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Robust adaptive NMPC using ellipsoidal tubes
Johannes Buerger and Mark Cannon, Member, IEEE

Abstract—We propose a computationally efficient nonlinear
Model Predictive Control (NMPC) algorithm for safe, learning-
based control. The system model is represented as an affine
combination of basis functions with unknown parameters, and
is subject to additive set-bounded disturbances. Our algorithm
employs successive linearization around nominal predicted tra-
jectories and accounts for uncertainties in predicted states due
to linearization, model errors, and disturbances using ellipsoidal
sets. The ellipsoidal tube-based approach ensures that constraints
on control inputs and system states are satisfied. Robustness
to uncertainty is ensured using bounds on linearization errors
and a backtracking line search. We show that the ellipsoidal
embedding of model uncertainty scales favourably with system
dimensions in numerical simulations. The algorithm incorporates
set membership parameter estimation, and provides guarantees
of recursive feasibility and input-to-state practical stability.

Index Terms—nonlinear model predictive control, adaptive
control, tube model predictive control, convex optimization

I. INTRODUCTION

Model Predictive Control (MPC) is an optimization-based
control strategy in which a finite-horizon optimal control
problem is solved at each discrete time step using the current
estimate of the model state, and the first control input is ap-
plied [1]. Prediction models may be constructed using diverse
physical modelling and system identification methods, but
residual model uncertainty is unavoidable, and this motivates
learning-based and adaptive MPC strategies [2]–[4]. In partic-
ular, robust adaptive MPC can ensure constraint satisfaction
and stability while allowing online model identification.

Tube MPC achieves robust constraint satisfaction and stabil-
ity by constructing tubes to bound uncertain model trajectories,
and the tube geometry largely determines the trade-off between
tractability and conservatism. For linear systems, robust tube
MPC is well-established, including adaptive variants with
online parameter set updates [3], [5]. However, to maintain
tractable online optimization and receding-horizon feasibility
and stability guarantees, existing approaches for nonlinear
systems (e.g. [2], [6]–[9]) require restrictive offline controller
design or lead to nonconvex online problems. In particular [2],
[6], [7] rely on solving a nonconvex problem online, while [8]
does not guarantee recursively feasible receding-horizon im-
plementation. Moreover [6], [7] rely on computationally inten-
sive offline design of control laws using contraction metrics.

This note describes a robust adaptive MPC algorithm us-
ing sequential convex approximation and ellipsoidal tubes
(e.g. [10]) to account for model uncertainty. Similar to the
polytopic tube MPC algorithm of [9], we assume knowledge
of a locally stabilizing controller within a terminal set (this is
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generally easier to ensure than global incremental stability [6],
[7]), and solve online a sequence of convex problems with
recursive feasibility and convergence guarantees. In common
with other sequential convex programming algorithms for
smooth problems [11], the rate of convergence is at least
linear. The use of ellipsoidal rather than the polytopic tubes
of [9] improves scalability with problem size and provides
a favourable balance between computation and performance.
Here we extend the theory of [12] to systems with additive and
parametric uncertainties, deriving a robust adaptive nonlinear
MPC strategy that employs set membership parameter estima-
tion [3], [5] as a learning method. The resulting algorithm is
formulated as a second-order cone program.

The MPC optimization is convexified using linearization,
and to ensure recursive feasibility and stability, the perturba-
tions around state and control linearization points are confined
to polytopic sets and approximation errors are bounded using
ellipsoidal tubes containing predicted state trajectories. By
integrating a line search procedure into the online algorithm,
this approach provides recursive feasibility and performance
guarantees even if only one optimization iteration is performed
at each online time step. This note extends the preliminary
publication [13] by demonstrating input-to-state practical sta-
bility, providing additional implementation details, and by
extending the numerical analysis to illustrate how computation
and performance scale with problem size in comparison to
polytopic tube robust nonlinear MPC.

The remainder of this note is organised as follows. Sec-
tion II introduces the control problem, Sections III, IV and V
discuss approximation error bounds, ellipsoidal tube MPC and
online optimization, respectively. Section VI derives terminal
conditions, Section VII analyses feasibility and stability, and
Section VIII discusses parameter estimation. Section IX inves-
tigates scaling of computation and performance with system
dimensions, and conclusions are presented in Section X.

Notation: N≥0 is the set of non-negative integers, N[p,q] =
{n ∈ N : p ≤ n ≤ q}, and Nq = N[1,q]. A vector with all
elements equal to 1 is denoted 1 and the n×n identity matrix
is In. The ith row of a matrix A is [A]i. For a matrix A, the
inequality A ≥ 0 applies elementwise, and A ⪰ 0 (or A ≻ 0)
indicates that A is positive semidefinite (positive definite). The
Euclidean norm is ∥x∥ and ∥x∥Q = (x⊤Qx)1/2 for Q ⪰ 0.

II. OPTIMAL CONTROL PROBLEM

We consider a discrete time system with state x, control in-
put u, unknown parameter vector θ, and additive disturbance w

xt+1 = f(xt, ut, θ) + wt, (1)

where (xt, ut) ∈ X×U , θ ∈ Θ0, wt ∈ W , and t is the discrete
time index. We assume X , U , Θ0, W are known polytopic
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sets: U = {u ∈ Rnu : Gu ≤ 1}, X = {x ∈ Rnx : Ex ≤ 1},
Θ0 = {θ ∈ Rnθ : HΘθ ≤ h0} = co{θ(q), q ∈ Nνθ

}, and
W = co{w(r), r ∈ Nνw}.

The function f is assumed to be an affine combination of
known basis functions fi(x, u), i ∈ Nnθ

f
(
x, u, (θ1, . . . , θnθ

)
)
= f0(x, u) +

nθ∑
i=1

θifi(x, u), (2)

where, for each i, fi is differentiable and Lipschitz continuous
on X × U with fi(0, 0) = 0. The proposed approach can be
used with any parameter estimator that provides a compact
polytopic set Θt satisfying θ ∈ Θt ⊆ Θt−1 for all t > 0.

