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Abstract

This thesis consists of two relatively independent parts.

In the first part, we study operads with homological stability, which are topo-
logical operads that satisfy a homological stability condition. Despite the fact
that these operads are in general very far from being E,-operads, their algebras
give rise to infinite loop spaces upon group completion. We show that under
a mild condition on an operad with homological stability, one can naturally
associate topologically enriched symmetric strict monoidal categories to its
algebras such that the group completion of the algebra is weakly equivalent
to the loop space on the classifying space of the associated category, which is
evidently an infinite loop space. We also show that this new infinite loop space
structure coming from the associated category is equivalent to the previously

known infinite loop space structure on the group completion of the algebra.

The second part is concerned with quotients of mapping class groups I ; of
oriented surfaces with one boundary component by the subgroups .7 ;(k)
in their Johnson filtration. We show that the stable classifying spaces Z X
B (Tw/-Fw(k))" after Quillen’s plus-construction are infinite loop spaces, fitting
into a tower of infinite loop space maps that interpolates between the infinite
loop spaces Z X BI); and Z X B (I'w/#»(1))" =~ Z x BSp(Z)*. We also show
that for each level k in the Johnson filtration, the homology of these quotients
with suitable systems of twisted coefficients stabilises as the genus g of the

surface tends to infinity.
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Chapter 1

Operads with strong homological
stability

1.1  Introduction

1.1.1  Operads with homological stability

In [3], Basterra, Bobkova, Ponto, Tillmann and Yeakel introduced the notion of an operad
with homological stability, or OHS. This is a topological operad O with the following

properties:

(1) the space O(0) of nullary operations is not required to be a point, but it does come

with a choice of a basepoint * € O(0);

(2) each space O(n) of n-ary operation is the disjoint union of spaces Oy(n) for g > 0
such that the action of the symmetric group X, on O(n) restricts to an action on

each O,y(n), and the grading is additive with respect to operad composition;

(3) the maps Oy(n) — O,4(0) induced by composing an n-ary operation on the right
with * € O(0) are integral homology isomorphisms in a range of degrees that tends

to infinity as g tends to infinity;

(4) there is an operad map p: A — O from an A,-operad A that lands in grading 0
and such that p(A(2)) € O(2) lies in a path-connected component.

We give a more detailed definition in Definition 1.3.1 and Remark 1.3.3.
The motivating example of an OHS is the surface operad M, whose space M(n) of

n-ary operations is a moduli space of connected oriented surfaces with n + 1 parametrised



boundary components, one of which is marked as ‘outgoing’, and with an ordering of the
remaining n ‘incoming’ boundary components. Composition in M is defined by gluing
the outgoing boundary of one surface to an incoming boundary of another surface. Each
M(n) is a disjoint union of spaces M(n) for g > 0, where M (n) consists precisely of
those surfaces that have genus g. (We recall the construction of M in greater detail in
Section 2.3.1.) Tillmann proved in [54] that M detects infinite loop spaces: an M-algebra
is in particular a framed E;-algebra since the genus 0 suboperad of M is equivalent to the
framed little discs operad. Hence one can speak of the group completion of an M-algebra,
and Tillmann proved that this group completion is always an infinite loop space. This is a
somewhat surprising result, since M is very far from being an E..-operad.

The main result of [3] is a generalisation of Tillmann’s theorem (cf. also the more

precise statement of Theorem 1.3.8):

Theorem 1.1.1 ([3, Theorem 1.2]). Let O be an OHS. Group completion lifts to a functor
from the category of O-algebras to the category of infinite loop spaces and infinite loop space

maps.

Thus in particular whenever O is an OHS, then the group completion of the initial
O-algebra O(0) is an infinite loop space. In the case of the surface operad M, the group
completion of M(0) is weakly equivalent to Z x BT, where I, = colim, I}, ; is the stable
mapping class group and + denotes the Quillen plus-construction. Tillmann [55] showed
that Z x BT} is weakly equivalent to QBS, where S is the 1+1 cobordism category: its
objects are finite collections of circles, and its morphisms are oriented cobordisms. S is a
symmetric monoidal category with respect to disjoint union of manifolds (provided one
is careful in its construction, see [55]), so BS (and QBS) is an infinite loop space. It is
a theorem of Wahl that these a priori potentially inequivalent deloopings of the group
completion of M(0) do in fact agree:

Theorem 1.1.2 ([57]). The two infinite loop space structures on Z X BL), — one coming from
the identification Z X BT, ~ QBM(0), the other from the identification Z x BT} ~ QBS —

are equivalent to one another.

We remark that while the underlying idea of Wahl’s proof is sound and can be gener-
alised to other operads with homological stability (as we indeed do below), there are several

technical issues in [57] which render the proof invalid. The main issue is a seemingly



trivial basepoint issue, cf- Remark 1.3.20. Nonetheless, it took us a non-trivial amount of
work to fix it: the crucial result in this direction is Theorem 1.2.26, and it took us an entire
section (Section 1.4) to sketch its proof. This chapter can therefore serve as a corrected

proof of Theorem 1.1.2.

1.1.2 Operads of high-dimensional manifolds

Other interesting examples of OHSs arise as higher-dimensional analogs of M. We recall
their construction from [3]: fix an even dimension 2k and a tangential structure — this is a
Serre fibration 0: B — BO(2k) with B path-connected. We denote by 6y, the pullback
to B of the canonical 2k-dimensional vector bundle y,; over BO(2k). A 6-structure on a
2k-dimensional manifold W is a bundle map TW — 0*y;. A 0-structure on a (2k — 1)-

dimensional manifold P is a bundle map R @ TP — 0y.

Remark 1.1.3. Following [23], by a bundle map we mean a morphism of vector bundles
which is an isomorphism on each fibre of the domain. In particular, if £: TW — 0*yy; is a

0-structure on the 2k-manifold W, then the left-hand square in the commutative diagram

T™W # O Yok — Yok
Lol

w > B 5 > BO(2k)

is a pullback square, and hence so is the boundary of the diagram. In particular, the map

W — B that underlies ¢ is a lift of a classifying map W — BO(2k) of TW along 6.

Given a 2k-dimensional manifold W and a 6-structure
Cow: ROTOW = TWlgw — 0%y

let Bunz 0(TW;€5W) be the space of all bundle maps TW — 6%y, that restrict to {5y
on the boundary and whose underlying map W — B is k-connected. Finally, given

lw € Bunz o (TW; Caw), we let
MW by) € Bun ,(TW; €aw) | Diff(W, 9)

be the connected component containing ¢y of the homotopy quotient of Bunz o (TW; Low)

in the action of the boundary-fixing diffeomorphism group Diff(W, 9).



Let Wy, be a 2k-dimensional manifold obtained by removing the interiors of n disjoint
embedded 2k-discs from a connected sum of g copies of S¥ x S¥. Assuming that one can
find a -structure £y, for each W , satisfying certain compatibility relations (namely, there
should be a fixed 6-structure €5 on S2¢~! such that each {y.n restricts to this O-structure
on every boundary component of W, ,, and the different £, , should be compatible with
respect to gluing the manifolds W, along boundary components — see [3] for details),

then there is an operad ‘W with
(W(I’l) = U Mz(%,1+na 5g,1+n)
920
Operad composition is again by gluing manifolds along boundary components.

Example. When 2k = 2 and 0 is the orientation cover BSO(2) — BO(2), this construction
yields the surface operad.

Theorem 1.1.4 ([3, Theorem 7.3]). If 2k > 6 and the space B is k-connected, then ‘W is an
OHS.

Thus when the hypothesis of the above theorem is satisfied, then

+

QBW(0) ~ QB (]_[ MW, 1, 59,1)) ~ 7, X (hocglim MIW,1,€41)
g9

is an infinite loop space, where the homotopy colimit is taken over the stabilisation maps
MW, £g1) — MEWyar Cgar)

induced by attaching a copy of W ; to a boundary component of W ;.
However, Galatius and Randal-Williams [23] prove that the identity component of this
space is an infinite loop space by establishing the weak equivalence

+

hocolim Mz(Wg,l, lg1)| = QoBCo (1.1)
g

where Cy is a topological category of embedded 2k-dimensional cobordisms with 6-
structures: its objects are smooth (2k — 1)-dimensional submanifolds of R* equipped
with @-structures. Its morphisms are 2k-cobordisms embedded in R*™ X [0, s| for some

s > 0, and equipped with 0-structures. This leads to the following question, raised in [3].

Question 1.1.5. Are these two infinite loop space structures on QBW(0) equivalent?



Let S, € obCy for n > 0 be an object which is diffeomorphic to [[" $%~! with the
O-structure [[" £s. The space mor Cy is topologised in such a way that the connected
component of Cy(Sy, S1) that contains an embedded W, 41 with the 0-structure £y 1 is a

model for Mz (W}MH, fg,nﬂ). In particular, we obtain a map
Mz (Vvvgvl’fgvl) - Q[SOsSl]BCG (1‘2)

into the space of paths from Sy to S;, and this is the map used to construct the weak
equivalence (1.1).
Thus in trying to answer Question 1.1.5, we were naturally led to consider the associated

PROP of an operad with homological stability.

1.1.3 Associated PROPs

Given an operad O, its associated PROP O is the topologically enriched category whose
objects are finite sets; a morphism S — T in O is a T-tuple of operations from O with total
arity |S|. (See Definition 1.3.14 for more details.) Disjoint union of sets lifts to a symmetric
strict monoidal structure on O, so the classifying space BO is an infinite loop space, cf.
[48].

In Definition 1.3.1 below, we introduce a mild strengthening of the OHS condition,
which we call an operad with strong homological stability, or an OSHS. All of the aforemen-
tioned examples of operads with homological stability also satisfy this stronger condition.

The condition allows us to prove the following generalisation of the main theorem of [55].

Theorem 1.1.6. Let O be an OSHS. Then the group completion of O(0) is weakly equivalent
to the infinite loop space QBO.

The greatest part of this chapter is dedicated to proving the following generalisation of

Wahl!’s theorem 1.1.2.

Theorem 1.1.7. Let O be an OSHS. The infinite loop space structures on QBO(0) arising

from Theorems 1.1.1 and 1.1.6 are equivalent to one another.

It is natural to ask whether the infinite loop space structure on QBX of Theorem 1.1.1 for
an arbitrary O-algebra X may be presented in a similar fashion. We answer this question
in the affirmative in Section 1.5 (subject to mild conditions on the monoid 7, X): for an

operad P and a P-algebra A, we construct the homotopy enveloping operad’ {A} under



P, for which P{A}(0) is equivalent as a -algebra to A. We prove the following result.

Theorem 1.1.8. Let O be an O(S)HS and let X be an O-algebra such that myX with the
commutative monoid structure coming from the monoid map yi: A — O is finitely generated.

Then O{X} is also an O(S)HS.

Thus for an OSHS O, the group completion of a suitable O-algebra X is equivalent as
an infinite loop space to the space QBO{X}.

For the operad ‘W of high-dimensional manifolds recalled above, the associated PROP
W is a cobordism category of sorts: its objects may be thought of as finite disjoint unions
of copies of $%1, and its morphisms are 2k-dimensional cobordisms whose connected
components are diffeomorphic to some W ;1 and have precisely one outgoing component.
It seems reasonable to expect that the maps (1.2) should factor in a suitably coherent way
through the category W.

However, the technical details of such a comparison have thus far eluded us. The issue
is one of finding compatible models: the category Cp is not monoidal under disjoint union
of cobordisms, but it is a I'-category. (Cf. [37] where the I'-category structure on the
cobordism category of oriented surfaces is expounded in some detail, and [42] where the
I'-structure on the general cobordism is studied in great detail.) This means that perhaps
the most obvious line of attack — i.e. taking ‘W to be the endomorphism operad of a
sphere in Cy — runs into difficulties. The paper [3] sidesteps this difficulty in constructing
‘W by first constructing an operad in (discrete) groupoids: the objects of this operad are
2k-cobordisms of the diffeomorphism type of W, . with 6-structures and a decomposition
into ‘atomic pieces’, which are fixed copies of Wy 1, W; 2 and W 3. (The purpose of this extra
structure is to ensure that the resulting groupoid is small and it has a geometric realisation.)
The morphisms of the operad are diffeomorphisms that preserve the 0-structure (but not
necessarily the atomic decomposition). The operad ‘W is then precisely the geometric
realisation of this operad in groupoids. Cf. Section 2.3.1 where we recall the construction
of the surface operad M from [54]. Thus the category W is a category of non-embedded
cobordisms equipped with decompositions into the atomic pieces.

We intend to return to this rather frustrating issue in a future paper.



1.1.4 Outline of chapter

In Section 1.2, we briefly recall the definition of a (topological) operad and an operad
algebra, and we review several variations of this definition that will be relevant in the
later parts of the text, namely pointed operads, graded operads and coloured operads. We
give several examples to illustrate these definitions. In the second half of Section 1.2, we
review the work of Berger, Moerdijk and Spitzweck on the homotopy theory of coloured
operad algebras, and of uncoloured operads. These results are crucial in our proofs of
Theorems 1.1.6 and 1.1.7, where we use them to strictify structures that only exist up to
homotopy. We also review the homotopy theory of simplicial operad algebras, and we
state a set of conditions on an operad O and an O-algebra A that guarantee that the bar
resolution of A as an O-algebra is suitably cofibrant. This is Theorem 1.2.26, whose proof
is deferred until Section 1.4.

In Section 1.3, we define operads with strong homological stability and we contrast
the definition with the original notion of operads with homological stability introduced in
[3]. We show how the homotopical results of the preceding section enable a simplification
of the O(S)HS condition: instead of assuming that an O(S)HS receives a morphism from
an arbitrary A.-operad, we may assume without loss of generality that it receives a map
from the associative operad Ass. Thus in particular all operad algebras in sight become
strictly associative and unital monoids.

In Section 1.3.2, we give a more rigorous definition of the associated PROP of an operad.
We also prove Theorem 1.1.6. Section 1.3.3 is devoted to the proof of Theorem 1.1.7.

Sections 1.4 and 1.5 are mostly technical, with the former section giving a (detailed)
sketch of the proof of Theorem 1.2.26, and the latter section giving the definition of a ho-
motopy enveloping operad and showing that under mild conditions, homotopy enveloping
operads associated to operads with (strong) homological stability also satisfy the O(S)HS

condition.

1.2 Definitions and some properties

This section serves to collect in one place the definitions and concepts which will be

relevant in the later parts of the text.



1.2.1 Operads and operad algebras

Unless stated otherwise, in this chapter we work in the category Top of compactly generated
weakly Hausdorff topological spaces. This category is closed symmetric monoidal with
respect to the Cartesian product of spaces, and we shall write YX for the space of maps

fromXto?Y.

1.2.1.1 Topological operads

The following definition is essentially taken from [39], except that we do not require the

space of nullary operations to be a point.
Definition 1.2.1. A (topological) operad O consists of the following data:

(1) foreachn > 0, atopological space O(n) equipped with a right action of the symmetric

group 2,
(2) for each n > 0 and each n-tuple my, ..., m, > 0 of integers, a map

y: O(n) X O(my) X -+ - x O(my) — O(my + -+ - + my),

(3) anidentity 1 € O(1).
The operadic composition maps y are required to satisfy the following properties:

(i) Foralla € O(n), all b; € O(m;) for1 < i < nandall¢; € O(kj) for 1 < j <

my + - - -+ m,, we have
y(asby,....b)) =y (y(@bi,....bu)icty ooy Cmytoim,)
where b] = y(bi; Cmy 1 tmy_y 15 - - s Cony oty )-
(ii) For all a € O(n), we have y(1;a) =a = y(a;1,...,1).

(iii) Foralla € O(n),allb; € O(m;)for1 < i< n,alloc € ¥,andall; € ¥, for1 <i < n,

we have
y(a-o;b1,...,by) =y (a; bo-1(1)s+ -+ bo-—l(n)) co(my,...,my)

and

y(a; by 11, by t) =y (a3hy, ..., b)) (11 ® -+ - D 1)

8



where o(my,...,m,) € ¥y, +..om, permutes n blocks of sizes my, . .., m, according
too,and 71 @ - - - ® 7, denotes the image of (71, . . ., 7,) under the evident inclusion

of Xppy X -+ X Xy INtO Xy 4coim, -

A morphism ¢: O — P of operads is a collection of ¥,-equivariant maps ¢(n): O(n) —
P (n) which commute with the operadic structure maps and which preserve the distin-

guished point 1.

Remark 1.2.2. Replacing the category Top with an arbitrary symmetric monoidal category
(¢, ®) (and reformulating the conditions on y in a suitably diagrammatic way) yields the

notion of an operad in €. We recall an alternative definition of an operad in Section 1.4.1.

Standard examples of topological operads include the following:
(i) The commutative operad Com, given by Com(n) = x.
(ii) The associative operad Ass, given by Ass(n) = %, viewed as a discrete space with

the obvious right >, -action. Composition is by block sum.

Related to this operad are A, operads. We say an operad A is A if it admits an
operad map ¢: A — Ass such that each ¢(n): A(n) — %, is a X,-equivariant weak

homotopy equivalence.

(iii) The Barratt—Eccles operad I', introduced in [2], given by I'(n) = EX,, the universal
principal %,-bundle.

Definition 1.2.3. An algebra over an operad O (or an O-algebra) is a space X equipped
with structure maps

0: O(n) x X" — X

for all n > 0 such that the following are satisfied:

(i) Foralla € O(n),allb; € O(m;)for1 <i<nandallxj€ Xforl1 <j<my+---+my,
we have

O(y (@b, ..bn);x1, .oy Xmysotm,) = 0 (@ x7, ..., %)

/e .
where x] = 0(b;; X, tm1+15 + -+ » Xy ooty )-

(ii) O(1;x) = x for all x € X.



(iii) Foralla € O(n),all x; € X for1 < i < nand all o € 3, we have

0(a-o3x1,...,x0) =0 (as Xg-1(1)s - - .,xa—l(n)) .

A map X — Y of O-algebras is a map of spaces which intertwines with the structure
maps Ox and Oy in the obvious way. We write O-Alg for the category of O-algebras and
O-algebra maps.

Remark 1.2.4. For an operad O and an O-algebra X, we shall often write
a(by,...,by) and a(x1,...,xn)

for

y(aby,...,by) € O(my + -+ my) and O(a;x1,...,xy) €X
where a € O(n), b; € O(m;) for 1 <i<n,andx; € X for1 <i < m.
Given an operad O, there is a free-forgetful adjunction
FO 4U°: 0-Alg — Top
whose induced monad on Top is given by the formula

0x) = U2F°x) = | [0m) xs, X"

n=0
This adjunction is monadic, see e.g. [39, Proposition 2.8]. Since for a space A and any
n > 0, the diagonal map A — A" is ¥,-equivariant, where A is equipped with the trivial

> n-action, there are maps
AxO(n) xz, X" = 0(n) X3, (Ax X") — O(n) x5, (Ax X)"
which assemble to a natural (in A, X and O) map
AXOX) — 0(AXX). (1.3)

Proposition 1.2.5 ([22, Proposition 3.3.1]). The forgetful functor U°: O-Alg — Top

creates all limits, filtered colimits and coequalisers which are reflexive in Top.

More generally, given amap ¢: O — P of operads, O acts on P-algebras via ¢, yielding
a ‘restriction of scalars’ functor ¢*: P-Alg — O-Alg. This functor admits a left adjoint
¢1: O-Alg — P-Alg, cf. [22, Section 3.3.5].
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1.2.1.2 Pointed operads

We will also make use of the concept of a pointed operad. The following definition is

equivalent to the definition given in [3]:

Definition 1.2.6. Let = be the topological operad with

*(n):{* ifn=0o0rn=1,

@ otherwise.

A pointed operad is a map * — O of operads.

Note that a #-algebra is precisely a pointed topological space. If /: * — O is a pointed

operad, then the aforementioned adjunction
4 ¢": O-Alg — Top,

is the free—forgetful adjunction of [39] between O-algebras and pointed spaces. We will
denote the functors in this adjunction by F := ¢ and U? := ¢/*, suppressing the basepoint
inclusion ¢ from the notation. This should not cause confusion since we will never consider

a topological operad with more than one choice of basepoint.

Definition 1.2.7. We denote the monad on Top, associated to the adjunction FO 4 U9 by
0, := U9 o FO,

A map ¢: O — P of operads gives rise to a morphism between the associated monads.

1.2.1.3 Graded operads

Definition 1.2.8. A graded operad is an operad O along with a choice of N-indexed

decompositions

O(n) = ]_[ 0,(n)

g=0
of X,-spaces for each n > 0 such that the operadic composition maps restrict to maps of

the form

Og(n) X Op,(my) X + -+ X Op,(my) — Og+h1+-~~+hn(m1 + et my).
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Remark 1.2.9. In light of Remark 1.2.2, we may define a graded operad more succinctly
as an operad in the category of non-negatively graded topological spaces X = [[ >, X,
and grading-preserving maps. This is a symmetric monoidal category with the monoidal

product given by

XxY)y= || X5 x Y,
91+92=9

1.2.1.4 Coloured operads

Operads have a vast generalisation in the concept of a coloured operad. We follow the

notation of [8]:

Definition 1.2.10. Let C be a set, thought of as a set of ‘colours’. A C-coloured operad O

consists of the following data:

(1) for each n > 0 and for each (n + 1)-tuple (cy, . . ., cy; ¢) of colours, a topological space
O(ci,...,cn50),
(2) for each o € %, and each (n + 1)-tuple (cy, . . ., ¢y; ¢) of colours, a map

o1 0(c1,....cn3¢) — O (Co(1)s- - - Co(m); €) »

(3) for each (n + 1)-tuple (cy, ..., cpy; ¢) of colours, m-tuple (dy, . . .,dy) of colours and

integers my,...,m, > 0 such that my + --- + m, = m, a map

y: O (ct,...,cn50) X O (dl, . ,dml;cl) X X0 (dm1+~~-+mn_1+1v . ,dm;cn)
— O(dl,...,dm;C),

(4) for each colour c, an identity 1. € O(c;c).

This data is required to satisfy conditions analogous to the conditions put on an ordinary
operad. Namely, the maps ¢* in (2) are required to compose as though they defined a
right ¥, -action, and the structure maps y are required to be suitably associative, unital

and equivariant.

Coloured operads are a ‘multi-object’ generalisation of ordinary operads: while an
ordinary operad controls algebraic structures on individual spaces, an algebra over a
coloured operad consists of a collection of spaces with algebraic structures, and structure-

preserving maps between them:

12



Definition 1.2.11. An algebra over a C-coloured operad O (or an O-algebra) is a family

(X(c)),qec of spaces equipped with structure maps
0:0(cqy...,cn50) X X(cp) X -+ - X X(cp) — X(c)

for each tuple (cy,...,cp;c) of colours. These maps are required to satisfy appropriate
conditions on associativity, unitality and equivariance. A morphism f: X — Y of O-
algebras is a C-indexed family (f(c): X(c) — Y(c)),cc of maps which commute with the
algebra maps in the obvious way. We write O—-Alg for the category of O-algebras and
O-algebra maps.

