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Abstract

In this thesis we will investigate the regularity of critical points and minimisers

of integral functionals of the form

.F(w):/QF(x,w,Vw)dx, (1)

where the mappings w we consider will be vector-valued. This will be done from
several different perspectives, with the goal of understanding when solutions are
locally regular (of class C'%®) near a given point xg € . This is typically done
through a so-called “e-regularity result,” which characterises the points xg which
are regular in the above sense, by a smallness condition for a suitable excess

quantity. We will investigate in three different aspects such regularity issues.

In the first part, we will consider the regularity for critical points of functionals
satisfying a Legendre-Hadamard ellipticity condition. It is known by the works
of MULLER & SVERAK [M§03] that critical points may be highly irregular (in
particular nowhere C!), however we show that regularity does hold if we assume
an a-priori smallness condition of the gradient in BMO . Results will be obtained

up to the boundary, and global consequences will also be explored.

In the second part, we will consider the existence and partial regularity theory
for minimisers of non-autonomous quasiconvex integrands, subject to a general
growth condition. By this we mean the growth of the integrand F is governed
by an N-function, which we assume satisfies a As-condition. We will obtain a
general existence theorem which will involve selecting a regularised minimising
sequence along which we establish lower-semicontinuity, along with a partial
regularity result. For the regularity theory we will additionally assume a non-
degeneracy condition from below in the form of a Va-condition, and we will

discuss how this can be partially relaxed.

Finally in the third part, which is joint work with Lukas KocH (MPI Leipzig),
we will consider relaxed minimisers for convex integrands satisfying a (p,q)-

growth condition of the form
2P S F(z,2) S 1+ |2]% (2)

We will establish interior improved differentiability results in the Besov scales
BLreP , by means of a novel second order difference quotient technique. By using
known e-regularity results for minimisers in this setting, we obtain improved

dimension estimates for the singular set.
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Chapter 1

Introduction

The present thesis concerns the existence and regularity of critical points and minimisers

for functionals of the form
Flw) = F(w,Q) = / F(z,w(z), Vw(z))dz (1.1)
Q

where  C R" is an open set and w: Q — RY_ typically subject to a Dirichlet boundary
condition. To ensure minimisers exist in general, we will assume the integrand satisfies a
suitable convexity condition. Given this, to establish the existence of minima one uses the

so-called Direct Method as follows. First one constructs a sequence {u,} such that

F(up) — Jg(]:(w) (1.2)

as n — 0o, where we take the infimum with respect to a suitable class of functions X which
is to be specified. One then appeals to compactness in the space X to extract a convergent
subsequence and argues its limit is a minimiser. This poses several challenges; we firstly need
to find a space X equipped with a sufficiently weak topology to extract such a subsequence,
and then we need to show this convergence is strong enough to show the limit map is actually
a minimiser in X. To carry out this procedure one is naturally lead to consider the space of
potentially discontinuous functions, where the derivative can only be understood in a weak
sense.

This raises the problem of regularity, which will be of central importance in this thesis.
In this vector valued setting however, as we will detail in Section 1.1.3 it is known that we
cannot expect full regularity for minima in general, and the best we can hope for are partial

regularity results. Results of this type assert that, away from a possibly non-empty and



relatively closed set of singular points, u is regular (C1® or smooth). We will investigate
results of this type from several different aspects, including the case of critical points, and

also whether similar results hold under various non-standard growth conditions.

1.1 Motivation and historical developments

We will begin by surveying the development of the existence and regularity theory in the
20" century, to set the scene and motivate the topics we will consider. Our exposition is
far from complete, and we have instead focused on certain aspects of the theory that will
connect to the problems we will consider in later sections. In addition to the references
below, for a more detailed discussion we refer to the classical texts of MORREY [Mor66|,
GIAQUINTA |Gia83| and G1usTI |Giu03], along with the survey articles of BALL [Bal98| and

MINGIONE [Min06|.
1.1.1 The scalar case

In the single variable case, the systematic treatment of existence of minima to functionals of
the form (1.1) was due to TONELLI [Ton15|, who popularised the notion of semicontinuity in
the variational setting. This was achieved by working with absolutely continuous functions
introduced by VITALI [Vit04] and using the integration theory of LEBESGUE |Leb02; Leb04].

In this setting (1.1) reduces to

b
Fly) = / Fla,y.y) dy, (1.3)

subject to the boundary conditions y(a) = «, y(b) = 5. In [Ton34| the existence of minima

is established assuming the following.
(1) F(z,y,y') and F,/(z,y,y’) exist and are everywhere continuous on [a,b] x R x R.
(2) For each (z,y), the map v — F(z,y,y’) is a non-constant and convex.

(3) F satisfies the coercivity condition

F(z,y,9') > o(|y']), (1.4)

where ¢ is a non-negative function satisfying lim;_,~ ¢(t)/t = occ.



Here the convexity condition (2) is necessary to ensure the existence of minima, and will
be a standing assumption in the scalar case. Note the case when ¢(t) 2 ¥ for some p > 1
was established much earlier in [Ton15|. The coercivity condition would ensure minimising
sequences are uniformly absolutely continuous (in a suitable sense), from which one can
extract a uniformly convergent limit map which is itself absolutely continuous. We see
that this already raises the problem of regularity; are these minimisers we obtain classically
differentiable? This was also considered by TONELLI in [Tonl5|, who imposed a strict
convexity function requiring 8§,F to be everywhere positive. However he was only able to
obtain partial regularity results in general, namely that ' exists and is continuous away from
an exceptional set E C (a,b) which is closed and of measure zero. These results were later
shown to be sharp by BALL & MIZEL in [BM84b; BM85], and can be caused for instance
by the Lavrentiev phenomenon which was first observed in [Lav27].

While TONELLI also studied the two-dimensional case in [Ton29; Ton33|, he encountered
significant difficulties in extending the one-dimensional theory. The problem is that min-
imising sequences need not be equicontinuous, and it was not clear how to generalise the
notion of absolute continuity at the time. As such, the only existence results were obtained

subject to a superquadratic coercivity condition of the form

F(xhx%yvymaym) Z (ygl +y11232)% -C (1'5)

for > 2 and some constant C'. This assumption was used to ensure the minimising sequence
converges uniformly to a continuous limit map, and while partial results were also obtained
for & = 2 it was unclear how to treat the general case. As noted by MORREY [Mor43|,
Tonelli’s approach would only generalise to the n-dimensional case if we assume « > n.

To work around this problem, it was necessary to abandon the space of continuous
functions and work in a space of generalised functions which we recognise today as Sobolev
spaces. This notion was independently developed by a number of authors, for instance by
SOBOLEV [Sob63], EVANS [Eva33|, and FRIEDRICHS [Fri44]. In the context of the Calculus
of Variations, CALKIN [Cal40] and MORREY [Mor40| introduced one such space involving
functions that are “essentially absolutely continuous” along each of the coordinate axes.

Using this formulation MORREY [Mor43| was able to extend Tonelli’s theory to the general



n-dimensional case, obtaining generalised minima in W1?. These results were later extended

by SERRIN [Ser61] who considered a suitable relaxation of F, which was used to establish

1

lower-semicontinuity results in L;__.

While the above work provides a comprehensive understanding of the existence of “gen-
eralised minima,” the theory is incomplete without a corresponding regularity theory. In
particular, it is natural to ask whether such minima are classically differentiable, smooth, or
even analytic. The corresponding problem of regularity was already raised by HILBERT as
his 19" problem in [Hil02], who asked whether solutions to variational problems are always
regular (analytic). The first substantial progress in this direction was due to BERNSTEIN
[Ber04], who established the analyticity of C? solutions in two variables. This was relaxed
by LICHTENSTEIN [Lic12] and HOPF [Hop29] to C%¢ solutions, where they notably used

difference quotients of the form

Un(x,y) = ue th, y]z —ul@,y) (1.6)

to linear equations. This was extended independently by CAccioppoLI [Cac34] and SCHAUDER
[Sch34a; Sch34b] to the case of C'h* solutions and all dimensions.
Here it was understood that one may study the corresponding Fuler-Lagrange equation,

which in the autonomous case when F' = F(z) reads as
—div F'(Vu) = 0, (1.7)

which is a first-order extremality condition for F. If F' is convex then the corresponding
equation is elliptic, and so if know our solution lies C'1®, the system (1.7) can be viewed as a
linear elliptic equation with Holder continuous coefficients. This allowed the aforementioned
authors to deduce C%? regularity of the solution, and hence smoothness via a bootstrap
argument. Such results are now known as Schauder estimates, and remarkably extend to
general elliptic systems; we will survey this in Section 3.3.1 following an approach due to
CAMPANATO [Cam65).

Thus we have reduced the problem to showing the Sobolev minimisers in WP are of

class C1®. Here the growth conditions play an integral role, and one usually considers a



p-growth condition of the form
2" S F(@,u,2) S 1+ |27, (1.8)

with corresponding ellipticity and second derivative bounds on F. This is referred to as the
uniformly elliptic case, and the case of mixed growth condition was only considered much
later (and was initiated by MARCELLINI [Mar89; Mar91]). In the two-dimensional case
with p = 2, this was established by MORREY [Mor38; Mor40| using difference quotients
techniques, however the general case remained open for almost two decades afterwards. The
general case was resolved independently by DE GIORGI |De 57| and NASH [Nas58|, where

they establish Holder continuity of weak solutions to linear elliptic equations of the form
—div (A(x)Vu(z)) =0 (1.9)

where the coefficient matrix A(z) is merely measurable and satisfies the uniform ellipticity
condition

AP < A(z)¢- ¢ < ALCP? (1.10)

for a.e.z € Q and all ( € R™. Such estimates are sufficient to establish regularity in the
nonlinear case; roughly speaking one then linearises the Euler-Lagrange equation to obtain
a linear equation for the gradient. Shortly afterwards MOSER [Mos60| simplified the proof,
and these results are usually referred to as the De Giorgi-Nash-Moser theorem. These
results were extended by MORREY [Mor59| and STAMPACCHIA [Sta60| to include lower-
order terms, and the case of general quasilinear equations was treated by LADYZHENSKAYA
& URAL'TSEVA [LUG61|. We will not provide a detailed account of further developments,
of which there are many, however this largely settled the regularity problem in the scalar

(N =1) case for suitably regular functionals.
1.1.2 Semicontinuity and quasiconvexity

The vector-valued setting remained unresolved however, starting with the question of exis-
tence. In the scalar case, it was well understood that to obtain a general existence theory
for minima, it was necessary to assume the integrand F' is convex in the gradient variables.

Under this assumption, the results of MORREY |[Mor43] and SERRIN [Ser61] can also be



extended with little difficultly to the vector-valued case. However it was already observed
prior by HADAMARD [Had05] that for elliptic systems, it was often more natural to consider

the weaker condition
F'(z)(€®n)- (E@n) =0, (1.11)

for z € RN", ¢ € RN and n € R™; this is referred to as Legendre-Hadamard ellipticity which
we will investigate in Chapters 3, 4. In particular, this condition requires F' to be convex in
the direction of rank-one matrices which take the form ¢ = £®n, which we refer to as rank-one
converity. In the context of minimisation problems, this was studied in VAN HOVE [Van47|
who observed this condition was necessary for quadratic functionals, however it was unclear
if one could establish a general existence theory under this assumption. A systematic study
of necessary and sufficient conditions to apply the Direct Method was initiated by MORREY
in 1952, where the notion of quasiconvezity is introduced in his seminal paper [Mor52|. This

condition states that F satisfies
/ F(z+Vy)dz > F(2)L"(Q) (1.12)
Q

for all z € RV and all ¢ € I/VO1 (Q,RY), for a non-empty bounded domain  C R™. He
moreover established that this condition was both necessary and sufficient for the associated
functional to be sequentially weakly* lower-semicontinuous in W15, However this is not the
end of the story; there appeared to be no easy characterisation of this condition, and while
this condition implied rank-one convexity of F' it was unknown if they were equivalent.
MORREY [Mor52| provided general examples of quasiconvex integrands, which included
rank-one convex quadratic functionals which take the form F'(z) = Az - z, and functionals
involving determinants. The latter was formalised and studied by BALL [Bal76| in the
context of elasticity, where he introduced the notion of polyconverity; here one requires
F(z) to be expressible as a convex function in its entries and minors. It is relatively easy to

verify the sequence of implications
convex = polyconvex = quasiconvex =—> rank-one convex, (1.13)

and that they are equivalent if n = 1 or N = 1. However if n, N > 2, an important question

is whether these notions coincide, or if they are genuinely different. By considering the



determinant, it is evident that polyconvex functions in R?*? need not be convex in general.
The construction of TERPSTRA [Ter39|, which was later revisited by SERRE [Ser83|, gives
a quasiconvex quadratic form on R3*3 which is not polyconvex. Later DACOROGNA &

MARCELLINT [DMS88] showed that the quartic polynomial on R?*? defined by
Fy(z) = |2|* (|2]* — 2y det 2) (1.14)

is rank-one convex if and only if || < %, and that it is polyconvex if and only if |y| < 1.
Moreover ALIBERT & DACOROGNA [AD92| showed that there exists € > 1 such that F,
is quasiconvex when |y| < 1+ e. We also point out that SVERAK [éve91] gave a general
construction of non-convex but quasiconvex functions satisfying a subquadratic growth con-
dition, which in particular cannot be polyconvex, which we will discuss in Section 2.1.4.
Whether rank-one convex functions are quasiconvex is known as Morrey’s conjecture, and
this was shown to be negative when n, N > 3 by SVERAK [Sve91]. Recently GRABOVSKY
[Gral8| provided another example of a rank-one convex function which is not quasiconvex
when n =2 and N = 8.

Returning to the problem of existence, MEYERS [Mey65| established a weak lower-
semicontinuity result for signed quasiconvex integrals in WP subject to fixed boundary
conditions, hence establishing existence of minima for integrands satisfying a p-growth con-
dition. The case of non-autonomous integrands was considered by ACERBI & Fusco [AF84|
and MARCELLINI [Mar85], and there have been many generalisations and developments since
which we will not discuss here. In Chapter 5 we will extend some of these results to the

general growth setting, and present a general existence theorem.
1.1.3 Regularity in the vectorial case

We now turn to the problem of regularity in the vectorial case; in the 1960’s there was a
significant effort to generalise the results of DE GIORGI and NASH to the setting of systems.
The only positive results known at the time were in dimension two, where the results of
MORREY [Mor38; Mor40| could be straightforwardly extended to the vectorial case. Over
a decade after the resolution of scalar case however, it was independently shown by DE

GIORGI [De 68| and MAZ'YA [Maz68| that minima of convex functionals may be singular



in general; both for systems and higher-order functionals respectively. The counterexample
of DE GIORGI involves a quadratic integrand of the form F(z,z) = A(z)z - z, with A
discontinuous, that admits a Lipschitz but non-C'! minimiser for n = N > 3. On the other
hand MAZ’YA exhibited an unbounded solution to a scalar fourth order equation when n > 5.

Shortly afterwards, an example of a continuous quadratic integrand with A = A(u, z)
was constructed by GIUSTI & MIRANDA |[GMG68|, which held for n = N sufficiently large.
Later NECAS [Ne¢77]| constructed an autonomous convex integrand which admits a Lipschitz
but non C'-minimiser for N = n? sufficiently large, which was adapted by HAO, LEONARDI
& NECAs [HLN96] to hold for n > 5. This was improved by SVERAK & YAN [SY00] who
gave a counterexample when n = 3 and N = 5. Moreover in [SY02| this is extended further
in several different directions; they exhibit a non-Lipschitz minimiser when n =3, N =5, a
non-C' minimiser when n = 4, N = 3, and an unbounded minimiser when n = 5, N = 14.
More recently MOONEY & SAVIN [MS16| constructed a singular minimiser when n = 3
and N = 2, which conclusively established irregularity for all dimensions in the convex case
(except for when n < 2 or N = 1, where we do have full regularity).

Shortly before DE GIORGI and MAZ’YA’s counterexamples emerged, MORREY [Mor68]
established a general partial regularity result, for integrands of the form F' = F(z, z) satis-

fying the controlled growth conditions
2F (2, 2)] S AL+ [2)P72, 0 2F(2,2)¢- ¢ 2 AL+ [2))P2¢? (1.15)

where p > 2, for all z € Q, z € RV and ¢ € RN", with additional bounds on mixed second
derivatives. Under these assumptions, it is proven that minimisers u are smooth away from a
small singular set ¥ C Q, with £"(X) = 0. We point out that a much more general result for
solutions to higher-order elliptic systems was presented in MORREY |[Mor68|, however we will
limit out discussion to second order equations to simplify the exposition. Related results
were obtained independently by GIusTi & MIRANDA |[GM68|, who considered quadratic
functionals and showed the dimension estimate H"2(%) = 0 for the singular set.

The proof of MORREY [Mor68| involves a blow-up technique, citing the work of ALM-
GREN [Alm68| in the context of minimal surfaces and related geometric problems. The

strategy is to show a key excess decay estimate holds by means of a contradiction argument;



one assumes we have a sequence of solutions exhibiting the failure of the key estimate, which
after rescaling gives the so-called “blow-up” sequence uy. In [Mor68| difference quotients are
used to establish a-priori estimates on the higher derivatives, which can be used to show
that, up to a subsequence, uj converges strongly (in a suitable topology) to a limit map h,
which solves a linear elliptic equation. Using the regularity of h, together with the strong
convergence of ug, one can then obtain the desired contradiction. Such ideas also go back
to DE GIORGI |De 61] in the context of minimal surfaces, and related works.

We remark that there are two key ingredients involved in this argument; a compactness
result, and local regularity for the limit harmonic mapping. The former typically appears
in the form of a Caccioppoli inequality, which provides a reverse Poincaré inequality of the

form

/ |Vu|*dz < 02/ lu — (u)BR(Q)|2daz. (1.16)
Bpr/2(0) R Br(zo)

In [Mor68| this is combined with a difference quotient argument, which provides second

order estimates of the form
/ IV2u|? dz < % 14 |Vul? dz, (1.17)
Brya(0) B2 By (wo)

which up to a subsequence gives strong W1? convergence of the blow-up sequence to a

harmonic limit A. Here by a harmonic mapping, we mean a solution to the linearised problem
—divAVh =0 where A = 8?F(x0, ug, 20), (1.18)

where ug and zg are chosen to be respectively locally close to u and Vu near xg in a suitable
sense. Bounds for the form (1.15) implies the system (1.18) is elliptic, for which it is well
known that A is locally smooth.

While the works of MORREY |[Mor68| and GIusTI & MIRANDA |[GM68]| laid the founda-
tions for the regularity theory in the vectorial setting, many important questions remained.
In particular one may ask how to treat the general non-autonomous case where the func-
tional depends on (x,u, Vu), and what the optimal bounds are for the singular set . In
this direction, it was independently noted by the works of MEYERS & ELCRAT [ME75] and

GIAQUINTA & GIusTI [GGT8| that they could apply a result of GEHRING |Geh73| to deduce



higher integrability of minima. The idea is that (1.16) combined with a Poincaré-Sobolev

inequality gives the reverse Holder inequality

n+2
n

][ |Vul|?dz < C <][ \Vu]n%? dx) , (1.19)
Bpy2(zo) Br(zo)
which implies the existence of € > 0 such that Vu € L*t. While the original result of
GEHRING cannot be immediately applied since he assumed both sides are integrated over
the same ball, it was generalised to this setting by MEYERS & ELCRAT [MET75| along with
GIAQUINTA & Mobpica [GMT79] and STREDULINSKY [Str80|. This not only allowed one
to treat u-dependent integrals via a perturbation argument, but it also provided refined
singular set estimates of the form H" 27¢(X) = 0 for some & > 0 (see for instance [GGTS]).
These approaches also lead to direct proofs of partial regularity, which do not involve a
blow-up argument. Here the ingredients remained the same, using a Caccioppoli inequality

and also by locally approximating v by the harmonic approximant h solving

(1.20)
h =u on 0Bgr(xo),

{—dWAVh:OinBR@@,
using the notation of (1.18). This strategy was introduced in GIAQUINTA & GrusTI [GGTS],
and was developed further in [GG82; GG83| to work at the level of the functional. This
allows one to assume a uniform Hoélder assumption in (z,u), so one need not have a Euler-
Lagrange system. We also mention the work of IVERT [Ive79] which involves similar ideas.

The above discussed the case of convex integrands, and a natural question is what

happens when F' is quasiconvex. This was established by EvANS [Eva86], who assumed a

strict quasiconvexity condition taking the form

/ F(z0 + Vo) — F(z)dz > )\/ |V|? dz (1.21)
Q Q

for all z9 € RN™ and ¢ € C°(Q, RY). Here the key ingredient in the proof is a Caccioppoli

inequality of the second kind taking the form

/ |Vu — Va|* dz < % lu — a|*dz, (1.22)
Bpy2(z0) R Br(zo)

for all affine maps a: R” — R™. Now one can apply a standard blow-up argument, noting

(1.22) ensures strong W'l2-convergence of the blow-up sequence (up to a subsequence).
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While EVANS only considered autonomous integrands with p > 2 growth bounds on F”, this
has been relaxed significantly since; we will discuss further developments and strategies in
Section 5.3 .

An interesting feature of the quasiconvex case is that we need to consider minimisers;
this is in contrast to autonomous convex integrands, where solutions to the Euler-Lagrange
system are automatically global minima. In particular the proof the Caccioppoli inequality
(1.22) in [Eva86] appears to crucially rely on both the minimising property and the strong
quasiconvexity condition. The necessity of minimality was shown in the striking work of
MULLER & SVERAK [MQOB], who used and developed convex integration techniques to
construct a strictly quasiconvex function F' and infinitely many solutions to the associated
Euler-Lagrange system which are Lipschitz but nowhere C'. This was extended to suitably
weak local minimisers by KRISTENSEN & TAHERI [KT03] and to polyconvex integrands by
SZEKELYHIDI [Sz¢05]. On the other hand, KRISTENSEN & TAHERI [KT03] showed that
partial regularity results hold if u is a so-called strong W1P-local minimiser, essentially by
establishing a suitable replacement for the Caccioppoli inequality (1.22). In Chapter 4, we
will consider a situation where a Caccioppoli-type inequality can be obtained for critical

points, and use it to establish regularity for such critical points.
1.2  Outline of the thesis
In this thesis we will focus on three separate problems:

(Q1) Regularity of critical points associated to rank-one convex integrands.
(Q2) Existence and partial regularity of minima of quasiconvex integrands.

(Q3) Improved differentiability results for minima of convex integrands.

The central theme among these topics is that of partial regularity, which involves char-
acterising the set of regular points of solutions or minimisers u in a domain 2, which is

typically defined (in the interior case) as the open set

Qo = {xo €Q:uis CH in Bg(zg) for some R > O} . (1.23)
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This is typically done through an e-regularity theorem, which asserts that xg is a regular
point for w if a particular excess quantity is small (less than some given € > 0). If such a
criterion holds at Lebesgue points of Vu, we can infer that u is “almost everywhere regular,”
and possibly even infer dimension bounds on the complement Q \ €.

In Chapter 4 we will address (Q1), and establish a criterion for solutions to Euler-
Lagrange systems to be regular near a point. This will involve requiring an a-priori small-
ness condition of the gradient in BMO, and hence will be referred to as a BMO e-regularity
theorem. Compared to other e-regularity theorems in the literature, in general this small-
ness condition need not hold at any point, which is nevertheless best possible in light of
the counterexamples of MULLER & SVERAK [MS03]. The strategy of proof will be very
similar to how one usually establishes partial regularity, and we will adapt the method of
A-harmonic approximation used by GMEINEDER & KRISTENSEN [GK19a| in the context of
BV minimisers.

In Chapter 5 we will consider (Q2), where in particular we consider functionals associated
to integrands satisfying a quasiconvexity condition and further a gemeral growth condition
governed by an N-function ¢. The overarching goal is to develop an analogous theory as in
the case of p-growth, which is by now well-understood, in the case where ¢ is “almost linear.”
On the other hand we will not consider integrands that grow too quickly, by imposing a so-
called Ag-condition (defined in Section 2.1.2). We are able to establish a general existence
theorem in this setting, which is new even in the case of p-growth, however the corresponding
regularity is a point of ongoing investigation. Nevertheless we will establish a general partial
regularity result, subject to the additional assumption that ¢ satisfies a Vo-condition.

Finally we consider (Q3) in Chapter 6, which is joint work with Lukas Kocu (MPI
Leipzig). Unlike in the quasiconvex case, for convex integrands one can apply the method
of difference quotients to deduce higher differentiability of minima, which combined with an
e-regularity result provides dimensional estimates for the singular set ¥ = Q\ . We will
consider relaxed minimisers for convex integrands, subject to a (p,q)-growth condition of
the form

2P S Fx,2) S 142 (1.24)

12



with 1 < p < ¢ < co. We will adapt an approach of SAVARE [Sav97|, which we modify to
use second order difference quotients, to obtain improved fractional differentiability.
Corresponding to the three problems described above, this thesis will consist of results

from the following papers, along with some results from ongoing projects.

e C.Irving, “BMO e-regularity results for solutions to Legendre-Hadamard elliptic sys-

tems.” Preprint, arXiv:2109.07265 (2021).

e C.Irving, “Partial regularity for minima of higher-order quasiconvex integrands with

natural Orlicz growth.” Preprint, arXiv:2111.14740 (2021).

e C.Irving, L. Koch, “Boundary regularity results for minimisers of convex functionals

with (p, q)-growth.” In preparation® (2022).

We will now give a more detailed breakdown of the contents of each chapter.

Chapter 2 (Technical groundwork): We will collect several technical results which we
will use throughout the thesis. Much of this involves collecting standard results involving
Lebesgue and Sobolev spaces generalised to the Orlicz scales, while keeping careful control of
the dependence of the estimates on the domain. To our knowledge the fractional embedding
result in Section 2.3.3 is new, though they likely will not surprise experts.

Chapter 3 (Linear elliptic estimates): We will survey the theory of linear elliptic prob-
lems taking the form

(1.25)
u=g¢g on 0,

{—divAVu =F in Q,
focusing on solvability theorems in Orlicz-Sobolev spaces W% (Q, RY). While the results
in this section are known and straightforward extensions of the Calderén-Zygmund theory,
we found it difficult to locate references which provide complete proofs of these results. As
such we surveyed the two main approaches, one involving potential methods and the other
using local energy estimates. The latter approach is a similar flavor of the techniques we
use in the nonlinear setting, involving taking local harmonic approximations. We will detail

a recent approach of KrRyLov [Kry07], which provides a unified framework for establishing

such estimates.

IThe title may be subject to modification.
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Chapter 4 (BMO e-regularity results): We will establish a regularity theorem for solu-
tions to Legendre-Hadamard elliptic systems satisfying an a-priori local smallness condition
in BMO . This section is largely based on the preprint [Irv21a| of the author, with a small
extension to the case of controlled p > 2 growth. In particular, we will establish regularity
in both the interior and boundary case, and also discuss global consequences.

Chapter 5 (Minima of quasiconvex integrands): We will study the minima of non-
autonomous functionals, subject to a general growth condition and a strict quasiconvexity
condition. We are primarily interested in growth conditions governed by N-functions sat-
isfying the As-condition only, however presently many of our results additionally assume
a Va-condition. The main result is a general C1® partial regularity result for minimis-
ers of non-autonomous integrands satisfying a strict quasiconvexity condition, adapting the
method of A-harmonic approximation from [GK19a| to this setting. We will also estab-
lish a general existence theorem in the case of signed integrands where we do not need the
V-condition.

Chapter 6 (Regularity of minima for convex non-uniformly elliptic problems): We will
consider minimisers associated to functionals of the form F' = F'(x, z), which are convex and
non-uniformly elliptic in that they satisfy a (p, ¢)-growth condition. By means of a second
order difference quotient technique, we will show improved interior regularity in the Besov
Lbr

P for r < min { lta 1 } , where we assume F satisfies a C1®-dependence in

space B T

the x-variable and that the exponents satisfy 2 < p < g < @. This is known to be
essentially sharp for the p-Laplacian, and provides refined singular set estimates for relaxed

minimisers.
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Chapter 2

Technical groundwork

We will collect several technical results which we will use in our regularity analysis. While
these results are largely known, we found it was difficult to locate a precise reference of
many of these results, which in particular keep careful track of the dependence of constants.
In particular, we will establish many well-known inequalities for Sobolev functions to hold
in the Orlicz setting, with careful control of the dependence of the domain. The modular
estimates will be useful in Chapter 5 where we study integrands satisfying a general growth
condition, and the careful dependence of constants will be useful in Chapter 4 where we
consider boundary regularity. In this thesis we will not need to combine these results,
however our presentation allows for a unified approach which we hope to apply in future

work. As such, we have referred to this section as groundwork instead of preliminaries.

2.1 Notation and definitions

2.1.1 List of notation

Constants: Throughout the thesis, C' will denote a positive constant that may change form
line to line. We may specify the dependence by writing C, 4 ., or C = C(a,b,...). We will
also write a < b if there is C' > 0 such that a < Cb, and a ~ b if we have Clh<a<Cb
for some C > 0. Also if ¢(t), 1(t) are functions of a single variable ¢, we will write ¢ ~ v if
we have ¢(t) ~ ¢(t) for all ¢; this will commonly be used with N-functions.

Vectors and matrices: We denote by RY the usual Euclidean space, equipped with
the norm |v| and the inner product v - w. The standard basis will be denote by ey, ..., en.

We will also denote by RV™ the space of N x n real matrices, which we equip with the inner
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product z - w = tr(z'w) and norm |2|? = z - z for z,w € R¥™. Entries of 2z will be denoted
by z;j.
Measures and integrals: We will denote the Lebesgue on R™ by £", and the k-dimensional
Hausdorff measure by H*. Integration will be with respect to the Lebesgue measure unless
otherwise specified, in which case will use the notation [y --- du(z) to integrate over the
variable x € X with respect to a measure pu.

If (X,u) is a finite measure space and f is integrable on X, we define the averaged

integral as

1
f. f@ran - = | f@duto). (2.1)

Derivatives: For a distribution u on some ©Q C RY, its distributional derivatives will be
denoted 0%u for multi-indices a € Nf. Also if a@ = e;, then we write 0% = 0;. We will
denote by V¥u the vector of partial derivatives of order |a| = >0 a; = k. If k = 1, Vu will
be viewed as N x n matrix. Also if G: Q@ — RE" is a vector field mapping into the space of
K x n matrices, we denote its divergence by (divG); = 3. 8;G;; which is RE-valued.

For mappings F': R¥® — R we define its derivative F’: RN® — RN" a5

d

Fl'(z)w = e

F(z +tw), (2.2)
=0

and for a differentiable map A: RV® — RN™ its derivative A’(2) will be a linear map

RN? 5 RN™ at each z € RV™, defined by

A(z + tw). (2.3)

If Fis C? this allows us to define F”, which satisfies F"(2)v - w = F"(z)w - v for all
z,v,w € RV If F = F(x,2) depends on additional variables, we will write 0, F, 0, F for
the derivatives with respect to each variable.

Function spaces: For  C R” and M > 1, we will use the notation X (Q,R™) to denote
function spaces consisting of mappings Q — RM | omitting the dependence of the ambient
space if M = 1. The associated norm will be denoted ||-[| () , where we omit the dependence

of the ambient space. In particular we will consider the following function spaces:

e The Lebesgue spaces by LP(Q,RM). For an arbitrary measure space (X, u) we may

also write LP(X, u, RM), and in Definition 2.2.6 we also use LP(Q, w, RM) for weighted
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spaces. We will also consider Orlicz spaces L? (€2, RM) in Section 2.3.1. In addition

LP

Q,RM) will denote the measurable functions Q@ — RM whose restriction to each
loc

K C Q compact is LP-integrable.

e The Hélder spaces CH(Q,RY) for k > 0 and a € [0, 1] denotes the k-times classical
differentiable functions with k-fold derivatives which are a-Hélder continuous up to
the boundary. If & = 0 we write C*® = C*, understood as k-times differentiable func-
tions. We denote by [-] co.a(q) for the associated seminorm. Additionally Cka(Q,RY)

k'™ order derivatives are locally a-Holder con-

denotes the space of functions whose
tinuous in €2, and cF *(Q, RY) denotes those which are compactly supported in .

Finally we write C*° = [, C*, and similarly for the local versions.

o We write D(2,RY) = C°(Q, RY) for the space of test functions, and its dual D'(2, RY)

which is the space of distributions.

e The Sobolev spaces will be denoted by Wk’p(Q, RN), denoting the space of u € LP(Q, RY)
for with the weak derivatives 0%u exist and lie in LP for all |a| < k. We denote by

Wg’p(Q,RN) the closure of C°(2, RY) with respect to [ly.p(q) » and VVf)’f(Q,RN)

p

for the space of k-times weakly differentiable functions whose derivatives lie in L; .

We also will define the Orlicz-Sobolev spaces W1#(Q, RY) in Section 2.3.1.
Common subsets of R": We will make extensive use of the following notation.

e We denote by R} = {z € R" : z,, > 0} as the half-space, and by OR} = {z € R" :

x, = 0} the associated half-plane. Also S"~! denotes the unit sphere in R".

e For zp € R” and R > 0, Br(zo) will denote the open ball of radius R centred at xy. We
will write B = B;(0) for the unit ball, and in general we may drop the xo-dependence

if it is clear from context. The closed ball will be denoted by Bg(zo).

o If O C R” is open, we write Qr(x¢) = QN Br(rg). If @ = R’ is the half-space, then
we write Bgr(zo) N RE = B} (z0). Their respective closures will be denoted Qp(zo)

and Eg(mo), and again the xg-dependence may be dropped if it is clear from context.
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e Cubes will typically be denoted by @, and a cube with side-length 2R centred at xg
will be denoted by Qr(xo).

We also write w € € for compact inclusions, that is if W is compact and contained in €.
Additionally for any set A C R" we also write dist(z, A) = infycalz — y|, and if B C R" is

another set we write dist(A, B) = inf ¢ 4 dist(z, A).
2.1.2 N-functions

In Chapter 5 we will study variational problems where the integrand satisfies a general growth

condition. In this section we will make this precise and introduce the scales of interest.

Definition 2.1.1. By an N-function we mean a non-decreasing continuous convex function

¢: [0,00) — [0,00) such that ¢(t) > 0 for all ¢ > 0 and

t t
im 2 o m 2 (2.4)
t—0t+ 1 t—oo

Classical examples include the power functions ¢(t) = tP, which are N-functions for
1<p<oo.

Since an N-function ¢ is convex, it admits a weak derivative ¢’: [0,00) — [0, 00) which
can be chosen to be left-continuous and non-decreasing. We can then define the generalised
inverse of ¢’ as

(@) Hs) =inf{t > 0: ¢/ (t) > s}, (2.5)
which is also left-continuous and non-decreasing. Using this we can define the conjugate of
© as

s
¢ = [ ) o) (2.6
and we can verify this is an N-function. This satisfies the following inequalities, which can

be found in [RR91, Theorem 1.3] and [RR91, Proposition II.1(ii)| respectively.

Lemma 2.1.2 (Young’s inequality). Let ¢ be an N-function, then we have
ts < o(t) + ¢*(s) (2.7)

for all s,¢ > 0. Moreover equality holds if and only if ¢ = (¢*)'(s) or s = ¢/(t), and in
particular we have

©*(s) = Sup (ts — (1)) . (2.8)
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Also if § > 0, applying this to d¢ gives
ts < dp(t) + 09" (s/0) (2.9)
for all s,z > 0.

Lemma 2.1.3. For all ¢ > 0 we have
t <o ) (") L) <2t (2.10)

The utility of this estimate is that it implies (2.14) in Lemma 2.1.6 below. Before we

state this however, it will be convenient to introduce the notion of doubling N-functions.

Definition 2.1.4. We say an N-function ¢ satisfies the Ag-condition if there exists C' > 0
such that p(2t) < Co(t) for all ¢ > 0, and the smallest such C' will be denoted by As(p). If
©* satisfies the Ag-condition, we say ¢ satisfies the Va-condition and write Va(p) = Ag (™).
Note this is equivalent to the existence of r > 0 such that ¢(rt) > 2r¢(t); indeed one can

verify using (2.8) that r = 1V (¢) works.
Lemma 2.1.5. Let ¢ be an N-function. If ¢ € Ay, then for any s > 1 and ¢ > 0 we have
p(st) < Aa(ip)sE 22 (1), (2.11)

Similarly if ¢ € Vg, then for any s € [0,1] and ¢ > 0 we have

1

(st) < Valp) s o7 (1), (2.12)
where 7 = 1V (p).

Proof. Note that by convexity of ¢, ¢*, we have Aa(p), Va(¢) > 2 which ensures the associ-
ated exponents are positive. To establish the first statement, for £ > 0 we can apply the dou-
bling condition k-times to get ¢(2Ft) < Ag(p)¥¢(t) for all t > 0. Now given s > 1, choosing k
so that 2% < s < 2! the estimate follows noting that As(p)F < Ag(p)'*+1825, For the sec-
ond statement we similarly use the estimate (t/r*) < (2r)Fp(t), where r = $Vs(p). Given

logg (27)
0 < s < 1 we can choose k so that r—*+1) <« g < T_k, and note that (27‘)k < 2r.s5 les2r | [

Another observation that will be useful later is that if ¢ is an N-function, then P € Ao
for each p > 1. This follows by noting that ¢(rt) > re(t) whenever r > 1 by convexity of ¢,

so taking r = 27T we get p(rt)P > rPp(t)P = 2rp(t)P as claimed.

19



Lemma 2.1.6. For an N-function ¢, we have the inequalities

3¢ (3) vl 0ot (213
(48) e ().
%Lp* (go (;)) < o(t) < *(2¢/(1)), (2.15)

for all £ > 0. In particular, the following hold.
(a) If p € Ag, we have p(t) ~ t'(t) and *(¢'(t)) < Cp(t).
(b) If ¢ € Vo, we have ¢*((t)/t) ~ ¢(t).
(c) If ¢ € Ay NV, we have o*(¢ (1)) ~ ¢(t)).

Proof. By monotonicity and non-negativity of ¢’ we have

¢’ <;> ﬁ ds < /Ot ¢ (s)ds < ¢ (1) /Ot ds, (2.16)

from which (2.13) follows using the fundamental theorem of calculus. Replacing ¢ with
©(t) in (2.10) and rearranging gives (2.14), and combining the above estimates gives (2.15).
Assertions (a)—(c) follow immediately from estimates (2.13)—(2.15) and the additional as-

sumptions. O

The following consequence of (2.13) asserts that often we can assume our N-functions

are C!, and moreover C* by a repeated application.

Corollary 2.1.7. If ¢ is an N-function, we have

o(t) :/0 20 4 (2.17)

T

is a C! N-function satisfying % o(t/2) < ¢(t) < p(t). In particular if ¢ € Ay, we have @ ~ .

Definition 2.1.8. If ¢ is an N-function and a > 0, following [BDW20| we define the shifted

N -functions

¢alt) = /O ry'max{a,7}) (2.18)

max{a, 7}
Note that @q(t) ~ 2 if t < a and @4(t) ~ @(t) if t > a, and we have (¢a)* = (©*)y(q)-

Moreover ¢, satisfies the As and Vo conditions if ¢ does, with the associated estimates

20



1 < As(pa) < As(p) and 1 < Va(p,) < Va(p). We observe that if ¢ € Ay and 1 < a < b,

we have ¢, ~ @p uniformly in ¢, where the constant depends only on As(p) and b.

Note one also define shifted N-functions as

%(t)z/o de (2.19)

which is equivalent in the sense that ¢4 (t) ~ ¢q(t) uniformly in a,t. These appeared earlier

in [DEO8, Definition 22| in a more general form.

Example 2.1.9 (V-functionals). An important class of examples arises from the V-functionals,

which for p > 1 and g > 0 is defined by

p—2

Vou(2) = (12 + [2°) * = (2.20)
We observe that we have
p—2
epu(t) = Vo u())? = (u+2) 7 |2 (2.21)

defines an N-function with the asymptotics

2 if 2] <
Cpu = i 1 ol < a (2.22)
|z|Pif |2 > p.

