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Abstract

This thesis considers how fiscal and monetary policy should be conducted in resource-
rich economies. It consists of three papers addressing: whether governments should spend,
save or invest volatile oil income; the assets they should save in; and how monetary policy
should respond.

The first, “Eight principles for managing resource wealth”, shows that capital-scarce
countries should save relatively less against oil price volatility, and invest more in domestic
capital. They also should prepare for volatility in advance, and treat savings as a source
of income rather than a temporary buffer. To show this the paper develops a framework
that nests a variety of existing results, which are presented in eight principles.

The second, “The Elephant in the Ground: Oil extraction and asset allocation in
sovereign wealth funds”, shows that governments should use sovereign wealth funds to
offset oil price risk, extract oil faster if its price is pro-cyclical, and use precautionary
savings to manage any residual volatility. To do this it combines three strands of literature
for the first time: on continuous-time portfolio theory, oil extraction and precautionary
savings.

The third, “Optimal monetary responses to oil discoveries”, addresses the anticipation
effects around an oil discovery. It shows that the terms of trade will need to appreciate
twice: once when oil is discovered and consumers anticipate future revenues; and again
when the government begins spending the revenues. Oil wealth will give the monetary
authority an incentive to appreciate the terms of trade, in addition to stabilising domestic
inflation and the output gap. Optimal policy is well-approximated by a standard monetary
rule that also responds to expected changes in the natural level of output.
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Chapter i
Introduction

How should fiscal and monetary policy be conducted in resource-rich economies? This

thesis addresses that question in three stages. The first considers whether governments

should spend, save or invest their resource wealth. The second considers what types of

assets they should save in. The third considers how monetary policy should respond.

Non-renewable natural resources dominate nearly a quarter of the world’s economies.1

Of the approximately 200 sovereign states in the world, 130 are endowed with natural

resources and 47 are resource-dependent (by the IMF’s definition, USGS, 2013 and Baun-

sgaard et al., 2012). Sixty per cent of resource-dependent economies have a sovereign

wealth fund, though they are more common in wealthier nations (SWF Institute, 2013).

Seventy-five per cent have some form of exchange rate targeting regime, split evenly

between developing and developed countries (IMF, 2009). Some resource-dependent

economies have benefited greatly from their natural wealth, including Norway, Qatar and

the UAE. However many have not, fifty-five per cent of these countries have a human de-

velopment index of “low” or “medium”, including Angola, Chad and Nigeria (Baunsgaard

et al., 2012).

These experiences have led natural resources to be described as a “curse”, though
1This thesis focuses on non-renewable natural resources such as minerals, oil and gas, rather than

renewable resources such as agriculture, forestry, fisheries, water and renewable energy. While the major
challenge for non-renewable resources is to make the most of a temporary windfall, the challenge for
renewable resources is to ensure that they are sustainable.
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they may be more appropriately described as a “challenge”. In a seminal study, Sachs and

Warner (1997) find that natural resource dependence has a strong, negative effect on the

growth of GDP per capita, controlling for a host of characteristics. This effect has been

attributed to de-industrialization (or Dutch disease, see Corden and Neary, 1982), oil price

volatility (Poelhekke and van der Ploeg, 2009), political instability and corruption (Sala-

i-Martin and Subramanian, 2003 and Acemoglu et al., 2004), environmental degradation

(see review by van der Ploeg, 2011), and absorption constraints (van der Ploeg and

Venables, 2013).

The challenge posed by natural resources is compounded by their transience. This

leads to a practical, if not moral, imperative to make the most of their fleeting benediction.

The Pacific island nation of Nauru is a case in point. At 10,000 people and 8 square miles

Nauru is the second smallest sovereign state in the world, after Vatican City. For a brief

period in the late 1980s they were also one of the richest. For millenia, migrating birds

rested on its coral outcrops, forming dense and valuable reserves of phosphate. At their

independence from Australia in 1968 these reserves were valued at AU$ 500,000 per person

(1968 currency, Hughes, 2004). By 2004 this was whittled to only AU$ 3,000 per person,

after a succession of failed investments including West-End musicals, a cruise ship that

did not leave port and a yellow Lamborghini for the police chief (despite a single coastal

road with 25mph speed limit, McDaniel and Gowdy, 1999). Mining has also left much of

the island uninhabitable. I witnessed this transformation first-hand as a child living on

Nauru. A desire not to see these mistakes repeated motivates this work.

Addressing the resource challenge involves everything from initial exploration to the

transition to a post-resource economy. Topics include: extracting resources - involving

whether to explore and how quickly to extract; raising revenues - through auctions, taxes

and royalty schemes; managing revenues - through spending, saving or investing and

the associated monetary policy; and designing institutions - to avoid corruption, protect

the environment and preserve wealth for future generations. An overview of current

policy advice on these topics is given by the Natural Resource Charter, a non-government

initiative by policymakers and academics which was adopted by the African Union Heads

of State steering committee in 2012, and is now being implemented in Nigeria (Natural

2



Resource Charter, 2013).2

This thesis focuses on how resource revenues should be managed. Once revenues have

been received, the government must strike an important balance. Spending revenues too

quickly will deprive future generations of a national asset, and may lead to problems with

absorption, corruption and volatility. Spending them too slowly may forgo the opportu-

nity to accelerate development and boost consumption. Saving the revenues in poorly

constructed portfolios will expose public finances to excessive risk. Poorly conducted

monetary policy will see oil price fluctuations buffet the economy, through inflation and

the output gap.

The thesis consists of three papers. The first begins broadly, considering whether the

government should consume resource wealth, save it abroad in a sovereign wealth fund

or invest it in domestic capital. The second steps deeper into the question of saving, by

considering how sovereign wealth funds should coordinate their above-ground portfolio

with below-ground resources. The third then considers how the central bank should

respond to government policy.

The first paper, titled “Eight principles for managing resource wealth”, considers

whether the government should consume, save or invest volatile resource wealth. It ex-

tends existing literature by showing that if capital is scarce, as in developing countries,

then less should be saved against volatile oil prices and more should be invested domesti-

cally. In doing so the paper develops a framework that nests a variety of existing results

as special cases, which are presented in eight principles.

Existing literature has found that oil wealth should be saved in a sovereign wealth fund:

saving more if prices are volatile and less if capital is scarce. The argument for saving oil

wealth in a sovereign wealth fund, and consuming only the permanent income, is based on

sharing wealth across generations (the permanent income hypothesis by Friedman, 1957).

If capital is abundant then the fund should hold foreign assets, because any profitable
2Also see overview by van der Ploeg (2011), Daniel et al. (2010) on raising revenues and van der Ploeg

and Venables (2012) on managing revenues.
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domestic investments should already be financed by debt (the separation theorem by

Fisher, 1930). Oil prices are also volatile, so there should be additional precautionary

saving to build up a Volatility Fund (see Kimball, 1990, the review by Carroll and Kimball,

2008, and in a resource context by van den Bremer and van der Ploeg, 2013). Finally, if

capital is scarce - as in developing countries - then less should be saved because domestic

investments will have a higher return (van der Ploeg and Venables, 2011).

This paper is the first to study the effects of volatility when capital is scarce. It shows

that capital-scarce countries should save relatively less in a Volatility Fund, and invest

relatively more domestically, than capital-abundant ones. The Volatility Fund should be

smaller because capital-scarce countries should already be saving to promote development.

The benefit of saving even more will be outweighed by the cost of consuming less. Part

of the Volatility Fund should be invested domestically. This is because the Fund is a

relatively cheap source of finance, and will have a higher realised (and social) rate of

return at home than abroad. Domestic capital may be less liquid than foreign assets, but

the Volatility Fund should be a source of income rather than a buffer against temporary

oil price shocks, as they are very persistent.

To show this the paper develops an intuitive framework than nests a variety of exist-

ing results as special cases, which are presented in eight principles. Oil price volatility is

modelled using stochastic control. Its effect on the economy is summarised in two equa-

tions describing the expected paths of consumption and total wealth: the Euler equation

and budget constraint, respectively. This framework lends itself to explicit results, which

can be neatly explained using phase diagrams. This framework nests as special cases: the

permanent income hypothesis (Friedman, 1957); capital-abundant economies with volatile

income (van den Bremer and van der Ploeg, 2013); and capital-scarce economies with cer-

tain income (van der Ploeg and Venables, 2011). These results, and some extensions, are

presented in eight principles for use by policymakers, students and researchers.

The second paper, titled “The Elephant in the Ground: Extracting oil and allocating

assets in sovereign wealth funds”, considers how sovereign wealth funds should coordinate
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their above-ground portfolio with below-ground resources. It combines three strands of

literature for the first time: on portfolio allocation, oil extraction and precautionary

savings. The paper shows that sovereign wealth funds should offset oil price risk, extract

oil faster if it is positively correlated with the market, and use precautionary savings to

manage any residual volatility.

Oil exporters have two large components of wealth, oil below the ground and sovereign

wealth funds above it. Norway’s Government Pension Fund Global is worth approximately

US$ 700 billion, and its subsoil oil is worth approximately the same. Norway has also

been described as a “model” for managing sovereign wealth fund assets (Chambers et al.,

2012). However, like most resource exporters, Norway’s allocation of assets above the

ground does not take into account its assets below the ground.

This paper combines three strands of literature: on portfolio allocation, precautionary

saving and oil extraction. There is a long and distinguished literature on how assets should

be allocated in a portfolio (see for example Markowitz, 1952 and 1959, Tobin, 1958, and

Merton, 1990). Recent papers have noted that resource wealth should affect sovereign

wealth funds, though they ignore consumption and extraction, and rely on simulations.3

Precautionary saving describes how volatile income should delay consumption to build up

an additional stock of assets (see Leland, 1968, Kimball 1990 and the review by Carroll and

Kimball, 2008). Oil extraction has been studied since at least Hotelling (1931). Pindyck

(1980 and 1981) and van der Ploeg (2010) both consider extraction when oil prices are

volatile and also find that volatility should hasten extraction. Oil investment has been

studied by van den Bremer and van der Ploeg (2013) and the first paper in this thesis.

However, these papers do not acknowledge that oil wealth will still be volatile after it has

been extracted, because it may be invested in financial assets. This paper addresses that

shortcoming.

This paper shows that sovereign wealth funds should offset oil price risk, extract oil

faster if it is positively correlated with the market, and use precautionary savings to

manage any residual volatility. Offsetting oil price risk has two effects on the assets in
3See the numerical work of Gintschel and Scherer (2008), Scherer (2009a, 2009b) and Balding and Yao

(2011).
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the fund: a wealth and a substitution effect. The wealth effect increases the amount

of each risky asset, because there is other wealth outside the fund. The substitution

effect generally increases (reduces) the holdings of assets that are negatively (positively)

correlated with oil, though the exact allocation requires principle components analysis.

Oil should be extracted faster when considered as part of a financial portfolio, to generate

a risk premium on volatile subsoil assets. Precautionary savings should only manage

residual volatility; because the government should be insulated from any idiosyncratic

shocks by the sovereign wealth fund.

The third paper, titled “Optimal monetary responses to oil discoveries”, considers how

monetary policy should respond to the government’s management of oil revenues. This

paper characterises oil discoveries, derives the central bank’s objective function and shows

that optimal monetary policy is well-approximated by a standard monetary rule that also

responds to expected changes in the natural level of output.

There is little existing theory on oil exporters in a modern setting. Early literature

found that anticipated oil revenue can cause a recession before production begins, though

this was before the advances in dynamic, stochastic general equilibrium models (see East-

wood and Venables, 1982, Buiter and Purvis, 1983, van Wijnbergen, 1984, and Neary and

van Wijnbergen, 1984). Recent literature has focused on resource importers (see Kilian,

2009, Bodenstein et al., 2012), or numerical simulation of resource exporters (Elekdag et

al., 2007, Dagher et al., 2010). Romero (2008) considers optimal monetary policy for an

oil exporter, but abstracts from anticipated oil revenues.

The paper makes three contributions. This first is to characterise an oil discovery. It

will cause the real exchange rate to appreciate twice: once when it is discovered and con-

sumers anticipate future revenues, and again when the government spends the revenues.

If prices are sticky and the nominal exchange rate is fixed, as in 75% of resource exporters,

then this will lead to an extended period of inflation: both forward- and backward-looking.

The second is to derive the central bank’s objective. This will be the standard goal of

stabilising inflation and the output gap. In addition it will have an incentive to appreci-
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ate the terms of trade, to exploit oil wealth. The third is to show that optimal monetary

policy will be well approximated by a typical monetary rule, with an additional term that

responds to the expected change in the natural level of output. In practice it will cause

a sharp, temporary loosening of policy when government spending begins. This allows

the real appreciation to happen entirely through the nominal exchange rate (one flexible

price), rather than firm’s prices (many sticky prices).

Each paper emphasises a different technique in the economists toolkit. The first paper

uses a simple application of stochastic control in continuous time, but focuses on drawing

out policy implications. The second paper uses a more detailed treatment of stochastic

control, as is common in the literature on continuous-time finance. The third paper uses

a small dynamic stochastic general equilibrium model to derive explicit solutions, which

is at the core of modern macroeconomics.

This work has direct policy implications, and has been used to inform policy in Ghana,

Iraq and Norway. In December 2010 Ghana began producing oil for the first time, from the

offshore Jubilee field. A project for the International Growth Centre and the government

of Ghana (Stefanski, van der Ploeg and Wills, 2012) concluded that Ghana’s priority

should be investing oil revenues in domestic capital, to accelerate development. The

remaining revenues should be saved in volatility and future generations funds. A parking

fund, to temporarily alleviate absorption constraints, is optional given the modest size of

the windfall. These recommendations were closely linked to the eight principles presented

in Paper 1, and informed the design of Papers 1 and 2. They were also reflected in the final

structure of Ghana’s Petroleum Revenue Management Act (2011), described in Paper 1.

In December 2011, all remaining US troops were withdrawn from Iraq, and the country

had signed oil extraction contracts amounting up to 12 million barrels per day for the

coming decades. If filled, these will make Iraq the world’s largest oil producer. A project

for the World Bank and the government of Iraq (van der Ploeg, Venables and Wills,

2012), analysed a range of scenarios for government spending. It found that Iraq’s priority

should be to establish a temporary parking fund, as the size of the windfall would lead to

7



significant absorption constraints. Investment should slowly be released into the economy

to build up absorptive capacity. This work also draws on Paper 1, and informed the

design of Papers 1 and 2. The project involved building a model for future use by Iraq’s

Ministry of Finance, and the report will form part of a Country Economic Memorandum

on Iraq (World Bank, forthcoming). A similar project is now starting on Libya.

Case studies on Ghana and Iraq were also prepared for the Natural Resource Charter,

which was since adopted by the Nigerian government in 2012.

Norway’s Ministry of Finance is continuously reviewing the allocation of assets in its

sovereign wealth fund. In 2008 they considered selling all oil and gas stocks, because of

their subsoil exposure. However they have not considered offsetting their exposure to oil

across a range of asset classes. In May 2013 I presented the results of Paper 2 to the

Ministry of Finance’s Asset Management Department, which raised the issue for the first

time. Discussion is still ongoing.

Finally, the third paper was assisted by an additional project at the Bank of England

in 2012. The Bank of England’s conduct of quantitative easing since 2009 has posed

a challenge for existing models. These models do not incorporate an explicit role for

money, provide limited insight into sectoral phenomena and do not consider the feedback

between money and lending. A project in 2012 (Cloyne, Thomas and Wills, forthcoming)

addressed those shortcomings by developing and estimating a sectoral model of money

and lending, which could be used to analyse recent policy. It found that monetary policy

has a greater, though slower, effect than previously thought. While not directly linked,

this project assisted the third paper by providing an insight into the practical conduct of

monetary policy. The project is now being integrated into the Bank of England’s suite of

models.

The remainder of this thesis proceeds as follows. The first paper considers whether

governments should spend resource wealth, save it in a sovereign wealth fund or invest

it in domestic capital. The second paper considers the types of assets that the sovereign

wealth fund should invest in, and how this should be coordinated with the extraction of

oil. The third paper considers how monetary policy should respond to fiscal policy.
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1 Introduction

Should governments consume, save or invest their natural resource wealth? Existing work

suggests that resource wealth should be saved in a sovereign wealth fund and consumed

steadily. More should be saved if commodity prices are volatile and less if capital is scarce.

This paper is the first to combine the stochastic literature on precautionary saving with

recent deterministic literature on capital-scarcity. It shows that capital-scarce countries

should save relatively less in a Volatility Fund, and invest more domestically, than capital-

abundant ones. The fund should be built in advance if the windfall is anticipated, and

be a source of income rather than a temporary buffer to smooth out oil shocks. The

real exchange rate should appreciate steadily if capital is scarce, but be stabilised by

investment if capital is abundant. To show this the paper develops an intuitive framework

that nests a variety of existing results, which we present in eight principles.

Managing natural resources presents a major challenge for policymakers. Using global

panel data from 1963 to 2003, Collier and Goderis (2009) estimate that for a country with

commodity exports accounting for 35% of GDP, a 10% increase in commodity price leads

to a 4 to 5% lower long run level of GDP per head.1 The cause of this “resource curse” has

been attributed to de-industrialization (or Dutch disease, see Corden and Neary, 1982), oil

price volatility (Poelhekke and van der Ploeg, 2009), political instability and corruption

(Sala-i-Martin and Subramanian, 2003 and Acemoglu et al., 2004), and environmental

degradation (such as the case of Nauru in Hughes, 2004).

Addressing this challenge is at the forefront of the international policy debate. The

International Monetary Fund (IMF) and World Bank regularly provide guidance to re-

source exporters (see Barnett and Ossowski, 2003, Baunsgaard et al., 2012, IMF, 2012

amongst others). Non-government organizations also advise policymakers on resource

management, including the International Growth Centre and the Natural Resource Char-

ter: recently adopted by the African Union Heads of State steering committee in 2012,

and now being implemented in Nigeria.
1There is a large body of literature on the resource curse, including Sachs and Warner (1999, 2001),

Gylfason et al. (1999), Sala-i-Martin and Subramanian (2003) and Collier and Goderis (2009), and
reviewed by van der Ploeg (2011).
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The decision to consume, save or invest resource wealth lies at the heart of this debate.

For many years the policy consensus was based on Friedman’s (1957) permanent income

hypothesis: that a temporary income stream should be saved and only the permanent

income from interest should be consumed. It assumes that capital is readily available, so

domestic investment should not be affected by oil discoveries, as all profitable projects

should already be financed by debt (the Fisher, 1930, separation theorem).2 This under-

pins why 60% of resource-exporters save wealth abroad in a sovereign wealth fund (as

advocated by Davis et al., 2001 and Barnett and Ossowski, 2003).3

Recent research is challenging the conventional wisdom. Oil prices are volatile, so there

should be some precautionary savings in a Volatility Fund (see the review by Carroll and

Kimball, 2008, and van den Bremer and van der Ploeg, 2013). Oil4 wealth also provides an

important source of finance, particularly for capital-scarce developing countries. The rate

of return on domestic investment in these countries is likely to be much higher than on

offshore government bonds. Thus, some oil wealth should be directed towards investment

(van der Ploeg and Venables, 2011, van der Ploeg, 2012). However, the effects of volatile

oil prices if capital is scarce have not been studied.

This paper extends past work by considering how volatile oil prices will affect capital-

scarce economies.5 If capital is scarce, then the government should save relatively less in a

Volatility Fund. This is because such countries should already be saving a lot to overcome

capital-scarcity. The benefit from additional saving will partly be outweighed by the costs

of consuming less. Some of the Volatility Fund should also be invested domestically, as

saving abroad (or repaying debt) will reduce borrowing costs and make more domestic

investments viable. Investing some of the Volatility Fund domestically will equate the rate

of return on saving abroad with that on investing at home. These results are presented
2Hartwick (1977) first argued that revenues from exhaustible resources should be invested in domestic

capital, to offset the declining stock of reserves. In essence, assets below the ground should be replaced
by assets above the ground. However, this ignores access to foreign capital.

3Rather than using the permanent income hypothesis to justify a sovereign wealth fund, Hsieh (2003)
uses payments from Alaska’s Permanent Fund to test the hypothesis, and confirms it by showing that
households do smooth anticipated income.

4For convenience we will use “oil” as shorthand for resources more generally.
5“Capital-scarcity” is captured by assuming that there is a debt premium on interest rates. This

mechanism is also used to “close” small open economies, inducing stationarity in general equilibrium
models facing stochastic shocks (see Schmitt-Grohe and Uribe, 2003).
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in Principle 7.

This paper also adds new emphasis to existing results that may have been overlooked.

Principles 1,2 and 4 show that policymakers should start preparing for volatility as soon

as oil is discovered, even if it is received in the future. Principle 2 shows that the Volatility

Fund should be treated as an additional source of permanent income, rather than a buffer

that can be consumed when oil prices are low. This stems from the high persistence of oil

price shocks. Principle 3 emphasises that the real exchange rate should be stabilised during

an oil boom by investment, rather than just accumulating foreign reserves. Principle

5 shows that the speed at which oil is extracted will alter how it is spent, if capital

is scarce. This is because financial markets are not available to separate income from

expenditure. Principle 8 emphasises that governments in developing countries should also

support private capital if it is credit-constrained, to improve the productivity of public

capital.

To do this the paper develops an intuitive framework that nests a variety of existing

results, which we present in eight principles. Oil price volatility is captured using stochas-

tic control, and its effect on the economy is summarised in two equations describing the

expected path of consumption (the Euler equation) and total wealth (the budget con-

straint). This permits explicit results, and can be neatly explained using phase diagrams.

The framework nests as special cases: the permanent income rule (Principle 1, Friedman,

1957); precautionary savings if capital is abundant and prices are volatile (Principle 2,

van den Bremer and van der Ploeg, 2013); and saving for development if capital is scarce

and prices are certain (Principle 4, van der Ploeg and Venables, 2011). Simple exten-

sions capture the real exchange rate (Principle 3, van der Ploeg and Venables, 2013), and

absorption constraints (Principle 6, van der Ploeg, 2012).

1.1 Characteristics of resource windfalls

The eight principles respond to the particular challenge of managing resource revenues.

These revenues can be treated as a windfall of foreign currency. They are volatile, though
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the volatility diminishes as oil is extracted. Oil revenues are also usually anticipated,

because of delays between discovery and production. Finally, the majority of resource-

dependent economies are developing.

Resource revenues can be treated as a windfall of foreign currency. Commodity trans-

actions, particularly oil, tend to be conducted in US dollars. Resource extraction is not

particularly labour intensive, Norway’s petroleum sector accounts for 21% of GDP but

only 7% of employment, directly or indirectly (Statistics Norway, 2013). Extraction is

more capital intensive, however in developing countries this tends to be imported by ex-

traction firms, see Tullow Oil in Ghana. Resource wealth is therefore often modelled as

an exogenous windfall (see review by van der Ploeg and Venables, 2012).

Resource revenues are also notoriously volatile, though this volatility is only temporary.

Regnier (2007) finds that the prices of crude oil, refined petroleum, and natural gas are

more volatile than 95% of products sold by US producers. Commodity price volatility has

been used to explain the poor growth of resource dependent economies (see Ramey and

Ramey, 1995, Gylfason et al., 1997, Blattman et al., 2007, Aghion et al., 2009, Poelhekke

and Poelhekke, 2010 and van der Ploeg, 2010). However, this volatility is temporary, as

the exposure to oil prices falls as oil is extracted. This is not particularly important for

countries with extensive reserves: Venezuela, Canada and Iraq each have over 100 years

left at current rates of production. However, if reserves will be exhausted in the near

future then the change in exposure will be important: as in the next twenty years for

Brazil, Oman and Brunei (BP, 2012). Policymakers face the challenge of what to do with

a Volatility Fund if there is no more volatility.

Oil wealth is also usually anticipated. Once oil is discovered it can take years to build

the rigs, pipelines and processing facilities necessary for production. For example, of the

400 offshore oil and gas fields discovered in the UK between 1957-2011, the mean time

from discovery to production was 4.5 years (Wills, 2013). Policymakers face the challenge

of what to do during the period of anticipation.

Finally, most resource-dependent economies are developing: 55% have a Human De-

velopment Index of low or medium (Baunsgaard et al., 2012). These countries face many
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challenges, in particular limited access to capital. Recent work has shown that some

resource wealth should be invested domestically if capital is scarce, as the permanent

income hypothesis does not apply (van der Ploeg and Venables, 2011). Policymakers in

developing countries still face many challenges, including what to do before the windfall

begins, whether to build a Volatility Fund, how big it should be, and what it should invest

in.

1.2 The eight principles

This paper presents eight principles for managing natural resource wealth. The principles

are presented in a single framework, and differ for developed and developing countries.

The first set of principles apply to developed, capital-abundant economies, such as

Australia, Norway, the Netherlands and the UAE. The first priority of these countries

should be to save oil wealth for future generations (principle one) and against volatil-

ity (principle two). Investment should then be used to stabilise the real exchange rate

(principle three). These principles are consistent with current policy in some, but not all,

developed resource exporters.

The first principle is to “Smooth consumption using a Future Generations Fund”. A

Future Generations Fund should be used to borrow before-, save during-, and finance

consumption after the period of oil production. The size of the windfall will matter: if

it is large or long, then more should be borrowed beforehand and less saved during. The

fund is based on the permanent income hypothesis, and should be invested abroad if

capital is abundant, as discussed above. This principle underpinned policy advice over

the past decade,6 and provides a useful starting point for the analysis. The challenge of

what assets these funds should invest in has been addressed by van den Bremer, van der

Ploeg and Wills (2013).

The second principle is to “Build a Volatility Fund quickly, then leave it alone”, as

oil price shocks are persistent. A Volatility Fund should be used as an additional source
6See Barnett and Ossowski, 2003, and IMF, 2012, which note that 39% of resource dependent

economies were evaluated against the permanent income hypothesis on IMF visits.
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of income if prices are volatile. This based on precautionary savings.7 It has also been

widely studied in a natural resource setting.8 This principle extends previous work in

three ways. First, it focuses on analytical results. Second, it considers anticipated income

and finds that the Volatility Fund should be prioritised at the start of the windfall. This

includes saving (or borrowing less) before the windfall begins. Third, it shows that the

fund should be treated as a source of permanent income, rather than a temporarily buffer.

This is because oil price shocks are persistent, so if prices are low then they are likely to

stay that way. The Volatility Fund should therefore not be consumed after oil has been

extracted, but combined with the Future Generations Fund.

The third principle is to “Invest to stabilise the real exchange rate, if capital is abun-

dant”. When some goods are not traded, the extra demand from an oil discovery will

drive up their price and attract workers from traded sectors.9 Investing in the non-traded

sector will meet higher demand with higher production, rather than higher prices. This

principle extends previous work10 in two ways. First, by emphasising that a stable real

exchange rate is a useful goal for guiding investment policy. Second, by showing that

investment can limit Dutch disease if the initial capital stock is low, as fewer workers

will need to be attracted from the traded sector. This only applies when capital is abun-

dant. When capital is scarce the real exchange rate should slowly appreciate as capital is

accumulated, as found in section 4.4.

These principles support the policies of most, but not all, developed resource exporters.

Nineteen of the twenty resource-dependent economies with a Human Development Index

of “very high” or “high” have sovereign wealth funds (excluding Ecuador). These include

measures to manage volatility, such as Norway’s fixed-deposit/fixed-withdrawal rule11.
7Leland (1968) gave one of the first formal treatments of precautionary savings which was followed

by a number of papers including Sandmo (1970) and Zeldes (1986), and reviewed in Carroll and Kimball
(2008). Kimball (1990a and 1990b) introduced “prudence” as a measure of precautionary savings. For a
given utility function, U(C(t)), prudence is described by the coefficient of absolute prudence, CAP (t) =
−U ′′′(C(t))/U ′′(C(t)), akin to that for risk aversion.

8In a natural resources setting recent work includes van der Ploeg (2010) in two periods, van den
Bremer and Van der Ploeg (2013) in continuous time and with numerical simulations, and Bems and
de Carvalho Filho (2011), Cherif and Hasanov (2011) and (2013), and Berg et al. (2012) in calibrated
DSGE models.

9This is referred to as “Dutch disease”, see Corden and Neary (1982). This overturns the argument
for saving all resource wealth abroad based on the Fisher separation theorem.

10Such as van der Ploeg and Venables, 2011, who focus on absorption constraints.
11van den Bremer, van der Ploeg and Wills (2013) show that such a rule, with a withdrawal rate slightly
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The majority (75%) of these countries have pegged exchange rates, supported by stable

non-traded goods prices such as Saudi Arabia since 1990 (Darvas, 2012). Sound policies

have allowed countries such as Norway and the UAE to retain manufacturing sectors

despite large oil exports (see Fasano, 2002 and Larsen, 2005). Lessons could still be taken

from this analysis by countries such as Australia and Canada. These do not have national

sovereign wealth funds, relying instead on state-based vehicles in Western Australia and

Alberta. They have also seen high inflation in resource-rich states (ABS, 2013), which

could be managed by further investment in the non-traded sector.

The next set of principles apply to developing countries with limited access to capital,

like Ghana, Iraq and Nigeria. The first priority of developing countries should be to

invest domestically (principle four). As capital is scarce, the path of extraction will

alter their policy decision (principle five). If investment cannot be absorbed, then a

temporary Parking Fund should be used to hold revenues until they can be productively

used (principle six). In these countries the Volatility Fund should not all be saved abroad,

as domestic returns are high and the fund is an alternative source of income (principle

seven). Finally, if private capital is also constrained, then some resource revenues should

be used to boost it (principle eight).

The fourth principle is to “Finance consumption and investment with oil if capital is

scarce”. Developing countries face far higher costs of borrowing than developed ones.

Ghana’s 2013 issue of ten-year, dollar denominated bonds yielded 8%, whilst ten-year

US treasuries yielded 2.5%. At this cost of borrowing, many domestic investments will

have a higher realised (as well as social) rate of return than foreign assets. Van der

Ploeg and Venables (2012) show that oil revenues provide a cheaper source of finance for

these countries, and so should be used to accelerate development. Consumption should

also rise relatively more than capital-abundant economies, in the knowledge that future

generations will be wealthier.

The fifth principle is to “Save less if production is fast and capital is scarce”. This ex-

tends previous work by showing that the rate of oil production in capital-scarce countries

below the market rate of return, is consistent with precautionary savings.
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is important, as financial markets cannot be used to smooth revenues. Usually extract-

ing a windfall quickly will increase savings. Fast extraction increases the present value,

which needs to be shared with future generations. However, fast extraction in developing

countries will quickly relax borrowing constraints and reduce the debt burden on future

generations. Consumption should therefore jump further, anticipating higher wealth in

the future. Policymakers in developing countries should thus consider their development

needs when negotiating extraction agreements.

The sixth principle is to “Use a temporary Parking Fund to improve absorption”. An

oil discovery should boost investment in capital-scarce countries. However, they may have

difficulties absorbing a large influx of investment. This is because capital is needed to

produce capital (as established by van der Ploeg, 2011 and van der Ploeg and Venables,

2011). A lot of investment may also lead to corruption and poor project choice, as in

the island of Nauru (Hughes, 2004). Temporarily saving some funds abroad lets capital

accumulate, so that future investment is more productive. As the Parking Fund is tem-

porary, it should be managed separately from the more permanent Future Generations

and Volatility Funds.

The seventh principle is to “Invest part of the Volatility Fund domestically if capital

is scarce”. This shows how oil price volatility affects capital-scarce countries for the first

time. Capital-scarce countries should build a smaller Volatility Fund than their capital-

abundant neighbours. This is because the Future Generations Fund will be large, so

there is less benefit from additional saving against volatility. The Volatility Fund should

be treated as an alternative source of income, so some of it should be invested in high-

yielding domestic capital. This keeps the rate of return on foreign assets and domestic

capital in balance.12 Ghana recently established a Volatility Fund with its Resource

Revenue Management Act (2011). It has priority over the Future Generations Fund, but

receives 70% of sovereign wealth payments and does not invest domestically (see Figure

4.1).

The eighth and final principle is to “Support private investment”. Some developing
12van den Bremer and van der Ploeg (2013) illustrate precautionary savings in a two-period model with

capital scarcity. We extend this to many periods, and include investment.
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resource exporters have a significant deficit in private capital. The highly centralised

economies of Iraq and Libya both have capital stocks over 90% owned by the government

(World Bank, 2012 and van der Ploeg, Venables andWills, 2012). As there are diminishing

returns to public capital, and private capital improves its productivity, some oil wealth

should be used to alleviate private capital constraints. This can involve financing via

the domestic banking sector to “top up” private capital, similar to the UK’s Funding for

Lending scheme (Churm et al., 2012).

The last five principles provide support for current policy advice, including that pro-

vided by the Natural Resource Charter (NRC, 2013). The NRC is a collection of twelve

precepts designed to guide policymakers in resource-rich developing countries. Those

covering revenue management cover from Precept 7: “promote economic development

through high levels of investment” to Precept 10: “facilitate private sector investment”.

This paper adds further detail to how policy should be conducted during the anticipation

phase of a windfall, and on how volatility should be managed in developing countries.

The rest of the paper establishes these principles by proceeding as follows. Section 2

introduces the small, partial equilibrium model at the heart of our analysis, and reduces

it to two core equations: the Euler equation and the budget constraint. Section 3 then

uses the model to investigate policy in a capital-abundant developed economy, yielding

principles one, two and three. Section 4 extends this to the case of a capital-scarce

developing economy, adding principles four to eight. Section 5 concludes with suggested

extensions.

2 Model

This section introduces the framework underpinning our analysis. The model will be

stochastic and in continuous time, to neatly capture the effects of volatility. To simplify

the analysis it is partial equilibrium, so all consumption and output can be bought and

sold at the world price.13 The model is extended in sections 3.3 and 4.4 to general
13It is also a common simplification, see van der Ploeg 2011, van der Ploeg and Venables, 2012 and

2013, van den Bremer and van der Ploeg, 2013.
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equilibrium, to present important intuition that otherwise would be missed. This section

will use Ito calculus to reduce the problem to two simple equations: one governing the

expected evolution of consumption (the Euler equation); and the other governing the

evolution of total assets (the budget constraint). The following sections then use these

two equations to present the principles.

Let us begin with a social planner that receives exogenous oil income, P (t)Oi, and

non-oil income from production, Y (Ki), and must choose how much to consume, Ci(t),

how much to invest, I i(t), in domestic capital, Ki(t), and how much to save in foreign

assets, F i(t). The superscript i = [A,B,C] denotes the three phases the economy passes

through after an oil discovery at time t = 0: Anticipation, where OA = 0 for 0 ≤ t < T1;

Boom, where OB = O for T1 ≤ t < T2; and Constant income, where OC = 0 for T2 ≤ tC .

The planner’s general problem can then be summarised as follows,

J(F i, Ki, P, t) = max
C(t)

[
ˆ ∞

t

U(Ci(τ))e−ρ(τ−t)dτ

]
(2.1)

s.t.

dF i(t) = (r(F i(t))F i(t) + P (t)Oi + Y (Ki(t))− Ci(t)− I i(t))dt (2.2)

dKi(t) = (I i(t)− δK i(t))dt (2.3)

dP (t) = αP (t)dt+ σP (t)dZ(t) (2.4)

where J(·) is the value function, U(·) is the utility function, ρ is the rate of time

preference, r(F (t)) is the interest rate faced by the planner and which may depend on the

level of assets/debt, δ is the rate of depreciation on domestic capital and Z is a Wiener

process. In addition we will make four further assumptions regarding utility, interest

rates, output and oil prices.

We will assume that utility exhibits constant absolute risk aversion (CARA), U(C) =
1
−ae

−aC . This utility function is useful because it makes the effect of volatility on con-

sumption very clear (and is especially conducive to the explicit solutions we are after, as
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noted by Kimball and Mankiw, 1989, Merton, 1990, and Kimball, 1990b). As the abso-

lute degree of risk aversion - and by extension prudence - is constant, the effect of a given

level of volatility on consumption will also be constant. It will not depend on the level of

consumption itself. This is useful because the level of volatility faced by the planner will

change over time, as oil is extracted and less remains exposed to volatile oil prices. With

CARA preferences we are able to isolate the effects of these changes in volatility.14

Interest rates will have a linear premium on debt, given in equation 2.5. This is a

tractable way to capture the capital scarcity facing developing countries.15 If the country

is capital-scarce and indebted, F (t) < 0, then its cost of borrowing will rise according

to ω > 0. If the country is capital abundant or a net lender, F (t) ≥ 0, then we assume

that the country can borrow or lend freely at the world interest rate, ω = 0. We assume

that the world rate of interest is constant. In practice the prices of financial assets that

sovereign wealth funds invest in are also volatile. However, they tend to be less volatile

than oil prices, and so we make the simplifying assumption that the world rate of interest

is constant.

r(F (t)) =





r − ωF (t) for F (t) < 0

r otherwise
(2.5)

Output will be produced using domestic capital and a fixed stock of labour, and sold

at a constant world price. We assume that domestic firms produce a single internation-

ally traded good using technology, capital and labour, Y (K(t)) = AK(t)αL̄1−α, where

technology is constant and the supply of labour is fixed, L̄ = 1. This good will be sold at
14In contrast, the common “constant relative risk aversion” (CRRA) utility function exhibits dimin-

ishing absolute risk aversion. So, the effect of oil price volatility in our model could fall for two reasons:
because oil is being extracted, and because consumption is rising. This makes the results less clear, and
is less amenable to explicit solutions. Another way to think of it is that that consumption is affected by
the size of a volatile income stream under CARA, but by the share in total wealth of a volatile income
stream under CRRA.

15A similar debt premium is used for resource-rich developing countries by van der Ploeg and Venables,
2011 and 2012, and van den Bremer and van der Ploeg, 2013. A debt premium on interest rates is also
commonly used as a tool to remove the unit-root in models of a small-open economy (Schmitt-Grohe and
Uribe, 2003).
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the constant world price, P ∗ = 1. It is also the same as the single good consumed by the

social planner, Ci(t). Assuming a constant world price is a useful simplification, and it

lets us begin by ignoring the general equilibrium effects of changes in the relative price of

domestic goods. This also makes the analysis consistent with work by van der Ploeg and

Venables (2012) and van den Bremer and van der Ploeg (2013). In sections 3.3 and 4.4

we will take brief detours into general equilibrium, introducing a traded and a non-traded

good to see how the decision to consume, invest and save changes.

Oil prices will follow a geometric Brownian motion with zero drift, α = 0. In practice

oil price shocks are very persistent with little drift.16 By setting the drift of oil prices

to zero we make the analysis simpler and ensure the present value of the income stream

is finite. As price shocks are persistent, a shock today will affect the price in all future

periods. Positive or negative shocks are equally likely at any point in time. This means

that the volatility of oil prices increases exponentially into the future.

Now we turn to solving the social planner’s problem. Dropping superscripts for sim-

plicity, the Hamilton-Jacobi-Bellman equation for the problem in 2.1 to 2.4 is,

max
C

[
U(C(t))e−ρt + 1

dt
Et[dJ(F,K, P, t)]

]
= 0 (2.6)

where Ito’s lemma can be used to express the right hand term as,

1
dt
Et[dJ(F,K, P, t)] = JF (r(F )F + PO + Y (K)− C − I)

+JK(I − δK) + Jt + 1
2JPPσ

2P 2 (2.7)

The first order conditions with respect to consumption, investment, foreign assets, and

domestic capital can be summarised in the following two equations, derived in Appendix
16see Bems and de Carvalho Filho (2011) and van den Bremer and van der Ploeg (2013) who estimate

α = 0.009.
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A, which describe the evolution of the marginal utility of foreign assets and equating the

marginal product of capital with the interest paid on foreign borrowings,

Et[dJF ]/dt
JF

= −(r − 2ωF ) (2.8)

r − 2ωF = αAKα−1 − δ (2.9)

Domestic capital and foreign assets will be tied together by an optimal asset allocation

condition, equation 2.9. This condition intuitively states that the social planner should

allocate total assets so that the marginal benefit of paying down foreign debt (reducing

both the stock of debt and the interest that is paid on it), equals the marginal benefit

of investing more in domestic capital (boosting output). So, if consumption differs from

income at any time, both domestic capital and foreign assets should increase or decrease

together. Overall it can be seen that domestic capital increases more rapidly than foreign

assets, so that its share in total assets, S̄ = F +K, will rise.

The value function must satisfy the optimality condition in 2.10. This is derived from

the first order conditions in Appendix A,

− 1
a
JF + {Jt + JF (r(F )F +PO+ Y (K)−C − I) + JK(I − δK) + 1

2JPPσ
2P 2} = 0 (2.10)

Finding an explicit solution for the value function is not straight-forward, for three

reasons. The first is the risk premium on debt. The second is the non-linear production

function. The third is that the exposure to oil price volatility varies as oil is extracted.

It is relatively straightforward to find the value function when volatile income is constant

in size (under CARA preferences), or is constant as a share of total wealth (under CRRA

preferences as discussed in Merton, 1990 and Chang, 2004). However, it is much more

challenging when volatile income changes over time. In the next section we arrive at an
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explicit solution for the value function when oil prices are certain. When oil prices are

uncertain we will take a different tack.

Rather than finding an explicit solution for the value function, we can still gain a lot of

intuition by examining the dynamics of consumption and total assets, S̄ = F +K. These

are given in equations 2.11 and 2.12 and derived in Appendix A. They are expressed in

terms of linear deviations from a steady state, S = S̄ − S∗, where capital scarcity is

overcome and oil income is exhausted, F ∗ = 0 and O∗ = 0,

1
dt
E[dCi(t)] = (r − ρ− 2ω

a
fSi(t)) + 1

2aP (t)2Ci
P (t)2σ2 (2.11)

1
dt
dSi(t) = rSi(t) + P (t)Oi − Ci(t) + C∗ (2.12)

The expected dynamics of consumption are given by the Euler equation in 2.11. The

first term describes the typical trade-off between consuming today, or saving at rate r

for future consumption, which is discounted at rate ρ. In addition, the desire to save will

depend on total assets through the risk premium on debt, F i(t) = fS(t). This is based

on a linear approximation around the steady state, f = (1 + ω
α(1−α)(

α
r+δ )

2)−1. The second

term describes how oil price volatility affects the expected change in consumption. Higher

volatility, σ, will delay consumption from today until tomorrow, in line with precautionary

savings. The severity of this effect depends on the marginal propensity to consume from a

change in the oil price, Ci
P ≡ ∂Ci(t)/∂P (t). This will depend on the size of the remaining

windfall, as seen in the next section.

