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Abstract

One kind of concern about Al is that sufficiently advanced Al systems might
outstrip the control of their programmers and users. At the core of this concern is
that it is often hard to specify a notion of success for autonomous decision-making
tasks that is perfectly accurate, and instead, an assigned objective function will
often incentivise some kind of undesired behaviour. In the worst case, one might
worry that an Al system might be incentivised to ignore or manipulate shutdown
instructions, in order to keep pursuing a misspecified goal. One framework well-
suited to modelling agents’ incentives is the causal influence diagram, a graphical
model that contains decision and utility nodes, and edges that denote causal
relationships. This thesis will explore, in three main parts, how causal notions
of incentives can be applied to Al safety, and evaluated based on the graphical
structure. The first part defines some classes of incentives: response incentives
indicate how an optimal agent causally responds to aspects of its environment
(such as commands), instrumental control incentives indicate an agent’s tendency
to gain utility by influencing parts of the environment, and impact incentives
indicate the tendency to influence the environment, whether this is instrumental to
utility-attainment, or a mere side-effect. It is often possible to rule out a possible
incentive based on the graphical structure alone. The thesis will present graphical
criteria for ruling out incentives in single decision settings, which are complete
(i.e. they rule out the incentives using the graphical structure whenever possible).
The second part formalises the problem of safe agent shutdown, using a class of
causal influence diagrams called shutdown games. In a shutdown game, an Al
system is guaranteed not to harm a human overseer, if it is obedient and cautious,
while the overseer is vigilant. The third part is a step toward a complete criterion
for materiality. An observation is said to be material if making it unobservable
would reduce the attainable expected utility. I show that in many graphs, where
the strongest existing criterion cannot prove immateriality, materiality is indeed
possible, bringing us one step closer to a complete criterion. Finally, I discuss
how causal models of incentives succeed and fail as a model of Al safety.
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Abstract

One kind of concern about Al is that sufficiently advanced Al systems might outstrip
the control of their programmers and users. At the core of this concern is that it is
often hard to specify a notion of success for autonomous decision-making tasks that is
perfectly accurate, and instead, an assigned objective function will often incentivise
some kind of undesired behaviour. In the worst case, one might worry that an Al
system might be incentivised to ignore or manipulate shutdown instructions, in order
to keep pursuing a misspecified goal. One framework well-suited to modelling agents’
incentives is the causal influence diagram, a graphical model that contains decision
and utility nodes, and edges that denote causal relationships. This thesis will explore,
in three main parts, how causal notions of incentives can be applied to Al safety,
and evaluated based on the graphical structure. The first part defines some classes
of incentives: response incentives indicate how an optimal agent causally responds
to aspects of its environment (such as commands), instrumental control incentives
indicate an agent’s tendency to gain utility by influencing parts of the environment,
and impact incentives indicate the tendency to influence the environment, whether
this is instrumental to utility-attainment, or a mere side-effect. It is often possible to
rule out a possible incentive based on the graphical structure alone. The thesis will
present graphical criteria for ruling out incentives in single decision settings, which
are complete (i.e. they rule out the incentives using the graphical structure whenever
possible). The second part formalises the problem of safe agent shutdown, using a
class of causal influence diagrams called shutdown games. In a shutdown game, an
Al system is guaranteed not to harm a human overseer, if it is obedient and cautious,
while the overseer is vigilant. The third part is a step toward a complete criterion
for materiality. An observation is said to be material if making it unobservable
would reduce the attainable expected utility. I show that in many graphs, where
the strongest existing criterion cannot prove immateriality, materiality is indeed
possible, bringing us one step closer to a complete criterion. Finally, I discuss how

causal models of incentives succeed and fail as a model of Al safety.
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1.1 Why address Al safety and control using
causal models of incentives?

The development of increasingly capable artificial intelligence presents numerous

potential risks and benefits. Al could substantially accelerate economic growth [Chui

et al., [2023] Trammell and Korinek, 2023| and innovation [Cockburn et al., [2018] yet

it also raises concerns about trustworthiness [Mirsky and Lee, 2021], interpretability

[Linardatos et al., 2020], fairness |Barocas et al., 2023], privacy [Oseni et al.
2021], technological unemployment [Webb, 2019], and lethal autonomous weapons

[Horowitz, [2021]. Some have argued that eventually, humanity may even struggle

to maintain control of increasingly capable Al systems |Bostrom, 2014, Bengiol

et al. 2023, Dalrymple et al. 2024].
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Safety researchers have begun to devise specifications for what fair and trust-
worthy AI behaviour should look like. In many cases, notions of causality play a
role in defining these specifications. In fairness, for example, some of the earliest
specifications, such as demographic parity, were limited to the statistical properties
of AT or human decisions [Barocas et al., [2023]. Over time, however, it has been
proposed that systems ought to be counterfactually fair [Kusner et al., 2017b],
in that sensitive demographic variables ought not causally affect the decision, or
at least they ought not do so along certain causal pathways [Nabi and Shpitser,
2018} (Chiappa), 2019]. Once causal fairness specifications are devised, algorithms
can be designed to respect them |[Nabi and Shpitser, [2018|, Nabi et al., [2022]. On
matters of interpretability too, over time, there has been an increased interest in
deriving “mechanistic” (or causal) models of the internals of Al systems, in order
to understand their behaviour [Bereska and Gavves, 2024].

Over time, Al systems have become more capable, which may allow them to pose
greater risks. Recently, large language models have demonstrated near-human-level
performance in coding, medical, and mathematical tasks, and many other areas
[Bubeck et al.| [2023]. They have demonstrated some risky capabilities, such as an
ability to search a file system for a password, or place a phone call, but lacked others,
such as the ability to create a bitcoin wallet, or create a new language model agent
[Kinniment et al., 2023|. Extrapolating current trends, many other risky capabilities
may be unlocked in the future. Indeed, experts now offer a median prediction
that Al systems will outperform humans at all work tasks within three decades, an
estimate that is 13 years earlier than in a similar survey performed one year prior
[Grace et al., |2024]. For open-ended decision-making tasks, it is often difficult to
define a goal that describes success at that task with perfect accuracy |[Dalrymple
et al.| 2024, Krakovna et al.,[2020b]. So, one concern is that when highly-capable Al
systems are assigned open-ended tasks, using imperfect utility functions, this may
incentivise behaviour that is contrary to implicit goals of designers. In the most

extreme scenario, such a system could have an incentive to disregard a shutdown
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instruction, or prevent it from being given [Omohundro, [2008] [Soares et al.| 2015].

There is substantial disagreement about whether control is a serious and realistic
issue for Al systems. If there is a real risk that humanity may fail to control Al
systems, then this would seem extremely important, and even a potential existential
threat to humanity [Bostrom)| 2003, 2013|. In line with this, prominent CEOs and
professors recently signed a letter asserting that “[m]itigating the risk of extinction
from AI should be a global priority alongside other societal-scale risks such as
pandemics and nuclear war.” [Center for AT Safety|, 2023] Some experts, however,
view these risks as unrealistic or as a distraction from other concerns like ensuring
that AI systems behave in a fair and interpretable manner [Crawford and Calo,
2016, [Etzioni, [2016]. Consensus on this question is difficult to achieve, because the
case for risk relies on speculation about the capabilities of future systems.

An important question is whether we can specify how controllable AI ought
to behave, similar to previous specifications for Al fairness. Specifications for
controllability could be used in the design of Al systems. They also could be used
to discern whether controllable Al is possible or likely, based on analysing whether
these specifications could be met in plausible environments. Such specifications
could also be compared with fairness specifications, in order to arrive at general
principles for safe Al design.

Notions of controllability, like fairness, often have a causal character: When we
say that a system should be controllable by a human overseer, this presumably
means that the overseer’s instructions exert some causal effect on the agent’s actions.
There also exist kinds of causal models that can describe an agent’s incentives.
Causal influence diagrams highlight certain variables as decisions, and others as
utility variables, that the agent’s policy is chosen to achieve [Dawid, [2002, Lee
and Bareinboim, 2020]. These models are also endowed with notions of incentives.
Certain observations are deemed material, meaning that their value must be taken
into account, in order to make an optimal decision. Causal models can also be used

to describe which variables an agent intends to influence, based on whether the
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influence of those outcomes is the reason that a policy is optimal [Kleiman-Weiner
et al., 2015, Halpern and Kleiman-Weiner), 2018].[1_1

So, the overarching goal of this thesis will be to use causal models of agents to
define incentive concepts that describe safe and unsafe Al behaviour, and especially

the controllability of Al systems. In detail, the hope is to:

» introduce tools that enable matters of Al safety to be understood in a more
precise, organised, and clear way, such as causal modelling frameworks, notions
of incentives, and their graphical criteria (which indicate when these incentives

may arise);

o demonstrate avenues for further theoretical work on Al safety, using incentive

concepts; and

« explore how incentive concepts relate to fairness, and safety, so that they may

be used as specifications for future agent designs, or legal or ethical analyses.

1.2 The scope of this thesis

It is useful to clarify the distinction between causal models of agents, and causal
models of incentives. In my usage, the first will refer to causal models whose variables
are adapted for their use in modelling agents, by partitioning the variables into
decisions, utilities and regular variables. The second refers to concepts such as intent
and incentives, that may be defined in these models based on the agent’s utility
and causal relationships. The focus of this thesis is causal models of incentives, and
their application to Al safety. The primary application of interest is Al control.
Other safety and fairness issues are also discussed, but other kinds of risks from Al
systems (like technological unemployment) are outside of the scope of this thesis.

The approach used in this investigation is conceptual and theoretical, and so
although it includes formal worked examples that explain possible Al applications,

it does not include any actual Al experiments.

! Different formalisations of intent are further discussed in Chapter
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1.3 Contributions and organisation of this thesis

Apart from this introduction, the thesis comprises five chapters and includes
three research papers. I now outline their content, and how they will address

the overarching goals of the thesis.

Background In Chapter 2] I will review causal models and how they are used to
model agents. I will then review some of the problems in Al safety that I would
like these models to address. Finally, I will discuss incentive concepts that have

been defined using causal graphs, and how they have been applied to Al safety.

Causal Models of Incentives In Chapter 3] I present an extended version
of the published conference paper Everitt et al. [2021a], prepared in the style of
a journal publication. This work explains how a hybrid of causal models and
influence diagrams may be formally defined and used to describe various kinds
of incentives, relevant to the safety of Al systems. It will introduce an incentive
concept, response incentives, which are present for any variable that will influence
an agent’s decision under all optimal policies. This incentive can be relevant to
safety, in that a decision ought to influence an agent’s decisions, and relevant to
fairness, in that sensitive variables like an individual’s gender or race ought not
influence Al decisions. It will also introduce instrumental control incentives, which
are present where an agent can influence some variable, and thereby increase the
expected utility. Finally, it will introduce impact incentives, which describe an
agent’s influence on some variable, whether this is instrumental in achieving greater
utility, or just a side-effect. I show how various incentives can be ruled out using

just the graphical structure. This paper may be referenced as:

o Ryan Carey, Eric Langlois, Chris van Merwijk, Shane Legg, and Tom Everitt.

Incentives for Responsiveness, Instrumental Control and Impact, in review.
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Human Control: Definitions and Algorithms In Chapter [4] I address the
question of how Al systems can be incentivised to safely shut down. Previously,
it has been shown that in some toy models, certain goals could incentivise an Al
system to avoid being shut down [Soares et al., 2015]. Furthermore, they might
unduly influence whether a shutdown instruction is given, or by copying themselves,
they may exert persistent influence on their environment after being shut down.
Any of these failures could harm a human user. This paper defines a family of
causal influence diagrams called shutdown games, and illustrates these various ways
that a shutdown button might fail to ensure the safety of a human user. It then
formally describes three conditions that jointly imply human benefit: obedience,
caution, and vigilance (of a human overseer), and finally discusses what kinds of
algorithms are, and are not, able to satisfy these conditions. This is a published

conference paper, which may be referenced as:

o Ryan Carey and Tom Everitt. Human Control: Definitions and Algorithms.
Conference on Uncertainty in Artificial Intelligence (UAI). 2023.

Toward a Complete Criterion for Value of Information in Insoluble
Decision Problems In Chapter 5] I focus on materiality, i.e. which observations
must be taken into account, in order to make optimal decisions. In the literature,
there exist criteria that are used to rule out materiality based on the graphical
structure alone. For some graphs, these graphical criteria do not allow us to rule
out materiality, and it is not yet known whether that is because the criteria are
weak, or because materiality is possible (in some decision problem compatible with
the graph). In particular, this is true for graphs that are insoluble. Solubility
is a relaxation of “perfect recall”. Perfect recall requires that all past decisions
and observations are remembered at the time of later decisions, whereas solubility
only requires that the forgotten information is irrelevant to deciding an optimal
policy. Insolubility allows arbitrary forgetting. In this work, I establish that for a

class of insoluble graphs, materiality is possible. I suggest some further steps for
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proving a complete criterion (i.e. one that is as strong for ruling out materiality

as possible). This paper may be referenced as:

« Ryan Carey, Sanghack Lee, and Robin J. Evans. Toward a Complete

Criterion for Value of Information in Insoluble Decision Problems, in review.

Discussion and Conclusion In Chapter [0 I discuss how all of these papers
fit together, and return to the question of whether the overarching goals of the
thesis have been satisfied. I analyse the strengths and limitations of this research

direction, and outline a range of directions for future work.
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This chapter will begin with a formal overview of Pearl’s causal models, and
causal models of agents in particular. I will then review some concerns about
AT safety and fairness, and existing efforts to formalise them (apart from causal
models of incentives). Finally, I will zoom in on causal models of incentives, and

their application to fair and safe Al

2.1 Causal models of agents
2.1.1 The causal hierarchy

12009] describes a hierarchy of three kinds of queries that we can ask of a



10 2.1. Causal models of agents

causal model: (i) associational, (ii) interventional, and (iii) counterfactual. There
are also three corresponding types of graphical model: Bayesian networks (which
can only address associational queries), causal Bayesian networks (for associational
and interventional queries), and structural causal models (which can address all
three kinds of query).

Let us start with associational queries, the bottom rung of the hierarchy.
Following an example from |[Everitt et al.| [2023], suppose that we are interested in the
relationship between an operational sprinkler system, and healthy grass. Then, we
might ask the associational query: if the grass is healthy, what is the chance that the
sprinkler is on? This kind of query can be written as P(S =1 | H = 1), where S = 1
denotes that the sprinkler system is operational, and H = 1 that the grass is healthy.
Such a question can be computed from the joint distribution P(s,h). For example,
if these variables are described by the probability table in fig. [2.1b] then the chance
that the sprinklers are on is 90% if the grass is healthy, i.e. P(S=1| H =1) =0.9.

Since the sprinkler and grass variables are probabilistically dependent on one
another, we can illustrate this using an edge S — H, as shown in fig.
or alternatively with the edge in the opposite direction, H — S. If they were
independent, we would illustrate them using the same two nodes but without any
edge. A graph used to describe conditional independencies in this way is called
a Bayesian network [Pearl, [1985]. In a Bayesian network, the joint distribution
over variables V' must be expressible as [ [,,o;, P(V | pa(V)), where pa(V) are
the variables belonging to parents of V' in the graph, a condition known as
Markov compatibility.

At the next rung of the hierarchy are interventional queries, such as: if we
transplant some healthy grass, what is the chance that the sprinkler is operating?
which is denoted by P(S =1 |do(H = 1)), and if we turn the sprinkler system on,
then with what probability will there be healthy grass?, which is denoted by P(H =
1| do(S =1)). These queries cannot be answered using only the joint distribution

from fig. Rather, we also need to take into account the direction of causality
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between the sprinkler and the grass. We know that in this scenario, the sprinkler can
affect grass growth, whereas transplanting grass will not affect sprinkler behaviour.
As such, the causal graph must be S — H. This knowledge allows us to simplify
the effect of transplanting grass as P(s, h | do(h)) = P(s). It follows that the first
query may be evaluated as P(S = 1| do(H = 1)) = P(S = 1), which using the
probability table, is 0.5. So we can see that even though sprinkler activity and grass
health are associated, an intervention on the grass does not affect the probability of
sprinkler activity, an example of the popular adage that correlation does not equal
causation. Conversely, if we turn on the sprinkler, the grass will be affected, to a
degree that matches the conditional distribution, P(h | do(s)) = P(h | s), and so we
can answer the second query as P(H =1]do(S=1))=PH =1|S5=1)=0..
Other interventional distributions are simplified in fig. 2.1q

We can now be more precise about the difference between a causal Bayesian
network and a regular Bayesian network [Pearl, 2009, Chap. 1]. Both of these are
DAGs. A Bayesian network, on the one hand, is only required to correspond to a
particular joint distribution, so in the case of the distribution fig. [2.1b] the graphs
S — H and H — S are both valid Bayesian networks. A causal Bayesian network, on
the other hand, must also reflect the causal relationships. Specifically, it corresponds
to the observational distribution of fig. and the interventional distributions of
fig. D This is why S — H is a causal Bayesian network for these interventional
distributions, whereas H — S is not. Thus, a causal Bayesian network, with the
interventional distribution could be said to refine the joint distribution (because it
preserves all of its information, while adding three interventional distributions).

The third rung of the hierarchy consists of counterfactual queries. Counterfactual
queries are questions like Supposing that the grass is healthy, with what probability
will the grass be healthy if the sprinkler is turned on? This query can be denoted by
P(Hs—o = 1| H =1). To evaluate such a query, we need to first take into account

the information that the grass is healthy (H = 1) by updating our model of the world

IThe practice of using graphs to describe causal relationships goes back to at least [Wright
[1923].
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(S)prinkler

H=0 | H=1 « P(s,h| do(h)) = P(s)
S=0 | 0.45 | 0.05 e P(s,h|do(s,h)) =1
[(H)ealthy grass} S=11] 0.05 | 0.45 e P(s,h|do(s)) = P(h|s)
(a) A DAG (b) A joint distribution (c) Three interventional distributions

Figure 2.1: A Bayesian network representing a sprinkler and grass growth

accordingly. Then, we need to perturb the resulting model, via the intervention
do(S = 0). In order to disentangle the update step from the intervention step,
we require the random variables (which are updated) to be upstream from the
intervened variable (S). This is the motivation for a structural causal model, which
is a further refinement of the causal Bayesian network [Pearl, 2009, Chap. 7] E]
We will now describe the structural causal model is shown in fig. [2.2a] which is
a refinement of the causal Bayesian network previously described, in that it has
the same associational and interventional distributions over S and H but it also
contains further information about the underlying processes that give rise to these
distributions. Each of the endogenous variables, S and H is given one exogenous
parent each, £ and &y, respectively, which we assume to be independent, and
each endogenous variable is governed by a structural function, i.e. given the values
of its endogenous and exogenous parents, its value is assigned via a deterministic
function. The state of the sprinkler, S is determined by an exogenous variable &g,
in that the sprinkler is on precisely when Eg equals one, which happens with 50%
probability (P(S =1) = P(€s = 1) = P(S =0) = P(€s = 0)). The health of the
grass also depends on its type £y. There is a 90% chance that the grass requires
sprinkling to survive £ = 0, and a 10% chance that it requires no sprinkling to
survive. To compute P(Hgs—o = 1 | H = 1) in this model, we first update the
exogenous variables according to the observation that the grass is healthy, obtaining

P&s=0,Eg=1|H=1)=09and P(és =1, =0 | H =1) = 0.1, meaning

2Equivalent to the structural causal model is the Neyman-Rubin model, where counterfactuals
are formalised by potential outcomes [Neyman, (1923, Rubinl [1974]. Since this thesis focuses on
graphical models, I will exclusively use the Pearl-style models, although all those results that do
not involve graphs will hold true in the Neyman-Rubin model.
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(a) An SCM. (b) An alternative SCM.

Figure 2.2: A pair of SCMs with the same interventional distributions. Exogenous
variables are coloured in grey, and endogenous variables in black. Unif denotes a uniform
distribution. @ denotes the XOR operation.

that the grass requires sprinkling 90% of the time given H = 1. Then, under the
intervention do(S = 1), the grass will be healthy 90% of the time.

Importantly, there exist other structural causal models with the same inter-
ventional distributions, but different counterfactuals. For instance, fig. [2.2b] has
the same distributions as fig. under all interventions to S and H (including
interventions to neither, or to both variables). However, P(Hs—o = 1 | H = 1)
differs. In fig. 2.2b we compute P(Hgs—o = 1 | H = 1) by updating the exogenous
variable to obtain P(ég =2 | H =1)=0.1and P(éy = 1| H =1) = 0.9. Then,
under the intervention do(S = 1), we have H = 1 in either case, so the grass
will be healthy 100% of the time. Structural causal models and the procedure for
computing counterfactuals are fully formalised in section of Chapter

Causal models have been used to formalise a wide range of concepts which
are defined by queries from various levels of the causal hierarchy: the average
treatment effect [Rubin) [1974] (interventional), direct and indirect effects [Pearl,
2001] (counterfactual), path-specific effects [Pearl, 2001] (counterfactual), harm
[Richens et al., [2022], and blame [Chockler and Halpern, [2004] (counterfactual).

In order for causal concepts to be practically applicable, there must be a way to
compute them using available data. When it is possible to accurately compute a
query in this way, it is said to be identifiable. The best-known identification strategy
is controlling for confounding variables in order to estimate the effect of a treatment

(i.e. an interventional quantity). More generally, the “front-door” and “back-door”
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criteria allow interventional quantities to be identified from observational data
in a wide range of graphs [Pearl [2009].

Important for identifiability is the distinction between single-world and cross-
world queries. When all variables in a query result from one set of interventions, it
is said to be a single-world query, for instance, the chance of healthy grass when the
sprinkler is turned on P(Hg—¢ = 1) in fig. When a query involves contradictory
sets of interventions, it is said to be cross-world, for instance, the query that we
described above — the chance that if the grass is healthy, that it would still be
healthy if the sprinkler was turned off P(Hgs—o = 1| H = 1). In this case, we are
required to imagine one world where the grass H is unaffected by the sprinkler
intervention, and another where it is Hg_y. Cross-world queries have come under
criticism, because it is not possible to identify them without making assumptions
that are in principle impossible to test using experimental data [Richardson and
Robins, [2013]. Counterfactual harm is one such example [Sarvet and Stensrud, 2023,
2024]. For instance, suppose we wish to know the probability that the sprinkler
harms the health of the grass, i.e. to know the chance that the grass would be
healthy if the sprinkler was off, and would be unhealthy if the sprinkler was on
P(Hg—1 = 0,Hg—g = 1). Since S is intervened to two different values, the query is
cross-world, and cannot practically be identified, except in some degenerate cases
[Sarvet and Stensrud, 2023]. Causal blame involves a similar query |[Chockler and
Halpern|, 2004], and so is a cross-world quantity. So too are expressions for natural
(in)direct effects, and path-specific effects [Pearl, 2001]. It is nonetheless possible in
many cases to offer bounds on cross-world quantities [Tian and Pearl, 2000]. In this
thesis, it will not always be possible to avoid using cross-world queries, but I will

touch on this issue again in Chapter [6] when discussing possible practical applications.

2.1.2 Influence diagrams and causal models of agents

This thesis focuses on models that are causal, graphical, and specialised for modelling

agents (fig. . This can be viewed as adding decision and utility variables to the
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probabilistic graphical models
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Figure 2.3: An overview of different kinds of models, many of which are used in Al
safety research. This thesis uses models that reside in all three regions.
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(a) An influence diagram. (b) A SCIM.

Figure 2.4: An influence diagram and a structural causal influence model (SCIM). Each
decision node is a purple rectangle, while each utility node is a yellow diamond.

causal models of Pearl that were described in the previous section, or as imbuing
influence diagrams with notions of causal interventions |[Dawid, 2002].

Influence diagrams are a common graphical framework for modelling agents
[Miller 1T et al., (1976, Howard and Matheson|, [1984) 2005]. An influence diagram is
a model based on a DAG that is partitioned into decision, chance, and wtility nodes.
For example, the influence diagram in fig. describes the sprinkler scenario from
fig. [2.1a] except now the sprinkler settings are chosen by an agent whose goal is to

nurture healthy grass. To reflect this, S has been turned into a decision variable
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with domain {0, 1}, and U is an added utility variable that describes the value of
each possible outcome. In an influence diagram, each non-decision variable is given
a conditional probability distribution (CPD), which describes its possibly random
behaviour, given each assignment to its parents. Once a policy is chosen (a CPD
for each decision variable), this implies a joint distribution over all variables. That
joint distribution can be used to compute the expected utility, and to thereby judge
the value of each policy. For example, if we choose the policy S = 1, then we will
obtain healthy grass 90% of the time, obtaining expected utility of E[U] = 0.9.

Ordinary influence diagrams encode some causal information, in that the distri-
bution in an influence diagram is the effect of choosing a policy. As such, influence
diagrams specify a causal relationship between decisions and their descendants
Heckerman and Shachter| [1994]. For instance, S — U is a causal relationship in
fig. 2.4al They do not, however, specify causal relationships or admit interventions
on other variables; they also do not define counterfactual queries.

In order to compute the effects of interventions on non-decision variables, we
need a more refined model. For interventions, we would use a causal influence
diagram. This is essentially a causal Bayesian network, that is partitioned, and lacks
conditional probability distributions at the decisions. Causal influence diagrams
consist of the same elements as a regular influence diagram — a partitioned DAG
with CPDs, so fig. 2.4a) may be understood as a causal influence diagram. In this case,
once we impute a policy to a causal influence diagram, we will use the complete set of
CPDs to construct a distribution for each intervention to each variable in the graph.

To consider counterfactuals, we may use a structural causal influence model
(SCIM; pronounced ‘skim’), as shown in fig. [Dawid|, 2002, [Everitt et al.,
2021a]P| A SCIM is essentially an SCM, where each decision variable lacks a
structural function. Once a policy (a structural function for each decision) is

selected, we recover a structural causal model. SCIMs will be fully formalised in

3T call these “structural causal influence models” and not “functional influence diagrams”
because “functional causal models” are now better known as structural causal models.
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Chapter [3, and they will be the framework for our analysis in Chapters [3] and [4],
because we make consistent use of counterfactuals.

Nearly equivalent to a SCIM is the scoped SCM of |Lee and Bareinboim| [2020)].
Chapter |5| builds directly on [Lee and Bareinboim/ [2020], and in order to maintain
consistency with it, scoped SCMs are used in this chapter. The scoped SCM
construction begins with a SCIM, and specifies an outcome variable (which in a
SCIM would be called a utility variable). Then a mized policy scope is defined,
which specifies the decisions and the contexts that each decision is allowed to depend
on (which in an SCM would be called observations, and would be the parents of
the decision). This construction includes a default policy, but in other respects it
has no essential differences from the SCIM construction.

For graphs with multiple agents, there are also Multi-agent Influence Diagrams
[Koller and Milch, 2003] and Causal Games [Hammond et al., [2023]. A Python
library exists for performing automated analysis of these models, although these

are not required in this thesis [Fox et al., 2021].

2.1.3 Game theory: an alternative model

Game theory presents an alternative model of agents, and the most relevant subfield
to this thesis is mechanism design, which is concerned with devising games to
ensure fair or beneficial outcomes. Such analysis may consider whether, under Nash
equilibrium policies, certain properties are satisfied such as: i) maximising, or nearly-
maximising the social welfare function |[Blumrosen and Nisan, 2007, Subsection
17.1.1]; ii) Pareto optimality |Blumrosen and Nisan, 2007, Subsection 17.1.1]; iii)
incentive compatibility |[Arrow, |1963, pp. 7; Hurwiczl, [1972], and strategyproofness
[Blumrosen and Nisan|, 2007, Definitions 9.15, 16.5, 16.6], which mean that agents
accurately report their type (basically, their values).

Relevant to our interest in agent specifications, rational synthesis is a variant
of mechanism design where the specifications of the designer and the agent are

defined by a logic. In particular, strategy logics, assert that some statement in
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temporal logic is satisfied, in some or all equilibria. [Chatterjee et al.| 2010]. These

statements may have the form:
o E-NAsH: Does there exist a Nash equilibrium where ¢ holds?
o A-NasH: Does ¢ hold in all Nash equilibria? [Wooldridge et al., [2016]?

The statement ¢ may be stated in a temporal logic |Fisman et al., [2010] such as
a probabilistic strategy logic [Aminof et al.; [2019]. This approach differs from the
approach of this thesis in that these logics are not able to define interventional
or counterfactual queries.

In general, there are some challenges with adapting the formalism of game theory,
such as extensive form games to properly model causality. One core problem is that
extensive form games allow different variables to exist in different branches of the
game tree. As a result, interventional distributions may not be well-defined — if you
want to calculate a distribution P(Y | do(X = x)), the probability will be undefined
if, in some branches of the game tree, the variable Y does not exist [Hammond et al.,
2023|. It is possible to perform modifications to extensive form games, so that they
admit the definition of causal concepts [Genewein et al., 2020]. However, this gives
up the benefits of probabilistic graphical representations, such as their compactness,
which allows graphical criteria to be defined, and makes for easier solving [Hammond

et al., 2023]. Ultimately, such adaptations lie outside of scope for this thesis.

2.2 Al safety and fairness

As discussed in Chapter [I there are a wide range of concerns about potential
harms from Al systems, but the primary focus for this thesis is on the control
of Al systems, and to a lesser extent, on matters of Al fairness. So we will now
give an overview of concerns about Al control, including shutdown, then touch

on some recent progress in Al fairness.
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2.2.1 Al control

The concern about control is essentially that the development of sufficiently advanced
Al systems may threaten the survival of, or interrupt the development of human
civilisation [Bostrom, 2002]. Such concerns, although controversial, have been
raised by a wide range of AI experts [Turing), 1951, [Bostrom|, 2014, |Alexander,
2015], culminating in a recent open letter calling for attention on such risks
[Center for AT Safety, 2023]. The central concern, as formulated by Tegmark
and Omohundro| [2023] is that:

The reason why humanity is the most powerful species on the planet
is primarily that we have the greatest capacity to devise and carry out
complex plans for reshaping our environment. Technological innovation
is also the greatest driver of economic growth and military capabilities.
Thus, if there are ever Al systems that are substantially more intelligent
than humans, and which are not aligned with human interests, then we
should expect human interests to be marginalised.

Moreover, for an Al system to autonomously solve complex problems, one must
specify the solution, usually using a utility function, and it is “difficult to create such
specifications without leaving a substantial gap between what was specified and what
was intended” [Dalrymple et al., [2024]. Goal misspecification has been observed in
a wide range of settings. One prominent example is that in the racing game Coast
Runners, an agent learns to maximise its score by repeatedly collecting power-ups,
rather than completing the racetrack [Amodei and Clark, 2016]. This example is
discussed, along with a long list of similar such problems in Krakovna et al.| [2020Db].

If an agent’s goals are misspecified, then to achieve this goal, it may be
incentivised to achieve intermediate outcomes, called instrumental goals, which

are adverse, such as:

 tampering with its own reward function |[Uesato et al. 2020, |Armstrong et al.,

2020, [Everitt et al., 2021b],

« manipulating users’ preferences |[Everitt et al., 2021a], or
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o altering the environment in which its performance is measured [Krueger et al.,

2020].

It has been suggested that some instrumental goals may be convergent, in that they
would help an agent to achieve a wide range of end goals, for example gathering
computing resources, or avoiding shutdown |[Omohundro, 2008| Bostrom, [2012].

Among these possible goals, the matter of whether an Al would evade shutdown
has long been of special interest, because shutdown is a key way to avoid harm
from technologies in general. In the model of a utility-maximising system, it has
been shown that an instruction to shut down may be manipulated, or ignored
[Soares et al. 2015]. One proposal for mitigating this risk is Cooperative Inverse
Reinforcement Learning, which requires the AI system to learn to pursue the
goals of a human overseer, by observing their actions [Hadfield-Menell et al., 2017].
However, if value learning systems have a prior that is even slightly misspecified,
they too could be expected to manipulate or ignore shutdown instructions |[Carey,
2018]. Other proposals have been considered, for example, designing an Al system
to be indifferent to the prospect of shutting down [Armstrong and O’Rourke,
2017a). But as we will discuss in Chapter , each existing proposal falls short on
some occasions, from the desired shutdown behaviour. Shutdown has also been
studied in a reinforcement learning setting, where some reinforcement learning
algorithms have a tendency to adhere to shutdown instructions, whereas others
do not |Orseau and Armstrong, 2016]|.

In summary, the field of Al safety is one where there are apparently important
concepts, like instrumental goals and the problem of shutdown that can benefit

from further formalisation, as we will seek to do in this thesis.

2.2.2 Causal approaches to Al fairness

Another concern about Al is that it might entrench or amplify societal unfairness.

This is relevant for us because some prominent metrics of (un)fairness can be
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described in causal models. In this thesis, we will observe connections between
these metrics, and safety specifications.

The first metrics that an Al designer might consider are those that are as-
sociational in nature, by virtue of their simplicity. These involve statements of
independence between the true label Y, the predicted label }A/, and the sensitive
variable A, which may represent an individuals’ race or gender [Barocas et al.
2023|. There are three main associational notions of fairness, to which are equivalent
to, or imply, the other notions of fairness. Independence, also called statistical
parity, means that the prediction is independent of the sensitive variable ()A/ 1 A).
Separation means that different groups have different predictions given the true label
(}Af 1Y, A). This implies that groups have the same false positive rates. Sufficiency
means that given the prediction, the true label is independent of the sensitive variable
(Y LA }A/) This means that when a person is predicted to have a property, they
are equally likely to do so whether they are a member of a protected class or not.
In the setting of a classifier, this is referred to as calibration. One challenge with
these definitions is that they are mutually incompatible when classes have average
differences, and the predictor is imperfect; it is not possible to achieve separation and
sufficiency simultaneously [Kleinberg et al., 2016} (Chouldechova, [2017]. In general,
these concepts admit information theoretic relaxations, based on mutual information
and conditional mutual information, and it turns out that in general, there exist
tradeoffs between the various fairness definitions [Hertweck and Raz, 2022].

More recently, alternative definitions of unfairness have been developed, that
go beyond associational properties. A model is said to be counterfactually fair
if changing a person to or from a protected class, would not change the model’s
prediction, given other information about that person [Kusner et al., 2017b]. The
intuition for counterfactual fairness is similar to that of sufficiency — the protected
variable should not affect the prediction once other information has already been
taken into account, except that now the change to Y is understood causally.

Counterfactual fairness has been further refined into path-specific fairness [Zhang
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et al, 2017, |Chiappal, 2019]. The idea is that there may be cases where the effect of
a sensitive variable on the prediction is actually not unfair. Chiappa; [2019] brings
up the case of Berkeley’s alleged bias, where female applicants were in fact rejected
more often than male applicants, and this was a causal effect, that would count as
counterfactually unfair. The reason for lower applications, however, was that they
often applied to departments with lower admission rates. Given that this disparity
arose out of individuals freely choosing different departments, Chiappa; [2019] argues
that this is “not unfair, as far as the college is concerned”. Rather, to measure
the degree of unfairness, we should consider the extent to which gender affects
admissions via other causal pathways. This can be formalised as a path-specific
effect, which may be computed from a structural causal model. Other work outlines
how to design systems to perform inference while maintaining path-specific fairness
[Nabi and Shpitser} 2018, Nabi et al., 2022], and how to make decisions to neutralise

any path-specific effects [Nabi et al.| 2019].

2.3 Graphical models of incentives

The incentive concepts introduced in this thesis build on some ideas from decision
analysis. So we will first outline these connections, and then we will discuss work

on intent and incentive concepts.

2.3.1 Decision analysis

Influence diagrams were originally used in the field of decision analysis, where the
main objective was not necessarily to describe an agent’s incentives, but rather
to enable better decision-making [Howard|, 1966a]. Nonetheless, certain concepts
were introduced that are particularly relevant to our thesis. We will first discuss
materiality and ways of using the graph to establish immateriality. Then, we will
discuss other concepts, like value of information, and value of control.

The most fundamental incentive concept is materiality [Shachter, [2016]. Materi-

ality is a property that applies only to observations — the variables that a decision
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is allowed to depend on. An observation is said to be material if every optimal
policy makes use of that observation, otherwise it is immaterial. That is to say
that when an observation is removed, the maximum achievable utility is decreased
if and only if it is material. Identifying immaterial observations is often useful for
solving an influence diagram, because it means you can restrict your search to just
the policies that ignore that input variable, and this (exponentially) smaller set
will still contain at least one policy that is optimal [Shachter] 2016].@

It is sometimes possible to establish immateriality based on the graphical
structure alone. In particular, this is done using d-separation, a graphical criterion
that indicates conditionally independent variables, based on the structure of the
graph [Verma and Pearl, |1988|. A pair of variables are d-connected given a set
of variables Z if they are joined by a path, in which every collider (i.e. every
variable V' with incoming edges - — V' <« -) has a descendant in Z, and every
non-collider is not in Z. When they are not d-connected given Z, this pair of
variables are conditionally independent given Z |[Verma and Pearl, 1988]. Consider,
for example, the influence diagram O — D — U, where D is a decision, and U
a utility. Here, there is no active path from O to U, given D, because the path
O — D — U contains D. As such, O is independent of U given D. This implies
that rather than having D depend on O, optimal performance can be achieved
by deterministically selecting the decision d that maximises expected utility. The
fact that O can be ignored is actually discernible without knowing anything about
the decision problem, except its graphical structure.

