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Abstract

Incremental Sheet Forming (ISF) is a progressive metal forming process, where the de-
formation occurs locally around the point of contact between a tool and the metal sheet.
The final work-piece is formed cumulatively by the movements of the tool, which is usu-
ally attached to a CNC milling machine. The ISF process is dieless in nature and capable
of producing different parts of geometries with a universal tool. The tooling cost of ISF
can be as low as 5–10% compared to the conventional sheet metal forming processes. On
the laboratory scale, the accuracy of the parts created by ISF is between ±1.5 mm and
±3 mm. However, in order for ISF to be competitive with a stamping process, an ac-
curacy of below ±1.0 mm and more realistically below ±0.2 mm would be needed. In
this work, we first studied the ISF deformation process by a simplified phenomenal linear
model and employed a predictive controller to obtain an optimised tool trajectory in the
sense of minimising the geometrical deviations between the targeted shape and the shape
made by the ISF process. The algorithm is implemented at a rig in Cambridge University
and the experimental results demonstrate the ability of the model predictive controller
(MPC) strategy. We can achieve the deviation errors around ±0.2 mm for a number of
simple geometrical shapes with our controller. The limitations of the underlying linear
model for a highly nonlinear problem lead us to study the ISF process by a physics based
model. We use the elastoplastic constitutive relation to model the material law and the
contact mechanics with Signorini’s type of boundary conditions to model the process, res-
ulting in an infinite dimensional system described by a partial differential equation. We
further developed the computational method to solve the proposed mathematical model
by using an augmented Lagrangian method in function space and discretising by finite
element method. The preliminary results demonstrate the possibility of using this model
for optimal controller design.
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Chapter 1

Introduction

As this thesis describes a novel manufacturing process, this chapter gives a brief back-
ground introduction to the sheet metal forming processes, before presenting a detailed ac-
count of the incremental sheet forming process (ISF). Further analysis of essential mechan-
ical properties of this process together with the challenges of the ISF process are described
for subsequent chapters. We conclude this chapter with a summary of the contributions
of the thesis.

1.1 Sheet Metal Forming Processes

Manufacturing has long been an important sector of the economy and even following the
modern information era, it maintains its position. In the UK, manufacturing contributes to
11% of GDP as reported in 2010 [1]. Among the materials used in manufacturing processes,
a large proportion of steel and aluminium is used as shown in Table 1.1. Metal products
range from car to aircraft, from heavy machinery to window frames, from beverage cans
to needles (see Figure 1.1), are almost everywhere in human society. The processing of the
metal has to start from the very form of ore, then go through first the furnace to become
metal liquid, and a further steelmaking process to remove any impurities and add in any
alloying elements. Subsequent casting processes then shape the metal into the bulk form,
after which a rough product is created.

Material Unit(MTons)
Iron(steel) 768
Aluminium 18
Copper 11
Zinc 7
Lead 5
Nickel 0.7
Polymers 85

Table 1.1 Material used worldwide, data from [2]
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Once a piece of unformed metal is produced, depending on its dimension, we may adopt
either bulk-metal forming or sheet-metal forming process to obtain a finer geometrical
shape. Bulk metal forming processes are usually one of the following: forging; rolling;
extrusion and drawing as shown in Figure 1.2 (more detail can be found in [3]). In
this research, we focus on the sheet-metal forming, where the metal has a much smaller
dimension in one direction. The incremental sheet forming process we are interested
actually has roots in some common sheet-metal forming processes, a selection of which are
described in the following sections.

Figure 1.1 Various metal products

Figure 1.2 Four basic bulk-metal forming processes: (a) rolling, (b) forging, (c) extrusion, (d)
drawing.
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1.1.1 Bending

Bending is one of the most important forming operations in industry, as it forms the
basis of some major products: automobile bodies, appliance etc. It is characterised by
the elongation of the outer surface and compression of the inner surface by pre-designed
dies. Figure 1.3 (a) depicts one of the possible operations, in which the work part is forced
into a V-shape by a punch, illustrating that both stretching and compressive forces are
present. One prominent phenomenon is the springback effect following the removal of the
punch, as shown in Figure 1.3 (b), where the angle of the shape becomes larger than that
is when the punch is in contact. In practice to compensate springback, one of the following
methods are applied: first, an “overbend” is applied to the sheet, where the amount of
the overbend is determined by trial and error; second we may coin the bending area with
a high compressive force exerted on the tip of the punch when in contact with the metal
surface, which is known as bottoming.

Figure 1.3 Sketch of a typical bending process: (a) the punch in action (b) upon removal of the
punch, springback occurs

1.1.2 Spinning

In the spinning process, a disc or tube of metal is rotated at high speed and formed
into an axially symmetric part by tools, which, in many cases, allows the production of
symmetric products without requiring expensive dies. In Figure 1.4, we illustrate both the
conventional (manual) spinning and shear spinning. In the former, a blank of sheet metal is
held against a rotating mandrel (shown in Figure 1.4) and deformed by a tool that is moved
manually over the mandrel. The thickness of the metal remains more or less unchanged
during the processing. This process is particularly suitable for conical and curvilinear
shapes. Shear spinning on the other hand can achieve the same goal in a relatively shorter
period of time by using an automated controlled roller. Since shearing is the dominant
force involved in this process, the thickness of the sheet metal becomes thinner towards the
edge compared to the centre (the assumed starting point). In addition, a cooling system
may be necessary to remove the heat generated due to friction. The connection between
spinning and incremental sheet forming process will become apparent in the thesis.
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Figure 1.4 Two spinning processes illustration: a) conventional spinning, manual, multi-pass; b)
shear spinning, computer aided, one pass.

1.1.3 Deep Drawing

Deep drawing is one of the stamping processes, which is performed by pushing sheet
metal into a die cavity with a punch, shown in Figure 1.5. The sheet metal usually is held
against the die by the blankholder and it undergoes significant amount of drawing by the
mechanical action of the punch. The mechanics of this process are much more complex
than bending or spinning.

As the punch proceeds, the metal around the corners of the die first experience bending
action (see Figure 1.5 (ii)), and it then becomes straight further down along the wall
(Figure 1.5 (iii)). Together with the compressive force acting on the blankholder and a
shorter perimeter of the metal piece, in the later stage of this process, the flange thickens
(Figure 1.5 (iii)) before the process finishes (Figure 1.5 (iv)). Usually, the metal flows
unevenly from the peripheral region towards the drawn area. For example, for a square
flat sheet, more metal flow occurs around the side edges than that of the corners. As a
result, to produce parts with better smoothness, in practice quite often an initial trial-
and-error optimisation of metal sheet shape is required. A more detailed account of the
metal flow in this process can be found in [4]. Commercial applications of this forming
method often involve complex geometries with straight sides and radii, such as automotive
bodies, aircraft components, utensils, etc.

1.1.4 Dies and Stamping

The metalworking process that uses punches and dies is quite often referred as stamp-
ing process, which could be one of the previously described processes such as bending,
deep drawing or a combination of those processes. The sheet metalworking operations are
performed on a machine called stamping press (to distinguish from the forging and ex-
trusion press used in bulk-metal forming processes), where the tooling is a punch-and-die
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Figure 1.5 Deep drawing process illustration: (i) initial configuration, (ii) bending action in the
corners, (iii) flange thickening and straightening in the wall, (iv) final configuration.

assembly. Apart from the difference in geometries of the dies, due to the nature of the
different stamping processes, dies can be different in terms of how they function in a single
press. The simple die performs a single operation with each stroke of the press. However
compound, combination and progressive dies can be more complex and may involve more
than one work station, see [4] for a detailed account. Although it is not our interest to in-
vestigate every possible configurations of the dies and punches, we do need to point out the
cost of designing a die. In [3] takes an example of making a cup-shaped part to illustrate
the economical considerations behind the choice of a proper metal forming process. As
this part can be made from either deep drawing, or conventional spinning. The difference
of die costs between these two processes are significant and a die cost-per-part in drawing
will be high for a few parts but the time needed is much shorter and the breakeven number
suggested in [3] would be 700.

1.2 Incremental Sheet Forming Process

Having described some alternative metal forming operations, in this section, we introduce
the incremental sheet forming (ISF) process and point out the technical advantages over
the conventional forming methods, mainly stamping process, and the challenges faced by
ISF before it can be widely adopted by industry.

1.2.1 Process Description

Incremental sheet forming is a progressive metal forming process, where the deformation
occurs locally around the point of contact between a tool and the metal sheet. The final
work-piece is formed cumulatively by the movements of the tool, which is usually attached
to a CNC milling machine. The basic elements of a single point ISF scheme are shown in
Figure 1.6. The sheet metal is clamped by two blank holders and the tool moves with a
feed velocity and forming force, whose trajectory is determined by a higher level planning
unit. The “single” point refers to the sole forming tool employed in the configuration, as
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we shall see shortly there are possibilities to use more. Figure 1.7 shows a single point ISF
machine used for research at Cambridge University [5].

Figure 1.6 Single point ISF process illustration with both side and top views: F is the metal
forming force, v is the tool feed and ω is the spindle rpm; the tool motion is usually
described and controlled in the Cartesian coordinates. x-y plane is usually labelled as
the sheet plane. [6, 7]

Figure 1.7 Single point ISF machine at Cambridge University: (a) the whole mechanical system,
(b) the tool in action

1.2.2 Historical Review

As described in previous sections, most metal forming methods require a set of punch and
dies or mandrels, which are both costly and time consuming to make. Also, the additional
tooling change-over increases the total lead time in the whole manufacturing process and
thus compromises its efficiency. The ISF process, however, is dieless in nature and capable
of producing different parts of geometries with a universal tool. The tooling cost of ISF
alone can be as low as 5–10% compared to the conventional sheet metal forming processes
[8]. The earliest invention that resembles the concepts of ISF is believed to be a patent
by Leszak [9] in 1967 as shown in Figure 1.8. In that patent, it is specifically stated the
object of the invention is to form the ductile sheet metal into “the desired configurations
of conic section shapes of revolution utilizing simple inexpensive tooling. [9]”

There are a number of possible variants of the single point ISF processes, such as two
point forming tools (partially aim to speed up the process) and in some cases, supports
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Figure 1.8 Leszak apparatus [9]

or partial dies can be provided to improve the final finish, see Figure 1.9. [7] provides a
good account of the ISF development history and its other variants.

counter tool

(d) Two point
incremental forming
(full die); TPIF

full diepartial die

(c) Two point
incremental forming
(partial die);

blankholder motion

TPIF

(b) Incremental Forming
with counter tools

forming tool faceplate

sheet

(a) Single Point
Incremental Forming;

stationary blank holder

SPIF

counter tool

(d) Two point
incremental forming
(full die);

full die
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partial die

(c) Two point
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(partial die);

blankholder motion

TPIF

(b) Incremental Forming
with counter tools

forming tool faceplate

sheet

(a) Single Point
Incremental Forming;

stationary blank holder

SPIF

Figure 1.9 variants of ISF processes (from [10])

Like the conventional spinning process, ISF can follow conic paths and produce sym-
metric parts, but ISF is also sufficiently flexible to make complex asymmetric geometries
and the ISF process is regarded as one of the sustainable manufacturing methods [11].
Since it is suitable for customised production, ISF can also be used as part of a flexible
manufacturing system [12]. In the case of iterative operations in the design phase or rather
the rapid prototyping, when the errors have been found and changes have to be made, ISF
can play an important role. From a wider perspective, as documented by [13] the challenge
of sustainable material manufacturing in a world in wake of rapid population growth and
limited resources is urgent, and ISF does have something to offer in this respect.

On the other hand, we should also note that the deformation time alone in ISF is
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longer than that of the conventional operations since it is a progressive process. In fact,
the stamping process may take just seconds to complete a single stroke action whilst the
ISF may well take a couple of minutes to hours. This is part of the reason that ISF is
more suitable for small batch production, while stamping is preferred for mass production.
However, the real challenge of ISF process, is that the geometric accuracy of the shapes
made through ISF process is relatively poor. In the following sections we will extensively
address this issue starting from an introduction to the mechanical behaviour of materials.

1.3 Mechanics of Materials

In this section, we aim to discuss the mechanical behaviours and properties of the materials
used in ISF process: the concept of plastic deformation, formability issues, and springback.
The general behaviour of the material under various loading conditions is studied in the
context of material mechanics [14], where the objective is to understand the mechanics of
materials by determining the stress, strain and displacement states of the material given
the external loading condition.

1.3.1 Concepts of Stress and Strain

Stress and strain are the two basic concepts for mechanical analysis. Stress is a measure
of the exerted force acting on a body and is defined as the intensity of force, F , at a point
[15]:

σ = ∂F/∂A, as ∂A→ 0,

where σ denotes the stress and A represents the area over which the force acts. Note that
we are considering the one-dimensional (uniaxial) case. Strain describes the deformation
state compared to its original dimension. Assume a body deforms with initial distance
between two points l0 that has changed to l (l 6= l0), then the engineering strain ε can be
defined as

ε = l − l0
l0

= ∆l
l0
.

Alternatively, the natural or true strain defined from strain increment as

dε = dl/l,

and upon integration, we can write as

ε =
∫ l

l0
dε =

∫ l

l0
dl/l = ln l

l0
.
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In case of three-dimensional stress and strain, a formal introduction is given in Section 3.1,
here we assume already know their components in Cartesian coordinates as

[
ε
]

=


εxx εxy εxz

εyx εyy εyz

εzx εzy εzz

 , [
σ
]

=


σxx σxy σxz

σyx σyy σyz

σzx σzy σzz

 , (1.1)

where for the indices, the first one indicates the direction of the source is exerting and
the second index indicate the direction of the effect of this source (c.f. Section 3.1). A
transformation of coordinates of ε, σ can be applied so that only the diagonal components
are non-zero, which are called the principal stress and strain. The largest and smallest
values are correspondingly termed major and minor stress/strain.

The relation between stress and strain is usually characterised by a constitutive equation
or constitutive modelling, whose exact form depends on the nature of the deformation and
the underlying material properties. We shall elaborate on this later. In section 3.1, we
will revisit these two concepts through the view of theoretical physics by tensors and more
details will be provided there.

1.3.2 Material Behaviour under Loading

For simplicity, consider the typical mechanical behaviour of a metal specimen under uni-
axial tension. The strain-stress relation can be idealised as a strain-stress curve shown in
Figure 1.10. At first, the material behaves linearly as the load is increased before reaching
point A. This linear region is called the elastic region, where the material will retrieve to
the original state O upon removal of the load. The relation between stress and strain is
well known as Hooke’s law,

σ = Eε, (1.2)

where E is the Young’s modulus, whose value can be simply determined from the slope
of linear portion of the stress-strain curve, OA. Further along the stress-strain curve,

Figure 1.10 Idealised stress strain curve of the elasto-plastic material behaviour in uniaxis case.
OA elastic deformation, after A plastic deformation in which the solid line represents
linear hardening and dashed line represents perfect plasticity.

permanent deformation occurs after the point A . If at point B the load is removed, a
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plastic strain εp (OC in the diagram) will remain in the specimen, whilst the counterpart
elastic strain εe (CD in the diagram) is fully recovered. The total strain ε at state B is
the sum of the two:

ε = εp + εe. (1.3)

This is the classic additive decomposition of strain [16] and the strain achieved at this
state is given by

σ = Eεe = E(ε− εp). (1.4)

The stress at point A, σy, is called the yield stress as the plastic deformation of the material
begins. In reality, the deformation in the plastic region increases in time at constant stress.
The material may be regarded as strengthened or hardened by the plastic deformation.
The increase in stress during the plastic deformation is termed work-hardening or strain-
hardening. To simplify understanding of the plasticity behaviour, sometimes a perfect
plasticity model where the hardening effect is neglected is used, which is shown as the
dashed line in Figure. 1.10. As the force is further applied, the stress can reach the largest
value, which is called the ultimate stress. In a force-controlled test, the specimen will
break at this point, whilst the specimen will experience a period of stress decrease after
this point before it reaches fracture stress in a displacement-controlled test.

In the context of deformation, elastic theory studies the behaviour of the specimen
as it undergoes only elastic deformation while plastic theory studies the behaviour of
the plastic deformation. Elasto-plastic theory deals with the case when both elastic and
plastic deformations are involved. In a metal forming process, it is the plastic deformation
that allows the final shape to be made. The springback phenomenon, which accounts the
retreat of the deformation state upon removal of the external force/tooling, and causes
the geometrical defects, is the direct effect of elastic deformation.

1.4 Issues Concerning the ISF Process

1.4.1 Formability

As illustrated in previous section, excessive force would cause fracture, and in the metal
forming process, this is known as the formability issue, which refers to the ability of sheet-
metal material to be made into desired shape without breakdown or “losing its integrity”,
i.e. excessive thinning and fracture [17]. The formability of metal forming is investigated
through strain analysis and usually a Forming Limit Diagram (FLD) is employed. The
FLD provides a basic measurement for formability criteria in which the major and minor
strain is recorded at the occurrence of material failure. Generally, a series of tests is
needed to indicate different major-and-minor strain ratios. An example of FLD is drawn
in Figure 1.11 (a), where the minor and major strain are measured relative to their original
values and plane strain is assumed. Experimentally, a popular method is the circle grids
making method, in which the sheet is marked with circle grids before deforming and the
forming process continues until the sheet fracture occurs and the strain distribution can
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be seen from the circle elongation. Figure 1.11 (b) demonstrates one of these results.

Figure 1.11 (a) sketch of a common metal sheet forming limit digram (FLD) (modified from
[18]), (b) incremental sheet metal formability test by circle grids marking method,
from[19]

Usually, manufacturing with the ISF process starts from desired shapes in the form of
CAD data, the formability study will allow the high level planning unit to decide whether
the shape can be made or not.

Studies in [20, 21] have identified that plane strain happens close to the corners and
intersections between flat surface, and the formability of the ISF process can be described
with the index maximum wall angle. A table of material with initial thickness and max-
imum draw angle is listed in [6]. The investigations of the ISF formability issue lead to
the general conclusion that the achievable strain is far larger than that has been shown by
the normal metal forming limit curves, although the reason for this has been attributed
very differently. [22] provides an overview, but [15] believes it is the high normal force
on the tool and that each element undergoes bending and reverse bending so the strain
path is not monotonic; [23] attributes the effect to the dominance of plane-strain. In [21],
five sheet metal mechanical properties were studied, namely strength coefficient, strain
hardening coefficient, normal anisotropy index, ultimate tensile strength and percentage
elongation. The study claims that the material formability in incremental forming depends
substantially on strain hardening coefficient and the percentage elongation.

1.4.2 Geometrical Accuracy

On the laboratory scale, the accuracy of the parts created by ISF is between ±1.5 mm
and ±3 mm [6]. However, in order for ISF to be competitive with a stamping process,
an accuracy of below ±1.0 mm and more realistically below ±0.2 mm would be needed.
Geometrical accuracy of the shape made by the ISF process has been studied in a number
of papers, such as [24].

The major factor with ISF accuracy, as with most other forming processes, is the
springback issue. Springback, as explained earlier, is the effect that the formed sheet
tends to return partially to its original shape upon the removal of the tool from the
contact point of the sheet, i.e. unloading. The springback problem becomes more severe
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with the use of higher strength and lower density (i.e. lower modulus) materials. There is
extensively both analytical [25] and experimental work [26] in this area. As it is essential
to have some ability to predict the springback given an initial product design, we turn to
analytic methods.

Unfortunately, the analytical model in the field of applied mechanics, such as [27], is
confined to very simple geometries, and the forcing actions considered are limited. For
example, in [27] just pure bending and stretching are considered independently. However,
the finite element analysis has been used in [28, 29, 30], and in [30] a truncated cone in
single point ISF with finite element simulation is studied. Quite often the term “finite
element modelling/analysis” in engineering literature has lost its accurate mathematical
meaning. As will be explained later, the finite element method is in fact a numerical scheme
to solve the partial differential equations, but the prevalence of this method is associated
with the application of the commercial finite element software such as Abaquas, and the
work done in this respect is less to do with the underlying mathematical/analytical model,
but more to do with the selection of suitable elements and the improvements made towards
a better, sometimes rather sophisticated integration scheme, such as [31]. Although, we
can draw a large amount of information from the simulation result, in this thesis we will
carefully study the mathematical model behind the method.

The second issue for geometrical accuracy is the wall thinning. As the metal is de-
formed to towards the final shape, the thickness of the material is reduced and the sheet
thickness could vary at different locations at the final state. The wall thinning issue mat-
ters in the sense that the variations occur at different locations could exceed the required
±0.2 mm geometric accuracy tolerance.

Surface smoothness is another issue that is often required for final products, as gen-
erally a smooth surface is favourable, such as a car body panel. In ISF processes, the
final sheet surface usually has unwanted ridges, as illustrated in Figure 1.12. In one case,
the tool incremental vertical step depth, denoted by ∆z in Figure 1.12, has an effect on
surface roughness [6]. It is reported that with a step depth of 0.13 mm, which is 1% of
the tool radius, the ridge virtually disappears . Factors such as the spindle rotating speed,
tool radius and wall angle are also claimed to have effects on the final surface roughness
[6].

One possible method to improve the geometrical accuracy of a shape made by ISF is
to optimise the tool trajectory. The tool trajectory, or path, directly decides how the tool
moves and has a direct effect on final geometric accuracy. The simplest toolpath type is
a contour toolpath in which the desired shape is first scanned or computed into a series of
contours in sheet plane, denoted by x − y plane in Cartesian coordinates, and then the
tool moves along the outermost contour on the sheet, followed by a vertical step depth ∆z
movement in z direction. See Figure 1.13 for reference. An example of the contours of an
irregular shape is shown in Figure 1.14, and this type of contours can be easily computed
from a CAM software. Other types of specific tool trajectories are also being studied [32].
The spiral toolpath proposed in [20] can eliminate the ridges on the product surface and
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Figure 1.12 Illustration of how ridges formed [6]
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Figure 1.13 Contour Toolpath Illustration. ∆x denotes the movement from one outer contour
to an inner one. ∆z denotes the vertical step depth.
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Figure 1.14 An example of contours of an irregular surface shape [6]
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thus produce a better surface roughness. A constant scallop height trajectory, shown in
Figure 1.15, can enhance the final sheet surface quality. Note that the scallop height is
shown in Figure 1.12. To maintain a constant scallop, the vertical step ∆z is constantly
changing and [33] claims that a variable step depth is important to geometric accuracy.
To this end, an extra correction algorithm could be developed. Under this framework,

Figure 1.15 Constant scallop height toolpath [33], where the scallop height is explained in Fig-
ure 1.12

the regular contour toolpath is used to create a part and the formed part is measured. A
deviation vector can be obtained between the target shape and the actual measured shape,
which is then used to correct the original tool path. This process can be applied for several
times until reaching an acceptable tolerance. An extension may be a multipass or multi-
stage forming, where such intermediate shapes are designed beforehand. As an example,
in [34] a method based on a simplified strain model is developed. The intermediate shape
is chosen so that the final shape strain is more uniform, based on an analysis of the desired
shape stains and the predicted strain computed from the simplified strain model.

In addition to improving tool trajectories, other possible routes towards a better geo-
metrical accuracy could be: using supporting dies, cut-out technique at the end of the
production [35], with multiple points acting together and etc. The work in this thesis
focuses only on the single point incremental sheet forming process, without relying on
other mechanical improvements, we aim to push the boundary of the control and enlarge
our knowledge about this fundamentally difficult process.

1.5 Structure and Contributions of the Thesis

Our lines of research lay at the control of the process, with a focus on optimising the tool
trajectory to achieve minimal deviations between desired shape and the final outcome.
We start from Chapter 2 with a closer look at two control methods, namely optimal con-
trol and the model predictive control, then we use a simplified model of the deformation
process in ISF to design a constrained model predictive controller. The implementation
of the controller and the experimental results are presented at the end of this Chapter.
From Chapter 3, we develop a physics based ISF process model and its corresponding
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computational method to obtain a solution. In Chapter 3, we develop the mathematical
ISF model using elasto-plasticity constitutive relation and contact mechanics. In Chapter
4, using methods in finite element and optimisation in function space, we develop a com-
putational method for the mathematical model proposed in Chapter 3. In Chapter 5,
we document the implementation details and produce the numerical results. Finally, we
review and conclude our work in Chapter 6. The main body of the thesis can be regarded
as two parts:

1. the control methodology with a simple linear model (Chapter 2);

2. modelling for ISF with material law and contact mechanics, and the corresponding
computational method(Chapter 3 - Chapter 5).

The structure of the thesis also reflects the contributions of the thesis: the control
methodology on the ISF process; the physics based modelling by casting ISF process as
a contact problem; the computational method for the ISF model. For more summarised
findings of this thesis, refer to the Chapter 6. Part of this work has been submitted as
conference papers:

• Wang, H. and Duncan, S.R. Model predictive based incremental sheet forming
toolpath optimisation. Proc. UKACC International Conference on Control, Cov-
entry, UK, pp. 1172-1177 . 2010.

• Wang, H. and Duncan, S.R. Constrained model predictive control of an incremental
sheet forming process. IEEE Multi-Conference on Systems and Control, Denver,
USA, pp. 1288-1293. 2011.

• Wang, H. and Duncan, S.R. Optimization of tool trajectory for incremental sheet
forming using closed loop control. IEEE International Conference on Automation
Science and Engineering, Trieste, Italy, pp. 779 - 784 . 2011.
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“Nothing is built on stone; all is built in sand. But we must build
as if the sand were stone.”

Jorge Luis Borges
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Chapter 2

Constrained Model Predictive
Control of ISF

In this chapter, we begin to study the deformation of sheet metal material in the ISF
process using a simplified phenomenal model. We employ a predictive controller to ob-
tain an optimised tool trajectory in the sense of minimising the geometrical deviations
between the targeted shape and the shape made by the ISF process. We first present
some background of the model predictive control (MPC) and the closed related optimal
control problem, before addressing modelling the ISF process. The implementation of the
controller and the experimental results are treated in the remainder of the chapter.

2.1 Background on Control Theory

In control theory, we are interested in the states of the control system, which consists of
a number of “interconnected components that provide a desired response”[36], and devise
methods to manipulate these states with controls. For example, the evolution of a finite-
dimensional dynamical system may be modelled by the following ordinary differential
equation (ODE):

ẋ(t) = f (t, x(t), u(t)) , x(t0) = x0, (2.1)

where vector function x(t) denotes the system states at time instant t, x(t0) denotes the
initial system condition, and u(t) denotes the control inputs. The control problem is
then to seek a control law that achieves certain system objectives, such as tracking some
reference signals, satisfying required terminal states, obtaining desired transient dynamical
performances and etc. We start by considering two possible control strategies: optimal
control and model predictive control.

2.1.1 Optimal Control

The optimal control has deep connection with the calculus of variations (see historical
remarks in [37]), where the problem of minimising an integral over all curves are studied,
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such as the classical isoperimetrical problem in which we are to find greatest possible area
formed by a curve of given length , and the most well known one perhaps is Bernoulli’s
brachystochrone problem, also known as fastest descent problem (See Figure 2.1), both of
which can be solved using optimal control theory.

