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Abstract

We study a class of three dimensional continuous phase coexistence models, and
show that, under different symmetry assumptions on the potential, the large-scale
behaviour of such models near a bifurcation point is described by the dynamical ®%,
models for p € {2,3,4}. This result is specific to space dimension 3 and does not
hold in dimension 2.
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1 Introduction

The aim of this article is to study the large scale behaviour of phase coexistence models
of the type R
Ou = Au — eVy(u) + 6¢ (1.1)

in three spatial dimensions, where Vj denotes a potential depending on some parameter
6 and ¢, o are two small parameters. Throughout this article, £ is assumed to be a
continuous space-time Gaussian random field modelling the local fluctuations, with
covariance having compact support and integrating to 1. The potential (7, u) — Vj(u)
is a sufficiently regular function (depending on the regime, we will actually assume
that it is polynomial in u). Regarding the two parameters ¢ and ¢, we will consider
two extremal regimes: either ¢ = o(1),0 ~ 1, which we call the weakly nonlinear
regime, or 0 = o(1), e ~ 1, which we call the weak noise regime. However, our results
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would easily carry over to intermediate regimes as well. Also, the spatial domain of the
process u is a large three dimensional torus whose size depends on € (see Remark[1.2]
for more details).

For the sake of the present discussion, consider the weakly nonlinear regime, i.e.
set 6 = 1 in (I.I). It is then natural to consider scalings of the type wu,(t,x) =
A2t A72, 2A~") which leave invariant the stochastic heat equation, so that .
satisfies

Dyt = Atiga — €722V ?U0) + o (1.2)

where &: denotes a suitable rescaling of & which approximates space-time white noise
at scales larger than €.

Remark 1.1. Since the process u in (1.1 itself depends on ¢, one should really write
u, .o for the rescaled process in (1.2)) to avoid ambiguity. However, we still write the
ambiguous one u.« here in order to keep the notations simple.

The form (I.2) suggests that if we start (I.T]) with an initial condition located at a
local minimum of V/, then at scales of order e~/2 (i.e. setting o = % in (1.2))) solutions
should be well approximated by solutions to an Ornstein-Uhlenbeck process of the
type

ov=Av—cv+¢&, (1.3)
for some ¢ > 0 and £ a space-time white noise. As we will see in Theorem [5.2] below,
this 1s in general false, unless V' is harmonic to start with. Instead, one should compute
from Vj an effective potential (Vj) in the following way. Consider the space-time
stationary solution W to the linearised equation

Since we are in dimension 3, such a solution exists and is Gaussian with finite variance
Co. We then set

(Vo) (x) = / Vo(x + y)u(dy),
R

where = N(0,Cp). In other words, (Vj) is the effective potential obtained by
averaging V' against the stationary measure of W. We show in Theorem [5.2] that if we
start with an initial condition located at a local minimum of (V}), then it is indeed the
case that the behaviour at scales of order e~/2 is described by (T.3).

These considerations suggest that more interesting nonlinear scaling limits can
arise in regimes where 6 — (V}) undergoes a bifurcation, and this is the main object
of study of this article. In particular, if (V) is symmetric and undergoes a pitchfork
bifurcation at some 6§ = 6, then one would expect the large-scale behaviour to be
described near 6, by the dynamical 3 model built in [Hail4b] and further investigated
in [CC13, Kupl5]]. Similarly, near a saddle-node bifurcation, one would expect the
large-scale behaviour to be described by the dynamical ®3 model built in [EJST3] using
the techniques developed in [DPD02, [ DPDO3].

Recall that, at least formally, the dynamical ®%(a) model is given by the family of
equations

0,0 = AP — aPP1 4 \PP3 4 ¢, (1.5)
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where ¢ is the space-time white noise, and the spatial variable belongs to the three-
dimensional torus T?. In this article, we will only ever consider p € {3,4}, with
p = 2 corresponding to the Ornstein-Uhlenbeck process (I1.3) (but then there is no term
involving \). Also, the constant a in front of ®”~! can be set to 1 by a formal scaling

O(t,z) — v 2®(t/v?, x/v) with 17 =aq, (1.6)

since the transformation £(¢, x) +— l/_%f(t /v?, z/v) leaves the white noise invariant.
The equation (L.3)) with a = 1 is the standard dynamical ®%, model. In this article, we
will however keep a in the equation since it is convenient for the scalings later.

For p € {3, 4}, the interpretation of (1.5) is not clear a priori since solutions are
distribution-valued so that the term ®?~! lacks a canonical interpretation. However,
they can be constructed as limits of solutions to

D) = AP — a(@MPL 4 (Ce + (@3 + ¢, (1.7)

for a regularisation &, of space-time white noise and a suitable diverging sequence of
constants C,. In the case p = 3, this turns the term ®? into the Wick product :®% with
respect to the Gaussian structure induced by the stationary solution to the corresponding
linearised equation (see [EJS13] for more details). In the case p = 4, the situation is
more delicate and additional logarithmic divergences arise due to higher order effects,
see [GJ73, [Fel74, [Hai14bl.

At this stage, it is important to note that the notation (I.5]), even when interpreted
as limit of processes of the type (1.7), is really an abuse of notation: since one could
always change the value of C, in by a finite quantity, it is not clear which
process should be associated to any fixed value of ), and it is only the whole family
of processes, indexed by that finite quantity, which has a canonical meaning. We call
the resulting family of solutions the ®%(a) family. Henceforth, when we say that a
sequence of processes U2 “converges to the ®4(a) family indexed by \”, we mean that
there exists a choice of C, (independent of \) such that lim,_,q U2 = lim,_,o & =: ®*
in law, for every \. The precise notion of convergence appearing here slightly depends
on p since the ®3 process may explode in finite time, while the ®3 process doesn’t
[HM15, MW16]. This will be clarified in (5.6)) below. Let us point out that, without the
presence of the diverging counter-term C', the sequence @, for p = 4 would converge
to 0 in a sufficiently weak topology depending on the dimension d (see [HRW12]] for
more details).

Formally, the equilibrium measure of the dynamics (1.5)) for p = 4 is the measure
on Schwartz distributions associated to Bosonic Euclidean quantum field theory. This
can also be justified rigorously, see [HM15]]. The construction of this measure was a
major achievement of constructive field theory; see the articles [EO71, [Fel74, [FO76)
GJ73]|Gli68] and references therein. In two spatial dimensions, the equation (I.5]) was
treated in [AR91, DPDO03, MW 135]]. For d > 4, one does not expect to be able to obtain
any non-trivial scaling limit, see [Fro82, |A1z82, BBS14].

Another reason why the dynamical ®3 is interesting is that it is expected to de-
scribe the 3D Ising model with Glauber dynamics and Kac interactions near critical
temperature (as conjectured in [GLP99]). In fact, the one dimensional version of this
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result was shown in [BPRS93] at the critical temperature. The two dimensional case is
more difficult, as the equation itself requires renormalisation. It was shown recently in
[MW14] that the 2D Kac-Ising model does rescale to &3 near critical temperature, and
the renormalisation constant has a nice interpretation as the shift of critical tempera-
ture from its mean field value. See also the article [GS73]] which however required a
two-step procedure to obtain ®3 from an Ising model.

We now turn back to the rescaled process (I.2). As suggested by the form of
renormalisation in (I.7), it is reasonable to expect that the behaviour of u. at scale
o = 1 and @ at (or near) a pitchfork bifurcation should be well approximated by
the dynamical ®; model. However, it turns out that this is not true in full generality.
The main result of this article is that, although u, converges to ®3 for all symmetric
polynomial potentials, for generic non-symmetric potentials, after proper re-centering
and rescaling, the large scale behaviour of the system will always be described either
by @3 or by the O.U. process of the type (I.3). One way to understand this is that, as is
well-known from dynamical systems, pitchfork bifurcations are structurally unstable:
small generic perturbations tend to turn them into a saddle-node bifurcation taking
place very close to a local minimum. One can then argue (this is quite clear in Wilson’s
renormalisation group picture which has recently been applied to the construction of
the dynamical ®3 model in [Kup13]) that the effective potential experienced by the
process at large scale is not (V) but some small perturbation thereof, thus reconciling
our results with intuition.

1.1 Weakly nonlinear regime

We start with the weakly nonlinear regime given by
O = Au— eV)(u) + &, (1.8)

where we assume that Vj is a polynomial whose coefficients depend smoothly on 6.
Defining (V}) as above, we thus write

m

(Vi) = a;on’

j=0

for some smooth functions @;. For notational simplicity, we let @;, @ and @ denote
the value and first two derivatives of @;(6) at 0. We will always assume that (V) has a
critical point at the origin (which could easily be enforced by just translating w), so that
ag = 0.

Remark 1.2. From now on, we will always assume that is considered on a
periodic domain of the relevant size. In particular, we define u. directly as the solution
to (1.2) on a domain of size O(1) (the precise size is irrelevant, but it should be bounded
and no longer depend on ¢€). Ideally, one would like to extend the convergence results
of this article to all of R?, which would be much more canonical, but this requires some
control at infinity which is lacking at present.

Remark 1.3. In principle, the noise 2 appearing in ((1.8)) also depends on e, since it is
defined on a torus of size e~ for some o > 0 depending on the regime we consider.
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However, since we assume that its correlation function is fixed (independent of ¢)
and has compact support, the noises on domains of different sizes agree in law when
considered on an identical patch, as long as a suitable fattening of that patch remains
simply connected.

In the simplest case when a; # 0, it is not very difficult to show that at scale @ = %,
Ueo converges in probability to the O.U. process. Interesting phenomena occur when
(0, 0) is a bifurcation point for (Vj), which gives the necessary bifurcation condition

ag=a; =0. (1.9

The saddle-node bifurcation further requires that aj, # 0 and @, # 0, and in this case
one should choose o = % so that as long as 0 = O(eg), the macroscopic process
e converges to @3 family. In fact, the terms in V;(e*/2u..) in (T.2) are Hermite
polynomials in u.. whose coefficients are precisely @;(#)’s with corresponding powers
of €. Thus, the Wick renormalisation is already taken account of, and this is the reason
why the bifurcation assumption naturally appears for (V) but not Vj.

The most interesting case arises when (0, 0) is a pitchfork bifurcation point of (V)
so that in addition to (I.9)), one has

a,=0, a;<0, a=0, a3>0. (1.10)

As mentioned above, from (1.7)), it is natural to expect that at scale « = 1, and with a
suitable choice of 6, the processes u. should converge to the solution of the ®3 model.
As already alluded to earlier, this turn out to be true if and only if the quantity

A= / P(2) E(V(WO)VY(T(:)))d= (L11)

vanishes, where P is the heat kernel, z denotes the space time variable (¢, z), and the
expectation is taken with respect to the stationary measure of ¥ as defined in (I.4). For
general Vj, this integral diverges since the heat kernel P is not integrable at large scales.
It turns out however that this expression is finite provided that

El\oal:a\g:o,

which is certainly the case when (V) has a pitchfork bifurcation at the origin. The
quantity A can be written in terms of the coefficients of (V') as

m—1
A= "G+ D880, (1.12)
j=3

where the C (to be defined in Sectiond]below) are explicit constants depending only on

the covariance of &. It is clear from this expression that A vanishes if V' is symmetric.
If A # 0, then in order to obtain a nontrivial limit, it is necessary to slightly shift
the potential from the origin, so we set

Uea(t, 1) = e_%(u(t/e%‘,x/eo‘) —he), (1.13)
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for some small h.. The process u.. above then satisfies the equation
Oyt = Attea — €722V % Uea + he) + Eca (1.14)

From now on, in both weakly nonlinear and weak noise regimes, we will use v to
denote the re-centred process, and the process in is a special case of when
h = 0. We also assume the rescaled initial conditions .« (0, -) converge to a function
up(+) in some sense (essentially in some low regularity Holder norm at large scales
and some high regularity Holder norm at small scales — this will be made precise in
Definition and Section E]below, the same is true for the symmetric case A = 0),
and we identify the limit of the solution sequence {u.. } for appropriate choices of ¢
and h,.

If one then takes 6§ ~ €” for some 3 < 2 then there are three different choices of
h¢’s such that the shifted process u.« converges to O.U. for o = % As expected, two
of the possible limiting O.U. processes are stable, and the third one is unstabl If
0 ~ €’ for some 3 > % on the other hand, then there is a unique choice of A, such that
at scale « = %, the process u.o converges to a stable O.U. process.

At the critical case § = ceg, there is a constant ¢* such that for ¢ > ¢* and ¢ < ¢*,
at scale o = g, uco either converges to three O.U.’s or just one O.U., respectively. At
¢ = c*, there are two possible choices of h.. One of them again yields a stable O.U.
process at scale % in the limit, but the other one yields ®3 at scale a = %. Note that this
scale is much larger than the scale 2 at which one obtains ®3 in the case of a simple
saddle-node bifurcation. We summarise them in the following theorem. The precise

statements can be found in Theorems[5.1]and 5.2

Theorem 1.4. Let (Vp) have a pitchfork bifurcation at the origin, and let u.. be the
solution to (1.2) on [0, T] x T3.

If the quantity A given by is 0, then there exists n < 0 such that at the
distance to criticality

0 = pelloge| + Ae + O(e?),

scale « = 1 and h = 0, the process u. converges to the ®i(a3) family indexed by \,
where a3 is the coefficient of the cubic term in (Vj), the derivative of the averaged
potential at 0 = 0.

If A # 0, then the large scale behaviour of u. depends on the value

0 =pe p>0.

In fact, there exists p* > 0 such that if < % orif =2 and p > p*, then there exist

3
three choices of h.’s such that at scale o = #, two of the resulting processes U.o

converge to a stable O.U. process, and the other converges to an unstable one.
If 6 > % orif = % and p < p*, then there exists a choice of h. such that at scale
o= %, the process u.o converges to a stable O.U. process.