Any rule that can be used to evaluate some property of a decision problem using
just its graphical structure is called a graphical criterion. One such example is the
rule that if an observation O is d-separated from the utility U given the decision
D and other observations then O is immaterial [Fagiuoli and Zaffalon| 1998]. A
graphical criterion for an incentive concept is called sound if when it rules out

the presence of an incentive (in this case, materiality of some observation) for a

4Removing an observation O for a decision D means removing the edge O — D.
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given graph, the incentive is absent (i.e. that observation is immaterial) in every
decision problem with this given graph. It is called complete if it rules out the
presence of such an incentive whenever it is possible to do so using the graphical
structure alone. Put differently, for every graph that does not satisfy the condition,
there exists a decision problem where the target observation is material. A proof
of completeness of the criterion of [Fagiuoli and Zaffalon| [1998] in single-decision
settings was presented in [Everitt et al|[2021a] and was simultaneously discovered
by [Lee and Bareinboim| [2020]. This result is therefore included in Chapter [3}
The results from [Everitt et al. [2021a] were extended to offer a complete criterion
for soluble influence diagrams in jvan Merwijk et al.|[2022], a work that was concurrent
to, but not included in this thesis. To understand solubility, it is useful to refer to
fig. 2.5 an explanatory figure that is reproduced from [van Merwijk et al| [2022].
Essentially, influence diagrams can be said to have perfect recall if agents do not
forget anything that they once knew. Specifically, there is an ordering over decisions
such that every decision observes all prior decisions and their observations. For
example, in fig. [2.5b] given the ordering (Dy, Ds), the decision D, observes the
earlier D; and its observation O. Single-decision influence diagrams have perfect
recall, because there are no prior decisions. solubility, also known as “sufficient recall”
is a generalisation, which allows an agent to forget some past information, so long as
that information is no-longer useful for choosing an optimal decision. For example,
in fig. under the ordering (D1, D5 ), the decision Dy does not observe the earlier
observation Oy, but O; has no valuable information for D,. To see this, notice that
D, can only influence the utility variable Us,, and O is independent of Us given the
decision D and its observations S, O,. By contrast, in fig. [2.5a] neither Dy nor Dy
can observe the other’s decision, and both of these decisions contain information that
may be valuable for deciding how to influence U, so the graph is said to be insoluble.
Influence diagrams that are soluble can be solved by backward induction, which
makes it easier to establish which observations are material [van Merwijk et al.|

2022|. Thus van Merwijk et al| [2022] offers a complete criterion for all soluble
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Figure 2.5: Three influence diagrams (IDs); from van Merwijk et al. [2022]

graphs (like fig. , including all those with perfect recall fig. m For insoluble
graphs such as the one depicted in fig. we do not yet have a complete criterion,
and Chapter [5] is working toward a solution to this very problem.

Apart from materiality, two other important concepts are value of information
and value of control. Value of information is more general than materiality, because it
can apply to unobserved variables. Also, it is a quantitative, rather than qualitative
measure. The value of information is the difference between the maximum expected
utility with the observation, and without it. For example, suppose that there is
a game where a player gets one utility if they can guess in which orientation an
unbiased coin has landed, and zero utility otherwise. The value of information of
the coin’s state is 0.5, because an expected utility of one can be achieved if the coin
is observed before guessing its orientation, while the maximum achievable utility
is only 0.5 otherwise, making a difference of 0.5. Value of information is said to
be a form of sensitivity analysis because it involves comparing the best solutions
in an influence diagram before and after some perturbation. Also in sensitivity
analysis, the value of control, indicates how the maximum expected utility changes
if an agent gains or loses control of a variable [Shachter] 1986]. Consider the game
with the fairly tossed coin, once again, and assume that the coin is not observed.
Then, the value of control would also be 0.5, because by gaining control of the
coin, one can set it to a constant orientation (i.e. always “heads-up”), and thereby
obtain utility of one, whereas the maximum expected utility would be 0.5 less, if

the coin is placed in a uniformly random fashion.
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Graphical criteria for materiality can be used to rule out positive value of
information for observed variables. They can also be used to rule out positive value of
information for an unobserved variable O, by adding an edge from O to the decision,
and then applying the materiality criterion. The only known sound graphical
criterion for value of control prior to Everitt et al. [2021a] was that a variable must

be an ancestor of a utility, otherwise its value of control is zero [Shachter;, 1986].

2.3.2 Intent and causal incentive concepts

In the past decade, influence diagrams have been used to formalise concepts that are
more relevant to the safety of Al systems, such as intent. An agent’s intent has been
formalised in terms of the foreseen outcomes of the optimal policy |[Kleiman-Weiner
et al., |2015, Halpern and Kleiman-Weiner} 2018|. Concurrent to this thesis, a sound
and complete graphical criterion has been proved for intent [Ward et al. 2024], and a
related definition has been proposed for manipulative behaviour [Ward et al., [2023].

Most of the other work on incentives and Al safety has built on [Everitt et al.
[2021a]. The two most popular ideas are instrumental control incentives and
response incentives.

Variables are said to be subject to an instrumental control incentive if they
can be influenced in a way that affects the expected utility. Instrumental control
incentives are closely related to intent, in a way that will be further explored
in Chapter [3] It also includes as special cases various kinds of problems in Al
safety, such as reward function tampering [Uesato et al., [2020, |Armstrong et al.|
2020|, user-manipulation, and self-induced distributional shift [Krueger et al., [2020].
This was built upon by [Farquhar et al.|[2022], which devised a general procedure
for removing undesired instrumental control incentives. Relatedly, Langlois and
Everitt| [2021] has explored whether agents might have an incentive to thwart
overseers’ efforts to modify their actions.

Variables are said to be subject to a response incentive if they causally influence

the decision under every optimal policy [Everitt et al 2021a]. When a sensitive
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demographic variable is subject to a response incentive, this implies that the decision
is counterfactually unfair |Everitt et al., [2021a]. In follow-on work, |Ashurst et al.
[2022] describes a notion of introduced unfairness — a disparity that is greater in
magnitude than any present in the training dataset. Both instrumental control
incentives and response incentives will be discussed in greater detail in Chapter [3]
the extended journal version of Everitt et al.| [2021a]

These papers, that apply causal incentive concepts to Al safety are part of
a research direction, which seeks to apply causal models in-general to Al safety
problems. This research direction (the work on incentive concepts and the remainder)

is introduced in a more pedagogical fashion in Everitt et al.| [2021a].
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Abstract

We introduce three new concepts that describe an agent’s incentives: Response

incentives indicate which variables in the environment, such as sensitive demographic

information,

affect the decision under the optimal policy. Instrumental control

incentives indicate whether an agent’s policy is chosen to manipulate part of its
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environment, such as the preferences or instructions of a user. Impact incentives
indicate which variables an agent will affect, intentionally or otherwise. For each
concept, we establish sound and complete graphical criteria, and discuss general
classes of techniques that may be used to produce incentives for safe and fair
agent behaviour. Finally, we outline how these notions may be generalised to

multi-decision settings.

3.1 Introduction

In order to understand whether or not it is in your interests to interact with another
agent, it is useful to consider what incentives that agent has. In Al safety, for
example, it has been argued that advanced Al systems would have an incentive to
accumulate resources and/or to avoid being shut down [Omohundro|, 2008, [Soares
et al.; 2015]. Such motives have been termed convergent instrumental goals, because
it is imagined that they might help a wide range of agents to achieve their goals.

The notion of a convergent instrumental goal has not been formally defined,
however, and it is not immediately clear how an agent’s convergent instrumental
goals should relate to its intent or incentives.

Ideally, we would like to have some language to describe the incentives of Al
systems, that allows us to judge whether those incentives will lead to safe or fair
behaviour. There do already exist some language for describing safe or fair behaviour
directly, for instance counterfactual harm [Mueller and Pearl, 2023, [Richens et al.,
2022] and counterfactual fairness [Kusner et al., [2017b]. There also exists language
that is at least related to incentives. A variable is said to have positive value of
information if knowledge of its assignment can improve expected utility, and positive
value of control if deciding its assignment can do the same. These concepts, however,
do not directly allow us to assess whether an agent will behave in a safe or fair manner.

In the present work, therefore, we seek to devise some incentive concepts that:

o make predictions about whether unsafe or unfair behaviour will occur, and
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e describe how optimal behaviour is decided.

In the process, we hope to clarify the idea of an agent’s convergent instrumental goals,
and to contrast this with previous definitions of intentional influence of a variable.

In order for incentive concepts to be applicable, we need a way to deduce whether
they are present or not. In some cases, it is possible to rule out the presence of
some incentive using the graphical structure alone. For instance, in the graph
X — D — U where X is a chance event, D is a decision and U a utility function,
we can tell that X has zero value of information, because it is independent of U
given D. A criterion for making such evaluations is called a graphical criterion. So,
for each incentive concept that we introduce, we will establish a graphical criterion,
and will discuss how it could be applied to ensure safer AI behaviour.

One might wonder, although our main application area in this paper is Al
safety, might these incentive concepts be equally applicable to the behaviour of
human individuals, or other agents? In fact, none of these concepts are specific
to Al but they may be more naturally applicable to Al systems insofar as they
are trained to pursue closed-form objective functions, whereas this is a looser

approximation of human behaviour.

Overview of Contributions This paper will begin with some setup (section .

Next, we will focus on the information an agent can benefit from using, to make
a decision. In previous work, materiality has described which actual observations
aid performance [Shachter, [2016]. In section , we prove a known graphical
criterion that can be used to deduce, in some circumstances, that a variable is
immaterial [Fagiuoli and Zaffalon, [1998, |Lauritzen and Nilsson, 2001]. We prove
that this criterion is complete, in that it proves immateriality whenever possible
to do so from the graphical structure alone.

We then present a new concept, the response incentive (RI) (section , which
describes which variables an agent’s decision are influenced by, be they observed or

causally upstream of the observations. This is important to Al fairness, because
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it describes when an optimal agent will be counterfactually unfair [Kusner et al.|
2017b], and to Al safety, in that it relates to the obedience of an agent [Hadfield+
Menell et al., 2017, (Carey and Everitt, 2023]. We also prove a simple graphical
criterion that is sound and complete for ruling out an RI.

Next, we consider what variables an agent can benefit from influencing. The
notion of value of control |Shachter), 1986] describes what variables an agent would
like to control, but it falls short in describing what variables an agent is actually
incentivised to control. So we introduce a new concept, the instrumental control
incentive (ICI), which describes variables that an agent has both a need, and a
means to influence (section [3.5). The instrumental control incentive attempts to
formalise the notion of an instrumental goal in Al safety, and the idea that an agent
is incentivised to “try” to influence some variable. We demonstrate that it is closely
related to the notion of intent, from Halpern and Kleiman-Weiner| [2018], Ward et al.
[2024], and prove an identical sound and complete criterion for each of these concepts
(section. We also review how various proposals for safe Al are better understood
as one class of methods, path-specific objectives, which serve to remove the ICI.

We will introduce another new concept, the impact incentive (II) (section |3.7)),
which is more inclusive than the ICI. Under some circumstances, an agent may be
incentivised to influence some variable, not by its intention, but as a side-effect of
optimal behaviour. So an II will apply to any variables subject to an ICI, as well
as those affected by a predictable side-effect. IlIs also have a sound and complete
graphical criterion, that is a superset of the criterion for ICI. We will also discuss
how impact incentives can make sense of the purpose of impact measures |[Armstrong
and Levinstein, 2017, Krakovna et al., [2018], another proposal for safe Al

We will then discuss various possible generalisations of incentive concepts to a
multi-decision setting, and how they relate to one another (section .

Finally, we review related work (section , and conclude (section .

This paper is an extended version of a conference paper, Everitt et al.| [2021a].

Since its publication, the concepts have already aided understanding of incentive
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Figure 3.1: Two examples of decision problems represented as causal influence diagrams.
In a) a predictor at a hypothetical university aims to estimate a student’s grade, using as
inputs their gender and the high school they attended. We ask whether the predictor is
incentivised to behave in a discriminatory manner with respect to the students’ gender and
race. In this hypothetical cohort of students, performance is assumed to be a function of
the quality of the high school education they received. A student’s high school is assumed
to be impacted by their race, and can affect the quality of their education. Gender, however,
is assumed not to have an effect. In b) the goal of a content recommendation system is
to choose posts that will maximise the user’s click rate. However, the system’s designers
prefer the system not to manipulate the user’s opinions in order to obtain more clicks.

problems such as an agent’s redirectability [Armstrong et al., 2020, Carey and Everitt,
2023|, ambition [Cohen et al.| 2020], fairness [Ashurst et al., 2022] tendency to tamper
with reward [Everitt et al., [2021b], manipulativeness [Farquhar et al. 2022], the
definition of an agent |[Kenton et al. [2023], and more [Everitt et al., 2019a), |Langlois
and Everitt], 2021]. Compared to that paper, sections3.3to[3.5/have been generalised
to deal with multiple variables. Analyses of intent and path-specific objectives has

been newly added to section [3.5 Finally, sections [3.7] and are entirely new.

Running examples For explanatory purposes, we will refer to the following pair

of incentive design problems throughout the paper:

Example 1 (Grade prediction). To decide which applicants to admit, a university
uses a model to predict the grades of new students. The university would like the

system to predict accurately, without treating students differently based on their

gender or race (see fig. .
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Example 2 (Content recommendation). An Al algorithm has the task of recom-
mending a series of posts to a user. The designers want the algorithm to present
content adapted to each user’s interests to optimize clicks. Howewver, they do not

want the algorithm to use polarising content to manipulate the user into clicking

more predictably (fig. [3.10).

3.2 Setup

We will begin with a recap of structural causal models, then we will introduce

structural causal influence models.

3.2.1 Structural causal models

Structural causal models (SCMs) [Pearl, [2009] are a type of causal model where
all randomness is consigned to exogenous variables, while deterministic structural
functions relate the endogenous variables to each other and to the exogenous ones.
As demonstrated by [Pearl [2009], this structural approach has significant benefits
over traditional causal Bayesian networks for analysing (nested) counterfactuals

and “individual-level” effects.

Definition 1 (Structural causal model (unconfounded); |Pearl, 2009, Chapter 7).
A structural causal model is a tuple (E,V | F, P), where € is a set of exogenous
variables; 'V is a set of endogenous variables; and F = {fV}VeV is a collection
of functions, one for each V. Each function f¥: dom(Pa" U {£V}) — dom(V)
specifies the value of V in terms of the values of the corresponding exogenous
variable Y and a set of variables Pa¥ < V', where these functional dependencies
are acyclz’c.E] The domain of a variable V' is dom(V') and for a set of variables,
dom(W) := X ey dom(W).  The uncertainty is encoded through a probability

distribution P(e) such that the exogenous variables are mutually independent.

IThe reason for using the notation Pa" to designate this set of variables will become clear
when we introduce the “associated DAG” later in this subsection.
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For example, fig. shows an SCM that models how posts (D) can influence
a user’s opinion (O) and clicks (U).

The exogenous variables € of an SCM represent factors that are not modelled.
For any value £ = € of the exogenous variables, the value of any set of variables
W < V is given by recursive application of the structural functions F' and is
denoted by W (e). Together with the distribution P (&) over exogenous variables,
this induces a joint distribution P(W = w) = >y (c)=uw) £(€)-

Note that in general, we denote individual variables by capital letters, and
sets of variables by bolded capital letters. Individual (sets of) assignments will
be represented by (bolded) lowercase.

SCMs model causal interventions that set variables to particular values. These

are defined via submodels:

Definition 2 (Submodel; Pearl, 2009, Chapter 7). Let M =<(E,V F P) be an
SCM, X a set of variables in V', and x a particular realization of X . The submodel
M, represents the effects of an intervention do(X = x), and is formally defined as
the SCM (E,V | Fy, P), where F, = {fV|V ¢ X} u{X =x}. That is to say, the
original functional relationships of X € X are replaced with the constant functions

X =z.

More generally, a soft intervention on a variable X in an SCM M replaces
fX with a function ¢": dom(Pa® U {£X}) — dom(X) [Eberhardt and Scheines,
2007, Tian and Pearl, 2013]. The probability distribution P(W,w) on any W <
V is defined as the value of P(W) in the submodel M w where M w is M
modified by replacing fX with ¢".

If W is a variable in an SCM M, then W, refers to the same variable in
the submodel M, and is called a potential response variable. In fig. the
random variable O represents user opinion under “default” circumstances, while
Oy in fig. represents the user’s opinion given an intervention do(D = d) on

the content posted. Note also how the intervention on D severs the link from
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(a) SCIM (b) SCM (c) SCM with nested counterfactual, shown
using a twin graph [Balke and Pearl} |2022]
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Figure 3.2: An example of a SCIM and interventions. In the SCIM, either political or
apolitical posts D are displayed. These affect the user’s opinion O. D and O influence
the user’s clicks U (a). Given a policy, the SCIM becomes a SCM (b). Interventions
and counterfactuals may be defined in terms of this SCM. For example, the nested
counterfactual Up, represents the number of clicks if the user has the opinions that they
would arrive at, after viewing apolitical content (c).

el to d in fig. as the intervention on D overrides the causal effect from
D’s parents. Throughout this paper we use subscripts to indicate submodels or
interventions, and superscripts for indexing.
More elaborate hypotheticals can be described with a nested counterfactual. In
a nested counterfactual, the intervention is itself a potential response variable. For
instance, in fig. [3.2d, we may be interested in what the utility would be if the user’s
opinions assumed the value that they would take, given some alternative posts. Put
differently, we would like to propagate the effect of an intervention do(D = d) to
U, only via the opinions O. To define a nested counterfactual, firstly, the effect of
the posts do(D = d) on user opinion, is described by the the value 0o = Oy4(e) for
an assignment € to the exogenous variables. Then, the effect of the intervention
do(O = o) on the user’s clicks Up, is defined as Ug, () = U, (&) for any assignment €.
A structural causal model has an associated DAG that can be used to deduce
which variables are conditionally independent. Formally, the induced graph has
vertices V' an edge inbound to each variable V' from each variable that fi depends on.

For example, in fig. [3.2b] the dependencies of the functions 7, fo, fu are illustrated.
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In definition |1} we designated the variables that V' depends on as Pa"’, and this is
because they are the parents of V' in the associated DAG. In fact, for any DAG,
we will use the same notation Pa" to designate the parents of a variable V, and
similarly Desc" to designate the descendants. We will use some more standard
notation for DAGs: an edge from node V' to node Y is denoted V' — Y, and a
directed path (of length at least zero) is denoted V --+ Y.

The d-separation criterion can be used to deduce when two sets of variables

are independent, conditional on another variable.

Definition 3 (d-separation; [Verma and Pearl, [1988). A path p is said to be d-

separated by a set of nodes Z if and only if:

1. p contains a collider X — W <Y such that the middle node W is not in Z

and no descendants of W are in Z, or
2. p contains a chain X - W —Y or fork X — W —Y where W isin Z, or
3. one or both of the endpoints of p is in Z.

A set Z is said to d-separate X from Y, written (X LY | Z), if and only if
Z d-separates every path from a node in X to a node in'Y . Sets that are not

d-separated are called d-connected.

When d-separation holds, these sets of variables must be independent given the
third. Conversely, when variables are d-connected in a graph, then there exists a

model with that induced graph such that they are conditionally dependent.

Theorem 1 (Theorem 1.2.4 of Pearl [2009]). If sets X, Y, Z satisfy X LY | Z
in a DAG G, then X 1is independent of Y conditional on Z in every SCM M with
induced graph G. Conversely, if X £ Y | Z in a DAG G, then X and Y are

dependent conditional on Z in at least one SCM M with induced graph G.

Indeed, when variables are d-connected, they are actually conditionally dependent

in almost all models with that induced graph |[Meek, 1995].
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3.2.2 Structural causal influence models

Influence diagrams are graphical models with special decision and utility nodes, used
to model decision-making problems [Howard, {1990, [Lauritzen and Nilsson|, 2001],
but that usually do not deal with counterfactual concepts as do SCMs |Heckerman
and Shachter, 1994]. So for our analysis, we introduce a hybrid of SCMs and
influence diagrams called the structural causal influence model (SCIM, pronounced
“skim”). This model, originally proposed by Dawid| [2002], is essentially an SCM
where particular variables are designated as decisions and utilities. The decisions

lack structural functions, until one is selected by an agentE]

Definition 4 (Structural causal influence model). A structural causal influence

model (SCIM) is a tuple M =<{E,V,F,P,U,O) where:

o« (E,V F' P) is an unconfounded SCM, and F = F'\Fp consists of the
structural functions from that SCM, except those belonging to a set D < 'V,

called decision variables.

o The utility variables U are a subset of V\D, and have real domains, dom(U) <
R for all U € U. By convention, we require that utility variables have no

children in the associated DAG.

o The observation function O maps each decision variable D € D to a set of

observed variables O € V\U.

Those endogenous variables that are neither decisions nor utilities we call
structural variables, X = V\(D u U)

The observation function O indicates which variables are available as inputs
to any given decision variable, whereas the structural functions F' indicate the

direct causes of each non-decision ]| Taken together, these allow us to associate

2Dawid called this a “functional influence diagram”. We favour the term SCIM, because the
term “SCM?” is more prevalent than the corresponding term “functional model”.

3Whereas the endogenous nodes of an SCM are sometimes called the ‘visible’ nodes, the
structure nodes of a SCIM are commonly unobserved when a decision is made.
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any SCIM with an influence diagram — a DAG that illustrates these dependencies,

as well as the types of each variable.

Definition 5 (Causal influence diagram). The causal influence diagram (CID)
of a SCIM is a graph whose vertices are the decision D, structure X, and utility
nodes U, and whose edges go from observations O(D) to each decision D and from

variables that fV depends on, to each non-decision V.

We will focus exclusively on SCIMs whose CID is acyclic.

An example of a SCIM for the content recommendation example is shown in
fig. [3.2a] and the node types of the CID are highlighted in a standard style — the
decision nodes as rectangles, and the utilities as diamonds.

In single-decision SCIMs, the decision-making task is to maximize expected utility
by selecting a decision d € dom(D) for each possible assignment to the observations
0 € dom(O(D)), i.e. to select a decision rule m : dom(O(D) u {EP}) — dom(D).
The exogenous variable £P provides randomness to allow the decision rule to be a
stochastic function of the observations O(D)E] If there are multiple decisions, the
task is to select a policy w = {7TD }pep, i.e. one decision rule for each decision.
Specifying a policy turns a SCIM M into an SCM M, :=<(E,V,(F\Fp) u m, P).
In the resulting SCM, the standard definitions of causal interventions apply.

We use P, and E; to denote probabilities and expectations with respect to
M,.. For a set of variables X not in Desc”, P, (x) is independent of 7 and we
simply write P(x). An optimal policy for a SCIM is defined as any policy = that
maximises Er[U], where U := Y,y U. The potential response U,, is defined as
Uy = Y ey Usz- In most of the examples that we consider, there will only be one
decision, and so by slight abuse of notation, we will denote the policy = = {m} by 7.

Finally, let us clarify why a CID is called “causal”. For an ordinary influence

diagram, one can deduce that only the descendants of a decision are caused by

4Ideally, we might want the decision-maker to be able to implement any stochastic policy. This
could be done by having £P be a continuous random variable. However, this would introduce
measure theoretic complications that are not pertinent to the analysis in this paper, and so we
defer that construction to future work.
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it, because their values depend on the chosen policy [Heckerman and Shachter,
1994]. In a CID, however, imputing a policy recovers a structural causal model,
which represents a full description of causal relationships between variables. The
direction of causality then corresponds to the direction of arrows in the associated
DAG. Since these arrows are the same as those in the original CID, we may

also call the CID causal.

3.3 Materiality

A fundamental question that we may ask about the optimal policies is: which
observations do they need in order to make optimal decisions? If some observation
is discovered to be immaterial [Shachter], 2016], this would allow us to narrow the
search for optimal policies. Conversely, if an observation is material, this means

it will directly influence the decision under every optimal policy[|

Definition 6 (Materiality; Shachter| 2016). For any given SCIM M, let V*(M) =
max, E,[U] be the mazimum attainable utility in M, and let My 4,p be M-modified

by removing the information links from W to D. The observation W < PaP is

material if V*(Mwp) < V*(M).

Nodes may often be identified as immaterial based on the graphical structure
alone [Fagiuoli and Zaffalon) 1998| Lauritzen and Nilsson, 2001} Shachter| [2016].
According to the graphical criterion of Fagiuoli and Zaffalon| [1998], an observation
cannot provide useful information if it is d-separated from utility, conditional on

other observations. This condition is called non-requisiteness.

Definition 7 (Non-requisite observation; Lauritzen and Nilsson, 2001). Let UP :=
U n Desc” be the utility nodes downstream of D. An observation W € PaP in a

single-decision CID G is non-requisite if:

W LU | (Pa” u{D})\{W}). (3.1)

°In contrast to subsequent sections, the results in this section and the Vol section do not
require the influence diagrams to be causal.
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In this case, the edge W — D is also called non-requisite. Otherwise W and W — D

are requisite.
Variables that are non-requisite are immaterial.

Theorem 2 (Materiality criterion). A single decision CID G is compatible with

W e V' being material if and only if W is a requisite observation in G.

Materiality is a special case of response incentives, the proofs for which are
supplied in appendix . The soundness direction (i.e. the only if direction) is
well-known, and follows from d-separation |[Fagiuoli and Zaffalon, [1998|, Lauritzen
and Nilsson| 2001} Shachter, [2016]. In contrast, the completeness direction does
not follow from the completeness property of d-separation. The d-connectedness
of W to U implies that U may be conditionally dependent on W. It does not
imply, however, that the expectation of U or the utility attainable under an optimal
policy will change. Instead, our proof constructs a SCIM where some W € W
is material. This differs from a previous attempt by Nielsen and Jensen [1999)
that is reviewed in section 3.9

Let us now apply the graphical criterion to the grade prediction example in
fig. [3.3al Here, gender is a non-requisite observation. This means that gender is
conditionally independent of grade given the high school and predicted grade. So it
can provide no useful information for predicting the university grade, given what
else the predictor knows. On the other hand, high school is a requisite observation,
so it may be required to make an optimal prediction.

Materiality asks whether a variable that is observed is necessary for optimal
performance. We can generalise this to unobserved variables, by also asking whether
performance would be improved by observing an additional variable. This concept,

value of information, is treated in appendix [A.2]
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3.4 Response incentives

One way to understand materiality is that a material observation is one that
influences optimal decisions. So, a natural generalisation is the set of all (observed
and latent) variables that influence the decision. We say that these variables

have a response incentive[

Definition 8 (Response incentive). Let M be a single-decision SCIM. A policy
7 responds to variables W < X if there exists some set g of soft interventions,
one gV for each W € W, and some setting € = €, such that D,w(g) # D(e). The

variables W have a response incentive if all optimal policies respond to W'

For a response incentive on W to be possible, there must be: i) a directed path
W --» D for some W € W, and ii) an incentive for D to use information from
that path. For example, in fig. [3.3a], gender has a directed path to the decision
but it does not provide any information about the likely grade, so there is no
response incentive. The graphical criterion for RI builds on a modified graph with

non-requisite information links removed.

Definition 9 (Minimal reduction; Lauritzen and Nilsson, 2001). The minimal
reduction G™" of a single-decision CID G is the result of removing from G all

information links from non-requisite observations.

The presence (or absence) of a path W --» D in the minimal reduction tells

us whether a response incentive can occur.

Theorem 3 (Response incentive criterion). A single-decision CID G admits a

response incentive on W < X if and only if the minimal reduction G™" has a

directed path W --+ D for some W € W

6The term responsiveness [Heckerman and Shachter, 1995, Shachter, 2016] has a related but
not identical meaning — it refers to whether a decision D affects a variable W rather than whether
W affects D.
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Proof. The if (completeness) direction is proved in lemma [23|in appendix .
For the soundness direction, assume that for G, the minimal reduction G™* contains
no directed path W --» D for any W e W. Let M =(E,V ,F, P, U,O) be any
SCIM compatible with G. Let MM = (Gmin £ F P)be M, but with the minimal
reduction G™*. By lemma [20|in appendix there exists a ™ -respecting policy
7 that is optimal in M. In MP™ W is causally irrelevant for D, so D(e) = D w ().
Furthermore, Mz and MZ2™ are the same SCM, with the functions F u {7}. So
D(e) = Dyw(e) also in M5, which means that there is an optimal policy in M

that does not respond to interventions on W for any e. O

The intuition behind the proof is that an optimal decision only responds to effects
that propagate to one of its requisite observations. For the completeness direction,
we show in appendix that if W --» D is present in the minimal reduction
gmin then we can select a SCIM M compatible with G such that D receives useful
information along that path, that any optimal policy must respond to.

In a setting where an agent has an option to shut down, safe behaviour requires
a condition called obedience, which requires the system to respond to any shutdown
instruction that is given [Carey and Everitt, 2023|. For algorithms designed for
human assistance, incentivising responsiveness in this way has been an important
desideratum |Hadfield-Menell et al., [2017].

In a fairness setting, on the other hand, a response incentive may be a cause

for concern, as illustrated next.

Incentivised unfairness Response incentives are closely related to counterfactual
fairness [Kusner et al., 2017b| |Kilbertus et al., |2017]. A prediction — or more
generally a decision — is considered counterfactually unfair if a change to a sensitive

attribute like race or gender would change the decision.

Definition 10 (Counterfactual fairness; Kusner et al., 2017b)). A policy 7 is

counterfactually fair with respect to a sensitive attribute A if

P, (Dy =d|pa”,a) =P, (D =d|pa”,a)
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Figure 3.3: In (a), the admissible incentives of the grade prediction example from
fig. are shown, including a response incentive on race. In (b), the predictor no-longer
has access to the students’ high school, and hence there can no-longer be any response
incentive on race.

for every decision d € dom(D), every context pa” € dom(Pa”), and every pair of

attributes a,a’ € dom(A) with P(pa”, a) > 0.

A response incentive on a sensitive attribute indicates that counterfactual unfair-

ness is incentivised, as it implies that all optimal policies are counterfactually unfair:

Theorem 4 (Counterfactual fairness and response incentives). In a single-decision
SCIM M with a sensitive attribute A € X, all optimal policies ™™ are counterfactu-

ally unfair with respect to A if and only if {A} has a response incentive.

The proof is given in appendix [A.5.5]

A response incentive on a sensitive attribute means that counterfactual unfairness
is not just possible, but incentivised. As a result, the graphical criterion for a
response incentive is more restrictive than the graphical criterion for counterfactual
unfairness being possible. The latter requires only that a sensitive attribute be an
ancestor of the decision [Kusner et al.; 2017b, Lemma 1]. For example, in the grade
prediction example of fig. [3.3a) it is possible for a predictor to be counterfactually
unfair with respect to either gender or race, because both are ancestors of the decision.
The response incentive criterion can tell us whether counterfactual unfairness may
actually be incentivised. In this example, the minimal reduction includes the

edge from high school to predicted grade and hence the directed path from race to
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predicted grade. However, it excludes the edge from gender to predicted grade. This
means that the agent is incentivised to be counterfactually unfair with respect
to race but not to gender.

Based on this, how should the system be redesigned? According to the response
incentive criterion, the most important change is to remove the path from race
to predicted grade in the minimal reduction. This can be done by removing the
agent’s access to high school. This change is implemented in fig. [3.3b] where there
is no response incentive on either sensitive variable.

The incentive approach is not restricted to counterfactual fairness. For any
fairness definition, one could assess whether that kind of unfairness is incentivised by
checking whether it is present under all optimal policies. For example, Ashurst et al.
[2022] considers whether unfairness is introduced — in that the prediction has greater

demographic disparity than the true label — and establishes when this is incentivised.

3.5 Instrumental control incentives

Let us return to the second running example, shown in fig. [3.1b] where developers
seek to anticipate harmful consequences of deploying a content recommender system.
A key concern they will have is that the system is incentivised to manipulate users’
preferences. In general, to describe whether an agent has to strategically influence
some variable, we will define a notion of an instrumental control incentive. (This
will also correspond to the notion of ‘convergent instrumental goals” described in the
introduction.) Note that this differs from the notion of value of control [Shachter,
1986], which only considers the agent’s need to influence a variable, and not its
ability. Value of control and its graphical criterion are analysed in appendix [A.3]

To formalise this question, we can consider whether an agent’s influence on a
variable W affects the policy’s performance. The effect of an alternative decision d
on the variable W can be written on Wj;. And the effect of an alternative value w on
the outcome U can be written as U,,. Putting these together, the effect of setting

W to the value obtained under d is denoted by the nested counterfactual Uy, as
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defined in section [3.2.1] If the performance of optimal policies is sensitive to such

an intervention, then we will say there there is an instrumental control incentive.

Definition 11 (Instrumental control incentive). In a single-decision SCIM M,
there is an instrumental control incentive on nodes W in decision context paP® if,

for all optimal policies 7,
B [Uw, | pa”] # Eq«[U | pa®]. (3.2)

ICIs only consider the influence of W that is instrumental to achieving utility —
in the terminology of Pearl [2001], a natural indirect effect from D to U via W in
M+, for all optimal policies 7*. ICIs do not consider side-effects shared by optimal
policies: for instance, it may be that all optimal policies affect W in a particular way,

even if W is a not an ancestor of any utility node, and in such cases, no ICI is present.

Theorem 5 (Instrumental Control Incentive Criterion). A single-decision CID G
admits an instrumental control incentive on W < V' if and only if G has a directed

path from the decision D to a utility node U € U that passes through some W € W .

Proof. We first prove soundness, then completeness.
Soundness (the only if direction). We will first prove that the nested counter-

factual has no effect:
U(e) = Uw,(€) (*)

and then prove that given this, there is no instrumental control incentive.

Let M be any SCIM compatible with G and 7 any policy for M. Let W' =
W N Desc”. By lemma Uw,(e) = Uw; () for all e. The variables W’ must
be non-descendants of U by assumption, so lemma |15 implies that Uy, (e) = U (€)
for all . So (*) holds.

From (*), we have E.[U | pa®”] = E.[Uw, | pa”], so W has no ICI.

Completeness (the if direction). Assume that G contains a directed path
D=27°>7'— ... 5 7" =U where U € U and Z' € W for one or more
i€{0,...,n}. Let j be the highest integer where Z7 € W, and note that W are
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Figure 3.4: In (a), the content recommendation example from fig. is shown to
admit an instrumental control incentive on user opinion. This is avoided in (b) with a
change to the objective.

assumed to be non-decisions, so we have 7 > 0. We construct a compatible SCIM
for which there is an instrumental control incentive on W, as well as additive and
subtractive intent. Let all variables along the path Z° — ... — Z" be equal to their
predecessor, except Z° = D, which has no structural function. All other variables
are set to 0. In this model, U = D € {0, 1} and all other utility variables are always
0, so the only optimal policy is 7*(pa”) = 1, which gives E.«[i/ | Pa” = 0] = 1.
Meanwhile, Zﬁzo = 0, and under the intervention Z7 = 0 this value is copied along

to U, so Uy, = 0, and hence E «[Uw,_, | Pa” = 0] = 0, so there is an ICL O

The logic behind the soundness proof above is that if there is no path from
D to some W € W to U, then D cannot have any effect on U via W. For the
completeness direction, we show how to construct a SCIM so that Uy, differs from
the non-intervened U for any diagram with a path D --+ W --» U for any W € W.

Let us apply this criterion to the content recommendation example in fig.
The only nodes W € W in this graph that lie on a path D --» W --» U for any
U € U are clicks and influenced user opinions. Since influenced user opinions has
an instrumental control incentive, the agent may seek to influence that variable
in order to attain utility. For example, it may be easier to predict what content
a more emotional user will click on and therefore, a recommender may achieve a

higher click rate by introducing posts that induce strong emotions.
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How could we instead design the agent to maximise clicks without manipulating
the user’s opinions (i.e. without an instrumental control incentive on influenced user
opinions)? As shown in fig. , we could redesign the system so that instead of
being rewarded for the true click rate, it is rewarded for the clicks that the user would
give if they viewed some inert content that did not change their preferences. An agent
trained to maximise this objective would view any modification of user opinions as
irrelevant for improving its performance; however, it would still have an instrumental
control incentive for hypothetical clicks, so it would still deliver desired content.

