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Abstract

Understanding the structure and properties of thin film materials is an area
of continued research, due to the experimental synthesis and characterisation
of carbon, boron nitride, silica and aluminosilicate thin films. The structures
of these films can be atomically resolved, providing a high level of structural
detail for small sample areas. These experimental images show atoms arranged
in network structures, interpreted as a percolating net of rings. This atomistic
structure has a direct impact on mechanical and permeation properties, meaning
the ability to characterise and control the structure has the potential to unlock
a wide range of technologically useful properties.

The overall aim of this thesis is to improve the simulation and characterisation
of experimentally realisable two dimensional disordered materials. With accurate
means to simulate a range of two-dimensional structures, we can begin to under-
stand the feasibility of using these materials effectively for a range of applications.
Characterising known and potential structures is crucial to understanding how well
our simulations fit with experimentally observed structures. This is accomplished
in this work by examining a range of metrics, both empirical laws (namely
Lemaitre’s law and the Aboav-Weaire law) and graph theory metrics, evaluated
by interpreting the atomic systems as mathematical networks.

In this thesis, low level potential models are developed for thin films of
graphene, boron nitride and bilayer silica systems. Example structures are
generated across a range of disorder using a bond switching algorithm, and
evaluated against experimental samples where present, with the goal of evaluating
the effectiveness of our potential models. These potential models are then applied
to systems with ‘pores’, to generate structures predicted to have technologically
useful permeation properties. Both periodic and aperiodic approaches are
used to predict the structure and stability of graphene and silica bilayer pore
structures with pore density. Continuing work on silica bilayers, this thesis
then establishes an escalating potential model to generate and evaluate a broad
range of bilayer configurations efficiently. Moving from computationally ‘cheap’
to ‘expensive’ potentials allows us to sequentially narrow the phase space of
interest, providing an efficient high-throughput method. The data set generated
allows for an understanding of energetic and structural trends with disorder. In
addition to disordered structures, novel crystalline bilayer structures derived from
zeolite structures are proposed and evaluated. These structures are predicted
to approximate zeolite pore sizes, and have similar permeability characteristics.
Novel techniques for using procrystal methods are developed and introduced,
allowing for the generations of sample three-dimensional silica structures.
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Figure 1: Grandma, Me and Grandad, on the day of my graduation, Jesus College 2019

Peter was my Grandad, teacher, confidant, and fountain of all knowledge.
Although his own education was complicated by family movements, he was always
the first to advocate for mine. He stood alongside my mum to educate me when
my school failed to, and was always in my corner, visibly and behind the scenes.
He and grandma drove me to exams, and to interviews, and offered support beyond
what could be asked for. He taught me an excitement for knowlegde, from teaching
me car models as a small child, to maths and sciences when I was home educated,
and to European geography and politics on a map at the top of his stairs whenever
I would visit. I would certainly not be in a position to have attended Oxford, let
alone to attend post graduate study, without his tireless help and proud support. 1
hope that Grandad would be proud of this work, in particular its attempts to stay
on a ‘real world’ track. Although the impact Grandad had on my life could not fit
in the length of this thesis, I am incredibly grateful to have this opportunity to lay
out his contributions to my academic life here. I am particularly proud to have the
opportunity to preserve his memory in the Oxford archives.

He is sorely missed.
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Abstract

Understanding the structure and properties of thin film materials is an area of
continued research, due to the experimental synthesis and characterisation of
carbon, boron nitride, silica and aluminosilicate thin films. The structures of these
films can be atomically resolved, providing a high level of structural detail for
small sample areas. These experimental images show atoms arranged in network
structures, interpreted as a percolating net of rings. This atomistic structure has
a direct impact on mechanical and permeation properties, meaning the ability to
characterise and control the structure has the potential to unlock a wide range
of technologically useful properties.

The overall aim of this thesis is to improve the simulation and characterisation
of experimentally realisable two dimensional disordered materials. With accurate
means to simulate a range of two-dimensional structures, we can begin to understand
the feasibility of using these materials effectively for a range of applications.
Characterising known and potential structures is crucial to understanding how well
our simulations fit with experimentally observed structures. This is accomplished in
this work by examining a range of metrics, both empirical laws (namely Lemaitre’s
law and the Aboav-Weaire law) and graph theory metrics, evaluated by interpreting
the atomic systems as mathematical networks.

In this thesis, low level potential models are developed for thin films of graphene,
boron nitride and bilayer silica systems. Example structures are generated across
a range of disorder using a bond switching algorithm, and evaluated against
experimental samples where present, with the goal of evaluating the effectiveness
of our potential models. These potential models are then applied to systems with
‘pores’, to generate structures predicted to have technologically useful permeation
properties. Both periodic and aperiodic approaches are used to predict the
structure and stability of graphene and silica bilayer pore structures with pore
density. Continuing work on silica bilayers, this thesis then establishes an escalating
potential model to generate and evaluate a broad range of bilayer configurations
efficiently. Moving from computationally ‘cheap’ to ‘expensive’ potentials allows
us to sequentially narrow the phase space of interest, providing an efficient high-
throughput method. The data set generated allows for an understanding of energetic
and structural trends with disorder. In addition to disordered structures, novel



crystalline bilayer structures derived from zeolite structures are proposed and
evaluated. These structures are predicted to approximate zeolite pore sizes, and
have similar permeability characteristics. Novel techniques for using procrystal
methods are developed and introduced, allowing for the generations of sample

three-dimensional silica structures.
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Introduction

Since Zachariasen’s groundbreaking work on the amorphous structure of glass|1],
chemists have sought to understand these irregular, aperiodic systems as collections
of percolating rings. At the time, glasses had proved a hindrance to prevailing models
of solid state structures. While increasingly accurate theories were being developed
to explain crystal structures, glasses remained elusive, neither fully conforming to,
nor completely deviating from, the characteristics that described crystalline systems.

Glasses share the same mechanical properties as crystals over a wide range in
temperatures, indicating that the same fundamental interactions hold them both
together. However, glasses show no periodicity or symmetry in their extended 3D
network, as evidenced by X-ray diffraction measurements; as such, models predicated
on repeated unit cells were unreliable. Unlike crystals, which undergo a sharp phase
transition between solid and liquid states, glasses experience a continuous structural
breakdown near the melting point, a consequence of no two atoms being structurally
equivalent. This is reflected in their structure factors, which reveal similar local
arrangements but no long-range order.

These factors led to Zachariasen’s proposition for the archetypal silica glass,
presented in a simple two-dimensional diagram, reproduced in Figure [I.1} This
image shows a network of three-coordinate silicon atoms, bridged by two-coordinate

oxygen atoms, resulting in a system of percolating rings without long range order,
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Figure 1.1: Zachariasen’s illustration of an A2O3 glass network][1]

offering a conceptual foundation for the study of glasses and amorphous materials
in three dimensions. Over time, advances in experimental techniques, especially
in the realm of two-dimensional materials, have realized many of the concepts
Zachariasen proposed. Modern methods have synthesised various two-dimensional
amorphous materials which can be considered realisations of Zachariasen’s glass,
such as carbon[2-5], silical6, |7], and germanial[g].

The emergence of these materials has been a pivotal moment in modern chemistry,
enabling the development of technological applications including catalysis and gas
separation[9-12]. In particular, as global deaths from both air and water pollution
rise|[13H15], efficient and cost-effective means to separate gases are becoming ever
more important.

By recognising these two-dimensional atomic systems as mathematical graphs,
we gain an additional level of understanding of the constraints imposed on these
seemingly unconstrained systems. The first of these controls is the mean ring size
(i.e. the average number of sides formed by the polygons in a network), which can

be defined for a system based on the average coordination number using Euler’s
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formula. This is readily understandable for chemical systems. Taking the example
of three coordinate carbon atoms, we know that in two-dimensions they form
hexagonal graphene sheets, and defects introduced into these systems introduce ring
sizes which average out to six; for instance, Stone-Wales defects introduce five- and
seven-membered rings in equal number[16]. Euler’s law gives us an understanding of
the physical limits on the range of rings that can be formed. However, within each
distribution of rings, there are many ways to arrange them, of which only a subset
are experimentally observed. Local ordering was first investigated in polycrystals in
1970, leading to the empirical Aboav-Weaire law|17, 18|, proposing that the mean
ring size surrounding a central ring may be captured by a single fitting parameter
and the size of the central ring. This relationship provides a global factor for
quantifying the likelihood of small rings to be adjacent to large rings, detailing the
first order ring correlations. With an understanding of local ordering, we can turn
our attention to the distribution of rings present in the system. While our systems
are now constrained to a given mean ring size and local environment, the distribution
beyond this is not constrained. Empirically, Lemaitre’s law shows that that the
distribution of natural ring sizes approximates an entropic solution[19], offering a
predictor for the global ring statistics of a system at a given level of disorder.

The uniqueness and potential applications of novel two-dimensional materials
make them ideal candidates for computational study, complementing and enhancing
experimental efforts. For instance, thin silica bilayer films have been the subject of
numerous computational studies, utilising methods such as ab initio calculations|20]
and molecular dynamics simulations with classical force fields[21]. To conduct
these simulations, an initial atomistic configuration is required, which can be
acquired through various methods.

The simplest approach is to use existing experimental images. The first detailed
images of silica bilayers were captured in 2012, when the bilayers were synthesised
and imaged on metallic substrates like ruthenium|22]. Since then, additional studies
have produced more images, but the overall number remains limited because of the

difficulty in obtaining bilayers with reliable coverage which can be fully resolved.
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There are also significant challenges posed by imaging two-dimensional amorphous
materials at atomic resolution, and accurately determining atom positions from
these images, which limit the areas we can image. Furthermore, certain experimental
systems (e.g. germania bilayers, monolayers of boron nitride) have been difficult
to synthesis[8, 23|, providing limited starting configurations for computational
modelling of these systems.

An alternative approach is to generate starting configurations using computa-
tional methods, allowing for the fast generation of a large number of fully resolved
configurations. However, where experimental evidence exists, these systems must
be representative of this evidence, and so must behave similarly, as evaluated using
key metrics (e.g. bond length and angle distributions, ring distributions). The
simulations which use these networks as their starting configurations can only
be as accurate as their seed, and so it is vitally important to understand the
systems themselves, and match the seed accordingly. To this effect, this thesis
presents four two-dimensional systems; graphene, boron nitride, silica bilayers and
biological cell networks. Low level potential models for each are developed and
presented, with a degree of parameter testing. The key metrics of these systems
are evaluated, with novel metrics discussed. Where data is available, our systems
are compared to experimental systems.

Of particular interest to silica bilayers are their permeation properties, hypoth-
esised to be correlated with their ring size distribution[12]. As such, we have
applied our models for silica bilayers to create aperiodic systems with ring sizes
beyond those currently experimentally observed, such as might be formed using
templating methods, and evaluated the key metrics of these systems. In particular,
we examine the effect on the global structure of the introduction of rings of these
size. To understand the effect of the density of these pores on the structures, a
novel method of network generation is introduced, termed ‘pore evaporation’ This
method mirrors experimental work on graphene systems to introduce pores by
particle irradiation[24], providing a graphical user interface to allow directed system

generation. The pore evaporation method is applied to systems using low level
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graphene and silica bilayer potentials, with the aim of understanding the structural
effects of generating ring sizes outside of those experimentally observed but which
are predicted to have desirable permeation properties.

Continuing work on silica bilayers, this thesis establishes an escalating potential
model to generate and evaluate a broad range of bilayer configurations efficiently.
The model uses computationally ‘cheap’ calculations using the lower level potentials
developed earlier in this work to scan across a broad range of configurations, with
the aim of predicting the phase-space behaviour of computationally ‘expensive’
potential models. This allows us to narrow the phase space evaluated using high level
empirical potentials to energetically realistic areas, improving the efficiency of the
process. This method generates a very large data set of structures, minimised using
both low level harmonic and more accurate empirical potentials, providing the most
comprehensive analysis of theoretical silica bilayer structures to date. Simulations
are conducted over a range of densities, to gain a detailed understanding of the
effect of the degree of amorphisation on energetics and structure with simulation
cell area. Structural analyses show the trends in key metrics with disorder, and
energetic calculations show the effect of the degree of amorphisation. In addition,
the possibility of two-dimensional analogues of zeolite structures is proposed, and
a number of novel zeolite analogues are created and analysed.

Finally, attention will be turned to another system of relatively recent interest,
that of “procrystalline” lattices|25]. These procrystals can be considered to have
behaviour between crystalline and amorphous systems, displaying crystalline node
positions with a disordered ring structure. Of interest to our work modelling
disordered systems, procrystals provide an ideal basis for decomposing three-
dimensional structures into layers of two-dimensional sheets, for which we have

far greater understanding.






Experimental Background

In order to model network systems, we need to have an understanding of the
properties and the limitations in their synthesis. In this chapter, the key systems
we are interesting in modelling are presented, alongside our motivations for
studying them, and their are properties summarised.

Contents
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2.1 Graphitic Systems

Crystalline graphene, a monolayer of carbon atoms arranged in a two-dimensional
honeycomb lattice, was first isolated and identified in 2()04. The extensive inves-
tigations of this novel low-cost material revealed very high electrical conductivity,
mechanical strength and flexibility[27129).

Atomic-level defects in graphene play a crucial role in determining the material’s

mechanical, electrical, and chemical properties. These defects occur when the ideal
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hexagonal structure of graphene is disturbed, introducing imperfections that can
significantly influence its behaviour[3, 30432]. For instance, introducing larger
ring sizes to the network affects the transport properties of the network, with the
presence of seven-membered rings allowing for H* /D* permeability. As such,
understanding the controlled introduction of defects into graphene is fundamentally
important to rationalising and tuning its properties. Where defects form naturally on
the surface, they tend to be composed of five-, six- and seven-membered rings, .
Alongside natural formation, defects can also be introduced directly to the surface
using a wide variety of methods, including focused energy beam ablation, focused
ion beam ablation and ultraviolet-induced oxidative etching. Depending on the
degree of irradiation, the defects can range in size from 5-7 ring defects[3], up to
very large defects such as those shown in Figure reproduced from literature.
Resolved images of graphene surfaces about these defects show the potential for
carbon atom under-coordination, depending on the size and nature of the defect
formed. Generally, the ring size range for defects introduced in this manner is
between four- and eight-membered rings[3]. Recent work using ab initio potentials

has shown that 5-7 defects are well accommodated within a small local radius

Figure 2.1: (a) Nanopores generated by focused electron beam (FEB) ablation in
monolayer graphene. (b) Multiple nanopores made in close proximity to each other by
FEB ablation. (c) Nine holes etched in a graphene flake. (d) Etched hole in graphene
surface. Images reproduced from literature
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Simulations of the potential energy range from ab initio methods to lower
level Keating potentials[5], with the relative bond and angle force constants derived

from experimental data[36].

2.2 Thin film Boron Nitride

Boron Nitride (BN) is a binary material, forming structures isoelectronic with
carbon. Thin films (~ 2 — 17 nanometers) have been created using plasma-
chemical vapour decomposition, in both hexagonal (h—BN) and amorphous
(a-BN)[38] configurations. The driving force behind this research has been producing
dielectrics for nanoscale computing; BN films act as insulators, but exhibit a range
of dielectric constants depending on configuration, showing potential for use as

gate dielectrics’ for nano-scale transistors[39, [40]. Hexagonal monolayers analogous

to graphene have been synthesised, as shown in Figure However, there

350 nm

Figure 2.2: STM images for hexagonal boron nitride on a Ni metal surface, showing
a large scale image (a) and atomically resolved image (b). Images reproduced from

literature

are no amorphous examples. A range of kinetic Monte Carlo simulations, using
empirical potentials[43-46] and machine learning density functional theory (ML-
DFT) have been applied to propose the structures and dynamics of amorphous
monolayer BN structures. These simulations propose a degree of B-B and N-N
bonding, termed non-canonical; however, in the absence of experimental data these

structures have not been confirmed.
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Figure 2.3: Graphic to show the interaction of mololayer (a) and bilayer (b) systems
with the metal support. Reproduced from literature

2.3 Bilayer Silica Systems

Over the last decade, novel synthetic pathways have allowed for electrodeposition
of thin films (< 5 atom thickness) of SiO, onto a range of substrates, from metal
surfaces[11], [22| to graphene[4]. The structures of these films have been
analysed using direct imaging techniques and interpreted as monolayers and bilayers
of vertex-sharing SiO, tetrahedra, in which silicon (Si) and oxygen (O) atoms
show classical valence coordinations of 4 and 2 respectively. Figure [2.3| shows
representations of these systems. Monolayers form on metal surfaces with a high O
affinity, and as such one O atom is directly coordinated to the metal; this strong
interaction results in instability when removed from the metal support. In bilayers,
the arrangement of these tetrahedra forms two distinct layers, characterised by the
presence of a mirror plane, along which the O atoms bridging the layers sit
55], as seen in Figure (b). As a result of this plane of symmetry, the top face
of the structure is a sufficient descriptor of the bottom face, and so microscopy
imaging of the surface allows insight into the connectivity of both layers. Like
graphene, these structures adopt a broad range of conformations, from crystalline
hexagonal networks, to amorphised structures, albeit with a broader
ring size distribution (4- to 10-membered rings commonly observed[57, [58]). The
generation temperature and choice of support has been identified as a driving

factor for amorphicity, 61|, but direct approaches have also shown success,
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Figure 2.4: Atomic resolution STM images of silica bilayers, with cell size 3.5 nm x 3.5
nm. Structures across a range of disorder are shown, from crystalline with only silicon atom
positions resolved (a), and with oxygen atom resolution (b), to two amorphous structures
(c) and (d). For the amorphous systems, rings are coloured for clarity. Reproduced from

literature

with Stone-Wales defects (5577 ring defects) introduced using electron beams[62]
. Recent work has shown that bilayers can be transplanted between surfaces,
and are permeable to a range of gasses, with gas selectivity hypothesised to be a
function of ring size distribution[12]. As such, with an understanding of the ring
size distributions of these systems and why they form, we can understand and
predict the gas permeability of silica structures, enabling us to design structures
with given permeability characteristics.

Models of silica bilayers have two historical starting points; from experimental
images and from computer generated starting conﬁgurations, , . The
models used vary in form, from density functional models to empirical poten-
tials[21}, [67). Examples of experimental images for silica bilayers are produced in
Figure with silicon and oxygen atom positions resolved, which can then be

used as a starting configuration for synthesis.
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2.4 Zeolitic Behaviour

Zeolites, in particular synthetic zeolites, are a field of intensive research, with their
breadth of use as catalysts, absorbants and ion exchangers, and their predominance
in the petrochemical industry, drawing significant interest and investment|68-83].

At present, there are 256 zeolite structures[84], but millions more have been pro-
posed based on proposed desired structures, backed up by energetic calculations|85,
86]. These energetic calculations are based on ‘ideal’ zeolite frameworks. An ideal
framework is not a chemical system but a mathematical geometric one, where
chemical MX, units are replaced with perfect, rigid tetrahedra. These tetrahedra
are vertex-sharing, with the vertices acting as force-free spherical joints.

There are distinctions within these models, in particular surrounding the rigidity
of the tetrahedral sides. In some models|[87-91], ‘bars’ are used; bars are inflexible,
but have stress and strain characteristics. Such models refer to the network of
tetrahedra as a ‘truss’ In other models|92], springs are used, allowing some distortion
of the tetrahedra. In these models, the distortion to these bonds can be used as a
metric. For each of these models, the vertices of the tetrahedra are treated as hard
spheres, with a contact radius related to measurements of the O atom radius.

Utilizing this sort of modelling, all known zeolites have been shown to exhibit
a ‘flexibility window’[87, |90, 92]. This is a range of densities over which there is
no energetic change (close oxygen atom approaches or intra-tetrahedral strain),
bounded by low area and high area ‘takeoft’ points where the energy rises rapidly.
For these frameworks, the high area takeoff point is taken as tension on the bars,
whereas the low area takeoff point is compression of the bars. This ‘window’ is a
result of the open nature of zeolite structures; large pores in the structure result
in open space for the system to relax into. The mathematical term for the space
within the structure is ‘Null Space Void" (NSV).

An example of this is provided in Figure [2.5] where we can see that there is
a range of cell areas densities over which there is no energetic change (marked
here by distortion of the SiO bond length), bounded by low area and high area

takeoff points. The mechanism by which the structure relaxes into this space
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Figure 2.5: Degree of polyhedral distortion as a function of cell area, forming a ‘flexibility
window’. Different systems are analysed for the same sodalite (SOD) framework; (a)
shows ’tet’ (flexible tetrahedra) and ’bar’ (rigid tetrahedra) models for aluminosilicate
mixes, (b) shows the effect of counter ions. Reproduced from literature]92].

leads to a distribution of possible structures; with spherical, force free joints all
ideal tetrahedral orientations have the same energy, so long as oxygen atoms are
suitably separated. The large internal surface area, and pores which run through
the structure, are at the heart of zeolite’s performance in catalytic ability and
permeation characteristics[93]. The ability to reproduce these structures in thin
film environments could produce a host of new applications in this field.

Zeolite structures are incredibly varied, both in their composition and structure.
The same arrangement of tetrahedral MX, units can be recreated with a range of
M and X ion identities (e.g. M=Al, Si, P, X=0, S) and ratios, with counter ions
(e.g. Li, Na) providing even more range in the structures produced. The structures
defined are three dimensional, and so there is no all-encompassing, consistent
characterisation method based on the structure.

Instead, structures which have been synthesised experimentally are categorised
in full by the International Zeolite Association (IZA), which gives each structure a
three letter framework type code (FTC)[84]. These codes are derived from names of
the Type Materials, rather than any structural traits or characteristics; for instance
AEL is derived from the structure AIPO4-11 (ELeven).

Each structure can be described as containing ‘building blocks’ The two most
relevant for our work are Composite Building Units (CBUs) and Tiles, which are
overlapping but distinct ways of understanding the form of zeolite structures, as

explained below. These descriptions are not exclusive for a given FTC, for instance

AEL and AFO have identical CBU’s and Tiles.
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2.4.1 Composite Building Units (CBUs)

CBU are an exhaustive selection of units which are present in all three-dimensional,
four-connected nets, of which zeolites are a subset[94]. A limited subsection of
63 of these CBUs are present in discovered zeolites, with those relevant to this

work discussed below.

2.4.2 Natural Tiling

The natural tiling approach leans less on the theoretical nature of zeolite networks,
instead focusing on crystallographic and topological information. The tiles are
labeled using three integers to describe the Euler’s law properties of the tiling unit,
V, E and F. In addition, the number of kinds of vertices (p), kinds of edges (q) ,
kinds of faces (r) and kinds of tiles (s) in the tiling. Symmetry and Wyckoff records
are provided, with additional entries where tile combinations are combinatorially
equal but crystallographically different[95]. There is considerable overlap between a
Natural Tilings approach and the CBU approaches. Many of the tiles are equivalent,
for instance CBU dA4r is equivalent to Natural Tiling unit t-cub (shown in Figure
2.6). However, this is only true for a small subsection of the building units, and

so utilising both allows a better understanding of the structures involved.

Figure 2.6: Building unit, labeled as d4r as a CBU, and t-cub as a Tiling unit

2.4.3 Zeolite structure selection

With an understanding of the composition of general zeolite structures, we can begin
to make decisions about suitable structures for thin film modelling. Preliminary

categorisation of the CBUs and Tiles that posses symmetry elements we believe make
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them suitable for silica bilayer analogues are shown in Table 2.1} These are split into
‘Strictly Allowed’ (building units which can be split into two distinct layers, shows a
plane of symmetry between these two layers, and has no nodes lying on this plane of
symmetry) and ‘Favoured’ (those which stack in a layered manner AA’, where A’ is

a mirror image of A, and node coordination is split evenly between two and three).

Unit Type Strictly Allowed Favoured
CBU d3r, d4r, sti, bea, bre, afs, ats, dbr, afi, bog, lau.
abw, aww, d8r, imf, gis, phi, pau.
Tiles irr-1, cub, kah, mel, ohc, lov, afi, kaa, lau, oop,
hpr, oth, wwf, bep, aww, opr, odp, uwy-2, sty.
oto, umx, ftt, gsm, osi, red, apf,
fry, etn, bph, irr-3.

Table 2.1: Table to show CBUs and Tiles evaluated for bilayer structures. These are
split into ‘Strictly Allowed’ (building units which can be split into two distinct layers,
shows a plane of symmetry between these two layers, and has no nodes lying on this plane
of symmetry) and ‘Favoured’ (those which stack in a layered manner AA’, where A’ is a
mirror image of A, and node coordination is split evenly between two and three).

The zeolites we have selected for analysis are then shown in Table [2.2] with
their key ring statistic and building units. The CBUs present in Table are
visualised in Figure [2.7]

Zeolite | Rings | o r CBUs Tiles
ATV | 46,8 | 2.67 | -0.26 | afi, bog | afi, kah, lov, oop
AHT 4,10 | 8.0 |-0.35 bog kah, lov, odp

AEL |4,6,10 | 4.8 | -0.48 | afi, bog | afi, kah, lov, odp
AFIT | 4,6,12 | 8.0 | -0.5 | afi ,bog | afi, apf, kah, lov
AET | 4,6,14 | 89 | -0.36 | afi, bog | afi, etn, kah, lov
GIS 4,8 4.0 | -0.5 gis gsm

MOR | 4,58 | 6.5 | -0.36 mor dah, kaj, mor, tes

Table 2.2: Near-two-dimensional bilayer zeolitic structures considered in the present work.
Each zeolite is labelled using the nomenclature from the International Zeolite Association
(IZA). Column two lists the ring sizes for the given network whilst columns three and
four give the resultant second moment of the ring size distribution and assortativity
respectively. Columns four and five give the CBUs and Tiles present.
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(a) afi (b) bog

(c) lau (d) mor

(e) gis

Figure 2.7: CBUs for zeolites used in this work, reproduced from IZA resources

2.5 Cell Structures

Cell structures are defined in a very different manner to our atomic systems. The
structures we are interested in are those which make up a two-dimensional surfaces,
and have similar modelling approaches as Colloids, , foams, and
even geological rock formations. In particular, we have focused on corneal

endothelium cells. The corneal endothelium is a monolayer of endothelial cells
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Figure 2.8: Photographs of corneal endothelium taken by specular microscopy, alongside
a representation of cell boundaries. Reproduced from literature ||

forming on the inner surface of the cornea. The cells can be readily imaged using
specular and confocal microscopy, with the cells adopting a disordered structure.
The distribution is centred around cells approximating to hexagonal shape as the
most efficient packing, with amorphous sections, as visualised in Figure
There is extensive body of work on quantifying these systems across a range of
different metrics. From a modelling perspective, these systems require a
different approach to atomic systems, as we do not have such stringent definitions
for the length scales of the edges of the polyhedra formed; they are no longer
controlled by defined atomic distances. As such, area metrics become an important
distinguishing factor, having a more grounded definition at a cellular level. With
an increased understanding of the effects of factors such as diabetes[107H111] and
contact lens use[112H115] on the structure of the corneal endothelium, we can better

characterise and work against their negative impacts.
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3.1 Motivation

Network theory can provide an alternative way to understand and quantify a
disparate range of systems. The laws which govern these networks, and how we have

applied them as a metric for understanding our physical systems, are laid out below.

3.2 Network Theory

Network theory is in essence a branch of graph theory, a mathematical approach to

a specific set of problems. It has found a wide range of uses, from its beginnings in

19
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the logic puzzle of the "Seven Bridges of Konigsberg"[116] to big data approaches to
analysing social networks and the connections therein[117-121]. The ability to map
such disparate systems onto a mathematical model has proved a very useful unifying
tool across chemistry, allowing for a common language in understanding systems of
connections. Network theory is a useful approach when the system can be defined in
terms of interconnected points, termed nodes. Connections between nodes are termed
edges, and can be either directed (i.e. one can traverse the edge in one direction
only), or undirected (i.e one can traverse the edge in either direction). The nodes
and their edges, alongside properties assigned to each, collectively make a graph. For
our purposes in atomic networks and their underlying structures, there is no analogy
for directed edges, and as such all nodes described in this thesis are undirected.
To understand the networks we are modelling, we must understand the physical
and topological constraints that apply. These laws detailed below help us understand
the allowed and entropically favourable distributions for our physical systems. These,
coupled with the enthalpic considerations discussed in Section [4.4] are used with

the aim of generating configurations for further analysis.

3.2.1 Node Degree

The most fundamental description of a network is the node degree, which links
the number of edges to the number of nodes. Specifically, the degree of a given
node is the number of edges connected to it.

Each edge is shared by exactly two nodes, and as such we can calculate the

number of edges from the number of nodes and the mean node degree, (c):

E= Qv, (3.2.1.1)

c
2
where E is the number of edges, and V' is the number of nodes.

3.2.2 FEuler’s Law

Euler’s law for planar graphs (two-dimensional graphs without overlapping edges)

goes further than Equation [3.2.1.1] linking the number of nodes, edges and faces
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in a graph to a universal constant. The formula is as follows:
V-E+F=yx, (3.2.2.1)

with V' the number of nodes, £/ the number of edges and F' the number of faces, and
the Euler characteristic y, which is dependent on the global topology. The number
of faces to which a node is connected to is its degree. As such, the mean number of
nodes per face (i.e. the number of edges per ring, n) is the number of nodes divided

by the number of faces, accounting double counting due to multiple coordination:

(n) = r ?@. (3.2.2.2)

Substituting Equation [3.2.1.1| and Equation [3.2.2.2| into [3.2.2.1] gives :

2(c)(1 = x/N)
(-2

(n) = (3.2.2.3)

This is a powerful predictive tool, allowing an ab initio understanding of the
mean ring size based on the physical topology and coordination number.

For our work on amorphous systems, we use periodic boundary conditions
(Section as a simplification of modelling large systems. In two dimensions, the
wrapping of our four-sided periodic cell results in a x value of 0. We can explain this
by examining the unique edges, vertices and faces of our unit cell, as shown in Figure
. We can see that taking our unit cell (coloured grey), and replicating it along
all edges gives 9 identical cells. If we examine the number of unique faces, edges
and vertices, we can see that we have one unique face (coloured grey), two unique
edges (coloured red and green, with their periodic images shown as faint lines), and
one unique vertex (marked with a filled point). All other faces, edges and vertices
are non-unique images of these. As such, using Equation xX=1-24+1=0.

Realistic chemical structures resembling bulk materials are not periodic, and as
such have y = 1 (constrained planar, aperiodic systems have an equal number of
edges and vertices, with one unique face). This poses an issue with our assumption
that using a periodic cell well approximates bulk amorphous systems, but referring

back to Equation [3.2.2.3] the relevant term for (n) is x /N, which tends to zero as N
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Figure 3.1: Graphic to show V,F,E values for our periodic unit cell

tends large, justifying our assumption in the limit of understanding molecular
(N > N,) systems.

We can express the mean ring size (n) as a sum of the rings present,

(n) =>_npn, (3.2.2.4)

where p, if the proportion of rings in a network of size n. For a given system,
we can calculate the value of (n), and at fixed coordination number, we can

say that >, np, is constant.

3.2.3 Aboav-Weaire law

With an understanding of the global average ring size, we have a strong constraint
on the system as a whole. We now understand the physical limits on the range
of rings that can be formed. However, within each distribution of rings, there are
many ways to arrange them, of which only a subset are experimentally observed.

This feature was first investigated by Aboav in 1970[17], and was further

developed into a law that estimates the local environment about a ring size n,
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denoted as my or the mean ring size surrounding a ring of size n.
In Aboav’s original paper on the arrangement of grains in a polycrystal in two

dimensions, he proposed that the mean ring size followed

My, =5+ i, (3.2.3.1)
indicating a 1/n empirical relationship. By this logic, the larger the ring size, the
smaller the size of the rings surrounding it, as might be expected by considering
internal angles of the respective polygons. Further work by Weaire[18] sought to

explain this correlation, resulting in Weaire’s sum rule

> munp, = pa + (n)?, (3.2.3.2)

where p,, is the proportion of the rings in the system size n, and s is the variance
in ring size across the system, ps = (n?) — (n)2.
This formulation led to a reframing of Aboav’s original equation for m,, to the

more general form m,, = A+ B/n, which when made to satisfy Equation [3.2.3.2]

gives:
kY2 — Ak
mk=A+’“‘2+<>k k) (3.2.3.3)
which is more commonly presented as:
kmy, = Ak — A(k) + pg + (k)2 (3.2.3.4)

In which A = (k)(1 — «), with « as the Aboav-Weaire parameter, which controls
the strength of ring correlations with a single value. A more positive value for a
indicates a greater preference for large rings to surround small rings, whilst a more
negative value implies greater clustering of similar ring sizes. The value of a can be
evaluated for a given system by plotting (n)(n — (n)) against km,, for each value
of n, from which linear regression gives the gradient a.

Despite the fact that the formulation of m, = A 4+ B/n is empirical, the law
holds well for a wide range of diverse natural materials, from colloids[97, 98] to
foams[99, [100] and epithelial cells[122} 123], and forms the basis of further laws to

determine the structure of natural systems, namely Lemaitre’s law.
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3.2.4 Lemaitre’s Law

While our systems are now constrained to a given mean ring size and local
environment, the distribution beyond this is not constrained. There is no ab
initio constraints on the limits of sizes of rings formed, beyond the limit that mean
ring size must be a function of (n) and node coordination number. However, we
would expect physically that the distribution of natural ring sizes would approximate
to an entropic solution.

Evaluating the entropy of a given ring size distribution is defined by the Rivier-

Lissowski approach as:

S==> pun p,. (3.2.4.1)

Alongside this we have the normalisation constraint (3, p, = 1) and mean
ring size constraint (3, np, = (n)) we have discussed in Section [3.2.2] These
constraints in themselves are not sufficient to maximise entropy numerically, and
as such Lemaitre et al. introduced further constraints. Introducing the limit that

the area of the system must be constrained gives:

> (An)pn = Ao (3.2.4.2)

With an accurate prediction of (A,), we can add a further constraint to p,.

There are two common predictors of A, Lewis’ law (Equation [3.2.4.3)) and a hard
disk approximation (Equation [3.2.4.4)).

A, = Ap(n —nyp) n > 3. (3.2.4.3)
Ay =an+b+ <. (3.2.4.4)
n
Relying on Lewis law does not simplify the expression sufficiently, and relies on
determination of further factors detailing short range correlations. Instead, the hard

shell simulation basis of the empirical investigation by Lemaitre et al. resulting

in the hard disk approximation being used, such that:

S (A)pn = afn) + b+ c(i}. (3.2.4.5)

n
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Figure 3.2: Illustration of Lemaitre’s maximum entropy distribution method. Examples
of maximum entropy distributions with different values of pg are given in (a) as ring
distributions, and in (b) reduced to values of pg and us (Lematre’s law).