'Usually, the O.U. process is defined as the solution of (I.3) only for ¢ > 0. But for the sake of
simplicity of the presentation here, we call solutions to (I.3)) an O.U. process for every ¢ € R. We call it
a stable O.U. if ¢ > 0, and unstable if ¢ < 0.
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At the critical value 3 = % and p = p*, there exist two choices of h. such that one
of the resulting processes converges to a stable O.U. process at scale o = %, and the
other converges to ®3 at scale o = g.

The intuitive explanation why this is so is that (V') is really only a O-th order
approximation to the “real” effective potential felt by the system at large scales. Since
pitchfork bifurcations are structurally unstable, one would indeed expect higher-order
corrections to (V') to turn this into a saddle-node bifurcation for generic non-symmetric
potentials.

The following picture illustrates our results, with the light shaded curve represent-
ing the symmetric case and the black curve representing the generic case when (V)
undergoes a pitchfork bifurcation. Here, the field ® is represented on the horizontal axis
and the bifurcation parameter ¢ on the vertical axis (with positive direction pointing
downwards).

0 ~ —¢|loge| + O(e)

\\\ = c*es + (’)(e%)

1
1
1
1
1
1
1
1

The reason why, in the symmetric case, we see the bifurcation at § ~ —e| log €| rather
than 0 = € is due to the additional mass renormalisation appearing in ®4. In the generic
case where (V) is asymmetric (and the quantity A defined in (I.I1) is non-zero), we
can see that the asymmetry separates one local minimum from two other critical points,
and creates a saddle-node bifurcation. It turns out that this bifurcation then occurs
atf = c*es + (’)(eg) for an explicitly given constant ¢*. All these results will be
formulated precisely in Section [5below.

Remark 1.5. The coefficient of the Wick term :u? in the critical ®3 case is pro-
portional to As. If A = 0, then the process becomes a free field, and one can then
further enlarge the scale to 1, and adjust 6 and h to get ®3. Also, the coefficient of the
term ®P~! in the limiting equation depends on various coefficients of (V}), but we can
rescale them while leaving invariant the white noise such that they all become 1.

Remark 1.6. In the non-symmetric case (A # 0), one can actually expand 6 to the
second order such that in the branch containing the saddle point, the scale increases
continuously from 0 up to % with respect to ¢ (see Remark . Similar results also
hold in the symmetric case, but this is not important here, so we omit the details.
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1.2 Weak noise regime

There is another regime of microscopic models in which the nonlinear dynamics
dominates the noise. The local mean field fluctuation is given by the equation

A = Au — V() + €2¢, (1.15)

where Vj is a potential with sufficient regularity, not necessarily a polynomial. More
precisely, we assume V' : § — Vj(+) is a smooth function in the space of C® functions.
Thus, we can Taylor expand V, around = = 0 as

6
Vi) = a;(0)a’ + Fy(x), (1.16)

Jj=0

where a;’s are smooth functions in 6, and |Fy(z)| < |z|” uniformly over || < 1 and
|z < 1.

Since the noise now has strength of order e2, the large scale behaviour of is
determined by the behaviour of Vj itself near the origin, and not by that of an effective
potential. Again, in order to observe an interesting limit, we assume that V' has a
pitchfork bifurcation at (0, 0), namely one has

ap = ag = a; = ag = 0, aj <0, as > 0, (1.17)

where the a;(6) are the coefficients of the Taylor series of V,(¢) around ¢ = 0. For
e > 0, we set similarly to before

14+«

U (t, 1) = €2 (u(t/e®*, x/e™) — h) ,
where h. is a small parameter as before. We see that this time u.« solves the PDE
atuea = Auea — 6_(%+%)W(€%+%uea + hE) + 560‘ . (118)

While this appears to be identical to (I.2)) modulo the substitution o — « + 1, it
genuinely differs from it in that the driving noise still has correlation length ¢ and not
€**1. In order for u. to converge to <I>§, it then seems natural to choose o = 1, thus
guaranteeing that the coefficient of the cubic term in the Taylor expansion of Vj is of
order 1. But this creates the divergences in both linear and constant terms on the right
hand side of the equation. Since ay = a; = 0, and we have two parameters ¢ and h to
tune, it looks like that we could kill the divergences by choosing the proper values of 6
and h and get ®3 in the limit.

Unfortunately, this turns out to be impossible. When tuning 6 to its correct value to
kill the linear divergence, the terms involving the leading order of h will be precisely
be canceled out so that i could only have a second order effect, which is far from
enough to kill the divergence in the constant term. Thus, one cannot make both linear
and constant terms convergent unless the coefficients of V' itself are balanced. It turns
out that similar to before, whether u, converges to ®3 depends on the quantity

", 2 /
agaz  aas

B:(Z4+

2 /
2ay ay
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Indeed, what happens here is essentially the same as the weakly nonlinear regime
except that the critical value 6 at which one sees a bifurcation is different. Similar as
above, we also require the convergence of the initial data .« (0, -). The main result can
be loosely stated as follows, and the precise statements are in Theorems [5.8]and [5.9]

Theorem 1.7. Assume V : 0 — Vj(-) is a smooth function in the space of C® functions,
and exhibits a pitchfork bifurcation at the origin (6, x) = (0, 0). Let u. solves the PDE
(L.I8).

If B = 0, then there exist choices of 0 and h of the form

0 = ac + be’log e + O(e?) h = pre + pae®

such that u. converges to ®3(az) family at scale o« =

If B # 0, then there exist p; > 0 for j = 1,2, 3 such that if
0=0"=pie+ pze% + ,Ozﬁ,eg + O(e%),

then there exist two choices of h. such that one of the resulting processes u.. converges
1o @3 at scale o = g, and the other one converges to a stable OU process at o = %

If 0 > 0% (resp. 0 < 0%), then there exist three (resp. one) choices of h. such that the
resulting u.. converge to OU processes. In the former case, two of the OU processes
are stable and the last one is unstable; in the latter case the OU process is stable.

Remark 1.8. Similar to the weakly nonlinear case, the coefficient of the Wick term for
®3 is proportional to Bi. A symmetric potential V' will give B = 0, but it is not clear
whether the quantity B has a probabilistic meaning as in the case of A (I.TT). Also, as
explained just before (I.6), one could rescale the solution leaving invariant the white
noise such that all the limits are of the form (1.5]) with a = 1.

The precise statement will be given in Theorems [5.8]and [5.9]

1.3 Some remarks and structure of the article

Before describing the structure of this article, we discuss two possible natural generali-
sations of our results.

1. We expect that analogous results still hold when the noise E is not assumed to be
Gaussian, but still satisfies good enough integrability and mixing conditions. The
techniques developed in [HS15] should apply here as well. Indeed, in [SX16],
the authors showed convergence of the weakly nonlinear regime to ®3 under
symmetry assumption on both the potential and the noise. Note however that
if the noise is non-symmetric, then we do not expect to see 1 at large scales
generically, even if Vj is symmetric.

%In order to get convergence to ®3, one needs to choose py depending on the coefficient of the €2
term in 6; otherwise one will get a shifted <I>§l of the form

Ou = Au — az(u® — cou) + £+ C

with an additional constant C'. This constant can be killed by a proper choice of ps.
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2. The assumption that Vj is a polynomial can probably be relaxed (see [GP16]
for a result similar to those of [HQ135] in the context of the KPZ equation). It
is however not clear at all at this stage how the methods in this article could be
carried over to handle this case.

It turns out that, as in [HQ15], the weak noise regime can be treated as a perturbation
of the weakly nonlinear regime, so we will mainly focus on the latter case. The main
strategy to prove the above results is the recently developed theory of regularity
structures ([Ha114bl]), combined with the results of ([HQ15]]), where results analogous
to ours are obtained for the KPZ equation. The idea is to lift and solve in an
abstract regularity structure space that is purposed built for this equation, and then pull
the solution back to the usual distribution spaces after suitable renormalisation.

The article is organised as follows. In Section [2| we construct the regularity
structure as well as the renormalisation maps that allow us to treat the equations of
the form (1.2). Section [3]is devoted to construction of the solution to the abstract
equation. In Sectiond], we prove the convergence of the renormalised models. Finally,
in Section [5] we collect all the previous results to identify the limit of the renormalised
solutions.

Acknowledgements

MH gratefully acknowledges financial support from the Philip Leverhulme trust and the
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2 Construction of the regularity structure

In this section, we build a regularity structure that is sufficiently rich to solve the fixed
point problem for the equation

Ot = Aue — € 2V)(e2u,) + &, @2.1)

in the abstract space of modelled distributions. Here, &, is a mollified version of the
space-time white noise & at scale €, and V} is a polynomial of degree m. Note that (2.1)
corresponds to the weakly nonlinear regime with scale o = 1, and we do not restrict V'
to be symmetric here. Since this is the largest scale we will look at, all other situations
(including the weak noise regime) will follow as a perturbation of the above equation.

The construction of the regularity structure mainly follows the methodologies and
set up in [Hai14bl] and [HQ15, Sec. 3], with some slight modifications to accommodate
the particular form of the equation (2.1)). We will refer to the precise statements in those
two papers when we state a result from there without proof. More gentle introductions
to regularity structures can be found in [Hail5a], [Ha115b], [Hail4a] and [CW15].

2.1 The (extended) regularity structure

Recall that a regularity structure is a pair (7, G), where T = @, , T is a vector space
that is graded by some (bounded below, locally finite) set A C R of homogeneities,
and G is a group of linear transformations of 7 such that, forevery I' € G, I' — id is
strictly upper triangular with respect to the graded structure.
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For the purpose of this article, we build basis vectors 7 similarly to [HQ15| Sec. 3.1]
as a collection of formal expressions built from the symbols 1, Z, { X; }?_, and operators
T and £ for half integers 3 > 0. As usual, we assume that all symbols and sub-
expressions commute and that 1 is neutral for the product, so we identify for example
Z(ZX;)= and Z1Z(X; =). Given a multi-index k = (ko, - - - , k3), we also write X" as
a shorthand for XX ... X¥ (with the convention X? = 1), and |k| = 2ko + >0, ki
for its parabolic degree.

With these notations, we define two sets {f and ) of such expressions as the smallest
sets such that X* € U, = € V, and such that for every k € {1,...,m — 3},

{m,---,m}pcU = {nmrs, 85(7-1-~-Tk+3)}CV,

2.2)
TeY = I(neu.

We then set W = U U V and we associate to each element of V a homogeneity in the
following way. We set
5 k
2= —= — k&, X" = |k,
2= -3 X* = Ik
where x is a small positive number to be fixed later, and we extend this to every formal
expression in W by

7| = |7l + |7, |[Z@|=|7|+2, €% =8+]|7|. (2.3)

We then write 7, for the free vector space generated by {7 € W : |7| = a}. In this
article, we will only ever use basis vectors with homogeneity less than 2, we therefore
take for 7 the space of all finite linear combinations of elements of VV of homogeneity
less than 2,i.e. T = @, _, Ta-

The main reason for introducing £° as in (2.2)) rather than treating ¢ as a fixed real
number is the following crucial fact. It reflects that (2.1)) is subcritical under the scaling
reflected by our regularity structure.

Lemma 2.1. If k < %, then for every v > 0, the set {T € W : |T| < 7} is finite.

As in [HQI3], it will be convenient to consider £° as a linear map such that
EP . 7 v EB(7). The problem is that the product 7, - - - 7,3 appearing in does
in general not belong to 7. Just as in [HQ15, Sec. 3.3], one way to circumvent this
problem is to introduce the extended regularity structure 7., given by the linear span
of

Wex =WU{r -7 1 1, €U}

In this way, we can view £” as a linear map defined on (a subspace of) Te,.
We now start to describe the structure group G for 7. For this, we introduce the
following three sets of formal symbols:

Fi={1,X}, FR={s0: reW\{X"}, |7|+2> 1},
: k
Fs={& (11 Thy3): 7, €U, §+Z|Tj|>|€|ZZ|Tj|}. (2.4)
J J
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We then let 7. be the commutative algebra generated by the elements in F; U F, U F3
and we define a linear map A : 7 — 7 ® 7T, in the same way as in [HQ15| Sec. 3.1].

For any linear functional g : 7, — R, one obtains a linear map I', : 7 — T by
I'y7 = (id ®g)A7. Denoting by G the set of multiplicative linear functionals g on T,
we then set

Gy ={geT;: g(r7) = g(n)g(7), V7,7 € T4},

and we define G by
G={T,:9€G,}. (2.5)

It is straightforward to verify that G has the desired properties, including the fact that
its elements respect the product structure of 7 in the sense that I'(77) = 't - I'T.
Furthermore, G preserves not only 7.y, but also 7, so that it also serves as the structure
group for 7.

2.2 Admissible models

We now start to introduce a class of admissible models for our regularity structure. As
in [Hail4bl], we fix a truncation K of the heat kernel which coincides with it near the
origin and annihilates polynomials of degree up to 3. The existence of such a kernel K
is easy to show, and can be found, for example, in [Hai14bl Sec. 5.1].

We equip R'*3 the parabolic metric so that

3
2] = |t )] = |2+ Jayl. (2.6)
j=1

We let D’ denote the space of Schwartz distributions on R and £(7", D’) the space
of linear maps from 7 to D’. Furthermore, for any test function ¢ : R'*3 — R, any
z € R and A € RT, we use ) to denote (') = A Pp((t' — HA72, (2 — 2)A7L).
We also write B for the set of smooth functions ¢: R* — R that are compactly
supported in {|z| < 1} whose derivatives up to order three (including the value of the
function) are uniformly bounded by 1.

