Robust and Stochastic Receding Horizon
Control

DOMI | MINA
NVS TIO
ILLV MEA

Shuhao Yan
Wolfson College
University of Oxford

A thesis submitted for the degree of
Doctor of Philosophy

Trinity 2021






To my family






Acknowledgements

Firstly and most importantly, my deepest gratitude goes to Professor Mark Cannon
and Professor Paul Goulart. I am very fortunate to have them as the supervisors
of my doctoral studies. I must thank them for their guidance, help, support
and patience, without which this thesis would not have been possible. I also
would like to thank Professor Kostas Margellos and Professor Lorenzo Fagiano
for being my thesis examiners.

Further thanks go to previous and current members of the Control Group,
especially Xiaonan Lu, Yang Zheng, Li Dai, Licio Romao, Xiaoqing Chen, Nikitas
Rontsis, Michael Garstka, Bartolomeo Stellato, Goran Banjac and Sebastian East,
for making it such a wonderful place to work and for fruitful discussions.

Finally, I very much appreciate the love and support of my family, especially
my fiancée Yinru Chen. Thank you for being there for me. My life would not
have been the same without you.






Abstract

Chance constraints, unlike robust constraints, allow constraint violation up to some
predefined level and arise in numerous applications. They are often imposed in
a pointwise-in-time fashion in control problems. This thesis considers a class of
chance constraints imposed in an average-in-time fashion to focus more on aggregate
behaviours and discounted to achieve trade-offs between short-term and long-term
performance in the model predictive control (MPC) framework.

This thesis designs an MPC law for chance constrained stochastic systems with
discrete-time linear dynamics and possibly unbounded additive disturbances. The
chance constraint is defined as a discounted sum of violation probabilities over an
infinite horizon. By penalising violation probabilities close to the initial time and
assigning violation probabilities in the far future with vanishingly small weights, this
form of constraints allows for an MPC law with guarantees of recursive feasibility
by introducing an online constraint-tightening technique without an assumption of
boundedness of the disturbance. We employ Chebyshev’s inequality for constraint
handling and formulate a computationally simple MPC optimisation problem. To
mitigate the conservativeness of Chebyshev’s inequality, a dynamic feedback gain is
incorporated into the MPC law. This gain is selected online from a set of candidates
generated by Pareto optimal solutions of a multiobjective optimisation problem.
The closed loop system is guaranteed to satisfy the chance constraint and a quadratic
stability condition. With dynamic feedback gain selection, the closed loop cost is
reduced and a larger set of feasible initial conditions is obtained.

This thesis also considers an application of stochastic MPC in networked
control systems, where constrained linear systems are subject to stochastic additive
disturbances and noisy measurements transmitted over a lossy communication
channel. An MPC controller is designed to minimise a discounted cost subject
to a discounted expectation constraint. Sensor data is assumed to be lost with
a known probability. Data losses are accounted for by expressing the predicted
control policy as an affine function of future observations, resulting in a convex
optimal control problem. Recursive feasibility of online optimisation problems and
constraint satisfaction are ensured similarly via the constraint-tightening technique.
We show that the discounted cost evaluated along trajectories of the closed loop
system is bounded. Under certain conditions, the averaged undiscounted closed
loop cost accumulated over an infinite horizon also remains bounded.
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1.1 Background

Optimal control problems have been well studied, and they can be seen as a
derivative of classical calculus of variations [1]. Enormous contributions have
been made since the 1950s, including Pontryagin’s maximum principle [2] and
dynamic programming (DP) [3]. The former gives the first necessary conditions
of optimality for optimal control problems [4], and the latter provides techniques
to divide a problem into sub-problems and solve them in a piecemeal fashion.
Well-known optimal control problems include linear quadratic regulator (LQR)
and linear quadratic Gaussian (LQG) problems. The LQR problem is concerned
with minimising a quadratic cost function subject to a linear system dynamics,
and the optimal control strategy is given by a linear state feedback control law.

LQG problems consider linear systems with additive Gaussian disturbances, and,
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by the certainty equivalence principle [5], yield the same optimal control strategy
as their deterministic counterparts, LQR problems.

Constrained optimal control problems are often solved in practical control
applications, which are more challenging to deal with than unconstrained problems.
Although dynamic programming can be used to compute optimal controllers in
very general settings, it is computationally demanding and intractable for practical
applications with large numbers of state variables. This is referred to as the
“curse of dimensionality”. Therefore, many efforts have been made to design
suboptimal controllers for constrained optimal control problems, trading optimality
for constraint satisfaction and stability. A successful and widely used example
is model predictive control (MPC).

MPC is also referred to as receding horizon control, which repeatedly solves
optimisation problems online at every sampling instant to compute a finite horizon
control input sequence, in which only the first control action is executed. It is an
advanced control method initially emerging in the petroleum industry, and now
has a wide range of applications because of its capabilities of systematic constraint
handling and controlling multivariable systems and its convenient implementation,
yielding satisfactory performance without frequent specialist interventions [6]. MPC
relies on accurate models to predict future behaviours of systems being controlled,
while uncertainty is inevitably present, leading to discrepancies between predicted
and actual responses.

Presence of uncertainty necessitates robust control strategies, since nominal MPC
has limited inherent robustness with respect to uncertainty [7]. In the existing MPC
literature, it is typically considered that uncertainty appears in system dynamics and
includes additive process disturbances, which are possibly adverse exogenous inputs,
and parametric uncertainty, which affects system and input matrices. Robust MPC
ensures constraint satisfaction for all possible realisations of uncertainty, which
is essential in safety-critical systems. It is rather involved to take into account
uncertainty and the effects of its propagation and to ensure tractability of resulting

optimisation problems. A large amount of work [e.g. |8-11] has been done on these
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problems. A main drawback of robust MPC that has been widely mentioned is its
conservativeness, which is due to the effort made to account for rare eventualities.

To reduce conservativeness in controller design, it would be reasonable to consider
chance constraints, which are also referred to as soft constraints. Comparing with
hard constraints, chance constraints ensure that certain constraints are satisfied in
expectation or with pre-specified probabilities. They are of practical relevance and
are considered in many applications, such as building temperature control |12] and
portfolio management [13]. In addition to imposing chance constraints, stochastic
MPC also employs probabilistic descriptions for uncertainty. This enables explicit
regulation of probability distributions of states and control inputs [14].

In the existing stochastic MPC literature, although probabilistic descriptions
for uncertainty are used, it is often assumed that they have bounded support.
Probability distributions with unbounded support are very common in physical
models, either as a natural consequence of first-principle modelling or because of
mathematical convenience. Some particular examples of the former are Weibull and
Rayleigh distributions which are used to model wind speed, often with Dryden and
von Karman turbulence models, in wind turbine and aerospace control problems.
A well-known example of the latter is the normal distribution, which, in addition
to being fundamental to many control problems due to the central limit theorem,
has the property that the sum of two normal random variables is also normally
distributed. Also, truncating an unbounded distribution to obtain a distribution
with bounded support requires an important but essentially arbitrary decision on the
level of confidence of the truncation. Nevertheless, it is understood that considering
unbounded disturbances brings additional complications, notably recursive feasibility.
Previous work |15-17] has resorted to a backup initialisation of the MPC optimisation
problem when infeasibility occurs. This design can prevent feedback from the actual
state measurement and could thus yield inadequate performance.

Discounting has a role to play in overcoming challenges associated with un-
bounded disturbances. The discount setting is common in many stochastic control

problems [e.g. [18-22], as well as in reinforcement learning [23], financial engineering
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[e.g. 24127] and ecosystem management [e.g. 28, [29]. Discount factors in optimal
control problems allow performance in the near future to be prioritised over long-
term behaviours. This shift of emphasis is vital for ensuring the recursive feasibility
of chance constrained control problems involving possibly unbounded disturbances.
In Dynamic Programming [e.g. 18] [19], discounting is commonly employed to ensure
that infinite horizon problems with possibly unbounded cost per stage are well-
defined. Also, given a discounted cost in MPC problems, stability guarantees can
still be provided with an appropriate value of the discount factor |30} 31].

As a key feature in stochastic MPC, a large amount of work focuses on handling
of chance constraints in the MPC framework. In general, chance constraints
imply nonconvex feasible sets. Therefore, various approaches exist for providing
tractable approximations of chance constraints, for example, exact evaluation
using available information of probability distributions [32], deterministic approx-
imation methods that are combined with confidence sets [33], stochastic tubes
[34] and probabilistic reachable sets [16] respectively, conservative approximation
using probabilistic inequalities |15, [35] and randomised methods [36} [37]. More
importantly, a fundamental problem is how to incorporate a method providing
nonconservative approximations of chance constraints into the MPC framework to
ensure desirable closed loop properties, including recursive feasibility, constraint
satisfaction and stability.

Chance constraints are often imposed in a pointwise-in-time fashion in control
problems, where violation probabilities at each individual time step are equally
taken into account. A different formulation is also widely considered, for example,
in [38-41], where chance constraints are imposed in an average-in-time fashion.
Unlike pointwise-in-time chance constraints, average-in-time constraints focus more
on aggregate performance over a finite horizon, which leads to a less conservative
controller design. In these cases, it also allows for adjusting control strategies
online by observing past constraint violations to further reduce conservativeness
[38, 142]. Average-in-time chance constraints also are more natural formulations of

chance constraints in some practical applications, such as economics [43]. In this
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type of problems, discounting is naturally present and represents an interest rate.
Discount factors enable the consideration of average-in-time chance constraints
defined over longer and infinite horizons when disturbances are unbounded [44].
In addition, average-in-time chance constraints can be imposed specifically with
discounting to suit design purposes. Examples include sustainable development
[45] and public policy analysis [46], where the main argument is that near-term
benefits are more important than those that would be gained in the future and
current actions should not imperil possible future development [22].

This thesis aims to propose a holistic approach for chance constrained linear
systems with possibly unbounded additive disturbances, which ensures desirable
closed loop properties without breaking direct state feedback and reduces con-

servativeness in constraint handling.

1.2 Outline

This thesis is concerned with model predictive control for chance constrained discrete-
time linear systems with possibly unbounded additive disturbances, which take the
form

Tpy1 = Az, + Buy + wy,.

The chance constraint considered is defined in an average-in-time fashion as an
infinite discounted sum of violation probabilities/expectations. The designed MPC
algorithms ensure recursive feasibility of online MPC optimisation problems and
constraint satisfaction and stability for the closed loop system without bounds on
disturbances. In the following, we summarise each chapter of this thesis.
Chapter [2} This chapter introduces basic definitions and results from the topics
of model predictive control, chance constraints and Kalman filtering. It provides a
brief introduction to material that is closely related to subsequent chapters.
Chapter 3} This chapter designs a model predictive control law to minimise a
quadratic cost function subject to a chance constraint. The chance constraint is

defined as a discounted sum of violation probabilities on an infinite horizon. By
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penalising violation probabilities close to the initial time and assigning violation
probabilities in the far future with vanishingly small weights, this form of constraints
enables the feasibility of the online optimisation to be guaranteed without an
assumption of boundedness of the disturbance. A computationally convenient MPC
optimisation problem is formulated using Chebyshev’s inequality, and we introduce
an online constraint-tightening technique to ensure recursive feasibility based on
knowledge of a suboptimal solution. The closed loop system is guaranteed to satisfy
the chance constraint and we show that it satisfies a quadratic stability condition.
The results in this chapter have been published in [44].

Chapter [} This chapter lays the foundation for further developments in Chapter
We consider a convex multiobjective optimisation problem subject to the dynamics
of a discrete-time linear system. The multiobjective optimisation problem is cast
as a single objective one via linear scalarisation and then solved numerically using
dynamic programming. Their solutions yield a set of strictly stabilising feedback
gains, denoted as I, and sequences of solution matrices to algebraic Riccati equations.
Properties of these solution matrices are exploited in Chapter |5| for the design of
dynamic gain selection procedures that aim to reduce the conservativeness brought by
the use of Chebyshev’s inequality. The results in this chapter have been submitted
for publication and appear in [47].

Chapter [5} This chapter revisits a similar control problem to that of Chapter
and designs a model predictive control law incorporating a dynamic feedback
gain. The feedback gain is selected from the set K discussed in Chapter [4, We
provide two methods for online gain selection based on minimising upper bounds of
predicted costs, which both incur only a tiny amount of extra computation. The
same constraint-tightening technique as in Chapter [3] is used to ensure recursive
feasibility. The closed loop system is guaranteed to satisfy the chance constraint
and a quadratic stability condition. With dynamic feedback gain selection, we
mitigate the conservativeness of Chebyshev’s inequality. The closed loop cost is
reduced and a larger set of feasible initial conditions is obtained. Some of the

results in this chapter appear in [47].
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Chapter [6f This chapter considers an application of stochastic MPC that has
been developed in previous chapters in communication networks. We propose a
model predictive control law that minimises a discounted cost subject to a discounted
expectation constraint, where discrete-time linear systems with stochastic additive
disturbances and noisy measurements transmitted over a lossy communication
channel are considered. It is assumed that sensor data is lost with a known
probability, and data losses are accounted for by expressing the predicted control
policy as an affine function of future observations, which results in a convex
optimisation problem. A similar constraint-tightening technique to that of Chapter
is used to ensure recursive feasibility of online optimisation problems and satisfaction
of the expectation constraint. The discounted cost evaluated along trajectories of
the closed loop system is shown to be bounded by the initial optimal predicted
cost. We also provide conditions under which the averaged undiscounted closed
loop cost accumulated over an infinite horizon is finite. The results in this chapter
have been summarised in [31], which has been submitted for publication, and
preliminary results have been published in [48].

Chapter [7} In this chapter, we conclude the thesis by summarising its main
contributions and then discussing some directions for future work.

Appendices: Appendix [A]and Appendix [B] collect some standard definitions and
results from convex optimisation and probability theory, respectively.

To conclude, we provide a list of publications, which this thesis is based

on, as follows:

o “Stochastic model predictive control with discounted probabilistic constraints”,
S.Yan, P.J.Goulart and M.Cannon, Proceedings of European Control Confer-
ence, Limassol, Cyprus, pp. 1003-1008, 2018. ([44])

o “Stochastic MPC with dynamic feedback gain selection and discounted proba-
bilistic constraints”, S.Yan, P.J.Goulart and M.Cannon, submitted to IEEE

Transactions on Automatic Control, 2019. ([47])
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“Qutput feedback stochastic MPC with packet losses”, S.Yan, M.Cannon and
P.J.Goulart, IFAC-PapersOnLine, vol. 53, no. 2, pp. 7105-7110, 2020. ([48])

“Stochastic output feedback MPC' with intermittent observations”, S.Yan,
M.Cannon and P.J.Goulart, submitted to Automatica, 2020. ([31])
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This chapter introduces basic definitions and results from model predictive
control, chance constraints and Kalman filtering. It serves as a brief introduction

to material that is related to or directly used in subsequent chapters.

2.1 Model Predictive Control

Model predictive control (MPC), which is also called receding horizon control or
moving horizon optimal control, is an optimisation-based control method. It is
initially applied in the petrochemical industry, and the idea of the moving horizon
approach can be traced back to the 1960s . After some fundamental developments
in this area, including model predictive heuristic control , dynamic matrix control
and generalised predictive control , MPC has since received increasing

research interest. Due to its capabilities of controlling multivariable systems and
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systematic handling of constraints, and its convenient operation providing high
performance without specialist intervening for long periods of time [6], MPC has
been proved a success for process control problems and now has a wider range of
applications, for example, in autonomous driving [54, 55|, power electronics control
[56, 57], wind turbine control [58, [59], networked control systems [60, [61], building
management [62, |63] and financial engineering [22, 64]. The basic idea of MPC is
to solve online an optimisation problem, which is typically referred to as an MPC
optimisation problem and is essentially an optimal control problem, repeatedly
at each time step using current information of the plant. The MPC optimisation
problem yields a sequence of control inputs, and only the first element of this
sequence is applied to the plant. However, the remaining elements may also be
applied in some variants of MPC algorithms [65, 66]. Next, we will introduce optimal
control and dynamic programming, which are closely related to the developments

of MPC, before presenting a more detailed introduction of MPC.

2.1.1 Optimal control and dynamic programming

Given the scope of this thesis, we restrict the following introduction to optimal
control and dynamic programming to discrete-time cases.
Discrete-time constrained infinite horizon optimal control problems can be

expressed in the form

o

i=0

s.t. Tit1 = f(ZEZ,Ul) Vi Z 0, Ty = IL'(),

r, €X, u; €U YVi>0,
where z; € R", u; € R™ and ¢(x;,u;) is the stage cost. The initial condition is
given by 2°, and X C R™ and U/ C R™ are constraint sets. The finite horizon

version of this problem can be expressed in the form

N-1
=0
s.t. Tit+1 :f(xz,uz) Z:O,7N— ]., i :Z‘O,

.I’,L'GX, UZ‘EZ/{ iIO,...,N,

10



2. Background

where g(xy,uy) is the terminal cost.

We next give an important class of optimal control problem, linear quadratic
regulation (LQR) problems. The unconstrained finite horizon linear quadratic
optimal control problem is given by

N-1

Viv(@o) ==min Y (lzillg + lluillz) + lon g (2.1)
=0

s.t. $Z+1:ASL’Z+BUZ iZO,...,N—l,

where z; € R", u; € R™, and A, B, (Q and R are known matrices with appropriate
dimensions. The term ||zy||3, denotes the terminal cost. The infinite horizon
version of this problem is given by

Voo(o) :=min Y (Jlwillg + [luall%) (2.2)
1=0

Problems and can be solved by dynamic programming as illustrated below.

Dynamic programming is based on Bellman’s principle of optimality: “an optimal
policy has the property that, whatever the initial state and initial decision are,
the remaining decisions must constitute an optimal policy with regard to the state

resulting from the first decision” [67]. From this statement, it follows that

Vi(zn-s) = min {llon—illy + lun—ill+Vica (an—i) } Y i=1,... N,
TN _ip1=AzN_;+Bun_;

(2.3)
hold for problem ({2.1)), where V;(zy_;) are optimal cost-to-go functions and Vy(zy) =
[z l3; and

o0

Voolwo) = mmin - {fleolly + luollfe + min 3 (aillg + ull7) )
z1=Azo+Buo xi+1:AJ3:—|—Igzi Vi>1 =1
= min {[lzolly + lluoll% + Vio(ar) } (2.4)
x1=Axo+Bug

holds for problem (2.2). Equations (2.3)) and ([2.4) are called Bellman equations.

11



2.1. Model Predictive Control

Therefore, by solving the recursion ({2.3|) backwards in time and defining Py := @

as the weighting matrix associated with Vy(zy), we have

* [jp— Y —_—
uy_; =Kn_ixn_iy, Yi=1,... N,

Vien—i) =llen-illp, Yi=1,..., N,

where Ky_; == —(R+ B"P,_1B)'BTP,_1A and P; satisfies the discrete-time

Riccati equation
P=Q+A"P_,A-~A"P_\B(R+B'P,_B)'B'P,_,A.

Similarly, since V() = limy_,o Vy(z) holds for all x for problem ({2.2), it can
be solved approximately by recursive equations (2.3) as N — oo. Then, under
the conditions of controllability and observability [68], we have P, := lim; , P;

V Py = 0 and it satisfies the algebraic Riccati equation
Po=Q+A"PoA— AP .B(R+B'P.,B) 'B"P, A
and the Lyapunov matrix equation
P, =Q+ K, RKy+ (A+ BK,)" Po(A + BKy),

where Ky = —(R + BT P, B)"'BT P, A and it is strictly stabilising. From this
result, it is clear that, under the conditions of controllability and observability,
employing an infinite horizon cost function imparts stability |7}, 68].

DP algorithms are able to provide the optimal feedback policies in very general
settings, including problems with uncertainty in system dynamics, such as linear
quadratic Gaussian (LQG) problems. A discrete-time linear quadratic Gaussian
control problem can be expressed in the form

N-1

min B{ Y (a3 + lwl3) + lan 3} (2.5)
=0

)

S.t. I’H_l:AIZ—I—BUZ—f—U)Z i:07...,N—1,
where w; are i.i.d. Gaussian random variables.

12



2. Background

It can be verified using the DP algorithm that certainty equivalence [69)
holds. Specifically, the optimal feedback strategy remains unaffected when the
additive disturbances are present, and the optimal policies of problems and
are the same.

In contrast to the examples presented above, analytical solutions are often
not achievable by DP approaches, and numerical solutions are used instead. As a
powerful solution technique, DP still has limited applications in practice for problems
involving constraints or nonlinear dynamics due to the curse of dimensionality [70].
During the execution of DP algorithms for such problems, their computational
burden grows exponentially with state dimensions and also with the horizon
length, and it becomes unaffordable in practical applications. Therefore, this
motivates the use of pre-determined but suboptimal control parametrisation in

a non-deterministic MPC framework to reduce online computational complexity,

which will be introduced in Section 2.1.2l

2.1.2 Classical, robust and stochastic model predictive con-
trol

Unlike conventional feedback control policies that are usually computed offline, such
as PID control, MPC has better capabilities of handling constraints and provides
feedback based on the current information of systems at every sampling time. After
several decades, deterministic MPC has been well developed, while there are more
challenges concerning robust and stochastic MPC problems. In the following, we
provide a brief introduction to classical, robust and stochastic MPC problems. Given
the scope of this thesis, the consideration here is restricted to linear discrete-time
systems subject to linear constraints. More comprehensive and extensive reviews

of MPC literature can be found, for example, in |7, (14} [71-73].
Classical MPC
Considering discrete-time linear time invariant systems
Tpp1 = Axyp + Buy, (2.6)

13



2.1. Model Predictive Control

and a linear constraint on system states and control inputs
Frp,+Gu, <1, Vk>0, (2.7)

a deterministic MPC problem with a quadratic cost function can be expressed in the
form
N—1

min > (lzanll + lwkllz) + lzxslls (P™)

UQ ks UN—1|k =0
s.t. Fa:dk—{—Gu”kSl,z:O,,N—l,
IN‘]C € XT;

Tk = ATy + Buge, 1=0,...,N — 1, xop = 73

Here ;) and w;;, are i-step-ahead predictions of x34; and g, at time k, and Q, R
are weighting matrices for the state and control input. Also, it is assumed that the
pairs (A, B) and (A, Q'/?) satisfy the conditions of controllability and observability
or a slightly weakened condition (stabilisability and detectability), respectively. The
notation Xr denotes a terminal constraint set, and NV is a prediction horizon. The
terminal matrix P is appropriately chosen. Its choice is closely related to closed
loop stability, which is normally ensured in the MPC framework by employing the
optimal value function of problem as a Lyapunov function. The terminal
cost ||z n||P serves as an upper bound on the cost-to-go function for stages from
time N to infinity, and the finite horizon cost function then approximates the
corresponding infinite horizon cost function, where the optimisation problem is
infinite dimensional and is in general intractable to solve.

The predicted input sequence {ugj, ..., Un—1|k; UN|k, - - -} 15 parameterised, in

many existing MPC work, by the dual mode prediction paradigm [74] that is given by

Ui |k :sz|k+cz|k 1 :0,,N— 1, (28&)

where K is some strictly stabilising feedback gain and {ci|k}£vz’01, which is referred

to as the perturbation sequence, are free variables. Typically, K is chosen as the
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2. Background

unconstrained LQ optimal feedback gain. Therefore, under this predicted control

law, the predicted state sequence is given by
Ty = P + Beyy, 1=0,...,N =1, (2.9a)
Tipip = Py 1= N,N+1,... (2.9b)
where ® := A+ BK, and K, P must satisfy the Lyapunov matrix equation
P=Q+ K'RK +(A+ BK)"P(A+ BK).

* . * * CRRCI V kL

We denote cj = {co|k, o ch—uk} as the minimiser to problem (P%)), x; :=
* * * * . * * * *

{0pps -+ s TN Tvppes - - -1 and g = {ugy, - Uy Ky K2y g, - - -} as the

corresponding predicted state and input sequences. Then, the closed loop sys-

tem evolves as
Trp1 = Py + Begy, V k>0,

Terminal constraint sets are carefully designed as positively invariant sets such
that the linear constraints imposed over the finite horizon in problem (P")), together
with the terminal constraint, is equivalent to linear constraints imposed over an

infinite horizon.

Definition 2.1 (Positively invariant set). A set X C R" is invariant under the

dynamics (2.9b)) and with respect to the constraint (2.7) if

bre X and (F+GK)x <1, VzeX.

In problem , Xr can be designed as the maximal positively invariant (MPI)
set, which is the union of all sets that are also invariant under the dynamics (2.9b))
and constraint (2.7)), to increase the feasible set of initial conditions.

Theorem 2.2 (|75]). The MPI set XM*L ynder the dynamics (2.9b) and with
respect to the constraint (2.7) can be obtained by finding the smallest integer m > 0
such that

(F+GK)®™ 'y <1, Vo € XM .= {2 e R*|(F+ GK)®'x <1, i =0,...,m}.

A finite m necessarily exists if ® is strictly stabilising and the pair (®, F + GK) is

observable.
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2.1. Model Predictive Control

The procedure to find such an m is to solve a set of linear programs, which can
be executed offline. In addition, in most MPC literature, terminal constraints are
imposed also to ensure recursive feasibility of MPC optimisation problems, that is,
there always exists a feasible solution to the MPC optimisation problem at each time
step given initial feasibility. This feasible solution at time k41 is {c’{l koo CNC 1 0}
or {“T\ foro U1 B 93}*\”,6} These sequences are referred to as tail sequences and
are the optimal solution at time k that is shifted forward by one time step.

