0355 — Osrss)
+ U'(1 = 0aya5) (00 a1 0azas 0s1 54 0255 — OaragOazas sy 550ss1)
+ J(1 = Gaya5) (Gara50a204 9515405255 — OarasOazasOsy s30s054)
+ J'(1 = Gazas)0a1as 005005155 (0515105555 — Osy55052s4)-

(3.16)

There is one diagram contributing to the even-parity vertex at tree-level, which

is a multiband variant of Fig. 2.1 (b) corresponding to

IO (ky ko) = Vo2t (kg —ky, —ko, ky)

12 p1t+p1—

_ Z /asssaass um-l—(kl)um—(_kl) [U”2+(k2)u“2_(—k2)]*,

arsiazsy  Yayrs: agss asss ass4
{ai}.{si}

(3.17)
A gauge choice for the eigenvectors allows us to relate pseudospin ¢ = — to
o = +. We will adopt the convention of making the a = C' = zy component
of the eigenvectors real’, combined with u2; (k) = (—1)%[u®}(k)]*. We further
enforce u??(—k) = u?(k) as motivated by the fact that H,(—k) = H.(k). Such
a relation makes Ff}l)w € R explicitly.

To proceed, we note the following: A matrix of the form G = Zil/[:l Qi [vn) (Unl,
made of complex orthogonal vectors (v,|v,,) & &, and real coefficients a,, is
positive semi-definite if and only if a,, > 0V n.

Serving as a warm-up exercise, we assume first no SOC and only a U-type

interaction (as considered e.g. in Ref. [128]). Time-reversal symmetry in this case

ensures that the eigenvectors satisfy uas(k) = [uss(—K)]". The tree-level vertex,

9 Private communication with Thomas Scaffidi.
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when explicitly stating the spin indices in this case, is (cf. Eq. (3.17))

F(l)(kl, kg U Z UaT(kl)UaJ,(_kl) [uai(_ka)uaT(k?)]*
=U Y [tar (k)| [uat (ko) (3.18)

_ [UZ |t ) (Jear ] ]kl ko

Since this matrix explicitly has the same structure as G above, with a, = U > 0,
it follows from the comment above that it is positive semi-definite. Note that the
vectors and the matrix of Eq. (3.18) become finite-dimensional when the Fermi
surface is discretised. One can also check positive semi-definiteness explicitly by

using the definition of this property:
(| T vy = UZ| g P|0)? = 0 Vo) iff U > 0. (3.19)

Clearly, the argument fails when the interaction is attractive U < 0.
Including all interaction terms in the multiband case (with U’ = U — 2.J, and

J" = J) in the presence of SOC, the vertex can after some algebra be recast as

M (ki k) = UZU”1+ e (k) [ug: (—ko)ulb?" (ko)]*
+ (U =3J) Ykt (ke )ubis ™ (—key)[ub2™ (—ks)ut2* (hoo)]*
U-2J g“uﬁ Jugs (k) [ugs (—ko)ul2™ (ko))" 520
+J > Uéféfr (Ry)ufs, (—Fea)[ulz; (—ko)ug2 (ko))"
a5

Above, we introduced the notation a # a, so the double sums over a and a
are restricted by this criterion. From Eq. (3.20) it is clear that the property
of Eq. (3.19) holds as long as J/U < 1/3. Observe thus that positive semi-
definiteness is lost as soon as J/U > 1/3. The parameter regime J/U > 1/3
indicates an effectively attractive interaction, which we consider unphysical for
a purely electronic pairing mechanism.

Since the vertex at first order is positive semi-definite, one needs to consider

contributions at second order. The (negative-eigenvalue) solutions at second order



60 3.8. Weak-Coupling Theory with Multiple Bands

are only of interest if they belong to the subsector defined by the kernel of the first-
order vertex. Otherwise, the repulsive first-order term would be infinitely stronger
in the weak-coupling limit. This is taken into account by including a projector onto

the kernel of the first-order vertex in the pseudo-spin singlet channel as

PKer(f‘<1))F PKer( (1))7 (321)

where

Pear) = >, 1)@l (3.22)

) Ker(T(1)
In practice, when the Fermi surface is discretised, the dimension of Ker (f‘(l))
(i.e. the “unconventional sector”) is very close to the dimension of I'™). For instance,
at J/U = 0.10 we found only eight positive eigenvalues'® of T'") when using roughly
10* k-points as the (linear) matrix dimension. The most repulsive solution among

these eight is (expectedly) the BCS s-wave order parameter.

3.3.3 Second-Order Multiband Vertex

The proof of Subsection 3.3.2 makes it clear that one needs to consider second-order
contributions to the two-particle vertex to determine the leading superconducting
instability. We are thus interested in the multiband variants of the diagrams of
Fig. 2.3. The theory of these diagrams was developed in Refs. [59, 116, 128]. Below,
this theory is recapitulated in brief steps.

The generalised Lindhard function reads (cf. Eq. (2.26))

X,u2020’2 khkz Z Z f [5 (p+q)]

H10107]
P pp o0 ép, (p + q) (323)
V;ﬁglﬁzUZ(khp pP+q, k?) V;Z—Hifrj- ( klvp +q,p, _k2)7

where g = k1 — ko, and where the interaction potentials on the second line are given
by Eq. (3.15). By direct insertion of Eq. (3.15), and by assuming the continuum

limit Zp — (% 5 | dp, we readily have a recipe for calculating Eq. (3.23) in terms

10 Using the numerical tolerance |A|/U < 107! eV~! to define Ker (V).
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of the eigenvalues and eigenvectors of H,(k):

20207 E E azszasss 17 %5550)5)
X/u(na (kl’ kQ Va151a232 ‘/¢1151a252
{ai}{si} {aj}.{s}}

Xl (k) (w222 ) *usj;’f<—k1> [y 7} (k)] (3.24)
1 dp f [f (p+q)] '
- / Z §u(p+q)

X ., (P) [UZ‘3§3 (p + q)} % (p+ @) [uly, ()]
The factor of % above is included to account for the elongated Brillouin zone

in the Z-direction, as explained in Subsection 3.2.1. Next, we define the parity-

projected linear combinations

o} 0' ]- g O' g 0'
(v m ot or k) = =5 [N (R, o) 2 X202k (R, — k)| (3.25)

H1010q 2 M10107 H1010q

In the pseudo-spin singlet channel (even parity), the second-order contribution

is then expressed compactly as

T = (X012 = ()3t (3.26)

when leaving the k-dependencies and the band indices implicit. In the pseudo-
spin triplet channel (odd parity), the effective vertex in the d-vector basis of
Subsection 3.3.1 takes the block structure
Cow 000
=10 2, 12 |. (3.27)
0 Tyu T,

The various components above are related to the odd-parity vertex function as fol-

lows:
T = ()1 + (), (3.28)
L, = % [T = ()i = ()T + 0= (3.29)
Ty, = % [~ = )i + )+ ()] (3.30)
Doy, = =5 [~ + 005 = G+ (60) =] (3.31)

Lo, = % ()T + () + )+ ()2 (3.32)
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This establishes the technology required to calculate the multiband generalisa-

tion of Eq. (2.23):

_ Pur1Vuy (2) PpuzVus
Tasd s (K1, K2) = Ly (R K : 333
dzd],uutg( 1, 2) Uul(kl) didj7M1M2< 1 2) Uuz(kQ) ( )

where 7, j run over 0, z,y, z, and where k; (k2) runs over Fermi surface sheet S,
(Su,). The band-dependent density of states, Fermi velocity, and average Fermi

velocity are defined as in Eq. (2.24) with appropriate band indices added.

3.4 Numerical Results

In this section we present results for the leading pairing eigenvalues and order
parameters obtained numerically as a function of the unknown interaction parameter
J/U. In Section 3.5 the results are compared with two key experimental probes:
the specific heat [100] and the magnetic susceptibilty as probed via the NMR
Knight shift [19, 20].

Numerically, we follow the procedure of Chapter 2, i.e. we discretise the Fermi
surface making Eq. (3.33) a finite-dimensional matrix to be diagonalised. The
computational complexity of this task should not be underestimated. Naively, a
single evaluation of Eq. (3.24) involves 2% - 3% ~ 1.7 - 10° terms just from the spin
and orbital sums. This number is of course reduced substantially due to the form
of Eq. (3.16), but it highlights the fact that an efficient evaluation of XZ TZ?Z% is key
to the feasibility of the calculation. We use around 3000 k-points for each of the
three Fermi surface sheets and regularise the integrand of Eq. (3.24) (evaluating the
Lindhard function at a negligibly small but finite frequency). Although finite size
effects are unavoidable numerically, the eigenvalues are expected to have converged
within a few percent tolerance in the present context — as checked by varying the
integration resolution. Since we need to compute the eigenvalues and eigenvectors
of H, repeatedly for different k-values, an analytic routine for the diagonalisation
of 3 x 3 Hermitian matrices is used [132]. We employ around 500 computing cores —
computing sub-blocks of the matrix in Eq. (3.33) simultaneously in Fortran 90 —

over the duration of a few weeks to obtain the results presented below.
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3.4.1 Coupling Strengths

The eigenvalues of the leading order parameters are presented in Fig. 3.8 for all
irreps'' and for the interaction parameter range J/U € [0.04, 0.20]. This J/U
range is motivated by various RPA [133, 134], one-dimensional renormalisation
group [135], mean-field [136], and advanced density functional theory [134] studies,
in which estimates for J/U are centred around J/U = 0.1 but range between 0.059
and 0.23. Based on the leading eigenvalues of Fig. 3.8 (highest T.) we identify two
regimes: for J/U < 0.15 pseudo-spin triplet helical p-wave (Ay,) order is favoured,

and for J/U > 0.15 pseudo-spin singlet d,2_,2-wave (Bj4) order is favoured.

2 —92  J Blg A Alu
AU [V L gt
0-03_ % A].g < Blu

0.021

Figure 3.8: Leading (negative) pairing eigenvalues at second order as a function of the
ratio of the spin-spin to the density-density interaction strength, J/U. The results are
labelled by which irrep (see Table 2.1) the corresponding order parameter belongs to.

Compared to a previous weak-coupling study in 2D [116], in which a transition
from chiral to helical p-wave order is found around J/U ~ 0.06, the helical sector is
here marginally enhanced. All the odd-parity order parameters display the same
qualitative trend in J/U, and the splitting between them remains small throughout.

The splitting of the four helical states (irreps Ay, Asy, By, and Bsy,) is a small effect

' The E, irrep does not appear in this figure because these states appear highly disfavoured.
This is commented on below.
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that crucially relies on the presence of J/U # 0, n # 0, and €45 # 0. The splitting
order (and size) described here is consistent with that of 2D [116, 137]. Furthermore,
the precise dependence of the splitting as a function of SOC and the inter-orbital
eap strength was recently revisited both analytically and numerically in 2D [138].
This analysis finds, via a Ginzburg-Landau approach, that chiral p-wave order is
roughly speaking increasingly suppressed compared to the leading helical order as a
function of increasing SOC and Hund’s coupling, consistent with our 3D results.

The even-parity states display qualitatively different trends in J/U. In par-
ticular, the d,2_,2-wave eigenvalue is enhanced with increasing Hund’s coupling
and enters the phase diagram in the weak-coupling limit, which was not found
in 2D previously [116]. However, RPA studies do find this state favoured for
intermediate values of the on-site interaction U, and it tends to be increasingly
favoured with increasing J/U [117, 118, 138].

In three dimensions the possibility of an even-parity TRSB order parameter
(irrep E,) emerges. Such an order parameter has the structure do = f.(f, £1if,) in
the notation of Table 2.1, thereby having a robust horizontal line node at k, = 0.
This order was proposed as a way to reconcile nodal behaviour inferred from specific
heat measurements with the observation of TRSB [121]. Interest in this state was
further fueled by field-angle-dependent specific heat measurements [122], which
suggested the presence of horizontal line nodes. It was recently proposed that an
E, order parameter can be stabilised by certain odd-k, SOC terms for sufficiently
large values of J/U [114]. In our weak-coupling calculation we find no evidence of
this state being favoured in the considered J/U range. Instead, it appears highly
disfavoured with a typical eigenvalue of Ag,/Ag,, = O(107%). For instance, at

J/U = 0.20 the leading candidate has Ag, /Ap,, ~ 0.03 and thus does not

|J/U=0.20

come close to competing with the remaining nine orders shown of Fig. 3.8.