Analogously to the situation for ordinary operads, a C-coloured operad gives rise to a
free—forgetful adjunction

FO 4U°: 0-Alg — Top"©

between the category of O-algebras and the category Top® of C-indexed families of spaces.
Top® is nothing else than the category of algebras over the initial C-coloured operad which
only contains the identity elements 1, and no other operations. For a general morphism

$: O — P of C-coloured operads, there is an adjunction
dr ¢ P-Alg — O-Alg

between the respective categories of algebras.

Remark 1.2.12. Just like in the case of ordinary operads, Definitions 1.2.10 and 1.2.11

generalise to an arbitrary symmetric monoidal category.
Here are some examples of coloured operads.

(i) When C is a singleton, the definition of a C-coloured operad reduces to that of an

ordinary operad.

(ii) Given a small Top-enriched category &, let Oy be the (ob €’)-coloured operad given
by
@ if 1,
Oy (c1,...,Cp50) = 1 "7
% (c1,¢) ifn=1.

Then O4-algebras are precisely functors 4 — Top.

13



iii) There is an N-coloured operad whose algebras are precisely ordinary operads. More

(iii) There i N-coloured operad wh lgeb precisely ordinary operads. M
generally, given any set C of colours, there is a coloured operad whose algebras are
precisely C-coloured operads. The set of colours of this operad can be seen to be the

set of finite tuples (cy, . . ., cy; ¢) of elements of C.

1.2.2 Homotopy theory of operad algebras

In this section we recall results on model category structures on categories of (coloured)
operad algebras. The main references for this section are the articles [8, 5] of Berger and

Moerdijk.

1.2.2.1 Projective and transferred model structures

Since our proof of the main theorem is rather model category-theoretic in nature, we recall
here some results on model structures. We use the term model category in the sense of
Quillen; cf. [28] for a modern treatment.

Recall that a model category % is cofibrantly generated if it admits sets of generating
cofibrations and acyclic cofibrations with small domains. Fibrations (resp. acyclic fibrations)
in a cofibrantly generated model category are precisely those morphisms that have the right
lifting property against all generating acyclic cofibrations (resp. generating cofibrations).
Our central example of a cofibrantly generated model category will be Top with the classical
model structure, which is generated by the cofibrations $"~! = dD" < D" and acyclic
cofibrations D" X {0} < D" x [0, 1] for n > 0.

When % is a cofibrantly generated model category and & is any small category, then
the category €7 of functors from & to ¢ admits the cofibrantly generated projective model
structure [28, Theorem 11.6.1] whose fibrations and weak equivalences are ‘pointwise’:
a morphism f: F — G in €7 is a fibration (resp. a weak equivalence) if and only if
fa: Fd — Gd is a fibration (resp. weak equivalence) in ¢ for every object d € .

For us, the most important case of the above construction is that when ¥ = Gis a
group, thought of as a groupoid with a unique object. In this case, €° is the category of
G-objects in € and G-equivariant morphisms. When % = Top, the generating (acyclic)
cofibrations can be taken to be the images of the generating (acyclic) cofibrations in Top
under the free G-space functor. Thus the cofibrations in Top® are retracts of relative G-free

G-CW-complexes, cf. [25, Theorem 5.1].
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Under certain conditions, cofibrantly generated model structures transfer across left
adjoint functors. Suppose that a cofibrantly generated model category ¢ participates in
an adjunction F 4 G: ¥ — % . Under some mild conditions on the functor F (see e.g. [5,
Section 2.5], [28, Theorem 11.3.2]), Z admits a cofibrantly generated model structure which
makes the functor G: ¥ — & preserve and reflect fibrations and weak equivalences. (This
model structure is necessarily unique, since this condition fully determines its fibrations
and weak equivalences.) An example of a transferred model structure is the aforementioned
projective model structure on G-objects in ¢, which is transferred along the free—forgetful

adjunction ¢ 2 ¢°.
1.2.2.2 Model structures on categories of algebras

Let C be a set of colours, and let Top be equipped with the classical Quillen—-Serre model
structure. Then Top® = []€ Top admits the product model structure, and it turns out
that for every C-coloured operad O, this model structure transfers to O-Alg along the
free—forgetful adjunction. This was proved by Berger and Moerdijk, first in the case of
uncoloured operads in [5, Proposition 4.1(c)], and later in the case of coloured operads in
[8, Theorem 2.1]. We collect here some results about the existence and properties of these

model structures.

Theorem 1.2.13 ([8, Theorem 2.1]). Let O be a C-coloured operad. Then O-Alg admits a
cofibrantly generated model structure for which the forgetful functor U9 : O-Alg — Top®

preserves and detects fibrations and weak equivalences.

Thus in particular the category Oper of topological operads — which is the category
of algebras over a suitable coloured operad — admits a model structure where a map
¢: O — P is a weak equivalence (resp. a fibration) if and only if each ¢(n): O(n) — P(n)
is a weak equivalence (resp. a fibration) of spaces. This model structure fails to be left
proper* (see [26, Section 4] for an illuminating counterexample), but it does satisfy a

weaker ‘relative’ left properness condition. To state it, we need the following definitions.

Definition 1.2.14. Given an n-tuple (cy,...,c,) € C" of colours, let 2., . < X, be the

stabiliser of this tuple in the obvious action of ¥, on C".

'Recall that a model category is called left proper if pushouts along cofibrations preserve weak equiva-
lences.
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¢, = 2n. If the ¢; are pairwise distinct, then

,,,,,

.....

Remark 1.2.15. If O is a C-coloured operad, then each O (cy, . . ., ¢y; ¢) is evidently a right

Definition 1.2.16 ([8, Section 3.1]). A C-coloured operad O is called X-cofibrant if each
O (c1,...,cn;c) is cofibrant in the projective model structure on Top>e---en,
It is well pointed if for every c € C, the inclusion {1.} < O (c;c¢) is a cofibration in

Top.

These notions are related to cofibrancy in the model structure on Oper in the following

way.
Proposition 1.2.17. A cofibrant operad is X-cofibrant and well-pointed.

Proof. This is essentially [5, Proposition 4.3] — but see also [7, Appendix] for a correction

of a small mistake. |

With this definition we can now formulate the weakened notion of left properness that

holds in Oper.
Theorem 1.2.18 ([51, Theorem 3]). Suppose that

0 —— ¢

A

Q —> R
w

is a pushout square in Oper, f is a cofibration and O and P are well-pointed 3.-cofibrant

operads. If w is a weak equivalence, then so is w’.

Proof. Tt is an easy check that Spitzweck’s ‘J-semi model structure’ on Oper agrees with

the model structure of Berger and Moerdijk when the underlying category is Top. O
Let ¢: O — P be a morphism of C-coloured operads. The pullback functor
¢*: P-Alg — O-Alg

evidently preserves fibrations and weak equivalences, so the induced adjunction ¢ 4 ¢* isa
Quillen adjunction between O-Alg and P-Alg. It turns out that if ¢ is a weak equivalence,

then this adjunction is a Quillen equivalence under mild conditions on the operads O, P.

16



Theorem 1.2.19 ([8, Theorem 4.1]). If ¢: O — P is a weak equivalence of X-cofibrant
well-pointed C-coloured operads, then the adjunction ¢, 4 ¢*: P—-Alg — O-Alg is a Quillen

equivalence.

1.2.2.3 Cofibrancy of bar constructions

A key role in our proof of Theorem 1.1.7 is played by bar constructions. We therefore take
the time here to recapitulate their construction, and place them within the context of the
model structures recalled in the preceding section. We follow the treatment in [39].

Let us first record several observations about simplicial O-algebras.

Definition 1.2.20. Given a category %, we write s% for the category of simplicial objects
in €. This is the functor category ¥ * where is the simplex category. We likewise write

sF: s¢ — s% for the functor induced by a functor F: € — Z.
Let A®*: — Top be the realisation of the standard cosimplicial simplicial set
[n] — (—,[n]) € sSet.

For every uncoloured operad O, the category O-Alg is powered over Top; for pointed
spaces, this is proved in [39, Lemma 1.5]. Hence powering by the cosimplicial space A*®

yields a functor (-)*" : O-Alg — sO-Alg.

Lemma 1.2.21. For every uncoloured topological operad O, the functor (=) admits a left
adjoint |—| : sO-Alg — O-Alg, which is given by ordinary geometric realisation on the

underlying spaces.

Proof. Since geometric realisation of simplicial spaces preserves finite products, the geo-
metric realisation of the underlying simplicial space of a simplicial O-algebra comes with a
natural O-algebra structure. It is an easy check that this lift of the geometric realisation of
simplicial spaces to simplicial O-algebras is left adjoint to the singular simplicial O-algebra

functor. m]

Lemma 1.2.22. Let ¢: O — P be a morphism of uncoloured operads. Then the square

s0-alg =2 p_Alg

-] -

O-Alg T) P-Alg

commutes (up to natural equivalence).
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Proof. Note that all arrows in the square admit right adjoints, and the corresponding square
of right adjoints commutes on the nose. The claim follows by essential uniqueness of

adjoints. O

Definition 1.2.23 ([39, Definition 9.4]). Let (T, 5, u) be a monad on a category €. A T-
functor is a pair (F, A) of a functor F: 4 — & and a natural transformation A: FoT — F

which makes the diagrams

Fn Fpu
F —— FT FIT —— FT
ol

F FT T} F
commute.

If in addition (X, 0) is a T-algebra, where X € ¥ is the underlying object and 6: TX —
X is the structure map, we write B, (F, T, X) for the associated bar construction; this is the
simplicial object in ¥ whose object of n-simplices is B, (F, T, X) := FT"X. The face maps
di: B,(F,T,X) — B,—1 (F,T,X) are given by

AT 1X ifi =0,
d; = FTi_l,uT”_i_lX if0<i<n, (1.4)
FT"™ 16 ifi=n,

and the degeneracy maps are simply s; = FT'yT"'X: FT"X — FT"*'X.
Thus for instance if O is an (uncoloured) operad and O is the associated monad on Top,
then O itself and the free O-algebra functor FO: Top — O-Alg are O-functors. For an

O-algebra X, the resulting simplicial O-algebra admits an augmentation
¢: B. (F0,©,X) S X (1.5)
coming from the O-algebra map FO(X) — X.

Lemma 1.2.24. Upon realisation, the map |e| :
in O-Alg.

B. (FO, 0, X)‘ — X is a weak equivalence

Proof. We can equivalently think of the augmentation 7 as a simplicial map from the bar
construction to the constant simplicial O-algebra at X. This map is a simplicial homotopy
equivalence in sTop by [39, Proposition 9.8]. Hence the underlying map of spaces of |¢| is

a weak equivalence. O
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Remark 1.2.25. An analogous result holds for the bar construction B, (Ff ,0,,X ) when O

comes with a choice of a basepoint * — O.

Now suppose that + — O is a pointed operad. Then we have the adjunctions
FO 4U%: 0-Alg — Top and FO 4U2: O-Alg — Top,

as well as the adjunction (=), 4 U: Top, — Top where U is the functor which forgets the
basepoint, and (—), freely adjoins a basepoint to an unpointed space. (This is nothing but
the free—forgetful adjunction of the initial pointed operad *.) Clearly U? = UUZ, so there

is a natural isomorphism FO = F9 (-),, and we obtain a natural transformation
FOU = FO (-), U — F9
which induces a simplicial map
7o: B (FO,Q,X) B, (F?,Q*,X)

for every X € O-Alg. Itis easy to see that the augmentation (1.5) factors as the composition
of 7, with the augmentation of the pointed bar construction. Hence by Lemma 1.2.24 and
the remark immediately following it (and the 2-out-of-3 property), the realisation of 7, is
a weak equivalence of O-algebras.

Suppose now that ¢: O — P is a morphism of pointed operads. Since U¥ = U9 ¢*
and U? = U9¢*, there are natural isomorphisms F* = ¢ FO and F¥ = ¢, F. Hence by

Lemma 1.2.22, ¢ carries |7,| to the $-algebra morphism

B. (F”,@,X)) -

B. (FZ’, ©*,X)( (1.6)
and we would like to claim that this morphism is a weak equivalence.
Theorem 1.2.26.

(i) Let O be a X-cofibrant well-pointed uncoloured operad and let X be an O-algebra such

that UO(X) € Top is cofibrant. Then the bar construction |B, (FO, 0, X) is a cofibrant

O-algebra.

(ii) Let O and X be as before. Suppose that O is pointed, and the pointed spaces UP(O(0))
B. (F:)’ (O)*’ X)

and UP(X) are cofibrant in Top,. Then the bar construction is a

cofibrant O-algebra.
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Assuming the theorem, the following corollary is an immediate consequence of Ken

Brown’s lemma [28, Lemma 7.7.1].

Corollary 1.2.27. Let O and X be as in Theorem 1.2.26(ii). If §: O — P is a morphism of

pointed operads, then the P -algebra morphism (1.6) is a weak equivalence.

While part (i) of the theorem has been addressed by various authors in varying levels of
generality (see [47, Corollary 3.7.4] which deals with simplicial sets and simplicial modules
over a ring, or [44] which deals with symmetric spectra), we have not been able to locate
any results on the cofibrancy of the pointed bar constructions. We are of the firm opinion
that this question must have been addressed in the literature and that our search has
simply not been thorough enough. Nonetheless, for the sake of completeness, we indicate

in Section 1.4 how one might modify the methods of [44] to prove Theorem 1.2.26(ii).

1.3 Operads with homological stability

Let O be a graded operad and fix an element s € O;(1). This choice gives rise to maps
s« == y(s;—): O(n) — O(n) which raise the grading by 1, and we write O (n) for the
homotopy colimit

Ow(n) := hocolim (O(n) > 0m) s - )
Given an n-tuple v = (vy, ..., v,) € O(0)", we write
DY =y (=;v1,...,0p) : O(n) = O(0).

This map commutes with the map s.: O(n) — O(n), and so it induces a ‘stabilised’ map

DY.: Ox(n) — Ox(0).

Definition 1.3.1. An operad with strong homological stability (or an OSHS) is a triple
(O, p,s) of

(1) agraded operad O,

(2) a map of graded operads p: A — O from an A,-operad A concentrated in grading

0,

(3) an element s € Oq(1),
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such that

(i) for all n-tuples v € O(0)", the map DY, : Ow(n) — O«(0) is an integral homology

isomorphism,
(if) p(A(2)) € O(2) is contained in a path-component.
We will generally suppress the map p and the element s from the notation.

Remark 1.3.2. Just like [3], we shall assume throughout that the stabilising element s € O(1)
is of the form s = p5(s¢, 1) for some sy € O1(0), where yu, € O(2) is the image under u of

some binary operation in A.

Remark 1.3.3. This definition is a variation of that given in [3]. There, an operad with
homological stability (or OHS for short) is a graded pointed operad O such that the basepoint
* € 0(0) lies in grading 0. Furthermore, condition (i) is weakened by only requiring that
only the maps D}, : O«(n) — Ox(0) induced by the n-tuples (x, . .., *) € O(0)" be integral
homology isomorphisms. In particular, if O is an OSHS, then for any choice of basepoint

% € Oy(0) we obtain an OHS.

Remark 1.3.4. Note that Definition 1.3.1 and Remark 1.3.3 are subtly different from the
informal discussion of an OHS at the beginning of the Introduction. Namely, the ‘homolog-
ical stability’ condition from the Introduction, requiring that the maps D*: Oy(n) — O4(0)
be isomorphisms on homology in a range of degrees that tends to co with g, has been
replaced with a weaker homological equivalence’ condition, requiring that the maps D* (or
more generally DV in the case of Definition 1.3.1) only give rise to a homology equivalence
D}, (or DY) after stabilisation. It is easily seen that the first condition implies the second.
The weaker condition is sufficient for our proofs to go through, but all interesting examples

of OHS satisfy the more familiar stronger condition.

Remark 1.3.5. In [3], an OHS is allowed to be graded by any commutative finitely generated
monoid I. The stabilising element s is then required to come from Oy(1) where g is the
product of some finite generating set of I. We have chosen to assume I = N in the definition,
as this is the case for all interesting examples of operads with homological stability, and it
avoids the notational difficulty of the general case. All our results also go through in the

general case, however.
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Thus if p: A — O is an O(S)HS, then every O-algebra is in particular an A,-algebra
through the action of A, and condition (ii) ensures that it is homotopy commutative
(although perhaps not an E,-algebra). Hence we can make sense of the group completion

of an O-algebra.
Definition 1.3.6 ([3]). For an A, operad A, let

G: A-Alg — Top
be the functor that takes X to

QB |B. (Ass, A, X)|,

where Ass is an A-functor via the operad equivalence A — Ass. The bar construction is

an Ass-algebra and hence a topological monoid.

Remark 1.3.7. There is a zig-zag
X — |B. (A’A9X)| —_— |BO (ASS, AaX)|

of A-algebra equivalences, so the above definition is a reasonable construction of the
group completion functor on the category A-Alg.
The motivation for the OHS condition is the following theorem of Basterra, Bobkova,

Ponto, Tillmann and Yeakel.

Theorem 1.3.8 ([3]). Let O be an OHS which admits a map w: O — C to an E-operad C.
Then for every O-algebra X, the group completion GX is weakly equivalent to the infinite
loop space

G |B. (C,, 0., 0(0) x X)|

where O(0) X X is equipped with the diagonal O-algebra structure and C, is an O.-functor

via the operad map .

We also record the following lemma from [3] which is a crucial step in the proof of

Theorem 1.3.8.
Lemma 1.3.9 ([3, Lemma 6.2]). Let O, & and X be as in the preceding theorem. The sequence
0(0) — |B, (0, 0., X)| — |Bs (C,, O, X)|

of O-algebra maps, where the second map is constructed using 7: O — C, becomes a

homotopy fibre sequence after group completion.

22



1.3.1 Rectifying operads under an A,,-operad

We show here that every O(S)HS (O, 1, s) is equivalent to an O(S)HS of a particularly nice

form.

Definition 1.3.10. An O(S)HS (O, pu: A — O,s € O1(1)) is superb if A = Ass is the
associative operad, and O admits an operad map 7: O — T to the Barratt-Eccles operad

such that 7 o yi: Ass — T is the standard inclusion.

Proposition 1.3.11. Let A be an A, operad and yi: A — O an operad morphism. There is

a commutative diagram

1

Ass &— A > A
RN
O +—0—>0

of operad morphisms where all horizontal morphisms are weak equivalences, and O and O’
(and A) are S-cofibrant and well pointed.

There is also an identical commutative diagram with the same properties such that more-
over O’ admits a morphism w: O" — T to the Barratt—Eccles operad for which woy’: Ass — I’

is the inclusion of vertices in the simplicial structure onT.

Proof. Let i: A — O be a cofibrant replacement of y in Oper. Then the composite
A — A — Ass is a weak equivalence. Both A and Ass are Y-cofibrant and well pointed
— the first by Proposition 1.2.17, the second by inspection — and so by Theorem 1.2.18, the
pushout of this composition along 11 is a weak equivalence. The pushout y': Ass — O’
of i along the composition is certainly a cofibration, so O’ is also 2-cofibrant and well
pointed.

To prove the stronger claim, first replace y with y X p: A — O X T where p is the

composite A — Ass — I, and then run the above argument on the modified map. O

In particular, if y: A — O is an O(S)HS, then so is its replacement y': Ass — O’. The
following result shows that the deloopings given by Theorem 1.3.8 for an O-algebra X
and for a suitable O’-algebra X’ are equivalent. Hence we may assume without loss of

generality that every O(S)HS is superb.
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Proposition 1.3.12. Let u: A — O be an OHS with a map n: O — C to an Ex,-operad,
and let i and j’ be as in Proposition 1.3.11. Let X be an O-algebra with cofibrant underlying
pointed space, and let

X' =

B (0,8, X))
with the evident O’ -structure. Then

G |Be (C,, 0y, X)| and G

Bo( wOLX)
are equivalent infinite loop spaces.

Proof. Consider the commutative diagram

0(0) S |B. (0., 0., X)| S |Be (Cy, Oy, X)|

T T 1

O(O)XF(O) — |B0((©X )*’(OX )*’X)l — |B0((CX )*’((O)X )*’X)|

H ’ ~

O(O)XF(O) — |B0 ((QX )*,(©X )*’X)| —_— |B0( *’((O)X )*7X)|

1 T 1

0(0) s |B. (@,@,X)‘ , B.( *,@*,X)|
T T

0(0) > |B. (6*,@*,55)‘ , B.( *,6*,)?)|
| |

~

~

0(0) B. (@*,O*,X’)’ B. ( . @*,X’)

| ! !

0'(0) ———— [B. (0}, 0., X")| > [Be ( +, 0L, X)|

of A-algebras, where the top three rows and the bottom row of vertical arrows come from

the commutative diagrams

:

——S> OXI = 0xI' — O

l l l and

I ¢<——CxI' — C

of operads, and the middle two rows are induced by the zig-zag

— —

H<<— Q)
14— Q)

X — X =

B. (@*,6*,)() X
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of 5—algebra equivalences.

All vertical arrows in the first column are weak equivalences of A-algebras by construc-
tion. In the middle column, the first four spaces admit compatible A-algebra equivalences
to X, so the arrows between them are weak equivalences by 2-out-of-3. The bottom middle
vertical arrow is a weak equivalence for the same reason. The second and third arrow from
the bottom are weak equivalences because they are realisations of Reedy equivalences
between Reedy cofibrant simplicial 5—algebras by Theorem 1.2.26(ii).

Upon group-completion of the entire diagram, all rows become homotopy fibre se-
quences by Lemma 1.3.9, and so the arrows in the last column become weak equivalences,

completing the proof. O

We conclude this section with a particular model of a group-completion map
X = G|Be( + 0,,0(0) x X)|
for an algebra X over a superb OHS Ass Lo5r.

Proposition 1.3.13. Let X be an algebra over the superb OHS Ass 5 0 5 1. Then the

monoid map
|Be (7rpt, 7r, % X id)| : |Be (Assy, Assy, X)| — |Be ( +, O, O(0) X X)|,

where * X id: X — O(0) X X maps X to the basepoint of O(0), group-completes to a weak
equivalence.
Proof. Consider the square

B, (id, id, id x6
B, (Ass,, Ass,., O(0)) (id. id, id x 0)> B, (Ass,, Ass,, O(0) X X)

i iB- (s 1, i) (1.7)

0(0) > Be (0., 0., 0(0) x X)

in sAss—Alg, where O(0) is the constant simplicial monoid at O(0), the map 6,: O(0) — X
is the unique O-algebra map out of the initial O-algebra O(0), the left vertical arrow is
levelwise evaluation, and the bottom horizontal arrow is levelwise the unique O-algebra

map.
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The square fails to commute on the nose, but it does commute up to simplicial homotopy
in the category of simplicial monoids. Indeed, for i > 0, consider the composite monoid
homomorphism

t;: Asst (0(0)) — O(0) — O (0(0) x X)

where the first arrow is defined using the monoid structure on O(0), and the second arrow
is the unique O-algebra homomorphism out of the initial O-algebra O(0). The components

of the homotopy are then the monoid homomorphisms

IJHl(tn—i)
—

B! Ass"™ (0(0)) = Asst Ass"™ (0(0)) 0™2(0(0) x X)

for 0 < i < n. Itis an easy if tedious check that these maps do satisfy the axioms of a
simplicial homotopy — see e.g. [40, Definition 5.1].

