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B. K. Beare/A New Mizing Condition 2
1. Introduction

Suppose {X; : t € Z} is a doubly infinite sequence of random variables defined
on a probability space (€2, F, P). Mixing conditions provide one way to formalize
the notion that the random variables { X;} may be only weakly dependent upon
one another. There are many ways to define mixing; the monograph by Doukhan
(5) lists five alternative definitions. Of those, the weakest is a-mixing, also known
as strong mixing. For any nonempty set of integers T, let Fr C F denote the o-
field generated by the random variables {X; : ¢t € T'}. The a-mixing coefficients
{a, : r € N} corresponding to {X;} are given by

ar=sup sup |P(AnB)—-P(A)P(B), (1.1)
ST A€Fs,BEFr

where the first supremum is taken over all nonempty finite sets of integers S, T
such that minT — max S > r. If . — 0 as r — oo, then {X;} is said to be
Q-mixing.

The subject of this paper is a new mixing condition more general than a-
mixing. For any nonempty set of integers 7', let Hp C F denote the class of sets
of the form Nier {X; < x;}, where each x; ranges over R. We shall define the
~-mixing coefficients {7, : 7 € N} corresponding to {X;} by

Y- =sSup  sup |P(ANB)—P(A)P(B), (1.2)
S, T A€Hs,BEHT

where, once again, the first supremum is taken over all nonempty finite sets of
integers S, T such that min7T — max.S > r. If 4. — 0 as r — oo, then we shall
say that {X;} is y-mixing.

The definition of a-mixing given above is commonly attributed to Rosenblatt
(12), but to the author’s knowledge, the first definition of a-mixing consistent
with (1.1) was given by Volkonskii and Rozanov (11). Rosenblatt’s definition
of mixing was, in fact, much closer to ~-mixing than to a-mixing: where we
have defined y-mixing in terms of sets of the form Nicr {X; < x:}, Rosenblatt’s
mixing condition was defined in terms of sets of the form Ny {w; < Xy < x4}

It will be shown in this paper that y-mixing conditions may be used as a
basis for constructing moment inequalities and invariance principles for weakly
dependent processes. The key to establishing limit theorems under ~-mixing is
a new covariance inequality developed in other work by the author (2), which
allows us to bound the covariance between two functions of a «-mixing process
by a quantity depending on the Hardy-Krause total variation norms of those
functions. This covariance inequality will be used to prove a Rosenthal inequal-
ity, law of large numbers, and functional central limit theorem for y-mixing
processes.

The paper is structured as follows. In section 2, an example of a process that
is y-mixing but not a-mixing is given. Covariance inequalities applicable to ~-
mixing processes are discussed in section 3. Our Rosenthal inequality and law of
large numbers are proved in section 4, and our functional central limit theorem
in section 5.
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B. K. Beare/A New Mizing Condition 3
2. A process that is v-mixing but not a-mixing

In this section an example is provided of a process that is y-mixing but not a-
mixing, thus demonstrating that the former mixing condition is strictly weaker
than the latter. The process in question has been used in previous work (1;

) to provide an example of a stable linear process that is not a-mixing. Let
{e¢ : t € Z} be an independent sequence of random variables that each take the
value 0 with probability 1/2 and the value 1/2 with probability 1/2. For ¢ € Z,
define X; as the limit in mean square of the series Y ;- 27 ke, 1. It is easy to
show that the marginal distribution of each X, is uniform on [0,1] by writing
X = (1/2) X;_1 +¢; and using a simple argument with characteristic functions.

In (1) it is shown explicitly that {X;} is not a-mixing by the construction of
a set A € Fy and a sequence of sets {B,.}, B, € F,, such that

[P(ANB,)—P(A)P(B,)| > 1/4

for all r € N. Let W, = {wy.1,..., W m,} denote the support of the random
variable X, — 27" X, and note that m, < 2". The sets A, {B,} are defined as

follows:
1
A = {XOG(QQ)}
B, = {XT € |J (wrpwrk +2—7"—1)}.
k=1

Now, since X is distributed uniformly on [0, 1], we have P (A) = 1/2. Further-
more, since X, = 27" Xy + w,, for some k =1,...,m,, we must have A C B.
Consequently, |P(ANDB,)—P(A)P(B;)] = (1—-P(B,))/2. But, since X,
is uniformly distributed on [0, 1], we have P (B,) < m,27""1 < 1/2. Thus,
|P(ANB,)— P(A)P(B,)| > 1/4, and so {X;} cannot be a-mixing.

