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Probing spectral features of quantummany-
body systems with quantum simulators

Jinzhao Sun 1,2 , Lucia Vilchez-Estevez 1 , Vlatko Vedral1,
Andrew T. Boothroyd1 & M. S. Kim 2

The efficient probing of spectral features is important for characterising and
understanding the structure and dynamics of quantummaterials. In this work,
we establish a framework for probing the excitation spectrum of quantum
many-body systems with quantum simulators. Our approach effectively rea-
lises a spectral detector by processing the dynamics of observables with time
intervals drawn from a defined probability distribution, which only requires
native time evolution governed by theHamiltonianwithout ancilla. The critical
element of our method is the engineered emergence of frequency resonance
such that the excitation spectrum can be probed. We show that the time
complexity for transition energy estimation has a logarithmic dependence on
simulation accuracy and how such observation can be guaranteed in cer-
tainmany-body systems.Wediscuss the noise robustness of our spectroscopic
method and show that the total running time maintains polynomial depen-
dence on accuracy in the presence of device noise.We further numerically test
the error dependence and the scalability of our method for lattice models. We
present simulation results for the spectral features of typical quantum sys-
tems, either gapped or gapless, including quantum spins, fermions and
bosons. We demonstrate how excitation spectra of spin-lattice models can be
probed experimentally with IBM quantum devices.

Estimating spectral features of quantum many-body systems has
attracted great attention in condensed matter physics and quantum
chemistry. To achieve this task, various experimental and theoretical
techniques have been developed, such as spectroscopy techniques1–7

and quantum simulation either by engineering controlled quantum
devices8–16 or executing quantum algorithms17–20 such as quantum
phase estimation and variational algorithms. However, probing the
behaviour of complex quantum many-body systems remains a chal-
lenge, which demands substantial resources for both approaches. For
instance, a real probe by neutron spectroscopy requires access to
large-scale facilities with high-intensity neutron beams, while quantum
computation of eigenenergies typically requires controlled operations
with a long coherence time17,18. Efficient estimation of spectral

properties has become a topic of increasing interest in this noisy
intermediate-scale quantum era21.

A potential solution to efficient spectral property estimation is to
extract the spectral information from the dynamics of observables,
rather than relying on real probes such as scattering spectroscopy, or
direct computation of eigenenergies. This approach capitalises on the
basics in quantum mechanics that spectral information is naturally
carried by the observable’s dynamics10,20,22–26. In a solid system with
translation invariance, for instance, the dynamic structure factor,
which can be probed in spectroscopy experiments7,26, reaches its local
maximum when both the energy and momentum selection rules are
satisfied. Therefore, the energy dispersion can be inferred by tracking
the peak of intensities in the energy excitation spectrum. Inspired by
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spectroscopy, a straightforward way to detect spectral features of
model systems is by directly simulating spectroscopy16,20,26–28 using
quantum computers, which often requires the measurement of an
unequal-time correlator on a thermal state with long-time evolution.
Another similar idea is to extract spectral information by post-
processing the time-dependent signals10,22–25,29–32 which is usually
ancilla-free. For example, Zintchenko and Wiebe30 proposed to esti-
mate the spectral gap by using Bayesian inference of themeasurement
outcomes generated by applying random unitaries (see other similar
works31,32). Wang et al.33,34 and Stenger et al.28 proposed detecting
energydifferences bymeasuring the dynamical response of a quantum
systemwhen coupled to a probe qubit. Recently, Chan et al. proposed
to perform the Fourier transform of observable’s dynamics and inno-
vatively use shadows35 to estimate many observables simultaneously25

(see other relevant works10,22–24,36). Nevertheless, methods that extract
spectral information from dynamics face challenges in achieving high-
precision results with short-time dynamics. In addition, it is generally
hard to design appropriate spectroscopic protocols for many-body
systems. A pressing question is whether we can probe the spectral
features and obtain high-precision results with fewer quantum
resources.

In this work, we introduce a spectroscopic method that links
spectroscopy techniques and quantum simulation while addressing the
above challenges in probing transition energies and excitation spectra.
We show how a spectral detector can be effectively realised by pro-
cessing the dynamics of observables with time intervals drawn from a
defined probability distribution. The maximum time complexity is
found to be logarithmic in precision under assumptions similar to those
used in eigenenergy estimation37–44, which enables high-precision
simulation with short-time dynamics. The essential requirement of the
spectroscopic method is a nonvanishing observation of the target
transitions between eigenstates, which depends on the initial state and
the observable. We illustrate how this nonvanishing observation can be
guaranteed in some representative many-body systems with quasi-
particle number conservation. In terms of practical implementation, our
methodonly requires the realisation of time evolution e−iHt, in contrast to
existing algorithms for eigenenergy estimation or simulated spectro-
scopy, which rely on controlled unitaries as a subroutine, either using
Hamiltonian simulation27,37–40 or variational algorithms16,20. We further
analyse the noise robustness on spectral property estimation, including
both coherent and incoherent noise. In the presence of device noise, the
total running time maintains polynomial in inverse precision, showing
advantages over existing approaches such as the standard quantum
phase estimation and Fourier transform of the time signals22,24,25,36. We
test the performance of the error mitigation strategy and the spectro-
scopic protocol by including the device and statistical noise in the
numerical simulation. Finally, we investigate our method in cases of
quantum spins, bosons, and fermions by numerics and simulation on
IBM quantum devices. We show how transition energies and excitation
spectra of spin-lattice models can be probed with IBM quantum devices
with 13 qubits and over 350 two-qubit gates.

Results
Motivation
The critical element in spectroscopy is the emergence of frequency
excitations (and momentum excitations in translationally invariant
systems) corresponding to the elementary excitations between
eigenstates, which enables us to probe the transition energies as well
as excitation spectra. Nevertheless, there are several constraints to
conventional spectroscopy approaches, including (1) the perturbed
system ρ is in an equilibrium state [ρ, H] = 0, (2) the perturbation is
weak and the linear response theory holds. As there is no coherence of
the initial state, (ρ is diagonal in the eigenbases ∣ni of the Hamiltonian,
hnjρjn0i= δnn0e�βEn ), we can only probe properties in the
equilibrium phase.

The dynamical structure factor, which can be obtained from
spectroscopy experiments, reflects the energy resonance between
eigenstates ∣n0i and ∣ni and can be expressed as
SðωÞ=Pn,n0ρnnAn0 ,nδðEn0 � En � ωÞ with An0 ,n = hnjÔ

y
1 jn0ihn0jÔ2jni and

observables Ô1 and Ô2 (e.g. spin operators). The dynamical structure
factor S(ω) is a Fourier transform of a two-point unequal-time corre-
lation function CðtÞ=Tr ðρÔy

1 ðtÞÔ2Þ in the Heisenberg picture on the
equilibrium state ρ, SðωÞ= R +1

�1 CðtÞeiωtdt. A straightforward way to
detect the transition energy is by directly simulating the spectroscopy
process, as studied in refs. 16,26–28. However, it is less efficient since
the time complexity for realising the spectral function S(ω) is large and
an ancillary qubit is required for measuring C(t) when using the
Hadamard-test circuit. In addition, we need to prepare a thermal state
ρ and can detect the equilibrium properties only. This raises the
question of whether we can reduce the simulation time while main-
taining simulation accuracy.