The expected dynamics of total assets are given by the budget constraint in 2.12.

This uses the relationship tying foreign assets to capital in equation 2.9, and is linearised

around the steady state level of assets, S∗. The term rSi(t) describes the rate of return to

total assets near this steady state. This can actually be split into two components, as seen

in Appendix A. The first is the rate of return earned on foreign assets, rf . The second is

the marginal product of capital less depreciation, (Y ′(K∗) − δ)(1 − f) = r(1 − f). Note

that we do not assume that the share of foreign assets and domestic capital is constant.

30



Rather, we assume that the share of capital in total assets increases linearly, rather than

the non-linear relationship in equation 2.9. Also note that linearising does not remove the

effect of the risk premium, ω. It will still appear in the Euler equation so the incentive

to save, Ċi(t) > 0, will still increase with the level of debt, F i(t) = fS(t).

The rest of this paper will involve using these two equations to demonstrate the eight

principles, both explicitly and with the use of diagrams. There will also be some short

detours into general equilibrium in sections 3.3 and 4.4.

3 Oil discoveries in a developed country

This section considers how developed countries should manage their resource wealth. Of

the forty-five countries identified by the IMF as resource-dependent, five have a Human

Development Index (HDI) of “very high”: Bahrain, Brunei, Norway, Qatar and the UAE

(IMF, 2012). A further fifteen have an HDI of “high”, while other developed countries

have extensive natural resources but are not classed as dependent, including Australia,

Canada, Israel, the Netherlands, the UK and the US. Despite their many differences these

countries share a similar trait: ready access to international capital.

This section shows that the first consideration for developed, capital-abundant economies

should be to share the windfall across generations. This will involve saving in offshore

Future Generations and Volatility Funds, with the latter being prioritised in the early

days of the windfall (principles one and two). There should also be investment in non-

traded sectors like retail, health care and education, to limit inflation and stabilise the

real exchange rate in the medium to long term (principle three).

These results are generally consistent with what we observe in practice. Of the devel-

oped countries classed as resource-dependent, all but Ecuador have established offshore

sovereign wealth funds. These vary by size and use, from Norway’s fixed-deposit/fixed-

withdrawal rule to Russia’s focus on consuming a moving average of past revenues. In

addition, 75% of these economies have pegged exchange rates, which are supported by
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stable non-traded goods prices. The lessons from this section tend to apply more to non-

dependent economies like Australia and Canada. These have not established national

sovereign wealth funds and rely instead on state-based vehicles. Inflation in places such

as Perth, Western Australia and Edmonton, Alberta may be limited by further localised

investment in the non-traded sector.

The section proceeds as follows. Section 3.1 establishes the first principle in the base

case when capital is abundant and oil prices are certain. Section 3.2 establishes the

second principle by letting the oil price fluctuate. Section 3.3 presents the third principle

by introducing a non-traded sector and general equilibrium. This extension to general

equilibrium is revisited in section 4.4.

3.1 The case for a Future Generations Fund

This section presents the first principle: “Smooth consumption using a Future Generations

Fund”. This is based on the permanent income hypothesis and underpins the use of

sovereign wealth funds in almost all resource-dependent economies. Investment will not

be affected by an oil discovery, as all profitable projects should already be undertaken.

We assume capital is abundant, oil prices are constant and goods are freely traded as a

baseline. The analysis is based on two dynamic equations that give an explicit solution,

which will be used in the following sections.17

The economy is governed by the dynamics of consumption and assets, equations 3.1

and 3.2. These follow from equations 2.11 and 2.12, if capital is abundant, ω = 0, and

prices are certain, σ = 0. Capital will be constant if interest rates are constant and

goods can be freely bought and sold at the world price, K = K∗ = ( r+δ
αA

)1/(α−1) from

equation 2.9. Any change in total assets will be caused by foreign assets, so f = 1 and

Si(t) = F i(t). Therefore we concentrate on foreign assets in equation 3.2, which holds

without any need for approximation. Note the notation Ċi(t) rather than 1
dt
E[dCi], to

make clear that we are treating the expected change in each variable as deterministic.
17An alternative solution based on explicitly solving the value function in equation 2.6 is presented in

Appendix B.
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Ċi(t) = 1
a
(r − ρ) (3.1)

Ḟ i(t) = rF i(t) + POi − Ci(t) + C∗ (3.2)

The path of consumption and assets is found by solving this linear system. For sim-

plicity we set the time rate of preference to equal the risk-free rate, r = ρ. Taking

the time derivative of 3.2 and substituting in 3.1 gives the single differential equation,

F̈ i(t)− rḞ i(t) = 0. This has the general solution,

Ci(t) = rai2 + POi + C∗ (3.3)

F i(t) = ai1e
rti + ai2 (3.4)

The parameters ai1 and ai2 will depend on the phase the oil boom is in: i = [A,B,C],

Anticipation, Boom or Constant income. They are found by imposing conditions at the

start and end of each phase. The first condition is that each phase begins with the assets

at the end of the last phase, F (0) = aA1 + aA2 , FA(T1) = aB1 + aB2 and FB(T2) = aC1 + aC2 .

The second condition is that consumption is chosen to move smoothly between phases.

This requires a constant level of assets at the end of the Boom, to satisfy the transversality

condition. Moving recursively through each phase these conditions give,

aC1 = 0 ; aC2 = F (T2)

aB1 = POe−r(T2−T1)/r ; aB2 = F (T1)− aB1
aA1 = −PO(e−rT1 − e−rT2)/r ; aA2 = F (0)− aA1

(3.5)

The effect of oil prices on consumption will depend on the remaining value of oil,

given in equation 3.6.18 This is found by combining equations 3.3 and 3.5. The marginal

propensity to consume from a change in oil prices, Ci
p(t), will be important in the following

18This is verified by solving the value function directly in Appendix B.
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Figure 3.1: Consumption is most affected by oil price changes at the start of the Boom,
when the present value of future revenues is highest. Consumption is less affected as oil
is extracted and less remains exposed to price changes.

sections. It dictates how oil price volatility affects consumption. It is difficult to derive

in the stochastic model, so will be approximated with the deterministic case (see also

van den Bremer and van der Ploeg, 2013). It captures the changing effect of oil price

volatility, increasing during the Anticipation phase and decreasing during the Boom, as

illustrated in Figure 3.1 using the calibration in Appendix C.

CC
P (t) = 0 for T2 ≤ t

CB
P (t) = O(1− e−r(T2−t)) for T1 ≤ t < T2

CA
P (t) = O(e−r(T1−t) − e−r(T2−t)) for 0 ≤ t < T1

(3.6)

We can now present the first principle of managing resource windfalls,

Principle 1. “Smooth consumption using a Future Generations Fund”

i) A social planner facing a certain but temporary windfall, which can freely borrow
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at the world rate of interest, should smooth consumption based on the rates of return and

time preference, Ċi(t) = 1
a
(r − ρ) for all t.

ii) Consumption will be a constant proportion of total wealth: the sum of foreign assets,

oil wealth and steady state consumption, Ci(t) = rW (t) where W (t) = F (t) + V (t) + 1
r
C∗

and r = ρ.

iii) This will involve borrowing before the windfall, saving during the windfall in a

Future Generations Fund, and consuming the interest earned after the windfall, ḞA(t) <

0, ḞB(t) > 0, ḞC(t) = 0.

iv) Less will be saved from a long windfall, and more borrowed beforehand, ∂
∂T2
Ḟ i(t) < 0

for t < T2.

v) Investment will be independent of any oil discovery if capital is abundant and goods

are freely traded, consistent with the Fisher separation theorem, K = K∗.

Proof. See Appendix 1.

The first principle makes the case for establishing a sovereign wealth fund, to replace

the assets below the ground with assets above it, see the blue lines in Figure 3.2. The

Hartwick (1977) rule is based on similar reasoning, replacing oil reserves with produc-

tive capital. However, this principle (part v) shows that capital should be constant, as

all profitable investments can already be financed with abundant capital. Thus, oil in-

come should be saved abroad in a sovereign wealth fund, and borrowing should smooth

consumption before production begins.

Consumption will be smooth, but may not be constant. Part i) shows that if the rate of

interest is higher than the discount rate then consumption will grow, r > ρ. The amount

depends on the degree of intertemporal substitution, a, which is also the coefficient of

absolute risk aversion.19 In contrast if the policymaker is impatient (the discount rate is

high), then more will be consumed in the early years of the windfall. This may happen
19This is a result of the constant absolute risk aversion utility function. An alternative is to use

Epstein-Zin preferences, which separate intertemporal substitution from risk aversion.
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Figure 3.2: An oil boom should lead to borrowing before it begins, saving during, and
consuming interest after it ends. Volatility will lead to additional precautionary savings
(from equations, 3.3, 3.4, 3.9, and 3.10).
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if they value future generations less than current generations, are concerned with the

possibility of being removed from office, or expect output to grow.

Longer windfalls will involve less saving. This is because the income produced by a

long windfall will be closer to its permanent income. In the limit, if a constant windfall

becomes permanent then it makes sense to consume all income as it is received.

The effects of an oil discovery can also be illustrated using the phase diagram in Figure

3.3. The blue lines are the same as those in Figure 3.2, but directly compare the movement

of consumption and foreign assets. The solid line illustrates where consumption exactly

equals non-oil income, so assets are constant before and after the windfall, ḞA,C = 0 and

OA,C = 0 in equation 3.2. The economy starts on this line, at X0. On discovering oil

consumption jumps up to XA
0 as households become wealthier. Consumption is higher

than non-oil income, so assets are consumed and the economy moves to point X1at the

beginning of the boom, t = T1. During the boom households also receive oil income,

so the solid line moves up to the dotted line, ḞB = 0 and OB > 0 in equation 3.2.

Consumption is below this level, so assets are accumulated until the end of the boom,

t = T2. Consumption will have been chosen so that the economy lands on the initial

steady state line at this time, point X2.

3.2 The case for a Volatility Fund

This section presents the second principle, “Build a Volatility Fund quickly and then

leave it alone”. The Volatility Fund is motivated by precautionary savings, and has been

established in previous literature on natural resources.20 It should be prioritized at the

start of the windfall, when oil price risk is greatest. The fund will be larger when the

windfall is long or prices are more volatile. The Volatility Fund should be treated as a

source of income, rather than as a “shock absorber”, as oil price shocks are persistent. An

example is Norway’s fixed withdrawal rule, which is consistent with precautionary savings

for certain withdrawal rates (see van den Bremer, van der Ploeg and Wills, 2013).
20see Kimball (1990), van der Ploeg (2010), van den Bremer and Van der Ploeg (2013), Bems and de

Carvalho Filho (2011), Cherif and Hasanov (2011) and (2013), and Berg et al. (2012).
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windfall the movement of consumption and assets is dictated by the solid blue line and
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Consumption and assets will satisfy the two equations 2.11 and 2.12, when capital

is abundant and oil prices are volatile. This follows from equations 2.11 and 2.12 with

ω = 0, f = 1 as capital remains constant, i = [A,B,C] and Ci
P (t) as defined in equation

3.6,

Ċi(t) = 1
a
(r − ρ) + 1

2aP
2Ci

P (t)2σ2 (3.7)

Ḟ i(t) = rF i(t) + POi − Ci(t) + C∗ (3.8)

These two equations describe the expected dynamics of consumption and assets, and

so we treat them as deterministic. The effects of volatility are still captured in the second

term of the Euler equation, 3.7. Volatility will increase the change in consumption, all

else being equal, giving rise to more savings in the near term, to fund more consumption

in the future. The adjustment for volatility will decrease with time, as Ci
P (t) → 0 in

equation 3.6.

The paths of consumption and assets are found by solving this system of equations.

The two equations can be summarised by a single differential equation F̈ i(t) − rḞ i(t) =
1
2aP

2σ2Ci
P (t)2, as before.21 The general solution to this is,

F i(t) = ai1e
rti + ai2 + F i

V (t) (3.9)

Ci(t) = rai2 + PO + Y + Ci
V (t) (3.10)

where Ci
V (t) = rF i

V (t) − Ḟ i
V (t). To aid our interpretation we choose a “particular

solution”, F i
V (t), so that ai1, ai2 are the same as before, in equation 3.5. This lets us split

the assets accumulated by the social planner into two funds. The Future Generations
21This is a is a non-homogeneous, second-order linear differential equation. If F i(t) and F iV (t) are both

solutions, then f̈ i(t)− rḟ i(t) = 0 for f i(t) ≡ F i(t)−F iV (t) and the problem collapses to that discussed in
section 3.1. The “particular solution” F iV (t) can be found by the methods of undetermined coefficients
or variation of parameters (see Robinson, 2004).
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Fund, F i
FG(t) = ai1e

rti + ai2, holds the funds that are used to smooth consumption over

time, in accordance with principle one. It need not be positive, such as borrowing during

the Anticipation phase of a windfall. The Volatility Fund, F i
V (t), then captures all the

funds that are accumulated in response to oil price volatility. The volatility fund will begin

at zero before the oil discovery is announced, FA
V (0) = 0, and will always be positive in

expectation, F i
V (t) ≥ 0 for all t. This brings us to the second principle of managing

resource wealth,

Principle 2. “Build a Volatility Fund quickly and then leave it alone”

Build a Volatility Fund quickly:

i) A social planner facing a volatile temporary windfall, who can freely borrow at the

world rate of interest, should engage in precautionary savings and build up a “Volatility

Fund”, in addition to the “Future Generations” fund in principle 1, F i
V (t) > 0 for all

t > 0.

ii) The Volatility Fund should receive relatively more savings during the early years of

the windfall, including during the Anticipation phase, ḞA
V (t), ḞB

V (t) > 0 and F̈A
V (t), F̈B

V (t) <

0 for t < T2.

Then leave it alone:

iii) The assets in the Volatility Fund should not be consumed in the presence of a

persistent negative shock to the oil price. Only interest should be consumed, ∂
∂P0

F i
V (0) = 0.

iv) As oil is extracted, the need for a Volatility Fund will diminish, ĊB(t) → 0 as

t→ T2.

v) Any funds remaining in the Volatility Fund should be saved, and only the permanent

income consumed, Ḟ i
V (t) ≥ 0 for all t ≤ T2.

Proof. See Appendix 2.

Principle two begins by emphasizing that the Volatility Fund should be prioritised at

the start of the windfall, when oil price exposure is greatest. Consumption from an oil
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windfall will depend on two effects: the wealth effect and the precautionary effect. The

wealth effect increases consumption, as an oil discovery increases lifetime wealth. The

precautionary effect reduces consumption, as oil also makes income more volatile.

The Volatility Fund should be prepared before oil production even begins. During

the Anticipation phase the Future Generations Fund will go into debt, borrowing against

future income because of the wealth effect. This will be offset by the Volatility Fund, built

because of the precautionary effect as illustrated in Figure 3.4.22 The volatility effect is

strongest near the start of the windfall when its present value is highest, as seen in Figure

3.1. If the windfall is particularly long or volatile then CARA preferences permit the

counter-intuitive result that consumption can fall below its pre-oil level, as seen in red in

Figure 3.3. This follows from two particular characteristics of CARA preferences. First,

under these preferences the effect of a given level of volatility on consumption is constant,

regardless of the level of consumption. Second, CARA preferences also do not exclude

the (nonsensical) possibility of consumption falling below zero, C < 0.23 So, if the oil

price is very volatile then the volatility effect may outweigh the wealth effect and marginal

consumption from an oil discovery can be negative. This would not occur under other

utility functions (such as CRRA). However, the assumption of CARA preferences remains

crucial in making the model tractable, as discussed in Section 2.

Both the Volatility and the Future Generations Funds should accumulate during oil

production. The Volatility Fund will receive relatively more at the start of the windfall,

when the exposure to oil price volatility is highest. If the windfall is long or volatile then

the Volatility Fund may receive more than the Future Generations Fund in absolute value.

The need to save against future shocks will then fall as oil is extracted. After the windfall

both the Volatility and Future Generations Funds can be combined, and the interest they

earn should finance consumption in perpetuity.

Principle two also emphasises that the Volatility Fund should be treated as a source

of income, rather than as a “shock absorber”. It may be tempting for policymakers to
22In practice this may involve simply borrowing less in the Future Generations Fund, rather than

borrowing in one fund, whilst saving in another.
23This can only be prevented by choosing an appropriate values for the parameters and the starting

level of consumption.
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dip into the Volatility Fund when oil prices are low. However, oil price shocks are very

persistent, so if prices are low today then they are also likely to be low in the future.24

Instead, when oil prices fall the social planner should re-evaluate the planned path for

future consumption. In this case the income from a Volatility Fund will finance more

consumption than would be possible otherwise. This is illustrated in the example in

Figure 3.5, which compares consumption and assets with and without a Volatility Fund,

after a negative shock to the oil price.

The need for a Volatility Fund will diminish over time, but its capital should not be

consumed. The exposure to oil price volatility falls as oil is extracted. Policymakers may

see this as an opportunity to consume the fund, once the threat of volatility has passed.

However, principle two shows that the income from the Volatility Fund compensates future

generations for the risk they have had to bear.25 The Volatility and Future Generations

Funds therefore behave the same way after the windfall ends, suggesting that they can

be combined.

The role of the Volatility Fund is also illustrated in the green and red lines of the phase

diagram in Figure 3.3, and the time paths in Figure 3.2. Volatility causes consumption

to jump less when oil is discovered (σ = 1) and can even fall (σ = 2), because of the

precautionary effect. Consumption will then rise steadily over time, both before and

during the windfall, according to equation 3.7. The Future Generations Fund still goes

into debt before the windfall, and accumulates during it. This is offset by the Volatility

Fund, which grows throughout. At the end of the windfall the economy ends on the

steady state line, ḞA,C = 0, above X2. The extra assets from the Volatility Fund will

then finance higher consumption in perpetuity.

3.3 The case for investing to stabilise the real exchange rate

This section presents the third principle, “Invest to stabilise the real exchange rate, if

capital is abundant”. Policy advice has been influenced by the separation result, that
24see Bems and de Carvalho Filho (2011) and van den Bremer and van der Ploeg (2013) who estimate

α = 0.009.
25The social planner prefers certain to uncertain income according to Jensen’s inequality.
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an oil discovery should not affect investment in capital abundant economies (for example

Barnett and Ossowski, 2003, and IMF, 2012). However, this will not be true if some goods

are non-traded. Demand for non-traded goods will drive up their relative price (a real

appreciation),26 and attract workers from the traded sector - causing it to shrink (Dutch

disease). Policymakers should stabilise the real exchange rate by investing in the non-

traded sector. While this may prevent a real appreciation, it will not necessarily prevent

Dutch disease. Some resource exporters have maintained very stable real exchange rates

for decades, such as Saudi Arabia since 1990 (Darvas, 2012).

To more accurately capture investment in capital-abundant economies we take a short

detour into general equilibrium. Previous sections focused on the allocation of resources

over time. This section focuses on the allocation at any given point in time. The social

planner will now split consumption between goods to minimise expenditure,

min
CN ,CT

P (t)C(t) = PN(t)CN(t) + PT (t)CT (t) (3.11)

subject to,

C(t) = CaN
N (t)CaT

T (t) · a−aNN a−aTT (3.12)

P (t) = P aN
N (t)P aT

T (t) (3.13)

Spending on each good will be a constant share of total consumption, Pj(t)Cj(t) =

ajP (t)C(t) for j = N, T . The traded good will be freely bought and sold at the world

price, PT = 1. The non-traded good’s price (which is also the real exchange rate, PN = e)

will adjust to equate domestic supply and demand, CN(t) = YN(t). Each good will be

produced competitively using technology, public and private capital, and labour. Public

and private capital will be freely available at the world rate of interest, r, and the wage

will adjust to clear the labour market, L̄ = LN(t) + LT (t). They are chosen to maximise

profits,
26Such as the rapid appreciation of Australia’s real exchange rate from 2002-2008 (Darvas, 2012).

45



max
KGj ,KPj ,Lj

πj(t) = Pj(t)Yj(t)− rKG,j − rKP,j − wLj (3.14)

where

Yj(t) = AKγG
G,jK

γP
P,jL

1−γG−γP
j (3.15)

This gives rise to the third principle for managing resource windfalls,

Principle 3. “Invest to stabilise the real exchange rate, if capital is abundant”

i) When there is both a traded and a non-traded sector, an oil discovery should increase

investment in the non-traded sector, and decrease investment in the traded sector, with

the aim of stabilising the real exchange rate, e = e∗.

ii) This is not just a reallocation of capital. The total capital stock can increase or

decrease, depending on the production technology of each good.

iii) During the Anticipation phase this will involve borrowing to finance both consump-

tion and investment in the non-traded sector.

iv) Investing in the non-traded sector may limit the decline of the traded sector (Dutch

disease) when the initial capital stock is low, but immigration is more effective.

Proof. See Appendix 3

Dutch disease describes the shrinking of the non-oil traded sector after an oil discovery,

and is often linked to a real appreciation. When oil is discovered there will be an increase

in demand, as noted in principle one. This will be spread across both traded and non-

traded goods. Traded goods can be imported, but non-traded goods must be produced

domestically. Corden and Neary (1982) attribute the shrinking of the traded sector to

both a resource movement and a spending effect. The resource movement effect describes

capital and labour moving from the traded to the non-traded sector. The spending effect

describes the increase in the price of non-traded goods to meet demand.
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Principle three emphasises that investment should prevent the real exchange rate ap-

preciating when oil is discovered. An oil discovery will create extra demand for non-traded

goods, which can be met by buying more goods, or the same amount of goods at higher

prices. The former is preferred. As capital is freely available on international markets,

any rise in demand should be met by an inflow of capital and movement in labour from

the traded sector. The amount will depend on the demand for non-traded goods and their

capital intensity. The capital inflow should keep the price of non-traded goods, and in

turn the real exchange rate, constant. This is consistent with van der Ploeg and Venables

(2011), who also show that the real exchange rate will appreciate if capital is slow to

adjust.

Investing in the non-traded sector may prevent a real appreciation, but it will not

necessarily prevent Dutch disease. Since Corden and Neary (1982) Dutch disease has

been closely associated with a real exchange rate appreciation. As principle three states

that investment should stabilise the real exchange rate, it is tempting to think that it will

also prevent Dutch disease. This is only possible if the initial capital stock is low. In that

case, labour in both sectors will be very unproductive. A large amount of labour would

need to move from the traded to the non-traded sector. So, by increasing the stock of

capital in the traded sector, the labour that moves there becomes more productive and

less will be required. However, promoting immigration would be more successful as it

relaxes the constraint on labour at its source. This has been widely used in many Gulf

states, including the UAE and Saudi Arabia, which have not seen a major appreciation

of their real effective exchange rate as a result (Darvas, 2012 and Espinoza et al., 2013).

In practice, 75% of the world’s developed resource exporters have fixed nominal ex-

change rates (IMF, 2012). Of the five with a Human Development Index of “Very High”,

Qatar, Bahrain and the UAE have an explicit US dollar peg, Brunei is pegged to the Sin-

gaporean dollar and only Norway follows an inflation target. Of the further fifteen with

an HDI of “High”, eleven have currency pegs. In maintaining these pegs most resource

exporters have accumulated large reserves of foreign assets. In our framework this means

accumulating foreign assets, F , which limits the rise in consumption, C, and in turn the

appreciation of the real exchange rate. Principle three highlights that investment in the
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non-traded sector, KN , should complement foreign saving to stabilise the real exchange

rate. While a constant nominal exchange rate does not require a constant real exchange

rate, it is easier to defend if investment is being used to stabilise prices in the non-traded

sector.

These results are easily reconciled with the previous sections. Some of the oil windfall

should be set aside for investment. The rest should be consumed according to the per-

manent income hypothesis. The investment will be chosen to stabilise the real exchange

rate at this level of consumption. Formally, it involves choosing additional capital, K ′, so

that the price of non-traded goods stays constant, PN = P ∗N , at some level of aggregate

consumption, C,

aNC = P ∗1−aNN YN(K∗N +K ′N)

This aggregate level of consumption will be based on the permanent income hypothesis

below, where total output is defined as, Y (K∗+K ′) ≡ PNYN(K∗N +K ′N)+PTYT (K∗T +K ′T )

and capital is allocated efficiently between each sector.

C = rF (0) + r(PO(1− e−rT )1
r
−K ′) + Y (K∗ +K ′)− δ(K∗ +K ′)

4 Oil discoveries in a developing country

We now consider how policymakers in developing countries should manage resource wealth.

Of the world’s forty-five resource-dependent economies, the majority have an HDI of “low”

or “medium”. They range from the Democratic Republic of Congo, with a GDP per capita

(PPP) of less than US$500, to Botswana with GDP per capita of nearly US$17,000 (World

Bank, 2012). To borrow from Tolstoy’s Anna Karenina, while developed countries are

alike, every developing country is developing in its own way. This analysis focuses on the
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shared challenge of capital scarcity. While developed countries can readily borrow at the

world rate of interest, developing countries can not. Ghana is a case in point. Ghana is in

the midst of an oil boom, having discovered it in 2007 and started production in 2010. In

July 2013 Ghana sold US$750 million of ten-year, dollar-denominated bonds at a yield of

8%, six years after their previous international issue. US government bonds were yielding

2.5% at the time. To capture capital scarcity we assume that developing countries face a

debt premium on borrowing.27

The first priority for developing countries should be to invest domestically (principle

four). As capital is scarce, the path of extraction will alter their policy decision (principle

five). If investment cannot be absorbed, then a temporary Parking Fund should be used

to hold revenues until they can be productively used (principle six). In these countries

the Volatility Fund should not all be saved abroad, as domestic returns are high and the

fund is an alternative source of income (principle seven). Finally, if private capital is also

constrained, then some resource revenues should be used to boost it (principle eight).

There remains scope for these principles to improve policy. Genuine savings rates28

remain low in many developing resource-exporters, suggesting that more resource wealth

needs to be saved. Most egregiously, eight resource-dependent countries have negative

genuine savings rates.29 Many developing countries also have a severe deficit in private

capital. It is thought that less than 10% of the capital stock in Iraq and Libya is privately

owned (van der Ploeg, Venables and Wills, 2012 and World Bank, 2012). There has been

recent progress in establishing sovereign wealth funds. Eight of the twenty-five developing

resource-dependent economies now have funds, with five being established in the past three

years.30 Ghana is a recent example of this: its Petroleum Revenue Management Act (2011)

directs 70% of the windfall to the annual budget and 30% to offshore “Stabilization” and

“Heritage” funds, see Figure 4.1.
27This follows van der Ploeg and Venables (2011) who find empirical evidence that the log of annual

average bond spreads is increasing in the ratio of public and publicly guaranteed debt to gross national
income, PPG/GNI. They also do not find evidence for natural resource discoveries alone reducing the
cost of borrowing.

28Gross savings plus education spending less capital depreciation and resource depletion, as calculated
by the World Bank (2008).

29Angola, Bolivia, Chad, Equatorial Guinea, Guinea, Saudi Arabia, Sudan and Zambia.
30Ghana in 2011, Mongolia in 2011, Nigeria in 2011, Papua New Guinea in 2011 and Angola in 2012.
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Figure 4.1: Ghana’s Petroleum Revenue Management Act (2011) established one of the
world’s newest sovereign wealth funds.

The principles are consistent with the Natural Resource Charter (NRC, 2013). The

NRC is a set of twelve precepts for managing resource wealth, adopted by the African

Union Heads of State steering committee in 2012. Principle four supports the NRC’s

Precept 7: “promote economic development through high levels of investment”. Princi-

ples six and seven add detail to Precept 8: “build up investment gradually and smooth

revenue volatility”. Principle eight is consistent with Precepts 9: “increase efficiency of

public spending”, and 10: “facilitate private sector investment”. We extend the NRC by

analysing the anticipation phase of a windfall, and how volatility affects capital-scarce

economies.

The section proceeds as follows. Section 4.1 establishes principles four and five, by

extending the analysis in section 3.1 to the case when capital is scarce and oil prices are

certain. Section 4.2 establishes principle six by briefly introducing absorption constraints.

Section 4.3 presents principle seven by extending previous literature to the case when

capital is scarce and oil prices are volatile. Finally section 4.4 establishes principle eight
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by returning to the simple general equilibrium setting in section 3.3.

4.1 The case for using oil to accelerate development

This section presents principles four and five. Principle four is to “Finance consumption

and investment with oil if capital is scarce”. Saving oil wealth for future generations will

naturally be met with skepticism if current generations are suffering. If capital is scarce

then the realised (and social) return on domestic investments will be higher than on foreign

bonds. Investing oil wealth will accelerate development, justifying higher consumption in

the short-term (see van der Ploeg and Venables, 2011). This principle is consistent with

the impressive development experiences of Botswana, Bahrain, Qatar and the UAE, which

combined foreign savings and domestic investment.

Principle five is to “Save less if production is fast and capital is scarce”. The rate

of oil production will affect capital-scarce countries more than capital-abundant ones, as

financial markets cannot be used to smooth revenues. In developed countries, rapid oil

production will increase its present value, and in turn the amount saved. In developing

countries this will quickly relax borrowing constraints. Future generations will be better

off, justifying less saving in the present. A development timeline should be therefore be

considered when planning extraction in capital-scarce countries.

We consider two types of windfall: small and large. Small windfalls will not overcome

capital scarcity before they are exhausted (following the characterisation in van der Ploeg

and Venables, 2011). Large booms will, so the economy will begin to behave like those

discussed in section 3 during the period of extraction.

4.1.1 Small oil discoveries

If the oil discovery is small then the social planner will have to contend with capital

scarcity both during and after the windfall. Consumption and assets will follow equations

4.1 and 4.2, from equations 2.11 and 2.12 with σ = 0 and ω > 0, for the duration
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boom both capital and assets will fall, to smooth consumption. During the boom both
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of the windfall. When capital is scarce, repaying debt will reduce the cost of borrowing.

Domestic capital will therefore be linked to foreign assets by the asset allocation condition,

2.9. This means that the share of capital in total assets will grow over time, so f 6= 1 and

F (t) = f
1−f (K(t)−K∗) as illustrated in Figure 4.2.

Ċi(t) = r − ρ− 2ω
a
fSi(t) (4.1)

Ṡi(t) = rSi(t) + POi − Ci(t) + C∗ (4.2)

The paths of consumption and assets are found by solving equations 4.1 and 4.2. Ex-

tending the approach in section 3.1, these equations are summarised by a single differential

equation, S̈i(t) − rṠi(t) − 2ω
a
fSi(t) = 0. The general solution is as follows, where ti is

measured from the beginning of each phase and, λj = 1
2r ± 1

2

√
r2 + 8ωf/a, are the roots

of the characteristic equation with λ1 < 0 and λ2 > 0,

Si(ti) = ci1e
λ1ti + ci2e

λ2ti (4.3)

Ci(ti) = ci1(r − λ1)eλ1ti + ci2(r − λ2)eλ2ti

2 + POi + C∗ (4.4)

The coefficients, ci1 and ci2, are found by imposing conditions at the beginning and

end of each phase, i = [A,B,C]: Anticipation, Boom and Constant income. Each phase

will begin with the assets left from the last one, S(0) = cA1 + cA2 , SA(T1) = cB1 + cB2 and

SB(T2) = cC1 + cC2 . During the Constant income phase, consumption and assets must stay

on the stable saddle path, so cC2 = 0. During the Boom phase consumption must be chosen

so that the windfall ends with consumption and assets on the stable saddle path, CB(T2) =

(r−λ1)SB(T2)+Y . Recursively, consumption during the Anticipation phase will be chosen

to smoothly enter the boom phase, so CA(T1) = (r−λ1)SA(T1)+PO(1−e−λ2(T2−T1))+C∗.

Together these give the parameter values,
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cC1 = S(T2) ; cC2 = 0

cB1 = S(T1)− cB2 ; cB2 = PO(λ2 − λ1)−1e−λ2(T2−T1)

cA1 = S(0)− cA2 ; cA2 = PO(λ2 − λ1)−1(e−λ2T2 − e−λ2T1)

(4.5)

The permanent income hypothesis will not hold in a capital-scarce country. Instead,

consumption will change over time and depend on the level of total assets, seen directly

from 4.1. Before oil is discovered consumption will begin far below its permanent level,

C∗. This is because the planner has an incentive to repay initial debts, F0, and reduce

the rate of interest they face, r(F (t)). This brings us to our fourth and fifth principles,

Principle 4. “Finance consumption and investment with oil if capital is

scarce”

i) Consumption in capital-scarce countries should begin lower than in capital abundant

economies, CC
L (0) < CC

H(0), but jump further when oil is discovered, CA
L (0) − CC

L (0) >

CA
H(0)− CC

H(0). It should still remain lower in absolute level, CA
L (0) < CA

H(0).

ii) Borrowing in capital-scarce countries before a boom should initially be lower than

capital abundant countries, ḞA
L (0) > ḞA

H (0), and if they begin to borrow it will happen

near the date of extraction, F̈A
L (t) < 0 for t < T1.

iii) Domestic capital in capital-scarce economies should grow over time, K̇C
L (t) > 0, be

accelerated during an oil boom, K̇B
L (t) > K̇C

L (t), and comprise an increasing share of the

total capital stock over time, d
dt

(K(t)/S̄(t)) > 0.

Proof. See Appendix 4

This principle shows that capital-scarcity changes the way policymakers should re-

spond to an oil discovery, illustrated in Figure 4.2.

Principle four highlights how capital-scarcity changes the trade-off between consuming

today and consuming tomorrow. Capital-scarcity makes debt particularly costly. The first

part of the principle states that before oil is discovered capital-scarce countries (L) should
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prioritise repaying debt and investing in capital: they should save more. Consumption

should therefore be lower than a similar country with ready access to capital (H). It is

tempting to extend this intuition to oil discoveries: that the poor should save more from

marginal oil revenues. However, this is not the case.

Principle four also states that a capital-scarce country should consume relatively more

from an oil boom than a capital abundant one. This happens because some oil revenues

will be used to repay debt and accumulate capital. Future generations will benefit from

this, which justifies higher consumption in the short term in the interests of sharing the

benefits. It should be noted that the initial jump in consumption is dictated by the debt

burden, ω, rather than the level of debt itself, ∂(CA
j (0)− CC

j (0))/∂F (0) = 0 as shown in

Appendix 4.

The second part of principle four states that policymakers should borrow less before a

windfall when capital is scarce. This happens for two reasons. The first is that borrowing

is more costly, so less should be done. The second is that the policymaker also can use

the capital stock. It may be better to let some capital depreciate, rather than access

expensive foreign borrowing. This follows from the desire to keep the marginal product

of capital in line with the cost of borrowing, in equation 2.9. It is interesting that there

is any borrowing before a windfall at all. If the debt burden, ω, is sufficiently large - or

the windfall small - then the capital-scarce country will not borrow. Consumption should

begin so low that the entire jump can be financed directly from permanent income, Y .

The need to borrow should also be highest just before production begins, as consumption

should be steadily increasing in capital-scarce countries, Ċi
L(t) > 0.

The third part of this principle states that policymakers should accelerate investment

during an oil boom. Part of an oil boom should be saved in foreign assets to relax the debt

premium on interest rates, r(F ) = r−ωF . This means that capital should also grow. At

every point in time, the policymaker should direct their savings to where it will earn the

highest return: foreign assets or domestic capital. The marginal product of capital will

therefore equal the cost of borrowing, 2.9. Domestic capital will also increase its share in

total assets, as debt is repaid and capital accumulates.
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ṠB = 0

S1

D1

S

D

ĊS = 0ĊD = 0

X0

XA
0

X1

X2

σ=0
σ=2

Figure 4.3: An anticipated windfall in a capital-scarce economy. Before and after the
windfall the movement of consumption and assets is dictated by the solid blue lines and
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The phase diagram in Figure 3.3 illustrates the effects of an oil discovery when capital

is scarce. When the country is a net borrower, S(t) < 0, the economy will be governed by

equations 4.1 and 4.2. These are summarised by the two blue steady state lines, ĊD = 0

and ḞA,C = 0 when prices are deterministic (D). These intersect at the point where all

foreign debt is repaid, so F i = 0 and S̄i = Ki = S∗ = ( α
r+δ ) from Appendix A. In the

absence of any shocks the social planner will choose to be on the stable (deterministic)

saddle path, DD1, which ensures the economy will move towards the steady state. This

path is a line with slope (r − λ1), and converges to the line ṠA,C = 0 as ω → 0. When

the country is a net saver, S(t) > 0, the economy behaves as in Figure 3.3 and anywhere

on the line ṠA,C = 0 above zero is a steady state.

Before oil is discovered the economy will begin on the stable saddle path, X0. When

oil is discovered, consumption will immediately jump and then continue to grow, XA
0 . If

the windfall is small, then consumption will remain below ṠA,C = 0 and the economy

will continue to accumulate assets by repaying foreign debt and investing in domestic

capital, F and K. Alternatively, if the windfall is large or the debt burden small, then
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consumption may jump above the line ṠA,C = 0 and the planner will deplete assets: both

foreign and domestic.

When the Boom begins the planner will save, X1. The line ṠA,C = 0 will shift up,

to ṠB = 0. The dynamics of the economy will now be dictated by a new steady state.

Consumption will be below this, so total assets will grow: repaying debt and investing in

capital. If the windfall is small, then the planner will have chosen consumption to arrive

on the line DD1 at the end of the Boom, X2. If the windfall is large, then the planner

will repay all the debt and begin to accumulate assets in a sovereign wealth fund, ending

the boom somewhere on ṠA,C = 0 above zero. This is discussed in the next section.

After the boom, consumption will eventually exceed that in a capital abundant econ-

omy for the same initial level of debt. In a capital abundant economy there is no incentive

to repay debt. In a capital-scarce economy, the incentive to reduce the debt premium will

mean that eventually the economy will converge to the steady state, D.

The next principle shows that the policy response to an oil discovery should also

depend on the extraction path, when capital is scarce.

Principle 5. “Save less if production is fast and capital is scarce”

i) All else being equal (including extraction costs), a shorter, high intensity wind-

fall (HI) is always preferred to a long, low intensity one (LI),
´∞

0 U(CHI(τ))e−ρτdτ >
´∞

0 U(CLI(τ))e−ρτdτ .

ii) However, if capital is sufficiently scarce then fewer assets will be accumulated from

a short, high intensity windfall than a long, low intensity one after an equal amount of

time has passed, SHI(t) < SLI(t) for t > T2.

Proof. See Appendix 5

Principle five states that the extraction path matters, particularly in capital-scarce

countries. The extraction path refers to the way a given level of oil reserves R = O(T2 −
T1) is extracted at a certain intensity nO over a period of time (T2 − T1)/n. The first
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component of this principle states that, all else equal, a short, high-intensity windfall is

preferred to a long, low-intensity one. This is because it will have a higher present value.

The preference will only be exacerbated when oil prices are volatile, with longer windfalls

being exposed to more volatility.

This principle also states that, for a given stock of reserves, capital-scarce countries

should save less if they are extracted quickly. This is slightly less intuitive. If capital is

abundant then the opposite is true, because rapidly extracting oil increases its present

value. More should therefore be saved for the future. However, if capital is scarce then

a fast windfall will rapidly reduce the debt burden, benefiting future generations. Con-

sumption should be higher in the present, to ensure it grows smoothly as in Figure 4.4.

This result is exacerbated when oil prices are volatile: shorter windfalls are less exposed

and so require less precautionary savings.

4.1.2 Large oil discoveries

If the discovery is large then all debt should be repaid before accumulating a Future Gen-

erations Fund. Large windfalls will repay all debt before they are exhausted.31 As the

economy will no longer be capital-constrained it will behave as in section 3.1. Consump-

tion will stop growing and assets will accumulate. The economy will end the boom with a

positive Future Generations Fund, on the steady state line ḞA,C = 0 above zero in Figure

4.3. The planner’s behaviour will be a combination of the analysis in section 4.1.1 and

section 3.1.

4.2 The case for a Parking Fund

This section presents principle six, “Use a temporary Parking Fund to improve absorption”.

Oil wealth should increase investment if capital is scarce. However, this investment may

be difficult to absorb. A major challenge is the need to use non-traded capital to build
31Formally, this will happen when F (0)(λ2 − λ1) +PO(e−λ1T2 − e−λ1T1 + e−λ2T1 − e−λ2T2) > 0, which

is satisfied for larger, longer windfalls and lower initial levels of debt.

59



capital. Roads are built more efficiently with a motor grader (physical capital), and it

requires teachers (human capital) to teach new teachers (see van der Ploeg, 2012). A lot

of investment at once may also lead to corruption and poor project choice. An example

is Nauru, an island nation of 10,000 people and 8 square miles in the central Pacific. At

independence from Australia in 1968 Nauru had phosphate reserves of AU$ 500,000 per

person (1968 currency, Hughes, 2004). In 2004 communal net assets were estimated to

be AU$ 3,000 per person, after a succession of failed projects including an unsuccessful

West-End musical, a cruise ship that did not leave port and a yellow Lamborghini for the

police chief (despite a single coastal road with 25mph speed limit, McDaniel and Gowdy,

1999).

The Parking Fund will alleviate absorption constraints. In practice absorption con-

straints are measured by the IMF using the Public Investment Management Index (PIMI)

(Dabla-Norris et al., 2011). We follow van der Ploeg (2012) and van der Ploeg and Ven-

ables (2013) and assume that absorption depends on the amount of investment and the

stock of capital. For every I bricks of investment laid there will be I + 1
2φI

2/K bricks

purchased. The social planner’s budget constraint in equation 2.2 becomes,

dF i = (r(F i)F i + POi + Y (Ki)− Ci − (I i + 1
2φI

i2/Ki))dt (4.6)

Optimal investment will depend on the ratio of the marginal utilities of capital and

foreign assets, q = JK/JF . When absorption is not constrained this ratio equals one, q = 1

from equation 5.2 in Appendix A. When absorption is constrained the ratio satisfies the

following conditions, derived in Appendix 6 and giving rise to principle six,

q = 1 + φ
I

K
(4.7)

q̇ = q(r − ωF + δ)− YK − 0.5 1
φ
(q − 1)2 (4.8)

Principle 6. “If capital is scarce and absorption is constrained, use a tem-

porary Parking Fund abroad”
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i) In capital scarce countries with absorption constraints, part of an oil discovery should

be accumulated in a temporary offshore Parking Fund while absorption constraints are

relaxed, F i
P (t) > 0 if φ > 0.

ii) In capital abundant countries an oil discovery will not affect the size of any Parking

Fund.

