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1. Introduction 

The understanding of electrochemical interfaces significantly advanced during the twentieth century 

partly because of the  extensive electrocapillary measurements made on a mercury-water interface in 

the presence of organic molecules.1-3 The most notable contributor in this area was Alexander N. 

Frumkin, a Soviet electrochemist who contributed remarkably in this field and is widely known as the 

‘father of modern electrochemistry’ for his pioneering work.4 His most recognised works include but 

are not restricted to, identifying the potential of zero charge, providing an answer to the origin of 

electromotive forces and settling a long dispute between Volta and Nernst.5 Furthermore, Frumkin 

development an adsorption isotherm, bearing his name,  to explain the experimental data obtained 

by him and his co-workers’ on the adsorption of various organic molecules on mercury by accounting 

for non-ideality by including a surface interaction parameter.6 Since then, a wide range of alternative 

adsorption isotherms have been developed with varying degrees of complexity7-9. Nevertheless, the 

adsorption isotherm developed by Frumkin remains one of the best in giving agreement with a 

diversity of large sets of experimental data.7, 10 

Accounting for surface interactions is vital for voltammetry involving adsorbed species as it plays a 

crucial role in the influencing both the thermodynamics and the rate of interfacial reactions. For a 

simple one-electron transfer redox couple, either both, one or zero of the reactant and product can 

be adsorbed on the electrode surface; the former case was studied extensively in the seminal work by 

Laviron et al. where the inclusion of the Frumkin adsorption isotherm accounts for the lateral surface 

interactions for a strongly adsorbed redox couple.11-13 More recent advances in the modelling of this 

diffusionless system include an approximate calculation algorithm allowing this to be studied in Excel, 

albeit having nine adjustable parameters, without the use of programming languages such as C.14  

Redox couples involving one strongly adsorbed species (Equation 1) are common in a vast number of 

electrochemical processes covering a wide range of redox reactions.15-17 In particular under-potential 
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deposition (UPD) of metal atoms on a foreign surface leading to a monolayer of adatom is relevant 

across many scientific and technological disciplines involving materials, surface and catalysis scientific. 

Over recent decades, advances in the preparation of pristine single-crystal surfaces allow surface 

interactions to be studied on individual facets of the same electrode material. This includes, but is not 

limited to, under-potential deposition of the following adatom layers; H,18-20 Cu21-24 and Ag25-27 on Pt 

electrodes; Cu,28-30   Ag,31-33 Pb34-36 and Hg37-39 on Au electrodes; Tl40-41 and Pb42-44 on Ag electrodes. 

Notice that, the formation of adatom in UPD reactions, or generally termed electro-sorption reactions 

in this article (Equation 1), is a concerted step accompanying charge-transfer across the interface, 

different to that of a stepwise adsorption kinetics of the reactant followed by charge-transfer. Beyond 

the niche substrate of single-crystal surfaces, which are typically somewhat exclusively studied, UPD 

can occur with liquid mercury electrodes leading to the formation of HgS monolayers.45-47 It is not 

uncommon that UPD results in abnormally narrow and sharp voltammetry peaks.42-43, 45 To understand 

this, simulations accounting for surface interactions are necessary. A common approach is an 

interpretation of the peak width in terms of the magnitude of the surface interactions. In the literature, 

this problem is simplified by assuming a diffusionless system, i.e. 𝑐A,0 = 𝑐A,𝑏𝑢𝑙𝑘 where 𝑐 is the solution 

phase concentration and the subscripts denote either the surface or bulk values, at all times, justified 

experimentally by the use of a high concentration of the reactant (0.1M) and extreme slow voltage 

scan rates  (0.1 mVs-1).43, 45, 48-49 Of those studies accounting for mass transport, Baranski et al. 

modelled the surface process as a transfer of the adsorbate from the outer- to the inner-Helmholtz 

plane coupled with Frumkin adsorption isotherm.50 whilst Fawcet et al. focused on the desorption 

process.51  

This article simulates the voltammetry of an electro-sorption reaction involving one species strongly 

adsorbed on the electrode surface. We take a bottom-up approach in developing a mathematical 

model coupling the Frumkin adsorption isotherm with Butler-Volmer kinetics to describe the surface 

electrode kinetics. The underlining physicochemical processes and effects of surface interactions are 

studied and, in particularly, consider the strong interactions leading to phase transition behaviours in 
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voltammetry. Moreover, this article demonstrates that mass transport in the solution phase is, in fact, 

crucial in the interpretation of experimentally obtained voltammograms close to phase transitional 

surface interactions – even if a significant excess in solution concentrations and slow scan rates are 

deployed.  
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2. Theoretical Model 

In the following we consider a one-step electro-deposition reaction 

𝐴(𝑎𝑞) + 𝑒− + 𝑀(𝑠𝑖𝑡𝑒) ⇌ 𝐵(𝑎𝑑𝑠)     (Eq. 1) 

where a solution phase species A(𝑎𝑞) gains an electron to form species B(𝑎𝑑𝑠) adsorbed onto an 

unoccupied site on a macro-electrode. In the sections below, we first discuss, generally, adsorption 

isotherms which allow non-ideal surface interactions to be accounted for. Next, the electrode kinetics 

describing the heterogeneous rate constant as a function of the applied potential is developed for the 

case of Equation 1. This requires a bespoke formal potential 𝐸𝑓
0 to be defined, complementary to that 

adopted by IUPAC. Finally, a full mathematical model, including diffusional effects, for the simulation 

of the reaction in Equation 1 is outlined together with the definitions of the dimensionless parameters 

used to report results. 

2.1 Theory   

Adsorption isotherms 

First, we consider a general adsorption process where a species A, either in the gas phase or aqueous 

phase, adsorbs onto a surface with unoccupied equivalent sites M(𝑠𝑖𝑡𝑒) becoming surface-bound 

A(𝑎𝑑𝑠) 

A + M(𝑠𝑖𝑡𝑒)
𝑘𝑎𝑑𝑠

⇌
𝑘𝑑𝑒𝑠

A(𝑎𝑑𝑠)          (Eq. 2) 

where 𝑘𝑎𝑑𝑠  is the adsorption rate constant (m3 mol-1 s-1), 𝑘𝑑𝑒𝑠  is the desorption rate constant (s-1). In 

an ideal scenario, the adsorbates on the surface do not interact, all sites are identical and can only one 

adsorbate occupy one site. The rate of adsorption is then directly proportional to an adsorption rate 

constant 𝑘𝑎𝑑𝑠 , the interfacial concentration of 𝑐A,0 and the number of unoccupied sites (𝛤𝑚𝑎𝑥 − 𝛤A). 

Similarly, the rate of desorption will be directly proportional to the desorption rate constant 𝑘𝑑𝑒𝑠  and 

the number of surface-bound A (𝛤A), giving rise to a general net rate law  
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𝑟𝑎𝑡𝑒 =
𝑑𝛤A

𝑑𝑡
= 𝑘𝑎𝑑𝑠𝑐A,0(𝛤𝑚𝑎𝑥 − 𝛤A) − 𝑘𝑑𝑒𝑠𝛤A    (Eq. 3) 

where 𝑡 is time (s), 𝑐A,0 is the interfacial concentration of A (mol m-3),  𝛤𝑚𝑎𝑥 is the total number  of 

sites on the surface (mol m-2) and 𝛤A  is the coverage of the sites occupied by A (mol m-2). When 

equilibrium between the surface and the bulk solution is established, the net rate of adsorption and 

desorption is zero, returning the Langmuir ideal adsorption isotherm52 

𝑘𝑎𝑑𝑠

𝑘𝑑𝑒𝑠
𝑐A,0 =  

𝜃

1−𝜃
              (Eq. 4) 

where 𝜃  is the fractional surface coverage (
𝛤A

𝛤𝑚𝑎𝑥
)  and 𝑐A,0  equals 𝑐A,𝑏𝑢𝑙𝑘  at system equilibrium. 

However, most aqueous soluble neutral organic compounds such as aliphatic oxygen compounds, 

amines and aromatics adsorb strongly onto electrodes, particularly the much-studied mercury 

electrode.53-54 The surface interactions arising, for example, from dipole-dipole interactions between 

the neighbouring adsorbates55-57, and, in the case of aromatic compounds, π-electrons interaction 

with mercury electrode,58-60 are far from negligible. In most cases, such as those classically observed 

in electrocapillary experiments on mercury, the net interaction on the surface is not zero.  To account 

for these non-ideal surface interactions, Frumkin4 developed the adsorption isotherm bearing his 

name in 192661 

𝑘𝑎𝑑𝑠

𝑘𝑑𝑒𝑠
𝑐A,0 =  

𝜃

1−𝜃
𝑒𝑥𝑝(𝑔𝜃)           (Eq. 5) 

where 𝑔 is the “Frumkin adsorbate-adsorbate interaction parameter” and again, 𝑐A,0 equals 𝑐A,𝑏𝑢𝑙𝑘 at 

system equilibrium. Since the isotherm describes the surface coverage versus bulk concentration at 

equilibrium, the position of this equilibrium is necessary controlled by the Gibb's energy of adsorption. 

