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Abstract

We are concerned with inverse problems for supersonic potential flows past
infinite axisymmetric Lipschitz cones. The supersonic flows under consideration
are governed by the steady isentropic Euler equations for axisymmetric potential
flows, which give rise to a singular geometric source term. We first study the inverse
problem for the stability of an oblique conical shock as an initial-boundary value
problem with both the generating curve of the cone surface and the leading conical
shock front as free boundaries. We then establish the existence and asymptotic
behavior of global entropy solutions with bounded BV norm of the inverse problem,
under the condition that the Mach number of the incoming flow is sufficiently large
and the total variation of the pressure distribution on the cone is sufficiently small. To
this end, we first develop a modified Glimm-type scheme to construct approximate
solutions by self-similar solutions as building blocks to balance the influence of the
geometric source term. Then we define a Glimm-type functional, based on the local
interaction estimates between weak waves, the strong leading conical shock, and
self-similar solutions. Meanwhile, the approximate generating curves of the cone
surface are also constructed. Next, when the Mach number of the incoming flow
is sufficiently large, by asymptotic analysis of the reflection coefficients in those
interaction estimates, we prove that appropriate weights can be chosen so that the
corresponding Glimm-type functional decreases in the flow direction. Finally, we
determine the generating curves of the cone surface and establish the existence of
global entropy solutions containing a strong leading conical shock, besides weak
waves. Moreover, the entropy solution is proved to approach asymptotically the
self-similar solution determined by the incoming flow and the asymptotic pressure
on the cone surface at infinity.
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1. Introduction

We are interested in the structural stability of inverse problems for the three-
dimensional (3-D) steady supersonic potential flows past a Lipschitz perturbed
cone with given states of the incoming flow together with Lipschitz perturbed
pressure distributions on its surface. The shock stability problem of steady super-
sonic flows past Lipschitz cones is fundamental for the mathematical theory of the
multidimensional (M-D) hyperbolic systems of conservation laws, since its solu-
tions are time-asymptotic states and global attractors of general entropy solutions
of time-dependent initial-boundary value problems (IBVP) with abundant nonlin-
ear phenomena, besides its significance to many fields of applications including
aerodynamics; see [3,9,20,29] and references cited therein. Meanwhile, the cor-
responding inverse problems play essential roles in airfoil design; see [1,2,5,26—
28,39,40,43,45]. As indicated in [20], when a uniform supersonic flow of constant
speed from the far-field (negative infinity) hits a straight cone, given a constant
pressure distribution that is less than a critical value on the cone surface, the vertex
angle of the cone can be determined such that there is a supersonic straight-sided
conical shock attached to the cone vertex, and the state between the conical shock-
front and the cone can be obtained by the shooting method, which is a self-similar
solution; see Fig. 1. In this paper, we focus our analysis on the stability of an inverse
problem, along with the background self-similar solutions, in the steady potential
flows that are axisymmetric with respect to the x—axis, given the pressure distribu-
tions of gas on the cones, whose boundary surfaces in R3, formed by the rotation
of generating curves of the form I" := {(x, b(x)) : x = 0} around the x—axis, are
to be determined; see Fig. 2.

To be more precise, the governing 3-D Euler equations for steady potential
conical flows are of the form

oV
(pu)x + (pv)y = _7,

(1.1
vy —uy =0,
together with the Bernoulli law
2 2 2 2 2
u+c_=uﬁ+ COO’ (1.2)
2 y —1 2 y —1
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Fig. 1. The strong straight-sided conical shock
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Fig. 2. Supersonic flow past an axisymmetric cone

where U := (u, v)T is the velocity in the (x, y)—coordinates, p is the flow density,
and Uso = (100, 0) T and poo are the velocity and the density of the incoming flow,
respectively. The Bernoulli law in (1.2) is obtained via the constitutive relation
between pressure p and density p by scaling

p=r",
with y > 1 for the polytropic isentropic gas and y = 1 for the isothermal flow.

In particular, ¢ =: /% is called the sonic speed, and M := "1;2”2 is called the

Mach number.
The Bernoulli law (1.2) can be written as

2 2 2 2 -2 2 2 -2
M M
us+v +(u +v9) zuoo+uoo 0 (1.3)
2 y —1 2 y —1

Without loss of generality, we may choose us, = 1 by scaling; otherwise, we can
simply scale: U — ugolU, in system (1.1) and (1.3). With fixed uo, = 1, then
My, — 00 is equivalent to pso — 0, or coo — 0.



77 Page4of 55 Arch. Rational Mech. Anal. (2025) 249:77

System (1.1) can be written in the form
W)+ 0oy,HU)=EU,Yy) (1.4)
with U = (u, v) ", where

WU) = (pu.v)".  HU) = (pv, —u)", Eaky)z(—%;A»T

and p is a function of U determined by the Bernoulli law (1.2).
When p > 0 and u > ¢, U can also be presented by W(U) = (pu, v’ ie.,
U = U(W), by the implicit function theorem, since the Jacobian:

det (VyW()) = =2 w? =) <.
¢
Regarding x as the time variable, (1.4) can be written as
W+, HUW)) = E(UW), y). (1.5)

Therefore, system (1.1)—(1.2) becomes a hyperbolic system of conservation laws
with source terms of form (1.5). Such nonhomogeneous hyperbolic systems of
conservation laws also arise naturally in other problems from many important ap-
plications, which exhibit rich phenomena; for example, see [9,11-13,20,23] and
the references cited therein.

Throughout this paper, the following conditions are assumed:

(A1) pb(x) > 0forx > 0,
p’@x) =py  forx [0, xl,
where xo > 0, pg € (0, p*) for some p* > 0 to be determined by y > 1, and
p" € BV([0, 00)).

(A2) The velocity of the incoming flow U, = (1, O)T is supersonic: My, > 1.

Given a perturbed pressure distribution p?(x) on the cone surface, the problem is
axisymmetric with respect to the x —axis. Thus, it suffices to analyze the problem
in the half-space {y < 0}. Then the inverse problem is to find the generating curve
y = b(x) £ 0 of the cone surface and a global solution in the domain:

Q={(xy :x20,y <bx)} (1.6)
with its upper boundary:
F={x,y :x20y=>bx)]} (1.7)
such that
U-n|r =0, (1.8)

/ T
where n = n(x, b(x)) = % is the corresponding outer normal vector to

I' at a differentiable point (x, b(x)) € I'.
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With this setup, the inverse stability problem can be formulated into the follow-
ing initial-boundary value problem (IBVP) for system (1.4):
Cauchy Condition:
Uli=o = Uso i= (1,0) ", (1.9)

Boundary Condition:
px, b)) = p" ). (1.10)
We first introduce the notion of entropy solutions for problem (1.5)—(1.10).

Definition 1.1. (Entropy Solutions). Consider the inverse problem (1.5)—(1.10).
A function b(x) € Lip([0, 00)) is called a generating curve I" of the cone surface
as defined in (1.7), and a vector function U = (u, v) | € (BVioe N L®)(Q) with
2 defined in (1.6) is called an entropy solution of (1.5)—(1.10) if they satisfy the
following conditions:

(i) For any test function ¢ € C(l)(]R2; R) and ¥ € C(l)(Q; R),
pv 0
// (p”¢x + pvgy — _¢) dxdy +f (0, y)pooltoo dy =0,
Q y -0
f/ (mﬁx — ulﬁy) dxdy =0,
Q

(ii) For any convex entropy pair (£, Q) with respectto W of (1.5),i.e., VZE(W) = 0
and VQ(W) = VE(W)VH (U (W)),

(1.11)

// (EWW))@r + QWU )gy + VwEW U))EU, y)g) dxdy
S (1.12)
+/ EW(Ux))p(0,y)dy 20

for any ¢ € C(l)(Q; R) with ¢ = 0.
Remark 1.1. For the potential flow, the Bernoulli law (1.2) gives

M? 1 Boo

+—=—
2 y—1 2
2 2
for Boo = ”T“’ + % ¢ =yp?’~! and p = p?. Then the assumptions on pressure

p? can be reduced to the equivalent ones on the Mach number M, on the unknown
boundary I'.

Main Theorem. (Existence and stability). Let (A1)—(A2) hold, andlet1 <y <3
and

2y
y—1

—1
0<po<phi= ((v)’+7—\/)/—1)‘/ley)
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Assume that M, is sufficiently large and g is sufficiently small such that
TV.{pb}:e,,<so. (1.13)

Then there exists a constant C > 0, depending only on py and the system, such
that the following statements hold:

(i) Global existence: IBVP (1.4)—(1.10) determines a boundary y = b(x) =
Jo bl (0) dr with bl, €eBV(Ry) satisfying

sup |6, (x) — bo| < Cs, (1.14)

x>0

and admits a global entropy solution U (x, y) with bounded total variation:

supLV.{U(x,y) : —o0o <y < b(x)} < 00 (1.15)

x>0

in the sense of Definition 1.1. Moreover, the solution contains a strong leading
shock-front y = x(x) = fg s(t)dt, where s eBV(R}) satisfies

sup |s(x) — 5ol < Cep, (1.16)

x>0

and the solution between the leading shock-front and the cone surface satisfies

sup VAU (x,y) : x(x) <y <b(x)} < C(gp + by — s0). (1.17)

x>0

Here above, sq denotes the slope of the corresponding straight-sided shock-front
and by is the slope of the generating curve of the straight-sided cone surface.
(i) Asymptotic behavior: For the entropy solution U (x, y),

xli)rréosup“U(x,y) — f](cr;soo,G(soo))| X)) <y < b(x)} =0 (1.18)

with U (05 $oc, G (500)) satisfying U (soo; Soos G(S0)) = G (500,

U (bly; So0r G(550)) - (—b, 1) = 0,

r=1 r=1 (1.19)
1~ 2 vy T 1 yp '
E’U(b:xﬁsoo, G(Soo))| + +1 = 5 + Y iol )

where
b _ 7 b 1 AT /
Poo = lim p7(x),  soo —xlggos(x), boo —xlgr;ObJF(X), (1.20)

U (035, G(s)) is the state of the self-similar solution, and G (s) denotes the
state connected to state Uso by the strong leading shock-front of speed s.
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During the last forty years, the shock stability problem has been studied for the
perturbed cones with small perturbations of the straight-sided cone. For polytropic
potential flow near the cone vertex, the local existence of piecewise smooth solutions
was established in [15, 17] for both symmetrically perturbed cone and pointed body,
respectively. Lien-Liu in [38] first analyzed the global existence of weak solutions
via a modified Glimm scheme for the uniform supersonic isentropic Euler flow past
over a piecewise straight-side cone, provided that the cone has a small opening angle
(the initial strength of the shock-front is relatively weak) and the Mach number of
the incoming flow is sufficiently large. Later on, Wang-Zhang considered in [48] for
supersonic potential flow for the adiabatic exponent y € (1, 3) over a symmetric
Lipschitz cone with an arbitrary opening angle less than the critical angle and
constructed global weak solutions that are small perturbations of the self-similar
solution, given that the total variation of the slopes of the perturbed generating
curves of the cone is sufficiently small and the Mach number of the incoming flow
is sufficiently large. In addition, for the isothermal flows (i.e., y = 1), Chen-Kuang-
Zhang in [10] made full use of delicate expansions up to second-order as the Mach
number of the incoming flow goes to infinity and provided a complete proof of
the global existence and asymptotic behavior of conical shock-front solutions in
BV when the isothermal flow passes through the Lipschitz perturbed cones that are
small perturbations of the straight-sided one.

When the surface of the perturbed cone is smooth, using the weighted energy
methods, Chen-Xin-Yin established the global existence of piecewise smooth so-
lutions in [19]. They considered a 3-D axisymmetric potential flow past a symmet-
rically perturbed cone under the assumption that the attached angle is sufficiently
small and the Mach number of the incoming flow is sufficiently large. This result
was also extended to the M-D potential flow case; see [32] for more details. Un-
der a certain boundary condition on the cone surface, the global existence of the
M-D conical shock solutions was obtained in [49] when the uniform supersonic
incoming flow with large Mach number passes a generally curved sharp cone.
Meanwhile, using a delicate expansion of the background solution, Cui-Yin estab-
lished the global existence and stability of a steady conical shock wave in [21,22]
for the symmetrically perturbed supersonic flow past an infinitely long cone whose
vertex angle is less than the critical angle. More recently, by constructing new
background solutions that allow the speeds of the incoming flows to approach the
limit speed, the global existence of steady symmetrically conical shock solutions
was established in Hu-Zhang [29] when a supersonic incoming potential flow hits
a symmetrically perturbed cone with an opening angle less than the critical angle.
We also remark that some pivotal results have been obtained on the stability of
M-D transonic shocks under symmetric perturbations of the straight-sided cones
or the straight-sided wedges, as well as on Radon measure solutions for steady
compressible Euler equations of hypersonic-limit conical flows; see [6—8,42,50]
and the references cited therein.

