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Abstract

An agent solves an exponential utility maximisation problem that is robust to parameter
misspecification and where the optimal strategy continuously adapts to new information. The
agent invests in a risk-free asset and in risky stocks whose prices follow geometric diffusion
processes. The agent does not know the drift parameters of the stock price dynamics, so
she considers a set of alternative measures to make the investment problem robust to model
misspecification and employs a continuous-time estimator to learn the value of the drift
parameters as new information arrives during the investment horizon. For the two risky asset
case, the agent’s value function is characterised as the solution to a non-linear PDE. We
show that the value function has a stochastic representation and use it to analyse the optimal
adaptive-robust strategy and to compare it with various benchmarks.

Keywords Adaptive-robust control - Model uncertainty - Stochastic control -
Time-consistency - Dynamic programming - Online learning - Algorithmic trading

1 Introduction

A classical problem in finance consists in finding the optimal investment strategy for an agent
who maximises the expected utility of terminal wealth, where the agent’s wealth dynamics are
determined by the evolution of the value of her investment portfolio, see, e.g., [14]. Generally,
the dynamics of the assets are modelled by a set of stochastic differential equations (SDEs)
and one assumes that the agent knows the dynamics of the assets, which includes knowing the
parameters of the SDEs. For example, when the price dynamics are described by a geometric
Brownian motion, the agent knows both the volatility and the drift of the returns of the assets.

In the classical setup, the agent uses the price dynamics to derive the optimal investment
strategy. However, in practice, one does not know the true dynamics of the asset nor the
value of the model parameters, i.e., the value of the parameters of the SDEs that describe the
evolution of prices are unkown. In this paper, the risky assets follow a geometric Brownian
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motion, of which the agent knows the volatility of returns but does not know the drift of the
returns of the asset. We employ the continuous-time adaptive-robust framework in [2] —
based on the discrete-time framework first proposed in [4] — to derive the agent’s optimal
strategy when the drift parameters of the stock processes are unknown.! Here, we apply
the theory of adaptive robust control developed in [2, 3] to the Merton optimal investment
problem and derive a tractable characterisation of the value function with which we provide
insights about the role of the adaptive and robust components of the strategy. In the adaptive
component of this approach, the agent employs a continuous-time estimator to learn the value
of the drift parameters so that the control problem adapts to the arrival of new information
throughout the agent’s trading horizon. On the other hand, in the robust component of this
approach, the agent considers a set of alternative measures to make the control problem robust
to model misspecification that arise from not knowing the drift of the risky assets.

For the two risky asset case, the agent’s value function is characterised by a non-linear
partial differential equation (PDE), and we show that the value function has a stochastic
representation which one evaluates by numerically computing a deterministic integral. This
calculation bypasses the use of numerical methods to solve the PDE directly, which is usually
not feasible in high-dimensional problems such as the one we study. With this representation,
we analyse the agent’s optimal adaptive-robust investment strategy. The optimal adaptive-
robust investment strategy depends on the values (61, 6») of the adaptlve estimates of the two
unknown drifts. We find that there are nine regions in the (91 s 92) space that modulate the
optimal strategy. We show how these investment regions change as the correlation between
assets change. More precisely, when the correlation is positive (resp. negative), we show how
the area corresponding to long-short/short-long (resp. long-long/short-short) positions in the
first-second assets expands. We build our understanding of the optimal strategy under a dif-
ferent set of assumptions on the volatility of the underlying assets and we study, numerically,
the performance of the adaptive-robust strategy.

Our work is related to two strands of the literature that focus on either parameter uncer-
tainty or learning model parameters, while our paper includes both robustness and learning
simultaneously to solve the agent’s investment problem. In [6] the agent maximises expected
exponential utility of wealth without perfect knowledge of the drift parameter in the stock
price dynamics. [15] develop general results on utility maximisation under parameter uncer-
tainty in the drift, volatility, and jump terms in the dynamics of stock prices. [12] study utility
maximisation problems where parameters lie in a time-varying interval. These articles focus
on parameter uncertainty in the agent’s utility maximisation problem and, in particular, the
agent cannot estimate the relevant parameters as time evolves during the trading horizon. In
work that focuses on learning, [5] consider the agent’s utility maximisation problem with
both Bayesian online updates of model parameters and derive a PDE that characterises the
agent’s value function. [9] study the Markowitz portfolio selection problem where the agent
does not know the drift vector of stock prices. In this paper we study both, continuous-time
adaptivity and robustness in the Merton problem.

The remainder of the paper is organised as follows. Section 2 presents the utility maximi-
sation problem in the adaptive-robust framework and we derive the main theoretical results
of the paper. In particular, we show that the value function of the problem has a stochas-
tic representation. Section 4 discusses the optimal strategy as a function of the correlation
between the returns of the assets. Section 5 conducts asymptotic analysis of the adaptive-
robust strategy when stock prices are independent and Section 6 showcases the performance
of the adaptive-robust framework and compares it with various benchmarks.

! For recent developments see [1, 8].
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2 Portfolio investment strategy

The agent solves a dynamic asset allocation problem where shortselling is allowed. The agent
trades in two risky assets and in a risk-free asset to maximise the expected utility of terminal
wealth. Let » denote the risk-free rate and let S; = (Stl, Stz) denote the prices of the risky
assets at time ¢, which satisfy the SDEs

ds! =618 dt + o011 S'dW} + 612 S} dw™,

dS? = 0% 2 S?dt + 021 S?dW? + p oy SEdW!", @D
under the probability measure P*. Here, W! and W? are independent Brownian motions
that denote idiosyncratic shocks to the prices of the assets, and p € [—1, 1] is a correlation
parameter. The Brownian motion W™, independent of W' and W2, represents the market
risk in the price innovations of both assets. We work with two risky assets because one can
derive explicit characterisations of the trading regions and study the investment strategies.
Although the analysis can be extended to n assets, the expressions would become much more
convoluted.

The agent knows that the dynamics of the prices are given by (2.1), knows the value of
the volatility parameters o; ; > 0 for i, j € {1, 2}, and knows the value of the correlation
parameter p. However, the agent does not know the values of the drift parameters 6* ! and
6*2 which we denote by 0* = [#*! 0*2]T, where T is the transpose operator. If one uses
quadratic variation arguments, the volatility parameters are known because asset prices are
observed continuously. Thus, in this paper we focus on the continuous estimation of the drift
parameters.

The agent’s controlled wealth process is denoted by X{ and satisfies the SDE

dX® = (o O*—1r)+r XO) dt+a) o1 dW+a! 012 dW" +a? 021 AW +a? p o dW™

(2.2)
where the control af is the amount of money invested in asset i, a; = [atl, cxtz]T, and
1=11, 1]7.

In what follows, we focus on the optimal investment problem without transaction costs
and study the case of exponential utility. We expect that the framework and results could be
extended to account for transaction costs, in which cases we expect similar insights; see [10,
17] for works that incorporate small transaction costs to the Merton problem.

The adaptive-robust framework we develop benefits from efficient computation times
because the joint process of the state variables and the adaptive estimator remains Markovian,
with which we characterise the value function via a Hamilton—Jacobi—Bellman (HJB) equa-
tion. This representation enables tractable numerical schemes, even in higher dimensions,
subject to the usual trade-offs in discretization. In contrast, approaches based on offline esti-
mators (i.e., estimators computed from fixed historical samples and not updated continuously)
typically result in non-Markovian dynamics when coupled with the controlled state process.
As aresult, the associated stochastic control problems lack an HIB characterisation, making
them computationally more challenging and limiting the applicability of standard dynamic
programming techniques. For this specific problem with a higher number of assets (more
than two), the defined subspace becomes more complicated and harder to state explicitly.

The agent acknowledges that she does not know the true value of the drift parame-
ters. Hence, the agent employs the adaptive-robust methodology — proposed by [4] for the
discrete-time setting and extended to continuous-time in [3] — to derive an investment strat-
egy. The key advantage of the adaptive-robust approach is that the agent uses the evolution of
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the underlying stochastic price processes to update the estimates of the unknown parameters
continuously while ensuring that the decisions are robust to model misspecification.

The agent is risk-averse and derives utility from wealth. Her preferences are described
by the exponential utility function U(x) = —exp(—y x), with y > 0, which is increasing
and concave, and bounded from above. The agent’s adaptive-robust problem is given by the
value function

v(t, x, S,0) = sup inf EF [Ux$)] . (2.3)
acA PeP(t,x,5.0,G)

where X; = x, §; = S, Ais the set of admissible control processes (progressively measurable
and square integrable), and T > 0 denotes the terminal date of the agent’s investment horizon.
Here, EF[ - ] is the expectation operator under the measure IP, which is a probability measure
in the set of alternative measures P(t, x, S, é, G) considered by the investor. In particular,
the deterministic function G (z, 0) specifies the investor’s model uncertainty that stems from
the estimation process of the unknown drift parameters.