Proof. See Appendix 6.

Principle six introduces a third type of sovereign wealth fund, the Parking Fund. Oil

discoveries should stimulate investment if capital is scarce. However, if absorption is

constrained then investment may not be productive, seen in the ratio q = 1 + φ I
K
. If

there are absorption constraints and investment is positive, φ, I > 0, then this ratio will

be greater than one, JK > JF . Absorption constraints will increase the optimal amount

of foreign assets relative to capital. This should be achieved with an offshore Parking

Fund, to hold oil wealth while capital is built and absorption constraints are relaxed, as

found in van der Ploeg (2012) and van der Ploeg and Venables (2013). The need for the

Parking Fund will diminish as capital is accumulated, so it is inherently temporary. It

will therefore require a different legal structure to the Future Generations and Volatility

Funds, which are intended to be permanent.

Oil discoveries will not affect the Parking Fund when capital is abundant. The analysis

in section 3.1 showed that an oil discovery should not affect investment, if capital is

abundant and all goods are traded. All positive net present value projects should be

developed regardless of the source of funding. The investment path may be altered by

absorption constraints, but the discovery of oil will not change it further. Of course, if

some goods are non-traded then an oil discovery should boost investment in that sector, as

discussed in principle three. This would require an additional Parking Fund, as discussed

in Van der Ploeg (2011).
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4.3 The case for using the Volatility Fund for investment

This section presents the seventh principle, “Invest part of the Volatility Fund domesti-

cally if capital is scarce”. This extends previous work by considering how capital-scarce

economies should respond to oil price volatility. The Volatility Fund will be an alternative

source of income if the commodity price falls, from principle two. If the Volatility Fund is

only held abroad then the cost of borrowing will fall, but there will be unfunded profitable

investments at home. It is better to invest part of fund domestically, and keep the rates

of return on foreign saving and domestic investment in line. The illiquidity of domestic

investment should not be a concern as the Volatility Fund is a source of income. It is not

a buffer to temporarily support consumption when oil prices are low, because oil price

shocks are persistent.

4.3.1 Small oil discoveries

We start by concentrating on a small windfall, so capital will still be scarce when it is

exhausted. If the windfall is volatile, then consumption and assets will evolve according

to the two equations 2.11 and 2.12, reproduced below. Again let r = ρ for simplicity.

Ċi(t) = r − ρ− 2ω
a
fSi(t) + 1

2aP
2Ci

P (t)2σ2 (4.9)

Ṡi(t) = rSi(t) + POi − Ci(t) + C∗ (4.10)

It will be useful to define the instantaneous “steady state” of the system. At any point

in time this state will govern the behaviour of consumption and total assets, analogous to

the steady state in section 4.1. However, it will move over time, as the remaining exposure

to volatility changes, through Ci
P (t). It is given by the two equations,
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SiS(t) = 1
4ωf a

2P 2Ci
P (t)2σ2 (4.11)

Ci
S(t) = rSiS(t) + POi + C∗ (4.12)

The dynamics of consumption and assets are found by solving equations 4.9 and 4.10.

The dynamics around the steady state are summarised by a single differential equation,

S̈i(t) − rṠi(t) − 2ωf
a
Si(t) = 1

2aP
2Ci

P (t)2σ2. As this is a non-homogeneous second-order

linear differential equation, it must be solved relative to a reference point. The solution

is of the form:

Si(t) = ci1e
λ1t + ci2e

λ2t + SiV (t) (4.13)

Ci(t) = ci1(r − λ1)eλ1t + ci2(r − λ2)eλ2t + Ci
V (t) (4.14)

where Ci
V (t) = rSiV (t) − ṠiV (t). We choose the coefficients, ci1, ci2, to equal those in

equation 4.5, following the approach in section 3.2. This allows total assets to be separated

into those accumulated for Future Generations, and those to manage Volatility, Si(t) =

SiFG(t) + SiV (t). Some assets would be accumulated without an oil windfall, to overcome

capital scarcity. These are included in the Future Generations assets. The Volatility assets

then capture the adjustment to manage oil price volatility. Both sets of assets should be

allocated between a foreign fund and domestic capital, SiFG(t) = F i
FG(t) + Ki

FG(t) and

SiV (t) = F i
V (t) + Ki

V (t). This ensures that the asset allocation condition in equation 2.9

is satisfied, and gives rise to the next principle,

Principle 7. “When capital is scarce, direct some precautionary savings to

investment”

i) Capital-scarce countries should accumulate less in an offshore Volatility Fund than

capital abundant economies, F i
V,L < F i

V,H , despite the fund accelerating the expected rate

of development.
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ii) Capital-scarce countries should also direct some precautionary savings from an oil

boom to domestic investment, Ki
V (t) > 0.

Proof. See Appendix 7.

The seventh principle states that capital-scarcity reduces the precautionary motive,

as illustrated in 4.2. This is because policymakers in these countries should already be

saving a great deal, to overcome capital scarcity. We include this in the Future Generations

assets, which grow much more quickly when capital is scarce as stated in principle four.

There will be less additional benefit from saving more in a Volatility Fund.32 Capital-

scarce countries should therefore have a large Future Generations Fund, and a relatively

small Volatility Fund.

Capital-scarce countries should have less precautionary savings, despite the additional

benefits of reducing capital scarcity. Saving will accelerate the pace of development if

capital is scarce, reducing the debt premium on interest rates. Policymakers may see this

as an additional incentive to save against volatility. However, together the precautionary

and development incentives to save are less than the sum of their parts. This is because

utility is concave in consumption, and the benefits to saving are realised in the future,

whilst the costs are borne in the present.

Principle seven also states that part of the Volatility Fund should be invested domesti-

cally, if capital is scarce. Holding all of the Volatility assets in an offshore sovereign wealth

fund, FV > 0 and KV = 0, will reduce the cost of capital, r(F ) = r−ω(FFG +FV ). More

domestic investment will be profitable at this lower cost of capital. Thus, some of the

Volatility Funds should be invested domestically to keep the marginal products of capital

and foreign assets equal, from equation 2.9. Domestic capital is less liquid than foreign

assets. This should not be a major concern as the Volatility Fund should be treated as

a source of permanent income, rather than a “shock absorber”. This is because oil price

shocks are persistent, as argued in principle two.
32Note that this analysis assumes prudence is constant, regardless of consumption. This makes the

effects of volatility more clear. If prudence is higher at low levels of consumption (such as if relative risk
aversion is constant), then higher prudence may outweigh the costs of lower consumption.
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The phase diagram in Figure 3.3 also illustrates the effects of oil price volatility. The

stochastic case (red, subscript S) illustrates the dynamics in equations 4.14 and 4.13.

Volatility introduces a crucial difference to the deterministic case in section 4.1. The

vertical “steady state” line will move, ĊS = 0 in equation 4.11. This happens because the

exposure to oil price volatility changes over time as oil is extracted, Ci
P (t). Therefore, the

level of assets the social planner is “targeting” also changes, illustrated in the stable saddle

path SS1. If the windfall is immediate and permanent, then this line will immediately

jump to its new level and stay there.

When oil is discovered, the policymaker becomes exposed to oil price volatility. The

line ĊS = 0 will jump to the right as the policymaker targets a higher level of total assets,

because of precautionary savings. The line continues to move right until oil production

begins, when the exposure to oil price volatility is highest. The stable saddle path, SS1,

moves to the right as well. This results in consumption being less than the deterministic

case, because of precautionary savings.

When oil production begins, the policymaker’s exposure to volatility will fall. The

line ĊS = 0 will move to the left throughout the Boom phase, as the amount of subsoil

oil exposed to volatile prices falls. At the same time the line ṠA,C = 0 shifts up to

ṠB = 0. At the end of the Boom the line will return to meet the deterministic steady

state line, ĊD = 0 at t = T2, as there is no further exposure to volatility. Higher savings

throughout the boom means that the economy meets the line DD1 at a higher level of

both consumption and assets.

4.3.2 Large oil discoveries

If the discovery is large and volatile, then all debt should be repaid and the desired capital

stock reached, before accumulating a Future Generations Fund. A large discovery will

start in capital scarcity, and finish in capital abundance. At the start of the windfall the

economy will behave as in section 4.3.1. At some point during the windfall total assets will

accumulate far enough that debt is repaid and capital-scarcity is relaxed, FB(t∗) = 0 at

some point T1 < t∗ < T2. For the rest of the windfall the economy will behave as if it were
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capital-abundant, from section 3.2. The vertical steady state line, ĊS = 0, will disappear

as capital is no longer scarce, ω = 0 in equation 4.11. Thus, the social planner never

actually reaches this “target”. Consumption will be chosen to grow smoothly throughout

the windfall and finish on the steady state line at the end of the boom, ṠA,C = 0 at t = T2

in equation 4.12.

4.4 The case for investing in private capital

This section presents the final principle, “Support private investment”. Capital-scarcity

does not just apply to public investment; the private sector may also require capital. Iraq

and Libya are a case in point. After decades of centralised government, over 90% of capital

is publicly owned (van der Ploeg, Venables and Wills, 2012). Private access to capital will

vary by country, and by sector. While large agricultural businesses may have ready access

to foreign direct investment, small service industries will usually not.33 An oil discovery

is a source of cheap finance for the government. If the government’s cost of borrowing

is less than the private sector’s, then it should direct some investment to private capital.

This in turn boosts the productivity of public capital. Public financing of private capital

should be done indirectly and transparently. This may be done by financing the domestic

banking sector as in the UK’s Funding for Lending scheme.

To establish this principle we consider three cases of private capital scarcity: no do-

mestic market in capital; a domestic market with limited access to foreign capital; and a

domestic market with ready access to foreign capital. This is done in the general equi-

librium setting introduced in section 3.3, which includes both public and private capital.

We now assume that the government is capital scarce, so rG(F ) = r − ωGF . If there

is no domestic market in capital then the marginal product of capital will differ in the

non-traded and traded sectors, YK,N 6= YK,T . If there is a domestic market in capital

then firms in both sectors can borrow and lend from domestic banks at the same rate of
33The lack of access to finance in small service industries and smallholder agriculture has been partly

addressed in some countries by the expansion of micro-finance institutions.
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interest, rP .34 If the banks have limited access to foreign capital we assume the private

sector is more capital scarce than the government, rP (F ) = r − ωPF where ωP > ωG. If

there is ready access to foreign capital then rP = r. This leads us to the final principle,

Principle 8. “Support private investment”

i) If a capital scarce country has no domestic private capital market, the government

should promote its development to increase the productivity of public investment.

ii) If the country has a private capital market with limited access to foreign capital, then

the government should “top-up” private capital by lending through the domestic banking

sector.

iii) If the country has a private capital market and ready access to foreign investment,

then the government should invest relatively more in public capital.

iv) Investment in capital scarce countries should allow the real exchange rate to steadily

appreciate as borrowing constraints are relaxed and capital is accumulated, according to

the Rybczynski theorem.

Proof. See Appendix 8

Principle eight begins by showing that the productivity of public capital depends on an

efficient allocation of private capital. The marginal product of public capital in a sector

depends on its amount of technology, private capital and labour. The most efficient

allocation of these factors across sectors equates their marginal products. If there is no

domestic market for private capital, then there is no mechanism to ensure this will happen.

As a result the overall productivity of public capital will suffer.

The second part of principle eight shows that an oil windfall should be used to increase

investment in private capital, if the government has better access to finance than the pri-

vate sector. An oil windfall should promote additional investment if capital is scarce,
34We abstract from any monitoring costs that would introduce a spread between borrowing and lending

(see for example Curdia and Woodford, 2010).
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as stated in principle four. If the government has a given amount of capital to allocate

between different uses, it is best to equate their marginal products. An increase in public

investment will also promote “co-investment” by the private sector, as the productivity

of private capital will have improved. If the government can then “top-up” private in-

vestment at a cheaper cost of finance, this will lift the productivity of public capital and

boost output. This is similar to the UK’s Funding for Lending scheme, where the Bank of

England offered discounted financing to private banks, if they could demonstrate it was

being used to increase lending (Churm et al., 2012).

The third part of principle eight shows that ready access to capital in the private sector

should boost investment in the public sector. The productivity of public capital depends

on the amount of private capital, and vice versa. If the government installs public capital,

it will encourage private investment. This in turn increases the productivity of public

capital, encouraging further investment.

The final part of principle eight shows that the real exchange rate in capital-scarce

countries should rise as capital is accumulated. This is a counterpart to principle three,

which stated that the real exchange rate should be stable in capital-abundant economies.

An oil discovery will help alleviate capital scarcity, reducing the cost of borrowing over

time. The amount of capital in the economy will rise accordingly. If we assume that

the traded sector is more capital intensive than the non-traded sector, then an increase

in capital will reduce the relative price of the traded good, according to the Rybczynski

theorem. This is achieved by an increase in the relative price of the non-traded good,

which is a real appreciation.

5 Conclusion

This paper considers whether policymakers should spend, save or invest an oil windfall.

It extends existing literature by showing that capital-scarce countries should do relatively

less precautionary saving in a Volatility Fund, and invest some of it domestically. This

Volatility Fund should be built in advance if the windfall is anticipated, and treated as a
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source of income, rather than a temporary buffer for smoothing out oil shocks. Capital-

scarce countries should also invest so that the real exchange rate appreciates slowly, and

support private capital if it is also constrained. In contrast to current policy advice,

we show that even capital-abundant economies should invest part of their windfall, to

stabilise the real exchange rate. To do this the paper develops a framework that nests a

variety of existing results, which we present in eight principles.

1. Smooth consumption using a Future Generations Fund

2. Build a Volatility Fund quickly, then leave it alone

3. Invest to stabilise the real exchange rate, if capital is abundant

4. Finance consumption and investment with oil if capital is scarce

5. Save less if production is fast and capital is scarce

6. Use a temporary Parking Fund to improve absorption

7. Invest part of the Volatility Fund domestically if capital is scarce

8. Support private investment

These principles also suggest a number of extensions: on extraction paths, investment

volatility and political economy. Principle five shows that the extraction path matters if

capital is scarce, as income can not be smoothed with financial assets. Thus, the optimal

extraction path will differ from capital abundant economies. An extension could consider

how optimal extraction differs when capital is scarce and when it is abundant (see van

den Bremer, van der Ploeg and Wills, 2013).

A second extension could add additional sources of volatility. Principle seven shows

that capital scarcity reduces the precautionary motive and encourages investment in do-

mestic capital. Further work should also allow for volatile investment returns and absorp-

tion constraints.
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A third extension could introduce political economy. Some capital-abundant demo-

cratic countries (such as Australia and Canada) do not have national sovereign wealth

funds, while non-democratic (Saudi Arabia and the UAE), and capital-scarce democratic

countries (such as Ghana and Botswana) do. Norway is a conspicuous exception. The

uncertainty surrounding election may shorten the government’s investment horizon, and

reduce its incentive to save. Developing countries may still have an incentive to save

because of the desire to overcome capital-scarcity. A formal treatment of this could be

the subject of future work.
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Appendix A: Consumption and Total Assets

This appendix derives the equations governing the expected dynamics of consumption

and total assets. We begin by taking the first-order conditions of the Hamilton-Jacobi-

Bellman equation in 2.6 and 2.7. This is done with respect to consumption, investment,

foreign assets, and domestic capital, where 5.3 and 5.4 make use of the envelope condition,

U ′(C)e−ρt − JF = 0 (5.1)

−JF + JK = 0 (5.2)

0 + JtF + JFF (r(F )F + PO + Y (K)− C − I) + JF (r + rFF ) = 0 (5.3)

+JKF (I − δK) + 1
2JPPFσ

2P 2

JtK + JFK(r(F )F + PO + Y (K)− C − I) + YKJF = 0 (5.4)

+JKK(I − δK)− δJK + 1
2JPPKσ

2P 2

The results in equations 2.8 and 2.9 come from combining equations 5.2, 5.3 and 5.4

with dJs = JsFdF + JsKdK + JsPdP + Jstdt+ 1
2JsPPdP

2 for s = [F,K].

The optimality condition in equation 2.10 comes from substituting 5.1 and 2.7 into

2.6, and using U(C) = 1
−ae

−aC .

The social planner’s problem can be summarised in terms of the overall evolution of

total assets, S̄ = F + K, as foreign assets and capital are linked by equation 2.9. The
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evolution of total assets, equation 5.5 below, comes from substituting 2.3 into 2.2. Total

assets will be constant at the steady state, S∗, when capital scarcity is overcome and

oil income is exhausted, F ∗ = 0 and O∗ = 0. We define technology so that output is

standardised at this point, A = ( r+δ
α

)α so Y ∗ = 1 andK∗ = ( α
r+δ ).

dS̄i(t) = (r(F i(t))F i(t) + P (t)Oi + Y (Ki(t))− Ci(t)− δK(t))dt (5.5)

To analyse the dynamics of consumption and total assets we will need to linearise this

equation. We do this around S∗ to give the following, where S = S̄ − S∗.

dSi(t) =
(
rF i(t) + P (t)Oi + Y ′(K∗)(Ki(t)−K∗)− (Ci(t)− C∗)− δ(Ki(t)−K∗)

)
dt

(5.6)

Both foreign assets and domestic capital can be expressed as a share of total assets.

At any point in time the optimal level of domestic capital can be linked to the level

of foreign assets, K(F ) = ( r+δ−ωF
α

)1/(α−1)A−1/(α−1) from equation 2.9. Therefore, we

can express total assets as a non-linear function of foreign assets, S = S(F ). However,

we need an expression for foreign assets as a function of total assets, F = F (S). The

only way to proceed with a tractable solution is to linearise S(F ), which we do around

the deterministic steady state S∗. Linearisation yields S = f−1(F − F ∗) where f−1 =

(1 + ω
α(1−α)(

α
r+δ )

2). Using this, S̄ = F +K and 5.6 gives the relationship,

1
dt
dSi(t) = θSi(t) + P (t)Oi − Ci(t) + C∗ (5.7)

where θ = rf + (Y ′(K∗)− δ) (1 − f) is the overall rate of return on total assets,

and C∗ = Y ∗ − δK∗ is the steady state level of consumption. Finally, making use of

equation 2.9 at the steady state gives r = Y ′(K∗) − δ, so θ = r and we have the budget

constraint in equation 2.12. This simple expression is possible because we have linearised
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the relationship between foreign assets and domestic capital in equation 2.9 to give, F =

f/(1− f)(K −K∗).

The Euler equation in 2.11 is found by taking the expected rate of change with respect

to time of 5.1, given in 5.8 below, and combining it with expressions 2.8, U(C) = 1
−ae

−aC ,

and S = f−1(F − F ∗).

E[dJF ]/dt
JF

= U ′′(C)
U ′(C)E[dC]/dt− ρ+ 1

2
U ′′′(C)
U ′(C) C

2
Pσ

2P 2dt (5.8)

Appendix B: The Permanent Income Hypothesis

This appendix derives an explicit expression for the value function, J(F,K, P, t) in equa-

tion 2.1. This is done in the special case when preferences are CARA, U(C) = 1
−a exp(−aC),

oil prices are certain, σ = 0, and the interest rate is constant, ω = 0. The value function

must satisfy the optimality condition in equation 2.10, which reduces to,

− 1
a
JF + {Jtdt+ JF (rF + PO + Y − C)} = 0 (5.9)

Let us define total wealth at time t, W (t), to be the sum of foreign assets, F (t), the

present value of oil income V i(t), and the present value of permanent non-oil income less

depreciation C∗/r = (Y ∗−δK∗)/r. The present value of oil income is found by discounting

at the risk-free rate, and will depend on whether the economy is in the Anticipation, Boom

or Constant income stage of the oil windfall,

V C(t) = 0 for T2 ≤ t

V B(t) = PO(1− e−r(T2−t))/r for T1 ≤ t < T2

V A(t) = PO(e−r(T1−t) − e−r(T2−t))/r for 0 ≤ t < T1

(5.10)

The explicit form of the value function will be as follows, which can be verified by

substitution into the partial differential equation 5.9,
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Parameter Value Parameter Value
a 1.00 f 0.49
ρ 0.05 Fj(0) -1.96

Y (K∗) 1.00 P0 1.00
α 0.40 O 0.2
δ 0.03 T1 4
ω 0.01 T2 16

SL(0) -4.00 σ Various

Table 5.1: Calibration

J(F, P, t) = −A
a
e−ra(W (t))−ρt (5.11)

where A = 1
r

exp((r − ρ)/r)

Consumption will satisfy the permanent income hypothesis. From equation 5.1, con-

sumption will be a fixed proportion of total wealth, C(t) = rW (t) when r = ρ. This

means that as oil wealth V (t) is extracted, it is converted into foreign assets F (t), and

only the permanent income is consumed. The partial derivatives ∂Ci(t)/∂P (t) are the

same as those in equation 3.6.

Appendix C: Calibration

The following values were used in the calibrated simulations:

Appendix 1: Proof of Principle 1

i) A social planner facing a certain but temporary windfall, which can freely borrow at

the world rate of interest, should smooth consumption based on the rates of return and

time preference, Ċi(t) = 1
a
(r − ρ) for all t.

This follows directly from equation 3.1.
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ii) Consumption will be a constant proportion of total wealth: the sum of foreign assets,

oil wealth and steady state consumption, Ci(t) = rW (t) where W (t) = F (t)+V (t)+ 1
r
C∗

and r = ρ.

The present value of oil income is given in equation 5.10. Combining this with equa-

tions 3.3 and 3.5 gives the result.

iii) This will involve borrowing before the windfall, saving during the windfall in a

“Future Generations” fund, and consuming the interest earned after the windfall, ḞA(t) <

0, ḞB(t) > 0, ḞC(t) = 0.

From F i(t) = ai1e
rti + ai2 and equation 3.5, assets will evolve according to,

FC(t) = F (T2) for T2 ≤ t

FB(t) = F (T1) + PO(ert − erT1)e−rT2/r for T1 ≤ t < T2

FA(t) = F (0) + PO(ert − 1)(e−rT2 − e−rT1)/r for 0 ≤ t < T1

(5.12)

Therefore, ḞA(t) = POert(e−rT2−e−rT1) < 0, ḞB(t) = POe−r(T2−t) > 0 and ḞC(t) = 0.

iv) Less will be saved from a long windfall, and more borrowed beforehand, ∂
∂T2
Ḟ i(t) <

0 for t < T2.

ḞA(t) < 0 is the amount borrowed in period 0 ≤ t < T1. From the results in ii),

dḞA(t)/dT2 = −rPOe−r(T2−t) < 0, so a longer windfall will cause the social planner to

borrow more before the windfall. ḞB(t) > 0 is the amount saved in period T1 ≤ t < T2.

Also from part ii), dḞB(t)/dT2 = −rPOe−r(T2−t) < 0, so a longer windfall reduces the

amount saved each period during the windfall.

v) Investment will be independent of any oil discovery if capital is abundant and goods

are freely traded, consistent with the Fisher separation theorem, K = K∗.

When interest rates are constant and goods can be freely bought and sold at the

world price, then ω = 0 in equation 2.9. Capital will therefore be constant, K = K∗ =

( r+δ
αA

)1/(α−1). Technology is defined to normalise Y (K∗) = 1 so K∗ = α
r+δ .
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Appendix 2: Proof of Principle 2

The particular solution to equation 3.9, so that ai1, ai2 are defined in equation 3.5, is,

FC
V (t) = FB

V (T2) (5.13)

FB
V (t) = 1

2aP
2O2σ2 1

r2

(
tBB1 −B2(1 + r(T2 − T1 − tB))(ertB − 1)

−B3(e2rtB − 1)
)

+ FA
V (T1) (5.14)

FA
V (t) = 1

2aP
2O2σ2 1

r2

(
A1(ert − 1)− A2(e2rt − 1)

)
(5.15)

where tB = t − T1, B1 = r(1 + 2e−r(T2−T1)), B2 = 2e−r(T2−T1), B3 = 1
2e
−2r(T2−T1)

A1 = 2
(

(e−rT1 − e−rT2) − (T2 − T1)re−rT2

)
, A2 = 1

2(e−rT1 − e−rT2)2, and all Aj, Bj ≥ 0.

This can be verified by substitution into F̈ i(t)− rḞ i(t) = 1
2aP

2σ2Ci
P (t)2.

The proof of this principle relies on the following two Lemmas,

Lemma 1. The balance of the Volatility Fund never decreases in expectation, Ḟ i
V (t) > 0

for all t > 0.

Proof. The time derivative of the fund during each phase is,

ḞC
V (t) = 0 (5.16)

ḞB
V (t) = 1

2aP
2O2σ2 1

r2

(
B1 − rB2(1 + (T2 − T1 − tB)rertB)−B32re2rtB

)
(5.17)

ḞA
V (t) = 1

2aP
2O2σ2 1

r2

(
A1re

rt − A22re2rt
)

(5.18)

During the Anticipation phase we begin by showing that ḞA
V (T1) > 0,
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ḞA
V (T1) = 1

2aP
2O2σ2 1

r2

(
A1re

rT1 − A22re2rT1

)

= 1
2aP

2O2σ2 1
r

(
1− (2r(T2 − T1) + e−r(T2−T1))e−r(T2−T1)

)

Now, when T2 = T1 then ḞA
V (T1) = 0. Also, by l’Hopital’s rule, lim(T2−T1)→∞ ḞA

V (T1) =
1
2aP

2O2σ2 1
r
> 0. As F̈A

V (T1) < 0 for all T1 then ḞA
V (T1) > 0. It is also easy to see that

ḞA
V (t) > ḞA

V (T1) for all t < T1. Thus, ḞA
V (t) > 0.

During the Boom phase it is straightforward to show that ḞB
V (T2) > 0 by substitution

(that is when tB = T2 − T1). Furthermore, ḞB
V (t) > ḞB

V (T2) for all t < T2. Thus,

ḞB
V (t) > 0.

Lemma 2. The rate of increase of the Volatility Fund slows over time, F̈A
V (t), F̈B

V (t) < 0

for t < T2.

Proof. The second derivative of F i
V (t) with respect to time is,

F̈C
V (t) = 0 (5.19)

F̈B
V (t) = 1

2aP
2O2σ2

(
B2(1− r(T2 − T1 − tB))ertB −B34e2rtB

)
(5.20)

F̈A
V (t) = 1

2aP
2O2σ2

(
A1e

rt − A24e2rt
)

(5.21)

During the Anticipation phase we begin by showing that F̈A
V (0) < 0. When t = 0,

F̈A
V (0) = aP 2O2σ2

(
(e−rT1 − e−rT2)− (T2 − T1)re−rT2 − (e−rT1 − e−rT2)2

)

If T2 = T1then F̈A
V (0) = 0. So, if T2 > T1 then F̈A

V (0) < 0. Now, we also know from

inspection of equation 5.21 that F̈A
V (t) < F̈A

V (0) for all 0 < t < T1. Therefore F̈A
V (t) < 0

for all 0 < t < T1.
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During the Boom phase we begin by showing that F̈B
V (T1) < 0 for r < 2

3 (that is, when

tB = 0),

F̈B
V (T1) = 1

2aP
2O2σ2

(
r(1 + 2e−r(T2−T1))(1− r(T2 − T1))− 2e−2r(T2−T1)

)

If T2 = T1 then F̈B
V (T1) < 0 if r < 2

3 . If T2 > T1 then F̈B
V (T1) will become more

negative. We can also see from inspection of equation 5.20 that F̈B
V (t) < F̈B

V (T1) for all

T1 < t < T2. Therefore F̈B
V (t) < 0 for all T1 < t < T2.

Turning now to the parts of principle two:

Build a Volatility Fund quickly:

i) A social planner facing a volatile temporary windfall, who can freely borrow at the

world rate of interest, should engage in precautionary savings and build up a “Volatility

Fund”, in addition to the “Future Generations” fund in principle 1, F i
V (t) > 0 for all

t > 0.

The Volatility Fund begins at FA
V (0) = 0, as prior to discovering oil there is no exposure

to volatility. The expected balance of the fund is also always increasing, Ḟ i
V (t) > 0 for all

0 < t < T2 by Lemma 1. Therefore F i
V (t) > 0 for all t > 0.

ii) The Volatility Fund should receive relatively more savings during the early years of

the windfall, including during the Anticipation phase, ḞA
V (t), ḞB

V (t) > 0 and F̈A
V (t), F̈B

V (t) <

0 for t < T2.

The balance of the Volatility Fund increases for all 0 < t < T2, ḞA
V (t), ḞB

V (t) > 0 by

Lemma 1. However, the rate it increases will diminish over time, F̈A
V (t), F̈B

V (t) < 0 for

t < T2 by Lemma 2. Thus, it will receive relatively more savings in the early years of the

windfall.

Then leave it alone:
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iii) The assets in the Volatility Fund should not be consumed in the presence of a

persistent negative shock to the oil price. Only interest should be consumed, ∂
∂P0

F i
V (0) =

0.

We know that F i
V (0) = 0. Thus, a contemporaneous oil price shock will not affect the

stock of assets in the Volatility Fund, only the subsequent path of consumption.

iv) As oil is extracted, the need for a Volatility Fund will diminish, ĊB(t) → 0 as

t→ T2.

The marginal effect of a change in oil prices on consumption falls as oil is extracted,

CB
P (t) = O(1 − e−r(T2−t)) → 0 as t → T2 from equation 3.6. The result then follows

directly from equation 3.7, capturing a diminishing incentive for precautionary savings.

v) Any funds remaining in the Volatility Fund should be saved, and only the permanent

income consumed, Ḟ i
V (t) ≥ 0 for all t ≤ T2.

This follows from Lemma 1.

Appendix 3: Proof of Principle 3

i) When there is both a traded and a non-traded sector, an oil discovery should increase

investment in the non-traded sector, and decrease investment in the traded sector, with

the aim of stabilising the real exchange rate, e = e∗.

Firms in this model choose the mix of capital and labour to maximise profit, from

equation 3.14. This gives rise to the following first order conditions, and the following

Lemma,

γGPjYj/KG,j = rG (5.22)

γPPjYj/KP,j = rP (5.23)

(1− γG − γP )PjYj/Lj = w (5.24)
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Lemma 3. When the traded good is sold on international markets for a constant price,

capital is freely allocated at constant interest rates, and there are constant returns to

scale; both the wage and the price of non-traded goods will also be constant, w = w∗ and

PN = P ∗N . They are also independent of the aggregate level of consumption, C. This

follows from the factor-price equalization theory.

Proof. Production in each sector is given by Yj = AKγG
G,jK

γP
P,jL

1−γG−γP
j . When capital is

freely traded on world markets, the only scarce factor of production is labour. If a unit

of labour moves into a sector, it will be accompanied by both private and public capital,

which have been freely borrowed at the world rate of interest. This ensures that the

marginal product of each factor equals its price. The amount of capital in each sector can

therefore be expressed in terms of labour, using equations 5.22 to 5.24,

KG,j = wLj/Pj
γG/r

(1− γG − γP ) (5.25)

KP,j = wLj/Pj
γP/r

(1− γG − γP ) (5.26)

Output in each sector can also be expressed in terms of labour, making use of the

constant returns to scale assumption and substituting 5.25 and 5.26 into the production

function,

Yj = AjLjb (w/Pj)γ1+γ2 (5.27)

where b = γγG1 γγP2 (r(1−γG−γP ))−γG−γP . The marginal product of labour is essentially

constant, as it will be accompanied by capital. The marginal product of labour also equals

the wage, (1− γG − γP )PjYj/Lj = w. Combining this with equation 5.27 gives,
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w/Pj = cj (5.28)

where cj = (Aj(γG/r)γG(γP/r)γP )1/(1−γG−γP )(1− γG − γP ).

In the traded sector, the price is set on world markets, PT = 1, so the wage will be

dictated by the price of the traded good, the world rate of interest and the production

technology in the traded sector w = w∗ = cT .

In the non-traded sector, the price will be set to equate demand and supply for the non-

traded good. As the non-traded sector must compete with the traded sector for labour,

the price of non-traded goods will also be constant - even if the production technology in

each sector differs, PN = cT/cN . These results stem from Samuelson’s (1948) factor-price

equalization theory.

The social planner will increase aggregate consumption when oil is discovered, as stated

in principle one. Equilibrium in the non-traded sector requires that P 1−aN
N YN = aNC. An

increase in consumption must be met by either a rise in prices or a rise in output. The price

of non-traded goods should be constant, from lemma 3. Higher aggregate consumption

should therefore be met by higher output. This can only be achieved with a movement

of labour from the traded sector, and investment in both public and private capital. The

reduction in labour in the traded sector will also cause the sector’s capital stock to fall,

according to equations 5.25 and 5.26. We assume that this faces no restrictions. Thus,

discovering oil will cause investment in the traded sector, with the aim of maintaining a

constant real exchange rate, e = e∗ = cN/cT .

ii) This is not just a reallocation of capital. The total capital stock can increase or

decrease, depending on the production technology of each good.

The total stock of public and private capital in the economy is given by, Kk = Kk,N +

Kk,T for k = G,P . From equations 5.25 and 5.26 we have,
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Kk = w
∑

j=N,T
Lj/Pj

γk,j/r

(1− γG,j − γP,j)

So, the allocation of labour, L̄ = LN + LT will affect the total stock of both public

and private capital, unless both sectors use exactly the same production technologies (so

that PN = PT = 1).

iii) During the Anticipation phase this will involve borrowing to finance both con-

sumption and investment in the non-traded sector.

On discovering oil the social planner will immediately increase consumption as stated

in principle one. Consumption will remain at this new level in perpetuity, in the absence

of volatility. Higher consumption will immediately increase demand for both traded and

non-traded goods. To prevent prices rising this will require an immediate investment in

the non-traded sector, IN , as stated in part i). If this exceeds the amount of capital that

can be released by the traded sector then it will reduce the stock of foreign assets, F ,

according to the budget constraint in equation 2.2.

iv) Investing in the non-traded sector may limit the decline of the traded sector (Dutch

disease) when the initial capital stock is low, but immigration is more effective.

To show this we compare how an increase in consumption affects the labour market,

when capital is abundant and when it is fixed.

When capital is abundant, an increase in consumption will have a constant effect

on labour. In this case investment will ensure that the real exchange rate is constant,

PN = P ∗N from Lemma 1. Therefore, an increase in consumption must be met by an

increase in output of the non-traded good, C = P ∗1−aNN YN/aN . Using this, equation 5.27

and dLN
dC
· dC
dLN

= 1 we get,

dLN
dC

= aN
ANb

w∗(−γG−γP )P
∗(1−aN−γG−γP )
N (5.29)
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So when capital is abundant, an exogenous increase in consumption will have a con-

stant effect on labour (unless all labour is already employed in the non-traded sector,

which we ignore).

When capital is fixed, an increase in consumption will have a varying effect on labour,

depending on the initial level of consumption. The wage will still be driven by the marginal

product of labour in the traded sector, w = (1 − γG − γP )kT (1 − LN)−γG−γP , using

the constant, kT = ATK
γG
G,TK

γP
P,T , for simplicity. In this case an increase in aggregate

consumption will be met by both a higher price and quantity of the non-traded good,

C = P 1−a
N YN/a. To isolate the effect on the labour market we combine this with the

marginal product of labour in the non-traded and the traded sectors, equation 5.24, to

give,

w = (1− γG − γP )(aC/YN)1/(1−a)(YN/LN)

C = 1
a
kaNk

(1−a)
T L

(1−aγG−aγP )
N (1− LN)−(1−a)(γG+γP )

The effect of a change in consumption on the labour market when capital is fixed, L′N ,

will be,

dL
′
N

dC
= C−1 (1− L′N)L′N

(1− aγG − aγP )− L′N(1− γG − γP ) (5.30)

Thus, the effect of a change in consumption on the labour market when capital is fixed

will depend on the initial level of consumption. This in turn is a function of the initial

capital stock, and the associated allocation of labour between the traded and non-traded

sectors. If the initial capital stock is sufficiently low, then an increase in consumption

will require a large movement of labour from the traded to the non-traded sector when

capital is fixed. Investing in the non-traded sector may then reduce the marginal effect

of consumption on labour, dL
′
N

dC
> dLN

dC
. Output in each sector will be driven by the
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reallocation of labour. We have dY
′
T

dC
= dY

′
T

dL
′
N

· dL
′
N

dC
< dYT

dC
= dYT

dLN
· dLN
dC

if the initial capital

stock is sufficiently low, as dY
′
T

dL
′
N

, dYT
dLN

< 0. So, under some parametrisations, investing in

the non-traded sector can limit the decline of the traded sector.

Immigration is more effective at limiting the decline of the traded sector. The con-

traction of the traded sector is driven by the limited availability of labour. Consider

instead the case of ready access to immigrant labour. If the social planner sets the wage

at w = w∗, such as a reference wage paid to government employees, total labour will freely

adjust to ensure that its marginal product equals the wage in each sector. The decline

in the traded sector described in part i), driven by the reallocation of labour from the

traded to the non-traded sector, would be avoided as immigrant workers fill the demand

for labour in the non-traded sector.

Appendix 4: Proof of Principle 4

i) Consumption in capital-scarce countries should begin lower than in capital abundant

economies, CC
L (0) < CC

H(0), but jump further when oil is discovered, CA
L (0) − CC

L (0) >

CA
H(0)− CC

H(0). It should still remain lower in absolute level though, CA
L (0) < CA

H(0).

Consumption in capital scarce economies should begin lower, CC
L (0) < CC

H(0). Phase

C describes the economy in the absence of oil. If capital is scarce (L), consumption and

assets will lie on the stable saddle path during this phase, CC
L (t) = (r − λ1)SCL (t) + C∗,

from equations 4.3, 4.4 and 4.5. If capital is abundant (H) they will lie on the steady

state line, CC
H(t) = rSCH(t) + C∗, from equation 3.2 with Ḟ = O = 0. As λ1 < 0 and

SCL (0) < SCH(0) < 0 (as the capital stock will also be lower when capital is scarce),

CC
L (0) < CC

H(0) for any given level of C∗.

Consumption in capital scarce economies should jump further when oil is discovered,

CA
L (0) − CC

L (0) > CA
H(0) − CC

H(0). First we note that CC
j (0) is the level of consumption

given the starting level of assets, Sj(0), during the Constant income phase for j = [L,H].

This is the level of consumption that would hold at time t = 0 if there is no windfall.

Now, we have,
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CA
L (0)− CC

L (0) = (r − λ1)SL(0) + PO(e−λ2T1 − e−λ2T2) + C∗

−SL(0)(r − λ1)− C∗

= PO(e−λ2T1 − e−λ2T2)

CA
H(0)− CC

H(0) = rSH(0) + PO(e−rT1 − e−rT2) + C∗ − rSH(0)− C∗

= PO(e−rT1 − e−rT2)

Now, (e−rT1 − e−rT2) − (e−λ2T1 − e−λ2T2) < 0, for ω > 0 as λ2 = 1
2r ± 1

2

√
r2 + 8ωf/a.

So on discovering oil, consumption will jump further in a capital-scarce than a capital

abundant economy.

However, consumption in capital scarce economies will remain lower in absolute level,

CA
L (0) < CA

H(0). Let the difference between consumption in capital abundant and capital-

scarce economies be, ci(t) = Ci
H(t)− Ci

L(t). The associated difference in assets is si(t) =

SiH(t)− SiL(t). The difference in consumption will satisfy,

ċi(t) = Ċi
H(t)− Ċi

L(t)

= 2ω
a
fSiL(t)

= −2ω
a
fsi(t) + 2ω

a
fSiH(t)

< 0

So, consumption in the capital-scarce economy grows more quickly than consumption

in the capital abundant economy. The difference in assets will satisfy ṡi(t) = rsi(t)−ci(t).
These dynamics are summarised by the differential equation s̈i(t) − rṡi(t) − 2ω

a
si(t) =

−2ω
a
fSiH(t). The explicit solution to this is,
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si(t) = k1e
λ1t + k2e

λ2t + a1e
rt + a2 (5.31)

= k1e
λ1t + k2e

λ2t + SAH(t)

ci(t) = (r − λ1)k1e
λ1t + (r − λ2)k2e

λ2t + ra2 (5.32)

To find the coefficients k1, k2 we impose two constraints. First, at t = 0, 0 = k1 +

k2 + SL(0) and s(0) > 0 as the initial domestic capital stock will be lower when capital is

scarce. Second, the difference between the capital-scarce and capital abundant economies

will disappear if foreign assets ever reach zero. So, if for any point in time t = t∗ > 0,

SiH(t∗) = SiL(t∗) = si(t∗) = 0, then the difference in consumption will also be zero,

ci(t∗) = 0. This gives k1 = −SL(0)− k2 and k2 = ra2(λ2 − λ1)−1e−λ2t∗ . Substituting this

into equation 5.32 gives cA(0) = λ1SL(0) + PO(e−rT1 − e−rT2)(1− e−λ2t∗) > 0. Thus, the

absolute level of consumption on discovering oil in a capital-scarce economy will be lower

than in a capital abundant economy, CA
H(0) > CA

L (0).

ii) Borrowing in capital-scarce countries before a boom should initially be lower than

capital abundant countries, ḞA
L (0) > ḞA

H (0), and if they begin to borrow it will happen

near the date of extraction, F̈A
L (t) < 0 for t < T1.

From part i) we have CA
H(0) > CA

L (0). As ṠAj (t) = rSAj (t) +C∗−CA
j (t) for j = [L,H],

so ṠAH(0) < ṠAL (0). We also know that F i
H(t) = SiH(t) and F i

L(t) = fSiL(t) where f < 1.

So, ḞA
L (0) > ḞA

H (0) and capital scarce countries will initially borrow less.

