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Stability of Inverse Problems for Steady
Supersonic Flows Past Lipschitz Perturbed

Cones
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Abstract

We are concerned with inverse problems for supersonic potential flows past
infinite axisymmetric Lipschitz cones. The supersonic flows under consideration
are governed by the steady isentropic Euler equations for axisymmetric potential
flows, which give rise to a singular geometric source term. We first study the inverse
problem for the stability of an oblique conical shock as an initial-boundary value
problem with both the generating curve of the cone surface and the leading conical
shock front as free boundaries. We then establish the existence and asymptotic
behavior of global entropy solutions with bounded BV norm of the inverse problem,
under the condition that the Mach number of the incoming flow is sufficiently large
and the total variation of the pressure distribution on the cone is sufficiently small. To
this end, we first develop a modified Glimm-type scheme to construct approximate
solutions by self-similar solutions as building blocks to balance the influence of the
geometric source term. Then we define a Glimm-type functional, based on the local
interaction estimates between weak waves, the strong leading conical shock, and
self-similar solutions. Meanwhile, the approximate generating curves of the cone
surface are also constructed. Next, when the Mach number of the incoming flow
is sufficiently large, by asymptotic analysis of the reflection coefficients in those
interaction estimates, we prove that appropriate weights can be chosen so that the
corresponding Glimm-type functional decreases in the flow direction. Finally, we
determine the generating curves of the cone surface and establish the existence of
global entropy solutions containing a strong leading conical shock, besides weak
waves. Moreover, the entropy solution is proved to approach asymptotically the
self-similar solution determined by the incoming flow and the asymptotic pressure
on the cone surface at infinity.
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1. Introduction

We are interested in the structural stability of inverse problems for the three-
dimensional (3-D) steady supersonic potential flows past a Lipschitz perturbed
cone with given states of the incoming flow together with Lipschitz perturbed
pressure distributions on its surface. The shock stability problem of steady super-
sonic flows past Lipschitz cones is fundamental for the mathematical theory of the
multidimensional (M-D) hyperbolic systems of conservation laws, since its solu-
tions are time-asymptotic states and global attractors of general entropy solutions
of time-dependent initial-boundary value problems (IBVP) with abundant nonlin-
ear phenomena, besides its significance to many fields of applications including
aerodynamics; see [3,9,20,29] and references cited therein. Meanwhile, the cor-
responding inverse problems play essential roles in airfoil design; see [1,2,5,26–
28,39,40,43,45]. As indicated in [20], when a uniform supersonic flow of constant
speed from the far-field (negative infinity) hits a straight cone, given a constant
pressure distribution that is less than a critical value on the cone surface, the vertex
angle of the cone can be determined such that there is a supersonic straight-sided
conical shock attached to the cone vertex, and the state between the conical shock-
front and the cone can be obtained by the shooting method, which is a self-similar
solution; see Fig. 1. In this paper, we focus our analysis on the stability of an inverse
problem, along with the background self-similar solutions, in the steady potential
flows that are axisymmetric with respect to the x–axis, given the pressure distribu-
tions of gas on the cones, whose boundary surfaces in R

3, formed by the rotation
of generating curves of the form � := {(x, b(x)) : x � 0} around the x–axis, are
to be determined; see Fig. 2.

To be more precise, the governing 3-D Euler equations for steady potential
conical flows are of the form

⎧
⎨

⎩

(ρu)x + (ρv)y = −ρv

y
,

vx − uy = 0,

(1.1)

together with the Bernoulli law

u2 + v2

2
+ c2

γ − 1
= u2∞

2
+ c2∞

γ − 1
, (1.2)
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Fig. 1. The strong straight-sided conical shock

Fig. 2. Supersonic flow past an axisymmetric cone

where U := (u, v)� is the velocity in the (x, y)–coordinates, ρ is the flow density,
and U∞ = (u∞, 0)� and ρ∞ are the velocity and the density of the incoming flow,
respectively. The Bernoulli law in (1.2) is obtained via the constitutive relation
between pressure p and density ρ by scaling

p = ργ ,

with γ > 1 for the polytropic isentropic gas and γ = 1 for the isothermal flow.

In particular, c =:
√

γ p
ρ

is called the sonic speed, and M :=
√

u2+v2

c2 is called the

Mach number.
The Bernoulli law (1.2) can be written as

u2 + v2

2
+ (u2 + v2)M−2

γ − 1
= u2∞

2
+ u2∞M−2∞

γ − 1
. (1.3)

Without loss of generality, we may choose u∞ = 1 by scaling; otherwise, we can
simply scale: U → u−1∞ U , in system (1.1) and (1.3). With fixed u∞ = 1, then
M∞ → ∞ is equivalent to p∞ → 0, or c∞ → 0.
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System (1.1) can be written in the form

∂x W (U ) + ∂y H(U ) = E(U, y) (1.4)

with U = (u, v)�, where

W (U ) = (ρu, v)�, H(U ) = (ρv,−u)�, E(U, y) = (−ρv

y
, 0)�,

and ρ is a function of U determined by the Bernoulli law (1.2).
When ρ > 0 and u > c, U can also be presented by W (U ) = (ρu, v)�, i.e.,

U = U (W ), by the implicit function theorem, since the Jacobian:

det
(∇U W (U )

) = − ρ

c2 (u2 − c2) < 0.

Regarding x as the time variable, (1.4) can be written as

∂x W + ∂y H(U (W )) = E(U (W ), y). (1.5)

Therefore, system (1.1)–(1.2) becomes a hyperbolic system of conservation laws
with source terms of form (1.5). Such nonhomogeneous hyperbolic systems of
conservation laws also arise naturally in other problems from many important ap-
plications, which exhibit rich phenomena; for example, see [9,11–13,20,23] and
the references cited therein.

Throughout this paper, the following conditions are assumed:

(A1) pb(x) > 0 for x > 0,

pb(x) = p0 for x ∈ [0, x0],
where x0 > 0, p0 ∈ (0, p∗) for some p∗ > 0 to be determined by γ > 1, and

pb ∈ BV([0,∞)).

(A2) The velocity of the incoming flow U∞ = (1, 0)� is supersonic: M∞ > 1.

Given a perturbed pressure distribution pb(x) on the cone surface, the problem is
axisymmetric with respect to the x−axis. Thus, it suffices to analyze the problem
in the half-space {y � 0}. Then the inverse problem is to find the generating curve
y = b(x) � 0 of the cone surface and a global solution in the domain:

� = {
(x, y) : x � 0, y < b(x)

}
(1.6)

with its upper boundary:

� = {
(x, y) : x � 0, y = b(x)

}
(1.7)

such that
U · n|� = 0, (1.8)

where n = n
(
x, b(x)

) = (−b′(x),1)�√
1+(b′(x))2

is the corresponding outer normal vector to

� at a differentiable point (x, b(x)) ∈ �.
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With this setup, the inverse stability problem can be formulated into the follow-
ing initial-boundary value problem (IBVP) for system (1.4):

Cauchy Condition:
U |x=0 = U∞ := (1, 0)�, (1.9)

Boundary Condition:

p
(
x, b(x)

) = pb(x). (1.10)

We first introduce the notion of entropy solutions for problem (1.5)–(1.10).

Definition 1.1. (Entropy Solutions). Consider the inverse problem (1.5)–(1.10).
A function b(x) ∈ Lip([0,∞)) is called a generating curve � of the cone surface
as defined in (1.7), and a vector function U = (u, v)� ∈ (BVloc ∩ L∞)(�) with
� defined in (1.6) is called an entropy solution of (1.5)–(1.10) if they satisfy the
following conditions:

(i) For any test function φ ∈ C1
0(R

2;R) and ψ ∈ C1
0(�;R),

∫∫

�

(
ρuφx + ρvφy − ρv

y
φ
)

dxdy +
∫ 0

−∞
φ(0, y)ρ∞u∞ dy = 0,

∫∫

�

(
vψx − uψy

)
dxdy = 0,

(1.11)

(ii) For any convex entropy pair (E,Q) with respect to W of (1.5), i.e., ∇2E(W ) � 0
and ∇Q(W ) = ∇E(W )∇H(U (W )),

∫∫

�

(E(W (U ))ϕx + Q(W (U ))ϕy + ∇WE(W (U ))E(U, y)ϕ
)

dxdy

+
∫ 0

−∞
E(W (U∞))ϕ(0, y) dy � 0

(1.12)

for any ϕ ∈ C1
0(�;R) with ϕ � 0.

Remark 1.1. For the potential flow, the Bernoulli law (1.2) gives

M2

2
+ 1

γ − 1
= B∞

c2

for B∞ = u2∞
2 + c2∞

γ−1 , c2 = γργ−1, and p = ργ . Then the assumptions on pressure

pb can be reduced to the equivalent ones on the Mach number Mb on the unknown
boundary �.

Main Theorem. (Existence and stability). Let (A1)–(A2) hold, and let 1 < γ < 3
and

0 < p0 < p∗ :=
(
(
√

γ + 7 − √
γ − 1)

√
γ − 1

16γ

) 2γ
γ−1

.
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Assume that M∞ is sufficiently large and ε0 is sufficiently small such that

T.V. {pb} = εp < ε0. (1.13)

Then there exists a constant C > 0, depending only on p0 and the system, such
that the following statements hold:

(i) Global existence: IBVP (1.4)–(1.10) determines a boundary y = b(x) =∫ x
0 b′+(t) dt with b′+ ∈BV(R+) satisfying

sup
x>0

|b′+(x) − b0| < Cεp (1.14)

and admits a global entropy solution U (x, y) with bounded total variation:

sup
x>0

T.V. {U (x, y) : −∞ < y < b(x)} < ∞ (1.15)

in the sense of Definition 1.1. Moreover, the solution contains a strong leading
shock-front y = χ(x) = ∫ x

0 s(t)dt , where s ∈BV(R+) satisfies

sup
x>0

|s(x) − s0| < Cεp, (1.16)

and the solution between the leading shock-front and the cone surface satisfies

sup
x>0

T.V.{U (x, y) : χ(x) < y < b(x)} < C(εp + b0 − s0). (1.17)

Here above, s0 denotes the slope of the corresponding straight-sided shock-front
and b0 is the slope of the generating curve of the straight-sided cone surface.

(ii) Asymptotic behavior: For the entropy solution U (x, y),

lim
x→∞ sup

{∣
∣U (x, y) − Ũ (σ ; s∞, G(s∞))

∣
∣ : χ(x) < y < b(x)

}
= 0 (1.18)

with Ũ (σ ; s∞, G(s∞)) satisfying Ũ (s∞; s∞, G(s∞)) = G(s∞),

Ũ (b′∞; s∞, G(s∞)) · (−b′∞, 1) = 0,

1

2

∣
∣Ũ (b′∞; s∞, G(s∞))

∣
∣2 + γ (pb∞)

γ−1
γ

γ − 1
= 1

2
+ γ p

γ−1
γ∞

γ − 1
,

(1.19)

where

pb∞ = lim
x→∞ pb(x), s∞ = lim

x→∞ s(x), b′∞ = lim
x→∞ b′+(x), (1.20)

Ũ (σ ; s, G(s)) is the state of the self-similar solution, and G(s) denotes the
state connected to state U∞ by the strong leading shock-front of speed s.
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During the last forty years, the shock stability problem has been studied for the
perturbed cones with small perturbations of the straight-sided cone. For polytropic
potential flow near the cone vertex, the local existence of piecewise smooth solutions
was established in [15,17] for both symmetrically perturbed cone and pointed body,
respectively. Lien-Liu in [38] first analyzed the global existence of weak solutions
via a modified Glimm scheme for the uniform supersonic isentropic Euler flow past
over a piecewise straight-side cone, provided that the cone has a small opening angle
(the initial strength of the shock-front is relatively weak) and the Mach number of
the incoming flow is sufficiently large. Later on, Wang-Zhang considered in [48] for
supersonic potential flow for the adiabatic exponent γ ∈ (1, 3) over a symmetric
Lipschitz cone with an arbitrary opening angle less than the critical angle and
constructed global weak solutions that are small perturbations of the self-similar
solution, given that the total variation of the slopes of the perturbed generating
curves of the cone is sufficiently small and the Mach number of the incoming flow
is sufficiently large. In addition, for the isothermal flows (i.e., γ = 1), Chen-Kuang-
Zhang in [10] made full use of delicate expansions up to second-order as the Mach
number of the incoming flow goes to infinity and provided a complete proof of
the global existence and asymptotic behavior of conical shock-front solutions in
BV when the isothermal flow passes through the Lipschitz perturbed cones that are
small perturbations of the straight-sided one.

When the surface of the perturbed cone is smooth, using the weighted energy
methods, Chen-Xin-Yin established the global existence of piecewise smooth so-
lutions in [19]. They considered a 3-D axisymmetric potential flow past a symmet-
rically perturbed cone under the assumption that the attached angle is sufficiently
small and the Mach number of the incoming flow is sufficiently large. This result
was also extended to the M-D potential flow case; see [32] for more details. Un-
der a certain boundary condition on the cone surface, the global existence of the
M-D conical shock solutions was obtained in [49] when the uniform supersonic
incoming flow with large Mach number passes a generally curved sharp cone.
Meanwhile, using a delicate expansion of the background solution, Cui-Yin estab-
lished the global existence and stability of a steady conical shock wave in [21,22]
for the symmetrically perturbed supersonic flow past an infinitely long cone whose
vertex angle is less than the critical angle. More recently, by constructing new
background solutions that allow the speeds of the incoming flows to approach the
limit speed, the global existence of steady symmetrically conical shock solutions
was established in Hu-Zhang [29] when a supersonic incoming potential flow hits
a symmetrically perturbed cone with an opening angle less than the critical angle.
We also remark that some pivotal results have been obtained on the stability of
M-D transonic shocks under symmetric perturbations of the straight-sided cones
or the straight-sided wedges, as well as on Radon measure solutions for steady
compressible Euler equations of hypersonic-limit conical flows; see [6–8,42,50]
and the references cited therein.

Corresponding to these shock stability problems, two types of inverse problems
have been considered. One type is for the problems of determining the shape of the
wedge in the planar steady supersonic flow for the given location of the leading
shock front. This kind of inverse problems and the related inverse piston problems
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have been considered by Li-Wang in [34–37,46,47], where the leading shock-
front is assumed to be smooth and the characteristic method is applied to find the
piecewise smooth solution with the leading shock as its only discontinuity; see
also [33]. The other one is for the problems of determining the shape of a wedge
or a cone with given pressure distribution on it in the planar steady supersonic
flow (cf. [41]) or axisymmetric conical steady supersonic flow. Though various
numerical methods and the linearized method have been proposed to deal with this
type of problems, there seems no rigorous result on the existence of solutions to
such inverse problems for steady supersonic flow past a cone.

In this paper, we develop a modified Glimm scheme to establish the global ex-
istence and the asymptotic behavior of conical shock-front solutions of the inverse
problem in BV in the flow direction, when the isentropic flow passes through the
cones with given pressure distributions on their surfaces, which are small perturba-
tions of a constant pressure less than the critical value. Mathematically, our problem
can be formulated as a free boundary problem governed by 2-D steady isentropic
irrotational Euler equations with geometric structure.

