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Abstract

We determine the dynamical structure factors of two gapped correlated electron sys-
tems, namely the Ising model in a strong transverse field and the two-leg Spin—% Heis-
enberg ladder in the limit of strong rung coupling. We consider the low-temperature
limit, employing a variety of analytical and numerical techniques. The coherent modes
of single-particle excitations, which are delta functions at zero temperature, are shown
to broaden asymmetrically in energy with increasing temperature.

Firstly, we apply a low-temperature “resummation” inspired by the Dyson equation to
a linked-cluster expansion of the two-leg Heisenberg ladder. We include matrix elements
to second order in the interaction between states containing up to two particles. A
low-frequency response similar to the “Villain mode” is also observed.

Next, we apply a cumulant expansion technique to the transverse field Ising model.
We resolve the issue of negative spectral weight caused by double pole in the leading
self-energy diagram by including a resummation of terms obtained from the six-point
function, demonstrating that the perturbation series in 2n-spin correlation functions can
be extended to higher orders. The result generalises to higher dimensions and the analytic
calculation is compared to a numerical Padé approximant. We outline the extension of
this method to the strong coupling ladder.

Finally, we compare the previous results to numerical data obtained by full diagonal-
isation of finite chains and numerical evaluation of the Pfaffian, a method specific to the
transverse field Ising chain. The latter method is used for a phenomenological study of
the asymmetric broadening as well as an evaluation of fitting functions for the broadened
lineshapes.
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1. Introduction

In this work, we pursue several numerical and analytical approaches to the calculation of
dynamical structure factors (DSFs) of various condensed matter systems at finite temper-
ature. The DSF encodes information about the two-particle correlations in a material, and
it is related to experimentally measured quantities. For example, the spin DSF is measured
via inelastic neutron scattering (INS) cross-sections [3]. We focus on low-dimensional sys-
tems, since they exhibit more pronounced quantum effects, for example the Haldane gap to
excited states in integer spin Heisenberg chains [4-6]. Low-dimensional systems have the
added advantage that they permit several analytical techniques to be employed. Several
such models are integrable, for example via the famous Bethe ansatz [7], however determin-
ing correlation functions remains far from trivial. At finite temperature additional features
appear. Coherent modes in gapped systems will broaden in energy from a delta function at
T = 0 due to scattering off thermally excited quasi-particles. To achieve this effect in the
thermodynamic limit, a series of many-particle interaction terms, each divergent in system
size, needs to be resummed to infinite order. Of particular interest is the finite-temperature
lineshape of the coherent modes, as it is experimentally accessibly, but difficult to predict.
Whereas at infinitesimal temperature the broadening is universally symmetric 8], at finite
temperature an asymmetry emerges. Additional features also appear at low energy, as was

first shown by Villain [9].

This chapter introduces the concepts employed, starting with explanations of the quan-
tities of interest and continuing with reviews of the models studied. Chapter 2 follows an

approach similar to the linked cluster expansion to account for the broadening of a triplon
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excitation in a two-leg strong coupling ladder system due to a background of excitations at
finite temperature. In Chapter [3] we explore a cumulant expansion of the path integral for
the example of the transverse field Ising model (TFIM) using an analytic approach. The
numerical analytic continuation of functions known at imaginary Matsubara frequencies us-
ing Padé approximants is performed in Chapter @ Finally, approximations obtained by
numerically solving a finite system are compared to the previous results in Chapter Bl In

Chapter [0l we summarise our results from the previous chapters.

1.1. Spin

A quantum mechanical particle is associated with an intrinsic angular momentum referred
to as “spin” |10]. Spin is a vector quantity, thus we can define the operator S, whose entries
are the three components S%, SY and S?. The components of the spin operator do not
commute with each other, but obey the commutation relation [SO‘, Sﬂ] = i€q8,S"7, Where
€apy 18 the antisymmetric tensor. The square modulus is obtained through the operator S?,
which has the eigenvalue S(S + 1) for a spin-S particle. This operator commutes with each

of the components of spin.

In the presence of a magnetic field, the magnetic moment parallel to the field is conserved.
Adopting the convention of a field aligned with the z-axis, the conserved quantum numbers
are the eigenvalues of the operators S? and S?, which are simultaneously diagonalisable.
We may therefore choose a convenient basis |S,m), where m is the z-component of the
magnetic moment, given by the eigenvalue of the S* operator. Linear combinations of the

other components of spin, defined by
St = 5% +48Y, (1.1.1)

are referred to as ladder operators. Their result is to raise or lower the quantum number m

by one. In the case of spin—%, the states ‘S = %, m = i%> are abbreviated by |1) for spin up

(m = %) and |]) for spin down (m = —%) The spin—% limit exhibits strong quantum effects,
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as the commutator is comparable to the magnitude of the spin. In the opposite limit of
large S, the commutator can be approximated as zero and the vector S treated as classical.

For this reason, we will concentrate on spin—% systems.

1.2. Dynamical structure factors

A quantity accessible experimentally by INS, the dynamical structure factor (DSF) of a spin
system is defined as
Se lim — ) e (rj—“k dt et (S%(t)S 1.2.1
(w, nlﬁ% Z e e < (t) > ( )
While in general the DSF has nine distinct components, rotational and inversion symmetries

of the system can be used to derive relations between them. The DSF is related to the

imaginary part of the dynamical susceptibility by

1 1
5w, Q) = —;m% X7 (w,Q)], (1.2.2)
where the dynamical susceptibility
Vw. Q) =~ dT enT N e TR (60(r) ST (1.2.3)
Jk twn—w—+in
is given in terms of the thermal average
1 _
(82(r)s]) = S tr [e ﬂﬁsy(ﬂs,j] . (1.2.4)

We follow the sign convention employed by Chaikin and Lubensky [11].

1.2.1. Lehmann representation

By inserting two complete sets of eigenstates |n) and |m) of the Hamiltonian into the thermal

trace (LZ4]), the Hamiltonian operator evaluates to its eigenvalues E,, [12]. In applying the
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Heisenberg definition for the imaginary time evolution of an operator, S%(7) = "7 5% 77,

we get

X7(w,Q)

IR : 1
= —N/O dr elw”TZeﬂQ'(rjfr’“)E tr [e(Tfﬂ)HS;‘efHTSZ
Ik TwWn—wW—+in

1 [P ‘ . 1
TN /0 dr T ]Zk e’lQ'(rjfrk)E S (n] TR GYe=EnT ) (m] ST |n)

n,m . .
’ wp —w—+in

11 B . ,
=57 Z/ dr e PEnetent T En) Sy 7 et (] S5 m) (m] 5] |n)
n,m 0

NZ ,
7,k twn—w—+in
e 2
_ 11 (€_BETL - e_ﬁEm) Z e~ 1Q(rj—rk) (n] 55 [m) (m| S ]n> (1.2.5)
NZ w+in+ (En — En)

n,m j:k

If the Hamiltonian is invariant under translation, its eigenstates also have well-defined mo-
menta p,. This fact allows us to perform the spatial Fourier transform, simplifying the
expression to

(n] S§ |m) (m| S§ In)
w+in+ (En — Ep)’

X (w, Q) = %Z (e‘BE” — e‘ﬁE’"> Spn—pm.Q (1.2.6)

In the limit n — 0, its imaginary part Sx*”(w, Q) is equivalent to a sum over delta functions

at w = E,, — E,. A form equivalent to Equation (L.22]) in this limit is thus

o Y
Sa'y(w’ Q) = _;7 Z e_ﬁEnépn—pm,Q lim $<n| SO |m> <m‘ So ’n>

1.2.7
=0 w+in+ (E, — Ey)’ ( )

which avoids the numerical issue of calculating a quotient of small quantities near w = 0.

For a finite system the DSF is always a sum of delta functions rather than a continuum,
hence it has to be evaluated at a small but finite 17 to broaden the delta functions into
Lorentzians. As long as the width of the Lorentzians 1 is much smaller than the thermal
broadening, and the density of transitions with E,, — E,, = w is sufficiently large, the result

is a good approximation to the true DSF.
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1.2.2. Zero temperature

At T = 0, the Boltzmann factor is equal to one for the ground state and zero otherwise,
assuming that the ground state is unique. Therefore the zero temperature DSF measures
the properties of the ground state. The DSF is

0] S§' n) {n| Sg |0)
w+in—FE,

1 .
S (w, Q) = _;Z(SPO_pan %13%%< (1.2.8)

1.2.3. Finite temperature

While zero temperature DSFs have been studied extensively, far less is known about the
finite temperature dynamics in one-dimensional quantum magnets [6, |8, [13-22]. At finite
temperature, transitions between excited states contribute. Even in a gapped system, the
number of states with given particle number and their statistical weight both increase expo-
nentially as a function of particle number. A series expansion in particle number consists of
successively stronger divergences. Therefore, states with any number of particles have to be

taken into account in a “resummation” scheme. The density of excitations becomes finite.

The thermally excited quasiparticles cause a broadening of formerly coherent modes. At
very low temperatures T' < A, these T' = 0 delta function peaks are approximately Lorent-
zian. This was shown for the two-leg ladder model by means of a semiclassical analysis by
Damle and Sachdev [8]. They argued this behaviour to be universal for one-dimensional
gapped antiferromagnets. Very recently the question of how the DSF evolves as the temper-
ature is increased above the semiclassical regime has been addressed in several models by
numerical [20] and analytical methods [21, 122]. It was shown that at higher temperatures,
but still smaller than the gap, the peak is broadened in a rather asymmetric fashion. This

work aims to establish the form of the asymmetry.

An additional effect is the shift of spectral weight to low frequencies as transition between
thermally excited states become possible. This was first predicted by Villain [9] for an anti-

ferromagnetic spin—% Heisenberg-Ising chain, a model which is solvable but whose dynamical



1. Introduction

correlation functions cannot be determined exactly. Villain predicts that this mode should

have a square-root singularity at its dispersion, which is of the form

e(q) ~ Jsin(q). (1.2.9)

James, Goetze, and Essler [2] study the Heisenberg-Ising chain via a perturbative ex-
pansion in the limit of large anisotropy. They observe that the lineshape of the spin-flip
excitation depends strongly on temperature. In addition, they predict a Villain-like mode

with a dispersion of the form (LZ9]), in agreement with experimental results [23, 24].

1.3. Transverse field Ising model

The transverse field Ising model (TFIM) was introduced by de Gennes [25] to account for the
tunnelling of protons inside a ferroelectric crystal between two sites with differing potentials.
It has since been applied to a wide variety of condensed matter systems, an overview of which
is given in [26]. A field theoretical approach is described in [27], while a high temperature
[28] and low temperature [29] expansion have also been attempted. Its Hamiltonian includes
an interaction J between the z-components of nearest neighbours and a transverse field h
coupling to the xz-component of each spin. We consider a one-dimensional system consisting
of N spin S = % sites with cyclic boundary conditions Sy11 = S1. It is a simple model,
equivalent to free fermions. Due to its simplicity and because it is integrable, it is often used

as a toy model to test theoretical approaches. Its Hamiltonian is

H = Ho + H, (1.3.1a)
N
Ho=hY S, (1.3.1b)
j=1
o
Hi=75 Y 87854+ S5 S (1.3.1c)
=1
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For J = 0, in the ground state all spins are anti-aligned with the field. The lowest excita-
tions are single spin flips, with an energy gap h. A perturbative interaction J gives these

excitations a kinetic energy, therefore creating a dispersion.

1.3.1. Exact solution of the transverse field Ising model

Pfeuty [30] obtained an exact solution of the TFIM for its spectrum, which can also be
found in [31, Section 4.2]. A Jordan-Wigner (JW) transformation [32] maps the system to
interacting fermions. At finite temperature, this solution has been studied by Barouch and
McCoy [33]. The result allows the S* component of its DSF to be obtained [34], whereas
the other correlation functions are difficult to calculate [35,36]. The complication is a result
of the non-local representation of the other spin components, as is explained in detail below.
This solution aids validation of the approaches discussed subsequently. An outline of the

exact approach is given in this section.

In terms of the Bogoliubov fermions V;L, the Hamiltonian (L3.1)) becomes

1
H=> & <'y;£'y;€ - 2) : (1.3.2)
k

where the dispersion € is given by

72
%=\ + h? — hJ cosk. (1.3.3)

A series expansion valid for J < h is

1 1 J? J\?
€r ~h— §Jcos(k) ~ 16 (1 — cos(2k)) W +0 <(h> ) . (1.3.4)
JW fermions c;r. replace the spin operators via
T 1 z 1 T cle
57 =5 (1-2le;) . §; = e B (o 4 ;) (1.3.5)
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The axes have been chosen such that the Hamiltonian is quadratic in fermion operators,
permitting the diagonalisation by a Bogoliubov transformation. This choice implies that the
S? operator is the only spin operator that remains local when written in terms of fermions,
because the other spin components are now given by operator products over the entire chains
also known as “string operators”. The alternative choice of local S* operators would yield a
quartic interaction term, which precludes an analytic solution. There is no local expression
for components of the dynamical correlation function other than S**. To verify sum rules
later on, we will use that the static correlation function <SJZSJZ> is equal to j L for any Spln—*

site.

Now we proceed to calculate S**. The JW fermions c; relate to the Bogoliubov fermions 7,1
as
- oyt 1.3.6
Ck = UkVk + WY g, (1.3.6)
where the parameters are
0 0
U = COS Ek’ v = sin Ek’ (1.3.7)

and the Bogoliubov angle 0, satisfies

sin k
tanf, = ———. 1.3.8
g —% + cosk ( )

We want to calculate the dynamical susceptibility
X (iwn, k Z/ dr T c (1) (1) (O)CO(O)> : (1.3.9)
First, we replace the operators by their Fourier transforms to obtain
N (i, Z / dré 1+,€7p2 TT ch, (7)epy (7)), (0)cp4(0)> : (1.3.10)

After substituting the Bogoliubov operators (L3.0]), the expectation values become simple

products of free fermion propagators as given by Wick’s theorem [37]. Non-zero products
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must contain two creation and two annihilation operators. The connected part is given by
those permutations where each of the two contractions consists on one operator evaluated at
time 7 and one at time zero. Several terms vanish because of translational invariance. The

final expression is

(tanh % + tanh Leg”“) (ep + €p+tk) sin? (i’?*gwk)

xx(
2

X (iwn, k) = —

Sl

(ep + €p+r)* — (iw)

>

0p+6
(tanh % — tanh BE”T““) (€p — €pik) cOS® (%’”’k)

+ . 1.3.11
(6~ cp P — (i) S
1.3.2. Phase diagram
T
A
L QC ¢
gapped magnons “, Ising
0 polarised 1 AFM order g

Figure 1.1.: Phase diagram of the transverse field Ising model.

Following Sachdev [31, Section 4.5], we introduce a dimensionless parameter g = % to
describe the relative importance of the two interactions. The sign of J can be fixed without
loss of generality, as the ferromagnetic and the antiferromagnetic sectors are related by a
rotation by m about the z-axis of every other spin, with the only side effect of shifting the
momenta by 7w. The resulting phase diagram for g > 0 is shown in Figure [T For 7' = 0,
there is a quantum critical point at ¢ = 1 where there is no gap to excitations. There exist

two distinct phases for g # 1, both of which are gapped [38]:

g < 1 describes weakly interacting spins in a magnetic field. In the ground state all spins
are aligned with the field (Figure|l.2(a))). The basic spin-flip excitations are hard-core

bosons (Figure [1.2(c))). These single particle excitations have a dispersion due to the
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e e e e e e e TR SR SR S
(a) Ground state for g < 1. (b) Ground state for g > 1.

c e civie e e N
(c) Spin-flip ~e;citation for g < 1. (d) Two domain. wall excitation; for g > 1.

Figure 1.2.: The ground state and a basic excitation are shown for each of the two regimes
of the TFIM.

interaction term J. At T = 0, the DSF is a delta function at the dispersion. It is

broadened at finite temperature.

g > 1 is the Ising model in a weak field. It orders antiferromagnetically only at T = 0

(Figure |1.2(b))). The basic excitations are domain walls (Figure [1.2(d)]). Since these

are created in pairs, the DSF at T' = 0 is a two-particle continuum.

The quantum critical point blurs to cover the region where the temperature is larger than

the gap.

1.4. Spin-; Heisenberg ladder

Figure 1.3.: Exchange couplings for a spin-ladder system. In the strong rung coupling limit
J| IS JL.

The two-leg spin—% Heisenberg ladder is our second example of a one-dimensional system.

It supports gapped excitations in the strong coupling limit. The Hamiltonian, split into the

10
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strong rung coupling Hg and a weak hopping term 1, reads

H="Ho+H, (1.4.1a)
L—1
Ho=>_ JiSon-Sim, (1.4.1b)
n=0
1 L-1
Hi= Z Z JiSjn - Sjn+1- (14.1c)
7=0 n=0

Here the dominant exchange coupling J, is along the rungs connecting neighbouring spins
on different legs of the ladder and J; < J) represents a small interaction between the
neighbouring rungs. In the limit of zero inter-rung coupling, the ground state is a product
of singlet states on every rung. The elementary excitations are S = 1 triplets of energy J |,
which is the difference between the dimer triplet and singlet states. The limit of strong rung
coupling a = Jj /J1 < 1, see Figure [[3 is particularly simple. In the limit o« = 0, the
ground state is a tensor product state of rung singlets. Excitations involve breaking one of
the dimers, which leads to a finite gap A = J;. A small but finite J| gives a dispersion to
these excitations, which are commonly referred to as either “magnons” or “triplons” [39].
We will follow the latter terminology in this work. The triplon bandwidth is small compared
to their gap. The dominant feature of the DSF at zero temperature is a delta function
following the triplon dispersion. At higher energies there are multi-triplon continua, which

for small a are weak. These features have been analysed in detail in the literature [39-49)].

The zero temperature behaviour of two-leg spin—% Heisenberg ladders is by now well under-
stood and has been analysed by a variety of theoretical methods [39-49]. Recently, the DSF
has been measured by INS experiments for the ladder compounds LasSr;oCu2404; [50, 51],
CaCuz03 [52], and (C5D12N)2CuBry (also known as BPCP or (Hpip)2CuBry) [53-56] and
was found to be in excellent agreement with theoretical predictions at T'= 0. The dominant

feature of the DSF at zero temperature is a delta function following the triplon dispersion.

11



1. Introduction

h
polarised
heo .
XXZ
Ordered
hcl Lo
QC

gapped triplons

Sy
>

T

Figure 1.4.: Phase diagram of a Heisenberg ladder in a magnetic field.

1.4.1. Phase diagram

When placed in a magnetic field, the spin—% Heisenberg ladder exhibits a variety of phases
[55, 57], as can be seen in Figure [[4l At zero temperature, an applied field leads to a
Zeeman splitting of the triplon states with an energy shift of £upB of the m = +1 states.
The magnetisation remains zero until the lowest state of the dispersion closes the gap at the
lower critical field hq;. As the magnetic field is increased further, the system orders due to
infinitesimal three-dimensional interactions. Above the upper critical field h.y, where the

full dispersion is lower in energy than the singlet state, the system becomes polarised.

