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I present a tensorial approach to the description of k/—k-symmetric, time-reversal-odd splitting of electronic
bands in magnetic materials, which can be of nonrelativistic origin and was recently given the name of
“altermagnetism”. I demonstrate that tensors provide a general framework to discuss magnetic symmetry using
both spin groups and magnetic point groups, which have often been contrasted in recent literature. I also provide a
natural classification of altermagnets in terms of the lowest-order tensorial forms that are permitted in each of the
69 altermagnetic point groups. This approach clarifies the connection between altermagnetism and well-known
bulk properties, establishing that the vast majority of altermagnetic materials must also be piezomagnetic and

MOKE-active, and provides a rational criterion to search for potential altermagnets among known materials and
to test them when the magnetic structure is unknown or ambiguous.
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I. INTRODUCTION

In the past two decades, there has been a resurgence of
interest in compounds having electronic bands with lifted
spin degeneracy, partly motivated by the requirement of new
materials for spintronics. In addition to spin polarization in
ferromagnets, it is well known that spin degeneracy can be
lifted even in nonmagnetic materials by the famous Rashba-
Dresselhaus (R-D) effect [1,2], which requires spin-orbit
coupling (SOC) and is therefore largest in the presence of
heavy elements. The R-D effect also requires the absence
of inversion symmetry [3,4], either because the bulk crystal
structure is acentric or as a result of symmetry breaking at
interfaces.

Starting from 2019 [5] several groups came to the sur-
prising realization that spin degeneracy can also be lifted in
some fully compensated antiferromagnets (AFM) (including
collinear AFM), because of the interaction between electron
spins and the “effective Zeeman field” (largely of magnetic
exchange origin) produced by ordered magnetic moments.
This effect is clearly distinct from the R-D effect (most no-
tably, it is k/—k symmetric) and, crucially, does not require
SOC, opening the possibility to observe large spin splitting
even in light-element compounds. Many of these systems also
display anomalous macroscopic properties usually associated
with ferromagnets, such as the anomalous Hall effect, which
are sensitive to the same symmetry breaking as the spin split-
ting. Smejkal er al. were among the first to realize this in
the context of the spontaneous Hall effect [6]. Smejkal er al.
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[6] and Ahn et al. [7] independently discussed the case of
RuO,, which was later to become the “poster child” for this
emerging research field. More or less at the same time, Naka
et al. described how spin currents can be generated in an
organic collinear AFM (k-Cl) due to a very similar underlying
mechanism [8,9]. Later, the same group focused specifically
on spin splitting in momentum space, which is interpreted
as arising from ordering of microscopic multipoles [10-12];
they also demonstrated that spin current generation, promoted
by site-dependent anisotropic electronic transfer, can occur
in simple inorganic compounds such as certain perovskites
[13]. Using density functional theory (DFT), Yuan et al.
demonstrated spin splitting at “atomic-like energy scales”
in the light-element insulator MnF, [14], which is a fully
compensated collinear AFM. Although insulators provide ex-
cellent proofs of principle, applications of AFM-induced spin
splitting for spintronics would be greatly facilitated by the
discovery of metallic systems displaying this effect. The same
group later proposed a rational criterion to search for such
materials among both collinear and noncollinear AFM, and
investigated the electronic structure of several candidates by
DFT [15]. Building on their earlier studies and using DFT
calculations, Smejkal ef al. demonstrated large spin splitting
in the absence of SOC in several metallic/semiconducting
candidates, including RuO,, CrSb, and MnTe [16-18]. These
authors pioneered the use of spin group analysis (see be-
low) to define and delimit the relevant phenomenology in
collinear AFM, and coined the term “altermagnetism” to
mark the distinction between non-spin-split AFM, ordinary
spin-split ferromagnets with uncompensated spin splitting
[19], and materials that exhibit alternating compensated spin
splitting. In these early papers, the term altermagnetism
specifically applies to collinear antiferromagnets with nonrel-
ativistic spin splitting (i.e., existing the absence of spin-orbit
coupling).

This terminology has been widely used in subsequent
literature, which includes both theoretical [20-22] and
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experimental [23-28] contributions. However, throughout the
literature, different authors employ somewhat different def-
initions of altermagnetism [29]. Smejkal’s emphasis was
very much on collinear metallic antiferromagnets, for which
DFT is much easier to perform, and which may have ad-
vantages for certain spintronic applications. However, Yuan
et al. [15] and, more recently, Cheong and Huang [22]
showed that altermagnetic-like spin textures can also be ex-
pected in many noncollinear magnets, which may present
distinct practical advantages and should not be excluded
a priori.

From the very beginning, symmetry analysis has been rec-
ognized as an essential tool of this research fields, since the
guiding principle to select potentially altermagnetic materials
must lie in their underlying symmetry properties. Yuan et al.
[14] proposed an approach based on magnetic space groups
(MSG), while Smejkal et al. proposed the so-called spin
groups (SGs) [17,30,31], which allow for extra (approximate)
symmetries to be considered when spins and the lattice are
nearly decoupled (see below). Cheong propose a classification
based on magnetic point groups (MPGs) [22], while Liu et al.
[20] employ little cogroups at specific points of the Brillouin
zone (BZ), and propose a classification that also includes
higher-order effects (quartic altermagnetism).

The interest in altermagnetism in noncollinear magnetic
structures [22] and in “weak-altermagnetic” effects [28] un-
doubtedly requires an extension of the SG approach as
employed in Ref. [17] (see also [32]). MPGs are a flexible
tool to deal with these cases, especially since there is no
reason to expect that altermagnetic splitting should always be
weak for noncollinear structures. Intuitively, a classification
based on MPGs should be entirely adequate, since spin split-
ting ultimately results in anomalous macroscopic properties
(e.g., the anomalous spin Hall effect) that are subjected to
MPG symmetry constraints via the Neumann’s principle [33].
However, one should not lose sight of the advantages of SGs
when it comes to structures with approximate symmetries,
i.e., when the crystal symmetry is only “slightly” broken
by the direction of the magnetic moment upon magnetic or-
dering [34]. It seems fair to state that, in previous studies,
the link between MPGs, SGs, and the complexity of spin
textures in reciprocal space has not been entirely clarified.
One key aspect that is often missed is the fact SGs describe,
in effect, scalar textures in both real and momentum space,
which are decorated a posteriori with directionality. For this
very reason, SG-derived textures are (in an appropriate sense)
invariant by rotation in spin space, and therefore correspond
to the nonrelativistic limit where spin-orbit coupling can be
disregarded.

Here, I propose an approach based on the complete ex-
pansion of altermagnetic spin textures in momentum space in
terms of Cartesian and spherical tensors. This approach can be
equally applied to vectorial textures (described by MPGs) and
scalar textures (described by binary SGs, referred to simply
as SGs in the remainder), although my emphasis will ini-
tially be on the former. Starting from a working definition of
“altermagnetic textures” as being simply those that are k/—k-
symmetric and time-reversal odd [35], I demonstrate that,
to any given order, the expansion of vectorial altermagnetic
textures is described by a single Cartesian tensor of odd rank,

while R-D (k/-k-antisymmetric, time-reversal even) vectorial
magnetic textures are described by even-ranked tensors. I also
propose a natural classification of such textures based on the
lowest-order tensor forms allowed in a particular set of MPGs
(class), and show that the vast majority of altermagnetic point
groups (66 out of 69) display quadratic (rank-3) altermag-
netism, with the remaining three groups allowing quartic
(rank-5) altermagnetism. For the case of collinear AFM struc-
tures, I demonstrate that, in most cases, SG scalar textures
correspond to the component of the MPG vector magnetic
textures along the direction of the staggered magnetization,
while the MPG approach also produces a pattern of weak
altermagnetic textures in other directions. One notable excep-
tion is represented by cubic groups, since the pseudocubic
symmetry introduces constrains between texture components
that would otherwise be independent. For these cubic groups,
I provide a conversion table between SG and MPG textures
for various direction of the magnetic moments, so that one
could remain entirely within the MPG framework, generally
more familiar to the magnetism community. Performing the
MPG and SG analyses in parallel has the distinct advantage of
clearly separating the components of the textures that do and
do not depend on the direction of the staggered magnetization,
which generally have very different energy scales.

One important practical implication of the tensor approach
is the connection with macroscopic properties: Materials dis-
playing quadratic altermagnetism (66 out of 69 MPGs) must
also allow the piezomagnetic effect and the magneto-optical
Kerr effect (MOKE) [36]—two easily testable phenomena
that have been known for several decades [37,38], and for
which extensive materials databases are available (for exam-
ple, Ref. [39]). Testing for the presence of these effects might
also facilitate the screening of candidate altermagnetic mate-
rials before more complex experiments are performed to mea-
sure AFM-induced spin splitting of electronic bands directly.
One must stress that the connection between altermagnetism
and piezomagnetism/MOKE simply means that these effects
have the same symmetry requirements and does not, by itself,
imply any physical relation between these effects.