One of the approximations leading to the derivation of Frumkin isotherm is that the adsorbate-

substrate interactions contributing to the Gibb's free energy of adsorption (∆𝐺𝜃
° ) is independent to 

the coverage of adsorbate, but that arising from adsorbate−adsorbate interactions, is however, 

dependent and assumed to vary linearly with coverage (∆𝐺𝜃
° = ∆𝐺𝜃=0

° − 𝑔𝜃).62-63 In this article, the 



7 
 

term non-ideal surface interaction refers to a non-zero adsorbate-adsorbate interaction parameter 𝑔, 

which could either be positive or negative. A positive 𝑔  indicates repulsion between the surface-

bound species and a negative 𝑔 attractive forces. Note, the Langmuir ideal adsorption isotherm is a 

special case of Frumkin’s adsorption isotherm when 𝑔 equals zero. It can be seen from the adsorption 

isotherm that when 𝑔 is small, and the contribution from the exponential term is low, the fractional 

surface coverage 𝜃 at equilibrium will increase with 𝑐A,𝑏𝑢𝑙𝑘; however, when the surface interaction is 

strongly attractive (𝑔 ≤ −4), the plot of 𝜃 𝑣𝑠 𝑐A,𝑏𝑢𝑙𝑘 becomes less intuitive with indications of phase 

transition like behaviour, of which more below.1 The adsorption-desorption rate law accounting for 

the non-ideal interactions underpinning the Frumkin isotherm is50-51 

𝑟𝑎𝑡𝑒 =
𝑑𝛤A

𝑑𝑡
= 𝑘𝑎𝑑𝑠𝑐A,0(𝛤𝑚𝑎𝑥 − 𝛤A)𝑒𝑥𝑝(−𝑔‡𝜃) − 𝑘𝑑𝑒𝑠𝛤A exp ((𝑔 − 𝑔‡)𝜃)     (Eq. 6) 

where the additional term 𝑔‡  is introduced to account for the lateral interactions between the 

activated complex (transition state) and adsorbed molecules.  

Electrode kinetics 

For surface redox processes, the electrode kinetics can be successfully accounted for by the 

asymmetric Marcus-Hush theory involving a ‘re-organisation energy’ and an asymmetry factor.64-66 For 

small over-potentials, however, where the Tafel slope is typically linear the rates can be described by 

the semi-empirical Butler-Volmer kinetics.67-69 For a simple one-electron process A(𝑎𝑞) ± 𝑒− ⇌

B(𝑎𝑞) this gives simple expressions for the electron transfer rate constants 𝑘𝑜𝑥  for oxidation and 𝑘𝑟𝑒𝑑  

for reduction. These vary exponentially with the applied potential 𝐸  and depend on a transfer 

coefficient 𝛼  

𝑘𝑟𝑒𝑑 ∝  𝑒−
𝛼𝐹

𝑅𝑇
(𝐸)  and  𝑘𝑜𝑥 ∝ 𝑒

(1−𝛼)𝐹

𝑅𝑇
(𝐸)            (Eq. 7) 

where 𝑇 is the temperature (K), 𝑅 is the gas constant (8.314 J mol-1 K-1) and 𝐹 is the Faraday constant 

(96485.3 C mol-1). For a fully aqueous phase redox couple with a formal potential 𝐸𝑓
0 as defined by the 
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IUPAC (Section 2.2), the Butler-Volmer kinetics is more conveniently and thus commonly expressed 

relative to the standard formal potential (𝐸 − 𝐸𝑓
0) giving rise to  

𝑘𝑟𝑒𝑑 = 𝑘0 𝑒−
𝛼𝐹

𝑅𝑇
(𝐸−𝐸𝑓

0)  and  𝑘𝑜𝑥 = 𝑘0𝑒
(1−𝛼)𝐹

𝑅𝑇
(𝐸−𝐸𝑓

0)          (Eq. 8) 

where 𝑘0 is the standard electrochemical rate constant. An adapted form of Butler-Volmer kinetics is 

used here for ease of computation and because it allows exploration of non-ideal surface interactions 

coupled with mass transport. 

Specifically, Butler-Volmer kinetics here is coupled into the adsorption-desorption rate law accounting 

for non-ideal surface interactions leading to the following expression for the adsorption flux of A at 

the electrode interface50-51, 70 

  𝐷𝐴 (
𝜕𝑐𝐴

𝜕𝑥
)

𝑥=0
 = 𝑘𝑟𝑒𝑑

′ 𝑐𝐴,0(𝛤𝑚𝑎𝑥 − 𝛤𝐵  )𝑒𝑥𝑝(−𝑔‡𝜃𝐵) −  𝑘𝑜𝑥
′ 𝛤𝐵𝑒𝑥𝑝((𝑔 − 𝑔‡)𝜃𝐵) (Eq. 9) 

where 𝐷A  is the diffusion coefficient of species A, 𝑘𝑟𝑒𝑑
′  (m3 mol-1 s-1) and 𝑘𝑜𝑥

′  (s-1) are the electro-

sorption rate constants for the electro-adsorption and electro-desorption reaction, respectively. 

Herein, an apostrophe is used to differentiate electro-sorption rate constants from electron transfer 

rate constants. The former, analogous to Butler-Volmer kinetics, are exponentially dependent on the 

applied potential 𝐸 

𝑘𝑟𝑒𝑑
′ = 𝑘𝑟𝑒𝑑

′′ 𝑒−
𝛼𝐹

𝑅𝑇
(𝐸)         (Eq. 10) 

𝑘𝑜𝑥
′ = 𝑘𝑜𝑥

′′ 𝑒
(1−𝛼)𝐹

𝑅𝑇
(𝐸)

        (Eq. 11) 

where 𝑘𝑟𝑒𝑑/𝑜𝑥
′′  is the pre-exponential constants. It is, however, more insightful to express 𝑘𝑟𝑒𝑑

′  and 

𝑘𝑜𝑥
′  in terms of an applied potential relative to a suitably defined formal potential.  

2.2 Definition of the Formal Potential 𝐸𝑓
0  

The definition of formal potential as adopted by IUPAC is as follows “[The] Conditional (formal) 

potential, 𝐸𝑐
0′

, is related to the potential of a cell reaction, 𝐸𝑐𝑒𝑙𝑙 , by an equation analogous to that 
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relating 𝐸𝑐𝑒𝑙𝑙  to the standard potential 𝐸0, with the activity, 𝑎𝑖, replaced by any composition variable, 

𝑐𝑖 (to be indicated by a subscript). For example: 𝐸𝑐𝑒𝑙𝑙 = 𝐸𝑐
0′

−
𝑅𝑇

𝑛𝐹
𝛴
𝑖

𝜈𝑖𝑙𝑛𝑐𝑖.”
71 This expression for the 

formal potential (𝐸𝑐
0′

 𝑜𝑟 𝐸𝑓
0) is not suitable for the one step electro-sorption mechanism. 

Here, we find an expression for the applied potential 𝐸, in terms of 𝑐A,𝑏𝑢𝑙𝑘 , 𝛤B and a bespoke definition 

of formal potential 𝐸𝑓
0. When the system is in equilibrium, the adsorption flux of A at the electrode 

interface equals zero 

0 = 𝑘𝑟𝑒𝑑
′ 𝑐A,0(𝛤𝑚𝑎𝑥 − 𝛤B )𝑒𝑥𝑝(−𝑔‡𝜃B) −  𝑘𝑜𝑥

′ 𝛤B𝑒𝑥𝑝 ((𝑔 − 𝑔‡)𝜃B)       (Eq. 12) 

and the interfacial concentration 𝑐A,0  equals to the bulk concentration 𝑐A,𝑏𝑢𝑙𝑘, so substituting 

Equations 10 and 11 into Equation 12 and rearranging gives  

𝑘𝑟𝑒𝑑
′′  𝑒−

𝛼𝐹

𝑅𝑇
𝐸𝑐A,𝑏𝑢𝑙𝑘(𝛤𝑚𝑎𝑥 − 𝛤B) exp(−𝑔‡𝜃B) =  𝑘𝑜𝑥

′′ 𝑒
(1−𝛼)𝐹

𝑅𝑇
𝐸𝛤B exp ((𝑔 − 𝑔‡)𝜃B)    (Eq. 13) 

Rearrangement gives the applied potential 𝐸 

𝐸 =
𝑅𝑇

𝐹
(𝑙𝑛 (

𝑘𝑟𝑒𝑑
′′ 𝑐0

𝑘𝑜𝑥
′′ ) + 𝑙𝑛 (

𝑐A,𝑏𝑢𝑙𝑘

𝑐0 ) + 𝑙𝑛 (
 (𝛤𝑚𝑎𝑥−𝛤B)

