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I. METHODS

This section elaborates on the framework and the spectroscopic method developed in the main text. In Section T A,
we first prove that the two spectroscopic methods which introduce 7 in different ways are equivalent. In Section I B, we
analyse the mechanism by which our spectroscopy method is capable of detecting spectral properties. In Section I C,
we study the estimation error of the transition energies under the finite circuit depth and sampling numbers, and
provide the computational complexity of our method. In Section ID, we analyse the effect of algorithmic errors on
our method.

A. The spectral detector and the equivalence of the two formalisms
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In the main text, we consider g(t) := [~ g

p(w)e™'dw and its dual form p(w) = 5= [7.° g(t)e~*'dt. The nor-
malised function ¢(¢) is then introduced with the normalisation factor ¢ := fj;f |g(t)|dt and the phase factor

e = g(t)/(cg(t)). We have g(t) = 1 fj;o p(w)e P etdw and the dual form p(w) = = [T g(t)eire—tdt. If
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T is introduced as a separate parameter that is irrelevant to the Fourier transform, it is straightforward to have
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g-(t) ::/, pr(w)e™tdw (1)
and
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pe@) = [ e (2)

On the other hand, we can arrange that 7 is coupled with w in the Fourier transform, which is the way introduced in
the main text. Then we have

1 [T o
g(t) = E/ p(Tw)e” el td(Tw) (3)
and
)= o [ g ()
pPlTw) = o ). g(t)ete .

The following derivation shows the equivalence of these two ways. According to Eq. (1), g-(¢) takes the form of
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The normalisation factor of §,(t) is given by
+0o ~ +oo 1.t
o= [ lawla= [ Lo = (6)
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We define a normalised function as

Pr(t,7) := ) = ;Ié(é)l = %9(;)

which can be expressed by Pr(t,7) = C(lT) fj;o pr(w)e P etdw, and the dual form is given by

e(r) [+ , .
p(Tw) = 2(—73/ Pr(t, 7)e'% e~ dt. (7)
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According to Eq. (7), we have
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Here, we used that ¢g(t) and g(7t) have the same phase factor. The above result indicates that Eq. (7) can be converted
to Eq. (4) and hence the two formalisms are equivalent.

As discussed in the main text, there are two necessary requirements for inferring the transition energy A,/ , =
E, —E,: (1) asufficiently large coherence I,/ ,,, which can also be regarded a spectral weight and (2) a proper function
p(w) that ensures that A,/ , can be distinguished from other transition energies. The following strategy can be used
in order to satisfy the first condition. We first prepare the initial state p as the ground state of the noninteracting
system governed by Hy. The interaction H; at ¢ = 0 is then suddenly turned on. The state will be evolved under the
Hamiltonian H = Hy + H;. In a weakly coupled regime, where the initial state p is close to the ground state |0) of
H, the initial state can be expanded using the first-order perturbation as p ~ p°°|0)(0] + > om0 P2 [0)(n| + p"°|n)(0|.
The state coherence p"° is nonzero, which indicates that a transition between the eigenstate |n) and the ground state
|0) is allowed. Therefore, by appropriately choosing the observable, we can in principle detect A, o.

We can also probe the transition energy between the single-particle excited states |n) and |n’) in the weakly coupled
system, similar to the way introduced in the main text. The transition could be expressed as (n|O[n’) = (q|O|q + k)
where we represent the particle excitations in the momentum space, and the momentum selection rule is imposed. If
the excitations are restricted to a single-particle manifold, we may choose an observable that conserves the particle
number O =, Ap p3}dp - In this case, the observation is ensured to be nonzero since (n|O[n’) = Ag q4x. The
derivation of the coherence I'; ;, was shown in Methods.

B. Extenstion of spectroscopic methods and the relation to the projection-based methods

To further understand why the engineered spectroscopy methods could be used to select the transition energies,
we show that our method is closely related to the spectral-filter-based quantum algorithms, which effectively realise
imaginary time evolution and can thus infer the eigenstates and eigenvalues. In this section, we analyse the mechanism
by which our spectroscopy method is capable of detecting spectral properties. We will discuss the relation between
our method and algorithmic cooling developed in [1].

Recall that we have introduced the function G(t), which can be equivalently written in the Schrédinger picture as

G(t) = (tole"™* Oe™H!|ypy) . 9)
This definition of the two-time correlation can be extended as

G(t1,t2) = (tole"™ Oe™ " 1)) . (10)



Let us define a weighted Fourier transform of G(rt,7t') as
2 [oe]
Gw,w') = (207)2/ G(rt, 7t )g(t)g(t') el e 10 e=TwleiT  gray!. (11)
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We have

G(waw/) = Z Fn’,np(T(En - W))p(T(En/ - w/))]' (12)
n,n’=0

Here, the function p(tw) is the dual Fourier transform of g(t) related by p(tw) = & [ g(t)e®e~"“!dt, which is the
same as Eq. (4).