This paper is organized as follows: In Secs. II, III, and
IV, I present a general tensorial treatment of spin textures in
momentum space, which can be applied to both altermagnetic
and R-D-type textures. In Sec. IV, I also outline how a parallel
treatment can be performed for vector and scalar textures, de-
scribed by MPGs and binary SGs respectively, and show that
dealing with the latter is greatly facilitated if one employs time
reversal (via Shubnikov groups) instead of twofold rotations.
In Secs. V, VI, and VII, I establish which altermagnetic tensor
forms are allowed by symmetry and propose a classification
of MPGs based on the lowest-rank altermagnetic tensors. Ad-
ditional symmetry constraints at special points in reciprocal
space are discussed in Sec. VIII. Up to this point, no distinc-
tion is made between strong and weak effects, in keeping with
the classical Neumann approach. In Secs. IX and X, I discuss
the special case of collinear structures and explain how the
dominant components of the spin textures, which are expected
to be parallel to the Néel vector, can be extracted from the
tensors. In Sec. XI, I explain the necessity of employing SGs
(which I do via tensorial analysis) for systems that are crys-
tallographically cubic and in which symmetry is only broken
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upon magnetic ordering, whilst also discussing the application
of spin groups to cases in which the magnetic symmetry is
very low. Numerous examples in different symmetries are pre-
sented in Sec. XII, including graphical depictions of several
types of spin textures. The paper is concluded by a summary
and general discussion (Sec. XIII).

II. THE TENSORIAL DESCRIPTION

The starting point to develop a tensorial description of
altermagnetism and, more generally, of spin splitting of elec-
tronic bands, is the expansion in Cartesian tensors of the
reciprocal-space spin textures, i.e., the vector field of spin
states in momentum space. [ will denote this semiclassical
vector field as B¢// (k, m), since it can be thought of as an
effective Zeeman field [40]. B¢/ (k, m) determines both the
direction of the spin quantization axis and the strength of the
spin splitting/polarization, and depends both on the wavevec-
tor k and on the band index m,

n+1
Bl?ﬁ‘(ks m) = Z Y;(fx)ﬁykakﬂky tee (1)
I=n

The Cartesian tensors Tl(é) is of rank / and depends on k =
|k| and on the band index m. In Eq. (1), repeated indices are
implicitly summed, and the tensor is fully symmetric over the
Greek indices.

The expression in Eq. (1) is directly derived from to the
expansion of the spin texture into spherical tensors, and is
therefore complete on each spherical shell in momentum
space (or sections thereof near the BZ boundary). In fact, one
can show (see Appendix A 1) that the sum of two Cartesian
tensors of ranks n and n + 1 is identical to the expansion
of the vector field B onto a spherical basis up to order
I' ® I'", where I'" is the irreducible representation (irrep) of
the group SO(3) with L = n and “®” is the tensor product of
representations. Note that higher-rank Cartesian tensors need
not be necessarily small; in fact, reproducing the spin texture,
especially near the BZ boundary, may require a high-order
expansion. Nevertheless, as I will show in the remainder, a
very natural classification can be obtained by considering only
low-rank Cartesian tensors.

In the presence of (proper and improper) rotational sym-
metry combined with time-reversal symmetry in an MPG, the
tensor forms in Eq. (1) are constrained by the requirement
that the spin textures have at least the symmetry of the MPG
of the crystal, which implies that the tensors themselves must
be totally symmetric by all the MPG operations—in other
words, the tensors must transform like the totally symmetric
irrep of the MPG (see Appendix A 2).

Hence, for a given tensor rank, tensors at all values of k
have the same general form (imposed by symmetry) and their
k dependence is described in terms of a reduced number of
scalar functions, corresponding to the free parameters of that
tensor form. Additional constraints will occur at the I" point
(zone center), at band crossing points and at special points at
the boundary of the BZ with nontrivial little-group symmetry.

When considering inversion (parity) and time-reversal
symmetries specifically, in the expansion in Eq. (1) one can
immediately distinguish between even-rank tensors, which

are time-reversal even and parity odd, and odd-rank tensors,
which are time-reversal odd and parity even. Once again, it
is important to emphasise that only two Cartesian tensor are
required for a truncated spherical tensor expansions, and that
all effects allowed by lower-rank tensor are automatically in-
cluded in higher-rank tensors of the same parity. For example,
the rank-2 tensor is at linear order in k and corresponds to
the usual Rashba-Dresselhaus (R-D) effect, while the rank-4
tensor includes both the linear and cubic R-D tensor etc. In
keeping with recent literature, the rank-3 tensor can be called
“quadratic altermagnetic tensor” and includes the ordinary
ferromagnetic spin splitting (rank 1), while the next-highest
order that is k/-k symmetric is a rank-5 tensor, which in-
cludes both quadratic and quartic altermagnetism as well as
ferromagnetic spin splitting.

A completely parallel treatment to the one I just outlined
can be performed for scalar parity even and time-reversal-odd
textures in real/reciprocal space, which are used to describe
collinear magnetic structures within the SG framework. This
becomes completely transparent if one casts binary SGs in the
slightly different language of time reversal rather than twofold
rotations (see Appendix C for a complete discussion). The
corresponding tensors are totally symmetric and their rank is
lowered by one with respect to the corresponding vectorial
textures.

III. CONDITIONS FOR ALTERMAGNETISM
AND THE RASHBA-DRESSELHAUS EFFECT

Altermagnetism thus defined and for all odd ranks requires
the following minimum requirements to be satisfied:

(1) Time reversal symmetry must be broken; in other
words, the effect is only allowed in ferromagnets (FM) and
a subset of antiferromagnets (AFM).

(2) For a given point k in the BZ, the spin splitting must
reverse in the time-reversed FM or AFM domain.

(3) Spin splitting must be symmetric between k and —k.

These conditions were thoroughly discussed in Ref. [14],
and exactly mirror those for the R-D effect at any even-rank
tensor:

(1) Inversion symmetry must be broken.

(2) If the material is magnetic, for a given point K in the
BZ, the spin splitting must be the same in the time-reversed
FM or AFM domains.

(3) Spin splitting must be anti-symmetric between k and
—k.

Note that spin splitting is not possible at any order in the
presence of PT symmetry (i.e., if the product of inversion and
time reversal 01 is a symmetry operator)—a well-known result
that can be obtained from simple symmetry considerations
[41]. Nevertheless, altermagnetism is not incompatible with
the magnetoelectric effect, although the latter is often associ-
ated with PT symmetry conservation [42].

IV. JAHN SYMBOLS AND THE CONNECTION
WITH MACROSCOPIC PROPERTIES

Further progress can be made by defining the so-called
Jahn symbol for these tensors [43], which for a tensor of rank
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n in Eq. (1) is generically
ed"VIV' )

where e indicates that all these are pseudotensors (with oppo-
site parity to that of ordinary tensors, which are parity-even
for even ranks and parity-odd for odd ranks), a defines the
time-reversal properties (a" is time-reversal even when n is
even, odd when n is odd) and the square brackets indicate
symmetrization on all indices, since these are contracted with
the indices of k.

The advantage of this notation is that one can sometimes
connect these tensors with tensors defining apparently unre-
lated macroscopic properties that have the same Jahn symbol.
One can then mine the often extensive materials databases for
these known effects and extract candidate materials where the
“novel” effect is allowed by symmetry. For example, the Jahn
symbol for the linear R-D effect is eV?, which is the same
as the magnetotoroidic tensor, while the Jahn symbol for the
cubic R-D effect is eV[V?], which does not have an obvious
macroscopic counterpart. Most relevant for this paper, the
quadratic altermagnetic tensor eaV[V?] has the same Jahn
symbol as the tensors describing the piezomagnetic effect and
the MOKE effect. Piezomagnetism has been known since the
1950s [37,44], and a symmetry classification can be found
in the famous book by Robert Birss [45], first published in
1964, which also lists several materials now discussed in the
context of altermagnetism. Interest in MOKE activity in anti-
ferromagnets and weak ferromagnets is almost as old, dating
back to the 1960s [38,46—49], and has recently experienced a
resurgence [50,51].

For scalar altermagnetic textures, the corresponding Jahn
symbols to those in Eq. (2) are a[V"], where n is even.
So, for example, the tensor for scalar textures correspond-
ing to quadratic altermagnetism has Jahn symbol a[V?], one
rank lower compared to the corresponding vectorial texture
eaV [V?] but with the same parity /time-reversal properties.

V. TENSOR FORMS FOR QUADRATIC
ALTERMAGNETISM

The allowed altermagnetic tensor forms are restricted by
the MPG symmetry of the crystal, so that the tensor itself
is completely invariant by any of the MPG operations. The
number of free parameters in each tensor form corresponds to
the number of times the totally symmetric irrep is contained
in the tensor representation. In general, a particular tensor
form is shared by several MPGs, which can thus be grouped
into “classes”. For each MPG, the determination of the num-
ber of free parameters via character decomposition and the
construction of the appropriate tensor form by projection is
greatly facilitated by employing the MTENSOR tool provided
by the Bilbao Crystallographic Server [52]. Tensors up to rank
6 were calculated using MTENSOR. For tensors above rank
6, polynomial forms were obtained by the standard projection
(symmetrization) method (see for example Sec. XIIE).

