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Abstract

A rack on [n] can be thought of as a set of permutations ( f;)qcpn) such that
T =1, Lf.f, for all z and y; additionally, a rack such that (z)f, = =
for all z is a quandle, and a quandle such that f? = ¢ for all z is a
kei. These objects can be represented by loopless, edge-coloured directed
multigraphs on [n]; we put an edge of colour y between x and z if and
only if (z)f, = 2. This thesis studies racks and kei via these graphical

representations.

In 2013, Blackburn [2] showed that for any € > 0 and n sufficiently large,
the number of isomorphism classes of kei on [n] is at least 2(1/ 4=9n* while
the number of isomorphism classes of racks on [n] is at most 2(¢t9" for a
constant ¢. The main result of this thesis is that the lower bound is asymp-
totically correct; for any € > 0 the number of isomorphism classes of racks
on [n] is at most 21/ 449 for n sufficiently large. We also show that in
almost all of these racks almost all components of the corresponding graph
have size 2. Additionally, we show several more detailed results regarding
kei, including a full classification of all kei in which each component has

size equal to an odd prime.

This thesis also contains several partial results on another topic. The
commuting graph of a finite group is defined to be the graph on the
non-trivial cosets of G/Z(G) where Zy is an edge if and only if 2 and
y commute. In 2012, Hegarty and Zhelezov [12] proposed a family of
random groups and published some results on the corresponding family of
random graphs; this thesis contains some generalisations and extensions

of these results.
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Introduction and Notation

This thesis consists of two distinct parts, although both parts concern families of
algebraic objects that can be represented as graphs or multigraphs.

In the first part, we consider the commuting graph of a (finite) group, defined
to be the graph on the non-trivial cosets of G/Z(G) where Zy is an edge if and
only if x and y commute. A 2008 conjecture of Iranmahesh and Jafarzadeh (see
[17]) claimed that there was an upper bound on the diameters of all such connected
graphs, but in 2012 Hegarty and Zhelezov [12] proposed a random group model that
provided some evidence against this. The corresponding series of random graphs share
several properties with the Erdés—Rényi model G(n,n~7), which has diameter k for
k—1 < 1/e < k. This part further explores this proposed model with an aim towards
finding its diameter, developing several preliminary results while also indicating some
areas in which the new model demonstrates markedly different behaviour from the
Erdés—Rényi model. The case of diameter 2 is proved, but the case of diameter 3
seems to be much harder; several problems and obstructions in this case are also
demonstrated.

In the second part, we consider a less studied family of algebraic objects. A rack
on [n] can be thought of as a set of permutations (f;)sem) such that f)r, = f, Yiety
for all x and y; additionally, a rack such that (x)f, = z for all z is a quandle, and
a quandle such that f? = ; for all x is a kei. These objects can be represented
by loopless, edge-coloured directed multigraphs on [n]; we put an edge of colour y
between = and z if and only if (x) f, = 2. The components of this graph coincide with
the orbits of the operator group G = (fi,..., f,) in its natural action on [n].

In 2013, Blackburn [2] showed upper and lower bounds on the number of isomor-
phism classes of racks of order n. For any € > 0 and n sufficiently large, a lower bound
of 2(1/4=9n* was obtained by considering kei for which almost every orbit of G had
size 2, while an upper bound of 9cten? (for a constant ¢) was obtained using more
algebraic methods. The main result of this thesis is that the lower bound is asymp-
totically correct; for any € > 0 and n sufficiently large, the number of isomorphism
classes of racks on [n] is at most 20/4t97* "and in almost all of these racks almost all
orbits of G haze size 2. We show this result by considering the corresponding graphs
of racks, and apply a variety of combinatorial methods. We also show several more
detailed results regarding the (undirected) graphs representing kei, including a full

classification of all kei in which each orbit has size equal to an odd prime.



The following notation will be used in this thesis. Let f,g : N — [0,00) be

sequences.

ofzo(g)means%AOasn%oo.

e f = O(g) means there exists some constant C' > 0 such that f(n) < Cg(n) for

n sufficiently large.
e f=w(g) means g = o(f).
e f=0Q(g) means g = O(f).

o f=0(g) means f = O(g) and f = Q(g), i.e. there exist constants ¢,C' > 0
such that cg(n) < f(n) < Cg(n) for n sufficiently large.

ofwgmeans%ﬁlasn—)oo.

Let E = E, be an event (or formally a sequence of events, one for eachn = 1,2, ...)
in a probability space. We say that E occurs with high probability (or w.h.p. for short)
if P(E,) — 1 as n — oo. If F), also occurs with high probability, it is straightforward
to see that E,NF,, occurs w.h.p.; this can be extended by induction to a finite number
of events.

When defining multigraphs, we don’t consider edges to have their own identity, i.e.
a multigraph G is defined by a vertex set V' = V(G) and an edge multiset £ = E(G)
of unordered pairs from V. For multisets A and B, AW B is the multiset obtained by
including each element v with multiplicity m, where m is the sum of the multiplicity
of v in A and the multiplicity of v in B. If F' is a multiset of unordered pairs from
V(G), G + F is the multigraph with vertex set V(G) and edge multiset E(G) W F.

We may also consider a directed multigraph G, where ﬁ(G) is a multiset of ordered
pairs from V(G). A path in such a directed graph G need not respect the orientation
of the edges, so for z,y € V(G), there is an zy-path in G if and only if there is an
xy-path in the underlying undirected graph. A component of a directed graph G is
defined to be a component of the underlying undirected graph. For z,y € V(G), a
directed zy-path is a sequence of vertices © = o, . .., , = y such that ;73] € ﬁ(G)
for all 7.

When considering a function f related to an algebraic object, we will follow the
algebraic convention and write the function on the right; this will be used for homo-
morphisms of groups and racks, and for groups acting on a set. For functions defined

on a subset of the real line, we will continue to write the function on the [eft.



Part 1

Commuting Graphs of Random
Groups



Chapter 1

Introduction to Part 1

1.1 Commuting graphs

In this first section, we will introduce the concepts behind the first part of this thesis
and present the model being used. The majority of this part will be on a random
graph model, but it has its roots and motivation in an algebraic question, so we will
need a few results and ideas from basic group theory. Recall that the commutator of

any two group elements x,y in a group G is

[z, y] = 2 'y ey = (yx) oy

so that x and y commute if and only if [x,y] = 1. Taking the inverse, we see that

1 1

[z, y] ' =y a7 yz = [y, 7]

for any x, y. The following lemma will be important throughout.

Lemma 1.1.1. For elements z, y and z in a group G,

[zx,y] = [z,y]"[z,y] and [z, zy] = [z, ][z, 2]7,
where in general ¢¥ ==y~ gy is the conjugation map.
Proof. Using the definition of commutator we see that

[z2,y] = (z2) 'y~ 2wy

=z 2y 2 (yy ey
=a [z, yl(za )y ey
= [Zv y]x[$’ y]'



By taking inverses we see that

(@, 29] = [z, 2] = ([, 2"l 2]) ™ = [z,9][=, 2]".

Now recall that the centre of a group G is
Z(G)={z € G| [r,y] =1for all y € G},

i.e. the set of all elements which commute with every other element. Our starting

point is the following definition.

Definition 1.1.2. The commuting graph T'(G) of a non-abelian group G has vertex
set G\ Z(G) and edge relations given by

zy € E(I'(G)) if and only if [z,y] = 1.

As an example, consider the dihedral groups Dy, describing the symmetries of a

regular n-gon in the plane. These groups have presentation

(x,y | 2™, v°, yryz)

where x represents a rotation through 27 /n and y a reflection. We can then compute
Z(Dg) = {1} and Z(Dg) = {1, x*}; the graphs I'(Dg) and T'(Dg) are given in Figure

1.1. The following lemma shows that commutators are invariant over cosets of central

T x?
e—eo
°
Yy
° °
Ty T4y

Figure 1.1: Commuting graphs of D¢ (left) and Dg (right). The cosets of Z(Dsg) in Dg are
indicated; as Z(Dg) is trivial, each coset of Z(Dg) in Dg is trivial.

subgroups.

Lemma 1.1.3. Let G be a group and suppose H < Z(G). Let z,y € G, then for any
¥ € Hx and y' € Hy, [2',y'] = [z,y].



Proof. By definition, there exist z,w € H < Z(G) such that 2’ = zz and 3y = wy.

Then from Lemma 1.1.1,

[, y'] = [zz, wy] = [z, wy]* [z, wy] = [z, y][z,w]’ = [z, 4],
giving the result. [l

Note that any central subgroup of G is necessarily a normal subgroup of GG, and
so the quotient group G/H is always well-defined.

If we apply this lemma with H = Z(G) =: Z, we see that commutators are
invariant over cosets of Z; thus if [z, y] = 1 then the induced subgraph I'(G)[Zz U Zy|
is a complete bipartite graph, while if [z,y] # 1 then I'(G)[Zz U Zy| is empty. As
[z, 2] = 1 for all z, each I'(G)[Zz] is a clique. This allows us to redefine the commuting
graph by taking (G/Z) \ {Z} as the vertex set with the edge set E given by

ZxZy € E if and only if [x,y] = 1.

The revised commuting graphs of Dy and Dg under this construction are given in

Figure 1.2. Informally, the second notion of commuting graph is obtained from the

Zx Zx?
O——>O
O O O O
2y Zx Zy Zzxy
O O
Zxy Zz%y

Figure 1.2: Commuting graphs of Dg (left) and Dg (right)

first by compressing certain cliques into single vertices and replacing certain complete
bipartite graphs with single edges; it follows that the two graphs are either both
disconnected or both connected, and in the latter case they have the same diameter
(unless the original graph consists of just one coset of Z, in which case the diameter
changes from 1 to 0). Because (in general) the second graph is smaller, we will adopt
this second definition of I'(G).

The concept of commuting graphs was introduced by Brauer and Fowler in a
1955 paper on groups of even order [3]; they were later used in the classification
of finite simple groups, as well as being studied in their own right (see [27]). Since
2000, attention has been paid most prominently to the diameters of such graphs, with

various interesting results being shown for specific, classical classes of finite groups
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(see for example [29]). In 2008, Iranmanesh and Jafarzadeh [17] made the following

strong conjecture:

Conjecture 1.1.4. There exists an absolute constant ¢ such that if G is a finite,

non-abelian group with I'(G) connected, then diam(I'(G)) < c.

The authors provided some evidence in the form of the symmetric groups &,
and a collection of partial results were proved over the next few years [10]. In 2012,
however, Hegarty and Zhelezov [12] produced evidence against the conjecture; they
constructed a sequence of random groups whose commuting graphs seem to have

increasing diameter. This led them to formally conjecture the negation of Conjecture
1.1.4:

Conjecture 1.1.5. There ezists a sequence of groups (Gg)32, with connected com-
muting graphs such that diam(I'(Gy)) = k for each k.

Hegarty and Zhelezov made progress towards this conjecture by considering the
random commuting graphs resulting from the random groups that they constructed;
these graphs bear a certain similarity to the classical Erd6s—Rényi binomial random
graph. This part of the thesis continues the study of these graphs and we are able
to show several partial results, but not the intended result. To our knowledge, no
results have been published concerning this model outside of [12].

However, Conjecture 1.1.5 was confirmed in all cases in 2013 by Giudici and Parker

9], using entirely deterministic methods.

1.2 A random group model

Before we can describe the random graph model, let us first construct the random
group; in time we will be able to drop the group theory aspects and reduce to a
different algebraic framework. The construction is that of [12] presented in a slightly
different way.

Fix an abelian group H and a natural number m (we will let m — oo later).
First suppose that G is a finite group such that H < Z(G) (and so H < G) and
G/H = (Hxy,...,Hz,,) =2 CY', where xq,...,x, € G. As G/H is a 2-group, H =
(Hx;)> = Ha? for all i, and as G/H is abelian, Hx;x; = Haxjx; for all 4,7j; these

conditions are equivalent to

v} € H foreachi=1,...,m. (1.2.1)



and
[z;,2;] € H for each 1 <i < j < m. (1.2.2)

Now consider the reverse problem of constructing a group G given H and m; we
require H < Z(G) and G/H = Cy*, where G/H is defined to be (Hxy, ..., Hz,,) for
distinct elements xy, ..., 2z, € G. The statements (1.2.1) and (1.2.2) give the correct
conditions for G/H = C3". Any such group G will be generated by H and the set
{z1,...,2,}; we will write G as an appropriate subgroup of the free group on a set
of generators. Suppose that H has a presentation (yi,...,y | R') and let h;, h;; € H
for 1 < 1,7 < m; we consider a set of relators R consisting exactly of the following

elements:
1. The set R’;
2. wi_lyk_lzzziyk =z, y) =1for 1 <i<m, 1 <k<I;

3. 22h; !t for 1 < i < my

4. xi_lxj_lxixjhi_jl for1<i<j<m.

Item 1 ensures that H is reconstructed correctly, while item 2 ensures that H is
central. Items 3 and 4 ensure that (1.2.1) and (1.2.2) hold, and thus that G/H = C3".
Hence G = (x1,...,Zm,¥1,...,y | R) has the desired properties, regardless of the
choices of the elements h; and h;; (for i < j).

As an example, suppose H = (y | 4*) = Cy and m = 2; then

G = <$1a T2,y ’ y2> [xlvy]v [:U27 y]a x%hflaxghgla [.Tl, xQ]hﬁl)?

where each of hy, he and hys is equal to 1 or y. If we choose his = 1 then G is abelian
as all of the generators commute, and a simple calculation shows that G = C3 if we
take hy = ho = 1 and G =2 Cy x (5 otherwise. If we take his = y then G is necessarily
non-abelian; a slightly more involved calculation shows that G = Qg (the quaternion
group) if hy = hy = y and G = Dg otherwise.

In the model we will use, H is itself an elementary abelian 2-group, namely
Cy*" = (wy,...,w,, hy,...,hy,) where r is a natural number depending on m. Deter-
ministically, we will take x? = h; for each i; the h;s are present more for convenience
and could practically be dropped from the model. The randomness in the model
comes from the choices of commutators as in (1.2.2); for for each pair i, j € [m] with
i < j, the commutator [z;, z;] is chosen uniformly at random from the 2" elements of

(wy, ..., w,) < H, independently for all pairs.

8



There are many facts that can be shown about this random group (see [12]), but

the most important for us will be the following:

Proposition 1.2.1. Suppose that r = r(m) = 2 for sufficiently large m. Then
H = Z(G) with high probability (w.h.p.) as m — oco.

(This is Proposition 3.3 of [12]). The proof of this statement is deferred until we
have developed a slightly different framework for the problem. In the interim we will

consider the graph I' on the vertex set G/H \ {H} with edge relations given by
HxHy € E(T) if and only if [z,y] = 1.

As H < Z(G), we have from Lemma 1.1.3 that the commutators are invariant on
cosets of H, and thus I is well-defined.

Now let us consider the properties of the random graph I', detached from the
inherent group theory. For each [ we will identify in the obvious way the elementary
abelian 2-groups C} with the vector space [F; for this reason it is more natural to use
additive notation. In this light, we regard the group G/H as an m-dimensional space
V with basis {H +z1,...,H 4+ x,} and W := (wy,...,w,) < H as an r-dimensional
space. There is a natural, random map B : V x V — W given by

B:(H+xz H+1') — [z,2]

and this map is well-defined from Lemma 1.1.3. The edge {H + =, H + '} appearing
is therefore equivalent to B(H + z, H + z’) = 0, giving us our edge distribution. We

can immediately establish some key properties of this function.

Proposition 1.2.2. The map B : V x V. — W described above satisfies, for all

v, V" eV
1. B(v,v) =0;
2. B(v,v' +0") = B(v,v') + B(v,v");
3. B(v'+v"v) = B(v',v) + B(v",v);
4. B(v,v") = B(v',v).

Proof. For the first statement, write v = H + x, so B(v,v) = [z, 2] = 0 by definition.
For the second statement write v = H + x, v = H + 2/ and v" = H + 2" for some
x,x',2”. Then by Lemma 1.1.1,

B(v,v' +v") = [z, 2" + 2" = [z, 2"] + [z, 2']" = [z, 2] + [x,2"] = B(v,v') + B(v,v"),

9



as (in the group theory sense) the commutators are chosen to belong to a central

subgroup. The third statement follows similarly. For the fourth, simply note
0=Bw+v,v+7) = B(v,v) + B(v,v")+ B, v)+ B, v") = B(v,v') + B(v,v),
which gives the result as we are working over [F. O]

We thus see that B is a symmetric, bilinear map that vanishes when its two
arguments are equal, and thus it is entirely determined by its action on the basis
elements (H + x;, H + z;) for ¢ < j. But note that B(H + z;, H + z;) = [z, x}]
is chosen uniformly at random from W, independently for all pairs (i,7). T is thus

equivalent to the model in the following definition.

Definition 1.2.3. Let V' = (vy,...,v,,) and W be vector spaces over Fy of dimensions
m and r respectively, the former with a given basis. Construct a random bilinear map
[-,-] from V x V to W by choosing each [v;,v;] (i < j) independently, uniformly at
random from W, and then extending to the whole of V' x V' subject to symmetry and
the condition [v;, v;] = 0 for each i. The vertex set of the graph I' is V'\ {0} and the

edge vv' is present if and only if [v,v'] = 0.

This is the graph model we will work with throughout the rest of this part. Note
that as things stand, the parameter r is independent of m; our hope is that by
choosing r to depend on m in the correct way we can show that with high probability
(as m — o0) the diameter of this graph is equal to a fixed, arbitrary integer k. This,
along with the proof of Proposition 1.2.1, would verify the conjecture of Hegarty and
Zhelezov. In order to prove this key Proposition, we first need some important results

on random linear and bilinear maps.

1.3 Random linear and bilinear maps

1.3.1 Linear maps

We consider the following situation. Let V and W be vector spaces over Fy, of
dimensions m and r respectively, and fix a basis for V| say B = {v1,...,v,}. Define
a random linear map F': V — W by choosing F'(v;) uniformly at random from the
2" elements of W, independently for each i = 1,...,m. By defining a map on a basis
we have defined a (unique) linear map on the whole space. We will show that we
can choose any basis for V' and retain the important property that the image of each
basis vector is chosen uniformly at random from W, independently of all other basis

vectors; we will need the following lemma.

10



Lemma 1.3.1. Let Xq,..., X, be independent random wvariables, where each X; 1s
uniform on W. Then X; + Xo s also uniform on W and the random variables
X1+ Xo, Xo, ..., X, are independent, i.e. (X1 + Xo, Xo, ..., Xp) ~ (X1, Xo, ..., X,).

Proof. For any w € W, we have (as X; and X, are independent)

P(X;+Xo=w) = > P(X;+ X, =wX; = u)P(X; = u)

ueW
=277 Z P(Xy = w —ulX; =u)
ueW
:2”“ZIP’(X2:w—u)
ueW
=2""

As w was arbitrary we have that X; + X5 is uniform on W.
Now let wq,...,w,, € W. Note that

]P(Xl + X2 = wl,XQ = U)Q) = ]P(Xl = W — U)Q,XQ = ’11)2)
= ]P)(Xl = W — wQ)IP(XQ = U)Q)

— 2—21‘7

where we have used the independence of X; and X,. Let A be the event {X; + X, =
wy, X; = w; for i > 2}; then by the independence of Xj, ..., X,

n

P(A) = P(X; + Xy = wy, Xo = wy) - [[P(X; = w)

— 2727” X (277“)77172

— 27’!’”/"

=3
]
We can now show the result.
Proposition 1.3.2. Let {xy,...,2;} be a set of linearly independent vectors in V.
Then the random wvariables F(x1), ..., F(x;) are independent, and F(x;) is uniform

on W for each 1.
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Proof. Let B = {vq,...,v,} be the original basis of V. Given a linearly inde-
pendent set {zy,...,x;} (with { < m necessarily) we can extend this to a basis
B = {x1,...,2,%51,...,Tm}. It is a basic fact from linear algebra (see for exam-
ple Chapter 2 of [4]) that we can obtain B’ from the original ordered basis B via a
sequence of bases B = By, By,...,B; = B where each By, = {vikﬂ), oD } is

obtained from By = {UYC), e ,vq(q’f)} by exactly one of the following three operatlons.

1. Swap two elements of B,, i.e. put v(kH) = v(»k) and vj(.kﬂ) = vl(k) for some i # j;

2. Replace an element by a non-zero scalar multiple, i.e. put vng) = )\Ufk)

some ¢ and A # 0;

for

3. Replace an element by a scalar multiple of another, i.e. put vz-(kﬂ) ="

for some ¢ # 7 and A\ # 0.

+ )\v](.k)

Note that item 1 only corresponds to a re-ordering; for this reason we may assume
without loss of generality that ¢ = 1 and j = 2 in items 2 and 3. Further, the only
non-zero constant in [Fy is 1, so item 2 is not a change and item 3 corresponds to

adding the first two elements; thus By = {v Vs ,Uék), . ,v,g;)}.

Now in By, the random variables (F(vy), . F(vm)) = <<(F( (0)> —— <v,(,?)>>
are independent and uniformly distributed on W by construction; take £ > 0 and

suppose that the random variables F' (vgﬁ)) s F (v@) are also independent and
uniformly distributed on W. Write X; = F (vgk)) for each 7; then F (vgkﬂ)) =
F <v§ ) —|—U(k)) = F <v§k)) + F <v§k)) = X; + X, by the linearity of F', while
F ( Z( )> =F <vi(k)> = X, for ¢ > 2. Hence by Lemma 1.3.1, the random variables
F (vf*

ductively the the variables F’ (vg)) ooy I (Uﬁ?) corresponding to the basis B; = B’

are independent and uniformly distributed on W, proving the result as (without loss

)> . (v,(q]f+1)> are independent and uniform on W. We have shown in-

of generality) x; = v ) for each i. O]

We will use this result repeatedly throughout the first part of the thesis.

1.3.2 Bilinear maps

Let V and W be the vector spaces described in the previous subsection. Now consider
the situation described in Definition 1.2.3, wherein we form a random bilinear map
[-,:] from V' x V to W by choosing each of the (’;L) elements [v;,v;] (¢ < j) uniformly
and independently, and extend this to the whole of V' x V under the condition that

12



[v;,v;] = 0 for all i. We will show that this construction, as before, is invariant under

a change of basis.

Proposition 1.3.3. Let {x1,...,2;} be a be a set of linearly independent vectors in
V. Then the list of variables ([z;,x;])i<; is independent, and each [x;, x;] is uniformly
distributed on W.

Proof. Extend {z1,...,x;} to abasis B’ of V; as in Proposition 1.3.2, we can transform
the original basis B = {v1,...,v,} to B via a sequence of bases B = By, By, ..., B, =

B', where we can order these bases such that for each k, By, is obtained from

B, = {vl , Vs ® . ,vr(,lf)} by putting v§k+1) = UYC) + vé and v(kH) vgk) for i > 2.
Now in By, the random variables ([v;,v;])i<; = ([ 2(0)7 vj( )D are independent
i<j

and uniformly distributed on W by construction; take k£ > 0 and suppose that the

random variables ( [v(k), e

) D are also independent and uniformly distributed on
i<j

.

J

(1) = ([ 2] = (8 () -

from the properties of [, -], while

() = () = (] (7] =53

for j > 3 and ([ (k1) (k’Ll)D = ([v(k) N D for 4 > 2. Thus the random variables

W. Write X;; = <[v§k),v(k)]> for i < j; then

+Uj R
corresponding to ([vl(kﬂ),v](-k“)})iq are Xig, (Xi; + Xoj)7Ls and (Xij)2<icy; by ap-
plying Lemma 1.3.1 m —2 times we see that these variables are independent, each uni-
formly distributed on W. We have shown inductively the the variables ( [ Z( ), J(t)} )Kj
corresponding to the basis B; = B’ are independent and uniformly distributed on W,

proving the result as (without loss of generality) x; = v ) for each 1. O

This is also a result that we will use repeatedly.

1.4 Equivalence of group and graph models

Recall the definition of the random graph I' given in Definition 1.2.3. In the previous
section, we showed that the key properties of the random bilinear map [, -] are pre-
served no matter what basis for v we choose, which makes many of the calculations
easier. In particular, it makes the proof of Proposition 1.2.1 (restated below) much

more straightforward.

13



Proposition 1.4.1. Suppose that r = r(m) > 2 for sufficiently large m. Then
H = Z(G) with high probability (w.h.p.) as m — oc.

Proof. Recall that the group G is generated by H < Z(G) and a set {x1,...,Tn},
where G/H = (Hxy,...,Hx,,) = C5'. H also contains an elementary abelian sub-
group W = (wy, ..., w,) = C¥; we can thus regard V := G/H and W as vector spaces
over [Fy of dimensions m and r respectively®.

As described in Section 1.2, the random map B : V x V. — W given by (H +
x,H 4+ 2') — [z,2'] is well-defined, and constructed as in Section 1.3.2. Because of
this, we can change basis freely.

Now in our construction, H < Z(G) always; the containment is strict if and only
if g € Z(G) for some g ¢ H. As V = G/H is elementary abelian, every non-trivial

coset of H in G/H has a representation as Hx for some x € S, where
S = {le'”sz |l> LI<ji<--- <y gm}

is the set of non-trivial products of the z;s. Therefore we have strict containment if
and only if there exists an z € S such that [hz, M2’ = [z,2'] =1 for every 2’ € S.

Fix x € §; then Hz is a non-zero element of V' and thus can be extended to a basis
Hx=Hzy,...,HT,, of V. As in Proposition 1.2.2, it suffices to consider the events
{B(HZy, Hj) = 0}, = {[T1,T;] = 1}7Ly; all of these events holding is equivalent
to the event {x € Z(G)}. By Proposition 1.3.3, these events are all independent with
probability 27", so

P(z € Z(G)) =27"m=1

for each x. But there are 2™ — 1 such products x, so a union bound gives

P(Z(G)NS#D) <P <U{;1: € Z(G)}) gmo~rim=b _,

€S

as (for sufficiently large m) r(m —1) —m > m — 2 — 0o as m — 0. O

This shows that with high probability I' = Z(G), and thus questions about the
commuting graph can be answered by considering the model I', as defined in Definition
1.2.3. As the construction of I" is independent of any group theory, we will redefine
I' as Gy, where we will consider r as a function of m.

The rest of the first part of the thesis is organised into two chapters. In Chapter

2, we show some results about fixed subgraphs, in particular trees and cycles, which

'We will, however, continue to use multiplicative notation in this proof.
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allow us to give a first moment argument and make progress with a second moment
argument. In Chapter 3 we will examine the neighbourhood of a vertex with an
aim towards constructing paths of length k, showing the result for the case where

1/2 < e < 1. We also explain in this chapter some of the difficulties arising when
1/3<e<1)2.
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Chapter 2

Paths and cycles

In this chapter we examine paths and cycles in the random graph model G, ,; this is
an extension and generalisation of the results in [12]. We are able to show that the
appearance of trees and cycles in Gy, , is approximately analogous to their appearance
in G(n, p), which allows us to show the first moment part of the argument and make

significant progress with a second moment argument.

2.1 Appearance of fixed subgraphs

In this section, we will explore a key aspect of the random graph model G, ,: the
appearance of fixed subgraphs. Let us first consider the probability of a single edge

appearing in this model.
Lemma 2.1.1. For any two vertices u,v € V(G,,,), P(uv € E(Gp,)) =277

Proof. uw and v are distinct, non-zero vectors of V; as V is defined over Fy this
means that {u,v} is a linearly independent set. Now extend this set to a basis of
V'; using this basis we see that [u,v] is uniformly distributed over W, so we have
P(uv € E(Gp,)) = P([u,v] =0) =27 O

This shows that each edge appears with the same probability 27", which we will
denote by p. However, the major difficulty with the model G, , is that the edges do

m
2

remaining edges are all determined. This dependence makes calculations of certain

not appear independently; once the ( ) elements ([v;, v;])i<; have been chosen, the

important properties much more complicated.

As an example, consider the probability of G, , containing a subgraph H on a

fixed set of vertices S. In G(n,p), this probability is p°/!), regardless of the vertex
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set S. It is straightforward to see that this is not the case in G,,, by considering the
simple example of the triangle Kj.
We can take any two vertices, say = and y, and they will be linearly independent.

If the third vertex is z = x + y, then
P(Grlr,y, 2] = K3) = P([a,y] = [v,2 +y] = [y, 2 +y] = 0) = P([z,y] = 0) = p,

from the bilinearity of [, -]. If on the other hand the third vertex is some z # z+y then
{z,y, 2} is linearly independent and so can be extended to a basis. Adopting this basis
as in Proposition 1.3.3, the elements [z, y|, [z, z] and [y, 2] are chosen independently,

SO

P(Grrlw,y, 2] 2 K3) = P([z, y] = 0)P([z, 2] = 0)P([y, 2] = 0) = p*.

In the light of this example, we will need to work with labelled graphs rather
than just isomorphism classes. The most straightforward case is when the set of
vertices V' (H) is linearly independent, as then we can extend it to a basis, say B,
of V' and work with this basis. Each edge is then determined by an element [u,v]
for some u,v € V(H) C B, and so these edges appear independently and with
probability p (as in the second triangle example). We can consider the dimension of
a fixed subgraph H in the following natural way: write (H) := (V(H)) and define
dim(H) := dim((H)) = dim((V (H))).

By noting that the set {1, ..., zxy1} is linearly independent if and only if z;; ¢

(x1,..., 1), we obtain the following straightforward result, which will be used re-
peatedly.
Proposition 2.1.2. Let V be any vector space and x1,...,xp, Tp1 € V. Suppose

that dim((z1,...,x)) = d. Then

. d fok IE<1'17"'7171€>
dim((ry, oo 2 i) = {d +1 othe:wz'se
O

By considering the linear spans of certain sets of vertices we can sometimes par-

tition the edges into mutually independent sets.

Lemma 2.1.3. Let X C V(G) and let y be a vertex with y ¢ (X). Then all edges
from y to (X) are independent of all edges within (X).

17



Proof. Let {x1,...,24} be a basis of (X); as y ¢ (X), {z1,...,24,y} is linearly
independent and can thus be extended to a basis B of V'; we will work with this basis.
Now take any distinct u,v € (X); then there exist \;, y; € Fy such that u = >0 \a;
and v = ijl piz;. Then

> Al ],

1 j=1

[u> U] = :

d d
Z AT, Z ijj] =
i=1 j=1

and so the event {uv € E(Gp,,)} = {[u,v] = 0} depends only on the values of
([zi, 2;])¢,—,. Now take w € (X), so there exist p; € Fa such that w = S pii.
Then

1

d

[y, w] = [y,me] = iy, i,

i=1 -
and so the event {yw € E(G,.,)} = {[y,w] = 0} depends only on the values of

([y, zi])%_,. This set is chosen independently of ([z;, z;])?._,, and as u, v and w were

ij=1’
arbitrary we get the result. O]

We can now give a bound on the probabilities of certain types of graphs appearing
in the model G,,,; these values depend crucially on the dimension of the underlying
vertex set. First consider trees, which include the paths necessary for the first moment
calculation in the next section (this is a generalisation of Proposition 3.5(i) in [12],

which only considers paths).

Proposition 2.1.4. Let T be a possible subtree of G, , of dimension d. Then P(T C
Gomyp) <pT 1.

Note that this result holds with equality if V(T") is linearly independent, as then
d=v(T) and P(T C G,,,) = p“") = p?~! from the discussion above.

Proof. We prove this by induction on ¢, the number of vertices of T'. If ¢ = 1 then we
must have d = 1 and the result follows trivially. So take t > 1 and suppose the result
is true for trees with fewer vertices.

Now let u be a leaf of T and «' its neighbour, and write 7" = T \ uw. From
Proposition 2.1.2 it follows that 7" is of dimension d if u € (T") and d — 1 otherwise.

In the first case we have by induction that

P(T C Gpp) <P(T' C Gpnp) < p?t
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U1 +’UQ

(%1 U3
U2

U2+U3

Figure 2.1: Two different paths between vy and v3 of length 3 are shown, T in red and T' in
blue. The dimension of TUT' is 3, but P(TUT' C Gpp) = P([v1,v2] = [v2,v3] = 0) = p?.

and we are finished. In the second case dim(7") = d — 1 and u ¢ (1"), so we can

apply Lemma 2.1.3 and the inductive hypothesis to see that

P(T C Gpy) =Pluv’ € E(Gpy), T' C Goay)
=P(uv' € E(Gp))P(T" C Gpy)

d—2

<p-p
= pi!

The result follows by induction. O]

Now let us consider some more complicated subgraphs. Proposition 3.5(iv) of
[12] states (using our notation) that if 7" and T" are two different paths of the same
length between two vertices a and b, then P(T U T' C G,,,) < piTYT)  This
statement is actually false; a counterexample is given in Figure 2.1. The reason for
the discrepancy is that the two paths form two degenerate cycles, as mentioned earlier;
by adding more such triangles, we can extend the example in Figure 2.1 to longer
paths. A more careful argument than Proposition 2.1.4 shows that for all cycles C' of
dimension at least 3, P(C' C G,,,,) < p™(©); we show in Section 2.3 how this relates

to counting pairs of paths.

Proposition 2.1.5. Let C' be a possible cycle in G of dimension d > 3. Then
P(C C Gp,r) < p.

As before, note that this result holds with equality if V' (C') is linearly independent.

Proof. Write t = |V(C')| and order V(C') as uy, . . ., u; so that the edges of C' are given

by ujusg, . .., us_1us, uguq. Consider the sets of vertices obtained by starting with V' (C)
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and iteratively removing uy, us_1, . . .; from Proposition 2.1.2 there exists a t’ such that
the segment uy, ... uy will have dimension d — 1. Now choose the longest segment of
C of dimension d — 1 and re-order the vertices such that wus, ..., usy; is this segment
S (of length s). Note that as s > d — 1 > 2, the vertices us and u,,; are distinct.
There are now two cases to consider.

First suppose that s = ¢t — 1, i.e. that we can remove a single vertex u; from
C to get a set of dimension d — 1. Then u; ¢ (S) so all edges from u; to (S) are
independent of those within (S) by Lemma 2.1.3. Note also that {uy, us, u,;} is linearly
independent so the edges ujus and uyu; appear independently. Let T" be the path
spanned by S and note that it is of dimension d — 1. Then

(C - Gm 'r) - (u1u2 S E(Gm,r>7 UrUy S E(Gm,r>> T C Gm,r)
=P(uus € E(Gpyr))P(usuy € E(Gpoy))P(T C Gir)
<p-p-p?
=,

where we have used the result for trees. Otherwise s < t — 1, so there are distinct

o—o @ - -————-—-—-—-—-- *—o—0
(251 U2 Us+1 Ug+2 % <S>

Figure 2.2: A segment of the cycle C; S is a longest segment of dimension d — 1 while we
apply the argument for trees to the d-dimensional segment T".

vertices u; and ug2 not contained in S. Now neither S U {u;} or S U {us2} can
have dimension d — 1 or there would be a longer segment of dimension d — 1, so we
must have uy, uso ¢ (S). Hence the path T on vertices us, . . ., us, 2 has dimension d
(see Figure 2.2). Now extend the pair {us, us41} to a basis Bg of (S); from the above
observation Bs U {u} is of dimension d and thus a basis of (C); we will work with

this basis. It follows that we can write

Usyo = U + Z g " T (2.1.1)

reBg
for some A\, € Fy (note that the coefficient of u; is 1 as usyo ¢ (S) = (Bs)). Then we
have

[Us+1, Us+2] Us+1, U1 E Az Us+1,
rEBg
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so the event {usijusio € E(G)} depends on some of the independently chosen ele-
ments ([v, w]),wess and the additional element [ug, usi1]. Every other edge of 7" has
both endpoints in S, and so is determined by the set ([v, w])ywenps. This means the
event {T" C G} depends only on the set

A= {[v,w] |v,w € Bs} U {[u1, uss1]}
Now note that as u; ¢ (S) and us # us1 we have [uy, us] ¢ A. But then

P(ujug € E(Gpy) | T C Gryr) = P(ugus € E(Gyy)) = s

and hence
P(C C Gpy) < Plugus € E(Gyr), T C Gouy)
=P(uuz € E(Gpy) | T C Gy)P(T' C G
<p-pt!
This proves the result. [

The only cycles that Proposition 2.1.5 does not apply to are those of dimension 2.
But such a cycle can contain at most 22 —1 = 3 vertices (as 0 is not a vertex), showing
that the case of a 2-dimensional triangle is the only counterexample. Avoiding this
case, we can extend the above result to unicyclic connected graphs. As before, the

result holds with equality if the underlying vertex set is linearly independent.

Proposition 2.1.6. Let H be a possible connected unicyclic subgraph of G, of

dimension d, where the dimension of the sole cycle in H is at least 3. Then P(H C
Gy) <%

Proof. Note that H consists of a cycle C' = uq, ..., u. of length ¢ and a set of pairwise
vertex-disjoint trees T, ..., T, such that T; N C = {w;} for each i. Let T = T; \ u; for
each i; we will prove the result by induction on ¢ = |T}| + - - - + |T7|, the number of
vertices outside of the cycle. If £ = 0 then H is a cycle of dimension d > 3, so from
Proposition 2.1.5 we have P(H C G,,,) < p®.