Corresponding to these shock stability problems, two types of inverse problems
have been considered. One type is for the problems of determining the shape of the
wedge in the planar steady supersonic flow for the given location of the leading
shock front. This kind of inverse problems and the related inverse piston problems
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have been considered by Li-Wang in [34-37,46,47], where the leading shock-
front is assumed to be smooth and the characteristic method is applied to find the
piecewise smooth solution with the leading shock as its only discontinuity; see
also [33]. The other one is for the problems of determining the shape of a wedge
or a cone with given pressure distribution on it in the planar steady supersonic
flow (cf. [41]) or axisymmetric conical steady supersonic flow. Though various
numerical methods and the linearized method have been proposed to deal with this
type of problems, there seems no rigorous result on the existence of solutions to
such inverse problems for steady supersonic flow past a cone.

In this paper, we develop a modified Glimm scheme to establish the global ex-
istence and the asymptotic behavior of conical shock-front solutions of the inverse
problem in BV in the flow direction, when the isentropic flow passes through the
cones with given pressure distributions on their surfaces, which are small perturba-
tions of a constant pressure less than the critical value. Mathematically, our problem
can be formulated as a free boundary problem governed by 2-D steady isentropic
irrotational Euler equations with geometric structure.

There are two main difficulties in solving this problem: one of them is the
singularity generated by the geometric source term, and the other is that, compared
to the shock stability problem for supersonic flows past a cone, the generating
curve of the cone is unknown. For supersonic flows past an axisymmetric cone
with the given generating curve, a modified Glimm scheme developed by Lien-
Liu in [38] is used to construct approximate solutions (see also [10,48]). In the
previous construction, in order to incorporate with the geometric source term and
the boundary condition on the approximate generating curve, the center (xop, 0) of
the self-similar variable 0 = =X is defined to be the intersection of the x-axis
and the line on which the current approximate generating curve (a line segment
of a polyline) lies, and the center is changed according to the random choice at
each step when the ordinary differential equations (2.3) are solved. As a result, the
approximate solution on the approximate generating curve is a piecewise constant
vector-valued function that satisfies the boundary condition everywhere. However,
in the inverse problem under consideration in this paper, the generating curve of
the cone is to be determined, apriori unknown, so that the approach in Lien-Liu
(cf- [38]) could not apply directly.

To overcome the new difficulties, we first fix the center of the self-similar
variable to be the origin when solving the differential equations (2.3) and then
develop a modified Glimm scheme to construct approximate solutions Uy g (x, ¥)
via the self-similar solutions as building blocks in order to incorporate the geometric
source term. In our construction, the grid points are fixed at the beginning, which
are the intersections of lines x = xj, # € N, and the rays issuing from the origin
(the vertex point of the cone). Consequently, this construction allows us to find a
new term 6, (/) to control the increasing part of the Glimm type functional near
the approximate boundary (see Lemma 4.6), while it brings us an extra error so
that the boundary conditions on the approximate boundary are no longer satisfied
everywhere, but are satisfied at the initial point of each approximate boundary at
each step. Nevertheless, in Proposition 6.3, we are able to prove that this error goes
to zero as the grid size Ax tends to zero.




Arch. Rational Mech. Anal. (2025) 249:77 Page 9 of 55 77

Furthermore, we make careful asymptotic expansions of the self-similar so-
lutions with respect to Mo_ol. We then make full use of the asymptotic expansion
analysis of the background solutions with respect to M, o_ol to calculate the reflection
coefficients K, 1, Ky 2, Ky, and 1y, 2 of the weak waves reflected from both the
boundary and the strong leading shock, and of the self-similar solutions reflected
from the strong leading shock to prove that

im (1K1 11K w2l + 1Kl Kl 21) < 1.

o0

Based on this, we choose some appropriate weights, independent of M, in the
construction of the Glimm-type functional and show that the functional is mono-
tonically decreasing. Then the convergence of the approximate solutions is fol-
lowed by the standard approach for the Glimm-type scheme as in [24,31]; see also
[4,14,18,23,44]. Finally, the existence of entropy solutions and the asymptotic
behavior of the entropy solutions are also proven.

The remaining part of this paper is organized as follows: In Section?2, we give
some preliminaries of the homogeneous system (1.1) and then study Riemann-type
problems in several cases and self-similar solutions of the unperturbed conic flow.
Also, we calculate the limit states of related quantities as M, — 00. In Section 3,
we construct a family of approximate solutions via a modified Glimm scheme. In
Section 4, we establish some essential interaction estimates in a small neighborhood
in the limit state. Then, in Section 5, we define the Glimm-type functional and show
the monotonicity of the Glimm-type functional and, in Section 6, we prove that there
exists a subsequence of approximate solutions converging to the entropy solution.
Finally, in Section 7, we give the asymptotic behavior of the entropy solution which,
together with the existence theory, leads to our main theorem.

2. Riemann Problems and Self-Similar Solutions of the Unperturbed Conic
Flow

Regarding x as the time variable, the simplified system of (1.1):

(pu)x + (pv)y =0,

2.1
vy —uy =0, @D

is strictly hyperbolic with two distinctive eigenvalues:

uv + (= Dievu? +v2 — 2

A = T3 ,

i=1, 2,

u-—=c¢

foru > ¢y and u? + v? < qf, where

o = )/—l_l_cho o = 1+ZCgO'
y+1 y+1 y+1
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Denote ¢ := +~/u? 4+ v? and 0 := arctan 2. Then
A =tan(@ + (—D'6,), i=1,2,
where

6,, := arctan(

(&
N

is the Mach angel. A direct computation indicates 6,, € (0, 7).
Next, we introduce the following lemma, whose proof can be found in [48]:

Lemma 2.1. Foru > ¢, and q < qx,

YVR)Y 1 .
(=i, D - (—, = = Lsec3(9 +(=D6,), i=1,2.
du v 2/q% = 2
Then, setting
-2 (U), 1
i (U) = (=2 (), D 1.2,

(=2 (U), 1) -V (U)’

we see that r; (U) - VA;(U) = 1 fori =1, 2.
Denote the supersonic part of the shock polar by

S((ttoo, 0) = { (i1, D) : &% <it® +9° <

A

where (u, v) satisfies the Rankine—Hugoniot condition

o(us —v) = S,
I_)( ] ) = Poo 22)
u—+vs=1,

2
- Let
y—1

—1

) =y
Wlth% Ye

_1
y—1 _2+

ST (oo, 0)) = {(it, V) : (i1, ) € S((Uos, 0)), ¥ < 0}

be the part of shock polar corresponding to the Aj—characteristic field. Similarly to
[30,51,52], we can parameterize the shock polar S| ((#c, 0)) by a C2—function:

G:s—> G(s; Ux) with Uso = (1, 0).

Here G(s; Uxo) is a supersonic state connected with Uy, by a shock of speed s.
For simplicity, we write G(s; Ux,) as G(s) and use u(s) and v(s) to denote the
components of G(s), that is, G(s) = (u(s), 9(s))T. Then we have the following
property for Sy (oo, 0)) (cf: [16]):

Lemma 2.2. Fors < A (Ux), p(s) is a strictly monotonically decreasing function
of s, and u(s) is a strictly monotonically increasing function of s.
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Asin [20],let o = % Then the equations in (1.1) become
2 2
(1 — Z—2)O'2uo- — ZCM—;}gzvg — (1 — Z—z)ovg —v=0, 2.3)
Uy +0ovy, = 0.
or, equivalently,
v
T 0t o) —(v—on)?’
B v
b = _a((l + 02— (v—ou)?)’ 24
B pv(v—ou)
po = o((l+02)c?— (v —ou?)

Given a constant state (4, v) = G(s) on S| ((uc0, 0)), there exists a local solution
U(o:s, G(s)) = (ii(o: 5), 0(0; 5)) of system (2.3) with initial data

(a(s; ), v(s; ) = (i, 0).

This solution can be extended to an end-point (it(o,; ), U(o,; s)) with ggg"z ; =
Oc. As (i, v) varies on S| (4o, 0)), the collection of these end-states forms an
apple curve through Uy, (Fig. 3); see [20]. For these solutions, we have following

properties, whose proof can be found in [48]:

Lemma 2.3. Forii(s;s) > ¢(s; s) and o € (s, 0,), thenii(o; s)o — v(o;s) <0,
ou v

— <0, — <0,
do Jdo
X1 5) v(o;s) —ou(o;s) (st 8) v(s;s) —su(s;s) 0
c(o;s) — > C(s;8) — ————= >0,
V1402 V1452
=2 ~2 =2 2
with 50 4 S5 = 5 4 e

Thus, we obtain the following estimate of the self-similar solution
(u(o;s), v(o;s)):
Lemma 2.4. Foru(s;s) > ¢(s; s) and o € (s, 0,),
1

1552 <u(o;s) <u(s;s),
s

it 5) < &0 . (y — 1)s? 1
c(s;8) <c(o;s) < cl(og;s) < m M_go

To obtain the asymptotic expansion of the self-similar solution, we need the
following properties of the shock polar:

2y

r = (VrFT- V= L) @3
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v

u

T -a ‘/oshock o /// (uoo,O)
gbd s“‘~“‘(a'v),/
ry Sl(Uoo) - -

(@(a), v(a))

Apple curve

(11(06)76(03))

Fig. 3. Apple curve

Lemma 2.5. Let 1 < y < 3 and pg € (0, p*). For M large enough, the equa-
tions:

po(u®sF — vF) = poos?,
ut 4+ ois? =1, 26)
V0 0 U N S
2 y—1 2 y—1I
1 1
have a unique solution (u*, v*, s%) with s* < 0, where poo = plo, po = py, and
y=1
co=/Ypy" , such that
2¢2
lim = lm uy=1-—C,
Moo—> 00 Moo— 00 y —1
2¢2 202
lim v = lim v, = — 0 . (1 _ %% ) Q2.7)
Moo— 00 Moo—00 y—1-— 2CO y —1
Mligloo C‘% - C%’
where
! s* (=D |1
=g V= g Ca= s T (28
T TR T e /2(1 o tuz OY
Proof. From the first two equations of (2.6), we have
¢ _ P0+ Poo(sP)’ s (po— poo)s” 29

T+ U T o+ 72)
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With the help of the third equation of (2.6), we have

(,00 + poo(sﬁ)2>2 ( (P0 — Poo)s* )2 1 2(c, — ¢§)
po(1 + (s%)?) po(1 + (s%)?) y—1

’

which gives that
2~ M3

(v = D(p2 — (M) 7T) = 22 — MDA}

2c3 2y — 1 -4
= ICO 27 ()I 2)2)2 M7+ 0Mx'™")  as Mo — 00.
y—1=2q Yy —1=2q

(s%)? =

Therefore, noting that st < 0, we obtain

/ 2¢2 y—1 -4
t_ 0 -2 y=T
st =— 1- M + O0(M

y—l—ZCS( 2c5(y—1—2c(2)) oo) (Moo™ )

as My, — oo. Substituting the above expansion into (2.8)—(2.9) yields (2.7). 0O

Lemma 2.6. Let 1 <y < 3 and po € (0, p*). For My, large enough, there exists
pa such that

| py+1 _ py+1
— oo
lod — Pxo
and the equations:
pd(Udsd — vd) = PooSds
ug + vgsqg = 1,
4 Tdsd @2.11)
”(21 + ”521 6121 1 cgo
_a a ==+ ,
2 y—1 2 y-1
have a unique solution (ug, vq, sq) with sq < 0 and cq = ypji/_l. Moreover, for
b 1 b Sd
wi=—->s, vi=_—7, (2.12)
I+s; I+ s
we have
lim 3 =c2,
Moo—>oocd 0
lim = i 2
im = lim =1- ,
Moo—>oou Moo—>ooud Y — 1 (213)

. b . 26% ZC%
Iim v = lim vy =-— 5 (l — )
Moo—>00 Moo—> 00 y—1-— 2C0 y —1
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Proof. For each py, it is direct to find pg such that (2.10) holds. Moreover, pg €
(0, p*) when M, is large enough. By Lemma 2.5, we obtain the unique solution
of (2.11):

2(c2 = c%) Pd + PooS] (Pd — Poo)Sd
PR e MY el . e AU R VY
y —1-2(c — ) pa(l+53) pa(l+53)
Then we have
2C(2) <1 y - 1 M—2) + O(M_4)
S] = — —
¢ y—1—2cg ZC%(y—l—ch) o o
as My, — o0.
Substituting the above expansion into (2.12)—(2.14) yields (2.13). a
Given that pg € (0, p*), we now solve the problem for 5o < o < by as
2 7N it ~ 21 -
o (1—Ng—z)ua_”c%vg—(l—g—z)vaa—v—O, 2.15)
Uy +0v, =0,
with the boundary conditions
o(isg — V) = S0, U+Uso=1 for o = s,
/j( 0 )~ ,Ooo~0 0 0 (2.16)
0 =po, U=bou for o = by,

and define (11(o; s9), V(0; s9)) = (1, 0) for o < sg. Indeed, we have

Lemma 2.7. Let 1 <y < 3and pg € (0, p*). For M, > K1, problem (2.15) has
a unique solution (iil(o; sg), V(0; o)) containing a supersonic conical shock-front
issuing from the vertex. In addition,

lim (0, (0 50)) = (tan 6, 7).
— 00

o0

e i . 2.17)
lim (u(o; sg), v(o; sp)) = (cos” by, sin By cosbp),
50 —> 00
and
ii(o; —1-2¢
ulo;so) _ v 0 -1, cos(B£6°) > 0, (2.18)
Moo—00 C(0; S0) (y — Deo
2
where 6y = — arctan(, | - 21602c2) and 6° = 1im 1. s o0 O for o € [s0. bo).
(]

Proof. Given pg € (0, p*), by the shooting method as in [20], problem (2.15) has
1

a unique solution (i (o; so), V(0; so)) with i (so; s0) > ¢(so; 50), p(bo; s0) = po?,
and v(bo; so) = boit(bo; o).
We then focus on the asymptotic expansions (2.17). Lemma 2.4 indicates that
1
1+ sg

< (o s0) < i(so; S0),
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(y — Dsg 1

¢(s0; 80) < ¢(o; 80) < o < —
(505 50) = ¢(o; 50) < co \/2(1+s§) ML

for o € [sg, bgp). Meanwhile, it follows from (2.10) that ¢(so; sg) > c4. Then, due
to Lemma 2.2, we see that u® < i(so; so) < ug and s¥ < s¢o < 0. Therefore, we
have

ca < €(s0: s0) < ¢(0; 50) < ¢,
1
<
1+ @6H2 14 sg

Ug = < i(o;50) = u(so; s0) < Ug.

