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When does near-wall hindered diffusion influence
mass transport towards targets?’

Shaltiel Eloul*,Enno Katelhén“, and Richard G. Compton*¢

The diffusion of a particle is slowed as it moves close to a surface. We identify the conditions
under which this hindered diffusion is significant and show that is strongly dependant on the sizes
of both the particle and the target. We focus particularly on the transport of nano-particles to a
variety of targets including a planar surface, a sphere, a disc and a wire, and provide data which
allows the frequency of impacts to be inferred for a variety of experimental conditions. Equations
are given to estimate the particle fluxes and we explain literature observations reported on the
detected frequency of impacts. Finally we observe a drastic effect on the calculation of the mean
first passage time of a single particle impacting a sub-micron sized target, showing the importance

of this effect in biological systems.

1 Introduction

Predicting the events of single particles stochastically hitting a tar-
get by virtue of their Brownian motion is of great interest in un-
derstanding numerous biophysical and chemical processes. Over
the past decade, growing attention has been given to processes
involving single particles impacting® on electrodes. This method
enables the study of various types of individual particles such
as metal nano-particles 13, biomolecules*® including bacteria’,
and smaller particles such as agglomerates of Cgy molecules®?.
Particles are usually considered to diffuse freely in solution and
stochastically impact at micro- or smaller electrodes31%-11, Dur-
ing an ‘impact’, the particle may undergo a direct charge trans-
fer reaction or may mediate a reaction between the electrode
and a solution phase species'%13. A corresponding current in
the form of a ’spike’ can then be measured L14 which may pro-
vide direct information on the particle size distribution!®. The
average number of impacts as function of time and the individ-
ual particles’ first passage times of reaching the electrode can be
described by the diffusion equation®17, on which basis models
can be developed providing important tools to verify experiments
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1 Electronic Supplementary Information (ESI) available: Includes details on the
computational methods (1), the solution of the diffusion equation towards a
sphere (2), further details on the anisotropic 2D diffusion equation (3), and dis-
cussion on the residual maps of the steady state flu equations (4). See DOI:
10.1039/b000000x/

#In the context of particles diffusively arriving at an electrode, the term ‘impact’ is
commonly used and thus we follow this convention in the text. In the literature this
event is also described as a ‘collision’.
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and to measure the concentration of nano-particles in ultra-dilute
samples for example for environmental studies'8. The impact
method has recently opened new ways to identify and model
nano-particle agglomeration in solution 921, to study chemical
mechanisms %922 and to characterise the composition of mod-
ified nano-particles®?3. In general, studying stochastic arrivals
of particles to small targets and the mean first passage time of a
single particle, is of large interest in many processes. These in-
clude the interaction of biological macromolecules?4 and nano-
particles25, modelling drug delivery2®, and in biological pro-

cesses such as rate regulation?’.

The transport of particles, from bulk solution to a reaction zone
close to the surface of a target is usually described solely by Brow-
nian motion. Thus the frequency (impact s~') of observed im-
pacts can be estimated by solving the diffusion equation:

dc
2 —_V.(D-V 1
dt ( ) M
with mixed Dirichlet-Neumann boundary conditions for the ad-
sorption at the surface of a small target, such as an electrode, and

reflection elsewhere.

In bulk solution, each particle has a characteristic isotropic dif-
fusion coefficient Dy that reflects its size and shape. The Stokes-
Einstein relation gives the bulk diffusion coefficient of a spherical
particle in the limit of low Reynolds numbers, which is found to
be a good estimation even for particles in water of radii r,, of only

a few nanometres28:
kT

B 6Ny,

0 2

where 7 is the dynamic viscosity, kg is the Boltzmann constant,
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and T is the temperature. When the space available for diffu-
sion is confined, the particle’s hydrodynamic mobility must be
taken into account when modelling its diffusive transport. Bren-
ner?® and Faxén3C have calculated the corrections to the Stokes-
Einstein relation for the normal- and parallel diffusion coefficients
near a wall. The expressions agree well with experiments31:32,
Bevan and Prieve have approximated the analytical solution made
by Brenner for the case of hindered diffusion normal to a wall for
a sphere with a radius r,, separated by a distance /:

6h% +2rph
D(h) = m Do (3)
where £ is the separation distance between the wall and the clos-
est point of the particle surface. The same study reported an ex-
periment to quantify diffusion coefficients of micro-beads at very
close distances to walls. Using optical measurements they pro-
duced results that followed the above expression for a ratio of sep-
aration (/) to the particle radius, #/r, =40nm/3.5um ~ 0.01. The
hindering of diffusion due to space confinement (also referred
to as "geometrically constrained Brownian motion") is also evi-
dent in porous media such as zeolites33, and is crucial in various
models of biological systems3*3> such as for the delivery of nano-

medicine in the confined zone of a tumour rich in collagen3°.

