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We are interested in colouring a graph G=(V, E) together with an integral
weight or demand vector x = (x,: ve V) in such a way that x, colours are assigned
to each node v, adjacent nodes are coloured with disjoint sets of colours, and we
use as few colours as possible. Such problems arise in the design of cellular com-
munication systems, when radio channels must be assigned to transmitters to satisfy
demand and avoid interference.

We are particularly interested in the ratio of chromatic number to clique number
when some weights are large. We introduce a relevant new graph invariant, the
“imperfection ratio” imp(G) of a graph G, present alternative equivalent descrip-
tions, and show some basic properties. For example, imp(G) =1 if and only if G is
perfect, imp(G) =imp(G) where G denotes the complement of G, and imp(G) =
g/(g—1) for any line graph G where g is the minimum length of an odd hole
(assuming there is an odd hole).  © 2001 Academic Press

Key Words: weighted colouring; imperfection ratio; perfect graphs; stable set
polytope; radio channel assignment.

1. INTRODUCTION

We are interested in colouring weighted graphs, that is, in assigning
colours to the nodes of a graph G =(V, E) together with an integral weight
or demand vector x = (x,: ve V) in such a way that x, colours are assigned
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to each node v, adjacent nodes are coloured with disjoint sets of colours,
and we aim to minimise the total number of colours used. There is a
natural graph G, associated with a pair (G, x) as above, obtained by
replacing each node v by a clique of size x,. Colourings of the pair (G, x)
correspond to usual proper node colourings of the graph G,, where
adjacent nodes must receive distinct colours.

Weighted colouring problems arise in the design of cellular radio com-
munication systems such as mobile telephone networks, where sets of radio
channels must be assigned to transmitters [ 13, 19, 24] and one wants to
use the smallest possible part of the spectrum. In one of the basic models
one must assign x, channels to transmitter v in order to satisfy the
estimated local demand in the cell served by v, and two transmitters must
not be assigned the same channel if this would result in excessive inter-
ference. We may thus construct a weighted “interference” graph G, with
nodes the transmitters, where nodes # and v are adjacent when the corre-
sponding transmitters must be assigned disjoint sets of channels, and the
weight x, at node v equals the demand at the corresponding transmitter.
The problem of finding an assignment of frequencies to the transmitters
which minimises the number of channels used then translates to finding a
colouring of the pair G, using as few colours as possible. The recent
dramatic growth in demand for radio spectrum has made such problems
increasingly important.

The clique number w(G,) is a lower bound on the chromatic number
x(Gy), as is well known. For problems arising in channel assignment, typi-
cally w(Gy) can be found or approximated quickly, even though this is not
true for general graphs [ 31]; and typically some demands are large, see for
example [ 7]. Here, we want to compare the chromatic number y(G, ) and
the clique number w(G,) of a graph G with weight vector x when the
maximum weight x,,,, =max{x,: ve V} is large. We let

max

210Gy
o(Gy)

r(G) = max { x e NV with x,,., =k}.

Of course r(G)>=1. Also observe that y(Gy) < x(G) Xpax < 2(G) 0(Gy),
and therefore r (G) < y(G).

We are interested in the values r, for large k and not in the maximum
value over all k. It turns out that r,(G) always tends to a limit as k — oo.
This limit is the quantity which we next introduce and which is the focus
of this paper. Note that we are considering the ratio of chromatic number
to clique number and not the difference between these quantities. Thus our
development does not follow along lines like integer rounding—see, for
example, Section 22.10 of [30] and the references there.
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The imperfection ratio imp(G) for a graph G is defined as

imp(G)=sup{f§((gx)):07éxeNV}. (1)

Here x+(G) denotes the fractional chromatic number of G, that is, the value
of the following linear program with a variable yg for each stable (or inde-
pendent) set S of G: min Y 5 y subject to > 5., ys=1 for each node ve V,
and ys>0 for each stable set S of G. Since y,(G)=w(G), we have
imp(G) = 1. It turns out that the “supremum” in the definition (1) may be
replaced by “maximum”—see Theorem 2.1 below.

The plan of the paper is as follows. In Section 2 we show that r(G) —
imp(G) as k — oo, as well as introduce equivalent polyhedral definitions of
imp(G). In certain models for channel assignment, only a subset of the
channels may be available at each transmitter. We obtain a ‘list colouring’
problem (see, for example, [5, 15, 36]), and we are led to consider a list
colouring variant ri(G) of r,(G). In Theorem 2.2 below we show that there
is no need to introduce a new quantity, the ‘list imperfection ratio,” as there
is a limiting result like that mentioned above for r,(G) with the same limit
imp(G); that is ri(G) — imp(G) as k - .