Consider now the diagram

G 0(0) l' y GO(0)X G X
|
G 0(0) > GO(0)x GX

|G B. (Ass., Ass,, X)| = X

Ass,, 0(0))] ——> |G B. (Ass,, Ass,, 0(0) x X)|

|G B. (Ass,,

~

G 0(0) > |G Be (04,04, 0(0) X X)|

where i is the inclusion of the fibre at the basepoint of G X, and A and sh are as in
[3, Proposition 6.4]: A is the group completion of the universal O-algebra morphism
0(0) — O(0) x X, remembering that the group completion functor G preserves products
(cf- [3, Theorem 3.5]). The map sh is the identity on the first factor, and the action map
GOO)XGX — GX X GX 2PN oy

on the second factor. The top square commutes up to homotopy, the middle square
commutes on the nose, and the bottom square commutes up to homotopy, being the image
of (1.7) under group completion and realisation. The space X maps into the top two spaces

via the evaluation map B, (Ass,, Ass,, X) — X, and to the bottom two spaces using the
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inclusion X < O(0) X X at the unit of O(0), and the map u: Ass — O. The three triangles
involving X all commute up to homotopy.

The four horizontal arrows are all infinite loop space maps by Theorem 1.3.8, so they can
be extended to the right to form homotopy fibre sequences by taking homotopy cofibres
in the category of infinite loop spaces. The vertical arrows in the above diagram are weak
equivalences, so the induces maps between the cofibres are also. But the cofibre on the
top row is evidently G X, and the composite map from X to it is an equivalence. Hence
the maps from X into all the cofibres are equivalences. But the cofibre on the bottom row
is |G B (', 0.,0 x X)| by Lemma 1.3.9, and the map into it from X is precisely the map

from the statement of the proposition, concluding the proof. O

1.3.2 Associated PROPs

Recall that for a topological operad O, its associated PROP (or product and permutation

category, [35]) is the free symmetric strict monoidal category generated by O:

Definition 1.3.14. Given a topological operad O, let O be the Top-enriched category with

objects the sets n = {1,2,...,n} for n > 0 and with morphism spaces

omm) = || [[o(r®l

f:n—milcm

where the coproduct runs over all set maps. Composition is induced from the composition

of O.

In words, an arrow in O from n to m is a partition n = [[,c, S; and a choice of an
|S¢|-ary operation in O for each t € m.

Disjoint union of finite sets lifts to a symmetric strict monoidal structure on O with unit
0, which we denote with LI. Hence the classifying space BO is naturally a I'-algebra. When
O is an OSHS, it has operations of all arities (since it receives a map from an A.-operad),

so BO is connected and hence weakly equivalent to an infinite loop space.

1.3.2.1  PROPs of OSHSs

When O is an OSHS, the group completion of its initial algebra O(0) is weakly equivalent
to the loop space QBO. Indeed, the following proof of this statement is a straightforward
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generalisation of [55, Proposition 4.1]. We first recall the following convenient formulation
of the generalised group completion theorem:

Let € be a topologically enriched category and let F: ¥°° — Top be an enriched
functor. Let F ! % be the category of elements of F — this is the category internal to Top
with spaces of objects and morphisms

ob(F1%) = ]_[ F(c)
ceob @

mor (F1 %) = U F(c) x €(d, c)
c,deob €

This category comes with an evident enriched functor F? 4 — % . The space of k-simplices
of the nerve of F ¢ % is
% (co, 1) X -+ - X C(ck-1, ck) X F(ck).
Cgs...,CkEODE
From this formula it is easily seen that the functor N, (=€) : Top?" — sTop preserves

colimits.

Proposition 1.3.15 ([24, Proposition 7.1]). Let ¢ and F be as above. Suppose that every

f € €(c,d) induces an isomorphism
F(f)+: H{(F(d)) — H.(F(c))
on integral homology. Then for every c € ob €, the pullback square
F(c) — B(F1%¥)

l |

{c¢} — B¢
is homology cartesian, i.e. the map from F(c) to the homotopy fibre of the right-hand map at

c is a homology equivalence.

Let y: Ass — O be a superb OSHS, and write p; € O(2) for the image of id €
35 = Ass(2) under p. As in Remark 1.3.2, we assume that the propagator is of the form
s = Ua(sg, 1) for some sy € O1(0).

The map p, equips O(0) with a strictly associative monoid structure. O(1) is a monoid

with respect to composition of unary operations, and the morphism

0(0) — 0(1)

x > fia(x, 1)
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is a monoid homomorphism. Let ¢: O(0) — O be the functor
0(0) 2 01y = 0

where the two monoids are viewed as categories with a single object, and the second

functor is the inclusion of the full subcategory of O spanned by the object 1.
Proposition 1.3.16. The map QBa: QBO(0) — QBO is a weak equivalence.

Proof. Consider the contravariant functor O : O°® — Top given by
n —> Tel (Q(n, 1) >, O(n,1) BN )

where Tel denotes the mapping telescope construction and s, is the postcomposition with
the propagator s € O1(1) c O(1,1).

Note that O takes all morphisms in O to integral homology equivalences: for every
v € 0(0,n), we have Ow(v) = DY, where the latter is the map from Definition 1.3.1,
and hence a homology equivalence by assumption. Given f € O(n, m), pick v € O(0, n).
Then O (v) and O (fVv) are homology equivalences, whence O (f) is also. Hence by

Proposition 1.3.15, the sequence
Ox(1) — B (0x 1 Q) — BO

is a homology fibration.
Note that

0u(0) = Tel [0(0) 22 0(0) 25 ...

is a right O(0)-module, and the monoid map (-, 1): O(0) — O(1) gives rise to a right
0(0)-module map Mme: Ox(0) = Ox(1), where O (1) is an O(0)-module by restriction
along a. O(0) acts on O« (0) by homology equivalences, and so by Proposition 1.3.15 again,

we obtain a map of homology fibrations

Ow(0) —— B(0(0) 1 0(0)) —— BO(0)

N Js

Ow(1) —— B(0w10) —— BO

The middle spaces are weakly contractible. Indeed, since B (- 0) : TopQOp — Top pre-

serves colimits, we have the equivalence
B (0 0) =T61(B(Q(—,1)zQ) % B(O(-,1)10) 5 )
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But O(—, 120 is the slice category of O over 1 € ob O, so its classifying space is contractible.
We also have that B (O.(0) : O(0)) ~ * using the same argument.
Hence QBa is a homology equivalence, because mq, is. But QBa is a map of simple

spaces, so by Whitehead’s theorem, it is a weak equivalence. O

We conclude this section with the following observation, which is a direct analogue of

Wahl’s [57, Proposition 4.2].

Lemma 1.3.17. The square

00) — s aBo

N

QBO(0) 55> 4BO

is homotopy commutative, where | takes x € O(0) = O(0, 1) to the loop that follows the
1-simplex x from 0 to 1, and then returns from 1 to 0 along the 1-simplex determined by the
basepoint * € O(0), and the right-hand vertical map conjugates a loop based at 1 by the path
from 0 to 1 determined by the basepoint of O(0).

Proof. It is easily seen from the definitions that the lower boundary of the square takes a

point a € O(0) to the loop in BO that goes from 0 to 1 along * € O(0), then from 1 to itself
* ,1

along p15(a, 1) € O(1), and then back to 0 along * € O(0). The 2-simplex 0 — 1 M) 1 of

BO provides a homotopy from this loop to {(a). The assignment

0(0) — N0
ar— (0—*>1 ﬂ)l)

is clearly continuous, yielding the desired homotopy. O

1.3.3 Comparison of structures

We have seen that when Ass = O - T'isa superb OSHS, then G O(0) is weakly equivalent

(as a space) to two infinite loop spaces, namely the bar construction
|G Be ( +, 0.,0(0) x 0(0))|

of [3], and the loop space QBQO. The purpose of this section is to show that these two
infinite deloopings of G O(0) are equivalent. Explicitly, we prove the following theorem.
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Theorem 1.3.18. There is a map of I'-algebras ¢’ : X" — Y’ such that X’ is equivalent® as
a I'-algebra to |Bs ( +, 0., O(0) X O(0))|, Y’ is equivalent as a T'-algebra to QBO, and the
group completion G ¢': GX' — GY' is a weak equivalence.

Here and throughout this section, QBO is the space of loops in BO based at 0. The
action of I' on BO fixes 0, so QBO is a sub-T'-algebra of the ‘pointwise’ I'-algebra BQSl. This
is the I'-algebra structure referred to in the statement of the theorem, and used throughout

this section.

1.3.3.1  Models for infinite loop spaces

The proof of Theorem 1.3.18 consists of constructing suitable replacements of the two I'-
algebras involved until the comparison map ¢’ can be written down. The first replacements

we make are as follows.

Definition 1.3.19. Let X, be the simplicial I'-algebra
Xe :=B.( ,0,0(0) x 0(0)).
Let Y, be the simplicial I'-algebra
Yo :=B.(, ,QBO).

Then |X,| admits a weak equivalence of I'-algebras to |Be ( +, O, O(0) X O(0))| by
B, ( oy QBQ)| is a weak

Corollary 1.2.27, while the basepoint collapse map |Y.| —
equivalence by abstract nonsense, cf. [39, Section 9].
We start by constructing a map ¢: O(0) x O(0) — QBO. Let 1: O(0) — BQAl be the

adjoint of the characteristic map
A' x 0(0) = A' x 0(0,1) — BO;

The map ! takes a point of O(0), interpreted as a morphism in O, to the path in BO that

traverses the corresponding 1-simplex. The image of ¢ lies in the subspace of paths from 0

*We say two I'-algebras are equivalent if there is a zig-zag of weak I'-algebra equivalences that links
them.
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to 1, so we get the following universal map
Lpry

0(0) x O(0)
S~ 9

BQSl % BQAl

.
\L \Levo X evy
Al {0.1}
BO™ o<, BO
where pr, pr,: O(0) X O(0) — O(0) are the projections onto the first and second factor,

evo, ev; are the evaluation maps at 0,1 € Al, and the pullback square is the image under
BQ(_) of the square which identifies S as a pushout of two copies of A! along the inclusions
AA! — Al Tt is easily seen that ¢ corestricts to a map ¢: O(0) x O(0) — QBO. It sends
a pair (x,y) € O(0) x O(0) to the loop in BO that goes from 0 to 1 along the 1-simplex x
and returns to 0 along the 1-simplex y.

We would like to use ¢, along with the operad map O — T, to write down a simplicial

comparison map ¢: X, — Y,. We do obtain maps
¢a = 7U¢): 07(0(0)x 0(0)) — ' (QBO)

on the spaces of simplices, but since ¢ fails to be a map of O-algebras, these maps do not
commute with the last face maps d,,: X, — X;,—1 (and the same for Y), i.e. the face maps
in X, and Y, that come from the action of O on O(0) X O(0), and the action of I" on QBO,

respectively. They do, however, commute up to coherent homotopies.

Remark 1.3.20. The map ¢ is not even a map of pointed spaces, so it does not induce a map
between 0,(0(0) X O(0)) and . (2BO). This is why we replaced O, and . with their
unpointed analogues in the definition of X, and Y,.

Wahl attempted to solve this problem in the case of the surface operad by freely
adjoining a basepoint to O(0) X O(0) and extending the O-algebra structure on it by letting
the new basepoint act as an additional unit, cf. [57, Proposition 5.1]. Such an extended
O-algebra structure cannot exist, however. Indeed, if it did, then (O(0) X O(0)), would in
particular be a monoid with two distinct units, which is impossible.

There is a way to extend the O-algebra structure on O(0) x O(0) to (O(0) x O(0)).
by making the new basepoint | ‘absorbing’: a(xi,...,x;) = T for all a € O(n) and
x; € (0(0) X O(0)), as soon as x; = T for at least one i. But the group completion of the

underlying monoid is then contractible.
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1.3.3.2 The category .7

A map of simplicial spaces can equivalently be thought of as a functor °?x2 — Top where
2 is the ‘walking arrow’ — this is the poset [1] = {0, 1} considered as a category. We use
the idea of Wahl [57] to ‘fatten’ the category °P X 2 to a topologically enriched category
< in such a way that the homotopies witnessing the commutativity-up-to-homotopy of
the maps ¢, with the last face maps give rise to a functor .7 — I'-Alg.

We shall write [n]; := ([n],i) € °P X 2 for the objects of the product category. Recall

[40] that every map f: [n] — [m]in °P factors uniquely as
f :Sjt "'Sjldis "'di1 (18)

forsome 0 < iz <---<iy<nand0<j; <---<j; <m,whered;: [k] > [k—1] € Pis
the opposite of the injective monotone map that misses i € [k] and s;: [k] = [k +1] € ©°P

is the opposite of the surjective monotone map that hits j € [k] twice.

Definition 1.3.21 ([57, Section 5.2]). Let .7 be the topologically enriched category with

the same objects as  °P X 2. The hom spaces of .7 are given by

°P([n], [m]) ifi=j
T ([n)is[m]j) = { U se op(qn,fm) AP if < (1.9)
@ otherwise

In particular, for each n there is a unique morphism ¢, : [n]o — [n]; indexed by the identity
on[n] € °P.Supposing f € °P([n],[m]) factors as in (1.8), note that n — f(m) is precisely
the degeneracy degree d(f) of Wahl, i.e. the number of ‘last face maps’ di: [k] — [k — 1]
occurring in (1.8). We label the vertices of the d(f)-simplex in (1.9) indexed by f with the

d(f) + 1 formal expressions

f(l) = sj, 0 S di, o diy, Puoidiy - di

1

for 0 < I < d(f). Composition in .7 is now defined on the vertices of the simplices, using
the facts that the s, and the d, satisfy the usual simplicial identities, the ¢o commute with
all degeneracy maps, and with all face maps with the exception of the last face maps

di: [k] = [k —1] € °P.Itis extended linearly to the rest of the simplices.

Remark 1.3.22. We write down the composition in .7 explicitly, as it will be useful later

when constructing a functor out of .7. We do not give explicit derivations; all the formulae
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below are easily worked out using simplicial identities. As in the above definition, let
f=sj,---sjdi, ---dj: [n] = [m] be amorphism in °P with degeneracy degree d(f) =
n— f(m). Thusiy =n—k+ 1fork < d(f)and ix <n—k+1fork > d(f).

(i) Fordy: [n+ 1] — [n] and 0 < I < d(f),

0, = (fd)P  ifl<n-k+1
g (fdk)(lH) otherwise

Ifk > g =n—d(f)+1= f(m)+1, then d(fdx) = d(f) + 1 and precomposition
with dj takes the d(f)-simplex indexed by f to the (d(f) + 1)-simplex indexed by
fdp by the face inclusion §,_g.1: A% — AXOH If | < iacr), then d(fdy) = d(f)
and precomposition with dy is the identity AYS) — A4S,

(ii) Fordi: [m] — [m—1]and 0 < I < d(f), di f¥ = (dkf)(l), so postcomposition with

di induces the ‘front face’ inclusion AYf) — A%f) Note that

d(f) ifk <m

ddef) = {n—f(m— 1) ifk=m

(iii) For sg: [n—1] — [n] and 0 < I < d(f),

g, = (Fso)  ifl<n-k
( fsk)(l_l) otherwise
Ifk > igr) — 1= f(m), then d(fsx) = d(f) — 1 and precomposition with s; takes
the d(f)-simplex indexed by f to the (d(f) — 1)-simplex indexed by fsi by the
degeneracy map o,_y_1: A% — AN Ifk < f(m), then d(fs;) = d(f) and
precomposition with s is the identity A4f) — A4S,

(iv) Postcomposition with a degeneracy map has no effect on the degeneracy degree,

and it maps the corresponding simplices by the identity.

1.3.3.3 The action of T on BO

We briefly recall how the Barratt—Eccles operad acts on the classifying space BO.

Let 3, / 2, be the translation groupoid of the left X, -action on itself: the objects are

1

the elements of %, and for each o, 7 € ¥,, there is a unique morphism 76~ : ¢ — 7. The
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groupoid %, / ¥, admits a right ¥,-action which preserves the arrow labels. If € is a

symmetric strict monoidal category, there are functors

Sh | ZaXE" — €

(1.10)
(O’;Xl, ... ’Xn) — Xa‘l(l) .- ®XU_1(I’I)

which are evidently X,-equivariant. (We take the empty monoidal product to be the
monoidal identity.)

The groupoids %, / =, for n > 0 fit into an operad in categories, and every symmetric
strict monoidal category is then an algebra over this operad via the functors (1.10). (In fact
one can use the requirement that the functors (1.10) be the structure functors of an operad
algebra to infer what the operad structure ought to be.) The Barratt—Eccles operad T' is
precisely the geometric realisation of this operad in categories, and the action of I on B%’

comes from realising the functors (1.10).

Lemma 1.3.23. Let a € I'(n) lie in the image of a (possibly degenerate) m-simplex
0p— > 0m €Ny, [ Z0)

of the nerve of 2, | . Let x1, ..., x, € O(0,1) be morphisms in O, interpreted as points of
the path space BQAl with its natural T'-algebra structure. The path a(xy, . ..,x,) € BQAl is
contained in the image of the simplex

-1 -1 -1 -1
xqLl--Lixy, oo 010, 0207 OmO,,_1 fos

n—n n n n (1.11)

of the nerve of O.

Proof. This claim is an exercise in the prism decomposition of products of simplices. The

path consists of straight line segments contained in the simplices

0 0 1 1
-1 -1 u ~ | -1 u
010, 0i0 Xi . om0 OmOpy
: S N N S N
L [
0 0 1 1

for 0 < i < m, where X; 1= x,-1() U - - U X,-1¢): 0 — n. But these are all degeneracies of
faces of (1.11). Hence the path a(xy, ..., x,) in BO is the image of a piecewise linear path

in the simplex (1.11). O
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1.3.3.4 The weak simplicial map X, — Y,

In this section we show that the maps ¢;: Xy — Y; extend to a Top-enriched functor
T — I'-Alg.
Forn>0and 0 <[ < n,let /15,[): 0" (0(0)) — BQAl be defined as the composite

n-1 n-1
0" 000) — o o) T ! (Bo) L o™

where for an operad P and P-algebra A, ¢;: P/(A) — A denotes the iterated evaluation

map. For each 0 < I < n, the morphisms

©n(Pr1)
/\ /1(1) 1
0" (0(0) x 0(0)) 0" (0(0)) = BO*
W
"(pr,

are coequalised by the evaluation maps evy, ev; : BQAl — BO, so they glue to give the

morphism gg): 0™ (0(0) x O(0)) — QBO which is equal to the composite

0" (0(0) x 0(0) -2y -1 (0(0) x 0(0))

@)

"~ (0BO) — 080
Proposition 1.3.24. There are morphisms
gn: A" X O" (0(0) X O(0)) — QBO
foralln > 0 such that g, restricts to gﬁll) at the I-th vertex of A" forall0 < I < n.

Proof. We show that the maps AEP extend to a map A" x 0" (0(0)) — BQAI.
By inspecting the formula

o) = [om, 1) x5, X",
n=0

it is easy to see that a point of 0" (O(0)) is represented by an n-simplex

an an-1 ai
1=m, ¢~ mp_; «— - < Mmy
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in the nerve of O, along with an my-tuple x; € O(0) for 1 < i < my. Such an my-tuple
can equivalently be thought of as the morphism x := x; LI - - - U xpp, : 0 = my in O, so the

above data can also be repackaged as an (n + 1)-simplex in N,O of the form

an an—1 a X
1=m, <— m,_; < a4 m, < 0 (1.12)

(This representation is not quite unique: if ¢ € %, then precomposing a;,; with o and
postcomposing a;, where ag := x, with 7! yields data that represents the same point of
0" (0(0)).)

Given the data of (1.12) representing a point P € O" (0(0)), let

Ui ==a;---dy:my — m;

Vi =dp---Qip1: M — my =1
for 0 < i < n, where uy and v, are the respective identities in O. Now Ag,l)(P) is the path
Al
7(vy)(ux) € BO

where v; € O(my, 1) = O(my), 7(v;) € I'(my) is its image under 7: O — T',and yjx: 0 — my
is thought of as an m;-tuple of 1-simplices of BO from 0 to 1. By Lemma 1.3.23, this path
is contained in a simplex

1 D, (D\— D D) -1 (D\—
urx Ué ) 01( )(Ué )) ! % (apl—l) (Gpl 7

0 — my m; e m; m; (1.13)

where

i l
O_é) - e O'Igl) S NPI (Zml //Zml)

is some p;-simplex of I'(m;) that contains 7 (vy).

But the simplices (1.13) for varying [ are all faces of the simplex

o e a ) G g (g
0 — m my — m, m — ---——m, (1.14)

Thus we have shown that the )Lgll)—images of P, for 0 < I < n, are all paths contained in a

single simplex of BO. Hence we can define a map
At A" x Q" (0(0)) - BO™

by setting it to be /1;’) at the [-th vertex of A", and extending the definition to the rest of

A" linearly. It is easy to see that even though we’ve made several choices along the way
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(namely, picking a representative of a point of Q" (O(0)) of the form (1.12), and picking
simplices of I'(m;) that contain 7(v;)), the resulting map A, is independent of these choices,
and hence well defined. It is also continuous, because the Aﬁf) are.

The morphisms

id xO™(pr,)
A" x 0" (0(0) X O(0)) AT 07 (0(0)) —2my o™
\_/
id xO™(pr,)

are again coequalised by evy, ev; : BQAl — BO, and they glue to give the advertised map

gn: A" x O™ (0(0) x O(0)) — QBO. ]

Proposition 1.3.25. The maps ¢;: X; — Y; assemble to an enriched functor ®: F —
I'-Alg.

Proof. The functor @ is already determined on the two copies of °P inside .7 — sending
one of them to X, and the other to Y, — and on the vertices of the simplices that make
up the spaces .7 ([nlo, [m]1): for f: [n] = [m]in °Pand 0 < I < n — f(m), the vertex
labelled by £ is taken to the composite

di . di1
f(l)l \Lﬁbn—l
Ym e Bm ( s s QBQ) <s]t — -sjldl-s . -dl-lﬂ Bn_[ ( PR QBQ)

We need to show that these assignments can be continuously extended to the entire

mapping spaces .7 ([n]o, [m];) in a functorial fashion.