These play a similar role to the shifted N-functions in the case of p-growth. Indeed if

o(t) = tP for some 1 < p < 0o, then

Pu(t) ~p eppu(t) (2.23)

*

for all ¢ > 0. In particular, we have €}, , ~p €,y p-1.

The V-functionals often arise very naturally in the context of problems with p-growth;
since we often employ a linearisation procedure to study our nonlinear problems of interest,
we may encounter quadratic behaviour at small scales. As such, when considering problems
with p-growth one often needs estimates valid for N-functions in the case when p(t) = e, ,(%).
To our knowledge, the proofs of many such estimates do not simplify in the case of V-
functionals, including Young’s inequality and Poincaré-Sobolev type inequalities (see Section

2.3.2).
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We will also briefly discuss the notion of indices associated to N-functions. These will
allow us to describe the growth of a given N-function from above and below by power-type
growth, which can allow us to understand the associated Orlicz space L¥ (as defined in
Section 2.3.1) as an intermediate space between two Lebesgue spaces. There is an extensive
literature on this subject which we will not attempt to detail, and instead we will record the

results we need. We will closely follow the exposition in MALIGRANDA [Mal89, Chapter 11].

Definition 2.1.10. If ¢ is an N-function, for ¢t > 0 let

hy(s) = igg i((ié) (2.24)

Then the Matuszewska-Orlicz indices 1 < p, < q, < oo are defined as

Pp(s) = lim log iy (s) and ¢,(s) = lim M.

2.25
s—0 logs s—oo  logs (225)

The limits are shown to be well-defined as a consequence of [Mal89, Theorem 11.3].

These indices were introduced in MATUSZEWSKA & ORLICZ in [MOG60]. It is known that
they essentially coincide with the Boyd indices as shown in [Boy71|, which were introduced
by BoyD [Boy69]. These indices have also been studied by GUSTAVSSON & PEETRE [GP77],
where Lemma 2.1.14 is essentially proven in [GP77, Appendix B|]. We point out that the
latter spaces were introduced precisely to capture intermediate scales where a generalised

Marcinkiewicz interpolation can be shown, and we will discuss this in Section 2.2.1.
Remark 2.1.11. By definition of p,, assuming it is finite for all € > 0 we have
p(st) < 7o~ p(1) (2.26)

for all £ > 0 and s > 0 sufficiently small. Moreover p, is the largest constant with this

property. Similarly if g, < oo, then for all ¢ > 0 we have
p(st) < $9(1) (2.27)
for all ¢ > 0 and s sufficiently large.

Example 2.1.12. Let ¢(t) = e, ,(t) from Example 2.1.9, with 1 < p < oo and g > 0. Then
since t~2e,, ,(t) — 1 as t — 0, and tPe, ,(t) — 1 as t — oo, it follows that p, = min{2,p}

and ¢, = max{2, p}.
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Similarly for an arbitrary N-function ¢, for any a > 0 the shifted integrand ¢(¢) from

Definition 2.1.8 satisfies ¢, (t) = %{f)ﬁ for 0 <t < a, so it follows that p,, < 2.
We will record some useful results in this direction.

Lemma 2.1.13. If ¢ is an N-function, we have g, < oo if and only if ¢ € Ay, and p, > 1

if and only if ¢ € Vs.

This follows by applying [Mal89, Theorem 11.7] for the As case, from which the Vs case

follows from the relation

1 1 1 1

y4o) qo* Do 4y

which is proven in [Mal89, Corollary 11.6].

Lemma 2.1.14. Let ¢ be an N-function and 1 < r < co. We have g, < r if and only if

there is C' > 0 for which

/too s "p(s) % < Ct () (2.29)

for all ¢ > 0. Moreover if ¢ € Ay, then we can choose r and C' to depend on Agy(y) only.

Similarly if p, < oo, then p, > r if and only if there is C' > 0 for which

/0 s "p(s) % < Ct™"p(t). (2.30)

Moreover if ¢ € V5 we can choose r,C to depend on V() only, and the estimate holds

even if p, = oo.

Sketch of proof. The equivalences are proven in [Mal89, Theorem 11.8], and we only need

to show the dependence of constants. If ¢ € Ag, taking r = Ag(p) + 1 we have

/t T o (o) = / ") olst) < Aol)t (1) / Tetds, (231)

g

where we have used (2.11) in the last inequality. The case when ¢ € V3 is similar, taking

r=1+ m and using (2.12) instead. O

We now list some examples of N-functions which are not of power-type. In Section 5
we will consider N-functions which satisfy the As-condition but not necessarily the Vo-

condition, so we will be interested in examples where this can occur.
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Example 2.1.15 (Logarithmic examples). The N-function ¢(¢t) = (1 + t)log(1 +t¢) — ¢
satisfies the Ag-condition, however ¢*(¢) = e —t+1 which is not doubling. Hence this gives

an example of ¢ ¢ Va. Other examples can include variations of ¢(t) = ¢ log(1+log(1+t))—t.

Example 2.1.16 (Non-Vgy with arbitrary polynomial growth). Building on ideas from
[KR61, Section 1.4], a more pathological example is given by CHLEBICKA, GIANETTI, &
ZATORSKA-GOLDSTEIN [CGZ19|. For each 1 < p < g < oo they construct an N-function ¢

which fails the Ag-condition but satisfies t¥ < (t) < t? for all £ > 0, which is defined as

go(t) _ { affine ifte (a,;,b,'), (2-32>

tP otherwise,

for suitable (a;,b;). While it is not clear whether the resulting N-function satisfies the V-
condition, for each ¢ > 0 we have p!T¢ satisfies the Vj-condition while still failing the
As-condition. Note that if ' > (1 + ¢), we have ¥(t) = (p'T%)* € As but ¢ € V5 despite

satisfying the growth bound ¢(t) 2 t".

Example 2.1.17 (Oscillation between growth rates). Another class of examples was given

by LINDBERG [Lin73] which take the form
SD(t) _ ta+bsin(loglog t), (233)

for large t. For suitable choices of a,b this provides examples of N-functions satisfying a
(p, q)-growth condition for arbitrary 1 < p < ¢ < oo with ¢ € Ag N Va. This construction
has been recently adapted by DE FiLippis & LEONETTI [DL21] to also satisfy a uniform

ellipticity condition.

Finally, the following outlines a procedure described in KOKILASHVILI & KRBEC [KK91],
which shows that under suitable conditions, a non-convex function ¢ is equivalent to an N-
function. This will be applied to a particular function, which will allow us to deduce modular

estimates that will be used in Chapter 4.

Lemma 2.1.18. Let 1 < p < oo and consider

o) = w(t), (2.34)
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where w: [0,00) — [0, 1] is a continuous non-decreasing concave function such that w(0) = 0.

Then there exists an N-function ¢ € Ay N Vs and ¢ > 1 so that

cTIP(t) < o(t) < (1) (2:35)
for all t > 0. Moreover ¢, Aa(@p), Va(p) can be chosen to depend on p only.

Proof. We will outline the construction described in [KK91]. Since w is increasing we have

o(t) < >p(at) with a = 217%1, and so by [KK91, Lemmas 1.1.1, 1.2.3] we get

a

o(t) = 1 / sup (w(r)7P71) ds (2.36)

a . Jo o0<r<s

is convex and increasing on [0, 00) satisfying

p(t) < p(t) < p(2at) (2.37)

for all ¢+ > 0. Further since ¢ satisfies p(2t) < 2PT1p(¢) and ¢(at) > 2ap(t) we can infer

that @(2t) < 2PH13(t) and $(at) > 2a¢(t) also, which shows that ¢ € Ay N Va. O
A similar construction gives the following.

Lemma 2.1.19 (Lemma 1.1.1 in [KK91]). Suppose ¢: [0,00) — [0,00) is a non-negative
function which is positive on (0, 00), satisfies the superlinearity condition (2.4) and such

that there is ¢ > 1 so that

e(t1) < ap(atz)

2.38
» » (2.38)
for all 0 < ¢; < ta. Then there exists an N-function ¢ and C' > 0 such that ¢(t) < p(t) <

Cp(Ch).
2.1.3 Domains in Euclidean space

To analyse regularity up to the boundary, we will need to precisely define the notions of
boundary regularity we need. While we are largely interested in domains that are C®
regular, we will also consider weaker notions to better understand how the constants in our
estimates may vary with the domain. Since the regularity problems we study are local in

nature, we will restrict our attention to bounded domains.
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Definition 2.1.20. For £ > 1,a € [0,1] we say a bounded domain © C R" is a bounded
Ck domain if 0Q can locally be written as the graph of C*® functions in the following
sense: there is Ro > 0 such that for all zp € 0} there is a unit vector v,, € R" such that

letting Ty, = <1/x0>J‘ denote the orthogonal complement, there is a map
v: Ty N Br, = R (2.39)
which is of class C%% such that for all 0 < R < Rg we have
QN Bgr(zo) = Br(zo) N{zo+y+Av:ye T,y NBr,A<7v(y)}, (2.40)
00N Br(xo) = Br(zo) N{zo+y+y(y)v:y € Ty, N Br}. (2.41)

We define the associated C*®-constant of  as

12 cra = sup ||V%||ck,a(szBRQ(x)) : (2.42)
€N

The definition also extends to C%! domains, henceforth referred to as Lipschitz domains,

and C* domains.

Definition 2.1.21. We say a bounded domain Q C R satisfies the uniform interior (re-
spectively exterior) cone condition is there exists r > 0, 6 € (0,7/2) such that for all x € R",

there is a unit vector n such that if
heCr0,n)={heR":|h| <r,h-n>|h|lcosb}, (2.43)

we have

(Q\ Bsy(z)) + h CR"\ Q (2.44)

in the exterior case, and respectively
(2N By (z)) —h CQ (2.45)
in the interior case.

Lemma 2.1.22 (Theorem 1.2.2.2 in [Grill]). A bounded domain is a Lipschitz domain if
and only if it satisfies either the uniform interior or exterior cone condition. Moreover if €2

is Lipschitz, we can always take r < Rgq.
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Lemma 2.1.23. Let Q be a bounded C** domain with & > 1 and a € [0,1]. Then there

exists a defining function p = pg € C**(R™) which satisfies
Q={zeR":p(x) <0}, R"\Q={zecR":p(x)>0}, (2.46)

and such that Vp # 0 on 0Q2. Moreover the exterior unit normal vyq satisfies

_ Vp(=)
voq(z) = ()] (2.47)

for all x € 992.

Sketch of proof. We will use the graphical representation v at each zg € 912, which can
be chosen to satisfy V~(0) = 0 using the C! regularity. Then we locally define p(z) =

(x —z9) - v —y(x — x9) in Bg, (o), which one can patch using a partition of unity. O

We will also consider a more general class of domains, which will be useful in keeping

track of estimates when we localise near the boundary.

Definition 2.1.24. For 6 € (0,1) we say a bounded domain Q C R" is a -John domain if
there exists a point zg € 2, called the John centre, for which the following holds. For all
x € D there exists a rectifiable curve 7: [0,d] — D parametrised by arclength (so |¥(¢)| =1

for almost all t) such that v(0) = z, v(d) = x¢ and
dist((t),0D) > ot (2.48)
for all ¢ € [0, d].

Note that John domains are invariant under dilation; that is if  is a §-John domain,
then so is AQ2 for all A > 0 with the same constant. This condition can be viewed as a

twisted cone condition, by noting the above asserts the so-called §-carrot

car(y,8) = |J B:(v(1) (2.49)

0<t<d

t
4
is contained in €. In particular, this is weaker than the interior cone condition satisfied by

Lipschitz domains. Moreover, we can prove the following.

Lemma 2.1.25. Let  be a Lipschitz-domain with ||2[|c01 < 1. Then for all zg € Q and
0 < R < Rgq, we have Qr(zg) = QN Bgr(xg) is a 6-John domain, where § can be chosen to

depend on n and ||| ;0.1 only.
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Proof. Put L := ||Q||q01 < 1, and put L = % € (L,1). Consider the graphical repre-
sentation of v at each zg € Q with Ry > 0 so this holds, and by means of a rigid motion
assume that xg = 0 and T, = H = {z € R" : z, = 0}. Note that (0,7(0)) = b € 90
with b, = 7(0) < 0. Moreover by rescaling, we can assume R = 1. By assumption we have
|V~| < L a.e.in HN B, which implies that |y(2’) —~(0)| < L|z'|. Therefore noting x,, = y(z’)
on 0f) we have

mnpclervenwsE) s, o0

Moreover Sy, can be seen as the union of all cones b+ C(6r,n) intersected with B for all
n € S"72 x {0}, where cosf = 1/v/L? + 1. Note that 6, < T if and only if L < 1. Also
since QN B D BT\ Sy, where BT = {z € B : x,, > 0}, we can choose any point yo in B\ Sy,
to be our John centre.

We also consider S; which is obtained by replacing L by Lin (2.50), and the associated

0; € (0r,1). Now let x = (2, x,) € S}, then we see that
(x+ C1(en,m/2—601))NBCONB. (2.51)
Now let y € 9B is the unique point such that y-n = [y'| = cos 0 ; explicitly this is given by
y=(y,yn) = (n cosb;,sinb;) (2.52)
We also let w = (=%, yn), and consider ; = & + tw. Then since §; < § < § — 0, we have
dist (¢, 0Q) > dist(xy, x + C (e, /2 — 01)) > ot (2.53)

for all t > 0, where o = tan(w/2 — 6, — ;) > 0.

Also we claim there is C' > 0 such that
dist(z, 0B) > 6t (2.54)
for all £ > 0 such that z; € S;. This follows by noting there is p > 0 for which
r+Cp,w)N{z€0B: || <z} =2. (2.55)
Combining these gives tg > 0 such that z;, € B* \ S and such that
dist(z¢, 0(2 N B)) > min{d, o}t (2.56)
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for all 0 < t < tp. We can then join x4, to the John centre yy via a linear combination to

conclude. O

Localising the above result leads to the following corollary. This is the main reason why
we have introduced these domains; if we can establish estimates in domains Qg(z¢) where
the associated constant only depends on §, then the constant holds uniformly among these

domains.

Corollary 2.1.26. Let Q be a C' domain. Then there is Ry > 0 and § = §(n) > 0 such
that for all 29 € Q and 0 < R < Ry, we have Qr(xg) is a 6-John domain. Moreover if  is
a C1* domain for some a > 0, then Ry can be chosen to depend on n,a, Rg and ||| 0.«

only.

When establishing Sobolev and Poincaré-type inequalities on John domains €2, we often
will obtain constants that depend on the diameter and its Lebesgue measure. The following

result tells us that they are essentially equivalent, up to a constant.

Lemma 2.1.27. Let Q C R™ be a d-John domain. Then we have

L(Q)n ~ diam(Q) = sup [z = ], (2.57)
T,y

where the implicit constants depends only on n and §.

Proof. By definition of the diamter, we can find zp € R" such that Q@ C Bgjam(q)(70),
so taking measures on both sides one direction follows. Conversely let xy € € be the
John centre, then there is z1 € € such that |zg — z1| > % diam((2). By definition of John
domains, there is a rectifiable curve 7: [0,d] — D parametrised by arclength such that
v(0) = z1, v(d) = xo and dist(y(t),002) < dt for all 0 < t < d. In particular, we have
dist(xg, Q) > dd > d|zg — x1|, noting that + is an arclength parametrisation. Hence we
deduce that

L(Q) = L"(Baist(wo,00(20))) = Cnd"™ diam(€)", (2.58)

as required. O

Sometimes it will be useful to replace Qg(z¢) by a more regular domain, for which the

following construction of KRISTENSEN & MINGIONE [KM10] will be useful.
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Lemma 2.1.28 (Regularised domains). Let  C R™ be a bounded C1*® domain, then there
is Ry = Ro(n, a, Ra, ||Q|o1.a) > 0 such that for all o € 02 and 0 < R < Ry there exists a

C1* domain Qg(xg) such that
Qp/a(20) C Qr(z0) C Up(o). (2.59)

<C(1+Q]p1.a) and Qg (z0) is a d-John domain for some

Moreover we have HQR(:EQ)‘ )
Che

d=06(n, || c1.a) > 0.

Proof. Fix a C%* domain A C R" such that E% (0)* € A C B1(0)". Using the graphical
representation from Definition 2.1.20, for Ry < Rq small we can construct a diffeomorphism
Y: Bry(xg) — U C B1(0) such that A C U, ¥(Bgr, N 2) = U NRY, and such that Dy (xg)

is orthogonal. Hence by shrinking Ry if necessary we can assume that

B 2. (0) C ¥(Br(x0)) C Ben (2.60)
for all R € (0, Rp). Thus if we let QR =1 (%A) this satisfies,
plan) < 0™ (Bap 0)7) < Bateon) < 0 (B 007) € nlan), (260
0 0

as claimed. Since the C® norm and John constant of Qp(xy) depends on the associated

constants for A and n,, the estimates also follow. O

The utility of John domains is that they provide a way to transfer estimates on balls
or cubes to hold on general domains. This is typically done by considering a suitable

decomposition of the domain €2 cubes, which often is a Whitney-type decomposition.

Definition 2.1.29. A Whitney decomposition of an open set  C R”™ is a collection of

disjoint open cubes {W;} contained in 2 satisfying

(W1) U; Wi =9,

(W2) W;NW, # @ implies % < ) < 4,
(W3) for each i, we have ¢(W;) < dist(W;,0Q) < 4/nl(W;).
Note that such a decomposition always exists, as is shown in [Ste71, Chapter IV].
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We will use the following terminology; we say two cubes @, Q' are connected by a chain
of cubes Qo,...,Qr if we have Qo = Q, Qr = Q" and Q;_1NQ; # T for all 1 <i < k. We

say the length of the chain is k.

Lemma 2.1.30 (Boman chain condition). A bounded domain @ C R" is a John domain
if and only if the following Boman chain condition is satisfied: there exists ¢ > 0, B > 1,

M > 1 and a covering Q of Q by open cubes for which the following holds.

(B1) We have

> xoq < Mxa. (2.62)
QeQ

(B2) If Q1,Q2 € Q such that Q1 N Q2 # &, then
M™ULM Q1) < L7(Q2) < ML™(Q1) (2.63)

and also

L(Q1NQ2) = M~ max{L"(Q1), L"(Q2)}. (2.64)

(B3) For a distinguished cube Qo € Q, for any other @ € Q there is a chain of cubes

Q1,...,Qk € Q, such that Q C BQ; for each 0 < ¢ <k — 1.

Moreover if  is a §-John domain, we can choose o, M to depend on n and B to depend on

n, o only.

The forward implication was proved by BOMAN [Bom82]|, to whom this condition is at-
tributed to. Here we take a slightly enlarged version of a Whitney covering from Definition
2.1.29, namely Q = {oW;} with o = 2 (see also [Hur96]) The converse was proven by BUCK-
LEY, KOSKELA & Lu [BKL96|, however we will not use it in what follows. A systematic
treatment of these domains, including the case of unbounded domains, was considered by

DIENING, RUZICKA, & SCHUMACHER |[DRS10].
2.1.4 Convexity notions

We will define the relevant notions of convexity for integrands defined on the space of

matrices.
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Definition 2.1.31. let f: R"” — R continuous.
e We say f is conver if we have
fltz+ (1 —tw) <tf(z) +(1—1)f(w) (2.65)
for all z,w € RV and ¢ € (0,1).

e We say f is rank-one convexr if we have (2.65) holds for all z,w € RN™ such that

rank(z —w) < 1; equivalently we can write z —w = £ ® ) for some £ € R™ and n € R™.

e We say f is quasiconvex (in the sense of MORREY [Mor52]) if for some non-empty

bounded open set w C R"™ we have

1+ vz 1) (2.66)
for all z € RV™ and ¢ € O (w,RY).

o We say f is polyconvez if there is a convex function g such that f(z) = g(M(z)), where

M (z) denotes the vector of all k x k minors of z for all 1 <k < min{n, N},

Note we can write M (z) = (z,adj, 2, . .., adj,_; 2, det z), where adj;, z denotes the matrix
of k x k minors of z. We will write adj z = adj,,_; z, so in particular we have M (z) = (z, det z)
if n=2and M(z) = (z,adjz,det z) if n = 3.

As noted in the introduction (Section 1.1.2), we have the sequence of implications
convex —> polyconvex =—> quasiconvex —> rank-one convex, (2.67)

with none of the converse statements holding for general n, N. We omit the proof, which can
be found for instance in [Giu03, Chapter 5|, [Dac07, Chapter 5]. It is also well-known (and
shown in the above references) that if F is of class C?, rank-one convexity is equivalent to

the Legendre-Hadamard ellipticity condition

F'(zo)(@mn) - (E@n) >0 (2.68)

for all zo € R” and & € R?, n € RV,
We will later use the general construction of quasiconvex functions introduced by DA-

COROGNA [Dac82].
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Definition 2.1.32. The quasiconvexr envelope of a continuous function f: R¥? — R is
defined as

Qf(z) =sup{g(z) : g is quasiconvex and g < f}. (2.69)

This approach of defining convex envelopes is standard, and one can also define Cf, P f,
and Rf using convex, polyconvex, and rank-one convex functions g respectively. For qua-
siconvex envelopes we have the following equivalent representation, which was proven by
DACOROGNA [Dac82| subject to bounds from below. The general case was established by

KINDERLEHRER & PEDREGAL |[KP91].

Lemma 2.1.33 (Dual representation of Q, [Dac82; KP91]). If f: R¥® — R is continuous,

then the quasiconvex envelope admits the dual representation

0f(:) =int { { 1+ V(@) s e o)} (2.70)

for any non-empty bounded open subset w C R™. Additionally Qf = —oo if and only if

Qf(zy) = —oo for some zy € RV™,

We will use this construction later in Section 5.2.4, however we will also show this can
be used to construct a quasiconvex function which grows like a given N-function ¢. This

will be an adaptation of a construction of SVERAK [éve91], and the idea will be to consider
Q (z — p(dist(z, K))) (2.71)
for a suitable subset K C RV",

Proposition 2.1.34 (Quasiconvex functions with ¢-growth, [Sve91]). Let ¢ be an arbitrary
N-function satisfying the As-condition. Then there exists a continuous non-convex, but

quasiconvex function F: R?*2 — R such that
0 < F(2) < e(]2)), (2.72)
which grows like ¢ in the sense that

lim sup > 0. (2.73)
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Proof. Define the subspace

L={2eR¥?: 211 =299, 210=—201} = {<i _St) it s € R} : (2.74)

Note in particular that L does not contain any rank-one directions; that is we have rank(z —
w) > 2 for all z,w € L distinct. Then for any non-empty closed and bounded K C L we

can consider the function
f(z) = ¢ (dist(z, K)) (2.75)

and take the quasiconvex hull F' = Qf. This evidently satisfies (2.72). Since L is a convex

subspace we have op(dist(z, L)) is convex, and hence by definition (2.69) it follows that
Of(2) > p(dist(z L)) (2.76)

for all z € RN™, so in particular (2.73) is satisfied. Also Qf vanishes on K using (2.70) and
Fatou’s lemma.

It remains to show that Qf is non-convex, for which we claim that Q is positive every-
where on L\ K; from here the result will follow by choosing K to be non-convex. Suppose
otherwise, so there is z € L \ K such that Qf(z) = 0, then by translation we can assume
z = 0. Then by Lemma 2.1.33 there exists a bounded non-empty open subset w C R™ and

a sequence &; € C2°(w,R?) such that

Jim [ £(9€)de =0, (2.77)
Now using (2.76) we have
£(2) 2 5 (o211 = 222]) + ol + 222), 2.78)
so if we set
o= (ot 6. 5en) a

then A& = div V¢ = div g; and it follows from (2.77), (2.78) that

tim [ (g dz = 0. (2.80)
j—oo Jy,
Since &; is compact, we can write §§ = VI % g; where I(z) = %log]:r — y| denotes the

fundamental solutions for the Laplacian in two dimensions. Using this we claim that we
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have the weak-type estimate

sLM({z cw: |VE| > s}) < c/ (lg]) do (2.81)

for all s > 0, which vanishes as j — oco. This follows from applying the Calderén-Zygmund
estimate established in Theorem 2.2.18 applied to V21, in conjunction with the weak-type
interpolation result of Lemma 2.2.4 . Hence it follows that ¢(|V¢;|) converges to 0 in measure
on w. Moreover noting that K is bounded, let R > 0 such that K C {z € RV" : |z| < R/2}.
Then since f(z) > cp(|z|) for |z| > Ry, for R > Ry we have

Jopafve e [ (vg) (28)
Since f(VE;) — 0in L', it is uniformly integrable and hence the left-hand side also vanishes
uniformly in j as R — co. Now as ¢(|VE]|) converges to zero in measure and is uniformly

integrable, it follows that (|V&|) — 0 in L', But this implies that

£(0) = lim [ f(VE)de = Qf(0) =0, (2.83)

J]—00 w

which is absurd as 0 ¢ K. O

Remark 2.1.35 (Further examples). We note that there are many more examples of qua-
siconvex functions satisfying subquadratic, and moreover linear growth conditions. We
mention for instance the construction of MULLER [Miil92] which is 1-homogeneous, and
the general approximation result GMEINEDER & KRISTENSEN |[GK19a, Section 2.6]. Note
that if F' is a quasiconvex function satisfying a linear growth condition, we have F' + ¢(|-])
remains quasiconvex and now satisfies a p-growth condition, thereby giving an abundance

of quasiconvex function in our setting.
2.2 Harmonic analysis

Many of our technical estimates will rely on general estimates for various maximal operators
and potentials. In this section we will collect the necessary results which will be used in the
subsequent chapters, and fix our conventions. The main focus will be in understanding how
to extend estimates in LP to hold in general Orlicz spaces, and we discuss two strategies

in Section 2.2.1. From here we will see some well-known consequences and consolidate
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the particular results we need. We will also discuss the space BMO, and establish some

properties which we will use in Chapter 4.
2.2.1 Interpolation and extrapolation

We will often need to establish analogues of estimates in L? in the Orlicz scales. For instance
if we know a linear operator 1" is bounded on all LP spaces for 1 < p < oo, we would like to
infer that it is bounded on the Orlicz spaces LY whenever ¢ € Ay N Vy. However a precise
reference appears to be difficult to locate, and it is often unclear whether it can be applied
more generally. Additionally in some cases we have estimates which cannot be described as
a linear operation, for which an alternative approach is needed.

We will establish a Marcinkiewicz-type interpolation result, which was noted by ZyG-
MUND |Zyg56| and RIORDAN [Rio55]. This largely follows by reproducing the classical proof
where we replace tP by a general N-function ¢(¢), and investigating what we obtain. It
turns out ¢ will need to satisfy an integral inequality which is similar to those considered in
Lemma 2.1.14, which allows us to impose condition on ¢ in terms of its Matuszewska-Orlicz
indices.

To state the result precisely, we will need the following terminology. Given any set
Q C R" and f: Q — RE a measurable map, we define the associated distribution function

M(s) = n({x € X : [f(@))] > }). (2.84)

Suppose T is an operator between measurable functions Q@ — R¥ and Q — RE. We say T

is sublinear if we have
IT(fi+ f2)| < |Tfi(z)] + T fa(2)| and [T f(Az)| = AT f(2)], (2.85)

for all measurable maps f, f1, fo and A € R. We say T is of type weak-(p, q) if there is A > 0

Aes(s) < (AHfHLP(Q)) ’ (2.86)

S

such that

provided g < co. If ¢ = oo, we simply require that |7 f{| (o) < Al fl fe(q) -
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Theorem 2.2.1 (Generalised Marcinkiewicz interpolation). Given Q@ C R, let T be a
sublinear map as above. For 1 < p < ¢ < oo, suppose T is of type weak-(p, p) and weak-

(¢,q). Then for any N-function ¢ whose indices satisfies p < p, < ¢, < ¢, we have

/(Tf 1:<C'/ (f(@ (2.87)

for all f € LIOC(Q,RK ). Here the implicit constants depend on the weak-type constant for
T on LP, L9, and the constants in Lemma 2.1.14.
Moreover if ¢ = oo, in the absence of the condition g, < co we still obtain the weaker

estimate

/ ST (y))dz < C / o(C|f(2)]) da (2.88)
Q Q

Note that both sides of the integral may be infinite, in which case the statement holds
vacuously. Note that the above formulation is sufficient for our purposes, however the result

holds more generally for mappings between arbitrary measure spaces.

Proof. To avoid any issues with divergent integrals, we can work on the set QN {|f|+|Tf| <
M} and send M — +o0 at the end. Given f: X — RX be measurable, s > 0, and x> 0 to

be determined set
1= I p5usy, and fo = f — fi. (2.89)
By subadditivity of 7" we have

Arp(s) < Ary, <§> + A1y, (;) . (2.90)

Let A,, Ay be the associated constants in the weak-type estimates for T. If ¢ < oo, then

applying these weak-type inequalities we have

24, \? 24,
A < p> Pd +< > 4qg. 2.91
7s(5) ( § /{fISus}|f| ) s /{|f>us}f| ) (291)
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Hence taking @ = 2 we can estimate

/ (T f)) da
Q

:/0 go/(s))\Tf(s)dS
- 24, \" » ~ <2Ap>q
= s dzds s) | — 1dzds
/ do (22) [ s [T (% /{|f>23}|f| 292
2| ()] ¢'(s)
)P NE
(24)) /|f |/ " dsdz + (2 / x) /2|fx)| - dsdx

207@)| (s s
<@y [ar [T E R asarraa [ [0 AP asa,

where we have used (2.13) in the last line. Now changing variable s +— 2s and applying

Lemma 2.1.14 the result follows.

If ¢ = oo, then taking p = ﬁ we have Ay, (s/2) = 0 for all s > 0 and so

rsle) < /{f|<us} <2A§M>p 4 (293)

SO we can argue as above. 0

We will usually apply the result in the following form.

Corollary 2.2.2. Suppose T is a sublinear operator between spaces of measurable maps

O — RE and Q — RL which satisfies

ITfll ey < Ap[1f1l Lo (2.94)

for all 1 < p < oo and f € LP(Q,RX). Then for any N-function ¢ satisfying ¢ € Ay N Vs

we have

/ ST dz < C / o(1f) da (2.95)
Q Q

for all f € L¥(Q,RE). Moreover the constant C depends on n, As(p), Va(yp) and A, for

p:1+10g2A2(¢) a‘ndp:1+m

It is also possible to interpolate between different scales, and in the Lebesgue scales
this is recorded in [Ste71, Appendix B|. Roughly speaking, if T is of type weak(po, go) and
weak(p1, q1), then for each ¢ € (0,1) it is of type weak(py, ;) where p; ' = (1 — 75);061 + tpf1
and q; 1 — (1—-1t)gy by tqy ! In the case of Orlicz growth, we will record one result which

will be useful later.
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Lemma 2.2.3. For 2 C R" any measurable set, let T" be a sublinear operator as above.
Suppose that T is of type weak(p, q) for some 1 < p < ¢ < 0o and is bounded on L*°, that

is:

" Apg 1o\
LM {xzeQ: |Tf|>s}) < — | (2.96)
1T fll oo () < Aoo [[fll Lo () » (2.97)
for any measurable f. Then for any N-function ¢ for which p < p, < oo,
P
q q
([etmmias) <c [ sieman (2.98)

The same holds if p =1 and ¢ € Vs.

Proof. Similarly as in the proof of Theorem 2.2.1, we set y = ﬁ and put f1 = fl{>pus)
and fo = f — fs. Then by subadditivity, definition of x and the weak-(p, ¢) inequality we

obtain

S

Arp(s) < Arp (s/2) 4+ Arp, (s/2) < </{|f } <2AW1|f) dx) ' : (2.99)
>us

Therefore we can estimate

Letmatas= [“ans (o) ) as

L (52 0

(L R ey ds>§ w)

where we have used Minkowski’s integral inequality in the last line. It remains to show that

there is C' > 1 such that

o (t)r < CtP /OW (M”)q (¢%)'(s) da. (2.101)

S

This follows by applying Lemma 2.1.14 to cp%, noting that p ¢ = %pw O
©

Finally, we show an endpoint result near p = 1. We will only need this in the proof of
Lemma 2.1.34, it is a natural consequence of the arguments we have considered. This follows

from an adaptation of [KK91, Theorem 1.4.1].
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Lemma 2.2.4. For Q C R", let T be a sublinear operator such that 7" is of type weak(1,1)

and weak(q, ¢) for some 1 < g < oo. Then for any N-function ¢ such that g, < g < oo,

() (s) < C /Q o(1f]) do. (2.102)

If ¢ = oo we can take ¢ to be any N-function, except that we replace ¢(|f|) on the right-hand

side by ¢(C|f]).

Proof. For s > 0 write f1 = flyfj>usy and fo = f — f1. If g, < oo, then arguing similarly

to (2.91) we have

p()rs(s) < ¢ 2 /{ » }rf\dxw“”“) /{ R (2.103)

S s4

Note that ¢(t)/t is increasing by convexity of ¢, and also since ¢ < g, by Remark 2.1.11
there is C' > 0 such that

‘ps(qs) <C @t(qt) (2.104)

for all s > t. Hence we have %\ﬂq < o(|f|) when s > |f| and @\ﬂ < o(|f|) when

s < |f]. These inequalities show that

() (s) < C /Q (1 f]) o, (2.105)

as required. If T is bounded in L° with constant A.,, we can take u = ﬁ and use

convexity of ¢ to show that

o(s)rs(s) < 0 P8 /{ Lo [ ezalfhas (2.106)

S

as required. O

Remark 2.2.5. Note the constant in Lemma 2.2.4 depends implicitly on ¢ through the
constant in (2.104). However if ¢ € Ay, then by Lemma 2.1.5 we can find ¢ and C' > 0

depending on As(yp) only such that (2.104) holds.

This largely settles the problem of interpolation, so now we turn to the problem of
extrapolation. Here the idea is to establish weighted estimates for some LP space, from
which we can deduce estimates in every LP space. For this we need to introduce the class

of weights we are interested in.
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Definition 2.2.6 (Muckenhoupt weights). A weight is a non-negative measurable function
w: R™ = R. For 1 < p < oo we say w lies in the Muckenhoupt A, class, denoted w € Ay, if

we have

p—1
[w]a, = sup][ wdz <][ w dm) < 00, (2.107)
QR JQ Q

where the supremum is taken over all cubes @ C R™. Given w € A, we will also define the

associated weighted Lebesgue space L%,(€, R¥) as the space of f € L{ (€2, R") such that

loc

iz =  [Jrrwas)” <o (2108

Muckenhoupt weights were introduced by MUCKENHOUPT [Muc72|, and they are pre-
cisely the weights which ensure the Hardy-Littlewood maximal operator M is bounded on
LY, (R™). There is a vast literature on this topic which we will not detail, and instead refer

the reader to [Ste93, Chapter 5].

Theorem 2.2.7 (Extrapolation in the modular scales, [CMP06]). Let Q2 C R™ be a bounded
domain, and suppose F is a family of pairs of non-negative measurable functions (f,g)

defined in €. Assume there is 1 < pp < oo such that for all w € A, we have

/\g\powdx < C(w)/f\powdx (2.100)
Q Q

for all pairs (f, g) € F whenever both sides are finite. Then for any N-function ¢ € As NV,

we have
/@MWMSQ/ﬂWMw (2.110)
Q Q

for all (f,g) € F whenever both sides are finite.

A detailed proof can be found in [CMP11, Section 4.3]. We point out that the proof
heavily relies on the boundedness of the maximal operator on the Orlicz scales, which can
be obtained via interpolation as we will show in Section 2.2.2. The benefit of this approach
is that we do not need to assume that g = T'f for a suitable operator 7. On the other hand,
the requirement for the initial estimate to hold with respect to all weights w € A, is a very

strong condition, which is difficult to verify in practice.
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2.2.2 Maximal operators

We now apply the results established in the previous section to obtain estimates for the
maximal operators. For Q C R" open and f € L{ (£, RX) we define the Hardy Littlewood

maximal operator as

Maf(x) = sup ][|f|dx (2.111)

reBCQ

where the supremum is taken over all balls B C € containing z. In the full space, we will
write M = Mpgn. We will also define the Fefferman-Stein sharp mazimal function as
/\/l#f = sup ][ lf — (f)B|dx. (2.112)
z€EBCQ
There are many different conventions to defining these operators, where one may require the
balls B to be centred at x, or one may consider balls B which are not necessarily contained
in Q. For our purposes the above will be most convenient.

The following boundedness properties of the maximal function are well known.

Proposition 2.2.8. For any 2 C R" open, the maximal operator Mg satisfies the weak-
(1,1) inequality

Mg (z) < /|f|d (2.113)
and satisfies

/ o[ Maf])dz < C / o(CIf)) dz (2.114)
Q Q

for all N-functions ¢ satisfying the Va-condition, and all f locally integrable. Moreover the

constant C' depends on n and Va(p) only.

Proof. It suffices to prove this in the full space, noting that Mgq f < M f after extending f by
zero. The weak-(1,1) inequality is standard, and can be found for instance [Ste71, Section
L.3] or [Duo01, Section 2.6]. Also by definition we have [Maf|l ) < [IMafll=q

which is immediate from the definition. Now the result follows by interpolation, namely by

Theorem 2.2.1. O

Remark 2.2.9. It is known that the Va-condition is also necessary to ensure the maximal

operator is bounded. A proof of this can be found in [KK91, Theorem 1.2.1|, and follows by
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choosing f(x) = txp, (o)(z) in the inequality (2.114) for varying ¢ > 0 to deduce constraints

on . It is also noted in [KK91] that we do however have the weak-type estimate

PMia(s) < C [ o(Clrd. (2.115)
for any N-function ¢. We will not need this, but this follows by applying Lemma 2.2.4.

For the sharp maximal function, we have the pointwise estimate M#f < 2Mf so we
also obtain similar boundedness results. An interesting feature is that we have a partial
converse, namely that we can control Mf by M# f under suitable integral norms. This
is due to FEFFERMAN & STEIN [FS72| for the case of the full space, who established an
estimate of the form

| eimihas<c [ pimtflas (2116)
for all f for which both sides are finite, and for suitable ¢. We will present a generalisation
to John domains, which will follow from the work of IWANIEC & NOLDER [IN85], and the
extrapolation theorem from the previous section. This particular statement was presented
by the author in [Irv21al, and will be applied in Chapter 4. We mention that similar results
in a more general framework have been obtained by DIENING, RUZICKA, & SCHUMACHER
[DRS10].

Theorem 2.2.10 (Fefferman-Stein). Let 2 C R™ be a bounded d-John domain, and ¢ €
Ay NV3. Then there is C' = C(n,d, Aa(p), Va(p)) > 0 such that

| et =ahae<c [ o(ahr) da (2.117)
for all f € L{ (9, RY¥") such that both sides are finite.

loc

Proof. We first need a weighted LP estimate in €2, so let 1 < p < oo and w € Ap. Then for

any cube () we have (see for instance [DRS10, Lemma 7.2])

/Q|f — (folfwdx < C (n,p, [w]AP) /Q|Mgf|pwdx (2.118)

for all f € LP(Q,w,RN™), that is f: @ — R™™ such that | f|[Pw is integrable on Q. To extend
this to John domains we can apply [IN85, Theorem 3| together with Lemma 2.1.30 to verify

the Boman chain condition they assume. Hence the argument shows that
[ Mals = (Do)Pwde <€ (np.ful,, 6) [ IMEfPwds (2019)
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forall 1 < p < oo and w € Ay, for a distinguished cube Qo C €. Then applying Theorem
2.2.7 to the family of pairs (|f — fg,|1a, \Mé’ﬁf]lg) we obtain

/ o(1F = (Nl dz < C(n,8, Aa(9), V() /
Q

K (ME 1) de. (2.120)

Replacing the average (f)g, by (f)q using the doubling property and convexity of ¢, the

result follows. O

Remark 2.2.11. If Q = R" or a cube, one can obtain this estimate by much simpler means.