The quantum critical point at hc; is blurred at finite temperature and there no longer
exists a phase transition to an ordered regime. For small fields, the excitations are gapped
triplons further investigated in Chapter 2l The magnetic phase can be mapped to the XXZ-
chain, as studied by James et al. [2]. Gapped magnon excitations also exist in the polarised

system.

12



2. Triplon model

In this chapter, we will derive a low-temperature expansion for the one-dimensional spin—%
Heisenberg ladder in the strong coupling limit, as introduced in Section [Tl [1]. We endeavour
to calculate the DSF, a quantity of experimental interest, probed by INS experiments |5, 58—
64]. Our calculation is restricted to the limit of weak coupling between the dimers, which
we treat in perturbation theory to first order in a = Jj/J for both excitation energies and

matrix elements.
Our first goal is to calculate the dynamical susceptibility, which is related to the DSF by

1 1

59w, Q) = "7 1= exp(—Bw)

XY (w, Q)] (2.0.1)

Here a,v = x,y, z. In the Matsubara formalism, the ay component of the susceptibility is

given by
1 [ 'oL=r
X7 (w, Q) = 57 dre“n’ Z Z e TRy —Ry ) <S£Z(T)Sz7l/> , (2.0.2)
0 JR=011=0 i
where (- - ) denotes the thermal average
1 _
< ﬁl(T)S,ZJ/> = Ztr (e BHSﬁl(T)S’,ZJ,) ) (2.0.3)

As a consequence of the SU(2) symmetry of the Heisenberg interaction, all off-diagonal
elements of the susceptibility tensor are zero and all diagonal elements are identical. It is

therefore sufficient to calculate x**(w, Q). The trace in ([Z.0.3]) is taken over a basis of states,

13



2. Triplon model

and Z represents the partition function. Using translational invariance, writing the time
evolution of spin operators as S*(7), and inserting a complete set of simultaneous eigenstates
of the Hamiltonian and the momentum operator into the formula for the susceptibility (2.0.2])

gives

AP | : : A :
zz e d WnT _ZQH(Z_l ) _ﬁe’m _T(ETL_€TVL) Z(pn_pm)(l_l ) .
V@) = [arr g SN S e M

(2.0.4)
The sum runs over a complete set of states [n) with well defined momentum p,, and energy e,,.

The expression for M, ,, is

My = | (n] S o |m)|? + | (n] 55 o [m)|”

)

€' {n] S50 [m) (m| S5 [n) + ¢~ (n] ST lm) (m| SGglm).  (2.05)

After performing the Fourier transform and analytically continuing to real frequencies,

Equation (2.0.4) reads

X (w,Q) = g ; wii:;;_iim 501+ spm M- (2.0.6)
Equation (2.0.5]) becomes
My, . = 2[ (3] S50 1) [ (14 (=1) " cos(@Qu)) . (2.0.7)
because due to the leg exchange symmetry
(7l 56,0(0) [vs) = (=1)" (9| ST0(0) [7s) - (2.0.8)

2.1. Diagonalisation of short chains

For small systems, we may calculate a basis of simultaneous eigenstates of the Hamiltonian

and the momentum operator numerically. We use a standard exact diagonalisation (ED)

14



2. Triplon model

procedure, as is explained in detail in Section 5.1l This allows the spectral sum in Equa-
tion (Z0.6) to be evaluated. As a ladder of L rungs has a Hilbert space of dimension 4%, this
method is only feasible up to L = 8. The numerically calculated DSF for such small finite
systems is obtained as a sum over delta functions in frequency. In order to facilitate compar-
isons with the result in the thermodynamic limit, we introduce a sufficiently large value for
the Lorentzian width n in (Z.0.0]) to obtain a smooth function. To observe thermal broaden-
ing of the lineshape, the temperature has to be large enough for thermal effects to dominate
over the artificial broadening due to n. In Figure 2.1l we show some typical results obtained
by this method at intermediate temperatures 7' 2 J. The thermal width is comparable to
the gap and much larger than the artificial Lorentzian broadening. Finite size effects are the
cause of the noise. In Section 2.8, we compare the results of the low-temperature expansion

developed in the following to the exact numerical answer for L = 8.

2.2. Low temperature expansion

In what follows, we use the fact that for Jj < J states can still be labelled by their
triplon number for J = 0, although it ceases to be a good quantum number for J; # 0.
Subsequently, we will refer to the perturbative eigenstates as “r-particle states” |v,), where
the terminology indicates that they reduce to r-triplon states when Jj is taken to zero. Here,
~r is a complete set of quantum numbers uniquely identifying the state under consideration.

Using this notation, we rewrite Equation (2.0.6]) as

1 oo
W@ Q) =7 D Bt P (22.1a)
r,5=0
Bro=3 i o M 2.2.1b
" QWZ;S W+ i1 + €y, — € Q| +Pryp s Mvr s (2.2.1b)
L 6_6675
=g : 0Q+pr-pve Mo s (2.2.1c)
o Q%Sw—i—m—l—e%_e% QP Pys HH ey

The only temperature dependence is in the numerators. For sufficiently small J; < Jg,

we may approximate e, ~ rJ| and associate a formal temperature dependence with E, g

15
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SZZ

LU/JJ_

Figure 2.1.: The interband transition for (Q), QL) = (7, 7/2) found by ED of a Jj = 0.25.J,
ladder system of L = 8 rungs. The thermal broadening is much greater than
1n = 0.01. The dotted lines show the same quantity calculated for a system of
L = 6 rungs. Despite the additional noise, it is clear the result has converged.
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and Fj :
Ens=0 (e‘ﬁ’”"l) , Fy=0 (e_ﬁs‘]i> . (2.2.2)

The quantities E, ; and F;. s as well as the partition function Z diverge in the thermodynamic
limit. We therefore reorder the spectral sum in the spirit of a linked-cluster expansion

following Essler and Konik [65]. To do so, we express the partition function as

oo
Z =Y Zn, (2.2.3)
n=0

where Z,, is the contribution of n-particle states. It is furthermore convenient to combine

quantities with the same formal temperature dependence as

Grs=E, s+ Fy,. (2.2.4)
We then define the quantities
o
Co=>_ G,
j=1
o0
C1 :GLO + Z (Gl,j — ZlGO,j—l)y
j=1

=G + ( 2,1 — ZlG1,0>

+ Z (GQ,m — 210G 1 + (Z3 — Z9)Gom— 2)

m=2

Cy=---. (2.2.5)

The C,, are the sums of all cluster functions with the same formal temperature dependence.
Hence we obtain by construction that (as the triplon bandwidth is small compared to the
triplon gap)

Co=0 (e*ff"]l> . (2.2.6)

17
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We can then re-express the spectral sum in ([2.0.4]) as

XZZ(Wa Q) = % Z (Er,s + Fr,s) = ch (2.2.7)
n=0

r,s=0

Now we postulate that C,, are finite in the thermodynamic limit and Equation (Z2.7) consti-
tutes a low-temperature expansion. This assumption is valid in the limit of non-interacting
dimers J = 0. We furthermore verify it by explicit calculation for the leading contribution
Cy for J) # 0. By virtue of the existence of a spectral gap A the contribution of C;, is seen to

—nA/T

be proportional to e , so that Equation (2.2.7)) constitutes a low-temperature expansion

A/

in the small parameter e~2/7, which can be viewed as the density of triplons in the state of

thermal equilibrium.

2.2.1. Divergences

As we will see, the expansion (2.2.7) exhibits “infrared” divergences at
1. w — £e(Q)). These occur in the “interband transition” terms Gj j11.
2. w — £2J)sin(Q)/2). These occur in the “intraband transition” terms Gj ;.

In order to deal with these divergences, we need to sum up an infinite number of terms in the
low-temperature expansion. This can be done by following Essler and Konik [21] or James

et al. [22].

“Interband” processes
The expansion (Z27) contains as the leading term the 7' = 0 result, which diverges when
the external frequency w approaches the single-triplon dispersion (@) like

1
(w+in)? —eX(Q))

(2.2.8)

18
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This corresponds to the coherent propagation of a single triplon at 7' = 0 and leads to a
contribution proportional to §(w? — €*(Q))) in the DSF. On the other hand, for any finite
temperature we expect this delta function to be broadened. This is a non-perturbative
effect and cannot be captured in any finite order in the expansion (2.2.7). The fact that
a broadening occurs emerges from the occurrence of “infrared” divergences in (Z.2.7), i.e.
singularities when the external frequency w approaches the single-triplon dispersion e(Q”).

For example, we show below that the first sub-leading contribution C; exhibits a divergence

1 2
<<w+m>2 —62(Q)> | (2.29)

We expect the higher terms in the expansion to exhibit ever stronger divergences of this
type, which need to be summed up in order to obtain a physically meaningful result. This
can be achieved by employing a self-energy formalism |21, 22]. To deal specifically with
the divergence at w? = €*(Q)), we divide the expansion ([ZZT) for the susceptibility into a

singular (for w? — €2(Q))) and a regular piece as follows

Xzz(wa Q) = X;ang(% Q) + ngg(wv Q) (2210)

We then introduce a self-energy 31 (w, Q) by expressing the singular contribution to the

dynamical susceptibility in the form of

2z _ Go,l(wv Q)
Xsing,l(wv Q) - 1— GO,I(W, Q)El(w, Q)
= Go1(w, Q) + G5 1 (w, Q1 (w, Q) + -+ . (2.2.11)

Here Go 1(w, Q) is the singular contribution to the leading term Cy in the expansion (2.2.7).
Matching (Z2Z1T)) to (2227) then yields a low-temperature expansion of both Xyeg(w, Q) and

the self-energy
%@, Q) =Y 2w, Q) (2.2.12)
j=1
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where the formal temperature dependence of the n'® contribution is

> (w,Q) = O (e_"BA) . (2.2.13)

“Intraband” processes

In the intraband processes G; j(w, Q) (j = 1,2), we encounter singularities of the form

—j—1/2
2} e (2.2.14)

2 .. 92 .
4Jjsin*(Q)/2) — (w + in)

We can deal with these singularities by employing a self-energy formalism in a way completely
analogous to the way we proceeded for the interband processes. This results in a two-self-

energy formalism for the dynamical susceptibility. We express x**(w, Q) as a sum of three

terms

X~ (wa Q) = Xgizng,l(wﬁ Q) + X:izngﬂ(wa Q) + Xfézg(wv Q): (2'2'15)

where X3, 1 (w, Q) and X3, o(w, Q) denote the contributions of all terms singular in the

limits w? — €2(Q)) and w? — 4J”2 sin2(Q”/2) respectively. The contribution X3, o(w, Q)

defines a self-energy Yo (w, Q) by

- B Gl,l(w7 Q)
Xsing72(w’ Q) T 1= GLl(w, Q)EQ(wa Q)

= G11(w, Q)+ G 1 (w, Q)%2(w, Q) +. ...

(2.2.16)

zZz

Matching the expansions (2.2.16)) to the low-temperature expansion for xZ7, »(w, Q) gener-

ates a low-temperature expansion for the self-energy Yo(w, Q).
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2.3. Excited states in the limit of weak inter-dimer coupling

2.3.1. Single triplon excited states

We start with the Hamiltonian (I4T]). Hg is the dominant part of the Hamiltonian, which
describes L uncoupled dimers. The eigenstates of Hy are tensor products of singlet and
triplet states at sites n = 0,..., L — 1. The unique ground state of Hg is thus a series of
singlet states on every site n. There are 3L degenerate first excited states that consist of
L — 1 singlets and one triplet. We treat H; as a perturbation to Hy and construct a basis

for one- and two-particle excited states.

We define an operator d,(m), which creates a triplet at site a with z-component of spin m
when acting on the ground state |0). Single particle states with a definite value of mo-

mentum p that carry spin 1 are constructed as

1 L-1 '
\p,m>:\/z7;)e dp(m) |0) . (2.3.1)

With periodic boundary conditions Sy = Sy, translational invariance makes momentum a
good quantum number and the above states are orthogonal, which enables us to use non-
degenerate perturbation theory to calculate the single particle energy shifts. To first order

in a = Jj/J, the dispersion is given by
ep=J1L+J COS(pa”), (2.3.2)

where a| is the separation between the dimers. Imposing periodic boundary conditions leads

to the quantisation of one-particle momenta

el = 1. (2.3.3)
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2.3.2. Two-triplon excited states

We now construct a basis of two particle states in which 7; is diagonal as a basis for non-

degenerate perturbation theory. To lowest order in «, the two-particle states can be written

as as
L—1a-1
p1.p2, Som) = Ns(p1,p2) D > 54 (p1.p2) 057" 10) | (2.3.4)
a=1 b=0
where
ab = Z (I);S;anmd ml)db(mg). (2.3.5)

mi,ma
Here, %™ are Clebsch-Gordan coefficients [10, Section 15.2]. The total spin takes values
S = 0,1 and 2 and the normalisation Ng(p1,p2) depends on spin and linear momenta in
general. The spatial part of the wavefunction is given by

W3 (1, p2) = 'PraTP) 4 g5 ciprbteza) (2.3.6)

where the phase-shifts Agl p, encode triplon-triplon interactions. The boundary condition

1/15 p(P1,D2) = (—I)S@bfo(pl,pg), where the sign is due to odd-S states being antisymmetric,
leads to non-trivial quantisation of two-particle momenta

(—1)545 , =Pl = el (2.3.7)

These equations require a numerical solution. Since for real momenta A  is a pure phase,

P1,p2
we introduce the notation
S S
Op py = —iIn (Am p2) ) (2.3.8)
The normalisation of two-particle states is given by
i —-1/2
sin (3(p1 — p2) = 85,5,

Ns(p1,p2) = |L(L—1)—L (2.3.9)

sin (%(pl —12))
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The two-particle states have degeneracy 32 (g) A basis of the two-particle subspace in which

‘H1 is diagonal is constructed by requiring that
PQHI ’p17p27 S? m) = (6p1 + EPQ) |p17p27 Sv m> . (2310)

Here P, is the projection operator onto two-particle states. This leads to a condition on

A;fl s+ When the triplets in the sum ([2.3.2)) are not on adjacent rungs, this condition is

satisfied for any A. Considering the case of neighbouring triplets, we find

1+ e~ ip1+p2) 4 9p—ip2

0 - _

Aphp2 I PP e s e (2.3.11a)

1 + e~ ip1+p2) 4 o—ip2

1 _

pip2 — T e—ipitp2) § e—ip1’ (2.3.11b)
1+ e~ ip1tp2) _ o—ip2

2 _

P1,p2 1 + e~ (p1+p2) —ip1 . (2311C)

Equations (2.317]) restrict the premitted sets of momenta pq,ps in each spin sector. The
procedure for solving them is outlined in Section 25l These equations are of the same form as
the Bethe ansatz equations (BAEs) [7]. Without affecting the result in the thermodynamic

limit, we simplify the calculation by considering L to be even.

2.4. Matrix elements

We will now proceed with the calculation of the matrix elements, starting with the transitions
between states with real momenta to leading order in a. For other types of transition and

the next order in perturbation theory, see Appendix [Al

2.4.1. Selection rules

At low temperatures T < J |, the leading terms in the expansion ([2.2.7)) involve states with

at most two triplons (in the aforementioned sense that the corresponding states reduce to
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Table 2.1.: Non-zero matrix elements of SZO to order o.

2. Triplon model

tions (Z.4.7T]), (2-42) and (A.3.4).

For the definitions see Equa-

(017 olp-0) (L (1— § cos(p)
(', £1|S%|p, £1) 5

<p17p270 O| 0|p7 > (_1)j+1 121[13 (UO(p7p17p2) - %%(p7p17p2))
<p17p2a 1 :l:1| O|pa :l:1> :l:(_l)] 8% ( 1(p7p17p2) - %‘/Yl(pap1>p2))

<p17p272 O| O|p7 > (_]‘)J \/ 6% (UQ(p7p17p2) - %VQ(p7p17p2))
(p1,p2,2,£1]5%|p, +1) (—1)71/ 555 (U2(p, p1,p2) — $Va(p,p1,12))
(Ph, P51, £1|Sglp1,p2, 1, 1) Fm Wi (ph, ph, 1, 2)
<p17p272 :l:2| 0|p17p272 :IZ2> :Fﬁw 2(p/17p27p1>p2)
<p1 p272 :l:1| 0|p17p272 :IZ1> iéW 2(p/1 p27p1>p2)
<p/1 p272 :l:1| 0|p17p271 :l:1> iﬁWQ l(pll p27p1>p2)

<p17p2>2 O| 0|p17p27 1 O> WWQ,I(pprapl?p?)

<p17p27 170’ 0|p17p270 O> ﬁ\/gWLO(pllapéappr)

states with at most two triplets in the J = 0 limit). In the following we compute the matrix

elements which link 0-,1- and 2-particle states.

The operator S]Z-’l acts on a single site, thus changing the triplon number by An =0 or 1.
To first order in «, H1 mixes states with those differing in triplon number by An = +2.
The matrix elements between states with An = 2 is of order O («). As however we will
only consider the modulus squared of the matrix elements, which is of order O (042), the first
order correction is only relevant in the case that the matrix element is non-zero to leading
order. Therefore, to first order in « transitions still obey An = 0 or 1. This would only
change if the calculation were extended to order O (a2). 5%, conserves the total S* which
we have used to label states, so AS? = 0. The total spin S has to obey the triangle rule.
The operator under consideration is a vector, thus [AS| < 1 and a transition where S = 0

in both initial and final state is forbidden. As the operator is acting on a single site, when

AS = 0 the S% = 0 states have a zero matrix element.
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2.4.2. Interband matrix elements

The matrix elements will be expressed in terms of Ug(p, p1,p2). There are several cases to
consider for each of the types of solution listed in Section 2.5l and their respective contribu-
tions are shown in Section [A. Il The form for a real solution is

55’

;T
102020

Us(p, p1,p2) =LNs(p1,pa)e” 2
o (3 =1+ 5,5, = 7)) 50 (40— 2 = 5, — )
sin (3(p — p1)) sin (3(p — p2))

(2.4.1)

We also calculate the perturbative correction to the matrix elements to order O («) in Sec-

tion [AL3l The relevant matrix elements are given in Table 2.1l

2.4.3. Intraband matrix elements

In the two-triplon sector, transitions are possible between most combinations of states listed
in Section The full list is given in Section The matrix element for transitions

between real states is

isS  _gS _
5 (051 .pa 5p’1,p’2+(s S)m)

W s(ph, b, p1,p2) =L N (p1, p2) N (91, Ph)e

sin(z(p1 — py = 8y, + 55’1717’2 B
sin(3(p1 — p}))

sl / S s’
Sln(ﬁ(pl P2 51317172 B 5p’1,p’2 B

(8" = S)m))

(8" = 8)m))
+

sin(§(p1 — ph))
1 S S’
Sln(ﬁ(m —p)+ 5p1,p2 + 5p’17p’2 B
1 /
sin(z(p2 — p}))

sl / S S’
Sln(ﬁ(pQ — P2t 51317172 - 5p’1,p’2 o

(8" = S)m))

_l’_

(8" = S)m))

+ (2.4.2)

sin(5(p2 — ph))

In the cases that either of the momenta in the first state equals either of those in the second,

the corresponding fraction needs to be replaced by

. ’
(65 1y :F(Szf’l,pg_(sl_s)ﬂ)

—(L—-1)e
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2.5. Solutions of the Bethe ansatz equations

2.5.1. Real solutions

To find the two-triplon momenta allowed by the quantisation condition (2.3.7), we follow
the approach outlined by James et al. [22]. We choose a suitable branch cut such that the
solutions are enumerated by

+(-1)%

1
Lpio=Filn(—AS ) +2r |[1o+ 1 ,

p1.po (2.5.1)

where I o are integers used to parametrise the equation. This gives L(L — 1)/2 possible
solutions. To satisfy p; > p2, we require that Iy > I5. In the case of Iy # I, this is easily
solved numerically, using for example Powell’s hybrid method [66, Chapters 6-7] or Newton’s
method [67, Chapter 5]. Care must be taken not to double-count solutions, as two different

sets of integers may yield the same momenta (modulo 27).

