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AUGMENTATIONS OF FORMAN’S RICCI CURVATURE AND
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Abstract. The notion of curvature on graphs has recently gained traction in the networks com-
munity, with the Ollivier-Ricci curvature (ORC) in particular being used for several tasks in network
analysis, such as community detection. In this work, we choose a different approach and study aug-
mentations of the discretization of the Ricci curvature proposed by Forman (AFRC). We empirically
and theoretically investigate its relation to the ORC and the un-augmented Forman-Ricci curvature.
In particular, we provide evidence that the AFRC frequently gives sufficient insight into the structure
of a network to be used for community detection, and therefore provides a computationally cheaper
alternative to previous ORC-based methods. Our novel AFRC-based community detection algorithm
is competitive with an ORC-based approach. The codebase for fast and efficient computations of
AFRC and the experiments in this article will be made publicly available upon publication.
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1. Introduction. Curvature is a key notion in differential geometry, and Ricci
curvature is one of several ways of formalizing it. Intuitively, Ricci curvature measures
the deformation of a small ball as we push it along a geodesic (the shortest path be-
tween two points), and quantifies how much a shape locally differs from standard, flat
Euclidean space. As Ricci curvature encapsulates essential information in differential
geometry and related fields (e.g. it is a term of Einstein’s field equations in general
relativity), there have been multiple attempts to profitably extend its definition to
other domains.

The structural insight gained via discrete Ricci curvature has proven valuable for ap-
plications in Network Science and Machine Learning. Discrete Ricci curvature relates
to many classical network characteristics and network analysis tasks [37] and, as a
result, has been applied for the analysis of network data in many domains, including
biological networks [31, 39], chemical networks [16] and financial transaction net-
works [25], among others. In Machine Learning, discrete curvature has been utilized
to characterize and mitigate the oversquashing effect in Graph Neural Networks [34]
and to identify embedding spaces in Representation Learning [36].

The two curvature versions studied in this paper are respectively due to Ollivier
[20, 21] and Forman [11]. Ollivier-Ricci curvature (ORC) is a direct discretization
of the original definition, substituting spheres and geodesics by, respectively, node
neighborhoods and shortest edge-paths. The construction of Forman-Ricci curvature
(FRC) takes a different approach: it follows from Bochner’s method [3, 4, 5], which
in the differential case is used to write the Laplacian as the sum of a Laplacian-like
term and a term that depends on the Ricci curvature. Forman’s work consists in
discretizing both the Laplacian and Bochner’s method, which produces a term that,
by analogy, can be interpreted as a discrete Ricci curvature. Thus, ORC and FRC
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are two measures with solid geometric foundations yet presenting significant differ-
ences, which makes them two potential ways of gaining a better understanding of the
geometry of networks.

Here, we focus on geometric approaches to community detection, which have been
previously considered using ORC [13, 19, 28, 33]. Community structure, i.e. the
mesoscale organization of a network into groups of nodes with similar connections,
is widely observed in real-world networks and its detection is a classical problem in
the study of networks and graphs [1, 23]. Community detection using ORC relies on
the observation that positively curved edges tend to be well connected, and hence
naturally lie inside communities. Negatively curved edges, on the other hand, can
be interpreted as bridges between communities. ORC-based community detection
algorithms have been found to perform well on both synthetic and real-world net-
works. These methods are, however, computationally expensive as the definition of
ORC involves the computation of network flows of shortest paths via the Wasserstein
distance, which has cubic complexity and is often approximated via the (quadratic)
Sinkhorn algorithm [6].

One advantage of FRC over ORC is its significantly smaller computational complex-
ity: in its simplest form, the FRC of an edge only depends on the degrees of its end
points. This is often too simple of a measure in practice, and there have been several
proposals to enrich the simple FRC by taking into account the cycles that contain an
edge [24, 27, 38] 1. In this article, we consider the augmented Forman-Ricci curvature
(AFRC) introduced in [27] and study how different augmentations affect the balance
between expressivity and computational complexity in the context of community de-
tection. Based on this evaluation, we identify classes of graphs in which AFRC-based
community detection can be recommended compared with ORC-based detection.

The main contributions in this article are

o We make a detailed empirical and theoretical investigation of the augmenta-
tions of Forman-Ricci curvature.

e We discuss the relation of augmented Forman-Ricci curvature to Ollivier-Ricci
curvature and un-augmented Forman-Ricci curvature.

e We provide evidence that AFRC distinguishes communities in a manner com-
parable to ORC for many model and real-world networks.

e We introduce a novel AFRC-based community detection algorithm, with com-
parable performance to existing ORC-based methods while being computa-
tionally cheaper.

e We develop the first codebase for fast and efficient computations with aug-
mentations of the Forman-Ricci curvature.