Table I lists the 17 unique symmetry-adapted quadratic
altermagnetic tensor forms, together with the set of MPGs
(class) that share that tensor form, the number of free param-
eters and a simplified spherical tensor decomposition (further

discussed in Sec. VI) [53]. I employed the usual convention,
which applies for example to the piezoelectric tensor, in which
a 3 x 6 matrix is contracted with the array

(k7. ks, 2, kyk, ok, Kok ] (3)
to yield the three-component B°f. The effective field B de-
pends on one or more scalar functions A;;(k) that are constant
on each spherical shell in momentum space (for a note on
axes conventions, see [54]). Examples of this procedure and
on how to impose constraints at special points of the BZ are
provided in Sec. XII.

Table I also includes the single class of altermagnetic
MPGs that do not allow quadratic altermagnetism (Class
XVIII), together with the expression for their spin texture,
described by a rank-5 spherical magnetic hexadecapole (see
discussion in Sec. VII).

Among the 17 quadratic altermagnetic classes, eight
classes (marked in bold and with an (a) in Table I) allow a
magnetic dipolar component, i.e., they allow a net magnetic
moment and uncompensated spin splitting, although spin po-
larization need not arise primarily from and be parallel to
the net moment. The 31 magnetic groups in these classes are
defined in Ref. [22] as “Type-I altermagnetic”, and coincide
with the admissible point groups, i.e., the ones allowing a net
ferromagnetic moment. Out of the remaining ten classes [55],
six classes (VIII, XII, XIV, XV, XVII and XVIII, marked in
Table I in italic and with a (c)) do not allow the spin quanti-
zation axis to be along an allowed collinear antiferromagnetic
direction at rank-3 tensor level, while the other four classes
(V, IX, X and XI, marked in Table I with a (b)), do allow it.
This aspect will be discussed further in Sec. IX.

VI. SPHERICAL TENSOR DECOMPOSITION

In addition to the Cartesian tensor form, it is often useful
to decompose tensors onto a symmetry-adapted spherical ba-
sis, which makes the symmetry constraints more transparent.
Moreover, the spherical (multipole) decomposition creates a
bridge between MPG-based approaches and theories based on
multipoles, such as the cluster multipole theory [10,11,56] and
the Landau approach to ferro-multipolar ordering proposed by
P. McClarty [21] (see also [57]).

As an example, I recall that the rank-2 R-D tensor can
be decomposed into a pseudoscalar (L = 0), an ordinary po-
lar vector (L = 1) and a pseudoquadrupolar traceless tensor
(L = 2), all these being time-reversal even. Consequently, the
linear R-D effect is allowed in chiral point groups (those that
allow a pseudoscalar), polar point groups (which allow an
ordinary vector) and a few other noncentrosymmetric groups
that only allow the pseudoquadrupolar traceless tensor (e.g.,
4m2). When either of these is allowed, the corresponding
Cartesian tensors can be written as a linear combination of
symmetry-adapted spherical basis tensors.

In the case of quadratic altermagnetism, one can perform
an entirely analogous decomposition: let I'* be the SO(3)
irrep with dimensionality 2L + 1. Then

v =r"+r?,
VIVI]=Tr'@@+r)y=2r'+r>4+ri @
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TABLE 1. Tensor forms for the 18 altermagnetic classes of MPGs. Classes I-XVII are the quadratic altermagnetic (= piezomagnetic,
MOKE-active) classes, each comprising several MPGs (column 3). The number of parameters for each tensor form and the spherical tensor
decomposition (D = dipole, Q = quadrupole, O = octupole) are provided in columns 4 and 5 (see Appendix B). Class XVIII comprises the
three remaining altermagnetic groups with rank 5 as the lowest-rank tensor (H = hexadecapole). For Class XVIII, the explicit form of B is
provided instead of the (very cumbersome) matrix. MPGs labeled with (a) and (b) form separate subclasses when quartic altermagnetism is
accounted for (see text).

Class Tensor Form Magnetic point groups Parameters Spherical decomp.

A Ap A Ay As Agg
Class I' Ay Asy Avy Aoy Ass Ang 11 18 D(6) + O(5) + O(7)
Azt Az Azz Asg Ass Ase
0 0 0 Ay 0 A
Class II* Ay Ay Ay 0 Ay O 2 m % 8 DR2)+0@3)+ 0(3)
0 0 0 Az 0 Az
Ay Ap Az 0 A5 0
Class IIT* 0 0 0 Ay 0 Ay 2 om X 10 D(4)+Q(2)+04)
A3; Az Az 0 Az 0
0 0 0 0 A0

Class I'V* 0 0 0 Ay O O 2122 m'm?2 5 D(2)+Q+0(2)
Az Ax A3 0 0 O mm'2 m'm'm
000A4, O O

Class V* 000 0 Ay 0 222 mmm mm2 3 Q2)+0

000 O O Asz

Ay —An 0 Ay A —2Ax5

Class VI* —A22 A22 0 A15 —A14 —2A11 33 6 D(2)+Q+O(3)
0 0 0 0 A5 —2Ay

Class VIT* Ay Ap O A5 O 0 32 3w 3w 4 D(2)+0(2)
Az Az Az 00 0

Ay —A; 0 Ay O 0
Class VIII® 0 0 0 0 —Ay —2Ay 32 3m 3m 2 Q+0
0 0O 0 O 0 0

0 0 0 Ay A O
Class IX® 0 0 0—As Ay O ¢ ¥ £ 4 Q(2)+0(2)
A3 —A3 0 0 0 Az

000 A, O O

Class X° 000 0 Ay O 422 12w 2 Q+0
000 0 0 A

0 0 0 0 As0

Class XI 0 0 0-A5 00 ¥2m Am'm Em'm 2 Q+0

Ayy —A33 0 0 0 0O

All —A11 0 0 0 —2A22

Class XIF —Ayp An 000 =24y 6 6 & 2 0(2)

0 0 000 O

0 0 0 Ay As O

Class XIII* 0 0 0 As —A0 (@6 6 & 4 D(2)+Q+O
Ay Ay Az O 0 0 b4 3 4
Ay —A; 000 0
Class XIV® 0 0 000 —2Ay, 622 &2m &m2 1 0
0 0 000 O 6'mm' & mm’
000A4 0 0
Class XV* 000 0 —A40 () 622 6m2 6mm Smm 1 Q
000 0 0 0 (b)422 22m 4mm mm
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TABLE 1. (Continued.)

Class Tensor Form Magnetic point groups Parameters Spherical decomp.
0 0 0 0 A5s50
Class XVI* 0 0 0 As 0O (a) 622 6m'2 6m'm’ Sm'm’ 3 D(2)+0
Ay Ay An 0 0 0 () 422 32w dmim’ t'm
000 A4 O O
Class XVIIF 000 O Ay O (a) 432" 43m’ m3m’ 1 (0]
000 0O 0 Ay (b)23 m3
Class XVIII B = A(k)ej (kj.kl — k'k;) 432 43m m3m 1 H

Classes allowing a magnetic dipole term (Type-I altermagnets in Ref. [22])
bClasses allowing spin splitting along a permitted collinear AFM direction (“‘strong-collinear” altermagnetic classes).
¢Classes not allowing spin splitting along a permitted collinear AFM direction (“weak-collinear” altermagnetic classes).

Taking into account parity and time reversal, one concludes
that the altermagnetic tensor eaV[V?] decomposes into two
magnetic dipoles, a magnetic quadrupole, and a magnetic
octupole. Since the dipole irrep occurs twice, there is some
arbitrariness in the decompsition of the dipolar field, but the
natural choice is for one of the two components to be par-
allel to the dipole vector (D', which is also allowed at the
lowest rank-1 order and represent the ordinary ferromagnetic
uncompensated spin splitting), while the other is parallel to
the wavevector k (D). The quadrupole terms yields a B that
is perpendicular to k, while octupolar terms always connect
different directions of B,

1 0 S23
Q= E(eiakgjﬂ + €ipibja)Sjk = —S13 0
Sz =S

With this choice and in the absence of any symmetry we
can define the four Cartesian tensors as

vy Uy v, 0 0 O
D' = §;;8upvj= vy v, v, 0 0 O], o)
v, v, v, 0 0 O
1 u, 0 0 0 u u
D”:E(Siaaﬂjuj: 0 uy 0 uw 0 ul, (6
0 0 wu, wu u 0

where v and u are the two dipolar components. The quadrupo-
lar tensor can be constructed from a traceless symmetric
matrix S as

=83 =S —25» —Si2 Si3
S13 S12 2811 + S22 —Sx 7
0 —S13 S23 S — 81

while the octupolar tensor O, defined as a linear combination of L = 3 tesseral harmonics, is

—0122 — O133 O122
0= 0o —0s11 — O3
O3 O3

In Appendix B, Table IV, a symmetry-adapted spherical
basis is presented, comprising nine unique forms (two dipoles,
three quadrupoles, and four octupoles) plus forms obtained by
axis permutation. In each of the 17 quadratic altermagnetic
classes, the unique tensor form can be expressed as a linear
combination of one or more symmetry-adapted spherical basis
tensors, as shown in Table V.