As the Anticipation phase proceeds, the amount saved by a capital-scarce economy

will decrease (or the rate of borrowing will increase). From equation 4.3 we have Si(ti) =

ci1e
λ1ti + ci2e

λ2ti and S̈A(t) = cA1 λ
2
1e
λ1t + cA2 λ

2
2e
λ2t. We know that cA1 = S(0) − cA2 and

cA2 = −PO(e−λ2T1 − e−λ2T2)(λ2 − λ1)−1 < 0 from equation 4.5. If a windfall is small, its

present value will be much less than is needed to overcome capital scarcity, PO(e−rT1 −
e−rT2)/r �| S(0) |. This is because the country will also be saving from income Y and

we assume that S(T2) < 0. As cA2 ≈ −PO(e−rT1 − e−rT2)/r and S(0) < 0 we have,

90



cA1 = S(0)− cA2 < 0 for a small windfall. So, S̈A(t) = cA1 λ
2
1e
λ1t + cA2 λ

2
2e
λ2t < 0 and in turn

F̈A(t) < 0.

iii) Domestic capital in capital-scarce economies should grow over time, K̇C
L (t) > 0,

be accelerated during an oil boom, K̇B
L (t) > K̇C

L (t), and comprise an increasing share of

the total capital stock over time, d
dt

(K(t)/S̄(t)) > 0.

Domestic capital should grow over time, K̇C
L (t) > 0. In equation 4.3 we see that

ṠC(t) > 0 for all t. We also know that SC(t) = (1− f)(KC(t)−K∗). As f < 1 we have

K̇C
L (t) > 0.

The growth of domestic capital will be accelerated during an oil boom, K̇B
L (t) > K̇C

L (t).

From equation 4.3 we have Ṡi(t) = ci1λ1e
λ1ti + ci2λ2e

λ2ti . Let us consider how total assets

evolve with or without an oil boom, starting at the same initial level of assets S0. From

equation 4.5 we would have cC1 = S0, cC2 = 0, cB1 = S0− cB2 and cB2 > 0. So, ṠB(t) > ṠC(t)

as cB1 < cC1 and λ1 < 0, and cB2 > cC2 and λ2 > 0. Therefore K̇B(t) > K̇C(t).

Domestic capital will also comprise an increasing share of the total capital stock over

time, d
dt

(K(t)/S̄(t)) > 0. We know that S̄(t) = F (t) +K(t). We also can see that Ḟ (t) =
α(1−α)

2ω AK(t)α−2K̇(t) from equation 2.9. At K(t) = K∗ = α
r+δ and using A = ( r+δ

α
)α from

Appendix A, α(1−α)
2ω AK(t)α−2 = (1−α)

2ω
(r+δ)2

α
. For α ≈ (1 − α) and r, δ and ω of similar

order of magnitude, α(1−α)
2ω AKα−2 < 1. So, near K∗ domestic capital grows more quickly

than foreign assets, Ḟ (t) < K̇(t). Domestic capital will therefore increase its share in total

assets, d
dt

(K(t)/S̄(t)) > 0. This will not necessarily hold if K(t) is significantly below K∗,

which we abstract from in our linearised analysis.

Appendix 5: Proof of Principle 5

i) All else being equal (including extraction costs), a shorter, high intensity windfall

(HI) is always preferred to a long, low intensity one (LI),
´∞

0 U(CHI(τ))e−ρτdτ >
´∞

0 U(CLI(τ))e−ρτdτ .
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This follows from examining the budget constraint, 4.2. The present value of a long,

low intensity windfall will be lower than a short, high intensity one. Assuming that

production begins at T1 = 0 for simplicity, the present value of a windfall of intensity

nO, for period Tn/n is PV (n) = PnO(1 − e−rT2/n)/r. As ∂PV/∂n > 0, more intense

windfalls have a higher present value. Windfalls with a higher present value relax the

budget constraint further. So, they must increase utility as any consumption path under

a long, mild windfall can be replicated under a short, intense one.

ii) However, if capital is sufficiently scarce then fewer assets will be accumulated from

a short, high intensity windfall than a long, low intensity one after an equal amount of

time has passed, SHI(t) < SLI(t) for t > T2.

For simplicity assume T1 = 0. The value of assets at the end of a low intensity

windfall is given by SBLI(T2) = S(0)eλ1T2 + PO(λ2 − λ1)−1(1 − e(λ1−λ2)T2). The value of

assets at the end of a high intensity windfall, of nO units of oil per period for T2/n periods

(n > 1), is given by SBHI(T2/n) = S(0)eλ1T2/n + P (nO)(λ2 − λ1)−1(1 − e(λ1−λ2)T2/n). By

time t = T2this will have grown to SBHI(T2) = SBHI(T2/n)eλ1T2(1−1/n). The difference in

assets at time t = T2 is given by,

SBLI(T2)− SBHI(T2) = PO(λ2 − λ1)−1

×
(

(1− e(λ1−λ2)T2)− n(eλ1T2(1−1/s) − eT2(λ1−λ2/n))
)

(5.33)

If ω = 0 then SBLI(T2) − SBHI(T2) = PO(r)−1
(

(1 − e−rT2) − n(1 − e−rT2/n)
)
, which is

unambiguously negative. Thus, in a capital abundant economy a high intensity windfall

will lead to a larger Future Generations Fund.

However, if ω is sufficiently large, or s sufficiently high, then equation 5.33 will be

positive and a low intensity windfall will lead to a larger Future Generations Fund. This

is easily seen in the illustration in Figure 4.4.
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Figure 5.1: A comparison of assets accumulated after High and Low intensity windfalls.
This is a plot of equation 5.33, where SBLI(T2)−SBHI(T2) > 0 is illustrated in green. In the
green region more assets will be accumulated under a low intensity than a high intensity
windfall.
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Appendix 6: Proof of Principle 6

i) In capital scarce countries with absorption constraints, part of an oil discovery should

be accumulated in a temporary offshore Parking Fund while absorption constraints are

relaxed, F i
P (t) > 0 if φ > 0.

We begin by replacing the social planner’s budget constraint in equation 2.2 with equa-

tion 4.6, and finding the first order conditions to the social planner’s problem, replacing

those in equations 5.1 to 5.4,

U ′(C)e−ρt − JF = 0 (5.34)

−JF (1 + φI/K) + JK = 0 (5.35)

−JF (YK + 0.5φI2K−2) + δJK = 1
dt
E[dJK(F, P,K, t)] (5.36)

−(r − 2ωF )JF = 1
dt
E[dJF (F, P,K, t)] (5.37)

Now let us introduce the ratio of the marginal utility from an extra unit of capital to

that of foreign assets, q = JK/JF . Using this new variable we can summarise equations

5.35 to 5.37 in equations 4.7 and 4.8, reproduced below,

q = 1 + φ
I

K

q̇ = q(r − ωF + δ)− YK − 0.5 1
φ
(q − 1)2

The first equation shows that the marginal utility from an extra unit of installed

capital will be greater than for an extra unit of foreign assets, q > 1 as φI/K > 0. In the

absence of absorption constraints the marginal utilities are equal, q = 1 when φ = 0 from

equation 5.2. Marginal utility is diminishing in both capital and assets, JKK , JFF < 0.

This is also consistent with equations 5.36 and 5.37, where the marginal utilities fall over
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time as capital and foreign assets are accumulated, 1
dt
E[dJK ], 1

dt
E[dJF ] < 0. So, for a

given stock of assets, S̄ = F +K, when φ > 0 then JK > JF and there will be relatively

more foreign assets and less domestic capital than when φ = 0 and JF = JK . We call the

additional foreign assets in the presence of absorption constraints a Parking Fund, which

is the difference between foreign assets when φ > 0 and φ = 0, F i
P (t) = F i

φ(t)−F i(t) > 0.

Illustrations of the size of this fund are provided in van der Ploeg (2012).

The parking fund will be temporary. As capital is accumulated absorption constraints

will disappear, the marginal utilities of foreign assets and capital will converge and the

Parking Fund will disappear, as K →∞, q → 1 and F i
P (t)→ 0.

ii) In capital abundant countries an oil discovery will not affect the size of any Parking

Fund.

In capital abundant economies there is no debt premium on interest, ω = 0. In this

case the equations 4.7, 4.8 and 2.3 form a system of three dynamic equations in three

variables, I,K and q. This system can be solved without any reference to consumption,

foreign assets or oil. Thus, the separation theorem in principle 1 holds and an oil discovery

will not alter the path of investment in a capital abundant economy.

Appendix 7: Proof of Principle 7

We begin with the following expressions for SiV (t):

SCV (t) = SBV (T2) (5.38)

SBV (t) = 1
4ωf a

2P 2O2σ2
(
B1(e2rtb − eλ1tb)−B2(ertb − eλ1tb)

−B3(eλ2tb − eλ1tb) + (1− eλ1tb)
)

(5.39)

SAV (t) = 1
4ωf a

2P 2O2σ2
(
A1(e2rt − eλ1t)− A2(eλ2t − eλ1t)

)
(5.40)
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Where tb = t−T1, B1 = ωf/a
ωf/a−r2 e

−2r(T2−T1), B2 = 2e−r(T2−T1), B3 = r2

ωf/a−r2
2r−λ1
λ2−λ1

e−λ2(T2−T1),

A1 = ωf/a
ωf/a−r2 (e−rT1 − e−rT2)2 and A2 = e−λ2T1

(λ2−λ1)





(2r−λ1)
ωf/a−r2 r

2
(

1− 2e−r(T2−T1) + e−λ2(T2−T1)
)

+

2r(1 − e−r(T2−T1))


, where all Bj, Ak > 0 for ωf/a − r2 > 0. Also, we have, Ci

V (t) =

rSiV (t)− ṠiV (t). This can be verified by substitution into equations 4.9 and 4.10.

i) Capital-scarce countries should accumulate less in an offshore Volatility Fund than

capital abundant economies, F i
V,L < F i

V,H , despite the fund accelerating the expected rate

of development.

The Volatility Fund is the difference between the total level of foreign assets in a

stochastic and a deterministic setting (the Future Generations Fund), F i
V,j = F i

j − F i
FG,j,

for both capital-scarce (L) and capital-abundant (H) economies, j = [L,H]. This Volatil-

ity Fund will be a fraction of the total level of assets accumulated to manage volatility,

F i
V,j = fSiV,j, which satisfies the dynamic equation, ṠiV,j = rSiV,j + POi + C∗ − Ci

V,j for

both capital abundant and capital-scarce economies. The volatility effect on consump-

tion, Ci
V,j = Ci

j − Ci
FG,j, will satisfy the following equations, for capital abundant and

capital-scarce economies respectively,

Ċi
V,H = Ċi

H − Ċi
FG,H

= 1
2aP

2Ci
P (t)2σ2 (5.41)

Ċi
V,L = Ċi

L − Ċi
FG,L

= {−2ωf
a
SiL + 1

2aP
2Ci

P (t)2σ2} − {−2ωf
a
SiFG,L}

= −2ωf
a
SiV,L + 1

2aP
2Ci

P (t)2σ2 (5.42)

The rate of change of the volatility adjustment to consumption is higher in capital-

abundant economies, Ċi
V,L(t) < Ċi

V,H(t) for all t > 0. This follows from equations 5.38 to

5.40, which show that SiV,j(t) > 0 for all t > 0, and equation 5.42. This is consistent with

precautionary savings building up a positive Volatility Fund.
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Therefore, the adjustment to consumption from volatility will be greater in capital-

abundant economies during the early years of the windfall, Ci
V,H(t) < Ci

V,L(t) < 0 for t

less than some tV . The volatility effect on total assets is zero before oil is discovered,

for both capital-scarce and capital-abundant economies, SV,j(0) = 0 for j = [L,H]. The

“budget constraint” tying together the volatility adjustments to consumption and total

assets is also the same in both capital-abundant and capital-scarce economies, ṠiV,j =

rSiV,j +POi +C∗−Ci
V,j for j = [L,H]. If both the initial state and the budget constraint

are the same in both countries, but the consumption adjustment grows more quickly in the

capital-abundant economy, then its initial level must be lower. So, Ci
V,H(t) < Ci

V,L(t) < 0.

As a result, capital-abundant economies will accumulate a larger volatility fund than

capital-scarce economies, F i
V,H > F i

V,L. The overall amount of assets accumulated to

manage volatility will grow faster in a capital-abundant country, ṠiV,H > ṠiV,L. All of these

assets in a capital-abundant economy are accumulated in a Volatility Fund, FV,H = SV,H ,

while only a fraction are in a capital-scarce economy, FV,L = fSV,L where f ∈ [0, 1]. Thus,

capital-abundant economies will accumulate a larger Volatility Fund than capital-scarce

economies. Over time, the larger Volatility Fund in the capital-abundant country will

generate interest payments, which will finance a larger volatility effect on consumption,

Ci
V,H(t) > Ci

V,L(t) for t > tV .

This holds despite the Volatility Fund accelerating the pace of development in ex-

pectation. This follows directly from equation 4.9, where volatility increases the rate of

change of consumption ∂
∂σ
Ċi(t) > 0. This means that consumption will be lower in the

short-run, to finance precautionary savings. These precautionary savings lead to the ac-

cumulation of a Volatility Fund, F i
V (t) > 0 from equations 5.38 to 5.40, in addition to the

future generations fund. This additional Volatility Fund will reduce capital scarcity, and

generate income that can finance a higher level of consumption in the future.

ii) Capital-scarce countries should also direct some precautionary savings from an oil

boom to domestic investment, Ki
V (t) > 0.

From equations 5.40 to 5.38 we have that SiV (t) > 0 for all t > 0. We also know

that Ki
V (t) − K∗iV = (1 − f)SiV (t) where f ∈ [0, 1]. Finally, we know that the volatility
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adjustment to the capital stock in the deterministic steady state will be zero, as we assume

that there is no volatile income at this point, K∗iV = 0. So, a volatile oil windfall should

increase the stock of capital, Ki
V (t) > 0.

Appendix 8: Proof of Principle 8

i) If a capital scarce country has no domestic private capital market, the government

should promote its development to increase the productivity of public investment.

The optimal allocation of a fixed quantity of any factor of production between two

sectors is to equate its marginal product in each sector. Consider the problem of allocating

a fixed amount of public and private capital and labour across two sectors, j = N, T , to

maximise revenues,

max
KG,j ,KP,j ,Lj

∑
j=N,T PjAjK

γG
G,jK

γP
P,jL

(1−γG−γP )
j

s.t.

1 = KG,N +KG,T

1 = KP,N +KP,T

1 = LN + LT

The optimal allocation of every factor will equate its marginal product in each sec-

tor. For private capital this gives us γPPNYN/KP,N = γPPTYT/KP,T . This maximises

revenues, and in turn the productivity of public investment.

If a country does not have a domestic capital market, then there is nothing to guarantee

that the marginal product of private capital in each sector will be equal. Firms in each

sector will only be able to invest from retained earnings. The decision to invest or save

would be based on equating the marginal product of capital with the marginal utility of

consumption by the owner of the firm, based on a condition similar to U ′(C)e−ρt = JK
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from equations 5.1 and 5.2. The amount of investment would therefore be based on the

existing capital stock in each sector.

However, if a domestic market for private capital can be established, then private

capital will be allocated efficiently. Consider the profit maximisation problem of each

firm in the traded and non-traded sector, assuming that the government is allocating

public capital efficiently, γGPjYj/KG,j = rG

max
KP,j ,Lj

πj = PjYj − rGKG,j − rPKP,j − wLj

This gives the first order condition for each firm, γPPjYj/KP,j = rP . If there is a

well-functioning domestic capital market then both firms will face the same rP , so capital

will be allocated to equate its marginal product in each sector.

ii) If the country has a private capital market with limited access to foreign capital,

then the government should “top-up” private capital by lending through the domestic

banking sector.

We begin with production before oil is discovered, and assume that public and private

capital are allocated efficiently. Their marginal product will equal their respective costs

of borrowing, for j = N, T ,

γGPjYj/KG,j = r − ωGF

γPPjYj/KP,j = r − ωPF

Now consider production after oil is discovered. As noted in principle 4, at any point

in time the government will have more capital to allocate between each sector, K ′ =

K ′N +K ′T , and will seek to maximise output,
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max
K′G,j ,K

′
P,j

∑
j=N,T PjAj(KG,j +K ′G,j)γG(KP,j +K ′P,j +K ′′P,j)γPL

(1−γG−γP )
j

s.t.

K ′ = K ′G,N +K ′G,T +K ′P,N +K ′P,T

Investment by the public sector will increase the productivity of private capital, so

there will be some co-investment by the private sector, K ′′P,j. The private sector will

allocate its capital, K ′′P,j, so that its marginal product equals the cost of borrowing. The

government will then “top-up” private capital to equate its marginal product with that

of public capital. So,

γPPjYj/(KP,j +K ′′P,j) = rP

γPPjYj/(KP,j +K ′′P,j +K ′P,j) = rG

γGPjYj/(KG,j + (K ′j −K ′P,j)) = rG

Combining the first and last gives K ′′P,j = rG/γG
rP /γP

(KG,j + K ′G,j) − KP,j, so private co-

investment is increasing in public investment. Combining all three gives,

K ′P,j = (rP − rG)γP
(rP − rG)γP + rPγG

(KG,j +K ′j)

So, if rP = rG then the additional investment by the government in the private sector

is zero. As capital scarcity in the private sector increases relative to the public sector,

rP > rG, the optimal government “top-up” to the private sector increases.

iii) If the country has a private capital market and ready access to foreign investment,

then the government should invest relatively more in public capital.

Let us now assume that the resource exporter has a well functioning domestic capital

market, with foreign direct investment that is financed at the world rate of interest, r.
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In this setting there will be more investment in private capital. As the cost of private

capital is lower, r < r − ωGF for F < 0, its marginal product in each sector will also

be lower. As there are diminishing returns to private capital, this requires the level of

private capital to be higher. Thus, there will be more private capital if it can be financed

cheaply at the world interest rate.

More private capital increases the marginal product of public capital. The marginal

product of public capital is, MPKG,j = γGPjAjK
γG−1
G,j KγP

P,jL
1−γG−γP
j . Thus, a higher stock

of private capital, K ′P,j > KP,j, will increase the marginal product of public capital,

MPK ′G,j > MPKG,j.

If the government can borrow at a particular rate of interest, then a higher marginal

product of public capital will require more investment in public capital. The government

can borrow at the rate of interest, rG = r−ωGF . For a given rate of interest and two differ-

ent levels of private capital, γGPjAjK
′γG−1
G,j K

′γP
P,jL

1−γG−γP
j = γGPjAjK

γG−1
G,j KγP

P,jL
1−γG−γP
j =

rG, then if K ′P,j > KP,j, K ′G,j > KG,j as γG ∈ [0, 1].

iv) Investment in capital scarce countries should allow the real exchange rate to steadily

appreciate as borrowing constraints are relaxed and capital is accumulated, according to

the Rybczynski theorem.

Let us return to the setting in part ii) of this principle, where public and private capital

at any point in time are financed at the respective rates of interest, rG(F (t)) < rP (F (t)).

Following the reasoning in Lemma 3, public and private capital will accompany labour as

it moves between sectors,

KG,j = wLj/Pj
γG/rG(F (t))

(1− γG − γP ) (5.43)

KP,j = wLj/Pj
γP/rP (F (t))

(1− γG − γP ) (5.44)

Output in each sector will be,
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Yj = AjLjb(F (t)) (w/Pj)γ1+γ2 (5.45)

where b(F (t)) = (γG/rG(F (t))) γG (γP/rP (F (t))) γP (1 − γG − γP )−γG−γP . In addition

we know that the marginal product of labour equals the wage, (1−γG−γP )PjYj/Lj = w.

Combining this with equation 5.45 gives,

w/Pj = cj(F (t)) (5.46)

where cj(F (t)) = (Aj (γG/rG(F (t))) γG (γP/rP (F (t))) γP ) 1/(1−γG−γP )(1−γG−γP ), and,

c′j(F ) = cj(F )
(

−γGr′G(F )
(1− γG − γP )rG(F ) + −γP r′P (F )

(1− γG − γP )rP (F )

)
(5.47)

In the traded sector PT = 1, so at any point in time the wage will be a function of

the level of foreign assets, via the cost of borrowing, w∗(F (t)) = cT (F (t)). Over time, as

the cost of borrowing falls there will be more capital employed in the traded sector. The

marginal product of labour will therefore rise, and the wage will rise with it.

In the non-traded sector, P ∗N(F (t)) = cT (F (t))/cN(F (t)). If the production technology

in each sector is the same, then P ∗N = 1 for any value of F (t), and the real exchange rate

should stay constant. However, if the production technology differs then P ∗N(F (t)) will

change as foreign debt is repaid, the cost of borrowing falls and capital accumulates. If

the traded sector is more capital intensive, γj,T > γj,N for j = N, T , then the price of the

non-traded good will rise as debt is repaid. This is a real appreciation, and follows from

the Rybczynski (1955) theorem.
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Chapter 2
The Elephant in the Ground:

Oil extraction and asset allocation in sovereign wealth funds
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Extracting oil and allocating assets in sovereign wealth funds

Ton van den Bremer, Rick van der Ploeg and Samuel Wills∗
University of Oxford

Abstract

Most oil exporters have a large share of their national wealth beneath the ground.
Many of these countries also establish sovereign wealth funds with the proceeds from
oil extraction. However, the decisions of when to extract oil and what assets to hold
are usually disconnected. This paper asks the question, how should subsoil oil
change a country’s asset allocation above the ground? We show that oil-rich coun-
tries should offset their subsoil exposure by changing their above-ground portfolio
in two ways, relative to countries without oil. A wealth effect increases the holdings
of all risky assets, because additional wealth exists outside the fund. A substitution
effect invests less in assets that are positively correlated with oil, because of the sub-
soil exposure. Extraction will be faster than the standard Hotelling rule on average,
if oil prices are pro-cyclical. This generates a risk premium on volatile subsoil assets.
Consumption will manage any residual volatility through precautionary savings.
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1 Introduction

How should a government coordinate its sovereign wealth fund, its extraction of natural

resources, and consume the proceeds? This paper shows that policymakers should offset

the risk from subsoil oil1 in their sovereign wealth fund, extract oil faster if its price

is positively correlated with the market, and use precautionary savings to manage any

residual volatility.

Sovereign wealth funds account for a large component of many commodity exporters’

wealth. Azerbaijan’s US$ 33 billion fund accounts for nearly 50% of GDP. Qatar’s US$

115 billion fund accounts for 62%, Saudi Arabia’s 82%, Norway’s 143% and the funds of

both the UAE and the tiny island nation of Kiribati over 200% of GDP (SWF Institute,

2013 and IMF, 2013). Collectively commodity sovereign wealth funds hold over US$ 3

trillion in assets (SWF Institute, 2013). In broader terms they hold approximately 1.3%

of the US$ 225 trillion in financial assets managed globally (MGI, 2013).

Of the nearly 30 countries with commodity funds, Norway has both the largest and one

of the best managed. Established in 1990, Norway’s Government Pension Fund Global

was designed to smooth Norway’s expenditure of its North Sea oil following a period of

fiscal volatility in the 1970s and 1980s. At over US$ 700 billion it is the largest single fund

in existence. It is also one of the best managed. Truman (2008) examines the management

of sovereign wealth funds by constructing an index covering four dimensions: governance,

accountability and transparency, structure and behavior. Norway’s fund ranked first in

two dimensions (governance, and accountability and transparency) and second overall

behind the US$ 45 billion Alaska permanent fund. The Norwegian fund also receives the

highest rating in the Sovereign Wealth Fund Institute’s Linaburg-Maduell Transparency

Index (SWF Institute, 2012). The Norwegian fund has thus been referred to as a “model”

for managing sovereign wealth fund assets (Chambers et al, 2012; see also Larsen, 2005).

Norway’s Government Pension Fund Global (GPFG) is required to allocate its assets

across a diversified portfolio, and release approximately 4% of the fund for government
1We will use “oil” to refer to resources more generally, for convenience.
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spending each year. The Ministry of Finance issues a management mandate to Norges

Bank Investment Management (NBIM) that dictates the mix of equity, bonds and real

estate, and provides benchmarks for the asset allocation in each category. Since 2009

the mix has been 60% equity, up to 40% bonds and up to 5% real estate. Equities use

the highly diversified FTSE All Cap Index as a benchmark. Bonds are split between

government (70%) and corporate (30%), and use a mix of Barclay’s indices as a target,

while real estate follows the Investment Property Databank’s Global Property Benchmark

– excluding Norway (NBIM, 2013). Since 2001 the fund has adopted a handlingsregelen,

or budgetary rule, that each year the government receives no more than 4% of fund’s

value for general expenditure. As we will see in Section 2, this approach is consistent

with a standard application of portfolio theory (such as in Merton, 1990).

However Norway, like most commodity exporters, also has a large and volatile stock

of wealth beneath the soil - an “elephant in the ground”. Current estimates suggest

that Norway has over 5 billion barrels of proved oil, and 73 trillion cubic feet of proved

natural gas reserves (EIA, 2012). At 2012 prices these are worth approximately US$ 590

billion and US$ 190 billion respectively, and collectively are comparable to the size of the

GPFG (EIA, 2012). However, this value is also volatile, given the notorious volatility of

commodity prices and resource discoveries.

Norway’s allocation of assets above the ground does not take into consideration the

assets below the ground. In 2008 the Ministry of Finance investigated the possibility of

not holding oil and gas sector assets in the GPFG, but found that the effect would be

trivial. However, they did not consider changing the weights of other assets based on their

correlation with oil (Ministry of Finance, 2008). As it stands “oil” is not mentioned at

all in NBIM’s current management mandate (NBIM, 2012). Instead, the fund is focused

on diversifying the assets above the ground, which leaves the government and people of

Norway highly exposed to the volatility of oil prices and reserves below the ground.

This problem has begun to be identified in the empirical finance literature. Gintschel

and Scherer (2008) consider the correlation of oil with other asset classes in a single period,

and use numerical simulations to suggest that Norway’s exposure to aggregate volatility
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can be reduced by 50% if oil wealth is hedged in the sovereign wealth fund. Scherer

(2009a, 2009b) and Balding and Yao (2011) simulate a similar model over time and find

that the fund should invest less aggressively as it ages. These works focus on studying

asset allocation using numerical simulations, with little emphasis on theory. They also do

not consider consumption or extraction, leaving scope for a theoretical foundation which

addresses all three.

How below-ground assets should influence above-ground allocations gives rise to a host

of questions, which we attempt to address in this paper. First, how should assets above

the ground be allocated given the large and volatile stock of assets below the ground?

How does this change if markets are incomplete? Second, will the above ground allocation

influence how quickly subsoil assets are extracted? And third, how will asset allocation

and extraction influence how wealth is consumed?

1.1 Results

In this paper we will show that the fund should offset subsoil oil exposure, extract re-

sources more quickly when oil prices are positively correlated with the market, and use

precautionary savings to manage any residual volatility.

Offsetting subsoil oil will have two effects on the sovereign wealth fund: a wealth

effect and a substitution effect. The wealth effect increases the amount invested in all

risky assets - and reduces the amount in the risk-free asset - relative to a case without oil.

This is because some wealth is held outside the fund. The wealth effect makes the fund

appear riskier in its early years, but reverses as oil is extracted and the fund matures.

The substitution effect offsets the exposure to oil, and will depend on whether markets

are complete. In the simplest case - if markets are complete or traded assets are indepen-

dent of one another - this involves holding fewer assets that are positively correlated with

oil, or more assets that are negatively correlated. If markets are incomplete but the oil

price is “spanned” by financial assets (they are affected by the same underlying shocks),

then oil can be offset by changing the weights of many assets in the fund. The amount
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will depend on each asset’s correlation with oil, and how uniquely it is affected by the

underlying shocks. If the oil price is not spanned then the fund will not offset all risk;

though evidence presented in Section 3 suggests that the market spans over 99% of oil

price volatility.

Extraction should be faster - on average - when oil prices are positively correlated

with the market. This extends the standard Hotelling (1931) rule to consider, for the

first time, how other assets affect extraction. Extraction is faster on average because it

raises the rate of return by rapdily reducing convex extraction costs. This generates a

risk premium on subsoil assets.

Precautionary savings should manage any residual volatility. The sovereign wealth

fund allows consumption to be smoothed in two ways: in expectation and in variance.

In expectation, consumption will be a constant share of total wealth, regardless of when

oil is extracted. This is similar to Friedman’s (1957) permanent income hypothesis and

Hartwick’s (1977) rule for replacing below- with above-ground assets, and is made possible

by borrowing and saving in the fund. In variance, consumption will be insulated from oil

shocks, as the fund will offset them against other assets. The policymaker will thus only

be exposed to residual volatility, which then must be managed by precautionary savings.

1.2 Existing literature

As well as being of practical interest, these questions combine three important strands

of literature. Portfolio theory has considered how to invest in risky assets since the

seminal work of Markowitz (1952 and 1959). The study of resource extraction began

even earlier, with the work of Hotelling (1931). More recently the precautionary demand

for savings was introduced by Leland (1968), to understand how consumption behaves

under uncertainty. The following analysis combines these strands by jointly deriving the

key equation of each. Asset allocation will be described by the portfolio condition, oil

extraction by the Hotelling equation and consumption by the Euler equation.

Portfolio theory has generated an extensive literature on how to invest in risky assets.
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It began in its current form with Markowitz’s (1952 and 1959) fundamental theorem of

mean-variance portfolio theory: that variance should be minimised for any given return.

He introduced the idea that households should construct a diversified portfolio based

on the co-movement between assets. Tobin (1958) formalised the conditions for mean-

variance theory to be optimal, and introduced the separation theorem. This states that

the optimal allocation within a portfolio can be separated from the decision to hold the

portfolio or a risk-free asset. Sharpe (1964) introduced the capital asset pricing model, and

the idea of a market portfolio that is held by all investors if they have equal information

about the future. Merton (1990) extended the literature to continuous time, solving

the portfolio allocation and consumption decisions simultaneously and confirming many

previous results. We will draw a lot on Merton’s elegant exposition of portfolio theory in

continuous time.

Since the foundational studies, portfolio theory has been extended in many directions,2

and remains an active area of research. Allocating assets with a non-tradable stream of

income has been studied in the context of university endowments by Merton (1993), and

Brown and Tiu (2012). Labour income, including endogenous labour effort has been

studied by Bodie et al. (1992) and Wang et al. (2013). Non-traded and uninsurable

income has been studied by Svensson and Werner (1993) and Koo (1998). Non-financial

stores of wealth, such as housing, have been considered by Flavin and Yamashita (2002),

Sinai and Souleles (2005), and Case, Quigley and Shiller (2005).

Natural resource extraction also has a distinguished history. Hotelling’s (1931) land-

mark analysis showed that, in the absence of uncertainty, oil should be extracted so

that its marginal rent rises at the rate of interest. This equates the rate of return on

above-ground and below-ground assets. Since then the topic has proceeded in phases, but

received sufficient attention for Robert Solow to dedicate the 1974 Ely lecture to it, and

over thirty years later for Gerard Gaudet to do the same with the 2007 Canadian Eco-

nomic Association’s Presidential address. Both provide useful overviews of the literature

in their respective generations.
2see review by Elton and Gruber (1997).
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The resource literature has considered extracting and investing oil separately, but not

together or in the presence of financial assets. Extracting oil when prices and reserves

are uncertain was first addressed in Pindyck (1980 and 1981). This also finds that oil

should be extracted more quickly when prices are volatile: but assumes it is free from

risk once extracted. This is a form of “extractive prudence”, driven by the convexity of

marginal extraction costs. Gaudet and Khadr (1991) and Atewamba and Gaudet (2012)

also consider extraction in the presence of physical capital. However, these papers do not

acknowledge that oil wealth is still volatile above the ground, because financial assets are

also risky. Investing oil revenues when its price is volatile has been considered by van den

Bremer and van der Ploeg (2013) and Wills (2013). The former shows how much more

Ghana, Iraq and Norway should save in their sovereign wealth funds when oil prices are

risky (precautionary savings), using numerical simulations. The latter explicitly derives

theoretical results and shows that there should be less precautionary savings when capital

is scarce, some of which should be invested domestically. However, both of these papers

assume that extraction is pre-determined and do not consider that oil wealth is still subject

to risk after it is extracted.

The third component of our analysis is consumption under uncertainty. When a con-

sumer faces a volatile income stream it is optimal to reduce consumption in the short-

term, to build up a buffer stock of precautionary savings (see for example Leland, 1968;

Sandmo, 1970; Zeldes, 1989; Carroll, 1994; and reviewed by Carroll and Kimball, 2008).

The propensity to engage in precautionary savings can be described by the coefficient of

relative prudence, which is driven by the convexity of marginal utility (Kimball, 1990).

We will see that precautionary savings will be used to manage any residual volatility that

cannot be managed by diversifying assets and extracting oil.

The rest of this paper proceeds as follows. Section 2 lays the foundation by revisiting

standard portfolio theory without oil, following Merton (1990). Section 3 extends this to

include a pre-determined oil windfall, and shows that asset allocations will change with

subsoil oil, according to a wealth and a substitution effect. Section 4 lets oil extraction

be chosen, and shows that it will happen more slowly if oil prices are correlated with the

market. Section 6 concludes.
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2 Portfolio allocation without oil

This section illustrates how sovereign wealth fund assets should be allocated in the ab-

sence of oil, laying the foundation for the subsequent sections. We revisit two key results,

following the canonical exposition by Merton (1990). First, if asset prices are log-normally

distributed then the asset allocation problem can be separated into two steps: i) finding

the optimal risky portfolio, and ii) choosing the size of this portfolio. Second, the remain-

ing undiversifiable risk in the portfolio will be managed by precautionary savings. We

will then go on to see that this neatly describes the management of Norway’s Government

Pension Fund Global at present, although it ignores oil.

2.1 Baseline model

We begin with the policymaker’s problem of choosing government consumption, C, and

asset weights, wi, to maximise the expected present value of utility subject to a budget

constraint,

J (F, t) = max
C,wi

Et



∞̂

t

U (C(τ)) e−ρτdτ


 (2.1)

s.t

dF =
m∑

i=1
wiF (αi − r) dt+ (rF − C) dt+

m∑

i=1
wiFσidZi (2.2)

where the value function, J(F, t), is a function of sovereign wealth fund assets, F ,

and time, t. The fund is a portfolio of m risky assets, i = [1, . . . ,m], with drift αi and

volatility σi defined in equation 2.3, and one risk-free asset, i = n.

We will assume that utility exhibits constant relative risk aversion, U(C) = C1−1/θ/(1−
1/θ). This utility function is part of the class of hyperbolic absolute risk aversion pref-

erences, which readily permit explicit solutions to the asset allocation problem (Merton,

1971). While the coefficient of relative risk aversion is constant, CRRA = −CU ′′(C)/U ′(C)=
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1
θ
, the coefficient of absolute risk aversion will fall with consumption, CARA = 1

θ
C−1.

This means that the absolute effect of volatility on consumption will diminish as the

portfolio grows, which will be important in Proposition 2. These preferences also entwine

risk aversion with the properties of intertemporal substitution (IES = θ) and prudence

(CRP = −CU ′′′(C)/U ′′(C)= 1 + 1
θ
), both of which are important in our analysis.3

The sovereign wealth fund (“the fund”) is a portfolio of Ni shares of assets i = 1, . . . , n,

each with price Pi, F = ∑n
i=1NiPi. The model is partial equilibrium, treating the

sovereign wealth fund as total wealth, and implicitly assuming that the government runs

a non-fund balanced budget to abstract from taxes and non-fund income. The share of

wealth in each asset is wi = NiPi/F ; and the price of each asset follows a Geometric

Brownian Motion with constant coefficients,

dPi = αiPidt+ σiPidZi (2.3)

The volatility of each asset price is driven by a Wiener process, dZi, where dZidZj =

ρijdt and ρii = 1. As a result the n asset prices have a variance-covariance matrix,

Σ = [σij], where σij = σiσjρij.

To make the analysis easier we assume that the nth asset is risk-free, so αn = r and

σn = 0. The risk-free asset allows us to treat the problem as an unconstrained one. This

is because we assume markets are complete, so the weight of the risk-free asset in the fund

can be greater or less-than zero, wn = 1−∑m
i=1wi ≷ 0. This is known as taking a “long”

(saving, wn > 0) or “short” (borrowing, wn < 0) position in the risk-free asset. We call

the combination of the remaining m = (n− 1) risky assets “the portfolio”, ∑m
i=1wiPi.

The model is solved by forming a Hamilton-Jacobi-Bellman equation and taking its

first-order conditions, following the method of stochastic optimal control (see Merton,

1990) and derived in Appendix A.1. This gives rise to our first two results, concerning
3These properties can be separated in specifications such as Epstein-Zin (1989), though this reduces

the tractability of the analysis. It has been done in similar continuous-time problems by Attanasio and
Weber (1989) and Wang et al. (2013).
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the portfolio of risky assets held by the sovereign wealth fund, and the rate these assets

are consumed,

Proposition 1. Portfolio Allocation: Each asset will have a constant weight in the

optimal portfolio, and the size of the portfolio will depend on preferences.

If markets are complete, asset prices follow a geometric Brownian motion, and pref-

erences exhibit constant relative risk aversion then,

i) The weight of each risky asset in the fund, wi, can be separated into its weight in

the optimal risky portfolio: which is independent of preferences, δi, and the size of the

optimal portfolio in the fund: which depends on preferences, w,

wi = wδi (2.4)

where w = θν, δi = ν−1∑m
j=1 νij(αj − r), νij = [Σ−1]ij and ν = ∑m

i=1
∑m
j=1 νij(αj − r)

ensures ∑m
i=1 δi = 1.

ii) This simplifies the allocation of assets to a choice between holding the optimally

constructed risky portfolio, w, and the risk-free asset, wr = 1− w.

iii) The price-per share of the optimal risky portfolio, P , will follow,

dP = αPdt+ σPdZ (2.5)

where α = ∑m
i=1 δiαi, σ2 = ∑m

i=1
∑m
j=1 δiδjσij and dZ = 1

σ

∑m
i=1 δiσidZi.

Proof. See Appendix A.1.

This proposition illustrates the classical Tobin-Markowitz separation theorem: the

optimal portfolio does not depend on preferences. The government’s problem can therefore

be separated into two steps: first, construct the optimal risky portfolio and second, choose

the amount of this portfolio to hold in the sovereign wealth fund. The rest of the analysis

can then be simplified by treating the optimal portfolio as a single risky asset.
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The first step in designing the sovereign wealth fund involves deciding the weight of

each asset in the optimal risky portfolio, δi. Proposition 1 states that this depends only

on the returns on each asset and their covariance matrix. The portfolio will be diversified:

any particular asset will have a higher weight in the portfolio if it is less correlated with

other assets, or νij is lower. Importantly, preferences do not affect the relative weight of

any asset in the portfolio. This will be important in our analysis of oil.

The second step involves deciding how much of the optimal risky portfolio to hold,

w = θν. The amount of the sovereign wealth fund invested in the risky portfolio, rather

than the risk-free asset, depends on two elements. The first is the overall risk-adjusted

return of the portfolio, ν. This is lower if the assets are correlated with one another, as

there is less scope for fluctuations in one to offset, or “hedge”, another. The second is the

willingness to accept risk, measured by the coefficient of relative risk aversion, CRRA = 1
θ
.

If the portfolio has a lower risk-adjusted return, or the government is less willing to accept

risk, then less of the sovereign wealth fund will be allocated to risky assets.

The separation theorem allows our analysis to be simplified by treating the optimal

portfolio as a single asset, from part (ii) of Proposition 1. The problem in equation

2.1 becomes a two-asset problem: to hold the risky portfolio or the risk-free asset. The

portfolio will follow a geometric Brownian motion if its assets do, from part (iii). We can

use this to derive a closed form for the value function, in Appendix A.2, and characterise

consumption and total assets in the following proposition,

Proposition 2. Consumption: Consumption will manage residual volatility through

precautionary savings, and will be a constant proportion of the sovereign wealth fund.

Based on the same assumptions as Proposition 1,

i) The rate of change of consumption is described by the Euler equation,

1
dt
Et[dC]
C

= θ(r − ρ) + 1
2(1 + 1

θ
)w2σ2 (2.6)
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ii) Consumption will be a constant proportion of the fund,

C(t) = r∗F (t) (2.7)

where r∗ = r + θ(ρ− r) + θ(1− θ) (α−r)2

2σ2 .

iii) The fund will follow a geometric Brownian motion,

dF = α∗Fdt+ wσFdZ (2.8)

F (t) = F (0) exp[(α∗ − 1
2w

2σ2)t+ wσZ(t)] (2.9)

where α∗ = w(α− r) + (r − r∗).

Proof. See Appendix A.2.

This proposition shows that the government manages aggregate risk through pre-

cautionary saving. Precautionary saving describes how volatile income delays expected

consumption, in order to build up a “buffer stock” of assets.4 The buffer stock has two

purposes: to smooth consumption and to compensate future periods for bearing addi-

tional risk. The buffer is used to smooth consumption if income shocks are not persistent,

so negative shocks are expected to dissipate. However we assume that shocks are com-

pletely persistent as they are driven by a random walk, dZ. In our model the buffer stock

therefore compensates future periods for bearing additional risk.

The amount of precautionary savings depends on aggregate risk and the degree of

prudence. The government is only concerned with aggregate risk, wσ, as individual assets

will hedge one another in the portfolio. This can be seen in equation 2.5, where the

aggregate shock, dZ, is driven by the shocks to each asset and their covariances. If there

is perfect positive or negative correlation between the assets, then the portfolio can be

constructed so that all shocks offset and dZ = 0. There would be no need for precautionary

savings. The degree of prudence describes the desire to engage in precautionary saving.
4See Leland (1968), Sandmo (1970) and Zeldes (1986) and the review by Carroll and Kimball (2008).
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It is measured by the coefficient of relative prudence, described above CRP = (1 + 1
θ
).5

Precautionary saving is also apparent in more general Euler equations, as derived in

equation 5.10,

1
dt
Et[dC]
C

= CRRA−1(r − ρ) + CRP
CF

C2/F 2w
2σ2 (2.10)

where CRRA = −CU ′′(C)/U ′(C) and CRP = −CU ′′′(C)/U ′′(C) as defined above

Precautionary savings can be implemented by a rule that ensures consumption is a

fixed proportion of the fund, in 2.7. The total fund comprises both the risk-free asset and

the risky portfolio. The risk of the fund is driven by the aggregate risk in the portfolio,

dZ, from 2.8. Consumption will be a constant proportion of the total fund so that, as

the fund grows through capital gains, consumption grows in a way that is consistent with

precautionary savings. This result depends on preferences with constant relative risk

aversion, so that absolute risk aversion falls as consumption rises.

The next section shows that these results accurately describe the way Norway’s sovereign

wealth fund is managed in practice.