Framework
Here we develop a framework for estimating transition energies
between the eigenstates of a quantum many-body system. Let us
consider a quantum operation Gðρ,ωÞ=Pn,n0 ≥0ρ

n0n∣n0ihn∣pτðEn0 �
En � ωÞ, where ρn0n : = n0h ∣ρ∣ni and a function pτ(⋅) that selects the
energy difference between eigenstates ∣n0i and ∣ni is introduced, for
instance, the Gaussian function pτ ðωÞ= expð�τ2ω2Þ. With a properly
selected observable Ô, we can obtain the measurement outcome
GðωÞ=Tr ½Gðρ,ωÞÔ� which can be expressed by

GðωÞ : =
X

n,n0 ≥0

Γn0 ,npðτðEn0 � En � ωÞÞ, ð1Þ

where Γn0 ,n : = ρn0n nh ∣Ô∣n0i represents the state-and-observable depen-
dent coherence, yet is time-independent; Γn0 ,n can also be regarded a
spectral weight associated with the initial state and observable. Here,
we first arrange that pτ(ω) = p(τω), such that τ is coupled with ω. The
quantity G(ω) contains the information on transition energies
Δn0 ,n : = En0 � En. Specifically, given aproperp(⋅) and a large coherence
Γn0 ,n between ∣n0i and ∣ni, G(ω) takes its local maximum when ω
approaches Δn0 ,n, and thus serves as a spectral detector. G(ω)
characterises similar features as that of the dynamic structure factor,
but its realisation will require fewer quantum resources than the
dynamic structure factor.

A question is how to effectively implement the quantum opera-
tion and estimate G(ω) in Eq. (1). A natural idea is to effectively realise
G(ω) by real-time dynamics, which is usually easy to implement on
quantum simulators. To do so, we consider a Fourier transform of
G(ω). Specifically, the dual form of p via its Fourier transform is given

by ~gðtÞ : = R +1
�1 pðτωÞeiτωtdðτωÞ, and its inverse form

pðτωÞ= 1
2π

R +1
�1

~gðtÞe�iτωtdt: Consider the normalised function

gðtÞ= j ~gðtÞj=c with the normalisation factor c : =
R1
1 j ~gðtÞjdt and phase

eiθt : = ~gðtÞ=j ~gðtÞj, and we have gðtÞ= 1
c

R +1
�1 pðτωÞe�iθt eiτωtdðτωÞ and its

dual form pðτωÞ= c
2π

R +1
�1 gðtÞeiθt e�iτωtdt: Plugging the Fourier trans-

form of p into Eq. (1), the spectral detector takes the form of

GðωÞ= c
2π

Z 1

�1
GðτtÞgðtÞeiθt eiτωtdt ð2Þ

withGðtÞ : =Tr ½ÔρðtÞ� in the Schrödinger picture. Eq. (2) indicates that
we can first obtain Tr ½ÔρðτtÞ� by measuring Ô on the time-evolved
state at time τt, and then use Eq. (2) to obtain G(ω). Since g(t) is
normalised and hence can be regarded as a probability distribution, a
single-shot estimator of ĜðωÞ takes the form of

ĜðωÞ= c
2π

ôðτtiÞeiθti eiτωti , ð3Þ
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where ti is sampled from the distribution g(t) which is τ-independent,
and ôðτtiÞ is an unbiased estimate of Tr ½ÔðτtÞρ�. One can verify that
ĜðωÞ is an unbiased estimator of G(ω), GðωÞ=EĜðωÞ, where the aver-
age is taken over the probability distribution g(t). Here, we choose to
treat τω as a whole in Eq. (2) when performing the Fourier transform.
As such, g(⋅) is a τ-independent probability distribution, and the total
time length for evaluating G(ω) is τt, which is extended by a factor τ
compared to original Fourier transform. An advantage of this treat-
ment is that it enables a simple evaluation of the resource require-
ments using different functions p within a unified framework, rather
than a case-by-case analysis. Alternatively, we can treat τ as a variable
(in pτ(⋅)) that is independent of ω, and hence will not be Fourier-
transformed. These two ways are proven to be equivalent in Methods.

There are two necessary requirements for inferring the transition
energyΔn0 ,n using the spectral detector in Eq. (1): (1) a sufficiently large
state-and-observable coherence Γn0 ,n, and (2) a proper function p(ω)
(or equivalently its dual form g(t)) that ensures that Δn0 ,n can be dis-
tinguished from other transition energies. The coherence Γn0 ,n is time-
independent yet dependent on the state and the chosen observable. In
the following sections, we first discuss the selection of the initial state
and observables in order to satisfy the first condition. We then show
that by choosing the Gaussian function p(ω), ourmethod only requires
short-time dynamics to achieve high-precision energy estimation.

In a concurrent work43, Yang et al. developed a similarmethod for
evaluating the energy gap by introducing a so-called tuning parameter
to increase the convergence rate, although the choice of the tuning
parameter is not discussed and is fixed in numerics. Within our fra-
mework, the tuning parameter can be regarded as a separate para-
meter that is irrelevant to the Fourier transform.

Spectroscopic protocol
Now, we discuss the selection of the initial state and observables in
several representative quantum systems such that Γn0 ,n is nonvanish-
ing. Several works have discussed how to probe the excitation spectra
by engineering the controllable quantum system8,23,24,44–48. The basis of
the spectroscopic protocols is that the initial state is populated by a
superposition of low-lying excited states, which could be expressed as
∣ψ0i=

P
jaj ∣jiwhere ∣ji is an eigenstate ofH. The initial state, generated

by a global or local operation B̂, could be formally expressed as

∣ψ0i=b�1
2B̂∣0i: Here b : = hψ0jB̂

y
B̂jψ0i is the normalisation factor, and

∣0i denotes the ground state of H. The observation in relation to the
transition between the excited state and the ground state is

nh ∣Ô∣0i=Pjajb
1
2hnjÔB̂�1jji, and the state-and-observable coherence

can be nonzero by choosing an appropriate B̂.

In solid systems, translation invariance is usually conserved and

the Hamiltonian satisfies ½H, P̂�=0, where P̂ is the total momentum
operator. Each eigenstate ∣ni has a well-defined momentum of pn,

P̂∣ni=pn∣ni. Suppose we choose the observable at position x,

ÔðxÞ= e�iP̂�xÔeiP̂�x with Ô : = Ôð0Þ. Taking a space Fourier transform of

Gx(ω) in Eq. (1) with the observable ÔðxÞ,Gk(ω) = ∫dxe−ikxGx(ω), we have

GkðωÞ=2π
X

n,n0 =0

Γn0 ,npðτðEn0 � En � ωÞÞδðpn0 � pn � kÞ, ð4Þ

when the system size reaches infinity and the translation invariance of
the initial state is broken; for instance, the translation invariance of the
state after applying a local operation to a single site is broken. The
above equation indicates that translation invariance imposes selection
rules of both energy and momentum for transition between eigen-
states. This is the key element in spectroscopy detection, where ele-
mentary excitations between eigenstates emerge when the selection
rules of energy and momentum are both satisfied.

Although in general a large coherence cannot be guaranteed (as
this problem is quantumly hard; see Discussion), there are certain
cases where we can manipulate the system to meet this requirement
and allow for probing specific types of excitations. In a weakly coupled
system, for instance, the particle excitations induced by perturbations
are restricted to a manifold of single-particle excitations, as discussed
in refs. 24,44. In this limit, an excited state could be understood as a
single particle (or quasiparticle) excitation above the ground state ∣0i,
∣ni= γ̂yq∣0i, carryingmomentum q, where γ̂yq is the creation operator of
a particlewithmomentumq. Note that γ̂y does not have to be the same
creation operator in the Hamiltonian and could be either the creation
operator of a particle or quasiparticle. The excitation generated from
the ground state can be observed by choosing Ô=

P
pApγ̂p +A

*
pγ̂

y
p,

and we have 0h ∣Ô∣ni=Aqδqp. To probe the single particle excitation
above the ground state with energy En − E0, we may prepare the state
containing a small perturbation withmomentum q as ∣ψ0

� � ∣0i+β∣ni
where β is a small constant (see ref. 49 and Supplementary Section III).
This choice of state and observable enables a nonzero observation as
Γn,0 = βAq, and the excitation spectrum can thus be observed.

