Dissipative measure-valued solutions to the Euler-Poisson equation
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Abstract

We consider several pressureless variants of the compressible Euler equation driven by nonlocal repulsion-
attraction and alignment forces with Poisson interaction. Under an energy admissibility criterion, we prove
existence of global measure-valued solutions, i.e., very weak solutions described by a classical Young measure
together with appropriate concentration defects. We then investigate the evolution of a relative energy functional
to compare a measure-valued solution to a regular solution emanating from the same initial datum. This leads
to a (partial) weak-strong uniqueness principle.
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1 Introduction

Let 1 < d < 3,Q C R? be a bounded smooth domain and 7' > 0 be fixed. We consider the following Euler-Poisson
system with linear damping and confinement

Oro + div, (ou) =0, in (0,7) x Q,
Oi(ou) + div, (ou @ u) = —you — oV, P, — oz, in (0,T) x Q, (1.1)
—A®, =p9— M, in (0,7) x Q,

where v > 0 is the friction coefficient and M, := ﬁ fQ o(t, z) dz denotes the space average of the density. Note

that, thanks to mass conservation, we have M, = \ﬁll fQ oo(x)dz, so that M, is constant in time. The system
is subject to the impermeability and Neumann boundary conditions

u-n=0, Vi@, -n=0, on (0,T) x 09, (1.2)

where n denotes the outward unit normal to 2. Hydrodynamic systems of this type have been formally derived
from interacting particle systems in collective dynamics by moment methods from particles [17] or through
kinetic descriptions [12] via monokinetic closures. The rigorous derivation of hydrodynamic equations via the
monokinetic closure of the moment system has recently been achieved in [7] for certain interaction potentials
including the present repulsive Poisson potential. Pressureless Euler-Poisson type systems with alignment and
confinement potentials have been proposed by several authors for collective behavior modelling in social and life
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sciences [8, 14], and they present a rich variety of behaviors depending on the potentials involved [9, 10, 33]. Here,
we focus on the repulsive Newtonian potential and harmonic confinement potential since they are archetypical
cases of existence of nontrivial explicity stationary states [11].

To formulate the above equations in the measure-valued sense it is necessary to rewrite the nonlocal term oV, ®,
into a divergence form. This can be done observing that any classical solution of (1.1) satisfies the following
pointwise identity

1
(0 — M)V, P, = 5vgc|vw<1>g|2 —div, [V, @, ® V. ®,]. (1.3)

Hence it is justified to consider the following form of the Euler-Poisson system instead of (1.1)

Oro + div, (ou) = 0, in (0,7) x Q,
1
O(ou) + div, (ou ® u) = —you — §VI\V1,<I>Q|2 +divy [V, @, @ V@] — o — M,V P,, in (0,T) x Q,
—A®, =p— M,, in (0,7) x Q.
(1.4)

Multiplying formally the momentum equation of (1.1) by u and using the continuity equation several times
we arrive at the following identity

1 1 . 1 1
o gelul? + o, + golol? | vaive | (Golul + 0%, + Gal? Ju| = —vaiuP + c0r2,,

which, upon integration in space and using the Poisson equation, yields the following energy balance satisfied
by smooth solutions of (1.1)

d
G )0 = [ duf d
Q

where 1 1 1
E(o,u,®,) = / §Q\u|2 + §|Vx¢g|2 + §Q|x\2dx,
Q

denotes the total energy associated with (1.1).

1.1 Preliminaries and notation

Our main results concern existence and conditional uniqueness of measure-valued solutions to the Euler-Poisson
system (1.4), which will be defined in the following section. First however, we introduce the necessary notation
and recall the formalism of Young measures.

Let n,m € Nand X C R",Y C R™ be measurable sets. We denote the spaces of signed and non-negative Radon
measures in Y by M(Y) and M¥(Y), respectively. By P(Y) we denote the space of probability measures. In
each case we equip these spaces with the total variation norm

nﬂw:/mw
Y

By L2 (X; M(Y)) we denote the space of weakly-* measurable essentially bounded maps v = (v;) : X —

weak

M(Y). This means that for each ¢ € Cy(Y) the map

is Lebesgue-measurable, where Cy(Y") denotes the space of continuous real-valued functions on Y which vanish
at infinity. We note also that L | (X; M(Y)) is isometrically isomporhic to the dual space of the separable
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space L'(X;Cy(Y)), see [30, Theorem 2.11]. This is a key point in associating a parameterised measure to a
sequence of measurable functions.

When considering the issue of existence of solutions for system (1.4), we shall follow the usual strategy of
first constructing weak solutions to an approximate problem, and then passing to the limit in the approximation
parameters. Naturally, we run into the usual problem that the a priori estimates we can derive are not strong
enough to allow for passing to the pointwise limit in the nonlinear terms. We must therefore find means to
characterise the possible oscillation and concentration effects in our approximate sequences. This is done by
embedding the problem into the larger space of bounded Radon measures: given a sequence (2°)c¢ of measurable
functions 2° : X — Y, we associate to each 2° the mapping v : X — Y defined by v°(x) = 6. (5)}. Then the
sequence (v°)_. , belongs to the closed unit ball of L33, (X; M™(Y')). Therefore, by virtue of the Banach-Alaoglu

Theorem, there exists a subsequence (which we shall never relabel) and a parameterised measure v = (V;)zex
in L2, (X; MT(Y)) such that v = v. In particular this implies that

weak
F(Z°) = (wai f)

in L>(X) for every f € Co(Y). Moreover, clearly v, > 0 and ||vy||py < 1 for a.e. € X. The parameterised
measure v € L | (X; MT(Y)) is called the Young measure associated to (or generated by) the (sub)sequence
(2¢). The above observations, on various level of generality, are usually termed the Fundamental Theorem, see,
e.g., [2, 32]. The Young measure captures the oscillatory behaviour of a sequence and allows to characterise
some nonlinear weak limits.

When working in the above setting and defining a measure-valued solution to a given problem, one usually
desires that the Young measure describing the solution be a family of probability measures. It can be then
thought of as giving the probability distribution of values of the physical quantities represented by the problem
dependent variables around a given point in the physical space. To guarantee that this is the case some additional
information on the underlying sequences is needed. More precisely, suppose that the sequence z° satisfies the
following tightness condition:

Sup/ 9(|z%(z)|) dz < oo, (1.5)
e>0JX
for some non-decreasing continuous function g : [0,00) — [0,00] with limy o g(c) = co. Then almost every
of the v, is a probability measure. Furthermore, in this case one can show that for any f € C(Y) such that
(f(2%))e>0 is weakly precompact in L', then

f(2°) = (vg; ) in LY(X).

Notice that every sequence (2z°) which is uniformly bounded in some Lebesgue space LP, 1 < p < oo, satisfies
condition (1.5).

Two important observations arise from the above discussion that are of importance in our approach. Firstly,
when working with the variables o, u,V,®,, the estimates that we shall derive in Section 3 will depend on
0. Therefore we will not be able to deduce any control over the velocity in the vacuum regions {o = 0}.
Thus, we shall be working with a parameterised family of positive measures, rather than probabilities. See
also Remark 3.2. Secondly, due to lack of the pressure we cannot guarantee that the approximate quantities
(in particular the density and the momentum) are uniformly integrable. Consequently, the nonlinearities that
we deal with are neither Cy, nor are they weakly precompact in L'. Therefore we have to introduce a way
to capture possible concentration effects in the approximate sequences (which is done below), but also justify
that the maps « — (v,; f) are integrable. This is formulated in Appendix A.1l, together with an observation
concerning projections of the Young measure onto individual variables.

Now let f be a continuous function on Y such that

Sup/X |f(z°(z))] de< co.

e>0
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Then there is a measure fo, € M(X) such that f(z°) converges (up to a subsequence) to foo weakly-* in M(X).
One can then consider the difference

mf:foof <Vx§f> (16)

where v, is the Young measure generated by the sequence (2°). We shall call this measure the concentration
measure associated to the function f. It is also sometimes called the concentration defect. Observe that m/ =0
if the family (f(2°)) is weakly precompact in L'(X). As a note of caution let us point out that the term
"concentration" might be misleading: the measure mf need not be supported on a set of small measure, see for
instance [3] for an example of a sequence whose concentrations are being smeared out uniformly over the whole
domain.

It is often needed to compare two concentration measures coming from two nonlinear functions. It turns out that
if one of the nonlinearities dominates the other, then the same is true of the associated concentration measures.
More precisely, we have the following result.

