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Probabilistic Modelling of Functional Modes
in the Human Brain

Sam Harrison

ABSTRACT

It is well established that it is possible to observe spontaneous, highly structured
fluctuations in human brain activity from functional magnetic resonance imaging
(fMRI) data when the subject is ‘at rest’. This activity can be decomposed into
groups of spatially distributed brain regions that are consistently temporally co-
activated, and this thesis is concerned with developing new methods to identify
these functional modes.

We introduce a probabilistic model that allows us to infer functional modes
without making restrictive assumptions about the spatio-temporal interactions
between them, and furthermore, the model also accounts for the variability of
these modes over subjects. Both of these facets of the model represent advances
compared to current mode-identification techniques. We use a computationally
efficient variational Bayesian approach to make inferences from this model, and
this allows us to draw upon the enormous amount of information available from
the types of large-scale fMRI data collection initiatives that are becoming the norm.

We demonstrate, using data from over 450 subjects collected as part of the
Human Connectome Project, that we can reliably infer a set of modes that captures
an enormous degree of spatial variability over subjects and that makes a novel set
of predictions about the temporal relationships that modes have with one another.
Finally, we highlight the importance of functional registration and bring to light a
surprising link between temporal non-stationarities and the fMRI global signal.

DPhil Thesis: Department of Engineering Science, University of Oxford.
Submitted Trinity Term 2015.
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The idea that ... thought itself, ... emotion and reason, ... memories,
dreams and reflections should consist of jelly, is simply too strange to

understand. Henry Marsh [2014]



CHAPTER 1

INTRODUCTION

1.1 A History of Resting-State fMRI

The concept of the resting state represents a radical departure from traditional
approaches to neuroimaging. Subjects are scanned without any overt task to
perform, simply letting their minds wander’. The simplicity of the acquisition belies
the complexity of the data that results, and the staggering amount of information

about individuals that this conveys.

Here, we chart the development of the resting state, describing how it evolved
from more traditional approaches before discussing some of the key findings to

date and speculating on what the immediate future holds.

1.1.1 Early days of fMRI

Understanding how the neural circuitry in the brain is harnessed to perform cognit-

ive tasks is a fundamental scientific question, for which dedicated research began

in earnest in the 19" century. Initially, studies like the seminal work of Hughlings

'0r, surprisingly regularly, sleep [Tagliazucchi and Laufs 2014].
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Jackson [1879], Broca [1861] and Wernicke [1874] to name but a few?, relied upon
examination of patients with specific neurological conditions; inferences about
function were made by pairing differences in behaviours with observable morpho-
logical differences. Only shortly after, Brodmann [1909] published his pioneering
work that demarcated brain regions based on differences in the underlying cellular
architecture, illustrating that the complex functional behaviours of the brain are
underpinned by a similarly complex structure. However, it was the advent of
neuroimaging techniques that simultaneously allow detailed examination of the
brain’s activity and structure that revolutionised the field.

Initially, positron emission tomography (PET) scanning dominated neuroima-
ging research, with the first proof of principle functional human brain scan taking
place in 1976 [Hoffman et al. 1976; Nutt 2002], a whole year before the first com-
plete MR slice through the body was demonstrated [Damadian et al. 1977]. PET
directly images brain metabolism by recording the spatial location of radioactively
labelled variants of key neural molecules. With these very direct measures of
metabolism, PET became the workhorse of functional neuroimaging for almost
the next two decades. However, it has several key limitations, including requiring
a small radiation dose with each scan and having very limited temporal resolution.

A rich new avenue of exploration was opened up in 1990 when Ogawa and
colleagues discovered the blood-oxygenation-level dependent (BOLD) signal in
MRI [Ogawa and Lee 1990; Ogawa et al. 1990a; b]. It had been known since 1936
that the magnetic properties of heemoglobin depend on whether or not oxygen is
bound to the molecule [Pauling and Coryell 1936]; Ogawa’s key observation was
that these subtle differences give an observable change in the MRI signal which
is dependant on the concentration of oxygen in the blood. This observation, that

MRI could be indirectly used to measure metabolic processes in the brain, paved

*The book by Eling [1994] ties together much of this early work, and more information on
Hughlings Jackson can be found in the book by Critchley and Critchley [1998].
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the way for the new field of fMRI®.

1.1.2 Task fMRI

MRI scanners had been commercially available for a decade when the BOLD signal
was discovered, so the relative maturity of the technology meant that it was not
long before fMRI was producing images of brain activity in humans. In 1992 three
fMRI studies were published, reporting activation in either the visual or motor
systems dependant upon the tasks performed by the subjects [Bandettini et al.
1992; Kwong et al. 1992; Ogawa et al. 1992].

These three studies established the blueprint for the task based experiments
that have given enormous insights into the functional organisation of the brain.
Typically, a group of subjects are scanned while undertaking a cognitive, sensory
or motor task. Crucially, the task is performed multiple times, with task repetitions
being interspersed with a suitable control condition. Then, the observed fMRI
response in each voxel is compared to the timings at which the task was performed,
after suitable adjustment to account for the heemodynamic processes. The standard
inference is that any voxels which have a statistically similar response to the task
presentations—that is to say voxels that are more activated in the task than control
conditions—are part of the functional network that is recruited for the cognitive
process under examination’.

This approach has been enormously successful, yielding some remarkable
insights into brain function through the application of a staggeringly diverse set of
tasks. For example, the task paradigm has been used to research a set of topics as
varied as the phenomenal flexibility of the neural architecture [Amedi et al. 2003;

Goyal et al. 2006], the brain’s internal representation of space [Doeller et al. 2010],

*For a good overview of the development of fMRI see Huettel et al. [2004].
*With the normal, though frequently omitted, caveats about correlation and causation [Van Horn
and Poldrack 2009].
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the neural substrate of the pain response both within the brain and the spinal
cord [Sprenger et al. 2015], and why we found magical stories so appealing [Hsu
et al. 2015]. However, all these investigations share the same fundamental analysis

technique which, conceptually, remains essentially identical from task to task.

Implications of the heemodynamic response function (HRF)

It became apparent very early on that the dynamics of blood flow in the brain dom-
inate the observed responses in fMRI. There is a complex sequence of physiological
events that link neural activity to changes in the BOLD signal, and this needs to
be accounted for before relating the task presentations to the fMRI data. While
complex biophysical models can be formulated [Buxton et al. 1998], most models
just capture two key properties: relative to the neuronal signal, the BOLD signal
is both delayed and temporally blurred.

The standard approach is to approximate the BOLD signal as a linear convolu-
tion of the underlying neural activity. An example of a heemodynamic response
function (HRF) that is commonly used to perform this convolution is shown in
Figure 1.1(a), and the delay and blurring actions of this filter are clear. In the fre-
quency domain, the heemodynamic processes act as a low-pass filter. Figure 1.1(b)
shows the frequency response of the HRF, and in this case 99 % of the power is
admitted at frequencies of less than 0.15 Hz—theoretically, this tells us that we can
sample once every three seconds and still comfortably capture all of that signal.

Naturally, the HRF is much more complex than a simple linear filter. It has
been shown to vary across both subjects and brain regions [Aguirre et al. 1998;
Handwerker et al. 2004] and to have strongly coupled spatio-temporal interactions
[Kriegeskorte et al. 2010], amongst many other complex properties. There also
appear to be intriguing non-linearities, as data acquired at higher sampling rates
have been shown to contain much richer temporal dynamics [Smith et al. 2012].

However, the fundamental point remains—fMRI data is dominated by the low-

4
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Figure 1.1: Temporal characteristics and frequency content of a heemodynamic response
function.

frequency blurring of the HRF and any analysis techniques must be robust in light

of those properties, whatever the experimental paradigm.

Alternative task analysis techniques

While the traditional, hypothesis-driven approach to task analysis was, and con-
tinues to be, enormously successful, it requires the experimenter to propose an
explicit model for the neural response to the task in question’. Traditionally, the
proposed neural response is simply that the neural populations of interest will be
more active during the task than during the control condition.

However, there are many classes of tasks where this simple model is unrealistic.
For example, problems could arise either if the task is complex enough that it
induces a non-trivial sequence of neural responses, or if habituation changes the
response across repeated stimulus presentations, or in patient populations, or for

any number of other reasons’. In these cases, it would be useful to be able to

3Of course, this is simply the (Popperian) scientific process, and the ability to refute hypotheses
is arguably the greatest strength of the whole procedure [Friston 1998].

®Note that we define the task paradigm as one in which a stimulus is presented, and inferences
are made by comparing the responses to a pre-specified model. This allows for much more complex
procedures than the simple task-versus-control example given above. For example, it is possible to
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interrogate the data in a more free-form way, even if only to ‘provide insights that

allow better models to be elaborated’ [Friston 1998].

In 1998, Terry Sejnowski’s group provided a template for doing exactly that.
Their three hugely influential papers from that year introduced independent com-
ponent analysis (ICA) as a method for analysing task fMRI data [McKeown et al.
1998a; b; McKeown and Sejnowski 1998]. Rather than looking for correlations with
a pre-specified time course, ICA seeks to decompose the data into a set of maxim-
ally independent components; in the case of fMRI data, a component consists of a
time course, capturing when that component was active during the scan, and a
spatial map, encoding which voxels in the brain contained that time course (see
Chapter 2 for a much more thorough discussion of ICA and related approaches).
Crucially, the ICA pipeline proceeds without any knowledge of the task, and the
model is inferred in a completely data-driven way—the interpretation of the results
is normally informed by a post hoc comparison between the component time

courses and the task itself.

The methods community seized on this new development, and within a few
years ICA-based techniques had been developed to perform group analyses [Cal-
houn et al. 2001], automatically infer the number of components of interest [Beck-
mann and Smith 2002], separate physiological signals from artefacts [Kiviniemi

et al. 2003], and many more besides [Calhoun et al. 2003].

In reality, these data-driven analyses have had a relatively minor impact on
analysis of task fMRI data. As Friston [1998] noted at the time, ‘the hypothesis
based scientific process ... has arisen ... because it is so efficacious’ and in that
sense was always unlikely to be usurped. However, as we shall see later, it was

the validation of techniques that used the fMRI data itself to define an internal,

model the effects of habituation on neural responses, referred to as repetition suppression, and this
has allowed, for example, some genuinely astonishing investigations into the neural substrates of
the brain’s internal representational space [Doeller et al. 2010; Barron et al. 2013].
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rather than an external, model that would prove crucial.

1.1.3 Emergence of the resting state

In their eloquent synthesis of the history of the resting state, Callard and Margulies
[2011] ascribe the emergence of the new discipline to the coalescence of two distinct
lines of research: the efforts to characterise the spontaneous fluctuations observed
in fMRI, and the attempts to understand what should be considered an appropriate
baseline for task fMRI. While the two strands now form a mutually dependent
whole, they have shaped, and continue to shape, the study of rest in distinct ways.

Here, we follow the structure of Callard and Margulies’ account; we give a brief
summary of the initial bodies of work, before describing some of the important

contributions to the nascent composite discipline.

Structured fluctuations and functional connectivity

The first line of research was primarily concerned with the characterisation of the
spontaneous fluctuations observed in fMRI data. For task fMRI, these fluctuations
had long been considered as noise; while problematic, the assumption was that
the fluctuations would be ‘sufficiently random ... to be averaged out in statistical
analysis’ [Deco et al. 2011].

The key observation came from Biswal et al. [1995], whose study showed that
these spontaneous fluctuations exhibited a spatial structure that was strikingly
similar to patterns of task-induced activity. The concept was a simple one: they
looked for regions that correlated with the time course of a voxel in the left motor
cortex of a subject scanned at rest. They observed that the pattern of inter- and
intra-hemispheric correlations within the motor cortex at rest was remarkably
similar to the regions activated by a simple finger-tapping task. Their figure 3, in
particular, is a beautifully concise summary of what was a revolutionary concept.

This introduced a new way of characterising relationships between brain



CHAPTER 1

regions, namely functional connectivity. This is simply defined as ‘statistical de-
pendencies among remote neurophysiological events’ [Friston 2011], so states
that we can consider regions with similar patterns of activity to be connected in
some sense. This has generated its fair share of controversy’, but nonetheless
was a profound reimagining of the way interactions between brain regions are
characterised.

However, this approach was not immediately accepted. Three years later,
Ogawa et al. [1998] covered this in a review and, while obviously excited by
the findings, were concerned that ‘it is yet to be shown that the origin of the
correlation is neurophysiological’. Even five years later, Cordes et al. [2000]
showed that Biswal’s findings could be extended to multiple brain regions, and
that the functional connectivity between regions was dominated by low-frequency
fluctuations that seemed to be distinct from cardiac and respiratory artefacts
[Cordes et al. 2000; 2001]. What is interesting is that methodologically, this was
essentially a replication of Biswal’s original study; even at this stage there was
still a concerted effort to confirm the legitimacy of the functional connectivity

approach.

The hunt for a baseline and the re-emergence of the self

The second line of work was primarily concerned with whether or not there is a
baseline brain state, against which the activity induced by task demands can be
reliably compared. As described earlier, the task paradigm works by contrasting the
activity during a cognitive task of interest with the observed activity in a control
state. Initially at least, the control state was often either the subject maintaining
visual fixation on a cross on a screen, but being otherwise unoccupied, or a passive

condition, typically observing the same set of stimuli used for the task but with

’In essence because functional connectivity is descriptive rather than explanatory. The alternative
is effective connectivity, which ‘refers explicitly to the influence that one neural system exerts over
another’ [Friston 2011] and is intrinsically linked to an underlying model of neural activity.
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no engagement required. Despite an ‘uneasiness in interpreting passive task

conditions’ [Buckner et al. 2008], this approach had served the field well.

In 1997, the debate about what a suitable control state would look like was
suddenly brought to the fore by a pair of meta-analyses. Shulman et al. [1997a]
re-analysed nine different PET studies incorporating a diverse set of tasks, hoping
to identify regions that were activated by all the tasks, and as such might be
thought of as providing a common neural substrate for task responses. They found
no such cortical regions. However, in the second analysis, Shulman et al. [1997b]
observed that there was a set of regions that seemed to be more active during the
control state than during the task state, and what’s more, this set of regions could
be consistently identified from each of the different tasks. These results are shown

in Figure 1.2.

The consistency of this result over a wide range of tasks was striking, but
the interpretation of their observation was much less clear. The task paradigm is
predicated on the comparison between conditions, but this introduces an ambiguity.
The first possible explanation is that these observations reflected an increase in
activity induced by the control state itself, or in other words, ‘any control state, no
matter how carefully it is selected, is just another task state with its own unique
areas of activation’ [Raichle et al. 2001]. The second interpretation is antithetical
to the first, and simply ascribes the relatively higher activity in the control state
to a decrease in activity during the task presentations, or in other words, this is
a set of functional regions that is suppressed by externally focused, cognitively

demanding tasks.

In 2001, Marcus Raichle’s group proposed a solution to this problem. In the
first of three seminal papers they would publish that year, they hypothesised that
the activation/deactivation ambiguity could be resolved by examining the brain’s

metabolism in more detail [Raichle et al. 2001].
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(a) Brain regions that exhibited a decrease in blood flow during task conditions,
as identified by Shulman et al. [1997b]. The image was generated from a meta-
analysis of nine PET studies.

(b) The data from panel (a) projected onto the cortical surface of the left hemi-
sphere by Buckner et al. [2008]. Blue regions exhibit decreases in activity during
tasks.

Figure 1.2: The set of brain regions identified by Shulman et al. [1997b] that exhibit
consistent decreases in activity during tasks. These would go on to form the basis of the
default mode network as described by Greicius et al. [2003].

10



INTRODUCTION

From a metabolic point of view, the brain is enormously expensive. In adults,
it accounts for 2 % of body mass but its energy use accounts for 20 % of the resting
metabolic rate [Kety 1957; Rolfe and Brown 1997]. Even more remarkably, Kuzawa
etal. [2014] showed that the brain’s energy consumption peaks at 66 % of the resting
metabolic rate in children®. However, these phenomenal energy requirements are
only slightly modulated by conscious mental activity [Sokoloff et al. 1955], with
changes in metabolic demand ‘usually in the range of 10 % or less, hardly a serious

physiologic challenge’ [Shulman et al. 1997b].

Raichle’s crucial insight was that this abnormally high and consistent metabolic
load could be use to define a physiological baseline. In their detailed study of the
brain’s metabolism using PET, Raichle et al. [2001] examined subjects at rest, with
their eyes open. What they noticed was that while the blood flow to different brain
regions varied considerably, the fraction of available oxygen used by different
tissues was strikingly consistent across the whole brain. Their interpretation was
that this consistency was indicative of a general physiological equilibrium, and
therefore that the observed changes in activity induced by different tasks repres-
ented fluctuations around this baseline. This recasting of the resting state as an
absolute baseline weighs in favour of the second interpretation of the observations
made by Shulman et al. [1997b], namely that there is a set of ‘brain function[s]

that [are] suspended during specific goal- directed behaviors’ [Raichle et al. 2001].

More was to follow, as 2001 proved to be something of an annus mirabilis for
Marcus Raichle. While they had proposed sound reasons to consider the resting
state as a baseline, a fundamental question remained: what does this baseline

level of activity represent? In their second paper, Gusnard et al. [2001] showed

8Humans have exceptionally slow growth rates in the period between weaning and puberty
[Tanner 1962], with the rate of growth in body mass falling to levels more commonly associated
with reptiles than mammals [Walker et al. 2006]. The suggestion from the work of Kuzawa et al.
[2014] is that the staggeringly high metabolic cost of the brain during this phase of development is
one potential explanation of this phenomenon—there simply isn’t any spare energy for growth!
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that activity in the medial prefrontal cortex, one of the regions exhibiting strong
task decreases, could in fact be modulated by tasks that required self-referential
judgements’. They went on to speculate that self-referential activity and emotional
processing were critical to understanding the brain at rest, and furthermore, that
further examination may elucidate ‘aspects of the multifaceted concept known as
the “self”” [Gusnard et al. 2001].

Taken together, the two papers from Raichle’s group had pulled together work
from two disparate fields to form an inchoate, but nevertheless consistent, scaffold
upon which further work could build. However, the radical, and lasting, legacy
of this work was to completely reimagine the purpose of studying the brain at
rest. Their final paper [Gusnard and Raichle 2001] was part review, part call to
arms, and finished the process they had started with their speculations on the self
in their previous work. In it, they fleshed out their ideas about the role of the
default mode, and combined with their previous contention that ‘a useful way
to explore the neurobiology of the self is to explore the nature of default state
activity’ [Gusnard et al. 2001], the resting state had suddenly been recast with the

study of the self as its raison d’étre.

Coalescence

Raichle’s revolutionary idea was to link the resting state and the self, but their
speculations about functions had relied on reverse-inference from task data. It
may seem obvious now, but it was by no means self-evident how data acquired at
rest could be best utilised to answer the fundamental questions that the nascent
field was starting to explore. In other words, it had been demonstrated that

understanding the brain at rest was vital, but was the best way to do that to use

°Note that this is also another validation of Raichle’s baseline hypothesis—the activity in these
regions can be modulated up as well as down. While this may seem counter-intuitive, this is
consistent with other brain regions. For example, activity in the visual system can be modulated
around the eyes-open baseline Raichle defined: it can be reduced by closing the eyes or increased by
performing a visual task.
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the task paradigm to manipulate the resting state, in the way that Raichle’s group

had demonstrated?

In fact, it was two years before a remarkable paper by Greicius et al. [2003]
linked the default mode and functional connectivity'’. The set of regions that
were deactivated by tasks was well established, but it was unclear whether the
different regions were linked, or whether they were independently suppressed by
task demands. The breakthrough was to examine the regions at rest, with the key

finding being that they were strongly functionally connected.

Greicius et al. [2003] had provided ‘compelling evidence ... for the existence
of a cohesive default mode network’ [emphasis added]. This was every bit as
revolutionary as Raichle’s work three years earlier and marks the point at which the
default mode network, as we currently understand it, was first formally defined'’.
Suddenly, it was possible to consider the ‘default [mode] network [as] a brain
system much like the motor system or the visual system’ [Buckner et al. 2008],
aligning it with more traditional notions of neural organisation. However, in this
case the crucial inference was driven by the resting-state data itself, and functional
connectivity had answered a question for which the task paradigm had yielded no

clear answers.

"Greicius et al. [2003] were the first to make the link explicit, but those examining functional
connectivity often came agonisingly close. For example, Calhoun et al. [2002] published an elegant
examination of the default mode using functional connectivity—they identified a set of networks
with ICA, and showed that the default mode was far more active during rest than task—except the
link to Raichle’s work was never made, and the paper itself is a middle-of-the-road study on the
neural correlates of driving.

"While Raichle’s work on the default mode has been canonised, there are examples of other re-
searchers providing almost prophetic insights. In a remarkable paper that has often been overlooked,
Binder et al. [1999] posited that the task-induced decreases identified by Shulman et al. [1997b] were
due to suppression of a ‘““conceptual processing” network’, a full four years before Greicius et al.
[2003].
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1.1.4 Resting-state fMRI comes of age

Initially, the relationship between functional connectivity and the default mode
was essentially symbiotic. The default mode, and the aspects of the self it purpor-
ted to embody, suddenly furnished the resting state with a distinct purpose and
crucial legitimacy as a self-contained field of research. Functional connectivity had
provided a way to analyse a system that was inherently unamenable to task ma-
nipulations, and with the relative maturity of alternative task analysis techniques,
promised much more.

Much of the early work on resting-state data remained focused on the default
mode network. Almost immediately after identifying it, Greicius et al. [2004]
showed that there seemed to be systematic differences in the default mode network,
as identified from resting-state data, that distinguished patients with Alzheimer’s
disease from healthy controls. Next, and almost simultaneously, Fox et al. [2005]
and Fransson [2005] showed that the default mode network was anti-correlated
with regions of the brain that were activated by a wide range of tasks. This was
another validation of the functional connectivity approach, demonstrating that the
dichotomy between externally and internally oriented attention, and the associated
brain regions, was also a feature of the dynamics of the brain at rest. Later, Greicius
et al. [2009] demonstrated that the functional connections that had been used to
define the default mode network reflected the underlying anatomical connections'?,
in one of the first papers to compare structural and functional connectivity.

However, while the default mode network had lent an enormous amount of
credibility to functional connectivity, functional connectivity would slowly erode
the hegemony of the default mode network as the resting-state field matured. It was

immediately apparent that it was possible to identify far more functional systems

2Greicius et al. [2009] motivated their paper by stating that ‘considerable skepticism remains as
to whether resting-state functional connectivity maps reflect neural connectivity’, a mere fourteen
years after the original paper from Biswal et al. [1995]!
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than the default mode network using functional connectivity and resting-state
data, and a flurry of papers seized upon the earlier task-focussed work on ICA and
sought to characterise a more complete set of resting-state networks [Beckmann and
Smith 2004; Beckmann et al. 2005; Damoiseaux et al. 2006; De Luca et al. 2006]13.
As more and more studies were published, a familiar set of networks began to
emerge that were consistently identified, irrespective of different subjects, scan
protocols or analysis techniques. But how many functional systems is it possible

to identify from the resting state in this way?

In a beautiful demonstration of the staggering richness of the dynamics present
in resting-state data, Smith et al. [2009] audaciously proposed that the question
actually had a simple answer: all functional systems would be identifiable at
rest. They analysed an online repository of results from task fMRI investigations
containing, at that stage, the reported activations from over 1,500 journal articles,
and involving nearly 30,000 subjects. What they neatly demonstrated was that
the key functional systems that could be identified from this task meta-analysis,
by virtue of their re-occurrence in a wide variety of experiments, showed an
almost exact correspondence with a set of resting-state networks. Not only did the
resting-state analysis demonstrate that the organisation of the brain, as revealed
by functional connectivity, was consistent with the insights from the previous
seventeen years of task fMRI, but it also offered an almost improbably parsimonious
way of replicating the task findings—the resting-state networks were recovered

from a mere three-and-a-half-hours of data collected from 36 subjects.

This engendered yet another reimaging of the resting state: the default mode
network was now just one of an entire suite of resting-state networks, where

‘the full repertoire of functional networks [utilised] by the brain in action is

Bt is apparent from some of these papers quite how quickly the resting state became a preoccu-
pation of those who had previously been developing alternative task analysis techniques—note the
change between Beckmann and Smith [2002] and Beckmann et al. [2005], for example.
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continuously and dynamically “active” even when at “rest”” [Smith et al. 2009].

