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Abstract

The reactivity of clusters is known to be strongly influenced by their lo-

cal atomic environments, and that is the central concept that unites the

different chapters in this thesis. I present three distinct theoretical inves-

tigations into the electronic structure and reactivity of clusters, covering

different aspects of chemical behaviour. The first project concerns the

structure of partially-ligated ruthenium carbonyl clusters, and the mech-

anism of their reactivity in the gaseous phase. The patterns of stable

configurations of ligands are identified, and the link between the num-

ber and distribution of unsaturated sites on reactivity will be discussed.

The second project looks at catalysis from the opposite extreme of un-

saturation, specifically for a Ru3-based ‘single-cluster catalyst’ and its

interaction with a surface support. The electronic structures of several

models for this system are examined and the significance of subtle details

in the model on the stability will be demonstrated. The final project

concerns structural phase transitions and temperature effects on the sta-

bility of Zintl clusters in solids. The work emphasises the importance of

understanding phonon density of states and the origin of changes of en-

tropy when considering the thermodynamics of phase transitions. While

all of the research described in this thesis is motivated by experimental

observations, the work itself is done purely with theoretical and compu-

tational techniques, the aim being to enhance the information content of

the experiments. Such understanding is crucial for formulating universal

principles of designing advanced catalysts such as single-cluster catalysts.

The work in Chapter 5 have been published in the following paper:

Thermodynamics of phase transitions in Zintl clusters from density func-

tional theory: making and breaking of bonds in Ba3Ge4 [1]

Y. Zhao and J. E. McGrady, Phys. Chem. Chem. Phys., 2024, 26, 7318

DOI: 10.1039/D3CP05713E
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Chapter 1

Introduction

1.1 Cluster chemistry

Clusters are a diverse class of chemical compounds that are typically composed of

multi-atom aggregates of a size intermediate between molecules and nanoparticles.

Examples of clusters come from many different regions of the periodic table, with a

wealth of different types of chemical bonds. The International Union of Pure and Ap-

plied Chemistry (IUPAC) defines a cluster as ‘a number of metal centres grouped close

together which can have direct metal bonding interactions or interactions through a

bridging ligand, but are not necessarily held together by these interactions.’ [3] Ex-

amples that meet this definition can be found in transition metal carbonyl clusters,

transition metal halide clusters and as well as bio-inorganic cofactors in nitrogenase.

The term can also extend to groups of main-group elements like fullerenes, boranes

and Zintl clusters. In terms of properties, we can usefully differentiate clusters from

nanoparticles in so much as the latter retain some physical and chemical charac-

teristics of their bulk counterparts, while clusters show unique properties. In the

cluster size regime, even minor changes in the number and composition of atoms can

significantly impact a wide range of characteristics including reactivity, magnetism,

photoluminescence, and properties.

Perhaps the most widely studied application of cluster chemistry is in catalysis,

where the presence of multiple metal centres can open up new pathways that are not

available to their single-site counterparts. A high profile example from nature is the

Fe7MoS9C cluster found in the enzyme nitrogenase, which catalyses the reduction

of nitrogen (N2) to ammonia (NH3) [4], a crucial process for life’s essential building

blocks. While the mechanistic details of the catalytic reaction by nitrogenase are still

not clear, a wide range of reaction pathways have been proposed in the literature.

The first type of reaction pathways involves intermediates with terminally-bonded,

1



(a) Singly substituted cluster (b) Doubly substituted cluster

Figure 1.1: Experimentally reported structures of FeMo cofactor in nitrogenase during
the nitrogen fixation process. Here, sulfide ligands from the parental cluster are (a)
singly or (b) doubly substituted with nitrogen molecules. The presence of multiple
metal atoms gives rises to various complex bonding modes of nitrogen, which are not
typically found in the mononuclear transition metal complexes. Due to its complexity
in structures, the mechanisms of the nitrogen reduction by nitrogenase are still a
central topic of debates in bioinorganic chemistry. From Reference [7]. Reprinted
with permission from AAAS.

or ’end-on’, nitrogen molecules on an active centre, a structure commonly found in

transition metal dinitrogen complexes. The nitrogen molecule then may be catalysed

to be hydrogenated in either the distal pathway, in which the terminal nitrogen atom

is reduced completely to ammonia first, or the alternative pathway, in which both

nitrogen atoms are hydrogenated alternatively. There also has been a proposal of

a new pathway, called ‘enzymatic’, that involves intermediates with η2-bonded, or

‘end-on’, nitrogen molecules, which are unusual in mononuclear complex species but

can be found in bimetallic complexes or metal surfaces. Availability of multiple-metal

centres adds another complexity of possible bonding modes of nitrogen molecules and

provides new reaction pathways. This ‘enzymatic’ pathway of nitrogen fixation has

inspired several studies exploring the potential of artificial clusters as catalysts in

ammonia production [5, 6].

In the laboratory, synthesis of clusters and investigations of their reactivity began

with small-sized clusters in the gaseous phase, using experimental techniques such as

mass spectrometry, laser ablation, and sputtering. These fundamental studies have

enhanced our understanding of the link between structure and reactivity, for exam-

2



Figure 1.2: Structures and properties of supported clusters on substrates, summarised
by Li et al. [9]. (a) A list of various factors that changes the properties of supported
clusters on substrates, including size, shape, support-metal interaction, identity of the
atom, and presence of ligands. (b) Illustrations of different possible configurations
of tetramer cluster on substrate. (c) Charge transfer effects between clusters and
substrates, as a result of interaction. Adapted with permission from Reference [9],
Springer Nature.

ple in the study of the reactivity of gold clusters with pre-adsorbed hydrogen towards

molecular oxygen bond scission, despite gold’s chemical inertness in bulk form [8]. The

study found that the highly exposed structure of gold clusters and under-coordination

of atoms allowed the steady adsorption of both hydrogen and oxygen, and the supply

of charges from the cluster to antibonding orbitals on oxygen molecules facilitates

the breakage of O-O bonds. However, ‘naked’ clusters (i.e. those without stabilising

ligands) generated in this manner also often exhibit high reactivity and instability,

prone to aggregation into larger, catalytically inactive species, limiting their practical

industrial applications. The concept of ‘supported’ clusters on substrates has emerged

as a means to stabilise the clusters while still retaining a sufficient degree of unsatura-

tion to enable them to serve as active sites for catalysis. The combination of clusters

and substrates has led to the development of a very wide range of new heterogeneous

catalysts, many of which have gone on to find applications in the chemical industry.

Perhaps unsurprisingly, the interactions between clusters and substrates can sig-

nificantly influence their reactivity and catalytic activities. The support can be con-
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sidered in some sense as a multidentate ligand, saturating some of the vacant coordi-

nation sites of the cluster and reducing its activity. These cluster-support interactions

become increasingly pronounced as the cluster size decreases, and covalent bonding

and/or electrostatic interactions can lead to significant structural reconstructions at

the interface [10]. For instance, Pt4 clusters have been shown to retain a tetrahedral

structure on a MgO (100) surface but adapt a square planar configuration on TiO2

(110) [11], and this structural change has a profound impact on the availability of

bonding sites for adsorbates. These geometric effects are driven by electronic factors

including charge transfer, electron confinement, and orbital rehybridisation that can

make the properties of the supported cluster very different from its gas-phase par-

ent. The above comments highlight the importance of identifying accurately the local

atomic environments of clusters and the structure-property relationships that under-

pin catalytic properties. Key features of the local atomic environment of supported

clusters include the coordination number, the identity of neighbouring atoms, the

long-range order of substrates, the presence of other ligands, and the nature of the

reactive media [9, 12]. Experimental techniques such as scanning transmission elec-

tron microscopy (STEM) and X-ray absorption near edge structure (XANES) have

provided vital insight into substrate-supported catalysts, but precise measurements

are often limited by complications such as tip convolution effects and signal averag-

ing. The identification of active species therefore remains a considerable challenge to

experiment. In such circumstances, computational modelling and simulation has a

vital role to play in aiding the interpretation of experiment as well as identifying key

features of electronic structure and catalytic behaviour of the active sites.

1.2 Thesis outline

The aim of increasing our understanding of the electronic structure and properties

of clusters in varying states of unsaturation is the underlying theme that links the

chapters of this DPhil thesis. In Chapters 3-5, I will present three distinct computa-

tional studies which focus on the stability and reactivity of both transition-metal and

main-group clusters in different local atomic environments. Each project is built upon

experimental observations of the compounds that examine aspects of their structural

or catalytic behaviour. Throughout the majority of the thesis, DFT serves as the

computational method of choice, but higher levels of theory are also utilised when

DFT proves insufficient for accurate energy calculations.

4



(a) Chapter 3 (b) Chapter 4 (c) Chapter 5

Figure 1.3: An overview of a list of studies presented in this thesis. (a) Chapter 3
studies the reactivity of partially ligated tetra-ruthenium hydrido carbonyl cluster
anions in the gaseous phase. (b) Chapter 4 studies the electronic structures of sup-
ported Ru3 on a carbon nitride matrix. (c) Chapter 5 studies the thermal effects
on the solid-state reactions of clusters in the Zintl phase Ba3Ge4. The local atomic
environments being investigated in each chapter are (a) coordination number and
geometry, (b) species of supports, and (c) packing structures of ions in crystal, re-
spectively.

The first project concerns the reactivity of partially ligated tetra-ruthenium hy-

drido carbonyl cluster anions in the gaseous phase. The experiments, conducted by

Professor Scot McIndoe and his team at the University of Victoria, Canada, have

shown that the activation of the anionic cluster [H3Ru4(CO)12]
– via collision-induced

dissociation (CID) leads to reactions with a variety of molecules in the gas phase

including alkenes, arenes, alkanes, silanes, and oxygen. In particular, a significant

increase in the reactivity toward 1-hexene was observed when precisely three or more

carbonyl ligands were removed from the cluster. As is the case with all mass spectrom-

etry, the experiments give information on its mass (and therefore composition) but

not on structure, so a key task is to establish geometries of clusters that correspond in

composition to the peaks in the mass spectrometry. This provides important insight

into the ways that clusters respond to increasing degrees of electronic and coordinative

unsaturation. We also propose the reaction mechanism of 1-hexene dehydrogenation

with these unsaturated species, rationalising the distinctive sensitivity of reactivity to

the number of carbonyl ligands. The potential role of metal-metal bonds in catalysis

is also discussed. While all these reactions take place in the gaseous phase, and the

active species are close to the saturated limit, this study highlights the importance

of coordination number and geometry, all of which are crucial to the understanding

of the reactivity of supported clusters.
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The second project is a closely-related one, focusing on the electronic structures of

supported Ru3 on a carbon nitride matrix. This project is based on an experimental

report by Ji et al. [13] and co-workers who showed that Ru3 single-cluster catalysts

(SCCs) embedded on CN matrices can be synthesised through pyrolysis, a common

technique to synthesise graphene-based single-atom catalysts. The catalyst was re-

ported to be 23 times more efficient than the single-atom catalyst (SAC) analogue in

alcohol oxidation. However, even with the access to XANES data, the microscopic de-

tails of the active sites remain elusive. The initial task for the computational project

was therefore again to identify the structure of substrate surrounding the cluster. We

analyse the electronic structures of different defect models on N-graphene and com-

pare the cluster-substrate interactions. The stability of each models is considered,

as is the influence of binding of oxo ligands. Finally, a feasible reaction mechanism

of alcohol oxidation with oxo species is proposed. This project highlights how very

small details in the chosen model can change the results of calculations profoundly,

and also the ongoing challenges in modelling SCCs due to their significantly increased

complexity of structures compared to SACs.

The final project concerns the thermal effects on the solid-state reactions of clus-

ters in the Zintl phase Ba3Ge4, where naked clusters [Ge4]
6– are surrounded and

stabilised by cations. This project was published in the journal Physical Chemistry

Chemical Physics [1]. The title compound has been shown to undergo a structural

phase transition in which half of the clusters are polymerised to form a 1-dimensional

network, 1
∞ [Ge4]

6– . These structural modifications are reminiscent of bond-stretching

isomerism, a subject which has been a long-standing interest for many computational

groups. By calculating phonon frequencies and employing the quasi-harmonic ap-

proximation for Gibbs energy, we identify the origin of entropy difference between

two phases. We also predict that the existence of new phase p-tetragonal, where all

of clusters are polymerised in two directions, may also be accessible under specific

thermodynamic conditions, although theis has not yet been realised. The Ba3Ge4

phase is also compared to the isomorphic compound Ba3Si4 where no such polymeri-

sation has been observed. We also examine another reported example of bond-stretch

isomerism in Zintl phases, in this case the calcium doped Sr3Sn5. Our calculations

suggest that the experimental report may in fact be an artifact in this case. Overall,

the studies reported in this chapter highlight how temperature and pressure can in-

fluence the environments of supporting ions, and drive significant rearrangements of

the covalent bonds within and between clusters.
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As the chemistry in each of the three main projects is rather different, a detailed

introduction to the relevant literature will be presented separated at the start of each

chapter. However, it is useful to consider here some of the important computational

and theoretical models that underpin this thesis, and are relevant to all three chapters.

1.3 Theoretical models

1.3.1 Frontier orbital theory

Frontier orbital theory [14–16], first formulated by Kenichi Fukui and Roald Hoff-

mann, provides a fundamental tool for interpreting the electronic structure and re-

activity of metal clusters, in particular those that are saturated with ligands such

as transition metal carbonyl clusters. By analysing orbitals available for bonding on

metal centres, the isolobal analogy can be used to predict the structures of metal-

metal bonds in a cluster. To illustrate this important concept, first consider the

molecular orbital diagram of an octahedral transition metal complex ML6 in Figure

1.4a. In this diagram, the symmetry-adapted linear combinations of σ lone pair elec-

trons on ligands interact with orbitals on the metal centre to form 6 metal-ligand

bonds. The t2g, or equivalently dxy, dxz and dyz orbitals on metal centre, are non-

bonding unless there are π-symmetry orbitals on the ligands. If the metal centre

has 6 metal electrons, this will lead to a stable closed-shell and electron-precise 18-

electron configuration. Removing one ligand from this complex will lead to a ML5

configuration, the molecular orbital diagram for which is shown in Figure 1.4b. In

this case, 5 metal orbitals interact strongly with ligands and one low-lying orbital a1

is now left untouched, on top of t2g (or e and b2) orbitals. The shape of this ‘frontier’

orbital (Figure 1.4c) points outward from the metal centre, and can be considered

to be analogous to the singly-occupied orbital of a CH3 radical. Therefore, we can

treat the ML5 complex like a building block in organic chemistry that forms a bond

by overlapping with frontier orbitals on other fragments. In a similar manner, addi-

tional frontier orbitals can be generated by removing 1 or 2 more ligands from this

ML5 fragment, resulting into 2 and 3 frontier orbitals on ML4 and ML3 fragments

respectively (Figure 1.4d, 1.4e). By combining multiple MLn fragments, it is then

possible to construct a larger cluster, as depicted in Figure 1.5.

The principle of combining frontier orbitals of different fragments leads directly

to polyhedral skeletal electron pair theory which has been applied extensively to

the prediction of the geometries of transition metal clusters [17–19]. Wade’s rules [17]

were formulated based on the observation that an n-vertex polyhedron cluster requires
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(a) ML6 (Oh)

nd

(n+ 1)s

(n+ 1)p

1a1g
1t1u

1eg

1t2g

2eg

2a1g
2t1u

σ

M ML6 L6

(b) ML5 (C4v)

nd

(n+ 1)s

(n+ 1)p

e,b2

a1

b1

σ

M ML5 L5

(c) a1 (ML5) (d) a1 ⊕ b2 (ML4) (e) a1 ⊕ e (ML3)

Figure 1.4: Molecular orbital diagram of (a) ML6 and (b) ML5 complexes and the
frontier orbitals of (c) ML5, (d) ML4 and (e) ML3 fragments. The red box in (b)
indicate a list of frontier orbitals that are available to form covalent bonds with
ligands or other fragments. The symbols in (c,d,e) indicate the irreps of hybridised
frontier orbitals.
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(a) tetrahedrane (b) Ir4(CO)12 (c) Fe4C(CO)13

Figure 1.5: Comparison of structures of tetrahedrane, Ir4(CO)12 and Fe4C(CO)13.
The Ir(CO)3 fragment is isolobal to CH fragment. Both tetrahedrane have Ir4(CO)12
have 6 skeletal electron pairs and adapts a tetrahedron structure, while Fe4C(CO)13
has one additional electron pairs and adapts the butterfly shape.

(n+1) ‘skeletal electron pairs’ to fill all molecular orbitals with bonding characters, for

n greater than 4, (a tetrahedral cluster can accept 6 skeletal electron pairs, (n + 2),

to fill all bonding molecular orbitals). Clusters that satisfy this skeletal electron

pair counting are known to adapt closo-type structures, deltahedron shaped with all

faces being equal. One or two additional electron pairs to these skeletal electron

counts will cause opening up of the cluster, resulting in so-called nido and arachno

species respectively. The number of pairs would be equal to the number of skeletal

electron pairs in parental closo n-vertex species. Hence, nido and arachno-species

adapt the parental closo structure with one or two vertices missing respectively. For

example, both tetrahedrane and Ir4(CO)12 in Figure 1.5a and 1.5b contain 6 skeletal

electron pairs and adapt nido-structure, while Fe4C(CO)13 in Figure 1.5c contains 7

skeletal electron pairs, adapting a butterfly shape. Wade’s rules have been successful

in predicting the structures of clusters, and also extended to predict structures of

clusters with condensed polyhedrons [19].

More generally, frontier orbital theory has also been vital in describing the elec-

tronic structures of organometallic clusters and bridging the fields of inorganic and

organic chemistry. Arguments based on frontier orbital theory can also be extended

to the surfaces of metals in the context of chemisorption, as for example in the Bly-

holder model [20] and the cluster-surface analogy, although their validity remains a

topic of debate [21].

1.3.2 First-principles models

Whilst the qualitative models described in the previous paragraph are useful for

giving insights, accurate calculations of energies are essential for useful predictions
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of the thermodynamic stability and reactivity of molecules, and their dependence on

temperature and other environmental effects. To make quantitative arguments on

the catalytic activities of clusters, the solution of the Schrödinger equation in some

approximate form that takes into account all effects including those from the local

atomic environments is unavoidable. The theoretical tools and ansätze used in this

thesis will be discussed in detail in the next chapter. The energetic predictions from

first-principles modelling can be converted into predictions on the performance of

catalysis, including turn-over frequencies (TOF), using kinetic theory.

Gas-phase experimental data have been much valued by computational chemists,

particularly in the early literature, because they can be directly compared to the-

oretical investigations without investing heavily in modelling the surrounding envi-

ronment. With the help of the developments of modern electronic structure theories

such as density functional theory (DFT) and the rapid advances in the computer

hardware, accurate calculations of energies for medium-size systems are possible and

indeed routine today. However, running calculations for liquid-solid interfaces remains

a substantial challenge. In such circumstances, it is common to employ ‘computa-

tional’ models to reduce the size of the problem in order to suppress the computational

efforts. There are mainly three categories of models in first-principles computation

of heterogeneous catalysts:

1. cluster approaches

2. embedded cluster approaches

3. periodic supercell approaches [22].

Amongst these, the cluster approach is usually the cheapest computational model,

and it links directly to the important concept of the ’cluster-surface analogy’. In

this perspective, molecular clusters that resemble a portion of the surface of a solid

are constructed with a size that is large enough to take account of the effects of the

extended system. While the cluster models are capable of capturing characteristics

of covalent bonding, long-range electrostatic interactions are necessarily missing. In

the embedded cluster approach, classical point charges or interatomic potentials are

added on top of the cluster model to mimic these long-range interactions caused by

the ionic lattice. To model the surface of metallic systems effectively, a periodic super-

cell approach is usually needed to capture the properties of the delocalised electrons.

With a supercell that is large enough to separate the periodic images of molecules
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(adsorbates), the infinite periodicity of crystal structures is retained. A further com-

plication is the presence of defects: under the experimental conditions, the surface of

the solid is far from pristine, and the presence of defects and other adatoms might play

important roles in catalysis. Modelling of defects at realistic concentrations would

require a very large unit cell, with obvious cost implications. Whatever approach is

taken to construct the computational model, it is crucial to evaluate the convergence

of properties with respect to the number of atoms or the size of the supercell.

It is also important to note that the electronic structure method employed per

se such as DFT can significantly influence the outcomes of calculations with first-

principles models. Indeed, most of the approximations in quantum chemistry are

developed by simplifying the physical processes in quantum mechanics, which can be

justified with reasons. However, these approximations can be ad hoc in nature and

one has to be careful in choosing an appropriate method for the system of interest.

In the next chapter, more details on the physics of electronic structures, and their

relation to various quantum chemistry methods will be discussed.
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Chapter 2

Theory and Methodology

In this chapter, we present the fundamental principles of quantum theory essential

in chemistry [23], and the practical computational methods for electronic structures

[24, 25] employed in this thesis. We start by exploring the complexities of many-body

problems in quantum mechanics. Then, in the following sections, various methods

for approximating wavefunctions and the role of ansätze for electronic wavefunctions

will be discussed. Additionally, several common numerical techniques such as basis

sets employed in practical calculation will be presented. Finally, we provide a brief

introduction to the theory of phonons [26, 27], the vibrational dynamics, and thermo-

dynamics of solids. This chapter sets the stage for the subsequent results presented

in this thesis.

2.1 Many-body problems in quantum mechanics

2.1.1 Many-body wavefunctions

A wavefunction for a single particle can be described as a vector in a Hilbert space,

|ψ⟩ ∈ H. (2.1.1)

For example, a single particle in the three-dimensional real space is described by a

complex-valued wavefunction, ψ(r), where r denotes the position of that particle.

The many-body wavefunction for N distinguishable particles |Ψ⟩ then is described

by a tensor product of N Hilbert spaces,

H(N) =
N
⊗

i=1

H (2.1.2)

and the real-space representation of the wavefunction is described by a function of N

coordinates, Ψ(r1, . . . , rN) where ri denotes the position of ith particle.
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Consider the case of a wavefunction forN identical particles, given by Ψ(x1, . . . ,xN)

where x = {r, ω} is a spatial-spin coordinate. Since particles are indistinguishable in

quantum mechanics, these two wavefunctions represent the same quantum state,

Ψ(x1, . . . ,xj, . . . ,xi, . . . ,xN) = eiθΨ(x1, . . . ,xi, . . . ,xj, . . . ,xN). (2.1.3)

in which the coordinates of particles i and j are exchanged. In the three-dimensional

space, the phase factor eiθ happens to only be either +1 or -1. Particles whose wave-

function is symmetric under an exchange of two particles are called bosons (particles

with integer spin), and particles whose wavefunction is antisymmetric under an ex-

change of two particles are called fermions (particles with half-odd-integer spin).

2.1.2 The many-body Schrödinger equation

According to the postulates of quantum mechanics, a non-relativistic quantum system

is governed by the time-dependent Schrödinger equation,

iℏ
d

dt
|Ψ(t)⟩ = Ĥ |Ψ(t)⟩ (2.1.4)

where i is an imaginary unit, t is time, and Ĥ is the Hamiltonian operator. When the

Hamiltonian is independent of time, a solution to the equation 2.1.4 can be separated

into spatial and time components, |Ψ(t)⟩ = e−iEt/ℏ |Ψ⟩, where the energy, E, is an

eigenvalue in the time-independent Schödinger equation,

Ĥ |Ψ⟩ = E |Ψ⟩ (2.1.5)

and the quantum state that satisfies this condition is called a stationary state. In the

majority of chemical problems, we are interested in finding the solutions to equation

2.1.5 as its eigenstates that define the properties, such as the energy and densities,

of many-body systems, although finding the exact solutions is not possible for most

cases.

Any observable quantity associated with the eigenstate can be calculated with the

expectation value of an operator, given as

⟨Ô⟩ = ⟨Ψ|Ô|Ψ⟩⟨Ψ|Ψ⟩ (2.1.6)

The energies of wavefunctions that are not necessarily exact eigenstates of the equa-

tion 2.1.5 can also be measured using the expectation value of the Hamiltonian,

E = ⟨Ĥ⟩ = ⟨Ψ|Ĥ|Ψ⟩⟨Ψ|Ψ⟩ (2.1.7)
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which offers an upper bound to the exact ground-state energy. Hence, the eigenstates

of the Hamiltonian are located at the minimum or saddle points of this expression of

energy functional, if one considers Ψ as a variable function of some parameters. By

using the method of Lagrange multipliers, these eigenstates can be found by varying

the wavefunction and solving the variational equation

δ

δΨ

[

⟨Ψ|Ĥ|Ψ⟩ − E (⟨Ψ|Ψ⟩ − 1)
]

= 0 (2.1.8)

where the constraint of normality of the wavefunction is applied. Finding the ground

eigenstate of a given Hamiltonian using such an approach is called the variational

principle.

The Hellmann-Feynman theorem rewrites an expression for the derivative of the

total energy and can be derived by using the variational principle. Suppose that one

is interested in finding the derivative of total energy with respect to a parameter

λ (e.g., nuclear positions, electron charge, etc.). Starting from equation 2.1.7, the

general expression is given as

∂E

∂λ
=

∂

∂λ
⟨Ψ|Ĥ|Ψ⟩

=

〈

∂Ψ

∂λ

∣

∣

∣

∣

Ĥ

∣

∣

∣

∣

Ψ

〉

+

〈

Ψ

∣

∣

∣

∣

∣

∂Ĥ

∂λ

∣

∣

∣

∣

∣

Ψ

〉

+

〈

Ψ

∣

∣

∣

∣

Ĥ

∣

∣

∣

∣

∂Ψ

∂λ

〉

.
(2.1.9)

If Ψ is the exact ground-state solution located at the stationary point of the energy

functional, then the terms with any variations in the wavefunctions should vanish by

definition. Therefore, given that the Hamiltonian has an explicit dependence of λ,

only the term
〈

Ψ
∣

∣

∣

∂Ĥ
∂λ

∣

∣

∣
Ψ
〉

survives in the expression.

2.1.3 The Born-Oppenheimer approximation

Consider a molecular system composed of atomic nuclei and electrons. A complete

form of the non-relativistic Hamiltonian for the molecule, in atomic units, is given by

Ĥmolecule = −
N
∑

i=1

1

2
∇2

i −
M
∑

A=1

1

2MA

∇2
A −

N
∑

i=1

M
∑

A=1

ZA

riA
+

N
∑

i=1

N
∑

j>i

1

rij
+

M
∑

A=1

M
∑

B>A

ZAZB

rAB

(2.1.10)

where the first and second terms are the kinetic energy operators for electrons and

atomic nuclei respectively, the third term describes the attractive Coulomb potential

between an electron and an atomic nucleus, and the fourth and fifth terms describe

the repulsive Coulomb potential among electrons, and nuclei respectively. Since the

mass of atomic nuclei is much larger than that of electrons (i.e. MA ≫ 1), it is an
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appropriate approximation to neglect the second term of (2.1.10) and consider the

last term as a constant since the positions of atomic nuclei are constant in the time

scale of electron dynamics. Hence, we can now introduce the electronic Hamiltonian,

which is given by

Ĥelec = −
N
∑

i=1

1

2
∇2

i −
N
∑

i=1

M
∑

A=1

ZA

riA
+

N
∑

i=1

N
∑

j>i

1

rij
(2.1.11)

with an electronic time-independent Schröndinger equation

Ĥelec |Ψelec⟩ = Eelec |Ψelec⟩ (2.1.12)

where Eelec and |Ψelec⟩ are the electronic energy and wavefunction respectively. The

total energy for a molecule within the Born-Oppenheimer approximation is hence

Etotal = Eelec +
M
∑

A=1

M
∑

B>A

ZAZB

rAB

(2.1.13)

which is just the Coulomb potential energy of the nuclei added to the electronic

energy. Once the electronic Schrödinger equation is solved, the nuclear Hamiltonian

can be expressed with the average potential generated by electrons, given as

Ĥnucl = −
M
∑

A=1

1

2MA

∇2
A +

M
∑

A=1

M
∑

B>A

ZAZB

rAB

+

〈

−
N
∑

i=1

1

2
∇2

i −
N
∑

i=1

M
∑

A=1

ZA

riA
+

N
∑

i=1

N
∑

j>i

1

rij

〉

= −
M
∑

A=1

1

2MA

∇2
A + V̂nucl(R)

(2.1.14)

with the nuclear Schrödinger equation,

Ĥnucl |Ψnucl⟩ = E |Ψnucl⟩ . (2.1.15)

The total wavefunction within the BO approximation is hence,

Ψmolecule(x;R) = Ψelec(x;R)Ψnucl(R). (2.1.16)

Note, however, that this is not a separation of variables since the electronic wavefunc-

tion is still dependent on the positions of atomic nuclei. Since the works in this thesis

use the Born-Oppenheimer approximation, the notion of electronic wavefunction will

be dropped in the next sections.
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2.2 The Hartree-Fock theory

2.2.1 The Hartree product ansatz

To solve the electronic Schrödinger equation 2.1.12, we attempt to apply the separa-

tion of variables (i.e. spatial-spin coordinates xi for each electron) to the many-body

electronic wavefunction, that is, the ansatz of the wavefunction is simply a product

of single-particle wavefunctions, namely spin-orbitals χi(xi), and has the form

Ψ({x}) = χ1(x1)χ2(x2) · · ·χN(xN) (2.2.1)

which is known as the Hartree product [28]. Using this wavefunction to obtain the

expectation value of the Hamiltonian in 2.1.11 will give,

⟨Ψ| Ĥ |Ψ⟩ =
N
∑

i=1

∫

dxiχ
∗
i (xi)

(

−1

2
∇2

i −
M
∑

A=1

ZA

riA

)

χi(xi) +
N
∑

i=1

N
∑

j>i

∫

dxidxj
|χi(xi)|2|χj(xj)|2

rij

(2.2.2)

The application of variational principle and Lagrangian multipliers to this equation

will lead to the Hartree equation for a single-particle wavefunction, which is given by,

[

−1

2
∇2

i + v̂eff

]

χi(xi) = εiχi(xi) (2.2.3)

where

v̂eff = −
M
∑

A=1

ZA

riA
+

N
∑

j ̸=i

∫

dxj
|χj(xj)|2

rij
(2.2.4)

is the effective potential experienced by electron i. Again, in the left hand side of

this equation, the first term is the kinetic energy operator for one particle, and the

second term is the sum of the external potential generated by atomic nuclei and the

Coulomb potential caused by the average positions of other electrons in the system.