So take t > 0 and suppose the result is true for smaller ¢. In this case we can find
a tree T; with a leaf distinct from u;, and by relabelling we can assume this tree is 7.
Let u be the leaf in question and u’ its neighbour, so that H' = H \ u is a connected

unicyclic graph with fewer vertices (but the same cycle), and hence we can apply the
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inductive hypothesis. From Proposition 2.1.2 we have that H’ is of dimension d if
u € (H') and d — 1 otherwise. In the first case,

P(H C Gp,) < P(H C Gpy) < p°

and we are finished. Otherwise H’ has dimension d — 1 and u ¢ (H’). As in the

argument for trees we use the inductive hypothesis and Lemma 2.1.3 to obtain

P(H C Gy,) =P(uwd € E(Gpy), H C Gpy)

)

P(uv' € E(Gy,,))P(H' C Gyy)

)

pd—l

N

p .
The result follows by induction. m

It would seem to difficult to extend these results to arbitrary graphs because of
the more complicated structures involved, but these results will go some way towards

solving the original problem, which we return to in the next section.

2.2 First Moment Method

2.2.1 Choosing parameters

Recall our original problem; for a fixed positive integer k, we wish to find a function
r = r(m, k) such that P(diam(G,,,) = k) — 1 as m — oo. In the previous section,
we showed that in the specific context of fixed subgraphs G, , behaves in a similar
way to the classic Erdds-Rényi model G(n, p) with the number of vertices n = 2" —1
and the edge probability p = 27". Because of this, we may suppose that a function p
of n giving diameter k in G(n, p) can be translated to a function r(m) giving diameter
k in G,,,. Such a function in G(n,p) is known; the following result first appeared in
[22].

Theorem 2.2.1. Fiz an integer k > 1 and choose € such that k —1 < 1/e < k. Let
p = n"'. Then with high probability, diam(G(n,p)) =k as n — oo. ]

A straightforward proof of this result can be achieved in two steps. First, one
applies the first moment method to X, (the number of ‘short’ paths of length strictly
less than k between any two vertices) to show that X = 0 with high probability.
This shows that the graph is either disconnected or has diameter at least k. Then
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one applies Janson’s Inequality [18] to Y;;, the number of paths of length k& between
vertices i and j to show that P(Y;; = 0) < e for some § > 0; this exponential
bound is needed as the result must support a union bound over all ©(n?) pairs of
vertices.

To mimic the value of this function in G,,,, we will need to have 27" = p =
nTre = (2m — 1)1 & 219 or = (1 — €)m. As 7 must be an integer, we will
formally define

r:=[(1—¢m].
Now fix a k and choose an € such that k — 1 < 1/e < k. The corresponding value of

r will now be used exclusively.

2.2.2 Short paths

In this subsection we provide the first moment part of the argument, showing that
with high probability the number of short paths between given vertices is small. This
argument essentially mimics that of the G(n, p) result, but we will need to count paths
by dimension as well as length. To facilitate this, we will first show some results about
the expected number of short paths, and a useful working lemma. Recall that € is
chosen such that k —1 < 1/e < k.

Lemma 2.2.2. Let | be a fized positive integer. Then

ey [0 <k
o ifl >k

Proof. Recall that n = 2™ — 1, so as [ is fixed, n*~ ~ 2™(=1 as m — o0, and thus it

suffices to consider the function
zm(lfl)pl — 2m(l71)277‘l — 2f(7n,l)7 (221)

where f(m,l) = m(l — 1) —rl = l(m —r) — m. Now recall that m —r = [em]| =

em + O(1), so we have
f(m, 1) =l1fem] —m = (le — 1)m + O(1)

as [ is fixed. Hence if I > k > 1/¢, we have le — 1 > 0 and so f(m,[) — oo. Then
from (2.2.1), n'~!p! — oco. On the other hand, if | <k — 1 < 1/¢, we have le — 1 < 0
and so f(m,l) — —oo. Hence from (2.2.1), n'~1p! — 0. O
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Now let us set some notation; first order V(G) as uq,...,u, in some arbitrary
way. For any pair ¢, with ¢ < j and [ a positive integer, let Pl(]l) be the number of

paths of length exactly | between u; and w; in Gy, ,. The quantities Pi(fl), Pi(>l)

, etc
are defined in the obvious way.
The next two results can be read out of Proposition 3.5 in [12], but are not formally

stated there.

P(<k)

Proposition 2.2.3. For any two vertices u; and u;j, E [ i ] — 0 as m — oo.

Proof. By re-ordering we may assume that ¢ = 1, j = 2. First fix [ < k£ and consider
E [Pi(jl)]; we can compute this expectation in the standard way by bounding the
number of paths of length [ and the probability of each one being present. As discussed
in the previous section, this probability depends on the dimension of the path, so it
makes sense to count by dimension. Let P, 4 be the set of all possible paths between
up and uy of length [ and dimension d, so that this set is only non-empty if d <1+ 1.
For such [, d we have from Proposition 2.1.4 that P(T' C G) < p?~! for any T' € Py 4.

Now each possible path of length [ is just a sequence of [ — 1 vectors us, ..., u;41
forming the interior vertices of the path. For each i = 3,...,]l 4+ 1, we can choose u;

in one of two ways:

1. We can take w; € (uy,...,u;—1), in which case we have dim((us,...,u;)) =

dim((ug, ..., ui—1));

2. We can take u; ¢ (uy,...,u;—1), in which case we have dim({uy,...,u;)) =
1+ d1m(<u1, Ce ,Ul‘_1>).

There are at most 27! choices in the first instance and 2™ — 2=! in the second.
Note that as dim((u;,u2)) = 2 and the whole path has dimension d, we need to
make a choice as in item 2 exactly d — 2 times, and thus a choice as in item 1
(l—1)—(d—2) =1—d+1 times. Accounting for the choice of coordinates in which

the dimension changes, we have

l
|B,d| < (d 2) (2m . 1>d—2 . 2l(l—d+1) =Cq- nd—2

as [ and d are constants. Summing over all possible values of d gives

I+1 I+1

E [Pi(;)] < Z |Pal - p"" < ch,d Tt =0
=2 =2
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as m — oo from Lemma 2.2.2, noting that d — 1 <[ < k. Then observe that

E|P{Y] —E

as m — oo; this gives the result. O

k-1

> By

=1

k-1

=S E[AY] =0

=1

We can use this result to give a first moment argument immediately.
Proposition 2.2.4. P(diam(G,,,) < k) = 0 as m — oo.

Proof. Note that a graph has diameter strictly less than k if and only if d(u,v) < k
for each pair u, v of vertices (where d(u,v) = oo if there is no path between u and v).

Therefore in the random case,

{diam(Go,) < k} = (e, (vi,v;) < k} = [P > 0},
1<j 1<J

as any two vertices are at distance less than k if and only if there is some path of
length less than k& between them. Then it follows that

P(diam(G,,,) < k) =P <ﬂ Pi(j<k) > O) <P (p1(2<k) > O) <E [P1(2<k)} 0

i<j
as m — oo from above, where we have used Markov’s Inequality. O

This result shows that with high probability, G,,, is either disconnected or has
diameter at least k. Thus if we can show that G, , is connected (with high probability)
it must have large diameter; this would be enough to verify Conjecture 1.1.5. By
comparison with G(n, p), we expect the diameter to be exactly k; i.e. that there exists
some uv path of length exactly k for some u,v € V(G,, ).

In G(n,p) we can apply Janson’s Inequality to the number of paths of length &,

giving

P (U{pg“) = 0}> <> P (Pig.’f) = o) < (2) exp(n®*) — 0 (2.2.2)
i<j i<j
as n — oo because 1/e < k. We cannot appeal to this result in G,,, though, since
the edges do not appear independently of one another.

Now return to Gy, . As we can change bases, each of the events {P;; %) — 0} (for
i < j) has the same probability, and thus we will have a similar result to (2.2.2) if
we can show that IP(P(S) =0) = o(n™?). In the light of this, we will try to find other

ways of examining paths of length k in G, .
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Figure 2.3: Two path-attached cycles; on the left | = 6 and I' = 2, while on the right | = 4
and I' = 0.

2.3 Short cycles

The idea we will use is as follows; given any two vertices, we will try to construct
a path of length k by considering the successive neighbourhoods of our given two
vertices. In the G(n,p) case, the low probability of seeing a short cycle means that
there are a large number of vertices at distance k/2 from each, rendering it likely that
there is some overlap and thus a path of length k. By adapting the methods for short
paths we can make significant progress in the model G, , as well. First we will need

the following deterministic definition of a particular class of graphs.

Definition 2.3.1. For positive integers m,n with n > m+ 3, let PC,,,, = ([n], E) be
the graph on n vertices obtained by taking the path on 1,...,n and adding the edge
m + 1,n. The resulting graph consists of a path of length m attached (at m + 1) to
a cycle of length n —m. Call PC,,,, a path-attached cycle, and the leaf vertex 1 the

ro0ot.

In the random graph model G, ,, we set some notation similar to that for paths;
for any vertex u; and [ > 4, let C’Z-(l) denote the number of path-attached cycles with
exactly [ vertices containing u; as the root, with the length of the cycle at least 4 (note
that these include cycles when the path is of length 0; see Figure 2.3). As before, the

(>0)

quantities C’ZKZ), C;”", etc. are then defined in the obvious way.

Proposition 2.3.2. For any vertex u;, E [C’i(<k)] — 0 as m — 0.

Proof. We will count the number of path-attached cycles in a similar manner to
Proposition 2.2.3. As before, re-order such that i = 1 and fix [ < k. Define C(I', 1, d)
to be the set of possible graphs of total dimension d consisting of a path of length [’
from u; to any vertex u’ and then a cycle of length [ — 1" > 4 through u, not including
any vertices from the path. The graphs in Figure 2.3 are examples with I’ = 2 and

I = 0. As the total number of vertices is [, this set is only non-empty if d < . As
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the cycle is of length at least 4, it cannot be of dimension 3, so by Proposition 2.1.6,
P(H C G) < ptforany H € Cp 4.

Each possible H € Cy ;4 consists of an ordered list of [ — 1 vertices; the first I de-
scribe the path and the remaining vertices the cycle. Counting all such combinations
will give the size of Cy; 4 up to a factor of 2, as reversing the list of vertices forming
the cycle gives the same graph. As in Proposition 2.2.3, we have the option of raising
the dimension of the list or not; as we start with a single vertex this time we need to

raise the dimension exactly d — 1 times. Hence we obtain
d—1 d—1
|Craal < crpa-n®" =0Mn"")

for a constant ¢y ;4. Summing over I’ and d gives

l l
E [Cz(l)] < Z |Cl',l,d| 'pd < Z O(nd_lpd) — 0

i
w
I

o
i
w

as m — oo from Lemma 2.2.2, noting that d <! < k. Summing over [ from 4 to k—1

gives the result. O

Let us introduce more notation, some of which comes from basic graph theory.
Let G be a graph and u € V(G); for any non-negative integer [, define the [th
netghbourhood of u to be the set

() = {v € V(G) | d(u,v) =1},

i.e. the set of vertices at distance exactly [ from u. Then I'’(u) = {u} and I''(u) =
['(u). We can then partition the component of G containing u into {T(u)}iZ,) . If
x € I'(u), note that any neighbour of z is at distance at distance i — 1, 7 or i + 1
from w; for any such x define

F=T(z) NI (u),

T

that is, the set of all neighbours of x at distance exactly ¢ + 1 from u. If we think
of a process whereby we reveal I''(u),['?(u), ... in turn, then T’} is the set of new
neighbours of x revealed at time i + 1 (provided there is no overlap between vertices

in I"(u)). Proposition 2.3.2 gives the following result.

Proposition 2.3.3. Fiz a vertex u and define the events

E; ={TF 0Ty =0 for all distinct z,y € I'"(u)}
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Figure 2.4: A common neighbour and corresponding cycle

and
F; ={e(T},T)) =0 for all distinct x,y € I (u)}.

Letny = |(k —3)/2] and ny = ny — 1 = [(k —5)/2]. Then (™, E:) N (m;%; Fj>

occurs whp as m — 0Q.

Proof. Fix 1 =1,...,n; and consider the complementary event
E¢ = {there exist some z,y € I''(u) with a common neighbour v € T (u)}.

Suppose that Ef holds; then we can find paths ©v = xg,21,...,2; = x and v =
Yo, Y1, .-,y =y with z;,y; € [V(u) for j = 0,...,i. In particular this means that
x; # xj whenever j # j'. Let [ be the last index for which x; = y;; this is well-
defined as ro = u = yo. We now have a cycle z;,...,z;,v,4;, ...,y = x; of length
2(i =1+ 1) > 4 and a path u,zy,...,z; of length [ attached to it (see Figure 2.4).
The total number of vertices is 2(i + 1) — 1 < 2i + 2 < k — 1 by the choice of i, and

SO C£<k) > 1 (where u = u; in the notation of the previous section). Hence
P(ES) < P (C§<’“> > 1) <E [Cﬁ’ﬂ =0

as m — oo by Markov’s Inequality and Proposition 2.3.2. Hence each E; occurs with

high probability. Similarly, for 7 = 1,...,ny consider
[ : j + +
F} = {there exists some z,y € TV(u),2’ € T}y’ € I') with 2"y’ € E(G)}.

If F¥ holds we can find paths u = 2¢,21,...,2; = z,2" and v = Yo, y1,...,y; = ¥,V
as before; letting | be as above we obtain a cycle x;,...,z;,2",v,y;,...,y with a
path u,xq,...,z; of length [ attached to it (see Figure 2.5). The cycle has length at
least 5 and the total number of vertices is at most 25 + 3 < k — 1 by the choice of j.
It then follows as above that P(F}) — 0 as m — oo. Taking the intersection over all

of these events gives the result. O]
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Figure 2.5: An edge within a neighbourhood

This tells us that there are a lot of new neighbours at each stage; new neighbour-
hoods of different vertices rarely overlap and there aren’t many edges between vertices
at the same level. What we have not considered is the case where two new neighbours
of the same vertex x are adjacent, the reason being that arguing as in Proposition
2.3.3 would lead to consideration of unicyclic graphs where the cycle could possi-
bly be a triangle. If this triangle is three dimensional then a similar argument will
work, but two dimensional triangles were seen to be a special case in Section 2.1 and
they are similarly ill-behaved here. Indeed, suppose y € I'(z) so [z,y] = 0; then
[z, x4+ yl=[y,r+y|=0s0x+y €T'(r) and y and = + y are adjacent. This means
that we can not expect there to be vanishingly few edges within individual neighbour-
hoods, although we need only consider edges that will form such a two dimensional
triangle. To understand this further, we need to further investigate the degree and

neighbourhood of a vertex.
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Chapter 3

Diameters 2 and 3

In the last chapter of this part, we consider the first two non-trivial cases, where 1/2 <
e <land1/3 < e < 1/2and we expect to see diameter 2 and 3 respectively. We begin
by considering the degree and neighbourhood of a vertex; these random variables are
straightforward to calculate and supply the expected answer when 1/2 < e < 1.
We can’t achieve the same success in the second case; we instead show how several
standard tools fail for this model, suggesting that the dependencies between the basic

variables are too complicated for the model to be viable.

3.1 Degrees and neighbourhoods

3.1.1 Prepatory results

In light of the discussion at the end of Section 2.3, we first consider the number of
edges between a vertex and a subspace (as opposed to an arbitrary set). We will need

some more notation.

Definition 3.1.1. For integers n, k > 0, we define N, ;, as

[y —2) ifn>k
Nn k= n .
' 0 otherwise.

The Gaussian binomial coefficient (over Fy) is given by
(1), %
k), Nex

Observe that if V' is any n-dimensional vector space over Fy then (by Proposition

forn>k > 0.

2.1.2) N, counts the number of ordered sets of k linearly independent vectors in V;
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having selected i vectors (0 < i < k) we cannot choose any of the 2¢ vectors in their
span.

Now any k-dimensional subspace W of V' is spanned by a linearly independent
set of size k, and so is defined by one of the N, ; sets as above. But for each such
subspace W there are exactly Njj ordered bases, obtained by choosing a set of k
linearly independent vectors in a k-dimensional space. This shows that (2)2 counts
the number of k-dimensional subspaces of V.

There is a useful alternative form of this expression, revealing its symmetry.

Lemma 3.1.2. Forn >k >0,

n\ Nym B n
k 2 - 2k(n_k)Nk,an—k,n—k N n—k 2

Proof. First observe that

n—k—1

n—1
H H2k 2n k B k (n—k) H 2n k. i _ 2k(n7k)Nn7k:,nfk-
i=k

=0

Therefore

) _ Nap _ [T =29 TT5(2" —2)
k 2 Nk7k Nkk 2k(nik)]\/vn—k,n—k
_ I e -2

26=F) N e Ny ke
_ Nn,n
RN Ny ek

Now note that replacing k with n — k in this last line leaves the expression invariant,

giving the result. [l

This notation eases the proof of the following result. Recall that in Section 1.3.1,
we took a random linear map F': V' — W by choosing the image of each basis vector

under F' uniformly at random from W, independently for each basis vector.

Proposition 3.1.3. Let (V)50 and (W,,)°_, be sequences of vector spaces over
Fy, with dim(V,,,) = m and dim(W,,) = r(m) = r for each m. Let (F,,)

sequence of random linear maps, with F,, : V,, — W,, for all m, constructed as in

o 1 bea

Section 1.3.1. Then if m —r — oo, tk(F},) = r w.h.p. as m — oo.
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Proof. Suppose that rk(F,,) = dim(im(F,,)) < r. Then F,,(V},) is contained in a

subspace of W, of dimension » — 1. From above, the number of such subspaces is

2r —1
)= () =21
r—1), \1), 21—1

Now any such subspace U consists of 2"~! vectors, so the uniformity of the map F,,

given by

gives
VA |
P Fm i U) = )
(Fulw) e V) =2 =1
independently for each i. Hence P(F,,(V,,) < U) = P(F,,(x;) € U for all i) = 27™.

A simple union bound then gives

P(dim(F,, (V) <7) =P U {Fa(V)<U}| <2727 =0
U:dim(U)=r—1

as m — 0o, by the assumed condition. O

3.1.2 The degree of a vertex

As mentioned at the start of this section, we first consider the number of edges

between a vertex and a subspace.

Proposition 3.1.4. Let U C V(Gy,,) be such that Uy :== U U{0} is a d-dimensional
subspace of V, and let x € V(Gp,r) \ U. Then I'y(x) U {0} is a subspace of Uy, and
i particular

dy(z) = [Ty(z)| =2' -1

for some l =0,...,d. Moreover,
! d d
Pldy(z) =2"—1) = l “Nya—i-p (3.1.1)
2

forl=20,...,d.
Proof. Let By = {x1,...,x4} be a basis of Up; as x ¢ U we can extend By U {z} to
a basis {x1,...,2q,Tgr1 = x,... 2y} of V. We will work with this basis; the random
bilinear map [-, -] induces a random linear map F': Uy — W given by F(z;) = [z, x}]
for y = 1,...,d. This is exactly the type of random linear map defined in Section
1.3.1.

For any u € U, z is adjacent to u if and only if F(u) = [z,u] =0, i.e. u € ker F'.
Hence I'y(x) = (ker F) \ {0}, and so I'y(z) U {0} = ker F' is a subspace of Uj. In

particular, its dimension [ is the nullity of the map F'. This proves the first statement.
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Now let K < Uy be a subspace of dimension [, for some [ = 0,...,d. Let
{uy,...,w} be a basis for K and extend this to a basis {uy,...,u;, w1, ... uq} of
Up. From Proposition 1.3.2, we know that F(uy),...,F(uq) are independent and
define the map F.

Now consider P(ker F* = K). If we suppose that ker I/ = K then null(F) =
dim(K) = [, so by the Rank-Nullity Theorem rk(F) = dim(U) —1 = d — [. But
also F'(Uy) = (F(u1),..., F(ug)) = (F(u1), ..., F(ug)) as F(u) =0 for u € K. It
follows that {F'(us41), ..., F(ug)} is linearly independent.

Conversely, suppose that F(u;) = 0 for ¢ <1 and {F(uj41), ..., F(uq)} is linearly
independent. The first condition ensures that K < ker F'. As before we have that
F(Uy) = (F(ui41),- .., F(uq)) and as this set is linearly independent it follows that
tk(F) = d — . Hence null(F) = [, i.e. dim(ker /') = [. But K is an [-dimensional
subspace of ker F' and so ker F' = K.

So we have
P(ker F = K) = P(F(u;) = 0 for i <1, {F(wy1),...,F(uq)} is Li.).

There are precisely N, 4—; ways of choosing an ordered linearly independent set of the
correct size in the target space W, and the values (F(u;))%, are chosen uniformly

and independently. Hence
Pker F = K) = Nygy- 27" = Nygy - p.
The result now follows because there are (?)2 candidates for the subspace K. O

Note that there is a certain similarity between the form of this expression and the
binomial distribution which holds in G(n, p); the binomial coefficient in the latter is
replaced by a Gaussian binomial coefficient here, and the expressions in p are also
quite similar. In fact, we can obtain the same exponential bound on the probability

of there being no edges.
Corollary 3.1.5. With z and U as above, P(dy(z) = 0) < e~ VP = ¢~Eldu(@)],

Proof. To get no edges, we need to put [ = 0 into (3.1.1); the right hand side reduces
to Nyq - p?. Using Definition 3.1.1 we see

d—1 d—1 d—1
P(dy(z)=0) = [ -2) -2 =JJa-27") <[[e ¥ =
=0 =0 1=0

33



where

d—1 d—1
S — 222'—7’ — 2—7‘221' — 2—7‘(2d . 1) _ |U|p
=0 =0

as U U {0} is a d-dimensional subspace and so has size 2?. The expectation is easily

computed as there are |U| possible edges, each present with probability p. O

A careful look at the result in Proposition 3.1.4 gives something much stronger

when d > 7.
Corollary 3.1.6. For d > r, the minimum possible value of dy(x) is 247" — 1.

Proof. From Definition 3.1.1, N, 4, = 0if r <d—{[, i.e. if | < d—7r. From Proposition
3.1.4 it then follows that P(dy(z) = 2! — 1) = 0 for such [ and hence the minimum
degree is 27" — 1. This corresponds to the map F in the proof of Proposition 3.1.4
having nullity at least d — r. [l

By considering a large vector space we can compute the distribution of the full

degree of any vertex.

Proposition 3.1.7. For any fixed vertex x € V', we have that
d(r) =2(2" —1) =2 —2

for some l =0,...,m — 1. (Note that if |l = 0, x is isolated and if | = m — 1, x is

adjacent to every other vertex). Further, the distribution of degrees is given by

—1
P(d(z) = 2" - 2) = (m z ) o A (3.1.2)
2

forl=0,...,m—1.

Proof. Extend z to a basis {x = z1,29,...,2,} of V and let Uy = (xg,...,2p).
Putting U = Uy \ {0}, we see that V(G) \ {x} is the disjoint union of U and x + U.
From the Proposition 3.1.4, dy(z) = 2! — 1 for some [ = 0,...,m — 1, where [ is the
nullity of the map F' defined in the proof, and the probability of this degree is given
by the right hand side of (3.1.2).

Let v € z + U, so v = x + u for some u € U. Then [z,v] = [z,2 + u| = [z,u],
so v is a neighbour of x if and only if w is. It follows that I',.y(z) = = + 'y (x),
of size 2! — 1. Thus the full neighbourhood has size 2(2! — 1) = 21 — 2 for some
[=0,...,m—1, and (3.1.2) gives the correct distribution. ]

We can now obtain the following interesting results.
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Corollary 3.1.8. The minimum possible degree of any fized vertex x is 2™ " — 2 ~
Eld(z)].

Proof. As before, the right hand side of (3.1.2) vanishes if r < m—1—[,i.e.l <m—1—
r. Putting this into the left hand side gives the minimum degree as 2(m~1-7+1 — 9 =
2m=r — 2,

We can compute the expected degree of = as before; there are 2™ — 2 possible

neighbours, and each one is adjacent to x with probability p = 27". Hence
Eld(z)] = (2" =2)27" = (n—1)p

as in the binomial case. Then

om—r _ 9 1 —9r—m
gm—r _ 21—7“ - 1 — 21—2r—m — 1

as m — 00, giving the result. O
Corollary 3.1.9. For any fized vertex x, P(d(z) =2™" —2) = 1 as m — oc.

Proof. We have that m —r = [em] — oo as m — o0, so m — 1 —r — oo as
well.  From Proposition 3.1.3, we have P(rk(F) = r) — 1 as m — oo, where F
is defined as in Proposition 3.1.4 with d = m — 1. But rk(F) = r if and only
if null(F) = m — 1 —r. From Propositions 3.1.4 and 3.1.7, this is equivalent to
d(x) = 2m=1=n+l 9 — gm=r _ 9 O

Corollary 3.1.10. G has no components of size less than 2™™" — 1 ~ n°. In partic-

ular, G has no isolated vertices for m —r = [em] > 1.

2m77’

Proof. As each vertex has at least — 2 neighbours the minimum size of a com-

ponent is 27" — 1 = 2[¥ml — 1. The result follows as n = 2™ — 1. O

Note that this last result has some significance; it was shown by Erdds and Rényi
in [6] that in G(n,p) the thresholds for connectivity and minimum degree at least 1
coincide, while Proposition 2.2.4 showed that proving connectivity suffices to show

arbitrarily large diameter.

3.2 The diameter 2 case

We can now use Proposition 3.1.4 to confirm the conjecture in the case of diameter

2. This proof is entirely deterministic.
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Proposition 3.2.1. If € is chosen such that 1/2 < € < 1 then G,,, has diameter 1

or 2 for m sufficiently large.

Proof. Let x1,x5 be an arbitrary pair of vertices and extend this pair to a basis
{z1,29,..., 2} of V. Let Uy = (z3,...,2y) and U = Uy \ {0}. Write I'; = I'y(x;) U
{0} for ¢ = 1, 2; by Proposition 3.1.4 I'; and I'y are both subspaces of Uy; by Corollary
3.1.6 they are both of dimension at least (m —2) —r = [em] —2 > em — 2. The sum

formula from linear algebra then gives

dim(T'y) + dim(T'g) — dim(T'; NTy) = dim(Ty + Iy) < dim(Up) = m — 2

and hence
> 2(em —2) —m+2
> (2¢ —1)m — 2
>1

for m sufficiently large, since 2¢ — 1 > 0. In this case there is a non-zero v € I'y N 1.
But then u € U is a neighbour of both z; and w9, so xjuxs is a path of length 2.
As x; and x5 were arbitrary, each pair of vertices is connected by a path of length
2. This combined with the first moment analysis gives the result, and also gives that
P(diam(Gp,r) =2) — 1 as m — 0. O

Having studied the neighbourhood of any vertex, we can now sketch how to build
paths from two vertices as mentioned at the end of Section 2.3. With high probability,
the neighbourhood of any vertex will consist of a vector subspace of dimension m —
r + O(1) and a translate (coset) of the same space; the necessary edges between
them will be the only edges within this set. For any two vertices  and y, we can now
expand their neighbourhoods as in Proposition 2.3.3; at distance (k—1)/2 (for k odd)
we will expect to see around 2-~D0m=")/2 (disjoint subspaces. This indicates that we
should consider the probability of there being no edge between two disjoint unions
of subspaces of the appropriate size; if this is exponentially small, the probability of
there being no edge between I'*"1/2(z) and T'*~1/2(y) should also be exponentially
small. In this case we would conclude that with high probability an edge (and hence
path of length k) exists.

The natural starting point is the case £ = 3, where we are only considering 2
different subspaces. Unfortunately, this problem proves to be difficult, as explained

in the next section.
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3.3 The diameter 3 case

3.3.1 Model dependencies and first approaches

We now consider the case where 1/3 < ¢ < 1/2. As in the proof of Proposition
3.2.1, fix two vertices x; and zy and extend to a basis {z1,xa,...,2Z,} of V. Let
Up = (x3,...,2p) and U = Uy \ {0}. Write I'; = T'y(z;) U {0} for i = 1,2; as before,
these are both subspaces of U of dimension at least (m — 2) —r = [em] — 2. Note
that

P(Iy N Ty # {0}) <P (Pg) > 0) <E [Pf?] =0

by the choice of €, so we can assume that I'y N Ty = {0} (of course if I'y N T'y # {0}
then there is a path of length 2 between z; and x5 anyway). We will hence treat I'y

and I'y as disjoint subspaces. We also have that
P (Pf;” - o) < P(e(Ty,Ty) = 0),

so it suffices to show that P(e(I';,T'y) = 0) = o(n~2). We can recast this problem in

terms of a random bipartite graph, as set out formally below.

Definition 3.3.1. Let 1/3 < ¢ < 1/2, and for each positive integer m put r = r(m) =
(1 —€¢)m]. Let U = (uy,...,uq) and V = (v1,...,v4) be two disjoint vector spaces
over Fy, each of dimension d = m —r 4 O(1) = em + O(1), with given bases. Let W
be a third vector space over 5 of dimension 7.

Define a random bilinear map B : UxV — W as follows: for each pair 1 < ¢,7 < d,
select B(u;, v;) uniformly at random from the 2" elements of W, independently for
each pair 7, j, and then extend this in the unique way to the whole of U x V.

Now create a random bipartite graph: the vertex classes are U \ {0} and V' \ {0}
and &€ = (U \ {0}) x (V' \ {0}) is the set of all possible edges. For each uv € €&,
the edge uv is present if and only if B(u,v) = 0. Define for each uwv the event
Ay = {B(u,v) = 0} = {wvis present}. Let X be the number of edges, that is
X =3 vee 14,,- We wish to find a tight (i.e. exponential) bound on P(X = 0).

Table 3.1 contains the results of simulations (performed in R) for 9 values of the
pair (d,r), chosen to produce an increasing sequence of means. 10 000 simulations
were performed in each case and the proportion for which X = 0 gives an estimate of
the probability of this event. These results seem to indicate an exponential bound.
Before continuing, note that several results carry over from the previous analysis;
each edge is present with probability p = 27" (i.e. P(Ae) = 27" for each e € &) and
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d | r | E[X] | Sample mean e EIX] Estimated probability
2 13| 1.125 1.116 0.3247 0.2694

2 12| 225 2.249 0.1054 0.0456
3143063 3.063 0.04677 0.0255

3 13]6.125 6.137 2.187 x1073 5x 1074

4 1517031 7.038 8.840 x1074 1x1074

6 |9 7.752 7.795 4.299 x1074 2 x 1074
3121225 12.32 4.785 x1076 0

4 14| 14.06 14.10 7.811 x1077 0

5 | 6] 15.02 15.07 3.012 x10°7 0

Table 3.1: The results of 10 000 simulations

4‘ ’»

Figure 3.1: Configurations of two edges.

we can work with any bases of U and V. Let N = |€] be the total number of possible
edges, so N = (2¢ — 1)? ~ 224, We start with a second moment analysis, which at
least shows that P(X = 0) = o(1).

Lemma 3.3.2. In the above notation,
1. p:=E[X] = Np— 00 as m — oo,
2. P(X:O)éiﬁo as m — oQ.
Proof. It is trivial to see that i = Np. Now note that Np ~ 224277 = 2/(™) where
fm)=2d—r=2em—(1—€em+0O(1) = (3e —1)m + O(1) — o0

as m — oo by the choice of €. For the second statement, we need to calculate

EX(X—1)]=)_ Y P(ANA).

ecf f#e

There are only three possible configurations (two of which are equivalent) for two

edges; see Figure 3.1. In the first case, extend {u1} to a basis of U and {v1, v} to a
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basis of V'; working with these bases, B(uy, v1) and B(uq,ve) are chosen independently
50 P(Au 0, N Ayye,) = p*. Interchanging U and V' gives the same probability in the
third case; in the second case we can extend {ui,us} to a basis of U and get the
same result. This gives that P(A. N A;) = p? for every distinct pair e, f, i.e. the
events (A.).ce are pairwise independent. Thus E[X (X — 1)] = N(N — 1)p? and by
Chebyshev’s Inequality,

var(X)
P(X =0) < E[X]2
EX (X —1)] + E[X] — E[X]?
B E[X]?
NN -1)p* 1 _1
N2p? I
2+ (1-5) -
W N
< l?
1
giving the result. O]

Note that although the events (A, ).ce are pairwise independent, they are certainly
not mutually independent, which is the root cause of the difficulty in working with
them.

3.3.2 Concentration

To gain more insight into the model dependencies, it may help to consider another
interpretation of the structure of £. First note that the target vector space W can
be equipped with a multiplication in such a way that it becomes isomorphic to the
field F' = Fyr; this follows because F' contains [y as its characteristic field and can
therefore be thought of as an r-dimensional vector space over Fy. This allows us to
carry the multiplication over the (linear) isomorphism with W, and thus consider
each B(u,v) as an element of a field rather than a vector space.

Now take a fixed pair of bases for U and V', say {uq,...,uq} and {vy,...,v4}
and assign an ordering Zi, ..., Zy to the list of variables {B(u;,v;)}1<ij<a (Where
M = d?). Then the vector Z = (Zy, ..., Zy) can be interpreted as a random element
of FM where each component is chosen uniformly at random from F, independently

of all other components. This will allow us to consider the problem geometrically.
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Now observe that the random variable B(u,v) corresponding to the edge uv can
be written as a linear combination of the Z;s; if u = Zle Aiu; and v = Z;.lzl P;V;
(for A;, p; € Fy) then

d d

B(u,v) =Y > XipiBlus,v;) = > Z,
i=1 j=1 les
where S C [M] is determined by which of the products \;p; equal 1. Hence each
possible edge e can be assigned a set S, C [M] as above.

As an example, suppose d = 2 (so M = 4) and we order the variables as 7; =
B(uy,v1), Zog = B(uy,vs), Zs = B(ug,v1), Zy = B(usz,v9). Now consider the edge e
given by uj + ug,v1. As B(uy + uz,v1) = B(uy,v1) + Blug,v1) = Zy + Z3, we have
Se ={1,3}.

Although we can not apply Janson’s Inequality to this situation as the variables
are not of the correct form, an estimate of the dependencies as above allows a similar
inequality of Suen [31] (later improved by Janson [19]) to be applied. This inequality
(Theorem 4 in [19]) is given below.

Theorem 3.3.3. Let I be a finite or countable set indexing a set of indicator random
variables (X;)ier and T a superdependency graph on I, that is for any disjoint A, B C
T with e(A, B) = 0, the two families (X;)ica and (X;);ep are independent from one
another.

Define X =3 . .7 X;, p = E(X),

A= %ZZE[X,-XJ-} = %ZZP(}Q =X, =1)
i€T j~i i€ jri

and

Ag = %Z > EXEX] = %Z > P(X; = DP(X; =1),

i€T jrvi i€T jevi

where ~ denotes adjacency in I'. Then

]P)(X — 0) < e—u2/max{32A,48Ao,4p}‘

]

There are many variations on this result, but they all centre on estimating P(X =
0) by an exponential expression in g and some term accounting for the dependence.
Let us fit our model into this framework. Our set of indicator variables is (A¢)ces
where £ denotes the set of all N possible edges, so V(I') = £. We have shown that
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these events are pairwise independent, i.e. P(A. N Ay) = P(A.)P(Ay) for e # f, and
so A = Ay regardless of our choice of T.

As described above, we assign a set S, C [M] to each variable, and then A,
depends on ) . s, Zi, where the variables Z,..., Z), are independent, each chosen
uniformly from the vector space W (these correspond to the choices for pairs of basis

vectors). In the light of this, there is a natural choice of I'; where we define edges by
e ~ f if and only if S, NSy # 0.

It is straightforward to check that is a superdependency graph; if e(A, B) = 0 then the
corresponding elements of £ are determined by disjoint sets of independent variables

and so are independent. Unfortunately, this choice of I will not provide a tight bound.
Proposition 3.3.4. With T’ defined as above, E(T') ~ N?/2 and so A = Ny ~ u?/2.

Proof. First note that N = (29—1)2 ~ 4. Fix bases {uy, ..., uq} and {vy,...,v4} of U
and V respectively. For each u € U we associate a unique vector A" := (A}, ..., \y) €
F¢ with u = Zle Atu;; let n,, denote the number of these coefficients equal to 1. We
can similarly define p* and n, for v € V.