The control objective is to minimize an upper bound over
model uncertainty of a quadratic cost with weights Q,R ≻ 0:

∞∑
t=0

(∥xt∥2Q + ∥ut∥2R). (3)

To mitigate the effects of model uncertainty on predicted future
state and control sequences, the control decision variables are
perturbations {vt, vt+1, . . .} applied to a feedback law

ut = Kxt + vt,

where the feedback gain K is robustly stabilizing, at least
locally around x = 0, in the sense defined in Section VI. To
simplify notation, for all (x, v) ∈ X × U and θ ∈ Θ0, let

fK(x, v, θ) = f(x,Kx+ v, θ)

and let fK,i(x, v) = fi(x,Kx+ v) for i = 0, . . . , nθ.

III. LINEARIZATION ERROR BOUNDS

We consider the Taylor expansion of the model in (1) around
a nominal trajectory x0 = {x0

0, . . . , x
0
N}, which is defined for

given v0 = {v00 , . . . , v0N−1} and θ0 ∈ Θ by

x0
k+1 = fK(x0

k, v
0
k, θ

0), k = 0, . . . , N − 1. (4)

Defining state and control perturbations sk and vk, where xk =
x0
k + sk and uk = Kxk + v0k + vk, we have

x0
k+1+ sk+1 = fK(x0

k, v
0
k, θ

0)+ δ0k +Φksk +Bkvk + δ1k +wk

(5)
where Φk = ∇xfK(x0

k, v
0
k, θ

0) and Bk = ∇vfK(x0
k, v

0
k, θ

0)
denote the Jacobian matrices of fK with respect to x and v.

The perturbations on the state and control input are con-
strained to satisfy sk ∈ S , vk ∈ V for all k ∈ N[0,N ],
where S, V are bounded polytopic sets containing the origin.
The perturbation sk contains a nominal component and an
uncertain component (caused by linearization errors, parameter
errors and disturbances occurring prior to the kth time step).
In this context we distinguish the zero-order error term δ0k and
the first-order error term δ1k as follows.

Definition 1. The error terms δ0k and δ1k in (5) are defined by

δ0k = fK(x0
k, v

0
k, θ)− fK(x0

k, v
0
k, θ

0)

δ1k = fK(x0
k + sk, v

0
k + vk, θ)− fK(x0

k, v
0
k, θ)− Φksk−Bkvk

Bounds on δ0k are derived from the affine dependence on θ:

δ0k = fK(x0
k, v

0
k, θ)− fK(x0

k, v
0
k, θ

0) = fK(x0
k, v

0
k, θ − θ0),

which implies a polytopic additive disturbance bound:

δ0k ∈ W0
k =W0(x0

k, v
0
k, θ

0,Θ) = co{δ0 (q)
k , q ∈ Nνθ

}. (6)

A tight bound can be obtained by elementwise maximization
over θ ∈ Θ. The set W0

k can be recomputed online using the
current parameter set estimate and nominal trajectory.

Bounds on δ1k can similarly be derived using Definition 1.
The mean value theorem implies, for some (s, v) ∈ S × V ,

δ1k =
(
∇xfK(x0

k + s, v0k + v, θ)− Φk

)
sk

+
(
∇vfK(x0

k + s, v0k + v, θ)−Bk

)
vk. (7)

A corresponding polytopic uncertainty set can be defined

δ1k ∈ W1
k =W1(x0

k, v
0
k, θ

0,S,V,Θ)

= co{C(j)
k sk +D

(j)
k vk, j ∈ Nν1

} (8)

where {C(j)
k , D

(j)
k , j ∈ Nν1

} are determined, for example,
from componentwise bounds on the Jacobian matrices in (7)
for (s, v, θ) ∈ S×V×Θ. The computation required is example-
dependent. In some cases (such as the examples in Section IX)
the bounds are attained at the extreme points of S,V , allowing
W1

k to be computed online using the current nominal trajectory
and updated parameter set estimate. More generally W1

k may
be determined offline as a global bound over X , U , and Θ0.

IV. ELLIPSOIDAL TUBE MPC

From (5), the state perturbation sk evolves according to

sk+1 = Φksk +Bkvk + wk + δ0k + δ1k (9)

where w ∈ W , δ0k ∈ W0
k and δ1k ∈ W1

k . Using a conventional
tube MPC strategy (e.g. [1]) we split sk into nominal and
uncertain components zk and ek satisfying

sk = zk + ek (10)
zk+1 = Φkzk +Bkvk (11)

ek+1 = Φkek + wk + δ0k + δ1k (12)

for k = 0, . . . , N − 1, and we construct a sequence of
ellipsoidal sets bounding the uncertain component ek,

ek ∈ E(V, β2
k), k = 0, . . . , N (13)

where E(V, β2) = {e : e⊤V e ≤ β2}. The tube geometry is
determined by the matrix V ≻ 0, which is computed offline as
discussed in Section VI. The scalings βk are optimized online.

To enforce (13), we require, for all k = 0, . . . , N − 1

E(V, β2
k+1) ∋ Φke+ w + δ0 + δ1,

∀w ∈ W, ∀δ0 ∈ W0
k , ∀δ1 ∈ W1

k , ∀e ∈ E(V, β2
k).

A sufficient condition for this is given by, for all j ∈ Nν1 ,
q ∈ Nνθ

, r ∈ Nνw
, and all e ∈ E(V, β2

k),

βk+1 ≥ ∥C(j)
k zk+D

(j)
k vk+δ

0 (q)
k ∥V +∥(Φk+C

(j)
k )e+w(r)∥V .

(14)
We enforce (14) using the following observation.