When modelling the diffusive mass transport of particles from
the bulk, far from any boundaries, to an active site on a surface,
the effect of hindered diffusion is however often legitimately ne-
glected in experimental studies. For instance, in nano-impact ex-
periments, the observed mass transport of silver nano-particles
showed good agreement with free diffusion without any consid-
eration of hindered diffusion1#17. Also, a previous model for dif-
fusion towards a sphere showed only minor differences in com-
parison to experiments with nickel nano particles of radius 26
nm37. On the other hand side, previous stochastic calculations of
the duration of an impact event at an electrode showed the neces-
sity of including hindered diffusion for predicting the residence
time of an impact38. Additionally, a very recent study modelled
the case of a convection-diffusion system for a rotating electrode
in a nano-impact experiment and showed that hindered diffusion
significantly affects the flux towards a rotating electrode3°.

In this work, we show that when the target is small, hindered
diffusion becomes important for the prediction of the particle flux
and the estimation of the number of impacts in experiments. We
show that this effect is due to convergent diffusion4?, where the
diffusion field is confined to a small space near the surface (not
centre) and regardless of the cell size. This confinement of the
diffusion field defines the influence of hindered diffusion on the
flux and first passage time of a particle searching for a target. The
flux is estimated to be a function of the size of the target and its
geometry. We provide approximate functions that can be used
directly to estimate the flux of particles towards electrode. It is
shown below that the effect becomes important for nano-particles
searching for a target of the order of a micrometre or else.

The study has also importance for various nano-particle or
macromolecule attachment models25-26, Moreover, first passage
statistics are important to understand biological processes such

2| Journal Name, [year], [vol.],1—11

as the synapse regulation of the exit rate through an ultra small
window in a bounded domain?’ and how viruses travel towards
a nuclear pore*!. These types of diffusion problem are analogues
to that examined below and known as the ‘Narrow escape time’
problem %43, It is shown here, that in such systems the estima-
tion of the first passage time, is changed drastically as a function
of the target size due to the hindering of diffusion.

In this paper, we first examine the importance of the effect
on the steady state flux at small targets, by solving the diffu-
sion equation for a simplified one-dimensional (1D) model. It
is shown that the transport is strongly influenced by the hinder-
ing of diffusion in the case of sufficiently small targets. Then we
provide the results of a numerical study for a variety of targets in-
cluding spherical, disc and wire electrodes, and give approximate
but applicable functions for the steady state flux and data for the
expected number of impacts in various experimental conditions.

2 Simplified model

For the purpose of explaining when hindered diffusion has an
influence on the diffusion flux, we examine the analytical solu-
tion of diffusion towards a small sphere. In the context of the
‘nano-impact’ approach, the size of the electrode must be small
in order to minimize the occurrence of simultaneous impacts on
the electrode and to reduce the capacitive noise so as to facilitate
small charge measurements. Therefore micron-sized electrodes,
or smaller, are commonly employed !8. First, neglecting hindered
diffusion, the diffusion equation results in Fick’s second law in
radial coordinates:

dc 2%¢ 20dc
EZDO(ﬁ+7$> @

r is the radial coordinate with r=0 corresponds to the centre of
the sphere. r; is the sphere radius and a positive point in r direc-
tion. c is the number concentration (particles/m3). Along with
the boundary conditions of a fully adsorbing sphere with the ra-

dius r = rg,c =0 and r = rw,c = ¢* this solves to give40:44:
N s r—rg
c(rt)=c"|1— —erfc 5
() = [1= erte( )| ©

and the flux at the surface is:

dc N 1 1
_DOE . = c*(ry,19)Dy \/ﬁ + "s:| (6)

For the convenience of the reader, the derivation is supplied in
Supplementary Information. The flux towards a sphere illustrates
the convergent behaviour of the diffusion field. The time depen-
dent term is dominant at short times and vanishes at larger time,
whilst the 1/r; term is size-dependent but constant with time. At
large electrodes and practical time scales, the transient is domi-
nant and the second convergent term can be neglected.

An insightful exercise to understand the influence of hindered
diffusion on such a system is to add a distance-dependent diffu-
sion coefficient in a form of a simplified function. This allows the
analytical study of the hindered-diffusion effect on the flux. To
this end, we use a simple function instead of the more complex
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approximation given in eq. (3): Table 1 Dimensional parameters