𝛤B
) − 𝑔𝜃B)             (Eq. 14) 

Equation 14 can be expressed in terms of the concentration of A and surface coverage of B yielding an 

expression for the formal potential 𝐸𝑓
0 

𝐸 = 𝐸𝑓
0 +

𝑅𝑇

𝐹
𝑙𝑛 (

𝑐A,𝑏𝑢𝑙𝑘

𝑐0 ) +
𝑅𝑇

𝐹
𝑙𝑛 (

 (𝛤𝑚𝑎𝑥−𝛤B)

𝛤B
)，      where 𝐸𝑓

0 =
𝑅𝑇

𝐹
(𝑙𝑛 (

𝑘𝑟𝑒𝑑
′′ 𝑐0

𝑘𝑜𝑥
′′ ) −

𝑔
2⁄ )   (Eq. 15)   

Note that because 𝑘𝑟𝑒𝑑
′′  (m3mol-1s-1) and 𝑘𝑜𝑥

′′  (s-1) have different units, the standard (unity) 

concentration 𝑐0 (mol m-3) is introduced to ensure unitless quantities of which to take logarithms. It 

becomes apparent that the standard formal potential 𝐸𝑓
0, for a single-step electrodeposition reaction 

mechanism, is most suitably defined as the potential at which the surface coverage 𝛤B at equilibrium 

is equal to half the maximum coverage in the presence of a standard concentration of the reactant. 
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Note that 𝐸𝑓
0  is mathematically ill-defined if 𝛤B  defined at equilibrium equals either a monolayer 

coverage, 𝛤𝑚𝑎𝑥, or zero.  

2.3 Mathematical model 

Considering the above, we next develop a mathematical model for the electro-sorption reaction 

shown in Equation 1 occurring at a macroelectrode. In the absence of natural convection and with 

sufficient inert supporting electrolyte, the mass transport of species A(𝑎𝑞)  diffusing from semi-

infinite solution to a macro-electrode is described by Fick’s second law of diffusion in one-dimension 

                                             𝑎𝑙𝑙 𝑥,       
𝜕𝑐A

𝜕𝑡
= 𝐷A

𝜕2𝑐A

𝜕𝑥2                             (Eq.16) 

where 𝑥 is the distance from the electrode (m). At the electrode interface, 𝑥 = 0, the rate of the 

heterogeneous reaction is given by Equation 9 

 𝑥 = 0,      𝐷A (
𝜕𝑐A

𝜕𝑥
)

𝑥=0
 = 𝑘𝑟𝑒𝑑

′ 𝑐A,0(𝛤𝑚𝑎𝑥 − 𝛤B )𝑒𝑥𝑝(−𝑔‡𝜃B) −  𝑘𝑜𝑥
′ 𝛤B𝑒𝑥𝑝 ((𝑔 − 𝑔‡)𝜃B)  (Eq. 17) 

The electro-sorption rate constants 𝑘𝑟𝑒𝑑/𝑜𝑥
′  can be expressed in terms of an applied potential 𝐸 , 

relative to the standard formal potential 𝐸𝑓
0, and a standard electro-sorption rate constant 𝑘0

′  (m3 mol-

1 s-1)  

𝑘𝑟𝑒𝑑
′ = 𝑘0

′ 𝑒−
𝛼𝐹

𝑅𝑇
(𝐸−𝐸𝑓

0)     (Eq.18) 

𝑘𝑜𝑥
′ = 𝑘0

′ 𝑐0𝑒−𝑔/2𝑒
(1−𝛼)𝐹

𝑅𝑇
(𝐸−𝐸𝑓

0)     (Eq.19) 

The term 𝑐0𝑒−𝑔/2  arise from the incorporation of 𝐸𝑓
0  defined in Section 2.2, see Supporting 

Information (SI) Section 1 for more detail. For conservation of mass, the rate of change in surface-

bound species B is equal to the rate of depletion of A the interface 

𝑓𝑙𝑢𝑥 𝑗 =  −𝐷A (
𝜕𝑐A

𝜕𝑥
)

𝑥=0
= −

𝜕𝛤𝐵

𝜕𝑡
     (Eq.20) 
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In a cyclic voltammetry simulation, initially, the concentration of species A is uniform throughout the 

solution with a zero coverage of B present 

𝑡 = 0, 0 ≤ 𝑥 ≤ 𝑥𝑚𝑎𝑥  {
𝑐A,𝑥 = 1

𝛤B = 0
   (Eq.21) 

The potential applied to the electrode 𝐸 varies linearly with time from a starting potential 𝐸𝑖𝑛𝑖𝑡𝑖𝑎𝑙  

𝐸 = 𝐸𝑖𝑛𝑖𝑡𝑖𝑎𝑙 − 𝜐𝑡         (Eq.22) 

𝜐 is the scan rate (V s-1). At time 𝑡 =  𝑡𝑠𝑤𝑖𝑡𝑐ℎ, the potential reaches 𝐸𝑠𝑤𝑖𝑡𝑐ℎ  and the potential sweep 

changes direction 

𝐸 = 𝐸𝑠𝑤𝑖𝑡𝑐ℎ + 𝜐(𝑡 − 𝑡𝑠𝑤𝑖𝑡𝑐ℎ)       (Eq.23) 

The current obtained during the voltammetric sweep is directly related to the flux 𝑗 at the electrode 

𝐼 = −𝐹𝐴𝑗                  (Eq.24) 

where 𝐼 is current (A) and 𝐴 is the geometric area of the electrode (m2).   

2.4 Dimensionless Parameters 

The definitions of the dimensionless parameters employed are given in Table 1 and are used to report 

the simulation results. The advantages in using dimensionless parameters as opposed to dimensional 

parameters is that; first, the number of independent parameters is reduced to a minimum and 

consequently, second, the number of simulations required to describe a wide range of experimental 

conditions is reduced. 

Table 1. Definition of dimensionless parameters; where re is the radius of the disc electrode (m), DA is diffusion 
coefficient of species A (m2s-1) and Γmax is the maximum surface coverage (mol m-2). 

Dimensionless parameters  Normalisation 

𝑇 Time 𝐷A𝑡/𝑟𝑒
2 
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𝑋 spatial coordinates 𝑥/𝑟𝑒 

𝐶J concentration of species J 𝑐J/𝑐A,𝑏𝑢𝑙𝑘 

𝜃B fractional surface coverage of species B 𝛤B/𝛤𝑚𝑎𝑥 

𝑑J diffusion coefficient of species J 𝐷J/𝐷A 

𝜎 scan rate (𝑟𝑒
2/𝐷A)(𝐹/𝑅𝑇)𝜐 

𝐵 saturation parameter 𝑟𝑒𝑐A,𝑏𝑢𝑙𝑘

𝛤𝑚𝑎𝑥
 

Θ potential  
(

𝐹

𝑅𝑇
) (𝐸 − 𝐸𝑓

0) 

𝐾0
′  The standard electro-sorption rate 

constant 

𝑘0
′ 𝛤𝑚𝑎𝑥𝑟𝑒

𝐷A
⁄  

 

𝐾𝑟𝑒𝑑
′  Electro-adsorption rate constant 𝑘𝑟𝑒𝑑

′ 𝛤𝑚𝑎𝑥𝑟𝑒
𝐷A

⁄  

 

𝐾𝑜𝑥
′  Electro-desorption rate constant 𝑘𝑜𝑥

′ 𝛤𝑚𝑎𝑥𝑟𝑒
𝐷A𝑐A,𝑏𝑢𝑙𝑘

⁄  

 

J flux  
 

𝐼

𝜋𝑟𝑒𝐹𝐷A𝑐A,𝑏𝑢𝑙𝑘
 

 

The dimensionless diffusion equation becomes 

0 < 𝑋 < 𝑋𝑚𝑎𝑥  𝑎𝑛𝑑 0 <  𝑇 < 𝑇𝑚𝑎𝑥     {(
𝜕𝐶A

𝜕𝑇
)

𝑋
= 𝑑A

𝜕2𝐶A

𝜕𝑋2         (Eq. 25) 

The boundary conditions of the model in the dimensionless form:  

0 <  𝑇 < 𝑇𝑚𝑎𝑥

𝑋 = 0   {
         𝑑A (

𝜕𝐶A

𝜕𝑋
)

𝑋=0
=  𝐾𝑟𝑒𝑑

′ 𝐶A,0(1 − 𝜃A )𝑒−𝑔‡𝜃B −  𝐾𝑜𝑥
′ 𝜃B𝑒(𝑔−𝑔‡)𝜃B

𝐹𝑙𝑢𝑥 𝐽 =  −𝑑A (
𝜕𝐶A

𝜕𝑋
)

𝑋=0
=  −

1

𝐵

𝜕𝜃B

𝜕𝑇

    (Eq. 26) 

Here, the dimensionless electro-sorption rate constants 𝐾𝑟𝑒𝑑/𝑜𝑥
′  are equal to 
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𝐾red
′ = 𝐾0