The prediction horizon, as a tuning parameter, often affects considerably the
performance of MPC algorithms. For nominal linear MPC problems, there exists
a finite horizon N, [76] such that if the prediction horizon, N, in problem
is greater or equal to N, is equivalent to the following infinite horizon
optimal control problem (P

(e.9]
. 2 112 o
WS el + el (P>)

st. Fay +Guyp <1, 1=0,1,...,

Tk = Azip + Buge, 1=0,1,..., zop = T

However, there is generally no systematic way to determine a prediction horizon,
especially when uncertainty is present. A choice is typically made to balance the

performance against computational efficiency.

Robust MPC

It is rare that system models are perfect and match exactly the actual behaviours
of plants. Uncertainty arises in many cases. For example, noise appears in the
measurements of states or outputs, and system identification provides imperfect
knowledge about model parameters. Under uncertainty, it is a fundamental
problem in controller design to maintain desirable performance, namely robustness.
Deterministic MPC possesses inherent robustness under certain circumstances. For
instance, |77 shows an MPC algorithm designed for the nominal system ensures
that its actual system with additive disturbances and only input constraints is

input-to-state stable and closed loop states converge to a terminal set if the norm of
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2. Background

the disturbance is bounded. Nevertheless, it is essential to design MPC algorithms
that are intrinsically robust with respect to uncertainty, and they will have wider
ranges of applications. Uncertainty in system models can be generally categorised

into additive and multiplicative disturbances.

Robust MPC with additive disturbances An uncertain linear discrete-time

system with additive disturbances can be described by
Tpy1 = Axy + Buy, + wy,

where it is often assumed that wy, lies in a convex and compact set W. Robust MPC
algorithms have to satisfy constraints for all possible realisations of the additive
disturbance. A typical approach to ensure this is to decompose the states and
then tighten the constraints accordingly. By employing the predicted control law
—, which is referred to as an open loop control law since its feedback

gain is fixed instead of a free variable, we have
Tipie = Py + Beyr, + wig

The states can be decomposed into a nominal part and an uncertain part as

Tiyik = Zip1k T €1k, With
Zitllk = q)ZZ|k—|-BCZ‘k, 1 :O,l,..., (210&)
6i+1|k,’ = q)eﬂk- + 'I,Ui|k-7 1= O, 17 ey (210b)

and zo|x = To|k, €ojr = 0. Considering the same constraint ([2.7), we now write it as
(F + GK)ZM; + GCﬂk <1- (F + GK)eﬂk.

To satisfy this constraint for all possible realisations of wj; in W, a tightened

constraint is imposed instead, which is given by
where 5 := 0 and

g = max (F + GK)ey. (2.11)

{woks- Wi 1|k FEWX - xXW
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2.1. Model Predictive Control

In this approach, predicted states can be seen as constrained in a sequence of
tubes {/'\f0|k, Xk, - - .}, characterised by its centre, the nominal state Zik, and its

cross-section. These tubes are defined as Xj, := {zjx} ® &, where it follows

from (2.10b]) that
Eivip = P& ®W

and &y = {0}. For the case in which it is possible to evaluate Xy, := @52, /W,
which is referred to as the minimal robust positively invariant (mRPI) set, we can
compute £, so that the constraints imposed over an infinite horizon are equivalent
to a finite number of constraints. However, it is in general not tractable, and
approximations for X x and upper bounds for €., are constructed instead. Some
methods for approximating the mRPI sets are discussed in |78, 79].

In contrast to the basic tube MPC method [80] introduced above, alternative
tube-based approaches are proposed to bring more degrees of freedom into the
tube parameterisation, such as rigid tubes [8], homothetic tubes |10], and tubes
with more flexible cross-section representations [11]. Similar tube-based approaches
have also been developed for multiplicative disturbances.

In robust MPC problems, due to the presence of uncertainty, the predicted
system dynamics will be different from the actual dynamics. It is no longer the
case that the open loop control law is equivalent to a feedback control policy [9].
Therefore, it is ideal to optimise over a general feedback policy to achieve optimal
performance, which leads to the developments of min-max robust MPC [81] that can
be solved by DP, but that would be computationally demanding. Alternatively, a
pre-specified feedback control structure can be used, balancing computation against

performance. One example is the affine state feedback policy

Wik =Y Kjawtj + e, 1=0,...,N =1, (2.12)
3=0
where Kj ;) and c;);, are free variables and Kj;;, form a block lower triangular matrix
Kool 0 e 0
o L
Kon-iw Kin—ie -+ Ky—oin—ig
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2. Background

This parameterisation results in nonlinear dependence of predicted states and inputs
on the decision variables and a nonconvex optimisation problem. However, it can
be reformed as linear functions of decision variables using a Youla parameter as
shown in [82]. A similar result is given in [83], which proves the equivalence between
(2.12) and the affine disturbance feedback policy
i—1
Wik = Ligpwj + vk, 1=0,...,N =1, (2.13)
=0
where L;; and v, are free variables and L;, form a strictly block lower tri-

angular matrix

0 .. .. 0
Lk — Lojl‘k 0 . 0
Lon-yx -+ Ln—an-ix O

Robust MPC with multiplicative disturbances Uncertain linear discrete-

time systems with multiplicative disturbances can be described by

Thy1 = Akl'k + Bkuk (214)
It is assumed that
(Ag, By) = Z AW B ))

where (AY), BU)) are pairs of known matrices and ¢ are scalar random vari-

ables satisfying
Sa’=1, ¢ >0 Vje{l,...,m}.

Equivalently, (A, By), for all k, lies in the convex hull, H, of vertices (A1), BM),

., (At BM) . Equation is referred to as a linear difference inclusion (LDI)
model. This model enjoys the property that the convex hull of trajectories generated
by each linear model associated with a vertex encloses the trajectory of the actual
system [84], while it has limitations in capturing the behaviours of systems of which

system matrices depend nonlinearly on the uncertain parameter.
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2.1. Model Predictive Control

An important early development in robust MPC dealing with multiplicative
uncertainty is the use of LMI methods [85]. Employing a predicted linear state

feedback law u;, = K2, where matrix K}, is a free variable, yields that

For this system, we can construct an ellipsoidal set S that is robust positively

invariant, where S := {z|||z||% < 1}. The set § is invariant for system (2.15)) if
P — (A+BKy)'P(A+ BK,) =0, Y(A,B)c€H.

This condition is equivalent to

[ P (A9 4BUK)T

AW + BU K, p-1 ]EO, j=1,....,m

by Schur complements and the convexity of LMIs. Therefore, the linear constraint
(2.7) can be ensured as shown in |72, Theorem 2.9] by the set S that is invariant
for both dynamics (2.15)) and constraint (2.7 if P satisfies additional conditions

[ 7z F + GK;,

>_ T < ‘: “ .. = T
(F+GKk)T P ] = 0, € Zeip < 1,1 1, , Ny 1z =7,

where n, is the number of rows in matrix F' and e; is the i-th column of a n,-by-n,.
identity matrix. This approach is computationally convenient since the quadratic
bounds associated with the invariance conditions are translated into LMI conditions
and the online MPC optimisation problem becomes a semidefinite program, despite
the fact that quadratic bounds can be potentially conservative. More degrees of
freedom can be introduced into the predicted controller parameterisation instead of
optimising over only a single linear feedback gain. Some further work based on LMI
methods aiming to reduce these restrictions can be found, for example, in [86-88].

Robust MPC algorithms ensure constraint satisfaction under all possible real-
isations of disturbances. It often requires a great effort to account for the worst
case scenario that is a very rare eventuality. Deemphasising extreme disturbances
would possibly enhance controller performance, and in some applications, it is

acceptable if constraints are violated for a limited time period. Also, robust
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2. Background

MPC does not employ statistical information of disturbances, e.g. historical data,
moments and probability distributions, if available. These drive the development of
stochastic MPC, where the assumption in robust MPC can sometimes be removed

that disturbances are bounded.

Stochastic MPC

There has been significant research interest in stochastic MPC during the past decade.
Its key feature is the presence of soft constraints that are allowed to be violated
up to a given limit, in contrast to hard constraints in the robust MPC framework.
Employing probabilistic descriptions of uncertainty in the stochastic MPC framework
reduces the conservativeness of controller design and allows for explicit regulation
of probability distributions of states and control inputs [14]. These advantages also
bring challenges. Chance constraints in many cases entail nonconvex feasible sets
and it is generally difficult to evaluate them directly. These problems lead to the
development of a distinct research topic, chance constrained optimisation [89], and
various approaches to provide tractable approximations of chance constraints. The
key challenge is how a method providing nonconservative approximations of chance
constraints can be incorporated into the MPC framework to ensure desirable closed
loop properties, for example, recursive feasibility, constraint satisfaction and stability.

Stochastic MPC algorithms that do not rely on disturbance bounds can consider
unbounded uncertainty, while bringing additional challenges. For example, if
additive disturbances have infinite support, it is difficult to provide guarantees
of recursive feasibility, which typically depend on the use of tail sequences. Such
guarantees are achieved in the existing stochastic MPC literature by using a backup
initial condition for the online MPC optimisation problem. More specifically,
when infeasibility occurs, 7y, the nominal value of x4, predicted at time k, is
chosen as the initial condition for the optimal control problem to be solved at time
k + 1 instead of the actual value of xy; [15H17]. This design can block feedback
from the actual state measurement and therefore is likely to provide inadequate

performance. Alternatively, we show in Chapter [3| that, with unbounded additive
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2.1. Model Predictive Control

disturbances, recursive feasibility of online MPC optimisation problems is guaranteed
by considering a discounted chance constraint, while updating the initial conditions
of the online optimal control problems with actual states at each time step.

Stability is of paramount importance in controller design. In the stochastic
MPC framework, different stability conditions are often used from those in robust
MPC problems. When the cost function is subject to stochastic uncertainty, it
is generally not expected that it will be monotonically non-increasing so as to
allow a Lyapunov stability analysis. Also, it is not possible to construct a finite
bound on the infinite sum of the norm of states using /o stability conditions [72], if
disturbances are persistent (i.e. unless they decay sufficiently rapidly over time).
Typically, a stability metric often used in the stochastic setting is the expected
average cost over an infinite horizon [90]

T—1

lim ;]E{Z ﬁ(mk,uk)} <,

T—o0 =0

where £ is the stage cost and a function of states and control inputs, the expectation

is conditioned on initial conditions and b is some finite bound.

Chance constraints There are many different types of chance constraint. Some
are defined in terms of probabilities, such as P{g(x,d) < 0} > 1 — € where ¢ is a
random variable and € is a given violation threshold, or in terms of expectations,
such as E{g(z,d)} < 0. These constraints are often imposed in a pointwise-in-time
fashion in control problems, such as P{x; € X} > 1 —¢€ ¥V k > 0, where violations of
the condition z; € X at every individual time step are equally taken into account.
A different formulation is also widely considered, for example, in [38-41], where
chance constraints are imposed in an average-in-time fashion as
1 T-1
E{T kz:% Iy(zp)} >1—¢€
where [y is an indicator function, or equivalently as
T—1

1
*ZP{Q?}CEX}Zl—E.
Tk:()
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2. Background

On the contrary, average-in-time chance constraints focus more on aggregate
performance over a finite horizon, which lead to a less conservative controller
design since satisfying pointwise-in-time chance constraints at each single time
step is sufficient for the satisfaction of an average-in-time chance constraint. One
approach to achieve less conservativeness is to adjust control strategies online
by observing past constraint violations [38| |42]. Also, average-in-time chance
constraints are more natural formulations of chance constraints in some practical
applications, such as economics [43]. In these problems, discounting is naturally
present and represents an interest rate. Discount factors enable the consideration
of average-in-time chance constraints defined over longer and infinite horizons when
disturbances are unbounded [44]. In addition, average-in-time chance constraints
can be imposed specifically with discounting to suit design purposes. Examples
include sustainable development [45] and public policy analysis [46], where the
main argument is that near-term benefits are more important than those that
would be gained in the future and current actions should not imperil possible
future development [22]. Another two important classes of chance constraint are
distributionally robust chance constraints [91] and its variant distributionally robust

conditional value-at-risk constraints [92]. The former is defined as

PlreX}>1—¢ VPeP,

where P is a set of probability distributions. This constraint can be seen as
an intermediate version between robust and chance constraints, enforcing the
satisfaction of a standard chance constraint for all probability distributions in
the set P. The advantage of this form is that it only requires limited knowledge
about the true probability distribution of the disturbance. The latter is concerned
with cases where z ¢ X and it aims to bound expected constraint violations

in the rest e percentages [93].
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Constraint handling Approximation methods for chance constraints can be
broadly categorised into exact evaluation, deterministic approximation and sampling
methods. When probability distributions are known, chance constraints can be
evaluated exactly. [32] considers a controller synthesis problem concerning the
stationary operation of discrete-time linear time invariant systems with Gaussian
additive disturbances. Since the disturbance is Gaussian, the steady state x will have
a unique stationary covariance X > 0 under stabilising control laws. Then the chance
constraint P{g"z < h} > 1 — ¢, on the stationary state z is equivalent to a linear
constraint on X, given by g' X g < Z—; where a := F, ! (1—¢,) and F;! is the inverse
cumulative distribution function of the standard normal distribution. However, the
exact calculation of the distribution function of the sum of random variables requires
the evaluation of a multivariate convolution integral, and it is generally impractical
even if the probability distribution functions of each random variable are known [33].

Deterministic approximation methods replace chance constraints with determin-
istic constraints. In [33], with the assumption that elements of the disturbance
are independent with zero mean and their finitely supported distribution functions
are known, chance constraints on the state are turned into tightened deterministic
constraints on nominal states, where tightening parameters are approximately
calculated by discretising distributions of elements of the disturbance and then
using univariate convolutions. In [34], tube-based methods are extended to the
stochastic setting. By decomposing states into a nominal part and an uncertain part,
ellipsoidal probabilistic tubes are constructed to contain the propagation of additive
disturbances, and they are computed offline to reduce the online computational
burden. Together with assumedly known probability distributions of the parameter
defining the uncertainty set, these tubes are employed to determine the tightening
parameters in the deterministic constraints on nominal states, which ensures the
chance constraints on actual states. A similar approach is used in [16]. Under the
assumption that the probability distribution of the possibly unbounded additive
disturbance is unimodal, a constraint-tightening technique is utilised in combination

with probabilistic reachable sets. Another typical approximation method is through
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the use of probabilistic inequalities, such as Chebyshev’s inequality [35] and Cantelli’s
inequality [15]. They are capable of handling arbitrary probability distributions
and result in tractable convex constraints, while only requiring the knowledge of
the first two moments. Nevertheless, these inequalities are conservative except
for specific probability distributions.

Sampling methods approximate chance constraints by using independent samples
of the uncertainty and provide probabilistic guarantees of constraint satisfaction.
A major contribution is made in [94], where confidence bounds for the scenario
approach are proposed. The scenario approach replaces a chance constraint with a
finite number of deterministic constraints using i.i.d. samples collected, and ensures
that the optimal solution to the resulting problem is feasible to the original chance
constrained problem with certain probability levels. Also, the scenario approach
can handle a wide range of chance constraints, only requiring that the constraint
function be a convex function of the decision variable for any realisations of the
uncertainty. Thus, it has been widely used in the stochastic MPC literature, while
they often lack guarantees of recursive feasibility. In the context of using sampling
methods, a combination with robust bounds is necessary to achieve this guarantee
[95,96]. A variant of the scenario approach is proposed in [97]. Tt discards a number
of the samples collected and observed to reduce conservativeness of optimal solutions
to resulting scenario programs. To achieve high confidence levels that are sufficiently
close to 1, the scenario approach often requires a large number of samples, which
results in optimisation problems that are computationally demanding to solve and
hence limits the applicability of the scenario approach. Therefore, many efforts [e.g.
98, 99] have been made to reduce the sample complexity. The method proposed in
[41], which is based on the scenario approach, requires a considerably lower number
of samples for establishing probabilistic guarantees of feasibility. Other sampling
methods include sample average approximation [100] and sample approximation
[101]. The latter is similar to the scenario approach and provides probabilistic
guarantees of feasibility for the uncertain program, while it does not require the

convexity assumption of constraint functions in decision variables.
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2.2. Kalman Filtering with Intermittent Observations
2.2 Kalman Filtering with Intermittent Observa-
tions

2.2.1 Kalman filter

Consider a linear dynamical system

Tp1 = Axg + wy,

Y = CZEk +Uk

where wy, is the additive disturbance and v;, is the measurement noise. The random

sequence {wy 2, and {v}2, are assumed to be i.i.d. with

E{w} =0, E{wkw,j} =: Y, =0,

E{v.} =0, E{vpvl } = %, = 0.
Assumption 2.1. The pair (A, X,,) is controllable and the pair (A, C) is observable.

For this system, the Kalman filter is given by

Tpy1 =ATp + Ki(yr — O2y),
Ky =AP.CT(CRCT +%,)7,

where %) is the (prior) state estimate defined as ) := E{zk|yo,...,yx—1} and
%o := E{xo} is assumed known. The matrix K} denotes the Kalman filter gain.
The matrix Py denotes the (prior) estimation error covariance defined as Py :=

E{(xr — 2%)(zx — 2%) |y, - - -, Yr_1}, which satisfies the Riccati difference equation
Py = AP AT — AP,CT(CP.CT +%,) 'CPAT + 3, (2.16)

and Py := E{(xg — 20)(z0 — &)} is assumed known. By Assumption 2.1, P

converges to a unique fixed point P satisfying the algebraic Riccati equation
P=APAT — APCT(CPC" +%,)7'CPA" + %, (2.17)

for any Py = 0, and A — K is stabilising where K := APCT(CPC" +%,)~!. We

next provide two lemmas about the monotonicity properties of the sequence { Py }32,.
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Lemma 2.3 ([102, Lemma 2|). If there exists some j such that P; = Pji1 = 0,

then _Pj+k_1 t _Pj+k Vk Z 1.
Lemma 2.4 (|102, Lemma 1]). If By = P, then P, = P Vk > 1.

2.2.2 Packet loss and random Riccati equation

In sensor networks, communication delays and data losses often occur and substantial
delays can also be seen as data losses from a control perspective [103]. The arrival
of observed data can be modelled as a Bernoulli process {7}, that is assumed
to be iid. with P{yx = 0} = 1 — X and P{y, = 1} =: A, and the sensor
measurement received is given by zp = Yyr. Therefore, the Kalman filter with

intermittent observations is given by

T =AZ + K (ye — Cy,),

Ki =AP,CT(CPCT +%,)71,
where P, evolves according to
Piy1 = APAT — 3 APCT(CPCT +3,)'CPAT +%,. (2.18)
This equation is referred to as a random Riccati difference equation.

Theorem 2.5 (Existence of a critical value of arrival probabilities, [103, Theorem
2)). If Assumption [2.1) holds and matriz A is unstable, there exists a critical value,

Ae € [0,1), of observation arrival probabilities such that the following is true:
o IfO< A<, limyg oo E{Ps} = 400 3Py = 0;

o If \. < XA < 1, E{P.} remains upper bounded for all k and for any initial

condition Py > 0 and this upper bound depends on Py,

where Py, is generated by (2.18]).
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Theorem 2.6 (Bounds on the critical value of arrival probabilities, [103, Theorem

3]). Let

A= argmin{A3Q,Q = (1~ )AQAT +5,} =1
A= argmin{\[3(K, X), X = (1 = NAXAT + N(A+ KO)X(A+KO)" +%,

+ AKY,K Y,
where o = max; |o;| and o; are the eigenvalues of A. Then
A<A <A

Theorem 2.7 (Mean-square stability, [104]). For the system &1 = V()& where
the state matriz U is determined by some random parameter v, it is mean-square

stable if there exists a matrir = = =" = 0 such that

= — E{U(1)Z07 (1)} > 0.
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This chapter considers linear discrete-time systems with additive disturbances
and designs a model predictive control (MPC) law to minimise a quadratic cost
function subject to a chance constraint. The chance constraint is defined as a
discounted sum of violation probabilities on an infinite horizon. By penalising
violation probabilities close to the initial time and assigning violation probabilities
in the far future with vanishingly small weights, this form of constraint enables the

feasibility of the online optimisation to be guaranteed without an assumption of
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boundedness of the disturbance. A computationally convenient MPC optimisation
problem is formulated using Chebyshev’s inequality, and we introduce an online
constraint-tightening technique to ensure recursive feasibility based on knowledge of
a suboptimal solution. The closed loop system is guaranteed to satisfy the chance

constraint, and we show that it satisfies a quadratic stability condition.

3.1 Introduction

Robust control design methods for systems with unknown disturbances must take
into account the worst case disturbance bounds in order to guarantee the satisfaction
of hard constraints on system states and control inputs [8] 85, [105]. However, for
problems with stochastic disturbances and constraints that are allowed to be
violated up to a specified probability, namely chance constraints, worst case control
strategies can be unnecessarily conservative. This prompted the development of
stochastic MPC, which addresses optimal control problems for systems with chance
constraints by making use of information on the distribution of model uncertainty |33,
106]. Although capable of handling chance constraints, existing stochastic MPC
algorithms that ensure constraint satisfaction in closed loop operation typically
rely on knowledge of worst case disturbance bounds to obtain such guarantees [72].
For the algorithms proposed in |39, 40, 107] for example, which simultaneously
ensure closed loop constraint satisfaction and recursive feasibility of the online
MPC optimisation, the degree of conservativeness increases as the disturbance
bounds become more conservative.

There are many different methods for approximating chance constraints, e.g.
analytical approximation and sampling methods. The former provides tractable
deterministic optimisation problems, while the latter generally results in randomised
methods. In |15, Cantelli’s inequality is used to turn the chance constraint on
states into linear constraints. In [35] and [32], Chebyshev’s inequality is used
to reformulate chance constraints as a quadratic and a linear matrix inequality
constraint, respectively. These two inequalities can handle a wide range of probability

distributions and only require information on the first and second moments of
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additive disturbance distributions. However, the resulting constraints only provide
tight bounds for specific probability distributions and otherwise are conservative. A
scenario approach is used in [41] to impose time-average expectation constraints
on system states. Although constraint satisfaction is demonstrated for the closed
loop system, the recursive feasibility of online optimisation problems is assumed
but not ensured. More generally, sample based methods are unable to ensure the
recurrence of feasibility of receding horizon optimisation problems unless they are
combined with robust bounds on model uncertainty. For example, a recursively
feasible MPC strategy is proposed in [96], with chance constraints imposed using a
scenario approach at the first prediction time step and replaced by robust constraints
at later times, resulting in a conservative control law.

For problems involving stochastic uncertainty, the optimal expected value of the
predicted cost is typically used to perform a Lyapunov analysis of closed loop stability.
A performance metric widely used in this setting is the long-run expected average
cost [90]. Although the vast majority of stability results are derived by imposing
terminal constraints, there are a number of alternative approaches (e.g. [108-110]).

Discounting is present in many stochastic control settings (e.g. [18-21} [39]),
as well as in reinforcement learning [23|, financial engineering (e.g. [24-27])
and ecosystem management (e.g. [28, 29]). Discount factors in optimal control
problems allow performance in the near future to be prioritised over long-term
behaviours. This shift of emphasis is vital for ensuring recursive feasibility of
chance constrained control problems involving possibly unbounded disturbances.
In Dynamic Programming (e.g. [18, [19]), discounting is commonly employed to
ensure that infinite horizon problems with possibly unbounded cost per stage are
well-defined. In economics, discounting allows aggregation of current and potential
future costs and revenues. For example, [28] shows that varying discount factors
on future revenue can affect harvesting policies.

In this chapter, we ensure both closed loop satisfaction of chance constraints
and recursive feasibility but do not rely on disturbance bounds, instead requiring

knowledge of only the first and second moments of the disturbance input. This is
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achieved by formulating the chance constraint as the sum over an infinite horizon
of discounted violation probabilities, and implementing the resulting constraints
using Chebyshev’s inequality. We describe an online constraint-tightening approach
that guarantees the feasibility of the MPC optimisation, and, by considering the
closed loop dynamics of the tightening parameters, we show that the closed loop
system satisfies the discounted chance constraint as initially specified. The main

features and contributions of this chapter are summarised as follows:

e We use a discount factor to ensure that the chance constraint is well-defined

and to prioritise near-future system behaviours over steady state performance.

o A constraint-tightening technique is proposed to ensure recursive feasibility of
online MPC optimisations and constraint satisfaction in closed loop without

requiring disturbances to be bounded.

o The closed loop system satisfies a quadratic stability condition without the

need for terminal constraints.

This chapter is organised as follows. The control problem is described and
reformulated with a finite prediction horizon in Section [3.2] Section proposes an
online constraint-tightening method for guaranteeing recursive feasibility. Section
summarises the proposed MPC algorithm and derives bounds on closed loop
performance. In Section the closed loop behaviour of the tightening parameters
is analysed and constraint satisfaction is proved. Section [3.6] gives a numerical

example illustrating the results obtained and conclusions are drawn in Section [3.7]

3.2 Problem Description
Consider an uncertain linear system with model
L+1 = AZEk + Buk + W, (31)

where zp € R™, u;, € R™ are the system state and the control input respectively.

