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Three dimensional projective structure, that is structure modulo a projectivity
of 3D space, can be recovered from its projection in multiple perspective images.
The images might be acquired, for example, by a moving monocular camera or a
stereo rig. This projective structure can be upgraded to Euclidean structure by
identifying two entities, the plane at infinity and the absolute conic.

Auto-calibration methods use constraints induced by the rigid motion of the
camera to determine the Euclidean structure (or equivalently the camera calib-
ration). Often these motion constraints are supplemented by known values of the
camera, internal parameters or scene constraints in order to resolve ambiguities
or stabilize the algorithms.

It is shown in this paper that in certain common situations this supplementary
information may not resolve the ambiguity. This is illustrated for the particular
ambiguity arising for motions with a single direction of the rotation axis. Four
types of constraint are analyzed, and the conditions under which the ambiguity
is not resolved are given. The constraint cases are: perpendicular image axes
(the zero-skew constraint); specified image aspect ratio; specified image principal
point; and, perpendicularity of scene features.

1. Introduction

The auto- (or self-) calibration problem in computer vision is the following:
given only corresponding features between multiple images of a scene, determine
the metric structure of the scene and cameras. Generally the features are points,
and auto-calibration methods proceed by first obtaining an n-view projective
reconstruction, i.e. points X in 3-space and camera projection matrices P such
that

x1 =P1X, X9 =P2X,...,x, =P,X
where x; is the measured image point, and P; the camera, for the ith view. At
this stage X and P are only determined up to a common, but unknown, projective
transformation (homography) of 3-space. The 3D structure and cameras are then
“upgraded” to metric by either implicitly or explicitly identifying the plane at
infinity and the absolute conic. There are three types of constraint which are
available for this upgrade:

(i) Motion based, e.g. that the motion is a Euclidean transformation of 3-space;

(ii) Structure based, e.g. that scene lines are parallel or orthogonal;

(iii) Internal based, e.g. that the camera internal parameters are constant or
have particular values.
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Research in auto-calibration originated with the paper of Faugeras, Luong and
Maybank (1992) where the Kruppa constraints on the fixed internal paramet-
ers were obtained from the fundamental matrix. Since then several investigative
trends have emerged: the first trend is for exact or closed form solutions for
the polynomial constraints arising from view pairs (Luong 1992; Hartley 1992;
Pollefeys et al. 1996; Bougnoux 1998) using the fundamental matrix, or view
triplets using the trifocal tensor (Armstrong et al. 1996); a second trend is for
the numerical minimization of suitable measures for an over constrained system
(Hartley 1994a; Pollefeys et al. 1998; Triggs 1997; Zeller 1996); and a third for
existence proofs (Heyden & Astrom 1997; Pollefeys et al. 1998). Auto-calibration
algorithms have also been developed for special motions of monocular cameras
(Armstrong et al. 1994; Armstrong et al. 1996; Hartley 1994b) and stereo rigs
(Beardsley & Zisserman 1995; Devernay & Faugeras 1996; Horaud & Csurka
1998, Zisserman et al. 1995).

Currently the most successful schemes (Pollefeys et al. 1998) combine several of
the elements above. They are formulated in terms of the dual of the absolute conic,
which is a particularly concise parametrization introduced by Triggs (1997). The
algorithms require a set of consistent camera matrices for the image sequence
which can be obtained as described in (Laveau 1996; Beardsley et al. 1996).
Solutions are obtained by a numerical minimization, with a priori information
on the internal parameters included as constraints. The minimization is initialized
from a linear solution to a sub-set of the constraints. This generation of algorithms
converge reliably, are accurate, and apply to general camera motions even when
some of the internal parameters are varying.

However, in certain common situations motion induced constraints are not
sufficient to determine the camera calibration. This has been pointed out by
a number of authors (Zisserman et al. 1995; Triggs 1997), for example in the
case of planar motion (where the camera rotation axis has a fixed direction,
and the translation is perpendicular to this direction). These “Critical Motion
Sequences” have been catalogued by Sturm (1997), including both continuous
and discrete motions. It is generally supposed that these ambiguities are resolved
once additional information is supplied, such as the value of particular internal
parameters. It is shown in this paper that supplementary information may not
resolve the ambiguity.