′𝑒−𝛼𝛩  𝑎𝑛𝑑 𝐾𝑜𝑥
′ = 𝐾0

′𝐶0𝑒−𝑔/2𝑒(1−𝛼)𝛩                    (Eq. 27) 

where 𝛩 is the dimensionless applied potential relative to the formal potential 𝐸𝑓
0  

𝛩 =
𝐹

𝑅𝑇
(𝐸 − 𝐸𝑓

0)                               (Eq. 28) 

At the start of the cyclic voltammetry simulation 

𝑇 = 0     {
𝐶A,   𝑋 =  1     𝑓𝑜𝑟 0 ≤ 𝑋 ≤ 𝑋𝑚𝑎𝑥

𝜃B = 0
   (Eq. 29) 

During the simulation, the dimensionless applied potential 𝛩 varies linearly with dimensionless time 

𝑇 and dimensionless scan rate 𝜎 

𝛩 = 𝛩𝑖𝑛𝑖𝑡𝑖𝑎𝑙 −  𝜎𝑇                                 (Eq. 30) 

When 𝑇 = 𝑇𝑠𝑤𝑖𝑡𝑐ℎ , the sweep direction is reversed   

𝛩 = 𝛩𝑠𝑤𝑖𝑡𝑐ℎ +  𝜎(𝑇 − 𝑇𝑠𝑤𝑖𝑡𝑐ℎ)          (Eq. 31) 

The dimensionless flux 𝐽 at the electrode surface is 

𝐽 = −𝑑A (
𝜕𝐶A

𝜕𝑋
)

𝑋=0
    (Eq. 32) 

The dimensionless flux 𝐽 can convert back to dimensional current (A) for a macro-disc electrode via 

the equation 

𝐼 = 𝜋𝑟𝑒𝐹𝐷A𝑐A,𝑏𝑢𝑙𝑘𝐽   (Eq. 33) 

2.5 Numerical simulation and convergence 

The diffusion equation for the one-dimensional simulation was discretised using the Backward Implicit 

Method 72-73 with a uniform temporal grid and a spatial grid that expands exponentially74 from the 

electrode surface 𝑋0 to 𝑋𝑚𝑎𝑥  
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𝑋𝑖 = {

𝑋0 = 0

𝑋𝑖 = 𝑋𝑖−1 + ℎ ∗ 𝑒𝑥𝑝(𝑖𝜔), 𝑋 < 𝑋𝑚𝑎𝑥

𝑋𝑖 = 𝑋𝑚𝑎𝑥 , 𝑋 ≥ 𝑋𝑚𝑎𝑥

   (Eq. 34) 

𝑋𝑚𝑎𝑥   = 6√𝑇𝑚𝑎𝑥     (Eq. 35) 

where ℎ  is the initial grid spacing, ω is the expansion factor and 𝑋𝑚𝑎𝑥  is the extent of the 

dimensionless distance defined well beyond the Nernst diffusion layer75 for the duration of the 

simulation 𝑇𝑚𝑎𝑥.74, 76 The matrix containing the sets of discretised diffusion equations, including the 

non-linear term for the heterogeneous reaction, were solved via the Newton-Raphson’s root-finding 

method using the extended Thomas algorithm.74 The values of the incremental spatial, temporal point, 

expansion factor and Newton-Raphson’s tolerance level (ε) were set to a small value to ensure 

numerical convergence and mass conservation for each simulation.77 The simulations were written in 

C++ and ran on a dual Intel (R) Core (TM) E5-2640 v4 CPU 2.40 GHz PC with 16.00 GB of RAM, with a 

typical run time of approximately one minute. All simulation results were thoroughly checked and 

benchmarked with two limiting cases as described below, with more data shown in the SI Section 2 

and 3. 

Limiting Case One 

First, the forward electro-sorption step together with the mass transport of species A was checked; in 

the limiting case of a small 𝐾0
′  leading to an irreversible deposition and a sufficiently large surface 

coverage, such that less than 1% of the sites are occupied, the resulting peak flux matches with that 

predicted by the irreversible Randles– Ševčík equation78-79 with an excellent agreement (SI Section 2) 

𝐽𝑝𝑒𝑎𝑘,   𝑙𝑖𝑚𝑖𝑡𝑖𝑛𝑔 𝐶𝑎𝑠𝑒 𝑂𝑛𝑒 = −0.496√𝛼𝜎  (Eq. 36) 

where 𝐽𝑝𝑒𝑎𝑘,   𝑙𝑖𝑚𝑖𝑡𝑖𝑛𝑔 𝐶𝑎𝑠𝑒 𝑂𝑛𝑒 is the dimensionless peak flux. Furthermore, the dimensionless peak 

potential 𝛩𝑝𝑒𝑎𝑘,   𝑖𝑟𝑟𝑒𝑣𝑒𝑟𝑠𝑖𝑏𝑙𝑒 matches that predicted for irreversible electrode kinetics (SI Section 2).74  

𝛩𝑝𝑒𝑎𝑘,   𝑙𝑖𝑚𝑖𝑡𝑖𝑛𝑔 𝐶𝑎𝑠𝑒 𝑂𝑛𝑒 =
1

𝛼
ln (

𝐾0
′

√𝛼𝜎
− 0.78) (Eq. 37) 
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Limiting Case Two 

Similar to Case One, the electro-desorption of the surface-bound B can be benchmarked in the limiting 

case of a small 𝐾0
′. Here, for 𝑇 = 0, the initial coverage 𝜃B is set to unity with the voltammetric sweep 

in the anodic direction to drive the oxidation of B(𝑎𝑑𝑠) → A(𝑎𝑞); an analytical expression for flux 𝐽 

can be derived when the surface interactions are ideal , 𝑔 = 𝑔‡ = 0, giving an expression of flux 𝐽 as 

a function of dimensionless applied potential 𝛩 (see SI Section 3 for a step-by-step derivation) 

𝐽𝑙𝑖𝑚𝑖𝑡𝑖𝑛𝑔 𝐶𝑎𝑠𝑒 𝑇𝑤𝑜 =  𝐾0
′𝑒

−𝐾0
′ 𝐵

(1−𝛼)𝜎
𝑒(1−𝛼)𝛩+(1−𝛼)𝛩

   (Eq. 38) 

Furthermore, the dimensionless peak potential (𝛩𝑝𝑒𝑎𝑘,   𝑙𝑖𝑚𝑖𝑡𝑖𝑛𝑔 𝑐𝑎𝑠𝑒 2 ) and dimensionless peak flux 

(𝐽𝑝𝑒𝑎𝑘,   𝑙𝑖𝑚𝑖𝑡𝑖𝑛𝑔 𝑐𝑎𝑠𝑒 2) can be obtained when the derivative 𝐽𝑙𝑖𝑚𝑖𝑡𝑖𝑛𝑔 𝑐𝑎𝑠𝑒 2 , with respect to 𝛩, equals 

zero 

𝛩𝑝𝑒𝑎𝑘,   𝑙𝑖𝑚𝑖𝑡𝑖𝑛𝑔 𝐶𝑎𝑠𝑒 𝑇𝑤𝑜 =
1

1−𝛼
ln (

(1−𝛼)𝜎

𝐵

1

𝐾0
′)  (Eq. 39) 

𝐽𝑝𝑒𝑎𝑘,   𝑙𝑖𝑚𝑖𝑡𝑖𝑛𝑔 𝐶𝑎𝑠𝑒 𝑇𝑤𝑜 =  (1 − 𝛼)𝜎𝐵−1𝑒−1  (Eq. 40) 
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3. Results and Discussion 

The mathematical model discussed above describes the one-step electrosorption reaction (Equation 

1) where a solution phase species A(𝑎𝑞) transfers an electron at the electrode interface to form a 

surface-bound product with maximum coverage of a monolayer. Specifically, Butler-Volmer kinetics 

are coupled with the Frumkin adsorption isotherm providing a rate expression for the heterogeneous 

reaction allowing non-ideal surface interactions to be studied in terms of the Frumkin interaction 

parameter 𝑔. 

In the following results and discussion, we provide new physical insights on how the non-ideal surface 

interactions coupled with mass transport affects the current-voltage transient in a typical 

voltammetry experiment, in which the dynamically applied potential changes with time, notably the 

classical triangular potential waveform in cyclic voltammetry which will inevitably lead to mass 

transport induced dis-equilibrium in the vicinity of the electrode. First, however, we consider the 

Frumkin adsorption isotherm where both mass transport and adsorption-desorption are in 

equilibrium to understand the possible non-ideal surface interactions more fully and focus on the 

emergence of phase transition behaviour in the voltammetry for strongly attractive surfaces 

interactions. 

