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Abstract

The development of quantum computers requires not only experimental advances,
but also theoretical efforts to tackle the bottlenecks and identify potential ap-
plications. This thesis addresses some essential elements in each stage of the
development of quantum computers, from the currently available hardware to
the long-term devices.

The critical factor that hinders the quantum hardware from performing perfect
operations is the presence of noise, however, it can be overcome by error correction
codes. We first consider a large-scale quantum processor with asymmetrical noise
and preferably a modular structure. By concatenating the surface code with an
error-detecting code, and utilising the information from detection with a customised
decoder, we find very high thresholds for the designed devices. The second topic
is small error correction codes which are more realistic to be implemented in the
near future. A measure ‘integrity’ is introduced to benchmark the performance
of quantum memories to demonstrate beneficial error correction, associated with
four milestones. We show integrity is closely related with other commonly-used
measures and can be easily assessed by experimentalists. This framework is then
studied in detail in the context of an ion-trap quantum device implemented with
the seven qubit code. We present a protocol based on detailed sequences of crystal-
reconfiguration operations and stabiliser mappings to perform a full error correction
cycle. Realistic error models and parameters from reported works are also given.

While experimental efforts continue to battle against the noise, some hybrid
quantum-classical algorithms have been developed to be implemented on the near-
term noisy devices. The variational algorithm is one of the hybrid algorithms that
have been widely applied to simulations of condensed matter physics and quantum
chemistry. In the next chapter, we introduce a variational quantum compiler to
automatically search for the encoding circuits of small error correction codes. By
tailoring the ansatz to optimise the circuit for particular hardware systems, we
show some novel circuits discovered with the compiler. The final chapter applies
the variational algorithm to solve linear algebra problems including linear systems
of equations and matrix-vector multiplications. We show that the linear algebra
problems can be solved with near-term devices, with circuit depth linear to the
condition number and super-linear to the number of qubits.
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Introduction and overview

The classical computer is undoubtedly one of the most important and influential
inventions in the world that has brought revolutionary changes to our life in many
ways. Over the decades it has been developed to be smaller, faster and more
powerful. While computers’ capacity of solving problems continuously increases,
problems that are intractable by classical algorithms remain unsolvable, as predicted
by the famous Church-Turing Thesis. For example, the ‘electronic-structure problem’
to find the low energy levels in chemical systems, quickly becomes impossible to
solve even with the most powerful supercomputers, as the system size increases.
Besides, as transistors are designed to be smaller and more sophisticated, their size
is already within the quantum regime where quantum effects emerge. Therefore
in order to avoid unpredictable phenomena in such a quantum system, as well
as other quantum systems that people are interested in, one needs to simulate
their behaviour equipped by classical computers, which however can not be easily
realised since the memory required for such simulations grows exponentially. All
these factors triggered the introduction of the concept of quantum computer by
Feynman in 1982 [1], followed by a more rigorous formalisation by David Deutsch in
1985 [2]. After this it was not long before Deutsch and Jozsa justified that quantum
computers are capable of solving a certain class of problems exponentially faster

than the classical machines [3]. Two years later, Peter Shor proposed a quantum
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algorithm which achieves prime-factorisation exponentially faster than any of the
known classical algorithms [4]. This is a remarkable discovery as it suggests that
a quantum computer could be used to break RSA, the most widely used public
cryptosystem. Another example of famous quantum algorithm is the Grover’s
algorithm, which provides quadratic speed up on searching of some unstructured
space over the classical algorithms [5]. All of these discoveries have brought great
excitement into the field of quantum computation, but also lead to an important
question, how feasible it is to make a practical quantum computer?

To answer the question one has to firstly engage with several levels of issues.
The basic level is to find a physical platform where the quantum computer can be
built upon. This requires the system to have a full set of building blocks analogous
to the classical computers, which allow for sophisticated and precise control and
manipulations. Potential systems include superconducting circuits, trapped ions in
electro-magnetic fields, NV centres in a diamond, quantum-dots in silicon-based
architectures and so on. Despite that each system has different advantages and
disadvantages, one common problem shared by all is that the quantum state stored
in the device can not last forever but has only a limited life time. The so-called
decoherence originates from unwanted interactions with the environment and from
imperfect controls and operations. To address this problem, the concept of quantum
error correction has been introduced, followed with the development of fault-tolerant
quantum computing and the concept of a threshold. The latter suggests that noise
can be suppressed to an arbitrarily low level by having a sufficiently large resource
overhead, if the error affecting each elementary step is lower than a certain value.
On the other hand though, with the imperfect performance of quantum devices
currently present in the lab, such a large physical system is out of reach.

While full-fledged quantum computers are years away, the near-term noisy
intermediate-scale quantum (NISQ) hardware has attracted great interests recently,
as machines with hundreds of physical qubits are expected to come out in the next
few years. Early works have already demonstrated the potential of NISQ devices

with applications in quantum chemistry and many-body physics. On the other
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hand, it remains an open question to identify practical near-term algorithms which
enable shallow circuits to be performed with a certain level of fault tolerance. The
hybrid classical-quantum algorithms satisfy such a need by having only the core
and classically-intractable problems computed by the quantum device, while the
other parts are handled by classical machines. Variational quantum algorithms
are the most commonly used ones, including the variational quantum eigensolver
(VQE), variational quantum simulator (VQS) and quantum approximate optimisation
algorithm (QAOA). While those algorithms are continuously improved, it is also
interesting to explore possible applications in near-future quantum computers.
This thesis addresses some of the issues mentioned above. We start with a
general introduction to quantum computation in Chapter 2, including basics in
quantum information processing, foundations of quantum error correction and
hybrid algorithms that will be used in the later chapters of the thesis. In Chapter 3
we present a possible route for scaling up the quantum system with error correction
codes, while boosting the performance by utilising more error information. Chapter
4 focuses on the more experimentally-feasible small error correction codes and a
means to quantify performance of quantum memories. The measure described in
Chapter 4 is then modelled in detail in the context of an ion-trap quantum computer
in Chapter 5, with realistic protocols and noise models analysed. In Chapter 6, we
discuss a near-term algorithm and apply it to search for the encoding circuit of small
error correction codes. This leads to Chapter 7 where another potential application
of near-term algorithms is explored, on the mathematical challenge of linear algebra
problems. Finally in Chapter 8 we summarise all the works presented in this thesis.
Overall, a wide range of problems have been discussed, from the long-term large-scale
quantum computing, in combination with the fault-tolerant hardware design, to the
practical near-term applications, with the goal to at least offer potential routes from

today’s small devices to the far-reaching future of mature quantum technology.
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2.1 Basics in quantum computation

For classical computers, a bit is the elementary memory unit which can either be
0 or 1, and the counterpart of such unit in a quantum computer is called a qubit.
To fully describe the state of an n-qubit system, we represent it using a vector
in a Hilbert space with a dimension of 2". The standard basis (computational

basis) vectors for a single qubit are |0) and |[1):

0~ o)
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Figure 2.1: Schematic view of a qubit on the surface of a Bloch sphere.

An arbitrary state is written as:

[¢) = al0) + B]1), (2.1)

where a and 3 are complex numbers which satisfy |«|* 4+ |3]* = 1. Note the
{0,1} is not the unique choice for a basis, since any state and its orthogonal state
can form a basis. Another useful and commonly used basis is {+, —}, called the
Hadamard basis, which relates with the computational basis by: |+) = %(!O) +
1)) and |—) = 5(0) — |1)).

Another useful representation of a qubit is the Bloch sphere, with which we

can rewrite Eq. (2.1) as:
; 7 i 0
) = e 0085’0> +e SDsm§]1> : (2.2)

where €7 is a global phase that has no observable effect. The quantum state [¢) on
a Bloch sphere is illustrated in Fig. [2.1] Here [¢)) is a pure state, as it is a single
ket vector. A quantum state that is a statistical ensemble of pure states is called

the mized state. Mixed state can be described with a density matriz p:

p= ZPH%H%\, (2.3)

where p; is the fraction of the ensemble for each pure state |¢;).
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Pauli X -,
CNOT

Pauli Y _69_

Pauli Z .
Cphase

Hadamard R G

Figure 2.2: Symbols for common single- and two-qubit gates.

Quantum gates are unitary operators acting on the quantum state. Any single-

qubit operation can be expressed as a linear combination of the Pauli matrices:
U=al+aX+aY +a.,Z, (2.4)

where the coefficients ar,a,,a, and a, satisfy: |ar|* + |a.|* + |a,[* + |a.]* = 1,

and I, X,Y,Z are:

=) (o) =) G

Another commonly-used single-qubit gate is the Hadamard gate, which has

H:?G —11>

Hadamard gate is important because it maps between {0, 1} and {+, —}.

the matrix form of:

For a quantum system with more than one qubit, a useful and important class of
operations is the controlled operations. The most common one is the Controlled-Not
or CNOT gate, which is applied from the ‘control’ qubit to the ‘target’ qubit.
Expressed as |[0)(0] ® I +|1)(1| ® X, where & refers to the tensor product, it applies

an X gate to the target qubit if the control qubit is in state |1). The matrix form is:

CNOT =

_ o O O

0
0
1
0

O O = O

1
0
0
0
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Similarly a Controlled-Z or Cphase gate is a controlled Z operation, which applies
a Z gate to the target qubit if the control qubit is at state |1). The matrix form is:

100 O
010 O
Cphase = 001 0
000 —1

The circuit symbols for the gates described above are shown in Figure [2.2]

A quantum state can also be changed by measurement, which is a non-unitary
operator projecting the quantum state into a certain basis. For example, if measuring
a state |[¢v) = «|0) + B|1) in the {0,1} basis, the result would either be |0)
with probability of |a|? or |1) with probability of |3]?. Clearly the measurement
procedure destroys the phase information stored within the quantum state, and

this procedure is irreversible.

2.2 Introduction to quantum error correction

One of the largest challenges to building a practical quantum computer is to fight
against noise. Even if single-qubit gates can be performed with the fidelity up to
99.99%, errors can accumulate over thousands of operations and gradually decohere
the quantum state. For classical computers, bit flips can happen which turn the 0
digit into 1 and vice versa. However, such errors can be easily detected with the
common data-copying techniques and corrected by resetting the bit back to 0 or 1
in each step. Based on its intrinsic nature, quantum states are more vulnerable to
noise, as they are susceptible to both bit and phase flips that occur continuously (A
single qubit bit flip error is equivalent to an unwanted X operation, and a phase flip
to an unwanted Z operation.). Besides, quantum states are continuous while the
read-out of qubits is digital, meaning that measurement would destroy the entangled
information. Therefore, error correction for quantum states is essential but also
challenging. Unlike classical states, quantum states cannot be copied from one qubit
to another as predicted by the non-cloning theorem [6]. Thus, error correction should
be employed in a way that never attempts to determine any information of the qubit.

Pioneering works by Shor, Calderbank and Steane [7-9] have shown that it is possible
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to encode the quantum information into several physical qubits, as an ensemble of
one (or more) logical qubit(s), and apply error correction codes to indirectly detect
the error information. On the basis of their work, many error correction codes have
been identified, along with the introduction of stabiliser formalism and fault-tolerant
error correction. More recently, scalable quantum computing is investigated and
proved to be achievable, equipped with topological codes. The following sections

give a brief introduction of essential elements in quantum error correction.

2.2.1 Simple error correction and error detection codes

The repetition code is the simplest code for classical error correction. The code

protects the bit from binary errors simply by making three copies of the state:
0 — 000, 1 — 111,

where the bit string 000 is called the logical 0 while 111 is called the logical 1. The
way it works is that after some time of corruption, we measure the three bits and
recover the logical bit back into either logical 0 or 1, depending on the majority vote.
The advantage of such a method can be easily explained: suppose the probability for
flip of one single bit is p, which is exactly the error probability for an unprotected
bit. For the logical bit, since the majority vote fails if two or three bits are flipped,
the error probability is thus p. = 3p?(1 — p) + p3. We can see that p. < p when
p < 1/2. With the currently mature technology, the error rate for a single operation
in a classical computer can be controlled to very low levels, thus even this simple
repetition code could reduce the error to a significant level.

For qubits in quantum computers, we can apply the same trick by encoding
the single qubit state into a logical state. Here we take the three-qubit correction
code as an example, to introduce the idea behind the Shor code, the first quantum
error correction code which was proposed by Peter Shor in 1995 [7]. A logical

qubit is encoded into three physical qubits by:

|0) . = |000), 1), = |111), (2.5)
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[
0) —b 1Y
|0> L/

Figure 2.3: Encoding circuit for the three-qubit code.

v .
r
|0> D r
o)
0> S
ancilla |0> \V <> [Z>
qubits
0) S-D—2

Figure 2.4: Circuit for the three-qubit bit flip correction code with two ancilla qubits to
perform parity checks.

where the label ‘L’ means it is a logical state. Thus an arbitrary state |¢)

is expressed as:

)L = al0)z + BI1), = a]000) + B[111). (2.6)

This state can be easily realised by the circuit shown in Fig. 2.3

By doing so the state is stored in the three qubits as a whole. Any bit flip would
corrupt the logical state and project it out of the logical subspace. Such an error
can be detected by measuring all the three qubits, however, as explained before,
direct measurement of the qubits corrupts the phase information of the quantum
state, thus we need to seek for approaches that require no direct measurement
of the state of each qubit.

Suppose a bit flip occurs to the first qubit of the logical qubit with the state
a|0)r + 5[1).: «]000) + 5]111) — «|100) 4+ 3|011). By comparing the first and the

second qubits we would find them to be different, and by comparing the first and
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error location || no error | qubit 1 | qubit 2 | qubit 3
measured state 00 11 10 01

Table 2.1: Error syndromes of the three-qubit bit error correction code with two ancillae.
The states shown in the table are measurement results of the ancillae.

the third qubits we find them also different, thus by deduction we find the bit error
happens on the first qubit. This procedure is called parity check. Therefore, by
measuring and checking the parity of two of the qubits Z; 75 and 7,73, we would
know if an error occurs and if so, where it is. Importantly, we do not measure
the data qubits directly, instead, we only measure the difference between two of
them, through measurement of additional qubits called ancillae. The circuit for
such parity checks for the three-qubit bit correction code are shown in Fig. 2.4, The
parity checks can be conducted by two CNOT gates acting from the data qubits to
one of the ancillae which is initialised at |0). After the CNOT gates, the ancillae
are measured in Z basis, i.e. measured in the {0, 1} basis. Any bit flip on one of the
three qubits leads to a unique result, called an error syndrome, which is summarised
in Table 2.1 Using this syndrome information one knows where the error occurred
and thus can correct it by applying a Pauli X gate (i.e. a flip) to the certain qubit.

Two things need to be noted here. Firstly, this code can correct only one error.
If two errors occur, while we still refer to the syndrome table as if there is only
one error and apply the corresponding recovery operation, a logical error would
be introduced and the code will have failed. In fact, the distance between two
codeword states limits the number of errors a certain code can correct. In this case,
d = 3 (i.e. 3 qubits must change to go from one legitimate state to another), thus
the maximum number of errors can be corrected by this code is t = [(d — 1)/2] = 1.
Secondly, it is a bit flip correction code which detects and corrects only bit flip
errors. The detection and correction of a single phase error can be realised with the
same encoding circuit but with a different parity check circuit, as shown in Fig. 2.5
The essence of parity checks is based on the fact that for a CNOT gate, a bit error

propagates from the control qubit to the target qubit, while a phase error propagates
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N\
Jan
\J/

o
N
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\V

= O = =m
4
N
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ancilla |+> [)D
qubits
|+ )

Figure 2.5: Circuit for the three-qubit phase flip correction code with two ancilla qubits
to perform parity checks.

from the target qubit to the control qubit. An odd number of errors propagating to

the ancilla qubit will flip its original state and can be detected by measurement.

The error correction codes as described above are powerful in that they allow
us to not only detect but also correct errors. There is another category of codes
that only detects errors but is not capable of knowing where they are. Such codes
are called error detection codes, which were developed by Vaidman and Grassl |10,
11], right after the introduction of error correction codes. Compared with the error
correction codes, error detection codes have fewer requirements for hardware. The
benefit of error detection is further reinforced with the development of post-selected
quantum computation, which was proposed by Knill in 2004 as a feasible approach
for large-scale quantum computing with high error rates [12].

The four-qubit code is an [[n, k, d]] = [[4, 2, 2]] quantum detection code, where n
is the number of physical qubits in the memory, & is the number of logical qubits that
are encoded, and d is the code distance. The code distance implies the maximum
number of errors ¢ one code could correct, t = (d — 1)/2. The code thus encodes

two logical qubits into four physical qubits [13]:
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Figure 2.6: Circuit for the four-qubit error detection code.

00), — |0000) + [1111)
01), — |0011) -+ [1100)
110); — |1010) -+ [0101)
111),, — |0110) + |1001).

The detection of a bit error and a phase error is realised separately with a single
ancilla (two ancillae are drawn in Fig. aiming for better understanding of the
process). The first ancilla, initialised in |+), applies CNOT gates to each four data
qubits before measured in the X basis, is to detect any bit error, while the second
one is to detect any phase error. Since the parity checks for bit and phase flips
are independent, only one ancilla is actually needed to perform checks sequentially.
Therefore, this code is capable of detecting at most one bit error plus one phase
error. In fact, owing to the codeword structure, any double errors of the same type
would not project the logical qubit out of the logical subspace but would result
in either a logical error or no error with 50/50 probability. This property, and
the property that it can be easily encoded in a fault-tolerant way (which will be
elaborated later), makes the four-qubit detection code a good choice as a first step
towards demonstration of error correction on a logical qubit in a real lab system [14].

Up to now we have introduced simple error correction and error detection codes.

The smallest code that can detect a single X (or a single Z) error requires two
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physical qubits, while at least three physical qubits are required for correction
of a single X (or a single Z) error. The [[4,2,2]] code can detect either one X
or Z error, and the smallest code that is capable of correcting any X or Z error
(full error correction) has five physical qubits. Larger codes generally encode
more logical qubits and can correct more errors, however, they also require more
complicated error correction circuits. We will introduce more error correction

codes in the later chapters.

2.2.2 FError correction with stabiliser codes

The stabiliser formalism

So far we have described codes by their state representation, however, as codes
differ their logical states are different, and it would be cumbersome to write down
each state as the code distance increases. First discussed by Gottesman in 1997 [15],
stabiliser codes are a useful class of codes that provides a general rule for code
construction, gate operation and error correction. With the knowledge of the
stabilisers, one can easily find out the logical operator, error correction circuit
and understand how errors corrupt the logical state without needing to work with
the codeword states of the logical qubit.

If we take a look at the |1)+) Bell state of two qubits:
~100) + [11)
==

we can find it satisfies: X1 Xs[¢) = @) and Z, Z,|¢) = [¢), so we say that the state

|+) (2.8)

|1} is stabilised by the operator X; X, and Z;Z5. By definition, for an arbitrary
state |¢), if it is an eigenstate of some operator M: M|y) = |[¢), we say that
M is the stabiliser of the state [1)).

The idea of the stabiliser formalism is by use of subgroup. For all unitary
operators of a single qubit, the Pauli group P forms a subgroup which contains

the following elements:

P = {&],+il,£X, £iX, LY, £iY, £ 2, £i 2} (2.9)
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Any two elements within the Pauli group anticommute with each other: {5, 57} = 0.
For N qubits, the Pauli group is extended as: P = P®Y. So the code space of
an N-qubit quantum memory of state |1) is defined to be invariant under the

action of the stabiliser group M:
L={Mly) = [),vM C P*"}, (2.10)

where M is an Abelian subgroup of the N-qubit Pauli group. Therefore, instead
of being described with the state vector representation which is 2V dimensional,
the stabiliser state can be described easily with the generators from the Pauli
group which stabilise those vectors. For error correction, stabiliser codes, which
involve subgroups of stabiliser operators, reflect the logical subspace of a logical

qubit and are used to detect and correct errors.

The four-qubit error detection code revisited

Let us take another look at the [[4,2,2]] error detection code introduced in the
last section. As explained above, the code encodes the two logical qubits into four
physical qubits, and the realisation of error detection of a bit flip and a phase
flip is done independently with the use of an ancilla qubit. The stabiliser set for

this code is specified by two operators:
81 - X1X2X3X4, 82 - Z12223Z4. (211)

All valid codestates are stabilised by the two stabiliser operators. S! is used for
check of a phase error, corresponding to the first parity check in Fig. while S?
is for check of a bit error. The four-qubit memory has a dimension of 24, while
the stabiliser defines a subspace with a dimension of 22, leaving the freedom of
2472 = 22 that corresponds to two logical qubits. The logical operators of this
code can be chosen as X; = X1X5, X, = X1X,, 7y = 717y and Zy = 7175 (the

bar on top of an operator represents it to be a logical operator).
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2.2.3 Fault-tolerant error correction

So far in previous sections when introducing the error correction codes, we seem to
have made two major assumptions. Firstly, errors occur only to the data qubits and
are stored statically within the encoded state; secondly, all the logic gates within the
error correction cycle are perfect. Both of the two assumptions are very unrealistic.
Quantum computation can only be useful when the quantum information stored in
the memory undergoes operations dynamically and continuously. Besides, all the
logic gates in a quantum channel are noisy, including state preparation, information
processing, stabiliser checks, measurement, and decoding. All such errors gradually
accumulate and corrupt the logical state. Nevertheless, quantum computation can
tolerate faulty gates, provided that the severity of the noise is below some threshold.
Known as fault-tolerant computing, the concept was firstly introduced for classical
computers [16} 17], but now becomes an important milestone for quantum computing
which paves the path towards realisation of physical quantum computers [18-20].

One major reason for accumulation of errors stems from error propagation, i.e.
errors propagate from one physical qubit to another through logic gates. Single-qubit
gates do not yield cascades of errors, however, any two- or more-qubit gate can copy
errors from one qubit to another. For example, through a CNOT gate X errors
propagate from the control qubit to the target qubit while phase errors propagate
from the target qubit to the control qubit. Additionally, the gate operation itself
may create errors even when no prior error happens to either of the qubits. This
is the major problem that hinders the effectiveness of the error correction codes
(as for example, distance-3 codes cannot correct more than one error). Besides, an
error correction cycle itself is not noise-free, while two-qubit gates and measurement
are essential for any codes. A faulty measurement has a certain probability to
generate a wrong outcome, based on which, a wrong fix would be applied to the
data qubit, creating one more error in the quantum memory. Therefore, to achieve
a fault-tolerant quantum memory, logic circuits should be designed to diminish
error propagation or to control errors to a certain low and correctable level. For

distance-3 error correction codes, a fault-tolerant circuit is defined such that the
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failure of a single element will cause at most one error in the output of the quantum
channel. For codes with higher distance, the ‘one error’ criterion can be relaxed to
the maximum number of errors that can be corrected [19]. Generally fault-tolerant
quantum computing requires more hardware resources and has more complicated

circuits than the non-fault-tolerant case.

2.2.4 Concatenation of codes and the threshold theorem

Concatenation is to encode (an) encoded logical qubit(s) by constructing a hierarchy
of quantum circuits [21, |22]. We use Cy, C1, Cs... to describe the hierarchy levels,
where () is the ground level where the logical qubit is encoded with physical qubits.
In the second level (', each logical qubit is encoded with the same circuit but with
logical gates, and so forth. To protect the code, a cycle of error correction is applied
at each logical level. Let us take the Steane code as an example. In the first level
one logical qubit is encoded into seven physical qubits, and if in a fault-tolerant
way, at most one bit flip and one phase flip errors are allowed; Then in the second
level, seven logical qubits, containing a total of 49 physical qubits, are encoded with
the same fault-tolerant circuit (but each gate is now a logical gate with transversal
gates to each individual data qubit). Now the code distance becomes 3% = 9, thus
allowing the code to correct up to (9 — 1)/2 = 4 errors. Therefore, at the cost of
using more physical qubits, the approach of concatenation can correct more errors.
One would then find that a concatenated code with a higher level leads to a smaller
logical failure rate, if the probability for occurrence of a single error is smaller than
a certain value. The critical error rate is called the threshold of the particular
quantum system. If the error rate of the physical qubits can be controlled below
the threshold, we can achieve arbitrary accuracy by implementation of a suitably
large quantum circuit, provided with abundant resources |15, 23].

The threshold is an important measure for the potential of quantum systems.
It relies heavily on the specific platforms and architectures, therefore the reported
thresholds in literature differ significantly with different physical systems and error

correction codes [12, 21, 24-29]. The surface code |30], which has one of the highest
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threshold above 1% at circuit level with the standard depolarising noise model,

will be discussed in more detail in Chapter 3.