In Section 3 we determine the imperfection ratio for graphs in certain
classes, including line graphs, triangle-free graphs, and minimal imperfect
graphs. We also derive various results concerning the imperfection ratio.
For example we see that imp(G)=1 if and only if G is perfect, and
imp(G) =imp(G) where G denotes the complement of G. The former
property gave imp(G) its name, and the latter is clearly desirable for any
proposed measure of how “imperfect” a graph is.

In Section 4 we exhibit examples such that certain coordinates have to be
large for any vector x attaining the maximum in (1), that is, for any non-
negative integer-valued vector x with imp(G) = y (G, )/w(Gy).

Further results on the imperfection ratio appear in [9]. For example, we
investigate properties of the imperfection ratio under some graph opera-
tions including the lexicographic product of two graphs, explore random
and extremal behaviour, and see that it is NP-hard to determine the imper-
fection ratio.

2. EQUIVALENT DESCRIPTIONS

Before we can present the polyhedral descriptions of the imperfection
ratio we need some further notation and definitions, following [ 11]. The
stable set polytope STAB(G)<[0,1]" is the convex hull of the incidence
vectors of the stable sets in G. The fractional stable set polytope
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OSTAB(G)<[0,1]" is the set of non-negative real vectors x =(x,: ve V)
such that

Y x,<l1 for every clique K in G.

vekK

(This polytope is also called the “clique-constrained stable set polytope”
or the “fractional node-packing polytope.”) Observe that STAB(G)<
OSTAB(G), since each stable set and each clique meet in at most one node.
The two polyhedra are equal if and only if the graph is perfect [3] (or see,
for example, [11, 28]). For a polytope P we denote by P the scaled set
{rx:x€eP}.

For a non-zero rational vector x indexed by the nodes of G=(V, E),
define w(G, x) to be the maximum value of Y, x x, over all the cliques K
of G. If x is integral then this equals w(Gy ). We next define y,(G, x) in such
a way that if x is integral then y,(G,) = y,(G, x). Introduce a variable yg
for each stable set S of G. Then y,(G, x) equals the value of the linear
program: min > s ys subject to >s., ys=Xx, for each node v of G, and
ys =0 for every stable set S of G.

We may now state the main theorem of this section, which provides
alternative equivalent definitions of the imperfection ratio, as well as give
the limiting result mentioned in the Introduction. After we prove this
theorem we introduce a list colouring variant of the limiting result.

THEOREM 2.1. For any graph G,

imp(G) =max{y,(G, x): xe OSTAB(G)} (2)
—min{#: OSTAB(G) < t STAB(G)} (3)
=max{x-y: xe QSTAB(G), ye QSTAB(G)} (4)
— lim 1,(G). (5)

In (2) above we can restrict X to being a vertex of QSTAB(G). In addition,
there exists an integral weight vector y such that for any positive integer
multiple x of 'y,

imp(G) = = . (6)

Proof. The first three equations follow from simple scaling arguments.
Observe that w(G, x) and y (G, x) both scale, in the sense that w(G, kx) =
kaw(G, x) and x (G, kx) = ky,(G, x). Observe also that

(G, x) <t if and only if xer QSTAB(G),
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and
1r(G, x) <t if and only if xetSTAB(G). (7)
Consider any graph G and ¢> 0. By the definition of imp(G) we have
imp(G) <t <= y,(G, X)/w(G, x) <t for all integral x>=0.

By the scaling result noted above we may replace “integral” above by
“rational,” and by continuity we may drop the “rational.” Thus by (7)

imp(G) <t <y (G, x) <t forall xe QSTAB(G)
<xet STAB(G) for all xe QSTAB(G)
< OSTAB(G) =t STAB(G).

Further note that in the second to last line we could restrict the points x
to be in the finite set of vertices of QSTAB(G). These results establish (2)
and (3) in the theorem and the later comment about (2). The next equation
(4) now follows, since by linear programming duality

77(G, x) =max{x-y:ye OSTAB(G)},

where G denotes the complement of G.

To prove (6), let X be a vertex of QSTAB(G) such that imp(G)=
%r(G, X). Since the LP defining y,(G, X) has a rational optimal solution,
there is an integral vector y which is a positive multiple of X and satisfies
1r(Gy) = x(Gy). Then y satisfies (6).

Finally we prove (5). Let

¥(G) = max {Xf(G’X) :xe NV with xmaxzk},
(G, x)

Then rj(G) <ri(G) for all positive integers k. Let X be a ﬁxed integral
weight vector such that y,(G, X)/w(G, X) =imp(G). Let k=3%,.,.. Now
consider any integer k>k. Let y=| (k/k)X_|. (Here of course we mean
that each coordinate is rounded down.) Then y.,,=k, and so ri(G)>
17(G, y)Jw(G, y). But (G, y)<(k/k)w(G,X). Also (k—k)%<ky, and
so (k—k)y(G, X )<k)(f(G y). Hence

oSG Y) kKK y(GX) (k.
Vk(G)> (G, y) Tk oG —<1 k>1mp(G).