Lemma 1. Condition (14) holds for all e ∈ E(V, β2
k) if

βk+1 ≥ (λkβ
2
k + σ2)

1
2 + ∥C(j)

k zk +D
(j)
k vk + δ

0 (q)
k ∥V (15)
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for all j ∈ Nν1
, q ∈ Nνθ

, with λk defined by

λk = max
j∈Nν1

, r∈Nνw

∥(Φk + C
(j)
k )V − 1

2 ∥2Ψ(r) (16)

where Ψ(r) = (V −1 − w(r)w(r)⊤σ−2)−1 and where σ is a
constant whose design is discussed in Section VI.

Proof. Let µ(j,q) = βk+1 − ∥C(j)
k zk + D

(j)
k vk + δ

0 (q)
k ∥V ,

then (14) holds if and only λ
(j,r)
k ≥ 0 exists satisfying[

λ
(j,r)
k V 0 (Φk+C

(j)
k )⊤

⋆ σ2 w(r)⊤

⋆ ⋆ V −1

]
⪰ 0, (17)

and µ(j,q)2 ≥ λ
(j,r)
k β2

k+σ2. By Schur complements, (17) holds
iff λ(j,r)

k V ⪰ (Φk +C
(j)
k )⊤Ψ(r)(Φk +C

(j)
k ). Choosing λk as

the smallest scalar satisfying λk ≥ λ
(j,r)
k therefore yields the

sufficient conditions (15) and (16).

We determine the MPC law by minimizing a bound on the
maximum over the ellipsoidal tube of the predicted cost:

N−1∑
k=0

max
xk∈x0

k+zk+E(V,β2
k)
(∥xk∥2Q + ∥Kxk + v0k + vk∥2R)

+ l̂2(zN , βN , x0
N ) (18)

where l̂ is a terminal cost whose design is discussed in
Section VI. This minimization is performed over the variables
v = {v0, . . . , vN−1}, β = {β0, . . . , βN}, z = {z0, . . . , zN},
subject to input, state, and terminal constraints, and constraints
to enforce a sufficient cost decrease, as described in Section V.

V. ONLINE MPC OPTIMIZATION

At discrete time t, iteration i of the MPC optimization solves
the following Second Order Cone Program (SOCP) given the
current plant state xp

t .

(v⋆,β⋆, z⋆, l⋆, J̄
(i)
t ) = arg min

v,β,z,l,J̄
(i)
t

J̄
(i)
t (19)

subject to, for k = 0, ..., N − 1, and all j ∈ Nν1
, q ∈ Nνθ

,

J̄
(i)
t ≥ ∥[l0 l1 · · · lN−1 lN ]∥2

zk+1 = Φkzk +Bkvk

βk+1 ≥ (λkβ
2
k + σ2)

1
2 + ∥C(j)

k zk +D
(j)
k vk + δ

0 (q)
k ∥V

lk ≥
(
∥x0

k + zk∥2Q + ∥K(x0
k + zk) + v0k + vk∥2R

) 1
2

+ βk∥V − 1
2 ∥Q+K⊤RK

U ⊃ K
(
x0
k + zk + E(V, β2

k)
)
+ v0k + vk

X ⊃ x0
k + zk + E(V, β2

k)

V ∋ v0k + vk

S ⊃ zk + E(V, β2
k)

and initial and terminal conditions

β0 ≥ ∥x0
0 + z0 − xp

t ∥V
Ω(x0

N ) ∋ (∥zN∥V , βN )

lN ≥ l̂(zN , βN , x0
N )

and, for iteration i = 1,

J̄
(i)
t ≤ J̄

(final)
t−1 −

(
∥xt−1∥2Q + ∥ut−1∥2R

)
+ σ̂2

and, for iterations i > 1,

J̄
(i)
t ≤ J̄

(i−1)
t .

Here, the constraints on zk+1 and βk+1 ensure that x0
k +

zk + E(V, β2
k) bounds the predicted state trajectories, while l2k

bounds the kth term in the cost (18) via the triangle inequality.
Constraints of the form {x : Hx ≤ h} ⊃ z + E(V, β)
enforcing the control, state and tube bounds are imposed via
[H]rz+β∥V − 1

2 [H]⊤r ∥ ≤ [h]r for each row r of H . The design
of the terminal set Ω(x0

N ), terminal cost l̂, and σ̂ are discussed
in Section VI, and J̄

(i−1)
t , J̄ (final)

t−1 denote the optimal objective
respectively at iteration i− 1 and at the final iteration at time
t− 1. The MPC strategy is summarised in Algorithm 1.

Algorithm 1: Ellipsoidal Tube MPC

Input : Initial perturbation sequence v0; parameter
estimate θ0; uncertainty bounds W,Θ; cost
weights Q,R; tube parameters S,V, V, σ

Output: Control input ut at time steps t = 0, 1, . . .
1 At time t, set x0

0 ← xp
t , i← 1

2 while i ≤ imax and ∥v⋆∥ ≥ tolerance do
3 Compute x0 by simulating the nominal system (4)

with initial state x0
0 and perturbation sequence v0

4 Compute Φk, Bk in (5), bounds W0
k ,W1

k , in (6),
(8) and λk in (16) for all k ∈ N[0,N−1]

5 Attempt to solve Problem (19) for v⋆

6 if Problem (19) is infeasible then
7 α← 1, LineSearch ← true , i′ ← 1
8 while i′ ≤ i′max and LineSearch = true do
9 α← α/2

10 if i = 1 then
11 x0

0 ← x0
0,old + α(x0

0 − x0
0,old)

12 v0 ← v0
old + α(v0 − v0

old), i
′ ← i′ + 1

13 Compute x0 using (4) with x0
0 and v0

14 Compute Φk, Bk,W0
k ,W1

k , λk,∀k ∈ N[0,N−1]