Next, we describe the drift estimator process for stock i € {1, 2}. First, over a time-step
At > 0 the expected return of the stock under the true measure P* is given by

LS =S .
EP [’*A;l’} ~ 0% AL, (2.4)
t

Indeed, use (2.1) to see that for an integrable deterministic function g(¢) one has

t t
EF’ [/ 8w ds;’,]:o*"’/ g(w) du, 2.5)
0o Sy 0

and from the equation above, solve for 0*1 to see that

1 /‘ 8 i (2.6)
fo gwydu Jo S,
is an unbiased estimator of the drift parameter g*1. Here, we choose g(u) = (1 + u)-~1!,
where L > 0 1is a learning parameter, and write

N L 1 L-1
g = / A+o™ s 2.7)
aA+nk Jo st

fori = 1,2, where ' denotes the estimate of the drift of asset i. The choice of the function
g(u) ensures that the estimator in (2.7) converges as t — 00; see Proposition 2.1 below.
Then, by Itd’s lemma, the estimators of the drift parameters in (2.7) are

détl =B ((9*’1 — étl)dt + o011 thl + o012 thm) ,

. ) (2.8)
462 = py (672 = 3 dt + 021 dWF + pom d W)
under the true probability P*, where the learning rate is
B = L 2.9
T4 :
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The choice of the function g is not arbitrary. Note that for a general deterministic function
g, one can rearrange (2.6) to obtain

A t A
do} = 1404 ((9*’1 —0Ydt + o1 dw) —I—olde,m) ,
G (2.10)
s 8() 2 2 '
ai; = & ("2 =62 dt + 02 dW? + pora d W),

where G (t) = f(; g(s)ds. From the result in [2], the learning rate must satisfy
00 t oo ,2 t
/ &dt:oo and / gz()dt<oo
o G(@) o G=(1)

to allow for both the coverage of the domain space and the convergence of the estimator. The
choice of g(r) = (1 + 1)~ is a tractable example that satisfies both conditions.

Proposition 2.1 Leri € {1, 2} and let é,’ be given in (2.7), then, as t — 00, the estimator
é; converges to 0% in probability. The distribution of the random variable ét’ fori=1,21is

normal with mean value
.. 1\t . 1
05 | —— %' (1 — ——
0(1+z) - ( (1+r>L)

and when L # 1/2, the variance is

2 2 2. L7
(oi1 + 17 03) (

(1 _‘_t)ZLfl (])ZLfl
2L -1 ) ’

A+02L  (1+n2L

and when L = 1/2, the variance is

(0} +1*0?) <log(1 + t))

4 I+t
For a proof see Appendix A.

We observe that as t becomes large, the variance of the estimator é} behaves like ¢/1 + ¢
where c is a scaling factor. Therefore, the uncertainty set should scale as éti + /141,
where ¢ corresponds to the desired confidence level.

The larger the value of L, the quicker the estimator converges to the true value as t — 0.
But the estimator would fluctuate more when ¢ is small. Thus, it should be up to the investor
to decide what constitutes a good choice for L.

Next, to specify the set of alternative measures P(z, x, S, 6 , G), we first introduce the
set-valued function

Gt,0) = {(51,52) €R? |6 —c/VIH1<6 <0 +c/STH1 fori= 1,2} . @11

which represents the model uncertainty that stems from not knowing the true value of the
drift parameter; here, the uncertainty parameter ¢ > 0 specifies the width of the uncertainty
set.

Remark 2.2 The agent chooses the parameter ¢ > 0 to control the width of the uncertainty
set. Heuristically, one uses the variance of the estimators Ol fori = 1, 2 and for a given L to
choose ¢ such that the estimators are within a ball around the true values of the parameters
with a given confidence (e.g., 90%). See Appendix A for explicit formulae of the variances
of the estimators which we can use to establish the link between ¢ and L.
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To solve the investment problem, the agent derives a Hamilton—Jacobi—Bellman—Isaacs
(HIBI) equatlon to characterise the value function v. The characterisation is under the measure
Pe P, x, S, 6, G) because the agent searches over all strategies and outcomes that depend
on all the models determined by the choice of 6 in (2.11). This approach requires to write
the estimator process in (2.8) under the measure I@’, so we proceed as follows.

The set P(t, x, S, é, G) is defined as follows. Each alternative measure Pec P(t, x, S, é,
G) considered by the agent is associated with a progressively measurable process 6 such that
0. € G(t,6,) forall u € [t, T] and

) N
dp /9*’—9; /’ o* — 6!
=ex dw! — —3) ds| . (2.12)

Then, by Girsanov’s theorem, the process

2 i 6 =6 .
dW,:th+7dt for i=1, 2,
0j |
i§ a Brownian motion under the probability measure ]}3; see [16]. Therefore, under the measure
P, the estimators in (2.8) are given by

=B ((é,l —é,l)dt +011dW,1 +012thm> s
. o . 2.13)
a0} =y (@7 =62 d1 + 021 AW2 + pora dW;") |

where Wl, Wz, and W™ are independent Brownian motions. Thus, equipped with (2.13),
the value function in (2.3) is the solution of an HIJIBI for the alternative models P e
P, x, S, 0, G), which include the continuous-time updates of the estimated drift param-
eters.

Note that for a fixed time ¢, when the value of the uncertainty parameter c in the function
G (t,0) is high (resp. low), the agent is less (resp. more) certain about the estimate of the
drift. On the other hand, for a fixed value of ¢ > 0, as time evolves, the intervals in (2.11)
shrink because the agent is more confident about the estimate of the drift of prices as more
data are used to compute each update of 6;.

In contrast, when the agent fully trusts the estimator of the drift parameter, she fixes the
value of the uncertainty parameter ¢ to zero, so the set-valued function G(z, 6) is the set
{(él , éz)}. In this case, the agent fully commits to the value of each update of the estimate é}
in the model of price dynamics (2.1). Consequently, the agent’s optimisation problem only
considers the ‘adaptive’ part of (2.3) (there is no robustness actions because the agent fully
trusts the estimates of the drift parameters), so the optimal investment strategy is the solution
to the adaptive control problem

v(t,x, 8, 0) = sup EF [U(XD)] . (2.14)

ac Ay

where the probability measure P is defined by

2 . A 2
9* N 0; t 0*,1 _ 6!
= E dw! — E —3) ds|. 2.15
dP* = €Xp / - /{; ( oi1 ) s ( )

The investment problem in (2.14) is only ‘adaptive’ because at every point in time, the
agent searches for optimal strategies that use the continuous updates of the estimates of the
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drift parameter of the stock prices. In the ideal case in which the agent knows the true value
of the drift parameter in (2.1), the investment problem in (2.3) reduces to the classical Merton
problem

v(t, x, S, 0) = sup EF" [UX3)], (2.16)

acAy

where P* is the true probability measure. One can show (see e.g., Chapter 5 in [7]) that the
Merton optimal investment strategy for the exponential utility case U (x) = —e™ 7" is given
by
O —1r)
*,M

Y@= y exp(r (T — 1))~ @17

where X is the variance-covariance matrix returns.

In the general case, the uncertainty parameter c is greater than zero, and the agent solves
the adaptive-robust problem in (2.3). In Appendix B we prove that the value function v
associated with the above adaptive-robust control problem is finite, and by Proposition 2.19
in [2], one can show that the value function satisfies the HIBI equation

0= 0rv+rxdxv + %ﬁlzcrf 8é1élv+%/3,2022 8é2é2"+ /3,2,003 Bélézv

+sup inf {,Bt(é—é)TBév+aT(9~—lr)i)xv+%aTEa Bxxv+ﬂ,a723xév},

o GeG(t,0)
(2.18)
where
012 PUCZ p 2 2 2 2 2 2 2 2
Y= p02 o2 | with of =01 +0{3, 05 =05+p 05, and ol =01202.
c 2
(2.19)

Here, ¥ is the variance-covariance matrix of the returns of assets S' and S? and we recall
that p € [—1, 1]. Note that the correlation between the prices of the two risky assets is
P 03 /+/01 02 and that the HIBI does not depend on the true value of the drift parameter 6*.
To simplify notation, we define

11 = m , 177 = [:}] , 1T = [_i] , 17T = [_}] . 1t=1, 1"=-1.

The investment strategy is a function of various quantities, including the value of model
parameters; e.g., the correlation parameter p, the value of the uncertainty parameter c, and
the estimate of the drift processes. Thus, to streamline the discussion, we delineate nine non-
overlapping investment regions in R> which we use below to derive the agent’s investment
strategy.

The first four regions, denoted by A*>, A™~ A=% and A=, are given by

Alk — {é cR?| ! (é C1r4 1R TF r) c R“‘} for j ke {+ —},

where for j, k € {4+, —} we use the notation R/* = R x RF, for which Rt = (0, 00) and
R™ = (—00,0).
The remaining five regions are A0 A0+ A=0 A+0 and A0O Tp region A0~ 6, —

r+c/+/1+t<0and

2 2
o ~ A o ~
e Gr—re/NTH D +r—c/VTH1 <6 < 220 Gomrte/VTHD+r4e/NT+1;
)

2
)
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in region A%*, 6, —r —c¢//T+1 > 0 and
Pl L
(Gr—r—c/vV1+t)+r—c/v1+1 <601 < —5 (r—r—c/V1+t)+r+c/vV1+1;
2

2
05 a.