2.2 Norway’s sovereign wealth fund in practice

The results presented in Section 2.1 accurately describe the way that Norway’s sovereign

wealth fund is used in practice, although we have not yet considered oil. The results from

standard portfolio theory make two key points. First, asset allocation can be separated

into two steps: designing an optimal risky portfolio and choosing the size of that portfolio.

This is consistent with NBIM’s mandate from the Norwegian Ministry of Finance. Second,

consumption should be a fixed proportion of wealth. The Norwegian government consumes

4% of the accumulated assets of the GPFG each year by releasing funds into the general

budget.
5This measure was originally introduced by Kimball (1990).
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Figure 2.1: The mandate for Norway’s Government Pension Fund Global (GFPG) is
consistent with standard portfolio theory, despite giving no consideration to oil wealth.

The first key point made in Section 2.1 is that asset allocation should be separated

into two steps. The first step is to design the optimal risky portfolio by combining all

assets in the market based only on their risk and return properties. If we assume that all

investors in the market have the same information about future asset prices then we can

follow Sharpe (1964) in interpreting this as the “market portfolio”. This is consistent with

Norway’s use of the FTSE All Cap index as the benchmark for their equity investments.

The second step is to choose the size of the optimal risky portfolio based on the

individual agent’s preferences. The model suggests that the agent should choose the size

of the risky portfolio based on their risk aversion. If the agent’s risk/return preferences

change, the size of the portfolio would change but the allocation of assets within it would

not. In Norway’s case we find that the Ministry of Finance dictates the mix between

equity assets, which are risky, and bonds, which might crudely play the role of the risk-

free asset. At present this mix is ~60% equity and ~40% bonds. However this was not

always the case, being ~40% equity and ~60% bonds prior to 2009. It is important to

note that when the Ministry of Finance changed their mandate they did not alter the

benchmark within the equity portfolio, just the mix between equity and bonds.
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The second key point is that consumption should be a fixed proportion of wealth.

This result assumes log-normal asset prices and CRRA preferences, but is useful for

finding an explicit rule for consumption. The proportion will be slightly higher than the

risk-free rate, and be based on preferences and the risk and return of the market, from

equation 2.7. Under Norway’s budgetary rule, or handlingsregelen, the GPFG releases 4%

of accumulated assets into the general government budget each year.

In summary, Norway’s GPFG is currently managed in a way consistent with a standard

treatment of the optimal portfolio allocation problem, as in Merton (1990). However this

does not take into account subsoil oil: “the elephant in the ground”. We turn our attention

to this next.

3 Portfolio allocation for a given path of extraction

This section introduces oil, and illustrates that oil wealth should be offset within the

sovereign wealth fund. Total wealth consists of oil and non-oil assets. The stock of

oil wealth can not easily be traded. However, it can be treated as traded if it can be

synthetically replicated by traded assets. The result should be to invest a constant share

of total wealth in each asset, including the net exposure to oil. This will have two effects

on the fund’s portfolio, relative to the case without oil: a wealth and a substitution effect.

The wealth effect increases the amount held of every risky asset, because some wealth is

held outside the fund. The substitution effect offsets subsoil oil, roughly investing less in

assets that are positively correlated with it. The net effect will depend on the covariance

of each asset with oil, and with each other. Consumption will be insulated from oil shocks

by the fund, should involve precautionary savings, and will be a constant share of total

wealth.

The ability to offset, or “hedge”, oil in the sovereign wealth fund will depend on

whether markets are complete. If markets are complete then there will be a single asset

that is perfectly correlated with oil. All hedging can be done with this single asset.

However, if markets are incomplete then other assets will be involved: for example if the
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single asset does not exist, or if sovereign wealth funds cannot buy or sell enough of it

without drastically changing its price. Oil can still be hedged if it is subject to the same

shocks as assets in the market; such as demand, technology, war and weather. Hedging

will be done with many assets. In practice the oil price and the market share over 99%

of underlying shocks (Table 3.1), so if oil cannot be hedged with a single asset, it should

be with many.

3.1 Complete markets

The policymaker’s problem is now to choose consumption and asset weights while receiving

an exogenous, temporary stream of oil income, PoO, following the analysis of university

endowments by Merton (1990),

J (F, Po, t) = max
C,wi

Et



∞̂

t

U (C(τ)) e−ρτdτ


 (3.1)

s.t

dF =
m∑

i=1
wiF (αi − r) dt+ (rF − C + PoO) dt+

m∑

i=1
wiFσidZi (3.2)

dPo = αoPodt+ σoPodZo (3.3)

Oil income is the product of the amount of oil extracted, O, and the oil price, Po. Oil

extraction is pre-determined, for example by geological or engineering constraints. We

assume that extraction is constant at some level, O, for time, t ∈ [0, T ]. The oil price is

assumed to be exogenous and follows a geometric Brownian motion, as defined in equation

3.3. We are therefore focusing on small oil exporters that do not affect the market price.

In practice the oil price has little drift, so we assume αo < r.6 This also ensures that

there is a solution to the extraction problem in Section 4.

The oil price will be perfectly correlated with a traded security if markets are complete,

allowing oil to be hedged within the risky portfolio. The volatility of the oil price is driven
6See for example Bems and de Carvalho Filho (2011) and van den Bremer and van der Ploeg (2013)

who estimate αo = 0.009.
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by a Wiener process, dZo. Complete markets means that there will be a traded security,

k ∈ i, whose instantaneous return is perfectly correlated with oil income,

dZo = dZk (3.4)

A perfectly correlated asset allows oil to be replicated by a combination of traded

assets, which we call a “bundle”, as presented in the following proposition.

Proposition 3. Hedging Oil: Oil wealth can be replicated by a bundle of two traded

assets if markets are complete, so it can be treated as a tradable part of total wealth.

If asset markets are complete and prices are log-normally distributed, then,

i) Oil revenues can be perfectly replicated by a particular bundle of the perfectly-

correlated risky asset, k, and the risk-free asset, n. The value of this bundle is the

capitalised value of oil revenues,

V (Po, t) = Po(t)O(1− exp[−ψk(T − t)])/ψk (3.5)

where ψk = r + βk(αk − r)− αo and βk = σo

σk
.

ii) Total wealth is the sum of fund assets and subsoil oil, W = F + V , where,

dW =
m∑

i=1
w̄iW (αi − r) dt+ (rW − C) dt+

m∑

i=1
w̄iWσidZi (3.6)

where

w̄i =





wiF
F+V for i 6= k

wkF+βkV
F+V for i = k

(3.7)

Proof. Proved for a more general case in Appendix B.1.

Proposition 3 begins by stating that oil revenues can be perfectly mimicked, or “hedged”,

by bundling together the risky asset, k, and the risk-free asset, n. This only requires oil
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and asset k to be perfectly correlated, not to have the same variance, dZk = dZo but

σk 6= σo. Intuitively, the bundle is constructed by buying a number of shares in the

risky and the risk-free asset, and the price of this bundle is the value of oil wealth. The

amount of the risky asset is chosen so that the bundle has the same variance as oil, and

the risk-free asset is chosen so that the bundle has the same drift.

The price of constructing the replicating bundle is the value of oil wealth, 3.5. This

follows from an arbitrage argument: oil wealth and the bundle behave identically, so must

have the same value if markets are complete. Oil wealth in equation 3.5 can be thought of

as the present value of oil revenues, discounted at the rate, ψk, which has been adjusted

for the market price of risk.7

Oil revenues are pre-determined, but they can be treated as tradable because of the

replicating bundle. The government owns the exogenous stream of oil revenue. We as-

sume that claims to this oil cannot simply be packaged and sold off, because of political

or practical constraints.8 If they could, then the government would simply invest the

proceeds in a diversified portfolio, as described in Section 2. However, if oil can be repli-

cated then this is not necessary. Any net exposure to oil price risk, dZo, can be artificially

constructed by combining oil revenues with an amount of the replicating bundle.

The government’s problem can therefore be simplified into choosing the net weight of

each asset, w̄i for i = 1 . . .m, in total wealth,W (t) = F (t)+V (t). This is seen in equation

3.6, which reduces the government’s original problem in equation 3.1 to choosing weights

in total wealth, w̄iW , to maximise J(W, t). This is analytically identical to the problem

in Section 2. This brings us to our next result, about how oil affects the sovereign wealth

fund portfolio,9

Proposition 4. Portfolio Allocation: The net exposure to each asset will be a constant
7Oil revenues can not simply be discounted at the risk-free rate, r, because individuals in the market

are risk-averse. They require some compensation for bearing risk, which is incorporated by adjusting the
discount rate. The value of an uncertain stream of income of this type can also be found by discounting
at the risk-free rate, if the probability space is adjusted to a “risk-neutral measure” using the Cameron-
Martin-Girsanov theorem.

8In practice there is little evidence of countries selling all rights to resource wealth up front. An initial
payment for a well is often made by extracting firms as part of the auction process. However, extraction
firms are risk averse, and rarely willing to take on all price and production risk.

9Again stemming from Merton’s (1990) analysis of university endowments.
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share of total wealth. This is achieved by varying the weight of each asset in the fund

according to a wealth and a substitution effect.

If the government receives exogenous oil income, asset markets are complete, and prices

are log-normally distributed then,

i) The net weight of every asset in total wealth will be constant,

w̄i = wδi (3.8)

where w and δi are defined in Proposition 1.

ii) The weight of each risky asset in the fund will be affected in two ways: a wealth

effect, w̄iV/F for all i = 1, . . .m, and a substitution effect, −βiV/F for the perfectly

correlated asset i = k,

wi =





w̄i + w̄i
V
F

for i 6= k

w̄k + (w̄k − βk)VF for i = k

(3.9)

Proof. By direct analogy to Proposition 1, and from equation 3.7.

Proposition 4 begins by stating that the net exposure to each asset will be a constant

share of total wealth. This is very closely related to the result in Proposition 1. If oil

wealth can be replicated by a tradable asset, then together any net exposure can be

chosen. The optimal exposure will be the same as if oil was treated as a tradable security

in the portfolio.

The proposition then states that oil wealth should continuously change the weight of

each asset in the fund, according to a wealth and a substitution effect. This happens

relative to the reference weight of each asset, w̄i, from equation 2.4.

The wealth effect increases the weight of every risky asset in the portfolio, by an

amount that depends on the relative value of oil, w̄iV/F . This effect causes the fund

to appear riskier than it would be in the absence of oil, but only because the fund is a

fraction of total wealth. The weight of the risk-free asset will in turn be less (or negative if
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Figure 3.1: Oil’s effect on the fund will depend on whether markets are complete. Assets
A and B are independent. If markets are complete then oil can be hedged with only
a short position in A. The wealth effect will increase the weight of B. If markets are
incomplete then oil must be hedged by investing less in A (positive correlation), and more
in B (negative correlation). These positions are reversed as oil is extracted.
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a short position is required), wr = 1−∑m
i=1wi. As oil is extracted and the fund matures,

it should re-allocate away from risky and towards risk-free assets.10

The substitution effect reduces the relative amount of the correlated risky asset held

by the fund, −βkV/F . This is because the government has other exposure to oil prices in

its reserves beneath the ground. The weight of the risk-free asset will be relatively higher

as a result. The net effect on asset k in the fund will depend on how much exposure to oil

price risk the government wants, w̄i, and on the relative volatility of oil and k, βk = σo

σk
.

This is likely to involve a short position in k. Over time this position will also be reversed

as V/F falls (see footnote 10).

These effects can be understood with a simple illustration. Figure 3.1a shows how oil

wealth should affect three assets in a sovereign wealth fund over time: risky assets A and

B and the risk-free asset. Markets are complete and asset A is perfectly correlated with

oil. Asset B will be independent of both oil and asset A, for simplicity. The parameter

values are given in Appendix B.2. Initially, oil should be offset by a short position in asset

A, because of a strong substitution effect. Asset B will have a higher weight than it would

without oil, because it is only subject to the wealth effect. More of the risk-free asset will

also be held, so that the asset weights sum to one. Over time oil will be extracted, so less

will need to be offset and there will be less wealth outside the fund. As a result all assets

approach the weights they would have in the absence of oil. These are also the weights

we would see if we illustrated each asset exposure as a share of total wealth.

In practice Norway is approaching the end of its oil reserves, with a reserve to produc-

tion ratio of 9.2 (BP, 2012). These results suggest that Norway should previously have

held a large offsetting position in oil securities (such as futures/forward contracts), and

invested in other assets more aggressively. However, as subsoil oil is depleted over the

coming decades it should re-weight the portfolio towards a more even allocation. In con-

trast, Kuwait can justify a higher proportion of risky assets in their fund, with a reserve

to production ratio of nearly 100.
10This assumes that the government is not so rapacious (has such a high ρ), that it consumes so much

that foreign assets fall faster than oil is extracted, so V/F rises over time. We would like to think that
this is the case.
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Our final proposition when markets are complete considers the effect of oil wealth on

consumption, using the two-asset simplification described in Proposition 1,

Proposition 5. Consumption: Consumption will use precautionary savings to manage

residual volatility, and will be a constant proportion of total wealth.

Based on the same assumptions as Proposition 4,

i) The rate of change of consumption is described by the Euler equation,

1
dt
Et[dC]
C

= θ(r − ρ) + 1
2(1 + 1

θ
)w̄2σ2

W (3.10)

ii) Consumption will be a constant proportion of total wealth,

C(t) = r∗WW (t) (3.11)

where r∗W = r + θ(ρ− r) + θ(1− θ) (αW−r)2

2σ2
W

and αW , σW are defined as in Proposition 1.

iii) Total wealth will follow a geometric Brownian motion,

dW = α∗WWdt+ w̄σWWdZW (3.12)

W (t) = W (0) exp[(α∗W − 1
2w̄

2σ2
W )t+ w̄σWZW (t)] (3.13)

where α∗W = w̄(αW − r) + (r − r∗W ).

Proof. By direct analogy to Proposition 2.

Proposition 5 states that consumption will be delayed to manage the residual volatility

of all government assets, w̄2σ2
W . Oil price shocks will be hedged within the sovereign

wealth fund portfolio, so the government is only exposed to aggregate volatility, dZW .

This can only be managed by precautionary savings, which is driven by the second term

of the Euler equation, 3.10.

Consumption will also be a constant proportion of total wealth. This is intuitively

similar to Friedman’s (1957) permanent income hypothesis. This result, assuming ready
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Figure 3.2: The value of subsoil oil will fall as it is extracted. After a point it will also
become less volatile, as the amount remaining exposed to oil prices diminishes. Based on
calibration in Appendix B.2.

access to borrowing and no uncertainty, states that consumption should equal the interest

earned on the present value of lifetime income, C = rPV (Income). The date income is

received - or in our case oil is extracted - should not matter. The result in 3.11 adjusts this

hypothesis for the risk and return of total wealth. In practice, if the sovereign wealth fund

is constructed properly, then government consumption should not be directly affected by

oil price shocks, only indirectly through their effect on total wealth.

The paths of oil, assets and consumption can also be understood with a simple illus-

tration. Figures 3.2 and 3.3 also use the calibration in Appendix B.2 to show how each

variable evolves over time. Oil rents are assumed to drift slowly (αo < r) and are more

uncertain in the distant future. The value of oil will comprise a smaller share of wealth

as it is extracted. The volatility of remaining oil wealth will also decline, as less remains

exposed to volatile oil prices. Oil price uncertainty will be hedged within the portfolio, so

that the policymaker is only exposed to the aggregate volatility of total wealth. If they

follow the rule in equation 2.7 and consume a constant share of total wealth, then both

wealth and consumption will steadily rise: incorporating precautionary savings.
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Principle Component Analysis of the
Covariance of FTSE All Cap Industries with the Oil Price

Number of Eigenvectors % Explained
1 77.13
2 84.59
3 89.09
4 92.35
5 94.18
6 95.82
7 97.27
8 98.25
9 98.97
10 99.66
11 100.00

Table 3.1: Oil prices are well spanned by the market. Ten underlying shocks explain
99.6% of the variation in oil and the ten industries in the FTSE All Cap Index. For
details see Appendix B.2.

3.2 Incomplete markets

Oil wealth may still be hedged if markets are incomplete, by taking offsetting positions in

many risky assets. The previous section assumed that asset markets are complete, which

may not always be appropriate. There may not be a single asset that is perfectly correlated

with the oil price. Sovereign wealth funds are also the largest individual investors in the

world - for example Norway’s Government Pension Fund Global holds 1% of global equities

(NBIM, 2013). If a correlated asset does exist then taking a large enough position to offset

subsoil oil may either be impossible, or move the oil price - violating our assumption of

exogeneity. If markets are incomplete then every asset will be affected by the substitution

effect. Consumption will still be a constant fraction of total wealth. This can be seen by

introducing incomplete markets into the model in equations 3.1 to 3.3, generalising the

results of the previous section.

Incomplete markets means that there is no single traded asset that is perfectly cor-

related with oil, @k | dZk = dZo. Instead, we assume that oil returns are imperfectly

correlated with all the assets in the market. We do this by letting all risky assets actually

be driven by a common set of underlying shocks: to demand, supply, technology, weather,

etc., du ∼ iid N(0, dt). Each asset, and oil, is affected by the underlying shocks differ-
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ently, which gives rise to correlation, dZ = Λdu. We also let some part of oil returns be

subject to its own shocks, which are not “spanned”11 by the market. This is summarised

in the following expression, derived in Appendix B.1 and replacing equation 3.4,

dZo = ΛoΛ−1dZ + λo,0duo (3.14)

where Λo = [λo1, . . . , λom] is a 1 ×m vector of constants, [Λ]ij = λij is an invertible

m ×m matrix of constants, λo,0 is a scalar constant, dZ = [dZ1, . . . , dZm]′ is the vector

of (possibly correlated) Wiener processes driving asset returns in equation 2.3, and duo is

an independent Wiener process, duodZi = 0 for all i = 1, . . . ,m.

In practice the oil price is well-spanned by traded assets. The parameters Λo, Λ and

λo,0 can be estimated using principal components analysis, as described in Appendix

B.1. This allows us to see how much volatility in the oil price is shared with assets in

the market. Using data on the 10 ICB sectors in the FSTE All Cap index,12 table 3.1

illustrates that over 99% of volatility in the oil price is accounted for by ten underlying

shocks in the market. As a result we can comfortably drop the final eleventh shock, and

treat oil as being spanned by the market, λo,0 = 0.

We now turn to the next proposition, on hedging oil in the sovereign wealth fund when

markets are incomplete,

Proposition 6. Hedging Oil: Oil wealth can be replicated by a bundle of many traded

assets when markets are incomplete, if oil prices are spanned by the market.

If asset markets are incomplete and prices are log-normally distributed, then,

i) Oil revenues can be replicated by a particular bundle of all risky assets in the market,

i = 1, . . . ,m, and the risk-free asset, n. The value of this bundle is the capitalised value

of oil revenues,

V (Po, O, t) = Po(t)O(1− exp[−ψ(T − t)])/ψ (3.15)
11That is, “correlated in any way” with the market.
12The equity portfolio benchmark for Norway’s Government Pension Fund Global.
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where ψ = r − αo +∑m
i=1 βi(αi − r).

ii) Total wealth is the sum of fund assets and subsoil oil, W = F + V , and evolves

according to,

dW =
m∑

i=1
w̄iW (αi − r) dt+ (rW − C) dt+

m∑

i=1
w̄iWσidZi (3.16)

where

w̄i = wiF + βiV

F + V
for all i = 1, . . .m (3.17)

and βi = σoMi/σi, Mi ≡ [ΛoΛ−1]i.

Proof. See Appendix B.1.

Oil wealth can still be hedged in a sovereign wealth fund, but it will involve a bundle

of many assets. This is done by observing that the underlying shocks affecting the oil

price will also affect all other assets in the market.13 These underlying shocks will no

affect each asset equally. So, using the assumption that the shocks combine linearly,14

we can replicate the behaviour of the oil price by combining small exposures to many

assets. These exposures will depend on the similarity of each asset to the oil price, and

its uniqueness, βi. We call this the “closest replicating bundle”.

Every traded asset will now be affected by the substitution effect in addition to the

wealth effect. The net exposure of each asset will still be a constant share of total wealth,

w̄i = wδi from Proposition 4 and proved in Appendix B.1. However, each traded asset

will now capture some of the underlying shocks that affect the oil price, dui. To ensure

the net exposure to each asset is constant, their weight in the fund will be 3.18, where βi

is defined in equation 3.17.

wi = w̄i + (w̄i − βi)
V

F
for all i = 1, . . . ,m (3.18)

13Bodenstein et al. (2012) use a general equilibrium model to illustrate how oil price fluctuations are
driven by more fundamental shocks.

14This stems directly from our assumption that the process driving each oil price, dZi, is correlated
and normally distributed. It does not impose any further constraints on the model.
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A simple rule-of-thumb for the substitution effect is to invest more in assets that are

negatively correlated with oil, though this does not capture the whole story. The fund

should simply invest more in assets that are negatively correlated with oil if all assets are

also independent of each other; that is, if Λ is diagonal and Λo has positive and negative

elements. This would mean investing more in assets that use oil as an input (so benefit

from low oil prices), such as manufacturing and consumer goods, and less in assets that

are substitutes for oil (benefiting from high oil prices), such as green energy. This is

illustrated in Figure 3.1.

More precisely, the substitution effect will depend on the covariance of each asset with

oil, and with each other. For example, consider an underlying shock, dug, that affects oil

and asset f but no others, λog, λfg > 0 and λig = 0 for all i = 1, . . . ,m. Consider also

that all other underlying shocks, duj, affect oil and asset f in opposite ways, so λoj > 0

and λfj < 0 for all j = 1, . . . ,m. In this case oil and asset f may be negatively correlated,
∑m
j=1 λojλfj < 0, but the fund should invest less in asset f , to offset the exposure to

shock g. All other assets will adjust to hedge the effects of the remaining shocks, duj for

j 6= g. This is straightforward to achieve with principal components analysis, described

in Appendix B.1.

These effects can also be understood with a simple illustration. Figure 3.1b shows that

oil wealth will have a very different effect if markets are incomplete. We let asset A still

be positively correlated with oil, but imperfectly so that ρoA = 0.5. We also let asset B be

negatively correlated with oil, ρoB = −0.5, though the two assets remain independent. We

can clearly see that oil wealth can be offset by investing less in assets that are positively

correlated with oil (A), and more in those negatively correlated (B). Less of the risk-free

asset must be held to make this possible. Over time the fund increases its share in total

wealth, and the asset weights converge to where they would be without oil.
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4 Portfolio allocation if oil extraction can be chosen

Now we will turn our attention to oil extraction. The previous section assumed that all

extraction was pre-determined, such as by engineering constraints. This section lets ex-

traction be chosen.15 We find that extraction will be faster than the standard Hotelling

(1931) rule on average, if oil prices are positively correlated with other assets. Fast extrac-

tion rapidly reduces extraction costs, which are convex. Lower extraction costs increases

the rate of return on subsoil assets, acting as a risk premium. Oil wealth will again be

hedged by the sovereign wealth fund. This will involve dynamically allocating assets to

ensure that the net exposure to oil remains a constant share of wealth. Consumption

should not be affected by the path of extraction, only by the way extraction changes the

present value of oil wealth.

4.1 Optimal oil extraction

The policymaker now faces the problem of choosing consumption, C, extraction, O, and

asset weights, wi, to maximise welfare,

J(F, Po, S, t) = max
C,wi,O

Et

ˆ ∞

τ=0
U(C(τ))eρ(τ−t)dτ (4.1)

s.t.

dF =
m∑

i=1
wiF (αi − r)dt+ (rF − C + Ω(Po, O))dt+

m∑

i=1
wiFσidZi (4.2)

dPo = αoPodt+ σoPodZo (4.3)

dS = −Odt (4.4)

where oil rents are revenues less extraction costs, Ω(Po, O) = PoO −G(O), extraction

costs are convex,16 G′(O) > 0, G′′(O) > 0, and oil reserves, S, are depleted at the rate
15In practice extraction will change less quickly than asset portfolios, which can be adjusted almost

instantly. However, for simplicity we assume that extraction can also adjust continuously.
16Convex extraction costs capture the difficulties of extracting oil from greater depths or less productive

fields. It is also common in the literature, see Pindyck (1984).
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of extraction, O. To simplify the analysis we return to the complete markets setting in

Section 3.1, so there exists a traded asset k that is perfectly positively correlated with

oil, dZk = dZo. Incomplete markets are an extension, as in Section 3.2. In practice, oil

reserves also evolve stochastically as new fields are discovered and existing fields become

more or less economical (see for example Pindyck, 1978). They are also endogenous to

exploration effort, but we abstract from these possibilities for the moment.

Solving the policymaker’s problem gives rise to a stochastic version of the Hotelling

(1931) rule, presented in the following proposition,

Proposition 7. Extraction: Oil should be extracted more quickly on average if it is

positively correlated with the assets in a nation’s sovereign wealth fund, and more should

be extracted when prices are high.

If asset markets are complete, prices are log-normally distributed, and the government

can choose the path of oil extraction, then,

i) The expected path of oil extraction will satisfy the expected Hotelling rule,

1
dt
E[dΩO] = rΩO −

1
dt
E[dJFdΩO]

JF
(4.5)

ii) The actual path of oil extraction will satisfy the following stochastic Hotelling rule

when extraction costs are quadratic, G(O) = 1
2γO

2,

dΩO = rΩodt

−γOF

m∑

i=1
wiF ((αi − r)dt− σidZi)

+ (1− γOP )Po σo

σk
((αk − r)dt− σkdZo) (4.6)

iii) The stochastic extraction path can be approximated using the partial derivatives

from the deterministic solution, OF,OP , and assuming αO = 0
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dO ≈
{
− 1
γ

(
r + σO

σk
(αk − r)

)
PO +

(
r + 1

2
σO

σk
(αk − r)

)
O
}
dt+ 1

2OσOdZO (4.7)

Proof. See Appendix C.1.

Proposition 7 begins by stating that extraction will be faster than the original Hotelling

(1931) rule if oil prices are pro-cyclical (see Ewing and Thompson, 2007). The original

Hotelling rule states that oil should be extracted so that the marginal oil rent rises at the

rate of interest if prices are deterministic, d
dt

ΩO = rΩO as shown in Lemma 3 in Appendix

C. Extraction will decline over time, ensured by assuming αo < r. Pindyck (1981) found

that extraction will be faster if prices are stochastic, and costs are convex, as does van

der Ploeg (2010). In both cases this is a type of “extractive prudence”, driven by highly

convex extraction costs, G′′′(O) > 0.17 They find that it is better to extract oil quickly

because once it is out, the revenues are risk-free. However, our result acknowledges that

oil wealth is still subject to risk after it has been extracted, as the revenues need to be

invested somewhere. Extracting oil does not remove risk, it just changes it. Thus, the

interaction between oil prices and the rest of the market will be crucial.18

Pro-cyclical oil prices will hasten extraction on average, as illustrated in Figure 4.1.

This is again based on the calibration in Appendix B.2, assuming that oil is perfectly

correlated with asset A. Faster extraction increases the rate of return earned on subsoil

oil. This happens because fast extraction quickly reduces the quantity extracted at each

time, and in turn reduces convex extraction costs. If oil and the market were independent,

then the extraction path would simply depend on the expected path of oil prices. Only

when oil and the market interact will there be an additional effect on extraction.

Intuitively this Hotelling rule stems from a simple marginal-benefit, marginal costs

analysis. The marginal benefit of extracting oil is the rent it generates, multiplied by the
17This is like Kimball’s (1990) prudence, which relies on the concavity or convexity of marginal utility,

U ′′′(C) 6= 0.
18Our result does not rely at all on non-linear marginal extraction costs, as we have assumed they are

quadratic, G′′′(O) = 0.
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Figure 4.1: Extraction should be faster if the oil price is positively correlated with the
assets in a sovereign wealth fund, especially if oil prices are very volatile. Based on
calibration in Appendix B.2.
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utility from investing the rents in the sovereign wealth fund,19 ΩOJF . This must equal

the marginal cost, which is the utility from leaving the oil in the ground, JS, shown in

Appendix C.1. The cost of extracting oil should be shared over time, so 1
dt
E[dJS] = 0.

The marginal utility from investing in the sovereign wealth fund will fall at the rate of

interest, as the size of the fund grows, 1
dt
E[dJF ] = −rJF . So the marginal oil rent must

grow at the rate of interest, to keep everything in line, JS = ΩOJF . However, if oil rents

and investments move together then an adjustment must be made, to hasten extraction.

Otherwise, the benefit from extracting oil will fall behind the benefit from leaving it in

the ground.

Extraction will be positively correlated with the oil price, from part iii). If the oil price

suddenly jumps, then extraction will also jump to make the most of it. More formally,

increasing extraction will increase the marginal cost, G′′(O) > 0, limiting the jump in

marginal rents, ΩO = Po − G′(O). An oil price shock will most affect extraction at the

start of a windfall, when the majority of reserves are still exposed to the oil price. As

the date of exhaustion approaches, and thus O → 0, the path of extraction gets closer to

what it would be in the absence of volatility, from Lemma 3.

In practice, fluctuations in the oil price make reserves more or less economic. An

example is the Athabasca oil sand reserves in Alberta, Canada. These reserves have been

known since at least the 18th century. Production began very slowly in 1967, with 30,000

barrels per day. However, the rapid rise in oil prices since 2003 has made these reserves

economically viable, and production increased to over 1.7 million barrels per day in 2011.

During this period both oil prices and asset returns fell dramatically during the financial

crisis of 2008-2009. Production also fell during this period (Alberta Energy Regulator,

2013).

The standard Hotelling rule suggests that Alberta’s production should rise and fall

with the oil price. However, our results suggest that the Albertan government should

hasten production by more than a simple forecast of oil prices would suggest. This is

because of Alberta’s Heritage Savings Trust Fund. Bringing forward oil extraction on
19or consuming them, as JF = U ′(C)e−ρt.
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average, and extracting more when oil prices are high, will generate a risk premium on

subsoil assets.

4.2 Optimal portfolio allocation and consumption

This section shows that oil rents can be hedged by the sovereign wealth fund - regardless

of the extraction path - if markets are complete. This will involve dynamically changing

the asset allocation to ensure that the net exposure to oil risk at every instant remains

a constant share of total wealth. The extraction path should not affect consumption

directly, only through its effect on the expected present value of oil wealth.

Let oil extraction follow the optimised path in equation 4.7. Oil rents will follow a

non-geometric Brownian motion, giving rise to the final proposition,

dΩ = µΩ(Po, S, t)dt+ σΩ(Po, S, t)dZo (4.8)

Proposition 8. Hedging Oil Wealth. Oil rents following the optimal extraction path

can also be hedged in the sovereign wealth fund.

If markets are complete and so trading is continuous, then,

i) Oil wealth can be replicated using a bundle of value X(t), comprising the perfectly

correlated asset, k, and the risk-free asset. This bundle will evolve according to,

dX(t) + Ω(t)dt = (ωk(O, t)X(t)(αk − r) + rX(t)) dt+ ωk(O, t)X(t)σkdZk(t) (4.9)

where ωk(O, t) = NkPk/X is the continuously adjusted share of asset k in the replicat-

ing bundle.

ii) The replicating bundle allows oil to be hedged within the sovereign wealth fund,

regardless of the rate of extraction. Total wealth will evolve according to, W = F +V (O),
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dW =
m∑

i=1
w̄iW (αi − r) dt+ (rW − C) dt+

m∑

i=1
w̄iWσidZi (4.10)

where

w̄i =





wiF (t)
F (t)+V (O,t) for i 6= k

wk(O,t)F (t)+ωk(O,t)V (O,t)
F (t)+V (O,t) for i = k

(4.11)

Proof. See Appendix C.2.

This proposition begins by stating that oil wealth can be replicated by a bundle holding

a perfectly correlated asset, k, and the risk-free asset, n. Oil rents no longer follow the

geometric Brownian motion in Section 3, which made the analysis neat. However, they are

still driven by two properties: the drift, µΩ(Po, S, t)dt, and the volatility, σΩ(Po, S, t)dZo.

We want to replicate these properties with a bundle of two assets, k and n.

Intuitively, the drift and volatility of oil rents can be replicated by changing the weights

of the risk-free and the perfectly correlated assets in the bundle, respectively. The bundle’s

risky asset k is perfectly correlated with oil, dZk = dZo. The challenge is to continuously

adjust the amount of k in the bundle so that the instantaneous change in the value of

oil rents, σΩ(Po, S, t)dZo, is matched perfectly by the instantaneous change in the bundle,

ωk(O, t)X(t)σkdZk. The portfolio’s risk-less asset is then chosen so that the instantaneous

drifts also match.

The sovereign wealth fund should be managed to ensure that the net exposure to each

asset is a constant share of total wealth, w̄i = wδi, from equation 4.10 and Proposition 4.

As in previous sections, any given exposure to asset k that is embodied in oil, ωk(O, t),

can be offset by the asset’s weight in the fund, wk, to ensure its net weight in total wealth

is constant, equation 4.11. The weight of each asset in the fund will need to continuously

change, though this was also the case in Section 3. This gives rise to a wealth and

substitution effect from rearranging 4.11, as described in Section 3.1,
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wi =





w̄i + w̄i
V (O,t)
F (t) for i 6= k

w̄k + (w̄k − ωk(O, t))V (O,t)
F (t) for i = k

(4.12)

Consumption can be partially separated from oil extraction when markets are com-

plete. Consumption will be a constant share of total wealth, from equation 4.10 and

Proposition 5,

C(t) = r∗WW (t) (4.13)

where r∗W is defined in Proposition 5. Oil extraction will not affect consumption

directly, only through its effect on total wealth. Extraction and consumption are separated

by the sovereign wealth fund. The fund allows consumption to be smoothed, according

to the permanent income hypothesis, by the ability to borrow and lend freely. The fund

also buffers consumption from oil price volatility, by hedging it with traded assets. Only

the residual volatility of total wealth will need to be managed by precautionary savings.

5 Conclusion

Resource exporters have two major types of national asset: resources below the ground,

and a sovereign wealth fund above it. This paper makes the case for co-ordinating the two.

To do this we adopt a continuous-time framework that combines three strands of literature:

on portfolio allocation, consumption under uncertainty, and resource extraction. We find

that the fund should invest in more risky assets, and hedge oil price fluctuations, while oil

is beneath the ground. Extraction should be faster on average than the standard Hotelling

rule if oil is positively correlated with the market, generating a risk premium on subsoil

reserves. Consumption should be a constant share of total wealth and use precautionary

savings to manage any residual volatility.

This paper argues that sovereign wealth funds should be coordinated with subsoil

assets. In practice the management of sovereign wealth funds tends to be separated
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from oil extraction. Oil revenues are typically invested in well-diversified portfolios of

international bonds and equities such as Norway’s Government Pension Fund Global, and

Chile’s Economic and Social Stabilization fund. However, the changing value of subsoil oil

- as the oil price fluctuates and reserves are depleted - is not considered. Some attempts

at using financial instruments to hedge resource-price fluctuations have been attempted,

from long-term forward agreements in iron-ore until 2010, to the purchase of oil price

options by Mexico in 2008. However, there is no evidence of systematic coordination of

below and above-ground evidence.

The sovereign wealth fund should invest more in risky assets, and hedge oil price

fluctuations, while oil is beneath the ground. The fund should invest more in risky assets

because of a wealth effect: only a fraction of wealth is included in the fund when there

is oil beneath the ground. This means the fund should appear riskier at the start of the

windfall, and allocate towards safer assets as oil is extracted and the fund matures. The

fund should hedge oil price fluctuations because of a substitution effect: some exposure

to traded assets is embodied in oil price fluctuations, and these should be taken into

account when constructing the fund. Roughly the fund should invest more in assets that

are negatively correlated with oil and vice versa, though the actual allocation should be

determined by principal components analysis.

Extraction should be faster on average than the standard Hotelling rule, if oil is corre-

lated with the market. The standard Hotelling rule states that marginal oil rents should

rise at the rate of interest. Our results suggest that policymakers should extract faster

that this, so rapidly falling convex extraction costs generate a risk premium on volatile

oil reserves. Extraction should also respond to the oil price, extracting more when it is

high.

Consumption should be a constant share of total wealth. Currently the Norwegian

government employs a “bird-in-hand” rule: releasing a constant share of the sovereign

wealth fund into the budget each year. This analysis suggests the rule should be rede-

fined to consider total wealth. Consumption will be insulated from oil extraction by the

fund. The ability to borrow and lend freely will smooth consumption, consistent with the
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permanent income hypothesis. The ability to hedge oil prices will reduce the aggregate

volatility the government is exposed to, leaving only residual volatility to be managed

by precautionary savings. Oil extraction should only affect consumption by altering the

present value of total wealth.

Further work may consider exploration, domestic investment, more market imperfec-

tions and other price behaviour. Oil reserves are not simply known; they need to be

discovered and exploration is costly. The amount of effort dedicated to exploration will

naturally depend on the oil price, as noted by Pindyck (1978). It would be worth extend-

ing the current analysis to understand how hedging oil wealth in a sovereign wealth fund

would affect exploration effort.

Subsoil oil and sovereign wealth funds are not the only assets that policymakers in

resource-rich economies control. Domestic capital is a large, and largely non-traded,

component of national wealth. Gaudet and Khadr (1991) and Atewamba and Gaudet

(2012) consider how extraction will depend on domestic capital, but do not take the next

step of considering tradable sovereign wealth fund assets. The ability to trade claims on

shocks that affect the productivity of domestic capital may significantly change the way

oil and capital interacts.

Introducing more market imperfections may address particular concerns of policy-

makers. In practice it may be infeasible to hedge the vast reserves of the world’s resource

exporters, even if the risk is spread across many assets as described in Section 3.2. Na-

tional governments may also be averse to taking large short positions in oil, or selling it

forward, as this means oil is sold at a lower price than the market when prices are high.

Understanding how these constraints should affect investment and extraction would be a

third area of interest for further work.

Finally, more closely modelling the observed behaviour of prices may make these

recommendations more compelling. We have assumed that prices are log-normally dis-

tributed. This has lent the analysis to neat, closed-form solutions. In practice prices can

exhibit mean reversion, large jumps and time-varying correlation. Incorporating these
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characteristics into a numerical analysis would make the analysis more accurate for im-

plementation.
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Appendix A: Portfolio allocation without oil

A.1 Proof of Proposition 1

This appendix derives the results on asset weights in the absence of oil, following Merton

(1990, Ch 5). We begin with the Hamilton-Jacobi-Bellman equation for the government’s

problem in equation 2.1 and 2.8,

0 = max
C,wi

(
U(C)e−ρt + 1

dt
Et [dJ(F, t)]

)
(5.1)

where

1
dt
Et [dJ(F, t)] = JF

(
m∑

i=1
wiF (αi − r) + rF − C

)
+ Jt + 1

2JFF
m∑

i=1

m∑

j=1
wiwjF

2σij(5.2)

where equation 5.2 follows from applying Ito’s lemma to J(F, t). For ease of notation

we define JF ≡ ∂J(F, t)/∂F and JFF ≡ ∂2J(F, t)/∂F 2. The first order conditions of

equation 5.1 with respect to consumption and asset weights are,

U ′(C∗)e−ρt − JF = 0 (5.3)

JFF (αi − r) + JFFF
2
m∑

j=1
w∗jσij = 0 i = 1, . . . ,m (5.4)

The optimal asset weight condition in equation 5.4 holds for all assets, i = 1, . . . ,m.

Together this is a linear system of m equations, which can be solved explicitly for each

wi,

wi = − JF
JFFF

m∑

j=1
νij(αj − r) (5.5)

where νij = [Σ−1]ij. This can be simplified using the following expression from equation

5.38, where CRRA = −CU ′′(C)/U ′(C),
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− JF
JFFF

= 1
CRRA

C/F

CF
(5.6)

The result in part i) is found by substituting 5.6 into 5.5, and using CRRA = 1/θ and

C/F = CF from equation 2.7. The inclusion of the term, ν, ensures that ∑m
i=1 δi = 1.

The result in part ii) relies on the following lemma,

Lemma 1. There exists an optimal risky portfolio such that, independent of preferences,

the wealth distribution and time horizon, the government will be indifferent between choos-

ing a linear combination of the optimal portfolio and the risk free asset, and the original

n assets.

Proof. The condition that all asset weights in the overall fund sum to one, represents a

line in the n dimensional plane, ∑n
i=1wi = 1. There will exist two linearly independent

vectors in that plane, the combination of which will give any point on that line (Cass and

Stiglitz, 1970). These two vectors can be considered linearly independent portfolios of the

n assets. Thus, regardless of preferences every individual would be indifferent between

holding a combination of two unique portfolios, and the original portfolio of n assets.

If one portfolio holds only the risk-free asset the other will be uniquely defined as the

optimal risky portfolio. This follows Merton (1990, Ch 5).

Let w be the proportion of the total fund invested in the optimal risky portfolio, so

that wr = 1 − w is invested in the risk-free asset. From lemma 1, the government will

be indifferent between holding these two portfolios, and the optimally chosen n assets, so

w∗i = wδi for i 6= n where w and δi are defined in equation 2.4.

Finally, consider the value of the optimal risky portfolio, V ∗ = ∑n
i=1N

∗
i Pi. The overall

portfolio is sold as a mutual fund, with N claims sold at price P , V ∗ = NP . This will

evolve as follows, by Ito’s lemma,
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dV ∗ =
n∑

i=1
NidPi +

n∑

i=1
PidNi +

n∑

i=1
dPidNi

= NdP + PdN + dPdN (5.7)

This can be separated into the net inflow of value that does and does not come from

capital gains. The latter must equal the value of new shares issued,

n∑

i=1
PidNi +

n∑

i=1
dPidNi = PdN + dPdN (5.8)

Therefore, combining equations 5.7 and 5.8 givesNdP = ∑n
i=1NidPi. Using the weight

of each asset in the optimal risky portfolio, δi = NiPi/P , which is a constant, we get,

dP

P
=

n∑

i=1
δi
dPi
Pi

=
n∑

i=1
δiαidt+

n∑

i=1
δiσidZi

= αdt+ σdZ (5.9)

This gives the result in part iii), with α = ∑m
i=1 δiαi, σ2 = ∑m

i=1
∑m
j=1 δiδjσij and

dZ = 1
σ

∑m
i=1 δiσidZi.