Eq. (12) indicates that the energies of |n) and |n’), which are originally connected by the energy selection rule, are
now decoupled. Therefore, one can directly evaluate the energy instead of the energy gaps by tuning the parameters
w,w’. In particular, when we consider O = I and ¢’ = 0, where

G(,0) = o / Glrt, 0)e= it 1.

C >~ 3 —iTw
o [ ol ) gty
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To see why G(w,0) could select the eigenvalues, let us consider a matrix function acting on the Hamiltonian as

N-1

POH) == p(Ei) |ui) (usl (14)
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where p(h) : R — C is a generic continuous-variable function determining the transformation of the spectrum of the
Hamiltonian. One can verify that

G(w,0) = (Yolp(r(H — w))¢o) , (15)

which indicates that G(w,0) effectively realises the spectral filter operator p on the initial state. For instance, the
projection operator could be p(TH) = e H?
increasing 7.

The eigenvalue information associated with the initial state |¢)g) be expressed by

P@) =3 lej 8w - ) (16)

, which projects out the contribution of other eigenstates with an

and one can verify that
G(w,0) = (px P)(w), (17)

which is because

(v P)e) = |
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p(t)P(w —t)dt =Y || / S(w—E; —t)dt =Y |c;|*p(Ej — w). (18)
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Note that the method in [2] could be regarded as a special case of our method when taking the filter operator to
be an identity. They mainly discussed the dynamics simulation (rather than the spectroscopic feature estimation)
within a linear response framework. Beyond the linear response regime, our method could be applicable to detect
nonlinear spectroscopic features. Spectroscopic signatures appearing in nonlinear response can be found in [3]. For
example, we can apply perturbations three times and obtain the higher order time correlation functions, similarly to
the 2D coherent spectroscopy. We can resolve the continuum of the excitation spectrum by analysing the nonlinear
susceptibility [4]. It is worth noting that their method for simulating the dynamics of bosonic and fermionic systems
could be employed in this context.



C. Analysis of the algorithmic error and resource requirement

In this section, we provide proof for Lemma 1 and Lemma 2 in Methods.

Proof. (of Lemma 1)
When w is close to A; satisfying |w — Aj| < 0.5¢, we have

Ij—Gw) < (1 =p(r(A; —w)T; + Iggjxp(r(Ai —w)) < (1—e T O3 1 0.0572%%T; < 0.3722T;.  (19)

The second inequality uses the following fact that the inequality

mfxp(T(Ai —w)) < e~ 097 < 0.057%¢T;, (20)
i#j
holds when 7 = W In ( ) > 1 and € < 0.2y. Thus the first inequality in Eq. (14) in Lemma 1 holds.

On the other hand, the quantity I'; — G(w) can be lower bounded by
Ty = G(w) > (1= p(r(8 — )Ty — maxp(r(A - w))
> (1 —7'282)1'\_ . —7—2(0.97)2 (21)
> 0.857%¢”l; — 0.057%<T; = 0.87%°T;.

In the second inequality, we used the fact that |A; — w| > 0.9y for ¢ # j. The third inequality e~ < 1-0.85722

holds when 7¢ < 1/2, which can be achieved when & < O(y(In I‘j_l)_%).
O

Lemma 1. The estimation Aj is related to the true transition energy A; by |A] — Aj| < e. with a failure prob-

0.97 2T,
N, > 200(€4F?T4)_1 In(4/9).

ability of §, when T > #1/ln< 10_), the cutoff T > 2\/2 In(v107~1e—1) and the number of measurements

Proof. Suppose we already have a rough estimation of A; which lies in the range of [A]L, Af] with AJL =A; —~/2
and Af = Aj + /2. Same as that in [1, 5], we consider a uniformly discretised grid with the grid resolution at
least €. With this consideration, the discredited frequency is given by wy = Af —0.57v + % for k =1,2,....M

with M = 2[y/e] + 1 to ensure the resolution. It is worth noting that computing G(™)(w) with different values of
wy requires purely classical computing, and M is irrelevant to the measurement numbers N,. One can use a much
smaller grid size without demanding any additional quantum measurements.