The eigenvalue of this equation represents the contribution of electron i to the total

energy. While many-body effects other than averaged Coulomb potentials stemming

from other electrons are entirely neglected, the independent particle picture in this

approximation can be somewhat useful in the formulations of higher level of theory.

We will see later in this chapter that the similarity of this equation can be found in

the Hartree-Fock and the Kohn-Sham equations (2.2.17 and 2.4.17), only differing in

the expression of the effective potential v̂eff for electrons.
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2.2.2 The Slater determinant ansatz

It is worth noting that a wavefunction with the form of equation 2.2.1 becomes prob-

lematic if we account for the Pauli exclusion principle, which requires antisymmetry

of the fermionic wavefunctions with respect to the exchange of two identical particles

(equation 2.1.3). The only solution of the Hartree product that satisfy this condition

is zero; therefore, the Hartree product cannot be considered as a ‘quantum mechan-

ically’ correct form for many-electron systems. However, it is still possible improve

the ansatz unpon applying antisymmetrisation to the Hartree product.

Consider a Hartree product for two electrons:

ΨHP(x1,x2) = χ1(x1)χ2(x2). (2.2.5)

Since the electrons are indistinguishable from each other, this is physically equivalent

to the Hartree product,

Ψ̃HP(x1,x2) = χ1(x2)χ2(x1) (2.2.6)

where the single-particle spin-orbitals are now occupied by electrons with different in-

dices. We can therefore construct a new wavefunction by taking a linear combination

of these two products,

Ψ(x1,x2) =
1√
2
(χ1(x1)χ2(x2)− χ1(x2)χ2(x1)) (2.2.7)

where the factor 1/
√
2 is a normalisation constant. It is straightforward to see that

this wavefunction is antisymmetric with respect to the exchange of the two particles.

Ψ(x1,x2) = −Ψ(x2,x1) (2.2.8)

Notice that the equation 2.2.7 can be rewritten as a determinant,

Ψ(x1,x2) =
1√
2

∣

∣

∣

∣

χ1(x1) χ2(x1)
χ1(x2) χ2(x2)

∣

∣

∣

∣

(2.2.9)

and we can generalise this equation for the expression for N-electron wavefunctions

by writing:

Ψ(x1,x2, . . . ,xN) =
1√
N !

∣

∣

∣

∣

∣

∣

∣

∣

∣

χ1(x1) χ2(x1) · · · χN(x1)
χ1(x2) χ2(x2) · · · χN(x2)

...
...

...
χ1(xN) χ2(xN) · · · χN(xN)

∣

∣

∣

∣

∣

∣

∣

∣

∣

(2.2.10)

where the rows of the determinant are labelled by the index of electrons and the

columns are labelled by the spin-orbitals. In this determinant, the exchange of two
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electrons is equivalent to the exchange of two rows, which changes the sign of the

determinant and naturally incorporates the antisymmetric principle. Hence, we have

completed the ‘antisymmetrisation’ of the Hartree product AΨHP and such form of

wavefunctions is also known as the Slater determinant [29] or the Hartree-Fock ansatz.

Now inserting this ansatz to the variational energy expression 2.2.1 will give

⟨Ψ| Ĥ |Ψ⟩ =
∑

i

⟨χi| ĥ |χi⟩+
1

2

∑

ij

⟨χiχj|χiχj⟩ − ⟨χiχj|χjχi⟩

≡
∑

i

⟨χi| ĥ |χi⟩+
1

2

∑

ij

⟨χiχj| |χiχj⟩
(2.2.11)

where the notations

⟨χi| ĥ |χj⟩ =
∫

dxx1χ
∗
i (x1)

(

−1

2
∇2

1 −
M
∑

A=1

ZA

r1A

)

χj(x1) (2.2.12)

and

⟨χiχj|χkχl⟩ =
∫

dx1dx2χ
∗
i (x1)χ

∗
j(x2)

1

r12
χk(x1)χl(x2) (2.2.13)

are used for brevity. Comparing 2.2.2 and 2.2.11, one notices that the expression of

the HF energy comes with an additional term involving two-electron integrals, which

is referred to as the exchange energy. This exchange term arises from the antisym-

metry of the Slater determinant and does not have a classical interpretation. The

effect of lowering the energy of the system is consistent with the view that Coulomb

repulsion between electrons are being reduced as the Pauli exclusion principle forbids

two electrons to be in the same coordinates. Applying the variational principle and

the technique of Lagrange multipliers, we obtain

[

−1

2
∇2

i −
M
∑

A=1

ZA

riA
+

N
∑

j ̸=i

∫

dxj
|χj(xj)|2

rij
+

N
∑

j ̸=i

∫

dxj

χ∗
j(xj)χi(xj)

rij

]

χi(xi) = εiχi(xi)

(2.2.14)

and, with the introduction of new notation, this can be reduced to

[

ĥ(x1) +
∑

j ̸=i

Ĵj(x1)−
∑

j ̸=i

K̂j(x1)

]

χi(xi) = εiχi(xi) (2.2.15)

where Ĵ and K̂ are referred to as coulomb and exchange potentials respectively.

Notice that, since
[

Ĵi(x1)− K̂i(x1)
]

χi(xi) = 0, (2.2.16)
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the Hartree-Fock equation in the simplest form can be written as

f̂(x1)χi(xi) = εiχi(xi) (2.2.17)

where

f̂(x1) = ĥ(x1) +
∑

j

Ĵj(x1)− K̂j(x1)

≡ ĥ(x1) + v̂HF(x1)

(2.2.18)

is called the Fock operator. The HF equation is reminiscent of the Hartree equation

2.2.3 and a form of independent-particle approximation.

If we assume that spin-orbitals χi(xi) are separable into a spatial and a spin part,

i.e.

χi(x) = ψi(r)σi(ω) (2.2.19)

where the spin part σ(ω) can be either spin up α(ω) or spin down β(ω), using these

in the Slater determinant will lead to either a restricted HF (RHF) or unrestricted

HF (UHF) wavefunction. In the RHF wavefunction, the spatial part of spin orbitals

is restricted be the same for a pair of up and down spin orbitals, whereas in the UHF

wavefunction, no such restriction is imposed. It is worth noting that, in both cases,

the exchange integral part of the Hartree-Fock energy (equation 2.2.11) between two

spin orbitals with opposite spins vanishes due to the orthogonality of the spin wave-

functions. An important consequence is that there can be only exchange interactions

between electrons with parallel spin.

2.3 Coupled-cluster theory

2.3.1 Form of exact wavefunctions

Here we first derive the true form of an exact wavefunction for identical fermions.

Recall that any function of a single variable can be expanded in a complete set of

basis functions,

Φ(x1) =
∑

i=1

aiχi(x1) (2.3.1)

where ai is a coefficient. In the case of a function of two variables, the function can

be expanded as

Φ(x1,x2) =
∑

i=1

ai(x2)χi(x1)

=
∑

ij

bijχi(x1)χj(x2)
(2.3.2)
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where in the first line the variable x2 is being fixed, and in the second line the

coefficients of the first expansion are expanded in the same basis. To antisymmetrise

the function, we require the coefficients to satisfy the conditions bij = −bji and bii = 0,

resulting in:

AΦ(x1,x2) =
∑

i=1

∑

j>i

bij [χi(x1)χj(x2)− χj(x1)χi(x2)]

=
∑

j>i

bij
√
2 |χiχj⟩

(2.3.3)

where |χiχj⟩ is a Slater determinant. In other words, a fermionic wavefunction can

be exactly written as a linear combination of Slater determinants constructed with a

complete set of basis functions. We can extend the argument to wavefunctions of any

N-electron system, and, by using the HF wavefunction as a reference, the exact form

can be written as

|Φ⟩ = c0 |Ψ0⟩+
∑

ra

cra |Ψr
a⟩+

∑

a<b,r<s

crsab |Ψrs
ab⟩+

∑

a<b<c,r<s<t

crstabc

∣

∣Ψrst
abc

〉

+ · · · (2.3.4)

where |Ψ0⟩ represents the HF wavefunction, |Ψr
a⟩ represents a singly excited Slater

determinant in which one electron in an occupied spin orbital χa is promoted to a

virtual spin orbital χr, and similarly for a doubly excited Slater determinant |Ψrs
ab⟩,

etc., and
∑

a<b,r<s means the summation of all a and b greater than a, as well as all

r and s greater than r. The exact ground and excited state energies of this wave-

function can be obtained by diagonalising the Hamiltonian matrix with the matrix

element ⟨Ψi| Ĥ |Ψj⟩ constructed with a set of Slater determinants (Figure 2.1). Such

a procedure for calculating energies is called configuration interaction (CI), since it

involves configurations of spin orbitals. The lowest energy obtained in this way gives

the exact ground-state energy to the non-relativistic Schrödinger equation within the

Born-Oppenheimer approximation. The difference between this exact energy and the

HF limit energy is called the correlation energy. In a finite basis set, the number

of Slater determinants required in the wavefunction is given as
(

2K
N

)

where K is the

number of basis functions. Therefore, the number of the matrix elements to be cal-

culated rapidly becomes formidable as the size of the system increases and full CI

calculations are only possible for very small molecules. To mitigate the computa-

tional effort, one may truncate the exact form to wavefunction to include only up

to a certain tuples of excited configurations, such as doubly exited configuration, or

singly and doubly excited configurations only, (termed DCI and SDCI respectively).
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H =



















⟨Ψ0|Ĥ|Ψ0⟩ 0 ⟨Ψ0|Ĥ|D⟩ 0 0

⟨S|Ĥ|S⟩ ⟨S|Ĥ|D⟩ ⟨S|Ĥ|T ⟩ 0

⟨D|Ĥ|D⟩ ⟨D|Ĥ|T ⟩ ⟨D|Ĥ|Q⟩ · · ·
⟨T |Ĥ|T ⟩ ⟨T |Ĥ|Q⟩

⟨Q|Ĥ|Q⟩
...

. . .



















(2.3.5)

Figure 2.1: Structure of the full CI Hamiltonian block matrix, where |S⟩ represents a
set of configurations with single excitation, |D⟩ represents a set of configurations with
double excitations, and so on. Since the matrix is hermitian, only the upper triangle
part is shown. As a consequence of the Slater-Condon rules [30, 31], the matrix
elements between Slater determinants which are differ in more than two spin orbitals
are zero. The matrix elements between |Ψ0⟩ and |S⟩ are also zero if a Hartree-Fock
wavefunction is used as a reference, due to the Brillouin theorem.

However, the applications of such methods are often limited in chemistry due to the

lack of size consistency.

To illustrate this, consider a wavefunction of two noninteracting and identical

molecules A and B separated by a large distance. Physically, the wavefunction of two

molecules should satisfy the condition

|ΦAB⟩ = A |ΦA⟩ |ΦB⟩ (2.3.6)

and the energy of two molecules should be just twice the energy of one molecule alone

EAB = EA + EB. (2.3.7)

If a truncated CI wavefunction (let say DCI) is used to describe to the wavefunc-

tion of the individual molecule
∣

∣ΦA/B

〉

, the description of the wavefunction of two

molecules combined |ΦAB⟩ requires up to twice the tuple excitation considered in the

individual molecules (quadruple excitation), resulting in an inconsistent form of the

wavefunction. Hence, truncated CI wavefunctions are not strictly separable and the

energy obtained within these are not size-extensive.

Alternatively, the CI wavefunctions can be also expressed in the second quantisa-

tion formalism, given as

|Φ⟩ = c0 |Ψ0⟩+
∑

ra

craτ̂
r
a |Ψ0⟩+

∑

a<b,r<s

crsabτ̂
rs
ab |Ψ0⟩+

∑

a<b<c,r<s<t

crstabcτ̂
rst
abc |Ψ0⟩+ · · · (2.3.8)

21



where the operator τ̂ ra = â†râa is a single excitation operator, τ̂ rsab = â†râ
†
sâbâa is a

double excitation operator, and so on, and the fermionic creational and annihilation

operators have the following relations,

{âi, â†j} = δi,j, {âi, âj} = 0, {â†i , â†j} = 0 (2.3.9)

where the brackets denote anticommutators.

2.3.2 The coupled-cluster ansatz

We will introduce an alternative form of the correlated wavefunction akin to the CI

wavefunctions. The coupled-cluster (CC) ansatz is given by

|Φ⟩ = eT̂ |Ψ0⟩ =
(

∑

n

1

n!
T̂ n

)

|Ψ0⟩ (2.3.10)

where

T̂ = T̂1 + T̂2 + · · ·+ T̂N (2.3.11)

is called the cluster operator and each term

T̂n =
∑

i=1

tiτ̂i (2.3.12)

where a cluster amplitude ti describes the probability of the excitation process τ̂i

which the same effect of exciting n electrons in equation 2.3.8. If all excitations are

included in the cluster operator T̂ , the CC wavefunction becomes identical to the full

CI wavefunction. With the CC ansatz, the Schrödinger equation can be therefore

written by using the HF wavefunction as a reference,

ĤeT̂ |Ψ0⟩ = EeT̂ |Ψ0⟩ (2.3.13)

In principle, the ground state energy can be obtained variationally in the same manner

as it is done for CI calculations. However, this will result in procedures that are not

computationally tractable due to the non-truncatable series expansion of the energy

functional (equation 2.1.7). Nevertheless, an alternative approach to calculate the

energy using CC wavefunctions exists. Consider the Schrödinger equation 2.3.13, and

projecting the equation onto ⟨Ψr···
a···| e−T̂ will yield the amplitude equation

⟨Ψr···
a···|e−T̂ ĤeT̂ |Ψ0⟩ = 0 (2.3.14)
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and the cluster amplitude of each excitation process ti is found such that this equation

is satisfied. Once all amplitudes are obtained, the coupled-cluster energy can be

calculated by projecting the equation 2.3.13 onto ⟨Ψ0| e−T̂ ,

⟨Ψ0|e−T̂ ĤeT̂ |Ψ0⟩ = E. (2.3.15)

Notice that in these projected equations, the combination of cluster operators and the

Hamiltonian can be thought as a similarity-transformed Hamiltonian ˆ̃H = e−T̂ ĤeT̂ ,

which can now be expanded as

ˆ̃H = Ĥ +
[

Ĥ, T̂
]

+
1

2!

[[

Ĥ, T̂
]

, T̂
]

+
1

3!

[[[

Ĥ, T̂
]

, T̂
]

, T̂
]

+
1

4!

[[[[

Ĥ, T̂
]

, T̂
]

, T̂
]

, T̂
]

(2.3.16)

by using the Baker-Campbell-Hausdorff expression. The expansion terminates after

the fourth nested commutators as the Hamiltonian contains up to four creation /

annihilation operators. Therefore, despite the exponential form of the coupled-cluster

ansatz, the projected equations will only have a finite number of terms without any

approximations. It is worth noting that the similarity transformed Hamiltonian is

no longer hermitian, therefore the variational principle is not applicable and the

coupled-cluster energy can be lower than the exact ground-state energy. However, in

contrast to the truncated CI wavefunction, the truncation of the cluster operator to

arbitrary order of excitations does not effect the size extesivity of the wavefunction.

To illustrate this, it can be seen that the condition in equation 2.3.6 is satisfied,

∣

∣ΦAB
CC

〉

= A{
∣

∣ΦA
CC

〉

×
∣

∣ΦB
CC

〉

}
= A{eT̂A ∣

∣ΨA
0

〉

× eT̂B ∣

∣ΨB
0

〉

}
= eT̂

A

eT̂
B ∣

∣ΨAB
0

〉

= eT̂
AB ∣

∣ΨAB
0

〉

(2.3.17)

where the excitations of electrons from molecule A to B (and vice versa) can be

neglected and [T̂A, T̂B] = 0 since two molecules are non-interacting. Hence, truncated

coupled-cluster wavefunctions are size extensive.

In practice, the cluster operator including only single and double excitation is fea-

sible for obtaining the CC wavefunctions of small molecules (termed CCSD). CCSD

energies, however, are often not accurate enough for achieving chemical accuracy

(error within 1 kcal mol−1) for many molecules. While the inclusion of triplet excita-

tion in the cluster operator (termed CCSDT) makes the computation of amplitudes

prohibitively expensive, the energy contribution from the triplet excitation can be es-

timated through perturbation theory and the corrective energy term can be added on
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top of the CCSD energy (termed CCSD(T)). The CCSD(T) method is often regarded

as a good compromise between accuracy and computational cost, and considered as

the gold standard in the chemistry community.

2.3.3 Local correlation methods

Unfortunately, due to the polynomial scaling and memory requirements, straightfor-

ward applications of the CCSD(T) method are limited to very small molecules even

with the advances of computer hardware. However, it is worth recognising that the

scale of electron interactions should decrease as their separation increases (as we saw

in the demonstration of non-interacting molecules earlier). The motivation for the lo-

cal correlation methods is to further approximate the existing methods, by exploiting

locality of electrons in real space, to make the computation feasible for laBook Boxes

- Corrugated to fit A4 and adjustable to book thickness, self sealing, protects corners

for safe delivery.rger systems. Recall that the exact wavefunction can be written as

equation 2.3.4 using the HF wavefunctions as a reference. Inserting the wavefunction

into the Schrödinger equation and projecting onto ⟨Ψ0|, we arrive at an alternative

expression for the correlation energy, given as

Ecorr =
∑

a<b,r<s

crsab ⟨ab| |rs⟩ =
∑

a<b

εab (2.3.18)

where crsab is the coefficient of a doubly excited configuration in the intermediate nor-

malised full CI wavefunction, and εab is the pair-correlation energy. One must expect

this pair correlation energy to decay as the orbitals a and b are further apart in

distance. Since the expression for the correlation energy is invariant to the unitary

transformation of HF orbitals (or canonical molecular orbitals), localisation of MOs

can be utilised to select a list of orbitals that are strongly contributing to the leading

terms of the pair correlation energies. For example, in the formulation of local natural

orbital CCSD(T) (LNO-CCSD(T)) [32–35], the traditional CCSD correlation energy

ECCSD =
∑

ar

trafar +
∑

a<b,r<s

(trsab + trat
s
b) ⟨ab| |rs⟩ (2.3.19)

is expressed in terms of each LMO’s contribution to the correlation energy,

ECCSD =
∑

a′

δEa′

=
∑

a′

[

∑

r

trafra +
∑

a<b,r<s

(trsab + trat
s
b) ⟨ab| |rs⟩

] (2.3.20)
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where δEa′ is the energy contribution of a′th localised occupied MO. In the first

approximation, we can restrict the computation of pair correlation energies εa′b′ with

the CCSD equation to only pairs that might be significant. This can be determined

based on estimations from multipole approximations of MP2 energies, which can be

easily calculated. The distant pair correlation energies that were not considered in the

CCSD equation are evaluated at the MP2 level, and added to the total energy later.

In the second approximation, the domain for virtual orbitals r and s is restricted to

localised virtual orbitals that surround the pair of LMOs a′ and b′. This is achieved

by constructing projected atomic orbitals (PAOs) centred at atoms surrounding each

LMO, and orthogonalising PAOs on the union of atoms belonging to the pair of

LMOs. The domain of PAO-centred atoms is chosen so that it recovers 99.9 % of the

molecular orbitals by default. With these two leading approximations, the number of

operations in the summation of equation 2.3.20 is significantly suppressed, ensuring

the linear scaling of correlation methods with respect to the size of (non-metallic)

systems.

In addition to LNO-CCSD(T), there are other local approximations to CCSD(T)

available such as DLPNO-CCSD(T0/T1) [36, 37] in Orca [38], and PNO-CCSD(T)

[39, 40] in Turbomole [41, 42] and Molpro [43], mostly differing in the method of

truncating the expression of equation 2.3.19. All of these implementations can effec-

tively calculate accurate energies while suppressing the computational scaling of the

canonical CCSD(T). However, a wide range of benchmarking studies have shown a

consistent superiority of LNO-CCSD(T) compared to other implementaions in ther-

mochemistry and energy barriers of organometallic reactions [44, 45], interconversion

energies of extended porphyrins [46], non-covalent interaction energies in molecular

complexes [47, 48] and conformational energies of alkane chains [49]. Hence, in this

thesis, LNO-CCSD(T) will be used to calculate the accurate energies for reactions of

hydrido-ruthenium carbonyl clusters in Chapter 3.

2.4 Density functional theory

There have been several attempts to calculate the electronic ground-state energy

solely based on the density of electrons. An early example can be found in the

Thomas-Fermi-Dirac (TFD) model, which gives an approximation to an electronic
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ground-state energy, given by

ETFD[ρ] = TTF[ρ] + Eext[ρ] + Ex[ρ] + EHartree[ρ]

= C1

∫

drρ(r)
5
3 +

∫

drVext(r)ρ(r) + C2

∫

drρ(r)
4
3 +

1

2

∫

drdr′
ρ(r)ρ(r′)

|r− r′|
(2.4.1)

where the first term is an approximation to the kinetic energy, the second term is the

energy due to interactions with the external potential, the third term is the Slater

exchange and the fourth term is the classical Hartree energy, and C1 and C2 are

empirical parameters. The ground-state energy and density are then obtained by

minimising the functional with varying density. However, the accuracy of the TFD

model is often very limited, due to several accounts, including assuming uniformity of

the electron gas (resulting in inaccuracies in the kinetic and exchange energy terms)

and self-interactions in the Hartree term.

2.4.1 The Hohenberg-Kohn theorems

A rigorous and exact formulation of the DFT begins with the Hohenberg-Kohn (HK)

theorems [50] which make two important statements as given in the following:

I: The external potential Vext(r), given that it is not constant, is uniquely deter-

mined by the ground state particle density ρ0(r) for any many-body systems.

proof Let us consider two different Hamiltonians Ĥ and Ĥ ′ which are only different

in the external potentials Vext(r) and V ′
ext(r) with two different corresponding

ground-state wavefunctions Ψ and Ψ′. We assume the two ground-state wave-

functions to have the same density n0(r). By following the variational principle,

it can be stated that

E0 < ⟨Ψ′|Ĥ|Ψ′⟩ = ⟨Ψ′|Ĥ ′|Ψ′⟩ − ⟨Ψ′|Ĥ − Ĥ ′|Ψ′⟩

= E ′
0 +

∫

ρ(r) [Vext(r)− V ′
ext(r)] dr

(2.4.2)

given that the ground state of the Hamiltonian is non-degenerate. Similarly, for

the ground-state energy of Ĥ ′ is given as

E ′
0 < ⟨Ψ|Ĥ ′|Ψ⟩ = ⟨Ψ|Ĥ|Ψ⟩ − ⟨Ψ|Ĥ ′ − Ĥ|Ψ⟩

= E0 +

∫

ρ(r) [V ′
ext(r)− Vext(r)] dr

(2.4.3)

Adding equation 2.4.2 and 2.4.3, we will arrive at an inequality

E0 + E ′
0 < E ′

0 + E0

which is a contradiction.
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II: The energy functional of any trial density ρ̃ for a given Vext(r) is always greater

than or equal to the exact ground-state energy,

E0 ≤ EV [ρ̃] (2.4.4)

where EV [ρ̃] is the energy functional.

proof Since all properties of a wavefunction can be determined for a given ρ(r), the

total energy functional can be expressed as

EHK[ρ] = FHK[ρ] +

∫

drVext(r)ρ(r) (2.4.5)

where the functional

FHK[ρ] = T [ρ] + Vee[ρ] (2.4.6)

must be universal for all electron systems as it is a functional of the density

only. Now notice that the first HK theorem assures that a density ρ uniquely

determines its own Vext(r), the Hamiltonian Ĥ, and the wavefunction Ψ.

E0 = EHK[ρ] = ⟨Ψ|Ĥ|Ψ⟩ (2.4.7)

If we consider a different density ρ̃, which must belong to a different wavefunc-

tion Ψ̃, it immediately follows, from the variational principle, that

E0 = EV [ρ] = ⟨Ψ|Ĥ|Ψ⟩ < ⟨Ψ̃|Ĥ|Ψ̃⟩ = EV [ρ̃]. (2.4.8)

Hence the energy functional evaluated with the density of the exact ground-state

wavefunction is always lower than those with any other densities.

2.4.2 The Kohn-Sham ansatz

A more practical implementation of DFT is led by the Kohn-Sham approach [51],

which simplifies the many-body interacting system into to an auxiliary non-interacting

system that is easier to solve. The effects of many-body interactions are approximated

in the so-called exchange-correlation energy functional, and the limitation of the

approach is only this approximation.

Two main assumptions are being made in the Kohn-Sham auxiliary system:

1. Noninteracting v-representability: The density of an exact ground-state wave-

function can be represented by the density of a ground-state auxiliary system

of noninteracting particles.
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2. The Hamiltonian of such an auxiliary system is chosen to have the form

Ĥs =
N
∑

i=1

(

−1

2
∇2

i

)

+
N
∑

i=1

vs(ri) (2.4.9)

in which there are no electron-electron repulsion terms

The density of the auxiliary system is given by

ρ(r) =
N
∑

i=1

|χi(r)|2 (2.4.10)

and the kinetic energy of independent particles is given by

Ts = −
1

2

N
∑

i=1

⟨χi|∇2|χi⟩ =
1

2

N
∑

i=1

∫

dr3|∇χi(r)|2 (2.4.11)

The Hartree energy can be given as

EHartree[ρ] =
1

2

∫

drdr′
ρ(r)ρ(r′)

|r− r′| (2.4.12)

Now the Hohenberg-Kohn functional can be written as

EKS[n] = Ts[n] +

∫

drVext(r)n(r) + EHartree[n] + Exc[n] (2.4.13)

and the exchange-correlation functional is defined as

Exc[ρ] = FHK[ρ]− (Ts[ρ] + EHartree[ρ])

= ⟨T̂ ⟩ − Ts[ρ] + ⟨V̂ee⟩ − EHartree[ρ]
(2.4.14)

Therefore, the exchange-correlation energy can be interpreted as the sum of the differ-

ence in the kinetic energies of the exact wavefunction and the noninteracting system,

and the nonclassical terms in the electron-electron interaction energy. To solve for

the ground state of the Kohn-Sham system, the variational equation is given as

δEKS

δχ∗
i (r)

=
δTs[n]

δχ∗
i (r)

+

[

δEext(r)

δn(r)
+
δEHartree[n]

δn(r)
+
δExc[n]

δn(r)

]

δn(r)

δχ∗
i (r)

= 0 (2.4.15)

δρ(r)

δχ∗
i (r)

= χi(r);
δTs

δχ∗
i (r)

= −1

2
∇2χi(r) (2.4.16)

lead to the Kohn-Sham equation
[

−1

2
∇2 − Vext(r) + VHartree(r) + Vxc(r)

]

χi(r) = εiχi(r) (2.4.17)

where εi is the eigenvalue, VHartree(r) =
δEHartree[n]

δn(r)
is the Hartree potential, Vxc(r) =

δExc[n]
δn(r)

is the exchange-correlation potential.
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2.4.3 The exchange-correlation functional

The general and basic expression for the exchange-correlation functional energy is

given as

Exc =

∫

drρ(r)ϵxc([ρ], r) (2.4.18)

where ϵxc([ρ], r) is a functional of ρ that gives an energy per electron at r. The

functional ϵxc([ρ], r) can be understood as the electrostatic potential energies of the

interactions between an electron and an exchange-correlation hole,

ϵintxc ([ρ], r) =
1

2

∫

dr′
ρxc(r, r

′)

|r− r′| (2.4.19)

where ρxc(r, r
′) is the hole density at r′ for a given position of the electron r.