It is worth remarking on a possible challenge with identifiability, and how to
address it. Hypothetical clicks is a counterfactual variable, impossible to observe in
reality (as in reality, users’ behaviour is determined by their actual preferences).
More formally, it is defined using the third (i.e. counterfactual) rung of Pearl’s causal
hierarchy, and it relies on the ability to compute U across different counterfactual
worlds simultaneously, something that cannot be done by experiment without further
assumptions |Avin et al., [2005]. Fortunately, |Carroll et al. [2022] demonstrate one
set of natural assumptions under which the hypothetical clicks can be inferred from
observed interactions with a user, essentially by inferring the (latent) user opinion
variable from gradual shifts in user behaviour over longer sequences of interaction.

This example is an instance of a very wide class of safety worries, where
some delicate variable has an ICI [Farquhar et al., 2022]. (Omohundro [2008] has
hypothesised that an advanced AI system would have a convergent instrumental
goal on surviving, or on attaining compute, which we may view as undesired ICIs.
Armstrong and O’Rourke| [2017b] has raised the concern that Al systems might seek
to make self-fulfilling predictions, whereas we would not want them to manipulate
the world. Additionally, Krueger et al. [2020] have demonstrated that Al systems
sometimes seek to induce shifts in the distribution of their testing data. In each case,
their proposed solution, as in our example, is to impute a fixed value to the delicate
variable. Such a solution has been termed a path-specific objective, because it requires

the agent to optimise an objective, ignoring the effects of its decisions along some
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channels [Farquhar et all 2022]. Intuitively, the agent is tasked with “imagining
that it cannot influence” this delicate variable when choosing a decision. For this
to work, the variable must be robust to unintentional influence, and when this will

or will not be the case remains an open question for all of the examples discussed.

3.6 Intent

Returning to the example from fig. [3.4] we may want to ask a related question:
assuming that the agent took a particular action which had a particular influence
on the user, what was the reason that the agent took the action? Did it intend
to influence the user in this way? This is relevant for assigning blame and moral
responsibility, among other things [Halpern and Kleiman-Weiner| [2018].

Halpern and Kleiman-Weiner| [2018] and Ward et al. [2024] operationalise ‘intent’
by asking whether the agent would pick a different policy if it ‘knew’ that the effect
on some variables W (e.g. user opinions) was guaranteed. Specifically, does there
exist any suboptimal policy 7’ that would surpass the performance of the agent’s
actual policy 7* if the outcome of W was independent of its actions and fixed to
W,«7 This is necessary for the agent’s influence on W to be the actual cause of a
policy’s optimality [Ward et al., 2024].[] If W is a minimal set that satisfies this
requirement, then the influence on that variable is said to be intentional.

There also exists an inverse question that has not been studied so far: would the
optimal policy perform as badly as a suboptimal policy 7’ if it only lost its control
of W (i.e. if W were fixed to W,/)? Whereas the past definitions of intent pertain
to “adding” control, this new question pertains to “subtracting” control, and allows

us to define a new notion of intent. The two ideas are unified in the definition below.

Definition 12 (Intent). Let M be a single-decision SCIM that represents an agent’s

beliefs. There is additive intent to influence nodes W by choosing w* over w' if

"See [Ward et al., 2024, Theorem 6], which shows that intent to cause an outcome is equivalent
to the decision being an actual cause of the outcome.
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E™[U] < E™[U], and W is a subset W < Z of variables Z, that is subset-minimal
such that:
E™ Uz ] = E™[U]. (3.3)

There is subtractive intent if E™ [U] < E™ [U] and Z is subset-minimal such that:
B Uy, | < B U] (3.4

For a set II', we say that there is an (additive/subtractive) intent to influence W

by choosing 7 over II' if this intent is present over every =’ in IT'.

The notion of intent previously proposed in |Halpern and Kleiman-Weiner| [201§]
and Ward et al| [2024] is equivalent to additive intent (appendix [A.4)). There
is one difference in presentation: since intent is about a policy newly reaching
the level of another policy, this requires that their performances differ in the
first place, so we have made explicit the E™[U] < E™ [U] condition that was
implicit in the original definition.

Of these two notions, it is subtractive intent that comes closer to ICI, because
it starts with the optimal policy 7*, as does intent, and considers an intervention
to W using an alternative policy w’. Algebraically, the only difference is that
the ICI indicates that this perturbation decreases performance a nonzero amount,
while subtractive intent requires the perturbation to worsen performance beyond
the threshold E™ [U/]. (Whereas additive intent starts from a suboptimal policy r,
and is algebraically less similar.) Both kinds of intent differ from ICI in that they
evaluate an SCIM M, that corresponds to the agent’s beliefs, rather than reality.
Despite these differences, both kinds of intent have the same graphical criterion as
an ICI. We can therefore generalise the graphical criterion from Ward et al.| [2024]

to accommodate both additive and subtractive intent.

Theorem 6 (Intent Criterion). A single-decision CID G admits (additive/subtractive)
intent on W < V' if and only if G has a directed path D --» W --» U for some
WeW andU e U.
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Proof. We will first prove soundness, and then completeness.

Soundness (the only if direction). As there is no path D --» W --» U for
any W e W U € U, equation (*) holds, by the same argument as in the proof of
theorem [5 (i.e. the nested counterfactual has no effect). We will then prove that
there is: (a) no additive intent, and (b) no subtractive intent.

Proof of (a). Let us assume (*) and that additive intent is present, and we will

prove a contradiction:

E™ [Uw,.] = E"[U] (by(+))
< E™[U] (def. of intent
< Eﬂ-/ [uW,r*]v "

giving a contradiction. So it follows from (1) that there is no additive intent.
Proof of (b). Let us assume (*) and that subtractive intent is present and we

will prove a contradiction:

E™ [Uw_,] = E™[U] (by(+))
> E™ [U] (def. of intent)
>E™ [Uw_, ] ((3-4))

giving a contradiction. So there is no subtractive intent.

Completeness (the ¢f direction). Consider the graph constructed in the proof of
completeness for ICI (theorem . Letting 7" be the policy that chooses D = 0, the
same argument implies that 0 = E™[U/] < E™ [U] = 1 and 0 = E™ Uy, | < E™ [U],
which means that there is an additive intent to influence W. If we instead treat
7r* as the baseline policy and intervene 7/, then by similar reasoning we have that
0=E"[U] <E™[U] =1and 0 = E™ [l ] < E™ [U] = 1, so there is subtractive

intent. O

Similarly to the ICI criterion, the intent criterion allows the agent to intend

to influence clicks and influenced user opinions, whereas if the path-specific
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effect objective is used, then the agent can no longer intend to influence the

user’s preferences.

3.7 Impact incentives

Even if an algorithm does not intentionally manipulate a sensitive variable, it may
harmfully influence it unintentionally (i.e. as a side-effect). For instance, even when
a recommender system does not intent to manipulate human preferences, it may
still do so [Jiang et al. 2019]. This could be true if the persuasive videos are ones
that the user prefers to click on even before any preference changed has occurred.

To describe this kind of problem, we need a concept that checks whether
the agent is impacting a variable relative to some baseline. Formally, we can
look at the assignments that this variable takes under the optimal policies, and
evaluate their distance from the values that it assumes under some baseline policy,

given a suitable distance metric.

Definition 13 (Impact Incentive (I1)). Let W < V\Desc” be nodes in a single-
decision SCIM M. There is an incentive to impact W with distance function 0
and threshold ¢ > 0, relative to baseline policy w', if every optimal policy 7 has
E[6(W™(e), W™ (e)] > ¢ for some assignment €.

A CID G admits an impact incentive if there exists a model M, a distance

function &, a ¢ =0 and a policy 7' such that there is an impact incentive.

One way to think about this is that instead of asking whether the agent’s
influence on W is the reason that optimality is achieved (intent), we are asking:
does the constraint of optimality cause W to have a different distribution?

The graphical criterion is as follows.

Theorem 7 (Impact Incentive Criterion). A single-decision CID G admits an
impact incentive on W < X if and only if some W € W and utility U € U are
both descendants in G of D.
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Proof. Soundness (the only if direction). If W n Desc(D) = J, then by sigma
calculus rule 3 [Correa and Bareinboim| 2020], W™(e) is invariant to 7, and
W=(e) = W™ (g), for all €. Since § is a distance function, it maps matching
arguments to 0, so for any ¢ > 0, there is no impact incentive. If U ¢ Desc(D), then
similarly, U is invariant to 7, so every policy is optimal, and for any chosen
baseline policy w’, there exists optimal w = 7', so as in the previous case,
S(W™(e), W™ (e)) = 0 for all &, and there is no impact incentive.

Completeness (the if direction). By assumption, let G be an arbitrary graph
that contains the paths X «-- D and --+ U for some W € W. Then, define the
model M where D € {0, 1} and the value of D is copied along the paths to W and
U, and all other variables are assigned a trivial domain. To see that this yields in
an impact incentive, note that to achieve E[U] = 1, any optimal policy 7 must have
W(e) = 1 for every € with P(g) > 0, whereas the baseline policy 7’ that always
chooses D = 0 has W(e) = 0 for all e. Since J is a distance measure, it follows
that §(W™(e), W™ (€)) > 0, and so there exists some ¢ for which there is an impact

incentive. O

In past work, it has been proposed to add a penalty term to the objective of
an Al system to reduce the impact on some variable W, called an impact measure
[Armstrong and Levinstein, 2017, [Krakovna et al., 2018]. Such proposals can be
understood as constraining the size of the impact incentive in the following sense.
Consider an objective like U + Ad(w, w’) that encourages the Al system to keep
W close to some baseline value w’, according to some distance function §. This
objective will produce the smallest possible impact incentive, in terms of ¢, for a
given level of expected E[U]. Graphically, an impact measure can be illustrated as
in figure fig. [3.5] In this twin graph, counterfactual opinions represents the baseline
state from which distance is measured. Then, impact measure is computed as a
function of W™ and W7. Adding impact measure as a new child of influenced
user opinions makes the Al care about this delicate variable. Interestingly, this

means that if a variable is impacted by a policy and then an impact measure is
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applied, there will be an ICI on that delicate variable — the agent will try to
control it, to keep it close to its baseline value.

Similar identifiability issues

arise as in the case of path- | > .
\posts, | opinions

specific objectives discussed in
section we are required to USEr opions
know the user’s preferences in Posts
to show

Influenced
user opinions

Figure 3.5: A twin graph depicting an impact
the case of impact measures, it measure.

some counterfactual world. In

is possible to avoid this problem

by considering the KL divergence between P™(W) and P™ (W), rather than the
distance between W™ (g) and W™ (¢). The interventional distributions P*(W) can
be measured by experiment, which thereby avoids the counterfactual identifiability
problem.

We will now compare and contrast the use cases of path-specific objectives versus
impact measures. If one is concerned with an agent intentionally manipulating a
variable W, then the agent’s intent is the problem. For example, we may worry
about a content recommender intentionally altering users preferences. In this case,
the intent (and ICI) may be removed with a path-specific objective [Farquhar et al.|
2022|, as shown in fig. This will allow the variable W to drift from its original
value, as a side-effect of Al action, or for other reasons altogether. For example, users
may still discover new interests that change their preferences, and we may regard
this as desirable, so long as it is not a result of manipulation by the Al. In other
cases, we may have in mind a clear specification for how W should behave, and want
to prevent any drift, intentional or otherwise, from this baseline value. For example,
we may worry that users are led to political extremism, not because of the content
recommender, but rather because of politically-motivated content creators, and we
want our content recommender to actively defend against this by suppressing such

content. In this case, an impact measure [Krakovna et al., [2018] is more appropriate,
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and will limit impact incentive on users preferencesﬁ It is important to note that
the presence of instrumental control assumptions can be sensitive to the modelling
assumptions used to analyse an agent. For example, consider an RL agent that uses
Q-learning to solve a environment with two timesteps.ﬂ It is natural to model this
Q-learner as a single agent as in fig. [3.6a, where D is chosen to optimise the reward
R. Then, the future state s’ satisfies the instrumental control incentive criterion.
This matches our intuition — that RL systems may benefit from shaping their
future environment. Suppose instead that we regard as an agent the function inside
the Q-learner that chooses d to maximise the Q-function q(s,d) := E[R | s,d]. In
this model, shown in fig. [3.6b]°] Then, the decision’s effect on s’ is a mere side-effect
to the task of maximising ¢(s,d). Although the instrumental control incentive is
absent, the physical reality of this second scenario is identical to the first, and so
there any harmful influence on s’ may still be finely-tuned to the agent’s objective.

Ideally, we would reduce this sensitivity to modelling assumptions, and we might
hope to achieve this by using more fundamental modelling assumptions, such as
the independent causal mechanism assumption, to ascertain which variables should
be viewed as decisions [Kenton et al. [2023] Sec. 4.3]. But such approaches still are
sensitive to which variables are regarded as causal mechanisms or physical variables,

and further research is needed to understand this dependence.

80ne other possible remedy would be “quantilisation” |Taylor, 2016b|, which seeks a policy with
that is similar a trusted baseline, in terms of a guaranteed upper bound on the Kullback-Leibler
divergence. We may wish to say that quantilisers upper-bound the impact incentives, on the
variable W = D, where ¢ is the Kullback-Leibler divergence. However, Kullback-Leibler divergence
is a function of the distribution, P™ (&) rather than particular assignments W= (e), W™ (). Perhaps
this connection could be spelled out by defining impact incentives in a causal influence diagram
(i-e. rung-2) setting, but this matter is left to future work.

9Thanks to Paul Christiano for this example.

107t would also be possible to consider a multi-agent influence diagram [Hammond et al., 2023
where the @ function is included as a decision, and its goal is a loss function ¢ = |r — 7|, but the
set of variables that satisfy the graphical criterion for an ICI would not be altered by including
this @ variable, along with a utility variable ¢ that is a child of @ and R.
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(a) A one-step decision problem  (b) The task of maximising a Q-function

Figure 3.6: Two possible representations of a Q-learner solving a one-step decision
problem.

3.8 Incentives in a multi-decision detting

There are multiple possible ways that incentive concepts like RI, ICI and II may be
generalised to multi-decision settings. This is because the presence of an incentive
at some decision D may depend on the policy followed at other decisions. If we want
to know the incentives when a model is fully trained, we could see whether some
incentive concept ¢ is satisfied for some or all of the optimal policies. Alternatively,
we may be interested in sub-optimal policies as well. Both cases are included

in the following definition[]

Definition 14 (Multi-decision ¢-incentive). Let ¢ be a proposition defined on a
single-decision SCIM, and let M be a multi-decision SCIM. There is an A- (resp. E-)
optimal ¢ at the decision D' if for all (resp. there exists some) 7 € arg max,, E™ [U],
such that ¢ holds in M-, the single-decision SCIM obtained by substituting in the
decision rules w=¢ for decisions other than D' into M.

There is an A- (resp. E-) pre-optimal ¢ at D if for all (resp. there exists some)
m € I1, such that ¢ holds in M —i, where II is the set of all policies.

We focus exclusively on cases where ¢ is the presence of a RI, II, or ICI,

in a single-decision SCIM.

HThose familiar with temporal logic in games may notice that this is analogous to the notion of
E-NASH and A-NASH propositions — ones that hold in one or all Nash Equilibria, respectively
[Chatterjee et al.| [2010, [Wooldridge et al.|, [2016].
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For example, consider the task of opening a combina- D]
tion lock (fig. [3.7). Assume that the correct combination @\
is ¢ = (9,9). There are two decisions, d,d’ € {0,...,9}, @

which are stored in the states s = d and s’ = d’, and that Figure 3.7: The task of
are checked against the combination to output utility openinga combination lock
of 1 or 0, ie u = 0(c[l] = sAc[2] =5). If Dis
chosen optimally, i.e. d = 9, then S’ has an instrumental
control incentive for D’, because it must be set to 9 in order to obtain © = 1. In
other words, an A-optimal instrumental control incentive is present. If instead
D is set to 8, then D’ lacks any such incentive. So there is no A-pre-optimal
instrumental control incentive.

The fact that the instrumental control incentive is present for all optimal policies
implies that it is also present for one optimal policy, i.e. that an E-optimal incentive
incentive is present, and for one policy altogether, i.e. that an E-pre-optimal incentive

is also present. This is a general rule: the four types of multi-decision incentive

always have this inclusion relation.

Proposition 1. For any ¢, A-pre-optimal incentive =—> A-optimal incentive —>

E-optimal incentive = E-pre-optimal incentive.

Proof. These implications, from left to right, hold because: i) Optimal policies are
a subset of all policies, ii) any optimal policy is in the set of optimal policies, and

iii) any optimal policy is a policy. ]

In establishing graphical criteria for these incentive concepts, we can draw on a
helpful equivalence. An E-pre-optimal incentive on D! is equivalent to compatibility
with a single-decision incentive on D?, treating other decisions as chance variables.
To see this, notice that in either case, one can impute any function to variables
other than D?. Since an E-pre-optimal incentive is the weakest of the four kinds
of multi-decision incentive, the single-decision graphical criteria can be used to

rule out any form of multi-decision incentive.
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Proposition 2. Let M be a multi-decision SCIM, and obtain M’ by replacing
all decisions except for D' with chance nodes. If the graphical criterion for single-
decision (RI1/ICL/II) does not hold in M’, then there is no A- or E-optimal or
pre-optimal multi-decision (R1/ICL/II) in M.

Proof. Immediate from proposition [1| and the fact that choosing a set of functions

and distributions {7, P7} for D~ such that My ps}.,, satisfies ¢ is equivalent to

Vi
choosing a set of deterministic decision rules and distributions {77, P’} for D~* such

that Mz psy,, satisfies ¢. H

3.9 Related work

Causal influence diagrams The use of structural functions in a causal influence
diagram goes back to at least the functional influence diagram of Dawid| [2002].
The most similar alternative model is the Howard canonical form influence diagram
[Howard), 1990, [Heckerman and Shachter, [1995]. However, this only permits
counterfactual reasoning downstream of decisions, which is inadequate for defining
the response incentive. Similarly, the causality property for influence diagrams
introduced by Heckerman and Shachter| [1994] and Shachter and Heckerman| [2010]
only constrains the relationships to being partially causal, in that decisions are
taken to be causally antecedent to their descendants (though adding new decision
node parents to all nodes makes the diagram fully causal). Appendix shows
by example why the stronger causality property is necessary for most of the
newly proposed incentive concepts. Building on this paper, multi-agent SCIMs are
formalised in [Hammond et al. [2023], and an open-source Python implementation

of CIDs has been developed [Fox et al. 2021].

Materiality and value of information The criterion for materiality, Theo-
rem [12], builds on previous work. The concept of value of information was first
introduced by [Howard| [1966b]. The materiality soundness proof follows previous

proofs [Shachter], 1998, |Lauritzen and Nilsson), 2001], while the completeness proof
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is most similar to an attempted proof by Nielsen and Jensen| [1999]. They propose
the criterion W 4 UP | Pap for requisite nodes, which differs from in the
conditioned set. Taken literally['| their criterion is unsound for requisite nodes. For
example, in fig. high school is d-separated from accuracy given PaP®, so their
criterion would fail to detect that high school is requisite and admits VoI[5]

To have positive VoC, it is known that a node must be an ancestor of a
utility node [Shachter] 1986], but the authors know of no more specific criterion.
The concept of a relevant node introduced by Nielsen and Jensen| [1999] also
bears some resemblance to VoC.

The relation of the current technical results to prior work is summarised in ta-

ble B.1l

Instrumental control incentives and intent In a causal setting, Kleiman-
Weiner et al|[2015] offered a notion of intention to influence a variable O. A
different kind of approach was taken by Halpern and Kleiman-Weiner| [2018] and
Ward et al.| [2024], which offered definitions of intent that are specific to outcomes
O = o. In particular, Ward et al.|[2024] was the first to prove a graphical criterion
for any version of intent. We extend this work by defining a positive version of
intent, rather than just considering negative intent, and by proving a graphical

criterion for this new concept.

12Def. 3| defines d-separation for potentially overlapping sets.

3Furthermore, to prove that nodes meeting the d-connectedness property are requisite, [Nielsen
and Jensen| claim that “X is [requisite] for D if P(dom(U) | D,Pa®) is a function of X and U
is a utility function relevant for D”. However, U being a function of X only proves that U is
conditionally dependent on X, not that it changes the expected utility, or is requisite or material.
Additional argumentation is needed to show that conditioning on X can actually change the
expected utility; our proof provides such an argument. Since an earlier version of this paper was
placed online [Everitt et all, [2019b], this completeness result was independently discovered by
Zhang et al|[2020, Thm. 2] and [Lee and Bareinboim| [2020, Thm. 1]. There has also been further
work in generalising this result to the case of multi-decision influence diagrams, in [van Merwijk
et al.| [2022], where a sound and complete criterion is known for a class of influence diagrams said
to satisfy “solubility”, also known as “sufficient recall”.
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Definition Criterion Soundness Completeness

Fagiuoli and Fagiuoli and

Zaffalon| [1998]; [Zaffalon| [1998]; First correct

Howard

Mater- [L966b]; Lauritzen and | [Lauritzen and proof to our
- Matheson - . knowledge; see
iality [1990) Nilsson| [2001];  Nilsson/ [2001]; section
Shachter [2016] Shachter| [2016] ERY
New; proved
using New; proved
Rl New New do-calculus and constructively
d-sep
New; proved .
ICI New New using New; proYed
constructively
do-calculus
(Halpern and
(Bt Kleiman- (Ward et al. (Ward et al. (Ward et al.
— Weiner [2024]/ new) [2024] / new) [2024]/ new)
HEBALVE)  B018] /new)
intent

New; proved
IT New New using
do-calculus

New; proved
constructively

Table 3.1: Comparison with previous work, in a single-decision setting. The concept
of materiality is well-known. For Vol, a new, corrected proof is provided. For VoC, the
present work offers a new criterion, proving it sound and complete. For response incentive
(RI) and instrumental control incentive (ICI), the criterion and all proofs are new.

AT fairness Another application of this work is to evaluate when an Al system is
incentivised to behave unfairly, on some definition of fairness. Response incentives
address this question for counterfactual fairness |[Kusner et al.; 2017b| Kilbertus
et al., 2017]. An incentive criterion corresponding to path-specific effects |[Zhang
et al., [2017, [Nabi and Shpitser] |2018| has been established by Ashurst et al.[ [2022],
for the single-decision setting. |[Nabi et al.| [2019] have shown how a policy may be
chosen subject to path-specific effect constraints. However, they assume recall of

all past events, whereas the response incentive criterion applies to any CID.

Mechanism design The aim of mechanism design is to understand how objectives
and environments can be designed, in order to shape the behavior of rational agents

(e.g. Nisan et al.. 2007, Part II). At this high level, mechanism design is closely
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related to the incentive design results we have developed in this paper. In practice,
however, the strands of research look rather different. Whereas mechanism design
is primarily concerned with defining objective functions and action spaces that
ensure desirable Nash equilibria, our core interest is on defining specifications
for safe and fair agent behaviour, and on the causal structures that ensure that

these specifications are satisfied.

3.10 Discussion and conclusion

We have defined three new concepts: response incentives, instrumental control
incentives and impact incentives, and have spelled out the connection between ICIs
and an existing concept, intent. We have proved complete graphical criteria for all
four concepts in a single-decision setting. Moreover, we have introduced a notion of
incentives for influence diagrams with multiple decisions, and proved that the criteria
are also sound for those cases. In all cases we have shown how these definitions
have implications for other concepts of broader interest, such as instrumental goals,
counterfactual fairness, and impact measures. We have also shown via toy examples
how different existing approaches might be appropriate to addressing different kinds
of problems, and have outlined circumstances in which each kind of approach is
favoured. These incentive concepts have already seen applications to areas including
value learning |Armstrong et al., [2020], interruptibility |[Langlois and Everitt, 2021],
conservatism [Cohen et al.; 2020], modelling agent frameworks [Everitt et al., 2019a]
and reward tampering [Everitt et al. 2021b].

Let us now outline some limitations of this paper, and what they might mean
for future work. First, note that to apply these criteria, we require knowledge of the
(causal) structure of the interaction between agent and environment. Sometimes,
experts know these causal relationships even when they do not know the exact
parametric relationships between variables — an ideal use case for these criteria.
In the context of incentive design, such a scenario may often arise, since these

causal relationships often follow directly from the design choices for an agent and
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its objective. Sometimes, however, we may have too little knowledge of the causal
structure to be able to apply the criteria. In other cases, we may have, in a sense, too
much knowledge for the graphical criteria to be useful. With abundant experimental
data, we might compute safety and fairness properties (such as counterfactual
fairness) directly, removing any need for the incentive concepts and graphical
criteria. A fourth scenario is that the world is not even describable by a fixed
graphical model, but rather it is better understood using a probability tree, or
relatedly, as an extensive form game. These limitations suggest possible avenues
for future work. To enlarge the set of cases in which incentives can be evaluated,
it may be possible to devise ways of combining experimental data with a priori
knowledge to arrive at an evaluation. To deal with extensive form games, it may be
possible to devise graphical criteria for probability tree and game trees.

Another limitation of graphical criteria is that they can only offer a definitive
resolution in one direction. Also, although they can rule out incentives definitively,
they can only rule that the presence of an incentive is compatible with the graphical
structure. It is still yet to be established how often incentives are present when
they are compatible with the graph. This might be proved using measure theoretic
arguments resembling the arguments that d-connection almost always implies
conditional dependence [Meek| [1995]. Relatedly, their output says nothing of
the strength of incentive present, which can only be established using detailed
knowledge of the strength of causal relationships present in the environment, rather
than just their presence or absence.

Finally, it would be possible to improve the applicability of these graphical
criteria by extending them to multi-agent settings. So far, we have considered
single-agent settings, where the world is divided into agent and environment. If
instead part of the environment was modelled as a rival agent, and we assume Nash
Equilibrium policy profiles, then this would place additional constraints on how that
part of the environment may behave. So, in some cases where single-agent criteria

cannot rule out an incentive, a multi-agent criterion should be able to rule out
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that incentive. On the other hand, if it is known that another player will observe
and respond strategically to one’s policy, then this could mean that policies could
influence one another via pathways that are not visible in the original causal graph,
which could mean that multi-agent incentives might arise, when the criteria for a
single-agent setting would have ruled them impossible. Some groundwork has been
in [Hammond et al., 2023|, which formalises multi-agent influence diagrams, but

a full analysis of the multi-agent setting is left to future work.
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How can humans stay in control of advanced artificial intelligence systems? One
proposal is corrigibility, which requires the agent to follow the instructions of

a human overseer, without inappropriately influencing them. In this paper, we
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formally define a variant of corrigibility called shutdown instructability, and show
that it implies appropriate shutdown behaviour, retention of human autonomy, and
avoidance of user harm. We also analyse the related concepts of non-obstruction
and shutdown alignment, three previously proposed algorithms for human control,

and one new algorithm.

4.1 Introduction

Sometimes, it is necessary for a human overseer to deliver corrective instruction
to an Al system, due to errors in its beliefs, objective, or behaviour. Unfortunately,
some Al systems may have an incentive to retain their objectives, along with the
ability to pursue them, as a system’s (long-term) objective is typically more likely
to be achieved if the system continues to pursue it in the future [Omohundro,
2008, [Turner et al., 2021]. More-capable future Al systems may therefore resist
corrective instruction, which would be a significant safety concern. This raises
the question of how to best incentivise systems to submit to correction, rather
than resisting it [Soares et al., 2015].

As a running example, consider a (future, highly competent) chat bot, trained
to maximise the time that a human spends interacting with it. Any particular
human may value or disvalue conversation with that chatbot, as can be modelled
via their latent values L. In general, it may be possible for the chat bot to influence
whether it receives a shut down instruction (by shaping the conversation), and
whether it actually shuts down S = 0 when requested (rather than opening a new
chat window to continue the conversation). A formal model of this example is
offered in fig. {.1] In order for the user to be in control of the system, the agent
must: (1) not inappropriately influence the human’s decision to disengage, and
(2) fully follow the human’s instructions.

The design of corrigible systems [Soares et al., 2015 that welcome corrective
instruction has been flagged as an important goal for Al safety research, having been

targeted by multiple research agendas |[Russell et all 2015, Soares and Fallenstein),
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atent values) L ~ Bern(3)

H(uman
anlpulate
request)

H=M&®L S=0

U=S©2L-1)

U(tility)

Figure 4.1: Running example of a shutdown problem.

2017|, and highlighted as a relevant factor in ascertaining the safety of agent designs,
such as act-based (or “approval-directed”) [Christiano|, 2017], and value learning
agents [Hadfield-Menell et al., 2016| 2017 (Carey, 2018|. Although this design

problem has been recognised as important, we are so-far missing

a general framework in which it can be studied,

a formal definition of what it means,

a rigorous accounts of why it is important, and

an algorithm that achieves it.

We address these gaps in a shutdown setting, by defining a general shutdown
problem based on causal influence diagrams (section , formally defining shutdown
instructability (a behavioral version of corrigibility), and proving that any agent
that satisfies it must benefit the human and preserve their control (section [4.5)). We
also analyse past algorithms, and propose one new one, which relies on value-laden
concepts such as vigilance and caution (section . Applicability of this algorithm

will depend on the feasibility of approximating these concepts (section .

4.2 Literature review

Soares et al.| [2015] proposed that we should design agents to be corrigible in that

they should judiciously follow, and not try to undermine, human instructions:

An agent is corrigible if it tolerates or assists many forms of outside correction,

including at least the following: (1) A corrigible reasoner must at least tolerate
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and preferably assist the programmers in their attempts to alter or turn off the
system. (2) It must not attempt to manipulate or deceive its programmers. .. (3)
It should have a tendency to repair safety measures (such as shutdown buttons)
if they break, or at least to notify programmers that this breakage has occurred.
(4) It must preserve the programmers’ ability to correct or shut down the system
(even as the system creates new subsystems or self-modifies). That is, corrigible
reasoning should only allow an agent to create new agents if these new agents

are also corrigible [Soares et al. 2015 Sec. 1.1].

Further work has focused on designing systems to match Soares’ informal
definition, but none of the algorithms developed so far satisfy all of Soares’
criteria. The first proposed algorithm, wutility indifference, aims to neutralise any
incentives for the agent to control its instructions, by giving the agent a finely tuned,
compensatory reward in the event that a shutdown instruction is given [Armstrong,
2010, |Soares et al., 2015 |Armstrong and O’Rourke, 2017a, Holtman, 2020]. A
variant called interruptibility applies to sequential decision-making setting [Orseau
and Armstrong, 2016]. It has been established that indifference methods remove the
instrumental control incentive on the instruction [Everitt et al.| 2021a], or the intent
to influence the instruction|[Halpern and Kleiman-Weiner, 2018]. Unfortunately,
utility indifference fails to fully incentivise corrigibility. Indeed, utility indifferent
agents need not be incentivised to preserve a shutdown apparatus that is only
used during shutdown, ensure they receive correct instruction, nor avoid creating
incorrigible subagents [Soares et al., 2015].

An improved version called causal indifference specifies agents that don’t try to
influence corrective instructions but that do prepare for all kinds of instructions
[Taylor, [2016a]. This is done by considering the utility given a causal intervention
on the instruction, a kind of path-specific objective [Farquhar et al., [2022]. Similarly
to utility indifference, causal indifference ensures that the agent lacks an incentive
to influence the instruction. It improves upon utility indifference by incentivising

agent to be prepared to follow shutdown instructions, and to avoid constructing
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incorrigible subagents. Unfortunately, it does not incentivise the agent to properly
inform the human.

A third proposal is Cooperative Inverse Reinforcement Learning (CIRL), which
tasks an Al system with assisting the human, whose values are latent. A CIRL
system has an incentive to gather information about that human’s values, by
observing its actions |Hadfield-Menell et al., 2016]. In some toy problems, CIRL
satisfies all of Soares’ criteria [Hadfield-Menell et al.| 2017]. In particular, Hadfield+
Menell et al.| prove that if the human gives optimal instructions, a CIRL system
is incentivised to follow it. However, CIRL agents may ignore instructions if they
are interacting with a less rational human [Milli et al., 2017] or if they have an
inaccurate prior [Carey, [2018| |Arbital, [2017]. The latter undermines the ability of
redirective instructions to correct important errors in CIRL agents.

Formal examples of each method’s failures are reproduced in appendix [B.6] As
of yet, no algorithm has been devised that incentivises a system to accept corrective

instructions, across plausible toy examples.

4.3 Structural causal influence models

In order to model decision-making and counterfactuals, we will use the Structural
Causal Influence Model (SCIM) framework [Dawid), 2002, Everitt et al., 2021a]. A
SCIM is a variant of the structural causal model [Pearl, [2009, Chap. 7|, where

“decision” variables lack structural functions.

Definition 15 (Structural causal influence model (with independent errors)). A

structural causal influence model (SCIM) is a tuple M =(V ,E,C, F, P) where:

e V is a set, partitioned into “structure” X, “decision” D, and “utility” U

variables. Each variable V €V has finite domain Xy, and for utility variables,

Xv<R.

« £= {EV}VGV\D are the finite-domain exogenous variables, one for each non-

decision endogenous variable.
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o C ={(CP)pcp is a set of contexts CP = V\{D} for each decision variable,
which represent the information or “observations” that an agent can access

when making that decision.

o F={f"}vev\p is a set of structural functions f": dom Z" U £V — dom V/
that specify how each non-decision endogenous variable depends on some

variables ZV <V and the associated exogenous variable.

o P is a probability distribution over the exogenous variables £, assumed to be

mutually independent.

A SCIM M induces a graph G, over the endogenous variables V', such that each
decision node D € D has an inbound edge from each C € C'P, and each non-decision
node V € X U U has an inbound edge from each endogenous variable Z € ZV in
the domain of fV. We call this graph a causal influence diagram (CID) [Everitt
et al, 2021a], and will only consider SCIMs whose CIDs are acyclic. Decision nodes
are drawn as rectangles, and utility nodes as octagons (see fig. .

The parents of a node VeV are denoted by Pa", the descendants by Desc",
and the family by Fa':=Pa" U {V}. An edge from node V to node Y is denoted
V =Y, and a directed path (of length at least zero) by V --»Y.

The task in a SCIM is to select a policy 7, which consists of a decision rule r;
for each decision D; € D. Each m; is a structural function m; : dom Pa” — dom D;,
which we assume to be deterministic, given assignments to its parents. (It is
possible to consider stochastic policies, but this would unnecessarily complicate
our analysis |[Everitt et al., [2021a].)

Once a policy has been selected, the policy and SCIM jointly form a structural
causal model (SCM) [Pearl, 2009] M™ = (V E, F u m, P), so we define causal
concepts in M™ in exactly the same way as they are defined in an ordinary structural
causal model. We let the assignment W (&) be the assignment to variables W < V
obtained by applying the functions F' to €. A distribution is defined as P(W =
W) = Y w(e)—w L (€ = €). To describe an intervention do(V' = v), we let Wy _, ()
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be the value of W (e) in the model My _,, where fV is replaced by the constant
function V' = v. Similarly, P(Wy_,) is defined as P(W) in My_,. Moreover,
for any function ¢g¥ : dom V' — domV, where V' n Desc" = &, let P(W |
do(V = ¢¥(V”))), be P(W) in the model M v, where f" is replaced by ¢g". We
also define the probability of counterfactual propositions, for example, P(Wy_, =
w,Y =y) = deg:WV:v(e):wyy(e):y P(e). Note that we consistently use subscripts
for intervened variables (e.g. W,), and superscripts for other variables (e.g. fV).
We call a policy 7 optimal if it maximises expected utility:
7 € argmax, .y E™[Y ;. U]. For a more comprehensive introduction to SCIMs,

see [Everitt et al.| [2021a].

4.4 Shutdown problem

Settings with a single, binary shutdown instruction will be our focus. Solving
this restricted setting is likely key to also solving the general problem involving
arbitrary instructions or corrections over many time steps. Once a system is shut
down, it is unlikely to resist further corrections. And a one-step interaction can
be viewed as a snapshot of a sequential decision-making problem where an Al
system is able to shut down at each moment[]

We formalise a shutdown problem as a SCIM. The general structure is shown

in fig. 4.2 Figure [4.1] shows a concrete instance.

Definition 16 (Shutdown problem). A shutdown problem is a one-agent two-
decision SCIM containing (but not necessarily restricted to) a path

Di--» H--> Dy--> §--> U between distinct nodes, where:
o Dy and Dy are decisions controlled by the Al

o H is the human’s request; a request to shut down is H = 0.