From Lemma 2.5-2.6, we have

. ~ 2 . - 2C(2)
lim c(o; s0) = ¢, lim u(o;s9)=1—
Moo—> 00 00> 00 y —1
Since v(0; s9) < 0, from the Bernoulli laws,
i’ + 2 N R wh? 4+ (0?2 g 1 N %
2 y—1 2 y-=1 2 y—1 2 y-1
we conclude
2¢2 2¢2
lim (o s0) = — 0 (1— 0 )
Mo —>00 y —1—=2¢ y—1

Again, by Lemma 2.2, we know that
v(s0; $0)
1 (s0; S0)

Combining all the expansions obtained above, we obtain (2.17).
Furthermore, since

lim (V@2 + 2 — 2)° — (58)° = lim @* — & @* + 5 > 0,

Moo— 00 00> 00

>by >0 = s> st

we conclude that

aviu? + 02 — ¢z Fve

cos(fp £ Gma) = Ololgoo cos(@ £ 6,) = MoloigOO PP > 0.
This completes the proof. O

Next, for G(s), we have the following expansions, whose proof can be found
in [48]:
Lemma 2.8. For G(s) = (ii(s), v(s)) ",

lim (i(sg), 0(sp)) = (cos> By, cos b sinby),
o0

o0

M (s (s0), s (s0)) = (—sin(26) cos? By, cos(260) cos> ),
50 —> 00

d”(s) and vs(s) = ( 5

ds

where ug(s) =
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Now, we introduce the elementary wave curves of system (2.1). We denote by
W(po, poo) the curve formed by U(U; s0) = (i(o; s0), 0(o;s0) T forsg < o <
by, where py is the corresponding pressure of the state at the endpoint. As in [48]
(also cf. [51,52]), we parameterize the elementary i-wave curves for system (2.1)
in a neighborhood of W(po, poo),

0,(W(p0,poo)) = U {U 2 |U=Ufo: so)| < r} for some r > 0,

so<o <bg
by
a; = ®i(a;; U)
with ®; € C? and
a0;

o =ri(U) forU e O,(W(po, pso)), i =1,2.
In the sequel, define
C(ar, a2; U) = Pp(a2; Pi(ay; U)).
Denote U (o'; 09, U;) the solution to the ODE system (2.3) with initial data
Ulo—oy = Uy
for Uy € 0,(W(po, poo))- Then, as in [48], we have
Lemma 2.9. For py € (0, p*),

. dU(o; 00)
lim ———=

. T
= (sinfp cos> 6y, — cos” 6o)
Moo— 00 do

{o=00, U1eW(po, poo)}
With all the limits given above, we obtain the following lemma, which is es-
sential in wave-interaction estimates:

Lemma 2.10. For U; € W(po, poo),

i det (ry (U, ra (U) = 40526 + 62) cos? (6 — 69) cos® 6 cos? 63 sin(260,)
Moo—00 (y +1)2
20052(60 - 00) cos
li det (G G
Moclrll’ et (Gs(s0), r1(G(s0))) = 1
2 cosz(eo + 90 ) cos 90 cos? 6o sin(6y — 90)
li det G G m-
MOOIE et (r2(G(s0)). Gs(s0)) = o
dU(o; Uo G(So))

s

69 cos? gy sin(6g + 62 )

m

lim det , Gy (so)) = —cos’ 6 sin Oy,
Mog— 00
du U,
(a 0. Un) ) cos? 6o cos? 6o + 9,91) cos 0,?1 sin 9,?1 ,

y+1

Moo—> 00

(%
lim det (r2 ),
(

dU (o; ao U1)>

hm det (r1(U)), cos? [20) cos? (O — 9,(,)1) cos 9,9, sin 9,9,.

Ty +l
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Furthermore, we have the following propositions, which will be used in the
construction of building blocks of our approximate solutions:

Proposition 2.1. For M, sufficiently large, there exists €1 > 0 such that, for any
U, and Uy lie in Og; (W(po, Pc)), the Riemann problem (2.1) with the initial data

U, ory >y,
U|x:;={ r Jory>y (2.19)

U fory<y,
admits a unique admissible solution consisting of at most two elementary waves o

for the 1-characteristic field and a for the 2-characteristic field. Moreover, states
U; and U, are connected by

Uy = O(a1, a2; Up).

Proposition 2.2. For M, sufficiently large, there exists ey > 0 such that, for any
Uy € 05, (W(po, peo)) and p1, p2 € Og,(po), there is 81 solving the equation

1 I A U S A
—|®(61,0; U _— = —|U, _— . 2.20
2| (61 DI +y_1p2 2| 1 +y_1p1 ( )

Proof. From (2.20), we have

.1 3P, 0 U
11m - —

=U -nU 0.
w5 53, o 1-riUn #

By the implicit function theorem, there exists 6; such that (2.20) holds, provided
&7 sufficiently small. O

Proposition 2.3. For M, sufficiently large, there exists €3 > 0 such that, for any
Uy = Us and U, € Og;(W(po, Poo)) N Og;(G(80)), the Riemann problem (2.1)
with initial data (2.19) admits a unique admissible solution that contains a strong
1-shock s1 and a 2-weak wave B of the 2-characteristic field. Moreover, states Uy
and U, are connected by

Ur = ®2(B2; G(s15 UD). (2.21)

Proof. Tt follows from (2.21) and Lemma 2.10 that

<ad>2(,32; G(s1; Up) )
d(s1, B2) {s1=50,82=0}

=— Mlim det (r2(G(s0), Gs(s0))) # 0.

lim det
Mo—> 00

The existence of the solution of this Riemann problem is ensured by the implicit
function theorem for ¢3 sufficiently small. O

To end this section, we introduce the following interaction estimate given by
Glimm [24] for weak waves (see also [44,48,52]):
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Lemma 2.11. Let U; € W(po, po), @, B, and § satisfy
© (81, 82; Up) = P(B1, B2; Plai, a2; Up)).
Then
d=a+p+01)Q% p),

where Q%(«, B) = > {leil|Bil = i and Bj approach}, and O(1) depends continu-
ously on My, < 00.

3. Approximate Solutions

In this section, we construct approximate solutions for system (1.4) with (1.8)—
(1.9) by a modified Glimm scheme. Compared to the modified Glimm scheme
developed in [10,38,48], in our construction, the grid points are fixed at the very
beginning, which are independent of the approximate solution and the random
choice.

Given ¢ > 0 and Ax > 0, there exist piecewise constant functions pgx such
that

TV.{pR, (O} STV.{p’O) IR, — PPll> e,

where
b Pheo=po  forx €0, x0),
pr(-x) = b ’
PAx,h+1 for x € [xp, xp41) and h € N,

with Plix, »1 being constants on the corresponding intervals and x;, = xo + hAx
for h € N. Then, from Lemma 2.7, for ng,o = po, there exists (i (c; 50), U(0; 50))
such that p(bo; so) = po and v(bg; so) = bou(bg; s0).

We now define the difference scheme. Choose © = (¥, 01, D2, ..., 0y, ...)
randomly in [0, 1). For 0 < x < xo, let

bax,»(x) = box, Xax,0 (X) = sox.

We denote I'ax, 5,0 = {(x, bar,9(x)) : 0 =< x < x0}, Saxs,
0 < x <xo},and Qar 90 = {(x,y) 1 ¥y < bax,p(x), 0
QAx,9,0, we then define that

= {(x, xarp () :
x < xo}. In region

NS

Uax,p(x,y)

(ii(05 50), D(o:50)) | for £ = o € (s0. bo),

T A
)= X

_ (qu,l?(x» y)aUAx,ﬂ(xv y)
- Yy _
Uo for £ =0 <50,
and, on boundary I"ay .0, we set that

Unx,o (¥, bax,p (1) = URy o (1) = (9 (), 03, ()T

2 (ii(bo; 50), D(bo; 50)) ' -
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On x = xp, for h € N, the grid points are defined to be the intersections of line
x = xj, with the self-similar rays

y=(bg+nAo)x forncZ.

4A
Here Ao > 0 is chosen so that Ao > el max;=12{|A; (G(sp))|}, and hence
X

the numerical grids satisfy the usual Courant?Friedrichs—Lewy condition. Then we
define the approximate solution Ua, » to be a piecewise smooth solution to the
self-similar system (2.4), the approximate solution U Zm, on the boundary, the
approximate boundary I'a, » = {(x, Y)Yy =baxy (x)}, and the numerical grids
inductivelyin h, h =0, 1,2, ---.

Suppose that the approximate solution has been defined on x < xj,. The grid
points on x = x; are denoted by y, (k) for n € Z. Set that

T = Yn(h) 4 O (yn1(h) = ya () forn € Z.

Then the approximate solution Uay s (x5, ¥) fory € (y,(h), yn+1(h)) is defined to
be the solution Uy f, ax,9 (0 (x, ¥)) of (2.3) with the self-similar variable o (x, y) =
);lh and with the initial data

o = x_: : Uself,Ax,z? = Upx,»(xn, rh,n) £ UAx,z?(xh_, rh,n+) forn € Z.
For the discontinuities at the grid points (xp, y,(h)) for n € Z, we solve the
Riemann problems for (2.1) with the Riemann data

Unx,» (xp, yn(h)—)  fory < y,(h),
U|x=xh = { (3.1)

Unx,p(Xn, ya(h)+)  for y > yu(h),

and the solution consisting of rarefaction waves and shock waves has form Ug;. (1)
. y — yn(h) . a1

with n = W Setting Tpngd = E(ynﬂ(h + 1)+ y,(h+ 1)) forn € 7Z,

then, in the region

Qnprn={(x,y) 1 xn <x < X1, Op il >0 > Uh,n,%},
along the ray
y — yn(h)

X — Xp

{Gx.y) - =17, Xp <X < Xpyl )
the approximate solution Uay, »(x, y) is defined to be the solution:
Useif,ax,9 (0 (x, y)) of (2.3) with the self-similar variable o (x, y) = )y—( and with
the initial data

Y

o= Uself,ax,» = Urie(n).
Xh
The approximate boundary T'ayp = {(x,y) 1 y = bax,9(x)} is traced con-

tinuously; see [10,38,48]. For x € (0, xo), let bax 9 (x) = box. Suppose that the
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approximate solution is constructed for x < xj, and that y,, , < bax,s(xp—) <
Ynpp+1- We call interval y,, ,—1 < y < yn, ,+1 the boundary region at x = x;. In
this boundary region, we first solve the self-similar problem (2.3) with the initial
data

_ Thonp—1

» Usetf = Unx,9(Xn—, Thpy—17+),
1

and with the self-similar variable o (xp, y) = % We denote the solution by

Useif (o (xp, y)). Given p’;x’hH, by Proposition 2.2, there is 81 such that

—\cb(ﬁl, 0; User (@ (o, b )| vt - (Pa, ) 7 %+ﬁpwl
Then we define
UR,p () & @(B1 0: Userf (0 (xi bax.o (xi))),

and

baxw(x) =baxy(xp—) + M (x —xp)  forx € [xp, xpy1). (3.2

”Ax o (Xn
Next, solve again the self-similar problem (2.3) with initial data
U—(0 (xn, bax,o () = UR, 5 (xn)

and with the self-similar variable o (x;,y) = th Denote the solution by

U_(o (xn, ¥)). We define the approximate solution in the boundary region as
Unx,o(xn, y) = U—(0(xp, y))  forxy =x < xpqr.