Roughly speaking, it suffices to obtain a good-A inequality of the form
s () € CApge g (3) + Oy (CH) (2.121)

for all ,t > 0, where C' = C(n) > 0. We can then integral with respect to ¢'(¢)d¢ and
adjust v suitably to absorb the second term. This establishes the same inequality assuming
¢ € Ay, as it noted in [KT03]. It is unclear whether the Va-condition is necessary for the

general case, however we have not investigated this further.

We point out that this has the following consequence, which was noted earlier by STAM-

PACCHIA [Sta65] (see also [Cam66]) in the case of a cube.

Corollary 2.2.12 (Stampacchia). Let  C R™ be a bounded 6-John domain, and let 17" be
a linear operator acting between measurable functions Q@ — RX to Q — R, Suppose that

for some 1 < py < oo we have

||Tf||LP0(Q) <C ||f||L:D0(Q) 5 (2.122)

|Mta@n| | <Ol (2.123)

Leo()
Then T is bounded on LP for all py < p < oo.

This follows by noting M# oT is bounded on LP by Theorem 2.2.1, after which we apply
Theorem 2.2.10 to obtain corresponding estimates for T'. Here some care is needed since we

a-priori do not know whether T'f € L?; we must first assume f € LP° N L*° after which the

general case follows by density.
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Finally in Chapter 3 we will need the following variants of the maximal operators

Mvgf(xo) = sup][ |f] dz, (2.124)
R>0 JQR(zo)

M f(o) = Sup][ |f = (Hartzy)| dz- (2.125)
R>0 JQp(w0)

Proposition 2.2.13. Let Q C R™ be a bounded Lipschitz domain, and ¢ € A3 N V3 be an

N-function. Then we have

[ ¢ (Maf) do < 0 82(0), Tl [200s  £7@/RD) [ ellflyde (2120
Q Q

for all f locally integrable on €2 and

o 1f = (e dr < O a(e). Vat).8) [ ¢ (M pr) do. (2127)
for all f such that both sides are finite, where we assume 2 is a J-John domain.

Proof. By the interior cone condition (see Lemma 2.1.22) there is k > 0 such that we have
£7(Qp(w0)) > KL (Br(zo)) (2.128)

for all 29 € © and 0 < R < Rg. Hence by distinguishing between when R < %Ro and

R > %Ro we can estimate

Nof(x) < CM( o))+ 0 S8 [ (710 (2.120)
9] Q

for all x € Bgr(xg). Hence integrating over Bsg(xo) and applying Proposition 2.2.8 we have

/szmo)@ (ﬂgf(x)) dx < C’/ng(]f‘)dx’ (2.130)

from which the result follows by a covering argument. For (2.125) it simplies suffices to
observe that Mg < Mvg f since we are taken the supremum over fewer subests, so the

result follows by Theorem 2.2.10. O
2.2.3 The space BMO

Definition 2.2.14. The John-Nirenberg space BMO(£, R¥) of functions of bounded mean
oscillation in Q will be the space of f € Ll (Q,R¥) for which Mgf € L>®(Q). We equip

loc

this space with the seminorm [f]pyo ) = HM;«Z&fHLoo(Q).
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As the John-Nirenberg inequality (Proposition 2.2.15) illustrates, BMO is an intermedi-
ate scale between the Lebesgue space LP for 1 < p < oo and L°°. This plays a fundamental
role in the regularity theory for elliptic equations, as it provides a integral scale of smooth-
ness through the infinitesimal mean oscillation, which following [MMS10] is defined for

f € BMO(Q,R¥) as

{Yosciy = limsup  sup ][ 1 = (F), )] (2.131)
R—0 B(z)CQ JB,(x)
0<r<R

Note that {f}sc(q) = 0 if and only if f lies in the Sarason space VMO(S2, RX) of vanishing
mean oscillation.

The following result is essentially proved by SMITH & STEGENGA [SS91] (see also the
paper of HURRI-SYJANEN |[Hur93|), but we will sketch a proof for completeness and to
clarify the dependence of constants. The John domain condition can be relaxed (it suffices

to require (2.139) below), but this will suffice for our purposes.

Proposition 2.2.15 (Global John-Nirenberg estimate). Suppose 2 is a bounded d4-John
domain, and f € BMO(Q, RX). Then for all 1 < p < oo, there is C = C(n,p,§) > 0 such

that
(f - Q\dx) < C o - (2.132)

Proof. Let W = {Q;} be a Whitney decomposition of €2, as given in Definition 2.1.29.
We observe that for any Q C Qj, there is a concentric ball B with Q € B C § with
diam(B) = 2 Q) so IFQ |f = (floldz < C(n) [flgmo(q) - Hence up to an equivalent norm
we can work with cubes ) C Q); in place of balls. Therefore by the John-Nirenberg inequality

in Q; (see for instance [Giu03, Corollary 2.2|) we obtain

<][ If = (f)Qj\pde> "< C(n,p) [flzmoc) - (2.133)

j
To obtain a global estimate let Q9 € W to be determined, and suppose @@ € W is connected

to Qo by a chain Q1,...,Qr = Q of length k. If this holds, by [Jon80, Lemma 2.2] we have

k
1(fq Z Hasl < C)k [flpnmor) - (2.134)
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This leads us to consider the minimal length chain connecting Qo to @j, which we will
denote by k(Q). To control this we introduce the quasi-hyperbolic distance introduced in

[GP76|, which for zg,z1 € Q is defined as

1
]’CQ($0,$1) lnf/dlst(xamd (2135)

taking the infimum over all rectifiable curves 7 connecting zg to x;. It is observed in [Jon80]

(see also [Hur88|) that there exists C = C'(n) > 0 such that if z¢ is the centre of Qo we have
CYkq(xg, ) < k(Q) < Cko(xo,z) + 1. (2.136)

for all x € Q. Hence combining the above estimates we obtain

1= (hap dz < co) Z/\f Mol da

Qew
Z / ‘f ‘P dz + C n p Z En k(Q)p [f]II;MO(Q)
Qew Qe

< C(n,p) (mm " / k(o0 2)” o) [yso -
’ (2.137)
Finally to show this integral is finite, we use the assumption that €2 is a John domain; letting
xo be the John centre (and so @) is chosen to contain xg) it is shown in [GMS85] that for all
T €€,
1. dist(zg, 090)

ka(zo,z) < <log ————=5 +

1 -1
5198 Ginw.ony 5 (L Hlos(1+070). (2.138)

Using this and keeping track of constants in the proof of [SS90, Theorem 4] we have kq

satisfies the integrability condition

/ ka(xo,z)P de < C(n,p,6)L" (), (2.139)
Q
from which the result follows. O

Remark 2.2.16. Since the proof only considers cubes @ such that 2Q) C €2, this shows that
we can equivalently define BMO(2) by taking the supremum over all cubes @ satisfying
either Q C Q or 2Q) C 2, and similarly with balls; this is a result of REIMANN & RYCHENER

IRR75].
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We will need the following in Section 4, which follows by applying the Fefferman-Stein

inequality (Proposition 2.2.10) to the N-function constructed in Lemma 2.1.18.

Lemma 2.2.17. Suppose D C R" is a bounded d-John domain, 1 < p < oo, and w: [0,00) —
[0, 1] is non-decreasing, continuous, concave with w(0) = 0. Then if f € BMO(D,RX), for

each 1 < p < oo there is C' = C(n,p,d) > 0 such that

[l =Dl = (ol dz < Co (o)) [ 1F = (Polde. (2140)

2.2.4 Miscellaneous estimates

We now collect some other results which we will need on occasion later. The first is the

Fourier transform of a function u € L'(R™, RX) which we define as
Flu)(©) = ile) = [ ulx)e =< da. (2,141
Under these conventions, for u € D(R™, RX) we have the differentiation rule
Vu(€) = a(§) ® i€, (2.142)
and for v € L' N Cy we have the inversion formula

Fla)(z) = (2m)™" / a(€)e T de = (2n) " F(0)(—x). (2.143)

n

We will also need Plancherel’s theorem, which asserts that the Fourier transform extends
uniquely to an isomorphism on L?, and we have the identity
fogde=0m)™ | f-gda (2.144)
R" R"
for all f,g € L?(R™,RX), where g the componentwise complex conjugation.
We will also record the classical singular integral estimate of CALDERON & ZYGMUND
[CZ52], though we will only use it in Section 3.2. There are significantly more general

versions of the below result, however the following will be sufficient.

Theorem 2.2.18 (Calderén-Zygmund). Let K: S"~! — R be a C'! map such that

K(w)dH" Hw) = 0. (2.145)
Snfl
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Then the mapping
K K
Tf=P.V. Liy‘)f(x—y) dy = lim Lly‘)f(x—y) dy, (2.146)
R™ ’y‘ e—0 {yeR": |y|>e} |y‘
which is well defined on D(R"), extends to a bounded linear operator 7': LP(R™) — LP(R")
forall 1 < p < oo, which is also of type weak-(1, 1). Moreover for any N-function ¢ € ANV,

we have the modular estimate

/9xwwmsc/'wMMm (2.147)
Rn Rn

for all f € L (R™).

loc

We omit the well-known proof, and refer the reader to the original paper [CZ52] and the
classical text of STEIN [Ste71, Chapter 2|. The heart of the proof involves showing T is of
type weak-(1, 1) by means of the Calderén-Zygmund decomposition. By Fourier analysis one
shows T is also bounded on L2, from which one can conclude using interpolation (Theorem
2.2.1) and duality. Note the above sources only prove boundedness in LP, but once this
is established we can extend this to the modular scales using Corollary 2.2.2. We will not
actually need this fact, but this illustrates how most estimates in LP also extend to these

scales.

2.3 Function spaces

2.3.1 Orlicz-Sobolev spaces

In Section 5.3 we will study minima of integral functionals satisfying a general growth
condition governed by N-functions. For this we will need to understand the associated
spaces our solutions will lie in, and collection some properties which will be used later. We
will largely be interested in the case when our N-function satisfies the As-condition, and we
may often assume this to simplify the exposition.

For © C R™ open and M > 1, we define the Orlicz space L¥(Q,RM) as the space of

f e Ll (Q,RM) for which

loc

pmm»:éwmmme (2.148)
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for some A > 0, which we equip with the Luzemburg norm

11 e mf{A >0:p§ <|f’> } (2.149)

Note that if ¢ satisfies the Ag-condition, then f € L?(2, RM) if and only if p§(|f]) < oco.

For N > 1 we can define the Orlicz-Sobolev spaces W1#(Q,R"V) as the space of weakly
differentiable u € L¥ (€2, R") such that Vu € L#(2, R¥™). We also define the W, L2, RY) to
be the space of functions for which u|g, € WH#(Q/,R™) for all ' € €, and u € WO’“O(Q, RM)
to be the closure of C°(Q,RY) in W1#(Q,RY).

Lemma 2.3.1. Let @ C R", M > 1 and ¢ € Ay. Then a sequence {fx} C L?(Q,RM)

converges strongly to f if and only if we have

kli_{{)lo/ﬂcp(!f — fil)dz = 0. (2.150)

Proof. Strong convergence implies the existence of A, — 0 such that pf(|f — fxl/Ax) <1
for all k, so by convexity of ¢ we have p5(|f — fx|) < Ax — 0. Conversely if (2.150) holds,

by the doubling property for all A < 1 we have

Lo (52 awconesso [ g s 2151)
Q Q

We can then select a sequence A\ — 0 such that CA, log A2(¢) po(fe — fl) <lforall k. O

Discussion 2.3.2 (The predual of L¥). In order to establish the existence of minimisers
in this general growth setting, we will need a suitable weak compactness principle using
the Banach-Alaoglu theorem. Given an N-function ¢, we define the space E?(2,RM) of
measurable functions f € LL (2,RM) such that p§(|f|/\) < oo for all A > 0. This is a
Banach space under the Luxemburg norm which coincides with L?(,RM) if ¢ € Ay (in

fact the converse also holds, as shown in [KR61, Section I1.10]). Then we have the pairing
(u,v) = / u(z)v(z)dz : E?(Q,RM) x LY (Q,RM) - R (2.152)
Q

induces an isomorphism E¥(Q, RM)* = L#"(Q, RM), which is proved for instance in [KR61,
Section 11.14]. Hence viewing W1#(Q,RY) as a subspace of L¥(€2, R"*N") we see it is also

a dual space.
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Lemma 2.3.3. Let ¢ be an N-function and €2 C R” a bounded domain. If ¢ € Vo,
then there is p € (1, 00) such that L#(Q,RY) c LP(Q,RM). Also if ¢ € Ay, then there is
q € (1,00) such that LI(Q,RM) c L#(Q,RM),

The Ay case follows from simple pointwise estimates for the N-function, while the Vs

case uses similar ideas involved in the interpolation results of Theorem 2.2.1.

Proof. Suppose ¢ € Vg, then by Lemma 2.1.14 there is p > 1 such that

1
tp / sPo(s) < co). (2.153)
0

S

for t > 1, where we have bounded the integral in (2.30) from below. Now if f € L?(Q,RY),
let £ > 0 such that (] f|/¢) is integrable in Q. Then recalling the distribution function from
(2.84) we have

ds

S

v / Pde < £7Q) + p / A els)
Q 1
-1

/IOO S0(5)%0/15(3) ds (2.154)

S

SEWQ%+C<A¥ﬂw@ﬁb>

SHWD+CA¢<E0d@

where we have used the fact that p(t)/t < ¢/(t) form Lemma 2.1.6.

If o € Ay, then letting ¢ = logy Ag(¢) we use Lemma 2.1.5 and (2.13) to estimate
to'(t) < Cop(t) < Ct4 (2.155)
for all £ > 1. Then similarly to above we have
[ ehas < cr@)+ [ siasis)as

< L) + C/loo t77 I\ p(s) ds (2.156)

SU%D+CAUPm,
as required. O
2.3.2 Poincaré inequalities

In our local estimates, we will frequently need to pass between integral estimates of the

function and estimates on its derivatives. For these it will be important to keep track
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of the dependence of constants involved, along with different conditions to ensure such an
inequality applies. As such, we will record several Poincaré inequalities in this section, which
will be used in later chapters. We note that other variants are also stated in Lemmas 4.3.1,
5.2.10.

We begin by stating the main variant of Poincaré-Sobolev inequality we will use, which

we state in the sharp form for LP-norms.

Lemma 2.3.4 (Poincaré-Sobolev inequality). Let 2 C R™ be a bounded ¢-John domain,

and 1 < p < n. Then for any u € W1P(Q,RY), we have the estimate

n—p 1
</ lu — (u)Q|n%? dx) ’ < C(n,p,0) (/ |VulP dx> . (2.157)

Q Q
Moreover if u € WO1 P(Q,RN), the (u)q term can be omitted and the John domain assumption

can be dropped.

This is proved in [Boj88, Theorem 5.1|. If u vanishes on 92, this simply follows by the
Gagliardo-Nirenberg inequality in R™ and so the constant in (2.157) depends on n,p only.

In what follows, we will denote this critical exponent by

pr = . (2.158)
For general exponents we have the following version.

Lemma 2.3.5 (Scale-invariant Poincaré-Sobolev). Let Q@ C R™ be a bounded §-John do-
main, and 1 < p,q < oo such that ¢ < p* if p < n, and is otherwise unconstrained. Then if

u € WHP(Q,RY), we have the estimate

( Q E"(Q)% d ) < C(n,p,q,0) (]{Jv Pd ) ) (2.159)

and if u € VVOI”’(Q7 RM) we can omit the average term.

Proof. This follows by noting that for averaged integrals, for 1 < r < n by Lemma 2.3.4 we

(e

have

1 1
r* d:c> L o< LQ)n <][ |Vu|rdx> " (2.160)
Q
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so dividing both sides by E"(Q)% establishes the result for p = r,q = r*. In general, if p < n
we apply the above with » = p and apply Hdlder on the left-hand side, and if p > n and
5 < q < oo we choose r to satisfy 7* = ¢ and apply Hélder on the right-hand side. In the

final case we choose r = 1 and apply Holder on both sides. O

Lemma 2.3.6 (Orlicz Poincaré-Sobolev). Let ¢ be an N-function satisfying the Va-condition,

and © C R™ a §-John domain. Then for all 1 < p < -2, for u € W' (Q,RY) we have

<]{2 v (W)p d“””>; <C(n, N, Az(so)ﬁ)]{2 p(|Vul) dz (2.161)

where R = diam(€2), and if u € Wol’sp(Q,]R”) we can omit the (u)q term.

Proof. Recall from Lemma 2.1.27 that R ~ E”(Q)% If Q=@ is a cube and p = 1, this was

shown by BHATTACHARYA & LEONETTI [BL91| using the Riesz-potential estimate

u— (gl < C(m) [ 710 (2.162)

Qlr—yl*!
This was then extended to John domains by HURRI-SYJANEN [Hur96|, who applied the
above to a covering satisfying the Boman chain condition from Lemma 2.1.30.

For general p, by translation we can assume (u)q = 0. Now noting that V(p(Jul)) =

¢ (Ju])V]ul, we can apply Young’s inequality (Lemma 2.1.2) to estimate
][\VSD(\UD\ dz < ][ 0" (#'(Jul)) + d(|Vul /) do
Q Q (2.163)
< {f dot2ul) + 8o(|Vul/5) do
Q

where § > 0 is to be determined. This shows that ¢(|u|) € WH1(€), so applying Lemma
2.3.5 we have

n—1

(o ()™ ) (o (1)) [ om oo (%) e (152
< ][ o <‘R’> dx—l—][ o(|Vu]) dz

Here we have applied (2.163) to u/R, used Jensen’s inequality for the first term, and set

(2.164)

0= %. Now the result follows from the p = 1 case.
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If w vanishes on the boundary, the result is proven in [CGZ19, Proposition 1.4]; this
essentially consists of adapting the argument for the classical Gagliardo-Nirenberg inequality.

Note here we use the fact that R = diam(2). O

We note that the optimal scales for the Orlicz-Sobolev embedding theorem has been
identified by CIANCHI [Cia96], however we will find the above version is more convenient
for our purposes as it comes with the modular estimate (2.161), even if doesn’t capture
the sharp improvement in integrability. We will usually apply this for balls Q = Bgr(zg),
however in light of Lemma 2.1.25 this generality will be useful when establishing estimates
up to the boundary. Another important example will be the case of V-functionals, when we

take ¢ = ey, from Example 2.1.9.
2.3.3 Traces and extensions

We will also identify the trace space of these Orlicz-Sobolev spaces, and derive a fractional
embedding result. This technical step mirrors what as done in |[GK19a| when considering
regularity of minima in the BV setting, and similar ideas were used by FONSECA & MALY
[FM9I7] in the context of lower-semicontinuity.

Assuming ¢ € A, for simplicity, we define Y# (92, RV) to be the space of u € L#(9Q, RY)

) = [ [ o (L= u) doteldoty 2,165

lz -y |z — y|n2

for which

where 0 = H" 199 denotes the surface measure on 9. We have the associated seminorm

[uly ooy = inf {A > 0 = (%) <1} <o (2.166)

The characterisation of the trace space of Orlicz-Sobolev spaces was studied by LACROIX
[Lac74], where under the Vy condition the trace space was identified as Y?(9Q,RY). As
this reference is not easily accessible, we have sketched the details in the half-space for the
convenience of the reader. This largely follows by modifying proof of the WP case, and we
will loosely follow the exposition in [Ne¢12]. We will also mention the more recent works
[KK13; DK15; DK16] where the trace space is identified under for general N-functions in

the weighted setting. We also mention the work of CiaANcHI, KERMAN, & Pick [CKPOS§|
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and CIANCHI & Pick [CP10; CP16] in identifying the embedding of trace embeddings into

Orlicz and rearrangement-invariant spaces.

Lemma 2.3.7. Let ¢ be an N-function such that ¢ € Ay N Vs, and 2 C R™ a bounded

Lipschitz domain. Then there exists a well-defined trace operator
Tr: WHe(Q,RY) — Y9 (09Q,RY), (2.167)
which satisfies Tr(u) = u|gq for any u € C1(Q,RY), and we have the modular estimate
pba(ITrul) + w50 (Tru) < € (h(Ju) + p4(IV-ul)) (2.168)

Here V., denotes the tangential gradient along 92. Moreover this operator is surjective, and

there exists an extension operator
E: Y9 (0Q,RY) —» whe(Q,RY) (2.169)
satisfying TroF = idy¢(gq), along with the estimate
PE(EV]) + p§ (V- Bvl) < C (s o)) + =50 v)) (2.170)

Sketch of proof for @ =R. Let u € Whe(R™ RY), and choose a representative which is
absolutely continuous on almost all lines. Writing T = (x, z,,) € R*~! x R, for almost every
x,h € R" ! we have

|u(x 4+ h,0) — u(z,0)]

k| (2.171)
< / (10n, (. £)] — (e + ht)] + [Byulz + to, [B])]) da,
0

putting v = h/|h|. We now use the pointwise estimate in ngi (u(+,0)) applied in the radial
directions of R™~!, converting to spherical coordinates. From here the desired estimate will

follow from an application of the Hardy-type inequality

[ (1 [ s dt) ar<c [ pllrhas (2.172)

which holds for all f € L¥((0,00)) since maximal operator is bounded on this space noting

© € Ay N V3 (see Proposition 2.2.8).
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Conversely given v € Y¥ (R, RM), we will define an extension using Gagliardo’s exten-

sion operator

Bo(z, 20) = — / w <”“" - y) v(y) dy. (2.173)

n Tn

where w € C°(R™" 1) is a radially symmetric mollifier supported on the unit ball. Distin-

guishing between the cases 1 <¢ <n — 1 and ¢ = n, we have the pointwise estimate

1
a0z, 20)] < C() @l B0y —= [o(y) — v(@)] dy, (2.174)
BON 77 fpos

so then we can estimate p§1(|V(E’U)’) using the above and Jensen’s inequality. O

We will also need the following fractional embedding result, which is a adaptation of the
analogous estimate in Wh! established by BOURGAIN, BREZIS, & MIRONESCU [BBMO04].
We will also record a compactness result for non-critical spaces, which will be a straightfor-

ward consequence of the embedding.

Lemma 2.3.8. Let ¢ be an N-function satisfying the As-condition, 2 C R™ a bounded
Lipschitz domain, and 1 < ¢ < 5 if n >3 and 1 < ¢ < 35 1f n = 2. Then there exists

C > 0 such that

(/m/m <‘u yg;_y,( )‘>q,£xﬁ_2>éSC/mso(lu!Hw(muDdx, (2.175)

for all u € W1#(99,RY), where C = C(n, q, Aa(p)) > 0. Moreover if ¢ < -, the associ-

nl’

ated embedding W1?(9Q) — Y#*(99) is compact.

Proof. We will prove the assertion for 2 = R"™, and the general case follows by applying this

locally. We begin by establishing the following one-dimensional estimate

<// <|u \x—y\( )’)qd‘”dyy :
<o ([ ol + so(\u/odx)“ (f so(u|>qdw)ql,

where C' = C(q, Aa(p)). For this let 0 < A < 1 to be determined and 1 < g < 2, then we

_2// (Iuw+h) ()I)qdhdx
+2// (!urﬁh]i ()I)qdhdfg (2.177)

21 +1I),

(2.176)

can write
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which we estimate separately. For the first term we use the fundamental theorem of calculus

to note that

lu (ZL‘+h —u(x lu':c
h/ /0 (z + th) dt, (2.178)

so applying Jensen’s inequality to ¢ we have

Lo )

<[ ([ eonar) ana
<(Aywﬂmﬁwi4£2;4Aiww@+mmwMMw (2.179)
:</wWﬂMQTJAx;4%féw@ﬂx+mmdeM

=5 ([etunat)’,

where we have applied Fubini in the penultimate line, and 8 > 1 is to be chosen. For the
second term we can bound

II<01// <|“:”+h|> +<,0< > dh da
_01A ﬁdh ( |> do (2.180)

1—q
:%fléwmmm%a

where C; = 2971 Ay(p)?. We wish to extremise in A < 1, for which we take

C1 Jg #(|ul)? dz
B (Jee(lul) + o(lu']) dz)*

Since ¢(Ju]) € WHL(R), we can choose 8 = 5(C1, q) sufficiently large to ensure that A < 1

(2.181)

independently of u, and so the n = 1 case follows.
Now we can argue analogously as in [BBM04, Lemma D.1]; let n > 2 and fix ¢ = "T'H < 2.

Then by taking spherical coordinates in A = y—x and working componentwise we can bound

fo ke (=) 55

<C’Z// <|“x+h‘;;) (x)|>qdhdx,

so it suffices to bound each term separately. To achieve this we apply the above one-

(2.182)

dimensional estimate in the z; direction and apply Holder, using the fact that ¢(|u|) €
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LT (R™) by the Gagliardo-Nirenberg inequality (arguing similarly as in Lemma 2.3.6), and
also that [p ¢(|ul) dz; lies in = (R"~1) by integrating over the remaining coordinates.
To show the embedding is compact for ¢ < "7 note that if {u,} is bounded in
Whe (99, RN) it is precompact in L(09, R™) by Rellich-Kondrachov, and hence converges
in measure. Further by the above embedding we have the argument of wgé(un —u) is

uniformly integrable, so by Vitali it follows that wgé(un —u) — 0 asn — oo. O
Combining the above two results gives the following.

Proposition 2.3.9. Let (2 C R” be a bounded Lipschitz domain, and ¢ € Ay an N-function.

Then there exists an extension operator
E: Wh(0Q,RY) - W' (Q,RY) (2.183)

which is bounded for 1 < ¢ < 25 if n >3, and 1 < ¢ < % if n = 2, and moreover compact

if ¢ < -75. Moreover E satisfies the estimates
1
q
([ etz +viEontar) < [ o)+ (9

( / go(N(Ev))de)‘l’ <o [ o,

This straightforwardly follows by combining Lemmas 2.3.7 and 2.3.8. Here the second
inequality follows by applying the first to v — (v)q and using the Poincaré-Sobolev inequality
(Lemma 2.3.6). In general the constant depends non-trivially on €2, but we will usually apply

this on balls where we can deduce the R-dependence by a scaling argument.

Discussion 2.3.10. Extension operators of this type were used by FONSECA & MALY
[FM97] to establish lower-semicontinuity results for quasiconvex integrands satisfying a
(p, q)-growth condition with ¢ < 2. This range of exponents ensures an extension op-
erator of the above type is defined, and the inequality is strict to ensure said extension
is compact. Similar ideas will be used in Section 5.2 by adapting an argument of [CK17].
Moreover extension operators of this type have also been applied to establish regularity; this

was done by SCHMIDT [Sch08a; Sch08b; Sch09] to establish partial regularity for quasiconvex

integrands satisfying a (p, ¢)-growth condition.
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2.3.4 Besov spaces

We will briefly introduce and discuss the basic properties of Besov spaces, which provides
intermediate scales between the usual Sobolev scale of smoothness. Unlike in the Section
2.3.3, we will restrict our attention to the LP case, and these spaces will be used in Chapter
6. We will write 7, f(x) = f(x + h) for any function f and z,h € R™, and for 2 C R™ open
we set

Q= {z € Q : dist(z, Q) > |h|}. (2.184)

Definition 2.3.11. Let Q C R” be either the full space or a bounded Lipschitz domain,
1 < p,g <ooands € (0,1). We define the Besov space By*(Q,RY) to be the space of

functions u € LP(£2, RY) such that

q
[U]Bg’p(ﬂ) = (An|h’(n+8q) HTh’U, — uH%p(Q[h]) dh) < 0 (2185)

if ¢ < o0, and if ¢ = oo we require

[U]ng’(g) = sup |A[77|[Thu — UHLp(Q[h]) <0 (2.186)
heR™\ {0}

with the associated norm ||UHB;’1’(Q) + llull o) + [ul gsr(q) - We also define BytHP(Q,RN)
to be the space of u € WHP(Q,RY) with Vu € ByP(Q,RM"), with the associated norm
”U”B;Jrs,p(ﬂ) = |lully1p(q) + [Vl ByP(q) - We also can define the corresponding local versions

B3P (Q,RN).

q,loc

We are largely interested in the case when ¢ = oo, which is also known as Nikol’skii-
spaces. We will refer to the classical texts of NIKOL'SKII [Nik12], TRIEBEL [Tri83|, ADAMS &
FOURNIER |AF03]| for a detailed discussion and further references. In particular, we remark
these spaces can be obtained by means of real interpolation between LP and WP, which is
often how the below embedding theorems are proven.

We have the following embedding theorem on the full space.

Proposition 2.3.12 (Embeddings in R"). Let 1 <p <p; < 00,1 <¢g<00,0< 51 <5< 1,
and assume that

§—— =8 — — 2.187
’ (2.187)



Then if v € By?(R™), we have

[U]Bgl"’l @) <C [U]Bg”’(Rn) :

Moreover if s; = 0, the above inequalities remain true if we replace By?(R™, RY) with the

Lorentz space LP4(R™, RY),
On bounded domains we have the following slightly different version.

Proposition 2.3.13 (Embedding in Lipschitz domains). Let 2 C R™ be a bounded Lips-

chitz domain, 1 <p <p; <o00,1 <q1 <qg<o00,0<s; <s<1. Assume that
n n
s——<s8 —— (2.188)
p p1

and suppose v € By?(Q). Then,

[0l gm0y < Cllvll gy -

Moreover if s; = 0, the above inequalities remain true if we replace By (Q2) with the Lorentz

space LP2(Q). Also if the inequality is strict, the result holds for all ¢, ¢;.

Note that for Q C R”, the Marcinkiewicz space LP>°(Q, RY) is defined as the space of

measurable functions such that

1
11 Lo ) = sup sAf(s)?, (2.189)

where \f(s) is the distribution function defined in (2.84) from Section 2.2.1. We will record

the following elementary inequality.
Lemma 2.3.14. If 1 < ¢ < p < oo and 2 C R" is a bounded open set, we have
D @ nen L1
HfHLq(Q) < p—q Lr(Q)a v ||f||Lp,oo(Q)- (2.190)
Proof. For sg > 0 to be determined we can estimate
7 a1
ey =1 [ 57 s(s)ds
S0 00
() / Vs + ¢ £ e / s1-r-1 g (2.191)
0 S0
q _
= 3 LY(Q) L T Iy
pP—q
Extremising sy we take so = || f| ;5.0 (q) /E"(Q)%, from which the result follows. O
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For ¢ = oo and 2 C R™ we will introduce the localised seminorm

[u]s paa = sup |7 mnu = ull o qip) (2.192)
0<|h|<d

which is defined for u € B3 (€2). Using this we obtain the following localised estimate, which
is similar to [ELM04, Lemma 3|.

Lemma 2.3.15. Let 0 <r < R, 1 <p <p; <0, 0< s <1, and assume that

s<2- (2.193)
b D1
then we have
< CRv m® L 2.194
[u]LPI(BT) — ! [u]&p,RZT, + (R_ T)max{&l_s} HUHLP(BR) ) ( 19 )

where C' = C(n, p,p1,s) > 0.

Proof sketch. Let n € C’OO(BR,]RN) be a cutoft such that n = 1 on B,, vanishes outsides
B4r)/2 and |Vn| < z=.. Now we apply the full-space estimate (Proposition 2.3.12) to nu,
which gives

Ln sp BT

Now we apply Lemma 2.3.14 to the left-hand side, and if |h| < RZT

) 1
P
(W’/ |7 (nu) — nul? dff)
1 1
< (i L mma—wpac)” + (i [ jutm - mpas)”
|h|*P 1 |h|*P (2.196)
1 g (1-3) v
< |Thu —ulPdz | + ( |p]V TP |ulP dz
|h[*P JB, | n2 Br

S g, mor gt C(R—r)~0~%) lull Lo (Br) -

gl

|h|7®* < (R —r)~*% to conclude. [

Finally we will need the following property of second order difference quotients; which

follows straightforwardly from the identity

1 1
5 (Thu + 2u — T_pu) = 5 (Thu — T—pu) — (u— T_pu) . (2.197)
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Lemma 2.3.16. Let 1 <p < oo and 0 < s < 1, then we have
[W]psr@ny = sup [h|7" |IThu — 2u + Tpul| fogrny (2.198)
heRm\ {0}

defines an equivalent norm on B (R™ RV).
2.3.5 Lipschitz truncations

We conclude with a Lipschitz truncation result due to ACERBI & Fusco [AF84; AFSS|.
This has been adapted in [DMS08; DSV12; Die+12] in the context of the .A-harmonic
approximation results in the modular scales, and while the version we need is essentially
contained in the above references, we will provide a precise statement to illustrate that the
Ao-condition is unnecessary.

We point out that in the context of higher-order problems, it was necessary in [Irv21b]
to derive a W*_truncation result in a similar spirit. This was proven in [FJM02] for k = 2
which we adapted in [Irv21b, Proposition 2.11|, and this is the main additional ingredient

needed to consider the higher order case.

Lemma 2.3.17 (Lipschitz truncation). Let £ C R™ be a bounded Lipschitz domain and ¢ €
WOI’W(Q,RN). Then for each A > 0, there exists ¢\ € WOI’OO(Q,RN) such that HqAHL(X,(Q) <
CA\ and we have
[ eV < [ Vi (2.199)
Q Q

PNL" ({2 € Q1 qlx) £ r(2)}) < C /Q H(C|Vq)) dz (2.200)

for any N-function ¢ satisfying the Va-condition.

We will apply this on balls Q = Bpg(x¢), in which case a scaling argument shows that

the constants are independent of zy and R.

Proof. Using [DMS08, Theorem 2.3] we can construct gy € W§° (€2, RY) such that IVarll oo o)
C\ and
{r eQ:qx) #aq(x)} C{xeQr: M(Vq)(zx) > A}, (2.201)
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where €17, is the set of Lebesgue point of V¢ in 2, and M is the Hardy-Littlewood maximal
function defined for f € LL (R",RN") by

Mf(x) = sup ]{5 LT (2.202)

R>0
which we apply to the zero extension of Vg to R™. Then if ¢ € V5 is an N-function, note

by Proposition 2.2.8 that we have modular estimate

[ eva) dr < [ plciva)aa. (2203)

where C' = C(n, Va(y)). Hence by Markov’s inequality we have

e(NL"({g 7# ar}) < (WL (M([Vg]) > A) < / p(M(|Vql)) da, (2.204)

R”

so combining with (2.203) the second estimate (2.200) follows. From here (2.199) follows by

noting that

[etvan < [ e(vaidae+ [ o (Vo) d (2.205)
Q Q {g#ar}

and that |V ey < CA, as required. O
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Chapter 3

Linear elliptic estimates

Many of our regularity results will involve a linearisation argument, where we compare our
solution w with a suitable harmonic approximation. For this we will need to understand the

well-posedness of solutions to elliptic systems of the form
Lu = —divAVu =0, (3.1)

subject to a suitable Legendre-Hadamard ellipticity condition. While results of this type are
classical and well-understood, it is difficult to locate a precise reference for many of these
results. In particular for elliptic systems, the approach via potentials becomes significantly
more involved compared to the scalar case, as we will see in Section 3.2. While there are
alternative approaches via local energy estimates, until recently it was not clear whether this
approach was equally as powerful. As part of collecting the necessary results we need for the
subsequent chapters, we will also survey of these techniques and illustrate the advantages

of the various approaches.
3.1 Ellipticity and Garding inequalities

Let © C R™ be a bounded domain with n > 2 and N > 1, and denote by Sym(R") the

space of symmetric bilinear forms on RV™,

Hypotheses 3.1.1. We say a measurable map A : Q — Sym(R¥") is uniformly Legendre-

Hadamard elliptic if there is 0 < A < A < oo such that
MEPInI? < Al@)(E@n) - (€ @n) < AP (3.2)
for almost all z € Q and all £ € RN, n € R™.
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This can be viewed as a rank-one ellipticity condition, where we only require the bilinear
form A to be positive definite along matrices ( = £ ® . By considering variants of u(z) =
sin (x - n) &, for A constant we see that (3.2) is necessary to establish coercivity estimates.
By using the Fourier transform (2.141) we can moreover show that it is sufficient, which is

the content of the following lemma.

Proposition 3.1.2 (Garding inequalities). Let A be uniformly Legendre Hadamard elliptic

on Q C RN open.
(i) If A is constant, then we have the strong Gdrding inequality
/AVU -Vudz > )\/|Vu]2dx (3.3)
Q Q
which holds for all u € C°(Q,RY) we have

(i1) If A is uniformly continuous in €, then we have the weak Garding inequality
/ AVu - Vudr > C)\/]Vqux—C/\ulzdx. (3.4)
Q Q Q

Proof. 1f A is constant and u € C°(Q, RY), extending u by zero to R™ we have

/ AVu - Vudr = / AVu - Vudz (3.5)

(2m)™
by Plancherel. Since @(f) = u(§) ® (i€), we can apply the estimate (3.2) pointwise in the
Fourier space, and convert back via Plancherel to establish (i).

By a perturbation argument, (3.3) holds for non-constant A if there is there is A constant
satisfying (3.2) such that M = ||A — 1&||Loo(9) < %, with constant A\ — MA. Applying this

locally near each zy € © and patching the estimates we deduce (ii). O

Remark 3.1.3. If A is strongly elliptic in that A(z¢ - ¢ > A¢|? for all ¢ € RN™, then the
strong Garding inequality immediately follows without further assumptions on the coeffi-
cients. However for Legendre-Hadamard elliptic systems this strong form is not gurarenteed,
even if A is assumed to be continuous. This was shown by ZHANG [Zha89; Zha96|, who con-

sidered a map of the form

A(z)z -z = |2|* + b(z) det z, (3.6)
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for 2 € R?*2, where b € BMO(Q). In [Zha96, Theorem 1], he shows the strong Garding
inequality (3.3) holds only if b is sufficiently small with respect to a BMO-type seminorm.
Using this we can construct a suitable b continous which violates this smallness condition.
In |Zha96, Theorem| this is also adapted to show the weak Garding inequality (3.4) holds
only if a VMO-type condition is satisfied by b. These results were later generalised to three

dimension by Lou & McINTOsH [LM04, Section 7|.

A straightforward application of the Lax-Milgram theorem allows us to obtain solvability

results from these energy estimates.

Proposition 3.1.4 (Solvability in L?). Let A be uniformly Legendre-Hadamard elliptic, and
additionally assume that (3.3) holds. Then if f € W~12(Q,RV") and ¢ € W%’Q(Q,RN),
the Dirichlet problem

{—deVu:finQ 57)

u =g on Jf)

admits a unique solution in W12(Q,RY).

Note that if A and 2 are sufficiently regular, then we can use difference quotients to

obtain the following.

Proposition 3.1.5 (Improved differentiability in L?). Let A be of class C%! satisfying (3.3),
and let Q C R™ be a CY! domain. Then if f € L?*(Q, RV"), the Dirichlet problem

(3.8)

—divAVu = f in Q
u=0 on 0f

admits a unique solution in Wol’2 N W22(Q,RY).

We omit the standard but lengthy proof, which involves flattening the boundary locally
and applying difference quotients; see for instance [Giu03, Theorem 10.3]. We can also
iteratively apply the method of difference quotients to deduce interior regularity, which we

will state here. We will state a version noted by CAROZzA, Fusco, & MINGIONE [CFM98|.

Lemma 3.1.6 (Weyl-type lemma, [CFM98, Proposition 2.10]). Suppose A is constant and
satisfies (3.2). Then if Br(xg) C R™ and u € WH1(Bg(xg), RY) solves

— divAVu =0 (3.9)
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in ©, we have u is smooth on ER/Q(:L‘O) and we have the estimate

RF sup |Vku|§0k][ lu| dz, (3.10)
Br/a(o) r(z0)

where Cy, = Ci(n, N,A/)\) > 0.
Sketch of proof. For 0 <t < s < R, take a cutoff n € C°(Bg,RY) such that 15, <n < 1p,
and |[Vn| < % Testing the equation against ¢ = n?u and using the Garding inequality

(3.3) we obtain the Caccioppoli inequality

C
Vqufvg ][ ul? dz 3.11
[ vurars T (3.11)

Now we use the linearity of the equation to apply this to Apu = u(z + h) — u(x) and

send h — 0 to infer improved Sobolev differentiability. Repeating this and using Sobolev

1

2
sup|u| < </ |V"u|2dm>
By By

= (s ft)” (/BSMde)% (3.12)

1

1
2 2
< S (L 1ulan) (suplal)
(S*t)n Bs Bs
1 C
— d _— d
gl ¢S e

using Young’s inequality at the end. Now the result follows by an iteration argument, see

embedding gives

IN

for instance [Gia83, Lemma V.3.1]. O
3.2 Potential theoretic methods
We will briefly discuss the classical approach to solving linear elliptic equations, via the
method of potentials. Given A constant satisfying (3.2), we consider the operator

L =—divAV. (3.13)

The idea is that we can consider the Dirichlet problem

{Lu:f in ©

, (3.14)
v =0 on IdN

and write the solution u as a convolution of f with a suitable potential. We can then appeal

to general estimates from Section 2.2 to deduce solvability results in various scales.
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3.2.1 Fundamental solutions

When Q = R, this potential is known as a fundamental solution Fy, which solves the

distributional equation

LFL(IIZ) = (5(1’) IdN . (315)
in R™.