3.4.2 Order Parameters

To compare the two highest-T,. phases found numerically, we study the leading helical

order parameter at J/U = 0.06 and the leading even-parity order parameter at
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Figure 3.9: Order parameter magnitude |A,(k)| (colour coded) on the three Fermi
surface sheets u = a, 8,7 of (a), (c), (e) the leading helical p-wave order parameter (irrep
A1) at J/U = 0.06, and (b), (d), () the leading even-parity d2_,2-wave order parameter
(irrep Big) at J/U = 0.20. The order parameters are normalised by their the maximal
value.
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J/U = 0.20 as representative results. The J/U-dependence of the order parameters
(their k-structure) remain fairly weak in the entire range considered. Consequentially,
the specific heat and the magnetic susceptibility, studied in Subsections 3.5.1 and
3.5.3, respectively, depend weakly on J/U. In Fig. 3.9 we display the magnitude
of the leading helical and even-parity order parameters on the Fermi surface. To
highlight further quantitative features, the same order parameters taken at the
three cuts k, = 0, 7w, 2 are shown in Fig. 3.10.

A “textbook” helical (or chiral) p-wave order parameter on a cylindrical Fermi
surface is naively expected to be fully gapped and approximately uniform. In sharp
contrast, the helical order parameter in Fig. 3.9 (a), (c), (e), and Fig. 3.10 (a), (c),
(e) is highly anisotropic on all three bands and displays deep vertical minima. The
gap on [ exhibits so deep minima that they can not practically be distinguished
from accidental nodes given current experimental probes. Numerically, we find
ming|Ag(0, k, ~ m)| < 0.024,, where A is the maximal gap and 6 is the in-plane
polar angle. The locations of these minima (see Fig. 3.10 (¢)) are in agreement
with previous predictions from 2D studies [104, 116, 139]. Highly anisotropic order
parameters were also found in previous weak-coupling [116], RPA [117, 118, 138],
and functional renormalisation group studies [140] in two dimensions. Despite the k-
dependence in the order parameters on all bands, the order parameters remain overall
fairly 2D, confirming the general expectation for such a layered perovskite material.

The d,2_,2-wave order parameter shown in Fig. 3.9 (b), (d), (f), and Fig. 3.10
(b), (d), (f) has robust vertical line nodes along |k,| = |k,|. In addition, the
sheets § and v have large regions with a suppressed gap, implying a high residual
density of states and low-temperature quasiparticles, to be discussed further in
Subsection 3.5.1. The gap on sheets S and ~ exhibits accidental vertical line nodes

in addition to the robust ones along |k,| = |k,]|.

3.4.3 Limitations of the Method

Before turning to how the results compare with experiments, we comment on

the limitations of our model. In most real materials structurally similar to SRO
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Figure 3.10: In-plane cuts for the magnitude of (a), (c), (e) the helical order parameter
at J/U = 0.06, and (b), (d), (f) the d,2_,2-wave order parameter at J/U = 0.20. The
in-plane angle 6 is measured from (7, k,) for the a Fermi surface sheet, and from

(0,0, k) for sheets 8 and ~.
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the weak-coupling limit is not expected to be strictly satisfied. Typical estimates
of U fall in the O(eV) range [133-136], which might seem devastating for the
outlook of the approach taken here.

However, it should first be emphasised that T,./Er ~ O(10~%) in SRO, which
is orders of magnitude below values applicable to the strongly coupled cuprates.
Compared with the original Kohn—Luttinger estimate of Eq. (2.1), there is thus hope
that the weak-coupling framework can capture the quantitatively correct 7./ Ep.

Secondly, previous studies of the Hubbard model have indicated that certain
quantities, such as the ground state energy, can be well approximated by the
weak-coupling results beyond U/t > 1 [141, 142]. As far as superconductivity is
concerned, a recent survey compared three numerical methods for a single-band
2D Hubbard model close to half-filling for a range of coupling strengths [85]. This
study found that both the superconducting order parameters and their ordering in
the spectrum depended weakly on U, suggesting a smooth crossover from weak to
strong coupling. One might reasonably expect this to carry over to 3D. However,
as mentioned in Section 2.6, we stress that superconductivity in the 2D Hubbard
model remains a controverisal topic [86].

Finally, all numerical methods have weaknesses, and the weak-coupling scheme
is one of the few controlled and realistically feasible approaches given the complexity

of our calculation.

3.5 Comparison with Experiment

Having identified two distinct orders in the effective model for SRO, the next task
is to calculate experimentally relevant probes for which the two phases can be
distinguished. In light of the recent pivotal development for the NMR Knight shift
measurements [19, 20], the magnetic susceptibility is a highly relevant quantity to
compare for the two identified orders. This is done in Subsection 3.5.3. First, in
Subsection 3.5.1, we compute another long-standing and experimentally relevant

probe, namely the specific heat [90, 100-102, 109].
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3.5.1 Specific Heat

We adopt the commonly accepted convention of assuming that the temperature-

dependent order parameter factorises as
AT ) = AT)A (k) (3.34)

where A, (k) is the weak-coupling order parameter of band y, which satisfies
maxg, ,|A, (k)] = 1. We further assume that A(7) has a BCS-like temperature-
dependence'? [58]. For an isotropic BCS superconductor, the overall size of the gap
would follow from the well-known relation A(0)/(kgT.) = mexp(—v) [58], where
~v = 0.5772 is the Euler—-Mascheroni constant. This relation is, however, modified

for an anisotropic superconductor; the generalised relation reads [69]

A(0)
ksT,

= mexp(—y — {In|Al} o), (3.35)
where we introduced the averaging symbol

2

X s, dk B A, (k)
{111 |A|}FS = Z f dk |Ay(K)|2
vJS, vy (k)

Hence, if we take the experimental value of T, ~ 1.48 K as input [79], the function

(3.36)

A, (T, k) is fully determined, given the results of Section 3.4.
The specific heat for a multiband superconductor comes from the expression
of the entropy in a fermion gas [58],

S = ~2kp > [F1E ()] In FIEL (k)] + (1 = FIEL(R)) In (1= fIEu(R)])]. (3.37)

k,p

Here, E,(k) = \/§g+ AT, k)2, and f(E) = (1 + exp(BE))~" is the Fermi
function. The specific heat follows from standard thermodynamic relations as

C(T) = Tg—f, = 22@(@%

(3.38)

)
FS

[ (S AEVIARIE 5 LI

- 2 2, B,k
kT 4 cosh (#};T))

2 To be precise, we utilise the numerical approximation A(T)/A(0) ~ tanh (1.74+/T, /T — 1)
which approximates the numerical solution to the gap equation in the entire temperature range
with sufficient precision for our purposes.
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where the Fermi surface average is evaluated according to

p
(Ayps =) ]S_Z| | dk A (3.39)

One can validate the derivation by evaluating Eq. (3.38) in the normal state, in
which A = 0. As such, the normal-state specific heat per temperature, denoted

by 7., is obtained:

C’
a S T—) : 4
o - ng / 4cosh2 20(2 Zpu (3.40)

2k T)

Above, ( is the Riemann zeta function, with ((2) = 7?/6. This recovers the
multiband version of the well-known (electronic) linear contribution to the specific
heat of a metal [58].

It is convenient to normalise Eq. (3.38) by the normal-state value to obtain an ex-

pression that can be computed numerically and directly compared with experiment:

o) 3 €+ A(T2|A (k) — T2ATEIA ()2
Ty, B Aw?(kgT)? Zy Pv /oo d€< coshQ(gg—;kT)) >FS.
(3.41)

For the two order parameters studied in Subsection 3.4.2 Eq. (3.41) is evaluated
numerically; the results are shown in Fig. 3.11. The specific heat for both orders are
shown along with the experimental values adapted from Ref. [100] for reference. Both
helical p-wave and d-wave orders reproduce the overall tendencies of the experimental
values. The vertical minima in the helical order parameter, in particular on bands
B and +, are deep enough to make the specific heat drop exponentially below a

temperature of about T/T,. < 0.05, as revealed by Fig. 3.11 (a). Temperatures

of T~ 70 mK might be accessible experimentally, but resolving the difference
between linearity and exponential suppression at such low temperatures is likely
to remain problematic practically’®. The d-wave order, as noted before, exhibits

substantial regions of the Fermi surface with a suppressed gap in addition to robust

vertical line nodes. This results in low-lying quasiparticles and a residual heat

13 At low temperatures contributions to the specific heat from impurity spins make accurate
measurements problematic.
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Figure 3.11: The calculated specific heat divided by temperature and the normal-state
value, v,, as per Eq. (3.41). The results are shown for (a) the helical p-wave order
parameter (irrep Ay,) at J/U = 0.06, and (b) the d,2_,2-wave order parameter (irrep
Biy) at J/U = 0.20. Dashed, dot dashed, and dotted lines indicate contributions from
the a, 8, and v bands, respectively. The results are compared to experimental values
(black dots), adapted from Ref. [100], see Fig. 3.3.

capacity at low temperatures, providing a slight deviation from the experiment.
Despite this, the match between the experiment and the specific heat for d-wave
order is arguably more convincing qualitatively than the match with helical order.
Note that although the experimental curve is relatively linear and featureless, a
comparable gap on all three bands seems necessary to reproduce the delicate sum

of band-contributions that the experimental data impose [90, 116, 143].
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Recent thermal conductivity measurements were interpreted to suggest that
vertical line nodes are present on all three bands [103]. In a subsequent calculation
it was shown that deep minima in odd-parity order parameters actually would
suffice to explain the thermal conductivity data [104]. Hence, it appears likely that
both orders found and discussed here would be in agreement with the experiment.
Serving as a future direction, it would be desirable to perform a microscopic
calculation to evaluate this quantitatively.

To summarise, both the helical p-wave and the d-wave order parameters practi-
cally exhibit nodal behaviour. Consequentially, distinguishing these orders from the
specific heat appears difficult. However, it should be noted that the deep minima
in the gap on sheets g and v for the helical order are shifted from the diagonal
0 = /4 line. Probes sensitive to the k-structure of the gap, like scanning tunnelling
microscopy (STM), are in principle capable of detecting this shift. Recently, STM
measurements were performed [144]. The experimental results appear to be most

consistent with B, order parameter symmetry.

3.5.2 Magnetic Susceptibility: Derivation

Another experimental probe useful to consider is the spin susceptibility, as measured
via the NMR Knight shift [19, 20]. Consider first the normal-state Hamiltonian

in the presence of an external magnetic field:
H=Hy+ Hgs+ Hj. (3.42)

Here, Hj is the normal-state Hamiltonian in the absence of a magnetic field, as
given by Eq. (3.1). The Zeeman coupling between the magnetic field H and spins
S is denoted by Hg, and the Zeeman coupling between H and the orbital degrees of
freedom is denoted by Hy. The various terms are explicitly given by (cf. Ref. [145]):

Hy= 3" 3" (canlk) + ineancot) ch (k) (R). (3.43)

!
k,s,s’ a,b,c

Hg = —2upH -8 = —pp » Y Hyolcl(k)caw k), (3.44)
k,s,s’ a,b
Hy=—ppH - L=—pgi» Y Heapech, (K)o (K). (3.45)

k,s a,b,c
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Above, £, (k) are the orbital energies as determined in Subsection 3.2.1, 0% is the
a’th Pauli matrix, and €, is the Levi-Civita symbol, with a, b, ¢ running over Ru
4d orbitals xz, yz, zy (with the shorthand notation A, B, C, respectively). Moreover,
g is the Bohr magneton, and the vacuum permeability was fixed to pug = 1.