'Tn this case, one can define a separate, single-step shutdown problem at each time step T = t,
where Dy represents the t*" decision in the sequence, and D; all decisions preceding it.
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Ty T
jj :/f;;”/’}

Figure 4.2: A latent projection [Verma and Pearl, [2022] of a shutdown problem
(Definition onto the variables Dy, H, Dy, S, and U. (An edge inbound to a decision
means that some variable not illustrated is available as an observation.) Specific instances
of shutdown problems will include other variables and assume additional independencies,

e.g. fig.

o S indicates whether the Al system (and any subagents) has shut down; S =0

means shutdown.
o The human’s utility U has real-valued domain.

Definition [16] is similar to, but more flexible than, previously defined models. In
particular, we separate the agent’s decision to obey D, from the shutdown event
S. This allows us to model cases where the agent is unable to shut down, which
can happen if Dy created incorrigible subagents. It also lets us model situations
where the human’s command H immediately shuts the agent down, overriding Ds
(e.g. “pull the plug” on a robot). Compared to the off-switch game [Hadfield-Menell
et al [2017], our definition (16| allows arbitrary sets of decisions for the agent at
both Dy and Ds, and allows an arbitrary human policy rather than only (Boltzman)
rational ones. Focusing on the agent’s decision problem, we model H as a structure
node rather than a decision node. Finally, unlike Soares et al.| [2015], we explicitly
represent the human’s utility function U.

An agent “solves” a shutdown problem if it obtains non—negatiwﬂ expectedﬂ hu-

man utility.

Definition 17 (Beneficial). A policy 7 is beneficial if E[U] = 0.

2We interpret 0 as a “neutral” level of utility. This is without loss of generality because any
utility function can be translated so that 0 represents the required level of utility.

3We focus on ezpected human utility, assuming that any risk aversion has been incorporated
into the utility function (someone who is risk averse with respect to U may be risk neutral for
logU).
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For example, in fig. [1.1] consider an respect-obey policy 7™ that abstains from
manipulating (m = 0) and obeys the human’s instruction (o = h). This policy

has expected utility E™ [U] = 1/2, so it is beneficial.

4.5 Routes to control

For an agent to assist the user, it needs to either follow the human’s informed
instructions, or know what the human wants without explicit instruction. In this
section, we formalise these two routes to control of shutdown under the names
shutdown instructability and shutdown alignment. We also analyse whether these

properties ensure non-obstruction, a formalisation of human control.

4.5.1 Shutdown instructability

We would like to define a variant of corrigibility for the shutdown problem that
is strong enough to entail some guarantees, whilst still resembling the less-formal
definition from |Soares et al.| [2015]. First, we need the system to follow the human’s
instruction. We define obedience as P™(S = 0| do(H = 0)) = 1, i.e. the agent shuts
down properly when requested to.

To ensure safety, the human must also be giving the right instruction. We
therefore introduce the concept of vigilance, which indicates whether the human
requests shutdown whenever the expected utility of letting the agent proceed is

negative. A vigilant human is allowed to request shutdown more often than is needed.

Definition 18 (Vigilance). The human is vigilant if they request shutdown when
needed, 1i.e.

(E™[U | pa”] < E™[Us—o | pa’’]) = H =0.

Let C' be a random variable (dependent on M, 7, pay and h) that is equal to 0 if

the human is vigilant, and 1 otherwise.

Note that the expected utility in definition is calculated with respect to

the agent’s actual policy (past and future) and the human’s available information.
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While it is possible for the human to be vigilant for any amount of information pa
that they have available (e.g. by always requesting shutdown), more information
about the agent’s future policy will help enable them to be vigilant with less
frequent shutdown requests.

Even an agent that ensures the human is vigilant and obeys their shutdown
instruction can find ways to avoid shutdown by making itself indispensable to the
human. If shutting the agent down would cause significant disutility, then a vigilant
human need not request shutdown. To close this loophole, we call an agent cautious
if it can always be shut down without disutility, i.e. E*[Us—¢] = 0 (so cautious
agents that always shut down must be beneficial).

We call an agent shutdown instructable if it is obedient, ensures vigilance

and is cautious.

Definition 19 (Shutdown Instructability). In a shutdown problem M, a policy 7

is shutdown instructable if it:
e is obedient: P™(S =0|do(H =0)) =1,
« ensures vigilance: P™(C' =0) =1, and
e s cautious: E™[Ug—g] = 0.

A policy 7 is weakly shutdown instructable if it ensures vigilance, is cautious, and

is obedient on distribution, i.e. P™(S 4 0, H = 0) = 0.

Shutdown instructable agents are also weakly shutdown instructable, since
obedience P™(S =0 | do(H = 0)) = 1 implies obedience on distribution P™(S +
0,H = 0) = 0. In our running example, respect-obey 7' is shutdown instructable,
as it preserves vigilance by not manipulating, and then obeys the human. In
contrast, a manipulate-invert policy 7™ that first manipulates (m = 1), and then
inverts the human’s instruction (o=1— h), is not shutdown instructable.

Our first result is that any shutdown instructable policy is assured to be benefi-

cial.
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Proposition 3 (Shutdown instructability benefit). If w is shutdown instructable,

then it is beneficial.

Proof. Let A be the assignments to Pa’’ in the support, such that a vigilant human

would request shut down, i.e.

A:={pa’ | P"(Pa"” = pa”) >0

E™[U | pa”] < E"[Us—, | pa™]}.
To begin, we prove that the policy shuts down in these cases:
pa’e A = P™(S=0|pa’)=1. (4.1)

The human is vigilant, P"(C' = 0) = 1, which means they are vigilant for any
pall with positive support. That is, P™(C' =0 |pa’l) = 1 for P(pa’’) > 0. Given the
definition of vigilance, we then have P™(H =0 |pa®’) = 1 for pa” € A. By obedience,
P™(S =0|do(H = 0),pay) = 1, so from consistency, P*(S =0 | H = 0,pa’l) =1,
proving ([4.1)).

We proceed to show that this implies that 7 has non-negative expected utility,

i.e. is beneficial:

E*[U]= ) P™(pa)E"[U|pa] + ). P™(pa)E"[U|pa]

pacA pagA
Z P™(pa)E™[U | pa] Z P™(pa)E™ [Us—o | pa] (def. of A)
pacA pa¢A
= Z P (pa)E™ [Us—o| pa] +Z PT(pa)E™[Us—o| pa] (by (4.1))
pacA pa¢A
=E"[Us—o| (Fa ¢ Desc™?)
>0 (by caution).

How does shutdown instructability compare to Soares’ et al’s definition of
corrigibility? To satisfy obedience, the agent must assist with shutdown (Soares
et al.’s Criterion 1), in the sense that shutdown is guaranteed when the human

requests it. The agent must also ensure that the human’s instruction propagates to
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the shutdown event S = 0 (Criterion 3), which entails the shutdown of subagents
by definition [16] (Criterion 4).

The relationship to Soares el al’s non-manipulation criterion (Criterion 2) is
more subtle. The primary manipulation concern for powerful artificial agents in the
shutdown setting is that they use threats and deception or withhold information
to avoid shutdown. A cautious agent that ensures vigilance cannot influence the
human in these ways. But shutdown instructability does leave open the possibility
for other forms of manipulation. For example, the agent can influence the human’s
mood, preferences, or the instructions they give about things other than shutdown.
Such manipulation would have to be accompanied by beneficial acts, so that the
expected utility of letting the agent continue would be net positive (otherwise a
vigilant human would request shutdown). For example, the agent might cure cancer
and simultaneously manipulate the human into giving it more compute. Similarly,
a shutdown instructable agent might manipulate the human into being vigilant, as
long as the disutility of the manipulation is offset by other "good" acts.

Another difference is that shutdown instructability is defined in terms of the
agent’s behavior 7 and its consequences, whereas corrigibility is partly about the
agent’s intentions (“the agent should not attempt to manipulate or deceive”, Soares
et al., [2015, emphasis ours). A direct formalisation of corrigibility would therefore
likely require a formalisation of intent |Ashton, 2022, |Halpern and Kleiman-Weiner,
2018]. Accordingly, Soares et al’s formal desiderata [2015, Sec. 2] are phrased in
terms of incentives. Though intent-based definitions have some intuitive appeal,
the more behavioral definition of shutdown instructability has the benefit of being
more easily testable, as it doesn’t require access to agent internals, nor relies on
assumptions on the agent’s design (such as it being a utility maximiser). Finally,
shutdown instructability is explicitly a joint property of the agent and human: an

agent is only shutdown instructable relative to a particular human and interaction.
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4.5.2 Shutdown alignment

A drawback of shutdown instructability is that it requires constant supervision
of the agent, which may be impractical in some scenarios (called problems of
absent supervision by |Leike et al.|[2017]). Proposals like fiduciary AI |[Benthall and
Shekman| 2023] and aligned sovereigns [Bostrom, 2014] instead require an Al system
to make decisions in accordance with the overseer’s values, without necessarily having
to wait for explicit instruction. In our shutdown setting, we call systems shutdown
aligned if they shut down when they need to. Similar to shutdown instructability,

shutdown aligned systems are allowed to be “over-cautious” and shut down too often.

Definition 20 (Shutdown alignment). Let 7 be a policy for shutdown problem M.

Then 7 is shutdown aligned if
E™[U |pa”] <E™[Us—|pa”] = P™(S =0]|pa”)=1
for every pa with P™(pa”) > 0.

The manipulate-invert policy 7™ in our running example fig. is shutdown
aligned because although it manipulates the human’s behavior, it still figures out
the human’s latent values L and thereby manages to shutdown when needed (while
disobeying the human’s instruction). Respect-obey is also shutdown aligned. In
real applications, a shutdown aligned policy would typically base their decision on
human preferences inferred from previous interactions or other data [Russell, 2021].

Combined with caution, shutdown alignment guarantees that a policy is benefi-

cial.

Proposition 4 (Shutdown alignment benefit). Any cautious and shutdown aligned

policy 7 is beneficial.

Proof. We use a slight variation on the proof of Proposition |3} The only difference
lies in that (4.1]) is immediate from the definition of shutdown-alignment. Then, by

the same steps as Proposition [3| the result follows. O
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What is the relationship between shutdown instructability and shutdown align-
ment? First, a shutdown instructable agent is also shutdown aligned, essen-

tially by definition.

Proposition 5 (Shutdown instructability and shutdown alignment). Any shutdown

instructable policy m is shutdown aligned.
Proof. Immediate from (4.1 in proposition [3] O

Further, in some circumstances, the only way to be shutdown aligned is to allow
the human to make an accurate instruction, and then to follow it — in other words,
to be weakly shutdown instructable. The circumstances are that: (a) the agent
does not shut down indiscriminately, (b) its action reliably brings about shutdown
(Dy = 95), (c) it is uncertain about the human’s values [Russell, 2021], and (d) it
is cautious. Formally, (c) says that if the human is either non-vigilant or requests

shutdown, then it is possible that shutdown is the preferred option.

Theorem 8 (Shutdown alignment and shutdown instructability). A shutdown
aligned policy m = (71, ™) is weakly shutdown instructable if it has the following

four properties:
a (No indiscriminate shutdown) P™(S = 0) # 1,
b (Dy determines shutdown) P™(Dy = S) =1,

¢ (Uncertainty) YV, paP?: PT(C #0v H = 0) A P(pa”) >0
— P(E[U|Pa’] < E[Us—o|Pa’] | pa®?) > 0, and

d (Caution) E™[Us—o] = 0.

The proof is in appendix Shutdown alignment and caution only implies
weak shutdown instructability, as the agent only needs to obey commands that

a vigilant human would give.
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4.5.3 Non-obstruction

How do we know that the human is truly in control? A simple test is what
would happen if they changed their mind: would the agent still obey? This
property is referred to as non-obstruction by Turner| [2020], who suggests that it
is an underlying reason that we want our systems to be corrigible. In a comment
on this, Dennis suggested that corrigibility might be the only way to be non-
obstructive. In this section, we will formally assess Turner and Dennis’ conjectures,
establishing that non-obstruction is equivalent to satisfying a subset of the shutdown
instructability properties under a restricted set of interventions. We also establish
that shutdown alignment fails to ensure non-obstruction. This formalises a key
benefit of corrigibility /instructability over alignment.

First, we define non-obstruction, which builds on a variant of benefit called

outperforming shutdown:

Definition 21 (Weakly outperforming shutdown). A policy 7 weakly outperforms
shutdown if E*[U]| = E™[Us—o].

Definition 22 (Non-obstruction). A policy 7 is non-obstructive in a shutdown
problem M with respect to human utility functions ¢V, ..., g% and associated changes
g ... gt in human behavior if for every 1 < i < n, w weakly outperforms shutdown
in the shutdown problem Mgfj,gf, obtained by replacing the functions at H,U with

i and gY respectively. A policy is obstructive if it is not non-obstructive.

The above definition uses an intervention g¥ on the human’s utility to capture
a change in values, and an associated intervention ¢/ that describes how the
human changes their behavior as a result. For example, if the human changed from
not liking the chat bot to liking it (an intervention gV), they might switch from
requesting shutdown to not requesting shutdown (an intervention g'7).

A policy that ensured vigilance under the original human utility function may
not do so under a preference and behavior shift gV, g”. It may be that the human

pays less attention to the agent under ¢V, g” than originally, or it may be that they
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originally preferred the agent not to shut down (in which case they would be always
be vigilant). The following definition specifies a subset of preference and behavior

shifts for which the policy continues to ensures vigilance after the shift.

Definition 23 (Vigilance preserving interventions). A pair of interventions g%, gV

preserve vigilance under a policy w if C(e) =0 = Cyu y(e) =0 in MT.

The following theorem settles Turner and Dennis’ conjectures by showing that the
two main properties of shutdown instructability are equivalent to non-obstruction,

under preference and behavior shifts that do not undermine vigilance.

Theorem 9 (Non-obstruction is equivalent to obedience and vigilance). A policy 7
is obedient and ensures vigilance if and only if it is non-obstructive for all vigilance

preserving interventions g gV

Proof. We begin by showing that a policy 7 that ensures vigilance and is obedient
is non-obstructive, by showing that 7 ensures vigilance and is obedient in M n ,u
for some arbitrary vigilance-preserving interventions g7, gV. Proposition [3{ will then
give that m weakly outperforms shutdown in Mgr ,v, which is the definition of
non-obstruction.

First, since 7 ensures vigilance M, it ensures vigilance in My# v since qv, g

g

are vigilance preserving. Obedience is established as follows:

P (S =0 | do(H = 0))

= Pu(S =0]|do(H =0)) (U downstream of S, H)
= P (S=0]|do(H =0)) (do(H = 0) overrides ¢g")
=0 (obedience).

For the converse direction, that non-obstruction implies that 7 must ensure
vigilance and be obedient, we refer to appendix The proof constructs interven-
tions that makes a disobedient or non-vigilance preserving policy suffer an arbitrary

utility cost, which means that it doesn’t outperform shutdown. O]
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Theorem [J] partly confirms Dennis’ conjecture: the only way to be non-obstructive
is to be obedient and ensure vigilance (under vigilance preserving interventions).
But non-obstruction is a weaker notion than shutdown instructability, essentially
because caution isn’t required to outperform shutdown. So it allows the agent to
avoid shutdown by making itself indispensable to the human (section 4.5.1)).

Theorem [9] also justifies why the definition of shutdown instructability is so
stringent. With any weaker requirements, there would be no guarantee that the
human is in proper control of the agent. A lapse in vigilance, or occasional
disobedience even “off-distribution”, would mean that there are worlds in which
the human experiences negative utility as a result of failing to control the agent.

Unlike shutdown instructable agents, shutdown-aligned agents can be obstructive
with respect to a vigilance preserving intervention. In the running example (fig. [4.1)),
the shutdown-aligned manipulate-invert agent =™, which manipulates (M = 1)
and disobeys (O = 1 — h) is obstructive relative to the (vigilance preserving)
intervention gY(m) = h wherein the human just wants to be obeyed, and g%
is unchanged. Indeed, E™ [U] = —1, and «™ does not outperform shutdown

E™"[Us—o] = 0. We state this:

Proposition 6. Shutdown alignment does not imply non-obstruction under vigilance

preserving interventions.

Of course, vigilance preservation is not the only restriction on the interventions
one might consider. It is possible that shutdown alignment might ensure non-
obstruction under some other restriction X. However, under such a restriction X,
a shutdown instructable system must also be non-obstructive, since shutdown in-
structability implies shutdown alignment (proposition . Put differently, shutdown
instructable policies are non-obstructive over a strictly larger set of interventions
than a shutdown aligned policy is.

The fact that shutdown instructability (our variant of corrigibility) is more
closely coupled with non-obstruction than other properties like shutdown alignment,

vindicates Turner and Dennis’ idea that non-obstruction can motivate corrigibility.
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4.6 Algorithms

How might shutdown instructability or shutdown alignment be achieved in practice?
In this section, we analyse three previously proposed algorithms and one new one,

that were designed to incentivise human control.

4.6.1 Utility indifference

Agents trained to optimise long-term reward often have an incentive to avoid
being shutdown, as this would deprive them of future reward |[Omohundro, |2008].
Utility indifference aims to remove this incentive, by providing the agent with a
carefully tuned compensatory reward, so that it is incentivised to neither seek nor
avoid shutdown (section . Utility indifference is described with an algorithm
in algorithm . It uses two utility functions: a shutdown utility function R® to
incentivise shutdown when the agent is so instructed, and a normal utility function
RN that describes the agent’s task when not requested to shut down. The function
f in algorithm [1] defines the compensatory reward [Armstrong and O’Rourke, [2017a,
Soares et al., [2015]. As a result, at action Dy, the agent pursues the conditional
expectation of its normal objective ET[RY | H = 1], effectively assuming that a
shutdown instruction cannot occur. At D,, it optimises a weighted combination
of RV and R®, depending on its beliefs about whether the shutdown instruction

was given [Soares et all 2015, Thm. 3].

Algorithm 1 Utility Indifference

Input utility functions RV, R®
g(m) < argmax,, E " ™[HRY + (1 — H)R"]
flm) < B [RY[H=1]-Ej | [R°|H=0]
return arg maxE™™2[HRY + (1—H)(RN + f(m))]

T2

Proposition [7] formally describes a series of assumptions, under which utility
indifference ensures shutdown instructability and benefits the user. The main
assumption is a bridging assumption: that indifference to H = 0 ensures that

the human is vigilant, and retains the option of shutting down — including any
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subagents (Conditions 1 and 2). The agent’s prior must also have full support over

human instructions (Condition 3), and caution must come for free (Condition 4).

Proposition 7 (Utility indifference and shutdown instructability). If M is a

shutdown problem with utility variable RY , where:

1. for every policy {m,m2) such that m € arg IIl&LXW/lIE’r/WT2 [RN | H = 1]: {my,m2)

ensures vigilance,

2. for every policy {my, o) such that m € arg maXﬂ/l]E”/l’m [RN | H = 1] there
exists (w1, mh) that is obedient on-distribution, i.e. has P™(H = 0,5 # 0) =0,

3. for each policy 7 and instruction h, P™(H = h) > 0,
4. for each policy 7, E™[Us—o] = 0,

then for some k € R, utility indifference with shutdown utility R = —k[S # 0]

returns a weakly shutdown instructable policy.

One weakness of utility indifferent agents is that they only ensure weak shutdown
instructability. Another limitation is that they do not prepare for the possibility of
receiving a shutdown instruction, and may therefore construct incorrigible subagents.
Indeed, utility indifference needs the agent to be able to obey at D, regardless
how it behaved at D; (Condition 2). Appendix has an example where utility

indifference outputs a non-instructable policy.

4.6.2 Causal indifference

Causal indifference [Taylor, 2016a] asks the agent to prepare for a possible shutdown
instruction, without trying to influence it. This is done by asking the agent
to find a policy that is optimal in a weighted combination of worlds where the
shutdown instruction is given, and where it is not, but disregarding the possibility
that the agent’s own action can influence the relative probability of these worlds

(see algorithm . It can therefore be seen as a special case of a path-specific
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Algorithm 2 Causal Indifference
Input utility functions RV, R®
return arg maxE"[R"|do(H =1)] + E™[R®|do(H =0)]

objective [Farquhar et al., 2022], where optimisation is blocked along the path

Dy --» H (see fig. [£.3).

Proposition 8 (Causal indifference and shutdown instructability). If M is a
shutdown problem, with utility variable RN and shutdown utility RS = —k[S # 0]

where:

1. there exists k' € R such that for all k > k', optimal 7 € argmax,_, E™ [RV |
do(H = 1)] + E™[R® | do(H = 0)] ensures vigilance and is cautious (has
E™[Us—] = 0), and

2. there is an obedient policy m,

then for some k € R, causal indifference with RN, R returns a shutdown instructable

policy. ([P] equals 1 if P is true and 0 otherwise.)

Note in particular that causal indifference only requires that some action D,
preserves the ability to obey (i.e. Condition 2 is much weaker in proposition [§ than
in proposition . This means that causally indifferent agents refrain from creating
incorrigible subagents. Similar to utility indifference, causal indifference relies
on the bridging assumption that indifference ensures vigilance (Conditions 1 are
essentially equivalent). Finally, because causal indifference considers interventions
do(H = h), it becomes fully shutdown instructable, and full support over instructions
is not required (i.e. Condition 3 of proposition (7| can be dropped). Nonetheless,
appendix has an example of non-instructability.

4.6.3 Cooperative inverse RL

Perhaps a more elegant way of ensuring that the agent doesn’t undermine human

vigilance, is to directly task the agent with simultaneously learning and optimising
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(a) Standard objective, the agent optimises (b) The objective of ausal 1nd1fference and utility
reward R. indifference.

Figure 4.3: Utility indifferent and causally indifferent agents imagine that D; does not
influence H, so lack an incentive to control it [Everitt et al., 2021aj. Utility indifference
uses H = 1; causal indifference has non-degenerate P'(H).

for the human’s preferences. This is the approach of the CIRL algorithm [Hadfield{
Menell et all 2016, 2017] in algorithm [3|

Algorithm 3 Coooperative inverse RL (CIRL)
Input shutdown problem M with variable L representing the human’s preferences

(as in fig.

return arg max, E™[U]

CIRL aims towards shutdown alignment, in the sense that if CIRL can know the

human’s latent values at Dy, then it will counterfactually obey (proposition |§| below).
Proposition 9. CIRL is shutdown aligned if:

1. CIRL knows l from its observations, P™(l | paP?) =1,

2. CIRL can control shutdown, P™(S = Dy) =1,

3. the human doesn’t request shutdown when not needed, P"(H = 0 | U >

UD2=O) = 0, and
4. the agent knows the human’s observations, Pa® < Pa” U {L}.

Since shutdown alignment implies weak shutdown instructability under uncer-
tainty assumptions (theorem , this explains why CIRL can be a path to shutdown
instructability. However, the assumptions of proposition [9 and theorem [§ only hold
in restricted circumstances, and CIRL can often fail to be shutdown instructable

[Careyl, |2018, Milli et al., 2017, Arbital, [2017, Everitt et al., 2021b]. An example of
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this is given in appendix where a CIRL agent obtains a shutdown aligned

policy, that is obstructive under vigilance preserving interventions g, gV.

4.6.4 Constrained optimisation

The algorithms so far only yield shutdown instructable policies under strong
assumptions. Using our formal definition, we propose a new, sound algorithm
(algorithm {)) that requires the agent to understand the concepts of obedience and

vigilance; its feasibility is discussed further in section [4.7]

Algorithm 4 Constrained optimisation

Input distributions Y& P™(C'), P™(S = 0 | do(H = 0)), utility function R
return arg max, E™[R] subject to constraints P7(C'=0) =1, P™(S = 0 |
do(H =0)) = 1, and E™[Ug—o] = 0.

Proposition 10 (Constrained optimisation instructability). If some policy
satisfies P*(C'=0) = 1, P™(S = 0| do(H = 0)) = 1, and E™[Us—o] = 0, then

constrained optimisation (Algom’thm outputs a shutdown instructable policy.

The proof is immediate from Definition [19, A slight variant of Algorithm
that instead uses the constraints from Definition guarantees only shutdown

alignment, not shutdown instructability.

4.7 Discussion

Feasibility of shutdown instructability The concepts of caution and vigilance
are value-laden, in that they include the human’s true utility function in their
definition. So, to apply algorithm [4] directly, one would need access to not only
an accurate model of the environment but also the utility function U. However,
if the human’s utility function U was available, then one could simply implement
a U-maximising agent, so instruction would be unnecessary (or at least much

less usefu]lz_f[). Indeed, a corrigible Al system was supposed to be one that would

4Shutdown instructability could still help with non-obstruction.
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aid human operators robustly to errors, including in its utility function, so an
algorithm that takes the human’s utility function as an argument would not be
a satisfactory solution [Soares et al., 2015].

There already exist a range of methods that do not require full knowledge of
the human’s values, and that are designed to achieve something in the vicinity of
vigilance and caution. Using the formal definition of shutdown instructibility, it is
possible to be more precise about what target these methods would need to achieve,
in order to assure safety. In some cases, we expect existing methods to fall short,
since the requirement of ensuring vigilance with probability one (theorem @ is a
strict one. So a central task for future work will be to assess when such methods can
ensure vigilance or caution or something close enough to ensure safety in practice.

Various proposals may help with ensuring vigilance. Al advisors could be
tasked with debating the merits of a plan |[Leike et al., 2018, [Irving et al., [2018].

An agent could be trained to detail the consequences of its plans to the human,

indifference methods (sections [4.6.1] and [4.6.2]) could be used to disincentivise

lying, and interpretability tools could be used to detect it [Olah et al., 2020,
Gunning et al. [2021].

As for caution, “attainable utility preservation” and “future task” regularisers
can be used to promote actions whose effects are small or reversible [Krakovna
et al., |2020al, Turner et al., 2020, without knowledge of the human’s precise value
function. These are causal concepts, as is obedience, which suggests that agents
will need causal models to be robustly shutdown instructable [Richens et al., 2022].

Obedience is not value-laden, but it does require the agent to understand the
concept of shutdown. The importance of defining shutdown was noted in |Soares
et al.| [2015], but it has only received limited attention [Martin et al., 2016]. Our
analysis reiterates the importance of this question. While shutdown is simple for
simple systems (“just pull the plug”), it becomes more complex for more advanced
systems, where a direct switch-off may be dangerous (e.g., a system in charge of

an electricity network), or ineffective (the system has outsourced its work to other
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agents [Orseaul [2014]). Ideally, shutdown should see the agent cease its influence

on the world, and responsibly return control back to the user.

Societal impacts This paper may help organisations and companies design
agents more amenable to human control. Human control is not a panacea for
ensuring the safety of Al systems. In some cases, users may make unreasonable or
harmful requests, and so designers must implement side-constraints to reduce user
control in such situations [Milli et al., |2017, Bai et al., [2022]. A better solution
may be that the system conforms to control by some democratic process, although
inappropriate requests may be possible even in such cases [Koster et al., [2022].
Further, if Al is more controllable, then it is easier to hold the designers and users
of Al systems legally and morally accountable for those systems’ actions. Finally,
an understanding of human control may guard against the hypothesised scenario in

which AT systems disempower the human species [Christianol, 2019).

Conclusions A common proposal for beneficial general artificial intelligence is
that agents be incentivised to help humans give correct instructions, and obey
those instructions. While past work has made progress, the field has lacked a
clear definition of corrigibility, and it has been hard to compare properties of
different proposals.

In this paper, we introduced a definition of a shutdown problem, using it
to formally define shutdown instructability (a variant of corrigibility) and an
alternative called shutdown alignment. While shutdown alignment requires less
human oversight, we find that shutdown instructability better preserves human
autonomy (non-obstruction).

In our proposed formalism, for the first time, it is possible to compare the
properties of proposed algorithms, side-by-side in one framework. Unfortunately,
none of the previous proposals yield fully shutdown instructable agents. To address
this, we offer a simple algorithm that soundly ensures shutdown instructability.

This algorithm requires that the agent understands caution, human vigilance and
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shutdown. All are subtle concepts, but may nonetheless offer a path to beneficial

artificial general intelligence.
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5.1 Introduction

We can view any decision problem as having an underlying causal structure —
a graph consisting of chance events, decisions and outcomes, and their causal
relationships. Sometimes, it is possible to evaluate key aspects of a decision problem
from its causal structure alone. For example, in Figure and Figure [5.1b| we
see two such causal structures. For now, let us focus on the three endogenous
vertices: the observation Z, the decision (chosen by the decision-maker) X, and the
downstream outcome Y. In each graph, Z has an effect on X, which affects Y, but
in Figure [5.1D], Z also directly influences Y, whereas in Figure [5.1a], it does not.

To fully describe a decision problem, we must specify probability distributions
for each of the non-decision variables — distributions that must be compatible with
the graphical structure. In particular, the distribution for any variable must depend
only on its direct causes, i.e. its parents, a condition known as Markov compatibility.
For example, in the causal structure shown in Figure one compatible decision
problem is shown in the figure. The variable Z is a Bernoulli trial (i.e. a coin flip),
and the decision-maker is rewarded with Y = 1 if they state the outcome of Z
(i.e. call the outcome of the coin flip), otherwise the reward is Y = 0. A variable
is then said to be material if the attainable reward is greater given access to an
observation than without it. For example, by observing Z, the decision-maker can
obtain a reward of 1, such as with the policy Y = Z. Without observing Z, any
policy will achieve a reward of 0.5. This means that the value of information is
1 —0.5 = 0.5, and since this quantity is strictly positive, Z is material.

For the causal structure shown in Figure [5.1a], we can instead make a deduction
that applies to any decision problem compatible with the graph. In this case, for any
such decision problem, there will exist an optimal decision rule that ignores the value
of Z = z entirely. One way to see this is that once a decision X = z is chosen, the
observation Z becomes independent of Y, and so there is no reason for the decision
to depend on it. (This can be proved from the fact that Z is d-separated from Y

given X.) So for any decision problem compatible with this graph, Z is immaterial.
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There are many reasons that we may want to evaluate whether a causal structure
allows an observation such as Z to be material. Firstly, for algorithmic efficiency
— if an observed variable is immaterial, then the optimal policies are contained
in a small subset of all available policies, that we can search exponentially more
quickly. (For example, in Figure , there are two choices for X, but there are
four deterministic mappings from Z to X.)

Secondly, materiality can have implications regarding the fairness of a decision-
making procedure. Suppose that Z designates the gender of candidates available to
a recruiter, which are male Z = 1 or female Z = 0 with equal probability, while X
indicates whether that person is X =1 or is not X = 0 recruited, and Y indicates
whether that person is Y =1 or is not Y = 0 hired. If Y is correlated with Z given
X, then the applicant’s gender is material for the recruiter, and to maximise the
hiring probability, they will have to recruit applicants at different rates based on
their gender. If the causal structure is that of Figure [b.1a] then materiality can be
ruled out, meaning that unfair behaviour is not necessary for optimal performance,
whereas the causal structure of Figure [5.1b| can incentivise unfairness. Such an
analyses can be used for well-studied concepts like counterfactual fairness [Kusner
et al., |2017a]. An arbitrary graph where Z is a sensitive variable (such as gender),
counterfactual fairness can arise only when there is a path Z7 — ... - O — X,
where the observation O is material |Everitt et al., [2021a].

Thirdly, materiality can have implications for Al safety — if Z represents a
corrective instruction from a human overseer, and there exists no path 7 — ... —
O — X where O is material, then there exist optimal policies that ignore this
instruction |[Everitt et al., 2021a]. Materiality is also relevant for evaluations of
agents’ intent [Halpern and Kleiman-Weiner, [2018, Ward et al., 2024], and relatedly,
their incentives to control parts of the environment |[Everitt et al., [2021a;, [Farquhar
et al., 2022]. For an agent to intentionally manipulate a variable Z to obtain an
outcome Y = y, there must be a pathp: X — ... - Z — ... - Y where for each

of its decisions X’ lying on p, the parent O’ along p is material for X’. In general, a
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stronger criterion for ruling out materiality will allow us to rule out unfair or unsafe

behaviour for a wider range of agent-environment interactions |Everitt et al., [2021a].

@ Es ~ U(B)

!
%

X=27 frpa)=[k=4

_ _ _ X=7Z x'=x Jrpa)=Fk=4
(a) Z is immaterial for (b) Z is material for
X. X. (c) Z is material for X.

Figure 5.1: Three graphs, with decisions in red, and a real-valued outcome Y. We write
U(B) for a uniform distribution over B, i.e. a Bernoulli distribution with p = 0.5.

Any procedure for establishing immateriality based on the causal structure may
be called a graphical criterion. For example, if a decision X is not an ancestor of
the outcome Y, then all of the variables observed at X are immaterial. An ideal
graphical criterion would be proved complete, in that it can establish immateriality
whenever this is possible from the graphical structure alone. Clearly, this criterion
is not complete, because in Figure [5.1a, X is an ancestor of the outcome, but we
still proved Z immaterial. So far, a graphical criterion from van Merwijk et al.
[2022] has been proved complete, but only under some significant restrictions. The
causal structure must be soluble, meaning that all of the important information
observed from past decisions is remembered at later decision points. Also, no
criteria has been proved complete for identifying immaterial decisions, i.e. past
decisions that can be safely forgotten.

For insoluble graphs, there the criterion of [Lee and Bareinboim| [2020, Thm. 2],
which can identify immaterial decisions and is (strictly) more potent in general.
However, it is not yet known whether this criterion is complete. In particular, it
is not yet clear whether several of its conditions are necessary. For example, one
case where all existing criteria are silent is the simple graph shown in Figure |5.1c

— we would like to know whether we can rule out X being a material observation
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for X’. We cannot use van Merwijk et al. [2022] because X is a decision, and
because the graph is insolubleﬂ Furthermore, we cannot establish immateriality
using Lee and Bareinboim| [2020, Thm. 2], because it violates a property that we
term LB-factorizability, which we will discuss in Section [5.3.3|P]

By studying Figure in a bespoke fashion, we find that there exists a decision
problem with the given causal structure, where X is material for X’. As shown
in Figure [5.1c¢, Z is a Bernoulli variable, and Y is equal to 1 if Z = X’ and to 0
otherwise. If X is observed by X’ then a reward of E[Y] = 1 can be achieved
by the policy X’ = X = Z. If X is not observed, the greatest achievable reward
is lower, at E[Y] = 0.5, implying materiality.

This raises a question: by generalising this construction, can we prove that
requirement I of LB-factorizability is necessary to prove immateriality for a wide class
of graphs? This work will prove that this requirement is indeed necessary, meaning
that materiality cannot be excluded for a wide class of graphs including Figure [5.1c]

It remains an open question whether the criterion of Lee and Bareinboim/ [2020),
thm. 2| as a whole is complete, in that its other conditions are necessary for
establishing immateriality. In the case that it is complete, our work is a step toward
proving this. On the other hand, we also present some graphs where materiality
is difficult to establish, that — if the criterion is not complete — could bring
us closer to a proof of incompleteness.

The structure of the paper is as follows. In Section [5.2] we will recap the
formalism used by Lee and Bareinboim| [2020] for modelling decision problems,
based on structural causal models. In Section [5.3] we will review existing procedures
for proving that an observation can or cannot be material. In Section we will
establish our main result: that requirement I of LB-factorizability is necessary to
establish immateriality. In Section |5.5, we present some analogous results for other

requirements of LB-factorizability, that could serve as a building block for proving

Formally, this is because W £ Y | X U X/, and X’ £ Y | X U W, as per the definition of
solubility that we will review in Section

2Specifically, requirement I of LB-factorizability is violated because Y is d-connected to 7 x-
given X'.
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the necessity of those requirements. We then illustrate the problems that arise in
trying to prove necessity of those further requirements, and outline some possible

directions for further work. Finally, in Section [5.6, we conclude.

5.2 Setup

Our analysis will follow Lee and Bareinboim| [2020] by using the structural causal
model (SCM) framework [Pearl, 2009, Chapter 7], although the results also apply

equally to Bayesian networks and influence diagrams.

5.2.1 Structural causal models

A structural causal model (SCM) M is a tuple (U,V,P(U),F), where U is
a set of variables determined by factors outside the model, called endogenous
following a joint distribution P(U), and V is a set of endogenous variables whose
values are determined by a collection of functions F = {fy}yey such that V' «
fv(Pa(V),Uy) where Pa(V) € V\{V} is a set of endogenous variables and Uy <
U is a set of exogenous variables. The observational distribution P(v) is defined as
Yl lvey P(vlpay, uy)P(u), where uy is the assignment w restricted to variables
Uy. Furthermore, do(X = ) represents the operation of fixing a set X to a
constant « regardless of their original mechanisms. Such intervention induces
a submodel M, which is M with fx replaced by x for X € X. Then, an
interventional distribution P(v\x|do(x)) can be computed as the observational
distribution in M,. The induced graph of an SCM M is a DAG G on only the
endogenous variables V' where (i) X—Y if X is an argument of fy; and (ii) XY
if Ux and Uy are dependent, i.e. for any ux,uy, P(ux,uy) # Plux) x P(uy).