A.2 Proof of Proposition 2

This appendix derives the results on consumption in the absence of oil, also following

Merton (1990). The expected rate of change of consumption can be found by applying

Ito’s lemma to equation 5.3,

1
dt
Et[dJF ]
JF

= CU ′′(C)
U ′(C)

1
dt
Et[dC]
C

− ρ+ CU ′′′(C)
U ′(C)

1
dt
Et[dC2]
C

(5.10)
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The first term in equation 5.10 is the expected rate of change of the marginal utility of

assets, 1
dt
Et[dJF ]/JF . Using Ito’s lemma we have, JF (F, t) = JFFdF +JFtdt+ 1

2JFFFdF
2.

Combining this with the first-order condition of 5.2 with respect to assets gives,

1
dt
Et[dJF ] + JF (w(α− r) + r) + JFFFw

2σ2 = 0 (5.11)

The expected rate of change of the marginal utility of assets will shrink at the rate of

interest, equation 5.12 below. This follows from combining equation 5.48 with the optimal

asset allocation condition in 5.4,

1
dt
Et[dJF ]
JF

= −r (5.12)

The final term in equation 5.10 can be found by applying Ito’s lemma to C(F, t),

making use of the two-asset separation theorem in Proposition 1,

dC2 = CFw
2F 2σ2dt (5.13)

The result in part i) comes from combining equations 5.10, 5.12, and 5.13, with the

relationship C/F = CF from equation 2.7.

A closed form for the value function, J(F, t), can be found given the assumptions in

section 2.1. Substituting the first-order conditions in 5.3 and 5.4 into the Hamilton-Jacobi-

Bellman condition in 5.1, and making use of the two-asset simplification from Proposition

1, gives the optimality condition for the value function,

0 = 1
θ−1 exp(−ρtθ)J1−θ

F + Jt + rFJF −
J2
F

JFF

(α− r)2

2σ2 (5.14)

A closed form solution to this stochastic partial differential equation exists and takes

the following form, which can be checked using Ito’s lemma,
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J(F, t) = θ
θ−1 exp(−ρt)(θρ− (θ − 1)η)−1/θF (θ−1)/θ (5.15)

where η = r + θ(α− r)2/2σ2.

The result in part ii) follows from substituting equation 5.15 into the first order con-

dition 5.3.

The result in part iii) follows from substituting equation 2.7 into 2.8.

Appendix B: Portfolio allocation for a given path of

extraction

B.1 Proof of Propositions 3 and 6

This appendix extends the analysis of university endowments by Merton (1990, Ch 21),

to the case of incomplete markets. We begin by proving the relationship in equation

3.14. Asset and oil prices follow the geometric Brownian motions in equations 2.3 and

2.5. Let the oil price be instantaneously imperfectly correlated with the return on each

asset, dZodZi = ρo,idt where ρo,i 6= ±1∀i = 1, . . . ,m. The returns on these m + 1 prices

(m assets plus oil) can be expressed as a linear combination of m+ 1 independent Wiener

processes, duj ∼ N(0, dt) for j = 1, . . . ,m+ 1,




dZo

dZ1
...

dZm




=




λo,0 λo,1 · · · λo,m

λ̃1,0 λ̃1,1 · · · λ̃1,m
... ... . . . ...

λ̃m,0 λ̃m,1 · · · λ̃m,m







duo

du1
...

dum




(5.16)

Rearranging this allows the instantaneous return on oil to be separated from the other

assets,
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


dZo

dZ1
...

dZm




=




λo,0 λo,1 · · · λo,m

0 λ1,1 · · · λ1,m
... ... . . . ...

0 λm,1 · · · λm,m







duo

du1
...

dum




(5.17)

dZo = λo,0duo + Λodu (5.18)

dZ = Λdu (5.19)

where Λo = [λo,1 . . . λo,m], [Λ]ij = λij, du = [du1 . . . dum]′ and dZ = [dZ1 . . . dZm]′. The

result in equation 3.14 follows from equations 5.18 and 5.19 if Λ is invertible.

The parameters Λo, Λ and λo,0 can be estimated using principal components analysis.

The instantaneous covariance between any two Wiener processes can be expressed as

cov(dZi, dZj) = ∑m
g=1 λi,gλj,gvar(dug). The covariance matrix for dZ is therefore, Σ =

(EVE1/2
A dt1/2)(EVE1/2

A dt1/2)′, where EV is the matrix of eigenvectors, [E1/2
A ]ii = e

1/2
i is the

diagonal matrix of the square roots of eigenvalues, ei, and Λ = EVE
1/2
A . An estimate of

the covariance matrix can be found after estimating the parameters α̂i, σ̂i in equations 3.1

to 3.3 by maximum-likelihood. Ranking each eigen-vector by the size of the eigenvalue,

and discarding the smallest, gives an idea of how well the oil price is spanned by the

market, as illustrated in Table 3.1.

Based on the results in Table 3.1 we will treat λ0,o = 0, which significantly simplifies

the analysis.

We now turn to the results in Propositions 3 and 6. If markets are incomplete then

oil revenues can be expressed in terms of the prices of the m traded assets,

Po(t) = Po(0) exp(−φt)
m∏

i=1
[Pi(t)/Pi(0)]βi (5.20)

where βi = σoMi/σi,Mi ≡ [ΛoΛ−1]i and φ = −αo+
∑m
i=1 βi(αi−1

2σ
2
i )+1

2
∑m
i=1

∑m
i=1 βiβjσij.

This can be found by applying Ito’s lemma to 5.20 and comparing coefficients with 3.3.
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If markets are complete then Mk = 1 and Mi = 0 for i 6= k.

The results in part i) of Propositions 3 and 6 establish the capitalised value of oil

wealth, based on the following Lemma,

Lemma 2. The capitalised value of oil income is as follows, when markets are incomplete,

V (Po, t) = Po(t)O(1− exp[−ψ(T − t)])/ψ (5.21)

where ψ = r − αo +∑m
i=1 βi(αi − r).

Proof. First, we will construct a portfolio that will be identical to the capitalised value

of oil. Second, we will construct another portfolio, consisting of the capitalised value of

oil, the assets in the market and the risk free rate. Using an arbitrage argument we will

find a condition that the capitalised value of oil must satisfy. Third, we will show that

the posited capitalised value of oil satisfies this condition.

First, let us construct a portfolio with value V , consisting of traded and non-traded

assets i = 1, . . .m and the risk-free asset, which distributes cash each period of Po(t)O.

This is equivalent to the capitalised value of oil. The value of the portfolio will evolve

according to the dynamics,

V = F (P1, . . . Pm, t) (5.22)

dV = (µvV − PoO)dt+ σvV dZv (5.23)

Using Ito’s Lemma, the dynamics of the portfolio can also be written as,

dV =
m∑

i=1
VidPi + Vtdt+ 1

2

m∑

i=1

m∑

j=1
VijdPidPj

=




m∑

i=1
ViαiPi + Vt + 1

2

m∑

i=1

m∑

j=1
VijσiσjρijPiPj



 dt+

m∑

i=1
ViσiPidZi
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Comparing coefficients with 5.23 gives,

µvV − PoO =
m∑

i=1
ViαiPi + Vt + 1

2

m∑

i=1

m∑

j=1
VijσiσjρijPiPj (5.24)

σvV dZv =
m∑

i=1
ViσiPidZi (5.25)

Finally, let dZv = Λvdu. This implies,

σvdZv = σvΛvdu = Γ′Λdu (5.26)

where Γ = [V1σ1P1/V, . . . , VmσmPm/V ]′.

Second, we make use of an arbitrage argument. Let us now create a second portfolio,

with value X(t), consisting of the original portfolio, V (t), the risky assets k = 1, . . . ,m,

and the risk free asset. Let this portfolio be dynamically constructed so that the short

positions offset the long positions and the net value of the asset is always equal to zero. The

return to this portfolio is given by the following, so that the weights wr = 0−wv−
∑m
k=1wk,

dX = wv
dV + Y dt

V
+
∑m

i=1wi
dPi
Pi

+ wrrdt

=
{
wV (µV − r) +

∑m

i=1wi(αi − r)
}
dt+ wV σV dZV +

∑m

i=1wiσidZi

=
{
wV (µV − r) +

∑m

i=1wi(αi − r)
}
dt+ wV Γ′Λdu+ ΨΛdu (5.27)

where the second equality follows from 5.23, the third from 5.26 and Ψ = [w1σ1 . . . wmσm]′.

Now, suppose that the weights in this new portfolio are dynamically constructed so

that there is no risk, w∗vΓ′Λdu + Ψ∗Λdu = 0. The weights that would achieve this are

w∗i = −(Vi/V )Piw∗v∀i. Arbitrage dictates that such a portfolio must have an expected

excess return over the risk-free rate of zero,
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0 = w∗v(µv − r) +
∑m

i=1w
∗
i (αi − r)

V (µv − r) =
∑m

i=1 ViPi(αi − r) (5.28)

Combining this with 5.24 gives the following optimality condition, which must be

satisfied by the portfolio V (t),

0 = 1
2

m∑

i=1

m∑

j=1
VijσiσjρijPiPj +

m∑

i=1
rPiVi − rV + Vt + PoO (5.29)

Third, we test that the proposed capitalised value of oil income does in fact satisfy

5.29. The proposed value, V , and the associated partials, are as follows, which can be

shown to satisfy 5.29 by substitution,

V (Po, t) = Po(0)O exp[−φt]
m∏

i=1
[Pi(t)/Pi(0)]βi(1− exp[−ψ(T − t)])/ψ (5.30)

Vi = βi
Pi
V (5.31)

Vt = −φV − Po(t)O exp[−ψ(T − t)] (5.32)

Vij =





βiβj

PiPj
V if i 6= j

βi(βi−1)
P 2

i
V if i = j

(5.33)

Lemma 2 gives the capitalised value of oil income. The instantaneous rate of change

of this value can be found by applying Ito’s lemma to 5.21,

Po(t)Odt+ dV = (r +
m∑

i=1
βi(αi − r))V dt+ σoV dZo (5.34)
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The results in part ii) of Propositions 3 and 6 follow from substituting 5.34 and the

evolution of fund assets in 3.2 into the expression for the evolution of total wealth, dW =

dF + dV ,

dW =
m∑

i=1
wiF (αi − r) dt+

m∑

i=1
βi(αi − r)V dt+ (rF + rV − C) dt

+
m∑

i=1
wiFσidZi + σoV dZo (5.35)

B.2 Data and Calibration

Data

The ability of traded assets to span the oil price is presented in Table 3.1. This is based

on the following equity and oil prices.

Equity prices are based on the FTSE Global All Cap index (US dollars), which is

the equity benchmark used by Norway’s Government Pension Fund Global. It is provided

directly by FTSE and consists of daily data from 01/01/2002 to 12/06/2013. The analysis

is based on ten industry sub-indices based on the ICB classifications, covering ~7,400

equities. However this (very large) index remains only a small sub-sample of the entire

market - ICB classifies over 75,000 equities. Industry sub-indices are used, rather than

individual equities, to improve the power of our estimation of the covariance matrix. This

approach is also taken by Gintschel and Scherer (2008).

Table 3.1 is calculated by estimating the covariance matrix of oil with the ten industries

in the FSTE All Cap index, using maximum likelihood estimation. Principle components

analysis is then applied to the matrix, ranking eigen-vectors by the size of their eigen-

values. The results in the table use 1 year of daily data, but the results are robust to

other time horizons: ten shocks explain 99.78%, 99.54% and 99.75% of covariance when

calculated on 1, 6 and 24 months of data respectively.
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Calibration

Parameter Value Parameter Value
F (0) 100 S(0) 100
r, ρ 0.05 O 5.00
θ 0.50 αo 0.01

Pi(0) 1.00 σo 0.25
αi 0.07 Λo case 1 [1 0]
σi 0.20 Λo case 2 [1 -1]
ρij 0 γ 0.20

Table 5.1: Calibration used in Figures 3.3, 3.1 and 4.1.

Calibration

The analysis in Figures 3.3, 3.1 and 4.1 are based on the simple illustrative calibration in

Table 5.1.

Appendix C: Portfolio allocation if oil extraction can

be chosen

C.1 Proof of Proposition 7

The policymaker’s problem in equation 4.1 can be summarised by the Hamilton-Jacobi-

Bellman (HJB) equation,

0 = max
C,wi,O

(
U(C)e−ρt + 1

dt
Et [dJ(F, Po, S, t)]

)
(5.36)

where

1
dt
Et [dJ(F, Po, S, t)] = JF

(
m∑

i=1
wiF (αi − r) + rF − C + PoO −G(O)

)
(5.37)

+JPαoPo − JSO + Jt

+1
2JFF

m∑

i=1

m∑

j=1
wiwjF

2σij + 1
2JPPσ

2
oP

2
o + JFP

m∑

i=1
wiFσiσoPoρio
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The first order conditions with respect to consumption, asset weights and extraction

are respectively,

0 = U ′(C)e−ρt − JF (5.38)

0 = JFF (αi − r) + JFFF
2
m∑

j=1
wjσij + JFPFσiσoPρio (5.39)

0 = JF (Po −GO)− JS (5.40)

We can also differentiate the HJB equation with respect to the state variables: foreign

assets, F , oil reserves, S, and oil prices, PO,

0 = 1
dt
E[dJF ] + JF (

m∑

i=1
wi(αi − r) + r) + JFFF

m∑

i=1

m∑

j=1
wiwjσij (5.41)

+JFP
m∑

i=1
wiσiσoPoρio

0 = 1
dt
E[dJs] + 0 (5.42)

0 = 1
dt
E[dJP ] + JFO + JPαo + JPPσ

2Po + JFP
m∑

i=1
wiFσiσoρio (5.43)

Substituting 5.39 into 5.41 gives,

1
dt
E[dJF ]
JF

= −r (5.44)

This gives two pieces of intuition. The first is that oil is extracted so that the marginal

utility of an extra barrel of oil in the ground is always constant, 1
dt
E[dJs] = 0 in 5.42. The

second is that the marginal utility of assets (or the marginal utility of consumption, from

5.38) will fall at the rate of interest, 1
dt
E[dJF ]/JF = −r in 5.44. Combining 5.38 and 5.44

gives rise to the Euler equation,
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1
dt
Et[dC]
C

= − U ′(C)
CU ′′(C)(r − ρ)− U ′′′(C)

U ′′(C)

1
dt
Et[dC2]
C

(5.45)

The Hotelling equation in part i) describes the expected path of marginal oil rents,

ΩO = Po − G′(O). This can be found by applying Ito’s lemma to equation 5.40, and

dividing throughout by 5.40,

dJS
JS

= dJF
JF

+ dΩO

ΩO

+ dJFdΩO

JFΩO

(5.46)

The result in part i) is found by combining 5.42, 5.44 and 5.46 to give the expected

Hotelling rule,

1
dt
E[dΩO]
ΩO

= r −
1
dt
E[dJFdΩO]
JFΩO

(5.47)

The path of extraction is affected by the covariance between the marginal utility of

wealth and marginal oil rents. Marginal oil rents are a function of oil prices and the rate

of extraction, ΩO = Po − G′(O). Both the marginal utility of wealth and the rate of oil

extraction will be a function of the four state variables, JF (F, Po, S, t) and O(F, Po, S, t).

Applying Ito’s lemma to both gives,

dJF = −rJFdt+ JFF
m∑

i=1
wiFσidZi + JFPσoPdZo (5.48)

dO = µo(F, Po, S, t)dt+OF

m∑

i=1
wiFσidZi +OPPoσodZo (5.49)

where we know E[dJF ] = −rJFdt from equation 5.44, and µo(F, Po, S, t) is the as-yet-

unknown expected rate of change of extraction. We derive an expression for µo(F, Po, S, t) =
1
dt
E[dO] below. Applying Ito’s lemma to ΩO = Po −G′(O) gives the following, where we

make use of the assumption that G(O) = 1
2γO

2,
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dΩO = dPo −G′′(O)dO − 1
2G
′′′(O)dO2

= (αoPo − γµo(F, Po, S, t)) dt− γOF

m∑

i=1
wiFσidZi + (1− γOP )PoσodZo(5.50)

Multiplying equations 5.48 and 5.50 gives,

dJFdΩO

JFΩO

= − γOF

JFΩo




m∑

i=1
wiFσi



JFFF

m∑

j=1
wjσjρij + JFPσoPρio






 dt

+(1− γOP )Poσo
JFΩo

(
JFF

m∑

i=1
wiFσiρio + JFPPoσo

)
dt

This can be simplified by substituting in the optimal asset weight condition in equation

5.39 for all assets (OF term), and for the perfectly correlated asset k (OP term), to give,

dJFdΩO

JFΩO

= 1
ΩO

(
γOF

m∑

i=1
wiF (αi − r)− (1− γOP ) αk−r

σk
Poσo

)
dt (5.51)

The result in part ii) follows from combining the expected Hotelling rule in 5.47 with

equations 5.50 and 5.51.

To gain further intuition we must approximate the partial derivatives, OF and OP .

To do this we use the solution to the deterministic case - which can be found explicitly -

to estimate the solution to the stochastic case. The deterministic solution is given in the

following Lemma,

Lemma 3. Deterministic solution.

If all prices are deterministic then:

i) Marginal oil rents will rise at the rate of interest, the classical Hotelling (1931) rule,
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Ω̇O(t) = rΩO(t) (5.52)

ii) If the oil price is also without drift, αO = 0, then the date of exhaustion is,

T = −1
r

ln(γO(0)/PO(0)) (5.53)

iii) The optimal rate of extraction (to a leading order approximation) is,

O(t) =
√

2 r
γ
S(t)PO(t) (5.54)

Proof. In the deterministic case the extraction problem depends only on extraction and

reserves, O and S. This can be seen from equations 4.5 and 4.4 when σo = 0, using the

notation 1
dt

[dΩO] = Ȯ to emphasise that we are working in the deterministic case. This

gives,

Ω̇O(t) = rΩO(t)

Ṡ(t) = −O(t)

If we assume that extraction costs are quadratic, G(O) = 1
2γO

2, so all oil will be

depleted at some time T , that oil prices will evolve deterministically at Ṗo(t) = αoPo(t),

with αo < r to ensure a solution exists, and marginal oil rents are ΩO = Po−G′(O), then

extraction will follow the path,

Ȯ(t) = rO(t) + 1
γ
Po(0)(αo − r)eαot (5.55)

The solution to this differential equation can be shown to be,
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O(t) = O(0)ert + 1
γ
Po(0)

[
eαOt − ert

]
(5.56)

We can never have αO ≥ r as price growth would delay extraction indefinitely. Pro-

vided initial marginal oil rents are positive, ΩO(0) > 0, and, αO < r, then the extraction

rate remains finite. The optimal initial extraction rate must satisfy, S(t) =
´ T

t
O(τ)dτ ,

and the date of exhaustion must satisfy, O(T ) = 0. The date of exhaustion only has an

explicit solution for αO = 0, which we assume with some empirical confidence. This gives,

T = −1
r

ln(1−R) (5.57)

S(0) = − 1
rγ
PO(0)(ln(1−R) +R) (5.58)

where 0 < R = γO(0)/PO(0) < 1. As 5.58 only implicitly defines the rate of extraction,

O = f(S, PO), we use asymptotic methods to find a series solution and study the leading

order effect. Using − ln(1−R) = ∑∞
n=1

1
n
Rn we have,

rγS(0)
PO(0) =

∞∑

n=2

Rn

n
(5.59)

This can be inverted to give,

O(t) = S(t)
[√

2ξ(t)−1 − 2
3 + 1

9
√

2ξ(t) + 2
135ξ(t)

2 + 1
540
√

2ξ(t)
3 + o(ξ(t)4)

]
(5.60)

where ξ(t) =
√
rγS(t)/PO(t),and the coefficients stem from the series inversion and

so are independent of parameters. To the leading order this yields the relationship in

5.54

This Lemma defines the path of oil extraction when prices are exogenous, according

to the classical Hotelling (1931) rule. If oil is very abundant, then oil supply will have a
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price elasticity equal to one, O(t) = 1
γ
P (t). Oil supply will simply rise with the exogenous

price of oil. However, in general scarcity means that oil supply will be less price elastic

than this. Exhaustion will take longer if the initial stock of reserves is high, the oil price

is low, or extraction costs are high.

The marginal effect of wealth and oil prices on extraction can be approximated from

Lemma 3,

OF = 0

OP = 1
2
O

PO
=
√

rS

2γPO

The approximate stochastic Hotelling rule comes from substituting these partial deriva-

tives into equation 4.6,

dΩO ≈ rΩOdt+ (PO − γ 1
2O)σO

σk
[(αk − r)dt+ σkdZO] (5.61)

So, a positive shock to the oil price, +dZO, increases marginal oil rents. The expected

path of oil extraction comes from combining equations 5.50 and 5.61, and setting αO = 0,

to give,

1
dt
E[dO] = µO(F, PO, S, t)

= − 1
γ

(
r + σO

σk
(αk − r)

)
Po +

(
r + 1

2
σO

σk
(αk − r)

)
O (5.62)

The path for dO then follows from substituting this into 5.49.
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C.2 Proof of Proposition 8

Let there be a traded asset, k, which is perfectly instantaneously correlated with oil,

dZo = dZk.

The result in part i) states that oil rents can be replicated using a bundle containing

Nk shares of asset k and Nr shares of the risk-free asset, X(t) = ∑
i=k,rNi(t)Pi(t). This

bundle must yield a continuous dividend, exactly equal to the optimal path for oil rents

Ω(t).

The replicating bundle can be constructed as follows. For simplicity we begin in

discrete time with period length, h, before moving to continuous time h → 0 following

Merton (1990, pp125). Construct a bundle so that at every time, t, the number of shares

Nk(t) and Nr(t) are chosen and held until time t + h. At the same time a dividend is

declared to exactly equal oil rents, Ω(t). This might be observed from production data

or government accounts. The dividend is paid continuously throughout the period, h.

The bundle will begin period t with value X(t) = ∑
i=k,rNi(t − h)Pi(t), as the number

of shares in each asset will have been chosen in the previous period. At time t the

dividend and new shares are chosen so that the value of the bundle is preserved, −Ω(t)h =
∑
i=k,r[Ni(t)−Ni(t− h)]Pi(t). The same thing will happen at t+ h, so,

−Ω(t+ h)h =
∑

i=k,r
[Ni(t+ h)−Ni(t)]Pi(t+ h)

=
∑

i=k,r
[Ni(t+ h)−Ni(t)][Pi(t+ h)− Pi(t)]

+
∑

i=k,r
[Ni(t+ h)−Ni(t)]Pi(t) (5.63)

Taking the limit as h → 0 we have that −Ω(t)dt = ∑
i=k,r dNi(t)dPi(t) + dNi(t)Pi(t),

assuming all variables are right-continuous. This describes the amount of shares sold

every period to finance the dividend.

The result in part i) combines the expression for dividends with the path for the
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replicating bundle. By Ito’s lemma the replicating bundle, X(t) = ∑
i=k,rNiPi, will

satisfy,

dX =
∑

i=k,r
NidPi +

∑

i=k,r
dNidPi +

∑

i=k,r
dNiPi

dX =
∑

i=k,r
NidPi − Ωdt

dX(t) + Ω(t)dt = ωk(t)X(t)(αk − r)dt+ rX(t)dt+ ωk(t)X(t)σkdZk(t) (5.64)

where ωk(t) = Ni(t)Pi(t)/X(t) is the weight of the risky asset k in the replicating

bundle. The weights ωk(t) must be updated continuously, to match the stochastic path

of oil rents described in equation 5.63. Note that we have focused on an expression for

dV (t) + Ω(t)dt. The explicit expression for V (t) can be found using Contingent Claims

Analysis (see Merton, 1990). This is also applicable for when oil rents follow the general

Ito process dΩ(t) = a(.)Ωdt+ s(.)ΩdZo, when a(.) and s(.) are not constants.

The value of oil rents must equal that of the replicating bundle, V (t) = X(t). This is

because both share exactly the same properties, made possible by the perfect correlation

of asset k and oil.

The result in part ii) states that the policymaker’s problem can be summarised in

terms of total wealth. Total wealth is given by W (t) = F (t)+V (t). Combining equations

4.2 and 5.64 gives the result in equation 5.35.
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Chapter 3
Optimal monetary responses to oil discoveries

167



Optimal Monetary Responses to Oil Discoveries

Samuel Wills
University of Oxford∗

Abstract

Monetary policy can play an important role in managing oil discoveries. Ideally
governments will use fiscal policy to smooth consumption of oil income. In prac-
tice this often does not happen, as governments delay spending until oil revenues
are received. This induces changes in the economy, both at discovery and when
spending begins. In this paper we consider how monetary policy should respond.
The paper makes three contributions. The first is to show that an oil discovery
causes the real exchange rate to appreciate twice: when forward-looking households
and then the government increase their consumption. This can cause a recession
under standard monetary regimes, as firms anticipate the second appreciation. The
second contribution is to micro-found the objective of monetary policy. The central
bank should stabilise inflation, the output gap and the fiscal gap. It will also try
to appreciate the non-oil terms of trade, to exploit the asymmetry from owning oil
wealth. The third is to derive a closed form for optimal monetary policy, which will
respond in advance to expected changes in government demand. This will delay the
second real appreciation until the government can take up the slack left by private
demand. Optimal policy significantly improves welfare relative to standard mon-
etary regimes, and is well approximated by a simple Taylor rule that responds to
expected changes in the natural level of output.
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1 Introduction

How should monetary policy respond to an oil discovery? With 1.4 billion people living in

the forty-seven countries economically dominated by natural resources, this question is of

broad interest (Baunsgaard et al., 2012). It will continue to be as new technologies, such

as fracking, become widespread. Academic literature has recently focused on medium-

to long-term fiscal policy. However, the question remains of how monetary policy can

best accommodate these policies in the short-term. A particular challenge is presented

by the time lag that exists between discovering oil, and spending the associated reven-

ues. Previous literature has suggested that this period can experience recession under

a variety of monetary regimes. This paper begins by revisiting the earlier literature in

a fully rational expectations framework and shows that oil discoveries are likely to have

effects both on announcement, and when production begins. It then shows that optimally

designed monetary policy can overcome many of the distortions caused by these effects,

and improve on standard regimes such as currency pegs and Taylor rules.

Recent academic work on natural resources has focused on medium- to long-term fiscal

policy, as surveyed by van der Ploeg and Venables (2012). Fiscal policy is important

in regulating the pass-through of oil income to the economy (Pieschacon, 2012). The

benchmark recommendation for oil-rich governments has been to smooth expenditure as

soon as oil is discovered. In practice this means spending only the permanent income

from assets that are held offshore in a sovereign wealth fund (see for example the case of

Norway, Chambers et al., 2011). Expenditure smoothing has been extended to account

for specific distortions a resource-exporter may face, such as bottlenecks in investment

(van der Ploeg, 2012) or scarce access to capital (van der Ploeg and Venables, 2011).

However, in practice there is usually a lag between discovering oil and starting pro-

duction. During this period contracts are negotiated, permits are obtained and capital

is imported or built. This is seen in the data. For oil and gas discoveries, of the 400

offshore fields discovered in the UK between 1957-2011, the mean time between discovery

and production was 4.5 years (DECC, 2013). For mineral projects, of the 82 recently

announced new projects in Western Australia at October 2012 the mean expected time

169



to production was approximately 3 years (BREE, 2012).1 While the length will vary with

the type of commodity and the nature of the field, most resource discoveries will involve

some delay.

Governments also often delay spending oil revenues at least until production begins.

This happens because early income is recouped by extraction firms to cover their initial

investment, or governments face borrowing constraints and make political commitments

to balanced budgets. While clean illustrations of this are harder to come by, Azerbaijan in

particular stands out. In 2002 Azerbaijan’s proved reserves rose from 1 billion to 7 billion

barrels of oil (EIA, 2013). However, production did not increase until the Baku-Tbilisi-

Ceyhan pipeline was opened in 2006. In 2006 resource rents jumped by 42% (World Bank,

2013). Over the same year government spending jumped by 45%. While this example is

starker than most, it gives an idea of the types of challenges that monetary policymakers

might face.

Earlier literature has suggested that the lag between discovery and spending can cause

a recession. Eastwood and Venables (1982) find that an oil discovery immediately causes

the exchange rate to appreciate under the influence of expectations, in a Dornbusch-style

framework. If the deflationary effect of this appreciation is not offset by increased demand,

there may be a period of recession. The recession would only be reversed when oil-

generated demand begins.2 However, their analysis was performed without the benefit of

today’s fully-forward looking DSGE models, and assumed that households cannot borrow

against future wealth. In what follows we show that such recessions can still occur, even

if households smooth their consumption.

The majority of recent work on oil shocks has not focused on resource exporters.

One strand of literature has emphasized that the source of oil price shocks matters for

policy in resource importers (see Kilian, 2009, Nakov and Pescatori 2010, Bodenstein et
1Delays are still common even when development is certain. In Western Australia, of the 35 new pro-

jects that were “committed but not yet complete” in October 2012, only 6% expected to begin production
within 3 months, and only 60% expected to begin production within 15 months.

2In commenting on that paper, Neary and van Wijnbergen (1984) find the results to be “relatively
optimistic”. By including a direct impact of oil wealth on money demand they show that the recession
can continue even after government spending rises. Other papers at the time linking oil shocks to
unemployment include Buiter and Purvis (1983) and van Wijnbergen (1984).
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al, 2012). Another has considered the roles of monetary policy and oil prices in the US

recessions of the 1970s and 80s (see Kilian and Lewis, 2011). The IMF has conducted a

number of numerical analyses of oil shocks in multi-country frameworks (see for example

Elekdag et al., 2007), and in specific countries such as with Ghana’s 2007 discovery of

oil (Dagher et al., 2010). There has been little work studying resource exporters from

an optimal perspective. Perhaps one of the closest pieces of work is by Romero (2008),

which investigates optimal monetary response of an oil exporter subject to oil price shocks.

However, this abstracts from the anticipation effects around oil discoveries.

This paper attempts to fill the gap in the literature. In doing so it makes three

contributions. The first is to characterise the effects of an oil discovery in a fully rational

expectations framework. The second is to derive a micro-founded loss function for the

monetary authority in an oil exporter. The third is to derive in closed form the optimal

monetary response to an oil discovery.

The paper’s first contribution is to characterise the effects of an oil discovery in a

fully rational expectations framework. Oil discoveries will affect the economy in two

stages. First, on discovery private consumption will jump in anticipation of future income.

Second, when production begins government spending will add to demand for domestic

goods. Each stage will require a separate terms of trade appreciation because of increased

demand for domestic goods. Between discovery and spending firms will raise their prices

for two reasons: to retrospectively account for the first appreciation, while prospectively

preparing for the second. Under a currency peg, as used by 75% of resource-dependent

economies (Baunsgaard et al., 2012), this will cause large fluctuations in the output gap

and inflation and lead to recession.

The paper’s second contribution is to derive a micro-founded loss function for the

monetary authority in an oil exporter. The authority’s objective will be to stabilise

domestic inflation, the output gap and the fiscal gap; as in models of symmetric small

open economies with a government (see Gali and Monacelli, 2005 and 2008). In addition,

the monetary authority will have an incentive to appreciate the non-oil terms of trade,

and exploit the asymmetry introduced by oil wealth. Appreciating the terms of trade
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will make imports cheaper, but reduce non-oil exports. Income from non-oil exports is

less important for countries with oil than those without. Note that we abstract from

any externalities in the traded sector that would make this central-bank induced “Dutch

disease” sub-optimal (See Corden and Neary, 1982).

The paper’s third contribution is to derive in closed form the optimal monetary re-

sponse to an oil discovery. The optimal response to the first effect is to let the currency

appreciate. This allows the terms of trade to appreciate through a single flexible price (the

exchange rate), rather than many sticky prices (domestic goods). The optimal response

to the second effect is to sharply loosen interest rates in the period before the windfall,

and tighten in the period the windfall is received. This delays the terms of trade appreci-

ation until government spending can take up the slack that is left by private demand. It

also avoids the need for firms to raise prices individually, with the associated distortions

caused by price dispersion. The loosening of policy in the future does not require the

central bank to be credible: such policy is also optimal for a policymaker that can not

commit. Optimal policy is also well approximated by a simple Taylor rule where interest

rates respond to inflation, the output gap and expected changes in the natural level of

output.

This paper builds on recent literature concerning optimal monetary policy in small

open economies. We adopt a small open economy framework following Gali and Monacelli

(2005, 2008) as our starting point. These works display a “divine coincidence” in which

stabilising domestic inflation is equivalent to stabilising the welfare relevant output gap

(Blanchard and Gali, 2007). In a closed economy, divine coincidence holds because the

only distortion in the economy is sticky prices. In an open economy, divine coincidence

holds only if all countries are symmetric and the elasticity of substitution between home

and foreign goods is one (Monacelli, 2012). Otherwise the central bank can improve on the

flexible price outcome by moving the terms of trade, as the income and substitution effects

will not offset (De Paoli, 2009). In our paper divine coincidence breaks down, despite a

unit elasticity of substitution. This happens because of the asymmetry introduced by oil

wealth, mentioned above.
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The discovery of oil can also be thought of as a type of news shock. There is an ex-

tensive recent literature on news about future productivity, while we focus on news about

future income. The literature on news about productivity has attempted to replicate the

dynamics of Pigou cycles (see Pigou, 1927). Standard models of the business cycle imply

that good news about future productivity increases expected wealth, increasing consump-

tion but reducing hours worked. In contrast, Pigou cycles suggest that good news about

the future leads to positive co-movement in consumption, investment and hours worked

today. Recent theory has successfully been able to generate Pigou cycles, though it has

proven to be relatively challenging (see Beaudry and Portier, 2004, Den Haan and Kal-

tenbrunner, 2006 and Jaimovich and Rebelo, 2009). However, there remains some debate

over the empirical evidence for these cycles.3 This paper focuses on news about future

income, rather than productivity. In recent work Mertens and Ravn (2011) find that

anticipated future income, in the form of announced tax cuts, causes output to contract

prior to implementation which is consistent with our findings. This paper contributes to

the news shock literature by shedding some light on the optimal monetary response to

news about anticipated fiscal policy.

Our results also support recent work on forward guidance. Woodford (2012) argues

that central banks should provide guidance about future policy rules in the context of

the zero lower bound. Guidance about future policy will also be necessary in responding

to an oil discovery. The optimal response to an oil discovery requires loosening rates in

the period before the windfall and tightening them again once the windfall is received.

This delays the terms of trade appreciation until the government can replace private

demand. The ability to delay the appreciation relies on households and firms correctly

anticipating the behaviour of the central bank, as the standard Taylor rule will not achieve

this outcome. We implicitly assume this anticipation by the rational expectations in our

model, though in practice it would require clear communication from the central bank.

The remainder of this paper proceeds as follows. Section 2 presents a DSGE model of
3Beaudry and Portier (2006) and Beaudry and Lucke (2010) find evidence supporting Pigou cycles,

while Barksy and Sims (2011, 2012) find evidence that positive news about the future reduces output
today, consistent with standard models of the business cycle. The latter find that their identified news
shock explains a significant fraction of variation in TFP at business cycle frequencies, whereas the shocks
identified by the former do not.

173



a small open economy with a government that receives an exogenous oil windfall. Section

3 characterises the steady state and analyses dynamics around this state. Section 4

introduces the central bank’s micro-founded loss function, and derives optimal monetary

policy under discretion and commitment. Section 5 calibrates the model, and compares

optimal policy to a flexible price benchmark and a currency peg. Section 6 concludes.

2 Model

This section develops a rational expectations model of a small open economy with a

government that receives an exogenous oil windfall. It fits in the framework of models

developed by Gali and Monacelli (2005, 2008) and Gali (2008), allowing us to compare

our results with existing work. We make as few additions as possible, to keep the model

simple and permit a closed-form solution. This paper therefore extends these models in

two ways. The first is by introducing a government that receives an oil windfall and

spends it according to a simple fiscal rule, which will be the focus of our analysis. The

second is by allowing wealth to differ between home and foreign households, and to change

over time. This allows us to model the wealth effects of an oil windfall, and will relax the

“divine coincidence” that characterises similar models.

2.1 Households

The representative household will maximise utility subject to a per-period budget con-

straint,

max
Ct,Nt,Dt

U0 = E0

∞∑

t=0
βt
[
(1− χ) lnCt + χ lnGt −

N1+ϕ
t

1 + ϕ

]
(2.1)

s.t. PtCt ≤ WtNt − PH,tTt − Et[Mt,t+1Dt+1] +Dt (2.2)

where Ct is a domestic consumption bundle with consumer price index (CPI), Pt; Gt
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is the government spending bundle which is partly funded by taxes, T , levied in domestic

currency, PH,t; Nt is hours worked for wages, Wt; and Dt+1 is the nominal payoff in

domestic currency at time t + 1 of the household’s portfolio of internationally traded

financial assets (including shares in firms), which has stochastic discount factor, Mt,t+1.

Utility will depend on three key parameters: the discount factor, β, the utility weight

of government spending, χ, and the elasticity of labour supply, ϕ. This optimisation

problem yields two first order conditions, describing labour supply and the stochastic

Euler equation,

CtN
ϕ
t = (1− χ)WtP

−1
t (2.3)

βCtPt = Et[ Mt,t+1Pt+1Ct+1] (2.4)

If we use lower case letters to denote the log of each variable, define the time discount

rate as, ρ ≡ β−1 − 1, define the nominal interest rate as, it = ln(Et[Mt,t+1]−1), and

define CPI inflation as, πt ≡ pt− pt−1, then the first order conditions can be expressed in

log-linear form as,

wt − pt = ct + ϕnt − ln(1− χ) (2.5)

ct = Et[ct+1]− (it − Et[πt+1]− ρ) (2.6)

In addition to choosing the total amount it works, consumes and saves, the represent-

ative household will also choose the types of goods it consumes. Total consumption will

be a bundle of home and foreign goods, both of which are bundles of individual varieties

that are produced in all countries.

Total consumption will be a Cobb-Douglas bundle of home (H) and foreign (F ) goods,

Ct ≡ C1−α
H,t C

α
F,t · (1 − α)−(1−α)α−α. The preference for foreign goods is described by an

index of openness, α ∈ [0, 1]. Home and foreign goods will be allocated optimally to
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minimise, PtCt = PH,tCH,t + PF,tCF,t, where CPI is an index of home and foreign prices,

Pt = P 1−α
H,t P

α
F,t. Note that the elasticity of substitution between home and foreign goods

will equal one. If home and foreign consumers are also perfectly symmetric, then there

will be a “divine coincidence” in the objectives of a central bank in a closed and an open

economy. This happens because any movement in the terms of trade will see the increase

in purchasing power over imports perfectly offset by lower demand for exports. This

breaks down in our model because of asymmetric wealth, as discussed in Section 2.4.

Home and foreign goods will both be CES bundles of individual varieties that are

produced in all countries. The foreign good will be a bundle of goods produced by a

continuum of foreign countries, f ∈ [0, 1], with an elasticity of substitution of one. In logs

this will be, cF,t =
´ 1

0 cf,tdf , with price index, pF,t =
´ 1

0 pf,tdf . The consumption good

produced at home and in every foreign country will be a CES bundle of individual varieties,

i ∈ [0, 1], Cj,t ≡
(
´ 1

0 Cj,t(i)
ε−1
ε di

) ε
ε−1 for j = [H, f ∈ [0, 1]]. Each variety will be produced

in every country and have an elasticity of substitution of ε, allowing for monopolistic price

setting in Section 2.5.2. The associated price indices will be, Pj,t ≡
(
´ 1

0 Pj,t(i)
1−εdi

) 1
1−ε

for j = [H, f ∈ [0, 1]].

2.2 Terms of Trade and Exchange Rates

The terms of trade will play a central role in the model, allocating global household

demand between home and foreign goods. The terms of trade will link the price of home

goods to the CPI, and to the nominal and the real exchange rate.

The effective non-oil terms of trade is defined as the price of the foreign bundle in

terms of home goods. In logs this is, st ≡ pF,t − pH,t, where st ≡ lnSt is the (log) non-oil

terms of trade, and pF,t and pH,t are the (log) price indices for foreign and home goods

as defined above. The effective non-oil terms of trade is an index of the bilateral non-

oil terms of trade between the home country and each country f , st =
´ 1

0 sf,tdf where

sf,t ≡ pf,t − pH,t. For ease we will refer to the effective non-oil terms of trade as simply

the “terms of trade” from now on.
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The terms of trade links the CPI to the domestic price level. Using the (log) definitions

of CPI and the terms of trade we have, pt = pH,t + αst. CPI inflation can therefore be

expressed as a function of domestic inflation, πt = πH,t + α∆st.

The terms of trade is also linked to the effective nominal exchange rate. Exchange

rates are defined by assuming the law of one price always holds for every variety. This

implies that the price in home currency of variety i, produced in country f is (in logs),

pf,t(i) = eft + pff,t(i) ∀i, f , where eft is the (log) bilateral nominal exchange rate between

home and f , and pff,t(i) is the price of variety i, produced in country f (subscript) in

currency f (superscript). The price index for all goods produced in f expressed in the

home currency will be, pf,t = eft + pff,t, where p
f
f,t is the price index of goods produced in

f expressed in currency f . The price index for all goods produced in any foreign country

expressed in the home currency will be, pF,t = et + p∗t , where et ≡
´ 1

0 e
f
t df is the effective

nominal exchange rate and, p∗t ≡
´ 1

0 p
f
f,tdf , is the world price index. The terms of trade

is thus related to the nominal exchange rate by, st = et + p∗t − pH,t.

Finally, the terms of trade will also move with the real exchange rate. The bilateral

real exchange rate describes the CPI in country f as a proportion of the CPI at home,

qf,t ≡ lnQf,t = eft + pft − pt, where pft is the (log) CPI in country f . The effective real

exchange rate is an index of the bilateral real exchange rates, qt ≡
´ 1

0 qf,tdf . Linking

the effective real exchange rate and the terms of trade gives, qt =
´ 1

0 (eft + pft − pt)df =

et + p∗t − pt = (1− α)st.

2.3 Government Spending

The government will receive all oil income and levy lump-sum taxes, to be spent on a

public good and a small transfer to firms. We assume that all oil income will be consumed

by the government according to a simple spending rule. This abstracts from any role for

distortionary taxes.

Government spending is summarised by its per-period budget constraint. This is given

below, where Ft is the portfolio of risk-free foreign assets held at time t, Tt are lump sum
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taxes, τt is a subsidy to firms and εtPO,tOt are oil revenues.