3.1 Phase Transitions Simulated for Equilibrium; No Mass Transport Limitations 

In this section, the effect of surface interaction parameter 𝑔  for Frumkin adsorption isotherm is 

discussed in the context of the electro-sorption reaction under mass transport and surface reaction 

equilibrium. First, a common ground between the adsorption isotherm and electro-sorption isotherm 

has to be established for direct comparison. Hereafter in the article, the notation of the factional 

surface coverage for pure adsorption-desorption processes will be unified with that used in the 

electro-sorption reaction (i.e. 𝜃 = 𝜃B) to avoid possible confusion.  
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The common ground that both the adsorption isotherm and the electro-sorption reaction share is a 

thermodynamic equilibrium position controlled by the rate of the corresponding forward and 

backward reactions. Here, a dimensionless equilibrium constant 𝐾  is introduced, allowing a direct 

comparison between the two equilibria. For pure adsorption-desorption, the dimensionless 

equilibrium constant 𝐾 is equal to 
𝑘𝑎𝑑𝑠

𝑘𝑑𝑒𝑠
𝑐A,𝑏𝑢𝑙𝑘. A similar expression for the electro-sorption reaction 

can be obtained when flux, either in the dimensional form (Equation 17) or the dimensionless 

equivalent (Equation 26), is equal to zero 

𝐾 =
𝐾𝑟𝑒𝑑

′

𝐾𝑜𝑥
′ =

𝑘𝑟𝑒𝑑
′

𝑘𝑜𝑥
′ 𝑐A,𝑏𝑢𝑙𝑘  (Eq. 41) 

This leads to the expression relating the dimensionless equilibrium constant 𝐾  to the fractional 

coverage 𝜃B 

𝐾𝐶A,0 =
𝜃B

1−𝜃B
𝑒𝑥𝑝(𝑔𝜃B)     (Eq. 42) 

Note that, the dimensionless interfacial concentration 𝐶A,0 is equal to 𝑐A,0/𝑐A,𝑏𝑢𝑙𝑘; in the case of the 

system at equilibrium, 𝑐A,0 equals 𝑐A,𝑏𝑢𝑙𝑘 and thus 𝐶A,0 is unity. We leave the notation 𝐶A,0 as is in this 

section.  

Figure 1 shows a plot of 𝜃B,   𝑒𝑞𝑢𝑖𝑙𝑖𝑏𝑟𝑖𝑢𝑚  against 𝐾𝐶A,0, for different Frumkin interaction parameter 𝑔. 

Solid lines show the prediction from Frumkin adsorption isotherm and circles are results from the 

electro-sorption simulation when the system is at equilibrium. For all cases of 𝑔, whether attractive, 

ideal or repulsive adsorbate-adsorbate interactions, an increase in 𝐾𝐶A,0 leads to an increase in the 

fractional coverage of 𝜃B  at equilibrium. Excellent agreements are seen between the simulation 

results and the Frumkin adsorption isotherm for all values of 𝐾𝐶A,0 over the full range of 𝑔 studied.  

As 𝑔 becomes increasingly negative, the surface interaction becomes increasingly attractive and a 

lower 𝐾𝐶A,0 is required to reach half fractional coverage as indicated by the dashed line.  
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The physical meaning of 𝐾𝐶A,0  varying along the x-axis can be interpreted with experimental 

conditions; under system equilibrium, the dimensionless concentration at the electrode interface 𝐶A,0 

is trivially unity thus it is 𝐾 that changes along the x-axis. From the definition of 𝐾 for adsorption 

isotherms, this is a change in the dimensional bulk concentration (𝑐A,𝑏𝑢𝑙𝑘) since the ratio of 𝑘𝑎𝑑𝑠/𝑘𝑑𝑒𝑠  

is a constant “given by the universe”. For the electro-sorption reaction, however, 𝐾 can be changed 

either by 𝑐A,𝑏𝑢𝑙𝑘 𝑎𝑛𝑑/𝑜𝑟 the applied potential (Equation 18 and 19). 

 

Figure 1. Plot of 𝜃B,𝑒𝑞𝑢𝑖𝑙𝑖𝑏𝑟𝑖𝑢𝑚 vs 𝐾𝐶A,0 from the Frumkin adsorption isotherm for a range of interaction parameter 𝑔 (solid 

lines). Circles: simulation results obtained by setting 𝐶A over all space to unity until equilibrium are established with no more 
than 10-7 % change in the fractional coverage from the last iteration. 

Figure 2 shows the equivalent plot of Figure 1 but with normalisation in the x-axis to the value of 𝐾𝐶A,0 

leading to half fractional coverage at equilibrium (𝐾𝐶A,0/𝐾𝜃B=0.5). Substitution of 𝐶A,0 = 𝐶A,𝑏𝑢𝑙𝑘and 

𝜃B = 0.5 into Equation 42 gives 

𝐾𝜃B=0.5𝐶A,𝑏𝑢𝑙𝑘 = 𝑒𝑥𝑝 (
𝑔

2
)       (Eq. 43) 

This normalisation standardises the plots of all 𝑔  in Figure 2 resulting in an ‘isosbestic point’ like 

behaviour when 𝐾𝐶A,0/𝐾𝜃B=0.5  equals unity. It now becomes apparent that, as the interactions 

between the surface-bound species become increasingly attractive (negative  𝑔 ), the 𝜃B  vs 

𝐾𝐶A,0/𝐾𝜃B=0.5 transient becomes more and more sigmoidal. When 𝑔 approaches −4.0 (yellow line), 
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a sudden and abrupt change in 𝜃B  can be seen near unity of 𝐾𝐶A,0/𝐾𝜃B=0.5  indicating a “phase 

transition like” behaviour. When 𝑔 is more negative than −4.0, a counter-intuitive ‘S-shape’ transient 

about 𝜃B = 0.5 and 𝐾𝐶A,0/𝐾𝜃B=0.5 = 1 can be seen. From this  one infers that there is a sudden jump 

from a low to high coverage as shown by the dashed line in Figure 2a) since physically an increasing 

𝐾𝐶A,0

𝐾𝜃B=0.5
 cannot ‘fall back’ on itself. Therefore, the region where the curve changes direction with 

respect to the x-axis can be thus viewed as “forbidden”. The above phenomenon is next simulated 

using the developed simulation model for the values of 𝑔 discussed. The results are overlaid in Figure 

2. 

   

Figure 2. Plot of 𝜃B,𝑒𝑞𝑢𝑖𝑙𝑖𝑏𝑟𝑖𝑢𝑚  vs 𝐾𝐶A,0/𝐾𝜃B=0.5 for different values of interaction parameter 𝑔. The solid line shows the 

analytical Frumkin adsorption isotherm. The overlaid circles are the simulation results with either (a) an incremental increase 
in 𝐾𝐶A,0/𝐾𝜃B=0.5 from zero or (b) incremental decrease in 𝐾𝐶A,0/𝐾𝜃B=0.5 from 2.0. The dashed lines infer the sudden jump in 

coverage of B. 

To mimic the equilibration between the solution and the electrode layer in the simulation, the 

concentration of species A  over the entire simulation space was set initially to 𝐶A,𝑏𝑢𝑙𝑘  and the 

simulation allowed to iterate but with the solution concentration reset to 𝐶A,𝑏𝑢𝑙𝑘 after each temporal 

iteration, until the fractional coverage 𝜃B reaches equilibrium with the bulk solution. The equilibrium 

was consider established when the fractional change in the coverage of 𝜃B was no more than 10-7 % 

from the previous temporal iteration. Figure 2 shows 𝜃B as a function of 𝐾𝐶A,0/𝐾𝜃B=0.5 for two cases; 

first when 𝐾𝐶A,0/𝐾𝜃B=0.5 is incrementally increased from zero and second when it is decreased from 

a large value corresponding to a high, near unity, coverage of B. These data were shown as circles for 
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different 𝑔. In all cases of 𝑔, and both direction of changes in 𝐶A,𝑏𝑢𝑙𝑘, the simulation results all overlaid 

on the transient as predicted by the Frumkin adsorption isotherm (solid lines). For the non-phase 

transition 𝑔  studied (-4.0 <  𝑔 ≤ +2.0), the results were independent to the direction of change in 

𝐶A,𝑏𝑢𝑙𝑘. When 𝑔 equal to −4.0, a vertical gradient between 𝜃B,𝑒𝑞𝑢𝑖𝑙𝑖𝑏𝑟𝑖𝑢𝑚  from 0.4 to 0.6 can be seen 

when 𝐾𝐶A,0/𝐾𝜃B=0.5 approaches unity. When 𝑔 is more negative than -4.0, a point of discontinuity 

from the sigmoidal transient is seen with 𝜃B,𝑒𝑞𝑢𝑖𝑙𝑖𝑏𝑟𝑖𝑢𝑚  changing abruptly from 0.2 to 0.9 for an 

increase in 𝐾𝐶A,0/𝐾𝜃B=0.5 and from 0.9 to 0.2 for a decreasing in 𝐾𝐶A,0/𝐾𝜃B=0.5 as discussed above; 

note that the simulated data do not enter the ‘forbidden’ part of the sigmoidal curve where the 

direction of the analytical curve is opposite to the direction of change in 𝐾𝐶A,0/𝐾𝜃B=0.5. These abrupt 

changes in fractional coverage signal a phase transition, and it only occurs with values of 𝑔 ≤ −4.0. 