The rest of this paper is structured as follows: Section 2 formally introduces ORC,
FRC, its augmentations, and possible approximations. Section 3 studies how the dif-
ferent curvatures are related in real-world and artificial networks. Section 4 studies
the curvature gap — a quantitative indicator for how well a curvature can distinguish
between edges within and between communities — for the ORC, FRC, and AFRC. Sec-
tion 5 introduces our AFRC-based community detection algorithm and demonstrates

IThis operation is reminiscent of measures for the density around an edge, which have been used
in Network Science, e.g. to test the strength of weak ties [22].
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its performance on several model and real-world networks. Section 6 concludes the
article with a summary of the main findings.

2. Curvature definitions. Ricci curvature is a central tool in differential ge-
ometry that characterizes the local geometric properties of geodesic spaces by relating
the local rate of volume growth to geodesic dispersion. Several discretizations of Ricci
curvature have been proposed, including notions by Forman [11], Ollivier [20, 21],
Erbar and Maas [10], Bakry and Emery [2], and Devriendt and Lambiotte [8]. In
this paper, we focus on edge-level Ollivier and Forman curvature. For the latter, we
analyze augmented Forman curvature, which explicitly encodes the impact of cycles
that contain the respective edge. Variants of augmented Forman curvature have been
previously studied in [15, 24, 38|, among others.

2.1. Ollivier-Ricci curvature. Ollivier introduced a notion of discrete Ricci
curvature for metric spaces in [20]; this setting includes graphs with the shortest-path
metric between vertices. Aside from a metric, Ollivier’s curvature also requires a
choice of probability distributions p, — one for each vertex v in the case of a graph —
which can be thought of as open balls around points in the space. A common choice
for graphs is the uniform distribution over the neighbors neigh(v) of a vertex [28, 33]

—L__if w € neigh(v
po(w) = =0 =
0 else

where deg(v) = |neigh(v)| is the number of neighbors of v. With this data, the
Ollivier-Ricci curvature (ORC) O(e) of an edge e = (v, v2) is defined as

Wl (MvNUUQ)
O =1—- ————2~
(e) d(vl, UQ)

where d is the shortest-path distance between vertices and W; denotes the Wasserstein
distance (also called earth mover’s distance in discrete settings) between measures on
a metric space; see [20, 21] for details.

Geometrically, the ORC compares the distance between the end points of an edge to
the distance between balls at the end points of the edge. If v; and vy share many
neighbors or have many edges between their neighborhoods, the distance between .,
and p,, will be small and so O(e) ~ 1. On the other hand, if the neighborhoods of vy
and ve are poorly connected, the distance between p,, and p,, will be large and O(e)
will be small and potentially negative. In the context of community structure in a
network (see Section 4), this explains why we expect larger ORC within a community
than between communities: the neighborhoods of two vertices at the end of an edge
are better connected within than between communities.

2.2. Forman-Ricci curvature and augmentations. Forman developed a no-
tion of discrete Ricci curvature for weighted CW complexes in [11] in the context of
algebraic topology. A CW complex is a type of topological space that includes undi-
rected graphs as a one-dimensional case. A direct translation of Forman’s definition
to unweighted graphs without multi-edges, as derived in [29], gives the Forman-Ricci
curvature (FRC) F(e) of an edge e = (v1,v2)

(2.1) Fl(e) :=4 — deg(vy) — deg(vz).
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While this definition is well-supported by Forman’s work and easy to calculate, it
is too simple a measure for many practical and theoretical purposes. For instance,
F(e) does not depend on the number of triangles in which e is contained, which is an
important local geometric property of graphs [14].

To overcome the limitations of the simple formula for FRC, definition (2.1) can be
extended to take into account more of the graph structure around a given edge. The
idea is to start from the graph and add solid 2D faces in the spaces enclosed by cy-
cles; see Figure 1 for an illustration. This “augmented graph” is still a CW complex
— the new faces are two-dimensional cells with one-dimensional boundaries given by
the cycles — and one can apply Forman’s original definition to get a discrete curvature
for edges that also depends on the cycles that contain an edge. The following formula
for the augmented Forman-Ricci curvature (AFRC) AF(e) of an edge e was derived
in [27] based on Forman’s definition [11, Thm. 2.2):

(2'2) -'47:(6) =2 +Fee - Z ‘Fee’ +Fe’e - 1| - Z IFee’ - Fe’e'a

e'~e e'e

where e ~ ¢’ (resp. e ¢ ¢’) denotes two distinct edges that share (resp. do not share)
a vertex, and where I' is a matrix (defined in (2.3) below) of size equal to the number
of edges and whose entries count the cycles that contain e and e’. The counting goes
as follows: a cycle is a sequence of vertices v = wvyvs...vp such that all cyclically
consecutive vertices are connected by an edge in the graph. Now fix an arbitrary
order on the vertices of the graph. Two edges e, ¢’ are called aligned in ~ if the cycle
traverses both edges from smallest to largest vertex (with respect to the order) or
both from largest to smallest vertex. The entries of I are then defined as

(2.3) I {# cycles in which e and €’ are aligned (if e < ¢')

# cycles in which e and e’ are not aligned (if e > €’)

I'ee := # cycles that contain e.

