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Abstract

Instrumental variables (IV) is a commonly used regression technique to estimate
treatment parameters when the treatment is not random, i.e., it is endogenous.
It relies on key assumptions and this dissertation explores strategies to deploy
when those assumptions may not hold. Chapter 1 deals with the case of testing a
subset of non-random treatment parameters when both the assumptions of strong
instrument relevance and homoskedasticity fail. We recommend bootstrapping
the Kleibergen-Paap Test or a 2-step LIML-based J-test in this situation. Chap-
ter 2 considers a different assumption of IV regression: the exclusion restriction.
We prove that the test devised by Kiviet (2020) does not function as a true test
of the exclusion restriction and recommend reformulating it as a test of the en-
dogeneity of the treatment variable, a test that is only valid when the exclusion
restriction holds. Thus while the problems considered in Chapter 1 - weak instru-
ments and heteroskedasticity - can be addressed by using the tests we recommend
in the subvector case, the exclusion restriction, considered in Chapter 2, is not
easy to relax or test. It is a foundational assumption of IV regression without
a simple workaround, although past work offers adjustments if a certain type of
subsample is available (van Kippersluis and Rietveld, 2018) and our endogeneity
test can provide limited information in assessing whether the exclusion restriction
holds for a particular instrument, even though a true test of endogeneity remains

impossible.



Table 1: Key Results from Chapter 1

Figure Number ‘

Key Result

1.2

The asymptotic AR-based tests
are slightly oversized but
implementing the bootstrap
improves the size properties.

1.3

Under weak instruments, GKM
has higher power than either
the asymptotic or bootstrapped
AR test, but all three tests
converge under strong
instruments.

1.6

Basmann rejection rates are
higher than their Sargan
counterparts.

1.9

The bootstapped statistics
suffer a modest power loss
compared to GKM.

1.11

The asymptotic KP and J2L
tests are robust to
heteroskedasticity and therefore
perform better in the presence
of heteroskedasticity than do
the non-robust AR-based
statistics.

1.12

All of the bootstrapped
statistics are approximately
appropriately sized, especially
compared to GKM, but the
bootstrapped KP and J2L are
somewhat less undersized under
strong instruments than the
bootstrapped AR.

1.15

The power of each test
improves as the identification of
[ strengthens.




Chapter 1

Robust Subvector Testing under
Weak Instruments and

Heteroskedasticity

1.1 Introduction

Instrumental variables (IV) estimation in linear models is a technique widespread
among applied researchers in economics and statistics. It addresses the problem
of endogeneity, in which treatment variables are confounded by unobserved char-
acteristics, through the use of an instrument, a variable outside the regression
model that is related to the endogenous regressor but is not itself endogenous.
Lottery systems make ideal instruments because winning a lottery is related to
the regressor of interest but the randomisation ensures lottery winners are not sys-
tematically different from lottery losers. Gray-Lobe, Pathak, and Walters (2021),
for example, studied the effects of attending public preschool in Boston, a city

that uses a randomised tie-breaking element in its system for assigning students



with different preferences to different schools. Controlling for preferences, of-
fers are functionally allocated by lottery and can then be used as an instrument
for preschool attendance. This is a good instrument because receiving an offer is
strongly related to preschool enrolment, but because offers are awarded randomly,
conditional on preferences, receiving an offer is not related to the error term of
the regression.

However, many instruments used in practice do not exhibit the same high cor-
relation with the treatment variable as is the case with preschool assignment and
enrolment. Weak instruments are only weakly related to the variable of interest,
which can lead to biased estimates and imprecise inference when using standard IV
procedures. There are several methods for addressing this problem, most famously
the Anderson Rubin (AR) test, which is robust to weak instruments, meaning that
even if the correlation between the instruments and treatment variable is low, the
test will still control size (Anderson and Rubin, 1949).

We are interested here in the case of subvector testing, in which we wish to
conduct a hypothesis test involving only a subset of the endogenous treatment
variables in the model. The coefficients on the endogenous treatment variables
not under test are then considered nuisance parameters. We show that testing
a hypothesis about a subset of parameters is equivalent to conducting an overi-
dentification test on the restricted model in which the null hypothesis is imposed.
Because Windmeijer (2021) has shown that overidentification tests and underiden-
tification tests can use the same test statistics, we can adapt statistics conceived
of originally for use in either underidentification or overidentification tests for our
setting.

The standard method in subvector testing is to use some form of the AR statis-

tic. Several modifications to subvector AR testing have previously been proposed



to improve its performance under weak instruments or to make it robust to a
particular form of heteroskedasticity (Andrews, 2017; Guggenberger et al., 2021).
A major drawback of the subvector AR statistic, however, is that the version of
the statistic used in the subvector literature is not robust to heteroskedasticity
of a general form. Noting that the subvector AR test is simply a LIML-based
overidentification test, we propose using heteroskedasticity-robust LIML-based
overidentification tests instead, namely the Kleibergen-Paap (KP) test and the 2-
step LIML J-test (J2L), in order to create a fully robust subvector test, which has
not previously been done. Additionally, we bootstrap these tests for better per-
formance. We find that bootstrapping KP and J2L improves the size of subvector
hypothesis tests compared to any of the asymptotic tests or to bootstrapping the
non-heteroskedasticity-robust AR statistic.

The chapter proceeds as follows: Section 1.2 introduces the model and estima-
tion strategy in the full-vector case, Sections 1.3 and 1.4 cover the subvector case
under homoskedasticity and heteroskedasticity, respectively, Section 1.5 exam-
ines previous approaches to subvector testing, Sections 1.6 and 1.7 describe the
bootstrap procedures and present the simulation results for the homoskedastic
and heteroskedastic cases, respectively, and Section 1.8 concludes. Throughout,
random vectors are represented by lower case letters and random matrices are

represented by uppercase letters.
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1.2 Instrumental Variables Model and Estima-
tion

1.2.1 Model Setup

We have sample of size n of independent and identically distributed (iid) data

{yi, 2}, 2]} . The standard IV setup involves the following set of two equations:

y=XB+u (1.1)

X = ZIyx + Vx (1.2)

Here, y is an n x 1 vector of outcomes, X is an n x kxy matrix of potentially
endogenous regressors - meaning F[z;u;] may not equal zero, Z is an n X kz matrix
of exogenous instruments with kz > kx, §is a kx x 1 vector of coefficients, IIx is a
kz X kx matrix of coefficients indicating the instrument strength, and {u;, v,;} are
iid errors with mean zero. Note that by convention, v,;, x;,and z; are all column
vectors. Equation 1.1 is referred to as the structural equation and Equation 1.2
is referred to as the first stage. We are interested in the coefficient vector 5. We

assume the errors are conditionally homoskedastic:

U; 0 o2 oy

ouwy  Xvv

<
g
o

Here the variance conditional on the instruments does not depend on the instru-
ments, an assumption we will later relax when we move to heteroskedasticity.

In order to conduct IV estimation, two conditions must hold:

11



Assumption 1: rank(E|[zz}]) = kx

i

Assumption 2: E[zu;] =0

The first assumption is the relevance condition, which states that all instru-
ments have some independent correlation with X or, equivalently, the expected
value of the matrix z;x} is of full rank, and the second assumption is the ezo-
geneity condition, which states that the instruments are not related to the error
term. While Assumption 1 requires that the matrix E[z;z}] be of full column
rank, applied researchers often use weak instruments such that rank(E[z;x}]) is
close to being less than kx. Rank tests evaluate whether this is the case for a
particular dataset by testing the null that rank(Ilx) = kx — 1 in Equation 1.2
against the alternative that rank(Ilx) = kx. If the instruments are indeed weak,
the researcher should choose methods robust to weak instruments.

Assumption 2, the exogeneity condition, is necessary because endogeneity in

the structural equation is the problem the instrumental variables method seeks to

solve. If Efz;u;] # 0, then X is endogenous and OLS estimates are inconsistent:

Bors =(X'X)"1X"y
=(X'X)' X' (XB +u)

=B+ (X'X) ' X'u

plim[BOLS] =B+ plim[(X' X /n) 1 (X u/n)]
=8+ Elz;7}| ' Elzu)

70

Thus, the correlation between X and u causes BOLS to suffer from inconsistency
and therefore also from biasedness. The method of instrumental variables regres-

sion is meant to account for the endogeneity of X and so the instruments chosen

12



for this purpose must themselves not be endogenous or else they are invalid.
Note that the model may also include exogenous control variables, but here

these are taken to be partialled out, without loss of generality.

1.2.2 Strong and Weak Instrument Asymptotics

In Equation 1.2, ITx is modelled as fixed, which indicates we are operating under
strong instrument asymptotics. As the sample size grows, standard errors shrink
and the F statistic for Hy : IIx = 0 goes to infinity if IIx # 0. However, we are
primarily interested in the case of weak instruments, for which fixed Il is not a
good model because even with a large sample size, the low correlation between X
and Z means that we need more information to confidently reject the null that
IIx = 0. Staiger and Stock (1997) therefore recommend modelling ITx as local to

zero with the assumption

Ix =Tx, = C/vn, (1.3)

where C is a constant kz x kx matrix. This is the setting of weak instrument
asymptotics.
Stock, Wright, and Yogo (2002) consider the case where kx = 1 and define

the concentration parameter, a measure of the strength of the instruments, as
W =r 7' Zm, ok

The F-statistic is then an estimator for pu?/kz + 1. If we allow kx to be greater
than one, then we have a matrix V' rather than a vector v to represent the error

in the first stage equation and the concentration parameter becomes

P2 =S 7' 2T 5,
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The minimum eigenvalue of the matrix p? diverges when the instruments are
strong with fixed Iy in large samples, but remains finite under weak instrument
asymptotics.

Rather than testing against the alternative that the rank of IIx is local to
zero, it is recommended to test for a near rank reduction of one - that is, to test
that the rank of IIx is in the 1/4/n neighbourhood of kx — 1. Sanderson and
Windmeijer (2016) consider the case of two endogenous variables and define the

weak instrument asymptotics as

m = 0my + ¢/V/n,

where m; and 7y are the coefficients in the first stage regressions of each of the
two endogenous variables.

With weak instruments, the standard null limiting distributions for Bs5rs do
not apply, which can cause problems for testing. The tests of Hy : § = [y in
subvector settings that we consider in this paper, described below, are robust to
weak instruments, which means they retain the correct asymptotic distributions
even when ITy is local to zero and so maintain correct asymptotic size regardless
of instrument strength.

The standard rule of thumb is to consider instruments weak if the first-stage F-
statistic is less than ten (Staiger and Stock, 1997). To examine the salience of the
weak instrument problem in empirical research, Andrews, Stock, and Sun (2019)
surveyed a sample of 17 papers that used an instrumental variables approach
and were published in the American Economic Review from 2014 to 2018. They
found that weak instruments are frequently used in practice, with the F-statistics

of many specifications less than or close to 10, suggesting that weak instrument-
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robust inference is an important topic with implications for empirical research.
Another indication of the need for appropriate weak instrument methodology is
that the common practice of screening instruments based on first-stage F-statistics
has been shown to lead to undesirable outcomes. Dropping specifications with F-
statistics under 10 can lead to size distortions (Andrews et al., 2019) and so simply

avoiding weak instrument inference is not a satisfactory course of action.

1.2.3 Two Stage Least Squares Estimation

If k; < kx, the model is unidentified and estimation is not feasible. If k; = kx,
the model is just identified and we can set Z'4 = Z'(y — X3) = 0 in the sample,
as a sample equivalent of the population condition E|[zu;] = 0. The estimator

that solves this equation is

BIV = (Z/X)AZ/Z/

because

Z'(y—XBv) = Z'(y — X(Z2'X) " Z'y)
— 2y — Z'X(Z'X)" 1 2'y)
=2y =2y

= 0.

However, when k; > kyx , the overidentified case, it is not possible to set all
sample moment conditions equal to zero. Under conditional homoskedasticity of

u, the efficient estimator is the two-stage least squares (2SLS) estimator:
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Bosps = (X'Z(Z'2) ' 2/ X))\ X' 2(Z' Z) " Z'y,

which is equivalent to the result from first obtaining Iy by regressing X on Z
in Equation 1.2, then calculating X = ZIIy, and finally substituting X for X in
Equation 1.1 and regressing y on X.

Under strong instrument asymptotics - with fixed IIx - and Assumptions 1

and 2, the limiting distribution of the 2SLS estimator is
Vvn <BQSLS — 5) 4N (0,02Q%xQ72Qzx) ,

where o2 is the variance of the structural error and Q 4p = Fla;b}]. Note that this
method relies upon the relevance assumption and yields biased estimates if the

instruments are weak.

1.2.4 Limited Information Maximum Likelihood Estima-
tion

An alternative to the 2SLS estimator is the Limited Information Maximum Likeli-
hood (LIML) estimator. In the just identified case, LIML and 2SLS are equivalent:
BL = BQSLS = BIV- In the overidentified case, they are asymptotically equivalent
under strong instrument asymptotics. However, when there are many weak in-
struments, 2SLS is biased but LIML is asymptotically unbiased (Davies et al.,
2014). Despite this advantage, 2SLS is more commonly used in practice.

We define Py as the projection matrix P, = Z(Z'Z)'Z and My = I,, — Py.
Let R = (y,X), Q= RMzR/(n—kz—kx),and b= (1 —g ). Then the LIML

estimator of § for the system defined by Equations 1.1 and 1.2 is

16



(y — XB)'Pzr(y — XB)
y—XB)Mz(y — XB)/(n —kz — kx)
V' R'P;Rb
VR My Rb (n — Fy — k)
V'R P;Rb
Qb
b'R'P;Rb
VR R (n —Fx)

3 — arg min
Br. g 5 (

= arg min
b

= arg min
b

= arg min
b

The first equivalence holds by simply rewriting in terms of b, the second equiva-
lence holds by substituting in Q@ = R'M,R/(n—kz—kx), and the third equivalence
changes the variance estimator, which also changes the degrees of freedom. The
choice of variance matrix does not affect the minimisation problem and therefore
also does not affect the LIML estimate of 3, but the choice will affect the value
of the overidentification test statistic (see below).

To solve the minimisation problem, one can first find the minimum eigenvalue
of the matrix

QY (R'P4R).

The eigenvector associated with this smallest eigenvalue is b = (b, b))’ and the
LIML estimator is BL = —132/131. Next calculate u;, = y — XBL. Then ﬁXL =

(Z' My, Z)~(Z' My, X).

1.2.5 Testing for Overidentification

This paper employs tests for overidentification, which are used to test Assumption
2, the exogeneity condition, in the situation where there are more instruments than
regressors. Valid instruments are exogenous; their only effect on y is through X

and so they have no independent contribution to y once X has been controlled
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for. Overidentification tests are therefore equivalent to testing the null hypothesis
that v = 0 in the equation y = X3 + Z,y + u, where Z, are a set of ky — kx
overidentifying instruments. A rejection in an overidentification test indicates
that at least one instrument is endogenous.

There are two main forms of the general test for overidentifying restrictions.