VII. QUARTIC ALTERMAGNETISM

Having classified all the MPGs that allow rank-3
(quadratic) altermagnetism, one may wonder whether any
higher-order altermagnetic point group has been left out; in
other words, are there symmetries where piezomagnetism and
MOKE activity are forbidden but higher-order altermagnetism
is allowed? Having excluded all paramagnetic point groups

O133 Oz 20311 20s1
O3 2032 Opsz 2012 |. (8)
—0311 — O3 2023 20133 Opo3

(

(where altermagnetism is not allowed at any order) and groups
that preserve PT symmetry (where spin splitting is entirely
forbidden), only three MPGs are left: 432, 43m, and m3m,
which have been included in Table I as Class XVIII. All
these MPGs allow quartic (but not quadratic) altermagnetism
and share the same one-parameter rank-5 tensor form, such
that

BT = A(k)eiji(kki — kkj), 9)

€;j; being the totally antisymmetric Levi-Civita symbol. The
corresponding tensor is a pure L = 4 (magnetic hexadecapole)
spherical tensor, since the L =35 spherical representation
does not contain the totally symmetric irrep of these point
groups.
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Including quartic altermagnetism will also affect the clas-
sification of the MPGs, since some of the classes will split
on the basis of their rank-5 tensor forms. In particular, the
tetragonal and hexagonal groups in Classes XIII, XV, and XVI
will split because they have different rank-5 tensor forms,
and Class XVIII will also split into two subclasses [this is
indicated with the letters (a) and (b) in Table I]. However,
no further splitting will occur at any higher tensor order,
since the MPGs in each class/subclass only differ by the
proper/improper nature of some rotations, which has no bear-
ing on any parity-even tensor. Therefore, the classification
of altermagnetic groups in Table I can be considered as
complete.

VIII. SYMMETRY IN RECIPROCAL SPACE

Spin textures constructed with the tensorial method I just
described have the full symmetry of the MPG of the crystal,
which, in turn, means that the field at a given point in the infe-
rior of the BZ will be locally symmetric by the little cogroup
of that point, without any need for further symmetrization
[20]. However, care must be taken at the zone center and
at special points at the BZ boundary, which have additional
symmetries because of the fact that points related to them
by some symmetry are also related by a reciprocal lattice
vector. Unlike the case of the R-D tensor and more generally
of even-ranked tensors, there is no general requirement that
the spin texture be zero at Kramers points (i.e., points for
which 2Kk is a reciprocal lattice vector). In general, uncom-
pensated spin splitting is allowed everywhere if the dipolar
term D' is allowed, as is the case for ordinary ferromagnets.
Whenever dipolar terms are not allowed, spin splitting must
vanish at the zone center and at zone-boundary points with
the same little-group symmetry. In other cases, a reduced
tensor may be obtained by symmetrization over the index
that is not contracted with k. Some examples are given in
Sec. XII.

IX. COLLINEARITY

Collinearity is not strongly constrained by MPG symme-
try, only being forbidden in cubic MPGs. In all other cases,
collinear ferromagnetic or antiferromagnetic structures are
allowed provided the following conditions are met:

(1) The magnetic moment is either along the high-order
rotation axis (hexagonal, trigonal, tetragonal), along one of
the twofold axes (orthorhombic) or either parallel of perpen-
dicular to the unique twofold axis (monoclinic). No special
condition exists for triclinic groups.

(2) The point-group symmetry of the magnetic site is ad-
missible, with the admissible direction coinciding with one
of the directions specified in point (1) above. This includes
magnetic sites in a general position, since point group 1 is of
course admissible.

It follows that collinear magnetic structures are allowed
by symmetry in all altermagnetic groups with the exception
of the cubic ones (Classes XVII and XVIII). However, as
anticipated in Sec. V, one must draw an important distinc-
tion between classes that do not allow the spin quantization

axis to be along a permitted collinear direction at the rank-
3 tensor level (Classes VIII, XII, XIV, XV, and of course
the purely noncollinear XVII and XVIII, for which I will
use the adjective “weak-collinear””) and those that do (the
“strong-collinear” classes V, IX, X, and XI). In the latter
case, spin splitting in collinear structures could arise from
a very similar effect as for ordinary ferromagnets, in that
spins traveling along certain crystallographic directions would
experience a net effective Zeeman field originating from the
ordered magnetic moments, the quantization axis switching
sign depending on the wavevector direction. Unlike the case
of true ferromagnets, where the magnetization is uniform,
the internal magnetic field distribution in ferrimagnets and
antiferromagnets can never be entirely collinear. Nevertheless,
one expects the effective fields (mostly of exchange origin)
to be strongest in the direction parallel or antiparallel to the
Néel vector. It is noteworthy that all MPGs allowing ferromag-
netism can trivially be strong-collinear in the ferromagnetic
direction, although some can also be strong-collinear in other
directions as well (see example XII D).

By contrast, in the weak-collinear classes (VIII, XII, XIV,
XV, XVII, and XVIII), the spin quantization axis produced
by the rank-3 tensor is not along one of the allowed collinear
antiferromagnetic directions. However, rank-3 spin splitting
in these classes can still be very large for noncollinear mag-
netic structures. All weak-collinear classes with the exception
of Classes XVII and XVIII (which cannot support collinear
structures) become strong-collinear at a higher tensor order;
see Sec. X.

Examples of a strong-collinear and a weak-collinear class
are given in Sec. XII and further discussed in Sec. XIII.

X. STRONG-COLLINEAR HIGHER-ORDER
ALTERMAGNETISM

Strong-collinear altermagnetism will appear for all classes
(except Classes XVII and XVIII) at some tensor rank, even
when it is forbidden by symmetry at the rank-3 (quadratic)
level. Indeed, in their treatment employing SGs, Smejkaler al.
[17] list a number of examples that clearly require higher-
order tensors, so one needs to show that analogous results
are obtained with MPGs. Classes VIII, XII, XIV, and XVb
allow strong-collinear quartic (rank-5) altermagnetism, while
Class XVa only allows it at the next order (rank 7). The
expressions for the full tensors are naturally rather complex,
but it is easy to write the B along the collinear direction z
(see example in Sec. XII C for more detail). The appropriate
polynomials are reported in Table II. As shown in Sec. XII,
there is a close correspondence between these forms and those
obtained by Smejkal er al. using the SG treatment (Ref. [17],
Fig. 2). However, it is important to stress that the MPG and
SG forms are not always identical. Rather, SG-derived tensor
forms are particular instances of the corresponding MPG
forms, obtained linking the free parameters through particular
relationships, which arise from the fact that the SG approach
takes into account additional (approximate) symmetries (see
Sec. XI for a full discussion). This also demonstrates that
the MPG and SG approaches are mutually consistent when
it comes to strong-collinear altermagnetism.
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TABLE II. Polynomial forms of the effective field component
z, which in the listed classes is along the collinear staggered mag-
netization (strong-collinear altermagnetism). Classes listed here are
weak-collinear altermagnetic at the rank-3 (quadratic) level (see
Table I).

Class Rank B (k)
VIII 5 Ak)(k} — 3K )k
XII 5 (A1 (k) (BkZky — k) = Ag(k)(3keky — k) )k
XIV 5 Ak) (K} — 3k} k. )k
XVa 7 A(k)(3ky — 10K2K? + 3k ) koky
XVb 5 Ak) (k3 y — K ky)