Dyyit (1) = Doe—Brs/ "~ D(r) 7 Parameter  Description Units
p Radius of a particle m
. . . re Radius of a cell m
where r is the distance between the centre of the sphere (r = 0) ry Radius of a target disc m
to the closest point of the particle surface. B is a fitting parameter Ty Radius of a target surface m
that might be fitted to various r, and has no units. The dimen- T Radius of a target wire m
. . . . l Length of a wire m
sional parameters are given in table 1. It can be seen in figure 1 I Length of a 1D cell m
that the function closely follows the Bevan’s and Prieve’s approxi- Dy Diffusion coefficient from the Stokes-Einstein eq. ~ m?s™!
. . o . . e : 2 -1
mation for this purpose. For the simplicity of the present exercise, D Blffulilon coefficient, distance dependant m-s s/
. . : trat icles
the function depends on the distance from r=0, the centre of the ‘. umber concentration partic es/ m3
. A c Bulk number concentration particles/m
small sphere target. This means that the function is finite when j Flux density particles/(m>s)
rs/r =1 and not zero, thus is less valid for very small B (see also Jss Steady state flux particles/s
figure 1) T First passage time for non-hindered diffusion s
gure 1). L7 First passage time for hindered diffusion case s
Pimpact Probability of impact
S— Nimpact Average number of impacts
| X; Average tunnelling distance m
D(n) (Eq.3) b .
.............................. D,y e |3 Numerical study
1 The numerical study is divided into three parts. First, the results
1 for a 1D and macro-scale target are reported in order to show in
1 which cell size the contribution of hindered diffusion can be ne-
0.2 1 glected as function of the particle size. Second, we present the
01 1 results for the flux towards a small sphere in a cell of arbitrary
% 0 20 0 20 50 50 70 %0 size, and show a strong decrease in the flux which depends on the

rlr
s

Fig. 1 Example of the behaviour of the approximate exponential function
compared to D(h) when ry=r, — B=1.4r; and ry = 10r, — B=0.1r,. For
simplicity of the model, the distance is taken from r=0 the centre of the
small target.

Substitution of the function into the diffusion equation, and
simplifying to steady state, the diffusion equation becomes:

2%c 2  Brg\ dc
02%%?*7)5 ®

By reducing order and substituting the boundary condition c(x =
0,7) =0 and c(x = oo,1) = ¢*, the steady state flux (Jy) solves to
(see also Supporting Information):

D()C*

s

Js =

(1—¢P)

B } ©)

It can be seen that when B — 0, (when the particle is very
small relative to rs,) the term in the squared brackets tends to
unity. This results in the same steady state current found for non-
hindered mass transport (eq. 6). When B is greater than 0, the
steady state flux decreases and at very large B (B — o), the steady
state flux tends to zero. This shows that the effect of limited diffu-
sion on the steady state flux strongly depends on the ratio r, /r;. For
example, when r; = r,,, B is fitted to 1.4 and the steady state cur-
rent is reduced to 0.45Dgc*/rs, which is 45% of the steady state
flux found without hindered diffusion. When r; = 10r,,, however,
the steady state flux is only reduced to 95 %, demonstrating that
when the target is sufficiently large, hindered diffusion can be
neglected in the steady state.

This journal is © The Royal Society of Chemistry [year]

ratio between the particle size and the target size. We also report
the drastic effect of the hindered diffusion on the first passage
time calculations for very small targets. Third, the study of two
important experimental systems is reported, the diffusion of par-
ticles towards a microdisc and a wire. An approximate function
is provided to estimate the 2D anisotropic diffusion of particles
towards a disc. We also explain why a relatively small effect is
observed on a wire in comparison to the disc and sphere.

3.1 1D cell and a macro-scale target

The study of a 1D linear system is a starting point that shows the
domination of near-wall hindered diffusion as function of a con-
fined cell with a length L. The target is located at x =0 and a
fixed wall at x = L. The cell is schematically shown in figure 2.
When a particle hits the target, a full adsorption is assumed. For
instance, in the case of the ‘impact’ method, a high over-potential
is applied on the electrode as a target and metal-particles that ar-
rive by diffusion are fully oxidised. The cell in figure 2 shows the
typical diffusion field (layer) that propagates from the adsorbing
target and reaches the wall at long times. The non-homogeneous
hydrodynamic loss is a particle size dependent function and as-
sumed to be small in comparison to a macro-target, thus it is
illustrated as a thin layer next to the adsorbing surface (figure
2). Additionally, we neglect the effect of hindered diffusion on
the upper wall, though in a very small confined space this effect
would be significant.

3.1.1 Model
The diffusion equation in 1D has the form:

dc

i V- (D(x)-Vc) (10)
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x=0, target x=L, wall

1D symmetry
-
smaller D(x) towards x=0
< : "
Lower concentration/probability
Fig. 2 Confined 1D geometry featuring a large targets. The draw-

ing illustrates the diffusion field (cyan to white gradient) and the non-
homogeneous reduction in the diffusion coefficient (violet to blue).
Changes in the diffusion coefficient next to the upper wall (x = L) are
neglected.

where D(x) follows Bevan and Prieve approximation shown ear-
lier (eq. (3)).

It is noted that the expression (eq. (3)) tends to zero at the sur-
face of the wall. Moreover, at very small distances from the wall
the continuous model is not valid due to surface attraction or re-
pulsion forces, double layer interactions, or even the wall rough-
ness30. However, in a Faradaic reaction, the charge is transported
from the surface of the particle to the electrode via electron tun-
nelling. Thus, we recognize an average tunnelling distance of the
order of X; = 1 nm, and locate the adsorbing boundary at this
point374> so that on this boundary, c¢(x = X;,r > 0) = 0. As a re-
sult, the diffusion coefficient is finite on the adsorbing boundary.
In the results below for the quantitative studies, we use an explicit
expression for the tunnelling distribution function as is discussed
later in this paper.