Figure 2.1 (a) The classical isoparametric problem (b) The brachystochrone problem illustra-
tion

The optimal control problem in general consists three parts: first, a performance index
or objective function, typically, it may be written as

J = φ(x(tf ), tf ) +
∫ tf

t0
L(x(t), u(t), t)dt, (2.2)

where φ represents the terminal state costs, and L is responsible for other system per-
formance. Second, a state equation describing the behaviour of the system, typically in
the form of the ODE equation (2.1). Third, various possible constraints, for example the
terminal states are constrained to some prescribed values or as a function:

ψ (x(tf ), tf ) = 0; (2.3)

or the control action u(t) can be also limited within certain set as u(t) ∈ U . The control
objective is then to find a control law that minimise the performance index subject to both
the state equation and the constraints. The existence or the sufficient conditions for an
optimal control are rather cumbersome (refer to [38]) and quite often not of very practical
use. Instead, we focus on the necessary conditions for the optimal solution here, which is
known as the Pontryagin maximum principle1. It is the discovery of this principle that
underpins optimal control. A detailed historical account of the development of optimal
control can be found in [39].

To express the necessary condition for the optimal control problem (2.2), we need to
introduce a function called Hamiltonian as

H(x, u, t, λ) = L(x, u, t) +
n∑
i=1

λifi(x, u, t) = L(x, u, t) + λ(t) · f(x, u, t), (2.4)

1In our work, we reformulate the maximum principle as minimum principle.
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where λ(t) can be viewed either as a Lagrange multiplier or the co-state. Differentiate
hamiltonian function H with respect to λ, we can retrieve the state equation (2.1), which
is

Hλ = ∂H

∂λ
= f = ẋ(t). (2.5)

To simplify the discussion, we assume that there are no terminal and control variable
constraints (in the presence of constraints, additional Lagrange multiplier will be needed
in the Hamiltonian) and suppose u∗(t) is the optimal control and x∗(t) is the corresponding
state, then first we have co-state equation

−λ̇T (t) = Hx(x∗(t), u∗(t), λ(t), t) = ∂H

∂x
, (2.6)

and the terminal condition
λT (tf ) = φx(x(tf )). (2.7)

Pontryagin minimum principle2 requires

H(x∗(t), u∗(t), λ(t), t) ≤ H(x∗(t), u(t), λ(t), t), ∀t in [t0, tf ]. (2.8)

Quite often a weaker condition to (2.8) is used in practice [40] as

Hu(x∗(t), u∗(t), λ(t), t) = 0, or ∂H
∂u

= 0, (2.9)

In practice, following the above necessary conditions to find the optimal control is
limited to simple cases as it is difficult to find the costate that statisfies both the initial
condition and the terminal condition, so more often the optimal control problem is tackled
by the dynamic programming method3, whose core is the principle that regardless of
the initial decisions, states, the remaining decision must remain optimal with the states
resulting from the initial decisions. We define value function V (x, t) as

V (x, t) = min
u

{
φ(x(tf ), tf ) +

∫ tf

t
L(x, u, τ) dτ

}
,

and the dynamic programming principle yields Hamilton-Jacobian-Bellman equation

−∂V
∂t

= H∗(x, ∂V
∂x

, t), (2.10)

where
H∗(x, ∂V

∂x
, t) = min

u

{
L(x, u, t) + ∂V

∂x
f(x, u, t)

}
.

More details can be found in [41]. The above is a sketch of the dynamic programming
method for continuous time system, whilst discrete system problems can be found in [42].

2We have reformulated the Pontryagin maximum principle as a minimum one
3Dynamic programming was originally conceived by Richard Bellman as an effective computational

method for dealing with optimal decision making in discrete-time processes.
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To curcumvent the computational difficulties brought with high dimension, a method of
approximated dynamic programming is introduced in [43].

2.1.2 Model Predictive Control

The earliest control concept that is close to what is known as model predictive control
(MPC) nowadays most likely to have developed in the engineering practice, and the earliest
paper in this regard is believed to be [44], where the term of model predictive heuristic
control is used, other ideas like dynamic matrix control [45], general predictive control [46]
have all contributed to the MPC development. The early success in the industry practice
promoted the theoretical study of the MPC and the subject advanced from the results
in the receding horizon control as the early concern with the stability issue was finally
resolved [47]. The historical development can be found in [48] and applications in process
industries are well documented in [49]. [50] provides a good survey on the stability and
optimality issue.

An illustration of the components of MPC is shown in Figure 2.2. At the heart of the

Figure 2.2 Illustration of the MPC structure

MPC is an inner process model, which takes account of not only past inputs and outputs,
but also the future inputs. Indeed the MPC breaks away from the conventional PID
control by using an explicit model. The other important part of the MPC is the optimiser,
where an optimal control problem is solved except that the optimisation horizon of the
problem usually is finite. The popularity of the MPC is its ability to handle constraints
in a systematic manner, in which constraints of either system states or control actions
can be elegantly included in the optimal control. The prediction horizon of the MPC is
illustrated in Figure 2.3 as a discretised time interval N , which is moving as time elapses.
Model predictive control allows the current control action to be determined not only by
the usual current states but also on future predicted states, subject to various possible
system constraints.
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Figure 2.3 MPC approach with moving horizon.

2.2 ISF Modelling from the Perspective of Optimal Control

In this section, we take a closer look into the ISF process and propose a linearised deform-
ation model that will form the basis of our MPC controller.

Consider making an axisymmetric part, whose final geometry can be captured by a
single profile as illustrated in Figure 2.4. The figure also highlights deviations from the
targeted shape: the flank around the blankholder becomes bent and the minor base part
bends inward, the resulting surface resembles the shape of a pillow and is termed as “pillow
effect” in [24], besides, the wall in-between tends to contract towards the centre. As we
have mentioned before, this deviation is caused by elastic recovery when the tool moves
away from the contact region. A further deviation will occur if the clamped blank holders
are removed.

Figure 2.4 Final deformation in ISF with target and actual shape outlined

Since the ISF is a progressive process, the intermediate geometrical shape due to
deformation depends on the type of trajectory applied. Here, we consider the the standard
contour tool trajectory, referred as contour following method. As an example, a number of
contours of a conic shape is illustrated in Figure 2.5, where the shape of contours are circles
horizontally and placed vertically with a constant distance between the consecutive two.
We treat each horizontal circle as a “layer”, which is determined by the tool movement ∆r,
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Figure 2.5 Contour toolpath of a cone: consecutive layers. Incremental steps in both radial and
vertical directions (∆r and ∆z respectively) are constants in every consecutive layers.

whilst the vertical tool movements ∆z will determine the distance between each layer. This
breakdown is the start point for modelling the ISF process, which amounts to discretise
a continuous tool trajectory into some separated segments. Therefore, the tool movement
in the current configuration starts from the outer side of the sheet and moves in a circle
with initial radius r0, next step inside ∆r, and step up ∆z and moves in another circle
with radius r0 − ∆r, which is shown in Figure 2.5 (tool position numbered with 1, 2, 3).
In the open loop contour following approach, both the radial incremental inputs ∆r and
the vertical incremental inputs ∆z stay constant for different layers.

To work with both ∆z and ∆r for a model that serves the purpose of building a
controller is not easy. Partially for the sake of simplicity, we fix the horizontal incremental
input ∆r as a known variable and work with the vertical incremental step ∆z as our
controller input, denoted by u. If each layer is regarded as one state of the ISF process
(system), then we can regard the ISF process, which in essence deforms a flat sheet to the
desired shape, as a system evolving from the initial state to a desired state. In practice,
for reasons associated with the physical limitations of the material deformation, the target
state cannot be reached, so we require the system to be driven to a region that is close to
the final state as possible. Therefore, this progressive process can be first cast as an finite
horizon optimal control problem [51]:

min
uk:k=0,...,N−1

‖xN − x̂N‖2 ,

subject to xk+1 = f(xk, uk), uk ∈ R1.
(2.11)

where N , is the number of the layers (or steps), xk ∈ Rm is the state of the sheet which
is the geometrical deformation, i.e. the shape profile at layer (step) k in our case, m
indicates the number of points used to discretise a continuous profile, x̂N denotes the
desired final state, i.e. the target shape profile, uk denotes the system vertical inputs,
which shall construct the tool trajectory together with predetermined ∆r and f denotes
a deformation function that models the physical system.

The objective function employs a 2-norm form to ensure an efficient solution, although
other measures could be used. For example, the∞-norm will limit large deviations, whilst
2-norms tend to keep average deviations small but allow large peak deviation [52].

The problem with the optimal control (2.11) is that the system equation xk+1 =
f(xk, uk) is difficult to obtain. To curcumvent this difficulty and construct an approxim-
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ated sheet deformation model, we use the information obtained in the open loop approach,
i.e. apply the standard contour following trajectory, and take measurements about the
deformation after each layer has been completed, so that the function f can be linear-
ised around the set of known states and inputs (x̄k, ūk) by a first order approximation as
following:

xk+1 = f(xk, uk)

= f(x̄k, ūk) + ∂f

∂xk

∣∣∣∣
(x̄k,ūk)

(xk − x̄k) + ∂f

∂uk

∣∣∣∣
(x̄k,ūk)

(uk − ūk)

+ Higher Order Terms,

(2.12)

where the given inputs ūk are the inputs for running a contour following trajectory and the
states x̄k are the recorded corresponding sheet deformations. Given the relation between
the deformation states of two consecutive layers

x̄k+1 = f(x̄k, ūk), (2.13)

then by rearranging and neglecting high order terms of (2.12), we have the approximation

xk+1 − x̄k+1 = ∂f

∂xk

∣∣∣∣
(x̄k,ūk)

(xk − x̄k) + ∂f

∂uk

∣∣∣∣
(x̄k,ūk)

(uk − ūk). (2.14)

Using ∆xk = xk+1 − x̄k+1 to represent the difference, yields

∆xk+1 = Ak∆xk +Bk∆uk (2.15)

where
Ak = ∂f

∂xk

∣∣∣∣
(x̄k,ūk)

, Bk = ∂f

∂uk

∣∣∣∣
(x̄k,ūk)

. (2.16)

As previously mentioned, the state xk used here is the shape profile which can be
represented as a vector and the uk the vertical input is a scalar. Since xk ∈ Rm, then the
function f is the map (Rm,R1) → Rm, and the first order partial derivative Ak ∈ Rm×m

is a Jacobian matrix and correspondingly Bk ∈ Rm×1 is the gradient vector. Given that
the Jacobian matrix is not available, we apply a further approximation by assuming the
deformation function is additive with the form

f(xk, uk) = xk + hk(uk), (2.17)

so that the Jacobian matrix becomes the identity matrix,

Ak = I. (2.18)

and (2.16) can be transformed into

∆xk+1 = ∆xk +Bk∆uk. (2.19)
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In the general open loop method, we set up the tool trajectory, run the process and the
geometrical deformation information at each layer is stored as x̄k. The gradient Bk is then
simply approximated by

Bk = x̄k+1 − x̄k
ūk

, (2.20)

so that
x̄k+1 = x̄k +Bkūk, (2.21)

and combining this with (2.19), we can retrieve the equation directly related to uk, which
is

xk+1 = xk +Bkuk. (2.22)

Assuming that the initial condition is

x0 = 0, (2.23)

then after N steps we have
xN = Bu, (2.24)

where
B =

[
B0 B1 · · · BN−1

]
(2.25)

and
u =

[
u0 u1 · · · uN−1

]T
(2.26)

To ensure the validity of the linearisation around the contour path, the input u is con-
strained to lie in a region that is close to the open loop path, referred as trust region in
[53], which can be expressed by a 2-norm ball constraint

‖u− ū‖2 ≤ R (2.27)

where the R is the radius of the ball, which is set to a small value and has the same unit
with u, i.e. mm (milimeter). On the basis of experimental work and approximations, such
as the one reported in [54] on the linearity issue, the value is chosen as R = 0.2, so that
the deformation of the sheet metal will remain in the formable range. Mathematically,
this constraint is to ensure the validity of the Talyor series expansion in (2.12)

The optimal control problem can be written as

min
‖u−ū‖2≤R

‖Bu− x̂N‖2 . (2.28)

We now deal with the “tool contact” issue, which is directly linked to the gap between tool
position and the sheet. In Figure 2.6, the two curves show two consecutive sheet profiles
during the deformation process. As the tool moves across from position rk to position
rk+1 without any vertical incremental input, the tool will be suspended, which means it
has no contact with the sheet, so the tool will need an additional vertical movement before
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Figure 2.6 To include the “gap” into input value which will be fed to the ISF machine

any deformation occurs. If we denote the actual effective input on the sheet as ũk, then
we have

ũk = uk − (xk|rk+1
− xk|rk), (2.29)

where xk |rk represents the value of xk at point rk. Note that it is uk (without tilde) that
we actually feed into the ISF machine, and following notations with tildes indicate the true
amounts of that quanties come into effect in our system. Define

Jk = [0, 0, . . . , 1, 0, . . . , 0]T , (2.30)

where only the kth element equals to 1. So

JTk xk = xk |rk , JTk+1xk = xk
∣∣
rk+1 . (2.31)

Let
P Tk = JTk+1 − JTk , (2.32)

so that the effective input is
ũk = uk − P Tk xk. (2.33)

Correspondingly, (2.22) becomes

xk+1 = xk +Bkũk = xk +Bk(uk − P Tk xk)

= (I −BkP Tk )xk +Bkuk,
(2.34)

where I ∈ Rm×m is an identity matrix of dimension m-by-m. Define matrix

Ek = I −BkP Tk , (2.35)

so that a compact formula can be formed as

xk+1 = Ekxk +Bkuk. (2.36)
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With x0 = 0 we have

xN = BN−1uN−1 +
N−2∑
k=0

 N−1∏
i=k+1

Ei

Bkuk (2.37)

If we define nominally
N−1∏
i=N

Ei = I, (2.38)

(2.37) can be written in a closed form

xN =
N−1∑
k=0

B̃kuk (2.39)

where

B̃k =

 N−1∏
i=k+1

Ei

Bk. (2.40)

Let
B̃ = [B̃0, B̃1, . . . , B̃N−1] (2.41)

The linear model then becomes:
xN = B̃u. (2.42)

Given Bk and definition (2.32), (2.35), (2.40) and (2.41), B̃ can be computed off-line. For
the constraints in (2.28), from (2.33) we have

ũk = uk − P Tk
k−1∑
i=0

B̃iui. (2.43)

Writing this in matrix form:[
ũ0 · · · ũN−1

]T
= L

[
u0 · · · uN−1

]T
(2.44)

where L is the lower triangular matrix with all diagonal entries set to 1 and the entry at
ith row, jth column is

Lij = −P Ti−1B̃j−1, (i > j, i > 0).

Thus, the ball constraint becomes ∥∥∥Lu− ˜̄u∥∥∥
2
≤ R, (2.45)

where ˜̄u is the actual effective input of the open loop contour tool trajectory. So the open
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loop optimal control problem becomes

arg min
u

∥∥∥B̃u− x̂N
∥∥∥

2

subject to
∥∥∥Lu− ˜̄u∥∥∥

2
≤ R.

(2.46)

2.3 Constrained Model Predictive Control of ISF

We have derived the general open loop model based on the initial state. A general model
predictive control (MPC), however, is based on the current state which is measured as x̄k.
In the sequel, we adopt the standard notation as in [55],

x(k|k) = x̄k. (2.47)

The prediction at step k based on (2.36) becomes

x(k + 1 |k ) = Ekx(k |k ) +Bku(k|k). (2.48)

The prediction horizon is from k + 1 → N , and as k increases, the horizon is shrinking,
which is different from the standard MPC strategy. We can predict the final output x(N |k)
by

x(N |k) = EN−1EN−2 · · ·Ekx(k|k) + EN−1EN−2 · · ·Ek+1Bku(k|k)

+ · · ·+BN−1u(N − 1|k).
(2.49)

Let

Hk = EN−1EN−2 · · ·Ek =
N−1∏
i=k

Ei (0 ≤ k ≤ N − 1) (2.50)

and rewrite (2.49) in a compact form

x(N |k) = Hkx(k|k) + B̃ku(k) (2.51)

where
B̃k =

[
B̃k B̃k+1 · · · B̃N−1

]
(2.52)

and
u(k) =

[
u(k|k) · · · u(N − 1|k)

]T
. (2.53)

At step k, the objective function becomes

min ‖x(N |k)− x̂N‖2 , (2.54)

and substituting (2.51), results in

min
∥∥∥B̃ku(k)− (x̂N −Hkx(k|k))

∥∥∥
2
. (2.55)

The actual effective input ũ(k) at step k is

31





u(k|k)− P Tk x(k|k)
u(k + 1|k)− P Tk+1x(k + 1|k)
u(k + 2|k)− P Tk+2x(k + 2|k)

...
u(N − 1|k)− P TN−1x(N − 1|k)


= L(k)u(k)−D(k)x(k|k), (2.56)

where the lower triangular matrix L(k) has a similar structure with L:

L(k)ij = −P Tk+i−1

 k+j∏
l=k+i−2

El

Bk+j−1 (i > j, 0 < i < N − k) (2.57)

and
D(k) =

[
P Tk P Tk+1Ek · · · P TN−1

(∏N−2
i=k Ei

)]T
. (2.58)

The ball constraint can be expressed in the following form∥∥∥L(k)u(k)−D(k)x(k|k)− ˜̄u∥∥∥
2
≤ R, (2.59)

thus the optimisation problem becomes

min
∥∥∥B̃ku(k)− (x̂N −Hkx(k|k))

∥∥∥
2
,

subject to
∥∥∥L(k)u(k)−D(k)x(k|k)− ˜̄u∥∥∥

2
≤ R.

(2.60)

This optimisation problem, with u(k) to be determined, is a constrained least square
problem, which can be solved efficiently [56]. Only the first element u(k|k) will be applied
in the process at each step before measuring the deformation state for the next step and
repeating this optimisation. Note that the model predictive control method developed
above is a variant of the standard strategy since the prediction horizon is shrinking rather
than constant.

2.4 Implementation

The experimental rig, on which our algorithm is tested, is an CNC machine at Cambridge
University, UK. The sheet metal used in the experiment is 140 mm×140 mm wide, 1mm
thick Aluminium 5251-H22. A hemispherical tool is used, where the diameter of the tool
is 7.5mm as shown in Figure 2.7. To implement the optimisation problem in (2.60), we
need to obtain the online feedback information, which is x(k|k) and the gradient Bk. A
stereo camera is placed below the main frame (due to the mechanical configuration of the
rig, see Figure 1.7) to obtain the measurements in the form of 3D data points of the sheet
metal positions, and by image processing, we can obtain the profiles information online,
as explained below. For the gradient Bk, we run an open loop contour following toolpath,
record the deformation state at each step and compute the Bk by (2.20).
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Figure 2.7 Close-up of the actual tool tip

2.4.1 Target Shapes

In our experimental work, two types of shapes are tested, namely truncated cone (TC)
and the truncated square pyramid (TSP). A 3D truncated square pyramid is shown in
Figure 2.8, in which marked positions A,B and C are to illustrate the profiles. The profile
of a pyramid changes accordingly along the direction A → B → C. In the experiment,

C

B

F

E

A

a

OB

h

D

Truncated Square Pyramid

OT

b

Figure 2.8 Truncated square pyramid: determined by three parameters, two edge-length a, b and
the height h.

we choose a = 100mm, b = 40mm and h = 30mm, thus ∠EBOB = 45◦ and ∠DAOB ≈
35.3◦. Including the truncated cone, the detailed target shape specifications are shown
in Figure 2.9, where the dashed lines denote the ideal target shapes whilst the solid lines
take into account of the tool effect (with the tool tip radius being 7.5 mm).

The contour following toolpath used in open loop for making a truncated square pyr-
amid is shown in Figure 2.10 and the top view of the contour toolpath is given in Fig-
ure 2.11. We can notice that the distances between two adjacent tool positions along
radial directions have different values for different profiles. Denoted by variables ∆1 and
∆2, we have and ∆2 =

√
2∆1.
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Figure 2.9 Target shapes illustration. Top figure shows the profile of a truncated cone and the
lower two subfigures show the truncated square pyramids. The x axis is the radial
direction and the y axis is the z (vertical) direction. The dashed lines denote the ideal
target shapes whilst the solid lines take into account of the tool effect (for truncated
square pyramid,we depicted the middle profiles only here.)
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Figure 2.10 General contour toolpath
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Figure 2.11 Top view of the contour toolpath, ∆1 = ∆r and ∆2 =
√

2∆r.

2.4.2 Image Processing

The measurements of the deformation are obtained using a stereo-camera and the first
step towards implementation is the image processing technique such that the interested
geometrical state of the sheet metal can be obtained. For example, a typical post-processed
camera data of the truncated cone is visualised in Figure 2.12. To obtain the profile of this

Figure 2.12 Visualised camera positional data for a truncated cone made in the laboratory

shape, we have to first identify the centre of the cone from the image data and based on the
centre, we can construct a data matrix that is positioned with the geometrical centre and
correspondingly obtain the profile information from two diagonal lines (3− 3′ and 4− 4′)
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and two middle lines (1−1′ and 2−2′) as illustrated in Figure 2.13. Before introducing the

Figure 2.13 Illustration of profile computation. The diagram is an illustration of the square
matrix from camera data. 0 is centre position, directions 1− 1′ and 2− 2′ represent
the middle profiles, 3 − 3′ and 4 − 4′ are the diagonal profiles. The final profile is
computed as an average of all four directions.

method to obtain the centre, we gives more information about how to obtain the square
matrix as the original image from camera data looks like Figure 2.14 (a), which contains
abundant information about the frame and other parts of the system. We attach three
white stickers onto the frame, which roughly outlined the interested region (a square).
The first task is to obtain their location from the camera data. The three points are first
separated out from the rest by the pixe darkness, resulting Figure 2.14 (b), where some
of noise is present. Next, we adopt a standard image processing technique by first erosion
shown in Figure 2.14 (c) and then dilation as in Figure 2.14 (d). Alternatively, one can first
label the all possible regions in binary image (b) in Figure 2.14. Since the white stickers
occupy larger areas, we can identify their correct locations using functions (bwlabel and
regionprops) in image processing toolbox in MATLAB. A post-processed image is shown
as in Figure 2.14 (f). Also, the orientation of the image data, which is a rectangular frame,
is not necessarily perfectly lined up as one sides parallel to the normal horizontal direction
and the other to the vertical direction such as the case shown in Figure 2.15, which shows
the camera data of a truncated square pyramid made by contour following toolpath. So
an additional matrix rotation may needed.

The centre of the shape can now be found using an ellipse-fitting algorithm proposed
by [57] and the profiles can be obtained. As an example, for a truncated square pyramid,
we are interested at both middle and corner profiles, which are shown in Figure 2.16. For
the same shape with two different camera samplings, i.e. two measurements, the difference
looks like Figure 2.17. The camera data accuracy is known to be within ±0.1mm. Another
fact regarding to the accuracy of the data is that the camera sampling spatio interval is
around 0.4mm along the x and y axes and we interpolate the camera data values at the
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Camera Image in Matrix Form
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Figure 2.14 Visualised camera positional data for a truncated cone that is being forming. (a)
original data (b) binary image containing the locations of the white stickers (c)
erosion of the image to filter the noises (d) dilution of the interested white dots
to obtain their centres (e) full version of the data camera (f) grid data for profile
extracting
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Camera Image in Matrix Form
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Figure 2.15 Truncated square pyramid made by contour following method (a) original camera
data (b) rotated view
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Figure 2.16 Shape profiles extracted from post-processed camera data for a truncated square
pyramid.
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the interval of 0.1mm linearly.
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Figure 2.17 Difference of two measurements for the same shape

2.5 Experimental Results

The feedback constrained MPC control algorithm is first tested by manufacturing a trun-
cated cone and comparing with the same cone made by contour following approach. First
a truncated cone, we tried two incremental step lengths (∆, or ∆r) in radial direction:

1. ∆r =
√

2 mm

2. ∆r =
√

2
2 mm

and the final shapes are shown in Figure 2.18 and Figure 2.19, where the black lines
indicate the target shape profiles, the red lines denote the profiles of the shape made by
normal open loop contour following method and the blue lines denote the profile of the
shapes made using our constrained MPC controller. Figure 2.20 and Figure 2.21 give the
detailed error distributions of the profiles for these two cases.

Results shown in the diagrams are compared with corresponding contour following
methods. Note that the effect of tool diameter on the shape has already been taken into
consideration in the target shape. We set the number of the steps to be optimised as 25,
when the fixed radial distance is

√
2mm. The error is brought down to a level close to

±0.2mm. The actual input uk fed to the machine is shown in Figure 2.22 which differs
from the contour following input significantly.

We applied this strategy to a truncated square pyramid (TSP), where we set the
number of the steps to be optimised as 35, and the fixed radial distance as 1mm. Instead
of using one profiles as state of the system, we use both the corner and the middle profiles
and run two online optimisations to compute two inputs: one at the corner and the
other in the middle. The tool trajectory is obtained by applying a 4th order polynomial

39



0 10 20 30 40 50 60
0

5

10

15

20

25

30
Frustum Result: Closed Loop Vs Open Loop

Radial Direction (mm)

Z
 D

ire
ct

io
n 

(m
m

) 

 

 
Target Shape
Closed Loop: Ball Constraints
Open Loop:CF

Figure 2.18 Final shape of a truncated cone, with ∆r =
√
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Figure 2.19 Final shape of a truncated cone, with ∆r =
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Figure 2.22 Inputs: u optimised vs contour following

interpolation to points between the corner and the middle profiles. A general fourth order
polynomial can be expressed as f(x) = a4x

4 + a3x
3 + a2x

2 + a1x + a0. Since we require
a symmetrical function, which means f(x) = f(−x), then a3 = a1 = 0. The other three
parameters can be determined by three conditions:

1. f(0) = A;

2. f(x0) = 0;

3. f ′(x0) = 0.

By simple calculation, we have a4 = A
x4

0
, a2 = −2A

x2
0
and a0 = A. An example is shown in

Figure 2.23.
The final shape produced for the truncated square pyramid is shown in Figure 2.24

and the detailed error distributions are shown in Figure 2.25. (Red lines show the results
of contour following method and the blue lines show the results of constrained MPC
method.) Since the truncated square pyramid is less symmetric than a cone shape, it
is not surprisingly that the result for the TSP is worse than that for the cone. Two
parts produced from the laboratory are shown in Figure 2.26 and Figure 2.27. An
inappropriate control input that violates the necessary constraints (due to a programming
error) may result in failure such as the one shown in Figure 2.28.
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Figure 2.23 An example of possibly desired fourth order polynomial: f(x) = 0.0625x4−0.5x2+1.
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Figure 2.26 Truncated cone made by ISF
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Figure 2.27 Truncated Square Pyramid made by ISF

Figure 2.28 Cracked cone made in experiment
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2.6 Discussion and Conclusion

As we have shown, the proposed constrained MPC successfully reduced the geometric
errors of the shapes produced by ISF. In its best scenario, the deviations of the central
part of the truncated cone can be limited to the target ±0.2 mm, whilst for the truncated
square pyramid the deviations also have been improved. The optimised tool trajectory
implied by Figure 2.22 differs from that of the standard contour following method, which
confirms the benefits of using MPC, although the shrinking horizon scheme can cause the
last few inputs to behave aggressively.