Here, the order e < ¢’ on edges follows from the order on the vertices?, and we note
that the value of AF(e) is independent of the choice of vertex order. Figure 1 illus-
trates (non-)alignment of edges in a cycle and the resulting distinction between I,/
and I'ere. This distinction is necessary when translating Forman’s definition, since it
relies on oriented 2D faces. We note that when calculating AF for all edges, the count
matrix I only needs to be constructed once, by iterating over all cycles in the graph.
Appendix B contains a detailed example with the above definitions.

In definition (2.2) we may choose to only take a subset of all cycles into account; in
particular, we will consider the following class of curvatures:

AF,, (e) := AF(e) taking into account all cycles of length at most n.

Restricting AFRC to cycles up to a certain length is supported by the idea that Ricci
curvature should be a local property. This is also satisfied by other notions of discrete
curvature such as ORC and Bakry-Emery curvature, which only depend on cycles of

21f we think of an edge as a two-letter word with letters in the (ordered) alphabet of vertices, the
induced order on the edges is simply the familiar alphabetical order on the words. See Appendix B
for an example.
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Figure 1: (a) Example of Forman-Ricci curvature. The edge e = (1,2) has FRC
equal to F(e) = 4 — deg(1) — deg(2) = —5. (b) Example of augmented Forman-Ricci
curvature. The edge e is contained in the cycles v; = 1234 and 2 = 125 and the
AFRC of e is equal to AF(e) = 2+ 2 —3 — 1 = 0. This augmentation arises from
including faces corresponding to v, and 9 and then applying Forman’s formula to the
resulting 2D complex. This example is worked out in detail in Appendix B. (¢) Let
the vertices be ordered as 1 < 2 < 3 < 4 and thus e = (1,2) < (3,4) = ¢’. The edges
e, e’ are contained in cycles y3 = 1234 and ~y4 = 1243. In ~3 both edges are traversed
from the small to large vertex (1 — 2 and 3 — 4), so they are aligned and I'c.r = 1.
In 75 edge e is traversed from small to large (1 — 2) while edge €’ is traversed from
large to small (4 — 3), so the edges are not aligned in 4 and I'wr = 1.

length n < 5. In this article we mainly work with AF, with n € {3,4}, which are
the first augmentations of FRC that give a non-trivial improvement over FRC in a
number of applications while still being computationally efficient; in addition to being
more expensive, we have found AF; to be less effective in community detection — see
Appendix Figures 7 and 8. We believe the poorer performance is due to the higher
number of 5-cycles that contain between-community edges, which blurs the curvature
difference between inter- and intra-community edges.

For certain choices of cycles, definition (2.2) for the AFRC reduces to known ex-
tensions of FRC. For instance, the curvature F(e) 4 3 - #{3-cycles > e} = AF;(e) was
proposed in [24] as a more expressive variant of Forman’s curvature in graphs and net-
works. In [32, 38], it was observed that in graphs where any two cycles share at most
one edge — these graphs are called quasi-convex in [11] and independent short-cycle
graphs in [32] —, Forman’s curvature simplifies to F(e)+> ., <5(6—n)-#{n-cycles > e}.
This expression can provide a simple estimate for edges whose neighborhoods are ex-
pected to be “almost quasi-convex”, but in general it differs from AFRC. In [15], Jost
and Miinch studied different choices of weighted cycles when augmenting a graph.

Finally, we note that equation (2.2) can be written explicitly as an augmentation
of FRC as follows:

(2.4) AF(e) = F(e) = Tee +2- > min{(Teer +Tere), 1} = Y [Teer = Terel.

e'~e e'e
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Here the second term again counts the number of cycles that contain e, the third term
counts the number of edges ¢’ ~ e that share a cycle with e and the fourth term again
counts the aligned and unaligned cycles through e and ¢’ £ e.

Equation (2.4) reveals how the addition of cycles affects the value of AFRC compared
to FRC. Including cycles of length 3, we find that AFz(e) = F(e) +3- #{3-cycles > e}
and thus that AFRC is higher for edges whose end points share many neighbors. In
networks with community structure, we thus expect AF3 to be large within commu-
nities and small (possibly negative) between communities, similar to ORC. Including
cycles of length 4 and above, however, we expect a different behavior. Now the posi-
tive term in (2.4) due to the neighbors of e is limited by the degrees of the end points
of e, while the negative terms (I'c. and the sum over non-neighbors) can become
increasingly negative as more cycles are included. As a result, we can expect edges
within communities to have lower AF, >4 values compared to edges between, opposite
to what is observed for ORC and AF;. In later experiments on networks with com-
munity structure, we confirm this analysis. Finally, we note that un-augmented FRC
does not distinguish edges within and between communities when different communi-
ties have the same typical degrees.

3. Correlations between curvatures. Since ORC and AFRC are discretiza-
tions of the same smooth concept, their comparison is a natural and important ques-
tion.

On the theoretical side, [32] found evidence that ORC and AF5 are equivalent in quasi-
convex graphs and [15] found that the maximal Forman curvature over all weighted
augmentations of a graph is equal to ORC. In general, the relation between different
notions of discrete curvature remains an important open question.