A

in region A=0,0; —r +¢//T+1 < 0 and

A

o2 A A o2 A
P Y Or—r+c/NV1+t)+r—c/v/1+1 <6, < £ Or—r+c/v1+t)+r+c/v/1+1;

2 2
o 9]
inregion AT, 0; —r —¢//T+1 > 0 and
2 2
¢ c

PO Gy —r—c/VTFD)+r—c/VTH1 <6, <22

2 2
0] 0]

O1—r—c/NT+D+r+e/V1+1;

A

and in region A00
r—c/N1+t <0 <r+c/Y1+1 and r—c/J1+t<6<r+c/J1+t.

Finally, define the function

N ) T . ' . A A
%(0—1r+ 1—J.—k 1c+t) w1 (0—1r+ l*/q*kﬁ)’ beAlk jkel+ -,
5 (01— e L(A - —-j_c ) 5o 40 B
F(t é): 2(91 rl «/m) (712 91 r+1 Vi+t) feA ,jG[-‘r, 1,
| T (—r417 i) L (1 5 e A0 _
2<02 il l+t) o3 (92 r+1 m) 6eA% jel+, -],
0 6 e A00
(2.20)

which we use below to write the optimal investment strategy of the agent.

Proposition 2.3 Adaptive-robust strategy. Let U (x) = —e™V ™ be the agent’s utility function,
where y > 0 is the risk-aversion parameter. Let the stock prices satisfy the SDEs in (2.1),
the learning parameter L > 0, and investment horizon T > 0. Then, the adaptive-robust
investment strategy, in feedback form, for the investor’s problem in (2.3) is

D (2 T R NA R B Y (X BN
N
T exp G T=D) . 0eANT jkel+, ],

[é17r+1*1 ¢/JTH 0] —o2B 05HGO) .
J,0 s _
* ol y exp(r (T—1)) » 0eAlT jelt ],

Olt = ~ . T — A
0 by—r+177 c//T+t| —02 B 9;H(1.6) A .
[ Lodnafed 5 g0 jepe )

2.21)

_ o3y exp(r (T—1))
—B 0;H (1.0)

A 0,0
Y exp(r (T—0) ° 0eA™,

where 6 = [é] éz]T is the estimate of the drift of the stock returns at time t. The stochastic
representation of the function H is

T
H(@t, 0)=E" [/ F(u,Z))du | Z; = é] , (2.22)
t
with F in (2.20), where the stochastic process Z = [Z' Z27, with Z, = é, follows
dZ) =B (r — Z) du + o1y dW, + 012 dW)") |

(2.23)
dZL2¢ =8 ((r - szl)du + o9 dW3 + poxn dW;n) .
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Here, W', W2, and W™ are mutually independent Brownian motions under the probability
measure P* (see price dynamics in (2.1)), and B; is the learning rate in (2.9). Conditional
on Z, = 0, the process Z,, € R? is normally distributed under the probability measure P*.
For all values of the learning parameter L, the mean of Z; is

~ (1+1\F (140t
0 | —— l——). 2.24
’(1+u> +r< (1 +u)l (224)
When L # 1/2, the covariance matrix of Z,, is
u 1 2L-2 L2 1 2L—-1 1 t 2L-1
z/ Aty d+w= _d+0 (25
¢ (1 +u)L 2L—1\ (1+u)?L (1 +u)L

and when L = 1/2, the covariance matrix of Z,, is

5 /u .2 (14v?t2 % <log(1+u)—10g(1+1)>
t

CrO = 2.26
A+uw2l V73 I +u (2:26)

where X is in (2.19).

Proof Recall that the value function v satisfies the HIBI in (2.18), subject to the terminal
condition v(T', x, ) = —e~ ¥ *. Substitute the ansatz

v(t, x,0) = = U(t,0) exp (—y x exp (r (T — 1))
into the HJBI in (2.18) to write
0=0,U+; ﬂt Ul 95,6,U + 2 ﬂ, 02 95,6,U + :3z po; 89102

+inf sup {B@—ToU ~aT@-1nU+}aTSal - paTTi;U]
0eG(t,0)
(2.27)
with terminal condition U (T, é) =1.

Next, we discuss the inf-sup solutions to determine the optimal investment strategy. The
term inside the sup sign depends on o7 (B: 93U —a U), where § € G(t, é); therefore, we
consider the value of 8; 9;U — « U in different investment regions of R?, see Appendix C.1
for the detailed calculation.

Now, we solve the inf-sup problem in (2.27) for each 6 in the nine non-overlapping
investment regions of R? discussed above. Let U (¢, é) = exp(—H(t, é)) and let C(¢, é)
denote the inf-sup term in (2.27). Then, the optimal investment strategy depends on nine
regions of R? — see Appendix C.2 and Appendix C.3 for more details. Moreover, the optimal
investment strategy satisfies (2.21) and

C(t.6) = ~U (B (1r = )T 93H + F(1.6)) . (2.28)
for all # and 4. Use 2.27) for § € R? and recall the terminal condition H(T, é) = 0 to write

O H + %ﬁ?afaéléIHJr %ﬁ?afaé2é2H+ﬁt2pa 5,6, H + P Ar—0)T 9H + F(1.0) =0,
(2.29)
where F isin (2.21).
To show that the functions H and H in (2.22) are equal, we define the stochastic process
Z =[z" Z*I7, which follows

dZ) = B ((r — Z)) du + o1y AW, + 012 dW"),
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dzi =B ((r — Zﬁ)du + 021 quz + poxn dW,:n),
with Z; = o ,u € [t, T], where W!, W2, and W™ are independent Brownian motions under

the probability measure P*. From the PDE in (2.29) and the terminal condition H (T, 6 ) =0,
the function H has the stochastic representation in (2.22) because the process

T
H(. Z) +f Fu, Zy) du
t

is a martingale, by It6’s lemma. Next, we show that the random variable Z,, fort <u < T
is normally distributed. We apply It6’s lemma to exp( ft“ Bs ds) Z, and write

u R X u v . u v .
exp(/ ﬁsds> ZL=Z§+/ exp(/ ﬁsds>dej+/ ﬂvexp</ ,Bsds> Z, dv
t t t t t
X u v u v .
—7i +f o exp(f ﬁde) dv+f oi1 o exp(/ ﬂst) awi
t t t t
u v
+/ li(rigﬁuexp</ ,Bsds) awl',
t t
where, to simplify notation, /; = 1 and I = p. Therefore,
X . u u u
Zl, =Z} exp <—/ Bs ds> +/ r By exp (—/ Bs ds) dv
t t v
u u X u u
+/ 0i 1 By exp (—/ ﬁ;ds) aw; +/ I; 0;2 By exp <—[ 5Sds> aw]t
t v t v
< (1 L
—§ < +t>
1+u

u 1 L-1 u 1 L—1 i u 1 L-1
+L</ ri( +v) dv+/ Uili( +v) dW:,-i—/ Iioizi( +v) dwlt | .
t t t

1+ u)k (14wt 1+ u)k v

Thus, it is easy to see that the mean of Z; is given by (2.24), and the covariance matrix of
Z, is given in (2.25) when L # 1/2 and in (2.26) when L = 1/2. ]

In the next proposition, we let ¢ = 0 and derive the closed-form optimal adaptive strategy
%4 for the investment problem in (2.14).

Proposition 2.4 Adaptive strategy. Let the prices of the asset satisfy the SDEs in (2.1), L > 0
the learning parameter, T > 0 the investment horizon, the uncertainty parameter ¢ = 0, and
p € [—1, 1]. The adaptive investment strategy for the investor’s problem (2.14) is

-1 (5 _ =0 ~
il = (-11) _ %00 (2.30)
Yy exp(r (T —1)  y exp(r (T —1))
where H has the stochastic representation
0 A T
H(t,0) = EF U 5 (Zu =117 27V (Z,—17) du] , (2.31)
t
with Z defined in (2.23), and
_ R R T 1 ¢ 2L
PH (., 0) =571 - lr)/ ha du. (2.32)
P 14+u
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Proof Let c = 0 in Proposition 2.3 to obtain (2.30) and (2.31). Next, we show (2.32). Denote
the variance of the random variable X and the covariance between the random variables X
and Y by Var(X) and Cov(X, Y), respectively. From (2.31), we have that

_ A 1

0
H"(t,0) = X
2(012022 — pch)

T % * %
/ (BT [k = n? |+ 0B [@2 - ?| - 2002 B [Zh - (Z =1 ]) du.
t
The expectations that appear above are given by
P [l 2 P [ 2 1 5 2 (1+1)F 1
E" [(Zy— r)?]=E" [(Z, — n] + Var(Z,) = 1 —r) Tru + Var(Z,)
(2.33)