On the other hand, we still have some reservations upon examining the profiles of the
shapes produced using current algorithm. We may notice that the region that gets most
improved is where it is neither too close to the symmetric axis of the shape nor to its edges.
The deviations in these areas can be improved even more by a smaller radial incremental
step as shown in Figure 2.20 and Figure 2.21, but not much around the flange (the region
that is close to the edges) and neither the flat region. It may be easier to accept a less
accurate flange improvement, given that we do not have any kind of support for the sheet
metal near the blankholder. However, the “shoulder” region that connects the flat part
and the slope for both truncated cone and truncated square pyramid behaves differently
from the middle areas, which is the reason that the optimisation horizon (or the range of
the sampling points used)—shown as a pair of dotted vertical lines in previous graphs—is
carefully selected. Ideally, we should include the whole profile as our optimisation horizon,
but the deformation results suggest otherwise. This feature in our algorithm is especially
not welcome, given our objective for controlling ISF is not just about making simple
geometries.

To analysis a possible cause for this effect, we turn to the computation of the gradient
B. As explained earlier, Bk is computed from

Bk = x̄k+1 − x̄k
ūk

, (2.61)

where x̄k are the predetermined experimental profile at layer k, and ūk is the correspond-
ing (vertical) input. As we set ūk = 1, we also refer to Bk as impulses physically. In
addition, Bk is smoothed using basic averaging technique as Bk essentially models the
material behaviour. Comparing this gradient with experimental data, we can observe sig-
nificant difference between the two as the number of steps grow, which are illustrated in
Figure 2.29 and Figure 2.30. While the overall shape computed gradients look similar to
the experimental data, the height of the gradient is much larger (refer to Figure 2.30).
As a result, the final shape computed accumulatively from the model has a much higher
profile indicated by the blue solid line in Figure 2.31. From Figure 2.32 to Figure 2.36,
we illustrate the difference between the prediction and the experimental results over a
number of steps from step 5 to step 24. The upper plots show the two consecutive profiles
computed from the model at each step, i.e. the prediction (solid line) and the actual closed
loop experiment results (dashed line), whilst the lower plots show the Bk from the model
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(solid line) and the actual computed Bk from closed loop experiment (dashed line). We
can observe that the model is actually operating outside the linear region defined by the
ball constraints in (2.27) (notice how much difference the Bk illustrated in the lower plots)
as the step increases. The “shoulder” region especially has larger deviation. The reason
why the constrained MPC remain relatively effective has to be credited to the closed loop
scheme.

Therefore, it can be drawn from our experimental results obtained here that a good
deformation model will be required to further improve the geometrical accuracy of the
shape made by ISF using model predictive control strategy, which motivate our physics
based modelling in the following chapters.
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Figure 2.29 Gradient Bk: dotted lines show the unsmoothed experimental results which are of
around 1mm height whereas the heights of the impulses in the model have much
higher values shown in solid lines.

48



Profiles

Radial direction (mm)

V
er
tic
al
di
re
ct
io
n(
m
m
)

0 10 20 30 40 50 60
0

2

4

6

8
Acutal Profiles at Step: 5−−> 7. Solid: model, Dotted: experiment

0 10 20 30 40 50 60
2

4

6

8

10

12
Acutal Profiles at Step: 8−−> 10. Solid: model, Dotted: experiment

0 10 20 30 40 50 60
2

4

6

8

10

12

14
Acutal Profiles at Step: 11−−> 13. Solid: model, Dotted: experiment

0 10 20 30 40 50 60
0

5

10

15

20
Acutal Profiles at Step: 14−−> 16. Solid: model, Dotted: experiment

0 10 20 30 40 50 60
0

5

10

15

20
Acutal Profiles at Step: 17−−> 19. Solid: model, Dotted: experiment

0 10 20 30 40 50 60
0

5

10

15

20

25
Acutal Profiles at Step: 20−−> 22. Solid: model, Dotted: experiment

Figure 2.30 The profiles of the truncated cone, pre-computed (solid lines) vs measured (dotted
lines).
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Figure 2.31 The final profiles of the truncated cone. Target profile (solid black line), experimental
results (dashed blue line) and pre-computed (solid blue line)
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Consecutive Profiles Compared At Step 5
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Figure 2.32 Two consecutive profiles and the corresponding gradient (impulses) computed at
Step 5. Solid line (from model), dashed line (closed loop experiment result)
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Consecutive Profiles Compared At Step 10
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Figure 2.33 Two consecutive profiles and the corresponding gradient (impulses) computed at
Step 10. Solid line (from model), dashed line (closed loop experiment result)
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Consecutive Profiles Compared At Step 15
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Figure 2.34 Two consecutive profiles and the corresponding gradient (impulses) computed at
Step 15. Solid line (from model), dashed line (closed loop experiment result)
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Consecutive Profiles Compared At Step 20
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Figure 2.35 Two consecutive profiles and the corresponding gradient (impulses) computed at
Step 20. Solid line (from model), dashed line (closed loop experiment result)
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Consecutive Profiles Compared At Step 24
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Figure 2.36 Two consecutive profiles and the corresponding gradient (impulses) computed at
Step 24. Solid line (from model), dashed line (closed loop experiment result)
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Chapter 3

Physics Based ISF Process
Modelling

The motivation of constitutive modelling is twofold: so far our model is based on an
approximation obtained from experimental data and the limitation of this model has been
described in previous chapters. Since the nature of ISF deformation falls into the elasto-
plastic category, a physics based model would first allow us to obtain a clearer picture of
the deformation process and most importantly to obtain a better mathematical predictive
model that could help the design of a controller. The elasto-plasticity material modelling
is first introduced before ISF is cast as a contact problem later in this chapter.

The favour of the work in this chapter and the following is more mathematical, and
some of the common notations used later are list here. For the tensor operations, more
details can be found in Appendix A.

Symbols Meanings
σ stress tensor
ε strain tensor
I second-order indentity tensor
I fourth-order indentity tensor
Id deviatoric projection tensor
Is symmetric projection tensor
It transpositon tensor
p hydrostatic pressure
s deviatoric stress
εd deviatoric strain
εv volumetric strain
γ plastic multiplier
εp plastic strain
fB body force
fN traction on boundary Γσ
: tensor contraction operator
⊗ tensor product

Table 3.1 List of notations
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3.1 Stress and Strain Tensor

A deformable material under external loading will change the arrangement of the molecules
and the initial state of equilibrium will be broken. To balance the state of equilibrium,
internal forces arises which are called internal stress. Elasticity theory assumes that the
force acts within a limited range, which implies that internal force originating from the
surrounding parts exert on the body only on the surface of that part [58]. Let us consider
the total force of some part of the body, so we sum up all these forces on all volume
elements of that part of the body, which can be expressed as a volume integral

∫
F dV

where F is the force per unit volume and F dV is the force on the volume element dV .
From the above assumption, these force can be expressed as the sum of forces acting on the
surface element, i.e. an integral over the surface mathematically. The bridge between the
force volume integral and the unknown surface integral is the divergence theorem, which
states that an integral of a scalar (rank-zero tensor) over an arbitrary volume is equal to
a vector (rank-one tensor) integral if the scalar is the divergence of the vector. In the case
of a vector integrand F (tensor of rank one), it must be the divergence of a tensor of rank
two, i.e. using summation convention1

Fi = ∂σik
∂xk

, (3.1)

where k = 1, 2, 3 and xk denotes the Cartesian coordinates. The force is then described as∫
Fi dV =

∫
∂σik
∂xk

dV =
∮
σik dSk, (3.2)

where dSk are the components of the surface element vector dS, directed outward normal.
σik is called the stress tensor and σik dSk is the ith component of the force, which is
perpendicular to the surface element dS. The directions of the stress tensor is illustrated
in Figure 3.1 on an infinitesimal cube. Note that the dashed lines indicate the tensor on
the shadow surfaces.

Next we consider the moment of force F on the whole volume, whose component Mik

points in a direction perpendicular to both that of xi and xk coordinates. We thus have
the expression

Mik =
∫

(Fixk − Fkxi) dV . (3.3)

Substituting with force tensor equation (3.1), yields

Mik =
∫ (

∂σil
∂xl

xk −
∂σkl
∂xl

xi

)
dV

=
∫
∂(σilxk − σklxi)

∂xl
dV −

∫ (
σil
∂xk
∂xl
− σkl

∂xi
∂xl

)
dV .

(3.4)

1summation convention: when a index appears twice in a single term it implies summation of that term
over all the values of the index. For Roman letter i, j, k the range is set as {1, 2, 3} and Greek letter α, β
the range is set to {1, 2}.
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Figure 3.1 Illustration of stress tensor on an infinitesimal cube in an orthogonal coordinate.

Noting that ∂xk
∂xl

= δkl and
∂xi
∂xl

= δil, and the multiplication gives σilδkl = σik, then the
second integrand becomes ∫

(σik − σki) dV .

The first integrand is a divergence, which can be rewritten as a surface integral from the
divergence theorem. The moment Mik is

Mik =
∮

(σilxk − σklxi) dSl −
∫

(σik − σki) dV . (3.5)

Just like the force, the moment on the total volume can be expressed as only the surface
integral, which means the symmetric property of the stress tensor since the volume integral
term in (3.5) has to vanish, so

σik = σki.

The stress tensor σ defined with respect to the Cartesian coordinate can be written as

σ = σijei ⊗ ej , (3.6)

whose symmetric components in a matrix form are

(σij) =


σ11 σ12 σ13

σ21 σ22 σ23

σ31 σ32 σ33

 . (3.7)

If the stress occurs only in a plane, which is named plane stress, then

σ13 = σ23 = σ33 = 0.

Stress Invariants are the quantities of σ that are independent of the coordinate
transformation, which are required for constitutive modelling in the later chapters. The
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invariants come from the determinant

|σij − λδij | =

∣∣∣∣∣∣∣∣
σ11 − λ σ12 σ13

σ21 σ22 − λ σ23

σ31 σ32 σ33 − λ

∣∣∣∣∣∣∣∣ = 0, δij =
{

0 if i 6= j

1 if i = j,
(3.8)

whose expanded form is a characteristic equation

|σij − λδij | = −λ3 + I1λ
2 − I2λ+ I3 = 0. (3.9)

I1, I2 and I3 are called the first, second and third stress invariant, whose values for
components defined in Cartesian coordinates are well known as

I1 = σ11 + σ22 + σ33 = σii,

I2 = σ11σ22 + σ22σ33 + σ11σ33 − σ2
12 − σ2

23 − σ2
31

= 1
2 (σiiσjj − σijσji) ,

I3 = det(σ).

(3.10)

Deviatoric and hydrostatic stresses It is often convenient to split the stress tensor
σ into two parts

σ = s+ pI, (3.11)

where the invariant
p ≡ 1

3I1(σ) = 1
3trace(σ) (3.12)

is the hydrostatic pressure, and

s ≡ σ − pI = Id : σ, (3.13)

where Id is defined in (A.13), is a traceless tensor referred as the deviatoric stress, and I
is a second-order identity tensor. A coordinate-independent definition for the trace of a
second-order tensor σ is given by

trace(σ) = I : σ. (3.14)

As a second order tensor, the stress deviator s also has three invariants termed deviatoric
stress invariants

J1 = skk = 0,

J2 = 1
3I

2
1 − I2

= 1
6
[
(σ11 − σ22)2 + (σ22 − σ33)2 + (σ33 − σ11)2

]
+ σ2

12 + σ2
23 + σ2

31,

J3 = det(s)

(3.15)
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Suppose that the position of a body is represented as a vector r in its original shape
and r′ after deformation, then the displacement due to the deformation is

u = r′ − r,

whose individual components are ui = x′i − xi. Let us consider the distance between two
close points. Before the deformation, the distance is (summation rule applied)

dl2 = dx2
i

whereas after deformation the distance is

dl′2 = ( dui + dxi)2.

Substituting with dui = ∂ui
∂xk

dxk, we have

dl′2 = dl2 + 2 ∂ui
∂xk

dxk dxi + ∂ui
∂xk

dxk
∂ui
∂xl

dxl

= dl2 +
(
∂ui
∂xk

+ ∂uk
∂xi

)
dxk dxi + ∂ul

∂xk

∂ul
∂xi

dxk dxi.
(3.16)

So dl′2 takes the final form

dl′2 = dl2 + 2εik dxi dxk, (3.17)

where the strain tensor ε is defined as

εik = 1
2

(
∂ui
∂xk

+ ∂uk
∂xi

+ ∂ul
∂xk

∂ul
∂xi

)
. (3.18)

In the case of the small deformation, ul is small and the third term in equation (3.18) can
be neglected as it is of second order. So for small deformation the strain tensor is given
by

εik = 1
2

(
∂ui
∂xk

+ ∂uk
∂xi

)
. (3.19)

From equation (3.19), the symmetry of the strain tensor is implied by

εik = εki. (3.20)

Similar to the stress tensor, the strain tensor ε defined with respect to Cartesian coordin-
ates can be rewritten as

ε = εijei ⊗ ej , (3.21)
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whose components in Cartesian coordinate in a matrix form are

[εij ] =


ε11 ε12 ε13

ε21 ε22 ε23

ε31 ε32 ε33

 . (3.22)

Because of the symmetry, the strain tensor has six independent components to be determ-
ined. However, an arbitrary symmetric second order tensor does not necessarily make it a
valid strain tensor since the strain εik has to be determined by the admissible displacement
u. Thus, the strain tensor has to satisfy the compatibility conditions or integrable condi-
tions (cf equation (3.19)). The derivation for the compatibility condition can be found in
[59] and the compatibility equations are

εim,jl + εjl,lm − εil,jm − εjm,il = 0, (3.23)

where (·),i = ∂(·)/∂xi. For example,

εij,kl = ∂2εij
∂xk∂xl

.

Similar to the stress tensor decomposition outlined in (3.11), we can split the strain
tensor ε into two parts, namely, deviatoric and volumetric (mean) strains

ε = εd + 1
3εvI, (3.24)

where
εd = Idε, εv = trace(ε) = I : ε.

The stress-strain relation in continuum mechanics is described by constitutive equations,
which describes the material properties.

It is more convenient to work with symmetric tensor in its Voigt form (or Voigt nota-
tion), which is a vector form to reduce the order to save computational resources. For
example, the Voigt notation of stress tensor is given as2

σ̃ =
[
σ1 σ2 σ3 σ4 σ5 σ6

]T
≡
[
σ11 σ22 σ33 σ12 σ23 σ13

]T
. (3.25)

3.2 Elasto-Plastic Material Behaviour Modelling

In this section, we study the ISF deformation process in light of the elasto-plastic mater-
ial behaviour. First we review the elastic theory before introducing the rate-dependent

2The standard Voigt form is given in a slightly different order as

[σ] =
[
σ1 σ2 σ3 σ4 σ5 σ6

]T ≡ [σ11 σ22 σ33 σ23 σ31 σ12
]T
.
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plasticity theory that relates to the metal forming process, and then we complete the
elasto-plastic analysis for the ISF process by deriving a corresponding model.

3.2.1 Elastic Deformation Theory

The elastic theory in the current work is limited to a linear elasticbody where the stress
and strain satisfy the following equation

σ = Cε, (3.26)

where C, called the elasticity tensor, is a fourth order tensor. C is a linear map from
the space of the second order tensors into itself. If the density of the material and the
elasticity tensor C are independent of position, the material is said to be homogeneous.
Using summation rule, the component form in Cartesian coordinate can be expressed as

σij = Cijklεkl. (3.27)

The symmetry of the strain tensor ε implies:

σij = Cijklεkl = Cijlkεlk,

i.e,
Cijkl = Cijlk,

Hence
σij = 1

2 (Cijkl + Cijlk) εkl.

Similarly, the symmetry of the stress tensor σ implies

σji = 1
2 (Cjikl + Cjikl) εkl = σij .

Therefore, the equation (3.27) can be expressed as

σij = 1
4 (Cijkl + Cijlk + Cjikl + Cjilk) εkl.

So the symmetry properties
Cijkl = Cjikl = Cijlk (3.28)

hold. From (3.28), it follows that C has only 36 independent components. Further reduc-
tion of the number of the independent components can be made by taking a thermody-
namic perspective, where a free energy function is used to derive the elastic constitutive
equation [59]. It is seen that the elastic tensor possesses the additional symmetry property

Cijkl = Cklij . (3.29)
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Written in a compact matrix form, C becomes

[Cijkl] =



C1111 C1122 C1133 C1112 C1123 C1113

C2211 C2222 C2233 C2212 C2223 C2213

C3311 C3322 C3333 C3312 C3323 C3313

C1211 C1222 C1233 C1212 C1223 C1213

C2311 C2322 C2333 C2312 C2323 C2313

C1311 C1322 C1333 C1312 C1323 C1313


. (3.30)

It becomes clear that the number of independent components reduce to 21 constants.3 If
we are limited to considering an isotropic material, which has the same elastic properties
in all directions, then two independent elastic constants are sufficient to determine the
isotropic elasticity tensor as

[C] =



λ+ 2µ λ λ 0 0 0
λ λ+ 2µ λ 0 0 0
λ λ λ+ 2µ 0 0 0
0 0 0 µ 0 0
0 0 0 0 µ 0
0 0 0 0 0 µ


, (3.31)

where λ and µ are called Lamé parameters. In component form, C can be expressed as

Cijkl = λδijδkl + µ(δikδjl + δilδjk), (3.32)

where δij , as usual, denotes the Kronecker delta. Reformulate equation (3.32) into

Cijkl = (λ+ 2
3µ)δijδkl + 2µ

[1
2(δikδjl + δilδjk)−

1
3δijδkl

]
,

and let
K = λ+ 2

3µ,

with definitions in (A.11), (A.12) and (A.13), we can write the isotropic elasticity tensor
C in tensorial form (coordinate-independent) as

C = 2µId +K(I ⊗ I), (3.33)

where K is called the bulk modulus, Id is the fourth-order deviatoric projection tensor and
I is the second-order identity tensor. Sometimes µ is replaced by an equivalent parameter
G, the shear modulus.

3[59] mentions the long controversy about this number of independent components of C. Poission and
Cauchy claimed this number to be 15, based on a simplified molecular model of an elastic body. G. Green
obtained the number 21. Much later, M. Born proved this number should be 21, using modern results of
molecular theory.
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For computational convenience, we may want to invert the component matrix, resulting

[Cij ]−1 = 1
µ(3λ+ 2µ)



λ+ µ −λ/2 −λ/2 0 0 0
−λ/2 λ+ µ −λ/2 0 0 0
−λ/2 −λ/2 λ+ µ 0 0 0

0 0 0 3λ+ 2µ 0 0
0 0 0 0 3λ+ 2µ 0
0 0 0 0 0 3λ+ 2µ


. (3.34)

Young’s modulus E in equation (1.2) and Poisson’s ratio ν are related to the Lamé para-
meters in the following manner

E = µ(3λ+ 2µ)
λ+ µ

, ν = λ

2(λ+ µ) . (3.35)

With the elasticity tensor expressed in form (3.33), we can establish the relations between
decomposed stress and strain components defined in (3.11) and (3.24) as

σ = 2µIdε+K(I ⊗ I)ε = 2µεd + 3KεvI,

where (A.16) is applied, and
σ = s+ pI.

Therefore, in the elastic range, we obtain

s = 2µεd, p = 3Kεv. (3.36)

3.2.2 Plasticity Theory Foundations

The nonlinearity of the plastic deformation behaviour makes the study of the constitutive
relations more complex than that of the elastic theory. The plastic deformation behaviour
of a metal material is regarded as rate-independent in the sense that the rate at which
metal deformation takes place is slow, so it can be regarded as a quasi-static process. The
plasticity theory applied here is thus a rate-independent one.

In this section, we first introduce the rate-independent plasticity theory before going
further with detailed modelling. In accordance with the one-dimensional elasto-plastic
behaviour described in Chapter 1, additive decomposition of the total strain is assumed.
Recall equation (1.3)

ε = εe + εp,

where εe denotes elastic strain and εp denotes irreversible plastic strain. The elastic strain
is governed by the elastic law outlined in section 3.2.1, whereas plastic strain behaviour is
modelled with plastic flow rule, which will be elaborated later.

Second, we make the plastic incompressibility assumption, which states that the volume
of a body does not change in a plastic deformation [60]. As a result, the plastic strain rate
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has to satisfy
ε̇pkk = 0. (3.37)

As we have pointed out earlier in the tensile test illustration, yielding starts when the
stress reaches a threshold value and the state of the material then moves from elastic region
to plastic region. An accurate account of the material yield behaviour can be expressed
by postulating a yield function φ(σ)

{
φ < 0, elastic
φ ≥ 0, plastic

(3.38)

where φ(σ) = 0 defines a yield surface, which is the boundary between elastic deformation
region and plastic region.

The most significant postulate in plasticity for hardening material and perfect plastic
material (softening material has a different expression) is Drucker’s Inequality,

σ̇ij ε̇
p
ij ≥ 0. (3.39)

This inequality is unchanged when multiplied by an infinitesimal time increment dt, thus
the inequality is a declaration about the work done in the course of incremental loading.
The elastic work dσij dεeij is always positive, so the Drucker’s inequality implies positive
work done during the incremental loading and nonnegative work done during a full cycle
of loading and unloading. Consider the cycle where we start with the initial stress state
denoted as σ∗, increase the load to the point where stress σ is at yield surface, the incre-
mental stress dσ producing an incremental strain field dε, and finally elastic unload to the
initial stress σ∗. The work done by the external loading during this cycle is nonnegative,
which can be expressed as

(σ − σ∗) : ε̇p ≥ 0. (3.40)

The above implication from Drucker’s postulate constitutes the postulate of maximum
dissipation in its own right [16]. The plastic dissipation denoted as Dp, dependent on
strain (and strain-like) variables, has the following property

Dp(ε) = max
σ∗

σ∗ε̇p. (3.41)

Two consequences of this postulate are the normality rule and the convexity of the yield
surface, which can be best illustrated in Figure 3.2. We now only consider the case where
the yield surface is smooth, which indicates existence of a tangent plane everywhere on
the yield surface. Given a stress state σ at the yield surface, inequality (3.40) has to
hold for every possible initial stress σ within the elastic region, so plastic strain rate must
directed along the outward normal at point σ shown in Figure 3.2 (a); this is known as
the normality rule. Figure 3.2 (b) shows that the inequality is violated if any σ∗ lies to
the outward side of the tangent. As a result, the yield surface is convex.
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Figure 3.2 Properties of yield surface: convexity and normality. Shadow regions indicate elastic
region, whilst outside region is the plastic region. The yield surface is the boundary.
(a) shows a convex yield surface; (b) shows a non-convex yield surface violating the
Drucker’s inequality.

To account for the plastic reconstruction of internal structure, extra variables in addi-
tion to stress σ and strain ε, called internal variables have to be introduced. Depending
on the materials studied, the internal variables may take different forms. Essentially, the
internal variables are of two kinds: kinematic variables and the force-like variables [61].
In the metal forming modelling, the plastic strain tensor εp and the hardening variable κ,
or the accumulated plastic strain defined as

κ =
∫ √2

3 ε̇
p : ε̇p dt, (3.42)

serve as the kinematic variables. An additional hardening thermodynamic force variable
denoted by χ is needed to describe the evolution of the hardening variable κ in the plastic
theory.

3.2.3 Von Mises Yield Criterion

Various yield criteria with different critical values have been proposed, such as Tresca
yield criterion, which assumes that plastic yielding begins when the maximum shear stress
reaches a critical value. We choose the classic von Mises yield criterion to model the metal
yield condition as it is less computational intensive than that of Tresca’s. J2 plasticity
defined in (3.15) is used in the von Mises yield function

φ(σ) = J2 − k2, (3.43)

where k is the yield stress of the material in pure shear and the J2 stress deviator invariant
can be expressed in terms of the stress deviator s as

J2 = J2 (s(σ)) = 1
2s : s = 1

2 ‖s‖
2 . (3.44)
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3.2.4 Flow Rule

One central question around plastic deformation is what happens after initial yielding,
which is described by the theory of plastic flow rule. The plastic flow rule claims that
there exists a flow potential function Ψ such that the following plastic rate equation holds

ε̇p = γ̇
∂Ψ
∂σ

, (3.45)

where γ is the plastic multiplier. In case of the metal material, an associative law (asso-
ciated with the yield criterion) is used, where the potential function is the yield function,
so that

Ψ = φ,

and
ε̇p = γ̇

∂φ

∂σ
. (3.46)

The plastic multiplier in the flow rule is obtained by solving the so-called complementary
conditions or load/unloading conditions1

γ̇ ≥ 0,

φ(σ) ≤ 0,

γ̇φ(σ) = 0

(3.47)

and the consistency condition when φ = 0

γ̇ ≥ 0,

φ̇(σ) ≤ 0,

γ̇φ̇(σ) = 0.

(3.48)

We can see γ̇ = 0 if φ < 0 or otherwise γ̇ > 0, if φ = 0 and φ̇ < 0. The loading
and unloading condition (3.47) tells us that the plastic multiplier vanishes if only elastic
deformation is involved, but may take any non-negative values during the plastic flow;
consistency condition (3.48) complementarily tells us that during the plastic flow, the
yield function remains the same (zero) and thus the rate of change for the yield function
is zero. These two conditions are sufficient to capture the behaviour after yielding and to
determine the plastic multiplier.

In all, γ̇ only needs to be determined when φ = φ̇ = 0, and the exact form of γ̇ is given
in the section 3.2.6 after the hardening rule has been established.

1The resemblance of an optimisation problem of the plasticity multiplier γ from (3.46) is that it is a
direct consequence of maximum dissipation posostulate, which is a minimisation formulation (cf. (3.41)).
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3.2.5 Hardening Rules

In this section, we first introduce several hardening models before formulating a gen-
eral hardening rule. As depicted in Figure 1.10, perfect plasticity is characterised by no
hardening behaviour. Hardening occurs when the stress required to cause further plastic
deformation increases, which means that the yield surface changes from the initial yield
point. If the change of the yield surface is an expansion that is uniform in all directions,
this kind of hardening is referred as isotropic hardening. Isotropic hardening is suitable for
explaining the hardening behaviour under monotonically increasing load, but is not appro-
priate for reversed load. Instead kinematic hardening, where the yield surface preserves
the shape and size of the original yield surface but translated in the stress space, can be
used to account for the effect of the decreased resistance to plastic yielding in the opposite
loading direction (known as Bauschinger effect [60]). These two types of hardening can
be illustrated in a two dimensional case shown in Figure 3.3, where the shaded area shows
the original yield surface at the onset of yielding.

Figure 3.3 Illustration of two dimensional hardening behaviours: (a) isotropic hardening (b) kin-
ematic hardening. Shadow area shows the original yield surface at the onset of yielding.