This expression, coupled with the observation that the local correlation laid
out by Aboav (Equation also follows a linear function of 1/n, allows us
to simplify the equation by combining the terms for local ordering and ring area,
leaving only terms in n and % With this constraint, the entropy can be maximised
using Lagrange’s method of undetermined multipliers, giving:

67)\1n7/\2/n

Pn (3.2.4.6)

- S e /k

Neglecting Lewis law is a surprising assumption, and there is no strong physical
basis for this approach. However, it has empirically been shown to fit a range of
natural systems, from geopolitical regions to colloids[124], and as such has been
adopted as a means of understanding the underlying distributions of natural systems.
As these distributions are difficult to compare in the format of p, distributions
(Figure (a)), presentations of Lemaitre law plots are usually summarised using
the variance puy = (n?) — (n)?, as a function of the proportion of rings of the

mean ring size, pgy (Figure (b)).

3.2.5 Assortativity

Alongside the fit to the laws detailed above, network theory provides additional

key metrics to understand the systems we create. Assortativity is a similar metric
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to the Aboav-Weaire parameter, «, in that it gives an indication of the local
environment about a value. However, while « is empirically formulated for a
specific situation (short range ring size correlations), assortativity is a far more
wide reaching metric, which describes the proclivity of a network’s nodes to share
edges with nodes of similar or dissimilar properties.

Assortativity is most commonly used to evaluate the preference of nodes to share
edges with other nodes of similar degree, with a global value of ‘degree assortativity’
calculated to reflect this property. It is defined by normalizing the covariance
between the attributes of nodes sharing an edge, as in Equation [3.2.5.1]

2ig (ki — (k) (R — (k))e(ki, kj)
(k2) = (k) ’

r= (3.2.5.1)

where k;, k; are the populations of discrete attributes , 7, and e(z, ) is the proportion
of the total number of edges which make up connections between 7 and j. However,
assortativity measurements are not limited to these values, and can quantify the
nearest-neighbour behaviour of any discrete characteristic that can be assigned
to a node, referred to as ‘attribute assortativity’.

Assortativity values range from -1 to 1, with more positive values reflecting
a higher level of assortativity (homophily), where nodes with similar properties
are more likely to be connected. For a measurement of degree assortativity, a
high homophily corresponds to a higher likelihood of clustering of nodes with
similar degrees. A value of zero means that there is no discernible preference
in node ordering.

As we can definite attributes as we wish, measurements of assortativity can help
us understand the clustering of nodes of given attributes, or a preference for unlike
nodes to cluster together, resulting in a powerful analysis tool for understanding an

additional level of information from a system beyond averages and variance.

3.2.6 Understanding ring shape

It is important for our understanding of the rings we form to evaluate their

‘regularity’. The shape regularity coefficient (SRC) is a geometric measure used
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to quantify the ‘regularity’ of shapes, particularly polygons and polyhedra in
computational geometry and finite element analysis (FEA). It reflects how close
a given element is to being an ideal, well-proportioned shape. It is defined as the
ratio of the inradius (the radius of the largest inscribed circle that fits entirely
within the shape, r;,) to the circumradius (the radius of the smallest circle that
can enclose the entire shape, 7,,):

Tin

SRC =

(3.2.6.1)

Tout

A shape regularity coefficient of 1 implies that the shape is perfectly regular,
meaning it has equal angles and sides (e.g. regular hexagon). The closer the
coefficient is to 0, the more distorted or irregular the shape is. This metric is useful

for understanding how distorted the rings in the network we create are.

3.3 Network Theory as applied to atomic systems

In order to understand our atomic systems from a network theory perspective, we
need to understand equivalent features in network theory to our physical systems.
The simplest of these is understanding nodes and edges at an atomistic level, which
are trivially comparable to atoms and their bonds. The node degree, or number
of edges per node, can be understood as the coordination number of the atom.
As such, mapping the atoms and their connections onto a network describes the
connectivity of all atoms, allowing for an understanding of nearest neighbours
and the dispersion in connectivity.

However, with only this information, we have a very limited understanding
of the system. The graphs for systems with the same coordination number are
similar, and the statistics we can glean from them are limited. With a fixed
coordination number, systems that we understand as chemically crystalline and
amorphous are difficult to distinguish.

Instead, we can look to add an additional layer of information. For this work,

the next logical step is an understanding of the ring network. We do this by placing
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Figure 3.3: Panel (a) gives an example of a 3-coordinate periodic network with disordered
ring structure. Nodes and edges are shown, and the rings formed by their connections are
coloured by size. Panel (b) gives the corresponding ring network, with nodes representing
the center of each ring and coloured by degree, and edges linking edge-sharing rings. Panel
(c) shows the dual relationship between the networks and its underlying ring connectivities.

nodes at the centre of each primitive ring; whilst in its strictest sense, a ring is
defined in network theory as any closed loop of connections, only indivisible rings,
known as primitive rings, will be referenced in this thesis.

Edges connect primitive rings that share an atomic edge, and the network
created by this process is termed a ‘dual’ lattice. With this construction, the
node degree relates to the ring size, allowing calculations of disorder centred
around this characteristic.

Further information can be extracted using tiling units, a meaningful collection
of primitive rings that form a useful building block for larger systems. This is
referenced in sections discussing zeolites (Section , where central building units
(CBUs) and tiling units are used.

Beyond our atomic systems, network theory is of practical use understanding
the ordering of key system metrics. For example, assortativity calculations can
extend beyond node degree. We can assign a value, termed an ’attribute’; to a
node to reflect a physical property, and calculate the ‘attribute assortativity’ for
each property. This allows us to quantify local trends in observable quantities,

which is important for high throughput methods.
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4.1 Motivations

Throughout this work, two methods are used to simulate molecular systems

numerically. These are Monte Carlo methods (MC), and Molecular Dynamics (MD).

29
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Both techniques have extensive histories in modelling the structures and behaviours
of chemical systems, providing additional detail to complement experimental
work[125-130]. A central aim in this work is to utilise these methods to provide
data complementary to experimental work on silica related systems, and to explore
the phase space beyond the available experimental data, with the aim of producing

target configurations for future experimental work.

4.2 Monte Carlo Methods

Monte Carlo (MC) methods are a class of calculations that rely on stochastic
approaches to produce statistical solutions to many dimensional problems. Outside
of chemistry, they have found use in applications ranging from evaluating high-
dimensional integrals, through modelling risk in financial markets|131]. For the
purposes of this work, MC methods are useful in their ability to traverse complex
energy surfaces, allowing exploration of a large phase space of possible configurations.

In this work, MC methods have been used under both equilibrium and non-
equilibrium conditions, to allow for structure generation following kinetic or ther-
modynamic control. However, the underlying process is the same for each, only

differing in the reversibility of each step.

4.2.1 Statistical Mechanics

Our goal in using Monte Carlo methods is to traverse between different configurations
of the same base number of atoms, with the same fundamental properties. Our
work relies on modifying the connectivities and positions of atoms in the system, to
create a system with the same number of atoms (N) and volume (V). The available
configurations have a range of energies, but identical compositions.

At a fixed temperature (T), we can use a classical canonical partition function

to describe the thermodynamic properties of the system.

E
Z =S¢, (4.2.1.1)
k
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Equation details the canonical partition function (Z), as a function of the
sum of states k, each with energy E), with kg as the Boltzmann constant, and
T as the temperature in kelvin.

The probability of the system being in a given state, k, at temperature T,

is given by Equation |4.2.1.2

P(k) = . (4.2.1.2)

Changing the temperature, T', will change the populations of each state according
to a Boltzmann distribution.

However, in order to evaluate these probabilities exactly, or the difference in
probabilities between two known states j, k, we must be able to evaluate Z, and
hence must know the energies of each possible state. This is intractable for systems

of meaningful magnitude and so we must find an alternative.

4.2.2 Importance Sampling

Rather than sample all of the phase space, it is possible to approximate Z from
a subset of the partition function, composed of the states readily accessible at a
given temperature. This approximation is laid out in Equation [4.2.2.1] where S is
a subset of states, composed of members k where Ej, is less than some threshold.

—E

This is based on the fact that as E), < kT, PR TE AN 0.

E E
Z=S e+ ¢ For (4.2.2.1)
kCS kCS
_ B
Zg~= Y e FoT. (4.2.2.2)
kCS

The process of sampling from S is referred to as ‘importance sampling’, and
is significantly more efficient when a large number of states that make up 7
are inaccessible energetically.

When evaluating systems we expect to find experimentally, we want to explore the

configuration space around the energy of the experimentally confirmed structures.
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Whilst using a subset of Z results in significant computational cost savings,
it is not clear ab initio which states this subset should be composed of. In fact,
were we to know the states withing the limits of the energies we are interested
in, we would have no need for a simulation of this kind.

Finding the subset S would thus mean evaluating the energy of all states

in Z, which is infeasible.

4.2.3 Markov Chain Monte Carlo

Rather than evaluate every state of the system at once, we can instead turn
to incremental approaches. Omne such approach is Markov Chain Monte Carlo
(MCMC). MCMC allows us to build up a set of states by taking incremental steps,
and evaluating whether each state should be included in the importance sampling.
The probability of a move between state ¢ and state j is dependent on the nature
of each state only, and is unaffected by any other state. As such, we can theorise
a matrix of probabilities 7, composed of terms m;;. This matrix is referred to
as a transition matrix. This matrix is impractical to generate, as its dimensions
are the total number of states available to the system, with each value relying
on calculable details of these states. However, it provides a reliable language for
describing the sequential steps on the Markov chain.

Using this definition, we define the following two relationships.

0<m; <1 (4.2.3.1)

> my =1 (4.2.3.2)
Equation [4.2.3.T] states that each probability must be between 0 and 1, and Equation
4.2.3.2) states that the sum of probabilities for each transition from state i to any
other state must add to 1. This allows for a generalised approach to the Markov
chain. Starting from a state 7, we can map the probability that after one step, it is in
any other state j. We can define the initial state as Py, with dimensions [Ngges,1].

Py =[0,0,...,0, _1_ ,0,...,0] (4.2.3.3)

at position k
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As such, each step s on the Markov chain is an interaction between this vector

and the transition matrix.
Pymij = Tizkj = Ps. (4.2.3.4)

Over a sufficient number of steps, we expect to have explored a significant subset
of the important states, and moved significantly far from the initial state. At
this point, we can treat the system as at equilibrium, and evaluate the ther-

modynamic properties.

4.2.4 Metropolis Algorithm

Our definitions within the Monte Carlo Markov Chain method (MCMC) rely
on a complete definition of .

Rearranging Equation and Equation to formulate an equation for
the global balance, which is effectively a global equilibrium condition. It states that
the flow out if state 7, given as the sum of all transitions out of state 7, is equal to

the flow into state ¢ from all other states, as laid out in Equation 4.2.4.1]

ZP (k=d)m; = ZP J)Ti - (4.2.4.1)

This definition still rehes on a sum over all states, and so it is practically simpler
to satisfy the global balance using the stronger condition of detailed balance.
Under these conditions, the total flow from from state i to j is zero, and so the

probability of transition i — j = j — i, expressed in Equation [4.2.4.2]

The Metropolis condition ensures this balance by setting the probability of a

transition of i — j as in Equation 4.2.4.3|

L Pk =1)
P,_,; = min (1, P(k:zj)) : (4.2.4.3)

Returning to our definition of we can reframe this equation to Equation
1244
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E;

eFor
kT

—aU
This reduces to a transition probability based on energy, P;_,; = min[1, e %7 |.

4.3 Molecular Dynamics

Molecular dynamics (MD) is the process of applying classical mechanics to a selection

of particles. The starting point for a molecular dynamics simulation is

The mass of the particles

o A function to define the forces present as a function of particle positions

The starting positions of the particles

The initial velocity of the particles

From this information, we can use MD to evolve the system in time, in an effort
to mimic the underlying processes at play in real-world analogues of our systems.
In this work, I have utilised MD to relax the structures generated by Monte
Carlo methods, giving an understanding of the effect of different potentials on the

minimum energy structures formed, and their energies.

4.3.1 Velocity Verlet integration

In order to derive the position of atoms at time ¢, we utilise Newton’s equa-

tions of motion.
F =ma. (4.3.1.1)

Newton’s second law of motion Equation (4.3.1.1)) relates the effect of a force, F,
on an atom mass m, to the resultant acceleration a of the particle.
In order to understand the impact of the force on the position of the particle,

we need to integrate the acceleration a (4.3.1.2)).

a=v=F (4.3.1.2)
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In theory, it is possible to solve this exactly over all time, however practically
analytical solutions for many atom systems span many dimensions, meaning the
calculations involved are not tractable. As such, integration schemes are used to
approximate over incremental time steps. The scheme used in this work is velocity
Verlet. This is a symplectic approach, second order in time and time reversible.
We start with a Taylor series expansion of the position, r, at time ¢ + At.

r(t + At) = r(t) + v(t)At + F(;f»m? + éb(r(t))At?’ +O(AtY).  (4.3.1.3)

We can eliminate the jerk term in Equation [4.3.1.3| by evaluating the previous

timestep [4.3.1.4] and subbing this into to give [£.3.1.5] the position at
time t + At, as a function of the positions at time t and ¢t — §T', alongside the

force field at time t.

r(t — At) = r(t) — v(t)At + WAR — éb(r(t))AtB’ + O(AtY).  (4.3.1.4)
r(t+ At) =2r(t) —r(t — At) + Fgrsf))AtQ + O(Ath). (4.3.1.5)

As such, we can define position without needing velocity up to O(At?), if we
know the position of all atoms at the previous timestep.

However, for kinetic terms we need to have a definition for v(¢). We can reuse

our definitions in Equation (4.3.1.3) and Equation (4.3.1.4)) to define the velocity.

r(t + Af) — £(t + At) = 2v(H)At + ;b(r(t))m? (4.3.1.6)
vit) = TUE A”Q;tr(t —AY b b(?AAtt (4.3.1.7)

This gives velocity with error O(At?). This is termed the Stormer Verlet
approach. However, further reframing can give better error values.

We can also formulate a Taylor expansion about ¢ for v, in the same manner

as Equation {.3.1.3]
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vit+ A8 = vt + TE 5 F(;f))m? L O(AR). (4.3.1.8)

m
As F(r(t)) is impractical to define explicitly, we can use a Taylor expansion

to express it in terms within our reach.

F(r(t + At)) = F(x(t)) + F(x(t)) At + O(AL). (4.3.1.9)
A;(F(r(t AL — F(r(t) — O(A#)) = F(r(t))?rtn. (4.3.1.10)

F(r(t)) + F(r(t + At))

v(t+ At) =v(t) + At + O(At). (4.3.1.11)

This allows us to calculate the velocity at time ¢+ At, once we know the positions

of the atoms at t+ At (r(t+At)), which allows us to calculate the forces at this point.

4.3.2 Periodic Boundary Conditions

One of the prevailing issues with modelling amorphous systems, such as those
readily adopted by silica, is their lack of periodicity. Modelling large aperiodic
systems quickly becomes computationally infeasible, and requires an understanding
of the surface effects at the edge of the simulation. Instead, we can impose some
level of periodicity on a scale small enough that is within computational limits,
but large enough that the system to be treated as aperiodic. The mechanism for
this process is to model a simulation cell bounded in three dimensions, with its
images repeated infinitely in three dimensions. Any dynamics in the simulation
cell is repeated in all neighbouring cells.

This process means that the cell is ‘wrapped’ in all modelled dimensions, onto
a higher dimensional space. For instance, we can map a two-dimensional surface
onto a torus by wrapping along x and y, creating a shape with a single unique face,
two unique edges and one unique vertex (see Figure [3.1)). This approach comes
with complications. Alongside the reduction of system symmetry, we also need to

ensure that our simulation cell can effectively tile infinite space, and account for
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finite size effects. For computational simplicity, our simulations rely on rectangular
unit cells, which readily tile space. The possibility of self-interaction of particles
with its copies limits the range at which we can calculate inter-atom forces. As
such, we only calculate interactions between each particle and the closest image
of each atom, practically limiting the distance at which we calculate forces to

half the periodic box length, Lpp/2.

4.3.3 Thermostats

Thermodynamic simulations of a canonical ensemble (NVT) rely on control of
the number of particles (N), the volume of the system (V) , and the temperature
(T). In order to control temperature, both our in-house code and our chosen third
party software (LAMMPS) rely on the Nosé Hoover thermostat. This thermostat
relies on coupling our canonical ensemble to a heat bath, creating an overall
microcanonical ensemble (NVE), with heat exchange between the bath and the
system maintaining the overall energy, and the temperature of the system. The
coupling between the system and the bath is mediated by an additional parameter,
¢, termed thermodynamic friction. This term acts on the velocity of all atoms
in the system evenly, accelerating on decelerating them until the temperature
converges to the desired value. Including this parameter requires us to modify

our equations of motion laid out in {.3.0]

Feif(r) = F(r) — (mv. (4.3.3.1)
The magnitude of ( is dependent on the difference between the target temperature
(1) and the instantaneous temperature (7'), as shown in Equation [4.3.3.2]

. N
‘°q

N describes the number of degrees of freedom (with an additional degree for the ¢

(kg7 — kT). (4.3.3.2)

parameter), and @, the thermal inertia parameter, describes how strongly the system

is linked to the heat bath. Accounting for the effect on the force applied to the system,

the velocity Verlet definitions are modified as in Equations [4.3.1.3| and [4.3.1.11].
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r(t + At) = r(t) + v(t) At + WAtQ + éb(r(t))At?’ + O(AtY)  (4.3.3.3)

Fogs (et 4+ 80) Fegs (1) _ 4 Azt + O(AP) (4.3.3.4)

v(t+ At) =v(t) + - -

Equation [4.3.3.4] is problematic, in that v(¢ + At) depends on itself recursively,
and so cannot be solved exactly, however a number of corrections can be utilised

to ensure time-reversible trajectories.

4.3.4 Steepest Descent algorithms

In order to find the local energy minimum for a given starting configuration, we want
to follow the lines of force down the potential energy surface to the configuration

with the lowest potential energy.

Fixed timestep

The simplest steepest descent algorithm involves quenching the system velocity at

each timestep, meaning that the equations of motion reduce to Equation [4.3.4.1}

vt 4+ AL = r(t) + TEO) £ (4.3.4.1)

2m

This simplifies calculations considerably, and ensures we always move in a direction
which is along the lines of force. From a thermodynamic standpoint, this is equivalent
to setting the target temperature of the Nosé Hoover thermostat to 0, such that
all of the heat from the system is transferred to the bath. There are, however,
disadvantages to this method. It is often slow to find the local minimum, traversing
incrementally down the potential surface. In addition, it is sensitive to step size.
Too large a timestep, and the minimisation process will overshoot the minimum,

too small and the simulation will be slow.
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Backtracking algorithms

An alternative to the fixed step method is one where the timestep can fluctuate to
satisfy specific conditions. In our in house network generation code, this condition

is the Armijo condition, with the step size described in Equation [4.3.4.2]
At, = a"At. (4.3.4.2)

« is the Armijo condition coefficient, with a value between 0 and 1, for our
purposes set to 0.5.
The acceptance criterion for an Armijo step is if the step moves down the

potential gradient:

U(r(t + alt)) < U(x(t)) + a"F(r). (4.3.4.3)

It is evaluated iteratively, with the acceptance criteria being that the force gradient
after taking a step sized At, is lower than taking a step Aty. If the criterion is
not met, then n — n 4+ 1, and so a smaller step is evaluated, to the limit that as
n — oo, At, — 0. The advantages of this method are efficient step size selection,
leading to faster convergence, and a lower likelihood of overshooting the minimum
as it searches within the proposed step for an alternative energy endpoint.

However, there is an additional computational overhead to evaluating multiple
points on the potential energy surface, and this method can require more extensive
tuning to ensure a viable Armijo condition coefficient to reflect the complexity
of the energy surface.

In this work, Armijo methods have been used on a relatively simple energy

surface, allowing for a higher o value.

Velocity Quenching

An alternative method is velocity quenching, which takes elements from standard
MD and steepest descent approaches. It relies on allowing the system to evolve as
an NVE system, without any controls on velocity, allowing potential energy to be

converted into kinetic energy. When kinetic energy approaches a maximum, and
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so the potential energy approaches a minimum, all velocity is quenched, and the
system is again released. This method has the advantage of a more rapid approach
to the minimum, with the retained kinetic energy resulting in fast motion down the
force gradient. Quenching velocity at the maximum ensures the system’s kinetic

energy does not cause it to overshoot the minimum.

4.4 Potential Models

A variety of potential models are evaluated to model silica systems, with varying com-
putational complexity allowing evaluation the accuracy of computationally cheaper

models as predictors of more accurate, computationally expensive calculations.

4.4.1 Harmonic Systems

The simplest potential model applied uses harmonic springs to connect each node
to its nearest neighbours, with the force derived from the compression or stretching

of the springs. The energy of a stretch is given by

1
Uij = ikr(rij —10)%, (4.4.1.1)

with r;; as in the distance between nodes i and j, rg is the ideal bond distance,
and k, is the bond force constant. 7y is defined trivially for the system, whereas k&,
can either be determined with respect to known bond stretching behaviour, or can
be used as a more free parameter, balanced with other potentials as discussed

for graphene in Chapter 2

4.4.2 Angle Control

Angle constraints are handled by a cosine/squared function, approximating a
three body term.

The form of the potential is

Usjr = ;kg[cos(ﬁijk) — cos(6p)]%, (4.4.2.1)
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where 0,5, is the angle formed between species ijk, and 6, is the ideal system
angle (/3 for a hexagonal net). The potential is similar in form to the harmonic
potential above, with ky replacing k, and cosine terms replacing radial terms. As
for harmonic potentials, ky can be related back to the three body terms derived

from experimental data, or used to balance forces.

4.4.3 Repulsive Terms - Lennard Jones

For simple systems, bond and angle constraints are sufficient to ensure atoms do
not overlap. However, for more complex systems, additional potentials may be
required to ensure that atoms remain physically separated.

The repulsive potential selected in a shifted Lennard-Jones 6-12 potential.
This applies between selected pairs of like, unbonded atoms for computational
efficiency. The Lennard-Jones potential provides a compromise between hard shell
approaches used in the geometric treatment of ideal zeolites|90], 92], and softer
harmonic interactions. An important point of note is that the gradient of the
potential at ro — Ar is dependent on ry. The smaller rg, the more the form of

the potential resembles a hard shell.

v, = 1% [(2)12 - (‘;)6} e rsn (4.4.3.1)
0 r >

In Equation £.4.3.1] Uj; denotes the potential energy of an 7j interaction, with e

as the depth of the potential well at » = r,,;,, and o is the distance at which

de l(‘;)lz - (‘;)6] =0, (4.4.3.2)

given as 290 = r,.
The potential energy and its first differential (negative force gradient) equal

zero at the cutoff point, which is sufficient for steepest descent algorithms.



42 4.4. Potential Models

4.4.4 Repulsive Terms - Coulombic Repulsion

An alternative repulsive force field used is a modified coulombic potential. This
potential has the advantage of not decaying in energy to zero at the cutoff, which
has been useful as a basic model for repulsions between like atoms in heteronuclear
systems. This, however, comes with the strong caveat that it should only be used
in situations where r is constrained by other forces in the system at r < r.,, as
both the forces and energy are undefined at r = r.,;. As such, if used carefully,

this potential is suitable for steepest descent methods.

(4.4.4.1)
0 r>rgor i#j

Uj - {mj r<rgandi=}
The charges on the ion species 4, j are defined using ¢; and ¢;. € is the relative
permitivity, which for unitless calculations is a metric for controlling the steepness

of the potential.

4.4.5 Tangney-Scandolo (TS) potential

The potential forms introduced to this point are highly generic, controlling the
fundamental network topology. In order to focus on a specific system, for example
silica, the next step in our escalating potential model is to use a higher level
potential, based on empirical data and parameterised for silica.

At this point, we need to look for potentials specific to the systems we are
modelling, in this case silica. As XRD data is limited for silica bilayers, we have
opted to use bulk silica as an approximation. We expect to see similar chemical
behaviour for our low dimensional systems. Using these potentials we negate surface
effects, assuming that full coordination within the structure is sufficient as a global
structure descriptor (i.e. fully coordinated oxygen atoms at the surface of the
bilayer are treated the same as oxygen atoms within a bulk silica structure).

There are a variety of empirical models for silica available; we have selected a
Tangney-Scandolo potential as the code for such a potential is easily obtainable,

and it has been used in previous work[67] to good effect.
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As a starting point, SiO, is best described as an ionic system. As with a
range of MO, structures, SiO, is correctly predicted by Paulings rules to have a
local metal ion coordination of 4, forming vertex sharing SiO, tetrahedra. SiO,
structures show strong short range ordering, forming recognisable vertex-sharing
SiO4 tetrahedra indicative of anion ordering. As such, the starting point for an
efficient computational model would describe the balance of interactions between
each pair of ions, accounting for the charges and other contributions to the
interactions. This balance of interactions can be reduced to an ‘effective pair

potential’, such as seen in the Fumi-Tosi potential.

& . Ci
U(rij) = % + Bije_a”r” - Z ifn(rij) (4451)
T'ij n=6,8,10 T

In this equation, U(r;;) denotes the interaction energy between two ions i and j,
as a function of the distance between the two species, 7;;. It is worth noting this is a
distance, rather than a vector, resulting in no angle dependence for the interactions,
as expected for an system with ionic interactions. The pure electrostatic energy is
given by the product of the charges, ); and ();, divided by the distance between them.
Short range interactions resulting from an effective ion size are accounted for by the
B;; and a;; terms, which produce a parameterised exponential decay of ion contact
force with r;;. Dispersion interactions are quantified by C%, and damped by f,,(r:;).

As more accurate structural information became available, parametrisation of
the effective pair potentials was favoured over ab initio methods, with parameters
refined against available structural data to create a wide range of pair potentials
specialised for different crystal structures.

Additional degrees of freedom can be attained by moving towards a Morse Stretch
form (Equation , which has more detailed terms with respect to describing

the pair potentials and was found to be more transferable between different phases.

Uy = Qi + D;; {e’ﬁj[lf(?“ij/r?j)] _ Qe’h‘j/?[l*(rz‘j/r%)]} (4.4.5.2)
Tij

In this equation, the parameters are as in the Fumi-Tosi potential, with the

additional terms D;;, the dissociation energy for interactions between ¢ and j, and

159
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qo -1.38257

qsi 2.76514
Do_o 2.4748 x 1074
Dsi o 1.9033 x 1073
Dg;_g; | —2.08460 x 1073

Yo-o0 12.07092
Ysi—0 11.15230
YSi—Si 10.45517
0 o 7.17005
% o 4.63710
9 o 5.75038

Table 4.1: Values for the Morse Stretch potential parameterised for silica, given in
a.u.(elementary charge, Hartrees, Hartrees per Bohr radius, and Bohr radii respectively
for this table)

7ij is the force constant at the minimum of the well. The parameterised values

for the TS potential are listed in Table 4.1} in atomic units.
Polarisability

Effective potentials can only go so far in describing covalent systems, in that they
are at their core ionic models which account for the size of the ions. Instead, to
accurately understand the more localised nature of charges, an additional degree
of freedom must be included. This is the polarisability of the atoms. We can
understand polarisability as the process by which charge is delocalised from the
atom centres, mimicking an electron cloud about a more ionic core. The simplest
perturbation is a dipole, implemented by separating two equal and opposite charges
on opposite ends of a fixed rod, centred on the atom and free to rotate in space.
This allows us to effectively model the fluctuations of dipoles on each atom, but
comes with computational complications. In order to conduct molecular dynamics
on the dipole, the rod must have a mass. This means that the energy effects of

the dipole can be broken down into three terms:

Edipole = Licharge—dipole + Edipolefdipole + EKE' (44‘53>

From these terms, Ecparge—dipole a0d Egipoie—dipole are physically realisable terms,

but Exg is a so called ’fake’ term, in that it has no physical equivalent. We
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have kinetic energy terms for these rods, which are not 'real’. Incorporating these
dipoles in the same way as other charges in the system can result in unphysical
phenomena, with transfer of kinetic energy from the ions to the to dipoles. As such,
the orientation of these dipoles are minimised independently of the system in
a incremental manner.

First, the ion positions and dipole values are fixed. Then, the dipoles are able
to vary, and their energy minimised by velocity quenching methods. The timestep
for this process is shorter than for the ion dynamics, as the masses involved are
significantly smaller, and so larger step sizes would not lead to effective minimisation.
Once dipoles have been minimised, they are frozen in space. The ions are then
released, with the dipoles treated as static. This process is repeated for each
molecular dynamic step, effectively separating the dipole and ion systems.

For our implementation of the Tangney-Scandolo potential, dipoles are induced

on oxygen atoms only, by electrostatic induction (Equation 4.4.5.4)) or short-range
forces (Equation [4.4.5.5).

P, = aE(r;) (4.4.5.4)
SR qj¥ij
P =) =2 fii(ra) (4.4.5.5)
J# i
Lok
Ji(riz) :C;;)We (4.4.5.6)

In Equation [4.4.5.4] « is the polarisability of the ion and E(r;) denotes the electric
field of particle ¢ at position r;j.

The short-range contribution in Equations [£.4.5.5] and [£.4.5.6] are derived from

Madden et al.[132], with r;; = r; —r;, f;; is a variation on a Tang-Toennies function,
with b and ¢ are parameters denoting the short range damping parameters and
amplitude of the short-range interaction respectively.

The total dipole moment on each ion is obtained by iteratively solving for
the dipoles to achieve self-consistency within the electric field, which includes

contributions from other dipoles and charges in the system.
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This process is described in with n as the iteration step, E"1(r;) is
an average of the electric field at the previous three steps, and includes both the
field from the ions and the surrounding dipoles.

This polarization scheme can never be perfectly converged, leading to oscillations

in energy, but at low temperature these become negligible.

P! = aE" (r;) + PJ* (4.4.5.7)

4.5 Implementation

Our aim over this work is to generate a broad range of diverse configurations, and by
treating these configurations as silica bilayer systems, to understand the feasibility
of a range of bilayer structures beyond the subset visualised by experimental
investigation. To this end, we have laid out a series of escalating potentials, to
scan across a broad range of configurations with the aim of gleaning sufficient
information from computationally ‘cheap’ calculations to predict the phase-space
behaviour of more computationally ‘expensive’ calculations. Figure [4.1| shows the
design of this process, indicating points at which we identify phase space to discard
before moving to the next higher level potential. This allows us to limit our use
of ‘expensive’ calculations to areas of the phase space we predict to be close to
energetic minimum, allowing us be selective in our higher level calculations and
better use our computational time.

In order to scan through a wide range of structures with simple potentials, we
needed a highly optimised means of calculating simple potentials. For this purpose,
we used LAMMPS (Large-scale Atomic/Molecular Massively Parallel Simulator).
LAMMPS allows for fast calculations, with a database of well optimised potentials,
and efficient use of neighbour lists for potentials which act within a cutoff radius.
Additional potentials can be added to the LAMMPS repositories, but for our
purposes the potentials provided were sufficient. Although LAMMPS comes with a
wide range of potentials, modifying them in a way which maintains their efficiency

is particularly difficult, and the lack of flexibility within the code (for instance, in
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(a)

(a) Structures gener-
ated by Monte Carlo
Methods with a range

of potential models (b) (C)

(d) Samples
analyses by
empirical
potentials

(b) Structures

with ring statistics
unattainable by given
physical system

(c) Energetically
inaccessible phase
space

Figure 4.1: Graphic to demonstrate our experimental design for a high throughput
approach, with areas where structures are discarded are labeled.

direct declaration of atom pairs, or in the memory usage of pair calculations) limits
our usage to lower level potentials. In addition, our approximations to the system
result in a high degree of connectivity, which is not well understood by LAMMPS
parallelisation algorithms. In particular, the OpenMP and CUDA implementations
of the code frequently give different results to single core versions. However, we
have mitigated these issues by consistently conducting only single core calculations.
In addition, the results of LAMMPS simulations are never taken in isolation, but
instead as the basis from which to run higher level potentials. A small sample set
was confirmed against our in-house code for silica systems, with only harmonic

bonds described, which returned similar results.
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50 5.1. Motivation

5.1 Motivation

In Chapter [2], I have discussed some of the history and nature of the structures of
interest for this work. For each of the atomic systems (namely graphitic systems,
boron nitride planar systems and silica bilayers), nodes and edges have definitive
definitions, and each have different building units, energetics and physical properties.
However, as described in Chapter [3, we can unite the disordered configurations
formed by these chemical systems under a common approach, namely network
theory, a branch of mathematics in which this diverse range of 2D and pseudo-2D
structures as a collection of nodes and edges.

Our implementation (Figure , Section relies on the generation of a wide
range of amorphised networks, with the aim of naturally covering a broad section
of the phase space by design of interatomic potentials.

In this chapter, I discuss the underlying basis for network generation of our three
atomic systems, alongside metrics to quantify their disorder. I have built on previous
work[133], [134] to establish a range of models to fit the structures of interest for
this work, which rely on a central network theory approach, adorned with different
chemically realisable atoms and potentials. This allows us to generate a diverse range

of structures with an understanding of their underlying network characteristics.



5. Network Generation 51

5.2 Periodic Monte Carlo Approach

As has been established in Chapter [3|, we can understand two-dimensional and
pseudo-two-dimensional system as networks of rings on a flat surface, made of
nodes and edges. We can then decorate these systems with atoms and provide
potentials to describe their interactions, approximating molecular systems at a low
level. Network Monte Carlo methods have a proven track record for generating
such structures, in particular for two-dimensional structures[57, [133-135].

Our methodology relies on a bond switching algorithm, starting from an ideal
crystal of tessellated hexagons, forming a network of nodes and edges as described in
Section [3.3] The connectivity of the structure is then modified using a 2D analogue
of the Wooten, Winer and Weaire (WWW) algorithm|136/138], a standard method
to generate 3D vitreous glasses.

These stepwise modifications amorphise the crystalline lattice, approximating a
continuous random network (CRN). The system is relaxed after each modification
using the steepest descent methods described in Section [£.3.4]

CRN models can accurately replicate a range of experimental observables, includ-
ing bond length and angle distributions, radial distribution functions, electronic band
gaps, and Raman spectra as applied to other systems such as three-dimensional
amorphous carbon, binary glasses, and biological polymers|91], |139-143]. The
stepwise WWW approach can be easily adapted for two- and pseudo two-dimensional
systems, as demonstrated in studies of amorphous graphene and silicon[57, |144]. In
two-dimensions, this method generates Stone-Wales|16] (5577) defects, as identified
in graphene and silica bilayer samples|20, |32, [62]. Introduction of a large number of

defects overlaps these (5577) defects, to allow a broader ring size distribution.