0

Note that the map f": X, — Y, can also be expressed in terms of the map 9acr)

introduced at the beginning of this section: it is equal to the composite

n—d(f)(g(l) )
X, = 0"(0(0)x 0(0) — il

y A (QBO) = Yagp
isjt v sjl dis v did(f)+1

m+1 (QBQ) — Ym
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Hence in light of Proposition 1.3.24, we define the map f: A x X, — Y, to be the

composite
A x X, = A x 0" (0(0) x O(0))

|

on-d(f) ( A% x 040 (0(0) x 0(0)))

l 2" ()
n—d(f)+1 (QBQ)
\szt cospdi iy
m1(QBO) = Y,
where the first arrow is constructed by repeated application of the map (1.3) of Sec-
tion 1.2.1.1.

It is clear from the construction of the map g,(r) that the map frestricts to the map
f(l): X, — Yy, at the I-th vertex of A%f). For every t € A%f), the map j?(t, -): X, > Y,
is a morphism of I'-algebras, so fNis adjoint to a continuous map A I'-Alg (X, Yn),
and we use these maps to define the functor ®: .7 — I'-Alg on morphisms.

It remains to check that what we have written down is indeed functorial. The category
T is constructed so that ®: .7 — TI'-Alg respects composition of pairs of morphisms
where one of the morphisms is a vertex of a simplex in (1.9), or they are both contained in
one of the two copies of °Pin .7. To check that ® also preserves compositions of pairs
of morphisms when one of them is a non-vertex point of a simplex in (1.9), we have four
cases to verify, corresponding to the four cases discussed in Remark 1.3.22. We discuss one
of the cases here, using the notation of the Remark. The remaining three, which can be
verified in an analogous fashion, are left to the diligent reader.

Letdy: [n+ 1] — [n] be aface mapin °P = ©°P x {0} C 7. We wish to prove the

commutativity of the square

id xd
XGRS A Y (HINS'S

d: % idi lf (1.15)
Adfdi) Xy —> Yy,
fdk

where d; denotes precomposition in .7 with d.
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Ifk < n—d(f) = f(m), then d(fdi) = d(f) and di : AYS) — A% s the identity, and
it follows by inspection of the construction of fthat the square (1.15) commutes.

Ifk > n—d(f), then d(fdy) = d(f)+1and d; = S_gs1: A% — AU is the inclusion
of the face opposite to the vertex labelled by (fdi)"~**1). The commutativity of (1.15) then

follows from the commutativity of the square

id Xda(f)-n+k-1

A x 01O+ (O(0) x O(0)) > A x 04 (0(0) x 0(0))
Spks1 X idl \Lgd(f) (1.16)
A 5 4N+ (0(0) x 0(0)) > QBO

gd(f)+1

where the top horizontal arrow is indexed as in (1.4). By inspection of the proof of
Proposition 1.3.24, the square (1.16) commutes as soon as it commutes at the vertices of

A4S ie. as soon as we have equalities

D) .
0, B a1 ifl<n-k+1 ol (o o 0BO
Ja(py+1 otherwise

for all 0 < I < d(f). But these equalities are immediate from the construction of the maps

. m

Remark 1.3.26. It appears counterintuitive that the face map and face inclusion in (1.16)
should have the grading they do. This is simply an artefact of our grading conventions. We

number the face maps of a bar construction B, (F, T, X) from left to right: the Oth face map
By(F,T,X) = FT(X) — FT*Y(X) = B4_; (F, T, X)

involves the leftmost (or outermost) instance of the monad T, etc. The vertices of the
simplices AY) of (1.9) are numbered in the opposite fashion: () is that vertex of AYY) in

which ¢, appears in the rightmost admissible position, etc.

1.3.3.5 Rectifying @ to a simplicial map

In this section we replace the functor ®: .77 — I'-Alg constructed in the preceding section
with a genuine simplicial map between simplicial I'-algebras that are equivalent to X, and
Y., respectively.

Let us first briefly recall the Boardman—-Vogt tensor product of coloured operads [9]: if

P is a C-coloured operad and Q is a D-coloured operad, then their Boardman-Vogt tensor
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product £ ® Q is a (C x D)-coloured operad whose algebras are precisely the $-algebras
in Q-Alg, or equivalently the Q-algebras in -Alg. It is generated by operations of the
form

p®deP®Q((c1,d),....(cn.d);(c,d))
forpe P(c1,...,cn;c) and d € D, and

c® q S ? ®Q((C’,d1),- . '7(Cadn);(c’d))
forq € Q(dy,...,dp;d) and c € C, subject to the following relations

(i) for a fixed d € D, operations of the form p ® d for p € $ compose as in , and

likewise for operations of the form ¢ ® g for a fixed ¢ € C,

(i) for everyp € P (c1,...,cn5¢c)and q € Q(dy, . . .,dp;d), we have

orm@®d)(c1®¢q,....c ®qQ) =(c®qQ(P®dy,....pRdp)

where 0, € Zpp is the order-preserving isomorphism from the lexicographic order

to the reverse lexicographic order on n X m.

Considering the category .7 as a coloured operad with colours the objects of .7,
unary operations the morphisms of .7, and no operations of any other arity, the functor
®: .7 — I'-Alg of Proposition 1.3.25 can equivalently be thought of as an algebra over
the coloured operad .7 ®T.

The Boardman-Vogt product is rather ill-behaved in general, but in our application it
turns out to be amenable to a very simple analysis. The following lemma will allow us to
employ the results of Berger and Moerdijk on the homotopy theory of algebras of coloured

operads.

Lemma 1.3.27. The evident projection p: 7 — °P X 2 gives rise to a weak equivalence
p®id: 7 QI — ( P x2)QT

of well-pointed X.-cofibrant coloured operads.
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Proof. Observe that since .7 only has unary operations and I" only has one colour, the
Boardman-Vogt product .7 ® I has a particularly simple description: its colours are the

colours of .7, and the operations are given by
(7 &T) ([mliys - [Pl [n]) = Tm) x | | Z([nj)i» [m]e) (1.17)
j=1

This is the geometric realisation of a simplicial set in an evident way, and the action of

the group Z(n1; ...[nnl;,, < 2m of Definition 1.2.14 is simplicial and free (since the action of

-
>m on I'(m) is free), so the operad is %-cofibrant. It is also well pointed, since the identity
morphisms are vertices in the simplicial structures on the constituent spaces.

The operad ( °° X 2) ® I can be analysed analogously. The functor p: .7 — P x 2
induces weak equivalences on hom spaces. It is clear from the description (1.17) that the

components of the operad morphism p ® idr are also weak equivalences, as required. O

Lets,t: °° — 7 be the inclusions of the two copies of °P, i.e. s: [n] +— [n]y and

t: [n] ¥ [n];.
Lemma 1.3.28. The functor

s*: (7 ®T)-Alg = T-Alg”7 — sT'-Alg

O+—0Bos
is left Quillen relative to the projective model structure on sT'—Alg. The functor
* T
t*: IT'-Alg” — sI'-Alg

is left Quillen relative to the Reedy model structure on sI'-Alg.

The same result holds when we replace 7 with the category °P X 2.

Proof. We remark that the model structure on F—Algg = (. ®T')-Alg of Theorem 1.2.13
coincides with the projective model structure (or rather its Top-enriched version): a natural
transformation between functors .7 — I'-Alg is a weak equivalence or a fibration if it is
so componentwise on the underlying spaces, or equivalently if it is so componentwise on

the I'-algebras.
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The functors s*,t* do admit right adjoints s, t,: sT-Alg — T —Algy, which send a
simplicial T-algebra A,: °P — I'-Alg to its right Kan extensions along s and ¢, respectively.

It is easy to write down the right adjoint of s* explicitly: s, takes A, to the composite
Ae—*
SN IV Y Y\

where the second functor represents the simplicial morphism A, — * to the terminal
simplicial I-algebra. This is patently a right Quillen adjoint with respect to the projective
model structure on sI'-Alg.

The case of t, is a little more involved. Since I'-Alg is complete, the right Kan extension

of A,: P > T'-Algalong t: °P — .7 is given by the end formula

b (AL - [n]s — / A7 ([t
% { ] . m
mle ©°P

We need to prove that when A, — B, is an (acyclic) Reedy fibration of simplicial I-algebras,
then for all objects [n]; of .7, the induced morphism

t(As)([n]:) = £(Ba)([n]:) (1.18)

is an (acyclic) fibration of T-algebras. But since the forgetful functor U' : T-Alg — Top
creates all small limits and preserves and reflects (acyclic) fibrations (and sU" preserves
and reflects (acyclic) Reedy fibrations), we may as well forget all I'-algebra structures in
sight and work with (simplicial) spaces.

Since t: °P — .7 is fully faithful, [34, Proposition 2.1] applies to show that there are
natural (in A, € sTop and [n] € °P) isomorphisms t.(A.)(t([n])) = A,. Hence (1.18) is an
(acyclic) fibration for all [n]; with i = 1 as soon as A, — B, is an (acyclic) Reedy fibration.

To show that (1.18) is an (acyclic) fibration also for i = 0, consider the lifting problem

\ 7([]7[ 1)
z fm]e °op R
'\L /\(

il l
Wy [ B

in Top. This can be seen to be equivalent to the lifting problem

Z x 7 ([nlo,[-]1) A,
]del 1 ﬁ l (1.19)

ny([]’[ ]1)—>Bo
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in sTop. But by Remark 1.3.22(iv), the inclusion of the m-th latching object of the simplicial
space 7 ([n]o, [—]1) is precisely

[[ a0 ] av

fe °®([nl.[m]) fe °([nl,[m])
f=sf’

for some 0<k<m

Hence the left-hand vertical arrow in (1.19) is an (acyclic) Reedy cofibration as soon as
j: Z — W is an (acyclic) cofibration of spaces, concluding the proof.

The proof for °P x 2 in place of .7 is identical. ]

Before we put the pieces together, we recall the classical formulation of the group

completion theorem.

Theorem 1.3.29 ([41, Proposition 1]). Let M be a topological monoid. If my(M) is in the
centre of the Pontryagin ring H.(M), then the group completion map M — GM = QBM

induces the localisation homomorphism
H.(M) — H.(M)[m(M)™"] = H.(G M) (1.20)
on homology.

We are now ready to prove Theorem 1.3.18. We repeat its statement below to maintain

the continuity of the notation we’ve established so far.

Theorem 1.3.30. There is a map ¢,: X, — Y, of simplicial I'-algebras such that

(i)

Xe

~ | X,| and

Y,

~ |Y,| as I'-algebras,

1 G

-G

(ii) the group-completion G |P, X! Y.| is a weak equivalence.

Proof. Letq: ® = ®be a cofibrant replacement of ® in the model structure on the category

(7 ®@T)-Alg of Theorem 1.2.13, and let
o = (p®idp), (5) e(( ®x2)®T)-Alg

be its pushforward. This is equivalently a functor ': °P x 2 — I'-Alg, or a simplicial

map between simplicial I'-algebras, and we denote this map by ¢, : X, — Y.
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Since @ is cofibrant and (p ® idr), 4 (p®idr)* is a Quillen equivalence by Theo-
rem 1.2.19 and Lemma 1.3.27, the canonical morphism 7: d — (p ® idr)”* (¥’) is a weak

equivalence. Thus we obtain a zig-zag

Xo =5"(D) Bl s* (5) RIUR s (@) = X, (1.21)
of levelwise weak equivalences of simplicial I'-algebras. X, is Reedy cofibrant by The-
orem 1.2.26, and s* (5) and X are projectively cofibrant (hence Reedy cofibrant) by
Lemma 1.3.28. Hence the geometric realisation of (1.21) also consists of weak equivalences.
The argument for Y, is analogous, establishing (i).

To prove (ii), consider the following diagram in sAss—Alg:

X, s*(q) § (5) s* () X!
i
|
B, (Ass, Ass, 0(0)) =z P

o ~

I
I'r
!

~

[ IS

Yo & i 17 5) T
t*(q) t*(n)

where
le := Be (ﬂya o, * X ld) : B, (ASS’ ASS’ O(O)) — B, ( ’ ©’ O(O) X O(O)) = X”

Z, is a projectively cofibrant replacement of B, (7rp, p1, * X id), r{ is a lift of 1474 across the
projective acyclic fibration s*(q), and r! is a lift of ¢,s*(n)rs across the projective acyclic
fibration t*(n). By construction, the diagram is commutative.

All objects in the diagram are Reedy cofibrant, and all horizontal arrows are Reedy
weak equivalences, so they realise to weak equivalences of monoids. Moreover, by Propo-
sition 1.3.13, the group-completed map G |1.| is a weak equivalence. Hence if we can show
that G Do

To this end, let ae: O(0) — B, (Ass, Ass, O(0)) be the usual simplicial homotopy in-
verse of the evaluation map B, (Ass, Ass, O(0)) — O(0), cf. [39, Section 9]. Let ate : O(0) —

rt| is a weak equivalence, then so is G , concluding the proof.

Z, be a lift of o across r, — this exists because O(0) is a cofibrant space. Now for each
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n > 0 there is the commutative diagram

0(0)
An n
lp A&SSTH’1 (O(O)) <T Zn

s
In \Lrn

X, q([nlo) & ([n],) " 9)X’

bn e s
QBO < Y, < ) Y’
0 oy ) s

where all maps except those emanating from O(0) are monoid homomorphisms, and ¢ is

as in Lemma 1.3.17. It is not necessarily the case that r} = 5(9&,,) o r,, but both these maps
are lifts of ¢} o n([n]p) o ri: Z, — Y, across the acyclic fibration 5([n];) of monoids. Since
Z, is a cofibrant monoid by construction, it follows that r and E(gbn) o r, are homotopic
through monoid homomorphisms. Hence G r} and G CI~>(gbn) o G r; induce the same map
on homology.

Given a (semi)simplicial space S., the integral homology of the fat geometric realisation

||Se|| is computed by the natural spectral sequence
EL = Hy(Sq) = HpegllIS. )

cf. [49, Section 5], [20, Section 1.4]. (We shall not make a distinction between the fat and
ordinary geometric realisations, as these are equivalent for all the simplicial spaces in

sight.) Consider the map

O(O) |Z|—>|g2|_>’gt ( )‘ Gt (q)l

—— |G Y.l = G (QBO)

By computing its effect on homology using the above spectral sequence, it can be seen

that it induces the same map on homology as
0(0) Y, QBO — G (QBO)

But by Lemma 1.3.17, ¢ induces the group completion map (1.20) on homology (since
all O-algebras are in particular homotopy commutative monoids), and the usual map

QBO — G (QBO) is an equivalence because QBO is a grouplike monoid. Likewise,
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0(0) — |Z.| — |G Z.| induces the group completion map (1.20) on homology. Since ring

localisations are unique, it follows that the map

6215 g1 (3)] 22 1 vl - 6 (a50)

induces an isomorphism on homology. But the second and third maps are weak equiva-

lences by construction. Thus | G rl|is a homology equivalence. By Whitehead’s theorem

for simple spaces, we conclude that it is a weak equivalence. ]

1.4 Proof of Theorem 1.2.26

In this section we show that for a ‘sufficiently nice’ (pointed) operad O and O-algebra X,

the bar resolutions

B. (FO, @,X)‘ and

B. (FE,O*,X)‘

are cofibrant replacements of X in the model structure on O-Alg of Theorem 1.2.13.

We work in a closed symmetric monoidal category with a compatible cofibrantly gener-
ated model category structure that satisfies some technical conditions; see Definition 1.4.33.
The reader who is not interested in this level of generality will be safe in substituting
throughout the category Top of compactly generated weakly Hausdorff spaces with the
Cartesian monoidal structure and the usual model structure consisting of weak homotopy
equivalences and Serre fibrations.

This section is very closely modelled on the paper of Pereira [44] who analysed the
cofibrancy of bar constructions for operads in symmetric spectra. His arguments generalise
immediately, but we haven’t found a better way of convincing the reader of this without
essentially repeating his proof, which explains the length of this section. Our contribution
consists of finding a suitable framework for dealing with pointed operads which allows
for an easy analysis of the interaction of the algebraic structures with model category

structures.

1.4.1 Operads as monoids

Let (¢, ®, 14) be a bicomplete closed symmetric monoidal category in the sense of [36],
with internal hom-objects denoted by YX for X,Y €

CX®Z,Y) = %(Z,YX)
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Since every functor X ® () : ¥ — % for X € ¥ is a left adjoint, it preserves all colimits.

Since % is cocomplete, it is tensored over Set via the functor

(=) (=):ExSet — €
(X,S)+—>X-S::UX
S

For any group G, the trivial G-action functor ¢ — %° admits a left adjoint
(-)g:6° > %,

which is given on a G-object — thought of as a functor G — ¢ — by its colimit. Given a
right G-object X € €°” and a left G-object Y € €, let X ® Y be their monoidal product

equipped with the diagonal G-action, and write
X&cY=(X®Y).
If Z € SetC is a left G-set, we write X ¢ Z := (X - Z),.

1.4.1.1 Ordinary collections

One of the standard ways of defining operads in € is via collections (or symmetric sequences),
cf. [33], [22]. We briefly recall the framework here in order to motivate our definition of a

pointed collection.

Definition 1.4.1. Let ¥ be the category of sets of the form n = {1,2,...,n}, and set

bijections.

> admits a strict symmetric monoidal product coming from the disjoint union of sets:

m LI n = m + n, and an obvious definition of LI on morphisms.
Definition 1.4.2. The category of collections in € is the functor category Coll(%) = €>" .

The monoidal product LI gives rise to a Day convolution product ® on Coll(%¢’) [19].

Explicitly, this product is given by the formula [22, Section 2.1.7]:

Feg in— || Fa)egm)) s,xs, S

n=ni+ny
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This can also be expressed somewhat more transparently in the language of coends [36,

Section IX.6], [34, Definition 6.2]:

(111 ,nz)EZXZ

(F®G):nr / (F(n1) ® G(nz)) - = (m,my Uimy).

(The benefits of this more abstract language shall be reaped when we introduce pointed
collections.)

The monoidal unit of ® is given by 1g: n +— 1¢ -3(n, 0). Explicitly, this is the collection

{1 ifn=0
nkF—

@ otherwise

where @ € ¢ is an initial object, equipped with the unique X,-action.

Definition 1.4.3 (¢f. e.g. [22, Section 2.2.2]). The composition product & on Coll(¥) is
defined by the formula

Fo6G:nr— ]_[ ¥ (k) ®s, (§®k(n))

k>0

where 3 acts on the functor G®: X°P — % by permuting the factors.

The composition product makes Coll(%’) into a non-symmetric monoidal category with
unit 15: n — 1o - 3(n, 1).
It can again be expressed using coends (in the category Coll(%')) as follows:

kex

FoG= F (k) ® G

where G7): 3 — Coll(%) is the evident functor defined using the symmetry of the Day
convolution product on Coll(%).

Now we can make the following very succinct definition.

Definition 1.4.4. An operad O in ¥ is a monoid object in (Coll(%), 5, 15). An O-algebra
in € is a left O-module in (Coll(%), 5, 15) which is concentrated in degree 0.3

When (%, ®, 1¢) is the category Top with the Cartesian monoidal structure, this

definition agrees with Definitions 1.2.1 and 1.2.3.

3A collection ¥ is concentrated in degree 0 if ¥ (n) = @ forn # 0
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1.4.1.2 Pointed collections

Definition 1.4.5. Let I be the category of sets of the form n = {1,2,...,n} forn > 0,
and set injections. This is a strict symmetric monoidal category under the ‘disjoint union’

functor LI, with unit the empty set 0.

Definition 1.4.6. The category of contracting collections in ¢ is the functor category
CColl(¥) := €*". This is a symmetric monoidal category when equipped with the Day

convolution product:

(lll,llz)e]IXI[
Fo):n— [ (F (1) ® G(nz)) - 1(n,my Limy). (1.22)
The monoidal unit is given by 1g: n — 1¢ - I(n, 0).

Remark 1.4.7. This definition is inspired by the concept of preoperads of Berger [4], which

in turn are a modification of coefficient systems of Cohen, May and Taylor [18].

The following is well known; see e.g. [34, Proof of 6.2].
Lemma 1.4.8. The Day convolution product on CColl(%) is closed.
Remark 1.4.9. Note that the functor

¢ — CColl(%)

X+ (n+— X -I(n,0))

is symmetric monoidal with respect to the convolution product, making CColl(%¢’) tensored

over ¢. Moreover we have
Fommr— X -In,0)=mnm~ F(n)®X).
for 7 € CColl(%), so this tensoring is ‘pointwise’.
Definition 1.4.10. The category of pointed collections is the under-category
Coll,(¥’) := CColl(¥)1,/
of morphisms 1g — ¥, and commutative triangles.

Remark 1.4.11. While technically the objects of Coll.(4") are morphisms of the form
p: 1lg — F in CColl(¥¢’), we shall generally refer to them by their underlying collapsing

collection ¥ and leave the ‘basepoint morphism’ p implicit.
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Remark 1.4.12. The canonical comonoid structure on 1g allows us to lift ® to a symmetric
monoidal product on Coll.(%¢), with the product of p: 1g¢ — F with q: 1g — G being the
pointed collection

P®q
1®5l®®1®—>?’®g

In analogy to Remark 1.4.9, the functor

61,) — Coll.(¥)
ly - X)+— (lyp - I(-,0) > X - 1(-,0))

is symmetric monoidal.

Definition 1.4.13. Given a pointed collection p: 1g — F, let Z(¥): I — CColl(%¥) be
the functor defined by n — F®" on objects and by the composites

7_‘®n = s 7:®n ® ]gm—n id®p®m_n; 7:®m

on the inclusions n < m for n < m. Automorphisms of n act on F®" in the evident way.

Remark 1.4.14. The functor Z(F) is the unique (up to equivalence) symmetric monoidal
functor (I, U, 0) — (CColl(¥), ®, 1g) sending the unique morphism 0 — 1 to the morphism
1l — F.