Thus for any integer k >k we have ri(G) > (1 —k/k) imp(G).
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Next note that x(G, x) <x(G, x) + | V(G)| for any weight vector x. For,

consider a basic optimal solution y¥ for the LP defining y,(G, x). At most
|V(G)| coordinates y¥ are non-zero, and so

G x) <Y TyE1<) yE+ IVG) =y, (G, x) + [V(G)].
N S

Hence if x,,,, =k then
16 x) 1 (G x)+[V(G)] _. |V(G)|
< )
(G, X) = (G, x) imp(G) + k

and it follows that r,(G) <imp(G)+ |V(G)|/k. We have now shown that
for any integer k >k

(1—k/k) imp(G) < ri( G) < r4(G) <imp(G) + | (G)] /k,
and (5) follows. ||

Let us return to the colouring problem mentioned earlier, when not all
colours are available at each node. We introduce a weighted version of list
colouring, a concept which was introduced in [5, 36]; see also [15]. As
usual we have a graph G = (V, E) together with an integral weight vector
x. Suppose that we have a list L, of available colours for each node v. We
say that the pair (G, x) is (L,: ve V)-choosable if for each ve V there is a
subset X, of L, of size x, such that X, and X, are disjoint whenever the
nodes u and v are adjacent. The list chromatic number y'(G, x) of the pair
(G, x) is the least ¢ such that the pair (G, x) is (L,: ve V)-choosable when-
ever each set L, has size at least ¢. Thus certainly y(G, x) < x'(G, x).

Corresponding to the earlier definition of r,(G), let

r(G) =max{y(G, x)/o(G, x): xe NV with x,, =k}.
The following result shows that we do not need to introduce a new quan-
tity, the ‘list imperfection ratio.’
TuEOREM 2.2.  For any graph G, ri(G) — imp(G) as k — 0.

Proof. Fix a graph G. Clearly r(G) <ri(G) for each positive integer k.
Thus by (5), it suffices to show that for any ¢ >0,

rid G) < (1 +¢) imp(G) (8)

for all k sufficiently large.
It is known [ 1] that the list fractional chromatic number equals x,(G),
in other words that y/(G, s1)/s = x,(G) as s — oo. Now let 0 <e< 1. Then
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for each integral weight vector x, there exists a constant #(G, X, ¢) such that
for each t > #(G, x, ¢) we have

KNGy, 1) < (1 4e) 17,(Gy) = (1 +¢) 1,(Gy).

Call the integral weight vectors x with x,.. < 1/¢ the small weight vectors.
Let t,=1,(G) be the maximum of the values #(G, x, &) over all the small
weight vectors x. Now consider any integral weight vector x with x, ., >
t./e. Let t=[éexmax I, and note that r>¢, and [x/t7] is a small weight
vector. Hence

7'(G,x) <x'(Grym, 11)
< +¢) 1 (Gyryy)
S (T +e) (1 (Gy) + 11,(G)).
But
Hoo(Gy) <X pax < €+ 1/X pay < 2e.
Therefore
XCS(%XX)) <(1+e) <)Z’(((G;))+ 2%(G)>

< (1 +¢)imp(G) +4ey,(G).

Hence r4 is at most this bound for all k>t,/e. By replacing ¢ here by

¢/(5x7(G)) we obtain (8), which completes the proof. ||

3. BOUNDS AND EXAMPLES

Let us look back to Theorem 2.1 for a moment. The following proposi-
tion is an immediate consequence of the definition (1) of the imperfection
ratio, of (3), (4) in Theorem 2.1, and of the fact mentioned earlier that
OSTAB(G)= STAB(G) if and only if G is perfect. Recall that a(G) denotes
the maximum size of a stable set in G, and that x.(G) > |V(G)|/«(G) for
every graph G.

ProrposiTiON 3.1.  For any graph G

(1) 1mp(H)<imp(G) for any induced subgraph H of G;
(ii) Imp(G) =y (G)/w(G) = [ V(G)|/(a(G) o(G));
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(iii) imp(G) =imp(G) where G denotes the complement of G;
(iv) imp(G)=1 if and only if G is perfect.
By (iv) of Proposition 3.1 and (4) in Theorem 2.1, we note that a graph

is perfect if and only if x - y <1 for each xe OQSTAB(G) and y € OSTAB(G).
This characterisation of perfect graphs may remind the reader of Lehman’s
length-width inequality [20] if we are willing to reverse all inequalities
except non-negativity.

Another way to prove (iv) in Proposition 3.1 is to consider minimal
imperfect graphs. For if G is perfect then y(G, )/w(G,) =1 for any non-zero
integral weight vector x of G [21], and thus imp(G) = 1. If G is not perfect,
then it has an induced subgraph H which is a minimal imperfect graph
and so satisfies |V(H)| =a(H) w(H)+ 1 ([22], or see [11]). Therefore by

Proposition 3.1

. . VU V)|
mp(G) 2 imp(H) > oo = e > 9)

This leads to the following proposition.