15 Attempt to solve Problem (19) for v⋆

16 if Problem (19) is feasible then
17 LineSearch ← false

18 if LineSearch = true then
19 v⋆ ← 0, v0 ← v0

old, i← imax

20 if i = 1 then
21 x0 ← x0

old

22 Store v0
old ← v0

23 Update v0 ← v0 + v⋆, i← i+ 1

24 Apply the control input ut = Kxp
t + v00 and set

v0 ← {v01 , . . . , v0N−1, 0}
v0
old ← {v01,old, . . . , v0N−1,old, 0}

x0
old ← {x0

1, . . . , x
0
N , fK(x0

N , 0, θ0)}

The main iteration of Algorithm 1 (lines 2-23) computes the
Jacobian linear approximation (5) of the model (1) about the
nominal trajectory generated by v0 (lines 3-4), and attempts
to solve Problem (19) (line 5). If the solver is capable of
warm-starts, Problem (19) can be initialised with v = 0 to
leverage the solution of the previous iteration. Although the
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constraints of Problem (19) ensure that the nominal trajectory
x0 satisfies (x0

k, u
0
k) ∈ (X ,U) ∀k ∈ N[0,N−1] and x0

N ∈ XN ,
the linearized dynamics computed in line 4 may not define a
feasible constraint set for Problem (19). We therefore perform
a backtracking line search in lines 8-21, exploiting knowledge
of a perturbation v0

old and initial nominal state x0
0,old such

that Problem (19) is feasible. As we show in Section VII, this
provides a guarantee of feasibility of Problem (19) for all t.

VI. TERMINAL CONSTRAINTS AND TERMINAL COST

This section discusses how to compute the parameters
V,K, σ, σ̂ in problem (19) and how to construct the terminal
set Ω and terminal cost l̂(z, β, x0). In order to design a
terminal cost and constraint set providing recursive feasibility
and stability guarantees, we define the predicted trajectories of
the model (1) beyond the initial N -step prediction horizon by
setting vk = 0, v0k = 0 and uk = Kxk for k ≥ N . To allow
robust linear control design methods, we construct a linear
difference inclusion (LDI) (e.g. [14]) for each basis function
fi in (2) in a neighbourhood of (x, u) = (0, 0). Considering
all combinations of individual LDIs over the parameter set Θ0

yields an aggregate LDI. For all θ ∈ Θ0, x ∈ X̂ , u ∈ Û , for
given polytopic sets X̂ , Û containing the origin, let

[∇xf(x, u, θ) ∇uf(x, u, θ)] ∈ co
{
[Â(j) B̂(j)], j ∈ Nν̂

}
,

then, for all (xk, uk) ∈ X̂ × Û we have

f(xk, uk, θ) ∈ co{Â(j)xk + B̂(j)uk, j ∈ Nν̂}. (20)

To simplify notation, let X̄ = X̂ ∩ {x : Kx ∈ Û}.
Remark 1. The LDI (20) can be computed using the vertices
of Θ0 and bounds on the Jacobians of the basis functions fi
in (2), analogously to the bounds on δ1k in Section III.

Lemma 2. For all x ∈ X̄ the inequality

∥x∥2V − ∥f(x,Kx, θ) + w∥2V ≥ ∥x∥2Q + ∥Kx∥2R − σ2 (21)

holds for all θ ∈ Θ0 and all w ∈ W for positive definite V
and some scalar σ if the following Linear Matrix Inequality
(LMI) holds for all j ∈ Nν̂ and r ∈ Nνw :

S 0 (Â(j)S+B̂(j)Y )⊤ S Y ⊤

⋆ τ w(r)⊤ 0 0

⋆ ⋆ S 0 0

⋆ ⋆ ⋆ Q−1 0

⋆ ⋆ ⋆ ⋆ R−1

 ⪰ 0 (22)

with V = S−1, σ2 = τ , and K = Y V .

Proof. This follows by substituting (20) into (21) and consid-
ering Schur complements of (22).

To compute V , σ and K we minimize τ subject to (22)
by solving a semidefinite program. This approach is justified
since (21) implies that σ2 bounds the time-average value of the
stage cost in (3) as t→∞ under the control law ut = Kxt.

To determine the terminal constraint set for the tube pa-
rameters in Problem (19) we first introduce the notation
Q̂ = Q+K⊤RK, Φ̂(j) = Â(j) + B̂(j)K, j ∈ Nν̂ , and define

λ̂ = 1− σmin(V
− 1

2 Q̂V − 1
2 ) (23)

dΘ = max
θ0,θ1∈Θ0

∥θ0 − θ1∥1 (24)

dΦ̂ = max
j,k∈Nν̂

∥Φ̂(j) − Φ̂(k)∥V . (25)

Here λ̂ ∈ [0, 1) since a Schur complement of (22) implies
V ⪰ Q̂. We further assume fK,i(x, 0) for each i ∈ {0, . . . , p}
is L-Lipschitz continuous with respect to x, for all x ∈ X̄ .

Lemma 3. If vk = v0k = 0 in (5) and (10)-(12), and if x0
k ∈ X̄

and xk ∈ x0
k + zk + E(V, β2

k) ⊆ X̄ , then ek ∈ E(V, β2
k) and

∥x0
k+1∥V ≤ λ̂

1
2 ∥x0

k∥V (26)

∥zk+1∥V ≤ λ̂
i
2 ∥zk∥V (27)

βk+1 ≥ (λ̂β2
k + σ2)

1
2 + dΦ̂∥zk∥V + dΘL∥x0

k∥V . (28)

Proof. From (20) with uk = Kxk and x0
k, zk, ek ∈ X̄ we get

x0
k+1 = fK(x0

k, 0, θ
0) ∈ co{Φ̂(j)x0

k, j ∈ Nν̂}
zk+1 = Φkzk ∈ co{Φ̂(j)zk, j ∈ Nν̂}
ek+1 = Φkek + wk + δ0k + δ1k

∈ co{Φ̂(j)ek, j ∈ Nν̂}+ wk + co{(Φ̂(j)−Φk)zk}+ δ0k

but (22) ensures that, for all w ∈ W , j ∈ Nν̂ , and all x ∈ Rnx ,

∥Φ̂(j)x∥2V ≤ ∥x∥2V − ∥x∥2Q̂ ≤ λ̂∥x∥2V
∥Φ̂(j)x+ w∥2V ≤ ∥x∥2V − ∥x∥2Q̂ + σ2 ≤ λ̂∥x∥2V + σ2

since (23) implies V − Q̂ ⪯ λ̂V . Furthermore, for all j ∈ Nν̂ ,

∥co{(Φ̂(j) − Φk)zk}∥V ≤ dΦ̂∥zk∥V ,

and δ0k = fK(x0
k, 0, θ − θ0) satisfies

∥δ0k∥V ≤ L∥x0
k∥V ∥θ−θ0∥1 ≤ dΘL∥x0

k∥V .