We give some comments on more general cases. Let us consider
the Hamiltonian which conserves either the particle or quasiparticle
number. We denote the eigenstates of H as ∣ni and the vacuum state
∣0i, and suppose the system has L modes (either in real space or

momentum space). Any single-particle state γ̂p
y∣0i, which is generated

by creating a particle at the pth mode, could be decomposed into the
basis of ∣ni, and the decomposition coefficient is denoted as

hnjγ̂pyj0i : = cn,p. Given that the quasiparticle picture holds, we can

prepare the initial state ∣ψ0

�
= 1ffiffiffiffiffiffiffiffi

1 +β2
p ð1 +βγ̂pyÞ∣0i. Then the initial state

coherence is ρn0 =βhnjγ̂ypj0i=ð1 +β2Þ=βcn,p=ð1 + β2Þ. The transition

amplitude observed by the annihilation operator on the p0 th mode is

h0∣γ̂p0 ∣ni= c*p0 ,n. Therefore the coherence observed by Ô is given by

Γn, 0 =
X
p0

βA0
p

1 +β2 c
*
p0 ,ncn,p: ð5Þ

A similar fashion can be used to probe the transition energy between
the excited states ∣ni and ∣n0i with the same particle number. We can
prepare the initial state by creating two particles as

∣ψ0i= 1
1 + β2 ð1 +βγ̂ypÞð1 + βγ̂yp0 Þ∣0i, and choose the observable

Ô=
P

p,p0Ap,p0 γ̂
y
pγ̂p0 which conserves the particle number. More

detailed derivations of the coherence Γn0 ,n can be found in Methods.
Since the Hamiltonian can be engineered, we can specifically engineer
quantum devices to detect the energy excitation spectra of various
quantum systems. Typical transitions could be observed by preparing
initial states consisting of the desired superposition (see Methods and
Supplementary Information for discussions).

When the target quantum system’s eigenstates canbe labelled, we
could track this label and detect the energy difference between these
two states. This condition is satisfied when the quasiparticle picture
holds. For example, in the case of Fermi liquids, the low-energy
eigenstates are labelled by a set of quantum numbers np,σ = 0, 1 (i.e.,
the occupation numbers)50, andwe can ensure a nonzero coherence in
the thermodynamic limit. This approach can thus be useful in detect-
ing Fermi-liquid and somenon-Fermi-liquid systems such as BCS types
of systems. Another application of this spectroscopy approach is that
we could detect if a system exhibits a non-Fermi-liquid feature and
identify the transitions from a Fermi-liquid to a non-Fermi-
liquid phase.

In addition to the above example, spectroscopy protocols have
demonstrated that excitations can be effectively created in many
quantum systems through numerical simulations23,24,51–53 or analogue
quantumsimulations8,22,44 in cases of the Bose-Hubbardmodel22,23, spin
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chains8,13,44, and disordered systems47. It is worth mentioning how our
method differs from these spectroscopy protocols. In the first place,
the aim here is energy extraction instead of the experimental obser-
vables in spectroscopy experiments. In neutron spectroscopy experi-
ments, for example, the externally injected neutrons act as a weak
perturbation, which can probe the intrinsic properties of materials in
the equilibrium state. In global or local quench spectroscopy, the
eigenstates are assumed to be nearly unchanged after the quench,
which is similar to that in spectroscopy experiments, although the
state will be driven out of equilibrium. Our method does not put such
constraints on the eigenstates and is applicable for probing more
general quantum many-body systems given that the coherence asso-
ciated with the excitation is nonvanishing. Moreover, quench spec-
troscopy is essentially limited to analogue simulations, and thus
cannot be used to probe the unequal-time correlation function or
systemswithout particle conservation. Our framework enables a direct
extension to the probing of higher-order time correlation functions.
For example, we can probe the nonlinear spectroscopic features6,54 of
the target system by applying perturbations multiple times (at time ti
for different i) and obtaining the corresponding higher-order time
correlation functions. The advantages over analogue quantum simu-
lations are discussed in Supplementary Section III. Recently, ref. 55
presents a way of simulating the correlation functions in a linear
response framework. Regarding the simulation of the spectroscopic
features, this could be regarded as a special case of our method when
taking the filter operator to be an identity and the comparisons can be
found in Supplementary Information.

Error analysis and resource requirement
We then discuss the computational complexity in transition energy
estimation. In order to observe Δn0 ,n, the coherence Γn0 ,n associated
with the transition is assumed to be nonvanishing, i.e. Γn0 ,n can be
lower-bounded by a polynomial of the inverse of system size N as
Γn0n ≥ΩðPolyð 1NÞÞ: This condition can be satisfied in certain cases as
discussed above. For instance, in the aboveparticle-number conserved
case, the initial state is populated by a collection of low-lying excited
states, in which Γn,0 is nonvanishing while Γn,n0 ≥ 1 is of higher order. To
simplify the discussion, we will sort Δn0 ,n in ascending order hereafter,
and denote the ordered transition energies as Δj and the spectral gap
difference as γj : = minðΔj + 1 � Δj,Δj � Δj�1Þ. It is worth noting that in
the excitation spectrum analysis, the index j of the gap difference runs
over the possible allowed excitations which should satisfy the
momentum and coherence selection rules.

The objective is to estimate the transition energy Δj within an
error ε, i.e., jΔ̂j � Δjj≤ ε. From now on, this is converted into an esti-
mation problem. Intuitively, Δj can be determined by searching peaks
of the absolute value of G(ω) in the frequency domain ω. To see this
point, let us rewrite G(ω) as

GðωÞ= ΓjpðτðΔj � ωÞÞ+
X
i≠j

ΓipðτðΔi � ωÞÞ: ð6Þ

Given a large τ, the first termwill be dominant inG(ω), and thusG(ω) is
close to the peak value Γj only if ω is close to Δj. In addition, in the
vicinity of Δj, i.e. ω ∈ [aL, aR], we have ∂2G(ω)/∂2ω < 0. The transition
energy can thus be estimated by finding the peak of the estimate ĜðωÞ
concerning finite measurement, i.e., Δ̂j = argmaxω2½aL ,aR �jĜðωÞj: The
results established in spectralfiltermethods can be used to analyse the
simulation cost25,30,37–39. The total running time (maximal evolution
time × sampling numbers) in ref. 37 or ref. 30 is proven to reach the
Heisenberg limit for eigenenergy estimation as ~Oðε�1Þ. Note that it is
sub-optimal concerning themaximal time complexity, which is amore
important metric for implementation with near-term devices due to
their short coherence time. We shall see that a relatively small τ of the

order of logðε�1Þ suffices to suppress contributions from the other
transition and enables accurate estimation of Δj, as found in the
eigenenergy estimation task39.

We illustrate the proof idea in the following and refer to Methods
for details. For τ =Oðγ�1

j log
1
2ðε�1ÞÞ, one can show that (1)

∣ĜðωÞ � Γj ∣<c1τ2ε2, 8∣ω� Δj ∣≤0:5ε; (2) ∣ĜðωÞ � Γj ∣>c2τ2ε2,
8∣ω� Δj ∣ 2 ½ε, 0:1γjÞ. Here, c1 and c2 are some constants that are irre-
levant to τ and ε yet are dependent on Γj, and γj is the gap difference
(see Lemma 1 in Methods). This indicates that the distance
d = ∣Γj � ĜðωÞ∣ is modulated by the estimation error ∣ω� Δj ∣, and con-
sequently, Δj can be distinguished from the other transitions when ω
approachesΔj. It is assumed that Γj is nonvanishing, otherwise the peak
will not appear. Given the theoretical guarantees, we first get an esti-
mate ofG(ω) by Eq. (3), andΔj is thendeterminedbyfinding thepeakof
ĜðωÞ over frequencyω. Note that calculating ĜðωÞ as a function ofω is a
task involving purely classical computing, and does not cost any
quantum resources.