Proposition 1.1. Let v = (v,) be the Young measure generated by the sequence (z°). If two continuous
functions fi and fo > 0 satisfy |f1(2)| < f2(2) for every z € Y and if f2(2%) is uniformly bounded in L'(X),
then we have

[m1|(A) < mP(4)

for every Borel set A C X.
The proof of this measure theoretic fact can be found in [20, Lemma 2.1] or [25, Proposition 3.3].

In our case of interest we have X = (0,7) x Q and Y = [0,00) x R? x R?. Since we will generally perform
the same algebraic operations on both the oscillatory and concentration parts due to given nonlinearities of the
Euler-Poisson equations, we will use the shorthand notation

F(t,2) = (vra(N); F(N) +m/ (dt, dz),

where A\ = (s,v, F) € [0,00) x R? x R%.

Let us make one final remark about concentration measures. As discussed above, we generally have m/ € M(X).
It is also not difficult to show that if f is non-negative, then so is the corresponding concentration measure.
When X = (0,7) x Q, then oftentimes it is also possible to guarantee a disintegration of m/ with respect to
the time and space variables. In Section 3 we prove existence of dissipative measure-valued solutions using a
sequence of weak solutions to an approximate problem. Due to the energy inequality we will obtain bounds in
L>(0,T; L1 (Q)) for the approximate quantities. Then the corresponding concentration measures will admit a
disintegration of the form

m! = dm{ (z) ® dt,

where the family t — m{ is bounded and weakly-* measurable.

1.2 Main results and structure of the paper

We state below our main result concerning the Euler-Poisson system (1.4). It is a weak-strong type result
comparing a measure-valued solution and a regular solution emanating from the same finite-energy initial data.
By a "regular" or "strong" solution we shall mean a continuously differentiable triple (o, U, ®,) with bounded
velocity, which satisfies either (and thus both) system (1.1) or (1.4) pointwise. The measure-valued solutions
will be defined only in the following section, however for now let us just say that they comprise of a classical
Young measure v together with a number of concentration-defect measures as described above, which satisfiy
equations (1.4) in an averaged sense. Furthermore, they are required to be "dissipative" or "admissible" by
exhibiting an energy inequality, see Section 2. Vitally, the following theorem concerns precisely the class of
measure-valued solutions for which we can show global existence.



Theorem 1.2. Let 1 < d < 3 and Q C R? be a bounded smooth domain. Let
(r,U,®,) € CL([0,T) x Q; (0,00)) x CL([0,T) x Q;RY) x C%([0,T) x Q)

be a regular solution of (1.4) with initial data r(0,z) = ro(x), U(0,2) = Uqg(x) of finite energy and let
(V7m9,m9“,m9"®“,m‘vq"2,mV‘I’@V‘I)) be a dissipative measure-valued solution to the system (1.4) with initial
state

Vo2 = 0{r(0,2),U(0,2),V®,(0,2)}, Jor a.e. x €.

Then
2
mVeeve 0, mlVel 0,

and we have the following identities

(Vias0) +m? =,
(V03 0u) + m? =1U,
(Vi w5 0u @ u) + me"®% = rU @ U,
(vi.0 0lul®) + melu® = r|lU?,

which hold for almost every (t,z) € (0,T) x R%. Furthermore, the Young measure admits the decomposition

Vtaw = Uiz ® 0(vae, (t2)}

for some parameterised measure v € L, ((0,T)xR%; MT ([0, 00) x R?)); and in turn the restriction vL_((0, 00) x
R?) decomposes into

Vo L ((0,00) x RY) = 714 ® S1ur (2,00}

for some parameterised measure v € L, ((0,T) x R4 M™T(0,00)). Finally, all the concentration measures me,

2 . .
me®, meu®% gnd mel*” are absolutely continuous with respect to the Lebesgue measure.

The above theorem is not a usual weak-strong uniqueness result, where we would like to assert that the
Young measure is necessarily a tensor product of Dirac masses concentrated at the strong solution and all
the concentration measures vanish. Indeed, this was the case for most of the recent studies on weak-strong
uniqueness for measure-valued solutions in hydrodynamics or more general conservation laws. Starting from the
works of Brenier et al. [5] on the incompressible Euler and Demoulini et al. [18] on polyconvex elastodynamics,
and their somewhat surprising observation that measure-valued solutions can enjoy the weak-strong uniqueness
property (under an admissibility condition), this property has been proved for a variety of other equations,
see [16, 20, 25, 26]. Notably the weak-strong uniqueness property for dissipative measure-valued solutions has
been recently put to practical use in proving convergence of finite volume numerical schemes for the Euler and
Navier-Stokes equations [21, 22]. The common feature of these results is that one can control each relevant
term in the equations by a relative energy between the measure-valued and regular solution in such a way that
the vanishing of the relative energy implies that the corresponding measure-valued and regular quantities have
to coincide. In the situation considered in this paper we cannot quite follow the same algorithm: establishing
a relative energy inequality does not immediately imply a weak-strong uniqueness result. This is due to lack
of appropriately strong information on the density and is a fundamental feature of system (1.4) due to its
pressurelessness. One might like to compare this situation with the isentropic compressible Euler equations with
pressure p(g) ~ o7, see [26]. The potential energy term of the corresponding relative energy functional:

l-—— 1 v
my — — — U2 v — y—1 7d
rel /QQQIU | o Ty et de



being zero immediately implies (due to convexity of the pressure) that the projection of the Young measure
solution onto the first variable equals d4,(;,2)y. This information can be used in the first term of the relative
energy to conclude that the measure-valued solution decomposes into vy, = 6fp(1,0)} ® 9 (VU (b))} almost
everywhere. This reasoning cannot be mimicked in the pressureless case.

Let us further mention that the above issue is also related to some classical results on compensated com-
pactness in the one-dimensional isentropic gas dynamics, see for instance [19, 28, 29]. Given L*° initial data
00, o and a sequence p,,,u, of entropy weak solutions to the one-dimensional Euler equations, one can show
that there holds the convergences

On — 0, Up — U

to another entropy solution in the almost everywhere sense, where the second convergence holds only on the
set {o(t,z) > 0}. In terms of Young measures this means that on this set the Young measure reduces to Dirac
masses, 1i.e.,

Vi = 0g(t.0)} @ Ofu(t)}, 1if o(t,z) >0;

while on the vacuum set {o(t,z) = 0} one has
Vo = 5{g(t,z)} & Dt,z7

for some probability measure 7 whose support is contained in a compact set [—a, a] depending on the initial data
through the so-called Riemann invariants and invariant sets (in the L sense). Thus, in this case the invariant
sets prevent concentrations and guarantee the tightness condition in the "u-direction" (which is not necessarily
true in general). Notice that the use of Riemann invariants is only available in one spatial dimension.

The paper is structured as follows. We first introduce the notion of dissipative measured-valued solutions to
the Euler-Poisson system in the next section. We analyse the existence of these solutions for the Euler-Poisson
system in section 3. Section 4 deals with the relative entropy argument between strong solutions and any
dissipative measured-valued solution. We finally prove our partial result about weak-strong uniqueness of these
solutions in Section 5. Section 6 is finally devoted to a generalization to the case of adding alignment terms to
the Euler-Poisson system as in the case of Cucker-Smale models.

2 Dissipative measure-valued solutions to the Euler-Poisson equation

In what follows we use dummy variables (s,v, F) € [0,00) x R? x R? when integrating with respect to a
parameterised measure v € L, ((0,T) x ; M*(]0, 00) x R? x R?)). They should be thought of as representing

weak

0, u and V,®,, respectively.

2 . o .
We say that (V,mg,mgu,m9“®“,m‘vq" ,mYVEOVE) s a dissipative measure-valued solution of the Euler-

2
Poisson system (1.4) in (0,7") x Q with initial data (v, mg,mgu,mgu@)”,m(l)vq)l ,my PEVP) if

v=(Va), 2)e(0,T) xR € L2 ((0,T) x 0 M*([0,00) x R* x R?)) is a parameterized measure,
m?,m! V€ L2(0, Ty M* (), m? € L®(0,T; M(Q)?), meu®*, mV*EY® ¢ 12(0,T; M(Q)?*),
and the following hold:
Continuity equation:

[ wnasiptraras = [ tnisu.a)de+ [ v - [ v0.0 dmge .