The following shows that the transition energy can be estimated within a certain precision given the resources listed
in Lemma 1. With the grid defined above, the estimation is determined by

A; = argmax;,, G (wy,). (22)

The question is whether the estimation has a bounded error satisfying |AJ —Aj| <e.
_The error due to a finite number of measurements can be bounded using the Hoeffding inequality. The estimator
G (w) is related to ideal G(T)(w) by

IGD (W) — T (W)| < Tje,, Yw e R (23)

with a failure probability /2 when Ny = 2(,I';) " In(3). Here we used the fact that GiM(w) < 1. Since the grid
resolution is €/2, there exists k,,, such that

|wk,, — Aj| < 0.5¢. (24)

Combining the truncated spectral detector Eq. (16) (defined in Methods) and Eq. (23), we have

r; — G (wy,,)

Glwr,,) +1G(wr,,) = @D (wr, )| + |G (wr,,) = G (w,))]

e . (29
0377l +erl'j +T'je, < 0.577€°T

<
<



with a failure probability §/2. In the last inequality, we have set &, = 0.172c? and er < 0.17%¢2. The latter condition
can be satisfied by setting 7" > 2\/2 In(v/107—1e—1). This indicates that

GTM(A}) > @D (wy,,) > (1 - 0.572)T;. (26)

On the other hand, if the estimator determined by Eq. (22) fails to give an accurate estimation up to €, that is,
|A; — Aj| > ¢, then using Lemma 1 we have I'; — G(A;) > 0.87%2T';. We have

;= GOA)) < (T = G(A)) +1G(A) = GT(A) + (IGT(A)) - &D (4]

27
> 0.87252Fj — ETFj — EnFj > 0.67252Fj ( )

with a failure probability §/2. The truncated estimator thus can be bounded
GD(A;) <T;(1 - 0.672%¢2), (28)

which violates Eq. (26). Consequently, the assumption does not hold, which in turn proves that |A] — Aj| < e with
a failure probability at most §.
O

D. Coherent error effect in transition energy estimation
Our proposal relies on the measurement of O(t), which essentially requires the realisation of e~**. The implemen-
tation by using product formulae will introduce a coherent Trotter error. By way of illustration, let us consider a
simplified lattice model, whose Hamiltonian consists of two non-commutive terms as H = H; + Hs. The first-order
Trotter formula reads

Sl(t) _ efitngfitHl _ e*l‘tHef‘f (29)

where H.g has an explicit form as Heg = H + 5 [Hl,HQ] . by the Baker—Campbell-Hausdorff expansion. We

can find that this algorithmic error brings about a perturbatlon to the original Hamiltonian which can be formally

represented as Hog = H + §H. The spectral features that we can actually probe are those of the new Hamiltonian.
Let us denote the eigenbases of the new effective Hamiltonian as {|v)}. The quantity G(w) becomes

w) = Z Typ(Ey — E, —w). (30)

In the case of a lattice model which preserves the translation invariance, the new Hamiltonian also conserves trans-
lation invariance, that is, P |v) = p, |). The observable expectation is given by (v|O(x)|v) = ei®v=Pu)x (1|O|1/).
In this case, v/ and v are connected according to the momentum selection rule k = p,» — p,,, which is similar to the
noiseless one. However, noise will result in a deviation in transition energies.

It is natural to examine the noise effect using perturbation theory. The eigenenergy has a deviation from the original
one E,, = E,, + 0E,, with 6E,, = (n|dH|n). The first-order change in the nth eigenstate is related to the unperturbed
one by [v) = [n) + 3,4, Amn [m) with Ay, = AL {m|§H|n). The quantity G(w) becomes

=> Ty up(En — Ep+ 6B, — 0E, —w). (31)

The resolved energy difference F,, — E, + dE,, — 0FE, has a deviation from the original one. Nonetheless, the
momentum selection rule still holds, which imposes k = p,» — p,,. Here the coherence I',. ,, is changed from I',/ .
Up to the first order, the coherence has a difference as

T, = < nn+ZA pn m_,’_ZAmn o n) <<n|0|n —i—ZAmn n\O|m +ZA m|O\n >>
=Ty + (n|On') (ZA " m—i—ZAmn,p ) + (ZAmn (n|O|m) +ZA m|O|n>>

m

(32)

One can find that in addition to T,/ ,, some eigenstates |m), which are absent in the original selection rule, also
contribute to G(w). In the case where translation invariance is broken, the momentum selection rules will be lifted
and the dispersion becomes broadened. This is similar to that of disordered systems. We can similarly derive the
deviation of the energy and the coherence. We leave more detailed derivation to dedicated readers.



II. NOISE ANALYSIS, MITIGATION AND RESOURCE REQUIREMENTS

As discussed in the main text, the error sources include (1) algorithmic error, (2) uncertainty error due to a finite
number of measurements and (3) error due to imperfect quantum operations. The preceding sections have discussed the
algorithmic error and the uncertainty error (which is an unbiased error). We have discussed the resource requirement
for the circuit depth and the number of measurements to ensure the simulation accuracy up to precision €. In this
section, we will analyse the error effect due to device noise and its mitigation strategy.