The discontinuities at (x4, yn, ,—1) are resolved by the same methods as before.

The leading strong conical shock Sax,s» = {(x, y) 1 ¥ = xax,»(x)} nextto the
uniform upstream flow is also traced continuously; see [10,38,48]. For x € (0, x¢),
let xax,»(x) = sox. Suppose that the approximate solution is constructed for x <
Xp andthatynx,h_l < Xax.p(xp—) < ynx,h.Wecallinterval Yngn—1 <Y < Ynp+l
the frontregion at x = xj,. In this front region, we first solve the self-similar problem
(2.3) with the initial data

Th,ny

o= Usetf = Unx,p(Xh—,Thn,+),

Xh

and with the self-similar variable o (xp, y) = % Denote the solution by
Useif (o (xp, y)). Then we solve the Riemann problem (2.1) with the initial data

UOOa y < XAX,l?(xh_)a

3.3)
Uself (0 (X, Xax,9(Xn)))s  Xax.0 (=) <Y < Yn, j+1-

U(Xh,)’)={
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The solution U (x, y) contains a weak 2-wave B, and a relatively strong 1-shock
wave sax,p(h 4+ 1) such that

Useif (0 (xn, xax,9(xn))) = ®(0, B2; G(sax,9(h + 1); Uso)).
Then we define that

Xax,0 (X) = xax,9(xXn—) +sax,9(h +1D(x —xp)  forx € [xp, xp41). (3.4)

Next, solve again the self-similar problem (2.3) with initial data U
(0 (xXn, xax0(xn))) = G(sax,9(h + 1); Us) and with the self-similar variable
o(xp,y) = % Denote the solution by U, (o (xp, y)). We define the approximate
solution in the front region as

Uso, Y < Xax,9(Xn),

Upx,9(xn, y) =
) Up(0(n 3)s Xaro(h) <Y < Yny 41

The discontinuities at (xj, y, . ») are resolved by the same methods as before.

4. Riemann-Type Problems and Interaction Estimates

Let Qaxon = {(x,y) 1 ¥y < bax.p,xn—1 = x < xp} and h € Ny. In order
to define the approximate solutions in Qay £ U/?io QAax, 9.k, the approximate
boundary T'ay9 = (Ugeo Iax,0k, and the approximate leading shock Say s =
U/?io Sax.»k,» we need a uniform bound of them to ensure that all the Riemann
problems and the differential equations (2.3) are solvable. To achieve this, the
following formulas are used:

(i) If f € C'(R), then

1
F@&) = fO) =1 /O fiutydp  forr € R. @.1)

(i) If f € C2(R), then
f(s,t)—f(s,O)—f(O,t)—i—f(0,0)

Iorl ) 4.2)
= st/ / Sfor(us, At)dpuda for (s, 1) € R”.
0o JO

From now on, we use Greek letters «, 8, v, and § to denote the elementary waves
in the approximate solution, and «;, B;, v;, and §; stand for the corresponding i-th
components for i = 1, 2. As in [14,44,48,52], a curve [ is called a mesh curve
provided that / is a space-like curve and consists of the line segments joining the
random points one by one in turn. / divides region Q2ay, » into two parts: /= and
I, where I~ denotes the part containing line x = x¢. For any two mesh curves /
and J, we use J > [ to represent that every mesh point of curve J is either on [/
or contained in /™. We say J is an immediate successor to I if J > I and every
mesh point of J except one is on / in general but three when these points are near
the approximate boundary or the approximate shock.

Assume now that Uay » has been defined in UZ:O Qax, 9.k and the following
conditions are satisfied:
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Hy(h): {SAxYﬁ’k}ZZO forms an approximate strong shock Sax g lo<x<xy>

and {T" Axyﬁ’k}zzo forms an approximate boundary I'ax,» [g<, <y, both
of which emanate from the origin;

Hz(h): In each Qay px for 0 £ k < h, the strong 1-shock Sayx. gk
divides Ay, .k into two parts: QZL“ and QZx,ﬁ,k’ where QXL“ is
the part between Sax, 9.k and I'ax p.k;

H3(h): UAx’Mng,ﬂ,k = Uw, UAX’MQXXV,;_;{ € 0 (G(s50)) N Oy,
(W(po, poo)), and

Unr,o (6 bass (=) = UL, 4 € 0y (G(50)) N Ogy (W(po, poc))

forxg S x < xp41,0 =k < h,and 0 < g9 < minfe;, j = 1,2,3},
where ¢; are introduced in Propositions 2.1-2.3 for j = 1,2, 3.

Then we prove that Uay,» can be defined in Qay 9 5+1 satisfying conditions
Hi(h + 1)-H3z(h + 1). As in [24] (see also [10,14,44]), we consider a pair of the
mesh curves (1, J) lyingin {x,—1 < x < xp41}NQax,» With J being an immediate
successor of 1.

Now, let A be the region between [ and J, and let

Unax,p € Og(G(50)) N Ogy (W(po, poo)).

Case 1. A is between I'axp and Say . In this case, we consider the interactions
between weak waves. From the construction of the approximate solutions, the
waves entering A issuing from (x,_1, y,—1(h — 1)) and from (x,_1, y,(h — 1))
are denoted by o = (1, «2) and 8 = (By, B2), respectively. We denote that

Tn—1,n _ n—1,n—1 ~ Fh—1,n—2
o) = s o) = —"—", o) = ——",
Xh—1 Xh—1 Xh—1
ya(h —1)  yn(h) Yn—1(h =1)  yu—1(h)
01 = = k) 02 = = ’
Xh—1 Xn Xh—1 Xh

and

Ur = Uax,p(xn—1—, rh—1,n1), Uz = Upx,9(Xn—1—, Fr—1,n-11),

Us = Unx,p(Xn—1— rh—1,n—21)-
Case 1.1. Let § = (81, 62) be the waves issuing from (xj, y,—1(h)); see Fig. 4.
Then we need to solve the following equations of § = (81, §2):

U(o1; 02, D81, 82; Up)) = (B, 0; U(or; 02, D(ay, aa; Up))), (4.3)

where U; = U(02: 69, U).
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Yn(h— 1)_

1/7.71(h71)_ s =

G E——

Th-1 h Thet Th1 ED Tl

Case 1.1 Case 1.2

Fig. 4. Interaction between weak waves

Lemma 4.1. Equation (4.3) has a unique solution § = (81, §2) such that
Si=ar+p1+0MOW), &H=wm+ 01)QO(A),
where
o) = QM)+ 2'(n)
with
Q°(A) =) {lelIBel : @) and By approach},  Q'(A) =|Bil|Ac],

and Ao = o1 — 02, and O(1) depends continuously on M, but independent of
(a, B, Ao).

Proof. Lemma 2.10 yields
dd 8y, 82; U,
lim det < M )
Moo= 00 3(81.82) 15,2800, U €W (po,pop )}
_ 4 cos2(8y + 0,?1) cos?(6y — 9,91) cos? 6y cos? 9,% sin(20,?1)
B (y +1)?

Then, by the implicit function theorem, system (4.3) has a unique C>—solution:
8 =6(x, B, Ac; Up)
in a neighborhood of («, B, Ao, U;) = (0, 0, 0, G(sp)). Due to (4.2), we have
Si(a, B, Aoy Up) = 6i(e, 0, Ao; Up)
+8ie, B,0; Up) = 6i (e, 0,0; Up) + O(D|Bl| Ao |
= + B +01)Q%A) + 0)|BllAc|  fori=1,2,
where 8> = 0. Then the proof is complete. O

Case 1.2. Let § = (81, 82) be the waves issuing from (x;,, y,(h)); see Fig. 4. Then
we need to solve the following equations of § = (61, 62):

(81, 82; U(o1; 02, Up)) = @(B1, B2; U1, 02; ®(0, aa; U)))), (4.4)

where Uj satisfies 0(6*0; o1, ®(0, ap; Up)) = U,. Similarly, we have
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Yny,p—1+1 \ Ynp,n+2

Ynp p—1

Ynp,p—1-1

Ynpp—1-2

Fig. 5. Reflection at the boundary

Lemma 4.2. Equation (4.4) has a unique solution § = (81, §2) such that
Si=p+0M0W), sh=a+p+00)0WN),
where
oA = QM)+ 2'()
with
Q%(A) =) lejlIBel : e and By approach), — Q'(A) = |a|| A,

and Ao = o1 — oo, and O(1) depends continuously on M~ but independent of
(o, B, Ao).

Case 2. Aj, covers the part of I'ax » but none of Say,s. We take three diamonds
at the same time, as shown in Fig. 5. Let Ap n;, ,—1, Dp.ny > a0d Ap g, ,+1 denote
the diamonds centering in (Xp,, Yn, ,—1)> (Xi» Yny,,,)> and (xp, yn, ,+1), T€SpEctively,
and denote Ap = Apy,,—1Y Ay, U Apny,+1- Let o and v be the weak waves
issuing from (xX—1, Yu,_;—1) and (xp—1, yn, ,_, —2) respectively, and entering Ap.
We divide o = (a1, ap) into parts oy = (.1, 0) and o, = (1, 0r2), Where oy
and o, entering Apong -1 and Ay, ,, respectively. Moreover, let v = (v, v2), and
let § be the outgoing wave issuing from (xy,, Yrpp—1)-
For simplicity of notation, we denote that

Oq = 0 (Xh—1s Ynpp_1—1) op(h — 1) = o (xp—1, bax,9 (xp-1)),
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op(h) = o (xn, bax,v (xn)), Oy =0 (Xh—1, Ynpp1-2)
00 = 0 (Xp—1,Th—1,n,—2)> Aoy = op(h — 1) — 0g,
Aoy = op(h) — oy, Aoy, = op(h) —op(h — 1),

Aoy, = oy — 0y,

and Uy = Uy, 9 (Xh—1—, Fh—1 np—2+)- Let Uy = ®(ay.1, 0; U(og; 00, Uy)).
To gain the estimates of §, we need to deal with the equation
1 ~ 2 y b y=1
S19(B1. 0 U0y (h): 0w, UDI* + ———(PAx jy1) 7
2 y—1 Jh+
(4.5)

y—1

1 -~ 14
= 510 (o (h — 1): 0. e 1. @r2: UDI + m(p’gx,p :
and then we obtain the following lemma:

Lemma 4.3. Equation (4.5) has a unique solution B1 = B1(ay 1, o2, Aoy,
Ady, wpt1; Up) € Clina neighborhood of (a1, oy 2, Aoy, Aoy, wpt1, Up) =
(0,0,0,0,0, G(s0)) with w1 = p3, 1 — PRy.p Such that

01 =ap1 +oy 1 +vi + Koo + Ky 1 Aoy, + Kp jope1 + O(1) Q(Ay),

8 =vy + Ky p02 + KspAop, + Kprwpp1 + O(1)Q(Ap),
4.6)
with
Q(Ap) = %1, 0), v) + ot [| Aoy | + |aty, 1| Adgl, 4.7

where O (1) depends continuously on M. Moreover, when a1 = a2 = Aoy =
AGy = wp41 =0, pix,h-H = po, and U; = G(sp),

cos?(6o +62)

lim K,j=——>——"-, 1lim |Kp;| < o0,
Ma—soo cos?(6p — 69) Moﬁool bl

lim K.»=0, lim K,; =0, (4.8)
Moo—> 00 Mo— 00

fori=1,2.
Proof. A direct computation leads to

19(12(B1, 0; U(op(h); 0w, UD)P)
2 b1

=r1(G(50)) - G(50)-
{81=A5,=0,U1=G (s0)}

Lemma 2.7, together with the implicit function theorem, implies that there is a
unique C?—solution

B1 = Bi(ay 1, ar2, Aoy, Ady, wpy1; Up) 4.9)

in a neighborhood of (¢, 1, ar 2, Aoy, Ady, wn+1, Ur) = (0,0,0,0,0, G(sp)).
Using (4.1)—(4.2), we have

B1 = Bi(ar1, @2, Aoy, Aoy, wpi1; Up) + Ko 1 (AGy — Ady)
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= ﬁl(ar,ly 0, Aoy, Aoy, 0; Up) + ko,lAth + [Er,lar,Z + kb,lthrl
= a1 + Ko, 1 A0, + K102 + Kpopg1 + O(D]otr || Aog|.