On the experimental side, Samal et al [24] extensively studied the correlation between
ORC and both FRC and AF; in model and real-world networks. In their results,
ORC tended to greatly correlate with both Forman-Ricci curvature versions, and it
generally correlated higher with the augmentation. We extend this study here by
including correlations of these curvatures with AF;. Tables 1 and 2 show the Pearson
correlation coefficient between the different curvature measures in, respectively, model
and real-world networks.

Model networks: We study four different network models: the Erdés-Rényi (ER)
graph, which is a completely homogeneous model and should not exhibit a clear com-
munity structure; a bipartite version (BG), which does not contain any 3-cycles and
thus F(e) = AFs(e) for all edges; and the stochastic block model (SBM) and hier-
archical bipartite graph (HBG), which do have well-defined communities. Details on
these network models can be found in Appendix A.

Table 1 shows that the FRC vs AF; and AF; correlations exhibit the expected be-
havior for model networks: the fewer edges — and thus cycles — present in a network,
the more similar the curvatures are (as they are equal in a network with no cycles).
In particular, note the correlation of 1 between FRC and AF; for the bipartite net-
works — as expected from networks with no 3-cycles. The only outlier of this behavior
is the HBG@G, as the correlation FRC vs AF; seems to increase with the number of edges.
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Regarding ORC vs the different versions of AFRC, all exhibit a similar behavior on
the ER and BG graphs, being quite correlated in sparser networks and losing this
correlation as the connection probability p increases — although in general ORC ap-
pears best correlated to AF;. This same behavior can be observed in the correlation
of ORC and FRC for the SBM, but the ORC vs the two studied augmentations of
Forman-Ricci curvature are notably distinct. We observe how the correlation ORC
vs AF3 increases positively with the community sizes, whereas ORC vs AF, grows
negatively with it. This behavior agrees with our discussion at the end of Section
2, and is illustrated later in Figure 3. Finally, the ORC vs AF; for the HBG ini-
tially shows a similar behavior, but we see that they become uncorrelated as g grows
(and p is held fixed). We will further explore this last effect in Section 4, where we
show that ORC does not appear to detect communities in HBGs with noisy structure.

Network OR, FR | OR, A% | OR, A%, | FR, AF; | FR, AR
ER(1000, 0.003) 0.84 0.87 0.87 0.99 0.98
ER(1000, 0.007) 0.42 0.48 0.59 0.98 0.94
ER(1000, 0.01) -0.01 0.12 0.30 0.98 0.89
SBM(10, 5, 0.7, 0.05) 0.27 0.79 0.76 0.64 0.59
SBM(10, 10, 0.7, 0.05) 0.07 0.83 -0.66 0.49 0.31
SBM(10, 15, 0.7, 0.05) 0.08 0.90 -0.84 0.28 0.19
SBM(10, 20, 0.7, 0.05) -0.03 0.90 -0.91 0.33 0.19
BG(50, 0.03) 0.74 0.74 0.84 1.0 0.91
BG(50, 0.07) 0.01 0.01 0.58 1.0 0.69
BG(50, 0.1) 0.29 0.29 0.27 1.0 0.79
HBG(50, 0.5, 0.05) -0.01 -0.01 -0.72 1.0 0.55
HBG(50, 0.5, 0.1) -0.11 -0.11 -0.25 1.0 0.61
HBG(50, 0.5, 0.15) -0.01 -0.01 0.00 1.0 0.74

Table 1: Comparison of Ollivier-Ricci curvature (OR) with Forman-Ricci curvature
(FR) and augmentations of the Forman-Ricci curvature (AF; and AF;) of edges in
artificial networks. In this table, we list the Pearson correlation between the edge
curvatures.

Real-world networks: We study a variety of networks, including two bipartite
(Southern Women and Corporate Interlocks) and four with community structure
metadata (second half of Table 2). All networks have between 10 and 250 nodes,
except for the US Power Grid, which has around 5000. Detailed descriptions of the
networks can be found in Appendix A.

As seen in Table 2, all networks without a baseline community structure (except for
the Power Grid) exhibit similar curvature behaviors. The main observation is that
ORC and AF; are slightly negatively correlated, an effect we only observe in the mod-
els with an underlying community structure. On the other hand, the Power Grid
network behaves akin to the ER, with all curvatures moderately correlated. We be-
lieve this is related to the network being substantially sparser (average degree ~ 1.3)
and with few 3- and 4-cycles (651 and 979, respectively), which causes all curvatures
to behave similarly.
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Network OR, FR | OR, AF; | OR, AF, | FR, AF; | FR, AF,
Dolphin 0.08 0.75 -0.15 0.25 0.77
Power Grid 0.48 0.72 0.61 0.82 0.89
Word Adjacency -0.04 0.18 -0.24 0.89 0.89
Southern Women 0.47 0.47 -0.01 1.0 0.71
Corporate Interlocks 0.48 0.48 -0.05 1.0 0.64
Karate Club 0.56 0.81 0.58 0.62 0.84
College Football -0.09 0.94 -0.76 -0.07 0.37
School 1 -0.01 0.84 -0.26 0.38 0.94
School 2 0.02 0.81 -0.27 0.36 0.92

Table 2: Comparison of Ollivier-Ricci curvature (OR) with Forman-Ricci curvature
(FR) and augmentations of the Forman-Ricci curvature (AF; and AF;) of edges in
real-world networks. In this table, we list the Pearson correlation between the edge
curvatures.