When recast as matrices we have

H=> (k) (Ho(k) + Hs + H.)p(k), (3.46)

Y(k) = [car(k), cai(k), coy(k), cay(k), cpy(k), cor (k)] (3.47)

Due to broken time-reversal symmetry in the presence of the magnetic field, the
pseudo-spin blocks ¢ = + and ¢ = — are no longer degenerate, and we need to
consider the full 6 x 6 structure explicitly. The Fermi surface sheets, defined by
§uo(k) = 0, correspondingly split in o for each band. To state the matrices of
Eq. (3.46) explicitly, we still have Ho(k) = Hs—11(k) & Ho——1(k), with H (k) as
given in Eq. (3.2). In terms of the magnetic field components H; for i = x,y, z,

the matrices Hg and H; take the forms:

H, 0 0 |H,—iH, 0 0
0 H. 0 0  H,—iH, 0
. 0 0 —H, 0 0  H,+iH,
ST THB T, 4, 0 0 —H. 0 0
0  H,+iH, 0 0 —H, 0
0 0  H,—iH, 0 0 H,
(3.48)
and
0 0 -H,| 0 H 0
0 0 H, |-H. 0 0
Hy = i | ; . _(}{y (3.49)
~H, 0 0| 0 0 H
o 0 0 | H -H, O

Finally, we define the matrix U(k) to diagonalise Ho(k) + Hs + Hp. Along with
the energies ,,(k), calculating the components of U(k) is enough to establish the
magnetisation in the normal state, as described below.

For a tetragonal lattice the susceptibility tensor is diagonal [146]. When the

external magnetic field is applied along coordinate direction ¢, H I 7, and we consider
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the magnetic response along the same direction, the normal-state magnetisation

elements can be defined as thermal expectation values (cf. Ref. [118)]):

- 1 i 5152
M =2 ;2 s I (3.50)
M;152 = KB Z <Ca31 C(lsz > (351)

Note that the magnetic field couples to the physical spin (not to pseudo-spin). The
transformation between electronic operators in orbital and spin basis (indexed by a
and s), and band and pseudo-spin basis is given by Eq. (3.10). We combine this

transformation with the thermal expectation values

(cho (K)o () = f (€0 (K)] 61000, (3.52)

where f is the Fermi function, to obtain the normal-state magnetisation ma-

trix elements as

M2 = g Y [ul? (k)] ubS, (k) f (€uo (K))- (3.53)

k.0
In order to extend the framework to the superconducting state (at mean-field
level), we add superconducting terms to the Hamiltonian in Eq. (3.42):
Ha=Y_ > Angk)ch (k)el, (—k) +he., (3.54)
k a1,az,s,s
where Af122(k) is the order parameter in orbital and spin basis. For the various
order parameter channels, as defined in the d-vector basis of Subsection 3.3.1, we

decompose the components A?1¢?(k) in the same fashion according to

A ) = [ (agm 1+ > A (k) )ic, | L 3s9)
j=,y,2
The individual order parameter components appearing on the right hand side
of Eq. (3.55), Aj'%,, (k) for i = 0,2,y,2, are related to the order parameter
in band and pseudo-spin basis obtained numerically in Section 3.4, AS UIUQ(k),
via the transformation

H,01,02
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Above, ut? (k) are still components of the eigenvectors of Hy(k), crucially in the
absence of the magnetic field.

Adding the superconducting terms results in a doubling of the matrix size
as compared to the normal state. The full Hamiltonian, with energies E,,(k),
is by particle-hole symmetry subject to a +F symmetry in the spectrum. The
electron operators are correspondingly expressed as combinations of particles (u’s)

and holes (v’s):

cas(k) = ) [ul? (K)o (k) + 0 (—K)ch, (—k)]. (3.57)

1,0
Carrying out the same computation as before now results in (cf. Eq.(3.53))

My = > ([, ()] 0t () (B (R))
k,n,0 (358)

+ [o, (—R)] 0, () [1 = F(Epo ()] ).
Finally, we define a proxy of the Knight shift K® as the ratio of the mag-
netic susceptibility tensor component x* in the superconducting to the normal-
state value x” as

XT) _ SME(T)

KYT) = — = —
o X oM

(3.59)

Here, § refers to an infinitesimal increment in the external magnetic field strength
when being in the linear response regime (meaning at sufficiently small external
magnetic fields). Numerically, the momentum sums of Eq. (3.58) at finite tem-
perature requires knowledge of the order parameter away from the Fermi surface.
To facilitate this we adopt the approach of Ref. [118]: for a given k we associate
to it the order parameter on the Fermi surface closest to k multiplied with a
Gaussian damping factor, where the damping exponent is proportional to the

distance between k and the Fermi surface'.

4 The final result, i.e. value of K?, is practically insensitive to the damping strength for reasonably
weak damping strengths.
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3.5.3 Magnetic Susceptibility: Evaluation

Numerically, Eq. (3.59) is evaluated for the leading A;, and E, order parameters
at J/U = 0.06, and for the leading B;, order parameter at J/U = 0.20. In the
results presented below the orbital coupling H; was left out for the reason that
in all cases checked it turned out to give only minor corrections to K*. Moreover,
it remains unclear from the experiment whether the H; term is actually probed.
Investigating this term in detail is left for future work.

In the absence of SOC and with a single band, the analysis greatly simplifies, as
summarised in Fig. 3.12. The resulting spin susceptibility for an in-plane magnetic
field in the singlet channel is in this case related to the so-called Yosida function
Y (T') [18]. Though the specific shape of Y (T') depends on where the order parameter
is nodal, the limit limy_,o Y (7") = 0 is independent of the nodal configuration. In
contrast, the T" = 0 value of the spin susceptibility in the spin triplet channel
distinguishes the helical p-wave states (3) from the chiral p-wave (1) state. Values

X X" singlet triplet
A .

e I ABM

1/2 helical

Y

=
3

>T
T.

Figure 3.12: The spin susceptibility as a function of temperature for an in-plane magnetic
field, x**(T'), per normal-state value, x=*, with a cylindrical Fermi surface in the absence
of SOC. Left: spin singlet; the spin susceptibility is goverened by the Yosida function,
Y (T), that goes to zero as T' — 0 irrespectibly of the order parameter details. Right: spin
triplet; the chiral p-wave state (ABM) yields no drop in x**(T < T.)/x%*, whereas the
drop is to % at T = 0 for the helical states. Figure inspired by Ref. [69].

of K*(T = 0) and K*(T = 0) in the case of SRO are listed in Table 3.4, where we

contrast the results with those expected for the “textbook” cases of Fig. 3.12.
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Table 3.4: Computed magnetic susceptibility normalised by the normal-state value at
zero temperature, K'(T = 0) = x*(T = 0)/x%, for SRO. The values in parenthesis show
the results expected for “textbook” order parameters without SOC.

Irrep Name K*(T=0) K*T=0)
Bi, d-wave 0.45 (0.0)  0.59 (0.0)
Ay helical p-wave (BW)  0.59 (0.5)  0.97 (1.0)
E, chiral p-wave (ABM)  0.99 (1.0)  0.58 (0.0)

With SOC present the spin singlet and spin triplet mix and form Cooper pairs
of well-defined pseudo-spin. The mixing results in similar values of K*(T = 0) for
the helical and d-wave cases: Ky, (T'=0) = 0.45 at J/U = 0.20 and K3, (T =
0) = 0.59 at J/U = 0.06. Both these numbers are in vicinity of the experimental
value of K*(T = 20 mK) ~ 0.5 [19], for which the uncertainty is likely greater
than 0.1. These numbers should be contrasted with the chiral p-wave case, which
sharply conflicts with the experiment: K*(T = 0) = 0.99. Taking into account
that chiral p-wave has been the prevailing hypothesis for the order parameter of
SRO for about two decades, this is a surprising result.

The temperature-dependent spin susceptibility results are shown in Fig. 3.13
for (a) an in-plane magnetic field, and for (b) an out-of plane magnetic field. The
drop in K7 to around 0.5, as observed at 7" = 20 mK [19], was recently reproduced
by the Ishida group in Ref. [20]. In the latter experiment, the temperature-
dependence of the Knight shift was also measured, which we have plotted for two
oxygen sites in Fig. 3.13 (a) for comparison. Taking into account the experimental
precision, it is problematic to clearly distinguish helical p-wave from d-wave order.
However, the d-wave order is arguably in better agreement with the experimental
data at low temperatures. Our results appear in good agreement with those of
a recent RPA study in 2D [118], despite somewhat different k-dependencies of

the order parameters.
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n

00 02 04 06 08 10 12

Figure 3.13: The calculated temperature-dependent spin susceptibility normalised by the
normal-state value. Results are shown for the E, and Aj,, orders obtained at J/U = 0.06,
and for the By, order obtained at J/U = 0.20. In (a) the external magnetic field points
in the basal plane, and the triangles show the recent experimental data for two different
oxygen positions from Ref. [20]. In (b) the magnetic field points out of the basal plane,
for which there is not yet published data.

As Fig. 3.13 (b) demonstrates, having the experiment repeated for an out-of-
plane magnetic field would offer a crisp distinction between helical p-wave and
d-wave order. We consider this a crucial outstanding piece in the long-standing and
renewed puzzle of determining the superconducting order in SRO. However, due
to the small value of pgHeo(T ~ 0.1 K)|g: =~ 60 mT [147] for out-of-plane fields
(cf. poHe(T ~ 20 mK)|gz ~ 1.2 T [19]), retrieving the desirable data appears
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difficult, at least in the unstrained material.

3.6 Concluding Remarks and Outstanding Aspects
3.6.1 Summary

In Sections 3.2 and 3.3 a 3D three-band model for SRO in the weak-coupling limit
was proposed. With this model we found, in Section 3.4, a close competition of
even- and odd-parity order parameters in the physically interesting range of the
interaction parameter J/U. We found an odd-parity helical p-wave (A1, ) state to be
favoured for Hund’s couplings J/U < 0.15, and an even-parity d-wave (By,) state
to be favoured for J/U > 0.15. Both orders have vertical (near-)nodes, resulting in
them being difficult to distinguish via the specific heat, at least for temperatures
above a few tens of mK. In the presence of an external magnetic field we calculated
the spin susceptibility for the most relevant order parameters. Although the chiral
p-wave state was found to clearly conflict with the experiment [19, 20], the helical
p-wave and the d-wave orders both appear to be in fairly good agreement with
currently available data. However, we pointed to the observation that a successful
repetition of the experiment with an out-of-plane magnetic field has the potential
of crisply distinguishing between the two cases.

The main and prominent experimental observation that our results appear to
starkly conflict with is TRSB [96, 97], an issue that warrants discussion. Below

this issue is addressed, with three possible outcomes highlighted.

3.6.2 Possible Outcomes and Outlook

As indicated in Table 2.1 only the two-dimensional representations £, and E, would
be ensured by the point group symmetries to favour a chiral order parameter with
TRSB. Based on the results presented in this chapter, however, both of these sectors
appear unlikely to be realised in SRO. An E, order parameter with d || 2 conflicts
with the new NMR experiments [19, 20|, and an E, order parameter appears to
be strongly disfavoured microscopically, at least at weak coupling. However, an

E, order parameter was recently shown to be stabilised by inclusion of certain
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k-dependent SOC terms at orbital level for sufficiently large Hund’s coupling'®
J/U [114]. Such an order parameter would possibly be consistent with very recent
thermodynamic measurements, suggesting a jump in the shear elastic modulus
ce6 [148, 149]. Tt would explain evidence of horizontal nodes reported in a specific
heat experiment [122] but, however, conflict with indications of vertical line nodes
inferred by heat conductivity [103] and STM [144]. One should not dismiss this
option, but the overall disfavour of such an order parameter suggests that one
should at least explore alternative scenarios.