Theorem 2.1. {X;} is y-mizing, with v, < 227" for all r.
Proof. Fix two finite sets of integers S and T with min7T — max S > r. For

z € RS and y € RI7I, let A, = Nees {Xs <z} and B, = Nyer {Xi < i}
Observe that

|P (Ae N By) — P (Ay) P (By)] |P (By|Az) — P (By)|

<
< E|P(By|f5) - P(By)|~

Since {X;} is a Markov chain, it is clear that the term on the right-hand side of
the above inequality depends only on the largest element of S. Without loss of
generality, we may therefore assume that S = {s}, a singleton. Further, denoting
the elements of T in order from smallest to greatest by t1,...,%,, the Markov
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B. K. Beare/A New Mizing Condition 4

property allows us to write

P (BF)— P (B,)

= |P (Xtv < ytv|ftv,1) P (Xtvfl < yt'U71|‘7:tv72) "'P(th < yt1|~7:8)
=P (X, <y |Feu ) P ( Xty s <Yty 1| Fru ) P(Xyy < ytl)}
|P (X, <yi,|Fs) = P(Xy, <wiy)l-

IN

The term on the right-hand side of the above inequality depends only on the
smallest element of T, so without loss of generality we shall set T = {t}, a
singleton. We now have

P(4: N B,) — P(A,) P(B,)| < E|P(X, < y|F.) ~ P(X, < ).

The triangle inequality, the independence of X; — 2°7tX, and X,, and the
nonnegativity of Xy respectively imply the following three relations:

|P (X < y|Fs) — P(X¢ <y)l
|P (X, — 227X, <y|Fs) — P(X; <yl Fy)|
+|P (X, — 27X, <yl F) — P (X, <))
= |P(Xy—2"'X, < y|F) — P(Xy < y|F)|
+|P (X, — 27X, <y) — P(X; <yl)|
< P(X—27'X, <y < Xy|F)+ P (X, — 27X, <y < Xy).

IN

Consequently,

E‘P(thylfs)—P(XtSy)‘ 2P(Xt—2s_tX5§y<Xt)
2P (\Xt —y| < QSfth)

2P (| Xy —yl <277).

ININ A

The quantity P (] X; —y| <27") is maximized at y = 1/2, at which we have
P(|X;—1/2| <277) =277 It follows that 7, < 227" for all r. O

The process discussed in this section provides one example of a stable linear
process that is y-mixing but not a-mixing. General demonstrations of the a-
mixing property for linear processes (7; 15) require smoothness conditions on the
distribution of innovations. It would be interesting to know whether a general
demonstration of the y-mixing property could be provided for linear processes
without the imposition of smoothness conditions.

3. Covariance inequalities

Suppose {X;} has a-mixing coefficients {«,} and ~-mixing coefficients {7, }.
The following covariance inequality is proved in (14): for any nonempty finite
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B. K. Beare/A New Mizing Condition 5

sets of integers .S and T such that min T'—max .S > r, and any Borel measurable
functions f : RI°l - R and ¢ : RI”l - R, we have

|Cov (f (Xs:5€85),9(Xe:teT))| <4fllllgll - (3.1)

In (14), the inequality is stated with a constant term of 16, but it is clear that a
constant of 4 is sufficient. To prove (3.1), suppose without loss of generality that
| fllo =1 and |g|,, =1, and define fs = f(Xs:5€5), gr = g(X;:te€T).
Since

Cov (fs,gr) = E(fs(E(gr|Fs)— Egr))
= FE(gr (E(fs|Fr)—Efs)),

the left-hand side of (3.1) can be maximized by choosing fs and gr that sat-
isfy fe =2-14—1and gr =2 -1 — 1, where A = {E (g97|Fs) > Egr} €
Fs and B = {E(fs|Fr)> Efs} € Fr. But Cov(2-14—1,2-15—-1) =
4(P(ANB)—P(A)P(B)), so we may bound the left-hand side of (3.1) by
4o,

Inequality (3.1) is the foundation upon which moment inequalities and invari-
ance principles for a-mixing processes are built. To prove moment inequalities
and invariance principles for y-mixing processes, we require an inequality com-
parable to (3.1) that is expressed in terms of y-mixing coefficients. Such an
inequality has been proved in (2). Before stating this inequality, let us review
the definitions of Vitali and Hardy-Krause variation for multivariate functions;
these concepts are central to the results presented throughout the rest of the
paper. For a more extensive discussion of Vitali and Hardy-Krause variation,
refer to (2; 11).

Let f be a real valued function defined on a bounded n-dimensional rectangle
[a,b] = {zx € R":a <z <b}, n € N. Suppose R = [c,d] is an n-dimensional
rectangle contained in [a, b]. Define

Arf= ) ()" f (@),

where x; is the vector in R™ whose ith element is given by ¢; if i € I, or by d;
if i ¢ I. For instance, if n = 2 then we have

Arf = f(di,d2) — f(c1,d2) — f(di,c2) + f (c1,¢c2).

The Vitali variation of f is given by

£l =sup > [Arf],

ReA

where the supremum is taken over all finite collections of n-dimensional rectan-
gles A = {R; : 1 <i < m} such that |J!", R; = [a,b], and the interiors of any
two rectangles in A are disjoint.
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B. K. Beare/A New Mizing Condition 6

Given a nonempty set I C {1,...,n}, and a function f : [a,b] — R, let
f1 denote the real valued function on [],; [ai, b;] obtained by setting the ith
argument of f equal to b; whenever ¢ ¢ I. The Hardy-Krause variation of f is

given by
Il = D> Ifrllv-
0AIC(L,....n}

Evidently, both Vitali variation and Hardy-Krause variation reduce to the usual
definition of total variation when n = 1, but when n > 2 Hardy-Krause variation
will typically be greater than Vitali variation.