XI. CONNECTION WITH SPIN GROUPS:
THE CUBIC SYMMETRY

In several important cases (both collinear and non-
collinear), the crystal symmetry is only broken by the
direction of the magnetic moments. A classic case is that
of hematite (Fe,O3) [58], where the threefold symmetry is
broken at room temperature but remains unbroken below the
so-called Morin transition (*260K). Since the magnetoelastic
interaction is often small, one needs to take into account
the effect of the approximate crystal symmetry (termed “ap-
proximate symmetry” in the remainder of the paper) on the
spin textures. In the case of collinear structures, this can be
done effectively using SGs—a treatment that has been pre-
sented in previous literature [17,18]. One needs to establish
how the approach based on MPG needs to be modified to
take approximate symmetry into account, so that the two
approaches (MPG and SG) are fully connected and consistent.
Although the effective field B along the staggered magne-
tization can always be identified from the MPG treatment,
approximate symmetries introduce additional (approximate)
constraints that are not immediately apparent from the MPG
(see Sec. XIID for a complete example). A simple and ef-
fective technique to address this issue is to rotate all the
magnetic moments into a high-symmetry direction, so that
as many approximate symmetry operators as possible be-
come reestablished as exact symmetries in the MPG. When
the magnetoelastic interaction is weak, such high-symmetry
phase is almost always physical and, if it is not the ground
state, it can usually be reached by applying a relatively small
magnetic field. However, this approach is not always viable,
particularly in cubic symmetry, because, for collinear phases,
cubic crystal symmetry can never be fully restored by any
direction of the staggered magnetization. These are precisely
the cases in which a separate symmetry analysis using SGs
is most necessary. Here, SG analysis is implemented within
the same tensorial framework as the MPGs and by using
Shubnikov groups rather than the (isomorphic) binary SG. For
collinear structures, this is equivalent to treating textures in
both real and momentum space as time-reversal-odd scalars
(see Appendix C). Treating real-space collinear magnetic tex-
tures in this manner is by no means unprecedented; in fact,
classifying magnetic structures based on scalar ordering pat-
terns (e.g., A-type, C-type, G-type, etc.) goes back all the

way to the very beginning of the experimental research on
AFMs (Ref. [59] Fig. 18). Scalar patterns also play a key
role in the theory of exchange multiplets [60], which, cru-
cially, can also be applied to noncollinear structures. Within
this framework, a given collinear magnetic structure will then
come to be associated with two distinct Shubnikov groups:
the Shubnikov MPG, which describes the exact symmetry
of the combined crystal and axial-vector magnetic structures,
and the Shubnikov SG, which describes the symmetry of the
corresponding scalar magnetic ordering pattern. In the ab-
sence of approximate symmetries, the two Shubnikov groups
will act in the same way on the crystal structure (i.e., they
have the same associated “grey” group) and can be readily
obtained from one another if the direction of the magnetic
moment is known. However, in the presence of approximate
symmetries, the Shubnikov SG will generally have a higher
symmetry, the additional operators corresponding precisely
to the approximate symmetries. By construction, Shubnikov
(or binary) SG can be employed to classify and delimit any
magnetic property that does not depend on the direction of the
magnetic moment, and, in the present context, can be used to
construct symmetrized scalar-field tensors (polynomial forms)
in momentum space at any order. Lowest-order polynomial
forms for all cubic SGs have been obtained using scalar-field
tensors, as discussed in Sec. IV, and are listed in Table III
together with the corresponding MPGs for magnetic moments
along the three cubic symmetry directions [001], [110], and
[111]. When comparing these forms with the corresponding
strong-collinear forms of the same MPGs, one notices that the
former can be obtained from the latter by fixing some of the
parameters to have specific values. In other words, the addi-
tional approximate symmetry implied by the scalar textures
manifests itself by establishing a link between effective-field
parameters that would otherwise be independent. This be-
comes clear when considering specific cubic symmetries. The
cubic SGs 23, m3, 432, 43m, and m3m are all ferro- (or ferri-)
magnetic, and the lowest-order cubic polynomial form is com-
pletely isotropic. The corresponding MPGs all admit a dipole
component, which is, however, not necessarily isotropic. For
example, the polynomial form for MPG 422’ is Al(k)(kf +
k?) + Ay (k)kZ. Therefore, the pseudocubic symmetry had the
result of imposing A (k) = A, (k) Vk, as stated.

The case of the three remaining cubic groups 432, 43,
and m3in is considerably more interesting, and is discussed
in more detail in Sec. XIIE. The lowest-order cubic poly-
nomial form is of rank 7 (rank 6 for the corresponding
SGs), while the corresponding MPGs admit lower-order
polynomial forms (see Tables I and II). As always, these
lower-order MPG forms are contained in the rank-7 forms;
for example, the trigonally symmetric (Class VIII) rank-5
form A(k)(k? — 3k?)k.k, has corresponding rank-7 compo-
nents (kj — 3k kek, (A1 (k)(k] + k7)) + Aa(k)k?), since (k7 +
k?) and k? are totally symmetric in trigonal symmetry. How-
ever, in the presence of cubic approximate symmetry, these
components are linked together and with other rank-7 com-
ponents, yielding the pseudocubic rank-7 form displayed in
Table III. All other trigonal components only arise from
the symmetry breaking due to the magnetic moment direc-
tion, and are expected to be small for weak magneto-elastic
interactions/SOC.
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TABLEIII. Polynomial forms of the effective field components for cubic groups and different high-symmetry magnetic moment directions.
The corresponding spin groups are indicated in the first column. For each moment direction, the corresponding MPG class is indicated together
with one MPG example (to establish the correct setting). The symbol ..2 means that the twofold axis is along the z direction (see text).

Spin groups S || [001] S| [110] S| [111]
— Class (..2) 1(1) VIII (3)
’ Form A(k) (K} + k7 +K2) Ak) (K} + k5 + K2) Ak)(kE + Kk + k2)
432, Class XIVb (42'2') IV (2'2'2) VII (32')
43m m3m Form AK) (K + k5 + k2) Ak) (K} + K+ k2) Ak)(kE + k5 + k2)
432 Class XI (£'m'm) IV (22'2) VIII (32)
434, m3m Form  A()(K2 —k2) - k2 — k2) (k2 — k2) Ak)( =2k + (ky — k2)?)- A (k2 = 3K7 Yk k-

(_2]‘.3 + (ky + kz)z)kvkz [6(k.3 + k‘z) - 16kz2 - ﬁ(kyz - 3kf)]

XII. EXAMPLES

Here, I provide a set of examples to illustrate the practical
use of this method and in particular of Table I, and to high-
light some of the issues arising from different crystallographic
conventions. All the examples and references were generated
using the program MAGNDATA from the Bilbao Crystallo-
graphic Server [39]. The figures display the “texture pattern”
as a normalized B vector field, where the normalization
function is 1/(k] + k; + k2)"~V/* where n is the rank of the
tensor. These texture patterns correspond to the gnomonic
projection of the textures, i.e., a projection from the center
of the unit sphere to a plane tangent to it. This projection is
most convenient to display the symmetry (it preserves angles
at the center) and the details of the textures. In these figures, k,
and k, are in arbitrary dimensionless units, and the conversion
to spherical coordinates is tan§ = vk> + kg, tan ¢ = k,/k,.
There is a close correspondence between these texture pat-
terns and those displayed schematically in Fig. 2 of Smejkal
et al. [17] (more details in the figure legends). An example of
texture plotted on the surface of a sphere in momentum space
is shown in Sec. XIIE.

A. Class XIV (weak-collinear at rank 3)

Class XIV comprises five hexagonal MPGs: %,mm’, 6'2m’'
(a MPG adopted, for example, by TmAgGe, Ref. [61]),
6'm2’, 6/mm’ (HoMnO3, MSG P65cm’, Ref. [62]) and 622"
The expression for B* (k) for this class at the rank-3 tensor
level is

B (k) = Ay (k)(k] — k).

B (k) = Ay (k)(—2kky), (10)

B(k) =0,

the spin texture being parametrized by a single scalar function
of k, A11(k). The spin quantization axis is in the xy plane
and therefore always perpendicular to the high-symmetry di-
rection, i.e., the allowed direction for the Néel vector. The
spin texture is parallel to k along the six directions I"-K and
I'-K’, while it is perpendicular to k along the I'-M lines (see
Ref. [63] for the BZ point notation). Since the three K points
and the three K’ points are equivalent, Aj4(k) must be = 0

both at the I" point and at k = |K|. There is no additional
constraint at points M.

Class XIV is also useful to illustrate how to deal with
different axes orientations, which is essential to employ Ta-
ble I correctly. As a preamble, one should remark that, in the
presence of a crystal lattice, the orientation of the point group
directions is not arbitrary, but is related to that of the crystal
axes. So, for example, symbols 62m and 6m2 refer to the same
point group, being related by a 90° rotation of the in-plane
axes. However, P62m and P6ém2 are distinct space groups,
since the in-plane directions are now linked to the crystal axes.

The symbols, 6'2'2, 6'm'2, 6'2'm (e.g., ThMn,, Ref. [64]
and CsFeCls, Ref. [65], both with MSG, P6'2'm), 6'm'm
(e.g., YbMnO3, MSG P6yc'm, Ref. [66]), and Sm'm (e.g.,
CrSb, MSG P%m’c, Ref. [67]) refer to the same point groups
(622, 62m’, 6'm2’, 6'mm’, and %mm’, respectively), with
the in-plane axes rotated by 90°. Therefore, when dealing

with MSGs such as P6'2'm or P%m/c, one should employ the
rotated form of the tensor [68],

0 0 0 0 0 —2Apn
—Ay Apn 0 0 0 0 (11)
0 0 0 0 0 0
The expression for B (k) for this set being
B (k) = Ay (k)(—2kiky),
B (k) = Ay (k)(k; — k7).
B (k) = 0. (12)

Among the compounds listed above, TmAgGe, HoMnOs,
YbMnOs;, CsFeCls, and ThMn, are reported to have non-
collinear magnetic structures, while SbCr is reportedly
collinear.