" =(6r—r) s "y + Var(Z,)) , (2.34)

and

* A A 1
B [z = 1 (Z2=n] =6 —r) -1 (1%1

2L
) +Cov(z!, 23 . (2.35)

The terms Var(Zi), Var(Z,%), and Cov(Z,ﬁ, Z,%) do not depend on é, thus, we have that

2 h 2h T 2L
- A 01 —r)— 0, — 1+1¢
85 A1, 6) = oy (01 2r)2 pzc (42 r) / ( + ) du (236)
1 0 05 — p~ o, t l+u
and . . , 5L
_ A —pof (01 —r)+ 0 — 1+
9, 8%, 0y = LG =N H o 22 n) < i ) du. 2.37)
: of o5 — p*o ¢ \l4u
Finally, the expression in (2.32) follows from the two equations above. O

From Proposition 2.3, the optimal strategy for the adaptive-robust model in (2.21) is the
sum of two components. The first term on the right-hand side of (2.21) is a Merton-type
investment strategy with a truncation that depends on the sign of 6 — r. The second term on
the right-hand side of (2.21) is an adjustment that results from the integral of the estimate of
the risk-premium with a truncation (H). Similarly, from Proposition 2.4, the optimal strategy
of the adaptive model in (2.30) is the sum of two components. The first term on the right-hand
side of (2.30) is a Merton-type investment strategy. The second term on the right-hand side
of (2.30) is an adjustment that results from the integral of the estimate of the risk-premium
(H°) over the remaining trading horizon.

The adaptive strategy is compensated by the partial derivative (with respect to 6) of the
integral of the variance of the estimated risk-premium with a truncation for the adaptive-
robust strategy and without truncation for the adaptive strategy. We refer to the term 8, d; HO
as “compensated parameter estimation term” because the term only appears when the agent
simultaneously estimates the value of the unknown parameter and solves the optimal control
problem. When the agent accounts for parameter uncertainty, the term S, 8@1‘_1 - B 9; HO
depends on ¢ to account for parameter uncertainty — we refer to this term as the “compensated
parameter uncertainty term”. We return to these points below when we study the optimal
investment strategies when the value of the correlation parameter p is zero.

In the literature, the second term on the right-hand side of (2.30) is generally referred to
as “intertemporal hedging term”. [11] study a HARA utility maximisation problem where
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the risk premium of the stock follows an Ornstein—Uhlenbeck (OU) process with known
coefficients. The optimal investment strategy consists of two components: the usual optimal
strategy for the Merton problem and a term to hedge risk-premium uncertainty. Moreover,
they show that the optimal strategy can short the stock when the risk-premium of the stock
is positive. Similar to their result, we show that when the value of the learning parameter
L is less than one, there are instances where the agent shorts the risky asset when the risk
premium is positive. In an extension to Kim and Omberg, [ 18] assumes that the agent learns the
coefficients of the OU process, which leads to and additional term in the optimal investment
strategy. Similarly, [13] show that the intertemporal hedging term of the predictable return
accounts for the sensitivity of the risk-premium to the stock process.

3 The adaptive strategy

In this section, we discuss the behaviour of the adaptive strategy when the correlation between
the stock prices is zero (i.e., p = 0). We write the adaptive strategy in (2.30) as

A~

ad,i 0 —r
il = % AT, L), G.1)
y o exp(r (T —1))
where -
1— L 1—(ﬁ) - it L£1/2,
AU, T, L) = 711 ( T ! 71 (3.2)

1—4 (log(1+T7)—log(l+1) if L=1/2.

Recall that the first term on the right-hand side of the adaptive strategy in (3.1) is the
Merton-type investment strategy. The term A(¢, T, L) is an adjustment that results from the
updates in the estimate of the drift parameters. To understand the intuition of the adaptive
strategy we study the adjustment term A(¢, T, L) as a function of 7 — ¢ and as a function
of the value of the learning parameter L. The proposition below shows the upper and lower
bounds of the adjustment term for L > Oandt < T.

Proposition 3.1 Let L > 0 be the learning parameter, T > O the horizon of the investment,
and let the correlation parameter p = 0. Then, the adjustment term A(t, T, L) is increasing
in t, and obeys the bounds

AQO,T,L) <A@, T,L) < A(T,T,L)=1, (3.3)
where -
L—1 L I
A, T, L) = | 2L-1 Rty (1+T> if L#1/2, (3.4)
— 3 log(1 +7) if L=1/2.

For a proof see Appendix D.
The sign of the lower bound (3.4) could be positive or negative. The next proposition
shows that when L > 1, A(¢, T, L) is always positive and when L < 1, there exists a time

tL < T suchthat AL, T, L) = 0.

Proposition 3.2 Assume that the horizon of the investment is T > 0 and that the correlation
parameteris p = 0. (1) If L > 1, then the adjustment term A(t, T, L) is always positive. (2)
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If L < 1, then there exists

N L N R W R S S VoR as)
1+T)2—1 if L=1)2, '
such that AL, T, L) = 0. Thus, ift > tL, then A, T,L) > 0, and if t < tL, then
A, T,L) <0.

For a proof see Appendix E.

When the learning parameter L > 1, the sign of the holdings in the stock for the adaptive
and the Merton-type strategies is the same. For example, if L > 1 and 6; < r both the
Merton-type strategy and the adaptive strategy will hold a short position in stock i. On the
other hand, when L < 1, the sign of the holdings in the stock held by the adaptive strategy
is not necessarily the same as the sign of the holdings of the Merton-type strategy.

Next, we study A(z, T, L) as a function of L. For L # 1/2, we have that

dA(t, T, L) 1 ( 141\t L (14 1)2L=2
= 11— +—= +—FQL-)| —5+— ),
oL 2L —1)2 (1+T> 2L-1) ((1+T)2L—1>
(3.6)
and the second term on the right-hand side of (3.6) is always greater than zero for all values
of L. When L > 1/2, the first term on the right-hand side of (3.6) is greater than zero, and
if L < 1/2, the first term on the right-hand side of (3.6) can be less than zero.

The sensitivity to the integral of the variance of the estimated risk-premium in (2.31) has an
important effect on the adaptive strategy (2.31). When L > 1/2, as the value of L increases,
the sensitivity of the integral of the variance of the estimated risk-premium decreases because
the investor acknowledges that learning the risk-premium happens quickly because the value
of L is large, and therefore, the integral of the variance of the estimated risk-premium in
(2.31) and its sensitivity in (2.32) are smaller. For example, assume that 0> r, then, there
are two forces at play in the adaptive strategy. First, the investor goes long the stock because
the expected returns exceed the risk free rate, and second, the investor makes adjustments to
the amount to be invested to account for the arrival of new information and the updates of the
drift parameter. Recall that the investor’s utility function is increasing and concave in wealth.
Thus, all else being equal, if the sensitivity of the integral of the variance of the estimated risk-
premium in (2.32) increases, the quantity held in the stock decreases. Similarly, an increase
in the variance of the estimator of the drift process reduces the holdings in the stock.

The choice of the value of the learning parameter L is crucial. From Proposition 3.2,
when L > 1, the adjustment term is always greater than zero regardless of the values of ¢
and T. Therefore, when L > 1, the sign of the adaptive strategy is the same as that of the
Merton-type strategy because the adjustment term is always greater than zero. In contrast,
when L < 1, the adjustment term can be greater or less than zero depending on the value of
t. Therefore, when L < 1 the sign of the adaptive strategy is not necessarily the same as that
of the Merton investment strategy in (2.17).

4 The adaptive-robust strategy

In this section, we study the optimal adaptive-robust investment strategy in (2.3) when the
correlation between the innovations in the prices of the two risky assets in (2.1) is (i) p = 0,
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Fig. 1 Investment regions when 1.0
p = 0. Model parameters are
r=04,c=0.2,and 7 = 3. The 0.81 .
x-axis represents the drift 61 and At A At
the y-axis represents the drift 6, 0.6
&
0 47 A—.U AO'O A+.0
0.21 A A0~ At

0-97% 0.2 0.4 0.6 0.8 1.0

(ii) p > 0, (iii) p < 0, and we also study the effect of the uncertainty coefficient ¢ on the
optimal strategy.

4.1 Uncorrelated asset prices

In this subsection, we assume that the correlation between S' and $? is zero, i.e., p = 0.Figure
1 plots the nine investment regions in R2, where the centre region is A%, the upper right
region is AT>F, and the remaining regions are AT-0, AT~ A0— A=~ A70 A=+ A0+
in clockwise order, and other model parameters are r = 0.4, ¢ = 0.2, and t = 3.

The investment decisions are centred around = 0.4. The width of the regions A%?, A®:0,
and AO * shrinks as time increases: AT = [r +¢//1+1, 00) X [r +c¢//1+1,00) and
AT T = (=00, r —c//14+t] x (=00, r —c/+/1+1] WhenG € AT the agent acquires
a long position in both stocks because the estimates 61 and 6, of the drift parameters are
greater than r + ¢/+/1 + ¢, where c is the uncertainty coefficient. Similarly, when 6eA ™
the agent acquires a short position in both stocks because both estimates of the drift are less
thanr — c/+/1 + 1.