The first is the Sargan version (Sargan, 1958):

5 Uher s Pzlasrs
S 5 = 2§LS
(Basus) Ugrsliasns/(n —kx)’

where lssrs = y — X fasrs, and the second is the Basmann version (Basmann,

1960):

. Uher s PzUssLs
B 6 = - %SLS )
(Pasts) Uiy s Mzlasrs/(n — kz — kx)

Asymptotically, both S(fasrs) and B(fBysrs) have a Xk, i, distribution under
valid moment conditions. The key difference is that Basmann-type variances
subtract out the part of the error that is explained by the instruments, which
improves the power.

When conducting tests of overidentifying restrictions, we can also use the
LIML estimates in place of the 2SLS estimates, which produces the following

Sargan and Basmann test statistics:

~ Uy Pyur,
S =1L
) = i )
- Uy Pyt
B(f1) = T

ﬂlLMz’LALL/(TL — ]{TZ — ]C)()

Note that these are the same as the matrices described above for which the min-
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imum eigenvalue corresponds to an eigenvector that can be used to calculate the

LIML estimate.

1.2.6 Anderson-Rubin Test

The Anderson-Rubin (AR) statistic is used for hypothesis testing under weak in-
strument asymptotics (Anderson and Rubin, 1949). When compared to a critical
value, it tests the hypothesis Hy : f = [y in the system defined by Equations 1.1
and 1.2 and does not depend on the value of Iy, making it robust to arbitrarily
weak instruments (Stock, Wright, and Yogo, 2002). The AR statistic is also com-
monly used as an overidentification test in the context of subvector testing (see
Section 1.3).

A Sargan form of the statistic in the full vector case, where uy =y — X 3y, is

uh Pyuyg
A =9
RS(BO) U{)UO/'R
and a Basmann form is
/
P
AR(f) = 20

u()MZu()/(n — kiz)’

both of which converge to a Xiz distribution under the null. Note that BL min-
imizes ARS(S) and AR(S). To test the null Hy : 8 = By, we compare ARS(Sy)
or AR(fy) to the appropriate Xiz critical value. The full-vector AR test does not
involve any estimation and even under weak identification, its size is controlled.
In addition to its robustness to weak instruments, the AR test can also be made

robust to heteroskedasticity in the following way:

ARS,(Bo) = uh Z(Z' Hyy Z) ™ Z'ug
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and

AR, (Bo) = uhpZ(Z' Hoy Z) " Z'uo,

where eg = Myug and H, = diag(a®), so Z'H,Z = > ud;zizl, and Z'H. 7 =
S edizizi. ARS.(By) and AR, (S) are robust to heteroskedasticity because
the terms Z'H,,Z and Z'H.,Z allow for different values of the error term to be
associated with each z;, whereas the non-robust ARS(fy) and AR(5y) assume

that wug is constant across Z. In practice, the homoskedasticity-dependent AR

statistic is typically the version used.

1.2.7 Underidentification and Overidentification

Subvector hypothesis tests are overidentification tests (see Section 1.3), so we are
interested in considering overidentification test statistics, including AR. However,
statistics originally intended for underidentification tests can also act as overiden-
tification statistics when applied in a different context.

Windmeijer (2021) shows that an underidentification test in the model y =
XpB + u is equivalent to an overidentification test in the auxiliary model x; =
X320 + € using the same instruments Z as the main model, where X = [z X5].

The first-stage regression X = ZIIx + Vx can then be partitioned into two parts:

x1 = Zm + v

Xy =ZlIy + Vs,

where Iy = [m IIy] and Vx = [v; V5]. We are simply separating out one of

the variables in X: x; includes one variable and X, includes the other kyxy — 1
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variables in X. We continue to use the full Z matrix and 7, Ils, vy, and V5 simply
represent the appropriate portions of the first-stage parameters and errors after
partitioning.Note that rank(Ilx) = rank((E(z;z])) " E(zx})) = rank(E(zx})),
which equals k, if the full rank condition, Assumption 1, holds. The primary
model is then underidentified if rank(Ilx) < kx and so an underidentification test
tests Hp : rank(Ilx) = kx — 1. If this null is true, following Windmeijer (2021),
there exists a 0* such that I16* = 0, which is simply an algebraic representation
of the null that II is rank deficient. After partitioning, we can write I16* as

0F

0

m = [0 into the first-stage equation for x; yields

[m 1] , so md7 + 1205 = 0 and m = Iy(—065/67) = TlI20. Plugging

r = ZH2(5+U1
:X25—|—U1 — ‘/2(5

:X25—|—€.

Under the null of reduced rank, FE(z;e;) = FE(z;(v1;—v9;0)) = 0, which is clearly
an exogeneity condition of the same form as Assumption 2. Tests of the exogeneity
condition are tests for overidentification. Hence, testing the null of reduced rank in
the primary model is equivalent to testing the exogeneity condition in the auxiliary
model and so the same test statistics can be used for both overidentification and
underidentification tests, depending on the context.

If the model is not underidentified and rank(Ilx) = kx, then we should reject
Hy :rank(ITx) = kx —1 at a level greater than or equal to a. The higher the rejec-
tion rate in this case, the higher the power. Alternatively, if rank(Ilx) = kxy — 1,

then the null is true and we should reject at a level equal to « if the test is ap-
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propriately sized. Notably, if rank(Ilx) is local to zero, as in the weak instrument
asymptotics given in Equation 1.3, then we will reject at a level less than or equal
to a (Gospodinov et al., 2017). Thus, rank tests under weak instruments are
conservative.

Similarly, an overidentification test - that is, a test of Hy : E(z;u;) = 0 - should
reject at level equal to a when the model is fully identified and rank(Ilx) = kx,
then reject at progressively lower levels than « as the rank of Iy decreases. This
is shown in the simulation in Figure 1.1. A Basmann overidentification test rejects
at a level close to a when Il is of full rank and the instruments are strong. In this
case, kx = 3 so rank(Ilx) = 3 in the fully identified case and as the instruments
grow in strength (c increases), the rejection rate approaches av = 0.05 from below.
When rank(Ilx) = 2, that is, with a rank reduction of one, the rejection rate is
severely diminished even under very strong instruments. And in the case of a
rank reduction of two, when rank(ITx) = 1, the rejection rate is functionally zero.
As expected, rank reductions thus lead to more conservative tests.

Additionally, we can observe the results of weak instruments, that is, when
the instruments have low but nonzero correlations with X. In the simulation, the

matrix [Ty is generated as

-1 1 1111
Ox=(c/Vkzm| 1 -1 1111 [)
1 1 1111

when it is of full rank or

111111
Ox=(¢/Vkzm| 1 1111 1]
1 11111
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Figure 1.1: Size of Asymptotic AR Test with Rank Reductions of 0, 1, and 2 of
II X for k X = 3
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Note: Rejection frequencies decrease both as the rank decreases (blue line to red to
yellow) and as the instruments weaken (blue line at ¢c=16 compared to c=2).

for a rank reduction of one or

111111
Ox=(/vVkzm| 11111 1]
111111

for a rank reduction of two, where ¢ is a constant that indicates the strength
of identification. A higher value of ¢ indicates stronger instruments. Figure 1.1
shows that when c is low and therefore the instruments are weak, the test is very
conservative, even when Ily is of full rank. Although the relevance condition is
technically satisfied under weak but nonzero identification, we can think of weak
instruments as reducing the rank of Ilx.

Recall the simple model given in Equations 1.1 and 1.2:

y=XB+u
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X =ZIIx+Vyx

We can write y as

Yy = Zmy + vy.

Imposing the restriction m, = IIx /3,

y:ZHXﬁ"i_vy

:Xﬁ—l—’l}y—VXﬁ.

As above, if the restriction 7, = IIx /3 is true, E(z;(vy — vxiB)) = 0. If the re-
striction is not true and instead m, = IIx8 + &, then y = ZIIxB + v, + Z§ =
XpB+v,+ Z& —Vxp and E(z(vy + 2:i& — vai)) = E(2i(2/€;)) # 0. Hence an un-
deridentification test on the rank of (m,, IIx) is equivalent to an overidentification
test on F(z;(y; — x;0)).

The maximum rank of (m,,Ilx) is kx + 1 so we test the null rank(m,,[Ix) =
kx. If the restriction m, = IIxf is not true and IIx is fully identified, then
rank(m,, IIx) = kx + 1 and we reject the null Hy : rank(m,,IIx) = kx at a level
greater than or equal to «, which reveals the power of the test. If the restriction
7, = IIx 3 is not true but Il y has a rank reduction of one, then rank(m,, [Ix) = kx
and we should reject the null at a level equal to «, the size of the test. However,
if the restriction m, = IIxf is true and Ilx is fully identified, then we are also
in a situation where rank(m,,IIy) = kx and we should reject the null at a level

equal to a. We therefore cannot distinguish between the case where 7, is in
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the column space of IIx and the case where IIx is underidentified simply by
observing a rejection rate of «.. In the case of weak instruments, rank(Ily) is close
to being less than kx. Thus if the instruments are also exogenous, as assumed,
then 7, = IIx /8 and rank(m,, IIx) is close to being less than kx, so the test rejects
at a rate less than «. This is the same key result as above in different notation:

rank tests under weak instruments are conservative.

1.2.8 2-Step Generalized Method of Moments Estimation

We now relax the conditional homoskedasticity assumption and consider methods
robust to heteroskedasticity. Heteroskedasticity occurs when the variance of the
outcome is dependent on a treatment variable. For example, there is heteroskedas-
ticity in the regression of wages on education because there is low variance in
wages among workers with low education levels - most tend to have low wages -
but there is a higher variance as wages rise. Some highly educated workers have
very high salaries, while others have more modest salaries. Hence, the variance is
not constant across X.

In the overidentified case, when k; > kx, it is not possible to set all sample

moment conditions equal to zero, but we can minimise a distance function, which is
the idea behind the Generalised Methods of Moments (GMM) estimator (Hansen,

1982):

Braum = arg min(y — XB)' ZW, ' Z'(y — X B)

= (X' ZW ' Z' X)X ZW 1 72"y

for some weight matrix W, 2 W as n — 0o. The notation Blg wmm indicates that

minimising the distance function is the first step of the two step GMM estimation
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process. Choosing W,, = Z'Z yields the two stage least squares (2SLS) estimator:
Branint = Bosts = (X'Z(Z'2) 1 2 X) 1 X' Z(Z' Z) " Z"y. Then @iy = y— X Braum

and, in the second step,
BzGMM = (X'Z(Z'Hy, 2) ' Z’X) ' X' Z(Z'Hy, Z) ' 7'y

where, for the conditional heteroskedasticity setup, Hy, = diag(u?) and so Z'Hy, Z =
> on, u3;ziz. Note that this is a robust estimation of Var(z;u;) because the term

u? is included within the sum and therefore multiplied by z;z! for each individ-

(2
ual in the sample, which allows the conditional error variance to vary across Z:
Var (u;]z;) = 0*(z;). In contrast, the variance o? )" | zz/ assumes a constant
value for the conditional variance, Var (u;]z;) = 02, and therefore represents the
homoskedastic scenario. Alternative variance matrices can be used to allow for

general clustering and serial correlation.

The asymptotic distribution of the 2-step GMM estimator is

\/ﬁ <B2GMM - 5) i) N (07 (Q,ZX@_IQZX)_I) )

where

O = E (0° (%) 2:7})

and Qzx = Elz7]].
As previously mentioned, 2SLS is efficient under homoskedasticity, and under

heteroskedasticity of an unknown form, 2-step GMM is efficient.
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1.2.9 Heteroskedasticity-Robust Test Statistics for Overi-

dentification
1.2.9.1 Kleibergen-Paap Test

If we use LIML estimation rather than 2SLS in the context of overidentification

tests, we arrive at the Kleibergen-Paap (KP) test (Kleibergen and Paap, 2006):

KPS(3,,1x,) = Wy My, Zo(ZLMg, Hay My, Z,) " Z0 Mg, iy, (1.4)

where 1, =y — XBL, XL = ZfIXL, and Z, are a set of ky — kx overidentifying
instruments. As with GMM estimation, Hy, = diag(u%). Taking é;, = My, the

Basmann form of the KP statistic is

Note that the name of the statistic on its own, in this case KP (Equation 1.5),
represents the Basmann form (using first stage residuals) and an S is appended
to indicate the Sargan form (e.g., in Equation 1.4, using structural residuals). We
will continue with that notation throughout the paper.

The KP test was originally conceived of as a rank test, for example to test
the null that rank(Ilx) = kx — 1 in Equation 1.2 against the alternative that
rank(Ilx) = kx. Hence, it is commonly used as an underidentification test because
it tests the null that the matrix of coefficients representing the correlation between
the instruments and regressors is of less than full rank. If this is true, the model
is underidentified. However, as shown above, underidentifican tests like KP can
also be used as overidentification tests, which is the context we are interested in

here.
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1.2.9.2 Hansen’s J -Test

The J-test for overidentification based on 2-step GMM estimator is as follows

(Hansen, 1982):

JS(BQSLSy BQGMM) = Wb Z(Z' Hy, Z) 7 11y,

Here 1, represents the errors from the 2SLS regression, which acts as the first step
of the 2-step GMM estimator, and us represent the errors from the second step.

Recall that Z'H,y, Z is the heteroskedasticity-robust variance estimator

n
!/ _ E ~2 !/
i=1

and that the S in JS indicates that it is the Sargan form of the statistic. To
calculate the Basmann form, we use é; = My in the equation for the second-

step estimator:

Bocnint = (X' Z(Z'Ho, 2) "\ 2/ X))\ X' Z(Z' Hp Z) ™1 2y

Then

J(Basrs, Pacrint) = o Z(Z' Hey Z) ™1 2" il

Note that the 5 in Basmann form are not equivalent to the 5 in the Sargan form
because the different variance matrices produce different second step estimates,
which in turn produce different errors.

Windmeijer (2021) shows that the J-test is equivalent to a robust score test
based on a one-step GMM estimator such as 2SLS. He also proposes an adaptation

of the J-test in order to create an invariant LIML-based overidentification statistic.

28



The adapted version, J2L, involves two steps. First, find the LIML estimates BL
and 11 x, and calculate the error 17, =y — X BL. The second step is to produce a

new estimate of :

B = (T, 2/ 2(7' Hay )1 2/ X) MUy, 2/ 2( 7' Hyy Z) 2.
Then the second step error tg;, =y — X Bg 1, 1s calculated and the J2L statistic
is
J2LS (B, Mx,) = iy, Z(Z'Hy,, Z) ™ Z'tisy.

Alternatively, we can use é;, = Myu; and éy;, = Myusy to calculate the

Basmann version:
J2L(Br, My, ) = iy, Z(Z' Hey, Z) ™" Z' 1oy,

Note that KP and J2L rely on the same information, namely BL and II X, -

1.3 Subvector Testing Under Homoskedasticity

If there are endogenous variables we are not interested in testing, they cannot be
partialled out and instead enter the model as nuisance parameters. The subvector

setup is therefore as follows:

y=XB+Wy+u (1.6)

X =Zllx+Vx (17)
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W = Zlly + Viy (18)

W is an n x kpy matrix of endogenous regressors that are not of interest for
inference and so v is a vector of nuisance parameters. If the null hypothesis
B = fp is true, we have yo = y — X5y = W + v and E(Z;u;) = 0. If the null is
not true, yo = Wy +u+ X(8 — Bo) and E(Z;(u; + X;(8 — fp))) does not equal
zero by Assumption 1, the relevance condition. Thus, we need to perform an
overidentification test.