1.1.5 Connectomics

Of course, resting-state research was not proceeding in vacuo. As Smith et al. [2009]
ushered in a more holistic view of the dynamics of the brain at rest, both the quality
and quantity of resting-state data being collected was increasing markedly. Parallel
acquisition techniques were providing the impetus for considerable increases in
the spatial and temporal resolution of fMRI data [Blaimer et al. 2004; Larkman and
Nunes 2007], while the simplicity of resting-state acquisitions was simultaneously
enabling ‘data-sharing across institutions on an unprecedented scale’ [Callard and
Margulies 2011]"*. Here, we will briefly discuss the ways cutting-edge research is
making use of this opulence and how this has facilitated yet another shift in the
emphasis of resting-state research.

Access to more and better data was a boon for those analysing the resting state,
as it both made new analysis techniques possible [Varoquaux et al. 2011; Smith et al.
2012] and yielded more nuanced results from existing procedures [Kiviniemi et al.
2009]. Crucially, this meant it became possible to partition large-scale resting-state
networks into their functional subunits'®. This began pushing the field towards an
interpretation of resting-state data that more clearly acknowledges the distinction
between functional segregation and functional integration [Friston 2011].

Functional segregation captures the idea that different processes are localised
to different areas of cortex. Early attempts to parcellate the cortex were based on

cytoarchitecture'® [Brodmann 1909], but even with sophisticated modern tech-

“The ENIGMA consortium is a prime example of the power of this data sharing approach, and is
a fascinating look at neuroimaging data with a geneticist’s view of sample size [Thompson et al.
2014].

BFor example, the default mode network, as shown in Figure 1.2, can be separated into several
spatially distinct regions. These regions are normally considered as part of a functional system
because they exhibit very strong temporal correlations with one another.

1A situation that persisted until the middle of the 20™ century, when a proliferation of poor
quality architectonic maps prompted a withering critique from Lashley and Clark [1946]: ‘An
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niques [Schleicher et al. 2005] this is still a painstaking process [Eickhoff et al. 2006;
Scheperjans et al. 2008]. These difficulties meant that most of the early modern
work in this area was based on monkey studies, like the iconic map of connections
within the macaque visual system by Felleman and Van Essen [1991]". The advent
of fMRI made functional mapping in humans a possibility, and the exquisite maps
of visual cortex generated by retinotopic studies are arguably the best example
of this [Sereno et al. 1995; Pitzalis et al. 2010]. However, as alluded to earlier,
there are large swathes of association cortex for which an appropriate set of task
manipulations remains elusive. Again, this opened the door for the resting state.
Defining parcels as areas with similar resting-state activity naturally leads to a
parcellation of the entire cortex'®, and this has received much attention [Cohen
et al. 2008; Yeo et al. 2011; Craddock et al. 2012; Blumensath et al. 2013; Gordon
et al. 2014].

Functional integration is concerned with how these localised processing units
can be dynamically yoked together to support different functions. This examines
the connections between functional subunits and there have been two major lines
of investigation here. The first deals with characterising the complex network of
interactions between brain regions [Bullmore and Sporns 2009], and as such can be
considered as a natural evolution of the more holistic interpretation of the resting
state Smith et al. [2009] precipitated. The second tries to properly characterise the

complex, non-stationary'’ dynamics of these interactions and the transient nature

analysis of the literature on cytoarchitecture revealed generally such inadequacies of description,
such uncritical use of differentiating criteria, and such inconsistencies in the results of different
investigators in describing and charting the same regions that it seemed essential to reexamine the
assumptions and principles upon which the parcellation of the cortex has been carried out” Figure 2
from the recent review by Amunts and Zilles [2012] gives an idea of this variability.

7In many ways the famous Felleman and Van Essen model of the cortical hierarchy is the best
map we have of the cortex” [Markov et al. 2011]

¥With the caveat that a resting-state parcellation can make no claims about the functions of
regions, merely that they are functionally distinct.

The field has never quite worked out what it means by non-stationarities, and the term as it
is currently used conflates a number of different concepts. One suspects this is a source of wry
amusement for Karl those studying effective connectivity, for whom there is a clear distinction
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of functional connectivity [Hutchison et al. 2013].

Meanwhile, as the resting state was undergoing its own data-driven revolution,
diffusion MRI was causing a similarly drastic reimagining of the study of the brain’s
anatomical connectivity. The in vivo analysis of the fibre pathways in the brain in
large numbers of subjects had allowed the investigation of whole brain models of
connectivity and, inspired by the genomics revolution, the field bullishly adopted
its own -omics suffix [Sporns et al. 2005]. The field of connectomics was born,
and the concomitant grandiloquent claims abounded: “You are your connectome’

[Seung 2012].

The resting-state community was quick to align itself with this approach, and
the functional connectome—that is to say, the network of interactions between
brain regions as inferred using functional connectivity—emerged as a comple-
mentary summary of brain connectivity to the structural connectome [Castellanos
et al. 2013; Smith et al. 2013b; Deco and Kringelbach 2014]. This confidence in this
approach has been infectious, and a myriad of large-scale projects aiming to map
the connectomes have begun®’. As such, the field stands on the brink of another
revolution, with large-scale data sharing initiatives and complex, multimodal mod-
els of brain connectivity poised to transform our understanding of the macro-scale

organisation of the brain once again.

between stationarity at the model level and the potentially non-stationary output dynamics.

®For example, the 1000 Functional Connectomes Project [Biswal et al. 2010] and the Human
Connectome Project [Van Essen et al. 2013] are already yielding new insights into brain function,
and the UK Biobank [Sudlow et al. 2015] is quite frankly breathtaking in its scope. For a particularly
interesting counterpoint to these multi-subject projects, see the MyConnectome Project [Laumann
et al. 2015].
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1.2 Complementary Modalities

1.2.1 MRI-based techniques

One of the key strengths of MRI has always been that it is possible to perform dif-
ferent types of scans to quantify different aspects of brain structure and function,
using the same hardware and within the same scanning session. This gives a
multimodal description of the brain which is far broader in scope than one any
other modality can muster. We have already covered functional MRI, so in this
section we briefly describe insights into the brain’s structure that have been derived

from structural and diffusion MRI.

Structural imaging

Structural MRI looks at gross brain anatomy, so is primarily used to distinguish
different tissue types, segment cortical and subcortical structures, and examine
variations in morphology. In recent years, as higher resolution structural scans
acquired at higher field strengths have become available, there has been a push to
expand the repertoire of structural MRI by using these data to examine microstruc-
tural properties in vivo [Eickhoff et al. 2005; Glasser and Van Essen 2011; Sereno

et al. 2013].

However, as well as being of interest in its own right, high quality structural
information is vital for fMRI as it is needed for accurate registration—the process
whereby the brains of different subjects are brought into correspondence. This is
an essential step in any group analysis of fMRI data, but presents a formidable
challenge as the structural variability across subjects is enormous. For example, in
primary visual cortex—an area of cortex that exhibits some of the lowest levels of

intra-subject functional variability [Mueller et al. 2013]—there can be a three-fold
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variation in the areal size of functional regions across subjects”' [Andrews et al.
1997]. Furthermore, there can even be pronounced differences in the shape and
location of large-scale anatomical features due to variations in cortical folding

patterns, even in identical twins [Bartley et al. 1997; Hasan et al. 2011].

Diffusion imaging

Diffusion MRI can detect fibre pathways in the brain, so is used to investigate
anatomical connectivity. We have already touched upon how developments in
this field have been seized upon by those examining the structural connectome, so
we will only briefly describe two ways in which this can be used in conjunction
with fMRI data.

Firstly, one of the great strengths of functional connectivity is that it can be
used to augment diffusion data in known problem areas. Diffusion MRI struggles
where many fibre tracts cross or concentrate, so interhemispheric and cortico-
cerebellar connections are particularly problematic. In these regions, functional
connectivity can be used to fill in some of the blanks, as O’Reilly et al. [2010] and
Buckner et al. [2011] have shown. However, functional connectivity is sensitive
to both direct and indirect connections, meaning diffusion data may be used to
disambiguate the two.

Secondly, however, there is much more to be learned from the relationship
between structural and functional connectivity than simply using one to complete
the other. There is a huge amount of fascinating work looking at the way observed
patterns of functional connectivity relate to the backbone of structural connectivity
[Deco et al. 2011]. These approaches often use complex biophysical models to
explain some of the emergent properties of functional data, be that the gross

patterns of functional connectivity [Deco et al. 2009; Honey et al. 2009] or more

21 And these size differences may not even be correlated across functionally related regions within
subjects [Dougherty et al. 2003].
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recently, their non-stationary dynamics [Hansen et al. 2015].

1.2.2 Alternative functional modalities

Finally, we touch on non-MRI based techniques that complement functional MRI
by providing alternative descriptions of neural activity. We will outline a few
that more directly record neural activity than fMRI, and hence give a much better

temporal resolution than the BOLD signal affords.

Electroencephalography (EEG) records the voltage fluctuations at the scalp
caused by neural currents, giving a signal that is very temporally rich. However,
the low conductivity of the skull spatially blurs these signals, and this means
that reconstructing the spatial locations within the brain where these currents
originated is a particular challenge [Aydin et al. 2015]. Magnetoencephalography
(MEG) non-invasively records the magnetic fields induced by these neural currents,
and crucially, these can be spatially resolved—albeit at a relatively low spatial
resolution relative to fMRI. This can be used to investigate the neural basis of fMRI
resting-state networks [Brookes et al. 2011], and has shown that these patterns of
functional connectivity are present at surprisingly high frequencies [Baker et al.

2014].

Finally, there are several invasive techniques that provide detailed recordings
of neural activity from electrodes in direct contact with the brain, though there is
necessarily relatively little data available from humans. However, when implanted
for medical reasons they generate a prodigious amount of high quality data, and
like MEG, this type of data is a window onto the high-frequency neural oscillations

that give rise to the BOLD signal [Hacker et al. 2015].
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1.2.3 Multi-modal approaches

Taken together, all these modalities offer a fantastically diverse description of brain
structure and function, at a range of temporal and spatial scales. The challenge
for the field is to work out how best to assimilate the different facets of neural
organisation that the different modalities are sensitive to. As mentioned previously,
detailed biophysical models are showing genuine promise here, as they provide a
principled framework within which it is possible to incorporate the full spectrum
of information from these different modalities. It seems highly probable that
investigations along these lines will foster new models of the brain’s architecture

and dynamics in the near future.

1.3 Thesis Overview

In the next chapter, we formally define functional modes and review existing
methods for identifying these from resting-state fMRI data.

In Chapter 3 we describe our probabilistic model for functional modes, and in
Chapter 4 we describe how we make inferences on this.

Chapter 5 gives an overview of the properties of the functional modes we
identify. In it, we both describe our attempts to validate these modes, and offer
some interpretations of the novel properties that these have.

In Chapter 6 we go beyond simply examining the modes themselves, and
describe two ways in which we have used our model to explore the more general
properties of resting-state data.

Finally, in Chapter 7, we offer up some conclusions and suggest several poten-

tial lines of enquiry for future work.
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LITERATURE REVIEW

As should hopefully be clear from the Introduction, the resting state has been a
remarkably protean construct, already encapsulating three or four differentiable
concepts throughout its short life to date. Consequently, the field is an etymolo-
gical minefield. With that in mind, we explicitly define a few key terms before

progressing any further.

2.1 Definitions

2.1.1 Network

Firstly, we maintain the formal mathematical definition of a network as a collec-
tion of nodes and edges, and keep this as an abstract concept, distinct from any
neuroscientific terminology. Furthermore, we will assume that the terms network
and graph are synonymous: the current phraseology tends to refer to graph theory
as a tool for analysing the brain network. This allows us to describe functional
connectomics as the analysis of the whole brain network, where edges are defined
in terms the functional connectivity between regions. But how do we define the

nodes of this network?
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The beauty of maintaining an abstract definition of a network is that we can
use almost anything for network nodes, providing it is possible to sensibly define
the connectivity between them. In this thesis, we are concerned with the analysis
of resting-state fMRI (rfMRI) data so we are looking to identify a set of ‘functional
subunits’, a term that we are leaving deliberately vague. It turns out that in order
to construct a functional connectome, we only need to stipulate that it must be
possible to define a single representative time course for each functional subunit.
Then, if we take the subunits as the network nodes, the edges can be derived
by computing any measure of functional connectivity between each pair of time
courses. Historically, there have been two major ways of defining these subunits

and we will give explicit definitions for each of these in turn.

2.1.2 Mode

We define a mode as any spatial distribution over the brain that shares a common
time course. The lack of restrictions means that multiple modes can be highly
overlapping, and individual modes can include anti-correlated regions (meaning
that some regions within the mode have a negative spatial weight and others
have a positive one). This is a deliberately broad definition, as it is designed to
encompass the more traditional concept of a ‘resting-state network’. From now
on, it can be assumed that references to modes in a historic context are referring
what would then have been termed resting-state networks.

As we outlined in the Introduction, the concept of modes naturally arose
from attempts to understand rfMRI data in its own right. As it became more
generally accepted that these were neuronal in origin, the idea that modes ‘reflect
functional systems supporting core perceptual and cognitive processes’ [D. M.
Cole et al. 2010] slowly coalesced. This means that modes lie somewhere between

functional segregation and integration, neither reflecting the local processing
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units nor capturing the full extent of whole-brain integration. Rather, they reflect
collections of functional subunits that seem to be preferentially yoked together

for broad, though not completely distinct, categories of cognitive processes.

2.1.3 Parcel

The recent interest in using rfMRI to derive cortical parcellations, as a distinct
line of work from characterising modes, means that we will also define a parcel.
Attempts to subdivide the cortex predate the emergence of the resting state, and
historically, ‘cortical areas have ... been identified using information from one
or more of four general approaches: architectonics, topographic organization,
functional specificity, and connectivity’' [Van Essen and Glasser 2014]. However,
the multi-modal approach above relies on procedures that tend to be painstaking
or invasive, and it is only recently that neuroimaging techniques have matured
enough to allow serious attempts to parcellate the whole-brain in vivo.
rfMRI-derived parcellations have emerged as they purport to allow subdivision
of the whole brain, with a relatively simple data collection procedure. Parcels
derived in this manner often represent a ‘hard’ parcellation of grey matter into
multiple non-overlapping, contiguous regions [Rubinov and Sporns 2010; Craddock
et al. 2012; Gordon et al. 2014]. However, we relax this definition slightly to allow
both blurred boundaries and bilaterally paired regions” [Yeo et al. 2011]. Therefore,
in the spatial domain, a parcel is defined as a set of probabilities, with the spatial
weights representing the probability that a given location is a member of that parcel.
The expectation is that, within a parcel, these spatial weights will be arranged as a
limited number of contiguous regions, with minimal overlap between different
parcels. As an aside, note that a mode—as an extended spatial distribution having

common temporal dynamics—can be defined either in terms of a spatial voxelwise

"This definition is inherently multi-modal, but not necessarily consistent across all modalities.
?Or indeed, cortico-cerebellar and cortico-subcortical groupings.
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map, or as a weighted set of spatial parcels.

Clearly, functionally homogeneous parcels are a useful simplification of rfMRI
data, but it is not clear how to reconcile these purely rfMRI-based parcels with those
derived from the more holistic multi-modal definition given above. It is well known
that cortical areas are not necessarily functionally homogeneous: for example,
primary visual cortex consists of a set of regions, each containing a complete map
of the visual hemifield and having clear architectonic boundaries, that form a visual
processing hierarchy. However, functional connectivity is strongly modulated by
position in the visual field, to the extent that it is often observed that the coupling
across different levels of the hierarchy is stronger than the connectivity within a
region [Buckner and Yeo 2014], and as such, rfMRI-based schemes tend to partition
visual cortex differently to architectonics. It will be interesting to see whether
new techniques for deriving rfMRI parcellations can resolve these differences, or
whether more general notions of functional connectivity get assimilated into the

more traditional multimodal framework for delineating cortical regions.

Summary

The above definitions have been motivated by a desire to separate the concept of
a network from any neuroscientific constructs, as it is important to have a clear
framework within which it is possible to unambiguously discuss these complex
notions of brain connectivity. As stated earlier, it is possible to use either parcels
or modes as the nodes to examine in a network analysis, and while a parcel is
just a mode with additional spatial restrictions, maintaining a semantic distinction
between them is important nevertheless. Finally, it is worth reiterating that both
modes and parcels are also interesting in their own right—that is after all the point
of this thesis—and that they have already yielded important insights into brain

function without recourse to network analyses.
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2.2 Modes or Parcels?

In this thesis, we aim to come up with a new method for characterising rfMRI data.
Clearly, the first decision to make is whether to identify modes or parcels. Our
choice is modes.

While parcels are a useful description of the data, we have several concerns
about exclusively rfMRI-based schemes. For example, at the scale at which parcel-
lations are consistent with existing descriptions of cortical areas, there is genuine
concern about the ability to guarantee functional consistency across subjects
with rfMRI data. However, simply working with larger parcels does not assuage
our concerns, as there is reason to believe that large-scale parcels represent an
oversimplification of the variable strengths of inter- and intra-regional functional
connectivity. Our view is that parcels are currently best defined and identified in
a multi-modal framework, and that, for now, modes still represent a useful way of

investigating rfMRI data in its own right.

2.3 Traditional Analysis Techniques

In this section, we will review some of the currently used techniques for decompos-
ing rfMRI data into modes. Our main focus is on independent component analysis

(ICA) and related approaches, as they have been most successful historically.

Seed-based analyses

The original functional connectivity paper by Biswal et al. [1995] used a seed-based
analysis. While this approach has largely been superseded, and technically neither
identifies modes nor parcels, we cover it here as it introduces some important
concepts. The technique itself is remarkably simple: a time course is extracted

from a seed region, and the whole-brain spatial pattern of functional connectivity
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is extracted by examining the correlation between the seed time course and the
time course of each voxel in turn. This raises two points which we wish to expound

upon.

Firstly, this demonstrates that for fMRI data, zero-lag correlation is an adequate
description of functional connectivity. It is well known that zero-lag connectivity
does not capture the full complexity of neural dynamics [Canolty and Knight 2010],
and that the delay induced by the HRF exhibits variability across brain regions
[Handwerker et al. 2004]. However, the strong temporal blurring of neuronal
responses by the heemodynamics dominates these temporal misalignments, to the
extent that it is only just becoming possible to reliably investigate anything other

than zero-lag connectivity [Mitra et al. 2015].

Secondly, if seed-based techniques allow examination of functional connectiv-
ity at the voxel level, then the obvious question is why not perform all analyses at
that spatial resolution? One of the main reasons is practical: if we can identify
modes or parcels that are genuinely neuronal in origin, then they give a very
parsimonious representation of the data—thousand-fold reductions in the number
of entities to examine are not uncommon. Furthermore, ‘[a]veraging data within
predefined areas ... improve[s] signal-to-noise and reduce[s] multiple comparison
problems in statistical testing’ [Gordon et al. 2014]. Similarly, this approach can
reduce biases caused by large differences between the areal size of regions, though
it is possible that a distinct set of biases will be introduced by estimating time
courses from different amounts of data [Wig et al. 2011]. Finally, enforcing func-
tional consistency across subjects with registration is a challenge at the level of

regions, and is therefore practically impossible at the voxel level.
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2.3.1 Matrix factorisations and the outer-product model

Most algorithms for identifying modes are based on matrix factorisation models.
The idea is to decompose the V voxels by T time points data matrix, D € RV*T,
into the product of two matrices, P € RV*™ and A € RM*T (Equation 2.1). We
can think of P and A as describing a set of M modes: for mode m, each column of

P represents a spatial map, P, € RV*1

, while each row of A represents a time
course, A,,, € R™T. The spatial map is a set of weights, encoding the strength of
each voxel’s involvement in the mode. This tends to look something like the maps

shown in Figure 1.2. The time course simply captures the temporally varying level

of activity of the mode over the scan.

D=PA

M
= Z PmAm

m=1

(2.1)

This is often referred to as the outer-product model in the fMRI literature’, as
each mode’s contribution to the data can be expressed as the vector outer-product
of the mode’s spatial map and time course. It should be clear that this outer-product
interpretation satisfies the definition of a mode given earlier. However, by itself
this model is not identifiable. Additional constraints need to be introduced in order
for a unique solution to exist. Several families of algorithms have been proposed
that do exactly this, each with a different way of constraining and then solving

this model.

*In the signal processing literature this is known as a blind source separation problem, as neither
P nor A are known a priori [Beckmann 2012].
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Interactions between modes

Before describing specific solutions of this model, we will clarify some terminology.
We have so far talked in vague terms about the interactions between modes, but
the outer-product model formalism now allows us to be more specific.

In the spatial domain we will use two terms in particular: ‘correlation’ and
overlap. For the former, we quantify the relationship between mode spatial maps

using P, and this takes the form

T
. P P;

Pij =
PTP PTP
\I i i«, ji

As this resembles the equation for the Pearson product-moment correlation coef-

(2.2)

ficient, from now on we will refer to modes for which ,(31-’ i F 0 as being ‘correlated’,
though this does not represent a correlation in the technical sense—rather, if
each spatial map is considered as a vector in a high-dimensional space then p; ;
represents the angle between any two spatial map vectors. Note that under this
definition if two modes are orthogonal they are also uncorrelated. This is relevant
as some solutions to the matrix factorisation model identify components that are

orthogonal by construction.

Overlap is a term which describes the extent to which modes have non-zero
spatial weights in the same locations. If we denote this as p, and 1,(x) represents

the indicator function for x being equal to zero, then

Pij = %;(1 - “o(Pvi)) (1 - 1]o(Puj)) (2.3)

However, the modes inferred by most commonly used techniques contain lots of
very small values that are not exactly equal to zero, so a simple thresholding step

would need to be applied for this measure to be meaningful. Therefore, we will
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tend to use overlap in a qualitative sense, whereby if we describe two modes as
overlapping then we mean that they both contain high spatial weights in some

brain regions.

In the temporal domain we characterise the interactions between modes based
on both their correlations and partial correlations. Temporal correlation is defined
in an analogous manner to spatial correlation, and the partial correlation between
a pair of modes can be thought of as representing the correlation between the two
time series after accounting for the influence of any other inferred modes. If we
have a set of M modes, and are interested in the partial correlation between modes
i and j, then we first have to ‘regress out’ the time series relating to the other
M — 2 modes, A_; j- Formally, if we denote the time series after this regression as

A; and the (right) pseudoinverse of A as A, then this can be calculated as
Ai = Ai - (ALA:U)A—H.] . (24)

The partial correlation is simply the correlation between Ai and A j- Partial correl-
ation is frequently used for rfMRI as it less sensitive to indirect connections than

full correlation [Smith et al. 2011].

Matrix factorisation models for fMRI data

Many generic matrix factorisation algorithms have been tried on fMRI data over
the years. Principal component analysis (PCA) of functional neuroimaging data
predates even fMRI [Moeller and Strother 1991], but was almost immediately
supplanted when ICA was introduced. More recent attempts include non-negative
matrix factorisation, which solves the problem by introducing a set of positivity
constraints [Lee et al. 2011], while generalisations of PCA allow fairly broad classes
of sparsity or smoothness regularisation terms [G. I. Allen et al. 2014]. However,

none of these have been particularly successful, and ICA has been the dominant
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approach for the past decade.

2.3.2 Independent component analysis

When operating on rfMRI data, ICA is used to identify a set of modes that are
either spatially or temporally independent. The ICA algorithm is based on a funda-
mentally simple principle, arising from the central limit theorem. If the conditions
of the central limit theorem hold, then it can be shown that the distribution of
any linear mixture of non-Gaussian random variables will be more Gaussian than
the distributions that make up the mixture. If we assume that we are looking
for non-Gaussian sources—and there are many classes of problems where, for
example, sparsity is a desirable property—then the above property of mixtures
of non-Gaussian random variables suggests a natural algorithm for recovering
the original sources: we simply find the set of components that are maximally
non-Gaussian under a certain metric [Comon et al. 1991; Jutten and Herault 1991;
Comon 1994; Hyvirinen and Oja 2000; Hyvéarinen et al. 2001b].

In practice, the generality of the above description means that there are a
variety of ways of calculating an ICA decomposition, though for fMRI only FastICA
[Hyvirinen 1999] and Infomax [Bell and Sejnowski 1995] are widely used [Correa

et al. 2007].

Group analyses

Of course, we usually wish to analyse groups of subjects with rfMRI, but as it is
classically formulated ICA works on a set of equivalent observations. A variety of
ways to extend ICA to groups of subjects have been proposed [Calhoun et al. 2001;
Lukic et al. 2002; Svensén et al. 2002; Schmithorst and Holland 2004; Beckmann
et al. 2005; Esposito et al. 2005; Damoiseaux et al. 2006; Guo and Pagnoni 2008;
Varoquaux et al. 2010; Erhardt et al. 2011], though only two are widely used.

The first is particularly simple: as registration has brought all subjects into
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a common space, the data from all subjects is simply temporally concatenated.
It is standard to look for a small number of modes, relative to the number of
voxels or time points, so most ICA approaches use PCA as an initial dimensionality
reduction step. Therefore, temporal concatenation is equivalent to ‘projecting
each dataset onto a common PCA eigenbasis’ before running ICA [Beckmann et al.
2005].