A. General strategy

We first introduce a general quantum error mitigation (QEM) strategy developed in [6] based on probabilistic error
cancellation, and discuss the resource cost when considering noise. In our protocol, we mainly need the implementation
of e7"H with different time lengths ¢;. With analogue quantum simulators, e % is directly implemented through
engineering the Hamiltonian of controllable quantum hardware. When assuming a Markovian type of noise that
appears due to unwanted coupling between the device and the environment, the time evolution could be described by
the Lindblad master equation of the noisy state py(t)

dpn (t)
dt

= —i[H(t), pn (1) + AL [pw (1) (33)

In the above equation, L[p] = % Zk(QLka£ — LZLkp— pLLLk) represents the noise superoperator with error strength
A that describes the coupling with the environment. Common noise models include dephasing and damping types of
noise, which can be described by local Lindblad terms [7, 8].

The main idea of probabilistic error cancellation [9, 10] is to apply a recovery operation to the noisy state, so that
the noisy process is mitigated. Below we briefly the probabilistic error cancellation proposed in [6]. Specifically, the
noisy evolution of Eq. (33) can be represented as pn(t + 6t) = En(t)pa(t) within a small time step ot where &, (%)
denotes the noisy channel within small §t. A recovery operation £; is an operation that can approximately map
the noisy evolution back to the noiseless one up to the first order as £;(t) = EgEn(t) + O(6t?). We can adopt a
probabilistic way to effectively realise £g. That is, we can decompose £¢ into a linear sum of physical operators {8, }
(i.e. basis operators) &g = czj a;p;Bj, with coefficients ¢ = 1 + O(Aét), o; = £1, and a normalised probability
distribution p;. The cost is O(exp(ATmax), and thus, the error mitigation is efficient as long as AT yax is bounded. We
could see that in order to effectively implement QEM, the total required time should be short — if the maximum time
is short, then the number of measurements can be bounded. As the time complexity of our method is O(log(1/¢)),
the total running time is O(poly(1/¢)).

For a short time evolution, the QEM strategy can be run in a stochastic setting, and it works for both analogue and
digital quantum simulators. The number of the basis operations required for performing error mitigation on average
scales linear in time as O(ATpax)-

B. Error mitigation for global depolarising noise

Below, we use a simple example to illustrate the error mitigation process. In order to mitigate the error effect, we
need to assume the noise type. Within a short time, a simple way is to consider a depolarising noise model: the state
remains unaffected with probability Ad¢ while becomes a mixed state with probability 1 — Adt, with noise strength
characterised by A. This noisy process can thus be described by

Est(p) = (1 — A6t)p + Adtpmix (34)

where ppix = QLN is the maximally mixed state and I is the identity matrix as defined in the main text. We could see
that the noisy time-evolved state can be described by

T

p(t) = [[(Ese 0 Use)(p) = M) Uu(p) + (1 = A(t) ™) (35)
ot

where we have defined U, := U(-)UT and A(t) = e*. The overall action can be described by

€ olUy(p) = At) " TUepUf + (1= At) ™) prmix (36)
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Supplementary Figure 1. Exponential fitting for individual qubits in the 7-site Ising model with local depolarising noise. Noise
strength is set to p = 0.005. The setup is the same as that in Figure 5 in the main text.

This can be understood by evolving the state under U followed by a noise channel £(-) = A(t) 71 (:) + (1 — A(t) ™) prix-
The effective action of such a noise channel is a global depolarising noise. We can find the noise channel coupled with
the unitary operator is only dependent on t. The expectation value of a Pauli operator is

Ednoisy (t) = Te(€ o Uy(p)) = A(t) ™ Edjdear (1)- (37)

As discussed in the main text, we can determine A by fitting the noisy results with the ideal ones, in a similar spirit
of randomised benchmarking. We run the circuit (U, oUy /)™ = I where Uy, = UT(t/m)(-)U(t/m), which should
be an identity channel in the ideal case. In the presence of noise, it becomes

(gt/m © Z/N{t/m © 8t/m © ut/m)m(p) = A(Qt)_lp + (1 - A(zt)_l)pmix (38)

when the noise is gate-independent. We could run it by fitting the result undergoing by the channel (&, o U, Jm ©
Etym o Uyymy)™ with different ¢ and m, such that this fitting process could be robust against state preparation and
measurement errors.

Recall that each 6(7t;) is measured on a quantum computer. When doing error mitigation by scaling, the variance
of G(w) is amplified by factor A(7|t;|). In order to suppress the statistical error to €, the number of measurements
is amplified by the factor. The variance is related to A(7 max; |t;]). Therefore, when the time is O(log(1/¢)), the
total time is O(poly(1/€)). For other methods with the maximum time complexity being O(poly(1/e)), the total time
complexity is O(exp(1/e)).

It is worth noting that the above process can be regarded as an effective noise mitigation at the algorithmic level.
This is in contrast to the case of general noise discussed in Section II A where physical operations (chosen from the
set {B;} are required to mitigate the noise.