A remaining issue is the error from the finite cutoff when evalu-
ating the integral in Eq. (2) with the integral range from ( − ∞, + ∞) to
[−T, +T].Wehighlight that our framework allows for a straightforward
evaluation of the truncation error and the requirement for T. One can
easily find that T =Oðlog1

2ðε�1ÞÞ suffices to guarantee the cutoff error
below ε. Therefore, a finite cutoff only contributes to a logarithmic
factor to the circuit complexity. The algorithmic complexity con-
cerning a finite τ, a finite cutoff T for the integral and a finite number of
measurements is shown below. Given nonvanishing Γj, to guarantee
that the estimation Δ̂j is close to the true value Δj within error ε, we
require the maximum time Oðγj�1 logð1=εÞÞ and the number of mea-
surements ~Oðε�4Γ�2

j γ4j Þ. The rigorous description and the proof can be
found in Methods.

It is worth noting that the energy excitation of a periodic system
typically is a collective behaviour and the spectral weights are con-
centrated around the allowed excitations. This can be seen fromEq. (4)
where the momentum selection rule restricts the allowed excitations
to those that satisfy this condition. In addition, the coherence condi-
tion will impose restrictions on the possible excitations that can be
probed by the initial state and the observable; for example, the
selection of certain mode p in Eq. (5) in cases where single-particle
excitations are primarily concerned. This implies that in certain sys-
tems, the total number of allowed excitations may not grow expo-
nentially with respect to the system size.

The key element in this protocol is the measurement of obser-
vable dynamics G(t), which can be implemented using Trotterised
product formulae which are ancilla-free. Here, we consider using an
improved Trotter formula developed in ref. 56, which can effectively
eliminate the Trotter error without sacrificing the precision advantage
or introducing any ancillary qubits. Suppose the Hamiltonian can be
decomposed into Pauli bases as H =

PL
l = 1αlPl with Pl being the Pauli

operator and k αk1 : =
P

l ∣αl ∣. The gate complexity for running the
time evolution is Oððk αk1tÞ1 + oð1ÞL logðε�1ÞÞ, and the small overhead in
the power depends on the order of the Trotter algorithm. The
asymptotic scaling for lattice models with nearest-neighbour interac-
tions is O((Nt)1+o(1)ε−o(1)) with the system size N. In the situation where
the evolution time is t =OðNγj�1Þ, the gate complexity scales as
O(N2+o(1)ε−o(1)γ−1). We will then numerically investigate the performance
of the spectroscopic approach with an increasing system size.

A caveat is that some systems may become thermalised up to a
certain time scale, for example, nonintegrable systems. In this situa-
tion, the initial state information is lost up to a certain time, and the
microscopic feature of the systemmay not be resolvable by long-time
evolution. We note that the spectral information is extracted from a
relatively shorter time scale, which to some extent avoids this issue. It
would be an interesting direction to discuss the appropriate time scale
for resolving the target transitions.
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Error effect in transition energy estimation
The preceding sections have discussed the algorithmic error due to
finite simulation time and the uncertainty error. In this section, we will
first discuss the algorithmic errors from Trotterisation or imperfect
control of the Hamiltonian dynamics. Then, we will discuss errors due
to imperfect quantum operations.

The effect of algorithmic errors from Trotterisation or imper-
fections of the Hamiltonian can be regarded as an additional term δH
to the ideal Hamiltonian. For lattice models, the Trotter error con-
serves translation invariance and simply results in a shift to the
energy spectrum. The new Hamiltonian also conserves translation
invariance P̂∣νi=pν ∣νiwhere the eigenbasis of the newHamiltonian is
denoted as ∣νi. The observable expectation is given by
hν∣ÔðxÞ∣ν0i= eiðpν0 �pν Þxhν∣Ô∣ν0i. The momentum selection rule still
holds, which imposes k=pν0 � pν with the excitation between ∣ν0i
and ∣νi being connected by wavevector k. However, noise will result
in a deviation in transition energies. Up to the first-order perturbative
expansion, G(ω) becomes

GðωÞ=
X
ν0 , ν

Γν0 , νpðτðΔν0 , ν � ωÞÞ, ð7Þ

where Δν0 , ν =Δn0 ,n + n0∣δH∣n0� �� n∣δH∣n
� �

. The error results in a
deviation of the resolved energy difference from the ideal one.

The first-order change in the νth eigenstate is related to the
unperturbed one by ∣νi= ∣ni+Pm≠nAmn∣mi with Amn =Δ

�1
n,m m∣δH∣n

� �
.

The coherence has a deviation from the unperturbed case,

δΓν0 , ν =αn0nhn∣Ô∣n0i+ βn0nρ
n0n, ð8Þ

where δΓν0 , ν = Γν0 , ν � Γn0 ,n, and the coefficients are defined as

αn0n : =
P

mðAmnρ
n0 ,m +A*

mn0ρm,nÞ and βn0n : =
P

mðAmn0 hn∣Ô∣mi+
A*
mnhm∣Ô∣n0iÞ which are related to the initial state and the observable,

respectively. Compared to the unperturbed case, some eigenstates
∣mi, which are absent in the original selection rule, also contribute to
Γn0 ,n and hence change the spectral weight that can be observed by
G(ω). In the presence of the disordered term which breaks the trans-
lation variance, the peaks of G(ω) will be broadened.

Resource requirement in the presence of device noise
Finally, we analyse the effect of device noise, its mitigation and the
resource requirement due to noise. We start with the discussion on
errors in the process of implementation e−iHt. Since this is a continuous
process, a simple way to describe a physical noisy process is the fol-
lowing: the state remains unaffected with probability λδt
while becomes a mixed state with probability 1 − λδt, with noise
strength characterised by λ. This process is described by
EδtðρÞ= ð1� λδtÞρ+ λδtρmix, where ρmix =

I
2N

is the maximally mixed
state and I is the identity matrix. It is easy to see that the noise channel
coupled with the unitary operator is only dependent on t and the
effective action of such a noise channel is a global depolarising noise.
To have an estimate of λ under the global noise model, we can fit the
experimental results in a similar vein to randomised benchmarking,
which could be robust against state preparation and measurement
noise57. The expectation value of a Pauli operator is

EônoisyðtÞ=Tr
YT

δt
ðEδt � UδtÞðρ0Þ

� �
=ΛðtÞ�1EôidealðtÞ ð9Þ

with Λ(t) = eλt. This result indicates that under depolarising types of
noise, the ideal expectation value can be obtained by multiplying the
factor Λ(t) to the noisy result. In some circumstances, the realistic
circuit noise may be converted to a global white noise by Pauli
twirling57,58 and as studied in refs. 59,60, shallow quantum circuits can
scramble the noise into global white noise. We numerically verify that

the global white noise ansatz could be used to approximate physical
noise in certain circumstances, such as local depolarising noise, with
simulation results shown in Methods.

For more general noise and its mitigation, when the total noise
strength is bounded, we can still mitigate errors by probabilistic error
cancellation61–63, and the strategy is discussed in Supplementary Sec-
tion II.1. Due to error mitigation, the variance of G(ω) will be amplified
bymaxtΛðtÞ. In the presence of noise, the number of samples required
by ourmethodmaintains polynomial in inverse precisionOðpolyð1=ϵÞÞ.
On the other hand, other methods based on the Fourier transform of
the time signals or quantum phase estimation will require an ampli-
fied number of samples Oðexpð1=ϵÞÞ. Our method thus shows certain
advantages over the existing methods when considering device noise.
The simulation results incorporating noise and noise mitigation are
shown in Methods. More detailed discussions on error mitigation and
resource requirements can be found in Supplementary Section II.

Numerical studies and experimental demonstration on IBM
quantum devices
We investigate the performance of ourmethod for probing the energy
excitation spectrum of quantum many-body systems by numerical
simulation and experimental demonstration on IBMQ devices. We
consider a local perturbation applied to the initial product state, which
generates a branch of low-lying excitations of the system. Then the
system is evolved under unitaries U = e�iHti with different times ti
drawn from the Gaussian distribution g(t), followed by quantum
measurement.