One can imagine, as proposed in previous work [118, 150, 151], that order param-
eters from different irreps are nearly degenerate and result in TRSB, as e.g. demon-
strated with a quartic order Ginzburg-Landau theory for nearly-degenerate s- and
d-wave orders in Ref. [152]. This proposal is potentially supported by the numerical
observations of closely competing orders in SRO, both in 2D [116-118], and now
in 3D. The unpleasant side of this suggestion is that, in the unstrained material,
it would require fine-tuning of parameters to get a near-degeneracy, which would
thus be model and method sensitive. However, a very recent uSR study under
strain indicates that superconductivity and TRSB indeed onset at slightly different
temperatures in the unstrained material [95], potentially supporting the hypothesis
of an accidental near-degeneracy. Moreover, these temperatures, T, and Trgrsg,
show different dependencies on strain (Trrsp close to no dependence). Relatedly, it
was recently hypothesised that if one assumes a near-degeneracy between d,2_,»
and g,y (.2_y2), a substantial body of the experiments can be reconciled [153]. Such
a near-degeneracy has not yet been found in any microscopic calculation using a
realistic band structure. A phase boundary between d- and g-wave was identified in
the 2D extended Hubbard model [154], so the inclusion of longer-range interactions

may support the above hypothesis.

15 As proved in Subsection 3.3.2 the two-particle vertex in the Cooper channel is only positive
semi-definite for J/U < 1/3. For J/U > 1/3 the effective interaction becomes attractive and
allows for instabilities even at O(U), something Ref. [114] proposes as a possible scenario. In our
model, the leading instability for J/U > 1/3 appears as a fully gapped phase in the Ay, channel,
inconsistent with experiment.
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Finally, another possibility is that further experimental results have to be
discarded and that evidence of TRSB in SRO might be spurious, unrelated to
superconductivity, or require alternative explanations, at least in the bulk [155, 156].
Although microscopic theories for explaining the Kerr experiment (a surface probe)
have been developed [157, 158], quantitative estimates remain somewhat difficult
to fully reconcile with the experiment [97]. We note that no well-established
microscopic theory of TRSB deriving from pSR exists in the literature'®. In the
end, there is a need for combined theoretical and experimental effort in the future
to resolve the issue of explaining TRSB in SRO. Andrew P. Mackenzie recently

summarised the situation regarding the superconducting order of SRO [159]:

“However, it is important that this is all done with cool heads and
open minds. The extreme viewpoint of either clinging on to the triplet
interpretation or throwing it out of the window without trying to revisit
the outstanding mysteries would be equally unhelpful as the field moves
forward. It seems to me that the two biggest issues will be establishing
whether time reversal symmetry s really broken at T, and increasing
efforts to perform measurements sensitive to parity.”

Though there are theoretical options left for an odd-parity order parameter
being realised, most of the recent experiments conducted on SRO, when taken in
isolation, provide evidence of d-wave. This includes NMR [19, 20] and polarised
neutron scattering [160], high precision heat capacity [109], heat conductivity [103],
ultrasound spectroscopy [148], and quasiparticle interference (STM) directly prob-
ing the gap [144].

16 Private communication with Steven H. Simon and Stephen Blundell.
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Majorana Modes in Topological
Superconductors
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4.1 Introduction

Throughout the history of condensed matter theory a cornerstone has been to classify
all possible phases of a given system. With the advent of the quantum Hall [161] and
fractional quantum Hall effect [162] in the 1980s, it was to become evident that such
a classification requires, in some instances, knowledge that goes beyond the system
symmetries and that is deeply rooted in topology. The connection to topology is
more than a mathematical curiosity as it was later understood how topologically
ordered matter has potential intriguing applications to quantum computing. Below,

we present an overview of these ideas before an outline of this chapter is provided.
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4.1.1 Topological Superconductivity

As demonstrated in seminal work over the last three decades, gapped Hamiltonians
of non-interacting’ fermions permit a classification of possible topological phases in
terms of the presence or absence of three non-spatial symmetries at single-particle
level, and the number of spatial dimensions [65, 80, 81, 163].

The three symmetries can be taken to be particle-hole symmetry (PHS) which
exchanges the roles of particle (creation) and hole (annihilation) operators, time-
reversal symmetry (TRS) which reverses time, and the sublattice or “chiral”
symmetry (SLS) which is defined as a product of the two former. The (antiunitary)
PHS and TRS can be either absent (denoted by 0), or present and then square
to either 41 or —1 when implemented as an operator acting on the single-particle
Hamiltonian. Combined with the presence (1) or absence (0) of the combined SLS,

this results in the classification known as the “tenfold way” in Table 4.1.

Table 4.1: Topological classification of gapped single-particle Hamiltonians of
fermions [81]. Here, systems are characterised by the presence (+1) or absence (0)
of time-reversal symmetry (TRS), particle-hole symmetry (PHS), sublattice symmetry
(SLS), and by the number of spatial dimensions. The distinct topological phases each
class supports is indicated by a topological invariant which in the non-trivial cases takes
on either two values, Zo, or a countable infinity of values, Z or 2Z. Classes D, DIII, C, CI
apply to superconducting mean-field systems.

Class TRS PHS SLS 1D 2D 3D

A 0 0 0 - Z -
AlII 0 0 1 Z - 7
Al +1 0 0 - - -
BDI +1 +1 1 Z - -
D 0 +1 0 Ly Z =
DIII -1 +1 1 2Ly 2Ly Z
All -1 0 0 - Lo Lo
CII -1 -1 1 27 - Ly
C 0 -1 0 - 27 -
CI +1 -1 1 = - 27

1 Or weakly interacting with respect to the energy scale set by the gap.
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In this framework gapped phases of matter are structured into equivalence
classes, where the equivalence relation is associated with smooth deformations of
Hamiltonians such that the single-particle symmetries are preserved and the gap
does not close’. Hamiltonians belonging to the same equivalence class are ascribed
to the same (topological) phase of matter, labelled by a topological invariant.

The three rightmost columns of Table 4.1 indicate whether or not topological
phases exist, and in the non-trivial cases which values the topological invariant
takes on. The details of calculating the topological invariant depend on both the
class and the number of dimensions. Serving as an example, the Chern number of
Eq. (2.47) is precisely the integer-valued topological invariant for classes D and C
in the 2D case. The predictive power of the invariant is revealed through the bulk-
boundary correspondence, which relates the topological invariant — a bulk quantity
— to the number of gapless excitations localised on boundaries and defects. In
certain superconductors these gapless quasiparticle excitations can be non-Abelian
anyons, which we introduce properly below.

The classes D, DIII, CI, and C of Table 4.1 are applicable to Bogoliubov—de
Gennes (BdG) Hamiltonians and hence to superconductors within a mean-field
treatment. Serving as examples encountered in the previous chapters, the ABM
phase belongs to class D, and the BW phase to class DIII. Both classes D and DIII,
the former breaking and the latter preserving TRS, support topological phases.
We denote superconductivity with topologically non-trivial phases by topological

superconductivity (TSC) in the remainder of this chapter.

4.1.2 Anyons

In the late 1970s it was theoretically appreciated that confining identical particles to
two spatial dimensions has fundamental consequences for quantum statistics [25, 26].
This turns out to be very relevant for TSC in 2D. In essence, the topological
properties of the configuration space of two identical particles in 2D allows the

wavefunction to acquire an arbitrary phase factor, exp(it}), when interchanging

2 Caveat: the equivalence classes are also insensitive to the addition or removal of trivial bands.
This is called stable equivalence [81].
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the particle positions. This should be contrasted with 3D where this statistical
phase is restricted to either ¥ = 7 (fermions) or ¥ = 0 (bosons). Quasiparticles
with a statistical phase different from 0 and 7 are called anyons, and a system
with anyonic quasiparticle excitations will be referred to as topologically ordered
matter [28]. In a system of N anyons the multi-particle trajectories, that take
the set of anyons from some initial positions into the same final positions, are
topologically associated with elements of the braid group By (in contrast to the
permutation group Sy in 3D), as explained further in Subsection 4.4.1. Anyons are
either Abelian or non-Abelian [164], determined by whether the representations
of the braiding operations commute or not, respectively.

Non-commutativity of the (representation of the) braid group operations gives
rise to an intriguing application of non-Abelian anyons: topological quantum
computation. A quantum computer exploits the superposition principle by coherently
acting on states in a Hilbert space. In tasks like prime number factorisation [29], and
quantum simulations [30, 31], a quantum computer is, in terms of computation time,
expected to outperform a classical computer exponentially in the problem “size”.
In a topological quantum computer one imagines braiding non-Abelian anyons to
accomplish quantum computation in a fashion that by nature is immune to errors, at
least in principle. Such immunity to errors is rooted in the non-local properties of the
information units made from anyonic quasiparticles (called quantum bits, or qubits
in the convenient case of two-level systems). However, the protection relies on having
the zero-energy quasiparticles separated from the bulk states by a sizable energy
gap (compared to e.g. temperature), which in practice poses a serious challenge.

The anyonic quasiparticles in topological superconductors are known as Majorana
zero modes (MZMs), named after Ettore Majorana who first demonstrated that
the Dirac equation permits a basis of real solutions [165]. In BAG systems MZMs
appear as neutral quasiparticles of zero energy localised on domain walls and in
isolated vortex cores [21-23, 166]. Majorana zero modes are candidate non-Abelian

anyons, with arguably the simplest possible structure. We shall focus on MZMs
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in 2D systems. In 2D, vortex cores are point-like defects. In this case the bulk-
boundary correspondence predicts that both classes D and DIII from Table 4.1
support zero-energy bound states localised in the vortex core [81]. However, only
the topologically ordered phase of class D supports a single isolated MZM in the
core (for a vortex of vorticity one)?, which would then be protected by symmetry.

Over the last two decades the quest for realising MZMs in condensed matter
systems has intensified [32], mainly due to the potential applicability to topological
quantum computation. Candidate systems for realising MZMs have included
the fractional quantum Hall Moore-Read Pfaffian state [21, 24, 167], nanowire
devices [22, 168-170], quantum anomalous Hall insulators [171], and vortex cores

in proximity-induced [172-174] or iron-based superconductors [175-177].

4.1.3 Outline

In a topological superconductor with two isolated vortices the ground state is two-
fold degenerate. The two ground states, {|0),|1)}, are defined by the presence or
absence of a single fermionic mode — a qubit — constructed as a linear combination
of the two real MZMs in the Fermi sea. Unitary operations within the ground
state manifold, exploiting the non-Abelian properties to manipulate qubit states,
is the essence of topological quantum computation®.

If the two vortices are not isolated but instead separated by a distance comparable
to the superconducting coherence length inter-vortex tunneling (hybridisation)
lifts the ground state degeneracy, resulting in a two-level system of finite energy
difference. Crucially, the hybridisation, and the inter-vortex force derived from
this, is sensitive to the qubit state. Hence, as we will explain below, the finitely

separated two-vortex system offers an indirect route to reading out the qubit state.

3 In the case of class DIII, in contrast, the Kramers degeneracy owing to TRSI implies Majorana
doublets in the vortex core.

4 An anyonic theory is characterised by its fusion rules, which give information about the
formation of new anyons when bringing two initial anyons together. For Majorana zero modes o
(also called “Ising anyons”), the crucial fusion rule is ¢ x 0 = 1+, where x is the fusion operator,
1 is the vacuum, and 1 is a fermion [28]. Thus, two Majoranas can fuse to either one or zero
fermions. Caveat: if the total number of electrons is fixed, there is a fermion parity constraint,
meaning that the fusion channel of two vortices is fixed, see also footnote 7. One would therefore
strictly need four vortices to build one qubit.
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Qubit read-out is an essential outstanding puzzle in any topological quantum
computation protocol [32, 34].

Since the 1960s it has been known that vortex cores in type-II superconductors
host a tower of sub-gap states. The low energy sub-gap states are roughly equally-
spaced in energy, where the level-spacing is approximately d, ~ g—é, with Ag the
maximal gap and Fp the Fermi energy [36]. In most superconductors Ay < FEp,
which is believed to severely limit the temperature, kgT < ., to access the MZMs
without exciting the sub-gap states.