Recall that a model for (7, G) consists of a pair (II, F’) of functions

II:R'™ = £(T,D) F:RT g
z — 11, z— F,

satisfying the identity
ILF =T F!

z z

Vz, 2, 2.7)

as well as the bounds
IALDED S AT, Dt Sz — 2|l (2.8)

uniformly over all ¢ € B, all space-time points z, Z in compact domains and every
T € W, where we used the shorthand ', ; = F ! o F}, and the proportionality constant
depends on the compact domain K. We will write f, for the element in G, such that
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F, =T . We will give explicit expressions for f., and will write the notation (II, f)
for a model frequently. We also write |7|, for the norm of the component of 7 in 7, (the
precise choice of norm does not matter since these spaces are all finite-dimensional).
We define the norm of a model 9t = (I1, f) to be the smallest constant that makes both
bounds in (2.8) to hold, and denote it by ||91] . Since in most of the situations, F’ is
completely determined by II, we sometimes also write ||II]| instead of |9t]|, and we
omit the domain & wherever no confusion may arise. With these notations, we can
define what we mean by an admissible model.

Definition 2.2. A model (11, f) is admissible if for every multi-index k, one has
(LX) = (2 - 2)F, fA(XP) = (=2) (2.9)

and for every T € W with Z(t) € T, one has

M/m:—/D%v—wmﬁma 0] < |7]+2

(z—2)f

ILI(7)(2) = (K * L)) + ), = (i)
— ]

(2.10)

Here, we set _Z,7 = 0if || > |T| 4 2, s0 the sum is always finite.

See [Ha1l4b, Rem. 5.10] for the correct way of interpreting these identities in case
I1, contains distributions that are not functions.

2.3 Canonical lift to 7

Given any smooth space-time function E and any real number ¢, there is a canonical
way to build an admissible model .Z.(&) = (I1¢, f€) for the regularity structure (7, G)
as follows. We first set

(IE2)(2) = £(2),

independent of € and the base point z. We then define 117 recursively for other 7 € W
by (2.10) as well as the identities

(AL 77)(2) = AIET)(2) - AIET)(Z) (2.11)
and

f& ) = =L (DNAIE))(2),
(z—2 (2.12)

)Z
e,

(.E°7)(2) = LATE) + >
y4

Here, we again adopt the convention @@f () = 0if |[¢| > B+ |7|. This construction
makes sense only when 11,7 is sufficiently regular, and this is indeed the case if ¢ is

smooth. We then have the following fact, the proof of which can be found in [HQ135,
Sec. 3.6].
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Proposition 2.3. Let E’ be a smooth space-time function, and € > 0. Then, the canonical
model £.(§) = (11, €) defined via the identities (2.9) — (2.12) is an admissible model.

Later on, we will consider the situation where 8 = &, aregularised version of the
space-time white noise &, so we are led to the canonical model .Z,.(£.). However, it
is important to note that at this stage nothing forces the values of the two €’s to be
identical: it is perfectly legitimate to consider the model .Z,(5) for any pair of (e, 6).

Also, one would like the linear map £° to represent the multiplication by ¢°. This
is however not quite true in view of (2.12), and it suggests that we should introduce
anew map £ 5 on the D7 space of modelled distributions (see Sec.3 in [Ha114b] for a

definition) by
¢

~ X
EU)) = EV) ~ Y G 1(E/UE), (2.13)
oy

Then, as long as the model is admissible and satjsﬁes (2.12)), the map é'\ # does indeed
represent multiplication by ¢ in the sense that REU = e’ RU for R the reconstruction
operator.

2.4 Renormalisation

The aim of this section is to build a group R of transformations that we can use to
“renormalise” our models. It is crucial for our purpose that such a renormalisation
procedure satisfies the following three properties:

1. R acts on the space .# of admissible models.

2. fR is sufficiently rich so that one can find elements M, € R such that M ..Z,.(&,)
converges to a limit in .#, where .Z, denotes the “canonical lift” of the regu-
larised noise &,.

3. Solving the fixed point problem (3.1)) for a model of the type M_.Z.(n) for a
smooth space-time function 1 and M € fR leads to the solution of a modified
PDE.

The transformations M € R we consider here will be composed by two linear maps
My and MWV on Te. The map MY encodes “Wick renormalisation”, while M has
the interpretation as mass renormalisation in the quantum field theory. From now on,
we will use the shorthand ¥ = Z(=). We start with the standard Wick renormalisation
map MY on 7. Define the generator LV* by

LWickE — LWicka _ O, LWiCk\Ilk _ (g) \I]k‘—Q’
and extend this to the whole of 7T, by
LY(1Z(T)) = LY(D)I(T) + TZ(LV*T) ,

for 7 # =, as well as

LWickI(T) _ I(LwickT)7 LWick(gﬁT) — gﬁ(LWiCkT), LWick(Xk‘T) _ X/{:LWickT ]
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The map M™* : Tox — Tex is then defined by
MY = exp(—C1L™) . (2.14)

The definition of LY* ensures that M/ ™* commutes with X* as well as with the abstract
integration maps Z and £°. M™ has the interpretation as Wick renormalisation in the
sense that

MYk = CF Hy(W/y/Cr) = Hy(W; CY) (2.15)

where Hy(-) is the k-th Hermite polynomial whose leading order coefficient is nor-
malised to 1. For example, we have

H\(V;Cy) =0, Hy(V; Cy) = ¥° — (Y, Hs(V; Cy) = ¥° — 3C, 0.

Note that although we will always consider the case where C'; > 0, the above expression
H.(¥; C1) actually does not require C; to be positive.

We now describe the effect of M™<* on the canonical model (II, f). Following
[Hail4bl Sec. 8.1] and [HQ15, Sec. 5.2], for the map M™<* defined above, there is a
unique pair of linear maps

AV T = Tex @ To MY T T
satisfying
MY 7, = M(_Zy @ id)A™,
MYE) = M(E[ @id) A,
(d QM)A @ Id)AY™ = (MY @ M A,
M (rym) = A1) (M), M™X* = X*,

(2.16)

where M : T, — 7T, denotes the multiplication in the Hopf algebra 7. As in [HQ15|

Sec. 5.2], one can verify that both M™< and A% have the relevant triangular structure,
so that if, given an admissible model (II, f), we define (IT™*, f") by

H\;}iCkT - (HZ X fz)AWiCkTv f;NiCk(O-) = fz(]/\ZWiCko-) ) (217)

then (ITV, f¥<) is again an admissible model. Furthermore, as a consequence of the
second identity in (2.16)) and the fact that M/ ™ commutes with £7, if (II, f) satisfies
(2.12) for some ¢, then so does (TTV*, f™<).

We now turn to describing the map M. For n > 2, we define linear maps L,, and
L’ on T by setting

Ly : @ ZE U)ol -1,
LOTERTIUY) = (n+ 1! - 0,
(U"Z(E220™) s nl-1, n >3,
(

PHIZETIUM)) s (n4+ DU, n > 3,

STLUMIER UM s nl -1, n >3,
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(we use the convention £° = id) and L,7 = 0, L,7 = 0 for any other basis vector
7 € W. Given these maps, we then consider maps on 7, of the form

My = exp ( — Z CnLy, — ZC’;LL;L)

n>2 n>2

As we will see in (3.15)), at the level of abstract equation, M, has the simple effect of
adding a linear term to the right hand side of the equation. Actually, M, is equivalently
given by

My=id—=Y C,L,— Y C,L,.

n>2 n>2

Furthermore, it commutes with G in the sense that MOF_T = ' My for any 7 € T and
I' € G. As a consequence, given an admissible model (I1, f), if we set

M7 .= 11, My, Mg = f.(0), (2.18)

then (ITMo, £M0) is also an admissible model. Given M = (M, M) with M, and
MY as above, we then define the renormalised model (I, f*) by

M7 = (L @ A Myr),  [Mo) = fF4A1"0).  (2.19)

Remark 2.4. Note that although in many cases one has (Hi” T)2) = (I, MT)(2), this
is in general not true. For example, for 7 = £W¥?, we have (ITM71)(2) = €(¢4(z) —
6C1£2%(2) + 3012), while (II,M1)(z) = 6(54(2) — 60152(2)).

3 Abstract fixed point problem

In this section, we translate (1.2) into a fixed point problem in a suitable space of
modelled distributions. It is natural to consider the fixed point problem

m i3 . 3 . -~
¢ =Pl (: =) T XNQwE T (Q(@)) =Y )\ngo(‘P])) +Pug, (3.1
j=4 3=0

where Q,, denote the projection onto the subspace P s<a T in Tex, Iguo is the canon-
ical lift of the solution to the deterministic heat equation with initial data u, to the
regularity structure, and P denotes the operator given by

P =K + RR,

where K is the abstract integration operator defined from the truncated heat kernel &
as in [Hail4b, Sec. 4], ‘R is the reconstruction operator, and Ru is the Taylor expansion
of the smooth function (P — K) * u up to order ~.

To solve such a fixed point problem, at first glance, it seems that one can simply
follow the procedure in [Ha1l4b, Sec. 7] to obtain a unique solution to in a space
D" as in [Hail4b, Sec. 6] for suitable v and 7. Unfortunately, as in [HQ15, Sec. 4],
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this argument only works for sufficiently regular initial data (it needs to be “almost
continuous” for large values of m). Since the dynamical ®3 model only has regularity
C" for n < —1, this would prevent us from using a continuation argument to control the
convergence of our models on any fixed time interval. In addition, such a continuation
argument also requires one to be able to evaluate the reconstructed solution R® in a
suitable space of distributions at any fixed time. However, as one can easily see, the
solution to (3.1)) contains the term ¥ = Z(=) which has negative homogeneity, and a
priori there is no clear way to give meaning to RV at any fixed time ¢. The second issue
is not a serious problem here since, for the natural model constructed from space-time
white noise, R can indeed be regarded as a continuous function (in time) in a suitable
space of distributions. (See for example [Hail4b, EJS13].)

To resolve the first issue, we introduce e-dependent norms to enforce suitable
control on both our admissible models and the initial condition as € — 0. In a way, this
allows us to “trade” the singularities near ¢ = 0 and at small scales for powers of e.

In what comes below, we will mainly follow [HQ15, Sec. 4] to build such weighted
spaces. It turns out that the algebraic structure of these spaces are essentially the same
as those in introduced in [HQ15]], except that the values of v and 7 are different. We
will therefore mostly give statements and refer to [HQ15] for detailed proofs.

3.1 The e-dependent spaces and models

Below, we use  to denote a space-time test function belonging to B, ¢ to denote such
a test function that furthermore integrates to 0, and v to denote a test function that
annihilates affine functions of the spatial variables.

Recall that our definition of an admissible model in the previous section does not
specify any relationship between its actions on 7 and £°(7). In order to formulate the
cancellation of the singularity in time by the small parameter € in the limiting process
e — 0, we introduce the space of models .Z, which consists of all admissible models
(IT, f) with the further restriction that

LSO ST rew, (32)
(ILr )| S A= reu, ¢= g |

Here, all the bounds are to hold uniformly over all space-time points z in compact sets,
all A € (0,¢) and all test functions ¢ € B that annihilate affine functions. We also
require that, for some sufficiently large n < —% (to be fixed below),

sup |[TLgW(t, )||en < +oc.
t€[0,1]

We will verify later in Section 5 that the models considered in this article do indeed
belong to .#, with uniform controls as ¢ — 0.

We let ||TI||. denote the smallest proportionality constant for both bounds in (3.2)),
and define a “norm” on .Z, by

1MLl = WL+ ([T + sup [[To W, )len,
te[0,1]
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where ||II|| is the usual “norm” on admissible models introduced in Section Again,
these norms all depend on the compact set & where the supremum of z is taken over,
which we have omitted for notational simplicity.

Remark 3.1. This is of course an abuse of notation since ||II|| and ||TI||. both depend
not only on IT but also on F', and F' can in general not be recovered uniquely from II
and the knowledge that the model is admissible (unlike in the situations considered
in [Hail4b]). We chose to nevertheless keep this notation for the sake of conciseness.
Also, the norm ||II]| depends not only on € but also on 7. Since we will fix the value
n < —% below, we omit 7 in the notation.

We compare two models in .7, by

JITE; TXff e = T T + [T — T + sup MW, ) — ToW(t, -)llen-
te(o,

We also denote by . the class of admissible models such that fz(@“’f (7)) =0. Itis
natural to compare two elements (II'“, T'©) € .#, and (II,T") € .#, by

I Mo = NI + WX+ sup TG0, ) = MW, ler
€ I

Note that .#, and .. consists of exactly the same class of models for each ¢, ¢ > 0,
but with different scales on their norms. The point here is that we will consider models
with [[II9; II||.o — O for some limiting model II. We first give a useful lemma.

Lemma 3.2. There exists C' > 0 such that, for 11 € 4. and T € U, we have
(IL7,¢2)| < O™, (IL7, ¢2)| < CI Il (3.3)

uniformly over all A\ < € < 1, all space-time points z in compact sets and all test
functions ¢, ¢ € B with the further restriction that ¢ integrates to .

Proof. We first prove the second bound. Let ¢ be a test function integrating to 0, let
A € (0,1], and let NV be the integer such that

A2V <o < NN (3.4)

We then write ¢ as a telescope sum by

N-1 N-1

_ ok _ ok+1 _ oN _ oN
R I R N D DL R
k=0 k=0

For each k appearing in this sum, §¢* is localised at scale \ - 2% < ¢ and integrates to
0 since the function ¢ does. Furthermore, the factor 27 is chosen such that the integral
of 27%¢>?" against linear functions does not depend on , so that §¢* annihilates all
affine functions. Thus, we can use the second bound in (3.2)) to deduce that for each £,
we have

|(IL7, 6¢™%)| < O 27K (A2F)C - eml=¢ .
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Summing over k from 0 to N — 1, and using the fact that ¢ > 1 and X - 2V ~ ¢, we

conclude that S0 ' (IT.7, §¢*) < C/||TI|| Ae/I~*. The same bound holds for the term

27N (b;\‘QN as a direct consequence of (2.8)), so we obtain the second bound in (3.3).
To prove the first one, fix a test function , and write it as

N-1
=Y (@ - (3.5)
k=0

This time, each function in the parenthesis integrates to 0 so we can use the second
bound just proved above, and the first one follows easily. ]

We now turn to dealing with the irregularity of the initial data. At this point, our
definitions start to differ from those in [HQ135|] in order to encode the regularities of
terms in (3.1). We first introduce a new space for the initial condition .