A more rigorous expression for the exchange-correlation energy in the Kohn-Sham

approach can be formulated by using the adiabatic connection, as proposed by Harris

[52]. Notice that the HK functional (2.4.13) can be rewritten as

Exc[ρ] = ⟨T̂ ⟩ − Ts[ρ] + ⟨V̂ee⟩ − EHartree[ρ]

= F1[ρ]− F0[ρ]− EHartree[ρ]

=

∫ 1

0

dλ
∂Fλ[ρ]

∂λ
− EHartree[ρ]

(2.4.20)

where F1[ρ] = ⟨T̂ ⟩+ ⟨V̂ee⟩ is a functional for the fully-interacting system and F0[ρ] =

Ts[ρ] is the functional for the noninteracting case. These two functionals can be

adiabatically connected by using the coupling constant λ, which varies the value of

the electronic charge from 0 to 1. Hence an alternative expression for the exchange-

correlation energy can be given as

Exc[ρ] =
1

2

∫

drρ(r)

∫

dr′
ρ̄xc(r, r

′)

|r− r′| (2.4.21)

where

ρ̄xc(r, r
′) =

∫ 1

0

dλρλxc(r, r
′). (2.4.22)

is the average of the exchange-correlation hole density with respect to the value of

λ. Therefore, the exchange-correlation energy can be understood as the interpolation

from the exchange energy (λ = 0) to the fully-correlated energy at a fixed electronic

density.

While the Kohn-Sham formulation of DFT itself is an exact theory, the exact ex-

pression for a universal exchange-correlation functional is not yet known. Neverthe-

less, approximate exchange-correlation functionals based on physical models and/or

parameterisations proved useful in practice and can be categorised into several levels.
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1. Local (spin) density approximations

In local (spin) density approximations (L(S)DA), the exchange-correlation en-

ergy is calculated by using the exchange-correlation energy density of a homoge-

neous electron gas, with an explicit dependence on the density at a given point

only. The functional has the general form,

ELSDA
xc (ρ↑, ρ↓) =

∫

drρ(r)ϵhomxc (ρ↑(r), ρ↓(r)) (2.4.23)

where ρ↑/↓ is the electron density with spin up/down. Admittedly real atoms

and molecules are far from a homogeneous electron gas and LDA fails to provide

accurate exchange-correlation hole densities. However, LDA can still provide a

reasonable estimate to the exchange-correlation energy as this only depends on

the spherical average of hole densities (equation 2.4.21).

2. Generalised gradient approximations

A systematic improvement to LDA can be achieved through building a func-

tional that explicitly depends on both density and its gradients, thereby ac-

counting for the fact the electron density in a molecule is not uniformly dis-

tributed. In the generalised gradient approximation (GGA), the general ex-

pression for the exchange-correlation energy is given as,

EGGA
xc (ρ↑, ρ↓,

∣

∣∇ρ↑
∣

∣,
∣

∣∇ρ↓
∣

∣) =

∫

drρ(r)ϵxc(ρ
↑, ρ↓,

∣

∣∇ρ↑
∣

∣,
∣

∣∇ρ↓
∣

∣)

=

∫

drρ(r)ϵhomx (ρ)Fxc(ρ
↑, ρ↓,

∣

∣∇ρ↑
∣

∣,
∣

∣∇ρ↓
∣

∣)

(2.4.24)

where ϵhomx (ρ) is the exchange energy of homogeneous electron gas and Fxc is

a parameterised dimensionless function. A further systematic improvement on

GGA can be achieved upon taking into account the Laplacian of the electron

density ∇2ρ(r), or the kinetic energy density τ(r) and such functionals are

referred as the meta-GGA functionals.

3. Hybrid functionals:

Notice that in the adiabatic connection formula (2.4.20), the exchange energy

of the noninteracting case λ = 0 can be exactly obtained with the Kohn-Sham

orbitals by using the expression in the Hartree-Fock approximation (assuming

the noniteracting v-representability). If we set the energy at the case λ = 1 to

the LDA or GGA exchange-correlation energy and assume that the energy varies
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linearly with λ, we will arrive at the original ”half-and-half” hybrid functional

proposed by Becke [53].

EH&H
xc =

1

2

(

EEXX + ELSDA
xc

)

(2.4.25)

A more practical hybrid functional based on the observation of non-linear rela-

tion between the energy and λ was proposed by Perdew et al. [54] and given

as

EPBE0
xc =

1

4
EEXX +

3

4
EPBE

x + EPBE
c (2.4.26)

Alternatively, the ratio of the exact exchange energy and the exchange density

functional can be empirically parameterised to fit data sets. For example, the

B3LYP functional [55] is given as

EB3LYP
xc = ELSDA

xc +c0
(

EEXX − ELSDA
x

)

+c1
(

EB88
x − ELSDA

x

)

+c2
(

ELYP
c − ELSDA

c

)

(2.4.27)

where EB88
x and ELYP

c are the Becke B88 exchange and LYP correlation func-

tionals respectively, and ci are empirical parameters.

4. Double hybrid functionals:

In a similar manner to hybrid functionals, the correlation energy can be mixed

with the post-HF correlation energy (mostly the second-order pertubative cor-

rection) in double hybrid functionals. The double hybrid functional PBE0-DH

[56], which is based on PBE0 hybrid functional, is given as

EPBE0−DH
xc =

1

2

(

EEXX + EPBE
x

)

+
1

2

(

7

4
EPBE

c +
1

4
EMP2

)

(2.4.28)

Similar to hybrid functionals, the mixing parameters for the correlation energy

can be determined based on the argument using the adiabatic connection for-

mula or empirical fitting to data sets. While the double hybrid functionals

are capable of describing long-range correlation effects, their applications are

limited due to their higher computational effort scaling with respect to the sys-

tem size. Moreover, perturbation energies may diverge for metallic systems or

systems with small band gaps.

5. van der Waals functionals:

Since the calculation of the global correlation energy from the aforementioned

double hybrid functional can be formidably extensive, alternative methods to

account for long-range correlation energy are desirable. Dion and coworkers [57]
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have proposed a form of the exchange-correlation density functional which is

given by

EvdW
xc [ρ] = EGGA

x + ELDA
c + Enl

c (2.4.29)

where Enl
c is the non-local correlation energy and has the general form

Enl
c [ρ] =

1

2

∫

drdr′ρ(r)ϕ(r, r′)ρ(r′) (2.4.30)

where ϕ(r, r′) is the vdW kernel. Popular approximations for the long-range

energy functional and its kernel are based on the random-phase approximation

(RPA), which has been shown to provide the correct description of dispersion

interactions, which decay with 1/R6.

2.5 Basis sets

2.5.1 The Roothaan-Hall equation

The special case of the Hartree-Fock equation when spin-orbitals are restricted can

be written as,

f̂(r1)ψi(r1) = εiψi(r1) (2.5.1)

where ψi is a spatial orbital in real space. In principle, the solution to this equation

can be numerically found by solving the integro-differential equation directly. How-

ever, the applications of such procedures are limited to very simple systems such as

individual atoms. For molecules, an alternative approach is need for feasible calcula-

tions. Notice that, if we expand the orbital in a finite set of basis functions ϕµ

ψi =
K
∑

i=1

Cµiϕµ (2.5.2)

which are not necessarily orthogonal, the Hartree-Fock equation 2.5.1 becomes

f̂(r1)
∑

ν

Cνiϕν = εi
∑

ν

Cνiϕν . (2.5.3)

Projecting the equation onto ⟨ϕµ|, gives
∑

ν

Cνi

∫

dr1ϕ
∗
µf̂(r1)ϕν = εi

∑

ν

Cνi

∫

dr1ϕ
∗
µϕν

∑

ν

Cνifµν = εi
∑

ν

CνiSµν

(2.5.4)
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where in the second line, fµν is a matrix element of the Fock operator, and Sµν is

an inner product (or overlap) between two basis functions ϕµ and ϕν . Therefore,

in the matrix notation, the Hartree-Fock equation can be rewritten as a generalised

eigenvalue equation with a finite basis set,

FC = SCε (2.5.5)

where C is the matrix of coefficients, and ε = diag(ε1, ε2, . . . , εK) is the diagonal

matrix of eigenvalues. This expression is also known as the Roothaan-Hall equation.

It is important to point out that the elements of the Fock matrix also depend on the

coefficients of expansions through the Coulomb and exchange components; hence, the

Roothaan-Hall equations are non-linear and have to be solved iteratively.

There is many sets of mathematical functions can be chosen for the basis set. In

practical calculations, there are two primary categories of basis sets: atomic orbitals

and plane waves. These will be discussed in the next sections.

2.5.2 Atomic orbital basis sets

The natural choice for basis sets for the purpose of calculating electronic properties

of molecules would be the atomic orbitals centred on each atom. Moreover, using

the linear combinations of atomic orbitals (LCAO) to describe the molecular orbitals

gives a more chemically intuitive insight to chemical bonding.

The Slater-type orbitals (STOs) are proposed as the basis sets for early molecular

calculations and, in spherical coordinates, they are given as

ϕSTO
nlm (r, θ, ϕ) = Nrn−1e−ζrYlm(θ, ϕ) (2.5.6)

where N is a renomalisation constant, n, l andm are quantum numbers, and Ylm(θ, ϕ)

is the real spherical harmonic function. The parameter ζ is a positive number that

defines the shape or diffuseness of the orbitals. STOs resemble some electronic wave-

functions of hydrogen-like atoms (1s, 2p, etc.) but lack radial nodes – to describe

nodes, a linear combination of STOs must be used. While STOs are capable of de-

scribing several important characteristics of atomic/molecular orbitals efficiently, the

evaluations of 1 or 2 electron integrals with STOs are somewhat cumbersome and too

numerically demanding for many practical calculations.

Alternatively, Gaussian-type orbitals (GTOs) have been proposed as a replace-

ment for STOs and commonly have the form,

ϕGTO
abc (x, y, z) = Ne−αr2xaybzc (2.5.7)
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where α is the Gaussian exponent, and a, b and c are non-negative integer numbers.

Notice that there are two major modifications to the expression in equation 2.5.6:

the radial part of the STO is replaced with a Gaussian function and the spherical

harmonic part is replaced with polynomial functions in the Cartesian coordinates. To

illustrate how GTOs are preferable over STOs in numerical tasks, consider a four-

centre two-electron integral,

⟨ϕAϕB|ϕCϕD⟩ =
∫

dr1dr2ϕ
∗
A(r1)ϕ

∗
B(r2)

1

r12
ϕC(r1)ϕD(r2) (2.5.8)

where ϕA is a basis function centred on the atom A, ϕB is a basis function centred on

the atom B, and so on. If the basis functions in the integral are simple 1s Gaussian

basis functions, by using the Gaussian product rule which simplifies the expressions

of the product into one Gaussian function centred at a third point P ,

e−αAr2Ae−αBr2B = KABe
−αP r2P (2.5.9)

the integral 2.5.8 can be now simplified into a two-centred integral,

⟨ϕAϕB|ϕCϕD⟩ = KACKBD

∫

dr1dr2ϕP (r1)
1

r12
ϕQ(r2) (2.5.10)

which can be evaluated analytically. Hence, the numerical tasks on two-electron

integrals, which are extensively used in HF and correlated methods, can be greatly

reduced with the usage of GTOs.

However, due to the intrinsic shapes of Gaussian functions, GTOs are not as

accurate as STOs in describing orbitals. In particular, GTOs are not capable of satis-

fying Kato’s cusp condition [58], which states that the derivative of the wavefunction

around an atomic nucleus must be given by,
[

∂Ψ

∂ri

]

ri=0

= −ZΨ(ri = 0) (2.5.11)

where Z is the atomic number of the nucleus. While the derivatives of STOs around

the nuclei are negative numbers, those of GTOs are equal to zero. Moreover, it can

also be seen that GTOs decay much quicker than STOs as they move away from nuclei.

To mitigate these limitations of GTOs, one may use multiple Gaussian functions in

order to capture the characteristics of STOs. For example, in the STO-3G basis set, a

basis function is constructed as a contraction of three GTOs with different Gaussian

exponents, given as

ϕSTO−3G
abc (x, y, z) = N

3
∑

i=1

cie
−αir

2

xaybzc (2.5.12)
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This way, the shape of the orbitals around nuclei can be improved. More practical

basis sets are constructed upon introductions of several other techniques, such as split

valence, and additions of polarisation and diffuse functions. Ideally, the energy must

be converged with respect to the size of the basis set used; however, this is practically

not feasible, especially for correlation energies. There are several families of basis sets

used in modern electronic structure calculations, including def2 basis set family [59]

which is optimised for properties, and correlation-consistent [60] basis set which is

developed specifically for post-HF calculations.

2.5.3 Plane wave basis sets

While it is possible to use atomic orbital basis sets in calculations for periodic sys-

tems, plane wave basis sets are often preferred due to their applicability in describing

the periodicity and translational symmetry of crystals. Under the Born–von Karman

boundary conditions, a wavefunction in a crystal can be normalised and have a pe-

riodic boundary condition at a large volume Ω, hence any state can be expanded in

the complex Fourier series,

ψν(r) =
1√
Ω

∑

q

cqνe
iq·r =

∑

q

cqν |ϕq⟩ (2.5.13)

where |ϕq⟩ is a plane wave associated with q, which satisfies the orthonormality

relation

⟨ϕq′ |ϕq⟩ =
1

Ω

∫

Ω

dre−iq′·reiq·r = δq,q′ (2.5.14)

Therefore, the Schrödinger equation in Fourier space can be obtained as,

∑

q

cqν ⟨ϕq′ |Ĥ|ϕq⟩ = εν
∑

q

cqν ⟨ϕq′ |ϕq⟩ = ενcq′ν (2.5.15)

The matrix element of the kinetic energy can be easily calculated as,

⟨ϕq′ |−1

2
∇2|ϕq⟩ =

1

2
q2δq,q′ (2.5.16)

whereas the potential V (r) (assuming that the effective potential for electrons is

periodic with crystal) can be expressed in the Fourier series,

V (r) =
∑

m

V (Gm)e
iGm·r (2.5.17)

where Gm are reciprocal lattice vectors, and

V (G) =
1

Ωcell

∫

Ωcell

drV (r)e−iG·r (2.5.18)
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where Ωcell is the primitive cell volume. Hence, the matrix element of the effective

potential can be given as,

⟨ϕq′ |V̂ |ϕq⟩ =
∑

m

V (Gm)δq′−q,Gm
(2.5.19)

which is only nonzero if the difference in q and q′ is equal to a given Gm. If we

recognise that q and Gm can be related as q = k + Gm, the Schrödinger equation

can be finally written for a given k,

∑

m′

Hm,m′(k)cν,m′(k) = εν(k)cν,m(k) (2.5.20)

where the matrix element of Hamiltonian is given by

Hm,m′(k) =
〈

ϕk+Gm

∣

∣Ĥ
∣

∣ϕk+Gm′

〉

=
1

2
|k+Gm|2δm,m′ + V (Gm −Gm′)

(2.5.21)

The eigenfunction of this Hamiltonian for a given k has the form,

ψν,k(r) =
1√
Ω

∑

m

cν,me
i(k+Gm)·r =

1√
Ncell

uν,k(r)e
ik·r (2.5.22)

where Ncell is the number of cells in the volume Ω. This is also known as a Bloch

state.

In practical calculations, the truncation of the plane wave basis set is accomplished

by setting a ‘cutoff’ energy to the kinetic energy part of the plane wave (equation

2.5.21),
1

2
|k+G|2 < Ecutoff (2.5.23)

in order to mitigate the effects of the primitive cell size on the quality of basis sets (as

opposed to naively setting a number of plane waves). For properties that require the

integration over k-space such as total energies, charge densities, a finite k sampling

in the first Brillouin zone (BZ) is performed with (usually but not always) a uniform

sampling mesh.

2.5.4 Projector augmented wave formalism

It is worth noting that the wavefunctions close to the nuclei oscillate much quicker

than wavefunctions in the valence region, as orbitals are required to be orthogonal to

each other. To describe these rapid oscillations, the number of plane waves required

in the Fourier expansions becomes impractically high to run any calculations. How-

ever, these oscillations of orbitals in the near-core regions play little role in chemical
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bonding and certainly less than than those in the ‘valence’ regions. In the pseudopo-

tential approximations, the descriptions of core electrons that do not play significant

roles in chemical bonds are replaced with the effective potentials generated by the

shielded nuclear charges and the repulsive forces caused by the Pauli exclusion prin-

ciple. This effectively reduces the size of many-body problems in the calculations, as

well as smoothens the near-core oscillations of valence orbitals as the requirement for

orthogonality with core-electrons is eliminated.

The projector augmented wave (PAW) formalism is a specific implementation of

norm-conserving pseudopotential methods that allows a recovery of physical proper-

ties of all-electron wavefunctions from smooth wavefunctions. In the PAW formalism,

it is assumed that there exists a linear transformation of the smooth wavefunction to

all-electron wavefunctions, which is a sum of contributions centred at atoms enclosed

by ‘augmented regions’, and unity elsewhere. Within the spherical augmentation

region, the smooth wavefunction can be expanded in spherical harmonics,

|ψ̃⟩ =
∑

m

cm |φ̃m⟩ (2.5.24)

and similarly for the all-electron wavefunction,

|ψ⟩ =
∑

m

cm |φm⟩ = T̂ |ψ̃⟩ (2.5.25)

which can be thought as a linear transform T̂ of the smooth wavefunction. Therefore,

the all-electron wavefunction in space with augmentation regions centred at R can

be explicitly written as

|ψ⟩ = (1 +
∑

R

T̂R) |ψ̃⟩

= |ψ̃⟩+
∑

Rm

(|φRm⟩ − |φ̃Rm⟩) ⟨p̃Rm|ψ̃⟩
(2.5.26)

where ⟨p̃i| is a projector that is biorthogonal to the smooth wavefunction in each

sphere,

⟨p̃i|φ̃j⟩ = δij (2.5.27)

hence the coefficients of the expansions can be obtained.

It is worth mentioning that the PAW formalism also allows the calculation of an

expectation value of an operator directly from the smooth wavefunction. Notice that

the expression for an expectation value of an operator Â acting on an all-electron
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wavefunction can be written as a transformed operator ˆ̃A acting on a smooth wave-

function,

⟨ψ|Â|ψ⟩ = ⟨ψ̃|T̂ †ÂT̂ |ψ̃⟩ = ⟨ψ̃| ˆ̃A|ψ̃⟩ . (2.5.28)

Hence, for any local operator acting within the augmented regions around an atom,

the expression for operators acting on the smooth wavefunction can be given as,

ˆ̃A = Â+
∑

mm′

|p̃m⟩
(

⟨φm|Â|φm′⟩ − ⟨φ̃m|Â|φ̃m′⟩
)

⟨p̃m′ | . (2.5.29)

2.6 Self-consistent procedures and geometry opti-

misations

2.6.1 Achieving self-consistency

As it was mentioned, the Roothaan-Hall equation (2.5.5) needs to be solved itera-

tively because the matrix elements of the Fock matrix depend on the matrix elements

of the coefficient matrix. The pragmatic standard procedures for achieving the ‘self-

consistency’ of the Hartree-Fock calculation are illustrated in figure 2.2. In the beg-

ging of the procedures, the external potential is specified and the choice of the basis

set is made. From this information, initial guess of orbitals is made through methods

such as superpositions of atomic densities or diagonalisation of the Hamiltonian with-

out the two-electron term. Then, the Fock matrix elements can be readily calculated

with coefficients of initial orbitals and precalculated two-electron integrals of the basis

set. The diagonalisation of the Fock matrix will yield a new matrix of coefficients,

which is again used to calculate matrix elements of a new Fock matrix. These pro-

cedures are repeated until the convergence criteria such as differences in energy and

coefficients are satisfied, giving the self-consistent solution to the Roothaan-Hall equa-

tion. Once the self-consistency is achieved, output quantities such as the total energy

and forces are calculated, and the procedure is stopped. To achieve self-consistency

to Kohn-Sham equations, similar approaches can be taken except the expression of

the Fock matrix is modified.

There are alternative approaches available to accelerate the iterative procedures

of the Roothaan-Hall method. These methods often relies on information of orbital

gradients and Hessians, and have been successful in converging both Hartree-Fock and

Kohn-Sham wavefunctions. Here, the algorithms of some other numerical methods

will be discussed in the later subsection.
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Specify the system and the basis sets: Vext and {φ}

Initial guess of orbitals {ψi}

Calculate Fock matrix elements Fµν

Evaluate two-electron integrals ⟨φAφB|φCφD⟩

Diagonalise Fock matrix F

Obtain new coefficients C

Self-consistent?

Output quantities {ψi}, E, dEdλ , . . .

End of SCF

no

yes

Figure 2.2: A simplified schematic of the self-consistent procedures for a Roothaan-
Hall equation.
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2.6.2 Molecular geometry optimisation

Once the electronic energy and wavefunction are obtained from the SCF cycle, one

may wish to use the information available to optimise the geometry of the molecule.

This optimisation process also has to be performed iteratively, since the energy of

the molecule is not explicit in atomic coordinates. Here, the general consideration for

geometry optimisations will be introduced.

Consider the potential energy surface V of a molecular system described as a

function of nuclear coordinates R within the Born-Oppenheimer approximation. If

the positions of nuclei are moved to R′ with a displacement u = R′ −R, the Taylor

expansion for the potential energy surface about R in a matrix form is given as

V (R′) = V (R) + u⊤f(R) +
1

2
u⊤H(R)u+ · · · (2.6.1)

where fi = ∂V (R)/∂Ri is the gradient and Hij = ∂2V (R)/∂Ri∂Rj is the Hessian.

At a stationary point R0, the gradient of the potential energy surface should be equal

to zero f(R0) = 0 by definition, and equation 2.6.1 becomes

V (R′) = V (R0) +
1

2
u⊤H(R0)u (2.6.2)

where third and higher-order terms are dropped. Similarly, the expression of the

gradients is given as

f(R′) = f(R) +H(R)u (2.6.3)

and setting R′ = R0 gives

f(R) = −H(R)u (2.6.4)

Therefore, to seek the coordinates of a stationary point R0 from any point R close

enough that energy expression is quadratic, the displacement from that point can be

given as

u = −H−1(R)f(R) (2.6.5)

given that the inversion of the Hessian matrix exists. In the same way, an estimation

of the potential energy can be also obtained from

V (R0) = V (R)− 1

2
f⊤(R)H−1(R)f(R). (2.6.6)

These equations provides the basis of efficient procedures for finding extrema on the

potential energy surfaces not explicit in nuclear coordinates of molecules.

Needless to say, in practice, potential energy surfaces of molecules are far from

being harmonic and molecular geometries have to be found iteratively. Moreover,
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while forces can be easily calculated by using the Hellman-Feynman theorem (equa-

tion 2.1.9) given that the basis set is complete, the direct calculation of second-order

properties are not trivial. There are various numerical approaches available to op-

timise geometries depending on the availability of information such as the gradients

and Hessian, and these will be introduced in the next subsection.

2.6.3 Optimisation techniques

Both self-consistent field procedures in electronic structures and finding the geome-

tries of molecules result in a minimisation (optimisation) problem of an energy func-

tional defined by a set of parameters such as coefficients of orbitals or atomic co-

ordinates. There are wide ranges of techniques available in the realm of numerical

analysis, and commonly used techniques in, for an example, geometry optimisations

are given in the following.

1. Steepest decent and conjugate gradient methods

When only the gradients are available, the best direction of displacements from

a point to reach the stationary point is given as

d
(k)
i = −

[

∂E

∂Ri

]

Ri=R
(k)
i

, (2.6.7)

which is the steepest-decent direction. Therefore, a better new point in the

k + 1th step

r(k+1) = r(k) + α(k+1)d(k) (2.6.8)

can be found such that the step size α(k+1) along that direction minimises the

energy functional (line search). This procedure is continued until the gradient

and the step size become negligibly small. The steepest-decent method can be

inefficient when the point is close to the stationary point, where the gradients

are relatively small.

An improvement to the steepest-decent method can made by modifying the

direction of the displacement, as suggested in the conjugate-gradient method,

given as

d(k+1) = f (k+1) + γ(k+1)d(k) (2.6.9)

In the Fletcher–Reeves version of the conjugate-gradient method, γ(k+1) is cal-

culated as

γ(k+1) =
f (k+1) · f (k+1)

f (k) · f (k) . (2.6.10)
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In this way, the conjugate gradient method takes into an account of the history

of previous steps in minimisation process.

2. Newton-Raphson and quasi-Newton methods

When a full Hessian is available, the best displacement on a quadratic surface

can be given by equation 2.6.5. Therefore, in the Newton-Raphson method,

iterative scheme can be proposed to optimise the geometry,

R(k+1) = R(k) −H(k)−1
f (k) (2.6.11)

given that the Hessian is invertible. However, the calculation of second deriva-

tives of energy is not trivial compared to the calculation of first derivatives, and,

in often case, requires numerical differentiation with many electronic structure

methods.

In quasi-Newton methods, the Hessian matrix is replaced with an approxima-

tion, and the need of explicit calculations of second derivatives is eliminated. In

each step of the optimisation process, an update to the approximated Hessian

is made by using the gradients at previous steps. There are various popular up-

date schemes used in chemistry codes, such as the Broyden-Fletcher-Goldfarb-

Shanno (BFGS) and the direct inversion iterative sub-space (DIIS) methods.

In many computational packages, both gradient and Hessian-based methods are

available for SCF procedures and geometry optimisations. However, their efficiency

in convergence and ability to escape local minima depend on the type of the job and

the molecular/solid system.

2.7 Theory of lattice dynamics

While, in the previous sections, we have focused on methodologies to approximate the

electronic wavefunctions and energies, a significant portion of the finite-temperature

effects such as change in the rate of reactions and structural phase-transitions, in

both the molecular and solid-state systems, derive from the dynamic movements of

atomic nuclei. Therefore, one needs to solve for the equations of motion for the en-

tire system in order to take account of thermal conditions. The Born-Oppenheimer

approximation is still useful in finding the positions and trajectories of atomic nuclei

and in many cases they can be treated classically since their mass is much heavier in

contrast to electrons (although some light atoms such as hydrogen may not be cor-

rectly modelled with classical mechanics). While solving the equations of motion can
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be readily achieved for molecules within the harmonic approximations, the periodicity

of crystals introduces additional complexity. Here, we will explore the fundamental

principles of phonons in solids.

2.7.1 Force constants and dynamical matrices

Recall that in the Born-Oppenheimer approximation, since the movement of elec-

trons is much faster than nuclei, the nuclear Schrödinger equations can be written

independent from the electronic coordinates (equation 2.1.16). The potential energy

surface is therefore a function of only nuclear coordinates. Now, consider the Taylor

expansion of the potential energy surface in a periodic system, with respect to the

displacements from the equilibrium position ulκ = Rlκ −R0
lκ,

V = V0 +
∑

lκα

Φlκαulκα

+
1

2

∑

lκα,l′κ′α′

Φlκα,l′κ′α′ulκαul′κ′α′

+
1

3!

∑

lκα,l′κ′α′,l′′κ′′α′′

Φlκα,l′κ′α′,l′′κ′′α′′ulκαul′κ′α′ul′′κ′′α′′ + · · ·

(2.7.1)

where l, κ and α represent the indices for unit cells, atoms (in the cell) and Cartesian

axes respectively, and the notations Φlκα = ∂V
∂ulκα

, Φlκα,l′κ′α′ = ∂2V
∂ulκα∂ul′κ′α′

, etc. are

used and called force constant tensors. When the system is in the equilibrium posi-

tions, the net total force acting on each atom should be equal to zero by definition,

and hence the first term vanishes. We could further simplify this equation by also

dropping the third and higher terms and setting V0 = 0, and we obtain the expression

for a harmonic potential energy surface, which is given by

V harm =
1

2

∑

lκα,l′κ′α′

Φlκα,l′κ′α′ulκαul′κ′α′ . (2.7.2)

We can now write the expression for the classical Hamiltonian for atomic nuclei under

the harmonic potentials

Hharm = T + V harm

=
∑

lκα

1

2
mκ

(

dulκα
dt

)2

+
1

2

∑

lκα,l′κ′α′

ulκαΦlκα,l′κ′α′ul′κ′α′

=
∑

lκα

1

2

(

dũlκα
dt

)2

+
1

2

∑

lκα,l′κ′α′

ũlκαΦ̃lκα,l′κ′α′ ũl′κ′α′

(2.7.3)
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where mass-reduced displacements ũlκα =
√
mκulκα are used for brevity in the last

line. Note that the mass-reduced force constant matrix Φ̃lκα,l′κ′α′ is symmetric and

can be diagonalised as Φ̃ = UΩ2U⊤, in which Ω is a diagonal matrix composed of ωξ

and U is the orthogonal matrix of the corresponding eigenvectors wlκα(ξ). Therefore

we can now rewrite the Hamitonian (equation 2.7.3) in the matrix notation

Hharm =
1

2
˙̃u⊤ ˙̃u+

1

2
ũ⊤Φ̃ũ

=
1

2
(U⊤ ˙̃u)⊤(U⊤ ˙̃u) + (U⊤ũ)⊤Ω2(U⊤ũ)

=
1

2
Q̇⊤Q̇+

1

2
Q⊤Ω2Q

(2.7.4)

where ũ is a column vector of ũlκα, Q = U⊤ũ gives the normal coordinates, and the

Newtonian notation of the time-derivative is used.