If a function f : [a,b] — R is of bounded Hardy-Krause variation, then for
any = € (a,b] there exists a value, which we denote f~ (x), such that f (z,,) —
f~ (z) for any sequence of points {x,, } in [a, ) that converges to . We will refer
to f~ as the left-hand limit of f, and set f~ (z) = f (z) for = ¢ (a,b]. If fr = f;
for all nonempty I C {1,...,n}, then we will say that f is left-continuous.

Our fundamental covariance inequality for «-mixing processes is as follows.

Theorem 3.1. Suppose each X; takes wvalues in a bounded interval [a,by].
Let S and T denote finite sets of integers with minT — max.S > r. Then,
for any functions f : [[,cqlas,bs] — R and g : [[,cp las,b)] — R that are
left-continuous and of bounded Hardy-Krause variation, we have

|Cov(f (Xs:s€8),9(Xe:t €T < fll px N9l s -

Proof. Immediate from Theorem 4.2 in (2), and the definition of ;. O

Theorem 3.1 reveals that bounded y-mixing processes satisfy a version of
(0, F,1)-weak dependence, a dependence condition introduced in (6). Given a
sequence of positive real numbers 6 = {6,.} tending to zero, a class of functions
F each mapping R* to R for some u > 1, and a function ¢ : F2 — R, a sequence
of random variables is said to be (0, F,)-weak dependent if, for any finite sets
of integers S, T with min7T — max S > r, we have

|Cov (f(Xs:s€8),9(Xt:teT))| <y (h k)b,

for any functions f,¢g € F with domains R/ and RI”! respectively. Different
choices of F and ) yield different forms of weak dependence. Theorem 3.1 tells
us that, for stationary sequences of bounded random variables taking values in
[a,b] C R, y-mixing implies (v, F,1)-weak dependence with F equal to the set
of all functions of u variables (u > 1) that are left-continuous and of bounded
Hardy-Krause variation on [a, b, and ¢ (f,9) = || f|lgx |9/lgx- By comparison,
inequality (3.1) tells us that a-mixing processes are (a, F,1)-weak dependent
with F equal to the set of all bounded measurable functions of w variables (u >
1), and ¥ (f,9) = 4|/ fll 9]l o- The form of (0, F,1))-weak dependence studied
in most depth in (6) has F equal to the set of bounded Lipschitz functions, and
¥ (f,g) depending on the Lipschitz norms of f and g. The form of (0, F,)-
weak dependence implied by Theorem 3.1 does not appear to have been studied
previously.
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B. K. Beare/A New Mizing Condition 7

Theorem 3.1 provides a covariance inequality in terms of y-mixing coeffi-
cients for processes whose marginal distributions are bounded. Given a particu-
lar choice of f and g, it may be possible to use a truncation argument to extend
Theorem 3.1 so that it is applicable to unbounded random variables. As an
example, let us choose f and g to be product functions.

Theorem 3.2. For any finite sets of integers S and T with min T —max S > r,
and any p,q > 1 with sup,cgur [ Xell, < oo and (|S[+ Thpt4+q =1, we

have
Cov (H X, ] Xt> <A ( 11 ||Xt||p> AL,
sesS teT teSuT
where
51 17| St || Tt
A = (3 — 1) (3 — 1) +2|S| + 2|T| + 2|S|TSIFTT |T|TSI+1T]

N

3ISIHITI 4 (|S| + |T)) — 5.

Proof. If . = 0 then the o-fields Fs and Fr must be independent, in which
case the theorem is trivial. Assume 7, > 0. Define

A = (3‘Sl - 1) (3|T| - 1)

and

S| ||
FIT] |T| TSTHITT |

Ay =2|S]+2|T| + 2|S|™
so that A = A; + Ay. Let X; = min {max {X;, —a;},a;}, where, for some

constant ¢ > 0, we define a; = HXthc*q/p%«_l/p. Begin by writing
Cov (H X, H Xt>
seS teT
< |Cov (H X, H)_Q> + |Cov (H X — 1_[)_(57 HX,:)‘
s€S teT seS seS teT
+ |Cov (H X, HXt - H Xt)
s€ES  teT teT
+ Cov(HXSHXS,HXtHXt>|. (3.2)
s€S s€ES  teT teT