Hence x0
k, zk satisfy (26), (27), and ek satisfies

∥ek+1∥V ≤ (λ̂∥ek∥2V + σ2)
1
2 + dΦ̂∥zk∥V + dΘL∥x0

k∥V ,

from which the bound (28) follows.

The terminal set Ω(x0
N ) is constructed so that Hxk ≤ h for

all k ≥ N whenever (∥zN∥V , βN ) ∈ Ω(x0
N ), where

{x : Hx ≤ h} = X ∩ X̂ ∩ {x : Kx ∈ U ∩ Û}

is the aggregate constraint set. To ensure this we impose the
condition ∥x0

k + zk∥V + βk ≤ ρ̂ for all k ≥ N , where

ρ̂ = min
i

{
[h]i/∥[H]⊤i ∥V −1

}
, (29)

by defining the terminal constraint set for (∥zN∥V , βN ) as

Ω(x0
N ) =

{
(r, βN ) : βN ≤ ρ̂− (r + ∥x0

N∥V )
and ∃βk satisfying, for k = N + 1, . . . , N + N̂ ,

βk ≥ (λ̂β2
k−1 + σ2)

1
2 + λ̂

(k−N−1)
2 (rdΦ̂ + dΘL∥x0

N∥V ),

βk ≤ ρ̂− λ̂
k−N

2 (r + ∥x0
N∥V )

}
(30)

with N̂ chosen large enough to satisfy

max
(r,βN )∈Ω(x0

N )

{
(λ̂β2

N+N̂
+ σ2)

1
2 + λ̂

N̂
2 (rdΦ̂ + dΘL∥x0

N∥V )

+ λ̂
N̂+1

2 (r + ∥x0
k∥V

}
≤ ρ̂. (31)
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Lemma 4. If (∥zN∥V , βN ) ∈ Ω(x0
N ), then HxN ≤ h and

(∥zk∥V , βk) ∈ Ω(x0
k) ∀k > N if βk is equal to the rhs of (28).

Proof. Suppose (∥zN∥V , βN ) ∈ Ω(x0
N ), then HxN ≤ h for

all xN ∈ x0
N + zN +E(V, β2

N ) since ∥x0
N + zN∥V + βN ≤ ρ̂.

If βN+1 is equal to the rhs of (28), then from (26), (27), (31)
we have (∥zN+1∥V , βN+1) ∈ Ω(x0

N+1). By induction this
argument implies (∥zk∥V , βk) ∈ Ω(x0

k) for all k > N .

Remark 2. If σ2/(1− λ̂) < ρ̂2, then N̂ in (31) is necessarily
finite since βN+N̂ = σ/(1− λ̂)

1
2 is strictly feasible for (31) in

the limit as N̂ → ∞. The condition (∥zN∥V , βN ) ∈ Ω(x0
N )

introduces 2N̂ second order cone constraints and N̂ scalar
variables βN+1, . . . , βN+N̂ into Problem (19). The identity
(λ̂β2+σ2)

1
2 ≤ λ̂

1
2 β+σ implies a sufficient condition for (31),

max
(r,βN )∈Ω(x0

N )

{
λ̂

1
2 βN+N̂ + σ + λ̂

N̂
2 (rdΦ̂ + dΘL∥x0

N∥V )

+ λ̂
N̂+1

2 (r + ∥x0
k∥V

}
≤ ρ̂, (32)

which can be checked for given N̂ by solving a SOCP.

The terminal cost l̂ and parameter σ̂ in Problem (19) are
constructed to ensure closed loop stability via the condition

l̂2(zN+1, βN+1, x
0
N+1)− l̂2(zN , βN , x0

N )

≤ −(∥x0
N + zN∥Q̂ + βN∥V − 1

2 ∥Q̂)
2 + σ̂2. (33)

Using variables βN , . . . , βN+N̂ that appear in (30), we define

l̂2(zN , βN , x0
N ) =

N̂∑
k=0

l2N+k (34)

lN+k =

{
λ̂

k
2 (∥x0

N∥V + ∥zN∥V ) + βN+k 0 ≤ k < N̂

γλ̂
N̂
2 (∥x0

N∥V + ∥zN∥V ) + γβN+N̂ k = N̂

σ̂ = γσ + γλ̂
N̂
2 (dΦ̂ρ̂+ dΘL∥x0

N∥V ) (35)

where γ2 = 1/(1− λ̂
1
2 ).

Lemma 5. If l̂ and σ̂ are given by (34) and (35), then (33)
holds for all (zN , βN ) satisfying (∥zN∥V , βN ) ∈ Ω(x0

N ).

Proof. This can be shown by inserting (34)-(35) into (33) and
using (26)-(28) with ∥zN∥V ≤ ρ̂, which holds if (∥zN∥V , β) ∈
Ω(x0

N ), and by using the following inequality, which holds for
any scalars a, b, λ̂ > 0: (λ̂

1
2 a+b)2 ≤ λ̂

1
2 a2+b2/(1−λ̂ 1

2 ).

The procedure for computing the parameters defining the
terminal cost and constraint set is summarised in Algorithm 2.

Remark 3. The parameters N̂ , σ̂ depend on x0
N and are

computed online in Alg. 2. Although V,K, σ, dΘ are defined in
terms of Θ0 in Alg. 2, these may also be computed online us-
ing Θt without compromising the feasibility of Problem (19).
Moreover, time-varying Kk, Vk, k ∈ N[0,N ] may be employed
using a straightforward extension of Lemma 1 (see e.g. [12]).