The particular ambiguity arising when the rotation axes are parallel for mul-
tiple camera motions is described in section 3. Section 4 provides examples of
auto-calibration algorithms where this ambiguity is available in closed form. In
section 5 we analyze four types of constraint and give the conditions under which
the ambiguity is not resolved. The cases are: perpendicular image axes (the zero-
skew constraint); specified image aspect ratio; specified image principal point;
and, perpendicularity of scene features.

2. Background and notation

This section is a summary of the classical projective geometry notions of the
plane at infinity and absolute conic, and their relationship to camera calibra-
tion. It draws on material from (Faugeras 1993; Faugeras 1995; Hartley 1994b;
Kanatani 1992; Mundy & Zisserman 1992; Semple & Kneebone 1979). The ab-
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solute conic and its image allow the constraints arising in auto-calibration to be
visualized geometrically. This section also introduces the notation for the paper.

(i) Points, lines, and directions

On the image plane points are represented by homogeneous 3-vectors x, and
lines by homogeneous 3-vectors 1. If a point x is on a line 1 then 1.x = 0.

In 3-space points are represented by homogeneous 4-vectors X, and planes
by homogeneous 4-vectors 7r. Directions are points on the plane at infinity (see
below) and are represented by points with X4 = 0. Often only the first 3-vector
component d of a direction DT = (d ', 0) is used. In general '=’ indicates equality
only up to scale between homogeneous quantities.

(ii) Conics and dual conics

A point conic is represented by a 3 x 3 matrix C. A point x on the conic satisfies
x"Cx = 0. A dual (or line) conic is represented by a 3 x 3 matrix C*. A line 1
tangent to the conic C satisfies 1" ¢*1 = 0. Provided C is full rank ¢* = ¢~', and
(C*)* = C. Under a point homography x’ = Hx, a conic and a dual conic transform
as

¢ =H "cH! C'* = HC*H' (2.1)

(iii) The plane at infinity ws and absolute conic

The plane at infinity 7o, is the plane X4 = 0 in an affine frame. Parallel lines
intersect on .., and 7 is fixed (setwise) under Euclidean motions.

The absolute conic Q is a point conic on s, defined as X2 + X7 + X2 =
0, X4 = 0. It contains only imaginary points. If points on 7., are written as
Xoo | = (Xoo ', 0) then Qu is the conic Xo ' IXoo = 0, i.e. the matrix of Q. is the
identity I. The conic Q is fixed (setwise) under Euclidean motions.

(iv) Camera projection matrices

Points in 3-space are mapped perspectively to points on the image by a 3 x 4
rank 3 camera projection matrix P, as x = PX. The matrix P may be decomposed
as P = AR | t] where R is a 3 x 3 rotation matrix, t a translation 3-vector, and
A is the camera calibration matrix. The rotation R and translation t represent
the Euclidean transformation between the camera and world coordinate systems.
The 3 x 3 matrix A is upper triangular, and represents the internal parameters of
the camera. It has the following form:

a, k u,
A= 0 a, v
0 0 1

The elements a,, and a, depend on the focal length of the camera and image axes
scalings. The aspect ratio is 7 = a, /. The principal point is (ug,vg) ", and the
‘skew’ element k depends on the physical angle between the x and y axes of the
Sensor array.
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(v) Vanishing points and lines
Under projection by the matrix P = A[R | t] points on 7, are imaged as:

x = AR | ] ( Xoc ) — AR (2.2)

which is a planar homography x = Hx,, between 7, and the image plane with
H = AR. This homography is the map between directions and their vanishing
points, i.e. parallel lines intersect in a point on 7, and the image of this point is
a vanishing point. Note that H is independent of the translation. Similarly parallel
planes intersect in a line on 74, and the image of this line is the vanishing line
of the planes.

(vi) The image of the absolute conic

The image of the absolute conic (IAC), w, depends only on the A matrix of P.
This important result will now be derived. The mapping between 7, and the
image is the planar homography (2.2) H = AR, and under a point homography
x — Hx a conic C maps as C — H™TCH™ L. It follows that Qu, which is the conic
C =0y = I maps to w = (AR)""I(AR)™! = A=TRR™!A~! = (AAT)~!. So the TAC
w = (AAT)~!, and this defines the dual image of the absolute conic (DIAC) as
w* = w™! = AAT. This result demonstrates that once w (or equivalently w*) is
determined, so is the calibration matrix A.

(a) Orthogonality and polarity

We now give a geometric representation of orthogonality in a projective space
based on the absolute conic and its image. The main device will be the pole-
polar relationship between a point and line induced by a conic. In the following
the camera coordinate system will generally be used for the world coordinates,
so that R = I and t = 0. In this case the vanishing point of the direction d is
simply v = Ad.