For 1 < k,l < d, consider the edge corresponding to the pair (u,v) = (u; + -+ +
Ug,v1 + -+ + ;). The event A, is given by

kool
A, ={B(u,v) =0} = {ZZB Ui, ;) = 0},

i=1 j=1
so (u,v) ~ (u/,v") in I if and only if A% :p}" =1forsomei=1,...,k,j=1,...,L
There are 2% — 1 non-zero vectors u' which don’t satisfy this property (as we can
only choose A, ..., A\%) and similarly 2¢~! — 1 non-zero vectors v’ not satisfying it.
This means that (u,v) is adjacent to exactly (2¢ —247%)(2¢ — 29=1) — 1 other vertices
of I' (we do not count (u,v) itself). Notice that by reordering the bases, this is true
for any pair (u,v) for which n, = k and n, = [. There are exactly (2) (‘li) such pairs,

and so by the Handshaking Lemma,

Il
[]=
R
T Q.
~__
7N
~
~_
)
()
Q
N
~
[\)
Qu
=



Noting that the summand in the first bracket vanishes when k = 0, we see that
L 1 d
2d_2d7k: (>2d_2dk :2d'2d_ 1+2d7
> (e =3 () -2 1+2)

and hence 2¢(I") = (47 — 3%)2 — (22 — 1)% ~ 4%¢ ~ N2, Then by the pairwise indepen-

dence of the events,

A= %ZZPQ = e(D)p® ~ (Mo _ i,

2 2
ecf fre
O

Substituting this back into Theorem 3.3.3 gives only a constant bound as A > pu.
By considering several small dependencies, we can show that no superdependency

graph can provide a useful bound.
Proposition 3.3.5. For any superdependency graph T, e(T') = Q(N?).

Proof. Let e = (u,v) be any possible edge in &, and let {u = wuy,...,uq} and
{v = v1,...,v4} be bases for U and V respectively. Let U = (us,...,uq) and
V' = (vg,...,va).

For each v’ € U', v' € V', let

Tww ={(W, ), (u+d,0), (W v+0), (ut+u,v+0)}.

Then there must be an edge between (u,v) and T,/ in I' as if B(x,y) = 0 for all
pairs in Ty .,
B(u,v) = B((u+u') +u/, (v+") +) =0,

and so the corresponding families of events A,, and (Axy)(w,y)eTu/v, are not indepen-
dent. Note that if Tpy v N Tyr o # 0 then comparing the first components gives that
either v/ = u” or v/ + u” = u; the second statement is a contradiction as v’ +u” € U’
but u ¢ U’. Hence v’ = u”, and comparing the second components shows similarly
that v' = v”, so the sets (T )wevwev are disjoint.

Considering all non-zero elements of U’ and V' gives a total of (2471)? pairs, and

so dr(e) > 222, Hence

2e(T) =) dr(e) > ) 2> ;LN(Qd e

ec& eef

and thus e(T') > N?/8 = Q(N?). O
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It now follows as before that A = Q(u?) and so substituting this result back into
Theorem 3.3.3 gives no more than a constant bound. This would appear to indicate
that the dependency between the events is too high for this Janson-type approach to
work.

One other inequality which can be used to derive an exponential bound is Azuma’s
Inequality (see for example Theorem 7.2.1 of [1]), which works if changing one of the
underlying variables does not affect the desired parameter by more than a constant
amount. It is clear that this is not the case in our situation; this is perhaps best seen
by considering the random matrix indexed by bases {uy,...,uq} and {vy,...,v4} of
U and V with the (7, j)-entry given by B(w;,v;). Note that if w = u; + -+ 4 u; and

v =11+ ---v; then

koo
B(u,v) =0 if and only if ZZB u;,vj) =0,
i=1 j=1
which corresponds to the sum of the entries in the submatrix indexed by {1,...,k}
and {1,...,l} equalling 0. Considering all possible vectors u and v shows that X is
equal to the number of submatrices whose sum is 0.
Now note that any single entry lies in (2¢71)? such matrices, and so changing any

entry will affect the presence of roughly a quarter of the possible edges.

3.3.3 Correlation

It may now be helpful to consider a slightly more geometric approach to the structure
of our model. Recall that for each e = uv € £ we defined a set S, C [M] such that
B(u,v) = Y,cq Zi. From this, we can define a natural map f. : F* — F given by

fe:(zl,...,zM)HZzl.

leSe

As f is clearly linear, it belongs to the dual space (FM)*.

Note that edges of the form e = B(u;, v;) have particularly simple representations;
Se = {1} for some [ € [M] and so f, is a restriction to the [th co-ordinate. Observing
that each coefficient in the map f. is 0 or 1, we see that each f, is contained in the
Fy-vector space generated the M simple edges.

Now recall that Z = (Zy,...,Zy); we thus have that e is present in the graph
model G, , if and only if

0= ZZZ fe(Zv,.... Zu) = f(2),

leSe

43



i.e. Z € kerf,. In order to ease notation, we will write H, = kerf, for any edge e € &,
and if £ C & is a set of possible edges we will put Hg = NeepH, (note Hg is always
a subspace of FM). Note that we can also write f.(z) = (v, z) where v, is defined by
(ve); = 11if I € S, and 0 otherwise, and (-, -) is the usual dot product on F*. In this
formulation, it is clear that H, = {z € FM | (v, 2) = 0} is a hyperplane through the
origin, and this may be a useful way of thinking about the problem. We start with

the following lemma:

Lemma 3.3.6. Let E C & be a set of possible edges. Then

<ﬂ A ) peodim(He), (3.3.1)

eck
Proof. Note that
m A, = ﬂ{Z € kerf.} ={Z € Hg},

eckE eclr
50 P(NeepAe) = P(Z € Hg). As Z takes every value in F'™ with the same probability

we need only consider the size of Hg; suppose this has dimension d. Then

|HE‘ |F|d r\d—M M—d codim(H
(HA) P = [ = BT =g

ecE

O

This tells us that the important parameter in this case is the dimension of the

subspace Hg. We can find a lower bound on this immediately.
Corollary 3.3.7. For any set of possible edges E, dim(Hg) > M — |E|.

Proof. We will prove this by induction on |E|. Note that for each e, im(f.) < F, a
one-dimensional space; as each f, is non-zero we have rk(f.) = 1. Hence dim(H,) =
null(f,) = M —1 for each edge e, giving the result for |E| = 1 (note that is equivalent
to each H, being a hyperplane, and that putting this into (3.3.1) recovers the result
that each edge appears with probability p). So take |E| > 1 and consider e ¢ FE;

observing that Hg + H, < F™ we obtain from the sum formula
dim(Hg) + dim(H,) — dim(Hg N H,) = dim(Hg + H.) < M,
SO rearranging
dim (HEU{E}) >dim(Hg)+ (M —1)—M>M—|E|—1=M — (|[EU{e}|).
The result now follows by induction. m
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Having obtained a precise formulation for the probabilities of sets of edges, it
is somewhat natural to consider whether such values are correlated (as in G(n,p)).
Unfortunately, this turns out not always to be the case, as the following two results

show.

Proposition 3.3.8. Let E; and E, be sets of possible edges, and for i = 1,2 let C;
be the event that all edges in E; are present, i.e. C; =) Ae. Then P(C1 N Cy) >

P(C1)P(Cy).

eck;

Proof. From Lemma 3.3.6, P(C;) = p«d™He) Now as Hg,np, = Hp, N Hg,, we get

from the sum formula that
dim(Hg,) + dim(Hg,) — dim(Hg,np,) = dim(Hg, + Hg,) < M,
so rearranging and adding M,
M — dim(Hg,ng,) < 2M — dim(Hg,) — dim(Hg,).
Hence
P(Cy N Cy) = peodimim ) 5 peodim(Hp,) codim(Hs,) _ p(Cy)P(Cy).
O

However, we cannot extend the correlation to unions of such events; the result
below gives an example showing that both positive and negative correlation are pos-
sible.

Proposition 3.3.9. Let u € U\{0} and vy, ..., v, be linearly independent vectors of V
(1 = 2). Define events C,Cy,...C; by C; = Ay, fori=1,...,1 and C = A,,, where
v = Zlizl v;. Then C' is positively correlated with Uﬁzl C; if | is odd and negatively

correlated with Ui‘:l C; if | 1s even.

Proof. By the assumption of linear independence, the events (1, ..., C; are all inde-

pendent, each occurring with probability p. As C' also has probability p,

P(C)P (U Ci) =p (1 -P (ﬂ Cf)) =p(1—(1-p),

which can be expanded as



On the other hand, the inclusion-exclusion formula gives

+(en)a) ¢ ((ena)

-y ¥ p(yenc)

i=1 SC® JES
l
-y ¥ p(enna).
i=1 SC@ jeS

Note that for sets S with |S| < [, v;+- - -+ is linearly independent from {v; | j € S}
and so C is independent from (C};),ecs. However, the bilinearity of the map B means

that if each C; holds, so does C, so the above formula gives

P <Cm UC’) = li Z“( ) L (=)l

=1

Hence
l ! . :
>0 ifl+1iseven
Plon| |o | - = (1)1 -
( U1 > (U ) PPN 0 14 1is odd.
This gives the result. O]

3.3.4 Fixed moments

These examples, while discouraging, would appear not to be fatal; similar results hold
for a random linear map as in Section 1.3.1, and yet Corollary 3.1.5 shows that an
exponential bound remains true in that case. One positive result in this direction
concerns the fixed moments of X, as derived below.

To prove this, we will consider the case where we have an existing set F of edges
and add another edge e ¢ E. If we can control the dimension at each change, we may
be able to build sets of edges with a given dimension. The behaviour of the edges is

associated with the corresponding maps f., as set out in the following simple lemma.

Lemma 3.3.10. Let E = {ey,...,e;} be a set of possible edges and e ¢ E another

edge. To ease notation, write f; = f., fori=1,...,l. Then

) . dlm(HE) Zf fe c <f1, ey fl>
dim (HEU{S}) N {dim(HE) — 1 otherwise,

where the span is taken in the dual space (FM)*.
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Proof. Note that we can assume without loss of generality that the set {fi,..., fi} is
linearly independent; otherwise we can reorder to find an I’ < [ such that (fi,..., fi) =
(f1,..., fr). But then for each ¢, f; € (f1,..., frr) so

U l 4
(He, € () He, = Hp C () He,.
=1 =1 =1

giving Hg = N{_, H,,.
Now recall that for A < FM_ the annihilator of A is given by

A ={f e (F")*| f(v) =0for all v € A} < (FM)*.

We have that dim(A) +dim(A%) = M and that (AN B)° = A°+ B for B < FM. By
definition, f; € HY for each i, so by the linear independence assumption, dim(H%) > .
But from Corollary 3.3.7, dim(Hg) > M — [; comparing with the sum formula shows
that we must have equality in both cases, and in particular that {fi,..., fi} is a basis
of HY. Observing that Hpuey = Hp N H,, we see

dim(Hpygey) = M — dim((Hp N H,)°) = M — dim(HY, + H?).

Now by definition, H? = (f.); if f. € (f1,...,fi) = H% then H® C HY% and so

dim(HY + H?) = dim(HY) = 1. Hence dim(Hg N H,) = M — [ = dim(HEg).
Otherwise, H% N H? = () and so dim(HY + H?) = dim(HY%) + dim(H?) = [ + 1.

Thus in this case, dim(Hg N H,) = M — [ — 1 =dim(Hg) — 1. O

This allows us to produce an estimate of the value of the fixed moments of X.
While this result seems encouraging, an attempt to mimic the proof of Janson’s
Inequality given in [18] will only work if a similar result can be found for moments

growing with p. The proof contains ideas similar to that of Proposition 2.2.3.
Proposition 3.3.11. For each fized integer [, E[(X);] ~ pu'.

Proof. By the linearity of expectation, E[(X);] is the sum over all ordered I-tuples
(A, ..., A) of P(A; N ...N A;), which in our case is the sum over all ordered sets £
containing [ edges of the probability that all edges in E are present. From Lemma
3.3.6, this probability depends on the dimension (or codimension) of Hg, so we will
define Fjj to be the number of ordered sets of | edges E such that codim(Hg) = k.
Then formally

l -1 -1
B0 = 3" Fuuph — (uv)l S F> PSRk
k=1 k=1 k=1
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as there are (), [-tuples in total.

We will now try to estimate Fjj, using Lemma 3.3.10 to keep track of the codi-
mension as we add edges to our ordered set. In keeping with the previous result, we
will work with the associated maps f. rather than the edge e. The first map f., we
choose gives codim(H,,) = 1. For each i = 2,...,l, we can choose f,, in one of two

ways:

1. We can take f., € (fe;,-. ., fe,_,), in which case we have
codim((fe,, ..., fe;)) = codim({fe,, .., fe,_1))s
2. We can take f., & (fe,,--, fe,_,), in which case we have

codim((fe,, ..., fe,)) = 1+ codim((fe,, .-, fe. 1))

As all of the possible maps lie in an Fy-vector space, there are at most 2¢~! choices
in the first instance. As the total number of edges is N, there are at most N — 2¢1
in the second. Note that as the entire set has dimension d, we need to make a choice
as in item 2 exactly k times (including the first edge, which is automatically a choice
as in item 2 as () = {0}). Hence Fj; < C;- N* for some constant C; depending only
on the fixed integer [. Hence for k < [,

Fup® Np)¥
z,klp < Cl( Il’) = Ot 50
H H
as m — oo because pu — co. Note also that
F [ Nk l
l,klp <C szz — O,NF 5
H p
as m — oo. Putting this together gives
E[(X N)p' = Firp = Fiap
[( l)l] _ ( )llp _Z l,klp +Z z,klp 1
H H — M — M
as m — 0o, as [ is fixed. O

In order to get at the intended result, we believe it will be necessary to further
examine the structure of the associated maps f. (or equivalently the corresponding
hyperplanes). In the case of a random linear map, the analogous functions are very
structured; they form an [Fo-vector space, and we can compute exactly the probability
that the analogous random vector lies outside of all of these hyperplanes. These com-
putations become much more difficult in a bilinear map because the corresponding
functions have a complicated global structure; if we could obtain a better understand-

ing of these we may be able to give an estimate of the corresponding probability.
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Part 11

Graphs of Finite Racks, Quandles
and Kei
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Chapter 4

Introduction to Part 11

4.1 Racks and quandles

We begin this part by defining the crucial algebraic objects that we will work with
throughout.

Definition 4.1.1. A rack is a pair (X,>), where X is a non-empty set and > :
X x X — X is a binary operation such that:

1. For any y, 2z € X, there exists x € X such that z = x> y;
2. Whenever we have z,y, 2z € X such that x>y = 2>y, we have z = z;
3. Forany z,y,2 € X, (zpy)pz=(z>2)> (y>2).

Definition 4.1.2. A quandle is a rack (X,>) satisfying the additional condition that

x> x = x for every x € X.

Definition 4.1.3. Let (X,>) be a rack. If X is finite, we call | X| the order of the

rack.

Note that conditions 1 and 2 of Definition 4.1.1 are equivalent to the statement
that for each y, the map x +— x>y is a bijection on X.

As mentioned by Blackburn in [2], racks originally developed from correspondence
between J.H. Conway and G.C. Wraith in 1959, while quandles were introduced
independently by Joyce [21] and Matveev [24] in 1982 as invariants of knots. Fenn
and Rourke [8] provide a history of these concepts, while Nelson [26] gives an overview
of how these structures relate to other areas of mathematics.

As a first example, note that for any set X, if we define x>y = x for all z,y € X,

we obtain a rack, known as the trivial rack Tx. Let us consider two more interesting
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classical examples of quandles, which (at least in a combinatorial sense) are more
widely studied than racks (see [11], [5]).

Definition 4.1.4. Let G be a group and define a binary operation > : G x G — G

by z >y := y 'zy. The resulting quandle (G,r) is known as a conjugation quandle.

It is straightforward to verify that (G,>) is in fact a quandle; for example, item 3
of Definition 4.1.1 holds as

yo2) (@n2)(y> )

2 yz) (e ) (2 y2)

(@p2)>(y>2) = (
(
=2y 'wy)z

=(x>y)> 2.

For the next definition, as is standard in algebra, we will write the operation of an
abelian group additively. As stated in the introduction, we write homomorphisms

and group actions on the right.

Definition 4.1.5. Let A be an Abelian group and 7 € Aut(A) be an automorphism.
Define a binary operation>: AXx A — Abyavy = (z)7+y— (y)7 = (r —y)T +v.
Then (G,>) = (A, 1) is an Alezander quandle or affine quandle.

Again, it is straightforward to check that (G,>) is a quandle; for example, note
that
(zoy)pz=(z—y)r+y)pz=(x—y)1+y—2)7+ 2,

while on the other hand, as 7 is an automorphism,

(@p2)>(yr2) =z —y)T+2)>((y — 2)7 +2)
(x=2)T4+2—(y—2)T—2)T+(y—2)7T+ 2
(=—y)r+y—2)7+2

and so item 3 of Definition 4.1.1 holds.
As is standard with algebraic objects, we now define subracks, subquandles and

notions of isomorphism.

Definition 4.1.6. Let (X, ) be a rack (or quandle). Then a subrack (or subquandle)
of (X,>) is a rack (or quandle) (Y,>|y«y) where Y C X.

The notation >|y«y in the above context will always be abbreviated to >, with

the restriction to the subset Y left implicit.
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S (12)  (13) (23) (123) (132)
(12)| @12 (12 (23 (@3 (23 (13)
(13)] (13 (23 @3 (12 (12 (23)
(23)] (23 @3 (@12 (23 (13 (@12

(123)](123) (132) (132 (132) (123) (123)
(132)](132) (123) (123) (123) (132) (132)

Table 4.1: The conjugation quandle on Ss.

Definition 4.1.7. Let (X,>) and (X',p’) be racks. A map ¢ : X — X' is a rack
homomorphism if (x>y)p = (x)p' (y)¢ for all z,y € X. A bijective homomorphism is

an isomorphism, and an isomorphism from a rack (X, >) to itself is an automorphism.

We will usually only be concerned with racks and quandles up to isomorphism. If
(X,>) is a rack of order n, then it is clearly isomorphic to a rack on [n], so we will
almost always take [n] to be our underlying ground set. We will denote the set of all
racks on [n] by R,,.

Let us demonstrate some of these principles with a concrete example, namely
the conjugation quandle on S3. As with groups, we can express > completely via a
table; here, the (7, 7) entry is equal to 7> j. Notice that the sets {(1 2), (1 3), (2 3)},
{(123),(132)} and {¢} all form subquandles under >, as does any union of these
sets. In a general conjugation quandle, the set of elements of any given cycle type
will form a subquandle (as conjugation preserves cycle type). Now if we identify the
six elements of Sy with the set {1,...,6} (in the order given in Table 4.1), we obtain
the following quandle on {1,...,6}, where we have omitted the labels and written

the table as a matrix:

111111
2243 4 3
34 3 2 2 4
4 3 2 4 3 2
5 6 6 6 5 5
6 55 5 6 6

Now consider the following question: for a given set X, when does a matrix or
table like the above actually define a rack (or quandle)? Any such matrix M with

entries from X can be viewed as a set of maps (f,),ex given by the columns, i.e.
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(x)fy = M,,. We would like to define the operation > by setting x>y = () f, = Myy;
the following well-known result (for example, [8], [2]) gives the correct conditions for

a collection of maps to define a rack.

Proposition 4.1.8. Let X be a set and (f;)rex be a collection of functions each with
domain and co-domain X . Define a binary operation>: X x X — X by x>y := () f,.
Then (X,>) is a rack if and only if f, is a bijection for eachy € X and for ally,z € X

we have
foyr. = 11t (4.1.1)
Further, (X,>) is a quandle if in addition (x)f, = = for all z € X.

Proof. As noted earlier, each f, is a bijection, so it remains to show that item 3
in Definition 4.1.1 is equivalent to (4.1.1). Fix arbitrary elements x,y, z € X; then
(x>y)> 2z = (x)fyf., while (x> 2)> (y> 2) = (2)f.fo)1., so (as © was arbitrary) we
have equality if and only if f, f, = f. f)r.. This proves the result for racks; the result

for quandles follows easily from Definition 4.1.2. O]

This means that we can just as well define a rack on a set X by the set of maps
(fy)yex, providing they are all bijections and satisfy (4.1.1). We will move freely
between the two definitions, with z >y = (z)f, for all z,y € X unless otherwise
stated.

The following corollary to Proposition 4.1.8 is immediate but will be used many

times.

Corollary 4.1.9. Let (X,>) be a rack and suppose (z)f, = x for some z,y € X.
Then f, and f, commute in Sym(X). O

We will now show how to extend Proposition 4.1.8 to elements of the group gen-
erated by (fy)yex, known as the operator group of the rack. This is again a standard
result (see [8], [2]).

Lemma 4.1.10. Let (X,>) be a rack and let G be its operator group. Then for any
yeX and g€ G, fuyg =919

Proof. Let g € G, so g = fi'--- fi™, where m is a positive integer, i; € X for
I1<j<mande; € {—1,1} for 1 <j < m. We will prove the result by induction on
m.

First suppose m = 1 and write i; = z. If ¢, = 1 then g = f, and the result is true

from Proposition 4.1.8, so suppose €; = —1, i.e. g = f;}. Write z = (y)f,;}; from
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(4.1.1) we have fu)r, = [ fufs 1e. fy = gf)eg " This shows the result for m = 1,
so take m > 1 and assume the result for smaller m.
€Em—1

Now write g, = fi! -+ f,

Tm—1

and go = f{™, so by the inductive hypothesis the
result is true for both ¢; and go. Applying the result to g, with (y)g; in place of
y gives fuyg = fogge = 9o ! fw)g 92, and then we can apply the result to g; to get
fwg =92 Yot fy9192 = g~ f,9. Thus the result follows by induction. O

We have now established some basic working results about racks and quandles.

In the next section we will see that a rack is closely related to its operator group.

4.2 Structure and an upper bound

Recall that R, denotes the set of all racks on [n]. In this section we will give an
upper bound on |R,|, the number of racks on [n]; we adapt a method of Blackburn
used in [2] to give a stronger result. The following two results of [2] show how a rack
is related to its operator group; the proofs are quite short and are thus included here.
Recall that for a group G and an element m € G, the centraliser of m in G is the

subgroup
Co(r)={9€G|g 'mg=r}.

If G < Sym(X) then there is a natural action of G on X; for any x € X and g € G,
the pair (z,g) is mapped to the element (z)g*. Then for o € X the stabiliser of o
under G is the subgroup

Ga={9€G|(a)g=aj}.

Theorem 4.2.1. Let X be a set and G < Sym(X). Let I index the set of orbits of
G, and let {a; | i € I} be a complete set of orbit representatives. Let (m;);cr be a

sequence of elements from G such that

G < Ca(m) (4.2.1)

k3

for each i € I. Define, for eachi € I and g € G, the map fa,)g = 9 mg € Sym(X).
Then this set of bijections satisfies (4.1.1), and thus defines a rack on X, with operator

group contained in G.

Proof. We must first check that the maps are well-defined; suppose * = (a;)g = (;)h

for some i (indexing the orbit containing ) and some g, h € G. Then (a;)gh™ = ay,

IWe use ‘orbits of G’ as shorthand for ‘orbits of G under this natural action’.
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so gh™!' € G,, < Cg(m;). Thus (hg Hm(gh™') = m, and so g~ 'mg = h™'mh, ie.
f(@)g = fia)n- Thus the maps are well-defined.

Now let y,2 € X, so there exist i,j € I, g,h € G, such that y = («a;)g and
z = (a;)h. Then (y)f. = ((a;)g)h m;h, and so

fwyr. = (gh™mh) " tmi(gh™ mih) = (h™'w; th) (g mig) (B mih) = 21 fy e

This shows that we have defined a rack. Finally, the operator group is exactly
(97 mig | i € I,g € G), which by definition is contained in G. O

This result shows that given a group GG and a complete set of orbit representatives
(ei)ier, we can define a rack just by defining f,,, for each i, provided (4.2.1) is satisfied.

The next result shows that every rack is constructed in this way.

Theorem 4.2.2. Let (X,>) be a rack with associated maps (f,)yex and operator
group G. Let I index the set of orbits of G, and let {ay | i € I} be a complete set of
orbit representatives. Define m; = fo, for each i € I. Then G,, < Cg(m;) for each i,
and fang = g tmig for allg € G and i € 1.

Proof. Applying Lemma 4.1.10 to o; € X gives that fa)y = ¢ fa,9 = g 'mg for
any g € G. Now fix i € I and let g € G,,; then g7'mg = fa)g = fa; = ™, and so
G, < Cg(m;). This proves the theorem. O

It is this last result that allows us to prove the upper bound. We will first need

two enumerative results from group theory; the first is due to Pyber [28].

Theorem 4.2.3. Let X be a set of order n. Then the number of subgroups of Sym(X)
is at most 24(1/6+o()n? O

The second is due to Maréti [23].

Theorem 4.2.4. Let X be a set of order n > 2 and G < Sym(X). Then the number

of conjugacy classes of G is at most 3"~/ 0

We can now show the result; the bound given is an improvement on Blackburn’s
result, which has the constant equal to (log,24)/6 + (log, 3)/2 ~ 1.5566. We obtain

the improvement by considering G-orbits of size one separately.

Theorem 4.2.5. [R,| < 20" where ¢ = (log, 24) /6 + (log, 3)/4 ~ 1.1604.
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Proof. From Theorem 4.2.2, any rack on X = [n] is determined by the operator
group G and the elements m; = f,,, where {o; | i € I} is a complete set of orbit
representatives for G. We will bound the number of choices for the group and the
maps, considering separately the cases where G has r orbits of size 1, forr =1,...,n.

(1/4+o(W)n* Hossibilities for the operator

From Theorem 4.2.3, there are at most 24
group G.
First take such a group G < &,, and let X, be the set of elements of [n] contained

in G-orbits of size one, i.e.
Xo={z€n]|(x)g ==z for all g € G}.

Write r = | Xo| and put X; = [n] \ Xo; then each element of X; is contained in an
orbit of size at least two, and so there are at most |X;|/2 = (n — r)/2 non-trivial
orbits. Let s be the total number of orbits, so s < r+(n—r)/2 = (n+7r)/2. Note also
that as each element of G fixes each element of X, we can regard G as a subgroup
of Sym(X3), and so we can replace n with n — r when using Theorem 4.2.4.
Now G has s orbits Oy,...,O;; write n; = |O,| for each j, where n; = 1 for

1 <j<r. Letag,...,as be a corresponding complete set of orbit representatives;
we must now choose the elements 7y, ..., 7, € G subject to the condition that G,, <
Cq(m;) for each i. From the Orbit-Stabiliser Theorem we have

G G

2 Gul < Cem)l = o
for all i, and so each m; lies in a conjugacy class C; of size at most n;. Now G has
n—r)(n+r)/4

at most 3(®")/2 conjugacy classes, and so there are at most 3("~)5/2 L 3(
choices for the conjugacy classes Cf,...,Cs. Within each C; there are at most n;
choices for m;, and these choices determine the rack entirely. Thus the number of

racks on [n] with operator group contained in G is at most

3(n277~2)/4 . ﬁnz < 3n2/4 . ﬁnz
=1 =1

Consider this last product, and recall that ) 7 ,n; = n. Suppose we had some
n; > 4; then if we replaced the ith orbit with two orbits, one of size 2 and one of size
n; — 2, the sum of orbit sizes is still n but the product has increased by a factor of
2(n; —2)/n; = 2 —4/n; > 1. Hence the product is maximised for some sequence in
which every orbit has size at most 3, and thus []_, n; < 3% < 3"

It follows that the total number of racks on [n] is at most

94 (1/6+o()n? | gn®/4 g0 _ olcto(1)n?

Y

where ¢ = (log, 24)/6 4 (log, 3) /4 ~ 1.1604. O
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4.3 Further definitions and graphical representa-
tions

We now give some further definitions. The terminology used in the next two defini-

tions is not standard.

Definition 4.3.1. Let (X,>) be a rack. A subrack (Y,>) is said to be stable if for all
yeY,ze X\Y, (y)f. =y and (2)f, = 2.

Definition 4.3.2. A rack (X,>) is reducible if X can be partitioned into two non-
empty sets A and B such that both (A,>) and (B,>) are stable subracks. A rack is

irreducible if it is not reducible.

Definition 4.3.3. A rack (X,r) is connected (see [25]), or indecomposable (see [11]),
if its operator group G acts transitively on X, i.e. if for all y,z € X there exists a

sequence (i1, ... ,1y,) of elements from X and a sequence (ey,...,€,) € {—1,1}" such
that z = (y)fi'--- fim.

The following result can be seen as the reverse of Definition 4.3.2, constructing
a larger rack (or quandle) from two smaller ones. Again the terminology is non-

standard.

Proposition 4.3.4. Let A and B be disjoint sets and R = (A,>4) and S = (B,>p)
be racks. Then there is a rack R® S = (AUB,>) such that (A,>) and (B,>) are stable

subracks, isomorphic to R and S respectively. Further, if R and S are quandles, so
s R&S.

Proof. Let (ga)aca and (gy)pep be the associated maps of the two racks. For any
a € A and b € B define bijections f, and f, on the whole of A U B as follows: put
fala = 9as falB =1, fola = ¢ and fi|p = gp. It is now straightforward to check (4.1.1)
in all cases; note also if R and S are quandles then (z)f, = x for all z € AU B. This
shows that (AU B,>) (defined with the maps above) is a rack (or quandle), and the

remaining statements are true by construction. O

Now observe that any rack on X can be represented by a directed multigraph on
X; we give each vertex a colour and then put a directed edge of colour i from vertex
J to vertex k if and only if (j)f; = k. We then remove all loops from the graph; i.e.
if (7)fi = 7 we don’t have an edge of colour 7 incident to j.

It will be helpful to recast the representation of racks by directed multigraphs in
a slightly different setting. Let V' be a finite set and let 0 € Sym(V'); then we can
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define a simple, loopless directed graph G, on V' by setting ub e ﬁ(GU) if and only
if u # v and (u)o = v. By considering the decomposition of ¢ into disjoint cycles, we
see that G, consists of a collection of disjoint directed cycles (some of which may be
degenerate ‘cycles’ of length 2) and some isolated vertices. We can now extend this

definition to the case of multiple permutations in a natural way.

Definition 4.3.5. Suppose ¥ = {o1,...,06} C Sym(V) is a set of permutations on
a set V. Define a directed, loopless multigraph Gy, = (V, ﬁ) with a k-edge-colouring
by putting a directed edge of colour i from u to v if and only if u # v and (u)o; = v.
We also define the reduced graph G% to be the directed graph on V' obtained by
setting e = ub € E(G%) if and only if there is a directed edge from u to v in Gy.

Note the edge set of the reduced graph contains at most two edges between any
u,v € V, namely w0 and v0. Also observe that if ¥/ C ¥, then Gy is a subgraph of
Gs.

Now let us return specifically to racks.

Definition 4.3.6. Let R = (X, >) be a rack, and let (f,),ex be the associated maps.
For any S C X, define g = {f, | v € S}. Then by Gs we mean the directed
multigraph Gy, in the sense of Definition 4.3.5; Gg thus has an associated |S|-edge-
colouring, although if |S| = 1 we may not necessarily consider G5 as being coloured.

We will also write G = Gx, indicating the graph for the whole rack.
The following two observations are straightforward but crucial.

Lemma 4.3.7. Let V be a finite set and let X C Sym(V') be a family of permutations.
Let u,v € V be distinct; then there is a uv-path in Gy, if and only if there is a directed
uv-path in Gy.

Proof. We need only prove the ‘only if’ statement. We may thus assume that there
is a uv-path in Gy, i.e. that the graph distance d(u,v) < co. We will prove the result
by induction on d = d(u,v).

First suppose that d = 1, so that there is an edge of some colour o € ¥ between
wand v. If (u)o = v then we already have a directed path, so suppose that (v)o = u.
Then, considering the cycle decomposition of o, there is a directed cycle v = vy, u =
V1,...,0, 0 in Gy, and so u = vy,...,0,.,v9 = v is a directed uv-path. This proves
the base case, so take d > 1 and assume the result for d — 1.

Then there is a path u = ug, ..., uq_1,uq = v of length d in Gyx; by the inductive

hypothesis there is a directed path between u and ug_q. d(ug_1,v) = 1, so from the
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above argument, there is a directed path from wuy_; to ugy = v; concatenating these
paths gives a directed uv-walk. Hence there exists a directed uv-path and the result

follows by induction. O

Lemma 4.3.8. Let ¥ C Sym(V') be a family of permutations and U C V. Then U is

an orbit of the natural action of (¥) on V if and only if U spans a component in Gs,.

Proof. Let u,v € V. Then u and v are in the same orbit of the natural action if
and only if there exists a sequence (0y,,...,0;, ) of elements from ¥ and a sequence
(€1,...,€em) € {—=1,1}™ such that v = (u)oj! ---0{™. But this is exactly equivalent
to there being a uv-path in Gy with edges successively coloured 44, ... ,1,,, and the
value of ¢; indicating the direction of the edge. Thus the partition of V' into orbits of

(32) coincides with the partition of V' into components of Gfy. O]

We can use this last result to recast some of the earlier definitions using graphical
language. As a transitive group action has only one orbit, we see that a rack R =
(X, ) is connected (in the sense of Definition 4.3.3) if and only if G is connected in
the graphical sense. A subset Y C X forms a subrack if and only if for all y,z € Y,
(2)f, € Y; as each f, is a bijection we also have that (z)fy_1 € Y for all z and thus
Y and X \ Y are separated in the graph Gy. From Definition 4.3.1, a subrack (Y,>)
is stable if and only if we also have that X \ Y is an independent set in Gy. Thus K
is reducible if and only if we can partition X into non-empty sets A and B such that
each edge of G4 joins two elements of A while each edge of G g joins two elements of
B, and Proposition 4.3.4 states that K @ L is represented by the graph Gx U G.

4.4 Kei

We now introduce a more restricted structure than a quandle, which will be of interest

throughout.

Definition 4.4.1. A quandle (X,>) is a kei (or involutive quandle) if (z>y)>y =2
for any x,y € X, or equivalently if f7 = ¢ for all y € X.

Kei were first studied by Takasaki [32] in 1943; a recent paper by Stanovsky [30]
gives a thorough survey of the history of research on these structures.

As an example, observe that the conjugation quandle on S3 (given in Table 4.1) is
not a kei, but the subquandles on the sets {(1 2), (1 3), (2 3)} and {¢, (1 2), (1 3), (2 3)}
are. Because of the condition that any map f, must have order at most 2, we see

that a subquandle (Y,>) of a conjugation quandle is a kei if all elements of Y have
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Figure 4.1: Graphical representations of two kei. Both of these are subquandles of conjuga-
tion quandles; S3 on the left and S4 on the right.

order at most 2 (the converse of this is not true; for example any singleton set is a
kei under the inherited map ).

One advantage of working with a kei K = (X,>) is the simple form of Gx. Each
map f; can be written as a disjoint union of transpositions, and thus the graph
(; consists only of isolated vertices and degenerate ‘cycles’ of length 2. We can thus
replace each such cycle with a single undirected edge; observe that in G, each vertex
is incident to at most one edge of each colour. We also note that the reduced graph
GY is similarly undirected. Figure 4.1 gives two examples of undirected multigraphs
representing kei.

The remainder of this part of the thesis will study racks, quandles and kei via their
graphical representations, a departure from the papers discussed in [30], which rely
heavily on algebra. Little algebra will be used here, with graph-theoretical concepts
dominating. In Chapter 5, we investigate lower bounds for the number of kei on [n]
by expanding and generalising an argument of Blackburn in [2]; this provides some

L/4+o())n* geems feasible, while results about

justification for why a lower bound of 2(
commuting involutions in 5.1 will prove useful throughout. In Chapter 6 we give a
full classification (and subsequent enumeration) of kei in which each orbit has size p,
where p is an odd prime; the kei in this case show markedly different behaviour to
the case where p = 2. In Chapter 7 we prove an upper bound of 2(/4te()"* for the
number of (isomorphism classes of ) racks of order n, as well as showing that almost
all racks are similar to kei constructed in Chapter 5. In Chapter 8 we discuss some
issues surrounding connected racks, and we finish with an appendix including various

miscellaneous results.
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Chapter 5

Lower bounds

Theorem 4.2.5 is an improvement of Blackburn’s upper bound on the number of
isomorphism classes of racks of order n; the same paper [2] also gives a lower bound
of 2(/4+e()n* for the number of isomorphism classes of racks of order n. The bound
is obtained by considering a partition P of the ground set, say [n], into sets of size
two, and considering only kei for which each map preserves P; it transpires that in
this case the maps f, and f, commute when x and y are in the same part of P and
thus the number of choices for such a kei is large. In this chapter we will generalise
this construction to different partitions of the ground set.

In Section 5.1, we examine the structure of the multigraph Gy in the case where
3 is a family of mutually commuting involutions, attempting to replicate the key
property as described above. We show that in this case each component must have
size a power of 2; in Section 5.2 we consider partitions of this form and show that
the lower bound 2(/4eM)* remains true and is best possible. This provides some
intuition for the correctness of the bound overall; it will be shown in Chapter 7 that

the number of isomorphism classes of racks of order n is equal to 2(/ 4+o())n?/4

5.1 Mutually commuting involutions

5.1.1 A Permutation Theory Lemma

We will first need a lemma concerning permutations. Let m be a non-negative integer
and S C [m]. For any v € {0,1}™, define vg to be the element of {0,1}"™ obtained
by changing only the coordinates in S, i.e.

{t€m] | (vs)i #viy = 5.