We first demonstrate how transition energies can be estimated.
Let us consider a one-dimensional (1D) Heisenberg model with an
external field

H = J
X
i

σ̂ x
i σ̂

x
i + 1 + σ̂

y
i σ̂

y
i + 1 + σ̂

z
i σ̂

z
i+ 1

� �
+hz

X
i

σ̂ z
i , ð10Þ

with the periodic boundary condition, where σ̂α
i is the Pauli operator

along the α axis acting on the site i, J = − 1 is the ferromagnetic coupling
strength, and hz is the external magnetic field. To break the ground
state degeneracy and make more excitations emerge, a small field
hz = 10−2J aligned in the z-direction is applied. The observable is chosen
as σ̂y

i on each site, which reverses the quench operation. The transition
energy spectrum of the Heisenberg model is shown in Fig. 1a. The
peaks become sharper and thus distinguishable with increasing time.
We find that the transition energies for the Heisenberg model are
estimated very accurately because the dominant transition is distin-
guishable from theother ones. Figure 1 inset shows the fullwidthof the
peak at half maximum (FWHM) with increasing time.

We then show results for estimating transition energies for
molecular systems, taking LiH as an example. The molecular Hamil-
tonian of LiH at the bond length r = 5.0Å is encoded into six qubits by
Jordan-Wigner mapping. The observable is chosen as a particle-
conserving operator ĉy0ĉ1 + ĉ0ĉ

y
1 with fermionic (creation) annihilation

operator ĉ (ĉy), which considers the transitions between low-lying
excited states, in order to make hn∣Ô∣n0i non-vanishing. The transition
states are marked alongside the corresponding energy resonance in
Fig. 1b. In molecular systems, the excited states of molecular systems
are often closely spaced, resulting in interference between different
transitions. As a result, the visible peak appears as an addition of dif-
ferent peaks, making it difficult to locate the true transitions from the
peak. However, as time increases, the peaks become sharper andmore
peaks appear, which allows for the distinction of the true transition.
The inset of Fig. 1b shows the estimation error with increasing time for
the dominant transition. It is worth noting the initial state remains a
low-lying excitation above the ground state, and the first few low-lying
excited states are degenerate. As molecules become more complex, it
is anticipated that more near-degenerate low-lying states will emerge,
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leading to an increase in peak interference and hence a more intricate
spectrum. To distinguish small, adjacent peaks, we need to increase
the evolution time. The results in Fig. 1 show how transition energies
can be estimated and how the simulation accuracy can be improved by
increasing the simulation time. The evolution of peaks of other
molecules with varying time and their spectral weights can be found in
Supplementary Section IV.

Next, we show how the excitation spectra of latticemodels can be
probedwith the IBMKolkata quantumdevice.We consider the 1D Ising
model H =

P
iσ̂

z
i σ̂

z
i + 1 + 2

P
iσ̂

x
i with nearest-neighbour interaction. The

ground state is close to the product state when the external field is
large, and thus we consider the excitation being generated by a local
perturbation. The initial state is prepared as ∣ψ0

�
=Ri

yðπ2Þ∣+ i�N with the
single-qubit rotation operation acting on the central site i. Similarly, we
demonstrate the simulation of the 1D Heisenberg model in Eq. (10)
with hz = 0 and J = 1. The time evolution is simulated using Trotter
formulae with an even-odd order pairingmethod such that the Trotter
error is reduced. More details about the circuit compilation can
be found in Methods. The excitation spectra of the Ising model and
the Heisenberg model are shown in Fig. 2a, b, respectively. The ener-
gydispersions for bothmodels are ingoodagreementwith the analytic
results for infinitely long spin chains. The experimental simulation
errors for the observable dynamics and energy excitations are
shown in Fig. 2d, e, respectively. The simulation on the Kolkata devi-
ce involves over 350 CNOT gates, but the simulation error is main-
tained at an acceptable level, which indicates the robustness of our
method.

The maximum system size is restricted by the large noise and the
available size of the hardware. To further show the performance of our

method for a relatively large system, we numerically test our method
with an increasing system size using tensor network methods. We
show the simulation error with different system sizes up to 51 qubits in
Fig. 2f. The error is decreased by increasing τ, and it is not increased
with increasing system size. In Fig. 2c, we show the excitation spectra
of the 51-site Heisenberg model for comparison with the experimental
result in Fig. 2b.We refer to Supplementary Section IV formore results
of excitation spectra simulation of the 2DHeisenbergmodel, the Bose-
Hubbard and the Fermi-Hubbard model. Note that the examples stu-
died here are classically simulable by tensor networks since the central
aim is to test the performanceof ourmethod for known systemsunder
different conditions. We do not attempt to prove a quantum advan-
tage over classical computing or show its generality for solving arbi-
trary quantum systems. Instead, we aim to show how the
spectroscopic properties of many-body systems can be probed using
either analogue or digital quantum simulators as a proof of concept.

We remark that simulating general gapless systems is a widely
believed challenge, which poses great challenges to most existing
algorithms, such as phase estimation and quantum singular value
transformation64. The difficulty is that the energies are highly degen-
erate such that energy is not sufficient to distinguish these states. By
introducing other conjugate variables, we could label the states with
both the energy and the auxiliary characters (e.g. energy and
momentum (E, k)) such that the degenerated states can be dis-
tinguished. Therefore, this strategymaybe useful for analysing gapless
systems with certain symmetry conservation, like translation invar-
iance. Although we only test for simple and specific examples in this
work, the results might shed light on the resolution of energy spectra
of other gapless systems. The spectroscopicmethod and the examples

Fig. 1 | Transition energy spectra search of the Heisenberg model and the LiH
molecule. a The 7-site Heisenberg model. The state is first initialised in a product
state ∣+ i�N , and thena rotation is applied to the central qubit, which takes the form
of σ̂x

3 ∣+ i�N , where the qubit numbering starts from zero in this work. The dashed
vertical lines show the ideal transition energies whose coherence Γi, j is above a
certain threshold, which are calculated by exact diagonalisation (ED). Inset: FWHM

dependenceon varying τ. The cutoff is chosen as Tcut = 1.bThe excitation spectrum
for LiH. The initial state is prepared as a Hartree-Fock state. The vertical lines show
the ideal transition energies Δi, j calculated by ED. The transition state is marked
alongside the corresponding energy resonance. Inset: Estimation error for the
dominant transition energy indicated by the arrow with varying total time.
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examined here could potentially stimulate further discussions on
estimating the properties of gapless systems.

Discussion
In this work, we introduce a spectroscopic method for probing tran-
sition energies and excitation spectra of quantummany-body systems.
The framework presented in this work establishes a connection
between spectroscopic techniques and quantum simulation, and thus
enables mutual benefits and advancements in both fields. The key
element is the realisation of frequency resonance, and one can detect
systems with certain symmetries by introducing additional momen-
tum resonance. Our method requires the implementation of short-
time dynamics only with the time length logarithmic in precision, and
could be experiment-friendly for the current generation of quantum
simulators. Advanced measurement algorithms65,66 (e.g. classical
shadows35) can be directly employed to reduce the measurement
complexity in measuring observables within this framework (see
Methods for details).

We numerically test the scalability of the spectroscopic method
for lattice models including both gapped and gapless cases. The
simulation results obtained for gapless systems with translation
invariance imply that our method may be useful for analysing similar
systems with certain symmetry conservation, and we leave it to future
work.We note thatwhen the ground-state energy is known, finding the
transition energy between the excited state ∣ni and the ground state
∣0i is equivalent to the problem of finding the eigenenergy of a
quantum system. Therefore, resolving the transition energy could be
quantumly hard.Ourmethod is efficientwhen the state andobservable
dependent coherence is nonvanishing which could be satisfied
in several quantum systemswith the conservation of particle numbers.