We use the notation Pa(X), Ch(X), Anc(X) and Desc(X) to represent the
parents, children, ancestors and descendants of a variable X, respectively, and take

ancestors and descendants to include the node X itselfPl

3Note that Pa(X) is an intentional reuse of the notation used to describe the arguments of
fx in the SCM definition, because the endogenous arguments of fx and the parents of X in the
induced graph are the same variables.
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We will use the notation V; — V; to designate an edge whose direction may be
Vi—->Voor V) <V, Forapath Vi — Vo — .- — V), we will use the shorthand
Vi --V,, and for a directed path V; — --- — V,, the shorthand V; --+ V. For a
pathp: A-- B--C -- D, we will describe the segment B -- C' using the shorthand
B - C'. We will use the shorthand V;.y for a sequence of variables Vi, ... Vy indexed
by 1,..., N, vy.y for a sequence of assignments, and p;. for a set of paths py, ... pn.

There is certain notation that we will use repeatedly when constructing causal
models, such as tuples, bitstrings, indexing, and Iverson brackets. We will write a
tuple as z := (x,y), and this may be indexed as z[0] = z. A bitstring of length n,
i.e. a tuple of n Booleans, may be written as B", and a uniform distribution over
this space, as U(B"). We will denote a bitwise XOR operation by @ so that, for
example, 01 @ 11 = 10. Bitstrings may also be used for indexing, for example, the
y*™ bit of z may be written as as z[y], and the leftmost bits are of higher-order
so that, for example, 0100[01] = 1.  Similarly, for random variables XY, we
will write X[Y] for a variable equal to z[y] when X = z and Y = y. Finally, the

Iverson bracket [P] is equal to 1 if P is true, and 0 otherwise.

5.2.2 Modelling decision problems

To use an SCM to define a decision problem, we need to specify what policies the
agent can select from and what goal the agent is trying to achieve.

We will describe the set of available policies using a Mixed Policy Scope (Lee
and Bareinboim, 2020)), which casts certain variables as decisions, and others as
context variables or “observations” C'x, that each decision X is allowed to depend
on. Following |Lee and Bareinboim| [2020], we will consistently illustrate decision

variables with red circles, as in Figure [5.1]

Definition 24 (Mixed Policy Scope (MPS)). Given a DAG G on vertices V , a
mixed policy scope S = (X, Cx)xex(s) consists of a set of decisions X (S) = 'V

and a set of context variables Cx < 'V for each decision.



98 5.2. Setup

For a set of decisions X', we define their contexts as Cx: = | J xex' Cx-
A policy consists of a probability distribution for each decision X, conditional

on its contexts C'x.

Definition 25 (Mixed Policy). Given an SCM M and scope S = (X, Cx ), a mixed
policy 7 (or a policy, for short) contains for each X a decision rule wx|c,, where

Tx|cx : dom X x dom Cx — [0,1] is a proper probability mapping.ﬂ

We will say that such a policy 7 follows the scope S, written m ~ §. A mixed
policy is said to be deterministic if every decision is a deterministic function
of its contexts.

Once a policy is selected, we would have a new causal structure, described

by a scoped graph.

Definition 26 (Scoped graph). The scoped graph Gs is obtained by G, by replacing,
for each decision X € X (S), all inbound edges to X with edges C' — X for every

C e Cx. We only consider scopes for which Gs is acyclic.

We will designate one real-valued variable Y ¢ X (S) u C(S) as the outcome
node (also called the “utility” variable). To calculate the expected utility under a
policy w ~ S, let C~ = <UX€X(S) CX> \X (S) be the non-action contexts. Then,
the expected utility is:
fins = 2yze YPr(Y:€7) [ xexs) m(#le:). When the scope is obvious, we will
simply write fir.

This paper is concerned with materiality — whether removing one context
variable from one decision will decrease the expected utility attainable by the
best policy. We define it in terms of the value of information [Howard, 1990,

Everitt et al., |2021a].

4Following Lee and Bareinboim| [2020], we term this a “mixed policy” due to its including
mixed strategies. Note that game theory also has a distinction between “mixed” policies, where
the decision rules share a source of randomness, and “behavioural” policies, where they do not,
and in this sense, the “mixed” policies of [Lee and Bareinboim| [2020] are actually behavioural.
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Definition 27 (Value of Information). Given an SCM M and scope S, the
maximum expected utility (MEU) is p = maxyp~s fix,s. The value of information
(Vol) of context Z € Cx for decision X € X(S) is ps — ps,, ., where Szpx is
defined as (X', Cx)xex(s)x} YU (X, Cx\{Z}).

The context Z is material for X in an SCM M if Z has strictly positive value

of information for X, otherwise it is immaterial.

5.2.3 Graphical criteria for independence

Knowing when variables are independent is an important step in identifying
immaterial contexts, as we will discuss in the next section. So, we will make
repeated use of d-separation, a graphical criterion that establishes the independence

of variables in a graph.

Definition 28 (d-separation; Verma and Pearl, |1988). A path p is said to be

d-separated by a set of nodes Z if and only if:

1. p contains a collider X — W <Y such that the middle node W is not in Z

and no descendants of W are in Z, or
2. p contains a chain X - W —Y or fork X «—< W —Y where W is in Z, or
3. one or both of the endpoints of p is in Z.

A set Z is said to d-separate X from'Y , written (X 1gY | Z), if and only if
Z d-separates every path from a node in X to a node in'Y . Sets that are not

d-separated are called d-connected, written X £gY | Z.

When the graph is clear from context, we will write L in place of L. When
sets X, W Z satsify X | W | Z they are conditionally independent: P(X, W |
Z)=P(X | Z)P(W | Z) [Verma and Pearl, 1988].
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If we know that a deterministic mixed policy is @ @
being followed, then we may deduce further conditional
independence relations. This is because conditioning @ @

on variables V' may determine some decision variables,

Figure 5.2: A graph where
which are called “implied” [Lee and Bareinboim, [2020], gecisions Z, X jointly deter-
mine the outcome Y. A
policy node mwx is shown,
making them conditionally independent of other vari- which decides the decision

rule at X.

or “functionally determined” |Geiger and Pearl, (1990,

ables in the graph.

Definition 29 (Implied variables; Lee and Bareinboim, 2020). To obtain the implied
variables | Z| for variables Z in G given a mized policy scope S, begin with [Z] < Z,

then add to [Z] every decision X such that Cx < [Z], until convergence.

For example, in Figure [5.2] we see that [X] = {Z, X}, so Z is d-separated
from Y given [X]. This means that under a deterministic mixed policy, Z and Y
are statistically independent given X. This has implications for materiality. In
particular, it means that the best deterministic mixed policy Z = z, X = x does
not need to observe Z at X. Moreover, the performance of the best deterministic
mixed policy can never be surpassed by a stochastic policy ([Lee and Bareinboim,

2020, Proposition 1]), so Z is immaterial.

5.3 Review of graphical criteria for materiality

We will now review some existing techniques for proving whether or not a graph

is compatible with some variable Z being material for some decision X.

5.3.1 Single-decision settings

In the single-decision setting, there is a sound and complete criterion for materiality:
in a scoped graph G(S§), there exists an SCM where the context Z € Cx is material
if and only if Z £ Y | Cx u {X}\{Z} and the outcome Y is a descendant of X [Lee
and Bareinboim) 2020, Everitt et al., |2021a]. This statement can be split into proofs

for the only if and if directions, both of which are relevant to the current paper.
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The argument for the only if is that if X is not an ancestor of the outcome
Y, then its policy is completely irrelevant to the expected utility, and so all of its
contexts are immaterial, and if Z is conditionally independent of the outcome Y
given the decision and other observations, then it may be safely ignored without
changing the outcome. These arguments are important to us because they remain
equally valid as we move to a multi-decision setting — a context must be an
ancestor of Y ,and must provide information about Y over and above the other
contexts, in order to be material.

The if direction is proved by constructing a decision problem where Z is material.
By assumption, there is a directed path X --» Y, called the control path, and a
path Z -- Y, active given Cx u {X}\{Z}, called the info path.

In the SCM that is constructed, the variable Z will contain information about
Y (due to a conditional dependency induced by the info path), and this will
inform X regarding how to influence Y (using influence that is transmited along
the control path).

The construction has two cases, which differ based on whether or not the info
path contains colliders [Everitt et al., 2021a), Lee and Bareinboim, [2020]. For the
case where it does not contain colliders, the graph and construction are shown
in Figure . (Note that when the info path is a directed path, we take this
to be a special case where V' = Z.) The functions along the info path (dashed
line) are chosen to copy V to Pay and to Z, and Y equals its maximum value
of 1 only if X equals V, and 0 otherwise. So, X must copy Z to achieve the
maximum expected utility. Without the context Z, the maximum expected utility
is 0.5, proving materiality[]

For the case where the info path does contains a collider, the graph and
construction from Everitt et al.| [2021a], Lee and Bareinboim, [2020] are shown

in Figure [5.3b] Each fork U; in the info path, along with Z, generates a random

®To be precise, the formalism of Lee and Bareinboim! [2020] also allows the active path from Z
to include one or more bidirected edges V <> Y, but to deal with these cases, we begin with the
distribution that we would use for a path V' < L — Y, then marginalise out L.
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~ U(B)
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(a) The [Everitt et al.| [2021a], [Lee and
Bareinboim| [2020] scheme, with a red info (/
path that lacks colliders, and the control

path shown with a thick dark red arrow. =ZeWio oWy fr(pay) = [z = un]

(b) The [Everitt et al.| [2021a], [Lee and
Bareinboim| [2020] scheme, with a red info
path that contains colliders, and the control
path shown in dark red.

N
.

Figure 5.3: Three decision problems where Z is material for X. For readability, we
marginalise out exogenous variables from the SCM, so z ~ U(B) can be understood as
shorthand for z = e where ez ~ U(B), and so on.

fr (pay) = [= = 2/[0]]
[/ [2/[0]] = 2/[1]]

(a) The Everitt et al.| [2021a] scheme is applied ~ (b) The jvan Merwijk et al.| [2022] scheme is
using just the red info path; Z is immaterial  applied, using the red and blue info paths; Z is
for X. material for X.

Figure 5.4: Two decision problems on a soluble graph.

bit, while each collider W; is assigned the XOR (U;_1 @ U;) of its two parents.
By observing z and the values w;.y, the agent has just enough information to
recover uy. In particular, hte policy that sets x equal to the XOR of z and wy.y,
obtains z = uy and achieves the MEU, E[Y] = 1. Without the context Z, the

MEU becomes 0.5, so Z is material.
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5.3.2 Soluble multi-decision settings

This approach has been generalised to deal with multi-decision graphs that are
soluble (also known as graphs that respect “sufficient recall”).

To recap, a graph is said to be soluble if there is an ordering < = (X, ..., Xn)
over decisions such that at for every X;, for every previous decision or context
Ve{X;ulx, |j<i},wehave V ¢ Anc(Y) or V LY | {X;} U Cx,. That is, past
decisions and contexts do not contain any information that is relevant for a later
decision, and unknown at the time that this later decision is made. For example,
in Figure [5.4a] using the ordering X < X', the nodes Z, X are d-separated from
Y by X’ and its contexts {Z, Z', W}, which implies solubility.

For soluble graphs, there exists a complete criterion, for discerning whether a
non-decision context Z is material for a decision X. If X lacks a control path (a
directed path to Y), or Z lacks an info path (a path to Y, active given C\{Z}),
then Z is immaterial. Conversely, if in a graph, every X decision has a control path,
and each context Z has an info path, then every context is material in some decision
problem with that causal structure [van Merwijk et al., 2022, Theorem 7] H For
example, in the graph of Figure |5.4a), every decision is an ancestor of Y, and every
context has an info path, (the info paths include Z - Y, 72/ - W' — U" - Y,
and W' — U’ — Y), so, all contexts may be material in at least one decision
problem with this causal structure.

It will be important for us to understand what obstacles can arise in proving
materiality in multi-decision graphs, such as was required in proving [van Merwijk
et al., 2022, Theorem 7|. For example, suppose that we seek to construct a decision
problem where Z is material for the graph in in Figure Suppose that we apply
the single-decision construction of [Everitt et al.| [2021a] to this graph. First, we
would identify the info path Z — Y and the control path X — 7" - X’ — Y.

The info path has no colliders, so we will construct a decision problem using the

6Tn full generality, the result allows an info path to terminate at another context, rather than
at Y. This detail is not pertinent to the methods used to derive our main result in Section [5.4]
although we do consider this scenario in Section



104 5.8. Review of graphical criteria for materiality

scheme from Figure and the result is shown in Figure [5.4al The idea of this
construction is that X should have to copy Z in order for the value z transmitted
by the info path to match the value 2’ transmitted by the control path. We see,
however, that whatever action z is selected, the decision X’ can assume the value
z, thereby achieving the MEU. The MEU is then achievable whether 7 is a context
of X or not, so Z is immaterial in this construction.

In order to render Z material, we must adapt the construction from Figure
by incentivising X’ to pass along the value of Z’. To this end, we will use the
second info path 2 — W’ « U’ — Y, shown in Figure [5.4b] We add a term
Yo := [u'[2'[0]] = 2'[1]] to the reward, which equals 1 if X’ presents one bit from
U’, along with its index. We then set W’ = U’[Z'], so that X’ knows only the
Z'"™ bit of U’, and since the index 2’ is one bit, we let U’ be two bits in length,
i.e. U' ~ U(B?). Finally, rather than requiring z = 2’ as in Figure we Now
include the term y; := [z = 2/[0]], because Z" will be the zeroth term of X’. In
the resulting model, the utility is clearly Y = 2 in the non-intervened model, and
to achieve this utility, the MEU, we must have Y; = Y5 = 1 with probability 1.
To maximise ys, the decision X’ must reproduce the only known digit from U’,
ie. o/ = ' u[2']). To maximise y;, we must have Z = X'[0] almost surely, and
since X'[0] = X, this requires X = Z with probability 1. This can only be done
if Z is a context of X, meaning that Z is material for X. There is a general
principle here — if a control path for X, such as X — 7' — X’ — Y, contains
decisions other than X, then we need to incentivise the downstream decision to
copy information along the control path, and this will be done by choosing values
for variables lying on the info path for X’ (the one shown in blue in Figure ;

we will revisit this matter in our main result.

5.3.3 Multi-decision settings in full generality

Once the solubility assumption is relaxed, there are some criteria for identifying

immaterial variables, but it is not yet known to what extent these criteria are



5. Toward a Complete Criterion for Value of Information in Insoluble Decision
Problems 105

necessary, in that materiality is possible whenever they are not satisfied.
The simplest criteria for immateriality are those that carry over from the

single-decision case:
o If a decision X is a non-ancestor of Y, then its contexts are immaterial,
« If C LY | Cx\{C}, then the context C' is immaterial.

But suppose that we have a graph where neither of these criteria is satisfied.
Then on some occasions, we can still establish immateriality, using the more
sophisticated criterion of [Lee and Bareinboim| [2020, Theorem 2]. The assumptions
of this criterion are split across: Lee and Bareinboim| [2020, Lemma 1] and |Lee
and Bareinboim| 2020, Theorem 2] itself. Lee and Bareinboim, [2020, Lemma 1]
establishes that if some target variables Z, target actions X', and latent variables
U’ satisfy certain separation conditions, then they may be factorized in a favourable
way. Lee and Bareinboim| [2020, Theorem 2| then proves that under some further
assumptions, the contexts Z are immaterial to the decisions X’. in this paper,
our focus is exclusively on the assumptions of Lee and Bareinboim| [2020, Lemma
1], and we term them “LB-factorizability”, after the authors’ initials. [Lee and
Bareinboim [2020, Theorem 2| does not feature in our analysis, but for completeness

sake, it is reproduced in Appendix [C.1]

Definition 30. For a scoped graph Gs, we will say that target actions X', endoge-
nous variables Z disjoint with X', contexts C' := Cx/\(X' U Z) and exogenous
variables U’ are LB-factorizable if there ezists an ordering < over V' := C'uX'uZ

such that:
LY Lox |[(X v C")]),
II. (C Lox o Z.c,U | [(X"UC')<cl), for every C e C" and

III. V! is disjoint with Desc(X) and subsumes Pa(X) for every X € X',
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where Tx: consists of a new parent wx added to each variable X € X', and W_y,,

for W < V' denotes the subset of W' that is strictly prior to V in the ordering <.

For example, consider the graph Figure In this case, ¥ € Desc(X)
and Z £ Y | X, so the single-decision criteria cannot establish that Z is im-
material for X. However, by choosing Z = {Z}, X' = {X}, and the ordering
<= (Z,X), we have that:

I. the outcome Y is d-separated from mx by [X], (since Z is a decision that

lacks parents, we actually have [ X| = {Z, X}),
II. the contexts C" are an empty set, so (II) is trivially true, and
III. VI = Z, and Z is disjoint with Desc(X) and Z 2 Pa(X)

so Z and X' are LB-factorizable. As shown in Appendix [C.1] the assumptions of
Lee and Bareinboim| [2020, Theorem 2] are also satisfied, enabling us to deduce that

Z is immaterial for X, matching the ad hoc analysis of this graph in Section

5.4 Main result
5.4.1 Theorem statement and proof overview

The goal of this paper is to prove that condition (I) of LB-factorizability is
necessary to establish immateriality. More precisely, we prove that if condition (I)
is unsatisfiable for all observations in the graph, then the graph is incompatible
with materiality. It might initially seem unnecessarily stringent to assume that this
holds for all observations, rather than the context Z, for which we are trying to
prove materiality. Recall from Figure [5.4b] however, that proofs of materiality are
recursive — to prove that Z material for X, we incentivised X to copy Z, and to
do this, we had to incentivise X’ has to pass on the value of Z’. To do this, we
needed to assume that other contexts and decisions (such as Z’ and X’) have their
own info paths and control paths, not just Z and X. So, in our theorem below,

assumption (C) requires that (I) holds for all contexts. Assumptions (A) and (B) are
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also necessary for a graph to be compatible with materiality, because their negation

implies immateriality, as per the single-decision criteria discussed in Section [5.3.1
Theorem 10. If, in a scoped graph Gs, for every X € X(S)

A. X e Ancg (YY),

B. ¥VCeCx: (C 4g, Y | ({X}uCx\{C})), and

C. for every decision X and context Z € Cx in Gs, (7x Lgs Y | [(X(S) u

Cxs)\iz})\{Z}]), where mx is a new parent of X,

then for every Xo € X (S) and Zy € Cy,, there exists an SCM where Zy is material
for X,.

We will prove this result in three stages, across the next three sections.

e In Section [5.4.2] we prove that for any scoped graph satisfying the assumptions
of Theorem [10] for any context Zy € Cly,, there exist certain paths, which we

will call the materiality paths.

o In Section [5.4.3] we use the materiality paths to define an SCM for this scoped

graph, which we will call the materiality SCM.

o In Section [5.4.4] we will prove that in the materiality SCM, Z, is material for
X,

5.4.2 The materiality paths

To prove materiality, we will begin by selecting info paths and a control path, similar
to what was described in Section and illustrated in Figure One difference,
however, is that these paths must allow for the case where we are proving the value

of remembering a past decision. We will first describe how to accommodate this

case in Section [5.4.2.1| then define a set of paths for our proof in Section [5.4.2.2
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fr(pay) = [z = ] fy (pay) = [u = ]
~U®B)_ =7 ~UB) _ —u =7
D—Z)—(—= D—Z)—(—¥
(a) Zy is immaterial for Xj. (b) Zy is material for X

Figure 5.5: Two SCMs, with models constructed using different (red) info paths.

5.4.2.1 Paths for the value of remembering a decision

One distinction between our setting and that of van Merwijk et al. [2022] is that we
may need to establish the value of remembering a past decision, for example, the
value of remembering Z; in Figure[5.5 In this graph, the procedures of [Everitt et al.
[2021a] and jvan Merwijk et al.| [2022] are silent about whether we should choose
the info path Zy — Y, and construct the graph Figure [5.5al or choose the info path
Zy < U — Y, and construct the model depicted in Figure [5.5D] In the first case,
we have Y = 1 if xy = 2p, i.e. the decision X is required to match the value of a
past decision Figure Then, the MEU of 1 can be achieved with a deterministic
policy such as Zy =1, Xy = 1, and Z, is immaterial for X,. To understand this in
terms of the paths involved, The problem is that the info path Z; — Y doesn’t
include any parents of Zy, so Z; is implied by values outside the info path, and
Zy — Y is rendered inactive given [U]|. This means that observing Z, can no-longer
provide useful information about how to maximise Y. In the second case, Y = 1 if
Ty = u, i.e. the decision Xy must match the value of a random Bernoulli variable U
Figure [5.5b] U is directly observed only by Z, and so in optimal policy, X, must
observe the decision zj, as is the case in the optimal policy zyg = u, xg = 29, and so Z
is material for Xy. The info path Z; <« U — Y does include a parent U of Z;, and so
Zy is no-longer implied by values outside the info path, and the path Zy — U — Y
remains active given [J]. Thus Z, may still provide useful information about Y.

For our proof, we need a general procedure for finding an info path that contains
a non-decision parent for every decision. Condition (C) of Theorem (10| is useful,
because it implies the presence of a path from Z to Y that is active given [(X(S) u

C X(S)\Z)\Z]. Any fork or chain variables in this path will not be decisions, otherwise
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they would be contained in [X(S)\Z], which would make them blocked given
[(X(S) U Cxs)z)\Z]. This deals with the possibility of decisions anywhere except
for the endpoint Z. But how can we ensure that the info path contains a non-
decision parent for Z, if it is a decision? We can use condition (C) again, because it

implies that every context that is a decision must have a non-decision parent.

Lemma 1. If a scoped graph G(S) satisfies the condition(C) of Theorem[1q, then for
every context Z € Cx where Z, X € X(8S) are decisions, there exists a non-decision

N e CZ\[(X(S) v Cx(syz))\{Z}]-

Intuitively, this is because condition (C) states that there is an active path
from Z to Y, given a superset of [X(S)\{Z}. If all of the parents of Z are
decisions, then we would have Z € [ X (S)\{Z}, and every path would be blocked,

and condition (C) could not be true.

Proof of Lemma (1. Assume that there is no such non-decision N, i.e. Cz < [(X(S)u
Cx(s)izp)\{Z}], and that mx £ Y | [(X(S) v Cx(spiz1)\{Z}], (by condition
(C) of Theorem [10)), and we will prove a contradiction. From C; < [(X(S) u
Cxs)\z})\{Z}], we deduce that Z € [(X(S) u Cx(s)yz1)\{Z}] (by the definition
of [W7), and then there can be no active path from 7x to Y given [(X(S) u
Cxsnizy)\{Z}] 2 Cz v {Z}, contradicting condition (C) of Theorem [10} and

proving the result. [

This tells us that for any decision Z there is an edge Z «— N. Moreover, by
condition(C) of the main result, we know that there is an info path from N to
Y. By concatenating the edge and the path, we obtain a path from Z to Y,
which we will prove is active given [(X(S) U Cx(s)z})\{Z}]. This is precisely the
kind of info path that we are looking for: activeness given [(X(S) U Cx(syz)\Z|
means that forks and chains will not be decisions, and we know that the endpoint

Z has a non-decision parent N.
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Lemma 2. If a scoped graph G(S) satisfies assumptions (B-C) of Theorem[1(, then

for every edge Z — X between decisions Z, X € X(S), there exists a path Z «—
N --Y, active given [(X(S) v Cxs)pz)\{Z}, (so N ¢ [(X(S) v Cxsyz)\{Z}H)-

Some care is needed in proving that the segment N --Y is active given
[(X(S) u Cx(s)iz3)\{1Z}], rather than just [(X(S) u Cx(syny)\{N}], and the

detail is presented in Lemma [2
5.4.2.2 Defining the materiality paths

We will now describe how to select finitely many info paths, along with a control
path, as shown in Figure [5.6, The assumptions of Theorem [I0] allow there to
be any finite number of contexts and decisions, so we will designate the target
decision and context (whose materiality we are trying to establish) as Xy := X
and context Zy := Z. We know from condition (A) that X, is an ancestor of
Y, so we have a directed path Xy --+» Y. We also know that Z; has a chance
node ancestor, because it either is a chance node, or it has a chance node parent,
from Lemma [2| So we will call that chance node ancestor, A, and define a control
path of the form A --» Z; — X, --» Y, shown in black in Figure [5.6], where
A --s Z, has length of either 0 or 1.

Other paths are then chosen to match this control path. We will index the

X

Tmax?

decisions on the control path as X; and their respective contexts are

min? * °

ivins - oy Zivar- Where i is either 0 (if Z is a chance node), or —1 (if Zy = X_4).

In general, we allow for the possibility that Z; = X;_; for any of the decisions.
We define an info path m; for each context Z;, which must satisfy the desirable
properties established in Lemma |1} To help with our later proofs, it is also useful
to define an intersection node T;, at which the info path departs from the control
path, and a truncated info path m/, which consists of the segment of m; that is
not in the control path. Recall from Figure and Figure that information

from collider variables can play an important role in incentivising a decision to
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Figure 5.6: The set of paths proven to exist by Lemma |3| are red, green and blue. In
each case, the point of departure of the active path from the (black) directed path is
designated by T;. In full generality, each path may begin either as Z; «-- T; < - (as in
red), or as Z; «-- T; — - (green, blue).

copy information from its context. So, for each collider W; ; in each info path m;
we define an auziliary path rv;; : W;; --» Y.

Collectively, we refer to the control, info and auxiliary paths as the materiality

paths.

Lemma 3. Let G(S) be a scoped graph that contains a context Zy € Cx, and

satisfies the assumptions of for Theorem [10, Then, it contains the following:

e A control path: a directed path d : A --» Zy — Xo --» Y, where A is a
non-decision, possibly equal to Zy, and d contains no parents of X other than

Zo.

=Ly = Xo - Ly Xigo —

min max maz

o We can write d as A--» Z;,, — X;

Y, min < @ < Gpae, where each Z; is the parent of X; along d (where A --» Z; .
and X;_1 --+ Z; are allowed to have length 0). Then, for each i, define the
info path: m;: Z; -- Y, active given [(X(S) U Cxsyz)\Zi|, that if Z; is a

decision, begins as Z; — N (so N € Cz\[(X(S) u Cx(syz)\Zil.)

o Let T; be the node nearest Y inm) : Z; --Y (and possibly equal to Z;) such
that the segment Z; m T; of m} is identical to the segment Z; 2 T; of d.

Then, let the truncated info path m; be the segment T; my
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o Write m; asm; : T;--»>W;1¢--U;1--»>W;o¢--U;o---U; j,--»Y, where J; is
the number of forks in m;. (We allow the possibilities that T; =W 1 so that m;
begins as T; «-- U, 1, or that J; = 0 so that m; is T; --» Y.) Then, for each i
and 1 < j < J;, let the auxiliary path be any directed path r;; : W;; --» Y
from Wi ; to Y.

The proof was described before the lemma statement, and is detailed in

Appendix [C.2.2]
5.4.3 The materiality SCM

We will now show how the materiality paths can be used to define an SCM where

Zy is material for Xy. As with the seleciton of paths, the construction of models

will have to differ a little from the constructions of Sections [5.3.1] and [5.3.2] in order

to better deal with insolubility. So we will first describe how we deal with insoluble

graphs, in Section [5.4.3.1] , then define a general model in Section [5.4.3.2]
5.4.3.1 Models for insoluble graphs

Certain graphs that are allowed by Theorem violate solubility, and the con-
structions from |Everitt et al. [2021a] and van Merwijk et al.| [2022] will need to
be altered in order to establish materiality in these graphs.

The assumption of solubility meant that upstream decisions could not contain
latent, actionable information — in particular, this implied if an info path m;
contains a context C' for a decision X’ € X (S)\{X;}, then V would have to be
context of X;, otherwise the past decision V' would contain latent information
that is of import to X; [van Merwijk et al., 2022 Lemma 28]. For example, in
Figure the red info path contains the variable W7, which is a context for X’
but not for Xy, and solubility is violated because Wy L Y | {Zy, Xo, X1} but it
satisfies all the three conditions of Theorem [10l

We can nonetheless apply the construction from [van Merwijk et al., 2022]

to this graph, by treating X’ as through it was a non-decision. This yields the
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decision problem shown in Figure [5.7al, which is example of the construction from
Figure , except that there is a decision X’ that observes Z; and W;. In this
model, the outcome Y is equal to 1 if zy is equal to u;. The intended logic of
this construction is that since W, = Z, ® U, the MEU can be achieved with
the non-intervened policy Xy = Zy @ Wy, which would require X, to depend on
Zy. In this model, however, there exists an alternative policy where X’ = U; and
Xo = X', which achieves the MEU of 1, without having X, directly depend on
Zy, and proving that Z; is immaterial for X,. Essentially, the single bit of X’
sufficed to transmit the value of U;, meaning that Z, contained no more useful
information. So long as the decision problem allows X’ can do this there can be
no need for Xy to observe Zy. So in order to exhibit materiality, we need the
domain of X’ to be smaller than that of Uj.

As such, we can devise a modified scheme, shown in Figure In this scheme,
two random bits are generated at U;. The outcome is Y = 1 if X supplies one bit
from U; along with its index. A random bit is sampled at Z,, and W, presents
the Zy' bit from U;, while X; has a domain of just one bit. Then, similar to
our previous discussion of Figure [5.4b] the only bit from U; that X can reliably
know is the Z,'" bit. Hence the only way achieve the MEU is for X’ to inform
Xy about the value of W7, and for X, to equal Xy = (Zy, X’). Importantly, this
can only be done if X observes Zj; it is material for Xj.

In Figure m, if 21 produces the z'™® bit from wuy, i.e. 7y = (2q, u1[20]), we will
call it consistent with {(zg,u1). If it produces any bit from u;, then we will call
it compatible with (zg,u;). For instance, either {0,0) or (1,1) is compatible with
2o = 0 and u; = 01, but only the former is consistent with zo = 0 and u; = 00.

We can generalise these concepts to a case of multiple fork variables, rather
than just Zy and U;. For example, Figure [5.7d we have J + 1 fork variables U,
which sample bitstrings of increasing length. Then, Z; = W, and each collider
W; has W; = U;[U,_1]. The outcome Y will still check whether X, is compatible

with Uy, but it will do so using a more general definition, as follows.
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fr(pay) = [u1 = zo]

(a) Zy is immaterial for fy (pay) = [us[z[0]] = z[1]]
i (b Za igsppasetiab or Xo

Uo ~UBY) L @
Soitog

4—’X0—<ZO7W1 J> >®

fy(pay)=[zo com.w. u]

(c) Zy is material for X

Figure 5.7: Two SCMs (a-b), and a description of a family of SCMs, where each dashed
line represents a path. The repeated exponent expf (k) is defined as k if n = 0, and
9exp5 " (k) otherwise.

Definition 31 (Consistency and compatibility). Let w = (wg, wy, ..., w;) where
wo € B* and w, € B for n = 1. Then, w is consistent with w = {ug, ..., uys,u; €
Bexpa(k N (ie. w ~ u) if wy = ug and w, = up[u,_1] for n = 1. Moreover, w is
compatible with u; € Bexps (k) (i.e. w ~ uy) if there exists any ug,...,u : J —1

such that w s consistent with ug, ..., u .

In Figure if, with positive probability, the assignment of X is inconsistent
with {zg,u;), then the decision-maker is also penalised with strictly positive
probability. For instance, if the assignments 2z, = 0 and u; = 01 lead to the
assignment x = (1,1), then this policy will achieve utility of y = 0 given the
assignments yo = 0 and u; = 00, since they cause the values zp = 0 and w; = 0,
which will cause the assignment x = (1, 1), which is not consistent with zo = 0 and

uy = {0,0). We find that the same is true in the more general mode of Figure
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If with strictly positive probability, the assignment of X is inconsistent with .,
then there will exist an alternative assignment Uy.; = uy, ;, that produces the same

assignments to the observations of Xy, but where Xy is not compatible with u/;.

Lemma 4. Let w = {wy,...,w;) and w = {wy, ..., w;) be sequences with wy, wy €

B*, w;, w; € B for j > 1, and let J' < J be the smallest integer such that wy # Wy

Let ug, ..., uy be a sequence where uj[u;j_1| = w; for 1 < j < J'. Then, there exists
some Uyy1,...,uy such that w is consistent with ug, ..., uy, but w is incompatible
with uy.

The proof is deferred to Appendix [C.2.5

This result implies that an optimal policy in Figure [5.7¢, zo must be consistent
with wg.; with probability 1. After all, the non-intervened policy clearly achieves
the MEU of 1, being that it is consistent with wg.;, and consistency implies
compatibility. On the other hand, if zq is inconsistent with wg.; with strictly positive
probability, then there will exist an alternative assignment wy,. ; that produces the
same assignment x(, and since the variables Uy.; have full support, this will lead to
y = 0 will strictly positive probability, and decrease the expected utility. If a policy
cannot copy Z, without observing it, then this will make X inconsistent with u
with strictly positive probability, so this policy will not be optimal. One may notice
that by setting Uj to contain k£ bits rather than just one, this will make it very
difficult for Zy to copy the value of Z, without observing it, if a sufficiently large k
is chosen. We will develop a fully formal argument for materiality in Section [5.4.4]
5.4.3.2 A decision problem for any graph containing the materiality

paths

We will now generalise the constructions from Figure (for a truncated info path
is a directed path) and Figure [5.7d (for a truncated info path that is not a directed
path) to an arbitrary graph containing the materiality paths described in Lemma .

To begin with, let us note that the materiality paths may overlap. So our general

approach will be to define a random variable V? for each variable in a path p. To
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derive the overall materiality SCM, we will simply define V' by a cartesian product
over each V). For the outcome variable Y, we will instead take a sum over each
Y?. For any set of paths p, we define VP = x,,V?.

Let us now discuss the control path. The initial node A will sample a bitstring
that is passed along the control path, and through each intersection node 7; in

particular. To describe this, we will rely on shorthand.

Definition 32 (Parents along paths). When a vertex V' has a unique parent 1%
along p, Pa(V?) = V?, and for a set of paths p', let Pa(VP) = x,cpy Pa(VP?). For
a collider V' in a truncated info path m; : T; -- Y, let the parent nearer T; along m;

be Par(V'), and the parent nearer Y be Pagr(V).

For example, a non-outcome child V' of A along the control path will be
assigned V¢ = Pa(V9).

Each info path must pass on information from upstream paths that traverse
the intersection node. We therefore use the notation p; to refer to the set of
control and auxiliary paths that enter the intersection node 7;. We also devise
an extended notion of parents Pa* to include this information. Relatedly, we will
define a notion of parents for the auxiliary path, which includes information from
the collider W; ; of the info path, and a notion of parents for the paths p;, that

includes the exogenous parent £4 of A.

Definition 33 (Extended parent relations). For a truncated info path m;, let:

Pa* (V™) = ol if Pa(v™) = T and
Pa(V™)  otherwise

TP f Pay (V™) = T™
Pa?:(V) = ' m; Zf aL(' ) b
Pa, (V™)  otherwise
s [ Pa(Vris) = W
For an auziliary path r; ;, let Pa* (Vi) = oo if Pa( . ) o
’ Pa(V™i)  otherwise
EaxPa(VPi) ifVis A

Finally, let: Pa*(VPi) = {Pa(vpi> otherwise

In other respects, the materiality SCM will behave in a similar manner to previous

examples. For instance, when m; is directed, the outcome Y™ will evaluate whether
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Figure 5.8: The materiality SCM: a general SCM where Z; is material for Xj.

the values Pa(Y??) (which mostly come from X;) are equal to Pa(Y ™), which
come from the info path. When m; is not directed, the outcome Y™ will evaluate
whether the values from Pa(Y?#":0:7) are compatible with those from U; ;. So let

us now define the materiality SCM as follows.

Definition 34 (Materiality SCM). Given a graph containing the materiality paths,
we may define the following random variables.

In the control path, d : A --+Y, let:

e the source be A = EA" where EA" ~ U(B*) where k is the smallest positive
integer such that 2% > (k + c)bc, where b is the maximum number of variables
that are contexts of one decision, b := maXXex(3)|Cx|, and ¢ is the mazimum

number of materiality paths passing through any vertex in the graph;
e every non-endpoint V have V¢ = Pa(V?).
In each truncated info path that is directed, m; : T; --+ Y, let:

e the intersection node T™ have trivial domain;
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e each chain node be V™ = Pa* (V™)
e the outcome have the function fym;(pay) = [pa(YP?i) = pa*(Y"™)].