Taking the derivative with respect to Aoy, in (4.5) at (o1, &2, A0y, ACy, Wpt1,
U[) = (Ov Os Oa 07 01 G(s())), we obtain

0 U (04 + AG, + Ao, 30w, G(s
G(s0) - 11(G(50) P 4 Gi(sg) - LT+ B0+ B3 0 G0)) _
8A0'bh aAO'bh
which yields
91 _o
My—oc0 0 A0y, o

{ar 1=, =004 =AGy=wy11=0, p} . ;1 =p0, U=G(50)}
Similarly, we have

. 9B
lim
Moo— 00 8a)h+1

o, 1=ty 2=A0a=AGa =0y, 11=0, pi, , ;;=p0., U=G(50)}
_1
Y
. 4
= lim ——9% > o0,
Meo—00 r1(G(s0)) - G(s0)
. B
lim
Mo—00 002

{or, 1= 2=A0a =0 =w+1=0, P}, 1 =P0. Ui=G(50)}
cos> (6o +62)
cos2(6p — 09)"

By the construction of the approximate solution, we have
U (0p(h); ov, D (51, 825 Up))
= (B1,0; U(0p(h); 0, (@1, 0; U (0g; 0v, D01, v2; Un)))))

with Uy, = Uax,0 (Xn, Yn, ,_;—2—)- Then, a similar argument as to that in Case 1
gives (4.6)—(4.8). This completes the proof. |

Lemma 4.4. In Case 2, for b), := bl ,(xp—) for h € N4,
bjy1 — by = Keptrn + Keg Aoy, + O(Dwpr1 + O(D)oty,1[| Aoy
with O(1) depending continuously on pg such that
lim K

Mo— 00

lim K

o0 —> 00

1’

6.0 |{dr.zzar,le%:A?Ta:whH:O,PZX_HIZPO,UI:G(SO)} ==

.2 | {ar 2=y 1=A0q=A0y=wj+1 :0»pg,x,h+l =po,Ur=G(s0)}

4 cos? 9,% COSZ(G,?1 + 6p)
y+1 cos2 '
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Proof. From (3.2), we have

by b = OO (B (@1, @2, Ay, Ady, w413 UD). 0: U 0y 0, UD)
WD (Bi (a1, @r2, Aoy, Ady, wpt1: Up), 0; Uop,: 0w, Up))
B U® (01, ,; 0a, D(ar,1, @25 Up)
TN (op,_,; 00, Dlar1, 2 Up)

By (4.1)—(4.2), we obtain

bjy1 — by,
0D (By(ay,1,0, Aoy, Ada, 0; U)), 0; U(op,; 0u, Up))
W (B(ar1, 0, Ady, Ay, 0; Up), 0; U (0p,; 0a, Up))
U@ (op, 15 0w, Plar1,0; Up)
UM (0p,_,: 0a, P(ayr1, 0; Up))
+ Kep0r2 + O(Dwp1
PP (Bi(e,1,0, Aoy, Aoy, 0; Uy), 0; Ulow,_; 0w, Un))
W (By(ar1, 0, Ady, Aay, 0; Up), 0; U(op,_,: 00, Up)
U@ (0p, 15 0w, Plar1,0; U))
UM (0p,_,: 0a, D(ar1, 0; Up))
+ Ke o Aoy, + Ke 2042 + O(Dwpgq
= Ke.o Aoy, + Ke0r2 + O(Dopgt + O(Day1||Acgl.

By similar calculation in Lemma 4.3, we have

Mololgoo KC’J | {ar2=0ay1=A0q=A0y=w)+1=0, pgx,h-%—l =po, Ui=G(s0)} =-1 ’
Moljfoo KC’Z|{ar,2:ar.1:Ao'a:Aﬁa:thrl:Os PRy ni1=p0. U=G(s0)}
4 cos? 62 cos? (62 + 6p)
y+1 cosZ 6 '

Then the proof is complete.
Lemma 4.5. For Ax sufficiently small,
b, — op(h — D] = 6|Ad, |,

be,ﬂ ()Ch)

where op(h) = o

Proof. Using the notation as in Case 2, we have

bax,9(xn) — bax,p(xp—1)

b, =
h Ax
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Then a direct computation leads to

bax.y (Xn) —bax9(xn-1)

|b), — op(h — 1)| = A Uh(h—l)'
_ |op)xn = UAb)Eh — Doxp—1 oyt — 1)‘

h h h—1
Ax lop(h) — op(h — 1)|
2 6|op(h) — op(h — 1)]

for Ax small enough. O

Denote 6, (h) = |op(h — 1) — by | that measures the angle between boundary
I"ax,»n and the ray issuing from the origin and passing through
(xn—1, bax,9(xp—1)). Then we have the following estimate for 9, (h):

Lemma 4.6. For M, sufficiently large and Ax sufficiently small,

Op(h) — Op(h + 1) 2 |Ac| — |Keallarz| — Clopt1| — Clay. 11| Aoy,
where h € N, and constant C > 0 is independent of M, and Ax.
Proof. We consider the following two different cases:

1. op(h — 1) < b), so that o, (h) > op(h — 1).

o If b, | > op(h), then it follows from Lemma 4.4 that

0p(h) — O (h + 1)
= b}, — op(h — 1) = (b}, — op(h))
= - Kco)Aop, — Keparo + O(Mwpr1 + O(1)|oy 1 ]| Aoy
2 |Aop,| = [Kepllarp] — Clopgi| — Clag 1] Aoy

o If b;z+l < op(h), then, from Lemma 4.4-4.5, we have

Op(h) — Op(h + 1)
=bj, —op(h — 1) — (op(h) — bj,,;)
= 2(b}, — on(h — 1)) + B
— ap(h) = (b), — op(h — 1))
2 (11 + K o) Aoy, | + Ke 20,2 + O(Dwpt1 + O (D)o 1]| Aoy |
2 |Aop,| — |Keallar2| — Clopti] — Cloy,11]Aoy|.

2.0p(h — 1) > bj, so that oy (h) < op(h — 1).
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Ynyn142

Ynyn-1+1

ynx.h—l

Ynyn-1—1

Th—1 T Th41

Fig. 6. Near the strong shock wave

o If b;1+1 > op(h), then it follows from Lemma 4.4-4.5 that

Op(h) — Op(h + 1)
= op(h — 1) — b}, — (b, — op(h))
=2(op(h — 1) = by,) + op(h) = bj,; — (op(h — 1) = by)
2 (114 Keo)|Aop, | = Keparp — O(Dwppr — O(D]ay 1| Aoy
2 |Aop,| — |Keallar2| = Clopti] = Clay1]|Acg.

o If b, +1 < op(h), then, from Lemma 4.4, we have

Op(h) — Op(h + 1)
=op(h — 1) — bj, — (op(h) — b},,;)
= (=14 K¢ o)Aop, + Kcpar2 + O(Dwpyr + O(D)]oy 11| Aoy
2 |Aop, | = |Keallar2| = Clopti] — Clay1]|Aog.

Note that we have used the fact that

Mololgloo Ko |{ar,2:ﬂ1:AUQZA@:whH:o,pbAX_hH:pO,U,:G(SO)} =-1
in the above estimates. This completes the proof. O

Case 3. A, covers the part of Sax s but none of 'y ». We take three diamonds
at the same time, as shown in Fig. 6. Let Ap », ,—1, Apon, ;> and Ap 41 be the
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diamonds centering in (xy, ynx’h,l), (xp, ynx’h), and (xy,, Yy p+1)s respectively.
Denote Ay = Appyy—1 U Dpn,, Y Dnn,,+1- Let o and v be the weak waves
issuing from (xj,_1, y’lx,h—l‘f']) and (x,_1, ynx,h_|+2) respectively and entering Ag.
We divide « into parts oy = (o7,1,0) and o, = (o1, @y 2) Where «; and o enter
Anny, and App, 41, respectively. Moreover, let v = (v, 0), and let § be the
outgoing wave issuing from (xp, yn, ,+1)-

Then, for simplicity of notation, we denote that

Ou = 0 (Xh—1s Yny 141, oy(h—1) = o(xn-1, Xax.9 Xn-1)),
oy(h) = o (xp, xax,0(xn)), oy = 0 (Xn—1, Yn, j_1+2)
Aoy =0y —oy(h — 1), AGy =0y — 0y (h),

Aoy, = oy(h) —ox(h—=1), Aoy, =0, —0g.
To gain the estimates of (sj+1, §), we need to deal with the equation:
U(0g; oy (h), ®(0, B2; G(sp41; Uso))) = ®(ey.1, 03 U(og; oy (h — 1), Gsp; Uso))),
(4.10)

to obtain the following lemma:

Lemma 4.7. Equation (4.10) has a unique solution (sp+1, B2) in a neighborhood

of
(al,l’ ara V? Aoas Aax;ls S/’l) = (07 Ov 01 Oa 09 SO)
such that
81 = ap | + V1 + pw, 180y, + Ky 1011 + O(1) Q(Ay),
82 = ap2 + pw2Aoy, + Kyoap 1+ O(1)Q(Ay), (4.11)
Shr1 = sp + Ksay 1 + pugAoy,,
with

O(Ay) = villAcy] + Q%(ay, v), (4.12)

where O (1) depends continuously on M. In addition, for oy = 0, Aoy = Aoy, =
0, and sy, = s¢, denoting the derivative of G by Gy, then

_det(r1(G(s0)), Gs(s0))

lim Ky =0, Kyo= ,
Moo—> 00 ’ ’ det(r2(G (s0)), Gs(s0))
_ det(r(G(50)). r1(G(50))) , B
" T Get(2(G o)), Gr(so) A e € 1O, @ 13)
. o _det(3U /d(Aay,). Gy(s0))
Moo 0t = 2 = T8t (G 50)), Gy (s0))

Proof. From Lemma 2.10 and the implicit function theorem, (4.10) has a unique
C2_golution (Sh+1, B2) such that

Sh1 = Spy1(a 1, Aoy, Aoy, Aoy, , sp),
/32 = ﬂ2(a1,17 Aaa’ A6d7 AO‘X};? Sh).
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A direct computation leads to

/32 = ,32(011,1, AUOU Aé’ou Aaxh’ Sh)
= Mw,2AaXll + Kw,2al,l + ﬁZ(Os AO'C(, Aaas Oa Sh)
= Wy 2A0y, + Ky 20 1.

Similarly, we have
Sht1 = Spr1(ap 1, Aoy, Aoy, Aoy, , sp) = s Aoy, + Ksay 1 + sp.
Next, we compute the coefficients: K, Ky, 2, (2, and . Differentiating
equation (4.10) with respect to o4,; and Aoy, , and then letting o; | = Aoy =
Aoy, = 0and s, = sg, we can obtain

r2(G(50)) Kw,2 + Gs(s0) Ks = r1(G(s0)),

oUu
r2(G(s0)) w,2 + Gs(s0) s = m(ﬁx (h); oy (h), G(s0)).
Xh

Then Cramer’s rule gives the result. Moreover, since 6y < 0 < 69 and 6y £60 , €
(_ % ) % ) )

cos B sin 69
Hm g = — 2 m o (], ).
Moo— 00 sin(6y — 9,9[)

By the construction of the approximate solution, we have

U(ov: 0a, P31, 825 Ulow: oy (h), Un)))
= d (1, 0; U(oy; 0u, Dy 1, 25 Ulogs oy (h), @0, ol 1, Aoy, Abe, Aay,, sp); Un)))),

with
Un = G(spt1; Uso)-
Then, by similar arguments as to those in Case 1, we obtain

1 =ap 1 + v+ pw, 180y, + Ky 1071 + O(D)|vi||Acy| + o) 0%a,, v),
8 = o2 + Mw,ZAO'Xh + Kw,ZOll,l + O()|vi||Aoy| + O(I)QO(O{r, V).

This completes the proof. O
Lemma 4.8. For Ax sufficiently small,

Isp — oy (h — 1)| 2 6]Ady,|.
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Proof. Using the notation as in Case 3, we have

Xax,s(xn) Xax,0 (Xn) — Xax,9 (Xn—1)
o, (h) = ZAX0° 20 .
X Xp Ax

Then a direct computation leads to

Xax, 9 (Xn) — Xax,0 (Xp—1)

Ish — oy (h = D] = A —Ux(h—l)'
_ |ox(xn — ch(h — Dxp1 o (h 1)‘

2o () = 0 (h = D)
6|0y (h) — oy (h — 1)

v

’

for Ax small enough. O

Denote 6, (h) = |0, (h — 1) — 53| that measures the angle between the leading
shock Sax, s, and the ray issuing from the origin and passing through (x;—1, xAx,»
(xn—1)). Then we have the following estimate for 6, (h):

Lemma 4.9. For My, sufficiently large and Ax sufficiently small,
Oy (h) — Oy (h + 1) Z |Aoy, | — |Kslle,1l,

with h 2 0.

