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ABSTRACT 
Self-sensing Graphene Nanoelectromechanical Systems 

Madhav Kumar 

Nanoelectromechanical systems (NEMS) can measure very small forces and mass as 

has been showcased in the last decade by the demonstration of measurements ranging 

from single spin detection and mass spectroscopy to the read-out of the quantum ground 

state of a mesoscopic resonator. Mass spectroscopy with NEMS is particularly appealing 

because the vibrational frequency of NEMS is a sensitive function of its total mass; thus 

minute changes in mass due to added or removed adsorbate will change the resonance 

frequency of a nanomechanical resonator. Indeed, single molecule detection has recently 

been demonstrated using NEMS as a sensitive mass detector. To maximize mass as well as 

force sensitivity, resonators with low mass and high quality factors are required. Extreme 

stiffness, low mass, a high Young’s modulus and good conductivity makes one atom-thick 

graphene a most suitable candidate for NEMS. However, achieving quality factors higher 

than 103 at room temperature has been a bottleneck for graphene NEMS. Extensive studies 

have been carried out on graphene NEMS by employing both optical, and electrostatic 

transduction techniques. Optical transduction requires large and complicated experimental 

setups. This restricts the use of this technique to low temperatures and high magnetic 

fields. Electrostatic sensing, another commonly used technique requires more complex 

circuitry and can damp the motion due to electrostatic force. In this thesis the use of 
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piezoresistive transduction to transduce motion of graphene resonator is explored. Major 

advantages of piezoresistive sensing over other sensing methods are its fairly linear 

response, robustness, simple measuring circuitry and implementation. It has been 

demonstrated in the present work that piezoresistive sensing is not only a simple but also 

an extremely effective electrical readout method for graphene based 

nanoelectromechanical systems. 

The first part of the thesis starts with an introduction to Nanoelectromechanical 

systems (NEMS), explaining how it originates from simple electromechanical systems and 

then later evolved from Microelectromechanical systems (MEMS). Finite element method 

(FEM) analysis confirms that the stresses are concentrated at the legs of H-shaped 

mechanical resonator which we have used to maximize the piezoresistive effect of 

graphene. Modal analysis is performed employing Comsol Multiphysics to carry out the 

simulations in order to predetermine the frequency range, which is as the same order of 

the experimentally measured resonance frequencies of the devices. Thermoelastic 

damping (TED) simulations are carried out to show comparison between different 

structures of the resonators. Detailed fabrication processes using standard e-beam 

lithography to fabricate fully suspended H shape graphene resonator have been developed. 

Graphene resonators are electronically characterized using piezoresistive sensing. Detailed 

measurements such as piezomechanical and thermomechanical, frequency and time 

domain measurements are carried out. One order higher Q-factors (103) than the previous 

reported values for double side clamped beams in ambient temperatures has been 
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measured. The minimum detectable mass and force resolution of such resonators are 

estimated using the experimental results to be an astounding 0.95 – 1.54 zeptograms (10-

21 g) and 11.7 – 21.6 aN/Hz1/2 at room temperature respectively. Various nonlinearities in 

graphene resonators such as nonlinearity in spring constant as well as higher order 

nonlinear damping are carefully considered. Simulations as well as experimental results 

showing various nonlinear effects such as saddle node bifurcation, super-harmonics, Pol-

Duffing and unstable states are discussed. In the last part of the thesis, some additional 

data of the higher order resonance modes with symmetric and asymmetric shape of the 

devices have been demonstrated. Interesting behaviors such as peak splitting, resonance 

and anti-resonance peak, have been experimentally observed. This is further confirmed 

with the experimental results from the commercial cantilever using AFM.  
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Chapter 1 

Introduction to Graphene Nanoelectromechanical systems 

1.1 Introduction to electromechanical systems  

As its literal meaning would suggest, an electromechanical system [1] consists of 

electrical and mechanical parts coupled to each other. In 1785, the first electromechanical 

system was demonstrated by Charles-Augustin de Coulomb who measured electric charges 

and formulated the very famous Coulomb’s law in electrostatics using the Coulomb’s 

torsion balance [2].  Figure 1. 1 shows the experimental setup of the Coulomb’s torsion 

balance of 1785 [2]. Coulomb’s torsion balance is an ideal example of electromechanical 

system which has both electrical and mechanical parts coupled to each other with a 

transducer. As we change the electrical charge on the metallic sphere the deflection in the 

moving mechanical part i.e., the torsional fiber also changes. The read out is the visual 

observation of the scale on the cylindrical glass case. The torsional angle of the fiber thread 

is measured with the amount of charge introduced on the metallic sphere. Figure 1.2a 

shows the schematic representation of a multilevel electromechanical system [3]. For a 

resonant device, the electrical input signal is applied to input transducers which convert the 

electrical energy into mechanical stimuli, which is applied to a mechanical system such as a 

resonator. For example in a piezo-shaker as we apply an AC signal, the piezo vibrates mech- 
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anically at the applied frequency and so do the structure (resonator) coupled to the piezo. 

The response (vibration) from the mechanical system is transduced back into an electrical 

output signal using an output transducer. Control systems perturb the mechanical response 

such as modifying the vibrational frequency and quality factor of the vibrating system. 

Figure 1.2b shows the schematic representation of a self-sensing electromechanical system 

[4] driven externally using an input transducer, the one used in the present work. Unlike 

the conventional electromechanical systems here we do not required any extra output 

transducer to convert the mechanical defection to electrical signal. The intrinsic property   

 

 

Figure 1. 1 Experimental setup of Coulomb’s torsion balance of 1785. (Image 

reproduced from Ref. [2]) 
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Figure 1.2 a) Schematic representation of a multilevel electromechanical systems. b) Schematic 

representation of a piezoresistive sensing driven externally and c) thermo-mechanically driven by 

Brownian motion (used in the present work) 
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of the system such as piezoresistivity is used as a self-sensing component to transduce 

mechanical energy into electrical energy. As the system vibrate resistance of the 

mechanical system changes. A DC bias voltage is applied to the electromechanical system 

which converts the change in resistance into an output voltage signal.  Also the input 

transducer can be used to perturb the system and accordingly the resonance frequency and 

the quality factor can be changed.  Figure 1.2c shows schematic representation of a self-

sensing electromechanical system driven thermally [4] by the surrounding temperature. 

Here we do not require any input transducer (external driving force) but the thermal 

vibration due to the surrounding temperature is sufficient to vibrate the system.  

1.2  Introduction to Microelectromechanical systems  

Microelectromechanical or MEMS are electromechanical systems which have all the 

components with dimensions in the micron scale, often called as microsystems or micro-

machines. MEMS are example of miniaturization of electromechanical devices from 

macroscopic to microscopic dimensions. A paradigm shift in manufacturing, sensing and 

application has been brought about by MEMS. For example, highly priced macroscopic 

piezoelectric accelerometers have been replaced by inexpensive minuscule silicon 

accelerometers. Apart from being smaller in size, the main advantage of MEMS is that batch 

fabrication is utilized in the manufacturing process. Unlike traditional manufacturing where 

devices are manufactured one at a time, using batch fabrication processes [5], thousands 

of identical devices can be processed simultaneously on a single wafer. MEMS based 
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devices such as inkjet print heads, micro mirrors, pressure sensors, accelerometer 

gyroscopes etc. are less expensive and superior to previous technologies. 

The first few commercially successful MEMS devices were pressure sensors and 

accelerometers which were fabricated in the 1970s. Further, development of MEMS and 

integrated circuit (IC) technology go hand-in-hand. IC fabrication technologies such as 

lithography, etching and thin film deposition (or growth) were first used to fabricate MEMS 

in 1980s. In 1980s and 1990s significant research and development took place in the field 

of new fabrication technologies, different devices and markets for MEMS. Today MEMS 

based products have a huge impact on our society. Although the future of MEMS is quite 

bright, in order to accelerate the development, new manufacturing processes and 

applications will have to be continuously invented. Emerging applications based on MEMS 

that have a huge potential to grow in the future are resonators, switches, drug delivery 

systems, optical switches and micro-spectrometers. 

The resonant transducer is one of the most common micro-electromechanical devices. 

Strain induced is converted into resonant frequency change of the device by the resonant 

transducer. Different detection techniques such as electrostatic, optical, piezoelectrical, 

and piezoresistive are used to detect the resonant frequency. Measurement of pressure, 

acceleration, vibration and so on has been done using these resonant transducers. 
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1.3  Introduction to Nanoelectromechanical systems (NEMS) [3]   

On 29th December 1959, Richard Phillips Feynman [6] who received his Nobel Prize in 

Physics in 1965 gave his much quoted talk at the annual meeting of the American Physical 

Society, which is now often quoted as the “There’s Plenty of Room at the Bottom” [1,7,8] . 

Long before the word nano came into the picture, his question to the scientific world ‘’Why 

cannot we write the entire 24 volumes of the Encyclopaedia Britannica on the head of a 

pin?’’ during his talk was a defining moment in the field of nano science and technology. It 

became the road map for present and future nanotechnology. He looked into the future 

and predicted how technology could create structures that would be as small as the size of 

an atom. At the end of his talk he offered a prize of $1,000 to the first person who can take 

the information on the page of a book and put it on an area 1/25,000 smaller in linear scale 

in such a manner that it can be read by an electron microscope. He also offered another 

prize of $1,000 to someone who can make an operating electric motor which can be 

controlled from the outside and is only 1/64 inch cube in size.   

Few months later the challenge offered by Feynman to stimulate the development of 

micro miniaturization was completed successfully by William McLellan [9] a mechanical 

engineer and alumnus of the California Institute of Technology.  Out of several McLellan’s 

motors one of the motor is still displayed in the corridor of the Caltech physics department. 

McLellan made a micro motor which was about the size of a pencil dot on a paper, even 

smaller than what Feynman specified.  It weighed around 250 micro gram and required a 

power of 1 milliwatt to operate.  McLellan used tweezers, a fine paintbrush and a toothpick 
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as tools to make his device. He used intelligent machining tricks such as drilling holes in his 

minuscule components by using watchmakers’ tools etc. to scale down the components. 

The other prize was claimed in 1985, by Tom Newman, a Stanford graduate student by 

writing the first paragraph of ‘A Tale of Two Cities’ in an area 1/25,000 times smaller [10].  

In nanoelectromechanical systems [3] or NEMS the dimensions of the components of 

the systems are in deep sub-micron scale. It can be considered to be a further 

miniaturisation of MEMS. NEMS represents devices integrating electrical and mechanical 

components on the nanoscale, such as resonators. Flexural and torsional vibrations are the 

two mechanical motions mostly detected in these resonators. In case of flexural resonators, 

the moving mechanical part is either a cantilever (a mechanical beam clamped at one end), 

or a doubly clamped beam. An example of torsional oscillator would be a paddle. In this 

thesis I focus only on a special geometry of the doubly clamped beam.   

The low mass and high quality factors that nanomechanical resonators exhibit leads to 

exceptional sensitivity in the frequency domain. [3-4, 11-34] Suspended CNT-based 

resonators [22] have shown operating frequency as high as 1.3 GHz which can go up to 10 

GHz and even in terahertz range by scaling down the resonators. Researchers have 

measured room temperature quality factors (Q) as high as 4 x 105 [23] for silicon nitride 

nanomechanical resonators and up to 5 x 106 [24] at low temperatures for carbon nanotube 

resonators.  The ultra-high quality factors and resonance frequencies make NEMS an ideal 

candidate for sensing applications such as a mass [14-18] and force [12, 13] sensors.  
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The sensitivity of a nanomechanical mass and force sensor depends on its mass and 

quality factor; a low mass and high quality factor reduces both the minimum resolvable 

force [12, 13] and mass [14]. The minimum detectable mass is given by:  

 Where Meff is the resonator mass, Q the quality factor and ωo the resonance frequency, Δf 

the measurable bandwidth and DR the dynamic range [25, 26]. Hence a low mass resonator 

with high Q would be ideal for mass sensor. The minimum detectable force (Fmin) of a 

nanomechanical resonator is given by the force spectral density (𝑆𝑡ℎ
𝐹 ): 

Where k is the spring constant (which increases with increasing mass, as k = Meff ω2), T the 

temperature and kb is the Boltzmann constant. Thus, to maximize force sensitivity, 

resonators with low mass, low resonance frequency, and high quality factors are required. 

Nanoelectromechanical systems (NEMS) can measure very small forces [12, 13] and 

masses [15, 16] as has been showcased in the last decade. NEMS has been used to 

demonstrate measurements ranging from detection of single spin [11], to displacement 

[27-33]. Mass spectroscopy [17, 18] with NEMS is particularly appealing because the 

vibrational frequency of NEMS is a sensitive function of its total mass; thus minute changes 

in mass due to added or removed adsorbate will change the resonance frequency of a 

nanomechanical resonator. Indeed, single molecule detection has recently been 

demonstrated using NEMS as a sensitive mass detector [17, 18].  

                                 δm =  2Meff  (
𝛥𝑓

𝑄𝜔𝑜
)

1/2
10−𝐷𝑅/20                              (1.1) 

                                                  Fmin = √𝑆𝑡ℎ
𝐹 

  = √
4𝑘𝑇𝑘𝑏 

𝜔₀𝑄
                                                (1.2) 
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1.4 Introduction to Graphene: The miracle material of 21st Century  

Graphene [35] a single atom thick sheet of carbon atom arranged in the honeycomb 

lattice has fascinated the researchers and industry from every field of science and 

technology. Research in the field of graphene is truly one of the largest and most rapidly 

growing fields in material science and technology.  

Theoretically graphene had been first studied by P.R Wallace in 1947 [36] when he 

calculated the band structure of graphene. This was the starting point of understanding the 

electronic properties of graphene. In 1962 Von H. P. Boehm [37] synthesised graphene 

successfully for the first time by reducing a graphite oxide monolayer. He managed to 

measure the thickness of a graphene layer using electron microscopy and X-ray scattering 

characterization tools. He named it ‘’graphene’’ in 1986 [38] as a molecule by combining 

‘’graph’’ from the word graphite and the suffix ‘’ene’’ considering it as a hydrocarbon.  

Thanks to researchers Andre Geim and Konstantin Novolselov at University of Manchester 

for their ‘’Friday evening experiment’’. In 2004 they managed to successfully isolate the first 

free standing two dimensional material, single layer graphene, after years of attempts to 

isolate a single layer of graphite. For their simple but ground breaking research on graphene 

they both won the 2010 Nobel Prize in Physics. 

Quasi two dimensional graphene is the building block for all other carbon allotropes. 

As shown in Figure 1.3 it can be wrapped into zero dimension bucky balls, rolled into one 

dimensional nanotube, or stacked into three dimensional graphite. Unlike in diamond 

where carbon atoms are covalently bonded by sp3 hybridization, in graphene, carbon atoms 
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are covalently bonded by sp2 hybridization. This results in high in-plane Young’s modulus (1 

terapascal (TPa)), 2-D elastic stiffness of 340 Newton/meter (Nm-1) and breaking strength of 

42 Nm-1 [39]. This makes graphene the strongest material on planet, even 200 times 

stronger than steel but still being one atom thick it is the thinnest material on the planet. 

On top of this graphene is very flexible. From nanoindentation experiments of freely 

suspended graphene it has been shown that it can withstand more than 20% strain applied 

to it before it undergoes permanent deformation [39]. In addition being thin and flexible 

 

 

Figure 1.3 Quasi 2D material graphene as the source of all allotropes of carbon such as 0D bucky 

balls, 1D nanotubes or 3D graphite. (Image reproduced from Ref. [35]) 
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makes graphene a unique material among all other thin films and nanostructures. It has 

been estimated that the weight of an elephant would be necessary to break a sheet of 

graphene with the thickness of kitchen wrap [40]. Suspended graphene has been shown to 

acquire of charge carrier mobility up to 40, 000 cm2/VS [41] at room temperature and 200, 

000 cm2/VS at low temperature [42, 43]. With such a high charge carrier mobility, graphene 

is not only the best conductor of electricity but heat as well. It is almost completely 

impermeable. With mass density of 7.4 x 10-19 Kg/µm2, it is the lightest continuous thin film. 

Its potential is practically limitless from using it in condoms to cancer therapy, from flexible 

touch screen to super-fast batteries. Researchers are working on using it for desalination. 

Tennis rackets made up of graphene composites are strong, flexible and are already being 

used by international tennis players. 

1.5 Introduction to Graphene based NEMS 

Extreme stiffness, low mass, high Young’s modulus and good conductivity of 

electricity makes graphene the most suitable candidate for NEMS materials as compared 

to any other thin film or nanostructures. While resonators based on SiN can exceed quality 

factors of 106 [44] but its mass is not as low as that of monolayer graphene. Over the years 

NEMS devices have shown high sensitivity based on nanostructures such as carbon 

nanotubes [15, 45-50], nanowires [51, 52]. Unlike other nanostructures such as carbon 

nanotube, nanowire graphene is an extremely stiff and strong continuous thin film. This 

allows graphene manufacturing to utilize the top-down fabrication process and is also 

compatible with the standard micro-nano fabrication techniques. At the same time 
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compared with bulk micro-machined structures such as Si, graphene can be grown over a 

large area [55, 56] and can be patterned at the wafer scale using the standard lithography 

process. Hence graphene avails advantages of both top-down and bottom-up fabrication 

processes and has a superiority over other NEMS materials. Table 1. 1 shows the 

performance of graphene mechanical; resonator –a comparison (adapted and extended 

from Hone et al.  2013 [57]). 

1.5.1 Review of graphene-NEMS  

Bunch et al. in 2007 demonstrated the first graphene mechanical resonator and studied its 

electromechanical properties [58]. Graphene was exfoliated from Kish graphite similar to 

the one reported earlier [35] and stamped on pre-patterned trenches of SiO2 (260-330 nm) 

with gold pads connected at one end of the trench as metal electrodes. The length of these 

doubly clamped graphene resonators which is attached to SiO2 surface by weak van der 

Waals force ranges from 0.5 µm to 10 µm with thickness of graphene from monolayer to 

multilayer (   ̴ 50nm). Both electrical and optical actuation techniques were used to 

mechanically drive the resonator. For electrical actuation, electrostatic techniques were 

used to drive the graphene resonator by applying a combination of direct-current (DC) and 

radio frequency (RF) voltages between the gold electrode and Si. Silicon act as the gate with 

SiO2 as the dielectric. The electrostatic force between the SiO2 substrate and the suspended 

graphene produces motion in the graphene sheet. For optical actuation an amplitude 

modulated 432 nm diode laser beam (blue laser, Figure 1. 4) was focused on the suspended 

graphene. It drives the beam by periodic contraction and expansion of suspended graphene 
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due to the modulation of temperature of the graphene sheet. Optical interferometry was 

used to detect the motion of the oscillating graphene. Another laser beam (red laser, Figure 

1. 4) was focused on the graphene sheet.  A part of this laser is reflected back while the 

other passes through graphene. The laser beam passed through graphene reflects back 

from the Si substrate (mirror) forming an interference pattern with the laser light reflected 

 

Figure 1. 4  a) Schematic of a suspended graphene resonator and electrical actuation scheme. b) 

Schematic of the experimental setup for optical actuation and interferometry detection 

technique. (Image reproduced from Ref. [58]) 
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from the graphene sheet. The changing position of oscillating graphene sheet changes the 

amplitude of intensity of the reflected signal. By monitoring the intensity modulation of the 

reflected signal using a photodiode and a network analyser, the motion of the graphene 

resonator was detected. Figure 1. 4 shows schematic of the device and the setup [58]. 