At the upper boundary we use a reflection boundary condition:

de(x,1)

t>0
- bl ax

=0 1y
x=L

At t=0 the concentration is set to the initial concentration c*.
The flux is evaluated numerically through mass balance to avoid
numerical errors in the calculation of the diffusion coefficient next
to the wall:
L
" de
J(t)= | =—dx

ot
X

(12)

In the case of small cells, instead of presenting the flux of par-
ticles, it is more informative to calculate the cumulative proba-
bility of an impact from a single particle searching the adsorbing
boundary in a finite cell:

Pimpact(t) = C*L*/c(x,t)dx 13

X,

where ¢* is the initial probability density to find a single particle
in size L and equals 1/L. We solve the model numerically us-
ing the Implicit-Finite Difference Method which is detailed in the
Supplementary Information.
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3.1.2 Discussion

The results of the probability of an impact at different sizes of
confined cells are presented in figure 3 for representative r, of
100nm. The results are also compared to calculations of the ‘non-
hindered’ case. It is shown that the effect becomes smaller as the
cell gets larger, and negligible in cells which are above 100um in
length.

==='1L=100um,non-hindered
1F —1=100um, r =100nm R
[

==='L=10um,non-hindered

0.8 —L=10um, rp:100nm
==='L=1um,non-hindered
—L=1pm, rp:100nm

1.251%/30 :
i
C /3D,

10°
t(s)

Fig. 3 The influence of hindered diffusion on the probability of im-
pact, in a confined space for large targets and various cell sizes
L=100pum,10um,1um. The dashed lines presents the non-hindered cal-
culations, and the solid lines the calculations with hindered diffusion.

The analytical solution of the mean time for impact with no
consideration of hindered-diffusion follows L?/3D in such a ge-
ometry 8. We compare this value to the mean time of impact in
the ‘hindered’ case which is calculated numerically (also referred

to the ‘mean first passage time’) 4:

oo

L
//lfcxt )]dxds
0 X

1

14

As shown in figure 3. Only at very small L = 1um, is a significant
effect on the expected time of impact observed for the 100nm par-
ticles. It is concluded from these results that for a macro electrode
as a target, the effect of hindered diffusion can be legitimately
neglected unless the cell is confined to a very small size. This is
easily explained by the fact that in a non-confined cell the dif-
fusion layer gets much further away from the hindered diffusion
zone and therefore most of the time the particle ‘searches’ for the
target with a bulk diffusion coefficient (as illustrated in figure 2).
Hence, the expectation time or the flux in a many-particle system
are in such cases not much influenced by hindered diffusion. This
behaviour is valid only in the case of large targets as discussed in
the previous section. We next provide the calculations for the case
of a finite sphere where near-wall hindered diffusion can play an
important role regardless of the cell size.

3.2 1D cell - a finite sphere target
The diffusion of a particle towards a sphere is schematically
shown in figure 4. In this case, the diffusion layer is convergent

§L?/3D is calculated directly from the integration of the mean passage time:
DyAt(x) = —1 with the boundary conditions, 7(0) = 0 and J,7(L) = 0, for a parti-
cle with a initial uniform probability density in all x (from O to L).

This journal is © The Royal Society of Chemistry [year]



(also confined to a small distance), and depends on the particle
size can be comparable to the hindered diffusion zone. As a re-
sult, the particle diffusion coefficient is hindered for a significant
fraction of its searching time.

c~c*

Diffusion layer, c<c*

Fig. 4 Bounded cell of a size r, with 1D radial symmetry (solid circle),
featuring a finite sphere electrode as a target (ry) . The drawing illustrates
the diffusion field/layer (cyan to white gradient, limited by the denser-
doted circle) and the hindered diffusion layer near the spherical target
(violet to blue, limited by the space-doted circle).

3.2.1 Model

We numerically solve the non-homogeneous diffusion equation in
spherical coordinates and 1D radial symmetry:
dD(r—rs) de

ar or -F (15

8c(r,t)_D( 1) 372c+g@
o VT2 T o

where D(r —ry) is the hindered diffusion coefficient calculated in
accordance with eq. (3), where & equals r — rs.

In order to get a better accuracy for very small targets and par-
ticle sizes, instead of using a fully adsorbing boundary, we use an
electron tunnelling approximation via a sink term (P), to model
the impact of a particle as a fast reaction at a very small distance
from the surface. This follows an exponential fall off of the tun-
nelling probability with distance:

P=c(rt)ve B (16)

v is the tunnelling rate (s~1) of the process which is chosen to be
sufficiently large to provide a converged result. 8 is the electron
decay factor (m ') which is solvent dependent and from scanning
tunnelling microscope measurements is thought to be 1.594~! in
aqueous media®>47. It is noted that our calculation is found to
be insensitive to small changes in the value of this parameter,
however the effect of the tunnelling distance is varies for various
sizes of targets as is discussed next in the dimensionless analysis
and in the result.