Whend € A0, the agent acquires a long position in the first stock, because 6y is greater
than r + (c/+/1 + t). For the other asset, one cannot determine whether the position is long or
short because 672 isin[r—(c/+/1+1t), r+(c/+/1 + t)], so the value of éz neither exceeds nor
is less than the risk-free rate r enough to account for the effect of the uncertainty coefficient
c. Similarly, when 6 e A0, the agent acquires a short position in the first stock because 6,
1s less thanr — (c¢/+/1 + 1), and the position in the other asset could be long or short because
92 is in between [r —(c/N1+t), r+(c/~/1T+1)].

Finally, when § € A~ the agent takes a short position in the first stock and takes a long
position in the second stock because the estimate 6, is less than r —c/+/T + ¢ and the estimate
6, is greater than r 4 ¢/+/1 + . The investment region A™ ™ has a similar interpretation.

4.2 Positive correlation between asset prices

In this subsection, the correlation between the prices of the risky assets is positive i.e.,
p > 0. Figure 2 plots the nine regions in R?, where the centre region is A%, the upper right
region is AT-*, and the remaining regions are AT-0, AT A0— A== A=0 A=+ A0+
in clockwise order.

When p > 0, the regions AT~ and A~ take a larger share of the (él, éz) space. This
is expected because with a positive correlation, the agent favours opposite positions in the
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Fig. 2 Investment regions when
p > 0. Model parameters are 21
r=04,c=0.2,and 7 = 3. The A o+ T
x-axis represents the drift 67 and 11 : g
the y-axis represents the drift 6, A0
<Q§] 07 Ai-“ AO.U
- 1 A Aﬂ —
At
—2
-2 -1 0 1 2
61
Fig.3 Investment regions when
p < 0. Model parameters are 2
r=04,c=02andt = § The AT .
x-axis represents the drift 6; and 1 AOF
the y-axis represents the drift 6, 40
(an 07 A().O A+.0
1 A A0~
AT
—92 ‘
-2 -1 0 1 2
6,

assets more due to risk aversion. Figure 2 also shows that A™F C [r + ¢//1 +1, 00) x
[r 4+ c/+/1 +t, 00), so there exist 0 e [r +c/~/14+1t,00) x [r + c/+/1+t,00) which
is not in AT, This is due to the positive correlation between the two risky assets, which
makes the diversification of a long-long position less efficient under the risk-adjusted returns.
Therefore, it is possible for the agent to acquire a long position in only one asset even
though both of 6; and 6, are greater than r 4 (¢/+/1 4 t). Similarly, for the region A™~ C
(=00, r —c/a/1 +1t] x (—o0, r —c/+/1 4 t], it is possible for the agent to acquire a short
position in only one asset, even if both 51 and éz are less thanr — c¢/+/1 + 1.

Similarly, Figure 3 shows the regions when the the correlation between the prices of
the risky assets is negative, i.e., p < 0. The centre region is A%, the upper right most
region is AT, and the remaining regions are AT-0, AT~ A0— A== A=0 A=+ A0+
in clockwise order. Here, the regions A"+ and A~ ™ take a larger share of the (51 , 52) space.
Again, this is expected because the negative correlation makes similar positions (e.g., long-
long or short-short) favour diversification of risk. We omit the interpretations of the strategies
in each region because they are similar to the those when p > 0.

5 Asymptotic analysis:c - 0and p =0

The optimal strategy in (2.21) is not available in closed-form because we cannot find an
explicit solution for the stochastic representation of H in (2.22). Thus, we consider the
optimal strategy in Proposition 2.3 when the uncertainty parameter c is close to zero. We also
explore the effect of the learning parameter L on the optimal strategy for both the adaptive
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strategy and the adaptive-robust strategy. We assume that the correlation between the prices
of the stocks is zero (i.e, p = 0) — one can follow a similar approach when stock prices are
correlated.

Next, we state a corollary from Proposition 2.3 that provides the optimal strategy of the
adaptive-robust control problem in (2.3) when p = 0 and ¢ > 0 — we call this optimal
strategy “the adaptive-robust strategy”.

Corollary 5.1 Let the uncertainty parameter ¢ > 0 and p = 0. The optimal adaptive-robust
investment strategy is

@i—r+c/TH0) —B 0P 85 Ht.0) 4

yaiz exp(r (T—t)) v Oi—r = —c/Vl+tt,
adryi ) Gi—r—c/NT+0) =B o? 8, H(t.0)  ~
% - y o2 exp(r (T*t))gl s Oi—rz=c/V1l+1, G.D
—B aéiﬁ(z,é) o
m, |9i—r|<C/«/1+t,

where i = 1,2 and the function H in (2.22) is given by

2 T
_ N 1 P . 2 ~
H(t,@):Zz—zE [/t (Z’u—r—c/«/l—l—u) g e oyimm 4 | z,:e]

i=1 <%
1 EP T ; .\/;21 )
+ﬁ ) (Zu—r—l—c/ 1+u) (Zh—r< 7c/M}d”|Zl:9 ,
(5.2)

1
which is an integral of the estimated variance with a truncation when ¢ > 0 and it is an
integral of the estimated variance when ¢ = 0; also, it is easy to see that H(z, 0 ;e =0) >
H(t,0; ¢ <0).

Before we proceed to the main results of this section, we provide some preliminary
identities to compute (5.2). We denote by ¢ (x) and ® (x) the density function and cumulative
distribution of a standard normal variable, respectively.

Lemma 5.2 Let the random variable Y be normally distributed with mean . and variance
o2 ie, Y ~N(u,o?), then

EP [Y2 1yo0)] = (12 + 02) (1 — &(—j/0)) + - exp (—1i2/2072) . 53
[Y* Liy=0] = (1 ) ( n/o)) N p(—u°/207) (5.3)
For a proof see Appendix F.
From (5.3), we also have that
o
EP [Y2 1y )] = (12 + 0%) (/o) — L2 exp(—12/20%) . (5.4)

Nex

Now, define the function

2 . 2 : 2

h.6y =S EP| (i — _;) 1, : +<Zi— +L> 1 —c |-

. ; [<“ ' T+u (Zu=r> ) w! L+u 1Zi—r< )
(5.5)

so from (5.2), we have that

2 T
- 1 n
i=1 !
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The next lemma characterises the gradient d /.

Lemma 5.3 Let the function h be as in (5.5). Then, h is C12([0, T] x R) and the gradient
8éih is given by

o h=[2ra-0r/om+20i0~flon+27 0 (=f/ei) =259 (~F/oi)] 050 (5T
Here

f(ué')_(é‘_r)<1+t)L— ¢ f(ué-)—(é-—r)(lJr[)LJr <
e 14u T+u’ e 14u T+u’

where

Lo (A+w?t=!t 402k
”i(”)z\/zL—l ( A+u’l (1+u)2L> roL#El2

and

o? (log(l +u) —log(1 +1)
oi(u) =

For a proof see Appendix G.

Note that the function o; depends on the value of ¢. The next lemma shows the asymptotic
formula of the function 4 when the value of the uncertainty parameter c is small.

Lemma 5.4 Let the function h be as in (5.5). Then, there exists a constant §, b and an

integrable function R(u, é,-) with respect to u such that

05w, 6) =26, - 1) = 2= [0 (=@ = /o) = & (6~ n/eiw)]|
<R, b)), (5.8)

forallu € [t, T] and for all ¢ < 8; 4 where 8 4, depends on t and 6;.

For a proof see Appendix H.

In the lemma above, it is necessary to show that the function R is integrable with respect
to u because 3éAH is the integral of 8(_5_h; see (5.6). Next, we show the asymptotic formula
1 1

for the partial derivative of H with respect to é[, which is a direct result from Lemma 5.4.

Lemma5.5 Let the function H be as in (2.22). Then, H is C1-2([0, T1x R") and the gradient
89,' H is given by

-1 T 141\t c oL 5 2
95 H = — @ —r)y | — du — — H™(t,u,0;)du |+ O(), (5.9)
! O‘l- t 14+u O'l- t

where
N 1+1 “[ 6 (W)L .
H"™(t,u,0;) = N (1+u> SO —r) T+ u /oi(u) (5.10)

. 1 L
— ((9,» — (1%) /af(u)> } .
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Proof Recall the definition of the functions H and /& and write
A 1 T N
d; H(t,0;) = —= 05 h(u,0;)du .
H(1.6) 20,.2/, (. 0)

Therefore, from Lemma 5.4, equation (5.9) holds because the function Ris integrable.

Here, the term

Y (e LAY o |6 LAY 5.11
—(0; — 1) (m) Joi(u) | — O —r) <m> /o) (5.1

is positive when é[ —r < 0 and negative when é,- —r > 0. Therefore, H (¢, u, él-) is positive
when 6; — r < 0 and negative when 6; — r > 0.
Next, we study the properties of the function H” in (5.10) to develop an intuition for the

adaptive-robust strategy. First, we show the convergence of the function L ftT H™(t,u,6;)du
with respect to the parameter L.