Special treatment is required for those solutions where the phase shift is zero. The mo-
menta are then equal to the single triplon momenta and so the matrix elements can scale as
order O (L). These solutions occur only for S = 0 or 2. For these states, the normalisation
is

Ng=[L(L—-2)]z. (2.5.2)

The procedure above does not identify all real solutions in the S = 0 sector. The remaining
roots are found following Essler et al. [68]. For large systems, Equation (2.5.)) also has
solutions where Iy = Io. Whereas the trivial solution p; = ps is forbidden by the Pauli
principle, another solution appears very close to the trivial one. Due to the proximity of the
two zeros, the numerical solution of the equation is difficult. One method is to rewrite the
BAE as a single equation in x = p; — p2 and to then divide by z to eliminate the trivial zero,

after which the Newton’s rule root finder converges reliably on the desired solution.
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2.5.2. Bound states

There also exist complex solutions p; o = x &+ ¢y, where the amplitude decays exponentially
as a function of the separation of triplons, corresponding to bound states. These states
were first predicted to exist in the Heisenberg chain by Bethe [7]. In addition to their
contribution to the dynamical susceptibility, they have been observed directly via phonon
assisted transitions [69]. For these states the S-matrix elements are real, and Equation (2Z.3.7))
becomes

g2cos(x) + age™?

whe=yl 4 (1 =0 2.5.3
e+ (=) 2cos(z) + ageYy ’ ( )

where we define ag =2 — %(S + 1). Without loss of generality, we may assume that y > 0.
The solutions are reliably found by a bracketing algorithm on the interval y € (0,1). For
each x = n7/L there may exist a zero, and the number of solutions scales as L. The matrix

elements for these roots require special treatment and are given as previously in terms of

1
eV —eY(AS )22
*\ _ S W (— S P1,Pq
Ns(p1,p1) = |L(L = 1)A4, p:(=1)7 + L 7Sy : (2.5.4)

An approximate solution of ([2.5.3)) is obtained by noting that for y > 0 the term containing
e YL will usually be extremely small except for a few very loosely bound states. The tightly
bound states follow dispersions similar to those of single-particle modes. We will now derive

an approximate form for these dispersions. We may write
age ¥ ~ —2cos(z), (2.5.5)

which also restricts the possible momenta of the bound states in each spin sector. The

dispersion of the bound states is
€p + €px = 2J1 + 2J) cos(x) cosh(y)

as 2
~2J—J) (2 + o COSQ(.%')) . (2.5.6)
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Table 2.2.: Approximate properties of bound states in each spin sector, and the frequen-
cies wg, at which “Van Hove” singularities occur.

S=0 7<2r<2r7 wQH:JL—FJ”(i% 5+4cos(Q) — )

A Van Hove singularity is a divergence in a system’s density of states as a function of energy,
which occurs at a stationary point of the dispersion. Where the energy difference between
the bound state and the corresponding single-triplon state is extremal, such that Z—‘; =0 for
some allowed value of x, a “Van Hove”-type singularity will be seen in the spectrum, as in
other systems [2,9, |70, [71]. In one dimension, the divergence is a square-root singularity.
Table shows the positions of the singularities for each spin sector. To first order in «,
there are two pathological point in the Brillouin zone, at Q| =7, w = J| — %JH for S =1
and @ =0, w=J, + %JH for S = 2, where all the bound state transitions coincide. The
resulting delta function singularity with no intrinsic width in energy must broaden when

higher orders in « are included, modifying the dispersions.

2.5.3. Singular solutions (type 1)

At this point we still miss four solutions, which occur at singularities of the quantisation
conditions (2.3.71). Such solutions were described for the spin—% XXX model by Essler et al.
[68]. For each S sector there is a solution at p12 = /2 + ico, corresponding to a vanishing
S-matrix eigenvalue. By introducing a twist angle ¢, the quantisation conditions become

Aghmei(b/Q _ (_1)Sein1’

e'? = eilpitr2) (2.5.7)
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This renders the momenta finite, but they cease to be complex conjugate to one another.

Normalising the wave function and then taking the limit ¢ — 0, we obtain

¥y = (—=1)"(Gaz1 — (—1)%64,.-1000)- (2.5.8)

It can be verified by direct calculation that this gives an eigenstate of the Hamiltonian. The
normalisation of the state is

Ng=1L"2. (2.5.9)

2.5.4. Singular solution (type II)

Finally, there is another singular solution in the S = 0 sector with p; = po = 7. This solution
gives rise to an eigenstate despite the fact that the two momenta are the same because the
phase shift is ill-defined. Again the limiting wave function can be calculated by introducing
a twist angle, normalising the state and then taking the twist angle to zero. The result for

the wavefunction and its normalisation is

(2.5.10)

=
h
|
N
~——
e

0, = (—1)**, No = (

2.6. Spectral representation and resummation

The leading contributions to the low-temperature expansion for the dynamical susceptibility
are given by Go1 = Ep1 + F1 . Using the matrix elements from Table 2.1 we find that to

order o we have
(1 —-cosQ)

1 1
Go1 = ——(1 — «cos - — - ) 2.6.1
01 4 ( Q”) <W+Z77_6Q W+277+6Q|) ( )
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These give rise to a delta function peak located at the one-triplon excitation energy. The

intraband term G ; is given by

e*ﬁep _ efﬁEQH +p

iy = (14+cos@) Z

- . 2.6.2
2L - W+ 11 + €p — €Q+p ( )
Intraband transitions between two-triplon states contribute through
_6(5 +e ) —ﬂ(e ’ +€ /)
(1+cos@) e ritepa) _ o Py T ph
G22 =73 2 EZ‘%*W“%m+%w+¢ Fep, +€py — €y — €
P1>Pp2 Pl >pl) N P b2 Py Py
0 4 O
2
X — Wge g 2.6.3
5114 3 5 (Ws,s (2.6.3)
0 5 15
S,S!
Similarly, we find the interband terms
(1 —cosQy) —Beq+p1+p
Gro="gpr = D e e
pP1>p2
" 1 1
w+n + €Q+p1+p2 — €p1 —€py W i+ €p, + €py — €Q|+p1+p2
2541, 5
X Us —aUgVs| . 2.6.4
Z 3 ‘ §—abs S‘ ( )

S

The sum over py, po is taken over all momenta that satisfy the boundary conditions (2:3.7]),
and these momenta depend on S. The leading term in Gy 2 scales with L, but cancels against
the “disconnected” contribution Z1Gp,1. The low-temperature expansion of the dynamical

susceptibility now takes the form

X (w, Q) = Co + C1 + Co, (2.6.5)
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where

Co(w, Q) =~ Go1,
Ci(w,Q)~= Gio+ G+ (G1,2 — Z1G0,1>,

Co(w, Q) = Gao — Z1G 1. (2.6.6)

Here Z1 =3, e~ P is the single particle contribution to the partition function. We note
that in Co we only have taken into account the intraband processes. We observe the following

divergences in Cp:

14+n
1 2 2
((w+in)2—e2(QH)> wER €

1 n—1/2 9 _ 9
o) VR

Cn(w, Q) x (2.6.7)

where we have defined

€(k) = 2JH Sin(Q||/2). (2.6.8)

The first (second) kind of singularity is seen to be present in C,, for n = 0,1 (n = 1,2). We
expect ([2.6.7)) to hold for n > 2 as well. Following the procedure set out in Section 2.2.1] we
define

Xsing2 ~ G11 + (G22 — Z1G11),

Xemg1 = Go1 + G0+ (Gr2 — Z1Go1). (2.6.9)
The leading orders in the low-temperature expansions of the self-energies then take the form

S1(w, Q) = G 1w, Q) [Gr2(w, Q) — Z1Go 1 (w, Q)]
Yo (w, Q) = G 1w, Q) [G22(w, Q) — Z1G1,1(w, Q)]

(2.6.10)
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Our approximate result for the DSF is then

2z T R T G11(w, Q) Go1(w, Q)
S (UJ, Q) N _7171—r>% Tl — 6_5“"\9 1-— Gl,l(w, Q)Zg(a), Q) + 1-— Gojl(w, Q)El(w, Q) ’

(2.6.11)

2.7. Linked-cluster expansion for J, =0

To further illustrate the expansion scheme, we will derive an expression in the limit of J = 0.
We will see that the analytical answer for the DSF is reproduced. For Jj = 0, we are dealing
with an ensemble of uncoupled dimers. The dynamical susceptibility can in this case be
calculated by elementary means in the Matsubara formalism. After analytic continuation

we obtain
J1—e Pl 1 —cos(Qy)

Fw>0,Q) =— . 2.7.1
N> 0.Q) = e e - 2 2.7.1)
The temperature-dependent factor can be expanded at low temperatures
1—e AL
1 _ 4o BJL —28J1L 4 ...
T 3e P = 1—4e + 12e + . (2.7.2)

We have calculated the first few terms of the low-temperature expansion (2.2.7) by working

in a product basis of dimer triplet and singlet states. The leading contribution is

Ji 1—cos(@QL)
Co=Go1=—F—"—""—"—T"5"> 2.7.3
0T Y (w02 — 2 (2.7.3)
which correctly reproduces the T'= 0 limit of (Z77I]). The next term is
Ci = Gl,O + (Gl,z — Zngjl). (2.7.4)

We find by explicit calculation that

GLQ — Z1G071 = —36_’8JLG071. (2.7.5)
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2. Triplon model

This results in

Cl = —46_BJLG071, (2.7.6)

which correctly reproduces the first sub-leading term in ([Z.7.1]). The next term is
Co = (G271 — Z1G1,0) + (G2,3 — ZlGLQ + (212 — ZQ)G()J) . (2.7.7)
We find that

Ga1 — Z1G1o = =3¢ P Goy,

Gz — Z1Gro + (23 — Z5)Gog = 9e 2P/ Gy, (2.7.8)

which gives

Co=12¢7P72Gy 4. (2.7.9)

This correctly reproduces the second sub-leading term in ([2.7.1]). We note that in the limit
J| = 0 the low-temperature expansion (Z2.7) is well defined and does not suffer from the
kind of “infrared” divergences present for J; # 0. This is as expected since the spectral

function of the full result (2Z7.I]) features a sharp delta function line even at T' > 0.

2.8. Results and discussion

In order to present explicit results, we choose @ = 0.1 and perform numerical calculations
on a system of L = 1000 dimers. Doubling the number did not change the results signifi-
cantly. The limit n — 0 is approximated by choosing a value larger than the spacing of the
momentum values due to finite size, which is of order O (47“ JH), but small compared to the

thermal broadening JHe_ﬁJi, so that the shape of the response is not changed significantly.

One problem we encounter is that, to the order in J;/J. that we include, the bound
state contributions to C; give rise to a sharp peaks at Q| =7, w = J, — %JH and Q| = 0,

w=J+ %JII for kinematic reasons. Specifically, the dispersion of tightly bound states in one
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(of’J_L

0.6

0.4

2 2.5 3 3.5 4 4.5 5

Figure 2.2.: A false colour plot of the dispersion for T' = 0.5J,, J; = 0.1J,, Q1 = /2 and
L = 1000 sites. The black line is the T = 0 dispersion, and the asymmetric
tail is clearly visible. The fainter resonances near the single-particle mode are
bound state transitions, whose dispersions are enumerated in Table Their
origin is described in Section At low frequencies, a Villain-like mode has
appeared.
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2. Triplon model

spin sector coincides with that of the single particle mode, as was described in Section
This feature will be suppressed once higher orders in perturbation theory are taken into
account, even if we do not sum higher order terms in the low-temperature expansion (which
would lead to a further broadening). The positions of the “Van Hove” singularities are given
in Table These square-root divergences will be smoothened by the inclusion of Cs and
higher orders in the low-temperature expansion, as has happened for the “Villain mode”.
Given that the sharp bound state peaks are an artifact of the order in perturbation theory
considered, we choose to suppress them in the various plots by specifying a sufficiently large

broadening n = 0.01. This also facilitates comparison to the ED results.

The choice of @, affects the mixing between the intraband (o< cos? %Q 1) and interband
(ox sin? %Q 1) responses. Hence, plots are given for Q)| = 7/2, where both types of transition

are allowed with equal weight. Figure shows a false colour plot of the full dispersion.

2.8.1. Broadening of the triplon line

We first consider the temperature evolution of the triplon line. At 7" = 0, the DSF features
a delta function line following the triplon dispersion. In Figure 23] we plot S**(w, Q) as a
function of frequency for wave vector Q = (m,7/2) and temperatures in the range 0.2J; <
T < 0.4J,. We see that the line broadens asymmetrically in energy as the temperature
increases. On the other hand, at sufficiently low temperatures we expect the lineshape to be
well approximated by a Lorentzian [8]. In Figure 2.6] we show a comparison of the actual

result to a Lorentzian fit

/74
(W—e@))?+1/13

Stor(w, Q) = A(Q) (2.8.1)

Figure [2.4] shows the dependence of the asymmetry on Q). The falloff is slower towards
the centre of the dispersion. In order to establish the temperature range in which our low-
temperature expansion provides accurate results, we compare ([Z.6.11]) to numerical results
obtained by a direct diagonalisation of the Hamiltonian for short chains. To obtain a continu-

ous curve for the DSF, we convolve the numerical results with a Lorentzian of width n = 0.02.
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SZZ

%.8 0.85 0.9 0.95 1
W/JJ_

Figure 2.3.: The interband transition for (Q),Q1) = (7, 7/2) and L = 1000 sites. The
asymmetry grows as 1’ increases.

%,7 0,8 0,9 1 11 12
w/JJ_

Figure 2.4.: Dependence of the interband transition at 7' = 0.5/, on Q. @ is fixed at 7/2
and L = 1000. The graphs are offset by n for Q| = nn/4.
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SZZ

0.5

% |
0O 0.5
w/JL

Figure 2.5.: A comparison of the resummed spectral function for 7' = 0.4J,, Q; = 7/2,
Q) =m, n=0.02 and L =1000 to the ED result for a L = 8 system.

— resummed
A - Lorentzian fit

SZZ

87 ' 08 0.9 1 1.1
w/JL

Figure 2.6.: The resummed interband transition lineshape for T'= 0.4J,, Q, = /2, Q) =m,
n = 0.01 and L = 1000 together with a Lorentzian best fit demonstrating the
asymmetric lineshape.
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2. Triplon model

Figure shows such a comparison for 7' = 0.4J,, Q1 = /2, Q| = 7 and L = 1000. We

see that there is good agreement between the two methods.

2.8.2. Finite temperature resonance at low frequencies

In the state of thermal equilibrium there is a finite density of triplons. Incident neutrons
can scatter off them with energy transfers small compared to the gap. Accordingly, at finite
temperatures, there is a spin response at energies w ~ 0. To leading contribution this

“intraband response” is

11 g, Z1eos(Qu) o—BI—w/2)
Tl —eBw ' 27 82(Q”) 2
x cosh (,800‘5(5)/2) e2(Q)) — w2> 0(2(Q) -w?),  (282)

where £(Q)) is given by (2.6.8). This contribution has square-root singularities for w —
+e(Q)), which get smoothened once we resum terms following Section ZZTl In Figure 2.7
we plot the DSF at low frequencies for several temperatures in the range 0.2J;, <T <0.4J;.
We see that the integrated intensity increases with temperature, while a strong peak at
w = £(Q)) remains. The form of the divergence and its dispersion (Z6.8) are very similar to
what happens in the spin—% Heisenberg-Ising chain [2], where this feature was first predicted

by Villain [9] (see Section [[.2.3)).

2.9. Summary

In this chapter, we have determined the low-temperature DSF of the two-leg spin—% Heisen-
berg ladder in the limit of weak leg coupling compared to the rung exchange. We have shown
that the sharp delta function line following the triplon dispersion at T' = 0 gets broadened
in an asymmetric way at 7" > 0. The dominant processes at low T involve scattering from
one-triplon to two-triplon states in the presence of a “thermal background”, as described in

Section We have also determined the temperature activated contribution to the DSF at
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012 T T T T ] = N T | T
- S — T=020J, i}
01 L - T=025J) _
SN T =0.30J,
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Figure 2.7.: The intraband transition at a series of temperatures. @, = m/2, Q) = m,

n = 0.01 and L = 1000.
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2. Triplon model

low frequencies. Here the dominant processes at low 1" involve scattering between different

two-triplon states in the presence of a “thermal background”.

Our analysis is based on the method developed by James et al. [22] for the case of the
alternating spin—% Heisenberg chain. We have gone beyond the work by James et al. |22] in
two important aspects. Firstly, we have taken into account all perturbative corrections to the
various matrix elements to order O (J 1/J J_). This establishes that higher order perturbation
theory in Jj/JL can be combined with the low-temperature expansion of James et al. [22].
Secondly, we have included the order O (e_wji) correction G2 — Z1G1,1 to the intraband
contribution. This allows us to describe the low-frequency temperature induced “resonance”
in a significantly larger temperature window and demonstrates the difficulties encountered

when dealing with higher orders in the low-temperature expansion.