2.2.5 Topological error correction codes

So far we have limited our focus on the most simple and basic codes for an
introduction of fundamental concepts and principles. We now introduce a more
advanced and modern class of codes called topological codes, proposed by Kitaev
and Yu in 1997 [31]. Having been receiving growing interests over the years for
designs of quantum systems and constructions of large-scale architectures, these
are so far the most promising and realisable codes towards realistic and fault-
tolerant quantum computation.

Topological codes are a group of error correction codes that the stabilisers
can correspond to qubits that are always physically close in a lattice of a certain
dimension [28| |32]. By design the topological codes can scale up by inherently
concatenating with itself or with other codes of the same type, therefore offering
great potential of scalability. Another big advantage of the topological codes is that
they have demonstrated a very high threshold, which is within reach of the current
experimental technologies. The family includes the surface code, colour code and
gauge colour code, and we will introduce the first two in the following chapters.

The group of topological codes are particularly attractive solutions because they
typically have a local structure which is favourable for low-weight stabiliser check
operations that are performed to identify errors. This leads to relatively simple
protocols supporting fault-tolerant quantum computing, i.e, ensuring a single error
occurring during an error-correction cycle will not itself corrupt the logical qubit(s)
that are the subject of the cycle. This leads to the threshold rate for errors at the
physical level as described in the last section; for many topological codes, when
error rates are within this threshold, one can achieve an arbitrarily low logical error

rate by having a suitably large ratio of physical qubits to logical qubits.
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2.3 Introduction to hybrid quantum algorithms

As introduced in the previous section, quantum error correction plays an essential
role in large-scale quantum computations to protect the quantum processors from
corruption of noise. For fault-tolerant quantum computing, implementation of any
classically intractable problem, like Shor’s algorithm, requires a precise control of
individual gates of millions of physical qubits |33} 134], which is however beyond
the current technology [35].

While this goal is challenging to be achieved within a short period of time, efforts
have been taken to seek for quantum algorithms that can be implemented in the near
future. As substitutes for fully-fledged quantum computation, quantum-classical
hybrid algorithms have been invented, where the quantum computer is used as a
coprocessor that only executes the core and classically hard part of the calculation,
while the classical computer mainly solves the higher level calculation. Especially,
as a typical hybrid method, variational quantum simulation has been applied to find
the ground state energy of a Hamiltonian of interest— this approach is referred as
the variational quantum eigensolver (VQE) [36] 37]. Another related approach that
can be applied to combinatorial problems is the quantum approximate optimisation
algorithm (QAOA) [38]. Compared to the classical variational simulation, variational
quantum simulation encodes the quantum state via a parameterised quantum circuit
that is proven hard with any classical means [35] 39, 40].

Recently, the variational algorithm has been widely used in quantum simulations
in the Noisy Intermediate Scaled Quantum (NISQ) regime, for finding energy spectra
of a many-body Hamiltonian [36, |41-46], applications with machine learning [47-
52|, circuit learning [53-56], and others |57, |58]. As variational algorithms can
work with shallow circuits, errors may be less damaging and can be suppressed
with error mitigation algorithms [43, 59H64], thus enabling the NISQ devices
to perform non-trivial tasks.

Variational algorithms have also been invented to simulate real [60] and imag-
inary [65] time evolutions of quantum systems. We introduce the key elements

of the variational algorithm in the following sections.
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2.3.1 The variational quantum eigensolver

The variational quantum eigensolver is a variational algorithm to search for the

eigenstates of a given Hamiltonian H. To find the ground state

(V|H|D)

b=y

—

the main idea is to consider a trial state with a set of parameters, |p(0)) =
U(6) |0), with U(0) = UL(6L) ... Us(82)U1(6y), 6 = (64,05, ...,01). The number of
the parameters is polynomial to the number of qubits. The trial state is called
the state ‘ansatz’, and the circuit to prepare it is called the circuit ansatz. A
good ansatz should well represent the target state. The first VQE experiment [306]
implemented the hardware efficient ansatz, which has repeated structures with gates
that are easy to implement in the currently available quantum hardware. Owing to
its practicability, the hardware efficient ansatz has been applied in many quantum
chemistry simulations [45, 66]. However, it is unfavourable for large systems,
as classical optimisations that are used to find the solution become extremely
difficult as the system size increases [67]. Another widely adopted ansatz is the
unitary coupled cluster (UCC) method which is inspired by classical chemistry
problems [68,69]. The UCC ansatz is a natural choice for computations of quantum
chemistry [70, [71], however, it might be difficult to implement as it requires a
complicated circuit structure.

Suppose the ground state of H can be represented by the ansatz with certain
parameters, the ground state finding problem is then converted to an optimisation
problem where the set of parameters corresponding to the minimum energy is

to be determined,

G = arg min(0()]H10(6). (212)
The optimisation can be accomplished with various methods, including the gradient
based classical optimisation [36], global search algorithms [72], imaginary time
evolution [65, 73], etc. We introduce the gradient decent and imaginary time

evolution methods below.
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2.3.2 Optimisation methods

Gradient descent

Gradient descent is a first-order classical optimisation algorithm to search for the
minimum of a given function. Applying it to the variational eigensolver, we start
with a guess of the solution, 50 and update the parameters along the negative

— — —

gradient of the energy E(0) = (¢(0)|H|p(0)),
i1 =0, —aVE(;),Vi=0,1,...,T (2.13)

where a is the time step, and T is the total number of steps. As the energy F
monotonically decreases with sufficiently small a, the solution via VQE always
at least corresponds to a local minimum. Starting from several random initial

positions, one may find the true solution, i.e., the global minimum.
Imaginary time evolution

The imaginary time is a mathematical concept that has been applied in various
physical domains. The idea is to replace the real time ¢t with the imaginary time
7 under the Wick rotation. For a system with Hamiltonian H, the propagator
e~ thus becomes e ™. The imaginary time evolution could be used to solve
dynamical problems [65] 73]. We can start from a variational principle to find the
equations that govern the parameter evolution such that a parameterised circuit
follows an imaginary time evolution. We introduce the McLachlan’s variational
principle [74] here. We begin by considering simple real time evolution. The

Schrodinger equation can be written as:

d[¥ (1))
dt

= —iH|U(1)). (2.14)

Suppose at time ¢ the state |U(¢)) can be represented by the trial state |¢(¢)), then at
time ¢ + 0t we wish to find the trial state |¢(t + 0)) also a good representative of the
state |W(t+ dt)). Therefore, we project the state into the trial state manifold

and wish to solve

djo(6(t))) 7

AREL — —imo(d(1))). (2.15)
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McLachlan’s variational principle minimises the distance of the left and right terms
by
5||(d/dt +iH)|o(0(1)))]| = 0, (2.16)

where |||¢)|| = /(#|d) is the norm of |¢).

If all the parameters are real, the equation becomes
ST M0, =V, (2.17)
J

where

o (aw@lale@) . (9@,
Mi,j—Re( o0 ) w—1m< S HIol >>), (2.18)

with the detailed derivations given in Appendix [Al The elements of M and V can
be found using the quantum computer, while solving Eq. 1) for éj is the task

for the classical computers. By updating g via:

01 = 0, + ATO, (2.19)
with a sufficiently small time step AT, we can find the evolution of parameters
and thus the evolution of the states over time.

For VQE where a static problem is considered, if the initial state has a non-zero
overlap with the ground state, the state at 7 — oo corresponds to the ground
state [65]. This is because the amplitudes of all excited eigenstates decay faster
than the ground state, making |¥(c0)) the ground state of the Hamiltonian H. In

such a case, the quantum state under the Wick rotation is

e T [w(0))
U(r)) = ) .
O e ) 220
and the Schrodinger equation becomes

where E, = (VU(7)|H|Y(T)).
Assuming the state | (7)) can be well approximated by a parameterised state

(7)) = |p(0y,60,,...)) with real parameters 6;, applied with the McLachlan’s
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variational principle, according to Ref. [73] the imaginary time evolution of the

quantum state |¢(7)) can be mapped to the evolution of the parameters with

%:Am‘éi = =B, (2.22)
where (68| Dl6(dr)
B p(0(1))| 0lo(O(T
Aig Re( 00; 00 )
HSED) .. s (223)
B; =Re (%HW(Q(T)))) .

Suppose for the initial state we have |¢(7)) = |¢(01(0),02(0), ...)), thus we can
update the parameters 6 = (61,65, ...) via 0(1 + A7) = () + AT * 5(7) to emulate
the imaginary time evolution, where A7 is a sufficiently small step size.

The imaginary time evolution can also be used to simulate quantum systems

with noise. In such a case, a mixed state is applied to model the unitary evolution

of the Schrodinger equation, which is given by

W) _ it o), (2:24)

Similar to the case with the pure state, a parameterised trial density matrix

—

p = p(0(t)) is applied. The Schrédinger equation with the trial density matrix is

) i ((999@)0."' — —i[H, p(t)]. (2.25)

With the McLachlan’s variational principle, we have

dlldp/dt +i[H, p(t)]]| = O. (2.26)

Switching to the imaginary time domain, where the Wick-rotated density

matrix becomes

_ e—HTp(O)e—HT

p(r) =5 20 (2.27)

the evolution is transformed into

dp(T)

2 = —({H pl(r)} = 2(Hp(r)), (2.28)
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where {H,p(7)} = Hp(1) + p(7)H. When considering a parameterised density

— —

matrix p(6(7)), the imaginary time evolution of p(6(7)) is mapped to the evolution

of the parameters as

—
. — —

5 2004, = (1, A} — 2EDp(A1)) (2.29)

Applying the McLachlan’s variational principle, we have
olldp/dr + ({H, p} — 2(H)p)|| = 0, (2.30)

which can be converted into

> Cjibi = —Dj, (2.31)

7

where

[ 9p(8(7)) Dp(6(7))
Coa =1 00, 06, ] ’
- (2.32)

[ 0p(6()) 7
D; =Tr %{H,p(e(r))}],

as shown in Ref. [73]. The detailed derivations are given in Appendix [A]

2.3.3 Circuit implementation

Both the optimisation methods of gradient descent and imaginary evolution can be

not only realised by classical methods, but also implemented with quantum circuits.

Gradient descent

—

With the gradient descent method, we need to obtain VE(6). Considering E() =

— —

(0(0(2))|H|p(0(t))), we have

—

S =2 (SO HI6(0)
HOOD)| 7 7 Ao (0(1)))
=S @0 + (@) (2.39

GO
—2Re (%Hlaﬁ(@(t)))) .
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Figure 2.7: The circuits to evaluate (a) Re ((0| U |0)) and (b) Re ((0| UV |0)). The
ancilla qubit is initialised in the |+) state and measured in the X basis.

Suppose the Hamiltonian H can be decomposed into H = >, a;h;, where h; are

—

unitary operators. As |¢(d)) = U(6)|0) where |0) represents a (multi-qubit) quantum

—

register at state zero, we can write the derivative of |p(0(t))) as

@) 9 oo
00; aeiU(e)’m = Q;(6)0), (2.34)

— —

and if U(0) = G,(0,)G,_1(0,_1)...G1(61), i.e. a gate sequence, then Q;(f) =
Gn(00)Gn1(0n-1)...5-Gi(0;)...G1(61). Thus we have

— —

2Re (WHW@@)») =2Re (Z CVj((_)’Qf(Q)hkU(H)K_))) ‘ (2.35)

It has been pointed out in Ref. [75] that any term with a form of Re (((_)|U|(_))) can be
efficiently measured with the circuit shown in Fig. 2.7[(a) by measuring (X), and it is
further proved that Re (<6|U V|f)>) could be measured with the circuit in Fig. (b)
Therefore, each term in Eq. can be evaluated with a quantum circuit.

Imaginary time evolution

For imaginary time evolution with pure states, we need to evaluate each term

of M and V. As

aw@mw%)

Mi ; =Re
! ( 90;  00; (2.36)

and

all the elements of M and V' can be determined with the same circuit in Fig. 2.7]

m:m(““”ﬂwéﬁzm{ﬁ*““”mmw), (2.37)
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As mentioned in the previous chapters, topological error correction codes offer a
possible solution to build a large-scale quantum computer in the presence of noise.
As a 2D topological code, the surface code is regarded as a highly promising code due
to its modest requirement of a 2D nearest-neighbour connectivity, a high threshold
(resulting from low degree stabiliser checks), and simple grid-like lattice structure ,
76, [77). The surface code deals with bit flip and phase flip errors independently,
so we can perform checks for X-type and Z-type errors alternatively. However,
in practice many systems experience an asymmetric error source that makes the

standard surface code no longer the optimal choice; relevant cases are reported in

27
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Refs. [78-80], which lead to a rising interest in quantum systems associated with
biased noise [81-85]. Commonly in real systems the noise processes are complex,
involving both environmental elements and aspects due to the active gates, but
generally phase processes take place with a different severity to flip processes [86-88].

In this chapter, we present a new topological code which is designed for quantum
systems with asymmetrical noise model. We consider the scenario where phase errors
are more prevalent than bit flip errors (it immediately applies to the converse case
where bit flip, rather than phase, is prevalent). Our approach is to introduce a variant
of the canonical surface code by concatenating it with a two-qubit phase detection
code. In particular we propose a new surface code decoder (the algorithm that
attempts to infer optimal error-correcting operations) by feeding in the information
on likely error locations obtained by the lower-level error detection.

We give a brief introduction on the standard surface code in Sec. [3.1] including
the code structure, decoders and threshold calculation. In Sec. [3.2] we introduce
the concatenated code by the code structure and the new surface code decoder.
Numerical implementation of the concatenated surface code is also presented. The
chapter is concluded in Sec. with a discussion of potential future works.

The concept and protocol for this code was created collectively by all authors
of Ref. [89]. All numerical implementation and modelling were performed by
the present author, except for a contribution to the implementation of Dijkstra’s

algorithm which was provided by Qi Zhao.

3.1 Introduction to the surface code

There are mainly two types of surface code depending on the code topology, the
toric code and the planar code, which differ only on the boundary conditions. The
toric code has a periodic boundary condition thus every data qubit is geometrically
equivalent, while the planar code does not have the boundary condition but with
qubits located in a flat 2D surface. For large surface codes (like those to be used in
real quantum computers), the performance of the two types is very similar—it even is

for medium sizes we can simulate [90]. Throughout this work we consider a toric code.
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3.1.1 Code structure

The surface code has a 2D square lattice structure where the data qubits and
ancillae sit one next to one another. As shown in Fig. [3.1] in one representation
we can locate four data qubits at the edge of each plaquette (the white dots),
while the black and purple ones are ancilla qubits located at the center. In this
picture, each plaquette defines an operator of either X = X;X,X3X, (with the
purple ancilla) or 7 = 7,777, (with the black ancilla), where X and Z are Pauli
matrices, referring to the stabiliser generators. When performing the X parity
check, a suitable protocol is to perform CNOT gates from the ancilla qubit to
each of the four data qubits, then to measure the ancilla qubit in order to learn
the parity of the four data qubits. Consequently, one error on a given data qubit
will be identified by two ancilla qubits adjacent to that data qubit. Specifically,
a bit flip error will be identified by the Z parity check, while a phase flip error
by the X parity check. As shown in the figure, a Z error happening to a data
qubit (depicted in red) can be identified by the two neighbouring ancilla qubits
(in yellow). If the error location can be exactly identified, such an error can be
corrected by applying another gate of the same type.

The logical operations of the surface code are depicted in the figure as the
green and the red lines. In fact, for a toric code, any complete curve with Pauli-Z
operators spanning from one boundary to the other is a logical Z gate, and any
complete curve with Pauli-X operators spanning from one boundary to the other is
a logical X gate. The two types of logical operators commute with all stabiliser

operators and anticommute with one another.

3.1.2 The decoder

The error correcting process on the surface code involves repeated stabiliser checks,

i.e. parity checks. We refer to stabiliser checks of all plaquettes as one cycle.

Normally the X and Z stabiliser checks are performed in an alternating order.
An error occurring to a data qubit leads to a change of the error syndrome,

which helps us to identify where the error is and thus apply the recovery operation.
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Figure 3.1: Code structure of the surface code. The white dots are the data qubits,
which sit at the edge of each plaquette. The black and purple ones are ancilla qubits.
In an error correction cycle, CNOT gates are applied between the ancilla qubit and the
neighbouring four data qubits, and the ancilla qubit is measured to determine the parity
of the four data qubits so as to identify whether an odd number of errors have occurred
in the particular plaquette. The red and green lines denote a logical X and a Z operator
respectively. The data qubit in red represents the occurrence of a Z error, which can be
identified by the adjacent ancillae (in yellow) through the X parity check.

However, as error syndromes do not map to a unique error pattern, stabiliser checks
cannot determine precisely the error locations. Errors in measurements can also lead
to wrong syndrome outcomes. Therefore, a classical algorithm is used to infer the
error locations given the stabiliser check information, to determine what operations
should be performed in order to recover the correct logical state of the quantum
system. This inference algorithm is referred to as a decoder. For a system with
given physical error rate, we hope to achieve a logical error rate as low as possible
with a particular decoder. Among many decoders such as minimum weight perfect
matching (MWPM) [91H93], maximum likelihood based on a tensor network |29, |30,
32,190, 94H97] and renormalisation group methods [98-100], the MWPM algorithm is
most commonly used as the algorithm at the heart of decoders for topological codes.
Studies based on this approach have reported high thresholds for the surface code
ranging from 0.75% to 1.4%, according to the specific variant and error model 29, [30,

90, 96}, 97]. In this work we use it in our decoder for the concatenated code, and we
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also employ it when we compute results for the standard surface code as a reference.

3.1.3 Threshold calculation

Threshold is an important measure for the surface code, not only because a code
with a higher threshold can permit fault-tolerant quantum information processing
on a more noisy system, but also because the higher-threshold code can be expected
to achieve a given target logical error rate with a smaller resource overhead. For
the threshold estimates, we use a standard approach of simulating a certain number
of full stabiliser cycles, recording classical information at each stage, and finally
applying the error inference process, i.e. the decoder, as a single-shot analysis
which may either ‘succeed’ or ‘fail’.

To estimate a surface code threshold for a given quantum machine, a typical
numerical model involves the following stages. Note one does not model the
qubits as full quantum entities (which would obviously be exponentially costly
in time and memory) but rather one tracks the errors as discrete Pauli events.
This implies that we must use an error model where the error events can be
described as random (multi-qubit) Pauli operations. Fortunately many realistic

error models can be described this way.

1. A total of n imperfect stabiliser check cycles are modelled, where n is
proportional to the size of the code. In each cycle, the full set of surface code
stabilisers, Z and X types, are measured. (This can be done simultaneously,

if the modelled quantum hardware would permit, or in a set of sub-tasks).

2. The result of each stabiliser measurement is compared to the previous recorded
outcome for that stabiliser — if it differs then we record that point in time and

space as a stabiliser ‘syndrome event’.

3. After all cycles are complete, we apply our classical decoder software to analyse

the recorded information.



32 3.1. Introduction to the surface code

The decoding process is based on the observation that any data qubit error is
identified by two adjacent ancillae, while a chain of errors are identified by ancillae
adjacent to the end points of the chain. Therefore, a successful correction operation
can be applied if we identify the correct ancillae to pair up, and apply the recovery
gates all the way between the two ancillae. Note that the recovery path does not
need to follow the same path as the error chain, as any closed loops within the
surface are equivalent to a stabiliser operator. The failure only happens when a
curve is formed that connects one boundary to another, in which case a logical
error is generated and cannot be identified.

It is necessary to conduct more than one stabiliser cycle only because the
operation of stabiliser checks can be faulty, in which case a wrong error syndrome
may be given. Suppose, for example, that there is no error on the data qubits in
a region, but that a stabiliser incorrectly reports a change due to a measurement
error. Assuming prior and subsequent stabiliser measurements were correct, then
we will see that stabiliser outcome ‘toggle’ its state, and then immediately revert
back — and we can pair those two switching events thus identifying the error.

Therefore, the challenge of decoding is to successfully sort all such events into
matched pairs. To do so, we first assign a weight to each potential pairing of events
according to their separation (in time and space), with a higher weight indicating
that it is less likely that the specific pair is associated with one another. For a
toric code with the standard depolarising error model, the weight is proportional
to the separation between two syndrome events; specifically, the separation in
space is given by the ‘Manhattan distance’

In order to find the most likely set of pairings, the MWPM algorithm is used.
As the name suggests, the algorithm pairs all events in such a way that the total
weight is minimised. This task can be solved by mapping the events into a graph
matching problem and applying algorithms from graph theory. Here we use the
blossom algorithm introduced by Edmonds in 1965 [101].

Once the optimal pairing is given, this proposed matching is used to derive a

corrective action that should map the entire array back to a correct surface code
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state; by comparison to the actual record of quantum errors that were introduced in
the simulation (which of course would be unknown in a real quantum machine) we
are able to record the decoding effort as either a ‘success’ or ‘failure’. Repeating the
entire experiment many times, we determine the percentage success rate. Restarting
the complete exercise with the same error rate but a different code size, we discover
whether increasing the code size lowers the probability of failure; if so, we are within
threshold for quantum error correction. By continuously increasing the error rate

from below the threshold, we can finally determine the threshold error rate.

3.2 Concatenation of the surface code with the
error detection code

3.2.1 The two-qubit error detection code

The two-qubit error detection code is the smallest code that can detect one type
of single error. We choose the phase detection code because biased phase noise
is more commonly seen in experiments, however, for any system with biased X
errors, a bit flip detection code can be adopted under basically the same concept.
We employ the encoding |+), = | + +), and |—), = | — —). The logical gates
are X = XI = IX, Z = ZZ, and the stabiliser is XX. Any single phase flip
error will be detected when the stabiliser is measured. However, it will not be
possible to determine which of the two qubits received the phase error; therefore
the code is detecting but not correcting. It remains possible to map the defective
state back into the code space, by applying a Z operation to either qubit, but
this will lead to a logical error Z with a significant probability (a 50% probability,

if no other information influences our choice).

3.2.2 The concatenated code

As more information concerning error locations is obviously beneficial for the decoder
to determine the correct recovery operations more accurately, we concatenate the
standard surface code with the two-qubit error detection code. Consequently our

basic building block, corresponding to the white dots in Fig. [3.2(a), is actually
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Figure 3.2: Schematic view of the concatenated code and the circuits used for error
detection and stabiliser checks. (a) Our surface code variant. When concatenated with a
two-qubit phase detection code, each data qubit becomes a logical qubit that consists
two physical qubits (plus one ancilla for error detection, though not shown here). Two
physical qubits are required to do a Z stabiliser check, and a single qubit is needed for
an X stabiliser check. (b) The circuit for an X check, starting with error detection on
each qubit. Once an error is detected, a phase gate is applied to either of the two qubits.
(c) The circuit for a Z check, where transversal CNOT gates are applied. In the end,
both the two ancillae are measured and the parity of the four qubits is represented by the
parity of the measurement outcomes.
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three physical qubits: the two encoded qubits and one additional ancilla qubit (not
shown in the graph). In Fig. , the black dots represent the ancilla qubit for a Z
stabiliser check of the surface code; it involves two physical qubits. However the
ancilla for X checks is different: it is simply a single qubit.

With the concatenation, the number of physical qubits is doubled. Undesirable
as it is to increase resource costs, we can expect that the new code may offer
advantages because information obtained at the (lower) error detection level can
be a powerful resource for acting correctly at the (higher) surface code level. We
show the circuit of error detection as the green-shaded area in Fig. [3.2(b). When
detecting a phase error, we choose to flip one physical qubit and thus restore the
data qubit to the proper code space, albeit with the significant probability of having
thus implemented an unwanted phase flip on that data qubit. Therefore we record
the location of all data qubits where we have observed a phase error; these are now
at ‘high risk’ of an error whereas data qubits that have passed the phase-error-detect
stage without issue are at ‘low risk’ This partitioning is very valuable for surface
code level inference as we presently discuss.

To do a Z stabiliser check, two ancilla qubits are initialised and prepared to be
at |0)p, followed with transversal CNOT gates applied from the data qubit to the
ancilla qubits, with the circuit depicted in Fig. [3.2(c). Note that by doing so, we
also ensure that this circuit is fault-tolerant. Measuring an X stabiliser needs only
one ancilla qubit since X = XTI = IX. For simplicity we apply the CNOT gate
always on the first qubit, as shown in Fig. [3.2{(b). The merit of this simplification
relies on the data qubit being within its correct two-qubit code space; to maximise
this probability we apply the X stabiliser check on all data qubits immediately
after the local error detection. Conversely since the Z stabiliser check detects only
X errors in the data qubits, we opt not to perform an error detection cycle ahead
of it, since this would provide no beneficial information but could add more errors
to the system. Thus the overall cycle is: local error-detect, then the X stabiliser

checks and finally the Z stabiliser checks, before repeating.
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3.2.3 Decoder for the higher-level code
Wizard decoder

The novelty of the present approach is that there is additional information to feed
into the classical decoder, in addition to the record of syndrome events. We introduce
this by the following thought experiment: Suppose that we augment the standard
surface code with a ‘wizard” who has the power to detect errors perfectly, and can
correct any error with a 50% chance. Whether he corrects it or not, he always
records the information into a list; thus half of the list (on average) refers to data
qubits with errors, while half refers to those without errors. Note all data qubits that
have suffered an error are certainly on the list. In the remainder of the chapter when
we refer to ‘the list” we mean this record of the qubits that are at a high risk of error,
here provided by the ‘wizard’ but in practice coming from the error detect circuits.