By considering which coordinates change at each step, it is straightforward to see

that for any S,7T', (vs)r = vsar = (vr)s, where SAT = (SUT)\ (SNT) is the
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set difference. In particular, (vg)s = vy = v for any S; this means that any map
f:{0,1}™ — {0,1}™ of the form v — vg is an involution with no fixed points (unless
S = (). We will prove the following lemma.

Lemma 5.1.1. Define involutions oy, ..., 0y, of {0,1}™ by (v)o; = vgy for all i and
v. Now let o be another involution such that co; = o;0 fori=1,...,m. Then there

exists some S C [m| such that (v)o = vg for all v.

Proof. Choose an arbitrary vy and write ug = (vg)o; let S := {i € [m] | (uo); # (vo):}-
Now take an arbitrary v € {0, 1}™; we will prove that (v)o = vg by induction on the
Hamming distance d = d(v,vg). The base case d = 0 has just been established, so
take d > 0 and suppose the result is true for smaller d.

Now the set of coordinates on which v and vy differ is non-empty, so choose such

a coordinate ¢ and let v = vg;y. Then d(u,vo) = d—1, so by the inductive hypothesis,
(u)o = ug = (v(iy)s = Vsafiy- (5.1.1)
Now by our assumptions, (v)o = (v)o,00;, and also (v)o; = vy;y = u. Thus

(v)o = (u)oo; = (Vsa(i})Ti = Vsafiiafiy = Vs

where we have applied (5.1.1). The result now follows by induction. O

5.1.2 Graphical representations of commuting families

Let ¥ = {o01,...,01} be a set of involutions from Sym(V'). We would like to know
what happens when we add a new involution ¢ = o3, to X such that ¢ commutes
with each o0;; how does the graph Gyys relate to Gy? An important example
concerns the cubes @), and is related to Section 5.1.1.

Write V' = {0,1}™ and let X, 0 and Gy, be as above; to ease notation, we will
write G; := G, for each 7 in this setting. Now suppose the conditions of Lemma 5.1.1
are met, i.e. (v)o; = vy for i = 1,...,m. Then the edges of G; are exactly the pairs
uv where u and v differ in the ith coordinate, so the reduced graph G% contains all
edges of the form

{uv | d(u,v) =1},

i.e. G% contains a subgraph isomorphic to the cube @,,. Lemma 5.1.1 says that in the
case where 0 = 041 commutes with all the existing involutions, the edges of G441
are of the form vuvg for some fixed S C [m] and all v € {0,1}™.
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We now consider the case where the graph Gy may have multiple components. If
G and H are edge-coloured multigraphs, we call an isomorphism ¢ : G — H colour-

preserving if the edges zy and (x)¢(y)¢ have the same colour for all z,y € V(G).

Lemma 5.1.2. Let ¥ = {oy,...,0,} € Sym(V) be a set of involutions, and let
o € Sym(V) be an involution such that co; = o;0 for i = 1,... k. Suppose that
C,D CV span distinct components of Gy, and there exist vy € C' and wy € D such
that (vo)o = wy. Then ol|c is a colour-preserving isomorphism between Gx[C] and
Gx|D], and further, G,[C U D] is a complete matching from C to D.

Proof. Define S C C' by
S:={vel]|(v)oe D},

so by assumption vy € S. Write T' = (S)o C D. Now suppose that S # C; as C
spans a component of Gy, there exist v € S and u € C'\ S such that v and v are
joined by an edge of some colour i < k, i.e. (v)o; = u. Now asv € S, (v)o € D, and
as D is a component of Gy, (v)oo; € D. As ¢ and o; commute, D 5 (v)o;0 = (u)o,
and so by definition v € S, which is a contradiction. Hence S = C. Similarly, by
considering o on T', we obtain 7' = D, and so (C)o = D.

Now suppose u,v € C' are joined by an edge of colour ¢ < k (so as before,
(u)o; =wv). Then (v)o = (u)o;0 = (u)oo;, i.e. sigma; maps (u)o onto (v)o and thus
(u)o and (v)o are joined by an edge of colour i. By considering ¢ on D, we obtain
the reverse implication, which is to say that o|c is a colour-preserving isomorphism.

The last statement follows since G, is a matching and each vertex in C' has a

neighbour in D. [

We can now use these two lemmas to determine exactly what form the coloured
multigraph Gy, must have in the case where all the involutions in ¥ commute. All of
the components are (multi)cubes with some additional edges; we will define a set of

abstract edge-coloured multigraphs and work with isomorphisms.

Definition 5.1.3. Let k& and m be non-negative integers and F = (F}, ..., F}) be a
sequence in P(m). Then denote by Q% the k-edge-coloured multigraph on {0,1}™

where the edges of colour r are exactly the edges
E, ={vvg, | v e {0,1}"},

where we will take E, = ) if F, = (). In other words, we put edges of colour r only
between vertices whose coordinates differ in exactly the set F;.
A sequence F is said to contain all the singleton sets if for any j € [m], there

exists some r such that F,. = {j}.
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Now we can state the result.

Proposition 5.1.4. Let V be a finite set and ¥ = {o1,...,01} C Sym(V) be a set
of involutions such that o;0; = o;o0; for all i,j. Suppose the components of G, are
spanned by the vertex sets Cy,...,Cy, and write ny = |Cy| for 1 =1,...,t. Then for
1 <1 < t, ng = 2™ for some non-negative integer my, and there exists a colour-

preserving isomorphism ¢, : Gs[Cy] — QT}?, where F; contains all the singleton sets.

Proof. We will prove this by induction on k. If £ = 0 then Gy has no edges and the
result holds as each component is trivially isomorphic to Q(()m). So take k > 0 and
assume the result for k; we will show it for £ + 1. Write ¥’ = £ U {oy41}.

Now the components of Gy are spanned by the sets C',...,C}; consider an ar-
bitrary C;. By the inductive hypothesis, there is a colour-preserving isomorphism
¢ = ¢; from Gx[C;] to QF, where F := F; = (Fi,..., F}) is a sequence from P(m;)
containing all the singleton sets.

First consider the case where 0y joins a vertex v € C; with a vertex w € Cj,
j # i; from Lemma 5.1.2, 041 is a colour-preserving isomorphism from Gx[C}] to
Gx|C)] (see Figure 5.1). Now define a bijection ¢ : C; U C; — {0, 1}™ 1! by setting
()Y = (2)¢0 if x € C; and ()¢ = (x)op1¢1 if © € C}; we thus identify C; with the
‘bottom half’ of a hypercube and C; with the ‘top half’. Now form a k-edge-coloured
multigraph H on {0,1}™*! by putting an edge of colour i between vertices u and
v if and only if there is an edge of colour i between ¢ ~!(u) and ¥~ (v) in Gy; thus
Y : Gw[C; U 4] — H is a colour-preserving isomorphism.

Now fix some 7 < k. There is an edge zy = (x,y)! of colour r in Gy if and only
if y = (x)o,; as ox41]¢, is a colour-preserving isomorphism, the set of edges coloured
r in Gy [C; U C}] is exactly

{(z,(x)0,), (2)oks1, (x)0,0k41) | z € Cy},

and thus the set of edges coloured r in H is exactly

{((@)0, ()or), (()ora, (x)ororn®) | x € Ci}
{((2)90, (x)0,¢0), ((2)¢1, (2)o,¢1) | z € C;},

noting that if z € C;, (z)ok+1 € Cj so (x)opt = (x)op, 61 = (2)¢1l. Now for any
x € C;, the edge ((x)qﬁ, (:E)argb) € Q% is of colour 7, and thus by definition of this

IThis is a slight abuse of notation; the pair (z,y) is not ordered.
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00 10

Figure 5.1: Suppose that Gx[C;] is isomorphic to Q%E, where F = ({1},{2},{1,2}). Adding
the edges of colour k + 1 (here coloured violet) merges C; and another set C; to form
component of Gsy isomorphic to Q3.,, where F' = ({1}, {2}, {1,2},{3}).

graph, (z)o,.¢ = ((x)¢)r,. Thus we may write

E! = {(u0,ur0), (ul,up1) | u e {0,1}™}
= {vvg, |v € {0,1}™ ]

noting that F,. € P(m;) and thus m; +1 ¢ F,.. Now by construction, the set of edges
of Gy [C; U ] coloured k + 1 is exactly the set

{(z,(x)oks1) | 2 € Ci},

and thus the set of edges of H coloured k + 1 is exactly the set

Eiyy = {((@)¥, (2)or19) | 2 € Ci}
= {((@)0, (2)91) | v € C:}
= {Utlpn, 11 | v € {0, 1} ™1}

So if we set Fjy1 = {m; + 1} and put F' = (Fy,..., Fg, Fjy1) then H = Q’;}'H, and
F' contains all the singleton sets. We then have that Gs/[C; U C}] is isomorphic to
H by 9, and that |C; U C;| = 2™i*!. Now consider the case where (C;)oxy1 = Cj, in
which case we can restrict 0,11 to C;. Extend the isomorphism ¢ to include the edges
of colour k£ + 1 and let H = ¢(Gx[C}]), so H is the graph Q7' with some additional
edges of colour k£ + 1.

For any j € [m;], there exists some r; such that I}, = {j}; as above, the pair
((z)¢, (z)o,,¢) is an edge of colour r; in Q" for each x € C;, and thus (z)o,,¢ =
((@)9)r,, = ((x)¢);)- Now define 7; = ¢~'o,,¢ for each j and let v € {0,1}™ be

arbitrary; then v = (x)¢ for some x € C; and

()T = ()pp ' ov, 0 = (x)or, 0 = ((2)9) (3 = vizy-

Now define 7 := ¢ 1o41¢; then 7 commutes with each of 7, ..., 7,,, as 041 commutes

with each o,,. From Lemma 5.1.1, there is some S C [m;] such that (v)7 = vg for all
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v € {0,1}™. Then for any = € C;, (v)or+1¢ = ()97 = (()¢)s, and thus the set of
edges of H coloured k + 1 is exactly

E1/c+1 = {((x>¢7 ($)0k+1¢) ! T € CZ»}
— {((2)6. (2))s) | = € C}
= {uu, | u e {0,1}™}.

So if we put Fyyq = S and F' = (Fi,..., Fy, Fy11) then H = Q”}f“ and in the graph
Gy, C; is still a component and is isomorphic to H; note that F’ contains all the
singletons.

The result now follows by induction. O]

Note that any construction of the form described above gives rise to a family
of commuting involutions; this follows from the straightforward fact mentioned at
the beginning, that (vs)r = (vr)s. We have thus determined exactly the graphical

representation of such a commuting family.

5.1.3 Extremal families

We will now use the classification from the previous subsection to derive some ex-
tremal results. We will use the following notation: for any positive integer n and any
sequence M = (my,...,m;) of non-negative integers such that Zle 2™Mi = n, write
s(M) = 31, ma.

Lemma 5.1.5. For n and M as defined above, s(M) < |n/2]. Further, if s(M) =
|n/2]| and n is even then m; = 1 or 2 for each i, while if s(M) = |n/2] and n is odd

then there exists a single value k such that my = 0, with m; =1 or 2 for i # k.

Proof. For a fixed sequence M = (my,...,m;) and any 0 < j < |logyn], let p;
denote the number of terms of M equal to j; then we can rearrange our previous

sums to see that

[logy 1] [logy 1]

s(M) = Z jp; and n= Z 27p;.
j=1 Jj=0

Now observe that for any non-negative integer j, j < 277!, with equality if and only

if 7 =1 or 2. Hence
[logy 7]
n

Po - .
g M5 2 im0 (5.1.2)
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showing the first statement as s(M) is an integer. Now n = py + ZUOg? nl 9 pj, and
so n and po have the same parity; hence if n is even we can achieve equality in (5.1.2)
if and only if pg = 0 and p; = 0 for j > 3. This is equivalent to the statement that
m; = 1 or 2 for each 3.

If n is odd then we can’t achieve equality in (5.1.2) as we must have py > 1;
however we can uniquely minimise the right hand side by setting pp = 1 and p; = 0
for j > 3. Then s(M) = (n — 1)/2 = |n/2] and there is precisely one term in the

sequence, say my, equal to 0, with m; = 1 or 2 for ¢ # k. n
We also have a stability result.

Corollary 5.1.6. Suppose the sequence M is allowed to depend on n, with s(M) ~
n/2. Then, in the notation of the lemma, p; = pj(n) = o(n) for j #1,2.

Proof. Using (5.1.2),

[log n] log n]
1 P L 2s(M)
0<— po+2pj < 23(2] L
J:
as n — oo, and thus p;/n — 0 for j # 1,2. This gives the result. [

While not strictly relevant to later work, the following result classifies extremal

families of commuting involutions.

Proposition 5.1.7. Let ¥ be a family of mutually commuting involutions in G,,.
Then |X| < 272 Further, if |2 = 2121 then 33 is isomorphic to a group G formed
by the following procedure.

Let U be a mazimal subset of [n] of even cardinality (so |U| = n if n is even and
Ul =n—1 ifn is odd). Partition U as U = Py U---U P, where each P; has size 2
or 4. Define a permutation group G; on P; by setting

o G,={1,(xy)} if P, ={x,y} is of order 2;
o Gi={1,(wx)(y 2),(wy)(r 2), (w2)(xy)} if P, ={w,z,y,z} is of order 4.
Then G =G, -G =Gy x - x Gy

Proof. Put k = |X| and consider the k-coloured multigraph G = Gy on [n]. By
Proposition 5.1.4, G is determined by a sequence of non-negative integers M =
(ma,...,my) giving the component sizes (so |C;| = 2™ and 2™ + .- + 2™ = n)

and t sequences (Q%');_; of length k with elements from P (m;) such that C; = Q%
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for each i. For a fixed M and i € [k], the edges coloured i correspond to the sets

((F1)iy -+, (Fp)i); the total number of choices for any colour is therefore

t t

[T P = []2m =2,

i=1 i=1
where s(M) is defined in Lemma 5.1.5. Thus k = |2| < 2™ with equality if and
only if every subset of [m;] is present (for all i) and we give a different colour to each
combination.

From Lemma 5.1.5, we have s(M) < [n/2] and so 2] < 21"/2). We also have

a description of the extremal sequences, which we can relate to extremal component
sizes; if n is even then every component has size 2 or 4, while if n is odd there is
exactly one isolated vertex and every other component has size 2 or 4. We can now
read off the form given in the statement by setting U to be the set of all non-isolated
vertices and P; equal to V(C;) for all ¢. The form of the components follows by
considering them as graphs on {0,1} or {0, 1} O

Corollary 5.1.8. Let X be a family of mutually commuting involutions in &,, such
that (X) is transitive. Then n = 2™ for some m and || > n. Further, if |X| = n,

then X is a group.

Proof. From Lemma 4.3.8, the components of Gy, correspond exactly to the orbits of
(3J). Hence for (3) to be transitive, G, must be connected, and as each component
has size a power of 2, we must have n = 2™ for some m.

In the notation of Proposition 5.1.7, this means M = (m) and so |X| < 2" = n.
To have equality, we must have F = P(m), and so after relabelling [n] to {0,1}™,
Y ={os| S C [m]} where (v)og = vg for any v € {0,1}". It is straightforward to see

that these maps form a subgroup of &,,; oy = ¢ and for any S, T, os07 = ogar. [

Definition 5.1.9. Let ¥ be a group as in Corollary 5.1.8. A framework of such a
group is any set >’ C ¥ such that Gy is connected.

It is straightforward to see that ' is a framework if and only if ¥’ generates the
group X. Note that the set ¥’ = {oy; | i € [n]} is a framework, as the resulting graph
G'sy is isomorphic to the cube. The concept of a framework will be used in the next

section.
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5.2 Constructing lower bounds

5.2.1 A construction

We begin with a definition.
Definition 5.2.1. Let P be a partition of [n]. Then:

1. Rp denotes the set of all racks R such that the orbits of the operator group of
R are exactly the parts of P;

2. Kp C Rp denotes the set of all kei K such that the orbits of the operator group
of K are exactly the parts of P;

3. IKp C Kp denotes the set of irreducible kei satisfying item 2.

From Lemma 4.3.8, we can also define Rp (or p) to be the set of racks (or kei)
such that the vertex sets of the components of G (or Gg) are exactly the parts of
P.

We now describe how to construct an infinite family of kei. We will do this by
using Theorem 4.2.1 with X = [n]; we will first define the operator group G and then

the maps f,,, where (a;);cs is a complete set of orbit representatives.

Construction 5.2.2. Let n be a positive integer and let (ki,...,k,) be a sequence
of non-negative integers such that m > k := max{ki, ..., k,} and n = >_1" 2k Let

P = (P,)™, be a partition of [n] into m parts, with |P;| = 2% for each i.

1. For each i, let H; < Sym(F;) be a transitive, abelian group of order 2% such that
each element of H; has order 1 or 2, and put G = H,---H,, € Hy x --- x H,,.

2. For each j, choose an arbitrary o; € P;, and define

oy =m; =P o™ 69 e my, (5.2.1)

J J

such that gbg-j ) =, and the following condition holds:

3. For each i € [m], there exist k; distinct elements jy, ..., jr, € [m]\{i} such that
the set {qﬁ(.i) . ,gég;)} forms a framework of H;.

J1?

Proposition 5.2.3. Fach object resulting from Construction 5.2.2 is a ket in Kp.
Further, |Kp| = 2M, where M =37 ki(m — k; — 1).
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Proof. As mentioned at the end of Section 5.1.3, we can always select the groups H;
as in item 1. Note that the orbits of the group G are exactly the parts P; forming P,
as H; acts transitively on P, but fixes all other elements. Hence I = [m] is an index
set for the orbits of G.

For item 2, note that the condition (4.2.1) is automatically satisfied as each H; is
an abelian group, and thus by construction so is G. There is another consequence of
being abelian; let x € P;, so for some g € G we have x = (a;)g. Then from Lemma
4.1.10, fo = flayg = 9779 = mj = fa,, and so if z and y are in the same block P,
Jo =1y = fo; =7

Note that we have already constructed a rack on [n]. As ¢§] ) = for each j, we
©))

have a quandle; for z € P, (7)f, = (2)7; = (7)¢;

H; has order 1 or 2, so does every element of (G; this ensures that the structure is in

= x. As every element of each

fact a kei, say K.

17Tj9 |

j € I,g € G), which may not be the whole group G; hence we must ensure that P

Now from the proof of Theorem 4.2.1, the operator group of K is exactly (g~

is still the set of orbits for the action induced by operator group. Condition 3 gives
that F; is a component in the graph Gp,; y...u By, and so is automatically a component
of Gg; thus from Lemma 4.3.8 P; is an orbit of the action induced by the operator
group. This means we have free choice in the remaining m — k; — 1 maps (bl(i), L # i

for any r, and as each such map is an element of H; we have

m

Kpl > [ 1Ef7— = [ 2,
=1

i=1

from which the result follows. O]

Suppose we take k to be constant in Construction 5.2.2 and put k; = k for each

i, s0o n = 2¥m. Let € > 0; using the notation from Proposition 5.2.3,

n,(n N k ,
M = mk(m — k= 1) = 5ok (5 k= 1) = (E‘%_% Zlw )"

for sufficiently large n. Hence |Kp| > 2lexto)n® where ¢ is the constant k/4%.
Clearly ¢, < ¢; = 1/4 for any k; we will now show that the asymptotic upper bound

of n?/4 for M is also true if we allow different values of k;, all constant.

Corollary 5.2.4. Let n be even and k be a constant, and let (my)5, be a sequence of

positive integers. Let (k;)2, be a sequence of sequences, with each k; having co-domain
[k], such that for each n, max{ki(n),..., kn,(n)} < m, and > 25 = n. For
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each 0 < j < k and each n, let pj(n) be the number of elements of (ki(n), ..., kn,(n))
equal to j. Let € > 0; then for n sufficiently large,

= :ankl(n)(mn —ki(n) —1) < (}l + 6) n?.
Further, M(n) ~ n?/4 if and only if p1(n) ~ n/2.

Proof. As k is constant, n = > 25 < m, 2% and so m,, > n/2¥ — 0o as n — oo.

my — k — l)ik‘l(n) < M(n) < (my, — 1)ikz(n)

and so M(n) ~ m, Y ."" ki(n); in particular, there exists some positive integer ng
such that for n > ng, M(n) < (1 + 4e)my, Y% ki(n). For n > ng we will consider
the sequence M,, = (ki(n),...,km,(n)); in the language of Lemma 5.1.5 we seek
to maximise m,, Yo" ki(n) = m,s(M,) with the constraint that Y .= 2k = pn,
Now fix such an n; to ease notation we will omit the argument in the functions k;,
1<i<m,and p;, 1 <j <k

As in the proof of Lemma 5.1.5, n = Z?:o 2/p; and m,, = Zf:o p;; hence

Now

o+22pg— po + 2(my — po)

and thus py > 2m,, — n.
Now suppose (without loss of generality) that M/, = (ki, ..., km,—p,) is the subse-
quence of M,, consisting of the non-zero terms; clearly s(M,,) = s(M’) = Zle JD;-

We may also write n = Y ;%77 2% 4 po. so

Mn—Po

Z 2’“:n—poén—@mn—n):%n_mn)'

It follows from Lemma 5.1.5 that s(M!) < n —m,, and thus

mn, 2
my, Z ki = mus(M,) < my(n —m,) < n

Z.
Hence for n > ng, M(n) < (1 + 4¢)n?/4, proving the first statement.

For the second statement, first suppose that p;(n) ~ n/2 and put ¢ =1 — (1 —
€)/3 > 0; then there exists a positive integer n; such that for n > ny, pi(n) >
(1 — €')n/2. Now take n > ny; then m, = Zfzopj(n) > pi(n) = (1 —€)n/2 and
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s(M,,) = 2521 gp; = p(n) = (1 —€)n/2. Now as M(n) ~ my, > ;" ki(n) there

exists some positive integer ny such that for n > no,
mn
M(n) = (1= €)my Y ki(n) = (1= €)mys(M,).
i=1

It follows that for n > max{n;,ns}, M(n) > (1 — €)*n?/4 = (1 — €)n?/4. We can
combine this with the first result to see that M(n) ~ n?/4.
Now suppose that M (n) ~ n?/4; then for sufficiently large n we have that

(1- e)”z < M(n) < (1+ mas(My) < (1+ )mn(n —my) < (1+ e)”z.

It follows that

2
1—e<1—e( n )<S<M"><1,
dm, ( )

14+e 14e¢ n—m, n—mp

and as € is arbitrary we conclude that m,, ~ n/2 and s(M,,) ~n =m, ~ n/2. From
Corollary 5.1.6, the latter statement implies that p;(n) = o(n) for all j # 1,2; hence
n = 2p1(n) + 4ps(n) + o(n) and m,, = p1(n) + p2(n) + o(n). We can rearrange this to
see that m, = n/2 — pa(n) + o(n); as m, ~ n/2 we have that py(n) = o(n) as well.
Hence pi(n) ~ n/2. O

This result also shows that, based on our construction with constant orbit sizes,
the number of kei with a given orbit structure is maximised when almost every orbit
has size 2. While Construction 5.2.2 doesn’t produce every kei with the prescribed
structure in all cases, we can show that it is asymptotically correct in the case where

every orbit does indeed have size 2.

5.2.2 Orbits of size 2

Proposition 5.2.5. Consider a partition P as in Construction 5.2.2, with k; = 1 for
alli. Then |Rp| < 27°/%,

Proof. Take a rack R € Rp with associated maps fi,..., f, and for each ¢ write
P; = {u;,v;}. As the orbits of the operator group of R are precisely the parts of P,

for each j we have
) (m) @) Sym (P,
fi=o0; o;", o0, €Sym(F).
Note that as the group Sym(P;) = C, is abelian, all of the maps fi, ..., f, commute
with each other. As each P; spans a component in G, there exists some j such that

(without loss of generality) v; = (u;)fy;, and hence f,, = fu_jl Ju.fu;- But as all the
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maps commute, this gives f,, = f,, for each ¢, and so knowing one map from each pair
determines the other. The total number of choices for any one map is at most 2, and

as each set of maps gives rise to a distinct rack, we obtain |Rp| < gm* — /4[]

For every even n, let P,, be a partition of [n] into pairs. We can combine Proposi-
tions 5.2.3 and 5.2.5 to see that for every € > 0 there exists a positive integer ny such

that for every even n > ny,
201797 < |Kp,| < [Rp, | <2771,

and thus |Rp, | = 20/4°M)"*  For n odd, let P, = P! U {n}, where P/, is a partition
of [n — 1] into pairs. If n > ng + 1 is odd, we have that [Kp, | > 2(1/4=9(=D% each
kei K" € KCp;, can be combined with the trivial kei 77,y on {n} to construct a kei
K'®Tmy € Kp,. This shows that for any n, |R,,| > 20/4+)"*; a5 there are (crudely)
at most n" choices for the partition P, into pairs, we can’t obtain a significantly larger
lower bound by considering different partitions.

The fact that this lower bound is so large makes the counting of isomorphism
classes easier, as noted by Blackburn in [2]. For any rack R = ([n],>) there are at
most n! racks on [n] isomorphic to R, one for each possible map ¢ : [n] — [n]. This

means there are at least 2(1/4+o(1)n

1/440(1))n

2/n! isomorphism classes, but as n! = 2°"") we
do actually have 2 * distinct isomorphism classes. This shows the following

corollary.

Corollary 5.2.6. Let € > 0. Then there exists a positive integer ng such that for any

n = ng, there are at least 249" jsomorphism classes of racks of order n. O

Another consequence of having such a large lower bound is that an upper bound
on the number of irreducible racks on [n] gives rise immediately to an upper bound on
the total number of racks on [n]. Suppose ([n],>) is a rack; from Definition 4.3.2, we
can partition [n] into sets Uy, ..., U; such that each (U;,>>) is an irreducible subrack.
Now suppose we had a bound of o(eto(W)m® for the number of irreducible racks on
[m], where 1/4 < ¢ < 1.1604.. . .; then there would be at most 2(TeMITi* choices for
(U;,>). There are (crudely) at most n™ ways of choosing the partition into the sets

Ui, ..., U, and so the total number of racks on [n] is at most

l
e T 2 WIF < go(mgleroiin® _ glerolin?,

i=1
This restriction will be helpful in Section 6.2 but we do not need it to prove the overall

upper bound for racks.
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To end this chapter, consider Construction 5.2.2 again. By Corollary 5.1.8, we
have to choose each P; to have size a power of two to find a transitive, abelian subgroup
of involutions H;. In the next chapter we will investigate a different situation, where

each P; has size an odd prime.
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Chapter 6

Kei with prime orbits

Recall that if P is a partition of [n], then Cp denotes the set of all kei K such that
the orbits of the operator group of K are exactly the parts of P, while ZXp denotes
the subset of KCp consisting of irreducible kei. In Section 5.2, we were able to classify
all kei K € Kp for a partition P of [n] consisting only of pairs; we hence showed that
Kp| = 20/4+eW)n* " In this section, we show how to obtain a similar classification
when each part of the partition P has odd prime size p; the number of such kei is
negligible compared to 2*/4. Let m = n/p; we can show exactly (Theorem 6.3.7)
that

o @eH™
|-,Z-K:’P‘ - p(p — 1) (2 1)7

and it follows (Corollary 6.3.8) that |[Kp| < (2plm)™ = 200°*).

We begin by defining a form of quotient for racks. In Section 6.2.1 we analyse
components of the subgraph Gg, where (S,>) is a subrack; it then follows that there
are only two possibilities for the subkei induced by a single part of P; it is either
trivial or isomorphic to a dihedral kei (these kei are discussed in Section 6.2.3). After
some technical lemmas, we can then show that each such kei is in fact an expansion

of a quotient as described in Section 6.1, allowing us to complete the classification.

6.1 A form of quotient

6.1.1 Taking quotients

Let R = ([n],>) be a rack and fi,..., f, be the associated maps. Define a relation ~
on [n] by setting
i ~ j if and only if f; = f;. (6.1.1)
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It is easy to see that this is an equivalence relation; write [[i]] for the equivalence class
of i and C for the set of equivalence classes. If we define an operation on C in the

natural way, we will obtain a reduced rack, as described below.

Proposition 6.1.1. In the above notation, the binary operation’ : C x C — C given
by [[1]]> [[7]] = [[iv ] is well-defined. Further, (C,t') is a rack, and if R is a quandle
(or kei) then (C,v') is a quandle (or kei).

Proof. Suppose ¢ ~ i" and j ~ j'; then by definition f; = fi and f; = f;. Then
f{l fifi = f]71 fify, or equivalently fu)y, = fu)y,. In the > notation this becomes
fisj = fiwy or i j~i'>j so[[i>j]] =[[¢>7]]. Thus the operation is well-defined.
The proof of the remaining statements simply involve straightforward checking of

axioms, and are omitted. O

Note that by setting 7 = j' in the above proof we obtain that if ¢ ~ ¢’ then
(4)f; ~ (i) f; for every j. The reverse is also true; if (i) f; ~ (') f; then fu)r, = funy,
and thus fj_lfifj = fj_lfl-/fj. Hence f; = fy and ¢ ~ ¢/, and we conclude that each
map f; of the original rack permutes the equivalence classes. The following lemma

is very straightforward but will be quite illuminating; note that as before, we define
fc € Sym(C) by (D)fc = Dv' C for C,D € C.

Lemma 6.1.2. For any C,D €C, |(D)fc|=|D]|.

Proof. Let i € D, j € C, so that (D) fc = Do’ C = [[i]] o' [[j]] = [[i > 5] = [[(d) f;]]-
But note that as ¢« € D and f; permutes equivalence classes, the equivalence class of
(i) f; is the class D translated by f;; as f; is a bijection we have |(D)fc| = |D|, as
desired. O

Now write C = {C},...,C},}. Choose an equivalence class C; and take z € Cj;
how do the maps f, and f¢, relate to each other? To make them comparable, we
will first define an extension fcj of the latter to the whole of [n]. This requires
more notation; for any class C; and 1 < r < |Cy], let C(r) denote the rth smallest
element of C;. Then f0j|ci is defined by Ci(r) — ((Ci)fc,)(r). From Lemma 6.1.2,
|Ci| = [(Ci) fe,| and fcj is a bijection from Cj to (C;)fc,, mimicking element-by-
element the action of fo, on the equivalence class C;. Hence for each j, fcj is a
bijection on the whole of [n].

Now consider the map fgjlfm € &,,. Forany y € C;, we have (y)fgjl € (C’i)fajl and

so (y) fgjl fz € (CY) fgjl fe; = Ci; hence the composition map preserves the equivalence
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classes (but may permute the elements within a class). Then we can define, for any

j and any x € C}, the map o;; = fgjlfx o, € Sym(C;). In this notation we have

fz:fcjalj"'amj- (6.1.2)

This relation makes it clear that given the reduced rack (C,>’) and the complete set
of maps 0y, 1 < ¢,5 < m, we have enough information to reconstruct the original
rack ([n],>). At present the maps o;; act on different sets; it will be helpful to make
them somewhat more comparable. To this end, we define for each 7 the canonical
bijection p; : C; — [|Cy]] by Cy(r) = r, and then set 6;; = p; 'oy;p;. Then each 6;; is a
bijection on [|Cy]], i.e. 6;; € Sic,|. We can think of these permutations being stored in
an m x m matrix ©, where the jth column encodes the information in the map fcj fa
for any « € C;. As previously mentioned, we have enough information to reconstruct
R = ([n],>); let us write R = [C,>/, ©] in this case.

We can now recast the action of any f, in this notation. Take i,j € [m] and

A

suppose Cy = (C;) fe,; let x € Cj and 1 < r < |Cj]. Then (Ci(r)) fe, = Ci(r), and
hence from (6.1.2),

(Cir) fo = (Ci(r)) o Omg = (C(r)) o)

noting that for ¢ # k, o0;; fixes all elements in C}, and that for a fixed j, all of the

maps o;; commute with each other. Then
(Ci(r))or; = (Cu(r))prbiipy ' = ()0 = Cul(r)0ks),

(Ci{r) fa = Crl(r)0h;)- (6.1.3)

Note that we can apply (6.1.3) repeatedly; for instance, if we also know that (Cy) fc, =

C, then for any ¢ € C, we have
(Ci(r)) fefe = (Cr((r)0kj)) fo = Col(r)0k;b4p) (6.1.4)

6.1.2 Racks with a given quotient

Now suppose we have a triple [C,>/, O], where C = {C},...,C,,} is a partition of [n],
(C,p') is a rack, and © is an m x m matrix where 0;; € S|, for all 7,5. We would
first like to find conditions on these objects such that R = [C,>', ©] is a rack on [n];
if (C,p') is a quandle (or kei) then we would also like additional conditions ensuring
that [C,>, 0] is a quandle (or kei).
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For clarity, suppose that C is ordered such that |Cy| < - -+ < |C),|. If concreteness

is desired, we may set, for 1 <i < m and 1 <r < |C,
i1
Cilry :=>_|Cyl +,
j=1

and so we can think of each C; as using the next |C;| available numbers from [n],
in increasing order. For example, suppose n = 9 and m = 5, and C consists of two

singletons, two pairs and a three-set. Then in the above setup, we will take
Cl = {1}a CZ = {2}7 03 = {374}7 C’4 = {576}a C(5 = {77879}7

so C3(1) = 3 and C5(2) = 8. If we had fo, = (C3 C4) then the extended map

for = (35)(46).
Now from (6.1.3) we know the forms the maps fi, ..., f, must take. We can check
if they form a rack on [n] by using Proposition 4.1.8, and the conditions are given in

the next result.

Proposition 6.1.3. Let C = {CY,...,C,} be a partition of [n], (C,>') be a rack, and
© be an m x m matriz where ;5 € Sic, for all i,j; given the triple [C,>', O], define
maps fi,..., fn on [n] via (6.1.3), or equivalently (6.1.2). Then fi,..., f, form a
rack R = [C,>’, O] on [n] if and only if

Qak - 9(53195@'9&]‘ (615)

for all'i, j, a € [m], where (C;)fc, = Cr, Cg = (C’Oé)f(}j1 and Cs = (Cﬁ)fgjfcj (see
Figure 6.1).
Further, suppose that (6.1.5) holds, so ([n],>) is a rack, and let D be the set of

equivalence classes under ~. Then C is a refinement of D, with equality if and only

ifijalj cOmy 7é kao-lk o Omk fO’l”j 7é k.

Proof. By our construction, the maps fi,..., f, are all bijections; from Proposition
4.1.8, ([n],>) is a rack if and only if f,);, = fy_lfxfy for all x,y.

Again by our construction, any element of [n] can be expressed uniquely as C;(r)
for some 1 < i < m and 1 < r < |C; choose two elements x = Cy(r), y = Cj(s)
and an arbitrary o € [m]. Now define 5, v and ¢ as in Figure 6.1, i.e. Cp = (Ca)fgjl,

C, = (Cp)fg! and C5 = (C,) fc,. For any t € [|C,]], we have from (6.1.4) that
(C’7<t>)frfy = (Ow<t>)f0i<r)fcj<s) = Ca<(t)95¢9aj>. (6.1.6)
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Figure 6.1: The relationships between i, j, k, o, 8, v and J.

Now suppose (C;)fc; = Ci; from (6.1.3) we have (2)f, = Ci((r)0r;) = Ci(u) say.
As the maps fe,, ..., fc, form a rack, we have (Cs)fc, = (C(;)fc_jlfcifcj = (O, s0
applying (6.1.4) again,

(Cy{t) fyf @y, = (Cy(0) oy forw)y = Cal(t)05i0ak)- (6.1.7)

By comparing (6.1.6) and (6.1.7), we see that f, f)r, = fofy for all z, y if and only if
05i00; = 05;041 for all i, j, a (with the remaining variables defined as above), proving
the first result.

Finally, let x € C; and y € Cj. Then from (6.1.2), f, = f, (i.e. z and y are in the
same equivalence class in D) if and only if fc]. Ol Omj = kao'lk -+ 0mi. Thus the

remaining statements follow. ]

Proposition 6.1.4. Let [C,>/, O] be a triple as in Proposition 6.1.3 and define maps
fi,-oy fn on [n] via (6.1.3), or equivalently (6.1.2). Then if (C,>') is a rack, the rack
[C,>', O] is a quandle on [n] if and only if

for all i. Further, if (C,>') is a quandle, the quandle [C,>', O] is a kei on [n] if and

only if
Oy = 0 (6.1.9)

for all i, where (C;) fo, = C,.

Proof. First suppose that (C,>') is a quandle; recall that ([n],>) is a quandle if and
only if (x)f, = x for all . Take any x € [n]; as before, z = C;(r) for some 1 <i < m
and 1 < r < |Cy|. As (C)) fo, = C; we have from (6.1.3) that

(2)fo = (Ci(r) feum = Cil(r)ii),

which is equal to C;(r) if and only if (r)8;; = r. Hence (z)f, = x for all x if and only

if 9“ = for all 3.
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Now suppose (C,) is a kei; recall that ([n],>) is a kei if and only if f2 = ¢ for all z.
Take two elements C(r) and x = C;(s) and write C}, = (C;) fo,. Then (Cy)fc, = C;
so applying (6.1.4) with p = j and ¢ = 7 gives

(Cilr)) fz = (Ci(r) [0 = Ci{(r)0k;035),

which is equal to C;(r) if and only if (r)6,;0;; = r. Hence f? = for all z if and only
-1
ij

if 0x;0,; = ¢, or equivalently 6;; = 6;", for all 7, j (where k is defined as above). [

Note that if (C,>’) then (6.1.9) holds, so we can replace the term 95_3'1 in (6.1.5)
with 6,; (as (C,) fe, = Cs), giving Oar = 0.;05i04;.