ProposITION 3.2.  For any minimal imperfect graph H of order n, imp(H) =

n/(n—1).

Proof. We have already seen (9) that imp(H)>=n/(n—1). For the
opposite inequality consider an integral weight vector x of H with
imp(H) = y,(H, x)/w(H, x). The removal of a node v of H yields a perfect
graph H\v. By [21] one can cover a perfect graph G with integral weight
vector y with w(G, y) stable sets. Hence each node u of H\v can be covered
x, times with at most w(H, x) stable sets. Putting together these coverings,
one for each node v of H, we find that each node v of H can be covered
(n—1) x, times using at most nw(H, x) stable sets. Hence y.(H,x)<
nw(H, x)/(n—1) and the result follows. ||

We used in this proof a method which always yields an upper bound on
the imperfection ratio: if we can cover every node of a graph G b times by
a induced perfect subgraphs, then imp(G) < a/b. As we have seen one can
cover every node of a minimal imperfect graph n — 1 times with n perfect
graphs.

With this perfect graph covering method we can also bound the imper-
fection ration of unit disk graphs. A unit disk graph can be embedded in the
plane such that two nodes are adjacent if and only if the Euclidean distance
between them is at most 1, that is when the closed unit diameter disks
around them intersect—see [4]. Such graphs are of particular interest for
modelling radio channel assignment problems, because one obtains a unit
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disk graph if one assumes that the system consists of omni-directional
antennas with equal power. A set of nodes of this representation which
each lie in a stripe of width ﬂ/Z forms a perfect graph, indeed a co-com-
parability graph [10]. This leads to the following proposition.

ProrosITION 3.3. If G is a unit disk graph, then
imp(G) < 142/,/3~2.155.

Proof. Let G=(V, E) be a unit disk graph embedded in the plane such
that two nodes are adjacent when the Euclidean distance between them is
at most 1. Let s = ﬁ/Z, and let w=1+s. For a fixed number re R, let V,
consists of all the nodes of G of which the x-coordinate can be written in
the form r 4+ tw + x where t€ Z and x€[0, s). Then the graph induced by
V, is perfect for any r € R as we saw above. If we pick r uniformly at ran-
dom from [0, w), then the probability that a node v is covered by V, equals

_s_ /3
wo24./3

If we independently choose ¢ such perfect graphs, then we expect that a
node v is covered #p times. Let 0 <p’ <p. Then for sufficiently large ¢, we
have (using well-known results for sums of independent Bernoulli random
variables, e.g., Chernoff bounds) that

p = Prob(v covered by V,)

1
Prob(v is covered less than 7p’ times) <m.

Therefore the probability that all the nodes are covered at least zp’ times
is greater than 1/2. Hence there must exist a family of ¢ perfect graphs
covering every node 7p’ times, which shows that imp(G) <1/p’. |

There are unit disk graphs G with imp(G) arbitrarily close to 3/2. For
example, for a positive integer w, consider the cycle power G= CY%, !, con-
sisting of 3w — 1 nodes on a circle where each node is adjacent to the w — 1
nearest nodes in each direction of the circle. This is a unit disk graph [23].
Also o(Cy')=w, and all maximal independent sets have cardinality 2.
Therefore by (ii) of Proposition 3.1, imp(C¥,*,) = (3w —1)/(2w). Perhaps
the bound in Proposition 3.3 can be improved to 3/2?

For a subclass of unit disk graphs, namely the class of induced sub-
graphs of the triangular lattice, the bound we have just derived can be
improved. These graphs are of importance for channel assignment, since a
pattern of omni-directional transmitters in two dimensions laid out like
nodes of a triangular lattice in the plane gives good coverage in the sense
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of providing universal coverage with minimum overlap between service
areas of adjacent transmitters. It is known ([ 25], see also [17,27]) that

G <A OIEL
and therefore imp(G)<4/3 for any induced subgraph G of the triangular
lattice. It has been conjectured that this bound can be improved to 9/8
[25]. That bound would be best possible, since the cycle Cy on nine nodes
is an induced subgraph of the triangular lattice. Havet [ 14] has shown that
if an induced subgraph G of the triangular lattice is triangular-free then
imp(G) < 7/6.

Another upper bound on the imperfection ratio for any graph G is
imp(G) < y(G). This follows from the fact that r(G)<y(G) which was
noted in the Introduction and the limiting result (5) of the previous section.
This bound can be improved as in the following proposition.

ProPOSITION 3.4.  For any graph G with at least one edge, and any positive
integer k, we have r; < y(G)/2 and imp(G) < y(G)/2.

Since imp(G) = y(G)/w(G) = x,(G)/2 for any triangle-free graph, we
obtain

ProrosiTioN 3.5. If G is a triangle-free graph, then imp(G) = y(G)/2.