Hardening rules specify the dependence of the yield function φ on the internal variables
and a hardening material implies an expanding yield surface. Thus the modelling of metal
hardening reduces to choosing the appropriate internal variables as the yield stress is only
affected by the internal variables. A general simple model [16] that we may adopt here is
to take plastic strain εp and the hardening variable κ defined in (3.42) as parameters of
our yield function, which is expressed as

φ(σ, εp, κ) = F (σ − ρ(εp))− k(κ), (3.49)

where ρ is a tensor function of plastic strain εp. Both isotropic and kinematic hardening
described by this model and the classification depending on the form of the ρ and k can
be listed as 

if ρ ≡ 0 and dk
dκ > 0, isotropic hardening;

if ρ 6= 0 and dk
dκ ≡ 0, kinematic hardening;

if ρ ≡ 0 and dk
dκ ≡ 0, perfect plasticity.

(3.50)

As the von Mises yield criterion is used, the function F is the J2 plasticity, and if von
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Mises effective stress defined as
√

3J2 is used, the yield function for a perfect plasticity
can be described as

φ(σ) =
√

3J2 (s(σ))− σy. (3.51)

where σy is a constant, namely the initial uniaxial yield stress. For isotropic hardening,

the derivative dk(κ)
dκ is non-zero and can be defined with a hardening modulus H, so

H = dk(κ)
dκ .

A linear hardening rule can be established as

k(κ) = σy +Hκ. (3.52)

So the linear isotropic hardening rule for a von Mises criterion has the following yield
function

φ(σ, κ) =
√

3J2 (s(σ))− σy −Hκ. (3.53)

Similar to flow rule, the hardening evolution equation for the internal variable κ by asso-
ciative law is

κ̇ = −γ̇ ∂φ
∂χ

. (3.54)

The hardening thermodynamic force variables χ in this case is

χ ≡ k,

which results in Prandtl-Reuss flow equation [62]

κ̇ = −γ̇ ∂φ
∂k

= γ̇. (3.55)

From equation (3.42), the rate equation for κ̇ can be expressed alternatively as

κ̇ =
√

2
3 ε̇

p : ε̇p =
√

2
3 ‖ε̇

p‖ . (3.56)

In the ISF process, because no reverse loading is involved, we will not include kinematic
hardening modelling.

3.2.6 Constitutive Elasto-Plastic Deformation Model

In this section, we summarise the basic components of the plasticity theory derived so far
and provide a general constitutive elasto-plastic deformation model for the ISF process.

As given in (3.50), for both perfect plasticity and linear isotropic hardening models
with von Mises yield criterion, ρ = 0, so a general yield function with von Mises effective
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stress takes the form
φ(σ, κ) = F (σ)− k(κ),

=
√

3J2 (s(σ))− (σy +Hκ) .
(3.57)

If H = 0, the yield function represents the perfect plasticity; otherwise this expression
represents a linear isotropic hardening model. Substituting the yield function (3.57) into
the flow rule defined in (3.46), we obtain

ε̇p = γ̇
∂

∂σ

√
3J2 (s(σ)) =

√
3
2 γ̇

s

‖s‖
. (3.58)

On the other hand, we may write the strain decomposition equation (1.3) in the following
rate form

ε̇ = ε̇e + ε̇p (3.59)

Using the elastic law, yields

σ̇ = C (ε̇− ε̇p) = C

(
ε̇− γ̇ ∂φ

∂σ

)
(3.60)

Recalling the consistency condition defined in (3.48)

φ̇(σ, κ) = ∂φ

∂σ
: σ̇ + ∂φ

∂κ
κ̇ = 0. (3.61)

Substituting with the hardening law (3.55) and the rate form equation (3.60), the plastic
multiplier γ̇ can be deduced from equation (3.61) as

γ̇ =

∂φ

∂σ
: Cε̇

∂φ

∂σ
: C ∂φ

∂σ
− ∂φ

∂κ

(3.62)

If we substitute the exact form of γ̇ into equation (3.60), we can obtain a rate form

σ̇ = C

ε̇−
∂φ

∂σ
: Cε̇

∂φ

∂σ
: C ∂φ

∂σ
− ∂φ

∂κ

∂φ

∂σ

 = Cε̇−C

∂φ

∂σ

(
∂φ

∂σ
: Cε̇

)
∂φ

∂σ
: C ∂φ

∂σ
− ∂φ

∂κ

. (3.63)

The symmetry property of the fourth-order tensor C implies

∂φ

∂σ
: Cε̇ = C

∂φ

∂σ
: ε̇. (3.64)

Therefore, if we modify the numerator of the second term in (3.63) using (3.64), we can
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separate ε̇ out by applying the relation given in (A.9), to give

σ̇ = Cε̇−
C
∂φ

∂σ
⊗C ∂φ

∂σ
∂φ

∂σ
: C ∂φ

∂σ
− ∂φ

∂κ

ε̇. (3.65)

Note that the above expression is valid only when γ̇ > 0. In general, we have the stress-
strain relation for both elastic and plastic deformation

σ̇ = Cepε̇, (3.66)

where Cep (“ep” indicates elasto-plasticity) is defined as

Cep =


C if γ̇ = 0,

C −
C
∂φ

∂σ
⊗C ∂φ

∂σ
∂φ

∂σ
: C ∂φ

∂σ
− ∂φ

∂κ

if γ̇ > 0.
(3.67)

We shall refer to (3.67) as the continuum tangent moduli (operator). Since

∂φ

∂σ
=
√

3
2
s

‖s‖

is a deviatoric tensor, we may define

n̂ =
√

2
3
∂φ

∂σ
= s

‖s‖
(3.68)

whose trace is zero, i.e.
trace(n̂) = 0 and Idn̂ = n̂,

where Id is defined in (A.13). Together with elasticity tensor described in form (3.33) and
property (A.16), it follows that

C
∂φ

∂σ
= (2µId +KI ⊗ I)

√
3/2n̂ =

√
3/2 (2µn̂+Ktrace(n̂)I) = 2

√
3/2µn̂,

and
∂φ

∂σ
: C ∂φ

∂σ
= 3µn̂ : n̂ = 3µ.

Hence, when γ̇ > 0, Cep can be simplified as

Cep = C − 6µ2

3µ+H
n̂⊗ n̂. (3.69)
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So the continuum tangent moduli (the elasto-plasticity tensor) in (3.67) can be written as

Cep =


C if γ̇ = 0,

C − 6µ2

3µ+H
n̂⊗ n̂ if γ̇ > 0.

(3.70)

Note that the plastic multiplier expressed in (3.62) does not reveal the actual cause-
effect relations as one would expect the plastic multiplier to be a result of stress changes,
however, expression (3.62) does allow us to derive the general rate constitutive model given
in (3.66) and also serves as a displacement based computational method. Nevertheless, we
can get a form that is more physically straightforward by using the inverse relationship
between stress and strain, as described in [63].

3.3 ISF Process Modelling: A Contact Problem

In the ISF process, the force exerted onto the metal sheet occurs through the contact
between the sheet and the rigid tool, the modelling of which eventually falls within the
subject of contact mechanics. We shall derive a mathematical model to describe the
deformation after each incremental step. The classical formulation of the problem is given
in this chapter, whereas a weak (or variational) form suitable for numerical solution will
be derived in Chapter 4.

3.3.1 Contact Problem: From Hertz To Signorini

The modern contact problem is believed to be first studied by Hertz (Figure 3.4), where
two elastic solid bodies (depicted in Figure 3.5) come in contact under external force F .
The problem is to solve the amount of deformation for two bodies, which are uz and u′z
respectively, given known relatively body movements h. Figure 3.5 (a) shows that the two
surfaces near the contact point O share a common tangent plane. We take this tangent
plane as the xy−plane. Kinematically, within the region of contact (shown in 3.5 (b)), we
have

(z + uz) + (z′ + u′z) = h, (3.71)

and outside this region,
z + uz + z′ + u′z < h.

Note that z and z′ represent the equation of the surface, which can be expressed as a
quadratic function. We may rewrite (3.71) as

Ax2 +By2 + uz + u′z = h, (3.72)

where A and B are known quantities related to the radii of the surface curvatures. Next,
we may introduce the normal pressure Pz(x, y) between the two deformed bodies in the
contact region. From equilibrium equations of the elastic body subject to a plane, we
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Figure 3.4 German physicist Heinrich R. Hertz (22 February 1857 - 1 January 1894) [64]

obtain,

uz = 1− ν2

πE

∫∫
Pz(x′, y′)

r
dx′ dy′

u′z = 1− ν ′2

πE′

∫∫
Pz(x′, y′)

r
dx′ dy′

, (3.73)

where ν, ν ′ and E, E′ are the Poisson’s ratio and Young’s moduli of the two elastic bodies
respectively, and r =

√
x2 + y2 + z2. Substituting (3.73) into (3.72), gives an integral

equation
1
π

(
1− ν2

E
+ 1− ν ′2

E′

)∫∫
Pz(x′, y′)

r
dx′ dy′ = h−Ax2 −By2. (3.74)

o

Figure 3.5 Illustration of two solid bodies contact problem: (a) initial state (b) after contact

Hertz solved this equation by using an analogy with the potential theory of electricity,
of which a detailed modern treatment can be found in [58]. The region of contact turns
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out to be bounded by an ellipse of the form

x2

a2 + y2

b2
= 1,

and the pressure function is of the form

Pz(x, y) = constant×
√(

1− x2

a2 −
y2

b2

)
.

The integral of pressure over the region of contact has to equal to the exerted force F , so
that an exact form of Pz(x, y) can be obtained. Therefore, the exact deformation can be
determined by using (3.73).

In the case of two spheres in contact where h is the sum of the two radii of the spheres
(or the distance between the centres of the spheres), the resulting region of contact is a
circle, and F is proportional to h3/2. We have to stress that Hertz’s solution assumes the
contact region is a plane, which is not always generally applicable for contact problem.

The next important advancement is from the Italian mathematician Antonio Signorini
[65, 66], where the problem was formulated under the term “ambiguous boundary value
problem”. The well-posedness (existence and uniqueness) of Signorini’s formulation was
answered by fellow Italian Fichera [67]. The general mathematical theory of contact
mechanics starts to take off from Duvant and Lions’s work [68], followed by Necas [69]
and many others. A good bibliography is available in Shillor et al’s monograph (pp. 2-4,
[70]).

There are many complex concepts in the contact problem, such as dynamic contact,
friction, crack development, but we shall only focus on the frictionless contact in this
work. Indeed the difference between frictionless or frictional contact assumption, resides
in whether the tangential force in the contact region is regarded as zero, which shall be
explained below. Friction is universal and exists even in the case of perfect lubrication, but
the frictionless assumption allows a simpler formulation and quite often accurate enough
for the underlying problem.

Let us consider Signorini’s formulation for two linear elastic bodies in contact, with
one of them a rigid foundation (depicted in Figure 3.6). As the contact process takes place
at the surface of the body, so this type of problem is described by boundary conditions,
as well as the body equilibrium equation. We shall distinguish the different sources of
constraints/forces exerted on the boundary Γ (assumed to be Lipschitz) of the body. As
the body is held fixed on Γu, we denote this homogeneous Dirichlet boundary condition
as

u = 0, on Γu. (3.75)

On the top boundary of Figure 3.6, the traction fN on Γσ gives a Neumann condition,
which can be expressed as

σn = fN , on Γσ, (3.76)
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Figure 3.6 Illustration of two body contact problem with rigid foundation; Boundary is split into
Dirichlet type Γu, Neumann type Γσ and contact boundary Γc.

where σ denotes the stress tensor whose normal and tangential components, denoted by
σν and στ , are given by

σν = (σn) · n,

στ = σn− σνn.
(3.77)

From Hertz’s solution it can be deduced that the region of contact is the most tricky
part to work out. Indeed, one of those difficulties in a general contact problem is the
exact region of contact unknown a priori, since the contact zone usually changes after
contact takes place (i.e. a bounded zone of contact does exist). A further examination
of the boundary of contact region, denoted by Γc in Figure 3.6, we may define a gap
function `(x) to represent the normal distance between the deformable body and the rigid
foundation, whereas the displacement counterpart, the normal displacement denoted as
uν , is defined as

uν = u · n,

where the positive direction of normal n is specified in Figure 3.6. A general normal
compliance condition (p.18 [70] ) on boundary Γc is given as

−σν = pν(uν − `), (3.78)

where pν(·) is a nonnegative prescribed function that vanishes when the argument is non-
positive. When uν < `, there is no contact and thus no reactive traction σν ; otherwise
when contact takes place, uν − ` ≥ 0, σν is negative since the nature of the traction is
compressive. The function pν(·) characterises the property of the contact surface and there
are possible models (c.f [71]) available.

We may obtain the Signorini’s contact condition from an idealised normal compliance
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condition (3.78) in the following complementary form

uν − ` ≤ 0

σν ≤ 0

σν (uν − `) = 0

(3.79)

The sign of the traction σν is the same as that from the normal compliance condition
whether the two bodies are in contact or not. When the contact is first established or
is about to be lost, i.e. uν = `, the normal pressure should vanish, but this need not
be zero in Signorini’s condition (3.79). Here we have to note that although this type of
boundary conditions appear simple in their form, they are mathematically difficult, which
shall become clearer later.

Next in the tangential direction, the simplest condition on Γc is the frictionless contact
condition

στ = 0. (3.80)

In the case of dry contact, frictional contact is modelled with Coulomb law, which states
the tangential traction στ has a friction bound H and once this bound has been reached,
the surface can generate a relative slip motion. We can write this rule down as

‖στ‖ ≤ H,

στ = −H u̇τ
‖u̇τ‖

if u̇τ 6= 0,
(3.81)

where u̇τ is the relative tangential velocity.
To summarise, the boundary conditions for frictionless contact problem with rigid

foundation in Signorini’s formulation can be expressed as

Γu : u = 0 (Homogeneous Dirichlet)

Γσ : σn = fN (Neumann)

Γc :


uν − ` ≤ 0
σν ≤ 0
σν(uν − `) = 0
στ = 0 (Frictionless)

(Contact constraints)

(3.82)

3.3.2 The ISF Model

Having introduced the Signorini’s formulation, we model the ISF process at each incre-
mental step in the similar manner. The ISF modelling at the initial step can be illustrated
in Figure 3.7. To keep it simple, we will ignore the friction between the tool and the metal
sheet in this work and assume that the dynamic effects of the process can be ignored as
the ISF process is slow. We begin the ISF modelling as a quasistatic process.

75



Figure 3.7 Illustration of the ISF modelling at initial step

Quasistatic Equilibrium Equation

The dynamic equation that governs the state evolution of the body based on the mo-
mentum conservation principle is

ρüi − σij,j = fBi, (3.83)

where ρ is the material density and fBi is the density body force, such as gravity. Note
that the usual summation rule applies for index j. In the case of a slow process, such as
ISF, the external forces act on the body in a way that the acceleration is small so the
inertial term ρüi in (3.83) can be neglected. Thus, (3.83) becomes the quasistatic state
equilibrium equation

div σ + fB = 0 (3.84)

where fB denotes the body force and the stress σ has an elasto-plastic constitutive relation
with the strain ε outlined in previous section.

In the sequel of this work, we shall refer to the problem of finding admissible displace-
ments u from body governing equation (3.84) and boundary conditions in (3.82) with
linear elasticity law

σ = Cε,

as Signorini’s linear elasticity problem, or simply Signorini’s problem.

Boundary Conditions

Next, we regard the tool tip as a rigid surface and adopt Signorini’s conditions (3.82) at
the boundaries. For the clamped edges, the homogeneous Dirichlet boundary condition
still hold. As there is no external traction exerted on the boundaries except the region of
contact where the tool exerts a contact force, the Neumann boundary condition on Γσ is
zero. For the contact constraints, the gap function in (3.82) needs extra treatment. Here
the contact boundary condition will consider the kinematic constraints as well as the force
requirements, which in our case is to meet the frictionless assumption. For every point
z in the deformed sheet configuration in the contact region shown in Figure 3.8, we can
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relate it to a point on the tool surface via a minimum distance expression

min
ξ
α

∥∥∥z − zT (ξα)
∥∥∥ , (3.85)

where zT (ξα) represents a parametric description of the tool tip. Let

Figure 3.8 Geometry of the actual tool tip and the contact boundary treatment. χ0 is the centre
of the sphere, whose radius is denoted by r, whilst the vertex of the bottom frustum
is illustrated as χp (outside the tip).

fd =
∥∥∥z − zT (ξα)

∥∥∥ ,
then we can set

dfd

dξα
= 0,

which becomes
z − zT (ξα)∥∥∥z − zT (ξα)

∥∥∥ · zT ,α(ξα) = 0. (3.86)
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We shall recognise zT ,α(ξα) are the bases of the local curvilinear coordinates, which is
further described in section 4.7.1. Also, we may deduce that

z − zT (ξα)∥∥∥z − zT (ξα)
∥∥∥ = n(ξα),

where n(ξα) is the normal vector at point ξα. If we denote this point as zs and the normal
vector ns, then our gap function can be expressed as

` = (z − zs) · ns = (u+ z0 − zs) · ns, (3.87)

where z0 denotes the initial configuration of the sheet, and our contact boundary condition
becomes

` ≥ 0, (3.88)

which can be rearranged as a familiar form

u · ns ≥ (zs − z0) · ns. (3.89)

Alternatively, we can have an equivalent boundary condition that states that the deformed
configuration must lie outside the tool tip, or rather the points in the contact region must
fall outside the tool tip surface. Suppose we express the tool tip surface as a function

ς(x) = 0,

whose exact form is

ς(x) =


‖x− χo‖ − r if ñ · x− χo

‖x− χo‖
≥ cos(π2 − γ)

cos(γ)− ñ · χp − x
‖χp − x‖

if ñ · x− χo
‖x− χo‖

< cos(π2 − γ)
, (3.90)

where
ñ = χp − χo

‖χp − χo‖
,

then the contact boundary condition can be expressed more compactly as

ς(u+ x0) ≥ 0. (3.91)

However, kinematic conditions (3.89) and (3.91) on the contact boundary are derived from
a general large deformation configuration and unfortunately both of them are nonconvex,
which poses major difficulties for solving the complete model. Treatment of nonconvex
contact constraints is demonstrated in [72, 73]. In this work, we would use a series of
small incremental steps to simulate the physical process and the small deformation is our
assumption. So we use the approximation approach that is similar to the one in [74] to
obtain a small deformation boundary condition.
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The rigid surface (i.e. the tool surface) can be modelled with

ς(x,oc) = 0, (3.92)

where x denotes the position variable, and oc denotes the centre of the tool, which is a
constant parameter. Consider a point on the deformable body in the contact region, with
initial position denoted as x0, which undergoes a deformation u, then the current position
would be x0 +u. The kinematical constraint requires that the point has to be outside the
surface ς after deformation, so mathematically

ς(x0 + u) ≥ 0, (3.93)

where the equality means the points are in perfect contact with the rigid surface. Note
that we have omitted the constant parameter oc as it is not related to the position of the
point of interest. Under the small deformation assumption, we approximate ς(x0 + u) as

ς(x0 + u) ≈ ς(x0) + ςx(x0) · u, (3.94)

where ςx represent derivative with respect to x. So the inequality (3.93) can be reformu-
lated as

ς(x0) + ςx(x0) · u ≥ 0. (3.95)

The normal to the rigid surface can be expressed by

n = ςx
|ςx|

, (3.96)

so dividing (3.95) by |ςx|, we obtain

u · ν ≥ − ς(x0)
|ςx|

, (3.97)

where − ς(x0)
|ςx|

is the gap function referred earlier (cf. (3.78)). The normal vector ν is
not easy to specify, but a further approximation can be made since the small deformation
allows

n = −ν. (3.98)

Let
`(x0) = ς(x0)

|ςx|
.

Substituting ν with (3.98), we obtain

u · n(x0) ≤ `(x0). (3.99)

Note that the omitted parameter oc in ς is always set to the final configuration (i.e. the
tool position after a movement has been made) and our notation uν is associated with the
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normal direction n(x0), i.e.
uν = u · n(x0).

Summary of ISF Model

So the frictionless ISF model with Signorini type of condition can be formally written as

Find displacement u, such that

V : div σ + fB = 0

Γu : u = 0

Γσ : σn = fN = 0

Γc :


σν ≤ 0
uν ≤ `
σν (uν − `) = 0
στ = 0

and σ̇ = Cepε̇,

ε = 1
2
(
∇u+ (∇u)T

)
,

(3.100)

where V denotes the physical body of the sheet metal, excluding its boundaries Γσ, Γu
and Γc.
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“Mankind always sets itself only such problems as it can solve;
since, looking at the matter more closely, it will always be found
that the task itself arises only when the material conditions for
its solution already exist or are at least in the process of form-
ation.”

Karl Marx, A contribution to the critique of political economy, 1859
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Chapter 4

Computational Method for ISF
Model

The ISF model developed in the previous chapter is a boundary value partial differential
equation, which could be solved by two main approaches in general, namely the finite
difference method or the variational method. The finite difference method is widely used
to solve “simple” problems: simple geometry domain and simple boundary conditions. As
our problem is beyond the limit of the finite difference method, we will adopt the latter
approach, to which the finite element method belongs.

This chapter describes how the actual computational method, or the finite element
method, can be used to solve the ISF model problem in the last chapter. We first present
the mathematical theory of (linear) finite element method and develop the variational form
for Signorini’s linear elasticity problem (see page 76), then introduce the elasto-plasticity
algorithm, where the time dimension has been first discretised, and finally reformulate the
ISF model as a minimisation problem where the optimality conditions are given in order
to solve it.

4.1 Finite Element Method: A Brief Introduction

The finite element method was first established by civil engineers around 1956 [75, 76], and
the mathematical theory of this method catches up with engineering practice from early
work of Courant [77] to a rigorous stage by Strang and Fix’s work [78]. In this section,
we give an introduction to the mathematical theory of the finite element method, so that
this computational method for our ISF model can be established.

Quite often the exact (classical) solution to a partial differential equation requires
high regularity restrictions and does not always exist; it is then possible to weaken the
regularity requirements so that a solution to the original problem make sense. We refer to
this type of solution as weak solution, which can be very useful to explain the real world
phenomena. Sometimes the weak solution is the natural solution to a physical problem as
it is derived from integral laws over some domain [79].
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4.1.1 An Example

To demonstrate the procedure of the finite element method, we take an elliptic problem
[80] as an example:

−∇ · (a1∇u) + a0u = f, (4.1)

defined in a open bounded set Ω ⊂ Rd with Lipschitz continuous boundary and imposed
with homogeneous Dirichlet boundary conditions

u(x) = 0, on ∂Ω.

The classical solution to this problem is a function u satisfying u ∈ C2(Ω) ∩ C1(Ω̄) (twice
derivative continuous in the set Ω and first derivative continuous including the boundary)
everywhere in the Ω and satisfying the boundary conditions at every point x ∈ ∂Ω.

To reduce the regularity requirements upon solution u, we first multiply problem (4.1)
with a test function v ∈ C∞(Ω), so that

−∇ · (a1∇u)v + a0uv = fv, (4.2)

and integrate over Ω,

−
∫

Ω
∇ · (a1∇u)v dx+

∫
Ω
a0uv dx =

∫
Ω
fv dx. (4.3)

Note that test function v employs the same boundary condition with that of u, i.e. v(x) =
0, on ∂Ω. For the first integral term in (4.3), we apply the divergence related product rule

∇ · (vF ) = (∇v) · F + (∇ · F )v,

where F is a general vector, by replacing F with ∇u, therefore∫
Ω
∇ · (∇u)v dx =

∫
Ω
∇ · (∇u v) dx−

∫
Ω
∇u · ∇v dx. (4.4)

The first term of the right hand side of equation (4.4) can be further simplified using
Green’s formula, so that we obtain∫

Ω
∇ · (∇u)v dx =

∮
∂Ω

(∇u v) · nds−
∫

Ω
∇u · ∇v dx, (4.5)

where n is the outward normal vector to the boundary element ds. Relation (4.5) is
known as Green’s identity, as a result, formulation (4.3) becomes∫

Ω
a1∇u · ∇v dx+

∫
Ω
a0uv dx =

∫
Ω
fv dx, for every v. (4.6)

Note that the boundary term in (4.5) vanishes due to the zero boundary condition, i.e.
v = 0 on ∂Ω.
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Because the solution to the problem (4.6) includes an integration compared to the
original form, the regularity requirements is weakened to

u, v ∈ H1
0(Ω),

where H1
0(Ω) denotes the Sobolev space, whose component is square-integrable and pos-

sesses all the partial spatial derivatives of the first order. (Note that the product of two
square-integrable function is an integrable function but not necessarily square-integrable.)
In an abstract form, equation (4.6) can be cast as

a(u, v) = l(v), for every v ∈ V, (4.7)

where a(u, v) is a bilinear function, l(v) is a linear function and the Sobolev space H1
0(Ω)

is denoted by V.
It is often not easy to obtain the exact solution of this problem, so instead, an associated

discrete problem is used to approximate the solution. The Galerkin method defines this
discrete problem in the subspace of space V, denoted by Vh: find uh ∈ Vh such that

∀vh ∈ Vh, a(uh, vh) = l(vh). (4.8)

The discretisation inevitably involves domain discretisation, which usually means that a
mesh is needed, which will be explained more in the next section.

To solve (4.8) practically we choose some basis function of the finite element, denoted
as wk and k = 1, 2, 3, · · ·m, for both uh and vh in the space Vh, so that

uh = wkuk, vh = wlvl.

where uk and vl are the coefficients of the basis terms. In fact, the choice of the basis
(wk)mk=1 is of significant importance, to which we shall return later. The problem (4.8)
then becomes

a(wkuk, wlvl) = l(wlvl),

or, a(wk, wl)ukvl = l(wl)vl.
(4.9)

Every coefficient of vl must be identical between left and right hand side of equation (4.9)
so that equation (4.8) can hold for any vh in Vh. Therefore, the solution to problem (4.9)
is identical to solving the coefficients uk for the following linear system

a(wk, wl)uk = l(wl), where l = 1, 2, 3, · · · ,m. (4.10)

The matrix [a(wk, wl)] is usually called stiffness matrix and vector [l(wl)] is called load
vector as historically (4.10) comes from elasticity problems.

We may expect the existence of approximation errors compared with the theoret-
ical solution to the original problem and there are two major approaches to increase the
accuracy of the finite element computations: one is h version finite element, in which
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polynomials of fixed degree p are used and mesh refinement is used to increase the results
accuracy, and the other, p version finite element, where the p is increased whilst using a
fixed mesh [81]. A hybrid method of the two is of course admissible and it is called the
h-p version.

4.1.2 Ingredients of Finite Elements

To generalise the discussion about the finite element method, suppose the original bound-
ary value problem is posed over an open set Ω with boundary Γ and we consider the
procedure to construct the subspace Vh in Galerkin method.

First, triangulation of the (closed) set Ω̄, i.e., the set Ω̄ is subdivided into a finite
number of closed subsets K, called finite elements, in a way that Ω̄ = ∪K, the interior
of K is non-empty and non-overlapping between two elements and the boundary ∂Ω is
Lipschitz-continuous. In practice, we usually set K as a simplex (triangle in 2 dimensions
and tetrahedron in 3 dimensions). In this work, we will exclusively make triangles as our
subset choice. Then, we define a finite element space Xh and finite dimensional space PK
spanned by restrictions vh|K of the functions vh ∈ Xh to the finite element K as

PK = {vh|K ; vh ∈ Xh}.