 A year later, in 2008 D. Garcia-Sanchez et al. [59] used an AFM tip to not only 

measure the resonance frequency and deflection of graphene resonator but also image the 

spatial shape of the Eigen modes. The quality factor for this detection scheme was quite 

low as this was done in atmospheric pressure. Previous graphene resonator device 

structure [58] was used for this indirect optical detection technique using scanning force 

microscopy. This is discussed more in Chapter 3. 

 In 2008 J. Bunch et al. [60] demonstrated graphene to be a complete gas 

impermeable membrane using a graphene based drum resonator, where graphene is fully 

clamped (sealed) at all its edges. Atomically thick graphene trapped air in the etched hole 

in between the graphene membrane and backplane SiO2/Si substrate. When the device was 

put into vacuum, the atmospheric pressure due to the trapped air in the etched SiO2 hole 

covered with the graphene membrane caused the graphene sheet to bulge out forming a 

‘’balloon’’. It demonstrated the strength of monolayer graphene and its strong attachment 

with SiO2  which does not break due to pressure exerted by trapped air on it. However, as 

the graphene-SiO2 junction doesn’t have a perfect seal hence the trapped air flows out 

slowly after around 24 hours of pumping.  
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Table 1. 1 Review of graphene mechanical resonators at room temperature. (Table reproduced 

from Ref. [57]) 
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In 2009 C. Chen et al. [61] demonstrated for the first time the electrical transduction 

of graphene-NEMS using capacitive actuation and RF down mixing technique. This is now a 

widely used detection technique for graphene resonators [21, 62, 63]. Detailed discussions 

on this transduction technique is carried out in chapter 3. Unlike previous device fabrication 

processes [58-60], in this case exfoliated graphene was stamped onto a SiO2/Si wafer 

instead of pre-patterned trenches and electrodes. Electrodes such as Au with adhesive layer 

Cr were patterned by electron beam lithography. This allows for the shaping of graphene 

using additional lithography processes. This is not only important and beneficial for 

fabricating symmetrical structures and different shapes and sizes, but also for allowing 

batch fabrication processes. But since for each graphene flake, designing and electrode 

alignment is required, this approach is quite slow. To suspend the structure, wet etching of 

the underling SiO2 using hydrofluoric acid (HF) [43, 64] is carried out, which requires a 

special drying process known as supercritical drying.  This prevents graphene from surface 

tension induced collapse after wet etching. Using this approach they could fabricate micron 

wide graphene resonators with small spacing between graphene and the gate (  ̴100nm) 

and hence a high aspect ratio was achieved. However, it is difficult to fabricate fully clamped 

structures such as drum resonators using this process. Also because this is a top down 

approach, metal electrodes on top of graphene is also suspended due to uncontrolled 

etching underneath the SiO2 [64]. 

 Later in 2011 Song et al. [65] used another transfer technique for transferring 

graphene from one substrate to any other substrate using a polymer release layer instead 
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of using a scotch tape. This polymer transfer method has the advantage of moving 

individually suspended graphene flakes.  

Moreover, to commercialize and allow applications of graphene-NEMS and 

demonstrate its potential in sensing devices such as force and mass sensors, the fabrication 

of graphene-NEMS should be done using scalable synthesis of graphene such as for 

example, graphene grown epitaxially, using graphene oxide, on transition metals using CVD 

process. In 2008 Robinson et al. [66] demonstrated fabrication of large-area mono and few 

layer Graphene Oxide (GO) films. Mechanical properties of these films were studied using 

drum resonators with quality factors as high as 4000. Later in 2009, S. Shivaraman et al. 

[67] demonstrated a method to fabricate doubly clamped free-standing graphene sheets 

with lengths up to 20 μm from epitaxial graphene on silicon carbide (SiC) substrate. An 

optical detection technique was used to actuate the graphene resonator and detect its 

motion. Photochemical etching of underlying SiC was used to suspend graphene after 

patterning electrodes and shaping graphene. In 2009 Li et al. [55] synthesized large scale 

high quality monolayer graphene on copper foils using CVD processes. A polymer support 

layer such as Polymethyl methacrylate (PMMA) or polydimethylsiloxane (PDMS) was 

deposited on the surface of the as-grown graphene on Cu. The copper was then etched 

away chemically. The polymer support layer/graphene was then transferred onto another 

substrate for device fabrication. In 2010 Van der Zande et al. [63] demonstrated fabrication 

of large arrays of doubly clamped, as well as fully clamped monolayer graphene membrane 

resonators using chemical vapour deposition (CVD). Doubly clamped resonators were 
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shaped into strips and then electrodes were patterned using standard lithography after 

transferring graphene onto SiO2/Si and finally etching away underlying SiO2 as discussed 

earlier. In another device fabrication process graphene on as grown Cu foil was shaped into 

strips and then transferred on top of predefined trenches and electrodes. Both optical and 

electrical detection techniques were used to detect the motion of these resonators. A year 

later in 2011 Barton et al. [68], demonstrated fabrication of a fully clamped circular 

mechanical drum resonators of  diameters between 2-30 µm using graphene grown by 

chemical vapour deposition. These drum resonators showed quality factor one order higher 

than previously reported at room temperature. Table 1. 1 shows a comparison of the state-

of-the-art of graphene mechanical resonator. 

In this thesis CVD graphene has been used as for piezoresistor-NEMS device to 

showcase that graphene can itself act as a self-sensing layer, thus also allowing electrical 

sensing using the motion induced modulation of resistance (i.e. piezoresistive detection). 

Compared with NEMS based on other materials graphene NEMS are far more superior and 

display remarkable advantages [4]. By employing this piezoresistivity in a monolayer 

graphene resonator to transduce its motion in nanoelectromechanical systems (NEMS), I 

have achieved high quality factors, high onset of nonlinearity and thus exquisite force and 

mass sensitivity at room temperature. I discuss the design, finite element simulation, 

fabrication and characterization of the devices in Chapter 2. Piezoresistive measurements 

employed in this work are explained in Chapter 3 with experimental data and results. 

Various non-linear vibrations in the graphene NEMS have been explained with experim-
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ental data and simulation results in chapter 4. Different resonance modes are discussed in 

Chapter 5 with modification in the frequency behaviour due asymmetry in the shape of 

graphene resonator. Summary and outlook of the future work is discussed in Chapter 6.  

 In the present work, the very first demonstration of piezoresistive sensing of 

graphene based nanoelectromechanical systems has been carried out. An astounding 0.95 

– 1.54 zeptograms (10-21 g) of minimum detectable mass is estimated for such resonators 

at room temperature. Thermomechanical motion detection of these resonators allows us 

to estimate minimum force resolution which is extraordinarily low, 11.7 – 21.6 aN/Hz1/2 also 

at room temperature. The basic understanding of nonlinearities in these devices and its 

origin have been carefully studied both experimentally as well as theoretically.
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Chapter 2 

Modeling, Fabrication and Characterization of devices 
 

In this chapter I shall discuss Finite element method (FEM) modeling of devices, 

detail device fabrication processes and their characterization. Modal analysis is performed 

employing Comsol Multiphysics in order to predetermine the frequency range, which is of 

the same order of the experimentally measured resonance frequencies of the devices. 

Thermoelastic damping (TED) simulations are carried out to show comparisons between 

different designs of resonator. Fabrication processes of clamped H-shaped suspended 

graphene devices are explained. Standard device fabrication process as are developed with 

high reliability. Scanning electron microscopy was used to characterize these devices, to 

verify whether or not the graphene resonators are fully suspended. To check the quality of 

the graphene Raman spectroscopy was used, which confirms that graphene is monolayer. 

2.1 Introduction to finite element method (FEM) 

Finite element method (FEM), or finite element analysis (FEA) is a very effective 

numerical tool for solving a differential or integral equation describing different physical 

processes.  It is used in modeling and simulation as a computational technique to obtain 
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approximate solutions of boundary value problems in various fields of science and 

technology. Solving the differential or integral equation analytically of a complex system 

with boundary and the initial conditions is otherwise very difficult. Hence, FEM is a very 

convenient and well-established technique for solving complex problems using computer 

coding.  

 2.1.1 General Procedure for Finite Element Analysis  

The basic FEM procedure for computational modeling are: Modeling of the physical 

problem (geometry), specifying the boundary, initial and loading conditions, the finite 

element discretization of the geometry into small elements, and solving the resulting 

equations.  

 In general, real systems are very complex in structure and geometry. Hence it has 

to be reduced into a simpler and manageable geometry. For example curves and curved 

surfaces can be used to model curved parts of the geometry and its boundary. Also, linear 

elements, curve and curved surfaces are approximated using piecewise straight lines or flat 

surfaces. Figure 2. 1a shows H shape geometry of the resonator used in the present work. 

Most real systems consist of many materials. Hence, the properties of elements 

need to be specified for each individual element. Different sets of material properties are 

required for different simulations. For example in structure mechanics applications the 

Young’s modulus, Poisson’s ratio and mass density of the material are required. Boundary, 
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initial and loading conditions vary from problem to problem and have to be specified as it 

plays a significant role in simulations. 

 Domain discretization involves meshing to discretize the domain. The whole 

geometry is converted into small non-overlapping elements often called cells. Hence, 

domains having infinite degrees of freedom have been replaced by a system with finite 

degrees of freedom. A variety of element shapes such as triangular, quadrilateral etc. 

formed by connecting a certain number of nodes can be used for meshing the system. A 

 

Figure 2. 1 a-b) The H shape and circular geometry of the resonator. c-d) Meshing of the 

above geometry using triangular element shapes 
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triangular element shape has been used in the present work, because of their flexibility in 

modeling complex geometries as shown in Figure 2. 1c-d. After creating a computational 

model, the discretized system is simulated. 

 Apart from all the advantages of FEM there are some limitations as well. The 

element size of the system should be always much smaller than the minimum feature size 

of the system. For smaller systems such as mono layer graphene where the minimum 

feature size (thickness) is a few angstroms, the element size should be angstrom or sub 

angstrom. Thus the number of elements will increase and accordingly the computational 

time will also increase.  Hence often a massive parallel system is required for complex 

problem. Similarly for very large systems, the number of elements are massive and again a 

parallel computation is required. 

2.2 Modal analysis of resonators [76] 

 

Modal analysis using finite element methods (FEM) have been performed in order 

to predetermine the frequency range of the resonators. This analysis also serves to confirm 

that the stresses are concentrated at the legs of the H-shaped mechanical resonator. 

Comsol Multiphysics has been employed to carry out the simulations to calculate the 

resonance frequencies of the system.  

Figure 2. 2a shows the resonance frequency of a double sided clamped rectangular 

beam graphene resonator, with varying length of the beam while keeping width of the 
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beam constant. An inverse square decrease in the resonance frequency is observed with 

increasing length as expected analytically. Figure 2. 2b shows resonance frequency of the 

beam with varying number of layers of graphene. A linear increase in resonance frequency 

is observed with increasing number of layers as expected analytically.  

 

Figure 2. 2 a) The resonance frequency of a graphene resonator with varying length of the 

resonator at constant width. b) With varying number of layers of graphene 
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                Figure 2. 3 a shows the deformed shape of a double sided clamped rectangular 

beam graphene resonator at resonance frequency. Figure 2. 3 b shows the fundamental 

mode shape of mechanical resonance frequency of the suspended graphene beams 

clamped at the four legs. Here, mass density of the beam ( graphene, where graphene 

= 7.4 x 10-16 g/µm2 [61] has been considered. The fundamental resonance frequency (f₀) for 

this resonator which is approximately 1.8 μm long, 1.2 μm wide with each leg being    ̴120-

150 nm wide and 0.7 μm long is calculated to be around 1 MHz using modal analysis. 

Resonance frequency (f₀) has been measured between 1-3 MHz for most of the resonators 

(devices on the same chip), this will be discussed in details in chapter 3. It has been found 

that these frequencies are of the same order as f₀ calculated using FEM (Figure 2. 3 b) taking 

into account the higher mass density.  Figure 2. 3 c shows the second modes (f1) of the same 

device, the fo of which is shown in Figure 2. 3 b.  

   Etching Silicon dioxide (SiO2) underneath graphene using buffered oxide etchant 

(BOE) also etches 100-120 nm of SiO2 underneath gold electrode pads which results in a 

small portion of the gold pads being suspended. The dimensions of this overhang are 100 

nm thick (thickness of gold pads) and 120-150nm long. In order, to verify that observed 

frequency is not the vibration of these suspended gold electrodes, simulations have been 

carried out with this overhang.  Figure 2. 3 e shows that the first mode of this gold overhang 

is around 1 GHz. Thus, the resonance frequency of the graphene resonator is much lower 
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than that of the suspended gold. Therefore, there is expected to be no contribution from 

the gold electrodes to the first few modes of the graphene resonator, other than to serve  

 as a modified clamped support. This supports the contention that the resonance 

frequency, which has been measured at around 1-3 MHz for most of the devices is that of 

suspended graphene. Further simulations have been carried out of just the gold pad with 

the overhang as shown in Figure 2. 3 f and the result remain the same. 

 

 

Figure 2. 3 a) The deformed shape of a double sided clamped graphene resonator at 

fundamental resonance frequency. b) The fundamental mode shape of one of the suspended 

graphene beams clamped at the four legs at mechanical resonance frequency. c ) The second 

modes (f1) of the same device, the fo of which is shown in figure 2.2b. d) The colour code of 

amount of stress. e) The first mode of the gold overhang in the device. f) Modal analysis of the 

same gold over hang (modeled separately). 
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2.3 Modeling Thermoelastic Damping (TED) 

For small mechanical systems one of the main sources of energy dissipation is the 

thermoelastic effect. As the resonator vibrates, stress is produced in the beam and hence, 

the local volume is changed which leads to a temperature gradient across the resonator. 

Due to the thermal gradient, heat dissipation from hotter region of the resonator to colder 

region takes place to bring the resonator back to the thermal equilibrium state. Hence, 

energy dissipation due to the heat flow causes damping of the resonator which is often 

called thermoelastic damping (TED) [77-81]. In 1948, Zener et al. first proposed this theory, 

which was later advanced in 2000 by Lifshitz and Roukes et al. for thin vibrating beams. It 

explains that TED is directly dependent on the temperature of the resonator at fo.  

 Figure 2. 4  shows TED simulation of a double sided clamped beam (Figure 2. 4 a), 

and a clamped H shape beam (Figure 2. 4 b) using COMSOL multiphysics. It has been 

observed that the temperature gradient is produced across the beam. Maximum 

temperature gradient is from clamp to the central portion of the beam and vice-versa. 

Since, the area in an H shape resonator has been reduced, hence the temperature gradient 

in the beam is also reduced to a great extent. Furthermore, TED is comparatively smaller in 

the H shaped resonator than a double sided clamped resonator of the same dimension. 

Hence the quality factor is higher for the H shape resonators compared to the double sided 

clamped resonator of same size. Hence, it can be concluded that the H shape resonator has 
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a lower TED compared to double side clamped resonators and thus has a higher quality 

factor. 

 

 

 

 

 

 

Figure 2. 4 TED simulation of resonators showing temperature of resonator at mechanical 

resonance frequency for a) double sided clamped and b) four sided clamped H shape graphene 

resonator using COMSOL multiphysics. 
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2.4 Fabrication of suspended graphene 

As discussed earlier, the present work focuses on studying graphene based NEMS, 

using a mechanical actuation technique and utilizing the intrinsic piezoresistivity of 

graphene as a self-sensing component. To increase the sensitivity due to the intrinsic 

piezoresistive effect, a four-sided clamped H shaped suspended graphene beam has been 

employed. Fabricating a two sided clamped beam itself is very challenging. Hence, 

fabricating a H shaped beam where the clamping area is less than 80% compared to two 

sided clamped beam was even more challenging. So, for these nanoscale devices, an 

environment as clean as possible for all the device fabrication process have been 

maintained. Hence, the entire fabrication process is performed in a Class 100-1000 clean 

room facility, which provides a suitable condition for micro/nano device fabrication. To 

achieve a resolution of around 100 nm feature size, standard e-beam lithography based 

device fabrication processes were used to fabricate fully suspended H shaped graphene 

resonators. A standard device fabrication process has been explored for this, which works 

reliably.  Figure 2. 5  shows a schematic of different device fabrication processes for making 

a fully suspended H shaped graphene resonator. E-beam lithography and plasma etching is 

performed on CVD grown graphene on a 285nm SiO2 substrate (bought from Graphene 

Supermarket) for patterning H shaped graphene. Another e-beam lithography step is 

performed to pattern the metal electrodes followed by a metallization process of thermally 

evaporating 5nm Chromium (Cr) as an adhesion layer and 90nm Gold (Au) as metal 
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electrodes.  Finally, Graphene is suspended by under-etching SiO2 using BOE [43, 61]. To 

prevent the suspended graphene membrane from collapsing during the drying process due 

to surface tension effects, critical point drying has been employed [43,61]. 

2.4.1 Patterning alignment markers  

 A 300 nm thin film of PMMA-495 (Poly-methyl Methacrylate), an electron sensitive 

compatible polymer resist is deposited on CVD grown graphene on a 300nm SiO2/Si 

substrate using a spin coater at 4000 rpm (revolutions per second) for 60 seconds, followed 

by post baking at 175˚C for 10 minutes. At a constant time, the thickness of a resist is 

inversely proportional to the speed of rotation. However, beyond a certain threshold speed, 

the thickness of the resist remains constant. Patterning of the alignment markers is done 

 

Figure 2. 5 Schematic diagram of fabrication process 
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by e-beam writing of a computer aided design (CAD) file which contain the particular 

alignment markers on the sample. Figure 2. 6 a shows a schematic of the pattern of these 

markers. E-beam resists such as PMMA are long chains of cross linked polymer. It is a 

positive e-beam resist, so by exposing the selected area (alignment markers) of the resist 

by e-beam, its solubility in a particular chemical dedicated for the resist called developer 

increases. Hence, by putting the sample in the developer for a certain time, the region of 

the resist exposed to the e-beam gets dissolved in the developer.   