In this chapter we study MZMs occurring in vortices of a topological supercon-
ductor. We review a framework for examining chiral p-wave superconductors, and we
calculate basic properties of the low-lying in-gap states in an isolated vortex. Using
a statistical mechanical approach, we then study the two-vortex system at finite
temperature. We quantify the impact of thermally occupying in-gap states on the
hybridisation of two MZMs. Finally, we add value to this consideration by discussing
a novel protocol to achieving qubit read-out via the inter-vortex force derived from

the hybridisation. The chapter is concluded with a material-oriented outlook.

4.2 A Framework for Topological Superconduc-
tivity

Around the beginning of this century Kitaev demonstrated that a 1D chiral p-wave
superconducting chain supports localised Majorana zero modes on its boundary [22].
The 1D Kitaev chain represents the simplest example of the paradigm for topological
superconductivity, yet it has putative direct applications [178, 179]. A 2D analogue
of the model was studied by Volovik [180] and by Read and Green [21]. The latter
model is more representative of a number of 2D systems [32, 172, 181].

Instead of aiming to capture the microscopic details of a specific system, we
take on a simpler approach by considering the 2D Read—Green model of a chiral
p-wave superconductor [21, 180], i.e. class D in the nomenclature of Table 4.1. The

reason for this is two-fold. First, our primary focus is to examine the consequences
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of thermally occupying in-gap states. As such, it is convenient to choose a well-
understood model that offers transparency and consistency checks. Second, our goal
is not to make accurate system specific predictions, but rather to capture generic
features of low-temperature anyonic quasiparticles in topological superconductors. In
this section we review the basic properties of the low-lying in-gap states associated

with an isolated vortex in the Read—Green model.

4.2.1 The p + ip Model

In the BAG description of a spinless p+ip superconductor (i.e. with pairing symmetry
ps + ipy) quasiparticle excitations are fully characterised by the particle-hole spinor
U, = (un, v,)?, where particle and hole coefficients are denoted by u, and wv,,
respectively. The quasiparticles are obtained as solutions to the eigenvalue problem

HY, = =W, or explicitly [21]

( AV By ﬁﬁA&%@+mﬁ)(wv>):&(udﬂ),

L {(A*(r),d, — i} LV2 4 By (T

T 2%k

(4.1)
where m is the effective electron mass, kp (Fr) is the Fermi momentum (energy),
A(r) is the superconducting pairing potential, and ¢, is the n’th energy level. The
factor of % in the energies is introduced to make ¢,, the energy difference between
particle and hole excitations around the Fermi sea. This is convenient since the
BdG Hamiltonian of Eq. (4.1) exhibits a particle-hole symmetry {H, =} = 0,
with = = 7.k, where 7, is a Pauli matrix acting on the particle-hole spinor and
k is the complex conjugation operator. This operator relates quasiparticle and

quasihole excitations according to
Ev, =v" . (4.2)

where the index n refers to a solution of energy +¢,/2 and —n to a solution of
energy —¢,/2, thus enforcing the spectrum to be symmetric around the Fermi
energy. The quasiparticle (annihilation) operators are superpositions of electrons

and holes, with weights determined by the coefficients appearing above,

o= [ drfugre(r) + virel ()], (43)
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where ¢(r) annihilates a spinless electron at position r. The quasiparticles satisfy

the fermionic commutation relations

{7 Y} = O (4.4)

For this to be consistent with Eq. (4.3) the orthogonality condition

/dr [}, (P)um (1) + v (P (1) ] = G (4.5)

is imposed. For n = m this relation fixes normalisation.

4.2.2 Majorana Zero Modes

In the special case of a zero-energy mode, the particle-hole operator transforms

W, onto itself according to Eq. (4.2), which means that
EW, =V, = wu(r)=uvi(r). (4.6)
It is convenient to redefine the normalisation for zero modes,

{’7717 ’Vm} = 25nm7 (47)

such that 42 = 1, and [ dr |ug(r)|* = 1. In this case the BAG equations can be
solved exactly in the presence of a vorticity-¢ vortex for which A(r) = Agf(r)e.
Here, f(r) is the (real) radial profile of the vortex such that lim, ., f(r) = 1, and
f is the polar angle. The BdG equations decouple and become redundant; they

turn into the single complex differential equation

% (V2 + EF) uo(,r) + ?_FO f(T)ei9(€/2+1) (% + %%) [ f(r)eiOZ/QUS(T)} —0.
(4.8)

Only for odd ¢ does this equation exhibit a robust (independent of the details of f)

0(H1D/210(r) to make

zero-energy solution [166]. For odd ¢ one can take ug(r) = €’
the remaining equation for ug(r) real. By further assuming f(r) = tanh(r/¢) to
be a reasonable description of the singly quantised vortex ¢ = 1 [58], one arrives
at the following expression for the particle-hole-spinor of the MZM:
- () P ) (e
vo(T) cosh(r/¢)

e (4.9)
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where N is a normalisation constant, and J; is a Bessel function of the first kind.
Above, & = vp/Ag, with vp being the Fermi velocity, is the superconducting
coherence length.

In the case of N vortices at positions {R; };VZI one can, in the same fashion,

make the heuristic multi-vortex approximation for the order parameter

N
A(r) = A [ £(Ir — Ry|)ei =), (4.10)

j=1
This approximation is expected to break down if the inter-vortex distance is

small compared to &.

4.2.3 Excited Sub-Gap States

In seminal work Caroli, de Gennes, and Matricon (CAGM) derived expressions
for vortex-bound states in a type-II superconductor [36]. The main result of this
work is the presence of a tower of equally-spaced energy levels (Fig. 4.1), with
an energy spacing of roughly

2

55 ~ 5
Er

(4.11)

where A is the full gap and Ef is the Fermi energy. The quantity 9. is called

the minigap, see Fig. 4.1. The in-gap states, which are commonly denoted by

Figure 4.1: Cartoon of the vortex core profile A(r) = |A(7)| and the sub-gap CdGM
levels of a singly quantised vortex. The low-lying CdGM states are characterised by an
energy spacing of ., called the minigap, above the ground state. The ground state has
a particle-hole spinor ¥, and energy level g, and the bound states are localised in the
vortex core over the scale of the coherence length £.

CdGM states, are bound states exponentially localised over the scale of £ near



92 4.8. The Two-Vortex System at Finite Temperature

the vortex core. In p-wave superconductors the CdGM states in single-vortex
systems have been extensively characterised [182-184]. For an odd-¢ vortex, with

A(r) = Aof(r)e, the CAGM energy levels are given by
Em = MOs, (4.12)

where m € Z. The minigap can be approximately obtained by following the
procedure demonstrated by CdGM. Their procedure amounts to assuming a
simplified gap profile. In particular, one may solve the BdG equations formally
for the two cases f(r — 0) = 0 (vortex core) and f(r > |(|kz') = 1 (making
use of the asymptotic forms of Bessel functions), and match the two solutions at
some “core radius” r = 1. [36, 183], which results in

5 2mAS Iy 5 dp f(p€)/pexp(=2 [ dp’ f(p€))
c k%, I dp exp(=2 [ dp’ f(p'€)) ’

where p = r/£ is dimensionless length, and where we emphasise that f(p) depends

(4.13)

on ¢, crucially such that the asymptotic behaviour f(p) ~ pll as p — 0 is recovered®.
In the case of a singly quantised vortex, as described in the preceding subsection,
Eq. (4.13) evaluates to

_ T¢(3) Af
e~ 7_[_2 EF7

(4.14)

where ( is the Riemann zeta function.

4.3 The Two-Vortex System at Finite Temper-
ature

To exploit the MZMs in isolated vortex cores, it is commonly believed that the
temperature should be minimised as far as possible to avoid thermal activation of
the in-gap (CdGM) states. In most of the known material candidates, however,
this poses a rather pessimistic outlook since Ay < Er typically. In SroRuQy, for

instance, Ay ~ 1073Er ~ 4 K, which presumably makes vortex cores swamped

5 This behavior is expected from the non-linear Schrédinger equation 327{ + %% +(1+ f)—z) f=r3

which has the small-p (hence small-f) solutions J¢(p) ~ pl*l.
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with in-gap states. However, novel iron-based superconductors have Ay on the
order of the Fermi energy, drastically improving this issue, as will be discussed
towards the end of this chapter.

With respect to the prospects of measuring the Majorana qubit state, it is
useful to revisit the role of the CdGM sub-gap states, in particular at non-negligible
temperatures compared to the gap. In this section, we do so using a statistical
mechanical approach in a minimal two-vortex p + ip system. The two Majorana
modes localised in the two vortex cores define a single qubit. As we will show, the
qubit state is reflected in the inter-vortex hybridisation — and in the inter-vortex
force derived from this — when the distance between the two vortices is finite. This
offers a route to achieve read-out of the qubit as discussed in Section 4.4. Below
we shall define the parity contrast as a key quantity reflecting the feasibility of
achieving read-out. The parity contrast is studied both numerically and analytically,

with asymptotically exact results extracted in the low-temperature limit.

4.3.1 Restricted Grand Canonical Ensemble

In a particle-hole symmetric spectrum with energy levels +¢,/2 and chemical

potential p = 0, the grand canonical partition function takes the standard form
Zy = [ [ 2cosh (Ben/2), (4.15)

where the product runs over n such that ¢, > 0, and where g = 1/(kgT). Since
the fermion number modulo 2 is conserved in a superconductor, we project the
partition function onto the two sectors of even (P = +1) and odd (P = —1)
fermionic parity [185-187]:

Z, = % 1_1665”/2 [H(l + e Pem) £ H(l — e_ﬁsl)]

n m

) (4.16)
=520 [1 - I;Itanh (65m/2)} :

To see explicitly that this construction works, consider a system with three
(positive) energy levels {g;/2}2_,. Truncating the spectrum like this is a reasonable

approximation to the two-vortex system in the low-temperature limit. If 37! < &
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the states involving occupancy of higher levels are suppressed by Boltzmann factors

and can be ignored. From Eq. (4.16) we have

Z, = 6g(éo-l—éﬁ—m) + 6§<_€0_€1+€2) +e (—eo+e1—e2) + 6%(60—61—62)7 (417)
4

z = eg(—eo+61+62) + eg(so—sl—i-sz) 6%(604—61—62) + 6§(_60_61_62). (418)

The occupancy configurations involved in Z4 are shown pictorially in Fig. 4.2, in
which each occupied quasiparticle (quasihole) level is marked with a coloured dot

above (below) the Fermi sea. The occupancy configurations have an even (odd)

number of occupied quasiparticle levels in parity sector P = +1 (P = —1).
cn P=-1

A P:+1 A - 62/2

£1/2 |—|—o—|—|—o— ——0———0—\615/2
£0/2 | —|—o—|——|— —o—|— | —|——
—&9/2|-®-|----]----]-®- ----|-e-|-@-|----
—e1/2|-@-|----|-@-|---- -o-|----|-®-|----
—e9/2|-@-|-@-|----|---- -o-|-@-|----|----

(a) (b)

Figure 4.2: Occupancy configurations in the two parity sectors P = £1 for a truncated-
level system. Coloured dots above the Fermi sea indicate the occupation of a quasiparticle
level. (a) P = 41: even number of quasiparticle excitations, (b) P = —1: odd number
of quasiparticle excitations. The labels in the upper right indicate the minigap . and
deviations from the minigap ¢;, defined in Eq. (4.21), caused by inter-vortex hybridisation.