The second approach is to decompose each subject’s data using PCA, and then
combine the individual subspaces, usually with another PCA projection, before
running ICA [Calhoun et al. 2001; Varoquaux et al. 2010].

While each approach has its advantages and disadvantages [Smith et al. 2014],

in practice, they often recover similar group-level modes [Erhardt et al. 2011].

Spatial ICA

The only further decision is whether ICA should look for modes with independent
spatial maps or independent time courses. Due to the large numbers of voxels and
relatively few time points of most imaging studies, and because the blurring action
of the HRF reduces the relative strength of temporal non-Gaussianities, spatial
ICA (sICA) tends to give the most robust decompositions and therefore became the
dominant approach. If a relatively small number of components are inferred, these
represent the classic set of spatially-distributed modes [Beckmann et al. 2005].
While the identification of these modes was a pivotal moment in the history
of the resting state, concerns about sICA were raised almost as soon as it was
introduced. Given that ‘[distinct] large-scale neuronal dynamics can share a
substantial anatomical infrastructure’ [Friston 1998; Smith et al. 2012], it is unclear
how well sICA will decompose extended modes that are spatially correlated.
These concerns were allayed to some extent by Beckmann et al. [2005], who
showed that, in the presence of noise, ICA components can still contain strong

residual dependencies. They demonstrated that, even if the ICA components
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were orthogonal and therefore uncorrelated by construction, strongly overlapping
spatial maps can be recovered by a simple thresholding step. Intuitively, the sub-
threshold mode weights can be arranged such that the inferred modes become
uncorrelated without affecting the gross spatial pattern. What is perhaps less clear
is what, if any, biases are introduced when the inferred spatial maps have very
low noise, as this will limit the ability of ICA to counteract the effects of strongly
correlated underlying modes with sub-threshold spatial weights. This situation
will arise when the data has a high signal-to-noise ratio or when large groups are
analysed, and these are both cases that are becoming increasingly common.

As touched upon in the Introduction, the current trend is to use components
from a high-dimensional sICA for connectivity analyses [Kiviniemi et al. 2009;
Smith et al. 2013b; E. A. Allen et al. 2014] as these tend to represent distinct,
spatially compact functional subunits, and this further allays some of the initial
concerns about overlap. This is often referred to as a type of parcellation, however,

under our definitions, this still results in a set of modes®.

Temporal ICA

The obvious alternative to sICA is to look for temporally independent modes. This
has only recently become possible, as the aforementioned blurring action of the
HRF means that temporal ICA (tICA) requires a large number of time points to
operate robustly. The current spate of studies of large cohorts acquired at high
sampling rates has therefore been the driving force behind making this a possibility
[Smith et al. 2012].

The tICA approach allows spatially overlapping modes to be identified, at the

expense of placing restrictions on the global temporal dynamics; as well as this

*Note how the very definition of parcels precludes their discovery with spatial ICA: in a given
voxel, a high probability for membership of one parcel necessitates low probabilities for the others,
which clearly violates the independence assumption. Practically, even high-dimensional components
can still contain anti-correlations [Smith et al. 2013b] and this approach is not guaranteed to give
full coverage of the cortex in a readily interpretable manner.
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being a concern in and of itself, this restriction will also limit any subsequent net-
work analyses of the mode time courses. As Smith et al. [2012] discuss, temporally
independent functional modes (TFMs) are forced to have orthogonal timecourses,
meaning that further analysis of the temporal interactions between different modes

is not straightforward.

Summary

While each ICA strategy has its own advantages, the fundamental issue with all
ICA-based approaches is that ‘it is not clear that, from a neuroscientific point of
view, independence is the right concept to isolate brain networks, as no functional
system is fully segregated’ [Varoquaux et al. 2010]. What is perhaps surprising
is the empirical observation that ICA approaches work well, even when their
central assumptions are violated [Hyvérinen 2013]; indeed, forms of ICA have
been developed that explicitly incorporate information derived from the residual
statistical dependencies between components, illustrating that an inability to
strictly enforce independence is not too deleterious [Hyviarinen and Hoyer 2000;
Hyvérinen et al. 2001a]. However, while the ICA approach has been successful
in practice, moving away from a set of assumptions which are fundamentally
irreconcilable with our understanding of modes as a set of entities with complex

spatio-temporal interactions is the obvious next step for new methods.

2.3.3 Extraction of subject-specific information

The majority of rfMRI analyses make their inferences from a group of subjects, as
this gives the analyses a huge amount of power, and, in general, this also makes
it easier to subsequently compare the modelling results across subjects. Mode
extraction techniques are, for the most part, no different, and the majority of ICA
approaches result in a single set of group-level mode maps. In order to investigate

individual subjects, one could simply extract a set of time courses from the subject-
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level rfMRI data using the group-level modes, and analyse these. This would, for
example, allow the construction of subject-level functional connectomes.

However, a weakness of this approach is that it completely relies on the
registration process to enforce consistency across subjects. As we have mentioned
previously, structural registration does not guarantee functional correspondence,
and as ‘[i]nconsistent or imprecise node definitions can have a major impact on
subsequent analyses’ [Fornito et al. 2013] this is an approach which can end up
conflating several different types of variation.

It seems reasonable to assume that the enormous amount of residual informa-
tion at the subject level could be harnessed to inform the specification of functional
regions. With that in mind, there are a number of algorithms that take group-level

results and try to extract more meaningful information at the subject level.

Dual regression

Perhaps the conceptually simplest method for extracting subject-specific informa-
tion is dual regression [Beckmann et al. 2009]. The group-level mode spatial maps
are regressed into each subject’s data, resulting in a set of subject-specific time
courses. The second step then regresses those time courses back into the data,
and this now results in a set of subject-specific spatial maps that hopefully more
closely resemble the ‘true’ modes’.

Several variants of this approach have been proposed, many in the context of
ICA specifically, but they often required projection via specific subspaces [Calhoun
et al. 2001]. While there have been some suggestions that these alternatives give

better performance [Erhardt et al. 2011], a major advantage of dual regression is

*One can of course continue this argument ad infinitum. If the subject-level spatial maps identified
by dual regression are indeed a better description of the modes in each individual than the group
maps, as they purport to be, then it seems reasonable to assume that the time courses obtained by
regressing the subject maps into the data are more accurate than those obtained by regressing the
group maps into the data. That new set of time courses would then be ideal for identifying a new
set of spatial maps, and so on... The stability of this iterative procedure, especially in the presence of
noise, does not appear to have been systematically investigated.
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its simplicity. It can be applied to any template set of modes, on any data set, and
it does appear to be sensitive to subject variability [Filippini et al. 2009; Zuo et al.

2010].

Group priors

An alternative approach is to use the group results as a prior on the subject-level
decompositions. In theory, this allows a slightly more flexible trade-off between
group and subject information. For example, Dhillon et al. [2014] and Du and Fan
[2013] proposed variants of PCA and ICA respectively that were regularised by
pre-specified group information. Despite a certain degree of heuristic tuning, this
is a principled way to introduce group information and has the nice property that
the subject information can be derived under the same, for example independence,

constraints as the group maps.

Supervised Classification

Finally, Hacker et al. [2013] developed the idea of recasting the extraction of
subject information as a supervised learning problem. They trained a multi-layer
perceptron (MLP) to associate seed-based correlation maps with a set of modes.
Once trained, the perceptron is then able to classify voxels at the individual subject

level solely based on their functional connectivity maps.

This results in a more spatially specific classification of voxels than dual regres-
sion, which they ascribe to ‘high-dimensional non-linear classification boundaries
allow[ing] the MLP to extract arbitrary features from a large input space’ [Hacker
et al. 2013]. However, compared to dual regression there does need to be an
extensive pre-processing pipeline and training procedure. Additionally, it is not
guaranteed that all parcels identified at the group level will be found in all subjects,

although that may be an accurate reflection of reality.
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Summary

There are now several plausible techniques for post hoc extraction of subject
information from group-level modes, and they all seem able to detect neuros-
cientifically interesting differences between subjects. For now, dual regression
seems to be the most widely used, but as large, consistently pre-processed data sets
become available the ‘per-unit’ costs of training more complex procedures will be
reduced dramatically, potentially hastening their adoption. In that sense, the work
of Hacker et al. [2013] is particularly interesting as it opens up the problem to the

wealth of existing literature on supervised learning.

However, these post hoc approaches mean that the flow of information is
almost exclusively from group to subject, and this is potentially a major limitation
of current techniques. Intuitively, if we can extract genuinely meaningful subject
information then we should be able to utilise this to generate richer descriptions
of modes that, for example, encode typical patterns of variability. One would hope
that there is a virtuous cycle here: as well as being interesting in and of itself, one
suspects that more detailed group-level descriptions could also be used to infer
subject information in a more principled manner. Again, the potentially mutually
beneficial relationship between group- and subject-level descriptions is an obvious
line of investigation for new mode identification techniques, especially as such

large amounts of data are being made publicly available.

2.4 New Approaches

The outer-product model—and ICA solutions of this in particular—has allowed the
identification of a now well characterised set of modes from multiple independent
data-sets, populations and modalities. At this stage, the field is just starting to

explore approaches that advance our understanding of modes by moving beyond
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these traditional techniques, and we cover two of these here.

2.4.1 Multi-subject dictionary learning

An obvious way of improving techniques based upon the outer-product model
is to more overtly base the constraints, that are necessary to make the model
identifiable, on the properties of rfMRI data. The multi-subject dictionary learning
(MSDL) approach of Varoquaux et al. [2011] is perhaps the best example of a model
that specifically looks for modes, rather than seeking to solve the problem in a
general sense. Explicitly motivated by some of the properties of modes discovered
with ICA and related approaches, their algorithm contains a hierarchical model for
spatial subject variability, a constraint favouring simultaneously smooth and sparse
spatial distributions as well as the ability to capture the temporal correlations

between modes.

Here, we give a brief description of the most recent version of their model,
as described by Abraham et al. [2013]. Their spatial model at the group level is
detailed, simultaneously enforcing non-negativity, sparsity and spatial contiguity.
The subject maps are modelled by including a set of additive, Gaussian-distributed
deviations from the group maps. Their time series model specifies that there should
be a consistent between-mode correlation structure, but does not restrict the form
of the time series; therefore, it does not model any heemodynamic processes.
Finally, these constraints are combined with a noise model, and the resulting
cost-function governing their decomposition is solved with a computationally
efficient stochastic gradient descent approach.

This represents a laudable attempt to capture more of the properties of modes
within a consistent modelling framework, and produces interesting decompositions.
However, this approach places a huge amount of emphasis on the properties of the

group-level mode maps, while the spatial subject variability and temporal model-
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ling is slightly rudimentary by comparison. In essence, the model acknowledges
that individual subjects have their own spatial maps, but it does not parameterise
the observed variability in any way®. Therefore it only completes half the cycle
we referred to earlier: subject maps are inferred, and these improve estimation at
the group level; however, the group level does not contain any parameters beyond

the mean maps that can be used to constrain the subject maps.

2.4.2 Beyond the outer-product model

Finally, there have been some tentative attempts to move beyond the simple, linear
description of modes given by the outer product model. It is to be expected that
more complex models of rfMRI data, like the two outlined below, will come under
increasing scrutiny in the near future.

Hjelm et al. [2014] used a restricted Boltzmann machine to identify a mapping
between the full rfMRI data and a set of mode time courses, and while the simple
approach they used remains similar to the outer-product model, their work raises
the intriguing prospect of using this approach as a building block in much more
complex models [Hinton and Salakhutdinov 2006; Plis et al. 2014].

Eavani et al. [2013] used a hidden Markov model to decompose rfMRI data’
into a sequence of temporally distinct states, each with its own spatial covariance
structure. While it takes a certain amount of mathematical gymnastics to express
their results as a set of modes, there is a strong conceptual link, and this formulation
offers an interesting counterpoint to more traditional descriptions of brain activity.

However, something we have only mentioned in passing, but is coming under
increasing scrutiny, is the computational efficiency of different algorithms. The

flurry of large-scale data-collection initiatives means that it is now expected that

SIn fact, the parameter that specifies the variance of the subject maps around the group average
is specified a priori.

"Interestingly, this approach had been used on task data much earlier, and with a more sophistic-
ated model [Hgjen-Sgrensen et al. 1999].
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any new technique will be able to simultaneously analyse thousands of subjects.
Note that this is what necessitated the restrictions on the model Hjelm et al. [2014]
presented, and they were only analysing a relatively small number of subjects.
Therefore, it is perhaps this restriction which will have the strongest influence on

the adoption of these more complex techniques in the short term.

Summary

Both of the approaches mentioned above show promise, but are also necessarily
inchoate. This is therefore an area where there is the potential for new techniques
to rapidly further our ability to capture, and hopefully understand, modes in the
near future.

In the short term, we, like Varoquaux et al. [2011], suspect that we are bet-
ter served explicitly modelling the properties of rfMRI data than trying to move
beyond linearity. In part this reflects the pragmatic stance that, given the enormous
data sets on the horizon, it makes sense to utilise techniques that have already
demonstrated their computational suitability for rfMRI data. However, in part
this also reflects a more principled standpoint, in that we feel we are best served
by building models that are explicitly based around what we know. This is the

approach we outline in the following chapter.
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MODELLING APPROACH

In general terms, our aim is to identify extended functional modes which are not
restricted to being orthogonal, or non-overlapping, to each other in space or in
time. At the mode level, we make use of the outer-product model, but explicitly
base our constraints on the properties of rfMRI data.

In short, we define a hierarchical model that allows us to flexibly capture the
spatial variation of modes across subjects, while still keeping track of key properties
at the group level. Simultaneously, we enforce that the temporal characteristics
of modes must relate to the heemodynamics that drive the BOLD signal, and we
explicitly model a hierarchical set of inter-modal correlations.

As the modes we infer are defined by the generative model outlined below, we

will refer to them as probabilistic functional modes (PFMs).

3.1 Probabilistic Model

Our model is built on the same matrix factorisation approach that underpins PCA,
ICA, non-negative matrix factorisation and several other of the well established
methods for extracting modes of rfMRI. For completeness, we reintroduce the

notation for these models we introduced in Section 2.3.1, before introducing our
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extensions.

The fMRI data are acquired in V voxels and at T time points, giving a data
matrix D € RV*T for a single run. If we infer a set of M PFMs then we look for
spatial maps, P € RV*M and time courses A € RM*T In general we infer a small
number of PFMs relative to V and T, which gives a parsimonious set of modes.
However, this means that the factorisation will not be exact, so we express the

data as the contribution from the PFMs and a noise term, ¢, to give

D=PA+e¢. (3.1)

However, we rarely wish to model a single run in isolation. In order to infer
both the group-level properties and any interesting subject variability, we explicitly
account for the full set of all runs, &. This contains data from each subject within
the set of subjects S, and furthermore, we allow for the possibility that each subject,

s, will have been scanned multiple times, resulting in a set of runs Rj.

2 = {{pe") (3.2)

TERs}se S

The problem we are faced with is defining an extension to the standard matrix
factorisation approach (Equation 3.1) to account for these multiple data. In essence,
this forces us to more formally define our model for subject variability. Noise pro-
cesses and limited amounts of data per subject will naturally cause the observation
of spurious variation, but there are several genuine sources of variability that are
potentially interesting neuroscientfically, and these are sketched in outline below.

In the spatial domain, we expect residual variability in the locations of func-
tional regions, even after registration [Mueller et al. 2013]. Loosely speaking,
misalignments can arise for three reasons: there will naturally be some errors in

the registration process, resulting in structural features that are not brought into
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correspondence; there will be locations where anatomical landmarks bear little
relation to functional subdivisions, meaning structural similarity is not a sufficient
condition for accurate registration; and there may be genuine topological reorgan-
isations, whereby the standard registration approaches based on diffeomorphic
warps could never succeed’. If these misalignments are not accounted for, then
one expects the inferred mode time courses to be a farrago of contributions from
the underlying ‘true’ set of modes.

In the temporal domain, functional connectomics is predicated on the idea that
the interactions between modes encode interesting information about subjects, so
we would like to capture that. However, the unconstrained nature of rfMRI data
means that we can say very little about the time courses from a given run as there
is no temporally consistent pattern of mode activation.

Therefore, we model subject and run variability as follows. Each run will
have its own unique set of time courses, A®GT and a random realisation of the
noise process, €. However, we assume that the spatial variability we observe
across subjects, by virtue of it being driven primarily by cortical reorganisations,
is consistent across all runs for a given subject. This gives a set of subject-specific
spatial maps, P(, that will potentially be observed multiple times. This set of

assumptions extends Equation 3.1 to give

DG = p) AGT) 4 5T (3.3)

The last thing we need to specify is how to link the individual subject de-
compositions. Maintaining the formulation of this as a probabilistic model, we

place priors on both the PFM spatial maps and time courses, as well as modelling

'Tt is somewhat contentious whether (structural) registration should be held responsible for the
latter two processes. Our definition of registration is somewhat broader, as we hold it responsible
for bringing subjects into structural and functional correspondence. While structural registration
is unlikely to be sufficient here, this is nevertheless a reasonable aim for multi-modal registration
approaches.
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the contribution from the noise. Crucially, we introduce hierarchical priors to
link subjects through a consistent set of group properties, and the forms of these
distributions are explained in the following sections. For convenience we provide

a graphical model in Figure 3.2.

3.1.1 Spatial model

As stated earlier, we aim to identify spatially extended modes, but this is not in
direct competition with the idea of functional segregation. For example, note how
even an extended system like the default mode is confined to several sizeable, but
nevertheless well-defined regions of cortex. To do this we define a model that
encodes sparsity in the spatial weights, and introduce a hierarchy over subjects to

account for the types of variability we discussed earlier.

Subject level

At the subject level, we wish to capture this notion of functional segregation with
a sparsity prior, as well as maintaining a set of subject-specific mode maps that are
consistent with the rest of the group. To express this probabilistically, we formulate
a delta-Gaussian mixture model, a natural extension of the spike-slab distribution
[Mitchell and Beauchamp 1988; George and McCulloch 1993; Ishwaran and Rao
2005; Titsias and Lazaro-Gredilla 2011]. This contains a delta component at zero
to capture the weights that are either not present or too weak to be observed, and
a Gaussian component to model the observable weights and their variability over
subjects. This is parameterised by the probability of a weight being present, m, as
well as the mean, y, and standard deviation, o, of the Gaussian. Each spatial weight
follows this distribution, so this parameterisation succinctly captures our beliefs
about the answers to three very pertinent questions: does a voxel contribute to
a given PFM? If so, how big is the contribution and how much does it vary from

subject to subject?
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Figure 3.1: Diagrammatic representation of the probability density function for the delta-
Gaussian mixture model. The relative contribution of each component is governed by the
parameter 77, while the Gaussian component is parameterised by its mean, i, and standard
deviation, o.

To complete the formulation, we also need to include a binary indicator variable,
q, to capture which component the weight is drawn from. Therefore, for voxel
v in the spatial map of PFM m, this subject-level prior has the form given in

Equation 3.4. This is also represented graphically in Figure 3.1.

P(Pom | @ = 1) = N (Pym | Homs Oom)

p(Bom | dym = 0) = 8(Pyy) (3.4)
D(5) = ()M (1 = )1~

The fact that the non-zero weights are drawn from a Gaussian means that
they can be either positive or negative, thereby allowing modes containing anti-
correlated regions—if the data supports that inference. Similarly, we have placed
no explicit prior on the relationship between the spatial distributions of different
modes, so there is no explicit penalty on voxels being present in multiple modes.
However, identifying several essentially identical modes is not a readily inter-

pretable solution, so we do want some way to enforce that modes must be distinct.
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In our case, this arises because there is an implicit penalty on model complexity via
automatic relevance determination [Mackay 1995; 1994]. Intuitively, if two PFMs
are almost identical then this is not a parsimonious way to represent the structured
components present in the data, and one of the PEMs could be eliminated without
reducing the ability of the model to represent the features of the data we are
interested in.

Finally, note that there is a direct conceptual link between this approach and
the traditional approach of significance testing within the general linear model
framework for task fMRI data. For each spatial weight we want to assess whether,
given the noise level and time course, the data supplies enough evidence to suggest
that there is genuinely an effect present in that voxel. If there is insufficient
evidence a posteriori for an effect we should just set the weight at that voxel to
zero. However, if there is evidence for an effect, then we are interested in both its

size and how it varies over subjects.

Group level

The subject-level model allows us to capture the notions of functional segregation
and subject variability, but also enforces consistency across subjects. The paramet-
ers 1, U, and o are shared between all subjects, so represent the description of the
PFMs at the group level.

Note how much richer this description is than the single set of group-level
means that most currently used techniques, like ICA, infer. For example, the o
parameters can capture the types of spatial non-uniformity in subject variability
observed by Mueller et al. [2013]. Therefore, when inferring subject maps, the
inference will automatically be informed by the data more than the group mean in
regions inferred to exhibit high functional heterogeneity over subjects, and vice
versa for regions with low subject-to-subject variability.

As is standard, we place a beta hyperprior on 7 and an inverse gamma hy-
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perprior on ¢2. Finally, we place a spike-slab hyperprior on each mode’s voxelwise
means, again motivated by notions of functional segregation. This has precision y

and sparsity 4, as in Equation 3.5.

p(-uvm |pvm = 1) = N(.uvm | O’V_l)
p(#vm |pvm = 0) = S(llym) (3.5)

P(Pvm) = (D)Prm(1 — )1 =Pvm

This is the same form as the prior used on P®) in Equation 3.4, with the exception

that the mean of the Gaussian component is constrained to be zero.

The spike-slab hyperprior allows us to regularise the group spatial maps, if
required, by altering the A parameter. Intuitively, A represents the proportion of
voxels we expect to be non-zero a priori in each mode’s group-level spatial map.
In reality, as we expect modes to be spatially distributed and overlapping, we set
A > M1, This is simply another way of saying that we expect each voxel to be

involved in more than one mode.

Clearly, there are several aspects of the spatial model that reflect trade-offs
relating to computational concerns. The most obvious example of this is the in-
dependence over voxels in the spatial prior, thereby neglecting spatial structure,
though the choice of spike-slab type spatial priors, which make the strong as-
sumption of a delta function at zero, also relate to this. We know that modes tend
to represent collections of spatially contiguous regions, and this is the type of
structure that Varoquaux et al. [2011] try to capture with their model. For now, as
fMRI data sets tend to contain large numbers of voxels, we neglect this in favour
of a model that will result in a more computationally efficient inference procedure.
However, imposing spatial structure—for example, it may be feasible to introduce
interactions between spatially adjacent indicator variables in a manner analogous

to an Ising model—is something that should much improve our model and warrants
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future investigation.

Finally, note that when we present our results, the group maps we show are
the marginal posterior means of the whole spatial distribution, E[1T,,,, ym |2 ]
We choose this quantity, rather than just the y parameters, as this represents the

expected value of P,Sf,)L

3.1.2 Temporal model

Primarily, we wish to formulate a model that captures heemodynamic processes.
However, we expect the inferred time courses to be corrupted by noise, even if we

properly account for the noise process £ ™. This is for two main reasons.

Firstly, as Bright and Murphy [2015] recently showed, even well-characterised
modes can be identified from noise processes like subject motion. Conversely,
this implies that even accurately identified functional modes may well correlate
with non-neural processes that violate our heemodynamic assumptions. Secondly,
spatial smoothing is a standard pre-processing step for fMRI data. This ameliorates
the problem of residual spatial mis-alignment after registration, but induces spatial
correlations in the noise. While it would be possible to model this, estimating
the true number of spatial degrees of freedom in the data is notoriously difficult
[Worsley et al. 1996], and would be computationally expensive over a large number

of voxels.

Therefore, we make the pragmatic decision to allow noisy time courses, and to
reflect this our time course model contains two terms: the first represents the clean
BOLD time courses, B(Sr), while the second represents the noise that corrupts
these, £67). This gives

ACT = BOT) 4 gbT) (3.6)
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BOLD time courses

The spectral characteristics of the neurally-driven BOLD signal are dominated by
the heemodynamic response. In other words, we assume that any non-artefactual
mode time courses we observe will be dominated by low frequencies, almost
regardless of the frequency content of the underlying neuronal processes, because
the HRF acts as such a strong low-pass filter.

Therefore, we formulate a temporal prior that captures the auto-correlation
induced by the HRF. For a neuronal signal, X(t), and a linear HRF, h(t), the
observed signal y(t) is a simple convolution of X(t) and h(t). If we assume that
the neuronal process is white on the timescale of the fMRI acquisitions then it is
straightforward to show that the auto-correlation induced in the observed signal

is just the auto-correlation of the HRF, namely

Ely(t) y(t2)] = D h(D)h(r = (6 — £)) (3.7)

T

We assume a canonical double-gamma HRF [Friston et al. 2007] and use this
correlation structure to construct a full covariance matrix, Kz € RTXT for all the
time points in a given run.