Proposition 5.6 For each éi and t, the function L ftT HY(t,u, é,-) du convergestoQas L —
0.

Proof 1t suffices to consider the case éi > 0. When é,- > 0, the function H L(t, u, é) is
negative, so L ftT HL (t, u, 0;) du is negative. Next,

L 14+1\*
11m LH"(t,u,6) = 11m 7( + )
14+u \1+4+u

li 1—2d | (6 )" ; =
x lim 11— @ —r) <m> Joim) )| =

because both limits converge to 0. Next, note that

L 1+1\2L . 1+\*
m(HM) x|1=20 (@ —r (H) Joiw) ) || <

3L (l+t>
T JV1l+u \1+u

and that the function

3L I+1
T T (1 = )
is integrable from ¢ to 7'. Thus,
T
L/ HL(t,u,éi)du—>0 as L — oo,
t
by the dominated convergence theorem. O

Now, given the asymptotic formula for 9, “H when the value of c is close to zero in (5.9),
we study three cases of the optimal adaptive- robust investment strategy in (2.3) for a sufficient
large L.

)0 >r+c/NT+r1:

_ ¢ (T gL . 2
aadr,i _ aad,i + V14t +L I+1 ft H (t7u’91)du +O(C ) . (512)

! ! y oiz exp(r (T —1))
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The second term on the right-hand side is negative because H” (¢, u, 6;) is negative when
6i > r+c/«/1+t.The long position of the adaptive-robust strategy is lower than that of the
adaptive strategy when 0 >r+c /+/1 + t. Intuitively, the agent adjusts the adaptive-robust

strategy because the estimate of the drift is positive.

(2)60; <r—c/J1+1:

L 2
wiri _ quii #= L1 f, HL(t,u, 9)du+0(c) 513

o =«
J/U exp(r (T — 1))

The second term on the right-hand side is positive because H L(t, u, éi) is positive; thus,
the amount of the risk stock held short in adaptive-robust strategy is smaller than that of the
adaptive strategy when éi <r—c//1+1t.
B30 —r|<c/NT+rt:
LS [T H Y u,6) du+ O
% ol.z exp(r (T — 1)) '

adr,i _ _ad,i
o =&

(5.14)

The second term on the right-hand side is negative when 0 < éi —r < c/+/1+t.Hence, the
agent of the adaptive-robust strategy builds a smaller long position than that of the adaptive
strategy. Similarly, when O > 6 —r > —c /~/1 + t, the difference Aaf is positive. Therefore,
the agent with the adaptive-robust strategy builds a smaller short position than that given by
the adaptive strategy. In both cases, the adaptive-robust strategy is more conservative than
the adaptive strategy when the estimate of the drift is close to the interest rate r.

6 Numerical results

The value function v can be characterised by the equation in (2.18), see [2]. In general,
the value function v can be solved numerically using standard numerical PDE techniques.
However, in the multidimensional cases (as it would be the case in practice), most numerical
schemes become infeasible. In this paper, instead of solving the PDE in (2.18) numerically,
we evaluate the integral (5.7) to obtain a numerical solution of the value function v.

In this section, we study two aspects of the solution we found. First, we study the behaviour
of the optimal strategy of the adaptive-robust problem for various values of the uncertainty
parameter c¢. Second, we compare the performance of the adaptive-robust strategies to three
benchmarks where the agent (i) knows the true value of the drift parameter, (ii) misspecifies
the value of the drift parameter, or (iii) employs a robust strategy. In the robust strategy,
the agent uses the framework derived above, but does not learn the value of the unknown
parameters.

6.1 The effect of the uncertainty parameter

Here, we explore the agent’s adaptive-robust strategy for various choices of uncertainty
parameter c. We assume that 7 = 5, 0 = 0.3, r = 0.01, L = 1, and we calculate (numer-
ically) the optimal strategy in (2.21) for one asset. The following figures show the optimal
strategy when t € {0, 1, 2, 4}. Figure 4 shows the cases r = O and t = 1, and Figure 5 shows
the cases t =2 and t = 4.

As expected, when ¢ = 0 the optimal strategy is linearly dependent on the estimate of the
drift parameter. When ¢ > 0, the agent truncates the optimal strategy to almost zero (there is a
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Fig. 4 Optimal adaptive-robust strategy when ¢ = 0 (left) and # = 1 (right) as a function of the estimate of
the drift parameter and for various values of the uncertainty parameter ¢
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Fig. 5 Optimal adaptive-robust strategy when ¢ = 2 (left) and 1 = 4 (right) as a function of the estimate of
the drift parameter and for various values of the uncertainty parameter ¢

small term left) when the estimator is not too far from the risk-free rate r. Also, everything else
being equal, as the value of c¢ increases, the truncation area expands. Moreover, everything
else being equal, as ¢ increases, the truncation area shrinks; this is encoded in the definition
of G. Furthermore, the choice of the value of ¢, which dictates the speed at which shrinking
happens, can be linked to the confidence intervals of the estimators as discussed in Remark
2.2.

6.2 Performance of the adaptive-robust strategy

In this subsection, we compare the performance of the adaptive-robust strategy () with that
of three benchmarks where the agent: (i) knows the true value of the drift parameter, (ii)
employs a wrong drift parameter, or (iii) employs a robust strategy. In the robust strategy,
the agent uses the framework derived above but does not learn the value of the unknown
parameter. Instead, the agent assumes that the true parameter 6% € [0, 0] where @ is the
lowest possible value for the the true parameter and 6 is the highest possible value for the
the true parameter. To obtain the robust strategy, the agent solves the problem

v(t, x,y) = sup inf EP UXH|,
Jup fnf B [UKXP)] ©.1)
where the set PP contains all probability measure P, such that 0, € [6,0] forallu € [r, T].
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® tue

+  adaptive *  adaptive + adaptive

The value function of the agent

o 2 3 s ] 0 ] H I} 5 ® 0 1] 2 3 6 5 0
time Time Time

Fig.6 Mean wealth process, standard deviation of the wealth process, and value function of agent

The set of possible values of the parameter 6*! isin [0.03, 0.20], 6*2 is in [0, 0.20], the
terminal time is 7 = 10 minutes, L = 1, and ¢ = 0.1. The other model parameters are:
Xo=1,8)=10,82 =5,y =0.5,0%" =0.09,6"2 = 0.03,r = 0.01,4} =0.14,6% =0,
o1 =0.1,and oo = 0.3.

Recall that the perfect-knowledge strategy, i.e., the investor knows the true value of the
drift parameter 6*, is given by

*,1 9*’1 -r *,2 0*’2 -r
) =—> and o, " = — .
yoi exp(r (T —1)) y o5 exp(r (T —1))

(6.2)

Specifically, we compare the (x) adaptive-robust strategy in (2.21) to the following bench-
marks: (i) the agent employs (6.2) with the true drift & = 6*, (ii) the agent employs the robust
strategy without learning in (6.1), in which case the investment strategy is as in (6.2) with
6! = 0.03 and 6% = 0, and (iii) the agent employs (6.2) with the wrong drift parameters
6" = 0.15 and 62 = 0.17. In the figures below, we label strategy (x) as “adaptive”, strategy
(i) as “true”, strategy (ii) as “robust”, and strategy (iii) as “wrong”.

We discretise the time space into 8,000 time steps and employ 1,000 simulations to study
the performance of the four strategies. The left panel of Figure ?? shows the wealth process
of the agent. The strategy that overestimates the expected growth of the risky asset over-
invests on the stock, and the mean value of the portfolio is higher than that of the other three
strategies. On the other hand, the right panel of the figure shows that the standard deviation
of the wealth for the wrong strategy is also the highest. Finally, the third panel shows the
value function of the agent for the four strategies, where the highest value function is that of
the perfect-knowledge strategy followed by that of the adaptive-robust strategy.

In this example, Figure 6 shows that using a wrong (predetermined) drift leads the agent
to be over-aggressive, because the correct drift value is less than the wrong drift value. Thus,
although it achieves high wealth, it does so at the expense of a high standard deviation and,
as expected, the value function is lowest. Similarly, as expected, the adaptive strategy is
somewhere between the oracle strategy (knowing the true drift parameters) and the robust
strategy. The hyperparameters in the adaptive and robust strategies give the agent additional
levers to adjust the performance in these plots.