5.2.1 Cost Functions

Once we have amorphised a system from the crystalline state, we can then anneal it
using Monte Carlo methods, with the degree of disorder related to the Metropolis
criterion therein. The Metropolis criterion relies on a cost function, which although

usually energetic, can take other forms. Published methods[133] presented novel
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methods allowing for the control of the cost functions. By establishing target values
for the Aboav-Weaire parameter («, Section , the relative predominance of
each ring size (p,, Section and the second moment of the ring distribution (s,
Section , it is possible to ensure selective formation of structures possessing key

characteristics. The cost function derived from these metrics is given in Equation

with the Metropolis condition given by Equation [5.2.1.2]

X =k moda-—a« ’M ti +> [P = Pl . (5.2.1.1)

i neR Tl
P = min[l1,e X/, (5.2.1.2)

This method provides a way to explore specific areas of the phase space without
having to tune a range of potential parameters to arrive there in a more ‘natural’
manner. Using experimental values for o, p, and pus as targets, it is possible to
explore the phase space of structures which share these metrics, with the aim
of understanding why the experimental structures settle at these values. With
sufficient metrics included in this search, we would expect to narrow the phase
space of interest to better approximate the structure of the broader phase space
from which experimental snapshots are sampled. Using methods such as these
has enabled us to gain a better understanding of the physical manifestations of
these metrics, and glean some understanding of their limits beyond the snapshots
provided by experimental data.

There are however limitations to this approach. With insufficient target
metrics, we cannot be certain how closely the samples we generate reflect the
true experimental distribution. The values we set as targets are not directly
physically realisable traits, but rather more nuanced values with complicated inter-
dependencies. In addition, the energetics and physical structure of these systems
are more complicated than might be expected. Without potential models designed
to reflect the experimental systems, it becomes difficult to use internal energy as
a target value for the MC cost function. The result is structures which do not
necessarily reflect the physical constraints placed on the system by their chemistry,

such as distributions in bond lengths and angles.
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Although we do examine structures generated using this method later in this work

(Chapter 9), the majority of structures in this thesis are built from potential models.

5.2.2 Potential Models

The starting point for our work has focused on networks with low level potentials
parameterised loosely for graphene using a Keating potential, with the relative bond
and angle force constants determined experimentally[145]. By incorporating different
potential models and manners of adorning atoms to systems before amorphisation, I
have been able to provide an alternate approach, whereby the energy of the system
evaluated by the Monte Carlo simulations is tuned for a specific system, with the
alm of creating systems whose energetics and physical structures better reflect
different system types. The focus of this work has been silica bilayer systems, but I
also demonstrate in passing potential applicability for heteronuclear systems such
as boron nitride, and the option to apply higher level potential such as Tersoff
potentials, although implementation is somewhat contrived (Appendix .

The method I have developed relies on incorporating a third party API, namely
LAMMPSJ[146] (Large Atomic/Molecular Massive Parallel Simulations), which
offloads any energy and force calculations to external software, allowing a wide
range of user-defined potential models. The advantage of this method is that well
established LAMMPS potentials from literature can be easily incorporated, without
the requirements for low level changes to the code by the user.

As the focus of this method is control over how the system is adorned, rather
than over the network statistics (as was our focus in Equation , it is possible
to evaluate the same underlying dual network (Figure with different methods
for adorning it. Two examples of this process are shown in Figure , with (a)
representing a graphene system and (b) a triangle raft system, both built on
the same underlying network shown in Figure [5.1l This feature lends itself to
parallelisation, allowing for simultaneous evaluation of the same dual network using
different potential models. This process works on the basis that the systems have

the same underlying network structure, but will react differently to distortions to the
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(a) Atomic network (b) Ring network (c) Dual relationship

Figure 5.1: Panel (a) gives an example of a 3-coordinate periodic network with disordered
ring structure. Nodes and edges are shown, and the rings formed by their connections are
coloured by size. Panel (b) gives the corresponding ring network, with nodes representing
the centre of each ring and coloured by degree, and edges linking edge-sharing rings. Panel
(c) shows the dual relationship between the networks and its underlying ring connectivities.

underlying connectivity as a result of the potential models used. One structure type
must be selected as the directing structure, and all others follow its determinations.

As such, the algorithmic steps involved are:
1. A Stone-Wales defect into the structure is proposed

2. Energies are calculated for N parallel systems, each of which are adornments of

different potential models to the same proposed underlying network structure

3. The defect is accepted or rejected based on the energy of one potential model,

the ‘leading structure’

4. All N structures are updated dependent on the Metropolis condition of the

leading structure.
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(a) Graphitic System (b) Triangle Raft System

Figure 5.2: Panels (a) and (b) show two distinct ways of adorning the same network,
(a) with carbon atoms to form a graphitic net, and (b) with silicon and oxygen atoms to
form a triangle raft, analogous to silica bilayers

5.3 Potential Models
5.3.1 Graphene-like

Graphene is the simplest adornment to our network. Positioning a C atom at
each node, and defining each edge as a bond is sufficient to describe the system.
The potential used for the system is a simplified Keating potential, as described

in Chapter [l The potential is as follows:

U = Uy + Uy, (5.3.1.1)
where
1
Uij = ikr(rij — 1) (5.3.1.2)
and
1
Ui = 5kolcos(0ix) — cos(0o)]*. (5.3.1.3)

The bond force constant (k) is set at 0.800 units, and the angle force constant
(ko) at 0.200 units for this example. 6 is set at 120°, and ry at 1 unit. This
ensures a similar balance of potentials to experimental values, determined from
X-ray scattering to be ko/k, ~ 0.2[36] 148].

Under these conditions, we can calculate the isolated ring energies of ring sizes
4 > n > 12, based on the ideal internal angles of each ring size. This is provided

in Figure [5.3] compared against a loose fit of k(n — (n))?. We can see that the
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Figure 5.3: Isolated ring energy for ring size, n, resulting from the difference between

(n—2)m

the ideal Keating angle, 7/3, and the regular internal ring angle, *==

energy of an ideal hexagonal ring is 0, with the energetic cost of forming a ring size

n scaling roughly with (n — (n))?. Notably, n = 4 (square) rings show a significant

deviation from this trend, having a higher energetic cost.
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5.3.2 Boron Nitride layer-like

For our purposes, Boron Nitride (BN) sheets are structurally very similar to graphene
networks [149]. BN sheets, like graphene sheets, map a single atom to the site of each
network node, with the main difference being the identity of this atom; the binary
nature of BN necessitating an alternating arrangement of boron and nitride atoms.

In the absence of reliable scattering data for BN surfaces, we assume that there
is a similar balance of bond and angle forces to graphene, and so the same force
constants are used as a basis. In order to try to maintain a high degree of canonical
B-N bonding, it is important that the energy of homonuclear bonds (non-canonical)
are higher than that of heteronuclear bonds (canonical). In higher level potentials,
this would be accounted for by partial atomic charges, but as coulombic forces
act at significant range, truncating these effects complicate the model significantly,
putting it beyond the timescales required for a high throughput approach. In
addition, full charges cloud our initial potentials and so move us away from our
initial graphitic model assumption into a more unknown potential we have less
control over. Instead, I have opted to use a short range coulombic force, which
will only affect nearest neighbours, defined exclusively as bonded atom pairs. This
was accomplished by using a cut version of the coulombic potential (as described
in Section , with a cutoff distance of rgc, = 2rpy. This ensures that bonded
atoms will not be able to escape this repulsive force by escaping to r = rgeu. A
secondary effect of this method is that the bond lengths of homonuclear bonds are
lengthened slightly, as would be expected for weaker N-N and B-B interactions,
which is also an assumption in lower-level Tersoff potentials[150|.Incorporating only
repulsive, rather than attractive and repulsive forces as produced by a full coulombic
potential, significantly simplifies the computations involved.

To modulate the effect of this coulombic potential, five charges were selected,

between ¢ = 0.1 units to ¢ = 5.0 units.

U = Uy + Usjx + Ug, (5.3.2.1)
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where
1
Uij = ikr(rij - ?"0)27
1
Uijk — §k9[003(9ijk> — COS(H())P,
and

U — Z;—'Zj 7 < rge and i = j
70 > g or i

5.3. Potential Models

(5.3.2.2)

(5.3.2.3)

(5.3.2.4)

Where 7,7 represent the atomic species, with only boron-boron and nitrogen-

nitrogen interactions accounted for.

This approach can also be used more generally to simulate structures where even

ring sizes are experimentally favoured, such as aluminosilicate bilayers[151} |152].
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5.3.3 Approximations to Silica Bilayers - ‘Triangle Raft’
methods

‘Triangle Raft’ (TR) networks are a two-dimensional model of silica structures,
first construed by Shackelford and Brown in 1982[153] as a method for visualising
Zachariasen structures analogous to bubble rafts. As Zachariasen structures have
since been realised as analogous to graphene|5| and silica bilayer structures|21}, 154,

TR systems have also found use as a representation for these systems|134, |135].

(a) (8)

Figure 5.4: Triangle Raft representation (B) of a Zachariasen schematic (A), reproduced
from literature|153]

These networks rely on a 2D projection of the bilayer as its basis, resulting in
vertex sharing SiOj3 triangles, thus preserving the degree of freedom inherent in the
Si-O-Si linkage (See Figure . For our implementation, these triangles are more
than representations of known structures, they are used as a way to account for
the degree of freedom within our energetic and structural modelling of the system.
As such, we describe these triangles as being held together by harmonic bonds,
as shown in Figure These systems have been shown to produce structures
comparable to experimental structures[155].

As such, the ability to build systems on the basis of a triangle raft system
will hopefully open a better understanding of the energetics of silica bilayers
as a function of their ring structure, and move towards methods to build more

realistic bilayer structures.
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Figure 5.5: Graphic to show the potential model constructed for triangle raft units,
with silicon (Si) atoms in yellow and oxygen (O) atoms in red. Dashed O-O harmonic
bonds enforce the edges of the triangle, while Si-O dot-dashed harmonic bonds maintain
the Si atom position in the centre of the triangle, reproduced from|[155]

In order to better understand the bond potentials which produce results best
fitting experimental results, I have evaluated a range of repulsive parameters,
as laid out in Table (.11

The parameters selected seek understand the effect repulsive parameters play
on the structures formed. Sample 1 adopts a more flexible approach, allowing a
broader degree of flexibility based on previous work on high throughput processes
within the Wilson group, derived work on zeolite frameworks (Chapter [2)) which
describe repulsions between oxygen atoms as hard-shell with a radius of ~ 2.7A[90,
92]. While these methods preclude the need for Si-Si repulsive parameters, they
are included for completeness. Sample 2 is a modification to this approach, with
the aim of minimising the energy of the Si-O-Si angles at 180°, as used in previous
triangle raft generation methods|155]. Again, these methods should preclude the
need for O-O repulsions, but they are included for completeness.

Samples 3-6 seek to strike a balance between these approaches, with ry(SiSi) set
to maintain Si-O-Si angles at 180° where possible, while the repulsive r¢(OO) is
increased from 2.7A (the value taken for hard shell calculations) in increments of
0.1A. Sample 6 is a limiting case, where r4(QO0) is set to a greater value, significantly
increasing the energetic cost of forming rings n = 4 but not n > 4. The aim of this
sample is to understand the effect of applying pressure on the configuration to adopt
ring sizes larger than 4, increasing the relative predominance of ps at the cost of py.

The oxygen-oxygen repulsive parameters are visualised in Figure for ring
sizes n = 4,5,6. The successive coloured shells indicate the distance within which a

Lennard-Jones short range interaction is felt by the reference oxygen atom. The
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Figure 5.6: Graphic to show proposed ro(OO) values for 4,5,6 membered rings. As can
be seen, ro < 2.90A results in no energetic cost to forming regualr four membered rings.
ro < 3.97A has an energetic cost to forming four membered rings, but not five membered
rings
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Sample Teur (Si-Si) Teut (O-0O)
a.u. A | Reduced units | a.u. A | Reduced units

Sample 1 | 4.9624 | 2.63 0O 4.9624 | 2.63 00
Sample 2 | 5.7334 | 3.04 2rg:0 4.9624 | 2.63 roo
Sample 3 | 5.7334 | 3.04 2r's;0 5.1023 | 2.70 1.03ro0
Sample 4 | 5.7334 | 3.04 21 5,0 5.2912 | 2.80 1.07roo
Sample 5 | 5.7334 | 3.04 2rs5;0 5.4772 | 2.90 1.107rp0
Sample 6 | 5.7334 | 3.04 2rs;0 7.5050 | 3.97 1.51rpo0

Table 5.1: Simulation parameters used for our six samples, in terms of atomic units,
angstroms (A) and reduced units in terms of the harmonic oxygen-oxygen (roo =~ 2.63A)
and silicon-oxygen (rs;o ~ 1.52A) bond lengths. N.B. the literature rg;o in three
dimensions is ~ 1.609, but for two-dimensional simulations we use a projection of these
tetrahedral bond lengths onto the basal plane of the bilayer; roo is unchanged.

neighbouring atoms are shown in grey, as they are harmonically bonded to the
reference atom, they are exempt from short range forces. With a r.,; < 2.9A,
we can see that there is no energetic cost to forming an ideal four membered
ring. However, for r.,, = 3.97A, there is a direct energetic cost, which we would
expect to disfavour four membered rings. By comparison, in ordered five and six
membered rings a cutoff of 7.; = 3.97A does not impinge on the ideal cross-ring
oxygen oxygen displacements, and so we expect that this potential will not disfavour
five or six membered ring formation.

The range of allowed ring sizes was set at 4-12, slightly greater than the observed
experimental range (4 > n > 10). This is because we are interested in how the
parameters selected can affect the limits in ring sizes formed. We would expect that
a reliable potential would reproduce experimental systems without these constraints.

Figure visualised the energy cost of forming an isolated ring size n, assuming
ideal trigonal SiO3 units, with the energy calculated for the repulsive terms. We
can see that, for isolated regular polygons, Samples 2,3,4 and 5 give identical energy
profiles. Sample 1 shows no energy cost to form regular isolated rings of any size,
whereas Sample 5 has a strong energetic penalty for forming four membered rings.
It is worth noting, however, from these profiles that to maintain ideal trigonal units,
the bridging oxygen atoms must be distorted into or out from the ring, which is

expected to have significant effects on the surrounding rings.
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Figure 5.7: Isolated ring energy for ring size, n, assuming ideal bond lengths and
evaluating based on the repulsive terms only.

5.4 Computational Considerations
5.4.1 Computational time considerations

Calculations were conducted on 400 ring (800 node) and 1600 ring (3200 node)
systems, with the CPU time for a range of systems provided for reference in Table

5.2l Computationally, minimising triangle raft structures is significantly more

System System Size | Number of Atoms | CPU Time/100 Monte Carlo Steps
Graphene 400 rings 800 ~30 seconds
Graphene 1600 rings 3200 ~8() seconds
Triangle Raft | 400 rings 2000 ~ 100 seconds
Triangle Raft | 1600 rings 8000 ~200 seconds
Boron Nitride | 400 rings 800 ~50 seconds

Table 5.2: Computational Cost of potential models used as a function of potential model
and system size. Times derived for one thread of Intel E5-2698 CPU.

intensive than simpler systems, in part due to the addition of additional atoms,
but also due to the highly connected nature of the system. As might be expected,
Boron Nitride-like systems sit between triangle raft and simple graphene systems in

complexity, with the addition of coulombic terms increasing the computational load.
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Calculation times do not scale linearly with atom count with the LAMMPS

software due to fixed costs within the code.

5.4.2 Local vs Global Minimisation considerations

We also need to consider the effect of the additional degree of freedom in TR
system for our minimisation protocol. For previous work[124], minimisations have
been conducted locally (i.e. energy was evaluated only for atoms within a range
of 5 edge lengths from any introduced defect). This simplification was based on
investigations into graphene have shown that graphene is particularly capable of
absorbing the structural distortion of introducing a Stone-Wales (SW) defect in a
small local radius, significantly improving computational performance[35]. For our
TR models, we need to understand whether this assumption holds. To understand
the comparative behaviour of bilayer systems, we have evaluated the effect of a
single Stone Wales defect in an otherwise crystalline structure, and allowing the
system to minimise only within a local area. This was achieved by fixing the atom
coordinates of all atoms outside of radius r from the SW defect.

Images to show the effect of constraining the area over which the structure can
minimise are given in Figures [5.9 and [5.10] We can see that with our potentials,
both systems benefit from allowing a greater percentage of the system to relax.
However, there are distinct differences in the energy distributions around the defect
between these two potential models. For graphene, we see that energy decreases
regularly and radially from the defect; however, for our triangle raft systems, there is
a pronounced angular dependence. Looking closer, we can see that this is reflected in
percolating structural changes in the triangle raft system, in particular in the oxygen
atoms. Oxygen atoms move in a concerted manner, generating subtle structural
ripples which percolate through the entire cell. This is similar to the distortions
hypothesised for hexagonal networks[67, 87, but is more directed. Examining closely,
we can see that these structural distortions percolate across the periodic boundary.

The comparative effect on the energy as a function of the percentage of the unit

cell around the defect is presented in Figures and [5.10] These graphs present
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the percentage of the energy of the defect which remains after allowing a given
percentage of the periodic unit cell to relax. 100% is taken as the energy of the
system with only the atoms in rings directly involved in the SW defect to relax; 0%
is the energy once the whole periodic cell has been relaxed, giving a lower threshold
that any given defect can be minimised to using our potentials.

Comparing (a) and (b), using a graphene potential we can see that 99% of the
defect energy can be absorbed by allowing only a small fraction (< 0.05) of the
cell to relax. By contrast, a significantly higher fraction of the cell is needed to
accommodate 99% of the energy of a SW defect in a triangle raft system. We also
see an inflection point in the energy of the triangle raft system with about 82%
of the periodic cell allowed to relax; this corresponds to the radius at which the
local radius surrounding the defect within which atoms are free to minimise reaches
across the unit cell, allowing concerted structural changes which percolate across
the periodic boundary. The inflection indicates that allowing structural changes
to percolate across the periodic boundary is an important factor in minimising
the energy of the system. This comes at a significant computational cost, as we
must now simulate the dynamics of significantly more atoms; however, without
minimising across the entire cell after the introduction of each defect, we cannot

expect to get reliable energy values.

102 10?
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(a) Graphene potential model (b) Triangle raft potential model

Figure 5.8: Minimisation profile of a single defect in an otherwise crystalline hexagonal
network, using a graphene potential (a) and a triangle raft potential (b). The energy is
a presented as the percentage of the isolated defect energy which can be absorbed as a
function of the fraction of the cell which is allowed to react to the distortion.
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Figure 5.9: Per atoms energies for a graphene system, locally minimised at different radii about the single SW defect, allowing a given %
of atoms to relax
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Figure 5.10: Per atoms energies for a graphene system, locally minimised at different radii about the single SW defect, allowing a given %
of atoms to relax
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5.5 Metrics

A wide range of metrics are utilised to understand the effect of using different

potential models to shape the formation of amorphised networks.

5.5.1 Disorder as a function of Monte Carlo generation
‘temperature’

The ring structures produced by amorphisation at a given Monte Carlo ‘temperature’

are given in Figures [5.11}J5.12] and [5.13] We can see that raising the ‘Temperature’

allows for the formation of more disordered, less enthalpically favourable structures,
as would be expected and reflected in previous work[133]. From an experimental
standpoint, these graphics are similar to those understanding increasing disorder
at a crystalline-amorphous interface[61].

‘Temperature’ is a useful simulation parameter, but has limited use in under-
standing the nature of structures, and does not directly correlate to the structural
ring statistics due to higher level structural factors. However, it gives a qualitative
indication of the level of disorder present for an overview of the structures present.
It is a function of these structures forming with enthalpy as a target, rather than
a direct metric such as pg, that the results show a level of disorder at a given
‘temperature’. As such, rolling mean averages are used.

Figure |5.11] shows such a plot for a simple graphene system. We can see that
at low Monte Carlo ‘temperature’, the sample is crystalline (pg = 1), meaning
no dispersion in the size of the rings present. As we increase the generation
‘temperature’, we introduce disorder into the system, as pg decreases to ~ 0.2,
indicative of the introduction of more Stone-Wales (SW) defects, forming more
entropically but less enthalpically favourable structures. This process can be
decomposed into two regions: The first, 0.8 < pg < 1.0, where this disorder
is composed solely of n = 5,7 rings, and the second, 0.2 < ps < 0.8, where
n =4,8,9,10 rings are also adopted. We expect this to be a result of the higher
energetic costs of ring formation as we move away from n = 6. We can see that

even at low pg, the composition of large ring sizes (n > 10) is still very low.
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Figure 5.11: Plot to show the effect of Monte Carlo moves on a graphene network across
a range of ‘temperatures’ (1072% — 10%% units). Ring fractions are coloured by ring
size, with simulation values shown with scatter points and a rolling average plotted for
clarity.

Boron Nitride (BN) systems follow a similar pattern, with an increase in
‘temperature’ resulting in increased disorder. However, modulating the coulombic
repulsion has significant impact on the structure of these plots.

Increasing the localised atomic charges increases the MC temperature required
to introduce SW defects. This is because SW defects introduce a 5577 defect
into a previously crystalline 6666 arrangement. Whereas a crystalline system with
even rings can be arranged such that all bonds are canonical, introducing odd
membered rings as in a SW defect means that this is no longer possible, and so
each defect introduces non-canonical bonds.

If we examine the difference between BN ¢ = 0.1 units (a), which closely
resembles the graphene system (Figure [5.11]), and ¢ = 5.0 units (e), we can see that
changing ¢ also impacts the balance of ring populations at a given pg. In particular,
we can see the region in which the system is composed solely of five, six and seven

membered rings shrinks, with p, following ps and p; more closely with pg.
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Figure 5.12: Plot to show the effect of Monte Carlo moves on a BN network, with
atomic charges from 0.1 to 5.0 units, across a range of ‘temperatures’ commensurate
with displaying a range of ring statistics. Ring fractions are coloured by ring size, with

simulation values shown with scatter points and a rolling average plotted for clarity.

For the different triangle raft samples, we see very similar behaviours of p,, with

temperature. There are slight differences in the prevalence of crystalline structures,

and different pg limits found within the given temperature range.
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Figure 5.13: Plot to show the effect of Monte Carlo moves on different triangle raft
potential networks across a range of ‘temperatures’ (1072%0 — 10719 ynits). Ring
fractions are coloured by ring size, with simulation values shown with scatter points and
a rolling average plotted for clarity.

We can see that a narrower temperature range is required to explore the phase

space of triangle raft networks of 0.2 > pg > 1.0.
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5.5.2 Trends in ring composition with disorder

The Monte Carlo ‘temperature’ is metric used to indicate the level of disorder
introduced by Monte Carlo moves. However, it is an incomplete measure of the
structure of the system, and the differing nature of the systems explored mean
that our axes are scaled differently. This makes comparison difficult, and can cloud
the effects present. For our systems, pg is a far more identifiable metric. As such,
for comparisons between samples, I have visualised the proportion of p,.s against
ps, to evaluate how the ring structure evolves as a function of disorder. These
are visualised in Figures [5.14] and [5.16]

From these figures, we can get a qualitative understanding of the means by

which the structures distribute disorder through different ring sizes.
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Figure 5.14: Visualising the composition of rings sized n # 6 of a graphene network as
a function of pg

For our simple graphene system in Figure [5.14], we can see more clearly that

for 1.0 < pg < 0.8, disorder is composed only on 5- and 7- membered rings.
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Moving to lower pg, we can see that 8-membered rings are introduced before 4-
membered rings, likely as a result of the increased enthalpic cost of the internal
angles (Figure [5.3). Below pg = 0.5, the fraction of four membered rings increases
rapidly as the ring distribution flattens out, and seven and five membered rings
are replaced by four and n > 7 rings.

For our BN systems in Figure we can see that with low charges, the ring
distribution approximates to a graphene system. Increasing the charge acts to
reduce the range over which the system is composed of 5-, 6- and 7- membered
rings, introducing 4- and 8- membered rings such that system composition shows
more consistent trends with pg. Although 5- and 7- membered rings remain the
most common ring sizes, their relative predominance shrinks, with the enthalpic
terms favouring a higher proportion of even membered rings with canonical bonding,
shifting the balance between the higher bond angle energy term of forming more
strained rings (Figure and the lower coulombic cost of forming canonical

bonds in even membered rings.
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Figure 5.15: Visualising the composition of rings sized n # 6 of a BN network as a
function of pg and charge

Across our six potential models for bilayer silica, we see similar results, with little
noticeable change in the ring proportions in reaction to the changes in repulsive
terms. The greatest difference is within Sample 6, where the temperature range

used is not sufficient to access structures of pg < 0.26; however within the range
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Figure 5.16: Visualising the composition of rings sized n # 6 of a BN network as a
function of pg and LJ parameterisation

used it maps well onto the other structures.
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5.5.3 Comparisons to maximum entropy solutions

The generation of a structure using MC systems is a balance between the system
entropy and enthalpy. Changing the potentials applied alters this balance, introduc-
ing different enthalpy considerations which can bias the system from the highest
entropy solution. Comparison to the maximum entropy ring distribution, as defined
by a Lemaitre’s law (Section , gives an indication of the enthalpic effects on a

structure and how they may cause deviations from the maximum entropy solution.

—— Lemaitre's Law

0.2 0.4 0.6 0.8 1.0
Ps

Figure 5.17: Lemaitre’s law plot for a graphene system, comparing structures formed to
the maximum entropy solution, coloured by Monte Carlo generation ‘temperature’.

Our model of graphene follows the maximum entropy distribution closely (Figure
, whereas our BN (Figure and triangle raft (Figure systems
approximate to maximum entropy solutions at high and low pg, but deviate
significantly at intermediate pg. This makes our BN and triangle raft systems
notable, as Lemaitre’s law is generally well obeyed by CRN networks, and so
worth of further analysis.

BN structures show a charge dependent deviation from the maximum entropy
solution. At ¢ < 1.0 units, the ME solution well approximates the system; however

for ¢ > 1 units, the systems break from this trend, sitting at a higher variance.
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For ¢ = 1.0 units (Figure , we can see a stronger prevalence of even mem-
bered rings, especially apparent at higher pg, where we see four and eight membered
rings, not present in the ME solution. This indicates that our potential model
does bias the system towards more heteronuclear, canonical bonding. Similarly,
for our triangle raft systems (Figure , we can visualise the discrepancy from
the ME solution with a set of ring distributions. The difference at n > 6 tends to
slightly favour n =even rings, and larger rings than would be entropically expected.
Below n = 6, we see a stronger preference for n = 4 than the ME solution predicts.
We can rationalise this by considering the additional degree of freedom afforded

by the oxygen bridge between Si atoms.

5.5.4 Even and Odd ring distributions

Of particular note for our BN systems, we would like to have an understanding of
the ratio of even to odd rings. This is because in a BN system only even membered
rings can be composed of solely canonical bonds. The limits of these scenarios
would be a haekelite 5 — 7 system, with p,—cpen = 0, and a procrystal system, with
Pn—even. = 1. To this end, I have visualised the relative fractions of p,—cyen and
Pn=oda rings for all of the systems (pn—odd/Pn=ecven), as a function of pg. Visualising
the structures in this manner, we can evaluate the effectiveness of our BN systems
at biasing the system towards even ring sizes.

Figure shows the odd to even ratio for graphene systems. As would be
expected, our graphene-style potential follows the maximum entropy solution closely.
Starting at poga/Peven = 0 for a pg = 0 system, the fraction increases as 5 and 7
membered rings are introduced, and drops off at low pg as larger ring sizes become
more accessible, mirroring the ps and p; trends in Figure [5.14]

For our BN structures (Figure , we confirm the trend we noted in ¢ in
Section [5.5.2| with ¢, namely a notable difference between structures generated with
q < 1.0 units and those generated with ¢ > 0.1 units. For systems with ¢ < 1.0, we
can see that the systems largely follow the maximum entropy solution, with slight

deviation towards a lower p,—oqa/Pn=cven- Systems generated with ¢ > 1.0 sit at
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Figure 5.18: Lemaitre’s law plot for BN systems as a function of charge, comparing
structures formed to the maximum entropy solution

a lower p,—odda/Pn=cven, indicative of a higher even ring proportion. Interestingly,
moving from ¢ = 1.0 — ¢ = 5.0 has a minimal effect, especially compared to
moving from ¢ = 0.5 — ¢ = 1.0.

Figure shows two configurations for a BN potential at ¢ = 0.1 units (a)
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(a) Ring distribution for a ¢ = 1.0 unit BN system (b) Ring distribution for a ¢ = 1.0 unit BN system

at ps = 0.36 at pg = 0.4234
Difference in Ring Distributions : pg = 0.45 Difference in Ring Distributions : pg = 0.7
0.7
B Maximum Entropy B Maximum Entropy
BN g=1.0 BN g=1.0

0.6 4

0.5 4

0.4

0.3

0.2 4

0.1

0.0
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Figure 5.19: Ring distributions for a ¢ = 1.0 BN system, produced at pg =
0.36,0.4234,0.45,0.7

and ¢ = 5.0 units (b). We can see that while (b) is composed of more even
membered rings, its is visibly more strained, with the coulombic effect dominating
contributions to the enthalpic terms.

All triangle raft structures (Figure follow a similar trend, diverging from
the maximum entropy ratios fro 0.25 > ps < 1.0, likely mostly driven by the

divergence of p4, ps from their maximum entropy solutions as noted in Figure [5.21
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Figure 5.20: Plot to show the effect of Monte Carlo temperature on triangle raft networks
for samples 1 through 6

5.5.5 Assortativity as a function of disorder

Network metrics such as the degree assortativity are used to quantify the local

ordering of rings in a network. The metrics themselves are not directly realisable,
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Figure 5.21: Ring distributions for a ¢ = 1.0 BN system, produced at pg =
0.36,0.4234,0.45,0.7

but rather rely on evaluating the surroundings about each ring. As such, visualising
structures directly gives only a qualitative understanding of these metrics, meaning
justifying changes beyond broad arguments is difficult.

Figures [5.26], [5.27] and [5.28| present the network assortativity as a function of

ps. We can see that all of these networks are disassortative, with assortativity
values r lying between —0.35 < r < —0.10. The results in Figure [5.26] are similar to
literature results, which utilised similar bond switching Monte Carlo methods,
across slightly broader pg limits.

This work posited that this variation could be split into to regimes. At the

high pg limit, defects are effectively isolated, and r approximates to its value for an
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Figure 5.22: Even vs odd ring characteristics for a graphene-style potential
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Figure 5.23: Even vs odd ring characteristics for a BN potential at different values for ¢
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(a) BN ¢=0.1

(b) BN ¢ = 5.0

Figure 5.24: Different BN structures ¢ = 0.1 to ¢ = 5.0, at p ~ 0.6 (0.6125, 0.5975)

isolated defect, —%. Moving to low pg, the networks go through a "phase transition'

L
to truly amorphous networks. Both the graphene and BN systems show these
domains, with a minimum in r, and a high pg assortativity of r ~ —0.25. Increasing
q for the BN structures shifts the pg at which the gradient changes to a lower
value. In contrast, triangle raft systems generated by bond switching methods
deviate from this trend, returning a negative trend in assortativity with lower
ps- Unlike our graphene and BN systems, increasing the disorder in the network

increases the disassortativity across all pg, showing only one of the two regimes

present in the BN and graphene networks.
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Figure 5.25: Even vs odd ring characteristics for different triangle raft samples
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Figure 5.26: Assortativity across pg for a graphene system
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Figure 5.27: Assortativity for BN systems, given at different charges (¢ = 0.1, ¢ = 2.0
units)
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Figure 5.28: Assortativity for triangle raft structures (Sample 2, 6)

5.5.6 Energy as a function of disorder

The energy of the system is an interesting metric to understand the enthalpic
effects of each potential model. We can visualise the energy of the network, U,
as a function of pg or us, as in Figure [5.29

Taking graphene as an example, we can see that there is a non-linear correlation
with pg, which which it is difficult to pick out a quantifiable fit. However, visualising
against ps gives a good linear fit. This a novel finding, implying that the width
of the ring distribution can be related directly to the energy, U, of the system.
Our visualisation against pg gives us an energy against only variable, whereas s

has an additional level of detail. One possible interpretation of this result can be
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Figure 5.29: Graphene energy as a function of pg (a) and system variance (b), in
arbitrary units

derived from Figure [5.3] and our definition for o,
pa= > (n—16)p,. (5.5.6.1)
4<n<12
If we assume that the energy of a ring size n is independent of its surroundings, and
is proportional to (n — 6)? (which loosely fits our results in Figure [5.3), then
the energy becomes
U= Y €en—06)°p, = eus. (5.5.6.2)
4<n<12
The assumption of this approach, that the energy of a ring is independent of
its surroundings, is surprising, and there may be further refinement required to
this interpretation. It is particularly surprising in light of the differing values for
assortativity. It is worth noting that a potential of this form was introduced in by
Aste and Sherrington in 1999 to as a means of quantifying the enthalpy cost of
forming cells of a given shape, defined as the ‘topological distance’|156] E = o N.
This energy function was defined only ‘in the spirit of minimalism’, but has since
been used for later work on silica bilayers as an approximation to energy|[157].
This empirical relationship also applies to the BN (Figure and triangle
raft methods (Figure . However, the correlation appears weaker, and only
holds for BN up to u ~ 3, beyond which it breaks down. The gradient of these
functions varies with the potential model used, as shown in Table [5.3] We can

see that all the triangle raft samples behave similarly to graphene except sample
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Figure 5.30: Energy, U, of BN systems as a function of system variance. Energy is in
arbitrary units.

6, which has a significantly higher gradient. We can rationalise this by referring
back to Figure 5.7, which shows significantly a higher energy of formation for
four-membered rings. Given we have seen that our samples behave similarly with
respect to ring distributions, this higher gradient can be traced back to the higher
energy cost of forming the same proportion of four-membered rings as seen in the
other samples. The gradient of the BN systems sit above the graphene system, and
rise steeply with ¢, as might be expected from the formulation of the BN potential,
which is effectively a graphene potential with repulsive charges overlaid, and so

cannot reach lower energies than the graphene potential alone.
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Figure 5.31: Energy, U, of Triangle Raft systems as a function of system variance.
Energy is in arbitrary units.