PH,tGt + τt + Et[Mt,t+1Ft+1] ≤ Ft + εtPO,tOt + PH,tTt (2.7)

Oil revenue in each period is given by εtPO,tOt, for t = 0, 1, . . .. Oil production Ot is

exogenously determined, as in practice geological factors determine production over the

time scales in which monetary policy is conducted. We will focus on a case where oil is

discovered at time 0, but is extracted at some time in the future. The oil price PO,t is

expressed in units of the global price index and numeraire P ∗t = 1, so that fluctuations in

the exchange rate will alter the relative value of oil income.

The government spends its income on a public good and a small transfer to firms. The

public good is a CES bundle of home-produced goods, covering categories such as health

care, education and justice. We let the elasticity of substitution between goods be the same

as for households, so that Gt ≡
(
´ 1

0 Gt(i)
ε−1
ε di

) ε
ε−1 . The quantity of each variety is chosen

optimally, yielding the government demand for each good, Gt(i) = (PH,t(i)/PH,t)−εGt.

The government also makes a small transfer to firms, τt, to offset the marginal cost

distortion from monopolistic competition, following Gali and Monacelli (2005).

We will summarise the amount of oil revenues spent by the government each period

by introducing the “resource balance”, RBt. The resource balance is the net amount of

resource revenues released into the government budget each period, which we express in

units of world currency as, RBt = PO,tOt + Ft − Et[Mt,t+1Ft+1]. Substituting this into

2.7 gives, PH,tGt + τt = εtRBt + Tt, which in log-linear terms is, ĝt = ŝt − p̂∗t + r̂bt − t̂t,
where tt = − ln(1 − Tt

Gt
). We assume that foreign prices and lump sum taxes as a share

of government spending are constant, so ĝt = ŝt + r̂bt. Assuming that the share, rather

than the level, of lump sum taxes is constant makes the analysis more tractable, which is

discussed in Appendix 14.

Fiscal policy is modelled by assuming the government follows one of three ad hoc rules

for the resource balance: the Permanent Income, the Spend All or the Bird in Hand rule.
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2.3.1 Permanent Income Rule

The Permanent Income rule involves perfectly smoothing the expenditure from a wind-

fall. The government will borrow before the windfall begins, and save during it to finance

spending afterwards. It is the first-best policy if the government does not face any bor-

rowing constraints, as discussed in Van der Ploeg and Venables (2012). In this case the

resource balance is, RBt = r∗Et[
∑∞

0 Mt,t+sPO,t+sOt+s].

2.3.2 Spend All Rule

The Spend All rule involves spending all oil income as it is received. In practice this

characterises a number of countries to varying extents, including Angola, Yemen, and

Norway prior to 1990. If we assume that there are no foreign assets initially and none

are accumulated, Ft = 0∀t, then RBt = PO,tOt. In log-linear terms this means ĝt =

ŝt + p̂O,t + ôt.

2.3.3 Bird in Hand Rule

The Bird in Hand rule involves saving all oil revenues in a sovereign wealth fund and

consuming only a fixed proportion of accumulated assets. This is consistent with Norway’s

policy post-1990. In this case the resource balance is, RBt = ρBHFt. Foreign assets will

change according to, Et[Mt,t+1Ft+1] = (1−ρBH)Ft+PO,tOt. In log-linear terms this means

ĝt = ŝt + f̂t.

2.4 International Risk Sharing

The international risk sharing condition allows us to express domestic consumption as a

function of world consumption. We assume that international markets in financial assets

are partially complete. Claims on all shocks in the economy can be traded, except for

claims on a nation’s oil wealth. This means that an oil discovery will asymmetrically
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increase the wealth of home households relative to foreigners, which is the experiment we

are interested in. Using this assumption and identical preferences across countries, then

from equation 2.4 we have the following for every country, f ,

Et

[
β

(
Ct
Ct+1

)(
Pt
Pt+1

)]
= Et [Mt,t+1] = Et

[
β

(
Cf
t

Cf
t+1

)(
P f
t

P f
t+1

)(
εft

εft+1

)]
(2.8)

Households in each country also face a transversality condition. Everything they earn

must eventually be consumed, so limT→∞M0,TDT = 0 and from summing 2.2 over an

infinite horizon, Et[
∑∞
s=0 Mt,t+sPt+sCt+s] = Et[

∑∞
s=0 Mt,t+s (Wt+sNt+s − PH,t+sTt+s)] +Dt.

Combining this with 2.4 gives,

PtCt = Et

[ ∞∑

s=0
Mt,t+s (Wt+sNt+s − PH,t+sTt+s) +Dt

]
/Et

[ ∞∑

s=0
βs
]

(2.9)

A similar condition will hold for each country, f . Combining 2.9 with a similar con-

dition for country f gives the following expressions, tying domestic consumption, Ct, to

foreign consumption, Cf
t , adjusted for relative household wealth, Θf

t , and the real ex-

change rate, Qf,t.

Ct = Θf
tC

f
t Qf,t (2.10)

where Θf
t = Et[

∑∞
s=0 Mt,t+s (Wt+sNt+s − PH,t+sTt+s)] +Dt

Et[
∑∞
s=0 M

f
t,t+s

(
W f
t+sN

f
t+s − P f

H,t+sT
f
t+s
)
] +Df

t

(2.11)

At time t = 0 we assume that D0 = Df
0 = 0, so Θf

0 = E0[
∑∞

s=0 M0,s(WsNs−PH,sTs)]
E0[
∑∞

s=0 M
f
0,s(W f

s N
f
s −P fH,sT

f
s )]

.

Relative wealth is also not expected to change in the future, Et[Θt+s] = Θt∀s ≥ 0. Taking

logs, integrating over all countries f , and using c∗t =
´ 1

0 c
f
t df , gives the following, where

ϑt ≡ ln Θt,
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ct = ϑt + c∗t + (1− α)st (2.12)

A depreciation in the terms of trade (st ↑), means domestic goods become relatively

cheap compared to foreign goods, and will boost domestic consumption if all else is equal.

Relative household wealth describes the expected present value of a domestic household’s

future income (net taxes), relative to a household abroad. On discovering oil this will

play an important role. Domestic consumers will anticipate higher lifetime income when

oil is discovered, even if it is not immediately received. Their consumption will jump

accordingly. If no further surprises are received about oil income, consumption will simply

evolve according to the Euler equation in 2.4.

The change in relative household wealth can be expressed in terms of the government’s

spending rule. Let us assume that households calculate their lifetime wealth assuming

flexible prices, so ϑ̂t = ϑ̂nt . This makes the problem far more tractable, and means

that short-term nominal rigidities do not have permanent effects. In this case relative

household wealth is given in the following lemma,

Lemma 1. If prices are flexible then the (log) wealth of domestic households relative to

foreign households will be proportional to the present value of the government’s resource-

balance,

ϑ̂0 = (1−β)(γG−χ)
(1−χ)−(1−γG)(1−α)E0

[ ∞∑

t=0
M0,tr̂bt

]
(2.13)

Proof. See Appendix 7.

In this framework uncovered interest parity will also hold, Et[qt+1] − qt = rt − r∗.

This follows from 2.6 at home and abroad, E[∆ct+1] = E[∆c∗t+1] + (1−α)E[∆st+1] (from

equation 2.8), and the definition of the real interest rate, rt ≡ it − E[πt+1].
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2.5 Firms

2.5.1 Production

Domestic firms will produce differentiated goods using labour and a common technology.

Oil is not included as a factor of production, to focus on the windfall effects of a re-

source discovery. Capital is also not included for tractability and to focus on short-term

dynamics. The production function is Yt(i) = AtNt(i).

Real marginal cost will be common across domestic firms. It is given by, mct =

−ν +wt− pH,t− at, where ν ≡ − ln(1− τ) and τ is an employment subsidy which is used

to remove the marginal cost distortion of monopolistic competition.

Up to a first-order approximation aggregate output is, yt = at+nt. Aggregate domestic

output is given by the index, Yt ≡
[
´ 1

0 Yt(i)
(ε−1)/ε

]ε/(ε−1)
, similar to consumption. Aggreg-

ate employment is given by Nt ≡
´ 1

0 Nt(i)di = YtZt
At

, where Zt ≡
´ 1

0
Yt(i)
Yt
di =

´ 1
0

(
PH.,t(i)
PH,t

)−ε

is a measure of price dispersion. In Appendix 9 we follow Gali and Monacelli (2008)

and show that equilibrium variations in zt ≡ lnZt around the perfect foresight steady

state are of second order. Thus, up to a first-order approximation we have the aggregate

relationship, yt = at + nt.

2.5.2 Price-setting

We assume that firms set prices in a staggered way according to Calvo (1983). A measure

of (1− %) randomly selected firms set new prices in each period, with an individual firm’s

probability of re-optimizing in any given period being independent of the time elapsed

since it last reset its price. In a standard result, following Gali (2008, Chapter 5), the

optimal price-setting strategy for the typical firm resetting its price in period t can be

approximated by the log-linear rule,

p̄H,t = µ+ (1− β%)
∞∑

k=0
(β%)kEt[mct+k + pH,t] (2.14)
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where p̄H,t denotes the log of newly set domestic prices, and µ ≡ ln
(

ε
ε−1

)
is the log of

the optimal markup in the flexible price economy. The pricing decision is thus forward-

looking, as firms recognise that the price they set will last for a random number of periods.

In the flexible price limit (as % → 0) we recover the markup rule p̄H,t = µ + mcnt + pH,t,

so that the marginal cost in the flexible price state is mcnt = −µ.

3 Equilibrium Dynamics

This section characterises the equilibrium of the model, and the log-linearised dynamics

around it. Changes in government spending that are anticipated will immediately in-

duce dynamics in the economy. These will have both an immediate effect on consumers

anticipating future income, and a future effect when government spending begins. The

dynamics will cause real distortions because of the rigidity of domestic prices. This will

provide a role for the central bank in managing the distortion, as addressed in Section 4.

Before we begin it is important to clarify some notation. Let us assume that the

economy begins at the steady state (log) level of output, ys ≡ ln Y s. Discovering oil will

induce changes in the economy that cause the actual level of output, yt, to deviate from

the steady state, ŷt ≡ yt− ys. These changes will also cause the “natural” (flexible-price)

level of output to deviate from the steady state, ŷnt ≡ ynt − ys. The difference between

the actual and the natural level of output will be the “output gap”, ỹt ≡ yt − ynt . In the

analysis below we will be interested in changes to both the actual and the natural level

of output, and so will be keeping track of both ŷt and ŷnt .

3.1 Aggregate Supply

Firms set prices after observing the demand schedule of households and the government,

which is derived in Section 3.2. In a standard result, following Gali and Monacelli (2005),

domestic inflation is given by,
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πH,t = βEt[πH,t+1] + λm̃ct (3.1)

where λ ≡ (1−β%)(1−%)
%

and m̃ct ≡ mct − mcnt = m̂ct − m̂cnt is the deviation of real

marginal costs in time t from their flexible-price level, mcnt .

Real marginal costs are given by, mct = −ν + wt − pH,t − at, where ν is a small wage

subsidy from the government. The deviation of real marginal costs from the steady state

can be expressed as a function of domestic output, m̂ct = ( 1
1−γG + ϕ)ŷt − γG

1−γG ĝt + αϑ̂t +

(1− ϕ)ât, using 2.5, the goods market equilibrium 3.5 below, and yt = at + nt. A similar

result holds when prices are flexible, m̂cnt = ( 1
1−γG + ϕ)ŷnt − γG

1−γG ĝ
n
t + αϑ̂nt + (1 − ϕ)ânt .

Subtracting the second from the first gives, m̃ct = ( 1
1−γG + ϕ)ỹt − γG

1−γG g̃t, as ϑ̃t = ãt = 0.

Note that ĝt 6= ĝnt because the government will be spending revenues received in foreign

currency. Therefore, the nominal exchange rate will affect the government’s domestic

purchasing power if prices are sticky.

The New Keynesian Phillips Curve will be a function of the output and government

spending gaps. We separate these gaps to monitor the effect of an oil discovery on both

the actual and natural levels of output and government spending, e.g. ỹt ≡ ŷt − ŷnt . The
Phillips Curve is found by combining 3.1 and the expression for m̃ct to give,

πH,t = βEt[πH,t+1] + λ( 1
1−γG + ϕ)(ŷt − ŷnt )− λγG

1−γG (ĝt − ĝnt ) (3.2)

When prices are flexible, marginal costs will bemcnt = −µ. This follows from taking the

flexible price limit of 2.14. To remove the steady state distortion caused by monopolistic

competition we choose a wage subsidy such that, mcnt −mcs = −µ + ν = 0. Using this

relationship the natural level of output is,

ŷnt = γG
1+ϕ(1−γG) ĝ

n
t − (1−γG)α

1+ϕ(1−γG) ϑ̂
n
t − (1−γG)(1−ϕ)

1+ϕ(1−γG) â
n
t (3.3)

The natural level of output is affected by the level of government spending, relative

household wealth and technology. When the government alters the amount of resource
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revenues released into the budget, it will change the natural level of output. This happens

both in the current period, and in all future periods due to changing household wealth.

A change in the natural level of output will affect the marginal costs of firms, which in

turn affects aggregate supply. In a sense, government spending and wealth shocks behave

like negative cost-push shocks (see Gali, 2008 Ch5).

If we express government spending in terms of the resource balance, then g̃t = s̃t = ỹt.

This follows from ĝt = ŝt + r̂bt, equation 3.6 below and r̂bt = r̂b
n

t . In this case the Phillips

Curve will be πH,t = βEt[πH,t+1] + λ(1 + ϕ)(ŷt − ŷnt ), and the natural level of output will

be ŷnt = γG
1+ϕ r̂bt −

α+γG(1−α)
1+ϕ ϑ̂t.

3.2 Aggregate Demand

The market clearing condition for each domestically produced good i, at each time t,

requires output to equal demand from domestic consumption, government purchases and

consumption from each foreign country f ,

Yt(i) = CH,t(i) +
ˆ 1

0
Cf
H,t(i)df +Gt(i)

=
(
PH,t(i)
PH,t

)−ε {
(1− α)

(
PtCt
PH,t

)
+ α

ˆ 1

0

(
εf,tP

f
t C

f
t

PH,t

)
df +Gt

}

The second equality above assumes symmetric preferences across countries implying,

Cf
H,t(i) = α (PH,t(i)/PH,t)−ε

(
εf,tP

f
t /PH,t

)
Cf
t . Aggregating across goods gives,

Yt = (1− α)
(
PtCt
PH,t

)
+ α

ˆ 1

0

(
εf,tP

f
t C

f
t

PH,t

)
df +Gt

= Sαt

[
(1− α)Ct + α

ˆ 1

0
Qf,tCf

t df

]
+Gt

= CtS
α
t

[
(1− α) + αΘ−1

t

]
+Gt (3.4)
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Log-linearising this to the first order gives,

ŷt = (1− γG)
(
ĉt + αŝt − αϑ̂t

)
+ γGĝt (3.5)

where γG ≡ Gs/Y s and −αϑ̂t ≈ ln
[
(1− α) + αΘ−1

t

]
− ln [(1− α) + α(Θs)−1] when

Θs ≈ 1. This approximation makes the analysis far more tractable without a major loss

in accuracy, as discussed in Appendix 14. Combining this with 2.12 and ĉ∗t = 0 gives an

expression for the terms of trade,

ŝt = 1
1−γG ŷt −

γG
1−γG ĝt − (1− α)ϑ̂t (3.6)

The IS curve will be a function of government spending and expected future household

income. This can be found by combining 2.6 with 3.5 and 3.3,

ŷt = Et[ŷt+1]− (1− γG)(it − Et[πH,t+1]− ρ)

−Et[(1 + ϕ(1− γG))∆ŷnt+1 + γG∆(ĝt − ĝnt )] (3.7)

If we assume that the government follows a spending rule on its resource balance,

ĝt = ŝt+r̂bt, then the IS curve becomes, ŷt = Et[ŷt+1]−(it−Et[πH,t+1]−ρ)−(1+ϕ)Et[∆ŷnt+1]

and ŷnt = γG
1+ϕ r̂bt −

α+γG(1−α)
1+ϕ ϑ̂t.

3.3 The Steady State

Here we define two types of steady state, the symmetric steady state in the case without

oil, and the asymmetric steady state when the home government receives oil income. The

symmetric steady state is defined from the perspective of a benevolent social planner,

choosing the optimal levels of output, government spending and consumption. The asym-

metric steady state allows the government to choose its level of spending and funding mix

exogenously, deviating from this symmetric steady state.
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3.3.1 Benchmark: No Oil

When the home country receives no resource revenues then the steady state will be sym-

metric and we define it from the perspective of a benevolent social planner. As home and

foreign countries are assumed to be completely symmetric we have Θ = S = 1. The social

planner solves the following problem,

max
Cii ,C

i
f
,Gi,N i

L = E0

∞∑

t=0
βt
{

[(1− χ) lnCi + χt lnGi − N i(1+ϕ)

1 + ϕ
]

−λ1[AiN i −Gi − Ci
i −
ˆ 1

0
Cf
i df ]− λ2[(Ci

i)1−α(Ci
f )α 1

(1−α)α − Ci]

The solution to this problem is given by, N i = 1, Y i = Ai,Ci = (1−χ)(Ai)1−α(
´ 1

0 A
fdf)α,

Ci
i = (1−α)(1−χ)Ai, Cf

i = α(1−χ)Ai and Gi = χAi. Steady state output is not affected

by the share of government spending, χ, or the degree of openness, α, because of sym-

metry. A change in either would affect both domestic and foreign demand for domestic

production, which will offset one another. The optimal allocation for the world as a whole

can be found by setting α→ 0.

3.3.2 Scenarios: Oil

When the home government receives oil income the steady state will depend on fiscal

policy, and will no longer be symmetric with the rest of the world. The steady state

allocation is presented in the following lemma,

Lemma 2. The steady state allocation in the home country when the home government

receives oil revenues and foreign governments do not, and all countries are otherwise

symmetric with Ai = 1, is,

N s =
(

1−χ
1−γT

) 1
1+ϕ ; Y s = N s ; Θs = α(1−γT )

(1−γG−(1−α)(1−γT )

Ss = (N s)−ϕ(Θs)−1 ; Gs = γGY
s ; Cs = Θs(1− χ)(Ss)1−α

(3.8)
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where γG ≡ Gs/Y s , γT ≡ T s/Y s and (γG−γT ) is the steady state share of government

spending financed by oil revenues, expressed as a proportion of GDP.

Proof. See Appendix 8.

The steady state accounts for permanent differences in wealth stemming from oil

income. The household wealth ratio will be greater than one, Θs > 1, if γG > γT . This

is the same as saying that home government spending is partly financed by oil revenues,

while the rest of the world is not. This will also lead to an appreciated steady state terms

of trade, S < 1, and relatively higher home consumption, Cs > C∗.

This definition of the steady state will collapse to the symmetric case under certain

fiscal policies. If taxes are chosen optimally, γT = χ, then output will be the same as in

the symmetric case, N s = 1. If the government receives no oil revenues, γG = γT , then

we have the symmetric case with Θs = Ss = 1. We will proceed assuming γT = χ for

tractability, and γG > γT . We will define the change in household wealth on discovering

oil by comparing Θ in the steady states before and after discovery.

4 Optimal Monetary Policy

In this section we derive a closed form for the optimal monetary response to an oil dis-

covery, under discretion and commitment. Optimal policy is found by minimising the

central bank’s loss function, which is derived from household welfare. The loss function

will have standard terms for a small open economy with government spending. In addi-

tion it will have a systematic bias to appreciate the terms of trade and lower government

spending, because oil wealth makes the home country asymmetric with the rest of the

world. We then derive a closed form for the optimal policy rule under both discretion

and commitment. Under discretion the optimal policy rule responds to domestic inflation

and anticipated changes in the natural level of output, driven by the way the government

spends oil revenues. There will also be a small deflationary bias, which attempts to sys-

tematically appreciate the terms of trade. In contrast, under commitment the optimal

188



policy rule responds to the domestic price level, and anticipated changes in the natural

level of output. This overcomes the deflationary bias that exists under discretion.

Optimal policy is determined by minimising the central bank’s loss function, which is

derived from household welfare. This is given in Proposition 3.

Proposition 3. If all incremental oil income is allocated to increasing government spend-

ing, then the central bank’s loss function is given by,

L = E0

∞∑

t

βt
{

1
2

[
φππ

2
H,t + φyyŷ

2
t + φf (ĝt − ŷt)2

]
+ φsŝt + φgĝt

}
+ t.i.p+ o(‖ĝt‖3) (4.1)

where φπ = ε/λ, φyy = (1+ϕ)+(1−χ)(1−α)/(1−γG), φf = (1−χ)(1−α)γG/(1−γG)2,

φs = (1− γG)− (1− χ)(1− α), φg = γG − χ and t.i.p. are terms independent of policy.

Proof. See Appendix 9.

This proposition states that the central bank’s objective is to stabilise domestic infla-

tion, the output gap, and the fiscal gap, and has biases on the level of the terms of trade

and government spending.

The objective of stabilising domestic inflation and the output gap is consistent with

symmetric models of a small open economy without a government (see Gali and Monacelli,

2005). Such models display a “divine coincidence” in the objectives of closed and open

economy central banks. This happens because the income and substitution effects of

terms of trade movements perfectly offset one another (Monacelli, 2012).

The objective of stabilising the fiscal gap (ĝt− ŷt) - deviations in government spending

as a share of GDP - is consistent with symmetric models of a small open economy with a

government (see Gali and Monacelli, 2008). This happens because governments consume

only home goods, while households consume home and foreign goods. Deviations in the

share of GDP allocated to government spending will therefore affect the optimal allocation

of household spending.
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The objective of systematically appreciating the terms of trade comes from oil wealth

breaking the symmetry between home and foreign consumers. Different starting levels

of wealth means that changes in the terms of trade will affect consumption, and output,

in the home country relative to abroad. The central bank will want to systematically

appreciate the terms of trade (ŝt ↓), to boost domestic consumers’ purchasing power

abroad. The associated reduction in export income is less important because domestic

consumers have an additional source of income: oil. Note that the approximation of this

term requires deviations in the terms of trade to be relatively “small” (see Gali, 2008).

The objective of systematically lowering government spending comes from government

spending taking a disproportionate share of output in the steady state γG > χ. If govern-

ment spending is exogenous then this would be a term “independent of policy”. However,

we are interested in oil exporters who receive an oil windfall in foreign currency. Thus,

the central bank will be able to affect the level of government spending via the terms of

trade.

If we assume that the government follows a rule for spending its oil revenues, then

the central bank’s objective can be simplified. In this case government spending is of the

form, ĝt = ŝt + r̂bt, and the central bank’s objective becomes,4

L =
∞∑

t

βt
{

1
2


φππ2

H,t + φyyŷ
2
t


+ φyŷt



+ t.i.p+ o(‖ĝt‖3) (4.2)

where φπ = ε/λ, φyy = (1 + ϕ) + (1 − χ)(1 − α)/(1 − γG) and φy = α(1 − χ). This

is derived in Appendix 9. In this case government spending and the terms of trade can

be expressed in terms of output using 3.6 and the government spending rule. The central

bank’s incentive to systematically lower output is simply a re-expression of its desire to

appreciate the terms of trade.
4Following Gali (2008, p107), we assume that the oil discovery is such that the steady state distortion

is “small”, so that the linear term in the loss function does not bias our results. If the distortion is large
then this loss function can be reduced to a quadratic form by taking a second order approximation of the
relationship in equation 3.1, following Benigno and Woodford (2005).
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4.1 Optimal Policy under Discretion

The optimal response to an oil discovery by a discretionary central bank, if the government

follows an oil spending rule, is found by minimising the loss function subject to the Phillips

curve,

min
πH,t,ŷt

LD = E0

∞∑

t

βt
{

1
2


φππ2

H,t + φyyŷ
2
t


+ φyŷt

−lD,t(λ(1 + ϕ)ŷt − πH,t) + t.i.p. (4.3)

where we assume that r̂bt and ŷnt are independent of monetary policy, and the discre-

tionary central bank can not choose Et[πH,t+1]. Minimising this Lagrangian yields paths

for inflation, the output gap and interest rates, which are summarised in the following

Proposition,

Proposition 4. For a monetary authority acting with discretion and a government fol-

lowing an oil spending rule, the optimal paths for πH,t, ŷt and it are,

πH,t = −aDλ(1 + ϕ)
{
φyφ

−1
yy

1− aDβ
+ E

[ ∞∑

0
(aDβ)sŷnt+s

]}
(4.4)

ŷt = −
(
λ(1 + ϕ)φπφ−1

yy

)
πH,t − φyφ−1

yy (4.5)

(it − ρ) = d1πH,t − d2Et[∆ŷnt+1] + d3E

[ ∞∑

0
(aDβ)sŷnt+1+s

]
+ d4 (4.6)

where aD = (1 + λ2(1 + ϕ)2φπ/φyy)−1, d1 = λ(1 + ϕ) φπ
φyy

, d2 = 1 + ϕ, d3 =
(
λ(1 +

ϕ) φπ
φyy
− 1

)
aDλ(1 + ϕ) and d4 =

(
λ(1 + ϕ) φπ

φyy
− 1

)
aDλ(1 + ϕ)φy/φyy1−aDβ .

Proof. See Appendix 10.

A discretionary central bank in an oil exporter should optimally respond to domestic

inflation, and both current and future changes in the natural level of output caused by
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the release of oil revenues into the economy. There may also be a deflationary bias, which

attempts to systematically appreciate the terms of trade.

Optimal discretionary policy in an oil exporter will first respond to domestic inflation.

This is consistent with standard models of the small open economy (see Gali and Mona-

celli, 2005 and 2008). A number of interest rate paths are consistent with the optimal πH,t

and ŷt. However, we are interested in an interest rate rule which is not only consistent

with the optimal paths for πH,t and ŷt, but which will produce them uniquely. The rule in

equation 4.6 will give a unique and determinate solution when d1 > 1 or λ(1+ϕ)φπ > φyy.

Optimal policy will also respond to today’s natural level of output. Consider an

unanticipated temporary increase in the oil price, which the government spends immedi-

ately according to a Spend All rule. This increase in demand will drive up the natural

level of output, ŷnt = γG
1+ϕ r̂bt −

α+γG(1−α)
1+ϕ ϑ̂t where r̂bt = p̂O,t + ôt. As prices are slow to

adjust, the actual level of output will overshoot its natural level, requiring the monetary

authority to tighten and offset this spike in demand (+d2ŷ
n
t ).

The third component of optimal policy, and the most important in our context, is

to respond to the expected change in the natural level of output. This will require the

central bank to be forward looking, and respond to anticipated changes to the economy

in advance. Consider an anticipated increase in the government’s consumption of oil

revenues, such as production beginning in the next period. It is optimal to sharply loosen

monetary policy in the period before the windfall is received, to delay the terms of trade

appreciation. In addition, there will be a slight tightening each period in response to

expected future increases in oil production, to offset forward-looking price rises by firms.

The final component of optimal policy is a small but systematic deflationary bias. This

is captured in the constant term (d4) which gives the bank an incentive to systematically

tighten rates to appreciate the terms of trade. It can be seen in the uncovered interest

parity condition, rt − r∗ = (1 − α)Et[st+1 − st]. If the policymaker cannot commit to

future policy it will continually raise the real interest rate (rt ↑) to depreciate the current

terms of trade (st ↓). This follows from domestic households having more wealth than

foreign households. Appreciating the terms of trade thus increases household buying
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power abroad without an offsetting reduction in relative income, because they have more

wealth to begin with.

4.2 Optimal Policy under Commitment

Now we consider the optimal response to an oil discovery by a credible central bank. If

the government follows an oil spending rule, the optimal response is found by minimising

the loss function subject to the Phillips curve,

min
πH,t,ŷt

LD = E0

∞∑

t

βt
{

1
2


φππ2

H,t + φyyŷ
2
t


+ φyŷt

−lc,t(βπH,t+1 + λ(1 + ϕ)ŷt − πH,t) + t.i.p. (4.7)

Minimising this Lagrangian yields paths for the price level, the output gap and interest

rates, which are summarised in the following Proposition,

Proposition 5. For a monetary authority acting under commitment, and a government

following an oil spending rule, the optimal paths for p̂H,t, ŷt and it are,

p̂H,t = δp̂H,t−1 − λ(1 + ϕ)
{
φy
φyy

δ

(1− βδ) + δEt

[ ∞∑

s=0
(βδ)sŷnt+s

]}
(4.8)

ŷt = −
(
λ(1 + ϕ)φπφ−1

yy

)
p̂H,t − φyφ−1

yy (4.9)

(it − ρ) = c1p̂H,t − c2Et[∆ŷnt+1] + c3Et

[ ∞∑

s=0
(βδ)sŷnt+1+s

]
+ c4 (4.10)

whereδ = (1 − √1− 4a2β)/(2aβ),a = (1 + β + λ2(1 + ϕ)2φπ/φyy)−1,b = λγG,κ =

λ(1 + ϕ)φy/φyy, and the terms on the interest rate rule are defined in Appendix 10.

Proof. See Appendix 10.
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A credible central bank in an oil exporting economy should optimally respond to the

domestic price level and expected changes in the natural level of output. The small

deflationary bias that exists under discretion can be overcome under commitment.

The optimal monetary rule under commitment will first respond to the domestic price

level. This is consistent with standard small open economy literature (see Gali, 2008).

The rule will give a unique and determinate solution under the same conditions as the

discretionary case, when c1 =
(
λ(1 + ϕ)φπφ−1

yy − 1
)

(1 − δ) > 0 or λ(1 + ϕ)φπ > φyy.

By committing to target the level rather than the change in prices, policy has more

persistence. This allows the credible central bank to overcome the deflationary bias.

As with the discretionary case, the key component of optimal policy under commitment

is responding to the expected release of oil income into the economy. Changes in oil income

affect the natural level of output through aggregate demand. The main response is a sharp

loosening in policy if demand is expected to increase in the next period. This sustains

output in the current period and delays the terms of trade appreciating. Optimal policy

will also slightly tighten against anticipated future oil output, to lean against firms raising

prices in anticipation. This is discussed further in the next section.

Finally, the optimal rule under commitment will have an incentive to systematically

tighten interest rates, to appreciate the terms of trade. This will increase consumption by

relatively more than it will reduce domestic incomes, because the home country begins

with some stock of oil wealth. However, as the target is the level rather than the change

in prices, the deflationary bias under discretion is overcome under commitment.

4.3 Monetary Rules

The optimal policies will be compared to two ad-hoc monetary rules, to aid our intuition.

The first rule is typical in the literature and will respond to both inflation and the output

gap, see equation 4.11 (Taylor, 1993 and Woodford, 2001). The second makes a small

addition as it also responds expected changes in the natural level of output, see equation

4.12. The addition is based on a similar term in the optimal interest rate paths in equations
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4.6 and 4.10. Intuitively, if the rest of the economy is responding to anticipated changes

in the economy, the monetary authority should as well. In the next section we will see

that the second rule closely approximates optimal policy.

(it − ρ) = φππH,t + φyŷt (4.11)

(it − ρ) = φππH,t + φyŷt + φnEt[∆ŷnt+1] (4.12)

5 Results

The effects of an oil discovery on an economy will depend on how the government manages

it. In this section we study three illustrative scenarios, where monetary policy responds to

different fiscal policies. The first is a base case, where the government perfectly smooths

spending from the date oil is discovered, according to a Permanent Income rule. This

requires the terms of trade to appreciate immediately, which is easily achieved with a

floating exchange rate. The second involves no smoothing, as the government spends all

oil revenues as they are received. This requires the terms of trade to appreciate twice:

when oil is discovered and again when production begins. Standard monetary policies

perform poorly5, but are greatly improved if the central bank responds to expected future

changes in fiscal policy. The third scenario has the government partially smooth spending,

according to a Bird in Hand rule. This introduces continuous changes in the economy, as

government spending rises and falls with the size of the sovereign wealth fund. Standard

policies will again be greatly improved if the central bank responds to anticipated changes

in fiscal policy.
5In this section we will be comparing optimal policy to a nominal exchange rate peg and two Taylor

rules. The results for these policies are also based on closed form solutions, which are derived in Appendix
12 and Appendix 13 respectively.

195



5.1 Permanent Income Rule

Our first scenario is a base case, where the government perfectly smooths spending from

the date oil is discovered. All oil revenues will be saved in a sovereign wealth fund, and

the government will only consume their permanent income. There will be an immediate,

permanent shock to the demand for home goods so the terms of trade must appreciate,

which is easily achieved with a floating currency. Optimal monetary policy will try to

improve on the flexible price outcome by appreciating the terms of trade, increasing

households’ buying power abroad.

An immediate jump in government spending will require the terms of trade to appre-

ciate. This is best illustrated when prices are flexible, as seen in the “Flex” case in Figure

5.1. To smooth spending the government will begin borrowing as soon as oil is discovered,

and then save during production. The government only consumes home goods, so spend-

ing accrues as wages to domestic households. Households spend these wages on leisure

and on consumption goods, both home and foreign. The extra demand for home goods

will drive up their relative price, so the terms of trade must appreciate. The net effect on

output will depend on the elasticities of labour supply, and substitution between home

and foreign goods.

Under a currency peg the only way the terms of trade can appreciate is through

domestic inflation. This will happen slowly, because prices are sticky. While the price

of home goods is slowly rising, the consumption and production of home goods will be

distorted and overshoot their natural level (see “Peg” in Figure 5.1). These distortions

only disappear once all prices have had time to adjust.

If the nominal exchange rate is floating then the flexible-price case is easily replicated.

The nominal exchange rate is a single, flexible price, so can adjust far quicker than the

many sticky prices set by domestic firms. The distortions from domestic inflation can

therefore be avoided by letting the relative price of home and foreign goods adjust through

the nominal exchange rate.

Optimal policy looks to improve on the flexible price outcome, by further appreciating
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Figure 5.1: Forecast mean responses of key variables to an anticipated oil windfall under
the Permanent Income rule. Four different scenarios are illustrated: optimal commitment
(Comm), optimal discretion (Disc), a pegged currency (Peg) and flexible prices (Flex).
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Welfare Loss relative to Commitment

Comm Disc Peg Flexible TR TR*
Welfare Loss
(ĉ0 units) - 8.86% 11.45% 0.23% 3.01% 0.17%

Table 1: The welfare loss for each monetary regime is expressed in units of additional
consumption needed at t = 0, ĉ0, to replicate welfare under commitment.

the terms of trade. This additional appreciation would increase the buying power of

home consumers abroad, at the cost of lost income from foreign sales of domestic goods.

In standard models with a unit elasticity of substitution between home and foreign goods

(Cobb-Douglas preferences), these two effects offset. However, our households also have

oil wealth, so the lost income from other exports is less important. Under discretion

this leads to a deflationary bias, which is overcome under commitment. Of course, it is

important to note that in our simple framework there are no externalities from domestic

production that would make this central bank-induced Dutch disease suboptimal.

5.2 Spend All Rule

Our second scenario assumes that the government does not smooth spending at all. All

oil revenues are consumed by the government as soon as they are received. We will look

at changes in both the quantity and the price of oil. Changes in the quantity of oil will

have effects in two stages: immediately when it is discovered, and in the future when it is

extracted. Each stage will require a separate terms of trade appreciation as demand for

home goods rises from consumers, and then the government. The latter will be anticipated

by households and firms. Under a standard Taylor rule or a currency peg (as used by

75% of resource-dependent countries) this will lead to an extended period of inflation and

recession. Optimal policy avoids the recession, and is well approximated by a Taylor rule

that also responds to expected changes in the natural level of output. These results are

illustrated in Figure 5.2. Changes in the price of oil will also be transmitted directly to

aggregate demand, and are poorly managed by a standard Taylor rule or a currency peg

as well, as seen in Figure 5.4.
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5.2.1 Flexible Prices

When oil is discovered, the Spend All rule will cause two major periods of change in

the economy. The first is a jump in consumption when the discovery is announced. We

illustrate this using the flexible price case (“Flex”) in Figure 5.2. When oil is discovered,

households will immediately anticipate higher future government spending, and the as-

sociated higher wage income. Domestic consumption will jump immediately, because of

higher lifetime wealth. Higher consumption will cause inflation and appreciate the terms

of trade, reducing demand for domestically produced goods. The household will finance

this consumption by borrowing from abroad, as seen in the negative change in their budget

constraint.

The second major change caused by the Spend All rule happens when production and

government spending eventually begin. When the government begins to spend the oil

income it will cause a second period of inflation, further appreciating the terms of trade

(see “Flex” in Figure 5.2, at t = 4). Domestic inflation will affect both domestic and

foreign households. Domestic households will face a tighter budget constraint, and so

overall consumption will fall. They will also face a change in relative prices, and will

switch from home to foreign goods. The net effect is that domestic households repay

their borrowing from the first few periods. Foreign households will also respond to the

appreciated terms of trade, and reduce their consumption of home goods. However, the net

effect is an increase in output because the government only consumes home goods - such as

education, health care and justice, while households consume a bundle of internationally

produced goods.

5.2.2 Currency Peg

Under a currency peg, an oil discovery will induce large fluctuations in inflation, the

output gap and the terms of trade. In practice, currency pegs are used by 75% of resource

199



Figure 5.2: Forecast mean responses of key variables to an anticipated oil windfall under
the Spend All rule. Four different scenarios are illustrated: optimal commitment (Comm),
optimal discretion (Disc), a pegged currency (Peg) and flexible prices (Flex).
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dependent economies (Baunsgaard et al., 2012). This analysis shows that a fixed exchange

rate removes an important “shock absorber” for oil-exporters. This can have particularly

adverse effects because of the heavy exposure to oil price shocks. The effect of an oil

discovery under a peg is illustrated in the “Peg” case in Figure 5.2 (for derivation see

Appendix 12). The effect of an oil price shock is illustrated in Figure 5.4.

On discovering oil the terms of trade will need to appreciate for the first time. This

cannot happen via the currency, so must happen entirely through domestic inflation.

As prices are slow to adjust, output, consumption and foreign borrowing will initially

overshoot their natural levels. Nominal rigidities will also cause prices to disperse between

varieties of goods, leading to real distortions.

When government spending begins, the terms of trade will need to appreciate for the

second time. Again, this can only happen through domestic inflation. In contrast to the

appreciation when oil is discovered, this appreciation is anticipated by firms. Firms can

only set prices randomly due to Calvo pricing (see Section 2.5.2). Any firm that has an

opportunity to raise prices before government spending begins will do so. Thus, between

discovering and producing oil, firms will have two incentives to raise prices. The first is to

raise prices retrospectively to deal with the jump in household consumption. The second

is to raise prices prospectively to anticipate future government demand. The result is

an extended period of high inflation, and a rapid decline in output after the euphoria at

discovery.

Output only recovers when government spending begins. It will again jump too far,

as all firms will not have had an opportunity to raise prices in advance. An oil discovery

under a currency peg will therefore lead to an extended period of inflation and large

fluctuations in output.

5.2.3 Optimal Policy:Discretion and Commitment

Optimal policy can dampen the sharp fluctuations caused by an oil discovery under a

currency peg. This will involve letting the nominal exchange rate appreciate on discovery,
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and the key feature for our analysis: loosening policy before spending begins. There will

also be a small incentive to appreciate the terms of trade, leading to a deflationary bias

under discretion which is overcome under commitment.

When oil is discovered, the central bank will optimally let the terms of trade appreciate

via the nominal exchange rate. On discovering oil, domestic consumption will jump

because of an increase in household wealth. This requires the terms of trade to appreciate.

Allowing them to appreciate via the currency, rather than domestic prices, avoids the

sticky price distortions in the latter. This takes care of much of the initial shock to the

economy that comes from higher household wealth.

When government spending begins, the central bank will optimally loosen interest

rates in the period before to delay the second terms of trade appreciation. Between oil

discovery and production, forward looking firms will have an incentive to raise prices in

anticipation of future demand. This will lead to distortions in the economy as prices of

different varieties of goods become dispersed. The central bank can avoid this by following

a rule that will lead to a sharp loosening in policy in the period before spending begins.

Loose policy in the period immediately before the windfall will cause firms to expect

the currency to appreciate when the windfall begins (consistent with uncovered interest

parity). Thus, firms need not raise their prices in anticipation, because they know the

central bank will achieve this for them. In essence, this policy allows the central bank to

take responsibility for appreciating the terms of trade from firms, using a single, flexible

price rather than many sticky ones.

It is important to note that the effectiveness of loose policy in the future does not

rely on the ability of the central bank to commit. Loose policy will be optimal in the

period before the windfall, even for a discretionary central bank. However, the policy’s

effectiveness does rely on firms understanding the monetary rule that is being followed.

In the model this is taken care of using rational expectations. In practice it may require

communication by the central bank about the nature of the rule, and that it is optimal

even for a discretionary central bank.

After government spending begins, a discretionary central bank will suffer from a small
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deflationary bias. This stems from incentive for the central bank to appreciate the terms

of trade each period, and exploit the asymmetry in wealth between home and foreign

consumers (as described in φy term in the loss function in equation 4.3). However, the

associated inflation will lead to price dispersion in the economy, and in doing so reduce

welfare.

In contrast, a credible central bank will overcome this deflationary bias through com-

mitment. It is seen in the initial tightening of policy in the first period. This tightening

stems from the bank’s incentive to further appreciate the terms of trade and exploit the

asymmetry in wealth from the home country’s oil. By exploiting this terms of trade ex-

ternality the central bank can improve on the flexible price outcome, as seen in Table

1.

5.2.4 Monetary Rules

Optimal policy can be well approximated by making a simple change to a standard mon-

etary, or “Taylor”, rule. The standard Taylor rule leads to a recession between discovery

and spending. However, if we let it also respond to expected changes in the natural level

of output it comes close to approximating optimal policy.