The unknown disturbance input w, € A C R™ is independently and identically
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3. Discounted Probabilistic Constraints

distributed (i.i.d.) with known first and second moments:
E{wy} =0, E{ww]}=:9Q,

where (2 is upper bounded and time-invariant. Unlike the approaches of [33, |34],
which assume the additive disturbance lies in a compact set, the disturbance wy
is not assumed to be bounded and its distribution may have infinite support.
It is assumed that the system state is measured directly and available to the
controller at each sample instant.
The system is subject to the constraint

oo

S APLICai] 2 1) <, (3.2)

k=0
for a given matrix C' € R™*"=  positive scalars t, e and discount factor v € (0, 1).
Note that the probability measure P denotes the product probability measure P*
that pertains to (wo,...,wr_1) € A*. For simplicity, it is written in the form
of . This constraint gives a special feature to the control problem that the
probability of future states violating the condition ||Czx| < t at time instants
nearer to the initial time are weighted more heavily than those in the far future.
For simplicity we refer to P{||Czx|| > t} as a wiolation probability. Also, since
P{||Czx| > t} = E{1xc(x1)}, where 1x. is an indicator function and X := {z €
R |||Cz|| < t}, is equivalent to the constraint 352, Y*E{l1x(x;)} < e. It is
similar to the average-in-time chance constraint considered in [41], which treats
violation probabilities at each time step with equal importance. The constraint
assigns different weights to each violation probability and can be interpreted
as a constraint on weighted average-in-time violations.

The aim of this work is to design a controller that minimises the cost function

E{Y" llvx — 273 + llux — u'll% | (3:3)
k=0

and ensures a quadratic stability condition on the closed loop system while satisfying

the constraint (3.2)). The weighting matrices in (3.3]) are assumed to satisfy @ = 0
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and R > 0, and we assume knowledge of reference targets x” and u" for the state

and the control input that satisfy the steady state conditions
(I —A)z" =Bu", ||Cz"|| <t. (3.4)
Assumption 3.1. (A, B) is controllable and (A, Q%) is observable.

3.2.1 Finite horizon formulation

The problem stated above employs an infinite horizon cost function and is subject to
a constraint defined on an infinite horizon. If the infinite sequence of control inputs
{ur}2, were considered to be decision variables, then clearly the optimisation
problem would be infinite dimensional and thus in principle computationally
intractable [72]. However, the use of an infinite horizon can impart desirable
properties, notably stability [7, [L11]. It is therefore beneficial to design an MPC
law using a cost function and constraints that are defined over a finite horizon in
such a way that they are equivalent to the infinite horizon cost and constraints of
the original problem. The finite horizon cost function at time k for a prediction
horizon of N steps is given by
N-1
E{Y Nl = 2"l + e = w7 + Flae) § (3.5)
i=0
where E{F(zy;)} is the terminal cost and F(x) > 0 for all z. The constraint

(3.2) is likewise truncated to a finite horizon:

N-1

2} YP{||Cix|| >t} + flznp) < e (3.6)
Here f(xn) is a terminal term chosen (as will be specified in and Lemma
to approximate the infinite sum in so that 32\ v'P{||Cayi] > t} <
f(xN|k), and g5 is a bound on the LHS of that is achievable at time k.
Although e may increase or decrease over time since it is conditioned on the
system state at time k, we show in Section that is satisfied if ¢p < e
and ¢;, is defined as described in Section [3.3]

Even with the cost and constraints defined as in — over a finite horizon,

the probability distribution of states may be unknown at each time step and
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the finite horizon version of the problem is therefore still intractable in general.
Even if the probability distribution of wy is known explicitly, computing (3.5
and ({3.6) requires the solution of a set of multivariate convolution integrals, which

in principle is difficult to manage [33].

3.2.2 Constraint handling and open loop optimisation

This section considers approximating the finite horizon constraint using the
two-sided Chebyshev inequality [112, Section V.7] and gives the explicit form of
the MPC cost function. The cost and constraints are then combined to construct
the MPC optimisation problem that is repeatedly solved online. We define the

sequence of control inputs predicted at time k as
Uik = K(ifuk - J_Ui\k) + M|k, i=0,...,N—1 (3-7)
UN ik = K(LL’N+Z‘|k —JJT)—FUT, 1= 0,1,... (38)
where my);, is the i-step-ahead prediction of the nominal control input given

information at time k, that is, Ep{w;r} =: my, and ;) is the i-step-ahead

prediction of the nominal state given information at time k, that is, Ex{z;i} =: Z;.
Assumption 3.2. & := A+ BK is strictly stable.

Given the predicted control law (3.7)-(3.8)), the first two moments of the predicted
state and control input sequences can be computed. Thus, the predicted nominal

state trajectory is given by Zo, = w3 and

i—1

i'l|k = Alfo‘k + Z Ai_l_ijﬂk, 1= ]_, ce 7N, (39)
j=0

Tniir = O (Tnpe — 27) + 2", i=1,2,..., (3.10)

whereas the covariance matrix, Xj;, of the i-step-ahead predicted state is given
by Xor = 0 and
i—1

Xipe =D 9", i=12,.... (3.11)

J=0
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Clearly Xj is independent of k, and in the following development we simplify
notation by letting XZ = X

In this chapter, we use Chebyshev’s inequality to handle probabilistic constraints.
The advantages of this approach are that it can cope with arbitrary or unknown
disturbance probability distributions (the only information required being the
first two moments of the predicted state trajectory), and furthermore it results in
quadratic inequalities that are straightforward to implement. Approximating
by a direct application of the two-sided Chebyshev inequality [32], we obtain

tr(CTOX,) + || CZyw|®

" < Bijks i=0,...,N—1, (3.12)
N—-1 )
Z v Bik + (@) < €k, (3.13)
i=0

where {3} 5" is a sequence of non-negative scalars. The terminal term f(Z ;)

in (3.13)) is chosen so that

L w(CTCR) A
FEne) = =g + o (I = oI + 1)
N (T T - -1/ T

where S = 0, P = 0, and I — ~v® is invertible since y® is strictly stable. The
design of S, P is discussed in Section .
In terms of the predicted nominal state trajectory in (3.9)-(3.10]), the predicted

cost is defined as
N-1
T (Zojk {man}ise' &) = |@np — 2" |5+ ZO (I = 271 + e — ' [I%) (3.15)
i=
whenever a sequence {ﬁﬂk}i]\i’ol exists satisfying — for the given T,
{mi‘k}ﬁal and €. On the other hand, if Zo, {mi|k}fi—01 and e, are such that
constraints — are infeasible, we set J(i:o‘k,{m“k}fi_ol,sk) := oco. Note
that since the covariances of predicted states and control inputs are independent
of My, minimising is equivalent to minimising in the sense that their

optimal solutions are the same. In (3.15)), ||Zyx — 2"||% represents the terminal

cost, and that P > 0. The choice of P is discussed in Section [3.4]
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To summarise, the MPC optimisation solved at time k£ is
J*(zr,ex) = min  J(xg, {mip it en), (3.16)
{ma it
and its solution for any feasible z, and g5 is denoted

N-1

{min(en 20}

=arg min J (@, {maip o' ex)- (3.17)
{mz|k i:B

1=
For simplicity we write this solution as {mfl VY with the understanding that
this sequence depends on z; and ;. The corresponding nominal predicted state

trajectory is given by

i—1

Ty, = Al + Y AT Bmy,, i=1,...,N, (3.18)
j=0

Ty = O (T — ") + 2", i=1,2,.... (3.19)

The MPC law at time k is defined by
uy, 1= Mgy, (3.20)
and the closed loop system dynamics are given by
T = Azy, + Bmg (zr, €x) + wr, (3.21)

where wy, is the disturbance realisation at time k.
In the remainder of this chapter, we discuss how to choose ¢, K, P, Pand S
so as to guarantee a quadratic stability condition and satisfaction of the constraint

(3.2) under the MPC law ((3.20).

3.3 Recursive Feasibility

Recursively feasible MPC strategies have the property that the MPC optimisation
problem is guaranteed to be feasible at every time step if it is initially feasible.
This property can be ensured, for example, by imposing a terminal constraint that
requires the predicted system state to lie in a particular set at the end of the

prediction horizon [72|. For a deterministic MPC problem, if an optimal solution
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3.3. Recursive Feasibility

can be found at the current time, then the tail sequence, namely the optimal
control sequence shifted forward by one time-step, will be a feasible, but possibly
suboptimal, solution at the next time instant if the terminal constraint is defined
in terms of a suitable invariant set for the predicted system state |15, |113]. For a
robust MPC problem with bounded additive disturbances, recursive feasibility can
likewise be guaranteed under either open or closed loop optimisation strategies by
imposing a terminal constraint set that is robustly invariant. However, this approach
is not generally applicable to systems with unbounded additive disturbances, and
in general it is not possible to ensure recursive feasibility in this context while
guaranteeing constraint satisfaction at every time instant.

In this section, we propose a method for guaranteeing recursive feasibility of the
MPC optimisation that does not rely on terminal constraints. Instead recursive
feasibility is ensured, despite the presence of unbounded disturbances, by allowing
the constraint on the discounted sum of probabilities to be time-varying. For all
time-steps k£ > 0, the approach uses the optimal sequence computed at time k£ — 1
to determine a value of ¢, that is necessarily feasible at time k.

We use the notation . ({m; L1V to denote a nominal control sequence derived

from a time-shifted version of {mz‘lk}fv:’ol, defined by
7 (fmipb") o= iy + K@, (3.22)

with my;, := K(Zy; — ") +u". Note that the disturbance realisation wj, can be
computed given the measured state zj11 and hence the sequence .’ ({m; Yh

is available to the controller at time k + 1.

Lemma 3.1. The MPC optimisation (3.16|) is recursively feasible if e is defined

at each time k= 1,2,... as
€ = min {5 | J(xk,y({m;k_l}fial),g) < oo}. (3.23)

Proof. The definition of the MPC predicted cost implies that, for any given sequence
{mipr }ioo", there necessarily exists a value of  such that J(zy, {m }iog', €) is finite.

Moreover . ({m; w1 FEGY) s (with probability 1) well-defined at time k if the MPC
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optimisation is feasible at time & — 1. It follows that the minimum value of ¢
defining ¢, in (3.23) exists if the MPC optimisation is feasible at time k£ — 1, and

this establishes recursive feasibility. O

The sequence . ({m; Vo) can be regarded as the tail of the minimiser (3.17)

with adjustments. With equations (3.9) and (3.10]), the minimisation ([3.23)) can

be solved to give an explicit expression for ¢, for all £ > 0 as

N-1 _tl"(CTCXi) + ||C’(ZE:< k— +(I)iwk’—1)||2 — %
¢ t;_ll L +f(l'N+1‘k_1+(I)ka—l)' (324)

L —
=0

Essentially, the optimisation problem to be solved at each time step is feasible
because the parameter ¢, is updated via using knowledge of the disturbance
wy_1 obtained from the measurement of the current state x,. In this respect, the
approach is similar to constraint-tightening methods that have previously been
applied in the context of stochastic MPC (e.g. |39} |40} |107]) in order to ensure
recursive feasibility and constraint satisfaction in closed loop operation. However,
each of these methods requires that the disturbances affecting the controlled system
be bounded, and they become more conservative as the degree of conservativeness
of the assumed disturbance bounds increases. The approach proposed here avoids
this requirement.

The key to this method lies in the definition of the sequence . ({m D). TE
this sequence were optimised simultaneously with ¢, rather than defined by the
suboptimal control sequence , then it would be possible to reduce the MPC
cost . However, this would require more computational effort than is needed
to evaluate and lose the guarantee of satisfying in closed loop.

3.4 Stochastic MPC Algorithm

For deterministic MPC, it can be shown by using the tail sequence that, with
an appropriate terminal weighting matrix [7], optimal MPC predicted costs are
monotonically non-increasing along closed loop trajectories. This property does not

generally hold in the presence of unbounded disturbances, and in fact the optimal
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MPC predicted cost defined by (3.16)) is not necessarily monotonically non-increasing
if e is defined by (3.23)). However, in this section, we show that the proposed
approach ensures that the closed loop system satisfies a quadratic stability condition.

We first state the MPC algorithm based on the optimisation defined in (3.16]).

Algorithm 3.1. At each time step k =0,1,...:

(i) Measure xy, and if k > 0, compute &5 using (3.24]).

(7i) Solve the quadratically constrained quadratic programming (QCQP) problem:
N-1

min Y (| — 2715 + lma — @71 R) + 2w — 2715
{mik, Bilk}ico i=0

subject to (3.12), (3.13), and (3.9) with Top = .

(iit) Apply the control law wy, = mgy.

Although the MPC optimisation in step (ii) involves a quadratic constraint
as well as linear constraints, it can be solved efficiently, for example using a
second-order conic program (SOCP) solver, since the objective and the quadratic

constraint are both convex.

Theorem 3.2. Given initial feasibility at k = 0, the minimisation in step (ii) of
Algorithm 1s feasible for k = 1,2,... and the closed loop system satisfies the

quadratic stability condition

T
lim — Y E{||z, — 2" + [Jux, — u"|| R} < tr(QP) (3.25)
T—o0 T =0

provided K in (3.7)-(3.8) and P in (3.15)) are chosen so that
P=0"Pd+ K'RK + Q. (3.26)

Stability is the overriding requirement and in most recent MPC literature the
optimal cost function is chosen as a Lyapunov function suitable for analysing closed
loop stability [7]. Theorem is proved via cost comparison, and, given the

quadratic form of the cost function, this analysis results in the quadratic stability
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condition (3.25). Similar asymptotic bounds on the time average of quadratic
expected stage costs are obtained in [33) |114]. However, in the current context,
Theorem demonstrates that an MPC algorithm can ensure closed loop stability

without imposing terminal constraints based on an invariant set.

3.5 Sequence of Tightening Parameters and Con-
straint Satisfaction

This section considers the properties of the sequence {ex}72, in closed loop operation
under Algorithm . We first give expressions for the parameters S and P in the
definition (3.14)) of the terminal term f(Znx). Then, using the explicit expression
for g5 in , we derive a recurrence equation relating the expected value of
€ry1 to xp and ;. This allows an upper bound to be determined for the sum of
discounted violation probabilities on the left hand side of . With this bound,
we can show that the closed loop system under the control law of Algorithm
satisfies the chance constraint if £, is initialised with g9 = e.

Lemma 3.3. Let S and P be the solutions of

P=~3d"Pd+C"C, (3.27)

~ ~ ’yN+1 A

S =350 + T2+ YN Xy. (3.28)
-

Then f(Zn) defined in (3.14) satisfies

i) = 52 2
=N

where T, is given by (3.10) for alli > N.

(3.29)

The following result gives the relationship between 5 and the expected value of

k41 for the closed loop system, which will be used to show Theorem [3.5

Theorem 3.4. If ¢, is defined by (3.24) at all times k > 1, then in closed loop
operation under Algorithm we have

|C)?
t2

”)/Ek{gk+1} < Er — (330)

for all k > 0.
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The main result of this section is given next.

Theorem 3.5. The closed loop system under Algorithm [3.1] satisfies the chance
constraint (3.2)) if eg = e.

The presence of the factor v € (0,1) on the LHS of implies that the
expected value of g can increase as well as decrease along closed loop system
trajectories. In fact, for values of v close to zero, a rapid initial growth in g4 is to
be expected, which is in agreement with the interpretation that the constraint
penalises violation probabilities more heavily at times closer to the initial time
in this case. On the other hand, for values of v close to 1, €, can be expected
to decrease initially, implying a greater emphasis on the expected number of

violations over some initial horizon.

3.6 Numerical Example

This section describes a numerical example illustrating the quadratic stability
condition and constraint satisfaction of the closed loop system (3.21) under Al-

gorithm [3.1] Consider a system with

1 2 1.2
A= [1.5 0.5] , B= [1.5] ’
and Gaussian disturbance wy, ~ N (0, ) with covariance matrix Q = 0.2l5,5. The

constraint (3.2)) is defined by v = 0.9, ¢t =1,e = 3.5, C = [0.6 0.52] , and the
weighting matrices in the cost (3.3) are given by

AT~ |0.3600 0.3120 B
@=00C= l0.3120 0.2704 |’ =1
Input and state references are u” = —0.6, 2" = [0.72,0.36] ", and the prediction

horizon is chosen as N = 7. The feedback gain is chosen as K = [—0.92 —0.85]

for the cost (3.3), and matrices P, P and S are chosen to satisfy (3.26)), (3.27)
and (3.28)). The initial value for g is e = e = 3.5.

Two sets of simulations (A and B) demonstrate the closed loop stability result

in Theorem [3.2 and the constraint satisfaction result in Theorem [3.5] respectively.
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Sitmulation A: To estimate empirically the average cost,
1 71
T — Timm — T2 T2
= Jim o 3 B{llr =1+ e — o )

we consider the mean value of the stage cost over 100 simulations. Each simulation
has a randomly selected initial condition (zo ~ N(0,I), with infeasible values
discarded), and a length of 7" = 500 time steps. This gives the estimated average
cost as J =~ 0.5036, which is no greater than tr(Q2P) = 0.5304, and hence agrees
with the bound . Moreover, the estimate of J decreases considerably more
slowly as the simulation length T increases.

Simulation B: To test numerically whether the chance constraint is satisfied,
we estimate the discounted sum of violation probabilities on the LHS of ,

V=3 A "P{||Cal| > 13,
k=0

by counting the number of violations at k € {0,...,T — 1}, for 10* simulations with
zo = [—1.1130,1.1156] " and T = 100. We run three tests, each of which chooses a
different value for e. Simulation results are summarised in Table[3.1] which confirms
the satisfaction of constraint and shows that the relative level of violation
rates with respect to the value of e remains almost unchanged. For this example,
we have 7% ~ 1075, so increasing 7" beyond 100 time steps has negligible effect
on the estimate of V. It is noticed that there are discrepancies between constraint
violation rates observed and the limit imposed. There are three factors that may
account for this: (1) Chebyshev’s inequality is used to handle the chance constraint,
bringing substantial conservativeness; (2) constraint-tightening is used to ensure
recursive feasibility; (3) e is an upper bound on the discounted sum of violation
probabilities and there may exist solutions yielding small rates of violation. In
addition, if the unconstrained LQ-optimal feedback law uy = Kpg(x, — ") + u”
were employed, the value of the bound 3-8 Y*E.{||Czy|*} /¢ in would be
4.6998, which exceeds e. Hence this control law may not satisfy and is worse
than the MPC law in terms of this bound.
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\%4 e
0.8328 3.5
0.8088 3.3
0.7357 3.1

Table 3.1: Violation rates for Simulation B
3.7 Conclusion

A stochastic MPC algorithm that imposes constraints on the sum of discounted
future constraint violation probabilities can ensure recursive feasibility of the
online optimisation and closed loop constraint satisfaction without the boundedness
assumption on additive disturbances. Key features are the design of a constraint-
tightening procedure and closed loop analysis of the tightening parameters. The
MPC algorithm requires knowledge of the first and second moments of the distur-

bance, and is implemented as a convex QCQP problem.

3.8 Proofs of Chapter
3.8.1 Proof of Theorem [3.2

From Lemma , the sequence . ({m;‘] k}f\fol) provides a feasible solution at time

k + 1. Hence, by optimality, we necessarily have

T (@r1sns1) < (@, L ({mip it k1),

and since this inequality holds for every realisation of wy, by taking expectations

conditioned on the state xj,, we obtain

Ei{ J* (@ri1, ex01)} < B (@np0, L ({mi 150", 1)} (3.31)

Evaluating Zj.41 by setting Zojy1 = Tx1 and myg1 = mj ), + K®'wy, in (3.9)-

(3.10) gives the feasible sequence

_ . i -
Ti|k+1 _‘ri+1|k+¢wk7 1_07"'aN7

and, from (3.26) and (3.31]), it follows that

Ep{J" (xpy1,6141)} < T (zg, €8) — |2k — xTHé —|up — u"||R + tr(QP).  (3.32)
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Summing both sides of this inequality over k& > 0 after taking expectations

given information available at time k = 0, and making use of the property that

Eo{Ex{J* (zk+1,e41)}} = Eo{J* (@411, €x41)}, we obtain (3.25).

3.8.2 Proof of Lemma [3.3

Writing ||CZ;||* = ||C(Zi — 27) + Cz"||? and using (3.10)), we obtain
ICZil* = |CO ™ (Znp — 2")II* +2(2") ' CT OO (2 npp — 2") + || Ca”|?

for all i > N, and since P satisfies (3.27), we have

00 i N N T2
9 N N AT 2 R HCTC
> Ozl = o — ol + T
2N rTcTCI_(I)—l— T

t2
Furthermore, if S = Yoo N in'i, then S is the solution of the Lyapunov equa-

tion (3.28]) since (3.11)) implies

. 0o ) R e’} ) R " R N+1
YBSPT = 3 4 HeXdT = 3 (X — Q) =5 -V Xy - —Q
i=N i=N 1-— Y
and it follows that
0 Al L. tr(CTCS
3 Z—Qtr((JTOXZ-) - r(tz) (3.34)

i=N
Combining (3.33) and (3.34)), it is clear that (3.29) is equivalent to (B.14) if P
and S are defined by (3.27) and (3.28).

3.8.3 Proof of Theorem [3.4]

Evaluating €41 using (3.24) and (3.29)) gives
= tr(CTCR) + Oy + Do)

Ek+1 = Z”Y 12 )

=0

where 77, is given by (3.18)-(3.19) and wy, is the realisation of the disturbance at

time k. Taking expectations conditioned on information available at time k, we have

< 4r(CTCX) + |07, & tr(CTODIQ ()T
VEe{era} =D 4" % t +y ( I @) >’
i=0 =0

45



3.8. Proofs of Chapter@

but feasibility of the sequence {m] ‘k} Yol at time k implies 35, %(tr(C’TC’Xi) +
ICE|?) < ek Thus,

”ka” i 12 w(CTO(#00 " + (7 - DX)).

0

VEi{eri1} < ex —

To complete the proof, we note that the sum on the RHS of this inequality is zero
since
i iOdi | i i\ ¥ i1 i
YHOIODT + (v — )X =y X - X

LA

and because XO = 0 and lim; ,¥'X; = 0.

3.8.4 Proof of Theorem [3.5

Theorem implies that the closed loop evolution of ¢, satisfies
VBl €7 Eelense) — BEICn )

for all non-negative integers k,7. Summing both sides of this equation over

i € {0,1,...} gives

> E O i ]

But v'Ei{crss} is necessarily non-negative for all k,i > 0, so by Chebyshev’s
inequality this implies
> A PUICT]| > 1) < e (3.36)
i=0
for all £ > 0. An obvious consequence of the bound (3.36) is that the closed loop

system will satisfy the chance constraint (3.2)) if £ is chosen to be equal to e.
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This chapter lays the foundation for further developments in Chapter [, We con-

sider a convex multiobjective optimisation problem (MOP) subject to the dynamics

of a discrete-time linear system. The MOP is cast as a single objective problem

via linear scalarisation and then solved numerically using dynamic programming

(DP). Their solutions yield a set of strictly stabilising feedback gains, denoted as

IC, and sequences of solution matrices to algebraic Riccati equations. Properties

of these solution matrices are exploited in Chapter [5| for the design of dynamic

gain selection procedures, based on which a suitable feedback gain is selected
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4.1. Introduction

from the set I at each time step.

4.1 Introduction

Multiobjective optimisation minimises or maximises more than one objective
function simultaneously. It has a wide range of applications, such as finance,
inventory control, manufacturing and game theory. Although optimisation problems
in engineering applications are commonly cast as scalar objective problems, which
have been well studied, they often need to consider several possibly conflicting
requirements at the same time. Unlike scalar objective optimisation problems
where the optimal solution can be determined by comparing values of the objective
function, there generally is no unique optimiser and many optimal points exist
instead. These optimal points are referred to as Pareto optimal solutions [115]. A
set of Pareto optimal solutions is called a Pareto front, and finding the complete
Pareto front is fundamental in solving MOPs.

Various methods exist for solving MOPs. For example, the weighted sum
method [116] assigns nonnegative weights to every objective function of the MOP
and defines a single objective as the weighted sum. This formulation only provides a
sufficient condition for Pareto optimality [117] and solutions of this single objective
problem lie in the Pareto optimal set. For convex MOPs, this method also provides
a necessary condition [118] and then a complete Pareto front can be captured.
The e-constraint method [119] also turns an MOP into a single objective problem,
where one objective function fi(z) is minimised and other objective functions are
reformulated as constraints f;j(z) <€ i =1,...,k—1,k+1,...,p. Parameters
€; are appropriately selected based on prior information about the Pareto front,
which may not be available. Changing their values within certain ranges yields
different points in the Pareto optimal set [120].

In this chapter, we solve a multiobjective linear quadratic optimal control
problem by using the weighted sum method. Given a pair of nonnegative weights,
the resulting single objective problem is solved via dynamic programming and a

strictly stabilising feedback gain is obtained. To explore trade-offs between objective
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4. Multiobjective Optimisation and Dynamic Programming

functions, we solve the corresponding single objective problems numerically with
many different pairs of weighting parameters within a certain range. The set, K,
of strictly stabilising feedback gains and the sets of solution matrices to algebraic
Riccati equations are then obtained. We also show that these solution matrices are
monotonic and Lipschitz continuous functions of the weighting parameter.