C. Numerical simulation

In this section, we provide additional simulation results to support the noise mitigation strategies proposed in the
main text. Specifically, we display fittings results for each qubit, results for different noise rates, and results for larger
system sizes.

In the main text, we demonstrated that the average expectation value ) . (Y;) can be approximated by an expo-
nential decay function. In Supplementary Figure 1, we present the fitting results for the individual expectation value
in the 7-site Ising model with h, = 0.1. For each qubit 4, the observable (Y;) is fitted using an exponential decay
function, with high predictive power R > 0.98. These individual fittings serve as the basis for our error mitigation
strategy, showing that each qubit noisy measurement outcomes can be corrected effectively using these exponential
functions. We note that this fitting strategy may be less effective for more general types of noise, and thus, we need
error mitigation to obtain reliable results.

In Supplementary Figure 2, we show the results for the same 7-site Ising model with a lower noise rate p = 0.001.
The figure presents the time dynamics and frequency domain analysis under different conditions: noisy, error mit-
igated, and ideal (noiseless). The QEM protocol continues to perform well in mitigating the noise effect, with
observable errors reduced both in the time and frequency domains. These results indicate that our spectroscopic
protocol maintains effective across different noise rates. To validate the scalability of our method, Supplementary
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Supplementary Figure 2. Noisy and error-mitigated results for spectral property estimation. (a) Time evolution of the observable
(Y;) at site ¢ = 1. The figure shows the results of the noisy (with noise rate p = 0.001), the error mitigated and the ideal
(noiseless) cases for a 7-site Ising model. (b) RMSE of the noisy and the error-mitigated results in the time domain. (c¢) Error
of the noisy and error mitigated spectrum in the frequency domain. The green line represents the maximum value of the error
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Supplementary Figure 3. Results of the error mitigation on an 11-site Ising model. (a) Average case fitting to exponential
function with predictive power R = 0.99 for five different noise rates. (b) Time evolution of the observable (Y;) at site ¢ = 10.
In this case, the noise rate is set at p = 0.004. (c) RMSE of the noisy and error mitigated results during the time evolution.

Figure 3 shows the results for an 11-site Ising model with noise rate p = 0.004. We follow the same procedure as
outlined above. The fitting (a), time dynamics (b) and time domain errors (c) are shown in Supplementary Figure 3
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with the noisy, error-mitigated, and ideal cases. The results highlight that the QEM approach continues to be effective
even for relatively larger system sizes.

III. COMPARISON WITH OTHER RELATED WORKS

Probing the spectral features of quantum systems is a highly active area of research that has attracted increasing
attention. Numerous studies have been conducted in this direction. In this section, we compare our work with several
representative studies in the field.

To begin with, we summarise the key elements of our method. This work concerns the central components in
probing the transition energies and excitation spectra. The key elements in the spectroscopic method include how
the initial state and the observable can be found to observe the transition energies, and whether spectral features
can be virtually probed within a short time length. For the first one, we consider an initial state that contains a
branch of excitations that we want to probe and we require a nonvanising (n|O|n’) to observe the transition between
|n) and |n'). As widely accepted in the community, these requirements in general remain a challenge, though we
have provided a few insights into finding observables in typical quantum systems. Additionally, as the measurement
complexity in the estimation of multiple observables can be reduced by using classical shadow methods, we can extract
the spectral information from a large number of observables, which is the key idea in [11]. For the second one, we have
revealed a close relation between our method and the spectral filter methods, which naturally select the eigenenergies
by projecting out the contributions from other eigenstates. Below we discuss related works from different aspects.

A. Scattering spectroscopy experiments and simulation of the experiments

It is interesting to discuss the similarities and differences between our method and conventional spectroscopy
techniques. Both are capable of obtaining the energy excitation spectrum of a quantum system, but are different from
operational perspectives. We first provide a brief introduction to spectroscopy. Experimental spectroscopy is a state-
of-the-art probe approach that is used to uncover complex quantum many-body behaviours. In magnetic neutron
scattering, for example, neutrons interact with spins of electrons, and the intensity of the scattered neutrons reflects
the magnetic response of electrons in the materials. This in turn carries certain information about the magnetic
interaction in the materials being probed. The observable in inelastic neutron scattering [12, 13] is the dynamical
structure factor S(Q,w), also known as the magnetic response function, which is related to a two-point unequal-time
correlator

C(t,1) = (S1()Sa (1), (39)

by the Fourier transform, where Sisa spin operator. In conventional spectroscopy, the observables are related to two-
point unequal-time correlation functions C(¢,t') and the initial state is in its equilibrium. The two-point unequal-time
correlator contains spectral information on the spin dynamics of a many-body system. In a translationally invariant
system, the dynamical structure factor S(Q,w) reaches its local maximum when the energy selection rule, as well as
the momentum selection rule, are both satisfied. In a spectroscopic experiment, consequently, we usually track the
peak of intensities in the neutron scattering spectrum, from which we can infer the energy dispersion. Some degrees
of freedom in engineering the system are possible in spectroscopy experiments, such as through the application of
an external electric or magnetic field. Nevertheless, the cost is huge because of the extreme experimental conditions
and the high requirements in synthesising pure materials (pure in the sense that there are not many purities and the
interactions types are clear).