During the decoding phase, we have access to this list in addition to our usual
syndrome information. We will then only permit pairing of syndrome events that
can be connected by a path along which all data qubits lie in the list (we could
give infinite ‘weight’ to pairs that cannot be so linked, to prevent our MWPM
algorithm from matching them). If the errors are sparsely located, the decoder
would then be very powerful — its pairings are correct with a high probability. In
fact, we have confirmed that the threshold data qubit error rate in this circumstance
is 59%, which is in fact the lattice percolation threshold [102} [103]: the decoder
fails only when the errors are so dense that we can always find a path, connected
by listed potential errors, from one boundary to another — this is a logical error
and can not be corrected. Finally note that if, in the above story, the wizard were
only able to detect phase errors, then a very high threshold would still be achieved

but would apply specifically to errors of that type.

Realistic decoder

For our real concatenated code we do indeed have such a list, which is simply the
record of the space/time coordinates where phase errors were detected. However the

idealisation described above cannot be achieved for two main reasons (1) The error
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Figure 3.3: Pairing of ancilla qubits based on spatial locations and potentially faulty
qubits. All of the qubits shown are in the higher-level surface code. The ancilla qubits
with a change of error syndrome are denoted as the big purple dots. The orange crosses
represent data qubits identified as likely to have suffered an error according to the lower-
level error detection code, i.e. they are on the ‘list’ as described in the main text. Two
possible pairings are shown in this graph: Q1&Q2 and Q3&Q4, or Q1&Q4 and Q2&Q3,
connected by the green and purple curves, respectively. The weights for the connections
between two adjacent ancilla qubits with and without the listed data qubits are w and z.
Therefore, while the algorithm based purely on spatial distance will always opt to the
first pairing option, the second option gives a lower total weighted distance if z > 3w.

detection process is imperfect due to noise (it can create errors, or incorrectly report
the error-status of the pair), (2) It is possible that both physical qubits constituting
a data qubit have received errors leading to a logical error which is undetectable.
Because of these imperfections we need to permit our decoder to pair syndrome
events even when we cannot connect the two through a path along which all data
qubits lie the list. However, we can assign such cases a higher weight, and thus input
the knowledge represented by our list in a ‘softer’ form. This is illustrated in Fig.|3.3|
which depicts a scenario where we would chose a different pairing than a regular
surface code decoder would select because of the additional information from the list.

We now describe the approach we have taken to implement a decoder that
exploits the valuable, albeit imperfect, information represented by our list. We

apply the Dijkstra’s algorithm [104] which is widely used to efficiently find the
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shortest paths between nodes in a graph. We employ it to determine a suitable
weight for each possible pairing; this replaces the simple ‘Manhattan distance’
calculation that is usually employed in surface code analysis. We can regard each
ancilla qubit for X checks as a node, and similarly (but as a separate problem) for
Z checks. For each two adjacent nodes, if the data qubit in the middle is on the list,
the distance of these two nodes are set to be w, otherwise z. After setting all the
distances for each pair of adjacent nodes, Dijkstra’s algorithm can determine the
minimal distance for each pair of syndrome ancilla qubits and the corresponding
path connecting them. It is this ‘shortest path’ that then provides the proper
weighting for each pair of syndrome events. Given this weighting, we can use the
standard MWPM algorithm to match them. Note that the weight parameters w
and z influence the performance of decoder significantly and can be optimised in
different practical cases. The ratio w : z is of course dependent on the hardware
error rates, with an infinite weight for z being the idealised limit corresponding
to the ‘wizard’ in the earlier illustration. In addition to these spatial weights, we
also consider the syndrome events occurring in different stabiliser cycles, therefore
apart from w and z, we introduce the time weight t. Paths over time are permitted
only when the ancilla qubit is connected to itself. The distance of two syndrome
events is thus the sum of distance in space and time.

There is a further non-trivial feature related to the use of Dijkstra’s algorithm.
Since it specifies the entire optimal path connecting each pair, once we have opted
to pair two syndrome events then we should correct errors along the lowest weighted
path, instead of correcting errors following the shortest spatial path.

Dijkstra’s algorithm is computationally expensive. Fortunately, in order to
reduce the complexity of Dijkstra’s algorithm in a large scale graph, we do not
always need to calculate the accurate minimal distance between two syndrome
events but instead we can give an approximate distance. Here we predetermine a
rather large cut down threshold which is related to the hardware error rates and
weight parameters 2z, w,t and can be optimised in different cases. If the distance

between a certain pair of nodes exceed this threshold, the program will stop and
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set this value as their distance. This modified Dijkstra’s algorithm can improve
the efficiency at the expense of the performance of the decoder.

Another important factor in the new decoder is the frequency to apply X and
Z checks. As described above, in the case with equal probability of X and Z errors,
one should perform equal number of X and Z checks. However, we find that a biased
environment in which phase errors dominate necessitates a higher rate of X checks
in order to obtain the lowest logical error rate. With the standard surface code, one
finds that the ratio of the total number of X and Z checks for the optimal behaviour
of the code is roughly the same as the ratio of the probabilities for occurrence of 7
and X errors, defined as a. Such a discovery is not surprising, as the surface code
handles phase and bit errors independently with equal power. Strictly speaking,
this is true when the number of basic gate operations involved in an X check is the
same as that for a Z check, so that the rate of introduced errors is the same. This
will be approximately true in real devices. However, our concatenated code is rather
different, not only because it is capable of correcting more phase errors, but also it
requires more gates to perform a Z check. In a sense, these two facts have conflicting
implications, since when we increase the number of Z checks to achieve balanced
performance versus the X checks, more gates are conducted and thus we introduce
more errors into the quantum hardware. In our simulation, we find that the code
handles Z errors much better than the X errors, therefore more Z checks leads to
a higher threshold. The optimal ratio of X/Z checks applied in the simulations is

found to be smaller than «. We will discuss this further in the next section.

3.2.4 Performance of the concatenated code

Error models

In our simulation, we consider a mixture of dephasing and depolarising noise,
motivated by their popularity and practical soundness. The noise is stochastic such

that each operation can be modelled by a superoperator NU with

N =(1-pI+pE.
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Here U is the ideal operation, and N is the noisy superoperator with identity
channel Z and error channel £ occurring with probabilities 1 — p and p, respectively.
For simplicity, we consider the same error rate p for both single- and two-qubit
operations. For a single qubit, the dephasing error is a Z error and the depolarising
error is a uniform mixture of X, Y, and Z errors. For two qubit gates, the dephasing
error is a uniform mixture of errors: ZI, IZ and ZZ; and the depolarising error
is a uniform mixture of the 15 errors: IX,IY, IZ, XX, XY,..., ZZ. We add noise
to every gate, ancilla initialisation and ancilla measurement.

When mixing the two error models together, we choose the depolarising model
and the dephasing model with probabilities pgepo and paepn, respectively. That is,
the noise superoperator is N’ = (1 —p)Z + p(PaepoEepo + PaephEdepr) With depolarising
noise operator Egep, and dephasing noise operator Egepn, and Paepo + Paepr = 1. In
the simulation, a gate is applied perfectly with probability 1 — p, otherwise an
error is applied with either the depolarising model or the dephasing model based
on the biased ratio. Note this ratio is not the actual ratio of the probabilities
of X and Z errors. When the ratio is unity, i.e, when the dephasing model and
depolarising models are applied with an equal chance, the probability for a Z error
is roughly 2.8 times of that for an X error.

To further generalise our model, we also consider a quantum hardware with a
modular structure, where local gates involved in error detection (green boxes in
Fig. may have a lower error rate than that of the long-range gates involved
in the surface code parity checks (red boxes). Therefore we have two overall error
rates, pq and py, which we refer as the local error rate, and the global error rate,

respectively. In summary, the noise superoperator of local and global errors are

Nd = (1 - pd)I + Pa (pdepogdepo + pdephgdeph)a ( )
3.1

Ny = (1 = pg)Z + pg(PaepoCaepo + PaephEaeph),
respectively. In the threshold calculation, the threshold is based on pg, as it is no
smaller than p; and may thus be more dominant. In the following, we will consider
scenarios with different ratios of global to local error rates p,/p4, and different

ratios of depolarising to dephasing error rates Paepo/Ddeph-
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Simulation results

We numerically test the capacity of the concatenated code. Each simulation cycle
follows the procedure as described before, including stabiliser checks, pairing of
ancillae, correction of errors and finally determination of whether there is a logical
error. To reduce correlated errors, the CNOT gates between the data and the
ancilla qubits follow a “Z” shape, as pointed out in [105]. A given experiment is
successful if it suffers neither a logical X nor a logical Z error, i.e. errors can be
perfectly corrected. A Monte-Carlo simulation is applied, with each data point
being the average result of at least forty thousand runs. Our main focus here is

the threshold of the code under different circumstances.

Case 1: piepn = 1, Paepo = 0, and pg < py. To begin with, we consider the case
with pure dephasing errors, i.e., pgepn = 1 and pgepo = 0. Since X errors do not
occur in this scenario, we only apply X stabiliser checks for both the concatenated
and the standard surface codes for a fair comparison. We first do not distinguish
between the fidelity of local and global gates, i.e., with p; = p,. It is found that
the threshold of the concatenated code is 1.42%, as shown as the first data point
in Figure [3.4] higher than that of the standard surface code which is 1.20%. The
result suggests that with only phase noise, the benefits obtained from the extra
information exceeds the extra noise introduced from the error detection circuits.

We now move to the case that qubits exist in a modular structure such that
certain short range two-qubit gates have higher fidelity than other longer range gates,
i.e., pg < py. As shown in Fig. 3.4 when we gradually increase the ratio p,/pg, the
threshold error rate is observed to have a continuous gain. We see that the increase
of the threshold slows down with a larger ratio p,/ps. However, if the error detection
is perfect, the code should never fail, as no error is introduced to the second qubit (in
the circuit in Fig. 3.2| (b)), while the error detection always identifies the error — it
can only possibly be on the first qubit and can be simply corrected once it is found.

To further assess the performance of the concatenated code versus the standard

surface code, we also compare each code’s probability of successfully protecting its
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Figure 3.4: The increase in noise threshold as we alter the relative error rates for
local error detection and global parity check, in a scenario with pure phase errors. The
threshold error rate represents the error rate applied for global parity check. A larger
ratio leads to an increase of threshold.

logical qubit given that each embodies the same number of physical qubits, e.g,
with the same resource requirements. Here we consider the standard surface code
with a size of 20 % 20(= 400), and the concatenated code of size 14 % 14 which
actually requires 392 qubits when we allow for the additional resources needed
for our phase error detect layer. Thus the two have nearly the same number of
physical qubits. A total of 3 % n stabiliser cycles are performed, where n is the
code size. The result is shown in Figure 3.5, where the y-axis ‘success rate’ is
1 - logical error rate, and the z-axis is the error rate in the parity check cycle.
The orange curve represents the concatenated code where error rate for local error
detection p, is the same as the error rate in parity check p,, while the yellow one is
the same code but with p; = 0.5p,. We see that reducing the error rate for error
detection yields a large gain in the success rate considering the same error rate of
parity check cycle. Over the whole range, both the curves for the concatenated
codes are superior to the blue curve, which corresponds to the standard surface
code. The grey dashed curves from left to right indicate the thresholds for the
blue, orange and yellow curves as references.

For the concatenated code in the simulations above, as previously discussed, the
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Figure 3.5: Code success rate as a change of the gate error rate applied in the parity
check cycle under the circumstance of pure phase error. The blue curve represents a
standard surface code with a size of 20%20. The orange and yellow curves refer to the
concatenated surface code of size 14*14, with py = p, and pg = 0.5pg, respectively. The
code sizes are chosen such to make the total number of physical qubits (almost) the same
for the two different codes. The grey dashed lines (from left to right) denote where the
threshold is, for the blue, orange and yellow curves, respectively.

weights for space and time are adjusted for the highest success rate. We do this
empirically though a certain trend has been found. For convenience we make the
weight w=1, and refer to t and z as time weight and space weight, respectively.
Table shows the weights used in the simulations. The precise reason why the
optimal weights vary in this fashion is elusive, however, we found that the space
weight is not independent as we introduce the cut down threshold as another
variable into the decoder. In the calculation of the distance of the two syndrome
events, if the distance found is higher than this threshold, the program will stop
and make the distance infinity, as to not pair the two syndrome events. By doing
so we shorten the time cost for each simulation run, and we found it also constrains
the space weight — which should be smaller than the threshold so as to permit

the connection of two data qubits that are not in the list.
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P/ Py 1 1/2 1/3 1/5 1/10  1/20
Space weight z 12 12 4.5 4 3 3
Time weight ¢ 3.5 3.5 0.85 0.5 0.4 0.35

Cut down

threshold 3n+1 3n+1 2n+4 n+10 n+6 n+5

Table 3.1: Different weights and cut down thresholds used in the simulations. n
represents the size of the code.

Relative strength 0.2 0.3 0.5 0.7 0.9 1.0

standard code 9 6 4 4 3 3
F| pg=1/3p, 5 3 2 2 2 1
Pd = Dy 4 3 2 1 1 1

Z/X error rate 9.918 6.738 4.352 3.597 2.958 2.786

Table 3.2: The optimal frequencies of X/Z checks for the concatenated and the standard
codes as the relative strength of depolarising and dephasing noise changes. F refers to
frequency, e.g. how many rounds of X stabiliser checks are applied before one round of
Z stabiliser checks. The Z/X error rate is the relative probability for Z and X errors
happening in the standard surface code, when the frequencies of X and Z checks are as
above.

Case 2: Pacpo/Paepn € [0, 1]. So far our comparisons made in the previous
simulations are for gates with pure phase noise, now we move on to a more realistic
scenario where both phase and bit flip noise is present but the former still has
greater severity. In this case Z stabiliser checks are required to detect X errors,
and as mentioned above, in a biased environment, we may employ multiple X
stabiliser cycles for each Z stabiliser cycle. The reason to do so stems from the
fact that the overall success rate is the product of the success rates for logical Z
and X errors, thus the highest success rate is achieved when the success rate for
the two types of logical errors is the same. For both the standard surface code
and the concatenated code, we determined the optimal pattern by trialing different
frequencies and selecting the one that leads to the highest success rate. As shown
in Table [3.2] the frequency F' refers to the rounds of X stabiliser checks before one
round of Z stabiliser check is applied. Unsurprisingly as the relative strength of
depolarising error reduces, the frequency increases. With the standard surface code,

the optimal frequency is roughly the same as the rounded relative probability to
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Figure 3.6: The dependence of threshold on the relative strength of dephasing and
depolarising errors. The ‘threshold’ quantity along the y-axis is the total probability
of a physical error; each such error is assigned to one of the two possible models with
relative probabilities given by the x-axis. The purple (brown) curve corresponds to the
concatenated code where the gates in error detection have three times the error rate (the
same error rate) as the gates in parity check. For reference the standard surface code is
plotted as the green curve.

find a phase and bit-flip error, as indicated in the last row of the table. Note the
frequency may not be strictly ideal, since we do not consider the case when it is a
non-integer (e.g. 3/2 means three rounds of X checks followed with two rounds of
Z checks), as it may change the error pattern significantly. As for the concatenated
code, smaller frequencies are observed as the py/p, increases. This can be explained
by the fact that as p; becomes larger, more errors are introduced during the error
detection cycle which increases the logical error rate. Given that the total number of
stabiliser checks is fixed, a smaller number of X checks is therefore more beneficial.

Note that for accurate simulations, we need to apply a deep enough simulation
(i.e. sufficient number of stabiliser cycles) to ensure that a large number of X errors
occur in each run — otherwise, the results would be skewed by the ‘edge effect’
that the simulation starts from a clean, error-free state.

The data plotted in Fig. [3.6] shows the threshold change as we gradually increase

the relative strength of the depolarising versus the dephasing error model. It is
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not surprising to see that all the three curves representing the threshold, which is
the error rate in the stabiliser check cycle, decline as the ratio rises. The green
curve referring to the standard surface code starts from the lowest value but goes
down slowly. The purple curve stands for the concatenated code whose gate
error rate in the error detection is one third of that in the stabiliser check, i.e.,
pa = pg/3. We see that it decreases fast and crosses the green curve when the
ratio is roughly 0.8, indicating that the concatenated code is no longer beneficial
when the strength of depolarising error is higher than this value. The concatenated
code which has an equal probability for errors happening in error detection and
parity check, p; = p,, is plotted as the brown curve, which as we would expect

lies between the other two curves.

3.3 Conclusion and outlook

In this chapter we describe a variant of the standard surface code by concatenating
it with a simple two-qubit phase detection code. We developed a new decoder
that efficiently takes into account the likely location of errors, obtained from the
error detection stage, with a modified minimum weight perfect matching algorithm.
The concatenated code substantially outperforms the canonical surface code (by
allowing a significantly higher threshold) for the common scenario where phase
error dominates. The concatenated code becomes yet more advantageous when
one considers the likely scenario that local gates (among the groups of three qubits
associated with error detection) may have a lower noise rate compared to the
gates that link between such groups. Such a scenario would correspond to modular
hardware with exquisite local quantum control and more noisy global links. Modular
quantum computing has been extensively studied and shown to be feasible even
with near-term hardware [106, 107].

It remains an interesting question to consider other codes for local modules.
For instance, one can consider combining the decoding algorithm described in this
chapter with the four-qubit error detection code, as has been studied by Criger and

Terhal [84], or a three-qubit phase-error correction code. For the former case, as the
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four-qubit error detection code detects both phase and bit-flip errors, the modular
architecture could work with any error model. For the latter case which is ideal
with a phase-dominated error model, errors can be more accurately located, even
with a high chance to be exactly corrected in the lower-level code. However, as a
tradeoff, more noise is introduced into the system due to a larger number of gates
applied. It is an open question whether general concatenated codes incorporated

with the customised decoder will outperform the standard surface.
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In Chapter 3 we described a concatenated topological code for quantum systems
with modular structures and experiencing biased noise. While a high threshold is
found, limited by the currently inaccurate fabrication process and imperfect gate
controls, a large-scale device with gate error rate below the threshold is still beyond
reach. Small error correction codes thus stand out as the most promising choice to
protect near-future quantum computers from corruption due to noise. As noted in
Chapter 2, in recent years, rapid progress has been reported in the implementation
of small quantum codes, across platforms as diverse as ion traps , , ,
superconducting qubits , and crystal defect systems .

Several small error correction codes are particularly popular with outstanding

49
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properties. The five-qubit ‘perfect’ code, proposed by Laflamme et al. in 1996 [115],
is the smallest code that is capable of correcting an arbitrary physical error. Around
roughly the same time the seven-qubit Steane code was proposed by Steane [116].
The Steane code is also known as the smallest 2D colour code, which has low-
weight and symmetrical X and Z stabilisers. Another popular example is the
nine-qubit ‘rotated’ surface code. It is the smallest surface code that is capable
of correcting any arbitrary physical error.

A comprehensively successful quantum code will have been achieved when
one can demonstrate a full set of quantum operations on encoded qubits with
a fidelity that exceeds that of the best possible unencoded physical qubits [13].
However this criterion is very challenging to achieve; it means ‘beating’ the superb
fidelities exceeding 99.9% that can now be achieved with single physical qubits [117-
119]. Even the task of achieving a superior coherence time with a memory based
on an encoded qubit, versus a single physical qubit, is not trivial. Individually
controlled physical qubits can persist for the order of a minute when not actively
manipulated [119], or 10 minutes using dynamical decoupling |120].

It is therefore interesting to find a measure for the efficacy of memories based
on small quantum codes, using which we can identify reasonable milestones for
near-future experimental realisations. Equally importantly we wish to be able
to fairly compare memories based on platforms that might have very different
inherent timescales. In this chapter, we introduce a measure called ‘integrity’ to
benchmark the performance of small error correction codes on general hardware
systems. We show that this measure can be related to other commonly used
measures including the trace distance [121] (122], the logical fidelity [113, |123] and
the pseudo-threshold [124, 125], but with some extra advantages.

This chapter is organised as follows. We give a introduction to several popular

small error correction codes in Sec. [4.1] including the five-qubit code (4.1.1]), the

seven-qubit code (4.1.2) and the nine-qubit code (4.1.3). In Sec. we introduce
a measure called the integrity of the logical qubit. We give the definition of

integrity in [4.2.1] based on which we offer a set of four milestones to benchmark
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the performance of an encoded quantum memory. Intensive numerical results are
given in [4.2.3] We finally conclude in Sec.

The concept of integrity, and the investigation of its basic properties, was
achieved jointly in discussions with all the authors of Ref. [126]. All numerical
analysis and investigation were performed by the present author. Additionally,
the present author led the effort to find qualitative explanations of the features

observed from the numerics.

4.1 Small error correction codes

4.1.1 The five-qubit code

The [[5,1,3]] five-qubit code encodes one logical qubit into five physical qubits. The

stabiliser set for this code contains four operators:
S'=X7zZXI, S§*=I1X77ZX, S*=XIXZZ S'=7ZXIXZ  (4.1)

It has transversal logical X and Z operators (i.e. the logical operator is simply
physical operators applied to each individual data qubit): X = XXXXX, Z =
Z7777. Note that both the stabilisers and the logical operators are not unique.
Any set in which any two stabiliser operators commute with each other and all of
them commute with the codestates is valid, any product of the logical operators with
one of the stabiliser operators generates new logical operators. The four stabiliser
checks generate in total 2* = 16 different outcomes, corresponding exactly to the 16
situations that can happen (X or Y or Z flip occurs to one of the five data qubits plus
the case with no error happening), provided that there is at most one error occurring
to the logical qubit. Therefore, by referring to the error syndrome, a single error can
be located and fixed simply by applying one gate to the data qubit to flip it back.

As any codeword state is the +1 eigenstate of each stabiliser, the encoding of a
logical state from an arbitrary physical state requires the projection of the initial
state of the data qubits into eigenstates of stabiliser operators. A general method
is to conduct a whole set of stabiliser checks followed by error correction based on

the outcome of the measurement results [24]. However, one needs to apply a large
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Figure 4.1: Encoding circuits for the five-qubit code. (a) Circuit to encode a logical
minus state |—); [126]. (b) Circuit to encode an arbitrary logical state [127].

) memory )
encoding channel decoding

N

=N\

Figure 4.2: The circuit encodes and decodes a logical |—),; with the five-qubit code.
The decoding of the logical qubit is by measuring three data qubits and comparing the
parity.

number of gates through the whole set of stabiliser checks, making the approach
less favourable. Alternatively, there are other encoding circuits with fewer gates.
Fig. [4.1[a) encodes a logical minus state |—), with five single-qubit gates and five
CPhase gates [126]. To encode an arbitrary logical state, an extra two-qubit gate
is required; a suitable circuit is shown in Fig. 4.1|(b), which was recently reported
in Ref. [127]. These circuits are compact, but not fault-tolerant.

To decode a logical state back to a physical state, one can simply apply the



4. Error correction with small codes 53

same circuit as the encoding circuit but in the reverse order. If we simply wish to
measure the encoded qubit, an alternative fault-tolerant method for logical states
0,11, |+) ., |=) . |+i) ,|—i), is to measure the transversal logical operator
(which makes no change to the logical state) and apply post-processing on the
measurement outcomes. One example is shown in Fig. which encodes and
decodes a logical minus state |—),, where the parity of the measurement outcomes
determines whether a harmful error has occurred.

The stabiliser checks can be performed by applying the corresponding controlled-
Pauli operators from the ancilla to the data qubits, as described in Section [2.2.1]
However, with only one ancilla, this approach is not fault-tolerant, as any error
occurring to the ancilla qubit during the stabiliser check process may propagate to the
data qubits and corrupt the code. In order to avoid error propagation, the two-qubit
gates can be applied transversally, with more ancilla qubits required. DiVincenzo
and Shor proposed the first fault-tolerant approach for stabiliser checks |128]. As
shown in Fig. (a), in total five ancilla qubits are needed. The first four prepare
a cat state, and the fifth one determines whether any harmful error has occurred
during the ancilla preparation process: if so, the qubit will be measured ‘1" and
the ancilla state will be re-prepared until the fifth ancilla qubit measures to be
‘0% After applying the two-qubit gates transversally between the data and ancilla
qubits, all the first four ancillae are measured in the X basis: the parity of the
sum of the measured outcomes gives the same result as in the non-fault-tolerant
case with only one ancilla qubit, if with perfect measurement. Note that in order
to avoid introduction of new errors with faulty measurement result, at least two
rounds of the whole stabiliser check cycles are to be performed and compared, and
if the results don’t agree, a third round is required.