Regarding the networks with ground-truth community structure, all but the Karate
Club show a positive (resp. negative) correlation between ORC and AF; (resp. AFy),
as expected. We attribute the different behavior of the Karate Club to the fact that
its ground-truth community structure is slightly blurred in the context of network
analysis, which is reflected by the relatively low ratio p/§ ~ 6.57, where p and ¢ are
estimates of the probabilities of edges forming within or between communities, re-
spectively. By comparison, this ratio is about 19.51 in the College Football network.
We obtain these estimates by dividing the number of edges within (between) commu-
nities by the number of possible edges. For the Karate Club and School networks, we
note that AF; is much more highly correlated to FRC than ORC, while AF3 exhibits
the converse behavior. This could be an indicator that in these cases the simpler
augmentation AF3 is better for community detection, as ORC is expectedly effective
in detecting community structure whereas FRC is not.

To give a summary of our correlation results, we have experimentally verified the
discussion of Section 2. In particular, we have shown how the amount of edges and
cycles of a network have different effects on the various versions of Forman-Ricci cur-
vature, and we have also provided evidence for the expected behaviors of the different
curvatures in networks with an underlying community structure. The high correlation
between ORC and different versions of AFRC are a first indication that the latter have
a potential use in community detection; our results also suggest that the effectiveness
of the different augmentations may depend on the characteristics of the network.

4. Curvature gaps. In this section we compare the performance of the studied
curvatures in community detection — both for model and real-world networks with an
underlying community structure.

The essential observation for ORC-based community detection, as discussed in Section
2 and used for instance in [28], is that the ORC of edges within a community tends
to be higher than the ORC of edges between communities. As a consequence, the
histogram of curvature values in a network with community structure tends to be
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bimodal with two separate peaks or clusters. Figure 2 shows this effect for AF3
in two graphs with a clear community structure. Figure 3 furthermore shows that
the clusters in the histogram become more pronounced as the community structure
becomes stronger. One way to quantify the separation between the two clusters is the
curvature gap, introduced in [13]. Given a partition of a network into communities,
let Kwithin denote the average curvature of all edges contained in a single community,
Kbetween the average curvature of edges between communities, and Owithin, Tbetween the
standard deviation of the respective curvatures. The curvature gap of this partition
of the network is defined as

1

JAVIRES ; |Hwithin - ’{between|

where ¢ = \/ % (02 ihin T Ofetween)- Intuitively, the resulting number can be inter-
preted as ‘the number of standard deviations between the mean curvatures’. Since
the curvature gap reflects how well the curvature distinguishes edges within and be-
tween communities, we will use it as a proxy for how well any given curvature detects
the community structure. Tables 3 and 4 show the curvature gap obtained from each
curvature measure in model and real-world networks, respectively. Importantly, these
curvature gaps also depend on how clear the community structure is in a graph (i.e.
the ratio p/q mentioned before, or the size vs the number of the communities); this

dependency is illustrated in Figure 3 and Appendix Figures 7-10.

Model networks: We study two network models with a predefined community struc-
ture: the SBM and the HBG. The latter is particularly interesting because its lack of
triangles means that AF3 no longer augments the FRC. In this case, AF; is the first
non-trivial augmentation.

As discussed in Section 2, FRC should not be able to detect communities, which is
confirmed by the very poor curvature gap observed in Table 3 for both models. Sim-
ilarly as expected, AF; performs poorly detecting communities in bipartite networks.
This is also illustrated in Figure 4.

On the other hand, ORC attains good curvature gaps. As noted, we observe that the
gap depends on how clear the community structure is: it decreases when we reduce
the number of inside-community edges or increase the number of between-community
edges; moreover, the gap increases with the size of the communities of the SBM. Fi-
nally, AF; (and AF3 for the unipartite model) performs similarly to ORC: it shows
a relevant gap in all the studied models, which also depends on the clearness of the
community structure. We observe how ORC and AF3 tend to perform similarly and
outperform AF; in the studied SBMs (although the latter still attains curvature gaps
of a similar magnitude), whereas in the studied HBGs AF; attains relevant curvature
gaps even in the cases where ORC performs poorly.

Real-world networks: Next, we study the curvature gap in a range of real-world
network with a known community structure. We remark that all networks studied in
this section are unipartite.