(i) Pole-Polar relationship

The point x and conic C define a line 1 = Cx. The line 1 is the polar of x wrt C,
and the point x is the pole of 1 wrt C. This relationship is illustrated in figure 1. If
the point y is on the line 1 then y "1 = y "Cx = 0. Any two points x,y satisfying
y ' Cx = 0 are conjugate wrt the conic C. The pole-polar relation is symmetric: if
x is on the polar of y then y is on the polar of x.

(ii) Orthogonality in 3-space and in the image

In 3-space directions d; and ds are orthogonal if d; "Qds = 0. This result
follows directly from the scalar product of two orthogonal vectors: in a Euclidean
frame d; " Qsods = d; 'Idy = d; "dy = 0. Orthogonality is thereby encoded by
conjugacy. The great advantage of this is that conjugacy is a projective relation,
so that in a projective frame (obtained by a projective transformation of 3-space)
directions can be identified as orthogonal if they are conjugate wrt Q in that
frame (in general the matrix of Qu is not I in a projective frame). The geometric
representation of orthogonality is shown in figure 2a.

Similarly, in the image w defines orthogonality: two ray directions are or-
thogonal if they are conjugate points wrt w, and a ray direction and plane
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y

Figure 1. The pole-polar relationship. The line 1 = Cx is the polar of the point x wrt the conic
C, and the point x = C™'1is the pole of 1 wrt C. The polar of x intersects the conic at the points
of tangency of lines from x. If y is on 1 then y'l1 = y"Cx = 0. Points x and y which satisfy
y'Cx =0 are conjugate.
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Figure 2. Orthogonality represented by the pole-polar relationship. (a) On @, orthogonal direc-
tions d1, da are conjugate wrt Q. (b) On the image plane orthogonal rays vi, va are conjugate
wrt w.

(through the camera centre) are orthogonal if the corresponding point and line
are pole-polar wrt w. These projective representations of orthogonality in the
image follow directly from the projective mapping between 7y and the im-
age: a pole-polar relationship on 7., is mapped to a pole-polar relationship
on the image. In the image the scalar product between two ray directions is
di.dy = (A7'vy).(A7vg) = vi TATTA vy = vy Twvs. So, if vi Twvy = 0 then
the directions di, ds are orthogonal.

(iii) Vanishing points and lines

The vanishing point of lines with direction d in 3-space is the intersection v of
the image plane with a ray through the camera centre with direction d, namely
v = Ad. Similarly, the vanishing line of planes perpendicular to the direction d in
3-space is the intersection 1 of a plane through the camera centre perpendicular
to d, that is1 = A~ Td.

Consider a vanishing point v, its polar, ] = wv = (AAT)"!Ad = A~ "d, is the
vanishing line of planes perpendicular to the direction v. Similarly, the pole of a
line 1, given by v = w 'l = w*l, is the vanishing point of the normal direction
to planes with vanishing line 1. To summarize (all relations on vanishing points
v and lines 1.)

e Perpendicular directions
viwvy =0 (2.3)
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e Normal to plane 1 = wv.
e Perpendicular planes 1; " w*1ly = 0.

3. The ambiguity from rotations with parallel axes

Here we describe the fundamental one parameter family ambiguity that will
be examined in the rest of the paper. This ambiguity arises when the camera
rotations are about axes with a common direction. Examples of algorithms for
recovering the family of solutions, and the fixed points and lines discussed below,
are given in section 4.

(a) The ambiguity in determining Qoo

The absolute conic may be identified as the conic on 7 fixed under any Euc-
lidean motion. However, as will be demonstrated below, for a particular rotation
axis direction a one parameter family of conics is fixed. Suppose the camera un-
dergoes a series of Euclidean motions with rotation axes restricted to be parallel
to a fixed direction. Then attempts to identify Q. as the conic on 7, fixed under
these motions will not determine a unique conic, but only a one parameter family
of conics.