3.2.2 Dimensionless form

We can transform the diffusion equation into a dimensionless
form in order to reduce the number of dependant parameters.
The r coordinate, the particle radius, and the cell size are nor-
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malised to the radius of the sphere:
R=vr/rg, Ry=rp/rs, Re =r¢/rs a”n

A dimensionless time is introduced:
T =Dyt /r? (18)

and the diffusion coefficient and the concentration can be nor-
malised to:
D*(R) = D(R)/Dy (19

C=c/c" (20)

This results in the dimensionless form of the diffusion problem:

oc 2’C 29C\ 9dD*(R—-1)dC
E*D(R_l)(WJ“Eﬁ) ok or [ @D
where the dimensionless sink term is given as:
2
pr = 5y B R (22)

and B* = Br;.

Reflection boundary conditions are used everywhere, at the
surface of the electrode sphere and at the upper boundary of the
cell.

The dimensionless total flux of particles impacting the sphere
is calculated through the mass balance as follows:

R,
_ (9C 2

The dimensional flux is therefore:
J(t) = Jo(T)c"rsDo 24

We carried out a full parametric study to quantify the time depen-
dent and the steady state flux. Details on the numerical solution
and convergence tests are provided in the computational methods
(see Supplementary Information).

3.2.3 Discussion

The effect of hindered diffusion on the transient flux of particles
for various ratios R, (r,/rs) impacting on a sphere is shown in
figure 5. In order to provide a clear estimation of the effect at
different ratios (r,/rs), the flux is normalised to the theoretical
steady state flux towards a sphere (47wc*ryDy).

The results show a strong dependence of the expected flux on
the ratio r,/r;. The results also suggest that the transient flux
is strongly influenced by hindered diffusion at all times. At very
short times this is due to the arrival of particles from very short
distances, where D(r) << Dy. In contrast with the case of a
macro-scale flat target, the steady-state flux strongly depends on
the particle size.

Since B* depends on r;, B* can also affect the flux response.
Figure 6 shows the behaviour of the normalised flux of particles
for various ratios r,/r; and for a large range of B* = 10* — 10°.
The figure shows that the flux depends also on * and therefore
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101 —— hindered (§°=1.59 - 10%)

.............. non-hindered (rs>>rp)

*

Jdnc'r D)

Fig. 5 Flux of particles of various R, (r,/rs), normalised to steady state
and as function of dimensionless time. B* = 1.59-10*, which corresponds
to ry = lum and B = 1.594~! in aqueous media.

001 e
2 — 1 r =01 p'=10°

- 106
— rp/rs—1 B =10

<)
T

J/(4nctrsD0)

o
o
T

10 10
T (D, tr%)

Fig. 6 Flux of particles of various R, (r,/r;=0.01,0.1,1), and for various
B* =10%10%,10°. The flux is normalised to steady state and as function
of dimensionless time.

is a function of the absolute value of the tunnelling size. When the
tunnelling distance is smaller (larger f*), the effect of hindered
diffusion layer is more dominant since the diffusion coefficient is
damped to a lower value before charge transfer occurs. Accord-
ingly, it is observed from the dimensionless analysis that for a
given ry/rp, when r; is larger, the flux is reduced and tends to be
more affected by the hindered diffusion. Figure 6 also shows that
when ry/r, is large (0.01) the effect of B* is moderated. When the
particle is very small relative to the target, the effect of hindered
diffusion is reduced since the hindered diffusion layer becomes
comparable in size to the size of the tunnelling zone.

For practical use, we also present the results using dimensional
sizes of ry and r,. The effect of hindered diffusion on the tran-
sient flux of particles impacting on a sphere is shown in figure
7. In order to provide a clear estimation of the effect at differ-
ent sizes of electrodes and particles, the flux is normalised to the
theoretical steady state flux of each case, and the time is given in
dimensionless units.

The results show a large reduction of the expected flux for
100nm particles and a moderate effect on the flux of 20nm parti-
cles. The effect found to be significant for target sizes in the order
of 1um and below.

6| Journal Name, [year], [vol.],1—11

\r=5um e non-hindered (rs>>rp)
" rp=20nm

IS

— r =100nm
P

w

*

Jl(4n c rsDO)

N

N

Fig. 7 Flux of particles of radius 20nm (orange curves) and 100nm (blue
curves) normalised to steady state and as function of dimensionless time.