As with the model networks, FRC performs poorly in all of the studied networks, and
both ORC and the augmentations of FRC offer more relevant curvature gaps; AF3
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Figure 2: Distributions of the Augmented Forman-Ricci Curvature (AF3) across edges
in stochastic block models with weak ((a), SBM(2, 40, 0.5, 0.2)) and strong ((b),
SBM(2, 40, 0.7, 0.1)) community structure. The curvature gap captures the (normal-
ized) distance between the means of the edges between (orange) and within (blue)
communities. (¢) and (d) shows the corresponding networks with edges colored ac-
cording to curvature.

offers the best overall performance in our network sample, and AF; performs worst
(see Table 4). Similarly to Section 3, the higher the p/§ ratio of the ground-truth com-
munities, the bigger the curvature gap: the Football network (p/§ ~ 19.51) presents
a substantial curvature gap for both ORC and the FRC augmentations, whereas for
the Karate (p/¢ ~ 6.57) and School networks (/¢ ~ 5.89 and =~ 6.76, resp.) the
curvature gaps are smaller — notably, AF, offers a curvature gap comparable (and in
some cases even smaller) to that of FRC. We remark this as an example of how further
augmentations of AFRC do not always improve the effectiveness of the community
detection. We believe this could be the same effect we observed for AFs: in networks
with low p/qg, the inter- and intra-community edges are contained in a number of
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4-cycles similar enough that the two curvature distributions overlap significantly.

To summarize the experimental results on the curvature gap, we have seen that plain
FRC is not able to detect community structure — which was theoretically expected
— whereas both its augmentations and ORC do. The performance of all curvatures
depends on how strongly pronounced the community structure is, but the charac-
teristics of each network have different effects on the various curvature versions. In
particular, we have found that ORC and AF; tend to outperform AF; in unipartite
networks, which suggests AF3 as the better (in terms of performance/cost) alterna-
tive for curvature based-community detection for this type of network. On the other
hand, AF; seems the most effective in the study of bipartite networks. In the following
section we further discuss the performance in community detection of these curvature
measures, both in terms of accuracy and computational cost.

5. Community-detection via sequential edge-deletion. We proceed by
analogy with the Girvan-Newman method and with the ORC-based community de-



12 L. FESSER, S. SERRANO, K. DEVRIENDT, M. WEBER, AND R. LAMBIOTTE

Network OR | FR | AR | AR
SBM (10, 5, 0.7, 0.05) | 2.14 | 0.58 | 1.93 | 1.34
SBM (10, 10, 0.7, 0.05) | 3.30 | 0.35 | 3.54 | 1.88
SBM (10, 15, 0.7, 0.05) | 4.10 | 0.33 | 4.02 | 3.31
SBM (10, 20, 0.7, 0.05) | 4.92 | 0.23 | 4.61 | 4.33
SBM (10, 20, 0.5, 0.05) | 2.66 | 0.16 | 2.16 | 2.01

)

)

SBM (10, 20, 0.3, 0.05) | 0.97 | 0.07 | 0.79 | 0.44

(
(
(
(
(
(
HBG (50, 0.5, 0.05) 3.83 [ 0.10 [ 0.19 | 4.77
(
(
(
(
(

SBM (10, 20, 0.1, 0.05) | 0.06 | 0.18 | 0.17 | 0.15
HBG (50, 0.5, 0.1) 0.40 | 0.12 [ 0.12 | 3.05
HBG (50, 0.5, 0.15) 0.03 [ 0.16 | 0.16 | 1.62
HBG (50, 0.4, 0.1) 0.62 | 0.06 | 0.06 | 1.69
HBG (50, 0.3, 0.1) 0.83 ] 0.14 [ 0.14 | 0.76
HBG (50, 0.2, 0.1) 0.27 | 0.07 | 0.07 | 0.09

Table 3: Comparison of curvature gaps attained by Ollivier-Ricci curvature (OR),
Forman-Ricci curvature (FR), and augmentations of the Forman-Ricci curvature (AF3
and AF,) of edges in artificial networks with community structure.

Network OR | FR | AR | AR
Karate 1.01 | 0.31 | 0.94 | 0.43
College Football | 2.95 | 0.34 | 2.87 | 2.91
School 1 1.16 | 0.74 | 1.78 | 0.57
School 2 1.04 | 0.85 | 1.72 | 0.65

Table 4: Comparison of curvature gaps attained by Ollivier-Ricci curvature (OR),
Forman-Ricci curvature (FR), and augmentations of the Forman-Ricci curvature (AF3
and AF;) of edges in real-world networks.

tection method proposed in [28], in that we incrementally delete edges to disconnect
the network. We provide pseudo-code of the algorithm in Algorithm 5.1.

Our algorithm can be divided into the following steps: given a simple, unweighted,
and undirected graph G(V, E), (i) calculate the AFRC for all edges in the network,
(ii) based on the AFRC distribution, choose a curvature threshold A, (iii) remove the
most positive AFRC edge, (iv) re-compute the edge AFRC only for those edges af-
fected by the removal, (v) check if all AFRCs are below A, otherwise repeat steps (iii)
and (iv) until the condition is satisfied. It is clear that our algorithm must terminate
in at most | F| steps, as there will be no more edges to delete — for a sensible threshold
such as the low-point between the modes in the AFRC histogram, it will in fact termi-
nate much sooner. To choose the threshold A, we fit two Gaussians N7 (u1,01), and
N2 (2, 02) to the curvature distribution and then compute A = a10+202 1+ 0104_102 L2,
based on the minimum-error decision boundary between these Gaussians [9, Ch. 2.6].