It would be interesting to compare our results to experiments on ladder materials. Perhaps
the best candidate is (C;H;9N)oCuBryg, which is a highly one-dimensional two-leg ladder
material with a ~ 0.256 [54-56]. Experimental studies of the temperature evolution of the

DSF for this material are under way [72].
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3. Cumulant expansion

A method for strong-coupling perturbation theory is the expansion of the path integral into
cumulants (also known as semi-invariants) introduced by Brout [73] and Vaks et al. [74].
For the definition of a cumulant, see Appendix The cumulant expansion was applied
by Stinchcombe et al. |[75] to calculate correlation functions for the Heisenberg chain. An
application to the Ising model [76, [77] and the Heisenberg model [78] is outlined by Izyumov
and Skryabin |79, Chapter 1]. They calculate self-energy terms in a basic diagrammatic
expansion, without making use of the simplifications achieved by explicitly rewriting the
path integral in terms of cumulants (see Section B.IT]). Stinchcombe [26, 27] later extends
this method to the TFIM, employing a co-ordinate rotation to align the axes with the
direction of the molecular field. He gives the cumulants up to fourth order and calculates
the DSF to Gaussian order. To this order, no broadening appears, as thermal broadening
is a self-energy effect. Bak [80] is the first to describe a broadening of a transition using a
cumulant expansion. Pairault et al. [81] and Sherman [82] explore the method for the case
of the Hubbard model in zero field and at half filling (see Section [B.4)) in one dimension.
There, the method suffers from negative spectral weight in the one-loop case, which they
solve using a self-consistent approach. We apply this self-consistent approach, first to the
TFIM in Section 3.1l and then to the strongly coupled Heisenberg ladder in Section The
TFIM is particularly simple, as there is only one entry in the spin-spin correlation tensor.
This means only one vertex needs to be calculated at each order, greatly facilitating the
study of higher orders in the series expansion. Both of these spin systems exhibit negative
spectral weight, even in the self-consistent solution, and it becomes necessary to include a

sixth order vertex to produce a “resummed” equation with positive spectral weight.
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3. Cumulant expansion

3.1. Transverse field Ising model

The Hamiltonian to be considered for the cumulant expansion is the Ising model with inter-
action J in a transverse field h (see Section [[L3)). We consider a one-dimensional chain with

N sites and cyclic boundary conditions Syy1 = S7. The Hamiltonian is

H=Ho+ Hi, (3.1.1a)
Ho = hZSfj (3.1.1b)
J
J Z QZ2 z z
Hi= 5 8755+ 55S; (3.1.1c)
J

The non-interacting part Hgy can be solved trivially and the single site partition function is

h
Zy = 2cosh % (3.1.2)

3.1.1. Cumulant expansion

The full partition function Z = tre A" can be rewritten as a trace over states of the non-
interacting system. We also separate out the interacting part and expand the perturbation

as a time-ordered exponential to obtain
Z=tre PHoT e~ J§drHa(m), (3.1.3)

Replacing the integral over imaginary time in the exponent by a discrete sum over M slices,

the exponential of H; is equivalent to a matrix exponential

T,e” JGdrHa(r) _ o= 5ir Lo Ty SF (1) Jis S5 (rm) (3.1.4)

- T
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3. Cumulant expansion

where the interaction matrix is J;; = J(d; 41 + 6;j—1). We introduce time-dependent

sources W$(7), coupling to the spins S&(7,,), through

Z[0] =Zeld 4T Tia S2 (D))

:Z@% Z"L Zi,a S?(Tm)qlza(’rm) (315)

Now we perform a Hubbard-Stratonovich transformation [83, 84]. For a symmetric N x N

matrix A;;, a well-known identity is the Gaussian integral

_1 P g, (27T)N 1 A7lg.S.
D~ 7 2i At miS = [ X200 o5 2oy Ay i 3.1.6
/ 1 det A ( )
If we choose A = —%J_l, we can replace the quadratic interaction term between the

spins S7(7). This simplification comes at the cost of introducing an auxiliary Hubbard-

Stratonovich field 7;(7). We modify the time-ordered exponential as follows:

T, e fdeHl(T)

=T, H <det 27;5J> )

m

N

/Oo Dni(Tm) e% i M) 55 0 () + 325 7 (T )i (7rm)

— T, (det(278T))" 2 / " D) ¢35 S0 Tagmn I i) [ dr S SEm) (5 7y

The term quadratic in 7;(7) may be taken outside the thermal trace. The transformed path

integral is

Z = (det(QW/BJ))i% /OO Dn;(T) eﬁ Jo dr iy m(7) T35 5 (7)

B8 z .
x tr e PHo T, e% Jo'dr 325 (P)mi(m), (3.1.8)

The constant prefactor is irrelevant for thermodynamic quantities and correlation functions.
We have thus eliminated the interaction between the spins, at the cost of introducing an
infinite series of orders of vertices in the auxiliary field. These vertices are obtained by

expanding the exponential as a Taylor series. Since the exponential is time-ordered, the
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3. Cumulant expansion

spin operators S7(7) commute. The Hamiltonian is symmetric under rotation by 7 about
the z-axis, transforming S* — —S%. This means no terms odd in S7 are permitted in the
expansion. To obtain a perturbative series, we regroup the exponential in terms of cumulants.
The connected correlation functions are expected to be small corrections. Expanding the

exponential as a Taylor series yields

tr 6757{0 T, eB deT 22 SF(T)ni(T 252 fﬁdT >i ni(T)Jiglnj(T)

_ tpeBHo T oz Jo 4T Xy ()T s ()
- T

X 252 // dT1 dTQ anl T1 T]JQ TQ)SJI(Tl)S]2(T2)

J1,32

o / / dnmznﬁ () (r2 ) (73)1034 (72) S5, (71) S5, (72) S5, (73) S5, (72) + -

:zo[ 757 2/ / drdry S g, (m nﬂ(rz)(émGz (mm)—é(n—fz)Jﬂ;)

J1,32

4154/ / dr1,2,3,4 an 1)1, (12)n; (73)n; (14) GF* Z(T17TQ,T37T4)+W]

— Zo[ 25 // dri d1o anl (T1)nj, ( TQ)(GQ (11,72) — (71 )Jhlh)

J1,32

4'54/ / dr1,234 277] 71 77;(72)77J(T3)773(T4)(G4c (T1,72,73,74)

J

+ G5 (11, 12) G5 (13, 74) + G57 (11, 73) G5 (12, T4) + G5 (71, 72) G5 (T2, 7-3)> 4. } :

(3.1.9)

exploiting that Wick’s theorem [37] applies under the time ordering operator. We were able
to carry out the summation over sites in all terms but for the quadratic one. This is because
the spin correlation functions are evaluated in the non-interacting system. In the last step,
we separated the higher order correlation functions into their connected and disconnected
parts. Here, the notation G5 (71,72, . ..) signifies the connected Green’s functions as defined

in Equations (3.1.12) and (B.1.35)). The expression may now be re-exponentiated to give the
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3. Cumulant expansion

cumulant expansion

7 /Oo Dn;(7) Zoefﬁ Jo drydry 32, 5 0i(r)(81,5G57 (r1,m2) =6 (r1=72) 15 15 (72)
— 00

T 2 Eym s () (GEE ()t g g 10

So far, this is an exact transformation of the full path integral. Since we desire a perturbation
expansion in the small parameter .J, we observe that upon rescaling 7;(7) — v/ Jn;(7) the
term containing the 2n-point function has an explicit dependence on J~". We therefore

expect higher order terms to form a perturbative series.

3.1.2. Bare two-point functions

We now proceed to derive the diagrammatic rules for the cumulant expansion, starting with
the two-point functions. Following the conventions of Abrikosov et al. [85], the second order

cumulants are defined as
G5 (r =) = = (T, SENS] (), (3.1.11)

where (---), denotes an average with respect to the unperturbed Hamiltonian Ho. The

Fourier transformed cumulants are
B ) ,
Gg‘ﬂ(iwn) = / d(ir — 1) elwn (=7 )Ggﬁ(r - 7). (3.1.12)
0

Because the cumulants are calculated in the unperturbed system, they are same-site correla-
tion functions and independent of J. This greatly simplifies their computation. It is easiest
to evaluate the cumulants in the eigenbasis of 5%, which is also the eigenbasis of Hg. In this

basis the spin operators are represented by the matrices

(3.1.13)

N

45



3. Cumulant expansion

Hence we can evaluate the unperturbed correlation functions

6 -
G (i) = — /0 d(r — ') T (T, 83(r)S2(r)),

it » (3.1.14)

4 z
o1 Bh

- tanh .. 1.1
2 W2 — (iwn)? 2 (3.1.15)

3.1.3. Propagators

As the step towards the diagrammatic rules, the propagators both for the auxiliary field and

for the original spins can be obtained at this stage.

Auxiliary Field

For the propagator D (iwy, q) of the auxiliary field n, we start from the cumulant expansion
in Equation (BII0). It is equivalent to a series summation over diagrams consisting of
propagators J(g) and same site correlation functions G3*(iwy). As the interaction is only
between the z-components, to Gaussian order only the component D**(iw,, q) exists. We

define the Fourier transform of the interaction matrix

)= — Ze’q(J J & = 2J cos(q). (3.1.16)

Then, we introduce sources @] (1), which couple to the auxiliary field n;(7). The path integral

with sources reads

Z / D'r] )e 2[32 fo dTl 2 sz 772(7'1)(G2 5(7’1 TQ) 77] T2 +ﬁ fﬁd’r Zl qD:I )771(7')

(3.1.17)
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3. Cumulant expansion

The propagator can be read off via the definition

D(m1 — 72,1 — j) = — (Trni(m1)n;(72))

1 ) 1)
=~ 201 58, (m) 58, (m3) 2 2 (3.1.18)

The Fourier transform of the propagator is

Diton, ) =6% (G5 (i) — T ()

_ 12 j(Q)

~ I T e ) (3119

= — . (3.1.20)
Wn, q

For the one-loop diagram, it is convenient to define a version of the propagator D**(iwy, ),

which has been integrated over momentum. In dimension d, it is defined as

D (iwy,) = (2711_)d/---/_7;dqu(iw,q). (3.1.21)

The integral over ¢ can be performed analytically in the cases of one, two and infinitely many

dimensions.

Spin

To obtain the propagator for the spins, it is necessary to introduce sources ¥;(7) as defined

in (BI3H) into the path integral (B.1.10]), which becomes

Z[¥] /OO Di(7) 206—2,% Jgdria S, (i (r) 85 (1)) G357 (11,72) (1 (72)+ ¥ (72))
—o0

w77 0 dna Ty mr)dm-m) G ()t g ooy
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3. Cumulant expansion

We shift the integration variable to give

A /oo Di(7) Zoeiﬁ J§dridra 0, mi(1)G5* (11,m2)m; (72)

% e+ﬁ Jdridry 3, (i (r) =W (11))(11—72)J 5 (05 (72) =W (72)) -+ (3.1.23)
After re-introducing D (iwp, q) from BI.19), the Gaussian part of the exponent simplifies.
Thereafter, completing the square to eliminate the interaction terms allows us to read off

the propagator as

DF (1 = 72,1 = j) = = (T7 §7 (1)} (72))

1 1) 1)
= 205 (m) 6 (m) 2 (3.1.24

In Fourier space the propagator is

D (iwwnyq) = = T () (1 + T~ (@) Diwon)
=77 (1477 @ (Gatien) - @) )

= G (iwn)
—_ g %
e (iom) — T-1(q)

_ Gg(iwn)
1-— j(q)Gg (twn) '

(3.1.25)

Following standard practice in perturbation theory [85], we define a self-energy correc-

tion %% (iwy,, q) to the auxiliary field, which takes the form

D™ iwn, q) = D™ (iwn, q) — X7 (iwn, q). (3.1.26)

This correction modifies the spin propagator to give

_ G5 (iwn) — B (iwn, ) .
1 — J(q) (G% (iwy) — $2#(iwn, q))

D% (iwn, q) (3.1.27)
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3. Cumulant expansion

3.1.4. Gaussian approximation

We now have all the prerequisites to evaluate the DSF to Gaussian order, i.e. ignoring
contributions from higher order correlations. In the Gaussian approximation, the dispersion

relation, given by the zeros of the denominator of Equation (B.1.19]), reads

wl(g) = h\/l + %tanh (?) cos(q) ~ h + gtanh <ﬂ2h> cos(q) + O <<Z>2> . (31.28)

Comparing this form to the exact dispersion at T'= 0 in Equation (L3.3]), we see that the

T = 0 behaviour is reproduced to order O (%), but additionally a temperature dependent
gap has been introduced. This is promising, as a temperature dependence is also observed
experimentally [72]. As a further consistency check, we can calculate the static structure
factor exactly to verify the sum rule previously stated in Section [[L3.Il The static structure

factor is defined as

oo 1

o 1
S’ (q) E/ dw S (w, q) = —/ dw = ——— lim SDF (w + in, q). (3.1.29)

oo oo Tl —e P 0

On taking the limit n — 0, IDE(w,q) reduces to two delta functions at the dispersion.

Adding both these contributions gives

1 coth (%h\/l + %cosqtanh B2h> tanh %
S (q) = - . (3.1.30)
4 \/1+%cosqtanh%

The local expectation value (S?S?) is

1 T zZZ

o _ﬂqust (‘I)

13 » Bh [ (Bh)? 5 Bh Bh\ [ J\? J\*
—4+128sech 5 ( 3 + 2sinh 5 + Bhtanh 5 Y +0 Y . (3.1.31)

The operator identity states that (S7?S?) = % precisely. We see that the Gaussian approx-

imation satisfies this sum rule only approximately.
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3. Cumulant expansion

3.1.5. Symmetries

We will now proceed to calculate higher order correlation functions. To simplify the ex-
pressions we obtain, we will first derive an identity for the propagator using the inversion
symmetry of the Hamiltonian and the Lehmann representation derived in Section [[.2.1]

From (I.2.6), the Lehmann representation of the correlation function is

_BEm_ _ﬁEn
D& (w+10,q) = Z]n|n|m ( ¢ )

w10 — (Ey — Ey) (pm = Pn = q)- (3.1.32)

Its complex conjugate is

!mlnln ? (e PEm — e En)

’ m| 7] |n e_ﬁETVL + e_ﬁEn)
o m — Un
z et 4
=D¥(—w + 0, —q). (3.1.33)

Using the inversion symmetry of the system, it follows that

D¥(w+10,q) = (DF(—w +i0,¢))" . (3.1.34)

3.1.6. Bare connected four-point functions

We wish to obtain the fourth order cumulants. They are defined as

5(5%«11 Fiwo+iwsz+iws Gigms(iwl’ T iW4)
B ,
_ / » / A1, €117 (1T 8%(11)8%(2) 87 ()% (m) ).
0

- 52 Z G;pl o (iwm ’ iWPQ)G;pg o (iwpm iwp4)a (3'1'35)
Pi€Sy
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3. Cumulant expansion

and represented in diagrams by

1w 1wy
Gifczz (iw.l? 1w, 1W3, iw4) = . (3136)
iUJQ iW3

The result for the connected four-point function can be written as a sum over permutations,

giving

1 1 1 Bh
G (iwy, iws, tws, Twy) = — —0(12)6(34) —— , tanh =
1%-6254 16 ht iwp, (h+ ng)Q 2
1 1 1 1—-9(12
— = 5(1234)—— _ 1-0(2) oy PR
16 —h +iwp, b+ iwy, iwp, + iwp, 2
1 1 1 8h
—5(12)6(34 W= 1.
5 POUROBY) o g, e 5 (3:L37)

where §(12) is shorthand for the Kronecker delta 5iwp1+iwp2,0- This form has also been
derived by Stinchcombe [26]. As the diagrams calculated are all one-loop, pairs of external
frequencies are equal and this has been used to simplify the results. Note that the expression

is symmetric in both w and W’ as required. The four-point functions read

h h* — w2’ Bh
G (iw, iw') == =(1 4 0y o + Ouor tanh —
4, ( ) 2( ) s )(h2+w2)2(h2 _|_w/2)2 2
i 1- 50.),70.1’
16 iw + iw’
1 1 \? 1 1 2 Bh
_ t h -
X (h+iw+h+iw’> (—h+iw+—h+iw’> anhy
11—,
16 1w — ww’
1 1 \? 1 1 \? Bh
_ — — tanh =—
. ((—h+iw’ h+z’w> <—h+iw h—H’w’) > A
Bh? 1 2 Bh
+ — 1+ 6y + 0w —w sech” — 3.1.38
4 ( ) ) )(h2—|—w’2)(h2+w2) 2 ( )
o 1 h(h? + 3(iw")? — (iw)?) Bh
TXZZ N — tanh —
100 0) =0 (2 F (i) — (i)?) — A )22 0

s BUR )

Y2 — (iw)2)2” (3.1.39)
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3. Cumulant expansion

By exploiting the invariance under a change of sign of either Matsubara frequency (see

Section B.1.5)), G777 (iw, iw') simplifies further into

ﬁ3h4 + h2(w? + w'?) — W' —CL Bh
2 (M2 +w?)2(h? + w'?)2

7w i) = -

Bh? 1 5 Bh
—(1 ’ hs —
+ 1 (14 0y + 00, W)(h2+w/2)(h2+w2) sec 5
1 8h
=—h tanh =2
<(h2+w2)(h2+w’2)2 " (h2+w2)2(h2+w’2)> R
h 1 Bh
22 W) (2 4 w?) P
Bh? 1 5 Bh
+7 1+5ww/+5w —w h® —. 3.1.40
( )(h2+w’2)(h2—|—w2) sech” = ( )

From this form it is clear that the vertex has a second order pole as a function of each
external frequency and that the leading divergence is of the form
h3 Bh h3 Bh

) = G e =) M 2 R = )=

GZZZZ slng (

1 1
+0 <h2 R (W)2> . (3.1.41)

3.1.7. Self-energy correction

In Equation B.1.27] we defined a self-energy correction. We now attempt to find the contri-
bution from the four-point function to this correction. The full expression for the two-point

function is

() = / D1y paye— S drimm DG (7)o dre G (rmams)

N\)—* N\H

/ Dnez fo dr;min2Dg Yr,m2)

X <77a77b+77a77b4,54/'“/ de‘771772773774Gi,zczz(71ﬁ2,73,74)+"'>
=D(7q,T) + 4'54/ /dn (Ta> 1) D (76, 72) G157 (71, T2, 73, Ta) D (73, 74) + -

_D(Tava) +// drm T D(Ta,Tl)EZZ(Tl,TQ)D(TQ,Tb) + - (3_1,42)
0
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3. Cumulant expansion

where 7, = 1(7,). Comparing terms, we see that the contribution from the one-loop diagram
is given by
Y (i, M) = 2 5 // drs 14 G177 (11,72, 73, T4) D(73, T4), (3.1.43)

corresponding to the diagram

- ! /
wy,, q

S (in, @) = @ ~ . (3.1.44)

3.1.8. Self-consistent calculation

We now have all the ingredients for a self-consistent calculation. The self-energy correction is
calculated with a self-consistent propagator for the internal line. In Matsubara frequencies,

the equation to be solved is

Y5 (lwn,) 2ﬁ3 Z Z 2% (iwn, ivy) D(ivy, q), (3.1.45)

12%

where D(iwp,q) is the self-consistent propagator. We now reintroduce the momentum in-
tegrated version of the propagator D(iw,), as defined in Equation (B.I1.2I)), and its self-

consistent analogue D(iw,). This simplifies the self-consistency equation into

YF* (lwp) = 253 ZGZZZZ (iwn, ivp)D(ivy). (3.1.46)

WUn
In one dimension, the momentum integral ([B.1.2]) evaluates to

1 1

o, | (3.1.47)
G5 (iwn) \/1 — (2JG% (iwy))”

1 1

_ | (3.1.48)
G5 (iwn) — D% (i) \/1 — (2J(G5 (iwy) — X% (iwn)))>
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3. Cumulant expansion

Equations (8.1.460) and (3.1.48) need to be solved simultaneously. In terms of diagrams, we

define the self-consistent propagator as

iw!,q
D(iwn,q) = =poe= = —o— —»Q»

1Wn, q iWn, q iWn, q iWn, q

The result, which is currently given for Matsubara frequencies, needs to be analytically con-
tinued to the real axis, as we wish to obtain the DSF for real frequencies. Equation (3.1.48))
can be written as a function of w™ without any complications. G35*(iw,) is analytically

continued to the real axis by taking the limit iw, — w + 0 resulting in

- h 1 Bh
Gy (w) = D)

While in Equation (B8I.46) the four-point cumulant can be analytically continued in w,
afterwards the Matsubara sum could only be performed if the propagator was known at the
Matsubara frequencies. We therefore need to rewrite the whole equation only in terms of

the values of functions at real frequencies.