There are two main difficulties in solving this problem: one of them is the
singularity generated by the geometric source term, and the other is that, compared
to the shock stability problem for supersonic flows past a cone, the generating
curve of the cone is unknown. For supersonic flows past an axisymmetric cone
with the given generating curve, a modified Glimm scheme developed by Lien-
Liu in [38] is used to construct approximate solutions (see also [10,48]). In the
previous construction, in order to incorporate with the geometric source term and
the boundary condition on the approximate generating curve, the center (x0, 0) of
the self-similar variable σ = x−x0

y is defined to be the intersection of the x-axis
and the line on which the current approximate generating curve (a line segment
of a polyline) lies, and the center is changed according to the random choice at
each step when the ordinary differential equations (2.3) are solved. As a result, the
approximate solution on the approximate generating curve is a piecewise constant
vector-valued function that satisfies the boundary condition everywhere. However,
in the inverse problem under consideration in this paper, the generating curve of
the cone is to be determined, apriori unknown, so that the approach in Lien-Liu
(cf. [38]) could not apply directly.

To overcome the new difficulties, we first fix the center of the self-similar
variable to be the origin when solving the differential equations (2.3) and then
develop a modified Glimm scheme to construct approximate solutions U
x,ϑ (x, y)

via the self-similar solutions as building blocks in order to incorporate the geometric
source term. In our construction, the grid points are fixed at the beginning, which
are the intersections of lines x = xh , h ∈ N, and the rays issuing from the origin
(the vertex point of the cone). Consequently, this construction allows us to find a
new term θb(h) to control the increasing part of the Glimm type functional near
the approximate boundary (see Lemma 4.6), while it brings us an extra error so
that the boundary conditions on the approximate boundary are no longer satisfied
everywhere, but are satisfied at the initial point of each approximate boundary at
each step. Nevertheless, in Proposition 6.3, we are able to prove that this error goes
to zero as the grid size 
x tends to zero.
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Furthermore, we make careful asymptotic expansions of the self-similar so-
lutions with respect to M−1∞ . We then make full use of the asymptotic expansion
analysis of the background solutions with respect to M−1∞ to calculate the reflection
coefficients Kr,1, Kw,2, Ks , and μw,2 of the weak waves reflected from both the
boundary and the strong leading shock, and of the self-similar solutions reflected
from the strong leading shock to prove that

lim
M∞→∞

(|Kr,1||Kw,2| + |Kr,1||Ks ||μw,2|
)

< 1.

Based on this, we choose some appropriate weights, independent of M∞, in the
construction of the Glimm-type functional and show that the functional is mono-
tonically decreasing. Then the convergence of the approximate solutions is fol-
lowed by the standard approach for the Glimm-type scheme as in [24,31]; see also
[4,14,18,23,44]. Finally, the existence of entropy solutions and the asymptotic
behavior of the entropy solutions are also proven.

The remaining part of this paper is organized as follows: In Section 2, we give
some preliminaries of the homogeneous system (1.1) and then study Riemann-type
problems in several cases and self-similar solutions of the unperturbed conic flow.
Also, we calculate the limit states of related quantities as M∞ → ∞. In Section 3,
we construct a family of approximate solutions via a modified Glimm scheme. In
Section 4, we establish some essential interaction estimates in a small neighborhood
in the limit state. Then, in Section 5, we define the Glimm-type functional and show
the monotonicity of the Glimm-type functional and, in Section 6, we prove that there
exists a subsequence of approximate solutions converging to the entropy solution.
Finally, in Section 7, we give the asymptotic behavior of the entropy solution which,
together with the existence theory, leads to our main theorem.

2. Riemann Problems and Self-Similar Solutions of the Unperturbed Conic
Flow

Regarding x as the time variable, the simplified system of (1.1):

{
(ρu)x + (ρv)y = 0,

vx − uy = 0,
(2.1)

is strictly hyperbolic with two distinctive eigenvalues:

λi = uv + (−1)i c
√

u2 + v2 − c2

u2 − c2 , i = 1, 2,

for u > c∗ and u2 + v2 < q2∗ , where

c∗ =
√

γ − 1

γ + 1
+ 2c2∞

γ + 1
, q∗ =

√

1 + 2c2∞
γ + 1

.



   77 Page 10 of 55 Arch. Rational Mech. Anal.          (2025) 249:77 

Denote q := √
u2 + v2 and θ := arctan v

u . Then

λi = tan(θ + (−1)iθm), i = 1, 2,

where

θm := arctan(
c

√
q2 − c2

)

is the Mach angel. A direct computation indicates θm ∈ (0, π
2 ).

Next, we introduce the following lemma, whose proof can be found in [48]:

Lemma 2.1. For u > c∗ and q < q∗,

(−λi , 1) · (
∂λi

∂u
,
∂λi

∂v
) = γ + 1

2
√

q2 − c2
sec3(θ + (−1)iθm), i = 1, 2.

Then, setting

ri (U ) = (−λi (U ), 1)

(−λi (U ), 1) · ∇λi (U )
, i = 1, 2,

we see that ri (U ) · ∇λi (U ) = 1 for i = 1, 2.
Denote the supersonic part of the shock polar by

S((u∞, 0)) = {
(ū, v̄) : c̄2 < ū2 + v̄2 � 1

}
,

where (ū, v̄) satisfies the Rankine–Hugoniot condition

{
ρ̄(ūs − v̄) = ρ∞s,

ū + v̄s = 1,
(2.2)

with ū2+v̄2

2 + γ ρ̄γ−1

γ−1 = 1
2 + c2∞

γ−1 . Let

S−
1 ((u∞, 0)) = {

(ū, v̄) : (ū, v̄) ∈ S((u∞, 0)), v̄ < 0
}

be the part of shock polar corresponding to the λ1–characteristic field. Similarly to
[30,51,52], we can parameterize the shock polar S−

1 ((u∞, 0)) by a C2–function:

G : s �→ G(s; U∞) with U∞ = (1, 0).

Here G(s; U∞) is a supersonic state connected with U∞ by a shock of speed s.
For simplicity, we write G(s; U∞) as G(s) and use ū(s) and v̄(s) to denote the
components of G(s), that is, G(s) = (ū(s), v̄(s))�. Then we have the following
property for S−

1 ((u∞, 0)) (cf. [16]):

Lemma 2.2. For s < λ1(U∞), ρ̄(s) is a strictly monotonically decreasing function
of s, and ū(s) is a strictly monotonically increasing function of s.
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As in [20], let σ = y
x . Then the equations in (1.1) become

⎧
⎨

⎩

(
1 − u2

c2

)
σ 2uσ − 2uv

c2 σ 2vσ − (
1 − v2

c2

)
σvσ − v = 0,

uσ + σvσ = 0.

(2.3)

or, equivalently, ⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

uσ = c2v

(1 + σ 2)c2 − (v − σu)2 ,

vσ = − c2v

σ
(
(1 + σ 2)c2 − (v − σu)2

) ,

ρσ = ρv(v − σu)

σ
(
(1 + σ 2)c2 − (v − σu)2

) .

(2.4)

Given a constant state (ū, v̄) = G(s) on S−
1 ((u∞, 0)), there exists a local solution

Ũ (σ ; s, G(s)) = (ũ(σ ; s), ṽ(σ ; s)) of system (2.3) with initial data

(ũ(s; s), ṽ(s; s)) = (ū, v̄).

This solution can be extended to an end-point (ũ(σe; s), ṽ(σe; s)) with ṽ(σe;s)
ũ(σe;s) =

σe. As (ū, v̄) varies on S−
1 ((u∞, 0)), the collection of these end-states forms an

apple curve through U∞ (Fig. 3); see [20]. For these solutions, we have following
properties, whose proof can be found in [48]:

Lemma 2.3. For ũ(s; s) > c̃(s; s) and σ ∈ (s, σe), then ũ(σ ; s)σ − ṽ(σ ; s) < 0,

∂ ũ

∂σ
< 0,

∂ṽ

∂σ
< 0,

c̃(σ ; s) − ṽ(σ ; s) − σ ũ(σ ; s)√
1 + σ 2

> c̃(s; s) − ṽ(s; s) − sũ(s; s)√
1 + s2

> 0,

with ũ2+ṽ2

2 + c̃2

γ−1 = 1
2 + c2∞

γ−1 .

Thus, we obtain the following estimate of the self-similar solution
(ũ(σ ; s), ṽ(σ ; s)):

Lemma 2.4. For ũ(s; s) > c̃(s; s) and σ ∈ (s, σe),

1

1 + s2 < ũ(σ ; s) < ũ(s; s),

c̃(s; s) < c̃(σ ; s) < c̃(σe; s) <

√
(γ − 1)s2

2(1 + s2)
+ 1

M2∞
.

To obtain the asymptotic expansion of the self-similar solution, we need the
following properties of the shock polar:

p∗ =
((√

γ + 7 − √
γ − 1

)
√

γ − 1

16γ

) 2γ
γ−1

. (2.5)
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Fig. 3. Apple curve

Lemma 2.5. Let 1 < γ < 3 and p0 ∈ (0, p∗). For M∞ large enough, the equa-
tions:

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

ρ0(u
�s� − v�) = ρ∞s�,

u� + v�s� = 1,

(u�)2 + (v�)2

2
+ c2

0

γ − 1
= 1

2
+ c2∞

γ − 1

(2.6)

have a unique solution (u�, v�, s�) with s� < 0, where ρ∞ = p
1
γ∞, ρ0 = p

1
γ

0 , and

c0 = √
γ p

γ−1
2γ

0 , such that

lim
M∞→∞ u� = lim

M∞→∞ ua = 1 − 2c2
0

γ − 1
,

lim
M∞→∞ v� = lim

M∞→∞ va = −
√

2c2
0

γ − 1 − 2c2
0

(
1 − 2c2

0

γ − 1

)
,

lim
M∞→∞ c2

a = c2
0,

(2.7)

where

ua := 1

1 + (s�)2 , va := s�

1 + (s�)2 , ca :=
√

(γ − 1)(s�)2

2(1 + (s�)2)
+ 1

M2∞
. (2.8)

Proof. From the first two equations of (2.6), we have

u� = ρ0 + ρ∞(s�)2

ρ0(1 + s2)
, v� = (ρ0 − ρ∞)s�

ρ0
(
1 + (s�)2

) . (2.9)
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With the help of the third equation of (2.6), we have

(
ρ0 + ρ∞(s�)2

ρ0
(
1 + (s�)2

)

)2

+
(

(ρ0 − ρ∞)s�

ρ0
(
1 + (s�)2

)

)2

= 1 + 2(c2∞ − c2
0)

γ − 1
,

which gives that

(s�)2 = 2(c2
0 − M−2∞ )ρ2

0

(γ − 1)
(
ρ2

0 − (γ M2∞)
− 2

γ−1
) − 2(c2

0 − M−2∞ )ρ2
0

= 2c2
0

γ − 1 − 2c2
0

− 2(γ − 1)

(γ − 1 − 2c2
0)

2
M−2∞ + O(M

− 4
γ−1∞ ) as M∞ → ∞.

Therefore, noting that s� < 0, we obtain

s� = −
√

2c2
0

γ − 1 − 2c2
0

(

1 − γ − 1

2c2
0

(
γ − 1 − 2c2

0

) M−2∞
)

+ O(M
− 4

γ−1∞ )

as M∞ → ∞. Substituting the above expansion into (2.8)–(2.9) yields (2.7). �

Lemma 2.6. Let 1 < γ < 3 and p0 ∈ (0, p∗). For M∞ large enough, there exists
ρd such that

ρ
γ−1
0 = ρ

γ+1
d − ρ

γ+1∞
ρ2

d − ρ2∞
, (2.10)

and the equations:
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

ρd(udsd − vd) = ρ∞sd ,

ud + vdsd = 1,

u2
d + v2

d

2
+ c2

d

γ − 1
= 1

2
+ c2∞

γ − 1
,

(2.11)

have a unique solution (ud , vd , sd) with sd < 0 and cd =
√

γρ
γ−1
d . Moreover, for

u� := 1

1 + s2
d

, v� := sd

1 + s2
d

, (2.12)

we have

lim
M∞→∞ c2

d = c2
0,

lim
M∞→∞ u� = lim

M∞→∞ ud = 1 − 2c2
0

γ − 1
,

lim
M∞→∞ v� = lim

M∞→∞ vd = −
√

2c2
0

γ − 1 − 2c2
0

(
1 − 2c2

0

γ − 1

)
.

(2.13)
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Proof. For each ρ0, it is direct to find ρd such that (2.10) holds. Moreover, pd ∈
(0, p∗) when M∞ is large enough. By Lemma 2.5, we obtain the unique solution
of (2.11):

sd = 2(c2
0 − c2∞)

γ − 1 − 2(c2
0 − c2∞)

, ud = ρd + ρ∞s2
d

ρd(1 + s2
d )

, vd = (ρd − ρ∞)sd

ρd(1 + s2
d )

. (2.14)

Then we have

sd = −
√

2c2
0

γ − 1 − 2c2
0

(
1 − γ − 1

2c2
0(γ − 1 − 2c2

0)
M−2∞

)
+ O(M−4∞ )

as M∞ → ∞.
Substituting the above expansion into (2.12)–(2.14) yields (2.13). �

Given that p0 ∈ (0, p∗), we now solve the problem for s0 < σ < b0 as

{
σ 2

(
1 − ũ2

c̃2

)
ũσ − 2ũṽσ 2

c2 ṽσ − (
1 − ṽ2

c̃2

)
ṽσ σ − ṽ = 0,

ũσ + σ ṽσ = 0,
(2.15)

with the boundary conditions

ρ̃(ũs0 − ṽ) = ρ∞s0, ũ + ṽs0 = 1 for σ = s0,

ρ̃ = ρ0, ṽ = b0ũ for σ = b0,
(2.16)

and define (ũ(σ ; s0), ṽ(σ ; s0)) = (1, 0) for σ < s0. Indeed, we have

Lemma 2.7. Let 1 < γ < 3 and p0 ∈ (0, p∗). For M∞ > K1, problem (2.15) has
a unique solution (ũ(σ ; s0), ṽ(σ ; s0)) containing a supersonic conical shock-front
issuing from the vertex. In addition,

lim
M∞→∞(σ, c̃2(σ ; s0)) = (tan θ0, c2

0),

lim
M∞→∞(ũ(σ ; s0), ṽ(σ ; s0)) = (cos2 θ0, sin θ0 cos θ0),

(2.17)

and

lim
M∞→∞

ũ(σ ; s0)

c̃(σ ; s0)
= γ − 1 − 2c2

0

(γ − 1)c0
> 1, cos(θ0 ± θ0

m) > 0, (2.18)

where θ0 = − arctan(

√
2c2

0
γ−1−2c2

0
) and θ0

m = limM∞→∞ θm for σ ∈ [s0, b0).

Proof. Given p0 ∈ (0, p∗), by the shooting method as in [20], problem (2.15) has

a unique solution (ũ(σ ; s0), ṽ(σ ; s0)) with ũ(s0; s0) > c̃(s0; s0), ρ̃(b0; s0) = p
1
γ

0 ,
and ṽ(b0; s0) = b0ũ(b0; s0).

We then focus on the asymptotic expansions (2.17). Lemma 2.4 indicates that

1

1 + s2
0

< ũ(σ ; s0) � ũ(s0; s0),
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c̃(s0; s0) � c̃(σ ; s0) < c0 <

√
(γ − 1)s2

0

2(1 + s2
0 )

+ 1

M2∞
for σ ∈ [s0, b0). Meanwhile, it follows from (2.10) that c̃(s0; s0) > cd . Then, due
to Lemma 2.2, we see that u� < ũ(s0; s0) < ud and s� < s0 < 0. Therefore, we
have

cd < c̃(s0; s0) � c̃(σ ; s0) < c,

ua = 1

1 + (s�)2 <
1

1 + s2
0

< ũ(σ ; s0) � ũ(s0; s0) < ud .

From Lemma 2.5–2.6, we have

lim
M∞→∞ c̃(σ ; s0) = c2

0, lim
M∞→∞ ũ(σ ; s0) = 1 − 2c2

0

γ − 1
.