Followed by the Shor’s approach, DiVincenzo and Aliferis proposed an alternative
method which requires only four ancilla qubits [129], as shown in the Fig. [£.3|(b).
The four ancilla qubits are also prepared to be a cat state with no error check,
which is however done through post selection process. One can easily find that

bit flip errors propagating to three data qubits is equivalent to just a single error
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Figure 4.3: Different schemes for fault-tolerant stabiliser checks with the five-qubit code.
(a) DiVincenzo and Shor’s approach with five ancilla qubits [128]. The yellow rectangle
depicts the area where a cat state is prepared and verified to be with no harmful errors.
(b) DiVincenzo and Aliferis’s approach with four ancilla qubits and post processing .
The same as (a), the four ancilla qubits are prepared to be a cat state, while there is no
extra qubit used for verification, which is instead realised by checking the measurement
outcomes of the four ancilla qubits in the end. (c¢) A recent new approach proposed
by Chao and Reichardt . Only two ancilla qubits are required, with the first one
functions the same as in the non-fault-tolerant case, and the second used for determining
whether any harmful error happens.
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propagating to the fourth qubit, as errors occurring to all four of them is equivalent
to a stabiliser operator. Therefore, only errors propagating to two of the data
qubits are harmful, and if that happens, the measured outcomes of the first, third
and fourth of the ancilla qubits will all be 1, thus the harmful errors can be fixed
by applying two gates to the corresponding qubits.

Recently, a lighter approach was introduced by Chao and Reichardt [130].
Contrary to the methods above, it requires only one more qubit, called the ‘flag’
qubit, to achieve fault tolerance. As shown in Fig. (C), the first ancilla qubit acts
as the normal ancilla, the same as in the non-fault-tolerant case, and the second
ancilla qubit is used to detect any weight-2 error, if happening to the data qubits.
In the case with no weight-2 error happening, the flag qubit will be measured to
be ‘0’, while any such error will turn the flag qubit into ‘1. Upon detection, a
whole set of stabiliser measurements will be performed and the weight-2 error can
be located and corrected based on the unique error syndrome. With fewer physical

resources required, this approach is a very nice step forward.

4.1.2 The seven-qubit Steane code

The [[7,1,3]] seven-qubit code, also known as the Steane code, is a widely used
error correction code. Its stabiliser set is:
S'=IIIXXXX, S?=XIXIXIX, S*=IXXIIXX,

(4.2)
St=1112277, S°=7ZIZIZIZ, S =1ZZI1ZZ.

One can find that the generators of this stabiliser set contain only X or Z operators,
enabling the code to correct X and Z errors separately. Therefore, the Steane
code is maximally capable of correcting one bit flip error plus one phase flip error.
Besides, the Steane code belongs to the group of Calderbank-Shor-Steane (CSS)
codes [18, |116], which allow transversal operations applicable for the whole Clifford
group, offering the Steane code an additional advantage.

Fig. [.4[a) shows the encoding circuit to prepare a logical zero state |0), [131].
This circuit can also be fault-tolerant given three additional two-qubit gates and

one ancilla qubit [132]. As shown in Fig. [1.4|(b), the circuit is fault-tolerant if the
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Figure 4.4: Encoding circuits for the seven-qubit code. (a) Circuit to encode a logical
zero state |0), [131]. (b) Circuit to fault-tolerantly encode a logical zero state |0); [132].
Three CNOT gates are applied to the ancilla qubit, which is then measured in {0,1}
basis. If the measurement result is 1, indicating more than one bit-flip error occurring,
the whole circuit is abandoned and restarted from the beginning, until the ancilla qubit
is measured to be 0. (c¢) Circuit to encode an arbitrary logical state [132].

ancilla is measured to be 0, or otherwise, the circuit can be abandoned. To encode
an arbitrary logical state, one may use the (non-fault-tolerant) circuit shown in
Fig. [4.4)(c), which has 11 CNOT gates [132].

The fault-tolerant approaches for stabiliser checks with the five-qubit code, as
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Particular order to achieve fault tolrance
for the 9-qubit surface code
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Figure 4.5: The nine-qubit rotated surface code. Stabiliser measurements of ancillae
follow a particular order to achieve fault tolerance. The large circles stand for the data
qubits and the small circles are ancillae. The stabiliser measurement should follow the
order denoted by the colour orange, blue, green and finally purple. Since the ancilla
labelled 3 can physically act as the ancilla labelled 2 after finishing the measurement in
the blue half-circle and that also works for ancilla 4, which can act as ancilla 1 after the
measurement in the yellow half-circle, in total six ancillae are required to demonstrate
fault tolerance.

described before, can also be applied to the seven-qubit code. Similarly, we can also
realise fault-tolerant measurement by measuring all the seven data qubits in the end.
The parity of subsets {4,5,6,7}, {1,3,5,7}, {2,3,6, 7}, where ‘n’ refers to the n-th

qubit in Fig. [£.4] should be the same if no harmful physical errors have occurred.

4.1.3 The nine-qubit surface code

An important instance of the surface code is the rotated 9-qubit code, as shown
in Fig. [105]. It is the smallest surface code that is capable of correcting an
arbitrary single qubit error. Compared with the standard surface code structure
introduced in Chapter 3, it is 90° rotated, with the data qubits (the big circles)
at the edge and the measurement qubits (the small circles) at the centre of the
plaquettes. The eight stabilisers of this code include four X X X X (yellow) and
ZZ 77 (blue) operators and four X X and ZZ operators applied to the data qubits
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in the boundary. Note here that though eight ancilla qubits are drawn in the
figure, one can use one ancilla qubit to perform all stabiliser checks by reusing
the same qubit after each measurement. However, by doing so a single error can
propagate through the two-qubit gates. A fault-tolerant manner can be realised by
applying stabiliser checks following a particular order, as illustrated in the figure.
All the measurements are separated into four steps, as coloured and ordered in
red, blue, green and purple. CNOT or CPhase gates of the same colour are to be
performed simultaneously, thus at least six ancilla qubits are needed. The qubits
that are related with arrows shown in the figure are qubits that can be reused to
save the total number of qubits: after stabiliser checks labelled in red and blue,
the qubits numbered 4 and 3 are to be measured and reset before they act as the
qubits 1 and 2 respectively. By doing so, harmful errors that can spread to data

qubits will be naturally eliminated [105| 133].

4.2 An integrity to benchmark the quantum chan-
nel

Having introduced the most widely-adopted small error correction codes, in this
section we introduce the integrity as a measure to benchmark performance of the
codes on quantum memories. This section, and the remaining sections of this
chapter, therefore report original research. We motivate the notion of integrity
through its intuitive relation with the trace distance, logical fidelity and pseudo
threshold. Four milestones are introduced, with an increasing difficulty to realise.
Numerical simulations are performed to show how these milestones can be achieved
by quantum memories encoded with the small error correction codes introduced
in the last section. Comparison of the codes are also made. The section concludes

with discussions on applying integrity in a realistic scenario.

4.2.1 Definition of integrity

One can think of any memory as a channel for communicating information from

the present (¢t = 0) to a specified future time (¢ = 7). We could compare the state
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at t = 0 with the state at t = 7, using either the fidelity or the trace distance.
Let us briefly review these two quantities.
There are two definitions of fidelity commonly used in the literature; one is the

square of the other. Here we use the squared quantity, formally defining fidelity as

(4.3)

2
tr

F(po, p1) = H\/P_O\/E

This definition uses the trace norm, itself defined as
ol = Tr(Vola), (4.4)

and this is also the sum of the singular values of o.

In the case that py is a pure state [¢g) (10|, the fidelity then has a simple
physical interpretation: if we measure state p; in a basis where one of the possible
outcomes is |tg), the fidelity is precisely the probability of this outcome. When

both states are pure, we have simply

f(?ﬂo,%) = ‘ <¢0|¢1> |2'

While the fidelity measures the similarity of two states, the trace distance

measures the degree to which two states differ. It is defined as

1
D(Pmﬂl) = 2’

pP1 = Po (4.5)

tr

Ranging from 0 to 1, the trace distance tells us the probability that two states pg
and p; could be told apart by an ideal experimentalist. Suppose that we present to
an experimentalist, Bob, a theoretical description of both py and p;, and we also
prepare a physical system in one of these two states (with a 50/50 prior probability)
and present this to the Bob. He must guess whether the physical state is pg or p;.
Using his optimal strategy, his probability p, of guessing correctly is simply

1 1

Dg = B + 57)(/)0,,01)' (4.6)

We will make extensive use of this idea presently.
Suppose that some qubit with density matrix p is to be stored in a code-based
memory channel for a specified period of time. We will use the symbol ® to denote the

memory channel. The initial state p maps to the final state p through this process:
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o Setup: At t = 0 Alice (taken to be perfect) encodes the single qubit p into
an n-qubit logical code: p, = E(p) where E is the encoding map.

e The memory channel: Evolution and degradation of the logical qubit
occurs while it is stored. This may include the effects of actively applied
error correction cycles (involving a non-ideal agent, whom we label ‘Igor’ and

discuss presently). We have p/, = N(p,,) where N is the noise map.

» Conclusion: At ¢t = 7, Bob (taken to be perfect) performs an error correction
cycle, and then reverses Alice’s encoding process to obtain a single physical

qubit: p = D(p),) where D is the decoding map.

We can write the entire channel as ® = D o N o E, thus incorporating Alice’s
encoding E, the noise N, and Bob’s decoding D. For an initial concept of an ideal
memory as one causing no change at all, we would desire ®(p) = p, and so (for
example) 1 — D(p, ®(p)) could suffice as a good metric for the performance of our
memory. However, certain changes are in fact harmless and do not practically
reduce the quality of a memory (e.g. |+), is immune to X errors.). Therefore,
instead of focusing on the changes suffered by the state of a single logical qubit
between t = 0 and t = 7, we can instead focus on the idea that a memory should
preserve the distinguishability of different states.

Consider two pure states ¢ = |¢) (¢| and ¥, = |[¢,) (0, | which are orthogonal
to one another. Orthogonal states have trace distance of unity, since they can
certainly be told apart. Let Alice choose ¢ at random, uniformly from all possible
single-qubit states, and then opt to encode either v or instead the antipodal
state ¢, . Then ®(¢)) or ®(¢p, ) will describe the state after it has passed through
the memory channel and been decoded by Bob. If the channel is such that it
causes the same fixed evolution to occur to any (logical) state, or indeed if it has
introduced errors but they are correctable, then these states will still be completely
distinguishable — they will still have trace distance equal to unity. Therefore we

define the integrity of the memory as

R(®) = min D(®(¢), ®(v1)). (4.7)
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Note that we take the minimum over all possible choices of ¥ made by Alice.
We do this to account for the fact that certain memory channels may have no
detrimental effect on special choices of the state, as for example a dephasing channel
leaves |0) and |1) unchanged. To provide a measure which guarantees at least some
quality of storage for all states, we consider the performance in the worst case.

The integrity of the memory has a highly intuitive and natural meaning through
the following scenario: We suppose that Bob initially knows nothing about Alice’s
choice of qubit to encode, but after Bob has completed his decode process to obtain
the single qubit we then describe to him two choices: either Alice’s initial qubit was
Y or it was 1. Bob then makes a measurement of his choice to try to determine
whether it is ®(10) or ®(¢) ) that he has received. The integrity R(P) tells us Bob’s

probability p, of guessing successfully according to

R(®) andso R(P) = 2pgworst — 1. (4.8)

N | —

_ 1
Pg,worst = 9 +

Here the label ‘worst’ reminds us that this is the lowest success probability, i.e. when
the options 1, 1, are the ones least well preserved by the memory (if indeed there
is any variation). The integrity therefore describes the best possible guarantee that
can be made on how well a memory preserves the distinctiveness of different states.

For some memories ® (although not for all conceivable memories) Bob’s correct
strategy for his final step is the obvious one: just measure in the basis {|¢),|v1)}
and make the guess correspondingly. Then Bob’s success probability is simply the
fidelity of the state ®(1)) with respect to Alice’s initial state v, since the fidelity of
any state with respect to a pure state is the probability of obtaining that outcome in a
measurement (as we remarked following Eq. (£.3)). So in this case Bob’s probability

of guessing correctly is simply p, = F (¢, ®(1))). Moreover his worst performance is

DPg,worst = mq}n F(, @(¢)). (4.9)

But given Eq. (4.8) we can now offer a precise meaning to the idea of “the (worst
case) fidelity of a logical qubit stored in the memory” for any channel where Bob

would opt to measure in the basis {|¢),[¢1)}. For such a channel,

Fogic = 3 + 3R(®). (4.10)
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Loosely, Fiogic is the fidelity after we project into the logical subspace of the code
with a perfect round of error correction. For memory channels with sufficiently
complex noise maps N that Bob’s choice of measurement basis would not be
{|®),]¥1)}, the very idea of the “fidelity of a logical qubit stored in the memory”
becomes ill defined. Thus, integrity is a general measure which relates to the
notion of logical fidelity when the latter notion makes sense. However integrity
remains well-defined and meaningful even when the logical fidelity does not: it
is the more general and robust concept.

Importantly, it is eminently practical to directly measure integrity in an ex-
perimental setting. Notice that although the definition Eq. refers to two
different states, we would evaluate the integrity R through a series of single uses
of the memory — we simply follow our scenario described above involving Bob
guessing between options and employ Eq. . Consequently the costly process

of performing full state tomography is not required.

4.2.2 Milestones towards successful error correction

Armed with this notion of the integrity R of a memory channel ®, we now
identify milestones towards the goal of superior code-based quantum memories.
For convenience of exposition we may imagine that a third party, besides Alice
and Bob, is responsible for the cycle(s) of error correction performed during the
memory period: we use the name Igor after the famous fictional lab assistant. We
initially focus on the case where at most one error correction cycle is used during
the entire period 7 where memory operates, i.e. in between Alice (¢ = 0) and Bob
(t = 7). We therefore now specify Step 2 of Table in more detail, setting it
out in Table 4.2l The key idea will be to compare the integrity of the memory
channel without error correction (no Igor) to the case with EC (Igor participates)
and determine whether the latter is superior.

Let us use the symbol ™ to label the memory channel when Igor performs m
rounds of error correction, so that ®° labels the channel when no QEC is performed

(i.e. noise sources are purely environmental). Then we say that a round of error
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’ ‘ Theoretical protocol for measuring integrity ‘

la | Alice (perfect) prepares a single qubit state [1)) or |¢) ).
1b | Alice perfectly encodes it into the n physical qubits.

2 | From t = 0 to 7 the n qubits are in the memory; noise
occurs from environment and possibly error correction.
3a | Bob (perfect) performs error correction on the n qubits,
then decodes (inverse of 1b) the state to a single qubit.
3b | Bob is told Alice’s qubit was either |¢)) or |1, ). He
measures his qubit and guesses, success probability p,.

Table 4.1: Evaluating the integrity of a memory system.

Without Error Correction: Memory ®"
2a | The n physical qubits are subjected to
environmental noise for a time 7.

With Error Correction: Memory ®!

2a | The n physical qubits are subjected to
environmental noise for a time (7 — §)/2.

2b | Igor is asked to apply a full round of

imperfect error correction, taking time ¢.

2¢ | The n physical qubits are subjected to
environmental noise for a further time (7 — §)/2.

Table 4.2: Expanding on Step 2 of Table when we wish to assess the benefits of error
correction.

correction is beneficial if Bob’s probability of subsequently discriminating the state

correctly is higher when Igor indeed performs that round, i.e. when
R(®) > R(PY). (4.11)

This seems entirely straightforward but there is a subtlety: the question of
whether Eq. is satisfied will depend on the duration 7 of the memory channels
(here we would naturally set the same 7 for both ® and ®° for a fair comparison).
Since we are interested in defining a first milestone for experimental efforts, we

say that error correction can be beneficial if
R(®') > R(®°) for some value of 7. (4.12)

We will refer to the challenge of satisfying Eq. (4.12)) as milestone M1: Beneficial

error correction.
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One might wonder if we should consider a stronger condition: R(®') > R(®°)
for all values of the common duration 7. It is interesting and important to note
that this condition will be impossible to satisfy in physical devices. Assuming
environmental decoherence is a continuous process, we will have R(®°) — 1 as
7 — 0 while R(®') — ¢ as 7 — 0, where ¢ is non-zero and is related to the
inevitable imperfections in the cycle of error correction.

While Eq. is an important first milestone for an error-correcting quantum
memory, further milestones can also be identified. For a sufficiently high performing
Igor, and a long memory duration 7, it will be beneficial to have multiple rounds of
correction. This will be a signature of further progress toward a practical quantum

memory. We would then find that
R(®™) > R(®™ ') for some value of 7. (4.13)

Here we understand this need only be satisfied for some particular m > 1. We
will refer to the challenge of meeting the condition in Eq. as milestone M2:
Beneficial multi-round error correction.

Equations and involve comparisons between memories which both
employ encoded qubits. There is of course another type of comparison we can make,
one which directly addresses the question of whether it is ‘worth’ using encoded
memories at all: we should contrast such a memory channel to a simple, single
qubit memory. Let us use the symbol © for that memory channel. We can consider
its integrity R(O) easily enough. Alice prepares a single qubit, again choosing
between ¢ and v, but does not encode it into multiple qubits. It exists as a
memory from ¢t = 0 to t = 7, and finally Bob receives it but of course he has
no decoding to do. The qubit he receives, O(¢)) or ©(¢,), differs from Alice’s
qubit only because of environmental noise. But as before Bob must measure it
to guess between the two possible states, and as before his probability of success
is simply 5 + R(0). For our actively-corrected encoded memory to ‘beat’ the

simple single-qubit memory, we require

R(P™) > R(O) for some 7, while using 74 = aTe. (4.14)
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Here we require only that this is true for some specific value of m > 0 (it seems
likely that m = 1 would be the first demonstration). Note the more complex
condition on the channel durations. In Eq. and Eq. it was clear that
the duration 7 of the two memory channels should be the same for a fair comparison.
This is not necessarily true of the Eq. since one can argue that the meaningful
time scale for a quantum memory is not ‘wall clock’ time but rather the time
required to perform an active gate operation. Depending on the hardware platform
and architecture, the time required to perform a gate operation on an encoded qubit
may be longer than the time to perform the equivalent operation on an unencoded
qubit. This would then suggest that 7 should be longer than 7g, and the factor
a > 1 is included in Eq. to reflect this. We will refer to the challenge of
satisfying Eq. as milestone M3: Beneficial encoded memory.

Here we can make contact with the pseudo-threshold, which is typically used in
the context of concatenated codes, where there may be several levels of concatenation
required before error rates fall sufficiently for deep quantum algorithms. In the
present context, we restrict our interest to the lowest level of concatenation where a
process involving unencoded qubit(s) is compared to a process with a single level of
encoding. The pseudo-threshold has been surpassed if a circuit performs to a higher
standard with the encoded qubits, i.e. logical qubits, versus using the physical
qubits directly. One might demand that for a complete universal set of operations,
each operation at the encoded level outperforms the analogous operation using
unencoded qubits. Alternatively one might speak of the pseudo-threshold for a
specific operation, such as a single-qubit gate, a CNOT operation, a measurement or
indeed a memory. In essence Eq. represents the (lowest tier) pseudo-threshold
for memory, i.e. for the identity operation in a circuit.

Assuming that Eq. can be satisfied, there is a higher goal which might

be achieved namely

max R(®Grc) > R(O) for all 7o, and using 7o = aTe. (4.15)
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Here the maximum is over a family of memory channels having the same duration
Te but with differing numbers of error correction cycles m. Importantly, we permit
m = 0. If this condition is satisfied, it means that for any desired duration we
can sustain our encoded quantum memory at a higher integrity than a single
physical qubit memory. We do so by applying a suitable number of error correction
cycles. Moreover this is true even allowing for the factor o discussed above. This is
therefore the ‘gold standard’ for demonstrating a quantum memory and it is the most
challenging of the criteria we have presented in this section. We will refer to the task
of satisfying Eq. as milestone M4: Strictly superior encoded memory.

We have presented four milestones in an order which we expect may represent
an increasing degree of challenge. It is not necessarily the case that each is more
difficult than the last — for example, conceivably M3 may be achieved before M2 in a
given physical device. However the fourth milestone is clearly the most demanding

and we should expect that the inequalities in Eqs. (4.12)), (4.13)) and (4.14)) must
all be satisfied before Eq. (4.15) can be achievable.

4.2.3 Numerical results

In this section we present our simulation results under the Alice-Igor-Bob framework
described in Tables and [4.2 We model the gate noise using the simple
canonical Pauli depolarising noise model as described in Section on all elements
including state preparations, gates and measurements where noise occurs with equal
probability. Environmental decoherence is modelled as a depolarising process
that occurs independently for each physical qubit. Specifically, when any memory
qubits are exposed to the environment for some time ¢ then the probabilities

of an error is given by

p=35(1—exp(—t/T)),

where T' is the decoherence time of an isolated single physical qubit. Given

that an error occurs, it is assigned as one of the three Pauli operators X, Y,
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Z selected uniformly at random. This occurs independently and in parallel for
each physical qubit.

The simulation technique is based on the Monte Carlo method. We aggregate a
large number of individual runs, in each of which a pure state undergoes a specific
trajectory: after every circuit element is applied, a classical random number is
generated and compared with the error rate for that circuit element in order to
decide whether an error is applied and if so its type. Each data point presented in
this chapter is a result of at least one million runs, and in order to make a smooth
curve, at least 50 data points are generated for a single curve.

For all the simulations, we take Igor’s action to be instantaneous although it is of
course straightforward to assign it a finite time d as indicated in Table [£.2] If Igor’s
analysis indicates that a correction is necessary, then the appropriate correction
is applied perfectly — this is a proxy for the reality that one can simply note the
need for correction and update future operations to allow for it, thus never needing
to apply an imperfect physical operation to the identified qubit.

Presently we evaluate the integrity metric for the three error correction codes
introduced in Section [4.1} the five-qubit code, seven-qubit code and the rotated

nine-qubit surface code.

Achieving the milestones

We begin by explaining the nature of the graphs shown in this section. Typically
they are of the general form exemplified by Fig.[4.6(a). On the vertical axis we show
the integrity, as defined earlier, which of course is equal to unity for an ideal memory.
The horizontal axis shows the duration 7 of the memory channel(s) in question; the
duration is shown as a ratio with respect to the environmental decoherence rate
T. Each point along a curve in the figure is thus the integrity of a specific kind of
memory when operating for the specific duration indicated by the horizontal axis.

There are four types of memory channels shown in Fig. [4.6(a): The simple
one-qubit memory © (shown in blue), an encoded channels without Igor’s error

correction, ®° (red), and two channels where Igor does perform one round of
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Figure 4.6: The integrity of different types of memory channel (upper), and the integrity
change during a given memory channel (lower). (a) Memory integrity assessed over many
different durations 7 ranging from zero to 7', the single-qubit decoherence time. Blue line:
A single physical qubit, i.e. no encoding. Red: a memory using the five-qubit code for
the stored qubit, but without active correction during the channel. Orange: the same
five-qubit code, but now with a round of error correction performed mid-way through the
memory duration, i.e. at time ¢ = 7/2. Error rate in operations during the correction
cycle is 0.2%. Green: As for orange, but error rate 0.7%. (b) We plot the ‘integrity at
interruption’ in order to look inside three specific memory channels during their operation.
The three channels all have duration 7 = 0.47T. As explained in the text, the interesting
feature is the step-like decline occurring at t = 7/2 = 0.2 when Igor performs imperfect
error correction.
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correction ®! (yellow, green). The last two differ only in that Igor’s error correction
circuits have error rates 0.2% and 0.7%, respectively. In all cases the encoded
channels are using the five-qubit code. Encoding and decoding tasks, performed by
Alice and Bob, are perfect as per the definition of integrity. Later in Sec. [£.2.3 we
discuss how these ‘perfect’ agents can be consistent with an experimental test.