Algebraically, the Euclidean transformation (a general screw motion) can be
represented without loss of generality as a 4 x 4 homogeneous matrix

He = [optr i
Let d; be the (unit norm) direction of the rotation axis, so that Rd; = d;. Under
the transformation Hg, points on m (i.e. with X; = 0) are mapped to points
on T by the 3 x 3 homography x,, — Rx- Under this point transformation a
conic on 7., maps as (2.1) C — R~ 'CR™! =RCR'.
We now examine the fixed conics under this mapping. The absolute conic Q4
is fixed since RIR' = I. However the (degenerate) point conic d.d; ' is also fixed
1. It follows that the one parameter family of conics (a pencil)

Coo(p) = I+ pded, ' (3.2)
is fixed under the mapping since
R(Qw + pd;d; " )RT =RIR" 4 pRd.d, 'R
= Qoo + pdrd; |

The scalar y parametrizes the pencil. The pencil of conics Coo (1) is the one para-
meter family of solutions to any auto-calibration algorithm based on constraints
induced by these motions.

. (3.1)

(b) Fized points and lines on T

In the following it is convenient to express the family Co (1) (3.2) in terms of
the points and lines on 74, which are fixed under the motion. The fixed elements
of the motion are obtained algebraically from the eigenvectors of Hg. As described
in (Zisserman et al. 1995) the fixed points on 7., are

t d: is here interpreted as a line Ly = Qocd: which is polar to d.. However, since o = I it follows
that L, = d;.
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e The direction of the rotation axis d;.
e The circular points I and J of the planes perpendicular to the rotation axis.
The line of intersection L, of m with the family of planes orthogonal to the
rotation axis is also fixed (set wise). The line L, intersects Qy in the circular
points I and J. The point d; and line L; correspond to a direction and family of
planes, respectively, which are orthogonal. Consequently, d; and L; are pole-polar
wrt Qoo

These relations between the fixed points and lines and Q4, determine Q4 up to
the one parameter family (3.2). To avoid repetition this family and its paramet-
rizations will not be described here, but instead will be described in the following
section for the fixed points and lines in the image, and their relation to w. The
same relations apply in both cases.

(¢) The ambiguity in determining w

If it is further supposed that under the motion the camera internal parameters
A are fixed, then the IAC is also fixed, as are the images of the other fixed entities
on 7. The constraints on w arising from the imaged fixed points are:

(i) The imaged circular points, ¢;, ¢; are on w, i.e. ¢;' we; =0, ¢; ' we;j = 0.
These are two constraints on w.

(ii) There is a pole-polar relation on w between the line through the imaged
circular points, 1, = ¢; X ¢;, and the vanishing point of the rotation axis direction
Vr, i.e. wv; = l.. These are two constraints on w.

These relations are illustrated in figure 3(a). The lines 1;,1; which are tangent to
w are defined as ; = v, x ¢; and 1; = v; X cj.

These are a total of four constraints on the five degrees of freedom of w, and
consequently a pencil of conics C(u) satisfy these constraints. The pencil is il-
lustrated in figure 3(b). This family of solutions is simply the mapping of the
pencil (3.2) onto the image plane. The projective relations of intersection and
pole-polarity between Q. and the fixed points and lines on 7., are preserved
under the mapping. The mapping is by the matrix A, and under this point ho-
mography C(u) = A~ Coo(u)A = A~ T (I + pd,d, ')A = w + pl, 1 T

This pencil can be represented by the linear combination of any two conics
within it (Semple & Kneebone 1979). In particular the conics can be degenerate.
It follows that the pencil may be written as

C(p) = Ay + phy = (LT + L1 T) + p(L L") (3.3)

where u parametrizes the family. The conic A; is rank one, and Ay is rank two.

Both the degenerate conics Ay and A are specified entirely in terms of fixed
points and lines which can be obtained from image measurements (via the meth-
ods of section 4). This is preferable to the C(u) = w + pA; parametrization above
which involves the (unknown) image of the absolute conic. The pencil can also be
written as C(u) = w + ph2, again involving the unknown w. Note, p parametrizes
all point conic pencils. However, the same value of y will not generate the same
conic from each family.

(d) The ambiguity arising from the infinite homography
The infinite homography Hy,, which was introduced by Luong and Viéville

(1994), is the point homography between image planes induced by the plane at
infinity. If the camera undergoes a rotation R and translation t then vanishing
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image image
a b
Figure 3. (a) The image fixed points and lines under a rotation, and their relation to w. The
point v: is the vanishing point of the rotation axis direction, and c; and c; are the imaged
circular points for planes orthogonal to the rotation axis. The line I, is the vanishing line for
planes orthogonal to the rotation axis. The image of the absolute conic contains the imaged
circular points. The point v, and line I, have a pole-polar relationship wrt w; with w tangent
to the lines 1;,1; at the imaged circular points. (b) These relations do not uniquely define the
conic w. There is a pencil of conics C(u) consistent with the constraints.

points map between images as v — Hy,v. The infinite homography depends
only on the rotation between views and the internal parameters, and is given by
Hso = ARA . The infinite homography is of interest here because the fixed points
and lines under the mapping H,, determine the images of fixed points and lines
on yo.