Using standard arguments with the inequalities of Holder and Markov, we can
bound the last three terms on the right-hand side of (3.2) as follows:

cW(HXSHXS,HXt) g2|5|< 11 ||Xt||p> e/ (33)

seS seS teT teSuT

imsart-generic ver. 2007/04/13 file: gmixingbkb.tex date: August 24, 2007



B. K. Beare/A New Mizing Condition 8

cOv(Hxs,th—th) §2T|< 11 nxtnp) ol (3a)

seS teT teT teSuT

and

Cov (HXS—HXS,HXt—HXt>

seS s€S teT teT
| S| || 1/
< 2|8 EE TN, | en (3.5)
teSUT

We will apply Theorem 3.1 to bound the first term on the right-hand side
of (3.2). Observe that any set of the form A = Nges {X’S < xs} can be written
as A = Nses {Xs < a¥}, where 2* = —c0 if 25 < —as, 2% = x5 if 25 < a5, and
xr = o0 if g > a,. It follows that {)_(t} must be y-mixing, with mixing co-
efficients bounded by those of {X;}. Let the functions f : [[,cg[~as,as] —
R and g : [[,ep[—as,a)) — R be given by f(zs:s€S) = [[,cgvs and
g(x:t €T) =]],cp 2. Clearly, for nonempty I C S we have f;(zs:s5€1) =
(Hsel xs) (Hses\l as>. The Vitali variation of f; is given by the L; norm of

the mixed partial derivative obtained by differentiating f; once with respect to
each argument:

sl = f IT o | TT e

Hsef[fas’as] seS\I sel

2l <1}S a5> .

Thus, using the binomial theorem, the Hardy-Krause variation of f is given by

Il = > 2 (H)
PA£ICS ses
|S]
= a & s
- (g ) 25— ot
- Qg 3|S|71 ,
() ()

and similarly

gl = (H) (371 -1).

teT

imsart-generic ver. 2007/04/13 file: gmixingbkb.tex date: August 24, 2007



B. K. Beare/A New Mizing Condition 9

It now follows from Theorem 3.1 that

Cov (H X [0 Xt> |

IA

Hf”HK HgHHK Yr

Ay ( H at) Tr
teSuT
A1< 11 ||Xt||p> iy (3.6)

teSuT

seS teT

Combining (3.2) through (3.6), we obtain

Cm<[L&JIXJ Swwlqh%@<IIH&p>ﬁﬂ

ses teT tesSuT

The quantity Ajc'~7 + Agc is minimized by setting ¢ = (A; (¢ — 1) /Ag)l/q, at
which A;c¢! =9+ Age = A}/quq_l)/qq (q— 1)(17‘1)/‘1. If we now choose ¢ to maxi-
mize this quantity, we obtain Ajc! =9+ Asc = A1+ Ay = Aat g = (A1 + As) /A;.
This yields our desired bound. O

Note that, if we choose S and T to be singleton sets containing ¢ and ¢ + r
respectively, then Theorem 3.2 states that

|Cov (X, Xpr)| < 10 || X, (1 X0l 79,

where 2p~! 4+ ¢!

states that

= 1. The analogous inequality under a-mixing, given in (4),

|Cov (Xt, Xogr)| < 10 (| X[, | X gr ], ar/ . (3.7)

Thus, in view of the fact that v, < «,, Theorem 3.2 provides a refinement
of inequality (3.7). Note that (3.7) is frequently misstated in the literature as
involving a constant term of 8 rather than 10.

Theorem 3.2 leads readily to the following corollary, which concerns covari-
ances between polynomial functions of several random variables.

Corollary 3.1. Fiz positive integers w,v,r. For any integers t1 < -+ < tyqy
such that t, +r < tuy1, and any p,q > 1 with sup;<;< 4, | X[, < 0o and
(u+v)p~t+q =1, we have

u u+v
Cov <Hth H Xn)
=1

u+v
<A (H IIXtip> ",
i=1

1=u+1
where
A = (3% —1)(8" —1)+2u+ 20+ uitvyars
< 3" 4 4(u+v)—5.
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B. K. Beare/A New Mizing Condition 10

Proof. This result differs from Theorem 3.2 only if some of the indices ¢; are
equal to one another. In this case, we may construct a new set of variables,
X{,..., X}y, such that X7 = X, for each i. The y-mixing coefficient associ-
ated with these variables is clearly the same as for {X;, : 1 <i <wu+ v}, and so
our desired result now follows immediately from Theorem 3.2. O

Corollary 3.1 will be used in the next section to prove our Rosenthal inequality
for y-mixing processes.

4. Rosenthal inequality and law of large numbers

Given constants p > 0 and € > 0, and a sequence of random variables X = { X},
define Wy, (p,e, X) and D, (p,e, X) as follows:

n
Z”thnge
t=1
D, (p,e,X) = W,(p,0,X) forp<1
W, (p,e, X) for 1 <p <2
= maX{Wn(p,€7X),(Wn(2,€7X))p/2} for p > 2.

Wy (p,e, X)

The random variables {X;} are said to satisfy a Rosenthal inequality if there
exists a constant b < oo such that E |} X;[” < bD,, (p,e,X) for all n. A
Rosenthal inequality for a-mixing processes is given in (5).

When p < 1, the Rosenthal inequality is a trivial consequence of the in-
equality (a + b)? < aP + bP, which holds for any positive a,b. When p > 1, the
Rosenthal inequality for a-mixing processes is proved in two steps. First, using
the covariance inequality for a-mixing processes in (4), reproduced above as in-
equality (3.7), the Rosenthal inequality is proved for any even integer p. Second,
the so-called interpolation lemma (13; 5) is used to extend the inequality to all
real p > 1.