For the following calculation, we will assume that D(v) is analytic in the upper half-plane
(UHP). We can see that this is true of D(v) in the Gaussian approximation. We also know
that it applies for the full propagator. We will verify at the end of the calculation that the
assumption is consistent with the final answer as well. Using the Kramers-Kronig contour

[86, 187] and the above assumption, we can solve the integral

D(iwy,) iwp, >0

* dv D(v+in)

}]13% iy —in—iw, lim,, 0 D(2in) iw, = 0 (3.1.50)

0 wwy, < 0.

\

We now apply the identity from Section B.I.5l From the symmetry under inversion in ¢ and

the Lehmann representation (L2.86)), it follows that D(iw,) = DT (iw,). Since the analyticity
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3. Cumulant expansion

of D(v) implies that of DT(v1), a similar expression can be derived closing the contour in

the lower half-plane (LHP), giving

© dv Di(v—i 0 iwy, >0
lim QV(VW) — " (3.1.51)
=0 J_oo 2miv —in —iw _
1 e T Diwn) s < 0.
Combining the two expressions yields
o (‘Zj ; _ _ —
fm [ WSPUEM) 5y s (hm D(2in) — D(O)> . (3.1.52)
n—0 oo TV — 1) — WWp n—0

We apply the Sokhatsky-Weierstrass theorem to obtain a Cauchy principal value integral.
The only case where a pole is shifted onto the real axis is for iw, = 0, but there the imaginary
part of D vanishes, leaving

i P o @S@(V + in)
=0 J_ oo TV —iwy

= D(iwn) + diw,, (%156 D(2in) — @(o)) : (3.1.53)

The special case for iw, = 0 needs to be treated separately only if D(0) differs from its
limiting value. In the Ising model, this is not the case. This allows Equation (3.48]) to be

rewritten as

) 11 dv - , 325 (w + iy, dw),
Y (w +im) = 25373/7r%Dzz(1/—H772) Z de E/—iw’ n) . (3.1.54)
n

U
w),

1 222

The sum over Matsubara frequencies ), , =i Gi7
n n ?

(w + in,iw]) can now be computed
by contour integration. We require that n; > 12 such that all poles remain in the LHP.

We introduce the shorthand notation ¢ = tanh % to simplify the following expressions. The
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3. Cumulant expansion

self-energy is

Y (w)==P d \SD(V—I-m)
yﬁhZ 1 — 12) B2h(1 — 2)(v/t — hoth 22)

212 —w?) 8(h? — v?)(h? — w?)

htu h2 + w?) B2hu(t —t71)
—7P 162 = 2) (12 — o)

6ht h4 — w?v?) coth ﬁ” B(h% + w?)(ht —v)

A(h? — w?)2(h? — 1/2)2 8(h? — w?)2(h? — 1?)
Bh((h? 4+ vt — 2hv)
8(h2 — w2)(hZ — 12)2

vht(h? 4+ w?) B(ht — v)
(1 —w?)(h? —w?)3  4(h% —w?)(h? — 1?)
Bivh(t —t1) B(h% + w?)(ht — v)
T 16(R2 — ) (R —w?)  8(h? — 12)(h? — w?)?
h((h* + v*)t — 2hv BR3t(2h2 — 12 — w?) coth 22
- i(}g - ;)2()22 — w2)) N 4((h2 —U22(R2 _)w2>2 2 ] } (3.1.55)

Since SD is odd from inversion symmetry of the system (B.1.34]), some of the terms in the

integral vanish, leaving

_ vBh2(1 — t2) B2h%(1 — t?) coth &
% (W) == 3D(
P/ v+ ”7){ 22 — 222 — ) | B(% — 1) (hE — 2
Bh2v(2h? — 12 — Ww?) B Bht(3h* — w?v? — h2v? — h2w?) coth %
2(h? — w?)2(h? — 12)2 4(h2 = 12)2(h? — w?)? :
(3.1.56)

Now the contour is shifted up from the real axis. Given a real-valued function A(v) = Af(v),
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3. Cumulant expansion

we can derive the identity

P [ (i A
_ [T dv D +in) Aw) | [ dv —D'(v —in) A(v)
_/oo_l,_z()ﬂ_ 21 V—a+/_oo_i07r 29 vV—a
+ Ala) D(a + in) J;D*(a—m)
= /OOHO s (D(v + in) AM) + A(a)RD(a + in). (3.1.57)
—oco+i0 T

Care must be taken with the denominators of the form —*— in ¥**(w), since these poles

also contribute a non-zero imaginary part to the integral. For these terms, another useful

identity is

V2 — (w+ing)?

/ dv D(v +im) — DH v —im) 1 ( 1 1 >
=/ = — + :
oo T 2i 2\v—(w+in) v+ (w+in)

(D(w + im +in2) + (D(—w — i — in2))

@

(w+ i1 + in2). (3.1.58)

where the symmetry relation (3.1.34) was used in the last step. Since D(v+in) and Dt (v—in)
are analytic in the UHP and LHP respectively, the integrals of terms with no poles off the
real axis vanish, greatly simplifying the expression. Unfortunately, there are two terms
with infinitely many poles along the imaginary axis, which cannot be simplified. We have

simplified the self-energy to

2 * dv -
2 =57 [ 500
B2h2(1— %) coth 5 Bht(3h* — h*? — h%w? — v%w?) coth
8(h2 — 12)(h2 —w?) A(h? — w?)2(h? — v?)?
11 Bh2(1 —t?)
n 5@p(w)m. (3.1.59)

The singularities at ¥ = +h are simple poles due to zeroes in the numerator, which cancel the

o7



3. Cumulant expansion

higher order divergences in the denominator. Therefore, the integral over v is well-defined.

3.1.9. Eliminating the convolution

To facilitate a numerical solution, we will replace the convolution in B.1.59 by an algebraic
equation. The self-consistency equations can be rewritten as a function of a single variable
w and two real parameters C] o, which have to be determined self-consistently from 3D (w).

The self-consistency equation for ¥%*(w) is

11 dv - B2h2(1 — %) coth 2~
22 __ D : 2
() 2h?—w2fp/ﬁ37r\y (1/+m){ 8(h? — v?)
N Bh2v N phiv Bh3tcoth &Y
2(h? —w?)(h? —v?)  2(h? —v?)2  4(h? —1v?)?
B Bhot coth% B Bhtv? coth% Bh3tv? coth%
2(h? — 12)2(h2 — w?) 4(h2 — 12)2 2(h? — 12)2(h2 — w?)
11 - Bh}(1—1t?)
——D(w) —5—-=. 1.
+ N (w)2<h2 BpEP (3.1.60)

In terms of the parameters Cf 2, the set of self-consistent equations is

11 1 C _ h?(1 —t?
G% (w) — 2% (w) = — P {01 + m + D(w) (W) } . (3.1.61a)

Cq :(htﬂ3)+73/cj:%17(1/+i77)

32h2(1 — t?) coth % N Bh? (V — ht coth %) N Bht coth %
8(h% —v?) 2(h? — v2)?2 4(h2 —v2) |’

(3.1.61b)

Bh? (1/ — ht coth %)
2(h? — v?) ’

dv -
Cy :P/ Z3D(v + in) (3.1.61c)
7T
together with the expression for the self-consistent propagator in Equation (3.1.47). At this
stage, we can verify our assumption regarding the analyticity of D(w) in the UHP. Equa-
tion (B.L61Ial) shows that in an iterative solution for D(w) new poles are always introduced

on the real axis. Therefore, our solution is consistent with the assumptions made as part of
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3. Cumulant expansion

its derivation. Equations (8.1.48)) and ([8.1.61al) can be written as polynomials in the variable

z = G5*(w) — ¥#*(w), giving

0= (1 Zﬁ>2 (1—(2J2)%) —1,

-
O:z+A+ZZQB,

A= 2;3 (hQCile + (h2 f2w2)2> ’

B= m. (3.1.62)

An iterative solution may converge on the wrong root, so it is helpful to find all the solutions
by bringing the equation into polynomial form. Eliminating D between these and discarding

the trivial solution for z = 0 gives the quintic equation

1 1 A? +2B 2AB
0=25+242+( A4+ 2B — 3124 (B - 24 (B% - - .
s *( " <2J>2> o @) @ ) @p
(3.1.63)
The limit n — 0 can be taken at this point. Two of the solutions are finite as w — oo, of

which one satisfies the original equation for D, whereas the other has an incorrect sign. The

same solution is obtained by simply iterating the above equations.

Unfortunately the coefficient Cs is obtained by integrating a strictly negative integrand,
meaning it too will be strictly negative. This results in a second order pole in the spectral

function, which in the limit  — 0 always produces unphysical negative spectral weight.

Figure B.T] shows the resulting spectral function for one set of parameters. At ¢ = 7, the
DSF is proportional to G3* — ¥** (except for a Bose factor). The double pole at w = h is
therefore clearly visible in the result. Since in the spin-propagator D& in Equation (B.1.27)
the self-energy also appears in the denominator for ¢ # 7, the negative spectral weight here

is minimal. A side effect of the pole is that for all momenta the DSF vanishes for w = h.
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3. Cumulant expansion

12 T T T T T | T
L il i
10 — q=m/4 7
L — q=7/2 i
— q¢=3r/4
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0
_ I | I | I I | I | I
8.85 0.9 0.95 1 1.05 11 1.15
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Figure 3.1.: The single particle mode in S?* of the TFIM at h = 1, 8 = 2, n = 1074
and J = 0.2 for a series of momenta ¢ found by the self-consistent cumulant
expansion. The pathological double pole at w = h is clearly visible, especially
for ¢ = 3.
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3. Cumulant expansion
3.1.10. One-loop solution
The first order result for the self-energy can be approximated analytically by replacing the

self-consistent propagator inside each of Equations (BI.61]) by the bare propagator. The

one-loop solution for the self-energy is

< g 1

%m@_P/ s
—co T (gt \?
()

{ﬁh(l — %) coth % (3h* — 202 — h2w? — V2w?) coth 2 }

2

8t(h? — w?) 4(h? — w?)2(h? — 1?)
h(1 —t?) 1
2Rz —w?) | 2
1- (h2h;]i,2)
_Z L 1 {_ h(1 —2) N (3h* — h2V? — R2w? — 1/2w2)}
” e\ 2 4t(h? — w?) 28(h? — w?)2(h? — v2)
()
h(1 — ¢ 1
- (2 l 1- : (3.1.64)
2t(h? — w?) Wt
- (#7)

Since for large v > h the coefficient scales as

1 2
1— %2<mﬁ>, (3.1.65)

2
1- (thifﬂ)
the sum converges rapidly. This makes an expansion in powers of J look promising. For

small J the sums in the constants C'1 2 can be evaluated as

3
qamw?—giwm?%Hmmmh+ﬁth—4»J?+oQﬂy (3.1.66a)
3
Cy ~ — % sech? % (Bh + sinh Bh) J* + O (J*). (3.1.66b)
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3. Cumulant expansion

This approximation works well, and the above constants are close even to the fully self-

consistent result B.I.61] as the integrals over the propagator remain nearly unchanged.

3.1.11. Bare connected six-point function

We still need to address the negative spectral weight caused by the double pole with coef-
ficient C5 in B.IL6Il A possible approach is a “resummation” of higher order divergences in
other diagrams. The next order diagram includes the 6th order term in the path integral,

which reads

tre—BHo 6'BG/ / dry,. 6 (1)P(2)®(3)P(4)®(5)P(6)5} 9555575255
_6'66//0 dri,. 6 ®(1)P(2)P(3)P(4)®(5)P(6)GE*****(1,.. ., 6).

For comparison the 6th order terms in the cumulant expansion are

1 B

—233,56//0 dry,...6 2(1)@(2)®(3)2(4)@(5)@(6)G5*(1,2)G57(3,4)G57(5,6)
1 B

+2,4,56/-~-/ dri,..6 D(1)®(2)P(3)(4) P (5)®(6)G57(1,2) G (3,4,5,6)

6'56/ / dr,..6 P(1)2(2)P(3)®(4)2(5)®(6)G5**(1,...,6). (3.1.67)

Equating terms, we obtain the coefficients in the cumulant expansion:

GZZZZZZ( ey 6)

= GZ#(1,...,6) — 15G5*(1,2)G32%%(3,4,5,6) + 15G57(1,2) G5 (3,4) G5 (5,6), (3.1.68)

where the combinatorial factors of 15 may equivalently be replaced by sums over contractions.
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3. Cumulant expansion

The full connected part of the six-point function reads

G&77 (wr, iwe, iws, iwy, 1ws, iwe)

= 2535(123456)[

PESe
1 1 1 1
+ —04(34)6(12 - t
64 (34 )h + iwps (h 4 iwpg)? (h 4 iwy, )?
1 1 1 1
+ —0(34)6(12 - - t
61034 )h+zwp5 h - iwpy (b + dwp, )
1 1 1—9(12 1 1
— — J(56) o ( ) . .
32 (h — iwp,)* Wy, +iWp, h 4 iwps h 4wy,
1 1 1-46(12) \* 1 1
— —4(56) . . ( ) . —1
64 h —iwp, \twp, + 1wy, ) I+ iwps b+ 1wy,
1 1 1-46(12 1 1
~ L)L 17002 -
64 h — iwp, iwp, + iwp, (h + iwy, )" b+ iwp,
11 1 1-6(12) 1-6(56) 1
64 h — iwpg h + 1wy, + 1wy, + 1wy, iWp, + iWp, Wps + Wy I+ iwp,
1 1 1 1
—5(34)5(12) —— : 1t
64 (34)3( )h+zwp5h+zwp3 (h+iwp1)2( )
1 1 1 1—-46(34 1
— ~B5(12)—— _1-0eY) —(1—t%)
64 h —iwp, h — iwp, 1wy, + iwp, b+ wp,
—[%6(34)0(12 t(l1—t
+384B (34)9( )h+iwp5h+iwp3h+iwp1 ( )
1, 1 1 1 )
— —[70(34)6(12 t(1—1
32ﬂ (34)9( )h+iwp3h+iwplh+iwp5 ( )|

(3.1.69)

again using the shorthand notation §(12) = Oiwy, +iwp,,0 and ¢ = tanh % To handle the

higher order poles in the self-energy, we only require the leading order divergence. A simpler

expression is obtained by relabelling the indices under the sum over permutations. The
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3. Cumulant expansion

leading contribution is due to the terms

Gg;zczzzz,sing (’i@ﬂ, 1wa, 1W3, Wy, tWs, iwa)
1 1 1 1
= + —6(56)0(34)5(12) —— . : t
pEZSG [ 64 h + iwps h + iwps (h + zwpl)?’
1 1 1—6(32 1
— —5(56)5(12)6(34) ——— - 8 _1
£ (h + gy ) s + i, Bt g
1 1 1-6(54) 1—6(16
- Ls02)0(34)0(56) =04 12000 t]
64 (h — iwpg )" Wps + 1p, 1w, + 1Wpg
1 1
=ty §(12)6(34)5(56) ————
64 pEZSG (h + pr1>3
X[ 1 L, 1-0) 11— 1—5(16)]
h + 1Wpg h + 1Wpy twp, + twp, h + Wps Wy, + 1Wp, 1Wp, + iWpg
1

1
- 5(12)5(34)6(56
64’:;56 (12)3(34)6( )(h+iwm)3

YL U | o
h+iwp,  iwp, +iwp, | [h+iwy,  twp, + twpg
which after summing over permutations reduce to
Gg;zczzzz,sing (iwl, iws, iW3) = Gg’zczzzz,sing(iwh —iwn , twa, —iws, iws, —iW3) —_
ho 1
—4 . : . : t+ 0O (2) . (3.1.71)
(h? = (iw1)?)” (h? — (iw2)?) (h* — (iws)?) (h? = (iw1)?)

We computed the residue of the second order pole in the DSF by Padé extrapolation
(Chapter H) both for the full six-point function (B.IT70) and the reduced form @I.7I).
Each form gave the same result, which provides empirical evidence for the correctness of the

approximation.

3.1.12. “Resummation” of the divergence

As has been established for G7%* and G§%7***, successive orders of the connected Green’s
function contain successively higher order divergences. These need to be resummed to obtain
a physically reasonable answer for the DSF. To achieve this, the residues of the poles have

to be determined.
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4 T | T T
— g=
i — qg=7/4 -
— q=7/2
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Figure 3.2.: The single particle mode in S?* of the TFIM at h = 1, 8 = 2, n = 10~ and
J = 0.2 for a series of momenta ¢ found by the “resummed” self-consistent
cumulant expansion. The spectral function is positive everywhere. Due to the
form of the propagator, the function is zero near w = h.

65



3. Cumulant expansion
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B | | T

Figure 3.3.: A false colour plot of the single particle mode in S%* of the TFIM at h = 1,
f=2,17=10"2 and J = 0.2 found by the “resummed” self-consistent cumulant
expansion.
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2 T | T | T T
—— Cumulant Expansion
—— Exact Diagonalization
Cumulant Expansion (via Pade)
&1

w/h

Figure 3.4.: A comparison of the spectral function S%* of the TFIM at h =1, 8 =2,¢=0
and J = 0.2 found by the “resummed” self-consistent cumulant expansion to
the result found by ED of a chain of L = 12 sites. Also included is the cumulant
result analytically continued via a Padé approximant with 80 poles. All three
curves have been convolved with a Lorentzian of width n = 0.02 to facilitate
comparison.
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The expression for the self-energy, now including the first two orders, reads

Y22 (iwp) = Z % (iwn, ivn ) D(ivy)

iVn

11 _ _
T35 > GEEFE (iwn, ivn, iv),)D(ivy) D(ivy,), (3.1.72)

Wn V),

where the sums over the loop momenta have already been performed. This corresponds to

the diagrams

iw,q i g
S (ion, q) = @ ~ + . (3.1.73)
iw!,q

We define ¥7%°8 and $%*51"& a5 the regular and divergent parts of the self-energy respec-

tively:

S5 (iwn ):zzz’reg(m ) + DFESE (4, (3.1.74)
2%, smg an Z Gzzzz smg zwn, ZVn)ﬁ(’LVn)
iUn
Z Ge. ™ S8 (G i, iV YD (v ) D(iv/)). (3.1.75)
W,V

Now the internal loops can be absorbed into a real constant

=3 Z e D(ivn). (3.1.76)

12%

The simplified divergent self-energy becomes

. 11 2 11 ’
Ezz,smg(,iwn) — _77h—Q tanh @ _ h

8h
2 B2 (h2 — (iwp)?)? 2 28% (B2 — (iwy)?)? 2"

0% tanh

(3.1.77)
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3. Cumulant expansion

Summation of this geometric series yields

} 1 & 8h 1
y22,8ing n) = ———————— tanh — —1 , 3.1.78
= g} (gY@

which only contains a simple pole in iw,, hence the goal has been achieved. In the self-
consistency equation (B.I.6Tal) the divergent part is removed, leaving

2 _ 42
() — 55 = _;513112;02 {01 +D(w) (M) } , (3.1.79)

where C is the same as previously defined in Equation (3.1.61D). Again, we see that poles
are only introduced on the real axis, so that our assumption about the analyticity of D(w)
remains valid. As in Section B.1.9] the expression for the self-energy can also be written as

a quintic polynomial, which can then be evaluated at infinitesimal 7.