Alternatively, the eigenvalue problem of the force-constant matrix can be given as
∑

l′κ′α′

Φ̃lκα,l′κ′α′wl′κ′α′(ξ) = ω2
ξwlκα(ξ) (2.7.5)

which is also the equation of motion. By using the Bloch theorem, we guess the form

of the eigenvector for a given q as

wlκα,q(ξ) =
1√
N
Wκα(ξ)e

iq·R0
lκ (2.7.6)

where Wκα(ξ) is a periodic function and N ensures the eigenvector wlκα,q(ξ) is nor-

malised to unity. Inserting the equation 2.7.6 into the equation 2.7.5, we obtain a

new eigenvalue equation

∑

κ′α′

Dκα,κ′α′(q)Wκ′α′(qν) = ω2
qνWκα(qν), (2.7.7)

where the normal mode index ξ is replaced with the phonon band index ν at a given

q and

Dκα,κ′α′(q) =
∑

ll′

e−iq·R0
lκ

√
N

Φ̃lκα,l′κ′α′

eiq·R
0
l′κ′

√
N

=
1

N
√
mκmκ′

∑

ll′

Φlκα,l′κ′α′eiq·(R
0
l′κ′

−R0
lκ
)

=
1√

mκmκ′

∑

l′

Φ0κα,l′κ′α′eiq·(R
0
l′κ′

−R0
0κ)

(2.7.8)

is called the dynamical matrix. In the last line of the equation 2.7.8, the translational

symmetry of the crystal is applied. As a result of the presence of the phase factors,
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the dynamical matrix is not symmetric but hermitian and the diagonalisation of the

matrix

D(q) = U(q)Ω2(q)U†(q) (2.7.9)

will only give real eigenvalues. If all of the eigenvalues in the matrix Ω2 for any

given q are positive, the crystal is said to be dynamically stable, while if it contains

negative eigenvalues, then the crystal will undergo a structural transition by breaking

the crystal symmetry.

2.7.2 Quantum-mechanical treatment of phonons

The classical Hamiltonian of the normal coordinates in equation 2.7.3 can be rewritten

in terms of quantum operators:

Ĥharm =
1

2

∑

qν

(

Π̂†
qνΠ̂qν + ω2

qνQ̂
†
qνQ̂qν

)

(2.7.10)

where Q̂qν and Π̂qν are the operators corresponding to the normal coordinate and

the corresponding momentum variable respectively. Note, however, that unlike the

conventional p̂ and x̂ operators, the operators Π̂qν and Q̂qν are not hermitian and

their adjoints are given as

Q̂†
qν = Q̂−qν , Π̂†

qν = Π̂−qν (2.7.11)

Nevertheless, if we define a new set of operators

Q̂qν =

√

ℏ

2ωqν

(

aqν + a†−qν

)

Π̂qν = −i
√

ℏωqν

2

(

aqν − a†−qν

)

(2.7.12)

and, the Hamiltonian (equation 2.7.10) can be hence rewritten into

Ĥharm =
∑

qν

ℏωqν

(

a†qνaqν +
1

2

)

(2.7.13)

which is simply the ladder operator formalism for multiple quantum harmonic os-

cillators. The creation and annihilation operators have the following commutator

relations,

[âqν , â
†
q′ν′ ] = δ(q− q′)δνν′ , [âν(q), âν′(q

′)] = 0, [â†ν(q), â
†
ν′(q

′)] = 0 (2.7.14)
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and by using these operators, the wavefunction of phonons can be represented in the

second quantisation formalism,

|n1, n2, · · · , nj, · · ·⟩ =
1

√
∏

i ni!

(

â†1

)n1
(

â†2

)n2

· · ·
(

â†j

)nj

· · · |0⟩ (2.7.15)

This expression of the wavefunction is symmetric (e.g. does not change the sign of

the wavefunction) under the exchange of two particles, implying that phonons are

bosons.

Since phonons are bosons, unlike electrons which are fermions, more than one

particle can occupy the same mode, and the occupation number of each mode is

governed by the Bose-Einstein distribution, given as

⟨n̂qν⟩ = ⟨â†qν âqν⟩ =
1

exp (ℏωqν/kBT )− 1
(2.7.16)

where T is the temperature and kB is the Boltzmann constant. The statistical average

harmonic phonon energy is therefore given as

⟨Ĥharm⟩ =
∑

qν

ℏωqν

(

⟨n̂qν⟩+
1

2

)

. (2.7.17)

2.7.3 Thermodynamics of phonon gas

Since the frequencies of harmonic phonons are independent from each other (e.g. non-

interacting), the partition functions for harmonic phonons can be given as a product

of the partition function of each state,

Z =
∏

qν

exp (−ℏωqν/2kBT )

1− exp (−ℏωqν/kBT )
. (2.7.18)

From this partition function, the Helmholtz free energy can be calculated as

F = −kBT lnZ

=
1

2

∑

qν

ℏωqν + kBT
∑

qν

ln
[

1− exp(−ℏωqν/kBT )
] (2.7.19)

and the phonon contribution to the entropy is

S = −∂F
∂T

=
1

2T

∑

qν

ℏωqν coth((ℏωqν)/2kBT )− kB
∑

qν

ln [2 sinh(ℏωqν/2kBT )] .
(2.7.20)
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Similarly, by using the Maxwell’s relation, the phonon pressure can be obtained by

partially differentiating the Helmholtz free energy with respect to the volume at a

constant temperature

Pph = −
(

∂F

∂V

)

T

= − ∂

∂V

[

1

2

∑

qν

ℏωqν

]

−
∑

qν

(

ℏ
∂ωqν

∂V

)

1

exp(−ℏωqν/kBT )− 1
.

(2.7.21)

Assuming that the frequencies of phonon modes do not change, the temperature

dependency of phonon gas pressure does not appear in the first term and only ap-

pears in the second term through the Bose-Einstein distribution. However, in the

harmonic approximation, the phonon frequencies do not have an explicit dependency

on the volume and all terms with factor ∂ωqν

∂V
become zero. This is an indication that

the thermal expansion of solids, a common phenomenon, cannot be explained with

harmonic phonons, and that they are essentially a product of anharmonicity. The

dependency of volume on phonon frequencies can be quantitatively calculated as the

Grüneisen mode parameters, which is given as

γqν = − V

ωqν

∂ωqν

∂V
= −∂ lnωqν

∂ lnV
(2.7.22)

and the factor of -1 is to ensure that the values are usually positive, as expansions

of the cells usually decreases phonon frequencies due to reduced interactions between

atoms.

2.7.4 Quasi-harmonic approximations

Explicit considerations of anharmonic effects on phonon frequencies are much more

expensive than the harmonic calculations, as evaluations of third and higher order

force constants are required. Nevertheless, it is still possible to incorporate anhar-

monic effects ‘numerically’ within the framework of harmonic approximations. In the

quasi-harmonic approximation (QHA), frequencies of harmonic phonons at different

constraints of volumes are calculated, allowing the effects of anhamonicity on the

phonon frequencies to be incorporated. For example, the mode Grüneisen parame-

ters (equation 2.7.22) can be obtained by replacing the derivative with a numerical

derivative. Phonon thermal properties, such as the Helmholtz free energy and en-

tropy, can be also calculated as a function of both temperature and volume in the

similar approach. Once calculated, we can then perform the Legendre transformation
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Figure 2.3: Illustrations of quasi-harmonic approximation applied to Al. Subplot (a)
shows the volume dependencies of phonon modes at a given reciprocal point, (b) shows
the temperature dependencies of free energy-volume curves (blue) and the change
in the equilibrium volumes (red), and (c) shows the thermal expansion coefficients
calculated within the QHA (blue) and experimentally observed (red circles and green
lines). These figures are obtained from reference [61], licensed under CC-BY-4.0.

to convert the Helmholtz free energy, which is a function of T and V , into the Gibbs

free energy, a function of T and P . Specifically in this case, the transformation finds

the volume such that it minimises the Helmholtz free energy plus PV ,

G(T, P ) = min
V

[U0(V ) + Fph(T, V ) + PV ] (2.7.23)

where U0 is the lattice internal energy of the crystal, Fph is the phonon contribution

to the Helmholtz free energy and the P is the external pressure. An example of the

application of the QHA is illustrated in the figure 2.3. This methodology will be used

in Chapter 5.

2.8 Summary

In this section, I have presented several methodologies for calculating energies of elec-

tronic and nuclear wavefunctions within the (adiabatic) Born-Oppenheimer approx-

imation. The energies of electronic wavefunctions are obtained from further approx-

imations to the electronic Schrödinger equation, in particular, with the introduction

of various ansatze to the electronic wavefunction. Ansatze that were discussed in

this sections were Hartree product, Slater determinant, Kohn-Sham, configuration

interaction and coupled-cluster ansatze. Each ansatz captures different physics of

fermionic many-body wavefunctions The (free) energies of nuclear wavefunctions are
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obtained by solving the equations of motion on the potential energy surface with the

harmonic approximations. In lattice, this will lead to the introduction of bosonic

particle phonons, and their partition functions are used to various macroscopic ther-

modynamic properties, including Helmholtz free energies. To calculate Gibbs free

energies, the quasi-harmonic approximations are used to take into account of volume

changes.
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Chapter 3

Gas-phase reactivity of partially
unsaturated ruthenium carbonyl
clusters with alkenes

3.1 Introduction

Transition metal clusters can exhibit unique catalytically behaviour that is not typical

of their mononuclear counterparts, or indeed of metal nanoparticles [62]. There are,

in principle, many ways in which transition metal clusters might catalyse reactions,

perhaps most obviously by fragmenting to generate smaller catalytic active species

or by aggregating to form colloidal species, as happens, for example, in the hydro-

genation of phenylacetylene by PtRu5 carbonyl cluster [63]. However, there are also

alternative mechanisms in which the clusters remain intact throughout the catalytic

cycles, as proposed, for example, in the mechanism of alkyne transformations catal-

ysed by H4Pt3Ru6(CO)21 [64]. The surface-cluster analogy emphasises the structural

similarities between metal clusters and surfaces, and has been used extensively to

understand the structure and reactivity of metal surfaces [65]. The cluster-surface

analogy draws parallels between coordination sites on a discrete molecular cluster and

those on an exposed metallic surface, and has a lengthy history dating back to early

work from Muetterties [66], Lewis, Johnson[67] and others [68, 69]. This concept has

proved to be remarkably useful in understanding the bonding of ligands such as CO,

which typically show very similar coordination modes on both surfaces and clusters.

Whilst the analogy is undeniably appealing, it is clear that there are also substantial

differences between bulk and discrete molecular clusters, and the boundaries between

clusters, nano-particles and fragments of bulk remain a matter of some debate. In the

context of catalysis using molecular species, it is also a significant challenge to iden-
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Figure 3.1: Examples of possible forms of catalytically active species from the original
cluster.

tify the active species under turn-over conditions amongst the many small fragments

that may be present, making it difficult to establish precise comparisons [70–73]. In

more recent times, the attention of the catalysis community has turned to so-called

double, triple and multi-atom catalysts (SACs, DACs, TACs etc) which are typically

synthesised by the deposition of atomically dispersed fragments onto surfaces [74].

Metal-metal interactions are of potential significance in double/triple atom catalysts

[75] as a result of their ability to moderate the energies of frontier orbitals as well

as to admit bridging coordination sites. The precise role of metal-metal bonding in

catalysis remains, however, a subject of active investigation [76].

The distinction between cluster catalysts and single/double/multi-atom catalysts

depends to a large degree on the degree of coordinative unsaturation. In the former,

the active species is typically considered to be a cluster that is near to saturation (in

an electronic and coordinative sense), with only a small number of available sites for

binding of reactant species. Single/double-atom catalysts, in contrast, are typically

considered as ‘naked’ fragments, although this perspective neglects the important

point that the surface support play a role as a ‘ligand’, occupying some of the avail-

able coordination sites of the atom or cluster. The theoretical tools appropriate to

these limits are somewhat different - single configuration methods such as the ubiq-

uitous DFT are most applicable to cases that approach electronic saturation, but the

progressive loss of ligands typically introduces multi-configurational character that

is best treated with techniques such as the Complete Active Space Self-Consistent

Field (CASSCF). These wavefunction-based methods are, however, time consuming
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and far from ‘black-box’, and applications to problems in catalysis are just beginning

to be explored [77].

If we consider ‘cluster catalysts’ and double/triple/multi-atom catalysts to oc-

cupy two ends of a continuum defined by the degree of coordinative and electronic

unsaturation, it is clear that intermediate cases may emerge where multiple vacant

sites are present, but where the overall coordination environment more saturated

than a typical multi-atom catalyst. Partially unsaturated clusters of this type are,

by definition, unstable and their reactivity is therefore difficult to explore. How-

ever, recent developments in mass spectrometry, and in particular the emergence of

energy-dependent electrospray ionisation mass spectrometry (EDESI-MS) offers an

opportunity to probe reactivity of increasingly unsaturated clusters with a range of

substrates [78–83]. By increasing the cone voltage between 0 and 200 V, the energy

imparted to the ions by CID is increased, making it possible to observe the sequential

dissociation of ligands and the subsequent reactivity of these partially coordinated

species with substrate. The resultant 2-dimensional plots of m/z against cone voltage

are rich in information (note that a conventional ESI-MS represents a 1-dimensional

slice at a fixed cone voltage). They reveal not just the range of products possible,

but also how their concentrations vary as a function of cone voltage.

Much of the work that has been reported has focused on metal carbonyl clusters,

and in particular on the mixed carbonyl hydride, [H3Ru4(CO)12]
– [82]. This cluster,

like its neutral parent H4Ru4(CO)12, is known to catalyse reactions such as the water-

gas shift reaction, but the anionic form is particularly amenable to ESI-MS studies by

virtue of its negative charge. The data in Figure 3.3 (first reported in reference [82])

relate to the reaction with 1-hexene (C6H12), which is the focus of the computational

analysis reported here. In the Figure, we see a series of peaks on the lower diagonal

that correspond to successive loss of CO from the parent anion, [H3Ru4(CO)12]
– . The

second diagonal, displaced ∼25 eV to higher cone voltages, corresponds to binding of

a single molecule of 1-hexene, the third diagonal to binding of two equivalents of 1-

hexene etc. 1-hexene has the same mass as three equivalents of CO (84 in each case),

so clusters aligned approximately vertically above each other differ by one molecule of

1-hexene and by three equivalents of CO. Low-intensity peaks on the second diagonal

corresponding to the binding of 1-hexene to clusters with 11 and 10 CO ligands are

apparent, but the first peak of significant intensity, centred atm/z 742, corresponds to

the [Ru4(CO)9C6Hx ]
– cluster, indicating that loss of three CO ligands is required for

strong binding. A significant feature of these 2-dimensional spectra is the evidence for

loss of H2 under the prevailing reaction conditions. This is immediately apparent from
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Figure 3.2: A schematics showing the basic procedures in the EDESI experiments.
The [PPN][H3Ru4(CO)12] salt was dissolved in dichloromethane, and pumped into
the source housing. Ions ([H3Ru4(CO)12]

– ) are then exposed to the reactant gas (1-
hexene), before being processed by the mass spectrometer. Source and desolvation
gas temperatures were at 50 and 100 °C, respectively. Figure adapted with permission
from Reference [82]. Copyright 2009 American Society for Mass Spectrometry.

the width of the peaks in Figure 3.3, but also from the small but distinct shift to lower

m/z at successively higher cone voltages for peaks that are in approximate vertical

alignment. As noted above, a simple substitution reaction would generate peaks

for [H3Ru4(CO)m ]
– and [H3Ru4(CO)m –3(C6H12)]

– that would be in exact vertical

alignment, and the shift to lower m/z therefore indicates that replacement of CO

by 1-hexene is accompanied by loss of one or more molecules of H2, either from the

original hydride ligands of through activation of C-H bonds of the bound 1-hexene. As

an example, the maximum intensity for the peak labelled as [HyRu4(CO)9(C6Hx )]
–

is found at 742 m/z, corresponding to [Ru4(CO)9C6H11]
– and hence a loss of two

equivalents of H2 from the one-to-one adduct, [H3Ru4(CO)9(C6H12)]
– . As only three

hydride ligands are present in the original cluster, the loss of two molecules of H2

is indicative of C-H bond activation as well as H2 reductive elimination. Indeed,

McIndoe and co-workers have suggested that some of the highly CO-deficient clusters

can generate benzene, which would require six C-H bond activation steps along with a

C-C bond formation. As a result of this uncertainty in the precise number and location

of the hydrogens (bound directly to the Ru4 cluster or part of the hydrocarbon chain),

we label the compositions in Figure 3.3 as [HyRu4(CO)9(C6Hx )]
– , where only the total
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Figure 3.3: EDESI-MS spectrum of [H3Ru4(CO)12]
– with 1-hexene (original data

reported in references [78, 80, 82–85] ). Intensities are given in arbitrary units on
a logarithmic scale. The red arrows identify pairs that are linked by the loss of
three CO ligands and the binding of 1-hexene (for example [HxRu4(CO)12]

– and
[HxRu4(CO)9(1-hexene)]

– ). The zoomed low-voltage/high-mass region indicates the
area of interest for this study.
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hydrogen content, x+ y, is accessible from the experiment.

As is the case with all mass spectrometric data, structural information can only be

inferred from knowledge of structures of the reactants or closely-related compounds

and, increasingly, by recourse to computation. DFT is the tool of choice in most

studies of metal carbonyl clusters, offering as it does an attractive balance between

accuracy and computational expedience. In this work, we use DFT to interrogate the

data summarised in Figure 3.3, but we also use coupled cluster techniques (specifi-

cally the LNO-CCSD(T) method) as a benchmarking exercise. The local correlation

methods have emerged in recent years as a viable method to reduce the scaling of

coupled-cluster calculations, making clusters with four or more transition metal ions

accessible to accurate computation. Our purpose is to survey the potential energy

surfaces for candidate structures for the low-cone-voltage/high mass clusters high-

lighted in the inset in Figure 3.3. This region captures, at least potentially, all of

the important processes including CO loss, binding of 1-hexene, activation of C-H

bonds, formation of H-H bonds and loss of H2. In particular, we are interested in

investigating the following reaction:

[H3Ru4(CO)m]
− + 1-hexene −−→ [H3Ru4(CO)mC6H12−2x]

− + xH2

where the amount of dehydrogenation x is ambiguous from the experiment. In the

reaction proposals, we will identify the precise number of carbonyl ligands on the

cluster and dehydrogenation steps for these reactions to occur. We also pay attention

to the way in which the relative orientation of vacant sites on the cluster (on the same

Ru center or on adjacent centers) influences the subsequent reactivity.

3.2 Computational Methods

Geometries for intermediate and transitional states of reaction mechanism were ob-

tained by using DFT calculations as implemented in ADF 2021.104 [86]. All-electron

Slater-type TZ2P orbital was used as a set of basis sets [87] and scalar ZORA cor-

rection was used [88–90]. Meta-GGA r2SCAN functional [91] implemented in LibXC

[92] along with D4 dispersion corrections parametrised by Ehlert et al. [93, 94] was

employed as density functional approximation, as r2SCAN-D4 has shown to be able

to provide geometries as accurate as or better than PBE0-D4 can provide while re-

taining the computational cost much lower than hybrid functionals [94]. Spin-orbitals

are unrestricted and ‘Good’ numerical quality was used throughout the calculation.
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The LNO-CCSD(T) method [32–35, 95] as implemented in MRCC2022 [96] was em-

ployed to obtain coupled-cluster energies for an accurate potential energy surface for

reactions. LNO-CCSD(T) has shown to capture static correlation effectively, and

has been shown to provide accurate reaction energies in the area of organometallic

catalysis [45, 46]. The truncation threshold set of ‘Normal’ was used and the aug-

mented def2 basis set of def2-QZVPPD was used as the basis set for this calculation

[59, 97, 98].

3.3 Structure of parent compounds: H4Ru4(CO)12
and [H3Ru4(CO)12]

–

Our analysis begins with a survey of the potential energy surfaces for the elec-

tronically saturated parent cluster [H3Ru4(CO)12]
– and its neutral protonated form,

H4Ru4(CO)12, where experimental data is available for comparison. H4Ru4(CO)12

has been characterised crystallographically, and is known to adopt a D2d-symmetric

geometry with a tetrahedral Ru4 core, twelve terminal CO ligands and hydrides bridg-

ing four of the six Ru-Ru edges. The presence of two short and four long Ru-Ru bonds

(2.780 Å and 2.944 Å, respectively), is a clear indication of the position of the hydride

ligands, with the longer separations being associated with the hydride-bridged edges.

Several derivatives where one or more of the CO ligands is replaced by a phosphine

have also been synthesised, some of which have a C2-symmetric arrangement, such

that the two short, unbridged, Ru-Ru bonds are adjacent to each other. Indeed an

early extended Hückel study by Hoffmann, Mingos and co-workers noted that the

hydrides were mobile, with low barriers to interconversion of different isomers.[99]

Our survey of the potential energy surface at the BP86-D4/TZP level confirms that

the D2d cluster is the global minimum, with optimised Ru-Ru bond lengths of 2.80 Å

(non-bridged) and 2.97 Å (bridged), within 0.03 Å of experiment in both cases. The

Cs-symmetric isomer adopted by some of the phosphine-substituted clusters is only

4.7 kcal mol−1 higher in energy, but the unbridged and bridged Ru-Ru bond lengths

of 2.79 Å and 2.94 Å average (av.), respectively, are very similar to their counterparts

in the D2d-symmetric variant. We have also identified a third, C3v-symmetric, isomer

with a face-capping (µ3-) hydride, and three µ2-CO ligands, which is only marginally

less stable (6.5 kcal mol−1) but is as yet unknown in the experimental literature (as

crystals). Turning to the deprotonated form, [H3Ru4(CO)12]
– , has been crystallised

in two distinct isomers, again differing in the positions of the hydride bridges: in one,

the three hydrides bridge the three edges of a triangular face, giving a C3v-symmetric
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(a) D2d (b) Cs (c) C3v

H4Ru4(CO)12

(d) C3v (e) C2 (f) Cs

[H3Ru4(CO)12]
–

Figure 3.4: Isomers of saturated (60-electron) clusters, H4Ru4(CO)12 (top row) and
[H3Ru4(CO)12]

– (bottom row). The numbering of the CO ligands in the latter case
is relevant to studies of CO loss described in later sections.
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Table 3.1: Energies of the three most stable isomers of H4Ru4CO12 and [H3Ru4CO12]
– .

All values are given in kcal mol−1, relative to the highest symmetry (D2d- and C3v)
isomers of the two clusters.

H4Ru4(CO)12 [H3Ru4(CO)12]
–

D2d Cs C3v C3v C2 Cs

BP86-D4 0 4.7 6.5 0 2.2 -1.6
PBE-D4 0 4.7 6.8 0 1.3 -2.2
r2SCAN-D4 0 4.8 8.4 0 0.7 -2.3
M06-L 0 3.5 8.9 0 0.6 -1.3
PBE0-D4 0 5.3 10.8 0 1.3 -0.2
B3LYP-D4 0 5.1 12.3 0 2.9 3.7
LNO-CCSD(T) 0 4.9 13.7 0 0.5 0.8

geometry with three long Ru-H-Ru bonds (2.934 Å) and three shorter unbridged

bonds (2.787 Å). The second, C2-symmetric, isomer has hydrides on three adjacent

edges, again giving three short (2.803 Å) and three longer (2.923 Å) bonds. Our

BP86-D4-computed potential energy surface again confirms that both of these iso-

mers are local minima, and that the former is 2.2 kcal mol−1 more stable than the

latter. The DFT-optimised unbridged Ru-Ru bond lengths are 2.80 Å (av.) in both

isomers, while the bridged counterparts are 2.93 Å (av.). We have also identified a

third minimum, again with a µ3- hydride, which is 1.6 kcal mol−1 more stable than

the C3v-symmetric alternative. This isomer has not been observed by experiment,

and indeed there are no known structures of stable Ru/CO clusters with bridging CO

ligands.

To explore the origins of this rather surprising result, we have recomputed the

energies and fully relaxed the geometries of the three most stable isomers of each

cluster using a range of density functionals, and also the LNO-CCSD(T) method-

ology (as a single point, using the geometries optimised with the r2SCAN-D4 func-

tional). The results, summarised in Table 3.1, indicate that different DFT functionals

provide a consistent picture of the relative energies of the structures that have only

terminal CO ligands (the D2d and CS isomers of H4Ru4CO12 and the C3v and C2

isomers of [H3Ru4CO12]
– , and also that these energies are broadly consistent with

the LNO-CCSD(T) benchmark. However, all DFT functionals show a clear tendency

to overstabilise the isomers with bridging carbonyl ligands and a face-capping hy-

dride (C3v isomer of H4Ru4CO12 and CS isomer of [H3Ru4CO12]
– ) when compared to

the LNO-CCSD(T) benchmark. The sensitivity of the energies of different isomers of

tetranuclear metal carbonyl clusters has been noted by Ding et al. [100]. The discrep-
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Figure 3.5: Electron counting in the clusters [H3Ru4(CO)n ]
– , n = 9-12.

ancy between the DFT and LNO-CCSD(T) benchmark is less marked for the hybrid

functionals in the lower part of the Table (PBE0-D4, B3LYP-D4), so it appears that

the introduction of Hartree-Fock exchange goes some way to reducing the apparent

over-stabilisation of bridging modes by common GGA or meta-GGA functionals. It

is also striking that the discrepancies between DFT and LNO-CCSD(T) are much

less marked in the deprotonated form, [H3Ru4CO12]
– , compared to its neutral coun-

terpart, perhaps a result of stronger Ru → CO π∗ backbonding in the former, which

reduces electron-electron repulsion.

3.4 CO-loss and structures of [H3Ru4(CO)n ]
–

The primary motivation for this study is the reactivity of the CO-deficient clusters

generated from [H3Ru4(CO)12]
– with an alkene, hexene. The EDESI-MS results

summarised in the introduction confirm a complex pattern of reactivity, with CO loss

being followed by binding of an alkene, followed, potentially, by C-H bond activation

and/or loss of H2. We defer the discussion of the reactions with 1-hexene to section

3.5.1, and focus first on the electronic and structural consequences of loss of CO. The

parent cluster [H3Ru4(CO)12]
– and its protonated analogue Ru4H4(CO)12 both have

a total valence electron count of 60 and, as emphasised by Hoffmann and Mingos, the

bonding can be understood in terms of four 15-electron Ru(CO)3
– fragments, each

bonded to three others through localised Ru-Ru single bonds. The successive loss of

CO depletes the valence electron count by two at each step, leading, after the loss

of three ligands, to a rather electron-deficient 54-electron cluster [H3Ru4(CO)9]
– (the

intense peak centred on coordinate (659,43) in Figure 3.3).

In contrast to their electronically saturated precursors, potential energy surfaces

for unsaturated carbonyl clusters are typically rather flat, with numerous stationary

points of similar energy that presents a substantial challenge to DFT. The geometries

of unsaturated carbonyl dimers and trimers has has discussed extensively by King and

co-workers, [101–104] and we have explored similar issues in a study of Ru3(CO)x , x

= 6-12.[105] In all cases, a number of closely-spaced minima emerge, but we can iden-

tify a general pattern that multiple metal-metal bonds form to compensate for the
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electronic unsaturation. Extend these approach to the rather more complex problem

of the [H3Ru4(CO)x ]
– clusters of interest in this paper represents a significant chal-

lenge, simply because of the dimensionsality of the potential energy surfaces (3N−6).
In recent years a number of algorithms have emerged to facilitate the identification

of local and global minima, including the ’particle-swarm optimisation (PSO)’ ap-

proach that we and others have applied to problems in cluster chemistry. The PSO

approach, however, involves the generation of a very large number (typically thou-

sands) of candidate structures which are pre-optimised using relatively small basis

sets before performing higher-level calculations on the sub-set of most stable struc-

tures. It is not, however, obvious that such an approach is readily extendable to

systems such as [H3Ru4(CO)x ]
– , simply because of time required to perform such a

large number of optimisations, alongside concerns about the suitability of small basis

sets in describing multiple metal-metal bonds. In this work, we therefore adopt an al-

ternative strategy for potential-energy searching based on the systematic the removal

of CO ligands from the various stable isomers of the saturated parent compound,

[H3Ru4(CO)12]
– . So for [H3Ru4(CO)11]

– , for example, we take the optimised struc-

tures of the three most stable isomers of the parent dodeca-carbonyl [H3Ru4(CO)12]
–

(Figure 3.4) and removed each of the 12 CO ligands to generate initial guess struc-

tures, from which a geometry optimisation was initialised. For [H3Ru4(CO)10]
– , we

remove each unique pair of ligands and for [H3Ru4(CO)9]
– , we remove each unique

triad.