To prove a Rosenthal inequality for y-mixing processes, we modify the ar-
guments used in the a-mixing case in the following way. First, in place of the
inequality in (4) for a-mixing processes, we employ Corollary 3.1 from above,
which applies to y-mixing processes. Second, we modify the interpolation lemma
so that it is applicable under y-mixing. The following lemma provides this mod-
ification. We will say that one sequence of numbers {v,} dominates another
sequence {v,.} if v, <, for all r.

Lemma 4.1. Fix k > 0, ¢ > 0, and a sequence of nonnegative real numbers
{7r}. Suppose there exists a constant b < 0o such that any centered sequence of
random variables X = {X;} whose y-mizing coefficients are dominated by {v.}
satisfies .

E < bV, (k,e, X)

> X

t=1
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B. K. Beare/A New Mizing Condition 11

for all n, where
Vi (k,e,X) = Wy(k,e,X) fork<2
- maX{Wn (k,e, X)), (W, (2,5,X))k/2} fork > 2.
Then, for any p € [0,k] there exists a constant b’ < oo such that any cen-

tered sequence of random variables X = {X;} whose y-mizing coefficients are
dominated by {v.} satisfies

p
< V'V, (p,e, X)

n

>,

t=1

E

for all n.

Proof. The lemma is trivial for p < 1, so we assume k,p > 1. Suppose X = {X;}
is a centered sequence of r.v.s whose ~-mixing coefficients are dominated by
{7}. Set a = V, (p,&, X)"/?, X, = min{max{X,, —a},a}, X, = X; — X,,
Y; =X: — EX;, and Z; = X, — EX,. Jensen’s inequality allows us to write

n P
E Z X,
t=1

n p n P
< 7! (E Y Y| +ED 2z )
t=1 t=1
n p n p n P
< op7t (E S v 2! (E > Zilizs0| +E| . Zid(z,<0) >>
t=1 t=1 t=1
n R\ PR " k
< o7l FE ZYt +2%P72F <Z|Zt|1’/k 1{2,20})
t=1 t=1

n k
+22p72E <Z |Zt‘p/k 1{Zt<0}> )

t=1

Define the random variables

&t |Zt‘p/k Liz,>0y — E (th|p/k l{tho})
Gt —|Z, P’ Lizi<coy T £ (|Zt\p/k 1{zt<o}) ;

and observe that

E <Zzt|p/k 1{Zt20}> = F <Z§t+ZE<|Zt|P/k 1{&20}))

t=1 t=1 nt:l . i .
doal + (ZEZt|p/k>
t=1 t=1

o1 F

IN
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B. K. Beare/A New Mizing Condition 12

and

E<Z|th/k 1{Zt<0}> = E(ZQ+ZE(|Zt|P/k 1{Zt<0})>
t=1 t=1 t=1

< 2 ED G + (ZE%W)
t=1 t=1
We thus have
n p n k p/k n k
D3RI I ) S B IR oF
t=1 t=1 t=1
+22p+k—3E Z Ct + 22p+k—2 (Z E Zt|17/k> )
t=1 t=1

Y:, & and (; are all nondecreasing transformations of X, and therefore all have
~-mixing coefficients that are dominated by {7,}. Thus, under the hypothesis
of the lemma, there exists b; < oo such that

n P
BN X < 27 0V (ke Y))PR 4 2220V, (ke )
t=1
n k
+22HR3p, V7 (e, ¢) + 222 (Z VA ’“) .
t=1
Using arguments identical to those in (13; 5), we can show that

V, (k,e,Y) < 28V, (p,e, X)F/P,

Vi (kye,€) < 287V, (p e, X)
and, provided that p > k — ¢,

n k
(ZE IZt|p/’“> <2V, (p.e. X).
t=1

We thus obtain »

E Sb2Vn (p,E,X)

>

t=1

for some by > 0 not depending on n or X. This completes the proof for the case
where p > k — . But if the theorem is true for p > k — ¢, then it must also be
true for p > k — 2¢, and so on for all p € [0, k]. O
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B. K. Beare/A New Mizing Condition 13

With Lemma 4.1 in hand, we are now in a position to state our Rosenthal
inequality for y-mixing processes.

Theorem 4.1. Fizp >0 and € > 0, and let k denote the smallest even integer
equal to or greater than p. Let {X;} satisfy EX; = 0 and E |Xt|p+E < oo for
each t, and have y-mizing coefficients satisfying Y ., (r + 1)’672 'yf/(k+5) < 00.

Then there exists a constant b < oo not depending on € such that, for all n,

E iXt

t=1

P
<bD, (p,e, X).

Proof. The proof of this theorem differs from the proof under a-mixing - see
e.g. section 1.4.1 in (5) - in only two respects. First, Corollary 3.1 is used in
place of the inequality in (4) for a-mixing processes. Second, Lemma 4.1 is used
in place of the interpolation lemma (13; 5) for a-mixing processes. O

Note that the only difference between Theorem 4.1 and the Rosenthal in-
equality for a-mixing processes stated in (5) is that we have replaced a-mixing
coefficients with ~y-mixing coefficients. Theorem 4.1 thus represents a strict re-
finement of existing results under a-mixing.