This chapter is organised as follows. The MOP is described in Section [£.2]
and reformulated as a single objective problem, which is then solved via dynamic
programming, in Section [£.3] In Section [£.4] we analyse the properties of the
solution matrices to algebraic Riccati equations. A numerical example is provided

in Section and this chapter is concluded in Section [4.6]

4.2 Problem Description

Consider a discrete-time linear system
Tit1 = A.’EZ -+ B'LLl + Wi, (41)

where z; € R™, u; € R™ are the system state and control input. The additive
disturbance w; € R™ is assumed to be independently and identically distributed with

zero mean and E{wyw] } =: Q = 0. In this chapter, we solve the following problem

min = [f1, fo] " (4.2)

uQ, UL,

s.t. ,

where

fi= %71E{HC%||2}7 fa = ZOE{II%Hé + [luil[7}-
Note that v € (0,1) is a discount factor and it is assumed @ > 0 and R > 0.
The objective function f; corresponds to a reformulated form of the constraint
function in of Chapter |3 via Chebyshev’s inequality and f; corresponds to a
similar version of the cost function in of Chapter . By solving this MOP,
we aim to compute linear state feedback gains that explore trade-offs between

these two conflicting objectives.

Assumption 4.1. (A, B) is controllable and (A, Q?) is observable.
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4.3. Dynamic Programming

4.3 Dynamic Programming

In this section, we propose to solve problem using the weighted sum method
and formulate a single objective optimisation problem (Py)). Its optimal solution
is a linear state feedback law in the form w; = Kx; Vi > 0. To explore possible
trade-offs between the two competing objectives, problem is solved with
different pairs of weighting parameters and we obtain a set of different stabilising
feedback gains, denoted as /.

The single objective optimisation problem is written for a given xq € R"* in the
form

min (1— ) Y v'E{)|Cxil*} + Y E{ lailld + llill } (P1)
1=0

UO, UL 5. 5 5
b b — Z:O

s.t. (4.1)

where p € (0,1] is a weighting parameter. We solve problem (Py)) by dynamic

programming [3| via its equivalent deterministic counterpart in the form of

Juin (1) YA N0T ] + 13 (1208 + i) (P2)
e 1=0 1=0

where z; and u; are nominal values of x; and u; respectively, with o = xg. From
the quadratic form of the objective, the optimal solution to is a linear feedback
control law, and its corresponding feedback gain has desirable properties as will
be shown in Theorem [4.2] In the first instance, we show the equivalence between
and in Theorem , which is in agreement with the certainty equivalence

principle [5, Section 8.4] that relies on the purely additive nature of the disturbance.

Theorem 4.1. Problems (Pi)) and are equivalent in the sense that their

optimal solutions are linear feedback control laws with the same feedback gains.

Proof. We begin by deriving the solution of . Let
T 5 Tra
= L To SO 0 Zo [ L Zo SO 0 Zo
o= (1] [ [1]- e = 3] 3 2 2]
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4. Multiobjective Optimisation and Dynamic Programming

(1= ) Jo(wo) + pJo(o) =
T T

lim  mmin B{(1— ) 37 Cill + p (il + i)}
i=0 i=0

T—00 UQ ;.- U

s.t.

where Jy(zo) and Jy(zo) denote the optimal values of limy_.o SF VE{||Cxz;]|?}
and limy_oo o B{||zi]|4 + || uil|%} respectively. Each of Jy(xo) and Jo(xo) consists
of a term associated with the initial condition xy (weighted by Sy = 0 and SO =0
respectively) and a term associated with the covariance of z;, i = 1,...,T (denoted
by 7o and vy respectively). Due to their quadratic form and the assumption of
zero-mean disturbance w;, the optimal control input u; is a linear function of x; for
each i. Denoting the optimal feedback gain as H; and using the Bellman principle
of optimality [3], we obtain two separate sequences of Bellman equations coupled
via feedback gains H; as

_ _ 17 T8 0 A
) = 03P 4 4B} = Nl +om{ 75| % 0 o}

;] [CTC +~y(A+ BH;)7S;11(A + BH,) 0 z;

= [1] [ 0 ’y(riﬂ —i—tr(SiHQ))} [1]
fori=0,...,7T —1,Vz; € R",

Ji(zi) = lzilld + || Hiwil| % + Ei{ i (i) }

T A
— |2 JrE{ Tipr| [Sigr 0 | % }
ilQemy rm, TRy | 0 wiy| 1

(2] |Q+ HTRH; + (A + BH;)"S;11(A + BH,) 0
1 0 Vit1 + tI‘(S’H_lQ>
fort=0,...,T —1,Vz; € R".

i

These two sequences of Bellman equations yield the following DP iteration for

i=T—1,...,0:

S; =C"C+~(A+ BH;)"Si11(A+ BH;), (4.4)
Si=Q+ H/RH, + (A+ BH,;)"S;11(A + BH,), (4.5)
ri =7 (ries + 12(5:49)) | (4.6)
v = tr(S’iHQ) + Vig1, (4.7)
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4.3. Dynamic Programming

where we choose Sy = ST = 0 and r7 = vy = 0. The corresponding feedback gains

H; can be computed as
Hi = —(/,LR -+ BTAH_lB)_lBTAH_lA

fori=T—1,...,0 with A;; = (1 — p)ySin + uS;11. To obtain H;, S; and S; it is
only necessary to perform the iterations in —, since these are independent
of r; and v;. Considering the limit as T" — oo and using the similar reasoning, it
can be shown that x, ((1 —1)So + ,ué'o)xo is the optimal objective of problem

and the corresponding optimal control law is given for all « > 0 by u; = H;z;. 0O

Theorem demonstrates that we only need to solve problem to obtain
the optimal feedback gains for . To suit our purposes, we reverse the time
indexing in and and define P, := Sp_;, PZ = gT_i fori=0,...,T and
L; := Hp_; for v = 1,...,T. The resulting DP iteration is

Lin = —(uR+BT%,B) BTSA, (4.8)
Py =C'C+~(A+ BLiy1)  P(A+ BLi11), (4.9)
Piy1 =Q+ L RLis1 + (A+ BLiy1) " P(A+ BLiy), (4.10)

with ¥; = (1 — p)P; + ,upi, for i = 0,...,7 — 1. These provide the solution
of in the limit as T — oc.

Theorem 4.2. Consider equations (4.8)-(4.10). Under Assumption[{.1: (a) there

exist matrices Po = 0, P > 0 such that for arbitrary positive semidefinite matrices
Py and Py we have

lim P, = Py, and lim P, = P,

1—+00 1—00
(b) for all u € (0,1] the feedback gain Lo, is strictly stabilising, where

Lo:=—(uR+B'S.B) B'S.A (4.11)

with Yoo == (1 —M)POO—I—,upoo, and (c) the matrices Py, and Py satisfy the following

Lyapunov matriz equations:

Po=C"C+~(A+BLy) Py (A+ BLy), (4.12)
Po=Q+ LLRLy+ (A+ BLy)' Py (A+ BLy). (4.13)
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4. Multiobjective Optimisation and Dynamic Programming

Proof. The proof uses standard DP arguments, which can be found, for example,

in [19], and therefore is omitted here. O

The solutions L, Ps, Py are functions of v and are denoted Lo (1), Pso(it),
Poo(pt) in the remainder of this chapter. With p = 1, Loo(1) = K, where K is
the LQ-optimal feedback gain that minimises the second part of the objective in
(Pof), whereas with =0 Lo (0) = — (BTPOO(O)B)T BT P,,(0)A, which is optimal
with respect to the first part of the objective. However, the gain L. (0) may
not be stabilising and unique due to discounting and the absence of penalties
on control inputs if © = 0, and we therefore restrict the weighting parameter

p to the interval (0,1].

Remark 4.3. The fized point (Lso(t), Poo(1t), ﬁoo(u)) of the iteration (4.8)-(4.10)

coincides with the minimising argument of

(S DA )
st. Zy=C"C+~(A+BG)" Z, (A+ BG)
Zy=Q+ G RG+ (A+ BG)" Zy,(A+ BG).
However, the iteration is generally preferred over solving this equivalent problem

directly since it is nonconvex in variables G, Zy, Zo, with no obvious converifying

transformation.

Next, we give procedures to generate feedback gains based on a sequence of

positive weighting parameters for gain selection methods in Section [5.4] of Chapter [f
Algorithm 4.1 (Offline generation of the set K).

(1) Choose appropriately a sequence {p; }1™, with p; € (0,1] in ascending order,

and fi, = 1;

(2) For each i =1,...,m, solve problem ([Pof) with p = u; by executing iterations

(3) Obtain the set of strictly stabilising feedback gains K := {Loo(p;) Y™, and sets
{POO(M)}?;U {]500(,“1)};11
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In Algorithm [£.1], there should be a sufficiently large number of elements in
the sequence {y;}™, so that L., can be adequately approximated on the intervals
between consecutive points in this sequence. More importantly, p; should be
appropriately chosen close to 0 while ensuring that Lo (p11) # Leo(0) and Pa (1) #
P..(0). Furthermore, step (2) can be warm-started by using Ps(p;) and Pu(1;) to
initialise the iteration with weighting parameter p;, 1, thereby reducing considerably

the time required to solve (P, for each value of pu.

Remark 4.4. The selting in Algom'thm that Leo(p11) # Loo(0) and Ps(p1) #
Poo(0) ensures Loo(1t) # Loo(0) Y > 1. This relation obviously holds if Lso(0) is
not stabilising. For other cases, we prove this relation by contradiction. Supposing
there exists a scalar pg > py such that Lo (p2) = Loo(0), then Poo(ug) = P(0). By
the monotonicity property of P that will be given in Lemma Poo(jt2) = Pso(j11)

and therefore

Po(0) = Puo(mn1)- (4.14)

In addition, by the optimality condition, it is clear that

Po(0) < Poo(p) Vu€10,1]. (4.15)

Combining equations [{.14) and [E.15) implies that Ps(0) = Pu(u1). This con-
tradicts the requirement on py and therefore proves the statement Loo(pt) # Loo(0)

Vi > .

4.4 Properties of Steady-State Solutions

In this section, we derive properties of ) and P (1), namely that Py (x) and

Pu(pe
P.. () are monotonic in  and that (1— 1) Pa (1) + pPso (1) is concave for pu € (0,1),
implying the Lipschitz continuity of Ps(-) and Py (-) on (0,1). These properties
will be exploited in the design of gain selection methods in Section and facilitate

the proofs of convergence results, i.e. Lemma [5.3] and Theorem [5.5] in Chapter [5]
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4. Multiobjective Optimisation and Dynamic Programming

Lemma 4.5. For all py, pe such that 0 < py < po < 1, Py(+), f’oo() satisfy

Poo(p11) = Poo(p12),

Pyo(p1) = Pao(pi2).

Lemma 4.6. Let S(p) == (1 — p) Poo (1) + pPos (1), then S(-) is concave on (0,1).

The main result of this section is given next, which is established based on

Lemmas 4.5 and 4.6l

Lemma 4.7. P.(-), Po(+) are Lipschitz continuous on (0,1).

4.5 Numerical Example

This section provides an example to demonstrate the numerical computation of

the set K. Considering the model parameters

A l0.8207 0.04 ]  B- lo.o454 0.0011] = [—1] |
0.0799 0.7808 0.0022 0.0443 3
and problem parameters v = 0.9, C' = [8;{’ 9‘01.51}, (Q = R = I, and appropriately
choosing a sequence, {u;}",, of weighting parameters with m = 290320 and
im = 1, we solve coupled algebraic Riccati equations — approximately by
executing DP iterations — with every weighting parameter in the sequence
{1:}™ . Setting a tolerance level a = 1072, we say that L;(x), P,(11) and P;(11) have
converged to Lo (1), Pso (i) and Pa (1) respectively for a given value of j if for some ¢
Liy1(pn) — Li 2 ||Pipa(p) — P 2 ||Pip1(p) — P 2
e M) Ll VP Pl VPt~ Bl _,

Since their convergence is ensured under Assumption [£.1] it is not necessary to set a

mamximum number of iterations. DP iterations are initialised with Py(u) = CTC,
Py(n) = Q when <= gy and with Po(pt) = Pa(1t3), Po(i) = Poc(pi) when g1 < pri
Vi > 1. This warm-starting considerably reduces computation time. As shown in
Figure [4.3] when the DP recursion is executed with warm-starting the number of
iterations required for convergence is reduced by at least 50% on average, comparing

with that of the execution without warm-starting. Although the fixed points
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4.5. Numerical Example

P (1) and Py (p) are functions of p, implying that the value of x has an indirect
impact on the number of iterations required for convergence, we can see that
the number of iterations required for convergence is more directly related to the
initialisations, Py(x) and Py(u), of DP recursion. Note also that the number of
iterations required for convergence sharply increases at some values of 1 when
the DP recursion is executed with warm-starting. This is probably because the
sequence {p; }", is chosen in such a way that its elements are grouped in different
intervals, in which points are evenly distributed with small gaps, and there are
relatively longer distances between adjacent intervals.

With sets {Pao (1)}, and {Py (i)}, we plot a Pareto front in Figure
and plot values of ] Po(1)xo against p and values of a] Py (1t)xo against
p in Figures [4.2(a)-(b) respectively. It can be seen that the curves of objective
functions Y22, 7*(|C7;||* and 322, (||97:1H2Q + ||a,||%%) are in line with the monotonic

properties of Py(-) and Py(-).
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Figure 4.1: Pareto front
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4.6 Conclusion

We use the weighted sum method to solve a convex MOP and this method is able
to capture the complete Pareto front in this case. The resulting single objective
problems are then solved via dynamic programming iterations that are guaranteed
to converge, and their solutions yield strictly stabilising feedback gains. These gains
will be used for online dynamic gain selection in Chapter 5| and they also coincide
with the minimiser of a nonconvex problem, therefore providing an alternative
approach for solving these problems exactly. Future work will search for conditions

under which the feedback gain L., (0) is stabilising.

4.7 Proofs of Chapter
4.7.1 Proof of Lemma [4.5]

A symmetric matrix ¥ necessarily satisfies ¥ < 0 if tr(Z¥) <0 forall Z = ZT = 0.

Therefore, the optimality of tr[Z ((1 — ) Poo(pt) 4 puPss (u))} implies

(1 = p11) Poo (1) + 1 Poc (1) = (1 = 111) Poc (i) + 111 P (p12),

(1= p2) Poo (p12) + p12Poc (p12) = (1 = p12) Poo (1) + pi2 P (p11)

and, deﬁning Apa Ap by AP = poo(u2> - Poo(:ul)7 Ap = poo(:“’?) - ﬁoo(ﬂl)a

it follows that

—(1 = )AP 2 AP, (4.16)

Combining these inequalities yields AP > 0 and AP < 0.

4.7.2 Proof of Lemma 4.6

Let 0 < i < o < p3 < 1 with pg—f1o = pto—ju1, and let A2P = Pm(ug)—Zﬁm(u2)+
Poo(m1), A?P = Py(13) — 2P (p2) + Poo (1) and A2S = S(p5) — 25 (o) + S(pua)-
Then by definition we have A2S = (1—4i3) A2 P+ 3 A2P—(pi3—p1 ) (AP—AP), where
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4.7. Proofs of Chapter
AP = Py (p2) — Poo(p1), AP = Poo(u2) — Poo(p1). But the optimality property of
tr(ZS () implies (1 — p13) P (113) + 13 Poc (13) = (1 = p13) Poo (p12) + 13 Poo (112), 0
(1= p13) (Poo (113) = Pao(p12)) = —p1( Poos) = Poc(12))-
Combining this inequality with , we obtain
(1= ) AP + pis A’ P — (s — ) (AP — AP) < 0,

which implies A%2S < 0 and hence S(u) is midpoint concave for all p € (0,1].
Furthermore, S(u) is positive definite (bounded below) for all u € (0, 1]. Therefore,

S(-) is continuous and hence concave on (0, 1) in the sense that tr(ZS(-)) is concave

on (0,1) for all Z = Z" = 0 [121} Section 72].

4.7.3 Proof of Lemma

Let $(s1) := v(1 — ) Poo(pt) + pPos (1), and () := A + BLoo (1) and consider the
effect of an infinitesimal change du in the value of p € (0,1), where op < 1 — 7y
and o < 1 — p. Let AD, AX, AL, AP, AP denote the corresponding changes in
the values of ®, 32, Lo, Ps and Py, respectively, so that A® = &(u+ o) — (),
A = 3(p+ 6p) = (), AL = Loo (i +0p1) — Loo (), AP = Poo(pt + 6p1) — Poo(pt),
and AP = Po(u + 6p) — Poo(p). To simplify notation we omit the argument
for the remainder of the proof (so that ® = ®(u), X = X(u), Leo = Loo(p), ete.).
Lemma implies that (1 — )Py 4 pPs is Lipschitz continuous on (0,1), so
(1 = AP + pAP — 6p(Poo(pt + 1) — Pu(pp + 6p1)) = O(6ps) and

O(0p) = (1 — p)AP 4+ pAP = (& 4+ AD) T (X 4+ AX)(P 4+ AD)

— "8 + p(Loo + ALY R(Loo + AL) — pLl RLy. (4.17)
But Luo + AL = —[(ju+6p)R+ BT(S + AT)B]  BT(S + AT)A implies
Lo+ AL =Ly —T7Y(BTAY® + RL,6t) = Loo — T 'BTAY® + O(6p), (4.18)
where I' = (u + du)R + BT (X + AX)B, and
®+ AP =0 — BT 'BTAY® + O(6p). (4.19)
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Combining (4.18)) and - with (4.17) and using Lo, = —(uR+ BTYB)"'BTXA,
we obtain
O@0p) =@ "ALD + @"ANBT Y (B'EB + uR — 2D 'BTAYN®
+®"ASBI'BTAYBI 'BTAY®
=d'AXD — P'AXBI 'BTAY® — dTAXBI 'R !BTAX®Hp,
and hence

OTAYD — dTANBT'BTAY® = O(5p).

But ¥ = (1 — p)Ps + P — (1 — 7)(1 — pt) Py implies AX = O(6p) — (1 —
(1 = wAP, so

(1=7)(1 =@ [AP+ (1—7)(1 — ) APBI'BTAP|® = O(3p).

This implies ®TAP® = O(6u) since dpu < 1 — 7, o < 1 — p and T' = 0, and
since AP = 0 by Lemma . Furthermore, AP is symmetric so we must have
AP® = O(6p) and hence AX® = O(6y). From - it follows that
AL = O(0u) and A® = O(du), and hence the solutions, Poo(-), Po(+) of the
Lyapunov equations — are Lipschitz continuous on (0, 1).
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Number of iterations required for convergence
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Figure 4.3: Number of iterations required for convergence

61



62



Dynamic Feedback Gain Selection

Contents

GO TInfroduction] . . . . ...« v v v vttt 64
[6.27 Problem Description] . .. ................. 66
[5.2.1  Predicted nominal control input and state sequences| . . 67
5.2.2  Online MPC optimisation| . . . . . . ... ... ... .. 68

[6.3 Recursive Feasibility]. . . . . . . v v v v v v v v v v ... 71
[6.4 Dynamic Feedback Gain Selection] . .. ... ...... 72
(.41 Gain selection method 11 . . . . . . ... ... ... ... 72
h.4.2 Gain selection method 21 . . . . .. ... ... ... ... 75

6.5 MPC Algorithm with Gain Selection and Stability |
[ Condition Revisited| . . . ... ............... 78
6.6 Constraint Satisfaction] . . . .. ... ... ........ 79
6.7 Numerical Example| . . . . .. ... ... ... .... 79
B8 Conclusionl . . . . .« v v vttt 83
[5.9 Proofs of Chapter 5] . . . . . . ... ... 84
9.1 Proofof Lemmalb.1l . ... ... ... ... ....... 84
B.9.2 ProofofTLemmalbd ... ... ... ... .. ... ... 84
5.9.3 Proof of Lemmald 4l . .. ... ... ... ... .. .. 85
(9.4 Proof of TheoremB.Al . . . ... ... ... ... .. ... 86
5.9.5 Proof of Theorem b9 . . .. ... ... ... ...... 87
5.9.6  Proof of Lemmalb.101. . . . . . ... .. ... ... ... 88

This chapter revisits a similar control problem to that of Chapter [3]and designs
a model predictive control (MPC) law incorporating a dynamic feedback gain. The

feedback gain is selected from the set K discussed in Chapter [d We provide two
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methods for online gain selection based on minimising upper bounds of predicted
costs, which incur only a tiny amount of extra computation. A computationally
convenient MPC optimisation problem is formulated using Chebyshev’s inequality,
and we introduce an online constraint-tightening technique to ensure recursive
feasibility. The closed loop system is guaranteed to satisfy the chance constraint
and a quadratic stability condition. With dynamic feedback gain selection, the
conservativeness of Chebyshev’s inequality is mitigated and closed loop cost is
reduced. Also, a larger set of feasible initial conditions can be obtained. A

numerical example is given to show these properties.

5.1 Introduction

Stochastic MPC employs probabilistic descriptions of uncertainty and allows soft
constraints, which are of practical relevance. In some applications, such as building
temperature control [12] and portfolio management [13], it is tolerable if there are
constraints being violated for a limited time period.

In order to provide guarantees of recursive feasibility and constraint satisfaction
in closed loop operation with reduced conservativeness, online constraint-tightening
techniques are proposed in [39, |40, [107]. These methods rely on knowledge of
worst case disturbance bounds, and their degree of conservativeness increases as the
disturbance bounds become more conservative. An adaptive approach is developed in
[42], which aims to avoid this problem by introducing a scaling factor for tightening
parameters. This factor is adapted online, making use of observations of past
constraint violations. The authors show that the time average constraint violation
rate converges in probability to a specified limit. For the case that disturbance
bounds are known, hard constraints on control inputs can be incorporated. However,
without bounded disturbance distributions or an assumption that the open loop
system is stable (as in [122], for example), it is not possible to guarantee the
satisfaction of hard constraints.

In contrast to existing work on stochastic MPC, this chapter considers linear

discrete-time systems subject to possibly unbounded additive disturbances. We
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5. Dynamic Feedback Gain Selection

propose an MPC strategy incorporating a dynamic feedback gain to minimise a
quadratic cost while satisfying a chance constraint. The constraint combines
long-term and short-term considerations by imposing a bound on discounted
violation probabilities accumulated over an infinite horizon. The chance constraint
is reformulated via Chebyshev’s inequality using knowledge of only the first and
second moments of the disturbance input to obtain a convex optimisation problem.

This chapter reduces the conservativeness of Chebyshev’s inequality by using a
dynamic feedback gain in the definition of the MPC law. Alternatively, the affine
disturbance feedback structure [83] can be used to define predicted control sequences,
whereas it leads to higher computational complexity of online MPC optimisation
problems. The first step of this proposed approach is to pre-compute the set, K,
of strictly stabilising feedback gains offline as introduced in Chapter 4] Then, for
the online gain selection, two methods are designed to minimise upper bounds
on the optimal predicted cost while retaining guarantees of recursive feasibility
and computationally simple MPC optimisation. We show that the gain selection
procedure can be configured so that the feedback gain converges almost surely to
the unconstrained LQ-optimal, K7, and the set of admissible initial conditions
can be enlarged by choosing an appropriate initial gain. The MPC algorithm
significantly improves closed loop performance in terms of the long-run expected
average cost and reduces the conservativeness of closed loop constraint handling
compared to MPC laws based on fixed feedback gains.

This chapter is organised as follows. The control problem is described and the
controller structure is formulated in Section [5.2] Section proposes an online
constraint-tightening method for guaranteeing recursive feasibility. Online gain
selection methods are proposed in Section to choose feedback gains defining
predicted control sequences. Section summarises the proposed MPC algorithm
and derives a bound on closed loop performance. In Section [5.6] the closed loop
behaviour of the tightening parameters is analysed and constraint satisfaction is
proved. Section [5.7] gives a numerical example illustrating the results obtained

and this chapter is concluded in Section [5.8
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5.2 Problem Description
Consider an uncertain linear system
Tpe1 = Axp + Buyg + wy, (51)

where x;, € R™, u; € R™ are the system state and control input respectively. The
unknown disturbance input wy € R is independently and identically distributed

(ii.d.) with known first and second moments
E{wi} =0, E{ww}=:Q=0. (5.2)

The disturbance distribution may have infinite support, and we assume that mea-
surements of the system state are available to the controller at each sample instant.
The system is subject to the constraint

o0

S AMP{||Cay + Dug|| > 1} < e

k=0
for given C' € R"*" D € R"*™  a positive scalar e and a discount factor
v € (0,1). To simplify presentation, we set D = 0 for the remainder of this
chapter, noting that all of the results given in Sections apply to the case
of non-zero D, and in the sequel the constraint

S AVP{[Carl > 1} <e (5.3)
k=0

is considered. We refer to P{||Cz| > 1} as a violation probability.

In this chapter, we design a controller to solve the following problem

min &{ " lally + ol )
k=0
s.t. (5.3).