:/OT/Q[<vt,w;s>atw+<um;sv>.vm] d:cdt—i—/OT/Q dp dm®(z) dt+/oT/Q V1) - dm?(z) dt,

for a.e. 7 € (0,T) and every v € C*([0,T] x Q);



Momentum equation:

[ i) ptr)dn = [ 50 pl0.0)dn + [ o) dme(@) = [ o(0,2)- dmg*(a)

://(um;sv)-atgpdxdt—i—//(yt,w;sv@)v):ngodxdt—v//(Vtﬁm;sv%apdxdt
0 Ja 0JQ 0Ja
// Ut g S)T - gz)dxdt—I—// um,|F\ dlvwgoda:dt—// Vio; FQF): Vypdrdt
- M, // Vg F @dxdt—&—//aﬁo dm®*(x )dt—l—//V @ : dmeu®¥(z) dt
—’y//gp dm®*(x dt—//go xdm?(x dt+/ div, gpdmlvq)‘ (z)dt
Q Q Q
//V(P dqu?‘@vq)( )dt,

for a.e. 7 € (0,T) and every o € C*([0,7] x Q;R%);

(2.2)

Poisson equation: For a.e. 7 € (0,T) and every ¥ € C1(Q)
/(Vmg; F) -V,0dz = / (Vr 5 s)0da +/ I(z)dmé(x) — MQ/ ¥(z) da; (2.3)
Q Q Q Q
and furthermore there exists a function ¥, € L?(0,7; W?(Q)) such that

Vo U,(tx) = / Fdy ,(s,v, F), (2.4)
Q

almost everywhere.

Energy inequality: There is a non-negative measure me*l* € L>°(0, T; M*(Q)) such that

1 1 1 1 1
[ (v bolol Y St @) [ (v iR aw s Tl ) 4 [ s St
o\ "2 2 o\ T o 2 oy
1 2
+ [ Slz[* dmi(z)
Q2
Lo L olul? 2 1 mlV ke
< .2} = s|v| de+ -mg ' (Q) + 0,2} = |F| dz + = () + | (vou;8)=|x|*dx
Q 2 Q 2" o 2

+/ 1|ac\2dm§(x)—/ {/ <1/tyx;s|v|2>do:+m9|u|2(Q)] dt,
Q2 o LJa

for a.e. 7 € (0,T).

(2.5)

Remark 2.1.

1. We shall usually think of a measure-valued solution as being a weak limit of some family of weak solutions
(either to an approximate problem or to (1.4) itself). Then all the concentration-defect measures are easily
described by (1.6) and can be related to the formalism of generalised Young measures via so-called recession
functions, see [1]. Moreover Proposition 1.1 gives natural relationships between these measures, which are



inherited from the corresponding inequalities at the approximate level. In particular all the concentration-
defects appearing in the governing equations are dominated by those appearing in the energy inequality.
Notice however that there might exist measure-valued solutions which do not arise as limits of weak
solutions, see [15, 23].

. Let us note that the appearance of a non-trivial concentration measure in the density cannot be excluded,
because of low integrability of p. This is in contrast to the situation, when a pressure term is present in
the system. Then typically p(o) ~ 07, v > 1, implying uniform intergrability, and excluding the possibility
of concentrations in the density.

. Notice that one cannot exclude concentrations in the term [, %|VI<I>Q|2 dx in the energy, since the Poisson
equation —A®, = p € M, only guarantees V,® € LP with 1 <p < ﬁiy

. Let us recall the shorthand notation

ft,2) = (e (N); FO) +m? (dt, da).

Thus, equation (2.1) can be written concisely as

/Qa(r,xw(f,x)dx—/Q@(o,x)w(o,x) dx:/oT/Q[Q@tw+gu-wa] dz dt,

and similarly for the other equations.

. The constant M, in equations (2.2) and (2.3) should more precisely be written as Mj to account for possible
concentrations in the initial data, when one has

Mg:/ﬂ(z/o;s>dx+mg(9).

However, in the proof of existence, as well as the subsequent analysis, we will specialise to the case of
initial data without concentrations. Let us also observe that testing the continuity equation (2.1) with the
test function ¢ = 1, we obtain

[ i) o me@) = [ (o) o+ (o,

for any time 7 > 0. Therefore Mj is a constant of motion also for the measure-valued solutions.

. The measure-valued solutions generated by an approximation as in Section 3 enjoy property (2.4), since
the Young measure is generated (in its third coordinate) by a sequence of gradients; and would still be true
for other conceiveable approximations. More precisely, property (2.4) follows from the celebrated theorem
of Kinderlehrer-Pedregal [27, Theorem 1.1]. This fact will be used to close the relative energy estimate.
Note however that condition (2.4) itself does not imply that the projection mw3v of the Young measure onto
the third coordinate is generated by a sequence of gradients.

. Let us stress that it is important that in the weak formulation we use test functions that are defined
on Q, so as to encode the appropriate boundary conditions of the measure-valued solution. If a weaker
formulation was used, e.g., if the test functions had compact support in €2, then we would have no hope of
obtaining any weak-strong uniqueness result in general. Indeed, consider the simple example of the linear
transport equation 9;v+9d,v = 0 on (0,7T) x (0, 1) with smooth inital data v(0,z) = 1. Posing two different
boundary conditions v(¢,0) = 1 and v(t,0) = (1 — )4, clearly leads to two different solutions (satisfying
an appropriate entropy inequality). On the other hand, the following weak formulation

T 1
/ / v(Opp + Opp)dzdt =0, Ve € CH([0,T) x (0,1)),
o Jo

is the same for both problems. More delicate breakdown of weak-strong uniqueness is also possible: see [4]
for a counterexample in the case of the incompressible Euler equations.



Remark 2.2 (Relation between two formulations). The above definition of a measure-valued solution is formu-
lated for the system (1.4). In particular we take advantage of formula (1.3) to obtain a conservative form of the
nonlocal term. In order to relate this definition to the initial formulation (1.1), we need to make sense of the

ANNNL

term oV, ®,. This can be done by defining a distribution pV,®, via the relation
AN T 1 T
{vatbg; (p:| = /O /Q §|VI¢Q|2diV$ pdrdt — /0 A Vo0, @ V@, : Vypdzdt,

for any ¢ € C'(Q), where [;-] denotes the duality pair between (C')* and C'. Tt can be seen that the
approximate sequences constructed in the next section give rise to such an object.

3 Existence of dissipative measure-valued solutions

In this section we will prove existence of dissipative measure-valued solutions defined in the previous section.
To this end we construct a two-step approximation. Firstly, we define an approximate problem to (1.1), where
we introduce a sixth order differential operator into the momentum equation. Secondly, we prove existence of a
finite-dimensional approximation, and pass to the limit to obtain existence of weak solutions for the approximate
problem. Finally, we pass to the limit with the coefficient of the highest order term to show that a sequence
of such solutions generates a dissipative measure-valued solution to (1.1). We only consider the case when the
initial data is regular, i.e., the initial concentration measures are all zero and 1y is a Dirac measure concentrated
at some given measurable initial states. Given an initial density gg, we define ®,, by solving the Poisson equation

_A‘I)@o = 00 — M@ov

posed in £ with the Neumann boundary condition V,®,, - n = 0 on 0L.
The main result of this section is the following.

Theorem 3.1. Let 1 < d < 3. Suppose Q C R is a bounded smooth domain. If the initial data (0o, wo) is such
that 0o, 0ouo € L (Q) and has finite energy, then there exists a dissipative measure-valued solution with initial
data

V0,5 = 0{go(2)u0(x), Ve, (x)} JOT Q.6 T €L
The remainder of this section is dedicated to the proof of the above theorem.
Approzimate problem. Let € > 0 and let ((-;-) = (- -)Wos,z(m denote the standard scalar product in W3 (Q).
We begin by regularising the initial data, following a similar approach as in [31, Section 7.10.7]. Let mg = gouo
be the initial momentum. Let gy denote the extension of gy by 0 outside of €2, and define of := gy *x n° + ¢,
where 7° denotes the standard symmetric spatial mollifier. Notice that since the initial energy is finite we have

mo
v/ Q0

Now, we define m§ := /pgh®, where h® € C2°(Q) is such that

15050} € Lz(Q).

mo
——1po>0y — h° <e.
H vV 00 ’ L2(Q)
The regularised initial velocity is then defined via uf := 7:5’. We then have the following properties:
0

inf 0§ >0, 6§ = 00, m§— goro, in L}(Q).



Solving the Neumann problem

—A®,e = 05 — Mys, inQ,
Va@é,ﬁ -n =0 on 99,

we define V;®,s. Since the initial energy is finite, in particular we have ||V, ®,,[12(q) < o0, and therefore
00 € H1(Q). Tt follows that

[Va®os = Vol 12¢0) < 1106 — €0l g-1(0) = 0, ase—0.