In the subvector setting, we have two parameters describing the strength of
the instruments: ITy and Ily . If either one is local to zero, i.e. the instruments
are weakly related to either X or W, then the power of the test is reduced. If the
nuisance parameters in particular are weakly identified and so rank(Ily ) < ky,
then the size of the test is also affected and the overidentification tests will reject

less frequently than they should under the null.

1.3.1 Subvector Anderson-Rubin Test

When there are nuisance parameters to estimate, the size of the AR test is not
controlled.

In the subvector setup defined by Equations 1.6, 1.7, and 1.8, we can calculate
the LIML estimate of the nuisance parameter v in the restricted version of the
model, imposing Hy : 8 = [y and defining yo = y — X 3y, and we can then plug the
estimate into the subvector version of the AR statistic (see Guggenberger et al.

2012):

(?Jo - W'AYLyPZ(yO - W'AYL)

ARS(ﬁo,’S/L) = (?/0 _ W’?L)/(?JO — W’?L)/(n - kW)
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or
(yo = WAL) Pz(yo — WHL)
(yo - W’S/L)MZ(:UO - WWL)/(” —kz — kW)‘

AR(B(), ’?L) =

When there are nuisance parameters to estimate, the AR statistics asymptoti-
cally have a Xzz—kw distribution under strong identification but the size of the AR
test is not controlled under weak identification. ARS (5o, 1) and AR(5y, L) are
also not robust to heteroskedasticity. To deal with the size problem under weak
identification, Guggenberger, Kleibergen, and Mavroeidis (2019) propose data-
dependent conditioning (see below). To deal with the presence of heteroskedas-
ticity, we consider alternative statistics that are heteroskedasticity-robust (see

Section 1.4).

1.3.2 Data-Dependent Adjustments

Guggenberger, Kleibergen, Mavroeidis, and Chen (2012) propose a plug-in method
by which they estimate the nuisance parameters v by LIML and then calculate
the AR statistic, as above. This method has correct asymptotic size, but low
power and is only valid under homoskedasticity. Guggenberger, Kleibergen, and
Mavroeidis (2019) (GKM19) improve upon this method with the addition of crit-
ical values dependent on the strength of identification. When instruments are
weak, hypothesis tests tend to underreject because the low correlation between
endogenous treatment variables and instruments leads to situations in which the
available evidence is too often too weak to reject the null hypothesis, a problem
that does not occur under strong instruments. The method of GKM19 adjusts
for this by using smaller critical values when the instruments are weaker, in or-
der to raise the rejection rates to an appropriate level. This results in a test of

higher power, but that is still not robust to heteroskedasticity. To address that
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problem, Guggenberger, Kleibergen, and Mavroeidis (2021) (GKM21) introduce
a procedure that is robust to conditional heteroskedasticity when the covariance
matrix has an approximate Kronecker product structure. As a test for this struc-
ture rejected its presence in about half of the 118 specifications from highly cited
IV papers (Guggenberger, Kleibergen, and Mavroeidis, 2020), this method for
addressing heteroskedasticity is not universally valid. Given this fact, GKM21
recommend using it only when the test for approximate Kronecker product struc-
ture fails to reject and, where the test rejects the necessary covariance structure,
applying the two-step method of Andrews (2017) instead (see Section 1.5).

The AR statistic can be calculated as the minimum eigenvalue of the matrix

(R"MzR) Y (R'PzR),

where R = (yp, W), making it an overidentification test, and the particular data-
dependent adjustment made by GKM19 (referred to in the remainder of the paper
as GKM) is to condition on the largest eigenvalue of this matrix. In contrast,
Grohmann and Windmeijer (2021) propose conditioning on the second smallest
eigenvalue instead, a method which hereafter will be referred to as GKM2. In each
case, the adjusted critical value is calculated with the help of the tables of values
provided by GKM19 to aid practical application. There are different tables for
different values of k; — ky so in our simulations, which have six instruments, we
use the kz; — ky = 5 table for one nuisance parameter and the k; — ky, = 4 table
for two nuisance parameters. Then the critical values used in our simulations are

calculated through linear interpolation.

32



1.4 Subvector Testing Under Heteroskedasticity

1.4.1 Kleibergen-Paap Test

The KP statistic fills the need for a heteroskedasticity-robust subvector overiden-
tification test. It can be written either as

K PS(Bo, 41, hw, ) = iy, My, Zo(Z,Myyy, Haoy My, Z), ' Z, My, Gior

uoL

or

P(Bo, 41, w, ) = tiy, My, Zo( Zo My, Heo, My, Z) 5" Z My, dior,

€oL

where dg, = yo — WAL, W, = ZIyw,, éo, = My, and Z, is any subset of
size ky; — ky of the instruments Z. The subvector KP statistic has the advan-
tage over both the standard subset AR statistic and the data-dependent GKM
of being robust to heteroskedasticity of an unknown form. Even GKMZ21 relies
on a particular form of heteroskedasticity - i.e. with an approximate Kronecker
product covariance matrix - and when that form is not valid, reverts to a non-
heteroskedasticity-robust method. Thus the KP test provides a method to con-
duct subvector testing without any pretesting that is always robust to conditional

heteroskedasticity.

1.4.2 2-Step LIML-Based J-Test

Similarly, J2L also fills the role of a heteroskedasticity-robust subvector overi-
dentification test and therefore is an alternative to KP. Both rely on the same
information, namely Sy, 7, and ﬂWL, and so the results of KP and J2L can be
expected to be quite similar. To calculate the invariant heteroskedasticity-robust

J2L statistic, first conduct LIML estimation of the restricted subvector model and
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calculate tgr, = yog — W#r. Then the second stage estimate of v is

Aop = (W, Z'Z(Z2' Hyy Z) P 2'W) My, 2/ Z2(2' Hyy, Z2) 1 21y,

dor, dor

where Z'Hy,, Z = >0 U222, Then dgar, = yo — WAor, and the Sargan form of

0L

the J2L statistic can be written as

J2LS (Bo, A, My, ) = tihy, Z(Z' Hyyy, Z) ™ Z'igar-

02L

For the Basmann form, éq;, = Mzt so the second stage estimate is

Aor, = (I, Z'Z(Z' Heyy Z) " Z'W) Yy, Z' Z(Z' Hey, 2) 1 2y

and €ga;, = Mzlger,. Then the Basmann J2L statistic is

J2L(/807§/L7]-2-[WL) — ﬂOQLZ(Z,H Z>_IZ/1:L02L.

€o2L

1.5 Previous Methods in Subvector Testing and
Inference

Early work in subvector testing employed a projection approach. Dufour and
Taamouti (2005) describe a method for producing projection-based confidence
intervals for a subvector of parameters, using the AR statistic. Their method
is conservative, although Chaudhuri and Zivot (2011) later improved the power.
This less conservative method involves calculating a confidence set for nuisance
parameters, then finding the infimum of a test statistic over the nuisance param-

eter with the added restraint that it must belong to the confidence set. Similarly
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to Chaudhuri and Zivot (2011), Andrews (2017) starts by finding a confidence set
for the nuisance parameter. Then the null hypothesis, in terms of the parameter
of interest, is rejected if the test statistic is greater than the critical value at a
data-dependent significance level, adapted to account for the strength of the in-
struments, for all values of the nuisance parameter within the confidence set. The
second step in this two-step process can be inverted to produce a confidence set
for the parameter of interest.

Another option is to first estimate the nuisance parameters and then use the re-
sulting point estimates in the calculation of the test statistic. This is the approach
taken in the methods described in Section 1.3.2; including GKM and GKM2. In
particular, these plug-in methods involve estimating the nuisance parameters by
LIML and calculating the AR statistic.

Bootstrapping has also been used to conduct inference in IV settings. The
idea of bootstrapping is to resample with replacement from the sample data and
calculate the test statistic of interest on each replication, in order to produce,
after a large number of replications, a distribution of the test statistic. For a test
of size 0.05, one would then compare the test statistic from the original sample
to the 95th percentile of the bootstrapped distribution rather than to the 95th
percentile of the asymptotic distribution.

Davidson and MacKinnon (2010) bootstrap several statistics in the context of
IV regression, including the AR statistic. Specifically, they adapt the heteroskedasticity-
robust wild bootstrap first proposed by Wu (1986), which involves multiplying the
residuals in each iteration by a random variable. Liu (1988) notes that it is desir-
able for the random variable to have a distribution with mean zero, variance one,
and third moment one. The distribution suggested by Mammen (1993) has the

desired three moments but also an undesirable fourth moment of 2 and Davidson
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and Flachaire (2008) show that it is outperformed in practice by the Rademacher
distribution, which is equal to either 1 or -1, each with probability 0.5, and there-
fore its first four moments are 0, 1, 0, 1. Thus, Davidson and MacKinnon (2010)
bootstrap the AR statistic, among others, with the wild bootstrap implemented
with the Rademacher distribution.

Wang and Doko Tchatoka (2018) bootstrap the AR statistic in the context
of subvector hypothesis testing under the assumption of conditional homoskedas-
ticity. They consider the case of two endogenous regressors, one under test and
the other not, and find that the bootstrap works well if the nuisance parameter is
strongly identified, but that the bootstrap is inconsistent under weak identifica-
tion of the nuisance parameter. Specifically, they show that the subset bootstrap
fails to properly replicate both (1) the strength of the instruments and (2) the
level of endogeneity in the original sample. The first problem results from the
fact that there is an approximation error when calculating the bootstrapped iden-
tification strength of ~ that is negligible under strong identification but relevant
under weak identification and the second problem results from the fact that the
bootstrapped endogeneity parameter has an extra term when compared to the
equation for the original sample endogeneity parameter, so the bootstrap does
not well-replicate the appropriate level of endogeneity in the model. The conse-
quence of these problems is that the bootstrapped statistics do not converge to the
appropriate null limiting distributions. In their simulations, however, the LIML
bootstrap is still size-controlled, whereas the other estimation methods like the
2SLS bootstrap overreject severely. Although Wang and Doko Tchatoka (2018)
do not comment on the reason for this result, it can be understood within the
context of the result from Section 1.2.7 that rank tests under weak instruments

are conservative. While the LIML-based test is a rank test, the other methods
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like the 2SLS bootstrap are not.

Wang and Doko Tchatoka (2018) also propose a Bonferroni-based size cor-
rection to the asymptotic AR test. Their method involves creating a confidence
set for the nuisance parameter, as in Chaudhuri and Zivot (2011) and Andrews
(2017), rather than a point estimate as in GKM. However, their subsequent use
of data-dependent critical values is similar to the GKM approach and they also
add a negative size correction factor into their critical value calculation to reduce
the conservativeness of the test, under the constraint that it must still control for
size. That is, their size correction factor raises rejection rates but not too much as
to overreject. This proposed asymptotic adjustment is not particularly useful in
our setup because it relies on the assumption of a single nuisance parameter and
so we are more interested in their bootstrap method, which performs well when
implemented with LIML.

Their bootstrap algorithm estimates IIx and Il by OLS and 7 by one of
four estimation methods, including LIML, under the null. Davidson and MacKin-
non (2015) also examine several data generating processes (DGPs) similar to this
strategy, in the context of overidentification tests under homoskedasticity. For
example, in one of their methods, they estimate Iy by OLS and v by 2SLS and
in another they estimate both by LIML. They find that bootstrapping improves
the performance of overidentification tests with moderately weak instruments,
but comes with a modest cost to power. MacKinnon (2013) argues that boot-
strapping is particularly useful for improving p-values and confidence intervals
for heteroskedasticity-robust test statistics, a setting in which the wild boot-
strap outperforms the pairs bootstrap. Although heteroskedasticity-robust test
statistics, including the tests considered in this chapter, are asymptotically valid,

bootstrapping provides a refinement by converging to the asymptotic distribution
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more quickly.

If typical bootstrapping cannot be used, for example in cases of non-smooth
functions, sometimes m-out-of-n bootstrapping or subsampling are used instead.
Both the m-out-of-n bootstrap and subsampling use a sample size smaller than
n, with replacement in the former and without replacement in the latter. These
techniques can have their own problems, however. For example, Andrews and
Guggenberger (2009) show that subsampling tests in the context of weak instru-
ments may be inappropriately sized when testing exogenous controls. This is not
a problem here for two reasons. First, we are considering hypothesis tests on the
endogenous variables that are instrumented for rather than exogenous controls
and Andrews and Guggenberger (2006) show that subsampling is approximately
appropriately sized in this case. Second, subsampling and m-out-of-n bootstrap-
ping are unnecessary in our context, given the well-behaved nature of the statistics
we consider. In cases like ours where subsampling or the m-out-of-n bootstrap
is unnecessary, the standard bootstrap is preferred because it provides second-
order refinements, a result proved by Moreira et al. (2009), who also show the
bootstrapped score statistic is valid under weak instruments, although with less

refinement than under strong instruments.

1.6 Simulation Results under Homoskedasticity

1.6.1 Procedure
1.6.1.1 One Nuisance Parameter

For our simulations, we use a sample size of n = 250, have k; = 6 instruments,

and set kx = 1. We test the null hypothesis Hy : 5 = By at the 5% level. In the
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case of one nuisance parameter, ky = 1, we set the nuisance parameter v = 0.5

and use the covariance matrix from GKM19:

1 08 08
YX=108 1 03
08 03 1

We take

Wf4MV@m(L1,L1,L1)

and

/
Tw = (T0y/\/ kzn) ( 1, -1, 1, 1, 1, 1 )

and we vary ., through the values 1, 2, 4, 8, and 16 to represent a range from
very weak instruments (7, = 1) to very strong instruments (m, = 16). For each
of the 10,000 repetitions in the Monte Carlo simulation, we generate kz random
instruments as well as a random error matrix V' from the multivariate normal
distribution with mean zero and covariance Y. We then calculate z,w,y, and
Yo = y — xfy from our generated instruments and errors as well as 7, and m,.
We directly compare the GKM test statistic to the data-dependent critical values
tabulated in Guggenberger et al. (2019). We estimate the restricted equation
Yo = wy + u by LIML in order to calculate the AR, KP, and J2L statistics,
each in both their Basmann and Sargan forms, and to use the LIML estimates
to calculate the restricted residuals. We then estimate the unrestricted equation
y = xf +wy+u by LIML and calculate the unrestricted residuals (see Appendix
1.9).