We would also like to model the temporal interactions between modes, so we
place a prior on the inter-modal precision matrix, «® € RM*M This is combined
with the HRF-derived covariance structure in a matrix normal distribution. There-
fore, the prior on the heemodynamic time course for all the PFMs in given run

becomes

p(B(sr) | a(s)) — MN(B(ST) |(),a(5)_1,KB) ) (3.8)

Of course, it is well known that the HRF is both highly variable and much
more complex than the canonical linear HRF assumed here [Aguirre et al. 1998;

Handwerker et al. 2004; Kriegeskorte et al. 2010]. However, this is a probabilistic
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prior, rather than a hard constraint, so there is scope for the inferred time courses
to match the temporal structure in the data. Similarly, this form of prior on the
covariance structure is predicated on a white neuronal process. Some current
theories, based on evidence from electrophysiology [Siegel et al. 2012] and bio-
physical models [Deco et al. 2011], predict that the neural basis of rfMRI activity
is correlations between the envelopes of higher frequency signals, where these
amplitude correlations occur at ‘ultraslow’ timescales (biased towards frequencies
less than 0.1Hz). On the other hand, current evidence suggests that neuronal
process are white over the range of frequencies estimable at typical fMRI sampling
rates [Niazy et al. 2011] and that structure, consistent with the rfMRI literature, is
present at surprisingly high frequencies [Baker et al. 2014].

Given the wide range of temporal models present in the literature, we deliber-
ately choose a very simple, computationally efficient, linear model to capture the
gross properties of the HRF. Implicitly, we are relying on the probabilistic inference
procedure to be flexible enough to capture some of the more complex temporal
properties. For example, this could relate to non-linearities in the heemodynamic

response or non-stationarities in the underlying neuronal activity.

Mode interactions

Our HRF-based prior on the time courses strongly predisposes the decomposition
to identify modes that are neural in origin, rather than those which represent
structured artefacts. However, the HRF covariance prior, considered in isolation, is
rotationally invariant across modes. This limitation arises because of the assump-
tion of a linear HRF operating on neural time courses that are independent and
Gaussian. Intuitively, if the set of inferred time courses are all consistent with the
frequency spectrum implied by our HRF and associated autocorrelation function,
then any linear combination of the time courses would satisfy our temporal con-

straints equally well. In other words, satisfying the HRF constraint does not help

52



MODELLING APPROACH

distinguish one mode from another.

However, as discussed earlier, we expect to observe temporal interactions
between modes, and this will lend some structure to the mode time courses.
We know that these interactions have been characterised as having a consistent
structure across the group [Shehzad et al. 2009], so we introduce a hierarchical
model to capture this. Subject variability will manifest itself as deviations from
this set of group interactions.

Starting at the subject level, we estimate the subject-specific temporal precision
matrix @® to keep track of the functional connectivity between modes. Our
subject-level precision matrices follow a Wishart distribution, and we introduce a

RM*M , to capture the interactions that are consistent across

hyperparameter, €
subjects. This takes the form of a hyperprior on the subject-specific scale matrices,

and again this follows a Wishart distribution.

p(a?[) =W(a®|azw.8)  p(B) =W(B|ay Bs) (39

As an aside, note that these interactions are calculated between the BOLD time
courses after the auto-correlation induced by the HRF has been removed. It is
straightforward to show that, dropping the subject and run indeces for simplicity,
a = % E[BKElB]. This is important as it is a weaker form of deconvolution.
Our expectation is that if the BOLD time courses are inferred such that they are
consistent with the temporal auto-correlation function that we use to construct
K, then full deconvolution would be straightforward. This is a notoriously dif-
ficult process for rfMRI data in the presence of noise, but, as Gitelman et al. [2003]
discuss, it can be important to take this into account when estimating neuronal

interactions that vary over time?.

20f course, our model does not account for time-varying interactions. However, if we can infer
time courses that can be deconvolved then this may increase the sensitivity of any post-hoc analyses
that look for non-stationarities in the temporal domain.
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Noise time courses

(s7)

mt - 18 simply drawn from a Gaussian

The noise time course of mode m at time t, &
C . . . . . (s7) ..
distribution with precision w,,, *. This gives

p(ES | 0i”) = M(ESD 0,057 7 (3.10)

mt mt

Each a),(,slr) takes a gamma hyperprior.

3.1.3 Noise model

The final part of the model to specify is the noise process in the outer product model
in Equation 3.3, and hence the likelihood. This is simply zero-mean white Gaussian
noise, with an overall precision for each run, l[)(sr), which takes a standard gamma
hyperprior.

p(E(Sr)) _ MN(S(") | 0, (w(sr))_lIV, IT)
(3.11)

= p(D(ST) — P(S)A(ST))

We use this structure, rather than allowing voxel-specific precisions, as it
allows us to exploit the properties of the matrix normal distribution, leading to
very computationally efficient inference [Stegle et al. 2011]. In order to ensure
that this is relatively accurate, we renormalise the data to ensure each voxel has
unit variance before inferring the PFMs—a not uncommon pre-processing step for
rfMRI data.

However, what is perhaps more problematic is that this model does not ac-
knowledge the spatial smoothness of fMRI data. It is standard practice to spatially
smooth fMRI data to reduce the impact of misalignments, but this means that
the noise is not truly independent over voxels. It would be possible to model

this, for example by inferring a full spatial covariance matrix for the noise that
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acknowledged the dependencies between voxels that smoothing introduces. Again,
we decide that the benefits of this more complex model are outweighed by the
increased computational burden, and we discuss a way in which we can mitigate

the effects of this model misspecification in the next chapter.

3.2 Equations

For completeness, we provide all the equations that define the model below.

Spatial model

p(Pv(fr)l | qsgl =1, thym, avm) = N(Pv(rsr)l | Hym O-lgm)

p(PS) | asm = 0) = 6(PS) (3.12)

(s) _ ()
p(qgr)i = (T[vm)qvm(l - T[vm)l Gvm

p(nvm) = B(nvm | Ar bnvm) (3.13)

P(0vm) = T(05m | a0, o, (3.14)

p(.uvm |pvm = 1) = N(Mvm | O’V_l)
p(.uvm |pvm = 0) = S(va) (3.15)

P(Pym) = ()Prm (1 =AY~ Pom

Temporal model

AGT) = BGT) 4 g (3.16)

p(BE [a®)) = N (vec(BCM) [0,a® ™" ® Kp) (3.17)
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Figure 3.2: Graphical representation of the full model structure. Variables are shown
in the blue circles and the dependencies are depicted as the arrows joining them, with
switches conditioned on indicator variables shown as wiggly lines. Pre-specified prior
parameters are shown in red. We have indicated the parameters that are inferred at the
subject and run levels, though we have omitted the dimensions and numbers of variables
for simplicity.
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p(a®|B) =W (a® | age. B) (3.18)
p(B) = W(B|ag. By) (3.19)
(& |0€M) = M(£57 0,067 (3.20)
p(wﬁr) = r(wgr) | @, 6m. bwgﬂ) (3.21)
Noise model
p(‘/’(sr)) = F(lli(sr) | Ay (s b¢(sr)) (3.22)

3.3 Independence and Mode Interactions

Within the fMRI community, ICA is often criticised for assuming statistical in-
dependence between modes [Varoquaux et al. 2010]. However, the huge success
and widespread applicability of the algorithm, even on fMRI data, suggest this is
not too injudicious an assumption in practice [Hyvérinen et al. 2001b; Hyvéarinen
2013]. We would certainly hope not, as the PFM spatial prior is also independent
over modes (Equations 3.4 and 3.5).

So why is this independence assumption such a concern amongst those working
with fMRI data? In practice, when researchers talk about spatial interactions
between modes they are referring to the inter-modal covariance matrix. If modes

spatially interact this manifests itself as off-diagonal elements in this matrix, or

E[PTP] = I, . (3.23)
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ICA precludes this type of interaction®, and this seems to be the major point of
concern. However, it is actually relatively easy to come up with models that can
capture this very simple notion of spatial dependence. For example, the toy model
given below (Equation 3.24) is both independent over modes and can support an

inter-modal correlation structure.

p(P)

MN(u, Iy, Iy)

M

1_[ N (tm, Iy) (3.24)
m=1
E[PTP|=pu"u+VIy

What we show in Appendix A is that these spatial correlations can be supported
by the PFMs model, despite its set of spatial independence assumptions. Intuitively,
this is because the spatial maps are not identically distributed across voxels, and
therefore, the inter-modal correlations are carried in the voxelwise means, while
the distributions themselves remain independent. By way of contrast, ICA makes
two independence assumptions: the first is the widely recognised assumption
that the marginal distributions for each component are independent (and non-
Gaussian); the second is less widely acknowledged, and states that each observation
is independently and identically distributed—thereby precluding the type of mean
structure described above. What this means is that sICA is blind to the spatial
structure of the data, and while residual dependencies between ICA components
do exist [Beckmann et al. 2005], one feels that being unable to capture these

characteristics of modes at the model level is not necessarily a desirable property.

*Technically, strict orthogonalisation of components by pre-whitening—which is what is usually
referred to in practice—is actually an algorithmic convenience, but the ICA generative model still
does not support this type of correlation.
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INFERENCE

Given a set of rfMRI data, we wish to infer a set of modes that is consistent with
our probabilistic model. We aim to do this in a Bayesian framework, which will
give a set of PFMs described by a posterior distribution. However, calculating
the full posterior analytically is intractable and a sampling procedure for a model
with this many parameters would be prohibitively slow. Therefore, we choose a
computationally-efficient variational approach.

In this chapter, we give a brief overview of variational Bayesian methods,

before describing our implementation of this for the PFM model.

4.1 Variational Bayesian Inference

4.1.1 Bayesian inference

While well established, Bayesian inference still seems to generate more than its fair
share of polemical debate—‘missionary zeal’ and ‘intemperate rhetoric’ were the
terms Gelman and Robert [2013] used. However, on the face of it, the procedure
does not seem too contentious: one simply specifies a model .Z with associated

parameters 6, taking care to write down what one knows about the parameters a

59



CHAPTER 4

priori, and then collects some data &. Bayes’ rule [Bayes and Price 1763] does the

rest.
Likelihood Prior
p(2|0,4) p(0| 4
o) - K210 01.0) -
Posterior p(@ | %)
Evidence

All the information about the model parameters is then encoded in the posterior
distribution: it not only tells us what parameter values are consistent with the

data, but also how certain we can be about those values.

Facetiousness aside, Bayesian methods are not the only way to infer such mod-
els, and working with the full posterior rather than point estimates is a frequently
intractable computational burden. So should we do Bayesian inference at all?
Proponents often point to its admissability; or the fact that as well as inferring the
parameters, one simultaneously learns about the uncertainty associated with the
parameter estimates; or that it allows principled model comparison, while critics
often refer to the subjectivity of prior information. However, our views are borne
from more prosaic considerations than those lofty ideals, and, as we use it, the
Bayesian approach simply represents a principled framework for inference on

probabilistic models’.

That is not to say that we are not interested in such justifications; rather, that,
for various reasons, we do not exploit the full scope of the Bayesian machinery.
As we interact with it, the key property of Bayesian inference is the uncertainty
over parameter estimates it encodes. Firstly, on an inferential level, it seems
self-evident that keeping track of parameter uncertainty allows more reasonable
conditional inferences to be made about the other parameters®. Secondly, the
posterior distribution is an enormously rich description of the data. While this

is challenging to visualise, we expect that this will contain genuinely interesting

'Realistically, this probably classifies us as ‘pseudo-Bayesian’ at best [Neal 1998].
*Especially within a framework where parameter estimates are updated iteratively.
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information, and furthermore, this is information that could be incorporated into

any subsequent analyses of our results, connectomic or otherwise.

4.1.2 Variational approximations

Rather than evaluating the exact posterior distribution, Variational Bayesian (VB)
inference proceeds by optimising an approximation to this’. The trick is to choose
an approximating distribution, q(@), that is simple enough to be tractable, but

complex enough to capture the key features of the true posterior, p(@ | @).

There are two key decisions to be made: how to choose an approximation, and

how to optimise it. We will deal with the latter first.

Optimisation by minimisation of the Kullback-Leiber divergence

The Kullback-Leibler (KL) divergence, Dy, is a frequently-used measure of the
difference between probability distributions [Kullback and Leibler 1951]. Therefore,
if one minimises DKL(q(@) || p(@ | @)) then, in some sense, the resulting q(@)
will be the ‘best’ approximation of p(@ | @). As we shall see, the KL divergence
turns out to be a convenient choice as there exists a whole family of approximating

distributions for which the necessary optimisations are relatively straightforward.

Before we continue, we reformulate the minimisation of the KL divergence as

*Many summaries of the VB approach are available. The brief overview we present here is based
on a handful of these [Attias 2000; MacKay 2003; Winn et al. 2005; Chappell et al. 2008].
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a maximisation problem.

p(0|2)

- Juto(22)

B _/ q(©)In (M) o

a(®)
+/q(9)1n(p(9)) de
= - #(q(0)) +In(p(2))

DKL(q(@) || p(2 | @)) = /q(@)ln <ﬂ) de

In(p(2)) = #(a(®)) (4.3)

The term & (q(@)) is referred to as the free energy, and as the above equations
show, this has the attractive property that it is a rigorous lower bound on the true
log model evidence for any approximating distribution q(@). As such, the free

energy can also be used for principled model comparison.

Therefore, we can recast our minimisation of the KL divergence as a maxim-
isation of the free energy. However, this has not made the problem any easier
in and of itself: the challenge is now to choose an approximating distribution
that means that the necessary integrations can be solved without resorting to

numerical methods.

Factorised approximations

A straightforward approach is to assume q(@) factorises over convenient groups

of variables, namely

a(e) = [ [a(®) - (4.4)

6eo
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Probabilistically, these factorisations represent groups of variables that are inde-
pendent in q(@). This is a strong assumption, but one that allows us to proceed.
Using the calculus of variations, it is then possible to show that the form for

each q(@) that maximises & is

ln(q(ﬁ)) = (ln(p(@"@)))q(@;:e) + const , (4.5)

where ( . )q( 0+ 9) represents the expectation taken with respect to the approxim-
ating distributions of all variables apart from 6.

This yields a very straightforward optimisation routine. We consider each
independent group of variables in turn, and given the current approximating
distributions of all the other variables, update the approximate posterior using
Equation 4.5. This procedure is guaranteed to converge to a locally optimal solution
[Attias 2000].

Of course, while this factorisation allows us to proceed, it introduces a deviation
from the true posterior and the implications of this are very hard to quantify. We
should of course evaluate our results critically, and our tests with simulations
and real data, described later, lead us to believe that the effects of this are not
too pernicious. Unfortunately, a post hoc examination of the results like this
conflates two distinct issues: the inadequacy of our model, given the simplifying
assumptions we need to make to ensure tractability, and the inaccuracy of the
approximate posterior. It may be possible to investigate the latter systematically
on a much reduced data set with an exhaustive sampling approach, and this would
allow us to inspect where the approximation is not adequately capturing the form
of the true posterior.

However, investigating the modelling assumptions is much harder. The concept
of amode is still inchoate, and as such, our stated aims—for example, about inducing

sparsity in the spatial maps to represent functional segregation—are vague enough
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to be satisfied by whole families of priors. In a sense this is a natural consequence
of this type of exploratory analysis, and we would expect that we will be able to
refine our model based on what we learn from our results. A different approach
would be to try and use task data to verify some of the modelling assumptions.
We could try and learn about the key statistics of the spatial patterns of activity
induced by task manipulations, though it is not clear that there would be a direct

mapping between these induced patterns and what we observe at rest.

Conjugate-exponential models

It is possible to make one final simplification to the derivations of the variational
updates. If the distribution of a set of variables is conjugate with respect to the
relevant hyperpriors—as Winn et al. [2005] describe, ‘a [hyperprior] distribution
p(X | Y) is said to be conjugate to the distribution of ... p(W |X) if p(X | Y) has
the same functional form, with respect to X, as p(W | X )’—and if the distributions
are drawn from the exponential family, then the update rules are particularly
straightforward [Attias 2000; Winn et al. 2005]. If the model has this conjugate-
exponential property, then the approximate posterior for a set of variables can
take the same functional form as the relevant hyperprior, and the expectations
needed to update these distributions, as in Equation 4.5, are all straightforward to
calculate.

In fact, if the model is conjugate-exponential, it is possible to build generic
algorithms that derive and solve the update rules automatically [Winn et al. 2005;

Kucukelbir et al. 2015].

4.2 Implementation of the PFM Model

As all the distributions in the PFM model are drawn from the conjugate-exponential

family the variational update rules are somewhat routine; therefore, we provide
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them in Appendix B rather than in the main body of the thesis. The rather more
involved computational implementation of the update rules for the BOLD time
courses can be found in Appendix C. The code itself, and some associated docu-

mentation, can be found at git.fmrib.ox.ac.uk/samh/profumo.

Algorithmically, the key observation is that ‘the variational update equation for
anode ... depends only on expectations over variables in the Markov blanket of that
node’ [Winn et al. 2005]. This naturally suggests a modular structure to the code.
If we define a node as a representation of some variables in the graphical model,
each node only needs to be aware of a limited set of other nodes, be responsible
for its own update rules, and provide expectations for other nodes as required.

This nodal structure can be concisely expressed with a handful of classes in C++.

However, rather than implementing this as a completely generic message
passing framework, we explicitly choose a handful of key parameter groupings,
with expectations that can conveniently be expressed in matrix form, and base
key nodes around them. This still results in a modular structure, but allows us
to harness efficient linear algebra libraries to do the bulk of the computation

[Sanderson 2010].

For example, note that the only expectations the time course and noise models
require from the spatial maps are the two matrices (P) and (PTP). Therefore, we
can implement any spatial model as a node, and providing it returns those expect-
ations, it can simply be dropped into the existing framework. In fact, we provide
five models for the spatial maps (eleven accounting for different formulations of
the hyperpriors), three time course models, four models for precision matrices,

and many more besides.

So why provide so many models above and beyond those described in the
Modelling Approach chapter? The reason is that this enables us to dynamically

adapt the model structure during the inference procedure. Our experience is that
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a model with as many parameters as we outlined earlier is relatively unstable
when randomly initialised, but that the full PFM model converges as we would
hope when initialised with a set of modes from a relatively simpler model. This is
conceptually similar to multi-scale registration approaches, where a registration is
performed at a low spatial resolution before being gradually refined as more spatial
detail is introduced [Robinson et al. 2014]. Alternatively, this can be thought of as a
heuristic approximation to a simulated annealing approach, where the introduction
of a more complex model mirrors the reduction in temperature [MacKay 2003].

The main simplification we use is to define a non-hierarchical spatial model,
where we define a set of group maps P and turn off the spatial variability by
setting P = P For consistency with the group hyperpriors, P9 follows
the same spike-slab distribution as the matrix of u parameters (Equation 3.5). We
make a similar simplification in the temporal domain by setting a group-level
between-mode precision matrix that does not vary from subject to subject.

Our inference then follows the following procedure. The simple group-level
spatial and temporal models are initialised with a random set of spatial maps.
Inference on this model identifies a set of group-level modes, which is a much
better starting point for the hierarchical models than a random initialisation. Our
code structure allows these more complex nodes to be introduced into the graphical
model at run-time, so we slowly build up the model complexity, interspersed with
applications of the update rules, until we reach the PFMs model as outlined earlier.

We provide a more detailed description of this approach in Appendix D.

4.2.1 Spatial degrees of freedom correction

We make one final change to the probabilistic model, motivated by the spatial
smoothing that is a standard pre-processing step for most fMRI data. This was

something we discussed in relation to the noisy time course model (Section 3.1.2),
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but in reality has somewhat broader implications. In essence, by not acknowledging
the inherent spatial smoothness of the data in our specification of the noise process,
the model assumes more independent spatial measurements than actually exist.

Fortunately, as Groves et al. [2011] discuss, there is a simple way to mitig-
ate some of the effects of this within the VB framework. Intuitively, if we have
smoothed the data then we should be able to downsample it. At some stage,
this would result in the noise becoming genuinely spatially independent again.
However, this presents several practical problems, so rather than actually down-
sample the data, we simply downweight the spatial information by a factor v.
This represents the proportion of voxels that would be retained if we were to
optimally downsample. “This is analogous to fixing that only a random fraction of
the data points will be kept, but at each stage averaging over all possible choices
of decimated voxels’ [Groves et al. 2011].

The implementation of this at the code level is relatively straightforward.
Whenever an update rule requires a sum over voxels, for example as is implied
when regressing the spatial maps into the data to update the time courses, the
result of this sum is simply multiplied by v.

While this approach still does not explicitly acknowledge the relationship
between noise in nearby voxels, it does counter most of the deleterious effects of
this model misspecification, especially when combined with the noisy time course
model. The main advantage of this approach, compared to a more formal model

for smoothness, is that it remains particularly computationally efficient.

4.3 Data

The data we use for this thesis has been collected as part of the Human Connectome

Project* (HCP): ‘an ambitious 5-year effort to characterize brain connectivity and

*humanconnectome.org
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function and their variability in healthy adults’ [Van Essen et al. 2012b]. The project
is collecting neuroimaging, behavioural and genetic data from 1,200 subjects, with
a large technical focus on pioneering neuroimaging acquisitions that represent a
revolutionary increase in data quality.

For each subject, high quality structural, task and resting-state functional, and
diffusion MRI data are acquired, allowing a description of the ‘macro-connectome’
at an unprecedented level of detail [Van Essen et al. 2012b; 2013]. This information
is augmented with data from a battery of behavioural tests and genotyping, and as
many of the subjects are either twins or siblings, this should allow the investigation
of both the environmental and genetic correlates of brain connectivity.

In this section, we give a brief overview of the rfMRI data the HCP collects,
before describing the additional processing and data reduction strategies we use

to make inference on such a large data set feasible.

4.3.1 Human Connectome Project rfMRI data

The HCP rfMRI data represents a step change in both the spatial and temporal
resolution of fMRI data, as well as scanning each subject for between five and ten
times as long as is currently the norm’—see the manuscript by Smith et al. [2013a]
for a much more detailed overview. Using a highly optimised protocol relying
heavily on multiband acceleration, the data is acquired in 2 mm isotropic voxels at
a sub-second TR. Each subject is scanned four times, for fifteen minutes, resulting
in 4,800 time points per subject.

Spatial pre-processing corrects for distortion and motion and then registers
the data into a common space. For the HCP, functional data are registered onto

a common set of ‘grayordinates’ [Glasser et al. 2013]. As the rfMRI signals of

*While it has been suggested that between 5 and 15 minutes of rfMRI data per subject is adequate
[Van Dijk et al. 2010; Birn et al. 2013], several studies have noted that estimation is improved by
much, much more data [Anderson et al. 2011; Hacker et al. 2013; Laumann et al. 2015].
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interest reside in grey matter, registering data to the cortical surface is a much more
parsimonious representation of the data than the traditional volumetric formats.
However, due to their 3D geometry or fine-grained spatial structure, subcortical
structures and the cerebellum are represented volumetrically. This yields a set of
60,000 surface vertices split across the two cortical hemispheres, and 30,000 voxels
distributed across the other structures. Finally, the data is spatially smoothed with
a 2mm FWHM Gaussian spatial kernel, and a similarly conservative temporal
high-pass filter is used to remove drifts.

The last stage of the pipeline is the automated removal of structured artefacts—
a development which hugely improves the temporal-SNR of the data. sICA is
used to decompose each fifteen minute run, at which stage the FIX algorithm
classifies the resulting components as either signal or artefact, and the artefacts
are regressed out of the data [Griffanti et al. 2014; Salimi-Khorshidi et al. 2014].

The result is an hour of data per subject, at very high spatio-temporal and
resolution, that is essentially free from structured artefacts. Furthermore, this is
all parsimoniously represented as a set of grayordinates. For this thesis, we use
data from the 461 subjects released to date®, with two minor modifications. On
a run by run basis, we subtract the voxelwise means and then set the voxelwise
variances to unity. These simply bring the data more closely into line with our

assumption that the PFM noise process is zero-mean and isotropic across voxels.

4.3.2 Subject-specific data reduction

Even efficiently represented as a set of grayordinates, the four rfMRI runs still
combine to 1.6 GB of data per subject [Glasser et al. 2013]. This will result in just
shy of 2 TB for the whole HCP cohort, and represents a not insubstantial 750 GB

for the current release that we are working with here. As such, it is necessary to

500 Subjects MR + MEG2 Release: humanconnectome.org/documentation/S500
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employ some form of data reduction strategy in order to work with the whole

group of subjects simultaneously.