In many systems for single particle detection such as the ‘im-
pact’ method, the diffusive flux of particles is at steady state. We
have conducted a parametric study of the steady state flux (Jgs),
to find the correlation between the size of the target and the par-
ticle size. The map of the flux relative to the flux under non-
hindered diffusion was simulated for a set of 4000 parameters
and is given in figure 8. We use the least-square method to fit
the steady state flux map to an exponential function, relying on
the behaviour found earlier, and the knowledge of the asymptotic
solutions (r,/rg — e,/ — 0 and r,/ry — 0,/ — 1). The steady
state equation in the case of particles impacting a sphere can be
approximated as:

sphere: JIT, = 4D mc*rg(0.57e 72345 +0.43e 2% L Er) (25)

The equation is fitted with an r-square value of 0.996, and can
be used to estimate of the effect of hindered diffusion towards a
sphere. The function provides a good fitting for most ratios of
rp/rs, with a maximum deviation Er = +0.08. We provide a resid-
ual map for better accuracy in the Supplementary Information.
The equation along with the residual map can be used directly to
estimate the flux of particles towards a sphere or a hemi-sphere.

The map in figure 8 and eq. (25) show the strong relation of
the hindered diffusion as function of the ratio r,/r,. It is also
shown that the effect is significant for micrometre targets and
large nano-particles of a few hundreds nanometre sizes.

sphere radius [um]

0 200 400 600 800 1000
particle radius [nm]

Fig. 8 The steady state flux map as a function of the nano-particle and
sphere size.

This journal is © The Royal Society of Chemistry [year]



Note that the results of the map presented in figure 8 and eq.
(25) hold when the target is large in comparison to the particle
size. When the particle size is comparable or larger than the tar-
get, the hydrodynamic mobility is less influenced by the target
and would result in a deviation from the calculated steady state
flux.

We next address the result of the mean first passage time
(MFPT) of a particle searching for a sphere, bounded in a spheri-
cal cell of the order of a few micrometres. In such cells the target
can be of the sub-micron size. This is relevant for biological pro-
cesses involve with calculations the mean first passage times of
a biomolecules searching for small targets*1-42 and also relevant
for small targets as nano-electrodes!!. We calculate the MFPT
directly through the temporal integration of the survival density

function:
te

= / [1—dn / c(r1)rPdrdr (26)
0 I
for one particle in a bounded sphere with radius r.. We carried
out a parametric study to find how the MFPT changes under the
influence of near-wall hindered diffusion. For all cases we se-
lected r. = 1007y, far enough from the target. The ratio between
the calculation of the MFPT for non-hindered case 7 to the calcu-
lation of the ‘hindered’ case 7p, are presented in the colour-map
in figure 9. The map shows the deviation from the mean first
passage time can be significant. For instance, when the target is
in the order of a few hundreds nanometres, even considering a
small radius of particle, such as 20nm, the expected MFPT is five
times smaller than the calculated with including the hindered dif-
fusion. The map shows that the first passage time can be reduced
drastically for small targets even when considering the problem
of small nano-sized particles searching for small targets.

o
n

sphere radius jum]
o
w

o
N

20 40 60 80 100 120 140 160 180
particle radius [nm]

Fig. 9 The mean first passage time (MFPT) of a particle searching for a
sphere for the ‘non-hindered’ case relative to the MFPT of the ‘hindered’
case.

4 Near-wall Hindered diffusion of particles
towards a finite disc and a wire

In impact experiments or in general in sensing applications, mi-
crodisc or wire target!® geometries are generally used. These

This journal is © The Royal Society of Chemistry [year]

behave as fully adsorbing surfaces in the case of electrodes when
a sufficiently high potential is applied. The number of expected
impacts in these systems is determined from the diffusion flux.
Here we quantify the deviation from the expected flux as func-
tion of the disc radius or the wire radius in comparison to the
particle size.

4.1 Hindered diffusion of particles towards a finite disc
Microdisc electrodes are typically fabricated by insulating a metal
wire with a radius r; of the order of microns in a glass sheath
with a radius r.. The 2D symmetry is illustrated in figure 10.

Fig. 10 Microdisc electrode with a radius r, insulated with a sheath of a
size r.(>> ry) in a cell size of z.(> ry).

When particles arrive close to the surface of the sheath the hy-
drodynamic mobility loss is anisotropic in the normal (Z) and par-
allel directions (#). In cylindrical coordinates, the diffusion equa-
tion has the form“8:

%:V-{D(%f—k%%(ﬁ-ﬁ-g—;f)} 27)
and the diffusion coefficient is represented by a second rank ten-
sor:
Orr  Orp Oz
D =Dy |0y, Opyp Oy (28)
Ozr  Ozp Oz

For an axisimmetric system like the ones considered, the
anisotropic diffusion equation simplifies to:

(9726 Oy dc d%c

doy; dc
S ar O

5 a?) P (29

More detail is provided in the Supporting Information). o,(z)
follows the Bevan and Prieve approximation(eq. (3)) and for the
parallel diffusion coefficient, o,.(z) , Faxén’s approximation can

be used3°:
9 r 1 r 3
N=1-—2= )4 - P
or{f) 16 (h+rp>+8<h+"p)
s N Y
256 \ h+rp 16 \h+rp