We thus deduce convergence of the regularised initial energy:

L|mg* | 1 2 1 2 /1 2, 1 9 1 2
3 g T3IVesl tgelrlde = ] o Slve - dz.
/92 o +2\ o5 +290|a:| x Q2Qoluo| +2| ol +2Q0|x\ z

We say that a triple (0%, u®, ®,<) is a weak solution to the approximate Euler-Poisson problem with initial
data (g5, u§) if, for all 7 € (0,77,
| [eowsou Vo= [ Froprad- [ goo.dn (3.1)
o Ja Q Q

for all ¢ € C1([0,T] x Q),

T 1 T
/ / o°u® - Opp + [Qeue QU =V, Ppe @V, Ppe + §\VI<I>QE|2 ded] : Vepdrdt — 'y/ / o°u® - pdxdt
0o Ja 0o Ja

—/ /stwpdwdt—M@s/ /qu)Qs-cpdxdt
0o Ja 0 Ja

s / (w5 0) dt + / (°u) (7, ) - (7, z) dz — / g - (0, z) dz,
(3.2)

for all € C1([0,T] x ), and
/QVzCPQa (1,2) - Vypi(x)da = /QQE(T, x)9(z) de — M,e /919(:10) dz, (3.3)

for all ¥ € C1(Q), where M, = ﬁ Jo 0°(t,z) dz is constant in time for each € > 0. Let us note that due to
strong L! convergence of g5 to gy, we obtain convergence of M, towards M,.
Let us remark that in the above formulation of the approximate problem we ignore the precise form of the sixth
order elliptic operator as well as the corresponding boundary conditions. These conditions vanish when we pass
to the limit with e, which is the sole purpose of this section.

We will now define Galerkin approximate solutions to the approximate Euler-Poisson problem. For conve-
nience we drop the index ¢.
Let {w;} be an orthonormal basis of W¢"*(Q) solving the eigenvalue problem

(wis ) = Ai(wis ) L2()

in Wg(Q), cf. [30, Section 6.4]. Then {w;} is an orthonormal basis for L?(Q) and if the boundary of Q is
e (t)wi(x).

s

smooth enough, then all w; can be assumed smooth. Now put w”(t,z) =

i=1

10



The triple (", u™, ®,n) is called a solution to the Galerkin approximation for the approximate Euler-Poisson
n

problem (3.1)-(3.3) in (0,T") x € with initial data of = 0o and ug = > (wo;w;)r2(Q)ws, if

=1

O™ + div, (0"u™) =0, (3.4)

1
/ |:Qn8t’u,n 4 g”vm’u,nun — lez [qu)gn (2] Vz(I)Qn — §|qu)g" 2I[d><d +,-ygnu’ﬂ 4 an * Wy dx
Q

(3.5)
+ Myn / Ve®on - wide 4+ e(u™;w;)) =0,
Q
fort=1,...,n, and
—Aq)gn = Qn - ]\49717 (36)
where Myn = ﬁ fQ 0"(t,z)dz. The Poisson equation (3.6) is posed with a homogeneous Neumann boundary

condition: V®,n -n =0 on (0,7) x 9.

Existence of Galerkin approzimations. Observe that the initial data for the Galerkin problem satisfies in partic-
ular g € CY(Q), g > 0 and u? € W2?(Q2). For data with this regularity, the existence of a solution (", u")
with
0" € CH[0,T) x Q), u" € C([0,T); W*(2))

to the Galerkin system is obtained via a combination of the method of characteristics (to find the unique ")
and the Schauder fixed point theorem. Since the proof follows in essentially the same steps as in [30] (see
also [24]), we skip the details here. We just note that solving the continuity equation (3.4) with the method of
characteristics yields the following representation

0" (t,x) = 0o(X"™(0;t,x)) exp (—/0 divy u"(r, X" (75 t,x)) dT)7 (3.7)

where X™ denotes the forward flow assosciated with velocity w™. In particular o™ > p* for some constant o*

depending on 7.

Energy estimates for the Galerkin approzimations. Upon multiplying each equation of (3.5) with the coefficient
7

ci(t) = (u™(t,-);wi(-)) L2(0) and summing over i = 1,...,n, we get, for each time,

d 1 . 1
G [ et o [ aw, [vwcbgn@mgn—2|vw<1>gn2ﬂdxd} cw do e )

— ’Y/ Qn‘un|2 dz _/ an cudr — Mgn / qu)gn 'Undw,
Q Q Q
where we used (3.4) to write
1
/ o"u" - Vyuu"do = / dro™ =|u"|? da.
Q Q 2
Moreover, using (3.4), (1.3) and the Poisson equation we have
1
/ div, {qu)gn @ Vgdpn — 2Vw<1>gn|2]ldxd] ~u"dr — Mgn / Vi®on -u"der = —/ 0"V Pon - u" dx
Q Q Q

d [1
=—— [ 2|V, P[> dx.
dt Q2| Do |"dz

Finally, we write

1 d 1
—/QQ":c.u”dgc:—/QQ”u”.Vw(2m|2) dx:—& Qﬁg"mzdx.

11



We therefore obtain the following energy estimate

1 1 1 T
/ 0" U+ = |V ®@pn|? + = 0"z | (1, 2) dz + 5/ (u™;u™) dt
al2 2 2 0

. . X . (3.8)
< / 590|u0\2 + §|V:,3<I>Qn 20, ) + §QO|:U|2 dz — 'y/ / o"|[u"|? dx dt.
Q 0o Jo
Now using (3.7) and (3.8) we can deduce the uniform (in n) estimate
4 2 4 2
™[l o< (0,1 x2) +/O 10e0™ 220y df‘*‘/o Vo™ 720y dt < C(e71), (3.9)
while using (3.5) multiplied by ;¢ (¢), (3.8) and (3.9) we obtain
T 2
/0 [0 |12 dt + E||“n||La<>(o,:r;wg‘»z(sz)) <C(e7), (3.10)

see [30, Lemma 5.45] for details.

Ezistence of solutions to the approximate FEuler-Poisson problem. Having (3.8)—(3.10) we can, for each ¢ > 0,
deduce, up to extracting a subsequence, the convergences

*

ot = in L*°((0,T) x ),
do" = oo in L*((0,T) x Q),
Oou" — dvu in L2((0,T) x Q),
u" = u in L2((0,7); Wy *(2)),
By the Aubin-Lions Lemma we then have
ot — o in L2((0,T) x Q),
u” —u in L2((0,T); W, % (Q)).
Now, using the strong L? convergence of the density in conjunction with the Poisson equation (3.6), we readily

deduce the strong convergence
Vo®,n — V.0, in L?((0,T) x Q).

Combining the above weak and strong convergences, we can pass to the limit in each integral in the formulation
of the Galerkin problem, thus showing existence of a solution (o°, u® ,@2) to the approximate Euler-Poisson
problem.

Ezistence of dissipative measure-valued solutions. Since the approximate solution (%, u, @) is the limit of the
Galerkin approximations, we have the energy bound

1 1 1 T
/ —gs|u5|2—|—7|V$<I>Qs|2—|—fgs|x|2 (T,x)dx—i—'y/ /g5|us|2dxdt
al2 2 2 o Ja
(3.11)
1 1,12 1 2 1 2
< §QO|’U’0| + §|Vw(1)95| (0,2) + 59076|33‘ dx
Q

Moreover, mass conservation implies that ¢° is uniformly bounded in L>°(0,7T; L*(£2)). Then,

1 1
/|gsu5\dx§ f/ gadm—i—f‘/ of|uf > dx < C.
Q 2 Ja 2 Ja
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Therefore the sequence of approximate momenta { ¢°u®} is uniformly bounded in L>(0,T; L*()), while {V,®,- }
is bounded in L>(0,T; L*()).
As discussed in the introduction, by considering the sequence 0y, 4 v, .} We obtain in the limit € — 0 a
parameterised measure
v={v} € L3 ((0,T) x Q& M™([0,00) x R? x R?))