As an application of Theorem 4.1, we now present a law of large numbers for
~y-mixing processes. Conditions are provided under which the sample average
converges in Ly. A weak law of large numbers is thus an obvious corollary.
Theorem 4.1 will be used again in the next section to demonstrate the tightness
of a partial sum process under y-mixing.

Theorem 4.2. Suppose sup, E |X;|"™ < oo and ~, = O (r=(+9)/9) for some
€>0>0. Then

Zn:Xt EX)|—0

t=1

as n — oQ.

Proof. For p € (1, min {1 + ¢,2}), Theorem 4.1 implies that

E

provided that

l4e—p

Z%“E P < o0.

Since v, = O (r=(3+9)/%) this condition will hold if

249 l+e—p
1
(5 =)=

which can be obtained by choosing p sufficiently close to 1. We then have
En Y (X, — EXy)|" =0 (n'™?) =0(1). O
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B. K. Beare/A New Mizing Condition 14
5. Functional central limit theorem

In this section we prove a functional central limit theorem for 7-mixing pro-

cesses. The main result we employ is Lemma 3.1 of Withers (16), which provides

basic conditions under which a heterogeneous, dependent sequence of random

variables will satisfy a central limit theorem. These conditions have also been

considered in earlier work (8). Tightness of the sequence of partial sum processes

follows easily from the Rosenthal inequality proved in the previous section.
Throughout this section, we assume stationarity of {X;}.

Theorem 5.1. Let {X;} be stationary. Suppose EX; = 0, E|X,|*t° < 0o for
some € > 0, and v, = O (exp (—r%)) for some 6 > (2+¢) /(24 2¢). Then the
series -
o? = EX§+2) EXoX
r=1

is absolutely convergent; if o > 0 then

L
Z - EX,)= 0B

TL
t=1

as n — oo, where B denotes a standard Brownian motion on [0, 1].

Proof. Absolute convergence of 02 follows easily from Theorem 3.2. Suppose
o >0, and define B, (r) = — f Z J X,. We will first show finite dimensional
convergence of B, to B, and then show tightness of B,. Finite dimensional
convergence will be shown using the Cramér-Wold device. That is, we will show
that

D N (Bu(rj) = By (rj1) =a N O’ZA? (rj —rj-1)

j=1

asn — oo, forany 0 =rp <r; <--- <1y, =1and any A € R™\ {0}, m € N.
Observe that

m

i (B, (r;) — By, Xin,
; j (Bn (1) (rj—1) ofz t
where X, = AinXt, and Atp, = Amin{j:nr;)>¢}- We will show that
n m

n2N " Xy —a N[ 0,62 07 (ry —1rj0) (5.1)

using parts (b) and (d) of Lemma 3.1 of Withers (16), a central limit theo-
rem for dependent heterogeneous random arrays. Split { X, : 1 <t < n} into k
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B. K. Beare/A New Mizing Condition 15

Bernstein blocks of length ny, separated by gaps of length ns, as follows:

n k k+1 n
> KXo = Yot Yo k=[]
t=1 =1 =1

ny + no

in1+(i—l)n2

Nin = > Xin,i=1,...,k
t=(i—1)(n1+n2)+1
i(ni+n2)
Vin = > Xpm, i=1,... .k

t:in1+(i—1)n2+1

[nrm]

Vg+in = § th~

t:k(n1+n2)+l

The sequences nj (n) and ng (n) are assumed to satisfy n; — oo, ng — 00,
n1 =o(n)and ng = o(ny1) as n — oo. Let 62 = Zle En?,, and observe that

n" a2 — o? Z /\? (rj —mj—1). (5.2)
j=1

Withers’ lemma states that &, ' >} X, —a N (0,1) if the following three con-
ditions are satisfied for ¢, being either sine or cosine functions:

] k1 2
—=E (Zun> — 0 (5.3)
n i=1
k

1
— > B3, 1(|nin| > €6,) — Oforalle>0  (5.4)
g

n =1

j—1
Cov ((b <: an> X0 (;Wm)) ‘ — Oforallw>0. (5.5)
" i=1 n

To see that (5.3) holds, observe that Theorem 4.1 implies that, for some constant
b < o0,

k
Jj=2

k+1 i(n1+nz)

by > 1 Xen 5

i=1t=in1+(i—1)na+1

=
/N
M1
IS
3
~_
A

2
It follows from (5.2) that 6;2E( ]f+1 Vm) = O (n"'knz) = o(1). Next, ob-
serve that

2
ni Ent (Il > €)= E [ny i,

1 (‘n;1/2770n‘ > enfl/Q&n) .
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B. K. Beare/A New Mizing Condition 16

By Theorem 4.1, we have

9 in1+(i—1)n2

E’nl—l/zmn <t Y Xl
(l—l)(’l’bl-'rnz)-'rl
<9 2
S bA ||Xt||2+aa

where A = max; |\;|. Dominated convergence thus gives
0y Eng, 1 (|nin| > €6m) = 0(1),
and (5.4) follows. B
It remains to confirm (5.5). Fix a > 0, and let X; = min {a, max {X, —a}},
Xt = Xt — Xt, th = )\tnXt and th = th — th. Forj = 2, ey k7 define
Sj
T;