Since ṽ(σ ; s0) < 0, from the Bernoulli laws,

ũ2 + ṽ2

2
+ c̃2

γ − 1
= 1

2
+ c2∞

γ − 1
,

(u�)2 + (v�)2

2
+ c2

0

γ − 1
= 1

2
+ c2∞

γ − 1
,

we conclude

lim
M∞→∞ ṽ(σ ; s0) = −

√
2c2

0

γ − 1 − 2c2
0

(
1 − 2c2

0

γ − 1

)
.

Again, by Lemma 2.2, we know that

ṽ(s0; s0)

ũ(s0; s0)
> b0 > σ � s0 > s�.

Combining all the expansions obtained above, we obtain (2.17).
Furthermore, since

lim
M∞→∞

(
ũ
√

ũ2 + ṽ2 − c̃2
)2 − (ṽc̃)2 = lim

M∞→∞(ũ2 − c̃2)(ũ2 + ṽ2) > 0,

we conclude that

cos(θ0 ± θ0
ma) = lim

M∞→∞ cos(θ ± θm) = lim
M∞→∞

ũ
√

ũ2 + ṽ2 − c̃2 ∓ ṽc̃

ũ2 + ṽ2 > 0.

This completes the proof. �

Next, for G(s), we have the following expansions, whose proof can be found

in [48]:

Lemma 2.8. For G(s) = (ū(s), v̄(s))�,

lim
M∞→∞(ū(s0), v̄(s0)) = (cos2 θ0, cos θ0 sin θ0),

lim
M∞→∞(ūs(s0), ūs(s0)) = (− sin(2θ0) cos2 θ0, cos(2θ0) cos2 θ0),

where ūs(s) = dū(s)
ds and v̄s(s) = dv̄(s)

ds .
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Now, we introduce the elementary wave curves of system (2.1). We denote by
W(p0, p∞) the curve formed by Ũ (σ ; s0) = (ũ(σ ; s0), ṽ(σ ; s0))

� for s0 < σ <

b0, where p0 is the corresponding pressure of the state at the endpoint. As in [48]
(also cf. [51,52]), we parameterize the elementary i-wave curves for system (2.1)
in a neighborhood of W(p0, p∞),

Or
(
W(p0, p∞)

) =
⋃

s0<σ<b0

{
U : |U − Ũ (σ ; s0)| < r

}
for some r > 0,

by

αi �→ �i (αi ; U )

with �i ∈ C2 and

∂�i

∂αi

∣
∣
∣
∣
αi =0

= ri (U ) for U ∈ Or (W(p0, p∞)), i = 1, 2.

In the sequel, define

�(α1, α2; U ) = �2(α2;�1(α1; U )).

Denote Ũ (σ ; σ0, Ul) the solution to the ODE system (2.3) with initial data

Ũ |σ=σ0 = Ul

for Ul ∈ Or
(
W(p0, p∞)

)
. Then, as in [48], we have

Lemma 2.9. For p0 ∈ (0, p∗),

lim
M∞→∞

dŨ (σ ; σ0)

dσ

∣
∣
∣
∣
∣{σ=σ0, Ul∈W(p0,p∞)}

= (
sin θ0 cos3 θ0,− cos4 θ0

)�
.

With all the limits given above, we obtain the following lemma, which is es-
sential in wave-interaction estimates:

Lemma 2.10. For Ul ∈ W(p0, p∞),

lim
M∞→∞ det

(
r1(Ul ), r2(Ul )

) = 4 cos2(θ0 + θ0
m ) cos2(θ0 − θ0

m ) cos2 θ0 cos2 θ0
m sin(2θ0

m )

(γ + 1)2 ,

lim
M∞→∞ det

(
Gs (s0), r1

(
G(s0)

)) = − 2 cos2(θ0 − θ0
m ) cos θ0

m cos3 θ0 sin(θ0 + θ0
m )

γ + 1
,

lim
M∞→∞ det

(
r2

(
G(s0)

)
, Gs (s0)

) = 2 cos2(θ0 + θ0
m ) cos θ0

m cos3 θ0 sin(θ0 − θ0
m )

γ + 1
,

lim
M∞→∞ det

( dŨ (σ ; σ0, G(s0))

dσ
, Gs (s0)

)
= − cos5 θ0 sin θ0,

lim
M∞→∞ det

(
r2(Ul ),

dŨ (σ ; σ0, Ul )

dσ

)
= 2

γ + 1
cos4 θ0 cos2(θ0 + θ0

m ) cos θ0
m sin θ0

m ,

lim
M∞→∞ det

(
r1(Ul ),

dŨ (σ ; σ0, Ul )

dσ

)
= − 2

γ + 1
cos4 θ0 cos2(θ0 − θ0

m ) cos θ0
m sin θ0

m .
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Furthermore, we have the following propositions, which will be used in the
construction of building blocks of our approximate solutions:

Proposition 2.1. For M∞ sufficiently large, there exists ε1 > 0 such that, for any
Ur and Ul lie in Oε1(W(p0, p∞)), the Riemann problem (2.1) with the initial data

U |x=x̄ =
{

Ur for y > ȳ,

Ul for y < ȳ,
(2.19)

admits a unique admissible solution consisting of at most two elementary waves α1
for the 1-characteristic field and α2 for the 2-characteristic field. Moreover, states
Ul and Ur are connected by

Ur = �(α1, α2; Ul).

Proposition 2.2. For M∞ sufficiently large, there exists ε2 > 0 such that, for any
Ul ∈ Oε2(W(p0, p∞)) and p1, p2 ∈ Oε2(p0), there is δ1 solving the equation

1

2
|�(δ1, 0; Ul)|2 + γ

γ − 1
p

γ−1
γ

2 = 1

2
|Ul |2 + γ

γ − 1
p

γ−1
γ

1 . (2.20)

Proof. From (2.20), we have

lim
M∞→∞

1

2

∂|�(δ1, 0; Ul)|2
∂δ1

∣
∣
∣
∣
δ1=0

= Ul · r1(Ul) �= 0.

By the implicit function theorem, there exists δ1 such that (2.20) holds, provided
ε2 sufficiently small. �

Proposition 2.3. For M∞ sufficiently large, there exists ε3 > 0 such that, for any
Ul = U∞ and Ur ∈ Oε3(W(p0, p∞)) ∩ Oε3(G(s0)), the Riemann problem (2.1)
with initial data (2.19) admits a unique admissible solution that contains a strong
1-shock s1 and a 2-weak wave β2 of the 2-characteristic field. Moreover, states Ul

and Ur are connected by

Ur = �2(β2; G(s1; Ul)). (2.21)

Proof. It follows from (2.21) and Lemma 2.10 that

lim
M∞→∞ det

(∂�2(β2; G(s1; Ul))

∂(s1, β2)

∣
∣
∣
∣
{s1=s0,β2=0}

)

= − lim
M∞→∞ det

(
r2(G(s0), Gs(s0))

) �= 0.

The existence of the solution of this Riemann problem is ensured by the implicit
function theorem for ε3 sufficiently small. �


To end this section, we introduce the following interaction estimate given by
Glimm [24] for weak waves (see also [44,48,52]):
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Lemma 2.11. Let Ul ∈ W(p0, p∞), α, β, and δ satisfy

�(δ1, δ2; Ul) = �(β1, β2;�(α1, α2; Ul)).

Then

δ = α + β + O(1)Q0(α, β),

where Q0(α, β) = ∑{|αi ||βi | : αi and β j approach}, and O(1) depends continu-
ously on M∞ < ∞.

3. Approximate Solutions

In this section, we construct approximate solutions for system (1.4) with (1.8)–
(1.9) by a modified Glimm scheme. Compared to the modified Glimm scheme
developed in [10,38,48], in our construction, the grid points are fixed at the very
beginning, which are independent of the approximate solution and the random
choice.

Given ε > 0 and 
x > 0, there exist piecewise constant functions pb

x such

that

T.V. {pb

x (·)} � T.V. {pb(·)}, ‖pb


x − pb‖L∞ � ε,

where

pb

x (x) =

{
pb

x,0 = p0 for x ∈ [0, x0),

pb

x,h+1 for x ∈ [xh, xh+1) and h ∈ N,

with pb

x,h+1 being constants on the corresponding intervals and xh = x0 + h
x

for h ∈ N. Then, from Lemma 2.7, for pb

x,0 = p0, there exists

(
ũ(σ ; s0), ṽ(σ ; s0)

)

such that p̃(b0; s0) = p0 and ṽ(b0; s0) = b0ũ(b0; s0).
We now define the difference scheme. Choose ϑ = (ϑ0, ϑ1, ϑ2, . . . , ϑh, . . . )

randomly in [0, 1). For 0 < x < x0, let

b
x,ϑ (x) = b0x, χ
x,ϑ (x) = s0x .

We denote �
x,ϑ,0 = {
(x, b
x,ϑ (x)) : 0 � x < x0

}
, S
x,ϑ,0 = {

(x, χ
x,ϑ (x)) :
0 � x < x0

}
, and �
x,ϑ,0 = {

(x, y) : y < b
x,ϑ (x), 0 � x < x0
}
. In region

�
x,ϑ,0, we then define that

U
x,ϑ (x, y)

=
{

(u
x,ϑ (x, y), v
x,ϑ (x, y))� � (ũ(σ ; s0), ṽ(σ ; s0))� for y
x = σ ∈ (s0, b0),

U∞ for y
x = σ < s0,

and, on boundary �
x,ϑ,0, we set that

U
x,ϑ (x, b
x,ϑ (x)) = U b

x,ϑ (x) = (ub


x,ϑ (x), vb

x,ϑ (x))�

� (ũ(b0; s0), ṽ(b0; s0))
�.
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On x = xh for h ∈ N, the grid points are defined to be the intersections of line
x = xh with the self-similar rays

y = (b0 + n
σ) x for n ∈ Z.

Here 
σ > 0 is chosen so that 
σ >
4
x

x0
maxi=1,2{|λi (G(s0))|}, and hence

the numerical grids satisfy the usual Courant-Friedrichs-Lewy condition. Then we
define the approximate solution U
x,ϑ to be a piecewise smooth solution to the
self-similar system (2.4), the approximate solution U b


x,ϑ on the boundary, the
approximate boundary �
x,ϑ = {

(x, y) : y = b
x,ϑ (x)
}
, and the numerical grids

inductively in h, h = 0, 1, 2, · · · .
Suppose that the approximate solution has been defined on x < xh . The grid

points on x = xh are denoted by yn(h) for n ∈ Z. Set that

rh,n = yn(h) + ϑh
(
yn+1(h) − yn(h)

)
for n ∈ Z.

Then the approximate solution U
x,ϑ (xh, y) for y ∈ (yn(h), yn+1(h)) is defined to
be the solution Usel f,
x,ϑ (σ (x, y)) of (2.3) with the self-similar variable σ(x, y) =
y

xh
and with the initial data

σ = rh,n

xh
: Usel f,
x,ϑ = U
x,ϑ (xh, rh,n) � U
x,ϑ (xh−, rh,n+) for n ∈ Z.

For the discontinuities at the grid points (xh, yn(h)) for n ∈ Z, we solve the
Riemann problems for (2.1) with the Riemann data

U |x=xh =
{

U
x,ϑ (xh, yn(h)−) for y < yn(h),

U
x,ϑ (xh, yn(h)+) for y > yn(h),
(3.1)

and the solution consisting of rarefaction waves and shock waves has form URie(η)

with η = y − yn(h)

x − xh
. Setting σh,n+ 1

2
� 1

2xh

(
yn+1(h + 1) + yn(h + 1)

)
for n ∈ Z,

then, in the region

�h+1,n = {
(x, y) : xh < x < xh+1, σh,n+ 1

2
> σ > σh,n− 1

2

}
,

along the ray

{
(x, y) : y − yn(h)

x − xh
= η, xh < x < xh+1

}
,

the approximate solution U
x,ϑ (x, y) is defined to be the solution:
Usel f,
x,ϑ (σ (x, y)) of (2.3) with the self-similar variable σ(x, y) = y

x and with
the initial data

σ = yn

xh
: Usel f,
x,ϑ = URie(η).

The approximate boundary �
x,ϑ = {
(x, y) : y = b
x,ϑ (x)

}
is traced con-

tinuously; see [10,38,48]. For x ∈ (0, x0), let b
x,ϑ (x) = b0x . Suppose that the
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approximate solution is constructed for x < xh and that ynb,h < b
x,ϑ (xh−) <

ynb,h+1. We call interval ynb,h−1 < y < ynb,h+1 the boundary region at x = xh . In
this boundary region, we first solve the self-similar problem (2.3) with the initial
data

σ = rh,nb−1

xh
: Usel f = U
x,ϑ (xh−, rh,nb−1+),

and with the self-similar variable σ(xh, y) = y
xh

. We denote the solution by

Usel f (σ (xh, y)). Given pb

x,h+1, by Proposition 2.2, there is β1 such that

1

2

∣
∣�(β1, 0; Usel f (σ (xh, b
x,ϑ (xh))))

∣
∣2+ γ

γ − 1
(pb


x,h+1)
γ−1
γ = 1

2
+ γ

γ − 1
p

γ−1
γ∞ .

Then we define

U b

x,ϑ (xh) � �(β1, 0; Usel f (σ (xh, b
x,ϑ (xh)))),

and

b
x,ϑ (x) = b
x,ϑ (xh−) + vb

x,ϑ (xh)

ub

x,ϑ (xh)

(x − xh) for x ∈ [xh, xh+1). (3.2)

Next, solve again the self-similar problem (2.3) with initial data

U−(σ (xh, b
x,ϑ (xh))) = U b

x,ϑ (xh)

and with the self-similar variable σ(xh, y) = y
xh

. Denote the solution by
U−(σ (xh, y)). We define the approximate solution in the boundary region as

U
x,ϑ (xh, y) = U−(σ (xh, y)) for xh � x < xh+1.

The discontinuities at (xh, ynb,h−1) are resolved by the same methods as before.
The leading strong conical shock S
x,ϑ = {

(x, y) : y = χ
x,ϑ (x)
}

next to the
uniform upstream flow is also traced continuously; see [10,38,48]. For x ∈ (0, x0),
let χ
x,ϑ (x) = s0x . Suppose that the approximate solution is constructed for x <

xh and that ynχ,h−1 < χ
x,ϑ (xh−) < ynχ,h . We call interval ynχ,h−1 < y < ynχ,h+1
the front region at x = xh . In this front region, we first solve the self-similar problem
(2.3) with the initial data

σ = rh,nχ

xh
: Usel f = U
x,ϑ (xh−, rh,nχ +),

and with the self-similar variable σ(xh, y) = y
xh

. Denote the solution by
Usel f (σ (xh, y)). Then we solve the Riemann problem (2.1) with the initial data

U (xh, y) =
{

U∞, y < χ
x,ϑ (xh−),

Usel f (σ (xh, χ
x,ϑ (xh))), χ
x,ϑ (xh−) < y < ynχ,h+1.
(3.3)
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The solution U (x, y) contains a weak 2-wave β2 and a relatively strong 1-shock
wave s
x,ϑ (h + 1) such that

Usel f (σ (xh, χ
x,ϑ (xh))) = �(0, β2; G(s
x,ϑ (h + 1); U∞)).