Definition 3.3. Lety € (1,2), 7 < Oand € > 0. The space C)"" consists of C" functions
f: R® — R with norm

D (e) - D (e)
e = 1£9len + €M fO e + =1 sup 2F0@ = DG,
lx—y|<e |ZL’ - y|7

(3.6)

Furthermore, we set CJ""" = C". The distance between two elements f'© € C)" and
f € C"is defined by

¢ ¢ o1l £(e _ DfO(x) — DfO(y)
1F: Fllyme = 19 = Fllen + €S loo € sup | |

|lz—y|<e |I‘ - y|"/—1

. (3.7

The reason we do not include a bound on || D f9]|, on the right hand side is that
such a bound follows the bounds on || ||, and || D f©||¢~-1. More precisely, one has

Lemma 3.4. There exists a constant C such that, for every f© € CI one has
IDf oo < CUF e - € (3.8)
Proof. The proof is straightforward and we leave it as an exercise. ]

One should think of functions in C)"" as behaving like elements of C” at large scales,
while being of class C” at small scales, with € determining where the cutoff between
“small” and “large” lies. The reason why only f© appears in the last two terms of
is that these two quantities are not even finite for general f € C".

Following [HQ15, Sec. 3.5], we define D" space to be the set of functions U
taking values in 7" with norm

U(2)|r
iy = 5Up sup [U(:)] + sup sup —LoiAT_
Z <y = i<y /1t

+ ‘U(Z) - FZ,ZIU(Z,)’T
sup sup —
ezt </l 1< [z = 2T/ AT k

v
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where |z — 2/| is measured in the parabolic distance defined in (2.6). Note that this
definition is slightly different from the original one in [Hail4b] in the sense that it
allows U(z) to have components in 7>.. We now introduce the weighted spaces D"
that are suitable for our fixed point problem.

Definition 3.5. For each €, v, n, and each model (11,1") € 4., the space D) consists
of modelled distributions U with norm given by
|U(Z)|T |U(Z) - FZ,Z/U(Z/)’T

Ullype = ||U T
O0me =Wk + PP s * (208, 28 e — e

Here, the supremum is taken over all space-time points (z,z') € D, defined by

De={(z2): |z =2 <e AVt A},

where z = (t,x), 2 = (t',2'), and || - ||, is the norm of the usual D" spaces
introduced in [[Hail4b, Sec. 6].

In short, the above definition says that modelled distributions U in D)7 satisfy the
bounds

U@)|> S (e + /[t IDn0]
U(z) =T, U, S 1z — 27 e+ /It A )"

Note that D77 is a linear space once the model is fixed, and so the distance between two
elements can be simply compared by ||U — U], ... Also, in all the cases we consider
below, 7 is always smaller than the regularity of the sector in consideration. Thus, we
will have ) < |7, and can simply replace (7 — |7|) A 0 by  — |7]| in all the situations
below. Similar as before, we compare two elements U© € DY and U € D" by

U@

6(77_ ‘T‘)/\O

HU(E)§ Usz;e = HU(e); U”%n + sup sup
|UO(z) — T, U9

|Z — Z’|”/_|T‘€7I—7

+ sup sup

(2,2")E€Dc |T|<v

The reason why only U'® appears on the latter two terms on the right hand side above

is the same as before: these quantities are in general not finite for U € D7". The main

motivation for the introduction of these e-dependent spaces is that they contain the

solution to the heat equation with initial condition in C_*7, with bounds independent of

€. This is the content of the following proposition, the proof of which is identical to
that of [HQ15, Prop. 4.7], so we do not repeat the details here.

Proposition 3.6. Letn < 0, v € (1,2), € € (0,1], and u € C)'". Let Pu denote the
canonical lift of the harmonic extension of u via its truncated Taylor expansion of order
v. Then, Pu € D} and one has

HPUH%H;E < CHu”%n;e'
Furthermore, if u'® € CY" and u € C", then one has

[ Pu'; Pully e < Cllu';ul]y e
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The following proposition will be needed later when we continue local solutions up
to their (potential) explosion time. It says that the initial data of the restarted solution
still belongs to the C*" space with norms uniform in e.

Proposition 3.7. Let v € (1, g) andn € (—2%:11, —%). Let (II¢, f¢) € .. LetU
be a sector of the regularity structure as defined in 2.2)). If R is the associated
reconstruction map for DY"(U) and U9 € DY(U) is the abstract solution to (3.1,

then for every t > (), uf) = RU(L, -) belongs to C)'" with
[t Nl me < CNU e ITT

If (1, f) is another such model with reconstruction operator R, and U € D" solves
(3.1) based on 11, then u; := RU(t, -) belongs to C" and one has

1ty el e S NU5 U eI+ IR + T3 T le o (U e + 10 1) -

Proof. We first prove the first claim of the proposition. For that, we bound separately
the three terms appearing in the definition of the spaces C*"7. We first notice that
any solution U to (3.1) is necessarily of the form

U9%) =¥+ V).

Since the structure group acts trivially on W, the constant function ¥ belongs to all
spaces D", so that if U ONS D", then so does V©. Since, in the above decomposition,
V9(z2) belongs to the linear span of {1} U {7 : |r| > 0}, the desired bound for
RV (t,-)||cn follows from [Hail4bl, Prop. 3.28]. Regarding the term W, one has
RVU = II§V¥ so that, by the definition of .Z,, we have

sup [[(R°W)(E, )len < YT,
€[0,1]

tel

and the required bound for ||u{”||¢n thus follows.

For the remaining two terms on the right hand side of (3.6]), we will prove a stronger
bound by showing u(© = RU is a space-time function with desired regularity, rather
just being a function in space for fixed time.

For the second term, since the lowest homogeneity in I/ is —% — K, an application
of the reconstruction theorem together with Lemma [3.2] gives

_1_
sup sup sup [(u'”, p2)| < CIU| e [Tl - €777
A<e z peB

On the other hand, it follows directly from the definition of a model that

1
sup sup sup A2 | (u, 2)| < CU| e T
A>e z pEB

Combining the above two bounds and using the fact that « is arbitrarily small so that
n < —3 — K, we conclude that u® is a continuous function with

Moo < CeE5 - [T e T
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We now turn to the third term on the right hand side of (3.6). In order to show
Du'® € C7~1, we test it against test functions that integrate to 0. Using the definition
of the distributional derivative and then the triangle inequality, we get

NTDU, 62) < AU (2), (D9)2)| + A7 [(u' = TIEU(2), (D)) .

It follows from the reconstruction theorem that the second term on the right hand side
above is uniformly bounded by a constant. For the first term, since the assumption that
¢ integrates to 0 implies D¢ annihilates affine functions, we can use the second bound

in (3.2) to obtain
>\_7‘<HZU(€)(Z),(D¢)2‘>] < C’HU(E)H%mG‘”HeME ) )\C_'ye_%_”_gj

where we again used the fact that the lowest homogeneity in U/ is —% — K. The desired
bound then follows immediately.

For the second claim, the only problematic term is ||u\; u;||¢n, but again the desired
bound for this term follows in the same way as ||u\||¢n. []

Before we proceed to further properties of the D" spaces, we first make a few
remarks about these spaces and our notation.

e The set D, in Deﬁnitionis taken to be {|z — 2/| < e A \/|t| A |t'|}. This is
sufficient since for the pairs (z, z’) such that e < |z — 2/| < \/|t| A |t/|, we have
e+ VIt A | < 24/|t] AJt'], so the bound on the last term in Deﬁnition
follows automatically from the bound on || - ||,

e We use the notation | F' — F||, .. to compare two functions in the same D"
space with the same underlying model. On the other hand, whenever we write
| F'; F'||4 e, it should be understood that we are comparing F' € D" with
F € D", typically based on a different model. As we will never compare
two functions belonging to D" spaces with the same ¢ but different underlying
models, these notations are sufficient.

It turns out that these spaces behave as expected under multiplication and action of
E* and P. We state a few of the properties we will be using later; all the proofs can be
found in [HQ135| Sec. 4.3].

Proposition 3.8. Let U; € DYii(V®D) fori = 1,2, where VY and V@ are sectors of
respective regularities oy and aw. If

v =+ a2) Ay + a), n =+ az) Az +a)) A+ 12),
then their pointwise product U = U U, is in D" with
HUH%n;e < CHUIHm,m;EHU2H72,n2;6~

Furthermore, if U, € D" then U = U,Uy € D" with the same n,~y as above, and
we have

1U; Ullye < CUNU Uil e + U2 Ually e + T = T,
where C'is proportional to Y ,(||U;|| + || U: ) + |IT]| + |IT-
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Proposition 3.9. Let U € D) withn < . If a > v, then Q<,U € D) with
HQSaUH%n;e 5 HU“%n;e-
Proposition 3.10. Let U € DI withy € (—f3,1 — B). Then EAU € DY with
Y =0+BA inf (=17, n=n+5
and we have the bound
1EU e < CQA T U e
In addition, if U € D" with model T1 € #,, we have
IEPU; €20 ||y psc < CQL A+ TN Tl e + T8 W)
with the same v and 7).

Proposition 3.11. Let U € DY"'(V'), where V is a sector of regularity o with —2 <
n < v A . Then, provided that v and 1 are not integers, we have PU € DY with
¥ =7+ 2and ) =n+ 2, and we have the bound

[PU 5,76 < ClIU e
Furthermore, if U € D], then we also have
IPU; PUl55c < CUIU; Uy e + ITL T

3.2 Solution to the fixed point problem and convergence

We now have all the ingredients in place to build our solution with uniform (in €)
bounds in suitable D" spaces. The equation we consider is of a general form that it
sufficiently flexible to cover all the concrete cases to be considered later. We first show
the existence and uniqueness of local solutions.

Theorem 3.12. Letm > 1, v € (1, %), ne(— 2’:‘”:11, —3), and k > 0 be sufficiently

small. Let ¢y € C)'", and consider the equation

m i—3 . 3 . ~
¢ =Pl, (E = N QwE T (Qee®) — > )\JQSO(CDJ)) +Pgy. (3.9
j=4 j=0

Then, for every sufficiently small € and every model in M., there exists T > 0 such
that the equation (3.9) has a unique solution in D)" up to time T. Moreover, T can be
chosen uniformly over any fixed bounded set of initial data in C)"", any bounded set of
models in M., any bounded set of parameters \'©, and all sufficiently small c.

Let ¢ be a sequence of elements in C" such that ||¢\; ®0lly,me — O for some
oo € C" 11€ € M., 11 € My be models such that |11 11||..o — 0, and let )\E-e) — \; for
each j. If & € DV solves the fixed point problem (3.9)with model 11, initial data ¢y
and coefficients \; up to time T, then for all small enough e, there is a unique solution

d© € DI to B.9) with TI¢, ¢ and /\5-6) up to the same time T', and we have

111% [®“; @, =0, lim sup [[(ROP)¢,-) — (RE)E, )|, =0.
€e—

e—0 tE[U,T]



ABSTRACT FIXED POINT PROBLEM 24

Proof. We first prove that the fixed point problem (3.9) can be solved in D" with
local existence time uniform in €. Let M(E> denote the map

MP(®) = 731+( ZA Q0€'F (Qeo®) — ZA Qo(®7) ) + Pey , (3.10)

where 7" denotes the length of the time interval on which the argument @ is defined.
Note that although the terms in (3.10) does not explicitly depend on 7', their domains
of definition and norms || - ||.,,.c do depend on it. We will show that, for 7" sufficiently
small, /\/l(jf) isa contraction mapping a centered ball in D)7 of a large enough radius A
into a ball of radius . In what follows, we will omit the subscript 7" and simply denote
this map as M©,

We first show that M‘© maps D7 into itself. By Proposition E we have Pd)(E)
D", In addition, the noise term P1, = also belongs to D'". As for the non-linearity,
if j < 3, itis straightforward to see that ®/ € D3 for some positive §. We can choose
0 small enough so that there is no basis vector with homogeneity between 0 and 20,
and Proposition [3.9] then implies that Q<(®7) = Q<z5(®7) € D37, As an immediate
application of Proposition [3.11] one sees that the map

2
P PL ( PRy ng@j))

J=0

is locally Lipschitz from DY into D3+%37+2, By the assumption on the range of ~ and
71, we have
042> 7, n+2>n,

so we have the natural embedding D°2*7+2 < D7 and hence the map is locally
Lipschitz from D27 into itself. Moreover, since the kernel is non-anticipative, by
[Hai14b, Thm.7.1, Lem. 7.3] and the definition of the D} space, we know the local
Lipschitz constant is bounded by (7" + ¢)? for some positive §. More precisely, there
exists C', 6 > 0 such that

3
(Eraaw)

J=0

< O(T + 6)9||(I)||%n;6'

V€

We now turn to the nonlinear term P1+(Q§05A¥ Q<o(®%)) for j > 4. Let

7—1 . Jj—3
K=" U= m=an np=gnt T

Then by Propositions [3.8|and 3.9, we have Q<o(®’) € D™ with
1Q<0(@)|-; 56 < CUPI -

The assumption vy > 1 implies v > —; if x 1s sufficiently small, 50 applying Proposi-

tion|3.10{with 3 = J , we know that there exists § > 0 such that £ Q<o(<1” )y € DX
with

1€ Qco(@) 55y < CCL+ [T )]

Vi€
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Similar as before, we can again choose ¢ to be small enough so that ngg R Qo(P?) =
Qo5& 5 Q<o(®7) also belongs to Df”“ with the same bound. Since 7; > —2, an
application of Proposition [3.1I{implies that there exists § > 0 such that

IP1LEZ (Qeo(®)) [l < CT + °(L + |[TL]| ]| @[ +2

Y>M€”
This shows M© indeed maps D" into itself. In particular, if A is big enough with

A
(e
H(I)H%n;e < A’ ” ) ane 67

then we can choose 7" small enough depending on A, ||II||. and )\5.6)’5 only such that

||M(€)((I))||%n;e < 5
In order to show M@ is also a contraction for small 7, we first note that since

there is only one model concerned in .Z., we can simply compare the difference
MO@) — MO(®) for two elements &, & € D). In fact, we have

m j—1

MO@) = MUD) == 33T NPLQLE Quo((@ — D)PI17FPF)

j=4 k=0

— Qo(® — DY Ng(D? + DD + D) + \y(D + D) + \y).