Proof of Proposition 3.4. For a weighted graph G with weight vector x
define w,(G, x) to be the maximum of max{x,+ x,: u, v adjacent in G}
and max{x,: ve V}. Thus w,(G, x) <w(G, X).

Let x be an integral weight vector with imp(G) = (G, X)/w(G, x) and
w,(G, xX) even. By removing fractions yg of stable sets S of G such that
> ssu Vs=2 for each isolated node u, > ., ys=1 for all other nodes v,
and > g ys=yx,(G), we construct a weight vector x’ with w,(G,x’)=
w,(G, x) — 2. Repeating this process yields

w,(G, X)

G, x) <
Xf( ,X) 2

Xf(G)~

Therefore

16, X)_0G%) 7(G) _7,(G)

mp(O) =G0 2 ey 2

The result on r,(G) can be proved in a similar fashion by removing y(G)
stable sets covering every isolated node twice and every other node
once. ||
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A well-known construction to form triangle-free graphs with high
chromatic number is due to Mycielski [26]. Starting with G, as a single
edge we may iteratively form a sequence of triangle-free graphs G,, G,,
G, ... where G, has 3-2/~! —1 nodes, y(G,) =i+ 1, and 1(G f The
last result is from [18]. The graph G2 is C5 and Gy is the Grotsch graph
shown in Fig. 3. We obtain imp(G, G,)2~ \F~ log | V(G,;)|. The
graphs G; are of interest because they have hlgh chromatic number despite
being triangle free, but in a sense they are not very imperfect, as the imper-
fection ratio of a random graph G, ,, is close to n/(4log®n) with high
probability; see [9].

Next we use Proposition 3.5 to consider planar triangle-free graphs.

ProOPOSITION 3.6.  For any triangle-free planar graph G,
: 3
imp(G) <3,

and there exists a sequence G, G,, ... of triangle-free planar graphs with
imp(G,) - 3/2 as k - oo.

Proof. By Grotzsch’s theorem [12] (see also [32]), x(G)<3 for any
triangle-free planar graph G. Thus by Proposition 3.4,

1(G) _1(G)
2 T2

imp(G) < <

| W

There is a family of planar graphs G, with girth 5 such that G, has
3k +2 nodes and a(G,)=k+1 ([6]; see also [35, p. 283, exercise 7.3.7]).
Let G, be the 5-cycle with nodes «a, x,, x;, y;, z; in order. For k> 1, G,
is obtained from G, _, by adding three nodes x,, y,, z, and the five edges
{20k -1 Xihs AX0s Yihs AV Zacts 1205 Yie—1)» and {2, X, _»}. The graph G,
is shown in Fig. 1. We have y,(G,) > (3k+2)/(k+ 1) and so y(G,)— 3 as
k — oo, and the result follows from Proposition 3.5. ||

Xy X, X X,

L 4
a 7y Yi 75 Y. s Vs

FIG 1. The graph G; on 11 nodes with a(G;) =
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A related result concerns planar graphs with no short odd cycles. It was
shown in [16] that for any ¢ >0, there is a g such that any planar graph
G with no odd cycle of length less than g satisfies y,(G)<2+€ and so
imp(G)<1+e.

Observe that by Proposition 3.4 and the four color theorem, we have
imp(G) < 2 for any planar graph G. It is not hard to improve a little on this
(though perhaps the truth in 3/2).

ProrosiTioN 3.7. If G is planar, then
11
imp(G) SZ.

To prove the above result we may consider colouring G, by repeatedly
using 4-colourings to reduce the weight vector x while there remain three
pairwise adjacent nodes with positive weights, and then using 3-colourings
similarly; see [ 8].

We commented above that perhaps imp(G) < 3/2 for any planar graph
G. Indeed perhaps there is always a 3-colouring of G' (not necessarily
proper) such that each odd hole has a node of each colour. This latter
result would imply the former by the covering result given after Proposi-
tion 3.2 and the fact that any planar graph with no odd holes is perfect
[34].

We have seen that for a minimal imperfect graph G of order n, imp(G) =
n/(n—1). A hole in a graph G is an induced cycle of length at least 4. An
odd hole is a minimal imperfect graph, so if a graph G has an odd hole of
length g, then imp(G) > g/(g — 1). For some graph classes this inequality is
in fact an equality. The next proposition states that this holds for any /line
graph. The line graph L(H) of a graph H can be obtained by introducing
a node for each edge of H and connecting two nodes by an edge if the
corresponding two edges of H are incident.

ProrosiTiON 3.8.  Let G be a line-graph. If G has no odd holes then G is
perfect and so imp(G) = 1. If G has odd holes, and the minimum length of an
odd hole is g, then imp(G)=g/(g—1).

Proof. The first part is immediate from known results. If G has no odd
holes then G is perfect [33], and therefore imp(G)=1 by Proposition 3.1.