On discovering oil, the standard Taylor rule leads to a recession between discovery

and production. The standard Taylor rule is assumed to take the form in equation 4.11

where φπ = 1.5 and φy = 0.5. When oil is discovered, the terms of trade immediately

start to appreciate, as forward looking firms anticipate future demand. As the terms of

trade appreciate, consumer demand for domestic goods falls, leading to a negative output

gap which we interpret as a recession. The central bank responds to the negative output

gap by continually loosening policy between discovery and production. This causes the

nominal exchange rate to appreciate, compensating for lower domestic returns as dictated

by uncovered interest parity. Thus, the terms of trade appreciate not by firms raising

prices, rather by firms failing to lower prices as quickly as the nominal exchange rate

appreciates.
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Figure 5.3: Forecast mean responses of key variables to an anticipated oil windfall under
the Spend All rule. Three different scenarios are illustrated: a standard Taylor rule (TR),
an optimised Taylor Rule (TR*) and flexible prices (Flex).
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Standard Deviation of Key Variables

Variable Comm Disc Peg TR TR*
p̂O,t 1.00 1.00 1.00 1.00 1.00
ĝt 0.75 0.76 0.92 0.81 0.78
πH,t 0.01 0.01 0.07 0.04 0.01
ŷt 0.05 0.06 0.23 0.11 0.08
ŝt 0.25 0.24 0.07 0.19 0.22
êt 0.26 0.25 0 0.14 0.21
ĉt 0.15 0.14 0.04 0.11 0.13

Table 2: Standard deviation is calculated one period ahead, based on 10,000 Monte Carlo
simulations of a N(0,1) shock to the oil price.

The standard Taylor rule can be improved by including a term that captures the key

feature of optimal policy. As discussed above, the key feature of optimal policy is the

ability to loosen interest rates in the period before the windfall hits. We can approximate

this by including an additional term in the Taylor rule, as given in equation 4.12. Again,

we let φπ = 1.5 and φy = 0.5, and choose φyn = −2.6 to minimise welfare losses. By

responding to expected changes in the natural level of output, which will be driven by

changes in government spending, the central bank can delay the second terms of trade

adjustment until government spending begins. Firms realise this and so will not raise

prices in anticipation, avoiding the negative output gaps that characterise the standard

Taylor rule. Welfare under this rule is as high as the flexible price case.

So far this section has focused on anticipated changes in the mean path of government

spending.6 We now turn to the response of each monetary rule to the stochastic shock in

our model - the oil price.

5.2.5 Price Shock

6Figures 5.2 and 5.3 illustrate forecasts for the mean path of each variable, rather than impulse
responses. The forecasts do not return to the initial steady state, though this does not imply the
model yields non-stationary responses to stochastic shocks (or alternatively unit roots in the paths of
the variables). Instead, they illustrate a change in the mean level of each variable in response to an
anticipated, deterministic change in oil output.
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If the government follows a Spend All rule then it will also transmit stochastic oil price

shocks directly to aggregate demand. In this section we compare how these shocks affect

the volatility of key variables under each monetary regime. The impulse responses of each

variable are illustrated in Figure 5.4, and can be interpreted as stationary fluctuations

around a deterministic trend. Optimal discretion will respond to both the oil price and

domestic inflation, while optimal commitment responds to the oil price and the domestic

price level. Key variables are significantly more volatile under a currency peg than under

optimal policy.

The impulse responses in Figure 5.4 can be interpreted as stationary fluctuations

around a deterministic trend. The deterministic trend is based on the expected path

of current and future oil production, as illustrated for the Spend All case in Figure 5.2.

Once this trend is removed, we are left with the response of each variable to unanticipated,

stochastic shocks to the oil price. The responses of the real variables are stationary.

Optimal policy responds to oil price shocks through their effect on prices and the

natural level of output. If there is a positive shock to the oil price, interest rates will

initially tighten to offset the slow response from domestic prices. If the central bank can

commit then it will loosen interest rates in subsequent periods, boosting output above its

flexible price level and smoothing the adjustment of the economy to the oil price shock.

Discretionary policy is again affected by a deflationary bias, as discussed above.

Inflation and the output gap are significantly more volatile under a standard Taylor

rule or a currency peg than under optimal policy. Table 2 illustrates the relative volatility

of key variables under each monetary regime. A standard Taylor rule or a currency peg

cause large fluctuations in output and inflation. In contrast, the optimal rules reduce the

volatility of these key variables by letting the nominal exchange rate absorb much of the

shock. The stochastic properties of these optimal policies are also well-approximated by

our augmented Taylor rule (“TR*”).
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Figure 5.4: Impulse responses to a temporary oil price shock of 30% with persistence
ρo = 0.7. Four different scenarios are illustrated: optimal commitment (Comm), optimal
discretion (Disc), a pegged currency (Peg) and flexible prices (Flex).
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5.3 Bird in Hand Rule

Our third scenario assumes that the government partially smooths its spending of a tem-

porary windfall, according to a Bird in Hand rule. This involves the government saving

all oil revenues in a sovereign wealth fund, and spending only a fixed proportion of the

fund’s assets each period. Since 1990 Norway has adopted a similar rule. The Bird in

Hand rule will affect the economy in three phases. On discovery, consumption will imme-

diately jump and cause the terms of trade to appreciate. During production, government

spending will gradually rise which further appreciates the terms of trade and crowds out

consumption. After production ends, government spending will slowly decline as foreign

assets are consumed, letting the terms of trade depreciate to their new steady state. Un-

der a currency peg or a standard Taylor rule the rise and fall of government spending will

create inflationary and deflationary pressure, respectively. Optimal monetary policy can

overcome this, and is well approximated by our simply augmented Taylor rule.

5.3.1 Flexible Prices

If the government manages an oil windfall with a Bird in Hand rule then the economy

will go through three distinct phases. It is best to illustrate these phases when prices

are flexible (“Flex” in Figure 5.5). The first phase begins at discovery (t = 0 in our

example), when foresighted households immediately raise their consumption on learning

of their new-found wealth. As domestic households prefer home to foreign goods, the

relative price of home goods (the terms of trade) must rise, meaning the terms of trade

must appreciate. The effects are less dramatic than in the Spend All scenario, because

the windfall is only temporary.

The second phase happens during production (t = 4, . . . , 12). Government spending

will steadily rise, as it consumes a fixed share of the oil wealth accumulating in the

sovereign wealth fund. The government only consumes home goods, so their relative price

must rise even further. Consumers, both domestic and foreign, will substitute away from

home goods during this period.
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Figure 5.5: Forecast mean responses of key variables to an anticipated oil windfall under
the Bird in Hand rule. Four different scenarios are illustrated: optimal commitment
(Comm), optimal discretion (Disc), a pegged currency (Peg) and flexible prices (Flex).
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The third phase occurs once oil production ends (t > 12). After this time government

spending will fall, as the accumulated foreign assets are run down. The relative price of

home goods will duly fall as well, and household consumption will rise back to its new

steady-state. Consumption in this steady state will be the same as immediately after the

oil was discovered. Foresighted households will have chosen to borrow initially, before

saving during the boom years, to sustain a permanently higher level of consumption once

they end.

5.3.2 Currency peg

Under a currency peg, a Bird in Hand rule will lead to sustained periods of inflation

and deflation. The constantly changing level of government spending requires continuous

changes in the price of home goods. As these prices are sticky this will lead to large

welfare losses.

On discovering oil, the terms of trade will need to appreciate. The nominal exchange

rate is fixed, so this can only happen through domestic inflation. Domestic prices are

sticky, so there will be an extended period of inflation between discovery and spending as

firms raise prices both retrospectively and prospectively. Output will initially overshoot

its natural level, as prices are slow to adjust. However, it will quickly fall as firms raise

prices in anticipation of government demand. Once again, the effect will be less extreme

than the Spend All case because government spending - and in turn prices- will only rise

gradually.

Once oil production begins, government spending will gradually rise for the life of the

oil field. The price of home goods will also have to rise. However, nominal rigidities mean

that prices will consistently be below, and output above their natural levels. When the

end of the boom approaches, forward-looking firms will stop raising their prices as they

anticipate the decline of government demand. This causes output to rise even further

beyond its natural rate, just as the boom comes to an end.

After oil production ends, government spending will decline as assets in the sovereign

wealth fund are consumed. During this period of falling government spending the price
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of domestic goods will also need to fall. However, as prices are sticky they will remain

consistently too high. As a result, during the period of decline households will respond to

the sub-optimally high prices by consuming too little, causing output to be consistently

below its natural level. If we assume that the negative output gap is associated with

involuntary unemployment then this could have a major effect on household welfare.

5.3.3 Optimal Policy: Discretion and Commitment

Optimal policy is able to avoid the extended period of positive and negative output gaps

associated with changing government spending. As with the Spend All rule this involves

letting the nominal exchange rate appreciate on discovering oil, and sharply loosening

policy immediately before spending begins. During oil production monetary policy will

slowly and continually tighten, offseting sub-optimally low prices and preventing output

from overshooting its natural level. Once production ends policy will reverse, loosening

to offset the sub-optimally high prices.

When oil is discovered optimal policy will let the nominal exchange rate appreciate

immediately, and loosen just before spending begins. As in the Spend All case, households

will immediately consume more on learning about their oil wealth. Home bias means that

the price of home goods must appreciate relative to the price of foreign goods, which is

easily achieved by a floating exchange rate. Loosening policy immediately before spending

begins will remove the incentive for forward-looking firms to raise their prices, and delay

the terms of trade appreciation. This loosening will be less dramatic than in the Spend

All case, as government spending only rises gradually.

During oil production, optimal monetary policy will slowly and continually tighten.

Over this period government spending will rise continually, as oil revenues accumulate in

the offshore sovereign wealth fund. Increasing government demand will require the price

of home goods to rise, though they are sticky. To prevent output continually exceeding its

natural level, due to sticky prices which are sub-optimally low, optimal monetary policy

will need to tighten slightly each period.
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When production ends government spending will begin to decline. In this case optimal

policy will sharply tighten policy immediately before government spending falls. In the

opposite case to the start of government spending, this delays the terms of trade depre-

ciation until it is necessary - preventing output jumping too far above its natural rate.

During the period of declining government spending, optimal policy will be to gradually

loosen interest rates each period, offsetting sub-optimally high sticky prices. This prevents

output falling below its natural level.

Once again, the broad scope of the optimal policy does not depend on the central

bank’s ability to commit. The policy of loosening before the windfall begins, gradually

tightening during the period of rising government spending, and gradually loosening again

as government spending declines is optimal under both discretion and commitment. It

relies only on the rest of the economy understanding that this is optimal for the central

bank. The difference between commitment and discretion comes down to the deflationary

bias under discretion, as described above.

5.3.4 Taylor Rules

The optimal monetary response to a Bird in Hand rule is also well approximated by the

slightly augmented Taylor rule described in Section 5.2.4.

The standard Taylor rule causes large fluctuations in the output gap, if the government

follows a Bird in Hand rule. Between discovery and spending there will be a similar

recession to the Spend All case. Once oil production begins and the government starts

consuming oil wealth, output will be consistently below its natural level. However, as

the windfall comes to an end, forward looking firms and asset markets will begin to

depreciate the terms of trade. Output will overshoot its natural level, and be above it as

the remaining oil wealth is consumed.

In contrast, optimal policy is well approximated by a Taylor rule that responds to ex-

pected changes in the natural level of output. We again consider a Taylor rule of the form

in equation 4.12, where φπ = 1.5 and φy = 0.5. As in the previous section, numerically
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Figure 5.6: Forecast mean responses of key variables to an anticipated oil windfall under
the Bird in Hand rule. Three different scenarios are illustrated: a standard Taylor rule
(TR), an optimised Taylor Rule (TR*) and flexible prices (Flex).
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optimising the third parameter gives φyn = −2.6. This gives us some confidence in the

stability of the estimate, despite a large difference in the intensity and timing of the oil

windfall compared to the Spend All case. Examining Figure 5.6 again shows that this

augmented Taylor rule closely tracks the flexible price outcome.

6 Conclusion

This paper considers how monetary policy should optimally respond to an oil discovery. In

practice we find that there is often a significant delay between discovering oil, and begin-

ning production. Governments also often delay spending until they receive oil revenues.

Thus, oil discoveries can be thought of as anticipated shocks to government spending.

These shocks can induce changes in the economy that create a number of distortions. We

have been interested in how monetary policy should manage these distortions.

The paper’s first contribution is to characterise the effects of an oil discovery under

different fiscal rules, and rational expectations. To do this we develop a small, tractable

model of a small open economy with oil. Regardless of the spending rule, discovering oil

will require an immediate terms of trade appreciation as private or public spending jumps.

If government consumption does not rise for some time, then there will also need to be a

second appreciation. Firms will anticipate this and may begin raising prices in advance.

This can lead to an extended period of inflation, and a recession, under monetary regimes

such as a nominal currency peg or standard Taylor rule.

The paper’s second contribution is to derive a closed form for the central bank’s loss

function. We show that the central bank’s objective will be to stabilise domestic inflation,

the output gap and the fiscal gap, which is consistent with standard models of a small

open economy with a government. In addition there will be an incentive to appreciate

the terms of trade to exploit the asymmetry introduced by the home country’s extra oil

wealth.

The paper’s third contribution is to derive the optimal policy response to an oil dis-

covery. On discovering oil, optimal policy will let the currency appreciate immediately.
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This allows the terms of trade to appreciate without the distortions of sticky domestic

prices. To prevent firms raising prices in anticipation of future demand, optimal policy

will sharply loosen rates before the windfall and tighten them when it is received. This

delays the terms of trade appreciation until government spending can take up the slack

left by private demand.

Extensions to this work may consider other price setting assumptions and adding

investment. Price setting plays an important role in this model, driving the initial period

of recession. We have assumed Calvo pricing. An extension would investigate whether

this result holds when firms set prices based on their state (such as Gertler and Leahy,

2008 and Golosov and Lucas, 2007). If there are concave menu costs then there may be an

incentive to delay price rises as long as possible, overcoming distortions caused by firms

raising prices in advance. Investment is also likely to have an important effect between the

discovery and production of oil. Investment may reduce the necessary changes in prices,

and boost employment between discovery and production.

While this analysis was conducted with an oil discovery in mind, it may also be of

interest to other applications. Aid windfalls have similar characteristics to oil windfalls. If

anticipating a windfall leads to recession, then it can be argued that aid grants should only

be announced when government spending begins. Anticipated increases in government

demand may also happen between an election and the implementation of a budget, though

this would require a closer investigation of taxation.
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7 Appendix: Relative Household Wealth

We start with the definition of the relative wealth ratio, Θf,0 = E0[∑∞t=0 M0,t(WtNt −
PH,tTt)]/E0[∑∞t=0 M

f
0,t(W f

t N
f
t − P f

f,tT
f
t )] and assume that it is evaluated under flexible

prices. If prices are flexible, and if the government provides a small wage subsidy to correct

for monopolistic distortions, then Wt = PH,t∀t. Let us also make use of the small open

economy assumption and let all foreign variables remain at their steady state, and r∗ = ρ.

Thus, the denominator becomes, E0[∑∞0 M f
0,t(W f

t N
f
t − P f

f,tT
f
t )] = P s

f (N s
f − T sf )(1 + ρ)/ρ.

In the steady state we assume that taxes are the same as the rest of the world, so γT = χ.

Therefore, (N s − T s) = (N s
f − T sf ) = 1− χ and P s

H/P
s
f = (Ssf )−1 = Θs

f . Using this, and,

β = (1+ρ)−1, we can log-linearise the definition of Θf,0 around the steady state assuming

prices are flexible,

ϑ̂nf,0Θs
f = P sH(Ns−T s)

P s
f

(Ns
f
−T s

f
)(1+ρ)/ρE0

[ ∞∑

t=0
M0,t(p̂nH,t + 1

1−T s/Ns (n̂nt − T s

Ns t̂
n
t ))
]

ϑ̂nf,0 = ρ
1+ρE0

[ ∞∑

t=0
M0,t(p̂nH,t + 1

1−χ(n̂nt − χt̂nt ))
]

Note that taxes are t̂t = lnTt− lnT s, rather than t̂t = − ln(1− Tt
Gt

) + ln(1− T s

Gs
) which

we use in the text. We assume that t̂t = 0, so t̂t = ĝt. Under flexible prices it is necessary

to fix a numeraire, so we let êt = 0 such that ŝnt = −p̂nH,t. Also, combining equations 3.3

and 3.6 gives ϕŷnt = −ŝnt − ϑ̂nt . So, p̂nH,t = ϕŷnt + ϑ̂nt and ĝnt = −ϕŷnt − ϑ̂nt + r̂bt. Therefore,

p̂H,t + 1
1−χ(n̂t − χt̂t) = ϕŷnt + ϑ̂nt + 1

1−χ(ŷt − χ(−ϕŷnt − ϑ̂nt + r̂bt))

= 1+ϕ
1−χ ŷ

n
t + 1

1−χ ϑ̂
n
t − χ

1−χ r̂bt

= 1+ϕ
1−χ

{
γG

(1+ϕ) r̂bt −
(α+γG(1−α))

(1+ϕ) ϑ̂nt
}

+ 1
1−χ ϑ̂

n
t − χ

1−χ r̂bt

= γG−χ
1−χ r̂bt + (1−γG)(1−α)

1−χ ϑ̂nt

Substituting this into the above relationship, and using effective (rather than bilateral)

220



relationships gives the following, where we make use of the observation that Et[ϑ̂nt+s] =

ϑ̂nt ∀s, as relative wealth incorporates all expected future income,

ϑ̂n0 = ρ
1+ρE0

[ ∞∑

t=0
M0,t(γG−χ1−χ r̂bt + (1−γG)(1−α)

1−χ ϑ̂nt )
]

= ρ
1+ρE0



∞∑

j=0
M0,t

γG−χ
1−χ r̂bt


+ ρ

1+ρ
(1−γG)(1−α)

1−χ
1+ρ
ρ
ϑ̂n0

= (1−β)(γG−χ)
(1−χ)−(1−γG)(1−α)E0



∞∑

j=0
M0,tr̂bt




Setting ϑ̂t = ϑ̂nt gives the relationship in equation 2.13. It is important to note that

this is an approximation, which is subject to two types of error. The first is that the

goods market equilibrium (equation 3.4) is not log-linear, and so may require a higher

order approximation. The second is that we approximate −αϑ̂t ≈ ln
[
(1− α) + αΘ−1

t

]
−

ln [(1− α) + α(Θs)−1] when approximating the goods market equilibrium. These errors

can be reduced by making the jump and the distance from Θs = 1 small.

8 Appendix: Steady State

The steady state is found by simultaneously solving four equations,

(1− χ)AN−ϕ = SαC (8.1)

AN − T = SαC (8.2)

AN = SαC(1− α + αΘ−1) +G (8.3)

C = S1−αΘC∗ (8.4)

using T = γTAN , G = γGAN , and C∗ = (1 − χ). The first equation comes from

combining 2.3 and the steady state marginal cost condition MCs = W/(PHA) = 1. The
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second equation follows from the household budget constraint, 2.2, if we assume there is

no permanent accumulation of foreign assets Ds = 0. The third equation is the goods

market equilibrium, 3.4. The fourth follows from the international risk sharing condition,

2.12. Simultaneously solving gives the results in Lemma 2.

9 Appendix: Central Bank Loss Function

We begin with the household utility function 2.1,

Ut = E0

∞∑

t

βt{(1− χ) lnCt + χ lnGt −
N1+ϕ

1 + ϕ
}

A second order log linear approximation around the steady state is derived for each

term in turn. Starting with consumption, using γG = Gs/Y s, equation 3.4 and ĉt =

ϑ̂t + (1− α)ŝt from 2.12 we get the following,

lnCt = ln(Yt −Gt)− αst − ln(1− α + αΘ−1
t )

lnCt ≈ ln(Y s −Gs) + 1
1−γG (ŷt − γGĝt)− 1

2
γG

(1−γG)2 (ĝt − ŷt)2 − 1
2

1
1−γG ŷ

2
t − αst − ln(1− α + αΘ−1

t )

lnCt = cs + 1
1−γG (ŷt − γGĝt)− 1

2
γG

(1−γG)2 (ĝt − ŷt)2 − 1
2

1
1−γG ŷ

2
t − αŝt + αϑ̂t

ĉt = 1−α
1−γG (ŷt − γGĝt)− 1

2
γG(1−α)
(1−γG)2 (ĝt − ŷt)2 − 1

2
1−α

1−γG ŷ
2
t + α(2− α)ϑ̂t

Alternatively, consumption can be expressed using the terms of trade,

ĉt = (1− α)ŝt + ϑ̂t − 1
2

γG
(1−γG)2 (ĝt − ŷt)2 − 1

2
1

1−γG ŷ
2
t

Government spending gives, lnGt = gs + ĝt. Finally, the disutility of labour can be

log-linearized to give,
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N1+ϕ
t

1 + ϕ
≈ (N s

t )1+ϕ

1 + ϕ
+ (N s

t )1+ϕ(n̂t + 1
2(1 + ϕ)n̂2

t ) + o(‖ĝt‖3)

To express this in terms of the output gap we use Nt =
(
Yt
A

)
´ 1

0

(
PH,t(j)
PH,t

)−ε
dj and

N s
t = Y st

A
. Thus, we have n̂t = ŷt + zt where zt ≡ ln

´ 1
0

(
PH,t(j)
PH,t

)−ε
dj. The following

Lemma, proved in Gali and Monacelli (2008) shows that zt is proportional to the cross-

sectional variance of relative prices and thus of second order.

Lemma 6. zt = ε
2var{pH,t(j)}+ o(‖ḡt‖3)

Proof. See Gali and Monacelli (2008), Appendix.

Thus the disutility of labour can be expressed as follows.

N1+ϕ
t

1 + ϕ
= (N s

t )1+ϕ

1 + ϕ
+ (N s

t )1+ϕ(ŷt + zt + 1
2(1 + ϕ)ŷ2

t ) + o(‖ĝt‖3)

where our definition of the steady state in Section 3.3 gives N s = 1. Collecting terms

and simplifying we have the following expression for household utility, making use of the

following Lemma for the final equality.

Lemma 7. ∑∞t=0 β
tvar{pH,t(j)} = 1

λ

∑∞
t=0 β

tπ2
H,t where λ ≡ (1−θ)(1−βθ)

θ

Proof. See Woodford (2001), pp22-23.
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Ut = E0

∞∑

t

βt
{

(1− χ)
(
cs + 1−α

1−γG (ŷt − γGĝt)− 1
2
γG(1−α)
(1−γG)2 (ĝt − ŷt)2 − 1

2
1−α

1−γG ŷ
2
t + α(2− α)ϑ̂t

)

+χ (gs + ĝt)

−1− (ŷt + zt + 1
2(1 + ϕ)ŷ2

t )
}

+ o(‖ĝt‖3)

= E0

∞∑

t

βt
{(

(1−χ)(1−α)
1−γG − 1

)
ŷt −

(
(1−χ)(1−α)

1−γG − χ
γG

)
γGĝt

−1
2

[
(1−χ)(1−α)γG

(1−γG)2 (ĝt − ŷt)2 + ε
λ
π2
H,t +

(
(1 + ϕ) + (1−χ)(1−α)

1−γG

)
ŷ2
t

] }

+t.i.p+ o(‖ĝt‖3)

where we assume that deviations in the long term ratio of household wealth at home

and abroad, ϑ̂t, cannot be affected by monetary policy. Or, if we express utility using the

terms of trade,

Ut = E0

∞∑

t

βt
{

(1− χ)
(
cs + (1− α)ŝt + ϑ̂t − 1

2
γG

(1−γG)2 (ĝt − ŷt)2 − 1
2

1
1−γG ŷ

2
t

)

+χ (gs + ĝt)

−1− (ŷt + zt + 1
2(1 + ϕ)ŷ2

t )
}

+ o(‖ĝt‖3)

= E0

∞∑

t

βt
{
− ((1− γG)− (1− χ)(1− α))ŝt − (γG − χ)ĝt

−1
2

[
(1−χ)(1−α)γG

(1−γG)2 (ĝt − ŷt)2 + ε
λ
π2
H,t +

(
(1 + ϕ) + (1−χ)(1−α)

1−γG

)
ŷ2
t

] }

+t.i.p+ o(‖ĝt‖3)

This gives the loss function in Proposition 3. If we also assume that the government

follows a rule for oil revenues, ĝt = ŷt + (1− γG)r̂bt − (1− α)(1− γG)ϑ̂t from 2.123.5 and

ĝt = ŝt + r̂bt, the welfare function becomes,
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U = E0

∞∑

t

βt




(

(1−χ)(1−α)
1−γG − 1

)
ŷt −

(
(1−χ)(1−α)

1−γG − χ
γG

)
γGŷt

−1
2


 (1−χ)(1−α)

1−γT
ε
λ
π2
H,t +

(
(1 + ϕ) + (1−χ)(1−α)

1−γG

)
ŷ2
t





+ t.i.p+ o(‖ĝt‖3)

= E0

∞∑

t

βt
{
− 1

2


 ε
λ
π2
H,t +

(
(1 + ϕ) + (1−χ)(1−α)

1−γG

)
ŷ2
t




−α(1− χ)ŷt



+ t.i.p+ o(‖ĝt‖3)

This gives the loss function in equation 4.2.

10 Appendix: Optimal Monetary Policy

10.1 Optimal Policy under Discretion

Minimising the Lagrangian in equation 4.3 yields the first order conditions,

0 = φππH,t + lD,t

λ(1 + ϕ)lD,t = φyyŷt + φy

This can be simplified to,

ŷt = −λ(1 + ϕ)φπ
φyy

πH,t −
φy
φyy

(10.1)

Substituting this path for ŷt into the Phillips curve gives,

225



πH,t = βEt[πH,t+1] + λ(1 + ϕ)(−λ(1 + ϕ)φπ
φyy

πH,t −
φy
φyy

)− λ(1 + ϕ)ŷnt

πH,t = aDβE[πH,t+1]− aDλ(1 + ϕ)ŷnt − aDλ(1 + ϕ) φy
φyy

Where aD = (1 + λ2(1+ϕ)2φπ
φyy

)−1. Iteratively substituting gives,

πH,t =
{
−aDλ(1 + ϕ)ŷnt − aDλ(1 + ϕ) φy

φyy

}
E

[ ∞∑

0
(aDβ)sL−s

]
(10.2)

This can be rearranged to give,

πH,t = −aDλ(1 + ϕ)
{
φy/φyy

1− aDβ
+ E

[ ∞∑

0
(aDβ)sŷnt+s

]}

The central bank will systematically pursue negative inflation. This increases the value

of the windfall in domestic currency. The interest rate rule can be found by combining

this expression at time t+ 1 with 10.1 and the IS curve,

(it − ρ) = Et[ŷt+1]− ŷt + Et[πH,t+1]− (1 + ϕ)Et[∆ŷnt+1]

= λ(1 + ϕ)φπ
φyy

πH,t +
(

1− λ(1 + ϕ)φπ
φyy

)
Et[πH,t+1]− (1 + ϕ)Et[∆ŷnt+1]

= d1πH,t − d2Et[∆ŷnt+1] + d3E

[ ∞∑

0
(aDβ)sŷnt+1+s

]
+ d4 (10.3)

where d1 = λ(1 + ϕ) φπ
φyy

, d2 = 1 + ϕ, d3 =
(
λ(1 + ϕ) φπ

φyy
− 1

)
aDλ(1 + ϕ) and d4 =

(
λ(1 + ϕ) φπ

φyy
− 1

)
aDλ(1 + ϕ)φy/φyy1−aDβ . This rule gives a unique and determinate solution

when d1 > 1 or λ(1 + ϕ)φπ > φyy.
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10.2 Optimal Policy under Commitment

Minimising the Lagrangian in 4.7 yields the first order conditions,

φππH,t + lC,t = lC,t−1

φyyŷt + φy = λ(1 + ϕ)lC,t

βπH,t+1 + λ(1 + ϕ)ŷt − λγG(p̂o,t + ôt) + ωϑ̂t = πH,t

Combining the first two first order conditions yields the following result. The first

relationship follows from letting lC,−1 = 0, because the Phillips curve in period −1 is not

a binding constraint on the policymaker choosing the optimal plan in period 0.

ŷ0 = −λ(1 + ϕ)φπ
φyy

πH,0 −
φy
φyy

ŷt = ŷt−1 −
λ(1 + ϕ)φπ

φyy
πH,t

Iteratively combining these two relationships allows us to summarise them in a single

expression in terms of the deviation of domestic prices from their period -1 level, p̂H,t =

pH,t − pH,−1,

ŷt = −λ(1 + ϕ)φπ
φyy

p̂H,t −
φy
φyy

(10.4)

where φπ = ε
λ
, φy = α(1 − χ) and φyy =

(
(1 + ϕ) + 1−χ

1−γG

)
. To find the associated

interest rate rule using the IS curve we must first find an expression for πH,t = p̂H,t−p̂H,t−1.

To do so we substitute the previous equation into the Phillips curve to give,
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p̂H,t − p̂H,t−1 = βE[p̂H,t+1]− βp̂H,t + λ(1 + ϕ)
(
−λ(1 + ϕ)φπ

φyy
p̂H,t −

φy
φyy

)

−λ(1 + ϕ)ŷnt

E[p̂H,t+1] = (aβ)−1p̂H,t − β−1p̂H,t−1 + β−1λ(1 + ϕ)(ŷnt + φy
φyy

) (10.5)

where a ≡ (1 + β + λ2(1+ϕ)2φπ
φyy

)−1, b ≡ λγG, κ ≡ λ(1 + ϕ) φy
φyy

. To find the stationary

solution to this price process we rearrange and make use of the lag operator L, where

p̂H,t−1 = Lp̂H,t,

p̂H,tEt[L( 1
β
− 1

aβ
L−1 + L−2)] = β−1λ(1 + ϕ)(ŷnt + φy

φyy
)

We now factorise the quadratic expression ( 1
β
− 1
aβ
L−1+L−2) = (L−1−δ1)(L−1−δ2). To

do so let z = L−1, so that ( 1
β
− 1

aβ
z+z2) = (z−δ1)(z−δ2), and δi =

(
1±√1− 4a2β

)
/2aβ

for i = 1, 2. We assume that | δ1 |< 1 and | δ2 |> 1. Substituting this factorisation into

the above expression yields,

p̂H,t(1− δ1L) = Et

[(
β−1λ(1 + ϕ)(ŷnt + φy

φyy
)
)

(L−1 − δ2)−1
]

Now, we can express the term (L−1−δ2)−1 as an infinite geometric series where the coef-

ficients converge to zero because | δ2 |> 1, (L−1−δ2)−1 = −δ−1
2

(
1 + L−1δ−1

2 + L−2δ−2
2 + . . .

)
.

Substituting this into the above expression yields the following,

p̂H,t(1− δ1L) = −(βδ2)−1λ(1 + ϕ)
{
φy
φyy

1
(1− δ−1

2 )
+ Et

[ ∞∑

s=0
(δ−1

2 ŷnt+s)
]}
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Finally, multiplying the numerator and denominator of each term with (1−√1− 4a2β),

and simplifying notation δ1 = δ = (1−√1− 4a2β)/(2aβ) gives the stationary solution in

equation 4.8,

p̂H,t = δp̂H,t−1 − λ(1 + ϕ)
{
φy
φyy

δ

(1− βδ) + δEt

[ ∞∑

s=0
(βδ)sŷnt+s

]}
(10.6)

An interest rate rule that brings about a unique, determinate equilibrium can be found

by combining 10.4, 10.6 and the IS curve,

(it − ρ) = Et[ŷt+1]− ŷt + Et[πH,t+1]− (1 + ϕ)Et[∆ŷnt+1]

= (−λ(1 + ϕ)φπφ−1
yy + 1)Et[πH,t+1]− (1 + ϕ)Et[∆ŷnt+1]

= c1p̂H,t − c2Et[∆ŷnt+1] + c3Et

[ ∞∑

s=0
(βδ)sŷnt+1+s

]
+ c4

where c1 = (λ(1 + ϕ) φπ
φyy
− 1)(1− δ), c2 = 1 + ϕ, c3 = (λ(1 + ϕ) φπ

φyy
− 1)λ(1 + ϕ)δ and

c4 = (λ(1 + ϕ) φπ
φyy
− 1)λ(1 + ϕ) φπ

φyy
δ

1−βδ . This gives a unique and determinate equilibrium

when c1 > 0, or λ(1 + ϕ)φπ > φyy, which is the same condition as the discretionary case.

11 Appendix: Calibration

The model is calibrated in line with Gali and Monacelli (2005, 2008), allowing us to

compare our results. The calibrated parameter values are summarised in Table 3. This

gives a steady state and starting point for our analysis in which government spending

accounts for 30% of output, 10% of which is financed by oil income and 20% from lump

sum taxes. These taxes are set at the level that maximises welfare in an economy without

oil, so we can consider all oil income to be spent on higher government spending. All

steady state values are given in Table 4.
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We consider scenarios in which oil output increases by 20%, four quarters in the future.

We also consider the effect of a 30% temporary shock to the oil price, if output remains

constant.
Calibration

Parameter Value
α 0.40
β 0.96
ρ 0.04
χ 0.20
ϕ 3.00
ε 6.00
% 0.75

A,A∗ 1.00
ρo 0.70

Table 3: Parameter values are calibrated following Gali and Monacelli (2005, 2008).

Steady State Values

Variable Steady State Symmetric State
N 1.00 1.00
G 0.30 0.20
T 0.20 0.20
O 0.15 0.00
Po 1.00 1.00
Θ 1.45 1.00
S 0.69 1.00
C 0.93 0.80

Table 4: The steady state in the cases with and without oil

12 Appendix: Exchange Rate Peg

Here we derive the dynamics of the economy under a nominal exchange rate peg, ∆et =

0. We begin by finding the implications of the nominal exchange rate peg for our key

variables, πH,t and ŷt. To do this we follow a similar approach to Appendix 4.2.

First, taking first differences of the effective nominal exchange rate yields ∆st = ∆et+

∆p∗t −∆pH,t = −πH,t. Also, taking first differences of 2.12 and 3.5 gives ∆ŝt = 1
1−γG∆ŷt−

γG
1−γG∆ĝt − (1− α)∆ϑ̂t. Combining these two expressions gives,
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πH,t = γG
1−γG∆ĝt − 1

1−γG∆ŷt + (1− α)∆ϑ̂t

Taking a similar approach to that used in the commitment case we evaluate this

expression at time zero, assuming that the economy was in the steady state at all times

prior to this,

pH,0 − pH,0−1 = γG
1−γG ĝ0 − 1

1−γG ŷ0 + (1− α)ϑ̂0

Iteratively combining these two relationships allows us to express this relationship in

terms of the deviation of the domestic price level, p̂H,t = pH,t − pH,−1,

p̂H,t = γG
1−γG ĝt −

1
1−γG ŷt + (1− α)ϑ̂t

If we express government spending in terms of the resource balance then, p̂H,t =

γGr̂bt − ŷt + (1 − γG)(1 − α)ϑ̂t or p̂H,t = −ŷt + (1 + ϕ)ŷnt + ϑ̂t. Using this to substitute

out ŷt in the Phillips curve gives,

p̂H,t − cp̂H,t−1 − cβEt[p̂H,t+1] = cλ(1 + ϕ)(ϕŷnt + ϑ̂t)

where c = [1 + β + λ(1 + ϕ)]−1. We can find the closed-form stationary solution to

this linear difference equation following the method described in Appendix 10,

p̂H,t = δc p̂H,t−1 + λ(1 + ϕ)
{
ϕδcEt

[ ∞∑

s=0
(βδc)sŷnt+s

]
+ δc

1− βδc
ϑ̂t

}

where δc = 1−
√

1−4βc2

2βc . We can use this to derive the output gap using the relationship

defined above, and for the nominal interest rate by substituting our results into the IS
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curve. By uncovered interest parity the nominal interest rate will be constant. Uncovered

interest parity states that, (it− i∗t )−Et[πH,t+1] = Et[st+1−st]. The definition of the terms

of trade yields, st = et + p∗t − pH,t . So, (it − i∗t ) = Et[et+1 − et] = 0. While the nominal

interest rate stays constant there will be relatively large fluctuations in the real interest

rate. Note that while a currency peg is consistent with a constant nominal interest rate,

it is not uniquely associated with it. A commitment to a currency peg remains crucial.

13 Appendix: Taylor Rules

Here we derive the dynamics of the economy under a variety of Taylor rules. To do

this we extend the Blanchard and Kahn (1980) method to allow for anticipated changes

in the government’s resource balance. As in Blanchard and Kahn this uses the widely

implementable eigen-decomposition of a matrix. The method is similar to that used by

Wohltmann and Winkler (2009), who use a generalized Schur matrix decomposition. As

we will be interested in interest rate rules that respond to the output gap, we arrange the

Phillips curve and IS curve into a system of two equations in domestic inflation and the

output gap,

Et[πH,t+1] = β−1 (πH,t − λ(1 + ϕ)ỹt)

Et[ỹt+1] = ỹt + (it − ρ)− β−1 (πH,t − λ(1 + ϕ)ỹt) + ϕEt[∆ŷnt+1]

where (it−ρ) = φππH,t+φyỹt+φynEt[∆ŷnt+1]. This can be arranged in matrix notation,

splitting the variables into control variables, xt = [πH,t, ỹt]′, and state variables wt = ∅
and vt = [ŷnt , ŷnt+1]′,

Et



xt+1

wt+1


 = A



xt

wt


+



B

0


 vt
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We decompose A into its eigenvectors, V , and eigenvalues, Λ, such that AV = V Λ.

The matrix Λ is diagonal with the eigenvalues arranged in descending order along the

diagonal. Replacing A = V ΛV −1 and pre-multiplying by V −1we get,

V −1Et



xt+1

wt+1


 = ΛV −1



xt

wt


+ V −1



B

0


 vt

Let V −1 =



Y11 Y12

Y21 Y22


 and Λ =




Λ1 0

0 Λ2


. For this work, where the state vari-

ables evolve independently of the controls, Y21 = 0. The matrix Λ1 contains unstable

eigenvalues (> 1) which are equal in number to the control variables, and Λ2 contains

stable eigenvalues (< 1) which are equal in number to the state variables, as imposed by

Blanchard and Kahn (1980). Using



x̃t

w̃t


 = V −1



xt

wt


 we can describe the system in

independent equations,

Et



x̃t+1

w̃t+1


 =




Λ1 0

0 Λ2






x̃t

w̃t


+



B̃1

B̃2


 vt

where B̃1 = Y11B and B̃2 = Y21B. First taking Et[x̃t+1] = Λ1x̃t + B̃1vt. This can

be expressed as, (Et[L−1] − Λ1)x̃t = B̃1vt where L−1 is a scalar inverse lag operator.

Rearranging gives x̃t = (Et[L−1] − Λ1)−1B̃1vt = −Λ−1
1 (I − Et[L−1]Λ−1

1 )−1B̃1vt. We can

only accept stable paths for the control variables. As all the elements of Λ1are greater

than one, the eigenvalues of Λ−1
1 will be less than one and the matrix geometric series,

(I − Et[L−1]Λ−1
1 )−1 = ∑∞

s=0(Et[L−1]Λ−1
1 )s will converge. Thus,

x̃t = −Λ−1
1

∞∑

s=0
(Λ−1

1 )sB̃1Et[vt+s]

xt = −(Y11)−1Y12wt − (Y11)−1Λ−1
1

∞∑

s=0
(Λ−1

1 )sB̃1Et[vt+s] (13.1)
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Turning now to the path of the state variables, Et[w̃t+1] = Λ2w̃t + B̃2vt. We have

w̃t = Y21xt + Y22wt = Kwt − J
∑∞
s=0(Λ−1

1 )sB̃1Et[vt+s], where K = −Y21(Y11)−1Y12 + Y22

and J = Y21(Y11)−1Λ−1
1 . Therefore, the path of the state variables can be described as,

Et[w̃t+1] = Λ2w̃t + B̃2vt

Et[Kwt+1 − J
∞∑

s=0
(Λ−1

1 )sB̃1Et[vt+1+s]] = Λ2(Kwt − J
∞∑

s=0
(Λ−1

1 )sB̃1Et[vt+s]) + B̃2vt

Et[wt+1] = K−1Λ2Kwt −K−1Λ2J
∞∑

s=0
(Λ−1

1 )sB̃1Et[vt+s]

+K−1J
∞∑

s=0
(Λ−1

1 )sB̃1Et[vt+1+s]

+K−1B̃2vt (13.2)

The paths for the control and state variables described by 13.1 and 13.2 respectively

are illustrated in the plots in Section 5.

14 Appendix: Robustness

14.1 Approximating relative household wealth

In log-linearising the goods market equilibrium (equation 3.4) we approximate relative

household wealth. Specifically, we let −αϑ̂t ≈ ln(1−α+αΘ−1
t )− ln(1−α+αΘ−1

0 ). This

approximation makes the analysis far more tractable and permits a closed form solution,

without materially affecting our results.

To test how accurate this is we compare three different approximations, each imple-

mented in the numerical package Dynare. The first uses a Newton-Raphson algorithm

applied directly to the model in levels (“NR”). This is our benchmark. The second takes a

first-order log-linearisation of the model around the initial steady state, but keeps track of

both θ̂t = ln(1−α+αΘ−1
t )−ln(1−α+αΘ−1

0 ) and ϑ̂t = ln(Θt)−ln(Θ0) (“θ+ϑ”). The third
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Figure 14.1: Robustness check on simplifying assumptions. The spend all rule is calculated
under flexible prices in three cases: numerically using the Newton Raphson method (NR),
log-linearised making a distinction between θ and ϑ (θ + ϑ), and log-linearised using the
approximation, θ ≈ −αϑ (ϑ). The ϑ (red) case is reported in the main body of the paper.
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again takes a first-order log-linearisation of the model, but approximates −αϑ̂t ≈ θ̂t as

reported in the main text (“ϑ”). Prices are assumed to be flexible in each. As illustrated

in Figure 14.1, these approximations make little material difference to our analysis.

To check the accuracy of our solution method we can also compare the results from

our closed-form solution to those calculated in Dynare. We find that the third case (“ϑ”)

perfectly replicates the results calculated by hand and reported in the main text.

14.2 Lump sum taxes

In log-linearising the government spending rule, ĝt = ŝt−p̂∗t+r̂bt−t̂t, we make a simplifying

assumption regarding lump sum taxes. We define tt = − ln(1 − Tt
Gt

), so that the log-

linearized government spending rule is exact. We also assume that t̂t = 0, so the ratio of

lump sum taxes to government spending remains constant. Alternatively, we could have

set the level of taxes to be constant. As illustrated in the simulations in Figure 14.2, this

assumption changes the magnitude of the government spending shock but the qualitative

results remain the same.
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Figure 14.2: Comparing different tax assumptions: constant T and constant T/G.
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