Suppose Hy, is known. Then the IAC (and DIAC) may be determined up to the
one parameter family (3.3) above. Luong and Viéville (1996) originally showed
that the DIAC could be determined in this manner. Here a derivation is given
for the TAC and the relationship to the eigenvectors of Hy, established.

(i) Geometric solution

The infinite homography is represented by a 3 x 3 matrix Hy,. The eigenvectors
of this matrix are the fixed points, and the eigenvectors of Hy, ' are the fixed
lines. The matrix Hy, = ARA™! has an eigenvector vy = Ad, with unit eigenvalue.
The three eigenvectors of Hy, have the following geometric interpretation:

e v, corresponding to the unit eigenvalue, is the vanishing point of the rotation
axis.

e ¢; and c;, corresponding to the eigenvalues e
points of planes orthogonal to the rotation axis.

Similarly, the eigenvectors of Ho, | are

e 1. corresponding to the unit eigenvalue, is the vanishing line of planes ortho-
gonal to the rotation axis.

e |; and 1}, corresponding to the eigenvalues e
of the circular points.

The eigenvalue angle 6 is the (Euclidean) angle of rotation about the axis. These
fixed points and lines and their relation to the IAC are again those of figure 3, and
the pencil of solutions (3.3) for w can be written directly from these eigenvectors.

+0 are the images of the circular

49 are lines through v, and each
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(ii) Algebraic solution

Using the transformation properties of conics under a homography (2.1) for
point and dual conics, the constraint that w (and w*) are fixed under the Hy,
mapping becomes

w = Hy " wHy, (3.4)
and w* = Heow™Hy | .

Here we will give the solution for (3.4), the solution for w* is analogous. The
scale factor in the homogeneous equation can be chosen as unity provided Hy, is
normalized as det H,, = 1. The equation (3.4) can then be written in a homogen-
eous linear form Mc = 0, where M is a 6 X 6 matrix composed from the elements
of Hyo, and c¢ is the conic w written as a 6-vector. It can be shown that M is at
most rank 4, so that there is a one parameter family of (homogeneous) solutions
for c

c(p) =y + pny

where n; span the two dimensional nullspace of M. The matrix family is then
obtained as C(u) = N; + uNe where Ni,Ny are the matrices corresponding to
n;, ny respectively. This family is identical to the family C(u) (3.3) given by any
of the three parametrizations in terms of A; and A,. For example, if w is a solution
to w = Hy | wHeo, then 5o is C(u) = w + pll " (ie. Hyo | C(1)Hoo = C(p)).

The form of the one parameter family for w* follows in a similar manner. For
example, if w* is a solution to w* = Hyw*Hy, |, then so is C*()\) = w* + Av, v, .

Insight into ambiguities which can be resolved for particular rotations can
be obtained directly by considering the form of Hy, (Armstrong et al. 1994). For
example, for a rotation parallel to the image x axis, Hoo = ARxA™'. When k = 0, as
is usual, there are no terms involving «,, in Hy, so there are no possible constraints
on oy, in (3.4). Consequently, the pencil will not have the veridical value of «,,, and
a constraint that supplies the veridical value will resolve the ambiguity. Similarly,
for a rotation parallel to the image ¥y axis, a, is unconstrained, and for a rotation
perpendicular to the image plane «, and «a, only occur as the ratio ay/ay, so
their individual values are unconstrained.

4. Where do one parameter families arise?

This section reviews four methods that have been developed to identify the
plane at infinity and the absolute conic from multiple images. For each of the
methods:

(i) The camera undergoes a single motion, or multiple motions with rotations
about parallel axes.

(ii) The internal parameters A are fixed during the motion.

(iii) The algorithms provide a method for accessing the vanishing point of the
rotation axis and the imaged circular points.

(a) Single rotation of a camera about its centre

If there is a pure rotation about the camera centre then, as shown by Hartley
(1994b), Hy, can be computed directly from the homography between the images.
The eigenvectors of Hy, are vr,c; and c;, from which the three lines composing
the degenerate conics (3.3) are obtained directly. Figures 4 and 5 show examples
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Figure 4. The motion between (a) and (b) is a rotation about the camera centre, with the
rotation axis approximately parallel to the image y-axis. The white line is the fixed line 1.
computed from the eigenvectors of Hs.