Having understood the effects of non-ideal surface interaction under the conditions of both surface 

kinetics and mass transport equilibrium. The focus now turns to voltammetric studies where the 

dynamic change in applied potential with time may not necessarily be kinetically reversible nor in mass 

transport equilibrium near the vicinity of the electrode. 

3.2 Cyclic Voltammetry: Non-ideal Leading to Phase Transition 

This section aims to provide new physicochemical insights on how the non-ideal adsorbate-adsorbate 

interaction, 𝑔,  affects the cyclic voltammograms of the electro-sorption reaction under planar 

diffusion conditions. First, the influence of 𝑔 on voltammograms is studied for the case of reversible 

electro-sorption kinetics (𝐾0
′). Second, for each value of 𝑔, the effects of the 𝐾0

′  (extent of reversibility), 

are studied. We then briefly investigate the effect of 𝑔‡, the activated complex (transition state) – 

adsorbate interaction, for different values of 𝑔. Then, we turn to investigate the effects of mass 

transport on the cyclic voltammograms and, in particular, for the case where a critical value of 𝑔 leads 

to a phase transition.  

Simulated voltammograms as a function of 𝑔  and corresponding to fast and reversible electro-

sorption kinetics (𝐾0
′ = 100) are shown in Figure 3. Here, the term fast (or slow) kinetics is relative to 
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the mass transport under ideal surface interactions 𝑔 = 0. Other simulation parameters are:  𝐵 =

100, 𝜎 = 100, 𝛼 = 0.5, 𝑔‡ = 0. For all cases of 𝑔, a cathodic peak is seen during the forward sweep 

with the dimensionless flux 𝐽 subsequently returning to zero corresponding to full coverage of B which 

precludes any full ‘diffusional tail’ being seen; similarly, anodic stripping peaks are seen on the reverse 

sweeps. During the reverse stripping sweep, the surface-bound B is driven to form A(𝑎𝑞) leading to 

an anodic stripping peak after which the flux returns to zero when B(𝑎𝑑𝑠) becomes fully depleted. In 

the ideal case where the adsorbate-adsorbate surface interactions (𝑔)  equals to zero, the 

voltammogram is symmetric resembling a surface-bound redox process,  A(𝑎𝑑𝑠) + 𝑒− ⇌ B(𝑎𝑑𝑠) 

under fast electrode kinetics due to the excess of A(𝑎𝑞) at the electrode surface in comparison with 

the number of sites available. If the interactions on the surface become repulsive (𝑔 > 0), the 

voltammogram appears ‘flattened’ compare to the ideal case because a higher over-potential is 

required to drive the forward deposition reaction as the repulsive interaction on the surface scales 

with coverage. On the other hand, the voltammetric wave-shape becomes sharper and narrower for 

attractive surface interactions (𝑔 < 0). This is due to the attractive surface interaction, scaling with 

surface coverage, providing an additional driving force for the deposition. Furthermore, as 𝑔 

approaches to the critical phase transition values of −4.0 or beyond, the peak current surges to a large 

value once the reaction has begun ,  as shown by the ‘zoom-out’ plot in the inlay of Figure 3. 

Furthermore, the peak-to-peak separation increases when 𝑔  is beyond the critical value of 

−4.0 indicating an increase in the degree of irreversibility at 𝐾0
′=100, of which more is discussed below. 
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Figure 3) Simulated voltammograms as a function of surface interaction parameter 𝑔 under reversible electrode kinetics. The 

values of 𝑔 are shown in the figure. Other simulation parameters: 𝐾0
′ = 100, 𝐵 = 100, 𝜎 = 100, 𝛼 = 0.5 and 𝑔‡ = 0. 

 

Figure 4 shows a series of simulated voltammograms varying dimensionless standard electro-sorption 

rate constant 𝐾0
′ , from 106 to 10−3, for a range of 𝑔 values. The other simulation parameters are the 

same as in Figure 3 (𝐵 = 100, 𝜎 = 100, 𝛼 = 0.5, 𝑔‡ = 0). The general feature seen across all values 

of 𝑔 is an increase in peak-to-peak separation ∆𝛩𝑝𝑝 (𝛩𝑎𝑛𝑜𝑑𝑖𝑐 𝑝𝑒𝑎𝑘 − 𝛩𝑐𝑎𝑡ℎ𝑜𝑑𝑖𝑐 𝑝𝑒𝑎𝑘) as 𝐾0
′  decreases. 

Changes in the cathodic and anodic peak fluxes are also seen but are different for attractive and 

repulsive surface interaction. In the case when the surface interactions are ideal, 𝑔 equals zero, both 

the anodic and cathodic peak flux decrease asymptotically to a constant value as 𝐾0
′  decreases to a 

fully irreversible limit at 10-3. For repulsive surface interaction, 𝑔 equal to +2.0, the cathodic peak flux 

increases as 𝐾0
′  approaches 10-3 whilst anodic peak flux decreases. On the other hand, for attractive 

surface interactions (𝑔 = −2.0) the magnitude of the cathodic peak flux is more than halved as the 
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electrode kinetic turns fully irreversible; this phenomenon is amplified as 𝑔 decreases to −4.0 and 

−5.0. 

 

Figure 4) Simulated voltammograms as a function 𝐾0
′  ranging from 10-3 to 106 for different values of 𝑔. The values of 𝑔 and  

𝐾0
′  can be found in the figure. Other simulation parameters:  𝐵 = 100, 𝜎 = 100, 𝛼 = 0.5 and 𝑔‡ = 0. 

An interesting observation can be seen in Figure 4, at 𝑔 = 0, notably that full electrode reversibility 

was achieved at 𝐾0
′  = 101 as higher orders of magnitude of 𝐾0

′  result in identical voltammograms. In 

comparison for 𝑔 = -5.0, the magnitude of peak flux at 𝐾0
′  = 101 is ca one order  below that seen at 

𝐾0
′  = 106 (inlay of Figure 4 d). It is evident that a higher threshold of 𝐾0

′  is necessary to reach the limit 

of full electrode reversibility as 𝑔 becomes more negative, particularly when 𝑔 approaches the critical 

value for a phase transition. This is as expected as the electrode reversibility reflects the interplay 

between surface kinetics and mass transport in the solution phase,80-81 thus indicating that the 

changes in the interfacial concentration of species A ‘outrun’ their replenishment by mass transport 

at negative 𝑔. To evidence this and to investigate the possibility of phase transition occurring under 
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voltammetry conditions when 𝑔 ≤ −4.0, we next utilise the numerical simulation to provide further 

insight to the underlying physicochemical processes giving rise to the sharp voltammetric peaks seen 

in Figure 4. 

Figure 5 shows the fractional surface coverage of B and the corresponding concentration profiles of A 

for the voltammograms seen in Figure 4. Figure 5 a) plots the surface coverages of B for different 

surface interactions (𝑔)  simulated for irreversible electrode kinetics ( 𝐾0
′ = 10−2 ). The case for 

reversible electrode kinetics (𝐾0
′  =  106) is shown in Figure 5 c). The x-axis is time normalised over 

the timescale of the simulation. In the case of irreversible electrode kinetics, the surface coverage 

during the forward sweep (
𝑇

𝑇𝑚𝑎𝑥
<  0.5) are relatively insensitive to the surface interaction parameter 

𝑔  as over-potential is required to drive the sluggish reaction to overcome the effect of repulsive 

interaction; in contrast, under reversible electrode kinetics, the surface interaction 𝑔  has a rather 

profound impact on the surface coverage of B during the forward sweep. As 𝑔 becomes increasingly 

negative, a rapid increase in fractional coverage is seen due to the attractive adsorbate-adsorbate 

interactions. Under reversible electrode kinetics and with 𝑔 satisfying phase transition (≤  −4.0) the 

slope of 𝜃B versus 𝑇 is vertical as can be seen in the inlays of Figure 5 c).  

Figures 5 b) and d) show the concentration profiles of A simulated for 𝑔 = −5.0 under irreversible and 

reversible electrode kinetics, respectively. As can be seen, in both cases, the interfacial concentration 

does not equal to the bulk concentration once the interfacial reaction is driven by the triangular 

potential waveform; for reversible electrode kinetics, Figure 5 d), a sharp drop in the interfacial 

concentration, 𝐶A,0 , is seen around 
𝑇

𝑇𝑚𝑎𝑥
=  0.2 compared to that seen with irreversible electrode 

kinetics (Figure 5b). This, together with a vertical gradient of the surface coverage, indicate that 

reversible electrode kinetics are essential in capturing signs of a phase transition on the time scale of 

a typical voltammetric experiment. 
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Figure 5) A selection of surface coverages and concentration profiles in above simulated cyclic voltammograms, as seen in 
Figure 4, are plotted. Surface coverages as a function of 𝑔: a) irreversible electrode kinetics, 𝐾0

′  = 10-2; c) reversible electrode 
kinetics, 𝐾0

′  = 106. Concentration profile of A(𝑎𝑞)  for 𝑔 = −5.0 : b) irreversible electrode kinetics, 𝐾0
′ =10-2; d) reversible 

electrode kinetics; 𝐾0
′  = 106. Other simulation parameters:  𝐵 = 100, 𝜎 = 100, 𝛼 = 0.5 and 𝑔‡ = 0. 