For my devices, the resist has been developed after e-beam exposure developer for 

15 seconds and then rinsed  in IPA for 60 seconds to remove any residue. The developer 

 

Figure 2. 6 a) Schematic of pattern of markers. b) Optical microscope image of markers, after 

developing resist. c) Optical microscope image of markers, after metallization and lift-off. 
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used in this case is a solution of 1:3 MIBK (Methyl isobutyl ketone) : IPA (Isopropyl Alcohol). 

The time to keep the exposed resist in the developer is very precise. It can be over or under 

developed if it is kept for longer or shorter period (few seconds) respectively. Figure 2. 6  b 

shows an optical microscope image of markers, after developing resist on a sample. 

Metallization of the alignment markers was done by depositing 10 nm Cr followed by 60 

nm gold using a thermal evaporator without breaking the vacuum at a rate of 0.1 nm per 

second. Cr acts as an adhesion layer for gold to adhere better to the sample. Lift-off process 

was performed by keeping the sample in warm acetone (40 ᵒC) for 2-3 hours, followed 

squirting it with acetone, using a pipette, until fine features of the alignment markers can 

be seen under an optical microscope followed by rinsing in IPA.  Figure 2. 6 c shows an 

optical microscope image of markers, after metallization and liftoff.  

2.4.2 Patterning H shape graphene  

         E-beam patterning of H shaped graphene is performed as explained above. Plasma 

etch or reactive-ion etching (RIE) is performed on the sample using 10 standard cubic 

centimetres per minute (sccm) Ar, for 20 seconds, at 10 Watt RF power. H shaped graphene 

on the device, being protected by the resist layer is not affected by the plasma. The rest of 

the graphene, being exposed and unprotected is etched away by plasma. Remaining resist 

is removed by keeping the sample in warm acetone for 10-20 min and rinsing it in IPA. 

Figure 2. 7 a shows an optical image of device after e-beam patterning of H shaped 



33 

 

 

graphene followed by developing the resist for plasma etch. Contrast between the areas of 

 

Figure 2. 7 a) An optical image of a device after e-beam writing and developing the resist for 

plasma etch. b) An optical image of the same device after plasma etching of unprotected 

graphene followed by removing PMMA. 
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resist removed after developing and area of resist protecting graphene can be seen quite 

clearly. Figure 2. 7 b shows an optical image of the device after plasma etching of graphene 

and removing PMMA.  Contrast between H shaped patterned graphene and rest of the area 

where graphene is removed after plasma etch is quite visible. 

2.4.3 Patterning Metal contact pads  

As explained earlier, metal contact pads were patterned using another e-beam writ- 

  

Figure 2. 8 a) An optical image of device after developing resist for metal contact. b) An optical 

image of device after metallization and lift off. 

 



35 

 

 

 ing step followed by developing the resist. Metallization of the contact pads is done as 

explained earlier by depositing 10 nm of Cr as an adhesive layer, followed by 90 nm of gold 

using thermal evaporation without breaking the vacuum at a rate of 0.1 nm per second. 

The lift-off process of the unexposed resist and metal on top of it was performed as before.  

Figure 2. 8 a shows an optical image of the device after developing the resist for metal 

contact pads. Figure 2. 8 b shows an optical image of the device after metallisation and lift 

off.   

2.4.4 Releasing graphene using HF etching of SiO2 [43 61, 62] 

The last step is to suspend the device. To suspend the device, selective etching the 

region beneath the graphene flakes (SiO2) has been performed in such a way that the 

electrodes remain intact. BOE has been used, which selectively etches only the oxide layer 

but not the silicon (Si). BOE is a solution of 1:6 volume ratio of 49% Hydrogen Fluoride (HF) 

in water buffered with 40% Ammonium Fluoride (NH4F) in water.  This solution has been 

calibrated to etch at a rate of 1 nm/sec. The chip is placed into the solution for two and half 

minutes to etch away around 150 nm. Since the etching is isotropic, it etches the SiO2 

beneath the metallic contacts also. After the etching, thorough rinsing with deionised water 

(DI) is undertaken to remove any remains of BOE. The sample is kept in DI water for 2-3 

hours to ensure there is no BOE residue. The device is never exposed to air directly since, 

exposing to air will result in a sudden change of surface tension force resulting in a collapse 

device.  
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2.4.5 Critical point drying of devices [43, 61, 62] 
 

To prevent the device from collapsing due to surface tension, while drying the chip 

by exposing it to air, critical point drying (CPD) has been used. The critical point for any 

given substance is that point beyond which the true gaseous/liquid nature of the substance 

  

Figure 2. 9 Optical images of real fabrication processes. 
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vanishes. This state is called the super-fluid state. Critical point for Carbon dioxide (CO2) is 

at around 31.1 °C and 73 atm. Beyond this point CO2 exists as a super-fluid. The advantage 

with this region is that there are no surface effects beyond this region and the transition 

from a liquid to a super-fluid occurs without any surface tension. Figure 2. 9 d shows an 

optical image of the device after HF etching and CPD.  Figure 2. 9  summarizes all fabrication 

process of suspended graphene discussed in section 2.4 using optical images of the 

processes. Starting from patterning H shape graphene, depositing metal electrodes, 

releasing graphene by under etching SiO2 and finally drying the sample using CPD. 

Scanning electron microscopy (SEM) has been used to characterize the devices. 

Figure 2. 10  shows SEM images of the graphene resonators after CPD.  Figure 2. 10 a shows 

a SEM image of a collapsed graphene device. Figure 2. 10 b, shows an SEM image of a 

partially collapsed resonator. The difference in contrast between the SiO2 substrate and 

suspended portion of graphene distinguish it from collapsed graphene where there is 

hardly any contrast between the SiO2 substrate and graphene. Figure 2. 10 d-e shows SEM 

images of fully suspended H shaped graphene resonators with different dimensions. 

Difference in the contrast between SiO2 substrate and graphene shows that graphene is 

fully suspended. Figure 2. 10 c shows SEM image of several devices on one chip. Using CVD 

graphene and standard lithography processes the device fabrication process can be easily 

up scaled. From SEM images suspended and non-suspended regions can be readily 

identified. 
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Figure 2. 10 a) SEM image of a collapsed resonator. b) SEM image of partially suspended 

graphene devices (tilted) after critical point drying. The difference in contrast between collapsed 

(central area) and suspended portion (two legs) of this resonator is clearly visible. c) Several 

devices on one chip. d) SEM image of a fully suspended graphene resonator. Difference in 

contrast between the substrate and graphene clearly shows that graphene is fully suspended. e) 

Another suspended graphene device with different dimensions. 
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2.5 Raman Spectroscopy of Graphene [82-83] 

 
           Raman spectroscopy has been historically used to characterize carbon based 

materials such as graphite. Apart from structural characterization, it is a very powerful tool 

to understand the behaviour of electrons and phonons in graphene. It is a very useful 

spectroscopic technique to distinguish monolayer graphene from few-layer graphene. It 

can also determine precisely the number of layers in few-layer graphene film. Due to the 

extensive study of graphene by Raman spectroscopy over the last decade, the Raman 

spectrum of graphene is very well understood [82-83].  Raman spectroscopy has been used 

in this work to characterize graphene and to confirm its monolayer nature prior to the 

fabrication of devices.  

2.5.1 Raman Spectrum of Graphene [83] 

       The Raman spectrum of monolayer graphene has two most prominent features - the so 

called G band at around 1582 cm-1 and G’ band appearing at 2700 cm-1 using a laser of 2.41 

eV excitation energy. Another band, the so-called disorder-induced D-band at around 1350 

cm-1
 which is half of the frequency G’ band can also be seen for a disordered sample. Hence, 

the D-band is also associated with the defect in the sample. Since G’ is at about twice the 

frequency of D-band, it is also called 2D band in most of the literature. In order to avoid 

confusion between G’, and G, the G’ is addressed as the 2D band in line with most of the 

other authors.  Figure 2. 11  shows a Raman spectrum of graphene showing the main 

features- the D, G and G’ band with a laser excitation energy of 2.41 eV. 
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Figure 2. 12  [83] shows the line shape of the 2D band of graphene describing the 

evolution of the 2D band with the number of graphene layers. The 2D band of monolayer 

graphene is a single Lorentzian peak. As the number of layers increases, the 2D band 

continues to evolve with distinct bands for each number of layers up to four layers, 

conforming to that of many layered graphene or bulk graphite (Figure 2. 12 e). Therefore, 

the 2D band can be used to determine the number of layers of graphene in the film.  

 

Figure 2. 11 Raman spectrum of a graphene, showing the main Raman features, the D, G 

and G’ bands taken with a laser excitation energy of 2.41 eV. [83] 
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Figure 2. 12 The measured G’ Raman band with 2.41 eV laser energy for (a) 1-layer graphene 

(LG), (b) 2-layer graphene (LG), (c) 3-layer graphene (LG), (d) 4-layer graphene (LG) and (e) Highly 

oriented pyrolytic graphite (HOPG). The splitting of the G’ Raman band opens up in going from 

mono to three layer graphene and then closes up in going from 4-LG to HOPG. (Image reproduced 

from Ref. [83]) 
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2.5.2 Interpretation of the Raman spectrum of graphene 

One of the effective ways to distinguish monolayer graphene from few-layer 

graphene is by comparing the relative intensity of the 2D band to that of the G band (I2D/IG). 

Figure 2. 13  shows comparison of Raman spectra of graphene synthesized on Cu foil and 

transferred on a SiO2/Si substrate for different number of layers of graphene [55]. With the 

decrease in the number of layers in the graphene film under four layers, the relative 

intensity of the 2D band to that of the G band (I2D/IG) increases as shown in Figure 2. 13 . 

With mono layer graphene I2D/IG is always more than one and for multilayer graphene or 

bulk graphite it is very small. 

 

Figure 2. 13 Raman spectra of monolayer graphene (red) bilayer graphene (blue) and tri layer 

graphene (green) grown by CVD process and transferred to a SiO2/Si substrate using a 532 nm 

(2.33 eV) laser [55]. 



43 

 

 

  For this work a laser beam of wavelength 532 nm is used for the Raman 

spectroscopic measurements reported in this work. Figure 2. 14a shows the Raman 

spectrum of one of the graphene devices with D, G and 2D band peaks. Intensity of the 2D 

band peak is higher than the G band peak indicating monolayer graphene with some defects 

  

Figure 2. 14  Raman spectra of monolayer graphene. a) Raman spectrum of a graphene device 

showing D (red), G (green) and 2D (blue) band peaks. b) Single Lorentzian fit (red solid line) to 

the 2D band. 
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as shown in the D peak. Figure 2. 14b shows a single Lorentzian fit to the 2D band and ratio 

I2D/IG at around 1.8 confirming monolayer graphene. 

2.6 Conclusions  

To increase the sensitivity due to the instrinsic piezoresistive effect, I have made use 

of the higher stress concentrations near the base of a mechanical resonator, where the 

resistance change is most pronounced. I have thus employed a four-sided clamped H 

shaped graphene beam, which allows us to measure across the regions of maximum stress 

near the supports of the mechanical beam to maximize the piezoresistivity. Modal analysis 

shows that the leg area has the highest stress using finite-element-methods. Thermoelastic 

damping (TED) simulations show the superiority of H shape design resonator over double 

sided clamped beam regarding thermal damping in the resonators. I have used chemical 

vapour deposition grown monolayer graphene to fabricate all side clamped H-shaped 

suspended graphene devices, using standard device fabrication process. I verify that the 

devices are suspended using SEM imaging. I employ Raman spectroscopy to confirm that 

the graphene is monolayer prior to fabrication. 
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Chapter 3 

Piezoresistive sensing of graphene resonator 

Taking measurements of nanoelectromechanical resonators at their resonance 

frequencies can be challenging. This is because the signal generated from the very small 

mechanical motion of the device is minuscule and is buried in other parasitic or interference 

signals. The readout methods used should possess efficient signal transduction from the 

mechanical motion to the electrical signal and should also be suitable for a wide range and 

high frequencies (MHz) [22]. In this chapter, a piezoresistive readout method for graphene 

based resonators starting from externally (mechanically) driven resonators to thermally 

driven (no external drive) resonators are discussed. These are the first reported 

measurements of such a detection technique in the otherwise well studied graphene-NEMS 

field. 

3.1 Overview of the previously used transduction techniques  

There are various sensing methods for MEMS/NEMS resonators such as capacitive, 

optical, microwave, piezoelectric, piezoresistive etc. Similarly, there are various actuation 

methods such as optical, electrostatic, mechanical, using AFM tip etc. Among them, 

capacitive, optical detection techniques, and AFM tip (Amplitude modulation) have been 

used for the detection of the motion of graphene resonator. 
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3.1.1 Overview of the Optical detection technique [58] 

The optical detection technique is based on optical interferometry. An amplitude 

modulated laser beam is focused on suspended graphene. The graphene is being 

periodically set into motion due to heat produced by the laser beam. Another laser beam 

is used to detect its motion. A part of this laser beam reflects back while rest passes through 

the suspended graphene sheet and is reflected back from the substrate (Si) which acts as a 

mirror, thus forming an interference pattern. This reflected laser beam is sensitive to the 

motion of the suspended graphene sheet. Hence, motion of the suspended graphene can 

be measured by detecting modulation of the intensity of the reflected laser beam using a 

photodiode and a network analyser. Figure 1.6 shows a schematic of the optical 

interferometry detection technique for measuring the motion of a graphene resonator [58]. 

This method was used in the very first detection of the motion of a graphene resonator by 

Bunch et al. in 2007 [58]. Later, other groups [60, 66-67] have used this technique to 

transduce the motion of graphene. However, this method requires a large and complicated 

experimental setup. This restricts the use of this technique where low temperatures and a 

high magnetic field is required.  

3.1.2 Overview of the capacitive sensing [61] 

In the capacitive detection method graphene is electrostatically actuated and the 

current through the periodically driven graphene resonator measures the motion of the 

graphene sheet. Figure 3. 1a shows a schematic of a suspended graphene resonator used 
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for the electrostatic detection technique. Graphene acts as a channel in the Field effect 

transistor device, where it is connected to the source and the drain and is suspended over 

the gate electrode. Graphene is actuated electrically by applying an RF signal and a DC 

voltage to the gate.  The DC voltage applied to the gate produces static deflection in the 

 

Figure 3. 1 Capacitive sensing of graphene nanoelectromechanical resonator. (Image 
reproduced using ref. [61]). a) Schematic of the device. b) Schematic of circuit used in capacitive 
sensing. c) Mechanical resonance frequency of graphene (I) and metal beam (II). Inset: the 
graphene resonance peak with Q = 125. 
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beam or away from the gate. The RF signal to the gate produces an electrostatic force due 

to the capacitance between the resonator and the gate which drives the beam at its 

resonant frequency. The motion of the beam is transduced by the current passing through 

the graphene sheet. In 2009 Chen et al. [61] showed an electrostatic detection method for 

sensing the motion of a graphene resonator. Figure 3. 1b [61] shows a schematic diagram 

of the capacitive sensing method used for the graphene resonator. One of the advantages 

of this technique is that because the deflection in the graphene is dependent on the applied 

gate voltage, the frequency of the graphene resonator can be tuned. Due to the high charge 

carrier mobility in graphene, the resonance frequency of a graphene resonator is highly 

tuneable with applied gate voltage.  But electrostatic actuation generally damps the motion 

of graphene and thus the quality factor at room temperature goes down. One of the other 

disadvantages of this technique is that because a high gate voltage needs to be applied to 

the device to deform the beam, it causes additional tension in the beam and changes the 

natural resonance frequency of the resonator. This makes it very difficult to measure the 

natural resonance frequency. Figure 3. 1c shows frequency response of graphene resonator 

using capacitive sensing with quality factor of 125 [61].  

Due to electrostatic actuation, additional tension in the beam is produced. It has 

been shown that due to electrostatic gating [61] the extra tension Te produced in the beam 

is a function of the DC gate voltage (Vg). The resonance frequency of this detection 

technique is given by equation 3.0, where To  is the built in tension, ρ is mass density  
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                                                    f (Vg) = √
𝑇₀+𝑇𝑒(𝑉𝑔)

𝜌𝑤
                                                                       (3.0) 

 (ρgraphene = 7.4 x 10-19 gm/μm²) and Te  α  Vg 
4/3 and hence   f  α  Vg 

2/3 [61]. Hence the fundamen-

tal resonance frequency increases significantly due to the measuring technique.   

3.1.3 Overview of the detection technique using AFM tip: [59]  

 Another detection technique used for graphene resonators is using an AFM tip to 

measure the motion of graphene. In this detection method graphene is generally actuated 

by an electrostatic method i.e., by applying an RF signal to the gate as discussed above. The 

motion of graphene is detected by the AFM tip. Resonance frequency of the AFM tip is used 

to modulate (Amplitude Modulation) the RF signal applied to the gate. Hence the AFM tip 

drives at the modulated frequency and measures the motion of the graphene beam due to 

interaction between graphene and the AFM tip. Quality factors are generally very low in 

this technique as this is done mostly in air. However, it can be used to image the mode at 

the resonance frequency which is quite difficult to do using other detection techniques. 

Also this is probably the most direct method of measuring graphene deflection at the 

resonance frequency. 

3.2 Overview of piezoresistive sensing: [4, 92-93]  

Lord Kelvin discovered the piezoresistive effect in 1856. When a mechanical stress 

is applied to any material, its electrical resistivity changes. This effect is called piezoresis-

tivity. Many commercial devices such as pressure sensors and accelerometers utilise 
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piezoresistivity. In micromechanical pressure sensors, deformation of a diaphragm due to 

changes in pressure is transduced into electrical signals using piezoresistors. Piezoresistive 

sensing of micromechanical accelerometers is based on the change in resistance of a 

piezoresistor due to acceleration induced by stress. 

Piezoresistive sensing in general uses a simpler measuring circuit as compared to 

the capacitive sensing which requires more complex circuitry. The other advantages of 

piezoresistive sensing over capacitive sensing are its fairly linear response [5], and that it is 

very robust and simple to implement. 

3.2.1 Piezoresistive effect 

Let’s consider the electrical resistance of a bar:   

                                                                   𝑅 = 𝜌
𝐿
𝐴

                                                                        (3.1) 

where ρ is the resistivity of the material, A is the cross sectional area, and L is the length of 

the bar. Unlike electrical resistance (R), electrical resistivity (ρ) is independent of the 

geometry of the conductor and is a property of the material itself making it a useful quantity 

to compare electrical properties of different materials. When the conductor is deformed, 

its resistance changes. The fractional change in resistance can be calculated by taking the 

partial differentiation of equation 3.1 as shown in equation 3.2. 