weak

which represents weak-* limits of nonlinear compositions with Cy nonlinearities. However, since the ones ap-
pearing in the weak formulation of our problem are only continuous and not Cy (and since their compositions
with the approximating sequence are not uniformly integrable), we cannot apply any form of the Fundamental
Theorem directly. The only terms in which we can straightaway pass to the limit are the ones containing V,® 4
in the momentum and Poisson equations. For all the other terms we have to make use of Lemma A.1 to describe
the oscillatory behaviour and introduce the concentration-defect measures as in (1.6). Indeed the functions of
interest are f(s,v,F) = s,5v,5v ® v, s|v|>, F ® F,|F|?, and all satisfy conditions of the lemma.
In particular, using (A.1), we can pass to the limit £ — 0 in each term of (3.1):

/ / 0°O + o°u® - Vo dedt — / / 004 + ou - Vo da dt,
0o Ja 0o Ja

/Q o (r, ) (7, 2) d —> /Q o(r)(r, 2) da,

for any ¢ € C1([0,T] x Q), to obtain (2.1). Similarly we pass to the limit in (3.3) to get (2.3) (notice that
mV® = 0, since V,®. is square-integrable), and we also obtain (2.2) as a limit of (3.2). Finally, passing to
the limit in (3.11) we obtain (2.5). Notice that by virtue of Proposition 1.1 we have several natural relations
between the concentration measures, for instance

2
‘mgw‘ < m® 4 melwl®,

and

‘mV<b®V<1>‘ < m|vq>\2’ |mgu®u’ < melul®,

In particular m/V®” = 0 implies mV*®V® = (see Lemma A.4). Furthermore, due to bounds in L>°(0,T; L' (12)),
each concentration measure admits a disintegration with respect to the time and space variable, and thus we
have

me, mg|u|2,m|v<1>|2 e L™ (O,T;M"’(ﬁ)),
me™ € L>=(0,T; M(Q)%),
mgu®u7mV<I>®V<I> c L™ (O,T;M(ﬁ)dXd),
Thus the proof of Theorem 3.1 is complete.
Let us point out one useful identity satisfied by the measure-valued solutions. Suppose (r,U, ®,.) is a regular

solution of (1.4). Upon using the Poisson equation for this regular solution and for the Galerkin approximates
in conjunction with integration by parts, we arrive at

/ /(r — M)V ®pen - odadt —|—/ /(QE’" — Myein )V @, - o da dt
0 Jo 0 Jo
= 7/ / VI®QE,H . qu)rdlvz QDdlL dt

0 Ja

+/ Vi®oen @ Vi@, 1 Vopdadt —i—/ / Vi@, @ Vy®pen 1 Vypdadt,
o Ja o Ja
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for every p € L*(0,T;C()).
Passing to the limit, first with n — oo and then € — 0, we obtain

/ /(T—Alr)vx¢g~gpdxdt+/ /(,Q—A[Q)Vmér-godxdt

o Ja 0o Jo

:—/ /VztI>9~Vx<I>rdivzgodxdt (3.12)
o Jo

+/ /Vm®g®vz®7‘:vm¢dwdt+/ /qu)r(@Vz(I)Q:VIcpdzdt.
o Ja o Ja

Remark 3.1 (Other approximation schemes). Admittedly, the above approximation scheme carries the disad-
vantage of imposing rather strange and nonphysical boundary condition in the velocity. To avoid this, other
approximations are possible, for instance through the Navier-Stokes equations with artificial local pressure. We
skip the full exposition here, and refer to [20] for some details.

Remark 3.2. Notice that in the above proof we can only guarantee that the measures v; , belong to the space
M of non-negative Radon measures with ||y, < 1. In the variables (o,u,V,®,) one cannot guarantee
that thease are necessariliy probability measures, because the tightness condition might fail. Indeed, when
o0 = 0, neither the momentum nor the kinetic energy offer control over the velocity, which can be arbitrary in the
vaccum regions. This situation is reminiscent of other Euler-type models analysed in the past: the Savage-Hutter
equations [24] or compressible Euler equations [26]. There, to circumvent this issue a different set of variables is
considered, namely ¢ and ,/ou, instead of the more traditional ¢ and w. In this formulation one has the uniform
bound

/ |\/Q>5U€|2d$=/ of|uf? dz < oo,

Br(0) Br(0)

which implies tightness. Therefore the sequence (0%, /0"u",V,®}) generates a Young measure
p € L% ((0,T) x R P([0,00) x RY x RY)),

which clearly agrees with v on the first and third coordinates.

4 Relative energy inequality

We suppose now that (r,U,®,), r > 0, is a strong solution to the Euler-Poisson system (1.1) with reg-
ular initial data (gg,uo) of finite energy. Furthermore we consider a dissipative measure-valued solution
(v, m2, mo%, meuvdu, mlVelr, mYVPEVP) with

V0,2 = {00 (2),10(2), V0 ®(0,2)}

for a.e. x € Q.
In [13] the following relative energy was used:

5(g7u|r,U):/QBQM—U|2+;(r—g)(K*(r—g)) dx,

K being the Poisson kernel, to compare strong and dissipative weak solutions and establish a weak-strong
uniqueness result. Note that in their case Q = T¢ was the flat torus in two or three dimensions. We shall mimic
this approach here. To this end, we notice that, upon an integration by parts, we have

1 1
/ f(r—g)(K*(r—g))dzz/ 7|Vx<I>T—Vx<I>g\2dx.
Q2 Q2
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A natural candidate for a measure-valued version of the relative energy is therefore:

1 1
nir) = [ e OF + 5198, - 0.8, s (41)
al2 2
We can then write

1—— 1l ——— 1
() z/ fg\u|2da:—|—/ 7|Vw@g|2dx+/ —2|U|? dz
Q2 Q2 Q2

) (4.2)
- / ou-Udz — / V. ®, V&, dz + 7/ V. ®,|? dz.
Q Q 2 Ja
We also introduce the measure-valued variant of the energy
o 1 1 1_
ent(r) = [ |52l + 5IVoB T + aleP | an,
so that inequality (2.5) becomes
EMU(T) <E™Y(0) — 'y/ / olu|? dx dt. (4.3)
o Jo

Notice that, since the initial data for the measure-valued solution contains no concentration measures, we have

1 1 1
£ (0) :/ S0lUOP + 51V,2,(0) + S ool (4.4)
Q

Testing the continuity equation (2.1) in turn with 1|U|? and ®, we have

1 1 T
/fEIUIZ(T,x)dx:/790|U0|2+/ /@U-@tUJrgTerUdedt,
o2 02 o Jo
and

/@@T(T,x)dx:/gofﬁr(o,x)—i—/ /§8t¢r+gﬁ-vmérdxdt,
Q Q o Ja

while testing the momentum equation (2.2) with U gives
/W-U(T,x)dz = / g0|U0|2dx+/ / [ou -0 U + pou®@u:V,U—~ou-U —pzx -Uldxdt
Q Q 0 Jo
T 11— - -
+ /O /Q SIVa® P div, U = Vo8, 8 V.8, : VoU — MV, 8, - Udzd.
Note also that by (2.3) tested with ®, we have

/E‘br(T, x)de — MQ/QDT(T7 x)dz = / Vi@, V@, (7, z)dx.
Q Q

Using the above identities and (4.2) we get
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mi(r) = emn) - |

1
790|U0|2dx—/ 009,-(0,2) dz
Q2 Q

—|—/ /§U~8tU+W~V$UU—W~8tU—gu@u:VwUda:dt
o Ja

T T 1
—l—’y/ /W~dedt—|—/ /@x-dedt—I—f/ |V, |?(7,2) dz
0o Ja o Jo 2 Ja

i 1l - - .
- =|V:®,2div, U -V, ®,V,®,: V,U - M,V, P, -Udxdt
0 Jo2 ) ) 0 0 0

T T 1
—/ /E@A’,dxdt—/ /QTLVQU@rdxdt—7/5(7',33)|x|2dx
o Ja 0o Ja 2 Ja

+ MQ/ O, (1, x) dz.
Q

(4.5)

For the first line on the right-hand side we have, invoking (4.3), an upper bound given by

1 " e
gmv(o) _/ §Q0|U0|2dm—/ QO(I)T(O,QT) d-T—’Y/ / Q‘U|2dt
0 Q 0o Ja

Using the Poisson equation —A®,. = r — M,. for the strong solution, in conjunction with its continuity at time
t = 0, we deduce the identity

/ |V, ®,(0)]? dz = / 00®,.(0) dz — MT/ ®,.(0) de. (4.6)
Q Q Q
Now, using (4.4) and (4.6), we deduce the following bound for the first line of (4.5)

- 1
5’””(7)—/ §QO|U0\2dx—/ 00P,-(0,2) da
Q Q

1 1 T _
< */ Qo|$|2dx—f/ |Vz<I>r\2(O,x)dx—A// /Q\u|2dt—M'Q/ ®,.(0,z) dz.
2 Ja 2 Ja 0o Jo Q

For the second line of (4.5) we write, using the momentum equation for the strong solution (r,U) and the strict
positivity of r,

/ /@U@tU+W~VmUU—W-8tU—Qu®u:Vwdedt
o Ja

=/ /Q(U—U)'atU+m:V$wadt
0 Q

:/T/m'(7U+$+Vw‘1>r>+e(u—U>®(U—u>:vadxdt.