The PFM model is explicitly formulated with terms that represent both the
spatial and temporal characteristics of modes. Therefore, in an approach somewhat
similar to Calhoun et al. [2001], we work with a set of subject-specific low rank

approximations of the data, rather than the full data matrices.

We approximate each run with a low-rank singular value decomposition (SVD).
However, as the PFM model assumes that subject-specific spatial maps are con-
served across all runs for a given subject, we make further savings by only main-

taining a single set of spatial singular vectors per subject.

To do this, we calculate the SVD of the matrix formed by temporally concaten-
ating all data from a given subject. This combined data matrix, D € RV*RsT
is then represented by U®), §©) and V. To approximate this with a low rank
SVD, we simply only retain the singular vectors associated with the top N sin-
gular values. For example, assuming V > R,T and ignoring columns associated
with singular values equal to zero, U® € RV*RsT js replaced by U®) € RVXN.
Finally, we can partition the temporal singular vectors, according to the order the
individual runs were concatenated, in order to reconstruct the data from each
run individually, or in other words, P g RRsTXN g decomposed into a set of
V6" € RN In summary, each data matrix, D™, has three approximating

matrices, namely U® € RV*N §6) ¢ RNXN g p6m ¢ RTXN,

The last thing we do is to combine these three matrices into two matrices. This

simply saves some computation each time we need to calculate any expectations
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involving the data. The final form for the approximate data is therefore

W = (0©)(5©)3
X060 = ( g(s))%(fz(sr))* (4.6)

DO =~ w® xGn

We can simply substitute this approximate expression for D™ any time it
appears in the VB update rules, and this has the added bonus of being computa-
tionally, as well as space, efficient. However, we explicitly calculate, and cache,
Tr((D(ST))TD(Sr)) from the full data, rather than ignoring the data variance in
the subspace of discarded singular values. This means that the estimate for the
noise precision, ™, will be comparable whether or not we choose to utilise this
low-rank approximation, or indeed across different values of N.

We now have an explicit method for reducing the HCP data to a more manage-
able size. However, there is one final complication: computationally, calculating
the SVD of every D actually turns out to be prohibitively expensive. In order to
circumvent this, we utilise the fact that we are explicitly looking for a low-rank
approximation and implement an extremely efficient randomised algorithm to
directly calculate the truncated SVD. This approach is described in the excellent

review by Halko et al. [2011].

Choice of dimensionality

We plot the singular values from an example combined data matrix, D) € RV*RsT
in Figure 4.1. Our choice is to only retain the top 500 singular values from the
random SVD, and, as can be seen from the figure, this lies well to the right of the
‘elbow’ in the plot. Even if we are particularly worried about the error bounds on
the random implementation of the SVD, we can see that one could make a case for

including only half as many singular values, giving us a huge buffer against this
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Figure 4.1: Singular values from four concatenated HCP runs for an example subject. For
each run, the grayordinates were de-meaned and renormalised to unit variance. The runs
were temporally concatenated and the SVD was calculated for this combined matrix. We
plot the singular values of this matrix, normalised such that the largest singular value
is equal to one. The removal of structured artefacts by FIX means that several hundred
singular values are equal to zero. The vertical lines are plotted at the 250" and 500"
singular values.

type of error’.

On the data reduction front, this reduces the memory demands by nearly a
factor of 10. The full data requires nearly 750 GB of data, but this is reduced to
83 GB if we only take the top 500 singular values. Therefore, we are satisfied that
this data reduction approach achieves a reasonable balance between minimising
the memory demands and retaining as much of the structure in the original data

as possible.

In fact, the claim made by Halko et al. [2011] is that, in practice, the theoretical error bounds on
the random SVD tend to be rather pessimistic.

72



CHAPTER 5

RESULTS

In this chapter, we give an overview of the properties of a set of PEMs as inferred
from the HCP data. We compare the PFMs to modes that have been characterised
using previous methods, and demonstrate the types of extra information that are
captured by both the group- and subject-level aspects of the PFM model.
However, before we start, there is one pressing question to answer: how
many modes do we expect to find? If we take the default mode as our canonical
example, then we can see that that the regions commonly associated with this
mode cover approximately ten percent of the cortex'. This would imply of the
order of 10 modes, though in reality we expect several more. The default mode is
relatively large compared to other previously characterised modes, and allowing
spatial overlap will potentially increase the number of identifiable modes again.
Furthermore, as we are using HCP data of a hitherto unattainable quality, we
expect that this will allow us to identify a larger set of modes. Bearing the above

in mind, the results in this section are based on an analysis where we aimed to

"This is hopefully corroborated by a quick visual inspection of Figure 1.2. Furthermore, note
that the default mode is one of the 10 modes identified by Beckmann et al. [2005], and the regions
classically associated with the default mode were grouped together when Yeo et al. [2011] divided
the cortex into either 7 or 17 putative functional subsystems—both consistent with approximately
10 % cortical coverage. As an aside, parcellations lie at the other end of the spectrum to modes and
current estimates suggest that there are a couple of hundred cortical areas [Van Essen et al. 2012a].
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identify 50 PFMs. Further details of the analyses, including all parameters, can be
found in Appendix D.

In theory, it would be possible to identify several sets of PFMs at different
dimensionalities, and use the Bayesian model evidence, or in our case the free
energy, to select the number of PFMs. Again, we are limited by computational
practicalities. It takes around six hours to load the data and three or four days
to run through the whole inference procedure, and as such, multiple runs of the
algorithm were too expensive for us to pursue this approach. Note however, that
the model can eliminate PFMs via automatic relevance determination if they are
not supported by the data [Mackay 1995; 1994]. This should at least mitigate the
impact of over-specification of the dimensionality.

For the rest of the chapter, we focus on a subset of 30 PFMs. Of the remainder,
14 PFMs were excluded because they had been eliminated from the model, 5 PFMs
were too inconsistent over subjects to be interpretable and 1 PFM seemed to be
artefactual in origin.

The group-level spatial maps for the 30 PEMs we will focus on for the rest of
the chapter can be found in Appendix F. Finally, for visualisation purposes, we
group these modes into six broad categories based on their spatial localisations.

These are:

« Global (Glo): PFM 1. A PFM representing activity distributed across the

whole cortex.

o Visual (Vis): PFMs 2—-8. PFMs primarily confined to the primary visual

cortex or the visual processing streams.

« Motor (Mot): PFMs 9—12. PFMs primarily confined to the somato-motor

cortex.

« Auditory (Aud): PFM 13. A PFM lying within primary auditory cortex.
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« Cognitive (Cog): PFMs 14-29. PFMs primarily confined to association cortex.

« Subcortical (Sub): PFM 30. A PFM primarily residing within subcortical

structures and the cerebellum.

5.1 Group Maps

It is currently standard to simply identify modes based on the brain regions present
in their group-level spatial maps. With that in mind, we show a selection of the
cognitive PFMs in Figure 5.1.

There are several things that are apparent from a qualitative inspection of at
these maps. Firstly, the PFMs are sparse, some contain anti-correlations and there
are regions where several PFMs overlap. Therefore, the group-level spatial prior
appears to be performing as intended. Secondly, at the group level, the PFMs are
consistent with the existing literature. Five of the PFMs shown are recognisable
from previous studies, including the seminal default mode (PFM 14, Figure 5.1(a)).
The only PFM of the six shown here that has not been widely reported previously
(PFM 15, Figure 5.1(b)) seems to match a set of regions identified from a memory
retrieval meta-analysis [Power et al. 2011].

However, while the identification of established modes is ostensibly encour-
aging, it is unclear how we should interpret points of difference between the PEMs
and the literature, or indeed, those PFMs that we do not recognise at all. In short,

can we trust these results?

5.1.1 Reliability

How best to assess the reliability of mode decompositions is still a contentious
issue. Tests on simulated data are widespread [Welvaert and Rosseel 2014], though

these are almost invariably designed to test a specific method and, as such, tend
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(a) Default mode (PFM 14). (b) Mode residing in medial parietal cor-
tex and the intraparietal sulcus (PFM 15).
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(c) Dorsal attention mode (PFM 18). (d) Left-lateralised fronto-parietal con-
trol mode (PFM 17).

P
ve
P
ve

(e) Language mode (PFM 20). (f) Cingulo-opercular mode (PFM 21).
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Figure 5.1: Example group-level PFM spatial maps. All PEMs were classified as cognitive
and, where possible, PFMs are referred to by their common names in the literature. For
example, see Corbetta and Shulman [2002], Greicius et al. [2003], Beckmann et al. [2005],
Dosenbach et al. [2006, 2007], Vincent et al. [2008], Smith et al. [2009], Spreng et al. [2010],
Power et al. [2011], Yeo et al. [2011] and M. W. Cole et al. [2013]. Posterior mean spatial
weights are displayed on the left and right cortical surfaces. Subcortical structures were
also included in the analysis, but are not shown here. The colour scale for each map is
symmetric around zero and is clipped at the 99.5 % level of the distribution of the spatial
weight magnitudes. The default mode is clipped at 99 % as it is spatially extended relative
to the other 5 PFMs shown here. Cortical surface views were generated using Connectome
Workbench (humanconnectome.org/software/connectome-workbench.html).
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to be either ‘too simple or [too] specialized to be of general use’ [Erhardt et al.
2012]. As such, the most common way of assessing reliability is to quantify how
consistent the results are across multiple runs of the algorithm, and ideally on dif-
ferent data [Himberg et al. 2004; Groppe et al. 2009]. Here we use both simulations

and measures of consistency on real data.

Firstly, we assess the reliability of PFMs using simulations. While there have
been attempts to develop general rfMRI simulation frameworks [Smith et al. 2011;
Erhardt et al. 2012], our aim was to better understand the implications of vari-
ability across subjects, so we resorted to designing another specialised test suite
to explicitly capture this. The full details of these proof-of-principle simulations
can be found in Appendix E. The results were encouraging for the PFM approach,
with evidence that the model could genuinely capture both subject variability and
modes that are simultaneously spatially and temporally correlated. The crucial
result, however, was that the consistency with which a given PFM was identified
over multiple runs of the algorithm tended to correlate well with ground-truth
accuracy (Figure E.1). ICA, by way of contrast, seemed to be highly reliable but
systematically biased. This gave us confidence that assessing the stability of PFMs

over multiple runs and data is a genuinely useful test.

Secondly, therefore, we evaluate the split-half reliability of the PFMs on the
HCP data. To do this, we split the HCP data into two sets of 230 subjects and
infer a set of PFMs from each of the halves. In an approach inspired by Groppe
et al. [2009], we independently pair the PFMs from each half to the PFMs we are
presenting from the full data. Then, for each of the PFMs from the full data, we

report the correlation between the two paired PFMs.

Encouragingly, 21 of the PFMs have split-half reproducibilities above 0.8. This
is shown in Figure 5.2, and the group maps from each half are shown alongside the

full PFMs in Appendix F. Furthermore, the modes achieving high scores are not
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Figure 5.2: Split-half reproducibility of PFMs. As well as the previously reported PFMs
from the full data, two sets of 50 PFMs are independently inferred after partitioning the
data into halves. For each of 30 pre-selected PFMs from the full data set, we report the
correlation between group-level spatial maps of the two best matched PFMs from the
halved data (Half-Half). For completeness, we also show the correlation between each of
the PFMs inferred from half the data and the full PFMs (Full-Half).

simply those which have been previously identified. For example, PFM 15, which
we flagged as unknown in Figure 5.1(b), has a split-half reproducibility of 0.989.

Therefore, this suggests that we can have some confidence in these PFMs.

However, it is unclear how we should interpret the lower-scoring PFMs. In-
terestingly, a closer inspection of Figure 5.2 reveals that of the nine PFMs scoring
below 0.8, five of these are clearly present in one half of the data, but not both. The
MT complex (PFM 5, Figure F.5) is an excellent example of this. Our interpretation
of this is that some genuine PFMs are eliminated from the model because the
random initialisation procedure we employ does not capture any of the signal they
are responsible for. We touch on this issue again in our discussion of future lines
of investigation for the PFM framework (Section 7.2).

In summary, a large proportion of PFMs are strongly reproducible, though this

could of course be improved. However, there is one final interpretation of these
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results we need to rule out. As we are using data of an unprecedented quality,
it is possible that any new results are solely attributable to improvements in the
acquisitions, rather than the PFM framework itself. In other words, does the PFM
approach make any different predictions to existing techniques, when they are

run on the HCP data?

5.1.2 Comparison with ICA

As the established technique for identifying modes, ICA is the obvious technique
to compare with PFMs. Furthermore, as there is so much data available from the
HCP, we can get reliable results from both spatial and temporal ICA [Smith et al.
2012; 2013, b].

Therefore, we identify a set of modes using both sICA and tICA and compare
these to the PFMs. We display the similarity between the PFMs and the ICA-derived
modes in Figure 5.3, and the ICA group-level spatial maps are displayed alongside
the matched PFMs in Appendix F.

Clearly, the PFMs represent a characterisation of rfMRI data that is distinct
from both sICA and tICA. There are obviously some similarities; indeed, that is
what we expect given that several of the PFMs correspond to modes that have been
identified by many different methods and from many different data sets. However,
what this shows is that the differences between PFMs and modes previously
identified by more traditional approaches cannot simply be explained away by the

higher quality data.

5.1.3 Prediction of task contrasts

Finally, we use the task fMRI data acquired as part of the HCP to make one further
assessment of the PFM group-level spatial maps. As part of the HCP nearly one

hour of task fMRI data is acquired for each subject, with the battery of tasks
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Figure 5.3: Comparison between PFMs and both spatial and temporal ICA. All techniques
were made to identify 50 modes from the full set of available HCP data. Modes identified by
ICA were paired with the PFMs, and the correlations between the ICA and PFM group-level
spatial maps are displayed here for the subset of PFMs outlined earlier.

designed to cover several broad cognitive domains [Van Essen et al. 2012b]. As
we know there should be a strong correspondence between the spatial patterns
of activity during tasks and at rest [Smith et al. 2009], we can utilise these task

results to validate the PFMs.

In Figure 5.4 we investigate how well the set of PFMs predicts the task obser-
vations, and again we compare this to the ICA modes. From this figure, it is clear
that all the methods produce a set of modes that are consistent with knowledge
from task data. Note, however, that this does not imply that the PFMs represent a
more accurate separation of the underlying modes, but it does suggest that they
are capturing the correct subspace of the rfMRI data. This consistency is therefore
a necessary rather than sufficient condition for modes derived from rfMRI data,

but it nevertheless gives us more confidence in the PFM approach.
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Figure 5.4: Prediction of group-level task maps by PFMs and ICA modes. For each
task map in turn, we find the optimal approximation, in the least squares sense, using
a weighted linear combination of the PFM, sICA or tICA spatial maps. We calculate
the correlation between the true map and the approximation from the modes for each
technique, and we do this for both the full set of 50 modes and the subset of 30 modes.
The figure shows the distribution of correlations for each of the 86 HCP task contrasts.
For the ICA approaches, we use the same 30 components as were paired to the PFMs for
the comparison in Figure 5.3. Due to the different signal-to-noise ratios in cortical and
subcortical grayordinates, these results are only calculated on the cortical surface.

Summary

In this section, we have shown that the set of PFMs we have identified possess a
set of group-level spatial maps that are reproducible, are accordant with both the
existing literature and task results, but do not simply represent a recapitulation
of modes identified by existing techniques. These results, in and of themselves,
suggest that PFMs represent an interesting decomposition that is genuinely novel.
However, the PFM model is much richer than a simple group-level spatial repres-
entation, so in the following sections we outline some of the extra information

that is associated with a set of PFMs.

5.2 Time Courses

In the temporal domain, one of the key aspects of the PFM model is the way the
heemodynamics are used to constrain the inferred time courses. In Figure 5.5 we

plot the frequency content of the time courses from the default mode (PFM 14,
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Figure 5.1(a)).

The combined time courses, A, are shown in Figure 5.5(a). The vast majority
of the power is concentrated at frequencies below 0.2Hz in a manner that is
completely consistent with the temporal blurring induced by the assumed HRF.
However, there is a small amount of power present at frequencies all the way up
to the Nyquist limit. The PFM model attributes this to the noise time courses, &,
and these have an amplitude spectrum which is nearly flat across frequencies, as

can be seen from the inset panel.

The frequency content of the BOLD time courses, B, is shown in Figure 5.5(b).
The inset panel shows that, once the noise processes have been accounted for,
the BOLD time courses carry almost no power at frequencies above 0.2 Hz. The
frequency spectrum of these time courses after correction for the autocorrelation
induced by the HRF is shown in the main panel. The decorrelation with respect
to the HRF does indeed boost power at higher frequencies, though the effect
is slight—the frequency spectrum becomes flat between 0.05 Hz and 0.1 Hz, and
the subsequent roll-off is then much slower, with power remaining up to 0.3 Hz.
Importantly, this is stable’—haemodynamic deconvolution is a non-trivial process

in and of itself [Gaudes et al. 2011; Karahanoglu et al. 2013].

There are two observations to be made from this. Firstly, there is essentially no
power in the inferred BOLD signal above 0.3 Hz, despite the fact that the higher
sampling rate of HCP data would appear to make this possible. In practice, the
canonical linear HRF we have used admits such low amounts of signal at high
frequencies that the model simply eliminates all power near the Nyquist limit,
which is why the decorrelation is stable. It would be fascinating to see whether

or not this would change if a more complex heemodynamic model were used.

*In other words, the power at high frequencies does not ‘explode’ after decorrelation. This is
normally caused by the amplification of high-frequency noise, as at these frequencies the inverted
power spectral density is extremely large.
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(a) Frequency content of the combined time courses, A. Inset: Frequency content of
the noise time courses, & (expanded vertical scale).
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(b) Frequency content of the decorrelated BOLD time courses, K;;B. Inset: Fre-
quency content of the BOLD time courses, B (different vertical scales).

Figure 5.5: Frequency content of the time courses of the default mode (PFM 14,
Figure 5.1(a)). The magnitude of the DFT coefficients are calculated for the specified
time course from each of the 1,844 runs, and for each frequency bin we fit a gamma
distribution to the histogram of observed magnitudes. The mode of this distribution is
plotted in red, and the grey region represents the 95 % highest density interval [Kruschke
2014].
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Secondly, there remains an excess of power below 0.05 Hz. While this could be
explained as a misspecification of the HRF, this observation is tantalisingly similar
to the predictions of some biophysical models, that posit that modes are driven by
ultraslow (<0.1 Hz) fluctuations [Deco et al. 2009; 2011].

These results raise some intriguing questions about the nature of the HRF and
intrinsic mode dynamics. However, the primary conclusion is that PFMs have
time courses that are consistent with current models of the heemodynamics that
drive the BOLD signal, and furthermore, are stable under decorrelation. It is the
latter, in particular, that is of particular interest next, as this gives us confidence
that the interactions between PFM time courses more closely reflect genuinely
neuronal processes [Gitelman et al. 2003]. We investigate those interactions in the

next section.

5.3 Interactions Between PFMs

One of the key motivations for the PFM model was to relax the assumptions ICA
makes about the interactions between modes. To see if this is borne out by the
results, we plot the spatial and temporal correlations between the inferred PFMs in
Figure 5.6. For comparison, we also plot the correlations between the best matched
sICA and tICA modes.

In the spatial domain, the PFMs tend to be strongly correlated, and especially
so within each group. This confirms the intuition from the qualitative examination
of the spatial maps in Figure 5.1, namely that those PFMs seemed to be spatially
overlapping. The sICA modes are uncorrelated by construction, whereas the tICA
modes do contain spatial correlations of a comparable magnitude to the PFMs.
This ability to extract spatially overlapping PFMs is exactly the type of behaviour
we had designed the PFM model to produce, and it is clear that the spatial sparsity

prior is not detrimental in this regard.
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(b) Partial correlations between time courses. Left: PFMs; top right: sICA; bottom right:
tICA.

Figure 5.6: Spatial and temporal correlations between PFMs. The spatial correlations
were calculated from the group-level spatial maps. The PFM temporal partial correlations
were calculated from the group-level hyperprior on subject-specific temporal precision
matrices, B. For a comparable metric on the ICA time course correlations, we compute the
partial correlations from the mean subject-specific temporal precision matrix. The ICA
components were matched as in Figure 5.3.
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However, the completely unexpected result is that the PFMs are predominantly
anti-correlated with one another in the temporal domain. This is at odds with
currently held ideas about mode interactions’, and there is no evidence for this in
either the sICA or tICA temporal correlations®. At the model level, inferring strong
temporal correlations is very encouraging, but unlike the spatial correlations, there
is no intuitive interpretation of this result.

To reiterate, this set of temporal correlations is a genuinely radical departure
from previous results. While it is too early to speculate on interpretations of this,
it is important to understand how it has arisen. What has enabled the PFM model
to infer a set of mode interactions so completely different to those predicted by

ICA?

5.4 Subject Variability

The PFM model is built with the concept of subject variability at its heart. It is
therefore natural to suspect that this may be driving the differences between the
PFMs and modes inferred by ICA. To begin with, we simply plot the key group-
level spatial parameters and some example subject-specific spatial maps for the
default mode in Figure 5.7.

Several things are clear from a qualitative inspection of the subject-specific
spatial maps. Firstly, despite high levels of variability, these maps are recognisable
as variants of the group-level map. We can therefore be confident that the time

courses, and any associated interactions, are all related to the default mode as a

*Even accounting for the fact that the model infers a global PFM—as such, the calculation of the
partial correlations can be thought of as including a weak version of global signal regression—one
would expect the between PFM correlations to have zero mean, rather than being consistently
anti-correlated [Murphy et al. 2009]. We discuss global signal regression in more detail in the next
chapter (Section 6.2.2).

By construction, the tICA time series are uncorrelated if they are concatenated over all subjects.
However, this does not guarantee that the mean over subject-specific partial correlations will be
zZero.
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(a) Group-level spatial map. (b) Group-level variance parameters, o.

(c) Subject A spatial map. (d) Subject B spatial map.

(e) Subject C spatial map. (f) Subject D spatial map.
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Figure 5.7: Subject variability of the default mode (PFM 14, Figure 5.1(a)). We display
the group-level spatial map, the variance parameters encoded by the PFM model, and
four exemplar subject-level spatial maps. Spatial weights are displayed on the left lateral
cortical surface. The colour scale for each map is symmetric around zero and is clipped
at the 99 % level of the distribution of the spatial weight magnitudes. Cortical surface
views were generated using Connectome Workbench (humanconnectome.org/software/
connectome-workbench.html).

Labels: dLPFC: dorsolateral prefrontal cortex; IPL: inferior parietal lobule; pTL: posterior
temporal lobe.
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functionally distinct entity from other PFMs. Secondly, there is enormous variation
in the size, shape and location of clusters of spatial weights. For example, note the
changing pattern of positive and negative weights in the dorsolateral prefrontal
cortex, or the much stronger negative weights in the posterior temporal lobe of
subject A. This variability appears to be highly structured, rather than representing
a uniformally distributed set of deviations around the group maps.

We can investigate this more quantitatively, as the PFM model has an explicit
set of parameters designed to capture spatial non-uniformity of subject variability.
We plot these o parameters in Figure 5.7(b). The most striking feature is the
huge ring of cortex exhibiting particularly high variability that surrounds the
set of positive weights in the inferior parietal lobule, though the aforementioned
posterior temporal lobe and dorsolateral prefrontal cortex also show up strongly.
What is interesting is that the variability is relatively low within the regions of
the default mode. Rather, it is concentrated around the edges of regions, and as
such, appears to be primarily driven by changes in the size, shape and position of
cortical areas.

While this is a compelling story for the default mode, this only represents a
small proportion of the cortex. To investigate the effects of subject variability
more generally, we plot the similarity between the subject-specific maps and the
group-level maps for each of the 30 PFMs in Figure 5.8.

What this shows is that the cognitive PFMs seem to be much more variable
than those residing in primary visual cortex or the motor strip’— a finding that
almost exactly matches the results Mueller et al. [2013] reported from their invest-
igations into subject variability. Previous work has speculated about the potential

evolutionary and developmental reasons for this heightened variability in associ-

°PFM:s 2, 3 and 4 reside in primary visual cortex and are highly consistent, and likewise for PFMs
9 and 10 in the motor strip. The other visual PFMs tend to represent higher order visual processing
regions, and PFMs 11 and 12 represent a somewhat ambiguous lateralisation of the hand and arm
representations in the motor cortex.
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Figure 5.8: Similarity between the subject-specific PFM spatial maps and those at the
group level. For each of the 30 PFMs, we plot the distribution of correlations between each
of the 461 subject variants and the group-level map. We apply the Fisher transformation,
zZ = artanh(p), to the correlation coefficients.

ation cortex relative to the primary sensory cortices [Buckner and Krienen 2013],

and it will be fascinating to see what further insights the PFM approach yields.