Then we define that

χ
x,ϑ (x) = χ
x,ϑ (xh−) + s
x,ϑ (h + 1)(x − xh) for x ∈ [xh, xh+1). (3.4)

Next, solve again the self-similar problem (2.3) with initial data U+
(σ (xh, χ
x,ϑ (xh))) = G(s
x,ϑ (h + 1); U∞) and with the self-similar variable
σ(xh, y) = y

xh
. Denote the solution by U+(σ (xh, y)). We define the approximate

solution in the front region as

U
x,ϑ (xh, y) =
{

U∞, y < χ
x,ϑ (xh),

U+(σ (xh, y)), χ
x,ϑ (xh) < y < ynχ,h+1.

The discontinuities at (xh, ynχ,h ) are resolved by the same methods as before.

4. Riemann-Type Problems and Interaction Estimates

Let �
x,ϑ,h = {(x, y) : y < b
x,ϑ , xh−1 � x < xh} and h ∈ N+. In order
to define the approximate solutions in �
x,ϑ �

⋃∞
k=0 �
x,ϑ,k , the approximate

boundary �
x,ϑ �
⋃∞

k=0 �
x,ϑ,k , and the approximate leading shock S
x,ϑ �⋃∞
k=0 S
x,ϑ,k , we need a uniform bound of them to ensure that all the Riemann

problems and the differential equations (2.3) are solvable. To achieve this, the
following formulas are used:

(i) If f ∈ C1(R), then

f (t) − f (0) = t
∫ 1

0
ft (μt)dμ for t ∈ R. (4.1)

(ii) If f ∈ C2(R), then

f (s, t) − f (s, 0) − f (0, t) + f (0, 0)

= st
∫ 1

0

∫ 1

0
fst (μs, λt)dμdλ for (s, t) ∈ R

2.
(4.2)

From now on, we use Greek letters α, β, ν, and δ to denote the elementary waves
in the approximate solution, and αi , βi , νi , and δi stand for the corresponding i-th
components for i = 1, 2. As in [14,44,48,52], a curve I is called a mesh curve
provided that I is a space-like curve and consists of the line segments joining the
random points one by one in turn. I divides region �
x,ϑ into two parts: I − and
I +, where I − denotes the part containing line x = x0. For any two mesh curves I
and J , we use J > I to represent that every mesh point of curve J is either on I
or contained in I +. We say J is an immediate successor to I if J > I and every
mesh point of J except one is on I in general but three when these points are near
the approximate boundary or the approximate shock.

Assume now that U
x,ϑ has been defined in
⋃h

k=0 �
x,ϑ,k and the following
conditions are satisfied:
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H1(h): {S
x,ϑ,k}h
k=0 forms an approximate strong shock S
x,ϑ |0�x<xh

,

and {�
x,ϑ,k}h
k=0 forms an approximate boundary �
x,ϑ |0�x<xh

, both
of which emanate from the origin;
H2(h): In each �
x,ϑ,k for 0 � k � h, the strong 1-shock S
x,ϑ,k

divides �
x,ϑ,k into two parts: �−

x,ϑ,k and �+


x,ϑ,k , where �+

x,ϑ,k is

the part between S
x,ϑ,k and �
x,ϑ,k ;
H3(h): U
x,ϑ |�−


x,ϑ,k
= U∞, U
x,ϑ |�+


x,ϑ,k
∈ Oε0(G(s0)) ∩ Oε0

(W(p0, p∞)), and

U
x,ϑ (x, b
x,ϑ (x)−) = U b

x,ϑ,k ∈ Oε0(G(s0)) ∩ Oε0(W(p0, p∞))

for xk � x < xk+1, 0 � k � h, and 0 < ε0 < min{ε j , j = 1, 2, 3},
where ε j are introduced in Propositions 2.1–2.3 for j = 1, 2, 3.

Then we prove that U
x,ϑ can be defined in �
x,ϑ,h+1 satisfying conditions
H1(h + 1)–H3(h + 1). As in [24] (see also [10,14,44]), we consider a pair of the
mesh curves (I, J ) lying in {xh−1 < x < xh+1}∩�
x,ϑ with J being an immediate
successor of I .

Now, let � be the region between I and J , and let

U
x,ϑ ∈ Oε0(G(s0)) ∩ Oε0(W(p0, p∞)).

Case 1. � is between �
x,ϑ and S
x,ϑ . In this case, we consider the interactions
between weak waves. From the construction of the approximate solutions, the
waves entering � issuing from (xh−1, yn−1(h − 1)) and from (xh−1, yn(h − 1))

are denoted by α = (α1, α2) and β = (β1, β2), respectively. We denote that

σ0 = rh−1,n

xh−1
, σ̄0 = rh−1,n−1

xh−1
, σ̂0 = rh−1,n−2

xh−1
,

σ1 = yn(h − 1)

xh−1
= yn(h)

xh
, σ2 = yn−1(h − 1)

xh−1
= yn−1(h)

xh
,

and

U1 = U
x,ϑ (xh−1−, rh−1,n+), U2 = U
x,ϑ (xh−1−, rh−1,n−1+),

U3 = U
x,ϑ (xh−1−, rh−1,n−2+).

Case 1.1. Let δ = (δ1, δ2) be the waves issuing from (xh, yn−1(h)); see Fig. 4.
Then we need to solve the following equations of δ = (δ1, δ2):

Ũ (σ1; σ2,�(δ1, δ2; Ul)) = �(β1, 0; Ũ (σ1; σ2,�(α1, α2; Ul))), (4.3)

where Ul = Ũ (σ2; σ̂0, U3).
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Fig. 4. Interaction between weak waves

Lemma 4.1. Equation (4.3) has a unique solution δ = (δ1, δ2) such that

δ1 = α1 + β1 + O(1)Q(�), δ2 = α2 + O(1)Q(�),

where

Q(�) = Q0(�) + Q1(�)

with

Q0(�) =
∑ {|α j ||βk | : α j and βk approach

}
, Q1(�) = |β1||
σ |,

and 
σ = σ1 − σ2, and O(1) depends continuously on M∞ but independent of
(α, β,
σ).

Proof. Lemma 2.10 yields

lim
M∞→∞ det

(
∂�(δ1, δ2; Ul)

∂(δ1, δ2)

∣
∣
∣
∣{δ1=δ2=0, Ul∈W(p0,p∞ )}

)

= 4 cos2(θ0 + θ0
m) cos2(θ0 − θ0

m) cos2 θ0 cos2 θ0
m sin(2θ0

m)

(γ + 1)2 .

Then, by the implicit function theorem, system (4.3) has a unique C2–solution:

δ = δ(α, β,
σ ; Ul)

in a neighborhood of (α, β,
σ, Ul) = (0, 0, 0, G(s0)). Due to (4.2), we have

δi (α, β,
σ ; Ul) = δi (α, 0,
σ ; Ul)

+ δi (α, β, 0; Ul) − δi (α, 0, 0; Ul) + O(1)|β||
σ |
= αi + βi + O(1)Q0(�) + O(1)|β||
σ | for i = 1, 2,

where β2 = 0. Then the proof is complete. �

Case 1.2. Let δ = (δ1, δ2) be the waves issuing from (xh, yn(h)); see Fig. 4. Then
we need to solve the following equations of δ = (δ1, δ2):

�(δ1, δ2; Ũ (σ1; σ2, Ul)) = �(β1, β2; Ũ (σ1, σ2;�(0, α2; Ul))), (4.4)

where Ul satisfies Ũ (σ̄0; σ1,�(0, α2; Ul)) = U2. Similarly, we have
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Fig. 5. Reflection at the boundary

Lemma 4.2. Equation (4.4) has a unique solution δ = (δ1, δ2) such that

δ1 = β1 + O(1)Q(�), δ2 = α2 + β2 + O(1)Q(�),

where

Q(�) = Q0(�) + Q1(�)

with

Q0(�) =
∑

{|α j ||βk | : α j and βk approach}, Q1(�) = |α||
σ |,
and 
σ = σ1 − σ2, and O(1) depends continuously on M∞ but independent of
(α, β,
σ).

Case 2. �b covers the part of �
x,ϑ but none of S
x,ϑ . We take three diamonds
at the same time, as shown in Fig. 5. Let 
h,nb,h−1, 
h,nb,h , and 
h,nb,h+1 denote
the diamonds centering in (xh, ynb,h−1), (xh, ynb,h ), and (xh, ynb,h+1), respectively,
and denote �b = 
h,nb,h−1 ∪ 
h,nb,h ∪ 
h,nb,h+1. Let α and ν be the weak waves
issuing from (xh−1, ynb,h−1−1) and (xh−1, ynb,h−1−2) respectively, and entering �b.
We divide α = (α1, α2) into parts αl = (αl,1, 0) and αr = (αr,1, αr,2), where αl

and αr entering 
h,nb,h−1 and 
h,nb,h , respectively. Moreover, let ν = (ν1, ν2), and
let δ be the outgoing wave issuing from (xh, ynb,h−1).

For simplicity of notation, we denote that

σα = σ(xh−1, ynb,h−1−1), σb(h − 1) = σ(xh−1, b
x,ϑ (xh−1)),
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σb(h) = σ(xh, b
x,ϑ (xh)), σν = σ(xh−1, ynb,h−1−2),

σ0 = σ(xh−1, rh−1,nb−2), 
σα = σb(h − 1) − σα,


σ̄α = σb(h) − σα, 
σbh = σb(h) − σb(h − 1),


σν = σα − σν,

and U1 = U
x,ϑ (xh−1−, rh−1,nb−2+). Let Ul = �(αl,1, 0; Ũ (σα; σ0, U1)).
To gain the estimates of δ, we need to deal with the equation

1

2
|�(β1, 0; Ũ (σb(h); σα, Ul))|2 + γ

γ − 1
(pb


x,h+1)
γ−1
γ

= 1

2
|Ũ (σb(h − 1); σα,�(αr,1, αr,2; Ul))|2 + γ

γ − 1
(pb


x,h)
γ−1
γ ,

(4.5)

and then we obtain the following lemma:

Lemma 4.3. Equation (4.5) has a unique solution β1 = β1(αr,1, αr,2,
σα,


σ̄α, ωh+1; Ul) ∈ C2 in a neighborhood of (αr,1, αr,2,
σα,
σ̄α, ωh+1, Ul) =
(0, 0, 0, 0, 0, G(s0)) with ωh+1 = pb


x,h+1 − pb

x,h such that

δ1 = αr,1 + αl,1 + ν1 + Kr,1αr,2 + Kσ,1
σbh + Kb,1ωh+1 + O(1)Q(�b),

δ2 = ν2 + Kr,2αr,2 + Kσ,2
σbh + Kb,2ωh+1 + O(1)Q(�b),

(4.6)
with

Q(�b) = Q0((α1, 0), ν) + |α1||
σν | + |αr,1||
σα|, (4.7)

where O(1) depends continuously on M∞. Moreover, when αr,1 = αr,2 = 
σα =

σ̄α = ωh+1 = 0, pb


x,h+1 = p0, and Ul = G(s0),

lim
M∞→∞ Kr,1 = −cos2(θ0 + θ0

m)

cos2(θ0 − θ0
m)

, lim
M∞→∞ |Kb,i | < ∞,

lim
M∞→∞ Kr,2 = 0, lim

M∞→∞ Kσ,i = 0, (4.8)

for i = 1, 2.

Proof. A direct computation leads to

1

2

∂(|�(β1, 0; Ũ (σb(h); σα, Ul))|2)
∂β1

∣
∣
∣
∣
∣{δ1=
σ̄α=0,Ul=G(s0)}

= r1(G(s0)) · G(s0).

Lemma 2.7, together with the implicit function theorem, implies that there is a
unique C2−solution

β1 = β1(αr,1, αr,2,
σα,
σ̄α, ωh+1; Ul) (4.9)

in a neighborhood of (αr,1, αr,2,
σα,
σ̄α, ωh+1, Ul) = (0, 0, 0, 0, 0, G(s0)).
Using (4.1)–(4.2), we have

β1 = β1(αr,1, αr,2,
σα,
σα, ωh+1; Ul) + K̄σ,1(
σ̄α − 
σα)
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= β1(αr,1, 0,
σα,
σα, 0; Ul) + K̄σ,1
σbh + K̄r,1αr,2 + K̄b,1ωh+1

= αr,1 + K̄σ,1
σbh + K̄r,1αr,2 + K̄b,1ωh+1 + O(1)|αr,1||
σα|.
Taking the derivative with respect to 
σbh in (4.5) at (αr,1, αr,2,
σα,
σ̄α, ωh+1,

Ul) = (0, 0, 0, 0, 0, G(s0)), we obtain

G(s0) · r1(G(s0))
∂β1

∂
σbh

+ G(s0) · ∂Ũ (σα + 
σ̄α + 
σbh ; σα, G(s0))

∂
σbh

= 0,

which yields

lim
M∞→∞

∂β1

∂
σbh

∣
∣
∣
∣{αr,1=αr,2=
σα=
σ̄α=ωh+1=0, pb


x,h+1=p0, Ul=G(s0)}
= 0.

Similarly, we have

lim
M∞→∞

∂β1

∂ωh+1

∣
∣
∣
∣{αr,1=αr,2=
σα=
σ̄α=ωh+1=0, pb


x,h+1=p0, Ul=G(s0)}

= lim
M∞→∞

−p
− 1

γ

0

r1(G(s0)) · G(s0)
> −∞,

lim
M∞→∞

∂β1

∂αr,2

∣
∣
∣
∣{αr,1=αr,2=
σα=
σ̄α=ωh+1=0, pb


x,h+1=p0, Ul=G(s0)}

= −cos2(θ0 + θ0
m)

cos2(θ0 − θ0
m)

.

By the construction of the approximate solution, we have

Ũ (σb(h); σν,�(δ1, δ2; Um))

= �(β1, 0; Ũ (σb(h); σα,�(αl,1, 0; Ũ (σα; σν,�(ν1, ν2; Um)))))

with Um = U
x,ϑ (xh, ynb,h−1−2−). Then, a similar argument as to that in Case 1
gives (4.6)–(4.8). This completes the proof. �

Lemma 4.4. In Case 2, for b′

h := b′

x,ϑ (xh−) for h ∈ N+,

b′
h+1 − b′

h = Kc,2αr,2 + Kc,σ 
σbh + O(1)ωh+1 + O(1)|αr,1||
σα|
with O(1) depending continuously on p0 such that

lim
M∞→∞ Kc,σ |{αr,2=αr,1=
σα=
σ̄α=ωh+1=0,pb


x,h+1=p0,Ul=G(s0)} = −1,

lim
M∞→∞ Kc,2|{αr,2=αr,1=
σα=
σ̄α=ωh+1=0,pb


x,h+1=p0,Ul=G(s0)}

= − 4

γ + 1

cos2 θ0
m cos2(θ0

m + θ0)

cos2 θ0
.
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Proof. From (3.2), we have

b′
h+1 − b′

h = �(2)(β1(αr,1, αr,2,
σα,
σ̄α, ωh+1; Ul), 0; Ũ (σbh ; σα, Ul))

�(1)(β1(αr,1, αr,2,
σα,
σ̄α, ωh+1; Ul), 0; Ũ (σbh ; σα, Ul))

− Ũ (2)(σbh−1; σα,�(αr,1, αr,2; Ul))

Ũ (1)(σbh−1; σα,�(αr,1, αr,2; Ul))
.