Theorem 3.2.1 (Existence of fundamental solutions, [Joh50]). Let L be given by (3.13)

satisfying (3.2). Then the distribution

L AT [ |z €| LE) L ARG if n is odd,
Fp(x) = Jon-s o (3.16)
WAE fsn—l(ﬂf -€)2log |x - &|L(E)" AH () if n is even.

is a fundamental solution for L. Further F7p, is represented by a locally integrable function

of the form

Fr(z) = ®(z) + ¥(z) log |x|, (3.17)

where ®, U are positively homogeneous of degree 2 —n and are smooth away from the origin,
and W is a polynomial which is identically zero if n > 3. Also for any multi-index « with

|a| = s, there is C' = C(n, N, A/, s) such that we can estimate
09Fp(2)] < Cla*™"7*(1 + [log |z]) (3.18)
holds for all x € R™, and the logarithm term may be dropped with n + s > 3.

Sketch of proof. The idea is to use the fundamental solution for the polyharmonic operator

ntq
n 2
A = (Z agi) . (3.19)
i=1
for ¢ > 0 such that n + ¢ is even; this is given by

By@) = Gy [ (@ " Iog (ﬂf) aH (), (3.20)

(2mi)nq!
From here the strategy is to construct a suitable function Fp, ,4(x) such that

LFy, 4(z) = Ey(x), (3.21)
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so then Fp(z) = AnTﬂFL,q will be a fundamental solution for L. Using the regularity of
the polyharmonic operator, this allows us to work with classically defined objects in our

derivation of Fy. Now for g € C%(R) to be determined, for ¢ # 0 we define

@) = [ sl 0Le) o). (322

Here we write
L(§) = =€ A¢, (3.23)

which is invertible for all £ # 0 by (3.2). Then by differentiating under the integral sign we

have
LE @) = [ o' 9an (o), (324
Sn—1
so we just need to choose g suitably. For this we take

g(t) = m 192 1og (£/i), (3.25)

which we can verify works. The remaining assertions are shown in detail in [Mit18, Theorem

11.1]. O

Remark 3.2.2. The construction in [Joh50] also applies to higher order operators, but we
have omitted this generality for simplicity. It is useful to observe that we use the ellipticity
condition to ensure L(¢)~! exists, and since we only need the existence of a left-inverse this
more generally applies to over-determined systems. We also highlight that this approach is
significantly more complicated compared to the scalar case, where one can always reduce
to the Laplacian by means of a suitable coordinate transformation (see for instance [GT98,

Chapter 9]).

The advantage of this approach is that, once we have written the solution u as a convo-
lution with a potential, we can apply known estimates for convolution operators. One such
approach is to consider pointwise estimates for |F'(x) — F(y)|, which leads to estimates in
C1® and C*“. We can also apply the singular integral estimates of CALDERON & ZYGMUND

[CZ52] to obtain estimates in LP.
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Proposition 3.2.3 (Solvability in W1P). Let L be given by (3.13) satisfying (3.2) and
consider the problem

Lu=f=—divF inD'(R"), (3.26)

where F' € LP(R",RN™) with 1 < p < co. Then we have
n
u(x) =Y 0,FL  Fi(z) € D'(R"), (3.27)
i=1

is well-defined and satisfies Lu = f in D'(R™). Moreover u € VVli)’f (R™) and there is C' =
C(n, N,A/\,p) > 0 such that

HVUHLP(R”) <C ”FHLP(R") . (3.28)

Proof sketch. Assume each F' € D(R", RV"), and we will extend by density in the end. Then
it is shown in [Mit18, Theorem 4.69] that u satisfies
n
Vu(z) = > P.V.(0;VFL) = Fi(x) (3.29)
i=1
Therefore by applying the Calderén-Zygmund singular integral estimates from [CZ52|, we

obtain the estimate (3.28). O

By a similar argument, we can obtain estimates in W?2® whenever L(V)u = f € LP(R").
One can also localise these estimates by taking a cutoff xy and noting that L(xu) = xf +

[L, x]u, which leads to LP estimates in the interior.
3.2.2 Poisson kernels

To extend Proposition 3.2.3 from the previous section to hold up to the boundary, one needs
to construct suitable potentials on the half-space R} = {# € R™ : x, > 0}. This is where
the case of systems is significantly more involved compared to the scalar case; there we can
reduce to the Laplacian (A = Id,) by a change of coordinates while preserving the boundary.

Then one can appeal to the reflection principle to construct the Green’s function
G(z,y) = F(x —y) - F(T —y) (3.30)

from the fundamental solution F'(z) (see for instance [GT98, Chapter 4]). Here for x =

(2',2,) € R" 1 xR we write T = (2', z,,). For systems no such general principle is available,
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and a separate construction is needed to preserve the boundary values. This is done through
the construction of Poisson kernel Pr, which loosely speaking solve the distributional equa-
tion

{ LPp(z) =0 in R (331)

Pr(2',0) = 0(2')Idy on ORY.
The construction of such kernels is due to AGMON, DouGLIs, & NIRENBERG |[ADN50;
ADNG64|, which applies more generally. In particular for equations of order 2m, we need
m kernels Prg, ..., Prm—1 to prescribe each 8§nu on R, but this simplifies in the second

order case. This construction is also discussed in [Mor66, Chapter 6].

Theorem 3.2.4 (Existence of Poisson kernels, [ADN59; ADN64]). Let L be given by (3.13)
satisfying (3.2). Then there exists a Poisson kernel Py, which is a locally integrable function
satisfying
LPp(z)=0 (3.32)
in D'(R™) and additionally
lim Pp(2',t) = 6(2')Iy (3.33)

t—0t+

in D'(R"~1). Moreover P (z) is smooth away from zero, homogeneous of degree 1 —n, and

for any multi-index o with || = s thereis C = C(n,m, ¢, k, s) > 0 such that we can estimate
|0“Pp(x)] < C|a|knHizs (3.34)
holds for all z € R"}.

Sketch of proof. For q € Z we introduce

e (log(r/i) = S0, 1/7) >0,

G(r,q) = . (3.35)
(_122;;)%;1)!7"(1 if ¢ <0,
observing that for ¢ > 0 such that n + ¢ is odd we have
Efo)= | Gla-&q)dH" () (3.36)

Sn—2

ntq
is a fundamental solution for the polyharmonic operator A ? in R, Also for any k > 0

we have
dk
wG(ﬁ q) =G(r,q — k). (3.37)
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The derivation will involve exploiting the algebraic properties of L, so for each & € R*~1\ {0}

consider the degree 2N polynomial 7 — det L(¢’, 7). By the ellipticity and homogeneity

assumptions we know there exists N roots 71 (¢'), ..., 75 (¢') with strictly positive imaginary

part, and similarly IV roots with negative imaginary part. Using this we define

N

MY T) =Y (T =7l ( Z ap(€)TNP, (3.38)

k=1
and the truncated polynomials M, (¢, 7) = Z’Z:o ap(€)77P. Now let v be a rectifiable
Jordan curve in C; = {z € C: Sz > 0} enclosing all the roots 7, (¢) for all ¢ € S"2.

Then by [ADN59, Section I.1] we have

1 / Nop1(ET)
: > R dr = 6y, 3.39
2ni ), ML) g 339
for all 0 < k,p < N — 1. Also since %@’Q is holomorphic in CT, we additionally have
detL det L(¢', 1)
= / 1) gy dr =0 (3.40)

for any f holomorphic in C. Now for a matrix-valued function A : S"~2 — CV ? define

Phg.a(z)

My !
- / adj L(¢',7) A(é’)WG(x H(€57), 5+ g)dr (S,

27TZ Sn—2 ~

(3.41)

then we observe by differentiating under the integral sign and using (3.40) that LPj, 3 4 =0

in R . Now to ensure the boundary conditions are satisfied, we seek Ay, ..., Ay_1 such that
1 = MY (€57)
— iL(E 7)) Ap(¢, 1) ——— " dr =1Idy. 42
o ;Aadj (€) - An(er) =Y ar =Ty (3.42)
This is achieved by writing
N—-1
adj L(§ Q&)™ (mod M (¢, 1)), (3.43)
p=0

then by (3.39) we seek matrices such that

Z Qn(&) - Ap(¢') =Tdy . (3.44)

Note this is an overdetermined system, and by rank-nullity it suffices to show the dual

operator or sending
N-1

RN* 5 RNV 0 3T 0 Qu(€) (3.45)
p=0
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is injective.

To simplify notation, we will supress the £ dependence. Consider a Schur decomposition
L(t) = Q(1)U(T)Q (7) of L at each 7 € C, so Q is unitary and U is upper triangular.
Then the diagonal elements U;;(7) are eigenvalues of L(7), and by means of a Gram-Schmidt
construction we can ensure they are polynomials in 7. Since adj U is also upper-triangular,

we have

y4
(U - adjU);5(7) = Uj(7) adj Uj;(7) = det U(7) = > Up(7), (3.46)
k=1

Since det U(7) is a polynomial of degree 2N, each U;;(7) is of degree 2. Moroever by ellipticity
the roots do not lie on the real line, so they appear in complex pairs 74-. Hence by noting
M (7) vanishes at precisely the roots of Uj;(7) in C; = {Sz > 0}, it follows that
adjUj;(t) =Y Upr(r) £ 0 (mod M*(7)). (3.47)
i#k

Therefore if C € CV*N satisfies Q7C' = 0, this satisfies
C-adjU =0 (mod M*(r)), (3.48)
so in particular for each 1 <7 < N we have

CinadjUn () = Cit [[ Use(7) =0 (mod M*(7)). (3.49)
k£1
Since Cj; is constant while adjUy1(7) is a non-constant polynomial, we infer that each

Ci1 = 0. We can proceed inductively to show C;2 = --- = C; vy = 0, so C = 0. This proves

QT is injective, and hence we infer the existence of the claimed Aj. Now we can set

N—-1
n+q
Po=A"2 Y Pyga, (3.50)
h=0
and verify this works. O

Remark 3.2.5. We note the existence of Ap, which involved a lengthy but elementary
algebraic argument, encompasses a more general principle regarding the solvability of elliptic
systems. In [ADNG64], the authors derive what they call a complementing boundary condition

which provides a necessary and sufficient condition to the boundary condition for the elliptic
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system to be solvable. This for instance allows us to replace the Dirichlet boundary condition

with a more general condition of the form
Bu = Byu+ By -Vu=0 on JRY. (3.51)
Roughly speaking, the requirement is for the analogue of Q7 to be injective.

Remark 3.2.6. The above construction shows that there exists Py, locally integrable such
that AZ/PL = P;,, and such that V2]5L is also homogenous of degree 1 —n. This will be used

below in obtaining estimates in WP,

Finally we will briefly discuss how to deduce solvability results in the half space from
this. Once again this is an adaptation of the results in [ADN59; ADNG64|, however the

authors only consider W?2P estimates there.

Proposition 3.2.7. Let L be given by (3.13) satisfying (3.2) and 1 < p < oo. Then the

mapping Then for all F' € LP (RTF,RN ), the there exists a solution u solving the Dirichlet

problem
Lu = —divF in R} (3.52)
u=20 on JRY,
satisfying the estimate
HVUHLP(R@ <cC HFHLP(R@ ) (3.53)

where C' = C(n, N,p, A/\) > 0.

Proof. We will assume F' € CSO(RK,RN ), and extend by density at the end. Using Propo-

sition 3.2.3 we will write v = Z?:l 0;Fr, x F;, and using the Poisson kernel P;, we consider

w(z) = / Po(a’ — o an)oly/, 0) dyf
Rnfl

- (3.54)
= _/ X / On (PL(-T/ - y’, Tn + yn)v(y/v yn)) dy/dyn-
Rn—1J0
Hence writing ¥ = (v/, y,) and using Remark 3.2.6 we have
Vw(z) =~ [ VApOy, Pr(z —5)v(y) + VPL(z —§)ds,0(y)
RTL
* (3.55)

R}
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Note that both VV 0, PL and V Py, are homogenous of degree 1 —n, and smooth on S 2.
We wish to apply the Calderén-Zygmund singular integral estimates to these terms, for
which we extend V /v, 0, v by zero to R”\ R, and take odd reflection of the kernels. Then

applying Theorem 2.2.18 the assertion follows. O

Once the above key estimates have been established, a routine perturbation argument
allows one to consider the case when A is continuous, along with bounded C'-domains by
a flattening argument. These are detailed for instance in [GT98, Chapter 9|, where we
apply Propositions 3.2.3, 3.2.7 instead of the corresponding statements for the Laplacian.
One can also obtain solvability results in other scales, which follows as soon as the relevant
potentials have been constructed. This illustrates the power of this potential approach; there
is a mountain of literature on singular integral operators which we can now apply to these
elliptic systems. In particular this may be useful in treating endpoint cases, however we will

not need this here.

3.3 Energy methods

We now describe an alternative approach, which is based on local estimates and perturbation.
This approach is due to CAMPANATO [Cam65|, and is based on a technique of comparing
solutions to elliptic equations to suitable harmonic approximations. We will see similar
strategies employed in subsequent chapters of the thesis, and we will illustrate how this can
be applied already in the linear setting. This will allow us to obtain estimates for linear
elliptic systems in the Holder and Sobolev scales, which we will use in the subsequent parts.
Moreover we will show a modern adaption of the L? theory by KryLov [Kry07|, which
allows one to obtain more general statements. These approaches will not only provide a
simpler proof of the linear theory compared to the potential methods, but they are more

flexible as they do not rely on delicate constructions of kernels.
3.3.1 Schauder theory

We begin by briefly sketching the classical Schauder estimates, which establishes C1® and
C?? regularity of solutions to linear elliptic problems. The main result of this section is the

following.
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Proposition 3.3.1 (Local C1“ estimates). Let a € (0,1), & C R" be a bounded C1®

domain, and suppose A is a Ch* map satisfying (3.2). Then there is Ry > 0 taking the form
Ry = c(n, N, a, A/A, [A]co.e(q) » 1@ creq)) min{l, Ro} > 0 (3.56)

such that the following holds. For any x¢ € Q and R € (0, Ry), suppose u € WH2(Qag(z0), R")

solves the localised Dirichlet problem

{—diVAVu = —divF in Qp(xo), (3.57)

u=0 on 092N Bag(xo),
where I € CVY(Qar(z0), RN™). Then u is C1 in Qg(xg) and we have the associated
estimate
1
2
[Vl go.a (o)) < C ( ]ém (mo)Wu — (Vi) ,p(eo) dx) +CFleoa(oypm) - (3:58)
where C' depends on n, N, o, A/A, [A] co.a ) and [[€2f| o1« only.

This result is classical, and can be found for instance in [Gia83, Chapter 3| and [Giu03,
Chapter 10]. The dependence of constants is usually not stated this way, however it follows
by a routine check of the proofs in the aforementioned texts. We will provide an outline of
the proof however, to illustrate the key ingredients we use and how this argument can be

applied in more general settings.

Sketch of proof. By flattening the boundary, we will consider the case §2 = BEO is a hall-ball
and obtain suitable decay estimates for R < Ry provided Ry is sufficiently small depending
on Rq. The interior case is similar, and the case of general Qgr(xg) will then follow by a
covering argument. Note that w vanishes on I' = E; N IR’ in the sense of traces, and the

weak formulation gives
/ A(z)Vu-Vedx = / f-Vedx (3.59)
Bj; By
for all p € W&’Q(BE,RN). For 6 € (0,1) we consider the linearised problem

{— div A(0)Vup =0 in B (3.60)

Vg =u on 8B;R
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Note that setting wg = v — vy we have

—divA(0)Vwy = —divG in By, (3.61)
wy =0 on BB(;"R '
where
G = (A(0) = A(z))Vu+ F — Fy. (3.62)

for any constant Fy € RV. By Lemma 3.1.4 we see that a unique vy exists and satisfies

/ |Vug|? dz < C/ |Vu|? dz, (3.63)

+ B+

OR OR

/ |Vwg|? dz < C’/ IA(0) — A(2))?|Vul? + |F — Fy* da. (3.64)
Byr Byp

By the standard method of applying difference quotients in the tangential directions, we

deduce that vy is smooth in the interior of B; > and we have

1
2
081 sup [VFug| < Cy <][ |V09|2dx> (3.65)
B;R/2 B;R

for all £k > 1. Using this we deduce that for x € (0, 1),

][ Vool de < c]l Vol de, (3.66)
B:@R B;R
][ [Vvg — (Vg) g+ |* da < CI{2][ |Vvg — (Vvg) g+ |*da, (3.67)
BT R BT OR
KOR R

where we have applied (3.65) to v — (VUG)BEf Ty, to obtain (3.67) when & < 3. By increasing
R
the constant if necessary, this extends to x € (0,1). Combining (3.64) with (3.66), (3.67)

and noting that u = vy 4+ wy we obtain

®(kR) < C (m” + (9R)™ [A]éo,a(m) QOR) + COR)™™ [FI2, . ) (3.68)
U(kOR) < Ck"2U(R) + C(OR)* (A0 () ®(OR) + C(OR)" 2 [FI2,, &y (369)

where for 0 < » < R we define

B(r) = /BJVu— (V) gy 2, (3.70)

U(r) = /BJVu - (Vu)Bﬂzdm. (3.71)
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Now we iterate these in # and R. Applying [Gia83, Lemma II1.2.1] to (3.68), for which we

choose Ry to be sufficiently small, we have

O(kOR) < CK" *®(OR) + C(k0)" “R""** [F]2, | B (3.72)
’ R

for R < Ry sufficiently small. Then applying [Gia83, Proposition III1.1.2| we see that

B(R) < C(OR)" sup r*"U(r) < OO (@(R) R ) . (3713
r<R CO*(BR)

Hence noting ®(R) = ¥(R), (3.69) becomes

U(kOR) < CK™2W(9R) + CO™ (\I'(R) + RO (§+)) , (3.74)
’ R

so applying [Gia83, Proposition III.1.2| again we obtain

U(AR) < O+ (\IJ(R) + R (FR, (EE)) : (3.75)

Using this we can improve (3.69) to

U(kOR) < CK" 2 (R) + CO"2 <‘II(R) + R (R (§+)) , (3.76)
’ R

so applying [Gia83, Proposition II1.1.2] one last time we get

V(OR) < CO"**W(R) + C(OR)"** [F]7,, ) (3.77)

By the CAMPANATO-MEYERS characterisation of Holder continuity (see for instance [Gia83,
Theorem I11.1.2] or [Giu03, Theorem 2.9]) we deduce that u is C% in E;O, with the claimed

estimate (3.58). O

Remark 3.3.2. The ingredients in the above proof are the L? estimates (3.63), (3.64), and
the local uniform estimates (3.65) for the comparison map vg. From there we simply combine
these estimates and apply it iteratively to show a suitable excess quantity of Vu exhibits a
power-type decay. The idea is that we take a harmonic approrimation vy to the solution u
at each scale B;r , which allows us to transfer the regularity of vg to u. We will see the same

principle be used in the next section to obtain LP estimates.

If in addition the strong Garding inequality (3.3) holds, using Lemma 3.1.4 and applying
the above local regularity result about each zo € Q we deduce the following consequence.
While we also have an associated estimate, the dependence of constants on the domain is

less explicit due to the global nature of the Hélder seminorm.
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Corollary 3.3.3. Let o € (0,1), Q C R" be a bounded C*® domain, and A a C** map
satisfying (3.2) and (3.3). Then for all F' € C%%(Q,RN"), there is a unique solution to the
Dirichlet problem

(3.78)
u=20 on 0N).

{—divAVu = —divF inQ,
We can also adapt the above using LP estimates instead of L? estimates to weaken the
localised estimate. This will rely on the estimates from (3.3.8) in the next section, and will

be used to establish Proposition 3.3.9.

Proposition 3.3.4 (Local C1® estimates in W1P). Suppose the assumptions of Proposition
3.3.1 hold, and let 1 < p < oco. Then there is Ry > 0 taking the form (3.56) with additionally
a p-dependence such that the following holds. For any zg € Q and R € (0, Ry), suppose
u € WHP(Qar(z0), R"™) solves the localised Dirichlet problem

{— divAVu = —div F in Qap(), (3.79)

u=20 on 99 N Bag(xp),

where F € CV¥(Qar(z0), RN™). Then u is C1 in Qg(xg) and we have the associated

estimate

P
Ra [VU]CO‘O‘(QR(ﬂ?O)) S C <]{_2 |V’LL — (VU)QZR(iﬂO)’p dx) + C [F]COVQ(Q2R(IO)) . (380)

where C' depends on n, N, p,a, A/, [A]CU,Q(Q) and ||| -1.o only and Ry satisfies a similar

2r(0)

dependence as in (3.56).

The idea is to repeat the proof from the p = 2 case, where we replace the L? estimates
(Lemma 3.1.4) by the LP estimates established in Theorem 3.3.8 to vy and wy. For uniform
estimates we can adapt the argument of CAROzzA, Fusco, & MINGIONE [CFM98| to hold
up to the boundary. A technical difficulty arises in deducing the existence of vy however, as
B; r must be a CH* domain for Theorem 3.3.8 to hold. Here we replace B; r by regularised
domains E;R from Lemma 2.1.28, and the rest is largely the same.

One also obtains the following variant for C%® estimates, with minor modifications to

the above argument.

Proposition 3.3.5 (Linear C%“ estimates). Let a € (0,1), @ C R" be a bounded C?**

domain, and suppose A is a C%® map satisfying the strong Garding inequality (3.3). Then
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there is Ry > 0 such that the following holds. For any z9 € Q and R € (0, Ry), suppose
u € W22(Qar(20), R") solves the localised Dirichlet problem Then for all f € C%%(Q, RM"),

there is a unique solution v € C1*(Q, RY) to the Dirichlet problem

{A :V2u = f in Qap(x), (3.81)

u =0 on dQN Bagr(xp).

where f € C*%(Qar(20), RY). Then u is C%® in Qp(x0) and we have the associated estimate

N

2r(%0)

|V2u - (V2U)QQR(IO) |2 d,’l}) + C [f]co’a(QQR($0)) . (382)

2
[V g @paoy) < € <]{2

where €' depends on n, N, a, A/A, [A] co.a(q) and [[€2f|c2.a only.

While we can also obtain a global solvability result, since the equation is not in divergence-
form we do not necessarily get the existence of a weak solution from Lemma 3.1.4. One can
instead argue using the method of continuity, which is detailed in [GT98, Section 6.3]. If
A is constant however, we can recast the equation as a divergence-form equation, and use

difference quotients to show the obtain weak solution in W12 lies in W?2?2.
3.3.2 The method of Krylov

We now present an alternative approach to establishing LP estimates for linear elliptic sys-
tems, which is based on interpolating between L? and uniform estimates. This method
allows one to bypass the complicated construction of potentials from Section 3.2 to obtain
the Calderon-Zygmund estimates, and is more easily applicable to other settings as we will
see later. This approach is classical, and due to STAMPACCHIA [Sta65] (see also CAMPANATO
|[Cam66]). It is a natural extension of the proof of Schauder estimates presented in the Sec-
tion 3.3.1, and is based a on similar approach of L? estimates and harmonic approximation.
In particular, it simply uses the observation that we can obtain estimates in the finer scale
BMO by similar arguments to the case of C® estimates, which we can interpolate using
Corollary 2.2.12. These ideas were more recently refined by KrRyLov [Kry07], which provided
a more general and streamlined approach to obtaining estimates of this type. We mention
that there is also an alternative approach due to CAFFARELLI & PERAL [CP98|, which was

applied to linear equations by BYUN & WANG [BWO04|. This approach involves estimating
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the level sets of the maximal operator M(|Vul|?), and is a more hands-on approach which
is more widely applicable to nonlinear problems.
The key result is the following pointwise estimate involving maximal operators. Here we

will use (2.124), (2.125) defined in Section 2.2.2.

Proposition 3.3.6 (Krylov-Stampacchia I). Let A be a constant-coefficient matrix satis-
fying (3.2), and  C R™ a bounded C*® domain. Then for all F' € L%(Q, RY"), the unique

solution u € W&’z(Q, RY) to the elliptic system

—divAVuy = —div F in Q
(3.83)
u=0 on 02
satisfies the pointwise estimate
ME(Tu)(@) < € (6° Mo (V) (2)F + 075 Mo (IF?) (2)?) (3.84)

for all z € Q and 6 € (0,1), where C = C(n, N, o, A/\, [|Q]cra , L2(2)/RE) > 0, with

Ry > 0 as in (3.56) from Proposition 3.3.1.

This is reminiscent of a potential-type estimate, except we have maximal-type operators

instead. The proof straightforwardly follows by combining the L? and Hélder estimates.

Proof. Let Ry > 0 so the Schauder estimate from Proposition 3.3.1 applies. Then for zg € Q

and 0 < R < Rg we let w € W12(Qg(z0), RY) be the unique solution to

{_ divAVo =0 in Qg(xo), (3.85)

v=u on INr(xg).

Then letting w = u—v € WOI’2(QR(:C0), RM), by Lemma 3.1.4 we have the energy estimates

]l V0 — (Vo) aay | dz < c][ Vu|? da, (3.86)
Qr(zo0) Qr(zo)
]Z [Vw — (Vw)gp o) |* dz < C][ |F|? d. (3.87)
Qr(zo0) Qr(zo)

Now applying Proposition 3.3.1 we have v is C1® in Qg 5(w0), and for 6 € (0,1/2) by (3.58)

we have

][ Vo = (V0)qyp(ao) |* dz < (102“][ Vo — (V0)qu(eo)|* do. (3.88)
Qor(z0) Qr(zo)
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Moreover by increasing C' if necessary, this holds for all # € (0,1). Now we can combine

these estimates to show that for all zp € Q, 0 < R < Ry, 6 € (0,1), we have

2
(][ |Vu — (VU)QGR(CEO)‘ dx) < ][ [Vu — (vu)QeR(Io)’2 dz
Qor (7o) Qor(wo)

(3.89)
< 092a][ |Vu|* dz + 09"][ |F|* da.
Qr(xo0) Qr(zo0)
To extend this to R > Ry, we will use the rudimentary estimate
LM
]l |Vu — (Vu)QR(ID)\de < Cn()][]Vu\2dx
Qr(z0) £(Qr(0)) Ja (3.90)

< 09—““,?)][ |F|*dx
RO Q

using the global L? estimates from Lemma 3.1.4. Hence combining the two cases we deduce

that
ME(Vu)(z)? < CO** Mo(|Vul?)(z) + CO ME (|F|?), (3.91)

as required. O

Remark 3.3.7. An unfortunate technical point is that our estimates is not scale invariant,
as the constant depends on £"(Q)/Rj. This appears to arise as a consequence of obtaining
a global estimate, where we need to use the strong Géarding inequality (3.3) on the whole
space €). For our applications we will either apply this estimate on balls, where the correct
R-dependence can be deduced by a scaling argument, or on regularised versions (NZT (o) of
Q. () constructed in Lemma 2.1.28. In the latter case, we observe that £"(Q,(zq)) ~ r™,

and Ro(Q,(x0)) ~ 7 for r sufficiently small. This follows since each Q,(zq), up to a C1*-

diffeomorphism and rescaling is the same domain A, so

Rs ~rRs and HQT(:CO)Hcl S 149 orac- (3.92)

r(zo) =
Here we are using the notation R4 from Definition 2.1.20. Hence this will be sufficient for
our purposes, however we believe there should be a better way to state the dependence of

constants on the domain.

Theorem 3.3.8 (Solvability in L¥). Let ¢ € Aa N Vg be an N-function and A be constant
satisfying (3.2) as above. Then if Q C R" is a bounded C'*® domain and J-John, the problem

{—divAu = —divF in

(3.93)
u=20 on 012,
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is uniquely solvable in VVO1 P(Q,RN) for all F € L¥(Q,RY™), and we have

[etvu)as<c [ o(F)ds (391
Q Q

where C' = C(TL, N, a, A/)\, AQ(@)? VQ(SD)v 9, HQHCL& ) En(Q>/R8) > 0.

Proof. We first consider the case when ¢(t) = tP; note that if p = 2 this follows by Lemma
3.1.4. If p > 2, suppose we have u € Wol’p(ﬂ, RY) satisfying (3.93) for some F € LP(Q, RY).

Now taking LP-norms of the pointwise estimate (3.84) from Proposition 3.3.6, we can esti-

mate

IV = (Vual ey < C | ME g (V)

2
— 12 || ~ 12
< CO™ || Ma,g (|Vul?)? b T Mar (FP)2| ,  (395)

L5 (@)
< CO% || Vul| ooy + co: 1| Lo ey »

where we have used the estimates (2.126), (2.127) from Proposition 2.2.13 in L? and LP
respectively. Note also that (Vu)g = 0 since u vanishes on the boundary. Hence choosing
0 € (0,1) so that C6* < %, we obtain the a-priori estimate (3.94). To deduce solvability
we employ an approximation argument; given F' € LP(Q), we choose a sequence F; €
C>(Q) such that F; — F in LP(Q2). Then by Corollary 3.3.3 there exists corresponding
u; € CH(Q,RY) which vanishes on the boundary and satisfies

{— divAVu; = —divF; in €, (3.96)

u; =0 on O0f).

Using (3.94) applied to u; — ug, we deduce that u; convergence strongly to a limit map
u € I/VO1 P(Q,RY), which coincides with the unique W2 solution guaranteed by Lemma
3.1.4.

We now existence this to the case 1 < p < 2, for which we argue by duality. By a similar
reasoning it suffices to prove an a-priori estimate, so suppose u € VVO1 ’2(Q,RN ) is a weak
solution with F € L?(©, RY). Then we let ¢ solve the dual problem

—divAVep = |[Vu|P~2Vu in Q, (3.97)
w=0 on 012,

then since p’ > 2 we have Vel ) < C IVl ]22(152) . Then testing the weak formulation

for w with this ¢, we obtain
IVullfy) = [ AVu-Vodo= [ F-Vids < C 1Pl [Vullig - (.99
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Hence rearranging we deduce the result when 1 < p < 2.
We now extend this to the modular scales by interpolation, for which we consider the

associated operator

T:F — Vu, (3.99)

which maps F € LP(2,RN") to the gradient Vu of the unique solution in I/VO1 P(Q,RN).
Now the desired modular estimate follows by Corollary 2.2.2; and a similar approximation
argument gives existence. Uniqueness follows by noting that F' € L¥(Q, RN™) implies F €
LP(Q,]RN") for some 1 < p < oo by Lemma 2.3.3, so we can appeal to uniqueness in

Wy P (Q,RN). O

By using the LP estimates obtained in Theorem 3.3.8, we can repeat the argument by
replacing the L? scales with LP to obtain further estimates. This was noted by DONG &

KiM [DK18|, and we will briefly outline the procedure.

Proposition 3.3.9 (Krylov-Stampacchia II). Let A be a matrix satisfying (3.2) and (3.3)
with coefficients in BMO, © C R” a bounded C'® domain, and 1 < ¢ < co. Then for all

F € L9(,RN™), the unique solution u € Wol’q(Q, R™M) to the elliptic system

—divAVuy = —divF in Q
(3.100)
u=0 on 0N
satisfies the pointwise estimate
ME(Vu)(@) < CO*Ma (IVul?) ()1 +CO™ 3 Ma (|F|7) (2)
) N 1 (3.101)
+CO0™ 1 {A} osc () Ma (|Vul!?) (z)ka
for all 2 € Q,, u > 1, 0 € (0,1), where we define
{A}oscr(@) = sup ][ |A — (A) g, (z)] dz (3.102)
zeQ_ JQ,(z)
0<r<R

and C = C(n, N, q, pt, o, A/ X ||| c1a, L7(2)/RE) > 0.

The proof will require a two-step argument where we extend Theorem 3.3.8 to hold for
variable-coefficient systems (in particular in L?), after which we treat the case of general q.

However for brevity we have included both steps in the same proof.
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Proof. For xg € 09, let Q r(zo) be as in Lemma 2.1.28, shrinking Ry as necessary. Then we

put Ag = (A)QR(xo) and let v be the unique solution to the elliptic system

(3.103)

—divAgVo =0 in S~ZR(9U0>7
v=1u on aﬁR(.%’(]),

which exists by Theorem 3.3.8. Moreover putting w = v — v we have have the associated

estimates
][N Vo — (Vv)g (x0)|qda: <C+ |Vul?de, (3.104)
Qr (7o) f Qr(wo)
]{ [V — (Vw)g, oy 7 de < c]{ A — Ao|7| V|7 + | F|? da. (3.105)
QR (7o) f Qr(wo)

Applying the C1“-estimates from Proposition 3.3.4, we have
][ [v — (V)0 p(z0) [T dT < C'an][ [v — (V) (a0)|? dz (3.106)
Qor(zo0) Qr(zo0)
for all & € (0,1). Also note by Holder with p > 1 and the John-Nirenberg inequality

(Proposition 2.2.15) that we have

1
"

A—-A de < C[A]2. na | 1

]éR(mg) ol|Vu|dz < C' ]BMO(QR(;CO)) (]éR(xO)IVu\ ) (3.107)

Hence combining the above estimates we deduce that

q
<][ [Vu — (VU)QQR(xO)‘d$> < 0920‘][ |Vuldz +CO™" |F'|?dx
Qor(zo) Qr(zo) Qr(zo)
1 (3.108)

m
TN a
+C [ ]BMO(QR(CE())) (ﬁ)R(ajO)’qu ) )

Now for R > Ry, if ¢ = 2 then we can use the strong Garding inequality to conclude. Using

this, the argument in Theorem 3.3.8 implies the corresponding L9 estimate

/|vuyqu < c/ |F|9 da, (3.109)
Q Q
from which the case of general ¢ follows. O

While we will not need the following result, we will include it to illustrate how this ap-
proach can be used to deduce refined solvability results. Recall the class A, of Muckenhoupt
weights was defined in 2.2.6. Results of this type, and more general results can be found in

[DK18| and related references.
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Theorem 3.3.10 (Further solvability results). Let A be a matrix satisfying (3.2) and (3.3)

with coefficients in BMO, and © C R" a bounded C*® domain. Then the following solv-

ability results hold for the Dirichlet problem

(a)

—divAVu = —div F in §,
(3.110)
u =0 on 0f).
If 1 <p<ooandwe Ay, there is k > 0 such that if
{A}OSCR(Q) <K, (3.111)

then for all F € L%, (2, RN") there is a unique solution u € VVli)’f(Q,RN) to the

Dirichlet problem such that Vu € L, (€, RV"), and we have the associated estimate
/\Vu]pw dz < C’/ |F|Pw dz, (3.112)
Q Q

where C'= C(n, N, p, A/, [w] 6, [|Qc1.a , L7(2)/RG) > 0, where we assume 2 is a

0-John domain.

If o € Ay N Vs, there is & > 0 for which if (3.111) holds, then for all F' € L?(Q, RV?)
there is a unique solution u € VVO1 #(Q,RM) to the Dirichlet problem satisfying the

estimate
/tp(\Vu])dx < c/ o(|F)) da, (3.113)
Q Q

where C' = C(n, N,p, A/X, Aa(p), Va(p), 0, [|Q c1.0 , L*(Q)/RE) > 0.

The strategy is to argue similarly as in Theorem 3.3.8, where we use the pointwise

estimate (3.101) from Proposition 3.3.9 instead. We use several results concerning A, weights

from [Ste93] for the first assertion.

Sketch of proof. In both cases it suffices to establish an a-priori estimate assuming u is

sufficiently regular, after which we can argue as in Theorem 3.3.8. If w € A, with 1 < p < oo,

then by [Ste93, Proposition V.3] there is € > 0 depending on n, [w] 4 such that w € Ap_..

We then choose ¢, > 1 so that ug = ﬁ > 1, so that w € Ay/(.q) C Ap/q by monotonicity

of A, spaces (see [Ste93, Section V.1]). This ensures by [Ste93, Theorem V.1| that the

P p

maximal operator is bounded on L{ and L in the full space. We have also seen in the
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proof of Theorem 2.2.10 that the Fefferman-Stein inequality extends to the weighted scales
in the form (2.119). Now a similar argument as in Proposition 2.2.13 allows us to apply
these results to the localised operators also (noting that the A,-seminorm is invariant under

the scaling w + Aw). Therefore taking L%, —norms of (3.101) gives
IVull @ S (6% + 8) IVull @ + 1 F s (3.114)

so choosing 6,k > 0 to be sufficiently small we can absorb this term to the left-hand side.
This establishes (a), and (b) now follows by taking w = 1 and interpolating between the LP

estimates (using Theorem 2.2.1). O

Discussion 3.3.11 (Further results for linear elliptic systems). The results of Theorem
3.3.10 are not optimal, and one can say much more. One of the key results in the work
of KryLov [Kry07] is that one can further relax the assumptions on the coefficient matrix
A, and assume that A is merely measurable in one direction and satisfy a BMO-smallness
condition in the others. In addition one can also relax the C'® regularity assumption of the

boundary, which would follow by a suitable flattening argument.
3.3.3 Representation as a divergence

Often we will consider solvability for the problem
—divAVu = f| (3.115)

where f lines in L?. While we do expect solvability in W%, this requires stringent regularity
assumptions on the boundary, and we only wish to infer a solution u exists in Wh¥ for
a suitable N-function . To circumvent this, we can seek a suitable vector field F' such
that —divF = f in Q. Abstractly we are looking to establish an embedding of the form
L¥ — W~L% where the negative order space is suitably defined. However we have opted
to take a more concrete approach in this text, which will allow us to carefully keep track of
the constants involved.

We will start with a standard result concerning the Newtonian potentials.

Proposition 3.3.12. Let Q C R” be a bounded 4-John domain, and ¢ € Vg be an N-

function. Then if f € LP(Q,RY) with 1 < p < oo, there exists ' € W1P(Q,RY¥") such
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that

—divF = fin Q. (3.116)

Moreover F' € LI(Q,RN") for 1 < ¢ < % if p < mn, and is unconstrained otherwise with

<]{2|F|qu>; <CR <]{2’f|p d$>; ’ (3.117)

where R = diam(Q2). Moreover if p > n, then for all a € (0, 1- %) we have

the associated estimate

P

R Pl o) + B Pl < © (1P ar) (3.118)

Proof. By rescaling we can assume that {2 C By, and prove the statement for R = 1, noting
that £"(Q2) < CR"™. We consider the Newtonian potential (see for instance [GT98, Section

7.8]) defined as

_ -l [y @ —y)
F(z)= e /Q P dy, (3.119)

which satisfies — div F' = fyq by [GT98, Lemma 4.1, Lemma 7.14|. Therefore we can bound

F in terms of the Riesz potential

Fal<cnin=c | Mdy (3.120)

for a.e.xz € 2, and we also have

1 1
lzr =yt |rg — gyt

1 1
<(Clzy—=x O‘/ < + ) dy.
| 1 2| Q|f(y)| ‘fUl — y|n_1_a |.Z'2 — y|n_1_a Yy

Hence when p > n, we can choose a € (0, 1-— %) and apply Holder to estimate By trans-

F(a1) — F(a)] < C /Q o

dy
(3.121)

lating we can assume  C Bap, so if p > n we can choose « € (0,1) so that p > n + « use

Holder to (3.120) to estimate

F@l < ( [ o dy>p;1 ([irwr dy)’l’ <cu (| \f(y)\pdy)’l’, (3.122)

and similarly for (3.121) to establish the C%® estimates. On the other hand if 1 < p < n,

it is shown in [Ste71, Section V.1.3] that the mapping f — F' is of type weak(p,q) where

q= %. Hence using a variant of Marcinkiewicz interpolation proven in [Ste71, Appendix
B| the result follows. O
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Now we obtain the following non-optimal solvability result.