5.5.7 Charge Based Interpretations

Work on large defects in triangle raft ring growth networks (Chapter ?7) has
drawn comparisons between how such networks accommodate large rings, and
similar profiles for charged fluids. As such, one potential avenue of research is
by understanding a system of rings as a charged fluid. Here, we have used our
significant structural database as a tool for evaluating the basis of this method;
using ring size as a approximation to particle charge.

An electrostatic approach comes with the advantage of using well defined, static
ring statistics, as each particle is assigned a charge at the start of the simulation,
and the system can thermalised and quenched to different temperatures to achieve
different levels of disorder. Alternatively, a switching method similar to that
discussed in this Chapter, based on charges rather than connectivity, could also be
applied. We learn from assortativity measurements that our the ring network node

degree is disassortative, meaning that the systems have a preference for surrounding
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System Gradient | 1?2

Graphene 0.0246 | 0.996
Triangle Raft Sample 1 | 0.0259 | 0.970
Triangle Raft Sample 2 | 0.02479 | 0.972
Triangle Raft Sample 3 | 0.0233 | 0.974
Triangle Raft Sample 4 | 0.0240 | 0.969
Triangle Raft Sample 5 | 0.0250 | 0.979
Triangle Raft Sample 6 | 0.0477 | 0.976
Boron Nitride ¢ = 0.10 | 0.0294 | 0.991
Boron Nitride ¢ = 0.50 | 0.0541 | 0.981
Boron Nitride ¢ = 1.00 | 0.0847 | 0.993
Boron Nitride ¢ = 2.00 | 0.2182 | 0.989
Boron Nitride ¢ = 5.00 1.0882 | 0.976

Table 5.3: Gradient of linear regression fit to U/per node (arbitrary units) as a function
of po, within the range ps < 3.0

large rings with small rings, and vice versa, which fits well with our understanding
of charged systems. For our work, the mean ring size is 6 (as determined by Euler’s
law, Section [3.2.2)), and so the charges we assign to rings are centred about this
value, in order to ensure the system is charge balanced. The charge of the particle
representing a ring of size n becomes ¢ = n — 6. Systems based on this construction
are charge balanced, and charges are said to sit at the centre of mass of each ring.
For our work, the sizes of the particles used is less important, as they will largely
affect dynamics; we are interested more in understanding the stability of charged
systems based on our structures of known disorder and energy, with the assumption
that for the structures from our database, the particle overlap is zero.

The enthalpies of such systems are complicated by the nature of ring-ring
interactions. As our systems rely on introducing defects into systems, each step of
our simulations maintain charge balancing but do not maintain the ring distribution.
Comparing between ring distributions, we can see that there is a strong correlation
between system po and electrostatic energy, mirroring that of the harmonic systems
(Section [5.5.6)).

We expect a general negative trend with energy when we introduce charges
into the system. This is because each SW defect introduced charges four particles

(Figure [5.32). As such, if we examine the interaction between these new charges,
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we see two repulsive like-charge interactions and four attractive unlike-charge
interactions (Figure . In addition, the repulsive interactions act at greater
distances, resulting in a significant energy decrease with each defect introduced.
The effect of this decrease should be predictable towards the crystalline limit, with
isolated defects having a reliable energy. However, as noted in Section [5.4.2] the
minimisation dynamics differ between graphene and triangle raft models, resulting

in differences between the energy introduced per defect in each potential model.

q=0
q=+1
q=-1

Figure 5.32: Graphic to show the effect of introducing a Stone Wales defect into a ideal
hexagonal system on our charged approximation.

Figure 5.33: Graphic to show the effect of introducing a Stone Wales defect into a ideal
hexagonal system on our charged approximation, with favourable electrostatic interactions
shown in green, and unfavourable in red.

An notable result is the strong correlation of this energy with sample variance
(Figure , which shows strong similarities to Figures and (reproduced
with a line of best fit in Figure . In particular, it is surprising that the energy
is independent of assortativity, which varies significantly with ps. We can assume
that the correlation follows the empirical Equation [5.5.6.1], although there is no
ab initio reason why this may be. Electrostatic energies show a good correlation
with the harmonic energy (Figure , indicating that this approach has promise

as an alternative method for modelling disordered ring networks.
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A complete electrostatic model would need further method development, in
particular surrounding particle size effects, and efforts to reconstruct a network
from charged particle positions. As such, for our systems, the electrostatic-only
equivalent systems are generated and evaluated, with an understanding that this

would be only one part of a more complicated potential model for such systems.
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5.6 Comparison to experimental silica bilayer
structures

Its has been shown that triangle raft methods can approximate the ring structures
seen in amorphised silica systems[134], [158]. Using a range of parameters, we have
been able to generate samples which resemble experimental structures.

The seven samples we will be using for comparison are seen in Table with
summaries of their ring and network statistics. These experimental ring distributions
are derived from experimental images, as referenced in the table. As direct imaging
give refined silicon atom positions, connectivity is inferred from nearest-neighbour
relations, from which a network can be established. However, this is an intensive
process, and has high resolution requirements for the experimental data. As such,
we have fewer amorphous samples, and they encompass lower areas than crystalline
samples, which are easier to identify at lower resolution because of their higher
symmetry. This limits the extent to which we can rigorously test our models.
In particular, the samples collected often do not conform to our mean ring size
expectations, (n) = 6. This is a result of the limited size of our samples, and can
complicate our comparisons as the samples cannot be said to be ‘complete’. The
ring statistics of the experimental samples are compared to the maximum entropy
distributions directly in Figure [5.37] at the pg value of the experimental sample.

As each sample is unique, it is difficult to determine overarching trends from
ring distributions alone. We can, however, see two general trends across these
samples. The first is that there are discrepancies between the maximum entropy
solution, and the second is that there are consistently more 4-membered rings
than would be expected from the maximum entropy solution. We can investigate
general differences between the samples and the maximum entropy distribution
using Lemaitre’s law, as in Figure [5.38|

All of the experimental samples sit above the Lemaitre’s law curve, with the
extent to which they deviate varying significantly between samples. Comparing

to our triangle raft simulation results (Figure |5.38b]), we can see that some of the
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Figure 5.37: Comparison of experimental samples (a-g) to maximum entropy solutions

5.6. Comparison to experimental silica bilayer structures
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Figure 5.38: Experimental samples compared to Lemaitre’s law, with triangle raft
simulations provided for comparison

experimental results fit well within the range of our simulations, with others sitting
between the maximum entropy curve and our triangle raft simulations.

Having identified the relative predominance of 4-membered rings as a key
difference between our experimental samples and the maximum entropy distributions,
we need to find a metric to quantify this. At a given pg, 2ps + ps must be constant,
in order to maintain the mean ring size, (n) = 6. As such, we can visualise
p4/ps as a metric to understand the relative predominance of 4 relative to 5
membered rings. Figure [5.39 shows that all experimental samples have a higher
proportion of 4-membered rings than the maximum entropy solution, as expected
from the ring statistics in Figure [5.38] Our simulation results in (b) show an even
greater proportion of 4-membered rings, with one experimental sample (Sample
d) within the range, and all others lying between the maximum entropy solution
and our triangle raft methods.

This indicates potential for our models as predictors for experimental results. In
particular, adding the additional degree of freedom on moving from a triangle raft
structure to simulating a full bilayer may further refine our models towards experi-
mental results, although such simulations are significantly more computationally

demanding, and so are beyond the scope of this work.
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Figure 5.39: Relative predominance of 4 compared to 5 membered rings, with simulation
results for comparison

Previous work[124] has shown that, for ring growth methods, triangle raft
networks systems well approximated the Aboav-Weaire parameters for experimental
structures, and provide similar ring statistics. However, the formation mechanism
of formation for ring growth systems in previous work is significantly different
from the methods discussed above, reliant on a non-equilibrium MC simulation
with local energy minimisation, as compared to our equilibrium MC with global
energy minimisation. Figure shows Aboav-Weaire coefficients for all triangle
raft networks, showing values lower than expected from ring growth methods and
experimental results, but in line with other simulations[154]. This is an indication
our simulations result in too little structural ordering, which is an interesting
investigation for future work. As noted in [124], increasing the bond force constant
increases the disassortativity of the network. It is likely that the difference in our
simulation is that our potential model relies on 12 — 6 Lennard-Jones repulsive
terms, whereas previous work[134] has used steeper 24 — 12 repulsive terms, which
are not readily available in LAMMPS. Whilst for the Keating potential investigated
in [124] allows for clear delineation of the angle and bond force constants, triangle
raft methods operate by a different mechanism, with both angle and bond length
constraints imposed by a combination of the rigid triangle rafts and the short
range repulsive terms. As such, changing the short range repulsive potential has an

unknown effect on the balance of angle and bond potentials. Scaling the repulsive
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terms to better resemble the stiffer 24 — 12 terms would likely have the effect of

bringing increasing the disassortativity within the experimental range, but further

parameter testing in this vein is beyond the scope of this thesis.
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5.7 Conclusions

We have established three models for potential energy for work in this thesis, and
matched them to physical systems. For each, we have evaluated their computational
tractability and adapted our approach accordingly, minimising across the whole
periodic cell system. Using these potentials, we have generated systems across
a range of disorder, from 0.2 < pg < 1.0, and analysed the resulting structures.
The metrics we have used include standard measurements of maximum entropy
distributions and local ordering parameters, alongside system-specific metrics to
understand in more detail the effect of our potentials on the systems they generate.
We have demonstrated capability of biasing systems (e.g. BN) towards a lower
proportion of odd membered rings, and noted that triangle raft networks exhibit
a noticeable bias towards even membered rings, likely as a result of the bridging
oxygen atoms. Evaluating the energy of our systems showed good linear correlation
with the ring distribution variance, s, for all systems (within the range 0 < ps < 3).
A novel interpretation of the system, which understands the systems of rings as a
charged fluid, has been proposed, with single point energy calculations conducted
on the basis of ions sited at the centre of mass of each ring, with charge equal to
q = (n — (n)). The energies produced also form a strong linear correlation with ps.

Finally, we have made explicit comparison of our amorphous triangle raft systems
to experimental silica bilayer distributions, noting that experimental samples tend
to sit above the Lemaitre curve, in part as a result of a greater proportion of
4-membered rings. The triangle raft systems show similar trends, however the

assortativities are lower than expected.
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6.1 Motivation

The networks generated as described in Chapter [5| have a myriad of potential uses
for modelling physically realisable networks. An example of such a network is the
cell structure of the corneal endothelium, a collagen network in the eye. These
biological networks are important in understanding and predicting the changes
in the networks in the eye with various external factors (diabetes, age, contact
lens use), to determine their influences on eye health. The metrics generated from
the experimental data were evaluated, and comparable metrics are collected from

our networks to compare with experimental data.

6.2 The network structure of the corneal endothe-
lium

99
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ABSTRACT

A generic network model is applied to study the structure of the mammalian corneal endothelium. The model has been shown to reproduce
the network properties of a wide range of systems, from low-dimensional inorganic glasses to colloidal nanoparticles deposited on a surface.
Available extensive experimental microscopy results are analyzed and combined to highlight the behavior of two key metrics, the fraction of
hexagonal rings (p,) and the coefficient of variation of the area. Their behavior is analyzed as a function of patient age, the onset of diabetes,
and contact lens wearing status. Wearing contact lenses for ~10 years is shown to change the endothelium structure by the equivalent of
~30 years contact lens-free. Model network configurations are obtained using a Monte Carlo bond-switching algorithm, with the resulting
topologies controlled by two potential model parameters (the bond and angular force constants) and the Monte Carlo temperature. The effect
of systematically varying these parameters is investigated. In addition, the effect of constraining the ring size distribution is investigated. The
networks generated with relatively weak bond force constants are shown to correlate best with the experimental information. The importance

of extracting the full ring size distribution (rather than simply the fraction of hexagons) is discussed.
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I. INTRODUCTION

The cornea is a transparent avascular membrane comprised
mainly of collagen molecules which form the anterior section of
the eye."” The membrane forms a crucial barrier to both infection
and structural damage and is constructed from five distinct lay-
ers. In this paper, we are concerned with one of these layers, the
corneal endothelium, which can be readily imaged and which adopts
a honeycomb-like structure. Such structures are common across a
range of systems, from the atomic level of ultra-thin materials’ >
through colloids,”” foams,”” and epithelial cells,'”'" all the way
to geological rock formations.'” The maturing of network science
as a field has led to new ways of thinking about and quantifying
complex networks,'* driven largely by interest in abstract networks
such as the internet or social media.*'"” The corneal endothelium
is potentially another example of such a network. At a fundamen-
tal level, the endothelium structures (as well as those systems listed
above) appear to map onto a percolating network of rings or, equiv-
alently, to an array of connected nodes, and hence they are governed
by the same fundamental laws. For the percolating ring network
description, for example, the structure can be characterized (at one
level) by determining the number of rings of different sizes, where
the ring size corresponds to the number of edges in each ring. In

addition, the areas of the rings can be measured, and their deviation
from ideal regular polygons can be quantified, for example, by deter-
mining the coefficient of variation (CV) of the area. Experimental
evidence suggests that the structure of the corneal endothelium is
affected not only by aging'®”° but also by other factors, such as
the onset of diabetes,”” *” smoking status,’" or the prolonged wear-
ing of contact lenses.”” > The most common network properties,
which are tracked experimentally, are the cell density, the distribu-
tion of ring sizes (cellular polymegethism), and the distribution of
the areas of those rings, in particular distortions away from their
ideal (symmetric) shapes (cellular pleomorphism). These systems
may show additional structural complexity. The rings in a given ring
size distribution may be arranged in an effectively infinite number of
ways. For chemical systems, it is intuitive that some configurations
would be expected to be energetically favorable. For example, at the
nearest-neighbor length scale, it is reasonable to assume that large
rings will tend to be located next to small rings. It is also likely that
structural ordering may persist beyond the nearest-neighbor length
scale.

In this paper, we aim to make connections between the exper-
imental information available for the corneal endothelium struc-
ture and network theory to demonstrate how better to quantify
their structure, thus allowing connections to be made to a wide
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range of related systems. The connections made may help ratio-
nalize some experimental observations, for example, by quantifying
how corneal damage from non-aging mechanisms correlates with
that resulting from aging alone. In addition, the construction of
model networks allows insight into any ordering of the rings, which
may be quantified again by reference to network theory using
assortativity,”*

The outline for this paper is as follows: In Sec. II, the back-
ground to the required network theory is summarized. In Sec. I11, the
methods used will be discussed. Section [V will contain the results,
dividing into the analysis of the experimental information, the con-
struction and analysis of model networks, and finally a discussion of
the links between the two. Finally, conclusions will be drawn.

Il. BACKGROUND

The network topology is described by Euler’s formula, N + V
— E =y, where N, V, and E are the number of rings, vertices, and
edges, and y is the so-called Euler characteristic, which depends on
the global topology of the system. Consider a network constructed
from nodes with a range of coordination numbers, ¢, with the frac-
tion of each given by x.. As a result, the mean coordination number

is (c) = ¥ cxc. The number of edges is then E = %(c) and the mean
y

% {(c). Euler’s formula may then be rewritten as

ring size is (k) =

(k) = ——=——N2 (1)

As a result, for (c) =3 (nodes of degree three) and y = 0 (corre-
sponding to an infinite plane), the mean ring size, (k) = 6.

The next level of available information is given by the ring
size distribution, p, (the distribution of different ring sizes in a
given network). Lemaitre et al. demonstrated how many three-
coordinate networks can be described by a maximum entropy distri-
bution.”” In summary, the entropy of the probability distribution is
S=->ip.logp,, and the system is subject to three constraints;
Ypk =1, pkpy = (k), and ¥, B = constant. The first two con-
straints correspond to the distribution being normalized and the
requirement of a fixed mean ring size. The third constraint is a lit-
tle more mysterious and was originally justified by the ring areas,
although it can be fully justified by considering the ring adjacen-
cies.”” As a result, the distribution can be summarized through
the variance, u, = (k*) - (k)°, and the plot of y, vs p, is known as
Lemaitre’s law.

For a more constrained system of three types of rings,
k={5,6,and 7} only, the constraint that (k) =6 requires that
Ps = p;» and so,

7 7 2 g
U2 = Zkzpk—{kak} = Zkzpk—36
k=5 k=5 k=5
= 5°ps +67pe + 7°p7 — 36 = 74ps + 36ps — 36. )

The distribution given by p, is normalized such that p; + p, + p, = 1,
and so 2p. = 1 - p,. As a result,

y2:37(1—p6)+36p6—36: 1_}76- (3)

ARTICLE scitation.org/journalljcp

In this case, therefore, the Lemaitre curve is simply linear at p,, and
a single measurement of p, fully defines the ring size distribution,
including the precise number of 5- and 7-membered rings.

For a less constrained distribution, in which both smaller and
larger rings are permitted, 4, may become larger and depend on p in
a non-linear fashion. Again, however, if the ring sizes follow a maxi-
mum entropy distribution, then measuring p, alone still fully defines
the fractions of the remaining ring sizes, p,/ (k' # 6). Configurations
that do not sit on the Lemaitre curve may do so either because of a
finite system size effect or because the ring size distribution does not
reflect the maximum entropy solution (i.e., enthalpic effects are sig-
nificant). It is worth noting that not all ring size distributions fit on
this curve. The most obvious examples are (ordered) crystalline net-
works, such as the complete tiling of space by {4-, 8—}membered or
{3—,12—}membered rings, respectively (see Ref. 41 and references
therein). Recent work has shown how so-called procrystalline struc-
tures, in which sites on an ordered lattice are linked by a disordered
array of bonds, may also “violate” Lemaitre’s law."

The ring size distribution does, however, give an incomplete
picture of the overall network structure. The rings in a given distri-
bution may be arranged in an arbitrarily (infinite) number of ways.
It is, however, physically reasonable to assume that some configu-
rations will be energetically favored over others. For example, large
rings should tend to be nearest-neighbors to small rings. For sys-
tems with chemical bonds, the background to this behavior is clear,
as the relatively obtuse bond angles associated with larger rings need
to be “offset” by the more acute angles associated with smaller rings
in order to avoid significantly strained bonds and/or angles. The
magnitude of any such nearest-neighbor ordering can be quantified.
Historically, the mean ring size around a given ring was determined,
leading to the Aboav-Weaire law.””** In that case, the degree of
association is characterized by a single parameter (usually given the
symbol «). However, the limits of this parameter are unclear, and
obtaining it requires a linear fit (which may not be appropriate)
and is heavily dependent upon (potentially small numbers) of small
and/or large rings.* Furthermore, the parameter is not zero for a
totally disordered network. An alternative metric is the assortativity,
r, commonly employed in network theory and which has clear limits
(of £1), a value of r = -1 corresponding, for example, to a fully dis-
assortative network.”® In the present work, we shall refer exclusively
to assortativity.

1. METHODS

The chosen method for generating randomized ring size distri-
butions is via a bond-switching algorithm, a Monte Carlo stochastic
sampling approach originally developed by Wooten, Winer, and
Weaire to generate models for silica glass in three dimensions.*
Analogous approaches have been employed for 3-coordinate and, in
one instance, 4-coordinate planar atomic systems. 4% In the present
work, the starting configuration is an ideal hexagonal net (equivalent
to a graphene sheet or a honeycomb). To amorphize the network,
links between neighboring nodes are switched, and the change in
potential energy of the system is calculated. The potential energy
is a relatively simple function of the atom positions. Incorporating
switches, which reduce the network potential energy with greater
probability, biases the search toward low-energy networks. The orig-
inal hexagonal lattice is thermalized using a large number of random
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bond switches to generate a random network with high energy that
has no “memory” of the original ordered lattice. The system is then
annealed at a finite temperature, T, by accepting moves according to
the Metropolis criterion,*’

P= min[l,eiAU/kBT]. 4)

AU is the change in energy resulting from the proposed move.
The net effect will be to accept more moves, which reduce the
system energy and hence generate a physically acceptable network
structure.

The bond-switching move (known as a T1 switch” or, more
recently, as a Stone-Wales defect’’) augments the ring size of two
rings and decrements two others, preserving the mean ring size.

The system energy is determined using a specified potential
model; here, a simplified two-dimensional version of the Keating
potential®® augmented with a restricted bending (ReB) potential®
of the form

v- p Mok, s

i,jebonds ij,keangles

50

kg(COS 0, — cos 60)2
f(0i)

where 7 is the equilibrium separation between neighboring nodes
and 6y is the equilibrium angle between pairs of neighboring nodes,
and k, and kg are the respective bond and angle force constants,
which control the relative magnitudes of the bond length and angu-
lar components of the total potential energy. The equilibrium bond
length was set equal for all interaction types, and the equilibrium
angles were set to 271/3 radians, appropriate for the three-coordinate
nodes. The function f (G,jk) = 2sin? 0, for the ReB potential [setting

f (Gijk) = 1 recovers the simplified Keating potential]. The ReB angle
potential maintains ring convexity. The addition of the sine term
in the denominator causes the potential to diverge as bond angles
approach linearity and so prevents the bond pairs from “inverting.”
The rationale for choosing the relatively simple potential of this form
is that a key aim is to obtain results for generic systems that cap-
ture the essential physics while remaining computationally tractable
to allow a high-throughput approach. The simplicity of the chosen
potential model means that the network topology and the shape
of the contributing rings are controlled by just three parameters,
the bond length and angle force constants (k, and kg, respectively),
and the system temperature, T. In fact, the system is further con-
strained in the sense that the energy scale imposed by the choice
of force constants is linked to the available thermal energy. Put
simply, increasing the force constants can be “offset” by increas-
ing the temperature. As a result, the key network properties can
be systematically varied by varying, say, k;, the ratio kg/k, and T.
The expectation would be that varying the ratio kg/k, could help
transform the system from one, which is more like atomic material
(i.e., length dominated) to a foam (angle dominated). For exam-
ple, Wooten et al. suggested values for kg/k, of 0.2°* and 0.285,*
respectively, to study amorphous Si and Ge while Martin investi-
gated the properties of a range of ZnS structure semiconductors,
using kg/kr = 0.294-0.079,”> and Kumar et al. modeled amorphous
graphene with kg/k. = 0.2.°° k; and kj are systematically varied with
k = {0.010.10.2,0.4,0.6,0.8,1.0} and kg = {0.1,0.15,0.2,0.25,0.3}.
As an additional control, the range of rings “allowed” to form is
varied, with three systems considered. In the first, the ring sizes are

)
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unconstrained, while in the other two, the ring sizes are constrained
to be between 5- and 7-membered and 4- and 8-membered (termed
{567} and {45678}, respectively).

IV. RESULTS

A key motivation in the present work is an attempt to link state-
of-the-art models and techniques to existing experimental results.
As a result, Sec. IV A will present a survey of the available exper-
imental data, focusing on the key extracted topological parameters
and highlighting any possible trends. Section IV B will focus on
the simulation model results and how these may relate back to the
experimental data.

A. Interpretation of the experimental data

The most common experimental data presented are in the form
of the fraction of hexagons, p,, less commonly given with a more
complete analysis of the ring size distribution, the ring areas, and
the coefficient of variation (CV) of the area, CV = 04 /A, where o4
and A are the standard deviation and mean area, respectively.

1. Trends in pg

Figure 1(a) shows a schematic to highlight the range of p values
obtained from the experiment. The data are subdivided into those
obtained as a function of patient age,“”l(’ contact lens usage,tus
onset of diabetes,”’ " and “other” [here, covering smoking behav-
ior, non-human species (here, dogs, rabbits, and mice), and the
behavior of transplanted tissue’>"""" °']. A large spread of p, val-
ues is obtained, ranging from p, ~ 0.36-0.88. The most significant
factor affecting p, appears to be aging (ps ~ 0.39-0.88). The wear-
ing of contact lenses and diabetes show a similar, but smaller, range
(pg ~ 0.54-0.71 and p, ~ 0.52-0.68, respectively). The points labeled
“other” cover the range p¢ ~ 0.36-0.83.

As discussed in the introduction, a range of different sys-
tems show this type of ring structure and display different ranges
of values for p,."” For example, colloidal nanoparticles distributed
on a surface show p, ~ 0.35-0.69 depending on the packing frac-
tion, while thin layers of silica and graphene show p, ~ 0.42-0.46
and ~ 0.55-0.95, respectively. For reference, the Poisson-Voronoi
limit, which corresponds to a random distribution of points on a
surface (or, equivalently, the limit as the packing fraction of the
colloids on a surface tends to zero), corresponds to p, ~ 0.295.
Even more extreme distributions can be obtained by consider-
ing, for example, geographical entities, such as county boundaries
of political constituencies, which show relatively low values of p,
(pg ~ 0.21-0.28)." Figure 1(b) shows the spread of experimentally
determined p, values on a Lemaitre curve (a plot of the standard
deviation of the ring size distribution, u,, against p,) assuming the
presence of 5-, 6-, and 7-membered rings only (which, recall from
Sec. 11, imposes a linear relationship of 4, = 1 - p,). The figure also
shows the ideal Lemaitre curve obtained from the maximum entropy
solution for an unconstrained ring size distribution. The ideal curve
is linear for p, 2 0.6, for which the networks are dominated by
5-, 6-, and 7-membered rings only. The curve deviates from lin-
earity for p, < 0.6, as the networks contain a broader range of ring
sizes.

Experimental data obtained as a function of patient age are
shown in Fig. 2(a). The data are subdivided by the nation of
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FIG. 1. Alternative views of the experimental observations of the fraction of hexagons, pg, in the corneal endothelium. In panel (a), the data are subdivided in terms of
patient age (), contact lens wearing (o), diabetic status (A ) and “other” (O0)—see text. The four divisions are offset along the ordinate axis for clarity. In panel (b), the
same data are shown on a Lemaitre curve showing the variance, 1,, assuming a constrained system containing only 5-, 6-, and 7-membered rings (giving u, = 1 — pg).
The dashed line shows the maximum entropy solution, assuming an unconstrained ring size distribution. The respective references are shown in the legend and apply to

both panels.

origin of the patient, with the published standard deviations shown
as error bars.'”***>%>’ In the majority of cases, the fraction of six-
membered rings decreases as a function of time (and this is the
over-arching trend in all cases). The aging of the network appears
to be correlated with its degradation away from an ideal hexagonal
network. The figure also highlights the mean average curve, calcu-
lated as a simple unweighted average of all the data shown. The mean
shows a steady decline in p, to t ~ 35 years, followed by a leveling
off. One possibility is that this corresponds to the value of p¢ below
which rings of sizes other than 5-, 6-, and 7-membered are required
[which would correspond to the value at which the Lemaitre curve
shown in Fig. 1(b) deviates from the linear constrained maximum
entropy solution].

Figure 2(b) shows additional data to that shown in panel (a)
obtained for mice over their lifespan.”? In order to allow comparison
with the data obtained for humans, the abscissa are normalized by
the approximate lifespans (taken as fjifespan ~ 80 years for humans
and ~2.5 years for mice, respectively). The data obtained from mice
show a reduction in p, at long times (t/tjfespan % 0.1) but show a
rise at short times, corresponding to the continued eye development
in mice post partum. The implication is that the networks degrade
relatively little over the lifespan of the animal, and the rate of change
is related to the animal lifespan (and hence metabolic rate).

Figure 2(c) shows the result of an attempt to generate a
“universal” curve for the change in p, with age. Each experimental
data are normalized such that p, = 1 att — 0, corresponding to start-
ing from an ideal hexagonal net. p, shows a near-linear decrease to a
reduced age of t,,4 ~ 0.4 (corresponding to t ~ 32 years in humans)
with a gradient dp/dt ~ —0.0046 year™. Beyond this age, some
groups show a further (slower) decrease in p, while others appear
to have reached a limiting value.

In addition to the passage of time, external factors such as con-
tact lens wearing, smoking status, or the onset of diabetes may affect

cornea endothelium structure. Figure 3(a), for example, shows the
mean average temporal behavior of p, on aging [from Fig. 2(a)]
compared to two studies in which the effect of contact lens wear-
ing is investigated. " In both cases, the fraction of hexagonal cells is
determined as a function of the period for which the lenses have been
worn. Lee et al.*® studied the effect of wearing soft contact lenses in
the age group ¢ ~ 25-31 years with between zero and At ~ 14 years
of continual wear, while Chang et al.’” considered a group in the
age range f ~ 23.6-27.0 years with between zero and 8.3 years wear.
In both cases, the fraction of hexagons appears to decrease signif-
icantly over a ten year time-scale. For context, Fig. 3(b) shows the
same data displaced along the time axis by the mean age of the par-
ticipants and compared to the mean average behavior of the aging
data from Fig. 2(a). It is clear that the fraction of six-membered
rings falls more rapidly for contact lens wearers when compared with
the aging process alone. To quantify the effect, a simple linear fit
to the whole datasets produces rates of change of dp,/dt = —0.0113
and —0.0152 year™" for the data of Lee et al.’* and Chang et al.,*
respectively, compared with dp,/dt = —0.0046 year™ for the aging
process (see above). The endothelium network also appears more
disordered as a result of contact lens wearing in older patients.
Figure 3(b) shows the data of Nieuwendaal et al.,** who report a
change from p, ~0.68 + 0.06 to ~ 0.56 + 0.07 for humans in the
age range ~41-42 years. Figure 3 also shows data from Bourne
et al,”"" who studied changes in the endothelium morphology
in transplanted corneas up to ~20 years post-surgery. The rate of
change is dp,/dt = -0.0081 year™, comparable to the effect of con-
tact lens wearing and significantly higher than that attributable to
aging alone. Overall, therefore, wearing contact lenses for ten years
appears to lead to an equivalent change in the corneal endothe-
lium structure of ~30 years by aging alone. Similarly, the trans-
planted corneas age the equivalent of ~20 years over the ten-year
timescale.
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FIG. 2. Experimental data showing the change in the fraction of hexagons, pg, with patient age. In panel (a), the data are shown for human subjects. The thick magenta line
shows the mean average behavior. In panel (b), the human patient data are shown as a function of a reduced time obtained by dividing by a typical life expectancy (here,
fexp =~ 80 years). For comparison, the figure also shows data for mice (from Ref. 22) divided by their life expectancy of texp ~ 2.5 years. In panel (c), the data from (b) are
shown (again as a function of reduced age) but normalized such that p; — 1, as t — 0. In all cases, the respective references are shown in the legend.

The effect of the onset of diabetes appears more subtle.
Tasli et al.” find a change from p, = 0.7849 + 0.0656 to 0.6694
+0.0717 for patients with and without diabetes. In this study, the
mean ages of the control and diabetic patients were ¢ = 59.6 and
61.4 years, respectively. Chowdhury et al. see a smaller change,
from p, = 0.5694 + 0.0700 to 0.5534 + 0.0582 for the control and
diabetic patients in a younger age group of t+=53.7+7.0 and
53.3 £ 6.0 years, respectively.” Kim and Kim’® studied the effect
of diabetes grouped by patient age (from f ~ 40 to t > 80 years),
showing a small further decrease in p, in older diabetic patients.
For example, patients in the t=40-49 years group showed
Ps = 0.554 +0.020 and 0.555 +0.020 for the control and diabetic
groups, respectively, while patients of age t >80 years showed
P = 0.530 + 0.020 and 0.508 + 0.020. It appears, therefore, that the
effect of the onset of diabetes becomes more significant with patient
age.

Smoking status appears to lead to a similar (small) change.
Golabchi et al’' report a change from p = 0.5042 +0.0861 to
0.4829 + 0.0848 for the control and smoking groups (mean ages,

t ~46.39 and 48.61 years, respectively). Again, in terms of aging
timescales, this implies the corneal endothelium in the eye of
a smoker will age the equivalent of ~17 years over a ten year
timeframe.

2. The effect of using ps only

Figure 1 shows a range of p, values obtained from experimen-
tal investigations. In panel (b), the data are shown in the form of a
Lemaitre curve (i.e., as the variance, Uy VS Pes which, as described
above, highlights the deviation of the ideal (maximum entropy)
curve from linearity for p, 5 0.6 and which corresponds to net-
works containing both 4-membered rings and rings larger than
7-membered). In panel (a), the data are sub-divided by the focus of
the experiment (aging, the wearing of contact lenses, and the onset
of diabetes), while panel (b) shows the data sub-divided by patient
nationality and includes data obtained for diabetic dogs,” injured
rabbits,’' and aging mice.”” Figure 4(a) shows a Lemaitre curve,
highlighting experimental data for which a more complete distri-
bution of ring sizes has been published.'****"*"¢*"%* The relatively
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FIG. 3. Experimental data for the time dependence of the fraction of hexagons, pg. The solid black line shows the mean average behavior of human patients (as shown in
Fig. 2). The red and green lines show the effect of contact lens wearing over time, while the blue line shows the analogous change in transplanted corneas. In panel (a),
time corresponds to the patient age for the black line but the time since the starting wearing contact lenses or since the transplant for the three other lines. In panel (b), the
data for contact lens wearing have been offset along the abscissa by the mean age of the patients on beginning contact lens use. In both cases, the respective references

are shown in the legend.

small system sizes lead to relatively large error bars, making it dif-
ficult to draw definitive conclusions. For example, the finite system
size need not lead to a mean ring size of six. It is clear, however,
that the vast majority of the observations for p¢ 2 0.6 sit on the lin-
ear region of the Lemaitre curve. It is reasonable to expect that the
error bars associated with the small system sizes will be larger for
the more diverse distributions of ring sizes (smaller p,). As noted
above (Sec. II), it is entirely possible for ring size distributions to
not sit on the maximum entropy solution if non-entropic (enthapic)
effects are significant. It remains to be seen if this is the case
here.