3.4.1 Potential Energy Surface for [H3Ru4(CO)11]
–

The relative energies of all local minima for [H3Ru4(CO)11]
– , at the DFT and LNO-

CCSD(T) levels (the latter at the r2SCAN-D4-optimised geometries), are summarised

in figure 3.6. The labelling of the isomer (1, 2, 3 etc.) indicates the index of

carbonyl ligand removed from the parent structure as indicated in Figure 3.4. We

make maximum use of symmetry by identifying that there are only three symmetry-

distinct CO ligands in the C3v-symmetric parent structure of [Ru4H3(CO)12]
– ([1,2,3],

[4,5,7,8,10,11] and [6,9,12]), and therefore only three unique structures that can be

obtained by removing a single ligand. In C2 and Cs symmetry, there are 6 and 8

symmetry-distinct CO ligands, respectively, and hence 6 and 8 entries in the corre-

sponding tables. Whilst this wealth of information is digestible in tabular form for the

case of loss of a single CO, it becomes increasingly cumbersome for loss of two or three

ligands, when the number of possible isomers becomes much larger. We have therefore

sought a graphical way to represent the data in the form of heat maps (Figure 3.6,
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(a) C3v-6 (b) C2-7 (c) Cs-10

Figure 3.7: Geometries of low-energy isomers of [H3Ru4(CO)11]
–

the value of which will become clear in subsequent sections). Figure 3.6d summarises

the relative energies of the 17 isomers identified in the table of Figure 3.6 at the BP86

level, from which the most stable structure (Cs−10) is immediately identifiable as the

black square indicating zero energy, with C3v−6 and C2−7 only marginally higher in

energy. Optimised structures of these three isomers of [Ru4H3(CO)11]
– are shown in

Figure 3.7. The symmetries of the parent clusters are also evident in the heat-map:

C3v 1, 2, 3 all have the same colour, as do C3v 4, 5, 7, 8, 10, 11 and C3v 6, 9, 12.

The second row in the table in Figure 3.6 summarises the energies computed with

the r2SCAN-D4, and shows broadly similar trends: the most stable structures are

independent of functional choice. The final row corresponds to single-point energies

computed at the LNO-CCSD(T) level using the geometries from the r2SCAN-D4

optimisations. These energies are also illustrated in the heat-map on the right hand

side of Figure 3.6. Here, we see some striking differences compared to the DFT

results: specifically, structures with µ2 bridging CO ligands (including Cs − 10) are

relatively destabilised compared to those with only terminal ligands by ∼ 8 kcal

mol−1, precisely as we saw in the survey of the saturated 60-electron clusters. The

result is a change in the identity of the global minimum, which is C3v−6 at the LNO-

CCSD(T) level. In light of the striking discrepancy between the BP86/r2SCAN-D4

and LNO-CCSD(T) results, we have surveyed the relative energies of the three most

stable structures, Cs−10, C2−7 and C3v−6 with a wider range of functionals (Table

3.2). The over-stabilisation of the Cs−10 isomer appears to be a very general feature

of density functional theory, and even with the B3LYP-D4 functional, which does

predict Cs− 10 to be less stable than C3v− 6, the difference is still too small. Within

the series of clusters with only terminal carbonyls, however, the relative energies of

different isomers appears to be relatively independent of functional, and all values
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Table 3.2: Relative energies of different isomers of [H3Ru4(CO)11]
–

[H3Ru4(CO)11]
–

C3v-6 C2-7 Cs-10

BP86-D4 0 2.5 -3.6
PBE-D4 0 1.5 -4.3
r2SCAN-D4 0 0.5 -3.1
M06-L 0 0.3 0.1
PBE0-D4 0 1.6 -2.2
B3LYP-D4 0 3.3 0.7
LNO-CCSD(T) 0 0.4 2.6

are broadly consistent with the LNO-CCSD(T) results. As a result, we persist with

the BP86 functional for our initial survey of the potential energy surfaces of more

unsaturated clusters.

The heat maps for [H3Ru4(CO)11]
– have identified three near-degenerate isomers,

Cs−10, C2−7 and C3v−6, that differ in the positions of the hydride and CO ligands

around an approximately tetrahedral Ru4 core. There are, in addition, a number

of alternative structures that are only marginally less stable, and in such circum-

stances it is not possible to draw conclusions from any individual isomer, given that a

dynamic equilibrium will likely exist between several different atomic arrangements.

Nevertheless, we can identify structural patterns that link the lowest-lying isomer,

irrespective of their symmetries or of the arrangement of the three hydride ligands

around the tetrahedral core. In the two all-terminal isomers identified in Figure 3.7,

C3v− 6 and C2− 7, we can identify a single very short, unbridged, Ru-Ru bond (2.67

Å and 2.69 Å, respectively) between the unsaturated Ru centre (i.e. the one carrying

only two CO ligands) and one of the others. The remaining bond lengths remain close

to the typical values of 2.80 Å and 2.94 Å for unbridged and bridged Ru-Ru single

bonds observed in the saturated clusters. The contraction of a single Ru-Ru bond is

characteristic of the development of multiple Ru-Ru bonding of the type noted in the

CO-deficient Ru3 analogues,[105] and it is largely independent of the precise position

of the ligands around the Ru4 core.

3.4.2 Potential Energy Surface for [H3Ru4(CO)10]
–

For [Ru4H3(CO)10]
– , generated by the removal of two CO ligands from the saturated

60-electron precursor, the potential energy surface is more complex again. In or-

der to achieve an unbiased survey, we have again adopted a systematic approach by
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initiating geometry optimisations starting from structures where removing all pos-

sible combinations of two CO ligands are removed from the parent [Ru4H3(CO)12]
–

structures (C3v, C2 and Cs in Figure 3.8). This process generates
(

12
2

)

= 66 possible

starting structures, the energies of which (at the BP86† level) are shown in the heat

maps in Figure 3.8. In these Figures, the rows and columns denote the numbers of the

carbonyl ligands that have been removed from the parent structure, while the color

indicates the energy (values in all three maps are given relative to the most stable iso-

mer generated from the C3v-symmetric parent). Thus, for example, the black color in

the 6th column, 9th row (the 6,9 element) of the first map indicates that removing the

CO ligands labelled 6 and 9 in the parent structure leads to a very stable structure.

The diagonal squares are empty (white) because it is obviously impossible to remove

the same ligand twice. The 3× 3 blocks along the lead diagonals (outlined in green)

group together CO ligands on the same Ru centre: CO ligands 1, 2 and 3 are on the

same Ru centre, 4, 5 and 6 are on another etc.. The fact that all off-diagonal ele-

ments within these diagonal blocks are relatively high in energy (red/orange colours)

is an immediate indication that removing two CO ligands from the same Ru centre

is energetically unfavourable compared to removing two COs from different centres.

The maps are necessarily symmetric about the lead diagonal because the i,j and j,i

elements are identical. Additional symmetries reflect the intrinsic symmetry of the

parent clusters: for the C3v-symmetric parent, ligands 6, 9 and 12 are related by

3-fold rotational symmetry, and so the (6,9), (9,12) and (6,12) elements are identical

by symmetry. Likewise, the (1,7) and (4,10) elements of the C2 matrix are symmetry

equivalent, as are (1,9) and (4,12). The structure of the Cs heat-map is somewhat

different from the other two because the structure has both bridging and terminal

CO’s, and so we cannot order the CO’s easily according to which Ru they are bound

to. The bridging COs are labelled 10, 11 and 12, and the blue/purple colours in the

bottom right 3 × 3 diagonal block are an immediate indication that these bridging

CO’s are removed more readily than those in terminal positions.

The information in the heat maps can be condensed down to a summary of the en-

ergies of the nine most stable structures in the table in Figure 3.8: the corresponding

geometries are shown in Figure 3.9. In the structures derived from the C3v-symmetric

parent, the most stable isomer is C3v-(6,9), where the (6,9) pair of carbonyl ligands

is removed (note that the (6,12) and (9,12) isomers are symmetry equivalent). The

energies of the other eight structures lie within ∼15 kcal mol−1 of this most stable

isomer. In a number of cases, the removal of two ligands causes one or more of the
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(a) C3v-(1,4) (b) C3v-(1,8) (c) C3v-(6,9)

(d) C2-(1,7) (e) C2-(1,9) (f) C2-(7,10)

(g) Cs-(1,10) (h) Cs-(1,11) (i) Cs-(10,11)

Figure 3.9: Structures of the nine lowest energy isomers of [H3Ru4(CO)10]
– identified

in the heat maps in the table in Figure 3.8
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remaining CO ligands to shift from a terminal to a bridging position when the struc-

ture is allowed to relax. C3v-(1,4), C3v-(1,8) and C2-(1,9) are cases in point, and we

see the now familiar destabilisation of these structures by the LNO-CCSD(T) method

compared to DFT. At the LNO-CCSD(T) level, only three structures remain at low

energy: C3v-(6,9), C2-(1,7) and C2-(7,10) (and their symmetry-related analogues).

The optimised structural parameters for these three most stable isomers, also shown

in Figure 3.9, show a continuation of the contraction of the unbridged Ru-Ru bonds

identified for [H3Ru4(CO)11]
– . In the C3v-(6,9) isomer, we now find two short un-

bridged Ru-Ru bond lengths (2.67 Å) between the apical Ru(CO)3 fragment and each

of the the unsaturated Ru(CO)2 centres, while the other unbridged Ru-Ru bond re-

main at 2.82 Å, a value that we now recognise as being typical of an unbridged single

bond. The two unsaturated centres are linked via a hydride-bridged bond, and this is

somewhat longer at 2.87 Å, only marginally contracted relative to equivalent bonds in

the more saturated clusters. In isomer C2-(1,7), the two unsaturated Ru centres are

linked via an Ru-Ru bond, and this is now extremely short, at 2.62 Å. The remaining

Ru-Ru bond lengths remain close to the typical single-bond values of 2.8 Å and 2.93

Å for unbridged and hydride-bridged, respectively. Finally, in C2-(7,10), we identify

a similar pattern to that in C3v-(6,9), where we have two moderately short Ru-Ru

bond lengths of 2.70 Å, with the remaining bonds relatively unchanged from values

typical of the saturated counterparts.

The emerging structural picture based on the [H3Ru4(CO)12]
– → [H3Ru4(CO)11]

–

→ [H3Ru4(CO)10]
– series is summarised in Scheme 3.10. In the saturated parent

clusters (top row), the three short, unbridged, bonds are identified by the bold lines.

The loss of a CO ligand from an individual Ru centre results in an enhancement

of the Ru-Ru bond trans to the unsaturated site, which was previously weakened

by the σ-donation from carbonyl ligands due to trans influence. These enhanced

bonds are identified as red arrows, in Scheme 3.10. The trans influence of a carbonyl

ligand causes the frontier orbital of Ru centre to hybridise more with the σ orbital

on carbonyl, thereby reducing the bonding character of trans ligand/fragment, in

this case, the Ru-Ru bond. The evolution from C3v → C3v-6→ C3v-(6,9) therefore

corresponds to the formation of one and two enhanced bonds from the apical Ru(CO)3

fragment to the unsaturated centres in the basal plane. Equally, the evolution across

the C2 family, C2 → C2-7→ C2-(1,7) corresponds to the evolution of a chain of Ru-Ru

bonds with enhanced σ character. Critically, although the potential energy surfaces

of the unsaturated clusters are clearly very flat, with multiple minima of similar
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Figure 3.10: Evolution of the Ru-Ru bonds with progressive loss of CO. Unbridged
Ru-Ru bonds are shown in bold, enhanced bonds with a red arrow and unsaturated
Ru centres are identified with an asterisk.
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energies, we can identify patterns in the Ru-Ru bonding that are common to all low-

lying isomers of a given composition, and are not dependent on the precise positions

of the CO ligands.

3.4.3 Potential Energy Surface for [H3Ru4(CO)9]
–

Moving on to the final cluster of interest here, [H3Ru4(CO)9]
– , we can understand

the various features that emerge as a natural extension to the trends identified in the

first three rows of Scheme 3.10. Our systematic approach of removing each unique

triad of CO’s would generate
(

12
3

)

= 220 possibilities (without the consideration of

symmetry) for each of the three parent structures. However, since structures of the

less unsaturated clusters derived from the Cs isomer, with bridged carbonyls, have

always proved to be relatively unstable at the LNO-CCSD(T) level, we do not con-

sider this structure further here, leaving only the C3v and C2 families to consider.

The heat maps for the loss of three CO ligands are intrinsically 4-dimensional (the

four dimensions being the three ligand indices, i,j,k and the relative energy), which

presents an immediate problem in presenting the data in Euclidean space. For the

C3v-symmetric parent, however, we note again that there are only three symmetry-

independent types of CO ligand ([1,2,3], [4,5,7,8,10,11] and [6,9,12]). Thus, three

separate slices through the heat map are sufficient to capture all of the relevant data.

In Figure 3.11b, ligand 1 is removed, along with all possible other pairs. In Figure

3.11c, ligand 4 and two others are removed, while in Figure 3.11d, ligand 6 and two

others are removed. The resultant slices can be interpreted in the same way as the

heat maps for [Ru4H3(CO)10]
– . In addition to the white squares along the diagonals,

the ([1,4,6],j) columns and (j,[1,4,6]) rows are also blank because we cannot remove

the same ligand twice. The black squares pick out the most stable structures, no-

tably the (1,9,10) and (1,8,12) triads in Figure 3.11b. The high symmetry of the

cluster means that the (2,4,12) element in Figure 3.11c and the (3,6,7) element in

Figure 3.11d are in fact identical to (1,9,10) in Figure 3.11b, and (3,6,7) in Figure

3.11d is symmetry-equivalent to (1,8,12) in Figure 3.11b. The only new stable (black)

structure that emerges from Figures 3.11c and 3.11d is therefore the (6,9,12) element

where three symmetry-equivalent CO ligands around the µ2-H capped face are re-

moved, generating a C3v-symmetric structure. By using symmetry in this way, we

can reduce the 220 candidate structures that emanate from the C3v-symmetric parent

down to three distinct relatively stable isomers, (1,9,10), (1,8,12) and (6,9,12), the

energies of which are summarised in the first three columns of the table in Figure 3.11.

Repeating the process starting from the C2-symmetric parent generates a further 220
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(a) C3v-(1,8,12) (b) C3v-(1,9,12) (c) C3v-(6,9,12)

(d) C2-(1,6,10) (e) C2-(1,7,10) (f) C2-(2,6,10)

Figure 3.12: Geometries of low-energy isomers of [H3Ru4(CO)9]
–

initial structures. The lower symmetry (compared to C3v) means that six different

slices would be needed to capture all of the information in the heat-map. Rather

than presenting all of this data graphically, we simply quote the relative energies of

the three most stable isomers that emerge from this analysis, which are the (1,6,10),

(1,7,10) and (2,6,10) triads, in the final three columns of the table in Figure 3.11 .

This analysis leads us to three possible candidates for the global minimum (at

the LNO-CCSD(T) level), C3v-(6,9,12), C3v-(1,9,12) and C2-(1,7,10), the most stable

being the first of these at all levels of theory tested. The Ru-Ru bond lengths for

these three clusters are collected in Figure 3.12, and also summarised in schematic

form in the final row of Scheme 3.10. The removal of the third CO ligand continues

the previously established pattern of Ru-Ru enhanced bond formation as a compen-

satory mechanism for the electron deficiency. Loss of a third CO to form C3v-(6,9,12)

completes a set of three equivalent enhanced Ru-Ru bonds from the apical Ru(CO)3

unit to the basal plane, while in C2-(1,7,10) we form a zig-zag chain of three enhanced

Ru-Ru bonds. An average Ru-Ru bond order of 1.5 is therefore common to all of the

low-lying isomers of [H3Ru4(CO)9]
– , irrespective of the precise location of the CO

ligands.
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Based on the data summarised in Scheme 3.10, we can formulate a set of principles

that govern the structural consequences of progressive CO loss:

1. It is more favourable to remove CO ligands from different Ru centres than to

remove multiple ligands from the same metal centre.

2. The carbonyl ligands that are trans to unbridged M-M bonds are more likely

to be removed than those trans to bonds bridged with hydride.

3. The CO ligands are removed such that the vacant sites lie trans to a linear

CO-Ru-Ru unit.

4. The most labile CO ligands are those that are cis to one or more hydride ligand.

The first of these rules is largely self-explanatory: the successive loss of CO at

a single centre localises the electron deficiency on a single centre, and this is less

favourable than distributing the load over multiple centres. The second, the observa-

tion that it is the unbridged bonds that adapt, reflects the fact that direct overlap of

Ru-based orbitals is more important here than in the bridged bonds. The preference

for CO-Ru-Ru-X units (where X is a CO vacancy) over X-Ru-Ru-X is most likely

due to the dative nature of the bonds formed on CO loss: these can be viewed as

the donation of a pair of electrons from the unsaturated centre to the unsaturated

member of the pair (the Ru atom carrying the vacancy). The ability of the satu-

rated centre to push electron density towards the unsaturated one is enhanced by the

presence of a ligand trans to the Ru-Ru bond. The final note regarding the presence

of cis hydrides, is illustrated neatly by the structures of the two most stable iso-

mers of [H3Ru4(CO)11]
– , both of which have the vacancy cis to two hydride ligands.

The strong trans influence of hydrides means that there are rarely found trans to

each other or trans to metal-metal bonds, but their strong σ-donors character clearly

helps to buffer the electron deficiency at the unsaturated centres.

To further analyse the interactions between the carbonyl ligands on different sites

and the cluster, fragment analysis was performed and the decomposition of interac-

tion energies for the C2 parental anion is given in Table 3.3. As expected, carbonyl

ligands trans to bridged hydride (3, 8 and 9) are more strongly interacting with the

cluster, compared to those trans to unbridged Ru-Ru bonds (1, 2, and 7). At a glace,

the source of this enhanced interaction can be found in the difference in the steric

interaction energies, in particular from Pauli repulsion (but there is an opposite trend

in the electrostatic energies). The reduced Pauli repulsion between the carbonyl lig-

and trans to the bridged hydride and the ruthenium atom may be traced back to the
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Table 3.3: Fragment analysis of the C2 parent anion [H3Ru4(CO)12]
– within r2SCAN-

D4. The molecular models are partitioned into a [H3Ru4(CO)11]
– cluster and a se-

lected carbonyl ligand in each column. The orbital interaction energy is decomposed
into contributions from each significant ETS-NOCV pair. The values of energies are
given in kcal mol−1.

C2-1 C2-2 C2-3 C2-7 C2-8 C2-9

Steric interaction: 66.0 63.7 48.1 63.6 48.7 49.2
Pauli repulsion 212.5 208.6 179.2 204.6 177.6 178.0
Electrostatic interaction -146.6 -144.9 -131.2 -141.0 -129.0 -128.8

Orbital interaction: -117.6 -117.7 -112.3 -110.2 -109.1 -107.9
Ru ← CO σ -44.4 -44.6 -48.0 -42.1 -47.5 -45.8
Ru → CO π∗ (1) -30.6 -31.6 -28.4 -28.7 -29.3 -29.0
Ru → CO π∗ (2) -28.6 -27.7 -27.8 -26.9 -25.3 -24.7
4th polarisation -12.7 -12.5 -6.8 -12.6 -6.5 -7.7

Dispersion: -0.9 -1.0 -1.2 -1.1 -1.5 -1.4

Interaction energy -52.55 -54.91 -65.40 -47.71 -61.92 -60.11

character of hydride-bridged Ru-Ru bonds; the metal-metal bonding orbital will have

more character of hydrogen s orbitals and less character diffuse ruthenium frontier

orbitals, thereby reducing the overlap between two occupied orbitals (the metal-metal

bonding orbital on the cluster and the lone pair orbital on CO) that need to be orthog-

onal upon interaction. Counter-intuitively, there is a little change in the total orbital

interaction energies between these two types. An energy decomposition analysis in

conjunction with natural orbitals for chemical valence (EDA-NOCV) [106, 107] was

employed to decompose the orbital interaction energies further into different interac-

tions, such as σ-donation and π-backbonding. While there seemed to be an enhanced

interaction in σ-donation of carbonyl ligands trans to bridged hydrides, this effect is

cancelled by the reduced fourth interaction caused by the second-order polarisation

of the cluster by the carbonyl ligand. There does not seem to be a significant trend

in the change of π-backbonding interactions and there is no notable variation in the

dispersion energies in all ligands.

3.5 Reactivity of carbonyl deficient clusters

With a deeper understanding of the structures and energetics of the CO-deficient

clusters in hand, we now consider the implications for the reactions of these clus-

ters with a representative alkene, 1-hexene. At its simplest level, the alkene can be
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regarded as a 2-electron donor which can replace one or more CO, and so alkene

binding represents a reversal of the CO loss. However, the evidence from exper-

iment is that significant amounts of the 1-hexene adduct are observed only after

three CO ligands have been lost, suggesting that the reaction is more than a sim-

ple ligand replacement. Before exploring the DFT-generated potential energy sur-

faces in detail, it is useful to apply electron-counting principles to anticipate some

of the possible outcomes of these reactions (Figure 3.13). The four columns in this

scheme represent distinct total valence electron counts: 54, 56, 58 and 60, the lat-

ter being the saturated count for [H3Ru4(CO)12]
– . The three CO-deficient clusters,

[H3Ru4(CO)n ]
– , discussed in the previous sections then lie along the lower left diag-

onal, with the most electron-deficient species, [H3Ru4(CO)9]
– , at the far left. Simple

addition of an alkene to each of these electron-deficient species generates an η2-ene

cluster ([Ru4(CO)n(C6H12)H3]
– ), increasing the electron count by two. If the cluster

is still unsaturated at this point, a further oxidative addition of a C-H bond can oc-

cur, increasing the electron count by a further two and generating an η3-allyl species

([Ru4(CO)n(C6H11)H4]
– ), along with an additional hydride ligand. Repeating this

process leads to an η4-diene and two additional hydrides ([Ru4(CO)n(C6H10)H5]
– ).

This represents the limit of bond activation available to the species considered here,

although even more electron-deficient clusters such as [H3Ru4(CO)8]
– , could, in prin-

ciple, induce even more extensive bond activations. Thus, by successive C-H bond

activations, the stable 60-electron count can be restored, albeit at the expense of

increasing the average oxidation state at the Ru4 core. In the following sections,

we explore the thermodynamics of these oxidative addition steps, the ultimate aim

being to provide molecular-level insight into the origins of the peaks identified in the

mass spectrometry. In our survey, our starting point will be the lowest-energy isomer

of each composition derived from the C3v parent: C3v-6, C3v-(6,9) and C3v-(6,9,12).

These three isomers share the important feature that the vacant sites are all directed

towards the same side of the cluster, providing a locus for the reaction chemistry.

In contrast to the clusters with the same composition derived from the C2 family,

where the vectors linking the vacancies to the centre of the cluster are approximately

orthogonal (Figure 3.10). Throughout this section, the energies reported correspond

to LNO-CCSD(T) (with r2SCAN-D4 geometries).

3.5.1 Addition of 1-hexene to [H3Ru4(CO)n ]
– , n = 11, 10, 9

A peak corresponding to a cluster of composition [H3Ru4(CO)11(C6H12)]
– , albeit one

with very low intensity, can be identified at coordinate (m/z 800,V = 33) in the
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Figure 3.13: Possible formulations of the clusters identified in Figure 3.3. The number
in red at the top of each column corresponds to the total valence electron count, with
60 electrons marking a saturated, electron-precise, structure. Each successive C-H
bond activation step increases the formal electron count by two, and so compensates
for the loss of one CO.

75



EDESI-MS spectrum shown in Figure 3.3. Starting from the lowest-energy isomer

of 58-electron [H3Ru4(CO)11]
– , C3v-6, the ene group simply coordinates to the va-

cant site (site 6) in an η2 mode, restoring the 60-electron count (IS1). The alkene

ligand is coordinated to the Ru3(µ–H 3) face and the C=C is elongated to 1.40 Å

(compared to 1.35 Å for the free 1-hexene at the same level of theory) indicating

substantial back-bonding. All six Ru-Ru bonds are restored to values close to those

for the [H3Ru4(CO)12]
– parent (2.80 Å for the unbridged bonds, 2.93 Å for those with

bridges), a clear marker of electronic saturation.

The reaction of 1-hexene with the 56-electron cluster [H3Ru4(CO)10]
– presents a

greater challenge because the cluster remains coordinatively and electronically un-

saturated even after binding of the alkene in an η2 mode. The relevant peak in the

EDESI-MS spectrum corresponding to a composition of [H3Ru4(CO)10(C6H12)]
– is

located around (m/z 770,V = 41): it is much more intense than the feature due to

[H3Ru4(CO)11(C6H12)]
– discussed above. Possible candidate structures include an

η2-ene (with or without an agostic interaction) and a 60-electron η3-allyl/hydride. In

Figure 3.14a and 3.14b, we identify two possible pathways linking these intermediates.

The first step, common to both, is the binding of 1-hexene η2 to the lowest-energy

isomer of [H3Ru4(CO)10]
– , C3v-(6,9). This restores the local 18-electron count at one

of the two previously unsaturated Ru centres, and the Ru4 core shows only a single

short Ru-Ru bond, just as in [H3Ru4(CO)11]
– (Figure 3.9). In Figure 3.14a, the alkyl

chain can then rotate such that it lies above the vacant site on the adjacent Ru centre,

forming first an intermediate (IS2-b) with an agostic bond, showing the elongation of

the C-H bond that it characteristic of this class (1.09 Å to 1.18Å). From here, oxida-

tive addition of the C-H to form the allyl-hydride proceeds over a very low transition

state, generating the allyl-hydride isomer, IS4-b, where the allyl group bridges two

adjacent Ru centres. There is abundant precedent for binding motifs of this type from

the work of Cabeza and Hiroshi [108, 109]. The final step is then the migration of the

hydride ligands to their thermodynamically most favoured arrangement, similar to

that found in the D2d-symmetric isomer of [H3Ru4(CO)12]
– . The rate-limiting step

in this process is the rotation of the alkyl chain, such that it lies over the vacant site

on the adjacent Ru. A variant on this scheme, labelled ‘terminal pathway’, is shown

in Figure 3.14b. The initial step of binding of 1-hexene is identical to the bridging

pathway, but then a CO ligand on the Ru centre carrying the alkene ligand migrates

to fill the vacant site, leaving the unsaturation localised on the Ru centre carrying

the alkene ligand. The same pattern and oxidative addition of the C-H bond then

leads to an η3 allyl hydride (IS4-t) where now the allyl group is bound only to a single
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(a)

(b)

Figure 3.14: Bridging and terminal pathways for alkene binding and C-H bond acti-
vation at [H3Ru4(CO)10]

–
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Ru centre. There appears to be very little to choose between these two pathways in

a thermodynamic sense. Whichever pathway is followed, the η3-allyl hydride, where

the allyl ligand bridges two Ru centres, appears to be the most likely candidate for

the low-intensity peak observed at (m/z 770,V = 41).

Finally, we consider the reaction pathways for 1-hexene with the most electron-

deficient of the clusters considered here, the 54-electron species [H3Ru4(CO)9]
– . The

relevant peak in the EDESI-MS plot for [H3Ru4(CO)9(C6H12)]
– (Figure 3.3) is centred

at approximately (m/z 740,V = 43), and it is noticeably more intense than either

of those for [H3Ru4(CO)10(C6H12)]
– or [H3Ru4(CO)11(C6H12)]

– discussed previously.

The potential for reactivity is now greater again because even after the first C-H

activation step leading to the allyl-hydride, the cluster remains at the 58-electron level

and hence susceptible to further reactivity. The available pathway is summarised in

Figure 3.15, where the initial steps via a 56-electron η2-hexene intermediate (IS1)

through to the η3-allyl-hydride (IS5) are very similar to those reported in Figure

3.14a. From this point, a further moderately exothermic C-H bond activation leads

to a 60-electron diene-hydride IS6 ( [Ru4H5(CO)10(µ-η
2:2-C6H10)]

– ), where the diene

bridges two of the three previously unsaturated Ru centres, and the H– ligand is

occupying the third vacant site.