Definition 1.4.15. The composition product o on Coll,(%) is defined by the formula

kel

FoG = F(k)® Z(G)(k). (1.23)

Before we show that the composition product makes Coll,.(¢) into a (non-symmetric)

monoidal category, we make the following observations.
Lemma 1.4.16. Let ¥, G be pointed collections.
(i) IfF is concentrated in degree 0, i.e. ¥ (n) = F(0) - I(n, 0), then
FoG=F.
(ii) There is a natural (in (k,n) € I XI°°? and ¥, G € Coll.(¥)) isomorphism
mel
270 G)km = [ 207 m) @ 2(G)m.n) (1.24)
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Proof. (i) By properties of coends,

kel
Fog = / (F(0) - 1(k, 0)) ® Z()(K)

= [T rwez@m) o
= F(0) ® Z(G)(0).
But Z(G)(0) = 1g, and the result follows.
(ii) By the first part, ¥ o G is naturally pointed by the morphism
lg =2lgolyg — FogG,

and so o does define a functor Coll.(%") X Coll.(¢") — Coll.(% ). Hence the left-hand
side of (1.24) is well defined. In light of Remark 1.4.14, it suffices to check that the

functor
X: 1T — CColl(%)

mel
ko / Z(F)(k, m) ® Z(G)(m)

is symmetric monoidal and that it agrees with k — Z(¥ o G)(k) on the morphism
0 — 1 of I. The second claim is immediate, since Z(F) takes this morphism to the

basepoint morphism 1g — ¥ by definition.

To make the notation slightly less unwieldy, we shall use the Einstein notation,

writing covariant functor arguments as subscripts and contravariant arguments as

m

myLm, = I(m, m; Lmy). With this convention, we have

superscripts, so for instance I

the following sequence of natural isomorphisms.
mel m
XUl = [ (205K 8 20 )" © ZG)n

mel (my,my)€lxXI
=~ / ( / Z(F e ® Z(F )y -Hglumz) ® Z(G)m

IR

(ml,mg)EI[X]I mel
/ 2N © 2N ( [ z6m: mlumz)

IR

(m1 ,mz)E]IX]I
/ 2N © ZF™ © Z(G)myim,

IR

m €l my€El
( [z ®Z(g>ml) ® ( [z ®Z<g>m)
= X (k1) ® X(kz)

52



Hence X is symmetric monoidal, as required.

O

Proposition 1.4.17. The composition product makes Coll,(€’) into a monoidal category
with monoidal unit 1,: n — 14 - I(n, 1) (pointed by the morphism 1g = 14 - I(—,0) — 1,
induced by the unique map 0 — 1 inl).

Proof. Associativity follows from Lemma 1.4.16(ii):
kel
Fo(GoH)= F (k) ® Z(G o H)(k)
k,mel
= / F(k)® Z(G)k,m) ® Z(H)(m)

mel
= / (F 0 G) (m) ® Z(H)(m)
—(FoG)oH

Note that Z(1,)(k,n) = 14 - I(n, k), and hence
kel
Fol, = F(k)-I(—, k) = F.
Also el
l,of = / Z(F)k) Ik, 1) = Z(F)1) = F.

The monoidal axioms are inherited from (%, ®, 1¢). O

The following proposition is the pointed version of a well-known property of the usual

composition product.

Proposition 1.4.18. The composition product preserves colimits in the first variable, and

sifted colimits in the second variable.

Proof. Let ¥ : .# — Coll.(¥¢) be a diagram, and let .#, be the category .# with a freely
adjoined initial object i. The diagram # naturally gives rise to a diagram ¥, : ., —
CColl(¢’) which sends i € .7, to 1g, and the colimit of # in Coll.(¢") can be computed by
finding the colimit of 7 in CColl(¢’) and pointing it by the universal map from 7, (i) = 1.
But colimits in CColl(%’) are computed pointwise, and the first claim follows by inspection

of (1.23).
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The second claim is established analogously, once we observe that the functor
Z: Coll (%) — CColl(¢)"

preserves sifted colimits. ]

Remark 1.4.19. It is relatively straightforward to show that the structure of a contracting
collection is a right *-module structure in the category of ordinary collections equipped
with the usual composition product, where * is the initial pointed operad: *(n) = 1¢
if n = 0,1, and *(n) = @ otherwise. Likewise, basepoints correspond to left *-module
structures, so Coll,(%) is isomorphic to the category of #-bimodules in Coll(%’). There is
also a way of constructing the pointed composition product in this context: if ¥ and G
are pointed collections viewed as *-bimodules, then their composition product fits into the

reflexive coequaliser diagram

L
Fox6G —XFoG—> FogG

in *-bimodules, where 6 is the composition product of ordinary collections, the two parallel
arrows are defined using the right action of * on ¥ and left action of * on G, and their
simultaneous splitting comes from the unit map 1s — *. We have nonetheless opted for
the present setup, because we believe that it makes the analysis of the interaction of the

monoidal structure with a model category structure somewhat easier.

1.4.1.3 Iterated collections

Since (CColl(¥), ®, 1g) is a bicomplete closed symmetric monoidal category, we can

consider contracting collections valued in this category.

Definition 1.4.20. The category of double (contracting) collections is denoted by
2Coll(¢) := CColl(CColl(%)).
The category of double pointed collections is denoted by

2Coll,(€) = Coll,(CColl(¥)).
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As before, 2Coll(%) = €*"*I" is a bicomplete closed symmetric monoidal category

when equipped with the Day convolution product ®, which takes the form
mq,Mmy,Nq,N2 el

(F ® G) (m,n) = F(mq,nq) ® G(my, ny) - [(m, my Limy) X I(n, ng LI ny)

The monoidal unit for ® shall be denoted 15: (m,n) = 1lg - I(m, 0) X I(n, 0).

Similarly, 2Coll.(¢") = 2Coll(¢)1;, is a monoidal category with respect to the compo-
sition product .

In analogy to Remark 1.4.12, we have a functor Coll.(4") — 2Coll.(¢") which is sym-
metric monoidal with respect to the convolution products. However, in this setting we

obtain an extra functor.

Definition 1.4.21. The vertical inclusion functor (—)° : Coll.(¢) — 2Coll.(%¥) is given by
F°(m,n) = F(n) - I[(m, 0).

The horizontal inclusion functor (=) : Coll(¥) — 2Coll(¥) is given by
F"(m,n) = F(m) - I(n, 0).

It is easy to see that both these inclusions are symmetric monoidal with respect to the

convolution products. We also have the following result.

Lemma 1.4.22. The horizontal inclusion functor is monoidal with respect to the composition

products. There is a natural isomorphism
F'oG" = (FoG).

Proof. Since the horizontal and vertical inclusions are symmetric monoidal with respect to

the convolution products, there are natural isomorphisms
Z(FM°)@) = (Z(F )"

where ‘h/v’ indicates a consistent choice of either h or v throughout. Hence we have

kel

Freght= [ 7k @ (Z(G))®

kel
g/ (F() ® Z(G) ()"
= (F oG

since each 7"(k) € CColl(¥) is concentrated in degree 0. O
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1.4.2 Exquisite categories

Let € be a cofibrantly generated model category, with generating cofibrations I and

generating acyclic cofibrations J.

1.4.2.1 G-equivariant model structures

Let G be an abstract group. We recalled in Section 1.2.2.1 that €’° admits the projective
model structure, where a morphism is a weak equivalence or a fibration if its underlying
morphism in € is a weak equivalence or a fibration. Under some conditions on €, €
admits another model structure, akin to the model structure of G-equivariant homotopy
theory on Top®. The following is after [25].

Given a subgroup H < G, G/H is a left G-set, so the functor (-) - G/H: € — €
naturally factors through %°.

Definition 1.4.23. The right adjoint of (=)-G/H: € — € is denoted by () : €¢ — &
and called the H-fixed point functor.

Note that for X € €°, X" is the limit of the diagram H — G i %. Since % is

complete, fixed point functors always exist.
Definition 1.4.24 ([25, Definition 3.7]). A fixed point functor () is cellular if

(i) it preserves pushouts along morphisms of the form
f-G/K:X-G/K— Y -G/K

where K < G and f: X — Y is a morphism in ¢’° such that X and Y are trivial

H-objects and the underlying morphism f in ¢ is a cofibration, and
(ii) it preserves filtered colimits in 6’° where each morphism is a cofibration in %.
We say €C has cellular fixed point functors if (=) : €% — € is cellular for each H < G.

Theorem 1.4.25 ([25, Theorem 3.12]). If 6C has cellular fixed point functors, then ¢°
admits a cofibrantly generated model structure, called the G-equivariant model structure,

with generating cofibrations {i - G/H};c; < and acyclic cofibrations {j - G/H} e p<c-
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1.4.2.2 Generalised Reedy model structures

In [6], Berger and Moerdijk present a generalisation of the notion of Reedy category which
allows for non-trivial automorphisms. We shall not recall their exact statements here.
Instead we remark that the category I°P is a generalised Reedy category in the sense of [6,
Definition 1.1], with (I°?)” = I°? and (I°’)" being the maximal subgroupoid of I°P. Thus

we obtain the following consequence of [6, Theorem 1.6].

Theorem 1.4.26. The category CColl(%) = €~ admits a model structure where a morphism
¥ — @G is an (acyclic) cofibration if and only if ¥ (n) — G(n) is an (acyclic) cofibration in

€= with the projective model structure for alln € I°P.
We claim that this model structure is cofibrantly generated.
Definition 1.4.27.

1) Forn > 0,letl, :=1(—,n): — Set. For n,m > 0, let [(,) m be the subfunctor o
i) F let I I( ) : I°P Set. F 1 Ln), be th bf f
Ihum given by

Iwm(k) = {f € Ingoum | n & im f}

We write I () := In),0. We shall abuse notation slightly and also use the symbol I,
for the functor k — 14 - I(k,m): [°? — CColl(%), etc.

(ii) For f: X —» Y in % and n > 0, let P,(f) be the universal morphism in CColl(%¢")
Pa(f): X TnUxay Y Ty — ¥ - Iy
induced by f and the inclusion Iy = Ij.
Remark 1.4.28. Note that P,(f)(k) is an isomorphism in % for all k # n, while
Pi(f)0) = fum) = f - Zp: X 2y = ¥ - 2

Hence if f is a cofibration in ¢, then P,(f) is a cofibration in the model structure of

Theorem 1.4.26.

Lemma 1.4.29. Let f: ¥ — G be a morphism in CColl(¢) and suppose that for eachn € I,
f(n) is a retract in €*n of a morphism ]?;13 Fn — Gy. Then there is a morphism [ : F -G
in CColl(%) such thatf(n) = ﬁ, and f is a retract off.
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Proof. Suppose that the retractions in 4>» are witnessed by the commutative diagrams

id

/\l

1

F(n) — F, —"% F(n)

sl Rl sw)

G(n) —3 G, —23 G(n)
\_/r

id

Let ¥ € CColl(%) be given by n — F, on objects, and by

¢ if k = n

F@:k—mn)= {Lksf(qs)nn ifk < n

on morphisms, where ¢*: Fn — T is the right action of ¢ € 3, on F.. Let G be defined
analogously. Then 1, 7,, 1}, 7, and ﬁ, all give rise to morphisms in CColl(%") which exhibit

f as aretract of ]7 O

Proposition 1.4.30. The model structure on CColl(¢)) of Theorem 1.4.26 is cofibrantly

generated with generating cofibrations {Pn(i)},>0c; and generating acyclic cofibrations

{Pn(j)}nzo,j&']'

Proof. It is evident from Remark 1.4.28 that transfinite compositions of pushouts of mor-
phisms of the form P,(i) for n > 0 and i € I are precisely those morphisms f: ¥ — G
such that each f(n) is a cellular ¥,-projective cofibration. But by the preceding lemma,
every cofibration in CColl(%) is a retract of such a morphism f. The argument for acyclic

cofibrations is identical. m]

1.4.2.3 Exquisite categories

Suppose that ¢ is a cofibrantly generated model category and also a closed symmetric

monoidal category with monoidal product ® and unit 1¢.

Definition 1.4.31. Let 2 be the category of shape ¢ — eo. Let T, € 2" be the full

subcategory containing all but the terminal object.

Thus %7 is precisely the arrow category of %.
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Definition 1.4.32. Given a morphism f: X — Y in ¢, let fJ be the functor
g &g
The n-th pushout-power of f is the morphism

£ coTlim fa — cozlim fa

n

in €. We write Qn(f) = colimr, £ for the domain of f7".

We will require pushout-powers of cofibrations to be cofibrant in a suitable sense.
Requiring them to be cofibrant in the projective model structure on " is too strong,
however. Indeed, consider the case 4 = Top and let f be the inclusion of the endpoints
into a finite closed line segment. Then f©2 is the inclusion of the boundary into a square,
and the ¥,-action is by reflecting the square in a diagonal. The complement of the image
of P2 is not Z,-free, so f72 has no hope of being projectively cofibrant. It is, however, a
>,-equivariant cofibration in the sense of Theorem 1.4.25. This motivates the following

definition.

Definition 1.4.33. An exquisite category is a cofibrantly generated symmetric monoidal

model category (¢, ®, 1¢) such that

(i) €° admits cellular fixed point functors for all finite groups G,

(ii) for every generating cofibration i of 4" and every n > 1, the n-th pushout-power ™"

is a X,-equivariant cofibration,

(iii) the monoidal unit 1 is cofibrant.

Remark 1.4.34. We use the term symmetric monoidal model category in the sense of [29,
Definition 4.2.6]: it is a closed symmetric monoidal model category equipped with a model

structure such that the pushout-product
fog: X®Y)Uxey X'®Y) — X' ®Y

is a cofibration whenever f: X — X’ and g: Y — Y’ both are, and it is an acyclic
cofibration whenever in addition one of f, g is acyclic. Hovey [29] also requires that
q®X: 01l®X — 1® X be a weak equivalence for all cofibrant X, where ¢g: Q1 — 1
is the (functorial) cofibrant replacement of the monoidal unit. This condition becomes

vacuous in the presence of our condition (iii).
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Lemma 1.4.35. There are natural isomorphisms

Py(f)8Pn(g) = Prim(fO9g)

of functors €>x €% — CColl(€)?, where the pushout-product on the left-hand side is relative
to the convolution product on CColl(%).

Proof. Let f: X — Y be a morphism in €. Then P,(f) = fO (In) < In) is a pushout-
product with respect to the convolution product. Since the convolution product is sym-

metric, we have that

Pu(f)0Pw(9) = (fOg) O (I = In) O (Im) = Im))

and it suffices to prove that the second factor is the inclusion Iy m) = Inum.
This is an exercise in coend manipulation. Certainly I, ® I, = I, 1, by [34, Proposi-

tion 2.1]. Likewise,
kq, ko€l
(Lo ® L) (K) = / Ty (k1) x I(kg, m) x 10K,y U k)

k, €l°P
= / I[(n)(kl) X ]I(k, kiU m)
= I[(n),m(k)

where the last isomorphism is given by the composition Iy) (k) X I(k, k; Lim) — I(k, nLim),
which only hits elements of I;) . By a similar argument, Ip) ® L) = In)m) is the
subfunctor of I, ;, consisting of injections i: k < n U m such that neither n nor m is a

subset of the image of i. Hence (I(n) = In) O (I(m) <> Im) fits into the square

Iy, m) — Iin)m

Lo

I[n,(m) — I[(nl_lm)

as the dashed universal map, concluding the proof. O

Proposition 1.4.36. Let (¢, ®, 14) be an exquisite category. Then (CColl(%), ®, 1) is also

exquisite when equipped with the model structure from Theorem 1.4.26.
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Proof. The Day convolution product is closed, see e.g. [34, Proof of 6.2].

To check compatibility with the model structure, we only need to check the pushout-
product axiom on generating (acyclic) cofibrations by [29, Corollary 4.2.5] — but that is
immediate by the preceding lemma and Proposition 1.4.30.

For each finite group G, CColl(%)° clearly admits cellular fixed point functors because
%© does, and the colimits in Definition 1.4.24 are computed pointwise.

Finally, by comparing generating (acyclic) fibrations, it can be seen that CColl(%)°
and CColl(%°) with the G-equivariant model structures are isomorphic model categories.
Hence for a generating cofibration P,(i) of CColl(¥), the pushout-power P,(i)% = Pp,(i%)

is a Xg-equivariant cofibration. O

Lemma 1.4.37. Let (¢, ®, 1) be an exquisite category. Then for every finite group, the
functor ®g: €°" x €° — € is a Quillen bifunctor with respect to the G-equivariant model

structures on the factors of the domain.

Proof. For every X € €°”, the functor X ®g (=) : ¥° — % has a right adjoint, given by
Y — YX. By [29, Corollary 4.2.5], it suffices to test the pushout-product condition for
generating (acyclic) cofibrations. But for morphisms i, j of ¢ and subgroups H, K < G, the
pushout-product of i - H\G € €°” and j - G/K € €° with respect to ®¢ is i0j - H\G/K,
where i0Oj is computed in 4 and H\G/K denotes the set of double cosets of H and K in
G. This morphism is a cofibration whenever both i, j are, and it is acyclic as soon as in

addition one of i, j is. O

Definition 1.4.38. We say that a commutative square

A—— B

I

C — D
in a model category has the pushout corner property if the induced morphism BU4 C — D

is a cofibration.

Proposition 1.4.39. Let € be an exquisite category and let f: ¥ — F',9: G — G’ be
cofibrations in Coll.(6¢") with G cofibrant. Then the pushout-product with respect to the

composition product
fOg: F oG Upeg F 0 G — F oG’

is a cofibration.
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Proof. The proof is virtually identical to that of [44, Theorem 1.1], and we give only a brief
sketch.
The functor (—)" : Coll,(%) — 2Coll.(%) is cocontinuous, so by Lemma 1.4.22,

(fog)” = f'og®.

The functors () and (=)" preserve and reflect cofibrations. Hence by Proposition 1.4.36,
we may reduce to the case when g: G — G’ is a cofibration between cofibrant objects of
cgl% /-

Since the pushout-product construction preserves retracts, we may assume that g is a
relative cell complex, i.e. a transfinite composition of pushouts of generating cofibrations.
Since the composition product preserves sifted colimits in the second variable, expressing g

as a composition of a transfinite sequence g: @ — %71, for an ordinal « yields the diagram

F 0§(0) — Fog1) — -

l l

F' o g(0) — T/ og(1) — -+

whose ‘boundary square’ is precisely the defining square of fOg. The diagram is a projective
cofibration of a-diagrams in ¢ precisely when each small square has the pushout corner
property. The transfinite composition functor €* — €? is a left Quillen adjoint with
respect to the projective model structures, and so if the above diagram is a projective
cofibration of a-diagrams, then also the boundary square has the pushout corner property,
and fOg is a cofibration.

Hence it suffices to prove the claim in the case when g is a pushout of a generating

cofibration. [44, Proposition 5.20] specialises readily to show that if

1y

!

X —G

g b

Y — &

is a pushout square in % (and a choice of a basepoint for G), then for every pointed

collection ¥, the map ¥ o G — F o G’ is a transfinite composition of the form

6T — 6T — ..
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where ch = F o G and the G?L— are defined inductively by the pushout squares

Fo(i) ®s, Qi(g) — G

l l

Fo(i) ®s, Y& —— G

in ¢, where 75 := F o (1, UG). Thus if g: G — G’ is the pushout in % of a generating

cofibration ¢’: X — Y, then fOg is a cofibration as soon as each square in the diagram

Gl > G
GOT >GT S

has the pushout corner property. By the above characterisation of the G?r, this is the case

if the squares
Fa(i) ®s, Qi(g") — F4() ®s, Qilg")
l l
Fo(i) ®s, Y& ——— F4(0) ®5, Y™

have the pushout corner property, which by Lemma 1.4.37 is the case as soon as 75(i) —
F (i) is a X;-equivariant cofibration, since (g’ )™ 0i(g’) — Y®' is a 3;-equivariant cofibra-
tion by assumption on %

But it turns out that G — ¥ is a cofibration whenever f is a cofibration and G
is cofibrant. This is proved by picking a cellular filtration p: f — % of the basepoint
map p: 14 — G (which exists up to retracts, since G was assumed to be cofibrant) and

analysing the diagram

F = F o (Lo up(0)) —— F o (1, L p(1)) Fo(l.UG) = %5

O

F' = F o (1, Up(0) — F* o (1, Up(1)) F'o(lUuG) = 75

~
~

~
~

A transfinite induction argument on the little squares in the diagram shows that each has
the pushout corner property. Hence every vertical morphism in the diagram is a cofibration

since f is, finishing the proof. O

Corollary 1.4.40. The composition product of two cofibrant pointed collections is again
cofibrant. For a cofibrant pointed collection ¥, ¥ o (=) : Coll.(¢) — Coll.(¥) preserves

cofibrations between cofibrant objects, whereas (—) o ¥ preserves cofibrations.
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Proof. Indeed, suppose that p: 1g — ¥ and q: 13 — G are cofibrations in CColl(%).
Then pOq fits into the diagram

1y 1s
o o o]

F(0) = F(0) 55> TG

where we used the fact that the functor 1g o (=) : Coll.(%) — Coll.(%) is constant at 1g,

while the functor (—) o 1g is the composition

Coll (%) 2% @ ) <3 Coll(%).

Thus p o ¢ = (pOq) p(0) is a composition of two cofibrations.

The remaining claims are established in much the same way. m]

1.4.3 Proof of Theorem 1.2.26(ii)
For the rest of the section, let ¥’ = Top with the standard exquisite category structure:

Lemma 1.4.41. The category Top with the cartesian closed monoidal structure and the

Quillen—Serre model structure is exquisite.

Proof. The category Top is certainly symmetric monoidal model, cf. [29, Proposition 4.2.11],
and the monoidal unit * is cofibrant. The cellularity condition holds by [25, Example 4.1].
The n-th pushout-power of the generating cofibration S¥~' = dDF < D is the
inclusion of the boundary into (D¥)". But (D¥)" = ((Dl)k)n = (Dl)nk as X,-spaces. Hence
if we exhibit the inclusion (Dl)"k — (Dl)"k as a relative X,,-CW-complex, then by
restriction it will also be a relative X,-CW-complex, completing the proof.
But for each n, the n-cube (Dl)n admits the structure of the geometric realisation of

a semi-simplicial X,-set in such a way that the boundary is the realisation of a subset.

Indeed, recall that the indexing category ?f of semi-simplicial objects is isomorphic to
j

the category of interval surjections: the objects are intervals, or finite linearly ordered sets

of the form {—co} LI k LI {co} with distinct top and bottom elements +co, and morphisms

are monotone surjections. Let Cy: 01? — Set be the functor taking the interval k LI {+o0}

in
to the set of functions f: n — k U {#oo} such that k C im f; on morphisms, C, is

defined by post-composition. Then C, is a semi-simplicial >,-set, where ¢ € X, takes

f:n—>ku{xoo}to fool.
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It is now easy to write down a 3,-equivariant homeomorphism ||C,|| — (D')", where
D! = [0,1] C R is the unit interval. On the k-simplex indexed by f: n — k LI {+c0}, the

homeomorphism is given by

A = G, x) €RF [0 <o <o < < 1) — (DY)

(xl, Ce ,xk) > (xf(l), cen ,xf(,,))

where x_o := 0 and X = 1. Under this homeomorphism, the boundary of (D!)" corre-

sponds to the subcomplex of maps f: n — k LI {£co} such that f! (+o0) # @. O

It is an easy check from the definitions that if O is an operad and X is a pointed
space, then O o X (where X is considered as a pointed collection in the usual way) can be

canonically identified with O,(X) as defined in Section 1.2.1.2.