The space PK contains polynomials and is the key both to convergence and to obtaining
a simple computational method to solve problem (4.8) [82]. We shall denote Pk (lower
case k to differentiate from PK) as the space of all polynomials of degree ≤ k of variables
xi, i = 1, 2..., n, i.e., a polynomial pol ∈ Pk of the form

pol(x) =
∑∑n

i=1 αi≤k

η̃α1α2···αnx
α1
1 xα2

2 · · ·x
αn
n ,

for appropriate coefficients η̃α1α2···αn . The dimension of the space Pk is given by

dim Pk =
(
n+ k

k

)
. (4.11)

It is known that the function in space PK can be uniquely determined by values and
derivatives at the vertices and mid-points of the edges, termed as degrees of freedom of
the finite element [82]. We then denote the corresponding set of degrees of freedom by
ΣK , whose exact form depends on degree k of a specific space Pk and the locations of the
points (most commonly, vertices and mid-points) of interest.

A formal definition for a general finite element given in [82] is to regard finite element
as a triples (K,P,Σ), where K, known as the finite element, has been defined earlier, P
is a space of real-valued functions defined over set K, and Σ is a finite set of linearly
independent linear forms ψi, 1 ≤ i ≤ N , defined over the space P . Most importantly, we
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have

∀pol ∈ P, pol =
N∑
i=1

ψi(pol)poli. (4.12)

For the linear form ψi, members of set Σ, are the degrees of freedom of the finite element
and the function poli are called the basis functions of the finite element. Thus, the bases
(ψi)Ni=1 and (poli)Ni=1 can be viewed as dual bases in the algebraic sense. Given a finite
element (K,P,Σ) and a smooth function v : K → R, we can define the P -interpolant of
the function v as

Πv =
N∑
i=1

ψi(v)poli. (4.13)

4.1.3 Variational Formulation

The abstract form in (4.7) is actually a variational problem, which leads to the weak
solution and the corresponding finite element approximation. We rewrite the problem by
explicitly defining a linear space V, so that the problem becomes to find u ∈ V, such that

∀v ∈ V, a(u, v) = l(v), (4.14)

where a(·, ·) : V ×V → R as before denotes the bilinear form and l(·) : V → R denotes the
linear form. The space V, a and l are assumed to satisfy the Lax-Milgram lemma (pp.8
[82]), which ensures problem (4.14) has a unique solution. So problem (4.1) does have a
unique solution.

If we define a functional J(v) as

J(v) , 1
2a(v, v)− l(v), (4.15)

then by a standard characterisation theorem (p.35 [83]), J(v) attains its minimum over V
if and only if (4.14) holds. The key to this proof is the introduction of function J(u+ tv),
where t ∈ R, v ∈ V:

J(u+ tv) = 1
2a(u+ tv, u+ tv)− l(u+ tv) = J(u) + t (a(u, v)− l(v)) + 1

2 t
2a(v, v). (4.16)

Together with the positivity of a(v, v), if (4.14) hold then J(u) attains minimum and
conversely, if J(u) attains minimum, the derivative must vanish, i.e. (4.14) holds. In
fact, the functional J is an energy expression for the underlying physical system, from
which the abstract form (4.14) can be derived by a variational principle, which explains
the term “variational”. This important observation will allow us to treat complex contact
boundary conditions of the ISF model in the finite element analysis context with some
variational method. As a result, we also refer to the abstract form (4.14) as the variational
formulation.
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4.2 Variational Formulation of Signorini’s Problem

In this section, we lay the foundation of a weak form or variational form of the ISF model
developed in (3.100), so that a finite element method can be used. Compared to the linear
finite element problem introduced in the previous section, the nature of our ISF model
turns out to be much more complicated in the sense that both a complementary contact
boundary condition and a history-dependent elasto-plasticity material law are used. Here
we first analyse Signorini’s linear elasticity problem (see page 76), where a linear elasticity
material with a similar complementary contact boundary condition are included.

To obtain a variational formulation for Signorini’s problem, we start with the quasist-
atic state equilibrium equation (3.84) in Cartesian coordinates using standard techniques.
Multiplying by test function v and integrating over body domain V , we have∫

V
−(div σ) · v dV =

∫
V
fB · v dV , (4.17)

where v is defined over linear space V. To account for the boundary conditions in (3.82)
we also require

v = 0, on Γu
vν ≤ `, on Γc.

Define a convex space K as

K = {v ∈ V |v = 0, on Γu and vν ≤ ` on Γc } , (4.18)

so that
v ∈ K.

Next, let us consider the relation div (σv) = (σijvj),i, whose right hand side can be
expanded using the chain rule as

div (σv) = σij,ivj + σijvj,i = σji,ivj + σjivj,i = div (σ) · v + σ : ∇v. (4.19)

Thus, ∫
V
−div (σ) · v dV =

∫
V

[σ : ∇v − div (σv)] dV

=
∫
V
σ : ∇v dV −

∫
V
div (σv) dV .

(4.20)

In the above derivation, the symmetry of the stress tensor σ is used. We also have the
relation

(σv) · n = σijvjni = σjivjni = (σjini)vj = (σn) · v, (4.21)

where n is an arbitrary vector for the moment. As for the divergence integration term in
equation (4.20), using the divergence theorem∫

V
div (σv) dV =

∮
Γ

(σv) · ndS, (4.22)
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where Γ is the boundary of the region V and n is the normal vector to Γ. Using relation
(4.21), we have ∫

V
div (σv) dV =

∮
Γ

(σn) · v dS. (4.23)

So, combining equation (4.20) and (4.23), we obtain the variational form∫
V
σ : ∇v dV =

∫
V
fB · v dV +

∮
Γ

(σn) · v dS ∀v ∈ V. (4.24)

Due to the symmetry property of the stress tensor σ, σij = σij , we may introduce a
symmetric gradient operator ∇s, acting on v as

∇sv = 1
2 (vi,j + vj,i) .

So
σ : ∇v = σijvi,j = σjivj,i = σij

1
2 (vi,j + vj,i) = σ : ∇sv,

and equation (4.24) now takes the form∫
V
σ : ∇sv dV =

∫
V
fB · v dV +

∮
Γ

(σn) · v dS, ∀v ∈ K. (4.25)

For the surface integral in (4.25), substituting the boundary Γ with its components Γu,
Γσ and Γc, yields,∮

Γ
(σn) · v dS =

∮
Γu

(σn) · v dS +
∮

Γσ
(σn) · v dS +

∮
Γc

(σn) · v dS

=
∮

Γσ
fN · v dS +

∮
Γc
σνvν dS.

(4.26)

The normal reactive traction σν in the contact constraints expressed in (3.82) is unknown
and the test function v lies in space K, which says v is confined on Γc as vν ≤ g. So this
constrained formulation causes a major hurdle for further analysis.

Alternatively, a variational inequality formulation can pose an elegant framework for
Signorini’s problem. The idea is to use test function v−u instead of v, so the variational
form (4.25) can be expressed as∫

V
σ : ∇s(v − u) dV =

∫
V
fB · (v − u) dV +

∮
Γ

(σn) · (v − u) dS, ∀v ∈ K, (4.27)

where∮
Γ

(σn) · (v − u) dS =
∮

Γu
(σn) · (v − u) dS +

∮
Γσ

(σn) · (v − u) dS +
∮

Γc
(σn) · (v − u) dS

=
∮

Γσ
fN · (v − u) dS +

∮
Γc

[σν(vν − uν) + στ · (vτ − uτ )] dS.
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The contact boundary integral can be further treated as∮
Γc
σν(vν − uν) dS =

∮
Γc
σν (vν − `− (uν − `)) dS

=
∮

Γc
σν(vν − `) dS −

∮
Γc
σν(uν − `) dS,∮

Γc
στ · (vτ − uτ ) dS = 0 (στ = 0).

(4.28)

Given the complementary contact constraints (3.82), it is clear that∮
Γc
σν(uν − `) dS = 0, (4.29)

and since σν ≤ 0 and vν ≤ ` , we have∮
Γc
σν(vν − `) dS ≥ 0. (4.30)

Combining (4.29) and (4.30), we can see∮
Γc
σν(vν − uν) dS ≥ 0, (4.31)

and that the equation (4.27) becomes the inequality∫
V
σ : ∇s(v − u) dV −

∫
V
fB · (v − u) dV −

∮
Γσ
fN · (v − u) dS ≥ 0, ∀v ∈ K, (4.32)

which is termed variational inequality.
We shall refer to the problem: find an admissible displacement

u ∈ K,

such that (4.32) holds, as the variational formulation of the Signorini’s problem.

Theorem 4.2.1. The variational form of Signorini’s problem is equivalent to its original
form.

Proof. The necessity has been shown above, what is left is to demonstrate its sufficiency,
i.e., we can retrieve the Signorini’s problem from inequality (4.32) and u ∈ K.

First, construct the test function v with an arbitrary smooth function ϕ by

v = u+ϕ, and v = u−ϕ.

Let ϕ ∈ V, over V , where we assume u is smooth enough, so that the property of linear
space guarantees v ∈ V, over V , whilst the boundary condition imposed on ϕ has to be
consistent with that of v ∈ K. First, consider some arbitrary ϕ, with zero value boundary
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conditions on the whole Γ. Substituting v = u+ϕ, (4.32) becomes∫
V
σ : ∇sϕ dV ≥

∫
V
fB ·ϕdV , ∀ϕ ∈ K, (4.33)

On the other hand, substituting with v = u−ϕ, (4.32) becomes∫
V
σ : ∇sϕdV ≤

∫
V
fB ·ϕdV , ∀ϕ ∈ K, (4.34)

and from the two inequalities (4.33) and (4.34), we can see∫
V
σ : ∇sϕdV =

∫
V
fB ·ϕ dV , ∀ϕ ∈ K. (4.35)

Recall the divergence theorem∫
V
σ : ∇sϕ dV =

∫
V
−div(σ) ·ϕ dV +

∮
Γ
σn ·ϕ dV , (4.36)

so combining (4.35) with (4.36), we have∫
V
−div(σ) ·ϕdV =

∫
V
fB ·ϕ dV , (4.37)

from which we can deduce the equilibrium equation

div(σ) + fB = 0.

If we let the function ϕ only vanish on Γu and Γc (v ∈ K remains valid), then with the
same reasoning, we have ∫

Γσ
(σn− fN ) ·ϕdS = 0, (4.38)

which leads to
σn = fN , on Γσ.

By virtue of the fact that u ∈ K, we have

u = 0, on Γu,

and
uν ≤ `, on Γc.

Finally, to obtain the other relations on the contact boundary Γc, we substitute (4.36)
into (4.32), resulting in∮

Γ
σn · (v − u) dS ≥

∮
Γσ
fN · (v − u) dS, ∀v ∈ K. (4.39)
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Using the established results so far on boundary Γu and Γσ, we conclude that∮
Γc
σn · (v − u) dS ≥ 0, ∀v ∈ K. (4.40)

We let v = u+ϕ with ϕν = 0 and ϕτ = ±φ, so that v ∈ K. From (4.40) we can obtain∮
Γc

(σνϕν ± στ · φ) dS ≥ 0, ∀φ ⇒
∮

Γc
στ · φdS = 0, ∀φ ⇒ στ = 0.

Let ϕν ≤ 0 and ϕτ = 0, still with v = u+ϕ ∈ K, yielding,∮
Γc
σνϕν dS ≥ 0,∀ϕν ≤ 0 ⇒ σν ≤ 0. (4.41)

Let uν < ` at a point x ∈ Γc, then there exists a smooth function φ ≥ 0 on Γc such
that

φ(x) > 0 and uν + φ ≤ `.

Let some ϕ ∈ V satisfy
ϕν = φ, ϕτ = 0 on Γc,

to ensure that v = u+ϕ ∈ K. Using the inequality∮
Γc
σνϕν dS ≥ 0

and established result σν ≤ 0 in (4.41), we can conclude

σν = 0

in the case of uν < `, which is the complementary condition on Γc. This completes our
(sufficiency) proof.

By further investigating the linear elastic law for the stress-strain relation and the
kinematic equation, we have

σ = Cε(u) = C∇su. (4.42)

Substituting (4.42) into (4.32), we can rewrite the variational form for Signorini’s problem
as: find u ∈ K, such that∫

V
C∇su : ∇s(v − u) dV ≥

∫
V
fB · (v − u) dV +

∮
Γσ
fN · (v − u) dS, ∀v ∈ K. (4.43)

The abstract form of this problem can be expressed as

find u ∈ K, such that a(u,v − u) ≥ l(v − u), ∀v ∈ K. (4.44)

where a is an elliptic bilinear form and l is the linear form. The problem (4.44) is generally
known as elliptic variational inequality of the first kind (EVI).
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4.3 Elasto-plasticity Analysis: Predictor–Corrector Algorithm

Having developed the variational form for Signorini’s problem, we turn to our ISF model
(3.100) (cf. p.80). It would be ideal if we could find an equivalent formulation for our
model. As we compare the two, it becomes clear that the material law stands in our
way as the elasto-plastic constitutive relation cannot be expressed in the form of C∇su
using the previous formulation, thus a similar bilinear form a(u,v) in (4.44) is not directly
attainable.

However, it is possible to formulate the elasto-plastic model, which was developed in
section 3.2 using linear isotropic hardening with von Mises yield criterion, as a variational
inequality form, or to be accurate, elliptic variational inequality (EVI) of the second kind
(see p.157 [61]). Therefore, it might turn out to be possible to combine both the EVI
of the second kind for the material model and the EVI of the first kind for the contact
mechanics as a unified variational inequality formulation. We shall drop this idea here
out of computational considerations, instead we embark on considering the energy aspect
of this system in section 4.4, before which we first consider the pseudo-time discretisation
issue for the elasto-plasticity constitutive relation.

The elasto-plastic constitutive rate equation

σ̇ = Cepε̇

introduces an additional time dimension. To simplify the computational effort for the ISF
model, we first discretise the time dimension while leave with continuous spatial dimen-
sions. The general practice is to use the Euler scheme, in which we employ discretisation
among the pseudo-time interval [tn, tn+1] as

σn+1 − σn
∆tn

= Cepεn+1 − εn
∆tn

= 1
∆tn

Cep∆εn, (4.45)

where ∆tn is the time interval tn+1− tn and ∆εn is the difference between two consecutive
strain tensors. The strain tensor is a function of the displacement (cf. equation (3.19),
p59), thus we can express this dependency in an incremental form as

∆εn = ε(∆un).

Therefore, equation (4.45) can be simply written as

∆σn = Cep∆εn. (4.46)

In addition, recall that the exact form of Cep in (3.70) is dependent on the stress tensor
σ, so the stress tensor in an explicit integration scheme can be expressed as

σn+1 = σn +Cep (σn) ε (∆un) . (4.47)
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We shall describe a predictor-corrector algorithm to obtain a discretised version ofCep (σn),
which is termed as consistent tangent operator. In the light of the shell geometry described
by general curvilinear coordinates in the upcoming section 4.7, without causing further
complexity, we aim to provide a coordinate-independent formulation and defer the choice
of coordinates until actual computation.

Suppose the strain incremental value ∆εn at a pseudo time instant tn is known, we
employ Euler backward discretisation first by an elastic trial predictor step, in which the
strain tensor and the accumulative strain are updated using

εe trial
n+1 = εen + ∆εn, (4.48)

and
κ trial
n+1 = κn. (4.49)

The stress tensor is updated with elasticity law as

σtrial
n+1 = Cεe trial

n+1 . (4.50)

To exploit the particular properties of the strain and stress tensor, we use the decomposed
versions (deviatoric and hydrostatic) as

εe trial
n+1 = εe trial

d n+1 + 1
3ε

e trial
v n+1I, (4.51)

and from (3.36)
strial
n+1 = 2µεe trial

d n+1

ptrial
n+1 = 3Kεe trial

v n+1
, (4.52)

the reason for which will become clearer later. To verify the assumed stress state actually
lies in the linear elastic region, we compute the yield function

φtrial
(
σtrial
n+1, κ

trial
n+1

)
=
√

3
2

∥∥∥strial
n+1

∥∥∥− (σy +Hκn) . (4.53)

If φtrial ≤ 0, we accept the elastic trial step and update the corresponding states by

εen+1 = εe trial
n+1

sn+1 = strial
n+1

pn+1 = ptrial
n+1

κn+1 = κtrial
n+1

; (4.54)

Otherwise, the actual process involves plastic deformation and a corrector step is needed
as shown in the following.

In the following plastic corrector step (or sometimes known as return mapping), first
use additive strain decomposition relation between elastic and plastic strain and results
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in (3.46), we obtain

εen+1 − εen
∆t = εn+1 − εn

∆t − γn+1 − γn
∆t

∂φ

∂σ
(σn+1) ,

εen+1 = εen + ∆εn −∆γ ∂φ
∂σ

(σn+1) ,
(4.55)

and
εen+1 = εe trial

n+1 −
√

3
2∆γn̂n+1, (4.56)

κn+1 = κn + ∆γ, (4.57)

φ (σn+1, κn+1) = 0, (4.58)

where the deviatoric tensor n̂ is defined in (3.68) (cf. p70). The discretised plastic
multiplier ∆γ is determined from incremental elastic strain relation, incremental internal
hardening variable and yield condition, namely, (4.56), (4.57) and (4.58). To solve these
three equations, we first use the deviatoric decomposition for the elastic strain formulated
in (4.56)

εed n+1 = Idεen+1 = εe trial
d n+1 −

√
3
2∆γn̂n+1, (4.59)

where the deviatoric nature of the von-Mises yield criterion is applied. For the corres-
ponding deviatoric stress component, we have

sn+1 = 2µεed n+1 − 2µ
√

3
2∆γn̂n+1

= strial
n+1 − 2µ

√
3
2∆γ sn+1

‖sn+1‖

(4.60)

Rearrange (4.60) as (
1 + 2µ

√
3
2

∆γ
‖sn+1‖

)
sn+1 = strial

n+1. (4.61)

As we can see, sn+1 and strial
n+1 are co-linear, which implies

sn+1
‖sn+1‖

=
strial
n+1∥∥strial
n+1

∥∥ . (4.62)

We also notice that
1 + 2µ

√
3
2

∆γ
‖sn+1‖

> 1, (4.63)

so stress tensor sn+1 is scaled relative to strial
n+1. Substituting (4.62) into (4.60), yields

sn+1 =
(

1− 2µ
√

3
2

∆γ∥∥strial
n+1

∥∥
)
strial
n+1, (4.64)
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where the scaling factor satisfies

0 < 1− 2µ
√

3
2

∆γ∥∥strial
n+1

∥∥ < 1

as a result of (4.63). The yield function then can be evaluated as

φ(σn+1, κn+1) =
√

3
2 ‖sn+1‖ − (σy +Hκn+1)

=
√

3
2

(
1− 2µ

√
3
2

∆γ∥∥strial
n+1

∥∥
)∥∥∥strial

n+1

∥∥∥− (σy +Hκn +H∆γ)

=
√

3
2

∥∥∥strial
n+1

∥∥∥− (σy +Hκn)− 3µ∆γ −H∆γ

= φtrial − (3µ+H)∆γ.

(4.65)

The discretised plastic multiplier ∆γ is worked out by setting

φ(σn+1, κn+1) = 0,

giving

∆γ = φtrial

3µ+H
. (4.66)

So the stress should be updated with

σn+1 = sn+1 + pn+1I = sn+1 + 3Kεv n+1I, (4.67)

where
pn+1 = ptrial

n+1

is unaffected in the corrector step. Also sn+1, εen+1 and κn+1 are updated substituting
with values (4.66) into (4.64), (4.56) and (4.57) respectively.

Next we consider the elasto-plastic tensor Cep as a derivative

Cep = ∂σn+1
∂εn+1

.

In the elastic range, this value is the elastic tensor C. In the plastic range, however, we
need a bit further calculation. Note that the following relation

εn+1 = εe trial
n+1 + εpn+1 (4.68)

holds, where εpn+1 is independent of εe trial
n+1 (dependent on the internal variable instead).

So we can compute Cep by using

Cep = ∂σn+1
∂εn+1

= ∂σn+1
∂εe trial

n+1
.
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Since the updated stress tensor can be expressed as

σn+1 = C

(
εe trial
n+1 −

√
3
2∆γn̂

)
,

therefore we have the derivative

∂σn+1
∂εe trial

n+1
= C −

√
3
2∆γ

(
∂Cn̂

∂εe trial
n+1

)
−
√

3
2

∂∆γ
∂εe trial

n+1
⊗ (Cn̂) . (4.69)

To evaluate ∂Cn̂

∂εe trial
n+1

, with the aid of the directional derivative defined in (A.22) and the

chain rule (A.20), it can be expressed as

∂Cn̂

∂εe trial
n+1

: τ =
∂Cn̂(strial

n+1)
∂strial

n+1
:
(
∂strial

n+1
∂εe trial

n+1
: τ
)
. (4.70)

With results in Appendix (A.23) we can obtain

∂Cn̂

∂εe trial
n+1

: τ =
[
C − (Cn̂)⊗ n̂∥∥strial

n+1
∥∥

]
: (2µId : τ ) , (4.71)

where

C : (2µId) : τ = (2µId +KI ⊗ I) : (2µId) : τ = 4µ2Id : τ + 2µKI ⊗ I : (Id : τ ). (4.72)

Using (A.16)
I ⊗ I : (Id : τ ) = Itrace(Id : τ ) = 0.

Using (A.9)

(Cn̂)⊗ n̂ : (2µId) : τ = (Cn̂) (n̂ : (2µId) : τ ) = (Cn̂) ((2µId) : n̂ : τ )

= (Cn̂) (2µn̂ : τ )

= 2µ(Cn̂⊗ n̂) : τ ,

(4.73)

where
(Cn̂)⊗ n̂ = [(2µId +KI ⊗ I)n̂]⊗ n̂ = (2µn̂+ 0)⊗ n̂ = 2µn̂⊗ n̂.

Hence,
∂Cn̂

∂εe trial
n+1

= 4µ2(Id − n̂⊗ n̂)∥∥strail
n+1

∥∥ . (4.74)

Then, based on (4.66), we evaluate
∂∆γ
∂εe trial

n+1
as

1
3µ+H

∂Φtrial

∂εe trial
n+1

=
√

3/2
3µ+H

∥∥∥strial
n+1

∥∥∥
∂εe trial

n+1
=

2µ
√

3
2

3µ+H
n̂. (4.75)
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By collecting the above terms, eventually we have

∂σn+1
∂εe trial

n+1
= C −

√
3
2∆γ4µ2 Id − n̂⊗ n̂∥∥strail

n+1
∥∥ − 6µ2

3µ+H
n̂⊗ n̂. (4.76)

The whole predictor-corrector algorithm is summarised in Table 4.1.

Known variables from previous step: εen, κn, sn, pn
1. Given ∆εn, compute elastic predictor as:

εe trial
n+1 = εen + ∆εn, κtrial

n+1 = κn,

εe trial
d n+1 = Idεe trial

n+1 , εe trial
v n+1 = I : εe trial

n+1 ,

strial
n+1 = 2µεe trial

d n+1, ptrial
n+1 = 3Kεe trial

v n+1.

2. Compute yield function

φtrial =
√

3
2

∥∥∥strial
n+1

∥∥∥− (σy +Hκn) ,

3. If φtrial ≤ 0, update tensors

εen+1 = εe trial
n+1 , sn+1 = strial

n+1, pn+1 = ptrial
n+1, κn+1 = κtrial

n+1,

set
Cep = C,

and end of the programme;
4. Otherwise, run a plastic corrector by computing

∆γ = φtrial

3µ+H
, n̂n+1 =

strial
n+1∥∥strial
n+1

∥∥
and update

sn+1 =
(

1− 2µ
√

3
2

∆γ∥∥strial
n+1

∥∥
)
strial
n+1, pn+1 = ptrial

n+1, κn+1 = κn + ∆γ,

εen+1 = εe trial
n+1 −

√
3
2∆γn̂n+1,

set
Cep = C −

√
3
2∆γ4µ2 Id − n̂⊗ n̂∥∥strail

n+1
∥∥ − 6µ2

3µ+H
n̂⊗ n̂.

Table 4.1 Elasto-plasticity analysis: predictor-corrector algorithm
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4.4 ISF Model as A Minimisation Problem

The abstract elastic contact problem (4.44) is well known to be identical to a minimisation
problem: if we define

J (v) = 1
2a(v,v)− l(v),

find u ∈ K, such that J (u) ≤ J (v), ∀v ∈ K, (4.77)

the proof of which can be found in most books on mathematical theory of variational
inequality [69]. We may notice the similarity with (4.15) and the heart of the variational
inequality lies in the convex set K, upon which the problem is posed; the problem becomes
a variational equation if K is a linear space. The physical meaning of the functional J (u)
is the total system energy excluding the contribution from contact and the convex set K
(defined in (4.18)) represents the contact boundary constraints.

Notice that our ISF model differs with Signorini’s problem in the material law, so we
can imagine a similar constrained optimisation formulation can be posed for a computa-
tional ISF model. Incorporating the results from section 4.3, we first consider the energy at
pseudo-time instant tn+1, excluding the contribution from the contact boundary, denoted
by J , can be expressed as

J (un+1) =
∫
V

1
2σn+1 : εn+1 dV −

∫
V
fB · un+1 dV −

∮
Γσ
fN · un+1 dS. (4.78)

The contact boundary condition can be described with a convex set K

K = {v ∈ V|v = 0 on Γu,vν ≤ ` on Γc} , (4.79)

where V is a linear space, so that we have

un+1 ∈ K.

Given previously known displacement un, the optimisation problem for ISF model becomes
one to find the admissible displacement un+1 that lies in K such that the functional J
obtains the minimum, which can be expressed as

arg min
un+1∈K

J (un+1). (4.80)

Using the incremental forms

un+1 = un + ∆u, εn+1 = εn + ∆εn, and σn+1 = σn + ∆σn,

the functional J in (4.78) can be split into two parts

Jn+1 = J (un+1) = Jn + Fn, (4.81)
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where Jn = J (un) and

Fn =
∫
V

1
2∆σn : ∆εn dV +

∫
V

∆σn : εn dV −
∫
V
fB ·∆un dV −

∮
Γσ
fN ·∆un dS. (4.82)

Note that the symmetric property of tensor Cep has been used from (4.78) to (4.82). Using
(4.81), the optimisation problem (4.80) can be reduced to

arg min
∆un∈Cn

Fn(∆un), (4.83)

where the convex set Cn takes the form

Cn = {v ∈ V|v = 0 on Γu,vν ≤ `− (un)ν on Γc} (4.84)

to ensure that un+1 and un are in the same convex set K.
A general constrained optimisation problem in the infinite dimensional space can be

expressed as
minF (x) over x ∈M, (4.85)

where F : M ⊆ X → [−∞,+∞], M 6= ∅. The rigorous existence conditions given in [84]
state that problem (4.85) has a solution, if i) X is a real reflexive Banach space. ii) M
is bounded and weak sequentially closed, iii) F is weak sequentially lower semicontinuous
on M . The uniqueness of problem (4.85), i.e. F has at most one minimum on M , can be
guaranteed if i) M is a convex subset of the linear space X. ii) F is strictly convex, i.e.,
F ((1 − t)u + tv) < (1 − t)F (u) + tF (v) holds for all u, v ∈ M , u 6= v, and all t ∈ (0, 1).
The optimality condition to (4.85) is known as a variational inequality formulation

〈
F ′(x∗), x− x∗

〉
≥ 0, ∀x ∈ C, (4.86)

where F ′ is the F-derivative or Fréchet derivative defined as

F (u0 + h) = F (u0) +
〈
F ′(u0), h

〉
+ o(‖h‖) as h→ 0,

and x∗ is the optimal solution. The variational inequality formulation is not computation-
ally easy to handle for problem (4.83). Instead, we will describe an alternative method
based on Lagrange multiplier theory in the next section.