Propositions 6.1.3 and 6.1.4 mean that if we start with an abstract kei K and
take the elements of the ground set to be a partition C of [n|, we can construct a
kei on [n] such that the reduced kei is isomorphic to K, provided we satisfy (6.1.5),
(6.1.8) and (6.1.9). As an example, suppose we have the trivial kei on two elements,
which we will label C; = {1,2} and Cy = {3,4}, which we want to expand to a kei on
{1,2,3,4}; we need to find elements 6,1, 012, 091 and a9, all in Sy, satistying (6.1.5),
(6.1.8) and (6.1.9). Both maps fe, and f¢, are trivial, and then it is straightforward

to see that (6.1.5) and (6.1.9) reduce to trivialities; so we can choose © to be any of

) () (0 @) = (1))

In the last case, each o;; = ¢, and as fcl = f02 = 1, we see that C # D; in this
case the expanded kei is trivial and D is the partition consisting of just the element
{1,2,3,4}.

6.1.3 Relation to previous concepts

The kei generated by Construction 5.2.2 had the property that all the maps in the
same block P; acted in the same way across the entire ground set; in the language
of the previous subsections this means x ~ y whenever x,y € P,. As each map fixes
P;, it is straightforward to see that the reduced kei of any such K is trivial. We
now generalise the argument given at the end of Section 6.1.2 to show that all kei
expanded from trivial kei can be constructed from Construction 5.2.2. Recall that we

denote the trivial kei on a set X by Tx.

Proposition 6.1.5. Let K = [C,>/,0] be a kei on [n], and suppose (C,>') = T¢.
Then there is a partition P of [n], refining C, such that K is isomorphic to a kei as

constructed in Construction 5.2.2.
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Proof. As before, write C = {C,...,C,,}. We have (Cj)fc, = C; for all 4, j, so
(6.1.9) becomes 6;; = 91-;1 for all 4, j, and (6.1.5) gives 0n; = 04j04iba; for all 4, j and
a. Thus every element of © must be an involution, and the elements in any row must
all commute with one another. In terms of the original maps o;;, this means that
0y = ¢ for all 4, each map oy; is an involution, and for a fixed i, the maps (oy;)72,
mutually commute.

Now these maps all act on the class C;, so from Proposition 5.1.4 there is a
partition P; of C; such that each element of P; has size a power of 2 and is an orbit
of the natural action of (0;;)7; on Cj. Now let P = J;“, P;, so that P is a partition
of [n]; write P = {Py,..., P} and put H; = (04|p,)7L;.

Now for any class Cj, fc, is the identity map, and so fc¢, is as well. Hence from
(6.1.2), fo =01 - - o, for any ¢ € C;. But as the component structure of each Cj, is
exactly Py, there exists al/»j € H;, 1 <1< r,such that

o /
fc—UU"'Umju

and further, the involutions (};)7_, all commute for a fixed i. Comparing this to

(5.2.1) gives that o}, = gby) for each ¢; now choose an arbitrary «; € C; and define
T = fa; = fe-

This shows item 2 of Construction 5.2.2; for item 1 note that the product of any
two commuting involutions o and 7 is again an involution as (¢7)* = 0?72 = 1. Hence
each H; is an abelian group of involutions which is by definition transitive on P;. For
item 3, as each P; is an orbit of the original natural action there is a framework as
described. O

We will use these quotients to help classify all kei in which every orbit has an odd

prime size, as described in the rest of this chapter.

6.2 Subset actions and generators

In this section we introduce some concepts that will be needed in the classification

result.

6.2.1 Orbits of subset actions

Definition 6.2.1. Let ([n],>) be a rack and fy,..., f, be the associated maps. For
subsets S, T of [n], we say that S is T-invariant if for every ¢ € S and j € T' we have
(i) f; € S; as each map is a bijection this is equivalent to (S)f; = S for every j € T
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Observe that (S,>) is a subrack if and only if S is S-invariant. Also note that if
S is {j}-invariant (which we may write as j-invariant) then f;|g is a permutation of
the elements in S; we shall write gbg-s) = fi|ls € Sym(S) in this case.

Now for an arbitrary subset 7' C [n], there is a canonical partition of [n] into a
set of T-invariant subsets, namely the partition into orbits of the group (f; | t € T')
in its natural action on [n|. We will call such an orbit a T-orbit, and write C(T") for
the partition of [n] into T-orbits.

From Proposition 4.3.8, a set U C [n] is a T-orbit if and only if U spans a
component of Gr, so in graphical terms, C(7T') is the partition of [n] corresponding to
the components of Gr.

We will now show that components of invariant sets are highly structured.

Lemma 6.2.2. Let T C [n]| be j-invariant for some j € [n], and let C and D be
distinct elements of C(T'), which is to say that C and D span distinct components of
Gr. Suppose that there exist uy € C, wy € D such that (ug)f; = wo. Then Gr[C]

and Gr|D] are isomorphic in the following sense; for any u,v € C andi € T,

(u)fi = v if and only if ((w)f;) [y, = (v)J5- (6.2.1)

The statement has a nice graphical interpretation; the map f; restricted to C'is a
bijection onto D, and a directed edge of colour 7 between two vertices u and v in C' is
replaced by a directed edge of the transformed colour (7)f; between the transformed
vertices (u)f; and (v)f; in D. The proof is very similar to the proof of Lemma 5.1.2;

indeed the earlier lemma may in a certain case be seen as a corollary of this result.

Proof. Define C' C C' by
' = {ue | (w); e D},

so by assumption ug € C'. Write D' = (C")f; € D. Now suppose that C" # C, so
there exists vg € C'\ C’; as C spans a component of G we have from Lemma 4.3.7
that there is a directed ugvp-path in Gp. By considering the last vertex of this path
lying in C”, we see that there exist u € C" and v € C'\ C” such that there is a directed
edge from u to v of some colour ¢ € T, i.e. that (u)f; = v. Now as T is j-invariant,
(¢)f; € T; by the definition of C’, (u)f; € D' C D, and as D is a component of
Gr, (u)fifay € D. But fay = f]flfifj and hence D > (u)fif; = (v)f;, and so
by definition v € C’, which is a contradiction. Hence C' = C. We can prove that
D' = D similarly; if D" # D then there exist w € D" and x € D\ D’ such that
(w)frx = x for some k € T. But as T is j-invariant, (k)f;' € T, and by Lemma
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4.1.10, foyp1 = fjfkfj’l; thus (w)fkfj’1 = (w)fj’lf(k)f__l € C, a contradiction to the
definition of D'.

Now let u,v € C' and suppose that there is a directed edge from u to v of colour
i € T (so as before, (u)f; = v). Then (v)f; = (w)fif; = (w)f;fay,, i-e. fuy, maps
(u)f; onto (v)f; and there is a directed edge from (u)f; to (v)f; of colour (7)f;. By
considering fj_1 on D as above, we obtain the reverse implication, which is to say

that f;|c¢ is an isomorphism in the sense described above. ]

Note that as C' and D are T-invariant, we may write (6.2.1) as
(u)g” = v if and only if ((u)f;)é(;), = (v)f;,

or, substituting (u)@(C) for v, ((u)fj)gbgg}j = ((u)@(c))fj. Hence the statement (6.2.1)

may be compactly written as
D . c
By, =I5 o o file

forallz € T.
In many cases we will not assume full knowledge of the map f;, so it is useful to

consider a slightly weaker form of isomorphism.

Definition 6.2.3. Let T C [n], and let C, D € C(T) (so C' and D span components of
Gr). Then G7[C] and Gr[D] are edge-isomorphic if there exists a bijection x : C' — D
and a permutation o € Sym(7T") such that

D _ C
ﬁbgi);—xlo@()ox
forallieT.

Now let us consider the case where we have prescribed the final component struc-
ture, i.e. we set C([n]) = {Bi,..., By} for some fixed ‘blocks’ By, ..., B,,. Note that

for any 7, each B; is j-invariant, and so we can write

fi= ¢§.U . Qgg,m),

where we use qby) as shorthand for qbgBi). Any multiplication of these elements happens

-1
block-wise, so that fy = £ f;f; if and only if 6" = (¢§”) $V6® for all 1. Also
note that for any 7" C [n], C(T) is a refinement of C([n]), from the definition of orbits
given above. We now show that for certain subsets T, all the components within a

given B; must be edge-isomorphic.
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Lemma 6.2.4. Let t C [m], and put T = {J,, By, so that T is a disjoint union of
some of the blocks. Let C, D € C(T) be distinct orbits such that C, D C B; for some
i. Then G7[C) and Gr[D] are edge-isomorphic.

Proof. As C(T) is a refinement of C([n]), the block B; has a partition P into T-orbits;
define an equivalence relation on P by setting C' ~ D if and only if G7[C] and Gr[D]
are edge-isomorphic.

It is easy to see that this is indeed an equivalence relation; let Z;,...,Z. be the
resulting equivalence (isomorphism) classes. Suppose that r > 1; as B; is an [n]-orbit
there exist (without loss of generality) T-orbits C' € Z;, D € Z, and vertices u € C,
v € D such that v and v are joined by a directed edge of some colour j, i.e. (u)f; = v.
Now as T is a disjoint union of [n]-orbits, T is j-invariant, and so from Lemma 6.2.2,
Gr|C] and Gr[D] are edge-isomorphic, with x = f;|¢ and 0 = f;|r = ¢§T). But this
is a contradiction as C' and D are in different isomorphism classes. Hence » = 1 and

thus any two T-orbits lying in B; are edge-isomorphic. O

6.2.2 Generated subkei

For the rest of this chapter, we return our attention exclusively to kei; this means
that whenever f, is a map associated with a kei ([n],>), f, ! = f,. We will thus omit

the inverse notation.

Definition 6.2.5. Let ([n],>) be a kei and fi,..., f, be the associated maps. Let
X C [n] be a subkei under > and let S C X. We will say that X is generated by S

if for every x € X there exist a finite number of elements j,i4,...,%, € S such that
=) fi - fi-

Note that for such a sequence we have f, = f; --- fi, f; fi, - - - fi,, which is to say
that every edge in Gx can be replaced with a walk in Gg. Hence if S generates X,
two vertices in [n| are in the same component of Gy if and only if they are in the
same component of Gg; if S is much smaller than X then this can be an efficient way
to determine the components of Gx.

With this in mind, we now consider the components of the graph G;; := Gy 3,
for two distinct elements 7 and j. As each vertex in this graph is incident to at most
one edge of colour 7 and at most one edge of colour j, G;; consists only of paths and
cycles. Further, edges must alternate in colour along any path or around any cycle,
and so each cycle is of even length. Note that it could be the case that two vertices
are joined by two edges, one of each colour; we will treat this as a degenerate ‘cycle’
of length 2.
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Figure 6.2: Edges of colour i are in red and those of colour j are in blue. Notice that the
situation is different for even and odd k.

Proposition 6.2.6. Let ([n],>) be a kei and let i, j € [n] with i # j. Suppose that the

graph G;; contains an ij-path with | vertices (with edges alternating in colour between
j and i). Then the following hold:

1. For any component P of G;; isomorphic to a path, v(P) divides [;
2. For any component C of G;; isomorphic to a cycle, v(C)/2 divides .

Proof. Let @ be the path i = vy,...,v;, = j given in the statement. As 7 is fixed by
fi, the edge vyvy is of colour j; similarly the edge v;_qv; is of colour i. As the edges
alternate in colour along the path, there must be an even number (at least two) of
edges and so an odd number of vertices; write [ = 2/’ + 1 for some I’ > 1. Hence there

are ' edges of each colour and so from our construction j = (i)(f;f;)"". Hence
fi= I B = )™ o= () F,

and thus we have (f;f;)' = ¢, and so (f;f;)' = ¢ as well.

Now let C' be a component of G;; isomorphic to a cycle; label the vertices around
the cycle as x1,..., 2o such that the edge x1x9 is of colour 7. It is easy to see by
construction that (z1)(fif;)! = @41, where we reduce the index modulo 2k; hence
1 = Ty and so 20 + 1 = 1 (mod 2k). Then 2k divides 2! and thus k£ = v(C)/2
divides [. Now let P be a component of G;; isomorphic to a path; label the vertices
along the path as zi,...,x; such that the edge zix5 is of colour i. Now define
vertices Zyy1, ..., T, to be duplicates of the vertices of P by setting x5 = wor11_s
for k 4+ 1 < s < 2k (see Figure 6.2). Now note that the edges of colour i on P are
precisely the set xo, 129, for 1 < r < |k/2]; as &y = Togy1-s we also have that the
edges To(k—r)+1T2(k—r)+2 are of colour i (for the same range of k). Relabelling the

index to K — r + 1 and adjusting the range accordingly gives that the edges

{(@or o | 1< < [K/2), [k/2] +1 <7 < k) (6.2.2)
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are all of colour 7. Similarly, the edges of colour j on P are precisely the set zo,x9,1
for 1 <r < [(k —1)/2]; as before the edges a(x—r)Tok—r)+1 are of colour j as well.

Relabelling the index to & — r and adjusting the range gives that the edges
{rorrorn [1<r < [(F=1)/2],[(k+1)/2] <r <k -1}

are all of colour j. Note also that by construction z; is not incident to an edge of
colour 7, so (x1)f; = x1 = g So if we write X951 = 21, we have an ‘edge’ of colour

J between xo, and 9,11, and so the edges
{roror [1<r < [(K—1)/2], [(E+1)/2] <r <k} (6.2.3)

are all of colour j.

First suppose that k is even. Then from (6.2.2), each edge xo,_122,, 1 < 7 < k,
is of colour 4, and from (6.2.3), the edges woxs, ..., Tk 0Tk 1, TproTryis, . .., Toply are
all of colour j. But there are an odd number of edges on P, and thus z;, is incident
to an edge of colour i but not of colour j. Hence (xy)f; = 2 = 41 and x4 is of
colour j as well.

Now suppose that k is odd. Then from (6.2.3), each edge zo,x9,41, 1 <7 < k is
of colour j, and from (6.2.2), the edges 129, ..., T 9Tk 1, Tk12Tk i3, - - - , Tok_1To) are
of colour 7. But in this case xj is not incident to an edge of colour 7, so xprg, is of
colour ¢ as well.

So in both cases the duplicated path behaves like the cycle C', and thus 7 = z9,1,
reducing the index modulo 2k. As we also have z9; = x1, we have 21 +1 = 0,1 (mod
2k), and so as before we have that k divides . [

6.2.3 Dihedral kei

We now turn our attention to a specific class of kei.

Definition 6.2.7. Let n be a positive integer and define a binary relation > on [n]
by

i>j=2j—1i(modn).
The kei D,, = ([n],>) is the dihedral kei on n elements. As before, we will usually

consider the associated maps (g;)7_;, which in this case are given by (i)g; = 2j — i

(mod n)*.

!These specific maps are labelled g; to distinguish them from general f;.
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Proposition 6.2.8. D,, = ([n],>) is indeed a kei. Further, if n is odd, the following
hold for any i,j € [n]:

1. j is the only fized point of g;;
2. g; # g; for i # j (and so all of the associated maps are distinct);
3. If, for some k, (k)g; = (k)g;, then i = j.

Proof. Tt is easy to see that each g; is a bijection and that (j)g; = j and g7 = ¢ for
all j. For the rack condition (4.1.1), let k be arbitrary; then, working modulo n,

(k)gj9i9; = (2] — k)gig; = (20 —2j + k)g; = 4j — 2i — k. (6.2.4)

On the other hand,

(k)g(i)gj = (k)g2j—i =45 —2i—k,
and thus (k)g;9:9; = (k)g(i)g;- As k was arbitrary all of the conditions to be a kei are
fulfilled.

Now suppose that n is odd and (i)g; = i for some 4, j. Then 2j —i =i (mod n),
i.e. n|2(i — j). As n is odd, we have n|(i — j) and by considering the range of i and
Jj we have ¢ = j. Hence j is the only fixed point of g;. Now suppose g; = g;; then
i = (i)g; = (i)gj, so ¢ = j and hence the maps ¢i,...,g, are all distinct. Finally,
suppose (k)g; = (k)gj; then 2i — k = 2j — k (mod n) and after cancelling the ks we

again have 1 = j. O]

Note that properties 1 and 3 in Proposition 6.2.8 ensure that when n is odd the
graphical representation of D, is particularly nice. As each g, has only one fixed point,
there are (n — 1)/2 edges of each colour. Further, no pair of vertices is joined by two
edges (of different colours); if this were the case then we would have (k)g; = (k)g; for
i # j. Thus there are n(n — 1)/2 distinct pairs joined by an edge, and so every pair
is joined by precisely one edge. As each vertex is incident to at most one edge of any

colour, we obtain a proper n-edge-colouring of K, in this way (see Figure 6.3).

Proposition 6.2.9. Let n be odd and suppose i,j € [n| are such that i < j and j —i
is coprime with n. Then the subgraph G;; of D, is a path i = vy,...,v, = j with

edges alternating in colour between 7 and 1.

Proof. As each map only has one fixed point, the vertex i is incident to an edge of
colour ¢ but not to an edge of colour j while vertex j is incident to an edge of colour

j but not to an edge of colour i; every other vertex is incident to precisely one edge of
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Figure 6.3: Graphical representations of D3 (left) and Dy (right).

each colour. So G;; has degree sequence (1,1,2,...,2); hence the graph consists of a
collection of disjoint cycles and a single path P between vertices ¢ and j. It remains
to show that there are in fact no cycles in the graph; then every vertex is on P and
we know that edges must alternate in colour.

Label the vertices of P as i = vq,...,v, = j for some odd | < n. Write [ =21’ + 1
for some integer I'; we will show by induction that v = (2k + 1)i — 2kj (mod n)
for 0 < k < I'. The base case k = 0 is clear from the definition, so take k& > 0 and
assume true for smaller k.

Now from our construction, there is an edge of colour j between vq,_1 and vy, and
an edge of colour ¢ between vy, and vo41, SO Vo1 = (V2—1)g;¢;- Then from the first

part of (6.2.4) and the inductive hypothesis we have (working modulo n)
Vopsr = 20 — 2j + vap_y = 20 — 2j + (2k — 1)i — (2k — 1)j = (2k + 1)i — 2k7,

and we have this result by induction. Then setting k = I’ we have j = v, =li—(I—1)j
(mod n), so that li = j (mod n) and n|l(j —i). As j —i and n are coprime, we must

have n|l; as [ < n we have [ = n as required. O

This shows that D,, is connected for all odd n; for example, take i = 1 and j = 2.

Now consider the case where n is an odd prime p. Then for any i,j € [p] with
it # 7, p and j — ¢ are coprime, and so D, is generated by any two distinct elements.
As G;; consists of a single component of size p for any 7 # j, we have from Proposition
5.1.4 that g; and g; don’t commute for any ¢ # j.

We will now show that any connected kei on p elements is isomorphic to D,,. The
result is a consequence of the following theorem, which was first shown by Etingof,
Soloviev and Guralnick in [7] and later recast in more familiar language (see [11] for
example); recall from Definition 4.1.5 that for an abelian group A and 7 € Aut(A),
the Alexander quandle (A, 7) is defined by the binary operation x>y = (z — y)7 + y.
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Theorem 6.2.10. Let p be a prime number. Then any connected quandle on p

elements is isomorphic to an Alexander quandle (Z,,T) for some T € Aut(Z,) \

{t}. O

Corollary 6.2.11. Let p be a prime number. Then any connected ket on p elements

is isomorphic to D,,.

Proof. First consider the Alexander quandles (Z,, ) as described. Aut(Z,) is iso-
morphic to the multiplicative group of the field IF,, so each automorphism 7 can be
realised as multiplication by a non-zero element ¢, where ¢ corresponds to multiplica-
tion by 1. Hence for x,y € Z, we have x>y = c(z—y)+y, and (z>y)>y = A (z—y)+y,
so (z>y)>y = x for all x (i.e. we have a kei) if and only if ¢ =1, i.e. ¢ = £1.

Now let K be a connected kei on p elements; from Theorem 6.2.10 it is isomorphic
to an Alexander quandle as described above, with ¢ # 1. The only remaining kei has

¢ = —1, and in this case 2>y = —(z—y)+y = 2y —x. Hence K = (Z,, —) = D,. [

6.3 Classifying kei with prime orbits

6.3.1 Kei such that all orbits have size p

Let p be an odd prime and suppose we have prescribed the final block structure by
setting C([n]) = { B, ..., Bm} where each ‘block’ B; is of size p. Throughout we will
put ¢f) = QS;(BBj) for any = € [n], j € [m].

We begin by showing how the maps (f;).ep, can act on B; itself, as well as on
any other block Bj.

Lemma 6.3.1. Let B; and B; be two distinct ‘blocks’, each of size p. Then (B;,r>) is

esther trivial or isomorphic to D,. Further:
1. If (Bi,») = T, then ¢¥) = for all x € B;;
2. If (B;,») = D, then either gzﬁg(ﬁj) = for all x € B; or there exists a bijection
Xij : Bi — Bj such that
V) = x;;' ool o xy
for all z € B;.

Proof. By applying Lemma 6.2.4 with the singleton set {i} we see that any two B;-
orbits contained in B; itself must have the same size. Let s; be this common size; it

is clear that s;|p and thus s; = 1 or p. If s; = 1 then each orbit is of size one and so
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the subkei (B;,>) = Tp,; If s; = p then there is only a single orbit and thus (B;,>) is
connected; from Corollary 6.2.11 it follows that (B;,>) is isomorphic to the dihedral
kei D,,.

First suppose that (B;,>) is trivial. Then (y)f, = y for all z,y € B; and it follows
that all the maps corresponding to elements of B; mutually commute; thus (from
Proposition 5.1.4) each B;-orbit has size equal to a power of 2. But by Lemma 6.2.4,
again applied to the singleton set {i}, any two B;-orbits contained in B; must have
the same size, and this size divides p. Hence each orbit is of size 1 and each map f,
acts trivially on B;.

Now suppose that (B;,>) = D,,. Let y,z € B; with y # z; from Proposition 6.2.9
there is a yz-path P of length p in G, (spanning all the vertices in B;) with edges
alternating in colour between z and y, and thus (B;,>) is generated by y and z. Thus
the components of G'p, coincide with the components of G., and from Proposition
6.2.6 the remaining components of G, are paths with 1 or p vertices and cycles of
length 2 or 2p. But from Lemma 6.2.4 again, any two B;-orbits (i.e. vertex sets of
components of Gp, and thus of G,.) contained in B; have the same size dividing p,
and thus there are either p orbits of size 1 or 1 orbit of size p. In the first case, f,
acts trivially on B; for each x € B;.

In the second case, we have from Proposition 6.2.6 that there is a path wy, ..., w,
in G, spanning all the vertices of B;, with edges alternating in colour between z and
y (say the first edge is of colour z). List the vertices along the original path P as
Yy =v1,...,V, = 2, and define a bijection x = x;; : B; — B; by v, — w, for each 7.

Now note that by our construction

&%) = (vy v3) -+ (vp_1 V)
while
O = (wy ws) - (wp-1 wp) = ((v2)x (V3)X) -~ ((Vp-1)x (1))
and similarly
¢ = (01 v2) -+ (Vp2 Vp-1)
while
¢V = (wy wy) - (wp-2 wp—1) = ((01)x (V2)X) -+~ ((Vp-2)X (Vp-1)X),
SO qb;j) =xlo gzﬁg) oy and ¢ = y 1o oy. Now for 0 < r < (p—1)/2, we have
that vo, 1 = (¥)(f2fy)"s 80 fusrn = (fyf:)" fy(fofy)". In the block B; this gives
4.0 = (90 8 G099
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and in the block B;, noting the cancellations,

B = (#797)) ¢ (670)
=x"" (o)0") 0 (600}") x
=x"togl)  ox

Similarly, for 0 < r < (p — 3)/2, vor 19 = (Var41)f2, so pre- and post-multiplying all
of the above by f, gives the result for even-indexed vertices as well. Hence (bg(cj ) =
Xi_jl o ¢§Z) o for all z € B;. ]

We will now introduce some useful terminology. In the case where (B;,>) = Tp,,
we will say B; doesn’t act on itself; if (B;,>) = D, then we will say B; acts on itself.
Similarly, if qbg,;j ) — | for each z € B;, we will say that B; doesn’t act on B;, and if a
map x;; exists as described above we will say B; acts on B; by x;;. We have shown
that a block which doesn’t act on itself can’t act on any other blocks, and if a block
B; acts on itself and on another block Bj, the action on B; is identical to the action
of B; on itself up to a relabelling of the vertices (in a graphical sense), where the
relabelling is given by the map ;.

We will now need two technical lemmas regarding how blocks can act on each

other.

Lemma 6.3.2. Let B; and B; be two distinct ‘blocks’, each of size p. Suppose B;
and Bj both act on themselves, and that B; acts on B;. Then for every x € B; there
exists s € B; such that f, and fs agree on B;, i.e. ¢§Cj) = ¢§j).

Proof. Let x € B; and choose a pair of distinct vertices ¢, € B; such that (¢)f, = r;
such a pair certainly exists as B; acts on B;. The fact that it transposes ¢ and r is
the only property of f, that will be used in this argument.

As B; acts on itself, there is a path ¢ = wy,...,w, = r in Gy, (spanning all the
vertices of B;) with edges alternating in colour between r and ¢. We will show by
induction that for 1 < k < (p+1)/2, (wg)fs = Wpr1-k, and so in particular that
§ = W(p41)/2 1s the only fixed point of f, in B; (see Figure 6.4). The base case k = 1 is
true by construction, so take k£ > 1 and assume the result for smaller k. Note that as
(q)fs = r we have f, = f,f,f., which can also be expressed as f, = f,fofr = frfufq
If k£ is even then p + 2 — k is odd, so the edge wy_jwy is of colour r while the edge
Wpt1—kWpio—g 18 Of colour ¢. Then as p+2 —k = p+ 1 — (k — 1) we have by the
inductive hypothesis that

(wp) fo = (W) fr fufq = (Wr1) fa fy = (Wpr2 k) fg = Wpy1 k- (6.3.1)
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q=u Wa q=1w Wa w3

I

|
w3 | Wy
|
|

" = Ws Wy T = wry We Ws

Figure 6.4: Edges of colour q are in red and those of colour r are in blue. If we know any
map transposes q and r we can determine the rest of the map on the block B;. Notice that
the path between q and the central vertex is slightly different for p =1 or 3 (mod 4).

Similarly, if £ is odd then wy_jwy, is of colour ¢ and wp41_gwpta—x is of colour 7, so
we can use the other identity for f, to get the same result. Thus this result follows
by induction.

Now note that s is at distance (p — 1)/2 from ¢ on the path. If (p — 1)/2 is even
(i.e. p=1 (mod 4)) then we have s = (q)(f,f,)*~V/4, so

fs = ()P S (o f) 0 = fo(frf) P07,

while if (p — 1)/2is odd (i.e. p = 3 (mod 4)) then s = (q)(f,.f,)®=3/1f, so

fs = Faf) O o (£ f) T = (Frfg) P70

In both cases we have that (q)fs = r, as ¢ and r are at distance p — 1 in G,,. In the
earlier argument we only used the fact that (x)f, = r; thus we can apply the same

argument to f, in place of f, and deduce that f; and f, agree on B;. O]

Corollary 6.3.3. Let B;, B;, x and s be as in Lemma 6.3.2. Then s = (z)xij,
Xji = Xl-_jl, and f, and fs agree on B; U B;.

Proof. As f, and f, agree on B; and (B;,>) = D,, s is the only fixed point of
g ) = U ). As mentioned after Lemma 6.3.1, the action of B; on B; is identical to
the action of B; on itself up to a relabelling of the vertices by the map ;;; as x is the
only fixed point of ¢§Z) , ()xi; is the only fixed point of ¢;(vj ) , and so s = (z)x;j-
Now consider the action of B, on B;. If B; doesn’t act on B; then (y) f; = y for all
y € B;, t € B; and so in particular f, must commute with f; for any ¢ € B;. Choose
such a t # s; we know that ¢§j) and cﬁ,@ don’t commute as (B;,>) = D,. As f, and
fs agree on Bj, ¢§Z ) and ¢§j ) don’t commute, which is a contradiction.
Hence B; acts on B;, and reversing ¢ and j we have that there exists some y =
f(s)x;; such that f; and f, agree on B;. But as f, and f, agree on Bj, we have that

(s)fz = (s)fs = s, so f, and fs; commute. So suppose y # x; then as above ¢§i) = 5]')
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doesn’t commute with ¢§f), a contradiction. So (s)x;; = x and as x was arbitrary we
conclude that x;; = Xi_jl. We also have that f; and f, agree on B; (as well as B;),
completing the proof. O

Lemma 6.3.4. Let B, and B; be distinct ‘blocks’, each of size p. Suppose B; and B;
both act on themselves, and that B; acts on B; by x;;. Let k € [m| be such that B;

acts on By, by xi. Then B; acts on By, and more specifically:

1. For any x € B;, the maps f, and f)y,, agree on By, i.e. ¢(xk) = ¢E(’3XU;

2. For k #1i, Xjk = XjiXik = X;jIXik-

Proof. Note that Corollary 6.3.3 shows item 1 in the case where k£ = i, so we need
only consider k # 1.

Let x € B; be arbitrary and put s = (z)x;;. Choose a pair of distinct vertices
y,z € B; such that (y)f, = z and consider the path y = vy,...,v, = 2z, with edges
alternating in colour between z and y. As in the proof of Lemma 6.3.2, (v;) fy = Upt1—r
for 1 <r < (p+1)/2, s0 2 = vVpi1y2. Now B; acts on By, so from Lemma 6.3.1,
(V1) Xk - - - » (Vp) xik 1s & path, spanning all the vertices of By, with edges alternating
in colour between z and y. Write u,, = (v,.)x;x for each r, so from the proof of Lemma
6.3.2, (u)fe = upp1—p for 1 <7 < (p+1)/2. We will show by reverse induction on r
that (u,)fs = upr1-r for 1 <r < (p+1)/2, ie. that P = ¢,

Let us start with the base case r = (p + 1)/2. From Corollary 6.3.3, f, and f
agree on B; U B;, and so in particular f, and f; commute. Now the only fixed point
of ¢§c’“) is u(pt1y/2, which is to say that G,[Bj| consists of one isolated vertex and
(p — 1)/2 disjoint edges. Since f, and f; commute, the graph G,s[Bj| can consist
only of cycles of length 2 or 4 and paths with 1 or 2 vertices, and so it follows that
U(p41)/2 1s isolated in this graph as well, i.e. (upi1)/2)fs = Upi1)/2-

Now take r < (p + 1)/2 and assume the result for larger r. As f, and f; agree
on B, (y)fs = (y) fo = 2, 0 fsfyfs = f.. This allows us to use an argument similar
to (6.3.1) in the proof of Lemma 6.3.2; if r is even then p — r is odd, so the edge
UpUyp41 is of colour y while the edge w,_,u, 11, is of colour z. Then from the inductive

hypothesis,

(ur) fs = (ur)fyfsfz = (Ups1) fsf: = (Up—r>fz = Upt1—r-

Similarly, if r is odd then u,u,4, is of colour z and w,_,u,41—, is of colour y, so we

get the same result. The claim then follows by reverse induction.
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Figure 6.5: A graphical representation of an irreducible kei on {1,...,9}, with blocks By =
{1,2,3}, By = {4,5,6} and Bs = {7,8,9}. As there are no edges of colour 7,8 or 9, these
vertices are given no colour.

{1,4}
®{7,8,9}

{2,5} {3,6}

Figure 6.6: The reduced kei of the kei in Figure 6.5, on elements Cy = {1,4}, Cy =
{2,5}, C3 = {3,6} and Cy = {7,8,9}. The last row of the corresponding matrix © is
((23),(13),(12),c), mimicking the actions of the original f1, fa and f3 on {7,8,9} under
the canonical bijection from {7,8,9} to {1,2,3}.

This shows item 1. For item 2, note that as w,11)/2 is the only fixed point of

® = (zk), it follows that (z)Xik = u@pr1)2 = (8)Xjx = (T)XijXjk- As T was arbitrary
we have X = XijXjk, 1-€. Xjk = X{jlxik = XjiXik- O

We can now classify all irreducible kei with this block structure, where we will
assign specific labels to these blocks for clarity. We use the notion of reduced kei from
Section 6.1; each such kei has a very specific reduced form (see Figures 6.5 and 6.6
for an example when p = 3). Recall that for a partition P of [n], ZKp denotes the

set of irreducible kei on [n] with final block structure P.

Proposition 6.3.5. Let p be an odd prime and n = mp for some integer m. Let
P ={Bi,...,Bn} be a partition of [n] where B; = {(i — 1)p+ 1,...,ip} for all i,
and suppose K = ([n],>) € ZKp. Then K = [C,>/, 0] for some triple satisfying one

of the two sets of conditions listed below. Either

la. C = {C4,...,C,} where each C; contains precisely one element from each Bj,
1< j<m, witht € C; for all i;

1b. (C,5') = D,;

lc. 0;; = for alli,j,
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or there exists some 1 < r < m such that

2a. C = {C4,...,Cpi1} where each C;, 1 < i < p, contains precisely one element

from each Bj, 1 < j <r, and i € C; for all i,
2b. K':= ({C1,...,Cp},»") =2 Dy, and (C,v') = K' ®© Tyc, ., 1ys

2c. O;; =1 fori < p, Opy1p41 = and

_ E
Opy1,; = ppil © ¢§' Vo Pp+1

for j < p, where E = ", Bi and pyp1 : E — [(m —r)p| is the canonical

bijection as defined in Section 6.1.1.

Proof. From Lemma 6.3.1, if no block acts on itself then f, = ¢ for all z € [n], and
so ([n],>) is the trivial kei T}, with block structure consisting of all the singletons, a
contradiction. Hence there is at least one block which acts on itself; after renumbering

if necessary we can take this to be By. First define two subsets of [m]; let
a={j € [m] | By acts on Bj, B; acts on itself},
so 1 € a, and let
e ={k € [m] | By acts on By, By doesn’t act on itself}.

Put A = UU,c,
AUE = [n].
Suppose that this is not the case, so there exists some t € [m] \ (e Ue). Then by

B; and E = J,, By; we first show that a U e = [m], and thus that

definition B; does not act on B, and thus B; does not act on B, for any j € a (or,
noting that By and B; act on each other, we would have a contradiction to Lemma
6.3.4). Suppose now that B; acts on B; for some j € aUe, and let y,z € B; be
distinct. As B; doesn’t act on B;, we have (w)f, = w = (w)f, for any w € B, and
so f, commutes with f, and f,. Now B acts on B;, so (y)x1; is the only fixed point
of gbéj). As in the proof of Lemma 6.3.4, this must also be the only fixed point of
D and as fw commutes with f,, it also follows that (y)xi; is the only fixed point
of ¢§j). But this is a contradiction; (2)x1; # (y)x1; is the only fixed point of ¢9).
Hence AU FE and [n]\ (AU E) are both stable subkei, which is a contradiction to the
irreducibility assumption.
Now (again up to renumbering) we may take a = [r] (for some 1 < r < m) and

e={r+1,...,m},so A=[rp| and E = {rp+1,...,n}. As B; acts on every other
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block and B; acts on itself for 1 < j < r, we have from Lemma 6.3.4 that each such
B; acts on every By, and that the corresponding maps ;i are related to the maps
X1k In particular, for every i € B = [p] and 2 < j < r, the maps f; and f(;,,, agree
on the whole of [m]. Now define, for i € [p], the set

Ci ={iy U{(xi; [2<j<r},

and if E # 0 (i.e. r < m), put Cpy1 = E. The sets C4,...,C, partition A = [rp]
as each xy; is a bijection from B; = [p] to Bj;; hence each C; contains precisely one
element from each B;.

Now for any ¢ and any z,y € C;, we have f, = f,; note this is true for i = p + 1
1),

as E contains all elements x such that f, = ¢. Now write, for i € [p], g; = ¢; ’; as
(By,>) = D, the maps (g;)?_; are all distinct and not equal to g,41 := ¢. So for ¢ # j,
x € Cyand y € C}, gbél) = qbl(l) =g # 9, = qb;-l) = qﬁél), and so C is the partition
into the equivalence classes of ~. Note that as ¢ € C; for 1 < ¢ < p, we may write
Ci = [[i]].