Igor’s error rate of 0.2% is low enough for him to perform well and consequently
we observe two desirable line crossings in the figure. For all durations 7 > 0.16 T’
we see that the error corrected memory ®! (yellow) is superior to the un-corrected
memory ®° (red). Thus for any 7 > 0.16 T we meet the M1: beneficial error
correction milestone specified earlier in Eq. . Furthermore, for all durations 7
between 7 ~ 0.0357T and 7 ~ 0.49 T the corrected memory ®' (yellow) has superior
integrity to the single-qubit memory © (blue). Note however that in comparing
the single-qubit channel © to the encoded channels, we have not introduced any
scaling factor to adjust their relative durations (i.e. we have set a = 1 in Eq. (1.14))).
This might be considered unreasonable unless the physical platform embodying
the memory system is capable, in principle, of performing transversal gates in one
step so that operations on logical qubits are on the same timescale as operations
on physical qubits. With this important caveat, we can say that for any duration
in the range 0.0357 < 7 < 0.497T we can meet the M3: beneficial encoded
memory milestone, Eq. .

The green line, corresponding to the higher per-gate error rate of 0.7% during
Igor’s error correction, never surpasses the integrity of the single physical qubit
memory; therefore this channel does not meet milestone M3: beneficial encoded
memory. However when the duration 7 > 0.557 it does (barely) surpass
the integrity of the ®° channel. Therefore milestone M1: beneficial error
correction is met.

Three points labelled A, B, and C' have been highlighted in Fig. 4.6{a). They lie
at a value of the duration, 7 = 0.4T for which the high-fidelity corrected channel
is superior to the single physical qubit memory ©, which in turn is superior to

the encoded-but-uncorrected channel ®°. One might wish to understand how the
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integrity varies over the course of the duration of those memory channels. In fact,
the question is not entirely proper since integrity is only defined as a property
of the entire channel; but we can ask what would happen if Bob were to ‘step
in early’ at any time between ¢ = 0 and t = 7 = 0.47T. We suppose that Bob
would perform his usual decoding, measurement and guess using the state of the
memory system at that premature point. From his performance we can infer an
‘integrity so far’, so to speak, which we might also call the ‘integrity at interruption’.
Fig. [4.6(b) shows this quantity. The blue and red lines, which correspond to the
single-qubit memory © and the encoded memory without correction ®°, do not
reveal anything interesting. Indeed they precisely correspond to the same lines
in the region 0 < 7 < 0.47T in the upper panel.

The green line in Fig. (b) corresponding to the error-corrected channel ®!
is far more interesting. It is exactly coincident with the ®° line until ¢t = 0.27
because in these cases Bob interrupts before Igor performs his error correction
cycle. But then the ‘integrity at interruption’ falls sharply, i.e. there is a significant
difference between Bob interrupting immediately before Igor’s effort, versus doing so
immediately afterwards. The reason is that Bob’s process of decoding the memory
begins with a round of error correction and his error correction is perfect; thus it
can only be worse to have Igor apply his own flawed effort at correction immediately
beforehand. However despite the sharp step down, the eventual integrity at full
duration is higher. This is because Igor’s efforts have reset the accumulation
of errors, lowering the overall chance of an uncorrectable set of errors (i.e. 2
or more errors, for the five-qubit code) over the course of the complete memory
channel. We see this evidenced by the inverted parabolic curve immediately after
Igor’s action: in effect the environment must ‘start again’ to build up significant
probability of weight-2 errors.

In preceding figures we have focused on cases where a single round of error
correction is applied during a memory channel, and we have identified points where
our milestones M1 and M3, would be satisfied. In Figure[d.7] we show how the use of

multiple rounds of error correction (equispaced within the duration of the memory
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Figure 4.7: Multiple rounds of quantum error correction(EC). The integrity of a family
of memory channels all employing the five-qubit code but differing in the number n
of rounds of error-correction performed during the memory, where n = 0,1,2,3,4 or 6.
Our imperfect agent Igor performs error correction cycles at times t = m7/(n + 1) for
m = 1..n. In the upper panel (a) Igor’s gate-level error rate is 0.3%. As explained in the
text, the system meets milestones M1, M2 and M3 but fails to meet M4. In the lower
panel (b) Igor’s error rate is now 0.1% and we see that by choosing a suitable n we can
select a five-qubit encoded memory that will beat the single-qubit memory for any desired
duration 7, so meeting milestone M4: Strictly superior encoded memory.
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channel) may allow us to meet milestone M2: Beneficial multi-round error
correction associated with Eq. , or even milestone M4: Strictly superior
encoded memory associated with Eq. . In the upper panel, Igor’s error
rate suffices for the former but not the latter. Three rounds of error correction (the
green curve) is marginally superior in a finite range of 7, however four rounds (the
light blue curve) is never beneficial. In the lower panel Igor’s error rate is set to

0.1% which proves to be sufficient to achieve the fourth milestone.

Comparison of different codes

We now present a series of simulations which contrast different codes, and also
compare fault-tolerant versus non-fault-tolerant implementations of error cor-
rection circuits.

The various encoding, decoding, and error correction circuits which we use in
the simulations have been described in Section .1} As a first step toward comparing
the efficacy of different codes, we begin by reporting a special case which is achieved
by setting the memory duration to zero, and simply investigating the impact of the
error correction process itself. Thus, we take a perfectly encoded qubit prepared by
Alice and present it directly to Igor who performs an (entirely unnecessary) error
correction cycle before passing the encoded qubit directly to Bob for his analysis.
The reduction in integrity is thus purely due to Igor’s action.

The results are shown in Fig. which includes eight different options for the
encoding and correction of a logical qubit. Three different codes are considered:
the five-qubit code, the seven-qubit Steane code, and the nine-qubit surface code.
For each of these, the performance of a non-fault-tolerant (non-FT) Igor is plotted.
For the nine-qubit code, a second curve shows the performance when Igor employs
a specific FT error correction circuit (Fig. [4.5). For each of the other two codes,
we display the performance of two different FT circuits: The ‘DiVincenzo-Shor’
approach using five ancilla qubits (Fig. [4.3[(a)), and the recent approach using
two ancilla qubits (Fig. [4.3)(c)).
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Figure 4.8: Integrity change with increasing gate error rate. Here the duration of our
memory is set to zero, in order to directly inspect the negative impact of an imperfect
error correction performed by Igor. The horizontal axis shows the level of noise associated
with each circuit element of Igor’s circuits. We analyse memories based on the five-qubit,
the Steane, and the nine-qubit codes. Igor’s error correction is performed either in a
simple, non-fault-tolerant fashion or with full fault tolerance. As explained in the text,
the various line shapes and the relative levels of performance are straightforward to
understand qualitatively.

There are several interesting general observations to be made from Fig. 4.8
Firstly, it is reassuring to note that two logically-necessary features are indeed
present: One observes that all the cases which employ non-FT error correction for
Igor have the expected linear decay as Igor’s error probability p increases from zero:
integrity goes as 1 — ¢p for some constant ¢ because non-FT circuits are vulnerable
to single errors. Meanwhile the scenarios featuring FT error correction all have
the expected inverted-parabolic shape: the integrity goes approximately as 1 — k p?
when Igor’s error probability p is small. Circuits of this kind are ‘immune’ to single
errors and vulnerable only to weight two (or higher) errors. Note that for higher
(but still sub-1%) error rates for Igor, the fault-tolerant circuits become inferior
to the simpler non-FT circuits. The reason is essentially combinatorial scaling:
the FT-circuits are generally considerably more complex with far more gates, thus

as gate failure probability p increases the risk of a double error in these complex
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circuits eventually outweighs the risk of a single error in the simple non-FT circuits.

The different gradients in the various linear and parabolic curves can be
qualitatively understood by considering two desiderata. The first is the portion
of all possible weight-2 errors that actually prove to be correctable. For example,
the five-qubit code is corrupted by all weight-2 errors, but the seven-qubit Steane
code can correct any pair of errors if (and only if) one is of type X and one of
type Z. The nine-qubit surface code has the highest portion of ‘harmless’ weight-2
errors in this sense. The relative ordering of the non-FT codes can be explained by
this feature alone. However for the F'T codes, there is another competing feature:
as noted above the complexity of the F'T error correction circuits is what ‘kills’
their performance, so simpler circuits are superior. Consistent with this principle,
we see wherever an appreciable performance gap exists between the ‘two-ancilla’
variant of a F'T code versus the ‘DiVincenzo-Shor’ variant of the same code, the
former is always superior. Moreover the FT circuits for the five-qubit code are more
simple than those the seven-qubit Steane, thus among the FT curves the five-qubit
outperforms the Steane. Remarkably F'T circuits for the nine-qubit code are very
simple, thus the FT surface code benefits from both desirable features described
here, and is unconditionally superior to all other codes in the plotted error range.

It is important to remember that the comparison made in Fig. is for zero
environmental error. The relative performance of different codes will change once we
deploy them properly into a memory channel where environmental noise is degrading
the encoded qubit. Figure [4.9 shows the integrity change of the memory under
our standard memory channel scenario ®! i.e. ‘one use of Igor’s error correction
midway’. All curves in this figure correspond to an internal error rate for Igor’s
operations of 0.5%. For small memory duration, we see that the Steane code
is marginally superior to the five-qubit code, but both are markedly inferior to
the nine-qubit code. However, as we move away from the hard left of Fig.
to consider increasing duration of the memory, we find that the five-qubit code

surpasses first the Steane and then even the nine-qubit code. The reason is that as

more environmental error accrues, a code with a larger number of physical qubits
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Figure 4.9: Comparison between the 5/7/9 qubit codes. The data shown are for our
canonical Alice-Igor-Bob scenario where total memory duration 7 during which pure
environmental decoherence occurs continuously and a single (imperfect) round of error
correction occurs midway at t = 7/2. The error rates used for all the gate operations
during the error correction procedure are 0.5%. The lower panel (b) presents the same
data but now with respect to the the Steane code performance, so that the integrity of
that channel now lies along the horizontal axis.
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will reach the point where two-or-more errors are present, i.e. the situation where
the logical qubit may be corrupted, at an earlier time.

Before concluding this comparison of different codes, we should stress that
our intention is not to identify “best and worst” codes but rather to show the
circumstances in which various codes can be the better choice. We also recognise
that there are other merits beyond the question of how well a code preserves channel
integrity — for example, the Steane code (which is also the smallest instance of
the 2D colour code) has the significant merit versus the smaller five-qubit that

all Clifford operations can be applied transversally.

Realistic error correction

In all the theory and the numerical simulations described above, Alice and Bob are
perfect agents: they provide the framework within which we assess the memory
channel. However, if we are to assess integrity in an experiment — i.e. if it is to be
a practical measure for benchmarking quantum memories — then we must tackle
the reality that Alice and Bob are merely phases of an experiment within which all
operations are imperfect. In the simulations reported in this section, we discuss the
more realistic scenario where the same error model and error severity are applied
to the actions of Alice and Bob, as we apply to Igor’s error correction cycle. For
typical noise types, it can be shown that it suffices to consider Pauli eigenstatesf_-]

In the idealised case, Alice can prepare any encoded qubit she wishes, while
the definition of integrity corresponds to the case when Alice opts for the worst
possible choice of qubit state to encode (or rather, when she picks between the
two states |¢) and |1 ), which Bob has the most difficulty differentiating post-
memory). If we have foreknowledge of which states these are, we need only find
circuits for Alice and Bob to use which perform equivalently to their general purpose
circuits in these special cases. Fortunately we know that the worst case choice

Alice can make will correspond to Pauli basis states, i.e. {|1), [, )} will be either

INiel de Beaudrap, one of the co-authors of Ref. |[126], was able to show this and an explanation
appears in the paper; however this observation did not involve the present author and so is not
reproduced within this thesis.
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£10), 119 or {14}, =)} or {ly+) ., y=)} (ly) = /2(10) £ [1)). Our challenge is
therefore to find specific encoder circuits for Alice and analysis circuits for Bob
for these special cases. To obtain best-possible performance for Alice and Bob
when they are error-burdened, we apply the fault-tolerant encoding and decoding
circuits described in Section 4.1l

We emphasise that once we equip Alice and Bob with suitable circuits, we have
a full prescription for an experimental test of integrity: the experimental protocol
simply corresponds to the steps listed in Tables[.T]and [£.2] with the sole modification
that Alice randomly picks between Pauli eigenstates, and given this pick both her
encoding circuit and Bob’s decoder are selected accordingly from optimised circuits
such as the one in Fig. [£.2] Thus integrity is evaluated without state tomography.

The data plotted in Fig. and Fig. .11 show the effect of allowing Alice and
Bob to become noisy, for the Steane code and the five-qubit code respectively.

For Steane code (Fig. [4.10) we observe an excellent agreement between the ‘true’
integrity that would be measured if one were able to use ideal agents Alice and
Bob, and the estimate of the integrity that results from using imperfect agents.
We note that there is only a slight variation in the location of the crossing point,
and that if a crossing occurs in the true integrity (as for the case when Igor’s error
is 0.5%) then a crossing also occurs in the estimate; the specific crossing shown
here is that which would show milestone M1 has been met. Conversely when a
crossing does not occur in the true integrity, it also fails in the estimate (here, for
the case when Igor’s error is 1%). The reason for the excellent agreement is that
both Alice and Bob’s circuits are robust against errors.

In our second example of noisy Alice and Bob, shown in Fig. [4.11] we employ
the five-qubit code and, crucially, we employ non-fault-tolerant procedures for Alice.
Unfortunately, when the tasks performed by Alice and Bob become vulnerable to
single gate failures, the resulting memory integrity estimates become very poor
approximations to the true integrity. In the lower panel of Fig. we see that
the line shapes have changed, losing the inverse-parabola shape for short memory

durations. We do still see line crossings, but they occur at significantly different
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Figure 4.10: Imperfect, but fault-tolerant, Alice and Bob. The scenario in the upper
panel (a) corresponds to three different memory channels each using the Steane code to
protect information. The encoder Alice and the analyser Bob are both ideal, as required
in the definition of integrity. We mark the meaningful line crossing which corresponds
to meeting milestone M1 (for the orange line) or just failing to do so (blue line). In the
lower panel (b) we present the same analysis but now with errors during Alice and Bob’s
circuits at the same level as Igor’s. Specifically, Alice uses the circuits shown in Fig. [£:4] to
encode her qubits into |0)7. Bob differentiates between |0)7 and |1)7 by simply measuring
all qubits in the z-basis, performing classical error correction, and checking the parity of
a certain subset. Note that the key crossing (and failure to cross) from the upper panel
are well approximated in the lower, indicating that experimental evaluation of integrity is
achievable.
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Figure 4.11: Imperfect, and non-fault-tolerant, Alice and Bob. The comparison made
here is similar to that in Fig. except that now the memory channels employ the
five-qubit code and moreover in the lower panel (b) the circuits used by Alice and Bob
are not fault-tolerant. Here, Alice uses the circuits specified in Fig. to encode qubits
into |—)z and Bob uses the circuit shown in that figure to differentiate between |+) and
|—)r. In contrast to Fig. there is now a profound difference between two panels and
one could not directly assert that a line crossing in the lower panel implies a crossing
would exist in the upper panel.
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locations. Most troublingly, a line crossing can occur in the experimental data when
no such crossing would occur if Alice and Bob were ideal. Thus, the observation of
a crossing in the data is not, in of itself, strong evidence that the actual memory
channel has met a meaningful milestone (such as M1 in this case).

Despite these issues, it can be possible to make use of data such as that in
Fig. .11} One would need to perform additional theoretical analysis in order to
justify the claim that any observed crossing is indeed meaningful. For example,
if the errors in the various circuit elements are well characterised then one could
perform simulations equivalent to those presented in this chapter. Essentially one
would produce a version of Fig. (b) calculated with an accurate error model
in order to compare with the observed data; if the match proved to be good,
one could use further simulation to discover the integrity that would have been
observed with ideal Alice and Bob. In order words, if the data closely matches a
simulation such as Fig. 4.11|(b), one might fairly state that this is strong evidence
that the integrity is as shown in Fig. 4.11j(a).

In summary, we can say that integrity can be assessed experimentally in a
straightforward protocol: Acting as Alice we choose a qubit state, then we perform
a series of experimental runs where each run ends in a measurement from which, as
Bob, we ‘guess’ the original state with the binary outcome ‘succeeded’ or ‘failed’.
We continue until we have a good estimate of Bob’s probability of success pg; if the
system is such that p, depends on Alice’s choice, then we find the least-favourable
choice. The integrity of the memory is then simply R(®) = 2p, — 1. In this section
we have shown that the creation of the logical qubit, i.e. Alice’s circuit, as well
as Bob’s analysis circuit, can both be noisy and yet we can obtain an excellent

estimate of the integrity of the memory channel itself (factoring out Alice and Bob).

4.3 Conclusion

This chapter gives an introduction to error correction with small codes. We
take the example of the most commonly-used codes including the five-qubit code,

the seven-qubit code and the nine-qubit surface code. The small codes can
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be implemented with a small number of physical qubits and relatively shallow
circuits. However, given environmental noise and imperfect operations, to make
the fidelity of an encoded logical qubit higher than a raw physical qubit is very
challenging. It thus motivates us to introduce ‘integrity’ as a means to benchmark
the performance of a code-based quantum memories. Integrity measures how
well a memory preserves the distinctiveness of different states. We show that
integrity can be assessed experimentally in a straightforward manner without the

need for full state tomography.
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In Chapter 4, we gave an overview of the most commonly-adopted small error
correction codes. Since invention, the small codes have received wide attention
and have been thoroughly studied. In experiment, quantum error detecting

and correcting codes have been implemented in different platforms ranging from

superconducting circuits [110H113, [127], trapped ions [14] [108] [109, [134], NV
centres in a diamond [135], optics [136-139], and others |114} [140]. However,

those experiments are limited to handling only a certain type of errors or with

particular logical states. Comprehensive demonstration of full error correction
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remains a challenge.

Realising beneficial error correction requires both theoretical and experimental
advances. From the experimental perspective, the manipulation of qubits should
be improved to the highest accuracy. Theoretically, an essential contribution could
be development of resource-efficient error correction protocols that are specifically
designed for particular hardware systems. Performing the task requires realistic
modelling of the physical process and error sources to identify the dominating
factors and give faithful estimations of the hardware performance.

In this chapter, we present a theoretical error correction protocol designed for
an ion trap quantum processor. A detailed description and thorough analysis of an
experimental toolbox for error correction with the Steane code is given. We develop
sequences of crystal-reconfiguration operations and stabiliser mappings to perform
a full error correction cycle on a single logical qubit. Realistic error sources are
considered in each stage of the protocol, realised with a microscopic modelling of the
ion crystals to derive the particular expressions or values of the corresponding error
rates for each operation. We apply the ‘integrity’ introduced in Chapter 4 to assess
the performance of the quantum memory with the state-of-the-art and anticipated
near-future statistics, aiming to identify the requirements and parameter regimes
for beneficial error correction in the underlying ion-trap quantum processors.

This chapter is structured as follows. Sec. [5.1] gives a brief introduction to
the hardware studied in this chapter. The protocol to perform a full round of
error correction with the Steane code on the aforementioned hardware is described
in Sec. p.2] Sec. gives the error model for different operations. Numerical
simulations based on the Alice-Igor-Bob framework as introduced in Chapter 4 are
given in Sec. This chapter is concluded in Sec. [5.5]

The materials of this chapter are based on papers [141, [142]. The author
contributed to conception and simulations of the protocol. Furthermore she jointly
developed the error correction protocol and the error models with other coauthors.

The numerical results were the author’s own work.
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5.1 An ion-trap quantum processor

The ion-trap quantum computer utilises ions arranged in a linear trap, which is
controlled by radio frequency pulses, laser beams and DC electric fields. The physical
demonstration of using ions to manipulate quantum information was firstly reported
by Wineland’s group in 1995 [144]. Among all potential hardware platforms, the
ion-trap quantum memory has one of the longest coherence times in the order of
seconds, and a lowest gate infidelity: the lowest reported single-qubit gate infidelity
is 1.0(3) x 1075 [119] and the lowest two-qubit gate infidelity is 8(4) x 10~ [117].

The hardware considered in this chapter is a high-optical-access segmented
ion trap run by our experimental partner based in Innsbruck. The trap allows
one to manipulate dual-species ion crystals [145] under cryogenic conditions. This
architecture is scalable, as 1D trapping zones can be coupled via junctions into
larger potentially 2D trap array structures. As shown in Fig. , we consider **Ca™
ions for hosting the qubits, **Sr™ ions for providing the capabilities for sympathetic
cooling, and mixed-species readout for syndrome extraction. We consider that ions
undergoing the quantum logic operations can be separated and shuttled across
the segmented trap array by using high-speed, low-excitation protocols in order
to minimise cross-talk on neighbouring qubits.

The quantum information is encoded in |0) and |1) states, which are represented
by 451 /2(mys = —1/2) ground state and 3D5,5(m; = —1/2) metastable excited state.
The excited state has a lifetime of 1.1s, which sets the upper limit on the qubit
storage time [146]. Quantum operations are performed with a laser that is nearly

resonant to this transition at a wavelength of about 729 nm.

5.2 Protocols for performing quantum error cor-
rection

The protocol developed for quantum error correction (QEC) is a shuttling based
approach via the ion-crystal configuration techniques. As described above, ions

are confined above a planar segmented trap divided into manipulation and storage
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$3400 10.0KV 30.1mm x19 SE 3/30/2015

Figure 5.1: The Sandia high-optical-access segmented trap. The blue and red ions are
10Ca™ ions, and the green ones are ®Sr™ ions. The quantum zone has three storage
regions S7,S2,.93 and two manipulation regions My, Ms. The data ions are used to encode
quantum information, while the ancilla ions are for syndrome extraction. The cooling
ions are sympathetic coolants to reduce the number of phonons prior to the entangling
gates. Possible crystal-reconfiguration operations are shown in the panel in the lower-right
corner: (a) splitting of an ion crystal, (b) shuttling of an ion and subsequent merging
with another ion to form a crystal, and (c) rotation (swapping) of a mixed species crystal.
This graph is taken from Ref. .

regions, where various elementary operations can be performed. All the operations
required for the whole QEC cycle include the following: (a) two-qubit entangling
gate, (b) single-qubit gate, (c) projective measurement, (d) qubit initialisation /reset,
(e) qubit recooling, (f) ion shuttling, (g) ion splitting and merging, (h) ion swapping
and rotation, (i) leakage repumping. We discuss those operations below.

The experimentally available two-qubit entangling gate is the Mglmer-Sgrensen

(MS) gate [147, [148], which is driven by a global laser pulse and can be expressed as:
Uniso(8) = e72%, Sy = cos(¢)X + sin(¢)Y, (5.1)

where ¢ is controlled by the laser phase, and 6 by laser intensity and pulse

duration. By setting ¢ to be either 0 or 7, we can have X-type or Y-type MS

gates. Here we adopt the X-type MS gates. Furthermore, the MS gates are
‘fully-entangling’ when 6 = 7.

The single qubit gates can either be realised with a global laser pulse to have
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global rotations around the Bloch sphere:

Un(6) = ei2%, (5.2)
or alternatively with local rotations around the Z-axis:

U.(0) = e 2R, (5.3)

The details of the gate set has been described in Ref. [146].

Measurement of a data qubit is from collection of state-dependent fluorescence
due to the emitted photons from the cycling transition [146]. The qubit is then
reinitialised by optical pumping. The recooling process is realised by the sympathetic
laser cooling technique. In this way, one can cool the vibrational mode prior
to any entangling gate. The ion crystal reconfiguration includes splitting ion
crystals, shuttling ions across trap segments, merging two sets of ions into a large
crystal and rotating ions to reorder the position. All those operations have been
experimentally demonstrated [149-151].

In our proposed experiment, one logical qubit is encoded with the seven-qubit
code, which is the smallest 2D colour code. For stabiliser checks, we consider
the non-fault-tolerant (non-FT) case as well as the flag-based fault-tolerant (FT)
approach as introduced in Sec. 4.1 To implement the QEC cycles, we translate
the circuit-level description into detailed microscopic schedules in the trap. These
schedules consist of specific sequences of elementary operations, which combine
quantum gates and crystal reconfiguration operations. We apply the Alice-Igor-Bob
protocol introduced in Sec. [£.2] to assess the integrity of the encoded memory.