Appendix A Proof of the convergence of the estimator in (2.8)

Let I; = 1 and I, = p, apply Itd’s lemma to exp(f(; Bs ds) 67[" to obtain

' o t s = t s .
exp (/ Bs ds) ézl =0 +/ exp </ Bu du) do. +/ Bs exp (/ Bu du) 0: ds
0 0 0 0 0
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) r s t s .
=0 +/ 0*' Bs exp (/ Bu du) ds +/ oj 1 Bs exp (/ Bu du) dw;
0 0 0 0

t s
+/ 1 02 Bs exp </ ﬂudu> dwit.
0 0
Therefore,

A 1 t t t t .
/ :66 exp (—/0 Bs ds) +/(; 6*%! Bs exp (—/ Bu du> ds +/0 0i1 Bs exp (_/ Bu du> dWi
N s
t t
+/ 1j 0j2 Bs exp (—/ Bu du) awn
0 s

t (1 L—-1 t 1 L—1 . t 1 L—-1
4L /0*"%[15—4—/ Uil%dwsl'f‘/ IiUiz%dWsm .
0 (I+1) 0 (I+1) 0 (I+1)

On the right-hand side of the above equation the stochastic integrals are with respect to
deterministic functions, therefore the distribution of the estimator 6 is normal. Then, for all
values of the learning parameter L, the mean of 6; is

L
éi L +9*,i 1_;
O\1+1¢ I+t )"

and when L # 1/2, the variance of é} is

12L—2

’

L2 ((1+t)2L—1 (1)2L—1 )

2o, _
= A+ o) 57— (A+02L  (1+1)2E

t
2,42 2 2
(o71+1; UiZ)/O L (1+s)2L

and when L = 1/2, the variance of é,’ is

2 2 2 d +9)2E72 (of + 170 (log(1+1)
(o/1 + 1 o ) ds = .
(402l 4 1+1¢

Thus, for each € > 0

P (|67
where C¢ is a constant that depends on €. Then, é; converges to 6% in probability as  goes
to infinity.

A EP* I:(él _ 9*,1')2] | | ‘ 1
_ o] 6) R S C. maX{M 7} (A

€? 1+t " 14¢

Appendix B Proof that the value function is finite

First, there exists a constant M such that M > U (X) for all X € R, so v < M. The constant
process a = 0 is an admissible control satisfying X7 = X e” (T'=1) because with this control
process the agent only invests in the risk-free asset. Then, substitute X7 to obtain

v(t, X, S,6)> inf ]EP[—e*VXf"(T’”]:—e*VXE’”’”. (B.1)
PeP(t,x,G)

Therefore, —oo < v < M, which implies that v is finite and concludes the proof.
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Appendix C Additional details in the proof of Proposition 2.3
Appendix C.1 First part
(DIf B 9yU — a U € R (first quadrant of R?), then

sip @ -0)o;U—aT (-1r) U+}aTEaU - paT 50,0}
0eG(1,0)

=B c/NT+I1T ;U —aT (é—l(r—c/«/l—l—t)) U €D
+3aTZalU—-BaT2d,U,

and the infimum is attained at either

;U A ;U
o =p= o @ =3 (9 “1r 4 1HF e/ +t)) th L (€
o d; U ) d; U
j 0, — V14t 5
o= and o= 2 rEOVIT L T e
0y U
or ; A ;
5, U 0 — /T + 1t 5 U
o2 =g 2 and  o*'= 2 r+§/ g (ca
U oj U
QIfB U —alUe R~ (second quadrant of R?), the infimum is attained at either
;U A ;U
o =f o ot =3 (9—1r—|— 1_'+c/«/1—|—t>+/3, . ©
o d; U ) d; U
5 0, — V14t 5
ol = B, 9111 and o*2= 2777 g/ Ty (e
o, U
o a H d
5, U Or—r—c/J1+t 5 U
2=l g et 2 AT VIE L g BT e
U o U
(3 If B, 93U —a U € R~ (third quadrant of R2), the infimum is attained at either
;U R ;U
o =p o ot =3 (9—1r+ 1_’_c/«/1+t)>+ﬂt oy
o d; U ) d; U
5 0 —r—c/V1+t )
ol = Bs 011] and o= 2 r g/ + + B: b2 , (C9
o5 U
or ; ) ;
5, U O —r—c/J1+t 5, U
o2 = p, 2 and o*l=1""T j/ R ey (C.10)
U oj U

WDIfB U —alU € R*~ (fourth quadrant of R2), the infimum is attained at either

aéU
U

aéU
U

o =B

or o =x°! (é—1r+ 1+’_c/«/1+t)) 1B . (C11)

@ Springer



194 Mathematics and Financial Economics (2026) 20:171-202

or
da; U 0 —r—c/J1+1 ;. U
e R R R (C.12)
U o5 U
or ; . ;
5 U 01 — J1+1 5 U
ot =B, o and o l=TT ki g/ * + B b (C.13)
U o U

Appendix C.2 Second part

Consider§ € A=~ and study the value « in the following four cases.
Case 1: B, ;U — a U € R, then the infimum is attained at

3@(]
U

ot = x5! (é 14 1t e/ +z)) ny's

because § € A~ .
Case 2: B, ;U —a U € R, Then

c > (A c 5 A c
0 —r+ <0 and o5 (6 —r + <po: 6 —r+
T T 2<1 FH) ”0(2 F+t>
because & € A~ Therefore, the value f; U —al ¢ R~ when
3 U R d, U
o2 =B 9;‘] and ol = (62)7! (91 YNNG —|—t)) s 9{1] . (C.14)
or
1 (A - U
a=3 (9—1r+1’ c/«/l—i—t))—i—ﬂt Tt
Therefore, the infimum is either attained at
0, U . 9, U
ol =p = and o’ =(03)"! (0= r+ e/NTHD) + 2. (1)

orata = B,0,U/U.
Case 3: 3; U —alU e R+ ~. Similar to Case 2, the infimum is attained at

9

8(_5 U U
2 L (C.16)
U

2
a” =B

and o' =(o})7! (él —r+4+c/V1 +l)) + B

orata = B,0,U/U.
Case 4: B, ;U —a U € R* . It is easy to check that the infimum is only attained at
a=p;U/U.

Note that all possible optimal strategies are of the form K + B;3,U /U for some K.
Therefore, by substituting into (C.1), we have that

2
sup {,3, 6 —6) U — (K + pro;U/U)T (éfr) U} n %UKTEKf f—’UaéUTZ‘aéU.
0eG(t,x)
(C.17)
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For Case 1: K = £~ (é P TV, t)) and B, ;U —a U € R+, then (C.17)
is

\/’%(aglu + 05, U) — W (0-1r+ 177/ VTED)U

1/ )
- E( —1r 4 1t e/ +t)>T 5! (9 —1r 4 15t e/ +r))

~ 1 /A
= B (3pU)T (9 - 1r) -5 (9 1+ 1HT e/ +z))T
5! (é 14 15t e/l +t)> .
Similarly, for Case 2, we have that (C.17) is

B (g U)T (617 - % (6= r+ VTF0) @7 (= r+ e/VTHD)
(C.19)

(C.18)

for Case 3, we have that (C.17) is

~ 1 /4 ~
B (8sU)T (0 - 1r) -3 (91 —r 4 c/V1 +t)>T ! (91 — 4 ¢/V1 +t)> ,
(€.20)
and for Case 4, we have that (C.17) is

B ()T (-1r) . 21

Then, it is straightforward to check Case 1 includes the minimal value. For the other regions,
we follow the same argument and this completes the proof.

Appendix C.3 Third part

Next, we solve the inf-sup problem in (2.27) for each f in the nine non-overlapping investment
regions of R? discussed above. If § € A=~ C R?, the optimal investment strategy is

. (é —1r4 10T F r) — B 5 H (C.22)
and
Ct,6)=-U (,3, (r—6)T 8(;H+F(t,é)) . (C.23)

If6 € AT~ C R?, the optimal strategy is

o =3 (é P N +z)) — B 05 H, (C.24)
and . . .
Ct,6)=—-U (,8, (1r —6)T 05H + F(t, 9)) . (C.25)

If6 € A—t C R2, the optimal strategy is

o =% (é P LN +t)> — B 9 H, (C.26)
and . . .
Ct,0)=—U (,B, r—6)T 8@H+F(1,9)) . (C.27)
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If6 € AT C R? | the optimal strategy is

o = 3! (é N N +z)) — B 05 H, (C.28)
and
Ct,6)=—-U (/s, (r—6)Ta;H + Fa, é)) . (C.29)

If§ € A%~ C R2, then

ot = by — r + c/a/1+t
- 2

a*!'=—Bd; H and
1 0.2

— B 8@2 H, (C.30)
and
Cct,0)=-U <ﬁ, (Lr —0)T 05H + % (9} —rt e/t t) % (éz —r /I t)) . (C.31)
%

Ifd e AT0 ¢ R2, then

ol — 01— r— c/A/1+t
- 2

0]

—Bi o H and o*?=—p 0; H, (C.32)
and
Ct,6)=—-U (,3, (Lr )T 05H + 1 (él —r— /T z) 1 (él ENPYNG] +z)> . (C33)
2 512

If§ € A%+ C R2, then

ot = éz— r—c/1+t

2

ol = —p, 9 H and
1 0-2

— B 0y H. (C.34)
and
Cct,0)=-U (,3, (r —6)T 85H + % (éz —r— I F z) % (éz —r— /I F z)) . (C.35)
%

If0 € A= C R2, then

ot = 01— r+ c//1+t
- 2

g

—Bi o H and o*?=—B 0; H, (C.36)
and
Ct,b)=-U (ﬂt (Ir —6)T 9 + 1 (é1 —r eVl +t) % (é] —r 4 c/V1 +z)) . (C.37)
2 o7

If0 € A% c R2, then
of =P I H, (C.38)

and . .
Ct,6)=—U (ﬂ, Ar—6)T aéH) . (C.39)
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Appendix D Proof of Proposition 3.1
First, we show that A(z, T, L) is an increasing function on ¢. Recall that
2L-1
1— A (1= (1 if L#£1/2,
AT, Ly=] 2 < (#) ) rorEl (D.1)
1— 4 (log(1+T7)—log(l+1) if L=1/2.