Several works considered simulations of spectroscopy [14, 15], which is based on the simulation of the two-point
unequal-time correlation function given by Eq. (39). A drawback of the simulated spectroscopy is that it inherits the
limitation of spectroscopy experiments and does not overcome it. In addition, in order to measure the unequal-time
correlation function, a Hadamard-test circuit (a controlled time evolution) is usually required. As mentioned before,
in the spectroscopy experiment or its simulation, the samples to be probed are in their equilibrium state, and thus, the
information is restricted to the diagonal form. An advantage of our method is that because our initial state is not a
steady state, and thus it can probe the energy difference between different excited states. In terms of implementation,
they need one ancilla qubit that controls the rest of the qubits. In contrast, there is no overhead in compiling the
non-local gate in our protocol and thus for lattice models, the depth within each time step is O(1).

In our work, the transition between different excited states can be probed given that the coherence is nonzero. One
contribution of this work is to analyse how to choose the initial state and the observables in a physics-inspired way.
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This is rarely discussed in existing works. For example, in a recent paper [2], they assumed that the ground state
could be prepared as the initial state, although they argued that this is not the scope of their work. As indicated by
the complexity conjecture, the ground state and the thermal state are hard to prepare.

Our method is not restricted to the implementation in an analogue way. Indeed, our method is more versatile and
can be useful when FTQC is advent. The reason why the method developed in this work can go beyond pure analogue
quantum simulation is twofold. The first is about the initial state preparation, and the second one is the the versatility
in the time evolution. To see this point concretely, we give a class of examples of which analogue quantum computers
may be hard to probe. Let us start with a model Hamiltonian for superconductivity. Because of the large numbers
of particles involved, the fluctuations in the number of Cooper pairs should be small, which suggests a mean-field
approximation to the BCS Hamiltonian. The BCS Hamiltonian becomes quadratic, which reads

H = Z Gké;gék,o + Z (A"v‘é;‘réik,i + AZé_k7¢Ck,T) (40)
k,o k

where the irrelevant constant is removed. Analogue simulators can hardly simulate this type of Hamiltonians (e.g.
its time evolution), which do not conserve particle numbers. However, since it is bi-linear in terms of creation and
annihilation operators, the Hamiltonian can be diagonalized. Specifically, by using a Bogoliubov transformation,
this Hamiltonian can be transformed into a diagonal form H = Zk’a wk’y,:ia’ykg where ’Ay,za and vk, are a new set of
fermionic operators that satisfy the canonical anticommutation relations, and can be regarded as a rotated basis with
respect to the original one. The rotated basis is related to the original basis by the unitary transformation as

A =udut (41)

where j = (k,o0) and U is a unitary operator which does not conserve particle numbers. As discussed in quantum
computing literature by Google’s team [16], this unitary operator can be decomposed into local operators and thus
can be implemented easily on quantum computers.

For the interacting case, we can prepare the initial state with a single quasiparticle excitation,

o) = 41 |vac) = Uél |vac) . (42)

Although 4 is not the previous operator, it can be implemented with a unitary transformation to the original basis.
They also satisfy the canonical anticommutation relations. To prepare the initial state given by Eq. (42), we only need
to apply a unitary operator to an easy-to-prepare state. Eq. (42) could serve a good initial state when the quasiparticle
picture still holds. The Hamiltonian evolution can be realised by using Trotterisation or a random sampling way that
is introduced in the main text.

Our method can be used to simulate the features of linear response, which is one application of the method presented
here. The dynamics simulation methods for bosonic and fermionic systems introduced in [2] can be directly employed
within our framework. Beyond the scope discussed in [2], we have discussed the conditions for designing the initial
state and the complexity of exploring the spectral features.