Anisotropic diffusion in this system is considered for the disc and
for the insulating sheath surrounding it. Hindered diffusion for

(30)
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the cell boundaries far from the electrodes is neglected. Instead
of using an adsorbing boundary on the disk, we add a sink term
P as is discussed for the case of a sphere. Here we implement
the electron tunnelling zone as a function of the distance z from
the surfaces. Reflection boundary conditions are considered ev-
erywhere, on the insulating sheath, on the cell boundaries, and
on the disk electrode. The cell boundaries in the case of the mi-
crodisc are generally far enough to affect diffusion in the time
scale of experiment. Invariably, we chose r. and z. to be larger
than 6,/Dot*°. At zero time, the concentration in all space is set
to the bulk concentration, ¢(x,7 = 0) = c¢*.

We solve the 2D anisotropic diffusion equation numerically (see
methods in Supplementary Information) and to calculate the flux
and the accumulated number of impacts on a microdisc surface
through mass balance. The value of f selected is § = 1.59A~! and
therefore assume that the zone of electron transferring is tiny in
comparison to the size of the hindered diffusion layer and diffu-
sion layer. The effects of hindered diffusion on the transient flux
and the number of impacts on a micro-disc are presented in fig-
ure 11a and figure 11b, respectively. In order to provide a clear
estimation of the effect at different sizes of electrodes and parti-
cles, the flux is normalised to J/c*r;Dy, and the time is in dimen-
sionless units (tDy/ r%). The number of impacts in 11b is further
normalized to c*r2. The transient curves for the different sizes of
targets and for 100nm and 20nm sizes are compared to the flux
for non-hindered case. The results show the different behaviour
of the flux and the expectation of the number of impacts is influ-
enced by the disc size in the case of particle of 100nm but only a
moderate deviation is expected for small size nano-particles, even
at ultra-small electrodes.

The result explains the fit to Fick’s diffusion (non-hindered
case) of experimental measurements to determine concentrations
of silver nano-particles and for Nickel nano-particles via 6.9um
microdisc electrodes 4. In their work, the frequency of impacts
was measured for various dilute concentrations, and found to in-
crease linearly with the concentration. Moreover, for each con-
centration they fitted the accumulative number of impacts to the
theoretical number of impacts from Fick’s diffusion which was
found to be with good agreement (less then 5% deviation in a 5s
measurement).

The result shows an example of the importance of this analysis
for the determination of nano-particles in environmental applica-
tions.

We examined further the steady-state response by a parametric
study in a similar way as discussed for the sphere. The colour map
of the ratio between the steady state flux to the steady-state flux
in non-hindered case is presented in figure 12. We also assume
B = 1.594~! and show the result for the dimensional case where
ry and r, is varied. The map shows no significant differences
from the sphere case. This is due to the fact that the solution
for a sphere is also the solution of hemisphere lying on a large
reflecting surface which closely resembles the case of the disc#°.
However, the steady state flux is found to be fitted to a similar
function with different coefficients:

it

— » — p
by = 4Doc"rg(0.57e 7370 +0.43¢ 7025 £Er) (31)

disc :
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Fig. 11 The influence of hindered diffusion on the normalised flux (a),
and on the number of impacts expected (b) on a microdisc target for vari-
ous disc radii (0.5um-5um), and for particles of 20nm (orange curves)
and 100nm (blue curves). The dashed & black curves represent the
cases of neglecting hindered diffusion. § is chosen to be 1.594!.

The goodness of the fitting (r-square=0.9943) is shown by the
residual map (Er) in the Supplementary Information. The func-
tions along with the residual map can also be used directly by
experimentalist for the prediction of the hindered diffusion effect
on the flux of particles and for an estimation of the number of
impacts.

Examining the coefficients of the exponentials in the functions
of the spherical case in eq. (25)(-2.34,-0.21) and the disc case (-
3.37,-0.26) reveals the contribution of the anisotropic transport.
The significantly larger coefficients for the disc function indicates
a stronger reduction of the flux in comparison to the steady state
flux. This is due to the additional hydrodynamic loss in the lateral
direction (r) when a particle arrives at the sheath surface.

Note that for the disc as a target, the size of the wall that hin-
ders the hydrodynamic mobility is the size of the target as well as
the usually large insulating sheath. Therefore, the model holds
also when the target size is comparable to the size of the particle.