Proposition 3.3.13. Let ¢ € Vg be an N-function and A be constant satisfying (3.2) as

above. Then if O C R" is a bounded C''* domain and J-John, the problem

{— divAVu = f in Q, (312

u =0 on 01,

is uniquely solvable in WO1 ’“OT(Q, RY) with r = -2 for each f € L?(Q,RY), and we have

<]{290(R!Vu|)r Omc)i < C]{] o(C|f]) dz, (3.124)

where C' = C(n,N,a,A/X, Aa(¢), Va(9),6, (9 c1.2) > 0 and R = diam(£2). Moreover if

¢(t) = 1P, then we can take r = 7.

Proof. Suppose ¢(t) = tP with 1 < p < n, then by Proposition 3.3.12 where F' € LP(Q, RN")
such that —divFE = f in 2, so we can apply Theorem 3.3.8 to obtain a unique solution

ue Wy (Q,RN) with r = w5, along with the associated estimate

<]{)|RVU|W> e, <]{2|RF|W da:) < C’]é]f\p da. (3.125)

If p > n, then we know from Proposition 3.3.12 that F' € C%*(Q,RN") for some a > 0, so
by Schauder estimates (Proposition 3.3.1) we have u € C*(Q,R") and hence we obtain

the estimate
IRVl ) < C]{)|f|p da. (3.126)

Hence by Holder the mapping f — Vu is bounded from LP — La-1 for all p > 1, and from
LP — L for all p > n. Now the assertion follows by applying the endpoint interpolation

result (Lemma 2.2.3), where the R-dependence is obtained by scaling at the end. O
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Chapter 4

BMO e-regularity results for
Legendre-Hadamard elliptic systems

The results in this section are taken from the preprint [Irv21a| of the author. We point out
that Theorem 4.1.9 improves the results in the preprint, which follows from mild modification
to the arguments in the original paper.

We will study general weak solutions to systems which are elliptic in the sense of

Legendre-Hadamard, focusing on the case of the autonomous Euler-Lagrange system
—div F'(Vu) =0 (4.1)

in Q. For arbitrary weak solutions of the above equation however, the work of MULLER
& SVERAK [MS03| shows that we cannot hope for improved regularity results. Developing
the theory of convex integration for Lipschitz mappings they constructed highly irregular
solutions to (4.1), including Lipschitz solutions that fail to be C! in any open subset and
compactly supported solutions whose gradient is L?-integrable if and only if ¢ < 2. These
results have been extended by KRISTENSEN & TAHERI [KTO03| for weak local minimisers,
and by SZEKELYHIDI [Szé04] for strongly polyconvex integrands.

We will show that we can infer improved regularity if we additionally assume the gradient
is locally small in BMO . This builds upon the work of MOSER [Mos01] who considered the

same problem under more stringent assumptions.
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4.1 Statement of results

4.1.1 Hypotheses and local results

We will study the following class of integrands.
Hypotheses 4.1.1. For n > 2 and N > 1, let F': RV — R satisfy the following.
(HO) F is of class C2.
(H1) There is ¢ > 2 such that F' satisfies the natural growth condition
[F(2)] < A1+ |z])?
for all z € RV™,

(H2) F" satisfies a strict Legendre-Hadamard condition, namely for all z € RV™ we have

F'(z)(§@mn) - (§®n) >0

for all ¢ € RN and n € R™, with equality if and only if £ ® n = 0.

A key feature of our results is that we only need to assume a strict Legendre-Hadamard
condition, as opposed to a quasiconvexity condition which is a stronger notion as illustrated
by the example of SVERAK [Sve92]. We also highlight that we do not require control in the
LY scales from below, so if F' satisfies the above hypotheses for some 1 < ¢ < 2 instead, it

will hold with g = 2.

Theorem 4.1.2 (BMO e-regularity theorem). Suppose F' satisfies Hypotheses 4.1.1. Then
for all M > 0 and a € (0,1), there is ¢ > 0 such that for any ball Br(xg) C R™ if w is

F-extremal in Br(7o) with |(Vu) g, (z0)| < M and

[Vulgymo(Bg (o)) < € (4.2)
we have u is C1* on Bpa (o).

We will also establish an analogous result up to the boundary, using ideas from KRONZ

[Kro05] and CAMPOS CORDERO [Caml7|. Recall that Qr(xzg) = QN Br(xo).
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Theorem 4.1.3 (Boundary BMO e-regularity theorem). Suppose F satisfies Hypotheses
4.1.1, Q c R is a C# domain for some 3 € (0,1), g € CLP(Q,RY), and let a € (0, B),
M > 0. Then there is € > 0 and Ry > 0 such that if u € ng’q(Q,]RN) is F-extremal. Then
for zy € 80 and 0 < R < Ry with |(Vu)ap(z0)) < M and

[Vulgno@a(zo)) < € (4.3)
we have u is C1 on Qp/s(x0).

Discussion 4.1.4. In the context of strictly quasiconvex integrands, there is a close con-
nection between sufficiency results (whether extremals are minimising) and regularity of the
extremal. One of the early results in the quasiconvex setting is due to ZHANG [Zha92|,
who showed that a C? extremal is absolutely minimising on small balls B C €. In the op-
posite direction, it was shown by KRISTENSEN & TAHERI in [KT03, Theorem 4.1 that if
uwewhrn VVI})Cq is a strong W h49-local minimiser for some 1 < ¢ < 0o, then we can establish
a partial regularity theorem (we refer the reader to the aforementioned paper for the precise
terminology and results).

It was moreover established in [KT03, Theorems 6.1, 7.1] that if u is a Lipschitz extremal
with strictly positive second variation (it is a weak local minimiser) then it is minimising
among perturbations such that [V]pyo(q) 1s small, but that this is too weak to infer
improved regularity though counterexamples. The former statement uses a modular version
of the Fefferman-Stein inequality which we also use (see Section 2.2.3), and the latter follows
by adapting the construction of MULLER & SVERAK [MS03]. For Lipschitz weak local
minimisers however, it was shown by CAMPOS CORDERO [Cam17| that we can infer global
regularity if we additionally assume that Vu € VMO(R). Their proof loosely follows the
compensated compactness argument used in [KT03, Section 4].

We see that Corollary 4.1.5 below generalises the above result in [Cam17|, by removing
the condition on the second variation and allowing F' to merely satisfy a strict Legendre-
Hadamard condition (H2). Here the Legendre-Hadamard condition can be seen to be a
natural relaxation in the following sense; it is proved by KRISTENSEN [Kri99| that (H2)
implies that F is locally quasiconvex in the sense that for each zg € RV™ there exists a qua-

siconvex function G such that F' = G in a neighbourhood of zy. Our argument, which builds
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upon ideas of MOSER [Mos01], streamlines this process by establishing regularity directly.
In particular we note that the same Fefferman-Stein estimate used for the BMO-sufficiency
result in [KTO03] is crucially used to obtain a Caccioppoli-type inequality in [Mos01] and

Section 4.2.2.

We add that in [Irv21a, Section 5| we extend these results to non-autonomous ellip-
tic systems and higher-order integrands, which essentially follow by the same arguments

developed here.
4.1.2 Consequences of the main results

Patching the local regularity results from the previous section, we can infer global conse-

quences. For this we recall the infinitesimal mean oscillation {-}os(q) from Section 2.2.3.

Corollary 4.1.5 (Regularity of almost VMO Lipschitz solutions). Suppose F' satisfies Hy-
potheses 4.1.1, let © C R™ be a C'# domain for some 8 € (0,1) and g € C*#(Q, RY). Then
for each M > 0 and « € (0, 3), there is € > 0 such that if u € W;’OO(Q,RN) is F-extremal
such that ||Vul| ey < M, and

(Vithosety < (1.4)

then u € C1(Q,RY).

It is unclear if the Lipschitz assumption can be removed; the infinitesimal mean oscil-
lation assumption requires us to consider balls of arbitrarily small radius, which in turn
requires a uniform bound on all averages |(Vu)q,(z)| for all 2o € Q and R > 0 small. How-
ever this is equivalent to assuming Vu is bounded by the Lebesgue differentiation theorem,

and in general we can only infer the following partial regularity result.

Corollary 4.1.6 (Partial regularity of VMO solutions). Suppose F satisfies Hypotheses
4.1.1, let Q C R™ be a C1# domain for some 8 € (0,1) and g € C5(Q,RY). Then if
u € ng’q(ﬂ, RY) is F-extremal such that Vu € VMO(; RV?), letting

Rg = {:p € O : limsup |(VU)QR(:(:0)‘ < OO} ) (4.5)
R—0

we have Ry C Q is a relatively open subset of full measure and u is CY® on R for all

a € (0,5).
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We can also obtain a global regularity result if we assume Vu is suitably small in both
L' and BMO. The L! smallness condition allows us to cover £ by balls finitely many
balls Bp, (zx) such that each ’(VU/)QRk(xk)‘ < 14 [Vg](q), on which we can apply our

e-regularity result to obtain the following.

Corollary 4.1.7 (Regularity of BMO-small solutions). Suppose F' satisfies Hypotheses
4.1.1, let © C R be a CY# domain for some 8 € (0,1) and g € CH#(Q,RY). Then for
each a € (0,5) there is ¢ > 0 such that if u € ng’q(Q,RN) is F-extremal in € with

Vu € BMO(Q, RV") satisfying

IVu = Vgl 1) + [Vulpmo) <& (4.6)
then u € CL*(Q, RY).
4.1.3 Controlled growth conditions

As noted in the previous section, the e-regularity results we established do not appear to be
strong enough to establish regularity if we merely assume Vu € VMO(Q, RV™). The issue
is the dependence of € on M, and appears to be caused by a lack of uniform ellipticity in
our assumption. It turns out this can be avoided if we assume strong controlled conditions

on F”, namely the following.

Hypotheses 4.1.8. For n > 2, N > 1 and p > 2, let F: RV" — R satisfy the following.

(HO) F is of class C2.
(H1) We have (1 + |2|?)~®=2) F"(%) is bounded and uniformly continuous on RV,
(H2) For all z € RN™ we have
FU(2)(€@n) - (€@m) > (1 + |=)P2lg2nf?
for all ¢ € RY and n € R™.
Note the the growth and continuity hypothesis (Hl) is satisfied if F' is a polynomial; in

particular this includes the example of SVERAK [Sve92] (suitably pertubed to satisfy (H2)).
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Theorem 4.1.9 (BMO e-regularity in the uniformly elliptic case). Suppose F': RM" — R
satisfies Hypotheses 4.1.8, let © € RY be a bounded C# domain, and let g € Cl’ﬁ(ﬁ, RN)
for some 3 € (0,1). Then for each a € (0, 8) there is & > 0 such that if u € Wy (QRN) is

F-extremal in ) and
{VU}OSC(Q) <e, (47)

then u is C1% in Q.

4.2 The interior case
4.2.1 Estimates for the integrand
Given F': RVN" 5 R, for w € RV we introduce the shifted integrand
Fy(2) = F(z + w) — F(w) — F'(w)z, (4.8)
following ACERBI & Fusco [AF87|. This satisfies the following properties.

Lemma 4.2.1. Suppose F' satisfies Hypotheses 4.1.1, and fix M > 0. Then there is 0 <

Ay < Apr < oo such that for any w € RV™ with |w| < M, we have (4.8) satisfies

|Fu(2)] < Ap(l2” + |2]9), (4.9)
1Fo(2)] < Apg(lz] + 1277, (4.10)

for all z € RVN™. We also have
EJ0)(E@n) - (€®n) = AuléPnl® (4.11)

for all ¢ € RY and n € R™. Moreover there exists a non-negative non-decreasing continuous

and concave function wyy: [0,00) — [0, 1] such that wys(0) = 0 and we have
|F0(0)2 = Fiy(2)] < Angwnr(2]) (2] + [2]770). (4.12)

Proof. Since F"(z) is uniformly continuous on compact subsets, there is K > 0 and a
modulus of continuity function wys: [0,00) — [0, 1] as in the statement of the lemma such

that |F”(z)| < K and
|[F"(2) — F"(w)| < Kypwar (|2 — w)) (4.13)
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for all z,w € RN with |z|, |w| < M + 1. Since F” satisfies a Legendre-Hadamard condition,
F is rank-one convex and hence we have |F’(2)| < CA(1+|z])9~L. Therefore by distinguishing
between the cases when |z| < 1 and |z| > 1, we have (4.9), (4.10), (4.12) follow. Finally
(4.11) follows from the fact that the strict Legendre-Hadamard condition holds uniformly

on compact subsets of RN™. O

Under the stronger hypotheses, we obtain better control on the associated constants.

While the following estimate is somewhat rudimentary, it will suffice for our purposes.

Lemma 4.2.2. Suppose F' satisfies Hypotheses 4.1.8 for some p > 2. Then there is 0 < A <

A < oo such that for any w € RV with |w| < M, we have (4.8) satisfies

|Fu(2)] < AL+ [w])P72(|2[* + |2[P), (4.14)
|Fo(2)] < AL+ [w)P72(|2] + [2771), (4.15)

and
|Frp(0)z — Foy(2)] < AL+ [w])P2wn(|2])(|2] + 2771, (4.16)

for all z,w € RN", with w a modulus of continuity as in the statement of Lemma 4.2.1. We
also have

Fp(0)(€®m) - (€@ n) = AL+ [w])P (¢ nf? (4.17)

for all ¢ € RY and n € R™.

Proof. Note that (4.17) follows immediately from (H2). For the remaining inequalities we

observe (H1) implies there is K > 0 and w such that |[F”(z)| < K(1 + |z])?~2 and
[F"(2) = F"(w)] < Kw(l2])(1 + [2] + [w])P~ (4.18)

for all z,w € RN™, Using these, the result follows by distinguishing between the cases when
|z] < |w| and |z| > |w]. O
4.2.2 A Caccioppoli-type inequality

We now prove the following weakening of the Caccioppoli inequality of the second kind

introduced by EVANS in [Eva86], which is a staple for many partial regularity proofs in the
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quasiconvex setting. The following estimate was essentially proved by MOSER in [Mos01],
and involves applying the modular version of the estimate of FEFFERMAN & STEIN [FS72]

established in Section 2.2.3.

Lemma 4.2.3 (Caccioppoli-type inequality). Suppose F' satisfies Hypotheses 4.1.1, and let
M > 1. Then if u is F-extremal in some ball Bg(zo) C Q such that Vu € BMO(Bg, RV?)

with [Vulpyiop,) < 1 and [(Vu)p,| < M, then setting

ar(z) = (u)B, + (n};z]é u(y) ® (y — xo) dy> (x — x9), (4.19)

there is M = C(n)M and C = C(n, N,q, A37/A57) > 0 such that

C
][ |Vu — Vag|? dz < Cv([Vu]BMO(BR)> ][ \Vu—VaR\de—F—Q lu — ag|* d,
BR/2 BR R BR
(4.20)
with v(¢): [0,00) — [0, 1] a non-decreasing, continuous function such that «(0) = 0, depend-

ing on wy; and ¢ only.

This choice of ag is due to KRONZ [Kro02], whose significance is illustrated in the lemma
below; this is essentially contained in Lemma [Kro02, Lemma 2(ii)|, applying the Poincaré

inequality in Wh! instead.

Lemma 4.2.4. Ifu € WH2(Bg, RY), we have ar defined as in (4.19) is the unique minimiser
to

a— lu — af? dz (4.21)
Br

amoung affine maps a: R” — RY. Further we have the estimate

]VaR — (VU)BR’ S C(n)][ |Vu — (VU)BR(IO)’ dx. (4.22)
Br
In particular if Vu € BMO(BRg) we have [Vag — (Vu) g, | < C(n) [Vulgyos,) -

Proof of Lemma 4.2.3. Set F(z) = Fyq,(2) as in (4.8), and note by Lemma 4.2.4 that
Vazl < (V) gl + C(0) [Valgpogsy) < M. (4.23)

Also fix a cutoff n € C2°(Bpg) such that 1By, <n<lpy, and |Vn| < %. Putting &« = u—ap

we have @ is F-extremal since u is F-extremal, and so testing the equation against ¢ = n*@
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gives

= F'(Va) - V(n*a) da. .
o_]éRF(V) V(n2a) d (4.24)

Also since F(0) = F”(Va) satisfies the strict Legendre-Hadamard condition (4.11) with
|Va| < M , applying this to nu € VVO1 ’2(Q,RN ) gives (see for instance |Giu03, Theorem
10.1]),

A7 o |V (na)|? dz < ]{9 ) F"(0)V(na) - V(ni) dz. (4.25)

Taking the difference of (4.24), (4.25) and rearranging we get

A V(@) de

Br

< ]{B 0 (ﬁ”(O)va - ﬁ’(va)) Viide

M

+ ][ 2F"(0)(aVn) - (2V(na) — aVn) dz — ; F'(Va) - (2naVn)dz  (4.26)

< AM][ (V) (Ival* + |val?) da
+ 4A~][ [avn| (|aVn| + |V(na)| + n|Va|i™ 1) T,

where we have used the comparison estimate (4.12) to control the first term along with the
fact that n? < 1, and the growth estimates (4.13), (4.10) for the additional terms. Now

noting by Lemma 4.2.4 that
Va| < |Vu = (Vu)g| + C(n) [Vulpymosy) » (4.27)

we will apply the modular Fefferman-Stein estimate (Lemma 2.2.17) together with subad-
ditivity of wy; to estimate
]{9 wr(IVul) (Vi + Vlt) d < Cog (Vulpogsy) ]{9 Va2 + [Val? dz.  (4.28)
R R
Combining these with the earlier estimate and using Young’s inequality to absorb the
|V (ni)|? term we arrive at
Bry2 Br

(4.29)

+C][ laf?dz+C 4 Va7 de
R2 B
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Note that if ¢ = 2, we do not get the |Va|2¢~1 term. Otherwise by the John-Nirenberg
inequality (Proposition 2.2.15) we can bound

]ZB Vil? de < O [Vulfiio sy g \Va|? dz, (4.30)
R

R

][ Va2 dg < cwu]ggag(gm][ \Viil? da. (4.31)
Br Br

Therefore if we let y() = min{1, (wy7(t)(1+1972) + t2@=2)} (omitting the t9=2 terms if

q = 2) we deduce that

c
Va2 de < Oy ([Vlpyo ][ Vil? de + ][ ]2 da, (4.32)
][BR/2 ( oM (BR)) Bgr R? Br

as required. O
4.2.3 Harmonic approximation

Our second ingredient is a comparison estimate for solutions to the linearised system. The
following duality argument is an adaptation of the estimate proved in [GK19a|. The linear
theory we need will straightforwardly follow from the strict Legendre-Hadamard condition

satisfied by F”(Va), and we will refer to Section 3 and [Giu03, Chapter 10] for details.

Lemma 4.2.5 (Interior harmonic approximation). Suppose F' satisfies Hypotheses 4.1.1,
let M > 1, and suppose u is F-extremal in some ball Br(zg) C € such that Vu €
BMO(Bg, RY") with [Vulgnios,) < 1 and [(Vu)pg,| < M. Then letting Vag as in (4.19),

we have the unique solution h € W12(Bg,RY) to the problem

—div F"(Var)Vh =0 in Bg, (4.33)
h =u on dBg,
satisfies the L2 estimate
][ |Vh — Vag|*dz < C+ |Vu— Vag|*dax (4.34)
BR BR

with M = C(n)M and C = C(n, N, A37/A77) > 0, and further the comparison estimate

1

= — h?dx < — 2 .
72 BR\u h| dx_C”y([Vu]BMO(BR)> ]iRWU Vagl|® dz, (4.35)

with C' = C(n, N, q,A37/A57) and 7: [0,00) — [0,1] is increasing and continuous such that

7(0) = 0, depending on w7 and ¢ only.
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Proof. Put &t = u—ag and F= A%Fva. Then the existence of a unique h € Wllu’Q(BR, RM)
follows from L2-coercivity of F”(0) (see Lemma 3.1.4) which gives (4.34). Then for any

¢ € W&’Q(BR,]RN) we have

][ F'(0)(Vu—Vh) Vo da = ][ (ﬁ”(O)v P (va)) Véda
o (4.36)
< A~][ F(Ival) (IVal + [Val'™") [Vl dz,

where we have used the fact that @ is F-extremal and the comparison estimate (4.12). Now

choose ¢ to be the unique solution in Wol’2 N W?22(Bgr,RM) to the problem
—div F"(0)V¢ =u—h (4.37)

in Bp (see Lemma 3.1.5), so in particular by symmetry of F”(0) this satisfies

][ F"(0)(Vu — Vh) - Vdz = ][ lu — h|? de. (4.38)
Br Br
Moreover ¢ satisfies a W22 estimate which combined with the Poincaré-Sobolev inequality
(noting (V¢)p, = 0) gives

IVl 2x (5, < Cn HV%HLz ) S Cllu=hllg2 sy (4.39)

where 2* = % provided n > 2. For this choice of ¢, applying Hdélder’s inequality and

rearranging (4.36) using (4.39) we get

1 2 < 2 G2 1 (a2
RQ]{BIJU —hlfde < — Hw (IVal) HL“(BR) ]éR|Vu\ + |V dz. (4.40)
If n = 2 we use the fact that HV¢||L4(BR) < C’R% [|u — hHL?(BR) to get the slightly modified

estimate

1 C o i o
RQJ{BR‘“ — h[2dx < = lwsr IV aD[a s, ]{BRW“‘Q + | Vae D g, (4.41)

In both cases since wy; <1 is concave by Jensen’s inequality we have
1 1
w1V a5, < B ( ]{B wiz(IVal) dzc) < Rrwy (Vilvogsy )"+ (442)
R

and by the John-Nirenberg estimate (Proposition 2.2.15) and Lemma 4.2.4 we can also

estimate
]{9 Vil do < C[Vulpiils, )][ Vil da. (4.43)
R
Putting everything together the result follows by taking v(t) = min{1, wy;(t )% (1+ t2(a— 2))}

modified suitably if n = 2. O
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4.2.4 Excess decay

From here Theorem 4.1.2 follows by combining the above estimates to get a suitable de-
cay estimate, which we can then iterate. This approach is standard among many partial

regularity proofs, and we follow a similar argument to that found in [GK19a].

Proof of Theorem 4.1.2. We will begin by establishing the following decay estimate for the
excess energy

E(z,r) = 7{9 v (Vi) |2 dy. (4.44)

Claim: For any B,(z) C Bg(zo) and o € (0,1) for which |(Vu) By, ()]s (V) B, ()| <

2" M and [Vulgyio, () < 1 we have

E(z,or)<C (02 + o2y ([VU]BMO(BT(@))> E(z,r), (4.45)

where C' = C(n, N, q, A7;/A37) > 0 and v satisfies both Lemmas 4.2.3 and 4.2.5 with ontl g
in place of M.
Indeed let
ar(z) = (u)B, + (Vu)p, - (x — z0) (4.46)

and apply the harmonic approximation result (Lemma 4.2.5) in B, () to get h € Wy (B, (), RY)

solving

—div F"(Va,)Vh =0, (4.47)

which satisfies

1 2
= _ < | |
) ]{gr(x)ht hl*dy <~ ([VU]BMO(BR(IU))) E(z,r) (4.48)

Now put i = h —a, and let ay,(y) = h(z) + Vh(z)- (y —z), since Byg,(z) C B, j2(x) we have

2
1 ][ 7 2 C 27 4
Yoy |h—ap|"dy < ——= | sup [V7h| ly — " dy
(207)2 ) Byy () (207)* \ B, »(x) Baor (@)

< 002]{9 ( )|V(h —a,)]?dy < Co?E(x,r)

(4.49)

using interior regularity for h (namely Lemma 3.1.6). We will use these in conjunction with

the Caccioppoli-type inequality (Lemma 4.2.3) applied in Bay,,(z), letting asyr be given by
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(4.19) we have

E(z,or) < ][ IVu — Vage,|* dy
Bor(z)
C

(4.50)
S (20’7’)2 ][B ( )”U/ — a20”r“2 dy + C'}/ <[VU]BMO(BT((E))) E(IE, 2UT)
207\ T

Now using the estimates (4.48) and (4.49) and the minimising property (4.21) we can esti-

mate
VRG] |U - a20’r| dy
(207)2 By (2)
< — lu —a, —ai|*dy
(207)% J By () (4.51)

C C
< —hl?dy+ —— h—ay|*d
< o ]g s ]{9 ey

<C <02 + o (+2), ([Vu]BMO(BR(xO))>) E(z,r).
So the claim follows by combining the above two estimates.
We now iteratively apply the claim for suitably chosen parameters. Since [(Vu)|p(z,) <

M, for all & € Br/s(z0) we have |(Vu)p,, )| < M and so

Br/2

(4.52)
Iteratively applying this therefore gives
k—1
(Va)p )| < 2°M 407" > E(x,0'R/2). (4.53)
j=0

Since E(z,r) < {VUFBMO(BR(xO)) < g2 for all r < R/2, see that if 07 "¢? < 2"M, we can

apply the claimed decay estimate (4.45) to obtain
E(z,0R) < C (0* + 0" ?y(¢)) BE(x, R/2). (4.54)

Fix a € (0,1), and choose o < 1 such that Co? < 102%. Then we can take ¢ > 0 small
enough so Co~ "2y () < 30%* and o7 "e? Y j 0% < 2" M. Then we can inductively check
that (4.45) gives

E(z,0"R/2) < c**E(x,R/2), (4.55)

and by (4.53) we can ensure

(V)4 ()] < 2701 M (4.56)
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for each k > 1. Hence for each r € (0, R/2), choosing k such that 0*R/2 < r < oc* 1 R/2 we
deduce that

E(z,r) < C (%)M E(zo, R). (4.57)

This verifies the Campanato-Meyers characterisation of Holder continuity (see for instance

[Giu03, Theorem 2.9]), allowing us to conclude that u € CH*(B g o(x0), RY) as required. O

4.3 The boundary case

4.3.1 Localisation near the boundary

Our strategy in the boundary case will be similar to the interior case, but some technical
modifications will be needed in our choice of approximant a. This is because the Caccioppoli-
type estimate (Lemma 4.2.3) involved testing the equation against ¢ = n(u — a) with 7 a
suitable cutoff and a an affine approximation to u, but to use this close to the boundary we
need u — a to vanish suitably on 9. This will be done using ideas of KrRONZ [Kro05| along
with the refinements of CAMPOS CORDERO [Caml7].

Let © C R" be a bounded C# domain, and consider the defining function p = pq €
C'8 constructed in Lemma 2.1.23. The idea is to use p as a replacement for the affine

approximation, considering maps of the form

p(x)
= 4.58
al@) =¢ [Vp(o)|’ (4.58)
with ¢ € RY. Since Va = ¢ ® ‘gz((zg‘ which is close to £ ® vy, however, taking £ = (Vv -

Vio)Qp(xo) ONly allows us to control the normal component compared to the full derivative
Va = (Vu)pg() from the interior case. It turns out this is sufficient however; this is
illustrated by the following result which is an adaptation of an observation of CAMPOS

CORDERO [Cam17].

Lemma 4.3.1. Let Q € R™ be a bounded C'? domain and let p > % There is Ry > 0 and

C > 0 such that for all zg € 9Q and 0 < R < Ry, for all v € W'P(Qgr(z0), RY) such that
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v =0 on 02N Bg(zp) we have

(][ Vv — (Vo VZ‘O)QR(IO) ® Vao [” dx)
Qr(zo)

<C (]{z ( )\VU — (V)o@ dﬂﬂ) + C|(VV) g (o) | R’
R(Z0

1
P

(4.59)

Proof. Fix zp € 01, then by translating and rotating we can assume xo = 0 and v(xg) = ey,

and take Ry > 0 small enough so we can write Qg,(zo) as the graph of some . We have

1
<][ Vo — (an)QR®en\pdx>p < <][ Vv — (V) QR|pd:U> +Z| (Viv)agl, (4.60)
Qg Qg

where we write Vjv = Vv -e;, so we need to estimate the tangential derivatives. We proceed
analogously to [Cam17, Lemma 5.6] with minor modifications to account for the curved

boundary, so letting p be the defining function for €2 as above we consider

3(x) = v(z) - <vnv>QR|§%)'. (4.61)

Note that ¥ still vanishes on 92 N Bg, so writing z = (z’,z,) € R""! x R, so a similar

argument to [Cam17| gives

/ Vide = / T(@)Z AN z) = [ Vaile) 2 da, (4.62)
Qr QNIBr R Ogr (RQ _ ’x/|2)§

where the only difference is that v vanishes at (2/,v(z')) writing = (2/, ;). This can then
be estimated using Holder’s inequality as in [Cam17|, and using the fact that p is of class

CYP we deduce that

v ‘I( iP)2x|
V(o)

P
< C(n,p) (]{2 \vnv—wnv)aRrpdx) O p [ r.0)] (Vv)rn | B,
R
(4.63)

Vivdz| < V,vdr

Qr

+1(Vn

QR

from which the result follows. O

We will also record a Poincaré inequality for maps which vanish on part of the boundary.

This will follow by flattening the boundary and applying integrating in the x,-direction.
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Lemma 4.3.2 (A Poincaré inequality). Let © C R” be a bounded C'# domain and let
Ry > 0, QR(xo) as in Lemma 4.3.1. Then for all zg € 99, 0 < R < Ry, 1 < p < o0, for

uw e WP (Qp(zo), RY) such that u = 0 on QN Qr(zg) in the trace sense we have
n_n_q
Rv HUHLq(ﬁR) <C HVUHLP(QR) (4.64)

for all 1 < ¢ < oo such that

;lo % < %7 with C = C(n,p, ¢, 5, ]| c1.6) > 0. Also the same

conclusion holds for Qg () in place of Qg(x).
For the remainder of the section, we will fix Ry > 0 and 6 > such that Qgr(zg) is a
d-John domain for all zg € 992, 0 < R < Ry (using Lemma 2.1.25), and given p as above we

will also assume that we have L™"(Qg(z0)) > 47" L™(Bg(xo)) and

T 2
o trs )W[;)((;(J)de <CwR, (4.65)

for all R < Ry. Shrinking Ry further if necessary we will moreover assume the construction
of Qg (x0) (Lemma 4.3.1) and the above Poincaré¢ inequality (Lemma 4.3.2) holds with this

choice of Ry.
4.3.2 Boundary Caccioppoli inequality

Lemma 4.3.3 (Boundary Caccioppoli-type inequality). Suppose F' satisfies Hypotheses
4.1.1, let M > 1, and suppose Q C R” is a bounded C™# domain for some 8 € (0,1).
Given g € C1A(Q,RN), there is Ry = Ro(n, Q) > 0 such that the following holds. Suppose
20 € 99,0 < R < Ry, and u € Wy ?(Q,RN) is F-extremal in Qg(x) such that Vu e

BMO(Qg(z0), RV™), [Vulpmo@p ey < 15 and |[(Vu)a,| < M. Then if we define

o

p(z)  ((u—g)p)ay
Vo)~ Pan P (4.66)

with p the defining function for ) as above, we have the estimate

][ Vu— (Va)ay,?de < Cy ([vu]BMO(QR)) ][ Vu — (Vu)g, |2 dz
Qr/2 Qr

ar(r) = &R

c (4.67)
+ Rg][ lu— g —agl*dz + CM> "V RY,
Qr

where setting M = C(n, 3, [0 s [1Vallcosy) M, v [0,00) = [0,1] is a non-decreasing

continuous function satisfying v(0) = 0 depending on wy7 and ¢ only, and
c=cC (n N, ¢, As7/A 57,0, [Qlgns » Ro, [Vg]co,ﬁ(m) > 0. (4.68)
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Remark 4.3.4. Similarly as in the interior case, the choice of ar(z) in (4.66) ensures that

2
— P | a4 (4.69)

<o % p(0)

u—g—4§

Qr
is minimised in & € RY when & = &g, as noted by KrRoNZ [Kro05]. If we set £ = (V(u — g) -

v(x0))ay, these can be compared through estimate

€r — (V(u—g) - v(20))ogl

gc(]{h

where C' = C(n, B, || o1.6) > 0. This is proved in [Kro05, Lemma 2(ii)], relying on the

< (4.70)
Viw=g) = (Vlu=g) - v@o)an ® 17

2 2
dm) +CMRP,

Poincaré inequality and (4.65).

Proof. Let Ry > 0 as in the beginning of this section, and define

u(z) = u(x) — g(z) — ar(z), (4.71)

noting that & = 0 on 9N BRr(xo). We also fix a cutoff n € CZ°(Br(xo)) such that 1, () <
N < 1Bgy) and |Vn| < %, and consider the shifted functional F(z) = F,,(z) as in (4.8)
where

2R =ER ® Vg + (V9)as, (4.72)

with g as in (4.66). Using the Poincaré inequality, we can choose M so that

1
2 —
|zR\sc<n,ﬁ,m||01,B><]{l \w—vm?dx) (Vg <M. (473)
R

Now by the strict Legendre-Hadamard condition applied to nu and testing the equation

(4.1) against 7% we have

Azt [V(na)|?de < ][ F"(0)V(na) - V(ni)dz — 4 F'(Vu — zg) - V(?a) dz

Qr Qr Qr
_ ][ 0 (F"(0)(Vu — 25) — F'(Vu — 2) ) - V(i) da
R (4.74)
4 nF"(O0)(er ~ Vag - Vo) Vo) da
Qr

+ ][ aF"(0)Vn - V(na) dz — ][ naF (Vu — zg) - Vndz.
Qr Q

R
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We can absorb the V(n@) terms using Cauchy-Schwarz and Young’s inequality; for the last

term we can use the growth estimate (4.10) for ' to estimate
][ naF (Vu — zg) - Vi dz
Qr

<A~][ @Vl (In(Vu — 25)| + 1V — 2571 da
o (4.75)
][ V|2 de + 2 ][ (nit) 2 + 1P| Va2a D da

+ C/\M][ n?|zr — ar — Vg|? + n*zr — ar — VgV da
Qr
Hence since n? < 1 we deduce that

1 4
— V(nu 2de < —
3], WomPae s f

+C <\zR —Vagr — Vg|? + |2zr — Vag — Vg]Z(q*1)> dz  (4.76)

dx

F(0)(Vu — 2) — B/(Vu — 2n) ]2

][ \u|2dx+c |vu\2q b

where the final term can be omitted if ¢ = 2. For the second term we note that since g, p

are C1% we have

|Vp(x) = Vp(xo)|
V(o)

in Qg, where C' = C(||Q|c1.5 ,[Vg]cos) > 0. For the first term we apply the comparison

|zr — Vag — Vg| < |€r @ vy, | + Vg — (V9o <CMRP  (4.77)

estimate (4.12); writing @(t) = w7 () (£* + t2(@=1)) this gives

][ F'(0)(Vu — 2g) — F'(Vu — zR)] dz < M | o(|Vu — 2zg|) dz, (4.78)
Qpr )\M Qg

noting that wy7(¢) < 1. Now we estimate

IVu = zr| < [Vu = (Vu)ag| + [Er — (V(u = 9)) - Vi )0

(4.79)
+1(V(u—=9))ar = (V(u—9)) - vag)ar ® Vagl-
By Remark 4.3.4 the second term can be estimated as
1€r = (V(u = 9) - Vay )02
1
2
<C <][ IVu—Vg—(V(u—9)- vg)ap ® 1/960|2 dx> +CMR?

o (4.80)

< C|(V(U - g))QR - ((V(u - g)) ’ on)QR ® VSUO‘

1
2
+C <][ Vu— Vg — (V(u—9)al* da:> +CMRP,
Qr
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and applying CAMPOS CORDERO’s trick (Lemma 4.3.1) followed by the John-Nirenberg

estimate (Proposition 2.2.15) we have
[(Vu=Vg)a, = (Vu=V9g) - vag)ap @ V|
1
<C ( VU= Vg = (Vu = Voo’ dx> " L OMR? (4.81)
< C[Vu . Valpmo(ay) + CME’,

for p € {2, ¢}. Also applying the modular Fefferman-Stein estimate (Lemma 2.2.17) we can
bound

][ o (1Y — (Vu)ay)) de
n (4.82)

< CWM ([VU]BMO(QR)) ]{2 |Vu — (VU)QR|2 + |Vu _ (VU)QR|2(q_1) de.
R

Now since [Vg]pyoy) < CRP and ¢(RP) < (1 + Rg(qd)) R?P | we can combine the above

using the doubling property of ¢ to get

][ o (|Vu — z|) doz < C M@~V R28
N (4.83)
+ CWM <[VU]BMO(QR)> ]{2 [Vu — (VU)QR‘Q 4 Vu— (VU)QR‘2((I—1) L

R

To complete the estimate, note by the John-Nirenberg inequality (Proposition 2.2.15) that

]{2 |vu- (Va)o, 2970 < C[Vulioh,, ]{1 Ve (Vujagfde, - (484)
and similarly

]{] VX dz < C [Vul ot ]{2 IVu — (Vu)a,|? de + CM2@ DR (4.85)
R R

Hence putting everything together gives

a |v<na>|2dx§Owﬁ(wBMomm) (1+ Vel Bioton ][ [V~ (Vo[
R

][ a2 do + C Va2, ]lQ Vu— (Va)g,[Pde  (486)
R
+ CMQ(Q DR?,

from which the result follows taking () = min{1,w()(1 + t2@=2)) 4 $2@=2)} omitting

the t2(972) terms if ¢ = 2. O
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4.3.3 Boundary harmonic approximation

We now wish to establish a harmonic approximation result analogous to the interior case,
however a technical difficulty arises when applying the linear existence theory in Qg(zg),
whose boundary is only piecewise C? in general. Similarly as with the linear L? estimates
(Proposition 3.3.9), we will replace Qg (xg) by the regularised domain from Lemma 2.1.28.
Hence we can apply the linear solvability theory from Section 3 on this modified domain

instead, noting that the corresponding estimates will be independent of R.

Lemma 4.3.5 (Boundary harmonic approximation). Suppose F' satisfies Hypotheses 4.1.1,
let M > 1, and suppose 2 C R" is a bounded C''"# domain and g € C*#(Q, RY), for some
B € (0,1). Suppose xg € 92, 0 < R < Ry with Ry = Ry(n,) >0 and u € ng’q(QR,RN) is
F-extremal in Qg(zo) with Vu € BMO(Qg, RN, |(Vu)q,| < M, and [Vulpmog) < 1-
Then letting S~)R as in Lemma 2.1.28, the unique solution h e WI’Q(QR,]RN) to the

Dirichlet problem

—div F”(ZR)V}:l =0 in ﬁfi’ (457)
h=u—g—ar on Jg,
with zg,ar as in (4.66), (4.72) respectively satisfies
][~ IVh?de < C 4 |V(u—g—ag)?ds, (4.88)
Qr On

where C' = C (n, Aj;/Ag7) > 0 with M=C <n,6, 192 15 vaHcOﬁ(Q)> M. Moreover we

have the remainder estimate

1 -
77 1 lu—g—ar—h|*dz < Cy ([W}BMO(QR))][ |Vu—(Vu)gg|* dz+CM?R?*, (4.89)
Qr Qr

where C = C’(n,N, q, AM//\M,HQHCW,[Vg}co,g(m) > 0 and 7: [0,00) — [0,1] non-

decreasing continuous such that v(0) = 0, depending on n, ¢ and w7 only.