For the second part we need some notation. For each multigraph H
and odd integer k£ with 3<k<|V(H)|, let A,(H) be the maximum
value of 2 |E(A)|/(k—1) over all subsets 4 of V(H) with |4| =k. Here
E(A) denotes the set of edges with both ends in A. Also let A(H) be the
maximum value of A,(H) over the above k. It follows from Edmonds’
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characterisation of the matching polytope, see for example [29], that the
fractional edge chromatic number y satisfies

1y (H) =max{ A(H), A(H)}, (10)

where A(H) is the maximum degree of a node in H.

Suppose now that G= L(H) has odd holes. Then imp(G)>g/(g—1) as
we have seen. Hence it suffices to show that (G, x) <(g/(g — 1)) o(G, x)
for each integral weight vector x. But since H can be a multigraph we may
assume without loss of generality each x,=1. So it suffices to show that
1r(G)<(g/(g—1)) w(G). But x,(G)=yy(H) and w(G)=> A(H), and hence
in order to complete the proof it suffices by (10) to show that

g

A(H) <21 0(G). (11)

First consider an odd integer k with 3 <k <g. Let 4 be a set of k nodes
in H, and let H, denote the corresponding induced subgraph of H with
this set of nodes. Then H, has no odd cycles of length greater than 3: thus
the line graph L(H ,) has no odd holes and so is perfect by the result of
[33] used above. Hence

2 [E(A)|/(k—=1) <x(L(H4)) = o(L(H 4)) < o(G).
It follows that A,(H) < w(G).

Finally let £ be an odd integer with k >g. For any set 4 of k nodes in
H, 2 |E(A)| <kA(H), and so

2|E(A)]  k k
- <L < —
—1 Si_1 A(H)\k_1 o(G).
Thus
A(H) < () <2 ()
k-1 Tg—1

Hence (11) holds, as required. ||

Since we can find for any line graph the length of a shortest odd hole in
polynomial time, see for example [8], we can determine the imperfection
ratio for line graphs in polynomial time.

Let us consider another class of graphs G =(V, E) for which the imper-
fection ratio is given as for line-graphs. The circuit-constrained polytope
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CSTAB(G) is the set of all non-negative vectors (x,:ve V) such that
x,+ x,<1 for all adjacent nodes u, ve V, and

Cl—1
Y ox, < | |2 for each odd hole C.

veC

The graph G is called h-perfect [11] if STAB(G) = QSTAB(G) n CSTAB(G);
that is, if STAB(G) is described by the non-negativity constraints, the
clique constraints and the odd hole constraints—see [ 11, 15] for examples
of such graphs and for further discussion. Let us simply note here that
any series-parallel graph G satisfies STAB(G)= CSTAB(G) (that is, is
‘t-perfect’) and hence is h-perfect [2].

ProprosSITION 3.9. Let the graph G be h-perfect. If G has no odd holes
then G is perfect, so imp(G) = 1. If G has an odd hole, and the shortest length
of an odd hole is g, then imp(G)=g/(g—1).

Proof. 1f G has no odd holes, then STAB(G)= QSTAB(G): thus G is
perfect, and imp(G) = 1. Suppose now that G has an odd hole and let g be
the length of a shortest odd hole. Then imp(G)>g/(g—1) as before. Let
x € OSTAB(G), and let y=((g—1)/g) x. To show that imp(G) <g/(g—1),
we shall show that ye CSTAB(G) since then ye STAB(G). Let C be an
odd hole: we must show that >, . y,<(|C| —1)/2. But, since |C| > g,

g—1 g—11[Cl _[C]—-1[C] [C]—1
== <T— < —= ,
> Ve > X, P a2 3

veC 4 veC

as required. ||

To close this section let us note a result related to the last one, which
brings odd antiholes into the picture. An antihole in a graph G is a hole in
the complement G of G. Corresponding to CSTAB(G), let us define
CSTAB(G) to be the set of all non-negative vectors (x,: ve V) such that

Y x,<2  for each odd antihole A.

veAd
ProrosiTiON 3.10.  Suppose that the graph G satisfies
STAB(G) = QSTAB(G) n CSTAB(G) n CSTAB(G).

(In particular this holds if G is h-perfect.) If G has no odd holes or antiholes
then G is perfect, so imp(G) = 1. If G has an odd hole or antihole, and g is the
least number of nodes in an odd hole or antihole, then imp(G)=g/(g —1).
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Proof. We need to add just one step to the proof of Proposition 3.9. As
there, let xe QSTAB(G) and let y=((g — 1)/g) x. The earlier proof showed
that y e CSTAB(G). We must show that ye CSTAB(G).