An important question to pose is, how does this abrupt change in 𝜃B  and 𝐶A,0  seen during the 

voltammetric timescale relate to the plot of Frumkin adsorption isotherm in Figure 2?  And, to what 

extent does un-equilibrated mass transport during the voltammetry affect the phase transition? To 

shed light on those questions underpinning the physicochemical processes occurring during the 

voltammetry timescale, we show the same data for the Frumkin adsorption isotherm as in Figure 6. 

The x- and y-axes remain the same as Figure 2, 𝜃𝐵  vs 
𝐾𝐶A,0

𝐾𝜃B=0.5
. In the voltammetric experiments, the 

triangular potential waveform drives the interfacial electro-sorption reaction leading a perturbation 

of concentration of A(𝑎𝑞) near the vicinity of the electrode, which is evident in the concentration 

profiles shown in Figure 5. We have established that Equation 42 involving the dimensionless 
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equilibrium constant 𝐾 are general for both the electro-sorption reaction and Frumkin adsorption 

isotherm. For Figure 6, the electro-sorption equilibrium constant 𝐾 is potential dependant with the 

interfacial concentration 𝐶A,0 and the coverage 𝜃B known from the numerical simulation. Overlaid in 

Figure 6 are the numerical data from voltammograms seen Figure 4, for (a) 𝐾0
′ = 10−2 corresponding 

to irreversible and (b) 𝐾0
′ = 106 for reversible electrode kinetics. The circles are data obtained during 

the forward sweep, and the triangles are data from the reverse sweep of the simulated voltammetry. 

The direction of travel for the forward sweep is positive on the x-axis (𝐾 ∝ e−𝛩 , 𝛩𝑖𝑛𝑖𝑡𝑖𝑎𝑙 = +30 ) 

whereas that for the reverse sweep is negative on the x-axis (𝛩𝑠𝑤𝑖𝑡𝑐ℎ = −30 ) . For irreversible 

electrode kinetics, Figure 6 a), the reaction at the surface is sluggish and it is unresponsive to the 

instantaneous changes in potential leading to a ‘disconnection’ from the Frumkin isotherm for all cases 

of 𝑔. In the case where electrode kinetics is fast and reversible, Figure 6 b), matches with the Frumkin 

adsorption isotherm with an excellent agreement for all values of 𝑔 and both forward and backward 

sweeps. Interestingly, the cases when the interaction parameter 𝑔 is beyond the critical value for 

phase transition, i.e. 𝑔 < −4.0, the surface 𝜃B  transits into the ‘forbidden’ region of the Frumkin 

adsorption isotherm. The latter is not due to 𝐾(𝛩)  since the dimensionless potential 𝛩  is varied 

linearly but thus must result from a local change in concentration of A(𝑎𝑞) on the timescale of 

voltammetry. The concentration profile of 𝑔 = −5.0  can be seen in Figure 5d), where a drop of 

approximately 34% of the interfacial concentration compare to bulk solution was observed during the 

forward sweep. At the same time, a positive and vertical slope of surface coverage against time is seen 

in Figure 4 c, red line. It can be concluded that transition into the ‘forbidden zone’ is a result of the 

non-equilibrated interfacial concentration under the dynamically changing voltammetric conditions. 
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Figure 6). A plot of 𝜃B against 𝐾𝐶A,0/𝐾𝜃B=0.5 as a function of surface interaction parameters 𝑔. The numerical data obtained 

from the voltammograms in Figure 4 are shown; a) irreversible electrode kinetics 𝐾0
′ = 10−2 and b) reversible electrode 

kinetics 𝐾0
′ = 10−2. Specifically, the data from the forward sweep is shown as circles with triangles represent the backward 

sweep. Solid line shows the analytical prediction for the Frumkin adsorption isotherm plotted in both a) and b). The additional 
dashed lines in a) are used to enhance the visibility of the data for the backward sweep (triangles). The values of 𝑔 are shown 

in the figure. Other simulation parameters:  𝐵 = 100, 𝜎 = 100, 𝛼 = 0.5 and 𝑔‡ = 0. 

Having understood the behaviour of 𝑔  and the effects that it has on voltammetry under both 

reversible and irreversible conditions, we next turn our attention to investigate the effect of 𝑔‡, the 

transition state-adsorbate interaction parameter, as a function of different values of 𝑔. Figure 7 shows 

the series of voltammograms under irreversible electron kinetics (𝐾0
′ = 10−2). The realistic values of 

𝑔‡ may take any value from zero up to the value of 𝑔 since the transition state partially resembles 

that of the product on the electrode surface. For positive values of 𝑔 and 𝑔‡, Figure 7 a), the peak-to-

peak separation is increased and this can be interpreted as an increase in the activation energy for the 

overall reaction. For negative values of of 𝑔‡, Figure 7 c)-e), the peak-to-peak separations decrease 

with an increasingly negative 𝑔‡.  This is interpreted as a decrease of activation energy of the overall 

reaction. The values of 𝑔‡, negative nor positive, has an effect on the voltammograms under reversible 

electrode kinetics, shown in SI section 4. This is reasonable as the activation energy becomes 

unimportant when the system is thermodynamic equilibrium. 
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Figure 7) Series of voltammograms varying 𝑔‡ for different values of 𝑔. The values of 𝑔 and 𝑔‡ are shown in the figure. Other 
simulation conditions: 𝐾0

′ = 0.01, 𝐵 = 100, 𝜎 = 10 and 𝛼 = 0.5. 

In this section the independent parameters controlling the interfacial reaction, namely  𝐾0
′ , 𝑔 𝑎𝑛𝑑 𝑔‡, 

have been investigated. We infer that fast and reversible electrode kinetics are essential to observe 

phase transition in the voltammetric timescale when the critical values of 𝑔 are satisfied (≤ −4.0). 

The interfacial conditions simulated during the voltammetry induced phase transition reveal 

intrusions into the ‘forbidden’ part predicted by the Frumkin adsorption isotherm, which are 

otherwise inaccessible to the prediction on the assumption of mass transport equilibrium. 

Furthermore, we note that the transition state - adsorbate interaction (𝑔‡)  does not affect 
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voltammetry involving the behaviour of phase transition as observation of the latter requires 

reversible electrode kinetics. In the next section, we investigate if, and how, mass transport of the 

solution phase species A affects voltammetry even if high concentrations of A are used – in particular 

in the event of phase transition involving a rapid drop in the interfacial concentration is seen.  

3.3 Cyclic Voltammetry: Effect of Mass Transport 

Hitherto, the underlining physicochemical processes of the electro-sorption reaction with non-ideal 

surface interactions leading to phase transition were studied at a dimensionless scan rate of 𝜎 = 100 

and saturation parameter 𝐵 = 100, where the latter is the ratio of bulk concentration of A to the total 

coverage (see Table 1). These parameters, for a 1mm macro-disc electrode and with a typical diffusion 

coefficient (𝐷A =1𝑥10−9 𝑚2𝑠−1) correspond to experimental conditions of 𝑐A,𝑏𝑢𝑙𝑘  = 1mM, 𝛤𝑚𝑎𝑥 =

10−5 mol m-2 and 𝜈 ≈ 3 mVs-1. In literature studies, analytical expressions used to estimate 𝑔 from the 

voltammetric peak width typically assume a diffusionless system, i.e. 𝐶A,0=𝐶A,𝑏𝑢𝑙𝑘 at all times, justified 

by the experimental use of a large concentration of the reactant (0.1 M) with an extremely slow scan 

rate (often below 1mVs-1).43, 45, 49 In this section, the effect of dimensionless scan rate 𝜎  and the 

saturation parameter 𝐵 on the resulting voltammograms will be investigated for two cases of 𝑔, first 

corresponding to no phase-transition behaviour and second for values of 𝑔 beyond the critical value 

for a phase transition. 