As discussed in Sec. X, Class XIV becomes strong-
collinear at the rank-5 (quartic) level, the effective field along
the z axis (the allowed direction for the collinear staggered
magnetization) being (see Table II)

BT(K) = A(k) (k] — 3koky)k:. (13)

Figure 1 displays the corresponding texture patterns. Note
that here and in other figures below, a higher-rank pattern is
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FIG. 1. In-plane, rank-3 (a) and out-of-plane, rank-5 (b) components of the “texture pattern” (normalized B*" vector field, corresponding
to the gnomonic projection of the spin texture; see text), for Class XIV (e.g., MPG 6'22'). The normalization functions are 1/(k? + kf +
kz2 )'=D/2 5 being the rank of the tensor. Contours were plotted for k. = 1 and are symmetric/antisymmetric, respectively for panels (a)/(b),
by exchange k, — —k,. Panel (b) to be compared with Fig. 2, subpanel B4 of Ref. [17].

plotted when the lower-rank tensor is zero for that particular
component (generally the z component).

B. Classes X and XI (strong-collinear at rank 3)

Classes X and XI are closely related [32], because their ten-
sor forms are related by a 45° rotation. However, these forms
look sufficiently different to make distinct classes useful in
practice. The difference between the two classes stems from
the fact that, in Class X, operators along the primary ([001])
and tertiary ([110]) symmetry directions are primed while, for
Class XI, operators along the primary ([001]) and secondary
([100]) symmetry directions are primed.

The tensor form for Class X allows spin splitting along all
three axes. However, setting A4 = 0, one finds that the spin
quantization axis can be predominantly parallel or antiparal-
lel to the z axis, i.e., the allowed Néel vector direction for
collinear antiferromagnetism. The maximum effective Zee-
man field along the z axis is for wavevectors in the (110) and
(110) directions, and the sign of the field switches between
these two directions.

Class X comprises the MPGs 42m’ (e.g., PboMnQy,
Ref. [69]) and 422" (Er,Ge,O7, Ref. [70]), but also those
corresponding to the nonstandard setting 4'2'm, 4mm’, and
%mm/ (e.g., LiFe,Fg, Ref. [71], and RuO,, Ref. [72], both

with MSG P%nm’). The characteristic spherical tensor expan-
sion for this class is

A(k) Q" + B(k) 0", (14)

where Q' and O’ are fixed tensors defined in Table IV. The
spin texture is

B (k) = Ana(k)kyk:,
B} (K) = A (k)kik:,

B (k) = Asg(k)kcky. (15)
In the primitive tetragonal cell (adopted by
Pb,MnOy4, Er,Ge,O;, LiFeyFs, and RuO,), the
four M points have reciprocal-space coordinates

(3.3.0), (=3, 3,0),(3,—3.0), and (—3, —3, 0) and are all
related by reciprocal lattice vectors. However, according to
Eq. (15), (3, 3,0)/(3, =1, 0)and (-1, 1, 0)/(4, -1, 0) must
have opposite spin textures, which means that A3¢(k) = 0 for
k = ky. The in-plane and out-of-plane spin-texture patterns,
both of rank 3, are displayed in Fig. 2.

Class XI comprises the standard-setting MPGs
42m, 4m'm, %m’m (e.g., the pyrochlores Er,Ti,O; and
Er,Ru,07, with MSG 14 m’'d, Refs. [73,74]), and also the
nonstandard settings 4'2'm and 4'2'2. The characteristic
spherical tensor expansion for this class is

A(k) QL + B(k) O,

where Q' and O’ are fixed tensors defined in Table IV. The
spin texture is rotated by 45° with respect to Class X,

(16)

B (k) = Ays(k)kik.,
BT(k) = —Ays(k)kyk;,

B (k) = Az (k)(k; — k). (17)

Among the compounds listed above, Pb,MnO, Er,Ge,07,
Er,TipO; are reported to have noncollinear magnetic struc-
tures, while LiFe,Fg, Er,Ru,07, and RuO, are reportedly
collinear (but doubts have recently be raised concerning mag-
netism in RuO,; see Ref. [75]).

C. Class XV: Higher-order strong-collinear altermagnetism
Class XV is weak-collinear at the rank-3 level, with
B{T(k) = Ak,
BT (k) = — Ayq(k)kk:,
B (k) = 0. (18)

Subclasses XVa and XVb become strong-collinear at the
rank-7 and rank-5 level, respectively, the corresponding BEH
components being listed in Table II. Figures 3 and 4 display
the corresponding texture patterns.
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TABLE IV. Symmetry-adapted spherical basis tensors employed for the decomposition of the altermagnetic tensor in each of the 17
classes (see Table I). The basis tensors are constructed from nine unique forms (two dipolar, three quadrupolar and four octupolar) and their
axis permutations. Only permutations actually employed in the decomposition are listed.

Spherical form X y z
1 1.1 0 0 O 0O 0 0 0 0 O 0O 0 0 0 0 O
D! 0 0 0 0 0 O 1 1.1 0 0 O 0 0 0 0 0 O
O 0 0 0 0 O o 0 0 0 0 O 1 1.1 0 0 O
1 0 0 0 0 O 0O 0 0 0 0 1 0O 0 0 0 1 O
D 0 0 0 0 0 1 0 1 0 0 0 O 0 0 01 0 O
O 0 0 0 1 O 0O 0 0 1 0 O o 0 1 0 0 O
o 1 -1 0 0 O 0 0O 0 o0 o0 1
Q! 0o 0 0 0 0 -1 -1 0 1 0O 0 O
0O 0 0 0 1 0 0 O 0 -1 0 O
0O 0 0 -1 0 O
Q 00 0 0 1 0
o 0 0 0 O0 O
0O 0 0 1 0 O
Q" 00 0 0 1 0
o 0 0 0 0 =2
0O 0 0 1 0 O
of o 0 0 0 1 O
0O 0 0 0 0 1
o o0 o0 o0 2 0
of o 0 o0 -2 0 0
1 -1 0 0 0 O
-1 1 0 0 0 O o 0 o0 0 0 2
o 0 0O 0 0 0 2 1 -1 0 0 0 O
0 0 0 0 0 O o 0 o0 0 0 O
-2 1 1 0 0 O o 0 o0 o0 0 2 o 0 o0 0 2 O
oV 0 O 0 o0 0 2 1 -2 1 0 0 O o 0 o0 2 0 O
0 0O 0 0 2 O o 0 0 2 0 O 1 1 -2 0 0 O
D. Spin-flop transitions: Connection with spin groups Let us consider the magnetic structure of CoF, (space

group P%nm), a well known piezomagnetic material [37,44].
In zero applied magnetic field, CoF, possesses a fully com-
pensated collinear structure with spins along the ¢ axis. In this
compound, Co** (3d”) is strongly anisotropic, and a spin flop
transition was reported at a magnetic field of 7 T [76], which

As discussed in Sec. XI, approximate symmetries are often
created across a spin flop transition, when spins are rotated
away from a high-symmetry direction. These examples are
very useful to illustrate the connection between the MPG and
SG treatment of the same collinear structure.

(a) (b)
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FIG. 2. In-plane (a) and out-of-plane (b) components (both of rank 3) of the texture pattern for Class X (e.g., MPG 4'22’). The normalization
function is 1/(k* + ky2 + k2). Contours were plotted for k, = 1 and are antisymmetric/symmetric, respectively for panels (a)/(b), by exchange
k, > —k,.
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FIG. 3. In-plane, rank-3 (a) and out-of-plane, rank-7 (b) components of the texture pattern for Class XVa (e.g., MPG 622). The normaliza-
tion function is as in previous figures. Contours were plotted for £, = 1 and are antisymmetric/symmetric, respectively for panels (a)/(b), by
exchange k, — —k;. Panel (b) to be compared with Fig. 2, subpanel P6 of Ref. [17].

is typical of many 3d transition metal compounds [77]. The
MSG in the zero-field phase is P%nm/, and the MPG is %mm’
(Class X). In the high-field phase and assuming magnetic
moments along the [100] or [110] directions, the MPG is
m'mm’, where the first m’ is perpendicular to the Néel vector
direction (here chosen to be the x axis), while the second m’
is perpendicular to the z axis. This MPG is a member of Class
IV, with y and z exchanged. Using the conventions indicated
here above, we obtain

0 0 0 Apu 0 0
Toe=[0 0 0 0 4w 0|
0 0 0 0 Azg
0 0 0 0 0 Ags
Tsja=|A31 Az An Ay 0 0 |, (19
0 0 0 0 0 0

where, for Tg),, I have exchanged y and z with respect to
the standard setting in Table I. The zero-field magnetic struc-
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ture Ty is strong-collinear for the collinear AFM direction
along the z axis, via the tensor element A3s. When Ay is
set to zero, B is also parallel to the z axis and has the
form Ajsgk.k,, being maximum when Kk is in the xy/xy di-
rections. The high-field magnetic structure would allow weak
FM, as indicated by the presence of dipole terms in Class
IV. However, T, is also strong-collinear in the x direc-
tion via the A;s element. When all other elements are set
to zero, B is along the x direction (the direction of the
AFM moments) and has the form A4k k., being maximum
when Kk is in the yz/yZ directions. This is exactly what one
would expect based on the SG approach (see below), i.e., spin
splitting along the AFM spin direction and with a reciprocal
space pattern that does not depend on the spin direction.
The MPG approach correctly describes this and also includes
other tensor elements that are allowed by symmetry (in this
case along the y direction), which are likely to be small for
collinear structures, but may well be large for noncollinear
structures.