Proof. We will assume n > 3 so Sobolev embedding applies, taking similar modifications as
in the interior case if n = 2. Additionally we will use similar arguments used in the proof
of Lemma 4.3.3 which we will not reproduce in detail, in particular choosing Ry, M in the

same way. Letting F = )\;AJ}FZR be the shifted functional with zp as in (4.72) and setting
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% =u— g — ag, note for ¢ € W01’2(§R,RN) we have

s F"(0)(Vi — Vh) - Vo da
- ][~ (ﬁ”(O)va ~ F/(Vu - ZR)> Védz

¢ (4.90)

<Agr - (V0 zal) (V= 2l + [Vu - zft™1) [V da
Qg
+A1\7][~ |\Vagr — Vg — zr||Vé|dz,
QR

where we used the comparison estimate (4.12). We now choose ¢ to be the unique solution

to the Dirichlet problem

h in QR,

i —
~ (4.91)
0 on JQp.

{— div F"(0)V¢ =
¢

By Theorem 3.3.8 and Proposition 3.3.12 we have a unique solution exists and satisfies the

estimate ||[V@l| - @ <C Hﬂ - BHB(QR) . Therefore for this choice of ¢ we get

][~ |a — ﬁ|2dm < Cuwyy <][ |Vu — zp d:c> " ][ Vu— ZR|2 + |V — ZR|2(q—1) dx
Qr Qr

Qr
=
—i—C'(][ VCLR—VQ—ZRQ*(L’E> *,
Qr
2n

where we have used Hélder and Jensen’s inequalities (here 2, = -=%), and absorbed the

(4.92)

fQRW — h|? dz term on the right-hand side. Arguing by splitting |Vu — zg| as in (4.79) from
the previous section (proof of Lemma 4.3.3) we arrive at the estimate
]{ i~ de < €3 ([Vulpyoga,) ) ][ Vi — (Vo 2de + CM2R2 (4.93)
Qr Qr
with v(t) = min{l,wﬁ(t)%(l + t2@=2))} as required. O

4.3.4 Proof of boundary regularity

We can now combine the previous two estimates to conclude as in the interior case.
Proof of Theorem 4.1.3. For B,.(z) C Br,(zo) with = €  we consider the excess energy

E(z,r) = ]é ( )|Vu— (Vu)g, @|* dy, (4.94)

so by assumption and Proposition 2.2.15 there is C; = C1(n,d) > 0 such that E(z,7) < Ci2,

which we can assume is less than 1.
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Claim: If 2 € 9Q and r > 0 so that Q,(z) C Qg(z) and o € (0, 1) for which
(V) oy, ()]s [(V) g, ()] < 2% M, (4.95)
we have
B(z,01) < C (6% + 0~y ([Vulpyio(a, () ) Bl@s 1) + CMAIDo=0420,20, - (4.96)
where 7 is as in Lemmas 4.3.3 and 4.3.5 with 23"+t M in place of M, and
C = (mN.a, Ap/ A7 8,12 ca.s » Ro, [Vglcnsgy ) > 0. (4.97)

Proof of claim: Applying the Caccioppoli-type inequality (Lemma 4.3.3) we have

E(z,or) < Cx ([VU]BMO(Q%T(@)) E(x,201)

(4.98)
1 ][ \u—g—agar\Qdy—i-C'MQ(q*l)(ar)m,
207"(33

+

a?r? Jq
where agy, is given by (4.66) in Qa4 (2). Also by the boundary harmonic approximation

(Lemma 4.3.5) in €,.(z) the unique solution A € W2(€,.(z), RY) solving

— div F"(2)Vh =0 in O, (), (4.99)
B:u—g—ar onaﬁr(m), '
satisfies
1 -
027"2]{2 )’u —g—a —hfdy<Cy <[V“]BMO(QT(JC))) E(z,r)+CM?*r*,  (4.100)
/2 x

noting that €, 5(z) C Q,(z) € Q,(x). Now by Remark 4.3.4 we have

2

1 ][ 1 P
— lu—g—ael* dy < ][ u dy (4.101)
212 J (2 22 Jo,. (@) V()|

for all ¢ € RV, so taking &€ = &, + (Vh - Vi) Qo (z) We can split

1

22][ ’u_g_aa|2dy
g°r Q2or(33)

1 - p I (4.102)
< h— (Vh- v, @)= 7| dy :
7 o 1 T o

+ CO’ (n+2) ( V’U, BMO )) E(x, 74) 4 CMZ(Q—l)O—_(’rH-Q)TZ/B_
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For the second term we use the Poincaré inequality and Lemma 4.3.1 to estimate

1 ][ ~ ~ ) 2
o212 Jo,. (@) ( J620n( V| Vp(a)] Y
<C Vh - (Vh-v,) A/
= Jasn @) e @ p(a) (4.103)

- - 2
< C][ Vh = (Vh-ve)a,, . (o) @vz| dy+ CM?*(or)??
QQG‘T‘(x)

2
dy + CM?*o—"r?8,

< C][ Vil — (ViL)QQM(x)
QQG‘T‘(x)

where we have used the bound ](Vﬁ)gzw(aj) g2 < CM?c~". Now as h vanishes on QN

0, (z), using boundary Schauder estimates (Proposition 3.3.1) we have the estimate

H cosa SC][ V(u—g—ag)|dy < CE(z,r) + CM*r*, 4.104
[ }CO‘B(QT/z(w)) ﬁr(x)‘ ( g r)|dy (z,7) ( )

where the last line is obtained by arguing as in the proof of Lemma 4.3.3. Hence it follows

that
1][ h— (Vh-v,) P 2 dy < Co®E(x,r)+ CM?*c~"r?’,  (4.105)
o272 Qoo () z ) Q251 () \Vp(x)] > s 5 .

so the claim follows by putting everything together.

We now argue analogously as in the interior case; note for x € 9 N Br/s(z0) we have

(V) @) < 2°"M, and so |(Vu)g )| < 2"M 4 Cro~"e < 2°"FIM for £ > 0

Qr/2 ory2(T

sufficiently small. Hence applying the claim gives
E(z,0R/2) <C (025 + U_(”+2)7(6)) E(z,r/2) + CMz(q_l)U_("+2)Eg(ﬁ_a)RQQ. (4.106)

We choose o € (0, 1) such that Co?® < 162% and e > 0 such that Co~("*2y(e) < 152,
We then choose Eg > 0 such that C’MQ(‘I_I)U_(”JFQ)]%(&*Q) < ko?® for 0 < Kk < 1 to be
chosen to get

E(z,0R/2) < %ahE(x, R/2) + r (0R)™. (4.107)

Further shrinking € > 0 if necessary and taking x > 0 small enough so

o (Che+ k)Y 0™ < 3"M, (4.108)
j

we can iteratively argue that for all £ > 0,
(V)4 ()] < 2T M, (4.109)

E(z,0"R/2) < 27%c?**E(x, R/2) + (c* R)*. (4.110)
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Hence it follows that E(x,r) < Cr? for all r € (0, R/2).

By the interior case we also have E(z,r) < Cr** when B(z,r) C Qr(zo) with 2 € Bgs.
We can extend this to all # € Qg /s(z0) and 0 < r < R/2 by a covering argument (adjusting
constants as necessary), so by the Campanato-Meyers characterisation we get u is C1® in

QR /o(0), as required. O
4.4 The uniformly elliptic case

Finally we prove the uniformly elliptic case, which straightforwardly follow from the above

using the careful dependence of constants.

Proof of Theorem 4.1.9. By our hypotheses, if A, |, A, are the constants associated with
the shifted functional F;, from Lemma 4.2.1, then the quotient A, /A, is bounded uni-
formly in zgp € RV™, as is w = W|;,|- Hence arguing as in the proofs of Theorems 4.1.2 and
4.1.3, noting in the intermediate lemmata the constants only dependend on A, /A, We
obtain the excess decay estimate

E(z,or) <C (026 + o~ (M2 <[VU]BMO(Qr(x))>) E(x,r)

+ O+ [(Va)a,, | + [(Vu)g, )20~ (7228

for all z € Q, R > 0 such that either Br(z) C Qorz € Q and 0 < R < Ry (with

(4.111)

Ry = Ro(n,2) > 0). Note in the interior case the second term can be omitted.

Fix € > 0 to be determined. Then there is 0 < R < % for which there exists a finite
covering of 2 by balls { Bg(z;)} where either Br(z;) C Qor z; € ©, and {V“]BMO(QQR(%)) <
2¢ <1 for each j. Let M > 0 such that |(Vu)q,p ;)| < M for all j, then observe that for
all z € Q and 0 < 7 < R we have |(Vu)q, (5)| < C(n)M (1+1log(R/r)). Hence the excess

decay estimate becomes
E(z,or)<C ((725 + 0*("”)7(25)) E(z,r) 4+ CM?*0c~ 4228 (1 £ log(R/r))  (4.112)

whenever 0 < r < R, and modifying constants this holds for all = € Q.

Now choose o € (0,1) such that Co2 < 162, and € > 0 such that Co~("+2y(2¢) <
702, Then choose 0 < ro < R such that CM20_(2H+2)Tg(ﬁia) (1+1og(R/r9)) < o%*. This
gives

1
E(z,or) < 5020‘E(:U,r) + (or)?, (4.113)
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from which the result follows by iteration as in the proof of Theorem 4.1.3.
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Chapter 5

Minima for quasiconvex integrands

In this chapter we will investigate the existence and regularity theory for minima of func-

tionals of the form
F(w) = / F(z,w(z), Vw(z)) dz, (5.1)
Q

subject to a quasiconvexity and a general growth condition. More precisely the growth of
F will be governed by an N-function ¢, as defined in Section 2.1.2, and will satisfy the
As-condition.

We will be concerned with integrands f: RV" — R which are strictly quasiconvez, in the

sense that if there is A > 0 such that

/ f(z0+ V) — f(z0) dz > A / 14120/ (V€] d (5.2)
Q Q

for all zg € RV and ¢ € C®(Q,RY), with Q € R™ non-empty and open. Here we recall
that ¢, are the shifted N-functions defined in Definition 2.1.8, and that if ¢ € Ag, for
each M > 0 we have ¢y, | ~m 1 whenever |z0| < M. Also in the case of p-growth, the

left-hand side is equivalent (up to modifying \) to

/ V1 (V)2 dr = / (1+ | + V€22 Ve da (5.3)
Rn Rn

—2
where V, ,(t) = (pu? + 2)"3 . This was introduced by EvVANS [Eva86] when p > 2 in
the context of regularity theory. However such a condition also plays a role in the existence
theory, as it ensures minimising sequences are bounded in W1# (€, RV); this will be discussed

in Section 5.2.4 adapting a result of CHEN & KRISTENSEN [CK17].
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Remark 5.0.1. In practice it can be easier to verify that F' — Ap;([-|) is quasiconvex for
some A > 0. In light of Lemma 5.2.17 below, such a condition implies (5.2) assuming ¢ is
C?, with strictly positive second derivative. This does introduce an implicit |zq|-dependence

in the constants, however this does not affect any of our results below.

Using this observation, we can show that strictly quasiconvex integrands with ¢-growth

exist based on the construction of Sverak [Sve91].

Example 5.0.2. Let ¢ € As be an N-function. Following the argument in Proposition
5.2.16, we can consider the shifted N-function associated to ¢(t) + ¢ + (e™* — 1) and apply
Corollary 2.1.7 to obtain an N-function @ which is C? on [0,00) such that & ~ ¢; and
©{(t) >0 for all t > 0.

We then apply Lemma 2.1.34 to obtain a quasiconvex function F: R?*2 — R which
is non-convex. Moreover by mollification, which preserves the quasiconvexity of F, we can
assume it is smooth. Then by Lemma 5.2.17, we have F' + ¢(|-|) satisfies the strict quasi-

convexity condition (5.2) with ¢.

We will start by discussing the existence using the Direct Method, which based on the
strategies discussed in the introduction (Section 1.1). We will establish a general semiconti-
nuity result for integrands of the form F' = F(z, Vu) adapting a triangulation argument of
CHEN & KRISTENSEN [CK17]. These results will also be extended to deduce the existence
of minima for integrands with a u-dependence, where we will establish lower-semicontinuity
along regularised minimising sequences, which are uniformly integrable.

We will then discuss the associated partial regularity theory for the obtained minimisers.
Here we will need to additionally assume our N-function satisfies the Vo-condition, however
we believe this should not be necessary. In this direction we will show that in the autonomous
case the Va-condition can be replaced by a growth condition, and this is a point of ongoing

investigation.

5.1 Hypotheses and main results

For the corresponding regularity problem, we will consider the following assumptions.
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Hypotheses 5.1.1. Let Q C R” be a bounded domain and F: Q x RY x RV? — R with

n > 2, N > 1 satisfy the following.
(A1) F is continuous in (z,u, z) and of class C? in z, such that F. is also continuous.

(A2) F satisfies the natural growth condition
[F(2,u,2)] < A1+ ¢(2))

for all (x,u, z), where A > 0 and ¢ is an N-function. By rescaling we can assume that

e(l) =1.

(A3) There exists g: RV" — R which is strictly quasiconvex at the origin in the sense of

(5.2) with constant A > 0 such that
9(z) < F(z,u,z2)
for all (z,u, z).

(A4) We have z — F(x,u,z) is strictly quasiconvex in the sense of 5.2 at each (x,u) €

Q x RN, with constant A > 0.

(A5) F is jointly B-Holder continuous in (x,u) for some 5 € (0,1), in that we have
|F(2,u,2) = F(y, 0, 2)] < Adpp(lz =yl + [u = o)) (1 + o(|2])

forallz,y € Q,u,v € RY, z € R¥" such that [u| < M, where ¥p75(t) = min {1, cpt? } .

for some cpr > 0.

Note that for any ¢ € As, the autonomous integrand constructed in Example 5.0.2
satisfies the hypotheses of the above theorem.

The main result we will prove in this section is the following. Note that we will establish a
much more general existence theorem (see Proposition 5.2.3), however the following captures

the main case we are interested in.

Theorem 5.1.2 (Existence and partial regularity). Suppose F' satisfies Hypotheses 5.1.1,

and the associated N-function satisfies the As-condition. Then for any Q C R™ and g €
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Wleo(R" RN), there exists a minimiser u € Wy?(Q,RN) of F. Moreover if ¢ € Vs in
addition, there is Qg C € such that £"(2\ Qo) = 0 and such that u is C1® in € for some

a > 0.

As is standard for partial regularity results, this will follow from an e-regularity theorem
which is the content of Theorem 5.3.1. We note that in the autonomous (F' = F(z)) case,
the regularity theory in the quasiconvex and general growth setting was first considered by
DIENING, LENGELER, STROFFOLINI, & VERDE |Die+12|, subject to additional quantitative
estimates on F” and stronger conditions on ¢. This was relaxed to the natural growth
condition by the author in [Irv21b|, where the result was also extended to higher-order
integrands and strong local minimisers which we will not discuss here. Extensions to the
non-autonomous setting have also been considered in [CO20; GSS21; OSS21]|, however they
all assume a strong controlled growth condition building upon the techniques in [Die+12].
We improve improve upon the above results by establishing partial regularity under natural

growth conditions in the non-autonomous setting.

5.2 Existence of minima

In this section we will establish the existence of minima for F using the Direct Method.
For this we will require a lower-semicontinuity result, along with a coercivity estimate to
obtain boundedness of minimising sequences. Once these results have been established, we
can apply the Direct Method since ng (9, RN ) is equipped with a weak* topology as noted
in Discussion 2.3.2.

We will largely consider two approaches to existence; the first will establish a general
lower-semicontinuity result for signed integrands, and will follow from an argument due to
CHEN & KRISTENSEN [CK17] via piecewise affine approximations. The second will involve
selecting a regularised minimising sequence using Ekeland’s variation principle, building
upon ideas of MARCELLINI & SBORDONE [MS83|, which was recently considered by CHEN
[Chel6).

There is an extensive literature on lower-semicontinuity results for quasiconvex inte-

grands, starting from the fundamental works of MORREY [Mor52| and MEYERS [Mey65].
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We will not provide a detailed survey, but we mention the works of ACERBI & FUsco
[AF84] and MARCELLINI [Mar85| for the case of non-autonomous integrands, and the re-
sults of FONSECA & MALY [FM97| for mixed growth conditions.

When establishing weak* sequential lower-semicontinuity in the full space W1#(Q, RY)

however, one requires a growth condition from below of the form

—c(L+9(]2])) < F,u,2) < eI+ ¢(]2]), (5:4)

where v is an N-function of the form lim; s % = (. This imposes a sub-critical growth
condition on the negative part of F, and is necessary due to potential concentration near the
boundary. This is seen in the following example due to BALL & MURAT [BM84a, Section

7.

Example 5.2.1 (Failure of weak continuity of the Jacobian). Consider the case n = N = 2
and F(z) = detz on the unit cube Q = {x € R? : |z1|,|z2| < 1}. This is a quasi-convex
function satisfying a quadratic growth condition, so we may expect the associated integral
operator is sequentially weakly lower-semicontinuous in W12, However BALL & MURAT

[BM84a| noted the sequence
1 P .
wj(an,2) = 53 (1 [y]) (sin ji, cos ja) (5.5)

is weakly bounded in W2(D,R?) and converges weakly to zero. However letting Q =

(—a,a) x (0,a) C Q for 0 < a < 1 we have

lim det Vu; dzydzy = —a <0, (5.6)

exhibiting the failure of weak lower-semicontinuity.

The additional condition (5.4) is not needed for the corresponding regularity theory
however, and one may wonder if we can still show the existence of minima in the absence
of this condition. This was shown already by MEYERS [Mey65], who noticed that this can
be circumvented if one considers the Dirichlet class ng (€, RY), where the fixed boundary
prevents such concentration phenomena. In the autonomous case, this observation has been

extended to the setting of mixed growth by CHEN & KRISTENSEN [CK17]. In the linear
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case this can be viewed as the failure of weak® continuity of the trace operator in BV, as
observed by KRISTENSEN & RINDLER [KR10, Theorem 2].

We will adapt the results in [CK17] to the general growth case, and allow for a continuous
z-dependence. While it is not clear whether we can allow a u-dependence in general, we
will show that lower-semicontinuity still holds along minimising sequences which will be
sufficient to obtain the existence of minimisers.

More precisely we will establish the following two results.

Proposition 5.2.2 (Lower semicontinuity in Dirichlet classes). Suppose @ C RY and g €
WHe(R™ RY), where ¢ is an N-function satisfying the As-condition. Let F': Q x RV — R
be a continuous integrand satisfying the natural growth condition (A2), and moreover the

joint continuity estimate
|F (2, 2) = Fy, 2)| < Aw(|z —y)(1 + ¢1(]2])) (5.7)

for all z,y € Q, z € RN™ where w : [0,00) — [0,1] is a non-decreasing continuous concave
function such that w(0) = 0. Further assume that such that z — F(z, 2) is quasiconvex for

all z € Q. Then the associated functional F is weakly* sequentially lower-semicontinuous

on W;"p(Q,RN).

Proposition 5.2.3 (Lower semicontinuity along minimising sequences). Suppose §2 C RN
is a bounded open set and g € W¥(R", RY), where ¢ is an N-function satisfying the Ao-
condition. Let F': Q x RY x RV — R be a Carathéodory integrand satisfying the natural
growth condition (A2), the coercivity condition (A3), and assume that z — F(z,u,z2) is

quasiconvex for all (z,u) € Q x RY. Assume in addition that there is ¢ > 0 for which

(1Y) (W) e L'(RY). (5.5)

Then if {u;} C ng’“o(Q, RY) is a minimising sequence for F, then for any weak* limit u we
have

h]lg(ijgff(uj) > Fl(u). (5.9)
In particular, v is a minimiser of F in the Dirichlet class W;’W(Q,RN).

In particular, this proves the existence part of Theorem 5.1.2.
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5.2.1 Lower-semicontinuity I

In this section we will prove Proposition 5.2.2, for which we will closely follow the argument

of CHEN & KRISTENSEN [CK17, Theorem 5.1].

Discussion 5.2.4 (Piecewise affine approximation). Our arguments will involve approxi-
mation by piecewise affine maps, whose construction we will briefly sketch. We say o C R”
is an k-simplex if there exists set of (k + 1)-points V' = {vp,...,v;} that are affinely in-
dependent such that o = conv(V'). Elements of V' are called vertices of o, and a face of o
is the convex hull of any proper subset of V. A triangulation of an open set  C R" is a
collection T~ of n-simplicies contained in €2 such that Q = W’, each o € T only intersects
finitely many other 7 € T, and ¢ N 7 is non-empty if and only if is a face of both ¢ and 7.
The mesh of a triangulation T refers to the maximal diameter of any simplex o € T.

For a simplex 7 with vertices V, for any function f: V — RY there is a unique affine

function f: 7 — RY which agrees with f on V. This can be constructed by setting
f (Z Avv> =D Af(v), (5.10)
veV veV
where each A, > 0 such that >, A, < 1. Now if 7 is a triangulation of Q and f: 2 — RN
is any function, we can construct a:  — RY piecewise affine such that a(v) = f(v) for any
vertex v of any 7 € 7. We say a is obtained from f by Lagrange interpolation.

We can triangulate the unit cube @ = (0,1)" by 2"~! simplicies, where the vertices
of each simplex coincides with the vertices of Q). By decomposing R" into cubes given by
translates of () we obtain a triangulation Ty of R™. Note that each simplex is a translate of
one of the 2”1 simplicies in @, and by scaling these simplicies we can obtain triangulations

with arbitrarily small mesh.

The idea will be to approximate the limit map u by a suitable piecewise approximation
a with respect to a triangulation 7, and apply the quasiconvexity condition on each 7 € T
to compare u;|; with a|,. However as these need not agree in 07, we instead consider a
slightly larger simplex k7 for some £ > 1, and extend u; to k7 in a way that it agrees with

alr (extending to an affine map on R™) on 0(kT).
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Proof of Proposition 5.2.2. Suppose u;,u € ng’“a(ﬂ, R™) such that Vu,; A Vuin L?(Q,RN"),
which extending by g we will view as elements in W% (R"”,RN). Given § > 0 to be deter-
mined, let 75 be the uniform triangulation of R™ constructed in Discussion 5.2.4 which has
been rescaled to have mesh . Then for any { € By, we set T¢5 = {{ + 7 : 7 € T} for the
translated triangulation.

Claim 1: For each ¢ > 0, there is § € (0,1) such that for any & € B there exists
a: R" — RY which is piecewise affine with respect to T¢s (so a|, is affine for all 7 € T¢ 5)

such that
/ v1(|Vu — Va|)dz < ¢, (5.11)
O+B,
/ |F(z,Vu) — F(z,Va)|dzx < e. (5.12)
Q4+ B,

Proof of claim 1: Let {n:}¢+>0 be a standard mollifier in R™, then for ¢t > 0 sufficiently

small we can ensure that

£
Vu — Vu dz < , 5.13
|, e m)de < 55 (513
/ |F(z, Vu) — F(x,Vu*n)| dz < = (5.14)
Q+B1 2

This follows by noting that both quantities vanish as ¢ — 0, and using the growth condition
(A2) and the Ags-condition to apply the dominated convergence theorem. Given such a
t, we now take a = as be the map obtained by applying Lagrange interpolation to wu * 7,
with respect to 7¢s. Since w * n; is everywhere smooth, the claim follows by noting that
Vas — Vu x n locally uniformly in R™ and independently of £&. Hence the claim holds for
0 > 0 sufficiently small.

Claim 2: For almost all £ € By, passing to a subsequence for each 7 € 7¢ s we have

every u|gr, ujlor € WH? (01, RY) and
) * ; Le N
ujlor — ulor in WH?(01,RY), (5.15)

where u|g, denotes the restriction of u to 97 in the trace sense.
Proof of claim 2: Let e € S"1 (e € R™ such that |e| = 1) such that e is non-tangential

to all of the faces of 7 € Tj; since it suffices to check the 27~! simplicies contained in
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Qs = (0,0)™, this holds for almost all e. Then for each 7 € 75 an application of Fubini’s

theorem gives

1
/ / o1(|Vu)dH" 1 dt < C 01(|Vy,|) da. (5.16)
0 Jtetor T+ Bs

This is the proved in [CK17, Lemma 5.1]. By Fatou’s lemma, (5.16) and the fact that

{7 + Bs}+e7; is a locally finite covering of R we can estimate

Z/ hminf/ o1 (| V) dH™ 1dt<hm1an/ / o1(|Vu;|) dH" 1 dt
reTs J=00  Jte+or te+6r
< hmlnf Z C'/ 1(|Vu,|) d

TETs +B§
<liminfC [ o(|Vu,|)dx
J—00 Rn
(5.17)
which is finite by weak* convergence of Vu; to Vu. In particular there is ¢t € (0,0) such that
letting & = te we have

Z hmmf/ o1(|Vu;]) dH" ™ < o0 (5.18)
or

T€Te.s

A similar argument noting that u; — w strongly in L?(R™,RN) ensures we can choose ¢ so

that in addition,

Z hm/ o1(Ju; — ul) dH" ! < oo. (5.19)
—00

T€Te s

Hence passing to a subsequence, for each 7 € T¢5 we get Vuj|gr is uniformly bounded
in L?(97,RV") and w; — u in L¥(97,RY), so it follows that u; — w in WH¥(9r,RN)
establishing the claim.

Now let k£ > 1, and if 0 = conv{0,e1,...,e,} is the standard simplex in R", we can

define the extension operator
E,: WH(90,RY) — W (ko \ o, RY), (5.20)

which follows from Proposition 2.3.9 with ¢ = 1. This operator is compact, and can moreover
been chosen to preserve affine maps. Then for each 7 € 7¢ s, by an affine transformation
we can apply this on each 7 to obtain w;,w € WH¢(kr \ 7,RY) such that w;|ar = uj|ar,

wlor = ulp; and wj — w in WP (kr \ 7,RY).
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Now let p € O (k7,RY) such that 1, < p < 13, and |Vp| < % and define

o Jouj+b in T,
Y= { ar + p(w; — ar +b;) inkr\T, (5:21)

where a;, is the affine map which agrees with a on 7, and b; = JE/W\T a; — wj;dx. Then
setting = € 7 to be the barycentre, noting vj|sr) = ar|opr) for each j we can use the

quasiconvexity of I’ at Va, to estimate

F(xT,VaT)E”(kT)S/ F(xr,Vvj)da
kT

= /TF(:UT, Vu;) dx (5.22)

+/ F(xz7,Var + pV(wj — ar) + (wj —ar +b;)Vp) da
kr\7
= I; + 1I;.
For the second term we can use the growth condition (A2), the doubling property of ¢ and
the Poincaré inequality (noting our choice of b; and using a scaling argument to deduce the
k-dependence) to estimate
1
[11;] < C/ L+ p1(|Var|) + 1(|[Vw; — ar]) + o1 (H(!wj —ar + bj!)) da
kT\T

(5.23)

<CK"=1)A+ei(|Var) L)+ C . 01(|Vw; — Va,|) dz.
kT\7

Now by compactness of the extension operator (noting it is linear and E;a; = a;) we have

lim @1(|ij—VaT|)dx:/

. g01(|Vw—Va|)dx§C’/<,01(|Vu—Va|)dx. (5.24)
170 S\t kr\7 T
Hence summing over all simplicies in 72% = {7 € T¢,s : TNQ # @} and using the continuity

estimate (5.7) to observe that
|F (27, 2) = F(z,7)] < Cw(6)(1+ 1(]2]) (5.25)

for all z € RN and z € kT we have

k”/ F(z,Va)dx < lim inf/ F(x,Vu;)dz
UTes UTes

j—o0
+c/ <p1(|Vu—Va])dx+c(k:"—l)/ 1+¢1(|Val) dx
LJ7?% LJ7§%
+ Cw(0) limsup/ L+ @1(|Vul) + 01(|Vu,l) dz,
j—o0 UTg}é

(5.26)

124



where the last term is finite by weak™ convergence of Vu;. Now using the approximation

bounds (5.13), (5.14) and that u = u; = g on R™ \ Q we have
F (z,Vu)dz < hmlnf/ F(xz,Vuj)dx
Q

j—o0

+C’6+C(k5n1)/ 1+ 1(|Vu|) dx (5.27)
Q+ B,

j—o00

+ Cw(0) limsup/ 14+ p1(|Vul) + 1(|Vu,|) de
UTes
Hence the result follows by sending kK — 1, ¢ — 0, and § — 0. O
5.2.2 Regularisation of minimising sequences

We now turn to the Carathéodory case, for which we will need the notion of quasi-minima,
which are u satisfying

F(u,0) < QF(u+¢&,0) (5.28)

for all © C Q open and ¢ € C°(O,RY), for constant some @ > 1. Note that u is an ordinary

minimiser if @ = 1.

Remark 5.2.5. We point out that for ordinary minimisers it suffices to verify the case when
A = (), as we can simply extend £ by zero to a function on 2. However this is a genuinely
weaker notion for quasi-minima, as the corresponding integrals on 2\ A no longer cancel

out.

Lemma 5.2.6. Let F': Q x RY x RN — R be a Carathéodory integrand satisfying (A2)

and (A3), and suppose u € ng “(Q,RY) almost minimises F in the sense that
Flu) < Flu+&)+1 (5.29)
for all £ € C°(2,RY). Then there exists v € W;’W(Q, R™) such that
F(v) < F(u), (5.30)
and v is a quasi-minima of
s, = Epylu) = [ 1+61(Vu) + (V) da (531)
for some Q@ = Q(n, N, A, \, Aax(yp)).
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Remark 5.2.7. As the proof will illustrate, if we moreover have F(u) < F(u + &) + ¢ for

some € € (0,1) and all £ € C°(2, RY), then the corresponding v can be chosen to satisfy

/|V(u —v)|dz < e. (5.32)
Q

Hence if {u;} is a minimising sequence for F, using this observation we can construct a
regularised sequence {v; } each satisfying the claimed quasi-minima property, which moreover

satisfies u; —v; = 0 as j — oo in ng"p(Q,RN.)

We will construct the quasi-minima v using the variational principle of EKELAND [Eke74]

which we will recall here. We refer the reader to [Giu03, Theorem 5.6| for a proof.

Proposition 5.2.8 (Ekeland’s variational principle, [Eke74]). Let (X,d) be a complete
metric space and F: X — R U {oo} a lower-semicontinuous function, which is bounded
from below and is not identically +oco. Suppose there is € > 0 and u € X such that
F(u) < F(w) + ¢ for all w € X. Then there is v € X such that d(u,v) < 1, F(v) < F(u)
and

F(v) < F(w) +ed(v,w) (5.33)
for all w € X.

Proof of Lemma 5.2.6. Applying Ekeland’s variational principle (Proposition 5.2.8), there

exists v € ng’l(Q,RN) satisfying (5.30),

/V(u —v)|dz <1, (5.34)
Q

and

Fw) < Flo+6) + /Q Ve| da (5.35)

for all £ € I/VO1 ’I(Q, R™M). Then for any such &, letting A = supp € note by Young’s inequality

and the Ag-condition that

5 .
[ velar < 50— [ 19 o+ cotn(4)

(5.36)
< 5/Asol<|w|>dx+ca/Al+¢1<rv<v+5>|>dx
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for each & > 0. Also applying (A2), (A3) we get
A /A #1(IV(0 - g)l) de < /A F(V(0 - g)) — £(0) da
< Flv, A) + AL"(A) (5.37)
+ /A F(z,0,Y(v — g)) — F(z, v, Vo) d.
For the third term we use (A2) to estimate

/ F(z,v,V(v—g))— F(z,v,Vv)dz
A

1
= —/ / 0. F(xz,v,Vv —tVg)Vgdtdz
A0 (5.38)

<CA /A (1+ ¢, (Vo)) + LV (0 + g)))) Vgl da

<Aa/ w1<|w|>dm+om/ 1+ o1 (IVg]) de,
A

Qr

using Young’s inequality and the Ag-condition in the last line (using Lemma 2.1.6(a)).

Combining the above estimates and using (5.35) we have

)\/Aw(Wv])dx SC/ASplﬂv(U—i—f)Dde-l-C(S/A(Pl(VUDdx (5.39)

+C’5/Al+901(|Vg|)da:.

From here choosing 6 > 0 to be sufficiently small the result follows. O

Lemma 5.2.9 (Caccioppoli inequalities for quasi-minima). Let v € ngycp (2, RM) be a quasi-
minima of &, , as in (5.31) with constant @, where ¢ € Ay. Then if zg € Q and R > 0 we

have

][ e1(|Vu|)de < C 1 <|U_(U)QR> de+C 1+¢1(|Vyg]) dz, (5.40)
Brya(@0) Br(w0) R Br(w0)

where C'= C(n, N, As(¢), Q) > 0 provided we have ¢(1) = 1, where we have extended v to
R"™ by g.

Note that, as the proof will illustrate, the Vg term can be omitted if Br(z¢) € €.

Proof. To simplify notation we will suppress the zg-dependence, and by translation we will
assume (v — g)o, = 0. Then for £ <t < s < R we fix n € WOI’OO(BR(m())) such that

1B,(x) <N < 1p,(a) and [Vn| < ﬁ By the quasi-minima property in Bi(zo) we have
Eo(v, ) < Ep(v,Qs) < QEL((1 —n)v,Qy), (5.41)
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so then using the As-condition we have

Kl

5_ t> +e1(|Vgl)dz.  (5.42)

E(1—mu)<C | (Vo) +C 1+¢1<
Qs\Qt QR

Extending to the full ball using ¢ and filling the hole we get 6 € (0, 1) for which

vl

/Bt e1(|Vo]) de < O/BS S01(|Vv|)dx+/BR 1+ ¢ (s — t> +¢1(|Vygl) d, (5.43)

from which an iteration argument using [Die-+12, Lemma 3.1] the result follows. O

We will now need the following results due to CIANCHI & Fusco [CF99]. We note a
similar higher integrability result was also proven prior by GRECO, IWANIEC & SBORDONE

[GIS97]. For an N-function ¢ and k> 0 we will set

Pll(t) = (1) (SD?))N- (5.44)

Lemma 5.2.10 (Theorem 1.2 in [CF99]). Suppose ¢ € Ay is an N-function, then for any
ball Br(zo) C R” and u € WH¥(Bg(z0), RY) we have

e
<o) ( [ ARl da:) |

Lemma 5.2.11 (Theorem 1.3 in [CF99]). Suppose ¢ € Ay and for a ball Br(zg) we have

(5.45)

f,g € LY(Bgr(x0)) are non-negative functions satisfying

][ o(f)de < Co <][ fd:):) +C v(g) dz (5.46)
B, ja(x) By (z) Br(z)

for all balls B,(x) C Bgr(zo). Moreover assume that g € L“"[NO](BR(@“O)) for some kg > 0.

Then there is 0 < k < kg such that

][ () da < . (5.47)
Bpr/2(0)

From here the strategy is clear; if {u;} C W;’W(Q,RN) is a minimising sequence, we
can use Lemma 5.2.6 to construct a regularised minimising sequence v; which satisfies a
Caccioppoli inequality uniformly in j. We would then like to infer uniform higher integrability
estimates by Gehring’s lemma, using Lemmas 5.2.10, 5.2.11 in tandem. A technical difficulty
arises in that we need to higher integrability of g to apply Lemma 5.2.11 directly, which

gives an undesirable additional assumption.
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Lemma 5.2.12 (de la Vallée-Poisson [De 15]). Given Q C R™ open, we have {f;} C L}(Q)

is uniformly integrable on R"” if and only if there exists an N-function € such that

sup/ 0(]f;]) dx < oo. (5.48)
Jj JQ
Further 6 can be chosen so that 6§ € As.

We refer the reader for instance to [KR61, Section 11.1] for a proof. The fact that we
can choose 6 to satisfy the Aj-condition was observed in |del+19, Proposition 3.4], where
the authors showed that if this is not the case, one can instead consider 0 which is defined

to satisfy 6~ 1(t) = t%O_l(t)%.

Proposition 5.2.13. Let g € Wh?(R" RY) and {u;} C W, #(Q,RY) be a minimising
sequence for F, that is

lim F(u;) = inf F(v). (5.49)
J—o0 veW, ¥ (QRN)

Assume moreover that Vg € L0 (R™, RN™) for some o > 0. Then there exists a minimis-
ing sequence {v;} C Wy ? (2, RY) such that uj —vj = 0 in WH?(Q,RY), and such that

{¢1(|Vvj|)}; is uniformly integrable in €2.

Proof. By Corollary 2.1.7 we can replace ¢; with a C? N-function @; also since ¢1(t) =
cp’(l)% for ¢ < 1, we also have lim;_,0 ¢"(t) = ¢/(1). By applying Lemmas 5.2.6 and 5.2.9
to each u;, we obtain a minimising sequence {v;} which extending by g to R™ satisfies the

Caccioppoli inequality

][ 3(|Vu;|)dz < C a(“’j_(w) dz +C 1+ 3(|Vg|) dz, (5.50)
Brya(zo) Br(zo) R Br(zo)

for any z9 € Q and R > 0, holding uniformly in j. By applying Lemma 5.2.10 and setting

p=p1(t)(p1(t)/t) "7 we have

Br(zo) Br(=o)

1

Hence putting ) = @ o p~* we deduce that

P! (][ ¢°P(|ij|)dl’> <C p([V;l) dz
Bpr/2(0) Br(zo)

+Cypt (ﬂ ( )1+¢Op(|vg|)dx>.
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By hypothesis there is x¢ > 0 such that Vg € L0 (R™, RN™) and so we infer that p(|Vg|) €
LY (jny,
Now applying the Gehring lemma (Lemma 5.2.11) with ¢) we deduce there is 0 < y <

Xo/n such that
sup/ﬂw[X] o p(| V) dar < o, (5.53)
J

and so the assertion follows by Lemma 5.2.12. O

Remark 5.2.14 (Extra integrability of g). The additional integrability we assume on Vg
is rather unnatural, and one may wonder if this could be removed. We point out that g
is always slightly more integrable; by Lemma 5.2.12 applied to the singleton family {Vg},
there exists an N-function # € Ay such that 6 o p(|Vg|) € L'(R"). We would like to use
this additional integrability to infer improved integrability of {Vwv;}, however we were not
able to achieve this. We note that a similar result was established prior by D’ONOFRIO
& IwANIEC [DIO4] in the context of p-growth, and in future work we seek to understand if

their argument generalises to our setting.
5.2.3 Lower-semicontinuity 11

We will use the regularised sequence constructed in the previous section to establish lower-
semicontinuity along minimising sequences. We will argue similarly as in the proof of Propo-
sition 5.2.2, except that we use the uniform integrability estimate from the previous section
to handle the extra terms we obtain from perturbation. Note that we will not use any

improved integrability properties of Vu;, and only that ¢;(|Vv;|) is uniformly integrable.

Proof of Proposition 5.2.3. By Proposition 5.2.13 we obtain a minimising sequence {v;} C
W, (2, RY) satisfying F(vj) < F(uy) for all j, and moreover ¢1(|Vvj|) is uniformly inte-
grable in ). By the Poincaré-Sobolev inequality applied in a sufficiently large ball containing
Q2 (extending v; by g outside © as usual) boundedness of Vv; in L¥ also implies uniform

integrability of ¢1(|vj]). Fix € > 0, then there is L > 0 for which setting

Vi ={x € Q+ By : |vj|,|Vv;| > L} (5.54)
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we have
| 1+ euh + e Ve < (5.55)
147

for all j, where we have one again extended v; to R" via g. Passing to a subsequence, we will
also assume v; converges to a weak® limit map u, and we see that (5.55) also holds with w.
Then by the Scorza-Dragoni theorem (see for instance [Giu03, Lemma 4.6]), for each k > 0
to be determined there is A, C Q + By with £*(Q2 + B; \ A) <  such that F is uniformly
continuous on A, x {(u,z) € RN x RN" : |ul|, |z| < L}, with joint modulus of continuity w.

Now let T¢s be as in the proof of Proposition 5.2.2, with { € By and § > 0 to be

determined. We will then define the piecewise constant map
Thsvi(x) =0, = (01, <1y)r if2z €T €T (5.56)

and similarly for u. By Lebesgue differentiation we have ngévj — Vil <Ly a-e. as 0—0,
and is bounded a.e.by L. Choosing k < 272"§" = L"(7) for each 7 € 72% ensures that
T\ Ay # @ for each T € ’7;9 , so there is some Z, in the intersection which we fix. Now the
two claims in the proof of Proposition 5.2.2 ensure that for § sufficiently small there exists

a piecewise affine map with respect to 72% such that

/ o1(IVu — Val) dz < e, (5.57)
Q+B1

/ |F(Z-, ng(;u, Vu) — F(Z,, TgL’(w, Va)|dz < e. (5.58)
Q+ B,

Further for almost all £ € Bg, for each 7 € 7295 we have vj|g-, ulsr € WH?(97,RY) and
vilor = ula, in Whe(97,RN).