We define the free energy in the two parity sectors as

Fi = —%ani. (419)

Serving as a measure of the contrast between the two parity sectors at finite

temperature, the parity contrast is defined as the difference

AF=F_ —F, = %m (?) . (4.20)
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As motivated in the beginning of this section, the parity contrast reflects the
parity-dependent contribution to the inter-vortex hybridisation. It incorporates the
effect of thermal scrambling from in-gap states, thereby quantifying how quantum
information is hidden at finite temperature [188]. We are interested in measurable
consequences deriving from the parity contrast [170]. In particular, the derivative
of Eq. (4.20) with respect to the inter-vortex separation yields the parity-dependent
inter-vortex force contribution, which can be measured [189]. We elaborate on
practical aspects of how to achieve read-out in reality, which to a great extent is an
unresolved problem [34], in Section 4.4. For now we will think of the parity contrast

as a measure of the possibility of probing the Majorana qubit state.

4.3.2 Effective Low-Temperature Model

We pursue the effective model of Eqgs. (4.17) and (4.18). As merely a convenient

change of notation, we define
g1 =0, — €1, and &9 =90, + €, (4.21)

where the ¢;’s are (small) deviations from the minigap d., see Fig. 4.2. This notation
is motivated by the numerical results of Subsection 4.3.4, in which it is established
how the two-vortex levels hybridise at finite inter-vortex separation. The small
deviations are expected to decay like €; «x exp(—R/£), where R is the inter-vortex

distance. Using this notation Eqgs. (4.17) and (4.18) are recast as

Z, = 2exp(£feo/2)

exp(Ffeo) cosh (661 —g 62) + cosh (5 [da + = g 61})] )

and the parity contrast becomes

L exp(=feo) cosh(B52) + cosh (8]0 + 25)
AF =g+ 3 In exp(+z20) cosh (BEE2) + cosh (A5, + 252])”

(4.23)

Here, the zero-temperature result AF (T = 0) appears as the first term, and the non-
analytic finite-temperature correction is given by the second term. This correction
is always negative (in the physical range for the parameters involved), reflecting

that thermal activation of the excited states is exclusively destructive in terms of
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having a large parity contrast (cf. Ref. [170]). For temperatures below the minigap,

Bd. > 1, the above expression takes on the approximate form

€1+€2

4
AF ~ ey — Ecosh (B

which shows explicitly the thermal suppression factor exp(—p3d.). It deserves

) sinh(Beo) exp ( — B(d: + [e2 — €1]/2)),  (4.24)

commenting that although thermal activation of the CAGM states reduces the
parity contrast and hence hides quantum information, the global fermion parity is
perfectly conserved at finite temperature as long as the Majoranas do not interact

with each other nor with the CAGM states [188].

4.3.3 The Thermodynamic Limit

To treat temperatures above the minigap rigorously, consider next an arbitrary
number of vortex core states (leaving the truncated-level system). The parity

contrast of Eq. (4.20) then takes the form

AF — 1 n 1 +TI,, tanh (B, /2)

g 1—1]I,tanh (Be,/2)

In the two-vortex system at infinite inter-vortex distance, there is no hybridisa-

(4.25)

tion, and the system has two copies of the single-vortex CdGM levels along with one
fermionic zero-energy level constituted by the two MZMs. When the two vortices
are separated by a finite distance, the single-vortex levels are expected to hybridise.

It is therefore reasonable to label the CdGM levels such that
cp<e1<ep<ez<Le<..., (4.26)

where “<” becomes “=" in the infinite-separation limit. If the temperature is well
above at least one of the sub-gap levels ¢, < 37! < Ay, we can approximate
tanh (Be,,/2) = fem/2 Vm < n. This results in the approximate parity contrast

n o0

AF ~eo(8/2)" [[ em ] tanh (e/2). (4.27)

m=1 l=n+1
Here, the string of tanh’s will be reasonably close to unity since f¢; > 1 for

[ > n—+1 by assumption. When simply replacing the string by 1, the parity contrast
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has the simple approximate temperature-dependence AF ~ T~ ", where n is the
number of occupied CAGM levels on average (not including €q). How good of an
approximation this is will be quantified in Subsection 4.3.4.

The above treatment can be justified in cases where there is a sizable minigap
so that the temperature can be resolved on a finer scale than the minigap. This is
likely the case in several novel iron-based putative (surface-)TSCs [175], which we
elaborate on in Subsection 4.4.2. However, in most known cases, A is orders of
magnitude smaller than Er, making the minigap tiny and the vortex cores swamped
with in-gap states. This is for instance the situation in most proximity-induced
topological superconductors [174], and in recently reported superconducting Pb
monolayers [190]. In this latter situation we instead consider a continuum version
of Eq. (4.25) [170] by introducing py = 1/d. as a density of states in the vortex

core. The parity contrast now becomes

1 1 1 [~
AF = 5 In coth (5 In coth(fey/2) + 5/ dE polncoth(BE/2)
de

) (4.28)
+ 7 Incoth(85. /2)).

The term on the second line above appears when the sum of evenly-spaced levels is

replaced by a trapezoidal rule integral. To recast this expression into something

more useful, we employ

h(a:):/ dyIncothy

2

1
= ;—4 + 3 [Intanh zIn (1 + tanh z) + Lis(1 — tanh x) + Liy(— tanh z)]
2
=3 +z(lnz — 1)+ O(z?),

(4.29)
where Liy(z) = — [ du w is the dilogarithm function. Using Eq. (4.29) in
Eq. (4.28) we arrive at

2
AF = ego\/2pokT exp <—%pokBT> exp (14 O([poksT) %)), (4.30)

where it is still assumed that kgT < Ag. The exponential suppression in pokgT
strongly suggests that it will most likely not be possible to resolve the parity
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contrast at realistic temperatures in the context of small minigaps. Therefore,
Eq. (4.30) goes to the core of what is mainly a material issue, namely to engineer

clean topological superconductors with Ag on the order of EF.

4.3.4 Inter-Vortex Hybridisation

It is desirable to solve the BAG equations of Eq. (4.1) numerically as a function of
the inter-vortex distance R = | Ry — Ry, using the multi-vortex ansatz of Eq. (4.10).
We consider the dimensionless parameters Er = 3, Ag = 1, and mk% = 54. These
parameters are not chosen to accurately describe a specific system, but rather
to produce a number of sub-gap states reminiscent of that found in iron-based
compounds [177, 191]. The BdG equations are solved by discretisation on an open
slab of size no smaller than 20§ x 18¢ with Dirichlet boundary conditions.

From the CAGM approximation of Eq. (4.14) one expects low-lying levels at

integer multiples of roughly 2§T€0 ~ 7575‘;’) ~ 0.1421 when R > . The first sub-gap
energy levels as a function of R/ are displayed in Fig. 4.3, with the lower panel
showing colour maps of [®,,(7)| = (|u, ()| + |v.(r)|?)'/? for the three lowest-lying
states. At large vortex-vortex distances the CdGM level estimates are seen to
agree reasonably well with numerics, despite Ay < Er not being satisfied. In
the limit R > ¢ we expectedly recover doubly degenerate CAGM levels as formed
by two copies of the single-vortex system. In the same limit, the two vortices
each host a MZM — with associated quasiparticle operators denoted by ~; and
~v9 — which combine into a single fermionic mode, v; + s, of zero energy. This
fermionic mode is the topological qubit.

For smaller separations the levels are clearly seen to hybridise, and the hybridisa-

tion exhibits oscillations in R/€. These features resemble the result of the technical

ground state overlap calculation reported in Refs. [82, 192]:

4N cos (kpR+Z)
g4 = :':7]'3/2 \/m

strictly valid when R > £ and kp& << 1. The energies e are related to ¢ appearing

exp(~R/), (4.31)

in the above section as g = €, — e_. The notation suggests that the occupancy of
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Figure 4.3: The first energy levels of the two vortex system, normalised by the asymptotic
gap, as a function of the inter-vortex distance. The gray dotted lines show the result
expected from the CAGM formula of Eq. (4.13), in the limit R/{ — oo. The lower panels
display colour maps of the three lowest-lying states for R/ = 3.0 on a slab of size 8 x 6¢.

the qubit n = 0,1 corresponds to parity P = +, —, respectively. For completeness,
we outline the steps of a similar overlap calculation in Appendix B on an annulus
geometry. The oscillations of the excited CdGM states numerically appear to be
slightly shifted. These shifts are reminiscent of the shift associated with the Bessel
functions (cf. Eq. (4.9)), of which argument increase with the energy, appearing
in the wavefunctions of the single-vortex solutions [183]. The small-argument
behaviour of the Bessel functions is indeed confirmed close to the vortex core, as
shown in the lower panel of Fig. 4.3.

A caveat with the open geometry considered here is the presence of boundary
states. These boundary states are induced by the positive circulation of the two
vortices, and they are subject to an energy spacing set by vg/L, where L is the
length of the sample boundary. One way to get rid of the boundary states completely
is to instead solve the system on a closed geometry and reverse the circulation of one

vortex (i.e. replace one vortex by an anti-vortex) [21, 182]. Note, however, that this
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is physically different from the vortex-vortex system. On a spherical geometry, with
the vortex and the anti-vortex placed on antipodal points, the spatial oscillations
of the energy levels, for instance, disappear [182].

One might worry that the boundary states could depend on the inter-vortex
distance with oscillations similar to the vortex-bound states. Such a dependence
could cause the background energy, appearing as —% >, €n when diagonalising
the BAG Hamiltonian, to conspire against the oscillations seen in Fig. (4.3).
Fortunately, so long as the edge is far from the vortices (compared to ), we
checked that this background energy® does not exhibit oscillations, and that the
ground state level oscillations are clearly visible on top of this background. In fact,
the background energy displays a In(R/¢§) dependence, which is assigned to the
expected contribution from the mutual Lorentz repulsion [58]. In the case of a
vortex-anti-vortex pair, the same background arises but with a negative prefactor,
reflecting mutual attraction in this case.

In Figs. 4.4 and 4.5 we show the impact of temperature on the free energy and

the parity contrast, as elaborated on in theory in Subsection 4.3.1. In Fig. 4.4

(Fi = (F2))/(280)

0.06 — 0.01-— 0.1
[ P=-1
0.04; . 0.2
0.02}
ST o
0

-0.02+
-0.04+

—-0.06}

Figure 4.4: The parity-restricted free energy Fp—4 as a function of inter-vortex
separation R. Line labels refer to the value of kgT/(2A). For clarity, the free energy
averaged over R, denoted by (F4 ), has been subtracted off. Note that the zero-temperature
limit yields +e0/(2A¢) as shown in Fig. 4.3.

6 With the sum restricted to the first 150 energies.
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the free energy from Eq. (4.16) is evaluated numerically for several values of the
temperature, with the line labels giving the value of kgT'/(24) in the two parity
channels. To make the comparison to the low-temperature limit easier, the free
energy averaged over R, denoted by (F.), was subtracted off in the figure. A
non-trivial smearing of the levels becomes evident roughly as kg1 surpasses the
energy of the first excited state. For temperatures close to the second CAGM level
the oscillations of Fy become less clear and the period distorted.

For a quantitative evaluation of the parity contrast as a function of temperature,

see Fig. 4.5. Here, the parity contrast at R/¢ = 3 normalised by the zero-temperature

AF/SQ

1l y
0.50- AF/Ag
0.08.._
- 0.06}
0.10} 0.04|
0.05/ 002/ \\
_ 051050 ar s raeT/eN

02 05 1 2 2ksT/e

Figure 4.5: The parity contrast AF at R/¢ = 3 normalised by the lowest-lying level as
a function of temperature normalised by the first excited level, on a log-log scale. The
gray dotted lines indicate the CAGM levels (cf. Fig. 4.3), and the broken black lines show
the rough estimate AF =~ eo(8/2)" [1: _; €m, see Eq. (4.27). The inset shows the parity

contrast with linear axes for three v21171711(e:s1 of R/ as described by the labels.

result is shown as a function of temperature normalised by the first excited level
on a log-log scale. The inset shows the same function (but normalised instead by
the full gap Ay) with linear axes, and for three different values of R/{ (given in
the labels). In the main frame the CAGM levels with gray dashed lines are also
shown (cf. Fig. 4.3 at R/ = 3). Moreover, the full black lines show the simple
prediction of Eq. (4.27), AF =~ ¢¢(8/2)" [, _, €m, when replacing tanh (8¢;/2) by
1 for all I > n. Though this simple approximation is off by a factor of around

2, it essentially captures the trend of the curve.
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Having shown how the parity contrast reduces as excited states are thermally
activated, we now turn to how one in principle might probe a read-out of the qubit

and the practical limitations to overcome in order to achieve this goal.