V2= 1) (na +n2) + 1, ing + (i — 1) ng}
{(]—1)(n1+n2)+1,,jn1—|—(]—1)n2}

The mean value theorem can be used to show that

j—1
n i n

S COV Z Xen ’1/} Z th

SES teT

2w
+6_7 ZE|X‘SH‘+ ZE‘th|
SESJ' tET]

Markov’s inequality gives E |X,,| < A\2T¢a"1E|X,|***, so we have

j—1
L n

< |Cov ZXS” ) Zth

SES teT

2 5\2-‘1—6
YA TR X (5.6)

+jny

n

We will use Theorem 3.1 to bound the first term on the right-hand side of

inequality (5.6). Let f:[—a a]lsjl — Rand g: [—a,a]m‘ — R be given by

f(IL’SISGSj) = ¢ &i ZAsnxS

n SES;

gz :teT;) = Zx\mxt

™ ey
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B. K. Beare/A New Mizing Condition 17

Clearly, for nonempty I C 5, we have

ff( SEI ZAénxs'i'a Z Abn

sel seS;\I

The function obtained by differentiating f; once with respect to each argument
is bounded in absolute value by (wj\/ &n) \1\. Thus,

11
2awA
Iy < (22)

Using the binomial theorem, we now have

2aw\ 1]
Il < Ej(.P)

(o2
P#£ICS,; "

1S;1

B Z [S;]! 2aw\\”
- s=1 (IS]| - 8)'S| On

We can show similarly that

mmKsQ+

Thus, since the y-mixing coefficients of {)_(t} are dominated by those of {X;},
Theorem 3.1 implies that

Cov | ¢ %ZXS” P Zth

" seS; " teT;
= |Cov(f(Xs:SGSj),g(Xt:tGTj)H
1/ 11k 91k e

2aw\\ 151171
I+ Tna

Tn

2aw\ m
1 + ~ FY',LQ .
o

From (5.6), we thus obtain the bound

H G (o)

kn1
2 by )\
aw ) s + . ’175E |Xt|2+s .

IN

IN

k

>

Jj=2
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B. K. Beare/A New Mizing Condition 18
Fix k € (0,1/2) and set a = a,, = n". Since k < 1/2, we have

(1+ 2anw5\/5n)&"/a” =exp (2wA) +o(1),

j—1
[— n

2
2wank
_ 0 (k exp (wanl ~ ng>) +0 (0 a7,
d

and so

On

Let ny = [n?] and ny = [n®], with 0 < o < 8 < 1. We now have

j—1
oo (2 500) o (20))

= O(n*Pexp (O (nVH/Q) - [na]‘s)) +0 (n3/27ﬁ7“75“> .

Therefore, in order to satisfy (5.5), we require the following two inequalities to
hold:
1
< ad— =
" 2

3—23
242

By choosing o and 3 close to one, we can reduce the inequalities to

1
< 5=
w 2

1
242’

We can find & € (0,1/2) satisfying these inequalities provided that

1 <§ 1
242 2’

which is true since 6 > (2+4¢) /(24 2¢). Thus (5.5) holds, and so Withers’
lemma yields 6, ' >} Xt —q N (0,1). In view of (5.2), we conclude that (5.1)
holds. This demonstrates the finite dimensional convergence of B,, to B.

To prove tightness of B,,, it suffices for us to show that, for any € > 0, there
exists A > 1 such that

\2p { max

1<m<n

> X
t=1

for all n; see ch. 3 in (3). For 6 € (0,¢), we have from Theorem 4.1 that
E3T Xt|2+5 < bn'*9/2 for some constant b < co. Thus, Theorem 3.1 in (9)

Z/\U\/ﬁ} <e
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B. K. Beare/A New Mizing Condition 19

2+48

implies that Emaxi<m<n |>; X¢| < ¥'n't%/2 for some constant b < oo.

Markov’s inequality thus gives us

EmaX1< < |E’m |2+5
2 2 m<n
AP 12}3"” ZXt > Aov/n < A \2+0 52+8,146/2
y
< \og2+d’

which can be made arbitrarily small by choosing A sufficiently large. This com-
pletes the proof of tightness, and therefore proves weak convergence of B, to
B. O

It is interesting to note that the rate of decay of mixing coeflicients required in
Theorem 5.1 is substantially stronger than that required by invariance principles
for a-mixing processes. For instance, the functional central limit theorem for a-
mixing processes in (10) requires that > ° o/ < 5 and E |X, [>T <
for some € > 0. Thus, in the case of bounded random variables, the memory
condition o, = O (7,—5)’ 4 > 1, would be sufficient for a-mixing processes to
satisfy a functional central limit theorem, whereas the analogous condition for
bounded y-mixing processes is v, = O (exp (r=?)), § > 1/2.