Now arguing as in Proposition 5.2.2, for each 7 € 7295 we have the estimate

F(:ET,U]]%T,VCLT)En()\T) Shjxgg.}f/F(;iT,vﬁT,ij)dx+C’/<,01(|Vu—Va|)d:n

(5.59)
+ C(K" = 1)(1 + p1(|Var]) L (7).

Here we have crucially used the regularised extension of v; to k7 \ 7 and the quasiconvexity
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condition. Now summing over 7 € 7295 and noting we can estimate

Z / (Zr,uL,Va,) — F(z,u, Vu) dz

Q vT
'FET5 S

<e+ Z / (Zr,ul, Vu) — F(z,u, Vu) dz

TGTQ T

<5+/V 1+ ¢(|Vul) (5.60)

+cz/ (8 + |ub — u]) dz

TeTE \Ve

<(14+Cle+Cw(6)L"(Q2+ B1)+C w(lTé(gu—uD dz
U7—§S75\VL

We note that the last term vanishes as 6 — 0 by dominated convergence. By a similar
argument we can estimate
J—00

liminf | F(Z, Té5vj, Vv;) dz
T

<liminf F(z,v,Vv;)dz + (1 + C)e + Cw(0)L™(Q + By)
m (5.61)

+CL"(Q+ By)sup w ][ |T€[:6'Uj —wvj|dz |,
’ UTEs\Ve

J

where we have used Jensen’s inequality for the last term. To show the last term can be

made arbitrarily small, we use the Poincaré inequality on each 7 € 72% to estimate

/ I Tg 505 — vl do
u7s

Z /TOVL\U]|dx+ Z /T\vj (vj)r| da
67295 TETQ (562)

<o m0e (g [ eibae)

1
2L (Q + By)er ! / ihd
w800+ B0 (G [ e0Tuh).

using Jensen to obtain estimates in terms of ¢1. Using (5.55) and the boundless of Vv, in
L%, this can be made arbitrarily small by sending €, — 0. Hence combining the estimates

the result follows. O

Remark 5.2.15. One can relax the Carathéodory assumption and assume F' is normal
integrand, which is a Borel measurable function F': Q x RY x RM" — RU{co} that is lower-

semicontinuous in the (u, z) variables. This can be shown via Young measures as noted in
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KRISTENSEN [Kri99, Theorem 2.4] using the general results of BALDER [Bal84|. We have
opted for a proof using the triangulations to illustrate the flexibility of the argument, and

also to avoid introducing the language of Young measures.
5.2.4 Coercivity and strict quasiconvexity

We will conclude our discussion of the existence theory by establishing a characterisation
of coercivity in the general growth setting. This follows by a straightforward adaptation of
the results in CHEN & KRISTENSEN [CK17, Theorem 1.1|, and is restricted to autonomous

integrands.

Proposition 5.2.16 (Characterisation of coercivity). Let F© € C(RM") satisfy the growth

condition (A2) with ¢ € Ay, then the following are equivalent.

(i) For any non-empty bounded open subset Q C R” and g € Wh%(R", RY), we have F

is L¥-coercive in the sense that for any sequence {u;} € W2 (2, RY) we have

lim [ F(Vuj)de = +oo implies lim / o(|Vu,|) de = 4o0. (5.63)
J—00 (o)

jA)OO QO
(ii) There exists § > 0 and zg € RM™ such that F — § o1 (|-|) is strictly quasiconvex at 2.

(iii) There exists 6 > 0 and zp € RY™ such that F' satisfies the strict quasiconvexity

condition (5.2) at zo; recall this asserts that

[ FGo+ VO - Flao)do =5 [ i (Ve da (5.64)
n Rn

for all £ € C°(Q,RY).
Moreover it suffices to verify (i) for a single pair €2, g, and if either of the equivalent

conditions hold we can infer that F'is mean L¥-coercive in the sense that there exists ¢; > 0

and cg € R such that
/ F(Vu)dx > cl/ e1(|Vul)dz + 2 (5.65)
Q Q

for all u € Wy ? (€, RN).

The strict quasiconvexity condition (5.2) was introduced by EVANS [Eva86] in the context

of regularity theory, however we see that it naturally arises as part of the existence theory.
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A key tool in proving this assertion will be the quasiconvex envelope introduced in

Definition 2.1.32, along with the duality representation from Lemma 2.1.33.

Proof of Proposition 5.2.16. We note that it suffices to verify (i) for 2 = B the unit ball and
g = 0. This is proven in [CK17, Proposition 3.1], and the idea is to find balls B,(z9) € Q €
Bpr(zo) and use a cut-off argument to extend elements of Wol"p (Br(70), RY) to ng’(’p(Q, RM)
and elements of W;’@(Q,RN) to W&’@(BR(QCO),RN). By rescaling and using the doubling
property of 1 the reduction follows.

We then introduce the auxiliary function © = Op: [0,00) — R U {—o0} defined by

O(t) = Op(t) — inf {]{IF(VQ d : € € Wh(Q,RY), ]{) o1 (IVE]) > t} C (5.66)

An application of Vitali’s covering theorem (see [CK17, Lemma 2.1]) shows that © is in-
dependent of ; indeed if w C R™ is any other open set and ¢ € C®(w,RY), take @ C w
such that ¢ is still compactly supported in w and £"(@) = 0. Then we can apply Vitali’s
theorem (see for instance [EG15, Theorem 1.26]) to find z; € ©,7; > 0 such that each
wj 1= xj + 1w C 2 are pairwise disjoint and £"(Q2\ J; w;) = 0. We can then consider

0 =Yre(57). (5.67

J

which lies in Wy (Q, RY) and satisfies

][mws\)dx: ]{2 1(IVE]) de, (5.68)
][ F(Vé)dr = ]{2 F(VE)da. (5.69)

From this construction the assertion follows, extending by density to T/VO1 “(w, RY). We
can further use this to show O is convex in ¢ > 0; indeed if A € (0,1), setting Qp =
(0,1)" 1 x (0,\) and Q1 = (0,1)"! x (A, 1) for tg,t; > 1 and each ¢ > 0 we can find
& € Wy?(Qy, RY) such that

][ ©1(|V&|) dz > t;, and F(V&)de < O(t) + ¢ (5.70)
Qi Qi

for each i = 0, 1. Then putting @ = (0,1)" and defining ¢ € W;?(Q, RY) by

_ 50 on QOa
5—{ & on Q. (5.71)

134



we see that JCQ 01(|VE]) dz > (1 — N)tg + At1 and JCQ F(VE&)dr < (1—=X)O(tg) + AO(t1) + &,
from which convexity follows.

Now observe that F' is L¥ coercive with g = 0 if and only if ©(t) — oo as t — oo;
where we notice that [, ¢(|V&;]) dz — oo if and only if [, ¢1(]VE;]) dz — oo. If this holds,
by convexity there exists ¢; > 0 and ¢z € R such that O(t) > ¢t + co. This implies mean

coercivity (5.65). Now taking ¢ < ¢y, setting G(z) = F'(z) — dp1(|2|) we have

][ G(VE) dx > (c; — 0) ][ o1(IVE]) dz + ¢ (5.72)
Q Q

for any £ € W&’@(Q,RN). Taking a minimising sequence §; which attains QG(0) (using
Lemma 2.1.33) we have
(c1 —90) limsup][ ©1(|V¢;|) dz + c2 < lim ][ G(V¢j)dax = QG(0) < oo. (5.73)
j—oo  JO )00 Jo

Note also that QG(0) < f, QG(V¢;)da < f,G(VE;)de — QG(0) at j — co. Hence by
(5.73) the sequence of probability measures p1; = (V&;) 4 <§:7|(_s%) satisfies

s /R ol das(z) < o0, (5.74)

so passing to a subsequence we get p; X in Co(RN™)*. By using Markov’s inequality and
(5.74) we can infer that the limit p is also a probability measure, and in particular that

is non-trivial. Moreover by weak* convergence, for all p € C2°(R¥™) non-negative we have

L p6) (G = QG dule) = T [ (:) (G2) = QGI) s (2

Jj—00 JRNn

< Il v limint f (G(96) ~ QG(VE,) de =0
J]—00 0
(5.75)

noting that QG < G, so letting p T 1gnn gives

G(z)du(z) = QG (z)du(z). (5.76)

RN® RN7
Since p is non-trivial, taking any point in spt u gives zg € RV™ such that G(z9) = QG (20),
that is F' — dp1(]-]) is quasiconvex at zp. Conversely it follows from the definition that
quasiconvexity of F'—dpi(|-|) implies (i) with g = 0, and this immediately implies the mean

coercivity estimate (5.65).
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To show that (i) implies (iii), observe the above argument also works if we replace ¢1 by
an N-function ¢ satisfying ¢1(t) ~ @(t) for t sufficiently large. We claim that we can find
such @ which is C? and satisfies @”(t) > 0 for all ¢ € [0,00). This can be constructed by
taking the shifted N-function associated to ¢ +t + (et — 1) and applying Corollary 2.1.7.
Note that ¢ + (e~* — 1) is a convex function which is superlinear at the origin, with strictly
positive second derivative. Then by Lemma 5.2.17 below applied to ¢ we obtain (iii), which

in turn evidently implies (i). O]

Lemma 5.2.17. Let ¢ € Ay be an N-function which is C? with strictly positive second

derivative on [0,00). Then for any zg € RN, there is C > 0 such that

| e+ 9 = ellzo do > € [ o (Ve o (5.77)
for all  C R™ bounded open and ¢ € C°(2,RY).

Proof. For any &€ € C2°(Q, RY) we have

20

|20]
1 d2
= [0=0 g5 el + 18] dsa

noting this equals the left-hand side of (5.77) since [, V&dz = 0. Now for w € RN™ such

£ o120+ VED = p (20D — 26/ (10l) V- 72 o

(5.78)

that zg 4+ tw # 0 we can estimate

d2
I(w) := 75 (p(|20 + tw]*)

2
. + tw)
= " (|20 + tw <w (ZO )

+g0’(|z0+tw\) o — w - (20 + tw) \?
|20 + tw]) |20 + tw| )

Since ¢"(t) > 0 for ¢ > 0, there is ¢ > 0 (depending on zp) such that ¢”(|zp + tw|) > ¢ and

(5.79)

¢ (|20 + tw|) > ¢|zp + tw| for all |w| <1+ 2|z| and ¢t € (0,1). Hence we can estimate

Tw) > ¢ (“””“”) o (\wrz - (“’(““’))) —cw  (580)

|z0 + tw| |20 + tw]
for |w| < 1+ |z|. On the other hand if |w| > 1 + 2|z|, we have |20 + w| > $|w| and so

noting ¢ € Ay,

1 1 1
o+ ul) = (i) = o sollul) = ¢ (3lul) = (g5 - 1) ellul G
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Hence by combining the two cases, it follows that

20

¢ (120 + VE]) — ¢ (J20]) — 2¢' (|20]) VE - o] = P20/ ([V]) (5.82)

where the implicit constant depends on zj. O

Remark 5.2.18. It is clear that the associated constants depend non-trivially on |z,
through the non-negativity of ¢”; this is unavoidable as we need a linearisation argument to
obtain the quadratic behaviour for small V. This is not an issue however, since we always

fix M > 0 such that |zg| < M.

5.3 Partial regularity

We now consider the regularity of the minimisers we have obtained, and establish a partial
C1@ regularity result. This follows from the following characterisation of C'1®-regular points

for minimisers.

Theorem 5.3.1 (e-regularity theorem). Suppose F' satisfies Hypotheses 5.1.1 with ¢ €
Ao NVs and M > 0. Then there is € > 0 and « > 0 such that the following holds. Suppose
Q) C R" is open and u € W1#(Q,RY) minimises the associated functional F in its Dirichlet

class. Then if Br(zg) C Q for which we have
‘(VU)BR(QJOH <M and E(l‘o, R) (583)

and
BE(zo, R) = ][ 11Vt — (Va0) o) da < &, (5.84)
Br(wo)
then u is C1 in Bp s (o).
We have made no attempt to optimise the exponent « in our proof, which has been
considered by HAMBURGER |HamO07|. Instead we note that if the integrand F' is smooth,

the above is sufficient to show that u is smooth by iteratively applying Schauder estimates;

we refer to GIUSTI [Giu03, Section 10.5] for details.
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5.3.1 Strategy of proof

Before turning to the proof, we will briefly discuss the development leading up to this result,
and the various techniques we will use in our argument.

The first partial regularity result in the quasiconvex setting was established by EVANS
[Eva86|, who considered autonomous integrands. This was achieved through a blow-up
argument to obtain decay estimates on the excess energy associated to the minimiser wu,
defined in (5.84). By means of a blow-up argument, he showed this excess energy satisfies
suitable decay estimates from which one can infer Hélder continuity of the gradient, provided
the excess energy is sufficient small to begin with. The key technical ingredient was the use
of a Caccioppoli inequality of the second kind, where one estimates u minus a suitable affine
approximant; this allows one deduce that the blow-up sequence converges strongly in WP
to a limit map h which is harmonic. While Evans only considered the case when p > 2
under controlled growth conditions (growth bounds on F”), in the autonomous case this
was relaxed to natural p > 2 growth by ACERBI & Fusco [AF87|. The case 1 < p < 2
remained open however, and was brought to the spotlight when SVERAK [Sve91] constructed
examples of quasiconvex integrands satisfying such a condition (see Lemma 2.1.34). The
range was improved by CAROZZA & PASSARELLI DI NAPOLI [CP96], who extended the

2n

range to include =% < p < 2. They identified the key difficulty in extending this range

relied on the validity of a Poincaré-Sobolev inequality for V-functions; that is an inequality
of the form
20 9
da;) <C |V u(Vu) |2 da (5.85)

U — (U) By(a ))
‘/7 < R\T0
(ﬂR(xo) P R BR(xO)

for some 6 > 1. This was eventually settled by CAROzzA, Fusco & MINGIONE [CFM9S],

who established a suitable variant of the above through a maximal estimate for |V}, ,(-)|*
with o < 1. This illustrates that, to a large degree, the main challenge in the subquadratic
case is that one needs to work with the scale (1 + t2)¥t2 instead of tP. The use of the
V-functions suggests that the homogeneity of the p-norms does not play an essential role in
the regularity analysis, and indeed it turns out that one can just treat the case of general V-

functions with only minor modifications. We will exploit this viewpoint in the present work,

which provides a unified account of the regularity theory without distinguishing between
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different growth ranges.

The above results only consider the autonomous case F' = F'(z), however the general
non-autonomous case was also being developed around the same time. By this point the non-
autonomous case had been extensively studied when the functional was strictly convex, as
discussed in the introduction (Section 1.1.3). In particular, it was well-understood that while
the z-dependence could be treated by means of a perturbation argument, the u-dependence
required a more delicate argument using Gehring’s lemma. In the quasiconvex case the same
strategy could be applied, which was done independently by Fusco & HuTCHINSON [FHS85|
and GIAQUINTA & Mobica [GMS86|. In the former [FH85| the authors employ a blow-up
argument, where at each step they apply the variational principle of EKELAND [Eke74] to
construct perturbations of the original minima which almost minimises a suitably frozen
autonomous functional; this strategy was later extended by ACERBI & Fusco [AF89]. On
the other hand in [GMS86] the authors employ a direct argument where they consider a
harmonic replacement in suitable balls Br(zp) C €. We note that since both approaches
rely on a perturbation argument to treat the lower-order terms, it suffices to assume a Holder
continuity condition in the u-variable; this means minima need not satisfy an Euler-Lagrange
system. Additionally both approaches assumed a controlled growth condition with p > 2,
but this could be relaxed once the corresponding results were established in the autonomous
case.

Shortly afterwards, a major technical improvement came from the so-called method of
A-harmonic approximation. This approach originated from results in geometric problems,
and was formulated precisely by SIMON [Sim83; Sim96| in the case of quadratic growth.
Loosely speaking, the lemma states that if a function u is almost harmonic in a suitable
sense, we can find a genuinely harmonic function h for which the difference u—h is small. By
a linearisation argument we can show this is locally satisfied by our minima u, to which this
lemma can be applied to construct an A-harmonic function which closely approximates w.
This was applied to variational problems by DuzaARr & GROTOWSKI [DGO00|, and has been
used by many author since; for instance in the quasiconvex setting KRONZ [Kro02; Kro05]
applied similar results to consider higher-order integrands and boundary regularity. Results

of this type were further generalised by DuzaAR & MINGIONE [DMO04] to the p-Laplace
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equation, which was later applied in [DM09, Section 3.1] to treat degenerate quasiconvex
problems where the integrand exhibits a p-Laplace type behaviour near the origin. We also
mention the recent work in the setting of nonlinear potentials [KM16; De 22; DS22].

This technique was further developed by DIENING, LENGELER, STROFFOLINI, & VERDE
[Die+12] who provided a direct proof of the linear A-harmonic approximation result in the
Orlicz scales, which was applied to establish partial regularity for quasiconvex integrands
satisfying an Orlicz growth condition. Their strategy involved solving the associated dual
problem, and using a Lipschitz truncation technique due to ACERBI & Fusco [AF84; AF87;
AF88|. We note that in the case of p-growth, refined quantitative versions of this technique
has been obtained in [CD19]. We point out that in [Die+12] the authors assumed a controlled
growth condition on the integrand, and while their results have been extended to the non-
autonomous setting in [CO20; GSS21; OSS21]| this condition is also assumed there.

Recently this harmonic approximation technique was further refined by GMEINEDER &
KRISTENSEN [GK19a] to allow for integrands satisfying a linear growth condition, where the
corresponding minimisers lie in BV . By means of a suitable duality argument, similar to the
one featured in the direct proof of the method of A-harmonic approximation, the authors

obtained quantitative control on the difference u — h, where h solves the linearised problem

{_ div F"(Va)Vh =0 in Br(zo) (5.86)

h =wu on 0BRr(xo)

In the BV setting this technique has been extended by a number of authors, including
|Gme21; Fral9; Li22|, and we also applied this in the case of quadratic growth in Chapter
4. We will adapt this technique in the general growth setting to prove Theorem 5.3.1. This
extends the work of the author in [Irv21a] where the autonomous case was considered.

Putting together the above, we see there are largely three ingredients that are necessary
to establish partial regularity in this setting; the first is a Caccioppoli inequality, the second is
a perturbation result to freeze the (x,u)-dependence, and finally the method of A-harmonic
approximation. This will be established in Section 5.3.2, 5.3.4, 5.3.5 respectively, which will

combined with a suitable iteration argument in Section 5.3.6 to conclude.
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5.3.2 Higher integrability

We begin by recording the following preliminary Caccioppoli inequality, from which we will
infer improved integrability results. Note this essentially follows from the results in Section

5.2.2.

Lemma 5.3.2 (Caccioppoli inequality of the first kind). Suppose F' satisfies Hypotheses
5.1.1, ¢ € Ag is an N-function, and let u € WH?(Q, RY) be a minimiser of F in €. Then if

Br(xg) C Q we have

][ @1(|Vul)dz < C 1+ 1 <|u_(u)BR($°)|> dz (5.87)
Brya(zo) Br(zo) R
where C' = C(n, N, K /v, Aa(p)).

This follows by noting that (A2) and (A3) implies v is a quasi-minima of £, in the
interior of €2, so we can argue as in the proof of Lemma 5.2.9 for balls Br(zg) C Q. We will
omit the details as they are largely identical.

We will apply this in conjunction with the following higher integrability result. This is
where we crucially use the assumption that ¢ € V3 to obtain a power-type improvement in

integrability, in contrast to the improvement given by Lemma 5.2.11.

Lemma 5.3.3 (Higher integrability). Suppose ¢ € As N Vy, @ C R™ is open and let

u € W9 (Q,RY) which we assume satisfies the Caccioppoli inequality

1+ |G|+ ¢ ('u_(u)BR(‘”O)'> dz (5.88)
Br(o) R

][ o1([Vu) de < C
Bpr/a(o)
for all Bg/s(z0) C (2, and assume that G € LX for some X > 0. Then there is x € (0, %)

such that Vu € L¥"

loc

(Q,RY) and for all Br(zg) C Q we have

1
X X
<][ wl(!VUI)de> < C][ ¢1 (|Vu|) dz + (][ 1+|G\de) . (5.89)
Brya(zo) Br(zo) Br(xo)

Proof. Since ¢ € Ay N Vg, by [KK91, Theorem 1.2.1] there exists an N-function p € As
. . -1
and o € (0,1) such that p ~ ¢*. We can increase « if necessary to ensure a@ > "= so by

applying the Poincaré-Sobolev inequality (Lemma 2.3.6) to p together with Holder we have

][ o <“—<U>B<>) de<C ( ][ @1(]Vu\)°‘dx> . (5.90)
Br(zo) R Br(zo)
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Hence by our hypothesis we have
][ or(IVul) de < C (f o (| V) d:v) +C L4 (Gldz,  (5.91)
Bry2(20) Br(zo) Br(zo)

so the result follows by applying Gehring’s lemma, in the form proven in [Gia83, Theorem

V.1.2| and [Giu03, Theorem 6.6]. O
5.3.3 Caccioppoli inequality of the second kind

To obtain decay estimates for the excess energy we will need the so-called Caccioppoli in-
equality of the second kind, which was established by EvVANS [Eva86]. Rather than using the
coercivity condition (A3), we linearise the integrand near some zg € RV™ and use the strict

quasiconvexity condition (A4). In the autonomous case this gives the estimate

][ ¢1(|Vu — Va|)dx < C 01 (]u—a!) dz, (5.92)
Brya (o) Br(zo) R

for a : R® — R affine, where the constant C' depends on Va. In the non-autonomous case

we obtain something similar, however we obtain an additional term as part of a perturbation
argument. The V5 condition is used to obtain improved integrability of power-type, however
we would be interested in understanding if this is really necessary.

By applying the first Caccioppoli inequality (Lemma 5.3.2) and the higher integrability

result (Lemma 5.3.3) with G = 0, we obtain
X0 = XO(n7 N, A2(¢)7V2(90)7A/)‘) >0 (5'93>

such that Vu € Li:: (2, RN™) and the corresponding estimate (5.89) holds.
We will also use the shifted integrands (4.8) introduced in Section 4.2.1; recall for
f: RN™ & R this is defined as

fu(z) = f(z +w) = f(w) = f'(w)z. (5.94)

Following Lemma 4.2.1, if f is C?, quasiconvex and satisfies (A2), by distinguishing between

the cases |z] <1 and |z| > 1 we obtain the estimates

|[fw(2)] < Cen(lz]), (5.95)

|fu(2)] < CP(|2]). (5.96)
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Lemma 5.3.4 (Caccioppoli inequality of the second kind). Let F satisfy Hypotheses 5.1.1
with p € Ap N Va, u € WH#(Q,RY) be a minimiser of 7, and let xo > 0 as in (5.93). Then
for each M > 0, there is C' > 0 such that for all 1 < x < xg which the following holds. If

any a: R® — R affine satisfying |a(xo)| + |Va(zo)| < M and Bg(zo) C , we have

][ 01(|Vu — Va|)dz < C Y1 <]u—a\> dz
Br(w0) Br(wo) B

1
+CV) 5 R+][ |u — up| dx ][ 1+ ¢1(|Vu|)dz,
7 Br(zo) Br(zo)

where ug = a(xp).

(5.97)

We will use the shifted integrands we recall in our setting in (5.98). In particular, we

will use the estimates from Lemma 4.2.1.

Proof. To simplify notation we will suppress the zg-dependence. Put & = u — a and set

F(Z) = F(a:o,uo, 20 + Z) — F(Jfo,uO, Zo) — BZF(a:O,uO, Zo) -2, (598)

where a(x) = ug + 20 - (x — xp).
For 0 <t<s <R, letnc Wol’OO(BR(:co)) be a cutoff such that 15, < n < 1p, and

V| < é Then since £ := nu € WOL@(BR(J‘()), RY), by strict quasiconvexity of F we have

u/ 1(|VE]) da < / F(VE¢)da. (5.99)
Br Br
We will also use the minimality of u which gives
/ F(z,u,Vu)dz < / F(z,u—¢& V(u—E§))de. (5.100)
Br(wo) Br(wo)

To combine these estimates, we observe that

ﬁ’(Vﬁ)dx—/ F(z,u,Vu)dz

Br Br
:/ F(V¢) — F(Vi) da:+/ F(Vi) — F(zo,u, Vu) dz
Br Br
+ / F(x0,up, Vu) — F(x,u, Vu) dzx (5.101)

Br
<C [ (AT + (VD) V(=)o + /B F(Vit) = F(xo, up, V) da

+ 0/ Inta(7 — 20] + [u — uol)(1 + @1(|Vu])) da,
Br
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where we have used the growth bound (5.96) and (A5) in the last line. Similarly we have

Flz,u—&V(u—¢))da — / F(V(a—¢))dx

Bgr Bpr
<C i F(z0,uo, V(u—€)) — F(V(i — ¢)) da (5.102)
+C ; I p(lz — ol + |u — uol) (1 + ¢1(|V(u —€)|)) da.

and we can deduce similar estimates for @ replaced by (1 — n)a. Further observe that since

(1 —n)a and @ agree on 0BR, a calculation shows that

/ ﬁ(Vﬂ)F(azo,uo,VU)dx:/ F(V((1—=n)a))—F(zg,up, V((1—n)a)+Va). (5.103)
Bgr Bgr

Hence combining (5.99), (5.100), (5.101), (5.103) and using growth bound (5.95) for F we

see that

/¢1<|vg|>dxsc o1(IV (@ - €)]) da
Bs Br

+C [ (a1(IVED) + @i (IVa)) V(i — §)| dz

Bgr
+C [ dagalle = 2ol + Ju= wl)(1L+ p1(|Vul)) da (5.104)
Br
+ C/ Ing(lz — 2ol + (1 = n)a +a —uo|)(1 + 1 (|V((1 = n)a)])) dz
Br
:[1+IQ—|-13—|-I4.
Noting that u — £ vanishes in By, so by Young’s inequality we have
L+L<C e1(|Va]) dz +/ ©1 (’“') dz. (5.105)
B,\B; B, s—t
Note that
(1 =m)a+a—muo| <[nl(Ju—muol+luo —al) +la—uo
(5.106)
< |u —up| + 2M|x — 0,
and since ¥y7 3 < 1 and it is doubling we can estimate
Iy +1I5 < C/ Unra(lz — ol + [u— uo]) (1 + 01 (|V(u = &) + v1(|Vul)) dz
Bn i (5.107)
<0 [ dualle —al +lu— w1+ er(Vu) s+ [ o (S a
Br Br s—1
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We now use the improved integrability from Lemmas 5.3.2, 5.3.3, so for 0 < x < xo we can

estimate

/ sz — 2ol + lu— uo) (1 + 1 (| Vul)) da
Br

1
SCR” <][ ﬁM,g(]x—x()%—]u—uo])dx)X (][ 1+Q01(|Vu’)xd$>x
Br Br

1
< CR" <][ ﬁM,g(]m—xo—I—]u—uo])dx)X ][ 1+ ¢1(|Vu|) dz
Br Bsgr

1
< CYjrp <R+][ \u—uo\dx)/ 1+ ¢1(|Vu|)dz
7 Br Bar

using Jensen’s inequality in the last line, noting that ¥j;3 < 1 and that it is concave.

(5.108)

Putting everything together we arrive at the estimate

(Vi) de+C [ o ('“’) dz
B: s—t

/ F(val) dz < C.,
BS Bt\Bs

1
+CO3 5 <R+][ u—uo\dx>/ 14+ p1(|Va|) de.
’ Br Bar

We now fill the hole by adding C. st v1(|Val]) dz to both sides and dividing by (1 + C.).

(5.109)

Then by an iteration argument (see [Die+12, Lemma 3.1]) we can absorb the gradient term

on the right-hand side to get

/ pr|Va))dz <C | o1 <’;§) dz
Brys Br (5.110)
1
+CUy 4 <R + ][ |u — o] dx> / 1+ o(|Vil|) dz.
| Br Bar
By a covering argument we can replace the Bap by Bpr to conclude. X

5.3.4 Perturbation via Ekeland

We wish to combine our refined Caccioppoli inequality with a suitable harmonic approx-
imation argument, which involves linearising the Euler-Lagrange system satisfied by our
minimiser u. However in the non-autonomous case, under our assumptions u need not sat-
isfy an Euler-Lagrange system in general. Instead we will construct a almost-minimiser v of
an autonomous functional obtained by freezing the lower-order terms, and show this satisfies
an Euler-Lagrange inequality. The construction of v will make use of Ekeland’s variational
principle (Proposition 5.2.8). We will closely follow the argument in ACERBI & Fusco

[AF89], adapted to the setting of general Orlicz growth.
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Lemma 5.3.5 (Euler-Lagrange inequality). Let F' satisfy Hypotheses 5.1.1 with ¢ € Ag N
Vs, and let u € WH?(Q, RY) be a minimiser of F. Then for M > 0, there is C' > 0, Ry > 0
and 0 < 81 < 8 such that if Bag(zo) C Q for which |(u) g, ,(z0)| + (V) B, ()| < 2" M and

E(x0,2R) < 1, there is v € W (Bg(20), RN) satisfying
][ o(|Vu — Vo|)dz < CR™. (5.111)
Br(zo)
Moreover v satisfies the Euler-Lagrange inequality

0, F(x0,up, Vv) - VEdx
Br

< CRﬁIJ[ VE| da (5.112)
Br

for all £ € W&’“O(BR(mo),RN), where ug = (1) B (20)-

Proof. Introduce the frozen functional

]:O(U,O):/ F(zo,up, Vv) dzx (5.113)
@

for all O ¢ Q and v € W% (O,RY). We can extend Fy(-,O) by 400 to a (strongly) lower-
semicontinuous functional on W1 (O, RY). We wish to apply Ekeland’s variational principle

to Fo, for which we first claim that
B
Folu, Br) < Fo(w, Br) + C.R"" ¥ (5.114)

for all w € W&’l(BR, RY), suppressing the xo-dependence to simplify notation. To see this,

first observe that our assumptions gives Cjy > 0 for which

][ 1+ ¢1(|Vul)dz < Cyr. (5.115)
Bagr

Also since the integrand z — F'(z9, ug, z) is strictly quasiconvex with p-growth, by Proposi-
tion 5.2.2 we have Fy(-, Bg) is weakly sequentially lower-semicontinuous in W ?(Br,RN),
and hence we infer the existence of a minimiser @ using the Direct Method. Further by the

quasiconvexity and growth conditions we have
v [ iIVal) e < Fo(VE, Ba) + OR"
Br
< Fo(Vu, Bg) + CR" (5.116)

<0 [ 1+¢(Vul)da.
Br
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In addition, by Lemma 5.3.3 we know there is x¢ > 0 such that ¢;(|Vu|) € LX°(Bpg), and
by arguing as in (5.2.6) (noting we have (5.35) is satisfied) we have @ is a quasi-minima of
the ¢-Dirichlet energy £, ,, in Br. Hence we have a corresponding Caccioppoli inequality by
Lemma 5.2.9, so applying the Gehring lemma (Lemma 5.3.3) we there is x1 € (0, xo) such

that

(7[ o1 (|Va)a dx> o §C<][ 1+ o1 (|Vul)x dx) < c][ 1+ ¢1(|Vu|) da.
Br Bgr Bagr
(5.117)

We now wish to use the minimality of u to derive estimates in terms of F, for which we

will perform a perturbation argument. Indeed using (A5) we have
Fo(u, Br) < F(@, Br) + (Fo(u, Br) — F(u, Br))
= ‘7:0(@7 BR) + (]:O(uv BR) - ]:(ua BR)) + (]:(ﬂa BR) - ]:O(ﬂy BR))

< Fo(u, Br) +C | Iz —xof + [u—uol) 1+ @1(|Vul)) dz (5.118)
Bgr

+C | sl —zol + [u—uol) (1 + ¢1(|Val)) dx
Br
= fo(ﬂ, BR) + I + Io.
For the latter two terms we will use Holder, the fact that ¥p; 3 < 1, Jensen’s inequality, and

the improved integrability properties of v and @ to bound

1
I<CR" <][ Onrp(|z — ol + |u — up|)¥2 dw) . <][ 1+ @1(|Vul)X dx) Xl
Br Br
1
<CR"mp <R+][ |u—u0|dx) . ][ 1+ ¢1(|Vu|)dz (5.119)
B Br

< CR"9pp <R+ R][ |Vu| dm) ][ 1+ ¢1(|Vul) da.
Bg Br

R

where we have used the Poincaré inequality noting up = (u)p,. By Jensen and (5.115) we
have
fowuas <ot (L alvapar) <c. (5.120)
BR BR

+5 .
so there is Ry > 0 sufficiently small so that I; < CR"™™™ forall0 < R < Ry. We estimate
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I5 similarly, however we will need to estimate

][ |u—u0|dm§][ [ —u| + |u —up|dx
Br Br

< ][ |Vu — Vu| + |Vu| dzx (5.121)
Br

< 3471 ( / sal(w)dsc) <c
R

noting that w = u on 0Bgr which allows us to use the Poincaré inequality. Hence combining

with (5.117), by shrinking Ry if necessary we can ensure that I < CRnJrXﬁ'l forall 0 < R <

Ry. Since T minimises Fo in Wo'¥(Bg, RY), this establishes the claimed estimate (5.114)
Now we apply Ekeland’s variational principle (Proposition 5.2.8) to Fy in WJ’I(B r, RV)

with respect to the metric
n_ B
d(v,w) = C; 'R R / Vv — Vw|dz (5.122)
Br

This gives v € Wi (Bg, RY) such that

Fo(v, Br) < Fo(u, Br) (5.123)
s
/ IVu— Volde < C.R" 24 (5.124)
Br
and for all w € Wy ’1(B 7, RV) we have the quasi-minimising property
_B_
Folv, Bg) < Fo(w, Bg) + R¥ / Vv — Vw|dz. (5.125)
Br

Taking w = u £ t€ for £ € VVO1 ?(Bg,RY) in the quasi-minimising property and sending
t — 0, the Euler-Lagrange inequality (5.112) follows.
Now by the quasi-minimising property of v, we can use Lemmas 5.2.6, 5.2.9, 5.3.3 simi-

larly as in how we estimated @ to infer the existence of y2 € (0, x1) such that

1 1
(][ ©1(|Vol)X2 dx> * < <][ 1+ p1(|Vul)*® dx) * S][ 1+ p1(|Vo|)dz. (5.126)
Br Br Bar

Now for 6 € (0,1) to be determined we use Holder to estimate

0 % 1-0
][ o1(IVu — Vo) da < (f !Vu—vv|dx> ][ P Vu= VoD 4 ) (s.127)
Br Br Br  |Vu — Vu|T-0

Choosing 6 sufficiently small so that ﬁ < x2 and 0 < %, and noting that ¢y (t) ~ t? for

t <1 we have

1 1 260
t 1—0 1—0~ 1—0 M <
pr(t) Lt its (5.128)
ot it 1.



Hence using the above together with (5.126) we have

0 (1=0)x2
][ ©1(|Vu — Vo|)dz < <][ Vu—Vv\dx) <][ 1+901(\Vu])dx> . (5.129)
Br Br Bgr

Combing with (5.115) and (5.124) we deduce that

08
][ o1(|Vu — Vo|)dz < OR* | (5.130)
Br
so the result follows by taking 81 = 29;(8, . O
1

Remark 5.3.6. In the proof we considered a genuine minimiser of the frozen functional Fy
to obtain estimates for u, however we are not able to work with this directly as this may not
be close to u in general; in particular we cannot guarantee an inequality of the form (5.111)

to hold.
5.3.5 Harmonic approximation

We now use the Euler-Lagrange inequality derived in the previous section to show it is
suitably close to a linearised system. This involves the A-harmonic approximation method,
adapting the argument of GMEINEDER & KRISTENSEN |GK19a| which we already used in
Chapter 4. We will apply this to the function v constructed in Lemma 5.3.5, noting it is
sufficient to have an Euler-Lagrange inequality to perform the argument.

Similarly as in Chapter 4, we will need a continuity estimate for the shifted integrand

fuw from (5.94), taking the form

|fis(2) = fu(0)2] < Cwnr(|2]) (I2] + 1 (121)) , (5.131)

for |w| < M, where wy: [0,00) — [0,1] is the modulus of continuity for f” in {z € RN :
|z| < M + 1}; this can be chosen to be non-decreasing continuous and concave such that

wpr(0) = 0.

Lemma 5.3.7 (Harmonic approximation). Let Fy = Fy(z) be an autonomous integrand
satisfying (A1), (A2), (A4) from Hypotheses 5.1.1 with ¢ € Ay N V3, and 31 € (0,1). Then
for M > 0 and 6 € (0,1), there is Ryg > 0 and g9 > 0 such that the following holds. Suppose

Br(ro) C Q with R < Ry and v € W% (Br(z0), RV) satisfies the Euler-Lagrange inequality
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(5.112) with parameter 51 € (0,1), and let a: R* — RY with |Va| < M. Assume further
that

][ v1 (|[Vv — Va|) dz < &. (5.132)
Br

Then the unique solution to the linearised problem

B E 1/ — .
div F(V)h =0 in Bgr(xo), (5.133)
h =v on 0Bg,
satisfies the estimates
f oalvi-ahar< { a(ve- o, (5.134)
Br Br
and
v —hl 283
1 dz < C§ ©1(|V(v —a)]) dx + CR*™
Br R Br(z0)
(5.135)

+ Csvmr (éR(xO) p1(IV(v —a)l) dw) ]{BR(W e1(IV(v = a)]) dz.

Here vps: [0,00) — [0,1] is a non-decreasing continuous function such that vy,;(0) = 0.

Proof. By the Theorem 3.3.8 we have the existence of a unique such h € W5H?(Bg(zo), RY)
satisfying (5.134), so it remains to estimate the difference u — h. For this we suppress the
zo-dependence and let ﬁo = Fp,vq be the shifted integrand and put v = v — a, h=h-a.

Observe by the Poincaré inequality (Lemma 2.161) and (5.134)

f’wlc“‘M>dxsc p(VE - R))de <Cf @i(Vol)de < Oz (5.136)
Br R Bgr Br

We will chose ¢ > 0 sufficiently small so this is less than 1. For ¢ € WO1 (Q,RY), since h

is harmonic and v satisfies the Euler-Lagrange inequality (5.112) we have

][ F(0)Vq- V(5 — h)dx
Br

N N (5.137)
< ][ (Fé’(O)V17 - Fé(V@)) -Vgdz + CR2/31][ |Vq| dz.
Br Br
We wish to choose ¢ to satisfy
—divF/(0)Vg=g in B
q =0 on 0Bg,
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where

a—hl\ a—nh
g:¢1o R') : (5.139)

Since ¢3(p1(t)/t) < ¢1(t) by Lemma 2.1.6, we have g € L¥ (Bg) with the associated

]{BR ¢1(Rlg]) dz < ]{BR ©1 ('6 ;M) dz. (5.140)

Hence by Proposition 3.3.12 and Theorem 3.3.8 we infer the existence of a unique g €

estimate

VVOL(SD*)m (Bg, RN) satisfying the estimate

n—1 -
<][ Pi(IVg]) dx) t<od oo (‘v_h‘> dz. (5.141)
BR BR R

We cannot test the Fuler-Lagrange inequality against this ¢ in general however, as it need

not be Lipschitz. Instead we will take a Lipschitz truncation using Lemma 2.3.17. For each
A > 0, this gives ¢ € W&’OO(BR,]RN) for which [[Vgx[| oo (p,) < CA. For this choice of test

function, using the continuity estimate (5.131) for 150 we obtain

~ i'L . .
][ o1 ('”R |) da::][ (Fé’(O)Vf;—Fé(Vf))) -Vqum+CR2ﬁ1][ Vg da
Br Br Bgr

+ 4 K0V V(g—q)da
Bgr

< (Vi) (9 + 6A(VED) [Vl do
R

> _ 201
+c]{9R|vu||V(q g)|dz + CR21) .12

<04 (Vo)) dz
Br

+Cif o Ounr(93) + 1 Owonr((75) do
Br

+ca][ S1(V(g - q)]) dz + CR21\
Br

=h+DL+ I3+ 1

where we have used Young’s inequality (Lemma 2.1.2) to split the products, and the fact

that ¢ € Ay N Va. Estimating the remaining terms separately, note that by Holder, (5.141)
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and by the properties (2.199), (2.200) of the Lipschitz truncation we have

R iV w) "
=¢ (fBR Z(lff’) dx>n (£ siwara) ™ s

IN
EH
o
AS
[
<
= |
Bl
N—
o,
8
3
L
—~—
2y
AS
/N
=)
|
=
N——
o,

=, (5.144)

so we can absorb I3 to the left-hand side. By (5.136) we have ¢3(A) < Ceg, so shrinking
€0 > 0 if necessary we can assume that A < 1. Hence it follows that A\? ~ :,CBR V1 <@> dx.
This also allows us to estimate I using Young’s inequality, absorbing the A\ term to the
left-hand side.