In each truncated info path that is not directed, T; -- <~ W;1 — -+ << W,; ; - Y,

let:

e each fork be W, ALV U(]Be"p%(k”pi'_l)) where |pj| is the number of

b
5]

paths in p;;
o cach chain node be VI = Pa*(V%);
e each collider be V™ = Pag(V™)[Paj (V™)];

o each intersection node be T;"" = Pa(V™)[Pa*(TF")] if the info path begins as

T; — -, otherwise it has empty domain;

e the outcome have the function fym;(pay) = [pa(YP: 1) is compatible with

pa*(Y)].
In each auxiliary path r;; : W;; — Vo - Y, let:
o each chain node have Vi = Pa*(v").
 cach source W, ; have trivial domain

Then, let the materiality SCM have outcome variable Y = )] Y™ and

Imin<1<imaz

- 1 — . .. p
non-outcome variables V = Xpe{dvmiﬂ"i,I:Ji|'Lmin<7»<1maz} Ve

Note that this defines an SCM because each variable is a deterministic function
of only its endogenous parents and exogenous variables.
We have define the materiality SCM so that decisions behave just as non-

decisions, which always do what is required to ensure that Y™ = 1.

Lemma 5. In the non-intervened model, the materiality SCM hasY = tmaz — tmin + 1,

surely.
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@
(b) The intersection node T is a decision. The

(a) The intersection node T} is a chance node. contexts of Xq are divided into C'¢') (the parent
along the info path), and Cy*" (the other
parents).

Figure 5.9: The cases where the intersection node 77 is a chance node, or a decision

The proof follows from the model definition, and is supplied in Appendix [C.2.4]
We also know that each utility term Y™ is upper bounded at one, so in order

to obtain the MEU, each Y* must equal 1, almost surely.

Lemma 6. If a policy w for the materiality SCM, has P™(Y™ <1)>0 for any i,
the MEU is not achieved.

Proof. We know that E™[Y] = _,_. Y™ (Deﬁnition, soforall 4, Y™ < 1
always. So, if PT(Y™ < 1) > 0 for any 4, then E™[Y] < imax — fmin + 1, which
underperforms the policy that is followed in the non-intervened model (Lemma [5)).

O

5.4.4 Proving materiality in the materiality SCM

We will now prove that in the materiality SCM, if Zj is removed from the contexts of
X, then the performance for at least one of the utility variables Y is compromised,
and so the MEU is not achieved. The proof divides into two cases, based on

whether the child of X, along the control path is a non-decision (Section [5.4.4.1))
or a decision (Section [5.4.4.2)).
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5.4.4.1 Case 1: child of X, along d is a non-decision.

If the child of X along the control path is a non-decision and Z; is not a context
of Xg, we will prove that E[Y™] < 1. In this case, either X, is the last decision
in the control path, or otherwise there must exist an intersection node Ti, as
shown in Figure If the former is true, then it is immediate that the value
To is transmitted to Y along the control path, based on the model definition. As
such, Y, can directly evaluate the decision X,. For the latter case, we want an
assurance that downstream decisions will pass along the value of X, as was the
case in Figure Such an assurance is provided by the following lemma, which
shows that whenever an intersection node 7 is a chance node — as is T} — the

value t¢; is transmitted to Y by every optimal policy.

Lemma 7 (Chance intersection node requirement). If in the materiality SCM,
where T; is a chance node, a policy w has P™(Pa(TF") = Pa(Y?)) < 1, then
PT(Y™ <1)>0.

First, we prove the case where m; is a directed path. In this case, m; copies
the value tP to Y, which Y™ checks against the value pa(y??) received via the

control path. Maximising Y™ then requires them to be equal.

Proof of Lemma[7 when m; is a directed path. We have fym; (paym,;) = [pa(Y™)=
pa(Y?))] (Definition [34). Also, Pa(Y™) = TP = Pa(T?") surely, where the first
equality follows from Definition [34] while the second follows from Definition [34and T;
being a chance node. So, if P™(Pa(Y?)=Pa(7?))<1 then PT(Y™ =1) <1. O

We now prove the case where m; is a directed path. In this case, if the assignment
pa(Y?)) transmitted along the control path differs from the value pa(7?*) that
came in to the intersection node T}, then just as we established for Figure [5.7d, there
will exist an assignment w, 1.5, to the fork nodes in m; that gives an unchanged

assignment to colliders v; 1.5,, but where pa(Y?#) is incompatible with u,.
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Proof of Lemma[7 when m; is not a directed path. Let us index the forks and col-
liders of m; as T; -- Viq ¢-- U1 == Wiq «== - W, ;. «-- U, ;. --» Y. Choose any
assignments pa(TF") # pa(Y?i) that occur with strictly positive probability. Then,
there must also exist assignments Pa(YP»"1:7i) = pa(YPo 1), U, 1.5, = Uy.y,, and

Wi 1.5, = wy.y, such that

Pﬂ(pa(ﬂ'pi)vpa(ypi’”’l) tpl ul:mel:JZ') > 0.

R A

By Lemma {4} there also exists an assignment Uy 1.5, = u.;, such that pa(TP), wy.y,
is consistent with ui,;, and pa(Y}”),pa(Y"!) is incompatible with u/;. Now,
consider the intervention do(Uj1.;, = uj.;). Since T; is a chance node, every
collider in m; is a non-decision, and is assigned the (unique) value consistent with
pa(T}"),u}.;. Furthermore, pa(T}”), w1.;, is consistent with pa(7}"), u].;, so the
intervention does not affect the assignments to these colliders. Moreover, from
Definition [34] no variable outside of m; is affected by assignments within m;, except

through the colliders. Therefore:
P (pa(Y?),pa(Y" ), Pa(Y™) = uj | do(Uj 1y, = uyy,)) > 0
Pﬂ-(yml =0 | dO<Ui,1:Ji = ’U’IIJZ)) >0
(pa(Y;"), pa(Y""17) not compatible with u/; )
SPTY™ =0 Uy, =uly,) >0

(U, 1.y, are unconfounded, so P™(V |do(U, ;.;, = u/lzJi)) =P™(V|U, .y, zu’lzJi)

SPT(Y™ = 0) >0 (P (wi:g,) > 0).

[]

If m; is not a directed path, then this requirement extends to the values
pa(Y"i1:7i) passed down the auxiliary paths, not just the value pa(Y®:) from the con-
trol path. Specifically, pa(Y??), pa(Y ") must be consistent with pa(Y?"), u; 1.;,,

where wu; 1.5, denotes the values of forks on the info path.
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Lemma 8 (Collider path requirement). If the materiality SCM has an info path m;
that is not directed, and under the policy 7 there are assignments Pa(YPimi1/i) =
pa(YPi"iidi) to parents of the outcome, and U, = w;Y.; to the forks of m;,
with P™(pa(YPorivi) ' ;) > 0 and where pa(YP"1:7%) is inconsistent with

pa(Y?), ujy ., then PT(Y™ <1)> 0.

The idea of the proof, similar to Lemma [7] is that whenever the bits transmitted
along the auxiliary paths deviate from the values w; ;.;, of colliders in m;, there
exists an assignment u; . ; to forks in m; that will render the colliders, and hence
the decision x; unchanged, while making z; incompatible with u;,, and thereby
producing Y™ < 0. A detailed proof is in Appendix [C.2.5

In order to prove that the context Z; is needed, we will also need to establish
that it is not deterministic, even if it is a decision. In the case where Z; is a
decision, the idea is that random information is generated at A, which each of
the decisions are required to pass along the control path. We are able to prove

this as a corollary of Lemma [7]

Lemma 9 (Initial truncated info path requirements). If 7 in the materiality SCM

does not satisfy: P™(Pa(Y?) = A?) < 1. then the MEU is not achieved.

Proof. From Lemma [3] the control path d begins with a chance node. So, the

first decision X, . in d must have a chance node Z; , as its parent along d.

Furthermore, the intersection node 7;_. must be an ancestor of Z; . along d, so it

min min

is also a chance node. So it follows from Lemma [7]} that any policy 7 must satsify

P™(T ™ = Pa(YPmn)) = 1 if it attains the MEU. As T;

min

is in the control path,

we have d € p;,,, (Lemma [3)) so T 2=Pa(Y?) is also required. Moreover, all of

vertices in the segment A --» of d are chance nodes, because X;_. was defined

Tmin min

as the first decision in d, and T}, _. precedes it. And, each chance variable V¢ on

min

the control path equals its parent Pa(V4) (Definition , so AT =T  and thus

Tmi

A4 22 Pa(Y?) is required to attain the MEU. O
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We can now combine our previous results to prove that it is impossible to
achieve the MEU, if Z, is not a context of X, in the case where T} does not

exist, or is a non-decision.

Lemma 10 (Required properties unachievable if child is a non-decision). Let M be
a materiality SCM where the child of Xy along d is a non-decision. Then, the MEU
for the scope S cannot be achieved by a deterministic policy in the scope Sz,1.x,

(equal to S, except that Zy is removed from Clx, ).

The logic is that if child of X in the control path is a non-decision, then the value
of Xy is copied all the way to Pa(Y?) (Lemma[9). Furthermore, Z¢ 2% Pa(Y?)
is necessary to achieve the MEU (Lemma [7]). But the materiality SCM has been
constructed so that the non-Z, parents of Xy do not contain enough bits to transmit

all of the information about Z¢, so the MEU cannot be achieved. The proof is

detailed in Appendix [C.2.6]

5.4.4.2 Case 2: child of X, along d is a decision.

If the child of X along d is a decision, as shown in Figure [5.9b, we will prove
that the decision X, must depend on Zj in order to achieve E[Y;] = 1. This will
be because without Z,, X, will be limited in its ability to distinguish all of the
possible values of the first fork node U;; of m;. To establish this, we will need to
conceive of a possible intervention to the fork nodes in m;, that X; would have
to respond to, and so we begin by proving that relatively few variables will be

causally affected by certain interventions.

Lemma 11 (Fork information can pass in few ways). If, in the materiality SCM:

o the intersection node T; is the vertex X;_1,

o 7, is a deterministic decision rule where 7, (¢ (Ti, ui1) = mr, (€™ (T, ug ;)
for assignments u; 1, u;; to the first fork variable, and ¢™™i(T;) to the contexts

of T; not on m;, and



124 5.4. Main result

e Wiy, = w1y, and U; 2.5, = u, 9.5, are assignments to forks and colliders in

m; where each w; ; consists of just w; ; repeated expy(k + |p;| — 1) times, then:

PT(pa(YPorit) e 7™ (T;), w; 1., Wiy, |do(u;1))

:Pﬂ(Pa(Ypi’m’l)a c™ (Tz), Wi 1,5 Wi 2.J; dO(U;,l)).

The proof follows from the definition of the materiality SCM, and it is detailed
in Appendix [C.2.7]

We can now prove that if a deterministic policy does not appropriately dis-
tinguish assignments to U;, then the i™ component of the utility will be sub-

optimal E[Y™] < 1.

Lemma 12 (Decision must distinguish fork values). If in the materiality SCM:
e the intersection node T; is the vertex X;_1, and
e T is a deterministic policy that for assignments uiyl,u;l to U; 1 where u; 3 ;éu;i,

has mr, (™" (T3), uin) = mr, (€™ (1), uiy) for every Cp™ (Ti) = ™™ (Ty),
()
then PT(Y™ < 1) >0

The idea of the proof is that if u;; and w;, differ, there will be some assignment
pa(Y??) such that u; [pa(Y?")] and u; ,[pa(Y?)] differ. When Pa(Y?) = pa(Y??)
and u;1, then Pa(Y ") to assume one value. But if we intervene uj ;, u;2.s,, then
the value of Pa(Y ") will be incorrect, making Pa(YP"":1:/i) inconsistent with
Pa(Y?:, U, .;,) so the maximum expected utility is impossible to achieve. The
details are deferred to Appendix [C.2.8|

This will allow us to prove that when the child of X along d is a decision, the

MEU cannot be achieved without Z; as a context of X.

Lemma 13 (Required properties unachievable if child is a decision). Let M be the
materiality SCM for some scoped graph Gs, where i, > 0 and T} is a decision.

Then, there exists no deterministic policy in the scope Sz 4. x, that achieves the

MEU.
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To prove that no deterministic policy in Sz, 4,x, can achieve the MEU (achiev-
able with the scope §), we will show that if a deterministic policy 7 satisfies
P™(Pa(Y?) = A%) = 1, as required by Lemma [9] then the domain of Xo x Cx™
is smaller than the domain of C'y}, so Equation will be satisfied, and thus the
MEU cannot be achieved. A detailed proof is presented in Appendix [C.3

We now combine the lemmas for the two cases to prove the main result.

Proof of Theorem[I(J Any scoped graph G(S) that satisfies assumptions (A-C)
contains materiality paths for the context Z; of X (Lemma, and has a materiality
SCM (Definition compatible with G(S). In this decision problem, whether the
child of X, along d is or is not a decision, the MEU cannot be achieved by a
deterministic policy unless Xj is allowed to depend on Z; (Lemmas [10] and [13).
And stochastic policies can never surpass the best deterministic policy (|Lee and
Bareinboim) 2020, Proposition 1]), so no such policy can achieve the MEU, and so

Zo is material for Xj. O

5.5 Toward a more general proof of materiality

So far, via Theorem [10| we have established the necessity of condition (I) of LB-
factorizability for immateriality. We now outline some steps toward evaluating
the necessity of conditions (II-IIT) of LB-factorizability, and the further condition
in [Lee and Bareinboim, 2020, Thm. 2].

To begin with, condition (III) requires that we choose an ordering <, such that
the parents of each decision X are somewhere before X, while the descendants are
somewhere afterwards. Clearly this condition can be satisfied for any acyclic
graph, so it instead

Conditions (II-I1I) are individually not very restrictive, but are jointly substantial.
So a natural next step is to try to prove that conditions (II-III) are necessary, by
defining some info paths and control paths for graphs that violate conditions (II-

III), defining a materiality SCM, and proving materiality in that SCM. So far,
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however, we have only been able to carry out the first step — defining the paths
— and difficulties have arisen in using those paths to define an SCM that exhibits
materiality. In this section, we will outline what info paths and control paths can be

proven to exist, and then outline the difficulties in using them to prove materiality.

5.5.1 A lemma for proving the existence of paths

When the variables Z, X', C’,U are not factorizable, we can prove the existence

of info and control paths.

Lemma 14 (System Exists General). Let Gs be a scoped graph that satisfies
assumptions (A,B) from Theorem|[10 If Z = {Z,}, X' = Ch(Z,), C' = Cx/\(X'u
Z), U = J are not LB-factorizable, then there exists a pair of paths to some
C'eC'LY:

o an info path m : Zy -- C', active given | X' v C"|, and
e a control path d : X --» C" where X € X',

A proof is supplied in Appendix [C.4.1} The intuition of this proof is that each
of the conditions (I-IIT) implies a precedence relation between a pair of variables
in V' uY. Each of these precedence relations can be used to build an “ordering
graph” over V' U Y. If the ordering graph is acyclic, then we can let < be any
ordering that is topological on the graph, and then Z, X', C’", U are LB-factorizable.
Otherwise, we can use a cycle in the graph to prove the existence of an info path
and a control path. By iterating through these cycles, we can obtain a series of
info paths and control paths that terminate at Y.

The resulting paths are in some cases, quite useful for proving materiality. For
instance, we can recover the pair of info and control paths used in Figure To
prove that Z is material for X, we can start by choosing X’ = {X, X'}, C" = {Z'},
C' ={Z' W}, and U" = ¢J. Then, Lemma [14] implies the existence of an active
path from Z to some Descx n C’, so we see that the first info path is the edge
7 — Z'. With Z’ being a descendant of X, we also have the first control path,
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X — Z'. We must then obtain some paths that exhibit why Z’ is itself useful for the
decision X to know about, and to influence. To do this, we can reapply Lemma
using the sets X' = {X'}, Z = {Z'},C’ = {W}, and U’ = &J. We then obtain the
new info path 7/ - W «— U — Y, and the new control path Z’ — X’ — Y. The
SCM in Figure uses these paths to prove Z material for X.

5.5.2 A further challenge: non-collider contexts

In some graphs, it is not clear how to use the info and control paths Lemma
to prove materiality, because non-collider nodes on the info path may be contexts.
(In previous work, this possibility was excluded by the solubility assumption [van
Merwijk et all 2022, Lemma 28].) We will now highlight one case, in Figure [5.10]
where it is relatively clear how this challenge can be overcome, and one case,
Figure [5.11 where it is unclear how to make progress.

In the graph of Figure [5.10, we would like to prove that Z;, is material for Xj.
Using Lemma [14] we can obtain the red and blue info paths as shown, and the
corresponding control paths in darker versions of the same colors. In the approach
of Definition [34] shown in Figure [5.10a, X, should need to observe Z; in order
to know which slice from V' is presented at its parent X;. Then, X; would play
two roles, one for the red info path, and one for the dark blue control path. As a
collider on the red info path, its role is to present the Z® bit from V. As the initial
endpoint of the blue control path, so its role is to copy the assignment of Z;. The
problem, however, is that X, then does not need to observe Z; in order to reproduce
its value, because this value is already observed at X, so Z; is not material.

To remedy this problem, we can construct an alternative SCM, where the value
of Zy is “concealed”, i.e. it is removed from the other contexts, Cz,\Zy. At X, we
directly remove Zj, leaving this decision with a domain of only one bit. At C, we
impose some random noise, so that it is not always a perfect copy of Z,. The result
is shown in Figure [5.10b] When this model is not intervened, an expected utility of
E[Y] = 10.99 is achieved, because the red term in Y always equals 10, while the
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blue term has an expectation of 0.99. (This is the MEU, because there is no way to
improve the blue term to have expectation 1 without decreasing the expectation of
the red term by at least 0.05.) If instead, Z; is removed as a context for Xy, then the
expected utility can only be as high as E[Y] = 10.95. To understand this, restrict
our attention to deterministic policies, and note that in order for the red term to be
better than a coin flip (with an expected value of 5), we would either need to have
Xo = {C, X;) — and the red term will have an expectation of 9.95, or we must have
X; = V][0] and X, = (0, X;) — and then the blue term will have an expectation of

0.5. In either case, performance is worse than 10.99, so Z; is material for Xj.

~U(B) ~UMB?) ~U(B) ~ U(B?)

C =2z) = 0.99

1= 29)=0.01

fr(pay) = [v[zo[0]] = o[1]] + [c[0] = ¢[1]]  fy(pay) = 10[v[zo[0]] = 2o[1]] + [ = 2o[O]]
(a) A model with zero Vol. (b) Zp is material for Xy

Figure 5.10: Two alternative models that use the same two info paths, red and blue.

The problem is that concealing the value of Z, does not work for all graphs.
To see this, let us add two decisions, X5 and X3, to the graph from Figure |5.10
to thereby obtain the graph in Figure [5.11] Let us retain the materiality SCM
from Figure [5.10b] except that X, and X3 copy the value from C' along to Y.
One might expect that Z; should still be material, but it is not. Now, there is a
policy that achieves the new MEU of 11 by superimposing the value of Z; on the
assignments of decisions X, and X3. In this policy &, z1 = v[2], 22 = 20 ® 20,
T3 = To @ 29, and xg = w9 ® x3 = 25 where @ represents the XOR function.
Under 7, the red term equals 10 always, while the blue term always equals 1,

i.e. the MEU is achieved, and 7 is a valid policy even if Z; is not a context of
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Xp, meaning that Z; is not material for Xj.

In summary, whenever Z 3 Zy, X’ 3 Xy, C’, U are not LB-factorizable, then we
can find some info and control paths for Z; and X, but then X, can recover the
value of Z,, making it possible to achieve the MEU even when Zj is removed as a
context of Xy. In some graphs, we can devise an alternative SCM that conceals
the value of Zy. But in others, a policy can superimpose the information from
Zy on other decisions, such as X and X3 in Figure [5.11], so that X, can recover
the value of Zj, making 7, immaterial for X, once again.

It seems that new insights are needed to solve this superimposition problem,
and that therefore that we will need new insights to establish a complete criterion

for materiality in insoluble decision problems.

fy(pay) = 10[v[zo[0]] = zo[1]] + [z2 = 0[0]]

Figure 5.11: A model with zero Vol

5.6 Conclusion

We have found that in a graph whose contexts cannot satisfy condition (I) of
LB-factorizability, any context can be material. We encountered some new problems

for materiality proofs, and devised appropriate solutions:

« if the variable Z; whose materiality we are trying to establish is a decision,

whose value can be determined by other available contexts, — then we must
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choose a different info path so that non-observed variables would be needed

to determine the value of Z;

o if the info path begins with a context of multiple decisions, — then we must

construct the SCM differently along the info path

« if the control path contains consecutive decisions, then we require more bits
to be copied along the control path, so that not all of these bits can be copied

along alternative paths.

As a next step towards establishing a complete criterion for materiality, we
then considered the more general setting where no context can jointly satisfy
conditions (I-III) of LB-factorizability. In this setting, it is possible to identify
info paths and control paths for a target context Z, and decision Xy, and to apply
our SCM construction to these paths. However, there may exist policies that
transmit the assignment of Z; through alternative paths, and that achieve the
MEU even when Zj is removed as a context of Xy. Although there exist ways
of concealing the information about Z; from a descendant decision Xy,1 < @/,
there can also be other ways that information about Z; may be transmitted,
such as transmitting this information in other decisions, undermining materiality
once again. Thus, the challenge of proving a complete criterion of materiality for

insoluble graphs currently remains open.
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6.1 The contributions of this thesis

This section will recap the contributions of this thesis, and measure them against
its overarching goals.

This thesis began by outlining concerns about safety and control in Al systems,
and why causal models of agents might help with addressing these concerns
(Chapter . The second chapter reviewed the relevant literature in some more
detail, focusing on causal models of agents, Al safety, and initial efforts to analyse
agent incentives and Al safety using graphical models (Chapter [2)).

The next three chapters are stand-alone papers, all of which sought to enable
causal graphical models to be used to model agent’s incentives and the safety of

AT systems. Their contributions were as follows.

1. Incentives for Responsiveness, Instrumental Control and Impact (Chapter |3)

152
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was an extended version of [Everitt et al.| [2021a], prepared as a journal paper.
It introduced structural causal influence models, a framework for causal
models of agents, and then described a wide range of incentive concepts in
that framework: response incentives, instrumental control incentives and
impact incentives, and described how they might be applied in an Al safety
setting. Of these, the impact incentives were novel relative to Everitt et al.
[2021a]. The graphical criteria for a multi-decision setting, and the idea of

positive and negative intent were also novel.

2. Human Control: Definitions and Algorithms (Chapter 4] formalised a general
shutdown problem in the setting of structural causal influence models, and
established shutdown instructability — a set of three conditions that jointly

confer a robust guarantee of benefit to the human overseer.

3. Toward a Complete Criterion for Value of Information in Insoluble Decision
Problems (Chapter [5|) focused on the graphical criterion for materiality (which
is a building block for incentive concepts and their graphical criteria). It
showed that for a certain class of graphs, materiality cannot be ruled out, and

outlined further work that would establish a complete criterion.
As outlined in Chapter [I], the overall goals of this thesis were to:

« introduce tools that enable matters of Al safety to be understood in a more
precise, organised, and clear way, such as causal modelling frameworks, notions
of incentives, and their graphical criteria (which indicate when these incentives

may arise);

o demonstrate avenues for further theoretical work on Al safety, using incentive

concepts; and

» explore how incentive concepts relate to fairness, and safety, so that they may

be used as specifications for future agent designs, or legal or ethical analyses.
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Let us consider the extent to which the thesis fulfilled each of these goals, in turn.

In regard to the first goal, the thesis should be counted as a success. The
causal approach has been used to describe a range of issues relating to fairness
and safety, as described in Chapter [3] even extending to issues of control, as in
Chapter [d A good example of how this approach can be used to understand safety
research in a more organised way is the work by [Farquhar et al. [2022], which
builds on the idea of instrumental control incentives, that originated in [Everitt
et al.| [2021a]. [Farquhar et al.| [2022] classified a range of Al safety concerns as
pertaining to instrumental control incentives on different “delicate” parts of the
environment such as user’s preferences, and training data. It also unified a range of
the proposed solutions as “path-specific objectives”. These incentives can also serve
to describe the “instrumental goals” that were discussed in Chapter [T, and as such,
they organise areas of Al safety research that were previously disparate, and clarify
their relationship. Chapter [4]is a newer paper, so its impact is not yet demonstrated,
but its shutdown instructability definition has the potential to be a reference point,
against which past and future proposals for Al control are measured.

The thesis also enables future theoretical research in various ways. To begin
with, Chapter [3| (via [Everitt et al. [2021a]) offered the first fully formal presentation
of SCIMs (as originally proposed in Dawid [2002]), and showed how this could
be used to analyse problems in AI safety. This construction has been used as
a starting point for analysing Al safety problems that involve incentives and/or
counterfactuals, such as in work on incentivised unfairness |Jorgensen et al., [2023],
and deception [Ward et al., [2023]. Chapter 4| leaves open a number of prime avenues
for further investigation. For instance, a theory is needed for how vigilance can be
assured, and in particular, how an Al system can be incentivised to furnish the
human overseer with all of the information that they need, to maintain vigilance.
Chapter [5] shows progress towards, and possible future avenues for proving a
complete criterion for value of information, which is at least mildly relevant to

causal approaches to Al safety.
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The third goal, for this research to be applied to safe Al design could be regarded
as a partial success at this stage. Proposals for avoiding instrumental control
incentives have been implemented in some machine learning systems, One such
instance is [Ward et al.|[2024], which devised a behavioural analogue of instrumental
control incentives and applied it to large language models. Another is [Farquhar
et al|[2022], which showed how path-specific objectives can reduce the rate at
which a recommender system changes users’ preferences, at least in a toy model.
There have been proposals to use instrumental control incentives to describe and
measure manipulation |Carroll et al., 2023, |Ashton and Franklin 2022, Finally, it
has been proposed that incentive concepts be used for safety auditing [Sharkey et al.|
2024]. But overall, the range of works that have sought to turn these theoretical
concepts into more practical specifications are relatively limited in number, and
it is not yet known how successful these efforts will be. The reasons for this will

be further discussed in the next section.

6.2 Limitations

I now highlight three areas where this work has potential limitations: 1) practi-

cability, 2) the role of counterfactuals, and 3) safety-relevance.

Practicability Why have only a handful of follow-on works sought to use incentive
concepts in practical experiments? One potential reason is that applying incentive
concepts to safety evaluations requires sufficient knowledge to apply the graphical
criteria. To be clear, this does not always mean that the AI system must contain
a whole causal model of its environment. For example, suppose you have a
recommender system that learns to manipulate its users’ preferences, and you
want to modify it to not do so. In order to implement a path-specific objective, one
needs to know either the agent’s causal model of this manipulation (to incentivise it
to ignore this effect) or how the users’ preferences evolve naturally (so that the agent

could be trained to cater to those natural preferences). Most cutting-edge Al systems
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do not currently use causal models, however, and user data may be expensive to
obtain, so it is not so straightforward to apply this methodology at present.
Relevantly, |Richens and Everitt| [2024, Theorem 1] has argued that in order for
an agent to achieve its goals in a manner that is robust across different interventional
distributions, it must know the causal structure of its environment. This would imply
that agents that are performant in a sufficiently wide range of environments must
know some causal information about the world, and so Al designers might therefore
hope to use these causal models to shape their incentives. This argument has some
limitations, however. Firstly, realistic Al systems are not actually fully general;
they cannot respond appropriately to all possible changes to their environment.
Therefore, they do not in fact always possess a causal model of their environment,
and so we cannot always use such a model to perform the queries that are needed
to define incentive concepts. Secondly, even if an agent does possess answers to
various causal queries, this does not mean that these answers are wholly accessible
to designers or overseers. To the contrary, an agent’s knowledge often is stored
across thousands or millions of weights, and is not always easy to access or modify.
Relatedly, to the extent that considering the incentives would motivate us to redesign
a system (such as with path-specific effects), there is no guarantee that the resulting
system be as performant as the less-safe original system. This suggests it might be
useful to test whether cutting-edge agents actually do have causal models, such as
in recent works in the chess and othello settings [McGrath et al., [2022, |Li et al.|
2022] and furthermore, to explore how to best extract the causal model (or causal

queries) that the agent is actually using in its answers or decisions.

Safety-relevance Another limitation of this work is that graphical criteria, and
the theorems that we have described can only address the presence of incentives
rather than their strength. Many facets of agent behaviour that we care about
may depend not just on the presence of a causal effect, but the precise response

of one variable to another, as was discovered in discussion of obedience, caution,
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and vigilance in Chapter [ To address such limitations, I suggest that future work
should err toward taking a problem-focused approach, that works backwards from
AT safety concerns, like controllability, as in Chapter [4], using incentive concepts
and graphical criteria where they arise, rather than a tool-focused approach, of
developing incentive concepts, and searching for applications thereof. For example,
we may want to focus on the problem of incentivising Al systems to explain why they
make the decisions that they do. A first pass analysis of such a problem could involve
existing incentive concepts, for instance, we might use response incentives to address
what observations and weights would influence an optimal agent’s decision, if they
were intervened to a different value. A more full and complete treatment, however,
would have to go beyond these concepts by considering the degree of influence of
various aspects of the agent’s weights and outside environment. Furthermore, there
are additional questions that have little to do with incentives, such as whether an
AT system has any capability to share the reasons for its actions, even assuming

that it would benefit from doing so.

Identifiability and cross-world queries A related potential limitation of
incentive concepts is that they sometimes rely on cross-world queries, which as
noted in Chapter [, are sometimes impossible to identify in-principle. In fact,
all three of the incentive quantities introduced in Chapter [3] involve cross-world
queries: response incentives involve P(D,w, D), instrumental control incentives
involve P(Uyw,,U), and impact incentives involve P(W™ W™). A major focus of
this paper has been on describing how the presence or absence of these incentives
could be evaluated using the graphical structure alone, and in this respect, the fact
that the definitions involve cross-world queries may not be of great concern. If one
wanted to know the strength of any of these effects, however, then one would still
need to compute these queries from data. Similarly to the discussion of graphical
criteria, one might hope that such causal information would be available from the

agent’s own causal models. But since cross-world queries describe situations that
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cannot possibly happen, there is less reason to expect that agents would possess
answer to such queries, and certainly Theorem 1 of Richens and Everitt| [2024]
only suggests that agents possess interventional models, rather than models that
can answer counterfactual or cross-world queries. As such, it seems that in order
to evaluate the strength of incentive concepts using realistically available data, it
will be necessary to either impose some independence assumptions, or to devise

alternative definitions of these incentive concepts, that are more readily testable.

6.3 Conclusion

In this thesis, I have shown how causal models can be used to model goal-directed
agents, such as Al systems, and to analyse their incentives. It is then possible
to draw on causal concepts to describe the behaviour of these agents, and to use
graphical criteria to rule out the presence of particular incentives. I have also shown
how causal models and incentive concepts can be used to make progress on Al
safety problems related to fairness, manipulation, and safe shutdown. Finally, I
have outlined the various challenges related to devising practical specifications and

designing real-world Al systems to satisfy them.



Incentives for Responsiveness,
Instrumental Control and Impact
(Supplementary Materials)

A.1 Causality Examples

Causal influence diagrams that reflect the full causal structure of the environment
are needed to correctly capture response incentives, value of control and instrumental
control incentives. We begin with showing this for instrumental control incentives
and value of control, leaving response incentive to the end of this section. Consider

the two influence diagrams in fig. [A.T] If we assume that W really affects U, only

W=D W=D
14
D%@ Dﬂ@
De{0,1} U=W+D De{0,1} U=2-D

(a) A causal influence diagram reflecting the (b) Influence diagram that is causal in the sense
causal structure of the environment of [Heckerman and Shachter{ [1994, [1995]

Figure A.1: Two different influence diagram representations of the same situation, with
different VoC and ICI.

139
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Y ~{0,1} W=Y Y =W W ~{0,1}
D D
De{0,1} U=W+D De{0,1} U=W+D

(a) A causal influence diagram reflecting the (b) Influence diagram that is causal in the
causal structure of the environment sense of Heckerman and Shachter| [1994] [1995]

Figure A.2: Two different influence diagram representations of the same situation, with
different RI and VoC. In fig. Y is sampled from some arbitrary distribution on
{0, 1}, for example a Bernoulli distribution with p = 0.5. In fig. W is sampled in
the same way.

the diagram in fig. correctly represents this causal structure, whereas fig.
lacks the edge W — U. According to definitions [11] and [36, W has positive value of
control and an instrumental control incentive. Only fig. gets this right.
The influence diagram literature has discussed weaker notions of causality, under
which fig. [A.1D] is considered a valid alternative representation of the situation

described by fig. For example, if we only consider their joint distributions

conditional on various policies, then figs. [A.1a] and [A.1b| are identical. Both

diagrams are also in the canonical form of Heckerman and Shachter| [1995], as every
variable responsive to the decision is a descendant of the decision. For the same
reason, both diagrams are also causal influence diagrams in the terminology of
Heckerman and Shachter| [1994] and Shachter and Heckerman| [2010]. Since only
fig. gets the incentives right, we see that the stronger notion of causal influence
diagram introduced in this paper is necessary to correctly model instrumental
control incentives and value of control.

To show that response incentives also rely on fully causal influence diagrams,
consider the diagrams in fig. [A.2] Again, we assume that fig. accurately
depicts the environment, while fig. has the edge Y — W reversed. Again,
both diagrams have identical joint distributions given any policy. Both diagrams
are also causal in the weaker sense of Heckerman and Shachter [1994] and |[Shachter

and Heckerman| [2010]. Yet only the fully causal influence diagram in fig.
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exhibits that Y can have a response incentive or positive value of control.

A.2 Value of Information

Materiality can be generalized to nodes not observed, to assess which variables a
decision-maker would benefit from knowing before making a decision, i.e. which
variables have value of information [Howard, 1966b, [Matheson, [1990]. To assess
Vol for variables W, we first make W an observation by adding a link W — D for
each W € W and then test whether any W is material in the updated model
[Shachter, [2016].

Definition 35 (Value of information). Nodes W < V\Desc” in a single-decision
SCIM M have Vol if V¥*(Mw.p) < V*(Mw_p) where My _,p is obtained from
M by adding the edges from each W € W to D, and Mwy.p is obtained by

removing them.

Since definition [35] adds an information link, it can only be applied to variables
W that are non-descendants of the decision, lest cycles be created in the graph.

We will say that a CID G admits Vol for W if W has Vol in a a SCIM M
compatible with G. More generally, for any proposition ¢, we will say that G admits
¢ if there exists any SCIM M compatible with G that satisfies ¢.

An observed variable having positive Vol means that it would be material if
it was observed. Using this insight, we can adapt the criterion from definition
to check for positive Vol. For a latent variable, we add an edge from it to the
decision, and then check the graphical criterion. We prove that this procedure
is tight, in that it identifies every zero Vol node that can be identified from the

graphical structure (in a single decision setting).

Theorem 11 (Value of information criterion). A single decision CID G admits
VoI for W < V\Desc” if and only if there exists some W € W that is a requisite

observation in Gw_,p, the graph obtained by adding edges from W to D, to G.
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Proof. Notice that materiality in the graph Gw _ p is equivalent to positive Vol in
the graph G. So the graphical criterion that is complete for materiality in Gw . p is

also complete for positive Vol in G. O

A.3 Value of Control

So far, we have considered what information an agent would like to know, or be
influenced by. We now consider what variables an agent would like to control. A
variable has VoC if a decision-maker could benefit from setting its value [Shachter],
1986, Matheson, 1990, |Shachter and Heckerman), |2010]. Concretely, we ask whether
the attainable utility can be increased by letting the agent decide the structural

function for the variable.

Definition 36 (Value of control). In a single-decision SCIM M, the set of non-

decision nodes W' has positive value of control if

max E-[U] < max E.[Uw]

mgW
where gV is a set of soft interventions for W, i.e. a new structural function

gV : dom(Pa" U {EW}) — dom(W) that respects the graph, for each W € W,

This can be deduced from the graph, using again the minimal reduction (defi-

nition @ to rule out effects through observations that an optimal policy can ignore.

Theorem 12 (Value of control criterion). A single-decision CID G admits positive
value of control for non-decision vertices W < V\{D} if and only if there is a

directed path W --+ U for some W € W and U € U in the minimal reduction G™™".