A detailed sequence of Igor’s operations is shown in Fig. [5.2] which is based on
the non-FT scheme, while a flag-based F'T scheme follows very similar steps. The
figure shows half of the QEC cycle, including stabiliser measurements of Dy, Dy and
D3, where D1 = XXXXIII, Dy = IXXIXXI and D3 = I[IXXIXX. In order
to reduce the complexity of all the crystal configurations required to perform the
sequential gates of the QEC cycle, Igor makes use of all five regions of the segmented

trap in Fig. 5.1} The data qubits of a given stabiliser are shuttled one by one from
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Figure 5.2: The operation sequence for the shuttling-based QEC protocol with the
non-FT stabiliser measurements. The data qubits are stored in the storage zones, and each
corresponding data qubit is shuttled to the manipulation zone M2 and recooled before
the data-ancilla entangling gate. Each time the data qubits are rotated to reschedule the
location. After all the four data qubits are entangled with the ancilla qubit, the latter is
measured out to obtain the syndrome and reinitialised. The process continues until all
the stabiliser checks are performed. In this graph, firstly the qubits ds3, do, d; and d4 are
mapped for one stabiliser check, followed with ds, ds, ds, dg and then ds, d7,ds, dg. This
graph is taken from Ref. [141].
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Figure 5.3: (a) the CNOT gate can be decomposed as a two-qubit X-type MS gate with
several single-qubit rotations. (b) Non-fault-tolerant stabiliser readout based on the two-
qubit X-type MS gate. The yellow region depicts the gates for the X-check, while for a Z-
check, additional gates in the green region are required. Here U2J" = Xo(—n/ 2)UJ(\)/}J§ (/2).

(b) is taken from Ref. [141].

the storage regions onto the manipulation zone M2, where sympathetic recooling
represented by blue rectangles is applied prior to the data-ancilla mapping for the
stabiliser check. During the process, ion rotations are performed to reorder the qubit
register. After all the four data qubits of a particular stabiliser have been coupled
to the ancilla ion, Igor can proceed to isolate the ancilla-cooling pair of ions in the
manipulation zone and collect the state-dependent fluorescence of the ancilla ion,
in this way obtaining the error syndrome. After the measurement, the ancilla qubit
is then reinitialised by optical pumping. This process continues until all stabiliser
checks are performed and error information can be inferred from the syndromes.

Note that the data-ancilla mapping in Fig. is based on the two-qubit X-type
MS gate. On the other hand, the stabiliser measurements are usually performed
by entangling the data qubit with the ancilla qubit via CNOT gates or CPhase
gates, we thus need to map the CNOT gate into the MS gate. A CNOT gate can be
decomposed into a MS gate and four single-qubit rotations, as shown in Fig. [5.3(a).

By permuting single-qubit rotations, we can work out the circuit for the stabiliser
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Operation Current | Current | Anticipated | Anticipated
duration | infidelity | duration Infidelity
a) Two-qubit MS gate 40us 1-1072 15us 2.107*
q g M H
b) One-qubit gate 548 5-107° 1us 1-107°
g 1t p
(c) Measurement 400pus | 1-1073 30us 1-107*
d) Qubit reset 50us 5-1073 1048 1-1074
M M
e) Re-cooling 400us n < 0.1 100us n <0.1
(e) It f
f) Ion shuttling Sus n < 0.1 DS n <0.1
H M
(g) Ion split/merge 80us n <6 30us n<l1
h) Ion rotation 18us n<0.3 20us n < 0.2
( 1 7
i) Leakage 60us 5-1073 2018 1-107%
(i) g 1 1
repumping
(j) Ty 0.2s - 2s -

Table 5.1: Current and anticipated operation infidelities and durations. 7 is the mean
phonon number. This table is taken from Ref. [142]. For the origin of the ‘current’ figures,
see Ref. [142]; the ‘anticipated’ figures are the consensus view of the experimentalist
authors.

readout based on the MS gates. Fig.[5.3(b) shows a non-FT circuit for one stabiliser
mapping, where the yellow region highlights the gates for the X-check; and for the

Z-check, additional gates are required as depicted in the green region.

5.3 Realistic noise models

The QEC protocol described in the last section allows us to perform a detailed study
that goes beyond standard assumptions. We consider that different operations do
not take the same amount of time. Besides, distinct error channels are used to
describe different stages of the protocol with different error probabilities. Based
on microscopic calculations and experimental results, the current and anticipated
statistics of the all operations is summarised in Table 5.1 Error models for the
different operations are described in the following sections. In each case, the choice
was made in consultation with the authors of Ref. |142], as were the choices of

certain constants (energies, timescales, etc.).
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5.3.1 Dephasing

During the QEC cycles, there are several operations where the internal states of
a subset of qubits is not affected, including (a) ancilla qubit measurement and
recooling where the data qubits remain idle, (b) single-qubit and two-qubit gates
which leave the spectator qubits unchanged and (c) crystal reconfigurations leaving
all the qubit states unchanged. Specifically, for (c), with a simplification, we assume
each operation contributes a fixed amount of energy to each ion involved in the
operation, leading to momentum kicks and heating up the ions. The mean motional
energies of each ion is kept track of.

Although we consider that the operations above do not lead to change of qubit
state, the idle qubits do suffer from dephasing which results from interactions with
the environment, e.g. fluctuating magnetic field. The idle ions can be organised
in different groups residing in the same zone of the trap. Within each group, the
qubits are subjected to a common noisy magnetic field

Ht) = Y S F(0);, (5.4
i€l
where F(t) = —gugB(t), pup is the Bohr magneton, and ¢ is the hyperfine g-factor.

We assume the fluctuation of F'(t) is stochastic. To model it, we describe

it as the Ornstein-Uhlenbeck (OU) process [152]. The OU process O(t) evolves

following the stochastic differential equation

d];gt) = —iF(t) + /el (), (5.5)

where 7 is the correlation time, ¢ is the diffusion constant and I'(¢) is the Gaussian
white noise with I'(¢) = 0 and I'(¢)I'(0) = 6(¢). 7 determines the time-scale over
which the noise is correlated. To numerically solve the equation, we discretise the

time interval in steps of At = ¢;/N, and update the formula as,

1/2
Ft + At) = F(t)e 7 + [027 (1- e_QAt/T)] n, (5.6)

where n is a Gaussian random variable from -1 to 1, and ¢; is the total idle time pe-

riod.
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For the numerical simulation of the phase noise, we consider short correlation

time 7 = T,/1000, and ¢ = 1/(2T% * 72).

5.3.2 Amplitude damping, leakage and repumping

With the expectation that it will be possible to improve the coherence time close
to the limit of T, = 2T} ~ 2.2s, amplitude damping and leakage should also be
considered. The amplitude damping process results from spontaneously decay of
the metastable qubit state |1) = ‘3D5/2, -1/ 2> into the ground-state qubit state
|0) = ‘451 /2, =1/ 2>. This process can be modelled with the following channel,

p(t) =" L,pL! with

Lo = [0)(0] + /1 = paa()[1)(1], Ly = /paa(t)|0)(1],

where p,q(t) is the error rate for amplitude damping.

(5.7)

Apart from amplitude damping, there is a also a finite branching ratio for the
decay into a different ground-state level |I) = ‘451 /2, +1/ 2>, leading to leakage of

the ions out of the computational subspace. The leakage channel can be described as
p(t) =>" L,pL} with

Lo = [0)(0] + |6 (€] + /1 — paa() + pe(t)[1)(1], (58)

Ly = \[paa(t)[0) (1], L2 = /pe()[€) (1],

where pi(t) is the error rate for leakage.

To incorporate both channels, we work out the error rates for the two processes as

I (1 _ ef(r+r')t)
T+T
I (1 _ e—(F+F’)t)
[ + [Ve— T+t

n(t) =
(5.9)

Pad (t) -

where the branching ratio of the spontaneous decay into the leaked level IV/T" is

typically small. For the *°Ca™ optical qubits, we consider I'V/T" ~ 4/9 [153].
The leakage cannot be counteracted by error correction, therefore without some

additional intervention, the leaked population will accumulate as the protocol

proceeds, compromising the usefulness of the QEC. Therefore, to reduce the damage
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Figure 5.4: Repumping scheme for the leakage errors. The repumping cycle consists of
(1) applying a m-pulse that brings the population of the leaked level to the metastable
state, or otherwise hides the qubit in the |0) state. Then, (2) one applies a laser driving to
the excited Py/5 level, such that the population of the leaked state will (3) spontaneously
decay into the ground state. By finally applying (1) another 7-pulse, the population is
repumped back into the computational subspace. This graph is taken from Ref. [142].

428, /5

from leakage, we include a repumping pulse sequence that can bring the population
of the electronic state back to the computational subspace. Fig. [5.4] shows the
process. Here, (1) corresponds to a m-pulse between |1) and the leaked state |I).
If the state of the qubit has not leaked, the quantum information is protected as
the remaining operations (2)-(3) do not take place (the applied pulses have no
effect), and the final (1) m-pulse brings the population back to [1). On the other
hand, if the qubit had indeed leaked, (2) the lasers will bring this population up
to an excited P level, which (3) will decay very fast into the ground state |0). At
this point, the leakage has become a sort of amplitude damping, while the original
coherences of the qubit state hidden in the ground state are still present. Then, a

final (1) m-pulse brings the qubit back to the computational space.
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5.3.3 Single-qubit rotations

As described in the last section, the single-qubit rotations are described by pa-

rameters 6 and ¢,
12 (cos pX +sin ¢Y") 0 .. 0 > . o}
R(0,¢) = e = cos §]I+zsm g(cos dX +singY). (5.10)

In contrast to the typical Krauss-map modelling of noise in QEC, our faulty
gates are not characterised by a single error rate, but instead by two fluctuating
functions 060 and ¢ described by a random process with parameters fixed by
experimental considerations.

The incorrect pulse area 6 results from fluctuations of laser intensity, which

gives the effective 0.4
Oor (1) = 0 - | == (5.11)

while the fluctuations of the laser phase lead to an error in the orientation of

the rotation axis with,

Xet(t) = cos 6 (1) X + sin dp(t)Y

A A A (5.12)
Yer(t) = sindop(t) X + cos dp(t)Y.
So the effective rotation is given by
eeff .. eeff & . O
Rt (Oefr, ) = cos 7]1 + ¢sin 7(cos O Xefr + Sin PYegr). (5.13)

We use the Ornstein-Uhlenbeck random process to model the intensity fluctua-
tion. As described in the modelling of the dephasing process, we could discretise

the gate time into short periods of time and update the formula as,
A cT 2A 1/2
Ft+ Af) = F(t)e ™7 4 [2 (1—e t/f)} n. (5.14)

Here F(t) = 1/%. We take a short correlation time 7 = T5/10 and ¢ = 20/7%.
These parameters are chosen such that the fidelity of the various gates coincides

with the values listed in Table B.1I
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For the phase fluctuation, we assume it occurs on a much slower timescale than
the intensity fluctuation, as is typically the case in experiments. In the limit of
very large correlation times, the Wiener process [154] is adopted to model the phase

fluctuation. The standard form Langevin equation of the Wiener process W (t) is

W) _ e, (5.15)
dt
which can be solved by
W(t+ At) = W(t) + VcAtn, (5.16)

where n is a random Gaussian variable. Therefore, we can write the fluctuation
of phase by d¢ = W (t +t,) — W(t), where t, is the gate duration time. We take
¢ = 0.01 to fit the fidelity of the gate listed in Table [5.1]

5.3.4 Mglmer-Sgrensen (MS) gate

We now consider the error model for the two-qubit MS gateﬂ The MS gates are
mediated by the longitudinal centre-of-mass (CoM) mode of a crystal of two 4°Ca™
ions. As a starting point, we consider the MS gate suffers from motional errors
from both the CoM and stretch modes, and collective dephasing (i.e. decoherence
due to fluctuations of global magnetic fields). The time-evolution of the two qubits

subjected to the laser-ion interaction is

pltg) = Trph(UgPOUg)a (5.17)

where t, is the gate time, Trp, represents partial trace over the phonons, and pg
contains the initial qubit state and a thermal state for the vibrations with typical

phonon numbers given in Table U, is the operation with the form of

U, — e-itatioT {e—if;g dt’Hc(t’)} 7 (5.18)

IThis error model is solely developed by Alejandro Bermudez and evaluated with his own
code, while the present author includes it for completeness of the thesis. The key elements of the
error model are given in brief, and the details are explained in the paper [142)
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where Hy is the Hamiltonian for the uncoupled qubits and longitudinal phonons.
T is the time-ordering operator. H.(t') describes the qubit-phonon coupling with
the above sources of noise.

We solve numerically the equations above describing qubit-phonon dynamics,
and perform process tomography [155] to express the final qubit state as the result
of a generic quantum channel. Then, we can describe the noisy MS gate directly

in terms of a set of Kraus operators with certain probabilities

where K, are the two-qubit Kraus operators to be found, and p, are their cor-
responding probabilities. All the different sources of noise would result in a set

{p.}16 |, where p; = 1 corresponds to the nearly ideal MS gate.

5.3.5 Measurement error

The dominant source of readout infidelity in both “°Ca™ and ®Sr* optical qubits
will likely be background counts for short readout times, which increase the dark and

bright histogram overlap. To model it, we use a bit-flip error channel described as:

e(p) = (1 =p)p+pXpX, (5.20)

where p is the probability for the error to occur.

5.4 Numerical simulation results

Having introduced the QEC protocol and the error models for each operation, in
this section we present our numerical results from exact wave function simulations
for the performance of the seven-qubit code. Our simulation is based on the Monte
Carlo method to perform exact simulation of the physical system using pure states.
Once sufficiently many results are aggregated, one obtains the same data as would
result from a single numerical run using a density matrix.

We use the Alice-Igor-Bob framework as introduced in Sec. for assessment of
the beneficial character of QEC. Both the non-FT and the flag-based F'T protocols
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are modelled, with the realistic error models describing the experimental architecture.
Depending on the choice of trapped-ion parameters, two sets of figures are presented
based on the reported-to-date and the anticipated parameters listed in Table [5.1]
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Figure 5.5: (a) The standard Alice-Igor-Bob protocol with the parameters underlying
the simulation corresponding to the current values from Table The red curve shown
here denotes the integrity change of a logical qubit (noted as ‘LogicQ’) in a purely
dephasing environment. For reference, the integrity change of a raw physical qubit (noted
as ‘PhysicQ’) with the same environmental noise is also shown (the blue curve). We see
that the non-FT QEC can produce a small positive effect versus strong environmental noise
(i.e. there is a yellow-red line crossing). (b) The same model, but with parameters now
matched to the expected fidelities as in Table Performance is profoundly improved.

The first set of numerical results, shown in Fig. [5.5{(a), shows the integrity change
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with only dephasing noise. The Figure shows two reference lines: the blue line is
the integrity of a raw physical qubit. The red line shows the integrity of an encoded
quantum memory when no error correction is performed. As one would expect, for
very short periods of environmental exposure the red line is superior to the blue
since the probability of two (or more) errors is negligible. The yellow line shows the
performance of the simple non-F'T error correcting protocol; while it can never beat
the integrity of a raw physical qubit, it does exceed the integrity of the encoded
quantum memory once the environmental exposure is severe. Note that the yellow
line does not start from ¢ = 0, as the error correction takes finite amount of time,
and we wait until Igor has enough time to perform a whole round of error correction.
Fig. |5.5((b) shows the results of repeating the simulations in Fig. [5.5(a) but now
with the future improved values from Table [5.I] One can see that the performance
is profoundly improved. Now, the lines for the non-FT Igor outperforms both
the raw physical qubit (blue) and the un-corrected quantum memory (red) over
a substantial range. As the anticipated performance of the quantum memory is
more interesting and significant, we now only show the numerical results with the
future parameters for the following studies.

We now move on to the question of how the flag-based FT scheme (introduced
in Sec. performs. We take the non-FT curve as in Fig. |5.5(b) and redraw it,
now with the FT scheme. As shown in Fig. [5.6] Igor indeed derives a positive
benefit from the FT protocol on the left of the graph when the total environmental
noise is weak. However, as noise accumulates, the F'T curve gradually becomes
less advantageous as compared to the non-FT one and crosses the latter at around
0.5 s. This is intuitively reasonable since at low error rates (below the threshold),
the extra gates of the FT scheme pay off and it outperforms the non-FT one. At
too high error rates (above the threshold), the extra gates to ensure fault-tolerance
become relatively useless but do still give rise to gate errors. It is worth noting
that for the first (leftmost) plotted points in the green and purple curves, the
green has about an order of magnitude smaller loss of integrity, indicating the

efficiency of the flag-based FT protocol.
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Figure 5.6: Comparison between the non-FT protocol and the flag-based F'T protocol.
The purple curve is the same as the yellow curve in Fig. [5.5(b). The green curve is the
same as the purple except that Igor’s protocol is upgraded to the flag-based F'T approach
as described in Sec. .1}

We now explore numerically the effects of amplitude damping and leakage
noise. Environmental decoherence including dephasing, amplitude damping and
leakage are all applied to the quantum channel. A branching ratio of 50/50 for
damping/leakage is firstly considered in order to clearly assess the dangerous effects
of leakage, and how to combat it with repumping. Fig. shows the result. The
black curve represents the integrity of a raw physical qubit and only serves as a
reference. The dashed red curve stands for the integrity of the encoded memory,
after a single round of flag-based F'T QEC, where the spontaneous emission from
the metastable state only contributes with amplitude damping (i.e. we artificially
switch off the leakage). In this way, this line represents the optimal beneficial effects
of Igor’s error correction. With these limiting cases, we can now understand the
effects of leakage noise. The green curve refers to the case where the leakage noise
has been applied. As the figure shows, the integrity gets degraded considerably
faster with respect to the noise model without leakage, leading to a much smaller
region where QEC is beneficial in comparison to the raw single-qubit memory.

However, as shown by the yellow curve, when repumping is applied prior to gates
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Figure 5.7: Integrity of raw and encoded quantum memories as a function of the memory
time. The black curve represents the integrity degradation for a raw physical qubit due to
environmental noise, including dephasing, spontaneous emission and leakage with a 50/50
damping/leakage ratio. The green curve represents the integrity for an encoded memory
when Igor performs a single round of QEC. When the repumping sequence is applied
prior to gates of Igor and Bob, the memory integrity increases considerably (yellow curve),
almost reaching the maximum set by a noise model where spontaneous emission only
occurs in the damping channel without any leakage (red dashed line).

of Igor and Bob, the degradation of the integrity almost reaches the optimal case
where all the spontaneous decay occurs in the amplitude damping channel (the
dashed red curve). These results also confirm that the repumping turns leakage
into a sort of amplitude damping, which is correctable by the QEC code.
Finally, we incorporate all the elements together, i.e. the environmental
noise is employed including dephasing, amplitude damping and leakage (with
the damping/leakage branching ratio of 9/4), with repumping applied right before
the gates of Igor and Bob. We show the effect of applying one, two, three or four
rounds of flag-based FT QEC in Fig. [5.8] We see that we can sustain the encoded
quantum memory at a (far) higher integrity than the physical qubit by selecting
an appropriate number of error correction cycles according to the duration of the
memory channel. This result compellingly meets and surpasses our ‘milestone

M4’ as defined earlier in Sec. [£.2.2]
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Figure 5.8: Integrity of the encoded quantum memory with multiple cycles of flag-based
FT QEC. The blue curve represents the integrity degradation for a raw physical qubit
with dephasing, spontaneous emission and leakage including a 9/4 damping/leakage
ratio. We see that more cycles of error correction extend the life of the quantum memory
significantly.

5.5 Conclusion

In this chapter we have presented a detailed QEC protocol based on a high-optical-
access segmented ion trap. The operations of the crystal configurations and gate sets
are designed considering the architecture of the hardware system. Realistic error
models are developed for each stage of the QEC protocol. Numerical simulations are
performed to assess the integrity of the quantum memory, incorporating the detailed
protocol and error models, with both non-FT and F'T schemes. The result suggests
that with the currently reported experimental data, there is only a small advantage
of the error-corrected logical qubit versus an unencoded logical qubit, while both
are inferior to a raw physical qubit. However, beneficial QEC is demonstrated with
the anticipated parameters. We also show that the damage from leakage can also
be cancelled out by repumping. Finally, the flag-based approach is found to be
superior for the expected trapped-ion technologies, and a much longer characteristic

lifetime of the logical qubit can be realised by applying one or more rounds of error
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correction. The results indicate the potential of the ion-trap quantum processor
to achieve various milestones in an experimentally relevant scenario.

The error models considered in this chapter are beyond the standard depolarising
model, but are not fully realistic with many simplifications. Further work may
involve continuous improvement of error models, e.g. taking into consideration of spa-

tial correlations for ions within the same zone and introducing the effect of cross talk.
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In Chapter 5 we presented a realistic quantum error correction protocol to be
implemented on an ion-trap quantum processor. Based on the protocol, the exact
sequences for control pulses and operations are derived to perform a complete error
correction cycle. Incorporating all the realistic error models, we saw that beneficial
error correction can not be achieved using parameters corresponding to certain
‘current’ devices (Table but would require ‘anticipated’ progress.

The fact is, it is currently challenging for the whole quantum computing
community to achieve proof-of-principle realisations using near-term noisy quantum
devices. All the encoding, parity checks and decoding processes may include several

dozens of imperfect gates as well as non-trivial environmental decoherence, so that

103
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the error burden may go beyond the capability that a code can correct and therefore
lead to a logical error that cannot be detected and corrected. From the experimental
perspective, the manipulation of qubits should be improved to the highest accuracy.
However, different physical systems have different hardware arrangements, control
pulses, native types of multi-qubit gates, etc. For example, the natural entangling
operation between two qubits with certain superconducting circuits and NV centres
is a form of CNOT or CPhase gate [156-159], while it is a Mglmer-Sgrensen gate
for many trapped ion systems [160, |161], and sqrt-SWAP gate may be the native
operation in quantum dot systems [162} [163]. Meanwhile, conventional methods for
the realisation of error correcting codes do not necessarily involve rigorous analytic
or numerical optimisation and therefore may have an unnecessarily large number
of gates. It is thus theoretically important to optimally compile quantum error
correcting protocols against a specific hardware target.

In this chapter, we introduce a quantum compiler as an approach to optimally
support any given noisy quantum hardware where formal circuit equivalence may
be difficult or impossible to determine. We construct a variational compiler to
automatically search for the optimal circuit that encodes a target logical state of
an error correcting code. The main idea is to make use of the variational quantum
eigensolver to search for the ground state energy. Our compiler first maps the
problem into a ground state searching problem where the desired logical state is
the ground state of the given (synthetic) Hamiltonian. Next, we consider a set
of parameterised ansatz circuits and make use of the variational imaginary time
evolution method [65, 73] to find the ground state, thus discovering the encoding
circuit. The ansatz circuit can be tailored to meet specific requirements of any
hardware system and any optimisation target.

The structure of this chapter is as follows. In Sec. [6.1I we introduce the
variational compiling algorithm including the construction of the Hamiltonian,
the design of ansatz, and the variational imaginary time evolution. In Sec. [6.2]
we show numerical realisations of the compiling algorithm for different logical

states of the five-qubit and seven-qubit codes. We compare our results to existing



6. Variational circuit compiler for quantum error correction 105

circuits and discuss its applicability in NISQ computing. We discuss potential
applications and summarise in Sec. [6.3]

The concept of the variational compiling algorithm was developed collectively
by all the authors in Ref. [164]. All numerical implementation and modelling

were performed by the present author.

6.1 Variational circuit compiling for quantum er-
ror correction

In this section, we introduce the variational circuit compiler for preparing a logical
state of an error correcting code. The key idea is to construct a Hamiltonian so that
the target logical state is its ground state. Then with a parameterised ansatz circuit,
we optimise the parameters in order to find the ground state of the Hamiltonian

and hence the encoding circuit of the target logical state.

6.1.1 Variational circuit compiler

We first show that any logical state of a stabiliser code can be straightforwardly
described as the ground state of a Hamiltonian. Suppose an error correcting code

is stabilised by the generator set {g;}. By definition we have
9i|®), =1[P),, Vi (6.1)

where |®), is an arbitrary logical state. The logical state can be uniquely determined

by the whole stabiliser set plus an additional logical operator
1ymid
OL = |(I)>L <(I)|L - ’(I)>L <(I)|L ) (6.2)
which satisfies Oy, |®), = |®),. Suppose |®);, = «a|0), + F|1),, O can be further
decomposed as a linear sum of logical Pauli operators X, Y7, and Z; as

Op=(af"+a"B) X, —i(aB —af*)Y, — (88" — aa™)Zy. (6.3)

In general, one can always construct a set of logical operators that determines a

particular logical state. Therefore, we can construct a Hamiltonian,

H=-— Z ¢igi — coOp, (6.4)
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such as the target state |®), be its unique ground state

H|®), = — (Z ¢+ co> ), | (6.5)

with energy Fy = — (X, ¢; + ¢,). Note that since we choose ¢; and ¢,, we know
the correct Ey. As the terms of the Hamiltonian commute with each other, the
eigenstate of the Hamiltonian should be the eigenstate of each term. Thus, it is not
hard to see that the first excited state has an energy E; = Ey + 2min{¢;, ¢, }.