B. Engineered spectroscopy methods

Finally, we compare our method to engineered spectroscopy methods, in particular Refs. [17-19]. It has been shown
that nonequilibrium dynamics after a global quench [17, 20] or a local quench [21] could unveil certain excitation
spectra, which has been termed quench spectroscopy. The basic idea is that quench will drive the initial stationary
state out of equilibrium and generate low-lying quasiparticle excitations. The excitation spectrum can thus be obtained
by measuring a properly chosen observable. For instance, the basic protocol of local quench spectroscopy for a lattice
model with translation invariance is that we first initialise the system in its ground state, then apply a local operation
to a single lattice site, and finally measure the dynamics of a local observable, which was initially proposed in [21]. Tt
is worth noting that the "local quench’ in the original paper may stretch the conventional meaning of quench. Quench
usually refers to a process where parameters in the Hamiltonian are changed in time, and usually the time scale for
the change of parameters is very fast. For example, a system is prepared as an eigenstate of a Hamiltonian Hy at
t < to, while at time tg, the system is evolved dynamically under a different Hamiltonian Hy + H;. A more accurate
description of "local quench’ in the protocol in [21] could be ’local perturbation’.

Let us consider a one-dimensional transverse field Ising model with,

H= Y Ji6767+h Y 67, (43)

1<G<N J<N
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where 68 (a = z,y, 2) is a Pauli operator on the ith site, J;; is the strength of spin-spin coupling between the ith
and jth site. Ref. [17] considered a strong field case h > max J;;, in which the energy spectrum of H is split into
N +1 decoupled subspaces spanned by different excitation numbers. Below we briefly review the proposal in [17]. The
Hamiltonian H conserves the total excitations numbers 71 = ) j (&;’-’ +1)/2. They proposed observation of quasiparticle
spectroscopy by engineering the initial state consisting of the particular quasiparticle excitations. More specifically,
by rotating the spins on each site [0;) = cos(;) |0); +sin(0;) [1) where |0), represents a spin-up state, the initial state
[to) = ®§-V:1 |6;) could be a good approximation of a superposition of the ground state and the eigenstate of H in the
single-excitation subspace. To probe the single quasiparticle excitations Ey, the initial state is prepared as

o) = 10) + B k), (44)

where 3 is a small constant, |0) is the ground state and |k) is the eigenstate with a momentum k. Specifically, as
suggested in [17], the eigenstates can be written as |k) = Z;\;l Af 1), ®ij |0); where for nearest-neighbour couplings

Ak = V2/(N + 1)sin(kjm /(N + 1)). By setting 6; = tan~!(BA%), we have a tensor product state that is a good
approximation of Eq. (44). It is easy to verify that the state coherence (0]1g) (¢o|k) = B. For probing transitions
between |k) and |k’), the authors prepared the state as

o) & |0) + B(Ik) + k), (45)

in which the state coherence (k[tg) (1o|k’) = 5%. The choice of the initial states and observables is a special case of
our method as discussed in Methods.

Yoshimura et al. considered a time-dependent field B = B(t), which is decreased from a large polarising field to
a constant, to create excitations, a method termed diabatic-ramping spectroscopy [18]. The transition energies can
be obtained by taking the Fourier transform of the observable dynamics. Senko et al. considered a similar strategy,
which applies time-dependent field B(t) = By + B, sin(2nv,t) for probing the energy spectrum of a weakly coupled
system. At the basis of this method is the emergence of an energy resonance between |n) and |n’) when the frequency
of the external field, v,, matches the transition energies |A, | [19]. The emergence of resonance at v, = A,/ ,,| could
be understood by time-dependent perturbation theory. In addition to the above specific Ising model, spectroscopy
protocols have demonstrated that excitations can be effectively created in cases of Bose-Hubbard models [20, 22], spin
chains [17-19], topological systems [3], and disordered systems [23].

C. Quantum algorithms for eigenenergy estimation

Existing universal quantum algorithms for finding eigenstates and the associated eigenenergies [24-29], such as
quantum phase estimation and quantum signal processing, generally require a deep circuit with long-time controlled
operations, which remains a challenge for near-term quantum hardware. More importantly, simply in terms of
efficiency, having an experiment-friendly method to access the behaviours of materials without requiring too many
experimental resources is desirable. Our method only requires the realisation of time evolution e ~*#* without reliance
on any ancillary qubits, a basic and most promising application of quantum computing [30]. This is in contrast
to many Hamiltonian simulation algorithms and variational dynamics simulations, which usually require controlled-
unitary operations. Our method is therefore compatible with an analogue quantum simulator, and has the advantage
of potentially being more robust against noise. The quantum circuit complexity of our method for transition energy
estimation is shown to be logarithmic in precision, while maintaining to be polynomial when device noise is present.