Then, by direct computation, the partial derivative of A with respect to ¢ is

JRCE L#1/2
%AGT,L) = Q+TVL* . ’ (D.2)

Therefore, the partial derivative is always positive and the function A(¢, T', L) is increasing in
t.Thus, forallz < T,the adjustment termsatisfies A(0, T, L) < A(¢+,T,L) < A(T,T,L) =
1. Then, by substitution, we obtain the upper and lower bounds.

Appendix E Proof of Proposition 3.2

Next, we discuss the adaptive investment strategy for four ranges of the value of the learning
parameter L. If L > 1, it is easy to see that the term A(0, T, L)

L 1 2L—-1
AO,T,L)=1— 1—(—— >0,
20— 1 1+T

forO <t < T because L/(2L — 1) < 1 and
| 47 \2L-1
1-— + <1.
1+T
Therefore, A(t, T, L) is always positive. When L # 1/2 and L < 1, we have that

| — 1\ /@L=1
<7L ) <1

because either (1 — L)/L < land1/(2L —1) >0or(1 —L)/L >1and1/2L —1) <0.
Consider

1 — .\ VeL-n
) —1, (E.1)

tL:(1+T)<—Z—
then, it is easy to check that A@L, T,L) =0. When L = 1/2, we consider
b=+ -1,
and it is easy to check that AL, T, L) = 0. From Proposition 3.1, the function A(z, T, L)

is an increasing function on 7. Then, if r > ¢%, then A(z, T, L) > 0 and if t < %, then
A, T,L) <0O.
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Appendix F Proof of lemma 5.2

The second equation follows directly from the first equation. Let Z ~ N(0,1) and ¥ =
i+ o Z. Write

E” [Y2 Ly-q] = EF [((n+o 7)? | I
=1 (1= D(=p/0)) + 210 B [Z 1172 uy0) ] (E.1)
+o?EF [Z2 Liz-p/o) ] .

From the density of the standard normal distribution we obtain

1 R 2 1
EP [Z17-_ :7/ ze 7 dz = exp (—p?/2 0> F2
[ {Z> /l,/(}'}] «/ﬁ /o «/ﬁ P( M/ ) ( )

and

EF[Z21 Y
[ {Z>—u/0}] =

—n/o

2 —7%/2 1 2 2
z“e dz = ———— /o exp(— 20°)+1—D(—pn/o).
= p(—u’/207%) w/

(F.3)
Therefore, (F.1), (F.2), and (F.3) imply (5.3).

Appendix G Proof of lemma 5.3

To simplify notation, let ¥; = X; (u). From Lemma 5.2, we write
@ 6) = (f* + Z) (1= S(=f/S0)) + f Si (= f/ %)
and compute its gradient with respect to 6 to obtain
05,1 =2 f 05 f (L= D(=f/E)) + (> + T}) 85, ®(f/ ) + Zi p(— /)
+ [ Zidpb(=f/%)
= 2105 f (1= (—f/E0) + (f2 + T}) 8 £/ 51 6(f/ 1) G.1)
+ 35 [ Tid(—f/ %) — (f/T0) 05 f b (= f/Ti)
=205 f (1= (—f/5)) +29; f Sidp(~f/ %),
where we use
05, @(f /) =1/ 9 f&(f/T) and 05¢(—f/T0) = —f/Z2 9 f b(—f /%) .
Similarly, for
haw 8y = P+ o (=f/5) - Fie(-f/5).
its gradient with respect to 6 is given by
dha =270, 7 ® (=7/%:) —2% 0, F o (—7/%:) . G2)

Let h(u, é,-) = hy(u, é,-) + ho(u, é,-); from Lemma 5.2 we have that

A . 2
h(u,0;) = EF [(z; —r—c/VT+ u) Lizi e WM}}
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. 2
+EP [(Z;—r—i—c/\/l—i—u) 1{Z£<*C/M}i|'
Then,

o h =5 f 27 Q=@ f/E) +250(—f/Ep+27 & (=f/%i) — 258 (=F/%i)] - (G3)

Appendix H Proof of lemma 5.4

Proof Recall that

_|_
<

L
[, 6) =@ —r) (1+t> —c/v1tu,

L
f(u,éo:(éf—r)(l“) +e/NT+u,
and X; = X; (). We write
o= 27 0/ + 280~ f/E) +2F @ (=F/5) — 259 (-F/%1)]

(H.1)
By Taylor expansion, the following equality holds

@ =) (12)" —evTHu

L
2 ((éi - <11+i;) — /1 +u) ®

b3
<A 14+1\*
=2(@-n (—) —c/NT+u
14+u
~ L ~ L
@ — 1) (}%) ¢ O —r) (}%)
i () BNET T i (u)

G —r (1) ey Ta

i (u)

c? <(éi —r) (lli;)L — /1 +u>
2% (u)3 (1 +u)3?

¢

(H.2)

Next, collect the terms with at least an order of ¢Z on the right-hand side of (H.2), and we
see that these terms are dominated by

29 ((91- -n (1) /2,-<u>)
(0 %
((é,- -0 (#)" - chTu) ((éi —n (k)" - c/ﬂ)
2% )3 (1 +u)d/?

Ry(u,6;) =

X

+ max
Ogc/ <c
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(H.3)

@ —r) (%) —IT+u
i)

Now, we need to choose ¢ such that the function R 1(u, é,-) is integrable. The first term on the
right-hand side of (H.3) is integrable by the property of the normal density. For the second
term, the maximum is attained at either O or ¢, and the local minimum satisfies

6 —r)( j__t) — /N1 +u=3i(u).

Note that the following sum is an integrable function

((9 ) (%) — /1 +u> ((éi -r) (%)L —c/V/1 +u>
233 (1 +u)3/?

X

6 —r) (IIIL)L —c/JT+u
Y (u)

+

@ -r ()" ((0 -n (1) fc’/m>
‘f

2% )3 (1 +u)d/?

. 1+1\E
(Gi_r)(l-i-u) /Zi(u))

and it dominates the second term on the right-hand side of (H.3) when the maximum is
attained at either O or c. For the local minimum, we choose & tl . small enough such that for

0;

all ¢ < 8! L6 the local minimum lies in [0, ¢] when u > 7. Therefore, R) is integrable. Next,

we apply Taylor expansion around ¢ = 0 to the second term on the right-hand side of (H.1)
to obtain

N L
A L G —r (1) +e/VT+u
2 ((ei—r) (—fii) +C/\/1+u> |- (”g

i

L
=2 ((éi—r) (Ht) +c/m)

14+u
~ L N L
of G- () ) @ —n (41)
T Tw BNV ETHIOMN i (u)
N L N L
(G —r) (fj;) +NTFw (@G- (llj;) /) TFu
+

2% ()3 (1 4+u)3? ¢ i (u)
(H.4)
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Then, we define an integrable function R, and §2 » similar to the case in (H.3). For the the
third term and the fourth term on the right-hand side of (H.1), we write

6 —r) (lli;)L —c//1+u

2%i(u) ¢ )
N L N L N L
i G-n (1)) c@-n(H) (é-n ()
=22l ¢ I T anw? = W)
(- (1) —wTFo (@ -n (5)
* 25w (1 + u) ¢ ) ’
(H.5)
and
@ —r) (}IL)L te/TFu
—2%iw) ¢ =
r N L N L ~ L
- G-n () ) <@-n(f) (G-» (i)
O ;i (u) a V1 4+ u X (u) i (u)
2 —r) (}j;)L —dINTxu) [ -1 (}j;)L
* 25w (1 + u) =) ’
(H.6)

and there are integrable functions Rz and R4 and 8[3 5 and 8;‘ PE By combining (H.2), (H.4),
(H.5), and (H.6), we obtain h -

R R 1+6\*E 2¢ (141
G hw,0)—20;—r) ([ — ) - —— (—
i o) =2 @ ”<1+u> m(u»:)

R 1+1\* - 1+1\"
|:<D <—(9i—r) <m> /Z,-(u))—@((@i—r) <m) /Z,-(u)>:|'

<R, b)), (H.7)

P — R P P P . — i 1 2 3 4
where R = Ry + Ry + Ry + Ryand 6, 5 = min {81, 82,67, .5, . o

Data Availability Data sets of simulations generated are available from the corresponding author.
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