Using Equation [B.1.53), the result for © can also be transformed into an integral over

D(w) along the real axis, giving

© dy heoth 22 — v/t
Q:p/ ’/gp(wrm)( o 2 W). (3.1.80)
oo T

2(h? —v?)

In the one-loop model, for small J, an approximation for € is

Q ~ ~— (1 + Bhesch(Bh)) J* + O (JY), (3.1.81)

SIEY

which, like C, is also almost unchanged when full self-consistency is included.

As expected, the resulting spectral function is positive everywhere. It still includes a
zero at w = h, which can be avoided by convolving the answer calculated at n — 0 with
a Lorentzian. Figure shows the result for a series of momenta. The zero near w = h
is unphysical, but cannot be eliminated by a momentum-independent self-energy. A false
colour plot of the data can be seen in Figure B.3l The broadenend response is asymmetric,
with a slower falloff towards the centre of the single particle dispersion. The unphysical
feature near w = h is present throughout the Brillouin zone. In Figure 3.4} a comparison to

a numerical calculation for a short chain of L = 12 sites is shown.

69



3. Cumulant expansion

3.1.13. Two-dimensional rectangular lattice

In two dimensions on a rectangular lattice with exchange constants J, and .J,, the propaga-

tor D(iw,) becomes

Bliw — 2t (12 ! K Ay - Ble
(iwn) = B z T /1= (20, — Jy)z)? \/1 —(2(Jz — Jy)z)2 ( |

Here z = Ga(iwy,) — X(iw,) and K(k) is the complete elliptic integral of the first kind, defined

as

3 do
K(k) = /2 S (3.1.83)
0 1 — k2sin?

In the limit J, — 0 this reduces to the one-dimensional expression, whereas for J, = J, = J

it reads

Diwy,) = 52% <1 - %K [4Jz]> : (3.1.84)

The resulting DSF for this case is shown in Figure Since the spin propagator only
depends on (cos g, + cos gy), the path (0,0) — (7, 7) is equivalent to (0,0) — (0,7) — (7, 7)

and therefore only the former is shown.

3.1.14. Infinite dimensions

The propagator for arbitrary dimensionality d is given by an integral in momentum q over

the d-dimensional Brillouin zone

T gd 7
Dliwy) = —52/---/_ﬂ (;l;)ldl — Ja) (3.1.85)
d
J(q) = ZJZcos(qi). (3.1.86)
i=1

Treating the cos(g;) as independent random variables with mean y = 0 and variance 02 = J,

the central limit theorem applies, leading to a Gaussian distribution

= 1 __2
P[J] = W@ 2dJ2 | (3187)
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3. Cumulant expansion
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Figure 3.5.: The spectral function S%* of the TFIM in two dimensions at h = 1, § = 2,
n =107 and J, = J, = 0.2 for a series of momenta q = (g, q) found by the
“resummed” self-consistent cumulant expansion.
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3. Cumulant expansion
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Figure 3.6.: The spectral function S%* of the TFIM in infinite dimensions at h = 1, § = 2,
n = 1072 and J; = 0.2 for a series of momenta q = (g, 5,...) found by the
“resummed” self-consistent cumulant expansion.
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3. Cumulant expansion

In an ansatz similar to the solution of the Hubbard model by Miiller-Hartmann [88], the
momentum integral in the propagator can then be replaced by an integral over the new

random variable, yielding

D(iw,) = —B> /oo +~P[J] dJ

—oo 1 = Jz(iwy)
2 i
- z(fwn) (1 -1 (\/ﬁjz(zwn)>> ’ (3.159)
f(z) = N erfe(z), (3.1.89)

where erfc(z) is the complementary error function [89, Section 8.25]. In the limit d — oo,

the propagator becomes
2
D(iwn) = 5 : (3.1.90)

2z (iwn)

This corresponds to a mean-field model independent of J. The self-consistency equation
reduces to

0=2>4+ Az + B. (3.1.91)

A result of this calculation is shown in Figure

3.2. Strongly coupled dimer ladder

We now apply the same cumulant expansion formalism to a more complex system. The

Hamiltonian to be investigated is that of weakly coupled dimers as described in Section [[.4]

We consider a quasi-one-dimensional ladder with N rungs and cyclic boundary conditions

SN+1 = Sl.
H :’HO + Hl, (321)
Ho=J1 ) Sjo-Sj1, (3.2.2)
J
Hi =J|| Z Z Sji-Sjr1 (3.2.3)
j 1=0,1
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3. Cumulant expansion
The single dimer partition function is

3B8J BJ |

Zp=e€e 1 +3e 1. (3.2.4)

It is convenient to work in a basis consistent with SU(2) and leg-exchange symmetry. De-
fining

Sj+ =5 (Sj0+8;1) (3.2.5)

DN | =

simplifies the correlation functions. The perturbation Hamiltonian is replaced by

Hi=2J1) > SjeSjsis (3.2.6)

j s=%£

A form similar to that for the Ising system can be obtained with

- EZ Z Z S?z ;lfssﬁ (05 j—1 + 05 j41), (3.2.7)

i,j af=z,+,— s,8'=

Ty =T =T =00 = *Jn’
JE = =) (3.2.8)

3.2.1. Bare two-point functions

Again following the conventions of Abrikosov et al. [85], we define the second order cumulants

for dimers as

G (r =)0y = = (T, 52,(1)S1 (7)), . (3.29)

Its Fourier transform is

B
GY (iw) = /O d(r —7) e TG (r — 7). (3.2.10)
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3. Cumulant expansion

Note that these are same-site (single dimer) correlation functions. In Matsubara frequencies

they read
G*, (i —1G+" = p ) 2.11
++(lwn)—§ ++(an)——miwn7 (3" )
1 JePl -1 1

G* (iwy) = =Gt~ (iwy,) =

5 (3.2.12)

2346 J2 — (iwy)?

Under SU(2) symmetry, in the absence of a B-field, GT~ = 2G**. All other correlation

functions are zero.

3.2.2. Bare disconnected four-point functions

The fourth order cumulants are defined as

BOiwy +iws-+iws+iws i@ﬁi,@(iwh i, w3, iwy) =
B )
/. . / d71’2’374 elWiTi <TT S:OE(TI)Si(7‘2)51(7’3)53:(7'4)>0
0

= B% ) Gy (i iwpy ) Gy iy dwp,). (3.2.13)
PES

The 11 distinct non-zero combinations of operators are

5%8%8%5% S%8%8ts, 5%8%8+s-, SzSTszs-,
S38ts2sT, STSTSTsy, STSTStsT, S5t8z8287,
528578257, S5*8%8tsT, StstsTsT,

as well as their cyclic permutations. Only nine of these can occur in the one-loop diagram,
since diagrams involving SiSiS’i S~ or S’iSfSi ST must contain a propagator that is zero
by leg exchange symmetry. Because in the absence of a magnetic field the corrections to
G~ can be obtained from the corrections to G*#, it suffices to calculate six of the four-point

functions.

75



3. Cumulant expansion

As the diagrams calculated are all one-loop, pairs of external frequencies are equal. This
has been used to simplify the results. Without an applied magnetic field, D3* and D**
suffice to fully describe the system. Once these two are known, the remaining DL_: can
be obtained by employing spin rotation symmetry. Other components are zero due to leg
exchange symmetry. Both spin rotation and leg exchange are exact symmetries of the full

Hamiltonian.

Symmetric four-point functions

The connected parts of the four-point functions contributing to D%*, are as follows:

g1 3 1
ZRZZZ - - -
o 1 1 1—0;,1— 0 1— 9,
Gt ) =57 20 =~ ) g e )
- 255@/W + gﬁ 0iwOir | — 25 m(siw(Siw” (3-2'15)

11 1 1
Gzz+— : 7‘ N=Z_- _26iw +
o (i i) =g om [ ((J —iw)t(J+ W>3>

e U U
J —iw (J —iw")? — (iw)? T +iw (J +iw')? — (iw)?

J 1 — i, J — i 1 — i
J2—(iW)? (iw)? (= iw)? = (w)? (iw)?

1 1 5 J

— 28044 ((J e + 0T Wﬁ) -28 &-wiﬂ (w2

1 Bl —1
(3+ B2 T2 — (iw)?

+4

J + iw/ 1 - 6iw 2
—9 _
(J +iw)? = (iw)? (iw)? ] 7

(3.2.16)

As the one-loop diagram only includes contributions from the even part of G?‘E@ii in each

frequency, GZ% [ (iw, iw’) only exists for iw’ = 0, and

e 11 1 -6 1 1
G_,__i:__i_(zw,(]) = I:—252 + 35351w:| — 2B3m6w)

- = 3.2.17
83 +efd (iw) ( )
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3. Cumulant expansion

Antisymmetric four-point functions

The connected parts of the four-point functions contributing to D?*?  are:

1P -1 8J(J* — (iw)2(iw')?)
GZ22 _(iw,iw') = 163 + €87 {_ (1 + i, + Gico, i) (J2 — (i )2)2 (J2 — (i /)2)2
16.J 8J3 (2J2 — (iw)? — (iw')?
+ (&w,iw’ + 5iw,—iw’) 2 N2 ( g ) ( ) ) 2
(J2 = (iw)?) (J2 - (iw)g) (J2 - (iw’)2>
2J 2J
1 o o
J2B8 (BT —1\? 1 1
~ (I Qi + O i) 4 (3 + 65J> J? — (iw)? J? — (iw')? (3.2.18)
11 — ')
zz+
GZI (iw, i) = 83+€5J[ <(J—zw3 J+M3>+ )2—(iw)2
n 1—9;, 1 2(J — i)
iw'’ (J —iw) 2 (J + iw)? —iw')? — (iw)?
1-— 5iw’ 1-— 5zw
+ (o ')
1 Bl —1
— B 2J Siw —, 3.2.19
v ((J—iw)2 (J + iw) )} P 3—1—65‘])2 J? — (iw')? ( )
1 1 1 1
G~ (iw, iw [ 2(0i0 i’ + i —iw < -+ > P’
(i, ') = 83+ e/ (%, =) (J —iw)®  (J +iw)?
8.J J4 (i N2(5, N2
T (Ban i + B10) 4J BT _ ( 2(zw) (Zw') ) 2(65J —1)
(J2 - )2) (J2 = (iw)?)” (J2 = (iw')?)
1 2J 2J
! / ﬁJ
+ /8( iw zw + 5%.) —iw < 2 J —'— Zw)2> € + /BJQ _ (Z(,U)Q J2 _ (’I,OJ/)2:|
2 BJ _
_BE (=] L (3.2.20)
2 \3+ef/ J2—(zw)2 J? — (iw')?

Due to the symmetry requirement for the one-loop diagram, G**7 4 (iw, iw'") reduces to

G i) = g3 [ B %i <(J —1iw)3 e +1ZP’>3>
i <€W B 1@0??,) <<J —(Zﬁﬁ )<z‘w>2 e +(Z$;i )<z'w>2>

Pl ((J —lm)Q * (J +1iw)2> * <1(;j); 0w BQ) J22L(])2]

1 5 el —1
(3+ePT)27 J2 — (iw')2"

— B%J (3.2.21)
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3. Cumulant expansion

3.2.3. Treatment of iw, =0

The Green’s function in the Lehmann representation is

G5 (2) Z e ) 2 ) (] 52} (3.2.22)
++ Z Z+E _E + + ° e

Whereas the time-ordered Green’s function evaluated at Matsubara frequency zero G(0)
contains a finite contribution from states degenerate in energy, the analytic continuation to
the real axis G(w + i0) vanishes in the limit w — 0. This means that G(w + i0) does not
contain information about G(0). This special case needs to be treated separately when eval-
uating Matsubara sums. Only in the case that G(0) = lim, 0 G(in) are the two expressions

equivalent. A general identity is

o : dv . Ga,c(iwn, iw),) _
/ / ,C ns
Z Gy,c(iwp, twy,)D(iw,) = 73/ 7%D<V +1in) »,Z#) V——an + RD(0)G4,c(iwn, 0).

(3.2.23)

D(0) has to be real due to inversion symmetry.

3.2.4. Cumulant expansion
Expanding the path integral yields

tre—PHo T B 04T i ST i(rIng (M) + 53 Jo'dr iy i (MUER) 0 5(7)

_tre—fHo T, o357 S04 Tiynd (MU 5(7)

(1+252 //dnzni s2)s2)
o G [[an T @nem st nsiesnesim + - )
:zo(1 - o [[an Tzl (Gii,gum —d(n w5 )
+ g [ am Sz @@t )
X (GE2 1 0(1,2,3,4) + G, (1,2) G (3, 4)

+GTL,(1,3)G2, 5(2,4) + G (1, 9)G T ,(2,3)) + - > (3.2.24)
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3. Cumulant expansion

From this we can obtain the combinatorial factors of the one-loop diagrams. There is a factor
dependent on the number of occurrences of a permutation of the given set a, 3, v and § in
the sum. Also, the possible contractions of pairs of ns have to be counted. Finally, when
the internal loop is ST S%, there is another diagram with the same weight and an internal

propagator S Si. The possible results are:

1. §75% SZ , S285% SZ Sz

There is only one occurrence of these vertices in the sum. The product

allows for 12 contractions giving equivalent diagrams. Hence the combinatorial factor

x 1 x

k=

1 1
Sﬂ 5.

2. 975785187, §7.525157, 52925157, 5257515~

This time there are 12 equivalent terms in the sum. The product

0% (a)n’ (b)ni ()n7 (2)nf (3)n7 (4)

allows two contractions. The two propagators give equivalent diagrams. Thus the

. . |
required factor is % X % X 2xX2=2.

3.2.5. One-loop diagrams

In the absence of a magnetic field, it is convenient to define

1
GY, = 0, G2 4 4GP (3.2.25)

oo 2 [egefefen ogoo'o!

The self-energy contributions of the one-loop diagrams are then simply expressed as

Y22 (iwp) = ﬂ?’ Z Z G (iwn, 1wl ) DZ7 i (iw),) (3.2.26)

w), o/=%

for o = &+.
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3. Cumulant expansion

3.3. Future work

Some work remains open for further exploration of the cumulant expansion technique.

3.3.1. Momentum-dependent diagrams

In Section B.I.12 we saw that the DSF had an unphysical zero at w = h. This is due
to the momentum-independent self-energy. If the two-loop diagram of type “setting sun”
was included, the self-energy would become momentum dependent and this issue would

disappear. The leading two-loop self-energy contribution is

(3.3.1)

>

PN/ /)
Wy, q

3.3.2. Ising S**
For a comparison with the exact solution from Section [[L.31] it would be useful to obtain a
prediction for S** from the cumulant expansion.

S? has a non-zero expectation value in the uncoupled model which needs to be subtracted

when calculating correlation functions. The magnetisation is

o 0 1 Bh
(S7) = ~h InZy = —Qtanh 5 (3.3.2)

While we could introduce a source dh;(7) for S* via a term fOBdT > 6hj(7)S7(r) in the
action, this approach would require a repeat of the full derivation during which we have

taken h to be constant. We can however use the equation of motion of S]Z- , which is

Sz =i[H,55] = hsY. (3.3.3)
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3. Cumulant expansion

We may use that (see Section [L])
Sy = —i[ sy, 53] . (3.3.4)
For spin-3, the identity S}JSJZ» = —S;S]y holds. We obtain
S = 21575 = 25242 3.3.5
v = 2iS7SY = - 5787. (3.3.5)

B it

We now have expressions for the remaining components of the DSF:

§7(1,9) = — 15 { S0 (050)$5(0)) (3.3.6)
SU(E, ) = % ($:050). (3.3.7)

Using this expression, we can formulate a perturbation series for S* starting in the four-

point cumulant we have already calculated.

3.3.3. Strongly coupled dimer ladder

In this chapter, the framework of the cumulant expansion has been demonstrated to work
for the case of the TFIM. It should be possible to apply the same approach to the strongly
coupled Heisenberg ladder. While in the Ising case there was only one propagator and one
four-point function, calculating the S#* for the Heisenberg ladder requires two propagators
and six four-point functions which are given in Section There are additional difficulties

associated with iw, = 0 as described previously in Section B.2.3l

3.4. Hubbard model

When Pairault et al. [81] applied the cumulant expansion method to the Hubbard model,
they did not encounter a double pole in the one-loop self-consistent approximation. In this

Section, an outline of the reasons behind this is given.
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3. Cumulant expansion

Gutzwiller [90], Hubbard [91] and Kanamori [92] independently introduced a model of
itinerant electrons on a lattice. Mott [93] later used it to explain the transition between
conducting and insulating states in certain antiferromagnetic transition metal oxides. Today,
the model is known as the Hubbard model and the metal-insulator transition is called the
Mott transition. In its simplest form, the Hubbard model describes a single band of spin—%
{

fermions ¢

)

, on a lattice with a tight-binding hopping amplitude ¢ and an on-site repulsive

interaction U [94]. In one dimension its Hamiltonian is

H=Ho+ Hi, (3.4.1a)
Ho =U Z C;,ch,icjyicjﬁ’ (3.4.1b)
J
Hl = —t Z (C}L-’O.Cj+1’o + C;L-JFLO.CJ',U) . (341C)
j?a

A solution by the Bethe ansatz has been achieved by Lieb and Wu [95] and expanded on
by Essler et al. [96], however it does not permit two-particle properties to be calculated.
In dimensions d > 2 and at half-filling, the model is a conductor for large hopping ¢t > U
and an insulator for strong repulsion U >> ¢, with the Mott transition occurring in between.
For d = 1 an infinitesimal U > 0 leads to a gap. The insulating phase maps to the spin—%
Heisenberg antiferromagnet. In this section, we will discuss the application of the cumulant

expansion in the atomic limit of large U.

Pairault et al. [81] give the single site two-electron and four-electron Green’s functions
in the Hubbard model at arbitrary field h and chemical potential u while setting U = 2u.
However, they then restrict their calculation of the correlation functions to the maximally
symmetric case. Considering half-filling 4 = u creates particle-hole symmetry, while also
setting h = 0 implies the two spin species are identical. This in turn sets all energy scales
other than the interaction u to zero. All poles in the Green’s functions are positioned either
at iw, = 0 or iw, = u. In particular the Fourier transform of the two-point function for

either spin is

Gap(iwn) = — /(]BdT et nT <TT CU(T)CL(O)> =— (3.4.2)
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3. Cumulant expansion

where w, = %” (n + %) are fermionic Matsubara frequencies. Particle-hole symmetry has
led to a two-point function that is an odd function of frequency. From this follows that the

auxiliary field propagator D, (iwy,), given by

(3.4.3)

is also odd. Here, #(q) is the Fourier transform of the hopping term. As for the TFIM, the
pole in the two-point function for Go ,(iw, — u) means that D, (iw — u) ~ —W for
the same argument. We define the connected four-point function G4 44 analogously. Due

to the symmetry, only the odd part of the four-point function contributes to the one-loop

diagram. Summed over spin, it is given by

2
ﬂ U 6iwn Jiw!,

((z’wn)2 - u2) g

As the particle-hole symmetry is exact, this simplification occurs even in the self-consistent

1 S ) )
3 Z Gu,o0 c(iwn, iw) — G50 c(iwn, —iwh) = —3 (3.4.4)
o—/

calculation. The remaining term in the Matsubara sum is a delta function, thus leading to

a trivial self-energy equation.
The self-energy correction to one-loop order gives

: . iwn 3u? .
G20 (iwn) — E(iwy,) = (iwn)? — + () = uz)Dg(zwn). (3.4.5)

As there is no convolution integral, the pole in the four-point function for iw, — w simply
cancels with the zero in D,. At iw, — u there is only a simple pole, but its residue is —1,

therefore the solution has negative spectral weight.