For the second term, noting wys < 1, using the convexity of ¢1, ], and by Jensen’s

inequality applied to wys o 801—1 we can estimate

I < C (a1 + @i(V) ][ wnr(|V5]) da

Br

< Cuwpro oyt (f;R @1(|V6\)dx) ]{BR% (!@;ﬂ) " (5.145)

by choice of A, noting also that o(\) ~ ©*(\) ~ A2 Using (5.136) and combining the

estimates, the result follows with v = wps o 901_1. O

Remark 5.3.8. We note that the Vo-condition is used at several points in the proof, namely
to show the existence of h,q with the associated estimates, and in the estimate (5.140) for

V¢ which uses (5.140). In addition, implicit in the proof is the estimate

1 (Co(t)/t) S pr(t), (5.146)

which we know by Lemma 2.1.6 holds for any N-function if C' = 1, however in general we
can only pull out the constant if ] € A. As we will see in Section 5.3.7 we can still establish

the existence of a suitable A in the absence of the Vo-condition, and we can also infer the
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existence of a suitable ¢ using the results in Section 3.3.3, however the inequality (5.146)
does not seem to be easy to work around. We will state a partial result in Section 5.3.7,

where we additionally assume ¢ satisfies a certain growth condition.
5.3.6 Excess decay estimates

Finally we combine the above estimates to obtain decay estimates for the excess energy,
which we can iterate to establish Theorem 5.3.1. Recall that for a minimiser u we consider

the excess energy

E(zo,R) = ][ 01(IVu — (V) gy (a0)|) d. (5.147)
Br(zo)

Lemma 5.3.9 (Excess decay estimate). Let F' satisfy Hypotheses 5.1.1 with ¢ € Ay NV,
and M > 0. Then there is £ > 0 and Ry > 0 such that the following holds. Suppose Q2 C R"”
is open and u € Wh#(Q, RN ) minimises the associated functional in its Dirichlet class, and

Bsog(zg) € Q with R < Rg such that
|(W) Br(ao)| + (V) Bpz)| M and  E(x0,2R) < €. (5.148)
Then for all o € (0,1) we have
E(z0,0R) < C (0% + Cy6 + Cy 57(E (20, R))) E(z0, R) + C,R*, (5.149)

where 1 € (0, 8) is as in Lemma 5.3.5, and «y: [0,00) — [0, 1] is a non-decreasing continuous

function such that v(0) = 0.

Proof. Suppressing the xy dependence, we will take €1 < 1 applying Lemma 5.3.5 to get
v € Wh?(Bg,RY) and $; € (0,31) such that the Euler-Lagrange inequality (5.112) along

with the comparison estimate
][ o1([Vu — Vo) d < CR2 (5.150)
Br

holds. We will let h € Wy?(Bg,RY) be the unique solution to (5.133) from Lemma 5.3.7,

and set h = h — a where

a(r) = (W) Bu(zo) T (VU) By (zo) - (T — T0)- (5.151)
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Now let o € (0, 1), and set

aﬂx):a@»+«un%ﬂ,+(vk@m)—(vuh%@@)-@y—x@. (5.152)
Applying the Caccioppoli inequality of the second kind (Lemma 5.3.4) on By, we have

E(z¢,0R) < C][ 01 (Vu —Vay) dz
Bo‘R

u— a4
<C 1 < dz
Boor 20’R

coiyf (20m4 f - @ielar) £ 149
Baor Br

\u—h!> (Ih—a\>
<Cg][ < de +C dx
BR(pl R BQGRSO1 2UR

+ oy <2oR+CaRsOI1 (J[ sol(IVUI)dJZ)) ][ L+ @1(|Vul) dz,
Br Br
(5.153)

where we have used the Poincaré¢ inequality and Jensen in the argument of 97 3. Now since
[(Vu)Bp(a)| < M and E(zo,R) < 1, we have fp ¢1(|Vu|)dz < C. Hence taking Ry
sufficiently small, we can ensure that

Iy <20—R +C,Rpy ! < ][

Bgr

p1(|Vul) d:v)) <9y/J(CR) < CR¥, (5.154)

Also letting ap,(z) = h(zo) + Vh(xo) - (x — 20), by Lemma 3.1.6 together with the Poincaré

and Jensen inequalities we have

h — ap| (
© de <1 | CoR u—alde
]{3203 ' < 201 : BR‘ |
< C1 (09, ' (E(20, R)))

< CO—QE(an R)v

(5.155)

where we used the fact that ¢1(E (o, R)) < 1 in the last line. Hence using the above and

Jensen’s inequality,

Ih—a1l> <|h—ah|>
P1 de < C P1 dzx
]{B%R ( 20R Bown 20R

L Cy <‘(“>BR — <h)BR|> dz (5.156)

20R

_ h‘
< Co?E(zg.R) + C [u dz.
< Co“E(xo, R) + o P1 < 5o R T
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We now apply the harmonic approximation lemma 5.3.7 with the above choice of a, taking
e1 < gg so it applies. Observe by (5.150) we can replace v by u in the estimate (5.135) for

v — h to deduce that for § € (0,1) we have

][ ©1 (’” ;{h|> dz < 6E(z0, R) + Csv (E(z0, R)) E(x, R) + CR*'. (5.157)
Br

Hence by combining (5.153), (5.156) and (5.157), the claimed estimate (5.149) follows for

o€ (0, %) Increasing the constants if necessary, this also holds for i <og<1. O

Proof of Theorem 5.3.1. Let © € Bp/a(7o), so we have |(U)BR/2(:D)’ + [(Vu) @) <2"M

Brya
and E(x, R/2) < 4"c. We apply Lemma 5.3.9 with 4"t M, taking ¢ > 0 sufficiently small

so it applies to get for all 0 € (0,1) and 6 € (0, 1) the estimate
E(z0,0R) < (Co® + Cyb + Cy57v(e))E(x,0R) + C, R?1. (5.158)

Now fixing 0 < a < 1, we will choose o so that Co? < %020‘, 0 so that C,0 < %020‘, € S0
that C, 57(e) < £02*, and for k € (0,1) to be determined we can shrink Ry further so that

C,R%P1—20 < p520 Thig gives
1
E(x,0R) < 5020‘E($, R) + k(o R)?. (5.159)

Now we iterate the above and argue by induction to show that if e,k > 0 are sufficiently

small, then

(Vu)p )] <4"THM, (5.160)

E(z,0'R) < 2776%*E(z, R) + (07 R)* (5.161)
for all 7 > 1. If this holds for for all 1 < ¢ < j, then note first that for each ¢ we can use
Jensen’s inequality to bound

(Vu)p ;@) — (VUu)p , ()
< an][ |Vu — (VU)B(,FlR(I)’ dx
Bo.iflR(x) (5162)
<o "7 (BE(z,0"'R))

< U—nspfl (2—(i—1)0_2(i—1)a6 + O_2(j—1)o¢R2a> ‘
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Hence by shrinking e, Ry > 0 further if necessary to ensure the argument is less than 1 and

noting ¢; ' (s) < /s for small s < 1, we have

J
(Va)p,, )| S4"M+> [(Vu)p, @) — (VW) @)
i=1
j-1
< AN 4o Z (27(1‘71)02(%1)% 4 02(j71)aR2a> (5.163)
i=1

[e%) o i 0o .
<M o EY <) Fo RS o,
1=0 ﬁ 1=0

which is less than 4"T'M for e, Ry > 0 sufficiently small. Also applying (5.159) iteratively
we deduce that
[ee]
E(z,0'R) < 2776%*E(z, R) + k(c’R) 20‘22 i=Ne (5.164)
7=0
so choosing k > 0 we can also ensure (5.161) holds. Hence for any r € (0, R/2) we have

E(z,7) < ¢1(2"T1e) < 1 and so

][ IVu — (Vu)p, ()| dy < C\/ E(x,7) < Cr®. (5.165)
r(x)

Since this holds for all z € Bg/(7) and 0 < r < R/4, by the Campanato-Meyers character-
isation of Holder continuity (see for instance [Giu03, Theorem 2.9]) we conclude that Vu is

C% in ER/Q(QCO), as required. O
5.3.7 The case of degenerate growth

We would like to prove Theorem 5.3.1 without assuming the Vs-condition, which would
capture the case of almost-linear growth, however we were not able to achieve this. In this
section we will establish a partial result, where we assume F' = F'(x, z) is independent of u,
and additionally impose a suitable growth bound on ¢.

Assuming F’ still satisfies Hypotheses 5.1.1, only without the u-dependence, we can still

carry out the main steps of the proof. In this case the Caccioppoli inequality simplifies to

][ e1(|V(u—a)|)dz < C 1 <\u1—%al> dx
Bry2 Br

+ CR"‘/ 14+ ¢1(|Vul) dz
Br

(5.166)
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for all Bg € Q and a: R®™ — RY such that |Va| < M. Here we only needed the higher
integrability results to manage the u-dependence, so the argument goes through in the
absence of the Va-condition. Similarly we can carry out the procedure in Lemma 5.3.5 to
find v € Wy (Bgr,RY) satisfying the Euler-Lagrange inequality (5.112). The main difference

lies in the proof of the harmonic approximation theorem, which we modify as follows.

Lemma 5.3.10 (Harmonic approximation without V). Let Fy = Fy(z) be an autonomous
integrand satisfying (A1), (A2), (A4) from Hypotheses 5.1.1, where ¢ € Ag and additionally
satisfies

p1(t) < Ctr. (5.167)

for some r > n. Then given 8 > 0, M > 0 and 6 € (0, 1), thereis Ry > 0 and 9 > 0 such that
the following holds. Suppose Br(zg) C Q with R < Ry and v € W% (Bg(xq), RY) satisfies
the Euler-Lagrange inequality (5.112) with parameter 8 € (0,1), and let a: R® — RY with

|Va| < M. Assume further that

][ o1 ([0 — Va|) dz < 0. (5.168)
Br

Then for almost all k € (1%, 1), the unique solution to the linearised problem

—div F/(V)h =0 in Bxr(xo) (5.169)
h =v on 0BkRr
satisfies the estimates
}oalve-aars { a(ve-a)ds (5.170)
Bir Br

and

—h
][ ¥1 (!v[) dz < C9o 1(|V(v —a)) dz
Brn R Br(zo)

r

+CRP (é( (v -a) d:c) (5.171)

+ Csvms (éR(m) e1(|V (v —a)]) d-’L’) ][BR(xO) p1(|V (v —a)]) dz

Here ypz,5: [0,00) — [0,1] is a non-decreasing continuous function such that yas5(0) = 0.
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Discussion 5.3.11 (Necessity of the growth condition). We mention that in [GK19b] a
partial regularity result is announced for BV minimisers of autonomous integrands satisfying
a (1,q)-growth conditions with ¢ < —™, which is consistent with our results. This also
encompasses many examples of interest including ¢(t) = (1 + t)log(1 + t) — ¢, where the
N-function is asymptotically bounded from above by P for all p > 1. However we do not
believe this assumption is necessary, as it is only used to show the solution ¢ to the dual
problem is Lipschitz. This is in contract in the Va-case where we only use the fact that
Vq € L(‘p*)%, which is a significantly weaker embedding result. We also mention that
SCHMIDT [Sch08a| observed that for problems with (p, ¢)-growth with p > 1, the harmonic

approximation step only needs ¢ < p 4+ 1, though for such problems further restrictions are

assumed to obtain a Caccioppoli-type inequality.

Proof. We suppress the xg-dependence, let ﬁo = Fy v, be the shifted integrand and put

9

107 1) we have v|pp,

¥ = v — a. By the coarea formula we know that for £'-almost all x € (
lies in W19 (0B,.r, RY) with the associated estimate
- - 10 ~ e~
| a9 < [ p(vilda, (5.172)
O0Bkr R Br
where V, denotes the tangential gradient of 0B,;z. Hence applying Proposition 2.3.9 we see

vlop, , admits an extension v, to W™ (B, g, RY) satisfying the estimate

1
<][ o1 (|| dm) ” < C/ or(IV13)) da, (5.173)
BKR R 8BKR

where the R-depends follows from a scaling argument. Hence noting % € Ay N Vy (as
observed in Section 2.1.2) we can use Theorem 3.3.8 to deduce the exist of a unique solution
h, satisfying the claimed estimate (5.170). We will put h = h — a.

We proceed similarly as in the proof of Lemma 5.3.7, and we will only indicate the

necessary changes. Our choice of ¢ will be similar to before and solve

—div Fj(Va)Vq =g in Bxr 7 (5.174)
q =0 on 0Bk«pr
where
lv—"h]\ v—"nh
_ ' 5.175
g=» < KR |lv—h|? ( )
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We will show below that g € L"(Byr), from which by Proposition 3.3.12 we can write g as
the divergence of a function in C%'~%, and so by Schauder estimates (Corollary 3.3.3) we

get a solution ¢ € Wol’oo (Bur,RY). Indeed by the growth condition (5.167) we can estimate

Vil <© (f, 1ol ac)
Bir

1

(
(e 5 )

(

(

(5

1
P

][Bm v1(|Vv = Vh|) dac)

where we have used the Poincaré inequality (Lemma 2.3.6) and (5.170) in the last line. Now
using ¢ in the Euler-Lagrange inequality (5.112), the linearisation estimate (5.131) noting

¢'(t) < Ct by (5.167), and Young’s inequality with § > 0 (Lemma 2.1.2) we obtain

v—h =~ B
[oa(B5Y) ao= [ @@ - Fyvo)- Vade + CR Valga,
KR KR

<c / w(|V3)|VullVal do + CR? [ Vall yo 5, .
Brer (5.177)

< /B 1(1Va)) de + CR? | Vall e 5.
kR

+301 (C6 IVl ) £, w(IVid

KR

where we have used convexity of ¢* and the fact that w < 1 in the last line. As before, we

can use Jensen’s inequality to estimate

][ (V) dz < Cwo ot <][ o1 (IV3)) da:) (5.178)
Bir Br
Now by dualising (5.167) we have ¢* (ﬁ) > t, so if we define

o (05—175%)

. (5.179)

Y,5(t) = w o pi(t)

then we have

v—h ~
/ w1<| R |>dxg5 [ Vi) do+ CR [Vl s,
BnR BHR

+cw,5(/ wl(lw)l)(h) [ e,
Bir Bir
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from which the result follows using (5.176) to estimate the R® term. O

Using this we can obtain the following partial regularity theorem by a straightforward

adaptation of the excess decay argument.

Theorem 5.3.12. Suppose F' = F(x, z) is independent of u and satisfies Hypotheses 5.1.1,

with ¢ € Ay an N-function satisfying
pi(t) < Ot (5.181)

for some 7 > n. Then if u € W1#(Q, RY) is a minimiser of F, there is Qy C Q and a € (0, 3)

such that u € C1(Qg) and L*(2\ Q) = 0.

We stress however that in light of Example 2.1.16, for any r > 1 there are examples of
N-functions failing the Va-condition while satisfying the growth bound ¢ = t". Hence the

polynomial bound we impose in the above example is genuinely restrictive.

160



Chapter 6

Convex problems with (p, ¢)-growth

The results in this chapter were obtained in collaboration with LuKAs KocH (MPI Leipzig),
and is currently being prepared for publication.

In this chapter we will consider regularity of minimisers for functionals of the form

F(u) = /QF(JJ,VU) — f-ude, (6.1)

where the integrand F' = F'(z, z) is convez in the gradient variable z and satisfies a natural

(p, q)-growth condition of the form
2P =1 S F(x,2) S 14 2| (6.2)

We will detail the precise assumptions we impose in Hypotheses 6.1.2 below. Such prob-
lems are said to be non-uniformly elliptic when p < ¢, and this gap in exponents presents
significant difficulties in establishing the regularity of minima.

Note that unlike in the quasiconvex case considered in Chapter 5, the convexity assump-
tion implies that the functional F is convex on WhP(Q,RY), so we are always guaranteed
sequential weak lower-semicontinuity by an application of Mazur’s lemma (see for instance
[Brell, Corollary 3.9]). Hence using (6.2), noting we have coercivity in WP we can use
the Direct method to obtain minimisers in any Dirichlet class ng P(Q,RY). However this
already presents significant difficulties due to possibility that

inf Flu) < inf F(u). (6.3)
ueWy P (Q,RN) ueW, 9 (Q,RN)
This is referred to as the Lavrentiev phenomenon named after LAVRENTIEV |Lav27| who

demonstrated, by means of an example, this can occur in the one-dimensional case (in the
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setting of TONELLI’s existence results detailed in Section 1.1.1). Note that if this occurs,
the minimiser u over ng P cannot be attained by a smooth function, thereby acting as an
obstruction to regularity. There is a vast literature on this topic, and we will refer to the
works of BuTrTAZZO & BELLONI [BB95| and Foss [Fos01] for a detailed discussion, along
with the work of Foss, Hrusa, & MizeL [FHMO3| for connections to elasticity theory. We
also highlight, as surveyed in [BB95|, the examples in [Zhi87; De 89; CS94; De 95| which
illustrates this phenomenon occurs in our setting of convex (z, z)-dependent integrands.

Additionally, even in the scalar case, we can encounter irregularity of minima if the gap
between p and ¢ is too large. This was noted by GIAQUINTA [Gia87| and MARCELLINI
[Mar87; Mar89|, and there have been many other examples since. We also mention the
constructions of ZHIKOV [Zhi87]|, EsposiTO, LEONETTI, MINGIONE [ELMO04|, FONSECA,
MALY, MINGIONE [FMMO04], and the recent work of BALCI, DIENING, WEIMAR [BDW20]
which illustrates examples of singularity and Lavrentiev in the non-autonomous setting we
consider.

In this chapter we will focus on the corresponding regularity problem in the general
vector-valued case, and establish improved differentiability for relazed minima which we
will define precisely in Section 6.1.1 below. The key result is an improved fractional differ-
entiability result which has the following consequence for partial regularity, where we assume

F satisfies a C'1®-dependence in z.

Theorem 6.0.1. Let 2 C R™ be bounded open, assume F' satisfies Hypotheses 6.1.2 in-

cluding (B4), and that
(n+1p
—

2<p=<qg< (6.4)

Also let f € Lp/(Q,RN ). Then if u is a relaxed minimiser for F, there is Q¢ C € open for
which u is locally C1# in Qq for all 8 € (0,1), and we have
dimy (Q2\ Qo) <n—min {1+ ao,p'}. (6.5)

Here we recall the Hausdorff dimension is defined as dimy A = inf{s > 0: H*(A) = 0}.
In particular this shows that the singular set has dimension strictly less than n — 1 under our
assumptions. This provides hope towards establishing the existence of regularity boundary

points, however we are not able to achieve this at the time of writing.
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This follows from Theorem 6.1.3, where we show the fractional differentiability result

1 1
VUGB;Z?IOC(Q,]RN), wheres<min{ ;a’p—l}’ (6.6)

Note this is essentially sharp for the inhomogenous p-Laplace equation, as SIMON [Sim76a;
I3, :
Sim76b; Sim77; Sim78; Sim81] established interior Bo *~* g regularity for p > 2, and more-

over proved this is sharp in the degree of differentiability for data f € L¥'.
6.1 Setup and main results

To state our result more precisely, we will first need to define the notion of minimisers we

consider.
6.1.1 Relaxation

Instead of considering minimisers in WP, which we refer to as pointwise minimisers, we
will study minimisers obtained through relazation. We will adopt the systematic approach
introduced by BuTTAZZO & MIZEL [BM92|, however similar ideas were explored prior, such

as by SERRIN [Ser61].

Definition 6.1.1. Let X be a topological space, and Y C X a dense subspace. Given a

functional F': X — [0, o0], we define

Fx(u) =sup{G: X — [0,00] : G is slsc,G < F on X}, (6.7)

Fy(u) =sup{G: X — [0,00] : G is slsc,G < F on Y}, (6.8)

where “slsc” is short for sequentially lower-semicontinuous. The associated Lavrentiev gap

functional is defined as the difference
L(u) =Fy(u) — Fx(u), (6.9)
taking L(u) = 0 if Fx(u) = +oo.
Moreover it is not difficult to see that Fy admits the dual representation
Fx(u) = inf {hklglcgff(uk) Aug} C X up — uin X} , (6.10)

Fy (u) = inf {likminf}"(uk) Aur} CY,up » uin X} , (6.11)
—00
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where the convergence is taken in the topology of X. Note the “<” inequality follows by
using the semicontinuity of Fx and Fy respectively. Conversely, by means of a diagonal
argument, we can show the functional defined by the respective the right-hand sides are
themselves sequentially lower-semicontinuous and are majorised by F on X, Y respectively.
In the context of Dirichlet boundary conditions, following [Koc21| we take X = ng P(Q,RN)
and Y = ng’q(Q,]RN) equipped with the weak topology of WP, and denote Fy = Fp.
Now we can study minimisers of the relaxed functional Fp, which we refer to as relaxed
minimisers. Note also by the lower-semicontinuity results described at the start of the chap-

ter, we have Fy = F if F is convex in z. In the context of interior regularity however, for

w € Q we instead take Y = X N VVé’f(w,RN) and write F(-,w) = Fy.
6.1.2 Hypotheses and main results

Hypotheses 6.1.2. Let © C R” be a bounded Lipschitz domain and consider F': QxRN™ —

R withmn >2, N > 1, and 1 < p < oo satisfying the following.

(B0O) F is continuous in (z, z) and continuously differentiable in z such that 0,F is contin-

uous.
(B1) F satisfies the natural ¢g-growth condition
F(z,2)] < A1+ |2%)%
for all x € Q and z € RN,
(B2) F satisfies the strict convexity condition
Fle,2) = Fla,w) = 0:F(2,w) - (2 = w) 2 Aa® + 2 + |ol) ']z —w]?
for all z € Q and z,w € RN, where A > 0.

(B3) F satisfies the a-Holder continuity assumption
q
2

|F(2,2) = Fy, 2)| < Az —y|* (1+[2])

for all 2,y € Q and z € R¥", where a € (0, 1].
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Additionally for some of our results, we will strengthen (B3) to the following C1® con-

dition.

(B4) F is continuous differentiable in z, and satisfies the estimate

q
2

0:F(,2) — 0:F(y,2)] < Al — y|* (1 + |2?) (6.12)

for all z,y € Q and z € RV", where a € (0, 1].

Note that (B2) ensures F(x,z) is convex in z, and combined with (Bl) we see the
growth bound (6.2) holds. In addition (B4) implies (B3) with o = 1. We note that a similar
condition was considered in [CKP11, Remark 5] in the context of bounded minimisers.

Using this, the main result of this chapter is the following. Recall the Besov spaces BsZ

were introduced in Section 2.3.4.

Theorem 6.1.3. Let Q C R” be an open set, f € L' (Q,RY), and suppose that F satisfies
(B0)-(B4) with e € (0,1] and 2 < p < ¢ < W. Then if u is a relaxed minimiser of F,
we have u € B.5P(Q,RN) for all

0o,loc
l1+a 1
< = mi —_— . 6.13
s < Sap mm{ ’ ’p—l} (6.13)

Moreover for Br(zp) € 2 and 0 < r < R <1 we have the associated estimate

— Y
= (1 F(w Br(@0) + 1110 (Baaoy ) (6.14)

IVullgsr g,y < DR

where C,~v > 0 depend on n, N, p, q,, s, A, X only.

Remark 6.1.4. As the proof will illustrate, once we have M/&)’Cq-regularity of u we only
need to assume that ¢ < %. This holds if F = F(z) is autonomous, which was proved
by CArROzZZA, KRISTENSEN, & PASSARELLI DI NAPOLI [CKN14] in the interior case. We

mention this was recently extended to the case of Dirichlet boundary by Koch [Koc22|.
6.2 Known interior regularity

We will record some known results which we will need in proving Theorem 6.0.1.
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6.2.1 Improved integrability

The following result due to ESPOSITO, LEONETTI, & MINGIONE [ELMO04] establishes W14
regularity, and an improved fractional differentiability result provided the gap between p and
q is sufficiently small. They moreover show their results are sharp under the assumption
(B3). A corresponding global version was established by KOCH [Koc21] subject to a Dirichlet

boundary condition.

Theorem 6.2.1 (Interior W4 integrability, [ELM04, Theorem 4]). Let Q C R™ be an open
set, f € LY (9, RY), and suppose F satisfies (B0)—(B3) with o € (0,1] and 2 < p < ¢ <

%. Then if u be a relaxed minimiser of F, we have

<p

u€ Wi (0 RY) 1 Bi:li',c (Q,RY), (6.15)
and for all Br(zg) € 2,0 <r < R <1 we have
C — v
IVulliaie < gy (14 F s Bao) + Wl gaaay) > (6:16)
C — v
IVull g5 < Gy (U F 0 Br@) + Wl pyey) » (617

where C,~ > 0 depend on n, N, p, q, c, A, X only.

1+g7 .
While they do not explicitly state the differentiability in Bso * P along with the depen-
dence on the radii, they follow from the proof. We will see similar arguments in the proof

of Theorem 6.1.3.
6.2.2 Characterisation of regular points

We will also recall the following characterisation of regular singular points, which follows
by combining the results in SCHMIDT [Sch08a; Sch09] and DE MARIA & PASSARELLI DI

Napoul [DP11].

Theorem 6.2.2 (e-regularity, [Sch09, Theorem 6.4],[DP11, Theorem 1.2]). Let F' = F(z, z)

be C? in z and satisfy (B0)—(B3), and let 1 < p < ¢ < oo satisfy

q< min{”p,p+ 1}. (6.18)
n—1
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Then if u is a relaxed minimiser for F, then for all M > 0 there is € > 0 such that if for

Bpr(z¢) C Q we have

(V) o] < M, amd ]lB Vel (V1) o)) < (6.19)
R(T0

then u is C™ in Bpa(xo) for all < a.

Note that if try to apply our arguments from Section 5.3, we will fail in establishing
the Caccioppoli inequality of the second kind (Lemma 5.3.4). This is because the ¢g-growth
from (B1) is not matched by the p-growth from (B2), and so we cannot employ the hole-
filling trick. Moreover in the case of relaxed minima, it is not clear how to even perform a
energy comparison at the level of the relaxed functional since u merely lies in WP, To work
around this, SCHMIDT [Sch08a| introduced a variant of the Caccioppoli inequality using
the smoothing operator of FONSECA & MALY [FM97|. In addition, to carry out the energy
comparison at the level of the relaxed functional, it is necessary to derive a suitable additivity
property established in [Sch09, Lemma 7.10]. Once this is established, the rest of the proof
goes through with minimal modifications, as it detailed in [DP11] (through the authors only
consider pointwise minimisers). We also point out that for the harmonic approximation
step one needs to derive the Euler-Lagrange system for relaxed minima; recently for convex
integrands this was shown to hold in general by KocH & KRISTENSEN [KK22].

We record the following consequence on the singular set, which follows from the e-

regularity results and for instance [Min03, Section 6].

Corollary 6.2.3. Suppose the assumptions of Theorem 6.2.2 hold, and that Vu € B2, (Q,RM)

oo,loc
for some s > 0. Then if we define the singular set of u as ¥ = ¥ U X9 where
¥ = {x € Q: limsup|(Vv)p, (2)| = oo} (6.20)
r—0
Yo ={x€N: liminf][ Vp(Vu — (VU)M%))\2 dr >0, (6.21)
r—0 B (z)

we have u is C1® in Q\ ¥ and dimy () = n — sp.
6.3 Improved differentiability in the interior

We now prove the main differentiability result, which involves the use of a second order

difference quotient.

167



Proof of Theorem 6.1.3. Note by Theorem 6.2.1 applied with o = 1, we have u € VVI})C‘I(Q)
In particular we may use nu as a test function for a suitable cutoff . We will let Br(xg) C €,
and suppress the xg-dependence in what follows.

Step 1 (The difference quotient estimate): Let 0 < ¢t < s < R and h € R™ such that
|h] < 2%, Then fix a smooth cutoff 0 < n =1, < 1 supported in Bs(zg) with n(z) =1
in B(H_S)/Q(xo) and |VFn(z)| < Cr(s —t) ™" for some Cj, > 0 and k € N. Now given any
function w, we define

1 1
Tiw=n (2wh + Qwh) + (1 —nw (6.22)

and denote AZw = Fwy, —w+ 3w_p, so Tjw —w = nAlw. Using (B2) and noting p > 2 we

obtain

F(Thw) = F(w) Z (VAR 7 500 (6.23)
By noting the identity
Ap(nw) = nAjw + 5 (nn = n)wp + 5 (1 = 1-p)w-p, (6.24)
we have
\V4 p p
/ IV (nA2w)|P dz < / A2 (quw)|P dz — C|hyp/ L || de (6.25)
Bs Rn Bs s—t (S — t)
Additionally by Lemma 2.3.16 we can estimate
sup —— [ |An(po)Pde < € sup —— [ |AL ()P da
im0 [P /B, im0 |Bl°P Bg "
<C sup — / | A (nw) [P da 6.26
0<|h|< 25t |h|o® (6.26)
Vw w o |P
Clh|P d
* ||/s s—t +‘(s—t)2 “
so combining (6.25) and (6.26) it follows that
1
e sup i [ 1) ds
e (6.27)
F(Tjw) —F .
< sup ( hw)a (w) —I—C(s—r)_ap/ |Vwl|P + ‘w dz.
0<|h|< 35t |l Bs 5~
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Now noting that Tju € WP(£2), we may estimate

F(Tyu) — F(u)

= / F <x,T,fLVu +Vn® (1uh —u+ 1uh>> — F(x, T} Vu)dz
Q

2 2 (6.28)
—|—/ F(x,T]Vu) — F(x,Vu)dz — / [ (Thu —u)dx
Q Q
= A+ Ay + As.
Using (B2) and Hélder’s inequality, we find
2 2 2. 12y 5
44| < o/ Vi © AZul(1+ |TLVu + |Vn @ AZuf?) F de (6.29)
Q
We now turn to Ay. By convexity of F(z,-), we have the pointwise estimate
1
F(z,TyVu) — F(z,Vu) < nF <a?, §V(uh + uh)> + (1 —n)F(z,Vuy) — F(z,Vu)
(6.30)

1
< in(F(x, Vuyp) —2F(x,Vu) + F(z,Vu_p)).
In particular, by using a change of coordinates, noting 1 vanishes outside of B2, and

using (B4) we have

1
A < o / n(x — h)F(x — h, Vu)dx — / n(x)F(xz, Vu)dz
Bt ts)2th Biys)/2

1

+/ n(x 4+ h)F(x + h, Vu)dzx
2 B(t1sy/2—h

- ;/ n(x — h)F(z = h, Vu) = 2n(2)F(z, Vu) + n(z + h)F(z + b, Vu) dz

s

— / /01 gt(n(x + th)F(z + th, Vu) + n(z — th)F(z — th, Vu))dtdz
1

_h / S /0 V(e + th)F(w + th, V) — Vi — th)F(z — th, Vu)dida

+h- /B /0 L 4 h)OuF (x4 th, V) — (e — thOuF(x — th. Vu)de  (6.31)
<1l /B /01|V77(x +th) — V(e — h)||F(x + th, V)| da

Iy /B /Ol\Vn(ac WP (5 + th, V) — F(x — th, Vu)| dz

+ |h| /B /01\17(1‘ +th) — n(x — th)||0, F(x + th, Vu)|dz

+ 1l /B /Olm(x W) [|0uF (z + th, Vu) — 0, F(z — th, Va)| da
S =7 [ 1 [vu.
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Also using Holder we have

Al < [ 1F - AR < 1w s,y IR i, - (6.32

Thus we have estimates for Ay, As, A3, which we will use in the next step.

Step 2 (Improved differentiability): To proceed, we will establish an inductive improve-
ment in differentiability which we iteratively apply for a carefully chosen set of parameters.
More precisely, assume there is d > 0 such that

C v C

Julasaniny < G = g (U Wl +I00,) . (639)

for all 0 < t < s < R, and suppose there is 71,70 > 1 and €, > 0 such that we have

1 g1 11§ 1 .
+ 4 - L 77

1
— =1, >=—=, > = — (6.34)
T2 T — €& 1 P n T2 p n
Then we claim that u € Bi:fz(’:p (Bgr,RY) where
1 1+6 1
5/:min{ ta l+o +U}, (6.35)
b b b
and we have the associated estimate
CI ’
CAT (6.36)

e
for all 0 < t < s < R, where ¢/,7 > 0 depend on the structural constants and additionally
on 1,72, 0,€.

Note the latter two inequalities in (6.34) ensures we have By P embeds into B and
gltom

~ 2, which we will use to estimate A;. Indeed by Lemma 2.3.15 and Proposition 2.3.13

there is y; > 0 such that

q—1
Ay < ||Vn® AfZLUHLT'z(BS) (1 VUl pri—ep,y + (s = )" HUHLH—E(BS))

- C‘h|1+g ) q
—m( +lul o) (6.37)
C|h’1+0

74
= (s—r)Fetn T

where we have used (6.33) in the last line. For the second term we use Lemma 6.2.1,

adjusting v if necessary, and for the third we use (6.33) to estimate

Clh 14+«

Ay < (s|—|t)” A, (6.38)
Clh 1446

3< (S‘_‘t)yA”. (6.39)
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Hence the claim follows by taking the minimum of these exponents.
Step 3 (Iteration): We now repeatedly use the previous step for a carefully chosen

set of parameters 9,0, 71,72, c. To do this, we will set §g = % and show by induction that

u e BH‘S‘“”’(B ,RY), where

00,loc

k
1 1
5k:min{ ) pz}. (6.40)
=1

p &

Note that if we take 7 = then since ¢ < -5 and 6 > p~!, in the equality case by

n— 6 kP’
shrinking € > 0 we can assume that 71 — e > ¢, and hence that 7 > 1. We will consider two
cases depending on the possible values of 79; note that if 7 < p then we may take o = dy,
and otherwise we will need to choose our parameters more carefully.

Case (a): Suppose that for some 0 we have 7 > p for all € > 0 sufficiently small, which

is equivalent to the condition

n (q
6k<Q*1 (p—l). (6.41)
Given € > 0 to be determined, defining 7 = % - and 79 by (6.34), we will choose o to
satisfy
o_% 1 _1 (6.42)
n n Ty P
Note that

lima:q<5k—1>+n—(n—1)q:q<5k—1>+no, (6.43)
e—0 p P p

where kg > 0. Hence we can choose ¢ > 0 so that

1 R0
> - - —. 44
oza(b-3)+ (6.44)
Then by step 2, we deduce that u € Bijifcl’p(BR,RN) where
2 1 1
§j1 = min {5k+1, ko 9 <6k . > } > min {5k+1, Sy “‘J} . (6.45)
2 p p p 2

We can now replace 0, = 6 by 6,1 and apply this iteratively, which gives ¢ ; such that

: 1 Ry <Q>l
Op.; > min < 0xa1, + = . 6.46
k,j { k+1 2(] D ( )

Since the second term is divergent, there is some jo € N for which either 0y ;, = 41 or

Ok jo = q_Ll (% — 1) . In the former case we are done, otherwise we can turn to case (b).
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Case (b): Suppose for some ¢’ > 0y, we have u € BHJ/’p(BR,RN) and ¢’ > -2 (% - 1).

o0,loc q—1

Then we will take 79 = p, and for € > 0 sufficiently small we can choose 71 < nfig/p using

(6.34). Hence applying step 2 with o = 0, we get u € B1+5"’+17p(B, R™M). This completes our

00,loc

induction argument, thereby establishing the result. O

Remark 6.3.1. We were unable to extend this to the case when p < 2, where we expect
a similar result to hold at the level of V-functionals. The main difficulty arises due to
the presence of the second order difference quotient, where we need a suitable analogue of

Lemma 2.3.16 which we were unable to establish. We hope to revisit this in future work.

From here Theorem 6.0.1 follows by combining Theorem 6.1.3 with Corollary 6.2.3.
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Chapter 7

Conclusion and outlook

In this thesis we have considered several different aspects of the regularity theory for vectorial

problems in the calculus of variations, contributing to and extending the existing literature

of regularity results. While our results largely considered general and non-standard growth

conditions, some of our results were also of interest in the case of standard p-growth.

We conclude with a brief discussion of some unresolved questions which naturally lead

from our work, that we hope to address in future work.

(1)

A corresponding existence theorem for extremals in W1BMO and WLVMO  for which
the results in Chapter 4 apply. More specifically, we may seek to use the implicit
function theorem to deduce the existence of solutions in these spaces, provided the
gradient of the boundary datum is sufficiently small in BMO . It is well-known (see for
instance [Val88; Zha91]) that such results can be obtained if we work in the Holder
scales, and impose a C1®-smallness condition on the boundary data g. This is also
motivated by recent work of CAMPOS CORDERO & KRISTENSEN (in preparation) who
show such results do hold for strictly quasiconvex integrands, by means of a variational

approach.

An analogue of the partial regularity theorem in Chapter 5 for N-functions satisfying
only the As-condition. In this case there are two primary difficulties. Firstly, the
improved integrability results guaranteed by Lemma 5.2.11 for general N-functions is
significantly weaker in the absence of the Va-condition, so it is not clear if a similar per-

turbation argument can be carried out. Additionally, in the A-harmonic approximation
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method (Lemmas 5.3.7, 5.3.10) we are presently unable to remove the Va-condition,

and this will need further consideration.

A more interesting, but seemingly harder problem is what happens in the absence of
the As-condition. In this situation very little is known, and the key obstruction in the
vectorial setting is the seeming lack of a Caccioppoli inequality. One of the few results
in this area was given by MARCELLINI [Mar96|, who established Lipschitz (and hence
C1) regularity for integrands of type F(z) = ¢(|z]), where ¢ is an N-function function
satisfying a non-oscillatory condition at infinity. We will not give a complete summary
of results in this direction, but we will mention the recent paper of BECK & MINGIONE
[BM20] and the references therein. Nevertheless, the present author is not aware of any
results in the context of partial regularity, and it would be interesting to understand if
any results carry over. In particular, it was already noted by MARCELLINI [Mar93]| that
fast growth problems exhibit behaviour that is analogous to non-uniform ellipticity,
which is crucial to obtain a Caccioppoli inequality. However the gap in ellipticity
shrinks if we assume “slow exponential growth,” for instance ¢(t) = exp(t®) for a > 0

small, in which case one may hope to obtain partial regularity.

Extend the improved differentiability results in Chapter 6 to hold up to the boundary.
The initial motivation for the results in this section was to prove the existence of regular
boundary points, similar to the results of KRISTENSEN & MINGIONE [KM10] in the
uniformly elliptic case. The optimal boundary differentiability appears to be open
even for the p-Laplacian, where the results of SIMON [Sim81] only gives Bi: ﬁ,p
regularity. We note the method of SAVARE [Sav97|) gives regularity in Bij o which

for large p improves the results of SIMON, which was adapted by KocH [Koc21]| to our

setting, however this is insufficient weak to infer partial boundary regularity.
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