The weighting matrices in the cost function of problem (5.4) are assumed to

(5.4)

satisfy @ = 0 and R > 0.
Assumption 5.1. (A, B) is controllable and (A, Q?) is observable.
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5. Dynamic Feedback Gain Selection

As in Chapter [3] the discounting in this problem introduces a special feature
that the probabilities of violating the condition ||Czk|| < 1 at time instants k nearer
to the initial time are weighted more heavily than those in the far future. Costs
defined over infinite horizons (with no discounting) over-emphasise steady state
performance at the expense of performance during transients, and finite horizon
costs are biased towards only the short-term performance. Therefore the discount
factor allows for a trade-off between short-term and long-term behaviours and
essentially determines how much priority the algorithm gives to constraint violations
in the immediate future relative to those in the distant future.

We propose to solve problem using a receding horizon approach wherein our
control law is parameterised at each stage with a finite number of decision variables,
and the constraint is approximated conservatively using the two-sided Cheby-
shev inequality [112, Section V.7]. The resulting optimisation problem to be solved

at each time step is then both finite dimensional and computationally tractable.

5.2.1 Predicted nominal control input and state sequences

Before deriving the finite horizon expressions of the cost and the constraint, this
section defines predicted nominal control input and state sequences.

The sequence of nominal control inputs predicted at time k is given by

fLN_H‘“g - Kij+i|k; Z :O,l,...7 (56)

where ;) is the i-step-ahead prediction of the nominal state given information
at time k, that is, Ex{x;r} = #;,. The matrix-valued term Kj, is a stabilising
feedback gain that is selected online at time k& from amongst the precomputed
set IC obtained by Algorithm in Chapter [d. The selection procedure will
be detailed in Section [5.4l After selecting a gain Ky, the perturbation sequence
{cok, 1}, - - - s en—1k} then constitutes the decision variables in the MPC optimi-

sation problem to be solved at time k.
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Given the predicted nominal control law ([5.5))-(5.6)), the predicted nominal state

trajectory is given by Zop = z; and
T = Phaop + > @4 ' Bejp, i=1,...,N, (5.7)
7=0
Inyik = QLT i=1,2,..., (5.8)

where @, := A + BKj,. The covariance matrix, X, of the i-step-ahead predicted
state is given by Xo = 0 and
-1 NT
Xpp =Y 90 (®}) , i=12,... (5.9)

=0

We rewrite (5.7) in a compact form as

X = M, (Ky) Zop + Me (Ky) c, (5.10)
Tk D), B Colk
T o2 ¢.B c
R I ) L (5.11)
£N|k CD;CV (I)éV_IB --- B CN-1k

and M, (Kj) € RNm=xne M (Ky) € RNm*Nmu | For simplicity we write these two

matrices as M, and M., with the understanding that they depend on Kj.

5.2.2 Online MPC optimisation

Based on predicted sequences defined in Section and employing Chebyshev’s
inequality, we give finite horizon expressions of the cost and the constraint and
formulate an MPC optimisation problem to be solved repeatedly online.
Minimising the predicted cost Ex{33% [|zi]lg + luiklz} at time & over the
optimisation variable ¢, is equivalent to minimising the cost defined in terms of the

predicted nominal input sequence ({5.5))-(5.6) and state trajectory (5.7))-(5.8) by

—1
T ok, Kiver) = D (|Zaelld + 1 Kxie + caellz) + 112x16] 5, (5.12)
=0

Here ||Zy||3, is the terminal cost and Py, > 0 is chosen as the solution of
P, = Q + K} RK}, + ®/ P, ®.. (5.13)
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5. Dynamic Feedback Gain Selection

Using (5.10)-(5.11]), we rewrite ((5.12)) in a compact form as

T (Zop, K i) = lxgkkl W, (K) [xgﬂ , (5.14)

where Wy (K}) is a function of K} and its expression is omitted here for simplicity.
Approximating the LHS of (5.3) at time k by a direct application of the two-
sided Chebyshev inequality, we obtain
S A (IICT]1? + tr(CTC X)) < e (5.15)
=0
Here ¢; replaces e in ([5.3)) as a threshold on the resulting constraint function, and

it is a design parameter to be chosen at time k£ in some way such that we can

ensure recursive feasibility of online MPC optimisations under possibly unbounded
disturbances. By the following lemma, we show that the LHS of (5.15]) is equivalent

to a finite horizon expression.
Lemma 5.1. Let P, be the solution of
P, = v®] Pd, + CTC. (5.16)

Then

’ 2

2
= T ~
Y N|k B

> v
i=N

;71' tr(CTCXilk) = 1 j’y tI‘(Qﬁk),

where T, is given by (5.8)) for alli > N, Xor = 0 and Xy, is given by (5.9) for
allt>1.

By Lemma [5.1] (5.17) is equivalent to

N—-1
> A ICERI + 7N [Zel3, +
=0

: 1 - tr(QB) < e (5.17)

where YN || Znk ||?3 is the terminal term of the infinite discounted sum associated with
k

predicted nominal states and ﬁ tr (Qﬁk) is the infinite discounted sum associated
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with covariance, which remains finite due to the discount factor. Using ({5.10))-(5.11)),
we rewrite (5.17) in a more compact form as

_ T _
To|k ZLo|k Y S

where W1 (K}) is a function of Kj defined as

C'C+M]/HM, M]HM,
and H := diag{~C7C,... AN"1CTC,AVN P} = 0.
To summarise, the MPC optimisation solved at time k£ is
J*(JT]C, Kk) = H(lzin{J(fowﬂ, Kk, Ck) | " with jo\k = CL‘k}, (520)

and its solution for any feasible zy, K} and ¢ is denoted cj (2, Ky, €x). For sim-
plicity we write this solution as cj, with the understanding that this vector depends

on zy, Ky and €. The corresponding predicted nominal state trajectory is given by

i—1
Ty, = Ppre + Y Py By, i=1,...,N, (5.21)
j=0

The MPC law at time k is defined by
uy, = Ky, + cop, (5.23)
and the closed loop system dynamics are given by
Tpr1 = Pray + Bcak(a:k, Ky, er) + wi, (5.24)

where wy, is the disturbance realisation at time k.

In the remainder of this chapter, we discuss how to choose ¢ so as to guarantee
recursive feasibility in Section 5.3} how to select K}, from the set K (that is described
in Chapter [4)) to minimise predicted costs while retaining the recursive feasibility
guarantee of online MPC optimisations in Section |5.4; and how the choices of P, and
P, given in and allow for a guarantee of quadratic stability and satisfy
constraint ([5.3]) respectively under the MPC law in Sectionand Section .
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5. Dynamic Feedback Gain Selection
5.3 Recursive Feasibility

In this section, we use the same method for guaranteeing recursive feasibility of
the MPC optimisation as proposed in Chapter [3, which does not rely on terminal
constraints. For every time step k& > 0, this approach uses the optimal sequence

computed at time £—1 to determine a value of ¢4 that is necessarily feasible at time k.

We use the notation €;41 to denote a time-shifted version of cj, defined by
Cpt+1 = Ecp, (5.25)
where E is the matrix such that Fc = [c],...,cy_1,0]T ifc=[c],...,cp_4] -

Lemma 5.2. The MPC optimisation (5.20) is recursively feasible if ¢y is defined

at each time k =1,2,... as

—— tr(QP ). (5.26)

+
€ = lgj Wi (K1) E:] + 1 i

Equation ([5.26)) provides an explicit expression for ¢ for all £ > 0 in terms

of (5.21)), (5.22) and disturbance realisations as

N-1 ‘ )
_ 7 —* 7
€k = Z v HC(%HI’C—I T q)k—lwk—l)H
i=0

~ L u(QP). (5.27)

k—1 — 7

N || 7% N
+ HxNJrl\kfl + Of Wik

Here

T + Phwho1 == Tgp, i=0,...,N (5.28)

defines a feasible nominal state sequence predicted at time k, obtained by setting
Tojp = o) and U, = Kj_17, + G Note that in constructing this feasible sequence,
we still use Kj_; and therefore ]5k,1 as the corresponding terminal matrix, and

that the feedback gain is updated after the update of ¢y.
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5.4 Dynamic Feedback Gain Selection

In this section, we provide two methods for dynamically selecting feedback gains
from the set K obtained by Algorithm in Chapter [l These methods exploit
monotonicity and continuity results proved in Section [4.4] of Chapter [, and they
are designed such that the recursive feasibility guarantee of problem and a
computationally simple online optimisation are retained. Both methods determine
feedback gains that minimise upper bounds on the optimal predicted cost in .
Method [I| requires less online computation and is equivalent to a binary search,
while guaranteeing almost sure asymptotic convergence of Kj to Krg. Method
2] is more intuitive and in many cases gives better closed loop performance over
short time horizons, but requires slightly more online computation since it requires

the online evaluation of a function of u € {u;}7;.

5.4.1 Gain selection method 1

This section describes a method for selecting the gain K} online and determines

the properties of the sequence {jix}7, generated by the following procedure.
Method 1. At each time step k=1,2,...

(1) Compute .
c’(x) := arg min lxck] Wy (Ky—1) [J;k] (5.29)

where W1 (Ky_1) is defined in (5.19);

(2) Compute

[ := max { arg ueﬁ?ﬁll T tr(Q2Ps (1))
s.t. [C”(’;k)] Wi (Kis) [Cof;k)] + . - (QPx(p) <&} (5.30)

where i, Py (1) are defined in (5.26), [@.12)) respectively;

(3) Set Ki = Loo(jix), By = Pso(jix) and Py, = Py (jix), where Loo(11), Pao() and
Poo(p), Y € {ui},, are obtained by Algom'thm in Chapter .
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5. Dynamic Feedback Gain Selection

Step (1) determines the perturbation sequence c®(xy) that minimises the LHS of
constraint ([5.18)) with K = Kj_; and P, = P,_1. Step (2) then chooses ji; as the
largest element of the sequence {p;}, such that c¢®(xy) is feasible for the constraint

(5.18]). To show this, note that by combining ((5.25)), (5.26)) and step (3) we obtain

-
_ Tk _ Tp ~ _
€k = [ECZ—J Wi (Loo(ﬂkfl)) [ECZ—J + T tr(QPs (fig—1))-

From Lemma [4.5] (5.30) is therefore equivalent to

[ := max [ (5.31a)
pe{pi 2,
v v ] v
5 B < k _ k
s.t. T tr(Q (Poo(,u) Poo(,uk_l)» < ECZ_J Wi (Loo(ﬁbk—ﬂ) [ECZ—J

-
Tg _ Tk

[co ( )1 Wi (Lo (k1)) lca (xk)l , (5.31b)

where the RHS of ([5.31b)) is nonnegative due to the definition of ¢°(zy) in step (1).

The aim of Method 1 is therefore to use the slack introduced into the constraint

through the choice of c°(zy,) in step (1) in order to maximise i, in step (2) subject to

Lof;k)r Wi (Kir) [Cf(i’;k)] + 2 - tr(QP) < e

This implies that a perturbation sequence ¢’ exists satisfying

T T
PR I ) e B T N PR
so that problem remains feasible at time k. Therefore Method [1| retains
the recursive feasibility guarantee. From , it also follows that J(z, Ky, c')
is an upper bound on the optimal value of the cost in at time k, and from
and Lemma it follows that fi; defined in step (2) minimises the trace
of the terminal matrix P, = If’oo(ﬂk) in this cost.
By Lemma step (2) is simply a binary search to determine the largest p €
{p:}m, satisfying the constraint in (5.30). Since the values of tr(QPs(u;)) can be
calculated offline, Method [I] can be implemented very efficiently. Note that the initial

value fip is not determined by Method [T}, and we therefore use other means of choosing
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5.4. Dynamic Feedback Gain Selection

fo € {pi}, and Ky = L (jip) to make the MPC optimisation ({5.20)) initially
feasible (assuming such a fig exists); this is discussed in Section [5.7, Simulation D.

In the remainder of this section, we analyse the properties of the sequence {jix }32,
generated by Method [I} Since ;4 is a feasible solution to problem at time £k,
which implies i1 < fig, and since ji is upper bounded by 1 for all &, the sequence
{1}, generated by Method (1| is monotonically non-decreasing and convergent.

To derive a stronger convergence result, we make a simplifying assumption.

Assumption 5.2. The mazximisation (5.30) can be solved with the optimisation
variable p varying continuously in the interval [jig, 1] rather than being constrained

to the discrete set {u;}™;.

The purpose of Assumption is to ensure that i > i1 whenever the RHS
of (5.31b|) is positive, and hence that i does not converge to a value less than

1 as a result of the constraint p € {p;}, in step (2).

Lemma 5.3. Provided that Method[]) is used for time step k =1,2,... and that the
Assumption holds, the equality pix—1 = x(# 1) only holds for a finite number of

consecutive time steps if rank(C'B) = n,,.

We next derive a stochastic convergence result requiring less restrictive as-
sumptions than Lemma . Considering the RHS of (5.31b), we can see that, by
definition, W1 (Kx_1) = Wi(Leo(fir—1)) is at least positive semidefinite. Hence the

minimisation in step (1) is well-defined and c°(zy) can be defined uniquely as

(2k) = — (Weelfie—1))" Wea (jin—1) 21

Here We.(1), Wei(u) are blocks of W, (Loo(u)) in the partition (5.19) such that
We = MTHM,., W, = M]HM,, and W] is the pseudoinverse of W,.. Since
Ty = T}y T wk—1, it follows that the RHS of (5.31b)) is equal to

2

ch(ﬁkfl)

HZk—1 + (ch(ﬂk—l))T

ch(ﬂk—l)wk—l‘ 5 (533)
_ T _ _
where Rk—1 = Ec;;fl + (WCC(/kal)) ch(ﬂk71>xy{|k,1~
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Lemma 5.4. There exist § > 0 and ps > 0 such that

t 2

inf IP{HZ + (WCC(,u))

zERNu
pE(fo,1]

ch(:u)wk‘

>0¢ > ps. 34
LI (5:34)

This lemma implies that the RHS of (5.31b)) takes positive values with a non-zero
probability, which thus results in an increase of fiy, from ji;_; under Assumption 5.2

Based on Lemma [5.4] we next conclude that K converges almost surely to K.

Theorem 5.5. Under Assumption[5.3, ix — 1 as k — oo with probability 1.

5.4.2 Gain selection method 2

We first give a monotonicity result that can be used to prove the order-preserving

property of Riccati Difference Equations (RDE) [123], which is exploited in Method 2]

Lemma 5.6. V(zo,pl) < V(:BO,E) Vo € R if P, =< Py, where

v

V(zo, P) :== min {V(a:o,u, P) s.t. 2i1 = Az;+Bu;, i =0,...,N— 1}, (5.35)

and V(zo,u, P) = LG (i3 + [wil®) + llonl%, w o= [ug,...,uf )" for

Q,R,P+0.

Proof. Let u*(]B) = arg minu{V(xO, u, ]5) sit.xi1 = Az;+Bu;, 1=0,...,N— 1},
then by the ordering between P, and P, and optimality, we have V(I‘O,Pg) =
‘7<x07 u*(P2)7 PQ) Z ‘7(:['071]_*(?2)7 Pl) 2 V(x()?u*(-ﬁl))-ﬁl) - V('/L‘()?Pl)‘ []

Remark 5.7. Note that Lemma holds if Q) and R are time-varying. Let pl’, 152’
be the matrices satisfying V(xo, P1) = x Plag and V(xy, Py) = z{ Pjxy for all
xg € R™ | then Lemma m implies ]51’ = Pz’ Therefore the monotonicity property
of RDE can be shown by solving using DP recursion with N =1 sequentially
backwards in time. This property is also proved in [102, |124] with the assumption

that B has full rank, which is not required here.
We give Method [2] as follows.

Method 2. At each time step k=1,2,...
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(1) For all p € (0,1], define

clovo) = v [ %2 93 L) |7 (5.36)

where Wy is defined in (5.19));

(2) Compute

M]TW@W» IR

[ :=1max { arg max T
c(zr, 1)

pe{pi i, Q(-’Em

| zkﬂ)rmmw»[ | P < ).

c(zr, clop, )| 1—7
(5.37)
where * here denotes 1 tr(QPs (1)) ;
(3) Compute
T ! T
_ . k k
o o, i (o] W0 [t )

st fi> > ik ), (5.38)

where W is defined in ((5.14);

(4) Set K}, = Loo(jir), Py = Poo(jix) and Py = Py (jir), where Log(1t), Poo(pt) and
Po(n), Vi € {pu:}™,, are obtained by Algom'thm in Chapter .

Comparing step (1) of Methods 1] and [2| here L, (u) replaces Kj_; and c(zx, 1)
is a function of both z; and u. Recalling the equivalence between (5.17)) and

(5.18), we have that

T N-1
X xr i _ _
] W [ = X eme el
=0

where Z;;, evolves according to X, = M, ((Loo(1t)) 21 + M. ((Loo(pt)) €. Therefore,
by Lemmas and the objective in the maximisation ([5.37]) is monotonic in p
and step (2) can be performed as a binary search. The constraint in makes
the constraint as tight as possible with K} = L. (ft), and the constraints
of imply that is recursively feasible with Method . Note that the
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initial value fip is not determined by Method [2} Therefore we choose fig € {1;}7,
and Ky = Le(fig) to make the MPC optimisation ({5.20]) initially feasible (if such
fip exists), as discussed in Section , Simulation D.

Comparing with Method [T} both terms appearing on the LHS of the constraint
in problem are monotonic in y, whereas only second term on the LHS of the
constraint in problem increases with p and the first term is fixed. It follows
that i obtained by Method (1] is necessarily greater than or equal to ji defined
in , and hence it is also necessarily greater than or equal to ji; obtained by
Method The sequence {jix}32, generated by Method [1] is therefore likely to
converge more quickly to 1. On the other hand, since its objective function has more
degrees of freedom to vary with p, it is likely that problem ({5.38]) results in a smaller
upper bound on the optimal predicted cost when a relatively large prediction
horizon N is chosen and hence Method [2] provides better closed loop performance
over the time period required for the sequence { K} }72, determined by Method
to converge to Krg. Over a longer time interval however, Method [1} is likely to
perform better due to its earlier convergence to the LQ-optimal feedback gain K.
These observations are supported by the numerical example in Section

Based on this discussion, we provide the following guideline for choosing the
online gain selection method. If the discount factor v in ([5.3)) is close to 1, indicating
that performance over a long horizon is a priority, then Method [1| should be
chosen. Alternatively if 7 is close to 0 and performance in the immediate future is
important, then Method [2]is preferable. Finally, we note that Method 2]requires more
computation than Method |1f since (the objective of which is not necessarily

monotonic in p) requires an additional search over {u;}7,.

Remark 5.8. Since jix_1 is a feasible solution to the optimisation problem (5.38))
at time k and py, is upper bounded by 1 for all k, the sequence { [}, generated by

Method |2 is monotonically non-decreasing and convergent.

Several factors influence the implementation of online gain selection methods.

The choice of the sequence {p;}", can affect convergence of {jix}72, and hence
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closed loop performance, since large gaps between successive elements of the sequence
{pi}™, reduce the likelihood of convergence fiy — 1. Therefore it is desirable to
choose m to be as large as possible, subject to offline computation and online
storage constraints. To ensure a large feasible set and to steer the closed loop
system away from feedback gains K}, that give worse closed loop performance, it
is desirable to choose p; close to 0 with ;11 — p; increasing for larger values of
i. Alternatively, if the initial conditions of the MPC problem are known offline
when the set IC is generated, then it is obviously advantageous to set p; equal to

a value jip that makes the MPC optimisation initially feasible.

5.5 MPC Algorithm with Gain Selection and Sta-
bility Condition Revisited

In this section, we summarise an MPC algorithm and prove that the closed loop

system satisfies a quadratic stability condition.
Algorithm 5.1. (SMPC Algorithm) At each time-step k =0,1,... :
(i) Measure xy;
(ii) If k > 0, compute e} using and determine Ky using Method or @

(7ii) Solve the quadratically constrained quadratic programming (QCQP) problem

(5-20);

(iv) Apply the control law ((5.23)).

We choose gy = e in step (ii) as will be explained in Section [5.6] In step (iii),
the MPC optimisation can be solved efficiently since there is only one quadratic
constraint in (5.20)), for example using a second-order conic program (SOCP)
solver or using the algorithm proposed in [125], which is based on the Newton-

Raphson method.
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Theorem 5.9. Given initial feasibility at time k = 0, by using Algorithm the
closed loop system satisfies the quadratic stability condition

. 1 T—1 . 1 T-1
Jim ST Bl + |} < Jim kz w(QE{P}) < (QR)  (5.39)

k=0 =0

provided Py, satisfies (5.13)).

5.6 Constraint Satisfaction

This section proves constraint satisfaction in closed loop by analysing the behaviour
of the sequence {ex}72,.

Using a similar approach to the analysis performed in Section of Chapter [3]
we first provide a result describing the relationship between ¢, and the expected

value of e, for the closed loop system.

Lemma 5.10. If ¢, is defined by (5.26) at all times k > 1 and Py, satisfies (5.16)
for all k > 0, then in closed loop operation under Algorithm we have

’}/Ek{Ek+1} S Ek — ||C$k||2, vk Z 0. (540)

The main result of this section is given next, which is developed based on Lemma

.10l

Theorem 5.11. The closed loop system under Algorithm[5.1] satisfies the constraint
(0-3) if 0 = e.
Proof. Tt is similar to the proof of Theorem [3.5]in Chapter [3]and therefore is omitted

here. O

5.7 Numerical Example

This section describes a numerical example to illustrate the following points: (i)
the closed loop system satisfies the quadratic stability condition ([5.39) and
the constraint when Algorithm is used without dynamic gain selection or
with either gain selection Method [1j or Method [2} (ii) the degree of conservativeness
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of Chebyshev’s inequality is mitigated by using online gain selection procedures in
the sense that the long-run expected average costs are improved and the observed
constraint violation rates are closer to the imposed limit; (iii) gain selection Method
provides better closed loop performance over short time intervals than Method [T}
(iv) K} converges to K g with high probability for Method |1} (v) the set of feasible
initial conditions is enlarged with an appropriate initial feedback gain. We also
discuss the computation times required by the online MPC optimisation problem
and the gain selection methods.

We consider the discrete-time linearised model derived from the continuous-time
model of a coupled-tank system [126] with a sampling interval of 0.05 sec. It

has model parameters

A 0.8207  0.04 B— 0.0454 0.0011
~10.0799 0.7808] ~10.0022 0.0443]’

and disturbance wy having a Laplace distribution with zero mean and covariance
Q) = I. The constraint is defined by y=10.9, e = 1.5 and C' = [8;5{’ 9‘01.51}, and
the weighting matrices in the cost of problem (5.4) are given by Q = R = 1. We
choose a prediction horizon N = 10, and the initial value for ¢, is eg = ¢ = 1.5.
We appropriately choose a sequence {yu;}7, with m = 290320, where 0 < p; <1
for all + and pu,,, = 1. Using this sequence, we generate the set of feedback gains
K = {Loo(11:)}™, offline and store the sets of matrices {Pao (1)}, {Poo (1)},
We choose fig = 107*® so that

—18.0749 —0.4626

Ko=1 9251 —17.6123|"

and ®g = A + BK is strictly stable. We run four sets of simulations, all using the
initial condition zo = [—1,3]" and the same sequences of disturbances. Note that
K} = K| is infeasible for the online MPC optimisation at time k = 0.
Simulation A (demonstrating (i) and (ii)): To estimate empirically the average
cost, denoted Juyerage, and the discounted sum of wviolation probabilities, denoted
Piiolation, We Tun 10* simulations, each of which has a length of 10* time steps, using

Algorithm [5.1] with fixed K}, = Ky Vk > 0, with gain selection Method [T} and with
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gain selection Method 2] respectively. We compute the mean value of stage costs
over these 10 simulations and count the number of violations in each simulation

up to 150 time steps. Simulation results are summarised in Table [5.1]

| Ky = Ko Method [l Method [2] |
Javerage | 639.9 8.4 96.2 tr(QP) = 640.0
Pyiotation | 0.448 0914 0.769 e=15

Table 5.1: Average costs and violation rates for Simulation A

Table confirms that the three empirical cost estimates agree with the bound
(5.39) and the three estimates for the discounted sum of wviolation probabilities are
all smaller than e = 1.5, implying that constraint is satisfied. Note that the
cost estimates decrease more slowly as the simulation horizon length continues

150 ~ 1.37 x 1077 so the number of violations occurring at

to increase, and that ~
time steps & > 150 has negligible effect on the estimate of Piglation. Also, cost
estimates obtained using the dynamic gain selection methods are considerably
smaller than that obtained using a fixed feedback gain. Estimates for Pyiolation are
much closer to the maximum allowed level e = 1.5 when gain selection methods
are used. More specifically, the estimate obtained using gain selection Method [1] is
more than double the estimate obtained with a fixed feedback gain. Hence these
results show that the conservativeness of Chebyshev’s inequality is mitigated by
dynamic gain selection. Moreover, the cost estimate obtained using Method (1} is
smaller than that obtained using Method |2 since Method [1| achieves convergence of
fir, to 1 (and hence convergence of Kj, to Kjg) earlier. This observation supports
the statement in Section that Method [1] is likely to provide better closed loop
performance over longer time periods.