3. Cell areas

Figure 5(a) shows the variation of the cell area coefficient of
variation, CV, with human patient age (data from Refs. 16-23, 25,
26, 67, and 68). CV rises gradually, and near-linearly, with age
with mean gradient d(CV')/dt ~ 0.001 year™". The increase in CV is
potentially indicative of both the broadening of the ring size distri-
bution (the fall in p,) and a reduction in ring regularity. Figure 5(b)
shows the same data normalized for lifespan and including addi-
tional data for cats®® and mice.””> The smaller mammals show a
similar change in CV over their respective lifespans. The magnitude

[25]

2 (b) |
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FIG. 4. Experimental data for (a), the variance, 4,, and (b), the coefficient of variation of the area, CV (=aa/A), for which more complete ring size distribution data are
available. In both panels, the ideal (maximum entropy) solutions for the constrained 5-, 6-, and 7-membered ring systems and the unconstrained ring size systems are
shown as black and red solid lines, respectively. In both cases, the respective references are shown in the legend.
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of the CV appears to reduce with mammal lifespan. Figure 4(b)
shows the experimental CV against the fraction of hexagons, p. The
figure also shows the analytic maximum entropy solutions (see the
Appendix) determined for the constrained 5-, 6-, and 7-membered
ring systems and for the unconstrained ring size distribution, assum-
ing that the polygons adopt their ideal areas. The experimental data
show a CV whose dependence on p, effectively mirrors the ana-
Iytic ideal solution but is systematically larger, perhaps reflecting the
distortions of the contributing polyhedra from their ideal (regular)
shapes.®’

B. Model behavior
1. ps and CV

As outlined in Sec. 111, the networks obtained from the bond-
switching algorithm are controlled by three parameters; the bond
length and angle force constants (k, and kg, respectively), and the
Monte Carlo temperature, T. Varying these parameters allows us
to control the level of disorder and topology of the generated net-
works. Figure 6 shows the Lemaitre curve obtained over the full
range of {k;, kg,and T} investigated here. As the Monte Carlo tem-
perature increases, the distribution of ring sizes becomes broader,
corresponding to a higher u, (lower p). At low T, the network
corresponds to a near-ideal hexagonal net (p, =1) with a cor-
respondingly vanishingly small CV. As T increases, the fraction
of hexagons falls (corresponding to the formation of networks
dominated by hexagons with isolated 5- and 7-membered ring
defects). The figure also shows the analytic (maximum entropy)
solutions for the constrained {567} and {45 678} rings system and
the unconstrained ring size distribution. As discussed in Sec. II,
the {567} constrained system shows a linear dependence with
th, =1 -p,. The {45678} system shows a non-linear dependence
but sits below the ideal maximum entropy solution at very low
Ps (Ps $0.45), as even larger rings (k> 8) become entropically
favored.

Figure 7(a) shows the values for the CV of area obtained from
the simulation models for all values of {k;, kg,and T} investigated.
The figure shows the ideal values calculated from both Egs. (A2)
and (A6) (see the Appendix). As Ps = 1, CV —0,as the network is
comprised exclusively of ideal hexagons. As p, falls, CV increases,
simply reflecting the dispersion of polygon areas imposed by the
presence of 5- and 7-membered rings. For the constrained sys-

tem, CV — % ~0.36 as p, — 0 (i.e., for a system composed of

x
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FIG. 6. Lemaitre curve plot of the variance, 1,, against the fraction of hexagons,
g obtained from the models at three levels of constraint. The green, red, and
blue points show data collected from models constrained to have 5-, 6-, and
7-membered rings only, 4- to 8-membered rings (inclusive) only, and unconstrained
ring size distributions, respectively. The ideal (maximum entropy) solutions for the
constrained 5-, 6-, and 7-membered ({567} ) ring systems, constrained {45678}
ring systems, and unconstrained ring size systems are shown as dashed red,
dashed yellow, and solid lines, respectively.
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Panel (d) shows the excess CV, ACV, at fixed k. [key as for panel (b)]. Panel (d) also shows the values for ACV obtained from the experimental data highlighted in Fig. 4(b)

with the same key.

5- and 7-membered rings only). For the unconstrained network,
CV continues to rise as p is reduced, reflecting the presence of an
increasing diversity of different-sized rings. The obtained model val-
ues mirror the ideal curve (see the Appendix) with higher values,
reflecting the distortions of the polygons from their ideal areas. As
for Fig. 6, data are shown for the three differently constrained sys-
tems. As the level of constraint is reduced (corresponding to moving
between {567} — {45678} — unconstrained networks), CV is able
to increase more rapidly as p, decreases, corresponding to the for-
mation of both smaller and larger rings. The figure also shows the
ideal CV curves for both the {567} and unconstrained networks
(see the Appendix). Figure 7(b) shows the values for the CV for
five values of k, (over all values of kp) ranging from k, = 0.01-1.0.
As k; is reduced (corresponding to making the bonds less strong),
CV is observed to deviate from the ideal curves as the greater

distribution of bond lengths facilitates more distorted polygons.
Figure 7(c) shows the values for the CV for three values of kg (over
all values of k) with kg = 0.1-0.3. As kg is reduced, CV increases,
corresponding to the weaker angular constraint, facilitating greater
polygon distortions.

To better see these differences, we can define a difference func-
tion as ACV = CV — CV 4, where CV is obtained from the model
or directly from experiment, and CV; is the ideal value assum-
ing regular polygon areas. Figure 7(d) shows ACV vs p for the
model data, colored by k-, corresponding to the “raw” CV data
shown in Fig. 7(b). As k; is reduced (corresponding to a weakening
of the node-node “bond strength”), ACV increases, reflecting the
greater polygon distortion. As p, — 1, then ACV — 0, correspond-
ing to an ideal hexagonal net. At exceptionally low values of p. (p
$0.25), ACV can become negative, reflecting the presence of larger
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FIG. 8. Molecular graphics “snapshots” showing four configurations, which vary by
the ratio of the angular and bond force constants, ko/k. Different ring sizes are
shown in different colors. Key (ko/k:): top left - 0.1, top right - 0.3, bottom left -
0.5, bottom right - 1.5.

rings, which can be more easily distorted. Figure 7(d) also high-
lights the values of ACV obtained from the experimental data [and
corresponding to the data shown in Fig. 4(b)]. The observed exper-
imental values appear to correlate most strongly with the simulated
values obtained using weaker bond force constants.
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2. Nearest-neighbor structure

Figure 8 shows a set of molecular graphics “snapshots” corre-
sponding to different values of k, and ky. The effect of changing
the relative strengths of the bond and angular force constants is
clear “by eye.” The combination of the strongest bond force constant
and weakest angular force constant (top left panel, corresponding
to kg/kr = 0.1) generates a network with a wider distribution of
bond angles. The combination of relatively strong bond and angu-
lar force constants (bottom right panel) generates a much more
regular-looking network. While the difference in structure is clearly
visible in terms of, for example, the deformation of the individual
polygons, any difference in nearest-neighbor structure is more dif-
ficult to effectively quantify. As noted in Sec. I1], the assortativity,
1, represents a useful metric for characterizing any nearest-neighbor
structural ordering. A further simple measure is to consider the pair-
wise structure of the ring system, that is, count the number of rings
of size k that surround a ring of size k". These ring adjacencies then
build up to form the overall assortativity. However, a simple visual-
ization procedure is flawed for considering the assortativities, as they
are complex averages over all ring size pairs.

Figure 9 shows the change in assortativity with p, as a function
of (a) kg at five fixed values of k, and (b) k, at three fixed values of
kg. In all cases, the choice of force constants has a significant effect
on the resulting assortativity. The range of assortativities obtained is
relatively large, spanning —0.28 < r $ —0.10. For comparison, typical
values for related systems include colloids - —0.25 < r < —0.18, sil-
ica-—-0.34 $r < —0.32, graphene - —0.27 < r $ —0.22. At first glance,
therefore, it appears that the simulated networks generated here
correspond most clearly, as might be expected, to the colloidal net-
works. At fixed kg, an increase in k, makes the assortativity more
negative (corresponding to a stronger preference for small-large
neighboring rings), while at fixed k;, an increase in kg appears to
have the opposite effect.
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FIG. 9. The left panels show the assortativities, r, at (a) fixed k, while varying kg, and (b) fixed kg while varying k. Key: (a) k, = 0.01 (cyan), 0.1 (yellow), 0.2 (black),
0.6 (red), and 1.0 (blue). (b) kg = 0.1 (black), 0.2 (red), and 0.3 (blue). The right panel (c) shows the nearest-neighbor ring adjacencies for kg = 0.2 as a function of k.
displayed as the ratio of the observed number of nearest-neighbor pairs for rings sizes k and k" and the expected number assuming a random distribution of rings. The

legend indicates the values of the ring sizes, k and k’.

J. Chem. Phys. 158, 055101 (2023); doi: 10.1063/5.0134667
Published under an exclusive license by AIP Publishing

158, 055101-9

G-10-¥L €20 18qWBAON 0L



The Journal
of Chemical Physics

The precise structural origins of changes in assortativity can
be difficult to isolate as all pairs of rings contribute. One poten-
tial method is to count the numbers of given nearest-neighbor
pairs and compare them to the expected values assuming a ran-
dom distribution of rings. For example, Fig. 9(c) shows the change
in the number of nearest-neighbor ring size pairs, {kk'}, as a
function of k, at fixed kgy. Increasing k. at fixed ky increases the
number of nearest-neighbor {57} pairs with a concomitant reduc-
tion in the number of {77} pairs, both leading to a more neg-
ative assortativity. The effect of changing kg at fixed k. is more
subtle.

V. DISCUSSION

The application of a generic model to a key biological prob-
lem facilitates an understanding of the network structure in the
broader context of related systems. One of the key reasons for wish-
ing to develop a network model is to help interpret the abundance
of available experimental data. By systematically varying the model
parameters, networks that resemble those observed experimentally
have been obtained. Models, which employ relatively weak bond
force constants (low k;), show the most favorable comparison with
experimental data, in particular in terms of the polygon areas (as
measured by the respective coefficient of variation). This places the
corneal endothelium networks in the same “class” as those formed
by colloidal nanoparticles deposited on surfaces or by foams on sur-
faces, as distinct from structures formed by low-dimensional glasses
or ultrathin materials.

The most commonly experimentally measured property is the
fraction of hexagons, p.. However, it is clear that it is important to
determine the full ring size distribution. For a maximum entropy
distribution, the determination of p, alone does automatically gen-
erate the ring size distribution, but non-entropic effects can alter the
distribution in a non-trivial fashion. For example, the analysis of the
decay of p, with patient aging hints at p, reaching a potential plateau
at p, ~ 0.6. This value corresponds to the region of the Lemaitre
curve where the maximum entropy solution deviates significantly
from linearity. Supporting values of p, 5 0.6 requires the stabiliza-
tion of relatively small (4-membered) and relatively large (k > 7)
rings. The implication of a plateau in p, with patient age is that the
formation of such small and large rings is affected by non-entropic
effects.

Finally, connections with more general network theory poten-
tially allow additional structural information to be obtained. The
assortativity, for example, quantifies the nearest-neighbor ring struc-
ture and highlights a preference for small rings to be neighbors to
large rings and vice versa. Experimental observation of large enough
samples should allow this key metric to be extracted, including,
critically, its behavior with patient aging.

Having noted potential improvements in experimental mea-
surements, coupled with symbiotic model development, it is impor-
tant to note that the models themselves can be significantly
improved. Real corneal endothelia, for example, show polygon
areas, which change with patient aging owing to cell recombination
effects. Such “moves” can be incorporated as additional potential
Monte Carlo rearrangements, and this will form the basis of future
work.

ARTICLE scitation.org/journalljcp

VI. CONCLUSIONS

In this paper, a relatively simple bond-switching Monte Carlo
method has been applied to generate a wide range of network
structures. These networks have been compared to data extracted
from the study of the mammalian corneal endothelium. The abil-
ity to systematically vary the model parameters allows the structural
characteristics of these systems to be assessed alongside analogous
network-formers. Indeed, network theory has been most commonly
applied to problems more traditionally associated with physics,
materials science, and chemistry (or at their respective interfaces).
Models employing relatively weak bond force constants have been
found to be most appropriate, mapping these systems more clearly
onto two-dimensional layers of colloidal nanoparticles. In addition,
the work highlights how more useful information could be extracted
from experimental investigations, for example, by extracting details
of the nearest-neighbor structure.
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APPENDIX: COEFFICIENT OF VARIATION
OF THE AREA

Consider an ideal k— polygon with sides of length ro = 1. The
ideal area is

0 k

Ak = m (Al)

J. Chem. Phys. 158, 055101 (2023); doi: 10.1063/5.0134667
Published under an exclusive license by AIP Publishing

158, 055101-10

G-10-¥L €20 18qWBAON 0L



The Journal

of Chemical Physics

We want to determine the coefficient of variation (CV) of the

area, CV = %, as the ring size distribution changes (i.e., purely as
the effect of havmg a mixture of different areas for the different
k— rings). The nth moment of the area is given by (A") = ¥, A"p,,
and so
211/2
cV = [Z P1 - (X piAi) ] (A2)
Zi PiAi

Let us assume only 5- to 7-membered rings for simplicity. So
A= p5A5 +p5A6 +p7A7. (A3)

J
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For this system we have the usual constrants of p; = p, (as 71 = 6) and

ps = l_zi as );p; = 1. Asaresult,

1_
A= (27‘06)(145 +A7) +P6A6

- A28 s Las e an)] (A9)
B 2
L (43 ;A) [ g_%(A§+A§)], (A5)

and so CV can be written as

CV =

2 1/2
{2 1 pef 47 - a2+ AD)] - (9322« o[ - L(as + 40)]) |

(A6)

PsAs + peAs + prAz

Figure 7 shows CV vs p, calculated from both Egs. (A2) and
(A6). As pg = 1, CV — 0, as the network is comprised exclusively
of ideal hexagons. As p, falls, CV increases, simply reflecting the
dispersion of polygon areas imposed by the presence of 5- and
7-membered rings. For the constrained system, CV — %
~0.36 as p, — 0 (i.e., for a system composed of 5- and 7-membered
rings only). For the unconstrained network, CV continues to rise as
P is reduced, reflecting the presence of an increasing diversity of
different-sized rings.

Equations (A2) and (A6) require values for the ideal ring areas.
At the simplest level, the ideal values from Eq. (A1) can be applied.
However, other than for the ideal hexagonal net, the ring areas will
not actually take these values. An alternative, for example, is to use
values of As and A7 obtained from a single bond switch. This has
the advantage that the area is conserved (as a single switch con-
verts four hexagons into two heptagons and two pentagons, and so
4A¢ = 2As + 2A7).”" The ideal curve using these values for As and A;
is shown in Fig. 7(a) for the constrained system and, significantly,
shows little difference from the curve obtained using the ideal areas.
In conclusion, the detailed choice of polygon areas has little effect on
the predicted CV.
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6. Biological Networks 113

6.2.1 Summary

This paper was written in collaboration with a fourth year undergraduate student,
Bryan Xuan. My role in this project involved co-supervision of significant advice
surrounding both the generation of networks and their analysis. I also provided
a wide array of networks for analysis and comparison to experimental data, and
advised on how best to interpret this data.

The experimental data collected is particularly varied, both in terms of the level
of disorder in the systems presented, and the metrics collected. The pg range is from
pe =~ 0.36—0.83. By contrast, previous analysis of silica bilayer networks|5, |134] have
focused on a much tighter range of ring statistics for analysis (pg >~ 0.32 — 0.4448).

In addition, whereas for chemical systems we have a much clearer understanding
of the internal angles of the rings and their side lengths [145], we do not have this
information for the networks of the corneal endothelium. This is important because
it means we must expand our phase space search to a range of k,/ky values in

search of structures which represent experimental values.

6.3 Conclusions

Monte Carlo methods established in Chapter 5 have been employed to create a
large dataset of ring distributions, across a range of bond (k,) and angle (kg) force
constants. These networks have been compared to experimental data for networks
of mammalian corneal endothelium cells, with the aim to correlate experimental
images with our network generation parameters. Detailed analysis of experimental
data using network metrics allows us to correlate the disorder present to contact

lens use, age, diabetic status.
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Direct Control of Pores in Network
Structures: Ring Growth Methods

Work presented in Chapters [5] and [6] has focused on generating structures over a
range of disorder, from near crystalline networks through to amorphous continuous
random networks (CRNs). Through these chapters, we have had limited direct
control over disorder; we cannot introduce rings of a given size, only introduce
general disorder, mediated through the nebulous Monte Carlo ‘temperature’. These
samples have been generated from a zero energy starting point, namely a perfect
hexagonal crystal. In this chapter, we select an alternate starting point, using
pores of varying size and relaxing a triangle raft style system around them. This
allows us to explore areas of the phase space with ring sizes outside the limits
observed in experimental amorphous silica bilayers.

Understanding the stability and structural impact of introducing rings of a
given size n, or ‘pores’, is important for predicting the potential of silica bilayers
as molecular sieves; recent work[12] has demonstrated and characterised molecular
permeation of isolated silica bilayers, hypothesising that each ring size has its
own selectivity characteristics.

To this end, a range of ring sizes (5 < n < 30) have been generated as a

template for ring growth simulations, which we expect to probe the limits of pore

115
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stability in silica systems. In addition, from these simulations we aim to find an
estimation of the concomitant pore density, which is of importance for efficient
functional molecular filters. The simulations here utilise a non-equilibrium Monte
Carlo method, using the same simple potential models discussed in Chapter 4} with
the slight variation of a 12 — 24 potential, as opposed to the 6 — 12 Lennard-Jones
potential described in Chapter {4 (possible implications are discussed in Section .

7.1 Structural Effects of Inserting large rings into
two-dimensional networks



Structural Effects of the Insertion of Large Rings in Two-Dimensional Networks.
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The structural effect of inserting large central rings into a two-dimensional network of three-
coordinate nodes is investigated using a ring-growth Monte Carlo procedure. The size of the central
ring is systematically varied as is the inherent level of disorder in the surrounding network (as
characterised by both the Monte Carlo “temperature” and the fraction of six-membered rings). The
effect of the central ring on the overall network topology is analysed in terms of both topological
and geometric distances. For larger central rings the first topological shell becomes exclusively
populated by four- and five-membered rings which leads to an effective upper limit on the size
of central ring which can effectively be accommodated. The topological shells are found to show
ordering on significant distances away from the central ring. The effective correlation lengths are
determined as a function of both central ring size and level of network disorder, which allows for an
understanding of the potential density of large rings which may be accommodated.

I. INTRODUCTION.

Attempting to understand the properties of two-dimensional networks has undergone resurgence in recent years.
The dramatic increase in microscopy resolution leading to the observation of graphene!? has started to uncover a
potentially vast richness of structure in atomistically-thin systems such as carbon and BN3°. Furthermore, systems
such as SiOs, GeOs, and related aluminosilicates have been shown to form thin films comprised of bilayers of corner
sharing tetrahedra®'7. Given the known preponderance of even lower dimensional structures formed by carbon and
BN (nanotubes, fullerences...) it is likely that these bilayers show similar structural richness. In the two-dimensional
form a key structural requirement is to be able to effectively control the pore sizes and their distribution across the
network. Such control is critical if, for example, these films are to be used to control the flow of mixtures of gases.

Significant attention has been paid to highly ordered (crystalline) systems (of which pristine graphene would rep-
resent a prime example). However, more recent work has uncovered possible disordered (amorphous) analogues, for
example, for carbon® and for thin (bilayers) of silica™!4. At a fundamental level these systems map onto a per-
colating network of rings (a-G, for example, is comprised of 5-, 6- and 7-membered rings, whilst bi-SiO5 shows a
broader distribution of ring sizes owing to the greater degrees of freedom afforded by the Si-O-Si bridges). Indeed,
two-dimensional networks are commonly observed across all length scales, from the atomic level 1418 to colloids?20,
foams21:22, epithelial cells?>24, geological rock formations2®, drying blood?®, stratocumulus clouds?” and geopolitical
borders?®. All can all be mapped onto a generic system equivalently described as a collection of tessellating polygons
or percolating rings??. As a result their structural properties are governed by the same fundamental laws and so an
understanding of the properties of a generic network implies understanding of a huge range of different systems across
all length-scales.

In this paper one aspect of these networks, namely the effect of inserting a relatively large ring, will be investigated.
Particular attention will be paid to any (local) order the presence of a large ring may impose and the length-scales
on which any such order vanishes. Effective characterisation of these length-scales through the establishment of
a correlation length will allow for an understanding of the density at which such large rings could be effectively
templated. In addition, studying the systems across a wide temperature range will establish the dependence of the
correlation length on the degree of disorder, potentially in terms of both the distribution of ring sizes and their spatial
organisation. Furthermore, establishing the correlation lengths allows the effective interaction of the large rings to be
established.

In this paper we focus on bilayers, exemplified by bi-SiO4, as opposed to less complex two-dimensional networks
such as those formed by graphene or boron nitride. Experimental methods to introduce pores into graphene and BN
rely on mixed coordination (see, for example, refs.3038) whereas the increased flexibility and diversity in ring sizes
observed in the bilayers is expected to be able to accommodate the presence of larger rings whilst maintaining full
coordination. Experimental work evaluating gas permeation in bi-Si053? indicates that rings of a given size may be
responsible for the diffusion of specific molecules (e.g. six membered rings were likely responsible for heavy water
permeation), and so the ability to generate larger ring sizes would be expected to change the permeation characteristics
of a given network.

The paper is organised as follows. In section II the background network theory is summarised, including considering
the required structural metrics. Section III introduces the methods and models applied to study the problem. Section



IV presents results, broken down into the overall effect on the ring size distribution and structural correlations on
different length-scales. Section V presents a discussion to help tie the various intellectual strands together.

II. BACKGROUND.

In this section the background theory covering the nomenclature used to study the networks (including their
description as a collection of rings) will be summarised. In addition, the probabilities of finding pairs of neighbouring
rings of a given size in a given shell (from the central seed ring) will be discussed.

A. Networks and Rings.

The properties of a percolating network of rings can be deconstructed into different “levels of information”. At the
simplest level the system is defined by the ring size distribution where the fraction of rings of size k is given by px.
As a result, the mean of this distribution is,

(k) = > kp(k), (1)
k

with second moment,

p2 = (k?) — (k). (2)

The ring size distribution is, however, a relatively low level of the available information. The rings in any given
distribution may be arranged in space in a huge number of different ways, some of which will be entropically and/or
enthalpically favoured. The structure around a given ring may be considered in essentially two ways; topologically or
spatially. In the former rings surrounding a given ring form numbered shells, whilst in the latter the distance between
two rings is simply geometric. Since a key interest here is the effect of a potentially large central ring, we begin by
considering the topological relationships.

The number of rings in the shell labelled ¢ away from a ring of size k is given by,

Ky(k) = Ni(k, k), (3)
-

where N;(k, k') is the number of rings of size &’ in shell ¢*°. In Euclidean space K; would be expected to be linear in
t, such that

K, = At + B(k), (4)

for t > (, where ( is the ring correlation length. Here, B(k) should depend on the central ring size and A is a measure
of the “roughness”*42. Previous reported values of A range from A = 7.3 for a two-dimensional network*’, and
A ~9.45 and A = 11 for a soap and a Voronoi tessellation respectively*2.

The total number of edges in shell ¢ is

My(k) = K Ny(k, K). (5)
—

(M) =Y p(k)Mi(k) =YY p(k)K No(k, k') = Y K'p(k) K, (K') = (kEK). (6)
kK k!

k

The latter simply tells us that the mean number of edges in a shell is related to the number of rings in that shell.
The effect of the magnitude of the ring size may be investigated by defining a shell charge ¢:(k), given by

(k) = (k) — K)Ny(k, k') = (k) I, (k) — My (k). (7)

L’

(@) = (k) = K)K). (8)



B. Topological Requirements.

The general topology of a network is described by Euler’s formula, N +V — E = x. Here, N, V and FE are the
number of rings, vertices and edges, and y is the Euler characteristic, a function of the global topology of the system.
For a general network constructed from nodes with a range of coordination numbers, ¢, with proportion z., the mean
coordination number, (¢) = )" cxz.. Here the number of edges is E = %(c) and the mean ring size is (k) = %(c) and
so Euler’s formula may then be rewritten as

(k) = "2+ NJ (9)

In the present work the network is constructed exclusively from nodes of degree three and so (¢) = 3 and x = 0
(corresponding to an infinite plane), resulting in a mean rings size, (k) = 6.

A more useful level of available information is given by the ring size distribution, px, the distribution of different ring
sizes in a given network. Lemaitre et al. employed a maximum entropy method to determine the distributions with
the entropy given by S = — 3", pilogp,*®. The system is subject to three constraints; ., pr = 1, Y., kpr = (k), and
> B =constant. The first two correspond to the distribution being normalised and the fixed mean ring size. The
third constraint was originally justified through constraining the ring areas, although it can be fully rationalised by
considering the ring adjacencies**. The distributions obtained from the maximum entropy solutions can be summarised
through the variance (equation 2) and the plot of o v. pg is known as Lemaitre’s law. For pg 2 0.5 the distributions are
dominated by 5-, 6- and 7-membered rings and so p2 shows a linear dependence on pg (u2 = 1—pg). For a distribution
in which both smaller and larger rings are permitted, us becomes larger and depends on pg in a non-linear fashion.
Configurations not sitting on the Lemaitre curve do so either due to a finite system size effect or because of enthalpic
effects meaning the ring size distribution does not reflect the maximum entropy solution. Obvious examples are
crystalline networks. For example, space can be completely tiled by {4—, 8—}membered or {3—, 12— }membered rings
respectively (see ref.*> and references therein). In addition, so-called procrystalline structures, in which the sites are
ordered but linked by a disordered array of bonds, may also ‘violate’ Lemaitre’s law?6.

C. Ring adjacency probabilities within a shell.

For a given ring size distribution in a given shell the probability of an k—membered ring being adjacent to a ring
of size k' can be calculated and compared to the values extracted from the model configurations. In general, the
probability of an k-ring being next to a &’-ring is,

n® 0 — G

Py = , (10)

kcent kcent -1

(®)

where n,,” is the absolute number of k—membered rings in shell t. For the first shell (¢ = 1) the number of rings is

equal to the size of the central ring, kcent, and so Zn,(cn = keent-
The probability of a 4-ring being next to a 4-ring is,

né(ll) nil) —1

)
kcent kcent -1

1
Py = (11)

and the probability of a 4-ring being next to a 5-ring is,

nil) nél)

1 1
P - — P, (12)

kcent kcent -1

€]
If we assume that the first shell contains 4- and 5-rings only then pfll) = % and pfll) + pél) =1, where pgf ) is the

ent

fraction of k—membered rings in shell ¢, and so Pror = Pﬁ) + P4(;) + Péi) + P5(51) =1

III. POTENTIAL MODELS AND METHODS.

The method for growing the ring systems from a specified seed (here, a ring whose size can be controlled) has
been presented in detail in ref.*”. In summary, the original systems to be grown were SiO, bilayers (two layers of



corner-linked SiO4 tetrahedra). The presence of a mirror symmetry plane between the upper and lower layers means
that the system maps exactly onto a two-dimensional network of vertex-sharing [SiO3] triangles. For simplicity each
[SiOg] unit is modelled via harmonic potentials which act between the three Si-O and three O-O nearest-neighbour
pairs and so,

k
Uap = ) (dap — d35)27 (13)

where k is a bond force constant, dns is the interatomic separation and d2, 5 the equilibrium interatomic separation

between species af. The triangular geometry requires that dooo =3 d(S)iO' The angle between neighbouring triangle
(which controls the strain associated with the formation of different ring sizes) is governed by a shifted/cut 24-12
potential of the form:

oo el =2 e rsn 14
0, otherwise

where ¢ is a constant and r is the Si-Si distance between atoms in neighbouring [SiOs] triangles. 7y controls the
Si—O-Si angle, denoted ¢, which can be related to the internal angle in the ring, 6y, by ¢9 = 60° 4 6y. The ideal
hexagonal lattice is taken as the zero of energy and so ¢g = 180° and hence rg = 2rg;0. As a result, the formation
of rings whose internal angle deviates from 6y (which corresponds to an ideal hexagon) will result in an energetic
penalty. The network is grown from a central seed (here a ring whose size is termed kcepnt). The triangles on which
to build the next rings are then established and the probability of constructing rings of different sizes is determined.
Trial ring systems (within a given specified range of ring sizes) are built and their geometries optimised to determine
the energy change. As a result, the probability of adopting a ring of size n can be determined as

ef(EnfEO)/T

Po = S, e (Bu—Bo)/T’

(15)

in which F,, and Ejy correspond to the energy of the trial structure and the lowest energy of all trial structures
respectively. T is a “temperature” which controls the ease by which the potential energy landscape can be explored
(and hence controls the forming ring distribution). At low T" acceptance moves are dominated by the energy term and
hence the lowest energy rings are selected, which will depend on the local environment (i.e. they will not necessarily
be hexagons). At high T the acceptance probabilities for different ring sizes are approximately equal, and the rings
selected are more random. The “temperature” is the key parameter for controlling the distribution of ring sizes in
the networks.

System sizes containing a total number of rings as 500, 1000, 2000, 5000 and 10000 were used throughout. A range
of temperatures were employed from 7% = 10~° to T* = 5x 1073, Central rings sizes from keent = 5 t0 keent = 35 were
considered. Taking a Si-O nearest-neighbour separation as ~1.61A then these large rings correspond to diameters
between ~4.4-35.8A.

IV. RESULTS.

The effect of the central (seed) ring is first considered in terms of the distribution of ring sizes. The direct structural
effects are then considered both in terms of the geometrical and topological shells, then the structures of the individual
shells are analysed.

A. Network Images.

Figure 1 shows four example “snapshots” generated at low temperature (T* = 1075) for four central ring sizes of
keent =10, 16, 25 and 35. In all cases the structural effects of the presence of the central ring are clear. For the
smallest central ring size shown, keen: = 10, for example, the first shell (¢ = 1) contains only 5- and 6-membered
rings. The next largest central ring size shown, k.ent = 16, shows a mix of 4-, 5- and 6-membered rings. The largest
central rings (keent = 25, 35), however, show only 4- and 5-membered rings in ¢ = 1. For keene = 25 the first shell itself
appears highly ordered with clear chains of 4-, 5-, 4-, 5-... rings. For ket = 35 the first shell also contains a number
of neighbouring 4-membered rings which appear to place strain on the central ring, distorting it away from the ideal
circular geometry. Ordering effects at longer length-scales are also apparent. For the three larger central ring sizes



shown, for example, the second shell (¢ = 2) appears dominated by relatively large (k > 7) rings. Furthermore, the
ordering effect of the larger central rings clearly percolates beyond even the second (¢t = 2) topological shell with an
excess of 5-membered rings evident in the third (¢ = 3) shell for k.en: = 35, for example. In addition to the apparent
ordering of the rings in concentric topological shells, it is also clear that the larger rings appear highly distorted.

The overall impression portrayed by the images shown in figure 1 is that the central (seed) ring may have a significant
structural effect on the surrounding system, manifest in the sizes of rings in concentric shells, the distribution of rings
in those shells, and the ordering of rings in those shells. As a result, it is instructive to understand the length-scales
over which any structural effects are significant.

B. Distributions.

A common method for displaying the distribution of ring sizes is via a Lemaitre curve, a plot of the second moment of
the ring size distribution, us, against the fraction of six-membered rings, ps. Figure 2(a) shows the Lemaitre curve with
data from all configurations generated for N,.;,4, = 500 at all temperatures along with the ideal curves generated using
the constrained {567} and unconstrained distributions. At high pg the ideal constrained and unconstrained curves are
equivalent as these networks are comprised mainly of 5—, 6— and 7—membered rings. In this regime (corresponding
to pg 2 0.6) the dependence of ug on pg is near-linear, with ps ~ 1 — pg. As the size of the central ring increases
the calculated moments move away from the expected behaviour. Under the simulation conditions considered rings
of the size 4 < n < 12 are reasonably expected to be favoured. As a result, the forced introduction of a significantly
larger (central) ring would be expected to affect the distribution of the remaining rings. Figures 2(b) and (c) show
the mean average second moments for each temperature and for a range of ring sizes respectively and which clearly
shows the departure from the ideal Lemaitre curve with increasing ring size. Increasing temperature corresponds to
moving along the Lemaitre curve to lower pg (figure 2(b), corresponding to greater disorder). Figure 2(c) highlights
the increasing “drift” from the ideal ME curve with increasing keen;. The deviation from the ME solution simply
arises from the enforced presence of a large central ring distorted the ideal distribution. For k.ep: = 12 the probability
of a ring of that size forming at random is close to zero which forces a non-ME solution.

The degree of deviation from the ME solution is, of course, system size dependent. To highlight this figure 2(d)
Lemaitre curve with for four system sizes plotted for keepy = 30 and T = 0.003. As the system size increases from
Nyings = 500 — 1000 — 2000 — 10000 the second moment “moves back” towards the ME solution. Figure
2(e) shows the difference between the mean calculated second moment and that generated using a ME solution,
Apiy = (pp) — P, generated for six different central ring sizes. Ao is shown as a function of v/ N which is directly
proportional to the radius of the growing structure. This behaviour allows a length-scale over which the distribution
tends to the ME solution to be established. For example, the typical standard deviation for us in an infinite periodic
system is of the order of ~ 0.15 which is highlighted in figure 2(e). However, small changes in this standard deviation
lead to large changes in the predicted correlation length-scales over which the system returns to the ME distribution,
making this an unreliable method of assessing these length-scales.

C. Ordering.

The images shown in figure 1 strongly hint at significant ordering imposed by the presence of a central seed ring.
The potential structural order imposed by the central seed ring can be considered in two ways; geometric, in which
the distance between rings is a simple length, and topological, in which rings form a series of concentric shells about
the seed. In this section we consider the ordering in geometric and topological terms before considering any ordering
within specific shells.

1.  Geometric shells.

Figure 3 shows the spatial radial distribution functions (rdf), g(r), calculated using the centres of mass of the rings
and taken relative to the centre of mass of the central seed ring. Panels (a) and (b) show the rdfs determined at
low and high temperature at six different central ring sizes. At both temperatures the effect of the central ring size
is clear with the first peak (corresponding to the first coordination shell) shifting to higher r as k.en: increases. At
the lowest T it appears that, for the smallest central rings (kcent = 5,10), the ordering extends to very long range,
indicating potentially significant crystalline order. For larger central rings the ordering appears less dramatic at long
range. In all cases, even at the highest T studied, the rdfs show significant structure at low r. Figure 3(c) shows a
set of total rdfs (corresponding to T* = 0.003) with the abscissa scaled in terms of the ideal radius of the central



ring, Reent = 70/2sin(w/k), where 7o is the bond length. The shell structure focussed on the central ring is clear
in all cases and appears to become more pronounced as kcen: increases. For example, the long-range order appears
more pronounced at high keene. Figure 3(d) shows g(r) for keen: = 30 determined over a range of temperatures. The
extension of significant ordering to high  is evident, particularly at intermediate temperatures (T* = 5 x 10~4,1073
respectively). At the highest temperatures studied the ordering becomes near “washed-out” at r/rg ~ 14.

Figure 4 shows the rdfs for k..,; = 30 at two temperatures with the respective breakdowns into contributions from
each ring size, g (r), with & = 4 — 10. The breakdown highlights the origin of the structure in the rdfs at low 7.
The peak at lowest r arises from the presence of 4—, 5—, (and a relatively small number of) 6—membered rings. The
next-nearest-neighbour peak arises from correlations with larger n—membered rings (n > 7). Even at the highest
temperature studied, there is significant ordering on the next length-scale, corresponding to correlations with 4— and
5—membered rings.