                                             
𝜕𝑅

𝑅
=  

𝜕𝜌

𝜌
+  

𝜕𝐿

𝐿
−

𝜕𝐴

𝐴
                                              (3.2) 
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The first term 𝜕𝜌 is due to the change in the material's electrical resistivity, the second term 

𝑑𝐿 is due to change in the length, and the last term 𝜕𝐴 is due to change in cross sectional 

area of the bar. As can be seen from equation 3.2, change in resistance is due to material 

and geometrical changes. Hence piezoresistive effect exists in all materials but is more 

effective only for materials that possess high relative change in resistivity (𝜕𝜌/𝜌). Otherwise 

the output signal (𝜕𝜌/𝜌) would be too weak to detect efficiently.  

The piezoresistive coefficient is the change in resistivity due to applied stress on 

the material and is expressed as the fractional change in resistivity 𝜌 per unit stress (). 

 𝜋 =
𝜕𝜌/𝜌

𝜏
=

𝜕𝜌/𝜌

𝐸𝑆
(3.3) 

                                             
𝜕𝜌

𝜌
= 𝜋1𝜏 + 𝜋2𝜏2 + 𝜋3𝜏3 + 𝜋4𝜏4(3.3a)

Where  is applied stress, iis the ith order piezoresistive coefficient, E is Young’s modulus, 

and S is the strain. Second and other higher terms of the right hand side of the equation 

3.3a [84] contribute to the nonlinear piezoresistivity. Similarly, the resistance-strain 

relationship of a piezoresistive material can be characterized by a figure of merit called 

gauge factor GF, defined as the fractional change in resistance divided by the applied strain 

(S) can be expressed as: 

 𝐺𝐹 =
𝜕𝑅/𝑅

𝑆
=

𝑑𝑅/𝑅

𝜕𝐿/𝐿
 (3.4) 

if ν is the Poisson’s ratio of the material  then using: 
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𝜕𝐴/𝐴

𝜕𝐿/𝐿
= −2𝜈  

 Hence (3.2) can be written as: 

                                                       
𝜕𝑅

𝑅
=  

𝜕𝜌

𝜌
+

𝜕𝐿

𝐿
(1 + 2𝜈) = 𝐺𝐹

𝜕𝐿

𝐿
                                                      (3.5)           

Hence the Gauge factor GF can be expressed in terms of ν, ρ and strain produced in the 

conductor due to applied stress:          

                                                                GF = (1 + 2𝜈) +  
𝜕𝜌/𝜌

𝜕𝐿/𝐿
                                            (3.6)  

                                                                GF = (1 + 2𝜈) +  
𝑑𝜌/𝜌

𝑆
                                            (3.6)   

Replacing  
𝜕𝜌/𝜌

𝑆
  from (3.3) into (3.6), GF can be expressed in terms of ν , ρ , E and  

                                                               GF = (1 + 2𝜈) +  E(3.7) 

The term Ein equation 3.7 is due to material properties and  1 + 2𝜈 is due to geometrical 

changes. Equation 3.7 shows that gauge factor is a dimensionless figure-of-merit. Also GF 

depends only on the strain produced in the materials, as other terms ρ, E and ν are 

characteristics of the materials and hence remain constant. The bulk value of Poisson ratio, 

Gauge factor and resistivity of common metals are listed below in the Table 3. 1 from [85-

86]. Poisson ratios of most of the materials ranges from 0 and 0.5, as can be seen from 

Table 3. 1. Hence from equation 3.7 the first term of GF (1 + 2 which is purely responsible 
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for geometrical changes ranges from 1 to 2. Hence all the materials which possess high GF  

have most of the changes in resistance due to their material GF  Eproperty  

3.2.2 Piezoresistivity in thin films 

The Piezoresistive behaviour of metals and semiconductors [87-90] is very well 

known. In semiconductors, applied mechanical stress, produces deformation, which 

changes the band structure and charge carrier distribution in the band. Hence the mobility 

and the effective mass of free carriers changes, which ultimately results in the change of 

resistivity (piezoresistance). In semiconductors this change is affected by doping and 

temperature. It has also been shown that piezoresistivity of thin films (less than 10 nm) is 

large compared to that of the bulk [88, 91]. For example Gauge factor of bulk gold as 

mentioned in the above Table 3.1 is around 3 whereas for 3 nm gold thin film is reported 

as high as 24 to 48 [91]. This is because electrical conductance is very sensitive to induced 

Metal  Poisson’s ratio (𝝂)  Gauge factor (γ)   Electrical resistivity (𝝆) μΩ.cm 

Cu 0.35 1.96 1.7 

Au 0.42 3.03 2.2 

Al 0.34 2.17 2.65 

Pd 0.39 2.23 10 

Pt 0.39 2.54 10.6 

Ni 0.30 1.88 7.0 

 

 

 

Table 3. 1 The bulk value of Poisson ratio, Gauge factor and resistivity of common metals [85-

86] 
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strain which changes the separation between particles in a thin film. Thus piezoresistivity is 

very effective in semiconductors and it increases greatly as thickness of thin film is 

decreased below 3 nm. Because graphene is a one atom thick material, it is very sensitive 

to strain induced in it and hence it can be an ideal candidate for very high sensitive 

piezoresistive sensing.  

3.2.3 Piezoresistivity of Graphene [69-75] 

  In 2010 Lee et al. [69] showed how graphene based stretchable strain sensors 

perform, with a gauge factor of around 6.1 on a wafer scale. This opens up a new area of 

research which was never before explored and also shows the potential for applications in 

strain gauge sensors, mass sensors etc. They fabricated a graphene based strain sensor on 

a PDMS substrate and showed that when 1% strain was applied, the change of resistance 

was from 492 Ohm (Ω) to 522 kΩ, which they repeated more than a hundred times. The 

corresponding gauge factor is found out to be 6.1 which is far more than conventional strain 

gauges based on alloys. A year later Huang et al. [70] in 2011 measured a gauge factor of 

1.9 for suspended graphene using nano-indentation experiments by introducing 

homogeneous tensile strain in the beam. Even under a high strain only a small change in 

electrical resistance was observed. In the same year Chen et al. [71] measured a high gauge 

factor of 150 for a graphene-based piezoresistive strain gauge on SiO2. The strain gauge was 

fabricated using mechanically exfoliated graphene sheets on SiO2 and patterned electrodes 

for electrical measurements. A year later in 2012, H. Hosseinzadegen et al. [72] used 
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graphene films as a piezoresistive element in MEMS device and reported giant 

piezoresistivity of 1.8 x 104. They measured the GF for graphene by placing it on highly 

strained SiN membrane and measured the change in resistance in response to an applied 

strain. The reason for this giant GF is that in graphene the electrons are confined to 2D [35],  

so even a small amount of strain can greatly modify the band structure, which causes this 

large change in resistance. The very same year Zhao et al. [73] demonstrated an ultra-

sensitive strain sensor based on nanographene (NG) films deposited on a mica substrates. 

An approximately inverse proportional correlation between the thickness and the 

conductivity was found. A gauge factor (GF) over 300 for the graphene-based strain sensors 

was reported. A high GF is due to the very high sensitivity of conductivity of the NG films to 

the applied strain. A year later in 2013 Smith et al. [74] used a nanoelectromechanical 

membrane structure to demonstrate the piezoresistive effect in graphene which can 

readout pressure due to applied strain on the membrane. They showcased that ultra-thin 

graphene based pressure sensors have orders of magnitude higher sensitivity per unit area 

compared with the conventional pressure sensors based on silicon and Carbon nanotubes 

(CNTs). An average value of gauge factor for the suspended graphene was estimated using 

a finite element simulations to be 2.92 which is higher than previously reported values [70].  

Recently Zhao et al. [75] have shown that a graphene based strain sensor on a flexible 

substrate has a very high Gauge factor of 600 with a long life time of more than 10, 000 

cycles.  Hence piezoresistance of graphene can be measured successfully. This could 
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provide a new transduction. mechanism for graphene resonators in the frequency domain, 

making piezoresistive transduction more attractive and superior over other transduction 

methods used earlier such as optical and electrostatic transduction. 

3.3 Piezoresistive measurements 

In the piezoresistive transduction scheme, the strain-dependent resistance 

produced in the piezoresistive material due to the applied stress is measured. However, 

there is no way to measure the change in resistance directly. So I converted the change in 

resistance into an electrical signal by applying a known current through the piezoresistor 

and measured the voltage drop across it. One of the main advantages of piezoresistive 

sensing is the ease of measuring dc resistance. 

3.3.1 Piezoresistive transduction using external actuation 

Figure 3.2 shows a schematic of the electrical circuit diagram for the piezoresistive 

sensing of a graphene resonator (piezomechanically actuated). The electrical readout 

 

Figure 3. 2  Schematic of the circuit used for externally driven piezoresistive transduction. 

 



57 

 

 

method utilizes the piezoresistivity of graphene as a self-sensing component for NEMS. A 

DC bias (VInp) is applied to two adjacent legs of the resonator to convert the resistance 

variation to a voltage signal, which is amplified with a preamplifier (MITEQ AU1442), and 

the frequency response of the beam is measured with a Lock-in amplifier (Zurich Instru-

ments HF2 with UHS option). All measurements are carried out at high vacuum (> 10-6 T) to 

increase quality factor. 

Figure 3. 3 shows broadening of the resonance peaks and a slight deviation towards 

the lower frequency with increasing drive amplitude (VExt). It indicates decrease in the 

spring constant (capacitive softening) [26, 62, 65, 94-95] and quality factor. There are 

differences between devices, for example, device 1 (Figure 3. 3a) is more non-linear when 

compared to device 2. In device 1 at VExt = 2V, resonance peak depart from Lorentzian shape 

as shown in Figure 3. 3a, whereas in device 2 there is less change in f0 with VExt (Figure 3. 3 

b). Hence device 2 operates fairly in the linear regime compared with device 1. Non-linearity 

in NEMS and its onset is of concern particularly for mass sensing, where the dynamic Range 

of a device sets the minimum resolvable mass, and I discuss this in later section 3.6.1. 

Decrease in the resonance frequency with VExt indicate that the devices may have some 

slack [96] probably due to use of CVD graphene. Depending on the amount of slack in each 

device, the effect may not discernible.  

Graphene displays a negative coefficient of thermal expansion [61-62]. Essentially, 

this would entail that as VInp is increased, more power is dropped across the graphene 
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resonator, which would heat the resonator; hence, the resonance frequency would be 

expected to go up for a resonator under tensile stress. As shown in Error! Reference source 

not found. I indeed observe this behavior in both device 1 and 2 where a slight increase in 

resonance frequency is observed as I increase the input DC bias (VInp) to the device. 

 

 

Figure 3. 3 a) The resonance frequency response of device 1 with different VExt and constant VInp 
= 75mV. b) The resonance frequency response of device 2 with different VExt and constant VInp = 
120mV. 
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Figure 3.3 a) Variation of amplitude at f₀ at different VInp and constant VExt = 2V (Device 
1). At VExt = 2V, for VInp= 100mV Device 1 shows quality factor of the order of 103. b) 
Variation of amplitude at f₀ at different VInp and constant VExt = 6V (Device 2). Device 2 
also shows quality factor of the order of 103. 
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I have also measured the time domain signal of the resonator when being driven at 

the resonance frequency. It is studied, not only to highlight the exceptional sensitivity of 

this measurement scheme at room temperature, but also because such signals can have 

applications, for example as self-sustaining mechanical oscillators [97]. Figure 3. 5 shows 

the time-domain output signal (black data points) of the device 2 for VExt (f₀) = 6V, and VInp 

= 120mV (whose resonance is shown in Figure 3. 3b) with respect to the input to the piezo-

mechanical drive (red solid line). Figure 3. 6 shows the schematic of the electrical circuit 

diagram for the time domain signal from device. I drive the device piezo-mechanically at fo 

using a signal generator and measure the time domain signal from the device using an 

oscilloscope.  Figure 3. 7a shows the variation of amplitude of the signal (sinusoidal fit) with 

time for different VExt (f₀), at VInp = 20mV. It is seen that the amplitude of the signal 

 

Figure 3. 5 Time domain output signal (black data points) for device 1 at VExt(f₀)  = 6V, and 
VInp = 20 mV with respect to the input to the piezomechanical drive (red solid line). 
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increases, with slight increase in phase as I increase VExt(f₀). Figure 3. 7b shows the fast 

Fourier transform (FFT) of this signal, indicating that the first amplitude coefficient is at the 

frequency of the mechanical resonance as expected and shown in Figure 3. 3a. Increasing 

VExt(f₀) at constant VInp results in a corresponding increase in the amplitude of the coeffi-

cient as expected. 

My measurement, unlike capacitively detected graphene resonators [24-26], empl-

oys piezoresistivity, which would contribute to a unique condition for monolayer 

resonators; the schematic in Figure 3. 8a-c illustrates this condition. My resonators are 

expected to always be under tension when perturbed from their equilibrium position as 

shown Figure 3. 8b, which is in contrast to conventional piezoresistive sensors, where a thin 

piezoresistive layer on a mechanical beam as shown in Figure 3. 8a, is the transducing 

element. Thus, unlike conventional piezoresistive sensors, my measurement does not result 

in the graphene changing from a tensile to compressive stress when perturbed as shown in 

 

Figure 3. 6 Schematic of the circuit used for time domain signal measurements. 
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Figure 3. 7 a) Sinusoidal fit of the time domain output signal of device 1 with different VExt(f₀)  and 
constant VInp = 20mV, showing change in phase (non-linearity) and increase in amplitude as I 
increase VExt. b) First FFT coefficients of the time domain output signal of device 1 with different 
VExt(f₀)  and constant VInp = 20mV. 
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  Figure 3. 8b. Therefore, I expected a rectified output at the amplifier as a consequence of 

my measurement technique employing intrinsic piezoresistivity; conventional graphene 

NEMS measurement techniques that use a capacitively gated measurement will not be 

expected to display rectification. However, I did not see any evidence of the signal being 

rectified. Essentially, rectification would result in a doubling of the crests (or troughs) of the 

 

 

Figure 3. 8a) Schematic of conventional piezoresistive sensors, with a thin piezoresistive layer 
on a mechanical beam. b)  Schematic showing that the graphene resonator is always under 
tension when perturbed from its equilibrium position. c) Schematic showing a graphene 
resonator with slack; thus graphene does not change from tensile stress to compressive stress 
when it bends. d) Graph showing a typical rectified response with inset showing that the 
graphene always remain under tensile stress in both the cycles. 
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output signal, which is not observed as shown in Figure 3. 9. Figure 3. 9 shows the 

comparison of the time domain output signal from the device (VExt = 6V, and VInp = 20mV) 

at the mechanical resonance frequency (f₀) and the generated signal from a function 

generator. The function generator signal does not mimic the expected output at the device 

resonance frequency. The primary reason for this is the expected slack [96] in the resonator 

as also indicated by the softening non-linearity shown in Figure 3. 3a and b. Such a slack 

would ensure that the stress resonator varies between a higher tensile points to a lower 

tensile point without going through a zero-stress level (schematic in Figure 3. 8c). Hence, 

the lack of expected rectification further evidences the potential slack in the resonator.  

 

 Figure 3. 9 Time domain output signal from device 1 (black curve) at VExt. (f₀) = 6V, and   VInp 
20m. Generated rectified signal using an arbitrary function generator showing doubling of 
frequency (red curve), confirming that there is no rectification 
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3.3.2 Piezoresistive transduction of thermomechanical motion  

I then proceeded to resolve the thermomechanical motion [58, 93] of the resonator. 

Thermomechanical noise of a mechanical resonator is present at all temperatures above 0 

K. I measured the thermomechanical noise spectrum by averaging the spectrum 32-64 

times to obtain high-resolution data. Figure 3. 10 shows schematic of electrical circuit 

diagram for the thermally driven resonator, where I simply do not drive the 

piezomechanical disc.  Figure 3. 11a shows the amplitude due to thermomechanical motion 

at VInp = 120 mV (the red solid line in the figure is the Lorentzian fit to the data). As external 

drive amplitude (VExt) is applied and further increased, the resonator can be driven, similar to 

that seen in the other devices, confirming that this is indeed a highly sensitive transduction 

method capable of sensing the Brownian motion of the resonator.  Figure 3. 11b shows 

amplitude variation of f₀ at constant VInp with different VExt including the thermomechanical 

 

Figure 3. 10 Schematic of the circuit used for sensing the thermomechanical motion of 
the resonator.  
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noise data (VExt = 0V, black data points). A decrease in f₀ (softening non-linearity) can be 

seen as the external drive amplitude is increased. It is worth noting that I observe this 

softening effect in all my devices.   

 

 

Figure 3. 11 a) Amplitude of thermomechanical motion of device 3 at the resonance frequency 
(1.7MHz) at VInp = 120mV; Quality factor (Q) = 1043. b) The resonance frequency response of 
device 3 with different VExt and constant VInp = 120mV. 
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3.4 Tuning of resonance frequency: Capacitive softening  

For piezoresistive detection to induce motion of the resonator, the whole chip 

containing the resonator is placed on a vibrating piezo disc. High voltage (VExt) applied to 

drive the piezo, produces to a small capacitive leakage current which may affect the 

detection signal. Figure 3. 3a shows variation of amplitude at f₀ with different external drive 

amplitudes (VExt) at constant bias voltage (VInp) to the device (Device 1). A decrease in 

resonance frequency can be observed as VExt is increased. This is due to capacitive softening 

of the spring constant which has been observed previously [26, 62, 65, 94-96]. Basically 

electrostatic interaction softens the intrinsic spring constant Ki. Hence this voltage-induced 

effective spring [62] constant is given by:  

Since in the present device scheme there is no local gate for the resonator, hence 

due to high parasitic capacitance of the device mechanical resonance frequency (fo) of the 

resonator can not be resolved capacitively [98]. Thus in the present work, motion of the 

resonator is measured due to mechanical actuation only but not due to capacitive coupling 

(electrostatic actuation). Since there is no impedance matching, as a result capacitive 

coupling is not perfect and not enough to drive the resonator. But the drive voltage (VExt) 

applied to the piezo-mechanical disk effects the Keff  of the device as shown in equation 3.8 

and the background signal. Graphene is known for frequency tuning with capacitive 

                                                Keff = Ki - 
1

2
 (𝑉g

DC)2
 

𝑑2𝐶𝑔

𝑑𝑍2                                                         (3.8) 



68 

 

 

charging, generally done through gate voltage. Hence in the present detection technique 

as VExt increases, capacitive charging also increases, although this is very small compared to 

the gate voltage applied to the device. This results in the change (decrease) in the 

resonance frequency as shown in Figure 3. 3 a. Capacitive softening could be due to slack 

in the beam (CVD graphene) as this softening has been explained due to slack in the beam 

earlier [96]. This is not unexpected – the graphene I used was grown using CVD and 

transferred to a silicon dioxide substrate in liquid, which would significantly change intrinsic 

 

Figure 3. 12 a) Change in resonance frequency of device 2 with VExt (red data point). Black 
curve fits the data point showing exponential decrease in the f0. b) Tuning of f0 up to 0.6% with 
VExt. 