By linearity, ¢ — P e D21, so all the bounds obtained above also apply for MOD) —
MO(D) except that one power of || ®||., ... is replaced by ||® — ||, ... Thus, we get

|MO@) — MO(D)||-,.e
<O+ | — @@ + [T + ||y e + [P fly)™

Again, if we restrict ourselves to centered balls with radius A in D", then as soon as

we choose ]

0
@O < Ca T a2

(3.11)

the map M© = ./\/l(jf) is a contraction and there is a unique solution to (3.9). This is
possible for all small e. In addition, it is clear that if the coefficients )\(6)’ , the norms

ITT|| and ||w’ ]| ,.c are uniformly bounded as € — 0, then this short existence time T
could be chosen independent of e provided ¢ is small enough.

We now turn to the second part of the theorem, namely the convergence of local
solutions ®© to ® up to the time 7' when ® is defined. By the arguments above, there
exists a time .S < T such that has a fixed point solution ®© in D)7 up to time S
for all small e. We first show the convergence of ®© to ® up to time .S, and iterate the
relative bounds to get existence and convergence to time 7.

Let M© : DY — DY denote the map

m 3

M : P P1, <E 3T APQLET (Qup(@)) — D A;F’ng(cbj)) + Pg.

j=4 J=0
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up to time S, and M : D" — D7 be the map of the same form except that )\E.E) and

¢>§;) are replaced by \; and ¢,. Following the same line of argument as in the proof for
the first half, we have

HM(E)(CI)(E))? M(q))H%n;e
S S+ 0 @], e + sup [N = N[+ T o + (10575 Polly e
J

where the proportionality constant depends on the norm of the relevant models, the
size of the ball in D", the initial data and the coefficients. For small enough S, using
the knowledge that ®© and @ are the fixed points in D77 and D] respectively, we
easily get

189 @], e S sup X = A+ IO o + s ol (1)
J

This gives the desired convergence of ||®©; ®||., .. to 0 up to time S. We now need to
extend the solutions to time 7", up to when the solution & to (3.9) is defined with model
II € .#,. 1t suffices to have bounds for RO®© (¢, -) and REOPE(¢, ) — (RP)(¢, ) in
C2" so that we can restart the solution from time ¢. In fact, these are precisely what
we obtained in Proposition Thus, one could iterate up to time 7', and this
completes the proof. [

3.3 Renormalised equation

We now turn to studying the effect of the renormalisation maps defined in Section
on the solutions to the fixed point problem (3.9). For simplicity, we write

Fi=) NET W,
=3
and, for n > 1, we define the n-th ‘derivative’ of F to be
FO =3 "5G -1 —n+ DNET W
7=3

If (II, f) is an admissible model and v € (1, g), then the solution to the fixed point
problem (3.9) in D)"" necessarily has the form
P=U+o-1-IT(F) = MNIW)—p-I(F)Y+¢ - X =V +U, (3.13)

where U denotes the part that contains all basis vectors except V. Therefore, the right
hand side of (3.9) (including all terms with homogeneities up to 0) can be written as

3

H)=Z—-> NEZ DT N\ (3.14)
j=4 =0

1
=E-F-W0V—p F - §go2 CF" = (A1 + 20V + F'I(F)
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1
+MF L) + ¢ FIF) + o F'IF) + 20VIF) = ¢ FX — - F"

i, .
+ (Ao Fhp+ g+ Yy (;1 ) ¢”72(éz2<w1—”U<z>")>> 1.

j=>4 n=4

We then have the following theorem, the proof of which is essentially the same as that
in [HQ15, Sec. 5], so we omit the details here.

Theorem 3.13. Let ¢y € Cl, e >0, and E be a smooth space-time function. Let
(I, f) = Zu«&) be the canonical model as in Section 2, M = (Mg, M™*), and
(ITM | MY = M Z.(€) be the renormalised model described in Section Ifo € D
is the local solution to the fixed point problem for the model (ITM | fM), then the
function v = RM® is the classical solution to the PDE

O = Au=> N> Hy(u; Cr) =Y X H;(u; C1)—(Cu+C'+60905Co)+& (3.15)

Jj=4 J=0

with initial data ¢, and the constants C and C' are given by

m—1 m—2
C=> (n+17n- A2 Cot Y (n+ 2! MAngaCh
=2 n=s (3.16)

m—1

C'=> "+ D MM Gy,

n=3

4 Convergence of the renormalised models

In this section, we will show how to choose the correct constants so that the action of the
renormalisation maps built in Section[2.4]on the canonical model yields convergence to
a limit, and we will also identify the limiting model. The identification of the limiting
equation will be given in Section [5

4.1 Main statement and convergence criterion

Let £ denote space-time white noise on R x T3. Fix a smooth compactly supported
function p : R1*3 — R integrating to 1, and set

pe(t,x) = e p(t/e®,x)e), & = pex¢, 4.1

where ‘x’ denotes space-time convolution. Then, the correlation of &, is
Efe(S, a:)é“e(t, y) = / / pe(s —u,r — Z)pe(t —u,y — z)dzdu
RJT3

If the noise §A is obtained from the convolution of the space time white noise defined on
R x (¢7'T)? with the mollifier p, then we actually have

£t m) 2 e3E(t) 2, xfe).
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From now on, we will always assume that the noise &, relates to £ by (#.1). When we
consider scale a < 1 later, we simply replace € by €“ in that expression. We also let

Ke:K*pea Ge:Ke*Kea

where K coincides the heat kernel in {|z| < 1}, has compact support, and annihilates
polynomials up to degree 3, as introduced at the beginning of Section[2.2] A crucial
ingredient in proving the correct behaviour of various stochastic objects arising from
the equation are the following bounds for the kernels K. and GG.. The proof can be
found in [Hail4b, Lemma 10.14].

Proposition 4.1. We have
D'E) S (zl+07 M G S (e[ + o7,
uniformly over all ¢ < 1 and space-time points z with |z| < 1.

Remark 4.2. Here, { = ({y,(1,{5,¢3) is a multi-index, and |[¢| = 2/ + Z?Zl l;
reflects the parabolic scaling. In what follows, we will always use the notation | - | to
denote the parabolic degree of such indices. Also note that we do not require bounds
on the derivatives of G, since none of the appearances of this kernel carries any
renormalisation (in the sense that will become clear later).

The main theorem of this section is the following.

Theorem 4.3. Let M. € R denote the renormalisation map

Me = <6Xp ( - Z CS)Ln - Z C’I/fe)L;7/>7 exp ( - CEG)L1>>7

n>2 n>3

with L,, and L}, as in Section Let Z.(&,) be canonical lift of & to the regularity
structure T as in Section and consider the sequence of models

me = Meogé(fe) .

Then, there exists a choice of constants C'9, C!), and a random model N € .# such
that
199 9l c.o — 0

in probability as € — 0. Furthermore, the limiting model O = (11, f) satisfies 11,7 = 0
for every z and every basis vector T that contains an occurrence of E° for some 3 > 0.

The readers may have already realised that with proper choices of Cf) and C%°,
the action of the model 91, on basis vectors without an appearance of £ is exactly as
those in the regularised <I>‘31 equation (see [Hai14bl Section 10] for details). Thus, the
action of the limiting model 91 on those basis vectors is precisely the same as that of
the limiting @5 model.

However, the effect of the models 91, on symbols that contain £’s is more compli-
cated. In order to prove Theorem[.3] we first give a useful criterion for the convergence
of models in .#.. The proof of this criterion is essentially the same as Propositions 6.2
and 6.3 in [HQ15]], so we only give the statement without proofs.



CONVERGENCE OF THE RENORMALISED MODELS 29

Proposition 4.4. Let (T, G) be the regularity structure given in Section 2} and consider
a family of random models (11¢, f€) in .#.. Assume there exists 0 > 0 such that for
every test function p € B, every T € W with |T| < 0, every space-time point z and
every A € (0, 1), there exists a random variable (ﬁﬁ)(gpﬁ) such that

E|(Tr)e)]” S A0 E(0Isr — L)) S A2 @2
Assume furthermore that for every £°(t) € W with 3 + || > 0, one has
E|D f{(&PT)| < ol (4.3)

for some positive 0, and that for any T € U, one has the bound

~ 6

B[] S A (==, (44)
Jor all test functions ¢ € BB that annihilate affine functions, uniformly over A € (0, €).
Then, there exists a random model (11, f) € ., such that |11, 11||..c — O in probability

ase— 0.

Remark 4.5. Later, we will consider (ﬁe, J?E) = M.Z.(&) as in Theorem with
proper renormalisation constants C’j(»e)’s defined in the next subsection. It is straight-
forward to see that they indeed belong to .#,. For the limiting model 901, its action
on basis vectors without any appearance of £ is exactly the same as in the standard
®3 equation (in fact, these are precisely the terms that appears in ®3). Its action on
terms containing a factor of £7 will yield 0. Thus, in addition to (#.3), [#.4), it suffices
to prove the second bound in for 7 containing at least one factor of £, and with
I, =0.

4.2 Graphical notations and preliminary bounds

The remainder of this section is devoted to the proof that the random models M..Z,.(&,)
as in Theorem do indeed satisfy the convergence criterion of Proposition (4.4
Since we are in a translation invariant setting, it suffices bound the random variables
(I157)(¢y) for various basis vectors 7. All these random variables belong to some
finite order Wiener chaos. Following [HP14, HQ15]], we use a graphical notation to
represent the kernels for homogeneous Wiener chaos of finite order. Each node in the
graph represents a space-time variable in R'™3: the special green node @ represents the
origin, which is fixed, the nodes © represent the arguments in the kernel representation
for homogeneous Wiener chaos, and the remaining nodes « represent variables to be
integrated out.

Each plain arrow —— represents the kernel K (2’ — z), where z and 2’ are starting
and ending points of the arrow. A dotted arrow ----- > represents the kernel K. with
the same orientation as before, and a bold green arrow —— represents a generic
test function in B rescaled by a factor \. In addition, we use the barred arrow ——
to represent a factor K(z' — z) — K(—z), where as before z and 2’ denote starting
and ending points of the arrow. Finally, a double barred arrow —+— represents the
factor K(z' — 2) — K(—2) — 2’ - DK(—z), where z = (t,x), 2/ = (', 2'), and the
differentiation D K is with respect to space variable only.
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With these notations, it follows for example that for 7 = WZ(¥?) and the canonical
model [1¢ = Z.(£.), we have the expression

o ? o o O e

MEUIT)(ep) = o + 3 '+ 3 N\ ¥ o + 3 Ny
e o g i

Nl Nl Nl Nl

4.5)
Here, the first term represents the component in the fourth homogeneous Wiener chaos
(see [Nua06, Ch.1.1.2]), the next two terms represent the component in the second
homogeneous chaos, and the last term is the component in the zeroth homogeneous
chaos. The variance of the first two terms above, for example, are bounded (up to some
constant multiple) by

3 T
i(———:——->i + .:‘Ai h i - . (46)

N NS
® ()
To bound this and similar quantities, it is convenient to label the edges of the graph to
reflect the singularity of the corresponding kernel, and to give a bound of the whole
object in terms of simple power counting of the labels. For this purpose, and in order
to be able to use the bounds obtained in [HQI5], we introduce labelled graphs to
represent bounds for quantities like E|(TI57)(¢p)|.

Let G = (V, &) be a labelled graph, where V is the set of vertices, and £ is the
set edges (which are labelled and directed). More precisely, each edge e = (z,_, 7., )
in the graph has the direction z,_ < x,, and is associated with a pair of numbers
(ae,re) € RT X Z, and the orientation of the edge really matters only if 7, > 0. As
before, edges e are associated to kernels J., with a, measuring the singularity of the
kernel in question in the sense that we assume that each J, 1s compactly supported and
satisfies a bound of the type

|DFJ.(2)| < |27 M 4.7)

for every multiindex k. The precise factor represented by each edge then furthermore

depends on the value r.. If 7. = 0, then the corresponding edge simply represents a

factor J.(v,_,w,,) = Je(x,, — x,_). We simply write a, instead of (a., 0) in this case.
If r. > 0, then the corresponding edge represents a factor

k
~ Ly
Je(xv_;$v+) = Je(xv_,_ — Ty ) — E k;'+ DkJe(_xv_)- (4.8)

[kls<[re]

On the other hand, if r. < 0, then the edge corresponds to a factor :];(xvf,xv L) =
(#J.)(x,, — x,_), Where Z.J, denotes the renormalised distribution

k
@1 = [ L@ (o~ 3 L) de “9)

kls <[rel
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In other words, a positive 7. corresponds to the re-centering from subtracting lower
order Taylor polynomials (or maybe called “positive renormalisation”), and r, <
0 corresponds to “negative renormalisation”. Also, since we will always consider
situations where no two edges with r. < 0 meet and all J, are smooth functions, the
meaning of the factor (#Z.J.)(x,, — x,_) is unambiguous.