Furthermore we write

/ /@x~Ud;z:dt:/ /:z:-rUd:cdtJr/ /Wa;.dedt
0 Q 0 Q 0 Q
= [ 3P0 -rdas [ [ @ vdzar
Q2 o Ja

16



We thus have
1
aw<ly [moere] s [ ens e v
Q
+’Y/ /W'U—Q|u|2+g(u—U)-dedt
o Ja

+/OT/Q(Q—T)1‘-U+Q(u—U)~xdxdt

1 1 T =T
+7/ |V1q>r\2(r,x)dx——/ \Vw(br|2(07x)dx—/ /@&@dedt—&— [MQ/ @T(t,x)dx}
2 Q 2 Q 0 Q Q

t=0

—/ /[2Vz¢>9|2div$U—Vx<I>g®Vw<I>g:VIU—MQV:E@Q-U—&—QU v, ]dxdt
0 Q

Notice that the function (¢,z) +— |z|? is an admissible test function for the continuity equation (2.1), so that

1 [Faea] " = [ @

Furthermore, we make note of the following identities

’y/ /gTrU—g\uP—i—g(u—U)-dedtz—’y/ /Q|u—U|2dxdt,
0o Ja 0o Ja

/OT/Q(Q—T)QT'U-H’(U—U)-a:d:cdtz/OT/Q(ger)xdmdt,

and

t=1
/|V<I)\ Txdx—f/\V‘I)| Oxdz//g&dl)dxdtJr{ / (tx)dx]

t=0

/ /at|v ) |2dxdt—/ /ga@ dz dt + M, / /atcb dx dt

:/ /VI<I>T~VI(8t<I>T)dxdt—/ /@@@dedt—i—Mg/ /Bﬁbrdxdt
Q 0 JQ 0 JQ

where for the last equality we used (2.3).
Finally, we use (3.12) to write

- / / [2|Vx¢>g|2divx U - V,8,0V,0,: VoU — M,V,®, U+ 39U -V,®,|dedt
0o Jo
1 T T
—7/ / V.8, V. 2div, Udedt +/ / V.0, V.0,
2Jo Ja 0o Jo
+/ / (Vo®, — V,®@,) - rU dzdt.
0o Jo

® (Vo, — Vo@,) : VU dzdt
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Furthermore, we use the strong form of the Poisson equation to write

/ /(vz@g—vx@).rdedtJr/ /(Vz@r—vxég)-vm(at@,«)dxdt
0 Q 0 Q

:/ /VICPQ-Tdedt—/ /thﬁg-vm(atfbr)dxdt

o Ja o Ja

:/ /(um;F>-rdedt—/ /(ut’z;F>-Vm(8t@T)dxdt
o Ja o Ja

:/ /Vm\IlQ(t,x)-rdedt—/ /VI\PQ(t7x)~Vw(8t<I>T)dmdt
0o Ja 0o Ja

207

using property (2.4) in the third equality above.
We therefore arrive at the following measure-valued version of the relative energy inequality

oL // (u—U)@U —u): V,Udxdt — //g|u— Ul2dzdt

1 T T
- 5/ / Vo, — Vo, [2div, U dz dt +/ / (Va®, — Vo®,) ® (Vo®, — Vo®,) : VU da dt.
0 Q 0 Q
(4.7)

All the terms on the right-hand side of inequality (4.7) can be easily seen to be controlled by

/ Tel

where the constants ¢ depend only on the norm [[VoUl|¢ (o 71xm)- Note that for the terms involving a tensor
product we use Lemma A.4 to compare them to the corresponding norm-squared terms.
We thus have the following Gronwall-type inequality

m(r) < / ) (48)

5 Proof of the main theorem

Having established the relative energy inequality, we proceed to the proof of our main result, Theorem 1.2. This
will be done in several steps, each leading to identifications of successive terms in the measure-valued formulation
with their counterparts in the strong formulation.

Firstly, we observe that inequality (4.8) implies that £7 = 0 at almost all times, since the strong and
measure-valued solution emanate from the same initial data. In particular, since both terms of the relative
energy are non-negative, we have

/ V@, — Vo, 2 dz =0,
Q

from which we readily infer that the projection of the Young measure v onto the third coordinate reduces to a
Dirac mass at V,®,., and therefore

2
Via (8,0, F) = 0 4(5,0) @ §(va, (10, m e =0, (5.1)
where

V= ( ) € Lweak((O’T) x £ M+([O7 00) X Rd))
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Consequently, in the “kinetic” part of the relative energy we have
/ slv — U|? doy ,(s,v) = 0, melw=Ul — .
[0,00) xR4

As explained in the introduction, however, we cannot conclude here the vanishing of the concentration measures
in the density and the momentum. Instead, we need to work with whole oscillation-concentration pairs and only
relate these to the corresponding strong quantities.

We begin by considering the kinetic term appearing in the energy inequality: namely, we will show that

To this end we choose 0 < § < 1 and apply Lemma A.3 from Appendix A.2 to infer that on the level of
approximating sequences o, u°, as in Section 3, we have the inequality

Qs||us|2 _ |U‘2| S C(Sgs + C5QE|'us _ U|2.

Since these inequalities are preserved when passing with € to zero, we conclude

—C6p < olul?2 — p|U|* < Cép,

where we have used that
olu—-U|]2=0,

as concluded from the relative energy inequality. Whence, by arbitrariness of § > 0, we have

ol = gU . (5.2)

Let us mention in passing that this equality concerns the sums of the Young measure and concentration parts
of the corresponding terms and it is in principle not immediately obvious that corresponding term-by-term
equalities follow (in particular that melul” = |U|?>m?). However, this is indeed true by virtue of Lemma A.2.
Next, we observe that

o=r (5.3)

almost everywhere in (0,7) x . Indeed, this follows from the identification (v;.;F) = V@, (t, ), mass
conservation and the Poisson equation. Therefore, we have

olul? =r|UP,

almost everywhere in (0,7) x €.
Similarly, applying Lemma A.3 again, we have

o [usus — UU;| < Co0° + Cso|lu® — U,

and therefore in the limit
ou;uy; = TUZ'U]‘,

so that we can conclude the analogous equality for the convective term, i.e.,
ouRu=rUU. (5.4)
Consequently, the momentum equation becomes the simple ODE

O (ou) + vou = 0,(rU) + yru,
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from which we infer that
ou(t,x) = (rU)(t,z), (5.5)

for almost every (¢,z) € (0,T) x Q.
Let us now focus on the Young measure 7 from equality (5.1). Firstly, to deal with potential "vacuum
regions" where the density vanishes, we decompose this measure into

7=vL ({0} x RY) + 7L ((0,00) x RY) =: ¢! + 02,

Then, since

/ slv —U|? dvy :/ slv —U*do?, =0,
[0,00) xR (0,00) xR ’

Orw = Vra © 6[U(ta)}

we have

almost everywhere in (0,7") x Q for some measure 7 , € M™(0,00). Note that we still cannot guarantee that
this is a probability measure. Consequently, denoting by m0' the projection of the measure o' onto the first
coordinate, and using Lemma A.2 we may expand equality (5.3) as

/ / sd(matlz)—i—/ sdvy da:dt—&—mQ(A):/r(tx)dxdt,
A [/{o} ’ (0,00) A

where A is any Borel subset of (0, 7) x R%. In particular, since r > 0, this equality implies that the concentration
measure m? is absolutely continuous with respect to the Lebesgue measure on [0, 00) x R?, so that there exists
its Radon-Nikodym derivative, D™°. Hence, the last equality can be rewritten as

/ sdiya(s) + D™ (t7) = r(t, 2),
(0,00)

almost everywhere. In a similar manner equalities (5.2), (5.5), (5.4) imply that all the measure melul® | meu,
m%®% are absolutely continuous with respect to the Lebesgue measure. This concludes the proof of Theorem 1.2.