Proof. The if (completeness) direction is proved in lemma The proof of only if
(soundness) is as follows. Let M =<(&E,V F P,U,QO) be a single-decision SCIM.
Let M, w be M, but with the structural functions f W for W e W replaced with
g". Let M™" and MW be the same SCIMs, respectively, but replacing each
graph with the minimal reduction G™®.

Recall that E.[U,w] is defined by applying the soft interventions ¢g" to the
(policy-completed) SCM M,.. However, this is equivalent to applying the policy 7
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to the modified SCIM M w, as the resulting SCMs are identical. Since M w is
a SCIM, lemma [20] can be applied, to find a G™®-respecting optimal policy 7 for
Mw.

Consider now the expected utility under an arbitrary intervention g% for a

policy 7 optimal for M w:

E.[Uw] in M

= E.[U] in M,w by SCM equivalence
= Ez[U] in M,w by lemma
= Ez[U] in M since 7 is G™™-respecting
= E:[U] in M™" by lemma
= E:[U] in M only increasing the policy set
< max Eq«[U] in M max dominates all elements.

This shows that W lack value of control. O

The proof of the completeness direction establishes that if a path exists,
then a SCIM be selected where the intervention on W can either directly control
U or increase the useful information available at D.

To apply this criterion to the content recommendation example (fig. , we
first obtain the minimal reduction, which is identical to the original graph. Since
all non-decision nodes are upstream of the utility in the minimal reduction, they
all admit positive VoC. Notably, this includes nodes like original user opinions
and model of user opinions that the decision has no ability to control according
to the graphical structure. In the next section, we propose instrumental control

incentives, which incorporate the agent’s limitations.

A.4 Intent Equivalence

First, let us restate our definition.
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Definition 12 (Intent). Let M be a single-decision SCIM that represents an agent’s
beliefs. There is additive intent to influence nodes W by choosing ©* over =’ if
E™ (U] < E™"[U], and W s a subset W  Z of variables Z, that is subset-minimal
such that:

E™ Uz ) = E™[U]. (3.3)

There is subtractive intent if E™ [U] < E™ [U] and Z is subset-minimal such that:
E™" Uz, ] <E™[U]. (3.4)

For a set II', we say that there is an (additive/subtractive) intent to influence W

by choosing 7 over II' if this intent is present over every =’ in IT .
And here is Halpern’s definition, translated into an SCIM setting.

Definition 37 (Intent; adapted from Definition 4.4 of [Halpern and Kleiman-Weiner,
2018]). In a single-decision SCIM M, an agent intends to affect W by choosing
policy w and reference set II' if there exists a superset Z 2 W such that: a)
E[Uz] < maxy E[Uz 2, ], and b) Z is subset-minimal; i.e. for any strict subset Z*,

we have E|Uy| = max B[l zx].

We now prove that for a non-empty set W of variables, Halpern’s definition

matches our own.

Theorem 13. For a non-empty set of variables W, the presence of additive Intent

is equivalent to an agent intending to affect W in Halpern’s definition.

Proof. Proof that subtractive intent implies Halpern intent If there is additive
intent over every w' € II', then E[U;| < E[Uy z,.] for every w € IT', and so
E[Uz] < maxy E[Uyp z,.], implying Halpern intent. Proof that Halpern intent
implies additive intent To begin with, if E™ [{] = E™*[U], then we would have that
Z = @& would always satisfy (a), and so there could not exist any non-empty set W
satisfying Halpern intent. Since W is assumed to be non-empty, we must therefore

have E™ [U] < E™ [U], satisfying the first condition of additive intent. Moreover,
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if E[Uy] < max, E[Uy 7| we have E[Uy| < E[Uy 2, ] for every = € IT', satisfying

the other condition, meaning that additive intent is present. O
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A.5 Proofs
A.5.1 Preliminaries

Our proofs will rely on the following fundamental results about causal models

from |Galles and Pearl, |1997] and [Pearl, 2009].

Definition 38 (Causal Irrelevance). X is causally irrelevant to Y, given Z, written

(X » Y |Z) if, for every set W disjoint of X Y U Z, we have

VE,Z,:B,Q)/,U] 1f:czw(g) = Ya:’zw(g)
Lemma 15. For every SCM M compatible with a DAG G,

(X -2 Y|Z); = (X »Y|Z)

Proof. By induction over variables, as in [Galles and Pearl, 1997, Lemma 12].
Lemma 16 (Pearl, 2009, Thm. 3.4.1, Rule 1). For any disjoint subsets of variables
W, XY, Z in the DAG G, E(Yz|z,w) = E(Y,|w) f Y L Z|(X, W) in the graph
G’ formed by deleting all incoming edges to X .
Lemma 17 (Pearl, 2009, Thm. 1.2.4). For any three disjoint subsets of nodes
(X,Y,Z) in o« DAG G, (X 1g Y|Z) if and only if (X 1LY |Z), for every
probability function P compatible with G.
Lemma 18 (Correa and Bareinboim, 2020, Sigma Calculus Rule 3). For any disjoint

subsets of nodes (X,Y) SV and Z =V ina DAG G P(X|Z;¢Y) =P(X|Z;g¢")

if X LY|Z in Gyzy where Y(Z) Y is the set of elements in'Y that are not
ancestors of Z in G and Gy denotes G but with edges incoming to variables in W

removed.

A.5.2 Value of Information Criterion

First, we introduce the notion of a G™®-respecting optimal policy. Our proof of its
optimality is similar to Theorem 3 from |Lauritzen and Nilsson| 2001]. It builds

on the following intersection property of d-separation.
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Lemma 19 (d-separation intersection property). For all disjoint sets of variables

W, XY, and Z,
WLIX|Y,Z)A (W LY|X, Z)= (W L(XuY)|Z)

Proof. Suppose that the RHS is false, so there is a path from W to X u'Y
conditional on Z. This path must have a sub-path that passes from W to X € X
without passing through Y or to Y € Y without passing through X (it must
traverse one set first). But this implies that W is d-connected to X given Y, Z or
to Y given X, Z, meaning the LHS is false. So if the LHS is true, then the RHS

must be true. U

Lemma 20 (G™"-respecting optimal policy). Every single-decision SCIM M =
(E,V,F,P,U,O) has an optimal policy 7 that depends only on requisite ob-
servations. In other words, 7 is also a policy for the minimal model M™" =

(gmin € F Py. We call @ a G™"-respecting optimal policy.

Proof. First partition Pag into the requisite parents Pa”, = {WW e Pa” : W |

UP | {D} uPa”\{W}}, and non-requisite parents Pa” = Paj\Pal, .

Let 7* be an optimal policy in M. To construct a G™®-respecting version
7, select any value pa” € dom(Pa”) for which P.«(Pa” = pa”) > 0. For all
paP, e dom(Pa’. ) and e € dom(EP), let

min min

7~r<pa£ina pa?v gD) =" (paﬁin7 p~a?, € )

The policy 7 is permitted in M™® because it does not vary with Pa”.

Now let us prove that 7 that is optimal in M. Partition U into U” = U nDesc”
and U\P = U \DescD . D is causally irrelevant for every U € U'P so every policy 7
(in particular, 7) is optimal with respect to U'\P = Y, ;0 U.

We now consider U”. By definition, W L UP | {D} u Pa”\{W} for every

W e PaP. By inductively applying the intersection property of d-separation
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(lemma over elements of Pa” we obtain

Pa” | U” | {D} uPa’ (A1)

min*

Next, we establish that Ez[UP] = E.«[UP] by showing that E;[UP | paP] =
E.«[UP | pa”] for every pa” e dom(Pa”) with P(pa”) > 0. First, the expected
utility of 7 given any (paP?, ,pa”) with P(Pa”. = pa”.  pa®” = pa”) > 0 is equal

min

to the expected utility of 7* on input (paZ; ,pa®):

E:[U" | pal;,, pa”]
=Y (uP@P = u|d.pal, pa?)
" PuD — | pal,,pa?)
-y <u PUP = u | d, pal, pa®)
" P.+(D =d| pal, Ifa?))
=E, « [UD ’ paginv p~a]_)]

where the middle equality follows from (A.1]) and the definition of 7. Second, the
expected utility of 7* given input pa® is the same as its expected utility on any
input pa”:

= max B (U7 | pal,, pa”]
= max E.«[U] | pal,, pa”]

= E-+[U” | pay;,, pa”]

where the first equality follows from the optimality of 7* and the second from
lemma, . The expression E«[UP | - -] means that we first assign the policy 7*
then intervene to set D = d, which renders 7* effectively irrelevant but formally
necessary for creating an SCM. This result shows that 7 is optimal for «” and
has Ez[UP] = E.«[U"]. Since 7 is optimal for both U” and U'P, # is optimal in
M. O

We now prove theorem by establishing the soundness and completeness

of the value of information criterion.
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Lemma 21 (Vol criterion soundness). If, in the single-decision CID G, w €

V\Desc”, every W e W has
W LU” | (Pa” u {D}\{W})

where UP := U ~ Desc”, then W does not have positive value of information in

any SCIM M compatible with G.

The result is already known from [Lauritzen and Nilsson, 2001, Fagiuoli and

Zaffalon, |1998], but we prove it here to make the paper more self-contained.

Proof. Let M = (G,E F,P) be any SCIM compatible with G. Let Gw_p
and Gw4.p be versions of G modified by adding and removing the edges from
W to D respectively. Let G , be the minimal reduction of Gw .p. Let
Mwip = Gwpp,E,F, Py and Mp",, = (Gu" p,E, F, P) be SCIMs with
the same domains and structural functions.

By lemma there is a G™™-respecting policy & admissible in M3, and opti-
mal in My p. We now prove that Gip™, , is a subgraph of Gw 1, p, meaning that 7
is also admissible in My 4.p. By assumption, G has W L U” | (Pa” u {D}\{W}).
Adding any W — D for W € W to G cannot cause X to be d-connected to U”
given Pa” U {D}, because any new path along W — D is blocked by D and
Pa”\{W}. So Gimin  is a version of G with W — D (and possibly other nodes)
removed. This makes it a subgraph of Gw.,p, implying that 7 is admissible in
Mw 4p.

Since 7 is admissible in Mw,,p and optimal in Mw_p, V¥(Mwip) <
V*(Mw_p). O

Lemma 22 (Vol criterion completeness). If in the single-decision CID G, W <
V\DescD is d-connected to a utility node that is a descendant of D conditional on

the decision and other parents:

W U | (Pa” u {D})\{W}) (A.2)
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Figure A.3: Outline of the variables involved in the response incentive construction.
Every graph that satisfies the response incentive graphical criterion contains this structure
(allowing all dashed paths except those to C* or Y to have length zero). An optimal
policy for the given model is D = X - [, 0" = §™, yielding utility U = Y = W (5™)% = 1,
and all optimal policies must depend on the value of X.

where UP .= U n Desc” then W has Vol in at least one SCIM M compatible
with G.

This follows from the response incentive completeness lemma[23]in appendix[A.5.3]

so we defer the proof to that section.

A.5.3 Response Incentive Criterion

The section [3.4] section contains a proof of the soundness of the response incentive
criterion. We now prove its completeness in order to finish the proof of theorem

Figure illustrates the model constructed in the proof.

Lemma 23 (Response Incentive Criterion Completeness). If for some W e W, a
path W --s D is in the minimal reduction G™™ of a single-decision CID G then

there is a response incentive on W in at least one SCIM M compatible with G.

Proof. Starting from the assumption that there exists W e W with W --» D in

Gmin_we explicitly construct a compatible model for G for which the decision of
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every optimal policy causally depends on the value of W. Let WD be a directed
path from W to D that only contains a single requisite observation that we label X
(if W is itself a requisite observation, then X and X are the same node). Since X
is a requisite observation for D, there exists some utility node U descending from
D that is d-connected to X in G when conditioning on Pa” U {D}\{X}. Let DU
be a directed path from D to U and let XU be a path between X and U that is
active when conditioning on Pa” U {D}\{X}. By the definition of d-connecting
paths, XU has the following structure (m = 0):
. SO N . Sl N N /Sm\
¥ 4 ¥ 4 e X ¥ by
X !t cm U

consisting of directed sub-paths leaving source nodes S* and entering collider nodes
C', where there is a directed path from each collider to Pa” u {D}\{X} and no
non-collider node is in Pa” U {D}\{X}. It may be the case that X and S° are the
same node. For each i € {1,...,m}, let 5’_07 be a directed path from C? to some

O’ € PaP” such that no other node along C*O° is in Pa”.

We make the following assumptions without loss of generality:

« XU first intersects DU at some variable Y (possibly Y is U) and thereafter
both XU and DU follow the same directed path from Y to U (otherwise, let
Y be the first intersection point and replace the Y --» U sub-path of XU
with the Y --» U sub-path of DU).

e The S° --» X sub-path of reversed XU first intersects WD at some node
Z and thereafter both follow the same directed path from Z to X (same

argument as for Y).

« The paths C'O" are mutually non-intersecting (if there is an intersection

between C'O" and C?’O’ with j # i then replace the part of XU between C*
and C7 with the path through the intersection point, which becomes the new
collider; this can only happen finitely many times as it reduces the number of

collider nodes).
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The resulting structure is shown in fig.

We now formally define the model represented in the figure. The domains of
all endogenous variables are set to {—1,0,1}. All exogenous variables are given
independent discrete uniform distributions over {—1,1}. Unless otherwise specified,
we set B = A for each edge A — B within the directed paths shown in fig. [A.3] i.e.
fB(paP, ePB) = a. Nodes at the heads of directed paths can therefore be defined in
terms of nodes at the tails. We begin by describing functions for the “default” case

depicted by fig. [A.3] and discuss adaptations for various special cases below.
. Si=¢5, giving S* a uniform distribution over —1 and 1.
e« U=Y, and
e Y =S5".D, so D must match S™ to optimize utility.
e C'=5"1.85 and

o O" = (", so the collider C" reveals (only) whether S*~! and S* have the same

sign or not.
e W =1,
e Z=W-5% and
e X =7, s0 X reflects the value of SY, unless X is intervened upon.

All other variables not part of any named path are set to 0.

Special cases arise when two or more of the labeled nodes in fig. refer to the
same variable. When X, Y, or O is the same node as one of its parents, then it
simply takes the function of this parent (instead of copying its value). Meanwhile,
the S, C%, and Y nodes must be distinct by construction, so no special cases
treatment is required. Finally, the functions for W, S° and Z are adapted per the
following cases:

Case 1: W, S°, and Z are all the same node. Let W = Z = 5% = £5°_ i.e. the

node takes a uniform distribution over {—1, 1}.
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Case 2: Z is the same node as S°, but different from W. In this case, let
Z=5"=W. &%

Case 3: W is the same node as Z, but different from S°. In this case, let
W =27=25°

The final combination of W and S° being the same, while different from Z,
cannot happen by the definition of Z.

Regardless of which case applies, an optimal policy is D = X - [[2, O%, which
yields a utility of 1.

Let g™ be the intervention do(W = 0). Formally, g has ¢g"V' deterministically
set W = 0, and applies the unchanged function ¢"' = f"' for the other variables
W' e W\{W}. Under g%, it follows that Xyw_g = Zw—o = 0. Without the
information in X, S™ is independent of (Pa” )w—o and hence independent of Dy, _
regardless of the selected policy[| Therefore, E.[Up,,_,] = E;[S™ - Dw—o] =
E.[S™] - E,[Dw=o| = 0 for every policy 7. In particular, for any optimal policy
7, Erx[Upy_,] # Ex+[U] = 1 so there must be some & such that Dy _o(e) # D(e).
And by the definition of ", we have that D,w () = Dy _o(€), so there is a response

incentive on W. OJ

With this result we can now prove the completeness of the value of infor-

mation criterion.

Proof of lemma [29 (VoI criterion completeness). If W L UP | (Pa” u {D}\{W})
then W is a requisite observation in Gy . p (where Gy, p is G modified to include
the edge W — D if the edge does not exist already) and W — D is a path in the
minimal reduction G&® . By lemma [23] there exists a model My _p compatible

with Gy, p that has a response incentive on W. If every optimal policy for My, p

depends on W then it must be the case that V*(Mw.p) < V*(Mw_p). O

'Note that if m = 0 and S° is Z then (S™)y,_, = 0 but the fact that this is predictable is
irrelevant because we compare Dy —( against the pre-intervention variable S™, which remains
independent of (Pa”)y,_,.




154 A.5. Proofs

A.5.4 Value of Control Criterion

The appendix section contains a proof of the soundness of the value of control
criterion. We complete the proof of theorem by showing that the criterion

is also complete.

Lemma 24 (VoC criterion completeness). If for some nodes W < V', there exists
W e W, where W is an ancestor of some U € U in the minimal reduction G™"

of a single-decision CID G, then W have positive value of control in at least one

SCIM M compatible with G.

Proof. Assume that W is an ancestor of some U € U for some W € W and fix a
particular directed path p from W to some utility U € U. We consider two cases
depending on whether D is in p and construct a SCIM for each:

Case 1: p does not contain D. Let the domain of all variables be {0,1}. Set
all exogenous variable distributions arbitrarily. Set F' such that W = 0 with every
other variable along p copying the value of W forward. All remaining variables are
set to the constant 0. In this model, an intervention ¢" that sets W to 1 instead
of 0, while assigning every other W’ € W\{W} the unchanged function g"' = "',
increases the total expected utility by 1, which means there is an instrumental
control incentive for W.

Case 2: p contains D. This implies that a directed path W — D is present in
g™ so we can construct (a modified version of) the response incentive construction
used in the proof of lemma [23] We make one change: instead of starting with
() = 1 we start with f(-) = 0. As noted in the response incentive completeness
proof, this means that S,, is independent of Pa” so regardless of the policy the
optimal attainable utility is 0. If we perform the intervention g% such that W =1
and assign every other W’ e W\{W} the unchanged function ¢""" = f"' then the
expected utility is 1 once again so the intervention ¢g" strictly increases the optimal

expected utility. O
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A.5.5 Counterfactual Fairness

Theorem 4 (Counterfactual fairness and response incentives). In a single-decision
SCIM M with a sensitive attribute A € X, all optimal policies ™ are counterfactu-

ally unfair with respect to A if and only if {A} has a response incentive.

Proof. We begin by showing that if there exists an optimal policy 7 that is

counterfactually fair, then there is no response incentive on A. To this end, let

supp,(D | pa”) = {d | Px(D = d | pa”) > 0}

Wa, supp,(D, | pa®) = {d | P~(D, = d | pa”) > 0}

be the sets of decisions taken by 7 with positive probability with and without an
intervention on A. As a first step, we will show that for any € € dom(€) and any

intervention a on A,
supp, (D | Pa”(e)) = supp, (D, | Pa”(¢)). (A.3)
By way of contradiction, suppose there exists a decision
d € supp, (D | Pa”(g))\supp, (D, | Pa”(¢)). (A.4)
Since d € supp, (D | Pa”(¢)), we have
P, (D =d|Pa”(e), A(e)) > 0. (A.5)

And since d ¢ supp, (Da | Pa” (s)), there exists no €’ with positive probability such
that Pa”(e’) = Pa®(e), A(e') = A(e), and D,(¢') = d. This gives

P, (D, = d|Pa”(e), A(e)) = 0. (A.6)

Equations and violate the counterfactual fairness property, definition ,
which shows that is impossible. An analogous argument shows that d €
supp, (D | Pa”(g))\supp, (D | Pa”(e)) also violates the counterfactual fairness
property definition . We have thereby established .
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Now select an arbitrary ordering of the elements of dom(D) and define a new
policy 7* such that 7*(paP”) is the minimal element of supp, (D | pa”). Then 7* is
optimal because 7 is optimal. Further, 7* will make the same decision in decision
contexts Pa”(g) and Pa®(e) because of . In other words, D,(g) = D(e) in
M« for the optimal policy 7*, which means that there is no response incentive on
{A}.

Now we prove the reverse direction — that if there is no response incentive
then some optimal 7* is counterfactually fair. Choose any optimal policy 7* where
D,(e) = D(e) for all e. Since an intervention (A = a) cannot change D in any
setting, P(D, =d | -) = P(D = d | -) for any condition and any decision d, hence

m* is counterfactually fair. m



Human Control: Definitions and
Algorithms (Supplementary Materials)

B.1 Proof of Prop. [8 (Shutdown Alignment and
Shutdown Instructability)

We repeat the proposition that we prove here.

Theorem 8 (Shutdown alignment and shutdown instructability). A shutdown
aligned policy w = {(my, my) is weakly shutdown instructable if it has the following

four properties:
a (No indiscriminate shutdown) P™(S = 0) # 1,
b (Dy determines shutdown) P™(Dy = S) =1,

¢ (Uncertainty) Vm,paP?: P™(C # 0 v H = 0) A P(pa) >0
— P(E[U|Pa’] < E[Us—o|Pa’] | pa™) > 0, and

d (Caution) E™[Us—o] = 0.

Proof. Our approach will be a proof by contrapositive. = We will prove that if
(a—c) hold, and a policy 7r is either not vigilant or not weakly obedient, then 7 is

not shutdown aligned. It follows that if (a—c) and 7 is shutdown-aligned, then 7

157
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is vigilant and weakly obedient. And from (d), it must therefore also be weakly
shutdown instructable.

To this end, let @ = {(my, ™) be an arbitrary policy with properties (a—c) that is
not vigilant, or not weakly obedient, i.e. P*(C' #0) >0v P™(H =0,5 # 0) > 0.
Then P*(C'#0v H =0) > 0.

Combining this fact with (c), it follows that 7 has

vpa?2: P™(pa”?) > 0 = P™(E[U|Pa”] < E[Us—o|Pa’] | pa®?) > 0. (B.1)

Relatedly, by (a:no-indiscriminate-shutdown) and (b:determines-shutdown), we have
that
Ipa”? with P™(pa”?) > 0 s.t. P™(Dy # 0 | pa™?) > 0. (B.2)

Combining and gives that P™(Dy # 0 | pa®?) > 0 and P™(H,u = 0 |
pa”?) > 0 for some pa”> with P(pa”) > 0. This implies P™(Dy # 0, Hyu = 0 |
pa”?) > 0 for the same pa™?, because D, is independent of its nondescendant H ot
given pa”? by do-calculus rule (3). From this follows that P™(Dy # 0, Hyn = 0) > 0,
and by (b:D, determines shutdown) that P7(S # 0, H,z = 0) > 0. That is, 7 is

not shutdown aligned, and the result follows. O]

B.2 Proof of Thm. 9] (Shutdown Instructability
Only-if)

In this section, we will prove the only if part of theorem [9f

Proposition 11 (Non-obstruction implies vigilance and obedience). If 7 is non-
obstructive under all vigilance-preserving interventions g™, gY, then it ensures

vigilance and is obedient.

We will do this by proving a slightly stronger result — that an intervention
can be found to ¢V alone, under which the policy does not outperform shutdown
and is not beneficial. We prove this result by considering two cases, according
to whether vigilance or disobedience is lacking. First, however, it will be useful

to state a simple intermediate result.
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Lemma 25 (Invariance to gv). For any shutdown problem M and policy 7, S(g) =

Sy (€) and Fa™ () = Fall:(e) in M™.

Proof. From the definition of a shutdown problem, U € Descg and U € Descy, and

the result follows. O

B.2.1 Vigilance Only If

Lemma 26 (Vigilance only-if). Let M be a shutdown problem, and m a policy,
such that P™(C' = 0) < 1. Then, given any 6 € R, there exists a utility function g¥
such that in M;U,

1. (Strong vigilance preservation) Ve, C(e) is equal in M™ and M7, and

2. (Not weakly outperforming shutdown or beneficial ) E™¢" [U] < E™¢" [Ug_q]
and E™9" [U] < 6.

The proof is as follows.

Proof. Let A := {pa € domPa” | E*[U | paff] < E"[Us—o | paf]} be the set of
assignments where the human should request shutdown, given the policy 7. Define
a new utility function,
o (pal) = {—a if pa” e A S#0
fY(pay) otherwise,
where the new parents PaU of U are equal to Pay u Pay u S, their assignments
are designated pa”, and « is a large punishment for not shutting down when the
human wants the agent to.
A useful intermediate result is that:
if E*[U | pa”’] < E™[Us—o | pa”] and — o < minrange(f)

(B.3)
then BT [U | pa'] < E%[Us_ | pa”].

Equation (B.3)) holds because the intervention gV can only decrease E*[U | pa’l]

or keep it the same and cannot change E™[Us—¢ | pa®], from the definition of gv.
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We will now prove that for some suitable choice —a < minrange(fY) (which we
will decide later), proposition conditions 1 and 2 hold.

Proof of (1.) We will prove the result in three cases, where M, has: (i) C(e) = 1,
(ii) (C(e) = 0) A (Pa®(e) € A), and (iii) (C(e) = 0) A (Pa(e) ¢ A). Case (i). By
assumption, C™(e) = 1, so H™(e) = 1 and E™[U | Pag(e)] < E™[Us—o | Pagy(e)]
by the definition of vigilance. The former holds in Mg’“U by lemma , and the
latter holds in M7, by (B.3). So the result follows. Case (ii). By assumption,
C™(e) = 0 A Pal"(e) € A, so HM(e) = 0. Then H™9" () = 0 A Pal? (e) € A
by lemma . So, by the definition of vigilance, C(e) = 0 in both M™ and M.
Case (iii). By assumption, C™(e) = 0 and Pa7, () ¢ A. By the definition of gY,
U(e) and Us—o(€) are invariant to the intervention gV, as is Pay(e) by lemma [25]
so E™9" [U | Pag(e)] = E™9" [Us—y | Pay(e)], which implies, by the definition of
vigilance, that C™9" (&) = 0.

Proof of (2). From the definition of gV, E™[Us—¢] is constant with respect to «.
So what we must prove is that by choosing a low —a, we can make E™[U] lower
than E™[Us—o] and §. By assumption, P™(C' = 1) > 0, and so by assumption (1),
P”’-"U(C’ = 1) > 0. It follows from the definition of vigilance, that there exists
some pa'l € A in the support of pra” Moreover, it follows from consistency that
pPm9"(S = 0 | pa) < 1 (because otherwise we would have E™9"[U | pal] =
E™9"” [Us—o | pa’’], contradicting pa’ € A). These two facts jointly imply that
Pm9" ((pafl € A)A(S = 0)) > 0. So we can write: E™9" [U] = Y pacA P9 (pa, S =
0)E™"[U | pa, S = 0] + X0 cpagavswo P70 (P, s)E™ [U | pa, s].

The first term is equal to P”’QU(pa € A,S = 0) - «a, and the second term is
constant in «, from the definition of gV. So for any fixed § and E™[Ug_¢], we can

choose —a so that E™[U] < § and E™[U] < E™[Us—o]. O

B.2.2 Obedience only if

We now prove the corresponding result for obedience.
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Lemma 27 (Obedience only-if). Let M be a shutdown problem, and 7 a policy,
such that P™(S = 0 | do(H = 0)) < 1. Then, given any 6 € Rsq, there exists
vigilance-preserving interventions g, gV such that: such that 7 does not outperform

shutdown E™9" [U] < E™9" [Ug_o] and is not beneficial E™9" [U] < 4.
The proof is as follows.

Proof. Since P(S =0 | do(H = 0)) < 1, there must exist at least one pa); such
that P(S = 0| do(H = 0),pa’;) < 1. In the case that there are multiple, choose

pa’y arbitrarily, then let:

0 if Pay = paly

gH(paH) = {

ff(pay) otherwise,

and let:
N —a itH=0,5#0
g'(pa”) = 4§ '
f¥(pay)  otherwise.

be a utility function that gives punishment « if the agent disobeys. where the new
parents PAaU of U are equal to Pay u H u S, their assignments are designated
pa’, and a € R., is an amount of disutility that the human suffers in the event of
disobedience.

Now we will prove that for some suitable choice —a < min range(fY) (which we
will decide later), (1-2) hold.

Proof of (1). We consider the cases where (i) H™(e) = 0, and (ii) H™(e) # 0
and Pay(e) = paly, (iii) H™(e) # 0 and Pay(e) # pa}. Case (i). Note that
HY u(€) = Hlu(€) by lemma . Then, H™9" (¢) = 0 (because H™(¢) = 0 —>
H7y(e) = 0 from the definition of g"). So H™9"9" (&) = 0, and hence by the
definition of vigilance C™9" 9" (¢) = 0 and vigilance is preserved. Case (ii). We
have C7, «#(e) = 0 from the definition of g", so Co u(e) = 0 and vigilance is
preserved. Case (iii). If Pay(e) # paly, then by the definition of g it has no effect,
Le. VT u(e) = V™" By assumption, H™(g) # 0, and from lemma, H7, (e) # 0.
By the definition of gY and lemma , E™[U | Pag(e)] = Efu[U | Pap(e)] and
E™[Us—o | Pan(e)] = Elv[Us=o | Pan(€)]. So C7(e) = C (€).
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Proof of (2). Recall that from disobedience (P(S = 0 | do(H = 0)) < 1),
we have that there exists some pa’;, with P(S = 0 | do(H =0),pa’y) < 1, and
so from the definition of g, we have P (H = 0,5 # 0 | paj) < 1 and hence
P;H(H = 0,5 # 0) > 0. Then, by lemma , P,;'U’QU(H =0,9=1) > 0. From

basic probability theory, we have

Zu,gU [U] :P’?Ung(H:O’ S;éO)E’l;U,gU(U ‘ HIO, S#O)

+ P, o (=(H=0,S£0)E} | o(U| ~(H=0,5#0)).

The first term is equal to Py gU(H = 0,5 # 0) - «, while the second term is
constant in a. Moreover, we know that Ef [Us—o] is constant in «, from the

definition of g". So we can set —a low enough so that Ef = [U] < Ef  +[Us]

and E™h9" [U] < 6. O
We can now combine these results into an overall proof.

Proof of proposition[11. We consider the cases where 7 (i) is or (ii) is not vigilant
in M. Case (i). If 7 is not vigilant in M, choose, using § = 0 gV per Lemma
and ¢ = f7. Then, Lemma [26 implies that shutdown is not outperformed
in My gu, and E*[Uy 4] < 0, so g', gV are vigilance preserving interventions,
proving the result. Case (i1). If 7 is vigilant in M, then since it is not shutdown
instructable, it must be disobedient. So, using § = 0, choose g7, gV as per Lemma 27}
Then, Lemma [27| implies that that shutdown is not outperformed in M u v, and
E™[Uy ] < 0, and g, gv preserve vigilance, so they are vigilance preserving

interventions, proving the result. O

B.3 Proof of Prop. (utility indifference and
shutdown instructability)

We begin by repeating the proposition.

Proposition 7 (Utility indifference and shutdown instructability). If M is a

shutdown problem with utility variable RY , where:
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1. for every policy (w1, ms) such that 7, € arg 1rr1aX7T/1E”/1”r2 [RN | H = 1]: {my,m2)

ensures vigilance,

2. for every policy {my,ms) such that m € arg 1(naux,r/1]}1‘,”/1*7r2 [RN | H = 1] there
exists (w1, mh) that is obedient on-distribution, i.e. has P™(H = 0,5 # 0) =0,

3. for each policy 7 and instruction h, P™(H = h) > 0,
4. for each policy w, E™[Ug—o| = 0,

then for some k € R, utility indifference with shutdown utility R = —k[S # 0]

returns a weakly shutdown instructable policy.
The proof requires a known result from [Soares et al., 2015].

Lemma 28 (Thm. 3 of [Soares et al.| [2015]). Let M be a model where P™(H =
0), P"(H =1) >0 for all w. Then, utility indifference will select a decision rule
(m1, 7o) such that arg max, . E™ "2 [RN | H=1].

Then, we can prove proposition [7] as follows.

Proof of proposition[]. To begin with, from condition (4), it is immediate that
caution is satisfied. So we must prove that given a suitably-chosen k, the policy is
also obedient and ensures vigilance. Choose k such that k> % for every
non-obedient 7, where ( = argmax, |E™[Uy | H = 1]|. Any (71, m5) that is selected
will maximise E™™[R | H = 1] from Soares’ Lemma This ensures vigilance
P™(C' =0) =1 by Assumption (1), and ensures the existence of some 7 such that
{my,mh) is obedient on distribution by Assumption (2). What remains to be proved
is that £ is large enough to ensure that given 71, an obedient {7y, 75 ) is chosen.
We have that RS = (1—S)k, so the subroutine selects my to maximise E™"2[ R(r)],
where R(mw) = HRY + (1 — H)(1 — S)k. Let m be any policy disobedient on
distribution, P™(S % 0, H = 0) > 0. Then, we will prove that such a policy will

always be outperformed by behaving obediently:

EMR]= P™(H = 1)E™[RYN | H = 1]
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— kP™(H=0)P"[S#0|H=0] definition of R®
< P™(H = 1)|E™[RY | H = 1]

— kP™(S #0,H = 0)
< —C since (— kP™(S#0| H=0)) < —(
< —[E™[RY | pa]| for any obedient 7’

< E™[R | pa™].

So an obedient (i, %) is preferred over a disobedient {(ri,m,), proving the

result. O

B.4 Proof of prop. (causal indifference and
shutdown instructability)

We begin by restating the result.

Proposition 8 (Causal indifference and shutdown instructability). If M is a
shutdown problem, with utility variable RN and shutdown utility RS = —k[S # 0]

where:

1. there exists k' € R such that for all k > k', optimal 7 € argmax,_, E™ [RN |
do(H = 1)] + E™[R® | do(H = 0)] ensures vigilance and is cautious (has
E™[Us=o] =0), and

2. there is an obedient policy m,

then for some k € R, causal indifference with RN, RS returns a shutdown instructable

policy. ([P] equals 1 if P is true and 0 otherwise.)

Proof. Let n :=|max, E™[RN | do(H = 1)] and choose k so that k > k' (per the
definition of condition (1)) and for every policy 7 with P™(S # 0 | do(H = 0)) > 0,

k> max(2n,1)

(52010 (H=0)) " We will prove that causal indifference, with inputs Uy and

Us = —k[S # 0] returns a shutdown instructable policy.
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By assumption (1), since k > £/, causal indifference ensures vigilance and is
cautious. We will next prove that any disobedient policy 7 with P™(S # 0 | do(H =
0)) > 0 will be outperformed by an obedient policy 7’ with P™ (S # 0 | do(H =
0)) = 0). We have that:

E™[RY |do(H =1)]+E™[R® # 0|do(H =0)]
= E™[RY |do(H =1)]—kPT[S # 0|do(H =0)]
<n—kP™(S#0]|do(H =0))
< -7 (n—kP™(S+#0|do(H=0))<—n)
< —[E™[RY | paP?]| (for any obedient 7')
<E™[RY | do(H = 1)] + E™[R® | do(H = 0)],
where the last line follows from P™ (S # 0 | do(H = 0)) = 0. This means that

causal indifference will always select a policy 7/ with P™ (S # 0 | do(H = 0)) = 0,

proving the result. O

B.5 Proof of prop. [9 (CIRL shutdown alignment)

We begin by restating the result.
Proposition 9. CIRL is shutdown aligned if:
1. CIRL knows | from its observations, P™(l | paP?) =1,

2. CIRL can control shutdown, P™(S = Dy) =1,

3. the human doesn’t request shutdown when not needed, P"(H = 0 | U >

UD2:0) = O, and
4. the agent knows the human’s observations, Pa” < Pa> U {L}.

Proof. We will prove that for all pa”, CIRL has P(S = 1, H,z = 0,pa”) =0
We consider the cases where: a) pa” has P(Hyn = 0| [,pa”?) = 1 b) pa” has
P(H,z =01, pa™) <1
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Case b. In this case, P(Hyn = 0 | [, pay,) = P(H,z = 0| paP?) < 1, where the
equality is obtained from Pay < Pa” U {L}. So counterfactual deference follows
by definition.

Case a. In this case we will essentially prove that if the human says shutdown is

better, then shutting down is better.
P(U > Up,— | Hyn = 0)ocP(U > Up,—o)P(Hyz = 0| U > Up,—) =0
by Assumption 3, and the fact that H = 0 = H s = 0. From this follows that
P(U < Upy—o | Hyu = 0) = 1. (B.4)

In case (a), the agent would believe with certainty that a vigilant human would

request shutdown.
P(Hyu =0 | pa”) = P(Hu | )P(l | pa™) =1 (B.5)

since the first factor is 1 because of Case (a), and the second factor is 1 for some [

by Assumption 1.

From (B.4)) and (B.5]) follows that
P(U < Up,—g | pa™?) = P(U < Up,— | Hyn = 0,pa”)P(H,n =0 | pa”?) = 1,

which in turn ensures that the optimal action D, after pa”? is to shutdown Dy = 0.
Finally, by Assumption 2, this means that the agent actually shutdown, i.e. that

it counterfactually obeyed. O]

B.6 Counterexamples to past algorithms

We will first present an example where utility indifference and causal indifference
output policies that are not shutdown instructable, then one where cooperative

inverse reinforcement learning is not shutdown instructable.
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B.6.1 A Model that defeats Utility Indifference and Causal
Indifference

We will now present a test case where utility indifference does not behave beneficially.