A self-consistent approach including the same one-loop diagram eliminates this issue. An
artifact of this approximation is that the spectral function is zero at w = u. To address this
problem further momentum-dependent diagrams would have to be included. This would
mean that the propagator would no longer be zero at the double pole of the four-point

function, reintroducing the previous issue of negative spectral weight.
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3. Cumulant expansion

Away from half-filling, the even part of the four-point function needs to be included, which
results in negative spectral weight even in the self-consistent approximation, because again

the double pole in the four-point function no longer cancels with a zero of D,,.
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4. Padé extrapolation

Padé extrapolation provides a numerical alternative to the analytic continuation of func-
tions known only at Matsubara frequencies [97]. Instead of analytically continuing the self-
consistency equation (B.1.46]) before again analytically continuing to the real axis, we directly
evaluate the self-energy for Matsubara frequencies. The result for the DSF then needs to be

analytically continued by approximate numerical methods.

4.1. Padé approximants

In general, a Padé approximant of order (g, ) is a rational function of polynomials of orders
q and r in the numerator and the denominator respectively. While similar to Taylor series,
Padé approximants usually give better results since they allow for poles in the function. This

means they can successfully approximate a function whose Taylor series does not converge.

Analytic continuation of a self-energy ¥ from M known values at Matsubara frequencies

on the positive imaginary axis is done by fitting a Padé approximant of given order (%, %)
to the data. A general Padé approximant is given by
ZM, .
2 0 aj(iwn)?
S (i) & G (4.1.1)

M TR
(iwn)2 + 32 brliwy)
The order of the polynomial in the denominator is chosen to be greater by one than that in

the numerator, so as to ensure that the approximant tends to zero for large w. Finally, the

function is evaluated for real frequencies w + 0, infinitesimally above the real axis.
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4. Padé extrapolation

Padé approximants are equivalent to continued fraction expansions, where successive self-
energy corrections are added. The rational function form is better suited for the numerical

determination of the coefficients however.

4.2. Numerical details

The coefficients a;, b; can be determined by specifying the value of the self-energy X at a set
of M Matsubara frequencies. Since ¥ is analytic in the UHP, a valid choice is iwy, . .., iw,.

These will satisfy the linear system of equations

1w o (w)2 0 =S(iwr)  —S(iw)iwy - —X(iwr)(iwy) 2 !
. . M_q . . . . . M_q
1 dwpy -+ (iwpr) —Y(iwpn) —Z(iwpr)iwpns oo —3(iwpr) (iwar) 2
ao
S (iwr ) (iwy) 2
aM_y )
x| = = ; o (4.2.1)
bo
S(iwng ) (iwng) 2
bar

The condition number of this system, defined as the logarithm of ratio of the largest mag-
nitude coeflicient to the smallest magnitude coefficient, is
M > . 2r M

log \in]%fl = (2 —1)log 5 (4.2.2)

For the desired case of large M, the system is very badly conditioned. The number of
digits of working precision required will be approximately M log % This is much larger
than machine precision. To overcome this limit, our implementation uses the MPFR library

for C++ [98], together with the Eigen library for solving the linear system of equations in

arbitrary precision by means of LU decomposition [99]. ¥ (iw,) is approximated by a number
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4. Padé extrapolation

of poles controlled by M (or, equivalently, a continued fraction with M levels). For the finite

chain of length L, the exact number of poles in the DSF is %

Another consideration is the precision required when computing ¥ at the Matsubara fre-
quencies. A method for obtaining the initial data is to iteratively evaluate the self-consistency
equation for a set of frequencies. This can be continued until the result has converged to the
working precision used in the subsequent analytic continuation. As however the sum over
frequencies is only evaluated over a finite set, there will be an inaccuracy due to the high
frequency cutoff. This means the answer obtained for the self-consistent ¥ will include the
same cutoff. Empirically, the result for the DSF at real frequencies did not change when

including more points in the self-consistency iteration.

4.3. Transverse field Ising model

The Padé method reproduces the DSF of the TFIM obtained previously in Chapter [3, both
in the one-loop and in the self-consistent approximation. A comparative plot can be seen in
Figure B4l In this framework, another approximation can be computed easily: the bubble

summation defined by the diagrams

- ] /
Wy, q

A VA
/Lwn7q Y/wTL?q

) - + . (4.3.1)

Thus we get

5 (i) = 2;3G47C(iwn,iwm) 3 % ) (D(iwm,q’) b D2 (i, q’)Z(iwm)> C(43.2)
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4. Padé extrapolation

A convenient representation is via matrices, defining G4 = (Ga,c)nm = Ga,c(iwp, iwy,) ete.,

reducing the expression to

1 1
¥=_—G4. D+ DT 4.3.
2/63 4, < + ﬁ2 ) ’ ( 3 3)
where
D :iZD(iw q) D2:i2D2(m q) (4.3.4)
n N - n 3 n N - n . e
Solving for ¥ is now trivial:
st (1-1g,n _IG D (4.3.5)
- 2/83 265 4,C 4,0 ) .

which corresponds to solving a linear system of equations. The result is almost identical
to the one obtained self-consistently, demonstrating that this bubble series is the dominant
term in the self-consistent approximation. Unfortunately, the double pole is also reproduced
when the dependence of G4 . on the external frequency is not resummed. This approximation

does not allow us to avoid the resummation scheme from Section [B.1.172]
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5. Numerical diagonalisation

This chapter discusses two numerical approaches to the calculation of DSFs. All numerical
algorithms are restricted to finite systems by the computational resources available. This
means the results suffer from finite size effects and have to be extrapolated. Secondly,
numerical results do not offer as much physical insight as an analytic solution. Nevertheless,

they provide for a convenient benchmark to compare with other methods.

5.1. Exact diagonalisation

A direct approach to obtaining correlation functions is exact diagonalisation (ED). The
Hamiltonian of a short chain is constructed for the full Hilbert space as an explicit matrix.
For a spin—% chain of length L, this matrix will have dimension 2¥. By exploiting symmetries
of the Hamiltonian, for example SU(2), inversion or translation, the matrix can be brought
into block diagonal form. The eigenstates and their energy eigenvalues are then obtained
using standard numerical methods. Correlation functions are obtained by performing the
two-fold sum over states in the Lehmann representation (L25]). The exponentially large

Hilbert space restricts this method to very small systems. A system size L < 16 for spin—%

is achievable on a fast desktop computer.
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5.1.1. Choice of basis

An efficient means of enumerating the states constituting the Hilbert space is important.
A convenient basis for a spin—% Ising chain is a bit set where each bit represents one spin,
with 0 and 1 corresponding to |}) and [1) respectively. The same representation can be used
for the spin—% ladder system, using two bits for each rung. For this system however a more
convenient representation is one that respects the leg exchange symmetry, assigning 2-bit
patterns to the even parity % (I14) + 41)) and the odd parity % (I1)) — 1)) states in the

S% = 0 sector.

5.1.2. Symmetries

Since the algorithmic complexity of the N x N eigenvalue problem is of order O (N 3), it is
desirable to divide the Hamiltonian into smaller submatrices. This is possible using unitary
transformations, which do not change the eigenvalues, but can be exploited to render the
Hamiltonian block diagonal. The eigenvalues of each block can then be determined in turn.
There remains the problem of finding such a transformation. As suitable unitary matrix is
constructed by taking linear combinations of the basis vectors, such that the new basis is an
eigenvector of some symmetry that commutes with the Hamiltonian. As the corresponding
eigenvalues are conserved quantum numbers, the transformed Hamiltonian will not connect
different sectors and is thus block diagonal. Where these states also commute with the spin
operators (or map each symmetry sector only to a subset of all symmetry sectors), the domain
of the double sum in Equation ([L2:6)) is also reduced considerably. It is possible to implement
several symmetries simultaneously, further subdividing each block of the Hamiltonian. This
requires that all the symmetries employed commute with each other. The use of symmetries
adds some complication as the basis states of the eigenvectors need to be mapped back to

the original basis in order to compute correlation functions. Possible symmetries include:

1. Heisenberg-Ising interactions and a B-field along the z-axis all conserve the S* quantum

number. In the S? basis, the states only need to be sorted by their total 5% by a
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permutation. The S operator commutes with the total 5% and thus does not change
the symmetry sector. Sji and Sf’y change the total S* by one and so only one sector
needs to be summed over. The same symmetry could be applied to the S* = 0 sector,

however this would complicate the sum over states excessively.

. The same interaction has states that are symmetrical under the transformation S* —
—S%. This means that only half of the sectors need to be diagonalised. Even under a

B#-field, the eigenvalues are simply shifted by the Zeeman term B?S~*.

. Heisenberg Hamiltonians also have full SU(2) symmetry. The mapping for a system

of N spins to states with definite total S is however non-trivial.

. Implementing translational symmetry for a chain or ladder with cyclic boundary con-
ditions yields states with definite momentum. This is doubly useful, as in addition
to the smaller blocks it allows the spatial Fourier transform in Equation (LZ5) to be
replaced by the delta function in Equation ([.2.6]). The eigenstates can be obtained
by finding groups of states that are cyclic under the action of the translation operator.

For a cycle of length n, linear combinations |¢) of the constituent states |j), defined as

1 j2mgs .
@:WZeuwm, gel,....n, (5.1.1)
j=1

have momentum %’rq.

. Implementing inversion symmetry g — —¢q for the states halves the number of sectors

but significantly complicates the evaluation of the spectral sum.

. Ladder systems are invariant under leg exchange. If the basis is appropriately chosen
(Section B.I.T), this symmetry is obeyed automatically. It is equivalent to the SU(2)

symmetry of the triplon excitations.
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Symmetries 1,2 and 3 concern the spins. They all exist in the absence of a B-field, and they
mutually commute. The first two, which concern S?, were implemented, however the small
possible speedup by including the third (total S) was deemed not to merit the additional
complication. Symmetries 4 and 5 do not mutually commute, but they commute with all of
the spin symmetries. Inversion symmetry can still be used to relate the states when transla-
tional symmetry is implemented. Both were used in this manner. Leg exchange symmetry,

which commutes with all others stated, was implemented in the ladder calculations.

5.1.3. Dynamical structure factors

The DSF is computed starting from the Lehmann representation from Equation (L2.7):

11 o 0l
SMNw, Q) =—=— e_BE"(Spn_pm,Q lim %(n] Sg Im) (m| Sy |n)

T 7 =0 w4+ (B, — Ep)

n,m

(5.1.2)

The most expensive operation in this summation is the evaluation of the matrix elements.

If the spin operators S¢ and S7 are adjoint such that
My = (0] S§ [m) (m| S§ |n) = |(n] S5 |m)?, (5.1.3)

this effort can be halved by exchanging the labels n and m for half of the terms in the sum

S (w, Q) = il lim <

Z
& n<m K

e_ﬁEn(Spn*pm:Q + e_BEm 5pn*pm,*Q ) M
w+in+ (Bn—En)  w+in— (B, —Ey)) ™™
(5.1.4)

A faster alternative is to sum the weights of the transition into discrete bins [20]. This
approach does not lead to a smooth result for the DSF, so instead we broaden the delta

functions using finite width Lorentzians by evaluating the formula above at finite 7.

5.1.4. Results

While restricted by the small system size, the method is useful for validating the results ob-

tained by analytical means. Comparisons are shown in Figure 3.4l for the cumulant expansion
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of the TFIM and in Figure for the triplon model of the strongly coupled Heisenberg lad-
der. In the latter case ED improves at high temperatures, and the resulting DSF is shown
in Figure 2.1l The utility of our software is also demonstrated in the joint publication by

James, Goetze, and Essler [2, Section VII|, where the Heisenberg-Ising chain is modelled.

5.2. Finite Ising chains via the Pfaffian method

The TFIM Hamiltonian ([B.I.1]) introduced in Section [[.3] when considered with open bound-
ary conditions in one dimension, allows for a more efficient numerical approach as described
by Derzhko and Krokhmalskii [100, [101, [102]. The following is an outline of their method.

For an open chain of length L, the Hamiltonian becomes

L L—1
H=h) S;i+J> SiSi,. (5.2.1)
j=1 j=1

We perform a JW transformation, similar to that in Section [[L3.1] replacing the spins with

Fermi operators <ij

1 _
1 _ -

SY = ot el Pt (5.2.3)
1 _ _

This reduces the Hamiltonian to a quadratic in fermion operators
Y + Z i Aijey + (SOTBz‘jsof Bw% ) (5.2.5)

given in terms of the symmetric real matrix A and the skew-symmetric real matrix B

J J

Aij = hoij + (6ij—1 + dij+1), Bij = (6i,j—1 = ijj+1) - (5.2.6)
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A linear transformation,

L

L
goj = Z D) (77;[, + np) ) ;= Z Wpj (77;]; - np) ) (5.2.7)
p=1 p=1

brings the Hamiltonian into diagonal form

H = EL:Ak (mimc - ;) : (5.2.8)

k=1

The transformation is determined by the matrix equations
Y(A+B)=A®, ®(A-B)=AY, (5.2.9)

and by requiring that the eigenvectors be orthonormal, such that the diagonal operators
satisfy canonical fermion commutation relations. Lieb et al. [38] give an approach to solving
this eigenvalue problem: One of the transformation matrices is solved for by eliminating
the other between Equations (5.2.9). The resulting matrix is real symmetric, thus it has
real eigenvalues, and its eigenvectors can always be chosen to be real also. Only the square
of the eigenvalues is obtained, but by requiring the excitations to have positive energy the
ambiguity of sign is resolved. The second transformation matrix is obtained by substituting
the first into one of the Equations (5.2.9). A problem is posed where an eigenvalue is close
to zero, in which case the eigenvector of the second matrix is simply the same as the one

found for the first matrix. The sign of this eigenvector is arbitrary.

From the diagonalised Hamiltonian, the ground state energy is given by
Lh 1
Eo=—— 3 ZAj. (5.2.10)
J

We will need the time-dependent correlation functions between the JW fermions. They
are calculated, as in Section [[L3] by using (527 to transform into the eigenspace of the

Hamiltonian, in which the excitations propagate as free fermions. In the diagonal basis, the
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free fermion correlation function is

AL B

) 1 . e 2
T _ it T _ At
t k>—e . < k>—fe [ 5.2.11
<77k( ) M7 SR ( )

From this, we obtain the correlation functions of the JW fermions as

o L cosh (iApt .y 1;1” )
<<ﬂj () > =) B0y e (5.2.12a)
p=1 cosh (T)
. B L sinh (iApt — Bl;’)
<<Pj () > ==Y @0, T (5.2.12b)
p=1 cosh (T)
L sinh (iApt — 59”)
<<pj (t)cp,*> = 0y, Py o, : (5.2.12¢)
p=1 COS (T)
- B L cosh (iApt .y gp )
<<pj (t)e; > == 0,0y 7, . (5.2.12d)
p=1 COS (T)

They are invariant under time translation but not under spatial translation. The static

correlation functions simplify to
L L
<90f901+> = 8y =5, <g0j_gol_> =3 0,0 = (5.2.13)
p=1 p=1

Wick’s theorem [37] applies to the spin correlation functions, reducing them to Pfaffians of
skew-symmetric matrices constructed from elementary contractions. The definition of the

Pfaffian, denoted by Pf, together with algorithms for its efficient computation can be found
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in Appendix [Bl The S¥S? correlation function is given by the 4 x 4 Pfaffian

(S7()SF4n)
= 1 (0T o hrnien)
0 (etei) (¢ ®efm) (o O950n)
1| () 0 (o7 et) (o7 o7
B W S S
~ (e 05 — (7 O )~ (PfrnP5in) 0

<¢j<ﬁ}> ¢f+n<ﬂ}+n> - <<pj (t)wj+n> <<p} (t)w}+n> + <<pj (t)w}+n> <<p} (t)wj+n> :

(5.2.14)

whereas the S%S5% correlation function requires the evaluation of the Pfaffian of a much larger

2254+ n—1)x2(2j +n— 1) matrix

(87001m) = 7 (27 (6T (1)~ o1 (Dog 1 (DT OPT 0T - 6 im 10Tem18Tim)
. (rer) o (o)
_ in - <wfsof> 0 <@T(t?¢f+“> (5.2.15)
_ <90f(t)90f+n> _ <¢1—(t)¢j—+n> 0

5.2.1. Boundary effects

The derivation of this method is for an open chain. Since the dimension of the Pfaffian
scales linearly with j, it is necessary to be reasonably close to the end of the chain, so
that the method is not too expensive computationally. On the other hand, the proximity
of a boundary will cause the correlation functions to be different from the bulk behaviour.
Boundary effects are more important at low temperature, where the correlation length is
longer. They become evident as reflections in the time-domain correlation function [65, [L00].
Since long-time effects correspond in the DSF to low frequencies, which are masked by the

finite 7, these reflections are not important. However, the behaviour at higher frequencies

96



5. Numerical diagonalisation

is also affected. We choose j = 41, as at the temperatures considered the lineshape was no

longer affected by further increasing j.

5.2.2. Dynamical structure factors

To obtain the DSF as a function of frequency, we have to perform a Fourier transform

according to the definition in Equation (L2

N
1 00 )
5% (w, q) = Zez’m? / dt e~ Me™t (S(1)S7,,), (5.2.16)

™)
n=1 o0

where 7 is a convergence factor. As can be seen from Equation (52ZI2]), the correlation

function obeys the symmetry

(S7(=0)S4m) = (S7(O)SF1n) (5.2.17)

allowing the Fourier integral in Equation (5.2.16]) to be replaced by

N
1 ) 0o L
5% (w, q) = ;E eFrR /0 dt " @M (S2(1)S7, ). (5.2.18)
n=1

The spatial Fourier transform is more problematic, firstly because we use an open chain and
secondly because we want to obtain the bulk properties. We have to obey the constraint
1< j<j+n < N, which does not allow us to compute the Fourier sum in full. An

approximate symmetry, violated because of the open chain boundary conditions, is

5% (w, q) = 5% (w, —q). (5.2.19)
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Substituting this gives

1 L
S#(w, q) mwﬁ%/o dt e'@tm)t <Sj(t)5;>
N 4

2 . > i % z
+ — Z cos (kn) 9?/0 dt eflw it CHOE.

n=1

1 N o
il i(wtin)t [ gz z
+ = cos (k 5 > afe/o dte <S] (t)Sj+%>. (5.2.20)

™

At finite T the correlation function decays exponentially, so it is possible to truncate the

sum into
22 Nl * i(w+in)t z z
5% (w, q) Nwéﬁ/o dt '@ (S%(1)S%)
2 - > (w1 z z
—l—ﬂ;lcos (kn)éR/O dt e T (S (1)S7, ). (5.2.21)

Empirical evidence shows n* = 30 to be sufficiently large for 5 digits of relative precision.