C

Figure 5. The motion between (a) and (b) is a rotation about the camera centre, with the
rotation axis not aligned with with the image axes. (c) and (d) show the fixed point and line
computed from the eigenvectors of H.

of the fixed point v, and fixed line l. = ¢; X ¢;, computed from the eigenvectors
of Hy, which is determined from the homography between the images.

(b) Planar motion of a monocular camera

Suppose a camera undergoes planar motion, then the fixed points and lines
over the sequence are those of figure 3. The trifocal tensor provides a mapping
between corresponding lines over three views, i.e. if I, I’ and 1" are the images of
the same line in three views, then [; = l;-l;;Tgk (Hartley 1995), where Tfk is the
trifocal tensor for the three views. The fixed image lines are obtained as fixed line
solutions 1 to this mapping, i.e. [; = ljlkTgk.

In Armstrong et al. (1996) an algorithm is described whereby the fixed lines are

Phil. Trans. R. Soc. Lond. A (1998)



Resolving Ambiguities in Auto- Calibration 11

obtained from a cubic in one variable derived from the trifocal tensor. The tensor
is computed automatically from point (image corner) correspondences over three
views. Armstrong (1996) shows that improved results are obtained by bundle-
adjustment over a sequence consisting of more than three views.

(c) Single motion of a fized stereo rig

Suppose a fixed stereo rig undergoes a general motion. Fixed here means that
the relative orientation of the cameras on the rig is unchanged during the motion.
The projective structure of the scene X can be obtained before (X4) and after
the motion (Xp). Since X and Xp are two projective reconstructions of the same
scene they are related by a 4 x 4 projective transformation Hp, as Xg = HpXa.
It is shown in (Zisserman et al. 1995) that since the actual motion of the rig is
Euclidean, the homography Hp is conjugate to a Euclidean transformation, i.e.
Hp = H]T:Fl, Hg Hgp.

In (Zisserman et al. 1995) an algorithm is described whereby the transformation
Hp is computed automatically from 3D point reconstructions. The eigenvectors
of Hp identify the fixed points and lines on 7o, and thereby their images. An
alternative parametrization of these results is given in (Devernay & Faugeras
1996; Horaud & Csurka 1998).

(d) Reconstruction ambiguity

A particular family of solutions for w is often tightly coupled to a particu-
lar family of reconstructions. For the cases above (excluding the rotation about
the camera centre for which 3D structure cannot be recovered) there is a one
parameter family of metric reconstructions.

Suppose, for ease of imagining, that the rotation axis is vertical. Since the cir-
cular points are known for planes orthogonal to the rotation axis, metric structure
is known in horizontal planes. The only ambiguity remaining is an affine scaling in
the vertical direction. The choice of this scaling corresponds to the one parameter
in the w pencil.

5. Resolving the ambiguity

In this section we answer the following question:

Given the one parameter family of solutions for w arising from a single rota-
tion (3.3), when does an additional constraint not resolve the ambiguity?

The ambiguity is resolved once the value of 4 in (3.3) is determined, since then
the TAC, w, (and equivalently the DIAC, w*), is uniquely determined. We will
consider when this ambiguity is not resolved by placing constraints on the family
by, for example, supplying values or ratios for particular internal parameters.
The same constraint can be applied to both w and w*, but often the resulting
(polynomial) equations are of lower complexity for one of them. The notation used
here is that the rotation axis has direction d; = (d;, ds,d3)". Table 1 summarizes
the resolution ambiguities.

(a) Scene constraints

We consider here the constraint imposed by the vanishing points of two ortho-
gonal directions. Other orthogonality constraints, such as orthogonality between
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the vanishing line of a plane and the vanishing point of the normal direction to
this plane, are applied in a similar manner.

Suppose the vanishing points of two orthogonal directions are v; and v, then
from (2.3)

viwve =0 (5.1)

We seek the member of the pencil C(x) = Ay + pA; which satisfies (5.1). This is
a linear equation for y, namely vlTC(u)VQ = vy Ayvy + uvlTA1v2 =0, and p is
determined uniquely provided vi ' A;vy and vi ' Ayvy are non zero.