Now consider the reduced kei action > on C. For 4,5 € [p], [[7]] > [[j]] = [[i > j]] =
[[(4)gj]], i.e. Civ' Cj = Clayg,- Hence the set {C1,...,C,} forms a subkei under o/,
isomorphic to (By,>) = D, under the map C; — i. If r = m, this forms the entire
reduced kei and we have shown items la and 1b; otherwise we are in case 2 and must
also consider Cp11. As f, is a bijection for i < p, (Cpi1)fo, = Cpya for all such i; we
also have, for y € Cpiq, Ci> Cppy = [[i]] ¥ [[y]] = [[i>y]] = [[i]] = Ci, as f, acts as
the identity. Thus fc,,, acts as the identity on C, and this gives us the form of the
reduced kei (C,>’), showing items 2a and 2b.

Now consider the matrix ¢; we can determine its elements by finding the maps o;;
as in (6.1.2). Fix j < p and consider the map fcj; fori e pland 1 < s < |Cy| =,
Ci(s) is mapped onto C(;4 (s) by definition. But note that each C; contains one
element from each of By,..., B,, and by definition of the blocks these elements are in
increasing order. As Cj(s) is the sth smallest element of Cj, it is equal to the element

of C; from By, namely (i)x1s if s > 2 and i if s = 1. So for s > 2,

(i)x1sfe; = (Cils)) fe, = Clag, (s) = (Dgixs,

and as ¢ was arbitrary, this gives xis fcj = gjX1s; considering the domains and co-

domains of these maps gives

A — — 1 s
fe,lB. = X1t © 95 0 x1s = Xia 0 8} 0 x1s = 0 = 1.,
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from Lemma 6.3.1. For s = 1 we simply have (i)fcj = (i)g;, and so fCAj‘Bl =g, =
filB,; we can combine these results over all values of s from 1 to 7 to see fc,|a = fj[a.
Hence fcjfj|,4 = ¢ and as the classes (1, ...,C, partition A, we have from (6.1.2)
that o;; = ¢ for all « < p. As j < p was arbitrary, 0,; = ¢ for all 1 <1,5 <p.

If r =m (so A = [n] and we are in case 1), this determines © entirely and we
have shown item 1lc; if r < m, we must also consider C},4; = F, adding an extra row
and column to the matrix. For y € F, f, = ¢, and so we see fE = ¢ as well; thus
fcp+1fy =t and 0y, = ¢ for all i. Now for j < p, (E)fc, = E, and so fcj’0p+1 =1
Hence

(ijfj)|Cp+1 =10 f]|E = ¢§E)’

and thus 0,41, = ¢§E). Defining the canonical bijection p,4; on E as in Section 6.1.1,

we obtain 0,4, ;, and so item 2c follows. m

This result shows that any kei K € ZKp has a representation as a triple [C,>, ©)]
satisfying one of the two sets of conditions given. We will now work backwards to
establish a one-to-one correspondence between ZKp and the triples satisfying one of
these two sets of conditions.

First suppose we have a triple [C,>/, ©] satisfying conditions la, 1b and lc of
Proposition 6.3.5. The conditions (6.1.5), (6.1.8) and (6.1.9) of Propositions 6.1.3 and
6.1.4 are trivially satisfied; further, as the maps (fc,)"_, are all distinct, the extended
maps (f¢,)?_, are as well. Hence K = [C,>/, 0] is a kei on [n] and C is truly the set
of equivalence classes of K under ~. By examining the proof of Proposition 6.3.5, we
can now obtain this particular triple from a kei K € ZKp by setting (j)x1s = Cj(s)
for s > 2, and creating a copy of D, on By = [p] (isomorphic to (C,>') using the
natural bijection C; — 7).

Now suppose our triple satisfies conditions 2a and 2b, and that we also have
0;; = ¢ for i < p and Op41,41 = ¢. The only non-trivial elements of © are in the
bottom row, where each entry is a member of S(,,_,)p,, s0 it is easier to work with the
original maps 0,41 ; lying in Sym(Cp+1). The condition (6.1.8) is true; for (6.1.9), as

o . . R | .
(Cpi1)fe; = Cppa for each j, we require 0,115 = 0, ; for each j. Thus 0,1 ; must

J
be an involution for 1 < 7 < p.
For (6.1.5), we need only put @ = p + 1; any other choice leads to a triviality. In

this non-trivial case we have f =~ =9 = p+ 1 and we require

Op+1k = Op+1,j0p+1,i0p+1,j (6.3.2)
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for all 7, j, where Cp = (Cj)fe;. If i = p+1then k = p+ 1 and 0p1; = ¢ s0
(6.3.2) is true; similarly if j = p 4+ 1 then ¢ = k and this time 0,1, = ¢, again
satisfying (6.3.2). Hence any set of involutions (0,41,)}—; (covering the remaining
indices) satisfying (6.3.2) can be used to define a valid © and thus a kei K on [n],
and as fcp 1 01pt1*  Oppipr1 = L, C is truly the set of equivalence classes under ~.
Note that as the maps 0,1 ; don’t have to respect the block structure within C,4, we
won’t get a member of Kp for each valid choice; it remains to find suitable restrictions.

Fix a j € [p| and take any = € C}; then f, = fcjap+17j. As (Cp1) fe; = Cpyts fcj
acts entirely on A = |J;_; B;, and so f,|c,,, = 0ps1;. So to obtain a kei K € ITKp,
we must have

r+1 m
ap+1’j:¢§.+)...¢§_ )

for each j. Now as before, define (j)x15s = C;(s) for 2 < s < r, and create a copy of
D, on B; = [p| (isomorphic to (C,>") using the natural bijection C; — i); then any K
as in Proposition 6.3.5 will give the same reduced kei (C,r>). We still need to consider
the bijections (x1;)[,,, determining how B; acts on the blocks B, 1, ..., By,.

As in the proof of Propostion 6.3.5, let g; := ¢§1) for j € [p]. Then after restricting
to the block Bj, 7 < I < m and noting the cancellations, (6.3.2) becomes

X1 © 9k © X1 = X1 ©9j © i © gj © Xiis

which is satisfied for any bijection xy; (note that (C;) fe, = Cy if and only if (i)g; = k
as (C,p') = (By,»)). Thus any choice of the bijections (x1;)2, ., gives a valid ©
corresponding to K.

Finally, observe that any kei K as in Propostition 6.3.5 is genuinely irreducible.
Suppose U and V form stable subkei and that U and V' partition [n], so U = |J,c, Bi
for some s C [m], while V = Ui¢s B;. Suppose without loss of generality that 1 € s;
then as B; acts on every other block there are edges from U in G[V], a contradiction.

We can thus count the number of irreducible kei on P, but we will need the

following result due to Elhamdadi, MacQuarrie and Restrepo [5].

Theorem 6.3.6. Let p be a prime number. Then the number of automorphisms of
D, is p(p — 1). O

Theorem 6.3.7. Let p be an odd prime and n = mp for some integer m. Let
P ={B,...,Bn} be a partition of [n] with |B;| = p for all i. Then

@)™
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Proof. We will label each B; = {(i — 1)p + 1,...,ip} for clarity. From Proposition
6.3.5 and the following remarks, any K € ZKp is determined by the partition C =
{Cy,...,C,, Cpir}, the set of blocks (of cardinality r) which act on themselves, the
kei on {C1,...,C,} and, for r < m, the set of bijections defining the bottom row of
O.

We can choose r to be any element of [m]; there are then (™) ways to choose the
set of blocks that act on themselves; for clarity we will consider them to be By, ..., B,.
There are (p!)"~! partitions {C},...,C,} of [rp] such that each C; contains precisely
one element from each B; (the order does not matter), and from Theorem 6.3.6, there
are p!/p(p — 1) ways of constructing a kei K’ on this set isomorphic to D,. Finally,
there are (p!)™~" ways of choosing the bijections (x1)j-,,;- Thus summing over all

values of r from 1 to m gives

_ — (m p! r=1(, 1\m—r _ (p)™ C(om _
il = Y (7)o = S )

r=1

This result allows us to bound the number of kei on such a partition.

Corollary 6.3.8. Let p be an odd prime and n = mp for some integer m. Let
P ={Bi,..., By} be apartition of [n| where |B;| = p for alli. Then |Kp| < (2p!m)™.

Proof. Let K = ([n],>) € Kp. By definition, there is a partition of [n] into subsets
Ui, ..., U, such that for each i, (U;,>) is an irreducible subkei. The block structure
ensures that each B; is Bj-invariant, and so each (B;,>) is a subkei; thus each B; is
contained entirely in some U;. Hence each U; is a disjoint union of some of the blocks
and thus there exists a partition {uy,...,w} of [m] such that U; = (., B for each
7. As noted at the end of Section 5.2, there at most m™ possibilities for this partition
as each element of [m] is contained in one of the | < m sets uq, ..., .

Now we can apply Proposition 6.3.7 (with the number of blocks m replaced by
lu;|) to U; to see that there are at most (2p!)[“l irreducible kei on that set. This gives

l
kel < mm T (2p)™! = (2ptm)™,

=1

proving the result. [

We note that this upper bound is very small compared to the theoretical upper
bound of 2(¢teM)"* for some constant ¢. We have that 2plm = 2n(p — 1)! < 2npP, so

(2plm)™ = (2plm)™? < (2n)™Pp" < (2n2)" = 2°07).
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6.3.2 Kei such that all orbits have odd prime size

We now consider a natural extension to this question, where each block of the partition
C([n]) has an odd prime size but not all of the sizes are equal. The structure of any

kei in [Cp is very similar to that described in the last subsection.

Theorem 6.3.9. Let (p1,...,pn) be a sequence of odd primes andn ="y .-, p;. Let
P = {Bi,...,Bn} be a partition of [n] where |B;| = p; for each i. Then |Kp| <
(2n?)" = 200",

Proof. Take the natural partition of [m] formed by including i and j in the same
part if and only if |B;| = |Bj;|; suppose the resulting sets are vy,...,v, and write
V= Ukevi By, so each V; consists of |v;| blocks, all of the same size. Now take a kei
K € Kp.

Let ¢ € [m] and suppose that i € vy; from the first part of Lemma 6.3.1, (B;,>)
is either trivial or isomorphic to D,,, and from the proof of the same result, the
components of G, can only have size 1, p;, 2p; or a power of 2. Now take j ¢ vy;
from Lemma 6.2.4, all the components of G, contained within B; have a common
size equal to 1 or p;. But p; is distinct from p; and thus this size must be 1, i.e. B;
acts trivially on any block of a different size.

It follows that each block in Vj acts trivially on V; for any [ # k, and so the
partition {Vi,...,V,} of [n] is a partition into stable subkei and K = (V},>) @ --- &
(V,,>). Hence K is determined exactly by the subkei (V;,»>) for ¢ = 1,...,r; as each
block contained within each V; has the same odd prime size, we have from Corollary
6.3.8 and the following discussion that there are at most (2|V;|?)Vsl possibilities for
each (V;,>). As there are again at most m™ ways of forming the partition {vy, ..., v},
we have that .

Kp| <m™ [[2n*)M < n™(202)" = (20°)".

=1
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Chapter 7

Counting racks

So far, we have proved various partial results related to the enumeration of finite racks
and kei, depending on the sizes of the orbits involved. In Section 5.2, we established a
lower bound of 2(/4+e()* for the case where every orbit has size two, and in Section
6.2 we proved a much smaller upper bound for the case where every orbit has size
* (with
1)n?

equal to an odd prime. We first showed an overall upper bound of 2(¢te(t)n
¢ ~ 1.1604) in Section 4.2. In this chapter, we prove an upper bound of 2(/4+o(
for the number of racks of order n; by comparing it to the lower bound, we establish
an accurate asymptotic result on the number of (isomorphism classes of) racks on [n].

The principle behind the argument is as follows: we choose a set T C [n] and reveal
the maps (f;)jer. We then consider the components of the graph Gr; an important
lemma shows that if V' is a set of vertices such that each component contains precisely
one element from V' then revealing the maps (f,),cy determines the entire rack R.
The difficulty is in finding a set 7" which is not too big, but such that G has relatively
few components.

We will actually need to consider two different sets 7" and W. We choose a
threshold A and first consider the set of vertices Ssa that have degree strictly greater
than A in the underlying graph G%; we will choose probabilistically a relatively small
set W C [n] such that any vertex with high degree in G% also has high degree in GY;,.
Because the degree of any vertex in Ss A is so high, the number of components of GY,
contained in S is small; this allows us to determine the maps (fs)ses. A-

For the vertices in Sca (the set of vertices with degree at most A in G%), we
will construct greedily a set T' of a given size by adding vertices one at a time and
revealing their corresponding maps, each time choosing the vertex whose map joins
up the most components. It follows that for every j € Sca \ T, f; can only join up
a limited number of components of G'r; we will reveal the restriction of f; to these

components.
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Because of the complex nature of this argument, we will ‘store’ these revealed
maps in a 7-tuple I, and then count the racks consistent with /. The main term in
the argument comes from considering maps in Sca \ T acting within components of
Gr; we can control the action of these maps by first revealing some extra information
corresponding to the neighbours of T' in G%, which can themselves be controlled as
T consists of low degree vertices.

In Section 7.1 we formally define the information I, which requires some straight-
forward graph theory; in Section 7.2 we show that the number of possibilities for I is
at most 2°). In Section 7.3 we will show the desired upper bound on |R,|, and in
Section 7.4 we show that this bound is only achieved if almost every component of R

has size 2.

7.1 Important information in a rack

7.1.1 Degrees in graphical representations of racks

We will first need to consider the degrees of vertices in the graphical representation
of a rack. Let R = ([n],>) be a rack and T C [n]; for each v € [n], define

N (v)={j €T (v)f; # v}

and
Th(v) ={()f; [ j € Nf(v)},
so N (v) is the set of colours of out-edges of G7 incident to v, while I'f-(v) is the set

of vertices w such that v € B(GT). If V C [n], we define Nf (V) := o N7 (v)
and TH(V) = Uyey TH(0).

Definition 7.1.1. With notation as above, define the out-edge-degree of v in G to
be b1.(v) = |NJ (v)| and the out-vertez-degree of v in G to be dj(v) = [T+ (v)|. Thus
bt (v) is the out-degree of v in the multigraph G while d;:(v) is the out-degree of v

in the simple graph G%.

We can of course define the in-degrees by (v) and dj(v) similarly. Each map
fi consists of disjoint directed cycles, so for any v,i € [n] there is a directed edge
vl € E(GT) of colour i for some w if and only if there is a directed edge w0 € E(GT)
of colour i for some u, and thus b;.(v) = by (v). Note also that dj(v) < bi(v), as
every out-neighbour of v is the endpoint of at least one out-edge from v.

We now show that when S is a subrack, all components of Gg are out-regular in

both a vertex and an edge sense.
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Lemma 7.1.2. Let ([n],>) be a rack and (S,>) be a subrack, and let C' span a com-
ponent of Gs, and hence also of G%. Then for any u,v € C, b&(u) = b&(v) and
d&(u) = df(v), i.e. both Gs[C] and G[C] are out-regular.

Proof. 1f |C| = 1 then the result is trivial, so we may take |C| > 2. Let u,v € C be
distinct.

First suppose that v is an out-neighbour of u, so that there is a directed edge
ub € ﬁ(GS) of some colour i € S, ie. (u)f; = v. Note that i € NI (u) and
thus NJ(u) # 0; take an arbitrary j € Nd(u) and note that as S is a subrack,
k:=(j)fi € S. Suppose for a contradiction that (v)fr = v; then

(W) fi=v=(0)fr=()f " fifi = (W) fif; (7.1.1)

and thus (as f; is a bijection) u = (u)f;, contradicting the fact that j € N;F(u)
Hence k € NJ(v) and (NJ(u))fi € NJ(v); as f; is a bijection we conclude that
bs(u) = [Ng (u)] < |Ng(v)| = bg(v).

Now let w € T'i(u), so there exists a j € Nd(u) such that w = (u)f;. As
before, let k = (j)f; € Nd&(v), so (v)fi € T{(v); from the last two equalities in
(7.1.1), (w)fi = (v)fr € TE(v) and thus (T (w))f; € T'E(v). As f; is a bijection,
dg(u) = [T¢(u)] < T§(v)| = d§ (v).

Now let u,v € C' be arbitrary; from Lemma 4.3.7, there is a directed path u =

U, ..., u, = v in Gg[C]. From above, we have that bf(u) < b (u1) < -+ < bf(v)
and similarly d (u) < d{(v). By instead considering a directed vu-path we have that
b (v) < b (u) and df (v) < d&(u), and thus the result follows. O

7.1.2 Some multigraph theory

The construction of the information I requires some straightforward graph theory.
We will write ¢cp(G) for the number of components of a multigraph G.

In this subsection we will consider only undirected multigraphs for clarity. As
stated in the Introduction, ‘paths’ and ‘components’ of a directed multigraph are
defined by the underlying undirected multigraph, so all of these results remain true
for directed multigraphs.

Let G be a multigraph. Then for any distinct u,v € V(G) the following is true:
if there exists a wv-path in G then there is a (possibly degenerate) cycle in G + uv
containing uv and c¢p(G 4+ wv) = cp(G), while if there is no wv-path in G then
cp(G + uv) = cp(G) — 1 and there is no cycle in G + uv containing uv. In the latter

case, adding uv merges the components of G containing u and v, and thus coarsens
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the partition of V(&) into vertex sets of components; it follows easily that we always

have cp(G+ E) < cp(G). These facts allow us to prove the following standard lemma.

Lemma 7.1.3. Let G be a multigraph and Ey and Ey be multisets of unordered pairs
of elements of V(G). Then cp(G) — cp(G + Ey) = cp(G + Ey) — cp(G + Ey + Es).

Proof. Write Ey = {e1,...,¢e}, and let a = cp(G + E1) — cp(G + E;1 + Ey). Consider
adding the edges of E; in the given order to G+ E1; as cp(G+E1+ Es) = cp(G+E1)—a
we have from above that there are exactly a edges e;,, ..., e;, such that cp(G + E; +
{er, ... e, }) =cp(G+ By +{ey,...,e;,1}) — 1 for each j. Now write e;; = u;v; for
each j; we have shown that there is no u;v; path in G+ Ey 4 {ey,...,¢e;;_1} for any
]

Now add the edges (e;,,...,€;,) in the same order to G if for any j we have
that cp(G + {ei,, ..., e, }) = cp(G + {ei, ..., e;_, }) then there must be a u;v;-path
in G+ {e,...,e,_,} € G+ Er+ {e1,...,e,_1}, a contradiction. Hence cp(G +
{€i,-..,€,}) =cp(G) —a and

cp(G)—cp(G+Es) = cp(G)—cp(G+{eiy, ... e, }) = a = cp(G+E;)—cp(G+E+E»).
Il

Definition 7.1.4. Let GG be a multigraph and E be a multiset of unordered pairs of
elements of V(G). Let C' C V(G) span a component of G; we say that C' is merged
by E if there exist u € C, v € V(G) \ C such that uv is an edge from E. We denote
by M(G, E) the set of (vertex sets of) components of G merged by E.

Note that by considering the components merged by multisets £ and F' separately,
we have that M(G,EW F) = M(G,E)U M(G,F). As a single edge can merge at

most two components, |M (G, {e})| < 2 for any unordered pair e.

Lemma 7.1.5. Let G be a multigraph and E and {e} be multisets of unordered pairs
of elements of V(G). Then if cp(G+E+{e}) = cp(G+E), M (G, Ew{e}) = M(G, E).

Proof. Write e = uv; if u and v are in the same component of GG then e is not a merging
edge and M (G, {e}) = 0, so suppose that u and v are in different components of G.
Write C for the vertex set of the component containing u and D for the vertex set of
the component containing v, so that M (G, {e}) = {C, D}.

Now as cp(G+E+e) = ¢cp(G+E) there is a uv-path in G+E; let u = ug, ..., u, = v
be such a path and suppose that u, is the last vertex on the path belonging to C'. Then
t <r—1and u ¢ C, so by considering the edge u;us1 we see that C' € M (G, E).
By the symmetry in v and v, D € M (G, E) as well. We have shown in all cases that
M(G,{e}) € M(G, E) and thus that M (G, EW{e}) = M (G, E). O
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Corollary 7.1.6. Let G be a multigraph and E be a multiset of unordered pairs of
elements of V(G). Then |M(G, E)| < 2(cp(G) — cp(G + E)).

Proof. As in the proof of Lemma 7.1.3, order F as {ej, ..., ¢} and write a = cp(G) —
cp(G+E); then there are precisely a edges e;,, . . ., e;, such that cp(G+{ey,...,e;,}) =
cp(G+{e1,...,e;,—1})—1for each j. Write £, = {ey,..., e} for each k, so we always
have M (G, Ey) = M(G, Ex_1 W {ex}) = M(G, Ex_1) U M(G,{ex}). Now consider
adding the edges of E in the order given to Gj if k # i; for any j then cp(G, Ey) =
cp(G, Ex—1) and so from Lemma 7.1.5 we have that M (G, Ey) = M(G, E;_1), while
if k = i; for some j we have that |M (G, Ey)| < |M(G, Ex_1)| + 2. As there are only
a such edges it follows that |M (G, E)| < 2a = 2(cp(G) — cp(G + E)). O

7.1.3 The information Z(R)

We will introduce the following terminology. For any rack R = ([n],>) and any A
with 1 <A <n—1, let

Sca(R) :=={v € [n] | dp(v) < A}

denote the set of all elements of [n] with out-vertex-degree at most A. Write Ssa(R) =
[n] \ S<a(R) for the set of all elements with out-vertex-degree strictly greater than

A. We now show that this partition is actually a partition into subracks.

Lemma 7.1.7. Let R = ([n],>) be a rack and 1 < A <n—1. Then (S=a(R),>) and
(S<a(R),>) are both subracks of R.

Proof. Suppose for a contradiction that there exist u € Ssa(R) and v € Sca(R) such
that v and v are adjacent in Gg. Then u and v are in the same component of G
and thus by Lemma 7.1.2 (with S = R) they have the same out-vertex-degree, a clear
contradiction to the definitions of Ssa(R) and Sca(R). Hence Sia(R) and S<a(r)
are separated in G and thus both (Ssa(R),>) and (S<a(R),>) are subracks. O

Now fix
A = (logyn)®,

so A < n — 1 for sufficiently large n. For a given rack R, we will construct a specific
set T(R) C S<a(R), with |T(R)| < (logy n)?, by the following procedure.

Construction 7.1.8. If ScA(R) = () then T'(R) = (. Otherwise, order the ver-
tices of Sca(R) as follows: first choose uy so that cp(G,,) < cp(G,) for any v €
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S<a(R), then given a partial ordering wy, ..., ug, choose the next vertex wugyq such

that cp(Guy,..upunii}) < CP(Gruy..up0y) for any v € Sca(R)\ {u1, ..., u;}. Now take

L = |(logyn)’]

and define
T(R) = fug, - ud i [Sca(R)] > (logy n)?
S<a(R) otherwise.
We now introduce some more notation. For any j € [n], write ﬁ E ) for

the set of edges of G of colour j and M; = M(Gr(g), ﬁ]) for the set of (Vertex sets
of) components of Gr(r) merged by the edges of colour j. Note that if j € T'(R) then
EC@GT andsoMj:Q).

The key property of the set T'(R), in terms of the above concepts, is given in this

next lemma.

Lemma 7.1.9. Let R = ([n],>) be a rack. Then for any j € Sca(R) \ T(R),
2n
M| < —.
IS Tlog ny

Proof. Note that if |Sca(R)| < L = |(logyn)?] then T(R) = Sca(R) and the state-

ment is trivial. We will thus assume that s = [S<a(R)| > L+ 1 and so |T'(R)| = L
For 1 <@ < s, write H; = Gy, ) and x; = cp(H;—1) — cp(H;), where Hy = Gy

is the empty graph on [n]. Note that cp(H;) = cp(Hi—1 + Eu) < cp(H;_1), and so

x; = 0 for each i; we also have that

Zﬂ% = Z “1) — cp(H)) = ep(Hy) — ep(Hy) < cp(Ho) = n.

=1

Now fix an ¢ and suppose that z; < z;,1; then

cp(Hi—1) — cp(H;) < cp(H;) — cp(Hit1)

zﬁﬁ ) —cp(H Hﬂtﬁ +§

cﬂH)—w<u+ﬁml

u1+1

N

from Lemma 7.1.3. But then cp(Gu,, . w1uw}) > P(Guy, . ui1uiya}), contradicting
our ordering of the vertices. Hence x; > x;,1 and as ¢ was arbitrary we conclude that

(x;);_, is a decreasing sequence.
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Figure 7.1: A representation of the components of Gp gy, with the edges of colour j in blue.
Here, precisely three components (shaded light blue) are merged by the edges of colour j, so
|M;| = 3; Y is the set of vertices in these shaded components. If j € Sca(R)\ T(R) then
only the restriction f;ly, is included in the information Z(R).

Now suppose 7.1 >n/(L+1). Thenfor 1 <i< L+1,x; > 21 >n/(L+1),

and as each x; is non-negative we have

(L+1)n

a clear contradiction. Hence zr,1 < n/(L + 1) < n(logyn)~2

Now take j € Sca(R) \ T(R), so in our ordering of Sca(R) we have j = uy for
some k > L. By our construction, cp(Gyu,.....uzj}) = P(Guy,..jurur.}); DOting that
Grr) = Gu,,..uy = Hp, we may rewrite this as cp(Grr) + ﬁj) > cp(Hp41), and
thus

n
cp(Gr R)) —cp( GT + ﬁ p(Hr) — cp(Hpy1) = rp41 < m-
We can combine this with Corollary 7.1.6 to see that

2n
|M;| = |M(Gr(r), E23')| < 2(ep(Grry) — cp(Grr) + E —
(10g2 n)

showing the result. O

Before formally defining the information Z(R) associated with a rack R, we will
need some more notation. Firstly, write 7 (R) = T(R) UT}(T(R)). For any j €
S<a(R) \ T(R), define Y; = gy, C to be the set of vertices in components of
G'r(ry merged by Bj, and write Z; = [n] \ 'Y; (see Figure 7.1). Now let M be the
(|S<a(R)| — |T(R)|)-tuple (M;);es A(r)\1(R), Where we order the vertices in some
arbitrary way, and let Y = jeS<A(R)\T(R)(Y} x {j}) C [n]*>. The following lemma
gives the key property of the set Z;, in a slightly more general setting.
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Lemma 7.1.10. Let R = ([n],>) be a rack, W C [n] and j € [n]. Let C C [n]
be a W-orbit (so C' spans a component of Gw ), with C ¢ M(Gw,ﬁj). Then C' is

J-1nvariant.

Proof. Take a set C' as described and let x € C be arbitrary. If (z)f; = y # x then
@ is an edge of colour j; as C' is not merged by Ej, we must have (z)f; =y € C
and (as x was arbitrary and f; is a bijection) it follows that (C)f; = C. O

Now apply this lemma with W = T'(R); for any C' C [n] spanning a component
of Gpry with C' ¢ M;, (C)f; = C. As Z; consists of all vertices in components of
Gr(r) not merged by Ej, we have that (Z;)f; = Z;, and thus that (Y})f; =Y.

We will now formally define the information associated with a rack R.

Definition 7.1.11. Let R = ([n],>) be a rack and let A = (log,n)3. Then with

notation as above define

Z(R) := (S<a(R). blmjxsans T(R), Blrmyxpm)s Plpjxr+r), M, bly) -

As i>j = (i) f;, the second entry of this 7-tuple is equivalent to the set of maps
(fj)jes.a(r) or alternatively the graph Gg_,(r). The fourth entry is equivalent to the
set of maps (f;|r(r))jem); knowing this set determines N7 (T(R)) and thus 'L (T(R)),
which is necessary for the fifth entry. Note also that the fifth entry is equivalent to
the set of maps (f;)|;er+(r) and thus the graph Grp+(g), while the seventh entry is
equivalent to (f;ly;)jesca(R\T(R)-

We will think of Z as a map from R, to a set J, of 7-tuples; the form of this
set J, will be considered in more detail in Section 7.3. In the next section, we show
that the image Z(R,) C J, is small. We will do this by first considering the map Z’,
where Z'(R) = (Z;(R), Zy(R)) and then Z”, where Z"(R) = (Z3(R), . .., Z7(R)).

7.2 Determining the information Z(R)

7.2.1 Random subsets

The part of the argument relating to the vertices of high degree requires some prob-
abilistic tools. In particular, we will require the following result of Hoeffding [15];

these results are known generally as the Chernoff bounds.
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Theorem 7.2.1. Let Xq,..., X, be independent random variables, each taking values
in the range [0,1]. Let X =>"" | X; and let p = E[X]/n. Then for z > p,

rocs < (2 (122)7)
surena < (2 (122) )

We will use the following, more workable corollary (see for example Theorems 2.1
and 2.8 and Corollary 2.3 of [20]).

and for x < p,

]

Corollary 7.2.2. Let X1, ..., X, be independent random variables, each taking values
in the range [0,1]. Let X = """ | X;. Then for any € € [0, 1],

P(X > (1+ €)E[X]) < e B3

and
P(X < (1 —¢)E[X]) < e “BXI/2

]

Let R = ([n],>) be a rack. For the rest of this chapter, we will consider only the

out-vertez-degree dr.(v) of any given vertex; if T = [n], we will write d;” = df(v).

Lemma 7.2.3. Let R = ([n],>) be a rack and let p,e € (0,1). Construct a random
subset X of [n] by retaining each element with probability p, independently for all

elements. Then
1. ]P)(‘X| > (1 + e)np) < 6_52”7)/3;
2. For anyv € [n] and 0 < § < dfp, P(d}(v) <(1- 6)5) < =92,

Proof. For each j, let X; = 1yjcxy, so that each X; ~ Ber(p) and the variables
(X;)7_; are independent. Then |X| =377, X; ~ Bi(n, p) and E[X] = np, so we can
apply Theorem 7.2.2 to | X|, showing the first statement.

For the second statement, take a vertex v € [n] and let vy, ... ;Ugr be the out-
neighbours of v in G%; for each 1 < ¢ < d;, choose an element j,; € [n] such that

(v) fj,. = vi and put
Jy = {jui |i=1,....d}.
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The elements jy1,. .., j,4+ are clearly distinct and so |J,| = d;f. Now

i
7, NX| =YX, ~Bi(d}.p),
1=1

so E[|J,NX|] = d}p and we can apply Theorem 7.2.2 to see that for any 0 < § < d p,
P(1Jo 1 X] < (1 - 08) < B(an1 X] < (1 — i) < 4712 < 02

Since d%(v) = |J, N X/, the second result follows. O

7.2.2 The high degree part

We will need the following crucial lemma, which will also be used later.

Lemma 7.2.4. Let R = ([n],>) be a rack and T' C [n]. Let C be a T-orbit, so C' spans
a component of Gr, and let v € C. Let A C [n] be [n]-invariant. Then knowledge
of the maps (fi|a)ier and f,|a is sufficient to determine the maps (fula)uec, and

further, the maps (fu|a)uec are conjugate in Sym(A).

Proof. Let u € C, so from Lemma 4.3.7 there is a directed vu-path in Gr. Let the
colours of the edges of this path be 41,...,4;, so (v)f;, -+ fi, = w and thus f, =
~Lo. fizlfvfil -+ fi,- As Ais [n]-invariant, (A)f;, = A for any j, and thus

i
fu|A = fil_1|A te 'fi:1|Afv|Afi1|A o fil|A'

But as each i; € T', all of these maps are determined and thus f,| 4 is determined. Also

note that f,|4 is conjugate to f,|4 by the map (f;, -+ fi,)|a, proving the result. [
We will now show the first main result of this section.

Proposition 7.2.5. Let R = ([n],>) be a rack. Then for n sufficiently large there
exists a set W C [n], with

7 n
< = ——
Wl < woln) = 50—y

such that T'(R) is determined by the sets Sca(R) and W and the maps (fi)icw -

Proof. We will construct the set W by a mixture of probabilistic and deterministic

~3/2

arguments. Let p = (log, n) and consider a random subset X of [n] as described

in Lemma 7.2.3. For each n, let E, be the event that |X| < 3np/2; as np — oo as

n — 0o, we have from item 1 of the lemma (with € = 1/2) that
P(ETCL) < P(|X| > 3np/2) < 6—np/12 0
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as n — o0o.

Now for each v € [n] and U C [n], call v U-bad if df;(v) < (logyn)*?/2, and
let B, be the event that v is X-bad, so that P(B,) = P(d}(v) < (log,n)*?/2).
Let N = N(X) denote the number of X-bad vertices in S=a = Ssa(R), so that
N =3 cs..1p, Now dfp > Ap = (log, n)3/2 for each v € Ssa; hence from item 2
of Lemma 7.2.3 (with e = 1/2 and d = Ap),

E[N]= Y P(B,) = Y PB(d}(v) < (logyn)*?/2) < e (8 /8|5, 4],
vESS A VESSA
Now for each n let F), be the event that N = 0, i.e. that every vertex in Ssa is

X-good. Then from Markov’s Inequality
P(FS) =P(N > 1) < E[N] < |Son|e(082?/8 L pe—logam)™?/8 _y

as n — 00, noting that (log,n)*? = w(logn); hence P(F,) — 1 as n — oo.

We have shown that P(E,NF,) — 1 asn — oo, and thus in particular P(E,NF,,) >
0 for sufficiently large n. Hence we can find a set U C [n] such that |U| < 3np/2
and each vertex in Ssa is U-good; this means that dj;(v) > (log,n)*?/2 whenever
v € S.a, or in graphical terms, that each vertex v € S.a is adjacent to at least
(log, n)*/2 /2 vertices in GY,.

Now from Lemma 7.1.7 there are no edges from S=a to S<ca = [n] \ Ssa, S0 Ssa
is a disjoint union of vertex sets of components of GY.. We have shown that each
component of GY; contained within Ss A has size at least (logy7)%/%/2 + 1 and hence
there are at most 2|S=a|(logy n) %2 such components. Write the vertex sets of these
components as {C4,...,C,} and take a set of vertices V' = {vy,...,v,} such that

v, € C), for each k; we have shown that

2n

Vi=r< —2
VI=7< Togympr

Now from Lemma 7.2.4 (with 7' = U and A = [n]), knowledge of the maps (f;)|;cy and
fu, is sufficient to determine the maps (fy,)uec,; applying this to each component in
turn shows that knowledge of the maps (f;)ic and (f,),cv are sufficient to determine
(fu)ues.a, i-e. the second entry of Z'(R). So put W = UUV; as |U| < 3n(logyn)~3/%/2

we have the result. OJ

Corollary 7.2.6. Let € > 0. There exists some positive integer ny such that for all
n=ny, [T(R,)| <27
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Proof. Take n sufficiently large for the previous result to hold; then Z'(R) is defined
by S<a(R) (or equivalently Ssa(R)), W and the maps (f;)iew for a suitable set W
depending on R, with |W| < wp(n). Now fix such an n; it follows that |Z'(R,)|
is at most the number of distinct triples (S<a(R), W, (fi)iew) arising from all racks
in R,. There are clearly at most 2" possibilities for each of Sca(R) and W; as
there are n! < n" choices for any map f;, and |W| < wy(n), there are at most n™0(™
possibilities for the maps (f;)iew. Hence |Z'(R,)| < 22"n™(™  and from the previous

result we have that

log, (22nnnw0(n)> = 2n + n(log, n)wy(n)

7 n
on + 7 n?
= n _
2 (logy n)1/2

= o(n?).

Hence for any € > 0, there exists a positive integer n; such that for n > nq, |[Z'(R,)| <

22npnwo < 9n* proving the result. O

7.2.3 Components of the graph Gr ()

In order to prove that there are few choices for Z”(R), we will need the following
lemma; the ideas used in this argument are similar to those in Lemmas 5.1.1 and
Lemma 7.2.4.

Lemma 7.2.7. Let R = (|n|,>) be a rack. Let C be a T(R)-orbit, so C spans a
component of Grry, and let v € C. Then for any j € [n], knowledge of the maps
(filrry)iem) and (fi)|ier+(r) and the vertex (v)f; is sufficient to determine the map

file-

As in Definition 7.1.11, the maps (f;|7(r))jem determine the set I'h(T(R)) and
thus the set TT(R).

Proof. Let v € C; from Lemma 4.3.7 there is a directed vu-path in Gpg) (note that
this graph is determined from the maps (fi)ier(r), knowledge of which is assumed).
Let 7(v,u) denote the length of the shortest directed vu-path; we will show that
(u)f; is determined by induction on the graph distance d = 7(1}, u). The base case
d = 0 is true by assumption, so take d > 0 and suppose the result is true for smaller
d.
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Take a shortest directed path (of length d) from v to u and let w be the penultimate
vertex on the path; then Wi is an edge in Gp(g), so there exists some i € T'(R) such
that (w)f; = u. As we have knowledge of fj|rr), k := (i)f; is determined; as k €
T(R)UTL(T(R)) = T*(R), the map fy is also determined. Further, 7(1}, w) =d—1,
so by the inductive hypothesis the vertex (w)f; is determined. Now fp = fu)y, =
.fj_lfifj, and so f; = f; f; fi; hence

(w)f; = W) [ fife = (W) f; fr

which is determined as we know the vertex (w)f; and the map fi. The result follows

by induction. O]
We can now show the second main result of this section.