By (4.1)–(4.2), we obtain

b′
h+1 − b′

h

= �(2)(β1(αr,1, 0,
σα,
σ̄α, 0; Ul), 0; Ũ (σbh ; σα, Ul))

�(1)(β1(αr,1, 0,
σα,
σ̄α, 0; Ul), 0; Ũ (σbh ; σα, Ul))

− Ũ (2)(σbh−1; σα,�(αr,1, 0; Ul))

Ũ (1)(σbh−1; σα,�(αr,1, 0; Ul))

+ Kc,2αr,2 + O(1)ωh+1

= �(2)(β1(αr,1, 0,
σα,
σα, 0; Ul), 0; Ũ (σbh−1; σα, Ul))

�(1)(β1(αr,1, 0,
σα,
σα, 0; Ul), 0; Ũ (σbh−1; σα, Ul))

− Ũ (2)(σbh−1; σα,�(αr,1, 0; Ul))

Ũ (1)(σbh−1; σα,�(αr,1, 0; Ul))

+ Kc,σ 
σbh + Kc,2αr,2 + O(1)ωh+1

= Kc,σ 
σbh + Kc,2αr,2 + O(1)ωh+1 + O(1)|αr,1||
σα|.
By similar calculation in Lemma 4.3, we have

lim
M∞→∞ Kc,σ |{αr,2=αr,1=
σα=
σ̄α=ωh+1=0, pb


x,h+1=p0, Ul=G(s0)} = −1,

lim
M∞→∞ Kc,2|{αr,2=αr,1=
σα=
σ̄α=ωh+1=0, pb


x,h+1=p0, Ul=G(s0)}

= − 4

γ + 1

cos2 θ0
m cos2(θ0

m + θ0)

cos2 θ0
.

Then the proof is complete. �

Lemma 4.5. For 
x sufficiently small,

|b′
h − σb(h − 1)| � 6|
σbh |,

where σb(h) = b
x,ϑ (xh)

xh
.

Proof. Using the notation as in Case 2, we have

b′
h = b
x,ϑ (xh) − b
x,ϑ (xh−1)


x
.
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Then a direct computation leads to

|b′
h − σb(h − 1)| =

∣
∣
∣
∣
b
x,ϑ (xh) − b
x,ϑ (xh−1)


x
− σb(h − 1)

∣
∣
∣
∣

=
∣
∣
∣
∣
σb(h)xh − σb(h − 1)xh−1


x
− σb(h − 1)

∣
∣
∣
∣

=
∣
∣
∣

xh


x

∣
∣
∣ |σb(h) − σb(h − 1)|

� 6 |σb(h) − σb(h − 1)|
for 
x small enough. �


Denote θb(h) = |σb(h − 1) − b′
h | that measures the angle between boundary

�
x,ϑ,h and the ray issuing from the origin and passing through
(xh−1, b
x,ϑ (xh−1)). Then we have the following estimate for θb(h):

Lemma 4.6. For M∞ sufficiently large and 
x sufficiently small,

θb(h) − θb(h + 1) � |
σ | − |Kc,2||αr,2| − C |ωh+1| − C |αr,1||
σα|,
where h ∈ N+, and constant C > 0 is independent of M∞ and 
x.

Proof. We consider the following two different cases:
1. σb(h − 1) < b′

h so that σb(h) > σb(h − 1).

• If b′
h+1 > σb(h), then it follows from Lemma 4.4 that

θb(h) − θb(h + 1)

= b′
h − σb(h − 1) − (

b′
h+1 − σb(h)

)

= (1 − Kc,σ )
σbh − Kc,2αr,2 + O(1)ωh+1 + O(1)|αr,1||
σα|
� |
σbh | − |Kc,2||αr,2| − C |ωh+1| − C |αr,1||
σα|.

• If b′
h+1 < σb(h), then, from Lemma 4.4–4.5, we have

θb(h) − θb(h + 1)

= b′
h − σb(h − 1) − (

σb(h) − b′
h+1

)

= 2
(
b′

h − σb(h − 1)
) + b′

h+1

− σb(h) − (
b′

h − σb(h − 1)
)

� (11 + Kc,σ )|
σbh | + Kc,2αr,2 + O(1)ωh+1 + O(1)|αr,1||
σα|
� |
σbh | − |Kc,2||αr,2| − C |ωh+1| − C |αr,1||
σα|.

2. σb(h − 1) > b′
h so that σb(h) < σb(h − 1).
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Fig. 6. Near the strong shock wave

• If b′
h+1 > σb(h), then it follows from Lemma 4.4–4.5 that

θb(h) − θb(h + 1)

= σb(h − 1) − b′
h − (

b′
h+1 − σb(h)

)

= 2(σb(h − 1) − b′
h) + σb(h) − b′

h+1 − (σb(h − 1) − b′
h)

� (11 + Kc,σ )|
σbh | − Kc,2αr,2 − O(1)ωh+1 − O(1)|αr,1||
σα|
� |
σbh | − |Kc,2||αr,2| − C |ωh+1| − C |αr,1||
σα|.

• If b′
h+1 < σb(h), then, from Lemma 4.4, we have

θb(h) − θb(h + 1)

= σb(h − 1) − b′
h − (

σb(h) − b′
h+1

)

= (−1 + Kc,σ )
σbh + Kc,2αr,2 + O(1)ωh+1 + O(1)|αr,1||
σα|
� |
σbh | − |Kc,2||αr,2| − C |ωh+1| − C |αr,1||
σα|.

Note that we have used the fact that

lim
M∞→∞ Kc,σ |{αr,2=β1=
σα=
σ̄α=ωh+1=0,pb


x,h+1=p0,Ul=G(s0)} = −1

in the above estimates. This completes the proof. �


Case 3. �s covers the part of S
x,ϑ but none of �
x,ϑ . We take three diamonds
at the same time, as shown in Fig. 6. Let 
h,nχ,h−1, 
h,nχ,h , and 
h,nχ,h+1 be the
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diamonds centering in (xh, ynχ,h−1), (xh, ynχ,h ), and (xh, ynχ,h+1), respectively.
Denote �s = 
h,nχ,h−1 ∪ 
h,nχ,h ∪ 
h,nχ,h+1. Let α and ν be the weak waves
issuing from (xh−1, ynχ,h−1+1) and (xh−1, ynχ,h−1+2) respectively and entering �s .
We divide α into parts αl = (αl,1, 0) and αr = (αr,1, αr,2) where αl and αr enter

h,nχ,h and 
h,nχ,h+1, respectively. Moreover, let ν = (ν1, 0), and let δ be the
outgoing wave issuing from (xh, ynχ,h+1).

Then, for simplicity of notation, we denote that

σα = σ(xh−1, ynχ,h−1+1), σχ (h − 1) = σ(xh−1, χ
x,ϑ (xh−1)),

σχ (h) = σ(xh, χ
x,ϑ (xh)), σν = σ(xh−1, ynχ,h−1+2),


σα = σα − σχ(h − 1), 
σ̄α = σα − σχ(h),


σχh = σχ(h) − σχ(h − 1), 
σν = σν − σα.

To gain the estimates of (sh+1, δ), we need to deal with the equation:

Ũ (σα; σχ (h),�(0, β2; G(sh+1; U∞))) = �(αl,1, 0; Ũ (σα; σχ (h − 1), G(sh; U∞))),

(4.10)
to obtain the following lemma:

Lemma 4.7. Equation (4.10) has a unique solution (sh+1, β2) in a neighborhood
of

(αl,1, αr , ν,
σα,
σχh , sh) = (0, 0, 0, 0, 0, s0)

such that

δ1 = αr,1 + ν1 + μw,1
σχh + Kw,1αl,1 + O(1)Q(�s),

δ2 = αr,2 + μw,2
σχh + Kw,2αl,1 + O(1)Q(�s),

sh+1 = sh + Ksαl,1 + μs
σχh ,

(4.11)

with
Q(�s) = |ν1||
σν | + Q0(αr , ν), (4.12)

where O(1) depends continuously on M∞. In addition, for αl = 0, 
σα = 
σχh =
0, and sh = s0, denoting the derivative of G by Gs, then

lim
M∞→∞ Kw,1 = 0, Kw,2 = det(r1(G(s0)), Gs(s0))

det(r2(G(s0)), Gs(s0))
,

Ks = det(r2(G(s0)), r1(G(s0)))

det(r2(G(s0)), Gs(s0))
, lim

M∞→∞ μs ∈ (−1, 0),

lim
M∞→∞ μw,1 = 0, μw,2 = det(∂Ũ/∂(
σχh ), Gs(s0))

det(r2(G(s0)), Gs(s0))
.

(4.13)

Proof. From Lemma 2.10 and the implicit function theorem, (4.10) has a unique
C2–solution (sh+1, β2) such that

sh+1 = sh+1(αl,1,
σα,
σ̄α,
σχh , sh),

β2 = β2(αl,1,
σα,
σ̄α,
σχh , sh).
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A direct computation leads to

β2 = β2(αl,1,
σα,
σ̄α,
σχh , sh)

= μw,2
σχh + Kw,2αl,1 + β2(0,
σα,
σα, 0, sh)

= μw,2
σχh + Kw,2αl,1.

Similarly, we have

sh+1 = sh+1(αl,1,
σα,
σ̄α,
σχh , sh) = μs
σχh + Ksαl,1 + sh .

Next, we compute the coefficients: Ks , Kw,2, μw,2, and μs . Differentiating
equation (4.10) with respect to αl,1 and 
σχh , and then letting αl,1 = 
σα =

σχh = 0 and sh = s0, we can obtain

r2(G(s0))Kw,2 + Gs(s0)Ks = r1(G(s0)),

r2(G(s0))μw,2 + Gs(s0)μs = ∂Ũ

∂(
σχh )
(σχ (h); σχ(h), G(s0)).

Then Cramer’s rule gives the result. Moreover, since θ0 < 0 < θ0
ma and θ0 ± θ0

ma ∈
(−π

2 , π
2 ),

lim
M∞→∞ μs = cos θ0 sin θ0

m

sin(θ0 − θ0
m)

∈ (−1, 0).

By the construction of the approximate solution, we have

Ũ (σν ; σα, �(δ1, δ2; Ũ (σα; σχ (h), Um )))

= �(ν1, 0; Ũ (σν ; σα,�(αr,1, αr,2; Ũ (σα; σχ (h), �(0, β2(αl,1, 
σα, 
σ̄α, 
σχh , sh); Um ))))),

with

Um = G(sh+1; U∞).

Then, by similar arguments as to those in Case 1, we obtain

δ1 = αr,1 + ν1 + μw,1
σχh + Kw,1αl,1 + O(1)|ν1||
σν | + O(1)Q0(αr , ν),

δ2 = αr,2 + μw,2
σχh + Kw,2αl,1 + O(1)|ν1||
σν | + O(1)Q0(αr , ν).

This completes the proof. �


Lemma 4.8. For 
x sufficiently small,

|sh − σχ(h − 1)| � 6|
σχh |.
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Proof. Using the notation as in Case 3, we have

σχ(h) = χ
x,ϑ (xh)

xh
, sh = χ
x,ϑ (xh) − χ
x,ϑ (xh−1)


x
.

Then a direct computation leads to

|sh − σχ(h − 1)| =
∣
∣
∣
∣
χ
x,ϑ (xh) − χ
x,ϑ (xh−1)


x
− σχ(h − 1)

∣
∣
∣
∣

=
∣
∣
∣
∣
σχ(h)xh − σχ(h − 1)xh−1


x
− σχ(h − 1)

∣
∣
∣
∣

=
∣
∣
∣

xh


x

∣
∣
∣ |σχ(h) − σχ(h − 1)|

� 6
∣
∣σχ(h) − σχ(h − 1)

∣
∣ ,

for 
x small enough. �

Denote θχ (h) = |σχ(h − 1) − sh | that measures the angle between the leading

shock S
x,ϑ,h and the ray issuing from the origin and passing through (xh−1, χ
x,ϑ

(xh−1)). Then we have the following estimate for θχ (h):

Lemma 4.9. For M∞ sufficiently large and 
x sufficiently small,

θχ (h) − θχ (h + 1) � |
σχh | − |Ks ||αl,1|,
with h � 0.

Proof. We consider the following two different cases:
1. σχ(h − 1) < sh so that σχ(h) > σχ(h − 1).

• If sh+1 > σχ(h), then it follows from Lemma 4.7 that

θχ (h) − θχ (h + 1) = sh − σχ(h − 1) − (
sh+1 − σχ(h)

)

= (1 − μs)
σχh − Ksαl,1

� |
σχh | − |Ks ||αl,1|.
• If sh+1 < σχ(h), then, from Lemmas 4.7–4.8, we have

θχ (h) − θχ (h + 1) = sh − σχ(h − 1) − (
σχ(h) − sh+1

)

= 2(sh − σχ(h − 1))+sh+1−σχ(h)−(
sh −σχ(h−1)

)

� (11 + μs)|
σχh | + Ksαl,1

� |
σχh | − |Ks ||αl,1|.
2. σχ(h − 1) > sh so that σχ(h) < σχ(h − 1).
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• If sh+1 > σχ(h), then it follows from Lemmas 4.7–4.8 that

θχ (h) − θχ (h + 1)

= σχ(h − 1) − sh − (
sh+1 − σχ(h)

)

= 2(σχ (h − 1) − sh) + σχ(h) − sh+1 − (σχ (h − 1) − sh)

� (11 + μs)|
σχh | − Ksαl,1

� |
σχh | − |Ks ||αl,1|.
• If sh+1 < σχ(h), then, from Lemma 4.7, we have

θχ (h) − θχ (h + 1) = σχ(h − 1) − sh − (
σχ(h) − sh+1

)

= (−1 + μs)
σχh + Ksαl,1

� |
σχh | − |Ks ||αl,1|.
Note that we have used the fact that μs ∈ (−1, 0) as M∞ → ∞ in above

estimates. This completes the proof. �


5. Glimm-Type Functional and Compactness of the Approximate Solutions

For each I ⊂ ∪h+1
k=1�
x,ϑ,k , there exists kI with 1 � kI � h + 1 such that

I∩�
x,ϑ,kI �= ∅. Next, as in [38,51], we assign each mesh curve I ⊂ ⋃h+1
k=1 �
x,ϑ,k

with a Glimm-type functional Fs(I ); see also [10,48].

Definition 5.1. (Weighted total variation). Define

L(i)
0 (I ) =

∑
{|αi | : αi is the weak i-wave crossing I } for i = 1, 2,

L1(I ) =
∑

{|ωk | : k > kI },
Ls(I ) = θχ (I ) for θχ (I ) = θχ (h) in Lemma 4.9 when S
x,ϑ crossing I,

Lb(I ) = θb(I ) for θb(I ) = θb(h) in Lemma 4.6 when �
x,ϑ crossing I.

Then the weighted total variation is defined as

L(J ) = L(1)
0 (I ) + K2L(2)

0 (I ) + K1L1(I ) + K3Ls(I ) + K4Lb(I ),

where Kl are positive constants for l = 1, 2, 3, 4.

Let

σ ∗ = b0 + C1

∞∑

h=1

|ωh |, σ∗ = s0 − �, (5.1)

where s0 is the velocity of the leading shock of the background solution, � and C1
are constants to be determined; see also [10,18,48]. Note that � and

∑
h�1 |ωh | are

chosen so small that the largeness of M∞ implies the smallness of b0 − s0, which
leads to the smallness of σ ∗ − σ∗. We now define the total interaction potential.
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Definition 5.2. (Total interaction potential). Define

Q0(I ) =
∑

{|α||β| : α and β are weak waves crossing I and approach},
Q1(I ) =

∑
{|α||σα − σ∗| : α is a weak 1 − wave crossing I },

Q2(I ) =
∑

{|α||σ ∗ − σα| : α is a weak 2 − wave crossing I },
where σα is the σ -coordinate of the grid point where α issues. Then the total
interaction potential is defined as

Q(I ) = Q0(I ) + 2Q1(I ) + 2Q2(I ).

Now, we are able to define the Glimm-type functional.

Definition 5.3. (Glimm-type functional). Let

F(I ) = L(I ) + K Q(I ),

where K is a large real number to be chosen later.