Remark 5.1. At this point one might make one more observation about the measure family of probabilities
ft,z corresponding to the variables (o, /ou, V,®,) as in Remark 3.2. In this case one can deduce that

supp(mapt), , C {v : v=aU(t,x),a € [0,00)}

so that the projection of the Young measure onto the second coordinate lives only on the one-dimensional
subspace determined by the direction of the velocity U.

Remark 5.2. Notice that if we consider the quantity
1
KE() = [ -olu|?dz.
Q2

We then have .
KE(r) <&M (r) <&™(0) —2 / KE(t) dt.
0

Consequently K& satisfies, at almost all times, the bound
0 < KE(T) < E™(0)e?,

and therefore converges to zero with time. Thus both the Young and the concentration measures in K€ converge
to zero as t — oo.
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6 Euler alignment system

The calculations performed in the previous section do not saturate the capacity of the relative energy method in
the sense that we can also consider, instead of system (1.1), a system with more general form of the confinement
potential, as well as include nonlinear damping. More precisely, let us consider the following system Euler
alignment system

Oro + div, (ou) =0,
O(ou) + divy, (ou @ u) = —pV, @, — oV, V — oV, (W * 0) + Q/ (x —y)olt,y)(u(t,y) —u(t,z))dy, (6.1)
Q
—A®, =0— M,,

e

n (0,7) x , where V = V(z) is smooth, and W and v are smooth and symmetric. The kernel W includes
the repulsive-attractive interaction force between individuals, while 1) gives the local averaging measuring the
consensus in their orientation. The equations are supplemented with the same boundary conditions (1.2) as
before. The spatial domain, €, is still a bounded smooth domain in R%. Nevertheless, by a slight abuse of
notation, we shall use the convolution symbol * to denote the integral

(W * 0)( / Wz —y)o(y) dy,
so as to simplify the notation. A similar system has recently been considered in [6], where measure-valued solu-
tions of a viscous approximation are shown to converge in the inviscid limit to a strong solution of equation (6.1).
However, the presence of an artificial pressure term is assumed — this substantially simplifies the analysis, as

explained above.
The energy identity for strong solutions of system (6.1) reads

d 1

o [ o+ LV, 4 oV + oW ) fﬂ//w— olt, 2)o(t, ylult,y) — u(t,x) dz dy.

The definition of a dissipative measure-valued solutions has to be adjusted accordingly to the appearance of new
terms. The weak formulation of the momentum equation, Equation (2.2), becomes

/WT 2) - o(r, x)dx—/wo 2)- $(0,2) da

//Qu Btgodxdt—i—//gug)u anpdxdt—//gv V.pdedt
// ~|V,P |2d1vm<pdxdt—//W Vepdxdt — M, //V b, pdxdt
—/OT/QQ(t,x)/QVZW(a?—y)g(t7y)dy~g0(t,m)dxdt
+/()T/Qg(t,x)/ﬂz/}(m—y)gm(t,y) dy - p(t, z) de dt
- [ [ autta) [ vta =t ay- oty dear

for a.a. 7 € (0,T) and every ¢ € C1([0,T] x ;R?); while the energy inequality (4.3) now reads
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EMV(T) <&EM(0 //¢x— VtT,s|v\ ><Vty, s) — <l/t7m;5’l)><l/t,y;5’v>} dx dy

- [ [ o —nam @ antm)+ [ [ o) dms(e) dn ).
where

1 2 1 1 2
ert(r) = [ (vnas s|v|2>dx+ 5 @)+ [ (v glPP ) ot gl @) 4 [ Vi) da
Q Q

+ [V amt@) + 5 [(nns) [ We=nnisdyde+ g [ [ Wia =y dmey) am(a)

1 1 1
_ / Lol + L NL®, 2 + oV + Sa(W ) da.
2 2 2

We wish to derive an analogue of Theorem 1.2 for the system (6.1). To this end we again suppose that a
Cl-regular solution (r,U,®,) with r > 0 is available, and consider a measure-valued solution with the same
initial data (ro,Uyp). Let us remark that the issue of existence of such a measure-valued solution can be settled
by means of a similar two-step approximation argument as in Section 3. Since the additional convolution-type
terms pose no additional difficulties in providing existence of approximating sequences and passing to the limit,
we skip the details.

Let us now discuss how the new terms influence the calculations towards a Gronwall inequality performed
in the previous section. We keep the same relative energy functional as in (4.1). First, it can be readily seen
that the —oV,V term behaves in exactly the same way as the —QV(%|$|2) term previously. When we arrive at
inequality (4.7), we now have two additional lines on the right-hand side, namely

_;[/Q (W *2) dx} // (VoW x7) - dedt+// u—U) Vo (Wxr)dedt,  (6.2)

_ /0 /Q/Qw(x —y)o(t,x)ou(t,y) - U(t,z)dydadt +/O /Q/Qz/}(x — y)o(t,y)ou(t,z) - U(t,z) dy dz dt
~ /T/ m./w(az — () (Ut y) — Ut ) dy da dt (6.3)
0 Q Q

[ [ vt = v [dule.pte.) - ut. ozt )] ayas i
0 QJQ

For (6.2) we can, after some straightforward computations, write equivalently

—;[/ﬂ o(W x ) dx} //gu (W %) dxdt+// u—U) -V, (Wx(r—7p))dedt. (64)

Since the attraction-repulsion kernel W is smooth, the first two terms of (6.4) cancel according to the following
calculation, see also [13, Section 5, Step 4.],

t=T1
—;[/Q(W*Q)d} / 815 (o(W x2)) / o(W x 0y0)dx = — / /gu V(W x9)dz.
Q t=0 Q Q

We now rewrite (6.3) as follows
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/OT /Q . Wz —y)o(u—U)(t,z)- (U(t,y) —Ut,z))(o—r)(t,y)dydz dt

- /0 /Q 0 v(z-y) W(tv 2)o(t,y) — o(u —U)(t,z) - o(u—U)(t,y)| dydwzdt.

The latter of the two terms can be discarded, since it is negative. Indeed, at the level of approximating
sequences we can write, due to symmetry of v,

[ [ vte = e ot ta) = Ut)? - o () (w(t.a) - Ut.) - () (w (t9) = U.) dyde

_ %/Q/Qw(l' - y)Qe(t7£L')QE(t,y)|(u5(t,1’) — U(t,l’)) _ (Us(t,y) o U(t,y))‘Q dydz > 0.

It now only remains to bound the remaining two terms

I = // w—U) - Va(W * (r — 7)) dadt,

I = /OT /Q /Q bz —y)olu —O)(t,z) - (Ut,y) — U(t,z)) (o —r)(t,y) dyda dt,

in terms of the relative energy. The strategy is to mimic the analogous bounds for the weak-strong case, as
presented in [13]. In fact, on the level of approximating sequences the calculations are exactly the same, since
they only rely on functional inequalities and the Poisson equation. We present these arguments below for the

and

readers’ convenience. First, notice that I; = lim._,¢ I, where

1Ii] = o (t,x)(u(t, ) —U(t, ) - / VaW(z —y)(r(t,y) — o°(t,y)) dy dzdt
Q Q

</ /gwM—In%mm+f/"(/g%uMd{NVAV*w< )= o (L ))3 dt
0 Q 0 Q

/ /Q|u _UPdzdt + M, /|| £ )2 dt
gc/ /Q€|u57U|2dzdt+cMga/ [V ®,(t,-) — Ve (t, )] 72 dt.

0 Q 0

In the limit € — 0 we obtain the desired estimate

A<C/ (1)

The second term, I5, is treated identically once we use boundedness of the strong solution U.

We can therefore once again infer that whenever the regular and the measure-valued solution emanate from
the same initial data, their relative energy vanishes for a.a. times ¢t > 0. As in the previous section we deduce
that the projection of the Young measure v, , onto the third coordinate is the Dirac measure concentrated at
V. ®.(t,z), and mlVe’ = 0. Using this information in the Poisson equation, we obtain that g = r almost
everywhere. Similarly, from the vanishing of the first term in the relative energy,

/g\u—U|dx=O,
o
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we deduce the identifications
olul2=r|U]?, ou®@u=rUcU.
Substituting these identifications into the (measure-valued) momentum equation of (6.1) and using the strong
formulation for (r,U), we obtain the following ODE
O(ou —rU) =r[y*(ou—rU)| — (¢ xr)(ou — rU),
which readily implies that gu = rU almost everywhere in (0,7) x 2. Whence we obtain the following result
Theorem 6.1. Let 1 < d <3 and Q C R? be a bounded smooth domain. Let
(r,U,®,) € CL[0,T) x Q; (0,00)) x CL([0,T) x ©;R?) x C%([0,T) x Q)
be a strong solution of (6.1) with initial data r(0,2) = ro(z), U(0,z) = Uy(z) of finite energy, and let
(l/,mg,mgu,mg"@“,m‘vq"?, mVEOV®) be g dissipative measure-valued solution with initial state
Yo,z = 6{7‘0,U07V4’7~(0,9})} fOT a.e. x €.