615

-2 0 2 4

ky (arb. units)

rank-3 (a) and out-of-plane, rank-5 (b) components of the texture pattern for Class XVb (e.g., MPG 422). The

normalization function is as in previous figures. Contours were plotted for k, = 1 and are antisymmetric/symmetric, respectively for panels
(a)/(b), by exchange k, — —k;. Panel (b) to be compared with Fig. 2, subpanel P4 of Ref. [17].
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Regardless of the spin orientation, the spin space group
is P%ﬁm, where the “”” symbol indicates spin flip in the
SG sense, i.e., with the space-group operators only acting on

atoms and not on spins. The (point) SG is %nﬁm, and the scalar
texture tensor, generated using MTENSOR is

0 Ap O
Tso= |4 0 0]. (20)
0 0 0

The corresponding texture has the form Ajsk,k,, which is
identical to the previous ones with an appropriate exchange of
axes.

In the example just illustrated and for both directions of
the Néel vector, the MPG and SG treatments yield identical
momentum-space textures projected along the Néel vector. In
addition, the MPG treatment evidences other “weak’ compo-
nents of the textures in different directions, including a weak
FM component in the spin-flop phase. Clearly, this complete
correspondence does not always hold when the magnetic mo-
ment are along a low-symmetry direction. An extreme case
occur when the magnetic moments are along a completely
generic direction [x, y, z], since in this case the MPG analysis
yields six independent components along [x, y, z]. However,
these situations are extremely rare, and can be usually re-
solved within the MPG framework by rotating the magnetic
moment along a high-symmetry direction (but see here below
for the case of cubic groups).

E. Strong-collinear altermagnetism in cubic groups

The relation between the SG and MPG approaches be-
comes even clearer when considering the case of the cubic
groups. Cubic MPGs do not admit collinear structures, since
the direction of the magnetic moments always breaks the
cubic symmetry. However, cubic symmetry can still hold in
an approximate sense if the spin-lattice interaction is small.
Highlighting these approximate symmetries and their effects
on momentum-space textures is one of the main advantages
of SGs, which are therefore an extremely useful complement
to MPGs. As shown for other symmetries in Sec. XIID, it
is often possible to choose a high-symmetry spin direction
where no space operator is lost, but this is clearly not possible
for cubic groups. It is therefore useful to work out a cubic
example in detail, so as to understand exactly how the two
approaches are related.

Let us consider AFM ordering on a crystal with point group
m3m, such as the pyrochlore Er,Ru,07 (Ref. [73]), in which
cubic symmetry is broken by a collinear AFM structure. The
magnetic moments are along the z axis, and the MPG is i—;m’m
(Class XI). The corresponding SG is m37 (full symbol +32)
regardless of the direction of the magnetic moments, where,
once again, SG space operators do not change the direction of
the spins and the “~” symbol indicates spin flip. At the rank-7
level, the effective field components for the two cases are

BN (k) = AM)(k; — k) (k; — k) (k; — &),
BY"S(k) = B (k) + (k; — k) (A1 (k)kk;

+A 0K+ K2+ Asokd). @D

Corresponding MPG expressions for magnetic moment in
other high-symmetry directions and in the appropriate coor-
dinate systems are reported in Table III. For the tetragonal
case, it is clear that BS9(k) is the symmetrized version of
BMPG(K), obtained by setting A;(k) = Ax(k) = As(k) = 0.
The additional components would emerge as a consequence
of symmetry breaking, and can be reasonably expected to
be small for a collinear structure where cubic symmetry is
only broken by the spin system and spin-lattice interaction
is weak. Figure 5 shows the texture pattern for BS9(k) (i.e.,
in the absence of the tetragonal terms). Figure 5 also shows
that the scalar texture pattern is completely symmetric by the
SG cubic symmetry operators, while the generic tetragonal,
trigonal or orthorhombic textures for the corresponding MPGs
would only have those specific symmetries.

For further clarity, views along different directions of these
textures plotted on the surface of a sphere in momentum
space are displayed in Fig. 6. As remarked earlier, textures
for different values of k = |k| only differ by the multiplicative
function A(k) [see first line of Eq. (21)].

XIII. DISCUSSION

In this paper, I have outlined a natural symmetry classifica-
tion of all k/—k-symmetric, time-reversal-odd altermagnets,
based on the lowest-rank altermagnetic tensor forms allowed
in each magnetic point group (MPG). I have also tabulated
all the higher-rank tensor forms required to describe strong-
collinear altermagnetic textures, i.e., those that produce spin
splitting with quantization axis parallel to the Néel vector.
This include the case of cubic groups, where the spin-group
formalism (thoroughly developed by other groups) [17] is
most useful.

This classification has important practical consequences,
particularly when one considers the tensorial connection be-
tween altermagnetism (which describes particular form of
reciprocal-space spin textures) and well-known macroscopic
properties such as piezomagnetism and the MOKE effect.
For example, the Bilbao database MAGNDATA [39] lists 139
known materials that are MOKE active and do not allow
ferromagnetism. The point groups of these materials are the
same as those in Classes V, VIII, IX, X, XI, XII, XIV, XV,
and XVII in which purely antiferromagnetic quadratic alter-
magnetism is allowed. In fact, most materials so far discussed
in the context of altermagnetims (and many more) are well-
known piezomagnets/MOKE-active AFM. Moreover, while
a positive identification of altermagnetism as distinct from
time-even effects such as the surface R-D effect is rather
difficult, detecting MOKE activity is rather straightforward
and would enable screening of candidate materials for which
the magnetic structural determination may be ambiguous [75].

One may also observe that altermagnetism is allowed in 69
MPGs, of which 66 allow quadratic altermagnetism and 31
allow ferromagnetism. Considering that 32 MPGs are param-
agnetic (grey), out of a total of 122 MPGs only 21 groups are
black and white and do not allow altermagnetism, which is
therefore hardly a rare phenomenon.

Although the purpose of this paper is mainly to discuss
altermagnetic symmetry, a few words about “mechanisms” do
not seem inappropriate, particularly in connection with the
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FIG. 5. Views along the [001] (a) and [111] (b) directions of the scalar texture pattern (i.e., the texture component along the direction of the
magnetic moments) for MPG %’m’m (symmetrized to cubic) or spin group %3 % The normalization function is as in previous figures. Contours
were plotted for k, = 1 and are both symmetric by exchange k, — —k;. Panel (a) to be compared with Fig. 2, subpanel B6 of Ref. [17].

role of the spin-orbit coupling (SOC). As already discussed
in Ref. [14], altermagnetic splitting is caused by the time-
reversal-odd effective Zeeman fields (mostly of exchange
origin) generated by real magnetic moments in the unit cell.
Since the SO interaction is time-reversal even (its sources
being the gradients of the electrical potential), at first sight
it would seem that the SO interaction could not be responsible
for k/—k-symmetric, time-reversal-odd altermagnetism.
However, this in not entirely correct, since the SOC can
affect both the orientation of the localized magnetic moments
and the spin density distribution, most famously by inducing
spin canting via the Dzyaloshinskii-Moriya interaction. It
is therefore plausible that the SOC is responsible for weak
altermagnetism [28], particularly when spin splitting along
a unique high-symmetry direction is not allowed at the
lowest order (Classes VIII, XII, XIV, XV, XVII, and XVIII).
Interestingly, one must also expect to observe R-D-like,
k/—Kk-antisymmetric splitting that is of pure magnetic origin,
because magnetic ordering can break inversion symmetry.
The two best-known cases of this phenomenon, described by
Cheong et al. as Type-III altermagnetism [22] and discussed
theoretically in two recent publications [78,79], are helical
magnetic structures and type-II multiferroicity, both of which
can originate in centrosymmetric crystal due to competing

(@)

interactions [80]. In both cases, the relevant properties
(magnetic helicity and magnetic polarity, respectively) are
time-reversal even, so this materials do not violate the general
rule that the spin splitting should be the same in time-reversed
domains.

ACKNOWLEDGMENTS

I acknowledge discussions with Alessandro Stroppa (CNR-
SPIN), Roger D. Johnson (University College London),
Dmitry Khalyavin (STFC UKRI), and Gautam Gurung (Trin-
ity College, Oxford), and further discussions with Libor
Smejkal and Jairo Sinova, based on a first draft of this paper.