For each of B = 399 bootstraps, we randomly resample with replacement

n groups of instruments and residuals from the original sample of size n. The
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wild bootstrap is implemented by multiplying each residual by either -1 or 1 each
with probability 0.5, although the implementation of the wild bootstrap, which
makes the bootstrap heteroskedasticity-robust, should not make a difference in
the homoskedastic case. Using the new restricted residual values, we calculate
wp, the bootstrapped values of w, and y;5, the bootstrapped values of y,. Note
that Wang and Doko Tchatoka (2018) calculate bootstrapped values of z and y
and then calculate y5 = y* — 2"y, but this is unnecessary when we can resample
Yo directly. Next, we estimate the restricted equation y;p = wgy + v by LIML
using the bootstrapped instruments Z* and calculate the bootstrapped restricted
AR, KP, and J2L statistics in both their Basmann and Sargan forms. A simi-
lar procedure is repeated using the unrestricted residual values to calculate wy;
and Y4y, estimate yg;p = wi;py + u by LIML, and calculate the corresponding
bootstrapped unrestricted test statistics. The results for the unrestricted boot-
strap are reported in the appendix. P-values for the asymptotic, restricted, and
unrestricted versions of the AR, KP, and J2L tests are calculated by comparing
the values from the restricted Monte Carlo simulations to the 95th percentile of
the Xzszwdistribution, the bootstrapped restricted distribution, and the boot-
strapped unrestricted distribution respectively.

In steps, the procedure for the restricted bootstrap is as follows:

1. Generate Z and V.

2. Calculate z,w,y and .

3. Estimate the restricted equation imposing the null 5 = gy by LIML and

calculate the test statistics.
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4. Calculate the LIML residuals:

Ur = Yo — WYL

VwL =W — Zﬁ'wL

5. For each of the b = 1, ..., B bootstraps, jointly resample with replacement
n times from the rows of 4y, Vw 1, and Z. Then multiply the errors {uy;, VwLi}
by a random variable equal to -1 or 1 each with 50% probability. This step will
create the bootstrapped terms uj,, V;,, and Z;.

w

6. Calculate w; and yg,:

* * A~ *
Yoo = Wp YL + Upy,

7. Estimate each of the b = 1,..., B bootstrapped restricted equations by
LIML, recentring w; and y,, and calculate the test statistics.

8. Calculate the 95th percentile of the bootstrapped distribution of each test
statistic. Reject the hypothesis if the test statistic calculated in step 3 exceeds
this 95th percentile threshold.

1.6.1.2 Two Nuisance Parameters

A similar procedure is used in the case of ky = 2, with the following differences:

Y= (17—1)7

41



1 05 04 08
05 1 03 0.1
04 03 1 0.2

0.8 01 02 1

and )

1 1 1 1 11
Iy = (my/V/kzn)

-1 11111

The variance matrix in this case is taken from Grohmann (2021).

1.6.2 Simulation Results

In total there were 10 asymptotic tests: AR, KP, J2L, GKM, GKM2, ARS, KPS,
J2LS, GKMS, and GKM2S. Recall that GKM involves conditioning on the largest
eigenvalue, whereas GKM2 involves conditioning on the second smallest eigen-
value. They are therefore identical in the case of ki, = 1, which has 2 eigenvalues.
The lines labelled GKM in the ky, = 1 graphs thus also represent GKM2.

In addition to the asymptotic tests, there are also both restricted and unre-
stricted bootstrapped tests of AR, KP, and J2L. Bootstrapping the Sargan ver-
sions ARS, KPS, and J2LS produces numerically identical results in the case of
AR and ARS and similar results in the case of KP and KPS and J2L and J2LS.

A perfect test, in our case of testing Hy : § = 0, would have a constant rejection
frequency of 0.05 when g = 0, regardless of the strength of the instruments, given
by m,. However, as we see in the size graphs below, it is common for tests to be
undersized, i.e. have a rejection frequency less than 0.05 when instruments are
very weak, i.e. m, = 1 or m, = 2. The ideal test would also increase rapidly in

rejection frequency as [ moves away from 0, indicating that it has the power to
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detect when the null hypothesis is untrue. Flat power graphs indicate that the
test is not well able to distinguish cases where the null hypothesis holds from cases

where it does not.

1.6.2.1 Basmann-Type Variance, ky = 1

First, we compare previously available asymptotic methods, namely the AR and
GKM tests, to a restricted bootstrap of the AR test. Recall that the GKM
test is simply the asymptotic AR test with data-dependent conditional critical
values. In Figure 1.2, a larger value for m, represents stronger instruments and
so we see that, as expected, under strong instruments, the size of asymptotic
AR and GKM converge, both overrejecting slightly, and that the LIML-based
restricted bootstrap of the AR statistic improves upon both these previously used
asymptotic tests. Under very weak instruments, ie. m, = 1 or m, = 2, we
see that GKM has better size properties than the asymptotic AR - namely, it
underrejects less severely - because of its conditioning on the larger of the two
eigenvalues, and in fact it even performs better than the LIML-based restricted
AR bootstrap in terms of size under weak instruments. Additionally, Figure
1.3 shows that the GKM test also has better power properties than the other
two under weak instruments (m, = 2), but all three tests converge under strong
instruments (7, = 16). The power curves are asymmetric, with higher power
for negative values of 3 than for postive values of 3, a trend that appears in all
power graphs reported in this chapter. Van de Sijpe and Windmeijer (2022) show
analytically that the power curve of the AR test is asymmetric for the standard
k., = 1 case. Here we find that this asymmetry carries over to the subset AR test,

as was also found by GKM.
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Figure 1.2: Size of Asymptotic AR, GKM, and Restricted Bootstrap AR Tests,
kw=1, under homoskedasticity
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Note: The asymptotic AR-based tests are slightly oversized but implementing the boot-
strap improves the size properties.

Figure 1.3: Power of Asymptotic AR, GKM, and Restricted Bootstrap AR Tests,
kw=1, under homoskedasticity, with weak instruments (left, 7, = 2) and strong
instruments (right, =, = 16)
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Note: Under weak instruments, GKM has higher power than either the asymptotic or
bootstrapped AR test, but all three tests converge under strong instruments.
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Figure 1.4: Size of Asymptotic AR, GKM, and Restricted Bootstrap AR Tests,
kw=2, under homoskedasticity
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Note: With two nuisance parameters, GKM2 is less undersized under weak instruments
than GKM, but is slightly oversized under strong instruments, in contrast to the ap-
propriately sized AR bootstrap when 7., = 16.

1.6.2.2 ky =2

When there are two nuisance parameters, GKM2, which was equivalent to GKM
in the ky = 1 case, again has better size properties than the LIML-based re-
stricted AR bootstrap under weak instruments and worse size properties under
strong instruments (see Figure 1.4). GKM2 also dominates the AR bootstrap in
terms of power under weak instruments (Figure 1.5). The LIML-based restricted
AR bootstrap outperforms the asymptotic AR and GKM tests under both weak
and strong instruments, however, in terms of size (Figure 1.4) and also outper-
forms both in terms of power under weak instruments (Figure 1.5). As usual,
the tests show a high degree of convergence under strong instruments. Under
weak instruments, the largest eigenvalue of the AR matrix is quite large and so
conditioning on it, the strategy of GKM, does not have as much benefit as con-
ditioning on the second smallest eigenvalue, the strategy of GKM2, leading to a

clear preference for GKM2.
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Figure 1.5: Power of Asymptotic AR, GKM, and Restricted Bootstrap AR Tests,
kw=2, under homoskedasticity, with weak instruments (left, 7, = 2) and strong
instruments (right, 7, = 16)

0.06 T T T T T T T 0.35 T T T
—o— Asymptotic, AR 4 —&— Asymptotic, AR
—&— Asymptotic, GKM \ —4A— Asymptotic, GKM

0.05 - Asymptotic, GKM2 i 03 N\ Asymptotic, GKM2
--O---LIML-Restr, AR N --©O---LIML-Restr, AR

e

o

=
o
o
o

Rejection Frequencies
o
c o
w
O
Rejection Frequencies
o
N

. 0.15
.
0.02 F o o
4 o ¥cas 0.1
o \
o0ty 4 0.05
— o ,,7%‘/
0 . . . . . . . 0 . . . . . . .
-1 075 05 -0.25 0 025 05 075 1 -1 075 05 -0.25 0 025 05 075 1

e 6

Note: Under weak instruments, the tests all perform poorly. A good test should have
a rejection rate of 0.05 at S = 0 and rejection rates higher than 0.05 away from g = 0.
The tests shown on the lefthand side of the figure are all undersized and greatly lacking
in power, although GKM?2 outperforms the others. On the righthand side of the figure,
under strong instruments, the tests converge and all are appropriately sized and have
better power properties.

1.6.2.3 Sargan-Type Variance

Sargan-type variances do not subtract out the part of the error explained by the
instruments and so have lower power than the corresponding Basmann-variance
statistics. However, the Sargan-variance statistics are also less likely to overreject.
Figure 1.6 shows that asymptotic KP and J2L statistics overreject in their Bas-
mann forms, whereas AR, GKM, and GKM2 are closer to the correct size, but this
distinction does not exist with the Sargan forms, which are all quite similar. Note
that while the Basmann-variance statistics may overreject, the Sargan-variance
statistics may underreject (see Figure 5, right: ky =1 and 7., = 16; ky = 2 and
7, = 8). Relatedly, Figure 1.7 shows that the Basmann-variance versions of the
asymptotic statistics have higher power than the Sargan-variance versions and

that while the KP and J2L statistics have notably higher power than the others
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in Basmann form, the differences between statistics diminish in the Sargan form.

While the Basmann-form asymptotic statistics, especially KP and J2L, have
higher rejection rates than their Sargan-form counterparts, leading to improved
power but potentially distorted size, the bootstrapped Basmann-form and Sargan-
form statistics are nearly indistinguishable. Figures 1.8 and 1.9 show that the use
of either variance results in tests of similar size and power, respectively. Inter-
estingly, the restricted bootstrap of the KP and J2L statistics with Sargan-type
variances even shows a slightly greater degree of overrejection than the correspond-
ing statistics with Basmann-type variances in the size diagrams when ky, = 1 and
7, = 8 (see Figure 1.8, upper panel). This slight deviation runs in a contrary
direction to the pattern established with the asymptotic statistics, but overall the
Basmann and Sargan restricted bootstraps have strikingly similar results. Note
also that the bootstrapped statistics suffer from some power loss compared to

GKM (see Figure 1.9).

1.7 Simulation Results under Heteroskedastic-
ity

1.7.1 Procedure

The procedure for the heteroskedastic bootstrap is the same as the homoskedastic

version, but with a different procedure for generating the errors. First, generate

an instrument matrix Z with n rows and kz columns as well as an error matrix V'

with n rows and ky +2 columns. The first column of V' will be the structural error

u, the second column will be vy and the remaining columns will be V. Then,

the variance of u is made heteroskedastic according to the following equation:
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Figure 1.6: Size of Asymptotic AR, GKM, GKM2, KP, and J2L Tests, ky = 1
(top), kw = 2 (bottom), Basmann variance (left), Sargan variance (right), under

homoskedasticity
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Figure 1.7: Power of Asymptotic AR, GKM, GKM2, KP, and J2L Tests, ky =1
(top), kw = 2 (bottom), Basmann variance (left), Sargan variance (right), under
homoskedasticity and weak instruments (7, = 2)
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Note: In the top of the figure, with one nuisance parameter, GKM outperforms the other
asymptotic tests, although KP and J2L have higher power against negative hypothesized
values of # when using the Basmann variance (left). In the bottom of the figure, with
two nuisance parameters, GKM2 outperforms the other asymptotic tests, although none
of them have power in this weak instrument setting. Rejection rates with the Basmann
variance (left) are higher than with the Sargan variance (right).
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Figure 1.8: Size of Restricted Bootstrap AR, KP, and J2L Tests Compared to
GKM, kw =1 (top), kw = 2 (bottom), Basmann variance (left), Sargan variance
(right), under homoskedasticity
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Figure 1.9: Power of Restricted Bootstrap AR, KP, and J2L Tests Compared to
GKM, kw =1 (top), kw = 2 (bottom), Basmann variance (left), Sargan variance
(right), under homoskedasticity and weak instruments (7., = 2)
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= diag ( Vnexp(0.7z1) ) “

exp(0.721) exp(0.72)

where diag(a) is the diagonalisation of vector a and z; is the first column of
Z. Then update V as V = V x upperchol(>_), where upperchol(A) represents
the upper triangular matrix in the Cholesky decomposition of A and ) is the
covariance matrix as defined in Section 1.6. We take u, vy, and Vj as the first,

second, and remaining columns, respectively, of the updated matrix V.

1.7.2 Simulation Results
1.7.2.1 Basmann-Type Variance

The AR-based tests assume conditional homoskedasticity and so do not perform
well asymptotically in a heteroskedastic setting. Figure 1.10 shows that the boot-
strapped AR test improves upon the asymptotic AR and GKM tests. As in the
homoskedastic case, GKM is nearly identical to asymptotic AR in the ky = 2
case because conditioning on the largest eigenvalue does not make much differ-
ence when that eigenvalue is very large. GKM2, however, is distinct from AR and
GKM. With ky, = 2, there are three eigenvalues: the smallest is the AR statistic,
the second smallest is conditioned on in GKM2, and the largest is conditioned
on in GKM. This is in contrast to the two eigenvalues present in the ky = 1
case, in which the smaller is the AR statistic and the larger is conditioned on
by GKM/GKM2. Note that while GKM2 generally outperforms GKM/AR when
kw = 2, it can be seen in Figure 1.10 that the overrejection is more severe when
7, = 4 and in fact GKM also overrejects somewhat more than asymptotic AR
when Ky = 1 and 7, = 2. The most notable feature in Figure 1.10, however,

is the stark overrejection of the nonrobust asymptotic methods in the presence
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Figure 1.10: Size of Asymptotic AR, GKM, and Restricted Bootstrap AR Tests,
kw =1 (left), kys = 2 (right), under heteroskedasticity
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Note: The asymptotic Afi—based statistics perform poorly under heteroskellasticity, but
the bootstrapped AR maintains approximately the correct size.

of heteroskedasticity even under very strong instruments and the fact that boot-
strapping greatly improves the size control.

The reason that asymptotic AR and GKM/GKM2 do not perform well in
Figure 1.10 is that they are not robust to heteroskedasticity. When we examine
the asymptotic performance of KP and J2L we find they are strikingly better,
in the sense of having a smaller degree of overrejection, because they are robust
to heteroskedasticity. The asymptotic KP and J2L tests do still overreject, how-
ever, even under strong instruments and so there is room for improvement. The
bootstrapped tests provide this refinement. In Figure 1.12, we see that GKM
has rejection rates over 12% under strong instruments when ky = 1, whereas
the bootstrapped methods are closer to 4-5%. The bootstrapped KP and J2L
statistics are particularly consistent and do not suffer the same slight drop in re-
jection rates as the bootstrapped AR does as the instruments grow stronger. The
same patterns are present when ky = 2: GKM and GKM2 overreject severely,

the bootstraps control size well, and the AR bootstrap underrejects slightly under
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Figure 1.11: Size of Asymptotic AR, GKM, GKM2, KP, and J2L Tests, ky = 1

(left), ky = 2 (right), under heteroskedasticity
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Note: The asymptotic KP and J2L tests are robust to heteroskedasticity and therefore
perform better in the presence of heteroskedasticity than do the non-robust AR-based

statistics.

especially strong instruments.