4.5 Augmented Lagrangian Method

It is a common technique to use Lagrange multiplier to transform a constrained optim-
isation problem to an unconstrained one in finite dimension and the necessary optimality
condition is given by the Karush-Kuhn-Tucker (KKT) conditions [85]. We also know
that the penalty method for constrained optimisation in finite dimension offers a simpler
structure, in which a penalty term that is positive when the current iteration violates
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the constraint and zero otherwise is added to the original objective function. In infinite
dimension, an equivalent Lagrangian formulation is also feasible (cf. [86]). In this work,
however, we consider using the Augmented Lagrangian Method (ALM) for our constrained
problem, which combines both the Lagrange multiplier method and the penalty method.

The Augmented Lagrangian method is first studied in the finite dimensional space
and can reduce the possibility of ill-conditioning and has a faster convergence rate than
Lagrange multiplier method, see [87, 88, 85], and later brought into the infinite dimensional
space by a series of investigations as in [89, 90]. This method has appeared a number of
times in the contact mechanics literature such as [91, 92] and etc, although the reference
given here often derived in a finite dimensional flavour. In [93], the ALM has been shown
as a powerful nonsmooth optimisation tool.

Rewrite the constrained optimisation problem (4.83) as

minFn(∆un), subject to ∆un ∈ Cn, (4.87)

where
Cn = {v ∈ V|v = 0 on Γu,vν ≤ `n on Γc} ,

and `n is defined as
`n = `− (un)ν . (4.88)

Let
C(∆un) = ∆unν − `n, (4.89)

and also we slightly abuse the notation by dropping all the incremental form, implied by
notation ∆, and the pseudo-time subscript n, so the constrained problem (4.87) can be
written as

minF (u), subject to C(u) ≤ 0 on Γc. (4.90)

Note that the equality constraint on Γu, where u = 0, can be prescribed in the actual
computation. For the inequality constraint C(u) ≤ 0, we introduce the slack variable
(functional) q, such that

C(u)− q = 0, q ≤ 0 on Γc. (4.91)

The augmented Lagrangian for (4.90), denoted by LA, can be expressed simply as

LA = F +
∫

Γc

1
2ε(C(u)− q)2 + λ(C(u)− q) dS, s.t. q ≤ 0, (4.92)

where ε is the penalty parameter (always positive) and λ denotes the Lagrange multiplier
(a functional here). So the constrained problem (4.90) becomes

minLA, over q ≤ 0. (4.93)
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The minimizer of (4.93) with respect to q can be obtained as

q∗ = min{C(u) + ελ, 0}.

Let
C̃(u) = C(u)− q∗ + λε = max{0, C(u) + λε}, (4.94)

so that the Lagrangian LA can be reformulated as

LA = F (u) +G(u), (4.95)

where
G(u) =

∫
Γc

[
1
2εC̃(u)2 − ελ2

2

]
dS. (4.96)

The augmented Lagrangian method of the first order to solve the constrained problem
(4.90) is the following iterative algorithm [90]:

• Initialise Lagrange multiplier (λ0)

• Solve problem
minLA(u(i), λ(i)) (4.97)

given in (4.95),

• Update the Lagrange multiplier with

λ(i+1) = max{0, λ(i) + C(u(i))/ε}. (4.98)

If define
L(λ) = minLA(u, λ),

we can have
dL
dλ = max{0, C(u) + λε},

so the above Lagrange multiplier update (4.98) represents a gradient method for maxim-
ising L(λ). The unconditional convergence of the ALM algorithm is proofed in [90].

To complete the ALM algorithm, we still need a method to obtain the solution to the
minimisation problem (4.97). The first order necessary condition for optimality requires
the (Fréchet) derivative to be set as zero, which can be expressed as

L′A = F ′(u) +G′(u) = 0, (4.99)

101



where
G′(u) =

∫
Γc

1
ε
C̃ ′(u)C̃(u) dS.

To obtain a succinct expression for F ′(u), we introduce a third-order tensor B so that

ε = ε(u) = Bu, and dε
du = B. (4.100)

Using above equation (4.100) and the symmetry of the elasto-plasticity tensor Cep, we
can obtain F ′ from (4.82) as (note the notational change introduced earlier cf. p100)

F ′(u) =
∫
V
BCepBu dV +

∫
V
εnC

epB dV −
∫
V
fB dV −

∮
Γσ
fN dS. (4.101)

From (4.94), we have
C̃ ′(u) = max{0, C ′(u)}. (4.102)

Note that 0 denotes an all-zero valued functional, i.e., 0(x), where x denotes the locations.
Using (4.102), we can obtain

G′(u) =
∫

Γc
C ′(u) max{0, λ+ C(u)/ε} dS. (4.103)

Given that
C(u) = uν − `n = uν − (`− (un)ν), (4.104)

so
C ′(u) = n, (4.105)

where n denotes the outward normal to the contact point.
We can see now the nonlinear operator L′A is nonsmooth. To solve the equation

L′A = 0,

in the next section, we will first discretise it using a finite element method before employing
a semismooth Newton’s method to obtain the numerical solution.

4.6 Finite Element Discretisation and Semismooth Newton
Method

In the last section, it becomes clear that the key to solving the ISF model problem (4.80)
is equation (4.99). Since (4.99) is posed in the infinite dimension, we first discretise it into
finite dimension using finite element method before a nonlinear programming method is
proposed.

We first discretise the unknown variable u, a first-order tensor, with a second-order
tensor N ,

N(x) = Nikei ⊗ ẽk, (4.106)

102



where ei is a coordinate basis and ẽk is a basis associated with an array (dyadic basis), so
that

u = Nuh, (4.107)

where uh is the unknown values at the mesh nodes. The exact form of N(x) will be
determined later and it is known as the shape function in the finite element method. The
third-order tensor B(x) defined in (4.100) thus takes the form

Bijk = 1
2(Nik,j +Njk,i), (4.108)

so that
Buh = ∇s(Nuh),

and
ε = Buh. (4.109)

Note that the third basis of tensor B is different from the previous two and denoted by a
new basis direction as ẽ, tensor B can be expressed as

B = Bijkei ⊗ ej ⊗ ẽk.

Using (4.107), we can have the discretised F ′(u) as

F ′h(u) = f int(uh)− f ext, (4.110)

where the subscript h indicates a discretised version,

f int(uh) =
∫
V
BCepBNuh dV ,

f ext =
∫
v
fB dV +

∮
Γσ
fN dS −

∫
V
εnC

epB dV .
(4.111)

In addition, we can have the discretised G′(u), denoted by f c:

f c(uh) = G′h(uh) =
∫

Γc
nλ̄(uh) dS, (4.112)

where

λ̄(uh) =
{
λ+ C(uh)/ε if λ+ C(uh)/ε > 0,
0 if λ+ C(uh)/ε ≤ 0.

(4.113)

For the sake of simplicity, we use the notation f to denote the discretised version of L′A.
Based on (4.110) and (4.112), we obtain

f(uh) = F ′h(uh) +G′h(uh),

= f int(uh) + f c(uh)− f ext.
(4.114)

Note that the Lagrange multiplier λ is a functional on the boundary Γc, which requires
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discretisation when it comes to computation. Here we briefly introduce a shape function
M such that

λ = Mλh, (4.115)

where λh denotes the unknown values at the mesh nodes and the exact form of M is
determined in the numerical implementation scheme. After the discretisations to both
incremental displacement u and Lagrange multiplier λ, we can see that a key step in ALM
algorithm, which solves the computational ISF model problem, is to solve the nonlinear
equation

f(uh) = 0. (4.116)

Usually, Newton’s method requires the gradient information about f to solve such a non-
linear equation. The gradient for f is a Jacobian matrix, denoted by K, we have

K = df(uh)
duh

= df int(uh)
duh

+ df c(uh)
duh

,

where
df int(uh)

duh
=
∫
V
BCepBN dV .

For f c(uh), the derivative is piecewise

df c

duh
=
{ ∫

Γc (Nn)⊗ ndS if λ+ C(uh)/ε > 0,
0 if λ+ C(uh)/ε ≤ 0.

(4.117)

Therefore, the nonlinear equation (4.116) is not continuously differentiable, i.e. nonsmooth,
however, it satisfies semismooth condition. A rigorous definition of semismoothness can
be found in p.27 [94]. We will solve the equation (4.116) by semismooth Newton method,
before which we present the conventional Newton’s method. Newton’s method is an iter-
ative algorithm to solve the nonlinear equation f(u) = 0 by using the following updating
scheme:

1. Initialise solution u(0),

2. Compute Jacobian
K(i) = ∂f

∂u

∣∣∣∣
u(i)

,

and the incremental step δu(i) from

K(i)δu(i) = −f(ui), (4.118)

3. Update
u(i+1) = u(i) + δu(i)

until convergence.

In the semismooth Newton method, whose updating scheme is similar to that of Newton’s
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method but the derivative information for a semismooth function needs special treatment.
We follow the definitions given in [95] by first defining the differentiable set for function
f as

Df = {u|f is differentiable at u} , (4.119)

and the generalised Jacobian of f at u is defined by

∂f(u) = conv∂Bf(u), (4.120)

where
∂Bf(u) =

{
lim

u∗→u, u∗∈Df

f ′(u∗)
}
.

String conv in (4.120) stands for the convex hull. Therefore, a generalised semismooth
Newton method for (4.116) becomes: having u(i)

h , compute u(i+1)
h by

u
(i+1)
h = u

(i)
h − K̄

−1
i f(u(i)

h ), (4.121)

where
K̄−1
i ∈ ∂f(u(i)

h ).

This completes our discussion of the numerical method for solving the nonlinear equation
(4.116).

From the perspective of finite element, all the current formulations derived in this
section is element-wise, which means the integration domains V , Γc etc are applied to a
single element. An assembly procedure is required in the numerical programme to combine
all the contributions from each individual element together, which will be described in
the next chapter. As we have mentioned before, the notation u actually stands for an
incremental form ∆u and h indicates discretisation. For mathematical convenience, we
may drop the subscript h later when the context for discretised version is obvious.

4.7 Geometry Modelling with Shell Theory

To complete the finite element computation procedure, we need to determine the under-
lying geometry model of our problem. Since the shape of the metal deforms (changes)
subject to the specific tool trajectory, we need to describe the geometry features consist-
ently, so that evaluations of the quantities proposed earlier can be achieved. One possible
geometry approximation is by modelling the deformed state as a shell, which is capable of
accommodating arbitrary shapes. The behaviour of a shell is usually regarded as a com-
bination of the plate bending and in-plane membrane actions, as shown in Figure 4.1. A
simple flat facet shell element scheme with addictive plate element and membrane element
was proposed [76], which shows good approximation accuracy but rigorous mathematical
analysis, such as the work in [96, 97] strongly suggest the issue of convergence. Thus,
here we opt to avoid this type flat facet shell element, but stick with the original math-
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ematical derivations and we first review the necessary mathematical foundation for a shell
description in the following section.

Figure 4.1 Shells regarded as plate bending and membrane action combined.

4.7.1 Definition of a Shell

Shells are naturally described by a general curvilinear coordinate, whose associated base
vector changes throughout the space, in comparison to a Cartesian coordinates which have
fixed base vectors. First we illustrate the use of the curvilinear coordinate to describe the
middle surface of a shell S shown in Figure 4.2. We assume the middle surface can be
mapped by ~φ : Ω → S, where Ω is called a reference domain in two-dimensions and S
sits in the usual Euclidean space. Assume the map ~φ is regular, we can have linearly

Figure 4.2 Definition of the middle surface of a thin shell

independent vectors

~aα = ~φ,α = ∂~φ(ξ1, ξ2)
∂ξα

, (α = 1, 2) (4.122)
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Figure 4.3 From thin shell to thick shell

and a normal vector to the tangent plane defined by ~aα

~a3 = ~a1 × ~a2
|~a1 × ~a2|

. (4.123)

Vectors ~ai, (i = 1, 2, 3) define a local coordinate frame for the middle surface, depicted in
Figure 4.2, and are called covariant basis since it is associated with point ~φ(ξ1, ξ2).

Having defined a thin shell, a general thick shell with thickness dimension shown in
Figure 4.3 can be defined as mapping

~Φ(ξ1, ξ2, ξ3) = ~φ(ξ1, ξ2) + ξ3~a3(ξ1, ξ2), (4.124)

where a third coordinate ξ3 is introduced to account for the thickness dimension. Similarly
to the middle surface, we have a generised local basis expressed by

~gm = ∂Φ(ξ1, ξ2, ξ3)
∂ξm

, m = 1, 2, 3. (4.125)

4.7.2 Differential Geometry of the Middle Surface

We first introduce the dual of the covariant basis ~ai, termed contravariant basis ~ai and
defined as

~ai · ~aj = δij , i, j = 1, 2, 3,

where δij is the Kronecker symbol, so that an orthogonal relation can be established. Note
that ~a3 is a normalised vector perpendicular to the tangent plane at the point φ(ξ1, ξ2),
so

~a3 = ~a3.

As a result, a vector u can be expressed in either covariant bases or contravariant bases
as

u = ui~ai = ui~a
j , (4.126)
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where ui and ui are called covariant component and contravariant component, or “coordin-
ates” component. There are two fundamental forms corresponding to a shell surface: the
first fundamental form or the metric tensor

aαβ = ~aα · ~aβ (4.127)

and the second fundamental form

bαβ = ~a3 · ~aα,β = −~aα · ~a3,β. (4.128)

The metric tensor can be used to evaluate the area over domain S by∫
S

dS =
∫

Ω

√
(aαβ) dξ1 dξ2, (4.129)

and the second fundamental form is geometrically related to how the surface sit in the Ω.
One useful fact here is that the second fundamental form vanishes for the plane surface.

For computational reason, it may be convenient to define the third fundamental form
by

cαβ = bλαbλβ. (4.130)

We also have the relations
~aα = aαβ~a

β, ~aα = aαβ~aβ, (4.131)

where
aαβ = ~aα · ~aβ.

Since the choice of the base vector for a tensor can be covariant, contravariant and mixed
vectors, tensors have different component forms, which can be transformed with the help of
the metric tensor (a). For example, we can have different forms for the second fundamental
form tensor as

bβα = aβλbλα(mixed), bαβ = aαλaβνbλν(contravariant). (4.132)

Next, we introduce Christoffel symbols1, which characterise the varying behaviour of
the basis vectors as the point changes and are defined as

Γ λβα = ~aβ,α · ~aλ = ~aα,β · ~aλ = Γ λαβ. (4.133)

Also, the Gauss equation
~aα,β = Γ λαβ~aλ + bαβ~a3, (4.134)

and Weingarten equation
~a3,α = ~a3

,α = −bλα~aλ. (4.135)
1Also known as “Christo-awful” Symbols
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Then we consider the covariant differentiation of the surface tensors ~u = uβ~a
β:

∂~u

∂ξα
= uβ,α~a

β + uβ~a
β
,α = uβ,α~a

β + uλ~a
λ
,α. (4.136)

Substituting with (4.134) results in

∂~u

∂ξα
= (uβ,α − Γ λαβuλ)~aβ + bλαuλ~a3 (4.137)

and define
uβ|α = uβ,α − Γ λβαuλ, (4.138)

so that we have
∂

∂ξα

(
uβ~a

β
)

= uβ|α~a
β + bλαuλ~a3. (4.139)

4.7.3 Differential Geometry for Shell in 3D

As the shell is defined in three-dimension, we turn to the covariant base vectors defined
in (4.125). Followed results in last section, we may derive

~gα = ∂~Φ

∂ξα
= ~aα + ξ3~a3,α = ~aα − ξ3bλα~aλ, (4.140)

and

~g3 = ∂~Φ

∂ξ3 = ~a3. (4.141)

Similar to the surface tensor, the metric tensor with covariant-covariant components can
be defined as

gij = ~gi · ~gj . (4.142)

Based on (4.140) and (4.141), we can have,

~g3 = ~g3, g33 = 1, gα3 = ~gα · ~g3 = 0, (4.143)

and
gαβ = aαβ − 2ξ3bαβ + (ξ3)2cαβ. (4.144)

4.7.4 Shell Kinematics

Consider the gray material stick outlined in Figure 4.3 in the direction of ~a3

~U(ξ1, ξ2, ξ3) = ~u(ξ1, ξ2) + ξ3θλ(ξ1, ξ2)~aλ(ξ1, ξ2), (4.145)

where ~u is the surface displacement and θλ is the rotational field, also we have

~u(ξ1, ξ2) = ui(ξ1, ξ2)~ai.
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The Reissner-Mindlin (RM) kinematical assumption is used in (4.145) by taking into
account of the rotation field θλ around that point, whilst in other popular kinematical
assumptions such as Kichhoff-Love’s, this line is assumed to stay normal to the mid-surface.
The RM assumption says the normal line remain straight but not necessarily normal to
the mid-surface and the first-order transverse shearing is considered, as illustrated in
Figure 4.4. Note that the rotation around direction of the covariant basis ~aλ actually
contributes the rotational change for the material stick in the corresponding contravariant
basis direction ~aλ. In Kirchhoff-Love type of kinematical assumption, the rotation can be
inferred from the displacement field. The current shell model is studied in the name of
“basic shell mathematical model” in [98, 96]. Using the differential geometry established

Figure 4.4 The states of the normal line before (black line) and after (red line) deformation

earlier, we proceed to derive the strain displacement relationship. Since that the basis of
this curvilinear coordinates (ξ1, ξ2, ξ3) has been defined as (4.125), the strain tensor thus
can be expressed as

ε = eij~g
i ⊗ ~gj , (4.146)

where a different notation for strain component e is used to distinguish from that in
Cartesian coordinate. By some tensor manipulations, the strain tensor in a general curvi-
linear coordinates can be given through differentiating displacement vector ~U as

eij = 1
2

(
∂~U

∂ξi
· ~gj + ∂~U

∂ξj
· ~gi

)
. (4.147)

Using the results obtained from (4.139), we can write

∂~u

∂ξα
= ∂

∂ξα

(
uλ~a

λ + u3~a3
)

= uλ|α~a
λ + bλαuλ~a3 + u3,α~a3 + u3~a3,α

= (uλ|α − bλαu3)~aλ + (u3,α + bλαuλ)~a3,

(4.148)

where a variant of (4.128) is used. Similarly to (4.139), we have

∂

∂ξα

(
θλ~a

λ
)

= θλ|α~a
λ + bλαθλ~a3, (4.149)

so
∂~U

∂ξα
=
(
uλ|α − bλαu3 + ξ3θλ|α

)
~aλ +

(
u3,α + bλαuλ + ξ3bλαθλ

)
~a3, (4.150)
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and
∂~U

∂ξ3 = θλ~a
λ. (4.151)

With all the necessary expressions ready for evaluating (4.147), we can obtain the covariant
strain tensor component

eαβ = γαβ(~u) + ξ3χαβ(~u, ~θ)− (ξ3)2καβ(~θ),
eα3 = ζα(~u, ~θ)
e33 = 0

(4.152)

where 

γαβ(~u) = 1
2
(
uα|β + uβ|α

)
− bαβu3

χαβ(~u, ~θ) = 1
2
(
θα|β + θβ|α − bλβuλ|α − bλαuλ|β

)
− bλαbλβu3

καβ(~θ) = 1
2
(
bλβθλ|α + bλαθλ|β

)
ζα(~u, ~θ) = 1

2
(
θα + u3,α + bλαuλ

)
(4.153)

4.7.5 Strain-Displacement Relations

We move on to derive an equivalent expression of the general strain-displacement rela-
tions for shell theory. In the curvilinear coordinates, we first approximate the covariant
components by

ui(ξ1, ξ2) = Ξim(ξ1, ξ2)uhm, and θα(ξ1, ξ2) = Θαn(ξ1, ξ2)θhn, (4.154)

where i = 1, 2, 3, m = 1, 2, · · · , lu, n = 1, 2, · · · , lθ (lu+θ = lu + lθ), uhm and θhn are the
unknown variables at the nodes in the finite elements. Next, we express the displacement
defined in (4.145) as

~U = Ui~g
i,

whose covariant components can be calculated by multiplying the covariant bases as

Ui = ~U · ~gi =
(
uj~a

j + ξ3θλ~a
λ
)
· ~gi. (4.155)

Substituting with the explicit form of ~gi, we have the following

U3 =
(
uj~a

j + ξ3θλ~a
λ
)
· ~g3 = u3;

Uα =
(
uj~a

j + ξ3θλ~a
λ
)
·
(
~aα − ξ3bβα~aβ

)
= ujδ

j
α − ξ3ujb

β
αδ

j
β + ξ3θλδ

λ
α −

(
ξ3
)2
bβαθλδ

λ
β

= uα − ξ3bβαuβ + ξ3θα −
(
ξ3
)2
bβαθβ.

(4.156)
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Next we can proceed by deriving N defined in (4.106) as

N = Nik~g
i ⊗ ẽk. (4.157)

Substituting in (4.156) with approximation (4.154), we can establish a relation between
Ui, uhm and θhn as

U3 = Ξ3mu
h
m,

Uα =
(
Ξαm − ξ3bβαΞβm

)
uhm +

(
ξ3Θαn − (ξ3)2bβαΘβn

)
θhn.

(4.158)

We use U to denote uh , which has the form

U = Uhk ẽk(k = 1, 2, · · · , lu + lθ),

where

Uhk =
{
uhk if k ≤ lu,
θhk−lu if lu < k ≤ lu+θ.

, (4.159)

so that we have
~U = NU = NikUhk~gi, (4.160)

which leads to
Ui = NikUhk ,

and based on (4.158), we obtain

Nαk =

 Ξαk − ξ3bβαΞβk k ≤ lu
ξ3Θαk−lu − (ξ3)2bβαΘβ k−lu lu < k ≤ lu + lθ

N3k =

 Ξ3k k ≤ lu
0 lu < k ≤ lu + lθ

(4.161)

The tensor B in (4.108) is replaced with a slightly different notation B in order to
distinguish it from the notation that will be used later (B-spline functions), so that we
have

B = Bijk~gi ⊗ ~gj ⊗ ẽk.

ε = BU , (4.162)

whose component form of equation (4.162) can be expressed as

εij = BijkUhk = Bijmuhm + Bijn+luθ
h
n. (4.163)
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In the following, we can have some of the evaluations:

u3 = Ξ3mu
h
m (4.164a)

uα|β = uα,β − Γ λαβuλ =
(
Ξαm,β − Γ λαβΞλm

)
uhm (4.164b)

uβ|α =
(
Ξβm,α − Γ λβαΞλm

)
uhm (4.164c)

θα|β =
(
Θαn,β − Γ λαβΘλn

)
θhn (4.164d)

θβ|α =
(
Θβn,α − Γ λβαΘλn

)
θhn (4.164e)

and defining

Λγαβm = 1
2
(
Ξαm,β +Ξβm,α −

(
Γ λαβ + Γ λβα

)
Ξλm − bαβΞ3m

)
, (4.165a)

Λχθαβn = 1
2
(
Θαn,β +Θβn,α −

(
Γ λαβ + Γ λβα

)
Θλn

)
, (4.165b)

Λχuαβn = −1
2
(
bλβΞλm,α + bλαΞλm,β − bλβΓ νλαΞνm − bλαΓ νλβΞνm

)
− bλαbλβΞ3m, (4.165c)

Λκαβn = 1
2
(
bλβ (Θλn,α − Γ νλαΘνn) + bλα

(
Θλn,β − Γ νλβΘνn

))
, (4.165d)

Λζθαn = 1
2Θαn, (4.165e)

Λζuαm = 1
2
(
Ξ3m,α + bλαΞλm

)
, (4.165f)

(note that Γ λαβ = Γ λβα) so that we can have

γαβ = Λγαβmu
h
m, (4.166a)

χαβ = Λχθαβnθ
h
n + Λχuαβnu

h
m, (4.166b)

καβ = Λκαβnθ
h
n, (4.166c)

ζα = Λζθαnθ
h
n + Λζuαmu

h
m, (4.166d)

and correspondingly

εαβ =
(
Λγαβm + ξ3Λχuαβm

)
uhm +

(
ξ3Λχθαβn − (ξ3)2Λκαβn

)
θhn, (4.167a)

εα3 = Λζuαmu
h
m + Λζθαnθ

h
n. (4.167b)

Comparing with equation (4.163), we obtain

Bαβk =


Λγαβk + ξ3Λχuαβk if k ≤ lu

ξ3Λχθαβk−lu − (ξ3)2Λκαβk−lu if lu < k ≤ lu+θ

, (4.168)

and

Bα3k =


Λζuαk if k ≤ lu

Λζθαk−lu if lu < k ≤ lu+θ

,B33k = 0, Bijk = Bjik. (4.169)
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The quantities introduced in (4.165) are all dependent on ξ1, ξ2 only. The modularised
expressions of (4.168) and (4.169) allow a simple matrix implementation in actual com-
putations.

4.7.6 B-Spline Curves

Quite often the shell geometry cannot be expressed with exact analytic mapping function
~φ, but instead described by scattered data at finite points. One of the methods to get
around this issue is to to use the B-spline functions. Spline originates from the ship
building industry where engineers use a thin wood spline to pass a number of points and
can obtain a curvature continuous curve. B(asic)-splines are piecewise polynomials and
their appealing feature is that they are differentiable up to a prescribed order.

To generate the B-spline, let t := (tj) be a non-decreasing sequence, which shall be
referred to as a knot sequence, then a modern recursive definition of the basic spline
functions of order k (degree k − 1), Bj,k,t j = 1, 2, · · · , n by Carl de Boor [99] states

Bj,1,t(ξ) =
{

1 if ξ ∈ [tj , tj+1),
0 otherwise.

For k ≥ 2 :

Bj,k,t(ξ) =


ξ − tj

tj+k−1 − tj
Bj,k−1,t(ξ) + tj+k − ξ

tj+k − tj+1
Bj+1,k−1,t(ξ), j = 1, 2, · · · , n− 1

ξ − tj
tj+k−1 − tj

Bj,k−1,t(ξ), j = n.

(4.170)
In case of knot points multiplicity, i.e., tj = tj+k−1, we set the corresponding term

ξ − tj
tj+k−1 − tj

Bj,k−1,t(ξ) = 0.

To ensure B-spline functions cover the whole interval [0, 1], we need to modifyBn,k,t(1) = 1,
rather than 0. From the definition of a B-spline function, we know that a degree k B-spline
function is constructed from k−1 order piecewise polynomials, and thus it is differentiable
up to order k − 2.