Let

E
x,ϑ (�) =

⎧
⎪⎨

⎪⎩

Q(�) (defined in Case 1),

ξ
(|αr,2| + |ωh+1| + |
σbh | + Q(�b)

)
(defined in Case 2),

ξ
(|αl,1| + |
σχh | + Q(�s)

)
(defined in Case 3),

(5.2)
with ξ > 0 sufficiently small and to be chosen later.

In order to make the Glimm-type functional monotonically decreasing, we have
to choose the weights carefully in the functional, based on the underlying features
of the wave interactions governed by the system. Indeed, we have the following
lemma (cf. [48]):

Lemma 5.1. Let Kr,1, Kw,2, Ks , and μw,2 be given by Lemmas 4.3 and 4.7. Then

lim
M∞→∞

(|Kr,1||Kw,2| + |Kr,1||Ks ||μw,2|
)

< 1.

Proof. Lemmas 2.8–2.9 give

lim
M∞→∞ |Kr,1||Kw,2| =

∣
∣
∣
∣
sin(θ0 + θ0

m)

sin(θ0 − θ0
m)

∣
∣
∣
∣ ,

lim
M∞→∞ |Kr,1||Ks ||μw,2|

= cos2(θ0 + θ0
m)

cos2(θ0 − θ0
m)

× lim
M∞→∞

∣
∣
∣
∣
∣

det
(
r1(U ), r2(U )

)

det
(
r2(G(s0), Gs(s0))

)

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣

det((∂Ũ )/(∂
σχh ), Gs(s0; U∞))

det(r2(G(s0; U∞)), Gs(s0; U∞))

∣
∣
∣
∣
∣

= sin 2θ0
m cos θ0| sin θ0|

sin2(θ0 − θ0
m)

.
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Note that θ0 ∈ (−π
2 , 0), θ0 ± θ0

m ∈ (−π
2 , π

2 ), and θ0
m ∈ (0, π

2 ). Then, when
θ0 + θ0

m < 0,

lim
M∞→∞

(|Kr,1||Kw,2| + |Kr,1||Ks ||μw,2|
)

<
2 sin θ0

m cos θ0 − sin(θ0 + θ0
m)

sin(θ0
m − θ0)

= 1;

when θ0 + θ0
m > 0,

lim
M∞→∞

(|Kr,1||Kw,2| + |Kr,1||Ks ||μw,2|
)

<
2 cos θ0

m | sin θ0| + sin(θ0 + θ0
m)

sin(θ0
m − θ0)

= 1.

This implies the expected result. �

At this stage, we are able to choose the coefficients in the Glimm-type functional

(cf. [48]).

Lemma 5.2. There exist positive constants K2 and K3 such that

lim
M∞→∞

(
K2|Kw,2| + K3|Ks |

)
< 1, lim

M∞→∞
(
K2|μw,2| − K3

)
< 0,

lim
M∞→∞

(
K2 − |Kr,1|

)
> 0.

Proof. Let K ∗
r,1 = limM∞→∞ |Kr,1|, K ∗

w,2 = limM∞→∞ |Kw,2|, K ∗
s = limM∞→∞

|Ks |, and μ∗
w,2 = limM∞→∞ |μw,2|. Then, by Lemma 5.1,

K ∗
r,1

(
K ∗

w,2 + K ∗
s μ∗

w,2

)
< 1.

Hence, we choose K2 such that

K2 > K ∗
r,1, K2

(
K ∗

w,2 + K ∗
s μ∗

w,2

)
< 1,

which implies

K2 K ∗
s μ∗

w,2 < 1 − K2 K ∗
w,2.

Then we take K3 such that

K3 > K2μ
∗
w,2, K3 K ∗

s < 1 − K2 K ∗
w,2,

and the proof is complete. �

With the coefficients chosen properly, we can derive a decay property for the

Glimm-type functional.

Proposition 5.1. Let M∞ be sufficiently large, and let σ ∗ − σ∗ and
∑

h�1 |ωh | be
sufficiently small. Let I and J be a pair of space-like mesh curves with J being an
immediate successor of I . The region bounded by the difference between I and J is
denoted as �. Then there exist positive constants ε∞, K , and Kl for l = 1, 2, 3, 4,
such that, if F(I ) < ε∞, then

F(I ) � F(J ) − 1

4
E
x,ϑ (�),

where E
x,ϑ (�) is given by (5.2).
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Proof. When M∞ is large enough, according to Lemma 5.2, there are constants
K2 and K3 so that

K2|Kw,2| + K3|Ks | < 1 − ξ0, K2|μw,2| − K3 < −ξ0,

K2 − |Kr | − K4|Kc,2| > ξ0

for some ξ0 > 0.
Now, as in [38], we prove the result inductively; see also [10,48]. We consider

three special cases as in §4, depending on the location of �. From now on, we
use C to denote a universal constant depending only on the system, which may be
different at each occurrence.
Case 1. � lies between �
x,ϑ and S
x,ϑ . We consider the case as in Lemma 4.1.
Notice that

(L(1)
0 + K2L(2)

0 )(J ) − (L(1)
0 + K2L(2)

0 )(I ) � C Q(�),

Lb(J ) − Lb(I ) = 0,

(K1L1 + K3Ls)(J ) − (K1L1 + K3Ls)(I ) = 0.

Then we obtain

L(J ) − L(I ) � C Q(�).

For the terms contained in Q, we have

Q0(J ) − Q0(I ) � C L(I )Q(�) − Q0(�).

For Case 1.1:

(Q1 + Q2)(J ) − (Q1 + Q2)(I )=|δ1|(σ2−σ∗)−|α1|(σ2 − σ∗)−|β1|(σ1 − σ∗)
+ |δ2|(σ ∗ − σ2) − |α2|(σ ∗ − σ2)

� C(σ ∗ − σ∗)Q(�) − |
σ ||β1|.
For Case 1.2:

(Q1 + Q2)(J ) − (Q1 + Q2)(I ) � |δ1|(σ1 − σ∗) − |β1|(σ1 − σ∗)
+ |δ2|(σ ∗ − σ1) − |α2|(σ ∗ − σ2)

− |β2|(σ ∗ − σ1)

� C(σ ∗ − σ∗)Q(�) − |
σ ||α2|,
which gives

Q(J ) − Q(I ) � − (
1 − C(L(I ) + σ ∗ − σ∗)

)
Q(�).

When L(I ) and σ ∗ − σ∗ are small enough, and K is sufficiently large, it follows
that

F(J ) − F(I ) � − {
K

(
1 − C(L(I ) + σ ∗ − σ∗)

) − C
}

Q(�) � −1

4
Q(�).



Arch. Rational Mech. Anal.          (2025) 249:77 Page 37 of 55    77 

Case 2. �b = 
h,nb,h−1 ∪ 
h,nb,h ∪ 
h,nb,h+1 covers a part of �
x,ϑ but none of
S
x,ϑ . Direct computation shows that

L(1)
0 (J ) − L(1)

0 (I ) � |Kr,1||αr,2| + |Kσ,1||
σbh | + |Kb,1||ωh+1| + C Q(�b),

L(2)
0 (J ) − L(2)

0 (I ) � −|αr,2| + |Kr,2||αr,2| + |Kσ,2||
σbh |
+ |Kb,2||ωh+1| + C Q(�b),

L1(J ) − L1(I ) = −|ωh+1|,
Ls(J ) − Ls(I ) = 0,

Lb(J ) − Lb(I ) = −|
σbh | + |Kc,2||αr,2| + C |ωh+1| + C |αr,1||
σα|.
Combining the above estimates together, we obtain

L(J ) − L(I ) � −(
K2 − |Kr,1| − K4|Kc,2| − K2|Kr,2|

)|αr,2|
− (

K1 − |Kb,1| − K2|Kb,2| − C K4
)|ωh+1|

− (
K4 − |Kσ,1| − K2|Kσ,2|

)|
σbh | + C Q(�b) + C |αr,1||
σα|.
For the terms contained in Q, noting that |
σα| � |
σν |, we have

Q0(J ) − Q0(I ) � −Q0((α1, 0), ν) + C L(I )
(|αr,2| + |
σbh |

+ |ωh+1| + C Q(�b)
)
,

Q1(J ) − Q1(I ) = |δ1|(σν − σ∗) − (|αl,1| + |αr,1|)(σα − σ∗) − |ν1|(σν − σ∗)
� −(|αl,1| + |αr,1|)|
σν | + C(σ ∗ − σ∗)

(|αr,2|
+ |
σbh | + |ωh+1| + C Q(�b)

)
,

Q2(J ) − Q2(I ) = |δ2|(σ ∗ − σν) − |αr,2|(σ ∗ − σα) − |ν2|(σ ∗ − σν)

� C(σ ∗ − σ∗)
(|αr,2| + |
σbh | + |ωh+1| + C Q(�b)

)
.

Then we conclude

Q(J ) − Q(I )

� −Q0((α1, 0), ν) + C L(I )
(|αr,2| + |
σbh | + |ωh+1| + C Q(�b)

) − |α1||
σν |
− |αr,1||
σα| + 2C(σ ∗ − σ∗)

(|αr,2| + |
σbh | + |ωh+1| + C Q(�b)
)

� −(
1 − C(L(I ) + σ ∗ − σ∗)

)
Q(�b)

+ C
(
L(I ) + σ ∗ − σ∗

)(|αr,2| + |
σbh | + |ωh+1|
)
.

Finally, combining all the estimates above together, we obtain

F(J ) − F(I )

� − {
K

(
1 − C(L(I ) + σ ∗ − σ∗)

) − C
}

Q(�b)

− {
K2 − |Kr,1| − K4|Kc,2| − K2|Kr,2| − K C

(
L(I ) + σ ∗ − σ∗

)} |αr,2|
− {

K1 − |Kb,1| − K2|Kb,2| − C K4 − K C
(
L(I ) + σ ∗ − σ∗

)} |ωh+1|
− {

K4 − |Kσ,1| − K2|Kσ,2| − K C
(
L(I ) + σ ∗ − σ∗

)} |
σbh |.
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Taking suitably large K1, then, when K is sufficiently large, and L(I ) and σ ∗ − σ∗
are sufficiently small, we conclude

F(J ) − F(I ) � −ξ

4

(|αr,2| + |ωh+1| + |
σbh | + Q(�b)
)

for some ξ > 0 small enough.
Case 3. �s = 
h,nχ,h−1 ∪ 
h,nχ,h ∪ 
h,nχ,h+1 covers a part of S
x,ϑ but none of
�
x,ϑ . A direct computation shows that

L(1)
0 (J ) − L(1)

0 (I ) � −|αl,1| + |Kw,1||αl,1| + |μw,1||
σχh | + C Q(�s),

L(2)
0 (J ) − L(2)

0 (I ) � |Kw,2||αl,1| + |μw,2||
σχh | + C Q(�s),

L1(J ) − L1(I ) = 0,

Ls(J ) − Ls(I ) � −|
σχh | + |Ks ||αl,1|,
Lb(J ) − Lb(I ) = 0.

Combine the above estimates together, we obtain

L(J ) − L(I )

� −(1 − |Kw,1| − K2|Kw,2| − K3|Ks |)|αl,1|
− (

K3 − |μw,1| − K2|μw,2|
)|
σχh | + C Q(�s)

� −(
1 − K2|Kw,2| − K3|Ks | − |Kw,1|

)|αl,1|
− (

K3 − K2|μw,2| − |μw,1|
)|
σχh | + C Q(�s).

For the terms contained in Q, we have

Q0(J ) − Q0(I ) � −Q0(αr , ν) + C L(I )
(|αl,1| + |
σχh | + Q(�s)

)
,

Q1(J ) − Q1(I ) = |δ1|(σα − σ∗) − (|αl,1| + |αr,1|)(σα − σ∗) − |ν1|(σν − σ∗)
� −|ν1||
σν | + C(σ ∗ − σ∗)

(|αl,1| + |
σχh | + Q(�s)
)
,

Q2(J ) − Q2(I ) = |δ2|(σ ∗ − σν) − |αr,2|(σ ∗ − σα)

� C(σ ∗ − σ∗)
(|αl,1| + |
σχh | + Q(�s)

)
.

Then we deduce that

Q(J ) − Q(I ) � − (
1 − C(L(I ) + σ ∗ − σ∗)

)
Q(�s)

+ C
(
L(I ) + σ ∗ − σ∗

)(|αl,1| + |
σχh |
)
.

Finally, combining all the estimates above together, we obtain

F(J ) − F(I )

� − {
K

(
1 − C(L(I ) + σ ∗ − σ∗)

) − C
}

Q(�s)

−
{

1 − K2|Kw,2| − K3|Ks | − |Kw,1| − C K
(
L(I ) + σ ∗ − σ∗

)}|αl,1|
−

{
K3 − K2|μw,2| − |μw,1| − C K

(
L(I ) + σ ∗ − σ∗

)}|
σχh |.
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When K is sufficiently large, and L(I ) and σ ∗ − σ∗ are sufficiently small, we
conclude that

F(J ) − F(I ) � − ξ

4
(Q(�s) + |αl,1| + |
σχh |)

for some ξ > 0 small enough. Combining the above three cases, we conclude our
result. �


Now, let Ih be the mesh curve in the stripe: {(x, y) : xh−1 � x � xh} for
h ∈ N+; that is, Ih connects all the mesh points in the strip. Let I and J be
any pair of mesh curves with Ih < I < J < Ih+1, and let J be an immediate
successor of I . That is, the mesh points on J differ from those on I by only one
point generally (except three points near the approximate boundary or near the
approximate shock), and the region bounded by the difference between I and J is
denoted by �. Proposition 5.1 suggests that the total variation of the approximate
solutions is uniformly bounded.

Moreover, we have the following estimates for the approximate boundary and
the approximate leading shock:

Proposition 5.2. There exists a constant C̄ > 0, independent of 
x, ϑ , and U
x,ϑ ,
such that

T.V.{s
x,ϑ : [0,∞)} =
∞∑

h=0

|sh+1 − sh | � C̄
∑

h�1

|ωh |,

T.V.{b′

x,ϑ : [0,∞)} =

∞∑

h=0

|b′
h+1 − b′

h | � C̄
∑

h�1

|ωh |.

Proof. Notice that

T.V.{s
x,ϑ : [0,∞)} =
∞∑

h=0

|sh+1 − sh | � O(1)
∑

�s

E
x,ϑ (�s)

� O(1)
∑

�

F(I ) − F(J ) � O(1)F(I1).

Similarly, we have

T.V.{b′

x,ϑ : [0,∞)} � O(1)F(I1).

Therefore, C̄ in the statement can be determined. �


We choose C1 = 2C̄ and � = 2C̄
∑

h�1 |ωh | in (5.1). The largeness of M∞
and the smallness of

∑
h�1 |ωh | imply the smallness of σ ∗ − σ∗. Then, following

[14,52], we conclude
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Theorem 5.1. Under assumptions (A1)–(A2), if M∞ is sufficiently large and
∑

h�1

|ωh | is sufficiently small, then, for any ϑ ∈ �∞
h=0[0, 1) and 
x > 0, the modified

Glimm scheme introduced above defines a sequence of global approximate solutions
U
x,ϑ (x, y) such that

sup
x>0

T.V.{U
x,ϑ (x, y) : (−∞, b
x,ϑ (x))} < ∞,

∫ 0

−∞
|U
x,ϑ (x1, y + b
x,ϑ (x1)) − U
x,ϑ (x2, y + b
x,ϑ (x2))| dy < L1|x1 − x2|

for some L1 > 0 independent of U
x,ϑ , 
x, and ϑ .