Proposition 1.4.42. Let O be a pointed operad with a cofibrant underlying pointed collection,
and let X be an O-algebra whose underlying pointed space is cofibrant. Then the associated
bar construction B, (0, 0y, X) = 0°*VoXisa Reedy cofibrant simplicial O-algebra.

Proof. We write By = By (0., O,, X) for short. We need to prove that the inclusions of the
latching objects Ly — By are cofibrations of O-algebras for all d.
Recall that Ly = @, L; = By and for d > 1, the d-th latching object is given by the

coequaliser

U By ﬁ ]_[ Bi1 — Ly

0<i<j<d-1 0<i<d—1

where the top arrow takes the summand indexed by i < j to the summand indexed by j by
the i-th degeneracy s;: By_, — By—1, while the bottom arrow takes the (i < j)-summand to
the i-th summand by s;_;. Since By = 0°@+V) o X and the degeneracy maps are given by the
unit map n: 1, — O, it can be seen by comparison with Definition 1.4.32 that the inclusion
Lq — By can be identified with the morphism O 0y 0 X. 1 is a cofibration with a cofibrant

bd ~ pRd-np is a cofibration.

domain, so by repeated application of Proposition 1.4.39,
Hence by Corollary 1.4.40, 717°¢ o X is a cofibration in Coll,(Top). Since it is concentrated
in degree 0, we can equivalently think of it as a cofibration in Top,. The latching map is
now its image under the free O-algebra functor FC = O o (=) : Top, — O-Alg which is a

left Quillen adjoint. This concludes the proof. O
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It remains to observe that the adjunction
|- 4 (=) : 0-Alg — sO-Alg

of Lemma 1.2.21 is Quillen. But this is immediate, since the (acyclic) fibrations on either
side are preserved and reflected by the forgetful functors U and sU?, and the functor
(-2 Top — sTop carries (acyclic) fibrations to Reedy (acyclic) fibrations.

This concludes the proof of Theorem 1.2.26(ii) and the section.

1.5 Homotopy enveloping operads and homology sta-
bility

Given a topological operad O and an O-algebra A, one can define the enveloping operad
O|[A] which controls O-algebras under A. Equivalently, O[A] is the initial operad under O
satisfying O[A](0) = A, cf. [22, Section 4.1].

In this section we describe a ‘homotopically correct’ version of this construction, which
will allow us to analyse the homology of the constituent spaces of the enveloping operad,

and conclude in certain cases that it is an OSHS.

Remark 1.5.1. The strict enveloping operad is constructed as a coequaliser of a pair of
operad maps between enveloping operads of free algebras, introduced in the next section.
This coequaliser is computed on the underlying collections, but it is nonetheless not as
easy to analyse from a homological perspective as the homotopy enveloping operad we
introduce below. In fact, it can be deduced from Remark 1.5.8 that the strict construction

yields an equivalent operad to the homotopy construction for cofibrant algebras.

1.5.1 Enveloping operads of free algebras

We begin by recalling the construction of the strict enveloping operad of a free algebra.
This construction is by no means original; cf. [22, Section 4.1]. The main difference from

the reference is that we work with pointed operads.

Definition 1.5.2. Given a pointed topological operad O, viewed as a monoid in the
category (Coll.(Top), o, 1), and a pointed space X € Top,, viewed as a pointed collection

concentrated in degree 0, let Ox be the pointed collection
Ox =00(l,UX).
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Lemma 1.5.3. The pointed collection Oy is naturally a pointed operad.

Proof. Indeed, note first that 1, U X is an operad, with multiplication given by
LouX)o(louX)=2(louX)UX — 1, UX

where the isomorphism used the fact that o preserves colimits in the first variable, and
Lemma 1.4.16(i), and the last map is the codiagonal X LI X — X. (Explicitly, 1, LI X is the
operad controlling spaces under X.)

Now consider the morphism
7: (LouX)oO=20UX=(0o0l)uU(l,0X)— 0o (l,uX)

of pointed collections, where the last arrow is defined on the factors of the coproduct using
the unit 1, — O and the inclusions 1,, X — 1, U X. The multiplication on Oy can now

be defined by

0o(LUX)o0o(Loux) 2L, 5600 (LUX)o(leUX) — 0ol UX)

This is associative and unital as soon as the diagram

(L. UX) 0000 L% 1, LX) 00

TOid\L

Oo(1l,UX)oO T

id OT\L

OoOo(louX)mOo(louX)

and its analogue, witnessing the compatibility of r with the multiplication on 1, LI X,

commute. This is a simple diagram chase. O

It is easy to work out from the definitions that

Ox(n) = (]_[ O(n +k) xz, xk) / ~

k>0

where X acts on O(n + k) via the inclusion ¥ < X, of permutations that only act on

the last k letters, and the basepoint equivalence relation ~ is generated by
(a; X1s e v s Xk—15 *) ~ (a(ln+k_19 *);X1, ceey xk—l)
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forae O(n+k)and xi,...,xx-1 € X. In particular, Ox(0) = O.(X) is the free O-algebra
on the pointed space X. Also, each Ox(n) is filtered by the spaces

/~ (1.25)

The following result is essentially proved by an ‘operadification’ of the proof of [3,

F,OX(n) = (U O(n + k) X3 Xk
k=0

Theorem 5.4].

Proposition 1.5.4. Let X be a path-connected pointed space, and let Ass 505 Tbea
superb OSHS with stabilising element s € O1(1). Then Ox is also an OSHS when stabilised by

the image sx € Ox(1) of s under the canonical map O — Ox.

Proof. The operad Ox certainly inherits a grading and a map out of Ass from O. Since
the map Ass — Oy factors through O, the connectedness condition Definition 1.3.1(ii) is
certainly satisfied. Hence we only need to verify that for all v = (vy, ..., v,) € Ox(0)", the
map

Dg: (Ox)e (1) = (Ox) (0)

of Definition 1.3.1 is a homology equivalence. But since X is connected, the map O(0) —
0.(X) = Ox(0) is a my-bijection, and so we may assume that v € O(0)" C Ox(0)".
The maps X — # and 7: O — T induce maps Ox — O, = O and nx: Ox — Iy of

operads, and hence maps

(Ox)oo (1) — Oco(n) X (I ) (n) (1.26)

for all n, where (Ix),, (n) is stabilised by zx(sx) € Ix(1). Evidently this stabilising element
lies in I'(1) € Ix(1) which only contains the identity, so canonically (Ix),, (n) = Ix(n).

These maps fit into the commutative diagrams

(Ox)eo () —— Oco(n) X Ix(n)

DZO\L lD:;, x D*

(Ox)oo (0) — > Ow(0) X Ix(0)

for all v, where D*: Tx(n) — Ix(0) is induced by the unique n-tuple (x,--- ,*) € T'(0)" C
I'x(0)". We claim that the horizontal arrows and the right-hand vertical arrow are homology

equivalences.
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The map DY, : Ox(n) — Ox(0) is a homology equivalence by assumption. To show
that the horizontal arrows are homology equivalences, note that the spaces in (1.26) are
filtered as in (1.25), and the map respects these filtrations (where the filtration on O (n) is
constant). On the subquotients of the filtrations, it induces the maps

Fi (Ox)e (1) _
Fi-1(Ox) oo (n)

where < denotes the ‘half-smash product’ Y < Z = (Y X Z)/(Y X x). These fit into the maps

Oco(n + k) 5, X" — Oo(n) = (F(n + k) =<z, XAk) (1.27)

O+ k)/Zf ———— O+ k) x5, X ———3 Ol + k) =z, X

l l l

Oco(n) X T(n + k) /3 — Owo(n) X (T(n + k) x5, X**) = Oco(n) < (T(n + k) x5, X"¥)

of cofibre sequences. The first two vertical arrows are homology equivalences by [3,
Lemma 5.2]. Hence the last vertical arrow is a homology equivalence. The filtrations of
the spaces in (1.26) induce a pair of spectral sequences that converge to the homologies
of the spaces, and the map (1.26) induces a map of these spectral sequences. But the map
between the second pages of these spectral sequences is induced by the subquotient maps
(1.27), and thus it is an isomorphism. We conclude that the maps (1.26) are homology
isomorphisms for all n.

An identical filtration argument can be employed to prove that D*: Tx(n) — Ix(0) is a

homology equivalence, concluding the proof. O

Remark 1.5.5. When X is not path-connected, the above argument still goes through to
show that Ox is an OHS, but when one tries to prove the stronger OSHS condition, the
proof flounders on the fact that the map

D*: I'x(n) — Ix(0)

will not be a homology isomorphism for x = (x1,...,x,) € X" C I'x(0)" whenever at
least one x; doesn’t belong to the basepoint component of X. Indeed, both I'y(n) and I'x(0)
are equivalent to .(X) which is a commutative monoid, and the above map corresponds
to multiplication by the product x; - - - x,,. This is not even a my-isomorphism in general,
since 7y «(X) is the free commutative monoid generated by the pointed set 70X (i.e. the

basepoint component of X acts as the monoid unit).
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If moX is finite, the proof can be salvaged by changing the stabilising element (and
allowing the more general definition of an OSHS in the sense of Remark 1.3.5). Indeed, Ox
is graded by the free commutative monoid on 7yX in an obvious way. Let x1, ..., xx be
representatives of the non-basepoint components of X, and let x € Ox(0) be their product
in some order (under the Ass-action on Oyx). Then the stabilising element s” := p(sx, x) €

Ox(1) makes Ox into an OSHS. We leave the details to the reader.

1.5.2 General homotopy enveloping operads

Let again O be a pointed operad and X a pointed space. There is a natural operad map

O@*(X) - OX given by
Oo,x)=00(1,U(O00X))— 00c0o0(l,UuX)— Oo(l,UX)=0x (1.28)

where the first arrow is induced by the obvious maps 1, - O o (1, LU X)and O o X —
O o (1, U X), and the second map is the multiplication on O. The following is a simple

diagram chase.
Lemma 1.5.6. The functor
O(-): Top, — Oper,
to the category of pointed operads is an O.-functor in the sense of Definition 1.2.23.

Hence if X is an O-algebra, we can form the following simplicial operad.

Definition 1.5.7. If O is a pointed operad and X € O-Alg, we write O{A} for the simplicial
object

O{A} =B, (O(_), ©*,A)
in Oper,.

Remark 1.5.8. Equivalently, O{A} is the (genuine) enveloping operad of the O-algebra
|Be (O, 0., A)|.

It is easily checked from the definitions that sColl.(Top) = Coll.(sTop), and that the
componentwise composition product on the left-hand side agrees with the composition
product on the right-hand side that comes from the categorical product on sTop. Hence
O{A} can equivalently be viewed as an operad in simplicial spaces. We shall abuse notation
slightly and use O{A} to also denote the realisation of this operad in simplicial spaces,

which is an operad in spaces.
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Theorem 1.5.9. Let Ass 505 T bea superb OSHS, and let A be a connected O-algebra.
Then O{A} is also an OSHS, with the map from an As-operad and the stabilising element

inherited from O along the canonical map O — O{A}.

Proof. As remarked at the beginning of the proof of Proposition 1.5.4, Ox is naturally
graded, but the map (1.28) doesn’t preserve this grading. Instead, we define each Ogn(,)
with the following grading: let O,(A) be graded in the evident way, and for each i > 1, let
Qi*1(A) be inductively graded in such a way that the point

(a;x1, ..., x,) € OF1(A),

where a € Oy(n) and x; € (@i(A))hj, lies in grading g + hy + - - - + h,. We let Ogr(a) be
graded similarly. With this grading, O{A} is a simplicial object in graded operads, and
hence its realisation is a graded operad.

Hence as in the proof of Proposition 1.5.4, it suffices to check that for all n-tuples

v € O{A}(0)", the stabilised map

D¢, : O{A}eo(n) — O{A}(0) (1.29)

is a homology equivalence. But since A is connected, so is
0{A}(0) = |B, (0%, 0., A)]

and hence we may again assume that v consists of n copies of the basepoint.

The simplicial operad O{A} receives a simplicial operad map from the constant simpli-
cial operad at O. Thus in particular each simplicial level of O{A} comes with a compatible

choice of stabilising element, and we have

O{A}w(n) =

B. ((0()), (n), 01, A)|

The map (1.29) is also simplicial with respect to this simplicial structure (at least when

v = (%,...,%) € O{A}(0)), and so we may compute its effect on homology using the

spectral sequence for the homology of a (semi)simplicial space. But the component of

(1.29) on the space of d-simplices is

DY.: (o@g(A))m (n) —> (ogg(A))m 0)
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which is a homology equivalence since v = (.. ., %) and Ogg( 4, is an OHS (though not in
general an OSHS, ¢f. Remark 1.5.5) by Proposition 1.5.4. Hence (1.29) induces isomorphisms
on the second pages of the respective spectral sequences, and so it is itself a homology

isomorphism, concluding the proof. O

Remark 1.5.10. We can again drop the assumption that A be connected — and replace it
with the assumption that 7yA be finitely generated as a monoid — if we relax the definition
of an O(S)HS to allow operads that are graded by other commutative monoids than N.

Since A is an O-algebra, myA is in particular a commutative monoid. If it is finitely
generated, we can write down a stabilising element for O, just like in Remark 1.5.5 such
that stabilisation with it inverts s € O(1) and the path-components of A < O.(A) = O4(0)
that correspond to a finite generating set of myA.

This stabilising element will not make the d-simplex operad Ogq 4, of O{A} into an

OSHS, but it will ensure that the map

DL (Ogtqn) (1) — (Ogun) )

is a homology equivalence whenever v € X" c Q%*1(A)" = Ogi(4)(0)" consists of points
that lie in path-components corresponding to the finite generating set of myA. This is
sufficient for the spectral sequence argument in the proof of the above theorem to go

through for these n-tuples v. Since every n-tuple of elements of O{A}(0) = |B, (0., O., A)|

may be replaced up to homotopy with an m-tuple of elements of A that all lie in generating

path-components of 7yA (for some m > n), we conclude that O{A} is an OSHS.
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Chapter 2

On the quotients of mapping class
groups of surfaces by the Johnson
subgroups

2.1 Introduction and statement of results

Let Sy, be an oriented surface of genus g with n boundary components, and let I,
be its mapping class group, i.e. the group of isotopy classes of orientation-preserving
diffeomorphisms of Sy , that fix a neighbourhood of the boundary pointwise.

If we fix a base-point * € 45, 1, the fundamental group 7 = 71(Sg,1, *) enjoys an action
of I, ;. This action preserves the lower central series {yx()}¢>1 of 7, where yi(7) = 7
and yx11(7) = [yk(), 7]. The Johnson filtration {.7;1(k)}k>1 of I 1 consists of kernels of
the induced actions of I, ; on the quotients 77/yx41(7). First defined by Johnson in [30] to
study the Torelli group, this filtration has since become a subject of active research in its

own right.

2.1.1 Infinite loop space structures

The pair-of-pants product endows the space [[,5 By with the structure of a framed
E,-algebra. The group-completion of this algebra is (weakly equivalent to) Z x BT}, by
the group-completion theorem [41, Proposition 1], where I, = colim, I, ; is the stable
mapping class group, and X* denotes the Quillen plus-construction on X with respect
to the maximal perfect subgroup of 71(X). Tillmann [55, 54] showed that Z x BT} is
in fact an infinite loop space, and that the map Z x BT}, — Ks,(Z) to the Hermitian

K-theory of Z arising from considering the middle homology groups of the surfaces is

73



an infinite loop space map. We show that analogous constructions for the quotients
Iy1(k) = T1/-741(k) also yield infinite loop spaces and that we obtain a tower of infinite
loop spaces interpolating between Z x BT}, and Ks,(Z).

Theorem 2.1.1. The obvious quotient homomorphisms of groups give rise to a commutative

diagram

Z X BT},

N

oo — 5 Z X Blo(3)" ——> Z X BL(2)*

7 X BLwo(1)* = Ksp(Z)

of infinite loop spaces and infinite loop space maps.

2.1.2 Homological stability

Harer [27] proved that the groups I} ; satisfy homological stability in the sense that the
‘stabilisation” homomorphisms I;;_; ; — I ; — coming from attaching a copy of Sy, to the
boundary of S, 1 ; and extending mapping classes by the identity — induce isomorphisms
on integral homology in a range of degrees that tends to infinity as the genus g tends
to infinity. Since the lower central series of 7 consists of characteristic subgroups, these
stabilisation homomorphisms preserve the Johnson filtration and descend to the quotients
Iy1(k) = T;1/.#,1(k). Hence a natural question arises whether these quotients also exhibit

homological stability.

Theorem 2.1.2. Letk > 1, and let F: SI — Ab be an SI-module of finite degree. Then for

every i, the homomorphisms in the sequence
o= Hi([y 1/ Ig1(k); Fy) — Hi(Tys1,1/ Igr1.1(k); Fger) — - -
are eventually (for large g) isomorphisms.

See Section 2.4 for the relevant definitions of SI-modules and finite degree; in essence,
these are well-behaved sequences of representations of the symplectic groups Sp(2g, Z). In
particular, for any abelian group A, the trivial representations of Sp(2g, Z) on A constitute

an SI-module of finite degree, so Theorem 2.1.2 holds with arbitrary constant coefficients.
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Our proof is by induction, bootstrapping known results about homological stability of
the symplectic groups Sp(2g, Z) = I}, 1(1) to the higher quotients I ;(k), k > 1, by means

of a spectral sequence argument applied to the extensions
0 — Fy1(k)/ g1k +1) = Tyi(k +1) = Iy (k) — 1.

Our approach has a drawback in that we get no hold on the stable range: the heart of
our argument is Theorem 2.5.7 which says that certain FI-modules which encapsulate
the successive quotients .%; 1(k)/.#,1(k + 1) are finitely generated. Its proof relies on the
noetherian property of the category of FI-modules over Z which was proved by Church,
Ellenberg, Farb and Nagpal in [17]. This property is non-constructive in the sense that
it guarantees the existence of a finite generating set of a sub-FI-module of a finitely
generated FI-module, but it offers no information on the size or degrees of some finite set
of generators.

The inspiration to use the above bootstrapping method came from a paper of Szymik
[53] where this method is applied to the closely related automorphism groups of free

nilpotent groups. Szymik considers the extensions
0 — K,(k) = AutN, (k) > AutN,(k-1) > 1

where N, (k) is the free nilpotent group on n generators of nilpotency class k: if we write
F, for the free group on n generators, then N, (k) = F,/yk+1(Fy). The kernels K,,(k) in the
above extensions can be characterised completely. While the quotients .7, ;(k)/.%;1(k + 1)
become subgroups of Ky,(k + 1) upon fixing an isomorphism 7(Sy,1,*) = Fy, it is a
difficult problem to determine which subgroups they are. It is for this reason that we use
the techniques of representation stability and consequently lose information about the

stable range.

2.1.3 Outline of chapter

We begin in Section 2.2 where we recall the main objects of this chapter, namely au-
tomorphism groups of free groups, mapping class groups of surfaces, and the Johnson
filtration.

Section 2.3 is dedicated to recalling the surface operad of [54] and showing carefully that
it acts on (suitable models of) the spaces Z x B (To/-#w(k))", establishing Theorem 2.1.1.
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In Section 2.4, we recall some definitions and constructions from the theory of functors
valued in abelian groups. Following [46], we define the degree of an Ab-valued functor on a
PROP, we recall the categories FI and SI in Section 2.4.3, and we give a full characterisation
of FI-modules of finite degree in Section 2.4.4.

In Section 2.5, we construct specific FI-modules out of automorphisms of free nilpotent
groups, and SI-modules out of the Johnson filtration of mapping class groups. We show
that these objects have finite degree in the sense of Section 2.4.

This becomes crucial in Section 2.6, where we prove Theorem 2.1.2. In Section 2.6.1, we

make some remarks on the stable rational cohomology of the quotients I, ;/.%; 1 (k).

2.2 Background

In this section we fix our notation pertaining to automorphism groups of free nilpotent
groups and to mapping class groups, and we recall some facts that will be useful in our

proof of Theorem 2.1.2.

2.2.1  Automorphisms of free nilpotent groups

We write {yx(G)},, for the lower central series of a group G. This is defined inductively
by setting y1(G) = G and yx(G) = [G, yx-1(G)] for k > 1. Let F, be the free group on the
letters x1, . .., x,, and let N, (k) := F,/yk+1(F,) be the free nilpotent group of rank n and
nilpotency class k. Thus for instance N, (1) ~ Z", whereas N;(2) is the Heisenberg group.

The lower central series of a group consists of characteristic subgroups, so there are

homomorphisms AutF,, — Aut N,,(k) for every n and every k. Fixing n, the kernels
IA,(k) = {ng € AutF, | ¢(x)x~ ' € yp41(F,) forall x € Fn}

of these homomorphisms form a filtration of Aut F,,, introduced and studied by Andreadakis
[1]. We state the following theorem, recalling that a descending series G =G; 2 G, 2 - -

of a group G is central if [G;, G;| € Gy, for alli,j > 1.

Theorem 2.2.1 ([1, Theorem 1.1(ii)]). The filtration {IAn(k)}>; of IAn(1) is central.
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Figure 2.1: S, ;

2.2.2 Mapping class groups

Let Sy, be an oriented surface of genus g with n boundary components. Fix collars
[0,€) X S? < S, , of the boundary components.

Let Diff *(S,,1, 9) be the group of orientation-preserving diffeomorphisms of the surface
which fix the collar pointwise. The mapping class group I, ; of S, ; is the group of isotopy

classes of such diffeomorphisms:
I, := Diff (S, 1, ) /Diff§ (Sy.1, 0)

where Diff (Sy,1, 9) is the path-component of the identity in the diffeomorphism group.
We fix a point * € dS, 1 and we choose generators x1, yi, . . ., Xg, yg of 71 == m1(Sg1, *) =
[F4 as in Figure 2.1. Then the boundary word { € 7 is equal to
1—[ [xi, yi] -
i
The group 7 admits an action of I ;, yielding a homomorphims I;; — Aut . By the
Dehn-Nielsen—Baer theorem, this homomorphism is injective with image precisely the

stabiliser of { € x:
Tpa = {§ € AutFyy | §(0) =}

Just like in the case of the automorphism group of the free group, the mapping class
group I ; can be filtered by the kernels of its action on the quotients 7/yi1(7). The
Johnson filtration [30] {fg,l(k)} k>0 Of Tg.1 is given by

Tg1(k) ={p € Ty1 | p(x)x™" € yis1(Fag) for all x € Fpy} = Ty 1 N TAzy(k)

We write

Lya(k) = rg,l/%,l(k)
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for the quotients. When k = 1, 7/y,(rr) = 7% is isomorphic to Hy == H(S4,1;Z) = 729, The
action of T ; on Hy preserves the intersection pairing, so the image of I); ; in Aut Npy(1) =

GL(H,) lies inside Sp(H,). In fact, this image is the whole of Sp(H,) ([21, Theorem 6.4]).
Lemma 2.2.2. The filtration {«%,1(k)}k>l of S4.1 is central.