Let 4 be an odd antihole: we must show that >, ., y,<2. But, since
|A| = g and each node of A4 can be covered (|4| — 1)/2 times by |A4| cliques,

g=1204 _,

g—1
v xugi =
>y > PRy

ved 4 ved

as required. ||

4. LARGE INTEGER WEIGHTS ARE NEEDED TO ACHIEVE imp(G)

In Section3 we saw various examples where the imperfection ratio
equals the binary imperfection ratio imp,(G), which we define to be the
maximum of y.(H)/w(H) over all induced subgraphs H of G, or equiv-
alently

imp,(G) = max {)Z((g’;) xe {0, 1} V}.

In this section we investigate the binary imperfection ratio, and the integer
weight vectors x which achieve the imperfection ratio, that is, are such that
imp(G) = y,(G, x)/w(G, x). It turns out that in general imp(G) #impy,(G).
In fact the integer weights x, required to achieve imp(G) can grow
exponentially with the order n of a graph, though they can always be
bounded by n™2. At the end of this section we exhibit a graph G with
imp,(G) = imp(G) but imp,(G) # imp(G): it follows that the binary imper-
fection ratio has the unpleasant feature that we can have imp,(G)#
imp,(G).

Let G and H be two graphs, and let v be a node of G. Let G[vH]
denote the graph where v is replaced by H and every node of H is adjacent
to the neighbours of v (and to no other nodes of G). Let G = C5 and let
G!'= C5[v<G°], where v is a node of Cs. The graph G' is pictured in
Fig. 2. The next proposition concerns a sequence of graphs starting with
these two. It shows in particular that imp(G')=21/16. However, it is
straightforward to check that imp,(G')=5/4. Thus we have

imp(G') =21/16 > 5/4 = imp,(G").
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FIG 2. The graph G' = Cs[v« Cs].

We call a vector x € QSTAB(G) extremal for G if y (G, x) =imp(G). We know
from Theorem 2.1 that every graph G has at least one extremal vector.

PROPOSITION 4.1. Let G be the graph on 5 + 4i nodes which is defined by
setting G°= Cs and for i=0, 1, ... setting G'*' = Cs[vG'], where v is a
node of Cs. Then for each i=0, 1, ...

(i) imp(G')=3—3(3)"
(ii) there is a unique extremal vector X' for G'; and

(iii) integer weights up to 2" are needed to achieve imp(G')—indeed
21X takes precisely the values 1,2, 4, ..., 2, and a non-zero integral vector
X achieves imp(G’) if and only if it is an integral multiple of this vector.

Before we prove this result we establish a useful technical lemma (see
also [3]), and we then investigate the extremal vectors x for the 5-cycle Cs.

LemmaA 4.1. Let G and H be two graphs, let v be a node of G, and let
X be a weight vector for the graph G[v<—H]. Let X, denote the restriction
of X to the nodes of H. Then y,(G[v—H], x)=y,(G,X) where X is the
weight vector for G with £,=x, for each ue V(G)\{v} and %,=y,(H, X ).

Proof. Denote the set of all stable sets of a graph G by .%;. For a graph
G with weight vector x, we call a non-negative vector y=(ys: S€ %) a
fractional stable set cover if Y 5., ys=x, for all ve V(G). The cost of y is
Dscoe Vs A fractional stable set cover is called optimal if its cost is
minimal, that is if the cost equals y,(G, x).

Let y be an optimal fractional stable set cover of (H, x), and let z be an
optimal fractional stable set cover of (G, X). Define the vector z’ indexed by
the stable sets S of G[v—H] as

Zls=1zg, if S~ V(H) =, and otherwise

Zo=—3E"  where §={v} U(S\V(H))and S* =S A V(H).
X/(H’ X)



74 GERKE AND MCDIARMID

It is routine to check that z’ is a fractional stable set cover of (G[v—H], x)
with cost y,(G, X). Therefore y,(G[vH], x) < (G, X).

To show that y,(G[v<H], x) > y,(G, X) we consider an optimal frac-
tional stable set cover z' of (G[ v H], x). Define the vector z indexed by
the stable sets S of G as

zg=17%, if v¢ S, and otherwise

zg=> Z% where the sum is over all stable sets S of G[ v H]
with S V(H) # &, S={v} U (S\V(H)).

As before, it is routine to check that z is a fractional stable set cover of
(G, x) with cost y(G[vH], x). Therefore y(G[vH], x) = (G, X). |

LemMA 4.2.  Consider the 5-cycle Cs on the node set {vy, vy, vy, U3, Uy}
with edge set {{vg,v1}, {v1,05}, {vs,03}, {v3,04}, {v4,00}}. For each r=0,
let f(r)=max{y(Cs, (rxq, X;, Xa, X3, x4)): X€ QSTAB(Cs)}. Then for
1<r<4/3, f(r)y=1+r/4, and the unique point of QSTAB(Cs) which
achieves this value is z= (3, 3, 3, 3, 3).