Simulation B (demonstrating (iii)): We run 10* simulations, each of which has a
length of 40 time steps, using Algorithm with fixed K = Ky Vk > 0, with gain
selection Method [I} and with gain selection Method 2 respectively. We compute
the mean value of stage costs over these 10* simulations, as shown in Table [5.2]

It is clear from Table [5.2] that Method [2] gives a smaller average cost estimate,
which is in agreement with the statement in Section [5.4] that Method [2] is preferable
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| K, = K, Method Method
Javerage | 807.2 575.9 500.8

Table 5.2: Average costs for Simulation B

if short-term performance is prioritised. This is because fi;, generated by Method [I]
generally does not converge to 1 within 40 time steps in this set of simulations, so
the average costs are dominated by transient behaviours. We show an example of
sequences {fix }7°, generated by Methods [I| and [2in Figure where Figure [5.2|(b)
plots the two sequences up to time k = 150 and Figure [5.2|(a) zooms in on the
initial 40 time steps. These two figures show that ji; obtained from Method [1] is
greater than or equal to that obtained from Method [2] at all times, which is in
agreement with the analysis in Section [5.4]

Simulation C (demonstrating (iv)): We run 10* simulations, each of which has
a length of 200 time steps. When Method [1}is used with Algorithm fi200 = 1
is obtained for every simulation, implying that Kj converges to Krg in every
simulation. On the other hand, when Method [2| is used, the mean value of fisgg
over these 10* simulations is 0.8578.

Simulation D (demonstrating (v)): Minimising the LHS of over ¢y, yields
the largest set of feasible initial conditions

v
-7

Xo(p) = {ale T (Weapr) = Weelp)WE () Wes (1) + 77— 01(QPoc(1) < €01},

where W, (1), Wae(p), Wee (), Wee(pe) are the blocks of Wy (Loo(u)) in (5.19). The
feasible set Xj is plotted for u taking values of p; = 1071°, iy = 1074, 3 = 2.5x 1074
in Figure [5.1] Clearly the feasible set is enlarged as p is reduced.

Computation times: Simulations are run in MATLAB R2019a on a computer
with 2.20GHz Intel Core i7-8750H CPU and 16GB RAM, and the online MPC
optimisation is solved using the root-finding algorithm proposed in [125].
Each online MPC optimisation is solved within 1 millisecond (ms), with an average
time of 0.35 ms. Gain selection Method [I]requires less than 0.003 ms at each iteration
of Algorithm which represents a tiny fraction of the time needed to solve an
MPC optimisation. Gain selection Method [2] requires less than 0.05ms at most
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Figure 5.1: Largest feasible sets of initial conditions

time steps, which remains a small fraction of the time needed to solve an MPC
optimisation. The maximum time observed for implementation of gain selection
Method [2]is 70 ms. After i has converged to 1, no gain selection method is executed

and no additional online computation other than the MPC optimisation is required.

5.8 Conclusion

We propose an improved stochastic MPC algorithm with dynamic gain selection.
Gain selection procedures are executed online and lead to extra computation time
that is a tiny fraction of the time for solving an MPC optimisation problem. These
selection procedures can be configured so that the feedback gain in the MPC law
converges to the unconstrained LQ-optimal and the set of feasible initial conditions
is enlarged. By using dynamic gain selection, the conservativeness in controller

design is considerably reduced and the closed loop cost is improved. Also, recursive
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feasibility of MPC optimisation problems, constraint satisfaction and closed loop
stability are retained using a similar approach to that of Chapter [3] The results
in Sections [5.3] and of this chapter can be extended to problems with
multiple chance constraints. However, solving the corresponding multiobjective
optimisation problems to generate stabilising feedback gains for dynamic gain

selection becomes more challenging in this case.

5.9 Proofs of Chapter
5.9.1 Proof of Lemma [5.1]

Equation implies that P, = Y2°,~/(®])'CTC®:. Combining this with
shows that
> I =7 F (ALY CT OO 0P Yas = 7l
Furthermore, let gk =32 ik, then implies
15D = Zovm@kxz.kcbk = Zv H(Xep = 9) = S = Xop — -0
and Sk satisfies the Lyapunov equation Sk = 7<I>k§kfl>; + ﬁQ Therefore,

(S CTON) = t(CTCS,) = tr(CTCi)yi@i(lij) @7))

=0

=17 17 tr(Q]Bk).

5.9.2 Proof of Lemma [5.3

We begin the proof with showing that the bottom right block M. H M, of Wy (K})
defined in (5.19) is positive definite. Writing H as H = h'h, where

N-—1 N ~1
2

h:= diag{V%C, o,y z Cy

we have rank(M, HM,) = rank(M_/h"hM.) = rank(hM.), and

v:CB
~vC®.B ~vC'B
hM,. = :
L1 ~1
VngQ(I)kale ’Y%PkQB
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The matrix hM, € RN"%>*Nmu i g block triangular matrix and it follows that

[N

rank(M, HM.) = rank(hM.) > (N — 1) rank(CB) + rank(ﬁk B).

From (5.16)), it follows that P, = CTC Vk = 0,..., which, together with that
rank(C'B) = n,, implies rank(f’k% B) = n,. Then M HM, has full rank and is
positive definite. Therefore, minimisation has a unique minimiser. We
next prove this lemma by contradiction. By Lemma [£.7] and Assumption [5.2] the
constraint in is satisfied with equality if px_1 # 1 and p will not reach

1. Therefore, if g1 = pp # 1, it implies that

T T
] w2 ] ] w2

and that Ecj_, = c°(z;). Recalling the definition of ¢ in (5.26), the feasible
sequence E'c;_; then becomes the unique minimiser and the only perturbation
sequence that can satisfy the constraint in the online MPC optimisation (|5.20))
at time k. This gives that Fc;_; = c;. If ji—1 = i # 1 holds for N consecutive
time steps, EVc¢;_; = ¢ y_; = 0. This implies that Lo (fix+n—1) is optimal with
respect to the cost 32520 v!||CZ;]|? and that Le(firsn—1) = Loo(0), which contradicts
with the statement proved in Remark [£.4] of Chapter [dl Therefore, the equality

fix—1 = fir only holds for a finite number of consecutive time steps if ji, # 1.

5.9.3 Proof of Lemma [5.4

We prove this lemma by contradiction. Suppose that a pair of § > 0 and ps > 0
does not exist such that (5.34) holds. In this case, for some z € R¥™ and

p € [fig, 1] we must have

t 2

> A1
W) = } <Dps (5.41)

for all 6 > 0 and all ps; > 0, which implies that W, (p)wr + Wee(p)z = 0 with
probability 1. Here W, (x) must be non-zero since otherwise ¢®(xy) = 0, implying
that by its definition in the feedback gain used is optimal with respect to
3207 10%4]|3 and then Lo (1) = Loo(0) would be obtained, which contradicts the
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fact that p > gy > p1 and Remark [£.4] in Chapter @] Furthermore, z and p are
by assumption independent of the realisation wy. Therefore contradicts
the assumption in that E{ww, } is positive definite implying wj, is not
a constant vector or in any subspaces of R"* and hence (5.34)) must hold for

some 0 > 0 and ps > O.

5.9.4 Proof of Theorem [5.5

We first show convergence of fiy to 1 in probability (i.e. limg_,oo P{ftx, = 1} = 1)
by splitting an infinite horizon into intervals of Ny time steps and providing an
upper bound on P{jy;, < 1}, which is parameterised by ps, N; and k, and which

converges to 0 as k — oo. Let Ny be defined in terms of a 6 > 0 satisfying

(5.34) for some ps; > 0 by

where it is assumed that g < 1, and let & denote the event that

szfl + (ch(,akfl)>TWc:v(ﬂkfl)wkfl‘ : > 0.

ch(ﬁk—l) -

Under Assumption , Lemma implies that before ji; reaches 1, (5.31b)) is
satisfied with equality and every possible increment in fi is attained if (5.33)) is

positive. It follows that piy, = 1 if & occurs for k = 1,..., Ny. Furthermore,
P{& M- NEn, } = P{EIP{EIE ) - P{EN,|ExNEN - NEN, 1},

where P{&;} > ps and

P{&E N NEa} > inf  P{|s+ (ch(u))*ww(u)wk_l\ ’

2ERN M i€ [, 1]

>6p >
ch(/»‘) o } = Ps

for k =2,..., Ny. Also, these conditional probabilities are well defined by Lemma
5.4l Therefore,

_ N
P{iin, <1} < 1—p;7,
and more specifically we rewrite it as
_ _ Ny
Plin, <1lpo <1} <1—p;’.
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Similarly, given fi_yn, < 1 for ¢ = 2,..., we have

f

Py, =1} > inf  P{x> 51-})Nf > inf  Plx> 5})Nf > py

ZERNHU’? /‘Le[/a’O:]-] ZGRNnuz N’e[/j@vl}

where * here denotes Hz + (WCC(M))Tch(M)WiNf—lHIQA/CC(;L)

of 0 for pi;n, that is sufficient for ji; to reach 1 within Ny time steps from time

, and ¢; is the counterpart

k = (i — 1)Ny and is smaller than ¢ since the sequence {4}, is monotonically

non-decreasing. Then

_ _ N ,
P{uin, <1|pg-nyn, <1} < l—p;7, Vi=2,....

IN

For given k > Ny, we choose integers ji, j2, ..., Jix/n,| S0 that j1 = Ny, jix/n;)
k and jiy1 — ji = Ny for all &. Then g < 1 only if p;, < 1 for all i =
1,...,|k/Ny¢] and hence

P{ﬂk < 1} < ]P){:a]d < 1}]P){ﬂj2 <1 |:aj1 < 1} o 'P{ﬂij/NfJ < 1|ﬂj[k/NfJ71 < 1}

<(1 —pfsvf)tk/N” . (5.42)

It follows that P {jix, = 1} > 1—(1 —pévf)Lk/NfJ, which implies limy_,oo P {jix = 1} =
1. To complete the proof, we use the Borel-Cantelli lemma to show the almost

sure convergence of i, to 1, that is, P{limy_,o iy = 1} = 1. Let F}, denote the
event that pi, < 1, then (5.42) ensures that

Zp{fk} < Z(l —pfsvfﬂk/NfJ = pr(;_Nf —1 < oo0.
k=1 k=1

Therefore the Borel-Cantelli lemma implies that P{N;Z, U2, F;} = 0. But ji, <1
only if fiy—1 < 1, so Fj, € Fi—1 and U;2;, F; = Fi. Therefore, P{lim; o Fi} = 0

or equivalently P{limy o ux = 1} = 1.

5.9.5 Proof of Theorem [5.9

Given initial feasibility at time k& = 0, step (ii) of Algorithm ensures that
problem (5.20) is always feasible for time k& = 1,2,.... From Lemma [5.2] the
vector Cpy1 provides a feasible but possibly suboptimal solution at time & + 1.

Hence by optimality we necessarily have
S (@1, Kis1) < J(@ps1, Ky, Crpn),
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and since this inequality holds for every realisation of wy, by taking expectations

conditioned on the state z, we obtain
Ep{J (xps1, Kiy1)} < Epd{J(2ps1, K, Crin) } (5.43)
From ([5.28) we have the feasible sequence
Tifhr1 = iy + Prtor, i=0,...,N,

and from (5.13) and (5.43) it follows that
Ee{ S (wrs1, Kipa)} < T (e, Ki) = ol — [l + tr(QFP). (5.44)

Summing both sides of this inequality over & > 0 after taking expectations
given information available at time k£ = 0, and making use of the property that
E{Ex{J* (xg+1, Ki+1)}} = Eo{J* (2441, K+1)}, we obtain the first inequality of
(5.39). Note that K and P, depend on x, which implies that they are random
variables, but they are uncorrelated with wy,. Moreover, the second inequality in
follows from the choice of Py given in step (3) of Method |1] or in step (4)
of Method [2] and the monotonicity result in Lemma [4.5

5.9.6 Proof of Lemma [(5.10

Since ([5.26)) is equivalent to (5.27)), expanding the terms in (5.27)) yields

N1 2 ) N ~
een = 2V Co] + 2[R, + T (9B
D :
+ 2 oo+ |@ke,
;[__01 o NT T ~
+> 2 (@}ka) C" Oy, + 29 (q)kNWk) Py T 1k (5.45)
i=0

where 77, is given by (5.21)-(5.22) and wy is the realisation of the disturbance
at time k. From (5.16) and Ty, = PyTy;, the sum of the first three terms
on the RHS of (5.45)) is

N-1

Y ACEI + A [EhlE, +
=0

1_77 t(QF;) — | Cayl|?) — tr(QP),
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and from ({5.16]) the sum of the next two terms is w,;rﬁkwk. Noting that K, ﬁ’k and
x are independent of wy, taking the expectation of €5, conditioned on information
available at time k therefore gives

N-1 v

YEr{eri}t = 2 VIO + 2 ahlF, + 7 tr(@P) — [|Caxl”
=0

This equation, together with feasibility of the sequence {.CT:;’“ LY, at time k, proves

(5.40).
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(MPC) developed in previous chapters in communication networks. We propose
an MPC law that minimises a discounted cost subject to a discounted expectation
constraint, where discrete-time linear systems with stochastic additive disturbances
and noisy measurements transmitted over a lossy communication channel are
considered. It is assumed that sensor data is lost with a known probability, and
data losses are accounted for by expressing the predicted control policy as an affine
function of future observations, which results in a convex optimisation problem. A
constraint-tightening technique ensures recursive feasibility of the online optimisation
problem and satisfaction of the expectation constraint without imposing bounds
on the distributions of the noise and disturbance inputs. The discounted cost
evaluated along trajectories of the closed loop system is shown to be bounded by the
initial optimal predicted cost. We also provide conditions under which the averaged
undiscounted closed loop cost accumulated over an infinite horizon is bounded.

Numerical simulations are described to illustrate these results.

6.1 Introduction

Applications of wireless sensor networks are becoming omnipresent, for example,
in healthcare monitoring, weather forecasting, autonomous driving, and building
management systems. These networks can be time-varying and subject to congestion.
Networked control systems that rely on sensor signals transmitted over commu-
nication channels must tolerate communication delays and data losses. These
issues pose additional challenges for estimator and controller design, especially
when constraints need to be met.

A large body of work exists on estimation problems involving intermittent
observations. They are largely concerned with the Random Riccati Equation [127],
and the main issue addressed is the boundedness of the state estimation error
covariance. In [103], packet losses are modelled by an independent and identically
distributed (i.i.d.) Bernoulli process and fundamental results are derived, such
as the existence and bounds of the critical value for the arrival probability of

observation updates and convergence properties of the algebraic Riccati equation
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for Kalman filters with intermittent observations. This is the basis of further work
in [128] showing that the estimation error covariance sequence Y, X, . .. converges
in distribution to a unique invariant probability distribution with finite mean ¥
when the observation arrival probability exceeds the critical value. In [129], the
boundedness of the estimation error covariance is studied from a probabilistic
perspective and bounds on the probability of ¥ < % (henceforth denoted P{%;, <
>}) are derived. A similar metric is used in [130]. It considers the tail distribution of
the trace of the estimation error covariance and the decay rate of P{tr(%;) > tr(%)}
(where tr(-) denotes the trace of a matrix) with packet losses modelled by a Markov
process. For the case of Markovian packet losses, it is possible to account for
the temporal correlation of communication channel conditions, but the stability
analysis is more involved without an i.i.d. assumption [131} [132]. In contrast to
the aforementioned work focusing on limiting behaviours of the estimation error
covariance, [133] provides a different perspective by analysing transient properties.
This work considers an intermittent quantised communication link and characterises
the cumulative probability distribution function of the escape time at which system
states or state estimates first exit a given compact set.

Problems involving constrained estimation and control under intermittent and
noisy observations, on the other hand, have received less attention. In [134], the
problem of minimising an average estimation error covariance over a finite horizon is
studied subject to an energy constraint on remote sensors. [135] considers a similar
problem subject to an average transmission power constraint, while the probability
of packet losses at each time step is conditional on transmission power. In [61],
the problem of controlling stable linear systems with Gaussian disturbances and
measurement noises is considered subject to hard input constraints, where both
sensor and control channels are unreliable. This work assumes that remote sensors
equipped with computing capabilities send state estimates instead of raw sensor
measurements, which could be costly and unreasonable in certain situations.

Assuming sensor measurements will be lost with a known probability according

to a Bernoulli process, we propose an output-feedback MPC algorithm to minimise
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a discounted cost subject to a discounted expectation constraint. The system model
has additive disturbances and measurement noise with probability distributions
that are not assumed to be known exactly and may not have bounded support.
The discount setting is common to many control problems [e.g. [19-21, 45| [136],
and an appropriate discount factor can provide stability guarantees [30]. The main

contributions of this chapter are as follows:

e The discount factors ensure that both the cost function and constraint are

well defined without bounds on the disturbance and measurement noise.

» Instead of choosing the control policy as pre-stabilising linear state feedback
laws with perturbations [e.g. 34|, we parameterise predicted control inputs as
affine functions of future output measurements and show that the problem
of optimising the associated feedback gains is convex. This allows the
distributions of future states to be controlled explicitly even when output

measurements are lost.

« We employ a constraint-tightening technique [44] to guarantee recursive
feasibility of online MPC optimisation problems in this stochastic setting, and
we derive bounds on the discounted cost and constraint for the closed loop

system.

o We also show that an appropriate discount factor leads to a stochastic stability

guarantee in closed loop under reasonable assumptions.

o Different discount factors in the cost and constraint, respectively, are con-
sidered. We demonstrate that a cost discount factor sufficiently close to 1
ensures stochastic stability and provide additional insights into the role of

cost and constraint discount factors.

This chapter is organised as follows. The control problem is described in
Section [6.2], and the controller parameterisation and implementation introduced in
Section [6.3] We compute predicted state and control sequences via their first and

second moments in Section [6.4, In Section [6.5] terminal conditions and explicit
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expressions for the cost and constraints are derived. Section proves a closed
loop discounted cost bound and analyses constraint satisfaction. The averaged
undiscounted closed loop cost accumulated over an infinite horizon is shown to be

finite and an explicit bound is given in Section [6.7] Sections [6.§ and [6.9) provide

a numerical example and conclusions.

6.2 Problem Description
6.2.1 System model and feedback information

We assume a system with linear discrete-time dynamics

Tpr1 = Axp + Bug + Dwy, (6.1a)
yr = Cy + vy, (6.1b)
2k = VeV, (6.1c)

where z;, € R™, u, € R™, yp € R™, 2z, € R™ are the state, control input,
sensor measurement, and the measurement information received by the controller
respectively. The disturbance, measurement noise and packet loss sequences,

{wi o, {ve}ie, and {7 }32,, are assumed to be i.i.d. with

E{w} =0, E{wyw, } =: ¥, = 0,

E{v.} =0, E{vzv] } =: 8, = 0,

P{y, =0} =1-X P{y=1}=\
The variable v, € {0, 1} indicates whether sensor data at the kth sampling instant
is received by the controller. The information assumed available to the controller
at the kth time step consists of {u;}¥=1, {(2:, %) }¥_, the initial mean E{xz¢} =: 2o,
and model state covariance E{(zg — 2¢)(xo — %0) '} =: .

We define the information sets

L = ALy, (2, )}, Un = {Up-1, wi},
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6.2. Problem Description

for all £ > 0, where Z_y := {&0, %0}, U_; := {}. Finally, we define conditional

expectation operators as
Eel} =E{ |Up-1,Tu1}, E{-}:=Eof{}.
Assumption 6.1. The pair (A, B) is stabilisable, and (A, C') is detectable.

6.2.2 Optimal control problem

We consider the problem of minimising the discounted sum of expected future values
of |z]|3) + |lur||%, where @ = 0 and R > 0. The minimisation is performed subject
to a constraint on the discounted sum of second moments of an auxiliary output,
defined for a given matrix H by & = Huxy, so the optimal control problem is
o0
min ;OﬁfE{HIkHé + [Juell R}

st S BE{| Haul?) < e (6.2)
k=0

Here 8, € (0,1) and By € (0,1) are discount factors and € is a given bound
on the infinite discounted sum of second moments. For simplicity (and with the
understanding that the general case of 81 # 5 can be treated similarly), we set §; =
By = [ for the remainder of this chapter with the exception of Sections and [6.8

We will employ a receding horizon control law based on a finite horizon control

policy in the form
Wi = Ki( Ok, Unio1, Trri) (6.3)

where u;, for ¢ = 0,1,... is the prediction of uy,,; at time k, and 0, is a vector
of controller parameters at time k. The dependence of k;(-) on the sets Uy, 1
and Zy,,; ensures causality and the dependence on 6 is chosen so that the optimal

parameter vector, denoted 6}, will be the solution of a convex problem.

Assumption 6.2. (i) The probability, \, of successfully receiving sensor measure-
ments is known and is time invariant. (i) When 05 is computed, (zx1i, Vivi) are

unknown for all v > 0.
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6. Output Feedback Control with Intermittent Observations

Thus 6} is computed online prior to the kth sampling instant using knowledge of

U—1 and Zj,_,. However (zg, ) is known when the control law is implemented, via
U = HO(QZ,UkA,Ik)-

In order to address (6.2)), we define an MPC optimisation problem to be solved

at time k as follows

0, = argr%in ZﬁlEk{H%\kHé + HuzlkH?%}
=0 (6.4)
st Y BE{|[Heigl*} <

i=0
Here 19 = €, and i, for k > 0 is chosen as described in Section[6.6]to ensure that (6.4)

is recursively feasible and that the closed loop system satisfies the constraint in ((6.2]).

6.3 Controller Design
6.3.1 Parameterisation

Consider the output feedback control law defined by an observer and an affine

feedback law:

Z%k = Afk_l + Buk_1, (65&)
Tp =T + VkM(yk — O:i‘k), (65b)

with g = E{xo}, where &) and Z; are the prior estimate and the posterior estimate
of zy, respectively. A simplistic parameterisation of the predicted control law r;(+) in
could be obtained if the observer gain M and feedback gain K were fixed and
the optimisation variables in problem were defined as 0 = {copk, ..., N1k}
for some fixed N, with the predicted control sequence defined as w;, = KZjx + cij.
Although this would require a number of optimisation variables that grows only
linearly with IV, the parameters {coi, ..., cy_1x} constitute an open loop control

sequence that does not vary with the future measurement noise and disturbance
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6.3. Controller Design

realisations. This is likely to provide poor performance and small sets of feasible
initial conditions when the probability of packet loss is non-zero.

By using a parameterisation that allows the dependence of the predicted control
sequence on future realisations of model uncertainty to be optimised, the predicted
probability distributions of states and control inputs can be controlled explicitly.
This provides flexibility to balance conflicting requirements for performance and
constraint satisfaction. However, similarly to the case of predicted control laws in
which state feedback gains are decision variables [83] [137], the cost and constraints
of problem ([6.4]) are nonconvex if time-varying gains M, K are considered as opti-
misation variables. On the other hand, if predicted control inputs are parameterised
in terms of affine functions of the future output measurements received by the
controller [138], then the dependence of the first and second moments of predicted
states and inputs on controller parameters is convex. Moreover, by incorporating
affine terms in the future innovation sequence, a predicted control law with arbitrary
linear dependence of k;(-) on the received sensor measurements can be obtained.
This approach allows the future control sequence to be optimised at every sampling
instant, including those at which information from sensors is lost.

We therefore express the i-step-ahead predicted control input w;y, for all

1 = 0,1,..., as

wilk = KZi + cipk + digg, (6.6a)
dijk = Yo Liok (Yol — CZok) + yeLiaw(Wae — CZur) +- -+ Vi Liaje (Yae — CTipr),

(6.6b)
Tivak = A + Buge + g AM (Yipe — CZigi) (6.6¢)

where c;;, = 0 and L; j = 0 for all ¢ > N. Here v;; and y;, are random variables,
denoting the ¢-step-ahead predicted packet loss and sensor measurement at time k,

respectively. Then, for all i = 0,1, ... the predicted state estimate satisfies

Tipak = PTip + Bleigr + dik) + vip AM (yipr — CZipr) (6.7)

98



6. Output Feedback Control with Intermittent Observations

with ® := A+ BK. Since z;1)x = Az, + Bug, + Dw, the predicted estimation

error evolves according to
Tip1pe — Tigae = Yie(Tie — Tipp) — YappAMvg + Dwg, (6.8)

where W, := A(I — v;,MC). These relationships allow the first and second
moments of x;; to be determined in terms of the decision variable 6, which
consists of the parameters {co, . . ., cy_1)x } and feedback gains Lo ok, {L1,0k: L1k}

oo A LN—10ks -+ Lnoa N1k}
The gains K and M in the predicted control law —c) are fixed and chosen

offline, satisfying the following assumption.

Assumption 6.3. Gains K and M are chosen so that &1 = (A + BK)¢; is
asymptotically stable and &1 = A(I — v MC)E; is mean-square stable (MSS) [10).

Remark 6.1. Matrices K and M exist satisfying Assumption|[6.3 if Assumption[6.1
holds and if the probability, A, of successfully receiving a sensor measurement is
greater than the critical value [e.qg. |105]. Suitable choices for K, M are the optimal
gains for in the absence of constraints, or the certainty equivalent L() feedback
gain for a problem with state and control weighting matrices () and R and the steady
state Kalman filter gain [105]. Note that time-varying gains Ky, M) can be used
within the framework of this chapter, provided the dependence on vy is known in

advance.