Proof. We consider the following two different cases:

l.oy(h —1) <spsothatoy, (h) > o, (h —1).

o Ifs,41 > 0, (h), then it follows from Lemma 4.7 that

O (h) — Oy (h+ 1) = sp — oy (h — 1) — (sp41 — oy (h))
=1- ILX)AUXh — Ksap 1
2 |AGXh| - |Ks||(¥l,l|-

o If 5441 < o, (h), then, from Lemmas 4.7-4.8, we have

O, (h) — 0, (h+ 1) =sp — oy (h — 1) — (0, (h) — sp41)
= 2(sp — 0y (h — 1) +spt1 =0, (h)— (s —0y (h—1))
= (11 4 py)| Aoy, | + Ksau 1
Z Aoy, | — Kol

2.0y(h —1) > sy sothat oy (h) < oy (h —1).
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o If 5441 > oy (h), then it follows from Lemmas 4.7-4.8 that

Oy (h) —0,(h+1)
=oy(h—1) —sp — (sp1 — oy (h))
=2(0y(h = 1) = sp) + 0y (h) = spy1 — (ox (h — 1) —5p)
2 (114 py)| Aoy, | — Koy 1
2 |Aoy, | — |Ksllag 1]

o Ifs,41 < 0, (h), then, from Lemma 4.7, we have

Oy(h) —0y(h+1)=0,(h —1) — 55 — (ax(h) —Sh+1)
=(-1+ MS)AO')(;, + Koy
3 |Aax/1| - |Ks||051,1|~

Note that we have used the fact that uy; € (—1,0) as My — o0 in above
estimates. This completes the proof. O

5. Glimm-Type Functional and Compactness of the Approximate Solutions

For each I C U,’Z;’}QAX,@,;(, there exists k; with 1 < k; < h + 1 such that

INT Ax,9.k; 7 0. Next,asin [38,51], we assigneach mesh curve I C UZZII QAx.0.k
with a Glimm-type functional F;(1); see also [10,48].

Definition 5.1. (Weighted total variation). Define

Ly (I) = Z{|a,| : o 18 the weak i-wave crossing I} fori =1, 2,

Li(l) =) (x| : k > ki},

Ls(I) =06,() for6,(I)=86,(h)inLemma4.9 when Sa, s crossing /,

Ly(I) =6p(I) for6y(I) = 6p(h) in Lemma 4.6 when I' Ay g crossing /.
Then the weighted total variation is defined as

L(J) = L") + KLY (1) + Ky Ly () + K3Ls (1) + KLy (D),

where K are positive constants for/ = 1, 2, 3, 4.

Let

o
o*=by+C1Y_lonl, ox =150 -7, (5.1)
h=1
where sy is the velocity of the leading shock of the background solution, zr and C;
are constants to be determined; see also [10, 18,48]. Note that zr and ) n>1 lon| are
chosen so small that the largeness of My, implies the smallness of by — s, which
leads to the smallness of o™ — o,.. We now define the total interaction potential.
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Definition 5.2. (Total interaction potential). Define
Qo) = Z{|a| |B] : o and B are weak waves crossing / and approach},
o) = Z{|a||oa — 04| @ o is a weak 1 — wave crossing 7},
0>(I) = Z{la“o* — 0y| : o is aweak 2 — wave crossing 1},

where o, is the o-coordinate of the grid point where « issues. Then the total
interaction potential is defined as

Q) = Qo) +20:1(I) +202(1).
Now, we are able to define the Glimm-type functional.
Definition 5.3. (Glimm-type functional). Let
F(I)= L)+ KQ),

where K is a large real number to be chosen later.

Let
Q(A) (defined in Case 1),
Enx.9(A) = { &(lor2l + lons1] + A0y, | + Q(Ap))  (defined in Case 2),
§(|a1,1| + |Acy, | + Q(AS)) (defined in Case 3)ES ’

with & > 0 sufficiently small and to be chosen later.

In order to make the Glimm-type functional monotonically decreasing, we have
to choose the weights carefully in the functional, based on the underlying features
of the wave interactions governed by the system. Indeed, we have the following
lemma (cf. [48]):

Lemma 5.1. Let K, 1, Ky, 2, K, and (i, 2 be given by Lemmas 4.3 and 4.7. Then

lim  (1Kn11Kw2l + 1 Kn1 |1 Kl 2l) < 1.
Mo— 0

Proof. Lemmas 2.8-2.9 give

sin(@p + 69)

lim |K,||K =|—)F"
KrllKonal = | Gra=t

Moo— 00

’

lim [Ky [ K|l w2l
Moo—> 00

cos?(fp +69)
= cos2(fp — 09)
det (rl ), r2(U))
det (r2(G (s0), Gs(s0)))
sin 29,9, cos Bp| sin 6y |
sin(6p — 69)

det((d0)/(3A0y,), Gs(50; Uso))
det(r2(G(so; Uso)), G (505 Uso))

X

1
Moo—> 00
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Note that 6y € (=%,0), 6p £ 69 € (=%, %), and 69 € (0, %). Then, when
o+ 62 <0,

25in 69 cos By — sin(@p + 609)

li K. 1|IK K 1|IK =1;
Moolgoo (| rl 1 Kw 2l + 1K1l S”Mw,2|) < Sin(gr(r); — 60
when 6y + 69 > 0,
2 cos Y | sin G| + sin(@p + 6°)
li K, 1]||K K 1l|Ks m =1,
MOQH—I>100 (l rl [ Kw 2l + 1K1l A||Mw,2|) < sin(@,?l —60)
This implies the expected result. O

Atthis stage, we are able to choose the coefficients in the Glimm-type functional

(cf- [48]).
Lemma 5.2. There exist positive constants K, and K3 such that
M:Oigoo (K2|Kwal + K31Kl) < 1, Moloir_lr:OO (K2lpw2| — K3) <0,
lim (K2 - |Kr’1|) > 0.
Mo— 00

Proof. LetK| = 1imy,, oo |Kr1l. K75 5 = limary o0 | Kwo2l KF = limpz, o0
|K|, and Mz,z = limy_ oo |4w,2|. Then, by Lemma 5.1,

K (Kpo + K 0) < 1.
Hence, we choose K> such that
Ky > Kl Kao(Kjo,+Kiny o) <1,
which implies
KoK iy, <1 —KaKy 5.
Then we take K3 such that
K3 > Kopy,p,  K3KS <1—K2Kj 5,
and the proof is complete. O

With the coefficients chosen properly, we can derive a decay property for the
Glimm-type functional.

Proposition 5.1. Let Mo, be sufficiently large, and let 6™ — oy and ), >, |wp| be
sufficiently small. Let I and J be a pair of space-like mesh curves with J being an
immediate successor of 1. The region bounded by the difference between I and J is
denoted as A. Then there exist positive constants €0, K, and K; forl = 1,2, 3, 4,
such that, if F(I) < €co, then

1
F(H = FU) - ZEAx,ﬁ(A),

where Enx () is given by (5.2).
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Proof. When M, is large enough, according to Lemma 5.2, there are constants
K> and K3 so that

Ko|Ky ol + K3|Kg| <1 —&0, Kalpw2l — K3 < —&o,
K> — |K,| — K4|K 2| > &

for some &y > 0.

Now, as in [38], we prove the result inductively; see also [10,48]. We consider
three special cases as in §4, depending on the location of A. From now on, we
use C to denote a universal constant depending only on the system, which may be
different at each occurrence.

Case 1. A lies between I'ax » and Sax ». We consider the case as in Lemma 4.1.
Notice that

(L + KLY () — (LY + Ko LEY (1) £ con),
Ly(J) — Ly(I) =0,
(KiL1 + K3L)(J) — (K1L1 + K3Ls)(1) = 0.

Then we obtain
L(J) = L(I) = CO(A).
For the terms contained in Q, we have
Qo(J) — Qo(I) £ CL(NQ(A) — Q°(A).
For Case 1.1:

(O1+ 02)(J) — (Q1 + 02)()=|d1]|(02—04)—|a1|(02 — 04)—|B1](01 — 0T%)
+ 820" — 02) — |az| (0™ — 02)
S C(o* —0,)Q(A) — |Ac|Bi].

For Case 1.2:

(Q1+ 02)(J) = (Q1 + Q2)(I) = [81](01 — %) — |B1l(01 — 0%)
+82/(0™ = 01) — |a2| (0™ — 02)
—|B2l(c* — o)
S C(0* =) Q(A) — |Ad||azl,

which gives
Q) — Q) = — (1= C(L() + 0" = 0.)) O(A).

When L(I) and o* — o, are small enough, and K is sufficiently large, it follows
that

F()—=F() £ —{K(1=CLU) +0" —0x)) = C} O(A) £ —4—11Q(A).
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Case 2. Ap = Appyy—1 Y Apngy Y Aoy, +1 covers a part of I'ax » but none of
Sax,9. Direct computation shows that

L) = L) L 1K, ller 2l + 1Ko 111A0k, |+ 1Kp, 1 [|op41] + CO(Ap),
LY ) = LY U) € ~lara| + |Krollara| + [Ko 2l Ay, |
+1Kpollops1] + CO(Ap),
Li(J) = Li(I) = —|wp+1l,
Ly(J) = Ly(I) = 0,
Ly(J) — Lpy(I) = —|Aoyp, | + | K¢ ol 2| + Clopt1] + Clag 11| Aoy].

Combining the above estimates together, we obtain

L(J)— L(I) £ —(Ky — |Kr1| — K4lKe 2| — Ka|Krol) o2
— (K1 — |Kp,1l — K2|Kp 2| — CK4)|wpt1]
— (K4 — |Ko1| — K2|Ko21) Aoy, | + CO(Ap) + Clay,1]|Adg].

For the terms contained in Q, noting that |Acy| < |Aoy,|, we have

Q0(J) — Qo) < —0°((a1, 0), v) + CL(I)(lowr2| + | Ao, |
+ lon 1l + CO(Ap)),
01(J) — Q1) = [81](ov — 0%) — (ler1| + lar 1)) (00 — 0%) — [Vil(0y — 0%)
< —(lar1| + ler1DAoy |+ C(o* — 03) (|l
+ Aoy, | + |opyil + CQ(Ap)),
02(J) — 02(I) = |82(0™ = 0v) — |y 2| (0" — 0g) — [2|(0™ — 03)
S C(0* — ) (laral + [Acp, | + lwpr1] + CO(Ap)).

Then we conclude

o) — o)
< —0%(a1,0),v) + CL(I)(lar2] + 1 A0y, | + lopt1]| + CO(Ap)) — lai || Aoy |
— lar111A0e| +2C (0" — ) (lar2| + |Aop, | + |ors1] + CO(Ap))
S—(1=CLU)+0*—04))Q(Ap)
+ C(LU) + 0™ — ox) (lar2| + [ A0y, | + lwpt1]).

Finally, combining all the estimates above together, we obtain

F(J)—F()
< —{K(1-CLU)+0"—0y))—C} O(Ap)
— {K2 — [Kr1|l — KalKeal — K2l Kol = KC(LU) 4 0™ — 03) } 2
—{K1 — |Kp1l — K2|Kp2| — CK4y — KC(L(I) + 0" — 03) } lwn41]
—{Ks4 — 1Ko 1| — K2|Ko2| = KC(LUI) + 0% — o)} | Aoy, |.
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Taking suitably large K, then, when K is sufficiently large, and L (/) and o™ — o,
are sufficiently small, we conclude

F(J)—F() = —%(Iar,zl + lwnt1] + 140, | + Q(Ap))

for some & > 0 small enough.
Case 3. A, = Ah,nx,h—l UApn,, U Ah’nxvh_kl covers a part of Sax » but none of
I'ax.». A direct computation shows that
L () = L (1) £ —laga] + [Kwllow 1] + [tw, 11| Acy, | + CO(A),
L) = L) < [Kuollori] + w2l Aoy, | + CO(A),
Li(J) —Li(I) =0,
Ly(J)—Ls(I) = _|A‘7x;,| + |KS||Oll,l [,
Ly(J)— Lp(I) =0.
Combine the above estimates together, we obtain
L(J)— L)
S —(1 = |Ky1| — K2|Ky 2| — K3| K] 1]
- (K3 = w1l — K2|Mw,2|)|AUXh| + CO(Ay)
S —(1 = K2l Kw2l — K31 K| — | K1) e 1]
— (K3 — Kalpw 2l = itw.1) | Aoy, | + CO(A).
For the terms contained in Q, we have
00(J) — Qo(I) £ —Q%a,, v) + CL(N(Jou1| + [Acy, | + Q(Ay)),
01(J) = Q1) = |811(0e — 0%) — (lag,1| + |, 1D (00 — 0%) — [vi|(oy — 0%)
< —illAoy| + C(0* — o) (lar 1] + | Aoy, | + O(Ay)),
02(J) = Q2(I) = |82](0™ — 0y) — |y 2](0™ — o)
S Co* — o)l + |Aoy,| + O(Ay)).

Then we deduce that
0(J) = Q) £ = (1 = C(LU) + 0" = 04)) Q(Ay)
+C(LU) +0* = )l 1| + [ Ay, ).
Finally, combining all the estimates above together, we obtain

F(J)—-F)
< —{K(1-CULU)+0*—0,)) - C} O(A)
— {1 = KalKual = KslKol = [Kual = CK (L) + 0" = ) |

—{Ks = Kalitual = 1| = CK (LD + 0™ = 0.) [Ay, |
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When K is sufficiently large, and L(I) and o* — o, are sufficiently small, we
conclude that

F(J)—F) = - %(Q(As) +lar1| + [Aoy, D)

for some £ > 0 small enough. Combining the above three cases, we conclude our
result. |

Now, let I, be the mesh curve in the stripe: {(x, y) : xp—1 < x < xp} for
h € Ny; that is, I connects all the mesh points in the strip. Let / and J be
any pair of mesh curves with I, < I < J < Ij41, and let J be an immediate
successor of /. That is, the mesh points on J differ from those on / by only one
point generally (except three points near the approximate boundary or near the
approximate shock), and the region bounded by the difference between [ and J is
denoted by A. Proposition 5.1 suggests that the total variation of the approximate
solutions is uniformly bounded.