1.7.2.2 Sargan-Type Variance

Comparing the two types of variance estimators, we see that switching from Bas-

mann to Sargan again causes a drop in size, as in the homoskedastic case. The

asymptotic KP and J2L statistics overreject somewhat in their Basmann forms,

but underreject somewhat in their Sargan forms. The asymptotic AR and GKM

statistics always overreject, but to a lesser degree in their Sargan forms (see Figure

1.13). Interestingly, GKM2 does much better in its Sargan form than its Basmann

form. As the latter, it overrejects severely, but as the former it underrejects only

slightly, with overall remarkably well-controlled size. In contrast, the bootstraps

always perform well, regardless of which variance matrix is used (see Figure 1.14).
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Figure 1.12: Size of Restricted Bootstrap AR, KP, and J2L Tests Compared to
GKM, ky =1 (left), ky = 2 (right), under heteroskedasticity
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Note: All of the bootstrapped statistics are approximately appropriately sized, espe-
cially compared to GKM, but the bootstrapped KP and J2L are somewhat less under-
sized under strong instruments than the bootstrapped AR.

1.7.2.3 Identification of Beta

In our simulations,

mx = (m5/V kzn) (1,1,1,1,1, 1)

and we have so far set m3 to the constant value of 4, which represents moderately
weak identification of 5. We now consider the results of varying 73 from very weak
to very strong instruments. Figure 1.15 plots the power of both the asymptotic
and bootstrapped tests for 73 = 1, m3 = 4, and m3 = 16 and we can see that the
power improves as the identification of 3 strengthens. The size, however, is largely
unaffected. Note how the rejection rate of GKM when = 0 hovers around 10%
regardless of the strength of identification of 5, whereas the heteroskedasticity-

robust methods tend to have approximately correct size in all situations.
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Figure 1.13: Size of Asymptotic AR, GKM, GKM2, KP, and J2L Tests, ky = 1
(top), kw = 2 (bottom), Basmann variance (left), Sargan variance (right), under

heteroskedasticity
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statistics (KP, J2L) are closer

to the appropriate size than the non-robust asymptoptic statistics. In general, Sargan
variance rejection rates (right) are lower than Basmann variance rejection rates (left).
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Figure 1.14: Size of Restricted Bootstrap AR, KP, and J2L Tests Compared to
GKM, kw =1 (top), kw = 2 (bottom), Basmann variance (left), Sargan variance
(right), under heteroskedasticity
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Figure 1.15: Power of Asymptotic (top) and Restricted Bootstrap (bottom) Tests,
g =1 (left), mg = 4 (middle), mg = 16 (right), ky = 1, under heteroskedasticity
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1.8 Conclusion

This paper has considered the problem of performing hypothesis tests on a subset
of the endogenous parameters in an instrumental variables regression under weak
instruments and we have proposed bootstrapping the KP or J2L statistic, two
choices which use the same information and therefore produce nearly identical re-
sults. In contrast to previous approaches, the method of bootstrapping the KP or
J2L statistic is robust to unknown forms of heteroskedasticity, a key improvement
in making subvector testing more practically useful as many empirical regressions
of interest to applied researchers are not homoskedastic and thus the methods
reliant on the assumption of homoskedasticity are not appropriate. In our simula-
tions, for example, we show that although GKM is the preferred method based on
power, it is greartly oversized under heteroskedasticity. Additionally, bootstrap-
ping provides a size advantage over asymptotic approaches generally and because
LIML estimates are used in the calculation of the KP and J2L statistics, they
are rank tests and therefore conservative. While the asymptotic KP and J2L
tests sometimes overreject, particularly under strong instruments, bootstrapping
pushes the rejection rates to a level closer to alpha. Another advantage of our
method is that it is applicable for general ky/, in contrast to other methods that
only allow for a single nuisance parameter.

Bootstrapping the KP or J2L statistic is a versatile method for subvector
testing with desirable size properties that is robust both to weak instruments and

heteroskedasticity and applicable in situations with multiple nuisance parameters.
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1.9 Appendix

1.9.1 Unrestricted Bootstrap

The restricted bootstrap statistics we have examined thus far have come from
estimating the restricted equation yy = W+ + w, with the null hypothesis Hj :
B = By imposed. Alternatively, we could use the unrestricted estimates, obtained
from estimating y = X5 + W+~ + u, in the bootstrap. Overall, the results are
rather similar, except for the AR statistic. Both the restricted and unrestricted
KP and J2L statistics control size well but slightly underreject and the restricted
AR statistic is in the same cluster of slight underrejection. The unrestricted AR
statistic however, overrejects considerably (see Figure 1.16) .

The reason the unrestricted bootstrap is not included in the main text is that
we are performing overidentification tests on the restriction FE(Z;u;) = 0 for the
restricted equation yg =y — X8 = Wy 4+ u . As explained in Section 1.3, if the
null 8 = fy is true, then the restricted model is overidentified and the test fails to
reject. Thus it makes sense to use the estimates from the restricted equation in
the test statistics as opposed to the corresponding unrestricted estimates because

it is the restricted equation we are testing.
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Figure 1.16: Size of Restricted and Unrestricted Bootstrap AR, KP, and J2L

Tests, kw =1 (left), ky = 2 (right), under heteroskedasticity
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Chapter 2

Assessing the Exclusion
Restriction and Testing

Endogeneity

2.1 Introduction

Instrumental variables regression relies on two assumptions: the relevance condi-
tion, which states that the instrument has a nonzero correlation with the endoge-
nous variable, and the exogeneity condition, which states that the instrument has
a zero correlation with the error. In the first chapter, we considered the case of
a near violation of the relevance condition and described procedures for handling
weak instruments in the context of subvector testing under heteroskedasticity. In
this chapter, we consider invalid instruments, which violate the endogeneity con-
dition. In particular, we are concerned with the exclusion restriction, which states
that the instrument does not independently contribute to the outcome variable,

over and above its influence on the outcome through the endogenous treatment
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variable.

The exclusion restriction is generally held to be impossible to directly test.
This is problematic because it implies that instrumental variables regression, a
popular technique in fields such as statistics, economics, and epidemiology, de-
pends on an untestable assumption, casting doubt upon the conclusions of a large
number of papers. However, there are some methods available for gaining infor-
mation about the exclusion restriction. The standard method is to conduct a
Sargan test, the procedure for which is described in the previous chapter (Sargan,
1958). It is important to recognise that the Sargan test is a test of overidentifying
restrictions, which means that the number of instruments (kz) must be strictly
greater than the number of endogenous variables (kx) and the test still relies on
the untestable assumption that some set of kx instruments are valid. Windmeijer
(2019) provides an intuitive interpretation of the Sargan test. In the case of a re-
gression with one endogenous variable and two instruments, z; and z,, one twice
estimates the coefficient on the endogenous variable by just-identified 2SLS (i.e.,
IV), producing estimates BIV1 and BIVQ, when using z; or zy respectively. The
Sargan test rejects the null that all instruments are exogenous when B 1 and B Jate
are significantly different and fails to reject when they are similar. However, while
different IV estimates of § from different instruments are indeed good evidence
that at least one of the instruments fails the exclusion restriction, it is not the
case that similar IV estimates imply valid instruments. This is the reason that
the Sargan test relies on the assumption of kx valid instruments and only works
in overidentified settings.

Another option suggested by Masten and Poirier (2021) is to calculate a falsifi-
cation adaptive set, which is a range of values for [ that are nonfalsified allowing

for different model specifications. Similarly to Windmeijer (2019), the bounds
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of the set correspond to different estimates for § calculated by using only one
instrument at a time in an IV regression. However, Masten and Poirier (2021)
also include the unused instruments as regressors with the rationale that the goal
is to estimate what § would be if the exclusion restriction did not hold for some
of the instruments. When the exclusion restriction is violated, the instrument
has a direct effect on the outcome variable and should therefore be included as a
regressor in the model. This method still requires the unverifiable validity of at
least one instrument, but presents a range of estimates to provide information in
case any of the instruments are invalid and therefore acts as a type of sensitivity
analysis.

The plausibly exogenous method, originally proposed by Conley et al. (2012),
provides a way to adjust the estimate of the effect of X based on assumed or
estimated information about + in the model y = X3 + Zv + u. In particular, if
there is a subsample for which Z necessarily has no relationship with X, then an
estimate for v can be calculated in that subsample and then used to estimate (3
in the full sample (van Kippersluis and Rietveld, 2018).

Rather than attempt to account for possible violations of the exclusion re-
striction, Kiviet (2020) proposes a method to account for the possible endogene-
ity of X. While the Sargan test, the falsification adaptive set method, and the
plausibly exogenous method all consider the model y = X3 + Z~ + u and are
concerned with the possibility that v may not be zero, Kiviet (2020) considers
the model y = X3 + u, which does not include any instruments. This technique
of instrument-free inference calculates estimates for 3 based on assumed values of
the correlation between X and u. This correlation is of course a measure of the
endogeneity of X. A researcher can thus produce a range of 3 estimates across

a range of endogeneity estimates. This method, known as Kinky Least Squares
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(KLS), adjusts the OLS estimate of 8 to account for the bias introduced by the
assumed level of endogeneity. KLS dodges the issue of a potentially violated ex-
clusion restriction by not including any instruments at all and instead performs a
sensitivity analysis directly on the endogeneity of X, the problem motivating all
instrument-based regression.

But Kiviet (2020) additionally argues that the same logic behind the KLS
method of estimating  can be harnessed to create a test of the exclusion restric-
tion, a bold claim given that testing the exclusion restriction in the case of a single
instrument has long been thought to be impossible. Recall that the previously
mentioned assessments of the exclusion restriction depended on having at least
one valid instrument and therefore are unable to evaluate the validity of a single
instrument, which is a popular case in practice. In order to conduct his test, Kiviet
(2020) returns to the standard model in evaluations of the exclusion restriction:
y = X0 + Z~ + u. He develops a hypothesis test of the null Hy : v = 0 at each
potential value of the correlation between X and u and claims that if the test fails
to reject in a range of plausible values for the endogeneity correlation, then the
researcher has evidence in favour of instrument validity, a method purported to
work even when kz = 1. However, as acknowledged in Kiviet (2022), this test is
misleading. The problem is that, in the case of one instrument, the correlation
implied by the IV estimate of § produces a KLS estimate of v that tends to zero
and so the instrument always appears valid at that level of correlation, regardless
of the true validity of the instrument.

Independently from Kiviet (2022), we show in this chapter that the KLS es-
timate of v calculated at the endogeneity level implied by IV does not just tend
to zero asymptotically but is in fact equal to zero in finite samples. This proves

that the proposed test of the exclusion restriction is not valid. However, it is still
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possible to gain some information about the exclusion restriction even though the
test of Hy : v = 0 fails. We suggest a reformulation such that we directly test the

endogeneity correlation rather than testing the exclusion restriction per se. That

is, we test Hy : ppy = Tzu, Where py, = U‘?{; is the correlation between X and the
error and r,, is a particular value chosen by the researcher. We show that the
KLS exclusion restriction test also functions as a test of p,, and we additionally
propose several alternate methods for testing p,, and examine their performance.
In each case, the researcher chooses a plausible value for the endogeneity correla-
tion and tests the hypothesis that the correlation is that value. A rejection of the
hypothesis then casts doubt upon the validity of the instrument, but one must still

be careful not to conclude that an instrument is valid based on a failure to reject

the hypothesised correlation. Testing the impossible is, after all, impossible.

2.2 Past Approaches to Assessing the Exclusion
Restriction

We consider the model

y=XB+Zv+u, (2.1)

where y is an n x 1 vector of outcomes, X is an n X kx matrix of potentially
endogenous regressors, and Z is an n X kz matrix of instruments of unknown
validity with k7 > kx. We assume for now that the errors are i.i.d. (independent

and identically distributed), mesokurtic, and homoskedastic:
ug|z; ~ (0702)

Recall that 2SLS regression relies on the following assumptions:
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Assumption 1: rank(E|[zz}]) = kx

i

Assumption 2: E[zu;] =0

Assumption 1 is the relevance condition and Assumption 2 is the exogeneity
condition. The exogeneity condition encompasses the exclusion restriction, the
focus of this paper, which states that the instruments do not contribute to y
other than through the channel of their effect on X. If the instruments are valid,
~v = 0 in Equation 2.1 and if the exclusion restriction fails, v # 0. Due to the fact
that X may be endogenous, valid instruments are needed to identify the model.
However, if v # 0, Z contributes to y directly, violating the exclusion restriction.
The model is then underidentified. When v = 0, we can remove Z as regressors

and instead use Z as valid instruments in a 2SLS regression of the following model:

y=Xpf+u

We are especially interested in the just-identified case with one endogenous re-
gressor

y=aB+zy+u

because the standard Sargan test cannot provide any insight in this scenario and
so alternative methods are required to gain information about the validity of the

single instrument.

2.2.1 Sargan Test for Overidentifying Restrictions

As introduced in the previous chapter, the Sargan test for overidentifying restric-

tions can be written as follows (Sargan, 1958):
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(y — X Basrs) Pz(y — X Pasis)
(y — XBasrs) (y — X Bosrs)/(n — kx)

It is a test for overidentifying restrictions because it can only test the exclusion

S(Bass) =

restriction for a ky — kx subset of instruments in an overidentified setting. Thus
the Sargan test requires at least kx + 1 instruments and is only a test of v = 0
in the equation y = X + Z,y + u, where Z, are a set of k; — kx overidentifying
instruments, rather than a test of v in y = X + Z~v + u, where Z contains all
instruments. If there are at least kx valid and sufficiently strong instruments,
an untestable assumption, then the test will be able to identify whether or not
the additional instruments are valid. However, as there is no guarantee that the
requisite number of instruments are in fact valid, it is difficult to interpret the
results of the test. A failure to reject the null cannot be interpreted as proof that
all instruments are valid; the same result could arise from a situation where all
instruments are invalid.

To see why this is, consider that the Sargan statistic is equivalent to a minimum
distance statistic for the IV estimates from individual instruments (Windmeijer,
2019). These IV estimates can be written as f3; = (zjz) "2y for the case of one
endogenous variable. When the distance between estimates becomes large - i.e.
estimates using different instruments are different - the test rejects the null and
the implication is that at least one instrument is invalid. However, even if all
instruments are invalid, they may have biases in the same direction and so the
minimum distance would be small and the Sargan test would fail to reject. If
it is possible to predict the direction of the bias, a researcher can try to choose

instruments with biases in opposite directions to avoid a failure to reject due only

to invalid instruments with similar biases.
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2.2.2 Falsification Adaptive Set

If the exclusion restriction does not hold, the model specification is incorrect and
should be adjusted. If it was known that an instrument contributed independently
to the outcome variable, over and above its relationship with the endogenous
treatment variable, then it should be included as an additional regressor in the
model, which would alter the estimate of 3. The idea of the falsification adaptive
set is to consider the possibility that, in the case of a single endogenous regressor,
there is only one instrument that truly satisfies the exclusion restriction out of
multiple possibilities. As we cannot test the exclusion restriction, we do not know
which if any of the instruments is valid. Thus we calculate multiple estimates
for B assuming that each instrument is the only valid one in turn. This method
considers the worst case scenario that still satisfies the necessary requirement for
IV inference in a single endogenous variable setting: the existence of one valid
instrument.