In general, it is possible to use a priori knowledge of a network to choose an appropri-
ate augmentation of the Forman curvature to detect communities in a computationally
efficient way, but with accuracy similar to that achieved using the ORC. For exam-
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Algorithm 5.1 AFRC Community Detection Algorithm

Require: A graph G(V, E) and a threshold A
Ensure: A list of tuples (v, (), with vertices v and labels !
For all e € E, compute AFRC(e)
while there exists an edge with AFRC > A in G do
if there is a unique edge ey, with maximal AFRC then
remove €.y from G
else
choose an edge e, from the edges with maximal
AFRC uniformly at random and remove it from G
end if
re-calculate the AFRC for all affected edges in G
end while
assign the same label [ to each vertex v in a connected component of GG
return a list of tuples (v, 1)

ple, as proposed in Section 4, for unipartite, SBM-like networks with relatively clear
community structure (i.e. large ratio p/§), we can use the AF3 in Algorithm 5.1. Note
that in this case, the while loop in Algorithm 5.1 changes to while there exists an edge
with AFRC < A, and we are looking for the edges with minimal AFRC. As Figure 5
shows, the accuracy of this method is comparable to that of the ORC-based method
(panel (a)), while being orders of magnitude faster to run (panel (b)).

For networks which we suspect to be (approximately) bipartite, we can include the
4-cycles, which makes Algorithm 5.1 more costly to run. However, as can be seen
in Figure 5, panels (c) and (d), this is still significantly faster than using the ORC,
while being competitive in terms of accuracy.

We conduct some additional experiments to compare the performance of Algorithm
5.1 for our three curvatures around the community detection threshold and refer the
reader to Appendix C (Figure 11 and Table 6) for details. We find that for networks
with few or no cycles within communities, all three curvatures yield small curvature
gaps, which makes community detection difficult or even impossible. We quantify this
using the notion of tree-SBMs, i.e. SBMs where the communities are not Erdés-Rényi
random graphs, but randomly chosen trees with a small probability p of having addi-
tional edges within communities. For p close to zero, only the ORC picks up on the
emerging community structure. As we increase p, and our tree-SBM becomes more
similar to a standard SBM, the augmentations of the Forman-Ricci curvature begin
to also yield increasingly large curvature gaps.

Similarly, we find that for standard SBMs where the probability p of an edge within a
community is only marginally larger than the probability ¢ of an edge between commu-
nities, the ORC yields larger curvature gaps and more accurate community detection
results than our augmentations of the Forman-Ricci curvature. As we increase p, all
three curvatures begin to yield similarly good accuracies. This underlines the idea
that for networks with a particularly difficult community structure, especially in the
very sparse regime, the ORC is generally the best, and sometimes only, curvature for
community detection. In most cases, the augmentations of the Forman-Ricci curva-
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standard deviation (shaded areas) of ORC-based (red) and AF3-based community-
detection (blue) in (a), and the time required for the algorithm to terminate (in
seconds) in (b) for an SBM with parameters (10, k,0.7,0.05). (c) and (d) depict the
same using the AF; for a hierarchical bipartite graph with parameters (k+k,0.5,0.05)

ture give similarly good results, which together with their computational efficiency
makes them preferable to the ORC.

6. Conclusion. Discrete notions of curvature have recently become the sub-
ject of interest in network science, both for theoretical investigations and in applica-
tions such as community detection. Much of this interest has been focused on the
Ollivier-Ricci Curvature: to the best of our knowledge, all previous curvature-based
community-detection algorithms have used the ORC. While this yields state-of-the-art
results for many networks, it is also computationally expensive and quickly becomes
inapplicable for larger graphs.

In this work, we chose a different approach and provided a detailed study of augmenta-
tions of the Ricci-curvature discretization proposed by Forman (AFRC). We discussed
the relation of these augmentations to the FRC and ORC both empirically and the-
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oretically — in particular, we provided evidence that in many artificial and real-world
networks, Augmented Forman-Ricci curvature can be used to attain similar or even
better community detection results than the traditionally used Ollivier-Ricci curva-
ture. Established Ollivier-Ricci curvature-based algorithms for community detection
are therefore not without well-performing and computationally cheaper alternatives.

The advantages of AFRC over ORC in community detection suggest that the for-
mer could represent important improvements in other areas where different discrete
curvature measures have already found an application — for instance network embed-
ding or graph learning. Moreover, the fact that AFRC and ORC behave differently
in the studied networks indicates that the former is not just a computational im-
provement over the latter, but it also reflects different geometric properties of net-
works. The augmentations proposed in this paper may thus provide further insight
into curvature-related problems, and create new possibilities in contexts where other
curvature measures are ineffective. For instance, we found the augmentation based
on 4-cycles to significantly outperform ORC in community detection in bipartite net-
works, which opens opportunities for the design of curvature-based methods for this
kind of networks.
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Appendix A. Studied networks.