Though this in general does not hold, we tested the coherence
for molecules and lattice models. On the other hand, we remark
that although we do not expect that our method can resolve the
transition energy for general systems, the spectroscopic protocol can
find applications in simulating the energy excitation spectrum; in this
task the excitation is a collective behaviour and hence we do not
necessarily require resolving a specific energy transition. In addition,
the simulated spectroscopic features could be useful for identifying
the transition from a Fermi-liquid to a non-Fermi-liquid phase and
pinpointing the breakdown of where the quasiparticle picture no
longer holds.

The simulation result suggests that the spectral properties of
several quantum many-body systems can be estimated with high
accuracy, even with increasing system sizes for lattice Hamiltonians
considered in this work and when statistical and device noise are
present. We also demonstrated how our method can be applied to
probe the excitation spectra of spin Hamiltonians on IBM quantum
devices. These results indicate that our approach could serve as a
quantum computing solution complementary to high-intensity scat-
tering facilities. For example, it could be useful in stimulating new
quantum computing-based methods for resolving complex many-
body systems with different conditions, such as various materials-
dependent conditions (e.g. doping levels) and environmental condi-
tions (e.g. pressure and temperature).

Methods
Equivalence of the two formalisms
The function p(⋅) plays a role as a spectral detector that can filter Δn0n

out of the other transition energies. In this work, we focus on the
Gaussian function since the truncation error is small. Other functions

Fig. 2 | The energy dispersions of 1D latticemodels through the demonstration
on the IBM quantum devices and tensor-network simulation. a The excitation
spectra G(ω) of an 11-site Ising model. b The excitation spectra of a 13-site Hei-
senbergmodel. The results areobtained frommeasurements on IBMQdevices. The
red lines in a and b represent the energy dispersions of infinite long spin chains
obtainedby analytic calculations. The intensities atk = 0 have been removed. c The
energy dispersion for the 1D Heisenberg chain of length N = 51 with hz = 0 and J = 1.
The total time evolution is set asTtot = τ = 5.d Experimental simulation error for the
measurement results of

P
i σ̂y

i ðtÞ
� �

=N under real-time evolution conducted on
IBMQ devices, which is compared to results using noiseless Trotter formulae for

both the Ising Hamiltonian (red line) and the Heisenberg Hamiltonian (blue line).
e Experimental simulation error for the measurement results G(ω) from IBMQ
experiments in the frequency domain averaged over different momenta. The
results in d and e are compared to those using noiseless Trotter formulae. The
maximal time length is Ttot = 5. f Scalability analysis for the gapless Heisenberg
chain. The numerical simulation results for different values of τ are compared with
the approximately ideal case inwhich τ→∞. Thefigure shows themaximumerror of
the intensity G(ω) in the momentum space for different time scales τ and system
sizes. The error is calculated asmaxk jGk, τ ðωÞ � Gk, τ!1ðωÞjwhere the averaging has
been taken over ω.
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can be chosen, and the resource requirement can be easily analysed
under our framework.

If τ is introduced as a separate parameter that is irrelevant to the
Fourier transform, it is straightforward to have ~gτ ðtÞ :
=
R +1
�1 pτðωÞeiωtdω and pτ ðωÞ=

R +1
�1 ~gτðtÞe�iωtdt: One can check that

~gτðtÞ= 1
τ
~gðtτÞ, where ~g was defined in the main text. We have

pτ ðωÞ=
cðτÞ
2π

Z +1

�1
Prðt, τÞeiθt e�iωtdt ð11Þ

where cðτÞ : = R +1
�1 ∣~gτðtÞ∣dt = c and Prðt, τÞ : = ∣~gτ ðtÞ∣=cðτÞ. On the other

hand, we can arrange that τ is coupled withω in the Fourier transform,
which is the way introduced in the main text. One can check that Eq.
(11) is equivalent to p(τω) defined in the main text, and thus the two
formalisms are equivalent. One important point to highlight is that the
function g(t) is τ-independent and is normalised. That means we can
easily analyse and compare different methods in a unified framework,
rather than a case-by-case analysis. Therefore, the method presented
in themain text facilitates a straightforward evaluation of the resource
requirement. More detailed derivations can be found in Supplemen-
tary Section I.

We remark that our approach is capable of estimating the energy
differences between energy eigenstates by identifying the peaks in the
excitation spectrum. However, applying the spectral filter will alter the
width of the peak, in contrast to conventional spectroscopic techni-
ques. Therefore, properties in relation to the peak width, such as the
lifetime of quasiparticles, cannot be determined. In addition, the
introduction of a filter function will alter the width of the peak.
Therefore, we cannot distinguish whether the broadening of the peak
is caused by a finite evolution time or a continuum, because both can
lead to a broadening of the peak.

Analysis of the algorithmic error and resource requirements
In this section, we first discuss the coherence in particle-conserved
systems. Then, we analyse the estimation error of the transition
energies under a finite imaginary time τ, a finite cutoff T when evalu-
ating the integral, and a finite number of measurements Ns. Based on
the error analysis, we estimate the resource requirement for transition
energy estimation.

The observable is assumed to have a bounded norm k Ô k ≤ 1; for
instance, the observable can be chosen as a tensor product of single-
qubit Pauli operators. Consequently, we have ∣Tr ðÔρÞ∣≤ 1 and
maxjΓj ≤ 1. As Tr ðÔρÞ=Pn,n0ρn0nhn∣Ô∣n0i, the sum of the spectral
weight has an upper bound

P
n,n0Γn0n ≤ 1:Wewill discuss the condition

for ensuring a nonzero coherence in particle-conserved systems in the
following.

In the main text, we showed that for certain many-body systems,
by measuring the (quasi)particle annihilation and creation operator
Ô=

P
p0Ap0 γ̂

y
p0 +A*

p0 γ̂p0 , we can observe the transitions (sinceΓn,0 ≠0). In
a special case, for Bose-Hubbard models, as has been demonstrated
experimentally for the hard-core boson cases in ref. 22, we may con-
sider the measurement of âr which is the original bosonic annihilation
operator on the rth site in this context. This is a special case of our
choice. Since the âr = x̂r + ip̂r where x̂r and p̂r are the canonical coor-
dinates for the rthmode, themeasurement of âr

� �
couldbe realised by

measuring in the single-mode canonical coordinates and then post-
processing the measurement outcomes.

To probe Γn0 ,n, we could choose to initialise the state by creating
two particles above the vacuum state as ∣ψ0i= 1

1 +β2

ð1 +βγ̂ypÞð1 + βγ̂yp0 Þ∣0i. Again, we can decompose the single-particle state
γ̂yp∣0i with momentum p into the single-particle eigenbasis of ∣ni, and
we denote the expansion coefficient hn∣γ̂yp∣0i : = cn,p with the nor-
malisation condition

P
n∣cn,p∣

2 = 1.We couldfind that in the casewhere
the number of possible excitations grows polynomially with respect to
the system size the coefficient will be nonvanishing. Similarly, for the

two-particle state, we can decompose it into the two-particle eigen-
basis of ∣nð2Þi, and we denote the expansion coeffi-
cient hnð2Þjγ̂ypγ̂yp0 j0i : = cð2Þn,pp0 .