4.2 Hindered diffusion towards a wire

An important case is the wire electrode recommended for use in
particle impact experiments consists of micro-sized radius r,, and
length /, typically / > r,. The wire electrode geometry has pro-
vides a higher number of impacts for the same electrode area of
a disc16. In addition, impact experiments of large particle sizes,
usually only become feasible with wire electrodes’-18. Here we

This journal is © The Royal Society of Chemistry [year]
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Fig. 12 The hindered diffusion steady state flux as a fraction of the non-
hindered flux (Jp(,)/Jp,) map as a function of the nano-particle size and

the disc size. The map present the case of § = 1.594~.

can show that the effect of near-wall hindered diffusion is much
reduced in comparison to the case of a sphere or disc due to the
changed characteristic diffusion field towards the wire. The diffu-
sion layer characterised with a mixed behaviour of small and large
scale targets. The diffusion equation can be solved by assuming
axial symmetry; we will neglect edge effects in our treatment.
The diffusion equation is therefore:

dD(r—ry) de

ar or -P G2

8c(r,t)_D(_ ) 37%4_1@
o VT 92 T ar

where r,, is the micro-size radius of the wire. We use the same
methodology and boundary conditions described earlier in the
sphere case.

The results for the number of impacts for various sizes of par-
ticles are presented for 1um and for 5um radii in figure 13a and
figure 13b, respectively. The number of impacts is normalized
to 27c*Ir2. The results can easily be converted for experimental
purposes. The curves show a significantly reduced effect of hin-
dered diffusion in comparison with the disk or sphere as targets.
This is due to the semi ‘macro’ behaviour of the wire. The diffu-
sion layer propagates into a much larger space than in the case
of fully convergent diffusion due to the large length of the wire.
We hence find that the number of impacts is less influenced by
hindered diffusion.

This observation explains the surprising high number of im-
pacts reported for large particles (E.coli bacteria)” of size
>1.0um impacting a wire electrode with a radius of 3.5um. A
frequency of ~ 0.25s~ ! which is ~ 60% of the expected frequency
from pure Fickian diffusion was reported. This observation agrees
with the calculated average frequency with the inclusion of hin-
dered diffusion ~ 0.21s~! for a 1um particle size (for simplicity
approximating the bacteria a spherical particle). This proportion
can also be inferred by looking at figure 13b for the case of 5um.
The lower calculated frequency can be related to the fact that
the bacteria size (>1.0um) is in the order of the size of the wall
(3.5um).

It is also useful to discuss the result of the dimensionless form

This journal is © The Royal Society of Chemistry [year]

non-hindered .~ . _50nm
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wire: rw=1 um
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Fig. 13 The number of impacts expected on a wire for various sizes
of particles (50nm-1.5um) compared to the ‘non-hindered’ case. The
results are presented for a wire of a radius r,, = lum (a), and r,, = 5um
(b), B =1.5941.

problem, in the same manner it is discussed earlier for the sphere.
In this case the coordinates are normalised to r,, so the diffusion
equation becomes:

ac 9°C 19C\ oD*(R—-1)dC
E‘D(R_l)(W’LETR) —or & T ©G¥
Cr? *
«_ v —B*(R-1)
P Dove (34)
and B* = Bry.

Figure 14 shows the normalised flux towards the wire for two
different ratios r, /r,, = 0.01,0.1 and as function of *. The results
show that the effect of 8*, (a measure of the tunnelling distance)
on the flux is smaller at small ratios as observed in the case of the
sphere. However, it is also observed that the effect of B* on the
flux is reduced strongly at long time. This is due to the reduced
effect of the hindered diffusion layer towards a wire.

5 Conclusions

When a particle diffuses from bulk solution towards a target it is
slowed close to the target. We have shown that although in a non-
confined space hindered diffusion can be legitimately neglected,
for sufficiently small targets the transport is effectively confined
by the diffusion field. Subsequently, the flux strongly depends
on the size of the particle and the size of the target regardless of
the cell size. The numerical study have also shown a significant
reduction of the flux at targets of the order of a micrometre, and
particularly for particles of the order of 100nm or larger.
Parametric studies have enabled the development of equations
that show the flux dependency on the ratio between the size of
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Fig. 14 Flux of particles of various R, (r,/r,) and B*. The flux is nor-
malised to steady state and presented as a function of dimensionless
time.

the target and the size of the particle assuming that the zone of
hindered diffusion is larger than that of electron transfer. The
functions estimate the flux of particles in experimental studies
such as of the electrochemical ‘impact’ method and can be used
to estimate the stochastic number of impacts.

For instance, the calculation of ‘impacts’ towards a wire target
as an electrode could explain the high number of particle impacts
despite the large size of particles. The later agrees with the cal-
culated average frequency of E.coli bacteria with the inclusion of
hindered diffusion (~ 0.21s~'). The results also explain the close
fitting to pure Fickian diffusion with a bulk diffusion coefficient of
of silver nano-particles and for Nickel nano-particles at a ~ 7um
microdisc.

Additionally, calculations of the mean first passage time to-
wards a sphere and a hemi-sphere have shown a large deviation
from the non hindered case. We found that when the window
is in the order of hundreds nanometers, the expected mean first
passage time is five times shorter than the calculated hindered
diffusion for a particle of a size of 20nm. Hence it is particularly
important for the understanding of diffusion processes such as
of biomolecules searching for sub-micrometre size targets. This
includes synapse regulation of the exit rate, drag delivery appli-
cations and modelling viruses travel towards a nuclear pore.
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