In summary, the variability captured by the PFMs seems to reflect a specific
type of cortical reorganisation, and is spatially distributed in a manner which is
consistent with past findings. However, we can also use the information about
the familial relationships between subjects that the HCP collects to validate these
findings further, and we investigate the heritability of the subject-specific PFMs in

the next section.

5.4.1 Heritability

In an attempt to capture some of the genetic and environmental correlates of
neurological variability, the HCP subject cohort contains a large proportion of
twins and siblings. While full genetic information will not be available until the

end of the project, we can use the information about family structure to do a
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simplified analysis of the heritability of subject information. For each pair of
subjects, we calculate the similarity in the subject-specific information encoded
by PFMs, and separate this based on the type of familial relationship the subjects
have. This is plotted in Figure 5.9.

The information about subjects that PFMs encode is clearly heritable, as closely
related subjects have much more similar spatial maps and between-PFM temporal
correlations. This is hugely important: it means that a large proportion of the
variability we observe is underpinned by genetically and developmentally relevant
changes, and does not simply reflect noise. This substantially increases our confid-
ence in that we can extract meaningful information about individual subjects, and
in particular that the unexpected temporal interaction structure is underpinned by

subject-specific interactions that vary in a meaningful way.

5.4.2 Implications of subject variability

What we have hopefully demonstrated is that the PFMs capture a surprising degree
of variability over subjects, but in a way that is consistent with past results and
the extra information we have about HCP subjects.

One hypothesis is that this subject-specific modelling is key to reconciling
the different predictions that PFMs and other methods make about the temporal
interactions between modes. If subject variability in the spatial domain is primarily
driven by spatial misalignments and cortical reorganisations, as the PFM results
suggest, then this will seriously affect any methods that, like ICA, extract subject-
specific mode time courses based on a fixed group template. Intuitively, any spatial
shifts relative to the group would mean that the ICA time courses for a given
subject would contain a mix of time courses from the ‘true’ subject-level modes.
As the PFMs model also predicts that modes are spatially positively correlated, this

type of spatial mixing would mean that the inferred time courses would tend to
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Figure 5.9: Similarity between subject-specific PFM information, stratified by family
structure. For each pair of subjects we calculate the similarity between the spatial maps
and the temporal interactions and divide this based on the relationship between the two
subjects. In the spatial domain, similarity is the correlation between subject-specific PFM
spatial maps. In the temporal domain, we calculate the subject-specific partial correlation
matrices from the precision matrices, ). The similarity is taken as the correlation
between the elements in the upper triangles of these matrices, and we apply the Fisher
transformation, z = artanh(p), to these correlation coefficients. For these box plots, the
whisker extent is 1.5 times the inter-quartile range.

Labels: UR: unrelated; SI: siblings; DZ: dizygotic twins; MZ: monozygotic twins.
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be an additive mix of the true time courses. Therefore, this would tend to induce
spurious positive temporal correlations between any spatially adjacent modes
derived from a group-level template.

While the above represents a conceptual framework within which our surpris-
ing results can be reconciled with ICA, there is much work still to do on verifying
and comparing these results. However, it seems clear that proper modelling of
subject variability will be absolutely crucial to any attempt to understand the

complex set of spatio-temporal interactions between modes.

Summary

In this chapter, we have given an overview of the different types of information
about modes that the PFM model captures. This approach yields PFMs that are
reliable, can often be linked to modes characterised by other techniques, and are
consistent with our knowledge about task data and heemodynamics. However,
by inferring modes that are simultaneously strongly spatially and temporally
correlated, the PFM approach goes beyond what can be achieved with ICA-based
techniques. Finally, it is the novel temporal structure that is particularly surprising,
and this leads us to believe that the principled modelling of subject variability is
absolutely crucial for any technique that tries to better characterise modes, and

that this is therefore a key advantage of the PFM framework.
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FURTHER ANALYSES

In this chapter we go beyond simply characterising the properties of PFMs, and
briefly outline two examples of how we are using PFMs to investigate the properties
of rfMRI data in more detail. To begin with, we examine the implications of dif-
ferent registration schemes, before describing a surprising set of observations that
links the non-stationary temporal dynamics of PFMs with an ongoing issue of

much debate in the rfMRI community, global signal regression.

6.1 Functional Registration

The striking feature of the PFM subject modelling in the last chapter was the
extent to which this seemed to capture variability in spatial localisation. As we
discussed in the model chapter, there are several reasons why registration driven by
gross morphological features may fail to bring subjects into functional alignment.
Therefore, it is natural to suspect that using information derived from functional
data to drive the registration would improve alignment. This is the rationale behind
several recently proposed multi-modal registration approaches [Conroy et al. 2013;
Li and Fan 2014; Robinson et al. 2014]. However, if the PFMs are already able to

account for the spatial variability in the data, then will PFMs inferred from more
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accurately registered data make any different predictions?

In order to better understand the implications of registration accuracy, and
the interactions between this and the subject-specific modelling within the PFM
framework, we inferred two new sets of PFMs from one data set registered in
two different ways. We use data from an earlier HCP release’, consisting of 209
subjects. Crucially, this data was available with and without functional registra-
tion. The data pre-processing pipeline proceeds essentially as described earlier
in Section 4.3.1, until the stage at which subject-specific cortical surfaces need to
be registered to the group atlas. The standard approach uses FreeSurfer’s surface-
based registration algorithm informed by sulcal depth alone [Glasser et al. 2013],
and we will refer to this as the structurally registered data. The alternative approach
uses the Multimodal Surface Matching (MSM) algorithm introduced by Robinson
et al. [2014], and this performs the registration based on sulcal depth, myelination
[Glasser and Van Essen 2011] and a set of subject-specific modes identified from
the rfMRI data by sICA and dual regression. We will refer to this as the functionally
registered data, though it does of course use both structural and functional features.
Finally, note that the newer data used in the previous chapter was also structurally
registered, but it is not yet available with functional registration applied. However,
there have been some tweaks to the pre-processing pipeline that mean that it

would not be a fair comparison to use this as the structurally registered data here.

6.1.1 Impact of functional registration

To begin with, we simply try to characterise the effect that functional registration
has had on alignment accuracy. Firstly, we plot the PFM that represents the
default mode from each of the two analyses, along with the group-level variance

parameters and an example subject map. This is shown in Figure 6.1. Several

1Q3 Data Release: humanconnectome.org/documentation/Q3
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things are apparent from a visual inspection of these maps. The first striking result
is that the anti-correlated regions are not inferred from the structurally registered
data. Secondly, the group-level parameters that capture the spatial non-uniformity
of subject variability seem to represent altogether different types of variation. As
with the results in the previous chapter, the PFMs inferred from the functionally
registered data are highly variable around the edges of regions, as evidenced by
the ring of highly variable cortex surrounding the positive spatial weights in the
posterior inferior parietal lobule. However, for the structurally registered data the
variability seems to be reside within the regions themselves, rather than being

concentrated at the edges.

Given the results in the previous chapter, where the data was also structur-
ally registered, it is a particular surprise to observe a hugely different pattern of
variability in the structurally registered data here. Our hypothesis is that we will
observe this characteristic ring of variability—or in other words, the variability at
the centre of a region will be small relative to the variability at the edges—if the
region is larger than the spatial shifts between subjects. If that is the case, then
the subject-specific modes will all overlap at the centre of the region, despite the
spatial shifts, and the variability there would be relatively low. Therefore, the fact
that we do not observe this pattern after structural registration could be explained

if the spatial shifts were much, much larger in this data.

This does seem to be borne out by the results of our next analysis. In Figure 6.2
we have plotted the similarity between the subject-specific spatial maps and the
group-level maps for five cognitive PFMs, and there is a pronounced increase in

consistency across subjects after functional registration.

Therefore, it seems likely that this different pattern of variability arises be-
cause the spatial misalignments in the structurally registered are markedly larger

than those in the functionally registered data. This result is not a surprise, as
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Figure 6.1: Subject variability of the default mode, as identified from the structural and
functional data sets. Structural results are in the left column, with functional on the right.
We display the group-level spatial map, the variance parameters encoded by the PFM
model, and exemplar subject-level spatial maps from the same subject. Note that these
are termed PFMs S1 and F1 respectively, and the full group-level spatial maps can be
found in Appendix F. Spatial weights are displayed on the left lateral cortical surface. The
colour scale for each map is symmetric around zero and is clipped at the 99 % level of the
distribution of the spatial weight magnitudes. Cortical surface views were generated using

Connectome Workbench (humanconnectome.org/software/connectome-workbench.html).
Labels: pIPL: posterior inferior parietal lobule; mTG: middle temporal gyrus.
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Figure 6.2: Similarity between the subject-specific PFM spatial maps and those at the
group level for both the structurally and functionally registered data. This was calculated
for five cognitive PFMs, for which the group-level spatial maps can be found in Appendix F.
These PFMs correspond to the six PFMs that we highlighted by plotting the group-level
spatial maps in the previous chapter (Figure 5.1), with the exception of the language PFM
which was not inferred from the structurally registered data. For each of the 5 PFMs, we
plot the distribution of correlations between each of the 209 subject-specific spatial maps
and the group-level map. We apply the Fisher transformation, z = artanh(p), to the
correlation coefficients.

we expected an improvement from functional registration. Rather, it is the size
of the improvement that we did not expect. It appears that the misalignments
in the structurally registered data are of a similar spatial scale to a region as big
as the group of weights in the posterior inferior parietal lobule, whereas they
are substantially diminished by functional registration. However, note that im-
provements from functional registration are not solely confined to the alignment
of large-scale features. The increased strength of the group-level weights—and
the improved localisation of the subject weights relative to these—in the area of
the middle temporal gyrus we have highlighted imply that this is operating at a
relatively fine spatial scale. Finally, our suspicion is that the heightened level of

variability in the structurally registered data is responsible for the disappearance

97



CHAPTER 6

of the anti-correlated regions®.

However, it is not our intention that this explanation for our observations
be used to traduce structural registration. Rather, it should be emphasised that
functional registration, as implemented within the multimodal surface match-
ing framework, has yielded a remarkable improvement in inter-subject spatial

alignment.

6.1.2 Interaction with PFM subject modelling

The major impact of functional registration on the PFMs is to reduce the uncertainty
over the spatial localisation of regions. However, there are also a number of more
subtle effects, like the disappearance of the anti-correlated regions in the default
mode, that suggest that functional registration is changing the PFMs themselves,
rather than simply their associated uncertainties. To investigate this further we
plot the spatial and temporal interactions between the PFMs inferred from the
structurally and functionally registered data in Figure 6.3. The equivalent matrices
from the analysis in the previous chapter can be found in Figure 5.6.

The spatial interactions are similar to what we have seen before, namely
that within the groups the PFMs are positively correlated with one another. The
correlations look slightly weaker for the functionally registered data, and this is
consistent with regions being better delineated at the group level if there is less
variability in location at the subject level. However, in the temporal domain, the
partial correlations between the PFMs inferred from the structurally registered
data seem to be much less consistent than between the PFMs extracted from the
functionally registered data. Anti-correlations are still predominant, but there
is a greater range of strengths, as well as stronger between-group correlations,

in the interactions inferred from the structurally registered data. Qualitatively,

*The reduced number of subjects, even relative to the split-half analysis in the previous chapter,
will also have an effect.
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(a) Correlations between group-level spatial maps. Left: structurally registered data;
Right: functionally registered data.
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(b) Partial correlations between time courses. Left: structurally registered data; Right:
functionally registered data.

Figure 6.3: Spatial and temporal correlations between PFMs, as derived from the struc-
turally and functionally registered data. These PFMs were matched to the set of 30 PFMs
examined in the previous chapter, and were matched based on similarity between the
group-level spatial maps. The spatial correlations were calculated from the group-level
spatial maps. The PFM temporal partial correlations were calculated from the group-level
hyperprior on subject-specific temporal precision matrices, f.

99



CHAPTER 6

the temporal correlation structure extracted from the functionally registered data
seems to be a closer match to the results from the equivalent analysis in the
previous chapter, where over twice as many subjects were used.

Therefore, it appears that while the gross properties of PFMs that we outlined
in the previous chapter can be seen in both data sets, registration does induce some
subtle changes to the PFMs. Our interpretation is that while PFMs can correct
for subject variability to a large extent, there is only so much that they can do.
Better quality data goes beyond simply reducing uncertainty in the PFM model,

and seems to offer some improvements to the PFM decomposition generally.

6.1.3 Implications

In summary, in this section we have demonstrated that using functional informa-
tion to drive the registration profoundly affects data quality by vastly reducing the
observed between-subject variability. While the subject-specific modelling at the
heart of the PFMs framework can ameliorate misalignments to a large extent, there
are still some marked differences between the PFMs inferred from structurally and
functionally registered data.

However, we believe that improved registration will have a much more pro-
found effect than this on PFMs: it should allow us to identify more modes. While
the resolution at which the HCP rfMRI data acquired is 2 mm, it is our view that
the effective functional resolution—by which we mean the scale at which a dis-
tinct functional unit can be resolved across subjects®—is far larger than this, and
therefore, our interpretation is that registration accuracy represents the current
spatial limitation for group studies.

In their discussion of the work of Saygin et al. [2012], which predicted the

spatial localisation of functional regions using structural connectivity, Jbabdi and

*In fact, for some parts of the cortex, we already have a simple way of estimating this: this is
simply the width of the ring of the high variability region we observe around high spatial weights.
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Behrens [2012] observed that ‘[b]y mapping onto a purely spatial template, we
lose a great deal of detail that is present in individual responses, and we are left
to interpret only the spatial peaks that are consistent across subjects’ A crucial
advantage of the PFM framework is that if these spatially consistent peaks do
occur, then it is also possible to reconstruct the individual responses. Intuitively
though, this approach breaks down if the misalignments are larger than the spatial
scale of the modes we want to identify. However, if functional registration reduces
the scale of misalignments between subjects, then the expectation is that more
spatially consistent peaks will appear, and that this will naturally lead to a larger

set of functional modes being identified.

6.2 Temporal Non-Stationarities & the Global Signal

6.2.1 Non-stationary temporal dynamics

There has been much recent interest in the dynamic nature of functional con-
nectivity [Hutchison et al. 2013]. Rather than simply investigating the interactions
between regions as inferred from the entire scan duration, several methods have
been proposed that try and characterise the time-varying properties of functional
connectivity [Chang and Glover 2010; Cribben et al. 2012; E. A. Allen et al. 2014;
Zalesky et al. 2014], as well as several attempts to explain how this property arises
[Baker et al. 2014; Hansen et al. 2015]. But what can PFMs tell us about these
non-stationarities?

Our interest in this was piqued by a surprisingly simple analysis of the PFM
time courses. The aim was to investigate if there were any systematic changes
in PFM activity over the duration of a typical rfMRI scan. To do this, we took
each PFM in turn and, for each time point, collected the observed values of the

BOLD time courses for all the runs analysed. We calculated the variance of this
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distribution to give an estimate of the typical level of activity of PFM m at time
point t, which we denote Var(Bmt), and this can be calculated as per the equation

below.
S Rg
1 1 —\2
Var(Bu.) = ¢ Z R Z (Bt = Bne ) (61)
S= r=1

This variance gives us a dynamic estimate of the activity of each PFM as a function
of the time subjects had spent being scanned.

The remarkable result is that there seems to be a clear dissociation between
these time-resolved variance estimates for the cognitive PFMs and those residing
in sensory cortices. This is shown in Figure 6.4. The activity of the sensory PFMs
increases markedly over the course of the scan, whereas the activity in the cognitive
PFMs is essentially constant, apart from a sharp increase during the first minute.

That there should such a clear separation by such a simple measure of non-
stationarity is a huge surprise. To investigate this further, we repeated the analysis
but this time on the raw data, rather than the PFM time courses. We calculate a
time-resolved variance estimate for each grayordinate, Var(Dvm), which can again
be calculated from Equation 6.1. We form a matrix of these spatially and temporally
resolved variances, before decomposing this via the SVD. The spatial map and time
course of the first component of this—or in other words, the first columns of U
and V respectively—are plotted in Figures 6.5(a) and 6.5(c) respectively.

The first SVD component seems to independently verify the observations from
the PFM time courses. The SVD time course shows a consistent increase in variance
over the scan length, and the spatial map is confined to primary visual and primary
motor cortex, with a weaker recruitment of primary auditory cortex. What is
notable is how similar this spatial pattern is to the global PFM (Figure 6.5(b)).
Similarly, if we look back to the PFM time course variances (Figure 6.4) then we
can see that the global PFM has one of the strongest trends for increasing variance

over the scan, and that the strength of this signal in sensory regions explains the
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Figure 6.4: Variance changes over the course of an rfMRI scan for the PFM time courses.
For each of the 30 PFMs analysed in Chapter 5, we calculate the time-resolved variance
of the inferred BOLD time courses over all 1,844 runs. These variance time courses are
rescaled and smoothed with a Savitzky-Golay filter (order=3, window length=101) before
plotting [Savitzky and Golay 1964]. The sensory category includes all the PFMs from the
visual, motor, auditory and subcortical groups.

dissociation between cognitive and sensory PFMs.

This is an interesting result in and of itself. As far as we can tell, this spatial
non-uniformity of temporal non-stationarities has not been reported before, and
could have a profound effect on estimates of dynamic functional connectivity.
This is because, as Friston [2011] notes, it is possible to induce ‘[a] difference
in [functional connectivity] by changing the amplitude of neuronal fluctuations
without changing the coupling’. However, the relationship with the global PFM is of
particular interest, as at the moment the global signal is a particularly contentious
topic within the fMRI community. We give a quick overview of the debates around
the global signal in the next section, and in the final section we describe why we

believe these non-stationarities are an important contribution to the discussion.
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(a) Spatial map of the first compon- (b) The global mode (PFM 1).
ent from the variance SVD.
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(c) Time course of the first component from the variance SVD.

Figure 6.5: Variance changes over the course of an rfMRI scan for the raw HCP data.
For each grayordinate we calculate the time-resolved variance of the rfMRI signal over
all 1,844 runs. The signal variance, pooled over time and runs, is set to unity in each
grayordinate and these spatio-temporally resolved variance estimates are arranged into a
matrix of size: number of grayordinates X time points. We calculate the SVD of this matrix
after removing the mean, and we plot the spatial map and time course of the first SVD
component. For comparison, we also show the spatial map of the global mode (PFM 1) as
inferred from the same data. Spatial weights are displayed on the left cortical surface. The
colour scale for each map is symmetric around zero and is clipped at the 97 % and 99.5 %
levels of the respective distributions of the spatial weight magnitudes. Cortical surface
views were generated using Connectome Workbench (humanconnectome.org/software/
connectome-workbench.html).
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Our ultimate aim is to use these observations, in conjunction with the existing

literature, to better understand what the global signal might represent.

6.2.2 The fMRI global signal

If one takes the mean over all grey matter voxels in an fMRI data set, a low-
frequency time course emerges—the global signal. While this signal is present
across the entire grey matter, it is expressed most strongly in the primary sensory
cortices [Fox et al. 2009], in a manner that is consistent with the spatial distribution
of our global PFM. Empirically, regressing the global signal out of the data improves
the spatial specificity of functional connectivity analyses [Fox et al. 2009; Mennes
and Beckmann 2015]. This regression step is not necessarily as drastic as it sounds—
for example, it is common practice to regress the mean white matter signal out of
the data during the pre-processing pipeline.

However, there is good evidence that the global signal is neural in origin
[Scholvinck et al. 2010]. That being the case, then at best global signal regression
removes interesting signal, and at worst it fundamentally changes our interpreta-
tion of the data. The main controversy centres around whether or not any temporal
anti-correlations observed after removing the global signal are a neuroscientifically
meaningless consequence of this regression. By definition, if all voxels contain a
portion of the same signal then they will be positively correlated, and regressing
that common signal out will remove the mean correlation [Murphy et al. 2009].
There will now be anti-correlations present in the data, but are they interpretable?
Proponents have argued that this simply enhances anti-correlations that were
already present in the data [Fox et al. 2009], but from a mathematical standpoint,
the interpretation of correlations after regressing out the mean signal is far from

clear [D. M. Cole et al. 2010].

There is, however, a crucial distinction to be made here. If, as Mennes and
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Beckmann [2015] recently proposed, the global signal simply represents the mean
mode activity then the concerns that D. M. Cole et al. [2010] raised about the
interpretability of correlations after the regression are valid. However, just because
a signal can be identified from the mean over voxels, this does not imply that it
is simply a mathematical construct. The other interpretation is that the global
signal represents a neurophysiologically distinct process from the resting-state
fluctuations in mode activity, but one that, by virtue of appearing in more of the
cortex than any one mode, can be more reliably identified from a simple mean
operation. In that case, regressing it out is perfectly valid, in the same way that it
is valid to take the partial correlation between a set of modes, or regress out the
white matter signal.

Finally, note that the our results are consistent with the latter interpretation:
a global PFM, distinct from any other modes, is identified. This is in contrast to
the prediction that the work of Mennes and Beckmann [2015] makes, which is
that this activity would be subsumed by the other modes. Furthermore, because
the global PFM is inferred alongside the other modes, rather than from the mean
over voxels, it should not contain the mean activity from the other PFMs. This
means that the concerns that D. M. Cole et al. [2010] raised, about regressing out

the mean specifically, are less of a concern for the global PFM.

6.2.3 Speculation

We have identified a pattern of temporal non-stationarities that almost exactly
matches the spatial distribution of the global PFM. But is there a plausible reason
to believe that the global signal would be particularly non-stationary?

Two ECoG studies on monkeys provide the crucial piece of information. In the
first study, Liu et al. [2015a] identified a consistent, cortically distributed sequence

of neural activity that occurred sporadically during both wake and sleep, but that
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this was less pronounced and occurred less regularly when the monkeys were
awake. Furthermore, this pattern seemed to relate to the transition to sleep, as
it could be induced by the administration of an anzesthetic. In the second study,
Liu et al. [2015b] performed a similar set of experiments, but this time using a
combined fMRI and ECoG paradigm, and demonstrated that this sequence of events
coincided with peaks in the fMRI global signal. Taken together, these studies have
claimed to identify a neural basis for the fMRI global signal, with the key prediction

that this will be more prevalent during sleep.

Finally, we can link the global signal back to our observed non-stationarities. As
we mentioned at the start of the introduction, Tagliazucchi and Laufs [2014] have
demonstrated that during rfMRI scans subjects tend to fall asleep, and increasingly
so as the scan progresses. Therefore, if the global signal does indeed increase as
alertness decreases, then the steadily increasing activity over the course of the
scan that we have observed may simply represent the increasing prevalence of

subjects drifting in and out of light sleep®.

This is somewhat counter-intuitive, as it might be expected that a transition to
sleep would be associated with a reduction in the variance of cognitive regions.
However, mode activity persists even while asleep [Horovitz et al. 2009; Sdmann
et al. 2011], and the HCP rfMRI acquisition is specifically broken into four runs
to prevent subjects falling into a deep sleep. Rather, what we are seeing here is
only the very early stages of sleep, and the implication is that this is primarily
associated with a reduction in the coupling between sensory inputs and the activity
in sensory regions’. In other words, a reduction in feedback in the early stages of

sleep leads to increased activity in primary visual, motor and auditory cortices,

*Tagliazucchi and Laufs [2014] also observed an increase in BOLD signal variance in visual and
motor cortices during N1 and N2 sleep, again consistent with our hypothesis.

>The implication from functional connectivity is that the major difference between wakefulness
and the earliest stages of sleep is a reduction in cortico-thalamic connectivity [Spoormaker et al.
2010].
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rather than a reduction of activity in cognitive regions.

In summary, we have identified a type of temporal non-stationarity that mani-
fests itself as variance increases over the scan duration, and this is most strongly
expressed in primary sensory cortices—a pattern of expression that is strikingly
similar to the spatial distribution of the fMRI global signal. Our suspicion is that
this relates to arousal changes. In the absence of an overt task, there is a strong
tendency for subjects to fall asleep over the course of an rfMRI scan, and as previous
work has indicated that the global signal is modulated by alertness, this suggests a
natural mechanism by which global signal variance would increase over time. If
true, this implies that the global signal represents a neurophysiologically distinct
process from the fluctuations in mode activity, and this could potentially explain
the empirical observation that global signal regression improves the specificity of

functional connectivity analyses®.

%Similarly, this would also explain why PFMs categorise the global signal as distinct from other
modes.
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CoNCLUSIONS & FUTURE WORK

In this chapter, we give a brief summary of the main characteristics of the PFM
framework that we have developed, before outlining some key lines of enquiry

that we believe will offer fecund ground for future investigations.

7.1 Conclusions

In this thesis, we have developed a new model, and inference framework, for
characterising functional modes from resting-state fMRI data. Our stated aims
were to identify a set of modes without making restrictive assumptions about their
spatio-temporal relationships, and to do this in a way that allowed us to capture
the way these modes varied across subjects.