It is worth noting that, when averaged over a number of configurations, successive shells show a circular symmetry.
Individual configurations (such as those shown in figure 1) may show significant distortions of the central ring, with
these distortions averaged out over more than one configurations.

An alternative distribution function which may act to highlight the shell structure about the central ring may be
defined by weighting in terms of the ring charge (see, for example, ref.*?), g, = 6 — k, where k is the ring size,

qu(T) = 2(6 - kjl)é(rl - rcent)7 (16)

(2

where the sum is over all rings excluding the central ring, r; is the position of the centre of mass of the ring ¢, and r.en+
is the location of the centre of mass of the central ring. Figure 5(a) shows G,(r) calculated for ke, = 30 over a range
of temperatures. The alternating small, large, small ... ring structure is evident as alternating positive ({(n;) < 6) and
negative ({n; > 6) peaks. As would be expected, an increase in temperature results in a smoothing of these features
and a more rapid decay of the peak envelope. Figure 5(b) shows G4(r) as a function of kcen+ determined at high
temperature, with figure 5(c) showing the same functions with the abscissa scaled as previously (figure 3(d)). The
oscillations in G4(r) are significantly stronger than in g(r) as the effect of the oscillatory shells of small and large rings
is effectively “amplified” by the presence of small (k = 4) and large (k > 8) rings. The weighting of the components of
Gq(r), by shell charge, means that this function effectively mimics the concentration-concentration Bhatia-Thornton
function849,

The clear shell structure evident in figure 5 emphasizes how the ring structure may map onto a model dominated by
electrostatic interactions. For a system in which the inter-ionic interactions are dominated by Coulomb (electrostatic)
terms, the asymptotic behavior of the total pair-correlation functions rG,(r) is given by

rG4(r) o< exp(—apr) cos(arr — 6), (17)

where ag, a1 and 6 control the rate of decay of the oscillations, their frequency and phase shift respectively. ag is
related to the correlation length as ¢ = 1/ap, which is a further measure of the extent of structure imposed by the
presence of the central ring. Figures 6(a) and (b) show examples of In|rGy(r)| as a function of the geometric distance
from the central ring along with the fitted lines used to extract the correlation length. Panel (a) shows the function
for a single central ring of size k..nt = 30 at seven temperatures, whilst panel (b) shows the function at a fixed
temperature of T* = 0.003 at six central ring sizes. Figures 6(c) and (d) show the obtained correlation lengths, (,
as a function of both T and kcens. For with keene = 5,10 the behaviour appears more complex owing to extensive
crystallisation at low temperatures (and as is clear in the rdfs shown in figure 3). The decrease in ¢ with T for
kcent 2 15 corresponds to a more rapid decay to a standard amorphous structure on moving radially outwards from
the central ring. Panels (c¢) and (d) also highlight the ideal topological length-scales associated with an ideal hexagonal
lattice. At high temperatures the correlation length extends to between shells ¢ = 2 —4 (in an ideal hexagonal lattice)
with a relatively weak dependence on kjcent. At low temperatures the correlation lengths spread to ¢ > 4.

2. Topological shells.

Figures 7(a) and (b) show the evolution of the mean rings size as a function of the topological shell ¢ for a range
of central ring sizes, kcent, and at high and low temperature. The effect on the topological structure of the central
ring is clear even at the highest temperature studied. For central rings with k..,; > 6 successive topological shells
show mean ring sizes which are (n;) < 6, (n;) > 6... corresponding to shells containing more small, large, small...
rings. As expected, the magnitude of this effect becomes larger as keep; increases. For k.cn; < 6 the reverse trend is
observed. To highlight this figures 7(c) and (d) show the mean ring size in successive shells as a function of keepns at
both low and high 7". Each line in figures 7(c) and (d) shows the change in the corresponding peak heights in figures



7(a) and (b). Similar trends are observed over the range of temperatures studied but are clearer at high 7. The mean
ring size in the first shell (¢ = 1) appears to tend to a limit of (n1) ~ 4.5 at high kcent. The mean ring size of the
second shell (¢ = 2) continues to rise at a near-constant gradient of d(na)/dkcent ~ 0.06 for keen: = 16 at high T and
~ 0.12 at low T, indicative of stronger ordering in the ring structure in successive topological shells at low T. For
the third shell (¢ = 3) the mean ring size decreases with d(ns)/dkcent ~ —0.016, whilst for the fourth shell (¢ = 4),
d{ny)/dkeent ~ +0.013, and the fifth shell (t = 5), d{ns)/dkecent ~ —0.005. For shells further out the mean ring size
is ~ 6 with no significant change with k.epn;.

In Euclidean space the number of rings in a given topological shell (K;) would be expected to be linear in ¢ (equation
4) with gradient A. The parameter A is a measure of the “roughness” of the shell structure. An ideal hexagonal
net, for example, would give A = 6. Any rings for which k # 6 necessarily generate a deviation from the ideal value.
Figure 8 shows the dependence of the parameter A shown in (a) as a function of the temperature for six values
of keent, and (b) as a function of keens for seven values of the temperature. At low T (T < 0.001) A varies from
A~ 6.5—7. At high T the A values increase significantly to A ~ 8 — 8.3 simply corresponding to the higher levels
of disorder present. The dependence on k..,; at fixed T' appears much weaker and more subtle. At low temperature
the disorder induced by the central ring increases with keep; then falls for the largest ring size studied, kcene = 30. At
the highest temperatures studied the level of disorder actually falls as k..,: increases. In those cases the larger rings
impose greater ordering (a narrower distribution of ring sizes) in successive shells.

The values of A vary between A ~ 6.3 — 8.3 depending on both k.e,y and T, compared with published values of
A = 7.3 for a two-dimensional network?®, and A ~ 9.45 and A = 11 for a soap and a Voronoi tessellation respectively*2.
Temperature (and hence the overall level of ring size disorder) appears a much more significant factor in determining
the roughness than the central ring size itself. Furthermore, the range of values obtained for the roughness remain
significantly smaller than those obtained for significantly more distorted networks.

i. First shell.

Figures 7(c) and (d) show how the mean ring size in the first shell (¢ = 1, directly neighbouring the central ring)
reaches a limit of (ny) ~ 4.5 at high kcent. To further break this down figure 9 shows the fraction of different ring sizes
in the first topological shell as a function of the central ring size, keent. Figures 9(a)-(c) shows the fraction of each ring
size at three temperatures whilst panels (d)-(g) show the same data for different ring sizes, pi, for k = 4 — 7 over a
range of temperatures. At low T there are clear regimes of first shell structure. For large central rings (keent = 24) the
first shell is comprised almost exclusively from 4— and 5—membered rings, with a very small minority of 6—membered
rings. Furthermore, the ratio of 4— and 5—membered rings is ~50:50 (see below). For 12 < keent < 24 the first shell
is comprised of 4—, 5— and 6—membered rings only. For ke,,; ~ 11 the first shell is comprised of 5—membered rings
only. For keeny S 11 the nearest-neighbour shell is comprised mainly of 5- and 6-membered rings, with 7-membered
rings only present for ket = 5 (i.e. when the central ring is smaller than the required mean ring size). For keent = 6
the first shell is comprised exclusively of 6-membered rings, indicating the formation of a crystalline (graphene-like)
structure.

As the temperature increases (panels (a)—(b)—(c) in figure 9) the magnitude of the excess of 5-membered rings
(and an associated “dip” in the number of 4-membered rings) for k.en: = 10 decreases. At the highest temperature
studied the fraction of 5-membered rings effectively plateaus at keent ~ 10 with ps ~ 0.3. For larger central rings
at intermediate temperatures the first shell is still comprised mostly from 4— and 5—membered rings, although and
small number of 6—membered rings are stabilised. At the highlest temperature studied more 6— and 7—membered
rings are present with the number of 4—membered rings reaching a plateau at py ~ 0.55.

It is clear from figure 7(c) and (d) and figure 9 that the fraction of 4- and 5-membered rings in the first shell increases
as the central ring size increases. Indeed, at the lower temperatures the first shell becomes entirely composed of 4-
and 5-membered rings. In this regime the presence of rings larger than 5-membered in the first shell can be considered
as defects. To further break down the first shell structure one can consider the observed frequency of given pairs of
nearest-neighbour rings in the first shell ({k, k'}) compared to a given random distribution. For the specific case of
the first topological shell,

1 1
p _ ”i(c) n,(c,) — Ok (18)
k. k! kcent kcent -1 ’

where the Kronecker-d is required to account for “like” (k = k') pairs. Figure 10 shows the differences between

the observed and random frequencies of nearest-neighbour pairs in the first topological shell, APIE}IL. Across all

temperatures the number of 4- and 5-membered ring pairs is greater than expected (AR&) is positive) from a random

distribution, with concomitant fewer 4-,4-membered and 5,5-membered pairs (AP4(’14) and APé)lE)) are negative). At low



temperature AP,ilk)., becomes effectively “saturated” for kee,: 2 20, indicative of the formation of a near-ideal first

shell of 4-, 5-, 4-, 5-...membered rings (see the images in figure 1).
ii. Longer Range.

Figure 11 shows the distribution of ring sizes in successive shells for k.ens = 5, 10 and 35 at high and low 7. The
individual ring size fractions at each temperature make up the mean size information shown in figure 9. Considering
first the trend as keepy increases at low temperature. As ke, increases the ring size distribution of the first topological
shell (¢t = 1) shifts to higher (k). For keen: = 5 the mean ring size in the first shell is unique in that (k); > 6. In
addition, as k.en: increases, the separation in the ¢ = 1 and ¢ = 2 distributions becomes greater and a clear (k); < 6,
(k)2 > 6, (k)3 < 6 ... structure emerges (see also figure 1). As the temperature, and hence level of network disorder,
increases each central ring size shows a broadening in each distribution. However, the percolating shell structure is
still very much in evidence for k.., = 35 and the first shell structure remains visible for both k.c,; = 5 and keepny = 10.

V. DISCUSSION.

The results presented show that the spatial influence of the central ring may be estimated in a number of ways.
Correlation lengths may be estimated from the apparent deviation of the ring size distribution from the maximum
entropy solution. However, these values have significant underlying uncertainty and rely on the ME solution as being
most applicable. A more successful method is to appeal to the analogy of the ring distribution to a system controlled
by electrostatic interactions and to consider the decay of the pair distribution functions, here weighted by the shell
charges.

It is clear that the presence of a (relatively large) central ring has a significant effect on the surrounding network
topology, regardless of the underlying temperature (and hence level of disorder). The most dramatic effect is observed
in the first (¢ = 1) coordination shell. For large central rings at low temperature this shell becomes exclusively
constructed from 4- and 5-membered rings. At higher temperatures the 4- and 5-membered rings still dominate,
with a small number of larger rings attaching to the central ring. The structures preferentially adopted in the first
topological shell (¢ = 1) can be rationalised relatively simply in terms of ideal individual ring geometries. Figure 12
shows a schematic highlighting the key angles about a central ring of size k.en:. For the central ring, the external

angle is given by, O.ent = ki:t radians, and the internal angle by acenr = 7 (1 — ﬁ) radians. For the first shell,

an n—membered ring offers an effective curvature, 8, given (in radians) by

bo=n (") (19)

which is the difference between 90° (i.e. no curvature) and the external angle of the k—membered ring. As a result,
a 4-membered ring (k = 4) shows no curvature (i.e. a chain of squares forms a simple straight line). The next largest
ring, k = 5, induces a curvature of 18° per ring and the next, k = 6, a curvature of 30° per ring. As a result, a first
shell comprised exclusively from 6- or 5-membered rings could surround a 6-membered ring (i.e. forming an ideal
hexagonal net) and a 10-membered ring respectively. To surround a central ring of size keent > 10 requires a smaller
curvature per ring than the 18° afforded by the 5-membered rings. This can only be (realistically) achieved by the
introduction of 4-membered rings into the first coordination shell. The most circular central ring can be accommodated
by alternating 4- and 5-membered rings in the first shell. Placing two 4- or 5-membered rings as neighbours in the first
shell forces a significant deviation from the circular symmetry of the central ring (see, for example, the configurations
highlighted in figure 1). Overall, therefore, the reduction in entropy associated with the ordering of the first shell is
countered by the enthapic contribution associated with retaining the near-circular geometry of the central ring.

VI. CONCLUSIONS.

In this paper the structural effect of inserting large central rings into a two-dimensional network of three-coordinate
nodes has been investigated. The networks were grown from the central ring using a ring-growth Monte Carlo
procedure with the size of the central ring being systematically varied. In addition, the level of disorder in the
surrounding network (which is characterised by both the Monte Carlo “temperature” and the fraction of six-membered
rings) has been systematically varied. The effect of the central ring on the overall network topology has been analysed
in terms of both topological and geometric distances. For larger central rings the first topological shell has been found
to become exclusively populated by four- and five-membered rings which leads to an effective upper limit on the size



of central ring which can effectively be accommodated. The topological shells have been found to show ordering on
significant distances away from the central ring. The effective correlation lengths have been determined as a function
of both central ring size and level of network disorder, which has allowed for an understanding of the potential density
of large rings which may be accommodated.
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FIG. 1. Molecular graphics “snapshots” generated for four different central ring size seeds. Top left, kcent = 35, bottom
left, kcent = 16, bottom right, kcent = 10, top right, kcent = 25. All four configurations are obtained at low temperature
(T* = 107"). In each case the centres of mass of successive topological shells are highlighted. Key: t = 1 - magenta, t = 2 -
green, t = 3 - blue, t = 4 - yellow. In each case the centre of mass is each ring is shown joined to the neighbours in the same
topological shell to highlight the shell structure.
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FIG. 2. Panels (a)-(d) show the Lemaitre curve for exclusively three-coordinate nodes with the data from the present simulations.
In panels (a)-(c) the black line shows the maximum entropy (ME) solution. Panel (a) shows all data for 7 values of the central
ring size, kcent, and 7 values of the temperature, T*. Panels (b) and (c) show the respective trends with respect to T* and
kcent. Panel (b) shows the mean values for each simulation at fixed temperature, varying kcent and panel (c) the mean values at
fixed Kcent and varying T™. Panel (d) shows the effect of increasing the system size for kcent = 30 and T = 0.003. Key: green,
blue, yellow and brown lines correspond to systems of size 500, 1000, 2000 and 10000 rings respectively. Panel (e) shows the
difference between the mean second moment and the ME value for six values of kcent as indicated in the legend. The dashed
line highlights a typical ME standard deviation which may be used to define a correlation length as described in the text.
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FIG. 3. Geometric radial distribution functions (rdfs), g(r), determined with respect to the centre of mass of the central (seed)
ring. In all cases the length-scales are “normalised” in terms of the bond length, ro. In all cases successive functions are shifted
along the ordinate axis for clarity. Panels (a) and (b) show the rdfs at low and high temperature (T* = 107° and 5 x 1073
respectively) for six sizes of the central ring (kcent) as indicated in the legends. Panel (¢) shows the rdfs at 7" = 0.003 for six
values of kcent in which the abscissa is shifted in terms of the radius of the central ring, Rcent. Panel (d) shows the rdfs for a
single large central ring, kcen: = 30, at four temperatures (as shown in the legend).
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FIG. 5. Ring charge radial distribution functions, G4(r), determined for (a) kcent = 30 at seven temperatures as indicated in
the legend and, (b) for 7 = 0.005 at six values of kcent as indicated in the legend. In panel (c) the abscissa is shifted in terms
of the radius of the central ring, Reent.
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the extraction of the correlation length from the envelope gradients (dashed lines). Panel (a) shows the function for a single
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of the bond length, ro. Panel (c) shows ¢ as a function of temperature for six central ring sizes (as indicated in the legend) and
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FIG. 7. Panels (a) and (b) show the mean ring size, (n:), as a function of the topological shell, ¢, shown for six central ring
sizes as indicated in the legend and at (a) T* = 107°, and (b) T* = 0.005. Panels (c) and (d) show the mean ring size in
successive topological shells (¢, as indicated in the legend) as a function of the size of the central ring, kcent at the same two
temperatures.

8.5 T — T T T 8.5 — T T

6.5

Eoiay P el L1l L L L
le-05 0.0001 0.001 0.01 0 5 10 15 20 25 30
T

FIG. 8. The gradients, A, to the fit of the number of rings in each shell, K, against ¢ such that K; = At + B. Panel (a) shows
A as a function of the temperature, T (shown on a log scale) for six values of the central ring size, kcent (as indicated by the
legend). Panel (b) shows A as a function of kcent at six temperatures (again, as indicated by the legend).
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FIG. 9. The fraction of each ring sizes n (as indicated in the legend) in the first topological shell about the central ring, shown
as a function of the central ring size, kcent. Panels (a)-(c) show the fractions, p,, at low, intermediate and high temperatures
(T* =107°,1073, and 5 x 102 respectively). Panels (d)-(g) show the changes in the fractions of 4—, 5—, 6— and 7—membered
rings int the first topological shell over seven temperatures (as indicated in the legends, on a log scale).
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FIG. 10. Difference in the probability of a ring of size k being adjacent to a ring of size k" in the first (¢t = 1) topological shell,
compared to a random distribution, AP;SJ' The black, red and green lines correspond to APﬁ), APAE;), and APE)(;) respectively.
The solid and dashed lines correspond to 7% = 107° and T = 5 x 103 respectively.
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FIG. 11. Ring size distributions in successive topological shells. The black, red, green, blue, yellow, cyan and magenta lines
correspond to t = 1,2,3,4,5,6 and 7 respectively. Panels (a) and (b) are for kcent = 5, panels (¢) and (d) for keent = 10,
panels (e) and (f) for keent = 35. Panels (a), (c) and (e) [left] are for T* = 10~ and panels (b), (d) and (f) [right] are for

T =5x 1073,
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FIG. 12. Schematic to highlight the relationship between the external angle of the central ring, 0ccnt, and the angles associated
with the rings in the first topological shell.
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7.2 Conclusions

A range of directed ring growth structures have been presented, using central ring
templates ranging from small (n = 5) through larger rings (10 < n < 30), which are
beyond the range of ring sizes so far found in amorphous systems. The simulations
use a ring growth Monte Carlo method to introduce disorder into structure. The
effect of the central ring size on the surrounding system is evaluated in terms of
the distribution of rings surrounding the central templated ring, both in terms
of the geometric distance and topological distance. With larger central ring size,
these systems show significant ordering, especially close to the central ring size.
Effective correlation lengths have been determined to evaluate the upper density

of large rings that the system can accommodate.
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Direct control of pores in network

structures: Periodic 'node evaporation'
methods

8.1 Motivations

Chapter E] focused on a novel application of a published|124} 135 approach to silica
bilayer structural generation. This method utilises ring growth dynamics, starting
from a seed whose ring size is predetermined. The structure is defined as vertex
sharing SiOj ‘triangles’, forming a SiO; 5 layer, as described in Section [5.3.3] Rings
are sequentially grown around the initial ring by adding SiO3 corner-sharing ‘rafts’,
in a non-equilibrium process (i.e once a ring has been formed, it cannot be broken).
The size of the new ring added is determined by a Monte Carlo process : rings of
size 4-10 are trialled and the local energy of the system is probed, with the energies
fed into a probability distribution to select the ring chosen. As such, a range of
disordered structures can be generated by varying the Monte Carlo temperature,
and the central ring size. The minimisation process is a local approach, whereby
only the atom in the proposed ring and directly adjacent rings are allowed to relax.
As additional rings are grown from the edges of the structure, there are always

under-coordinated sites at the edges of the system.
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Legend:
®

r = pb,

r = pby

r = ,/pb? + pb?

Figure 8.1: Graphic to show the nearest neighbour pores in the periodic environment

Whilst this ring growth method is a reliable means for generating large pores
and understanding the behaviour of bilayer systems, there is scope to build on this
approach. Firstly, we would like to generate periodic systems. This allows us to
understand the effect of using potentials which rely on longer range interactions
and full coordination, and so may be strongly influenced by the surface effects at
the edges of the ring growth systems. Using periodic systems would allow us to
understand the medium to long range interactions between pores.

By nature of having cubic periodic systems of dimensions (pb,, pb,), any ring
in the unit cell would be surrounded by eight identical rings, with two at r = pb,,
two at r = pb,, and four at r = \/M? as shown in Figure As such,
introducing a pore into these systems gives us a ‘pore density’, and by varying
the size of the system, we change (pb,, pb,), and so can understand the ability
of the structure to accommodate multiple pores.

Secondly, we would like to employ an equilibrium process to relax the system
around the pores. This would ensure that the system can relax globally (which

is particularly important for triangle raft structures as noted in Section [5.4.2]),
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and so approximate a thermodynamic product.

8.2 Periodic Node Evaporation

In order to fulfil these requirements, I have designed a software to generate periodic
systems, into which large pores can be inserted in a precise, user defined manner.
The software relies on a GUI, allowing the user to visualise the networks as it is
being created. The user can select nodes to ‘evaporate’ from the surface, resulting
in mixed coordination nodes on the internal surface. Once the required number of
nodes have been evaporated, the user ends the pore creation process, and potential
connections between undercoordinated nodes are evaluated. My algorithm for
this process relies on our understanding of the underlying network. In order for
two undercoordinated nodes to connect together, reforming rings, they must have
originally been members of the same ring. As such, it is possible to pick a random
starting node, and evaluate which of the remaining undercoordinated nodes were
originally members of the same rings as this node. Where there are two candidates,
two paths can be created, one moving clockwise and one anticlockwise around the
internal surface. This process returns up to two potential connection pathways,
resulting in two options for pore creation.

As an example, Figure [8.2] shows the effect of removing six nodes from an ideal
hexagonal net. The removal of this hexagon of nodes results in the formation of six
under-coordinated (two-coordinate) nodes (Figure [8.2p). Full three-coordination
may be reestablished by joining these nodes as shown in Figure[8.2k. In this example,
therefore, a relatively large ring of size k = 12 has been formed which is “balanced”
by the concomitant formation of three four-membered rings (and hence the mean

ring size remains, as it must, as six). Nodes can be removed in any number of ways.

8.2.1 Pathological structures

For a given user generated structure, there at most two connection pathways which
return fully coordinated solutions. There are pathological solutions where fewer than

two connection pathways are feasible. The first type are coordination disallowed
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Figure 8.2: Graphic to show the pore evaporation process, starting with a pristine lattice
(a), followed by evaporation of 6 nodes, leaving to a pore surrounded by undercoordinated
nodes, shown in green (b). Finally the structure created by coordinating the remaining
nodes with new bonds, shown in black (c)

Figure 8.3: Graphic to show a pathological configuration which is coordination
disallowed.

solutions. These are more common where a node is reduced to single coordination
by evaporating two neighbouring nodes, or where there are uncoordinated nodes
which share an edge. An example is given in Figure [8.3] where the presence of the
single coordinate node means that this ‘walk’ round the internal surface cannot
maintain full three coordination.

The second type are ring size disallowed configurations. All experimental
evidence points to an absence of three membered rings for graphene and silica bilayer
systems. Figure [8.4] shows an example where the network cannot be reconnected

without forming three membered rings.
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Figure 8.4: Graphic to show a pathological configuration which is ring-size disallowed.

Whilst each user generated structure can only form one of two final configurations,
there are a number of user generated structures which can produce a given ring

size. Examples of three different ways of forming a ring of size n = 24 are

shown in Figure [8.5]

[/
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(b) ()
Figure 8.5: Three different pores generated using the periodic node evaporation GUI,

each with the same central ring size (24), but different numbers of compensating 4 and 5
membered rings.

SACAEAEAL

These structures have the same pore size, but their ring distributions and pore
shapes are very different, with (a) consisting of only 4 and 6 membered rings about
the pore, (b) consisting of only 5 and 6 membered rings about the pore, and (c)

incorporating 4, 5 and 6 membered rings about the pore.



142 8.2. Periodic Node Evaporation

Figure 8.6: Image of an experimental graphene ‘pore’, generated by irradiation
of crystalline graphene with an electron beam, showing potential under-coordination.
Reproduced from literature ||

8.2.2 Experimental Comparisons

The periodic node evaporation technique is similar to the effect of experimental
processes to generate pores in graphene, , , . In these experiments, the
resulting structures may be under-coordinated, as seen in Figure [8.0]

By contrast, our network structures maintain three coordinate sites, and as
such this process creates strained structures, with distorted node-node angles

and distances (see Figure ).

8.2.3 Effect of pore on natural area

Removing nodes also reduces the number density, changing the periodic lengths
in x and y. The minimum energy structure depends on the potential model used.
For consistency, we have used the graphene potential (as in Chapter [5)), as the

simplest potential model evaluated in this thesis. Using this potential, we search the
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energy surface around the initial periodic boundary conditions (pbY, pbg) to find the
minimum energy cell dimensions using the graphene potential. Assuming the energy
surface is continuous with respect to the lattice dimensions, we can approximate
the energy surface in two dimensions by calculating single point energies at N
values for the periodic boundary conditions (pb,, pb,) about the initial periodic
boundary conditions (pb), pbY)). For our work, we have used N = 100, with the
dimensions on the surface described in Equation [8.2.3.1}

(b — pb3)* + (pby — pby)* = 0.0001pb;. (8.2.3.1)

This gives a simplified energy surface about (pb?, pbg), which we can then use to
approximate the force gradient at (pb?, pbg). Moving down the force gradient using
Equation moves us towards a local minimum in energy across (pb,, pb,).

This minimum energy structure arrived at by this method is treated as our
minimised defect. However, it is worth noting at this stage that this is a reference

only, and with not be the minimum energy structure for all potential models used.

8.2.4 Zeolite Formation

An interesting avenue opened by this method is the generation of structures with
multiple pores of finely controlled size. In particular, we have been able to reproduce
a wide array two-dimensional structures on demand. One such example is that of
pseudo-two-dimensional zeolite structures. An example of AFI and AFO structures
generated by this method is shown below in Figure 8.7, (a) and (b) respectively.
By using this method, we can recreate the (100) projections of a subset of zeolites,
which can then be adorned with atoms for further analysis. The AFO example in
particular makes clear the importance of a preminimisation and rescaling, showing
unrealistic four membered ring shapes. The zeolite structures selected for this
treatment were selected based on an analysis of their underlying CBUs and Tiling,
as discussed in Section [2.4] These structures are explored in more detail in Chapter

O], where their potential as silica bilayer structures is evaluated.
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Figure 8.7: Graphic to show pore evaporation process resulting in AFI (a) and AFO (b)

8.3 Relaxing Network about Pore template

Having created a periodic systems, we can use the models built and evaluated in
Chapter [5| to introduced disorder, which acts to minimise the energy of the system
with respect to its ring distribution and local ordering. The pore introduced via
the node evaporation process is treated as fixed, and so it is not involved in any
of the defect generation steps described in Section [5.2. The bond switching will
act to reduce the distortion created by the presence of the large ring; without the
constraint of fixing the large ring, the simplest way to reduce strain would simply
be to minimise the size of the largest ring. The process does however involve the
rings neighbouring the pore in the switching process. Preliminary work on a limited
number of graphitic networks generated using different shaped pores indicated that,
over sufficient simulation time, the pores approached a similar structure. This
implies that the final configuration is invariant to initial pore shape over longer

time scales, but further analysis is required for confirmation of this feature.

8.4 Monte Carlo simulations on periodic pore
template

Whilst similar work in Chapter [7] has focused on varying the size of the pore, this
work focuses primarily on the periodic nature of this new approach, and so a single

pore size has been chosen, which has then been used as a template in a range of
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system sizes, to understand the medium- to long-range interaction between pores.
As such, I have replicated the same pore in six periodic square environments of
cell size 70 to 370 rings (140 to 740 nodes, starting from 10x10 and 20x 20 lattices
respectively). The discrepancy between the cell dimensions in = x cell dimensions
in y indicates half the number of nodes removed in the pore evaporation process.
In addition to these six square configurations, a single hexagonal configuration was
included for comparison. Table shows the respective dimensions (number of
rings along periodic x boundary x number of rings along periodic y boundary),
alongside ring, node and pore count, with pore orientation and concomitant ‘pore
density’ in pores per 1000 rings. The hexagonal system contains two pores, in order

to maintain periodic cell angles at 7/2 for ease of simulation.



Cell dimensions | No. Rings | No. Nodes | No. Pores | Pores/1000 rings | Pore Environment
10x 10 70 140 1 14.28 Square
12x 12 114 228 1 8.77 Square
10x 20 140 280 2 14.28 Hexagonal
14x 14 166 332 1 6.02 Square
16x 16 226 452 1 4.42 Square
18x 18 294 588 1 3.40 Square
20x 20 370 740 1 2.70 Square

Table 8.1: Characteristics of the periodic cell sizes, into which our pore template is introduced.
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Figure 8.8: Pore of size 24 selected as the template for simulations of different periodic
system sizes

The ring size selected for this analysis was n = 24, representing a ring significantly
outside of the naturally occurring range of observed silica bilayer and graphene
behaviours, but within the limits of previous work (Chapter [7} ring sizes n = 5 —30).
This will be a starting point for work on inter-pore effects, as we expect rings of
this size to require significant system reordering to fully minimise them, which
will likely have a longer range impact.

The pore chosen is shown in Figure [8.8, composed of the 24 sided pore,
compensated by 6 4-membered rings and 6 5-membered rings. Two potential models
have been chosen for Monte Carlo minimisation from Chapter [f, the graphene-like
potential, and triangle raft Sample 1. We hope to understand the effect of these
potentials on the templated pore structure, and the mechanisms by which they
minimise the energy of the system by introduction of disorder.

As has been previously noted, experiments on graphene which evaporate atoms
from the surface invariably result in mixed coordination for larger pores, whereas

experiments for silica have not clarified the coordination environments around larger
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defects in the structure, usually brought about by poorer coverage. With this in mind,
our graphene system is unlikely to replicate experimental results, and so is treated

as an alternative network approach, rather than predictive of graphene behaviour.

8.4.1 Network Images

Figures[8.9/and show ‘snapshots’ of two pore environments, cubic and hexagonal,
with (a) and (c) showing lower temperature simulations, and (b) and (d) showing
higher temperature simulations. The introduced pore is shown in black, and
the rings are coloured by edge count. Figure 8.9 shows results using a graphene
potential, while Figure [8.10| uses a triangle raft potential.

Focusing first on our graphene potential, we can see that at low temperature there
is clear structural ordering around the pore. In particular, there are a predominance
of five membered rings bordering the pore, which tend to link together to form a
smooth ordered pore surface. This is particularly visible in the low temperature
hexagonal images (Figure ¢), where we can see up to 9 sequential five membered
rings. These chains are broken up by larger and smaller ring sizes, in order to
maintain the internal angle of our 24 sided pore. As described in Figure 12
within Section [7.1] the curvature of the ideal polygons are easily defined, with four
membered rings allowing for straightening of ring edges, or even concave sections.

These concave sections have a high energetic cost, but due to a limitation
of the Keating potential, the energy of angles either side of 7 are identical, i.e
U(r +6) = U(r — ). This results in a lower energetic cost than would be
experimentally expected for reflex angles, allowing for the formation of concave

structures. An alternative potential would be a MARTINTI style potential, defined as

oo — lk(COS(ei]’k> — cos(p))?
igk = 2 Sin2(0ijk) .

(8.4.1.1)

Whilst this function also exhibits symmetry in 7, it is asymptotic at 8 = ,
with the force gradient tending to negative infinity at 6 — 7. It seems likely that

such a potential would sufficiently disfavour reflex angles with a sufficiently short
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Figure 8.9: Ring structures under different generation temperatures and pore arrange-
ment using a simple graphene potential

simulation timestep; however, as this potential was added to LAMMPS in April
2024, it was not a viable option for this work.

Moving on to triangle raft images, we can see that with angles mediated by
internuclear repulsion and rigid SiO3 units, we do not see such concave pores, and
where there are reflex angles they are significantly closer to w. In general, we
see significantly more disorder at a given temperature than the graphene systems,
which we can understand based on the lower energy cost of Stone Wales (SW)

switches in triangle raft systems as a result of the flexibility in the bridging oxygen
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Figure 8.10: Ring structures under different generation temperatures and pore
arrangement using a triangle raft potential

atoms. In particular, although ring sizes 10 < n < 12 are allowed for graphene
systems, they are only realised in our triangle raft systems, and become increasingly
prevalent with higher ‘temperature’.

Around the large pore, there are a high proportion of four membered rings, which
are often paired to create more linear sections. Although the first ‘shell” around the
pore can contain ring sizes up to n = 7, it is dominated by 4 and 5 membered rings,
and there is a clear second shell of larger, n > 7 ring, which are often edge sharing.

The shapes of the pores appear more regular across ring size and temperature
for the triangle raft systems, approximating to regular polygons.

It is difficult to glean an understanding of ordering from these images, beyond
the very clear ordering in the first shell, and so further analysis is required to better

understand these correlations, as in Chapter [7]
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8.4.2 Ring Distributions

For all our work on networks, we have used Lemaitre’s law as a tool to understand
how close our networks are to maximum entropy ring distributions.

As has been noted in Chapter [2] the experimentally observed ring limits for
experimental silica bilayers are 4 < n < 10, with a narrower ring distribution for
graphene. Artificially introducing a pore by pore evaporation is expected to cause
deviation from the maximum entropy solution.

Figure shows a Lemaitre curve with data for our templated pore systems,
with (a) showing results generated using a graphene potential and (b) using a
triangle raft potential. Colouring the markers by periodic system size shows that
larger periodic sizes occur at lower disorder, and fit closer to the maximum entropy
solutions than smaller periodic system sizes.

We can rationalise this in the same manner as in Chapter [7] B; with increased
system size, the relative effect of our pore template reduces, as its contribution
decreases relative to the bulk. This pattern is particularly clear in the graphene
systems, where we also see a concomitant increase in the maximum recorded pg
value, resulting in part from the same effect. As N increases, poy = % decreases,
and so does its contribution to variance, ps = (n?) — (n)2. Applying this logic to
the maximum pg value, we expect the pg to be at its theoretical maximum when
only the template pore is used, and the rest of the system is crystalline (i.e. the
starting point for our simulations). In the template, there are 13 rings where n # 6
(24 membered pore, 6 4-membered rings and 6 5-membered rings). For our 140 and
3140 atom systems, this puts the pf*** values at 707;013 = 0.81 and % = 0.99
respectively, which lines up well with our observations.