Given that the second C-H oxidative addition is only marginally exothermic, it

is not obvious that the formation of the diene is, in isolation, responsible for the

much greater intensity of the (m/z 740,V = 43) peak in Figure 3.3. However, the

formation of IS6 introduces a new structural motif, not previously observed in any of

the other intermediates: the fifth hydride ligand occupies a terminal position. Loss

of a molecule of H2 then restores the electron deficiency (IS7 is a 58-electron species),

which opens up a new, almost barrierless, pathway for further C-H bond activation

leading, ultimately, to the η5-hexadienyl bridged cluster, IS11. The H2 loss step in

Figure 3.15 is endothermic, although this will be offset to some extent by the increase

in entropy. In the absence of any knowledge of the effective pressure of H2 in the

reaction, we do not attempt to make any correction for entropy here, but we reiterate

that the broadness of the peaks in the EDESI-MS spectrum is fully consistent with

the loss of H2. The loss of H2 from IS6 would render the reaction irreversible, offering

a possible explanation for the much higher intensity of the (m/z 740,V = 43) peak

relative to those arising from the less unsaturated clusters.
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Figure 3.16: A schematic summarising the evolution of an alkane chain and hydride
ions along the reaction pathways. For brevity, carbonyl ligands and original hydride
ions on the cluster are omitted, and the length of the alkane chain is shortened. The
red notes indicate the highest number of carbonyl ligands that can be bonded to the
cluster while adopting that bonding mode of the alkane chain.

3.6 Conclusion

In this work we have explored the potential of coordinatively and electronically un-

saturated Ru4 carbonyl hydrides to bind an alkene, 1-hexene, and then activate one

or more C-H bond. The calculations are motivated by observations from voltage-

dependent mass spectrometry published, which indicate a rich reaction chemistry,

particularly for highly unsaturated species. [78, 82, 105] The successive loss of one,

two, and three CO ligands from [H3Ru4(CO)12]
– is compensated by the formation

of enhanced bonds from neighbouring, saturated, Ru centres, that were previously

weaken due to the trans influence of carbonyl ligands, leading to an increase in Ru-Ru

bond order. These changes in Ru-Ru bonding are localised in the subset of bonds that

do not have hydride bridges, and bond lengths contract from characteristic Ru-Ru

single bond lengths of ∼2.80 Å to ∼ 2.65 Å, reflecting the emergence of enhanced

bonding character. In the limit that three CO ligands are removed ([H3Ru4(CO)9]
– ),

the cluster presents an essentially flat Ru3(µ-H)3 surface that supports the subsequent

reactivity with alkenes (summarised in Figure 3.17).

In the initial stages of reactivity, the alkene, 1-hexene in this case, acts as a

simple 2-electron donor, binding in an η2 mode to saturate one metal centre. While

the cluster remains unsaturated, a series of almost barrierless C-H bond activation

steps can occur to generate η3-allyl and η2:2-diene a motifs, along with additional

hydrides. When the hydride load builds beyond 4, loss of H2 can initiate a further

sequence of C-H bond activation steps.

The potential energy surfaces of all of the unsaturated intermediates discussed here

are extremely flat, and feature multiple minima of very similar energies, differing in

the location of the CO ligands. In such circumstances, models of reactivity based on

a small sample of minimum energy structures must be treated with some caution.
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However, by placing the emphasis clearly on the general features of structure and

bonding that are common to all low-energy isomers (in this case the increase in

Ru-Ru bond order), we can hope to draw out aspects of the reaction that are not

dependent on the precise locations of the CO ligands.
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Chapter 4

Adsorbate-substrate interactions
for a single Ru3 cluster embedded
on N-graphene

4.1 Introduction

Heterogeneous catalysts play crucial roles in the majority of important industrial

chemical manufacturing process, including the Haber-Bosch process, Fischer-Tropsch

synthesis, water-gas shift reaction and fat hydrogenation. They also provide the

foundations for clean and renewable technologies such as fuel cells [110] and carbon

capture and storage [111]. Traditionally, heterogeneous catalysts based on precious

metal groups (for example, platinum) have been utilised extensively in the aforemen-

tioned processes, and they remain amongst the best performing catalysts for many

reactions. However, due to the high economic cost of their production, along with

significant environmental concerns, the use of precious metals at current rates is un-

likely to be sustainable in the long term. As a result, there is a strong impetus to

identify alternatives. Amongst these, metal-free catalysis is an important and emerg-

ing field, but within the transition metal domain, a popular strategy is to reduce

the number of precious metal atoms required per active site, by dispersing atoms

on solid-state surface in various forms such as metal-semiconductor heterostructures

[112, 113], high-entropy alloys [114, 115], metal-organic frameworks [116–118], single-

atom catalysts [119, 120], single-atom alloys [121, 122] and single-cluster catalysts

[6, 123]. Homogeneous catalysts can be seen as the logical limit of this approach, but

challenges in recycling solution-phase components are well documented.

Graphene-based single atom catalysts (SACs) [124, 125] have emerged as an im-

portant class, and they have been the subject of numerous experimental and com-
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(a) Periodic models of SACs (b) Adsorption free energy of OH versus the descriptor ϕ

Figure 4.1: (a) Various periodic models of graphene-based SACs with different species
supporting the metal centre and (b) the role of the universal descriptor φ in deter-
mining the adsorption energy of OH on the models. The models considered here are
single metal centres supported on single-vacancy (SV-C3), double-vacancy (DV-C4),
double-vacancy with 4 pyrridinic-N (pyridine-N4) and porphyrine-like defect with 4
pyrrolic-N (pyrrole-N4) on graphene. Figures adapted with permission from reference
[128], Springer Nature.

putational frameworks in recent years. Graphene-based SACs, typically described

as ”M-N-C” where a transition metal atom (M) is supported on nitrogen (N) doped

graphene (C) in a range of local coordination environments, have been shown to

exhibit (electro)catalytic activities. They are, in many ways, analogous to the struc-

tures of metal-macrocyclic molecules, which are also catalytically active, and bridge

the gap between homogeneous and heterogeneous catalysts. Many different forms of

graphene-based catalysts are accessible through a wide range of experimental tech-

niques [126], and their (electro)catalytic performance typically exceeds that of pristine

graphene. However, trial-and-error approaches to optimise performance have been

criticised by Wang et al. for not bringing significant insight – the authors went so far

as to suggest that “if we spit on graphene it becomes a better electrocatalyst” [127].

This statement makes clear the need for careful experimental and computational stud-

ies of SACs, such that the nature of the active sites and an intimate understanding

of reaction mechanism can emerge.

Computational studies are now an integral component of most studies of catalysis,

and the SAC field is no exception. For example, detailed theoretical analysis of various
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graphene-based SACs and metal–macrocycle complexes has been conducted by Xu

and co-workers [128], who related their catalytic activity to composition. In their

work, they proposed a universal descriptor for SACs:

φ = θd ×
EM + α× (nN × EN + nC × EC)

EO/H

(4.1.1)

where θd represents the d-electron count on the metal atom, EX represents the elec-

tronegativity of element X, and nN and nC represent the number of nearest-neighbour

N and C atoms respectively. EO/H represents the enelectronegativity of either oxygen

or hydrogen atoms, depending on the type of adsorbates. The corrective coefficient

α is set to be 5/4 for pyrrolic-N4 defects and 1 in other model supports (Figure 4.1).

This universal descriptor of graphene-based SACs can provide crucial information

that is required to predict catalytic performance. For example, the adsorption free

energy of OH on a metal atom can be calculated from the empirically fitted equation:

∆GOH∗/eV = 0.11× φ− 2.48. (4.1.2)

The presence of parameters derived from the local environment of graphene-based

SACs in the universal descriptor, equation 4.1.1, such as coordination number and

type of N defect, immediately flags the importance of defect structures in controlling

catalytic performance. Using the adsorption energies calculated from this descriptor,

the authors were able to predict the optimal catalytic centres, for examples, Fe-

pyridine/pyrrole-N4 for the Oxygen reduction reaction (ORR), Co-pyrrole-N4 for

Oxygen evolution (OER) and Mn-pyrrole-N4 for Hydrogen evolution (HER).

A new class of catalysts has emerged as a derivative of single-atom catalysts, the

so-called single-cluster catalysts (SCCs). SCCs typically consist of atomic clusters

that are 2 to 20 atoms in size and are supported on substrates, but are smaller than

nanoparticle catalysts and have precise numbers of atoms that determine their proper-

ties. The transition from single to multiple atoms not only expands the chemical space

available for exploration within active sites but also unlocks novel reaction pathways

previously inaccessible with single atoms. As was the case with SACs, computational

approaches are vital in identifying the active species and understanding the electronic

structures of SCCs, in particular those with double or triple atoms. However, while

data-driven techniques including machine learning are extensively used in the realm

of SACs, the complexity of structure and bonding inherent in SCCs poses a challenge

for building predictive models for designing a new catalysts. As of now, general the-

oretical frameworks concerning the structure and catalytic activities of active species

in SCCs remain elusive.
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The particular example of an SCC that we consider here was prepared by Ji

et al. [13] by confining triruthenium dodecacarbonyl, Ru3(CO)12, inside the cage of

a metal-organic framework (MOF). The material was then pyrolysed to replace car-

bonyl ligands with donors from the nitrogen-doped carbon composite. The authors

have reported that the catalytic activity of this material in oxidation of 2-aminobenzyl

alcohol to 2-aminobenzaldehyde is up to 23 times faster than a ruthenium single atom

or nanoparticle supported on similar materials. (A mixture of 2-aminobenzyl alcohol,

0.001 equiv Ru species catalysts and 2.0 equiv. H2O2 in MeCN solution heated at

80 ºC and vigorously stirred.) From their analysis based on X-ray absorption spec-

troscopy and scanning transmission electron microscopy, a model of the triruthenium

cluster supported by four pyrrolic nitrogen atoms of porous nitrogen-doped graphene

(Figure 4.6a) was proposed. However, it should be noted that, while the structures

of small graphene defects have been widely studied, the structures of larger defects

that can accommodate clusters are less understood and no single model has yet been

universally accepted by the community. Therefore, one must carefully consider the

structures of N-graphene models and their effects on the electronic structure of sup-

ported metal atom/clusters.

Several computational investigations of the structure of triple-atom clusters sup-

ported by carbon materials have been reported in the literature, but only a handful

on SCCs supported on the specific N-graphene model proposed by Ji et al. Notable

amongst these was a DFT study of the electrochemical nitogen reduction reaction

(NRRs) on triatomic A3 clusters by Zheng et al. [129] and the screening of triple-atom

A2B clusters for CO2 electrochemical reduction with active learning in conjunction

with DFT by Li et al. [130]. Other than these, computational studies on catalysis

by triple-atom clusters have mostly been conducted using an N-graphene model that

presents 6 pyrinidic-N species as donors[131–133], a graphdiyne model coordinating

via π orbitals of the sp-hybridised carbon species [134–136], or reduced graphene

oxides with C/O bonding modes[137]. In all cases, significantly fewer donor atoms

are available to support the clusters compared to electron-precise molecular counter-

parts such as Ru3(CO)12. The importance of electronic and coordinative unsaturation

makes a direct link to the work on Ru4 clusters, also reported in Chapter 3 of this

thesis, where the catalytic species are much closer to saturation. Direct comparisons

of different local atomic environments around the cluster and their effects on the

stability and catalytic activity have not yet been investigated in detail.

In this chapter, I discuss the structure and stability of a model SCC Ru3 supported

on various models of nitrogen-doped graphene-based materials. Specifically, three
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different models of N-graphene will be considered:

1. the pyrrolic-N4 model proposed by Ji et al.

2. a pyridinic-N4 model

3. a pyridinic-N6 model which has been widely used in the literature.

Both periodic and cluster DFT calculations were run in order to analyse the elec-

tronic interactions between the cluster and the substrates, and to gain additional

insight into the important orbital interactions. Adsorption energies of oxygen atoms

are calculated on different models and the extent to which the local atomic envi-

ronments influences catalytic performance will be determined. Finally, a reaction

mechanism for ethanol to formaldehyde conversion is proposed based on the assump-

tion that oxo species are the active sites, as H2O2 was used as an oxidiser in the

experiment.

4.2 Computational Methods

The calculations of periodic models in this chapter were performed using plane-wave

pseudopotential DFT with periodic boundary conditions (PBC) as implemented in

the Vienna ab initio Software Package (VASP) [138–141]. The exhange-correlation

energy was modelled using the PBE functional [142], as well as r2SCAN [91]. The

dispersion corrections are added by using the D4 corrections. The valence electron

configurations are 2s2 2p2 for C, 2s2 2p3 for N, 2s2 2p4 for O and 4s2 4p6 5s 4d7 for Ru,

with the core electrons treated using PAW pseudopotentials. The plane-wave cut-off

was set to 400 eV and the Brillouin zone was sampled on a 3× 3× 1 Γ-centred grid

for a 9 × 9 supercell of graphene, and 6 × 6 × 1 Γ-centred grid for smaller unit cells

shown in Figure 4.11. The structural relaxation was considered converged when the

Hellmann-Feynman force fell below 10−3 eV Å−1, while the SCF convergence criterion

was 10−6 eV. The minimum energy path between the orthorhombic and tetragonal

phases was determined using the climbing-image nudged elastic band (NEB) approach

as implemented in the VTST code [143, 144] with 6 intermediate images between the

two minima and a spring constant of 5 eV Å−2 between images. The total force was

minimised to below 10−3 eV Å−1 in these calculations.

Energies of finite models were obtained by using DFT calculations as implemented

in ADF 2021.104 [86]. All-electron Slater-type TZ2P orbital was used as a basis set

[87] and scaler ZORA correction [88–90] was used. Meta-GGA r2SCAN functional
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(a) SAC/N4V2 (b) pyrrolic-N4 (c) pyridinic-N4 (d) C2N-type

Figure 4.2: Periodic models of defects on N-graphene (top), and the embedded Ru
atom or Ru3 cluster on the defect (bottom). (a) Ru SAC embedded on divacancy with
4 pyridinic-N (SAC/N4V2), and Ru3 clusters embedded on defects with (b) 4 pyrrolic
N (pyrrolic-N4), (c) 4 pyridinic N (pyridinic-N4) and (d) 6 pyridinic N (C2N-type).
Carbon, nitrogen, and ruthenium atoms are coloured grey, blue and cyan respectively.

[91] implemented in LibXC [92] along with D4 dispersion corrections parametrised

by Ehlert et al [93, 94]. was employed as density functional approximation. “Good”

numerical quality was used throughout the calculation.

4.3 Electronic structure

4.3.1 Structure of N-graphene

Four different models for defect N-graphene are summarised in Figure 4.1. The sim-

plest defect model, labelled the 4 pyridinic N defect (N4V2), is formed simply by

removing two adjacent carbon atoms from the graphene surface and replacing the

unsaturated carbons around the vacancy with pyridinic nitrogen atoms. This sim-

plest vacancy is, however, not large enough to accommodate more than one Ru atom.

The pyrrolic-N4 defect, in contrast, has a much larger pore. This type of defect is

created by removing a unit of naphthalene from graphene and bridging two adja-

cent unsaturated carbons with a nitrogen atom that forms a five-membered ring. A

similar defect structure has been experimentally reported for silicon analogue by Lee
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et al. [145]. Defects with pyridinic N atoms can be derived conceptually by excising

a benzenoid unit and replacing the terminating carbon atoms with nitrogen atoms,

analogous to pores found in graphitic-C2N structures (Figure 4.2d) with a similar

size that can acommodate the cluster. However, in these pores, the cluster would

be interacting with 6 nitrogen species as opposed to 4 nitrogen species suggested by

Ji et al. [13]. In this project, we also have constructed a model that is similar to

the C2N model but 2 N atoms are removed so that only 4 nitrogen species are there

to support the cluster. However, this also results in the defect structure with two

five-membered rings in the vicinity of the cluster. Note that all four defect models

are charge-neutral and no charge carriers are generated in the substrate due to these

defects.

The geometries of embedded Ru3 clusters on these models are all optimised to

the most stable configurations. In the pyrrolic-N4 model, the structure of the cluster

converges into a C2v-symmetric configuration, with one Ru atom is in plane with the

graphene sheet while two other Ru atoms are located out of the plane. The in-plane

Ru atom is coordinated with two nitrogen atoms terminally, and the out-of-plane Ru

atoms are bridged by the other two nitrogen atoms. The bond length between the

in-plane Ru and terminal N is 1.95 Å, and the out-of-plane Ru and bridging N is 2.04

Å. The geometry of the Ru3 cluster itself is close to equitriangular, with bond lengths

2.34 Å between in and out-of-plane Ru atoms, and 2.58 Å between two out-of-plane

Ru atoms. These observations are consistent with the extended X-ray absorption fine

structure (EXAFS) measurements from Ji et al. [13], reporting mean bond lengths

of 1.99 ± 0.02 Å and 2.53 ± 0.02 Å for Ru–N and Ru–Ru bonds respectively. The

structure of the cluster on the pyridinic-N4 model adopts the same configuration,

with similar Ru-N bond lengths: 2.05 Å (terminal-N) and 2.12 Å (bridging-N) but

slightly shorter average Ru-Ru bond lengths: 2.35 Å (in and out-of-plane) and 2.47 Å

(two out-of-plane). On the other hand, the cluster embedded on the C2N-type defect

converges to the C2-symmetric configuration, with one in-plane Ru coordinated by 3

N atoms terminally, and two out-of-plane Ru atoms are bridged by one N atom and

each of them is terminally coordinated by two remaining N atoms. The bond lengths

between in-plane Ru and terminal N atoms are 1.97 Å and 2.38 Å, and between

out-of-plane Ru and bridging/terminal N atoms are 2.20/1.92 Å respectively. The

structure of the cluster itself is again close to equitriangular with relatively shorter

distances 2.32 Å and 2.45 Å compared to EXAFS.

In order to establish the relative stabilities of the N-graphene models, the for-

mation energies of defects are calculated with plane-wave DFT and the following
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Evac Eform Ebind Eagg

SAC/N4V2 3.56 -4.26 -7.82 -0.34
pyrrolic-N4 13.17 -5.00 -6.06 1.43
pyridinic-N4 11.55 -3.28 -4.94 2.54
C2N 4.42 -11.82 -5.41 2.07

Table 4.1: Formation energies of N-graphene defects and SAC/SCCs, and their bind-
ing and aggregation energies.

expression:

Evac = EN−graphene − Egraphene + nCµC − nNµN (4.3.1)

where EN−graphene and Egraphene are the total energies of the N-graphene model and

pristine graphene, nN and nC are the numbers of N atoms added and C atoms removed,

and µN and µC are the chemical potentials of N and C respectively. The chemical

potentials are obtained from the energies of a N atom in an N2 molecule and a C

atom in pristine graphene. The first two terms describe the ‘pure’ formation energy

of an isolated defect, which is defined as the energy difference between large cells

of graphene containing a defect and pristine graphene [146]. The formation energy

of the defect model (by using a 9*9 supercell of pristine graphene) is found to be

13.17 eV for the pyrrolic-N4 defect, 11.58 eV for the pyridinic-N4 defect and 4.42 eV

for the C2N-type defect (one cavity in C2N). The much higher formation energy of

the pyrrolic-N4 defect suggests that its concentration would be much lower than that

of the pyridinic-N defect. However, in the original paper by Xu [128] the defect is

stabilised by the Ru3 cluster, and effect that is not taken into account in the above

expression. We have, therefore, also calculated the formation energy of the triple

atom catalysts using the following expression:

Eform = ERun/N−graphene − Egraphene + nCµC − nNµN − nµRu (4.3.2)

where ERun/N−graphene is the total energy of the catalyst, µRu is the chemical potential

of Ru calculated from the energy of the Ru atom in vacuum, and n is the number of

Ru atoms in the catalyst. In this way, the overall stability of the SCCs with the effect

of N-graphene support can be determined. To ensure that the supported atoms on the

substrate are thermodynamically stable and do not aggregate to form nanoparticles,

the aggregation energy is also calculated [147], according to:

Eagg = Ebind − Ecoh (4.3.3)
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where

Ebind = (ERun/N−graphene − EN−graphene − nµRu)/n (4.3.4)

is the binding energy of the catalyst per Ru atom, and

Ecoh = ERu(bulk) − µRu (4.3.5)

is the cohesive energy of a Ru atom in bulk. Negative values of this quantity indicate

that the catalysts are stable and therefore not susceptible to aggregations.

The summary of the various formation energies can be found in Table 4.1, and it is

found to be -4.26 eV for the pyrrolic-N4, -5.00 eV for the pyridinic-N4 and -3.28 eV for

the C2N-type models. While the formation energy of the pyrrolic-N defect is higher

than that of the pyridinic-N defect, the formation energy of the SCC supported by the

pyrrolic-N4 defect is indeed lower than that of the SCC supported by the pyridinic-N4

defect by 1.7 eV, and comparable to that of the SAC supported by a N4V2 defect

with a difference of 0.7 eV. This is a clear indication that there is a much stronger

interaction between the Ru3 cluster and the pyrrolic-N4 model. Amongst all models

considered here, the SCC supported by the C2N-type defect has the lowest formation

energy (-11.82 eV). However, in terms of likelihood of aggregation, all of the SCC

models considered have positive aggregation energies, with 1.43 eV for the pyrrolic-

N4, 2.54 eV for the pyridinic-N4 and 2.07 eV for the C2N-type models, implying that

they might not be thermodynamically stable, in contrast to the SAC model which

has a negative value. Nevertheless, amongst the three models, the pyrrolic-N model

has the lowest aggregation energy and lower than the pyridinic-N6 model by 0.5 eV,

despite that it has two fewer N species. Therefore, the Ru3 cluster on the pyrrolic-N

model might be actually the least unstable model. For comparison, the aggregation

energy of Ru3 cluster on graphdiyne model is reported to be 1.74 eV by Liu et al.

[148] and therefore they are also susceptible to aggregations.

To investigate the origin of difference in the formation and binding energies, we

analysed the electronic structures of the defects on N-graphene on their own. The

comparisons of band structures in pristine graphene and various N-graphene models

can be found in figure 4.3. Note that a 9 by 9 supercell based on a graphene primitive

cell is used in this band structure calculation. Due to band folding, the Dirac cones of

pristine graphene (which are located atK andK ′ in the primitive cell) are now shifted

to Γ in this superstructure. The band structures of our defect models show many of

the features of other N-graphene models with smaller defects reported in previous

studies [149]. These include a band gap opening, a shifting of the π band energies,

flat bands originating from N dangling bonds and hybridisation of defect states with
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Figure 4.3: PBE band structures of a 9 by 9 pristine graphene cell and the cells with
various types of defects. The Fermi energy is adjusted to the top of the conduction
band.

the bulk π bands. In the pyrrolic-N4 model, two defect states can be found between

the Fermi level and the bottom of the conduction band. While these defect bands

have similar character to the bulk π bands around the Γ point, the orbitals in other

locations in the Brillouin zone show significant localisation. This is illustrated by the

band-decomposed charge density of these defect bands shown in Figure 4.4, in which

the density is strongly localised around the defect cavity for both the first and second

unoccupied bands. The shapes of the charge densities are also consistent with the

shapes of LUMO and LUMO+1 of the macrocyclic molecule, which we will use as a

molecular model of the N-graphene in the next section. In the pyridinic-N4 model,

there is only one unoccupied defect band below the bottom of the bulk valence band,

which is also hybridised with the bulk π bands and localised around the defect cavity.

In the C2N model, no defect π bands are generated in between bulk conduction and

valence bands.

4.3.2 Cluster-defect orbital interactions

In order to investigate the electronic interactions between the cluster and various

types of N-graphene models, we start by analysing the fragments. Consider the set
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(a) Pyrrolic model (b) Pyridinic model (c) C2N model

(d) Charge density of
1st conduction band (e) LUMO

(f) Charge density of
2nd conduction band (g) LUMO+1

Figure 4.4: Macrocyclic molecular models for various N-graphene models.

of molecular orbitals of an isolated naked Ru3 cluster with point group D3h shown

in Figure 4.5. The valence electrons of Ru fill orbitals formed by the linear combina-

tions of Ru 4d and 5s. The result of DFT calculations at PBE-D4 and r2SCAN-D4

level shows that the ground-state of the cluster is a nonet and around the top of

bands formed by the 4d atomic orbitals, molecular orbitals have a high antibonding

character. While the energy level of 5s orbitals is significantly higher than that of 4d

orbitals, the energy of the molecular orbital (2a′′1) formed by the totally symmetric

combination of 5s atomic orbitals drops just below the most antibonding combina-

tion of 4d orbitals, 17e′1. Consequently, there are a total of 16 accessible molecular

orbitals (15× Ru 4d + 1× Ru 5s) to accommodate 24 electrons. The result is 8

unpaired electrons, with the antibonding 5a′2 orbital being the SOMO. There are no

signs of multiconfigurational character based on the value of < S2 > from the DFT

calculations.

Turning now to the interaction between the Ru3 fragment and the various defect

models, we have identified simplified molecular fragments that replicate the key fea-

tures of the periodic system: the Ru3-containing defects and the models are shown
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(a) Pyrrolic macrocyclic model
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Ru3 cluster Pyrrolic-N4

(b) Pyridinic macrocyclic model
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(c) 5a′2 (d) 2a′′1 (e) 4b2g (f) 4b1g

Figure 4.5: Molecular orbital diagram showing the orbital interaction between Ru3

and N-graphene in (a) pyrrolic-N4 and (b) pyridinic-N4 models. Only the molecular
orbitals significantly interacting via σ or π-type interactions with ligands are shown
in the diagram orbitals and the rest are omitted as denoted by the dashed line. π-
type interactions are coloured in red. In the pyrrolic-N4 model, significant π-type
interaction (indicated with red lines) can be found between (d) 2a′′1 orbital of Ru3

and (f) 4b1g orbital of the macrocylic molecule. Two electrons are transferred from
the cluster to (e) 4b2g orbital of the macrocylic molecule and (c) 5a′2 orbital of Ru3

cluster become completely unoccupied.

in Figure 4.2. The charge analysis based on both Mulliken and Bader protocols is

summarised in Table 4.2, for both periodic (Bader only) and molecular (both). In all

cases, the most significant interaction between the Ru3 cluster and the N-graphene
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Table 4.2: Summary of charge analysis on the Ru3 cluster with different models
calculated at PBE-D4 and r2SCAN-D4 level.

PBE-D4 r2SCAN-D4

Model qBader
Ru3

qMulliken
Ru3

qBader
Ru3

qMulliken
Ru3

Pyrrolic Periodic 1.63 1.66
Finite 1.56 1.26 1.64 1.43

Pyridinic Periodic 1.42 1.66
Finite 0.97 0.79 1.17 1.04

C2N Periodic 1.61 1.72
Finite 1.62 1.40 1.70 1.55

arises from the σ-type interaction from the dangling lone-pair electrons on the N

atoms. These lone pairs interact with four of the Ru3 molecular orbitals, three of

which are occupied Ru3 orbitals (two linear combinations of 4d and the symmetric

combination of 5s orbitals noted above). The 4th linear combination of lone pairs

on nitrogen interacts with one of E ′ linear combinations of Ru 5s orbitals that was

already vacant in Ru3. The end result is that three linear combinations of Ru-based

orbitals are destabilised, leaving only 13 molecular orbitals to accommodate the 24

electrons, and hence a triplet ground state for both the pyridinic-N4 and pyrrolic-N4

models.

In addition to the σ interactions, interactions of π symmetry with the delocalised

π system of the N-graphene are also significant. Typically, strong π-acceptors such as

carbonyl and cyanide are required to stabilise the metal orbitals via π-backbonding.

However, the ability of ligand to accept π density increases significantly if the ligand

contains five-membered rings (indeed, this is the origin of the 5/4 enhancement fac-

tor in the universal descriptor for SACs in equation 4.1.1). The N-graphene model

proposed by Xu Xu et al. [128] is reminiscent of porphyrins except that two extra

carbon atoms are added to the inner ring component. The charge distribution for

the pyrrolic-N4 model shown in Table 4.2 indicates a very substantial charge transfer

from the Ru3 fragment to the LUMO of the N-graphene model, giving the cluster

and the ligand formal charges of +2 and -2 respectively. The charge distributions are

strikingly similar for both the periodic system and the molecular model, suggesting

that the latter reproduces faithfully the frontier orbital array. The result is a total

of 22 Ru electrons valence electrons to fill the available Ru3 orbitals. The interaction

of the π∗ ligand on the surface effectively destabilises the 5a′′2 orbital, leaving only 12

orbitals to accommodate 22 electrons, again yielding a triplet spin configuration.
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In pyridinic-N4 model, in contrast, the charge transfer from the cluster to ligand is

less pronounced (Table 4.2) and the π-backbonding interaction is too weak destabilise

the 5a′′2 antibonding orbital, as was the case for the pyrrolic model (Figure 4.5(b)).

Therefore, 24 valence electrons are available to fill 13 molecular orbitals, again yielding

a triplet spin configuration. We note here that there is a significant discrepancy

between the charge distributions for the periodic and molecular models in Table 4.2,

which suggests that our finite model is a less faithful representation of the frontier

region in this case.