Remark 4. It is often beneficial to include fixed vectors fi,
i ∈ C, in the expansion (2), representing a constant disturbance
to be estimated online. Define wc =

∑
i∈C θifi, then wc lies

in the convex hull of points w
(q)
c , q ∈ Nνθ

determined by
the vertices of the parameter set Θ. To accommodate this, we

Algorithm 2: Computation of terminal parameters

Input : Bounds X̂ , Û ,Θ0, matrices Â(j), B̂(j) in (20);
disturbance, state and control sets W , X , U ;
scalar ρ̂ in (29); cost weights Q, R

Output: V , σ, K, λ̂, γ, N̂ , σ̂
1 At time t = 0: Solve (S⋆, Y ⋆, τ⋆) = argminS,Y,τ τ

s.t. (22) and set V ← (S⋆)−1, K ← Y ⋆V , σ2 ← τ⋆,
λ̂← 1−σmin(V

− 1
2 Q̂V − 1

2 ), γ ← 2∥V − 1
2 ∥2

Q̂
/(1− λ̂

1
2)

2 At times t ≥ 0 in steps 4 and 14 of Alg. 1: Set N̂ to a
prior estimate (e.g. N̂ ← 1) and check (32); increase
N̂ until (32) is satisfied; compute σ̂ using (35)

replace w(r) with w(r)+w
(q)
c in (22) so that wc is incorporated

in the value of σ and fi for any i ̸∈ C satisfies fi(0, 0) = 0.

VII. RECURSIVE FEASIBILITY AND STABILITY

This section discusses the stability properties of the control
law of Algorithm 1. Assuming Algorithm 2 is feasible at time
t = 0 and Problem (19) is feasible for the initial nominal
trajectory x0 and v0 at t = 0, we show that the system (1) with
the control law of Algorithm 1 robustly satisfies constraints
(xt, ut) ∈ X × U at all times t ≥ 0. In addition, we provide
an asymptotic performance bound and we show that the closed
loop system is input-to-state practically stable (ISpS).

We first demonstrate that Problem (19) in Alg. 1 is feasible
at each time step using an inductive argument considering the
feasibility of (19) at iteration i+1 at time t assuming feasibility
at iteration i at time t, and the feasibility of (19) at the first
iteration at time t+1 assuming feasibility at the final iteration
of time t. In the latter case we use the following observation.

Lemma 6. If x0
k+S ⊆ X̂ , v0k = 0 and Kx0

k+KS ⊆ Û , then

(λkβ
2
k + σ2)

1
2 + max

j∈Nν1
,q∈Nνθ

∥C(j)
k zk + δ

0 (q)
k ∥V

≤ (λ̂β2
k + σ2)

1
2 + dΦ̂∥zk∥V + dΘ∥x0

k∥V (36)

for all zk ∈ Rnx, βk ∈ R, where λk, λ̂ are given by (16), (23).

Proof. From (23) we have V − 1
γ (Q+K⊤RK) ⪯ λ̂V , so (22)

implies, for all j ∈ Nν̂ and r ∈ Nnw[
λ̂V 0 Φ̂(j)⊤

⋆ σ2 w(r)⊤

⋆ ⋆ V −1

]
⪰ 0. (37)

Furthermore, if x0
k + S ⊆ X̂ , v0k = 0 and Kx0

k +KS ⊆ Û ,
then co{Φ̂(j), j ∈ Nν̂} ⊇ co{Φk+C

(j)
k , j ∈ Nν1

}. Comparing
(37) and (17) yields λ̂ ≥ λ(j,r) and λ̂ ≥ λk. Since dΦ̂∥zk∥V +

dΘ∥x0
k∥V ≥ maxl,q∥C(l)

k zk + δ
0 (q)
k ∥V we obtain (37).

Theorem 1. If at time t = 0, v0 and x0
0 = xp

0 generate a
nominal trajectory such that Problem (19) is feasible, then at
any iteration i > 1 of Algorithm 1 at t ≥ 0, Problem (19) is
feasible with v0 = v0

old, and at iteration i = 1 at any time
t > 0, Problem (19) is feasible if v0 = v0

old and x0
0 = x0

0,old.

Proof. This follows by induction from the following three
cases. (i) If, at iteration i at time t, v0 and x0

0 generate
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a nominal trajectory such that Problem (19) in line 5 of
Algorithm 1 is feasible, then line 22 trivially ensures that (19)
is feasible at iteration i + 1 time t with v0 = v0

old. (ii) If,
at the final iteration of time t, v0 and x0

0 generate a nominal
trajectory such that Problem (19) in line 5 is feasible, then
line 24 ensures (due to the definition of Ω and Lemmas 3, 4,
5, and 6) that v0 = v0

old and x0
0 = x0

0,old generate a nominal
trajectory at iteration i = 1 time t+1 such that Problem (19)
is feasible. (iii) If, at any iteration i and time t, Problem (19)
in line 5 is infeasible, then the feasibility of v0 = v0

old (or
v0 = v0

old and x0
0 = x0

0,old if i = 1) implies that the line
search in lines 8-21 necessarily terminates with v0 and x0

0

that generate a nominal trajectory for which Problem (19) is
feasible, and hence feasibility of v0 = v0

old (or v0 = v0
old and

x0
0 = x0

0,old) is ensured at iteration i+1 at time t (or iteration
i = 1 at time t+ 1) by line 22 (or line 24, respectively).

Theorem 2. If (19) is feasible at t = 0, then the control input
and state of (1) under Alg. 1 satisfy xt ∈ X , ut ∈ U and

lim sup
T→∞

1

T

T−1∑
t=0

(∥xt∥2Q + ∥ut∥2R) ≤ σ̄2 (38)

where σ̄ = γσ + γρ̂(dΦ̂ + dΘL).