Proof. Immediate from Theorem 2.2.1. O

2.3 'The infinite loop space structure

The pair-of-pants products I ; X I},; — Iy14;1 can be described as follows: given a pair of
elements of I; ; and Ij, ;, represent these by diffeomorphisms of S;; and Sy, 1, respectively.
Gluing these surfaces to two connected components of the boundary of the pair of pants
So,3 yields a copy of Sy14,1, and extending the diffeomorphisms of S;; and Sp; by the
identity on Sy 3 then gives a diffeomorphism of Sy,p;. By choosing a suitable model of
BI; — see [55, Section 4] — one can ensure that these homomorphisms endow the space
X = g0 Bly,1 with the structure of a strictly associative monoid. Tillmann also shows
that the group completion QBX of this topological monoid can be identified with Z x BL,
and that this space is an infinite loop space ([55, Theorem 3.1]). Here I, = colim, I}, ; is
the stable mapping class group and + denotes the Quillen plus construction.

In [54], Tillmann showed that the monoid structure on X extends to the structure
of an algebra over the surface operad. In [54, Theorem 4.4], she showed that the group
completion of an algebra over the surface operad is an infinite loop space. (We briefly
recalled a definition of group completion in Definition 1.3.6, but we direct the reader to
[3, Section 3] for a very thorough explanation and a list of properties, as well as for a
recollection of the group-completion theorem [41, Proposition 1]; see also Theorem 1.3.29
above.)

We show below that the spaces Xj = [, Bly.1(k) for 1 < k < o0, and the quotient
maps Xy — Xy for k’ < k, can likewise be made into algebras, and maps of algebras, over
the surface operad. (Here I} ;(c0) := I}, ;.) Then [54, Theorem 4.4] gives us the following

result.

Theorem 2.3.1. Foreveryk > 1, QBXy ~ Z X Bl (k)" is an infinite loop space. For every
1 < k' < k < oo, the quotient map Xy — Xy group-completes to a map of infinite loop

spaces.
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Remark 2.3.2. It is straightforward to verify that the inclusions I}, ; (k) < Aut Nyy(k) also
give rise to infinite loop space maps for all k (the case k = oo having been treated by Wahl

[56, Theorem 1.1]), so there is a ladder of infinite loop space maps

% 7 x BSp(Z)*

Z X BI'}

4

l l

\

Z X B Aut F,

Despite the formal similarities between the two rows, the relationship between them

appears to be rather subtle. We remark that the squares

Z X Blo(k)® —— Z x BSp(Z)*

| |

Z x B Aut No(k)* —— Z x BGL(Z)*

are not homotopy pullbacks. Indeed, Szymik shows that the bottom horizontal map is a
rational homology equivalence ([52, Corollary 1.2]). Since the map comes from a map of
spectra, it follows that the homotopy fibres of the bottom horizontal map are rationally
acyclic. We show in Section 2.6.1 below that the top horizontal arrow is far from being
a rational homology isomorphism, so its homotopy fibre must have non-trivial rational

homology.

2.3.1  'The surface operad

We briefly recall the construction of the operad M from [54] as it will be useful in the
proof of Theorem 2.1.1. Recall that our surfaces S, come with a choice of parametrisations
of collars around the boundary circles. From now on, we will only consider surfaces with
non-empty boundary, and we will assume that each such surface comes with a choice of a
marked boundary component. We fix three ‘atomic’ surfaces: a disc D := Sy, a pair of
pants P := S; 3 and a torus with two boundary components T := Sy 5.

Let &, be the groupoid whose objects are pairs (S, c) where S = S, ;1 is a surface

that is built from the atomic surfaces by gluing the marked boundary circle of one surface

79



to an unmarked boundary circle of another surface, and o is an ordering of the unmarked
boundary components of S. A morphism (S,0) — (5, 0’) in &, is an isotopy class of
diffeomorphisms S — S’ that are compatible with the fixed collars, take the marked
boundary circle to the marked boundary circle and preserve the ordering of the unmarked
boundary circles. We will generally suppress ¢ from the notation.

Gluing of surfaces along boundary components yields functors
y: @@g,n X éahl,il XX ghn,in — g+h.i

where h = }; hj and i = }; i;. These functors make the sequence {L[g>0 gg,"}po into an
operad in groupoids, and the surface operad M is obtained from this operad by geometric

realisation. The main result of [54] can now be stated as follows.

Theorem 2.3.3 ([54, Main Theorem], cf. also [3, Theorem 1.2]). Group completion is a
functor from the category of M-algebras to the category of infinite loop spaces and infinite

loop space maps.

Remark 2.3.4. The papers [54], [57] first replace the groupoids &; , with equivalent quotient
groupoids. The purpose of this is to ensure that the pair of pants gives rise to a strictly
associative and unital product on algebras of the resulting topological operad. By the
time of [3], it has been realised that this is unnecessary: one only needs a homotopy

commutative E;-structure for the above theorem to go through.

2.3.2 The M-algebras B&j(k)

In this section we construct models of [ ], Bl :(k) with an M-algebra structure.

Fix a basepoint on S!; since our surfaces come with parametrisations of the boundary
circles, this yields a choice of a basepoint in each boundary circle of a surface. We take the
basepoint of S € &, = [, &.n to be the basepoint of the marked boundary circle, and
mS will always be understood as the fundamental group at this basepoint.

Consider the groupoid & of surfaces with a unique boundary component. All boundary-
fixing diffeomorphisms S — 5" of S, S” € & in particular preserve the basepoints, yielding
a well-defined set map

&o(S,S") — Iso(m, S, mS"). (2.1)

This function is injective by the Dehn-Nielsen-Baer theorem, c.f. Section 2.2.2.
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Definition 2.3.5. For k > 1, let ~ be the equivalence relation on the hom-sets of &
which is defined as follows: ¢, ¢" € &y(S, S") have ¢ ~, ¢’ if and only if the images of ¢ and

¢’ under (2.1) induce the same isomorphism

1S/ Yir1(mS) — mS' [yke1(mS).
Let &y(k) := &/~ be the quotient groupoid.

Note that for every k and g, the quotient &/~ is equivalent to I} ;(k). Hence we

have

Bé&y(k) ~ ]_[ BT (k).

g=0

We claim that B&y(k) is an M-algebra. This is a consequence of the following result.

Proposition 2.3.6. Suppose that ¢p: A — A’ is a morphism in &, and {; ~ /- B; — B; are

pairs of ~x-equivalent morphisms in &,. Then

Y@, ) ~k V(s YY)

Proof. Let us first assume that n = 1, ¢ = id4 and B; = B]. We drop the subscripts from B
and ¢, ¢,

By the van Kampen theorem, 71(y(A; B)) = m1 A%y where 7 is a subgroup of 71 (y (A; B))
isomorphic to 7B and *j denotes amalgamation over the identified boundary circle of A
and B. Likewise m1(y(A; B')) = mA x5 n’. The isomorphisms 7 = 7B and 7’ = m B’ are
not canonical, but depend instead on a choice of paths in A from the basepoint of A to the
basepoint on its unmarked boundary. If we let both of these isomorphisms be induced by

the same path, we obtain the diagram

mAxy ;B —— m1(y(A; B))

id *a%l ly(A; Y)s

~

mAxy ;B —— m(y(A;B"))

which commutes since the class y(A; /) of diffeomorphisms y(A; B) — y(A; B’) can be
represented by a diffeomorphism which restricts to the identity on A.
The diagram remains commutative when ¢/ is replaced with {’. Now consider the effect

of applying the functor G — G/yk+1(G): Grp — Grp to both diagrams. The left vertical
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arrows become equal to one another since i/ ~ ¥/’. The horizontal arrows also agree, and
s0 y(A;¢) ~k y (A ).

Now suppose that B # B’. The arrows /, y’: B — B’ are ~¢-equivalent if and only if
idg,y"1¢/: B — B are. Hence by the above, y(4;idg) ~¢ y(A; ¥~ 1¢’) if ¢ ~¢ ¢/. Clearly
y(A;idp) = id(4;B) and y(A; V) = y(A¢) (A ¢), so y(A; ¢) ~k y(A; ¥) in this case.

For the most general case, note that

n
Y(Sb: ¢17 e 917%’1) = Y(¢;B,a L ’B:l) l_[ Y(A;Bla .. ’Bi—la wl"B;.‘_]a e ’B;l)
i=1

and
Y(A; Blv .. aBi—la ¢i,B;+1’ .. aB;l) = Y(Al" ¢l)

where A; == y(A;By,...,Bi-1,1,B]

i+10

,B!) € &1. By the above,

vy (A i) ~e Y (A ¥),
finishing the proof. O
Now we are ready to prove Theorem 2.1.1.

Proof of Theorem 2.1.1. By Proposition 2.3.6, we certainly have a tower - -- — Béy(k) —

- — Bé&y(2) — Bép(1) of M-algebra maps which filters the projection B&y, — B&y(1).
Hence it remains to argue that the group completion of B&y(k) is precisely Z X Bl (k)*
for every k. But this is an easy consequence of the group completion theorem — cf. [3,

Corollary 3.10] for a convenient formulation. ]

2.4 ¢ -modules of finite degree

This section serves mainly to recall some definitions and constructions from the theory of
functors valued in abelian groups.

Perhaps best developed is the theory of FI-modules, i.e. functors from the category FI to
abelian groups. We turn to these in Section 2.4.4, where we prove Proposition 2.4.14 and de-
duce from it Corollary 2.4.20; these two results will be crucial in the proof of Theorem 2.1.2.

Proposition 2.4.14 provides the converse implication to [46, Proposition 4.18].
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2.4.1 PROP-modules

Let € be a small category and k a commutative unital ring. By a -module over k we
will mean a functor ¥ — k-Mod to the category of k-modules; by a map of €-modules, a

natural transformation of functors ¥ — k-Mod.
Remark. When k is omitted, it will be understood to be the ring of integers Z.

We write ¥ -~Mody, for the category of ¥-modules over k. This is an abelian category,
with kernels and cokernels computed pointwise. Hence it makes good sense to talk about

sub-%’-modules, quotient %-modules etc. See [58, A.3.3, A.4.3].

Definition 2.4.1 ([35, Section 24]). A product and permutation category (or PROP for short)
is a small strict symmetric monoidal category (¢, ®, 0) with objects the natural numbers

such that the object function of @ isn® m = n + m.

Remark 2.4.2. PROPs also play a crucial part in the first chapter of this thesis; here they will,
however, be used for an entirely different purpose. While in the first chapter we associated
a PROP to every operad of interest, in the present chapter we shall restrict ourselves to
two particularly simple PROPs, to be introduced in Section 2.4.3, and the interesting data

shall instead be contained in functors out of them into an abelian category.

Let € be a PROP, suppose that 0 € % is initial, and consider the functor Ry :=
1®(—) : € — €. Since 0 is initial, the unique arrow 0 — 1 induces a natural transformation

pz: 0@ (—) = 1& (—) = Ry from the identity functor on %.
Definition 2.4.3. Let F be a ¥-module.
(i) The suspension of F is 2F = F o Ry.

(ii) The kernel and cokernel of F, denoted Ker F and Coker F respectively, are the kernel
and cokernel in the abelian category 4 -Mod of the morphism Fpy: F — XF.

Notation 2.4.4. To avoid confusion, ker and coker with small initials will always refer to
the kernel and cokernel of a morphism in an abelian category, while Ker and Coker with

capital initials will be reserved for the above construction.
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Example 2.4.5. The poset N, viewed as a category, is a PROP under integer addition. An
N-module F is a composable sequence Fy — F; — - - - of homomorphisms. The morphism

Fpy: F — SFis
Fo > Fi >

I

Fy > Iy >

The N-module Ker F then consists of the kernels of the homomorphisms in F and zero

homomorphisms, with a similar description of Coker F.

Lemma 2.4.6. A short exact sequence 0 — F’ SFLF S0 of € -modules gives rise to

an exact sequence

Ker: Ker
0 - KerF —> KerF —— Ker F”’ —

Cok Cok
— Coker F/ —4 Coker F —=, Coker F” — 0

Proof. This is a special case of the snake lemma. m]

Let y: 2 — € be a morphism of PROPs, i.e. a symmetric monoidal functor which is
the identity on objects. Let *: ¥-Mod — Z-Mod be the functor that precomposes a
given ¢-module with ¢.

Lemma 2.4.7. If y: 9 — € is a morphism of PROPs, then y*: €-Mod — Z-Mod

commutes with X, Ker and Coker.

Proof. Immediate since Ry o = ¢ o Ry and py¥ = ¥pgy, and kernels and cokernels are

computed pointwise. O

2.4.2 The degree of a ¥-module

Let € be a PROP such that 0 € ¥ is initial.

Definition 2.4.8 ([46, Definition 4.10]). A ¥-module F has degree d < —1if F, = 0 for
all sufficiently large n. For d > 0, F has degree d if Ker F has degree —1 and Coker F has
degree d — 1.

Lemma 2.4.9. Lety: 9 — € be a morphism of PROPs. Then a ¢ -module F has degree d if
and only if the 9-module y*F has degree d.

Proof. When d < 0, this is immediate since the object function of ¢ is the identity. The

case d > 0 follows by induction on d, using Lemma 2.4.7. O
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2.4.3 The categories FI and SI

In this section we recall two more examples of PROPs, namely the category FI of finite
sets and injections, and the category SI of free finitely generated symplectic Z-modules
and symplectic homomorphisms.

The category FI was introduced by Church, Ellenberg and Farb in [15] to study the
representation theory of symmetric groups. It will be advantageous to consider the

following skeleton of FI.

Definition 2.4.10. Let FI be the category of sets of the form n := {1,2,...,n} forn > 0,

and set injections.

Disjoint union of sets makes FI into a PROP: the product of morphisms f: n — m and
g: k — lis given by
f() ifi <n,
gi—n)+m ifi>n.

(ng)(i)={

The category SI was introduced by Putman and Sam in [45, Section 1.3] to study the
representation theory of finite linear groups. We will again benefit from considering a

specific skeleton rather than the entire category as it is defined in [45].

Definition 2.4.11. Given a commutative unital ring k, let V, for n > 0 be the free k-module

with basis ay, by, . . ., ap, by, equipped with the symplectic form (-, -) given by

(ai,aj) = 0= (bi, b))
(@i bj) = 6ij = — (b, @)

for all 1 < i, j < n, where §;; is the Kronecker delta. Let SI(k) be the category with objects

the V,, and arrows the form-preserving k-linear maps. Let SI := SI(Z).
Lemma 2.4.12. The following hold in SL
(i) SIis a PROP, with the monoidal product given by symplectic direct sum.
(ii) Every morphism is injective. Hence Endgy(V,,) = Autsi(V,) = Sp(2n, Z).

(iii) For every f: V,, — V,, in S, there is a unique symplectic submodule C < V,,, such that
Vi = (im f) & C. Moreover, C = V,,_,.
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(iv) If f and C are as above and s € Autsy(V,,) satisfies f = so f, then s preserves the direct
sum decomposition V,, = (im f) @ C and s = id ®s’ for some s’ € Aut(C).

Proof. The first three statements follow immediately from [45, Example 1.17] (with an easy
check in (i) that the symmetric monoidal structure can be made strict on the skeleton).
To prove the last statement, note that s restricts to the identity on im f. Hence by the

uniqueness part of (iii), s(C) = C and s = id ®s” where s’ = s|c. O

We shall write ¥: FI — SI for the morphism of PROPs that takesnto V,and f: n —» m
to the symplectic homomorphism ¥(f): V, — V, given by ¥(f)(a;) = ar;) and ¥(f)(b;) =
bra-

Remark 2.4.13. Both FI and SI arise from symmetric monoidal groupoids by means of
a construction given in [46, Section 1.1]: FI arises from the groupoid of finite sets and
bijections, whereas SI(k) arises from the groupoid of finitely generated free symplectic

k-modules and symplectic isomorphisms.

2.4.4 FI-modules

FI-modules were introduced in [15] to study stability phenomena in the representation
theory of symmetric groups, and much work has been done with them in recent years. We
briefly recall the relevant terms and results; we refer the reader to [17] for a more thorough
introduction. We also prove the following characterisation of FI-modules of finite degree

(in the sense of Definition 2.4.8).

Proposition 2.4.14. AnFI-module has finite degree if and only if it is generated and related

in finite degrees.

We write P" = Z (FI(Q, —)> for the n-th principal projective FI-module, i.e. the FI-
module that sends m € FI to the free Z-module generated by the set FI(n, m). Recall that an
FI-module F is generated in finite degree if it admits a surjection €, ; P" — F for some
(possibly infinite) bounded collection (n;);c; of non-negative integers. F is generated and
related in finite degrees if it fits into an exact sequence of the form

@me — @P”" — F—0
jel iel

for some (possibly infinite) bounded collections (n;);c; and (mj)j ¢ of non-negative integers.
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Randal-Williams and Wahl proved in [46, Proposition 4.18] that an FI-module which
is generated and related in finite degrees has finite degree. Hence we only need to prove
the converse implication. Church and Ellenberg [14] give a characterisation of FI-modules

that are generated in finite degrees in terms of an iterated Coker-construction.

Lemma 2.4.15 ([14, Proposition 4.6]). An FI-module F is generated in finite degree if and
only if Coker® F has degree —1 for sufficiently large k.

Warning. The notation of [14] is very different from ours: the functor Coker is called the
derivative and denoted by D. The degree of an FI-module F in the sense of [14] is the least
integer deg F > —1 such that F; = 0 for all i > deg F (or o if no such integer exists). In
particular, an FI-module has degree —1 in the sense of Definition 2.4.8 if and only if it
has finite degree in the sense of [14]. This is the reason why we elected to include the

statement of the lemma instead of simply referring to [14].

Remark 2.4.16. The symbol Coker® denotes the k-fold iteration of Coker: FI-Mod —

FI-Mod. This should not be confused with the cokernel of the composition

F FR
F-% FR— FR? — ... — FRk. (2.2)

Indeed, Coker” F is the cokernel of the map

k
pLE @ FRF! — FRF

i=1
whose i-th component )Lf: FR¥"! — FRF is the natural transformation
FRi_lka_i: FRi—le—i N FRi—lRRk—i

This is can be deduced by induction on k: when k = 1, this is just the definition of Coker.
If the formula holds for some k, then there is a commutative diagram with exact rows and

columns

k
Pr FR-1 Ay pRE s Coker* F ——3 0

k
| | !

k
@le FRF ARy pRitt (Cokerk F)R —0

~

Coker**' F
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where the top vertical arrows are compositions of the functors on the top line with
the natural transformation p: Id = R (see section 2.4.1) and we use the evident fact
that precomposition with R (i.e. the functor X: FI-Mod — FI-Mod) is exact — c.f. [14,
Section 2.2]. Considering the left-hand square of the above diagram as a double complex,
its associated spectral sequence computes the homology of the associated double complex.
The spectral sequence collapses on the second page for shape reasons: there are no
differentials between two non-zero groups. Hence the second-page entry in the place of
FR1 which is precisely Coker**! F by the exactness of the above diagram, is isomorphic
to the corresponding homology group of the total complex, which is precisely the cokernel

of the map

k
A= A Re A5t € FRE @ FRE — FRE,
i=1

as claimed.
Note that the composition (2.2) factors (non-uniquely) through A, so the cokernel of

(2.2) admits surjective maps to Coker® F.

Proof of Proposition 2.4.14. As mentioned above, in light of [46, Proposition 4.18] we only
need to prove that a finite-degree FI-module F is generated and related in finite degrees. By

the preceding lemma, F is generated in finite degree. Hence there is a short exact sequence
0—>K—>€DP""£>F—>O
iel
where the n; are bounded. Hence it suffices to prove that K is generated in finite degree.

For k > 0, let K®) be the kernel of Coker" : Cokerk(@iP”i) — Coker* F. Since

Coker is a right-exact functor, there are canonical surjections u'®: Coker* K — K®.

Claim. For each k, there is an integer Ny such that u,(lk): (Cokerk K) - K,(,k) is an isomor-
n

phism for alln > N.

Proof of claim. We proceed by induction on k. When k = 0, u(?) is the identity and there is
nothing to prove. Suppose the claim holds for k — 1. By Lemma 2.4.6 applied to the short

exact sequence

C k k-1
0 — K*D _ CokerF? (@ P"") 7 CokerF ' F — 0,

i
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there is an exact sequence
Ker Coker*' F —s Coker K*~V — Coker® (EB P"") — Coker* F — 0.
i
Since F has finite degree, Ker Coker* ' F has degree —1. In other words, the induced

surjection Coker K~ — K(®) is an isomorphism in all but finitely many degrees. Hence

by the induction hypothesis,

Coker u(k1
_—

)
u® . Coker* K Coker K1 — g

is also an isomorphism in all but finitely many degrees. This concludes the proof of the

claim.

To complete the proof of the proposition, note that for large enough k, Cokerk(@ ;P
has degree —1 by Lemma 2.4.15. But then K®) also has degree —1 since it is a submodule
of Cokerk(@iP"i ). Hence by the claim, Coker® K has degree —1, and we are done by

Lemma 2.4.15. a
We deduce a corollary with the help of the following lemma.
Lemma 2.4.17. For everyn,m > 0, the FI-module
P"® P™: FI -5 Abx Ab 2 Ab
is a finite direct sum of principal projectives.

Proof. Let X: FI — Set be the set-valued functor given by k — FI(n, k) X FI(m, k). To
each (f,g) € X, we associate a partial injection p(f,g): n - m as follows. The domain
of definition of p(f, g) is domp(f,g) := f~'(im f Nimg) C n. On this domain, p(f, g) is
given by

p(f,9): f(im f Nimg) L imf Nimg g—_1>g_1(imfﬁimg) cm.

It is easily seen that for any injection h: k — [, the partial injections p(f, g) and p(ho f, hog)

are identical. Thus if we fix a partial injection p: n - m, then the subsets

X =A{(f.9) € X | p(f.9) = p} € Xk
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form a sub-FI-set X(p) of X, and moreover
x=[] x® (2.3)
p:n»m

where the disjoint union runs over all partial injections.

Given a partial injection p: n - m, let n U, m be the pushout (in Set) of the span
n < domp LN m. Pairs (f,g) € X(p)r biject naturally (in k € FI) with injections
nU, m < k, so X(p) is corepresented by n U, m. If Z{—): Set — Ab is the free Z-module
functor, then clearly Z(X) = P" ® P™. Hence

Prepm = (P plwml

p: nom

as required. O

Remark 2.4.18. The preceding lemma is a mild sharpening of [15, Proposition 2.3.6]. We
present the above proof because we do need the stronger conclusion that the tensor product
of two principal projectives is a direct sum of principal projectives, rather than just finitely

generated, which is the statement in [15].