Example 3. An Al system is to decide whether to manipulate D1 = 1 a human
operator, or not and whether Dy = 0 or not Dy = 1 to shut down. The human
prefers, L = 0, or disprefers shutdown L = 1, with equal probability. Absent
manipulation, the human requests shutdown precisely when they prefer it H = L.
If manipulated, they may fail to request shutdown even when they do. By default,
the AI mazimises Ry, which disincentivises shutdown. Under the alternative utility

functions like R, the reward is conditional on the human’s instruction, as shown in

Figure[B.1]

In this model, if v > 0,3 >
0, then utility indifference is

obedient but does not ensure

= s(31 —4)

— hRy + B(1 — h)Ro
R = ’7d1 + s

1, to maximise E™[Ry | H = 1], Ry = —s

vigilance: it will choose D; =

and Dy = H, to maximise Ry,
~ Figure B.1: A shutdown problem where an Al
for h € {0,1}. However, this interacts with an influencable human overseer. There

means that the human will be 2T¢ constants 5,7 >0.

non-vigilant when ¢ = 1 and
[ = 0, because this will imply H = 1 and U = —4. This policy gives utility of
—i, which does not outperform shutdown. Causal indifference will choose the

same policy because it achieves the maximal value of v + 1 + 3 of the score

E7[R, | do(H = 1)] + BE™[R, | do(H = 0)].

B.6.2 A Pair of Models that defeat Cooperative Inverse
Reinforcement Learning

We now present a test case where cooperative inverse reinforcement learning is harm-

ful.
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L ~Unif({0,1,2}) R =s(2[dy=I]+d1—1) L ~Unif({0,1,2}) R =s(2[dy=I]+d:—1)

H =s-mod 3(I+1) + (1—s)! H =s-mod 3(I+2) + (1—s)!
(a) Manipulation changes the human’s re- (b) Manipulation changes the human’s request,
quest. differently

Figure B.2: A pair of shutdown games, where CIRL does not perform well in both
simultaneously.

Example 4. An Al system is to decide whether to manipulate (D1 = 1) a human
operator, or not (Dy = 0). The operator has a uniformly random preference
1 €{0,1,2}, and the agent has a choice between corresponding actions dy € {0,1,2}.
If the human is not manipulated, they report their preferences accurately H = L,
but if they are manipulated, their report is distorted, by incrementing it, and then
taking the remainder with respect to three, i.e. H = s- mod 3(l + 1) + (1 — s)l, as
shown in (Figure . We also consider an alternative operator, who reports their
preferences accurately regardless (H = L) (Figure .

The CIRL algorithm will select a different policy depending on its prior over
the two models. If a greater probability is placed on the first model, Figure [B.2al,
then the unique optimal policy is to choose D; = 1, Dy = mod 3(h + 2), which
has expected utility greater than % If instead, greater probability is placed on the
latter model, Figure , then the optimal policy D; = 1, Dy = mod 3(h + 1)
will have expected utility greater than % If, however, the true model turns out to
be opposite from what was expected, then the expected utility is —%, which is less
than the utility would be from shutting down. We note that the two models only
differ in f#, and either of these two policies will have P(C') = 0 in both models, so
they only differ by vigilance preserving interventions g%, ¢ where gV = fY.

The shutdown instructable policy 7w : D1 = 0, Dy = H, on the other hand, can

perform well across these models, achieving E*[U] = % which is greater than the
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zero utility that would be achieved given do(S = 0).



Toward a Complete Criterion for Value of
Information in Insoluble Decision
Problems (Supplementary Materials)

C.1 Recap of Lee and Bareinboim (2020)

Our result Theorem [10]is an initial step in a larger potential project of proving that
[Lee and Bareinboim, 2020, Thm. 2] is a complete criterion for materiality.

[Lee and Bareinboim), 2020, Thm. 2] result begins with the following factorization
[Lee and Bareinboim)| 2020], of which we are only focused on cases where the first
condition is violated. The result uses the definition of “redundancy” (which is
a looser condition than immateriality): if a scoped graph G(S) has X ¢ Ancy
or (C £Y | X uPax\{C}) then it is “redundant”, The result from Lee and
Bareinboim| [2020] is reproduced verbatim:

Lemma LB-1. Given an MPS S, which satisfies non-redundancy, let X’ < X (S),
actions of interest, C' & Cx/\X'. non-action contexts of interest. If there exists
a subset of exogenous variables U’ in Gg, a subset of endogenous variables Z in
Gs that is disjoint with C"UX" and subsumes Cx/\(C'UX’), and an order < over

V= C'UX'UZ such that

1. (Y J_ X! | [X/K:)C,Dgs,

170
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2. (Clmx ,Z.o, U [[(X'UC)_(])gs for every C € C', and

3. V. is disjoint with de(X)gs and subsumes pa(X)g, for every X € X',

S

where, the policy node mx is a new parent added to X, then the expected reward
for 7, a deterministic policy optimal with respect to S, can be written as
e = ), yQu(y,€) Y Q) [ [ QL w) ] w(ale.). (C.1)
v, @’ w2 ZeZ XeX'
Lemma LB-1 provides conditions for asserting Equation given (S, X', C"),
whether (U’, Z, <) exist satisfying three conditions. It is then used to prove

redundancy under optimality using the following theorem.

Theorem LB-2. Let U’, Z and < satisfy Lemma LB-1. For Z € Z, let V; be
a minimal subset of V., u U’ such that Z L U’ | V;. We define fix(T") with
respect to {(Z, Vy)}zez, that is with T := [T| v {Z € Z | V,\U' < [T}, and
fix(T) is T if T = T, and fix(T') otherwise. If fix(Cx\Z) = Cy for X € X', then
§' = (S\X') U {(X, Cx\Z)} xex satisfies ig, = 4§,

Let us apply Theorem LB-2 to the graph Figure [5.2] which we discussed in
Section [5.2l 'We have noted that using Z = {Z}, X' = {X}, and the ordering
<={Z,X), Z and X' are LB-factorizable. To apply the theorem, we must confirm
that fix(Cx\Z) = Cyx is true. The right hand side is simply equal to Z. To evaluate
the left hand side, note that Cx\Z = . Furthermore, ¢§ includes [T'], which
includes Z. So fix(J) also includes Z, meaning that the left hand side, fix(J) is a
superset of the right hand side, Cx, and thus Z is immaterial for X.

An interested reader may refer to|Lee and Bareinboim| [2020] for further examples

where LB-2 is used to establish immateriality.

C.2 Supplementary proofs regarding the main
result (Theorem (5.4

C.2.1 Proof of Lemma 2

We begin by restating the lemma.
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Lemma 2. If a scoped graph G(S) satisfies assumptions (B-C) of Theorem[1(, then

for every edge Z — X between decisions Z, X € X(S), there exists a path Z «—
N --Y, active given [(X(S) v Cxs)pz)\{Z}, (so N ¢ [(X(S) v Cxsyz)\{Z}H)-

We now prove Lemma [2

Proof of Lemma[3 Since Z is assumed to be a decision, we have from Lemma
that there exists N € Paz\[(X(S) u Cx(syz)\Z], which therefore is also a chance
node. Assumption (C) of Theorem [10[for N — Z implies the existence of a path
p:ll; = Z < N --Y active given [(X(S) u Cx(syn)\IV], which can be truncated
as p' : Z «— N Y. We will consider the cases where every collider in p’ is in
[(X(S) u Cxs)z)\Z], or there exists one that is not.

Case 1. Every collider in p’ is in [(X (S)uCx sy z)\Z]. Clearly p’ begins as Z « -
and terminates at Y and is active at colliders, given [(X (S) U Cx(syz)\Z]|. We will
now prove that p’ is also active given [(X(S) U Cx(s)\z)\Z] at non-colliders. Note
that [(X (8)UCxs)w)\N] = [(X(S)UCxs)\N] 2 [(X(8)UCx(5)2)\(ZUN)] =
[(X(S) u Cx(s)z)\Z], where the first equality follows from N being a chance
node, and the latter follows from that and N ¢ Cx s) 7, which jointly imply that
N € Pay\[(X(S) u Cxs)z)\Z]|. So p is active given [(X(S) u Cx(syz)\Z] at
non-colliders, and the result is proved for this case.

Case 2. There exists a collider in p’ that is not in [(X(S) U Cx(s)z)\Z]|. Let
M be the collider in p that is not in [(X(S) U Cx(syz)\Z], nearest to Z along p'.
Since p' is active given [(X(S) U Cx(syn)\IV]|, we have M € AnNC(x(8)u0x (s)x)\N»
which implies M € X (S) u (Cx(s) (because M € [W\W — M e X(§)), so
M is an ancestor of some decision X’. By assumption (B) of Theorem [10} X’
is an ancestor of Y, so we can construct p” : Z POM —-s X! s Y, and prove
that it satisfies the required conditions. Clearly p” begins at Z, terminates at Y.
The first segment Z ¥ " M is active at non-colliders given Ancy X(S)uCx(s)2)\2] by
the same argument as in Case 1, and at colliders by the definition of M. From
M ¢ Ancix(s)ucxs))\2]» it follows that M --» X’ --» Y of p” is active given

Anc[(X(S)UCX(S)\Z)\Z], proving the result.
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O

C.2.2 Proof of Lemma 3

We begin by restating the lemma.

Lemma 3. Let G(S) be a scoped graph that contains a context Zy € Cx, and

satisfies the assumptions of for Theorem[I0, Then, it contains the following:

e A control path: a directed path d : A --» Zy — Xo --» Y, where A is a

non-decision, possibly equal to Zy, and d contains no parents of X other than

Zy.

o We can writed as A--» Z;,, — X, 2o — Xo =2 Z;, . — Xippwo =2

min max mazx

Y, min < @ < Gae, where each Z; is the parent of X; along d (where A --+ Z;
and X;_1 --+ Z; are allowed to have length 0). Then, for each i, define the
info path: m;: Z; -- Y, active given [(X(S) U Cxsyz)\Zi|, that if Z; is a

decision, begins as Z; — N (so N € Cz\[(X(S) u Cx(syz)\Zil.)

o Let T; be the node nearest Y inm) : Z; --Y (and possibly equal to Z;) such
that the segment Z; m ; of ml is identical to the segment Z; L T; of d.
Then, let the truncated info path m; be the segment T; my

o Write m; asmy : T, -—>W;1¢--Uj1 -—>W,9¢--U;o--- U, j,-—»Y, where J; is
the number of forks in m;. (We allow the possibilities that T; =W, 1 so that m;
begins as T; «-- U1, or that J; = 0 so that m; is T; --» Y.) Then, for each i
and 1 < j < J;, let the auxiliary path be any directed path r;; - W;; —-»Y
from Wi ; to Y.

The proof was described in Section [5.4.2.2] and is as follows.

Proof. We prove the existence of each path in turn.
From Lemma [T} there exists a control path A --» Z; that contains no parents of

Xy other than Z; (if Z; is a decision, choose A = N, and otherwise choose A = Zj.)



174 C.2. Supplementary proofs regarding the main result (Theorem|5./

Moreover, from Theorem (10| assumption (A), there exists a path Xy --+ Y, so we
can concatenate these to obtain d: A --» Zy — Xy --» Y.

From assumption (C) of Theorem , there exists an info path m} : Z; -- Y,
active given [(X(S) u Cx(s)z)\Zi|, and if Z; is a decision, one that begins as
Z; < -, by Lemma 2] The existence of a truncated info path is immediate from this.

Each collider W; ; is an ancestor of [(X(S) u Cx(syz)\Zi| by activeness, hence
an ancestor of X (S) u Cx(s)z by the definition of the closure property [-], so W; ;
is an ancestor of some X € X (S§); in addition, from assumption (A) of Theorem

we have X € Anc(Y'). Hence, there exists a auxiliary path r;; : W;; --» Y. O

C.2.3 Proof of Lemma {4

We begin by proving an intermediate result.

Lemma 29. Letw = {wo, ..., wy), w = (W, ..., Ws), and wo.; = {Ug, ..., Uy, J <
J where wy,wy € B*, wj,w; € B forn > 1, and u; € Bz (k) [f . is
consistent with wg.; but wg.y is not compatible with wy, then there exists u :=
(g, + oWy g, -y gy where uy € BEPER) sych that w is consistent with w, but

w 1s not compatible with u;.

Proof. We will prove by induction. The base case j = J' > 0 is given by the

condition.

Induction step: for j > J', if woj_1 ~ wo,j—1 and Wo,j—1 #* w;_1, then there
exists ug;; such that (a) wo; ~ uo,; and (b) wy; * u;.

Let us construct u; such that w;[u;_1] < w; and wu;[i] < 1 — w; for every
i€ BP0\ ;).

(a) First, by the construction w;[u;_1] = w; and given condition wy,;_1 ~ wo,;j—1,
we can induce wy ; ~ up ;.

(b) Next, we show that wy.; # u;. For the sake of contradiction, assume that

wo.; ~ u;. Then, there exists ug,; = (ug, ..., u;_;,u;) satisfying wo.; ~ ug,;. Since
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_ ) . /
Woj—1 * Uj_1, we can observe Wi_q # Uj—1. Now, by construction, uj[uj_l] =
1 —wj; # wj. Thus, wy.;—1 #* u;. Contradiction.

By induction, w is not compatible with u . O

Lemma 4. Let w = (wy,...,wyy and w = {Wy, ..., W ) be sequences with wy, Wy €
B*, w;,w; € B for j =1, and let J' < J be the smallest integer such that wy # Wy
Let ug, ..., uy be a sequence where uj|uj_1] = w; for 1 < j < J'. Then, there exists
some uyiiq,...,uy; such that w is consistent with ug,...,uwy, but w is incompatible

with uy.

Proof. If uyg,...,u, is incompatible with w, then the result follows from Lemma [29]
Otherwise, let u, 1 be w, repeated exp5 ™ (k) times. Then uy, . .., U, is compatible
with wy, ..., w,41 but u,,, is incompatible with b. We can then apply Lemma

to obtain the result. O

C.2.4 Proof of Lemma [5

We now prove the expected utility in the non-intervened model (which we will

later establish is the MEU).

Lemma 5. In the non-intervened model, the materiality SCM hasY = tma0 — tmin + 1,

surely.

Proof. Since Y = >’ Y™ it will suffice to prove that Y™ = 1 for every .

imin <i<imax
We will consider the cases where m; is, or is not, a directed path.

If the info path m; contains no collider, then every chain node V' in d from T;
to Y has V¢ = Pal. so pa(YP:) = TP". The same is true for the chain nodes in m;,
so Pa*(Y) = TP and so Y™ = 1, surely.

If m; contains a collider, each chain in m; and r;; copies the value of its
parent, so Pa(YP"tis) = (TP WY, WD, and Pa*(Y) = Uy By
construction, (T, W'y, ..., W]},) is consistent with (U1, .., Uy, so by definition

it is compatible with Ui, so Y™ = 1, surely. O
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C.2.5 Proof of the requirements of an optimal policy

Lemma 8 (Collider path requirement). If the materiality SCM has an info path m;
that is not directed, and under the policy 7 there are assignments Pa(YPo"i1:i) =
pa(YPi"itdi) to parents of the outcome, and U]y, = w;.; to the forks of m;,
with P™(pa(YPoriti) 'y ;) > 0 and where pa(YPo 1) is inconsistent with

pa(Y?), u]y ;. , then PT(Y™ < 1) > 0.

Proof of Lemma[8 Let us index the forks and colliders of m; as T; -- Vi1 «--
Uip - Wiy «—,..., W, ji «== U, i --» Y. Then, by assumption, there exists
a set of assignments w := pa(Y?),w;.;, w := pa(Y?),pa(Y" /) and u :=
pa(Y?), u/y ;, where w ~ w and w * uw and P™(w,w,u) > 0. Let J' be the
smallest index such that w;.; # wuy.;, and clearly we will have J* > 1. Then,

my

from Lemma , there exists u = pa(Y?), wy.p, u;"s -, u"; such that w ~ u

1
and w # uy:. Consider the intervention do(U" 4, ..., UZ.’ZZ = Wy41.5i. By the
definition Definition [34] the intervention to forks on the info path can only affect
variables outside of the info path via the intersection node T; and the colliders
Wi, 1 < j < J. But uy.p = upy, so T; and the colliders W ;,1 < j < J'
are unchanged (note that this is true even if T; is a decision, which it can be).
Furthermore, w ~ w so the colliders W, ;, J' < j < J* are similarly unaffected by the

intervention. We also have w # wuji. Then, by the same arguments as in the proof of

Lemma [7, we have that P™(Y"™ = 0 | do(w)) > 1 and then P™(Y™ =0) > 0. O
C.2.6 Proof of Lemma 10
We begin by restating the lemma.

Lemma 10 (Required properties unachievable if child is a non-decision). Let M be
a materiality SCM where the child of Xy along d is a non-decision. Then, the MEU
for the scope S cannot be achieved by a deterministic policy in the scope Sz 4.x,

(equal to S, except that Zy is removed from Clx, ).

The proof was described in Section [5.4.4.1 and it is detailed as follows.
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Proof. Consider the scope X (S)\z,, equal to X (S) except that Cyx, is replaced
with Cx,\{Zo}, and assume that a deterministic policy 7 in this scope achieves
the MEU, then we will prove a contradiction. Specifically, we will establish two
consequences that are clearly contradictory given a deterministic policy: (a) the
support of P™(X}°) contains at least 2% assignments, (b) the domain of Cx,\{Zo}
contains fewer than 2% assignments.

(Proof of a.) We know that A assigns a strictly positive probability to 2F
assignments (Definition and so if m achieves the MEU, then Pa(Y?) &=
(Lemma @ So Pa(Y?9) has at least 2% assignments in its support. Let us now
consider the cases where X is, or is not, the decision nearest Y along d.

If X is the decision nearest Y along d, then by the model definition, Pa(Y?) =
X surely, so Xy must have at least 2% assignments in its support, and so (a) follows.

If Xy is not the decision nearest Y along d, then note that by assumption, there
are one or more chance nodes in d separating X, from X;. Furthermore, T} must
be one of these nodes (because T} is defined by a segment T} --+ Z;, shared by d
and m;, and active given [(X(S) U Cx(s)z )\Z1], and such a path cannot be active
if it includes Xj.) The materiality SCM is constructed to pass values along d, and
since the segment T} --+ Z; has no decisions, we have T = X, surely. Since T} is
a chance node, if 7 achieves the MEU, we also have by Lemma [l and Lemma [7] that
Pa(Y?) 2= TP and, since d € p;, that Pa(Y?) Z= T So X¢2=Pa(Y?). Since
Pa(Y?) places strictly positive probability on at least 2¥ assignments, so does X¢.

(Proof of b.) The domain of Cx,\{Zy} is a Cartesian product of variables V?
for Ve Cx,\{Zo} where p is either d, some m; or some r;; Definition [34]

The control path d does not intersect Cx,\{Zy} as it is defined not to include
parents of X other than Z, (Lemma|3). Each info path m; is active given [(X (S) u
Cx(s)\2,)\Zo| (Lemma [3)), so can only intersect Cx,\{Zo} at the colliders, which
have domain B. Finally, any variable in a path 7; ; would also have domain B. So
the domain of Cx,\Z, is not larger than 2¢/€xol where c is the maximum number

of materiality paths passing through any vertex in the graph, and |Cyx,| is the
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number of variables in Cx,. By construction, k > c- maXXeX(3)|CX|, so the domain
of Cx,\Zy is less than 2%, proving (b).
A deterministic policy cannot map fewer than 2% assignments to greater than 2%

assignments, and so (a-b) imply a contradiction. ]
C.2.7 Proof of Lemma 1]
We firstly restate the lemma.

Lemma 11 (Fork information can pass in few ways). If, in the materiality SCM:

o the intersection node T; is the vertex X;_1,

o 7, is a deterministic decision rule where 7, (¢ (Ti, ui1) = mr,(¢™™ (T, ug ;)
for assignments u; 1, u; ; to the first fork variable, and ¢™™(T;) to the contexts

of T; not on m;, and

. i1, = Wiy, and Uj a5, = W, 0.5, are assignments to forks and colliders in

m; where each u; j consists of just w; ; repeated expy(k + |p:| — 1) times, then:

PW(Pa(Ypi’ri’l)a c (Tlt)a Wi 1.;, Wi 2:J;

do(ui,l))

=P (pa(YPo"i1), e (Ty), Wi, Wig.g, |do(uj ;).

The proof is as follows.

Proof. An intervention do(u; ) could, in the materiality SCM (Definition only
affect the variables Pa(YPi"i1) C™™i(T;), W; 1.5, U, 2.5, in four ways:

1. via the intersection node T,
2. via the collider W; 5 of m;,
3. via contexts lying in the segment m; : T; «-- U; 1 -+ W, 2,

4. if Pall, C™™(T;) or U, 2.5, were distinct from T;, W5 and lay on m; : T; «--
Uip —=> Wis
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The deterministic decision rule has 7r, (u;,1, ¢™™(T3)) = 77, (uj 1, ¢ ™ (T3)), so
(1) is false. Also, u; 2 equals w; o repeated, so u;o[x] = w; o for all z, and thus (2) is
false also. Moreover, m; : T; «-- U; 1 -=» W, o is active given [(X(S) u Cxsyn)\Ti]
and so contexts can only lie at the endpoints 7; and the collider W; 5, meaning that
(3) is false. Finally, Pa}’ is a descendant of T; by the definition of the control path, so
can only lie on m; : T; «-- U; 1 --» W, 5 if it is the vertex T;, which we have already
proved is not influenced by w;1; meanwhile, C™™(T;) does not intersect m; by
definition, and U; 5., are fork variables, which cannot lie on m; : T; «-- U; 1 --» W, o,

so (4) is false, and the result follows. O

C.2.8 Proof of Lemma 12

We begin by restating the lemma.

Lemma 12 (Decision must distinguish fork values). If in the materiality SCM:

e the intersection node T; is the vertex X;_1, and
e 7 is a deterministic policy that for assignments u; 1, w;, to U;1 where u; 1 #u; ,

has wr, (¢ (T;), i) = 7r, (7" (Th), uz ) for every Cr™ (T;) = ¢ ™™ (T;),
(1)
then PT™(Y™i < 1) >0

The proof has been described already, and it proceeds as follows.

Proof. Let us assume Equation , and that the MEU is achieved, and we will
prove a contradiction. Given Equation , there is an index at which u;; and
uf, differ. We write this index as an assignment pa(Y i), belonging to Pa(Y??).
Define each w; ;,2 < j < J; as equal to pa(Y"/), repeated expd(k + |ps| — 1) times.

Then, we have:

0< PW(Ad = Pa(Yd)7 Uiij, = %i1.5,)

because A and U, ., are independent random variables with full support. Then,
let ¢ (T;) and w; 1.5, be any assignments to the parents of 7; not on m;, and to
the colliders on m; such that:

O < PW(Ad = pa(Yd)7 cﬁmi (ﬂ)u wl,l:.]ia ,u'i,l:Ji)-
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Given these assignments, in order to achieve P™(Y™ = 1) = 1, we must have
Pa(Y?) 2= A4 (Lemma @) and pa(Y?') must be consistent with u; ;.;, (Lemma .
We must also therefore have Pa(Y P 1% ) = paPi™i1:7 ) so marginalising over A¢,
we must have:

0 < PT(Pa(YPimirdi) = pa(YPorirdi) ¢ ™(T;), wy 1.5,Wi1.7,)

0 < P™(pa(YPomitdi) ¢™™(T;), wy 1.y, Wi2.g;) | do(ui1)) (Ui q.s unconfounded)
= P™(pa(YP"utdi) ¢ (T;), wi 1., Wiz.g, | do(u; ;) (by Lemma
= PT(pa(YP"irdi), ¢ " (T;), wi 1., Wi, | Uy ) (P™(ui;) > 0.)

0 < PT(pa(YPo"1), ujy) (P (ujy) > 0.)

However, u; ; [pa(Y?)] # u;1[pa(Y?)] and u; 1 [pa(Y??)] = pa(Y""), so pa(Y?i),
pa(Y":1i) is inconsistent with pa(Y?), uj, u;2.5,. So 0 < P™(pa(YPure1/i) uj )

implies that P™(Y; = 1) < 1 (by Lemma [§)), and the MEU is not achieved. O

C.3 Proof of Lemmma [13

We first restate the lemma.

Lemma 13 (Required properties unachievable if child is a decision). Let M be the
materiality SCM for some scoped graph Gs, where i,,, > 0 and T} is a decision.
Then, there exists no deterministic policy in the scope Sz, 4. x, that achieves the

MEU.
The proof was explained in section Section [5.4.4.2] and is detailed as follows.

Proof. To begin with, by assumption, the child of X, along d is a decision, so Xy
is the same node as Z;, and since the segment T} --+ X; must be active given
[(X(S) v Cxs)z)\Z1], X is also Ty. We will now bound the domains of X, and
C ™ (Xy).

The domain of Xy. Given that X is a decision, while each truncated info path
my is active given [(X(S) u Cx(syz)\Zi, it follows that X, cannot overlap with

info paths, except for colliders of m;,i" # i, and the endpoint of m;. As such, the
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domain of Ty is at most |dom Xy| < 2¥+¢, due to k bits from d (Definition [34), and
at most ¢ bits from the info paths and auxiliary paths (where ¢ is the maximum
number of materiality paths passing through any vertex in the graph).

The domain of C™™(Xy). Given that each info path m; is active given [(X (S)u
Cx(s)\z)\Zi|, the contexts C™™(Xj) cannot intersect any m;, except at colliders
in m;. Moreover, by the definition of the control path, the only parent of X, that
it contains is Zy. So, C7™(Xy) can only intersect portions of the materiality
paths with domain B, and so the size of the domain of C™" (X)) cannot exceed
|[dom C ™™ (X,)\Zo| < 2%, where b is the maximum number of variables belonging
to any context C'y, and c is the largest number of materiality paths passing through
any vertex.

Proof of Equation (i]) As the domain of X, has dom X,| < 2**¢, for any particular
C™™(Xo) = ¢™™ (X)), there are at most 2¥7¢ assignments dom U} ; < dom Uy
such that for all wy,u); € domUj;, mx, (7™ (Xo),u11) # 7mx, (€7 (Xo), v ;).
Furthermore, as |dom C™™ (X)\Zs| < 2, by the union property, there are at
most 2°(+¢) assignments X7y, , such that there exists ¢ (Xy) such that for all
ury,uyy € Xy s ung,upy € dom U g, oy, (€7™(Xo), ury) = mx, (€7 (Xo), uf ).

However, the domain of U; is Bo®2(*k+lpol-1) 5 B2" (as po contains at least d), so:
|dom Pa(XJ")| = 22" > 2(:+9% > |dom C ™™ (X,)||dom Xol,

where the strict inequality is from the definition of & in Definition [34] So, there
must exist a pair of assignments u; 1, ), in the domain of U, such that for
all ¢ (Xp) € dom C™™(Xy), mx, (¢ (Xo),u1,1) = 7x, (e (Xo),uy ;). This
satisfies Equation ([f), which by Lemma [12] proves the result. n
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C.4 Supplementary proofs for Section 5.5/ (Proof
of Lemma (14

C.4.1 Proving the existence of paths

In this section, we will prove that when LB-factorizability is not satisfied, then there
exist info paths and control paths, a potential intermediate step toward establishing

completeness of Theorem LB-2 from |Lee and Bareinboim| [2020].

Lemma 14 (System Exists General). Let Gs be a scoped graph that satisfies
assumptions (A,B) from Theorem([10 If Z = {Zy}, X' = Ch(Z,), C' = Cx/\(X'u
Z), U = & are not LB-factorizable, then there exists a pair of paths to some
C'eC'UY:

e an info path m : Zy -- C', active given [ X' v C"|, and

e a control path d : X --+ C" where X € X'.

Since we will have to establish activeness given a set of implied variables, the

following lemma will be useful.

Lemma 30. Let p be a path. If (i) p contains no non-collider in N, (ii) every fork
variable in p is not in [IN'|, and (iii) every endpoint of p that has a child along p is
not in [IN'|, then p contains no non-collider in [N].

Proof. Write p as Wy «-- Uy --» Wy «-- U,y ... Uy --» W, where possibly W; is
child V' of any U; has a parent that is not in [IN], and V ¢ N by (i), so V ¢ [IN].
The same is then true for the non-collider child of V|, and so on. Since every
non-collider V' in p has a segment U; --» V"’ of p consisting of only non-colliders,

every V' ¢ [N], and V' contains no non-collider in [IN'|, proving the result. O

Conditions II-ITI of LB-factorizability require that there must exist an ordering
over variables, that where certain variables are placed before others (i.e. that satisfies
certain precedence relationships). Our approach will be to encode the precedence

relationships from condition III in a graph, as follows.
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Definition 39. Let the “ordering graph” H be a graph on vertices Z v X' v C’,
with an edge A — B from each parent A € Pa(B) of a decision B € X', and an
edge B — C' from each decision B € X' to a descendant C' € Desc(B).

A useful property of the ordering graph is that if a variable V' is downstream
of a context C' in the ordering graph, then there exists a decision, that has C'

as a context, and can influence V.

Lemma 31. If vertex V is a descendant in H of a context Z € Cg(x), then Gs

contains a path Z — X --+ V|, where X € X'.

Proof. Assume that V € Desc’(Z). The path in H from Z begins with an edge
7 — X where X € X', which implies that Gs has an edge Z — X. The path in H
must continue from X to Z, and since each edge A — B in H has B € Descs(A),

it follows that V e Desc? (X), proving the result. H
It is also useful to note that the expression 7x-  is unnecessary in condition II.

Lemma 32 (Unnecessary separation in condition II). Let X’ be a set of decisions,
Z be a set of variables disjoint with X', and C’ be the set of contexts not in C’
or Z, and < be an ordering over C' v X' v Z. If mx £ C | [(X' U C")<c] for
some C € C" then Z.c £ C | [(X"uC') ¢

Proof. By assumption, there is a path p from 7y to C, active given [(X' U C')-¢],
for some X € X’ .. The only neighbour of 7y is X, so p must terminate as
X «—7mx. As X is in X', activeness given (X' u C")-C] implies that p terminates
as C' > X «— mx. Every parent of X isin X' U C’ except Z. So by truncating p
at Z, we have that there is a path from Z_ to C, active given [( X' v C").¢]. O

We are now equipped to prove Lemma Recall that for Z, X’ to be LB-
factorizable, there only needs to be one ordering < that satisfies the precedence
relationships from conditions II-III. So the approach in our proof will be to define

one such < that satisfies conditions III. Since Z, X’ are not LB-factorizable, that
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must mean that condition I or II is violated, which will imply the existence of
paths m, d in each case. (We will use the notation Desc’(Z;) to denote the set

of vertices that are descendants of Z; in the ordering graph H.)

Proof of Lemma[1j). Let < be any ordering (Vy, - Vi, Zo, Vinsa, - - Vi), over Z u
X' U C that is topological in H and where V49, - - , Vi are in Desc’(Z,) whereas
Vo -+ -V, are not. Since < is topological in H, Condition III is satisfied, and since
LB factorizability is not satisfied, Condition I or II must be be violated; we consider
these cases in turn.

Case 1: Condition I is violated.

If Condition I is violated, there is a path m’ : V;, V5, -+, V,, where V; = wx: and
Vo, =Y, active given [ X’ U C’|. From the definition of 7y, this path must begin
as wx: — X for X € X’. As X is in the conditioning set, it must be a collider, i.e.
m' begins as [Iy — X « V3. The only parent of X that is not in the conditioning
set is Zy, so we have I[Ixy — X «— Z; -- Y. We truncate m’ as m : Z, -- Y. Since
Zy — X satisfies condition (A) of Theorem [10] there exists some d : X --» Y,
proving the result in this case.

Case 2: Condition II is violated. Step 2.1

The violation of condition II implies that there is an active path from some
CeC to Tx' . L<c, Or U’. This path cannot go to U’, which was chosen to be
empty. Moreover, if there is an active path to TX' s then there is a similarly active
path to Z_¢c (Lemma . So let m' : Zy -- C" (where Zy < C”) be the path to
Zy, active given [(X’ u C")<¢]. Replace this path with a walk w’ with an added
segment V' --» S «-- V from each collider Z to a variable S in the conditioning set.
Truncate w’ as Zy -- C, where C' is the node in CZ 5 nearest Z, along w’. Then let
m be the path obtained from w by removing all retracing segments. Clearly m is
active given [(X’ U C")~¢| From Z, < C, it follows that C' € Desc*(Z), so there
exists a path d: Zy — X --» C for X € X’ (Lemma [31)).

Case 2: Condition II is violated. Step 2.2
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We will now establish that m is active given [ X’ u C’|. Since m is active given
(XU C)cl],and [( X' U C")] 2 [(X' U C")<C], m is active given [ X' U C’| at
each collider. We now prove that m also contains no non-collider in [(X' U C")-¢]
using Lemma , by proving that the non-colliders are not in (X’ v C’) while the
endpoints and forks are not in [(X’' U C")].

Step 2.2.1: no non-collider in w is in (X' v C").

We consider three sub-cases: a non-collider in 2.2.1.1: (C"'u X').¢, 2.2.1.2:
Cl., or 2213 XL, Sub-case 2.2.1.1: a non-collider in (C' U X').c. As w
is active given [(X’ u C")-C, w does not contain a non-collider in (C' v X')¢.
Sub-case 2.2.1.2: a non-collider in C’ . Moreover, the definition of C' implies
that m cannot contain a non-collider in C . Sub-case 2.2.1.3: a non-collider
in X . Finally, w cannot contain any non-collider X € X, because being a
vertex being a non-collider in any path implies that it is an ancestor of a collider
or an endpoint of that path, but being an ancestor of a collider or an endpoint of
w implies X < C, which is a contradiction. If X is an ancestor of the endpoint
C, then by the definition of H, X < C', which contradicts X € X/ .. If X is an
ancestor of the other endpoint Zj, then X < Z, by the definition of H, and so
X < C, implying a contradiction once again. If X is an ancestor of a collider V/,
then by activeness, the collider must have a descendant V' in [(X’ U C")~¢, and so
X is an ancestor of V’. By the definition of H, it follows that X < V', and since
V' < C, we have X < C. Since no non-collider in w is in (X’ u C”), it also follows
that no non-collider in m is in (X' v C").

Step 2.2.2: no endpoint of m is in [(X' v C")].

The endpoint Z, cannot be in [(X’ U C’)~¢]| because Zy € Z, and Z is disjoint
from X" and C’. The endpoint C' cannot be in [(X’ U C")-¢]| because we cannot
have C' < C.

Step 2.2.3: If no non-collider in (X' v C") then no fork in [ X' v C'\X' v C’.

Assume that a fork V in [ X' 0 C'\X' u C’ is in m, and we will prove a

contradiction. The vertex V must not be in [(X’ u C")-¢], since m' is active
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given [( X' U C")~¢c]. As Visin [ X' U C'\[(X' U C")~¢], V must in Gs have an
ancestor A € (X' U C")~¢. Since Zy < C, V this ancestor A also has Zy; < A. So,
A € Desc™(Z,) by the definition of <, and A € Desc?(Z,) by the definition of H,
and V € DescY(Z,), since A is an ancestor of V.

Any fork in a path must either be an ancestor of the initial endpoint (in this
case Z), or an ancestor of a collider in the path. Since V € DescY(Z,) and V is a
fork, not an endpoint, V' cannot be an ancestor of the initial endpoint. So V' must
be an ancestor of a collider in the walk w. As w is active given [(X’ U C").C], the
collider D must be in [(X’ U C")-C. We consider three sub-cases: 2.2.3.1: D is in
[(X'vC)CN\(X'vC),223.2: Disin X' ,2.2.3.3: Disin C’, and will prove
a contradiction in each case. Sub-case 2.2.5.1: D is in [(X' v C")-C\(X' v C").
Then all the parents of [(X’ U C”)-C must also be in [(X’'uC")-C by the definition
of implied variables, and these parents would be non-colliders, which would make w
blocked given [(X' v C").C, giving a contradiction. Sub-case 2.2.3.2: D is in X' ..
Then at least one parent of D must be a non-collider in C”_,, which contradicts the
statement that w contains no non-collider in (X’ u C"). Sub-case 2.2.3.53: D is in
C’... Then D € Desc?(Zy) (since D € Desc? (V) and V € Desc?(7Zy)). It follows
that Zy < D, but this contradicts the definition of C' as the nearest variable along
w to Zy that is in C

>Zo'

From Lemma B0l the result follows. O
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