6. Convergence of the Approximate Solutions

In Section 5, the uniform bound of the total variation of the approximate so-
lutions U
x,ϑ has been obtained. Then, by Propositions 5.1–5.2, the existence of
convergent subsequences of the approximate solutions {U
x,ϑ } follows. Now we
are going to prove that there is a convergent subsequence of the approximate solu-
tions {U
x,ϑ } whose limit is an entropy solution to our problem.

Take 
x = 2−m , m = 0, 1, 2, · · · . For any randomly chosen sequence ϑ =
(ϑ0, ϑ1, ϑ2, · · · , ϑh, · · · ), we obtain a set of approximate solutions, which are
denoted by {(um, vm)}. It suffices to prove that there is a subsequence (still denoted
by) {(um, vm)} such that, as m → ∞,

∫∫

�
x,ϑ

(
φxρmum + φyρmvm − ρmvmφ

y

)
dxdy

+
∫ y0(0)

−∞
φ(x0, y)ρ(x0, y)u(x0, y) dy → 0 (6.1)

for any φ(x, y) ∈ C1
0(R

2;R), and
∫∫

�
x,ϑ

(
φxvm − φyum

)
dxdy → 0 (6.2)

for any φ(x, y) ∈ C1
0(�;R). We now prove (6.1) only, since (6.2) can be deduced

analogously.
For simplicity, we drop the subscript of (um, vm), and rewrite (6.1) as

∫∫

�
x,ϑ

(
φxρu + φyρv − ρvφ

y

)
dxdy +

∫ y0(0)

−∞
φ(x0, y)ρ(x0, y)u(x0, y) dy

=
∞∑

h=1

∫∫

�
x,ϑ,h

(
φxρu + φyρv − ρvφ

y

)
dxdy

+
∫ y0(0)

−∞
φ(x0, y)ρ(x0, y)u(x0, y) dy.
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By the shock waves and the upper/lower edges of rarefaction waves, each �
x,ϑ,h

can be divided into smaller polygons: �
x,ϑ,h, j , j = 0,−1,−2, · · · , alternatively,
where �
x,ϑ,h,0 is the uppermost area below the approximate boundary �
x,ϑ,h .
Then we have

∫∫

�
x,ϑ

(
φxρu + φyρv − ρvφ

y

)
dxdy +

∫ y0(0)

−∞
φ(x0, y)ρ(x0, y)u(x0, y) dy

=
∞∑

h=1

−∞∑

j=0

∫∫

�
x,ϑ,h, j

(
φxρu + φyρv − ρvφ

y

)
dxdy

+
∫ y0(0)

−∞
φ(x0, y)ρ(x0, y)u(x0, y) dy

= −
∑

h, j

∫∫

�
x,ϑ,h, j

φ
(
(ρu)x + (ρv)y + ρv

y

)
dxdy

+
∑

h, j

∫∫

�
x,ϑ,h, j

(
(φρu)x + (φρv)y

)
dxdy

+
∫ y0(0)

−∞
φ(x0, y)ρ(x0, y)u(x0, y) dy

=: I + II + III.

We first have

Proposition 6.1. I → 0 as 
x → 0.

Proof. To deal with the first term I, we use the transform:

σ = y

x
, η = y − yn(h)

x − xh
, (6.3)

where (xh, yn(h)) is the center of the Riemann problem, and n depends on j . Then
we obtain

I =
∑

h, j

∫∫
(x − xh)φρ

σ(η − σ)

(
σ 2(1 − u2

c2

)
uσ − 2uvσ 2

c2 vσ − (
1 − v2

c2

)
vσ σ − v

)
dηdσ

−
∑

h, j

∫∫
xφ

η − σ

( − η(ρu)η + (ρv)η
)

dηdσ.

(6.4)
From the construction of the approximate solutions, the first term of (6.4) vanishes.
For the second term, we have

−η(ρu)η + (ρv)η = O(1)
σ,

where 
σ is the change of the σ−coordinate in domain �
x,ϑ,h, j . Denote the
rarefaction waves in �
x,ϑ,h alternatively by αR,h,i . Then we have

I = O(1)
∑

h, j


η(
σ)2,



   77 Page 42 of 55 Arch. Rational Mech. Anal.          (2025) 249:77 

with 
η = O(1)αR,h,i . According to Proposition 5.1, the total strength
∑

i |αR,h,i |
of rarefaction waves in �
x,ϑ,h is bounded, so that

I = O(1) diam(supp φ)
x, (6.5)

which gives desired result. �

Next, applying Green’s formula in each �
x,ϑ,h, j , we obtain

II + III =
∞∑

h=1

∫ b
x,ϑ (xh )

−∞
φ(xh , y)

(
ρ(xh−, y)u(xh−, y) − ρ(xh+, y)u(xh+, y)

)
dy

+
∞∑

h=0

∫ xh+1

xh

φ(x, b(x))ρ(x, b(x))
(
v(x, b(x)) − u(x, b(x))b′(x)

)
dx

+
∑

h,i

∫

Wh,i

(
sh,i (ρ

+u+ − ρ−u−) − (ρ+v+ − ρ−v−)
)
φ dx

=: IV + V + VI,

(6.6)

where Wh,i = {(x, y) : y = wh,i (x) = sh,i (x − xh) + yn(h) for some n} are
shock waves or upper/lower edges of rarefaction waves lying in �
x,ϑ,h , and ρ± =
ρ(x, wi,h(x)±), u± = u(x, wi,h(x)±), and v± = v(x, wi,h(x)±).

We now show

Proposition 6.2. There exists a subsequence of {(um, vm)} such that IV → 0 as
m → ∞.

Proof. The first term on the right-hand side of (6.6) can be rewritten as

IV =
∑

h�1

Vh

with

Vh =
nb,h−1∑

n=nχ,h+1

∫ yn(h)

yn−1(h)

φ(xh, y)
(
ρ(xh−, y)u(xh−, y) − ρ(xh+, y)u(xh+, y)

)
dy

+
∫ ynχ,h (h)+1

χ
x,ϑ (xh)

φ(xh, y)
(
ρ(xh−, y)u(xh−, y) − ρ(xh+, y)u(xh+, y)

)
dy

+
∫ b
x,ϑ (xh)

ynb,h (h)−1
φ(xh, y)

(
ρ(xh−, y)u(xh−, y) − ρ(xh+, y)u(xh+, y)

)
dy.

To show IV → 0 for some subsequence {(um, vm)}, we now introduce

Ṽ =
∑

h�1

Ṽh

with

Ṽh =
nb,h−1
∑

n=nχ,h+1

∫ yn (h)

yn−1(h)
φ(xh , yn(h))

(
ρ(xh−, y)u(xh−, y) − ρ(xh+, y)u(xh+, y)

)
dy



Arch. Rational Mech. Anal.          (2025) 249:77 Page 43 of 55    77 

+
∫ b
x,ϑ (xh )

ynb,h (h)
φ(xh , ynb,h+1(h))

(
ρ(xh−, y)u(xh−, y) − ρ(xh+, y)u(xh+, y)

)
dy

+
∫ ynb,h (h)

ynb,h−1(h)
φ(xh , ynb,h (h))

(
ρ(xh−, y)u(xh−, y) − ρ(xh+, y)u(xh+, y)

)
dy

+
∫ ynχ,h+1(h)

ynχ,h (h)
φ(xh , ynχ,h+1(h))

(
ρ(xh−, y)u(xh−, y) − ρ(xh+, y)u(xh+, y)

)
dy

+
∫ ynχ,h (h)

χ
x,ϑ (xh )
φ(xh , ynχ,h (h))

(
ρ(xh−, y)u(xh−, y) − ρ(xh+, y)u(xh+, y)

)
dy

=:
nb,h−1
∑

n=nχ,h+1

∫ yn (h)

yn−1(h)
φ(xh , yn(h))

(
ρ(xh−, y)u(xh−, y) − ρ(xh+, y)u(xh+, y)

)
dy

+ V̌ (0)
h + V̌ (1)

h + V̂ (1)
h + V̂ (0)

h .

From the construction of approximate solutions, we have

V̌ (0)
h = O(1)
x

(|αr,2| + |ωh+1| + |
σbh | + Q(�b)
)

(see Case 2),

V̂ (0)
h = O(1)
x

(|αl,1| + |
σχh | + Q(�s)
)

(see Case 3).

From Proposition 5.1, we obtain

∞∑

h=1

(
V̌ (0)

h + V̂ (0)
h

) = O(1)
x F(I1). (6.7)

Then we write V̌ (1)
h and V̂ (1)

h as

V̌ (1)
h =

∫ ynb,h (h)

ynb,h−1(h)

φ(xh, ynb,h (h))

× (
ρ(xh−, y)u(xh−, y) − ρ̌(xh+, y)ǔ(xh+, y)

)
dy

+
∫ ynb,h (h)

ynb,h−1(h)

φ(xh, ynb,h (h))

× (
ρ̌(xh+, y)ǔ(xh+, y) − ρ(xh+, y)u(xh+, y)

)
dy

and

V̂ (1)
h =

∫ ynχ,h+1(h)

ynχ,h (h)

φ(xh, ynχ,h (h))

× (
ρ(xh−, y)u(xh−, y) − ρ̂(xh+, y)û(xh+, y)

)
dy

+
∫ ynχ,h+1(h)

ynχ,h (h)

φ(xh, ynχ,h (h))

× (
ρ̂(xh+, y)û(xh+, y) − ρ(xh+, y)u(xh+, y)

)
dy,

where

Ǔ (xh+, y) = Ũ (
y

xh
; rh,nb,h−1

xh
, U (xh+, rh,nb,h−1)),
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Û (xh+, y) = Ũ (
y

xh
; rh,nχ,h−1

xh
, U (xh+, rh,nχ,h−1)),

and ρ̌ and ρ̂ are determined via Bernoulli’s equation. By the construction of the
approximate solutions near the boundary and near the leading shock, we have

∫ ynb,h (h)

ynb,h−1(h)

φ
(
xh, ynb,h (h)

)(
ρ̌(xh+, y)ǔ(xh+, y) − ρ(xh+, y)u(xh+, y)

)
dy

= O(1)
x
(|αr,2| + |ωh+1| + |
σbh | + Q(�b)

)
(see Case 2),

∫ ynχ,h+1(h)

ynχ,h (h)

φ
(
xh, ynχ,h (h)

)(
ρ̂(xh+, y)û(xh+, y) − ρ(xh+, y)u(xh+, y)

)
dy

= O(1)
x
(|αl,1| + |
σχh | + Q(�s)

)
(see Case 3).

Similarly, by Proposition 5.1, we conclude that

∞∑

h=1

∫ ynb,h (h)

ynb,h−1(h)

φ(xh, ynb,h (h))
(
ρ̌(xh+, y)ǔ(xh+, y) − ρ(xh+, y)u(xh+, y)

)
dy

= O(1)
x F(I1),

∞∑

h=1

∫ ynχ,h+1(h)

ynχ,h (h)

φ(xh, ynχ,h (h))
(
ρ̂(xh+, y)û(xh+, y) − ρ(xh+, y)u(xh+, y)

)
dy

= O(1)
x F(I1).

(6.8)
Set

V̄h =
nb,h−1
∑

n=nχ,h+1

∫ yn (h)

yn−1(h)
φ(xh , yn(h))

(
ρ(xh−, y)u(xh−, y) − ρ(xh+, y)u(xh+, y)

)
dy

+
∫ ynb,h (h)

ynb,h−1(h)
φ(xh , ynb,h (h))

(
ρ(xh−, y)u(xh−, y) − ρ̌(xh+, y)ǔ(xh+, y)

)
dy

+
∫ ynχ,h+1(h)

ynχ,h (h)
φ(xh , ynχ,h (h))

(
ρ(xh−, y)u(xh−, y) − ρ̂(xh+, y)û(xh+, y)

)
dy.

As in [24] (see also [18]), let

H =
∞∏

h=0

[0, 1) = {ϑ = (ϑ0, ϑ1, ϑ2, · · · , ϑh, · · · ) : ϑh ∈ [0, 1), h = 0, 1, 2, · · · }.

Denoting ȳ = yn−1(h) + ϑh
(
yn(h) − yn−1(h)

)
, we obtain from (4.2) that

ρ(xh−, y)u(xh−, y) − ρ(xh+, y)u(xh+, y)

= ρ(xh−, y)u(xh−, y) − ρ(xh−, ȳ)u(xh−, ȳ) + ρ(xh+, ȳ)u(xh+, ȳ)

− ρ(xh+, y)u(xh+, y)

= O(1)|α| + O(1)|α||
σα| + O(1)|
σα|
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= O(1)(|α| + |
σα|),
whereα is an elementary wave in�
x,ϑ,h, j , and
σα is the change of theσ−coordinate
in the elementary wave α. Denote the elementary waves in �
x,ϑ,h by αh,i . Then

V̄h = O(1)
( ∑

i�0

|αh,i | + σ ∗ − σ∗
)

x, (6.9)

which implies

∑

h�1

∫

H
V̄ 2

h dϑ = O(1)diam(supp φ)
(∑

i�0

|αh,i | + σ ∗ − σ∗
)2


x .

�

Next, we need the following lemma:

Lemma 6.1. The approximate solutions {U
x,ϑ (x, y)} satisfy

∫ 1

0

∫ yn(h)

yn−1(h)

(
U
x,ϑ (xh−, y) − U
x,ϑ (xh+, y)

)
dydϑh

= O(1)(
x)3 + O(1)(|α| + |β|)(
x)2.

(6.10)

Proof. We now give a proof when α and β are both shock waves, since the remaining
cases can be obtained similarly.

Suppose that α and β issue from (xh−1, yn−1(h − 1)) and (xh−1, yn(h − 1)),
and end at (xh, r1) and (xh, r2), respectively. Set a1 = r1−yn−1(h)

yn(h)−yn−1(h)
and a2 =

r2−yn−1(h)
yn(h)−yn−1(h)

. From the construction of approximate solutions, we have

∫ 1

0

∫ yn(h)

yn−1(h)

(
U
x,ϑ (xh−, y) − U
x,ϑ (xh+, y)

)
dydϑh

=
∫ 1

0

∫ yn(h)

yn−1(h)

U
x,ϑ (xh−, y) dydϑh −
∫ 1

0

∫ yn(h)

yn−1(h)

U
x,ϑ (xh+, y) dydϑh

=
∫ r1

yn−1(h)

Ũ (
y

xh
; σ2, Ul) dy +

∫ r2

r1

Ũ (
y

xh
; σ2,�(0, α2; Ul)) dy

+
∫ yn(h)

r2

Ũ (
y

xh
; σ1,�(β1, 0; Ũ (σ1; σ2,�(0, α2; Ul)))) dy

− a1

∫ yn(h)

yn−1(h)

Ũ (
y

xh
; σ2, Ul) dy

− (a2 − a1)

∫ yn(h)

yn−1(h)

Ũ (
y

xh
; σ2,�(0, α2; Ul)) dy

− (1 − a2)

∫ yn(h)

yn−1(h)

Ũ (
y

xh
; σ1,�(β1, 0; Ũ (σ1; σ2,�(0, α2; Ul)))) dy.
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Since Ũ (
y

xh
; σ2,�(0, α2; Ul)) = Ũ (

y
xh

; Ũ (σ1; σ2,�(0, α2; Ul))), we obtain

∫ 1

0

∫ yn(h)

yn−1(h)

(U
x,ϑ (xh−, y) − U
x,ϑ (xh+, y)) dydϑh

=
∫ r1

yn−1(h)

(1 − a1)
(
Ũ (

y

xh
; σ2, Ul) − Ũ (

y

xh
; σ2,�(0, α2; Ul))

)
dy

−
∫ r1

yn−1(h)

(1 − a2)
(
Ũ (

y

xh
; σ1,�(β1, 0; Ũ (σ1; σ2,�(0, α2; Ul))))

− Ũ (
y

xh
; Ũ (σ1; σ2,�(0, α2; Ul)))

)
dy

+
∫ r2

r1

a1
(
Ũ (

y

xh
; σ2,�(0, α2; Ul)) − Ũ (

y

xh
; σ2, Ul)

)
dy

−
∫ r2

r1

(1 − a2)
(
Ũ (

y

xh
; σ1,�(β1, 0; Ũ (σ1; σ2,�(0, α2; Ul))))

− Ũ (
y

xh
; Ũ (σ1; σ2,�(0, α2; Ul)))

)
dy

+
∫ yn(h)

r2

a2
(
Ũ (

y

xh
; σ1,�(β1, 0; Ũ (σ1; σ2,�(0, α2; Ul))))

− Ũ (
y

xh
; Ũ (σ1; σ2,�(0, α2; Ul)))

)
dy

−
∫ yn(h)

r2

a1
(
Ũ (

y

xh
; σ2, Ul) − Ũ (

y

xh
; σ2,�(0, α2; Ul))

)
dy.