To find the encoding circuit that prepares the target logical state |®),, we
employ the variational method for determining the Hamiltonian’s ground state.
The general approach was outlined in Sec. We first prepare a trial state via a

— —

parameterised quantum circuit, the so-called ansatz, 1)(6) = V(6)|0), where |0) refers

—

to a quantum register of which all the data qubits are initialised at |0), and V' (6) is
described with m parameters, V (0) = V,,(6,)...Va(62)Vi(6;). Suppose the ground
state of the Hamiltonian H can be represented by the circuit ansatz, the problem is

then rephrased as finding an set of parameters 0rin Which minimises the energy
Ein = min { (4(6)|H[1(0)) } (6.6)

The minimisation can be accomplished by any optimisation algorithm, such
as simple gradient descent or the imaginary time evolution [65 [73]. For this
work, we adopt the imaginary time evolution approach introduced in Sec. [2.3.2]
which can either be realised with a classical emulator for small error correcting
codes, or can be implemented on a quantum computer for general codes, with
the circuits described in Sec. 2.3.3

In practice, we may not be able to find the exact ground state, for example
because it lies outside the set of states reachable from the ansatz, or because
of the existence of gate noise, etc. Suppose the minimal energy we can find is
ELin, then we can lower bound the fidelity between the state p we find and the

target logical state |®), according to

Fr=(®[p|®), > 1— (Emin — Eo)/c, (6.7)
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Figure 6.1: Building block of the ansatz. The circuit starts with three single-qubit gates
applied to each of the data qubits. Then elementary blocks are randomly inserted into
the circuit. Each elementary block consists of one two-qubit gate followed with three
single-qubit gates on both of the two data qubits. R, and R, represent a single-qubit
rotation over the Y and Z axes of the Bloch sphere respectively, where the rotation angle
is the parameter to be updated over time.

where we denote ¢ = 2min{¢;, ¢,} and assume E.;, € [Ey, E1]. The fidelity was
defined in Eq. in Chapter 4. The proof of Eq. can be found in Appendix [B]
Therefore, when observing an energy that is close to the ground state energy, we
are assured that the state is indeed close to the exact ground state. We thus now

only focus on minimising the energy of the Hamiltonian.

6.1.2 The ansatz

Our variational circuit compiler assumes the logical state can be prepared by
a parameterised ansatz. For different quantum hardware, the ansatz can have
different structures. The general structure of the ansatz used here is shown in
Fig.[6.1] We consider parameterised single-qubit gates rotating along the Pauli basis.
For example, the gate R, is defined as R, = exp(—igX ) with the rotation angle
being a variable parameter 6. The definitions of R, and R, are similar. We also
consider general two-qubit gates composed by a fixed two-qubit gate followed by
six parameterised single-qubit gates. As shown in Fig. [6.1} where three single-qubit
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rotations with different parameters are firstly applied to each of the data qubits
following the order of R,R,R.. The gate set is chosen such that an arbitrary
single-qubit rotation can be realised. With given constraints in the connectivity of
the qubits and the type of two-qubit gates that can be realised in a given quantum
hardware, a certain number of multi-qubit sets are then inserted into the circuit,
where one gate set consists of a multi-qubit gate followed with three single-qubit
gates applied to each of the data qubits.

For a given ansatz, which is either randomly generated or following a certain
procedure, we update the parameters of the single-qubit gates in order to minimise
the energy of the Hamiltonian. Based on different ansétze or different initial values
of parameters, we could either reach the ground state verified by the ground state
energy, or we may reach a local minimum. In the latter case, it may indicate that
the ansatz cannot represent the target state, so the experiment is abandoned and
restarted until the energy reaches close to the ground state energy. In order to
minimise the number of parameters or single-qubit gates, circuit compilation is
applied with the following rule: after each several steps, gates with small parameters
are removed; this process continues until the energy starts to increase. The technique
cannot guarantee to find a circuit with minimum number of parameters, though
many equivalent circuits can be found and selected.

In practice, one may also need to change the structure of the ansatz when the
previously selected ansatz is not powerful enough to represent the target state.
Different strategies can be applied here by either adding more single and two-qubit
gates or fully adopting a different ansatz structure. Trying all possible ansatz
structures is in general impossible for a large error correcting code. Therefore one
may either systematically explore a given family of ansatz structures, or alternatively
we may apply some kind of circuit morphing algorithm to the ansatz (as recently
discussed in Ref. [55, [165]). In the following, we focus on the five- and seven-qubit
codes, and show numerical emulation of the variational compiler for these two

codes with different ansatz structures.



6. Variational circuit compiler for quantum error correction 109

6.2 Numerical simulations

In this section we present numerical simulations for the variational circuit compiler.
The simulation is performed on a classical computer with the Quantum Exact
Simulation Toolkit (QuEST) package [166], which is a high performance classical
simulator written in C/C++. We focus on the five- and seven-qubit codes and
consider two scenarios respectively with noiseless and noisy gates. For the noiseless
case, the pure state is modelled, while the mixed state is applied for noisy circuits.
For both cases, the imaginary time evolution is adopted as the optimisation
algorithm, with the methods described in Sec. 2.3.2] Several particular states
are considered in the simulation, including eigenstates of the Pauli basis |0),, |—),
and the magic state |T'), = (|0) 4+ ™/*|1))/+/2. For the Hamiltonian, we set the
coefficients of all the terms to be the same and normalise them so that the ground
state energy is —1. In particular, the Hamiltonian corresponding to a logical state

|®), of the five- or seven-qubit code is

H = —i (Z g + 0L> : (6.8)

where g; are the stabilisers for the five- or seven-qubit code (described in Sec. ,
Oy, is the logical operator defined in Eq. , n = 5 for the five-qubit code, and
n =7 for the seven-qubit code. We can verify that H |®), = E; |®), with Ey = —1
and E; = —(n — 2)/n for the first excited state. Following Eq. (6.7), when we find

a state p with energy Ei,, its fidelity to the target state |®); is lower bounded by
n

when Fu, € [—1,—(n — 2)/n].

We also consider different constraints of the circuit topology for different
hardware structures, as revealed in the choice of ansatze. The constraints could
be from practical experimental limitations or inferred from preferences in a future
experimental design. In this chapter, we take three constraints as examples to

illustrate our method:
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1. Minimise the number of two-qubit gates, as most quantum hardware has a

lower fidelity for two-qubit gates;

2. Only use a single type of two-qubit gate, reflecting the fact that hardware

typically supports one entangling process at the physical level;

3. Only apply nearest-neighbour interactions, such as in superconducting qubit

systems.

We apply one constraint at a time, while when searching for circuits satisfying (2)
or (3), (1) is also applied by default, as more simplified circuits are usually preferred.
At the start of one experiment, an ansatz is generated based on the constraints,
with all parameters initialised from a small value around zero. The parameters are
then updated through the variational imaginary time algorithm, until the energy
becomes static in a local minimum, in which case the ansatz is abandoned, or
goes to the ground state energy, in which case we consider the current ansatz is
successfully configured. The number of parameters is also gradually reduced in the
simulation process: if a certain parameter is found to be around zero, a further
simulation is attempted with that gate omitted. This procedure continues until
the energy starts to increase. With this trick, we manage to largely reduce the
number of parameters and accelerate the searching process.

In the following, we give several examples of applying our compiler for certain

logical states prepared with the five- and seven-qubit code.

6.2.1 Compiling with ideal gates

We first consider the case where gates are assumed to be perfect. In this case,
we can focus on the optimisation with pure state imaginary time evolution as
described in Sec. 2.3.21

We first consider the five-qubit code. By considering the circuit with the
minimum number of two-qubit gates, we first rediscover the circuits for encoding
the |—), state, which is consistent with the latest conventional circuit as shown in

Fig. [4.1a). With five Controlled phase gates, the circuit is also capable of encoding
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Figure 6.2: (a) Circuit to encode a logical minus state |—),, with the five-qubit code.
This circuit is equivalent to Fig. [£.1(a). (b) Circuit to encode a logical magic state
T), = @(IO)L + €i?[1), ), with the five-qubit code. Our method found at minimum
six two-qubit gates are required to prepare the state. (c¢) Circuit to encode a logical
minus state |—); with the five-qubit code. The two-qubit gate is restricted to be a
sqrt-SWAP gate. (d) Circuit to encode a logical magic state |T'); = @(\Oh +eit|1),).
Only nearest-neighbour CPhase gates are permitted in this case.
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Figure 6.3: Circuit to encode a logical magic state |T"); = @(\OM +ei'[1),) with the
seven-qubit code. Minimally 9 two-qubit gates are required to prepare the state.

the |0), state with additional transversal single-qubit gates. As our method is
capable of discovering different but equivalent circuits, we show one example in
Fig. (a), which encodes a logical minus state |—);.

Next, we apply our compiler for the magic state |T"); and we find the encoding
circuit as shown in Fig. (b) The encoding circuit for the magic state is also con-
sistent with the circuit for encoding an arbitrary logical state as shown in Fig. [1.1](b).
Therefore, we didn’t find a more efficient circuit to encode the magic state.

In addition to rediscovering existing encoding circuits, our compiler can also find
efficient encoding methods when considering a variety of constraints on the circuit
structure. First, we consider the case where sqrt-SWAP gates are considered as the
only type of two-qubit gates in the ansatz. The sqrt-SWAP gate is a non-Clifford
gate, so it is not often seen in conventional error correction encoding circuits. On the
other hand, it may be a natural two-qubit gate [167]. The canonical approach would
be to convert this gate into a CNOT/CPhase gate in a circuit design. As one CNOT
gate is decomposed into two sqrt-SWAP gates and several single-qubit rotations, at
minimum 10 sqrt-SWAP gates are then required to encode a |—), state. We show
here that by applying the sqrt-SWAP gate into the ansatz directly, the number of
the sqrt-SWAP gates can be reduced to eight as shown in Fig. (c) Next, we
consider the case where the ansatz is restricted to allow only nearest-neighbour

interactions, which is common for solid state qubits. We present in Fig. [6.2(d) a
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circuit satisfying the constraint, which prepares the magic state |7'); with seven
nearest-neighbour CPhase gates. (Note that here we specified that CPhase gates
should be the only two-qubit gates; if we relax this and subsume certain single-qubit
and CPhase gates into CNOT gates, then this circuit simplifies further.)

For the seven-qubit Steane code, we also first rediscover the encoding circuits
for the |0), state as shown in Fig. 4.4(a), which has 8 CNOT gates. For the magic
state, we find a circuit that only uses 9 CNOT gates, in contrast to the encoding

circuit for an arbitrary state, which requires 11 CNOT gates as shown in Fig. [4.4{c).

6.2.2 Noise-robust circuits

In this section, we consider the practical scenario with noisy gates. The aim is to
find the most noise-robust encoding circuit for preparing a target logical state. For

each gate, we apply a small probability of depolarising noise as follows,
P (1—r)p+ %(XpX+YpY+ZpZ). (6.10)

The depolarising noise is considered here in order to more readily compare to known
methods and results. Here, an additional ancilla qubit is introduced to the circuit
and post-selected in a similar way to fault-tolerant state preparation. Note that when
the ancilla is not entangled with the physical qubits, it reduces to the previous case
where there is no ancilla. As the encoded state is a mixed state, we make use of the
mixed state mode of the QUEST and the imaginary time evolution for mixed states
described in Sec. [2.3.2] We search over a large number (order 10000) of different
ansatze, and obtain the circuit corresponding to the lowest energy. We then verify
that this circuit performs better in the presence of small gate noise than the circuits
found in the earlier section, which were found under the zero-noise assumption.
For the five-qubit code, a noise-robust circuit is found for encoding the logical
minus state |—), as shown in Fig. 6.4} The circuit contains two parts, with the
first part (gates on the data qubits) preparing a logical minus state, while the
second part (gates between the data qubits and the ancilla) detecting and post-
selecting errors. Note that the second part is a logical X operator which does

not change the logical state.
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Figure 6.4: A noise-robust circuit to encode a logical minus state |—); with the five-
qubit code. In addition to the first part of the circuit (Fig. [.2(a)) which prepares |—)
three two-qubit gates are applied from the ancilla qubit, which is then measured in the
{+, —} basis. If measured to be —, the output is abandoned and re-prepared until the
measurement result is +.

It is interesting to reflect further on the principle of the circuit which our
automated method has found. We could generalise the rule to any error correction
codes with transversal Pauli gates. For example, a noise-robust circuit to encode
any of the logical states |0);,|1),,|+)., =)z, |+, ,|—i); could be realised by
preparing the states with the non-fault-tolerant (non-FT) circuits first and applying
a transversal logical operator (which does not change the logical state) for detecting
and post-selecting errors. We notice that by combining the transversal logical
operator with the stabiliser operator, some Pauli terms can be cancelled out. If
replaced with this new operator for error detection, the circuit is noise-robust.
Note that the circuit shown in Fig. is not fully fault fault-tolerant, as the
logical state prepared with the five-qubit code can be corrupted by any single
error, while measuring out one logical operator and applying post selection cannot
guarantee F'T detection of any single error. However, circuits to prepare some
logical states with the Steane code applied with error detection can be realised
fault-tolerantly, as the error detection needs only to detect a certain type of noise,
while the logical states are immune to the other type of noise. For example, a
logical |0); encoded with the Steane code is immune to any phase noise. The
circuit discovered by Goto [132] to prepare a FT logical zero state |0), with the
Steane code (as shown in Fig. [£.4[b)) is an example.
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Figure 6.5: Circuit to fault-tolerantly measure one stabiliser operator with the five-qubit
code. The first and second ancillae need to be measured to be + and 0, or otherwise the
output is abandoned.

For the Steane code, one can implement transversal Clifford gates, so one may
feel that the same trick can be applied. That is, to test the fault tolerance of the
circuit, we measure the logical operator P, when it belongs to the Clifford group and
satisfies P |®), = |®),, with |®), being the target logical state. Unfortunately, if an
error occurs to a data qubit, an extra gate needs to be applied to the data qubit even
if the ancilla is measured to be +. Therefore, post error detection or error correction
procedure is still required to remove the single error, as pointed out in Ref. [132, [168].

In general, there are no universal transversal logical operators for small error
correcting codes. Thus we cannot apply the same trick to fault-tolerantly prepare
an arbitrary logical state, such as the magic state of the five- and seven-qubit code.
However, a FT circuit can be realised by measuring all the stabiliser operators and
applying post selections: the ancilla should always be measured to be 1, otherwise
the circuit is abandoned and restarted from the beginning. Note that measuring all
the stabiliser operators cannot guarantee fault tolerance of the circuit — a logical
error created before the error detection cannot be found. As it takes a relatively
long time to prepare a logical state, this approach may not be ideal for systems
with short coherence time. On the other hand, one can measure one of the stabiliser
operators and still benefit partially.

We also note that measuring the stabiliser operators can also be fault-tolerant
with an extra flag qubit, as shown in Fig. [6.5] After a logical state is prepared

non-fault-tolerantly with the five-qubit code, we measure one of the stabiliser



116 6.2. Numerical simulations

0.95

o
©

Fidelity
o
(o]
a

0.8

——non-FT
—— one stabiliser-average

——FT logical X operator

0.75 FT stabiliser with a flag qubit-average
——FT all stabilisers

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09
Gate error rate

0.95

0.9 0.55

0.85
054

0.8

0.53

delity

0.75 0.11 0.115 0.12 0.125 0.13 0.135 -

Fi

0.65

0.6

0.55 \

0 0.02 0.04 0.06 0.08 0.1 0.12
Gate error rate

Figure 6.6: The fidelity change with the increasing gate error rate in preparation of
(a) a logical minus state |—); with the five-qubit code and (b) a logical magic state

|T), = §(|0> ; +eit|1);) with the seven-qubit code. The error rate for single-qubit
gates, two-qubit gates and measurements is the same. The blue curves represent the case
where the logical state is prepared with the non-FT circuits in Fig. a) and Fig. for
the two codes respectively. If one of the four/six stabiliser operators is measured with one
ancilla and post selection is applied, the average behaviour of the four/six cases is shown
as the red curves, while the orange ones refer to the same scenario but the operators are
measured fault-tolerantly with two ancillae. The purple curve in (a) refers to the case
where a logical X operator is measured, with the circuit shown in Fig. except that
the error detection is conducted fault-tolerantly with an additional ancilla. The greens
refer to the case where all the stabiliser operators are measured with two ancillae.
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operators. The flag qubit is to detect errors occurring between one of the two-qubit
gates as shown in the figure.

Finally, we compare the fidelity of the prepared logical state with different
encoding circuits as discussed above. In Fig. we show the fidelity change with
respect to an increasing gate error rate. The error rate is the same for single-qubit
gates, two-qubit gates and measurement. A logical minus state is prepared with
the five-qubit code with circuit shown in Fig. [6.2)(a). We see that with small noise,
applying error detection always leads to a higher fidelity. However, as the gate error
rate gradually increases, the extra noise introduced with the extra gates negates
the advantage of error detection. In Fig. (a), there is a small gap between the
blue and the red curves, indicating that measuring one stabiliser operator non-
fault-tolerantly only gains a small benefit over the case where no error detection is
performed. However, such an advantage increases if the measurement is conducted
fault-tolerantly with one more ancilla. The purple curve, representing post selection
by measuring the X operator, has an overall higher fidelity than the red and orange
ones probably due to one fewer two-qubit gate applied. If all the stabiliser operators
are measured fault-tolerantly with post selection applied, as demonstrated by the
green curve, the fidelity is higher than the non-FT circuit when the gate error
rate is smaller than 8.6%. Note we have verified that in this case, the circuit
involving measuring all the stabilisers fault-tolerantly is fault-tolerant (i.e. in the
limit of very small gate error rate, a quadratic curve can be observed if a round
of error correction is applied right after the state preparation.). In Fig. (b), a
logical magic state |T7), = %(!(D ; +ei'|1),) is prepared with the seven-qubit code.
Compared with (a), we see a group of curves with different shapes but a similar
trend, that the curves applied with post selection have a higher fidelity given a
small gate error rate. The advantage starts to vanish when the gate error rate is
larger than 11%. In this case, we found the circuit involving measuring the full
stabiliser set is not fault-tolerant but still leads to a notably higher state fidelity.

The result suggests the noise-robustness of our method.
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6.3 Conclusion

In this chapter, we introduce the variational circuit compiler for efficiently encoding
the logical state of an error correcting code. A Hamiltonian is constructed so that
the target logical state is its ground state and it can be found with the variational
imaginary time evolution method. The five- and seven-qubit codes are considered
as examples. When having noiseless operations, we show the encoding circuit
to prepare different logical states with the minimal number of gates for different
hardware structures. When considering noisy gates, we discover the encoding circuit
to prepare a target state with the highest fidelity. By introducing ancillary qubits
and applying post selection, noise-robust circuits are found for preparing logical
states. The fidelity of logical states prepared with different encoding circuits with
respect to different gate error rates are also compared.

Future studies may focus on the design and searching of anséatze for different
codes and the realisation of the compiler with a real quantum computer. Also, as
the approach described is not limited to error models or type of codes — through
the automated discovery process it will be possible to find optimal circuits relevant
to newly emerging codes, or for bespoke error models that are matched to specific

hardware implementations.
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In the last chapter we described an automatic circuit compiler based on the
variational algorithm. Here we continue to exploit the potential of the variational
algorithm and apply it to solve linear algebra problems. Linear algebra problems
are essential components in science and technology and have many applications in a
wide spectrum of fields. With the fastest known classical approaches, the complexity
scales roughly polynomially with N and ¢, where NN is the matrix size, and c is the
condition number, the ratio of the largest eigenvalue to the smallest eigenvalue of a
given matrix. In matrix inversion problems, the condition number is an important
measure that quantifies the sensitivity of the solution to perturbations of the input

data. The solution is less stable with a larger condition number.

119
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In recent years, people have sought to use quantum computers to solve linear
algebra problems. A prominent example is the quantum algorithm for solving
linear systems of equations by Harrow, Hassidim, and Lloyd (HHL) in Ref. [169).
Given an N by N sparse matrix M and a state vector |vg), the HHL quantum
algorithm can prepare a state that is proportional to |vy) = M~!|v), with a
complexity polynomial in log, N and condition number ¢ under certain conditions.
Therefore, the HHL algorithm suggests exponential speed-ups of quantum computers.
Recent developments of quantum algorithms for linear systems of equations can
be found in Refs. [170H176].

Another common linear algebra task is the matrix-vector multiplication by
applying a sparse matrix M to a vector |vg) such as |vy-1) = M |vg). The
quantum algorithms for linear equations can be similarly applied for matrix-vector
multiplications. Furthermore, they can be applied for quantum optimisations
and machine learning [177-179).

Those conventional quantum algorithms generally require a long-depth circuit
and thus are challenging to be realised with the current technology. In this chapter,
we propose variational algorithms for linear algebra problems, including linear
systems of equations and matrix-vector multiplications, implemented with NISQ
hardware. The main idea is to construct a many-body Hamiltonian so that its
ground state corresponds to the solution of the linear algebra problem. We present
the Hamiltonian construction, circuit implementation and solution verification in
Sec. [T.1] To address the ‘barren plateau’ problem [67] when searching for the
solution, we introduce Hamiltonian morphing with an adaptive ansatz in Sec. [7.2]
In Sec. [7.3] we show that the variational matrix-vector multiplication algorithm can
be applied for Hamiltonian simulation as an alternative to the one proposed by Li
and Benjamin [60]. Numerical simulation results are presented for solving linear
systems of equations in Sec. [7.4 We conclude the chapter in Sec. [7.5]

All the authors in Ref. [180] collectively conceived the idea of this work. The
analytical result was generated jointly by the Xiao Yuan and the present author.

Numerical implementation and modelling were performed by the present author.
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7.1 Variational algorithms for linear algebra

7.1.1 Hamiltonian construction

Matrix-vector multiplication

We first introduce our variational algorithms for matrix-vector multiplication.
Given a sparse N by N matrix M and an initial state vector |vg), our task is

to calculate the normalised state

M |vo)

o) [ (71

lonr) =

with || M |vg) || = (vo| MTM |vg) and M |vg) # 0. Here, we consider the case that
M can be a general (non-Hermitian) matrix. We find that |vys) is the ground
state of the Hamiltonian

_ M |U0> <U0| ]\4Jf

Hy =1 ,
1M [vo) [|?

(7.2)

with energy 0. Using universal quantum computers, one may apply the conventional
techniques [181} [182], such as adiabatic state preparation and phase estimation
to find the ground state of H,,. With NISQ devices, we can instead consider the
variational method with a parametrised state. As has been described in Chapter

— —

6, the main idea is to first consider a state or ansatz, |¢(f)) = U(0)|0), with
UB) = UL(0y) ... Us(8)Uy(61), 6 = (61,65, ....0,,). Suppose the ground state of

H,; can be represented by the ansatz with certain parameters, the ground state

finding problem is then converted to a minimisation problem,

G = arg min (6(8) o |o(), (7.3
with the solution given by |vy) = |¢(fumin)).

The search for the optimal set of parameters based on the cost function can be
generalised as an optimisation problem, which can be handled with many methods,
such as gradient based classical optimisation [36], global search algorithms [72],
imaginary time evolution [65, [73], etc. For this work, we apply the gradient descent

method, which we introduced in Chapter 2 (Sec. [2.3.2)).
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In the gradient descent method [36], we start with a guess of the solution, 9

—

and update the parameters along the negative gradient of the energy E\/(0) =

— —

(0(0)|Hp|o(0)),
01 =0, —aVEy,),Vi=0,1,...,T (7.4)

where a is the time step, and T is the total number of steps. As the energy Ey,
monotonically decreases with sufficiently small a, the solution via VQE always
at least corresponds to a local minimum. Starting from several random initial

positions, one may find the true solution, i.e., the global minimum.

Linear system of equations

The second problem considered here is solving linear equations. Given a sparse N

by N matrix M and an initial state vector |vg), we want to calculate

lop-1) = | M7 Juo) (7.5)

[ M1 fuo) [

where ||M ™! |vg) || = \/<vo| M=M= |vg), M~ |vg) # 0. When the matrix M is not
Hermitian, it can always be converted into an equivalent problem with a Hermitian
matrix by doubling the number of qubits [169]. We therefore focus on the case
where M is Hermitian and invertible.