6.3.2 Implementation

The control law is implemented as follows:
(i) Given Uy, and Zj_4, solve problem for 6;.
(ii) Given 74 and zx = Yryx:
(a) apply the control input
uy = K&k + ey + Lo o (s — C2n),
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6.4. Predicted State and Control Sequences

(b) update the state estimate

Note that this receding horizon control law includes (6.5)) as a special case, since
u and Zx,q in step (ii) are equal to their counterparts in 1) if (cak, 670|k) =

(Ck,KM).

6.4 Predicted State and Control Sequences

To simplify notation, we express the predicted control law in terms of vectorised
sequences, with x; denoting the vectorised true state sequence {xi|k}fvz_01, X the
estimated state sequence {#;;}~ ', uy the predicted control sequence {u}ig',
¢, the predicted control perturbations {ci|k}fi61, wy, the disturbance sequence
{wip o', vi the sensor noise sequence {v;;} ", and ¢, the future innovation
sequence {vix(vix — CEip) }ivg' at time k. For a given sequence of matrices

{U 35" and matrix B let

1 i 0 0
Uy B
Sy = : , Tw,p) = : )
0 1
I Wi I WaeB B 0
i=N-—2 Li=N—-2
0 [ 1
Se = I %ar, Thp:=1| 1 ¥uB - B] :
i=N—1 [i=N—1
where ﬁ Ui = Wi+« Wy for m > n, and define
Lo ok
L — Lle\k Lljl\k: |
Ly_1ox Ln-11x - Ly—in—1k

Ly = diag{vopk, - - -, IN—1j} @ Inyxn,»
K:i=Inyv®@ K, M:=1Iyyny®M and C := Iy,ny ® C. Then from (6.8) we have
Xk — )A(k = S\I/(;Uk — L%k) — T(\I,’A)MI‘kvk + T(\IJ,D)Wk (69)
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6. Output Feedback Control with Intermittent Observations

while (6.7) and (6.6b) give
X, = Solr + T (a5 (cr + LrCy) + Tia,4) ML,

Here ¢;, = I',C(x, — Xi) + T'ivi and Se, T p) are defined (analogously to Sy,

T (v p)) in terms of ® and B. Hence

X = SoZy + T@’B)Ck + (T(QB)Lk + T(‘:I),A)M)CkJ (6.10&)

ug = K}Ack +ci + Lka (610b)

Clearly the predicted estimation error, state and control sequences in (6.9) and

(6.10p,b) depend linearly on the decision variables 6y := (cg, Ly).

6.4.1 First and second moments of predicted sequences

In order to express the cost and constraints of problem in terms of the
parameterisation introduced in Section [6.3.1], we derive in this section expressions
for the means and variances of predicted state and control sequences.

We first consider the state zj, of the plant in (6.1p) and the state estimate update
2y, in step (ii) of the controller implementation in Section m By assumption,
E{zo} = &9 and E{w,} = 0, E{vx} = 0 for all £ > 0, and hence the update of

state estimates #; in step (ii)(b) ensures that
Ep{zr} = 2 (6.11)
for all & > 1. Furthermore, from (6.1p) we have
T — B = V1 (0p-1 — Tp1) — o1 AMug1 + Dwgy
for all k > 1. Let X, denote the second moment of the state estimate error at time k:
Sk = Ba{ (zr — d0)(n — &)}

Then 3, evolves according to

Sk = Ve SV A et AMS,MTAT 4+ DY, D" (6.12)
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6.4. Predicted State and Control Sequences

for all £ > 1, with initial condition ¥y, and, by Assumption , E{>)} remains
upper bounded Vk > 0.
We can now derive the first and second moments of the predicted state sequence

X, and control sequence uy.
Proposition 6.2. Let wy, Iy, and €y be defined

7y = Selk + T(e B)Cr; Ik := T(s 5Lk + T @M,

sl e )

Then
and
1
]Ek{XkX;—} = Tl'kﬂ';— + [I Hk} Qk [HT‘| s (614&)
k

0
B} = (Km o+ e)(m )+ [0 L K| g e

(6.14D)

Proof. From and (6.11)), we have E{x; — X} = 0. Therefore ¢, = I'yC(x) —
xi) + vy implies Ex{¢,} = 0 and (6.13p,b) follow from the expectations of
(6.10,b). To determine the second moments of x; and uy, let

N ~ 17
X — X X —X
s

Then from and (6.10p) we have
0 0 I 0 r ol
. (Y P A

and ([6.14p,b) follow from Ei{x;x} } = [I ]] X [] Ir and (6.10n,b), respectively.

]
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6. Output Feedback Control with Intermittent Observations

Since 7r;, and ITj are linear in (cg, Lx) and €2, is independent of (cy, L) (as will

be shown by (6.16))), it is clear from (6.13p,b) and (6.14h,b) that the first moments

of the predicted state and input sequences are linear in 0 = (c, L) while their
second moments are quadratic functions of 6.

To determine €2, note that x;, — X, and ¢, can be written as

T — i’k
xXp — X = F(Tr)ar, ¢ =GTn)ar, @ = Vi ,
W,

with F(Ty) =[Sy —T@yMTy T p)| and G(Ty) := TxCF(T) + [0 Ty 0].

Hence, by the law of total expectation,

(4) G T '
i) Betwal} G| PET=TO) 60

Q=3

J

where Ep{qrq) } is the block-diagonal matrix:

Ek{qukT} = dlag{zlm ilﬂ i:’w}7 iv = ]NXN ® 21)7 Zw = ]NXN ® 2107

and where TV for j = 1,...,2" enumerates the 2V matrices with binary-valued

diagonal elements defined by

F(l) _ 07 I‘(Q) — d_1ag{07 .. ,0, 1} & Inyxny

T = diag{1,...,1,0} ® L, xn,, T =1.

Remark 6.3. The matriz € in can be computed conveniently via

wels2) = (5 | i) @ o) B =0 vee( [ 5. )

j S

where the first term on the RHS can be determined offline given the probability
distribution of v,. This allows €2y to be computed online using the current value of

Yp with a single matriz-vector multiplication.

Using the same arguments as the proof of Proposition [6.2] it can be verified that

. . T
XN|k — Ek{ [xNk - $N|k] [$N|k - $N|k‘| }

TN|k TNk
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o0 J o0, 10 !
o 0 7TN|k7TZ—\|—/\k 0 HN|k Nk 0 HN\k

where

Uy = T({\Ii,B)Lk + T&A)M, TNk = Sp &1 + T(]‘;B)C’f’

Fy &2 Sk Fy IN&2 T ;
Qe = lG((I‘U)))] = Ew] [G((r(j)))] P{T; =T}

with Fin (L) = {S\]I,V —T(y MLy, T(J;D)} and S§, T(§ 4y, T(y p) being defined

(analogously to S§ and T(]‘\lf,ﬁB)) in terms of ®, A and B.

6.5 Cost and Constraints

We next show that the cost and constraints of (6.4 can be expressed as convex

functions of 0 = (cg, Lg). First note that the objective in (6.4) can be written as

> BE{leaplld + luneld} = 6r(QsXe) + tr(RsUp) + fiv(6, 31, 5)  (6.17)

=0

where X, is given by (6.15)), and

Qs = Loxe ® ding{Q, 5Q. ..., ¥7'Q}, Ry := diag{R, BR,..., " 'R},

U, =E{wou, }, (0 26, 5%) = 5iEk{H$z‘|ng) + Hui|kH?%}'
=N

Since Qg > 0 and Rg > 0, the term tr(QsXy) + tr(RsUy) in (6.17) can be
expressed as a convex quadratic function of 6, = (cy, Ly) using (6.14p) and (6.15)).

To determine the terminal term, fy (0,2, %), let

Ppi=>" B Xy, (6.18)
=N

N ~ 17T
. Tilk — Tilk | |Tilk — Ti|k
b ETE 0 ol N I A S
Li|k Li|k

Then, for « > N, we have

where

Xipaw = BE{U() Xy ¥T (1)} + E{D()[™ 5, | DT ()} (6.19)
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6. Output Feedback Control with Intermittent Observations

where
= Al —yMC) 0 ~ . |=vAM D
vy = M6 8] po= [T 1

and v is a random variable identically distributed as 7. Hence
E{T(1) PO (1)} = 3 B'(Xivuw — E{D(y)[* 5, | DT(M})
i=N

_ BN ~ ~
= 671 (P = ¥ Xow) = {5 ELDO) [ 5, DT (0},
and the terminal term fx (0, 2, Xg) in (6.17)) is equal to tr(Z; P;) where Z; :=

{Q Q

O OiKT RK} and P is the solution to the stochastic Lyapunov equation

N+1

P, = 5]E{\~I/(7)Pkﬁﬁ(7)} + 5NXN|/<; + IB—BE{D(V) {Zv S

Lemma 6.4. By Assumptz'on the linear system &1 = \11(7)51 s mean-square

D'(7)}.  (6:20)

stable.

Let X > 0 denote the steady state solution to (6.19). Then, by Lemma
, it is ensured that X, converges to X as i — oo for any Xy = 0 and
k > 0. Also, Lemma implies 82W(7) is MSS since 8 € (0,1) and thus P,
in is well defined and finite.

Re-writing the constraints of problem using the matrix, X, of second

moments yields the condition

> Bitr((Laxe ® HH)Xyx) <
=0
which is equivalent to the constraint

tI‘(Hng) + tr(Z2Pk) S M, (621)

where Hp 1= 1oy @ diag{H "H,BH " H,...,AN"TH "H} and Zy := 1540 @ H'H.

The expressions for the cost and constraints in (6.17)), (6.20)), (6.21]) allow the
optimisation defining 6} to be formulated as
(65, P{) = o i tr(QsX) + tx(RyUy) + tr(Z1P%)
s.t. ,
Py = BE{T(1) Pl (1)} + B X

N+1
T w{D0)[,

(6.22)

+ DT(V)}.
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Remark 6.5. The relaxation of as a linear matriz inequality (LMI) in
problem does not introduce any conservativeness as it can be shown that there
always exists a solution that satisfies this LMI with equality. Suppose there does not
exist such a solution to problem (6.22)). Let (6}, P,go)) be a minimiser and

N+1

P = GR{TO) BT 0)} + 5 X+

Then P,EO) - P,gl) and (05, P,gl)) also satisfies the LMI with strict inequality because

E{D()| > s,

D ()}

of the supposition. Continuing this procedure, we will have that Vi > 1 P,Ei) >~ Pk(iﬂ)
and that (05, P,Eiﬂ)) is a minimiser and is at least as good as (05, P,gi)) in terms of
values of the cost function. From the mean-square stability ofﬁ%\i/(v), it follows that
P = lim; P,gi) exists and satisfies this LMI with equality. This contradicts the
supposition and proves our argument. Therefore, we let (05, Pf) be the minimiser
that satisfies this LMI constraint with equality and 0; = (c}, L) where ¢}, and L,
are the corresponding collections of perturbation vectors and feedback gains. Note

1
1oz o * D\ - .
that if {Q% KTR%} has full column rank, (05, P¥) is unique.

6.6 Closed Loop Properties

This section considers the performance of the closed loop system (6.1]) with the
control law of Section [6.3.2l We use the solution 6; = {c},L;} of (6.4) at time k
to construct a feasible, but possibly suboptimal, solution for (6.4]) at time k + 1

(i.e. given Uy, Zj), which we denote as 6}, := {cp 1, Ly 1}, where

[ CT\k T,O|k

Chpri= 1|, [+, Y (ye — C2y), (6.23a)
CN—1|k N—1,0k
. 0 0
[ L

1= R . (6.23b)

LNfl,l\k e LNfl,N71|k
. 0 e 0 0

Following [44], we define the constraint threshold py in (6.4) for all £ > 0 in terms

of §7. This ensures recursive feasibility of the MPC optimisation without requiring
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bounds on the noise v;, and disturbance wj. Thus

€, k=20
Wy = 3 . (6.24)

where
: 5T N pNH = > AT
Py = FE{E()PLET ()} + 8 X+ T E{D) [ * 5, | DT ()}
T
. o o I 0 I 0
X = lo ngng] + lo H;} L lo H;} !
.
0 0 I 0 I 0
XO :: [¢] o + o Q [}
e lo 7TNWTNTJ [0 HNJ i [0 HNJ
with
71'2 = SeZy + T(<I>,B)C2; HZ = T(@,B)LZ + T((D’A)M,
TNl = Sp Tk + T(Z7B)CZ> Nk = T(%,B)LZ + T(%,A)M-

The main results of this section are given next, demonstrating constraint

satisfaction and satisfaction of a stability condition in closed loop.

Theorem 6.6. If problem (6.22) is feasible at k = 0, then (6.22)) remains feasible
for all k > 0 and the state of under the control law of Section satisfies

S B g} < e (6.25)
k=0

Corollary 6.7. Let Jy, := J(0}, &k, X) denote the optimal cost of problem (6.22)).
Then, under the control law of Section the trajectories of satisfy

o0

> BE{lanllf + lullk} < Jo. (6.26)
k=0

6.7 Strengthened Stability Conditions

In Corollary we provide an upper bound on the closed loop cost that is
discounted, while this may not prevent closed loop states from gradually diverging
to infinity if the closed loop cost is heavily discounted. Therefore, in the following,
we provide stability conditions in terms of bounds on the closed loop cost that

is undiscounted.

107



6.7. Strengthened Stability Conditions

6.7.1 Closed loop cost bound via a numerical check

In this section, we derive a bound on the averaged undiscounted closed loop
cost accumulated over an infinite horizon by running a numerical check on f.
Specifically, if some condition holds for values of 5 in (0,1), we can provide a
bound that is parametric in 5 on this closed loop cost. To this end, we first
establish an upper bound on Jj.

An upper bound on J can be achieved by finding a feasible solution to problem
, and such a solution can be easily obtained if we eliminate variable P, and

rewrite problem ((6.22)) as follows. Using standard matrix vectorisation identities,

we rewrite (6.20) as
vec(P) = W, VeC(BNXNm + Wa), (6.27)
where

Wi e=[I - 51— NT(0) ® T(0) — FAE(1) @ B(1)]

6N+1 N
e DT(7)}.

Note that in the definition of W7, the matrix inverse is guaranteed to exist since

B2U(~) is MSS. From (6.27) we have

E{D(’Y) {EU S

WQI

tr(Z1Py) = vec(Z] )" vec(Py) = vec(Zy) "W, vee(BN Xy + Wa) (6.28)

= tr(BN 21 Xwpg) + tr(Z1Wa),
where Z| := mat((vec(Zl)TI/Vl)T, [2n,, 2n$]> Similarly,
tI‘(ZQPk) = tI‘(BNZQXN‘k> + tr(ZQWQ),

where Z, := mat((vec(Zg)TI/Vl)T, (21, anD Therefore, an equivalent form of

problem ([6.22)) is given by

0y = arg H;in tr(QpXy) + tr(RaUy) + Y tr(Z1 X)) + tr(Z,Wa)
k

s.t. tr(HpXy) + BN tr(ZaX ) + tr(ZaWa) < g, (6.29)
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which has a single convex quadratic constraint.
Minimising the constraint function in (6.29)) over 0 = {cy, Ly} necessarily yields
a feasible, but possibly suboptimal, solution 6] := {c], L]}. This solution has an

explicit form, in which ¢f is given by ¢} := K, &) with

~ T
K. := _[T&,B)HbT(@,B) + 5N(T(]<\}(,B))TZ2T,22T({1V>,B)}

N
: {TE[I),B)HIJS‘P + g(T(g,B))T(Z;,zz + Z2,22)Sg}

and Hy, := diag{H"H,3H"H,...,pN""H"H}. The matrix Z,,, is the bottom-

Z2,11 Z2,12

7211 2212 | The expression for L] is omitted
Z2.21 Z2,22

right block of Z, partitioned as Z, = {

here for simplicity but we note that it is a function of ¥;. Therefore, evaluating

the cost function at 0/ = {c/, L/} gives that
J(OF, &k, Sk) = &) Padiy + tr(QSy) + (B, Sp) + tr(Z1Wh),

where s(/3, ) is a nonnegative scalar function of 8 and ¥, taking finite values when

%), is finite, and tr(Z;Ws) is a constant depending on 3. The matrix P; is given by

P = (Se + T(a.5)Kc) " Qu(Se + T(a,5 Ke)

+ (K(Ss + T(asp K.) + K.) ' Rs(K(So + T(o.5 K.) + K.)
N ~ ~
+ 7(555 + T(Jc\}(,B)Kc)T(ZIm + Z12)(Sg + T(%,B)KC)

where Qy := diag{Q, fQ, ...,V "'Q} and Z, 4, is the bottom-right block of Z; =

{21,11 21,12

P . Moreover, if there exists a scalar ¢ such that
1,21 41,22

P 20Q, (6.30)
then we have

T < J(0L, 21, 2k) < 0 tr(Qiri)) + tr(QXk) + s(B, B + tr(Z,Ws)

< oBu{||zkllg} + (8, Sk) + tr(Z;Wh), (6.31)

where the first inequality holds by optimality. From the definitions of P;, S¢ and
Qp, we have P; = ). This implies that, if a scalar ¢ exists such that (6.30) is
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satisfied, then it must be greater than or equal to 1. Thus the third inequality in
(6.31]) follows. A possible choice of ¢ is the largest eigenvalue of P;Q 71 if Q = 0.
We are now able to identify a parametric bound on the averaged undiscounted

closed loop cost accumulated over an infinite horizon in Theorem [6.8]

Theorem 6.8. Provided that optimisation (6.22) is feasible at time k = 0 and
a scalar o exists such that (6.30) is satisfied, if the discount factor 5 € (0,1) in

optimisation (6.22) satisfies
<t (6.32)
o<1 3 .
and the random sequence {X3}3%, is upper bounded by some matriz X, then

T—1
%EI;O;I;)E{HW@HWH%%}S (s s(8,%) + w(ZW)). (6:33)

-3 — 7 ‘0=<z<%

Remark 6.9. Theorem provides a sufficient condition for (6.33)), which requires
Yr = X Vk > 0. This requirement is reasonable in real world applications, while
mean-square stability is not enough to guarantee it. This can be ensured, for

example, if a common quadratic Lyapunov equation [139] exists for the subsystems

of (41 = A(I — v MCO)E;, that is, if there exists a matriv P = PT = 0 such that
P—ATPA-O,
(6.34)
P—(A—AMC)'P(A— AMC) = 0

hold simultaneously. Condition (6.34) implies that (6.12)) is input-to-state stable
and since wy, and vy, have finite second moments, the sequence {35}, is necessarily

upper bounded.

6.7.2 Closed loop cost bound via asymptotic limits

In this section, we consider different discount factors 5; and (5 in the objective and
the constraint in problem (6.2)). The corresponding online optimisation problem

defining 6; then becomes

min tr(Qﬁle) + tl"(RglUk) + tr(le,Bl,k;)
ek,Pglyk,PBQ’k
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s.t. tl"(Hﬁ2Xk) + tl"(ZgP527k) S Mk,
~ ~ N+1 ~ ~
Pa i = BIE{E (1) Pay T ()} + B X + T BIE{D(W) s, DT
B 5 N+1 _ _
Pa i = BB W (7) Py, kT (7)) + BN Xie + %@E{Dm s, DT}

where Qg,, Rs,, Hp, are constant matrices similarly constructed to Qg, Rs, Hp.
To analyse the averaged undiscounted closed loop cost, we keep the discount factor
By fixed, while taking the left-hand limit of the discount factor in the cost at
f1 = 17 and then solving the optimisation . Given that the limit at 5, = 1~
implies #; < 1, hence remains solvable.

We next give a bound on the closed loop cost.

Theorem 6.10. Provided the optimisation problem (6.35)) is feasible at time k = 0,
if the discount factor 51 € (0,1) in (6.35)) is arbitrarily close to 1, then the trajectories

of (6.1) under the control law of Sectz’on satisfy
li 1T71E 2 2 <tr(Z X 6.36
ggofz {2kl + lluslR} < tr(Z:X). (6.36)

The analysis in Theorem provides some insights into the role that the
discount factors play. With discount factors Sy, 52 € (0,1), we not only ensure the
objective and constraint in problem are well-defined under possibly unbounded
disturbances and measurement noise, but we also obtain a trade-off between transient
and steady state behaviours. When (; takes values far from 1, greater emphasis is
put on the cost accumulated over a short horizon near the initial time, and the cost
corresponding to later times is more heavily discounted. On the other hand, as ;

approaches 1, the closed loop cost is dominated by steady state behaviours.

6.8 Numerical Example

In this section, we run three sets of simulations: (A) demonstrates that the closed

loop system satisfies the bounds in ([6.25)) and ((6.26), and compares performance with

the unconstrained optimal LQG controller; (B) shows that the averaged undiscounted
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6.8. Numerical Example

closed loop cost accumulated over an infinite horizon is finite under the conditions
of Theorem and (C) demonstrates that the closed loop system satisfies ([6.36).

Simulation A : We consider a system obtained by discretising a linearised
continuous-time model of a double inverted pendulum with a sample time of 0.01s

as in [140]. The system matrices are

1.0005 0.01 —0.0005 0
0.098 1.0005 —0.0981 —0.0005
—0.0005 0 1.0015 0.01 |’

—0.0981 —0.0005 0.2942  1.0015

0.0001  —0.0001

A:

0.01 —0.02 1000
B = —0.0001 0.0003 |’ ¢= [O 01 0] D=1
—0.02 0.05

and wy, ~ N(0,%2,), v, ~ N(0,%,), A = 0.6. Here X, = diag{0.5,0.2,0.9,0.3}

and X, = 1.1/. Initial conditions are given by

—0.8 0.1 0.5 —05 —0.5 05
o[04 005 |=05 05 05 —05
o= 1055 YT 01| 0 |=05 05 05 —05]"

-0.5 0.05 0.5 —-0.5 —-0.5 0.5
The constraint of (6.2)) is defined by f = 0.8, ¢ = 2 and

0 01 0 =01

H=101 0 _01 o0

The weighting matrices in the cost function of (6.2) are given by R = 0.017, Q =
diag{10,0.1,10,0.1}. We choose a prediction horizon N = 5, K as the unconstrained
LQ-optimal, K¢, with respect to (A4, B,Q, R), and M = f]CT(Cf]CT + 3,7

where ¥ is the solution of the algebraic Riccati equation
S = ASAT + %, - AMRCT(CRCT +%,) 7 CTAT.

For this system, cost and constraint, the solution of yields Jy = 9.0757 x 10°.

To verify and experimentally, we consider the average cost and
constraint values over 10? simulations, each of which has a run time of 150 time steps.
For comparison, we run the same number of simulations with the same {wy}, {vx},

{7} sequences using the unconstrained optimal LQG controller, where uy, = Koy
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6. Output Feedback Control with Intermittent Observations

and the estimator gain is time-varying and given by M = ¥,CT(CX,CT + %,)~ L

Here >, evolves as
Y1 = AT AT 4+ 5y — pASCT(CECT + 5,) ' OD AT

The results summarised in Table [6.1] agree with the bounds in (6.25)) and (6.26]) and
show that, although the LQG controller gives a smaller closed loop cost (as expected),

it violates the constraint. Note that 3°° = 2.9074 x 107'°, so a further increase in

the simulation run time has negligible effect on the cost and constraint estimates.

MPC controller LQG controller
empirical cost value 2.0545 x 10* < J 893.5569
empirical constraint 1.5175 < € 3.9272 > €
value

Table 6.1: Average discounted cost and constraint values for Simulation A

Simulation B: For this simulation, the system model, cost and constraint
parameters are the same as for Simulation A, except that the state matrix is
redefined as A <~ A — 1.175] and the unconstrained LQ-optimal feedback gain
K1, the steady state Kalman filter gain M are modified accordingly. The modified
matrices A and M satisfy and there exists a scalar 0 = 4.2759 such that
holds and ¢ < ﬁ = 5. To estimate empirically the LHS of , we run
102 simulations, each of which has a run time of 10* time steps, and thus obtain
an estimate of the average value as 14.5375. For this example therefore, the LHS
of is finite as implied by Theorem . Further increases in the simulation
run time cause negligible changes in this estimate.