Then

2
mYeeve Vel _ g,

=0, m
and we have the following identifications
(V23 0) +m? =,
(Ve 03 0u)y +me = rU,
(Vig;ou@u) +m?*®* =rU U,
(e oful?) +me = rU,
which hold for almost every (t,x) € (0,T) x R?. Furthermore, the Young measure admits the decomposition

Vte = Vio Q@ 0[Ve, (t,0)}
for some parameterised measure v € L%, ((0,T)xR% M™* ([0, 00) xR?)); and in turn the restriction vL_((0, 0o) x
R?) decomposes into

P L ((0,00) X RY) = D1 @ 1y 1.0}
€ L2 . ((0,T) x REG MH(0,00)).  Finally, all the non-zero concentration

for some parameterised measure o ak

AN

measures m?, me®, me¥®% melvl” gre absolutely continuous with respect to the Lebesque measure.

A Appendix

A.1 Young measures

Below we gather some additional facts about the parameterised measure generated by our approximating se-
quences of solutions which we used to pass to the limit in Section 3 and deduce the weak-strong identifications
in Section 5. The required notation and definitions are presented in the introduction.

Lemma A.1. Suppose X C R™ is bounded. Let z° : X — Y be a sequence of measurable functions and let
v=(v) € L2, (X;MT(Y)) denote the assosciated Young measure. Let f € C(Y) be a continuous function

weak

and suppose that the sequence (f(z°)) is uniformly bounded in L*(X), i.e.,

sup /X F(=*())|dz < C.

e>0

Then the function f is v-measurable, i.e., the map x — (vy; f) is well-defined for a.e. x € X. Moreover, the
map x> (vy; f) belongs to L1 (X).

24



Proof. Without loss of generality we can assume that f > 0. Integration with respect to the Young measure is
well-defined for continuous functions which vanish at infinity. So consider the sequence of truncated functions

fk(y) = 9k(|y‘)f(y) where

1 if |a| < k
(@) =< (k+1)—a ifk<|o|<k+1
0 if Ja| > k+1.

Then f* € Cy(Y), 0 < f¥ < f, the seqeunce is non-decreasing and converges pointwise to f. It follows from the
Monotone Convergence Theorem that (v,; f) is well-defined for a.e. z € X. Moreover, for each ¢ € L'(X) we
have

[ ot e @)ae— [ (i fF)ela) .
In particular, for p = 1 we have

/ka(ze(x))dx—)/x@m;fk)dx.

[ rEaas [ reEewsc
b X
and so the integrals
/ (vos fF)de < C
X
are bounded uniformly in k. Therefore, by monotone convergence, we deduce that [z +— (v,; f)] € L'(X). O

Consequently, defining the concentration-defect measure as in (1.6), we can deduce the convergence
[ s @e@ds — [ e et dat [ ole)dn’ @) (A1)

for every bounded continuous test function ¢ € C'(X). The reader might like to compare the above representation
result with the notion of biting convergence and how the Young measure describes the biting limit [3, 32].

The next result concerns the possible problem with canonical projections of the parameterised measure onto
one of the components of the dummy vector (s,v,F). This another technical issue stemming from lack of
tightness. Namely, the projection of the Young measure generated by a multi-component sequence onto one
of its coordinates might not agree with the Young measure generated by the coresponding component. For
example, consider the sequence 2"(z) = (1,n) in R?. Then the corresponding Young measure v is zero almost
everywhere, while the Young measure generated by the projection sequence 712" = 1 is equal to d;qy. This
effect cannot occur if the Young measure generated by 2" = (27, 2%') is a probability measure. Indeed, suppose
this is the case. Then taking f(z") = f1(2}) for f1 € Cy, we have

[nte= [ 160 — [wane= [ e

" [nne— [ e

where 7 denotes the Young measure generated by the sequence (z7). It follows that v, = 7, almost everywhere.
In the current context the above issue could potentially lead to problems when considering the Young measure
v coming from an approximating sequence z° = (¢°, u¢). This is remedied by the observation that on each set
{0° > a}, @ > 0, the sequence z° satisfies the tightness condition, while on the vacuum zones we are free to
modify the measures in question arbitrarily. More precisely, we have
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Lemma A.2. Let z° = (0%, u®) be any sequence of approzimate solutions such that o° and o°u® are uniformy
bounded in L*(R1). Let v be the Young meaure generated by 2° and n be the Young measure generated by of.
Then

71 (vs L ((0,00) x Rd)) =1, L (0,00)

for almost every x € RI*T,

Proof. Let o > 0 be fixed. Let p,, denote the Young measure generated by z° considered on the set {¢° > a}.
Then p € L3, (R P((a,00) x RY)). Clearly p, = pL ((ov, 00) x RY). Similarly define n, = nL (a, ).

weak
Then, as discussed above, we have i, = n,.

Now choose a Borel set A C (0,00) and denote A* = AN (0,c). Then, by definition, n,(A) = n(A%). Since
the family A% is non-decreasing as a« — 0 and A = |J_,>o A%, we have n(A) = lim,_,0 N(A*). Therefore the
sequence (1),,(A))a>0 of extended reals converges as o — 0 to 7(A) for every Borel set A.

Similarly, mp, (A) = p(AxRY) = lim, o p(A* x R?) = lim,,_,0 71 £(A®). But on the other hand pu (A% xR9) =
po (A xRY) = mp, (A), and thus the sequence (1, (A))aso converges to mu(A). Consequently, we must
have n(A) = mypu(A) for every Borel set A C (0, 00). O

A.2 Inequalities

We provide here the statement and proof of the simple geometric inequalities which we used in the proof of the
main theorem to identifiy certain weak limits.

Lemma A.3. Let U € L™®(R™;R%) be a bounded vector-valued function. Then for any vector u € R% and § > 0
small enough we have the following inequalities

1wy — UUj| < 6+ Cs(lug — Uj)* + [uj — Uy|?),  forany i,5=1,....d,
2. Nlul® = [UP| < b+ Cslu—UJ?

where the positive constants ¢ and Cs depend only on ||U|| and ¢ and ||U||, respectively.

[eleRs

Proof. Firstly, we fix a point y € R™ and consider the fixed vector U = U (y); furthermore we choose 0 < ¢ < 1.
Let us denote p(u) = w;u; — U;U; and consider the change of variables v; = w; — U; and v; = u; — U;. Then we
have

p(’U) = ’UZ"Uj + Uj’Ui + Ui’l}j.

Now we observe that whenever min(|v;|, |v;]) > 1 we have

p(v)] < (vF +7) + [Ullov7 + Ul 05 < C(vf + 03);
while whenever max(|v;|, [vj]) > 1, then

p()] < (v +v]) + 2| U | max(v, v) < C(v] +07);
and whenever max(|v;], |v;|) <, then

p(v)] < 6% +2|U]| .6 < co.
In the remaining cases, we use continuity of the polynomial p: for the compact sets
Xy ={0 <Juil,[v;] <1}, Xp ={6 < |oi| <1, |vy| <6}, Xa{|vi| <6,0 < |v[ <1}

there are finite constants (for a = 1,2, 3)

K§ =sup [p(v)| < oo,
Xa

26



so that

K'Oé
Ip(v)] < K§ < =5 max(vf, vf) < Cs(v7 + 07).
Altogether we obtain the first of the claimed inequalities. The second one follows from taking ¢ = j and summing
over all indices i =1,...,d. O]

Lemma A.4. Let v € R? and consider the matric A = v ® v. Then the L'-norm of A can be bounded by its
trace:

d
|A] = Z laij| < cq tr(A) = cqlv|?.

i,j=1

Proof. From the elementary inequality
1 2 2

[oiv| < 5 (loal* + Jos )
we have the bound 1

Jags < 5 (il + las))

O

This elementary inequality is used for instance in the calculation towards the relative energy inequality to
bound the oscillation and concentration parts of the quadratic term g(u — U) ® (u — U) by the "kinetic" term
olu — U|? of the relative energy. Also, it is used to deduce that |m?®?| < mlvl”,
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