The alternative parametrization for C(u) = w + uhA; illustrates why the ambi-
guity is not resolved. The IAC w obeys the constraint, and if also vi T Ajvy = 0
(because 1;..vi = 0 or 1;.vo = (), then all members of the family C(u) satisfy the
constraint, and consequently the value of u cannot be determined. Since Aj is
uniquely determined from w and Ap, the necessary and sufficient condition for
non-resolution is vi ' A;vo = (1..v1)(l;.ve) = 0.

To summarize the argument of this subsection:

Proposition 1. The ambiguity (3.3) cannot be resolved by an orthogonality
constraint (5.1) ifl;.vy =0 or l,.vy = 0.

This result can also be derived directly in terms of ray directions. Writing
I, = A~ "d, and the image projections of the directions vi = Ad; and v = Ady,
then (1..v1)(lr.ve) = 0 when

(Lr-vi)(Leve) = [(A7 Tdr) " (Ad)][(A7 Tdy) T (Ad2)] = (dr "d1)(d: Td2) =0 (5.2)

That is, the constraint fails when the rotation axis direction is perpendicular to
either of the line directions used to provide the orthogonality constraint.

For example, suppose the camera rotation is about a vertical world axis, then
orthogonal vanishing points for directions in the horizontal world plane do not
resolve the ambiguity. Note, that this result applies for an arbitrary attitude of
the camera.

(b) The skew zero constraint

This is the most commonly used additional constraint on the internal paramet-
ers. Its use has been suggested by several authors including Tomasi & Kanade
(1992) and Luong and Viéville (1996).

In detail, we wish to impose the constraint that the image x and y axes are
orthogonal. Orthogonality in the image is equivalent to conjugacy with respect
to w so that two directions v; and vy are orthogonal if vi 'wvy = 0. For the z
and y axes vi' = (1,0,0) and vo' = (0,1,0) respectively, so that

0
(100)w((1)>:0 (5.3)

It follows that w19 = w91 = 0.

As in the application of the orthogonal scene constraints above, the skew-zero
constraint results in a linear equation for y. From proposition 1 the constraint
does not resolve the ambiguity if 1,.vi = 0 or l,.vo = 0. For example, suppose
I, = (0,1,—¢)" (a horizontal line at y = ¢) which would result from a rotation
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about an axis parallel to the image y axis. Then the pencil is

000
+u| 0 * %

* O %

0 =
% %
% %

C(u) =w+pLL " =
0 x %

where * indicates a non-zero element. Clearly all members of the pencil satisfy
w12 = wo1 = 0. Consequently, zero skew does not resolve the ambiguity.

From the direction formulation of (5.2) the ambiguity cannot be resolved if
d;.(1,0,0)" =0ord;.(0,1,0)" =0, i.e. if d, =0 or dy = 0. For example, for the
rotation parallel to the image y axis of figure 4, d; = 0 and the ambiguity is not
resolved. However, for the example of figure 5 where both d; # 0 and ds # 0 the
ambiguity can be resolved.

The skew zero constraint is one of the cases where there is a significant differ-
ence between placing a constraint on w or on w*. Imposing the constraint on w
results in a linear equation for u, whilst imposing the constraint on w* results
in a quadratic because the elements of w are quadratic polynomials (cofactors)
in the elements of w*, and vice-versa. Luong and Viéville (1996) imposed the
constraint on the DIAC, and consequently obtained two solutions, one of which
was fallacious and unnecessary.

(c) Specified principal point

The principal point is the centre of w. To see this, note that the centre, ¢, of
a conic C is the pole wrt the line at infinity, 1o, = (0,0,1)7, i.e. ¢ = ¢!, So in
the case of w

c=w = wly = (ug,v0,1) "
Consequently a specified principal point p' = (ug,vg,1) places a pole-polar re-
lationship on w*, namely p = w*1l,, (or equivalently on w, i.e. wp =1y).

We first consider the case where the two components (ug,vo) of the principal
point are used to resolve the ambiguity. Note, this places two constraints on the
one unknown parameter p.

The pencil of solutions for w* can be written

C*(\) = w* + Avyv, |
The centre of the dual of C*(}) is
c(\) = C* (W)l = Wl + AVivy oo = P + Avevy | oo

since w*ly, = p. Consequently c¢(A) = p, VA if (i) v;.loo = 0 or (ii) v; = p. Under
these circumstances the entire pencil satisfies the constraint, and the ambiguity
is not resolved. The directions for the two cases are:

(i) vi.loo = 0. In this case d3 = 0, which is a rotation with axis parallel to the
image plane;

(i) v; = p. In this case d, = A~ !'p, so that d; = do = 0, which is a rotation
with axis perpendicular to the image plane.