Unlike in [HQ15]], each labelled graph does in our case represent a sequence of
multiple integrals depending on a parameter € € (0,1]. To keep track of some of
that dependency, we consider graphs with both ‘plain’ and ‘dotted’ edges. If an edge
is plain, then the corresponding kernel .J. is allowed to depend on e (to make that
dependency clear we will also sometimes write J'), but the bounds are assumed
to hold uniformly in € € (0, 1]. If an edge is dotted however, then the corresponding
kernel J'© is assumed to satisfy the bound

|DFJO)| < (|2] 4+ )% Ik

uniformly in € € (0, 1]. There are two additional edges (in boldface) connecting to
the origin that represent a factor ¢*(z,,, 0). The origin is denoted by {0} C V, and we
denote by v, ; and v, » the two vertices that connect to 0 by the edges representing test
functions. Finally, we set

V* = {07 U*,1>U*,2}7 VO =V \ {O}

Thus, as a consequence of Proposition 4.1} the quantity in can be represented by

PYREEes REEEEES . T ...... Qe T
Yoo . SV
SN

With all these notations at hand, for a labelled graph G and the collection of kernels ./,
we let I{ denote the number

1§ = / Jo(@e_, T, )d, (4.10)
- Hg N

where 4 reflects the space-time dimension. In order to determine the right scale of the
quantity I¢, we introduce some additional notations. For any subset VV C V), we let

EWV)y={ec&:enV=c_,r. >0}
EWV)y={ec&:enV=c;,r.>0};
EV)={ec&:enV =ce};
EV)={ec&:enV # ¢}

In other words, £7(V) is the set of outgoing edges from V with r, > 0, E+(V) is the set
of incoming edges to V with . > 0, (V) is the set of edges with both vertices in V,
and £(V) is the set of edges with at least one vertex in V. Note that the definition of
ET(V) and £4(V) only considers edges with r, > 0.

Now, consider a labelled graph G = (V, &) satisfying the following properties.
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Assumption 4.6. The labelled graph G = (V, £) satisfies the following properties.
1. For every edge ¢ € &, one has a. + (r. A 0) < 5;

2. For every subset Y C V of cardinality at least 3, one has

> ae < 5(V] -1

e€& (V)

3. For every subset V C V containing 0 and of cardinality at least 2, one has

D oaet Y @etre=1— > e <5V =Dy

ecE(V) ecET(V) e€&L(V)

4. For every non-empty subset V C V \ V,, one has

Yooat Y = > e—D>5V.

e€EWNEHV) e€ET(V)  ecEH(V)

Note that the number 5 in the above assumptions indicates the parabolic degree of the
space-time dimension is b.

It turns out that this assumption on the graph G is sufficient to guarantee that the
quantity If has the correct scaling behavior for small A. This is the content of the
following theorem, proved in [HQ15].

Theorem 4.7. Let G be a graph that satisfies Assumption and its edges represent
kernels that satisfy the definitions and bounds in @.7), @.8) and @&9). If I{ denotes
the quantity defined in (4.10)), then one has

9 <A 4.11)

uniformly over X € (0, 1), where o = 5|V \ Vi| = > .. e, and the proportionality
constant depends on the graph and magnitudes of norms of the corresponding kernels.

Remark 4.8. The proportionality constant in (4.11]) is a constant multiple of [ [, || J. | ae pe
for suitable values p. depending on the structure of the graph, where

[T )lap == sup |2|*TH|D J(2)),

l2I<L,le|<p
where we assumed that the kernels are supported in the parabolic unit ball. Since these
quantities are finite, we will simply omit them in all the bounds below.

Before we prove the bounds in Proposition {.4] we first choose values of the
constants C'© and C"® that appear in the statement of Theorem With the graphic
notations, the constant C’f) is given by

C© = / / KXt vydedt =G0)= { %, CF =eCP. (4.12)
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It is easy to see that, for this definition of Cf) and the renormalised model ﬁe, the
expression (ﬁg \IJI(\I/3))(<,06‘) only contains the first two terms in (4.5]), and its variance
is indeed bounded by (4.6).

For n > 2, we define C'© and C'© by

CO = 2 / KGN dz=€"2 /.~ , n>2, (413
ClO = ¢ 3 / K()G™(2)dz = € 20, n>3.
It is not hard to check that

L9 = % +01), Cy= /(P * p)2(2)dz,

€
CS = cy|log e| + O(1)

for some universal constant ¢, > 0. For n > 3, we have
CY=(C,+0@), C,= / P(z2)(P, x P,)"(2)dz,

where P, = P * p. C, is finite for n > 3 since the integrand decays like |z|~"*? for
large z.

4.3 First order renormalisation bounds

We are now ready to prove Theorem[.3] In view of Proposition #.4] it suffices to check
the bound (4.2)) for all terms that appear in the right hand side of (3.14)), and the bounds
(4.3) and for relevant terms with positive homogeneities.

We first prove the bound for terms from F™ for n = 0, 1, 2, 3. These basis
vectors are of the form

= E5ykt3on

The case k = 0 has been treated for the case of the standard ®; model in [Hail4b,
Sec. 10.5], so we only need to consider £ > 1. For the canonical model I1¢, we have

6T = e (IISW)F+3, (4.14)

If we choose (Jf) according to (4.12), then the effect of our renormalisation procedure
is precisely to turn the products in (4.14)) into Wick products, so that

k+3—n

/_/R
O\"‘ ,O

N
°
[ ]

k
2

([I5m)(p)) = €
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The right hand side belongs to the homogeneous Wiener chaos of order (k + 3 — n),
and as a consequence, we can bound its second moment by

- o -k+3—n-- 5 e—3—n+d5—e
E/[I5m)(o) < ¢ \ / Se \ / :
[ ) [ )

which satisfies (4.2) since
2Tl =n—-3-2k+3—-—nkrk<n-3-9,

if ¢ is small enough. The bound for £ g(\llk”)X follows in exactlzl the same way. We
have thus proved the bound @2) for 7 = £3(V*+3-") and 7 = £3(VF+2) X,

4.4 Second order renormalisation bounds

We now turn to basis vectors coming from the terms F'Z(F), F'Z(F') and F"Z(F).
All these basis elements have the form

T = EYVFT(ENT™)),

with the precise values of a and b depending on the element. For each £k and n, the
element

[5m)e))
can be decomposed into homogeneous Wiener chaoses of orders
k+n— 20, (=0,1,--- ,kAn.

By examining the homogeneities, we notice that all the £°’s appearing in these elements
play the role of multiplication by €’ both under the canonical model and the Wick
renormalised model. Thus, for the Wick model Hf)“"k(goé), its component in the (k +
n — 2¢)-th homogeneous chaos is given by

O\ ///"g\\\ O
K\ (n v ol \\“/;o—*/’/;\‘\“' N
0 ’ v - € n—tq . 4 w . (k- . 4.15)
o / "o
¢

Note that the above expression is for the Wick renormalised model, and does not
include effect of the map M/, defined in Section We now discuss the convergence
for these basis elements for different values of k, n and /.

Remark 4.9. (.15) suggests that the bounds below will in general include a labelled
graph introduced above as well as a factor of a positive power of e. With an abuse

use of notation, in what follows, we will use G to denote a labelled graph multiplied a
certain power of € (see for example (4.16]) below).
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441 k+n—-20>2

We show below that in this case, there is no need for renormalisation beyond Wick
ordering. For simplicity, we focus on the elements from the term F'Z(F), and the
bounds for other basis vectors follow in essentially the same way. Such basis elements
have the form and homogeneity

n— 1
Tom = E2 L (UFT(E"T U™, Ten| = =5 = (k).

Ifk+n—20>2, thgn as a consequence of the expression (#.13), the second moment
of the component of (Hng,n)(gpé) in the (k +n — 2¢)-th homogeneous chaos is bounded
by the graph

I R S T (4.16)

Here, the upper and lower edges both have r. = 0, so we simply omit it and just
write the “singularity” a. for edges that does not contain either positive or negative
renormalisations. According to and the homogeneity of |7 |, we need to bound
the graph by

9] S X' 4.17)

for some small positive 0. The assumption that there is a positive appearance of £ gives
the condition

k>2 n>3 k+n>6.

In order to get the bound (@.17)), we need to assign powers of €’s to different edges of
the graph to reduce the singularity of each edge to make the whole graph integrable.
The assignments are different for various values of %k, n and /.

For ¢ = 0, we can assign (n — 3) powers of ¢ to the upper edge and (k — 2 — 9)
powers to the lower edge, so we obtain the bound

@ s RIEEREEEE °
3,1 3,'1
G<e YoLis¥ (4.18)
\\{/’

and we need to check that this graph satisfies Assumption[d.6] We check for example
the third item for V that consists of @ and the two lower vertices in the “rectangle”. For
this V, £y(V) is the lower edge in the “rectangle” with a, = 2 + 5 ET(V) is empty,
and £+(V) consists of the left and right edges, both with 7, = 1. One can then easily
verify item 3 for this V, and the rest of Assumption can be checked in the same
way, so that we obtain (4.17) if 4 is sufficiently small.

3Rigorously speaking, the two green edges representing test functions also belong to £y()), but since
we assume their degrees are 0, so it does not matter.
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For ¢ = 1, we still assign (n — 3) powers of ¢ to the upper edge and (k — 2 — )
powers to the lower one, but this time the graph is reduced to

T ........ 2 ........ T T6 ...... 2 ........ T
< bo< ooy i
Gg<e -\1+a/. < € .\H(;/. . (4.19)
() (5

Again, one can check that the conditions in Assumption [.6|are all satisfied for this
graph.

We now turn to the situation when ¢ > 2. By assigning (¢ — 2 + 9) powers of € to
both the leftmost and the rightmost edge with weight ¢, we reduce the graph to

5—46
G S htn=20-1=20 4 Ly (4.20)

and the assumption k£ + n — 2¢ > 2 guarantees there is still a positive power of ¢ left.
If / = n, then we assign (k — n — 1 — 36) powers to the lower edge, and we assign
(k —n+1— 36) powers to the lower edge if / = n — 1. The graphs we get in these
cases becomes

In both cases, one can easily verify Assumptiond.6and conclude the desired bounds.
Also, the first graph above does not contain the upper edge since in this case (¢ = n)
that edge is a bounded continuous function, and we can simply omit edges with a, = 0.

We finally turn to n — ¢ > 2. In this case, we assign powers of €’s in the following
way:

1. (n — ¢ — 2) powers to the upper edge;
2. (1 — 30) powers to the left edge;

3. and (k — ¢) powers to the lower edge.

The condition n — ¢ > 2 guarantees that all the powers assigned above are positive,
and there is still a 9 power of ¢ left. In fact, we get the reduced graph

P Qs °
I

4+ 26
e
\\.
Again, it is straightforward to check the Assumption (4.6) for this graph, and thus
the bound (4.17) is satisfied for small enough ¢. This finishes the proof of the case
k +n — 2¢ > 2 for elements from F'Z(F). The case for the elements from the terms

F'Z(F') and F"Z(F) can be treated in essentially the same way, and we do not repeat
the details here.

5—96

' n—10>2) . 4.21)
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442 k=n=/(
The basis elements in this category includes the following types:
EX L UMT(ETIYM)), E'T (VIE"T UT)), £ NII(E T TM).

The homogeneities are just below 0 for the first two elements, and just below —% for
the third one. For ¢ = n, the 0-th chaos component of the modelled distribution on
these elements are just constants.

We ﬁrs/g treat the first two elements. For both of them, the contribution to the 0-th
chaos of (Hfﬂ')((pé) is given by

[ J
A 7N
. [ 7N

///n\\\ // n \\
-2 ,//,‘\\\\ -2 ,/ : \\
n!-e" AL Ty, — nl- C’,(f) 1 = —nl- "y i 4, (422
./ ® \./

where the equality comes from the definition of the kernel «——-+ as well as C'© in
(4.13). Since there is a strictly positive power of ¢, by assigning (n — 2 — §) powers to
the dotted line in the above graph, we deduce that this object can be bounded by the
graph

.4.,‘2+5‘....

G=¢ \3\./ . (4.23)

It is then clear that one has If < €¥X79, which satisfies the bound {#.17). We now
turn to the third element £% 1 (U"T(E 2" U™)). The expression of the 0-th chaos is

essentially the same as the previous two, except that one replaces €”~2 by €3, as well
as the renormalisation constant C'© by C"©, Noting from (@.13)) that

Ol = 201, (4.24)

we obtain the expression of the 0-th chaos component of the element (ﬁfﬂ')(gpé) (up to
the sign) as

7 n N s m\ %+5.....
nl-€? K oaix S e 3 , n >3,
\./ ®

where the above bound follows from assigning n — g — 0 powers of ¢ to the kernels rep-

resented by the dotted lines. This expression is bounded by A2 and corresponds
to the correct homogeneity (below —%) if ¢ is sufficiently small. We have thus proved
the bound (4.17) for the case k = n = /.

443 k=n+1,0l=n

We now deal with the case k = n + 1 and ¢ = n, which belongs to the first order
homogeneous chaos. There are two situations in this case; the first one includes basis
vectors of the form

n—1 n—3 ]-
r=E&72 (V"HLE T W), IT| = —5— @n+ .



CONVERGENCE OF THE RENORMALISED MODELS 38

The 1-st chaos component of (H ¢7)(¢pp) is given by

N————
I
|
—~
N
_I_
—_
=
)
T
no
v
A
1
1
.
! .
I
@Af
o —-
~~
N
[\)
W
N

=2 el ©
(n + 1)! (e” e - Ol

@ —>
0—>e<---0
o\

where we have used the expression of C'© in (#.13). The second moment of this
expression is then bounded (up to a constant multiple) by the graph

_ 2nd n\/ €20 2+\/ (4.26)

<3 —0—3—> <3—0—3—>

which clearly satisfies the bound
[)\g < 626)\_1_26.