The procedure for calculating the falsification adaptive set is to calculate ﬁj,
the IV estimate using only instrument z; and inserting all other instruments into

the regression as controls, for each of the instruments z1, ..., z;,. They define

Tret = {j €{1,....kz} : F; > 10},

which is the set of the indices of the instruments that have first stage F statis-
tics greater than 10 and are therefore considered sufficiently relevant. Then the

falsification adaptive set is estimated as

FAS = [min f;, max (]

je\—,]'rel jEJrel

69



It is thus a report of the range of estimates for f under any IV model specification
that satisfies the crucial constraint of including at least one valid instrument, the
same requirement as the Sargan test, because these are the estimates that are non-
falsifiable given that we cannot evaluate the exclusion restriction in the case of a
single instrument. There is, however, no guarantee that at least one instrument

is valid and so we next consider the case where none of the instruments are valid.

2.2.3 Plausibly Exogenous
2.2.3.1 Method

Conley et al. (2012) propose a method, refined by van Kippersluis and Rietveld
(2018), to adjust estimators to account for violations of the exclusion restriction.
The idea is to find a way to estimate v, the coefficient on the instruments, in
Equation 2.1. Normally, it is not possible to obtain consistent estimates of [
and v in Equation 2.1 because the model is not identified when both X and Z
are endogenous. We need external instruments to account for the endogeneity of
X in an instrumental variables regression, but if the instruments are potential
contributors to y, they belong in the model and are therefore no longer external.
Thus, we need additional information to identify the model.

In the original conception of the plausibly exogenous method by Conley et al.
(2012), one simply assumes information about -, such as its bounds or its distribu-
tion, and uses the assumptions to calculate adjusted estimates for 5. If one were
to assume only the bounds of 7, confidence intervals for S could be constructed

for each value =y within the bounds by estimating by 2SLS the equation

y—Zv= X0+ u.
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Then the confidence interval for 5 would be the union of all the confidence intervals

assuming each vy within the bounds. Alternatively, one could assume

v~ Ny, ).

In that case,

B N(B + Apiy, Vasrs + AQ, A",

where Vogp5 is the standard two stage least squares (2SLS) asymptotic variance

and

A= (X'"P,X)"'X'Z.
with Py, = Z(Z'Z)~'Z'. This distribution follows from the following logic:
Pasrs = (X'PzX) "' X' Pgy

= (X'PzX) "' X'P2(XB + Z7 +u)

=B+ (X'P;X) ' X' Zy+ (X' P, X) ' X'Pyu
and so

plim[fas.s] = plim[8 + (X' P, X) "' X' Z~ 4+ (X' P, X) "' X' Pyu]
=B+ plim[(X'Z(Z'2) ' Z' X)) X' Z~]
= B+ (B(xjz) E((2z) ) E(2fx:) " E(2iz:) 1y

=B+ E(A)Nv

Thus the 25LS estimate is consistent when p., = 0, but should be adjusted when

{ty # 0 by subtracting Ay, Furthermore,
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Var(8) = Var(B + (X'P;X) "' X' Zy + (X' P, X) "' X' Pyu)
= Vasps + Var(Av)

= Vasps + AQ,A'.

2.2.3.2 Zero First Stage

While the plausibly exogenous method offered by Conley et al. (2012) describes
the theoretical adjustments that should be made to correct for exclusion restric-
tion violations, it relies on information that is not known or estimated but rather
assumed, reducing its usefulness to applied researches. Van Kippersluis and Ri-
etveld (2018) improve upon this method by providing a way to estimate . Their
insight is that one can use a subgroup for which Ily, the coefficient on the instru-

ments in the first stage regression

X = ZIx + Vx, (2.2)

is equal to zero in order to estimate ~. It is thus referred to as the zero first stage
method. An example discussed in van Kippersluis and Rietveld (2018), inspired
by the earlier work of Angrist et al. (2010), seeks to determine whether having
more children reduces a mother’s employment. Whether or not the first two
children are boys can be used as an instrument for the total number of children
because parents with two children of one sex are more likely to have a third child,
in hopes that it will be the other sex, than parents who already have one boy and
one girl. The zero first stage group is mothers who come from countries with a

strong preference for sons because when these women have two sons, they are less
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motivated to try for a daughter.

If for a subgroup of the sample, Iy is zero by construction, then

y=XB+2Zv+u
=ZUxB+ Zy+u+Vxp

=Zv+u+Vxfp.

Because E(u + Vx[3) = 0, one can regress y on Z in the subsample to obtain
an estimate ypg, which can be used as p, in the plausibly exogenous method to

obtain a new estimate for g:
Brr = Basts — AVpe

While this method provides point estimates for (3, it does not provide an obvious
way to conduct inference because it does not include a variance estimator. Van
Kippersluis and Rietveld (2018) suggest a potential solution based on the guideline
that covariates should be similar enough in treatment and control groups that
their normalised difference is below 0.25 (Imbens and Rubin, 2015). This can be
adapted to the plausibly exogenous setting by assuming the normalized difference
in 4pp between the zero first stage subsample and the rest of the sample is limited
to 0.25 in 95% of cases. Given this assumption, van Kippersluis and Rietveld

(2018) calculate the variance as

2
0, = <o.125,/sg + SEO) :

where S? is the standard error of 4 in the zero first stage subsample and S?;, is

the standard error of 4 in the rest of the sample.
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2.3 Kinky Least Squares

2.3.1 KLS Estimator

The plausibly exogenous method accounts for violations of the exclusion restric-
tion by adjusting 2SLS estimators to offset the assumed or estimated endogeneity
of the instruments. In contrast, the Kinky Least Squares (KLS) method dis-
cards the instruments entirely and adjusts the OLS estimator to account for the
endogeneity of the treatment variable directly (Kiviet, 2020). This is done by
assuming a value for the correlation between the treatment variable and the error
term, p,,. Because this value is not known in practice, the KLS estimator is
typically calculated across a range of potential values of p,,.

In the simplest and most popular case of one endogenous treatment variable,
y=zf+u,

the KLS estimator at a particular value of p,, is calculated as

~ ~

where  is the OLS estimator and 62 is the variance of z. Note that due to the
bias introduced by the endogeneity of x, we cannot use the variance of the error
term, &,,, directly but must adjust it according to the degree of endogeneity. Thus
Equation 2.3 includes the term G, (p.), an adjusted estimate of the standard

error of u that depends on p,,:
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Recall that p,, is the correlation between x and the error:

_ ru/(n—1)

Tu A A
030y

Under regularity conditions, including i.i.d. and mesokurtic observations, the

limiting distribution of the KLS estimator is normal:

n'2(B (peu) = B) = N(0, (07/02))

In practice, p,, is unknown and so the researcher must adopt an assumed value,
Tzu, i order to calculate the KLS estimate B (rzw). The researcher can assume a

series of values over a plausible range for the endogeneity, which may be (—1,1).

2.3.2 Testing the Exclusion Restriction

In addition to introducing the KLS estimator, Kiviet (2020) proposes that one
may conduct a test of the exclusion restriction, which is traditionally thought to
be impossible. Given that the KLS estimator is calculated by assuming a value
for pg., the idea is to test Hy : v = 0 for each value of p,, within a range, in the

model with one instrument:
y=zB+zy+u (2.4)

Taking X* = [z 2], we define

5= B(XX]) =

5



and

0.11 012
o=
012 0.22
Then
/\2 A~
XAJ O-z O-J}Z
~ ~2
Ozz O
and
-1
~2 A ~11 ~12
2_1 0; Oz o
a.wz a.z ~12 (5’22

In this model, v is estimated by

where 7 (py,,) is the KLS estimator for v, which is dependent on p,,, and ¥ is

the OLS estimator for v. Taking 62 as the OLS variance estimator, &, (pz) =

u

\/ 1_1)2‘7% is the bias-corrected KLS variance estimator. If we wish to attempt

the impossible - testing the exclusion restriction - we need a test statistic for the

null Hy : v = 0. Kiviet (2020) suggests
W (peu) = 72/ (0715 (pou) V2) (2.5)
where
V.=06%—pp, [+ (1= p3)/ (1= p2,626')] 62(6™)? /(1 = pl.o26m)-

W (pew) is asymptotically distributed as x?, although using the critical value from

F ,,—3 may improve performance in small samples. Because the true value py,
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is not known, we use an assumed value r,, when computing KLS calculations.
Kiviet (2020) recommends testing Hy : v = 0 with W (r,,) for every r,, within a
range, which may be (—1,1) or any range thought appropriate by the researcher.

For our simulations, we use a sample size n = 500, significance level a = 0.05,
and a grid of r,,, values from —0.99 to 0.99 by steps of 0.01. We generate random
errors, regressors, and instruments (u, x, and z, respectively) from the multivariate

normal distribution with mean zero and covariance >,,;.:

I peu P
Zumz = Pxu 1 Pz
Pzu Prz 1

We then generate y according to the equation y; = z;3 + u;, where [ is a param-
eter value we set to 0 for these simulations. In later simulations, we introduce

heteroskedasticity by generating v as vy; = x;8 + u;e® "%

. At each point in the r,
grid for which 1 — p2 626" > 0, we calculate the test statistic W, as defined in
Equation 2.5, and plug it into the chi-squared cumulative distribution function
to determine the p-value. The result is a graph of p-values for the test of the
exclusion restriction across the range of p,, (e.g. Figure 2.1).

Kiviet (2020) suggests that the regions of the graph with high p-values, i.e.
where one fails to reject the null, indicate the levels of endogeneity for which
the exclusion restriction is valid. If the researcher believes the indicated range of

endogeneity to be plausible, then it is considered acceptable to continue with IV

estimation, under the assumption of valid instruments.
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2.3.3 Failure of the Exclusion Restriction Test

As Kiviet (2022) points out, the graph of p-values produced by the KLS test of

exclusion restrictions is misleading. Consider the following:

Y (Txu> - ﬁ/ - a'a:a-u&u (Txu> T'zu

12 12

5u (Txu> Tz

A /\12~
A A Al2s A A12x 62050 (Teu) Tou
=7 =00 Oy (pxu> Pou T 00 "0y (ﬂru) Pzu (1 - 5.61%G, (Pmu) pxu)

T ST e
— Oy 120u (qu) Pru + UxO-IQUu (pwu) Pzu (1 - <— —

I
2>
Q>

2 52411
1— T2u020 Pzu

The KLS estimator ¥ (pzu) = 4 — 626264 (pru) pru converges to v and so

’?(7” )£>’7—|-0'0120'p 1— ﬂ 1/2@ (26)

Herein lies the downfall of the exclusion restriction test: it is clear that when we
choose r,, such that

1— 2 o251 1/2 -
et (1_ ( 1 o0t ) Teu 2.7)

2 52,511
1—- T2u020 Pzu

then 7 (74,) 2 0 and so when we attempt to test the exclusion restriction, we fail
to reject the null Hy : v = 0, even though the true value of v is the value given
above in Equation 2.7, which may well be different than 0. Hence, we do not have
a true test of the exclusion restriction.

12

Result 1 Consider 7 (ry,) = 4 — 6,6'%6, (rzu) rzu, the KLS estimator for v

in the equation y = zf + z7y + u. There always exists an r%, € [—1, 1] such that

3 (ri,) 2 0.
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Proof. See Appendix F in Kiviet (2022).

To illustrate, Figure 2.1 provides two examples of output graphs a researcher
might encounter if the true parameters were p,, = 0.3, p,, = 0.5, and p,, =
0.2. We simulate this situation using the same data generating process (DGP)
twice and get results that imply different conclusions, although the underlying
information is identical.

The first graph in Figure 2.1 demonstrates a situation in which the instruments
are invalid (p,, = 0.2), but the KLS exclusion restriction test still fails to reject
the null Hy : v = 0 in the neighborhood of r,, = —0.16, which merely reflects the
value that solves Equation 2.7, without providing any useful information. Note
that in particular it does not reflect the true value of the endogeneity, p,., = 0.3.
If this were a true test of the exclusion restriction, the test would reject at all
levels of r,, in this case because the instruments are in fact invalid. However, the
KLS exclusion restriction test will always have an area of nonrejection around the
r. value that solves Equation 2.7. Hence, it always appears as if the instruments
are valid even when they are not. Kiviet (2020) suggests considering whether
the implied correlation is plausible and taking that as evidence for or against the
validity of the instruments. However, this is not a foolproof strategy. The second
graph in Figure 2.1 represents a different run of the test with the same parameter
values as used in the first graph. The second time, the implied correlation appears
to be approximately 0.2 instead of -0.16 as in the first run. Given that the true
correlation is p,, = 0.3, a researcher might well consider a correlation of 0.2 to be
plausible and therefore conclude that the instruments are valid. This, however,
would be an incorrect conclusion as the instruments are in fact invalid in this
simulation.

Although it is possible that an individual draw may be misleading, this strat-
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egy is informative on average. Figure 2.2 illustrates the likelihood that each 7.,
value is rejected, calculated as a rejection frequency over 10,000 runs of the exclu-
sion restriction test. Note that whereas the graphs in Figure 2.1 represent a single
draw from the DGP to simulate what a researcher would observe, the graphs in
Figure 2.2 summarise the results of many draws from the DGP to demonstrate
the average performance of the test. We see that when the instruments are valid,
as in the left graph of Figure 2.2, we observe the expected rejection rate of about
a = 0.05 when 7., = pz, = 0.3. But when the instruments are invalid, as in
the right graph with p,, = 0.2, the minimum rejection rate does not occur at
Tew = Pouw = 0.3, but rather at about —0.1. Hence on average, a researcher will
observe a maximum p-value at a negative r,, value on any particular draw. If the
researcher had reason to believe the endogeneity was in the positive direction, a
test result indicating that the instruments are valid when r,, = —0.1 would cast

appropriate doubt on the validity of the instruments.

2.3.4 Irrelevant Instruments

In Equation 2.6, we saw choosing an r,, that may not equal p,, resulted in a bias:

Tu - T

1— p2 o2 1z
oy b 12 zu” T TU
Tew) — Y + 000 ] = .
Y (reuw) = 7 + 020 “Oupau ( (1 — 5 oo .
Because o!! and ¢'? are functions of p,., we can rewrite Equation 2.6 in terms of

pz- to see the effect of irrelevant instruments, i.e. p,., = 0. We can easily calculate
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Figure 2.1: P-Values from 2 Draws of the KL.S Exclusion Restriction Test DGP
for pp, = 0.3, p. = 0.5, and p,, = 0.2
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Note: These are two examples of the results from the KLS exclusion test for a particular
data generating process. The instruments in this case are invalid (p., = 0.2) so we
would expect the test to suggest an incorrect value for the endogeneity. The left graph
illustrates the expected response, with a p-value spike close to » = —0.2, when in fact
the true value is py,, = 0.3. The right graph illustrates a draw for which the test indicates
an endogeneity level close to the true value (r = 0.2, py,, = 0.3), which would fail to cast
appropriate doubt on the validity of the instrument and is therefore a type II error.