 

 



69 

 

 

stress effects as compared to mechanically exfoliated graphene. For one of the devices 

frequency tuning of fo with VExt is shown in Figure 3. 12.  Figure 3. 12a shows parabolic 

negative tuning of fo with VExt as shown in previous literature [62, 65, 95].  Figure 3. 12b 

shows approximately -0.6% tuning of fo with VExt.  Tuning of fo with VExt confirms that what 

I measured is resonance frequency of graphene, because VExt would not alter the fo of the 

gold (Au) electrodes. 

3.5 Current annealing of devices 

Resist residues are mostly left over on the surface of graphene due to the fabrication 

process which is unavoidable and very difficult to remove completely [99]. I performed 

Joule heating [43, 61-62,100] prior to electrical measurements to remove impurities and 

other adsorbents on the device from the fabrication process. Due to removal of residual 

impurities from surface of graphene, resistance and mass of the graphene reduces and 

become closer to the single layer of graphene. Doping concentration can also decrease due 

to removal of impurities. Hence overall the electronic and mechanical properties of 

graphene improve. In this process I heated graphene locally by passing a large current 

density through the device. Due to Joule heating the local temperature of graphene 

increases enormously which results in evaporating residual impurities such as water 

molecules, N2, resist-based impurities and other inert and non-reactive impurities which 

cling to surface of graphene. I performed current annealing in vacuum so that there 

shouldn’t be any reactions from other molecules which will affect graphene. This was done 
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simply by slowly increasing VInp in steps of 10-20 mV and observing the resistance of the 

device for few minutes.  If there was no considerable change in device resistance I increased 

VInp further to the next step. In case I observed any change in device resistance I wait for a 

few minutes until it stabilizes. I repeated the same process by changing the polarity of 

electrode. Thus I tried to get rid of as much contamination as possible. Extra care was taken 

so that the device was annealed without damage. As VInp was slowly increased in steps of 

10-20mV thus the process was in control such that annealing is done without burning off 

the graphene layer. If VInp is increased at a faster rate then there is a risk of burning off the 

graphene layer before or during the point when the contaminants were driven off the 

membrane. Apart from change in the device resistance I also observed a shift in position of 

the resonance frequency due to change in mass of the graphene as I decreased the impurity 

level of graphene during current annealing. Generally I observed an increase in resonance 

 

Figure 3. 13 Change in fo of a device 2 during initial (green data points) and final (red data points) 
current annealing measurements. The black lines are Lorentzian fits to the data. 
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frequency as I performed current annealing as shown in Figure 3. 13. Resistance of the 

device was observed to decrease from 6 kΩ to 0.8 kΩ during current annealing. Figure 3. 13 

shows an increase of 7.4 % in fo as the resistance of the device decreases during 

measurement (after initial current annealing).  

3.6 Calculations 

3.6.1 Calculation of Dynamic range [25-26] 

The linear dynamic range (DR) of nanomechanical resonators is the largest signal to noise 

ratio. It is measured from the thermomechanical noise to the onset of nonlinearity. 

  

Figure 3. 14  Estimation the dynamic range of device 1 (a) and device 3 (b). Both the devices 
shows linear dynamic range of more than 60 dB from thermomechanical noise to onset of 
nonlinearity – I used 60 dB to estimate the mass sensitivity. 
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Figure 3. 14a shows the resonance frequency of a device with varying actuation. 

Although I was not able to resolve the thermomechanical frequency peak, the thermal 

noise floor is shown as red curve. The other curves in different colours are the 

piezomechanically driven responses. At VExt = 2V broadening of the resonance peak and a 

slight shift in lower value could be observed (Duffing behaviour, discussed in chapter 4). 

Above VExt = 2V a further broadening and tilting towards the lower value frequency could 

be observed. At VExt = 6V nonlinearity in the frequency curve could be clearly observed. 

Hence I assumed that the highest drive (2V), at which non-linearity was not observed, is the 

dynamic range of the device [25-26], which is a conservative assumption. Figure 3. 14b 

shows the resonance frequency of another device with varying actuation. The red curve 

shows the thermomechanical noise spectrum at resonance frequency, while the other 

curves in different colours are the piezomechanically driven responses. The data shows that 

the linear dynamic range (DR) [25-26] of this resonator is more than 60dB as measured from 

thermomechanical noise floor to the onset of nonlinearity. 

3.6.2 Calculation of mass and force sensitivity 

For more realistic situations, considering the mass of the resonator to be higher 

than that of monolayer graphene due to residues (contamination) remaining after 

fabrication [61]. I have assumed ρeff = 2.5xρgraphene , where ρgraphene = 7.4 x 10-16 g/ µm2 [61] 

to calculate effective mass of the resonator (Meff ). Thus considering dimensions of the 

devices, and ρeff = 2.5xρgraphene , Meff   = 1.665 x 10-15 gm is calculated.      
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Minimum resolvable mass (δm) is given by: 

 

                                                         δm =  2Meff  (
𝛥𝑓

𝑄𝜔0)
1/2

10
−𝐷𝑅

20⁄                            (3.9) 

                                                           δm   ̴  (Meff /Q) x  10
−𝐷𝑅

20⁄                                                   (3.10) 

For driven response: 

 Device 1, δm   ̴ (1.41 ± 0.02) x 10-21 g for Q   ̴ = (1180 ± 20). 

Thermal motion of a resonator is given by xth = √
𝐾𝑏  𝑇

𝑘
                                          ( 3.11) 

Hence for a graphene monolayer resonator (0.34nm thick), with f0 = 1.7 MHz (device 3), 

and very low keff   0.2 x 10-3 N/m has a room temperature thermal motion of xth = 4.55 nm. 

The thermomechanical noise arises from a noise force exerted on the device by the 

surrounding temperature, and its force spectral density is given by [31] 

                                                     (Sth 
F )Min =  

4𝑘𝑇𝐾𝑏 

𝜔₀𝑄
                                                        (3.12) 

Where k is the spring constant (which increases with increasing mass, as k= Meff ω2) T the 

temperature (300 K in this case)and kb is the Boltzmann constant. 

For Device 1, Q = (1180 ± 20), minimum force resolution is given by:  

                         Fmin = √Sth
F 

  = (13.7 ± 0.1) aN/√𝐻𝑧   
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3.7 Conclusions: 

 
 

In conclusion, I demonstrate that the intrinsic piezoresistivity of graphene is an 

effective technique to transduce the motion of monolayer graphene nanomechanical 

resonators. I find that such graphene resonators show high Q-factors of >103 [4], the 

highest reported value for beam resonators at room temperature [4]. I have shown 

thermomechanical motion in ambient temperatures and pressures of  4 × 10-6 T. Figure 

3. 15 shows frequency response of a few devices. I have measured f0 mostly between 1-3 

MHz with Q of the order of 103 (1-2). In Figure 3. 16, I list the measured resonance 3 MHz 

 

Figure 3. 15 a-d) The resonance frequency response of different devices. Circular red rings are 
data points and the black line is the Lorentz fit of the data points. 
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with Q of the order of 103 (1-2). In Figure 3. 15, we list the measured f 3 frequencies and 

 

Figure 3. 4 Performance of different devices. Comparison of  a) quality factor b) minimum 
resolvable mass and c) minimum force detection of six different devices.  
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the calculated quality factor, force and mass sensitivities for six devices, showing that the 

process is highly repeatable. The minimum detectable mass and force resolution of such 

resonators is calculated to be an astounding 0.95 – 1.54 zeptograms (10-21 g) and 11.7 – 

21.6 aN/Hz1/2 at room temperature as shown in Figure 3.16. In chapter 4 I will discuss about 

qualitative and quantitative analysis of various nonlinearity present in graphene-NEMS.  
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Chapter 4 

Nonlinearity in Graphene-NEMS 

In NEMS, a linear excitation can result in a non-linear response from the device. We 

have observed that this is particularly prominent for two-dimensional materials such as 

graphene. Graphene with its outstanding properties, such as high stiffness and low mass 

density, is an exceptional candidate for nanoelectromechanical systems (NEMS). However, 

due to its small dimensions, its frequency response is quite nonlinear [21,101]. Studying this 

will allow us to address the basic understanding of this phenomena and its origin. 

Understanding the onset of nonlinearity in such devices is particularly important. This 

nonlinearity provides a new opportunity for applications such as mass sensing in NEMS 

devices, while also serving as a cautionary design constraint. 

4.1 Harmonic Oscillator [102] 

A very common example of a simple harmonic oscillator (SHO) is a mass M, attached to 

a spring with spring constant k, fixed at one of the ends. With a small displacement x from 

equilibrium position, the restoring force F (which acts in opposite direction of the 

displacement) can be expressed as:                                               
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                                                                F = - kx                                                                         (4.1) 

But F= Ma, where a is acceleration, hence                                                

                                                                   M (
𝑑²𝑥

𝑑𝑡²
) = -kx                                                             (4.2) 

(
𝑑²𝑥

𝑑𝑡²
) =  − (

𝑘

𝑀
) 𝑥                                                          (4.3) 

Comparing with the standard equation of a SHO:      (
𝑑²𝑥

𝑑𝑡²
) = - ω₀

2x       

Where ω₀ is angular resonance frequency of SHO, we get:   ω₀2 = k/M                                       (4.3a) 

Using: (ω₀ = 2πf₀)           

                                                                 𝑓0 =
1

2𝜋
√

𝑘

𝑀
                                                                      (4.4)        

Where f₀ is the mechanical resonance frequency of the oscillator. In reality there is no 

perfect harmonic oscillator and hence damping [102] has to be taken in account in the 

oscillator. Damping has a very important impact on the frequency response of the oscillator 

and hence influences the performance. Vibrational energy dissipates into the surroundings, 

which damps the amplitude. Let us consider a linear damping coefficient , and hence 

additional linear damping force  (dx/dt) will be added to equation 4.2 due to the linear 

damping [102] in the system. For a resonator it needs to be driven externally, thus a 

periodic driving force with amplitude F and frequency ω given by Fsin(ωt) is included. Hence 

eq. 4.2 is modified by two additional terms (dx/dt) and Fsin(ωt).  

                                               𝑀 (
𝑑²𝑥

𝑑𝑡²
) +   𝛾 (

𝑑𝑥

𝑑𝑡
) +  𝑘𝑥   =   𝐹𝑠𝑖𝑛(𝜔𝑡)                                       (4.5) 
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Let us consider the steady state solution of equation 4.5 to be of the form:  

                                                                x = A sin (ωt- φ)                                                                     (4.6) 

Therefore amplitude A, phase φ, and quality factor Q can be written as: 

                                                   𝐴 =
𝐹

𝑘
 

𝑄

√𝑄2(1−
𝜔2

𝜔₀2)+(
𝜔2

𝜔₀2)

                                                                     (4.7) 

                                                     𝜑 =  tan−1 𝜔𝜔₀

Q(ω₀2−ω2)
                                                                     (4.8) 

                                                                   𝑄 =  
𝜔₀

𝛾
                                                                            (4.9) 

At resonance ω = ω₀, and therefore, from equation 4.7 and 4.8: 

     

Figure 4. 1 The amplitude and phase of a driven damped harmonic oscillator. 
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                                                                𝐴 =  
𝑄𝐹

𝑘
  ,   φ =  π/2                                                                (4.10) 

                                                                  and  𝑄 =  
𝑓₀

𝛥𝑓
                                                                (4.11) 

 where Δf is full width at half maximum(FWHM) of the amplitude resonance peak shown as 

f₀/Q in the Figure 4. 1. Figure 4. 2 shows frequency response of a resonator with different 

 Resonace peak become broder and quality factor decrese as we increse the In the 

absences of the amplitude of resonance peak would resemble a Dirac delta function with 

infinite amplitude, zero Δf (FWHM) and hence infinite Q. Therefore, it would keep 

oscillating forever even after removal of the applied force.  

Figure 4. 3b shows the nonlinear frequency response as we anneal [41, 61, 62, 83] the 

sample (device 2) and remove the impurities and residues. We can clearly observe in Figure 

4. 3a that before the impurities are removed, an increase in the external drive voltage (VExt), 

   

Figure 4. 2 The frequency response of a driven damped harmonic with variation  
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the resonance frequency doesn’t change significantly. As we start annealing the device, 

residual impurities are removed and hence the mass of the resonator decreases which 

results in the increase in resonance frequency as shown in Figure 4. 3b. Furthermore, unlike 

 

 

Figure 4. 3 a) The linear resonance frequency response with different VExt prior to 
annealing the device. b) The non-linear resonance frequency response after annealing 
the device. Hysteresis in the resonance frequency is also observed while sweeping 
frequency in a forward (black square data point) and backward direction (red circular 
data point) 
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pre-annealing there is a change in the resonance frequency as we increase the external 

drive voltage (VExt) post-annealing. Resonance frequency decreases (Capacitive softening) 

[26, 62, 65, 78-79] with an increase in VExt as shown in Figure 4. 3b. Hysteresis in the 

resonance frequency is also observed in these devices after removing impurities whilst 

sweeping frequency in a forward and backward direction as Figure 4. 3b.  Subsequently as 

we decrease the mass of these nanomechanical resonators, non-linearity, decrease in 

material damping, and hysteresis in the resonance frequency are observed in most of the 

devices whilst driving at a higher amplitude. It has been shown earlier that in 

nanomechanical resonators, hysteresis can be used an ultra-sensitive charge detection 

application [101]. 

4.2  Nonlinear frequency response of nanomechanical resonators [21,101-2] 

The model represented by equation 4.5 considering linear damping in the oscillator, 

accurately describes its damped oscillation for resonators with dimensions from meter 

scale to a few tens of micrometers. However, for atomic scale resonators such as monolayer 

graphene where transverse dimension is sub nanometer, this simple linear damping model 

fails and the damping behavior cannot be described by the above model. For example, 

changes in resonance frequency due to the driving force, hysteresis in the resonance peak 

while sweeping, and asymmetry in the resonance peak has been observed in these 

resonators nanoscale resonators which cannot be explained by the above model.  
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4.2.1 Duffing resonator [101-2] 

 The Duffing equation was introduced in 1918 to describe the motion of a nonlinear 

resonator with a cubic stiffness term along with the linear stiffness as shown in Figure 4. 4. 

It can be either positive for hardening spring effect or negative for softening spring effect 

which is observed in many mechanical systems such as resonators. In the previous section 

we have discussed ideal linear systems where the spring constant behaves linearly as the 

resonator moves. But in a real systems many nonlinearities exist. Figure 4. 4 shows a mass 

M with displacement degree of freedom x. In addition to a linear spring of stiffness k, the 

mass is also connected to a nonlinear spring with spring stiffness α and a damper with 

damping coefficient c. FExt. is the external driving force applied to the system. A quadratic 

nonlinear spring stiffness αx2 is produced due to nonlinear spring and hence the total 

restoring force of the spring due to linear and nonlinear spring is given by:  

                                                               fres = (k + αx2
 )x = kx + αx3

                                                                        (4.12)    

As we increase the driving force of resonator, the amplitude of motion becomes quite large 

relative to the thickness of the resonator. At large amplitudes, the potential of the 

resonator becomes non-harmonic (non-parabolic), as shown in Figure 4. 5b, due to a 

contribution of higher order terms of displacement. Hence a non-restoring force comes into 

play at large amplitude. Due to the non-linear restoring force, the motion of resonator 

becomes non-linear like a Duffing resonator [101-2]. A Duffing resonator is an example of 

a periodically forced resonator with a nonlinear elasticity (α). The motion of a resonator wi- 
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 th nonlinear spring constant has a more complicated potential than simple harmonic mo- 

tion such as a spring pendulum, as its spring stiffness does not follow Hooke’s law (equation 

4.1). This is a type of perturbed simple harmonic resonator and its motion can be explained 

by modifying the previous model and adding a Duffing term αx3 in the equation of motion 

(equation 4.5), where α is the Duffing damping coefficient which gives an estimate of this 

kind of nonlinear stiffness. This Duffing term (αx3, cubic nonlinearity) arises from 

anharmonicity in the external potential as explained earlier. Hence the motion of a classical 

particle in anharmonic potential such as a double well potential (Figure 4. 5b) is described 

by the Duffing equation Let us consider a simple model for such a potential as: 

                                                                  V(x) = α 
𝑥4

4
 + k 

𝑥2

2
                                                  (4.13)  

  

Figure 4. 4 A resonator with linear as well as nonlinear spring constants. 
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The Force acting on the beam is given by the gradient of V(x) plus external drive, 

                                                  𝑀 (
𝑑²𝑥

𝑑𝑡²
) = - grad V(x) + 𝐹𝑠𝑖𝑛(𝜔𝑡)                                          (4.14) 

                                                    𝑀 (
𝑑²𝑥

𝑑𝑡²
) = - kx - αx3

 + 𝐹𝑠𝑖𝑛(𝜔𝑡)                                            (4.15)                   

Dissipation of motion due to damping caused by friction, viscosity due to surrounding air or 

any other fluid, and other forces can be modelled using a linear velocity dependent term 

given as  FDamp =k (𝑑𝑥/𝑑𝑡), considering only linear damping 𝛾. Hence the equation of motion 

is given by: 

                                                 𝑀 (
𝑑²𝑥

𝑑𝑡²
) +  𝛾 (

𝑑𝑥

𝑑𝑡
)   + kx + αx3

   = 𝐹𝑠𝑖𝑛(𝜔𝑡)                                                        (4.16)        

Depending on the nature of α, the Duffing nonlinearity can be positive (α > 0), thus favoring 

the restoring force, making the resonator stiffer, and thus increasing the resonance 

frequency  until it reaches a saddle-node bifurcation point as shown in Figure 4. 6a . It can 

also be negative (α < 0), thus acting against the restoring force making the resonator less 

stiff and decreasing its resonance frequency. Unlike a linear oscillator where the resonance 

frequency is independent of amplitude given as x(t) = Asin (ωt-φ), in the case of a Duffing 

resonator the amplitude of the resonance frequency is a function of frequency. Thus the 

solution of steady state has to be modified and can be written as x(t) = A(ω)sin (ωt-φ). The 

Duffing resonator model explains remarkably hysteresis and frequency dependent 

amplitude shift [101-102]. 
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Figure 4. 5 A vehicle with a ball rolling inside on a cross section with one minima (a) 
or with two minima (b). 
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Figure 4. 6 Simulation data of the resonance frequency response of a Duffing resonator with = 

- 0.02 (black curve) and = + 0.02 (red curve).b) Hysteresis in the resonance frequency 

response of a duffing resonator at = - 0.02 whilst sweeping frequency in a forward and 
backward direction. Extrapolated curve shows unstable branch (blue curve). 
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I have solved Equation 4.16 using MATLAB® for different values of the parameters  , k, F 

to understand the frequency response of a Duffing resonator. Figure 4. 6a shows simulation 

data for both a positive and negative nonlinear spring constant ()showing the frequency 

response of a softening as well as hardening spring effect in a Duffing resonator. As we 

sweep the frequency in a forward direction going from a lower to a higher value, the 

amplitude rises at higher frequencies. While sweeping frequency in a backward direction 

driving resonator from a higher value of frequency to a lower value, the amplitude rises at 

lower frequencies showing hysteresis in the amplitude as a function of sweep frequency. 