Since only one constraint in general is required to determine y, we now consider
if there are additional ambiguities if only ug or vy are specified. Here v, is written
as vy = (v1,v2,v3) "

Specifying only ug we require that (i) v;.leo = 0 as before, but the second
case reduces to (ii) v1/vs = wug. These conditions correspond to the direction
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constraints dz3 = 0 and ayud; + kdo = 0, respectively. Similarly, if only vg is
specified (i) v;.loo = 0 as before, but the second case reduces to (ii) ve/v3 = g,
and these conditions correspond to the directions d3 = 0 and de = 0 respectively.

To summarize for case (ii): Specifying the principal point fails to resolve the
ambiguity when the vanishing point of the axis of rotation coincides with the
principal point (since all conics in the pencil will have the principal point as
centre). Specifying one component of the principal point fails if that component
of the vanishing point of the axis of rotation coincides with the corresponding
component of the principal point.

(d) Specified aspect ratio
We first obtain an expression for the aspect ratio of the calibration matrix
A(p) corresponding to a conic of the pencil C(u). The matrix A(u) is defined by
C(u) = (A(u)A(p) ")t = A(u)~ "A(p) . Writing the pencil C(y) = w + pll, " in
terms of A(0) = A (the true calibration matrix) and d,,
C(u) = A~ TA (a7 Tdy) (A7 Tdy) T = A7 T (THpded, AT = A7 TV(u) " TV(p) TIAT,

where V(u)~ TV(u) ! is the Cholesky decomposition of I + pud.d; ", with V(u) an
upper triangular matrix. Thus A(x)~ " = A~ "V(u)~ . The results of the previous
sections can also be derived from A(u).

The aspect ratio (i) of A(u) is obtained from the ratio of elements A(1)5,' /A1) ;" -

On examining
1+ pd? 0 0

1

- 0 0
Qo
Ap) T=aTVw) T=| « X0 : ,¢1++mg_<¢gg; 0
*x %k ok
* * *

it is clear that the ratio r(u) depends solely on a,,, ay, V11 and Voo, and is given
by

1 2 _ (pdids)?

r(p) = M)y /A(w)y = im

We wish to impose the constraint that r(u) = @y /@, in order to resolve the
ambiguity. Applying this equality to (5.4) gives

pldip+ d2 —d3) = 0 (5.5)

It follows that if d; = do = 0 then the constraint is satisfied for all values of .
Conversely if d; = do = 0, then applying the constraint does not determine u,
and so does not resolve the ambiguity.

Note, in general two values of y, and thus two conics in the pencil, satisfy
the aspect ratio constraint. For the parametrization C(u) = w + pl;1, " the conic
corresponding to u = 0 is the true solution, w, and the other is spurious.

(5.4)

6. Discussion

Often when there is a family of solutions (for w say) further constraints are
added to resolve the ambiguity. These constraints may be consistent (i.e. already
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Parameter specified

Axis of Rotation Zero Skew  Principal Point  Aspect Ratio
Perpendicular to image plane, d, = (0,0,1)" X X X
Parallel to image plane, d, = (¥, *, O)T X

Parallel to the image z-axis, d. = (1,0,0)" X X

Parallel to the image y-axis, d, = (0,1,0)7 X X

Table 1. Ezamples of commonly occurring rotations which fail to resolve the w ambiguity for
various specified internal parameters (see the text for the comprehensive conditions). The rotation
azis has direction dr = (d1,d>, ds)T. Rotations causing failure are indicated by X.

satisfied by the family), or complementary, i.e. the additional constraints do re-
duce the ambiguity. Unfortunately as measurements contain errors, consistent
constraints can be mistaken for complementary ones, and the ambiguity is then
resolved by the noise. In the case of motions which are close to critical motion se-
quences this resolution will be very poorly conditioned. Further details are given
in Armstrong (1996).

Clearly it is important to identify poorly conditioned solutions under such
circumstances and this requires, at the very least, that auto-calibration algorithms
also compute an uncertainty for the estimated metric calibration.

This paper has examined whether constraints are complementary or consistent
for one type of critical motion sequence. The other types of motion ambiguity
described in (Sturm 1997) can be examined in a similar manner.

We are grateful for comments from Marc Pollefeys and Lourdes de Agapito, and for financial
support from Esprit Project Improofs.
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