It is not hard to see that the solution |vy-1) is the ground state of the Hamilto-

Haor = MYT = [vg) (wo]) M (7.6)

with energy 0. Again, one can apply adiabatic algorithms to find the ground
state with a universal quantum computer [176]. Here, we focus on the variational

algorithm and consider the following optimisation problem

— — —

Omin = arg m(}n(gb(é’ﬂHMq [6(0)), (7.7)

with [va-1) = |¢(0min)). The optimisation could then be realised with the same

approaches as introduced above.
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7.1.2 Implementation with quantum circuits

Now, we consider the implementation of our algorithms with quantum circuits that
has been described in Sec. in Chapter 2. To realise the VQE optimisation,
we need to obtain VEj;-1 or VE),, which can be estimated either with the finite
difference formulae or quantum gradient finding methods recently considered in

Ref. 60}, |71}, |183].
Matrix-vector multiplication

With the finite difference formulae, each component 0F);/06; of the gradient
VEy = (0Ey/06;) around 6 can be calculated as

OEy _ En(0+00;) — Ex(6 — 66;)
a0; 260 ’

(7.8)

with d6; < 1. Note that from Eq. , it follows that Ey(6) =1 — [(¢(8)| M |vg)[?
with an arbitrary angle 6 (Here we take normalised M |uvg) such as | M |ug) || = 1).
As M is sparse, suppose M can be decomposed as M = >>; A\;o;, we can then
obtain Ey(6) as

" ’2

En(0) =1 =32 Xi{o(6)]o [vo) (7.9)

For each term, we denote (¢(6)]o; |vo) = (0|U]0) with U = U(8)to;U,, and |ve) =
Uy, |0). The real and imaginary part of (¢(8)|o; |vy) can be evaluated with the circuit
shown in Figure[7.1|(a). Suppose M consists of a polynomial number (with respect to
the number of qubits) of tensor products of local operators o, we can then measure
each term and efficiently calculate EM(67) Meanwhile, even if M = 7, A\;o; has
exponential number of terms with respect to the number of qubits, the algorithm is
still efficient if we can efficiently sample the probability distribution |A;|/ >, |A\i| with
a polynomial dependence of 3, |A;| on the number of qubits. This includes cases

where the coefficients have analytical expressions, which enables efficient sampling.

With the quantum gradient finding method, we first express the gradient as

OBu _ _yn (a<¢<5>|

90 g0, M Ivo) {vo| M T|¢>(9ﬁ)>) : (7.10)
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(a)

(b)

(e)

Figure 7.1: The circuits to implement VE;; or VE,;-1. The first qubit is the ancilla,
and the second refers to the data qubit register. The real part can be obtained from
measuring (X) when the ancilla is initialised at @(!O) + |1)), while the imaginary part is

evaluated if the ancilla is initialised at §(|O) +1i|1)).

The term (v] Mt|¢(6)) can be efficiently measured with the aforementioned method.

2{¢(0)|

55— M |vo), we have to first decompose the derivative of the state as

To measure

U Q)

=" f163(0))- (7.11)

Here |¢5(0)) = UL(0L)...c5Ui(6;) ... Us(82)U1(61)0), as the derivative of the
unitary is decomposed as 0U;(0;)/00; = >, ffosU;(6;) with tensor products of

local operators o] and coefficients f’. Then we have

3<¢(5)| Z £ (3 (8)| MU, 0)

00;
—ZZdS” Ol UL (01)U§(6s) ... Ul (0:)o; ... UL(01)03Us, [0)
] (7.12)

where each term can be evaluated with the circuit shown in Figure [7.1|(b)
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Linear system of equations

The circuits to implement V Ej,-1 can be found similarly as we do for VE,,. Using

Eq. (7.6), the partial derivative of VFEy;-1 is expressed as

OFy— O . , ob(0) .\ =
L :89i<<¢<0>|HM1|¢<e>>>:23e( x H|¢<e>>>

~2Re (WM*MW») ~2Re ((WM* o) M|¢<5>>) .
(7.13)

Suppose M can be decomposed into combinations of Pauli terms M =}, a0y,
MTM can then be expressed as MM = > Bjoj, where the coefficients o and 3

for each term are different. We decompose the derivative of the state as

al9(9))

=" f1e5(0)), (7.14)

the same way as described above. Then the first term in Eq. ((7.13]) is expressed as

8<§§9)|M*M|¢ Zfs* 2(0)| MM |(8))
= XX A O )UL0:) - Ul0)ot - UL(0)o,Us(00) - UafB2)U(61) [0)

(7.15)

The real and imaginary value of each term
O U0 U (8,) ... Ul (6:)os ... UL(0L)o;UL(0,) . .. Uy(62) U1 (6;) |0)

can be evaluated with the circuit shown in Figure [7.1c), by initialising the ancilla
qubit to be at §(|O> + |1)) and §(|0> + ¢ |1)) respectively.

The second term can be separated as two parts, %(f)’MT lvo) and (vo| M|p(6)).
The first part is decomposed into 2 |MT lvg) = X4 f5* (5 (6)| M ), which can be

efficiently measured with the aforementioned method. The second part is written as

(vo| M]@(6)) = (0| U}, MU0 Zk (01 U, o;U (6) |0) (7.16)

where each term can also be evaluated with the same method as above.
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7.1.3 Solution verification

After finding the solution, it is also practically important to verify whether it is
the correct one. This is in general impossible for conventional VQE as neither the
ground state nor the ground state energy is known. However, we can verify the
solution of the linear algebra problems as the exact solution should always have
zero energy. We first consider the matrix-vector multiplication problem. With a

solution |¢(fmm)), we can estimate |[(¢(Fin)|var)|? via
|<¢(6Tmin)|UM>‘2 =1- EM(?nin)- (717)

Therefore, we can also have the fidelity of |¢(fm)) to the exact solution |v)
from the energy EM(gmin) and the solution can be verified as correct whenever
[(d(Ormin) [0} |2 is close to 1. Similarly, the solution of the linear equation can be
verified by measuring the energy EM71<9_'min) to be close to 0. Note that the
fidelity |(¢(0min)|var—1)|? cannot be determined as we cannot directly measure
(G )| M |wo) |2 or (vo] MM~ |ug). Alternatively, we can verify the solution
by checking whether |vg) o< M|@(fmin)) is satisfied. Therefore, we can measure
| (vo| M| (Omin)) 2/ (S (Ornin) | MT M| (0rin)) and the solution is verified as correct

when the value is close to 1.

7.2 Optimisation via Hamiltonian morphing

The VQE method tries to find the global minimum of a large multi-parameter space.
For each trial, one starts from a randomly initialised parameter set and obtains
a local minimum after several optimisation steps. One can then verify whether
the solution is correct by measuring the energy and restart from another random
parameter set until the energy is close to 0. This may need to be repeated many
times until a satisfactory solution can be found. There are several potential issues
that can affect the practical performance. First, as the parameter space is large,
it may require a large number of repetitions starting from different initial random

parameters. This is a common issue in optimisation and machine learning, where a
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combination of different algorithms may help to speed up the search time. A more
serious problem is that the gradient may vanish for randomly initialised parameters
in some random quantum circuits of large systems [67]. In quantum computational
chemistry, physically motivated ansatze and a good guess of initial parameters are
considered to avoid vanishing gradient, as discussed in Refs. [184] [185]. However,
this is not straightforward for the linear algebra tasks.

Here we employ a Hamiltonian morphing optimisation method to avoid these
problems. Similar methods have been introduced in Refs. [186, [187] for variational
quantum simulation. The morphing method is an analog to adiabatic state
preparation, where one slowly varies the Hamiltonian from H; to Hy, so as to
gradually evolve the corresponding ground state from |¢;) to |1f). For our morphing
method, we take the linear equation problem as an example and it works similarly
for the matrix-vector multiplication problem. Denote a time-dependent Hamiltonian
Hpy-1(t) = M(t)(I — |vo) (vo|)M(t) with M(t) satisfying M(t = 0) = I and
M (t = T) = M respectively. The morphing technique starts from the ground state
|vg) of Hps-1(0) and reaches the ground state of the target Hamiltonian H ;-1 (7))
as follows. Consider discretised time step 0t and M(t) = (1 —¢/T) +t/T - M.
1. At the n = 0 step with time t = 0, we denote the parameters that represent
[vo) as 6(0), ie., o) = |6(6(0))).

2. At the n'™ € [1,7/6t) step, we use parameters 6((n — 1)6t) found in the last
step for Hy—1((n — 1)8t) as the initial position to find parameters 6(nét) that
correspond to the ground state of Hjy;-1(ndt).

For any positive matrix M, when we use a sufficiently small ¢ and a powerful
enough ansatz, the method is guaranteed to find the exact solution according to
the adiabatic theorem [188]. For a general M, one can introduce an extra qubit so
that the gap Hjy,-1(t) is non-vanishing, as discussed in Ref. [176]. In practice, the
initially specified ansatz may not be powerful enough to represent the states at all
time t. Fortunately, when the ansatz is insufficient at any time ¢, one can detect it
by measuring a high averaged energy. Then one can either simply choose a more

powerful ansatz or adaptively vary the ansatz by changing its structure and adding
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more gates [55]. Note that this is in general not possible for conventional many-body

ground state problems with VQE, owing to the unknown ground state energy.

7.3 Hamiltonian simulation

The matrix-vector multiplication algorithm we introduced in this chapter can also be
applied for variational Hamiltonian simulation. Starting from |¢y), the Hamiltonian
simulation task is to prepare the state [1;) = e ! |¢)) at time t with sparse
Hamiltonian H. For instance, when the Hamiltonian can be decomposed as a linear
sum of polynomial terms H = }7; A\;0;, we can make use of the Trotterisation
method to have
K

0 =~ (TTeo%) n) + 01¢/1) (7.18)
with K Trotter steps. As the circuit depth increases with the evolution time,
the circuit depth can be large for long evolution time. The variational quantum
algorithm for simulating real-time dynamics with a constant circuit depth has been
proposed by Li and Benjamin [60]. Here, we present an alternative algorithm based
on matrix-vector that can be more robust than the one in Ref. [60]. The key idea of
Ref. [60] is to prepare the state at any time ¢ via a parameterised state |¢(0(£))) and
update the parameters from 6(t) to 6(t + 6t)) that effectively realise e=2%|¢(6(t)))
via a deterministic process 6(t + 6t)) = 6(t) + 9;(15)515 with g(t) = A7'C, where

Ayi(t) = —Im <8<§6(f)| 8|§§f)>) and C(t) = Re (‘9<§(§f)|m¢(é’)>). Each term of A

and C' can be efficiently measured via a quantum circuit.

Instead of deterministically obtaining (¢ + 6t)) via 5(75), we make use of the
algorithm introduced in this chapter. That is, to realise e #%|¢(6(t))), we can
consider M = ¢~ ~ 1 — {5t and update the parameters as |p(6(t + 6t))) =

M|p(0(t))). Therefore, for each time step, we can update the parameters according

to the matrix-vector algorithm.
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7.4 Numerical simulation

We numerically test the variational algorithm for solving linear systems of equations.
The simulation is based on the Quantum Exact Simulation Toolkit (QuEST)
package [166] as has been mentioned in Chapter 6. In our simulation, we consider
2™ by 2™ positive complex Hermitian matrices M with n qubits. Note that even
though the matrix size is assumed to be an exponential of 2, an m by m matrix
with 2771 < m < 2" can be also handled with an n-qubit circuit. The matrix
is randomly generated with a given condition number ¢ and the input state is
also randomly generated.

As we use no prior information regarding the matrix, we consider the ansatz
as shown in Fig. [7.2] where each green blocks V; has a fixed structure. We also
vary the number of blocks, called the circuit depth m, to endow the ansatz with
different powers. In a more practical scenario, we can assume that we have a
sparse decomposition of the matrix and the input state is simple to prepare or
it is obtained from a previous calculation.

We also implement the optimisation based on Hamiltonian morphing with an
adaptive ansatz. We divide the total time 7" into 10 intervals with an equal duration,
where T ranges from 20 to 100 depending on the matrix size. At t = 0, we set
Hy-1 = I — |vg) (vo| with the ground state being the input state |vg) and start with
all single-qubit gates parameterised with a small random rotation angle. In the
ith variational cycle, the gradient descent method is used to search for the ground
state energy of a time-dependent Hamiltonian Hy;-1(t) = M (t)(1 — |vo) (vo|) M ()
with M(t) = (1 —¢/10)] +i/10 - M, and a step size dt = 0.1. We choose initial
parameters to be the ones obtained from the previous cycle. A small circuit depth
m is tried at the beginning and is increased gradually until the fidelity of the qubit
state to the target state is higher than 99%, which is regarded as a success.

We study the complexity of our algorithm with respect to the matrix size and
the condition number of the matrix. We first fix the matrix size to be 26 x 26
with 6 qubits and consider random matrices with different condition numbers. For

different condition numbers from 10 to 100, we test our algorithm with different
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Figure 7.2: The circuit ansatz. In total n qubits are required to solve a problem with
a 2" * 2" matrix. R, and R, represent single qubit rotations around the Y and Z axes,
respectively. The rotation angle (parameter) for each single-qubit gate is initialised from
a small random value, which is updated in each of the variational cycle. At the beginning,
two single-qubit gates are applied to each of the data qubits, followed with sets of CNOT
gates, as depicted as the green block V. Within each set, a CNOT gate is followed with
two single-qubit gates. The number of sets represents the depth of the circuit, which is
gradually increased until a desired target state is found. In the end, a set of CNOT gates
is applied in reverse order as in V. The aim for this set is to ensure that the eigenstate
can be found at ¢ = 0, when the Hamiltonian morphing technique is applied.

circuit depths. For each case, we run 4940 random trials to calculate the averaged
success probability with results shown in Fig. Not surprisingly, we found that
a larger circuit depth ansatz generally leads to a higher success probability. We
also obtain the minimum depth that is required to guarantee the success of finding
|uar-1), plotted as an insert. Overall, we find that the minimally required depth
varies linearly with the condition number.

Next, we vary the size 2" x 2™ of the matrix M, by changing the number of
data qubits n in the circuit ansatz. For an n-qubit system, the condition number

is adopted as ¢ = 10n. As shown in Fig. [7.4] the circuit depth leading to a
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Figure 7.3: The probability to find the target state with increasing condition number
and circuit depths. This experiment is based on a 6-qubit circuit, thus the matrix size is
fixed to be 64 *64. For a given condition number, the success (having a solution with a
fidelity higher than 99%) probability is shown for the circuit with increasing depth, until
it reaches 100% (i.e., all the 4940 runs). The minimum depth required to find the target
state with 100% success probability is plotted in the inserted graph.

non-zero success probability also increases with respect to the number of qubits.
The inserted plot shows the minimum circuit depth for achieving a 100% success
probability. Overall, we find a super-linear increase of the circuit depth with
respect to the number of qubits.

This is not surprising as we consider random matrices with random input states.
Even though we consider fixed condition numbers, it only determines properties
of eigenvalues of the matrix. For any matrix M, all other matrices UMUT with
unitary U have the same eigenvalues and hence the same condition number. As
the unitary U is an arbitrary unitary, it can lead to a general solution state, which
may be impossible to prepare with shallow circuits. This explains the super-linear

dependence of the circuit depth with respect to the number of qubits. One possible
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Figure 7.4: The probability to find the target state with increasing number of qubits
and circuit depths. For a given number of qubits, circuit depth is increased gradually
until the probability reaches 1. The inserted graph shows the minimum depth found in
the simulation when the target state is found with 100% probability.

solution to this problem is to consider sparse matrices as in Ref. [169]. Meanwhile,
a better ansatz whose design is informed by the matrix can be designed. For
example, we note that the chosen ansatz is not optimal for the problem, and a
much more compact one can be obtained from circuit compiling [55] as shown in
the Appendix [C] As our algorithm has the capability of verifying the solution, it
also enables us to dynamically vary the ansatz until the solution is found. In our
simulation, we dynamically increase the circuit depth and we expect more profound

circuit morphing techniques can be designed and exploited.

7.5 Conclusion

In this chapter we present variational algorithms for solving linear algebra problems

including linear system of equations and matrix-vector multiplications with NISQ
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devices. A Hamiltonian is designed such the ground state is the solution of the
target problem, which is then solved with the variational algorithms. As the ground
state has zero energy, it also enables us to verify the solution and adjust the ansatz.

A novel Hamiltonian morphing technique is also introduced to avoid local
minima and to accelerate the search progress. Owing to computation limitations,
we consider randomly chosen matrices with a small range of matrix size. Within
this range and with the non-optimal ansatz, the result suggests that the circuit
depth scales linearly with the condition number and super-linearly with the number
of qubits. Further improvements of the performance of the algorithm are expected

for sparse matrices together with more sophisticated ansatze.
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Conclusion

Since the concept has been proposed by Feynman in 1982, quantum computing
has experienced rapid development over the last several decades. While it has the
potential to bring revolutionary change to science and technology, a well-functioning
quantum machine is difficult to make.

The foremost factor is that the unavoidable noise occurring in interactions with
the environment and associated with every attempt to control a physical system,
prohibits the quantum hardware from behaving as it ideally should. Quantum
error correction offers one potential solution, suggesting that the encoded quantum
information could preserve a longer life time with the benefit of (repeated) error
correction operations.

The most promising error correction code for large-scale quantum computing is
currently the surface code that maintains excellent practicality and a high threshold.
While the standard error model has theoretical significance, it is also vital to consider
more realistic models for real devices. We addressed this problem in Chapter 3 by
considering biased noise that is common for many hardware systems. We introduced
a concatenated code with the surface code as the upper level and a two-qubit error
detection code beneath it. A new surface code decoder is proposed to fully utilise
the extra information from the error-detecting cycle as to identify where the errors

are. High thresholds are found with biased noise models and additionally if a
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modular structure of the device is considered where the error-detecting process
can be performed within each module.

Promising as the code may be, realisation of such a large-scale code is hard to
achieve in the near future. Alternatively, small error correction codes can be the
choice to demonstrate beneficial error correction in near-term devices. In Chapter 4
we introduced several popular small codes, and we also considered practical problems
in implementation of the small codes. A crucial one could be, how to compare an
encoded logical qubit operated upon with dozens of noisy gates, with an untouched
raw physical qubit? To address this question, we proposed a measure called ‘integrity’
to benchmark the performance of quantum memories. We introduced the Alice-
Igor-Bob framework as a straightforward method for experimentalists to assess the
performance of the hardware devices, and we showed that beneficial error correction
can be realised through four milestones, each with increasing difficulty.

Under this framework, in Chapter 5 we considered a sophisticated error correction
protocol implemented on an ion-trap quantum processor. To perform a full error cor-
rection cycle with the seven-qubit code, detailed sequences of crystal-reconfiguration
operations were derived. Realistic error models based on the underlying physical
system were considered, associated with two groups of parameters that represent
the current and anticipated hardware performance respectively. Incorporating the
method introduced in Chapter 4, we showed that while beneficial error correction can
not be demonstrated with the current technology, the advantage of error correction
can be realised in the anticipated near future.

Designing the protocol in Chapter 5 was assisted with circuit compilations to
minimise the resources required. As the standard error correction circuits do not
consider the hardware requirements for a particular system, it is necessary to have
an automatic quantum compiler, as we presented in Chapter 6. Constructing the
Hamiltonian such that the ground state is the ideal logical state to be prepared,
we applied the variational quantum eigensolver, a hybrid algorithm to search for

the ground state. A couple of example circuits discovered are shown, with specific
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requirements satisfied. This quantum compilation technique is generally applicable
for quantum hardware to optimise any such circuit in near-term experiments.

While current quantum computers are not protected by error correction codes,
the community is interested in potential applications with those noisy devices in
the NISQ regime. The variational quantum eigensolver can operate with shallow
circuits and thus is widely used in quantum simulations. In Chapter 7 we presented
one example of such applications. We showed that, by mapping the ground state
as the ideal target state, one could solve linear algebra problems by searching the
ground state energy. The algorithm shows a linear and super-linear dependence
of the circuit depth on the condition number and number of qubits, making it
potentially an algorithm applicable for NISQ devices.

This thesis covers a wide range of topics in quantum information processing from
large-scale quantum computing to applications of near-term algorithms implemented
with devices that are, or will soon be, available. Full-fledged large-scale quantum
computers might take years to build, in the mean time, continuous experimental
progress offers space for improvement of current theories and opens possibilities for
new algorithms. The author hopes the materials of this thesis could contribute to
the quantum computing community in development of today’s machine towards

long-term universal quantum computations.
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Derivation of equations for imaginary
time evolution

This appendix gives derivations of the equations for imaginary time evolution in

Sec. [2.3.2] The materials are based on Ref. [73].

A.1 Pure state

The McLachlan’s variational principle applied to the variational algorithm for

real time evolution can be written,

5||(d/dt +iH)|p(0(1)))]| = 0, (A.1)
where |p(6(t t))) is the parameterised trial state. As o H d/dt +iH)|o(6( H =0 and
5” d/dt+zH)|¢ H = 0 are equivalent, we focus on5H d/dt+iH) |gb H =

0. The expression can be expanded as

H(d/dt + Z'H)\<b(q( )P = ((d/dt +iH)|$(0(t))))  (d/dt + iH)|(6(1))
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142 A.1. Pure state

We assume the parameters are real, so the expression above leads to

Mumﬂ4mwgmmpzz(WW%WNW@®»+MMWWMWW®D)%E

—\ " %, 26, 20, 06,
<H(“ﬁ?me@mwwa%MH%ﬁgm)@.
(A.3)

Making the equation equal to zero, we have

Ez(mmﬂwﬂmmﬂw»+aw@wnmwﬂw»>@
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= <%H|¢(9(t))> - <¢(9(t))IH%) :

which corresponds to the equation 3, Mméj = V; in the main text.

Similarly, the McLachlan’s variational principle for imaginary evolution generates

8||(d/dr + H — E,)|¢(6(7)))|| = 0. Expanding the expression, we have
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If the parameters are real, we then have
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and by making the equation zero, we obtain

+
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As (p(0(7)|p(0(7)) =1, a%((qb( (7)|¢(0(7))) = 0. The remaining part corresponds

to the equation >, Ai,jéi = —B; in the main text.

A.2 Mixed state

With the mixed state, as described in the main text, the McLachlan’s variational
principle with the imaginary time leads to d||dp/dr + ({H, p} — 2(H)p)|| = 0. With

the same method as applied above, we expand it as

ldp/dr + ({H, p} — 2(H)p)|

=Tr [(dp/dT + ({H, p} = 2(H)p))' (dp/dr + ({H,p} — 2(H)p))]
dp 8,0

=Tr (Z %ﬂ) > gg 0+ (Z o0 ) ({H.p} —2(H >p>] (A8)

+Tr <{H,p}—2<H>p>Z§§9 T+ ({H.p} - 2(H >p>].

Assuming the parameters are real, then we have
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A.2. Mized state

By letting the equation to be zero, we obtain
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which is equivalent to the equation >, Cjﬁ'i = —D; in the main text.



Proof of Eq. (6.7)

In this Appendix we present proof for Eq. in Chapter 6. Suppose we have
a Hamiltonian H with ground and first excited energy denoted by FE, and Ej,
respectively. Given a quantum state p with averaged energy E = tr[pH| satisfying

E € [Ey, Ey], we want to prove

F = (tololtbo) > 1 - (E - Eo)/e, (B.1)

where we denote ¢ = F; — Ey and [ig) being the ground state of H.
Denote the eigenstates of H by [¢);) with corresponding eigenvalues E; satisfying

E; < E; when ¢ < j. Then we have

and
E =tr[pH],

ZZEi (Wil p i)

=FEyF + Z E; (il p i)

i>1 (B.2)
>FoF + ZEl (il p i),

i>1

—EF + E(1—F),

=(Ey + ¢) — cF.
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146 B. Proof of Eq. (6.7)

In the third line, we make use of the definition of F' in Eq. ; In the fourth line,
we make use of the ordering of the eigenvalues; In the fifth line, we make use of
Sis1 (Wil pli) = 1 — (Y| pltbo) = 1 — F. Solving the equation, we thus get the
lower bound of the fidelity F' based on the energy F as in Eq. (B.1)).



An example with a more compact ansatz

This Appendix provides the supplementary material for Chapter 7. For numerical
simulations, we apply the hardware-efficient ansatz for practical soundness, however,
this is not the optimal ansatz for most cases. Here we take one case as an example,
where the solution is found difficult to reach in our numerical simulations.

The matrix in this case is a complex matrix with size of 64*64, and condition

Mﬁl‘vo>

number ¢ = 60. |vy) is a complex vector, and the target state is |vy-1) = T Tol -

It is found in the numerical simulation that the target state can not be represented
by a circuit with depth 7 but can be by a circuit with depth 8. On the other hand,
applying quantum compiling, it is found that the target state can be realised with a
circuit that requires only half the number of parameters. Figure is one example
of the circuits found to prepare a state with fidelity higher than 99.9% compared
with the target state. A limited topology with only nearest-neighbour interactions
is considered here as it is more hardware efficient. The detailed description and
the parameters can be found at https://questlink.qtechtheory.org/. This compact
circuit was found by Simon Benjamin using the depth 8 initial circuit provided

by the author. It is included here for completeness.
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Figure C.1: A more compact circuit found with quantum compilation to realise the
target state. Each single- and multi-qubit gate is controlled with one parameter. In total
126 parameters are included in the circuit, which realises the state with a fidelity higher
than 99.9%.
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