In the Results chapter we explored the properties of a set of PFMs inferred
from data collected as part of the Human Connectome Project, containing over 450
subjects. Our analyses demonstrated that, at the group-level, PFMs were consistent
with current knowledge of the macro-scale functional organisation of the brain,
and furthermore, this held for insights gained from both previous resting-state
and task studies. However, the PFMs neither represent a direct replication of

previous results nor reflect the new results from previous mode identification
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techniques that are made possible by the unprecedented quality and quantity of
the HCP data. In particular, they represent a genuinely different characterisation
of functional modes from ICA, the technique that is currently dominant within the
rfMRI community. In addition, despite the complexity of the hierarchical model

that is inferred from the data, the PFMs can be reliably identified.

However, it is the modelling of between-mode interactions and subject variab-
ility that enables the PFMs to offer novel insights into the properties of the brain
at rest. The scale of the variability between subjects that the PFMs capture, and
the extent to which this seems to reflect variability in the spatial localisation of
functional regions, is a surprise and has profound implications for attempts to
characterise functional organisation at fine spatial scales using fMRI. That being
said, the fact that aspects of this variability are heritable, and the manner in which
it decreases after improvements to the registration process, give us confidence that
the variability captured by the PFMs genuinely reflects—and, therefore, amelior-
ates the impact of—cortical reorganisations. This, combined with the ability to
decouple noise from the temporal activity that arises as a result of heemodynamic
processes, leads us to believe that the temporal information that we extract from
PFMs more closely reflects the activity of the underlying subject-specific modes
than the time courses from any technique that makes its inferences from a set of
group-derived modes. Therefore, it is the observation that the cognitive PFMs are
almost exclusively temporal anti-correlated with one another that represents the
most radical departure from our current understanding of functional modes and it

will be fascinating to investigate the implications of this further.

Then, in Chapter 6, we explored some of the more subtle properties of rfMRI
data. Using PFMs, we demonstrated that functional registration offers huge im-
provements in the quality of inter-subject alignment, and we suspect that this will

be crucial to attempts to characterise more modes in the future. Finally, inspired by
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a surprising observation of non-stationarity in the PFM time courses, we demon-
strated that there is a striking relationship between the spatial distribution of the
global signal and the regions that exhibit a consistent increase in the variance of
the BOLD signal over the course of an rfMRI scan, and suggested a mechanism by
which these two might be linked. Our hope is that these observations shed fresh

light on what is an increasingly contentious debate.

7.2 Future Work

In the first instance, there is much work to be done on the results that have been
presented here. The HCP includes a wealth of information about subjects beyond
the neuroimaging data, and with the PFMs capturing so much subject variability,
this is an obvious area of investigation. As Smith et al. [2015] elegantly demon-
strated, resting-state functional connectivity can be related back to a multitude
of external factors. It would be remiss of us not to investigate the behavioural
correlates of the subject-level PFMs, or what different predictions this makes to
the simpler dual regression based models of subject variability.

At an algorithmic level, we believe that the way in which we initialise the PFMs
could be improved, and that this would lead to much more reliable decompositions.
As with all VB approaches, our approach will only ever be guaranteed to converge
to a local optimum, and as such, initialisation will inevitably have some bearing
on the final set of PFMs. As we calculate the subject-specific SVDs to reduce
the memory footprint of the data, we have already performed the first stage of
many group ICA approaches [Calhoun et al. 2001; Varoquaux et al. 2010]. If we
combine the subject-specific spatial singular vectors, then we can construct an
initial estimate of the subspace in which we expect the PFM group-level spatial
maps to reside—we could even run sICA if we were so inclined! Our expectation is

that this would be a more effective way of initialising the PFMs than the random
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procedure we currently use.

In the medium term, the HCP is set to release another tranche of data, in-
creasing the number of subjects available to over 900, and crucially, this will all
be functionally registered. As we discussed earlier, the combination of more and
better data is likely to have a profound impact on the quality of the PFM decom-
position. While this represents a significant computational challenge, the benefits
are likely to be enormous.

On a related note, given that the PFMs capture spatial misalignments between
subjects, it would be an obvious next step to drive the functional registration
process using the subject-specific PFM spatial maps. Furthermore, it will be
fascinating to see if PFMs can tell us about the limits of current registration
techniques based on diffeomorphic warps, and the extent to which the currently
observed spatial misalignments represent topological reorganisations.

Finally, the ultimate aim here is to better characterise modes. The PFMs are
already making some new predictions about the structure of modes, their complex
spatio-temporal interactions, and their non-stationary temporal dynamics. Our
hope is that, if PFMs do indeed represent a more accurate description of modes
than currently exists, they facilitate attempts to better understand the functional

organisation of the brain.
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APPENDIX A

ComMPARISON OF PFMs AND ICA

The definitions in this appendix are all standard and can be found from many
sources. However, the notational conventions are, for the most part, borrowed
from Independent Component Analysis by Hyvérinen et al. [2001b] and Information

Theory, Inference and Learning Algorithms by MacKay [2003].

A.1 Definitions

A.1.1 Independence

Random variables X and Y are independent if and only if the joint probability

density factorises, so

pxy(x.¥) = px(*) py(¥) (A1)

Therefore, for any absolutely integrable functions f and g, independent variables

satisfy the following:

E[f(x) g(Y)] = E[f(X)] E[s(¥)] (a2)
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This can be extended to more than two variables, and random vectors, to give

Pxy.z. (% ¥.2...) = px(x) py(¥) pz(2) -~ (A3)

Clearly, ‘the components of x can be mutually dependent, while they are inde-
pendent with respect to the components of the other random vectors y and z’

[Hyvérinen et al. 2001b].

A.1.2 Similarity, correlation and covariance

In the scalar case, we will adopt the following definitions. Let the ‘similarity’ be

the expectation of the product of the variables,
sim(X,Y) = ryy = E[XY], (A.4)

and the covariance be the version of this after the variables have been demeaned,

cov(X,Y) = cxy = E[(X — E[X])(Y — E[Y])]
= E[XY] — E[X] E[Y] (A.5)

= vy — E[X]E[Y] .

Correlation is simply the covariance normalised by the standard deviations of

XandY,

Cxy

VEx xCry

corr(X, Y) =pxy = (A.6)

In the vector case, the definitions are analogous. For random vectors X € RXx

and Y € RXY, with mean vectors my = E[X] and my = E[Y] respectively, then
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we can define the similarity and covariance as:
Ryy =E[XYT] (A7)

Cxy = E[(X —E[X])(Y - E[Y])"] “s)

— T

Note that in general these will not be square matrices as Ry y,Cxy € REx*Ky

A.1.3 Results from finite samples

The above results require enough to be known about the distributions of the
random variables for the various expectations to be calculated. An alternative
scenario is where we observe multiple realisations of the random variables and
wish to estimate the expectations directly from the observations. As this frequently
uses the same notation for slightly different quantities, we will explicitly provide

some results here.

Let X € RYN be a row vector consisting of n random realisations of X,
X = (X1, X0, s Xp) (A9)

We can average over these N samples to estimate the expectations, as

B[f(0)] ~ + ) (). (A.10)

n
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For example, if we define Y similarly to X then we can compute

N
o 1
n=1
_ Ly
N

The extension to the case where we have random vectors requires that we now
collect matrices of random samples. Let X € RKx*N be a matrix consisting of N

realisations of X € RXx,

X = (X1, X0, s X7) (A.12)
and let Y € REY*N pe similarly defined for Y. Then, for example,

Ry y = E[XYT]

- 1
Rxy =4 Z Xn¥n (A.13)

Note that if two rows of X and Y are orthogonal then the estimated similarity

between them is 0.

A.2 ICA model

ICA assumes that an observation, d, is a linear mixture of underlying sources, x.
The observation d is a realisation of a random variable D € RXP and similarly for
x and X € RXX_ For simplicity, the dimensionality of D and X are often assumed

to be the same i.e. K; = K. The linear mixing is defined by the mixing matrix,
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G, so
d=Gx. (A.14)

The aim is to recover x, which will require the inversion of G. This is possible
with essentially only two assumptions: firstly, each of the elements of X are gen-

erated independently; secondly, these are drawn from non-Gaussian distributions.

Kx
p(X) = [ [pe(x0) (A15)
k=1

N

n=1> and wish

In reality, we only observe a finite number of observations, {d,,}
to recover the set of corresponding sources, {xn}gzl. We can use the sample
notation, introduced in Section A.1.3, to formulate the inference problem in this

finite case as a matrix factorisation.

D=GX. (A.16)

A.2.1 Correlations

By construction, the generative model states that the covariance between different
sources is zero. However, this is only a very weak statement; in reality, we observe
a finite set of observations and it is the correlations between the sources that we
observe, given the data, that are arguably of more interest in the case of fMR], as

we shall see later.

. y R
R ==XX
X, X N

= %G_lj\{D’DG_ T

(A.17)

We can actually say surprisingly little about RX x if we only make the two

previously stated assumptions that underpin ICA.
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A.2.2 Whitening

Whitening is a standard pre-processing technique for ICA algorithms, as it reduces
the number of parameters to infer. A random variable is white if its covariance
matrix is equal to the identity, and it is always possible to transform variables to
this form. The following explains why this is useful and the implications for the

sample correlations between components.

First, assume we have a whitened form of the data, Z, such that C; ; = I.
This is achieved with a whitening matrix, W, such that z,, = Wd,,. Equation A.14
then becomes

z,=WGx,

(A.18)
=G x,.

To see why this is a useful transformation, we need to calculate the covariance

of Equation A.18. This yields
CZ,Z = G, CX,X G,T . (A19)

Under the generative model Cx x = I, and C; ; = I by definition, so this
simplifies to

GG'T=r1, (A.20)

. I . .
or in other words, G" is an orthogonal matrix.

A good rule of thumb is that an orthogonal matrix has only half the degrees
of freedom of an arbitrary matrix, so restricting the search for G’ to the space of

orthogonal matrices will be much more efficient than inferring G.

In practice, whitening is nearly always achieved by taking the SVD, D =

USVT, and setting Z = V'T. Dimensionality reduction can be incorporated by
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only selecting a subset of the SVD components. Technically, the SVD actually
ensures that CA'Z’ 7 = I, as we only observe N data points rather than the ‘true’
distribution for Z. Given that we still restrict G’ to be orthogonal, it is trivial to

show that this now ensures € xx =1

In summary, it makes algorithmic sense to whiten the data and infer an or-
thogonal mixing matrix, and this ensures that the set of sources are uncorrelated

under the sample definition.

A.2.3 ICA and fMRI

When used for the analysis of fMRI data, ICA is normally interpreted in terms of
the matrix factorisation formulation of Equation A.16. For example, spatial ICA
would infer a matrix X, of size components by voxels. These are interpreted as a
set of independent spatial maps, and this is why the finite sample approximation
to the source covariance, C x.x 18 of particular interest—this now represents the
covariance between the observed spatial maps. However, it is important to note
that the model itself (Equation A.14) is blind to this interpretation and any spatial

structure in the resulting maps essentially emerges by accident.

Finally, it is well known that residual dependencies between sources often
remain after ICA has converged—in fact, there are ICA models that explicitly
utilise these dependencies [Hyvirinen and Hoyer 2000; Hyvéarinen et al. 2001a].
As we discussed in the Literature Review, Beckmann et al. [2005] demonstrated
that, in the case of fMRI, the restriction to uncorrelated sources may not hinder
the inference of spatial maps that are highly overlapping—that is, correlated after

thresholding—if the data are noisy ‘enough’.
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A.3 PFM model

The PFM model is explicitly based round a matrix factorisation of fMRI data, and

specifies a prior over subject specific maps:

p(Plgfr)l | qf’izl = 1"””771’ UVm) = N(Plgr)l |.uvm’ Oifm)
p(PS) | g, = 0) = 6(PS) (A.21)

) _®
p(q‘l(;?)l = (T[vm)q"m(l - T[vm)1 Tom
The prior over the mean parameters, that can be thought of as being analogous

to the ICA group maps, takes a similar form:

p(,u,,m | Pym = 1) = N(“vm | O’V_l)
P(tom | Pom = 0) = 8(tym) (A.22)

P(Pym) = ()Prm (1 — A)'~Pom

Clearly, both these and the factorised posterior distributions are independent,
and in fact this independence is over both modes and voxels. However, PFMs
are fundamentally different to ICA in that they define distributions over matrices,

rather than assuming the matrices are collections of random realisations.

As explained in Section A.2.3, C x x is of particular interest for sICA, as it
captures the dependencies between the maps we actually infer. However, this
sampling approximation of the between-source covariance no longer makes sense
in the PFM framework. If we let P(v, m) = l,;,Ppm and consider this as analog-
ous to the ICA group maps, then we can explicitly calculate a conceptually similar

quantity to R X.X>
14
% _ 1 T
Ry, =7 > E[PTR)]. (A.23)
v=1
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The approximate VB posterior for these parameters (see Appendix B) is

Q(,Uvm |pvm = 1) = N(,Uvm | ﬂ#vm, 6’5vm)
q(tom | Pom = 0) = 8 (tym) (A.24)

q(pvm) — ((ﬁpvm)pvm(l — qspvm)l—l)vm

Taking expectations with respect to this yields

* P % K=1 d’;pvi(ﬁivi + O,\-I'l'vi) lfl =]
RP,P(l’]) = (A.25)

1 14 72 A 7 A .
38V By, By ) otherwise

Therefore, while the PFM model can clearly support stable correlations between
the maps as a whole. The crux of the issue is that for PFMs, in contrast with ICA,
each voxel in a spatial map is independently drawn from a different distribution.
The finite sample approximation we use for ICA pools over voxels, under the
assumption that they are identically distributed. If this is not the case, as with
PFMs, then this metric will suggest the maps are correlated, even though they are
independently distributed. Intuitively, the correlation between the PFM maps is
carried by the mean parameters that vary across space. ICA assumes that each
voxel has the same mean and is therefore unable to infer correlated maps via this

mechanism.
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VB UPDATE RULES

B.1 Notation

Prior distributions are denoted p(A) while the approximate posteriors will be
designated q(A). For convenience we will use the following notation to denote

the expectation of a variable with respect to its approximate posterior:
(4) = / A q(A) dA

We will use subscripts to index elements in matrices, so A,,; is the activity of
mode m at time t. If there is only one subscript for a matrix then this represents
the extraction of a particular row or column from the matrix. For example, A,,
extracts the full time course from mode m. Whether a row or column is to be
extracted should be obvious from the context.

We will use a tilde to denote extraction of all elements except the current index.
Therefore, Az; represents the matrix formed from the time courses of all modes

except mode m.

Finally, we use a circumflex to denote parameters of the approximate posterior
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distributions, with the variable in question denoted by a subscript. For example,
ag and dg are the parameters of the prior and approximate posterior distributions
of B. This is particularly useful as, as we discussed earlier, the conjugate exponen-
tial nature of our model means that the approximate posteriors simply require
modifications of the prior parameters. Clearly, most of our priors are predicated
on variables as well as parameters, but we try and keep this convention as far as is

reasonable.

B.2 Example derivation

In this section we will derive the update rules for @® from first principles. All

other update rules can be derived in a similar fashion.

Many overviews of VB are available, but the notation and approach demon-
strated here is particularly informed by Attias [2000], MacKay [2003], Winn et al.

[2005] and Chappell et al. [2008].

The crucial equation, as given in Section 4.1.2, is
ln(q(e)) = <ln(p(@’@))>q(@¢e) + const , (B.1)

To begin with, we need to collect all terms that involve a®,

p(a®|B) = W(a®|a,0.B)
In(p(a® | ) = 22122 1nja) (B.2)
— % Tr(Ba™) + const(a®)
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p(BCD | a®) = AN (BED |0,a07%, K )
In(p(BE" [a®)) = §1n|a(s)| - %Tr(B(SﬂKl;l(B("))Ta(S)) (B.3)

+ const(a(s))

We can now plug these into Equation B.1:

ln(q(a(s))) = (ln(p(@, gJZ))><1(@:‘“"(S))

Aus) =M =1+ R(S)T

= 5 In|a®|
RS (B.4)
_ %Tr((ﬁ)a(s) n Z( BENKZ(BEM)T)a®)
r=1

+ const(a(s))

Crucially, this has the same functional form as the hyperprior p(a(s) | ,3):
it has one term in ln|a(s)| and one term in Tr(a(s)). Therefore, we can satisfy
Equation B.1 by setting q(a(s)) to be a Wishart distribution and matching terms.

If we let:
q(a(s)) = W(a(s) | da(s)’ Ea(s))
In(a(a®)) = 222 =M= 11100 (B3)

- %Tr(ﬁa(s)a(s)) + const(a(s))

An inspection of Equation B.4 and Equation B.5 tells us that we simply need

to set the parameters of q(a(s)) to the following values:

Ag(s) = Aus) + R(S)T (B.6)
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R(s)

Byo = (B) + Z(B“”K;(B(S”)T) (B.7)

r=1

B.3 Spatial Model

B.3.1 Subject Maps

Prior:
(Pig‘fr)z | q(S) - 1nuvm’ va) = N(Pigrsr)l |nuvm’ Ugm)
p(PS2 a3 = 0) = 5(PS7) ®9
P(A50) = (ym)Tom (1 = )0
Posterior:
AP | o = 1) = N (P | 4 Hpe). 0 (s>)
a(Pss | asm = 0) = 8(P5) (B-9)
A () A (s)
alasm) = = ($y@) (1= P ) " vm
Parameters:

R(s)

P(s) <(:3vm> Z (pEr)AS" (Agflr))T>>_ (B.10)

r=1

R(s)

,uP(s) (S)< Z(¢(sr)) D 1gsr)( A‘Eflr)>T

Fom r=1
R(s)

_ Z(w(sr))(Pnif))<A%T)(A(sr))T) (B.11)

r=1

+ (ﬁvm)(“vm))
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ln(gb((s) =(In(1 - m,p,))

In($)) = ()} + {0(Bure)) = 5 (Bom) )

— Linge- )+1 5-2 52 (B.12)

6 i
2 e T %ot
£ (1)
. ¢©
¢ (S) vm
q (0) 2 (1)
. ¢ (s) t¢ (s)
qvm m

B.3.2 Group Mixture Weights

Prior:
p(nvm) = B(T[vm | anvm’ bnvm) (B13)
Posterior:
q(”vm) = B(TC ) (B.14)
Parameters: s
Ay = Crr,y + Z(%S?l) (B.15)
s=1
S
by, = br, +S— Z(qf;ii) (B.16)
s=1

B.3.3 Group Standard Deviations

Prior:

P(0ym) = [(0pm | a5, b, ) (B.17)

Posterior:
a(0ym) = (05 | 4o, bs,,) (B.18)
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Parameters:
) s
davm =dag,., + E Z(%S?q) (B.19)
s=1
) S
o = b+ D0 (P 1085 = 1)+ o)
=1 (B.20)
— 2(PSdom = 1)(uvm)>
B.3.4 Group Means
Prior:
p(/’[vm | Pym = 1) = N(ﬂvm | an_l)
p(:uvm | Pym = 0) = 6(:“17111) (B.21)
p(pvm) = (1)Pvm(1 — A)1~Pvm
Posterior:
q(:u'vm | Pvm = 1) = N(:uvm | ‘ﬂuvm, &ﬁvm)
q('uvm | Pvm = 0) = 5(va) (B.22)
Q(pvm) = (d;pvm)pvm(l - (ﬁpvm)l_pvm
Parameters: s
Ot = (V + (GJri)Z(qiﬂ)) (B.23)
s=1
S
'ﬁﬂvm = Aﬁym<avm>Z(P152|q(S) = )(qf,f%) (B.24)
s=1
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In($0)) = In(1.~ 1)

A 1 16 Ls=2
ln(d)l()in = ln(/l) + 5 1n(V) 9 ln(o-llvzm) + Eaﬂvzm‘u/z‘vm
. o
p — A A
G+ h

B.4 Temporal Model

B.4.1 BOLD Time Courses

Prior:

p(B(ST) | a(s)) = ]\/‘(vec(B(sr)) | 0,97 ® KB)
Posterior:

a(BE) = M (vec(BE) | vec(Myon), Eom)
Parameters:

Epen = ((a9) @ K5* + (YEVN(PO)TPO) @ IT)_l

vec(Mpesn) = Zpen Vec<(l/)("))(P(S))TD(Sr) - (5“”))

B.4.2 BOLD Time Course Subject-Level Precisions

Prior:
p(a] f) = W(a® | a . f)
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Posterior:
q(a(s)) = W(a(s) | Ag(s)s Ea(s)) (B.31)
Parameters:
Ags) = Qg + R(S)T (B.32)
R(s)
By = (B)+ ) (B K5 (BT (B.33)
r=1

B.4.3 BOLD Time Course Group-Level Precisions

Prior:
p(B) =W(B|as. By) (B.34)
Posterior:
a(B) = W(B|as. By) (B.35)
Parameters: s
dy = as+ Z aye (B.36)
s=1
S
s=1

B.4.4 Noise Time Courses

Let 7 € RM*M represent the diagonal matrix formed by placing each a)T(,S;T)

along the diagonal, or in other words,

(s7) wi( T ifi= J
@0 = (B.38)
0 otherwise
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Prior:
p(e8” |0t) = N (EE 0,067 ™) (B.39)
Posterior:
q(é ST)) N(/j g(sr), §(ST)) (B40)
Parameters:
£6n = (067 + (PEIY(PO)TPO)) (B.41)
t
VeC( (sr)) = }:(sr) ((lp(sr)>(P(s))TD(sr) — (B(ST')>> (B42)
B.4.5 Noise Time Course Precisions
Prior:
p(‘”frsir)) = F(wfrsl:r) | ECeE bwgrslr)) (B.43)
Posterior:
(sm) M) | A b
( ) = F(w | awgflr), wgrslr)) (B.44)
Parameters:
y = + T B.45
awgflr) = aw;slr) E ( . )
T
b (sr) =b (sr) %Z ggsr)(‘fgsr)) (B.46)
t=1
B.5 Noise Model
B.5.1 Precision
Prior:
p(lp(sr)) = r(w(sr) | Ayp(sm) bw(sr)) (B.47)
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Posterior:
q(l/)(sr)) = F(l/)(sr) | dw(sr), l;w(sr)) (B48)
Parameters:
X VT
aw(sr) = aw(sr) + 7 (B49)

Bpten = byn + % Tr((DCT)TDEN) — To((DE)T(PO) ACT))
(B.50)
N % Tr((( POYT PO ACT( A(sr))T>)
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ComMpuUTATION OF THE BOLD TiME

CoURSE UPDATES

C.1 Distributions

C.1.1 Matrix normal distribution

The matrix normal distribution is a generalisation of the multivariate normal
distribution to matrices, for certain covariance structures. It is used when the
covariance structure for the whole matrix can be expressed as the Kronecker
product of covariance matrices over the rows and columns of the matrix [Dawid
1981].

If the random matrix X € R™*™ follows a matrix normal distribution, with

Rmxm

and row covariance Q € R™"

mean M € R™*" column covariance X €

then the following hold:

X~MN(M, Q%)
vec(X) ~ V(vec(M),Z ® Q)
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exp(—§ Tr(Q'(X - M)TZ~(X - M)))

p(X|M.Q,%2) = —
@n)z |Z|Z|2|=z

(X)=M
(XTAX)= MTAM + QTr(ZA)
(XBX")= MBM" + X Tr(2B)

(Tr(AXTZX)) = Tr((B(XTAX)) = Tr((X BXT)A)

C.2 B updates

For computational reasons, we define the prior over BT rather than over B directly.
This does not change the form of any of the distributions, but gives the posterior
covariance matrix a more convenient block structure. With this formulation, the
blocks of the matrix are defined by full time courses, rather than the set of all
mode activities at one time point—intuitively, vec(BT) concatenates time courses
rather than time points.

The update rules are only sketched in outline to try and keep the notation
relatively simple: we drop the run and subject indices and ignore the noise time
courses, &, as these can simply be subtracted from (zp)DT(P). However, in general,
we may wish to infer B from a range of observations', in which case there may
be multiple sets of ¢, P and D. Rather than writing the sum over these sets of
variables out in full each time, we will keep these implicit. Note that this is why

does not always commute, even though it is a scalar—in general, it is paired with a

"The obvious example is multiple subjects doing the same task and therefore having equivalent
time courses.
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set of P and D.

p(B|a)=MN(B|0,a™", Kp)

(C1)

= N (vec(BT) 0,07 ® Kp)
a(B) = N (vec(B") | vec(My). £5) (C2)
£p=((o) ® K3+ (PTP) @ ()I7) (C3)
vec(My) = Eyvec((p)D"(P)) (C.4)

Dw(a(B) || p(B|a)) = %<ln (M» + % <Tr((a‘1 ® KB)‘123)>

|21
+ 2 vec(ME)" (a7 @ Ky) ™ vec(Mp) -
- %lnﬂKBl) - g(ln(lam - %1n(|2“3|)
+5Tr(((a) ® K5")£5)
+ 3 Tr((a)Ry K aE) - T
= L in(1K,1) = Z{in(lat)) = 2 (1 £,1)
+ %Tr((a)(BK;BT)) ~ %
(€5)
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C.3 a updates

This gives the loose form of the updates necessary to infer a posterior covariance
across modes. The precise way the information from different time courses is
pooled to infer the covariance is arbitrary—the updates are simply provided to

illustrate the expectations we need to calculate.