Proof. From (∥zN∥V , βN ) ∈ Ω(x0
N ) we have ∥x0

N∥V ≤ ρ̂

and hence σ̂ = γσ + γλ̂
N̂
2 (dΦ̂ρ̂ + dΘL∥x0

N∥V ) ≤ σ̄. The
constraints of Problem (19) therefore ensure, for all t ≥ 0,

J̄
(final)
t+1 − J̄

(final)
t ≤ −

(
∥xt∥2Q + ∥ut∥2R

)
+ σ̄2, (39)

which implies (38) because J̄
(final)
t must be finite for all t.

To complement the robust constraint satisfaction and per-
formance bound of Theorem 2, closed loop stability can be
characterized in terms of ISpS [15, Def. 6] as follows.

Theorem 3. Let dW = maxw∈W ∥w∥. If (19) is feasible at
t = 0, then the state of (1) under Alg. 1 satisfies, for all t ≥ 0,

∥xt∥ ≤ α1(∥x0∥, t) + α2(dW) + α3(dΘ) + α4(dΦ̂), (40)

where α1 is a KL-function, α2, α3, α4 are K-functions.

Proof. We first show that σ is a K-function of dW . This
follows from the definition of σ as the minimal value of

√
τ

satisfying (22) and the observation that scaling the disturbance
set W scales σ by the same factor (namely, if w(r) ← κw(r)

for all r and some κ ∈ (0, 1), then τ ← κ2τ ). Moreover,
L, γ and ρ̂ are bounded positive scalars (L by assumption, γ
because λ̂ ∈ [0, 1), and ρ̂ because Q̂ ⪯ V ⪯ (1 − λ̂)−1Q̂).
Therefore, from σ̄ = γσ + γρ̂(dΦ̂ + dΘL), we have σ̄ =
α5(dW)+α6(dΘ)+α6(dΦ̂) where α5, α6, α7 are K-functions.
Finally, the optimal objective of the SOCP (19) is a continuous
function of xp

t , and (39) with xt = xp
t therefore implies J̄ (final)

t

is an ISpS-Lyapunov function [15, Def. 7], so (40) follows
from [15, Thm. 3].

VIII. ONLINE LEARNING OF SYSTEM PARAMETERS

To use set membership estimation (SME) [3], [5] to estimate
θ, we define Dt = D(xt, ut) =

[
f1(xt, ut) · · · fnθ

(xt, ut)
]
,

dt = dt(xt, ut) = f0(xt, ut), and rewrite (1) as:

xt+1 = Dtθ + dt + wt.

Let Θt = {θ ∈ Rnθ : HΘθ ≤ ht} ∀t ≥ 0, where HΘ is
fixed and ht is updated online using measured (or estimated)
system states. This fixes the complexity (number of vertices)
of the polytope Θt. For example, if HΘ = [−Inθ

1]⊤ then
Θt is a simplex with nθ + 1 vertices for all t. Using an
estimation horizon of length NΘ ≥ 1, we determine Θt at
time t from the intersection of Θt−1 with unfalsified parameter
sets corresponding to NΘ state observations. This requires the
solution of a Linear Program (LP) for each row i of HΘ:

[ht]i = max
θ∈Θt−1

[HΘ]iθ subject to xt+1−l −Dt−lθ − dt−l ∈ W
∀l ∈ {1, . . . , NΘ}

In [5] it is shown that the estimated parameter sets satisfy Θt ⊆
Θt−1 ⊆ · · · ⊆ Θ0, and Θt converges to the true parameter
vector θ∗ under conditions ensuring persistency of excitation.

IX. NUMERICAL RESULTS

The proposed MPC law was tested using random examples
with models (1)-(2) containing quadratic nonlinearities:

f0(x, u) = Ax+Bu, fi(x, u) = êi[x]
2
ji , i ∈ Nnθ

where A,B are randomly chosen matrices, êi is the ith column
of the identity matrix Inx

, ji is a randomly chosen index from
Nnx

, and A, B and j1, . . . , jnθ
are known to the controller.

The disturbance set W belongs to a subspace of dimension
nw and has vertices w(r) = Bwŵ

(r), r ∈ N2nw , where Bw ∈
Rnx×nw is a randomly generated full column-rank matrix and
Bw, {ŵ(r), r ∈ Nνw

} are known. The true parameter θ∗ and
initial parameter set Θ0 are randomly chosen so that θ∗ ∈ Θ0

and maxθ∈Θ0
∥θ − θ∗∥ ≤ 0.05. For all t, Θt is a simplex

updated using SME with estimation horizon NΘ = 5, and the
nominal parameter θ0t is the mean of the vertices of Θt.

The state and control sets are X = Rnx , U = {u : ∥u∥∞ ≤
1}, and the disturbance set is W = {Bwŵ : ∥ŵ∥∞ ≤ 0.01}.
The cost matrices are Q = Inx

, R = Inu
, the prediction

horizon is N = 10, and each simulation is run for 10 time
steps with a randomly chosen feasible initial condition.

The computation of V,K (Algorithm 2, step 1) was per-
formed using an LDI containing the system dynamics for all
x ∈ X̂ = {x : ∥x∥∞ ≤ 1.5} and θ ∈ Θ0. The state perturba-
tion constraint set is a simplex: S = {s : [−Inx

1]⊤s ≤ 0.51}.
No control perturbation set is needed (V = Rnu ) because the
model is linear in u. Since the uncertain terms in the model
are quadratic, bounds on the errors δ0 and δ1 are determined
by the vertices of Θt and S. Hence in this case W0 and W1

have at most νθ = nθ + 1 and ν1 = (nθ + 1)2 vertices.
We apply Algorithm 1 with solution tolerance = 10−3

using MOSEK [16] with Yalmip [17] to solve Problem (19)
(M3 Pro, 36 GB memory).1 Table I shows the average time
for a single iteration of Algorithm 1, the main component of
which is Problem (19) in line 5, for various state, control and
parameter dimensions nx, nu, nθ. In each case the disturbance
dimension is nw = 2, and the computation time is the mean of
20 randomly generated problems of a given size. Computation
is primarily determined by the number of SOC constraints
in Problem (19), which is dominated by the number of vertices
of the set W1, and in this example scales as O(nxn

2
θN).