The selection of the knot sequences must satisfy the Schoenberg-Whitney conditions:

τi < ti < τi+k, ∀i (4.171)

where τi are the interpolation points, and usually an optimal knot sequence by Michelli,
Rivlin and Winograd is applied [100]. The sequence has to be determined by setting the
first k and the last k values as

t1 = · · · = tk = 0, tn+1 = · · · = tn+k = 1, (4.172)

and the rest (n − k) points are chosen as the discontinuity points of the step function,
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denoted as h(x), which satisfies
|h(x)| = 0, x ∈ [0, 1] , h(0+) = 1;∫ 1

0 f(x)h(x) dx = 0,∀;

h(x) has at most n− k changes of sign within interval [0, 1].

(4.173)

In practice, these requirements are achieved numerically [99]. Some notable properties of
B-Spline are summarised here:

• Positivity: Bj,k,t ≥ 0,∀ξ ∈ R,

• Small support: Bj,k,t > 0 only on [tj , tj+k], zero otherwise.

• Partition of unity:
∑
j Bj,k,t = 1,

Given known k and knot sequence t, we may use short notation Bj for Bj,k,t. In Figure
4.5, we illustrate an example of B-splines with interpolation points and knot sequence:

τ =
[
0, 0.0667, 0.1333, 0.2667, 0.3333, 0.4667, 0.6000, 0.8000, 1.0000

]
,

t = [0, 0, 0, 0, 0.1539, 0.2539, 0.3625, 0.4899, 0.6501, 1.0000, 1.0000, 1.0000, 1.0000].

For a 1D interpolation problem, we have

Figure 4.5 Basic spline functions (red line) Bj , j = 1, 2, · · · , 9, and k = 4. The yellow lines
highlight small support property.
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n∑
j=1

cjBj(τi) = w(τi), i = 1, 2, · · · , n, (4.174)

where w(ξ) is the function to be interpolated (its explicit form unknown) and the cj are
the relative coefficients to be determined. Equation (4.174) constructs a linear system,
whose invertibility is guaranteed by equation (4.171), so that we can claim

(c)n×1 = (Bj(τi))−1
n×n (w(τi))n×1. (4.175)

An example shown in Figure 4.6 illustrate that a higher degree of differentiability incurs
oscillation.

Figure 4.6 Basic spline functions interpolations with different orders. Blue squares are the inter-
polation points, green line: k = 3, red line: k = 4 and black line: k = 5.

Derivatives of B-Spline Function. The derivative of B-Spline function is given as [101]

B′j,k(ξ) = k − 1
tj+k−1 − tj

Bj,k−1(ξ)− k − 1
tj+k − tj+1

Bj+1,k−1(ξ), j = 1, 2, · · · , n− 1 (4.176)

and the treatment with knot multiplicity and j = n stay the same with that of B-spline
definition in (4.170). Equation (4.176) basic shows that the derivative of a basis spline
function is also a basis function with same knot sequence, but is one order lower. So the
derivative of the B-Spline interpolated function

f(ξ) =
n∑
j=1

cjBj,k,t(ξ)
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can be obtained from:

f ′ = df
dξ =

n∑
j=1

cjB
′
j,k,t(ξ) = (k − 1)

n∑
j=1

cj − cj−1
tj+k−1 − tj

Bj,k−1, (4.177)

where specifically c0 = 0. Actually, a general derivative of order m can be written as [99]

Dmf =
n∑
j=1

c
(m+1)
j Bj,k−m(ξ), (4.178)

where c(m+1)
j is defined recursively as

c
(m+1)
j =


cj m = 0;

c
(m)
j − c(m)

j−1
(tj+k−m − tj)/(k −m) m > 0.

(4.179)

So the explicit second order derivative can be evaluated as

f ′′ =
n∑
j=1

cj − cj−1
(tj+k−1 − tj)/(k − 1) −

cj−1 − cj−2
(tj+k−2 − tj−1)/(k − 1)

(tj+k−2 − tj)/(k − 2) Bj,k−2(ξ). (4.180)

4.7.7 B-Spline Surface Approximation

Having established the B-spline function for a single variable, we can have the bilinear
B-spline interpolation for a function w(ξ1, ξ2) as

πw(ξ1, ξ2) =
n∑
i=1

n∑
j=1

cijB
1
i,k1,t1(ξ1)B2

j,k2,t2(ξ2), (4.181)

where similar to (4.175) cij can be worked out as

(c)n1×n2 =
(
B1
i,k1,t1(τ1

p )
)−1

n1×n1

(
w(τ1

p , τ
2
q )
)
n1×n2

(
B2
j,k2,t2(τ2

q )
)−1

n2×n2
. (4.182)

The components xi(ξ1, ξ2), i = 1, 2, 3 of the mapping

~φ(ξ1, ξ2) = xi(ξ1, ξ2)~ei

thus can be approximated by (summation rule not applied here)

xi(ξ1, ξ2) =
n1∑
p=1

n2∑
q=1

cipqB
i
p,k1,t1(ξ1)Bi

q,k2,t2(ξ2), (4.183)

where k1, k2, t1, t2 indicate different choices of the B-spline order and different knot se-
quences in two dimension. In actual matrix computation, we stack the discretised basic
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spline functions Bi(ξ), column vectors, into a matrix, so that we have

[w(ξ1, ξ2)] = [B1(ξ1)][cij ][B2(ξ2)]T .

Next we turn to the evaluation of the surface tensors and let us consider the differentiation
to (4.183) first. Similar to (4.177), we have

∂xi(ξ1, ξ2)
∂ξ1 = (k1 − 1)

n1∑
p=1

n2∑
q=1

cipq − cip−1 q
t1p+k1−1 − t1p

Bi
p,k1−1,t1(ξ1)Bi

q,k2,t2(ξ2), (4.184a)

∂xi(ξ1, ξ2)
∂ξ2 = (k2 − 1)

n1∑
p=1

n2∑
q=1

cipq − cip q−1
t2q+k2−1 − t2q

Bi
p,k1,t1(ξ1)Bi

q,k2−1,t2(ξ2), (4.184b)

Hence, the first fundamental form

~aα(ξ1, ξ2) = ∂xi

∂ξα
~ei = xi,α~ei, α = 1, 2 (4.185)

can be obtained. Similarly, the second order derivative information can be deduced from
equation (4.180).
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“Everything is vague to a degree you do not realise till you have
tried to make it precise.”

Bertrand Russell
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Chapter 5

Numerical Implementation

This chapter details several aspects of the numerical schemes required for the computa-
tional model set out in the previous chapters. At heart of this chapter is the numerical
integrations and matrix based computational methods.

5.1 Displacement Discretisation and Implementations

This section describes the implementation of the strain-displacement relations. We choose
Ganev triangles to approximate ui(ξ1, ξ2) and θα(ξ1, ξ2), as shown in Figure 5.1.

Figure 5.1 Ganev triangle illustration

Following equation (4.13), we write the p-interpolant for Ganev triangle in the matrix
form

ΠGv = d
T
G pG, (5.1)

where dG denotes the set of local degrees of freedom for Ganev triangle, which is ΣK in
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Figure 5.1, and pG is the basis function of the Ganev triangle. If expressed in barycentric
coordinate (as indicated by vector ζG), pG has the form

pG = AGζG, (5.2)

where exact forms of AG and ζG are given in Appendix (B.11). The extra parameters ηi in
(B.11) is called the eccentricity parameter, first introduced by Argyris, Fried and Scharpf
[102], to handle normal derivative transformation. These parameters are defined as

ηi = 2 cibi
ai−1ai+1

, i = 1, 2, 3. (5.3)

In order to assemble the finite elements, a global degrees of freedom, denoted as dG, is
needed. First, we state that the coordinates ξ1, ξ2 is replaced with x and y in the usual two
dimensional Euclidean space, so the Barycentric coordinate defined in equation (B.1) for
any arbitrary point (x, y) on a triangle with vertices (x1, y1), (x2, y2) and (x3, y3) becomes

ζ1x1 + ζ2x2 + ζ3x3 = x

ζ1y1 + ζ2y2 + ζ3y3 = y

ζ1 + ζ2 + ζ3 = 1

. (5.4)

Define scalars
xij = xi − xj and yij = yi − yj i, j = 1, 2, 3,

as the difference between vertices ai and aj . The local degrees of freedom can be then
transformed into the global coordinates by the following relations

Dpol(ai)(ai−1 − ai) = ∂xpo(ai)xi−1 i + ∂ypo(ai)yi−1 i

Dpol(ai)(ai+1 − ai) = ∂xpo(ai)xi+1 i + ∂ypo(ai)yi+1 i
(5.5)

where po is also the global evaluation corresponding to the local expression pol. Using the
coordinates of triangle vertices, we can also have eccentricity parameters as (cf. 5.3) by

ηi =
l2i+2 − l2i+1

l2i
, li =

√
x2
i+1 i−1 + y2

i+1 i−1 (5.6)

We also have [97]
|−−→ciai| =

√
xca2

i + yca2
i ,

where
xcai = xi −

1
2(1− ηi)xi+1 −

1
2(1 + ηi)xi−1

ycai = yi −
1
2(1− ηi)yi+1 −

1
2(1 + ηi)yi−1

, i = 1, 2, 3.
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For the normal derivatives, we have

Dpol(bi)(ai − ci) = ∂νpo(bi)ni, (5.7)

where ni is determined from

ni =


|−−→ciai|

xcai
|xcai|

if xcai 6= 0

|−−→ciai|
ycai
|ycai|

if xcai = 0
i = 1, 2, 3. (5.8)

Formulating the local and global degree of freedom explicitly as follows

dG = [v(a1), v(a2), v(a3), Dv(a1)(a3 − a1), Dv(a1)(a2 − a1), Dv(a2)(a1 − a2),

Dv(a2)(a3 − a2), Dv(a3)(a2 − a3), Dv(a3)(a1 − a3), v(b1), v(b2), v(b3),

Dv(b1)(a1 − c1), Dv(b2)(a2 − c2), Dv(b3)(a3 − c3)]T ;

(5.9)

dG = [v(a1), v(a2), v(a3), ∂xv(a1), ∂yv(a1), ∂xv(a2), ∂yv(a2),

∂xv(a3), ∂yv(a3), v(b1), v(b2), v(b3), ∂νv(b1), ∂νv(b2), ∂νv(b3)]T ,
(5.10)

together with (5.5) and (5.7), the relations between the local and the global degrees of
freedom can be finally established as

d
T
G = dTGDG, (5.11)

where DG is a block diagonal matrix defined by

DG = diag(1, 1, 1, d1, d2, d3, 1, 1, 1, n1, n2, n3), (5.12)

where

di =
[
xi−1i xi+1i

yi−1i yi+1i

]
, i = 1, 2, 3.

To obtain the derivatives information, we may transform equation (5.4) as ζ1(x1 − x3) + ζ2(x2 − x3) = x− x3

ζ1(y1 − y3) + ζ2(y2 − y3) = y − y3
(5.13)

and correspondingly
∂x
∂ζ1

∂x
∂ζ2

∂y
∂ζ1

∂y
∂ζ2

 =
[
x13 x23

y13 y23

]
= J ,


∂ζ1
∂x

∂ζ1
∂y

∂ζ2
∂x

∂ζ2
∂y

 = J−1. (5.14)
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With displacement in the general form of

ui(ζ1, ζ2, ζ3) = ui
(
ξ1(ζ1, ζ2, ζ3), ξ2(ζ1, ζ2, ζ3)

)
we can write the derivative with respect to the barycentric coordinate as

∂ui
∂ζj

= ∂ui
∂ξα

∂ξα

∂ζj
, (5.15)

and
ui,α = ∂ui

∂ξα
= ∂ui
∂ζk

∂ζk
∂ξα

, (i, k, j = 1, 2, 3, α = 1, 2), (5.16)

where the first-order derivative coordinates transformation ∂ζk
∂ξα

and ∂ξα

∂ζk
is list in (5.14).

Using Ganev triangle for both approximations of ui and θα, we have

ui(ξ1, ξ2) = ui(ζ1, ζ2, ζ3) = [uhTi ]1×15[DG]15×15[AG]15×15[ζG]15×1, (5.17a)

θα(ξ1, ξ2) = θα(ζ1, ζ2, ζ3) = [θhTα ]1×15[DG]15×15[AG]15×15[ζG]15×1, (5.17b)

where uhi, i = 1, 2, 3 and θhα, α = 1, 2, denote the global degrees of freedom, which take
the form of dG, i.e. replacing v with uhi or θhα in formula (5.10), and also we have

[
uhm

]
=


uh1

uh2

uh3

 , [
θhn

]
=
[
θh1

θh2

]
, (5.18)

So the basis matrices Ξ and Θ (also known as shape function) in equation (4.154) sub-
stantialise as

Ξ =


% 0 0
0 % 0
0 0 %

 , Θ =
[
% 0
0 %

]
(5.19)

where
% = (DGAGζG)T . (5.20)

Note that % are row vectors rather than the common column vectors. So that the complete
basis matrix [Nik] referred in (4.161) can be constructed as

[Nik] =


Ξ1· − ξ3 (b11Ξ1· + b21Ξ2·

)
ξ3Θ1· − (ξ3)2 (b11Θ1· + b21Θ2·

)
Ξ2· − ξ3 (b12Ξ1· + b22Ξ2·

)
ξ3Θ2· − (ξ3)2 (b12Θ1· + b22Θ2·

)
Ξ3· 0

 ,

=




1 0 0
0 1 0
0 0 1

− ξ3


b11 b21 0
b12 b22 0
0 0 0




Ξ1· ξ3Θ1·

Ξ2· ξ3Θ2·

Ξ3· 0


(5.21)
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and the unknown nodal values of U are

[
Uhk
]

=
[
uhm

θhn

]
. (5.22)

5.2 Lagrange Multiplier Discretisation

Here we choose a quadratic shape function for the Lagrange multiplier λ as

λ = Mλh, (5.23)

where

M =
[
ζ3(2ζ3 − 1) ζ1(2ζ1 − 1) ζ2(2ζ2 − 1)

4ζ1ζ3 4ζ1ζ2 4ζ2ζ3

]
.

5.3 Computations in Curvilinear Coordinates

In contrast to the various quantities introduced in the curvilinear coordinate, the ultimate
rule for actual computation of the tensor algebra is to stick to contravariant-covariant
component multiplication. In the following sections, we shall illustrate this point with
various evaluations. The local covariant bases are ~gi, (i = 1, 2, 3) and its dual bases are ~gi.

5.3.1 Tensors Components Evaluation Basics

Second order identity tensor

I = δij~gi ⊗ ~gj = gij~gi ⊗ ~gj = gij~g
i ⊗ ~gj , (5.24)

Fourth order identity tensor

I = δikδ
j
l~gi ⊗ ~g

k ⊗ ~gj ⊗ ~gl = gikgjl~g
i ⊗ ~gk ⊗ ~gj ⊗ ~gl (5.25)

Fourth order symmetric tensor

IijklS = 1
2
(
gikgjl + gilgjk

)
(5.26)

and tensor
I ⊗ I = gijgkl~gi ⊗ ~gj ⊗ ~gk ⊗ ~gl (5.27)

Id = Is −
1
3I ⊗ I (5.28)

thus
Iijkld = 1

2
(
gikgjl + gilgjk

)
− 1

3g
ijgkl (5.29)

Euclidean Norm of a vector ~v in curvilinear coordinate is denoted as ‖~v‖. Vector in
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curvilinear coordinates:
‖~v‖2 = ~v · ~v = vig

ijvj = viv
i, (5.30)

Second-order tensor in curvilinear coordinates:

‖T ‖2 = Tijg
ikgjlTkl, (5.31)

Sometimes, it is necessary to transform the tensor components from one form to another,
which can be achieved with metric form gij . For example,

vi = ~v · ~gi = (vj~vj) · ~gi = gijvj (5.32)

and similarly
vi = gijv

j (5.33)

For a second order tensor

Tij = gikT
k
·j = gjkT

·k
i = gikgjlT

kl. (5.34)

5.3.2 Elasticity Law in Curvilinear Coordinates

The elasticity tensor C defined earlier has a different component form in the curvilinear
system as

Cijkl = L1g
ijgkl + L2(gikgjl + gilgjk), (5.35)

where L1 and L2 are the Lame constants, formly noted by λ and µ. Note that the
symmetric properties stated earlier stand true. The elasticity law therefore may be written
as

σij = Cijklεkl. (5.36)

5.4 Permutation and Element Assembly

One key aspect of the finite element method is the element assembly procedure, which
combines the individual element contribution into a whole. Technically, this procedure
falls into the matrix assembly with the indexing function. Figure 5.2 shows a sparse
pattern of a matrix undergoes an assembly process, where the order follows from top to
bottom, left to right.

As the core task of element assembly is to determine where the the local stiffness (or
force vector) matrix contribute to the the global matrix, i.e. to decide where the local
stiffness matrix entry Kij add up to the global matrix entry. Take an example of a linear
finite element method problem, where the final problem to solve is the linear equation[

K
] [
U
]

=
[
F
]
. (5.37)

The key to the understanding the order (or indexing, from the perspective of programming)
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Figure 5.2 Illustration of an assembly result. “nz” stands for number of non-zero values in current
matrix

is the association of two indices i, j of Kij with both the unknown displacement variables
and the right-hand side force variable. To simplify the indexing task, we first arrange local
Uh in the order of first nodal contribution and then edge contributions in our numerical
implementation, and then assembly from the element-wise (local) order to the global order
(not to be confused with the terminology used in section 5.1) by a simple indexing function.
The transformation of the orders of unknown is achieved by a permutation matrix outlined
in (B.15). Mathematically, this transformation is expressed as

v = P v̄, (5.38)

where P is the orthonormal permutation matrix, v̄ is the unknown variables in its original
order and v represents an order that suits a simple indexing function. Since a nonlinear
finite element method boils down to a local variational form

f(ū)T v̄ = 0,

a change of order for the local unknown variables (from v̄ to v) means a permutation of
f(u) at the local level is necessary. This can be seen from the following

f(ū)T v̄ = 0

f(ū)TP Tv = 0
, (5.39)

so that we should permutate f by Pf to get the global version. On the other hand, the
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Jacobian matrix needed in the nonlinear solver is the one that computed based on the
global order. To stress, this we put a superscript G for f and Jacobian J

JG = dfG

du = d
duPf(ū) = P

df(ū)
du = P

df(ū)
dū

dū
du = PKP T .

5.5 Tensor Vectorisation

To reduce the computational cost, we vectorise all relevant tensors based on their symmetry
properties to save memory usage and computation operations. In light of the curvilinear
coordinates, we have to consider about the appropriate component form, i.e. choose the
covariant, contravariant or mixed form. From the perspective of tensors, the usual scalar
and vector can be viewed as 0th and 1st order tensors, which do not need any special
treatments. For the second order tensors ε and σ, to ensure the elasticity law can be
computed as

σij = Cijklεkl,

we convert them into [
εij
]

=
[
ε11 ε22 ε33 2ε12 2ε23 2ε13

]T
[
σij
]

=
[
σ11 σ22 σ33 σ12 σ23 σ13

]T , (5.40)

where the factor 2 accounts for the symmetry of the tensors. 3th order tensor B defined
in (4.168) and (4.169) can be cast into a matrix:

[Bijk] =



B11·

B22·

B33·

2B12·

2B23·

2B13·


=



B111 B112 B113 · · · B11n

B221 B222 B223 · · · B22n

B331 B332 B333 · · · B33n

2B121 2B122 2B123 · · · 2B12n

2B231 2B232 2B233 · · · 2B23n

2B131 2B132 2B123 · · · 2B13n


(5.41)

so that
[εij ] = [Bijk]Uk

holds. Due to the kinematical assumption made in (4.152), ε33 and B33· are all equal to
zero, thus we may only reduce one dimension (row) in the actual implementations. The
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symbols defined in (4.165) can also similarly vectorise as matrices without factor 2 as

Λγ = [Λγαβk] =
[
(Λγ11·)T (Λγ22·)T (Λγ12·)T

]T
, (5.42a)

Λχθ = [Λχθαβk] =
[
(Λχθ11·)T (Λχθ22·)T (Λχθ12·)T

]T
, (5.42b)

Λχu = [Λχuαβk] =
[
(Λχu11·)T (Λχu22·)T (Λχu12·)T

]T
, (5.42c)

Λχκ = [Λχκαβk] =
[
(Λχκ11·)T (Λχκ22·)T (Λχκ12·)T

]T
, (5.42d)

Λζθ = [Λζθαk] =
[
(Λζθ2· )T (Λζθ1· )T

]T
, (5.42e)

Λζu = [Λζuαk] =
[
(Λζu2· )T (Λζu1· )T

]T
, (5.42f)

so that we can have[
Bijk

]
= diag(I2×2, 2I3×3)

[
BT11· BT22· BT12· BT23· BT13·

]T
=
[
I2×2 0

0 2I3×3

] [
Λγ + ξ3Λχu ξ3Λχθ −

(
ξ3)2 Λκ

Λζu Λζθ

]
.

(5.43)

For those fourth-order tensors, the idea of exploiting the symmetry of the tensor is first
illustrated for elasticity tensor C as expressed by a compact form in (3.30), which reduces
the 81-component fourth-order symmetric tensor to a 6 × 6 matrix. In the curvilinear
coordinate, the symmetry property stays true, except the contravariant components are
expressed in (5.35). In particular, the normal stress component σ33 in the Reissner-Mindlin
theory is also assumed to be zero, which unfortunately contradicts with general elasticity
law since generally σ33 = C33klεkl 6= 0. As a result, in our implementation the vanishing
dimension (indice 33) in strain and stress tensors allows a 5-by-5 matrix implementation
for elasticity tensor:

[
Cijkl

]
=



C1111 C1122 C1133 C1112 C1123 C1113

C2211 C2222 C2233 C2212 C2223 C2213

C3311 C3322 C3333 C3312 C3323 C3313

C1211 C1222 C1233 C1212 C1223 C1213

C2311 C2322 C2333 C2312 C2323 C2313

C1311 C1322 C1333 C1312 C1323 C1313


. (5.44)

Let

CA=



(L1 + 2L2)g11g11 L1g
11g22 + 2L2g

12g12 L1g
11 L1g

11g12 + 2L2g
11g12

L1g
22g11 + 2L2g

12g12 (L1 + 2L2)g22g22 L1g
22 L1g

22g12 + 2L2g
12g22

L1g
11 L2g

22 L1 + 2L2 L1g
12

L1g
12g11 + 2L2g

11g12 L1g
22g12 + 2L2g

12g22 L1g
12 L1g

12g12 + 2L2g
11g22


,
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and

CB =

L2g
22 L2g

12

L2g
12 L2g

11

 ,
we can have [

Cijkl
]

=

CA 0

0 CB

 .
Therefore the matrix form of [Bijk]T [Cijkl][Bijk] gives correct result for the expression

BTCB, whose definition in component form is

BTCB = BTpijCijklBklqẽp ⊗ ẽq.

Similarly, the computation with matrix form for the tensor product BTσ also stay correct.
Christoffel symbols Γ λαβ can be stored as a 3×2 matrix due to their symmetry property

(Γ λαβ = Γ λβα)as [
Γ λαβ

]
=
[
Γ 1

11 Γ 1
22 Γ 1

12
Γ 2

11 Γ 2
22 Γ 2

12

]T
(5.45)

Similar to elasticity tensor C, we can store Iijkld as

[
Iijkld

]
=



I1111
d I1122

d I1133
d I1112

d I1123
d I1113

d
I2211
d I2222

d I2233
d I2212

d I2223
d I2213

d
I3311
d I3322

d I3333
d I3312

d I3323
d I3313

d
I1211
d I1222

d I1233
d I1212

d I1223
d I1213

d
I2311
d I2322

d I2333
d I2312

d I2323
d I2313

d
I1311
d I1322

d I1333
d I1312

d I1323
d I1313

d


. (5.46)

and explicitly

[
Iijkld

]
=



2
3
(
g11)2 (

g12)2 − 1
3g

11g22 −1
3g

11 2
3g

11g12 0 0(
g12)2 − 1

3g
11g22 2

3
(
g22)2 −1

3g
22 2

3g
12g22 0 0

−1
3g

11 −1
3g

22 2
3 −1

3g
12 0 0

2
3g

12g11 2
3g

12g22 −1
3g

12 1
2g

11g22 + 1
6
(
g12)2 0 0

0 0 0 0 1
2g

22 1
2g

21

0 0 0 0 1
2g

12 1
2g

11



.

(5.47)
Next, we consider implementing the devatoric decomposition of the strain tensor. The
basic equations are:

εijd = Iijkld εkl, εv = Iijεij (5.48)
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In matrix form, we can have[
εijd

]
=
[
Iijkld

] [
εkl
]
, εv =

[
Iij
]T [

εij
]
, (5.49)

where [
Iij
]

=
[
g11 g22 g33 g12 g23 g13

]T
.

Note that in the above implementation, there is no factor 2 in matrix
[
εijd

]
, from which

the deviatoric elastic stress tensor can be computed as[
sij
]

= 2µ
[
εijd

]
. (5.50)

Also we want to compute
‖s‖2 = sijgikgjls

kl, (5.51)

effectively. One vectorised approach to compute this value appears to first reconstruct the
full matrix sij as [s], compute matrices[

si·l

]
= sg,

[
s·li

]
= gs, (5.52)

where g is the metric tensor matrix, and finally compute an inner product between fully
vectorised matrices

[
si·l

]
and

[
s·li

]
. To construct a fourth-order tensor from a symmetric

second-order tensor n̂, we can simply use the following formula[
(n̂⊗ n̂)ijkl

]
=
[
n̂ij
] [
n̂kl
]T
, (5.53)

where no factor 2 is imposed in
[
n̂ij
]
.

5.6 Mesh Generating

For our problem, the mesh is generated using MATLAB’s delaunay function. The element
for reference domain is a triangle prism, sketched in Figure 5.3, whose middle surface mesh
is shown in Figure 5.4.

5.7 Numerical Integration Scheme

One aspect of the discretisation of the finite element method is the evaluation of various
integrations (the other one is the discretisation of the continuous problem). The accuracy
of the numerical integration directly affects the credibility of the numerical results. This
section covers the basic numerical integration scheme used in our computational work.

The numerical integration is to evaluate function f(x) over the domain Ω by the general
form

I(f) =
∫
f(x) dx ≈

N∑
i

wif(xi), (5.54)
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Figure 5.3 Sketch of the prism element where the middle surface is highlighted.
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wi ζ1 ζ2 ζ3 Multiplicity
0.05084 49063 70207 0.87382 19710 16996 0.06308 90144 91502 0.06308 90144 91502 3
0.11678 62757 26379 0.50142 65096 58179 0.24928 67451 70910 0.24928 67451 70911 3
0.08285 10756 18376 0.63650 24991 21399 0.31035 24510 33785 0.05314 50498 44816 6

Table 5.1 Numerical integration points from [108]

where wi denotes the weight corresponding to integration point xi. The integration scheme
is to determine the number of integration points of a given domain and the corresponding
weights such that the numerical integration result computed by (5.54) is an appropriate
approximation of the exact value. If the integral function f is a polynomial, the numerical
scheme can be made exact by some integration points N . The numerical integration
formulae is referred as of degree d, if it is exact for polynomial of order ≤ d but not
for polynomial degree ≥ d + 1. The numerical integration in 1D is known as quadrature
due to its geometrical meaning [103] and the well known Gaussian quadrature solves the
numerical integration problem elegantly. In our case, the majority of the integrations are
either surface integrations or volume integrations and the numerical integration scheme
for these higher dimensions are sometimes described as cubature. The studies in this area
have been extensive and the need for efficient integration schemes in finite element context
has revives the interests [104, 105, 106, 107].