Model networks

e Erd8s-Rényi graph: Parameters n € N, p € [0,1]. Network of n nodes
where each edge has an independent probability p of being present. The
bipartite version consists on two groups of m nodes, with the inter-group
edges having a probability p of appearing.

e Stochastic Block Model: Parameters [,k € N, p,q € [0,1], ¢ < p. Network
of [ - k nodes divided into ! groups (or communities) of size k. Each edge
between two nodes of a same community has an independent probability p
of being present, and edges between communities appear with independent
probability gq.

e Tree Stochastic Block Model: Parameters [,k € N, p, q € [0,1]. Network
created by first generating [ disconnected communities which are random trees
of size k. Then, each edge between two nodes of a same community has an
independent probability p of being present, and edges between communities
appear with independent probability g.

e Hierarchical Bipartite Graph: Parameters n € N, p,q € [0,1], ¢ < p.
Bipartite network of 4n nodes divided into 2 communities, so that each com-
munity has size 2n and contains n nodes of each partition of the network.
Edges inside a community appear with independent probability p, and edges
between communities appear with independent probability g.

Real-world networks

Network Nodes | Edges | Triangles | Squares | p/g
Dolphin [17] 62 159 95 278 -
Power Grid [35] 4941 6594 651 979 -
Word Adjacency [18] 112 425 284 2579 -
Southern Women [7] 32 89 0 341 -
Corporate Interlocks [26] | 244 358 0 245 -
Karate Club [40] 34 78 45 154 6.57
College Football [12] 115 613 810 3915 19.51
School 1 [30] 236 5899 48401 1678496 | 5.89
School 2 [30] 238 5539 46687 1560642 | 6.76

Table 5: Summary of the studied real-world networks. The three sections correspond
respectively to networks without additional structure, bipartite networks, and net-
works with community metadata.

Appendix B. Example: computing AF(e) in a small graph. We revisit
the example from Section 2 and calculate the FRC and AFRC of edge e = e12 = (1, 2)
in Figure 6.

For the Forman-Ricci curvature (2.1), we only have to count the degrees of the end
points of edge ej2. These are deg(1) = 4 and deg(2) = 5 and thus we obtain

F(e) =4 —deg(1) — deg(2) = —5.
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Figure 6

For the augmented Forman-Ricci curvature, we need to compute the count matrix I'.
Since we focus on edge e it suffices to calculate the e1o™ row and column of I'. We
fix the vertex order 1 < 2 < --- < 7 < 8 which induces the order e1s < e14 < €15 <
€23 < €95 < ezq on the edges. Since ejs is contained in two cycles, v = 1234 and
vo = 125, we have

r =2

€12€12

Cycle 1 = 1234 traverses e, €23, €34 from small to large, and e14 from large to small.
Applying definition (2.3), we find

Teiners = 1 (since eja, ea3 are aligned in 71, and ej2 < e23)
Teisess =1 (since ejo, esq are aligned 71, and ej2 < e34)

Pepser, =1 (since ejo, e14 are not aligned in 1, and e14 > e12)

Cycle v = 125 traverses ejg, €5 from small to large and e;5 from large to small.
Applying definition (2.3), we find

T =

Teipens =1 (since eja, ea5 are aligned in 72, and e12 < ea5)
€15€12 1

(since eqg, €15 are not aligned in v2 and ej5 > e12)
All other entries in the e;o™ row and column of I' are zero since they correspond to
edges that do not share a cycle with ej2 (e.g. T'cjpe,q = 0). Finally, the neighbors of e12
are {614,615,616,623,625,628,627} ~ €12 and the non—neighbors are {634,678} 74 €12.
The AFRC is calculated from expression (2.2) as

“47:(612) =2+ 1—‘612612 - Z |F€12€’ + 1—‘6'612 - 1| - Z |F€12€’ - F6'612‘

e’'~eja e’geiz
=2+2—(4-]1=1/+3-|0—=1]) = (|1 + |0])
=0.
The code to calculate the AFRC in a graph will be made available along with the

publication of the paper. This includes a calculation of AF(e12) in the example above
using the codebase.
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and ORC for

SBMs(2,100,p,0.1) for p € {0.1,0.3,0.5,0.7} (left to right). Edges within (between)
communities in blue (orange).

Network ORC | AR | AR
t-SBM(2,50,0,0.03) | 0.52 | 0.46 | 0.40
t-SBM(2,50,0.1,0.03) | 2.14 | 0.93 | 0.53
t-SBM(2,50,0.2,0.03) | 3.98 | 1.72 | 1.41
t-SBM(2, 50,0.3,0.03) 6.18 | 3.04 | 3.29

Table 6: Comparison of curvature gaps attained by the Ollivier-Ricci curvature and
augmentations of the Forman-Ricci curvature for tree-SBMs with increasing proba-
bility of additional edges within communities.
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