1Simulation code: https://github.com/markcannon/ellipsoidal-anmpc
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TABLE I
SCALING OF COMPUTATION PER ITERATION WITH PROBLEM DIMENSIONS

(nx, nu, nθ) (2, 1, 2) (4, 2, 2) (4, 2, 4) (6, 2, 4) (5, 2, 5) (6, 2, 6) (8, 2, 8) (8, 4, 8) (10, 4, 10) (12, 4, 12)

Variables 48 60 60 62 61 62 64 84 86 88
Linear inequalities 57 97 97 117 107 117 137 177 197 217
SOC constraints 294 474 1274 1774 2184 3454 7314 7314 13334 21994
Execution time (s) 0.051 0.143 0.434 0.562 0.683 1.09 2.53 4.23 5.69 11.08

2 3 4 5 6 7 8 9 10 11 12

10-2

10-1

100

101

102

103

Fig. 1. Average time required for one iteration (solid lines) and total time to
convergence (dashed lines), as a function of nx = nθ . Shaded regions indicate
the upper and lower bounds on observed computation time per iteration.

2 3 4 5 6 7 8
10-2

10-1

100

101

Fig. 2. Suboptimality of the first iteration at t = 0, as a fraction of the
optimal cost for no uncertainty: meam values (solid lines) and 2 standard
deviation bounds (shaded regions); and mean cost evaluated for closed loop
trajectories over 10 time steps (dashed lines), as a function of nx = nθ .

As discussed in Remark 3, the algorithm parameters may
be updated online using the current estimate Θt by solving
a SDP to minimize τ subject to (22). This requires around
50ms for nx = nθ = 2, which is approximately the same as
the average time for one iteration of the corresponding online
MPC optimization. However, the SDP computation grows
faster than that of Problem (19), and for nx = nθ = 8 requires
more than 100 s on average, or 50 times the computation for

one iteration of the online MPC optimization. Therefore the
decision to recompute algorithm parameters online will depend
on the problem size and available computational resources.

To provide a comparison with robust polytopic tube NMPC,
we implement the controller of [9] on the same randomly
generated benchmark problem set. We consider configuration-
constrained polytopic tubes [18] with polytopic cross-sections
parameterized as Xk = {x : Hx ≤ hk}, where H is fixed
and hk, k ∈ N[0,N ] are decision variables optimized online.
We evaluate two choices for H: hyperrectangular tubes with
H = [Inx −Inx ]

⊤ and simplex tubes with H = [−Inx 1]⊤.
The number of vertices depends exponentially on nx for
hyperrectangular tubes, and linearly for simplex tubes. In both
cases the online NMPC problem is solved via successive con-
vexification using a difference of convex (DC) representation
of the nonlinear dynamics, as in [9]. The quadratic nonlinearity
in this example allows the DC model to be obtained in closed
form, and the resulting MPC optimization can be solved
as a SOCP, enabling a fair comparison of computation and
optimality using the same solver (MOSEK with Yalmip).

The numbers of SOC constraints required by hyperrectangu-
lar tube MPC and by simplex tube MPC scale as O(2nxn2

θN)
and O(nxn

2
θN), respectively. Consequently the computation

per iteration for hyperrectangular tubes depends exponentially
on nx and rapidly exceeds that of the ellipsoidal tube algorithm
(Fig. 1), whereas the computation times for simplex tube MPC
and ellipsoidal tube MPC are similar for all nx, nθ.

Ellipsoidal tube MPC needs more iterations than polytopic
tube MPC at each time step (2–2.5 on average compared to
3.5–4.5 across the range of problem sizes) to reach the same
convergence conditions, causing the total computation per time
step for ellipsoidal tube MPC to exceed both polytopic tube
MPC variants for small nx and nθ (Fig. 1). This is due to the
DC decomposition used in [9], which allows more accurate
convex problem approximations without needing the state and
control perturbation bounds S and V that were introduced in
Section III to bound linearization errors. However, for larger
problems (nx and nθ greater than 3), ellipsoidal tube MPC re-
quires significantly less total computation time than hyperrect-
angular tube MPC (Fig. 1), while the degree of suboptimality
of ellipsoidal and hyperrectangular tube MPC remain com-
parable as the problem size increases (Fig. 2). Simplex tubes
result in greater suboptimality since the bounds they provide
on uncertain system trajectories are more conservative for this
set of problems. Thus, as the number of states and unknown
parameters increase, the proposed ellipsoidal tube approach
provides a favourable compromise between computation and
performance than either polytopic tube scheme.
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X. CONCLUSION

This note introduces a robust nonlinear MPC strategy with
online parameter adaptation based on ellipsoidal tubes. The
algorithm is recursively feasible, ensures robust closed loop
stability, and requires a sequence of convex optimization
to be solved online. The computational requirement scales
favourably with the dimensions of the model and uncertain
parameters due to the use of ellipsoidal tubes. A promising
research direction is to develop a bespoke first order solver
for the online optimization to more effectively exploit warm-
starting and to allow parallelization of computation. Another
potential extension is to consider convexification methods
using differences of convex functions (as is done in [9] with
polytopic tubes) in the context of ellipsoidal tubes.
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model update,” Automatica, vol. 103, pp. 467–471, 2019.

[4] L. Hewing, K. Wabersich, M. Menner, and M. Zeilinger, “Learning-
based model predictive control: Toward safe learning in control,” Annual
Review of Control, Robotics, and Autonomous Systems, vol. 3, pp. 269–
296, 2020.

[5] X. Lu, M. Cannon, and D. Koksal-Rivet, “Robust adaptive model
predictive control: Performance and parameter estimation,” International
Journal of Robust and Nonlinear Control, vol. 31, pp. 8703–8724, 2021.
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