This difference in memory conditions can be understood by comparing the
covariance inequality in (14) for bounded a-mixing processes (restated above
as inequality (3.1)) with our own covariance inequality for bounded ~y-mixing
processes (Theorem 3.1). A key step in the Bernstein block approach to proving
central limit theory for dependent random variables is the verification that

k—1 . -1 .
Z Cov (exp (Zw Z%) , eXp <wnk>>‘ —0 (5.7)
j=1 In 5 In

for any w > 0. Here, 02 = E (3] X4) )?, and {X;:1<t<n} is divided into
k Bernstein blocks 1, = Z?SIJ{ (Snli;f) 41 Xt of length ny separated by gaps of
length ny. We let ny,ny — 00, ny = 0(n), ng = o(ny). Let ¢ and ¢ denote sine

or cosine functions. Evidently, (5.7) can be true only if

Cov <¢> <;§n> N (jnk» -0 (5.8)

In the case of bounded a-mixing processes, the r.v.s ¢ ((w/an) Elz;ll 775> and

¥ ((w/oy) ni) are measurable functions of finite subsets of {X;} separated by a
gap of length ny, and so inequality (3.1) yields

k—1
Cov ((b (: Zns> Y (:W))
n s=1 n
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(5.8) will thus be achieved under any rate of decay of a-mixing coeflicients.
Theorem 3.1 is much less powerful in this context, providing (via the binomial

theorem) the bound
o k’ﬂ]
S 1 +c— 77127
on

Cov <¢ (;‘; 277) X0 (;;mc»

where ¢ = 2aw/o, 0 = limn /20, and each variable X, is bounded in absolute

value by a < co. As n — oo, the quantity (1 + ca/an)lm1 grows like exp (cnl/Q).
We are thus lead to assume v, = O (exp (7"_‘5)), § > 1/2, in order to achieve
(5.8).

Acknowledgements

This paper is a version of the second chapter in my doctoral dissertation, written
at Yale University. I thank my advisor Peter Phillips and committee members
Donald Andrews and Yuichi Kitamura for their support and advice.

Financial support from the Cowles Foundation under a Carl Arvid Anderson
Prize Fellowship is gratefully acknowledged.

References

[1] ANDREWS, D. W. K. (1984). Non strong mixing autoregressive processes.
J. Appl. Probab. 21 930-934.

[2] BEARE, B. K. (2007). A generalization of Hoeffding’s lemma, and a new
class of covariance inequalities. Unpublished manuscript.

[3] BILLINGSLEY, P. (1968). Weak Convergence of Probability Measures. Wiley,
New York.

[4] Davypov, Y. A. (1970). The invariance principle for stationary processes.
Theory Probab. Appl. 15 487-498.

[5] DOUKHAN, P. (1994). Mizing: Properties and Examples. Lecture Notes in
Statistics 85. Springer-Verlag, New York.

[6]) DOUKHAN, P. AND LOUHICHI, S. (1999). A new weak dependence condi-
tion and applications to moment inequalities. Stochastic Processes and their
Applications 84 313-342.

[7] GORODETSKII, V. V. (1977). On the strong mixing property for linear se-
quences. Theory Probab. Appl. 22 411-413.

[8] IBrRAGIMOV, I. A. AND LINNIK, I. V. (1971). Independent and Stationary
Sequences of Random Variables. Walter Nordhoof Pub., Groningen.

[9] Moricz, F. A., SERFLING, R. J., AND SToUT, W. F. (1982). Moment and
probability bounds with quasi super-additive structure for the maximum
partial sum. Ann. Probab. 10 1032-1040.

[10] OoDAIRA, H. AND YosHIHARA, K. I. (1972). Functional central limit
theorems for strictly stationary processes satisfying the strong condition.
Kodai Math. Sem. Rep. textbf24 259-269.

imsart-generic ver. 2007/04/13 file: gmixingbkb.tex date: August 24, 2007



B. K. Beare/A New Mizing Condition 21

[11] OWEN, A. B. (2004). Multidimensional variation for quasi-Monte Carlo.
Technical report no. 2004-02, Department of Statistics, Stanford University.

[12] ROSENBLATT, M. (1956). A central limit theorem and a strong mixing
condition. Proc. Nat. Ac. Sc. U.S.A. 42 43-47.

[13] UTEv, S. (1985). Inequalities for sums of weakly dependent random vari-
ables and estimates of the convergence rate in the invariance principle. In
Borovkov, A. A., ed. Advances in Probability Theory: Limit Theorems for
Sums of Random Variables. Optimization Software Inc., New York.

[14] VOLKONSKII, V. A. AND RozaNoOv, Y. A. (1959). Some limit theorems
for random functions, Part 1. Theory Probab. Appl. 4 178-197.

[15] WITHERS, C. S. (1981). Conditions for linear processes to be strong-
mixing. Z. Wahrsch. Verw. Gebiete 57 477-480.

[16] WITHERS, C. S. (1981). Central limit theorems for dependent variables. I.
Z. Wahrsch. Verw. Gebiete 57 509-534.

imsart-generic ver. 2007/04/13 file: gmixingbkb.tex date: August 24, 2007