Figure 2.2: Rejection Frequencies for 10,000 Runs of the KLS Exclusion Restric-
tion Test for p,, = 0.3 and p,, = 0.5 with p,, = 0 (left) and p,, = 0.2 (right)
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Note: The left graph shows a minimum rejection rate of about 5% at about the true
endogeneity level of 0.3, which is appropriate for the case of valid instruments. Under
invalid instruments, on the right, the minimum value falls at a negative value despite
the true positive endogeneity.
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to solve for ¢! and o'2:

Oy: O
. ol g2 1 crz Opz
2= o 2 | 0202 o2 9
o o 7z Tz —0y. O
The definition of p,, is
sz
pxz -
0,0,
and so
2 2 2 _ 92 2 2
020, = 04, = 0,0, (1 - pxz)
and
2
-1 1 0, O
2.2 2
o202 (1 — 9
z ( pxz) _O-JJZ O-:E
Thus we have
ol — 1
2 2
Oz (1 - pxz)
O-JL'Z
o2 — _

o707 (1= pi.)

and can rewrite the bias term in Equation 2.6 as

2 2 11\ 1/2
12 1 1— Pzu0z0 T'zu
020 OyPzu - 1 2 2 11
— Txuaxa Pzu

. (1 ) (1 — 2 (1— pz»)”? _) 28)

0,02 (1 — p2, 1—r2,/(0=02))  pu
1 (L= (= 2\

= Pzz | — 777775 %uPru - - .
P\ "o 1= p2 )" 1=12,/(0=p2))  pra
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Given some amount of endogeneity (p., # 0), the above calculation demon-

strates that the bias will be zero for irrelevant instruments. That is, when p,, = 0,

Y (Tzu) 5 Y

for any r,,. This leads to the unusual result of having correct size and power
when the instruments have no relationship with the endogenous variables they

are meant to instrument for.

2.3.5 Weak Instruments

Recall that we can set v equal to the negative bias to find the point at which

the KLS estimator is zero. Combining Equation 2.7 and Equation 2.8 yields the

following:
(1—piu/<1—p§z>)”2@:1_ v
1— T%u/ (1 - pgz) Pzu ﬁaupxu
Because
ol — 1
ox (1=p2.)
we have
(1= p2,) = o2
and so
(1 - Piuaiall)w Tou _ Y
1 —1r2,020!1 D Uz(f+ngz)aupw
or equivalently
1_(1—piu0§a”)1/27’ﬂ: gl
1—r2,02c! Dr ﬁ%pm
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Now consider the KLS estimate for (:

By the same arguments as before,

2 52,511
1—r2, 00 P

R 1— 02 o201\ /2 Fou
B - a'xa'lla-u (r:ru) Tzu £> ﬂ + Uzallaupmu <1 - <A> —

If we choose the value 7}, that sets the KLS estimate of 7y to zero as in

1— p2 o201t 1/2 r* ~y
1 _ ru - T Tu —
<1 - r:ﬁa%o”) Pru o OuPeu’
then
B_ & 5_115_ (T* )7"* D 5 + 7010’110’2 (1 B pgzﬁz)
U U pxz
As
ot (1 — piz) = 1/05,
we have
11 2
VOO0 "0y (1 - pzz) Y020
+ =0+
P Jo g Pz202
YO
=0+
/B prO-Q?
= 5 + 1
T

where 7 is the coefficient on z in the first stage equation x = 27 + v, which means

0y, = 021 and so

2 2
(g (o o

m =
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Hence,

which is the IV estimand of 8 in Equation 2.4 because

/

A z Z(zy+u
By = Y gy Zlr )
Z'r

'z

and
/ 2 2
Zev+u) 5 ot oy

Zx Op. 02T T

A potential problem with the method of Kiviet (2022) is then that when the
instruments are weak, 7 — 0 and so §+ 1 — oo, which means the KLS estimator
of B becomes very large as the instruments become very weak, which is not a

desirable outcome.

2.3.6 Finite Sample Failure of the Exclusion Restriction

Test

Kiviet (2022) exposes the key problem of the exclusion restriction test by show-
ing that the endogeneity correlation implied by the IV estimator produces a KLS
estimate of 7 that tends to zero. Before we were aware of this update, we in-
dependently derived our own proof. Additionally, Kiviet (2022) only proves the
result asymptotically, while we show the result to hold exactly in finite samples,
which is an original contribution to the literature.

12

Proposition 1 Consider 7 (ry,) = 5 — 62026, (rzu) 72w, the KLS estimator

A’'B
n )

&xﬂlv

for v in the equation y = z8 4+ 27y 4+ u. Define rz,, = , where 645 =

Oq = \/A;—A, and ﬂ[v =Y — XBIV' Then r?(rw?lfv) = 0.

6z0apy,

Proof. See Appendix 2.8.1.
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In Appendix 2.8.1, we provide our proof that the KLS estimator evaluated
at the endogeneity correlation implied by the IV estimator, 5 (7.4,, ), does not
merely tend to zero but is exactly zero. Thus we cannot use the KLS-based test
as a true test of the exclusion restriction because we have proved there will always
be a point where the test fails to reject the validity of the instruments, regardless
of their actual validity or invalidity.

In order for this finite sample result to be precise, we disregard degrees of
freedom corrections that would otherwise introduce a small amount of mismatch
(e.g. n versus n — 1). This has no practical relevance because the KLS exclusion
restriction test will also fail to reject the null that v = 0 if ¥ is almost exactly

rather than exactly zero.

2.3.7 KLS as Sensitivity Analysis

Although we have shown that the KLS test of the exclusion restriction is mislead-
ing, KLS is still a valid method of estimation. Recall that there is a distinction
between estimating § without instruments according to the model y = =5 + u
and attempting to apply the logic of this estimation method to test the value of
~ in the model y = 23 + 27y + u. The former is perfectly acceptable, while the
latter is more objectionable. But because the KL.S method of estimation is based
on unverifiable assumptions about the population parameter p,,, it is best used
as a sensitivity analysis rather than a method yielding a single point estimate.
Examining the KLS estimates of § across assumed correlation values of (—1, 1),
however, may produce an unhelpfully large range in 3 estimates. Applied re-
searchers sometimes provide the KLS estimates B in this way, without imposing
assumptions on p,,, and as a result their estimates are robust but imprecise (e.g.

Mariella, 2021; Kiviet and Kripfganz, 2020). Although the correlation between x
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and v is not known, some applied researchers assume its sign or a range of plau-
sible values in order to limit the range of the resulting KLS estimates, which are
less robust but more precise than if they were to forgo assumptions (e.g. Wang
and Cheng, 2022; Chen, 2022).

Another use for the KLS estimation technique is to calculate the value of p,,
for which 3 loses significance. Briel et al. (2020), for example, use a confidence
index to predict starting salaries and calculate the level of endogeneity for which
the confidence index loses significance in both a male and female model (see Figure
2.3). They calculate that 3 loses significance at p,, = 0.72 in the male model and
Pz = 0.93 in the female model, which are high enough levels of correlation to
suggest that confidence is indeed a significant contributor to starting salaries,
especially for women.

It is important to note that KLS sensitivity analysis graphs will not always
look like those in Figure 2.3. It is possible to have a positively sloping line, for
example, or to have a situation in which the line approximately passes through
the origin, in which case we could calculate the correlation values for which the

treatment variable gains rather than loses significance.

2.4 Tests of p,,

While the purported KLS test of the exclusion restriction does not properly func-
tion as a true exclusion restriction test, it does provide some information and
can partially illuminate the link between instrument validity and treatment vari-
able endogeneity. The framing as a test of the exclusion restriction is misleading,
however, and framing it as a test of the treatment variable endogeneity correla-

tion, p,, may be more straightforward, although neither concept can be tested

87



Figure 2.3: KLS Loss of Significance in Briel et al. (2020): “Sensitivity of Confi-
dence to Correlation with the Error Term”
(a) Male Model (b) Female Model
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Note: KLS estimation can be used as a sensitivity analysis. Here we see the minimum
value of the endogeneity needed for the coefficient to lose significance. As the values
are quite high (0.72 in the male model and 0.93 in the female model), this provides
assurance that the coefficient is truly significant.

individually - they are necessarily intertwined.

If we reformat the test of the exclusion restriction as a test of the endogeneity
correlation of the treatment variable, the null is Hy : pg, = 7z rather than
Hy : v = 0. This test will identify the true level of endogeneity when the exclusion
restriction is satisfied. So if we have valid instruments, the r,,, value corresponding
to the highest point on a p-value graph as in Figure 2.1 is a consistent estimate
of pgu. It is important to recognise that the two tests - of Hy : pyy = 74 and
of Hy : v = 0 - are identical. However, the interpretation is somewhat altered.
Whereas a test of Hy : v = 0 is misleading because it always indicates a degree
of treatment variable endogeneity for which the instruments appear valid, even if
they are not, the spike in p-values is more easily understood in the case of testing
Hy : pyw = 744, Where it represents an estimate for the endogeneity correlation,

which is valid if the instruments are valid.
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2.4.1 Bootstrap

In order to conduct a test of p,, one may follow the procedure already described
for testing Hy : v = 0. Namely, use the sample data to calculate the KLS-based
test statistic directly at each assumed endogeneity r,, within the range. However,
it is also possible to bootstrap the sample and calculate a different estimate of p
on each iteration. Recall that a bootstrap repeatedly resamples with replacement
from the original sample data, reshuffling the data in different combinations. For
each of the B = 599 iterations of the bootstrap, we create a set {x},v;, 2} by
jointly resampling from {z, y, z} a total of n times. Thus we have the same number
of observations on z, y, and z in the bootstrap as in the original sample, with
some observations repeated and some left out. We then subtract the mean from

each variable and calculate the following:

x/, %k
B* _ o Y
IV, =™ _xs,.x%
2y Ly
~ ok I * %
Ury, = Up — Ty Brvy

~ k2 ~ %

Oup = UIV,,/WVZ,/(W —2)

6.2 =ay'wy/(n—1)

This procedure is repeated for every iteration, across the grid of r,, values. Boot-
strapping therefore produces a distribution of p,, estimates and we propose two
different methods for utilising this distribution.

Notably, jointly resampling from {xz,y, z} makes the bootstrap robust to het-
eroskedasticity. This is important because the method of Kiviet (2022) is only

valid under homoskedasticity, so using the bootstrap allows us to relax a key
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assumption.

2.4.1.1 Percentile Method

First, one could calculate the percentiles of the distribution of p,, estimates cor-
responding to /2 and 1 — «/2 (the 2.5th and 97.5th percentiles in the case of
a = 0.05). These would then serve as the bounds of the confidence interval. Thus,
this method directly estimates the confidence interval of p,, instead of calculating
a p-value at each r,, value, which is why it appears simply as two vertical lines
demarcating the lower and upper bounds in the example p-value graph in Figure

2.4.

2.4.1.2 Wald Statistic with Bootstrapped Variance

Another possible method for using the bootstrapped p,, distribution is to calcu-

late its variance and then plug that value into the Wald statistic:

(pru - rzu)2

W= T
Var(p}.,)

where Var(py,,) is the variance of the bootstrapped p,, values. The resulting W
statistic is then compared to the critical value from the x? or F},_3 distribution

as usual.

2.4.1.3 Performance of the Two Bootstrap Methods

As shown in Figure 2.5, the standard KLS test and the bootstrap methods per-
form quite similarly under moderately strong instruments and homoskedasticity.
Under heteroskedasticity, all methods are at least somewhat oversized, the stan-

dard KLS test most severely and the percentile bootstrap least severely. When
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Figure 2.4: P-Values from a Single Draw of KLS Exogeneity Test DGP Compared
to Two Bootstrap Methods for p,, = 0.3, p. = 0.5, and p,, =0
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Note: In a particular run, the standard KLS test and the KLS test with bootstrapped
variance will appear as spikes, while the percentile bootstrap will appear as bounds.

the instruments are weak, the bootstrap methods maintain the expected shape to
a greater extent than the KLS test, which has downwards rather than upwards
concavity in three of the four scenarios illustrated in Figure 2.6. For valid instru-
ments, the standard KLS test has far less power than the bootstrapped variance
method under homoskedasticity and is greatly oversized under heteroskedasticity.
For invalid instruments, although the KLS test has a smaller range of rejection
rates across r,, than the bootstrapped variance method, its rejection rate at the
true value p,, = 0.3 is higher under both homoskedasticity and heteroskedastic-
ity, which means that it is more likely that a researcher will correctly detect the
invalidity of the instruments if testing Hy : pz, = 0.3. In all scenarios represented
in Figure 2.6, the percentile bootstrap tends to have low rejection rates across
most of the range of r,, and very high rejection rates at the extremities (i.e. near

-1 and 1), which is reasonable in the weak instrument context.
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Figure 2.5: Rejection Frequencies for 10,000 Runs of the Bootstrap and KLS
Endogeneity Tests for p,, = 0.3 and p,, = 0.5 with p,, = 0 (left) and p,, = 0.2

(right), under homoskedasticity (top) and heteroskedasticity (bottom)
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Note: The three test perform quite similarly on average under homoskedasticity (top),
but the bootstrapped versions perform better than the standard KLS test under het-

eroskedasticity (bottom).
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Figure 2.6: Rejection Frequencies for 10,000 Runs of the Bootstrap and KLS
Endogeneity Tests for p,, = 0.3 and p,, = 0.1 with p,, = 0 (left) and p,, = 0.2
(right), under homoskedasticity (top) and heteroskedasticity (bottom)
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Note: When the instruments are quite weak, all tests perform poorly, which is to
be expected. The standard KLS test displays reversed concavity in three of the four
illustrated scenarios, whereas the bootstrapped versions better hold the expected shape.
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2.4.2 Anderson-Rubin Test of p,,

So far, we have recommended treating the KLS exclusion test as an endogeneity
test and proposed two different bootstrap methods for such a test. Now we devise
an alternative test of the endogeneity correlation based on the Anderson-Rubin
(AR) statistic and compare its performance to the KLS-based test of endogeneity.

In the last chapter, we proposed a heteroskedasticity-robust form of the AR
statistic,

ARS,(Bo) = uyZ(Z' Hy Z)~* Z'ug,

which is useful here because the KLS method is not robust to heteroskedasticity.
The idea of the AR test is to calculate an estimate for p,, based on the IV

estimator for 8 in the equation

y=aB+u

with instrument z and then find the upper and lower bounds of a confidence
interval for pg,.
Given an IV estimator By = (2'z)712'y, we can estimate p,, using the corre-
lation formula:
_ Ouapy

Tza -
IV A A Y
Ox04ry

where 4y = y—xﬁ 1v. To find the upper and lower bounds, we need to find 3y such
that the AR statistic passes the threshold of the critical value in either direction.
This can be done with a stepping method that starts at the IV estimator and
then increases § until the point at which it crosses the critical value, which is the
value Bup associated with the upper bound, and, restarting at the IV estimator,

decreases  until again surpassing the critical value, resulting in the value Blow
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associated with the lower bound. The values Bup and Blow are then converted to

a bound on the confidence interval of p,, by the following process:

7:Lup =Y — xﬁup

O riiy, p

Tup =
D ~ =~
O-wo-uup

~

Ulow =Y — xﬁlow

r O-:milow
low ~ A
O-wo-ulow

If the AR statistic associated with the IV estimator exceeds the critical value,
then the confidence interval is empty. Alternatively, when the instruments are
especially weak, there may be a situation in which very large values of Sy do
not produce AR statistics that exceed the critical value, in which case the confi-
dence interval for p,, is (—1,1) because there is simply not enough information
to estimate it more precisely. Figure 2.7 shows that the results of the AR and
KLS endogeneity tests are fairly similar over 10,000 runs with p,, = 0.3 and
pz» = 0.5. They both correctly identify the endogeneity when the instruments are
valid and they both go equally wrong when the instruments are invalid. Thus,
if a researcher expected a small positive value for p,,, (s)he would come to the
same conclusions about the validity of the instruments using either method. The
AR test is, however, slightly undersized compared to the correctly sized KLS test
and also has slightly reduced power. And while the left-hand column in Figure
2.7 demonstrates that both methods work on average, the right-hand column,
which depicts the results of a single p-value draw and therefore represents what
applied researchers would observe in practice, reminds us that any one particular

draw can be difficult to interpret. In the case of valid instruments (top right), the
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treatment variable appears to be exogenous on this draw and its true correlation,
Pz = 0.3, appears on the edge of plausibility. Of course, with any correctly sized
test of size 0.05, a true null is rejected 5% of the time. The p-value draw for the
invalid test illustrates how the test is supposed to function. If the researcher had
correctly guessed the true endogeneity and tested Hy : p, = 0.3, both the AR
and KLS tests would reject and the researcher would correctly conclude that the
instruments were invalid. Crucially, this depends on a good estimate for p,,. If
the researcher had tested Hy : p, = 0.1, also a small positive correlation, (s)he
would have failed to reject.