The exponent on A will be bigger than twice the homogenelty of 7 for small enough §.
Thus, the bound @.17) holds for the element €7 (U™ Z(E™2 U™)).
The second situation for £ = n + 1 includes the basis elements

7=E"T (UNIETTU) or 1 =E5(UHIIE T T)).

In both cases, we have |7| = —(2n+ 1)k, just below 0. Since there is no renormalisation

beyond Wick ordering on these elements, the 1-st chaos component of (H T)(goo) (for
both of them) is given by

A (I)
AN
(n+ 1! ST (4.27)
I
The second moment of this expression is bounded by the graph
T R T i
n 3,1 3,1:n 2—-6:3,1 3,1:2—-96
G= 3 h ok < DA . (428)
\./ \./

which immediately gives
1 /\g < ENTH,

Since the homogeneities for these two 7’s are below 0, we thus conclude the bound

for this case.
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444 n=k+1,0=k

We now turn to this last case. To keep notations consistent, we switch n ton + 1 and
write the symbols as £4(U"Z(E*W"H)) and ¢ = n. The symbols in this category that
need a mass renormalisation are of the form

n n 1
=2 N (WU, |7 = —5 - @n+ Dk, n>3.

The component in the 1-st Wiener chaos of the object (ﬁgT)(gpé) is given by

KX (ORN
AN ! VRN
N [N
. 7 n
1/

¥

) — (DY x . (429)

/

(n + 1)! (e“ Ay — OO

]

(@) [ ]

\

0——>+<----0

The second moment of the last term above is relatively easier to to treat. In fact, it is
bounded by the graph

@ s I ° @ s Lo °

AN A4

20 2446 3 3" 12496

G=c"" " N RS NS T @30

which clearly gives the desired bound I{ < ¢2A71=2%. For the two terms in the

parenthesis, by the definition of C'©), their difference can be expressed by the graph

:'\N\N\N\/W\/s-
€ T , 4.31)
o o

where s»wwwe denotes the renormalised distribution/kernel Z(K G?'), which has degree
n + 3. Thus, the second moment of this object is bounded by

L IERERS I . L IEEREE Loevenes °

62"—4 n+3,—1 n+3,-1 < 626 546 —1 5+6,-1 (4.32)

: : - : :
\. / \. /
Again, one can verify that Assumption[4.6|is satisfied, and thus one has
[)\g S 625)\71725’

which vanishes at the right homogeneities if J is sufficiently small.
We now turn to the other two terms in this category, which are of the forms

E3NUIIET W), £ (UMI(EETUM)),

and both have homogeneities just below 0. For both symbols, the components of
(HBT)((,O(’}) in the 1-st chaos can be expressed by

(n+ 1) -2 pety (4.33)
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whose second moment is bounded by the graph

JRCIEEEERREE Poovrnernnn ° JRCIREERREE 3§ e °
n3|1 3,|1_:n 2—5;:3,'1 3,|1_.2—6
\. / \. /

Again, this object vanishes at the correct homogeneity. This concludes the proof of the
bound for all symbols with negative homogeneity that contains a strictly positive
appearance of £.

4.5 The bounds (4.3) and (@.4)

We first deal with the bound (4.3) on f<. By 1nspect10n of the formal right hand side of
the abstract equation, we need to prove (@.3) for 3 = 452 and formal symbols 7 of the
form

7= Wt (T(E1T prt2)) (I(g TP X p >4 a+b+c<n

o

Since J/[;E = [ and that the Wick renormalised model (II™, f¥) satisfies the

relation (2.12)), we have
e ol Il Wick Ty j2—n Wick
26y 1) = —e 2 (W)U 0)(2),
where o is the basis vector as indicated above. Since the homogeneity of o is strictly

positive, the expression above is 0 if any of the factors of o has a positive power. Thus,

the only situation we need to consider for the bound on f ((5a 7') is 7 = W2 and
as a consequence, we get

D&, 7 (W) = —' 7 (DI WH2")(2),

By the definition of II"*, the right hand side above can be expressed as a Hermite
polynomial, each term being proportional to

€T COMDUTTNE) = €T (O Y (DHTYR) - (D)),
> lail=l¢]
where we have written U, = [I[)W = K x & for simplicity. Now, taking expectation

on the right hand side above, using generalised Holder’s inequality, and the fact that
Cf ~ ¢!, we get

E|D!Fe (g’ Pit2—ny) < max E%—k E|D% W, Jj+2-n—2k m
D F, T @) < e Z_ ]I (EID™w )
Slal=lel i
(4.35)
By equivalence of moments in Wiener chaos, each of the above factor is equivalent to
E|(D%¥.)(z)|, which could be bounded by

E|(D%1,)(2)| < (E[(D%T)(2)|?)? < e 314, (4.36)
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where we have used E|(D% K x &,)|? < ¢ '72l%], Combining and (#.36), we get

1 ]+2 n M‘

E|D FA& T (w2 < 7t

where we used the fact that there are totally j + 2 — n — 2k factors in the product, and
> gl = 1¢|. Since |7] < — ”2_" , this establishes the bound (#.3).

We now turn to the bound @A) for 7 € U, which includes U, Z(£'z Wit2),
ZE= 7 +1), 1 and X . The bound is trivial for 1 and X, and is also straightforward for
V. The treatment for the rest two basis elements are similar, and we only give details
forT = I(E R +2). Since the test function v annihilates affine functions, we have

0
=~ j—1 ,/ .
(HZT)(’QD;\) =€2 .—)N_H_.i j+2 - 4.37)
\\(.)
It then follows that we have the bound
ji+2 3+ 27| —2¢
| | | |
R ' 3, 3,2 3,2
B[N < ¢ %\ /i S o i\ /% . 438

Since 2¢ € (2,3) and 2|7| = 1 — 2(j + 2)k, the conditions for Assumption 4.6 can be
verified straightforwardly, and thus one obtains

E|(ﬁ27)(¢?)|2 5 /\1_2|T|+2<€2|T\—2\C| _ )\2<+962‘T|_2|<‘

for some positive 6. The bound for 7 = I(E S 1) follows in essentially the same
way.

5 Identification of the limits

We are now ready to address the main theme of the article: identifying the large scale
limits of microscopic models under various assumptions on V. As mentioned in the
introduction, we will see that, in both the weakly nonlinear and weak noise regime,
the large scale limit of these near-critical models are described by ®3 as long as V' is
symmetric, but described by either ®3 or OU processes when asymmetry is present.
The only difference is that the critical # at which one sees a a pitchfork or saddle-node
bifurcation is different.

We will formulate precisely and prove these results below, starting with the weakly
nonlinear regime.
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5.1 Weakly nonlinear regime

Let u be a process on a large torus satisfying
Oyt = At — €V)(@) + &,
and the re-centered and rescaled process u.« to be
U = €2 (Ut )X, 2/€*) — D),

where « is the scale, and A is a small parameter depending on ¢, both to be chosen later.
By setting 6 = €%, it is easy to see that us satisfies the equation

Byus = Aug — 6o 3V (62us + h) + 6 2E(t/82, x/9).

Note that the noise term is equivalent in law to £ * ps for some mollifier p rescaled at
size 0, expanding V; with respect to Hermite polynomials, we get

Ous = Aug — 5a Z al(©) - 5% Hj(us; C9) + &, (5.1)
where
i (K »
@) =) ( ) ar(6) - b,
k=j J
We now fix v € (1, g), n € —”;—:;1, %), and we shall lift the above equation to the
abstract D" space associated to the model M5 = Ms.Z5(E5) as in Theorem. 4.3l We
also let gb(‘” " such that [|¢}; o||,..s — O for some ¢y € C". The corresponding

abstract fixed pomt equation then has the form

o = P1, ( ZA<5>Q<OS " Qoo (@) ZA(‘”Q (@“”)ﬂ)) + Py,

j=4
(5.2)
Comparing the right hand sides of (3.15]) and (5.1)), we should choose the coefficients
)\;5)’5 to be
A =ga @), >3,
AP = 5a-2 . al(0);
AD = 6a72.G(0) — 65 2Csp;
AP = 0w73-al(0) — 65730, ), — ADA O,
where
m—1 m—2
Cson =Y _(n+17n!- (@,0))° - CP + > (n+2)!-a(0) - al)l,(0) - CY
n=2 n=3
= 18a3¢,|log §| + O(1);
m—1

Cion=>_ (n+DI-aPO) 61 (O)CY = A+ 0,0, 1),

n=3
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Here, the quantity A is given by
m—1
A=) (4D Ayl C, (5.3)
n=3

and C),’s are the limits of C’}L‘s)’s (recall that they do converge to a finite limit for n > 3).
It is then clear that the reconstructed solution us = RIG® exactly solves with
initial condition gbff). Here, we have used the notation O(a, b) to denote O(a V b).

By Theorem there exists a limiting model 9t € ., such that || Dts; M50 — O.
If )\;‘S) converges to some \; € R for each j, then by Theorem , we will have
|@©; ®]|,..5 — 0, where ® € D" associated to the model 91 solves the fixed point
equation

m g . 3 . ~
d="7P1, (E — Z Aj QSOEJT(QSO((DJ)) — Z Aj ng@”) + Pa. (5.4
=4 =0

The continuity of the reconstruction operator thus implies us — u© = R® in C". In what
follows, we will choose the small parameter / as well as the scale « in a proper way
such that the coefficients /\25)’5 do converge to the desired limiting values under various
assumptions on V. Once these limiting values \;’s are known, we can immediately
derive the limiting equation that u solves. We will also always assume that us solves
(.1) on [0, T] x T? with initial condition ¢{.

We now assume that (V) satisfies a pitchfork bifurcation at (0, 0). Then, by the
conditions and (I.10), the coefficients a;h)(ﬁ) on the right hand side of satisfy

aO)=a;+00,h),  j=>3;
ag™(0) = 3ash + OB, h?);
@) = 3ash® +@,0 + OO, 0h, h); (5-5)

I

a("(6) = sh® + @6k + 2 - 67 + O, 61, ),

As already mentioned in the introduction, whether one could obtain <I>§ in the large
scale limit depends on whether the quantity A defined in (5.3) is 0. In the case A = 0,
we have the following theorem.

Theorem 5.1. Let A = 0. If we set o = 1, h = 0, and

18a;
0 =0(c) = 3/362 - €| log €| + Ae + o(e),
ay
then, for any fixed T > 0, u. converges in probability in C([0, T, C"(T?)) to the ®3(as3)
family of solutions indexed by )\ with initial condition ¢.

Proof. Since v = 1, we actually have ¢ = §. From (5.5)), we immediately deduce that

)\26) — Ej, j = 3.
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Since h = 0, we have a(f) ~ eloge, which gives /\(26) ~ €3 loge — 0. For A\, we
have

Qo(0) ~ € log? e, )\(26) = O(e% log €),

so the only problematic term is C’éﬁ. But note that A = 0, this term also vanishes, so

we also have A\ — 0.

We now turn to \\”. Note that both @;(f) - €' and C, 4 diverge logarithmically, but
the prefactor of the term €| log €| in 6 guarantees that these two divergent terms cancel
each other, so )\(f) converges to some finite quantity \;, depending on the choice ) in
front of the e term in 6. This implies that when restricted to basis vectors without an
appearance of £, the formal right hand side of is identical as that of ®3(a3) with a
proper linear term.

Since the action of the model 90t on basis vectors without an appearance of £
are precisely the same as the limiting model in ®3, and its action on symbols with £
yields 0, it then follows that u = R® for the limiting equation does coincide with the
®3(as) family indexed by \. Recall that we assumed that (V) undergoes a pitchfork
bifurcation and that, in particular, this implies by that a3 > 0. It then follows
from the results in [HM15, MW16] that, for any initial condition in C"(T?), this limit
almost surely admits solutions globally in time. We can therefore apply Theorem [3.12]
which yields the desired convergence, thus completing the proof. ]

We now turn to the non-symmetric case where A # 0. Since changing u to —u
and h. to —h, has the effect of simply turning A into —A, we can assume without
loss of generality that A > 0. Before stating our result in this case, we introduce
a way of comparing trajectories up to a possible explosion time. Consider the set
X" = C, (R, C"(T?)) of pairs (®,T,) where T, > 0 and ® € C([0,7}),C"(T?)). We
introduce a family of “distances” (which however fail to be symmetric!) indexed by
K, T > 0 in the following way. For K, T > 0 and elements (®, T},), (®,7,) € X", we
set

=T ANinf{t € [0,T}) : || 2®)], > K},
7F=TAinf{t € [0,T}) : | D), > K + 1} .

We then set

EEN(@, T, (@, 1) = [T = ADI+ sup [0 = D), (56)
The reason for this somewhat asymmetric definition is that we want to consider (®, T},)
as being “close to” (®, T,) even in situation where ® explodes at time 7, but o merely
gets very large at that time and then explodes at some much later time. On the other
hand, we do not want to allow the converse situation. Given a sequence of random
elements (@, T9) € X", we say that it converges in law to a (random) limit (®, T},) €
X" if, for every K, T > 0 and every ¢ > 0, there exists € > 0 and a coupling between
these random variables such that, for ¢ < €, one has P(d%T((®©, T, (®,T,)) >
J) < 0.

The main statement is the following.
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Theorem 5.2. Let A > 0, and assume 0 = pe® near the origin (p > 0).