APPENDIX A: TENSOR EQUALITIES AND INVARIANCE

1. Equivalence of Cartesian and spherical tensor
decompositions

In general, Cartesian tensors like those in Eq. (1) are mem-
bers of the tensor product space I’V ® [’V ® I'V ... ], where
the square bracket indicates index symmetrization while IV
is the representation of ordinary vectors, which coincides with
the L = 1 irrep of SO(3) (I'!) if one considers only proper ro-
tations. In turn, [’ ® I'V ... ] can be decomposed in SO(3)

FIG. 6. Views along the [001] (a) and [111] (b) and [110] (c) directions of the scalar spin texture in Fig. 5 plotted on the surface of a sphere
in momentum space. Blue/red colours correspond to negative/positive values.
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irreps as follows:
rYer'1=r*+r°
r'er'er'1=r+r!
r'er'er'er'1=r*+r*+r°
r'er'er'er'erVl=r>+r’+r!
(A1)
where I'?, I'3, etc. are the irreps for L =2,3, .... Taking
once again the tensor product with I"V
rVeur'y1=r’*+r*+2r!
r’er'yYl=r*+r*+2r2+r'+r°
rYeIr" 1 =r’+r*+2r’+r>+ar'
rveur'y1=ré+r+2r*+r34+2r*+r'+r°
(A2)
where I have used the shorthand (I'V)> = I'V ® I'V etc. The
spherical tensor decomposition is the familiar one,
rer®=r
rer'=r*+r'+r°
r'er*=r’+r*+r!'
r‘er’=r‘+r’+r:
r'er*=r>+r*+r’
r'er’=r+r>4+r
(A3)

So, for example, the sum of all the spherical harmonics
terms in Eq. (A3) is

5
Z rNer'=r+3r'+3r2+3r’+3r*+2r’+r°
n=0

=r'eI"1+r"our'yl. (A4)

We can therefore conclude that, if one considers only
proper rotations [i.e., elements of the continuous group
SO(3)], the decomposition into spherical tensors of a vector
field on a spherical shell up to order 7 is equivalent to the sum

J

For example, for Class V, we have

00 0 Ay 0 0
00 0 0 Ay 0
000 0 0 As

0 0

—Al0 0

0 0

0 0

+A5l0 0

0 0

S o O

of two Cartesian tensors of ranks n and n + 1. Including parity
and time reversal, it is found that the Cartesian tensors of odd
rank are parity-even and time-reversal odd, while the Carte-
sian tensors of even rank are parity-odd and time-reversal
even.

2. Tensor invariance

Here, I show that the symmetry of the global point-group
symmetry of spin texture generated by a certain Cartesian
tensor requires that tensor to be totally symmetric by the
symmetry operations of that point group. In general, given
a vector field V(k) and a proper rotation R the transformed

vector field is
Vk)=R-V(R'-K). (A5)

Particularizing to the case of B°f(k) we obtain for proper
rotations

i ) ~1p—1p-
B"(k) = R;;T, R RGR Tkokoks . ..

J.aBy... ﬂ(rr) vt
= Rinpo:RaﬂRry Tj,’;ﬁymkpkgkt . (A6)
After some bookkeeping can generalise this to

proper/improper rotations that may include time reversal
by considering that k is time-reversal odd and parity odd, as

Beff(k) — (_1)(Vl+1)p+nl

X RijRpaRopRey ... T

Ny Kokoke ... (AT)

If we now require that, Yk, B (k) = B (k), we conclude
n+1 n (n) (n)

(_1)( ot lRinPUlRUﬂRTV e Tj,aﬂy... = Ti,pat...’ (AS)

which is precisely the definition of a tensor that is totally sym-

metric by a generalized rotation R that may include inversion
and time reversal.

APPENDIX B: SPHERICAL BASIS TENSORS

In Table IV, I present a decomposition of the 17 unique
tensor forms for quadratic altermagnetism into a set of nine
simple spherical basis tensors plus those obtained by axis
permutations. Each of the 17 tensor forms can be obtained as
a linear combination of the spherical basis tensors (Table V).

-1 0 0 0 0 0 1 0 O

0 1 O0)J+40 0 O O 1 O

0O 0 O 0O 0 0 0 0 =2
0 1 0
0 0 1 O (B1)
0 0 0 1
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TABLE V. Decomposition of the tensors for the 17 altermagnetic classes in terms of the symmetry-adapted spherical basis tensors in
Table IV. The subscripts indicates the appropriate axis permutation (see columns in Table IV) and is omitted when it is not ambiguous.

Class Magnetic point groups Spherical basis
Class I 11 D{+D}+D!4+D!+D!+D!+Q! +Q/+Q!+Q"+Q" +0'+0!+0¥
+0'+07 +0) +01
Class II* 2 m 2 D} +D!+Q|+Q"+Q" +0'+0¥ +-0V
Class IIT* 2 m % D{+D!+D"+D!+Q!+Q!+0 +0O¥ +07+0V
Class IV* 222 m'm2 D/ 4+D!+Q/+0!, + O
mm?2 m'mm
Class VP 222 mmm mm?2 Q+Q"+0!
Class VI 33 D!4+D!+Q"+0%+0% +0¥
Class VII* 32 3m’ 3m’ D!+DF +O§” +0V
Class VIII® 32 3m 3m Q"+on
Class IX" 4 1 ¢ Q!+Q"+0!+0!
Class X 422 ¥2m' QI +0of
Class XI° A2m dm'm %m’m QI+0r
Class XII* 6 6 < o+
Class XIIT* @6 6 & D! 4+D!+Q"+0"
b4 4 4
Class XIV* 6'22 62m 6'm2 or
6'mm’ %mm/
Class XV© (a) 622 6m2 6mm Lmm Qr
(b)422 42m 4mm “mm
Class XVI* (a) 62’2 6m'2 6m'm Sm'm/ D!+D!+0V
(b)42'2° A2'm’" dm'm’ —m'm’
Class XVII® (a) 432 43m’ m3m’ o!

(b)23 m3

Classes allowing a magnetic dipole term (Type-I altermagnets in Ref. [22]).
bClasses allowing spin splitting along a permitted collinear AFM direction (“‘strong-collinear” altermagnetic classes).
bClasses not allowing spin splitting along a permitted collinear AFM direction (“weak-collinear” altermagnetic classes).

with

Ay =—A1+ Ay + Az,
Axs = A1+ Ay + As,

Azg = =24, + As, (B2)

APPENDIX C: BINARY SPIN GROUPS
IN THE TIME-REVERSAL LANGUAGE

Spin groups (SG) are generally defined as subgroups of the
outer direct product of a point (or space) group and a spin rota-
tion group [30]. The simplest nontrivial SGs are binary SG, in
which the group acting on spins is a two-element set. To clas-
sify collinear structures Smejkal ef al. adopt the two-element
group {1, 2.}, where 1 is the identity and 2, is a twofold
rotation perpendicular to the Néel vector. Another choice is
to use the two-element group {1, 1’}, where 1’ is the time-
reversal operator. With either choice, binary SG coincide with
the celebrated Shubnikov groups [81]. The only difference
between binary SG with the time-reversal operator and the
MPG treatment (which also employs Shubnikov point groups)
is that binary SG are made to act on scalar; time-reversal-odd
textures both in real and in reciprocal space (space operators
have no effect on scalars), while MPGs act on axial-vector,

time-reversal-odd textures. For binary SGs, I have indicated
the time-reversal operator with the symbol “~” to distinguish
it from the MPG equivalent, indicated with a prime (*). This
choice enables one to recast the action of binary SGs onto the
familiar language of parity, time reversal etc., and to derive a
parallel tensorial treatment to that of MPGs.

For a given collinear structure, converting SG into MPGs
and vice versa requires at the very least knowledge of the
direction of the Néel vector. However, in the presence of
approximate symmetry (i.e., when crystal symmetry is broken
only by the direction of the magnetic moments), there is no
simple correspondence between its MPGs and binary SG,
with the latter generally having more symmetry operators than
the former. For example, for a tetragonal structure with binary
SG %ﬁam, the MPG is %mm’ for magnetic moments along the
z axis and m'mm’ or mm'm’ for Néel vector along x and y,
respectively. Several examples of these conversions are given
in Sec. XIIL.

APPENDIX D: CONSTRUCTION OF GNOMONIC
PROJECTIONS FROM BAND DISPERSIONS

Here, I explain how to construct gnomonic projections
of spin textures, similar to those displayed in the figures of
Sec. XII, starting from spin-polarized band dispersions such
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as those obtained from DFT calculations. One starts by cal-
culating a grid of points at constant k = |k| for a particular
band. It is most convenient to calculate points at constant
6 and equal intervals A¢, where k, 0, and ¢ are spherical
coordinates in momentum space. To reproduce the figures of
Sec. XII, one plots the spin polarization for points at constant

0 on a circle of radius tan 6 and with the original values of
¢. Figures constructed from points calculated by DFT will
include the prefactors A;(k), which depend on both k and the
band index. Moreover, one may require higher-rank tensors
than those discussed in the paper to reproduce DFT data
accurately.
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