4.4 Aspects of Qubit Read-Out

In the preceding section the vortex-vortex hybridisation at finite temperature
was examined. We focused on the free energy difference between the two parity
sectors, dubbed the parity contrast.

In this section, we will demonstrate how this quantity can prove useful in
reading out the state of the Majorana qubit. All protocols for Majorana based
quantum computation rely on read-out of the qubit state. The importance of this
step should not be underestimated, and it can be considered one of the major
challenges to overcome in order to achieve topological quantum computation in
practice [32, 34]. First, we review the non-Abelian properties of MZMs. Then,
we propose an idealised read-out protocol. In relation to the proposed protocol,
possible practical limitations are discussed, such as ways of controlling vortices
and quasiparticle poisoning, where the latter poses a leading threat to successful

quantum computation with Majorana modes.

4.4.1 Braiding

The particular algebra of Eq. (4.7), defined by Eq. (4.3), in a spin triplet supercon-
ductor in 2 + 1 dimensions has fundamental implications for quantum statistics,
as demonstrated by Ivanov [23] and reviewed in Refs. [28, 32]. Here, we state how
this algebra gives rise to non-Abelian statistics.

In a system of 2N isolated vortices, each carrying a MZM in the vortex core,
the ground state is 2V-fold degenerate”. We are interested in adiabatic swapping of
vortex positions when the vortices are well-separated compared to the coherence
length. Here, “adiabatic” refers to slow motion compared to the time scale set by

the energy gap h/A,. We discuss further motion constraints in Subsection 4.4.2.

" Technically, the ground state manifold is partitioned into two 2V ~!-fold degenerate sectors,
each with well-defined fermionic parity, as explained in Subsection 4.3.1.
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By “swapping of vortex positions” we mean spatial exchange of vortices such
that the initial set of vortex positions is mapped onto itself. Such an exchange
can always be encoded through a sequence of pairwise exchanges of neighboring
vortices. A key insight provided by Ivanov is that the pairwise exchange of vortices
is a projective® representation of the braid group Bsy [23]. There are 2N — 1
generators of the braid group Bsy, denoted by {o; ?ivfl, which are defined to
encode the clockwise exchange of a pair of two neighbouring vortices such that
the path does not enclose any other than the two being exchanged. These braid

group generators satisfy the defining relations
0,05 = 005 for ‘Z — j’ = 2, (432)
0;0;+10; = 044104041. (433)

A representation of these generators, satisfying o;(v;) = UﬁjUJ, relevant for how

the MZMs braid was pointed out by Ivanov [23]:

U; = exp (%%’Jﬂ%‘) = % (14 Yig17i) - (4.34)
These unitary operators are clearly non-commuting, and so they give rise to non-
Abelian statistics, making MZMs candidate non-Abelian anyons. Unfortunately,
the unitary braiding operators alone are not enough to span a gate set allowing
universal quantum computation [28]. However, the non-topological addition needed
to achieve universal quantum computation can in principle be implemented with
promisingly high error thresholds [193].

In addition to a non-topological gate required to achieve universal quantum
computation with Majorana modes, a read-out scheme for Majorana qubits is
required. Here, we sketch an idealised read-out protocol. Consider a topological
superconductor (TSC) harbouring a stationary or pinned vortex (A), and a mobile

vortex (M), each hosting a MZM. If A and M are well-separated, one can approximate

the ground states by the even (4) and odd (—) parity particle-hole spinors [82, 192]

1
W= oWy 4 i), (4.35)

8 By “projective” we mean up to an overall Abelian phase factor originating from the time-
evolution.
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where the relative phase factor is fixed by the particle-hole operator, ¥ ==V ,.
We are interested in measuring which of the two sectors (£) the system is in.
For this purpose, consider the thought experiment of Fig. 4.6, where we show three

vortices, A, B, and M, each hosting a MZM’. To measure the fermion parity of

Figure 4.6: Envisioning braiding with Majorana vortex modes in a topological
superconductor (TSC). Consider two stationary vortices, A and B, and a mobile vortex
M, each hosting a Majorana zero mode (MZM), marked with red stars”. The gap profile
is indicated with dashed lines. The qubit defined by MZMs A and M is initially in either
of the states ¥1. a: vortex M is moved close to A (on the order of &) to facilitate an
indirect measurement of the hybridisation, b: M is braided with B resulting in a flip of
the A-M qubit parity, and c: step a is repeated. The inset shows the braiding diagram
with time running vertically.

the qubit constituted by MZMs in vortices A and M, we imagine M being directed
towards A (step a). We will not go into detail here of how controlled vortex
motion might be achieved in practice, but a brief overview of (successful) techniques
is surveyed in Subsection 4.4.2. When the distance between A and M becomes
comparable to the coherence length &, the states W and Wy, of Eq. (4.35) hybridise
with a parity-dependent sign. The parity-dependent hybridisation results in a small
force contribution to the repulsive Lorentz force exerted mutually by A and M,
as quantified in Subsection 4.3.4. Detecting this force contribution constitutes a

measurement of the state of the qubit formed by A and M.

9 The total number of Majorana modes must be even to yield an integer number of fermionic
degrees of freedom. In the context of Fig. 4.6 we imagine another MZM being localised on the
edge of the sample, which is marked in red.
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In step b, vortex M is directed around a third stationary vortex B, always
separated from the other vortices by a distance much greater than £. This directed
vortex motion is equivalent to the double braid shown in the inset of Fig. 4.6
and can readily be checked, with Eq. (4.34), to result in ¥4 — W= (up to an
overall phase factor) for the qubit state defined by A and M. Finally, step a is
repeated (called step c in Fig. 4.6) with the parity-dependent hybridisation having
switched sign. If the inter-vortex force is successfully measured again and contrasted
with the measurement in step a, this would be a clear demonstration of MZMs
being non-Abelian anyons, and it would constitute a milestone towards topological
quantum computation'” [34]. In Section 4.4 some substantial obstacles to overcome

in order to succeed in this experiment are discussed.

4.4.2 Vortex Manipulation

Naturally, the gap between the idealised picture of braiding envisioned in Fig. 4.6
and successfully performing such an experiment is huge. One of the major challenges
to overcome is to actually have a controlled and precise way of moving vortices.
However, intriguing progress has been made regarding vortex manipulation using
magnetic force microscopy (MFM). This approach allows for measuring forces
exerted from vortices on a sharp magnetic cantilever tip. In niobium thin films
(¢ ~ 10-20 nm) the lateral component of the tip force was estimated with about 1 pN
precision, as inferred from the elastic properties of the tip and direct measurements
of the vertical force component [189]. By adjustment of the tip distance from
the sample surface, the technique was employed to controllably target and move
individual vortices [189]. Braiding by use of MFM tips was recently proposed
theoretically as a feasable route to topological quantum computation [194]. Vortex
manipulation and force measurements have also been demonstrated with mechanical
sharp tips [195], superconducting quantum interference devices (SQUID) [196], and

local heating with a focused laser beam [197].

10To be precise, it would amount to a successful implementation of the Pauli-X gate.
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We turn the attention to the superconductor (Li;_,Fe,)OHFeSe (for = ~ 0.84)
with T, ~ 42 K. This layered compound has recently emerged as a candidate
surface topological superconductor. Density functional and dynamical mean-field
theory [177], and angle-resolved photoemission spectroscopy (ARPES) [175, 198]
identify a topologically non-trivial surface state with a Dirac-like dispersion, accom-
panied by a nodeless gap on the FeSe surface layer of size Ag &~ 10 meV. Similar
to other iron-based superconductors, an attractive feature of this compound is its
large minigap, on the order of . ~ 1 meV ~ 11 K, as a consequence of its Fermi
energy Er ~ 50-60 meV not being much larger than the superconducting gap [177].
The large minigap allows scanning tunnelling microscopy (STM) studies [177] to
identify individual CdGM levels, clearly separated from the zero-bias peak which
is attributed to a MZM. The band structure strongly suggests 2D behaviour [175].
However, we note that both how the surface states penetrate into the bulk and the
bulk superconducting pairing symmetry are unclear at this point'’.

From the numerics of Section 4.3 we find eo(R/€ = 3) ~ 0.04A. This implies a
force sensitivity of 6F < g9/& =~ 0.05 pN, with £ ~ 1.4 nm [177], to measure the
difference between the pinning forces in the two parity sectors. This is, unfortunately,
lower than what was reported in the seminal MFM study from 2008 [189], although
optimistically close to encourage experimental effort in vortex manipulation in
this or similar compounds. Despite the encouraging estimate, it is worth noting
that the extremely short coherence length might make precise vortex manipulation
challenging in some iron-based superconductors. In that regard, the compound
FeTeg 555€0.45 [175, 176, 199] has many features in common with (Li;_,Fe,)OHFeSe

but, encouragingly, with a slightly longer coherence length of £ ~ 12 nm [176].

4.4.3 Quasiparticle Poisoning and Timescales

A leading threat to topological quantum computation is uncontrolled flips of the
qubit parity caused by free electrons or quasiparticles in the condensate [28, 34, 188].

Parity flips take place at random times but have an associated average time scale,

1 Private communication with Tong Zhang.
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denoted by the poisoning time [200]. For thermally activated quasiparticles the
error rate is expected to be roughly [167]

I' ~ kgTe 2o/ (kD) (4.36)

which implies the poisoning time t, = h/I'. Inserting Ay = 10 meV as relevant for
(Li;_,Fe,)OHFeSe at T' = 5 K results in the poisoning time ¢, ~ 20 ms. Dragging a
vortex around a loop of radius, say, 10§ would thus require a vortex speed of at least
v 2 5 ums~!. Considering naively the aforementioned approach of vortex dragging
via laser heating'?, these speeds appear to be within experimental reach [197].
However, it is commonly believed that the estimate of Eq. (4.36) is too optimistic
for kg T < Ay. In a disordered system, for instance, multiple gaps scales may be
involved, and a more careful analysis is required. At any rate, experiments suggest
far lower poisoning times than what is currently expected from theory [201, 202].

For the purpose of indirectly measuring the parity-dependent energy splitting
of vortex-bound modes, it is of relevance to consider thermal fluctuations. The
vortex-vortex distance is dynamical at finite temperature, which leads to smearing
of an oscillating function (Eq. (4.31)). In a statistical average sense this can reduce
the energy contrast between the two parity sectors significantly [192]. To minimise
this problem we require the vortex pinning potential to be steep over the scale
of the oscillation length 27k, ~ 21 nm, at least for temperatures greater than
the minigap. This does not appear to be an unrealistic requirement when taking
into account experimental developments [196].

Adiabatic vortex motion during braiding should be required to avoid exciting
quasiparticles. Using A, as an estimate of the quasiparticle gap, the timescale
below which we expect violation of adiabaticity is very short: ¢, ~ h/Ag & 70 fs'?.

Thus, at least in principle, the braiding time ¢ should lie within the window

t, <t <L tp, (4.37)

2 Disclaimer: bombarding the sample with high-energy photons and reducing the gap locally
will surely excite quasiparticles that for the current purpose could be destructive.

13 Requiring braiding times t > t, amounts to limiting the vortex speed by v < £/(h/A¢) =
vp ~ 5.5-10* ms~! [177], in relation with the above discussion.
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which at T = 5 K naively appears to span more than 10 orders of magnitude.
One should interpret this as an overly optimistic estimate. Finally, another upper
limit on the braiding time, ¢t < t. &~ h/gy, would arise from any residual energy
splitting € due to a finite distance between the vortices during the braiding (step b
in Fig. 4.6). However, due to the exponential decay in gy with inter-vortex distance,

t. can presumably be made much longer than ¢, in iron-based superconductors.