Looking closer at Figure , we can see that the triangle raft systems (b)
sit at greater disorder, as noted in Section [8.4.1] They also sit closer to the
maximum entropy solution, although this may in part be a result of the very low
pe values, in which regime pg becomes a worse system descriptor as it is no longer
describing the ring fraction of a predominant ring size. Of particular interest is

the difference between square and hexagonal pore orientations at the same pore
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Figure 8.11: Lemaitre plots, differentiating between systems generated using graphene
potential (a) and triangle raft potential (b). Points coloured by the size of the periodic
system.
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density. Examining both the graphene and triangle raft results, we can see that
the 2 Pores/280 rings and 1 Pore/140 rings (which have the same pore density)
occupy the same space in these figures, indicating that pore orientation does not
noticeably affect the global ring distribution.

We expect that a significant amount of this deviation from the maximum entropy
solution can be explained by the contribution of the very large pore. These systems
have the same central pore, a 24-membered ring surrounded by 6 4-membered
rings and 6 5-membered rings, to maintain local coordination environments. This
created an initial distortion of the system away from the natural distribution of
ring sizes, forming a sample with artificially high variance, skewed by the presence
of the very large ring. As such, if we are interested in how the bulk system relaxes
around our pore template, we would like to isolate the contributions to us and pg
from the pore template, so we can understand to what extent the bulk system’s
reaction to the large pore follows the maximum entropy ring distribution. At
high n, this is a simple process, as we can simply remove the n = 24 ring from
consideration. However, we cannot simply exclude the pore, as this would alter
the average ring size, and so our mean node coordination number. Instead, we
need to exclude a set of rings which have a mean ring size (n) = 6, and as such we
need to include 4- and 5-membered rings to balance the size of the pore. There
are a discrete number of combinations of four and five membered rings which we
could exclude from our ps and pg values. We have selected three; compensate
for the pore with only 4-membered rings (9 4-membered rings), compensate using
our initial template (6 4-membered rings, 6 5-membered rings) and compensate
using only 5-membered rings (18 5-membered rings).

Figures and show the results of these compensations on the graphene
and triangle raft results respectively. We can see for both systems, any degree
of compensation shows significantly better fit to the Lemaltre curve for the bulk
sample surrounding the pore, indicating that outside of the template, the system
behaves similarly to our graphene and triangle raft systems generated in Chapter [5

In particular, this implies that local ordering about the pore does not significantly
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Figure 8.12: Lemaitre plots for systems using graphene potentials, adjusted by removal
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rings.
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Figure 8.13: Lemaitre plots for systems using triangle raft potentials, adjusted by removal
of 9 4-membered rings (a), 6 4-membered and 6 5-membered (b), and 18 5-membered (c)
rings.

affect the network with respect to the variance in the ring distribution at a given
pe. A limited number of systems in Figure [8.12] (c) show ps > 1.0 after the
compensations, as a result of the systems having fewer than 18 5-membered rings,
meaning ps < 0, and so >, .5p, > 1.

We can see that moving from (a) — (b) — (c) for both potential models moves
the values to higher pg and higher py. The shift in pg is a function of the number
of rings present in each adjustment; from (a) to (c¢), nine additional rings are
removed, resulting in a higher adjusted pg. The shift in uy is derived from the
greater ‘moment’ of four membered rings; removing 5-membered rings has a lower
effect on the ‘width’ of the distribution, as measured by us.

The graphene potential shows best fit to the maximum entropy solution for
(b), whereas the triangle raft potential shows best fit for (a). We can explain this

qualitatively with reference to Figures [8.9 and [8.10], which show graphene and
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Figure 8.14: Geometric radial distribution functions (rdfs), g(r), at 5 different
‘temperatures’, determined with respect to the centre of mass of the central (seed)
ring. In all cases the length-scales are “normalised” in terms of the bond length, rg.
Panels (a) and (b) show systems with 228 nodes, (c¢) and (d) show systems with 740 nodes.
Panels (a) and (c) are graphene systems, (b) and (d) are triangle raft systems. The ideal
polygonal radius, Reent, of the pore is marked with a black line
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triangle raft pores to have more 5-membered and 4-membered nearest neighbour

rings respectively.

8.4.3 Geometric Analysis

Figure shows the spacial radial distribution functions (g(r)), calculated using
the centres of mass of the rings and taken relative to the centre of mass of the
central ring. These figures are for two system sizes, 228 and 740 nodes respectively,
at a range of temperatures with both potential models.

Examining the nearest neighbours of the pore (first peak in the g(r)), we see a

clear trend in the distance to the nearest neighbour with ‘temperature’ for graphene
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systems, which is not true of triangle raft systems. At low ‘temperature’, the nearest
ring sits further from the centre of the pore than the ideal radius, as would be
expected as the nearest neighbour distance is the radius of both the pore (Reen)
and the rings in the first shell. However, increasing ‘temperature’ results in a
gradual lowering of the distance to the first shell, until at high ‘temperature’ the
distance is lower than R..,;. There is also a system size effect, with the first shell
of the larger 740 node system found at a greater distance than the smaller 228
node system. For triangle raft systems, the distance to the first shell remains
constant across ‘temperature’ and system size.

Looking beyond the nearest neighbours, we see no long range ordering at
high ‘temperature’ for either potential model or periodic system size. At lower
‘temperature’, for triangle raft systems we see a narrowing of the first peak, and
a better defined second peak; however, beyond this point the systems show no
clear ordering. For graphene systems however, lowering the ‘temperature’ results
in crystalline structures close to the pore at large system size (b), with some level
of ordering also noticeable for smaller system sizes (a).

We can examine these trends further by delineating the contributions of each
ring size to the g(r) distribution at a given ‘temperature’. Figures and show
decompositions of g(r) for two different system sizes, 228 nodes in (a) and (b), and
740 nodes in (c) and (d), for high ‘temperatures’ in (a) and (c) and low ‘temperatures’

in (b) and (d), for the graphene and triangle raft potentials respectively.
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Figure 8.15: Geometric radial distribution functions (rdfs), g(r), broken down into the contributions of each ring size for graphene systems,
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Figure 8.16: Geometric radial distribution functions (rdfs), g(r), broken down into the contributions of each ring size for triangle raft
systems, determined with respect to the centre of mass of the central (seed) ring. In all cases the length-scales are “normalised” in terms of
the bond length, ro. Panels (a) and (b) show systems with 228 nodes, (c¢) and (d) show systems with 740 nodes. Panels (a) and (c) are high
‘temperature’ systems, (b) and (d) are low ‘temperature’ systems.
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For both potential modes, the general trend is that larger rings are introduced
further from the pore. We can also see the introduction of the two nearest pores for
the smaller system at the same distance for both systems, as this is defined by the
periodic cell size, however for all systems this has no noticeable effect on the g(r).
However, there are significant differences between the behaviours of these systems.

Beginning with graphene systems in Figure [3.15] we can see a reduced range
of ring sizes for the lower ‘temperature’ simulations, with 4 < n < 10 for high
‘temperature’ systems and 4 < n < 7 for low ‘temperature’ systems. At higher
‘temperature’ in (a) and (c), the nearest neighbour peak is very broad, likely as a
result of the concave structures visualised in Figure[8.9] As a result it is difficult to get
a clear understanding of the composition of the rings neighbouring the pore, as they
are situated across a range of r/ry. There appears to be no ordering in ring sizes for
these disordered systems, with the proportion of each ring size varying consistently
and randomly with r/r¢, resembling an amorphous system. The lower ‘temperature’
systems show a clearer nearest neighbour peak. For the smaller system (b), this first
peak contains mostly 5-membered rings, alongside a considerable contribution from
4-membered and 6-membered rings, and a small contribution from 7-membered
rings. Beyond the clear ordering in the first shell, 6-membered rings predominate,
with 5-membered and 7-membered rings present in low concentrations and without
order. The larger system (d) shows strong peaks, with the highly ordered structure
resulting in splitting of the nearest neighbour peaks into the 4-membered (initial
peak) and 5- and 6-membered (second peak) ring contributions. The second shell
is composed of mostly 6-membered rings, with a small 7-membered contribution.
Beyond these two peaks, the g(r) is composed almost exclusively of 6-membered
rings at regular, ordered positions, indicative of a crystalline structure.

Moving to the triangle raft systems in Figure [8.16] we see a broader range in ring
sizes across all temperatures, with the full range of allowed ring sizes, 4 < n < 12
present across (a)-(d). There are fewer n > 10 rings at lower temperature. All
systems have 4-membered rings as the largest contributor the first peak. Decreasing

the ‘temperature’ (a) — (b) and (¢) — (d) narrows the first peak, and as such
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excludes ring sizes n > 6 from the nearest neighbours, whereas (a) and (c¢) both have
contributions from n > 7 in their first peaks. Where second peaks are identifiable,
they tend to be composed of more n > 6 rings. There is little order to any of the
ring contributions beyond the first (and in some cases second) peaks.

The shell charge correlation function, G,(r) has been defined in Section C.l.
(equation 16 therein) as a means to separate n < 6 and n > 6 contributions to
g(r). The G,(r) curves for system sizes of 228 nodes in (a,b), and 740 nodes in

(c,d), are shown using potential models for graphene and triangle raft models in

(a,c) and (b,d) respectively in Figure [8.17]
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Figure 8.17: Weighted geometric radial distribution functions, G, (r) with ‘temperature’, determined with respect to the centre of mass of
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Figure 8.18: Topological view of ordering about a pore for triangle raft systems of size
228 (a) and 740 (b) nodes, coloured by shell number

For our graphene systems (a,c), we see an initial negative peak, beyond which the
system is effectively damped, with the level of ‘noise’ dependent on the simulation
‘temperature’. By contrast, our triangle raft systems show much a stronger first
negative peak, followed by a noticeable second positive peak. No ordering is
discernible beyond this peak. These graphs indicate increased ordering in triangle

raft over graphene systems.

8.4.4 Topological Analysis

Two examples of a shell interpretation of 228 (a) and 740 (b) node structures are
given in Figure [8.18, with the central pore coloured white and each successive shell
coloured to distinguish them. Both samples extend to 20 shells. For these images,
we need to account for multiple images of the periodic cell to encompass for cell
ordering that extends beyond the limit of each periodic cell. For instance, Figures
8.18 (a) and (b) include 12 and 4 additional periodic cells, respectively.

As we are interested in the ring size ordering in each shell, we can also colour
these shells by their mean ring size, as in Figure [8.19] These images show clear
ordering, but are limited in their scope, and broader analysis is needed to fully

describe general behaviour with shell count.
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Figure 8.19: Topological view of ordering about a pore for triangle raft systems of size
228 (a) and 740 (b) nodes, coloured by the mean ring size of the shell, from blue ({(n) = 4)
to red ((n) =8)

Figure [8.20] shows the evolution of mean ring size as a function of topological
shell. We see very clear trends in the mean ring size with shell count away from
the pore. Averaging over five seeds gives the error bars, which are higher for the
triangle raft systems. For all systems, it is clear that n < 6 rings are favoured in
the first shell, and that there are more n > 6 rings than n < 6 rings in the second
shell. However, there are clear system size and potential model effects.

Focusing first on graphene systems (a,c), we see that the behaviours of the first
three shells is the same between our periodic system sizes, but beyond this point
their behaviours diverge, with unpredictable behaviour for the smaller system size
(a), whereas the larger system size (c) has (n) ~ 6 from shells 3-10.

For triangle raft systems, we see significant long range shell ordering across all
temperatures, with the effect more pronounced at smaller system size (b).

We can examine the effect of neighbouring pores by identifying the shells
that they are present in. Figure [8.21] shows the same graphs with only the low
‘temperature’ 1072 unit result, with the population of pores overlaid in red. Having
pores present in a shell significantly affects the (n) values, especially for smaller

systems (a,b), where neighbouring pores are closer, at which distance there are
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Figure 8.20: Mean ring size (n), as a function of topological shell averaged across
‘temperature’. .Panels (a) and (b) show systems with 228 nodes, (c¢) and (d) show systems
with 740 nodes. Panels (a) and (c) are generated using a graphene potential, (b) and (d)
are generated using a triangle raft potential.

fewer rings per shell. Isolating the effect of the pore explains the differences between
Figure [8.20] (a) and (c); we can see that for both systems, neighbouring pores

are responsible for moving (n) away from 6.

It is notable that, for the same system size, these pores occur at smaller shell
count for triangle raft systems as opposed to graphene systems, despite the pores
being the same physical distance apart, as enforced by the cell periodicity. This is
likely a result of the larger rings (n > 10) present in triangle raft systems, which
increase the volume of some shells, and the large area disparity between these rings

and n < 6 rings resulting in less regular shell shapes.
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Figure 8.21: Mean ring size (n), as a function of topological shell at a single low
‘temperature’ in blue, with the number of pores from neighbouring periodic cells in each
shell plotted in red. .Panels (a) and (b) show systems with 228 nodes, (c¢) and (d) show
systems with 740 nodes. Panels (a) and (c) are generated using a graphene potential, (b)
and (d) are generated using a triangle raft potential.

8.4.5 Characterising the Central Pore

One key metric for understanding the impact and utility of a pore in experimental
applications is its area; we expect that pore area with directly correlate with its
selectivity for molecular permeation.

Figure [8.22] presents the area of the pores averaged across all periodic system
sizes and seeds with ‘temperature’, for graphene (a) and triangle raft networks (b)
respectively. The units of the area are in 73, where ry is the ideal inter-node distance,
taken as 1 for graphene and 2rg;o for triangle raft models. These systems behave
differently with ‘temperature’, with the triangle raft ring area largely consistent
across ‘temperature’, whereas the graphene system shows a negative trend with

temperature. The implication of this figure for the triangle raft system is that the



166 8.4. Monte Carlo simulations on periodic pore template

80

— Ideal Polygon Area

70 4

60

Pore area
Pore area

50 4

40 4 P 401

—— Ideal Polygon Area

T T T 30 4 . T
10°° 1072 107! 107 1072 10!
log1o(T) log1o(T)

(a) (b)

Figure 8.22: Area of the pore formed using graphene potential (a) and triangle raft
potential (b) with temperature across all system sizes, in 73. The area of a regular polygon
side length r¢ is shown for comparison

disorder surrounding the central pore does not affect the size or shape of the pore,
and neither does the periodic system size, as these results are captured across the
full range of periodic environments. The area sits consistently ~ 0 — 5r2 below the
ideal polygon area. In contrast, the disorder surrounding the graphene system acts
to reduce the size of the pore, at low ‘temperature’ resulting in pores ~ 10 — 30rZ
larger than the ideal polygon area, with the area shrinking within ~ 10rZ either
side of the ideal area at higher ‘temperature’.

We can gain an insight into this effect by directly examining single structures,
as in Figure [8.23] which shows a graphene (a) and triangle raft (b) pores at the
same axis scaling. From these images, we can see that our triangle raft pore is
smaller, as expected from Figure [8.22] Examining the environment surrounding the
pore, we see that all of the rings neighbouring the pore are elongated away from the
pore. All of the bridging oxygen (O) atoms between the silicon (Si) atoms which
make up the pore are displaced into the void created by the pore, shortening the
Si-Si distances for the edges which make up the ring and twisting the SiO3 units to
deform the first shell of rings about the pore. This mechanism is not available for
our graphene systems, instead at low disorder we see longer carbon-carbon (C-C)
bond lengths for C atoms involved in the pore (=~ 1.2r).

Figure indicated that at greater disorder, the graphene pores become more

concave. We can evaluate this effect using the shape regularity coefficient (SRC),
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Figure 8.23: Image of the ring network surrounding the pore for graphene (a) and
triangle raft (b) for single, low disorder configurations. Oxygen (O) atoms are shown in
red for the triangle raft system, with rings coloured for clarity. The axes scaling for both
images is the same, to allow for direct comparison
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Figure 8.24: Shape Regularity Coefficient (SRC) of the pore formed using graphene
potential (a) and triangle raft potential (b) with ‘temperature’ across all system sizes.

as defined in Section [3.2.6] Figure shows the SRC values for graphene (a) and
triangle raft (b) networks with ‘temperature’. We can see that there is a wider
range in SRC for graphene systems at low ‘temperature’, likely resulting from the
lower distortion about the pore in these systems as discussed in Section [8.4.1 which
result in less even curvature about the pore.

Whereas for the triangle raft system SRC is nearly invariant with ‘temperature’,
the graphene systems show a drop in SRC over the range 7' = 1071® — 10710,
as the systems become more concave.

We have noted that for pore networks, the physical size of the pore has
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Figure 8.25: Graphics to show the largest inscribed circle for two triangle raft pores at
different periodic system sizes, with (a) at 140 nodes and (b) at 740 nodes. Oxygen atoms
are shown in red with a radius 1.35A, silicon atoms are shown for ease of visualisation.
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implications for its porous characteristics. In particular, we are interested in the
largest free sphere (the maximum diameter of a sphere that can pass through the
pore system without colliding with the atoms of the framework). This is particularly
important for silica bilayer systems, which have been hypothesised to show diffusion
characteristics based on ring size. For triangle raft systems, we have noted
that the oxygen (O) atoms bordering the pore are displaced towards it, effectively
reducing its area. For our evaluation, similar to work on zeolite pore size[92], we
treat the O atoms as hard spheres with contact radius » = 1.35A. Figure shows
a representation of this process at small (a) and larger (b) periodic system size.
Figure [8.20] shows the largest inscribed circle for our triangle raft networks
across ‘temperature’, as compared to that of an ideal triangle raft 24-membered ring
shown in black. The pore size does show a reduction with temperature, indicating
that less ordered systems with the same pore size may have different diffusion
characteristics to more ordered systems. There is also a high degree of variability,
indicating that other factors such as system size may have some impact; however, it
appears that introducing a pore allows for a large (~ 16A diameter) area through

which diffusion is possible. For reference, this is ~ 5 — 6 times larger than the
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Figure 8.26: Largest inscribed circle for the pore in triangle raft networks in A, with a
oxygen hard shell radius of 1.315A. The largest inscribed circle for an ideal triangle raft
24-membered ring is provided in black for reference.
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Figure 8.27: Assortativity values, differentiating between systems generated using
graphene potential (a) and triangle raft potential (b). Points coloured by the size of the
periodic system.

theoretical largest inscribed circle for a 6-membered ring.

8.4.6 Assortativity as a function of disorder

In Section [5.5.5] we discuss using assortativity to quantify local ordering. We can
also use these techniques to understand local ordering in our pore networks. Figure
8.27| shows the results from Section for graphene (a) and triangle raft (b)
networks in black, as compared to the different sized pore templated networks. We

can see that for both systems, the pores behave similarly to each other, but very
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differently to the untemplated amorphous systems.

Beginning with the graphene systems, we can see that the pore systems follow the
opposite trend to the untemplated amorphous systems, becoming more assortative
with decreasing disorder. This is initially counter intuitive; we have noted significant
ordering of smaller rings around the large pore, which would imply significant
disassortativity. However, in ordering rings into ‘shells’ around the large pore, we
force like-sized rings to neighbour each other.

If we examine the first shell in Figure [8.9] we can see that the five membered
ring shares edges with two other like sized 5-membered rings, with one connection
to the dissimilarly sized 24 sided ring, and two connections to the similarly sizes
6-membered rings. We can identify from this that the intra-shell connections tend
to be assortative, while inter-shell connections are more dissortative, by virtue of
the alternating (n) < 6, (n) > 6, (n) < 6 ... nature of successive shells. As such,
associative ordering is more pronounced where there is a less extensive shell network.
As noted in Section [8.4.4] graphene systems show significantly lover range shell
ordering, and as such appear more assortative that triangle raft systems, which
have greater ranger ordering, with larger disassortative inter-shell contributions. It
is also notable that the assortativity of both the graphene and triangle raft systems
tend to their untemplated amorphous values at low pg, as the effect of the pore

becomes ‘washed out’ by global system disorder.

8.4.7 Enmnergy as a function of disorder

Section [5.5.6|analysed the energy of amorphised systems as a function of system ring
size variance, and found that both the graphene and triangle raft systems showed
linear behaviour of energy U in variance ps, such that U = €9, where € is a potential
specific constant which is related to the energy of a single Stone Wales defect.
Figure [8.28 shows the linear trend from the untemplated systems in Section [5.5.6
as compared to the templated pore systems, coloured by system size, for graphene
(a) and triangle raft (b) systems. The graphene and triangle raft systems have

very different behaviours, although both systems show a lower per-atom energy for
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Figure 8.28: Final structure energy values U as a function of system variance po,
differentiating between systems generated using graphene potential (a) and triangle raft
potential (b). Points coloured by the size of the periodic system.

templated pore systems compared to the untemplated system. We can rationalise
this as the disproportionate effect of the large pore on pus; the large ring is a low
energetic cost means to significantly raise ps with minimal global distortion.
The correlations in energy for the two potentials belie more fundamental
differences between the samples. Examining first the graphene systems, the
templated results are separated in po, with smaller system sizes at greater puo,
as expected from the relative ring proportion of the large ring, and as noted
in Section [8.4.2] For each sample there is a very good fit in U with s, with
approximately the same gradient as the untemplated systems. This implies that
the pore systems react in the same manner to the introduction of disorder to the
untemplated systems, i.e. the pore has no meaningful effect on how the system
energetics evolve with disorder. We can rationalise this by considering Figure |8.20),
which shows that the pore is well accommodated locally (within the first and second
shell), meaning the effect of the pore is localised. As such, it behaves more like a
surface vacancy.The energy of the pore behaves as a localised, fixed energy, and
the system is amorphised effectively independent of it. By contrast, our triangle
raft systems do not show such a clear trend, with significantly more sample specific

variance, especially within small system sizes. It appears that introducing pores
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has a significant effect on the energetics of the system, as might be expected from
the notable ordering introduced by the pore in triangle raft systems.

In particular, the energies of these systems are significantly higher than the
graphene equivalent systems. This may in part be a result of our definition of
the natural area of the system, which as discussed in Section [8.2.3] is defined
relative to the graphene system. As we have noted in this work (Section ,
pores adopt significantly lower areas in triangle raft systems, and as such the
triangle pore systems likely are not simulated at their natural areas, which would
impose additional energetic costs to the simulations. In particular, generally smaller
system sizes (Nyoges = 140,228,280) and N,pqes = 588 sit at higher energy than
Niodes = 332,452,740, although there is a great deal of variation and so definitive
conclusions are difficult to draw. The energy of the N,,4.s = 588 system sits at
significantly higher energy than other larger system sizes. We expect this effect to be
periodic size dependent; if the pores are spaced such that their long range ordering
overlaps unfavourably, we expect the system as a whole to have a higher energy.
Equilibriating medium- to long-range ordering is a challenge for our simulation
methods, as local minima arising from strong ordering close to the pore may not
result in the most stable longer-range ordering. With increased simulation time
and tuning of the thermalisation, we may be able to better stabilise these systems,
and this is an interesting avenue for future work.

Examining the trends in energy with disorder at each system size, for larger
system sizes (Nyoqes = 740,452,332), we see a positive trend in energy with ring
size variance (pz), as would be expected from the untemplated samples. However,
the correlation is weaker than in our untemplated systems, and the gradient does
not match the untemplated systems;the gradients are lower than our untemplated
systems, indicating that it is significantly easier to introduce disorder into pore
systems than untemplated systems. This is likely a result of the ordering present
in the system, which mean that defects which overlap well with this ordering

resulting in a lower energetic cost.
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Figure 8.29: Electrostatic energy values as a function of system variance us, differenti-
ating between systems generated using graphene potential (a) and triangle raft potential
(b). Points coloured by the size of the periodic system.

The smaller system sizes, Npoges = 228,280,140, and N,p4es = 588, show
the opposite trend, with negative gradients indicating that increasing disorder
stabilises the system. We would expect that for smaller system sizes, establishing
a short- to medium- range shell system is particularly important to ‘screen’ the
distortion created by each pore from other pores. As such, a negative gradient
here implies that greater ring variance is required to establish this ordering, and

lower the system energy.

8.4.8 Charge Based Interpretations

An alternative approach to the energetics of these systems is an electrostatic one,
as described in Section [5.5.7] Untemplated systems show linear correlation between
the electrostatic energy and ps, as shown by the black markers in Figure [8.29]
which also shows the electrostatic energies of the graphene (a) and triangle raft
(b) systems, coloured by system size.

Examining first (b), the triangle raft systems, we can see good agreement with
the gradient predicted by the untemplated system; where there is deviance from
the trend, the energies of the templated pore networks are higher than would be
expected, indicating that they have not minimised down to the expected levels.

This dispersion away from the trend is more pronounced for smaller systems. The
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general agreement to this fit implies that triangle raft pore systems show potential
to be modelled as charge-based systems, as they have consistent energetic behaviour
with ps, even when the system deviates from the maximum entropy solution as
discussed in Section [8.4.2] Agreement to this fit implies that ordering about the
pore is close to that expected for a charged fluid.

Our graphene structures (a) do not follow the same relationship, instead
consistently sitting at higher energy, showing two distinct regions with disorder.
At lower disorder, the gradient is steeper than the untemplated system, with an
inflection point at intermediate disorder, beyond which the gradient approximates to
that of the untemplated system. In the latter region, the pore behaves energetically
similarly to a charged particle, however in the former region, the shape and ordering
around the pore do not map well onto an electrostatic model. In particular, we

noted in Sections [8.4.3] and [8.4.5] that the pore size was larger than that of an

ideal polygon with edge size ry at lower disorder, with pore size shrinking with
disorder (Figure . The size effect present will likely have a significant effect
on the energy of the pore, although the shape of the pore is more concave at
higher disorder, complicating this effect.

The system energies deviate significantly from those predicted by the untem-

plated systems. However, as we have noted in Sections [8.4.7] and [8.4.4], the pores

in graphene systems appear to behave less like rings and more like vacancies. As
such, methods such as our electrostatic model which rely on ‘ring charges’ are

less likely to well approximate these systems.

8.5 Conclusions

A novel method for introducing large rings, termed pores, into periodic systems
is presented. This method allows for direct evaluation of the effect of large ring
density on the stability of the system, accounting for inter-pore interactions. The
form of this method is compared to experimental processes for forming ‘nanopores’
in graphene. The capabilities of this method to produce zeolite structures are

introduced. This technique is used to introduce a single large pore (n = 24) into
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the center of seven different sized periodic systems, with the systems then relaxed
about this pore using the Monte Carlo approach and potentials for graphene and
the triangle raft system from Chapter 5. The impact of the on the surrounding
system is evaluated in terms of the distribution of rings surrounding the central
templated ring, both in terms of the geometric distance and topological distance.
Approximations are made to evaluate the ring distribution variance for the bulk
system surrounding the pore, which is shown to approximate to Lemaitre’s curve for
both graphene and triangle raft systems. Local ordering around the ring is shown
to be signficantly different for graphene and triangle raft systems, with triangle
raft systems showing longer range order. For graphene systems, the central pore
shows concave regions at high disorder, with the edges of the central pore elongated,
while triangle raft systems show consistent pore size with disorder, with a largest
inscribed circle ~ 16A in diameter. Global assortativity measurements show pore
systems as more assortative than bulk systems, which is proposed to result from the
intra-shell ordering about the pore, which brings like-sized rings together. Energy
values derived from the simulation potentials and from charge-based approaches
as in Chapter 5 indicate that pores in graphene systems act similar to surface

vacancies, whereas pores in triangle raft systems behave more like large rings.
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The High Throughput Construction and
Analysis of Bilayers of Tetrahedra.

9.1 Motivations

Throughout this work, we have highlighted to the relevance of our models to silica
bilayers, constructed of vertex-sharing SiO,4 tetrahedra. In this work, we use our
results from Chapter [5| as a basis for building a dataset of network structures, to
which we can apply higher level potentials, following the workflow described in
Section [£.5] The presence of a mirror plane allows bilayer structures to exactly
map onto a two-dimensional network of three-coordinate nodes, with the same
characteristics as those we have discussed earlier in this work. In particular, we are
interested in the energetic behaviour of systems with cell area, which we treat as a
variable, in order to determine the maximum and minimum stable areas occupied
by our structures. This work aims to bridge the gap between hard-shell simulations
of silica systems, which are used as the basis of zeolite modelling, and higher level,

more accurate, system-specific empirical potentials.

9.2 The High Throughput Construction and Anal-
ysis of Bilayers of Tetrahedra.
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A method for generating siginficant numbers of network configurations is developed appropriate
to bilayers of systems such as SiO2, GeO2 and aluminosilicates. The presence of a mirror plane
allows the bilayer structures to exactly map onto a two-dimensional network of three-coordinate
nodes (equivalent to a percolating network of edge-linked rings). A bond switching algorithm is
employed to generate disordered (amorphous) network topologies (characterised by the ring size
distribution and the nearest-neighbour connectivities, as measured by the Aboav-Weaire Law and
assortativity). Bilayer configurations are generated from these networks and energy minimisations
are performed using a hierachy of potential models; a purely harmonic potentials, a harmonic
potential and an inter-tetrahedral repulsive term, a rigid-ion model, and a polarizable-ion model.
The harmonic potential shows a flexibility window whose extend depends on the magnitude of the
inter-tetrahedral repulsive term. Distortions of the bilayer networks are characterised with reference
to both the ideal (hexagonal) crystal and the amorphous networks. In addition, a “pore evaporation”
algorithm is developed and used to generate a range of potential zeolitic networks. These networks,
which are ordered but contain significant numbers of non-hexagonal rings, provide a useful contrast
to the disordered networks.
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I. INTRODUCTION.

Recent developments in experimental techniques have shown how inorganic thin films, which consist of bilayers
of network-forming materials such as SiOs, GeOs and aluminosilicates, may be effectively synthesised'?. Whilst
such films have most commonly been synthesised in a disordered (amorphous) state, partially crystalline films have
also been observed3. Such materials have potential applications in, for example, catalysis and gas separation (see
ref.? and references therein). However, whilst the experimental investgations generate highly detailed information
regarding the bilayer structures, they are time and resource consuming and it is difficult to extract any truly statistical
information regarding the relative stability of different network topologies. For highly distorted systems, continuous
random networks appear commonplace in nature being observed in chemical, biological and physical systems, such as
crystallite grains®® or cellular structures® '3, foams'3 2% and geological phenomena such as the Giant’s Causeway?!.

Synthetic pathways developed to date have allowed thin films of SiO; to be deposited on metallic’*22-2% or
graphitic3® substrates, with advanced imaging techniques allowing for atomic resolution of the structure. A sub-
set of the films deposited show structures which can be interpreted as based on bilayers of corner-sharing SiO4
coordination polyhedra (CP). Such bilayers are stable (in a chemical sense) as all the Si and O atoms are 4- and
2-coordinate respectively (i.e. there are no “dangling” bonds). For both amorphous and crystalline films a mirror
plane houses a layer of O atoms which act as bridges between the two monolayers3!32. The pseudo-two dimensional
nature of the bilayers allows the ring structures to be directly observed, constructed from the network of Si atoms.
The ideal crystalline system is a percolating net of six-membered rings, and amorphous systems are constructed from
4- to 10-membered rings3334. The experiments allow near-atomistic resolution of the surface structure. However,
whilst the information obtained is highly detailed, it is statistically limited in the sense that, although the location of
thousands of atoms may be impressively resolved, this is still significantly fewer than the thermodynamic limit (i.e.
N < N, A)-

The novelty of these near-2D bilayer networks has spawned a number of (complementary) computational studies,
both ab initio®>3% and classical>'37. The atomistic resolution offerred by experiment allows these configurations to
be used directly in the simulation models. However, these are limited both in size and number, and can contain
defects or areas which could not be fully imaged. Furthermore, the configurations are necessarily aperiodic, requiring
the application of sliding boundary conditions for effective simulation®. As a result, computational techniques are
preferable for generating configurations. To this end a number of complementary techniques have been developed,
including quenching a liquid confined to two dimensions?!, bond switching Monte Carlo®?4%, and growth of triangular
rafts0:41,

The network structure can be described at a number of “levels”. At the first the ring distribution, p,,, describes the
proportion of rings in the network of size n. The distributions are constrained by Euler’s formula for connected planar
graphs, such that the mean ring size must be equal to six, (n) = 6. The second involves the ring correlations, that is,
the tendency (if any) of rings of different sizes to be adjacent to one another. The ring distributions themselves contain
no information as to how these rings are spatially arranged. Information on the nearest-neighbour ring structure has,
historically, been investigated using an empirical Aboav-Weaire law®®, which, in one form, may be written as

iy, = (n)* + piz + (n) (1 - a) (n.— (n)), (1)

where m,, is the mean ring size for the rings neighbouring a ring of size n and ps = (n?) — (n)?2, the second moment.
As a result, the parameter « in equation 1 contains information regarding nearest-neighbour ordering. For example, a
larger value of a indicates an increased tendency of small rings to be adjacent to large rings. Nature appears to favour
a ~ 0.2 — 0.3 suggesting a strong tendency for large rings to be positioned next to small rings*?. The Aboav-Weaire
law has been used (in particular, in a chemistry context) to quantify local ordering. There are, however, issues with
its application, in particular the requirement for equation 1 to give a good linear fit, and the potential for “outliers”
(i.e. very small or, more likely, very large rings) to greatly affect the fit. In addition, the value of the parameter a
does not have clear physical bounds. For example, a truly random network shows o = —ps/(n) and hence depends
upon the width of the ring size distribution*?.

What is required, therefore, are methods to generate large numbers of possible bilayer structures which can then be
sorted. The existence of the mirror plane in the bilayers means that the network topology maps directly onto a two-
dimensional net. A modelling strategy, therefore, is to generate the basic topologies using this (highly computationlly-
efficient) mapping. These networks can then be sorted as required (for example in terms of the level of disorder or
in terms of the nearest-neighbour structure), converted into full bilayer configurations, and then investigated further
using higher-level (and hence less computationally-efficient) models. This hierarchical strategy allows potential new
structures to be effectively identified and investigated for possible useful properties. For example, the concept of the
flezibility window is significant in considering zeolite properties?*#® in particular in helping to ratioanlise the ability
of these systems to form networks which differ significantly in density whilst maintaining lattice energies close to that
of the crystalline ground state.



The structure of this paper is as follows. In section IT the methods used are summarised, namely the bond-switching
Monte Carlo technique used to generate the basic network topologies, along with the method by which the bilayers
are generated and the potential models used. In addition a method for generating arbitrary pore distributions
(termed “pore evaporation”) is described, allowing for a rich array of potential zeolitic crystal structures to be
investigated. Section III contains the core results, focussed first on the ideal hexagonal-net-based crystal, before
branching into introducing non-six-membered rings, firstly as potential zeolitic structures, and secondly as fully
disordered (amorphous) structures. Section IV discusses the results and links the different networks whilst section V
draws conclusions.