Proposition 7.2.8. Let € > 0. Then there exists a positive integer ny such that for
any n > ny, |I"(R,)| < 2¢7°.

Proof. As in Corollary 7.2.6, |Z”(R,)| is equal to the number of distinct values of
the 5-tuple Z”(R) as R ranges over all racks of order n; we will produce bounds for
each of these entries. There are clearly at most 2" choices for the set T'(R); recall
that by construction |T(R)| < L = |(logyn)?|. There are at most n possibilities for
the vertex (u)f; for any i,u € [n], so there are at most (n)" possibilities for the
maps (fj|r(r))jem and at most (n™)” possibilities for the maps (f;)ier(r). Now recall
that by construction T(R) C S<a(R)', so by definition d} = [I';(v)] < A for any
v € Sca(R); it follows that [TH(T(R))| < >

(n™)EA possibilities for the maps ( fi)ierg(T(R))- Hence there are at most 2"n!

(R) d < LA, and so there are at most
24+A)Ln

veT

possible values for the first three entries of Z”(R) (as R ranges over all racks of order
Now consider a rack R € R,, and suppose that the first three entries of Z"(R) have
been determined. Fix a j € Sca(R)\ T'(R); we must consider the possibilities for the

set M; of components of Gr(g) merged by and the restricted map f;|¢ for each

R
C € M;. If |M;| = a; then there are (crudely) at most n% possibilities for M; as there
are at most n components of Grg); from Lemma 7.1.9, a; = |M;| < 2n(log, n) "2, so

the number of possibilities for M; is at most

[2n(logy n)~?)

>, s (H oo )‘2) pnloss) ™ < g pnllosan ™,
0gyn

CLJ':O

'We need not fix this set for this proof, as we will consider every vertex outside of T'(R).
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for sufficiently large n. Now take a C' € M; and choose an arbitrary v € C; as
the maps (fj|r(r))jem and (fi)ier+(ry have been determined already, we have from
Lemma 7.2.7 that the restriction f;|¢ is determined entirely by (v)f;. There are at
most n possibilities for this vertex, and so considering the |M;| components making
up Yj, there are at most nIMil  p2n(logyn) = possibilities for the restriction f;ly,.

Now note that M and >|y are determined by M; and f;ly, for each j € Sca(R) \
T(R); as there are at most n such elements regardless of the set Sca(R), there are
at most (3n)"n2”2(1°g2 M~ possibilities for M and at most n2"* (0827~ possibilities
for >|y. Combining these numbers, there are at most 27n+2)Ln(3p)rpin* (os2n) ™ —
(6n) (A Lntdn®(loga n)™* 1y ossibilities for Z"(R) (as R ranges over all racks of order
n, for n sufficiently large) and thus [Z”(R,)| < (6n)"n(2+3)Entan®(logzn) =2

We have that A = (logyn)3, so 2 + A < 2(logyn)? for sufficiently large n. Then

for n sufficiently large

_ 4n?
n, (24+A)Ln+4n2(logy n) 2 — -
log;, ((6m)"n ) = nlogs(0n) + (ogs ) (24 &)+ )
2
< nlog,(6n) + 2n(log, n)° +

log, n

= o(n?).

Hence for any € > 0, there exists a positive integer ny such that for n > ng, |[Z”(R,)| <

(6n)"n(2+A) Lntan®(loga n) ™ < 9en® hroying the result. O

7.3 Maps acting within components of Grg)

7.3.1 Some preparatory results

We will need the following easy claims. The first is standard calculus and will not be

proved.

Claim 7.3.1. Let a > 0 and define g, : (0,00) = R by x — (logy x)/x*. Then g,(x)

1/a

is increasing for x < e'/®, obtains its unique maximum at x = e'/*, and is decreasing

for x > e/, [
Claim 7.3.2. For real numbers x,y > 0, xy/3 + 22/9 < (z +y)?/8.

Proof. Put z = x + y and consider z fixed; differentiating the function h : x +—
z(z —x)/3 4 x*/9 gives a single critical point occurring at the value z = 3z/4. Then

h(0) =0, h(32/4) = 2%/8 and h(z) = 2%/9, giving the result. O
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The above claims are used to prove this important technical lemma. The notation

is chosen to match the quantities defined in the next subsection.

Lemma 7.3.3. Let n be a positive integer and (n,)7—; be a sequence of non-negative

integers such that 22:1 Ng = n. Now put
1) — log, g
- () (o)
p=1 p g=1 7

Proof. By expanding the sums, we have that

¢ = ZIngq 2 Z zn: 10g2]9+10g2q77 T (7.3.1)

p=1 g=p+1

Then ¢ < n%/4.

and

> ot )° My
"Z:(’h . U :Zq+zznpnq

q=1 p=1 g=p+1

so if we set v = n?/4 — ¢ we have

V:i:(i_logw) +ZZ<1 loggpq))npnq

p=1 g=p+1

- Z dqnq + Z Z Cp,qTpTlq-

p=1 qg=p+1

From Claim 7.3.1 with a = 1, go(z) = (log, z)/x is increasing for = < e and
decreasing for x > e. We have ¢;(1) =0, ¢1(2) = ¢1(4) = 1/2 and ¢;(3) = (log, 3)/3 ~
0.528, so for all positive integers u # 2,3,4, (logyu)/u < (logy5)/5. Now define
v :=1/4 — (log, 5)/10 =~ 0.0178; we have shown that for pg = 1 and pg > 5, the off-
diagonal coefficient ¢, , = 1/2 — (log,(pq))/pg = 1/2 — (log, 5)/5 = 2. As p < ¢, the
only remaining off-diagonal coefficients are c; o, ¢1 3 and ¢; 4; note that c;0 =c14 =0
while ¢; 3 < 0.

Similarly, if we set a = 2 we have that g,(x) = (logyz)/z* is increasing for
7 < e'/? & 1.649 and decreasing for x > e'/2. As gy(1) = 0 < 1/4 = g5(2), we see
that for all positive integers u # 2,3, (logyu)/u? < (logy4)/16 = 1/8. This means
that for ¢ > 4, the diagonal coefficient d, = 1/4 — (logy q)/¢* > 1/8 > ~; of the
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remaining diagonal coefficients, note that d, = 0. Hence

V= Z dqnq + Z C1,4M7g + Z dqnq + Z C1, Mg + Z Z Cp,qTlpTly

p=2 g=p+1
n—1 n
> din} + dsni + cusmns + Z e + 29 Z N +2yY > g (7.3.2)
q=4 q=5 p=2 g=p+1

Now note that dy = 1/4, ds = 1/4 — (log, 3)/9 > 0 and ¢; 3 — 1/2 — (log, 3)/3 < 0.
We can bound the first three terms of (7.3.2) from below by using Claim 7.3.2 with

n 1 logy3Y\ 1 log,3
+(4 9 N3 + 5 3 mmns

2

n

4

2 2 2

o ns | T mns N3
05 s

2T T (Og23)(3 +9>

) (771 + 773)2
8

x =13 and y = ny; we have that

din + dgni + c13mmns =

2
> (m+mn3)° (1
4
> (i +n3)*,

08y 3

as 1/4 — (log, 3)/8 ~ 0.0519. We now have from (7.3.2) that

n—1 n

> i + s + 2yms + Z me + 2ym Z g + 2972 Z N +27Y > mng

q=4 p=3 q=p+1

= 0} + 2 (nﬁZm) +27n2217q+72nq+272 Z Mol

p=3 g=p+1

n n 2
>t + 29 Y ng — 2ymins + (Z nq>

q=3 q=3

n 2
= (m +y %) — 2ymm
q=3

=v(n —n2)* — 2ymna.

Now by the AM-GM inequality, mns < (m1 + 14)?/4 < (n — 12)?/4, and so

2

2
n n—
T C=v=aln—m) - v% = %(n —12)* 20, (7.3.3)

proving the result. O]

The form of the proof also gives a corresponding stability result.
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Corollary 7.3.4. Let (nq)g‘;l be a sequence of positive, integer-valued sequences such

that Zgzl ng(n) =n for all n. Now define a new sequence ( : N — R by
_ () ) (X loga g
)= (D= | | D —m(n) |-
p=1 P q=1 4
Then ((n) < n?/4, and further, {(n) ~ n?/4 if and only if no(n) ~ n.
Proof. We need only prove the stability statement. First assume that 7y(n) ~ n; then

from (7.3.1) and (7.3.3), n?/4 ~ n9(n)?/4 < {(n) < n?/4, and so ((n) ~ n?/4. Now
suppose that ((n) ~ n?/4; from (7.3.3),

"—_W)2<1_4<(n>%0

n n?

O<2fy<

as n — 00, and thus 1 —n2(n)/n — 0 as n — oo, i.e. n2(n) ~ n. O

7.3.2 A tight upper bound

In this section, we will consider all racks R € R,, such that Z(R) = I for some fixed

I € J,; in Section 7.2 we showed that the number of possible 7-tuples I is at most
20(n*)

We will first consider the set J,, in more detail. From Definition 7.1.11, J,, is a set
of 7-tuples, where each I = (Iy,...,17) € J, has the form described below.

1. I is aset ST C [n];

2. I is an (n — |S’|)-tuple (cof) of elements of &, indexed by S := [n] \ S in

some arbitrary order;
3. I3 is a subset T of [n] such that 77 C S7;
4. Iy is an n-tuple (77)™,; of injective maps from T to [n];

5. I5 is a sequence (o)) of elements of &,, indexed by the set (T7)" := TT U

)

(THr{ U---U(T")7! in some arbitrary order.

Zs(R) and Z7(R) are graphical in nature; to relate them to an abstract I € J,, we will
formally define the graph associated with such a 7-tuple I.

Definition 7.3.5. Let I € J,. Write ¥/ = {¢! | i € T'} and define G; := Gy,
in the sense of Definition 4.3.5, so Gy is a |T|-edge-coloured multigraph on [n]. We

write ¢! for cp(Gr) and C’ for the set of vertex sets of components of Gy, so [CT] = ¢!.
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We can now describe the form of Iz and I7, namely:

6. Ig is a sequence (M) of subsets of C', indexed by S\ T" in some arbitrary

order;

7. I is a sequence () indexed by S\ T', where Y] = Ugcyr C and ¢f €
Sym(Y") for all j.

To avoid later inconvenience, we will extend the definition of M/ and Y} to all j € [n]
as follows. For each j € ST UT!, define a set of ordered pairs from [n] (which we can

think of as edges of colour j) by setting

ELi= {7 | (2)o} =y, v £y} (7:3.4)

Then we define M] = M (G, Eﬁ) and Y/ = Jgep C-
Now fix an I € J,, and suppose R € R,, is a rack such that Z(R) = I. Recall that
A = (logyn)? and

Z(R) = (S<a(R), Plmixsons T(R), Ploryxins Plmixr+m), M, >ly),

where each entry defined by > can also be determined in terms of the maps fi,..., f.
corresponding to R. Comparing Z(R) with I we see that Sca(R) = S, Ssa(R) = S!
and T(R) = T'. We also have that f; = o for j € STU(TH)*, and thus Grr = Gr.
Finally, M = M; and Y;! =Yj for all j € [n], and f;|y, = ] for j € ST\ T".

This means that if the information I = Z(R) is known, we need only determine
the maps (fj|z,)jesca(r)\r(r) to determine the entire rack R (as described above, the
various sets are determined by I; Sca(R) = S*, T(R) = T" and Z; = [n]\Y; = [n]\ Y}
for each j € [n]). It follows that an upper bound on the number of possibilities for
these maps is also an upper bound for the number of racks R such that Z(R) = I.

We can further reduce the number of maps left to determine by considering com-

ponents of the graph Gj.

Lemma 7.3.6. Let I € 7, be fized and let R € R, be a rack such that Z(R) = I. Let
Cl={Cy,...,Cu} andlet V = {v1,...,va} be a set of vertices such that v; € C; for
each j. Then R is determined by I and the maps (fy|z,)vev -

Proof. As Z(R) = I, we have that Grr = G and so C(T(R)) = C'. Take any
j=1,...,c; the knowledge of I determines the maps (f;)icr(r) = (07 )ier» and thus
from Lemma 7.2.4 (with A = [n]) knowledge of the map f,, is sufficient to determine

the maps (fu)uec; Applying this over all the components of Gr(r) shows that we
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can determine the entire rack R by determining the set of maps (f,),cy. As the
restrictions (fy|y, )Jvev are determined by I (f,|y, = fuly; is equal to Plifv e SI\T!

and o]y otherwise), we need only determine the restrictions (f,|z, )vev - O

Before proving an upper bound we will need some more notation. For I € J,, and
1< qg<n,let né denote the number of vertices in components of G of size exactly
q. Then there are 77(5 /q components of size exactly ¢ and thus

n 1

n:zn:né and clzzn—q.
g=1 4

q=1
Proposition 7.3.7. Let I € J,, and define
n I n
U logy ¢
0= (3% (35 )
p=1 p q=1 4
Then there are at most 2°' racks R € R, such that T(R) = 1.

Proof. Write C! = {C},...,Cu} and let V = {vy,...,v.} be a set of vertices such
that v; € C; for each j. Let R € R, be a rack such that Z(R) = I; from Lemma
7.3.6, R is determined by I and the maps (f,|z,)vev. It follows that an upper bound
on the number of possibilities for the maps (f,|z,)vev is also an upper bound for the
number of racks R such that Z(R) = I.

Now fix an element v € V' (so f, is determined by I on all merged components).
Let C C [n] span a component of Gpry = Gy with C' ¢ M, and let € C; from
Lemma 7.1.10 (with W = T'(R)), (C)f, = C and so in particular there are at most
|C| possibilities for (2)f,. Now (filr(r))jem = (7])jep and (fiier+r) = (0] )icrn)+
are determined by I = Z(R), so from Lemma 7.2.7 f,|¢ is determined by (z)f,. Thus
there are at most |C| possibilities for f,|c.

As there are né /q components of Gpr) = G of size g, there are at most II :=

z,- Considering all of the ¢! components to-

" "/ possibilities for the map f,
qg=1
gether, there are at most II¢ possibilities for the maps (folz, )vev; it follows that
there are at most II° racks R such that T (R) = 1. Now

noT
log, (HCI) = Z lla log, q
q=1 q

(52 (5 B
p=1 p q=1 9 i

I

Y

proving the result. O]
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This proposition gives us the final result.

Theorem 7.3.8. Let € > 0 and let R, denote the set of all isomorphism classes of

racks of order n. Then for all sufficiently large integers n,
2(1/476)712 < |R;1| < 2(1/4+€)n2'

Proof. The lower bound is exactly Corollary 5.2.6; as |R!| < |R,| it suffices to find
an upper bound on |R,|. Let ¢ > 0; we have from Corollary 7.2.6 and Proposition
7.2.8 that for n sufficiently large |Z'(R,)| < 2°/2 and |[Z"(R.)| < 2°**/2. Now take
such a sufficiently large n; as Z(R) = (Z'(R),Z"(R)) for any R € R,, |Z(R,)| <
17/ (R)||IZ"(Rn)| < 2, and so there are at most 2°*° possibilities for a 7-tuple
I € Z(R,). From Proposition 7.3.7 and Lemma 7.3.3, there are at most 2¢" < 27*/4
racks R such that Z(R) = I, and thus |[R,| < 2¢%°27*/4, O

7.4 Racks with given component sizes

Recall that if P is a partition of [n| then Rp denotes the set of all racks such that the
partition of [n] into orbits of the operator group of R is exactly P (or alternatively
such that C([n]) = P). Proposition 5.2.3 and the following discussion show that for
any € > 0, there exists a positive integer ng such that for n > ng the following is true:

1/4=en* " Tn this section we show

if P is a partition of [n] into pairs, then |Rp| > 2
that if P is significantly different to a partition of [n] into pairs then |Rp| is much

smaller than 27°/4.

7.4.1 Another graph associated with [

Recall that for any I € J,, we define a corresponding graph G; = Gy, where X! =
{of |ieT"}; Gy is equal to Gy(p) if R is a rack on [n] such that Z(R) = I. By using
some more of the information I we can construct another edge-coloured multigraph
on [n].

First define ! = {o; | j € STUT'} and put G} = G5, (in the sense of Definition
4.3.5); note from (7.3.4) that

/] - G] + H‘J ﬁj.
jes!

For each j € ST\ T, define a set of ordered pairs from Y;-I (which we can think of as

directed edges of colour j) by setting
Flim {7 | (2)0! =y, o # y},
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analogously to Definition 4.3.5. Now define

H =G+ L—lj ?j

jeSI\T!

Now suppose R is a rack on [n] such that Z(R) = I; then Gs_,(ryurr) = G7. Further
Jfor each j € [n], let B; be the subset of Bj consisting only of edges of colour 5 with
both endpoints in Yj, so that ?JI = ﬁ; Then we have

H; :G,I-i- H‘J ?;— = GS>A(R)UT(R)+ L‘ij ﬁ; C Gg, (7.4.1)

jESI\TI JES<A\T

where we have suppressed the argument R for improved readability. Hence for each
J € [n], every edge in H; of colour j corresponds to an edge of colour j in Gg; this
correspondence is not one-to-one, but we now show that the graphs Gr and H; have

the same components.

Lemma 7.4.1. Let I € 3, and R = ([n],>) be a rack such that I(R) = I. Let
C C [n]. Then C spans a component of Gg if and only if C' spans a component of
H;.

Proof. From (7.4.1), H; C Gg; it follows that if u,v € [n] are in the same component
of Hy then they are also in the same component of Gg.
Now write
e= U EnFi= U ENE;
jeSI\T! JESI\T!
we have from (7.4.1) again that Ggp = H; + &. Let @ be an edge from & of colour j;
by definition, z{ ¢ E; and thus x,y € Z;. As Z; consists of vertices in components
of Gr(r) not merged by E;, y = (x)f; is in the same component of Gy gy as x, and
thus from Lemma 4.3.7 there is a directed zy-path in Grr) = G; € H;. As j was
arbitrary, every edge in £ can be replaced by a path from Hj, and thus every two

vertices in the same [n]-orbit are joined by a path in Hj, proving the result. O]

Fix some I € J,; we will consider the graphs G; and H; together. Let B C [n]
span a component of Hyr; as G; C H; the component H;[B] is a disjoint union
of components of G;. Suppose that B = C} U --- U ()., where each C; spans a
component of G;. As B spans a component of H; we can reorder the C;s such that
for each 1 < k < r there exists a 1 < j < r such that C; and C}, are joined by an edge

of H; of some colour and direction. We will use this fact to formally fix an ordering
of C.
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Figure 7.2: An example where ¢! = 6 and m! = 2. The first set By contains the first
four components of C!, and the second set By the next two. Here ri = 4 and 5 = 6, so
J1 ={1,5}. The coloured edges are edges from Hr.

Write m! = cp(H;) and let Bf = {By,...,B,,r} be the set of vertex sets of
components of H;. Write C! = {C,...,C.}; as described above, each B; is a disjoint
union of sets from C!. We can reorder C! such that the sets from C! making up B’

are consecutive, i.e. that

Ti—Ti—1

B; = U CTi—1+j7
Jj=1

for some strictly increasing sequence ry = 0,71,...,7,s = c' of indices, where we
have the additional property that for any ¢ and any r;_; < k < r; there exists some
ri-1 < j < 7; such that there is an edge between C; and Cj of some colour and
direction; let v, be the endpoint of this edge lying in Cj,. Now for i = 0,...,m! — 1,
choose v,,+1 to be an arbitrary vertex of C, .;; we have thus determined a set of
vertices V' = {vy, ..., v} with v, € C) for all I. We will also define

Jl;:{ri+1’0<i<mj},

so J; indexes the first component of G in each component of H; (see Figure 7.2).
Now let I € 7, be fixed and take a rack R € R,, such that Z(R) = I; recall that
Grr) = Gr and that M; = M/ and Y; =Y/ for all [ € [n]. For 1 < j < ¢!, partition
the set Z,; into

P = U C and Q;:= U C.
CeC(T(R))\My; CEC(T(R))\ My,
|Cl=2 |C|#£2

As both P; and @); are disjoint unions of f, -invariant sets, both P; and Q; are
fv,-invariant. We will bound the number of possibilities for the maps (f,,| Pj)§I:1 by
considering maps f,, and f,, together if v; and vy lie in the same component of the

larger graph Hj.
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Lemma 7.4.2. Let I € J,, be fized and take a rack R € R, such that TZ(R) = I.

Then with notation as above, the maps (f, |Zvj )jlzl are determined by I and the maps
CI
(fvijj)jEJ1 and (ij|Qj)j:1'

I Ti+1

Proof. Fix some i, 0 < ¢ < m'; we will show that the maps (fy,|z, )y, , are

determined by I and the maps f,, ,,|p, ., and (fy,|q,)x2r, 41, and the full result then
follows by considering all values of 7. Next fix a k with r; < k < r;41; we will show
that the maps (f,|p )5, 1, along with the assumed information, determine f,,|p,.
The result then follows inductively.

By our construction of V', vy is the endpoint of an edge from H; whose other
endpoint, say u, lies in C; for some j such that r; < j < r;;1. Let [ denote the colour
of this edge, so uvj or vzt is an edge of Hj of colour I; as Z(R) = I, v, = (u)ff
for some € € {—1,1}. Now u and vy are in different components of Grry = Gy, so
[ ¢ T(R). We also have that u € C}, so from Lemma 4.3.7, there is a directed v;u-path
in G'pg); let the colours of the edges on this path be iy,...,4,, so u = (v;)fi, -+ fi,

and
vp = (W) f = () fi, - fi, f = (v5)g,

say. Then from Lemma 4.1.10 we have that f,, = ¢7'f,,g. Asiz € T(R) for 1 < g < p,
each map f;, = J{q is determined by I; if [ € Ssar) = ST then fo, = aqfl is also
determined by I, so g is determined entirely. In this case f,, = g~ Jv;9 18 determined
by I, fu,|p, and fy,|q,, so we may suppose that I € Scar) \ T(R) = S"\ T". In this
case the map f; is not fully determined by I, but we do know the set M; = M and
the restriction f,,|y; = ¢/ .

Now take C' € Py, so by definition C'is a T'(R)-orbit of size 2 such that (C) f,, = C;
as C' is a T(R)-orbit we have that C is i,-invariant for 1 < ¢ < p. First assume
that C' € C(T(R)) \ M,;; from Lemma 7.1.10, C' is l-invariant, and so (C)ff = C
for e € {—1,1}. Tt follows that g is a composition of maps preserving C' and thus
(C)g° = C for e € {—1,1}. But then (C)f,, = (C)gfug~" = C, and so C is also
Jv;-invariant.

We have shown that g|c, fu,|c € Sym(C); as [C| = 2 the group Sym(C) = Cs,
which is abelian. It follows that

ka’C = gil‘Cofvj‘Cogyc = f’vj‘CU

and thus f, |¢ is determined by f, |p,.
Now suppose that C' € M;; as Grry € Grryuqy there exists a set D O C such

that D is a disjoint union of components of G'rry and D spans a component of
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Figure 7.3: The red lines represent g, which is not determined everywhere outside of D.
We must ensure that the blue edge (of colour v;) maps (x)g~! to some other vertex in D.

Grruqy- Let C" € D\ C span such a component of Gp(g), and let x € C'and y € "
be arbitrary; from Lemma 4.3.7 there is a directed zy-path x = z¢,..., 2, = y in
Grrup[D]. Now let ¢t be minimal such that 2, € C'; then ¢t > 0 and 2,1 ¢ C’, so
the edge 7,17, is of colour [ and C" € M(Gr(r), El) = M;. As C' was arbitrary we
conclude that each T'(R)-orbit contained in D lies in M;, and so D C V}; it follows that
filp = ¥f|p (which is determined by I), and as D spans a component of Gr(ru{y,
(D)(¥})e = D for € € {—1,1}. As each T(R)-orbit is i,-invariant for 1 < ¢ < p, D
is also i,-invariant for each ¢, and so ¢¢|p is determined by I for e € {—1,1}, with
(D)ge = D.

Let x € C be arbitrary; we will now show that the vertex (z)f,, is determined
by I and f,, (see Figure 7.3). We have shown that (z)g~' is determined by I, with
(x)g~' € D. Suppose that y := (x)g~'f,, ¢ D; then (z)f,,9=" ¢ D, which is a
contradiction as (x)f,, € (C)f,, = C C D and (D)g~' = D. Hence y € D, and so
the vertex (y)g is determined by I and lies in D. As y = (x)g~' f,, is determined by
I and f,;, we get the desired result, and as x was arbitrary it follows that (C)f,, is
determined by I and f,,. This proves the lemma as we have determined f,, on every

component of G gy lying within Py. O]

We can now give a bound on the number of racks R such that Z(R) = I in terms
of m' and 5, for ¢ > 2; Lemma 7.4.1 then allows us to relate this bound back to the

given component structure of Gg.

Proposition 7.4.3. Let I € J,,, and define

] n
7 log, q
§2]:m132+n§ q2 77;-
q=3

Then, there are at most 2% racks R € R, such that IZ(R) = 1.
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Proof. We will use the same notation as the previous lemma. Let R € R,, be a rack
such that Z(R) = I; from Lemma 7.3.6, R is determined by the maps (fvj\zvj)i :
From Lemma 7.4.2 these maps are determined by I and and the maps (f.,|p,)jen
and (fy,|o, );?I:l, so it suffices to find an upper bound on the number of possibilities
for the maps (fy,|p;)jes and (fy, \QJ)CI

Now fix a j such that 1 < j < ¢!; we will consider the possibilities for the map
fu;l@, much as before. Take a C' € C( (R)) \ M,, such that |C| # 2; for an arbitrary
r € C there are at most |C| possibilities for (z)f,,. We argue as in the proof of
Proposition 7.3.7; as the maps (f;lr(r))jem = (7))jem and (fi)ierjg(T) = (0])ie(rny+
are determined by I, we have from Lemma 7.2.7 that there are at most |C/| possibilities
for fu,lc. As Q; is a union of T'(R)-orbits of size not equal to 2 and there are 7, / q
T'(R)-orbits of size ¢ for each ¢, the number of possibilities for the maps (f., ]Qj) j
is at most (IT,)", where II, = [T—s q"ala

Now fix a j € Ji; there are at most 2 options for the restriction of the map f,,
to any component of size 2. P; is a disjoint union of T'(R)-orbits of size 2, and there
are 1k /2 such orbits, so there are at most 212/ possibilities for the map f, |p,. Now
|Ji] = m! and thus there are at most 2 "/2 possibilities for the maps (fo;lp;)jer -
Hence there are at most 27" /2II§ racks R € R, such that Z(R) = I; note that

1Og2 (2m 772/2HC ) 1772 ] Z log2 q I
< mln_é + ni log, C]nl
X 9 s q g

I
:C27

showing the result. O

7.4.2 An extremal result

We will now show that unless P is ‘almost’ a partition of [n] into pairs, the size of
(log, [Rp|/n?) is bounded away from 1/4. Formally, we need to consider a sequence
of partitions (P,)%,, where P, is a partition of [n| for each n. For each positive
integer ¢, let m,(n) denote the number of parts of P, of size exactly ¢ and let m(n)
denote the total number of parts, so

n

n) = qu(n) and n = Z qmgy(n)

q=1

for all n.
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Proposition 7.4.4. Let (P,)2, be a sequence of partitions, where P, is a partition

of [n] for all n, and suppose that

log, [Rp,| 1
_— % p—
n? 4
as n — oo. Then ma(n) ~n/2.

Proof. Let v =1/4 — (log,5)/10 and let

A:g(l_logQES)'
0 3

Now let € € (0,A); this range is chosen such that ve?/2 + €(log,3)/3 < e. Put
§ = 7€?/8; from Corollary 7.2.6 and Proposition 7.2.8 there exists some positive
integer ng such that for all n > ng, |Z(R,)| < 20"

Now for any n > ng, partition the set J,, into two sets as follows: let

W= {Ied, |nt<(1—en} and TP :={re7,|nl>1—enl
Now partition Rp, accordingly; let
RS :={ReRp, | Z(R) € IV} and RS :={R e Rp, | Z(R) € 3P},

so | Rp, | = |R§;12 |+ |R§322| We will find an upper bound on ]R%N by using Proposition
7.3.7; for any I € 3% there are at most 2¢' racks R such that Z(R) = I. Now for
such I, nt < (1 —€)n, so from (7.3.3),

2 2 2
(n—my)? < nz _2len) = (1 - 7—6) n?.

INES

(' <

DO |2

2 4 2
As |[Z(RO)| < |Z(Rp, )| < 277, we have that [R)| < 221", where

3ye?
=

V)
A~ =

Now let R € Rp, and put Z(R) = I. By definition, 5! is the number of vertices in
components of Gy = Gr(g) of size exactly 2; as Gpry € G, every such vertex must
be in a component of G of size at least 2. There are precisely mq(n) vertices of Gg
in components of size 1, so we have that nl < n —m;(n). Hence if m;(n) > en then
nt <n—en=(1—-¢€)n,and thus I € 30 it follows in this case that jo = () and
Rp,| = RS | < 247 Then

log, [Rp,| 1 3y€

<oy =-—
n? STy 8

(7.4.2)
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Now if there are infinitely many n such that m,(n) > n then (7.4.2) holds for infinitely
many n, contradicting the fact that (log, |Rp,|)/n* — 1/4 as n — oo. Hence there
exists some positive integer nj > ng such that for n > ng, mi(n) < en; this suffices
to show that mq(n) = o(n).

Now suppose that n > ng, so mi(n) < en; we will find an upper bound on
|72f(,322| by using Proposition 7.4.3, and thus we need to consider (. Let I € 3
and let B € R, be such that Z(R) = I; from Lemma 7.4.1, m! = cp(Hy) =
cp(Gr) = m(n) as R € Rp,. Now from Claim 7.3.1 (and the proof of Lemma 7.3.3)
(logy q)/q < (log, 3)/3 for any positive integer ¢; hence

o = 1n2+ Zloggc.u m(n) 2 772 logz ZI

As I € 3 we have that nl > (1 —€)n; as n = Y0 ns, it follows that Y/ s n) =
n —nt —nt < en. Thus, approximating nf by n,

log, 3
nm(n) | elogy3 ,

1
<

for any I € 3. Now for any such / we have from Proposition 7.4.3 that there are at
most 2¢ racks R such that Z(R) = I; as ]I( )] IZ(Rp,)| < 29, we have that
|R§323| < 292" where
2 | I 2
y — 5nn—;— G < m2(:) N % n 610523'
Now suppose that m(n )/2n < 1/4 — (v€?)/2 — €(log, 3)/3; then ag < ay. It follows
that |Rp, | = RS \ + |RE \ < 2077 4 9een® < gmn®+1 and g0

log, [Rp, | 1 1 3y 1 1 €
082 Pl - — <1 743
n? N Ty 8 - n? "4 4 ( )

for sufficiently large n. If there are infinitely many n such that m(n)/2n < 1/4 —
(v€?)/2 — €(logy 3)/3 then (7.4.3) holds for infinitely many n, contradicting the fact
that (logy |Rp,|)/n* — 1/4 as n — oco. Hence there exists some positive integer
ng > ng such that for n > nf, m(n)/2n > 1/4 — (v€?)/2 — €(log, 3)/3. As € was
chosen such that (ve®)/2 + €(log, 3)/3 < €, m(n)/2n > 1/4 — € for n > nj.

Now take n > ng, so my(n) < en and m(n)/2n > 1/4 — €, so m(n) > n/2 — 2en.
Recall that m(n) = >0 my(n) and n = 30| gm,(n); we thus have that

2en > g —m(n) = 2": (g - 1> mg(n) > —Tm + Y (g - 1> my(n). (7.4.4)

q:l q:3
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Now 6(q/2 — 1) > ¢ for ¢ > 3, so multiplying (7.4.4) by 6/n gives

0<quq Z( ) ma(n) s

which suffices to show that 3/, gm,(n) = o(n). But then n = my(n) + 2ma(n) +
D a—s @Mg(n) = 2my(n) +o(n), and thus 2my(n)/n = 1+o(1), i.e. mg(n) ~n/2. O
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Chapter 8

Connected kei

There has been a high level of interest in connected racks in recent years; in [11]
Grana classified all racks of order p? (for a prime number p), while McCarron showed
in [25] that for a prime number p # 2,3, 5 there is no connected quandle of order 2p.
In this chapter we exploit an interesting property of the graphical representation of a
kei to show that the number of connected kei of order n is at most 20(”2); McCarron’s
result shows that there is no non-trivial lower bound.

Because we are working exclusively with kei on [n], we will omit the inverse
notation for the corresponding maps fi, ..., f,. Recall that if K is a kei then the edges
of G are undirected, so we may adapt Definition 7.1.1 and write b(v) = b*(v) = b~ (v)
and d(v) = d*(v) = d (v) for any v € [n].

8.1 Diameter of graphical representations

Let ([n],>) be a kei and fi,..., f, be the associated maps. For any S C [n] and
u,v € [n], denote by dg(u,v) the graph distance between u and v in the graph Gg.
Recall that the reduced graph GY is the simple graph on [n] formed by ignoring all
colours and multiple edges; dg(u,v) is clearly identical to the graph distance between
u and v in the reduced graph G%. We will show that any component with diameter
d must have at least 2¢ vertices, and also at least 297! edges of the same colour. We

begin by showing that there are many shortest paths between pairs of vertices.

Lemma 8.1.1. Let S C [n] be a subkei, and let u,v € [n] such that dg(u,v) = d €
[2,00); hence there exists a shortest path u = vy, v1,...,v4 = v of length d in Gg
between u and v. For each 1, let ¢; be the colour of the v;_1v; edge on the path, so
(v3) fe, = vi—1. Now fix some i > 2 and define wy, = (vg) fe, for k=0,...,i—2. Then
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Vo Vi—2 Vi—1 V; Vd
@ @ L

Wo W;—2

Figure 8.1: An example with i = 4. The colour ¢; is represented by red, with the colours on
the lower path being the colours ¢, ¢’ etc. found as we progress from right to left along the
upper path.

the vertices wy, . .., W;_o, Vg, ..., Vq are all distinct and vo, wo, ..., Wi_2, Vi, ..., Vg 1S G
(shortest) uv-path in Gg.

Proof. (See Figure 8.1 throughout). For any j < i — 2, denote by P(j) the state-
ment that the vertices wj, ..., w;—2,vp,...,v4 are all distinct, and that the path
U0y vy Uy Wiy« .o, Wi—g, Vjy . .., Vg 18 a (shortest) wv-path in Gg. Then the lemma is
the statement P(0); we will prove that P(j) holds for all j by reverse induction.

Firstly, as w;—o = (v;—2)fe, and v; = (v;_1)f., we see that w;_o ¢ {v;_1,v;} (or
there would be a vertex with two incident edges of the same colour). If we had
w;_g = wv; for some [ > ¢ then vg,...,v;_9,7,...,vq would be a uv-path in Gg of
length d — (I — i+ 1) < d, a contradiction. Now observe that

Wi—2 = (Ui—Q)fCi = (Ui—l)fcz'—1fci - (Ui)fcifCi—lfCi - (Ui)f8’7

where ¢ = (¢;_1)f.,;; note that ¢ € S as S is a subkei and so there is an edge in
G's between v; and w;_5. So now suppose w;_o = v; for [ < i — 1; then vy, ...,y =
Wi_2, Vi, ..., Vg 18 & uv-path in Gg of length d — (i — [ — 1), again a contradiction. So

w;_o # vy for any [, and we can use the v;_sw;_o and w;_ov; edges, of colours ¢; and ¢

respectively, to construct a uv-path vg, ..., v;_ow;_ov;,...,vs of length d in Gg. This
establishes P(i — 2).
So now take j < i —2 and suppose P(j+ 1) holds. As vj w41, ..., vi_ow;_o and

v;_1v; are all edges of colour ¢;, w; # v; for j < 1 <4 and it is also not equal to any
other wy. As before, if w; = v; for | > i we can construct a uv-path in G'g of length

d— (I —i+ 1), a contradiction. Now observe that

Wy = (Uj)fci - (vj+1)fcj+1fci - (wj+1)fcifcj+1fci = (wj-i-l)fC”v

where ¢’ = (¢j41)fe; € S, so there is an edge in Gg between w; and w;;;. Now

suppose w; = v; for some | < j; then vy, ..., v = wj, Wjt1, ..., Wi—av;,...,04 s a

130



uv-path in Gg of length d — (7 — 1 4+ 1), a contradiction (note the existence of the
w;+1v;-path follows from the assumed P(j 4 1)). Hence w; # v; for any [, and we
can use the v;w; and w;w;4q edges, of colours ¢; and ¢” respectively, to construct a
wv-path vg, ..., vj,wj, ..., Wi—2,v;,...,v4 of length d in Gg. Thus P(j) holds, and so
by reverse induction P(0) holds, proving the lemma. O

Corollary 8.1.2. Let P be any shortest uv-path in Gg. Then no two edges of P have

the same colour.