If we simply wish to observe the transitions in the single-particle
manifolds, then for the observable Ô=

P
q,q0Aq,q0 γ̂

y
qγ̂q0 , the transition

amplitude between single-particle eigenstate ∣ni and ∣n0i may be
approximated by hnjÔjn0i=Pq,q0Aq,q0cn,qc

*
q0 ,n0 . Here we have put a

strong assumption that the space of eigenstates with different particle
numbers is orthogonal, specifically hn∣γ̂yq∣mi=0 for m ≠ 0. We con-
jecture that this condition holdswhen the quasiparticle number iswell-
defined. The transitions in the many-particle manifolds are more
complicated; we may deliberately choose the observable to infer the
transition energy. In our case, the initial state coherence is

ρn0 ,n =
β2

ð1 +β2Þ2
ðcn0 ,p0 + cn0 ,pÞðc*p0 ,n + c

*
p,nÞ:

To sum up, the coherence is given by

Γn0 ,n =
X
q,q0

β2Aq,q0cn,qc
*
q0 ,n0

ð1 +β2Þ2
ðcn0 ,p0 + cn0 ,pÞðc*p0 ,n + c

*
p,nÞ: ð12Þ

We give a few comments on the coherence in many-body quan-
tum systems. As discussed in the main text, systems that host quasi-
particles satisfy the condition for a nonvanishing coherence. For Fermi
liquid, the low-energy eigenstates are labelled by a set of quantum
numbers nk,σ = 0, 1 (the occupation numbers) and the introduction of
interactions will not let the quasiparticle decay into multiple other
quasiparticles50. The one quasiparticle state has a finite overlap with
the state where a bare particle carrying the same quantum numbers is
added. More concretely, the overlap between the quasiparticle state
∣ψki carrying momentum k and the ground state ∣ψ0i excited by ĉyk, σ ,
jhψk jĉyk, σ jψ0ij2, is not zero in the thermodynamic limit for k near the
Fermi surface. Note that the overlap is between 0 and 1 because the
quasiparticle state ∣ψk

�
is a superposition of all states withmomentum

k. This property gives a guarantee for the nonzero coherence. The non-
metallic states such as anti-ferromagnetic states are generated due to
interactions between electrons and can be understood from this Fermi
liquid theory50. Nevertheless, it is worth noting that finding the occu-
pancy of the original orbitals in the interacting eigenstate ∣n0i,
noccðk, σÞ= hn0jĉyk, σ ĉk,σ jn0i is still a computationally hard task. The
simulated spectroscopic features could thus be useful for under-
standing certain behaviours of many-body systems.

Although our method relies on the coherence between the target
eigenstates, it could be useful in identifying certain spectroscopic
features of the target system. For example, in the case of non-Fermi
liquid, the lifetime of quasiparticles is short and its spectrum is
expected to be blurred. This blurred spectroscopic feature indicates
the beginning of non-Fermi-liquid behaviour. Understanding this
blurred behaviour in nature is an interesting question, and our
approach can help reveal it. The simulated spectroscopic features
could be useful for identifying the transition from a Fermi liquid to a
non-Fermi-liquid phase and pinpointing the breakdown of where
Fermi liquid theory no longer holds.

Below, we will assume Γn0 ,n is nonzero and give the circuit com-
plexity dependence on Γn0 ,n. Recall that the spectral detector takes the
form of

GðωÞ : =
X

n,n0 ≥0

Γn0 ,npðτðEn0 � En � ωÞÞ, ð13Þ

which can be simplified asGðωÞ=2Pn<n0<ðΓn0 ,nÞpðτðEn0 � En � ωÞÞ: For
simplicity, we sort Δn0 ,n in ascending order and denote ordered ener-
gies as Δi and the associated coherence is denoted as
Γi $ 2<ðΓn0 ,nÞ 2 R. The spectral detector can now be expressed as
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G(ω) = ∑iΓip(τ(Δi − ω)). Then, the original problem is converted to a
standard energy estimation problem37,39.

Suppose we aim to estimate Δj with a nonvanishing Γj. Without
loss of generality, we assume Γj > 0 in the following discussion, such
that G(ω) is positive when ω approaches Δj (given a large Γj). Similar
results can be obtained in the case of negative Γj. Intuitively, the
spectral information can be inferred by looking at the peak of the
intensity of ∣G(ω)∣. This is guaranteed by the following lemma.

Lemma 1. When τ = 1
0:9γ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ln 20

ε2Γj

� �r
and ε≤0.2γ, the two inequalities

hold:

Γj � GðωÞ≤0:3τ2ε2Γj, 8jω� Δjj≤0:5ε ð14Þ

and

Γj � GðωÞ≥0:8τ2ε2Γj ,8jω� Δj j 2 ðε, 0:1γÞ ð15Þ

The above lemma guarantees that the distance d = jΓj � ĜðωÞj is
modulated by the estimation error ∣ω − Δj∣. Therefore, Δj can be dis-
tinguished from the other transitions when ω approaches Δj. The next
step is to analyse the quantum resources required to have a good
estimation of ĜðωÞ.

When evaluating the integral in Eq. (3) in the main text, we set a
finite cutoff for the integral range from [∞,∞] to [−T,T] in practice. The
truncated detector of ĜðωÞ is defined as

GðTÞðωÞ=
Z T

�T
GðτtÞgðtÞeiθt eiτωtdt: ð16Þ

If a Gaussian operation is used, it is easy to check that the truncation
error has an upper bound

jGðTÞðωÞ � GðωÞj≤ 2
Z 1

T
gðtÞdt = erfcðT=2Þ≤ expð�T2=4Þ ð17Þ

which has been discussed in prior work37,39. Therefore, the truncation
error can be bounded by

jGðTÞðωÞ � GðωÞj≤ εT , 8ω 2 R ð18Þ

when the cutoff time T ≥ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lnð1=εT Þ

p
.

In the following, we consider the error due to a finite number of
measurements. A single-shot estimator of G(T)(ω) takes the form of

Ĝ
ðTÞ
i ðωÞ= ôðτtiÞeiθti eiτωti , jtij≤T

0, jtij>T

(
ð19Þ

where the time length ti is drawn from the probability distribution g(t),
which is τ-independent, and ôðτtiÞ is an unbiased estimate of
Tr ½ÔðτtÞρ�. We can estimate G(ω) by

ĜðωÞ= 1
Ns

XNs

i = 1

Ĝ
ðTÞ
i ðωÞ, ð20Þ

where Ns is the total number of samples. It is worth noting at this
juncture that both Tr ½ÔðτtÞρ� andG(ω) are real numbers, in contrast to
the cases in eigenenergy estimation where the expectation values are
complex numbers.

The transition energy is estimated by

Δ̂j = argmaxω2½Δj�γ=2,Δj + γ=2�Ĝ
ðTÞðωÞ: ð21Þ

Note that it is assumed that Γj > 0. The result is summarised as follows.

Proposition 1. To guarantee that an estimation Δ̂j of the transition
energy Δj is close to the true value within an error ε, with a failure
probability δ, we require that themaximum time isOðγ�1 logð1=εÞÞ and
the number of measurements ~Oðε�4Γ�2

j γ3 logð1=δÞÞ, where γ is a cho-
sen lower bound of the gap difference γ ≤ minfΔj + 1 � Δj ,Δj � Δj�1g
where j runs over the allowed excitations restricted by the energy and
momentum selection rule.

In this work we use the ~O notation where the polylogarithmic
dependence is hidden. Proposition 1 indicates that the maximum cir-
cuit depth is logarithmic in precision and the total running time scales
as ~Oðε�4Þ, in contrast to the result established in ref. 37 or ref. 30which
is ~Oðε�1Þ. The above result is guaranteedbyLemma2 in Supplementary
Information, which shows that the maximum time required is
t = τ ×T =Oðγ�1 logðε�1ÞÞ and Ns = ~Oðε�4γ4Γ�2

j logðδ�1ÞÞ. The total run-
ning time scales as τ ×T ×Ns = ~Oðε�4γ

3
logðε�1Þ logðδ�1ÞÞ. Proposition 1

naturally flows from the above analysis. We leave the proof for Lemma
1 and Lemma 2 to Supplementary Section I.