First, the effect of the dimensionless scan rate 𝜎 is studied for 𝑔 = −2.0 (no phase transition) and 𝑔 =

−5.0 (phase transition). In the electro-sorption reaction, in the limit of an excess in the interfacial 

concentration of A compared to the number of surface sites the voltammetric response appears to be 

‘surface-bound’ and the flux scales linearly with 𝜎. Figure 7 shows the simulated voltammograms 

under reversible electrode kinetics (𝐾0
′ = 106) with the y-axis normalised to 𝜎. As can be seen, the 

voltammetric shape for 𝑔 = −2.0  (no phase transition), under reversible electrode kinetics, are 

relatively unperturbed over three orders of magnitude of 𝜎 ; at a fast scan rate, 𝜎  = 1000, the 

voltammetric shape starts to flatten indicating a small degree of irreversibility. For a phase transition 



30 
 

value of 𝑔 = −5.0, however, the effect of 𝜎 is much more pronounced. The normalised peak flux 𝐽/𝜎 

is approximately three times larger with a decrease of 𝜎 from 1000 to 100, and from 100 to 10. This 

shows that voltammetry involving a phase transition is more sensitive to the value of 𝜎 compared to 

that with no phase transition behaviour. The physicochemical reasoning leading this observation in 

flux is discussed below in conjunction with results from varying the saturation parameter 𝐵. 

 

Figure 8. Simulated voltammograms as a function of dimensionless scan rate 𝜎 for two cases of non-ideal surface interaction 
a)  𝑔 = −2.0 and b) 𝑔 = −5.0. The values of 𝜎 and 𝑔 are shown in the figure. Other simulation parameters: 𝐾0

′ = 106, 𝐵 =

100, 𝛼 = 0.5 and 𝑔‡ = 0. 

Next, the effects of the saturation parameter B(∝ 𝑐A,𝑏𝑢𝑙𝑘/𝛤𝑚𝑎𝑥) under reversible electrode kinetics 

studied for 𝑔 = −2.0 and 𝑔 = −5.0 are shown in Figure 9 a) and b) respectively. For the electro-

sorption voltammetry with no phase transition, Figure 9 a), varying 𝐵 from 100 to 10,000 does not 

affect the voltammetric shape. The variation of saturation parameter 𝐵 can be interpreted as the 

change in the experimental variable 𝑐A,𝑏𝑢𝑙𝑘 since 𝛤𝑚𝑎𝑥 is usually constant. The voltammogram was 

not affected by the increase of 𝐵 over two orders of magnitudes. This is because, already at the lowest 

saturation parameter studied (𝐵  = 100), under reversible electrode kinetics, the ‘surface-bound’ 

voltammetry as evident by the lack of diffusion tail precludes the depletion of 𝐶A,0 throughout the 

voltammetric sweep. This, however contrasts with what is seen at a phase transition value of 𝑔 =

−5.0, shown in Figure 9 b). Here, an increase in 𝐵 results in an increase in peak flux by a similar 

magnitude. The peak width, although it cannot be depicted easily, is reduced with the increase of 𝐵 

since the area under the peaks are necessarily the same. 
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Figure 9) Simulated voltammograms as a function of 𝐵 for two cases of non-ideal surface interaction a) non-phase transition 
 𝑔 = −2.0 and b) phase transition 𝑔 = −5.0. The values of 𝑔 and B are shown in the figure. Other simulation parameters 

𝐾0
′ = 1𝐸6, 𝜎 = 100, 𝛼 = 0.5 and 𝑔‡ = 0. The three lines coincide in a). The potential range for b) was reduced to −5.0 ≤

𝛩 ≤ +5.0 to improve temporal resolution; only part of the CV is displayed to improve visualisation.  

To understand the effect of 𝐵 has on the voltammetry with surface interactions leading to a phase 

transition, the simulation data in Figure 9 b) are shown in Figure 10 in a plot of  𝜃B against 
𝐾𝐶A,0

𝐾𝜃B=0.5
 

during the forward sweep. The solid line is the corresponding analytical prediction from Frumkin 

adsorption isotherm. As can be seen, simulation data obtained for all values of 𝐵 studied in Figure 9 

b) are identical and with an excellent agreement to the adsorption isotherm (as does the backward 

sweep, shown in SI Figure 6). How then is this possible if the peak width and peak flux in the obtained 

voltammogram is different? It important to note that, the x- and y-axis in Figure 10, 𝜃B against 
𝐾𝐶A,0

𝐾𝜃B=0.5
 

does not reflect the timescale of the forward deposition process. The dimensionless equilibrium 

constant 𝐾  for the electro-sorption reaction is exponentially dependant on the dimensionless 

potential 𝛩 , and thus since the voltage is scanned also time dependant. However, the rate and 

magnitude of change in the interfacial 𝐶A,0 during the voltammetry sweep is different for each value 

of 𝐵, shown in Figure 11. During the forward sweep (0 ≤
𝑇

𝑇𝑚𝑎𝑥
< 0.5), a drop in 𝐶A,0 are seen around 

𝑇

𝑇𝑚𝑎𝑥
= 0.2 and, on the reverse sweep, a sharp increase in  𝐶A,0 are seen around 

𝑇

𝑇𝑚𝑎𝑥
= 0.8. Inlay 

shows a zoom-in depicting the magnitude and the timescale of concentration change during the 
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forward sweep. The minimum depletion of 𝐶A,0 for 𝐵 = 100, 1000 and 10000 is from 1.0 to 0.66, 0.72 

and 0.73 respectively. Moreover, from the adsorption isotherm for 𝑔 = −5.0, the recession of the ‘S-

shaped’ transient occurs between x-axis values of 1.17 and  0.86. In the limiting case where the phase 

transition occurs instantaneously such that changes in 𝐾, with time, is assumed constant, the drop in 

𝐶A,0 during the forward sweep is has to be a minimum of 26%  (
1.17−0.86

1.17
 ). Thus, 𝐶A,0 does not equate 

to 𝐶A,𝑏𝑢𝑙𝑘  at all times as the dynamic voltammetric waveforms necessary perturbs the interfacial 

concentration. The timescale at which phase transition occurs are reflected by the magnitude of the 

full width half maximum (FWHM) in the drop of 𝐶A,0 with time, shown in the inlay of Figure 11. As can 

be seen, increasing B from 100 to 10000 leads to the phase transition timescale T/Tmax from 10-3 to 10-

7. 

 

Figure 10) A plot of 𝜃B against 𝐾𝐶A,0/𝐾𝜃B=0.5 during the forward voltammetry sweep for adsorbate-adsorbate interaction 

parameter 𝑔 = −5.0. Solid line – Frumkin adsorption isotherm; circles – simulation data varying 𝐵 from 100 to 10000 (CV 
shown in Figure 7 b). The values of B are shown in the figure. Other simulation parameters:  𝐾0

′ = 1𝐸6, 𝜎 = 100, 𝛼 = 0.5, 𝑔 =

−5.0 and 𝑔‡ = 0.  
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Figure 11) A plot of interfacial concentration 𝐶A,0  for values of saturation parameter 𝐵 ranging from 100 to 10,000 over the 
time scale of voltammetry with 𝑔 equal to -5.0. The corresponding CV can be seen in Figure 9 b. The values of B are shown in 
the figure. Other simulation parameters:  𝐾0

′ = 1𝐸6, 𝜎 = 100, 𝛼 = 0.5, 𝑔 = −5.0 and 𝑔‡ = 0. The inlay shows a zoom-in of 
the drop in 𝐶𝐴,0 during the forward sweep demonstrating the difference in the timescale. 

 

Conclusions 

In this article, we investigated a one-electron electro-sorption mechanism where the surface 

interactions are assumed non-ideal. The interfacial kinetics is described by Butler-Volmer kinetics 

coupled with a Frumkin adsorption isotherm and with a bespoke formal potential, newly defined. 
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Herein, new physicochemical insights to phase transition behaviour under voltammetry conditions are 

provided from a simulation perspective. We deployed the novel use of a dimensionless equilibrium 

constant allowing the interfacial conditions during the voltammetry simulation to be compared with 

the Frumkin adsorption isotherm thus providing a new ground to understand the feasibility of 

voltammetric induced phase transitions. This directly leads to the observation that, fast and reversible 

electrode kinetics are essential in capturing the voltammetric induced phase transition leading to the 

sharp and narrow peaks, which otherwise, would lead to a ‘disconnection’ from the Frumkin 

adsorption isotherm.  

Accounting for the non-equilibrium in mass transport when in analysing the voltammetry involving 

non-surface interactions is essential, particularly in the cases leading to phase transition. It is precisely 

this non-equilibrium in mass transport that causes the interfacial reaction to transit into the ‘forbidden 

zone’ of the Frumkin adsorption isotherm in voltammetry. Even if in the case of significant excess in 

bulk concentration the interfacial changes in concentration is non-negligible during a voltammetric 

induced phase transition; we have shown that under reversible electrode kinetics, at least a 26% drop 

in the interfacial concentration 𝐶A,0  is seen for 𝑔 = −5.0. Thus, analysing voltammetric peak widths 

by assuming a diffusionless system, 𝐶A,0 = 𝐶A,𝑏𝑢𝑙𝑘 at all times, may lead to an underestimate of the 

value of 𝑔. 
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′ . 

• Simulation results for limiting Case One and Case Two. 

• Effects of 𝑔‡ under fast and reversible electrode kinetics 
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