1. If B < %, then there exists three distinct choices hY < h® < h'® such that

at scale o = %, both u(él) and ufsg) converges in probability to u while ufsz)
converges in probability to v, where u and v solves the equations
Oyu = Au — 2[ay|pu + &, O = Av + [a}|pv + &,
respectively, both with initial data ¢.
2. IfB > %, then there exists a unique choice h. such that at scale o = g, the
process us converges in probability to the solution u of the equation
1
O = Au — 3(azA%)3u + ¢
with initial data ¢y.
3. IfB8 = % and 0 = pe%, then there exists a critical value
1
3 a5 A2 ) 3
pr== (5.7
a4 ] ( 4
such that for p < p* (and resp. p > p*) there exist one (and three, resp.)
choices of h such that at scale o = %, Uea cOnverges to one or three distinct O.U.

processes.

For p = p*, there exist two distinct choices hY < h'® such that for h = hY, at

scale o = %, Uea cOnverges to the solution u of the equation
1
~2 =
azA\ 3
Ou = Au+3<37) u? €,

while for h = h®, uca still converges to O.U. at scale o = 3.
All the convergences above are convergences in law in X<, with T, (resp. T'°) given

by the explosion times of the respective processes in C".

Remark 5.3. The situation for g = % and p < p* (or p > p*) are similar to that of
g > % (or B < %), except that the coefficients in the limiting equations are different.
The other difference is that in the case p > p*, the three choices of i gives three
different limiting O.U. processes, unlike when 3 < 2, two of the three h’s gives the
same limiting equation. Also note that the limiting equation ®3 does not have a global
solution even in the case when the highest power of V|, has a positive coefficient.

We will give the proof of the above theorem for the most interesting case 5 = %
and the proof for the other two situations are essentially the same but only simpler. We
will make use of the following elementary lemma.
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Lemma 54. Let A > 0. For any p > 0, let f,(r) = asr® + pa,r — A. Let p* be the
same as in (5.7). Then, the equation f,(r) = 0 has one, two, or three distinct real roots
for p < p*, p = p*and p > p*, respectively. In particular, for p = p*, the two roots

r1 < 1o satisfy
1 1
A3 A3
=—| == , > =] -
" <2CL3) "2 (2@3)

Proof. If f,(r) = 0 has exactly two distinct roots, then since A > 0, the smaller one
must also be a local maximum for f,. The value of p* and that root could then be
computed directly, and all other assertions follow. ]

Proof of Theorem 5.2

We only give details to the case when [ = % so 0 = pe%. For p = p*, letr; <1y
be the two roots to the equation f,-(r) = 0, and set

: 3

, hgl) =1y = rle%;

=l

: 0~ p*o

a1 =

Qg =

S| ool o

4 2 1
, 0~ p*ds, h?) = 1907 = €3,

For the choice of (ay, k), we deduce from the properties of ag-h)(ﬁ)’s that )\;‘51) — 0
for all j # 2, while

- 4\
AV 3 B2
2 ( 5

The claim then follows immediately. For the choice (o, h?), we have )\252) — 0 for

all j # 1 and )\(152) converges to some positive real number. Thus, the limiting process
in this case is O.U..

For p < p* and p > p*, one should note that there exist one (or three, respectively)
distinct real solutions to the equation

fp(r) =0.

(§),
J

vanish in the limit except )\(15) which converges to a finite quantity. The form of the
limiting equation then follows immediately. The coefficient of the drift term can
be found by computing the roots to f,(r) = 0, but this is not important here. This
completes the proof.

By setting o = % and hs = rd5 = res with the roots 7, one can show that all \’s

Remark 5.5. One can also adjust 6 to the second order. In fact, for

0 = ,01€B1 + p2€62
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with 3 = % and p; = p*, it is not difficult to show that if f5 < % and p, > 0, then one
still gets three OU’s, but two of them are observed at larger scales than g. If 5y > %,
then one can get ®3. This can be illustrated by the following figure.

@
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2 2
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Here, each e represents a stable OU process (the one with two arrows pointing to
it indicates that the two limiting OU processes have the same coefficient), each o
represents an unstable OU process, and the green node @ represents a @3 equation. The
difference between the two green dots are that the limit represented by the one at the
bottom represents a ®3 family parametrised by the coefficient po, while the one on the
right has the canonical Wick product meaning. Finally, the numbers next to each node
indicates the scale a.

Note that for the branch containing the saddle-node bifurcation, the scale increases
from % to % continuously with respect to the exponents (31, 52). One can also obtain
such a complete description for the symmetric case, but we omit the statement of the
details for conciseness. Also, the reason that the three nodes e on the right of the figure
all exhibit scale % is that we only include the case when p; > 0. In fact, one can also
recover the scales from % to % continuously by considering 3; < % and p; < 0.

Remark 5.6. We now very briefly discuss the case when (V}) has a stable extreme
point or a saddle-node bifurcation near the origin. The proofs are much simpler than the
pitchfork bifurcation case, so we do not give details here. In both cases, no re-centering
is needed so h = 0.

If (V') has a stable extreme point at the origin, then @; # 0. In this case, we choose
o= % (s0od = e%). Since we always assume ay = 0, then as long as 6 = o(e), all )\;6)’5
vanish in the limit except )\(15) — 1. Thus, the process u;s converges in probability to
the limit

Ou = Au —ayu + &.

In the case of saddle-node bifurcation when @y = @, = 0 but @, # 0, the correct scale
here should be o = % Then, as long as 6 = 0(0) = o(e%), all )\3‘5) — 0 except for /\(25)
which converges to a,. This gives the limiting equation

O = Au — Gy u® + €.
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Ifo = O(e%), then the resulting limit is a ®3 family. Note that in the above two cases,
no further renormalisation is needed beyond the usual Wick ordering, so they can
actually be treated using the methods developed in [DPDO3] and [EJS13]].

5.2 Weak noise regime

We now consider the weak noise regime. Here, we assume V' : 6 — Vj(-) is smooth in
C?® functions so that it can be expanded near z = 0 as in (T.16)). We also assume that V'
has a pitchfork bifurcation near the origin in the sense of (1.17). Let © be the process
satisfying

Ot = Al — VJ(@) + €2€,
and define u.~ to be
Uea = E_HTa(ﬂ(t/e%‘, x/e) — h).
By setting 6 = €, we see that u; satisfies the equation

5

6 i—1, j— . 1 1,1
s = Aus — Y al(0)d% T uf — 072 Fy (03 aug) + & (5.8)

J=0

for certain function Fy , satisfying | Fy ,(x)| < |z|” uniformly over |6], |h|,|z| < 1, and
s

the coefficients a; s satisfy
: k
ai"(0) =) ax(6) (j) RO, 0< <6 (5.9)
k=j

Similar as before, we always assume (5.8)) starts with initial data qb(o‘s) € C{"" such that
165; Gol|s — O for some ¢g € C.

We still let M = M;s.Z5(£5) be the renormalised model as before, D" and R be
the associated space and reconstruction operator, and consider the abstract fixed point
equation

6 3
o® —p1, (: = Y AP0LE T Quo(@ 7)) = DA Qo (@)
j=4 j=0 (5.10)

— 072 Fy (03 T RIDY) 1) + Pgy.
Here, we allow the parameters ¢ and h to depend on ¢, which is indeed the case we

consider later. The following statement is an analogy to Theorem It will be
crucial to proving the convergence of us to corresponding limits in various situations.

Theorem 5.7. Let My € M5 and N € M be as before, and let « < 1. Suppose
|Fon(x)| < |z|™ near the origin uniformly over |0|,|h| < 1, and suppose for each j,
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there exists \; € R such that )\;5) — Aj. Then, there exists a short existence time T’
such that there is a unique fixed point solution ® € D" to the equation

3
P = 791+< Z Aj Q<05 Q<0(‘1)] - Z Aj QSO(q)j)) + ﬁgbo.
7=0

Furthermore, for every small enough 9, there also exists a fixed point solution ®©® ¢
D) to (5.10) up to the same time T such that

lim [|®®; @], =0, hm Sup [(RODO)(E, ) — (RO, )|l = 0
6—0 €[0,T7]

Proof. In view of Theorem [3.12] it suffices to prove that the map (up to some fixed
time S) o o
DO s 572 2P (Fy (62 T2 RP) - 1) (5.11)

is locally Lipschitz from D) to itself with a Lipschitz constant bounded by 07 for
some positive o, uniformly over 6 and h. We need this uniformity because of the
dependence of # and i on ¢ in (5.10).

To see (5.11])), we first note that if ® solves the fixed point equation (5.10)), then it
necessarily has the form

d=U+U(),

where U takes value in a subspace of 7 spanned by 1 and elements with strictly positive
homogeneities. As a consequence, we have

RU)=) = (U), 1) S @G+ v/t Ul
It is also straightforward to show that
(RUY)| = [(K * €)(2)] S 0757|190

Thus, combining the above two bounds together with the assumption of the behavior
of F'around 0, we deduce that the map

OO 1y 67303 Fp (625 T2RP) - 1

is locally Lipschitz continuous from D) to the space of continuous functions C with
uniform topology, and that the local Lipschitz constant is proportional to 7 for some
o > 0 (independent of # and h). The additional operation by P1, (up to time S)
makes the map locally Lipschitz from D}"" to itself, and the Lipschitz constant
is bounded by (S9)°.

The rest of the proof follows in the same line as that in Theorem [3.12] [

Suppose we have now chosen )\(6)’5 such that R°®® exactly solves (5.8). By the
assumptions on the models and 1n1t1a1 conditions, Theorem [5.7] guarantees that as
long as we can show that these )\( ’’s converge to the desired limiting values, then the
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convergence of us to the limiting process with follow automatically as in the previous
section. R

Inspecting the right hand side of (3.13)), we see that in order for R°®® to solve
(5.8), we need to set /\g‘s)’s in the following way:

AD = al’0)- 6, AP = al@) - 62

AP = 5221 (a(0) + 154 (0)Cy - 67);

AP = 5o (af(0) + 10a(O)Cy - 57 );

A = 2272 (a(0) + 6a$"(O)Cy - 67 + 45aJ(O)C3 - 5% );

AP = 672(af"(0) + 305" (0)Cy - 6+ + 15a"(O)CF - 6+ ) — C;

AD = 57273 (M (0) + al(O)Cp - 65 + 3¢ (O)CE - 55 + 1540 (O)CE - §
— G5 = AN,

Qo

(5.12)

where the constants C5 and C'§ are given by
5 4
Cs =Y (n+1’nl- AN CP 4+ (n+2)1- ADADL,CP;
n=2 n=3

5
Ci=06"2Y (n+ D AOA, 0¥
n=3

The additional term Fy 5, - 1 in (5.10) does not affect the choice as it precisely gives the
corresponding term in (5.8)) when hit with the reconstruction operator. The following
statement gives the situation where we can observe 3.

Theorem 5.8. Suppose

"2 /
3agaz  asas

B=ay+ = 0. (5.13)

12 !
2a7 ay
Then, there exists

3asC; 18a2
as 0.€+ CL/3CQ

/
1 1

0(e) = — - €°|log €| + Aé?, h(e) = pre + pa€’,

such that at scale o = 1, the solution . to (5.8) with initial condition ¢ converges in
probability in C([0, T1,C"(T?)) for every T > 0 to the ®3(a3) family (with initial data
¢o) indexed by \. Here, p, depends on Cy and the coefficients a;’s, and p; is chosen
depending on \.

Proof. At a =1, we have § = e. Itis easy to see that if B = 0, then with the above
choice of 6, all /\E-E)’s converge to a finite limit. In particular, we have

. 3&&@30@

/
1

A =0 (>4, A = as, A = Ay = + 3asp1 + 6a4Co.
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Since ag # 0, we can choose p; such that Ay = 0. For A\, it is straightforward to show
that it converges to a finite limiting \y whose value depends on \ and p,. Since p, is
multiplied by a3 which is non-zero, one can then choose p; to make )y vanish. The
assertion then follows from [HM15, MW 16|], Theorem and the continuity of the
reconstruction operators. ]

In the case when B # 0, we need to look at a different scale to observe a non-trivial
limit. The value of # at which one sees a saddle-node bifurcation turns out to be

0" (¢) = ple + phed + piei + O(e™)

with
3a3Cy 9 N 305 3
|a//1 ) p2 (12)1/3|a/1|(a3 0)57 p3 0 |a//1|a3 ( )

We then have the following theorem.

Theorem 5.9. Suppose Vy is smooth (in 0) in the space of C® functions, and exhibits
pitchfork bifurcation at the origin. Suppose also B # 0. Let u.« be the solution to the
PDE with initial data ¢, and let § = 0(e) be of the form

H = p1€’81 + p26’82 +,03653 +p4664

with 0 < 1 < 2 < 3 < Byand p; > 0. Let p}’s be as in (5.14). Then, we have the
following (with all the limiting processes starting with initial data ¢):

1 1
81 g1 < B1 >
2
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Here, the notations are the same as in Remark ' each e represents a stable OU
process, each o represents an unstable OU process, and each green node ® represents a
®3. Each black node e with two arrows pointing to it indicates that the two limiting
OU processes, obtained by shifting the field to the left and to the right, have the same
coefficients. The numbers next to each dot indicates the scale o at which one observes
the corresponding limit.

All the convergences above are convergences in law in X¢, with T, (resp. T'°)
given by the explosion times of the respective processes in C" (in the same sense as in

Theorem[5.2)).

Proof. The key in the proof is to show the convergence of /\5-5)’5 as defined in (5.12)) to
the desired limiting values at various choices of v and h. In particular, for the ®3 limit,
the coefficient of the quadratic Wick term is proportional to B3. The details of the
proof are very similar to those in Theorem and is straightforward by the expression
of the ag.h)’s in (5.9), so we do not repeat them here. ]

Remark 5.10. If any of the p;’s is negative, it will make 0 further away from the
effective critical value 8* (but close to 0), and one could only see one stable OU in the
limit. In fact, by including negative p;’s, one will fill in the jump of the scale (from
% to %) on the right of the figure, and obtain a complete description (in terms of the
continuous change of the scale) as the left side of the figure.
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