By utilising the fragment analysis implemented in ADF, it is possible to parti-

tion the orbital interaction energy between the cluster and substrate into contribu-

tions from orbital interactions of different symmetry types. Since the pyrrolic-N4 and

pyridinic-N4 models have the same C2v symmetry, it is straightforward to separate

the π and σ-type interactions ({a2, b2} symmetry and {a1, b1} symmetry, respec-

tively. Table 4.3 shows the energy decomposition analysis of Ru3 and N-graphene

fragments, calculated at both PBE-D4 and r2SCAN-D4 levels. As expected based on

the previous discussion of charge separation, the π-type contribution to the orbital

interaction energy between the two fragments is higher with pyrrolic-N4 models com-

pared to the pyridinic-N4 models, with a difference of roughly 5-7 eV. On top of the

π-type orbital interaction, there are some minor differences in the steric interaction

and the σ-type orbital interaction energies, presumably due to the effect of charge

transfer from the cluster to N-graphene. There is a little difference in the corrective

dispersion energy term in two models. The pyrrolic and C2N models have very similar

total bond energy decomposition but, due to the lack of symmetry in the latter model,

it is not possible to decompose the orbital energy further into π and σ contribution.

We would, however, anticipate a greater contribution from σ-type interactions in the

C2N models simply because there are six nitrogen species supporting the cluster as

opposed to just four.
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4.4 Formation of oxo active species

As H2O2 was used as the oxidising agent in the experiment, we first investigated the

adsorption energy of H2O2 on Ru3/N-graphene in the absence of solvents. However,

we were unable to identify local minima corresponding to the adsorption of H2O2

by the Ru cluster; instead, the H2O2 molecule decomposes spontaneously into one

water molecule and an oxygen atom which binds to the Ru cluster in the form of

an oxo ligand (Figure 4.6b). Similarly, attempts to bind two molecules of H2O2

lead directly to dioxo species, either trans-dioxo-Ru3/N-graphene (Figure 4.6c) or

cis-dioxo-Ru3/N-graphene (Figure 4.6d) depending on the direction of approach of

the two H2O2 molecules. In the cis-dioxo structure, the Ru cluster is raised above

the surface and is bound to it by only two of the three Ru atoms. The trans-dioxo

species is reminiscent of the isolated [RuVI(Por)(O)2] complex, and is energetically

more favourable than the cis isomer by 0.85 eV. It is not clear, however, whether both

sides of the graphene sheet would be accessible to the solvents which is essential for the

formation of the trans isomer, so it may be that the cis isomer is kinetically favoured

under the prevailing reaction conditions. Placing H2O2 molecules on Ru3/C2N model

yields similar results, the thermodynamic sink being trans or cis-dioxo-Ru3 species

along with surface-bound water molecules.

To understand the reactivity of the catalysts, we calculate the formation energies

of oxo species, according to:

∆Enoxo = Enoxo + nEH2O − ERu3/N−graphene − nEH2O2 (4.4.1)

where Enoxo, EH2O, and EH2O2 are the energy of noxo species, water and hydrogen

peroxide respectively. The summary of formation energies of oxo species with various

N-graphene models are given in Table 4.4. The formation energies of oxo species

(a) Ru3/N-graphene (b) monooxo (c) trans-dioxo (d) cis-dioxo

Figure 4.6: Comparison of structures of Ru3/N-graphene and various oxo species.
Oxygen atoms are coloured in red.
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Table 4.4: The formation energies of oxo species with various N-graphene models. The
values in bracket indicate the difference in the formation energies from its precursors.
The structures of oxo species are shown in the Figure 4.7 and the energies are given
in eV.

SAC/N4V2 pyrrolic-N4 pyridinic-N4 C2N

∆Emonooxo -2.97 (-2.97) -3.99 (-3.99) -4.10 (-4.10) -4.20 (-4.20)
∆Edioxo -4.91 (-1.93) -7.96 (-3.98) -7.75 (-3.65) -7.98 (-3.78)
∆Etrioxo -11.56 (-3.60) -12.35 (-4.60) -10.95 (-2.97)
∆Etetraoxo -13.53 (-1.97) -14.53 (-2.18) -12.76 (-1.81)

with Ru3 cluster models are generally higher than the formation energies of oxo

species from the single atom catalyst analogue (SAC/N4V2). This is perhaps not

surprising as the binding energies of the SCC themselves are also generally lower

than that of SAC (Figure 4.1), hence they naturally tend to become reactive towards

reactants. Comparing the formation energies among the cluster models, it can be seen

that the first two formation energies (∆Emonooxo and ∆Edioxo) are broadly similar,

but the models differ significantly in the formation of trioxo and tetraoxo species.

In particular, the formation of the tri- and tetra-oxo forms of the pyrrolic-N4 and

C2N models are significantly less favourable than the corresponding clusters on the

pyridinic-N4 model. This difference likely reflects the higher degree of charge transfer

between the cluster and the surface in the pyrrolic-N4 and C2N models.

4.4.1 Density of states analysis

The DOS plots of oxo species on periodic N-graphene models (Figure 4.7) shows how

the occupancy of the defect π states changes with the degree of oxidation of the Ru3

cluster. The subplot 4.7a and 4.7b show the DOS plots of pyrrolic-N4 defects and

the supported Ru3 cluster respectively. The shaded grey area shows the projected

DOS of π orbitals of the N-graphene substrate, and the black line shows the sp2-

hybridised orbitals, including 4 dangling bonds of N atoms showing the localised

character from 1.5 to 0.5 eV. The unoccupied broad π defect states lie just above the

Fermi level, and are available to be coupled with the Ru3 cluster orbitals, resulting

in two bands of hybridised orbitals above and below the Fermi level in subplot 4.6a.

These are reminiscent of the bonding and antibonding orbitals in the macrocyclic

molecular model. It can also be seen that, while other Ru3 orbitals have sharp peaks

and localised characters, those hybridised with the π-defect states are remarkably
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broadened to resonance states, a phenomenon that is described in the Anderson-

Newns–Grimley model of chemisorption. The brief explanation of this model can

be found in Appendix A. This is an indication that there is an interaction between

the Ru3 and N-graphene different from what is found in finite models, due to the

delocalised character of π bands in the periodic model.

These renormalised bonding states remain completely occupied upon the oxidation

of the Ru3 cluster to monooxo and dioxo species, as seen in the subplot 4.7c and 4.7d.

There is no sign of resonance states for the oxygen adsorbate in this case as the

PDOS of oxygen p orbitals is characterised by very sharp peaks. However, when they

are oxidised into trioxo and tetraoxo species (4.7e and 4.7f), the hybridised bonding

bands on the Ru3 cluster become partially unoccupied, indicating the charge that

was transferred to the π defect states have been returned to the cluster. Indeed,

the Bader charge analysis shows that the total charge of the Ru3Ox cluster changes,

becoming more positive upon the addition of oxo ligands, from +1.63 (naked) to +1.42

(monooxo), +1.41 (dioxo), +1.23 (trioxo), and +1.06 (tetraoxo). As a consequence,

the stabilisation of electrons gained from the bonding-like interaction from broad π

bands is being lost and the reaction energy of hydrogen peroxide decomposition or the

formation energy of oxo species (H2O2+[Ru]→ H2O+[Ru]O) notably increases from

the trioxo species. It is also worth noting that the broadening of oxygen PDOS starts

to appear from this stage, indicating a coupling of oxygen with the π-bands. In a SAC

study conducted by Liu et al. [150], it was shown that adsorption strength weakens

as the centre of bands, that the adsorbate is coupling to, shift upwards relative to

the Fermi level. The shift of renormalised π-bands here are also weakening the bonds

between oxo ligands and the Ru3 cluster.

Comparing to other periodic models of N-graphene, similar types of interactions

between the Ru3 cluster and the substrate can be observed (Figure 4.13, 4.14), hence

the enhanced interactions in the periodic pyridinic-N4 model. However, a significant

distortion in the Ru3 cluster is observed in the trioxo and tetraoxo species on the

pyridinic-N4 model. This difference between the pyrrolic and pyridinic-N4 models

could be related to the formal charges on the Ru3 cluster.

4.5 Reaction Mechanism

We propose the reaction pathway for ethanol oxidation, starting from trans-dioxo

species generated by the reaction with H2O2 (INT1), on the basis that there has been

a previous study reporting catalytic performance of Ru3O2/rGO [137]. A complete
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reaction pathway is shown in Figure 4.8. In INT2 in the first half of the cycle (a),

the alcohol group of adsorbate binds to the out-of-plane Ru atom. The oxo ligand at-

tached to the same Ru atom moves its position to accommodate the alcohol group to

the cis position, forming a five coordination environment for the Ru atom. From this

point the hydrogen atom is transferred from the alcohol group to the neighbouring

oxo ligand, creating hydroxyl and alkoxyl groups (INT3) attached in the same coor-

dination. This process is a concerted proton-electron transfer (CPET) with a small

activation barrier of 0.2 eV, and does not involve any radical intermediates. The

resulting intermediate is the most energetically stable intermediate on this catalytic

cycle, with energy difference of -0.54 eV from the previous one. The step to INT4,

β-hydride elimination to form an η2-aldehyde and a Ru-bound hydride, is the rate-

determining step on the computed potential energy surface with an activation barrier

of 0.82 eV, and the Ru atom (INT5) is now coordinated by 5 ligands. The reactant

changes its hapticity from 2 to 1, preventing the hydride from returning to the β-C

atom so that it remains terminally bonded to the same Ru atom (INT5). Release

of the weakly-bound aldehyde leaves the cluster with hydroxide and the terminal

hydride ligands that are now forming square-planar configuration on the Ru atom

again (INT6). At this point, it is tempting to speculate that the cluster undergoes a

reductive elimination step of water to generate a monooxo species, but the computed

intermediate states are ∼0.5 eV higher than the starting intermediate (IS1). (The ac-

tivation barrier for this transition state is found to be 0.85 eV, which is similar to the

β-hydride elimination step.) Given that the temperature in the experiment is ∼350
K, we believe that this is not a realistic step in the catalytic cycle. Alternatively, one

can speculate that these ligands remain intact and the cluster proceeds to catalyse

the next alcohol dehydrogenation. In order for this to happen, the hydride can mi-

grate from a terminal to a bridging position between the out-of-plane and in-plane

Ru atoms freeing up a coordination site for binding of a second molecule of alcohol,

with an activation barrier of 0.52 eV (INT7). The binding of a second reactant is

significantly stronger than that in the first cycle, with an energy difference close to

1.0 eV (INT8) from the previous intermediate. This can then undergo a similar se-

ries of CPET (this time to a Ru-OH ligand, creating a water molecule) (INT9) and

β-hydride elimination to generate the aldehyde, bound to a Ru3 di-hydride (INT11)

through an agostic intermediate (INT10). Again, the β-hydride elimination step is

rate-determining but the activation barrier is 0.52 eV, lower than the previous cycle.

Finally, after the release of the second aldehyde (INT13), reductive elimination of the

two hydride ligands and release of H2 can regenerate the monooxo species, which can
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then be converted to the starting dioxo species (INT4). The two distinct pathways

correspond to:

H2O2 + C2H5OH→ H2O+ CH3CHO

H2O2 + 2C2H5OH→ H2O+ 2CH3CHO+H2

It is worth noting that if the reaction proceeds to the reductive elimination pathway,

one equivalent of H2O2 can dehydrogenate only one equivalent of alcohol, while if the

reaction continues with hydroxide, one equivalent of H2O2 can dehydrogenate two

equivalents of alcohol.

This mechanism is similar to the dehydrogenation mechanism of double-atom

catalysts proposed by Liu and co-workers Liu et al. [136], which also involves CPET

to hydroxide ligand, β-hydride elimination and hydrogen evolution. One noticeable

difference between our reaction mechanism and a widely-recognised mechanism of

methane-to-methanol conversion by SACs is how a hydrogen atom is being transferred

to the oxo species from the reactants. In the SAC, the reaction pathways are often

radical based and require a hydrogen-atom transfer (HAT) steps in various pathways

[151]. For example, the key step of methane activation is an abstraction of H atom

on methane by an oxo ligand with homolytic C–H bond cleavage, that results in the

formation of a free methyl radical and a hydroxyl ligand. In such reaction pathways

with SACs, the HAT step is often the rate-determining step with the activation

barriers varying from ∼0.6 to ∼1.6 eV . On the other hand, in our mechanism, the

process of transferring hydrogen from alcohol group to the oxo or hydroxide ligand

does not involve formations of radical intermediates. Throughout the reaction cycle

until the reductive elimination of hydrogen molecule, the oxidation state of the cluster

is unchanged. It is also worth noting that, because of the unsaturated structure

inherent to the supported Ru3 cluster, two ligands can be bound on the same atom

which might facilitate the reactions. In the CPET step in Figure 4.8, the energy

required to transfer the hydrogen atom is drastically reduced to ∼0.2 eV and only

the β-hydride elimination is the rate-determining.

4.6 Conclusion and summary

In this Chapter, we have used DFT calculations to investigate the electronic struc-

tures and reactivity of Ru3 clusters embedded on various models of N-graphene with

different numbers and arrangements of nitrogen donors. Whilst the binding energies

of Ru3 clusters in all of our models are somewhat lower than that of SAC analogue,
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Figure 4.10: A schematic diagram summarising the proposed ethanol dehydrogenation
by dioxo species as described in figure 4.8 and 4.9.

suggesting that they could be prone to aggregation, they are enhanced by the pres-

ence of pyrrolic-N4 defects that stabilise the cluster. The orbital interaction analysis

based on the finite models of N-graphene reveals that a significant charge transfer

from the Ru3 cluster to the macrocylic molecule occurs, giving the cluster a formal

charge of 2+. This is also supported by the DOS analysis on the periodic models.

The embedded clusters are reactive towards to formation of various oxo species in the

presence of H2O2. We proposed a feasible reaction mechanism of ethanol dehydro-

genation into formaldehyde with trans-dioxo species, in which β-hydride elimination

is the rate-determining step.

4.7 Supplementary materials

In this section, additional data and figures are presented to support the findings and

assertions in the main body of this chapter. Figure 4.11 shows the smaller periodic

models used to calculate DOS and potential energy surface. Figure 4.12, 4.13 and

4.14 show the the structures of oxo species derived from the models, and the projected

DOSs for each species.
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(a) SAC/N4V2 (b) pyrrolic-N4 (c) pyridinic-N4 (d) C2N

Figure 4.11: Top views of smaller periodic models used for DOS analysis and potential
energy surface explorations. The dashed line indicate the boundary of the unit cell.
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Chapter 5

Bond-stretch isomerism in Zintl
phase Ba3Ge4 and Ba3Si4

5.1 Introduction

The chemistry of Zintl ions continue to present fascinating challenges to electronic

structure theory [152–157]. Much of work in the field of computational cluster chem-

istry has focused on isolated Zintl ions, either in the gas phase or where the ions are

separated in the solid state by encapsulated metal cations such as [M[2.2.2 ]crypt]+. In

the so-called Zintl phases, in contrast, the cations are not coordinated by additional

ligands, leading to much smaller separations between the cluster anions [158–160].

Simple examples of this class would be the binary silicides and germanides such as

NaSi,[161] which contains tetrahedral E4
4– units, isoelectronic with P4. The rela-

tively close proximity of the cluster anions in these phases admits the possibility of

forming additional inter-cluster bonds, and indeed in LiSi and LiGe, the very small

Li+ cation allows the tetrel atoms to form an extended network rather than a lattice

of discrete E4
4– tetrahedra [162]. Changes in temperature and/or pressure can also

induce structural modifications, as for example in the report by Quesada-Cabrera et

al. of the pressure-induce amorphisation of NaSi above 15 GPa, which may involve

oxidative formation of Si-Si bonds between Si4 clusters with concomitant reduction

of Na+ to Na [161]. The pressure dependence of phase equilibria for BaGe2 have been

studied extensively: at ambient pressure, BaGe2 adopts the BaSi2-type orthorhombic

structure with discrete Si4
4– tetrahedra,[163] but at high temperatures and pressures,

the ThSi2-type tetragonal lattice is preferred, where the Ge atoms are connected in

a 3-dimensional network [164]. Similar behaviour emerges in the high-pressure (>10

GPa) metastable phases of EuGe3 and SrGe6 which have 2-, 3- and 4-connected

networks, in marked contrast to the discrete tetrahedra in the MGe2 decomposition
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Figure 5.1: Optimised structures of the tetragonal, orthorhombic and (as yet un-
known) p-tetragonal phases of Ba3Ge4 (all distances in Å.) The chains of Ge4 units
are polymerised along the a axis in the orthorhombic phase and along both a and
b axes in the p-tetragonal phase. Ge and Ba atoms are coloured in grey and green
respectively.

products found at ambient pressures [165, 166]. Wang et al. have explored the phase

transition in BaGe2 in some detail using density functional theory, establishing a

pathway connecting the orthorhombic and tetragonal phases via flattening of the E4

tetrahedra and inter-cluster bond formation, with a barrier of 0.35 eV/atom.[167]

In this chapter we focus on a more Ba-rich region of the Ba-Si/Ge phase diagrams,[168–

170] and specifically on Ba3Si4 and Ba3Ge4, where E4 units are again present but now

in the more reduced 6- state (Figure 5.1). The silicon compound, first characterised

by Eisenmann et al. in 1969,[171] has a tetragonal unit cell (P42/mnm) and contains

isolated Si4
6– units aligned in two orthogonal chains that run parallel to the crystal-

lographic a and b axes. The Si4 units adopt a butterfly-type structure where a single

Si-Si bond of the tetrahedron has been cleaved, as might be anticipated for a Si4
6–

unit based on the Zintl-Klemm concept. There are two distinct atom types in each

cluster: the atoms on the wing-tips of the butterfly that are bonded to two other
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atoms and carry a formal 2- charge (denoted henceforth as ’(2b)E’ in Figure 1) and

the atoms that constitute the body of the butterfly that are bonded to three others

and carry a formal charge of 1- (denoted ’(3b)E’). The (3b)Si-(3b)Si and (3b)Si-(2b)Si

bond lengths were reported to be 2.29 Å and 2.34 Å, respectively, in Eisenmann’s orig-

inal paper, but a subsequent re-evaluation by Grin and co-workers in 2008 revised

these to 2.4183(6)Å and 2.4254(3)Å, respectively.[172] The Ba3Si4 phase is weakly

conducting (a ’bad metal’), consistent with band structure calculations that indicate

substantial mixing of the Si 3p and the Ba 5d orbitals and a non-zero density of states

at the Fermi level. Above 630 K, the Ge analogue Ba3Ge4 adopts a tetragonal phase

that is structurally very similar to Ba3Si4, with isolated Ge4
6– anions and (3b)Ge-

(3b)Ge and (3b)Ge-(2b)Ge bond lengths of 2.78 Å and 2.59 Å, respectively (the

tetragonal phase).[173] Below this temperature, however, a first-order transition to a

different, orthorhombic, phase where precisely half of the Ge4 units polymerise along

the crystallographic a axis (designated (Ba2+)6[Ge4]
6– 1

∞[Ge4]
6– ), with concomitant

cleavage of the intra-cluster (3b)Ge-(3b)Ge bond. The polymerisation causes a con-

traction along the a axis (11.799 Å vs 12.193 Å) and a ∼2% reduction in cell volume.

The Zintl-Klemm concept is equally applicable to both tetragonal and orthorhombic

phases: the (3b)Ge centres remain bonded to three others in both cases. The second

chain of Ge4
6– units aligned along the crystallographic b axis is largely unaffected

by the phase transition, as is the lattice parameter b. There has, as yet, been no

evidence reported for a putative third phase (which we label p-tetragonal) where

the Ge4 units polymerise along both the a and b axes ((Ba2+)6
1

∞[Ge4]
6– 1

∞[Ge4]
6– ),

a transition that would restore tetragonal symmetry. In a subsequent study, Pani

and Palenzona reproduced the low-temperature orthorhombic phase of Ba3Ge4 but

all attempts to isolate the high-temperature tetragonal phase by quenching of melts

were unsuccessful.[168] A weak feature in the differential thermal analysis at ∼610 K

was, however, consistent with the transition temperature identified by Zürcher and

Nesper.[173]

A number of non-stoichiometric members of the Ba3SixGe4–x series that interpo-

late between the limiting forms Ba3Si4 and Ba3Ge4 have also been characterised,[174]

and the polymerised orthorhombic phase is found only for the most Ge-rich of these

(x = 0.3 or lower). It is likely that the size of the cation plays an important role

in determining the different behaviour of Si-rich and Ge-rich phases, just as it does

in the LiSi/NaSi comparison made above: Nesper and co-workers have argued that

whilst the Ba2+ cation is large enough to separate the Si4
6– anions to the point where

inter-cluster bond formation is not possible, the more diffuse nature of the valence
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Figure 5.2: Bond-stretch isomerism in E4R6 clusters.

4p orbitals of Ge makes the polymerised orthorhombic phase accessible. [174] In that

sense, the temperature-dependent behaviour of Ba3Ge4 mirrors many of the impor-

tant features of the pressure-dependent behaviour of BaGe2.

The E4
6– unit is valence iso-electronic with the E4R6 bicyclo[1.1.0]butanes and

heavier analogues which have been central to the discussion of bond-stretch isomerism,

the phenomenon where two or more isomers differ primarily in the length of one or

more bond.[175–183] In the case of the bicyclo[1.1.0]butanes, the two isomers in ques-

tion differ in length of the E-E bond along the body of the butterfly, Figure 5.2 [184].

Schleyer and co-workers identified bond-stretch isomers of bicyclo[1.1.0]tetra-silane,

Si4H6, that differ by almost 0.5 Å at the multi-configurational SCF level.[185] Calcu-

lations by Koch and co-workers using density functional theory (B3LYP functional)

have explored both the impact of different substituents, R, and the switch from Si

to Ge, on the potential energy surface [186, 187]. The heavier Ge4R6 analogues ap-

pear to favour the isomer with a long (3b)Ge-(3b)Ge bond, to the extent that the

short isomer does not even constitute a stable minimum on the potential energy sur-

face. The transition between the tetragonal and orthorhombic phases of Ba3Ge4 is

clearly more complex in the sense that the cleavage of the intra-cluster Ge-Ge bond

is intimately coupled to the polymerisation of the chain, but nevertheless the greater

tendency to favour the ’long’ isomer for Ge vs Si in a molecular context correlates

with the apparently greater stability of the orthorhombic phase in Ba3Ge4 vs Ba3Si4.

The relative stabilities of the two phases are, of course, determined by the free en-

ergy rather than the internal energy or enthalpy, and so the change in entropy is an

important consideration. In a molecular context, we might anticipate that polymeri-

sation results in a loss of entropy, but in a solid-state context there is no translational

entropy to lose, in which case entropy changes are a more complex function of the

phonon modes. With this in mind, we present here an analysis of the thermodynam-

ics of the orthorhombic, tetragonal and p-tetragonal phases of Ba3Si4 and Ba3Ge4,
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computed using density functional theory in conjunction with the quasi-harmonic

approximation.

5.2 Computational methods

5.2.1 DFT details

The calculations reported in this project were performed using plane-wave pseudopo-

tential density functional theory (DFT) with periodic boundary conditions (PBC)

as implemented in the Vienna ab initio Software Package (VASP) [138–141, 188].

In the majority of cases, the exhange-correlation energy was modelled using the

optB86b-vdW functional [57, 189], but we have also explored the impact on lat-

tice parameters of alternative formulations including PBE [142], SCAN [190], and a

combination of r2SCAN [91] and the revised Vydrov–van Voorhis (rVV10) functional

[191], r2SCAN+rVV10 [192]. The valence electron configurations are 3s2 3p2 for Si,

3d10 4s2 4p2 for Ge and 5s2 5p6 6s2 for Ba, with the core electrons treated using PAW

pseudopotentials. The plane-wave cut-off was set to 400 eV and the Brillouin zone

was sampled on a 6 × 6 × 4 Γ-centred grid. The structural relaxation was consid-

ered converged when the Hellmann-Feynman force fell below 10−4 eV Å−1, while the

SCF convergence criterion was 10−8 eV. Wannierisation was performed with a set of

occupied valence bands using the Wannier90 software package [193]. The minimum

energy path between the orthorhombic and tetragonal phases was determined using

the solid-state climbing-image nudged elastic band (NEB) approach as implemented

in the VTST code [143, 144, 194] with 8 intermediate images between the two phases

and a spring constant of 5 eV Å−2 between images. The cell vectors of the primitive

unit cells are allowed to be relaxed under the symmetry constraints of the orthorhom-

bic phase. The total force was minimised to below 10−3 eV Å−1 in these calculations.

The convergence of energies with respect to the plane-wave cut-off energy has been

tested to ensure that Pulay stress is minimal and the calculated energy-volume curves

are smooth.

5.2.2 Phonon properties

Harmonic phonon dispersion curves are calculated using the finite difference method

implemented in Phonopy [61, 195]. Force constants were computed with atomic

displacements of 0.01 Å in a supercell described by the following transformation of
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the primitive vectors (Table 5.1 and 5.2):

S =





1 −1 0
1 1 0
0 0 1



 .

k-point sampling was performed on a Γ-centered 4× 4× 4 grid. Phonon DOS curves

and thermodynamic properties were then calculated by interpolation onto a 12 ×
12 × 8 q-point grid applied to the primitive cell. Quasi-harmonic calculations were

carried out by performing phonon calculations on optimised structures with up to

6% compression and 8% expansion of the cell volume relative to the equilibrium

structures, or until imaginary phonons emerge, at which point the structure becomes

dynamically unstable. The Helmholtz free energy, F (T, V ), the sum of the electronic

energy, U0(V ) and the phonon free energy, Fph(T, V ), for a given temperature is then

fitted to a third-order Birch-Murnaghan equation of state:[196]

F (T, V ) = U0(V ) + Fph(T, V )

= F0 +
9V0B0

16







[

(

V0
V

) 2
3

− 1

]3

B′
0 +

[

(

V0
V

) 2
3

− 1

]2 [

6− 4

(

V0
V

) 2
3

]







(5.2.1)

where V0 and B0 are the reference volume and bulk modulus, respectively, and B′
0 is

the derivative of the bulk modulus with respect to pressure. The Gibbs free energy of

a phase for a given temperature and pressure is then obtained by finding the volume

that minimises the sum of the lattice internal energy U0(V ), the harmonic phonon

Helmholtz free energy Fph(T, V ) and the PV term, as given in equation 2.7.23. The

ranges of temperatures and pressures considered were 0–1200 K and 0–1.5 GPa for

orthorhombic and tetragonal phases and 0–300 K and 0–1.5 GPa for the p-tetragonal

phase: the lower limit for the latter reflects the emergence of dynamic instability at

lower temperatures.

5.3 Results and discussions

5.3.1 Potential energy surfaces for Ba3Si4 and Ba3Ge4

Optimised structural parameters at 0 K for the three phases of interest in Ba3Ge4,

the orthorhombic and tetragonal phases and the third, as-yet unknown, p-tetragonal

phase where all of the Ge4 units are polymerised in both orthogonal directions, are

summarised in Table 5.1, where the available experimental data are also shown for
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comparison. With the optBP86b-vdW functional, the optimised lattice parame-

ters are broadly consistent with the crystallographic data, most strikingly in the

orthorhombic phase of Ba3Ge4, where the a, b and c lattice parameters are within

0.01 Å of experiment. The experimentally-observed ∼0.2 Å contraction of a in the

orthorhombic phase is reproduced in all cases, as is the ∼ 2% decrease in unit cell

volume. This trend continues to the p-tetragonal phase, where a further 1.1% reduc-

tion in volume is associated with the polymerisation of the second chain of Ge4 units

along the b axis. The relative energies are also consistent with experiment in so much

as the orthorhombic phase is predicted to be most stable at 0 K, lying 0.027 eV/f.u.

(formula unit) below the tetragonal alternative which is, as noted in the introduction,

stable only above 630 K. The energy of the p-tetragonal phase, which has not been

observed under any conditions, is intermediate between orthorhombic and tetragonal,

lying 0.014 eV/f.u. above the former. These relative energies are, however, somewhat

sensitive to choice of functional, and all of PBE, SCAN and r2SCAN+rVV10 predict

a relative stabilisation of the tetragonal phase relative to orthorhombic, to the ex-

tent that the two phases are almost iso-energetic with PBE and tetragonal phase is

predicted to be more stable for both SCAN and r2SCAN+rVV10. The p-tetragonal

phase is not predicted to be the most stable for any of the chosen functionals. PBE

predicts lattice parameters that are systematically ∼0.1 Å longer than optBP86b-

vdW while the SCAN-type functionals also overestimate lattice parameters, but to a

lesser degree. Very similar patterns are observed in the data for Ba3Si4, although in

this case the tetragonal phase is systematically stabilised by ∼0.06 eV/f.u. relative

to orthorhombic, as a result of which the tetragonal phase is the most stable for all

functionals tested in this work. The structural differences between the tetragonal and

orthorhombic phases also follow the experimental trend, with polymerisation of the

Si4 chains along a causing a 2.5% decrease in cell volume. All attempts to locate

a local energy minimum for the p-tetragonal phase of Ba3Si4 relaxed instead on the

experimentally characterised tetragonal alternative.