The amount of non-linearity in the system decides the amount of hysteresis. Hence the 

higher the non-linearity in the system, the larger the hysteresis in amplitude would be. 

Figure 4. 6b shows simulation data of the frequency response of a Duffing system for = - 

0.02 and  = +0.1. Hysteresis is observed whilst going from a lower to a higher value of freq-

uency and vice versa. The extrapolated curve shows an unstable region at the saddle-node 

bifurcation point.  The equation of motion of the Duffing resonator (Equation 4.16) is solved 

for different values of  at constant values of other parameters to understand the effect 

of both negative and positive on the frequency response of the resonator. Figure 4.7a 

shows the simulation data of the frequency response of a softening spring effect Duffing 

resonator using Equation 4.16 with  = +0.1 and for different value of Fs we 

increase Fnot only the amplitude of the motion increases but also Duffing nonlinearity due 
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to also increases. Decrease in the resonance frequency of the resonator indicates that 

the resonator becomes less stiff due to negative value of Figure 4. 7b shows simulation 

 

                

Figure 4. 7 a) Simulation data of the resonance frequency response of a Duffing resonator 

with softening spring effect (= - 0.02) for different value of F.b) Simulation data of the 
resonance frequency response of a duffing resonator with hardening spring effect for 

constant value of F = 1 with different value of .  
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data of the frequency response of a hardening spring effect of a Duffing resonator using 

equation 4.16 with  = +0.0725 and F = 1, for different values of Similar to a softening 

spring effect, the amplitude of the oscillation also decreases with an increase in  but the 

resonance frequency increases which is due to a positive value of making the resonator 

stiffer  

Figure 4. 8a shows the frequency response of one of the resonators (device 4). The 

resonance frequency of the device is shown at VExt. = 6V and VInp. = 40mV. At around 

1.168MHz, the amplitude undergoes a sudden jump (Saddle-node bifurcation point) as we 

increase the frequency, indicating that the system is quite unstable at this frequency.  

and  are extracted from the fit to data using equation 4.16 showing this 

negative nonlinear spring effect. Figure 4. 8b shows hysteresis in the resonance frequency 

of the Duffing resonator whilst sweeping the frequency in a forward and backward 

direction. The amount of non-linearity in the system determines the amount of hysteresis. 

Hence the higher the non-linearity in the system the larger the hysteresis in amplitude 

would be. We observe hysteresis in a nanomechanical resonator quite often whilst driving 

the resonator at higher amplitudes. H. Krommer et al. [103] have shown that hysteresis can 

be used to detect a single charge.  
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Figure 4. 8 a) The resonance frequency response of device 4 showing Duffing behavior at VExt = 
6V and VInp = 40mV (red circular data point). Solid black line shows the simulation data using 

equation 4.16 with = - 0.02.  b) Forward frequency sweep (black and solid line) and backward 
frequency sweep (red solid line) of resonance frequency response of device 4 (Duffing behavior) 
at VExt = 6V and VInp = 40mV. Extrapolated curve shows unstable branch (green curve). 
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Figure 4. 9 shows the frequency response of device 4 as we change the amplitude 

of motion by varying VExt from 0.1 to 6V, keeping VInp. = 40mV constant. The behavior is 

similar to the simulation data of a softening nonlinear spring effect as shown in Figure 4. 

7a. The resonance frequency and saddle-node bifurcation point decreases with an increase 

in VExt. There is also an increase in the amplitude with VExt. Thus we can tune withVExt. We 

also observe hysteresis in the fundamental resonance mode whilst sweeping the frequency 

in a forward and backward direction. Recently [4] it has been reported that for such 

systems, mode splitting occurs at higher modes. In Figure 4. 10 the first and second mode 

of device 2 is shown. An amplitude jump in both the modes with increasing frequencies 

indicates Duffing behavior of the system. Duffing behavior in the second mode further 

confirms mode splitting in these devices. Figure 4. 10a shows the first and second mode of 

the Duffing resonator (device 4). Figure 4. 10b shows the variation of amplitude of the 

second resonance mode at different external drive amplitudes (VExt) whilst maintaining a 

constant bias voltage (VInp). As the resonator is driven with increasing amplitude, Duffing 

non-linearity () starts appearingMode 2 also shows negative nonlinearity making the 

resonator less stiff, and thus decreasing the resonance frequency as the external drive is 

increased from VExt. = 0.4 to 6 V. As expected, an increase in non-linearity with the increase 

in amplitude of vibration (VExt.) is observed. At the higher VExt hysteresis in the second 

mode, whilst sweeping the frequency in a forward (black line) and backward direction, is 

observed like the first mode.  
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Figure 4. 9   The resonance frequency response of device 4 with different VExt and constant 
VInp = 40mV. Duffing nonlinear behavior due to large vibrational amplitude and hysteresis 
is observed. 
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Figure 4. 10 a) First and second mode of the Duffing resonator (device 4). b) The second mode 
frequency response of device 4 with different VExt and constant VInp = 100mV. 
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 For non-linear systems such as Duffing resonators, the frequency response due to 

harmonic force excitation at  may have extra harmonics (n) [102,104] where n ≠ 1. 

Figure 4. 11 shows small peaks in addition to the resonance frequency of a Duffing 

resonator for different devices. The amplitude of this peak to that of the main resonance 

frequency varies for different devices as shown in Figure 4. 11a-c. For device 4, the amplitude 

of this extra peak just before the resonance peak (as shown in Figure 4. 11a) is quite large 

compared with other devices. Additionally in other devices also we mostly observe these 

extra peaks just before the resonance peak as shown in Figure 4. 11b-c, but with different 

relative amplitudes to main the resonance peak. These peaks start appearing as we increase 

the non-linearity in the system as shown in Figure 4. 11c. At VExt = 0.4 V the extra peak starts 

appearing and the amplitude increases further as we increase the VExt. Change in amplitude, 

frequency and nonlinearity introduced in these additional peak as we increase the 

amplitude of excitation, confirms that it represents mechanical resonance but not any 

electrical resonance. I couldn’t determine the exact reason for these extra peaks but from 

the similar trend in many devices we can confirm that the effect starts appearing as soon 

as the non-linearity in the system increases as shown in Figure 4. 11. This can be some extra 

harmonics (sub-harmonics) present in the system due to the Duffing behavior. A potential 

explanation for this observation of that the additional peak in the Figure 4. 11 could be 

internal resonance peak [102]. 

In a nonlinear system, when the system is excited by  a harmonic force, the   response  
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can have higher and (or) lower harmonics other than that particular external excitation 

harmonic. These extra harmonics are very small signals and are usually buried under other 

parasitic and noise signals. However, at the resonance frequency when the system is very 

sensitive to excitation, it is possible to observe these extra harmonics in a nonlinear system 

 

Figure 4. 11 a-b) The extra harmonics in the frequency response, other than the fundamental 
harmonic just before the fo for device 4 (a) and device 5 (b). c) The resonance frequency 
response of device 6 with different VExt and constant VInp. 
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if we have an ultrasensitive read out method to transduce the signal effectively. Hence if we 

excite a cubic nonlinear system by a fundamental harmonic () of the system, we can observe 

signals at subharmonic () and super-harmonic    Hence for a subharmonic system when the 

system is excited with a signal x1(t) = A sin (ωt) the response signal x2(t) = B sin (ωt) + C sin (ωt/3) 

will have a signal at as well as at. Similarly for super-harmonic systems when it is excited with 

a signal x1(t) = A sin (ωt), the response signal x2(t) = B sin (ωt) + C sin (3ωt) will have a vibration signal 

at as well as at 3. To demonstrate this effect experimentally, after finding the resonance 

frequency, the resonator is driven at the resonance frequency and the real time data is taken using 

an oscilloscope. Figure 4. 12a shows a non-sinusoidal behavior of time domain signal of the device 

indicating nonlinearity and the presence of more than one harmonic.  Whilst exciting the device 4 

at resonance frequency , we have measured the amplitude of the vibration simultaneously at  

and 3o as shown in Figure 4. 12b. Figure 4. 12b is the FFT of time domain signal from device shown 

in Figure 4. 12a. The presence of a super-harmonic further confirms that the system is a nonlinear 

Duffing resonator.   

4.2.2 Higher order nonlinear damping: van der Pol system [21,101-2]  

For nanomechanical resonators (NMR) with dimensions less than 10 nm, , damping 

is found to strongly depend on the amplitude of motion and cannot be described by a linear 

damping model 𝛾(𝑑𝑥/𝑑𝑡) , as with NMR based on nanotubes and graphene where the 

transverse dimension is sub-nanometer.  Earlier we had modelled dissipation of motion due 

to linear damping force Fdamp = (𝑑𝑥/𝑑𝑡), caused by resistance to motion due to friction, 

viscosity due to surrounding air or any other fluids, and other forces acting on the system.    



98 

 

 

 

 

 

 

Figure 4. 12 a) The non-sinusoidal time domain signal of a nonlinear system (Device 4). b) FFT of 
the time domain signal of the above figure, showing fundamental and 3rd harmonic (super 
harmonics) of a nonlinear system (Device 4) 
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 viscosity due to surrounding air or any other fluids, and other forces acting on the system.  

Now let’s consider damping caused by linear as well as nonlinear damping as shown in 

Figure 4. 4, therefore the total damping force becomes FDamp = c (𝑑𝑥/𝑑𝑡) = (ηx²)(𝑑𝑥/

𝑑𝑡)where η is the coefficient of nonlinear damping. Hence the equation of motion for a 

nonlinear system has to be modified by including the higher order nonlinear damping term 

ηx²(𝑑𝑥/𝑑𝑡) in equation 4.16 [21,101-2]. Thus for small resonators (sub nanometre) at the 

resonance frequency, the motion of the resonator is very sensitive to the driving force. 

Consequently, due to large motional amplitude ηx²(𝑑𝑥/𝑑𝑡) is dominant over 𝛾(𝑑𝑥/𝑑𝑡).  

 

Van der Pol’s equation 4.17 [102,105], describes the motion of a resonator with nonlinear 

damping. However the equation 4.17 has to be modified for nonlinear resonators including 

the Duffing force and can be written as: [101-2]     

Equation 4.18 describes a van der pol-Duffing system.  Including a Duffing term in a van der 

pol equation represents one of the most common examples of nonlinear oscillations for 

various mechanical and electrical systems.  

I have solved equation 4.18 using MATLAB® for different values of the parameters 

 η , k, and F to understand the frequency response of a Pol-Duffing resonator. Figure 4. 

13a shows the simulation data of the effect of different values of η varying from 0 to 1 for  

                            𝑀 (
𝑑²𝑥

𝑑𝑡²
) +   (𝛾 + ηx²) (

𝑑𝑥

𝑑𝑡
) +  𝑘𝑥 =   𝐹𝑠𝑖𝑛(𝜔𝑡)                                (4.17) 

                   𝑀 (
𝑑²𝑥

𝑑𝑡²
) +   (𝛾 + ηx2) (

𝑑𝑥

𝑑𝑡
) +  𝑘𝑥 +  𝛼x3  =   𝐹𝑠𝑖𝑛(𝜔𝑡)                            (4.18) 
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Figure 4. 13 Simulation data of the resonance frequency response of a Pol-Duffing system with 

η (a) and F (b) at constant  

 



101 

 

 

a positive nonlinear spring constant (of a Duffing resonator. For smaller values of 

η (< 0.1) the frequency response is similar to a typical Duffing resonator with a clear and 

large jump in the amplitude at the saddle-node bifurcation point.  As we start increasing 

the nonlinear damping coefficient, the frequency responses departs from a typical Duffing 

resonator. As we increase η not only the amplitude of the vibration decreases but also the 

resonance frequency starts decreasing (for a positive nonlinear spring constant) as shown 

in Figure 4. 13a. The decrease in amplitude is due to the increase in damping in the system. 

The decrease in resonance frequency indicates that the nonlinear damping force due to η, 

acts against the nonlinear restoring force due to Hence in this case of positive nonlinear 

spring effect, tries to make the resonator more stiff whilst η makes the resonator less stiff 

and hence  and η act against each other.  However keeping  and ηconstant and equal 

to as we increase F, not only amplitude but also effects due to  (Duffing behavior) 

andη(broadening of peak due to damping) also increases as shown in Figure 4. 13b. 

Previously an electrostatic actuation [21] technique has been employed to study the 

nonlinear damping of mechanical resonators based on nanotubes and graphene (with sub-

nanometer dimensions), where an oscillation voltage Vac at frequency f (resonance 

frequency)  is applied between the resonator and gate electrode as shown in the Figure 

3.1a. Capacitive detection techniques are employed to detect the motion of the resonator, 

and mixing current (Imix) is measured with different   Vac.  Unlike the linear damping model, 

in these resonators as we increase the driving force, asymmetry (bistability) in the 
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resonance peak is observed and Q is strongly dependent on the driving force. Hence Q = 

f₀/Δf does not hold for the nonlinear damping model, and a new expression for Q, (or Δf) 

for a nonlinear damped resonator is given by equation 4.19 [21] which fits up to a certain 

extent with experimental data. 

For a nonlinear system such as a Pol-Duffing resonator, as we increase the 

amplitude of the driving force we may observe effect of both nonlinear damping as well as 

Duffing nonlinearity. Figure 4. 14a shows the frequency response of one of the devices 

(device 7) for different values of VExt and constant VInp = 75mV. The resonator starts 

behaving more like a Duffing resonator (broadening of peak) from VExt = 0.8V till 4V. As we 

increase VExt further, at 6V the single resonance peak splits into three branches. The curve 

not only has a sharp resonance peak at fo = 1.1908 MHz but also other broad peaks at fL = 

1.1895 MHz and fH = 1.19309 MHz. Splitting of resonance peak indicates Pol-Duffing 

nonlinearity in the system [21]. One of the reasons for such nonlinearity could be the non-

linearity in the piezoresistive coefficient [90] itself (including the higher terms) and hence 

the piezoresistivity (output signal).  

 

  

Where T is applied stress, iis the ith order piezoresistance coefficient and  is the resistivity 

of the material. Figure 4. 14b shows the hysteresis in the resonance frequency of the 

                                           Δf  =  0.3 2m-1 η1/ 3f₀-2/ 3F2/3
drive                                                 (4.19) 

 

                    
𝑑𝜌

𝜌
1T + 2T2+ 3T3 + 4T44.20) 
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resonator while sweeping the frequency in a forward (black line) and backward direction 

(red line) for VExt.= 6V and VInp.= 40V. 

   

 

 

Figure 4. 14 a) The resonance frequency response of device 7 with different VExt and 
constant VInp = 75mV. b) Hysteresis in the resonance frequency of the resonator while 
sweeping frequency in forward (black line) and backward direction (red line). 
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Thus, this demonstrates nonlinearity in the spring constant as well as damping in 

Thus, this demonstrates nonlinearity in the spring constant as well as damping in the 

graphene resonator. This nonlinearity provides a new opportunity for application in NEMS 

devices, which has not been exploited before. For instance, we can use the non-linear 

response of our graphene-based NEMS to achieve new records in mass sensing. 

4.3 To summarize characteristics of nonlinear vibration: 

  The amplitude of the vibration affects the frequency of vibration, hence the 

frequency of the vibration is dependent on the amplitude. 

 Jump phenomenon: As we increase the amplitude of vibration, we observe a sudden 

jump either up or down in the amplitude of vibration, indicating the instability of 

the system (saddle node bifurcation). 

 Sub or super harmonics: When a system is excited at a particular harmonic force (), 

the output response will not only have the fundamental component but also may 

contain higher (super harmonics, 3) or lower harmonics (sub harmonics, /3).   

 Pol-Duffing system: For nanomechanical resonators (NMR) based on graphene 

where dimensions are less than 1 nm, damping is found to strongly depend on the 

amplitude of motion, and thus equation of motion is modelled using Pol-Duffing 

system. 

 If we keep increasing the amplitude of vibration the system can become unstable 

and mode splitting can take place. 
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In conclusion, I have characterized and quantified the nonlinearity in graphene to 

enable design of high performing sensor. I have demonstrated the inherent variability in 

device parameters as well as the variability in the nonlinearity of these parameters. Thus 

we have shown a positive as well as negative Duffing-Pol system with different nonlinear 

coefficients. 

Hence we have shown nonlinearity in the spring constant (both positive and 

negative) as well as in the damping of a graphene resonator. Thereby enabling the 

understanding of the onset of nonlinearity in such devices, which is particularly important 

for two-dimensional layers such as graphene. We have observed internal resonance in 

graphene resonator due to cubic nonlinearity in the coupled mode. This nonlinearity 

provides a new opportunity for application in NEMS devices, which has never been 

exploited before. For instance, we can use the non-linear response of our graphene-based 

NEMS to achieve new records in mass sensing. 

Mostly we design linear system. But for graphene NEMS due to its atomically thick 

structure, the operation regime is bound by Duffing nonlinearity, mode splitting, internal 

resonance and nonlinear damping. Hence nano system and sensors design using graphene 

to operate in the linear regime have multiple constraint on excitation as well as 

measurements. This therefore calls for further enquiry utilizing nonlinearity rather than 

avoiding or ignoring it. 
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Chapter 5 

Mode splitting in graphene resonator 

In this chapter I shall talk about the higher modes along with the fundamental 

resonance modes of graphene resonator. Splitting of resonance peak in antisymmetric 

mode takes place not only due to the presence defects due to fabrication and irradiation, 

but also due to asymmetry in the legs of an H shape graphene resonator. I have also shown 

the frequency response of the resonator by systematically varying the length of the legs of 

the resonator. The experimental results verify the expected theory very well and the FEM 

model. 