Moreover, we have the following estimates for the approximate boundary and
the approximate leading shock:

Proposition 5.2. There exists a constant C > 0, independent of Ax, 9, and U X0
such that

o
TVAsaxs 110,00} =Y Isns1 —sul S C Y lonl,
h=0 h>1

o
TVAb), 5 110,00} =Y [bjy — byl C Y |enl.
h=0 hgl

Proof. Notice that

o
TV.{sarp 10,000} =Y lsnr1 —sul £ O(1) Y Ear.o(As)
h=0 A

S0 FU)—F(U) < OMF).
A

Similarly, we have
T.V.{b’Ax’l, :[0,00)) S O()F(LY).
Therefore, C in the statement can be determined. O

We choose C; = 2C and w = 2C thl |wp| in (5.1). The largeness of M,
and the smallness of ), >, |wy| imply the smallness of o* — o. Then, following
[14,52], we conclude



77 Page40of 55 Arch. Rational Mech. Anal. (2025) 249:77

Theorem 5.1. Under assumptions (A1)—(A2), if M is sufficiently largeand )" ;>
lwn | is sufficiently small, then, for any ¥ € T17° [0, 1) and Ax > 0, the modified
Glimm scheme introduced above defines a sequence of global approximate solutions
Unax,p(x,y) such that

sup TV AUpx,9(x,y) : (=00, bay,y (%))} < 00,

x>0

0
f Uneo (51 3+ bars (6)) — Unv.o (52, v + bas.o (o) dy < L11x1 — x|

—00

for some L1 > 0 independent of Upyx 9, Ax, and ¥.

6. Convergence of the Approximate Solutions

In Section5, the uniform bound of the total variation of the approximate so-
lutions Uay,» has been obtained. Then, by Propositions 5.1-5.2, the existence of
convergent subsequences of the approximate solutions {Uay s} follows. Now we
are going to prove that there is a convergent subsequence of the approximate solu-
tions {Uay ¢} whose limit is an entropy solution to our problem.

Take Ax = 27", m = 0,1, 2, ---. For any randomly chosen sequence ¢ =
(Yo, U1, 02, -+, Oy, --+), we obtain a set of approximate solutions, which are
denoted by {(u,, v;;)}. It suffices to prove that there is a subsequence (still denoted
by) {(4nm, vin)} such that, as m — oo,

PmVm®
// (¢xpmum + ¢ypmvm - M) dxdy
Qax, y

¥0(0)
+/ ¢ (x0, y)p(x0, y)u(xo, y)dy — 0 (6.1)

—00

for any ¢ (x, y) € C(])(]Rz; R), and

/f (d)xvm — qbyum) dxdy — 0 (6.2)
Qax,»

for any ¢ (x, y) € C(l)(SZ; R). We now prove (6.1) only, since (6.2) can be deduced
analogously.
For simplicity, we drop the subscript of (i,,, v, ), and rewrite (6.1) as

y0(0)
JI - (@emnt oo =22)asay+ [ ottt ) dy
Ax,D

—00

5 _ v

0(0)
+ / ¢ (x0, y)p(xo, y)u(xo, y)dy.

—00
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By the shock waves and the upper/lower edges of rarefaction waves, each Qax 9.5
can be divided into smaller polygons: Qay,9,4,j, ] = 0, —1, =2, - - -, alternatively,
where Qax, 91,0 1 the uppermost area below the approximate boundary I'ax 5.
Then we have

v y0(0)
/fg dxpu + Qypv — —) dxdy + / @ (x0, y)p(xo, y)u(xo, y)dy
Ax, ¥

00 —00 va:
= }; ]ZO //mmh.j <¢xpu +éypv — T) dxdy

y0(0)
+/ @ (x0, y)p(xo0, y)u(xo, y)dy
- Z / / 8o+ vy, + 22 axay
AA 90, j
Y / fg ((ous + (Pov),) dxdy
h,j Ax,0,h,j

y0(0)
+ / @ (x0, y)p(xo, y)u(xo, y)dy

o]

=: 14114 1.
We first have
Proposition 6.1. I — 0 as Ax — 0.
Proof. To deal with the first term I, we use the transform:

— yu(h
=2, 5= y—y,,() (6.3)
X X —Xxp
where (x5, v, (h)) is the center of the Riemann problem, and n depends on j. Then
we obtain

2

— 2 2
I_Z// (x — x1)¢p 2(1 B i_z)““ _2wve? (1- %)voa _ U) dndo

o(n— 0) c2

_ hXj:// TI——G( —n(pu)y + (pv),) dndo.

(6.4)
From the construction of the approximate solutions, the first term of (6.4) vanishes.
For the second term, we have

—n(ou)y + (pv)y = O(1)Aa,

where Ao is the change of the o—coordinate in domain Ay, .5, ;. Denote the
rarefaction waves in Qay, p, alternatively by ag 5, ;. Then we have

I=0()) An(Ao)’,

h,j
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with An = O(1)ag,p,;. According to Proposition 5.1, the total strength Zi |aR h.il
of rarefaction waves in Qay g 5 is bounded, so that
I=0()diam(supp ¢) Ax, (6.5)
which gives desired result. O

Next, applying Green’s formula in each 4y, 9,5, j, we obtain

O rbaxy(xp)
n+1I = Z/ & (e, ) (0 (p—, Mu(xp—, ¥) — pCep+, Yulxp+, y)) dy

h=17"
i Xh+1 ,

+ Z/ ¢ (x, b(x))p(x, b(x)) (v(x, b(x)) — u(x, b(x))b' (x))dx 6.6
h=0"*h (6.6)

+ Zf (snitotut —p7u™) = (ptvt —p7v7))pdx
i * Wi

= 1IV+V + V]
where Wy; = {(x,y) 1 y = wp,i(x) = spi(x — xp) + yy(h) for some n} are

shock waves or upper/lower edges of rarefaction waves lying in Q. 9., and p* =
p e, wi (), ™ = ux, wip(0)F), and v = v(x, wip (L)
We now show

Proposition 6.2. There exists a subsequence of {(u,, v;,)} such that IV — 0 as
m — o0.

Proof. The first term on the right-hand side of (6.6) can be rewritten as
V=2V
h21
with

ol ()
Vi = Z / ¢ (i ) (0 (=, YyuCxp—, y) — p G+, yulxp+, y)) dy

n:nx.h+l Yn—1(h)

y"x.h(h)+1
+/ ¢ (i y) (0 (xn—, Y)uCxp—, y) — p G+, ulxp+, y)) dy
X

Ax,9 (Xn)

bax,9(xn)
+ / ¢ (xn, Y) (0 (xn—, Yulxn—, y) — pCep+, Yulxp+, y)) dy.
Yy (D=1
To show IV — 0 for some subsequence {(u,, V) }, We now introduce
=37
with
)

o= 2 [ s (ot =) = pt et ) dy
":”X,h‘H Yn—1(h)
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bAX,I? (xp)
+/ " s Vg 1) (0 Cep—, Yulxp—, y) = p(p+, Yuxp+, ) dy
Ynp (1 '

g p ()
+ / & s Yng () (0 =, M=, ) = pep+, Yu(xp+, y))dy
y

np 1 (1)

Y 1 (0
+ / " & (xps ynxv,,+1(h))(p(Xh—, Wu(xp—. y) — pxp+. Yulxp+. y)) dy
)’nX,h

Yny h (h)
+f * ¢(Xh,ynx’h(h))(p(Xh—,y)u(xh—,y)—p(Xh+,y)u(Xh+, y))dy
XAx,0 ()

mh
=: / & (e yn () (pCep—, YuCxp—, y) — p(xp+, Yulxp+, ) dy

n=ny p+1 Yn—1(h)
A T/
From the construction of approximate solutions, we have
0
Vi = 0O Ax(leral + [0nr1] + |A0p, | + Q(Ap))  (see Case 2),
VO = 0()Ax(lar1] + |Aay, | + O(Ay)) (see Case 3).

From Proposition 5.1, we obtain

ZV(O) V) = o) AxF(I). 6.7)
h=1

Then we write \7},(1) and ‘7}1(1) as
- (1) Ynp 1 (h)
O = / & (s Yy, (1)
Yy p—1(h)
x (o (xn—, Yyulxn—, y) — pxn+, )i (xp+, y)) dy
Vg ()
+ / ¢(-xhv Ynp (h))
)’nb,hfl(h)
X (B Gen4, Wi(xp+, y) — p G+, Yu(xp+, y)) dy

and
(1) Yn h+1(h)
v / ¢ Oy Y, (1))
)
X (o Gen—, Y)ulxn—, y) — plxp+, Y+, y)) d
Vi g1 ()
+/ & xXn, yn, , (h))
y»lxvh (h)
X (pCxnt, ia(xp+, y) — pep+, Yu(xp+, y)) dy,
where

Thonpp—1

Uxpt, y) = ( s = UG Phng ).
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rh,nxyh—l

- -y
U(xh+7 y) = U(;; ) U(-xh+a rh,nxvh—l))a

and p and p are determined via Bernoulli’s equation. By the construction of the
approximate solutions near the boundary and near the leading shock, we have

G ) )
/ . & (xn. Yy, (W) (P xn+, Wi (xp+, y) — p G+, y)ulxp+, y))dy
yn/,yhfl( )

= O(D)Ax(lor2] + lwp1] + | Aoy, | + Q(Ap)) (see Case 2),

YHX_;,+1(h) .
/ G (X yn, (W) (PCxnt, Vi (xn+, y) — p(xn+, Y)ulxp+, y))dy

X:h

= O()Ax(Jor,1| + [Aoy, | + Q(Ay)) (see Case 3).

Similarly, by Proposition 5.1, we conclude that

Yy, ()
/M @ Xk, Yy, (W) (Pxn+, Wit (xn+, ) — p(xp+, Yulxp+, y)) dy

h=1 ynbvhfl(h)

= O(D)AxF(Iy),

% oy a1 () A A
Z/ " @ (Xns Yy, (W) (D Cen+, WA+, y) — pCep+, Yu(xp+, y)) dy
h=1"Yny.n

= O()AxF(I)).
(6.8)
Set

np p—1 Y (1)
Vh = Z / ¢ Cpy yn () (pCep—, Vulxp—, ¥) — p(xp+, Yulxp+, y)) dy
n=ny p+1 Yn—1(h)

yn,,‘h (h) v v
+ / w & s Yy (1) (0 Cop—, Yl —, ¥) = pxp+, YitCxp+, y)) dy
ynb‘hfl

y”x,h'H(h) n ~
+/ " S, Yny () (pGep—, Yulxp—, y) = plxp+, y)i(xp+, y)) dy.
y

.'nxvh

As in [24] (see also [18]), let

oo
H=H[0,1)={19=(l90,l91,l92,"' O, o)1 9, €10,1), h=0,1,2,---}.
h=0

Denoting y = yu—1(h) + 95 (yn(h) — yu—1(h)), we obtain from (4.2) that

pxp—, Yulxp—, y) — p(xp+, y)ulxp+, y)
= pxp—, Yulxp—,y) — pQxp—, Nulxp—, y) + p(xp+, y)ulxp+, y)
— p(p+, Yulxp+, y)
= 0ol + O()|x|[Acy| + O(1)|Acy|
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= O0()(|lae| + |Aoyl),

where « is an elementary wave in Q4 9,1, j, and Aoy, is the change of the o —coordinate
in the elementary wave «. Denote the elementary waves in Qay .5 by o ;. Then

Vi, = 0(1)(2 lapi| +o* — a*)Ax, (6.9)

i<0

which implies

Z/ thdﬂ = O(l)dmm(supp(b)(Z logi| + 0" — 0*)2AX.

h>1 i<0

Next, we need the following lemma:

Lemma 6.1. The approximate solutions {Uax s (x, y)} satisfy

yn(h)
(Uax,9 (xn—, y) — Unx,p (xp+, y)) dyddy,
/ /y Ly ! ) (6.10)

= 0()(Ax)* + O0(D)(Ja| + 18D (Ax)%.