Proof. Suppose not, so there is a path u = vy, ..., vy = v and a colour ¢ € S such that
(vj_1)fe = v; and (v;—y)f. = v; for some j < i—1 (we can’t have j =i — 1 as then v,
is incident to two edges of colour ¢). From the lemma, with ¢ = ¢;, w; = (v;) fe, # v

for any I, but here w; = (v;) fo = vj_1, a contradiction. O

Suppose we are considering a shortest path P = vy,...,vs in Gg. In the light
of Corollary 8.1.2, and to ease notation, we will assume without loss of generality
that [d] C S and that the edge between v;_; and v; in P is of colour i. Now let

s = (ay,...,a,) be a strictly increasing sequence of elements from [d] and define

Us = (u)fth "'faw

where we note ug € S as S is a subkei. Now define Uy = {u} and for r = 1,...,d,
define

U, = {us | s is strictly increasing, |s| = r},

so in particular U; = {v}. Now let e; = (1,...,1) for all 4; then v; = (u)f1 - fi = e,
and so v; € U; for all i. We also have the property that as s is increasing, a; > i for
any ¢, with equality if and only if the subsequence consisting of the first ¢ terms of s
is the canonical sequence e;.

We will show that any strictly increasing sequence s can appear at the start of
a shortest uv-path without affecting too many other edges, and that any such path

passes sequentially through each of Uy, Uy, ..., U,.

Lemma 8.1.3. Suppose we are in the same situation as Lemma 8.1.1 with ¢; =i for
1 <i<d, and let s = (ay,...,a,) be a strictly increasing sequence of elements from
[d]. Then there is a shortest path Ps = (u = 2o, X1, ..., Ta,—1,Ta, = Vapy---,Vq) SUCh
that xy, € Uy for 1 < k < a, and the x,_1xy edge in Ps is of colour ay for 1 < k <r

(which means in particular that x, = usg).
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Proof. We shall prove the following stronger statement by induction on r: there
exists a shortest path Ps = (u = xo,21,...,%4,-1,%a, = Va,,---,Vq) such that for
1<k <a,,

T = Uy (8.1.1)

for a (strictly increasing) sequence t of length k whose largest element is at most a,,
and that for 1 < k < r the x,_12; edge in P is of colour a,. These statements clearly
imply the result.

First consider the base case r = 1; if s = e; = (1) then the original path P
suffices as the first edge is of colour 1, so v; = (u)fi = up). Hence we may assume
a; > 1. Then applying Lemma 8.1.1 to P with ¢ = a;, there exists a shortest path
P = (u = vg,wq, ..., Wa;-2,Vay,---,0q) in Gg, with an edge of colour a; between vy
and wy, for 0 < k < a; — 2; in particular, the first edge of P’ is of colour a;. Now for
kE<ar—2, wi = (Vi) fa, = (tey) far> SO Wi = Uey,a,) € Up+1. So we obtain (8.1.1) by
setting x = wy_1 for 1 < k < a; and putting Py = P'.

So now take r > 1 and assume the result for smaller r. If a, = r we have s = e,,
and in this situation the original path P suffices as the first r edges are of colours
1,...,rand v, € U, for 1 < k <r. So we can assume that a, > r.

By applying the inductive hypothesis to the sequence s" = (aq,...,a,_1) we see

that there exists a path

PS’ = (U =Yo,Y1s---sYar_1—1sYar_1 = Var_y5--- avd)

such that, for 1 < k < a,_1, yr = uy for a strictly increasing sequence t whose
largest element is at most a,_;. We also have that the y,_1y. edge is of colour ay
for 1 < k < r, but we don’t know the colours of the edges yr_1yx for r < k < a,_;.
But as a, > a,_; the v, v, edge of colour a, is still present in Py; hence we
can apply Lemma 8.1.1 to Py, with ¢ = a,, to obtain a shortest path P” = (u =
Vo, W, -+« , Wa,—2,Va,, - - -, Vq) In Gg, with an edge of colour a, between v, and wy, for
0 < k < min{a,_1,a, — 2} (note that a, — 2 < a,_; if and only if a, = a,_; + 1).
We aim to show that for all 0 < k < a, — 2, w, = uy for some sequence t’ of length
k 4+ 1 whose largest element is at most a,. The proof will vary slightly depending on
whether a, = a,_; + 1 (see Figure 8.2) or a, > a,_; + 1 (see Figure 8.3).

Fix a k such that 0 < k£ < a,_1 — 1 < a, — 2; by the inductive hypothesis
(specifically (8.1.1)) yr = uy for some sequence t whose kth and largest element is
at most a,_1. But wi = (yi)fa, = (ug)fa,, 50 Wr = Uq,); aS ay > a,—; we have
wy, € Upy1, where wy = uy for some sequence ¢’ whose largest element is at most a,..

If a, = a,_1 + 1 then we have considered all the vertices wy, ..., w,, _o.
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U= Yo U1 Yo i (%) Us Uy Us Ve =V

Wo w1

Figure 8.2: Suppose s = (2,3) and that edges of colour 2 are red while those of colour 3 are
blue. The top path Ps corresponds to the sequence (2), and the bottom path P is a result
of applying Lemma 8.1.1. The new path P" is shown in bold.

U= Yo U1 Yo Ys = U3 71.4 Vs (% .: (%

Wo w1 Wa W3

Figure 8.3: Suppose we now have the sequence s = (2,3,5), with edges of colour 5 being
violet. The top path Py is the (relabelled) bold path from Figure 8.2, while the bottom path
is again a result of applying Lemma 8.1.1; note the additional edges. The new path P" is
shown in bold.

Now suppose that a, > a,_1 + 1; in this case we also have an edge of colour a,
between v, and wy, for a,—1 < k < a, — 2. But as before, wy, = (vi) fa, = (te,) fa, =
Uey,,a,) for any such k, so wy, € Up4 and wy, = uy for some sequence ¢ whose largest
element is at most a,. Thus we have the desired result on wy for the entire range
0<k<a —2.

Now as a, > r and a,_y > r — 1 we have min{a,_1,a, — 2} > r — 1, so there is
always an edge of colour a, between y,_; and w,_;. Consider the path P” obtained
by using the first » — 1 edges of Py, the edge y,._jw,_; and then the remaining edges

of P"; we obtain

/1
P" = (w1, Yre 1, Wy—1y e oy Wap—2y Vs -+ 5 V)

where the first r edges are of colours aq,...,a,. We get the result by putting x; =

yr € Up for 1 < k <r and 2, = wip_y € Uy, for r < k < a,, and setting Py = P”. [

We can now use this result to show that different sequences correspond to distinct

vertices.

Corollary 8.1.4. Lets and t be distinct, strictly increasing sequences from [d]. Then

Us 7 Uy
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Proof. Let |s| = q and |t| = r, where we may assume ¢ < r, and suppose that us = uy.
Write s = (a1,...,a,) and t = (by,...,b.) and consider the paths P : (uz;---x,, =
Vg, "+ vq) and Py @ (uyy---yp, = U, ---vq) as described in Lemma 8.1.3; note that
Ty = Us = Uy = Y,. Thus we may replace the uy,-segment of P, with the uz,-segment
of Ps to obtain a uv-walk in Gg of length d — (r — ¢), a contradiction if ¢ < r. This
shows that U, N U, = () for q # r.

So suppose ¢ = r (so x, = y,) and for now that a, # b,; we may assume that
a, < b,. Now replace the ux,-segment of Ps with the uy,-segment of P; to obtain a

new uv-path
/. _ _
P : (uyl...yr _x'r...xar_lxar _Uar”'vbr—lvbr"'vd>7

where we note this is a path as both P and P; pass sequentially through the pairwise
disjoint sets Uy, Uy, . . ., Ug. But both the y,_1y, and v, _1vp, edges on P’ are of colour
b, contradicting Corollary 8.1.2.

Now note that in any case x,_; = (x,)f,. and y,—_1 = (Yr) fs,, so if a, = b, we
have z,_1 = y,_1. An easy inductive argument (and the fact that s # t) shows that
there exists some p < r such that x; = y; for p < <r but a, # b,, so we may apply
the above argument to the sequences s’ = (ay,...,a,) and t' = (by,...,b,) to get a

contradiction, thus proving the result. O
We can now state the main result of this section.

Theorem 8.1.5. Let ([n],>) be a kei, and let (S,>) be a subkei. Let C € C(S) and
suppose that Gs[C] has diameter d. Then |C| > 2¢, and further there exists some
k € S such that there are at least 271 edges of colour k in Gg[C].

Proof. 1f d = 0 or 1 then the result is trivial, so suppose d > 2. G5[C] has diameter
d, so there exist u,v € C such that dg(u,v) = d; as before, assume [d] C S and that
there is a shortest uv-path using edges of colours 1, ..., d sequentially. There are 2¢
strictly increasing sequences of elements from [d] (including the empty sequence) and
from Corollary 8.1.4 these correspond to 2¢ distinct vertices (including ). Hence
1C| > 24

Note that there are 2971 strictly increasing sequences from [d — 1]; adding d to
the end of such a sequence s’ gives a strictly increasing sequence s from [d]. But then
(ug') fa = us so the edge ugus is of colour d for each such sequence s'; as all vertices

are distinct this gives us 297! edges of colour d. O]
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Note that this result is tight for an infinite class of subkei. Consider Construction
5.2.2 with k; = d for all i and some m > d + 1; P, is an [n]-orbit and so a subkei.
Without loss of generality we can take [d] C P;; now choose the maps ¢§P2), e ElPQ)
to form the canonical framework of . Thus P, is a component in the graph Gp,
isomorphic to the cube @4, which has diameter d. But |P,| = 2¢, and each ¢§P2) is an
involution on P, with no fixed points, so acts as 2¢~! transpositions; hence there are

29-1 edges of each colour 7.

8.2 Degree and diameter

8.2.1 A bound on the diameter

We showed in Lemma 7.1.2 that if ([n],>) is a rack and (5,>) is a subrack then each
component of G is out-regular; if ([n],>) is a kei then all edges are undirected and
thus each component of G% is regular. This result means that whenever C' spans a
component of G% (or equivalently G5), we can refer to the degree of the graph G%[C],
rather than the degree of any individual vertex.

The following straightforward lemma shows how the diameter and (vertex) degree

of a component of Gg are related.

Lemma 8.2.1. Let ([n],>) be a kei, (S,>) be a subkei and C' span a component of Gg,
and hence also of G%. Then the diameter of G%[C] is at most the degree of G%[C].

Proof. Suppose that G2[C] has diameter d and degree A. If d = 0 or 1 then the
result is trivial, so we may assume that d > 2. By definition there exist u,v € C
such that dg(u,v) = d; as before, assume [d] C S and that there is a shortest uwv-
path using edges of colours 1,...,d sequentially. Now apply Corollary 8.1.4 to the
d singleton sequences (1), ..., (d); we have that u), ...,y are distinct vertices not
equal to u (as this corresponds to the empty sequence). But for each 4, ug = (u) f; is

a neighbour of u, and so u has at least d neighbours. As G%[C] is regular with degree
A, we have that d < A. O]

8.2.2 Transposition numbers

Let K = ([n],>) be a connected kei. As all vertices are in the same component,
it follows from Lemma 7.2.4 (with 7' = A = [n]) that all the maps fi,..., f, are
conjugate; suppose that each map acts as a product of ¢ disjoint transpositions (we

may call ¢ the transposition number of the kei). We also have from Lemma 7.1.2 (with
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S = [n]) that both Gk and GY are regular; let A.(K) and A(K) respectively denote
the common degrees of these graphs, i.e. the common edge- and vertex-degrees of G .
From the discussion following Definition 7.1.1, A(K) < A (K).

We will use the result of the previous section to show that given a transposition
number ¢, there is an upper bound on the number of vertices in a connected kei with
transposition number . We will need a small result from graph theory; given a simple
graph G with degree at most A and diameter at most d, it is straightforward to show

that
d—1

Gl < LT+AD (A=1) = Mag

i=0
for A > 2. The expression Ma 4 is known as the Moore bound (see [16]); if A = 2
then clearly Ma q = 1+ 2d, while if A > 2 we have

A
Ma;=1+——((A—=1)%—=1).
Ad +A—2(( ) )

We can easily find a cruder bound for My 4; we have that

AT 1

d—1 d—1 d
Maa=1+AY (A-1) <14 AT == < AT, (8.2.1)
=0 i=0

valid for A > 1.
We can now obtain the following upper bound for the size of a connected kei with

transposition number ¢; the lower bound is straightforward.

Proposition 8.2.2. Let K = ([n],>) be a connected kei with transposition number t.
Then .
AH1<n< 14— ((2t — 1)trlesat) 1) (8.2.2)

fort>1.

Proof. For the lower bound, observe that for any x € [n], f, acts as t transpositions
and fixes the element x, so there are at least 2t elements of [n] \ {z} not fixed by f.
Hence n > 2t + 1.

For the upper bound, let d = diam(Gg) = diam(GY%). From Theorem 8.1.5,
there are at least 2971 edges of some colour i € [n], so we must have 21 < ¢, i.e.
d < 1+ logyt. Now A.(K) is the common degree of Gg; from the Handshaking
Lemma, nA.(K) = 2¢(Gg). But as each of the n maps acts as ¢ transpositions,

there are t edges of each colour, and so e(Gx) = nt. Hence A.(K) = 2t, and so
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A(K) < A (K) = 2t. But the number of vertices in a graph of maximum degree 2t

and maximum diameter 1 + [log, | is bounded above by the Moore bound

2t
Mot 14 10g,t) = 1+ %35 ((2t — 1)1+Uog2 t] _ 1) ’
and the result follows. B

If t = 1 the upper bound as given is not valid; as A = 2t = 2 we instead conclude
that n < 1+ 2d = 3, and it is straightforward to see that K = D3. In the Appendix,
we will classify all kei such that each map acts as at most one transposition, connected

or otherwise.

8.3 Counting connected kei

We will denote by CKC,, the set of all connected kei on [n]. Let K € CK,; we can
rearrange (8.2.2) to see that there is a non-trivial lower bound on its transposition
number ¢, of the form 9C/loga n for some constant C'. From the proof of Proposition
8.2.2, A.(K) = 2t, so we obtain a lower bound on the edge degree of a connected kei;

we can use Lemma 8.2.1 to give a lower bound on the vertex degree.

Lemma 8.3.1. Let K = ([n],>) be a connected kei. Then for sufficiently large n,
A(K) > log, log, n.

Proof. Put A = log,log, n and suppose for a contradiction that A(K) < A. Then
from Lemma 8.2.1 (with S = [n]), diam(GY%) < A(K) < A, and from (8.2.1), n =
|G%| < M1 But then

logon < (A +1)logy A < (A + 1)* = (logy logy n + 1) < logy n
for sufficiently large n, a clear contradiction. Hence A(K) > log, log, n. O

We will now count connected kei on [n] by first fixing the degree A(K) of the under-
lying graph GY%; let CKC,, A denote the set of all connected kei K on [n] with A(K) = A.
We have shown that for n sufficiently large, CKC,, o = 0 for A < log, log, n.

We now consider a larger range of A. If A(K) > Ag := (logyn)? then we have, in
the notation of Chapter 7,

Ssn0(K) ={v € [n] | dic(v) > Ao} = {v € [n] | di(v) > (logyn)’} = [n],
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noting that GY is undirected and regular. We can now appeal to Proposition 7.2.5';
for n sufficiently large, K is determined by a set W and the maps (f;);ew for some
set W C [n] such that |[WW| < wo(n). It follows that for n sufficiently large and
A > (logyn)? there are at most 2"n"°™ connected kei K on [n] with A(K) = A; as
in the proof of Corollary 7.2.6,

log (2”nw0(")) <n+ Zn—2 = o(n?).
’ 2 (logy n)'/2

Hence for any € > 0 and A > (log, n)?, there exists a positive integer n; such that
for n = ny, |[CK, Al < oen’
For the remaining values of A, we use a similar probabilistic argument to Propo-

sition 7.2.5. We will prove the statement for racks as well as kei.

Proposition 8.3.2. Let log,logan < A < (logyn)3, and let R = ([n],>) be a con-
nected rack with dh(v) = A for all v € [n]. Then for n sufficiently large there exists
a set W' C [n], with

3n N 2n(logy A)?/2 Lo B A
2(log, A)372 A P\ T 8(log, A)32 )

W'l < wi(n) =

such that R is determined by W' and the maps (fi)icw-

Proof. We will construct W’ by a mixture of probabilistic and deterministic methods.
Let p := (log, A)~%/? and consider a random subset X of [n] as described in Lemma
7.2.3. For each n, let E, be the event that | X| < 3np/2; as np > n(log,n)~%/? = oo
as n — 0o, we have from item 1 of the lemma (with e = 1/2) that P(E,) — 1 as
n — oo.

We will now redefine the concept of a ‘bad’ vertex, giving a different threshold;
for v € [n] and U C [n], we now say that v is U-bad if dj;(v) < Ap/2. Let B, be the
event that that v is X-bad, and let N = N(X) denote the number of X-bad vertices
in [n], so N =>"_1p,. Now d} = di(v) = A for all v, so from item 2 of Lemma

7.2.3 (again with e = 1/2 and § = Ap),
E[N] =Y P(B,) = Y P(df(v) < Ap/2) < e ¥,
v=1 v=1

Now for each n let F, be the event that N < 2e=2?/8n. From Markov’s Inequality,

A E[N] 1
C —Ap/8 e B g
P(F7) < P(N > 2e n)<26*51’/8n<2’

!The quantity A in this result is defined in Chapter 7 to be (log, n)? = Ag.
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so P(F,) > 1/2. Now P(E,UF,) > P(E,) — 1 asn — oo, so P(E,)—P(E,UF,) =0
as n — oo. Then P(E, N F,) =P(F,) +P(E,) —P(E,UF,) > 0 for sufficiently large

n, so we can find a set U’ C [n] with

3np 3n
2 2(log, A)3/2

|U'| < =: wi(n), (8.3.1)
such that the number of U’-bad vertices is at most an, where a = a(n) = 2¢~27/8,
Now let C be the set of components of G¢,, C, C C be the subset of components
containing at least one U’-good vertex and Cp, be the subset of components consisting
entirely of U’-bad vertices; then C;NC, = () and C,UC, = C. Note that any component
in C, contains an U’-good vertex, i.e. a vertex with at least [Ap/2] neighbours; hence
any such component has size at least [Ap/2] + 1 and |C,| < 2n/Ap. As there are at
most an bad vertices, |Cy| < an. Now let C = {C1,...,C.} and let V' = {vy,..., 0.}

be a set of vertices such that v, € C}, for each k; we have shown that

2n 2n(log, A)3/2 A
I __ = _ O\ =) . = . Vi
V' =]C| < Ap—l—om A +2exp S{og, A) 972 n=:wj(n). (8.3.2)
Now from Lemma 7.2.4 (with 7' = U’ and A = [n]), knowledge of the maps (f;);cp» and
fu, are sufficient to determine the maps (fy,)uec,; applying this to each component in
turn shows that knowledge of the maps (f;);cp and ( f,)vev are sufficient to determine
R. Soput W' = U'UV’; from (8.3.1) and (8.3.2), |W'| < |U'|+|V’| < wi(n)+w!(n) =

wy(n), proving the result. O

log,n)?, and let € > 0. Then there exists a

Corollary 8.3.3. Let log,logsn < A < (
> na, [CKCoa <27

positive integer noy such that for all n

Proof. Let K € CK,, a; we have from the previous result that for n sufficiently large,
K is determined by a set W’ with |[W’| < w;(n) and the maps (f;)iew’. We can lower
the number of possibilities for these maps by first determining the graph GY.

By assumption, the simple graph G% is A-regular and thus has An/2 edges; there
are (crudely) at most (}) An/2 - pan o pnlogsn)* queh Tabelled graphs on the vertex
set [n]. There are clearly at most 2" possibilities for the set W', and the knowledge
of GY limits the number of possibilities for the maps (f;)iew. Let i,v € [n]; as G% is
determined, (v)f; € {v} UT'k(v), and so there are at most 1+dy = 1+ A possibilities
for each (v) f; and at most (A+1)" possibilities for each map f;. Putting this together
gives that |CK a| < 00980790 (A 4 1)) — prllosan)gn(A 4 1yt () (A 4 1)t ()
as [W| < wi(n) = wi(n) + w/(n). Then

log, (n”“"gQ ")32”> = n(logyn)* +n = o(n?),
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while for n sufficiently large, log,(A + 1) < 2log, A and thus

log, (A + 1)) < 2(log, A)nwf (1)

an
= 2(log, A)nW
_ 3n?
(logy A)1/2
= o(n?),

noting that A > log,log,n — oo as n — oco. We also have for sufficiently large n
that

log, <(A + 1)”“’/1/(”)> < 2(logy A)nwi(n)

2n(log, A)3/? A
2
4n?(logy A)°/? A 5
— (T + 4(10g2 A) €exXp —W n

= O(TLQ),

noting additionally that A(log, A)™%/? = w(log, log, A). Hence for any e > 0, there

exists a positive integer ny such that for all n > ngy, [CK, | < gen® O
We can now combine these results to prove the main theorem.

Theorem 8.3.4. Let € > 0. Then there exists a positive integer ng such that for
n = ng, |CK,| < 9en®

Proof. We have from Lemma 8.3.1 that |[CK, a| = 0 if A < log,log,n. Let € > 0;
we can combine the discussion following Lemma 8.3.1 and Corollary 8.3.3 to see
that there exists a positive integer n’ such that for n > n’ and A > log, log, n,
ICICh Al < 2¢n*/2 There is another positive integer n” such that forn > n”, n < oen/2.
put ng = max{n’,n"}. Then for n > ng,

n—1

CK.l= > [CKnal <n2™/2 <2,

A=[log, logy n]
proving the result. O]

We do not know if the above result extends to racks or quandles. Although

Proposition 8.3.2 can be generalised to racks, the crucial Lemma 8.2.1, used to prove
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a lower bound on the vertex degree of a connected kei, does not. For example, we can
take a rack R on [n] by setting f; = (2 --- n) and f; = for i > 1; then G% consists
of a directed cycle on n — 1 vertices and one isolated vertex. The in-degree and out-
degree of the non-trivial component are both 1, whilst the diameter is |[(n — 1)/2],
giving a counterexample to Lemma 8.2.1. It may be possible however that these

counterexamples are restricted to disconnected racks.
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Appendix A

Miscellaneous results

This Appendix contains smaller miscellaneous results on kei.

A.1 Kei with maps acting as at most one transpo-
sition

Let K = ([n],>) be a kei such that for each i € [n], the associated map f; is either
the identity or a single transposition. Let C' C [n] be an [n]-orbit, so Gk[C] is a
component of Gg. Suppose that Gg[C] has diameter d; the from Theorem 8.1.5,
there are at least 277! edges of some colour i in Gx[C], and thus d < 1. Tt follows
that each component of the reduced graph GY% is a (possibly trivial) clique. Suppose
one of these cliques were of size at least 4; then we could find a path wzyz with edges
of colour j, 7 and k successively (see Figure A.1; these colours must all be distinct as
each colour appears at most once).

Now as in the proof of Lemma 7.1.2, (j)f; € N(y); as f; acts as a single transpo-
sition, j ¢ N(y) and thus f; acts non-trivially on j. Similarly, (k)f; € N(z) and f;
acts non-trivially on k. Note that f; and f; both fix w; then (w)f;f;fi =y # (w) fx,
and so f(jy5, # fr and (j)f; # k. Hence f; must act as at least two transpositions
(namely (5 (j)fi) and (k (k)fi)), contradicting our original assumption. Thus each

Figure A.1: A putative clique of size 4. The blue dashed edge is of colour (j)f; while the
green dashed edge is of colour (k) f;.
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component of GY% is isomorphic to a complete graph on at most three vertices.

Proposition A.1.1. Let K = ([n],>) be a kei such that for each i, the associated map

fi acts as either the identity or a single transposition. Then there exists a partition
P={X1, . X0 Vi, Ye, Zs o 20

of [n], with | X;| =3 for all i, |Y;| = 2 for all j and |Zx| = 1 for all k, such that K

has the properties described below.

1. For each i, (X;,1>) is a kei isomorphic to D3, and for each p € X;, f, fizes every

element in [n] \ X;;

2. If we label some Y; = {p,q}, then either f, = f, = v or there exists some
Vi =A{p',d'}, J' # j, such that f, = fo = (p' ¢);

3. If we label some Zy, = {p}, then either f, = v or there exists some Y; = {p',¢'}
such that f, = (p' ¢').

Proof. From the remarks above, no component of G can have size four or greater;
partition [n] into the sets (X;)i_;, (¥;)j=; and (Zy)j.—,, representing the components
(or [n]-orbits) of size 3, 2 and 1 respectively. We will use the same language as in
Section 6.3, in terms of ‘blocks’ acting on other blocks. Let T' be any block (i.e. any
X, Yj or Zy); from Lemma 6.2.4, any two components of G lying entirely within
any X; must be of the same size, and thus there must be 3 components of size 1 (in
which case T" doesn’t act on X;) or a single component of size three. We will show
that X; must act on itself, with no other blocks acting on X;.

First suppose T' = Zj, for some k, and write T' = {p}. Gr is at most a single edge
(representing the map f,), so each component has size 1 or 2; hence 7" doesn’t act on
X;. Now suppose T' =Y for some j and write 7' = {p, ¢}; by the orbit structure we
have (¢)f, € {p,q}. But f, is a bijection fixing p, so (q)f, = ¢ and the maps f, and
fq commute. Then from Proposition 5.1.4, any component of Gt has size a power of
2, and thus T" doesn’t act on X;.

Now as in Lemma 6.3.1, each (X, ) is either trivial or isomorphic to D3, and in
the former case X; acts on no other X;. Now suppose there is some X; that doesn’t
act on itself; from above, only the blocks X, j # 4, can act on other blocks of size
three. But as each map acts as at most one transposition, each such X; can act on
at most one other block Xj; say without loss of generality that X, is not acted on by

any of Xq,...,X,. But then no block acts on X, and so X, is not a component in
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Gk; a contradiction. Thus each X; acts on itself (such that K; := (X;,>) = D3) and
on no other block. This shows item 1.
Now take an arbitrary j and write Y; = {p, ¢}; we have already shown that f, = f,.

As each map acts as at most one transposition we have shown items 2 and 3. O

Note that we can write K = K1 ® --- @ K, @& L, where each K; = D3 and the kei

L is an output of Construction 5.2.2, with the appropriate restrictions.

A.2 Kei with no subkei

Let R = (X,>) be a rack. Recall that a subset Y C X forms a subrack (Y,r) if and
only if (Y)f, =Y for all y € Y. The following lemma shows that for any subset

T C R, any disjoint union of components of G forms a subrack.

Lemma A.2.1. Let R = (X,>) be a rack and let T C X. Let xq,...,2, € T, and
for each i let C; be the element of C(T') containing x; (so Gr[C;] is the component of
Gr containing ;). Then ((J-, C;,>) is a subrack of R.

Proof. Let C' = |J;~, C; and suppose y € C; then y € C; for some i. As Gp[Cj]
contains x;, we have from Lemma 4.3.7 that there is a directed z;y-path in Gr;
label the colours of the edges on this path ti,...,¢. Then y = (z;)f:, --- f, and
fy = ftj e ft;lfgcift1 o fi,. Now x;,t1,...,tx € T and so their associated maps
all preserve the component structure of Gr; hence (C;)f, = C; for each j and so
(C)fy, = C. As y was arbitrary we have the result. O]

We now return specifically to kei. We say that a subkei (Y,r) is trivial if |Y| =1
and proper if |Y| < |X| (or equivalently if Y C X). The following result classifies all

kei with no non-trivial, proper subkei.

Proposition A.2.2. Let n > 3 and let K = ([n],>) be a kei with no non-trivial,
proper subkei. Then n = p is prime and K = D,,.

Proof. Let x,y € [n] be distinct and consider the subgraph G,,. As each vertex is
adjacent to at most one edge of each colour, each vertex of G, has edge degree at
most 2, and thus G, consists of a disjoint union of paths and (possibly degenerate)
cycles. Let P, be the component of G, containing x and P, be the component
containing y; as (z)f, = x, x is not adjacent to an edge of colour x and thus has
edge degree at most 1. Hence P, is a path and similarly P, is a path. Now we can
apply Lemma A.2.1 with 7" = {z,y}; as n > 3 we have that (V(P,) U V(F,),>)
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is a non-trivial subkei of K, and thus from our assumptions V(P,) U V(P,) = [n].
Without loss of generality P, has at least two vertices; applying Lemma A.2.1 again
gives that (V(P,),>) is a non-trivial subkei of K; from our assumptions, we must
have V(P,) = [n]. Then P, = G, is connected and thus must consist of a single zy
path.

Now consider D,,; denote the binary operation on [n] by >’ and the associated
maps by ¢1,...,¢g,. From Proposition 6.2.9, the subgraph G2 of Gp, is a spanning
path 1 = z,...,2, = 2 with edges alternating in colour between 2 and 1 (the first
edge is of colour 2). Relabel the vertices along P, as x = wy, ..., w, =y, and define
a bijection ¢ € &,, by w, — 2z, for each r, so in particular x — 1 and y — 2. Now
note that

fo = (w2 w3) -+ (W1 wy)
while
g1= (22 23) -+ (201 2n) = (w2)@ (w3)9) - - ((Wn—1)¢ (wn))
and similarly
fy = (w1 wa) -+ (wn—2 wn1)

while

g2 = (21 22) *++ (2n—2 2n—1) = (W1)® (w2)P) - - ((Wn—2)¢ (Wn-1)0),

so g1 = ¢ fep and go = ¢ ' fyp. Now for 0 < r < (n — 1)/2, we have that

wor1 = (2)(fyfe)" and 2zor41 = (1)(g291)", so Jwzesr = (fefy) fo(fyfe)" and G2or41 —
(9192)"91(g291)". Hence, noting the cancellations,

Goarin = 07 (fofy) fo (fyfe) ¢ = 07" 0 fun, 1 0 0.

Similarly, for 0 < r < (n—3)/2, wo,12 = (wory1)f. and 2,40 = (29,41)g2, SO pre- and
post-multiplying all of the above by f, or g, gives the result for even-indexed vertices
as well. Hence g,y = ¢~ fo¢ for all v € [n].

We now show that ¢ induces an isomorphism from K to D,. Let u,v € [n] be
arbitrary; from the previous paragraph we have (u)f,¢ = (u)¢g(w)e, or equivalently
(urv)d = ((u)p) > ((v)).

Finally, suppose that n is composite; then n = pm where p < n is an odd prime.
Let T = {im | 1 <i < p}, so|T| =p. Let i,j € [p| be arbitrary, so im, jm € T;
then im >’ jm = 2jm — im (mod n), and as m divides n, we see that im>' jm € T.
Hence (7',1') is a subkei of D,, of order p, seen to be isomorphic to D, under the map
im +— 1. But this is a contradiction as K = D,, and K has no subkei of order p; this
completes the proof. n
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Corollary A.2.3. Let n > 3 and let K = ([n],>) be a kei. Then there ezists a subkei
L of K such that L s either isomorphic to D, for some odd prime p, or to one of the

three exceptional subkei shown in Figure A.2.
Proof. Put Ky = K and consider the following procedure (starting from i = 0):

1. If K; = (Y;,>) has a subkei of size k for some 3 < k < |Y;], choose such a subkei
K;i1 = (Y;11,>), update i to i + 1 and repeat;

2. Otherwise, set t = 7 and stop.

Note that this process must eventually terminate as (|Y;|)i>o is a strictly decreasing
sequence; further, as each K1 is a subkei of K;, we have that K; = (Y;,>) is a subkei
of K.

By our construction, K; has no proper subkei of size at least three; if K; has no
proper, non-trivial subkei at all then by Proposition A.2.2 K; = D, for some odd
prime p and we can put L = K;. Hence we may suppose that K; has a proper subkei
of size two but no strictly larger proper subkei.

Suppose that K, is generated by two distinct elements x,y € Y;; then the graph
G2y Y1) consists of a single path spanning all the vertices. From the proof of Proposi-
tion A.2.2 we have that K; = Djy,|, and that K, contains a subkei isomorphic to D,,
where p is some odd prime.! In this case, we can set L to be this subkei.

So we may further suppose that for any pair of distinct elements z,y € Y;, the
subkei generated by x and y has size two and is thus isomorphic to the trivial kei T5;
hence x and y commute, and as these elements were arbitrary, the maps (f:|y;)zey,
mutually commute. Then from Proposition 5.1.4, each component of G, has size a
power of two, and is isomorphic to a multicube. If K; is connected then in our earlier
notation G, = Ql}’& Yl \where Y, is identified with the set {0,1}™ (for some m) and
the edges of the ith colour (in some arbitrary ordering) are identified with the set
{vvg, | v € {0,1}™}. But this means the transposition number of K is either 0 or
|Y;|/2; in the first case, this implies that K; = T}y, and thus contains subkei of any
order s, 1 < s < Y], a contradiction. In the second case, we have that for any i € Y;
the map f;|y, has no fixed points, contradicting the fact that (i) f; = ¢ for all 4.

Hence K is not connected. Now the vertices in any disjoint union of components
of Gk, form a subkei; as K; has no proper subkei of size greater than two, each

component is either an isolated vertex or a (multi)edge. Then we see that if G,

!This statement contradicts the fact that K, has a subkei of order two, but we don’t need to use
this information.
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Figure A.3: Kei on {1,2,3}.

contains three isolated vertices, an edge and an isolated vertex, or two edges, these
components must form the whole of G,; these correspond to the three exceptional
subkei and thus are the other choices for L. O

A.3 Very small kei

In this last section, we show how to use some of the approaches covered to classify
all kei of size at most five, up to isomorphism. These results were obtained compu-
tationally by Ho and Nelson [14]; later work by Henderson, Macedo and Nelson [13]
extended these results to all quandles of size at most eight. We will restrict ourselves

to the analytic tools developed in the thesis and this appendix.

A.3.1 Kei of size at most 4

Let n < 4 and consider a kei ([n],>). For any = € [n], f, fixes z; as there are at most
three other elements and f, is an involution, f, is the identity or a single transposition.
Hence we can classify all of these kei by appealing to Proposition A.1.1. For n =1
or 2 any kei is trivial; the kei on 3 or 4 elements are given (up to isomorphism) in
Figures A.3 and A.4. They are obtained by considering different partitions of [n] into

sets of size 1, 2 and 3.

A.3.2 Kei of size 5

If n = 5, there is a possibility that some z € [n] acts as a double transposition. If

this is not the case, then we can use Proposition A.1.1 again; see Figure A.5.
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Figure A.4: Kei on {1,2,3,4}.

1 1 1 1
° ° ° °

2e o3 | 2e o3 | 2e o3 | 2o 03

Figure A.5: Kei on {1,2,3,4,5} where each map is the identity or a single transposition.

Otherwise, we may suppose without loss of generality that f; is a double trans-
position. First suppose that for each j > 2, f; acts entirely within {2,3,4,5};
then (1)f; = 1 for each j and so f; commutes with all of fo, f3, f4 and f5. In
particular, setting (again without loss of generality) f; = (2 3)(4 5), we see that
fs = foyn = fifafi = f2 and similarly fs = f;. Then we can use the example at
the end of Section 6.1.2 (with {2,3,4,5} instead of {1,2,3,4}); the resulting kei are
given in Figure A.6.

So finally, suppose there is some map not fixing 1; we can say without loss of
generality that (1)f; = 2 for some j. Then fo = f;f1f;, so f2 is conjugate to f; and

is thus also a double transposition. Arguing as in Proposition 6.2.9, the graph G,

1 1 1
[ J [ J [ J
o—9© o*————0 o———0
4 5) 4 5 4 5)

Figure A.6: More kei on {1,2,3,4,5}; each of fa, f3, fa and f5 was assumed to fix 1.
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1 1

/ N

Figure A.7: The last two kei on {1,2,3,4,5}.

consists of a 1-2 path and a collection of disjoint even cycles, with edges alternating in
colour along the path and around any cycle. If the path is of length 4 (so it includes
all the vertices), we may take the path to be (1,3,4,5,2) with the first edge of colour 2;
then f; = (25)(34) and fo = (1 3)(4 5). We can then compute f3 = fiyp, = fofifo =
(15)(24), fi = feyn = fifsfi = (12)(35) and f5 = fuyp, = fofafz = (1 4)(2 3),
and this kei is Ds.

Otherwise, the 1-2 path is of length 2, which we may take to be (1,3,2). Then 4
and 5 must form a degenerate ‘cycle’ of length 2 in G, so we have f; = (2 3)(4 5),
fo=(13)45)and f3 = fays, = fofifo = (1 2)(4 5). To compute fy, we observe
that 5 = (4)f2 = (4)f3, s0 f5 = fafafo = fafafs. Then (f3fa) fs = fa(f3f2), so that f,
commutes with fsfo = (1 2 3). It is straightforward to show that the centraliser of
this 3-cycle is the group ((1 2 3),(4 5)), and the only involution in this group fixing
4 is the identity ¢. Then f5 = fof4fo = ¢, and we have determined the kei; see Figure
AT
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