Complexity for measuring multiple observables
In the above analysis, we assume that k Ô k ≤ 1. It is easy to find that
our method only requires measurement of hψðtÞjÔjψðtÞi and thus any
kind of measurement scheme is directly applicable. Therefore, multi-
ple low-support observables can be estimated in an efficient way.
Suppose there areNo low-support observables to bemeasured and the
conditions inProposition 1 are satisfied. By employing classical shadow
methods developed in ref. 35, the total time complexity is
Oðγ3ε�4 logð1=εÞ logðNoÞÞ, which is only amplified by a logarithmic
factor compared to single observable estimation. Note that the mea-
surement complexity scales exponentially with respect to the locality
of the observablesm asOð3mÞ. Advancedmeasurement algorithms can
be directly employed within our framework, such as Pauli grouping
methods65,66, whose efficiency in measuring qubit-wise compatible
observables has been verified for various examples.

Recently Chan et al. proposed to extract eigenenergy differences
by post-processing classical shadows of time-evolved states25. The
quantum resources and the signal-to-noise ratio were analysed. Since
the extraction of eigenenergy differences is based on the post-
processing of many time-evolved states, the low measurement cost is
essential for their method. In this work, we show that for several
quantum many-body systems, the observables are chosen with clear
physical intuitions, which, to some extent, avoids the necessity of
measuring many observables.

Numerical simulation based on tensor networks
For the numerical simulation conducted in this work, the time evolu-
tion e−iHt is simulated using a time-dependent variational principle
(TDVP) algorithm based on the representation by matrix product
states (MPS). The density matrix renormalisation group (DMRG)
method is used to initialise the system into the ground state of the
system before applying quench. The following shows a few examples
of excitation spectra simulation. In Supplementary Section IV,we show
simulations of both the Bose-Hubbard and Fermi-Hubbard models.
The Hamiltonian for both bosons (BH) and fermions (FH) can be
expressed as

HBH = � J
X
i

ây
i âi + 1 + h.c

� �
+
U
2

X
i

n̂i n̂i � 1
� �

,

HFH = � t
X
i

ĉyi ĉi + 1 + h.c
� �

+U
X
i

n̂i"n̂i#,

where âi and ây
i (ĉi and ĉyi ) are the bosonic (fermionic) annihilation and

creation operators at the site i, respectively, and n̂i is the number
operator acting on site i. In what follows, we examine whether our
method does indeed replicate the true excitation spectra. For these
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Fig. 3 | Fitting for the circuit evolutionwith local depolarising noise.Numerical
results of the circuit UU† implementation of noisy spectroscopy protocol for
simulating the 7-site Isingmodel (hx = 2 andhz =0.1) with different noise strength p.

The depth refers to the repetition numbers. The solid lines represent the expo-
nential fit for every p. All the regressions have a relative predictive power R2 = 0.99.

Fig. 4 | Noisy and error-mitigated time dynamics of the spectroscopy protocol.
a Dynamics of the observable expectation value Y i

� �
at site i = 1. The figure shows

the results of the noisy (with noise rate p = 0.005), the errormitigated and the ideal
cases for a 7-site Isingmodel.bRootmean square error (RMSE) of the noisy and the

error mitigated results in the time domain. c Error of the noisy and error mitigated
spectrum in the frequency domain. The green line represents the maximum value
of the error in the time domain as a reference. d Error in the k-space.
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types of particle systems (both bosons and fermions), we consider
local perturbation by taking or adding particles to the site thatwewant
to perturb. In this case, we remove all the particles in the central site of
the chain. It is easy to see that this operation is not unitary anddoes not
conserve the particle number, though we can find the unitary coun-
terpart of this operation.

For the Hubbard models, we find the ground state using DMRG,
apply local perturbation, evolve the system under the Hamiltonian,
and finallymeasure the expectation value of the number operator. The
results for the bosonic chainwith an averagefilling of �n = 1:4 andU/J= 2
and for the fermionic chain simulation with h/J = 2 are shown in Sup-
plementary Fig. 7. In all the 1D simulations, we use bond dimension
χ = 128 and chains of up to N = 51 sites. For the 2D cases, we need to
increase the bonddimension in somecases due to the non-local nature
of the MPS when having to simulate an extra dimension. We consider
2D lattices ofdimensions Lx× Lywhere Lx= Ly= 11. The simulation result
for the lattice model with nearest-neighbour interaction is shown in
Supplementary Fig. 8. The focus here is to test the effectiveness of the
spectroscopic method in a proof-of-principle way.

Simulation results when considering device and statistical noise
Here, we include device and statistical noise in the simulation. As dis-
cussed in the main text, the total running time complexity in the pre-
sence of device noise is polynomial Oðpolyðϵ�1ÞÞ in order to achieve a
given precision. For global depolarising noise, the noise effect on
observable estimation can be analytically derived. Given the knowl-
edge of the error model, we can obtain error-mitigated observable
estimation by fitting the noisy results.

Next, we test the performance of the simple error mitigation
strategy by considering a more practical setup with a depolarising
noise model. Specifically, we introduce local depolarising noise after
each gate, including both single- and two-qubit gates. We numerically
verify the behaviour of this noise model by emulating the noisy
quantum circuits, where we apply local depolarising noise after each
gate.We run the circuit for a Trotter stepwith time interval δt followed
by its inverse: U(δt)U†(δt), which is just identity without noise, and
repeat it for different times. In Fig. 3, we show the results of

P
i Y i

� �
with an increasing circuit depth. Figure 3 indicates that the noisy
results can be well-approximated by an exponential decay function
aligning with Eq. (9). The fitting results for individual observable Y i

� �
are provided in Supplementary Section II.1.

For the noisy simulation and its error mitigation, we consider the
1D Ising model considered in the main text with an additional term
hz = 0.1. We set the initial state the same as that in the main text, a
maximum time evolution of T = 5 and the time interval δt = 0.4. Results
for varying system sizes (up to 11 sites) and noise rates are provided in
Supplementary Section II.1. We mitigate the noisy measurement out-
comes by using the fitted exponential functions for each qubit. The
results under different conditions (noisy, ideal, and error mitigated)
are shown in both the time and frequency domains in Fig. 4. We
observe that even this simple error mitigation strategy can improve
the results, though error mitigation is still needed for more general
types of noise. As expected, the algorithm demonstrates strong resi-
lience to noise, allowing us to recover the spectrum even after noisy
evolution. This explains why the error is significantly smaller either in
the frequency domain or the momentum space.

Compilation into quantum gates and implementation on IBM
quantum devices
After some initial tests on the available quantum devices, the Kolkata
device performed consistently for this task and thus was selected for
executing the quantum circuits. We selected up to 13 qubits with
good readout fidelities and gate fidelities. We used the second-order
Trotter formula to simulate the dynamics. The real-time dynamics
are compiled into single-qubit Pauli rotation gates and CNOT gates.

For the Heisenberg model, the time-evolution operator
e�it

P
i
ðXiXi + 1 + Y iY i+ 1 +ZiZ i+ 1Þ will be realised by Trotter formulae. Each

component e�ixðXiX i+ 1 + Y iY i + 1 +ZiZi + 1Þ with time duration x can be rea-
lised by 3 CNOT gates as proposed by67. For instance,
e�ixðX 1X2 + Y 1Y 2 +Z 1Z2Þ can be realised by the following circuit,

Rð1Þ
z

π
2

� �
CNOT2!1R

ð2Þ
y

π
2
� 2x

� �
CNOT1!2

Rð2Þ
y 2x � π

2

� �
Rð1Þ
z

π
2
� 2x

� �
CNOT2!1R

ð2Þ
z �π

2

� �
This saves more gates when compared to using a naive compilation
which needs 6 CNOT gates.

Data availability
Source data are provided with this paper. Other data that support the
findings of this study can be found on GitHub at https://github.com/
luciavilchez/probing_spec_features. Source data are provided with
this paper.

Code availability
Codes developed in the current study and the relevant examples can
be accessed on GitHub at https://github.com/luciavilchez/probing_
spec_features.
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