Proof. Wenow give a proof when « and § are both shock waves, since the remaining
cases can be obtained similarly.
Suppose that o and g issue from (xj,—1, yo—1(h — 1)) and (xp,—1, yn(h — 1)),

. _ _ri—=ya—1(h)
and end ;t) (xp,r1) and (xp, rp), respectively. Set a; = TR
2—Yn—1

RGOSR From the construction of approximate solutions, we have

and ap =

yn(h)
/ / " (Unx, 9 (xn—, y) — Uax,p (xp+, y)) dyddy,
Yn—1

Y (h) L pyn(h)
/ / Upx,p (xp—,y)dyddy, —/ / Upx,s(xp+, y) dyddy
Y 0 Jy

n— l(h) n—l(h)

r

=/ U(y ;cfz,Uz)der/ U(lzoz,CD(O,az;Uz))dy
Yn— l(h) Xh r Xh

1

Yn(h)
+/ U(— o1, ®(B1,0; U(oy; 02, D(0, a; Up)))) dy

2

yn(h) y
—a / U(—;02,Up)dy
Y

n—](h) )Ch
yn(h) -y
—(ap —ay) U(—; 02, (0, az; Up))dy
Yn—1(h) Xh
yn(h) -y ~
— (I —a2) U(=—; 01, ®(B1,0; U(or; 02, D0, az; Up)))) dy.
Yn—1(h) Xh
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Since U (- 02, @(0, 02 Up) = U (35 U013 02, @ (0, @2 U))). we obtain

L pyn(h)
/ / (Uax,9@xn—,y) — Uax,p (xp+,y)) dyddy,
0 )7;«,71(/’!)

r - -
=/ (1 —a (0 00, Up) — U1 09, @(0. 2z Up))) dy
Yn—1(h) Xh Xh

r - -
—/ (1= a) (T2 01, ®(B1. 0: U(or: 32, D0, a2z U)))
ynfl(h) Xh

- 0(%; U(o1; 02, @(0, a3 U))))) dy

%) 5 -
+/ a1 (U(2; 02, D0, a2 Up)) — U(=; 02, Up) dy
r Xh Xh

1

r - -
- / (1= @) (0 01, ©(B1,0: D o1: 02, ©(0,02: U))

- 0(%; U(oy; 02, @(0, a3 U))))) dy

Yn(h) N -
+/ (001, 0(1,0: Do 02, (0. ax: U))
I

2

- 17(%; U(oy; 02, ®(0, a3 U))))) dy

.Vn(h) ~ y ~ y
- / a1 (U(—; 02, Up) — U(—; 02, @(0, az; Up))) dy.
7 Xh Xh

2

Then, by Taylor’s expansion, we have

0(2: 00, U)) — U(2: 09, ®(0, a2; U))
Xn Xp
= U — @0, 02; Up) + A1 (Y — yue1 (1) + O(D)(y — yu—1(h))?,
0(%; o1, ®(B1,0; U(or; 03, D0, an; Up)))) — 0(%; U(o1; 02, D(0, a2; Up)))

= ®(B1,0; Uor; 02, ®(0, a2; U)))) — Ul(oy; 02, (0, a2; Uy))
+ Ax(y — yu(m) + O(D)(y — ya ()2,

with

3

oY Fe Y
Ay =0,(0(=1 02, U = U5 02, (0,03 U) )
Xh Xh y=}’n—l(h)

Ar =y (05 01, @81, 0 U015 02, (0,005 U))

~0(2: 01 02, 90, a; U))
X

y=yn(h)
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A direct computation leads to

1 yn(h)
/ / (Unx,»(xn—, y) — Uax,p (xp+, ¥)) dyddy,
0 Yn—1(h)
1
= 0()(yu(h) — yn—1(h))* + zAl(rl = Yn—1(1))(r1 — yn(h))

1
- EAz(rz — Yn—1(h)) (2 — yu(h)).

Notingthat A} = O(1)|«|and Ay = O(1)|B], together with the Courant-Friedrichs-
Lewy condition, we conclude (6.10). |

Substituting Uay,» in Lemma 6.1 by pu and carrying out the same process
leads to

1
/ Vido, = O(l)(diam(suppd)) +3 |ah,,»|)(Ax)2 — 0(1)(Ax)%.
0

i<0

As in (6.9), we obtain

Vi = 0 Y lowil + 0" = . ) Ax.

i<0

Then

1
/ Vil dy, = O(1)(diam(supp.$))° Ax,
0

1
/ Vhdﬁh
0

where déh =dvo---dop_1dOp4q - -
Since

Z/ Vh‘?k do éz
h>k 7/ H h>k

||V||L2(H):Z/H‘7h2dl9+2Z/H Vi, Vi do,

h g 1 h>k
we conclude that

IVIlz2ry = 0 as Ax — 0,
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which, corEbining with (6.7)—(6.8), gives a subsequence (still denoted by) { (i, vin,)}
such that V' — 0 almost everywhere. Meanwhile, we have

Vi — Vi

mooh oy ()

S f (6 Cone yu () — B (. 1)

nn 1 31 )
x (p(xp—, uxp—, y) — pCept, Yu(xp+, y)) dy
Yy (h)
+ / (@ xhy Yny, (W) — @ (xp, y))
Vg 1 (1)
X (p(Xh—, )’)M(Xh—a y) - p(xh_'_’ y)u(xh+’ y)) dy
hAx,z?(xh)
+ / (¢ xn Yy pr1(h) — P (xp. )
Vg, j, ()
X (p(xp—, ulxn—, y) — pGep+, Yulxp+, y)) dy
_VnX, (h)
+ / (B Y,y (1) — B, )
X

Ax,9 (Xn)
x (o=, Yulxn—, y) — p(xp+, Yu(xp+, y)) dy
)’nx<h+l(h)
+/ (& s Yny a1 () — @ (xn, ¥))
Yy (R
X (o Gen—, Y)uxn—, y) — p(xp+, Y)uCep+, y)) dy

npp—1 '

: V()

=0(HAx ) (pxn—, Yyulxp—, y) = pCep+, Yulxp+, y)) dy
Vl:ﬂx,h'f'l ynfl(h)

+ O(1)(Ax)?

=0 Y lanil +0* =+ 1)(A07,

i<0
which leads to

V-—V= Z Vi — Vi, = O(1) diam(supp ¢) Ax.
h>1

Thus, IV — 0 as m — oo for some subsequence {(i,, vy,)}- |
Proposition 6.3. V, VI — 0 as Ax — 0.
Proof. Since

v(xp+, b(xp)—)

b (x) = —— D 2T
0 = G b =)

for x € (xp, Xp+1),
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it follows from the construction of our approximate solution that
v(x, b(x)) — u(x, b(x))b' (x) = O(1)Ax.
Therefore, we have
V = O(1)diam(suppp) Ax - 0  as Ax — 0.

As for VI, we divide this term into three parts. The first part is the integral along
the leading shock, where W), ; = Sax p.5. For this part, by similar arguments in
treating V, we have

> (sn(pTu® —p~u™) = (pTvT = pTv 7)) dx = O()Ax.
h

Sax.0.h

The second part is the integral along the upper or lower edges of rarefaction waves
and therefore vanishes automatically. The third part is the integral along the weak
shock waves, that is, Wy ; # Sax.».n. In this case, by (4.1), we have

p Ut —pTuT = (U = pTu ) iy + O TUT = pTUT) 24 Ax,
ptvt —pTvT = (v = p TV ) emmr + O (0 VT = pTVT) gy 4 Ax.

Thus, in view of the Rankine-Hugoniot conditions, we obtain

Y Gnitetut —pTuT) = (pTot —pTv ) = 0() Y lasnilAx,

l

where o p,; are the weak shock waves in Qay g 5. Combining all the three parts
together, we have

IV = O(1) diam(supp§) Y las.il Ax + O(1)Ax.

1

By Proposition 5.1, >, |as 5,i| is uniformly bounded with respect to 4. Therefore,
IV—> 0as Ax — 0. a

With all the arguments stated above, a standard procedure as in [18,38] gives
the following theorem, which ensures the first part of the main theorem:

Theorem 6.1. Suppose that (Al1)—(A2), 1 <y < 3,and 0 < py < p* hold. Then,
when My is sufficiently large, there are &y > 0, anull set N, and a constant C > 0,
depending only on po and the system, such that if T.V.{p"} = &p < &, for each
DS ]_[ZOZO[O, D\, there exist both a subsequence {Ai}72, C {Ax} of the mesh
size with A; — 0asi — oo and a triple of functions by (x) with by (0) = 0, xp» (x)
with x3(0) = 0, and Uy (x, y) € O, (G(S()) NW(po, poo)) such that

(i) ba, v converges to by uniformly in any bounded x-interval,;
(i) x ;9 converges to xy uniformly in any bounded x-interval;
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(iii) b’AM} converges to (bly); € BV ([0, 00)) a.e., satisfying

sup [(b))+.(x) — bol < Cepy by (x) = /0 (B (1)dr;

x>0

(iv) sa;,9 converges to sy € BV ([0, 00)) a.e., satisfying

X
sup [sy (x) — sol < Cep, xza(X)=/0 sy ()dt;

x>0

1

(V) Un,; 9 (x, ) converges to Uy € L,

(—o00, by (x)) for every x > 0, so that

sup TVAUy (x,y) : x(x) <y < b(x)} < C(ep + by — s0),

x>0

and Uy is a global entropy solution of the inverse problem (1.1)—(1.2) and
satisfies (1.8)—(1.9).

7. Asymptotic Behavior of Global Entropy Solutions

To establish the asymptotic behavior of global entropy solutions, we need further
estimates of the approximate solutions.

Lemma 7.1. There exists a constant M1, independent of Uayx,9, Ax, and ¥, such
that

> Eacs(A) < M, 7.1)
A

Jor Eax»(A) given as in (5.2).

Proof. By Proposition 5.1, for any interaction region A C {(h — )Ax < (h +
1)Ax} for h = 1, we have

Y Earp(A) £4) (F(I) = F())) S4F ().
A A

Thus, choosing M} = 4F (1) + 1, the proof is complete. O

Forany r > 0,let £; y(t—), j = 1, 2, be the total variation of j—weak waves
in Uy crossing line x = ¢, and let L; ox 9 (t—), j = 1, 2, be the total variation of
Jj—weak waves in Ua, p crossing line x = ¢. Then we have

Lemma 7.2. 25:1 Ljy(x—)— 0asx — oo.

Proof. LetUp, » be asequence of the approximate solutions introduced in Theorem
6.1, and let the corresponding term Ea, » (A) be defined in (5.2). Asin [25], denoted
by dEay,» the measure of assigning quantities Eax y(A) to the center of A. Then,
by Lemma 7.1, we can choose a subsequence (still denoted as) dE A, » such that

dEAi,ﬁ —> dEﬁ as Ai — 0
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with Ey (A) < oo.
Therefore, for 1 > 0 sufficiently small, we can choose x,, (independent of
Ua,; ), Ai, and ¥ such that

Z Ep;o(Apn) < é€1.

h>[x€l/Ax]

Let X‘gl1 = (Xg, XA;,0(Xg;)) and Xgl = (xg;, ba,; v (x¢,)) be the two points lying in
the approximate leading shock y = xa, ¢ (x) and the approximate boundary y =
ba,,»(x), respectively. Let x i,-, » be the approximate j—generalized characteristic
issuing from X;gj1 for j = 1,2, respectively. According to the construction of the

approximate solutions, there exist constants M; > 0, j = 1,2, independent of
Ua,; 9, Aj, and ¥, such that

XA, 0 (D) = XA o O] £ Mj(1x1 — x2l + A;) - forxi, xp > xe,.
Then we choose a subsequence (still denoted by) A; such that
J J .
Xaio = Xy as A; — 0

for some x; € Lip with (x;)’ bounded.

Let two characteristics x$ and Xz% intersect with the cone boundary I'y and
the leading shock Sy at points (tgll , Xé (tglI )) and (tgz1 , x§ (tgzI )) for some tgll and tszl,
respectively. Then, as in [25], we apply the approximate conservation law to the
domain below x ii’l, and above x i;,z? and use Lemma 7.1 to obtain

LinoG=)=C Y Eng(Ann) < Ce

h>[xg; /Ax]
for j =1,2,x >t} + 2. This completes the proof. O
Theorem 7.1. For pgo = limy_ oo pb(x), Soo = limy_ o0 59 (x), and b, =

limy— o0 (1719)/+ (),

Timsup | [Uy (v, 9) = T3 500, G| 1 1000) < v < by =0,

y—1
1 - 2, v(ph) 1 7P
~|U®BL; 500, G =~ = = ,
2| (Doos S0o (soo))‘ + v —1 2+)/—1

U (b So0r G(800)) - (b, 1) = 0.

y—1
Y

Proof. For every x € [xx—1, Xx), we have

U (x,y) = U(0: 58,9, Glsa0))| + [UD, 93 58,9, Glsar0) - (=bly, 5. 1|
Pho) 7 7
1~ 2 Ya) 71 ypsd
—|UW®D\ 5:5n: 9, G(SA, TTAXK,
+|510®h, o5 5800 Glsa )| + e R
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< C(iﬁj,m,ﬂ(x—) +1ai]).

j=1
By Theorem 6.1, letting i — 0o, we obtain

sup  |Up(x,-) — U(os 89, G(s9))| +|U(bs) 5 59, G(s9)) - (—bly, 1]

xo (x)<y<by (x)
y=1 y=1
v v 1 ypd
—1 2 y—1

1, ~
+ 5100 59, G+

2
SCY Ljpk—).

Jj=1

Then, using Lemma 7.2 and noting that U (0; s, G(s)) is a continuous function with
respect to o and s, we conclude our result. O
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