Simulation C': In this simulation, we consider different discount factors 3; and
Pa(= B = 0.8) in problem and we set ¢ = 3.8. The weighting matrix for
control inputs is given by R = 0.001/ and the unconstrained LQ-optimal feedback
gain, K¢, changes accordingly. All other model and problem parameters are the
same as for Simulation A. We solve the steady state equation of and obtain
the RHS of as 518.3913. To estimate empirically the LHS of as [
approaches 1 while keeping s fixed, we run three tests with §; equal to 0.98, 0.99
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6.9. Conclusion

and 0.999, respectively. Each test consists of 100 simulations, each of which has a
run time of 10* time steps. Empirical values of the LHS of corresponding
to different values of 8; are summarised in Table [6.2] and are in agreement with
the bound . Note also that a further increase of the simulation run time

only results in small variations in these estimates.

| 81 =0.98 | 81 =0.99 | 51 =0.999 | tr(Z;X
empirical cost | 483.3557 472.8744 468.7458 518. 3913
value

Table 6.2: Average undiscounted cost values for Simulation C

6.9 Conclusion

This chapter describes an output feedback MPC algorithm for linear discrete-time
systems with additive disturbances and noisy sensor measurements transmitted
over a packet-dropping communication channel. By designing a control policy
with an affine dependence on future observations, we provide a convex formulation
of a stochastic quadratic regulation problem subject to a discounted expectation
constraint. Our controller parameterisation guarantees recursive feasibility of the
MPC optimisation problem and ensures constraint satisfaction and a discounted cost
bound in closed loop operation. We provide a sufficient condition on the discount
factor to ensure that the averaged undiscounted closed loop cost is finite. Also,
different discount factors in the cost and the expectation constraint, respectively,
are considered. By allowing the discount factor in the cost to approach 1 arbitrarily
closely while keeping the discount factor in the expectation constraint fixed, we
obtain an upper bound on the averaged undiscounted closed loop cost. Future work
will investigate the impact of uncertainties in the probability, A, of successfully

receiving a sensor measurement on closed loop properties.
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6. Output Feedback Control with Intermittent Observations

6.10 Proofs of Chapter [
6.10.1 Proof of Lemma [6.4]

In Assumption , it is assumed that () is MSS and & is asymptotically stable,

which are equivalent to
32, =Z = 0,2 —E{¥(1)5,9" (7)} ~ 0,
JE, =2, = 0,55 — ®Z,d" = 0,

respectively. It can be shown that

=1 = ] satisfies

=] B[P L |80y o

and this implies Lemma [6.4]

6.10.2 Proof of Theorem [6.6

The definition of uy trivially ensures feasibility for all £ > 0. The definitions
(6.23p.,b) ensure that, at time k (given Uy_1, Zy_1), the distributions of the state
and control sequences {z;jp41}52, and {u;p41}52, are identical to the distributions
of {wip1k}i2y and {1}, Therefore
> By} = (HX0) + x(ZeP)
implies )
BE {1} < p — En{ | Haowl|*} = e — En{ || Hal*}-

Hence the trajectories of the closed loop system satisfy

ZﬂiEk{HHﬂckHHQ} < g — Zliglo BEr{perit <
i=0

for all k > 0.

6.10.3 Proof of Corollary

Applying the same argument used in the proof of Theorem [6.6] to the definition
of the objective in ([6.22)) yields

BEAT (041, Brtrs Sr)} = Je — En{[loll§y + lluxll7}- (6.37)

Also, since Jy < J(0, &k, Xx) VEk by optimality, the bound in (6.26)) follows.
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6.10. Proofs of Chapter@

6.10.4 Proof of Theorem [6.8

From (6.37)), it follows that
BEJur1} < Ji — En{llznllgy + lluell R}

Multiplying both sides of this inequality by ™! and then subtracting .J; from

both sides, we obtain
Ee{ i1} — Ju < (87 = D) I = BT E{flanllgy + lusllz}- (6.38)
From (6.31) and (6.38]), it can be concluded that

B Jii} — Ji < (87" = Do = 87 )Ba{ |2y} — B B llukll 3}

+ (87" = 1)(s(8,5) + t2(Z:W7)).

Since (87! — 1)o > 0, we then have

(B~ = (B = Do)Ex{llzrllg + llurllz} < Ji — Ex{Jpra}

+ (871 = 1)(s(8,Zk) + tr(ZW7)). (6.39)

Furthermore, (6.32) implies that 37! — (87! —1)o > 0. Summing both sides of (6.39)
over k=0,1,...,7T — 1, dividing by T" and considering the limit as T' — oo, we get
lim 1Tzlm{nae 13+ e} <~ ((ZW2) + lim 1%1@{3(6 Si)})
T—>ooTk:0 kllQ kIR _ﬁ_g 12 T—)ooTk:0 =k ’

Also, from that ¥, < ¥ for all k£ > 0, it follows

1T—1
lim — Y E{s(8,%2x)} < sup s(f,2).
Jim 7 S BLs(8,50) < s s(5,)

By the definition of function s(/3, ), this supremum is finite, which completes the

proof.
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6. Output Feedback Control with Intermittent Observations

6.10.5 Proof of Theorem [6.10l

We denote as (0;, Py, Py) the minimiser to (6.35) with 8, being arbitrarily close
to 1 from the left, where P,;“ and P} are the terminal matrices in the predicted
cost and the discounted sum constraint, respectively, and }A(;;, ﬂz, X{Tk as the

quantity of Xj, Uy, Xj, that correspond to the minimiser é,’;, respectively. Let

P NI Ai*|k. Then we have
oy NELL B B
e = Z ( ;‘k—X)—FTX, (6.40)
=N

where X, the steady state solution to (6.19)), exists and is unique by Lemma .
Dividing both sides of (6.40) by 7" and taking the limit at 7' = oo, we have

‘ 1 A(T)_ ‘ N+T—-1 .. B _
TlgI;Oka —:’11_{210— z;\[ (Xijp —X)+X =X (6.41)
AU i g% = dim LB 6.42
= Jim = ;V L B X, = lim B (6.42)

The second equality in follows from the facts that A;ﬁ . converges to X Vk >0
as © — oo and hence Zfizv(qu — X) is finite. We next show that the second
equality in holds. Whenever the minimiser (HA,’;, 15,;k ) satisfies its corresponding
LMI constraint in problem with equality, lf’,j satisfies . Also, since we
solve problem ([6.35)) after taking the limit at $; = 17, each term of that infinite
sum on the RHS of is evaluated at g; = 1.

Taking the limit at §; = 17, we obtain a slightly different version of as

B J (O 10 Br1, Zen) } < T 05 2, Sk) — Bi{ |21 + llunl 7}
and summing both sides of this inequality over £ = 0,...,T — 1 yields that
T—1 A A
S E{llzelld + lullk} < T8, 20, %0) — E{J (05, 7, Br)}. (6.43)
k=0

Dividing both sides of (6.43]) by 7" and taking the limit at 7" = 0o, we obtain

: 1 = 2 2 : 1 Nk A N A
Jim o 3 Bl + o} < fim (75,0, %0) ~ BAI G . 20)

oy HQu%) () ()
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6.10. Proofs of Chapter@
. 1 D% . 1 P
= Tlgrgo ftr(ZlPO) = tr(Zy Tlgrolo TPO)'

This, together with (6.41)) and (6.42]), implies (/6.36]).
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Conclusion

Contents
[7.1 _Contributions of This Thesis|. . . . . ... ... ... .. 120
[7.2  Future Research Directions] ... ............. 121

A large amount of work in the existing stochastic MPC literature considers
discrete-time linear systems with bounded additive disturbances. This thesis takes
advantage of a discounted chance constraint to propose a holistic approach for
constrained discrete-time linear systems with unbounded additive disturbances.
This thesis ensures recursive feasibility, constraint satisfaction, stability conditions
(without breaking direct state feedback) and mitigation of conservativeness in
constraint handling. Throughout this thesis, there are a number of assumptions made
that are necessary for main results to hold, including i.i.d. additive disturbances (and
measurement noise) with known and finite first and second moments, controllability
and observability (stabilisability and detectability), asymptotic stability of state
feedback gains and mean-square stability of estimator gains, and the quadratic
form of MPC cost functions. Moreover, although this thesis considers specific
types of constraint functions, results can be extended in principle to other types of
constraints. We now conclude this thesis by summarising its main contributions

and then discussing some directions for future work.
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7.1 Contributions of This Thesis

Chapter [3| designs a stochastic MPC algorithm that imposes constraints on the
sum of discounted future constraint violation probabilities. It ensures recursive
feasibility of the online optimisation problem and constraint satisfaction in closed
loop without bounds on the additive disturbance. Key features are the design of a
constraint-tightening procedure and closed loop analysis of tightening parameters.
This MPC algorithm requires knowledge of the first and second moments of the
disturbance, and is implemented as a convex QCQP problem.

Chapter [4] uses the weighted sum method to solve a convex MOP, and this
method is able to capture the complete Pareto front in this case. The resulting single
objective problems are then solved via dynamic programming iterations that are
guaranteed to converge, and their solutions yield strictly stabilising state feedback
gains. These gains are used for online dynamic gain selection in Chapter [5], and
they coincide with the minimiser of a nonconvex problem, therefore providing an
alternative approach for solving this class of problems exactly. Also, it is possible
to consider more than two individual objective functions (with different set-points)
in the MOP. Provided that these individual objective functions are quadratic, main
statements of Theorems [4.1] and continue to hold. However, assigning values
to the weighting parameters associated with each individual objective requires an
important and non-trivial decision, and is closely related to the implementation
of online gain selection methods in Chapter

Chapter [5| proposes an improved stochastic MPC algorithm incorporating
dynamic gain selection. Gain selection procedures are executed online and lead
to extra computation time that is a tiny fraction of the time for solving an MPC
optimisation problem. These selection procedures can be configured so that the
feedback gain in the MPC law converges to the unconstrained LQ-optimal and
the set of feasible initial conditions is enlarged. By using dynamic gain selection,
the conservativeness in controller design is considerably reduced and the closed

loop cost is improved. Also, recursive feasibility of MPC optimisation problems,
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constraint satisfaction and closed loop stability are retained using a similar approach
to that of Chapter [3|

Chapter [] describes an output feedback MPC algorithm for linear discrete-time
systems with additive disturbances and noisy sensor measurements transmitted
over a packet-dropping communication channel. By designing a control policy
with an affine dependence on future observations, we provide a convex formulation
of a stochastic quadratic regulation problem subject to a discounted expectation
constraint. Our controller parameterisation ensures recursive feasibility of the MPC
optimisation problem and ensures constraint satisfaction and a discounted cost
bound in closed loop operation. We provide a sufficient condition on the discount
factor to ensure that the averaged undiscounted closed loop cost is finite. Also,
different discount factors in the cost and the expectation constraint, respectively,
are considered. By allowing the discount factor in the cost to approach 1 arbitrarily
closely while keeping the discount factor in the expectation constraint fixed, we

obtain an upper bound on the averaged undiscounted closed loop cost.

7.2 Future Research Directions

Sampling methods to impose chance constraints As discussed in Sections
and [3.1] the scenario approach can handle a wide range of chance constraints,
while it is challenging to guarantee recursive feasibility of online optimisation
problems in the MPC framework. It is not possible to use a similar constraint-
tightening technique to that of Chapter [3| to redefine constraint thresholds, because
this would break the i.i.d. assumption on collected samples of uncertainty. However,
using a combination of robust optimisation and scenario approach as proposed in
[37] can circumvent this issue. With this mixed approach, the scenario approach
is used offline, where randomness lies, to obtain an uncertainty set with a certain
confidence level, and we obtain a robust MPC problem online. The difficulty is how
a sequence of individual probabilistic guarantees at each time step can be connected
to yield desirable results given that states are updated at each time step, affected

by actual disturbances that can lie outside of the uncertainty set.
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Robustness analysis of observation arrival probabilities In exiting liter-
ature on Kalman filtering with intermittent observations, many model the data
arrivals as Bernoulli processes and the arrival probability is assumed known and
denoted as A. Their main focuses are on the analysis of behaviours of estimation
error covariance matrices, while it is worth investigating the impact of a small
unknown variation in A on estimation/control performance. More specifically, if a
nominal value X is used in the estimator and controller design in Chapter [0 and the
actual arrival probability is A + d\ that is unknown, the future work is to study
whether a similar version of the closed loop cost bound still exists and the

resulting changes in this bound from uncertainty JA\.

Discounted cheap discrete-time LQR In Chapter[d] we study a multiobjective
optimisation problem and solve its single objective version with different weighting
parameters that are restricted to (0,1]. This restriction is because L (0) is not
necessarily stabilising due to the presence of a discount factor. Before analysing its
stability, we consider the weighting matrix CTC. If CTC > 0, then the discounted
cheap discrete-time LQR problem becomes a regular one since the discount factor
can be translated onto the pair (A, B) as shown in [20]. If CTC is only positive
semidefinite, then L., (0) is not unique and it is the case worth exploring. We will
work on a LQR problem with prioritised objectives, which is similar to the one
considered in [141]. With the remaining degree of freedom in L., (0), we minimise
the second objective function in problem (Py)) and necessarily obtain a unique
feedback gain, denoted as L%_(0), that gives the same value for the first objective
function in problem as any other L. (0). It is interesting to know under

what conditions L’ (0) is strictly stabilising.

Learning-based MPC Machine learning has been an active research area for
the last decade, which uses past data to learn about/act upon the world. The
rapid development of machine learning also has a marked impact on the control
community and leads to more research interest in data-driven control. In general,

learning methods applied to control problems can be categorised into two types:
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model-based methods and model-free methods. The former fits a dynamical model
to data and the latter could be preferable when learning the system dynamics is
too costly. However, [142] shows that, for a class of LQR problems, the model-free
methods require considerably more data than model-based methods to achieve
the same estimation performance and no method can be more sample efficient
than model-based methods.

Reinforcement learning algorithms not only require a massive amount of data to
achieve desirable performance, but also are sensitive to initial conditions [143]. With
different realisations of randomness, the same algorithm could yield dramatically
different performance. This implies that machine learning itself is not a robust
technology. Therefore, a combination of learning methods and robust control would
be a more promising research direction, which can provide safety guarantees while
exploiting available data. In this framework, model-based methods are preferable,
since in many cases they perform better than model-free ones in theory and in
practice [142]. Also, obtaining a dynamical model enables many readily available
and powerful tools from control theory. A recent work on ball catching with a cup
has shown the great potential of learning-based MPC [144], comparing with the deep
reinforcement learning algorithm [145]. Future work is to develop learning-based
MPC algorithms that deal with uncertainty using learning-based methods and

provide robustness and safety guarantees.
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Convex Optimisation

Contents
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|A.5 Linear Matrix Inequality and Schur Complement| . . . 131

This appendix collects some standard definitions and basic results from convex

optimisation, which can be found, for example, in [121 148].

A.1 Convex Sets

Definition A.1 (Convex set). A set C CR" is convex if
pry+ (1 —p)zg € C, Vay,x9 € C, VY € [0,1].

Definition A.2 (Convex hull). For a set C C R"™, its convez hull is defined as the
smallest convex set encompassing C.
Example A.3 (Polytopic set). A set C C R"™ is a polytope if it is defined by a set

of linear inequalities, i.e.

C:={z eR"Az < b}
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for some matrix A € R™*™ and vector b € R™.

Example A.4 (Ellipsoidal set). A set C C R" is an ellipsoid if it is defined by a

set of quadratic inequalities, i.e.
C:={zcR"2 Az +2b 2+ c <0}
for some symmetric positive definite matriz A € R™ ", vector b € R™ and ¢ € R.

Both polytopic and ellipsoidal sets are convex, and they have alternative
parameterisations. For example, a polytopic set can be described by the convex hull
of its vertices, and an ellipsoidal set can be described by its centre and directions

and lengths of its semi-axes, i.e.
C:={zecR(z—2) P z—2)<1}

for some symmetric positive definite matrix P € R"*" and vector z. € R". The
matrix P defines the orientation and shape of the ellipsoid, and the vector z.

is the centre of the ellipsoid.

A.2 Convex and Midpoint-convex Functions and
Lipschitz Continuity

Definition A.5 (Convex function). Given a convex set C C R", a function f :

C — R is convex if
Flps + (1= p)s) < puf(m) + (1= ) (@), Yo,z €CVpe 0,1 (Ad)
If this condition is satisfied with a strict inequality, the function f is strictly convex.

Concave functions are similarly defined. If f is a (strictly) convex function, then
—f is a (strictly) concave function. Also, note that affine functions are both convex
and concave. Equation is sometimes called Jensen’s inequality, which can
be developed to more general cases, and systematic studies of convex functions

can be traced back to Jensen [149, |150].
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Definition A.6 (Midpoint-convex function). Given a convex set C C R", a function

f: C— R is midpoint-convezr if

) < (@) + (@), Ve e

Lemma A.7 ([121, Section 72 Theorem A}). A midpoint-convez (midpoint-concave)
function f: |x1, 23] — R is continuous and hence convex (concave) if it is bounded

from above (below) on (x1,x2).

Definition A.8 (Lipschitz continuity). A function f : R — R is Lipschitz

continuous if
1f(x1) = f@2)|| < Lllzy — 22|, Vay, 22 € R, 3L >0,

where L is a Lipschitz constant.

A.3 Convex Optimisation Problems

Quadratically constrained quadratic programs (QCQPs) are optimisation problems

that can be expressed in the form

min z' Az + ng + co
xX

st. 2’ A +b a4+ <0,i=1,...,m, (A.2)
Fr =g,
where A; € R"*" are symmetric positive semidefinite matrices for i = 0,...,m,

bijeR"fori=0,....,m,c;ERfori=0,...,m, FERP*"and g e RP. If A, =0
for i« = 0,...,m, then this problem reduces to a linear program. If A; = 0 for
t = 1,...,m, this problem is a quadratic program.

Second-order cone programs (SOCPs) are optimisation problems that can be

expressed in the form

mzin flz
st |Aix+ bl <c¢fz+dy, i=1,...,m,

Fx=g,
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where f € R", F € RP*" g € RP, and, for: = 1,...,m, A, € R**" b, € R™,
¢; € R™ and d; € R. SOCPs are more general than QCQPs and can be efficiently
solved, for example, by commercial solvers Gurobi [151] and MOSEK [152]. QCQPs
can also be expressed in the form of SOCPs. This involves introducing a quadratic
constraint to bound the quadratic objective function by a linear function which then
acts as the new objective function. Then quadratic constraints can be equivalently
written in the form of second-order conic constraints and is equivalent to

H(l +blx+c)/2
1

1 <(1=blz—¢)/2.
Abs <(A-bz—q)/

2

A.4 Multiobjective Optimisation

A multiobjective optimisation problem (MOP) can be expressed in the form
min f(x) = [fi(z),..., fr(@)]" (A.3)

st gi(x) <0, i=1,...,n,

hi(z) =0, i=1,...,1,

where f(z) is a vector of objective functions.

Definition A.9 (Pareto Optimality). A feasible solution, x*, of problem (A.3)) is
Pareto optimal if and only if there is no other feasible point, y, satisfying f(y) < £(x*)

(in an elementwise fashion) with strict inequalities for at least one objective function.

A common approach for solving MOPs is the weighted sum method, resulting

in a single objection problem. It is given by

min 3w fi(x)
i=1
st gi(z) <0, 1=1,...,n,
hi(x) =0, i=1,...,1,
where {w;}'_, is a set of weights chosen by decision makers such that >7_; w; =1

and w; > 0 Vi.
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A.5 Linear Matrix Inequality and Schur Comple-
ment

Definition A.10 (Linear matrix inequality). A linear matriz inequality (LMI) can

be expressed in the form

i=1

where x € R™ is the variable and A; € R™*™, ¢ =0,...,n are symmetric matrices.

Nonlinear inequalities can be reformulated as LMI conditions using Schur

complements as shown in Lemmas (A.11)) and (A.12).
Lemma A.11 (]|148] Section 2.1]). The LMI

20 el

where A(x) = AT (z), C(x) = CT(x) and A(z), B(x), and C(z) are affine functions

of x, is equivalent to the following conditions
C(z) =0, A(x)— B(z)C(z)'B(z)" = 0.
Lemma A.12 (|148| Section 2.7]). For R > 0, let
P—A"PA+Q—-A"PB(R+B"PB)"'B"PA »0,

where P = P is an optimisation variable and A, B, Q = Q", R=R" are given

matrices with conformal dimensions, then this condition is equivalent to the LMI

P-ATPA+Q ATPB |,
BTPA R+B'PB| ="
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Variables
Contents
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IB.3 Convergence of Sequences of Random Variables|. . . . 136

This appendix collects some standard definitions and results in probability

theory, which can be found, for example, in [112] [153] [154].

B.1 Probability Measure and Probability Space

Definition B.1 (o-field). A o-field is defined as a set, F, of subsets of sample

space 2, enjoying the following properties:
(i) empty set ) € F;
(’l’l) Z:fS@tS Al; AQ, ... € .F, UfilAl € .F,'

(iii) if set A € F, its complement A € F.
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B.2. Random Variables and Probability Distributions

Definition B.2 (Probability measure). Given a pair (2, F), a function P : F —
[0,1] is called a probability measure defined on the pair (2, F), if it satisfies the

following conditions:

(i) P{0} = 0 and P{Q} = 1, where () denotes the empty set and 2 is the sample

space;

(ii) Given a set, {Ay, Ag, ...}, of members of F that are mutually disjoint for
any pairs, P{UZ, Ai} = > 2, P{A;}.

Definition B.3 (Probability space). The probability space is defined as the triplet
(Q, F,P) that consists of a sample space 2, a o-field F and a probability measure P.

Definition B.4 (Conditional probability). The probability that event E; happens
given that event Ey has already occurred is called a conditional probability given by

P{E, N E,}
P{E,}

Note that this conditional probability is well defined only if P{E,} > 0.

P{E)|Ey} =

Lemma B.5 ([153] Section 1.4]). Given a collection of events Ay, A, ..., A, and
that P{N7=! A;} >0,

P{( A} = P{A }P{As|A; }P{A5| A1 N Ay} - - P{A,|A N Ay N - N Ayq )

=1

B.2 Random Variables and Probability Distribu-
tions

Definition B.6 (Random variable). A random variable X on sample space 2 is a

function defined on ) that assumes real values, i.e. X : Q+— R.
Definition B.7 (Expectation). For a continuous random variable X , its expectation
is defined as
E{X} = /a;f(x)dx
where f(x) is the probability density function of X; and for a discrete random

variable, it is defined as

E{X} =) aP{X =z}
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B. Probability Theory and Random Variables

Also, given random variables X, Y on the same probability space, the conditional

expectation of X given Y is written as E{X|Y'}.

Lemma B.8 ([153, Section 3.7 Theorem 4|). Given random variables X, Y on the
same probability space,

E{E{X|Y}} = E{X}.

Definition B.9 (Cumulative distribution function). For a continuous random

variable X, its cumulative distribution function is given by

F(z) = P{X < 2} = /z F()dt,
where f(t) is the probability density function of X.

Definition B.10 (Gaussian distribution). A Gaussian distribution, which is also
called a normal distribution, is a continuous probability distribution characterised
by its mean and variance. Its probability density function is given by
1 1,2 —p\2
Fla) = — (- L (EHYY)

o\ 21 2 o

where 1 is the mean and o2 is the variance.

For a random variable X that is normally distributed with mean p and variance

o2, it can be written as X ~ N(u,oc?).

Definition B.11 (Bernoulli distribution). A Bernoulli distribution is a probabil-
ity distribution for a discrete random variable that only assumes values 0 (with

probability 1 — X\) and 1 (with probability ).

A sequence of independently and identically distributed (i.i.d.) Bernoulli random

variables is called a Bernoulli process.

Definition B.12 (Binomial distribution). A Binomial distribution is a discrete
probability distribution characterised by a number, n, of independent Bernoulli trials
and a success rate X. Its probability mass function P{X = k} denotes the probability
of achieving k successes in n experiments and is given by

n

P{X =k} = <k> ML= N,
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B.3. Convergence of Sequences of Random Variables

Lemma B.13 (Markov’s inequality, [153, Section 7.2 Lemma 7]). For any random
variable X with finite mean, the following holds:

E{| X
P{|X|za}g{’a‘} Va>0.

Lemma B.14 (Chebyshev’s inequality, [153, Section 7.3 Example 3]). For any

random variable X with finite mean and variance, the following holds:

E{X?
PUX|>a} < 22 yaso

a?

B.3 Convergence of Sequences of Random Vari-
ables

For a random variable X and a sequence of random variables { X, X5, ...} on some
probability space (2, F,P), several notions of convergence of random variables

are introduced as follows.

Definition B.15 (Convergence in distribution). If

lim F,(z) = F(z)

n—o0

for all points © € R at which F(x) is continuous, where F(z) and F,(x) are the
cumulative distribution functions of random variables X and X,,, then the sequence

{X1, Xs,...} converges in distribution to the random variable X .

Definition B.16 (Convergence in probability). If

lim P{|X,, — X|>e} =0 Ve>0,

n—o0

then the sequence { X1, Xs,...} converges in probability to the random variable X .

Definition B.17 (Convergence in mean). Given a real number r > 1, if E{|X,|"}
forn=1,2,... and E{|X|"} exist, and
lim E{|X, — X|'} =0,

n—o0

then the sequence { X1, Xa, ...} converges in the r-th mean to the random variable

X.
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B. Probability Theory and Random Variables

Definition B.18 (Almost sure convergence). If
IP’{nlggoXn =X} =1,
or equivalently, by expressing random variables as real-valued functions,
P{w e Q: Jim Xp(w) =X(w)} =1,

then the sequence {X1, Xs,...} converges almost surely/with probability 1 to the

random variable X.

Lemma B.19 (Borel-Cantelli lemmas, [153, Section 7.3 Theorem 10]). Given a

sequence of events {E1, Es, ...},
(1) P{limsup, , En} = P{;2 Un=, En}t =0, if 202, P{E,} < oo;

(2) P{limsup,,_,.. En} =1, if >0 | P{E,} = 00 and Ey, Es, ... are independent

events.

Lemma B.20 (Strong law of large numbers, [153| Section 7.4 Theorem 3]). Given
a sequence, {X,}°2,, of independent and identically distributed random variables

with B{X,} = X and a finite second moment,

P{ lim 1%)@:)‘(}:1.

N—>00Nn1
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