5.1 Splitting of resonance peak in higher Modes 

 Higher modes of the resonator have been transduced piezoresistively as shown in 

the previous chapters. One of the higher modes (antisymmetric) as modelled by FEM is 

shown in Figure 2.2c.  In this mode, at resonance frequency, the two support legs move in 

opposite directions. Figure 5. 1 shows splitting of higher resonance modes in these 

resonators. Splitting of resonance modes [106-108] is commonly observed in micro (or 

nano) resonators. For example it has been observed in a nanowire that a small asymmetry 

in the cross-section can break the single vibrational resonance peak into two closely spaced 
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peaks [106-108]. Presence of asymmetry in the legs of a H shape graphene resonator (which 

are more like nanoribbons) due to rippling, curving of the graphene membrane at the edges 

can break the mode in two single vibrational resonance peak (as shown in Figure 5. 1). 

Presence of defects due to fabrication and irradiation results in resonant mode splitting in 

carbon nanotube resonators [108]. It can be also one of the reasons of mode splitting in 

our system, as fabrication defects are unavoidable along with irradiation defects due to 

imaging during characterization of the devices (as shown by D peak in Raman spectra of the 

device, Figure 2.14). Rippling, slack or adsorbed mass can result in additional Eigen modes  

in a graphene resonator [59, 67].  

 

Figure 5. 1 a) Fundamental mode resonance f₀ (black hollow squares) and the higher modes 
f1 (red hollow circles) of device 1. b) The second mode frequency response of device 1 with 
different VExt and constant VInp = 40mV. c) f₀ and f1 for device 2. (d) The second mode 
frequency response of device 2 with different VExt and constant VInp = 100mV 
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5.1.1 Splitting of resonance peak due to asymmetry in shape [106] 

It is observed in the nanowire that a small asymmetry in the cross-section can break 

the single vibrational resonance peak into two closely spaced peaks. Presence of 

asymmetry in the legs of H shape graphene resonator due to rippling, curving of the 

graphene membrane at the edges can break the antisymmetric mode in two single 

vibrational resonance peak. The splitting of peak is observed due to higher quality factor (Q 

~ 103) of these resonator only, otherwise a low Q resonator would not have the bandwidth 

to observe this experimentally. Splitting in the peak has been observed in the commercial 

two beam (V and shaped) resonator as shown in Figure 5. 3a-d. But it is not observed in 

the single beam cantilever resonator as shown in Figure 5. 3e-f.  It is interesting to observe 

that this splitting is observed in the antisymmetric mode only neither in the former nor later 

symmetrical mode. Hence, it indicates that this splitting due to asymmetry in the cross-

section of the beam is more pronounced due to large length to thickness ratio (> 102) similar 

to the H shape resonator in this thesis. In the case of nanowire, it is shown that asymmetry 

in the cross-section of even 0.1 nm with a diameter of 100 nm is sufficient to split resonance 

peaks in vacuum [106]. Considering all the present measurements are in vacuum, it is 

expected that even a small asymmetry in the legs (width ~ 100nm) of the resonator will 

result in splitting of peaks. 
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5.1.2 Additional Eigen modes due to rippling, slack or adsorbed mass [59, 67] 

Rippling, slack or adsorbed mass can result into some additional modified Eigen 

modes in graphene resonator [59, 67]. Rippling and curving at the edges are mostly 

observed in the graphene nano ribbon resonators. SEM images (Figure 2.10) of the 

resonator shows curving of the graphene membrane at the edges which can change the 

measured Eigen modes. Splitting of the higher resonance modes can also be the result of 

these additional Eigen modes, confirming that piezoresistive transduction is an effective 

and sensitive method to observe motion on graphene NEMS resonators. These unpredicted 

modes (generally unanticipated by standard elastic beam theory), is impractical to measure 

using optical and capacitive detection technique which depends on the average position of 

the resonator. Amplitude of vibration is largest along one of the free edges rather than at 

the centre of the beam in this case. Hence, in H shape beam at the antisymmetric mode, 

where the resonator vibrates as two coupled beam vibrating in two opposite directions, the 

 

Figure 5. 2 Distribution of the stress (left) and displacement (right)  across the beam at the 
antisymmetric mode of the resonator. Due to asymmetry in the legs of the beam, stress is not 
distributed uniformly across the two free edges of the resonator and hence amplitude of 
vibration will be different. 
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symmetry of vibration can break easily with one leg vibrating with much higher amplitude 

than the other. This is also observed in the Modal analysis (Figure 5. 2) when the symmetry 

of the two legs are broken. In H shaped graphene, as the clamping edges are completely 

separated it is possible to have an additional Eigen mode at or nearby the antisymmetric 

mode.  

5.2 Higher mode of H shape graphene resonator 

Frequency responses for two devices at higher modes is shown in Figure 5. 1. Figure 

5. 1a shows the fundamental resonance frequency (f₀) at 1.19MHz and higher frequency 

mode (f1) at around 2.2 MHz for device 1. Figure 5. 1c shows the fundamental resonance 

frequency (f₀) at 1.10375MHz and higher modes (f1) at 1.74 MHz for the device 2. Figure 5. 

1b shows driven response at f1 with different VExt at constant VInp = 40mV for device 1; the 

decrease in f1 with increase in VExt   is similar to that of f₀ shown in Figure 3.3a. For device 2, 

Figure 5. 1d shows the response of f1 with different VExt at constant VInp = 100mV. We 

observe that there is less variation in the frequency i.e. the degenerated peaks are closer 

to each other compared to device 1. The resonance response upon increasing drive 

amplitude for this device (Figure 5. 1d) is similar to the f₀ shown in Figure 3.3b. The 

measured value of f1 is 2.2 MHz for device 1 and 1.7 MHz for device 2, the same order as 

calculated using FEM model (Figure 2.2c). For device 1, the splitting is prominent as we can 

see two distinct peaks very close to each other (Figure 5. 1a-b), while for device 2 the 

splitting is relatively small compared to device 1 (as shown in Figure 5. 1c-d but still clearly 



111 

 

 

discernible.  This is most probably because the amount of asymmetry due to defects and 

structure in the two devices are different. It has been shown earlier that magnitude of 

splitting increases with degree of asymmetry in the resonators [106]. This ability to 

transduce motion in the higher modes is further proof of piezoresistive transduction and 

also underlines the sensitivity of this detection scheme.  

5.3 Mode splitting in higher modes of commercial cantilevers. 

 Such dual modes at higher Eigen modes are observable in other mechanical systems 

made by microfabrication methods, such as triangular cantilevers in atomic force 

microscopy (AFM) as shown in Figure 5. 3. As shown in Figure 5. 1, double resonance peak 

at the higher resonance modes has been observed in the H shape graphene resonator. In 

order to verify that this is not simply an artefact of the measurement, the resonance 

frequency of some commercially available, V (Thindiamond: ND-CTIT2S) and  

(Nanosensors: A-PROBE-SPL) shaped double beam cantilever has been measured in an AFM 

using optical read-out as shown in Figure 5. 3. Figure 5. 3b shows the fundamental 

resonance frequency (f0)    ̴40 kHz and higher modes    ̴250 KHz of the V shape cantilever 

(SEM image of V shape cantilever is shown in Figure 5. 3a). Similarly, Figure 5. 3d shows the 

fundamental resonance frequency (f0)   ̴ 69 kHz and higher modes    ̴ 350 KHz of the  shape 

cantilever (SEM image of shape cantilever is shown in Figure 5. 3c). It is observed that 

the higher modes has split into two peaks, for the two cantilever as shown in Figure 5. 3b 

and d, as is the case in the H shape graphene resonator. The origin of this behavior is the 
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motion of these two arms at slightly different frequencies due to asymmetry (or defects) [106-107] 

in the two arms. This independently indicates that Figure 5. 1 shows higher modes of our H shaped 

graphene resonators. Simple cantilevers (Budget sensors: ElectriMulti75-G: Figure 5. 3e shows SEM 

image of such cantilever) as shown in Figure 5. 3f do not display this behavior, which rule out any 

measurement artefacts as the cause of this. 

 

Figure 5. 3 SEM image of commercially available Cantilever and their frequency response:  a) V-
shaped cantilever (Thindiamond: ND-CTIT2S); b) First and higher resonance modes of the 
cantilevers shown in Figure a. c) Another two beam cantilever (Nanosensors: A-PROBE-SPL) d) 
First and higher resonance modes of the cantilevers shown in Figure c. e) Simple cantilever 
(Budget sensors: ElectriMulti75-G); f) First and higher resonance modes for cantilevers shown in 
Figure e. 
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5.4 Fundamental and higher mode of  shaped graphene resonator 

Figure 5. 4 shows SEM images of  shape graphene resonators. Frequency response 

of the  shape graphene resonator is shown in Figure 5. 5. Higher mode f1 of the shape 

resonator is shown in Figure 5. 5a at VExt = 2V with different VInt. It is observed that as the 

VInt is increased while keeping VExt constant, the shape of the frequency response become 

asymmetrical. At VInt = 40mV the amplitude of resonance (peak) and anti-resonance (dip) is 

same. At VInt   = 100mV the amplitude of the resonance peak increase while amplitude of 

the anti-resonance dip decreases. It can be observed that the thermal fluctuations (VInt.) 

induces strong coupling between the resonance and anti-resonance modes, this is an 

excellent verification of the predicted theory [109]. Figure 5. 5b shows hysteresis in f1 of 

another such device while sweeping frequency forward and backward at VExt = 5V and VInt 

= 80mV. Figure 5. 5c shows f1 of same device at VExt = 1V with different VInt. As we increase 

VInt and hence, power applied to the resonator, resonance frequency remains nearly 

constant while the amplitude of both the resonance peak and anti- resonance dip increases. 

I have verified the predicted theory [109] excellently by showing broadening of the 

resonance peaks and hence quality factor with the thermal motion (VInt.) due to the 

internally induced damping. Figure 5. 5d shows f1 of same device at VInt = 120 V with 

different VExt. As we increase the amplitude of vibration unlike Figure 5. 5c  f1 changes and 

goes towards lower value indicating capacitive softening [26,62,65,94-96] is observed as 

shown earlier in H shape graphene resonator (Figure 3.3a and 3.12). It is worth noting that 
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that for this device as we increase VExt amplitude of resonance peak increases relatively 

more than the amplitude of the anti-resonance dip. 

Figure 5. 6a and b shows deformed shape of a three sided clamped  shaped graphene resonator 

at fundamental frequency f0 = 1.064 MHz and second mode shape f1 = 1.088MHz respectively. The 

two modes are close to each other as expected. Due to residual mass of impurities on the graphene 

resonator due to fabrcation [61], I have consider mass density of the beam ( graphene.  

Dimension of the these resonator are considered according to the fabricated real devices (shown in 

Figure 5. 4) with 2 μm long, 1.2 μm wide,  each leg being    ̴100 nm wide. Resonance frequencies 

have been measured between 1-2 MHz for most of these resonators as shown in Figure 5. 5. It has 

been found that these frequencies are of the same order as calculated using FEM (Figure 5. 6) taking 

into account of higher mass density. The reason for the two modes to be close to each other is that 

  

 

Figure 5. 4 SEM image of shape graphene resonator. 
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the system behaves as an array of two-coupled resonator. In this system, each nano-graphene beam 

with 2 μm long and 100 nm wide acts as a resonator, which has been coupled through a central part 

with    ̴180 - 220nm long and 800-900 nm wide, at one end of the beam. Modal analysis confirms 

the two modes observed close to each other experimentally in Figure 5. 5 

  

 

 

Figure 5. 5 The resonance frequency response of the  shape resonator. a) f₀ and f1 of  shape 
resonator shown in figure 5.4 with different VInt and constant  VExt = 2V.  b) Hysteresis in 

resonance frequency response of device 9 (another  shape resonator) at VExt = 5V and VInt = 
80mV. The resonance frequency response of same device with different VInt and at VExt = 1V (c)  
and with different VExt and at VInt = 120 V (d). 
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5.5 Conclusions 

              In conclusion we have shown higher modes along with the fundamental resonance 

mode of two different kind of designs of graphene resonator; H shaped, and  shaped. 

The results are verified with the measurements on commercial available beams. I have 

observed that by systematically changing the aspect ratio of the arms and resonator, we 

 

Figure 5. 6 Modal analysis using FEM I The deformed shape of a three sided clamped  shaped 
graphene resonator at resonance at c) fundamental frequency (f0) and at b) second mode shape 
(f1).The colour code shows amount of amplitude of vibration, red colour indicates maximum 
displacement whereas blue colour shows minimum displacement. 
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could potentially control the resonance frequency and hence the quality factor. Strong 

coupling has been observed between different modes of the  shaped graphene resonator 

due to thermal fluctuation. Both the two arms can be routinely functionalized to beam. Two 

different sensors both of which can be monitored using just the single response. This means 

that this design actually become two in one sensors. This also suggest that one can design 

a large array of similar resonator thereby producing a coupled array of large number of 

sensors. I have identified and characterized particular modes in graphene resonator using 

different NEMS design. The results are excellent verification of the theory, and give a useful 

result for graphene NEMS design. 
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Chapter 6 

Concluding remarks   

6.1 Conclusions  

In conclusion, piezoresistive sensing of graphene based nanoelectromechanical 

system has been demonstrated. In this piezoresistive transduction method, the intrinsic 

piezoresistivity of graphene has been utilized as a self-sensing component to transduce the 

motion of graphene resonator. It has been demonstrated that piezoresistive sensing is not 

only a simple but very effective electrical readout method for graphene based 

nanoelectromechanical systems. To maximize the piezoresistive effect of graphene, a four-

sided clamped H shaped graphene beam has been employed. Fundamental resonance 

frequency (f₀) of the devices has been measured at around 1-3MHz.  These graphene 

resonators show very high quality factors as high as 1000-2000 in ambient temperatures 

and pressures of   ̴ 4 × 10-6 Torr which is one order higher than the previous reported values 

for double side clamped beams. The minimum detectable mass of such resonators is 

calculated to be an astounding 0.95 – 1.54 zeptograms (10-21 g) at room temperature. By 

transducing thermomechanical motion of these resonators minimum force resolution is 

estimated to be 11.7 – 21.6 aN/Hz1/2 at room temperature. The sensitivity of the detection 
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technique is further demonstrated by detecting peak splitting in the second order 

resonance mode of the resonator, underlining the resolution of this technique. 

 In order to use NEMS for sensing applications, onset of non-linearity in the devices 

has been characterized. This addresses the basic understanding of nonlinearities in these 

devices and its origin. Duffing nonlinear behavior has been shown in the devices at higher 

external drive. Hysteresis is observed in fo while sweeping frequency forward and 

backward. Due to the small dimensions of the resonators (width of the leg    ̴ 100 nm), 

nonlinear damping has been also shown at higher vibrational amplitude. The frequency 

response of some devices shows Pol-Duffing behavior. Hence nonlinearity in spring 

constant as well as higher order nonlinear damping, both have been shown in the devices. 

Further, the frequency response of the device with asymmetric shape has been measured. 

Higher modes along with the fundamental resonance mode have been measured for two 

different designs of graphene resonators; H shaped and  shaped. The results are verified 

with measurements on commercial resonators. I have observed that by systematically 

changing the aspect ratio of the arms and the resonator, we can potentially control the 

resonance frequency and hence the quality factor. Strong coupling has been observed 

between different modes of the  shaped graphene resonator due to thermal fluctuation. 

Key contributions of this thesis are: 



120 

 

 

 H shaped graphene resonator, has been successfully fabricated using standard 

lithography process. The very first demonstration of piezoresistive sensing of 

graphene based nanoelectromechanical systems has been carried out. 

 It has been demonstrated that piezoresistive sensing is not only simple and sensitive 

but very effective for graphene based NEMS. One order higher Q-factors than the 

previous reported values for double side clamped beams in ambient temperatures 

has been measured. An astounding 0.95 – 1.54 zeptograms (10-21 g) of minimum 

detectable mass is estimated for such resonators at room temperature. 

Thermomechanical motion detection of these resonators allows us to estimate 

minimum force resolution of 11.7 – 21.6 aN/Hz1/2 also at room temperature. The 

sensitivity of the detection technique is further demonstrated by detecting peak 

splitting in the second order resonance mode of the resonator. 

 Onset of non-linearity in the devices has been characterized. Thus dynamic range as 

high as 60dB has been measured, which is highest reported value at room 

temperature. The basic understanding of nonlinearities in these devices and its 

origin such as Duffing behavior, hysteresis, nonlinear damping, and subharmonics 

have been carefully studied both experimentally as well as theoretically. 

  Higher order modes along with the fundamental resonance mode have been 

measured for three different designs of graphene resonator; symmetrical H shaped, 

asymmetrical H shaped, and  shaped. 
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 6.2 Future applications  

The present work has been demonstrated on a scalable platform using a simple 

tabletop apparatus, which could hence be commercialized on hermetically sealed 

packages. Such high sensitivity at room temperature using CVD grown graphene could 

herald tabletop applications of hitherto low-temperature techniques such as MRFM and 

single molecule spectroscopy. Further investigation of techniques to use these for mass 

spectroscopy in vacuum could result in inexpensive and highly sensitive NEMS devices for 

applications in mass spectrometry. 

6.2.1 Graphene-GST-Graphene: Tunable resonator 

Graphene is a strong candidate as electrode and interconnect for wearable and 

flexible electronics due to its high conductance, current capacity, transparency and 

flexibility. Successful demonstration of graphene as a transparent electrode for display 

system has been shown [110]. GST (Ge2Sb2Te5) [111] is an excellent memory device 

material that can switch both electrically and optically between amorphous and crystalline 

states. Its switching property can be used as a tunable resonator. But not being a very stiff 

material, a thin GST layer would need a support for being suspended. Graphene can be used 

as a bottom support for resonators based on GST. It will provide support as well as act as 

the bottom electrode to probe GST locally both electrically and optically. Figure 6. 1 shows 

a diagram of the proposed device [111]. A drum resonator comprising a graphene - 

Ge2Sb2Te5 - graphene structure is placed on top of a hollow SiO2 supporting substrate.  As 
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already mentioned the two graphene electrodes would serve as active electrodes as well 

as the support and capping layers. Modeling based design of a tunable nanoelectro-

mechanical system (NEMS) is capable of operating in the 800MHz to 1.9 GHz frequency 

band without the need of a constant electrostatic tuning stimuli [111]. Permanent, yet 

reversible, tuning of such a resonator in this region is possible, but only when the structural 

support platform is made of ultra-light and thin two-dimensional elements. Using graphene 

as the top and bottom electrodes with a layer of the well-known Phase Change Material 

(PCM) Ge2Sb2Te5, a pathway can be provided for a highly functional NEMS that employ 2D 

electrodes and PCM in a tunable resonant circuits.  