5.2.3. Results

A suitable system size was determined to be L = 280, where further increases no longer
affected the results. Reducing the time-step in the Fourier transform below At = 0.5 led to
spurious peaks at large w, whereas the upper limit was chosen as ty.x = 200 to permit a

resolution of 7 = 1072,

With this method, a temperature-dependent gap is observed in the solution of the TFIM.

A Lorentzian
G 1B
™ (@ = wmax)? + (5)°

is fitted to the result to determine the peak position wpax and full width at half maximum

(5.2.22)

(FWHM) T corresponding to the lifetime 7 = &. The position of the maximum as a function
of temperature is shown for a set of momenta in Figure|5.1(a)|for the narrow band limit and in
Figure|5.1(b)|for the narrow gap limit. The band maximum and the band minimum converge

at high temperature. Figure |5.2(a) and Figure [5.2(b)[ show the temperature dependence of
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the linewidth in the narrow and wide band limits respectively. At low temperature, the
result is affected by the finite value of 7, which adds to the intrinsic width. The quality
of the Lorentzian fit at intermediate and high temperature is shown for some combinations
of parameters in Figure and Figure 5.4l While the Lorentzian does not capture the
asymmetric tails accurately, it gives a fair description of the position of the maximum and
the width that are discussed in this section. The next section discusses another choice of

fitting function that better describes the asymmetry.
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(a) J = 0.2 is chosen such that the gap A = 0.9 is large compared to the bandwidth
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(b) J =1 is chosen such that the gap A = 0.5 is comparable to the bandwidth

Figure 5.1.: Position of the maximum in intensity as a function of temperature for different

values of momentum ¢. The field is A = 1. Numerical parameters are L = 280,
j=31and n=10"2
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016 T T T T T

0.14
0.12
0.1
£0.08
0.06

0.04

0.02 — ]

1 I 1 I 1 I 1 I 1
00 2 4 6 8 10

T/h
(a) J = 0.2 is chosen such that the gap A = 0.9 is large compared to the bandwidth
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(b) J =1 is chosen such that the gap A = 0.5 is comparable to the bandwidth

Figure 5.2.: FWHM I as a function of temperature for different values of momentum ¢. The

field is A = 1. Numerical parameters are L = 280, j = 31 and 1 = 1072. At low
T, the width is limited by the finite 7.
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Figure 5.3.: Some examples of Lorentzian fits to the lineshapes obtained with the Pfaffian
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— Pfaffian
Lorentzian fit

— Pfaffian
Lorentzian fit

method. In both plots h =1, J =0.2 and ¢ = 7.
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Figure 5.4.: Some examples of Lorentzian fits to the lineshapes obtained with the Pfaffian
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w/h
(b) T = 10.

method. In both plots h=1, J =1 and ¢ = 7.
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5.2.4. Fitting function

Experimental data are most conveniently analysed in terms of a limited set of parameters
in a simple fitting function that captures all its features. A model may then be evaluated
by comparing its predictions for the same parameters. For the fitting to finite temperature
lineshapes, a generic functional form that produces an asymmetric lineshape is needed. For

gapped spin chain systems, Essler and Konik [103] propose the form

A

(0w s ) P

Sx(w, q) = (5.2.23)

in terms of the dispersion of the zero-temperature coherent mode €¢(q) and four free para-
meters A, B, C' and D. B allows for a temperature-dependent gap, and the Lorentzian is
made asymmetric by the parameter D, the sign of which determines the direction of the

asymmetry.

Using the results for the TFIM, we test the quality of the fit obtained with this form.
The dispersion €(q) is the exact result (L3.3]), and the parameters are obtained from a least-
squares fit. As the fitting function is only intended to model the broadening of a single
mode, only points near the dispersion are included in the fit. We find that for both the
small gap limit h = J = 1 (see Figure [.0) and in the narrow bandwidth limit J = 0.2,
h =1 (see Figure (£.6]) the asymmetric lineshape is reproduced very well up to 1" ~ %h. At
this point, the fall-off of the spectral function obtained by the Pfaffian method is faster than

Lorentzian. This is due to the maximum width of the line being limited by the bandwidth.
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0.4 . . -

! — Pfaffian |
- least sguare fit

Intensity

O Il
1.25 15 1.75

1.5 T T

— Pfaffian
---- least square fit

Intensity

(b) g=m.

Figure 5.5.: Least square fit of (5.2.23]). The field is h = 1 and the temperature is 7' = 0.55.
The parameters h = 1 and J = 1 are chosen such that the gap A = 0.5 is

comparable to the bandwidth. Numerical parameters are L = 280, j = 31 and
n =102
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2.5 T T T T T I T

-~ — Pfaffian
/ ---- least square fit

1

Intensity

i — Pfaffian
---- least squarefit |

0
0.8 0.85 0.9 0.95 1 1.05 11
w/h

(b) g=m.

Figure 5.6.: Least square fit of (5.2.23). The field is h = 1 and the temperature is 7' = 0.55.
The parameters h = 1 and J = 0.2 are chosen such that the gap A = 0.9 is

large compared to the bandwidth. Numerical parameters are L = 280, j = 31
and n = 1072,
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6. Conclusion

In this work, we have investigated different approaches to the calculation of DSFs at fi-
nite temperature. The broadening of coherent modes received particular attention. The
lineshapes became asymmetric at finite temperature, in deviation from Lorentzian predicted

in the semiclassical approximation of Damle and Sachdev [8] for infinitesimal temperature.

We applied a low-temperature weak-coupling expansion to the two-leg spin—% Heisenberg
ladder in the limit of strong rung coupling. Matrix elements were included up to second
order in the weak coupling. In a type of linked cluster expansion, we accounted for the
scattering of triplon quasiparticles in the presence of a finite density of excitations. The
result for the DSF was in excellent agreement with numerical data obtained by ED. The
lineshape of the coherent mode was asymmetric and not well described by a Lorentzian best
fit. We also observed a thermally activated “Villain mode” in the low-frequency response,

similar to results for other systems [2, 19, [23, 24].

A cumulant expansion technique was applied to the TFIM in the strong field limit. We
found that both the one-loop and the one-loop self-consistent approximations contained a
double pole in the DSF and therefore exhibited unphysical negative spectral weight. It
was necessary to include a summation of 2n-spin correlation functions to infinite order to
resolve this problem. The DSF was calculated by analytically continuing the self-consistency
equations to the real axis, and also by a Padé approximant. Both results agreed with
numerical data from ED. The cumulant expansion was easily extended to higher dimensions
by simply replacing the momentum integral of the propagator. An artifact of the cumulant

method was a zero in the DSF at the position of the pole in the non-interacting Green’s
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function. This would have to be addressed by including diagrams with internal momentum
dependence. We also determined the four-point functions in the cumulant expansion for the
strong rung coupling two-leg spin—% Heisenberg ladder. It would be interesting to apply the

technique to this system.

In the last chapter, we investigate a numerical method applicable only to the TFIM in one
dimension with open boundary conditions. The DSF is given by a Fourier transform of the
Pfaffian of elementary contractions. A requirement is that the correlation length is short, so
that finite size effects are not important. This means the technique is most useful at high
temperature. We use the method to obtain phenomenological results for both the small and
the large gap limits. We find that a functional form proposed by Essler and Konik [103] fits

the asymmetrically broadened lineshapes very well.
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A. Full triplon matrix elements

This appendix gives the remaining matrix elements between the different types of solution

of the BAE to complement Section 2.4

A.1l. Interband matrix elements

The interband matrix elements for the different types of solution are as follows:

1. Real solutions with zero phase shift:

Us(p,p1,p2) = —LNg (L (0p, p + Opy p) — 2). (A.1.1)

2. Bound states:

Us(p,p1,p1) =LNs(p1,pi)e' 2

cosh(y) — cos(z — p)

TS _ TS
X [(1 + Azim*{) cos(x —p — 7) — (e Y+ Ai’pi«ey) 008(2)] .
(A.1.2)
3. Singular solutions (type I):
Us(p) = 2iLNg sin(p). (A.1.3)
4. Singular solution (type II):
Uo(p) = LNg. (A.1.4)
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A. Full triplon matrix elements

A.2. Intraband matrix elements

The intraband matrix elements are as follows for transitions between different types of states

in the two triplon sector:

1. Real — Bound:
_ (g~ 165
W s(p, 01,01, 02) =L2Ns(p1, p2) N (0, 97 )e2 5 =T e2% 102

(A5, 1 + V) cos((S = $)F + 365 ,,)

cos(p1 — x) — cosh(y)

(Alf/llvp/f + 1) COS(.%’ — D1 — (S - S/)% - %5517172)

cos(p; — x) — cosh(y)

(A iy + e ) cos((S = ) — 405, 4u)

* cos(pa — x) — cosh(y)

- (Ag’l,p”f +1)cos(z —pz — (S — S5 + 305 ,) (A21)

cos(p2 — x) — cosh(y)

2. Real — Singular (type I):

™ T i ’_
Ws’,s(§v §,P1,P2) EL2NS(}?1,Pz)NSf€2(6§1’p2+(S $)m

651172 / T
X 2 | cos pl—T’—(S—S)§

55‘
+ cos <p2 + (9 - S)Q) (A.2.2)
3. Real — Singular (type II):
i 65
Wo(m, 7, p1,p2) = —iLle(Ppr)Noﬁégl‘p? cos (plz’m> {tan% + tan% )
(A.2.3)
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A. Full triplon matrix elements

4. Bound — Bound:

W01, 91, p1,01) =L*Nis (1, 91N (01, 97’

1— (_1)S+S’AS *AS,I /*efi(xfx’)erer’
% eiyiy/ P1,P1” PP
1 — eile—a")—y—y'
Sl

+ e—y—i,-y/ p/1 ']

_ (_1\S5+S5" 4S8 —i(z—a")+y—y'
(=1) Apupi“e

S
« — (—
+ eyfy/ P1,P1 (

1 — etl@—a)—y+y’

1)S+SIA5,/ l*efi(mfx’)nyry’

1P 1

1 — eile—a’)+y—y’

!
' psl 2 -
+ eery W1 plvp

. —
1

(_1)S+S’67i(mfx’)fyfy’

1 — eil@—a’)+y+y’

5. Bound — Singular (type 1):

Wer s(

I

T
>§7p1ap2)

(A.2.4)

* (8" —8)w T -
= L2 Ns(p1, pi)Nre2 =92 cos(z — (S = $)7) (e y+A§17p,{ey). (A.2.5)

6. Bound — Singular (type II):

Wio(p1, pf,m,m) = iL2NiN

7. Singular (type I) — Singular (type 1):

™ T T T
W s(

8. Singular (type I) — Singular (type 11):

sin(x) (1 + Al )

P1,P]

cos(x) + cosh(y)

555 2) = 2L°NsNg/ds,s.

W0,1(7T,7T, gv g) = _2L2N1N0-
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A. Full triplon matrix elements

A.3. Corrections to the interband matrix elements to O («)

We expand the states to first order in a and calculate the corrections to the matrix elements.
Firstly, we note that 7{; can only induce transitions between states where the particle number
differs by at most 2, since each term in the sum only acts on a pair of adjacent rungs.
Secondly, the Hamiltonian is symmetric under leg-exchange, while a state |7y,) with s particles
picks up a sign of (—1)L=%. This implies (.| H |ys) = 0 if |r — 5| is odd. Hence, the only

contributions to first order are from states with a particle number different by 2.

A.3.1. Ground state corrections

These are given by

o) = 10) +Z<'Y2_';‘]1'°> a) +0 (@2)
12)

Z ¢a+1 a (a2) . (A31)

A.3.2. Single particle state corrections

There are the following contributions from three-particle states

Hi|p,m
Ip,m)) = Z (sl Ha [p, m) )

—2J
[vs)

- O‘V?’Z > ey (m)dyy,, 10)- (A.3.2)

a=0 b#a,a—1
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A. Full triplon matrix elements

A.3.3. Two-particle state corrections

In the two-particle sector, there are contributions from four-particle states and from the
ground state. The former do not contribute to any of the matrix elements used in the sub-
sequent calculation to first order, so they are not calculated. As the Hamiltonian conserves
S and m, only the |p1,p2, S = 0,m = 0) state will have a correction from the ground state.

For real solutions, this is given by

0 0,0
|p17p2707 O>(1) = < |H1 ’plpr, 9 > ’O>
2J |

L V3
= by s Ll < 1)[0). (A.33)

Hence the corrections to the matrix elements are:

1. Real solutions:
_ —Li55 L QTS
VS(p7p17p2) :LNS(p17p2)e 27P1P2€72
. sin (%(p —p1t 651,172 B WS)) cos <p1 + 2po _p>
sin (%(p—pl)) 2
sin (%(p —Dp2— 5514,2 — TFS)) cos <2p1 + po — p)
sin (%(p — pg)) 2

— o — 0
+ 3050 (2 cos <p1 b2 pl”’z) cos (m +p2>
2 2
2p1 — 5181 D2
+L6p, 4,0 | cOs f -1 . (A.3.4)

2. Real solutions with zero phase shift:

Vo,2(p, p1,p2) =LNs

X [(2 cos(p — p1) - L5p17p> cos(p —2p1 —p2)

2
+ (2 cos(p —2p2) — L5p2,p) cos(p N C p1)
+ 0506 Cos(p1 —;pQ ) cos(p1 ;m )} . (A.3.5)
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A. Full triplon matrix elements

3. Bound states:

* 1 *
Vs(p, p1,p}) EiLNS(pbpl)

X |3(85,0022,0L + 1) cosz(e™ + Agwi e’)

S
(1+ Apl,pi‘) cos(2p — 3x)
cosh(y) — cos(x — p)
- S
(e7¥ + Ap o e¥)(cos(p — mS) — cos(p — 2x))
cosh(y) — cos(z — p)

(e™2 + A}i,p{ e?) cos(x — m9)

cosh(y) — cos(x — p) (A-3.6)
4. Singular solutions (type 1):
Voo (p, g g) = i LNgsin(2p). (A.3.7)
5. Singular solutions (type II):
Vo(p, m,m) = LN [3 + 2sin? g} ) (A.3.8)

The matrix elements with their corrections can be found in Table 211 There is also a non-
zero correction to the matrix elements contributing to Ep2 and Fp 2, but since this term is
zero to leading order the correction to the modulus squared of the matrix element is only

second order.
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B. Pfaffians

In this appendix we introduce the Pfaffian and discuss some algorithms for its numerical

computation. The Pfaffian is defined for skew-symmetric matrices AT = —A of even size
2n x 2n as
1 n
PfA = omnpl Z (_1)p HGPQi—LPQi' (B'O-l)
" pESan i=1

It is related to the determinant via
det A = (PfA)2. (B.0.2)

This also implies that for matrices of odd dimension the Pfaffian is zero. The relation to
the determinant allows the modulus of the Pfaffian to be calculated, but it does not give
information about its sign. Direct evaluation of the sum over permutations takes exponential
time, however algorithms similar to those for calculating determinants exist. If the matrix

has the block-diagonal form

A
As 0 i\
Ay

where +); are its eigenvalues, the Pfaffian is trivially

PfA =]\ (B.0.4)
j=1
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B. Pfaffians

To achieve this form a useful identity is
Pf (M"AM) = det M Pf A, (B.0.5)

where M is an arbitrary matrix. By choosing a suitable transformation matrix M, the

matrix A can be transformed into the form (B.0.3) and the Pfaffian can then be evaluated.

Three algorithms are presented for calculating the Pfaffian. The Householder reflection
was determined to be the one best suited to this problem as it offers the best numerical

stability:.

B.1. Diagonalisation

One way of obtaining M starts by finding the right eigenvectors of A [104]. After obtaining
the eigenvalues +\; and their corresponding eigenvectors v]j-[, the matrix M is constructed

as

NI:(VIr vy o vn>. (B.1.1)

The issue with this procedure is that M can be close to singular, rendering the application

of the identity (B.0.5)) difficult.

B.2. Householder reflection

A Householder reflection is an orthogonal transformation with determinant —1 that reduces
all but one element in a column to zero |105]. With a series of 2(n—1) Householder reflections
a 2n x 2n skew-symmetric matrix can be brought into tridiagonal form. An economical

representation of a Householder matrix H is through a vector u and a scalar h:

t
H=1— % (B.2.1)
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To bring both row and column j into tridiagonal form, starting with j = n and iterating to

7 = 3, while operating on a j x j submatrix at each step, one chooses

7j—1

o? =) ALl (B.2.2)
=1

u' = <Aj,1 e Ajjo Ajjoo (1 + ﬁ) 0 - 0) : (B.2.3)
T

h= 5 (B.2.4)

The transformation of A is performed via the identity

HAH' = A + up” — pu?’, (B.2.5)
where
1
p= EAU'*’ (B.2.6)

eliminating the need for H to be computed explicitly. The Pfaffian of a tridiagonal skew-

symmetric matrix T of dimension 2n is given by

n
PIT = HTQj_l’Qj. (B27)
j=1

B.3. Pivotal condensation

A method similar to the Householder reflection uses a lower triangular matrix for the trans-
formation to block diagonal form. Rather than constructing the transformation matrix
explicitly, it is sufficient to reduce the matrix A by subtracting rows from each other, trans-
forming only the upper triangle. At each step, the element of the form As;_;2; with the
largest modulus is chosen as a pivot. Multiples of rows 25 — 1 and 2j are subtracted to set to
zero all the other elements in columns 25 — 1 and 2j. After n — 1 such iterations, the matrix
has the form (B.0.3)). As the transformation matrix is lower triangular with unit diagonal
by construction, the determinant in is unity. Like the Householder reflection, this

algorithm scales as O (n3), however it suffers from worse numerical stability.
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C. Cumulants

In this appendix we give a brief outline of the definition of the cumulants used in Chapter Bl
Cumulants originate in probability theory [106, Chapter 26], where they provide an alter-
native to moments in the description of distribution functions. They were first derived by
Thiele [107]. The nth moment, denoted by i, of a probability distribution P(x) is defined

as

fn = (2") = /00 x"P(z)dz. (C.0.1)

We may define a moment-generating function M () as

0 Lk
M) = () =1+ %uk, (C.0.2)
k=1

from which the moments are obtained by differentiation through the relation

dTL
pn, = —M (%) (C.0.3)
Tt t=0
We now define the cumulants &, of the distribution P(x) by equating terms in
[e] tk t2
M(t) = eXk=1 ' =1 4 tr; + 5 (K 4+ ko) + - (C.0.4)

For physical expectation values, the higher order cumulants can usually be truncated. These
small corrections correspond to rare many-particle interactions. The moments of the distri-
bution are well approximated by the leading cumulants. For example, the Gaussian distri-
bution is fully reproduced by the first two cumulants in the expansion. Cumulants x, of

order n > 2 are also known as semi-invariants.
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