The potential energy surfaces connecting the tetragonal and orthorhombic phases

of Ba3Ge4 and Ba3Si4, computed using the nudged elastic band method and the

optBP86b-vdW functional, are shown in Figure 5.3. For Ba3Si4, a transition state

separates the tetragonal phase from its less stable orthorhombic counterpart by a bar-

rier of ∼0.05 eV/f.u. The transition structure is confirmed to be a first-order saddle

point through the presence of a single imaginary phonon mode at the Γ point, and

has a geometry intermediate between the two phases. There is significant elongation

of the intra-cluster bonds (2.88 Å vs 2.44 Å in orthorhombic phase) and concomitant
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Figure 5.3: Potential energy curve (optB86b-vdW) for the concerted phase transition
from the tetragonal to the orthorhombic phase in Ba3Ge4 and Ba3Si4. Maximally
localised Wannier functions corresponding to the intra- and inter-molecular bonds of
the tetragonal and orthorhombic phases, respectively, are also shown. Si atoms are
coloured in beige.
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contraction of the inter-cluster bonds (3.18 Å vs 3.77 Å in orthorhombic phase). The

correspondence between the intra-cluster Si-Si bond length of 2.88 Å at the transition

structure and the value of 2.86 Å reported by Koch et al. in the ’long’ bond-stretch

isomers in molecular Si4R6 is quite striking [186]. It appears, then, that the Si4
6–

units are indeed effectively isolated in Ba3Si4, and cleavage of the intra-molecular

Si-Si is almost complete at the transition state. For the Ba3Ge4 system (purple line

in Figure 5.3), the reaction is almost barrier-less, with the transition structure only

0.003 eV/f.u. above the tetragonal phase. Consistent with the exothermicity of the

forward reaction, the transition structure shown in Figure 5.3(b) is ’early’, with a

marginally elongated Ge-Ge bond along the body of the butterfly (2.76 Å vs 2.65 Å

in the tetragonal phase), and very marginally shortened intra-cluster distance of 3.49

Å vs 3.63 Å in the tetragonal phase. Even for the Ba3Si4 case, the barrier to rear-

rangement is an order of magnitude smaller than those reported by Wang et al. for

the orthorhombic - tetragonal phase transition in BaGe2,[167] the difference probably

reflecting the relative weakness of the bonds in the Si4
6– and Ge4

6– tetrahedra, and

also the fact that the phase transitions in Ba3E4 involve only the cleavage/formation

of E-E bonds along a single axis rather than the complete collapse of the tetrahe-

dral units into a 3-dimensional network. The evolution of the electronic structure

across the potential energy surface has been discussed extensively by Nesper and co-

workers [173, 174], and our analysis of the density of states is fully consistent with

those reported previously. The making and breaking of Ge-Ge bonds can be tracked

through the maximally-localised Wannier functions (MLWFs) shown at the bottom

of Figure 5.3, which show the intra-cluster σ-bond in the tetragonal phase and the

inter-cluster σ-bond in the orthorhombic phase. These MLWFs show delocalisation

tails on the Ba2+ ions surrounding the cluster, consistent with Nesper and co-workers’

observation that the Ba 5d levels are substantially populated in Ba3Si4 [173]. An anal-

ysis of the Bader charges, shown in supporting information, Table S1, indicates that

polymerisation induces no significant changes in the charges of the ions.

5.3.2 Phonon modes and thermodynamic properties at finite
temperature

Given the rather delicate energetic balance between the orthorhombic and tetrago-

nal phases of Ba3Ge4 in Table 5.1, we now consider the relative Gibbs free energies

which requires the computation of the vibrational entropy. To do this, we use the

quasi-harmonic approximation (QHA) [197] as implemented in phonopy to allow for

volume relaxation at finite temperature. The relative free energies (computed with the
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Table 5.3: Bader charge analysis of Ba3Ge4 and Ba3Si4 (optB86b-vdW).

Ba3Ge4 Ba3Si4
atom tetragonal orthorhombic p-tetragonal tetragonal orthorhombic

Ba 4e 1.09 4k 1.08 4e 1.10 4e 1.10 4k 1.07
4l 1.11 4l 1.11

4d 1.14 8m 1.11 4d 1.10 4d 1.14 8m 1.10
4g 1.15 4g 1.11 4g 1.11 4g 1.16 4g 1.11

4j 1.13 4j 1.12
Ge,Si 8i -0.67 8q -0.67 8i -0.67 8i -0.69 8q -0.72

8p -0.67 8p -0.70
8j -1.02 8n -0.96 8j -0.98 8j -1.01 8n -0.86

8o -1.03 8o -1.03

Figure 5.4: Relative Gibbs free energies (optB86b-vdW) of the different phases of
Ba3Ge4. The reference value is set to the value of the tetragonal phase.

optB86b-vdW functional) of the orthorhombic and tetragonal phases as a function of

temperature are shown in green and magenta in Figure 5.4(a), while the p-tetragonal

phase is shown in cyan. The tetragonal phase is chosen as the zero of energy. Note

that the values at 0 K and correspond to U0(V ), the data points in Table 5.1, with

the stability of the phases decreasing in the order orthorhombic < p-tetragonal <

tetragonal. The free energy of the p-tetragonal phase is truncated at 300 K because

beyond this temperature the minimum energy point on the Helmholtz free energy sur-

face corresponds to a structure with very low or imaginary harmonic frequencies that

render it dynamically unstable. As the temperature is raised, the orthorhombic phase

is destabilised relative to tetragonal, leading, ultimately, to a cross-over at ∼930 K,
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beyond which the tetragonal phase becomes thermodynamically stable. This value is

300 K higher than the experimental value of ∼630 K, implying an over-stabilisation

of the low-temperature (α) phase. We can identify a number of possible reasons for

the discrepancy between the experimental and computed transition temperatures,

the most obvious being the strong functional dependence of the electronic energies,

U0(V ), shown in Table 5.1. The values of U0(V ) correspond to the intercepts in Figure

5.4(a), and so a relative stabilisation of the β phase at 0 K, as observed in all func-

tionals other than optB86b-vdW, would necessarily raise the intercepts and therefore

depress the computed transition temperature. Deringer et al. have identified the den-

sity functional as a potential source of error in the calculated transition temperature

for the orthorhombic-cubic phase transition in GeSe.[198] Another potential source of

error is the approximate treatment of anharmonicity offered by the QHA approach.

Several previous studies using the QHA have noted the overestimation of thermal ex-

pansion coefficients and lattice constants at elevated temperatures [199, 200]. In such

circumstances the harmonic phonon free energy, Fph(T, V ), often becomes markedly

non-linear as a function of T due to the presence of soft phonons at expanded vol-

umes, causing a divergence in the thermal expansion coefficients (see Figure 5.5) and

inaccuracies in the calculated thermodynamic parameters. The anharmonicity can,

in principle, be explicitly included using computationally intensive methods such as

self-consistent phonon theory (SCPH), which has been shown to improve the wurtzite

to rocksalt phase boundary in GaN [202–204]. In another recent study of phase tran-

sitions in SnS and SnSe, Pallikara and Skelton noted that a ∼350 K over-estimation of

transition temperatures between Pnma and Cmcm phases of that could be corrected,

albeit by only ∼20 K, by renormalising selected imaginary modes by numerical solu-

tion of the Schrödinger equation on the corresponding 1-dimensional potential energy

surface [205]. The dynamic instability of the p-tetragonal phase above 300 K pre-

vents an exact determination of the crossover temperature with the tetragonal phase,

but by extrapolation of the low-volume region [198] we can be confident that there

is no point in the ambient-pressure phase diagram where it is the global minimum.

The root cause of the temperature dependence in Figure 5.4 is the much lower in-

trinsic entropy for the orthorhombic and p-tetragonal phases of Ba3Ge4 compared to

tetragonal, summarised in Table 5.4, where the tetragonal phase is again taken as

the reference value. The total change in harmonic phonon entropy, ∆Stotal, for the

transition from orthorhombic to tetragonal phases is -0.042 meV K−1 f.u.−1 (∼0.5 kB,
within the usual range of 0-5 kB for phase transitions) [204]. For the orthorhombic

to p-tetragonal transition it is even lower at -0.054 meV K−1 f.u.−1.
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Figure 5.5: Comparison of temperature dependencies of thermal expansion coefficients
of Ba3Ge4 at ambient pressure. The transition from full to dashed lines indicates the
point where when the [d2α/dT 2]p ≥ 0. Beyond this point, the validity of the QHA
is uncertain according to criteria set out by Wentzcovitch et al. [200, 201]. The
thermal expansion coefficients for the p-tetragonal phase diverge markedly at ∼400
K and the Gibbs free energy is therefore truncated beyond 300 K in this study.
The orthorhombic phase shows only minor signs of divergence above ∼1000 K and
[d2α/dT 2]p < 0 for the the tetragonal phase at all temperatures below the melting
point.
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The trends in ∆Stotal summarised in Table 5.4 are at least qualitatively consistent

with the idea that an increasing degree of polymerisation of the Ge4 chains should

lead to a loss in entropy. However, as we noted in the introduction, there is no loss of

translational entropy associated with the linking of the clusters in the solid state, as

there would be in a molecular version of polymerisation, and the formation of inter-

cluster Ge-Ge bonds in the orthorhombic phase is in any case offset, at least partially,

by the cleavage of the intra-molecular bonds. The vibrational entropy, and therefore

the free energy, is in fact a complex function of all the phonon modes of the lattice.

Figure 5.6 shows the phonon dispersion curves and phonon density of states for the

orthorhombic, tetragonal and p-tetragonal phases of Ba3Ge4. The density of states

plots are projected onto the Ge atoms (red) and the Ba2+ ions (grey). Each Ge4
6–

unit has 3N − 6 = 6 vibrational modes, of which 5 correspond to Ge-Ge stretches

and the sixth to a wagging motion of the wingtips of the Ge4 ’butterfly’.

These six vibrational modes are illustrated in the top panel of Figure 5.6 for the

isolated Ge4
6– cluster: they range in frequency from 7.63 THz (a stretching mode of

the (3b)Ge-(3b)Ge bond) to 2.59 THz (the wagging motion of the wing-tips noted

above). The corresponding frequencies for the Si4
6– cluster, shown in Figure 5.7, are

higher, reflecting the stronger Si-Si bonds and the lower mass of Si. The phonon

modes of the Zintl phases can be separated into those involving relative motion of the

cations and anions in the lattice, found at low frequencies, and those related to the

six internal vibrational modes of each Ge4
6– unit. There are four Ge4 units per unit

cell, and so each of the fundamental modes generates four linear combinations in the

dispersion curve, giving 24 modes in total. The high-frequency regions of the phonon

dispersion curves for both phases are dominated by the five linear combinations of

the Ge-Ge stretches, 3a1, 1b2, 1b1, 1a2 and 2a1, shown in red. In the tetragonal phase,

these internal modes appear around 7.0 THz, 6.3 THz, 5.2 THz, 5.0 THz and 4-5 THz,

respectively, and the marked dispersion between 4 and 5 THz reflects the coupling

between the 2a1 modes where the largest amplitude of motion is aligned along the

directions of the Ge4 chains. The wagging mode lies in the lower frequency region,

where it is strongly coupled to motions of the Ba2+ ions.

The impact of polymerisation to form the orthorhombic phase is found primarily

in the 4-5 THz region where dispersion of the 2a1 fundamental mode is now seen only

in two of the four linear combinations, corresponding to the vibrations of the unpoly-

merised Ge4
6– clusters along the b axis. The 2a1 fundamentals of the polymerised

chain along a instead form a narrow band around 4.2 THz. Similarly, the two linear

combinations of the 3a1 modes of the unpolymerised chain remain at 7.0 THz, but
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Figure 5.6: Phonon dispersion curves and densities of states for the tetragonal, or-
thorhombic and p-tetragonal phases of Ba3Ge4. The density of phonon states is pro-
jected onto the unpolymerised (full red line) and polymerised (dashed red line) chains
of Ge4 units. Vibrational modes of the isolated C2v-symmetric Ge4

6– anion, computed
with density functional theory with localised Slater-type basis (ADF package, PBE
functional, high-dielectric COSMO solvent model (ϵ = ∞) used to approximate the
confining effect of the cation lattice), are shown for comparison. Note that this iso-
lated model is a crude approximation and the order of vibrational modes may be
different. Frequencies are given in THz, values for Si4

6– are shown in brackets.
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Figure 5.7: Phonon dispersion curves and densities of states for the tetragonal, or-
thorhombic and p-tetragonal phases of Ba3Si4.
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Table 5.4: Harmonic phonon contributions to entropy changes, ∆S between the
tetragonal β phase of Ba3Ge4 and the alternative orthorhombic (α) and p-tetragonal
phases, calculated at 300 K. The total entropy difference is decomposed as ∆Stotal =
∆Sstretch + ∆Sion−ion where ∆Sstretch and ∆Sion−ion is the change in entropy due to
the phonon modes in the high- (>3.9 THz) and low-frequency (<3.9 THz) regions
respectively. The values are given in meV K−1 f.u.−1.

Ba3Ge4 Ba3Si4
tetragonal orthorhombic p-tetragonal tetragonal orthorhombic

∆Stotal 0 -0.042 -0.054 0 -0.007
∆Sstretch 0 0.005 0.013 0 0.018
∆Sion−ion 0 -0.046 -0.067 0 -0.025

the corresponding two modes for the polymerised chain shift to around 6.0 THz. In

the p-tetragonal phase, the dispersion collapses almost entirely as the second chain

polymerises along the b direction, leading to very sharp peaks in the phonon density

of states curve at 4.0 THz.

The clean separation between the internal stretching modes of the Ge4 unit and

the vibrations of the ionic lattice at lower frequency allows us to assess the relative

importance of these different modes to the overall entropy change. By integrating

the partition function over the frequency range 0 –3.9 THz we can compute the con-

tribution of the low-frequency region containing the ionic motions, and the wagging

mode of the Ge4 butterfly (which we anticipate will be broadly unchanged by the

polymerisation) to the entropy (identified as ∆Sion−ion in Table 5.4). The difference

between this and the total ∆S obtained from integrating over the entire energy range

can then be associated with the contribution of the Ge-Ge stretches, ∆Sstretch. The

data in Table 5.4 show very clearly that the subtle changes in the high-frequency

modes linked directly to the polymerisation make negligible contributions to the to-

tal entropy difference which is, instead, dominated by changes in the densely packed

low-frequency region associated with the relative motions of the Ba2+ and Ge4
6– ions.

The most significant factor in determining the relative entropies appears, therefore,

not to be the polymerisation of the Ge4 units per se, but rather the accompanying

∼2% compression of the unit cell, which causes the modes to harden due to the en-

forced close approach of the ion cores [27, 206]. To validate this assertion, we have

recomputed the entropy and its components for the orthorhombic phase with the cell

volume constrained at 220.5 Å3 f.u.−1 (the optimised value for the tetragonal phase),

and indeed we find that the difference in entropy almost vanishes (0.005 meV K−1

f.u.−1).
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Figure 5.8: The pressure-temperature phase diagrams of Ba3Ge4 and Ba3Si4 con-
structed from the Gibbs free energy calculated within the QHA. Green, magenta
and cyan indicate the regions of stability for the orthorhombic, tetragonal and p-
tetragonal phases, respectively. The temperature range in Ba3Si4 is truncated at 300
K, beyond which the orthorhombic phase becomes dynamically unstable.

5.3.3 Pressure-temperature phase diagram

Figure 5.8 shows the phase diagram for Ba3Ge4 and Ba3Si4 as a function of pressure

and temperature. At ambient pressure, the orthorhombic phase of Ba3Ge4 is stable

up to 930 K, above which the tetragonal phase emerges, precisely as shown in one di-

mension in Figure 5.4. At elevated pressures, the contraction of the lattice parameters

associated with polymerisation increasingly stabilises the orthorhombic and partic-

ularly the p-tetragonal phases as a result of the PV term in the Gibbs free energy.

At 0 K, a transition from the orthorhombic to the p-tetragonal phases is predicted

just above 1.0 GPa, rising to ∼1.5 GPa at 375 K. The critical pressure of ∼1 GPa is

accessible, and indeed modest compared to the computed values of ∼4 GPa for the

orthorhombic to tetragonal phase transition in BaGe2 [167], again reflecting the more

substantial structural changes involved in that case as well as the intrinsically weaker

Ge-Ge bonds in Ge4
6– vs Ge4

4– . For Ba3Si4, in contrast, the tetragonal phase remains

stable until ∼0.6 GPa, above which the orthorhombic phase forms. Our analysis of

Ba3Si4 is restricted to temperatures up to 300 K, above which dynamic instability of

the orthorhombic phase limits the application of the QHA. In the accessible regime,

the gradient of the orthorhombic-tetragonal phase boundary is close to zero, a result

of the smaller differences in ∆Stotal in Table 5.4 for the Si cluster.
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Figure 5.9: Reported structures of Sn5 clusters in high and low temperature phase of
Sr2.04Ca0.96Sn5 from reference [2].

5.4 Elusive bond-stretching isomerism in Ca-doped

Sr3Sn5

At its inception, our goal in this project was to explore vertical periodic trends down

group 14, specifically in the context of the ability of clusters to undergo transitions

that make and break bonds between main-group metals. It was, therefore, with great

interest that we noted a 2005 report of ’incipient bond-stretch isomerism’ [2] in a

closely related system, the mixed Ca/Sr phase Sr2.04Ca0.96Sn5 cluster shown in Fig-

ure 5.9. The all-Sr analogue, Sr3Sn5 adopts the Pu3Pd5 structure (Cmcm, Z=4)

with a network of Sn5 square pyramids,[207] and indeed Sr2.04Ca0.96Sn5 adopts the

same structure at room temperature, with Ca and Sr ions disordered over the cation

sites. Within the Wade-Mingos framework, the arachno square pyramidal geometry

is consistent with a Sn5
4– state rather than the 6- encountered here. Fassler, Nesper

and co-workers have analysed the electronic structure of Sr3Sn5 and its Ba analogue

in some detail and noted that the additional two electrons occupy antibonding states

near the Fermi level, causing an elongation of the bonds between the apical and basal

Sn atoms (3.15 Å compared to 3.01 Å for the basal-basal distances). The Sn5 units

in Sr2.04Ca0.96Sn5 are linked via Sn-Sn contacts between basal sites (3.343 Å) and

between apical and basal sites (3.785 Å) which are only marginally longer than the

average intra-cluster Sn-Sn bond lengths of 3.08 Å. The corresponding inter-cluster

distances in Sr3Sn5 are approximately 0.08 Å longer, consistent with the larger ra-

dius of Sr2+ vs Ca2+. At 100 K, however, the authors reported a structural distortion

where the base-base distance increases to 4.05 Å while the base-apex contact contracts

marginally to 3.603 Å. At the same time, the intra-cluster base-base bonds contract

from 3.016 Å to 2.744 Å and the square base is distorted to a rhombus with one short
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diagonal Sn-Sn distance of 3.411 Å. Prompted by the striking similarities between the

structural patterns summarised in Figure 5.9 and those in the Ba3Ge4 case, particu-

larly the apparent interplay between inter- and intra-cluster bonding, we used density

functional theory to probe the potential energy surface for an idealised model with

composition close to the experimental one, Sr2CaSn5 with the Ca2+ and Sr2+ ions

distributed over the cation sites. Optimisations starting from the high-temperature

structure converged without difficulty on a geometry that closely approximates exper-

iment: the average intra-cluster Sn-Sn bond lengths are 3.10 Å, while the base-base

and base-apex inter-cluster contacts are 3.3 Å and 3.8 Å, respectively. However,

all optimisations started from the 100 K structure reported in reference [2] reverted

back to the high-temperature form. Even with the lattice parameters fixed at the

100 K values reported in the paper, the atomic arrangement corresponding to the

high-temperature structure is substantially more stable. In short, our analysis of the

electronic structure does not offer any plausible explanation for the existence of the

low-temperature structure. One possible resolution to this puzzle emerges from a

close analysis of the data presented in the supporting information in reference [2].

The space groups of the 273 K and 100 K structures are identical (Cmnm), as are

the volumes of the unit cell (other than the anticipated thermal expansion at higher

temperatures). The individual lattice parameters are also rather similar, other than

the fact that the a and b parameters have exchanged places: in the 273 K structure, a

= 10.5178(9) Å and b = 8.4789(8) Å while for the 100 K experiment, a = 8.4256(13)

Å and b = 10.4659(16) Å. If the a and b axes are swapped in the 100 K structure, all

three lattice parameters contract by approximately 0.6%, and the structure of the Sn5

cluster is very similar to that in the 273 K structure, save for a uniform contraction

in all Sn-Sn bond lengths. In the absence of support from theory, it seems likely,

therefore, that this particular report of bond-stretch isomerism is a crystallographic

artefact.

5.5 Summary and conclusions

This chapter explored the electronic origins of bistability in the Zintl phase Ba3Ge4,

where experiments show a transition at 630 K from a tetragonal phase to an or-

thorhombic one, where half of the Ge4 tetrahedra are polymerised in a 1-dimensional

chain. The energetic balance between the two phases is delicate, with the competing

effects of making and breaking Ge–Ge bonds, along with changes in cation/anion in-

teractions, combined to make the overall internal energy change less than 0.11 eV per
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f.u. The challenges in accurately capturing these competing effects are illustrated by

the functional dependence of the relative energies of the orthorhombic and tetragonal

phases. The optBP86b-vdW functional correctly predicts the orthorhombic form to

be the most stable at 0 K, but others predict that either the phases are effectively

iso-energetic or even the tetragonal phase is more stable. In contrast, analogous cal-

culations for the corresponding silicon compound, Ba3Si4, show a strong preference

for the (unpolymerised) tetragonal phase, which is indeed the only phase that has

been observed experimentally. An analysis of the phonon modes for Ba3Ge4 confirms

that the tetragonal phase, where the Ge4 units are not linked, is entropically favoured

over the other isomers, leading to a predicted transition temperature of 930 K com-

pared to 630 K measured experimentally. The phonon spectrum can be separated

into five Ge–Ge stretching modes at a relatively high frequency (above 3.9 THz) and

modes involving the relative motion of the cations and anions at lower frequencies.

The making and breaking of Ge–Ge bonds appear to have only a minor impact on

the differences in entropy, the major contribution coming instead from changes in the

frequencies of the anion/cation vibrations caused by the contraction of the lattice

upon polymerisation.
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Chapter 6

Summary

This thesis explores the electronic structures and reactivity of clusters under vari-

ous conditions, including in the gas phase (Chapter 3), on the surface of a substrate

(Chapter 4) and embedded in an ionic solid (Chapter 5). Chapter 3 is concerned with

the reactivity of coordinatively and electronically unsaturated Ru4 carbonyl hydrides

towards an alkene, 1-hexene in the gaseous phase. Both DFT and LNO-CCSD(T)

electronic structure methods are used to identify the global minimum structures of the

partially-ligated clusters and to calculate accurate potential energy surfaces for their

reactions with 1-hexene. The optimal structures can be explained using the frontier

orbital theory, and the trans influence of Ru-Ru bonds plays an important role in

determining the structures. Moreover, the increased reactivity of [H3Ru4(CO)9]
– is

proposed to originate in the combination of hydride ligands to release H2, preventing

the micro reversibility of the 1-ne dehydrogenation step. This chapter highlights the

importance of understanding the precise number and location of binding sites in the

partially deligated clusters. Chapter 4 moves on to consider the interactions of Ru3

SCCs with various models for an N-graphene support: pyrrolic-N4, pyridinic-N4 and

pyridinic-N6. DFT is used to determine the stability and therefore concentration of

each model defect, as well as to analyse the underlying electronic structures. The

pyrrolic-N4 model proves to be the most effective N-graphene support, with signif-

icant interactions of π symmetry. The change in the stability of the cluster when

it is oxidised is related to the change in the occupancy of π bonding bands, and a

reaction mechanism of alcohol oxidation with oxo species is proposed. This chapter

highlighted the importance of substrate structures in modelling the support interac-

tions, and consequent reactivity of the cluster. In Chapter 5, phonon frequencies of

Zintl phase Ba3Ge4 were calculated with DFT and the origin of structural phase tran-

sitions was explored. Several DFT functionals were tested for their ability to predict

the most stable phase and geometries of different phases, and the vdW functional
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optB86b-vdW proved to be optimal for this task. Based on the analysis of phonon

dispersion curves and the decomposition of entropy, it was found that it is the volume

that drives the phase transition between polymerised and unpolymerised phases. The

possibility of the third phase, p-tragonnal phase, was also speculated. This chapter

highlights the crucial role of thermal effects on the structure and stability of clusters.

Such an understanding of the relationship between local atomic environments and

the reactivity of clusters is important for gaining a deeper insight into catalysis and

for building predictive models to facilitate a faster and more efficient discovery of

catalysts. These include high-throughput screening of compounds with given proper-

ties, as well as data-driven approaches, such as machine learning, to inversely design

catalysts for a targeted chemical reaction.
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Appendix A

Anderson-Newns-Grimley model

A.1 A brief overview

The Anderson-Newns-Grimley (ANG) model can be used as an alternative way to

illustrate the interactions between an adsorbate and the surface of metals [208, 209].

In this model, a model Hamiltonian for an adsorbate-substrate system is considered,

given as

Ĥ = ϵa |a⟩⟨a|+
∑

k

ϵk |k⟩⟨k|+
∑

k

Vak |a⟩⟨k|+ h.c. (A.1.1)

where |a⟩ and |k⟩ are adsorbate and substrate states respectively, and h.c. denotes

hermitian conjugate. In this Hamiltonian, the first and second terms can be thought

of as unperturbed Hamiltonians for the adsorbate and substrate states respectively,

and the third and fourth terms can be thought of as coupling terms between two

sub-systems. The Schrödinger equation can be solved within the Green’s function

approach and the density of states projected onto the adsorbate orbital is expressed

as

ρa(ε) =
1

π
Im ⟨a|G(ε)|a⟩

=
1

π

∆(ε)

[ϵ− (εa + Λ(ε))]2 + ∆(ϵ)2

(A.1.2)

where

∆(ε) = π
∑

k

|Vak|2δ(ε− εk) (A.1.3)

and

Λ(ε) =
1

π
p.v.

∫ ∞

−∞

dε′
∆(ε′)

ε− ε′ (A.1.4)

are called the chemisorption functions, with Λ(ε) being the Hilbert transform of ∆(ε)

and p.v. denoting the Cauchy principal value of the integral. If the coupling con-

stants between adsorbate and substrate states Vak in equation A.1.3 are assumed to
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Figure A.1: Illustration of interactions between an adsorbate and substrates and
graphical solutions to the ANG model. The DOS of (a) s-band and (b) d-band and
their influence on the PDOS of the adsorbate after the chemisorption. Graphical
solutions to the model in case of (c) wide metal bands and narrow metal (d) bands
(indicated in red). The yellow lines indicate the chemisorption function Λ(ε) and
dotted blue lines show the linear function ε− εa. An intersection between these two
functions causes the PDOS to peak at that point. Figures adapted with permission
from reference [210], Springer Nature.

be constant for all k, then the expression for ∆(ε) would be just the density of states

on substrate scaled by a constant. By inspecting the expression of PDOS in equation

A.1.2, we expect two major different outcomes depending on the shapes of density

of states on metal, and the graphical illustrations are depicted in Figure A.1. The

first outcome is a development of resonance by the adsorbate with a wide metal band

composed of mostly s orbitals in Figure A.1a. This is illustrating that delocalised

electrons in metal significantly resonate with the adsorbate orbital, resulting in the

broadening of states in PDOS. The second outcome is a split of these renormalised

states into two as a result of strong coupling with a narrow d-band on metal, as

illustrated in Figure A.1b. This scenario is reminiscent of formations of bonding and

antibonding states in the frontier orbital theory that was discussed earlier, but the

resulting orbitals are broadened due to resonance. It is also worth noting that, while

we made a wild approximation to the chemisorption function for this discussion, the

roles of orbital overlaps can be incorporated in Vak. Hence, the adsorption on the

metal surface can be qualitatively inspected in terms of orbital interactions, with oc-

cupations of (anti)bonding bands (dis)favouring the adsorption. Nevertheless, in both
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cases, the ANG model provides an insight into adsorbate-substrate interactions that

are unique to solids. Since it was introduced, there have been further developments

of several models based on the ANG model to predict the reactivity of metal sur-

faces, namely d-band reactivity theory and its variations [211–214]. However, these

models are inadequate for complex multi-component systems, and also neglect the

electric effects of adsorbate induced on its local environment on the substrate [215].

Nevertheless, they have been widely applied to qualitatively evaluate the reactivity

of various novel catalysts, such as single-atom catalysts [150] and single-atom alloys

[210].
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