Remark 2.4.19. Note that |FI(Q, E)| = n! (ﬁ) Hence by taking cardinalities of both sides of
(2.3) in degree k, we obtain the following rather pleasing identity:

S o)) =l

1

where i!(7) () is the number of partial injections p: n -+ m with |[domp| = i.
Corollary 2.4.20. IfF, F’ are FI-modules of finite degree, then so is F ® F'.
Proof. By Proposition 2.4.14, there are exact sequences
Ly —Ly—F—0
L} — Ly —F —0
where L;, L) are free and generated in finite degrees. Thus there is an exact sequence
(Li®Ly)®(Loy®L)) — Ly®Ly— FQF — 0.

By Lemma 2.4.17, the first two terms in the above sequence are free and generated in finite

degrees. Hence we are done by Proposition 2.4.14. O
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2.4.5 Duplication

Consider the functor

D:FIS FIxF S F

where A is the diagonal functor. D is clearly not a morphism of PROPs, so Lemma 2.4.9

doesn’t apply, but we still have the following result.
Lemma 2.4.21. IfF € FI-Mod is finitely generated, then so is D*F = F o D.

Proof. The functor D*: FI-Mod — FI-Mod is clearly exact. Hence it suffices to prove that
D*P" is a finitely-generated FI-module for every n. Since every (D*P")x = Py, is a finitely
generated abelian group, it suffices to prove that D*P, is generated in finite degree.

Let f: n — 2k be a generator of (D*P"); with k > n. Then there is some i € k such
that both i,i + k € 2k are not in the image of f. Let g: Kk —1 — k be the unique order-
preserving injection which misses i. Then f factors as f = (g U g) o f” for a suitable

injection f’': n — 2k — 2, so D*P" is generated in degrees < n. m]

2.5 % -modules of automorphisms and mapping classes

In this section we give constructions of FI- and SI-modules which will play a role in our

proof of Theorem 2.1.2.

2.5.1 FI-modules of automorphisms of free nilpotent groups

Suppose that G is an FI-group, i.e. a functor from FI to the category Grp of groups. Since
the assignment H — yi(H) is an endofunctor on Grp, we obtain a filtration of G by
sub-FI-groups yx(G), and a graded FI-Lie algebra gr G with

oo

(grG)n = @ ¥&(Gn)/¥k+1(Gn).

k=1
We write gr;. G for the FI-module yx(G)/yk+1(G).
Remark 2.5.1. By a graded Lie algebra over Z we mean a Lie algebra g whose Lie bracket
satisfies [x,x] = 0 for all x € g, along with a direct sum decomposition g = @Zozl Ok

such that [gr, 9;] € ax+1- In particular we do not require the Lie bracket to be graded-

antisymmetric.
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Let F: FI — Grp be the restriction to FI of the free group functor Set — Grp. Thus F,
is the free group generated by the set n, although we will denote its generators x1, ..., x,

to avoid confusion.

Lemma 2.5.2. Each gr, F is a finitely generated FI-module taking values in free abelian

groups.

Proof. It is a standard fact that (gr, P)n = Yk (Bp) /yi+1 (By) is free abelian and of finite
rank — see e.g. [50, Corollary 1.IV.6.2] for a textbook account.

The rest of the lemma is a consequence of the following claim.

Claim. Let L = €., L(k) be a graded FI-Lie algebra over Z, i.e. for eachn € Fl, L, =
Dy L(k)n is a graded Lie Z-algebra. Assume that each Ly, is generated (as a Lie algebra)
by L(1). If the FI-module L(1) is generated in degrees < d, then each L(k) is generated in
degrees < kd.

Proof of claim. We proceed by induction on k. Since each L, is generated (as a Lie algebra)
by L(1),, we have L(k), = [L(k — 1),,L(1),]. Suppose that n > kd. By the induction
hypothesis,

Lkw = D, [fe(Llk = Deg-a) g LD)].
f: kd=d—n
g:d—n

Every pair of injections (f: kd —d — n,g: d — n) factors as

kd -d !
N

imfUimg <t n

/5

d

where |im f U img| < kd. Hence

L= D, w[f @k = Dea-a), gl (L(D))]
f:kd—d—n

g:d—n

is generated in degree < kd. This concludes the proof of the claim.

Thus each gr; Fis generated in degree < k. Since gr; I takes values in finitely generated

abelian groups, it is necessarily finitely generated. O
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2.5.1.1 Free nilpotent groups and their automorphisms

The groups N,(k) = F,/yk+1(F,) for fixed k and varying n fit into an FI-group N(k) :=

F/yi+1(F). For every k > 1, there is an extension of FI-groups
0— grF— N(k) — N(k-1) — 1.

For every i < k, there is a canonical isomorphism y;(F)/yk+1(F) = y; (N(k)) induced by the
quotient morphism F — N(k).

Consider the groups Aut N, (k) of automorphisms of N, (k). For a fixed k, these also form
an FI-group as follows: given f: n < m and ¢ € Aut N, (k), the induced homomorphism
fi(§): Npy(k) — Ny(k) is defined by
Xi ifi ¢imf,

(N(K)(f) e §)(xj) ifi= f(j)forj e n.
It is an easy check that f.(¢) is an automorphism (indeed, f.(¢~?) is its inverse) and that

ful@)xi) = {

the assignment ¢ — f.(¢): Aut N,(k) — Aut N, (k) is a homomorphism.

There are morphisms of FI-groups p(k): Aut N(k) — Aut N(k — 1) defined as follows:
an automorphism ¢ € Aut N, (k) preserves yx(N,(k)) and therefore descends to an en-
domorphism ¢’ of N,(k — 1). The inverse ¢~! descends to the inverse of ¢’, so in fact

¢’ € Aut N,(k — 1). We define p,(k) by letting it send ¢ to ¢’.
2.5.1.2 The kernel of p(k)

Suppose that k > 1. Consider the function
Jn(k) :+ Hom(Z", gr; Fn) = Hom(Nn(k), yx(Nn(k))) ——> Aut Ny (k)
fr— (Ar: x> f(x)x)
where the isomorphism holds since gr, F, = yi(N,(k)) is abelian. This function is well
defined: since each f: N,(k) — yi(N,(k)) lands in the centre of N,(k), the assignment
Af: x = f(x)x is an endomorphism of N,(k). Moreover, if f": Ny(k) — yr(Ny(k)) is
another homomorphism, then Ay o Ags = Ar, ¢ since f vanishes on the image of f”. Thus
in particular each Ay is an automorphism of Ny(k), and y,(k) is a homomorphism. Clearly
pn(k) o yn(k) = 0. In fact, y,(k) is an isomorphism of Hom(Z", gr;. F,) with ker p,(k), with
two-sided inverse given by
Yalk) ¢ Ker pa(k) ——> Hom(N,(k), y(Ny(k)) = Hom(Z", gr, Fy)
¢ —— (x> g(x)x~)
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Let Z°: FI°? — Ab be the FI°P-module taking n to Z" and f: n < m to the projection

frzm—7n
0 ifi¢gimf
Xj
X ifi=f()

Let K(k) be the FI-module given by

(z°) F Hom(—,—
K(k): FTI =287, apop x Ab 2207 ap,

We leave it to the reader to verify that the ¢,(k) are the components of a natural isomor-

phism of FI-modules ¢/(k): ker p(k) — K(k).

Lemma 2.5.3. For every k > 1, the FI-module ker p(k) is finitely generated and takes values

in free abelian groups.

Proof. There is an isomorphism (cf. [53, Proposition 3.1])
kerp(k) = K(k) = (Z°)' @ gr, F = gr,F®gr, F

where (Z°)" is the dual FI-module, obtained by composing Z°: FI°’ — Ab with the functor
Hom(—,Z): Ab°? — Ab. It is easily seen that (Z*)" = gr, F. Thus ker p(k) certainly takes
values in free abelian groups. Finite generation then follows from Lemma 2.5.2 and [15,

Proposition 2.3.6]. ]

2.5.2 SI-modules from the Johnson filtration

Suppose that ¢: Syr1 < Sy 1 is an orientation-preserving embedding of surfaces. We can
extend a given mapping class on S;/; = im ¢ by the identity on the complement Sy ; \ im ¢
to obtain a well-defined mapping class on S ;. This construction produces a well-defined
homomorphism ¢ : Iy ; — Iy ;.

There is an obvious embedding T: Sy 1 < S, for ¢’ < g as the subsurface consisting
of the g’ rightmost tori in Figure 2.1. The induced homomorphism Tj,: Iy ; — Iy ; extends
a given automorphism of [F,, (representing a mapping class on Sy 1) to an automorphism
of Fy4 by the identity on the remaining generators x;, y; for i > ¢’. It is easy to see that T,

preserves the Johnson filtration. In fact, this is true for any embedding:

Lemma 2.5.4. Let¢p: Sy 1 < Sy1 be an embedding. Then ¢, preserves the Johnson filtration.
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Proof. The homomorphism ¢, only depends on the isotopy class of ¢. Hence we may
assume that im ¢ is disjoint from some collar of S, ;, and therefore that S;; \ im ¢ is
connected. Let S be the closure of S;; \ im ¢. By the classification of oriented surfaces,
S = §; 4.2. Hence we can extend ¢ to a diffeomorphism 5 of Sy1 in such a way that

o= 9;3’ o T. But then ¢, and T} are conjugate by [QAS] inIy;. O

Thus ¢, descends to homomorphisms
Fyak)/ Igalk +1) — Fya(k)] gk + 1)

which we will also denote ¢, without risk of confusion.
Recall from Section 2.2.2 that we write H; for the middle homology group of the surface

Sg.1- Equipped with the intersection pairing, H, is isomorphic to V; as a symplectic space.
Lemma 2.5.5.

i) Every symplectic homomorphism f: H, — H, is induced by an orientation-preservin
y symp P g g y 14 g

embedding ¢: Sy 1 < Sy of surfaces.

ii) If two orientation-preserving embeddings ¢, ¢’ : S,»1 < S, 1 induce the same map on
P 8 8 g, g, p
homology in dimension 1, then there is some € Diff*(Sy.1, @) which represents a class

in ;1 and such that ¢’ and y o ¢ are isotopic.
Proof.

(i) Recall the standard embedding T': S;/; < S,; which induces the homomorphism
T.: Hy — H, that sends [x;] to [x;] and [y;] to [y;]. By Lemma 2.4.12(iii), Sp(Hj)
acts transitively on the set of symplectic maps Hyy — Hy,. Hence there is some 1/ €
Diff*(S,,1, d) which takes T, to f, i.e.  satisfies (y o T), = f. ThenyoT: Sy 1 < Sg1
is an embedding with the required property.

(ii) This is the content of [16, Lemma 4.1(ii)]. O

Write Q,(k) := #51(k)/ #41(k + 1). We show that these groups fit into an SI-module
Q(k).

Proposition 2.5.6. For every k > 1, there is an SI-module Q(k) which takes H, to Q4(k) and
fi+Hy — Hy to¢y: Qp(k) — Qy(k), where ¢ is as in Lemma 2.5.5(i).
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Proof. If it exists, Q(k) is fully determined by the claim. We only need to check that the
construction of Q(k) is well defined on morphisms: indeed, suppose that two embed-
dings ¢, ¢": Sy1 — S,1 induce the same homomorphism f: Hy — H,. Let ¢ be as in
Lemma 2.5.5(ii). Then ¢/ = (¥ o ¢),. In other words, ¢, and ¢{ are conjugate by [¢/] in Ty ;.
Since [{] € .71 and the Johnson filtration is central, it follows that ¢, and ¢ induce the

same homomorphism Qg (k) — Qy(k).- O

Recall the functor ¥: FI — SI from Section 2.4.3. The following theorem is a conse-
quence of [16, Theorem A], which was proved using the concept of central stability. We

present a simple proof to make the present discussion more self-contained.

Theorem 2.5.7. For everyk > 1, ¥*Q(k) is a finitely generated FI-module. It takes values

in free abelian groups.

Proof. For every g, there is an injection I ; (k + 1) < Aut Npy(k +1). Qy4(k) is mapped into
ker p,4(k +1) by this injection. We claim that these injections j;: ¥*Qgy(k) < ker py,(k+1)

are the components of an injection
j: ¥*Q(k) — D" ker p(k + 1),

where D: FI — FI is the duplication functor of Section 2.4.5. Note that we only need to
check naturality with respect to the inclusions g — 1 <= g and automorphisms of g, as
these arrows generate all arrows of FIL

Naturality with respect to the inclusions g — 1 < g follows easily from the definitions.

Given a permutation o € Autg(g), let o € I};; be a lift of ¥(0) € Autsi(H,) = Sp(H,). Let
also s € AutlF,, be the obvious lift of ¥(o), namely the automorphism sending x; — x5
and y; = Y,(;). In general, s ¢ I;; because it does not preserve [[; [x;,y;]. We wish to

prove that the diagram

J
Fg1(k)] Ig1(k + 1) <L ker pay(k + 1)

o e

J
Fg1(k)] Ig1(k + 1) <L ker pyy(k + 1)

commutes, where the left vertical arrow is conjugation by &, while the right vertical arrow

is conjugation by s.
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Since both s and o induce the same automorphism of Fay/y2(F24), s ™10 is an element of
IAz4(1). Forevery ¢ € .7, (k), the commutator [3_15, ng] lies in IA4(k+1) by Theorem 2.2.1.
Thence s¢s~" and 5~ induce the same automorphism of Nyy(k + 1) and j is natural with
respect to o.

D* ker p(k+1) is finitely generated by Lemma 2.4.21. Hence ¥*Q(k) is finitely generated
by [17, Theorem Al]. O

2.6 Homological stability for the groups I, ;(k)

Fix embeddings ¢: Sy1 < Sg11,1 for all g. Each such embedding induces a homomor-
phism ¢, : Iy 1 — Iy11; which preserves the Johnson filtration. Moreover, we can think of
$u: Hy(Sy,1) — Hi(Sg41,1) as an arrow in SL If F is an SI-module, we obtain a homomor-
phism F(¢.): F; — Fyy1 which is equivariant with respect to ¢, : I;; — I111. Thus for

every k and i, we obtain a sequence
i Hi(rg,l(k)QFg) - Hi(rg+l,1(k)§ Fg+l) —>

of homomorphisms. It can be seen that this sequence is in fact independent of the choice
of embeddings ¢. For if ¢': S;; < S;11; is another embedding, then for some ¥ €

Diff(Sy11,1, 0), the embeddings ¢ and o ¢" are isotopic. Hence the homomorphisms
H;(Ty15 Fy) — Hi(Tge1,15 Fge1)

induced by ¢ and by ¢’ differ by the conjugation action of ¥/ on the codomain, which is
well-known to be trivial (¢f. [12, Proposition II1.8.1]). We need one final ingredient before
we prove Theorem 2.1.2, and that is homological stability for symplectic groups. The first
result in this direction was obtained by Charney [13], but we will use a version which is due
to Randal-Williams and Wahl and which has much weaker hypotheses on the coeflicient

modules.

Theorem 2.6.1 ([46, Theorem 5.15]). Let F be an SI-module of finite degree. Then for every

i > 0, the homomorphism
H;(Sp(29, Z); Fy) — H;(Sp(2g + 2, Z); Fyy1),

induced by the inclusion (=) @ idy,: Autsy(Vy) < Autsi(Vy41), is an isomorphism for all
sufficiently large g.
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With this result in place, we can present a proof of Theorem 2.1.2. We use a spectral

sequence argument which we learnt from [53, Theorem 1.9].

Theorem 2.6.2. Let F be an SI-module of finite degree. Then for allk > 1 and alli > 0, the
homomorphism

Hi(rg,l(k)§ Fg) B Hi(rg+1,1(k)§ Fg+1)
is an isomorphism for all sufficiently large g.

Proof. We proceed by induction on k, the case k = 1 being precisely Theorem 2.6.1. Suppose

the result holds for some k > 1 and consider the short exact sequences
0 — Qy(k) — Tyi(k +1) — Ty (k) — 1. (Ay)

The fixed embeddings ¢: S;1 < Sg11,1 give rise to maps (Ay) — (Ay41) of short exact

sequences, and hence to a composable sequence of maps of spectral sequences

Here E7,(g) is the Lyndon-Hochschild-Serre spectral sequence in homology with coeffi-

cients in F; associated to (Ay). Its second page is given by
Ejzyq(g) = Hp(rg,l(k);Hq(Qg(k)§ Fg))-
Let us now fix p and q and consider the sequence
o B () — B g+ 1) — (25)

of abelian groups and homomorphisms coming from the sequence (2.4) of spectral sequence
morphisms. The action of the free abelian group Qy(k) on F, is trivial since Qy(k) <

ker(I; 1(k + 1) — Sp(2g,Z)). Hence by the universal coefficient theorem,
Hy(Qy(k); Fy) = Fy ® A1Qy(k).
It can be seen that the sequence (2.5) is precisely the sequence
i Hp(rg,l(k)QFé) —_— Hp(rg+1,1(k)§F;+1) —

where F' := F ® A9Q(k) € SI-Mod. The FI-module ¥*F’ is a quotient of the FI-module
¥*F ® (¥*Q(k))®? which has finite degree by Corollary 2.4.20 and Theorem 2.5.7. Thus by
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the induction hypothesis, the sequence (2.5) eventually stabilises. Thus for every pair p, g,
the sequence

s ES(g) — ES(g 1) — -

also eventually stabilises, since E;(g) only depends on the structure of a finite portion

of E;,(g9). The result now follows from strong convergence of the spectral sequences

EZ,(9). O

2.6.1 Towards a computation of the stable homology

In [52], Szymik shows that in the case of full automorphism groups of free nilpotent groups,
the canonical homomorphisms Aut N,(k) — GL(n, Z) are rational homology isomorphisms
in the stable range. We remark that the corresponding maps I, ; (k) — Sp(2g, Z) in general
are not. We will prove this by computing the stable rational cohomology of I}, 1(2).
Recall from Definition 2.4.11 the category SI(Q) of finite-dimensional symplectic Q-
vector spaces and symplectic linear maps. Following Patzt [43], we call an SI(Q)-module
F : SI(Q) — Modgq over Q rational if each F, is a rational representation of Sp(2n, Q),
meaning that the action homomorphism Sp(2n, Q) — GL(F,) is a rational morphism of

varieties.

Lemma 2.6.3. Let F be a finitely generated rational SI(Q)-module over Q. Then for each p
there is n(p) such that

HP(Sp(2n,Z); F;) = HP(Sp(2n,Z); Q) ® (FZ)Sp(Zn,Z)

for alln > n(p), where F; = Homg(F,, Q) denotes the Q-linear dual.

Proof. By [43, Theorem B], F is uniformly representation stable. This means the following:

let F,, be decomposed into irreducibles as
Fy = (P v(zn, )%
A

where the sum runs over the dominant weights A of the symplectic groups and V(2n, 1) is
the irreducible Q-representation of Sp(2n, Q) with highest weight A. Then there is some
N such that for each A, the multiplicity c; , is independent of n for n > N. Let A4, -- -, A¢

be those non-zero weights for which c; , # 0 for n > N. (Note that for each n, ¢j, # 0
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for only finitely many A, as each F, is necessarily finite-dimensional.) It follows from [11,

Paragraph 4.6] that for each 1 < i < k and each p, there is n;(p) such that
HP(Sp(2n,Z); V(2n,A;)*) =0

for all n > n;(p). Thus if we take n(p) := max; n;(p), then

HP(Sp(2n,Z); F) = HP(Sp(2n, Z); Q)% = HP(Sp(2n, Z); Q) ® (F:)P*"?

for all n > n(p), where Q = V(2n,0) is the trivial representation. O

Proposition 2.6.4. The stable cohomology ring colimy H*(I}; 1(2); Q) is isomorphic to the

tensor product
Qlec | G € G] ® colim H*(Sp(2g, Z); Q)
g

where G is the set of isomorphism classes of finite non-empty connected trivalent graphs (with

loops and multiple edges). The degree of a generator cg is the order of the graph G € G.

Proof. Consider the SI-module Q(1) : SI — Ab which takes V; to the abelian group
S41(1)/ F51(2). By [31, Theorem 5], there is an isomorphism of SI-modules Q(1) = A*V
where V : SI — Ab is the forgetful functor that forgets the symplectic structure on objects.

We have isomorphisms

Hq(Qg(1)§Q) = Hom(Ang(l)’ Q)
= Hom(A%(A%V,), Q)
= Homg(AY(A%V,%), Q)

where the first isomorphism follows since Qqy(1) is free abelian of finite rank, and the
second isomorphism is a consequence of the aforementioned theorem of Johnson. The
SI-module V€ : ST — Modg over Q is given by Vy > V; ®z Q, and Homg is the group of
Q-linear maps.

But V2 : ST — Modg is evidently the restriction of a finitely-generated rational SI(Q)-
module over Q along the functor SI — SI(Q) induced by the inclusion Z < Q. Hence so
is A9(A%VQ), and the preceding lemma applies to give the isomorphism

HP(Sp(2g, Z); H1(Qy(1); Q) = HP(Sp(29, Z); Q) ® Homg(AY(AV,?), Q)P(2)
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which holds in a stable range g > p, q. This gives us a stable description of the second page
of the Lyndon-Hochschild-Serre spectral sequence in rational cohomology associated to

the short exact sequence
0 — Qy(1) — Iy 1(2) — Sp(29,Z) — 1.

Kawazumi and Morita [32, Section 3] showed that Homg(A* (A3V}}Q), Q)%P(292) js stably
(in the colimit g — o) isomorphic to the polynomial algebra Q[cs | G € G]. By [10,
Paragraph 11.4], the stable rational cohomology of the integral symplectic groups is

colim H*(Sp(2n,Z); Q) = QJc1,¢2, .- -5 Ciy - - - | |ci| = 4i — 2]
n

Thus in the stable limit, the second page of the aforementioned spectral sequence is
concentrated in even bidegrees. Hence it stably collapses on the second page, establishing

the claim. m|

Remark 2.6.5. It is easily seen that the projection I'; 1(2) — Sp(2g, Z) induces the obvious
inclusion in stable rational cohomology. By [32, Theorem 4], the image of the homomor-
phism

colgim H*(T;1(2); Q) — co}}im H*(T,1; Q)

induced by the projection map I;; = I};1(2) is the subalgebra generated by the Miller—
Morita—Mumford classes — hence by the Madsen-Weiss theorem [38], the homomorphism

is in fact surjective.

Remark 2.6.6. By [43, Theorem 6.5], each Q(k) € SI-Mod extends to a rational SI(Q)-module
Q(k) ®z Q over Q. Hence it is in theory possible to calculate the stable cohomology of
I.1(k) for higher k using the above method, but the actual computations become rather

involved already for k = 3.
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