 

 

 

 

 

 

 

 

 

 

 

 

 

  

 

Figure 6. 1 shows a diagram of the proposed device [111] 
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Abstract: The low mass and high quality factors that nanomechanical resonators exhibit 

lead to exceptional sensitivity in the frequency domain. This is especially appealing for the 

design of ultrasensitive force and mass sensors. The sensitivity of a nanomechanical mass 

and force sensor depends on its mass and quality factor; a low resonator mass and a higher 

quality factor reduce both the minimum resolvable mass and force. Graphene, a single 

atomic layer thick membrane is an ideal candidate for nanoelectromechanical resonators 

due to its extremely low mass and high stiffness. Here, we show that by employing the 

intrinsic piezoresistivity of graphene to transduce its motion in nanoelectromechanical 

systems (NEMS), we approach a force resolution 16.3 ± 0.8 aN/Hz1/2 and a minimum 

detectable mass of 1.41 ± 0.02 zeptograms (10-21 g) at ambient temperature. Quality factors 

of the driven response of the order of 103 at pressures ~10-6 Torr on several devices are also 

observed. Moreover, we demonstrate this at ambient temperature on chemical-vapour-

deposition-grown graphene to allow for scale-up, thus demonstrating its potential for 
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applications requiring exquisite force and mass resolution such as mass spectroscopy and 

magnetic resonance force microscopy. 

Key words: Graphene NEMS, piezoresistive sensing, zeptogram mass sensitivity, 

attonewton force sensitivity, room temperature NEMS. 

 

Nanoelectromechanical systems (NEMS)1-2 can measure very small forces3-5 and 

mass6-7 as has been showcased in the last decade by the demonstration of measurements 

ranging from single spin detection3 and mass spectroscopy8-9 to the read-out of the 

quantum ground state of a mesoscopic resonator10-11. Mass spectroscopy with NEMS is 

particularly appealing because the vibrational frequency of NEMS is a sensitive function of 

its total mass; thus minute changes in mass due to added or removed adsorbate will change 

the resonance frequency of a nanomechanical resonator. Indeed, single molecule detection 

has recently been demonstrated using NEMS as a sensitive mass detector6-7. The minimum 

detectable mass is given by δm = 2meff (Δf/Q x ω)1/210-(DR/20) (Refs 1), where meff is the 
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resonator mass, Q the quality factor and ω the resonance frequency, Δf the measurable 

bandwidth and DR the Dynamic Range12-13. Hence a resonator with low meff and high Q 

would be ideal for mass sensor. The minimum detectable force of a nanomechanical 

resonator is given by the force spectral density as Fmin = (Sth)1/2 = (4kbTk/ωQ)1/2  (Refs 4), 

where  ω is the resonance frequency, k is the spring constant (which increases with 

increasing mass, as k = meff ω2), T the temperature and kb is the Boltzmann constant. Thus, 

to maximize mass as well as force sensitivity, resonators with low mass, low resonance 

frequency, and high quality factors are required. Whilst resonators based on Silicon Nitride 

can exceed quality factors of 106 (14), its mass is not as low as that of monolayer graphene15. 

The high Young’s modulus58 and surface area contribute to graphene-based resonators 

being ideal for mass and force sensors. Extensive studies have been carried out on graphene 

NEMS by employing both optical58-20 and electrostatic21-26 actuation techniques. The 

maximum room temperature quality factors (Q) achieved58-25 by these techniques are of 

the order of 102 for a double sided clamped graphene resonator and 103 for graphene based 

drum resonators.20,25 The use of metal piezoresistivity for sensing in NEMS was described 

by Li et al.27 and was shown to be a very effective readout method over a wide frequency 

range. In this work, we utilize the intrinsic piezoresistivity of graphene28-30 as a self-sensing 

component. By employing this piezoresitivity in a monolayer graphene resonator, we have 

estimated sensitivity down to attonewton forces and to zeptogram mass and have recorded 

room temperature Q of the order of 103 (1-2). Importantly, by fabricating such resonators 
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on chemical-vapour-deposition (CVD) grown graphene we demonstrate proof-principle 

scalable manufacturing of graphene resonators. Our electrical read-out is effective, yet 

simple; a compact vacuum chamber is sufficient to carry out these measurements in 

ambient temperatures.  

To increase the sensitivity due to the instrinsic piezoresistive effect, we make use of 

higher stress concentrations near the base of a mechanical resonator, where the resistance 

 

 

Figure 1. Piezoresistive transduction of graphene-NEMS. (a) Schematic of the device with circuit 
diagram of the measurement setup. (b) SEM image of a fabricated suspended H shape graphene 
resonator clamped at the base by four gold electrodes and silicon dioxide. (c-d) Finite element 
model (FEM) of the device, indicating the leg area has the highest strain energy density at the 
mechanical resonance frequency (yellow), (c) first mode (fo) and (d) second mode (f1). (e) 
Amplitude with frequency at VInp= 75mV and VExt = 2V of a mechanical resonator with f0= 
1.191MHz (The lines are Lorentzian fit to the data). 
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change is most pronounced. We have thus employed a four-sided clamped H shaped 

graphene beam, which allows us to measure across the regions of maximum stress near the 

supports of the mechanical beam to maximize the piezoresistivity. Our measurement is 

done across any one set of two such constrictions (legs) near the supports.  Figure 1a shows 

a schematic of our device and in Figure 1b, a scanning electron micrograph of a fabricated 

H shaped graphene resonator clamped at the base by four gold electrodes and silicon 

dioxide is shown. We measure the resistivity across any two adjacent pairs of legs, and this 

resistance varies as a result of the piezoresistivity. Our mechanical resonators have a total 

length of 1.8 μm, and total width of 1.2 μm; the dimension of each leg     ̴120-150 nm wide 

and 0.5-0.7 μm long. 

As this resonator vibrates, most of the mechanical stress at maximum deflection of 

the first and second vibrational mode is concentrated near the legs for effective 

piezoresistive transduction. The device is designed such that the resistance across the legs 

in the conducting path accounts for 65-80% of the total resistance of the conducting path 

of the suspended portion of the resonator. Finite Element Modeling (Figure 1Figure 1c-d) 

confirms that this base region has the highest stress (see Supporting Information 1 for 

details). We then fabricate these devices using Chemical Vapour Deposition (CVD) grown 

monolayer graphene (see Supporting Information 2 for details of fabrication). We verify 

that the devices are suspended using SEM imaging (See Supporting Information 2). We 

employ Raman spectroscopy31-32 to confirm that the graphene is monolayer prior to 
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fabrication (Data in Supporting Information 3). Our device resistance drops from 6-8 kΩ to 

0.8 kΩ during current annealing of the device, which is performed before electrical 

measurements in line with other measurements on graphene23,26,33 (more information in 

Supporting Information 4). All measurements are performed at room temperature and at 

pressures of ~ 4 x 10-6 Torr. 

Initial verification of piezoresitive sensing is done by actively driving the 

nanomechanical resonator using a voltage controlled piezomechanical disc (VExt). A DC bias 

voltage (VInp) is applied across the two legs of the same side of the H shaped graphene beam 

to convert the resistance variation to a voltage signal. The schematic of our measurement 

is shown in Figure 1a and exemplifies the simplicity of the simultaneously measures the 

output electrical signal from the device. Figure 1e shows the fundamental resonance 

frequency (f₀) of this device (arbitrarily described as Device 1 henceforth) at 1.191MHz at 

VInp = 75mV and VExt = 2V. For most of the resonators of same size, on the same chip (with 

same fabrication process) we have measured fo between 1-3 MHz. The resonance frequency 

as estimated by the finite element simulation is around 1 MHz, approximately of the same 

order of magnitude as measured for most of the devices. In Figure 1 we show the driven 

response of two different resonators (device 1 and 2); in both cases, the resonance is driven 

piezomechanically. The lock-in amplifier is used, whose output drives the piezomechanical 

disc and sweep the drive frequency while monitoring the output at the amplifier. As the 

drive amplitude is increased (VExt), indicating that these resonators have a slight slack34. Our 
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FEM simulations indicate that the expected frequency range is within the same order of 

magnitude as measured, in contrast to previously reported on mechanically exfoliated 

graphene,58,21,23 where the frequency was significantly higher than expected due to intrinsic 

tension. This is not unexpected – the graphene we use is grown using CVD and transferred 

to a silicon dioxide substrate in liquid, which would significantly change intrinsic stress 

effects as compared to mechanically exfoliated graphene.  

 

Figure 2. Externally driven frequency response. (a) Variation of amplitude at f₀ with different 
external drive amplitudes (VExt) at constant bias voltage VInp = 75mV to the device (Device 1). (b) 
Variation of amplitude at f₀ at different VInp and constant VExt = 2V (Device 1). At VExt = 2V, for 
VInp= 100mV Device 1 shows quality factor of the order of 103. (c) Variation in amplitude at 
different VExt, and constant VInp= 120mV (Device 2). (d) Variation of amplitude at f₀ at different 
VInp and constant VExt = 6V (Device 2). Device 2 also shows quality factor of the order of 103. 
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 Figure 1a and c shows broadening of the resonance peaks and a slight 

deviation towards the lower frequency with increasing drive amplitude (VExt) which 

indicates negative nonlinearity in the spring constant35. There are differences between 

devices, for example, device 1 (Figure 1a) is more non-linear when compared to device 2 

(Figure 1c) where there is less change in f0 with VExt. Non-linearity in NEMS and its onset is 

of concern particularly for mass sensing, where the Dynamic Range of a device sets the 

minimum resolvable mass, and we discuss this later. Our measurements indicate that our 

devices may have some slack34 probably due to use of CVD graphene. Depending on the 

 

Figure 3 Externally driven frequency response of the second mode (f1) . (a) Fundamental mode 
resonance f₀ (black hollow squares) and the second mode f1 (red hollow circles) of device 1. (b), 
Variation of amplitude at f1 with different VExt at VInp =40mV for device1. (c), f₀ and f1 for device 2. 
(d), Variation in amplitude at f1 with different VExt, and constant VInp= 100mV (device 2).  
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amount of slack in each device, the effect may not discernible. Graphene displays a negative 

coefficient of thermal expansion.23,26 Essentially, this would entail that as we increase VInp, 

more power is dropped across the graphene resonator, which would heat the resonator; 

hence, the resonance frequency would be expected to go up for a resonator under tensile 

stress. As shown in Figure 1b and 2d, we indeed observe this behaviour in both the device 

1 and 2.  

We then transduce the second mode of the resonator piezoresistively. The second 

mode as modelled by FEM is shown in Figure 1d (more data in Supporting Information 1). 

In this mode, at resonance, the two support legs move in opposite directions (Figue 1d). 

However, because of slight asymmetry in the shape and mass between the two legs, the 

degenerated resonance peak may split into two peaks. We are able to observe the second 

mode, confirming that piezoresistive transduction is an effective and sensitive method to 

observe motion on graphene NEMS resonators. Frequency response for both these devices 

in the second mode is shown in Figure 2. Figure 2a shows the fundamental resonance 

frequency (f₀) at 1.19MHz and second Eigen frequency (f1) at around 2.2 MHz for device 1. 

Figure 2c shows the fundamental resonance frequency (f₀) at 1.10375MHz and second 

mode (f1) at 1.74 MHz for the device 2. Figure 2b shows driven response at f1 with different 

VExt at constant VInp = 40mV for device 1; the decrease in f1 with increase in VExt   is similar to 

that of f₀ shown in Figure 1a.  
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For device 2, Figure 2d shows the response of f1 with different VExt at constant VInp = 

100mV. We observe that there is less variation in the frequency of the two legs, i.e. the 

degenerated peaks are closer to each other. This is most probably because the two legs for 

device 2 are geometrically more symmetrical. The resonance response upon increasing 

drive amplitude for this device (Figure 2d) is similar to the f₀ shown in Figure 1c. The 

measured value of f1 is 2.2 MHz for device 1 and 1.7 MHz for device 2, the same order as 

calculated using FEM model (Data in Supporting Information 1, figure S1b). For device 1 the 

splitting is prominent as we can see two distinct peaks very close to each other (Figure 2a-

b), while for device 2 the splitting is relatively small compared to device 1 (as shown in 

Figure 2c-d) but still clearly discernible.  This ability to transduce motion in the second mode 

is further proof of peizoresistive transduction and also underlines the sensitivity of this 

detection scheme. We note that such dual modes are observable in other mechanical 

systems made by microfabrication methods, for example, triangular cantilevers in atomic 

force microscopy (our data on such commercially available cantilevers are included in 

Supporting Information 5). 

We then proceeded to resolve the thermomechanical motion58,27 of the resonator. 

Thermomechanical noise of the resonator is the Johnson’s noise equivalent for the 

mechanical resonator, thus being present at all temperatures above 0 K. We measure the 

thermomechanical noise spectrum by averaging the spectrum 64 times to obtain high-

resolution data. Figure 3a shows the amplitude due to thermomechanical motion at VInp = 
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120 mV (the red solid line in the figure is the Lorentzian fit to the data). As external drive 

amplitude (VExt) is increased, we can then drive the resonator, similar to that seen in the 

other devices, confirming that this is indeed a highly sensitive transduction method capable 

of sensing the Brownian motion of the resonator. Figure 3b shows amplitude variation of f₀ 

at constant VInp with different VExt including the thermomechanical noise data (VExt = 0V, 

black data points). We see a decrease in f₀ (softening non-linearity) as we increase the 

external drive amplitude. It is worth noting that we observe this softening effect in all our 

devices.  

We can then calculate the minimum resolvable mass δm = 2meff (Δf/Q x ω)1/2
10-(DR/20), 

which is approximated to (meff/Q)10-DR/20 (Refs1-2,27). The dynamic range (DR)12-13 is a key 

aspect of mass sensitivity, and we estimate this to be at least 60dB for both devices 1 and 

 

Figure 4  Thermomechanical motion detection. (a), Amplitude of thermomechanical motion at  the 
resonance frequency (1.7MHz) of a resonator VInp = 120mV; Quality factor (Q) = 1043,  and 
Bandwidth = 7Hz. (b), Variation of amplitude at constant VInp= 140mV for different VExt at f₀. f₀ 
decreases (softening of resonator)  as we drive the resonator.  
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3 (as shown in Supporting Information 7). For Device 1, with Q = 1180 (± 20) we calculate 

the mass sensitivity to be 1.41 (± 0.02) zeptograms (10-21 g) at room temperature (see 

Supporting Information 10 for details). The spring constant for these resonators are also 

extremely low (of the order of 10-4 N/m). The force sensitivity is calculated using force 

spectral density to be 16.3 ± 0.8 aN/√𝐻𝑧 at 300 K for device 3. Thus, such a sensor is in 

principle capable of resolving forces of the order of attonewton at room temperatures.  

We finally comment on the observed non-linearity in these resonators. Graphene-

NEMS with small dimensions and mass often show nonlinear response21,36-37. Equation 

121,36 describes the motion of nonlinear resonators with duffing nonlinearity (x3) as well 

as higher order nonlinear damping (.x2.(dx/dt)), where M is the effective mass of the 

resonator.  

 

Figure 5 Nonlinearity in Graphene resonator. Variation of amplitude at f₀ at different VExt and 
constant VInp = 40mV. Negative nonlinear spring constants and duffing nonlinear behaviour due 
to large vibrational amplitude is observed.  
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These nonlinearities are more prominent when either a large excitation force is 

applied or the device mass is very small. As we drive the resonator with increasing 

amplitude, we observe duffing non-linearity (as shown in Figure 4. We also observe 

hysteresis in the fundamental resonance mode while sweeping the frequency forward 

(black data points) and backward (red data points, Figure 4). All of this is consistent with 

the inherent non-linearity in nanoelectromechanical systems, further confirming the 

validity and sensitivity of our piezoresistive sensing scheme. We note that much work on 

the use of non-linear systems to enhance sensitivity can be employed38-40 and this could be 

the subject of further investigation using our measurement scheme. 

 In conclusion, we demonstrate that the intrinsic piezoresistivity of graphene is an 

effective technique to transduce the motion of monolayer graphene nanomechanical 

resonators. We find that such graphene resonators show high Q-factors of >103 for an 

externally driven response, the highest reported for beam resonators at room 

temperature37. Using this technique, we demonstrate sensing of the second mode of the 

resonator. We have shown thermomechanical motion in ambient temperatures and 

pressures of ~ 4 × 10-6 T. The minimum detectable mass and force resolution of such 

resonators is calculated to be an astounding 0.95 – 1.54 zeptograms (10-21 g) and 11.7 – 

21.6 aN/Hz1/2 at room temperature. The sensitivity of the detection technique is further 

demonstrated by detecting the second order resonance mode of the resonator, underlining 

𝑀 (
𝑑²𝑥

𝑑𝑡²
) +   𝛾 (

𝑑𝑥

𝑑𝑡
) +  𝑘𝑥 + αx3 + ηx² (

𝑑𝑥

𝑑𝑡
)   =   𝐹𝑐𝑜𝑠(𝜔𝑡)                   ……1 
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the resolution of this technique. Furthermore, we demonstrate these on a scalable platform 

using a simple tabletop apparatus, which could hence be commercialized on hermetically 

sealed packages. Such high sensitivity at room temperature using CVD grown graphene 

could herald tabletop applications of hitherto low-temperature techniques such as MRFM 

and single molecule spectroscopy. We also observe nonlinearity in these devices as is 

common in graphene NEMS. Understanding the onset of nonlinearity in such devices is 

particularly important for two-dimensional layers such as graphene, and this platform will 

allow one to address the basic understanding of such Physics in terms of higher order 

modes. Further investigation of techniques to use these for mass spectroscopy in vacuum 

could result in inexpensive and highly sensitive NEMS devices for applications in mass 

spectrometry. 

Methods 

Device Fabrication. 

Samples were fabricated by patterning commercially available CVD grown graphene 

on 285nm Silicon dioxide substrate (Graphene Supermarket) using electron beam 

lithography and argon plasma reactive ion etching (RIE). Metal electrodes were patterned 

and fabricated by evaporating 5nm Chromium (Cr) as a adhesion layer and 90nm Gold (Au) 

as metal electrodes. Graphene was suspended by under-etching SiO2 using buffered 

hydrofluoric acid21,23,26,33. To prevent the suspended graphene membrane from collapsing 
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during the drying process due to surface tension effects, we employ critical point 

drying23,26,33. (More information in Supporting Information 2.)  

Electrical Measurement. 

Our electrical readout method utilizes piezoresistivity27 of graphene as a self-

sensing component for NEMS. A DC bias (VInp) is applied to two adjacent legs of the 

resonator to convert the resistance variation to a voltage signal, which is amplified with a 

preamplifier (MITEQ AU1442), and the frequency response of the beam is measured with a 

Lock-in ampliifier (Zurich Instruments HF2 with UHS option). All measurements are carried 

out at high vacuum (> 10-6 T) to increase quality factor. (More information in Supporting 

Information 4.)  
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