Then, by Taylor’s expansion, we have

Ũ (
y

xh
; σ2, Ul) − Ũ (

y

xh
; σ2,�(0, α2; Ul))

= Ul − �(0, α2; Ul) + A1(y − yn−1(h)) + O(1)(y − yn−1(h))2,

Ũ (
y

xh
; σ1,�(β1, 0; Ũ (σ1; σ2,�(0, α2; Ul)))) − Ũ (

y

xh
; Ũ (σ1; σ2,�(0, α2; Ul)))

= �(β1, 0; Ũ (σ1; σ2,�(0, α2; Ul))) − Ũ (σ1; σ2,�(0, α2; Ul))

+ A2(y − yn(h)) + O(1)(y − yn(h))2,

with

A1 = ∂y

(
Ũ (

y

xh
; σ2, Ul) − Ũ (

y

xh
; σ2,�(0, α2; Ul))

)∣
∣
∣
∣
y=yn−1(h)

,

A2 = ∂y

(
Ũ (

y

xh
; σ1,�(β1, 0; Ũ (σ1; σ2,�(0, α2; Ul))))

−Ũ (
y

xh
; Ũ (σ1; σ2,�(0, α2; Ul)))

)∣
∣
∣
∣
y=yn(h)

.
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A direct computation leads to

∫ 1

0

∫ yn(h)

yn−1(h)

(
U
x,ϑ (xh−, y) − U
x,ϑ (xh+, y)

)
dydϑh

= O(1)(yn(h) − yn−1(h))3 + 1

2
A1(r1 − yn−1(h))(r1 − yn(h))

− 1

2
A2(r2 − yn−1(h))(r2 − yn(h)).

Noting that A1 = O(1)|α| and A2 = O(1)|β|, together with the Courant-Friedrichs-
Lewy condition, we conclude (6.10). �


Substituting U
x,ϑ in Lemma 6.1 by ρu and carrying out the same process
leads to

∫ 1

0
V̄hdϑh = O(1)

(
diam(supp φ) +

∑

i�0

|αh,i |
)
(
x)2 = O(1)(
x)2.

As in (6.9), we obtain

V̄k = O(1)
( ∑

i�0

|αk,i | + σ ∗ − σ∗
)

x .

Then

∑

h>k

∫

H
V̄h V̄k dϑ �

∑

h>k

∣
∣
∣
∣

∫ 1

0
V̄hdϑh

∣
∣
∣
∣

∫ 1

0
|V̄k | dϑ̂h = O(1)

(
diam(supp,φ)

)2

x,

where dϑ̂h = dϑ0 · · · dϑh−1dϑh+1 · · · .
Since

‖V̄ ‖L2(H) =
∑

h�1

∫

H
V̄ 2

h dϑ + 2
∑

h>k

∫

H
V̄h V̄k dϑ,

we conclude that

‖V̄ ‖L2(H) → 0 as 
x → 0,
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which, combining with (6.7)–(6.8), gives a subsequence (still denoted by) {(um , vm)}
such that Ṽ → 0 almost everywhere. Meanwhile, we have

Vh − Ṽh

=
nb,h−1∑

n=nχ,h+1

∫ yn(h)

yn−1(h)

(
φ(xh, yn(h)) − φ(xh, y)

)

× (
ρ(xh−, y)u(xh−, y) − ρ(xh+, y)u(xh+, y)

)
dy

+
∫ ynb,h (h)

ynb,h−1(h)

(
φ(xh, ynb,h (h)) − φ(xh, y)

)

× (
ρ(xh−, y)u(xh−, y) − ρ(xh+, y)u(xh+, y)

)
dy

+
∫ b
x,ϑ (xh)

ynb,h (h)

(
φ(xh, ynb,h+1(h)) − φ(xh, y)

)

× (
ρ(xh−, y)u(xh−, y) − ρ(xh+, y)u(xh+, y)

)
dy

+
∫ ynχ,h (h)

χ
x,ϑ (xh)

(
φ(xh, ynχ,h (h)) − φ(xh, y)

)

× (
ρ(xh−, y)u(xh−, y) − ρ(xh+, y)u(xh+, y)

)
dy

+
∫ ynχ,h+1(h)

ynχ,h (h)

(
φ(xh, ynχ,h+1(h)) − φ(xh, y)

)

× (
ρ(xh−, y)u(xh−, y) − ρ(xh+, y)u(xh+, y)

)
dy

= O(1)
x
nb,h−1∑

n=nχ,h+1

∫ yn(h)

yn−1(h)

(
ρ(xh−, y)u(xh−, y) − ρ(xh+, y)u(xh+, y)

)
dy

+ O(1)(
x)2

= O(1)
( ∑

i�0

|αh,i | + σ ∗ − σ∗ + 1
)
(
x)2,

which leads to

IV − Ṽ =
∑

h�1

Vh − Ṽh = O(1) diam(supp φ)
x .

Thus, IV → 0 as m → ∞ for some subsequence {(um, vm)}. �


Proposition 6.3. V, VI → 0 as 
x → 0.

Proof. Since

b′(x) = v(xh+, b(xh)−)

u
(
xh+, b(xh) − ) for x ∈ (xh, xh+1),
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it follows from the construction of our approximate solution that

v
(
x, b(x)

) − u
(
x, b(x)

)
b′(x) = O(1)
x .

Therefore, we have

V = O(1) diam(supp φ)
x → 0 as 
x → 0.

As for VI, we divide this term into three parts. The first part is the integral along
the leading shock, where Wh,i = S
x,ϑ,h . For this part, by similar arguments in
treating V, we have

∑

h

∫

S
x,ϑ,h

(
sh(ρ+u+ − ρ−u−) − (ρ+v+ − ρ−v−)

)
φ dx = O(1)
x .

The second part is the integral along the upper or lower edges of rarefaction waves
and therefore vanishes automatically. The third part is the integral along the weak
shock waves, that is, Wh,i �= S
x,ϑ,h . In this case, by (4.1), we have

ρ+u+ − ρ−u− = (ρ+u+ − ρ−u−)|x=xh+ + O(1)(ρ+u+ − ρ−u−)|x=xh+
x,

ρ+v+ − ρ−v− = (ρ+v+ − ρ−v−)|x=xh+ + O(1)(ρ+v+ − ρ−v−)|x=xh+
x .

Thus, in view of the Rankine-Hugoniot conditions, we obtain

∑

i

(sh,i (ρ
+u+ − ρ−u−) − (ρ+v+ − ρ−v−)) = O(1)

∑

i

|αS,h,i |
x,

where αS,h,i are the weak shock waves in �
x,ϑ,h . Combining all the three parts
together, we have

IV = O(1) diam(supp φ)
∑

i

|αS,h,i |
x + O(1)
x .

By Proposition 5.1,
∑

i |αS,h,i | is uniformly bounded with respect to h. Therefore,
IV → 0 as 
x → 0. �


With all the arguments stated above, a standard procedure as in [18,38] gives
the following theorem, which ensures the first part of the main theorem:

Theorem 6.1. Suppose that (A1)–(A2), 1 < γ < 3, and 0 < p0 < p∗ hold. Then,
when M∞ is sufficiently large, there are ε0 > 0, a null setN , and a constant C > 0,
depending only on p0 and the system, such that if T .V . {pb} = εp < ε0, for each
ϑ ∈ ∏∞

h=0[0, 1)\N , there exist both a subsequence {
i }∞i=0 ⊂ {
x} of the mesh
size with 
i → 0 as i → ∞ and a triple of functions bϑ(x) with bϑ(0) = 0, χϑ(x)

with χϑ(0) = 0, and Uϑ(x, y) ∈ Oε0

(
G(s0) ∩ W(p0, p∞)

)
such that

(i) b
i ,ϑ converges to bϑ uniformly in any bounded x-interval;
(ii) χ
i ,ϑ converges to χϑ uniformly in any bounded x-interval;
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(iii) b′

i ,ϑ

converges to (b′
ϑ)+ ∈ BV ([0,∞)) a.e., satisfying

sup
x>0

|(b′
ϑ)+(x) − b0| < Cεp, bϑ(x) =

∫ x

0
(b′

ϑ)+(t)dt;

(iv) s
i ,ϑ converges to sϑ ∈ BV ([0,∞)) a.e., satisfying

sup
x>0

|sϑ(x) − s0| < Cεp, χϑ(x) =
∫ x

0
sϑ(t)dt;

(v) U
i ,ϑ (x, ·) converges to Uϑ ∈ L1
loc(−∞, bϑ(x)) for every x > 0, so that

sup
x>0

T.V.{Uϑ(x, y) : χ(x) < y < b(x)} < C(εp + b0 − s0),

and Uϑ is a global entropy solution of the inverse problem (1.1)–(1.2) and
satisfies (1.8)–(1.9).

7. Asymptotic Behavior of Global Entropy Solutions

To establish the asymptotic behavior of global entropy solutions, we need further
estimates of the approximate solutions.

Lemma 7.1. There exists a constant M1, independent of U
x,ϑ , 
x, and ϑ , such
that ∑

�

E
x,ϑ (�) < M1 (7.1)

for E
x,ϑ (�) given as in (5.2).

Proof. By Proposition 5.1, for any interaction region � ⊂ {(h − 1)
x � (h +
1)
x} for h � 1, we have

∑

�

E
x,ϑ (�) � 4
∑

�

(
F(I ) − F(J )

)
� 4F(I1).

Thus, choosing M1 = 4F(I1) + 1, the proof is complete. �

For any t > 0, let L j,ϑ (t−), j = 1, 2, be the total variation of j−weak waves

in Uϑ crossing line x = t , and let L j,
x,ϑ (t−), j = 1, 2, be the total variation of
j−weak waves in U
x,ϑ crossing line x = t . Then we have

Lemma 7.2.
∑2

j=1 L j,ϑ (x−) → 0 as x → ∞.

Proof. Let U
i ,ϑ be a sequence of the approximate solutions introduced in Theorem
6.1, and let the corresponding term E
x,ϑ (�) be defined in (5.2). As in [25], denoted
by dE
x,ϑ the measure of assigning quantities E
x,ϑ (�) to the center of �. Then,
by Lemma 7.1, we can choose a subsequence (still denoted as) dE
i ,ϑ such that

dE
i ,ϑ → d Eϑ as 
i → 0
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with Eϑ(�) < ∞.
Therefore, for ε1 > 0 sufficiently small, we can choose xε1 (independent of

U
i ,ϑ ), 
i , and ϑ such that
∑

h>[xε1/
x]
E
i ,ϑ (�h,n) < ε1.

Let X1
ε1

= (xε1 , χ
i ,ϑ (xε1)) and X2
ε1

= (xε1 , b
i ,ϑ (xε1)) be the two points lying in
the approximate leading shock y = χ
i ,ϑ (x) and the approximate boundary y =
b
i ,ϑ (x), respectively. Let χ

j

i ,ϑ

be the approximate j–generalized characteristic

issuing from X j
ε1 for j = 1, 2, respectively. According to the construction of the

approximate solutions, there exist constants M̂ j > 0, j = 1, 2, independent of
U
i ,ϑ , 
i , and ϑ , such that

|χ j

i ,ϑ

(x1) − χ
j

i ,ϑ

(x2)| � M̂ j
(|x1 − x2| + 
i

)
for x1, x2 > xε1 .

Then we choose a subsequence (still denoted by) 
i such that

χ
j

i ,ϑ

→ χ
j
ϑ as 
i → 0

for some χ
j
ϑ ∈ Lip with (χ

j
ϑ)′ bounded.

Let two characteristics χ1
ϑ and χ2

ϑ intersect with the cone boundary �ϑ and
the leading shock Sϑ at points (t1

ε1
, χ1

ϑ(t1
ε1

)) and (t2
ε1

, χ2
ϑ(t2

ε1
)) for some t1

ε1
and t2

ε1
,

respectively. Then, as in [25], we apply the approximate conservation law to the
domain below χ1


i ,ϑ
and above χ1


i ,ϑ
and use Lemma 7.1 to obtain

L j,
i ,ϑ (x−) � C
∑

h>[xε1/
x]
E
i ,ϑ (�h,n) < Cε1

for j = 1, 2, x > t1
ε1

+ t2
ε1

. This completes the proof. �

Theorem 7.1. For pb∞ := limx→∞ pb(x), s∞ := limx→∞ sϑ(x), and b′∞ =
limx→∞(bϑ)′+(x),

lim
x→∞ sup

{∣
∣Uϑ(x, y) − Ũ (σ ; s∞, G(s∞))

∣
∣ : χϑ(x) < y < bϑ(x)

}
= 0,

1

2

∣
∣Ũ (b′∞; s∞, G(s∞))

∣
∣2 + γ (pb∞)

γ−1
γ

γ − 1
= 1

2
+ γ p

γ−1
γ∞

γ − 1
,

Ũ (b′∞; s∞, G(s∞)) · (−b′∞, 1) = 0.

Proof. For every x ∈ [xk−1, xk), we have
∣
∣Uϑ(x, y) − Ũ (σ ; s
i ,ϑ , G(s
i ,ϑ ))

∣
∣ + ∣

∣Ũ (b′

i ,ϑ

; s
i ,ϑ , G(s
i ,ϑ )) · (−b′

i ,ϑ

, 1)
∣
∣

+
∣
∣
∣
1

2

∣
∣Ũ (b′


i ,ϑ
; s
i ,ϑ , G(s
i ,ϑ ))

∣
∣2 + γ (pb


x,k)
γ−1
γ

γ − 1
− 1

2
− γ p

γ−1
γ∞

γ − 1

∣
∣
∣
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� C
( 2∑

j=1

L j,
i ,ϑ (x−) + |
i |
)
.

By Theorem 6.1, letting i → ∞, we obtain

sup
χϑ (x)<y<bϑ (x)

∣
∣Uϑ(x, ·) − Ũ

(
σ ; sϑ , G(sϑ)

)∣
∣ + ∣

∣Ũ ((bϑ)′+; sϑ , G(sϑ)) · (−b′
ϑ , 1)

∣
∣

+
∣
∣
∣
1

2

∣
∣Ũ ((bϑ)′+; sϑ , G(sϑ))

∣
∣2 + γ (pb)

γ−1
γ

γ − 1
− 1

2
− γ p

γ−1
γ∞

γ − 1

∣
∣
∣

� C
2∑

j=1

L j,ϑ (x−).

Then, using Lemma 7.2 and noting that Ũ (σ ; s, G(s)) is a continuous function with
respect to σ and s, we conclude our result. �
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