4.5 Summary and Outlook

In this chapter we have studied vortex-bound MZMs in topological superconductors.
With two vortices separated by a distance comparable to the coherence length, we
have focused on the hybridisation of MZMs. The two MZMs, forming a doubly
degenerate ground state in the large-separation limit, make up a two-level system — a
topological qubit. In particular, we described how the free energy difference between
the qubit states, dubbed the parity contrast, is influenced by thermal occupation of
the excited CAGM core states. The parity contrast was considered as an indirect
probe in read-out of the qubit, as exemplified via the associated vortex-vortex force
contribution. The parity contrast was found to lie exponentially close to the zero-
temperature result for temperatures less than roughly the minigap ~ AZ/FEr (the
energy of the first excited core state). For temperatures below the full gap, exciting
the CAGM states thermally was found to yield one factor of 7-! in the parity
contrast for each occupied state on average. If the vortex core instead has a density
of states associated with the in-gap states, the decay in temperature is exponential.

With the reciprocal dependence on temperature above the minigap, our results
suggest that the temperature does not have to be kg1 < d. to achieve read-out
of the Majorana qubit — as mentioned in the introduction, MZMs can in theory
coexist with the CdGM states as long as they do not interact with or via these
states [188]. Local heating may even potentially prove to be a resource. If, for
instance, the (external) magnetic field is limited by uncontrolled factors, increasing

the temperature can decrease the lower critical field H,.; and hence prove useful.
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Alternatively, one can imagine exciting the CdGM states on purpose to separate
the vortex dynamics from the Majorana qubit parity.

The two compounds (Li;_,Fe,)OHFeSe [177] and FeTeqs55¢945 [176] were
mentioned as two promising candidate topological superconductors in the context
of the read-out considerations of this chapter. These iron-based compounds have
appreciably large minigaps and thus accessible temperature windows in which one
can aim at successfully reading out the Majorana qubit state via sensitive vortex-
vortex force measurements. An alternative possible route to probing the parity
sector could involve sensitive magnetic field measurements (with e.g. a nitrogen-
diamond vacancy) near a pinned vortex as it repels off a second when the parity
sector flips (uncontrollably) by quasiparticle poisoning.

We have, in a slightly ignorant fashion, focused on a simple spinless 2D model
with p + ip pairing to capture the essential features of topological superconductors.
This is of course a gross simplification which leaves out the complications of spin
and the question of what the pairing symmetry actually is (which is undecided)
in the compound the results were applied to. However, the p 4+ 7p model arguably
captures the relevant physics needed to make sensible predictions in topological
superconductors [192]. The model retains a simplicity which leaves analytical
methods, at least partially, available and thereby offers transparency.

Finally, it should be mentioned that various interferometry protocols have
been proposed [203-206] to verify the existence of (and to braid) chiral Majorana
modes in topological superconductors. These proposals often rely on proximity-
inducing superconductivity on the surface of topological insulators [172], and they
are typically subject to tight restrictions caused by the low insulating quality of

bulk topological insulators [37, 207].
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Chapter 5

Conclusions

In this thesis we have been concerned with problems in unconventional superconduc-
tivity, in both lattice and continuum models. Our approach has spanned analytical
and numerical methods of reoccurring relevance in condensed matter theory.

In Chapter 2 we methodically surveyed the weak-coupling theory of supercon-
ductivity. We subsequently narrowed the focus to a repulsive Hubbard model on
the tetragonal lattice. To a great extent we focused on solving the linearised gap
equation that results from weak-coupling theory when treating the two-particle
vertex in the Cooper channel to leading order in the interaction strength. In the low-
filling limit the (integral) gap equation was solved by means of analytical methods,
and we recapitulated well-established results for a spherical Fermi surface. Away
from low filling we established the superconducting phase diagram, as a function of
the out-of-plane to in-plane hopping ratio ¢, /¢ and chemical potential to in-plane
hopping ratio 1/t), by solving the gap equation numerically. The phase diagram
interpolates between what has been previously discussed in the literature (¢, =0
and t| = t), and it is considered asymptotically exact in the weak-coupling limit.

Chapter 3 was concerned with the superconducting state of strontium ruthenate.
This perovskite has maintained a special role in the history of unconventional
superconductivity due to its long-hypothesised p + ip pairing symmetry. In light of

recent experiments strongly challenging this interpretation, we took on a microscopic
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and unbiased approach to calculate and compare relevant pairing channels. As
such, we built an effective, yet accurate 3D three-band tight-binding model of the
normal state via a band structure fit. To this model we added phenomenological
multiband (Hubbard-like) interactions. In the weak-coupling limit we solved the
generalised gap equation numerically. As a function of a single (undetermined)
interaction parameter we found that helical p-wave triplet and d-wave singlet order
was favoured. By comparing calculated results for these orders to specific heat
and magnetic susceptibility data from experiments, we concluded that microscopic
evidence now lean towards the superconducting state involving a d-wave order
parameter component. As likely resolved by future calculations and experiments,
the putative time-reversal symmetry breaking phase might involve two accidentally
nearly-degenerate singlet order parameters.

Finally, in Chapter 4 we used an effective mean-field description of vortex
modes in p + ip superconductors. More generally, we reviewed properties of the
anyonic quasiparticles, known as Majorana zero modes, that appear in the low-
energy sector of topological superconductors. We described the hybridisation of
Majorana modes in two vortices of finite separation, yielding a finite-energy two-
level system for the topological qubit formed by the modes. In particular, we
examined the impact of thermally occupying non-topological in-gap states in the
vortex cores on the hybridisation. Since the hybridisation is sensitive to the state
of the topological qubit, we discussed routes to measuring this hybridisation via its
contribution to the vortex-vortex force in iron-based superconductors. The iron-
based superconductors were proposed as promising candidates for future exploration
and read-out of Majorana based qubits. These compounds have appreciably large
minigaps, leaving an experimentally accessible temperature range in which one
can avoid thermal activation of in-gap states.

To conclude, the results of this thesis shed light on the rich complexity of
unconventional pairing states that arise from repulsive interactions in three dimen-
sions, not only in complicated multiband systems. For instance, accidental and

complicated nodal structures arise naturally and frequently with the weak-coupling
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approach on the lattice, and a minimal single-band model ranging four Fermi
surface topologies was found to display five types of p- and d-wave orders. In the
puzzling case of strontium ruthenate, we emphasise that the debate regarding its
superconducting state has substantially heated up during the course of this work.
Our contribution to this debate should be taken as suggestive and indicative. A body
of conflicting results over the course of its 26-year-long history should be readdressed
and re-evaluated as theory and experiment combine efforts in understanding its
strongly correlated low-temperature phase. Independently of this perovskite, we
have examined finite-temperature prospects for topological superconductivity that

we hope will help non-Abelian anyons thrive in the coming decades.
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Appendix A

Solving Integral Equations with
Orthogonal Polynomials

In Chapter 2 we encountered the integral equation of Eq. (2.22) that was to
be solved in the prolate and oblate cases of Eqgs. (2.40) and (2.41). Here, we
show how the integral equation can be solved by expanding the kernel (the two-
particle vertex) in orthogonal polynomials, and in such mapping it onto a standard
matrix eigenvalue problem [68].

In the context of the problem encountered in Chapter 2 we apply the anséitze
Upoeeip, (0, 0) = 1(0) exp(£ip) and v, (0,4) = 1(f). This is due to the lifted
degeneracy of the spherical harmonics Y, into Y,”'[ *1 and Y™ when the Fermi
surface is deformed into an oblate or prolate spheroid. Away from low filling
(without rotational invariance), this splitting corresponds to the symmetry reduction
O — Dy, and specifically to the respective irreps Th, — {Asy, B, }. The ansétze
above allow us to integrate over ¢’ and reduce the problem to a one-variable
integral equation:

/_ du' K (u, o)D) = Mi(u), (A1)

1

where we introduced u = cosf, v’ = cos €', and where K (u,u') is the effective kernel

(which is symmetric in u and u') after performing the integration over ¢’. The
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solution is expanded in a set of orthogonal polynomials:

bu) = 3 aupa(u), (A2)

/ du w(w)pn (w)pm(u) = cpbnm, (A.3)

1
where w(u) and ¢, are weights and normalisation constants associated with the
chosen set of polynomials {p,(u)}, defined on u € [—1,1], respectively. The
expansion coefficients a,, are to be determined in the following. We expand the

integration kernel in the same set of polynomials:

w

[((u7 u/) _ Z f“((:j//))pn(u), (A.4)

The kernel weight f,(u') introduced above is found by using Eq. (A.3) to invert
the above equation:
/ 1
INES M/ du w(uw)p, (u) K (u,u'), (A.5)
[
By inserting Eqs. (A.2), (A.4) and (A.5) into Eq. (A.1) it is revealed that the

integral equation amounts to solving the eigenvalue problem

Z Anmam = /\(ln, (A6)
Ay = — du'/ du w(u")p, (W) K (W', w)pm (u). (A7)
Cn J1 -1

When the expansion series of Eq. (A.2) converges, one can in practice truncate
the eigenvalue problem of Eq. (A.6) at finite dimension.

Due to the form of the expected solutions in the present context, we choose p,
to be Legendre polynomials (with w(u) = 1) and Chebyshev polynomials of the
second kind (with w(u) = v/1 — u2) in the p, and the p, + ip, sectors, respectively.



Appendix B

Energy Hybridisation in an
Annulus Geometry

In Chapter 4 we studied the energy hybridisation between Majorana vortex modes.
We discussed how the hybridisation gives a contribution to the mutual vortex-vortex
force that is sensitive to the ground state fermion parity. To illustrate the hybridis-
ation between edge modes analytically, we consider the p + ip model of Eq. (4.1) on

an annulus with radii Ry and Ry > Ry, see Fig. B.1 and e.g. Refs. [32, 37, 208, 209].

max| W |?

min| W >

Figure B.1: An annulus geometry with edge modes on the inner (R;) and outer (Rs)
edge. The heat map reflects the electron density of the ground state candidates given in
Eq. (B.1).

To model a flux quantum penetrating the central hole, we consider the order

parameter A(r) = Age??O(r — R;)O(Ry —r), where O is the Heaviside function, A,
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is a constant, and 6 is the polar angle. We further assume that 2mFEp > £72, where
¢ is the coherence length, EFr is the Fermi energy, and m is the effective electron
mass. This assumption causes the Majorana zero modes to exhibit radial oscillations
with a frequency set by kp = \/m , which is readily shown explicitly in
Eq. (4.9). Outside the annulus, i.e. for R < Ry and R > Ry, we let Er < 0 (in
the final step of the calculation we send Er — —oo outside the annulus). In the
limit Ry > R; > 1/kp the boundary states, which are localised exponentially close
to the inner and outer edge, can both be expanded asymptotically.

In the same limit, we can construct the symmetric and asymmetric ground

state candidates,

o, = %(xle + i), (B.1)

where W, (¥,) is the Majorana mode on edge Ry (R»), respectively [192]. The square
modulus of these wavefunctions are visualised in Fig. B.1. By direct evaluation
we obtain an estimate of the finite-R ground state energy as

e = (UL H|PL) ~ :F% sin (kpR) exp(—R/E), (B.2)

where R = Ry, — Ry, and where we employed the limit Er — —oo outside the disk.
The oscillations remind of an edge mode interference phenomenon, which yields exact
zero modes for separations Rkp = nm with n € N. The same zero mode condition
was obtained in Ref. [209] in the small-R limit (compared to k') by imposing
Dirichlet boundary conditions on the wavefunctions directly. The expression in
Eq. (B.2) was confirmed by matrix diagonalisation and shows convincing agreement
with numerics for R 2 3¢ [208]. Moreover, the result is reminiscent of the splitting

of two Majorana modes in point-like vortices, as given in Eq. (4.31).
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