Prior:
p(a|p) =W(a|a,.B) (C.6)
Posterior:
q(a) = W(a|a,.B,) (ek)
Parameters:
Aq = @ + RT (C.8)
R
B, =(p)+ ) (BKy'B) (C.9)

C.4 Computational approach

The above demonstrate that we need to be able to manipulate X, the posterior
covariance matrix over all elements in B. However, this is a square matrix of side
MT. For even relatively modest values, say M = 100 and T = 1000, this contains
over five billion unique entries, far too large for a naive computational approach.
In this section we detail how it is possible to utilise the structure of this matrix
to extract all the necessary expectations, without ever forming the full matrix.
We need to calculate four separate quantities using 3. Firstly, it is used
in Equation C.4 to calculate the posterior mean of B. Secondly, we need it to

calculate (BBT), which is needed by the other parts of the matrix factorisation
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model. Thirdly, the update rules for @ and the free energy require (BKElBT).

Finally, we need its determinant, again for the free energy.

C.4.1 Eigendecomposition of X, using the Kronecker structure

For two real, symmetric matrices with accompanying eigendecompositions, X =
UxAy U; and Y = Uy Ay U, it is straightforward to show that the Kronecker

product takes the form

X®Y = (Ux ®Uy)(Ax ® Ay)(Uy ® Uy)

The other property we require is a general one of eigendecompositions:

X +cl =Ux(Ax +cI)Uy

As Stegle et al. [2011] noted, it is possible to utilise these two properties for
very efficient solutions of problems involving matrix normal distributions. The
combination of the two yields the following equation, which we can use to invert

A

3,

(X®Y+cI)' =(Uxy QUy)(Ax ® Ay +cI) ' (Uy ® Uy)

Once we have expressed 3 p in terms of its eigendecomposition, it is possible
to simplify the formulation of the necessary expectations. To do this, we will also

make use of the following property of the matrix inverse:

(X+Y) ' =x'IT+YXx )™
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The form of 25 we require is:

-1

A

25 =((a) ® k3" +(P"P)® <w>IT)
((P™P) @ (w)Ir) " ( ({o) ® K32)((PTP) @ (w)Ir) " + IMT>_1

() IT)<( Y)PTP) ) @ K5t + IMT>_1

(C.10)

The relevant eigendecompositions are denoted Kz = UgAxUZ, (PTP) =
UpApUL, (@) = U,A,UY and (@)(($)(PTP))™" = U,pA,pU, 5. Combining

a’TaTa

these with Equation C.10 gives:

25 = ((WNPTP) ™" ® Ir)(Usp ® Ug)(Aup ® A" + Inr) ™ (Ugp ® Uy)
(C.11)

Importantly, it is possible to precompute the eigendecomposition of K, and
the decompositions of the various M X M matrices should be relatively inexpensive.

Note that in general (a)((t,b)(PTP))_l is not symmetric. However, it is pos-
sible to show that the eigenvalues will still be real, though the eigenvectors are
not guaranteed to be orthogonal. This is useful as it means that it is not neces-
sary to consider the general case of complex matrices when doing the various
computations.

To show this, we will use the concept of matrix similarity. Two matrices,
X and Y, are considered similar if there exists an invertible matrix P such that
Y = P 'XP. If this holds, then the matrices share a number of properties,
including properties of the characteristic polynomial (and hence eigenvalues).

Consider two real, positive semidefinite matrices, X and Y. Let Z = P lXYP,
and take P = Y_% (this exists, and is positive semidefinite, because Y is positive

1 1
semidefinite). Rearranging gives that Z = Y2 XY 2, which is clearly symmetric.
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In other words, the product of two real, positive semidefinite matrices is similar to

a real, symmetric matrix, so will have real eigenvalues.

C.4.2 Calculation of expectations

Vector multiplication

The posterior mean requires 2 to be multiplied by a vector. To do this we will

require the following:
(X ®Y)vec(Z) = VEC(YZXT)

Using Equation C.11, the simplified vector multiplication operation, for Z €

RTXM, is

Zpvec(Z) = ()" (PTP) ™ ® I)(Uyp ® Ug) ..

i (Agp ® AR + Inyr) Hvec(Ug ZUT

(C.12)

As the eigenvalue matrix is diagonal, we can simplify this further. For nota-
tional purposes, let L € R™*T be a rearrangement of this eigenvector matrix,
such that L(m, t) = (Aa P (m)Al_(1 )+ 1)_1. Using o to represent the Hadamard

product, we can continue simplifying Equation C.12 as

Evec(Z) =((WNPTP)) ™ ® Ir) (Upp ® Uy vec(LT « (UF ZU,1)
= ((WNPTP) ™ ® Ip) vec(Uk (L™ = (U ZUZ")) Uy, )
= VeC(UK(LT ° (UEZU;PT))U;FP (lp)(PTPD_l)

(C.13)

Finally, combining Equation C.4 and Equation C.13 gives the final expression
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for calculating the posterior mean.

vec(My) = VEC(UK(LT o (UgDT(PYY)U U, <¢>(PTP))_1)

M = (W)(PTP)) " Uap(L ° (Ugp($)(P")DUK))Ug

(C.14)

Blockwise trace

The contribution of the posterior covariance to (BBT) can be formulated as the
trace of different blocks of 25, each of size T XT. The expression for the expectation

of the ith mode’s time course when multiplied by that of the jth mode is:
T T
(BBT)(i.j) = 2 My(i, )My, t) +z (= DT+t (= DT +1) (C.15)
t=1 t=1

Firstly, we will derive an expression for the i,jth block of X5, which we will

[E.]]

g € RT*T Note that the expression for blockwise matrix multiplication

denote 3

has a similar form to the standard expression in terms of indices, so
Z=XY Z(@i))= Z XG@ YKk, ) 2z = Z XKyl (C16)
k k

provided the blocks are sized appropriately. Using Equation C.11,

S =SS (NPT @ 1) (U, @ U

k1 k2 k3
((AaP ® A+ IMT)—l)[kZ,kS](U;; ® UIE)UBJ]
= ZZ(((IP)(PTP>)_1 ® IT)[i,kl] (UaP ® UK)[kl,k2] .
o (C.17)
((A“P ® Ay + IMT)_I)[kZ’kZ](U;; ® UI”I(‘)[kz,j]

- ZZ(((z/))(PTP))_l(i,kl))(UaP(kl,kZ))(U;,}(kZ,j))

k1 k2

_ _1\[k2,k2]
v Ug((Aap ® AZ* + Iyr) ™) Ul
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Taking the trace over the blocks of 35 allows us to simplify the expression in

Equation C.17. This gives:

Tr(E57) = ) ((WHPTP) T kD)) (Uap (k1 k2)) (U (k2. ) -

k1 k2

) TI‘(UK((AaP ® A;(l + IMT)—1)[k2,k2]U§)

ZZ PTP) (@, kl))( Ugp(kl, kZ))( aP(kz ]))

k1 k2

.- Tr(((AaP ®A;(1 +IMT)_1)[k2,k2])
(C.13)

At this point we can use this form to calculate each of the elements of (BBT>.
However, we can turn the above back into a matrix multiplication, and calcu-
late all of (BBT> in one go. To do this, form the diagonal matrix L € RMXM

where L(m,m) = f=1 L(m,t). Using this, we can combine Equation C.15 and

Equation C.18 to give:

(BBT) = MyM, + ((y)(PTP)'U,p, LU, (C.19)

Extension to blockwise trace with matrix multiplication

It is relatively straightforward to extend the above result to (BK _1BT). It can be
shown that the terms that involve 2 that we require take the form Tr(K 1 Z IL] ])
Note that if we multiply the expression for Zl[;’] Vin Equation C.17 by K" then

the eigenvectors cancel and we are simply left with a modified diagonal matrix of

eigenvectors.

Therefore, define Ly € RM*T he a modification of L, such that L x(m,t) =

A (t,t) 1 L(m,t). Then, defining L g in an analogous manner to L, the extension

143



APPENDIX C

to Equation C.19 is trivial, yielding:
(BK3'BT) = MpKy My + ()(PTP)) " Upp Ly Ugp (C.20)

Finally, rather than calculating M g K;lﬂ ; directly, note that Equation C.14
gives an expression for Mz involving terms from the eigendecomposition of K.
Some of these will cancel, allowing calculations to proceed without explicitly

forming K;l.

Determinant

This is straightforward to calculate using the expression for 25 in Equation C.11.
There are a few properties of the determinant we need in order to proceed. Firstly,
|XY| = |X||Y]|. Secondly, | X~!| = |X|™. Thirdly, for X € RM*M and Y €

RNN 1X @ Y| = |X|N|Y|™. Combining the above gives:

2y

=|((W)(PTP)™! ® Ir||Usp ® Ug||Agp ® AR* + Inpr| ' |U; 5 ® Ug|
= |<¢>(PTP>|_T|AaP b2y AI_(1 + IMTl_l

(C.21)

The free energy requires the log of the determinant, which follows straightfor-
wardly from Equation C.21. Note that we can reuse the matrix of eigenvalues, L,

from previous calculations.

1n(|z“B|) = — Tln(|(¢)(PTP)|) + ln(|AaP ® AL + IMT|-1)
M (C.22)

= —Tin(|W)}(PTP))+ > > In(Lon 1)
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PARAMETERS

D.1 Pre-processing

We apply two further pre-processing steps to the HCP data. For each run independ-
ently, we demean the time series from each grayordinate and then renormlaise
such that the time series has unit variance. The data is then reduced via the random

SVD, from which we retain 500 components.

D.2 Alternative Models

We use several other models other than those outlined in Chapter 3. In the spatial
domain, we turn off subject variability by defining a set of group maps, P9, and
setting PG = PW@) for all subjects s. We use two models for P(9, both based on
the hyperprior for the group-level y parameters. In fact, the 1 and y parameters

take the same values as in the full model.
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We define the group-level binary mixture model prior as:

p(Po | pom = 1) = (A7 ~ 1)
p(PSL) | pym = 0) = 6( P (D.1)

p(pvm) — (A)Pvm(l — }L)l_pvm

We also define the group-level delta-Gaussian mixture model prior as:

(P(g) |pvm _ 1) N(P(g)lo v~ )
p(P,,(ﬂl) |pvm = 0) = 6(P1§£1) (D.2)

P(pum) = Q)Pom(1 = 2o

We employ a specific approach in the temporal domain, and turn off the
hierarchical model over precision matrices by setting a®) = B for all subjects s.
In this case we use a group-level diagonal prior for B, in a manner similar to the

noise covariance matrices. This takes the form:

T(Bi|cppdp,) ifi=j
p(Bij) = (D:3)

0 otherwise

D.3 Inference Procedure

We start with the group-level binary mixture model in the spatial domain, and
similarly adopt the group-level prior for . The spatial maps are initialised with a
random draw from this prior, except for one mode where {pvm 1} . We infer
on this model for 100 iterations of the update rules.

Next, we switch to the group-level spatial delta-Gaussian mixture model,
holding all other approximate distributions constant, and infer on that new model

for 100 iterations.
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The next change is to switch to the full spatial model, and infer on that for 150
iterations.

Next, the subject-variability in the temporal domain is switched on and a
further 50 iterations of the VB update rules are computed.

At this stage, in order to ensure that the subject-level modes do not diverge
too far from the group-level means, we turn off spatial variability and switch back
to the group-level delta-Gaussian mixture model for 100 iterations.

We switch back to the full spatial model, infer on this for 500 iterations, re-
initialise the temporal model, and finally compute the VB update rules a further
1,000 times.

It is the output from the full model, after the combined 2,000 iterations of the

VB update rules, that we report in the main body of the thesis.

D.4 Prior Parameters

The full set of prior parameters can be found in Table D.1.
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Parameter Value
A 0.05
4 1
Tom 028
Tom 0.02S
Tym 1
TTym 4
Ay (s) M
ag M
B 5 M I,
c
b 50
dp
awgzr) 50
bwslr) 10
a
v 1
by
n 0.1

Table D.1: Prior parameters used when inferring on the PFM model.
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SIMULATIONS

In this appendix, we give a brief overview of the simulations used to validate the
PFM model and inference approach. A more comprehensive description can be
found in Harrison et al. [2015], and full details can be found in the supplementary

material associated with that paper.

E.1 Data Generation

The aim was to simulate a scaled-down version of the HCP data, though for
computational reasons we reduced the number of grayordinates and subjects to
12,500 and 30 respectively. However, the number of runs per subject, time points
per run, and TR remained constant.

In the spatial domain, we simulated a set of parcels and then generated modes
by taking weighted combinations of these. The parcels represented a set of 200
spatially contiguous, binary regions, with smooth spatial warps applied to generate
subject-specific parcellations with misalignments. A set of 25 modes was generated
by taking weighted combinations of the parcels, and these modes included negative
weights to simulate anti-correlations. There was a tendency for modes to cover a

greater continuous spatial extent than parcels, and for modes to be correlated with
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one another. Sparse noise was added to the group-level mode weights to generate
subject-specific variants. The subject-level modes in the space of the full set of
grayordinate could be constructed by combining the subject-specific parcellations
and the subject-specific mode weights.

In the temporal domain, ‘neural’ time courses were simulated at a sampling
frequency of 10 Hz, and these time courses were both sparse, correlated with one
another, and contained an excess of power below 0.1 Hz.

The BOLD signal was constructed by convolving the time courses with a
random HRF (generated from the FLOBS basis set [Woolrich et al. 2004]), down-
sampling, and projecting into the full grayordinate space via the subject-specific
mode spatial maps. A sigmoid function was then applied to these voxelwise
BOLD signal time series to mimic the nonlinear saturations of a more complex
haemodynamic model.

Finally, noise was added to the BOLD signal to achieve an overall signal-to-
noise ratio of —-10dB.

A complete description of this procedure, including all the parameters used,
can be found in the supplementary material of the aforementioned paper. This

also includes several images of the simulated data itself.

E.2 Models Tested

We compared the PFM approach to PCA and several flavours of ICA: sICA, tICA
and ‘stICA’. The last of those, stICA, is an approach where sICA is used to identify
the 200 parcels, and tICA is run in that data subspace. All of the ICA methods are
also presented after a dual regression step to extract subject-specific information.

The PFMs were based on a slightly different model to the one outlined in
Chapter 3, with a simpler temporal model. The noise modelling at the time course

level was absent, which is equivalent to setting A®™ = BC™) and we used the
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group-level diagonal prior for f as outlined in Appendix D.

E.3 Results

We show the accuracy, relative to the ground truth, in figure E.1, and PFMs perform
considerably better than any of the other approaches.

We also show the relationship between ground truth accuracy and test-retest
reliability (a very similar test to split-half reproducibility) in figure E.2. There is a
consistent relationship between these two quantities for the PFMs, whereas the
ICA methods display a consistent bias and ground truth accuracy is essentially
independent of test-retest reliability.

Several more plots, including a demonstration that the inferred set of PFMs is
relatively robust to mis-specification of the true number of modes, can be found in

the supplementary material of the paper.
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Figure E.1: Accuracy in recovery of the ground truth on simulated data. Multiple data sets
were simulated, and the accuracy with which the above data characteristics are inferred,
for each of the 25 modes, is shown for each method. Dual regression is indicated by the
suffix DR.

GTg illustrates the scores that are achieved if the subject maps are just set to the mean of
the ground truth subject maps; as such, it both illustrates the amount of subject variability
in the data and is also a useful benchmark for those methods which do not model individual
subjects.
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Figure E.2: Accuracy in recovery of ground truth subject-specific spatial maps plotted
against test-retest reliability for four methods tested on simulated data. Each method was
run twice on the same data set; both the accuracy scores, as plotted in figure E.1(a), and
the test-retest reliability, scored using the same correlation metric, were calculated for

each mode.

The grey line indicates equality between the two scores, whereas the red line indicates
the range of scores possible if the inferred maps are just the ground truth maps with
independent additive noise.
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GROUP-LEVEL SrATIAL MAPS

In this appendix, we show the spatial maps for all 30 PFMs highlighted in the main
body of the thesis. Furthermore, we show the PFMs used to generate the split-half
reproducibilities and the ICA maps used for that comparison.

Only the cortex is shown, though the PFMs also contain subcortical and
cerebellar regions. The colour scale for each map is clipped at the 99.5 % level
of the distribution of the spatial weight magnitudes, and is symmetric around
zero. Cortical surface views were generated using Connectome Workbench

(humanconnectome.org/software/connectome-workbench.html).
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(a) PFM, all data.

Ve

(b) PFM, first half of data. (c) PFM, second half of data.

(d) sICA, all data. (e) tICA, all data.

—ve I +ve
Figure F.1: PFM 1
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(a) PFM, all data.

(b) PEM, first half of data. (c) PFM, second half of data.

(d) sICA, all data. (e) tICA, all data.

—ve I +ve
Figure F.2: PFM 2
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(a) PFM, all data.

e

(b) PFM, first half of data. (c) PFM, second half of data.

(d) sICA, all data. (e) tICA, all data.

—ve I +ve
Figure F.3: PFM 3
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(a) PFM, all data.

(b) PEM, first half of data. (c) PFM, second half of data.

(d) sICA, all data. (e) tICA, all data.

—ve I +ve
Figure F.4: PFM 4
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(a) PFM, all data.

Ve

(b) PFM, first half of data. (c) PFM, second half of data.

(d) sICA, all data. (e) tICA, all data.

—ve I +ve
Figure F.5: PFM 5
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(a) PFM, all data.

(b) PEM, first half of data. (c) PFM, second half of data.

(d) sICA, all data. (e) tICA, all data.

—ve I +ve
Figure F.6: PFM 6
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(a) PFM, all data.

11

(b) PFM, first half of data. (c) PFM, second half of data.

(d) sICA, all data. (e) tICA, all data.

—ve I +ve
Figure F.7: PFM 7
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(a) PFM, all data.

(b) PEM, first half of data. (c) PFM, second half of data.

(d) sICA, all data. (e) tICA, all data.

—ve I +ve
Figure F.8: PFM 8
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(a) PFM, all data.

‘1

(b) PFM, first half of data. (c) PFM, second half of data.

(d) sICA, all data. (e) tICA, all data.

—ve I +ve
Figure F.9: PFM 9
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(a) PFM, all data.

(b) PEM, first half of data. (c) PFM, second half of data.

(d) sICA, all data. (e) tICA, all data.

—ve I +ve
Figure F.10: PFM 10
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(a) PFM, all data.

Ve

(b) PFM, first half of data. (c) PFM, second half of data.

(d) sICA, all data. (e) tICA, all data.

—ve I +ve
Figure F.11: PFM 11
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(a) PFM, all data.

(b) PEM, first half of data. (c) PFM, second half of data.

(d) sICA, all data. (e) tICA, all data.

—ve I +ve
Figure F.12: PFM 12
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(a) PFM, all data.

vo

(b) PFM, first half of data. (c) PFM, second half of data.

(d) sICA, all data. (e) tICA, all data.

—ve I +ve
Figure F.13: PFM 13
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(a) PFM, all data.

(b) PEM, first half of data. (c) PFM, second half of data.

(d) sICA, all data. (e) tICA, all data.

—ve I +ve
Figure F.14: PFM 14
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(a) PFM, all data.

e

(b) PFM, first half of data. (c) PFM, second half of data.

(d) sICA, all data. (e) tICA, all data.

—ve I +ve
Figure F.15: PFM 15

170



GROUP-LEVEL SPATIAL MAPS

(a) PFM, all data.

(b) PEM, first half of data. (c) PFM, second half of data.

(d) sICA, all data. (e) tICA, all data.

—ve I +ve
Figure F.16: PFM 16
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(a) PFM, all data.

e

(b) PFM, first half of data. (c) PFM, second half of data.

(d) sICA, all data. (e) tICA, all data.

—ve I +ve
Figure F.17: PFM 17
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(a) PFM, all data.

(b) PEM, first half of data. (c) PFM, second half of data.

(d) sICA, all data. (e) tICA, all data.

—ve I +ve
Figure F.18: PFM 18
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(a) PFM, all data.

e

(b) PFM, first half of data. (c) PFM, second half of data.

(d) sICA, all data. (e) tICA, all data.

—ve I +ve
Figure F.19: PFM 19
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GROUP-LEVEL SPATIAL MAPS

(a) PFM, all data.

(b) PEM, first half of data. (c) PFM, second half of data.

(d) sICA, all data. (e) tICA, all data.

—ve I +ve
Figure F.20: PFM 20
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APPENDIX F

(a) PFM, all data.

ve

(b) PFM, first half of data. (c) PFM, second half of data.

(d) sICA, all data. (e) tICA, all data.

—ve I +ve
Figure F.21: PFM 21
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GROUP-LEVEL SPATIAL MAPS

(a) PFM, all data.

(b) PEM, first half of data. (c) PFM, second half of data.

(d) sICA, all data. (e) tICA, all data.

—ve I +ve
Figure F.22: PFM 22
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APPENDIX F

(a) PFM, all data.

'L

(b) PFM, first half of data. (c) PFM, second half of data.

(d) sICA, all data. (e) tICA, all data.

—ve I +ve
Figure F.23: PFM 23
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GROUP-LEVEL SPATIAL MAPS

(a) PFM, all data.

(b) PEM, first half of data. (c) PFM, second half of data.

(d) sICA, all data. (e) tICA, all data.

—ve I +ve
Figure F.24: PFM 24
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APPENDIX F

(a) PFM, all data.

Ve

(b) PFM, first half of data. (c) PFM, second half of data.

(d) sICA, all data. (e) tICA, all data.

—ve I +ve
Figure F.25: PFM 25
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GROUP-LEVEL SPATIAL MAPS

(a) PFM, all data.

(b) PEM, first half of data. (c) PFM, second half of data.

(d) sICA, all data. (e) tICA, all data.

—ve I +ve
Figure F.26: PFM 26
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APPENDIX F

(a) PFM, all data.

'L

(b) PFM, first half of data. (c) PFM, second half of data.

(d) sICA, all data. (e) tICA, all data.

—ve I +ve
Figure F.27: PFM 27
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GROUP-LEVEL SPATIAL MAPS

(a) PFM, all data.

(b) PEM, first half of data. (c) PFM, second half of data.

(d) sICA, all data. (e) tICA, all data.

—ve I +ve
Figure F.28: PFM 28
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(a) PFM, all data.

Ve

(b) PFM, first half of data. (c) PFM, second half of data.

(d) sICA, all data. (e) tICA, all data.

—ve I +ve
Figure F.29: PFM 29
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GROUP-LEVEL SPATIAL MAPS

(a) PFM, all data.

(b) PEM, first half of data. (c) PFM, second half of data.

(d) sICA, all data. (e) tICA, all data.

—ve I +ve
Figure F.30: PFM 30
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(a) PFM S1

(b) PFM F1
—ve [N +ve

Figure F.31: PFMs inferred under two different registration schemes. PFM S1 was inferred
from data where the registration was driven by structural features, whereas PFM F1 was
inferred from data that was registered using structural and functional features.
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GROUP-LEVEL SPATIAL MAPS

(a) PFM S2

(b) PFM F2
—ve [N +ve

Figure F.32: PFMs inferred under two different registration schemes. PFM S2 was inferred
from data where the registration was driven by structural features, whereas PFM F2 was
inferred from data that was registered using structural and functional features.
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(a) PFM S3

(b) PFM F3
—ve [N +ve

Figure F.33: PFMs inferred under two different registration schemes. PFM S3 was inferred
from data where the registration was driven by structural features, whereas PFM F3 was
inferred from data that was registered using structural and functional features.
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GROUP-LEVEL SPATIAL MAPS

(a) PFM S4

(b) PFM F4
—ve [N +ve

Figure F.34: PFMs inferred under two different registration schemes. PFM S4 was inferred
from data where the registration was driven by structural features, whereas PFM F4 was
inferred from data that was registered using structural and functional features.
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(a) PFM S5

(b) PFM F5
—ve [N +ve

Figure F.35: PFMs inferred under two different registration schemes. PFM S5 was inferred
from data where the registration was driven by structural features, whereas PFM F5 was
inferred from data that was registered using structural and functional features.
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