Proof. For xe QSTAB(Cs) and r >0, let r(x) denote the vector (rx,,
X1, Xa, X3, X4). Thus f(r) =max{y(Cs, r(x)): xe OSTAB(Cs)}. First con-
sider the vertex z=(3, 3, 3, 5, 5) of QSTAB(Cs). Let 0 <r< 2. By assigning
weight r/4 to the stable sets {vy, v,}, {vo, v3}, and {v,,v,}, and weight
1/2 —r/4 to the stable sets {v,, v3} and {v,, v}, we see that y(Cs, r(z)) <
1+r/4. Since Y_,r(z);=(4+r)/2 and the maximum stable set size is 2,
2r(Cs, r(z)) = 1 +r/4. Therefore, f(r) = x(Cs, r(z)) =1+r/4 for all 0 <r < 2.

Now let 1 <r<4/3. Consider any vertex x of QSTAB(Cs) other than z.
Then some coordinate x;=0. (We are writing x; rather than x,.) Let y
denote the weight vector for the path P, on the four nodes other than v;,,
where y;=r(x;) for each j#i. Then

Jr(Cs, 1(X)) =1, (Ps, y) =(Py, y) <.

But r<1+r/4 since r<4/3, and therefore y (G, r(x)) <y (G,r(z)). We
have now shown that yx.(G,r(x))<y,(G,r(z)) for each vertex x of
OSTAB(Cs) other than z, and it follows easily that this holds also for each
point x of QSTAB(Cs) other than z. ||

Proof of Proposition4.1. The case r=1 of Lemma4.2 implies that
imp(G°®) =imp(Cs) =5/4 and that x°= (3, 3, 1, 1, 1) is the unique extremal
vector for G°. Now let i >0, and assume as our induction hypothesis that

there is a unique extremal vector x’ for G’ and that imp(G’) < 4/3.
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Consider any weight vector x for G'™'. Recall that G'*' is obtained by
replacing a node of Cs, say v,, by the graph G'. Let x’ denote the restric-
tion of X to the nodes of G'. Let r=y, (G’ x')/w(G’ x'), so that
r<imp(G') <4/3. It follows from Lemma 4.1 that y, (G, x)= )(,(CS, X)
where xo—){f(G’ x') and £;=x; for j=1,2,3,4. Now (1/r) £y =(G", X')
and so ((1/r) £, £, £,, X5, x4)e OSTAB(Cs). Hence by Lemma 4.2,

){f(Gi“, x)<1+r/4<1+imp(G')/4.
Further
1/(G x)=1+imp(G')/4

if and only if r=imp(G’) (that is, X’ achieves the imperfection ratio for G'),
and (G, x')=1/2 and £,=1/2 for j=1,..4, that is, if and only if
X' =(1/2)x’ and x;=1/2 for j=1,..,4, using the induction hypothesis.
Thus imp(G'*!) = 1 +1mp( /4, and there is exactly one extremal vector
for G'*!, related to x' as described. Note that imp(G'*')<4/3 since
imp(G’) < 4/3. This proves the first two parts of the proposition.

The discussion above implies that for i =1, 2, ... the unique extremal vec-
tor x’ for G has the following form: four nodes have weight 2 ' (the nodes
in V(GH)\V(G'™"), that is the remaining four nodes of the Cs of
Cs[v« G'~']), four nodes have weight 272 (the nodes in V(G'~ 1)\
V(G'~?)), .., four nodes have weight 2~/ (the nodes in V(G")\V(G")), and
five nodes have weight 2~'~' (the nodes originating from G°). The final
part of the proposition now follows. |

ProrosiTION 4.2. Let G be a graph on n nodes. Then there exists an
integral weight vector x with imp(G) = y (G, X)/w(G, X) and each coordinate
at most 27" (n+1)" 2L p",

FIG 3. Grotsch graph.
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FIG 4. Complement of Grotsch graph.

Proof. By Theorem 2.1(2) there exists a vertex y of OQSTAB(G) with
imp(G) = (G, y). Any such vertex y is the unique solution of Az=Db for
some n x n matrix 4 with 0, 1 entries, and some 0, 1 vector b. Therefore y
has entries of the form «;/det(A) for integers 0 <a,<det(A), i=1, .., n
But since A4 is a 0, 1-matrix, det(4) <2 "(n+1)"+1Y?2 [1]. Setting x =
det(A4)y yields the first inequality. Finally, we have 2 "(n+1)"TY?2 g
27Mn+ DV (1 +1/n)"Pn? <2 e(n+ 1) 2 n?<n"? for n=2. |

Finally, consider the Grotsch (or Mycielski) graph G shown in Fig. 3
and its complement G shown in Fig. 4. The Grotsch graph is triangle-free,
and hence by Proposition 3.5, imp(G) =imp,(G) = x,(G)/2 =29/20. One

can calculate that imp,(G)=4/3 and thus the following proposition holds.

ProrosITION 4.3.  There exists graphs G with imp,(G)=1mp(G) but

imp,(G) # imp(G).
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