Here we consider the cases of triangle and triangular prism as the 2D and 3D integration
domain in our computational work. For the surface integration, we mostly deal with
integrand like BTσ. Consider equations (4.168), (4.169) and (5.17), since the tensor B
is of order 6, we can use a 12 points integration scheme given in [108], which is shown in
Table 5.1. The curbature rule for Table 5.1 is∫∫

4
f dS = Ae

m∑
i

wif(ζ(i)
1 , ζ

(i)
2 , ζ

(i)
3 ), (5.55)

where Ae denotes the area of the triangle 4, and ζ1, ζ2, ζ3 are the barycentric coordinates
of the sampling points within the triangle and the multiplicity indicates the symmetry
of the sampling points. So a sampling point (α, β, β), (α 6= β) would have a multipli-
city factor of 3, since the other two symmetry points are (β, α, β) and (β, β, α). Sim-
ilarly, a multiplicity factor of 6 implies six sampling points, namely (α, β, γ), (α 6= β 6=
γ), (α, γ, β), (β, α, γ), (β, γ, α), (γ, α, β) and (γ, β, α). As for the 3D integration, one of the
simple numerical integration scheme is by using the product rule, i.e. we can integrate the
third dimension after we have obtained the surface integral. A standard 3-point Gaussian
quadrature sampling points for integral

∫ 1
−1 f(x) dx is listed in Table 5.2.

∫ 1

−1
f(x) dx =

3∑
i

wif(xi) (5.56)
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wi xi√
3
5 5/9

0 8/9
−
√

3
5 5/9

Table 5.2 Gaussian quadrature integration points for 1D problem
∫ 1
−1 f(x) dx

and ∫ 1
2

− 1
2

f(ξ) dξ = 1
2

∫ 1

−1
f

(1
2x
)

dx (5.57)

We adopt the product rule for the numerical integration scheme, although more sophistic-
ated numerical integration is available such as the one in [109]. In addition, the integration
transformation between a physical domain and a reference domain is through∫

Ω
dV =

∫
Ω

√
g dξ1 dξ2 dξ3.

5.8 Preliminary Results

5.8.1 Settings

To use the full piecewise description of the tool shape will incur nonsmoothness to the
functional optimisation and we simplified to a hemisphere one as the contact is developed
around only over this region. The material parameters we use are:

• Elasticity constant E = 7.0e10,

• Poisson’s ration ν = 0.33,

• Sheet thickness h = 1,

• Shear modulus ≈ 26e9 (computed from elasticity constant),

• Bulk modulus ≈ 69e9 (computed from elasticity constant),

• Yield stress σY = 130e6,

• Hardening coefficient H = 0.

5.8.2 Deformation Results

We first set the tool position near the edge of the sheet, as shown in Figure 5.5, where
red region hightlights the contact boundary that is used in the computation. A visualised
displacement field is shown in Figure 5.6. We can observe that although the deformation
is above the tool, which satisfies the contact boundary, the “ridges” around the contact
region suggests some problem with the programme. For the results when the tool is the
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middle area of the sheet, shown in Figure 5.7, where the red region is the contact area
and the numerical results visualised is shown in Figure 5.8. A different orientation given
in Figure 5.9 shows some positions are below the initial sheet. To do further debugging, a
decompose of the component of the system and write test examples may be possible.
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Figure 5.5 Illustration of the contact region near one of the edges (shown as red region)
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Figure 5.6 Visualised numerical result for a case where the tool position is near the edge
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Figure 5.7 Illustration of the middle contact region (shown as red region)
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Figure 5.8 Visualised numerical result
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Figure 5.9 Same numerical result as in Figure 5.8 with a different angle
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Chapter 6

Conclusions

6.1 Research Problem Recap

The research problem is about controlling of a relatively novel progressive metal forming
process, incremental sheet forming (ISF), where the deformation occurs locally around the
point of contact between a tool and the metal sheet. The tool and the sheet metal are
mounted in a CNC milling machine, and the final work-piece is formed cumulatively by the
movements of the tool. Unlike traditional stamping processes, where specific punches and
dies are needed to produce the desired shape, the dieless ISF process is flexible enough
to use one universal tool to deform the blank sheet to various required states subject
to the prescribed tool trajectory. This cost efficient process would appeal to the one-off
and low batch production, such as the automobile and aerospace industry. However, the
geometrical accuracy of the final shape made by the ISF process is less accuracy than
stamping processes due to the elastic springback phenomenon. On the laboratory scale,
the accuracy of the parts created by ISF is between ±1.5 mm and ±3 mm, but in order
for ISF to be competitive with a stamping process, an accuracy of below ±1.0 mm and
more realistically below ±0.2 mm would be needed [6]. This motivates our research into
the studies of the deformation mechanism and a proper control method to reduce the
geometrical deviations between the target shape and the actual shape made by ISF.

Although other mechanical configurations of the ISF process, such as using multiple
tools and support dies, may offer benefits towards a better geometrical accuracy, we fo-
cused exclusively on the single point ISF process in this work as to push the boundary
of our control methodology as well as the fundamental understanding of the deformation
process. In addition, our control effort is on optimising the tool trajectory, which has a
direct effect on the final shape outcome. The tool movement is controlled by a servomotor,
which can be programmed with movement parameters from our control algorithm.

The actual deformation process involves bending and stretching, elastic and plastic
deformation and also the effects of tool movements, making the ISF process highly non-
linear. This challenge poses difficulties in designing a practical controller that is both
simple and effective to run on our rig. To circumvent this issue, we may first discretise
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the deformation states of the underlying sheet metal into a number of intermediate layers
by breaking down the supposedly continuous tool trajectory into vertical and horizontal
parts.

6.2 Research Findings

When consider applying modern control theory, especially a model based one, to the ISF
process—a deterministic multi-stage system, our starting decision was to juggle between
the complexity of the ISF model and the accuracy required for the controller. The decision
to model the deformation of sheet metal material in ISF process as a simplified linear
phenomenal model is backed with the belief that the available feedback information about
the state of the deformation from employing closed loop strategy would compensate the
uncertainties in the linear model. As explained in Chapter 2, a stereo camera is installed
below the main frame, where the sheet metal is hold, and the geometrical aspects of the
deformed metal sheet thus becomes available.

In the end, the deformation model is linearised around a known trajectory, i.e. the
conventional contour following tool-path. For every new type of shape, it is necessary to
run the open loop contour following tool trajectory once to record measured data at each
layer, and process those data as the parameters of our linearised model, notably B matrix
(cf. p28). The resulting constrained model predictive control (MPC), where the online
optimal control problem is solved at each vertical input, is implemented at the rig and the
experimental results produced for both truncated cone and truncated square pyramids.

The geometrical deviations for the final truncated cones can be improved within around
±0.2 mm for most of the part (see Figure 2.18 and Figure 2.19); for the truncated square
pyramids the deviations understandably deteriorate to around ±0.45 mm for the corner
profile, whereas the middle profile is slightly better at the value ±0.3 mm (see Figure 2.25).
The results on both types of shapes have demonstrated the ability of the MPC scheme,
especially the advantage over the conventional contour following type of tool trajectory.

One of the crucial components of predictive controller design is the choice of an ap-
propriate system model. As we have demonstrated, the linear model adopted in this work
functions well for making shapes with simple geometries, but a careful examination of the
experimental data reveals the fact that the model is working outside theoretically valid
region, which will limit its ability to make accurate complex shapes. The initial decision
to adopt a simple linear model also takes into account the requirements of feasible online
computations for MPC. The actual experiment time for producing a truncated cone or a
truncated square pyramid in the lab, including the CNC machine working time and the
computation time needed for MPC, is just around acceptable an hour.

Quite often the computational difficulties and the daunting complexity put off the
idea of applying a physics based modelling. The second part of the thesis is an attempt
to address this issue head-on by studying continuum mechanics of the ISF, as we try
to understand the full scale of the nonlinearity character of the process and explore the
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possibilities of applying modern control strategy.
In the end, the ISF process is treated as a quasi-static contact problem, where the

loading is imposed by the tool movements and the contact condition is modelled by Si-
gnorin’s type of boundary value conditions. The material deformation on the other hand
is regarded as elasto-plastic and the material law is modelled by von Misers yield criterion.
Before we finalise the model formulation, a thin shell theory is introduced to take care of
the geometrical features of deformed sheet metal. The technique is popular in complex
geometries modelling, such as deformation for wind turbines [97].

To solve the model like ours, generally it would require variational method, which
has been shown in previous chapters. We further developed the computational aspects
by adopting augmented Lagrangian method in function space and finite element method.
The difficulties (nonlinearity) of the mathematical model becomes clearer, and can be
partially explained in Figure 6.1. There are two major components in a contact problem
model: the contact condition and material law, of which the former is involves nonlinearity
(complementarity condition) and the latter differs in terms whether it is elastic or not.
So the nonlinearity in ISF results from both the contact condition and nonlinear material
behaviour. As a result, the discretised problem usually involves nonlinear programming.

classic form            variational form        after discretisation

Figure 6.1 Illustration the mathematical framework of the Signorini’s problem and our ISF model

Our model can be transferred to the well established mathematical tool, i.e. variational
inequality and therefore, our work opens the door for modelling a general mechanical sys-
tem that both contact and elasto-plastic deformation take place in an elegant mathematical
framework, which allows further optimal control design.

6.3 Future Work

The constitutive ISF model developed in Chapter 3 can be cast as a variational inequality
of the second kind (VI II) [110], and we may well use optimal control of VI or optimal
control of partial differential equations [111] to carry out further study. Usually the neces-
sary conditions to find the optimal solution is expressed as another variational inequality
[112], whose computational method can be the augmented Lagrangian method (ALM)
and the procedure of ALM has already been shown in previous chapters. In the inevitable
numerical solution, the finite element method is also list in this work.

The closed-loop control is not new to metal forming process, such as the closed-loop
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blankholder force control in [113], we may incorporate optimal control to achieve a finer
version of MPC scheme as explained in the first part of this thesis.

One of the assumptions made in the elasto-plasticity modelling of the ISF process
is the small deformation assumption, which has been reported to be accurate given our
input is relatively small. Naturally, one might expect large deformations in the metal
deformation field, but one should also be aware of the increase of the computational cost
and the theoretical complexity in future work.

Having spent much time discussing applying optimal control strategy on an infinite
system, other control concept, such as robust control method to deal with uncertainties,
could also be explored, although we did not obtain a satisfying result (too conservative,
not shown in the current thesis).
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Appendix A

Vector and Tensor Algebra

Summation convention: Any index that occurs twice in a term implies summation, i.e.

aibi =
n∑
1
aibi, ζii =

n∑
1
ζii.

In this work, we will use boldface italic letter to denote vector and tensors. Vectors
are denoted by lowercase Latin letters, second-order tensors by lowercase Greek letter and
fourth-order tensor by a uppercase Latin letter. Summation convention is used for repeated
indices, unless elsewhere stated. As the scale of the work in this thesis is most often limited
to three-dimensional space and we will make use of the Cartesian coordinate system whose
orthonormal basis is represented as (e1, e2, e3), as a convention, the lowercase Greek letters
such as α, β, γ take values of 1 and 2 as subscripts, whilst lowercase i, j, k take values of
1, 2 and 3 as subscripts.
A second-order tensor τ is a linear operator that maps vectors to vectors space and
may be represented as a matrix. For a vector a, τa is a vector such that the action of τ
on a is linear. Using the defined orthonormal basis, the mapping on vector a with tensor
τ can be expressed as:

τa = τijajei. (A.1)

Dot product or scalar product between two vectors or tensors are defined as

a · b = aibi, (A.2)

σ : τ = σijτij . (A.3)

Tensor product Let V,W be two vector spaces, a new vector space from tensor product
V ⊗W has two properties:

• if v ∈ V and w ∈W then there is a product v ⊗w ∈ V ⊗W ;

• the product is bilinear.
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The mapping of vector product between a and b is a second-order tensor defined by

(a⊗ b)c = (b · c)a ∀c. (A.4)

The matrix form is
a⊗ b = abT .

Similarly, quantities ei ⊗ ej form the basis for the space of the second-order tensors, and
thus any such tensor can be represented in the form:

τ = τijei ⊗ ej .

Suppose we have a second order tensor τ that can be constructed with two vector

τ = c⊗ d,

following (A.4), we can have the formula

a(b · τv) = a(b · c)(d · v) = (b · c)(a⊗ d)v. (A.5)

Provided the bases associated with above tensors are orthogonal, we may further derive
the computational matrix format as [

abT
]

[τ ] [v] . (A.6)

A fourth-order tensor C may be defined as a linear operator mapping spaces of second-
order tensors into itself. The action on second-order tensor τ with fourth-order tensor C
is denoted as Cτ , having the component form Cijklτkl. The canonical orthonormal basis
is ei ⊗ ej ⊗ ek ⊗ el, where 1 ≤ i, j, k, l ≤ 3.

In the light of the definitions in (A.1), (A.3) and (A.4), we may define the scalar tensor
product operator ‘:’ between two tensors of different orders as

τ : a = τa, (A.7)

where tensor τ has a higher order than a. Note that the scalar tensor product operator
‘:’ and construct operator ’⊗’ have lower order of operations than that of the mapping
action, for example,

a⊗ τb = a⊗ (τb)

τ : Cβ = τ : (Cβ).
(A.8)

Two Important Relations First, the product among second-order tensors (according
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to multi-linear transformation definition):

(α⊗ τ )β = αijτklei ⊗ ej ⊗ ek ⊗ el [βmnem ⊗ en]

= αijτklβmnei ⊗ ej(ek · em)(el · en)

= αijτklβmnei ⊗ ejδkmδln
= αijτklβklei ⊗ ej = (αijei ⊗ ej)τklβkl
= α (τ : β) .

(A.9)

Second, the property of a symmetric fourth-order tensor S can be expressed as

τ : S : β = S : τ : β. (A.10)

This formula is useful to separate β out from the original term.
Identity Tensor and Projection Tensors Define fourth order identity tensor I as

I = δikδjl ei ⊗ ej ⊗ ek ⊗ el, (A.11)

symmetric projection tensor

Is = 1
2 (δikδjl + δilδjk) ei ⊗ ej ⊗ ek ⊗ el, (A.12)

and deviatoric projection tensor

Id =
[1

2 (δikδjl + δilδjk)−
1
3δijδkl

]
ei ⊗ ej ⊗ ek ⊗ el

= Is −
1
3I ⊗ I,

(A.13)

where I is a second-order identity tensor. Also, define transposition tensor It

It = δilδjkei ⊗ ej ⊗ ek ⊗ el (A.14)

then, any isotropic fourth-order tensor Z can be decomposed as a linear combination of
the three basic isotropic tensors: I, It and (I ⊗ I) :

Z = αI + βIt + γ(I ⊗ I), (A.15)

where α, β and γ are some appropriate scalars. For tensor (I ⊗ I), it can be verified that
the action upon a second-order tensor τ is

(I ⊗ I)τ = δijδklei ⊗ ej ⊗ ek ⊗ elτmnem ⊗ en = δijτklδklei ⊗ ej = trace(τ )I. (A.16)

Tensor Trace The trace of a second-order tensor τ is defined as

trace(τ ) = I : τ (A.17)

143



If tensor τ is constructed by
τ = a⊗ b

and we know for any identity tensor I

I : (a⊗ b) = a · b, (A.18)

we can then generalise the trace computation for a tensor in curvilinear coordinates as

trace(τ ) = τij~g
i · ~gj = τ ij~gi · ~gj = τ ji ~g

i · ~gj = τ ij~gi · ~gj

= τijg
ij = τ ijgij = τ ii

(A.19)

Gradient, divergence and derivatives. The gradient of a scalar field Φ(x) denoted
by ∇φ is defined as

∇φ = ∂φ

∂xi
ei.

The gradient of a vector field u(x) is defined as

∇u(x) = ∂ui
∂xj

ei ⊗ ej .

The divergence of u(x) is
div u = ∂ui

∂xi

and divergence of a second-order tensor τ defined by

div τ = ∂τij
xj
ei

is a vector. For a scalar valued function f(u) of a vector variable, its derivative with
respect to u is a vector:

∂f(u)
∂u

= ∂f(u)
∂ui

ei.

In case of a tensor variable, we have

∂f(τ )
∂τ

= ∂f(τ )
∂τij

ei ⊗ ej .

If f(τ ) is a matrix valued function of a second-order tensor, then its derivative with respect
to τ is a fourth-order tensor with components

∂f(τ )
∂τij

= ∂fkl(τ )
∂τij

ek ⊗ el.

Chain Rule for tensor valued functions of second-order tensors: Let σ(β) be a second
order tensor valued function of the second order tensor β, then the derivative of σ with
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respect to β in the direction τ is a fourth order tensor defined as

∂σ

∂β
: τ = Dσ(β)[τ ] =

[ d
dασ(β + ατ )

]
α=0

.

Quite often σ can be regarded as

σ(β) = σ1(σ2(β)),

then the chain rule claims
∂σ

∂β
: τ = ∂σ1

∂σ2
:
(
∂σ2
∂β

: τ
)

(A.20)

The derivative of the unit norm

n̂ = β

‖β‖

is given by the formula
dn̂
dβ = 1

‖β‖
(I− n̂⊗ n̂) (A.21)

To prove, use the directional derivative definition

∂n̂

∂β
: τ = d

dα [n̂(β + ατ )]
∣∣∣∣
α=0

= d
dα

[
β + ατ

‖β + ατ‖

]∣∣∣∣
α=0

=
(

τ

‖β + ατ‖
− β + ατ

‖β + ατ‖2
d

dα ‖β + ατ‖
)
α=0

= τ

‖β‖
− 1
‖β‖

n̂ (n̂ : τ )

(A.22)

with (A.9), the formula (A.21) can be obtained. If the normal n̂ in (A.22) is under action
of a fourth-order tensor C, then the derivative takes the form

∂

∂β

(
Cβ

‖β‖

)
= C − (Cn̂)⊗ n̂

‖β‖
. (A.23)

Relation: Given τ (βa), we want to separate a out. Suppose we have the following lower
order tensor construction

τ = τ1 ⊗ τ2, β = β1 ⊗ β2,

then we can apply (A.9) as

τ (βa) = (τ1 ⊗ τ2) ((β1 ⊗ β2)a)

= (τ1 ⊗ τ2) (β1(β2 : a)) = τ1(τ2 : β1)(β2 : a)

= ((τ1(τ2 : β1))⊗ β2)a

= ((τβ1)⊗ β2)a

(A.24)
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Appendix B

Finite Element Formulae

Barycentric Coordinates Consider a non-degenerate triangle with three vertices
A,B,C whose positions in Cartesian coordinates are

a, b, c,

and any point P , p lies within this triangle, shown in Figure B.1, can be alternatively
expressed with the barycentric coordinates (ζ1, ζ2, ζ3) as the the follows ζ1a+ ζ2b+ ζ3c = p

ζ1 + ζ2 + ζ3 = 1
. (B.1)

The barycentric coordinates is defined as the area ratios:

ζ1 = ∆PBC
∆ABC , ζ2 = ∆PCA

∆ABC , ζ3 = ∆PAB
∆ABC . (B.2)

For a triangle in 3D with arbitrary orientation, we introduce the normal to the triangle
(A,B,C) in counterclockwise order as

n = (b− a)× (c− a),

Figure B.1 Barycentric coordinates for triangles
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and similarly we may define three normals to the sub-triangles (P,B,C), (P,C,A) and
(P,A,B) as

na = (c− b)× (p− b)

nb = (a− c)× (p− c)

nc = (b− a)× (p− a)

.

We can verify that

n · na
‖n‖ ‖na‖

= 1, n · nb
‖n‖ ‖nb‖

= 1, and n · nc
‖n‖ ‖nc‖

= 1,

if p is inside the triangle. As the area of each triangle is simply the norm of the normal,
i.e.

∆ABC = ‖n‖ ,∆PBC = ‖na‖ ,∆PCA = ‖nb‖ ,∆PAB = ‖nc‖ ,

so we can derive the barycentric coordinates as follows

ζ1 = ‖na‖
‖n‖

= ‖na‖
‖n‖

n · na
‖n‖ ‖na‖

= n · na
‖n‖2

, (B.3)

and similarly
ζ2 = n · nb

‖n‖2
, ζ3 = n · nc

‖n‖2
. (B.4)

Next, we may work out the first order derivative transformation between the barycentric
coordinates and the Cartesian coordinates. First we write barycentric coordinates as ζi(p),
so the calculation of

dζi
dp = 1

‖n‖2
( dni

dp

)T
n (B.5)

boils down to the calculation of dni
dp , where ni denotes na, nb and nc. Take na as an

example, we have

d
dx1

[(c− b)× (p− b)] = (c− b)×
[
1 0 0

]T
=
[
0 c3 − b3 −(c2 − b2)

]T
d

dx2
[(c− b)× (p− b)] = (c− b)×

[
0 1 0

]T
=
[
−(c3 − b3) 0 c1 − b1

]T
d

dx3
[(c− b)× (p− b)] = (c− b)×

[
0 1 0

]T
=
[
c2 − b2 −(c1 − b1) 0

]T
.

So

dna
dp =


0 −(c3 − b3) c2 − b2

c3 − b3 0 −(c1 − b1)
−(c2 − b2) c1 − b1 0

 , (B.6)
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and similarly,

dnb
dp =


0 −(a3 − c3) a2 − c2

a3 − c3 0 −(a1 − c1)
−(a2 − c2) a1 − c1 0


dnc
dp =


0 −(b3 − a3) b2 − a2

b3 − a3 0 −(b1 − a1)
−(b2 − a2) b1 − a1 0


. (B.7)

On the other hand, if the third coordinate ζ3 in (B.1) got replaced with 1 − ζ1 − ζ2, we
would have the form 

x1

x2

x3

 =


a1 − c1 b1 − c1

a2 − c2 b2 − c2

a3 − c3 b3 − c3


[
ζ1

ζ2

]
+


c1

c2

c3

 , (B.8)

where (x1, x2, x3) = p. Define 
a1 − c1 b1 − c1

a2 − c2 b2 − c2

a3 − c3 b3 − c3

 = J ,

whose components (Jij) are the first order derivative ∂xi
∂ζj

. Quite often the more familiar

operator transformation


∂

∂ζ1
∂

∂ζ2

 =


∂x1
∂ζ1

∂x2
∂ζ1

∂x3
∂ζ1

∂x1
∂ζ2

∂x2
∂ζ2

∂x3
∂ζ2




∂

∂x1
∂

∂x2
∂

∂x3


(B.9)

and its counterpart 

∂

∂x1
∂

∂x2
∂

∂x3

 =



∂ζ1
∂x1

∂ζ2
∂x1

∂ζ1
∂x2

∂ζ2
∂x2

∂ζ1
∂x3

∂ζ2
∂x3




∂

∂ζ1

∂

∂ζ2

 (B.10)

are needed. As we have shown in (B.5), ∂ζi
∂xj

can be obtained from (B.6) and (B.7).

Alternatively, if we recognise the transformation matrix in (B.9) is JT we can work out
the transform matrix in (B.10) by its pseudoinverse

J
(
JTJ

)−1
,

which gives the same values as (B.6) and (B.7).
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Basis Function of the Ganev Triangle (reproduced from p.104, [97])



p0
1

p0
2

p0
3

p1
1,3

p1
1,2

p1
2,3

p1
2,3

p1
3,2

p1
3,1

p0
4

p0
5

p0
6

p⊥4

p⊥5

p⊥6



=



1 0 0 4 4 0 0 0 0 0 -5 -5 3(η2 − η3)− 4 −3(η3 + η2) 3(η3 + η2)

0 1 0 0 0 4 4 0 0 -5 0 -5 3(η1 + η3) 3(η3 − η1)− 4 −3(η1 + η3)

0 0 1 0 0 0 0 4 4 -5 -5 0 −3(η2 + η1) 3(η2 + η1) 3(η1 − η2)− 4

1 0 0 0 0 0 0 -1 0 −1
2(1− η2) −1

2(1 + η2) 1
2(1 + η2)

0 1 0 0 0 0 0 0 -1 −1
2(1 + η3) 1

2(1− η3) −1
2(1− η3)

0 0 1 0 0 0 0 0 -1 1
2(1 + η3) −1

2(1− η3) −1
2(1 + η3)

0 0 0 1 0 0 -1 0 0 −1
2(1− η1) −1

2(1 + η1) 1
2(1− η1)

0 0 0 0 1 0 -1 0 0 −1
2(1 + η1) 1

2(1 + η1) −1
2(1− η1)

0 0 0 0 0 1 0 -1 0 1
2(1 + η2) −1

2(1− η2) −1
2(1 + η2)

0

16 0 0 -16 16 16

0 16 0 16 -16 16

0 0 16 16 16 -16

-4 4 4

4 -4 4

4 4 -4





ζ4
1

ζ4
2

ζ4
3

ζ3
1ζ3

ζ3
1ζ2

ζ3
2ζ1

ζ3
2ζ3

ζ3
3ζ2

ζ3
3ζ1

ζ2
2ζ

2
3

ζ2
3ζ

2
1

ζ2
1ζ

2
2

ζ2
1ζ2ζ3

ζ1ζ
2
2ζ3

ζ1ζ2ζ
2
3



(B.11)
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Coordinates Transformation The basic relation for a local-global coordinates
transformation illustrated in Figure B.2 can be expressed as

(x, y, z) = x̄ī+ ȳj̄ + z̄k̄ + t, (B.12)

where the local coordinate directions ī, j̄, k̄ can be related to the global coordinate direc-
tions i, j,k as

ī = (ī · i)i+ (ī · j)j + (ī · k)k

j̄ = (j̄ · i)i+ (j̄ · j)j + (j̄ · k)k

k̄ = (k̄ · i)i+ (k̄ · j)j + (k̄ · k)k

. (B.13)

So the transformation becomes
x

y

z

 =


ī · i j̄ · i k̄ · i
ī · j j̄ · j k̄ · j
ī · k j̄ · k k̄ · k



x̄

ȳ

z̄

+ t (B.14)

Figure B.2 Local-global coordinates transformation illustration

Permutation Matrix Quite often we have to sort out an appropriate order for the
unknown variables to allow a simpler element assembly implementation. For example, we
would like to permutate a column vector

v =
[
v1 v2 v3 · · · vn

]T
into a different one

v̄ =
[
vπ(1) vπ(2) vπ(3) · · · vπ(n)

]T
,

where π(j) is the new index, and the corresponding permutation matrix is an orthogonal
one:

Pπ =


eπ(1)

eπ(2)
...

eπ(n)

 , (B.15)
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where eπ(j) is the unit row vector, with only π(j)th component being 1. Therefore we have

v̄ = Pπv.

In MATLAB, Pπ can be easily implemented by manipulating the identity matrix. Code:

I = eye(n);

P = I(piv,:);

where piv is the new index vectors as defined by π(j).
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