Zintchenko et al. [28] proposed an ancilla-free spectral gap estimation method. The spectral gap information is
extracted from the computational-basis measurement results | (0|UTe*#*U/|0) |? with U drawn uniformly from the
Haar-random measure, which is different from our work. Recently, Wang et al. proposed quantum algorithms for
ground state energy estimation [5]. More specifically, they proposed using a Gaussian derivative function in the

form of p,(t) = —\/ﬁtexp(—%) as a filter to estimate the ground state energy, where o plays a similar role to
771, They achieved a maximal time complexity which is logarithmic in € and a total running time O(e~2). It is

worth noting that for the Gaussian derivative function, when w approaches Ej, the convolution function value will be
close to zero, instead of reaching its maximum. This function is thus constrained to estimate the ground-state energy

instead of transition energies. Another relevant work is by Huo and Li, which proposed the following filtering function,
B2+¢2
ft) = %ﬁei 2r2 | a product of Lorentz and Gaussian functions [31]. However, we find that this function cannot

achieve logarithmic dependence because of the sharp feature close to ¢ — 0, which results in a flat function after the
Fourier transform.

Recently, there have been some related works built upon the basics of quantum mechanics that the spectral informa-
tion is contained in dynamics. A representative work is the algorithmic shadow spectroscopy, which proposed to infer
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Supplementary Figure 4. (a) Transition energy spectra search of the H4 molecule at the bond length r = 3.0A. The vertical lines
show ideal transition energies, which are calculated by exact diagonalisation. The observable is chosen as a particle-conserving
operator égé7 + 6267 with fermionic (creation) annihilation operator ¢ (¢7) with qubit numbering from zero. The cutoff for
evaluating the integral is chosen as T' = 1. (b) The largest coherences T'; ; for Hy and Hg. The transitions are labelled by a
pair (¢, 7) aside.

the energy difference by calculating the Fourier transform of the observable expectations under time evolution [11].
These methods based on post-processing time-dependent signals inherit the problem of these classical methods, that
is, generally require an evolution time proportional to the inverse of precision. By contrast, our method considers
realising a spectral detector G(w) to determine transition energies and has a theoretical guarantee for estimation
accuracy. Gu et al. proposed an error-resilient algorithm for phase estimation without ancilla [32], similarly requiring
long-time evolution. A detailed comparison between the two works could be interesting.

IV. NUMERICAL AND EXPERIMENT RESULTS

In this section, we discuss the implementation of our method in detail, and show more numerical and experimental
results.

A. Transition energy estimation for molecular systems

In the main text, we showed the simulation of the energy differences for the LiH molecule, which is encoded in six
qubits. The cutoff for evaluating the integral is chosen as T' = 2.5. The observable is chosen as a particle-conserving
operator égél + éOéJ{ with fermionic (creation) annihilation operator ¢ (¢f), which considers the transitions between
low-lying excited states, in order to make (n|O|n’) non-negligible. It is anticipated that more excitations will emerge
when the molecule becomes complicated. We consider Hy and detect its excitation spectrum using an approach similar
to that in the main text. Supplementary Figure 4(a) shows the excitation spectrum of Hy at the bond length r = 3.04
encoded in eight qubits. Supplementary Figure 4(b) shows the coherence T'; ; for Hy and Hg.

B. Excitation spectra of lattice models

In the main text, we presented the excitation spectra of the 11-site transverse-field Ising model and the 13-site
Heisenberg model. The experiment was performed on the 27-qubit IBM Kolkata quantum device. The experimental
results of the real-time dynamics on the IBM device are shown in Supplementary Figure 5. We present the simulation of
the energy band for the Ising and Heisenberg chains with 51 qubit in Supplementary Figure 6. We set the parameters
in the same way as Figure 3 in the main text. The numerical results have a good agreement with the dispersion
relations in theory.

For the Hubbard models, we find the ground state using DMRG, apply local perturbation, evolve the system under
the Hamiltonian, and measure the expectation value of the number operator. The results for the bosonic chain
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Supplementary Figure 5. (a,b) Time evolution of an 11-site transverse-field Ising model (a) and a 13-site Heisenberg mode (b)
executed on the IBM Kolkata quantum device.
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Supplementary Figure 6. Numerical simulation of the energy dispersions of lattice models. The excitation spectra of the
Ising (a) and Heisenberg (b) model on a 51 site chain. The red lines represent the analytic results. The total evolution time is
Ttot = 10

with an average filling of # = 1.4 and U/J = 2 and for the fermionic chain simulation with h/J = 2 are shown in
Supplementary Figure 7.
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Supplementary Figure 7. Simulation of the Bose-Hubbard model for U/J = 2 (a), and the Fermi-Hubbard model h/J = 2 (b)
for on a chain with L = 49 sites. The energy dispersion relations are shown.

Finally, we apply MPS to study the excitation spectrum of 2D lattices of dimensions L, x L, where L, = L, = 11.
The simulation result for the lattice model with nearest-neighbour interaction is shown in Supplementary Figure 8.
Even though we can obtain the spectrum of the 2D system and examine how the trend adjusts to the expected result,
the resolution is limited by the significant computational complexity involved. One could improve the resolution by
raising the number of sites, which, however, will significantly increase the time duration of classical simulations based
on tensor networks.
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