While the AR and KLS tests perform similarly under moderately strong in-
struments and homoskedasticity, significant differences emerge under weak instru-
ments and heteroskedasticity. Under heteroskedasticity with moderately strong
instruments, the KLS test becomes severely oversized, with minimum rejection
rates over 16%. Meanwhile the AR test, which is robust to heteroskedasticity,
remains undersized, as it was under homoskedasticity (Figure 2.8).

Figure 2.9 shows the rejection frequencies of the two tests under weak instru-
ments. In the case of homoskedasticity and valid instruments (top left), the KLS
test performs reasonably well, with just over a 5% rejection rate at the true value
and some amount of power against negative endogeneities. Under weak instru-
ments, a lack of power is to be expected. The AR test is more conservative, with
a minimum rejection rate under 1%. Under homoskedasticity and invalid instru-
ments (top right), both tests have lower rejection rates for large negative values of
r+u, Which would lead a researcher who believed the endogeneity to be positive to
correctly reject the validity of the instruments. However, the KLS test has much
more power to reject the true value (p,, = 0.3) in order to indicate the invalidity

of the instruments: the rejection rate at p,, = 0.3 is 52% for the KLS test and
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Figure 2.7: Rejection Frequencies (left) for 10,000 Runs of the AR and KLS
Endogeneity Tests and P-Values from One DGP Draw (right) for p,, = 0.3 and

pz- = 0.5 with p,,, = 0 (top) and p,, = 0.2 (bottom)
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Note: Both the KLS test and the AR endogeneity test function well under moderately
strong instruments and homoskedasticity, although the latter is undersized on average.
In a particular draw (right), the KLS test generates a spike in p-values, while the AR

test simply estimates a confidence interval.
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Figure 2.8: Rejection Frequencies for 10,000 Runs of the AR and KLS Endogeneity
Tests for p,, = 0.3 and p,, = 0.5 with p,, = 0 (left) and p,, = 0.2 (right), under
heteroskedasticity
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Note: Under heteroskedasticity, the KLS test is greatly oversized, while the AR test
remains undersized.

only 10% for the AR test. Thus, under homoskedasticity the KLS test is preferred
due to its superior power properties.

The KLS test, however, does not perform as well under heteroskedasticity as it
does under homoskedasticity because the AR test uses a heteroskedasticity robust
statistic while the KLS test does not. Hence under heteroskedasticity with valid
instruments (bottom left), the KLS test is far oversized, with a rejection rate at
the true value of 21%, rather than the 5% rejection rate a correctly sized test
would have. Interestingly, the KLS test maintains high rejection rates at the true
value under heteroskedasticity and invalid instruments (bottom right), as desired.
It fails, however, to produce any rejection rates below 14%, whereas the AR test
produces much lower rejection rates far away at large negative values.

Under weak instruments, then, the AR test is almost always less likely to reject
than the KLS test. In the context of a researcher testing a hypothesised value for
Pzu, & failure to reject would lead a researcher to conclude that it is plausible that

the instruments are valid, which is a good conclusion if they truly are valid and a
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Figure 2.9: Rejection Frequencies for 10,000 Runs of the AR and KLS Endogeneity
Tests for p,, = 0.3 and p,, = 0.1 with p,, = 0 (left) and p,, = 0.2 (right), under
homoskedasticity (top) and heteroskedasticity (bottom)
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Note: Under weak instruments, the KLS test sometimes displays reversed concavity,
while the AR test is conservative but maintains the expected shape.

bad conclusion if they are not.

2.5 Using the Zero First Stage Plausibly Exoge-
nous Method to Estimate Endogeneity

If the researcher has a subgroup of the sample for which I1y in Equation 2.2

is zero by construction, (s)he can use the zero first stage plausibly exogenous
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method (van Kippersluis and Rietveld, 2018) to first obtain an estimate of v (or
f) and next obtain an estimate of p. Setting the r,,-dependent KLS estimate
equal to the plausibly exogenous estimate 4pg provides a way to solve for r,, and
the solution is then an estimate of p,,. In particular, the difference between the
OLS and plausibly exogenous estimates of v is equal to the bias term in the KLS

formula:

’7 (Txu) = ﬁ/ - &u (Tacu) a-a:racua-m = '?PE

~ ~ ~

Y — YPE = Oy (TIU) OzT2u012
/\2 A A
0,027 20012

— 1 _ .2 24
1—rz, 02011

Alternatively, the researcher could equate the KLS and PE estimates of [ rather

than ~:

/6 (r:r:u) = B - 6u (rxu) Txu/&x == BPE

The r,, value that solves these equations is then an estimate of the endogene-
ity of the treatment variable. This method thus provides a way to consistently
estimate the endogeneity correlation even with invalid instruments. Previous liter-
ature provides guidance on how to test whether a treatment variable is endogenous

(e.g. Hausman, 1978) but we go beyond testing for the existence of endogeneity
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to estimate the extent of the endogeneity with invalid instruments.

2.6 Application to Catholic Schooling Data

Altonji et al. (2005) examine the effect of attending Catholic high school on ed-
ucational outcomes and use the zero first stage method to evaluate the exclusion
restriction of the instrument, Catholicism. The idea is that attending Catholic
schools may affect educational outcomes like test scores, but the type of fami-
lies who send their children to Catholic schools may be systematically different
from the ones who do not and thus Catholic schooling is a potentially endogenous
treatment variable. Altonji et al. (2005) attempt to evaluate the suitability of
Catholicism as an instrument. It is clearly relevant - being Catholic is highly cor-
related with attending Catholic school, but whether or not it is exogenous is less
clear. If Catholic students tend to have different educational outcomes regard-
less of the type of school they attend, then the instrument violates the exclusion
restriction. To see if this is the case, Altonji et al. (2005) study the educational
outcomes in a subsample of students, some Catholic and some not, who attended
public school the year before high school. Only a very small number of the stu-
dents in this subsample go on to Catholic high school. In this situation, the first
stage coefficient on the instrument is zero by construction because Catholicism
is not related to the type of school the students attend - they nearly all attend
non-religious schools. Hence, van Kippersluis and Rietveld (2018) are able to ap-
ply their zero first stage plausibly exogenous method to estimate the coefficient
on Catholic schools in the structural equation.

Here we consider 12th grade math scores as the educational outcome, with

Catholic school attendance in 10th grade as the potentially endogenous treat-
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ment variable (n = 6839). As summarised in Table 2.1, the OLS estimate of the
effect of Catholic schooling on 12th grade math scores is B = 0.882 (SE = 0.250,
p = 0.000) and the 2SLS estimate is Bry = 3.745 (SE = 0.922, p = 0.000).
With uncertainty introduced through the Imben’s Rule method introduced in
Section 2.2.3.2, the plausibly exogenous estimate is Bpp = 0.225 (SE = 0.967,
p = 0.816). Hence, the estimated effect of attending Catholic high school on
12th grade math scores appears highly significant in the OLS and 2SLS regres-
sions, but loses significance when the invalidity of the instrument is accounted
for, through the plausibly exogenous zero first stage method. Simply accounting
for the endogeneity through 2SLS regression analysis with the Catholicism instru-
ment greatly increases the magnitude of the coefficient estimate as compared to
the estimate from OLS regression, from B = (0.882 to BIV = 3.745, but this large
and significant coefficient is misleading because the instrument is invalid. 2SLS
regression assumes the instrument is exogenous, but in the subsample for which
the first stage coefficient on the instrument is zero by construction, we estimate a
direct effect of Catholicism on 12th grade math scores of 4 = 0.554 (SE = 0.168,
p = 0.001). This suggests Catholic students receive higher math scores regardless
of the type of school they attend and so the significant positive effect of attend-
ing Catholic school identified by OLS (B = 0.882, p = 0.000) is actually due
to the concentration of higher scoring students. Thus we do not have evidence
that Catholic schools perform any better than public schools, as it seems they
serve a population of students predisposed to higher scores. This is why the plau-
sibly exogenous estimate, after accounting for the invalidity of the Catholicism
instrument, is not significantly different from zero (B = 0.225, p = 0.816).

We can also apply the KLS method to view the adjusted coefficient estimates

across a range of assumed values for the endogeneity coefficient (Figure 2.10, left).
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Table 2.1: Regression Results for the Effect of Attending Catholic School on 12th
Grade Reading Scores

OLS 2SLS PE
B (SE) 0.882* (0.250) 3.745* (0.922) 0.225 (0.967)
Cragg-Donald F Statistic 584.240

Table 2.2: Estimated Endogeneity of Attending Catholic School in 12th Grade
Reading Scores Regression

KLS PE
Pz -0.129  0.029

If we have a hypothesized value of p,,, we can calculate the KLS estimate for
that value (e.g. ry, = 0.2 implies 3 = —3.630). In Figure 2.10 (right), we provide
the output from the KLS exclusion test for the Catholicism instrument, which
shows a spike in p-values at r,, = —0.129. A naive analysis would conclude that
Catholicism is a valid instrument for attending Catholic school if r,, = —0.129 is
a plausible value for the endogeneity. However, as discussed in Section 2.3.3, the
supposed test of the exclusion restriction is misleading and we can never conclude
that the instrument is valid based on its results, but the negative endogeneity
correlation may raise doubt about the validity of the instrument if we expected a
positive correlation.

Following the proposal in Section 2.5, we can use the zero first stage plausibly
exogenous estimate of 3 to estimate the endogeneity. We set B (rew) = B pE to solve
for r4,,. We know fpg = 0.225 and we calculate 3 (r,,) across the range [—0.8, 0.8]
at intervals of 0.01, finding that the plausibly exogenous estimate falls between
B (0.02) = 0.441 and B (0.03) = 0.220. Linear extrapolation then suggests that
the 7, value for which f3 (rzo) = 0.225 is 0.029, our estimate of the endogeneity

correlation of attending Catholic school.
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Figure 2.10: KLS and IV Estimates of the Effect of Attending Catholic School on
12th Grade Reading Scores (left), KLS Exclusion Restriction Test for Catholicism
Instrument (right)
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Note: A standard IV estimate does not depend on the postulated endogeneity and so
appears as a flat line in the graph on the left. The KLS estimate, in contrast, changes
with the assumed endogeneity level. The KLS endogeneity test, right, shows a spike in
p-values at 1y, = —0.129, which provides evidence against the exclusion restriction if
the researcher’s prior was that the endogeneity was positive.

2.7 Conclusion

While Kiviet (2020) claimed to be able to “test the impossible” by devising the
first hypothesis test of the exclusion restriction purported to work even in the case
of a single instrument, we have proved this test to be deficient not just asymptoti-
cally but in finite samples. The crucial problem is that the endogeneity correlation
implied by the IV estimator always produces an exactly zero KLS estimate of the
coefficient on the instruments, 7, provided we disregard small degrees of freedom
corrections. If the test is marketed as a test of the exclusion restriction, the
instruments will always appear valid at this point, which is highly misleading.
Therefore, we recommend considering the test as a test of endogeneity that is
valid under valid instruments. We cannot escape the fundamental problem of the
failure to reject at the identified point, but we can adjust our interpretation of

the test to better reflect what it can and cannot do. While it cannot properly test
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the exclusion restriction, it can flag possible violations of the exclusion restriction
if a test of a plausible value of the endogeneity correlation is rejected. However,
a failure to reject a plausible value of the endogeneity correlation should not be
taken as proof that the instruments are valid because a true test of the exclusion
restriction is indeed impossible.

We offer several extensions to our reformulation of the KLS test of the ex-
clusion restriction as a test of the endogeneity correlation. We first propose a
percentile bootstrap of the endogeneity correlation, which has superior perfor-
mance to the KLS test at least when instruments are moderately strong. We
also suggest the possibility of using a bootstrapped variance in the standard Wald
statistic, a method that performs fairly well under weak instruments. Finally, we
construct an entirely new test of the endogeneity correlation that estimates con-
fidence intervals based on an inversion of the robust AR statistic. This test has
better size properties than the KLS test under heteroskedasticity and tends to be
conservative while KLS tends to overreject. Unlike the KLS test, all three of these
alternative tests of p,, - the percentile bootstrap, the bootstrapped variance, and

the AR test - are robust to heteroskedasticity.

2.8 Appendix

2.8.1 Derivation of equivalence

We run the following regression

y=xB+zy+u
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The OLS estimators are given by

N )
ﬂ = Z (O_zo—xy szazy)
N T .
7= Z (O-ggo-zy Uwzaxy)

where A = 6262 — 62, = 6262(1 —72,) and e.g. 6,. = 12’2, 62 = 22z and

~2
2 __ O
T2z = 5267

The KLS estimator for v as a function of specified correlation between x and

U, Ty, 1S given by

_ .1 N .
Y (razu) =7 + Z (rxua (ra:u) axaazz)

where
~2 ~2
G2 (rp) = Tu = A2,
Tu) T 1,2 2252 0 A _ 22 5259
1 Arxuo_azaz A Tmuamaz
2 ~2
_ (1_rxz)0u
2 2
1 er T:Cu
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Consider the IV estimator for § in the model

y=zf+u
using as instrument z. Then
2y Oy
By =28 = =,
2l Oy

Let the IV residual 4y =y — a:'B 1v, it follows that

Ozity — Ozy — 0By =0

~2H

Oziiyy — Oxy — O-gg/BIV

or

Ozy = a-zzﬁIV

~ ~ ~2H
Ozy = Ozapy + O-xBIV~

It follows that

~ ~ AD A ~ ~ S A A A A
Omzazy - Uzazy - O-aczo-;mljv + O-mo-aczBIV - %%zﬁlv
= O0z20za;y
and 80 7 (rg,) = 0 if
~ a-itﬂlv
Tou0 (Tay) = —2.
Oy
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For B we have

and for 7,

It then follows that

and

N R o
ﬁ = Z (Jzo—xy - szazy)
_ Lo ~242 1 ~2 A
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