II. METHODS.
A. Bond-Switching Monte Carlo.

The fundamental coordination polyhedra (CP) for the silica bilayers are vertex-sharing tetrahedra with O atoms at
the vertices and the Si atoms at the centre, as is the case for the bulk condensed phases at ambient pressure. In the
bilayers these CP are arranged such that three of the vertices are connected to tetrahedra in the same layer, with one
vertex shared between layers (a “bridge”). The bridging oxygen atoms enforce a symmetry plane between the upper
and lower layers and means that the two layers are mirror images. As a result, the bilayer structure can be mapped
onto two-dimensions, retaining all key information such as the ring statistics and connectivities*!. Here we wish to
produce large numbers of configurations with controlled ring statistics and topologies. To that end, working with this
reduced representation is sufficient to fully describe the bilayer network topology. It provides a highly computationally
efficient method for generating networks with the required topology. Each network topology can then be converted
back to a full bilayer configuration whose structure may be refined as required.

The two-dimensional network configurations are generated using a bond-switching Monte Carlo (MC) technique as
originally developed by Wooten, Winer and Weaire*6 (described fully in ref.3?). In this method a starting configura-
tions (here a perfect hexagonal lattice) undergoes a series of transformations in which neighbouring pairs of atoms are
swapped. In the present work MC moves are used which preserve the three-coordinate nodes (and hence the overall
coordination number remains fixed at three throughout). As a result, each MC move introduces a Stone-Wales defect
into the lattice (increasing the size of two rings by one and reducing the size of another two by one). Each bond
“flip” is followed by a geometry optimisation in which the system energy is driven towards a local energy minimum.
Here a simplified Keating potential*” %% is utilised as an example of a relatively simple models which contains two-
and three-body interactions and allows for rapid energy minimisation. Note that the choice of potential model is
not critical as it is merely a means to ensure that the two dimensional network evolves in an energitically reasonable
fashion. Geometry optimisation is achieved via a steepest descent algorithm which can be applied locally to the bond
switch (with significant reduction in computational cost).

The use of a MC procedure introduces a “temperature” parameter, which controls the moves allowed in which the
system energy becomes more positive. As a result, the MC temperature and the rate at which this MC temperature
is reduced effectively contol the level of disorder. The MC procedure described generates entropically-driven configu-
rations consistent with a maximum entropy (ME) analysis. As a result, the disorder may be effectively characterised
by the fraction of a single given ring size, usually the fraction of six-membered rings, pg, since these are dominant
(particularly at low temperature). Alternatively, the ME distribution automatically links the second moment of the
ring size distribution, po, to the fraction of six-membered rings, known as the Lemaitre law®%°!. In addition to using
the MC temperature, the network properties may be controlled using a cost function. For example, the network
properties determined may be compared to the target parameters (here the fraction of k—membered rings, p}, the
second moment, 5, and the Aboav-Weaire paremater, a;), with cost function,

2 t
- Pk — P
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where k is a scaling parameter3?. Further control can be applied by constaining the distribution of allowed ring

sizes. In the present work we use two contrained networks. In the first only 5-, 6- and 7-membered rings are allowed
(termed 5-7 constrained) and in the second rings of size n = 4 — 10 are allows (termed 4-10 constrained). For the 5-7
constrained system the second moment becomes linear in pg, with pe = 1 — pg.



B. Pore Evaporation.

To allow even greater comtrol over network formation a method of so-called pore evaporation has been developed
in which identified nodes in a given lattice can be systematically removed. Nodes are removed from an ideal net
with the remaining under-coordinated notes reconnected to reestablish both full coordination and the required ring
connectivity. As an example, figure 1 shows the effect of removing six nodes from an ideal hexagonal net. The removal
of this hexagon of nodes results in the formation of six under-coordinated (two-coordinate) nodes (figure 1b). Full
three-coordination may be reestablished by joining these nodes as shown in figure lc. In this example, therefore,
a relatively large ring of size £k = 12 has been formed which is “balanced” by the concomitant formation of three
four-membered rings (and hence the mean ring size remains, as it must, as six). Nodes can be removed in any number
of ways. The most flexible method utilises a graphical user interface (GUI) to allow the user to visualise the network
to be modified. The user can then “click” on nodes to remove from the network with the newly-under-coordinated
nodes on the created internal surface highlighted. Once the required number of nodes have been evapourated, the
user end ends the pore creation process and potential connections between uncoordinated nodes are evaluated. The
removal of nodes potentially introduces strain into the network which is removed by scaling the coordinates along
both cartesian axes to locate the energy minima. Once the fully relaxed configuration is obtained the Monte Carlo
bond-switching method (as described in section IT A) is employed. The pore introduced via the node evaporation is
treated as fixed, and so is not involved in any Stone-Wales bond switches. As a result, the bond switching will act
to reduce the distortion created by the presence of the large ring; without the constraint of fixing the large ring, the
simplest way to reduce strain would simply be to minimise the size of the largest ring.

C. Bilayer Generation and Harmonic Potentials.

Bilayer configurations can be generated from the two dimensional networks using the following scheme. Each node
becomes a metal cation tetrahedron centre with locations halfway between each of the three neighbours becoming the
three O atoms in the basal plane of that tetrahedron. This layer of O atoms is different from the M atom nodes along a
direction perpendicular to the plane containing the atoms (hence forming a set of linked triangular biprisms). A mirror
image of these biprisms is then constructued and joined to the original layer via a central plane which is occupied by
the bridging O atoms which initially map onto the original node coordinates. In the simplest bilayer representation
the tetrahedral geometry is maintained by joining the four M-O and six O-O atoms by harmonic springs, such that
the harmonic energy between a given pair of atoms ij in a given tetrahedron is given by, U;?, = k(r;j —ra5)?, where
rop is the MO or OO separation in an ideal tetrahedron, and k is the spring force constant. The repulsion between
neighbouring tetrahedra is modelled using a shifted 12-6 potential which acts between pairs of M atoms only (i.e. it
acts between the tetrahedral centres),

s\12 516 1/6
U:{%[(T) 2(2)°] e rew <20 3
0, otherwise

where € is a constant and r is the Si—Si separation between atoms in adjacent tetrahedra, and o characterises the
length-scale of the short-range interaction.

Our primary aim here is to generate topologies suitable for further investigation using more accurate (and hence more
computationally-demanding) potential models. The harmonic springs act to control the local (tetrahedral) geometries
whilst the 12-6 potential imposes a repulsive interaction between nearest-neighbour tetrahedra. These functions are
chosen as deliberately simple to improve computational efficiency and achieve high throughput of idealised networks.
Furthermore, the parameters k and e need have no direct physical meaning, simply controlling the meaning of the
system “temperature”. Our only requirement is that the respective terms generate energies of the same magnitude
to allow for efficient structural evolution. The energies are minimised using a steepest descent algorithm in which the
kinetic energy is quenched when it reaches a (local) maximum.

D. Inclusion of Electrostatic Interactions.

In the next stage the relaxed bilayer configurations which emerge from the harmonic energy minimisations are re-
laxed further usung a more accurate potential which includes a more detailed description of the underlying interatomic
interactions. Here we employ the model developed by Tangney and Scandolo® for SiOy (termed the TS potential).
The TS potemtial utilises an ionic description in which the interaction energy is dominated by the electrostatic inter-
actions. The Si and O ions carry charges of +2.4e and —1.2e respectively (i.e. smaller than the full charges suggested



by their formal valences) with the relative magnitudes of the Si-O and O-O short-range interactions favouring the
formation of SiO4 tetrahedra (under ambient pressure conditions). At the simplest level (a rigid-ion model - RIM)
the potential model is a pair-wise additive combination of short-range and (long-range) charge-charge electrostatic
terms. In addition the model may include a description of ion polarization (a polarizable-ion model - PIM53) which
incorporates and many-body character into the model. In network systems such as SiO5 the anion polarizability
effectively controls the angles between neighbouring connected tetrahedra (i.e. the Si-O-Si bond angle - see ref.?® and
references therein). The computational effort required to relax a configuration with a RIM or PIM is significantly
greater compared with using a harmonic potential as the former requires double sums over all ions and a method
(such as an Ewald summation) for handling the long-range electrostatic interactions whilst the latter requires only a
sum over all bonded pairs and no long-range interactions. Furthermore, relaxing a configuration using a PIM requires
around an order of magnitude more computational power compared with the rim owing to both the greater number
of interactions which must be considered to calculate the energy (and forces) and the requirement to use a smaller
integration time-step to control the changes in the induced moments®3.

III. RESULTS.

The results are presented in three sub-sections. In the first, ideal hexagonal crystalline networks are considered
as probably the most useful reference state. In addition, the role of three different coherent distortions are also
considered. In the second a range of potential zeolitic bilayer structures are considered, and in the third fully
disordered (amorphous) networks are considered.

A. Crystalline networks.

Figure 2(a) shows the energy v. area curves for the ideal hexagonal bilayer network obtained using the harmonic
potential for a range of values of the parameter 7., (which, recall, controls the interactions between neighbouring
tetrahedra). For r.,; = 0 (corresponding to no short-range interactions between tetrahedra) the total energy can be
driven to zero for A* < 1. For the ideal hexagonal bilayer the inter-layer Si-O-Si bond angles are 180° and, as a result,
all three oxygen atoms in the basal plane of each tetrahedra lie in a single plane. In this case the problem maps onto a
network of corner-sharing triangles, the centres of which join to make up the ring network. The energy v. area curves
in figure 2 can be used to define an effective flexibility window. For the harmonic model the upper and lower bounds
on the area (labelled A and Aj respectively) are defined by the range over which the energy can be driven to zero,
that is, all of the Si-O and O-O bonds are able to achieve their ideal length. The inset to figure 2(a) highlights how
this results in the formation of the flexibility window, with “width” given by AA* = A} — A}, and which increases as
Tewt decreases.

Figure 2 highlights how the bilayer can occupy different areas even whilst constraining the basal triangle of O
atoms to sit in a single plane and whilst the harmonic energy can be driven to zero. Figure 3 shows two such
examples (labelled A and B respectively) of coherent distortions which differ in the long-range order associated
with the short-range displacements. The concerted distortion labelled A is the higher symmetry system, with p31m
plane group symmetry. the distortion of each ring is identical, and in the basal plane there is no variation in bond
angles. By contrast, the distortion labelled B is more disordered, with a lower symmetry p2gg plane group; there is
visually more variation in ring shape and bond angles present. The structures are recognisable collapses of a kagome
net®®, as examined alongside zeolites in previous work on flexibility windows of periodic trusses. An area of A* =1
corresponds to the Si-O-Si bond angle, projected onto the plane containing the basal O atoms, of 180°. Alternate
rotation of the projected triangles (the basal planes of the respective tetrahedra) as shown in figure 3 results in a
reduction of the overall system area whilst retaining the ideal tetrahedral geometries (and hence having zero energy
within the harmonic model). For example, for the highly concerted distortion (A), the area of the hexagon is given by
Aper = 6\/§r?sin2(a /2), where r; is the distance from a triangle vertex to the centre of mass and « is the angle between
to neighbouring vectors ry;. At a projected angle of 180° all of the available bending modes have been exhausted and
so any further increase in system area is facilitated via stretches (with a concomitant energetic penalty). As a result,
A* =1 represents the upper bound on the system area for which the energy can be quenched to zero, or its minimum
density state. The inclusion of a repulsive term between tetrahedra introduces a lower bound on the area. Considering
the examples shown in figure 3, as the oxide basal plane triangles rotate, the nearest-neighbour Si-Si separation is
reduced. As a result, increasing the value of the parameter r.,; will increase the range of the Si-Si repulsion and raise
the value of the lower area limit, A}. For the ideal hexagonal lattice the upper area limit is controlled entirely by the
geometry and is fixed, whilst the lower limit depends only on 7., as this parameter controls the repulsion between



neighbouring tetrahedra. The window “closes” (AA* = 0) when the short-range interaction length-scale becomes
equal to 7g;g; for a projected angle of 180° (i.e. panel (a) in figure 2). This corresponds to 7cy; =~ 3.0A.

Figure 2 (b) shows the energies v. area for the harmonic model for the type B distortion for a range of re,: =
2.63Avalues.2.83A and 3.15A respectively. In all cases the energy cannot be driven to zero for A* > 1 as this
exhausts the bending modes and requires activation of (non-zero energy) stretching modes. At the lower value of
reut the flexibility window extends to the lowest areas studied whilst the window for the higher value of r.,; shows
a lower bound. Interestingly, the width of the flexibility window (inset to figure 2(b)) is greater for the type B
distortion than for type A with AA ~ 0.10A for A and ~ 0.12A for B. The change in the width of the flexibility
window can be rationalised by considering the different structural changes. The lower symmetry type B distortion can
accommodate both twising of the tetrahedra perpendicular to the bilayer major plane and tilting of the tetrahedra in
which the three atoms in the basal plane of the tetrahedra shift). The type A coherent distortion does not allow a tilt
without distortion of the local tetrahedral coordination polyhedra (which, in the harmonic model, has an energetic
cost). However, the type B distortion can accommodate such tilts and so offer an additional mechanism to relieve
strain. We will develop this in section III D. The implication of the concerted distortions shown in figure 3 is that
the twisting of the tetrahedra, defined in terms of rotations of the three O atoms in the basal plane, is an excellent
metric to identify the upper area bound of the flexibility window. This is a metric which has been established for
understanding the flexibility window in three dimensional aluminosilicate zeolites.

Moving on to the more complex models (section IID) which incorporate descriptions of the underlying electro-
static interactions, figure 4 shows the energy v. area curves for both the RIM and PIM. For the RIM the starting
configurations at each area is that extracted from the fully relaxed harmonic model (section IIC) whilst for the PIM
configurations are taken which have been fully relaxed using both the harmonic model and the RIM. The PIM shows a
minimum at lower area (A* ~ 0.988) and more negative energy (U* ~ —6609.3kJmol~!) when compared to the RIM
(A* ~ 1.032, U* ~ —6574.9kJmol~!). The more negative energy achieved using the PIM highlights the (relatively
small) role or polarization (many-body effects) in determining the static structure. The inclusion of polarisation effects
in this manner is essentially variational in nature and so UP¥™ < U™, The reduction in area at the energy minimum
for the PIM reflects the role of anion polarizability in stablising more acute Si-O-Si bond angles with respect to the
corresponding RIM. The energies extracted from the PIM starting from either the harmonic potential- or RIM-relaxed
configurations appear near-identical, suggesting that the “intermediate” RIM relaxation may be omitted For both
the RIM and PIM the type B distortion shows significantly more favourable energies at lower areas for same reasons
as observed for the harmonic potential (see above). The figure also shows the predicted flexibility windows. For the
RIM and PIM the energy can no longer be driven to zero (as for a harmonic model) to give a “clean” definition of the
flexibility window. Here we take the area range over which the relaxed potential energy is AU = U —U* < RT, where
U* is the most favourable energy and T' corresponds to room temperature, however alternative limits are proposed
in section ??. The flexibility window is approximately the same width for the RIM for all three distortions whilst
it is significantly wider for the PIM for the type B distortion, reflecting the lower curvature of the U v. A curves
around the energy minimum for the PIM as the inclusion of the anion polarizability significantly softens the key
repulsive cation-cation electrostatic interactions. Inclusion of polarization effects is also key for future work in order
to reproduce dynamic (vibrational) properties (see, for example, ref.>*). The concomitant structural changes will be
considered in section IITD.

B. Zeolitic networks.

The ideal hexagonal lattice can be used as a starting point for generating a wider range of crystalline bilayer
structures using the pore evaporation method discussed in section II. A subset of zeolitic structures have been identified
which can be mapped directly to bilayer structures. These are structures which are periodic when viewed along the
(001) direction. As a result, these projections can be approximated to a three-coordinate (two dimensional) network.
Physically, these structures were generated by removing nodes from a hexagonal net, and reconnecting the remaining
nodes to give the required connectivity dictated by the zeolite. The structures selected are based on the symmetries
of their underlying composite building units (CBUs) and natural tiling. For our purposes, the configuration should
be composed of building units which can be split into two distinct layers, shows a plane of symmetry between these
two layers, and has no nodes lying on this plane of symmetry. These are quite broad descriptions of theoretically
allowed structures, but not all are equally feasible. In the absence of a rigorous symmetry-based argument, we search
for CBUs which stack in the (001) direction in a layered manner (AA’, where A’ is a mirror image of A). By sorting
known zeolite structures we generated a list of potential near-two-dimensional zeolites, from which we have selected
six structures that follow these rules, and one (MOR), which does not. MOR shows AA’B stacking, with the AA’
section obeying our broad symmetry requirements, but the necessity of a B layer in three dimensions meaning it does
not obey our requirement of AA’ stacking. MOR was included to understand whether similar structures would be



stable. These structures are listed in table I. Once the network connectivity properties are established the energy
minimum is located for each network by relaxing both the atom coordinates and the simulation cell lengths. A bilayer
is then constructed by adding a second layer which mirrors the original layer (as highlighted for disordered structures
in ref.3!).

Zeolite| Rings| p2 | 7

ATV | 4,6,8 |2.67|-0.26
AHT | 4,10 | 8.0 |-0.35
AEL [4,6,10| 4.8 |-0.48
AFT |4,6,12| 8.0 |-0.5
AET [4,6,14| 8.9 |-0.36
GIS | 48 [4.0]-0.5
MOR | 4,5,8 | 6.5 |-0.36

TABLE I. Near-two-dimensional bilayer zeolitic structures considered in the present work. Each zeolite is labelled using the
nomenclature from ref. Column two lists the ring sizes for the given network whilst columns three and four give the resultant
second moment of the ring size distribution and assortativity respectively.

Figure 5(a) shows the energy v. area curves and associated flexibility windows for the seven zeolitic bilayer structures
along with the ideal hexagonal net curve for comparison. All of the energies are calculated using the PIM. All of
the zeolite structures studied form (meta-)stable crystals with AU < 12kJmol~! with respect to the hexagonal net
minimum energy. As expected, the 2d zeolite structures very much reflect their 3d analogues in having inherent
lattice energies close to that of the ideal hexagonal crystal. In addition, panel (c) of the figure shows the energy/area
data with the former shown on a log scale in order to highlight the location of the energy minima. Figure 5(b) also
shows the widths of the respective flexibility windows determined as described above. The values observed for the
zeolites are lower than those for the hexagonal net (the mean average AA ~ 0.8 compared with that for the ideal
hexagonal net of AA ~ 0.12), again reflecting the balance of introducing smaller (more highly strained) rings to
accommodate the larger rings. In these calculations the area of each structure is expressed relative to that of the
equivalent hexagonal system (i.e. the areas for each zeolitic structure are not easily directly comparible). To allow
for a clear direct comparison figure 5(d) shows the energies as a function of the number density, ng, the number of
SiOy molecules per unit area. The zeolitic networks all show lower densities than the hexagonal net (as would be
expected). In ref.?¢ DFT calculations are performed on a range of bilayer networks, two or which (labelled ‘8-4’ and
‘8-6-4’ in ref.3%) correspond to the GIS and ATV zeolites respectively. The present results for the PIM compare well
with those in reference®®. The number densities are ng = 15.5nm~2 and 16.3nm~?2 for GIS and ATV respectively,
compared with ng = 15.Inm~2 and 15.8nm~2 from ref.*S. The corresponding energy differences (expressed with
respect to the ideal hexagonal net) are AF = 3.35kJmol~! and 3.20kJmol~! for GIS and ATV respectively, compared
with AE = 3.79kJmol~! and 3.12kJmol ! from ref.36.

The chosen zeolite bilayers can be broadly divided into two classes. In the first, six-membered rings are replaced
by a larger ring (k = 8,10,12 or 14) with the concomitant formation of four-membered rings (retaining the required
mean ring size of six). These are ATV, AEL, AFT and AET respectively. In the second, no six-membered rings are
present (AHT, GIS and MOR respectively). Figure 6(a) shows the energy differences, AU, for all of the zeolite bilayers
studied shown as a function of their respective second moments, po. There is, as expected, a broad correlation between
AU and py. The networks containing the largest rings (and associated larger values of us) appear least energetically
favourable. This observation is consistent with the larger rings being more strained and accommodating more four-
membered rings, both of which are energetically unfavourable, the former as they require stabilisation of more obtuse
bond angles and the latter more acute angles. However, the consideration of the largest ring in a given network is
not sufficient to predict its relative energetic stability. For AHT (4- and 10- membered rings) and AFI (4-, 6- and
12-membered rings), for example, po = 8 in both cases and yet AFI appears significantly more stable than AHT as
it retains a significant fraction of hexagons (ps = 1/3) whereas AFT retains no such rungs. Considering alternative
potential correlations, figure 6(b) shows the energy differences as a function of the fraction of four-membered rings,
p4. Again, there is a clear correlation between the network energy and the number of these rings, with the greater the
fraction of these rings the higher the energy, simply reflecting the relatively high strain associated with the formation
of the four-membered rings. Figure 6(c) shows the energy differences of the zeolites formed by creating a single large
ring plus associated four-membered rings as a function of the size of the largest ring. The energy differences become
more significant as the size of the largest ring in the network increases, again linked to the greater strain associated
both with adopting a large ring plus the required number of four-membered rings. Finally when considering the
zeolite energies, figure 6(d) shows the relative energies as a function of the network assortativity. There appears little



correlation between the network connectivity and the relative energy, indicating that the energies are dominated by
the sizes (and numbers) of rings formed rather then their relative spatial location. Figure 6(e) shows the areas of the
respective energy minima as a function of the second moment of the ring size distribution. The area shows a strong
correlation with o, with the area scaling with the width of the ring size distribution.

C. Disordered networks.

In the previous sections the presence of a “flexibility window” was established for an ideal hexagonal net and shown
to be present for a range of two-dimensional zeolites, the latter characterised by the presence of an ordered array of
non-six-membered rings. In this section the effect of the presence of structural disorder, in the form of introducing
non-6-membered rings, will be analysed. The level of disorder is controlled by the weighted cost function controlling
the key target metrics (here pganda), and the Monte Carlo temperature (see section ITA) with two constrained
networks considered in which rings are limited to k =5 — 7 and k = 4 — 10 only (see section II).

The introduction of structural disorder results in changes in both A} and A linked purely to the network topology.
For example, figure 7 shows energy/area curves for the n = 5 — 7 ring systems generated under different conditions,
here the fraction of hexagons (which, for this highly constrained ring system also defines exactly the number of
pentagons and heptagons), and the Aboav-Weaire parameter, «, which is a measure of the nearest-neighbour ring
ordering. The energies are determined using the harmonic model. A number of key trends are common to the whole
parameter space. The mean high area limit, (A%), is approximately constant for each parameter set and shows a
dispersion of values. The mean lower area limit, (A]), shows a similar dispersion of values for each parameter set
and shifts to higher area as r.,; increases. As for the crystalline case, the flexibility window effectively “closes” as
the magnitude of the repulsive interaction, characterised by the parameter r.,;, increases. However, the effect of the
disorder is clear. In the crystalline examples the flexibility window limits are well-defined. With topological disorder
both bounds show a dispersion, indicating that the atomistic details of the disorder may be significant.

Figure 8(a) shows the evolution of the upper limiting area, A%, as a function of pg extracted from all configurations
generated, for both the 5-7 and 4-10 constrained networks. As more disorder is introduced the critical upper area
falls and the dispersion in the observed values shows a concomitant increase. The 5-7 and 4-10 constrained systems
follow similar behaviour with the latter able to support greater disorder (smaller pg) as expected. As expected, as
pe —> 1 then A% — 1 (i.e. corresponding to an ideal hexagonal net). The figure also hints at the existence of
two regimes above and below pg ~ 0.75. For pg < 0.75 the networks show a significantly greater dispersion of areas.
Figures 8(b) and (c¢) show the dependence of A} and pg on the Aboav-Weaire parameter, «, again for both the 5-7
and 4-10 constrained systems. The Aboav-Weaire parameter shows a very weak dependence on pg, reflecting the fact
that the value of « is a subtle combination of effects. For example, a large ring may preferentially sit next to a small
ring but that will necessarily lead to an increase in small rings neighbouring other small rings?*®. The dependence
of A} on « appears somewhat stronger, although still relatively weak highlighting that the absolute compositions of
the ring sizes appears more significant then their spatial arrangement, at least on the nearest-neighbour length-scale.
The effect of relaxing the ring distribution constraint from the 5-7 to 4-10 networks is subtle but clear. The use of
the broader ring size distribution allows a smaller ps to be supported and the resulting dependence of A}, on pg is
slightly weaker than for the 5-7 networks. The parameter a shows a weaker dependence on pg for the 4-10 networks
reflecting the fact that the balance of the nearest-neighbour “interactions” noted above are necessarily more complex
for a broader ring size distribution.

Figure 9 shows both the upper and lower area limits as a function of pg for an example repulsive potential corre-
sponding to reu = 2.63A. The flexibility window is clearly present at low levels of disorder (high pg) and gradually
decreases in width as the level of disorder increases, closing for this value of r.,; at pg ~ 0.75. The lower panel of the
figure shows the width of the flexibility window, AA* = A} — A, for three values of 7., again highlighting how the
window closes at higher pg as r.,: increases.

The use of a harmonic model allows the stress in the system to be effectively mapped by simply identifying bond
lengths which deviate from the ideal (zero energy) values. Figure 10 shows specific examples of how stress is partitioned
for A > A% (i.e. just outside the flexibility window). All of the snapshots shown correspond to the same short-range
repulsion parameter (o = 1.7A) and Aboav-Weaire parameter (o = 0.2) but with varying levels of disorder. Panels
(a) and (b) show snapshots for pg = 0.9 and 0.3 respectively. In both cases the extended and compressed Si-O and
Si-Si length-scales are highlighted. For pg = 0.9 the strained bonds appear to percolate across the cell in a chain and
hence cannot be relaxed further (and hence U > 0). The most concentrated strain is observed in the region containing
the most non-six-membered rings. In this case the majority of Si-O bonds not at their ideal values appear stretched.
The behaviour of the nearest-neighbour Si-Si lengthscale (which, recall, is not controlled by a direct harmonic spring)
appears more complex, with the Si-Si length-scale stretched along the direction of the percolating chain but are
compressed perpendicular to this direction. For pg = 0.3 multiple percolating strain pathways are accommodated,



including the formation of a closed loop which encompasses a region with no strain.

The configurations relaxed using the (computationally-efficient) harmonic potential can now be used as the starting
coordinates for the higher level PIM. Figure 11 shows the energy v. area curves calculated using the full PIM across a
range of levels of disorder. The results for the ideal hexagonal lattice (section IITA) indicate that an “intermediate”
relaxation using a RIM may not be required, and so is omitted here. The upper and lower panels show the energies for
the 5-7 and 4-10-constrained systems respectively. In both cases the energies are displayed on a log scale relatived to
their respective energy minima in order to highlight the dispersion in the areas attained for different configurations.
The spread of areas corresponding to the energy minima is greater for the less constrained system (as would be
expected). Figure 12 shows the areas (panel (a)) and corresponding energies (panel (b)) extracted from the respective
energy minima as a function of pg. The reduced areas shown in panel (a) are compared to the upper limits of the
flexibility window identified using the harmonic model with repulsive parameters given by 7c,; = 2.63A, 2.85A and
3.15A (seen for the lowest value of r.,: in figure 9). As the harmonic model repulsive term is increased, the limit
becomes more correlated with that extracted from the full PIM, albeit with a somewhat different dependence on psg.
This indicates that a simplifed (harmonic) model, including a highly simplified representation of the inter-tetrahedral
repulsions, is able to broadly reproduce results from much higher level models. The two different constrained systems
show similar behaviour at low levels of disorder (high pg). For lower levels of disorder (high pg) both constrained
systems show similar behaviour, with the area associated with the energy minima showing a near-linear dependence
on pg, becoming smaller as pg is reduced, and showing a relatively low dispersion of values. For higher levels of
disorder (corresponding pg < 0.5) the dispersion in both the areas and energies of the respective minima becomes
significantly higher, in particular for the 4-10-constrained system which can accommodate higher levels of disorder.
Note that even the spread of energies is still only ~30kJmol~! less favourable than the ideal crystal energy.

D. Structural Evolution.

The underlying structural behaviour can usefully be divided into distortions of the tetrahedral network (i.e. in
which the tetrahedal coodination polyhedra retain their ideal geometry) and distortions of these local CP. The former
may be further divided into “twists” and “tilts”, describing the nature of the distortion in terms of the plane containing
the bilayer. These distortions are clearer for the ideal crystal as they can be more easily separated. For example,
figure 13(a) shows the twist angle as a function of area for the coherent type A distortion (figure 3) for the harmonic,
rigid-ion and polarizable-ion models. All three models show zero twist above a critical area (A* = 1 for the harmonic
model) indicating the area above which the bending modes associated with the twiting motion are exhausted. For
the RIM and PIM the area at which twisting appears are lower reflecting the distortions of the local tetrahedral
coordination polyhedra (see below). For the type A distortion the twisting of the tetrahedra can “absorb” the change
in area on compression. For the type B distortion, however, additional distortions are required. Figure 13(b) shows
the tilt angle for the type B distortion (figure 3) as a function of area. In all cases the tilt angle becomes zero above
a critical area, again corresponding to the tetrahedra basal planes lying in a single plane. Below this critical area
the tetrahedra show a small tilt for all models investigated. The tilt angles are significantly smaller for both the
RIM and PIM as, in both models, the total tetrahedral CP can distort whilst, in the harmonic model, the retention
of the local tetrahedra is the dominant driving force. These changes can be rationalised in terms of changes in the
respective Si-O-Si and O-Si-O bond angles. Figures 13(c) and (d) show the Si-O-Si and O-Si-O bond angles, again
as a function of the reduced area, determined using the equatorial O atoms only (i.e. excluding the O atoms which
“join” the two mirror image layers comprising the bilayers). The harmonic model shows an ideal tetrahedral O-Si-O
angle for A* < 1 (indicating that the system energy has, indeed, been driven to zero). The corresponding angles
for the RIM and PIM are approximately constant below the areas at which the twisting becomes significant (figure
13(a)) with the former showing a small but significant distortion away from an ideal tetrahedron). The inclusion of
many-body (polarization) effects allows the tetrahedra to relax to their near-ideal geometry for A* < 1. The Si-O-Si
angles obtained for the PIM are systematically more acute than the corresponding RIM values (again, a consequence
of the screening effect of the dipoles induced on the anions®?). Typical bulk condensed phase (crystalline and glassy)
Si-O-Si bond angles are in the range 0g;05; ~ 145 — 150°°°. In all cases the Si-O-Si angles decrease as the area is
reduced, although the change is more gradual for the type B distortion as the reduction in area is accompanied by an
additional tilt. Notably, the harmonic and polarizable models show similar Si-O-Si bond angles as a function of area,
again validating the initial use of the computationally-less-complex model.

For the distorted (amorphous) structures, all of the distortions noted above contribute as summarised in figure
14. Figure 14 shows key metrics as a function of the level of disorder, here characterised by the variance in the ring
size distribution, us and shown for both the 5-7 and 4-10 constrained networks. As the level of disorder approaches
zero (corresponding to the ideal hexagonal lattice) the metrics reach their respective ideal values. In all cases the
5-7 and 4-10 constrained systems show the same trends with the latter showing a broader range of variances. Figure
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14(a) shows the twist angle, which reaches a “limiting” value at high disorder of ~11°. This limit is significantly
smaller than observed in the ideal hexagonal net (figure 13(a)) reflecting the fact that the inherent distortions in the
amorphous network are a combination of all the possible deviations from ideality. Figure 14(b) shows the O-Si-O
bond angle (again determining using the equatorial O atoms only). The mean angle remains at around the ideal
tetrahedral value with a spread which increases with the amount of disorder. The Si-O-Si angle (figure 14(c)) shows
a small decrease as disorder is increased, which is correlated with the concomitant increase in the tilt angles (figure
14(d)).

Overall, therefore, specific changes in structure can be identified and quantified for specific distortions of the
crystalline network. Furthermore, correlations between these changes, for example between the twist and tilt angles,
can also be identified. The introduction of topological disorder is accompanied by the full spectrum of the identified
distortions.

IV. DISCUSSION.
A. Hierarchy of Potential Models.

The results presented in this paper highlight how methodologies which invoke hierarchical potential models may be
used to effectively sort network structures, allowing the more physically-realisable structures to be examined in more
detail by more complex models. In the present work, for example, the harmonic model, at the simplest level, requires
only (spring) connections between nearest-neighbour Si-O and O-O pairs (meaning 10 springs per tetrahedron). The
rigid- and polarizable-ion models are necessarily more complex, requiring sums over all pairs of atoms as well as
methods for handling the long-range electrostatic terms and, for the latter, iterative methods for calculating the
many-body terms.

The ability to stablise relatively acute Si-O-Si angles indicates that such an approach should work for other
tetrahedron-based systems, such as GeOy or more complex aluminosilicates. Critically, the ability to consider a
wide range of network topologies avoids the potential problem os assuming that, for example, SiO-like configurations
transfer “trivially’ to systems such as GeOs.

B. Relative Densities.

The results presented above allow us to consider the relative densities of both the zeolitic and amorphous networks
when compared with the of an ideal hexagonal net. Figures 5, 6 and 12 show the range of densities observed for these
two types of network. For the zeolitic structures the number densities sit in the range 14.2nm~2 < ng < 16.3nm ™2,
whilsts for the amorphous networks the corresponding (mean value) range is 16.9nm 2 < ng < 17.7nm~2. Tt is clear,
therefore, that the introduction of a highly ordered arrangement of rings appears to favour networks which are less
dense than the ideal hexagonal net, whilst the introduction of a distribution of ring sizes in an entropically-driven
disordered manner, results in networks which are more dense. The density of each specific disordered network is
highly dependent on both the distribution of ring sizes and their arrangement in space, with the range of possible
densities related to the flexibility window as identified with the harmonic potential.

C. Stress Distribution.

The connectivity between the stressed bonds (as seen graphically in figure 10) highlights the potential existence of
structural correlations which may persist over a range of longer length-scales. These structures may be approximately
linear (and hence percolate across the periodically-repeating simulation cell) or form closed, near-circular, paths. It
is clear that the geometry of these structures will have implications for the mechanical properties of the networks and
will, therefore, require careful future modelling using very large simulation cells.

V. CONCLUSIONS.

In this paper two methods have been developed for generating network configurations. The networks are charac-
terised in terms of the distribution of ring sizes and their spatial relationships. In one case a bond switching algorithm
is used to generate disordered (amorphous) networks which are characterised in terms of their level of disorder (for
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example, using the fraction of hexagons or the variance of the ring size distribution). In the second, a pore evapora-
tion algorithm is used to generate zeolitic networks which are crystalline in nature, but characterised by significant
numbers of non-hexagonal rings. For the disordered configurations a hierarchy of potential models has been used to
show how a relatively simple (and hence computationally inexpensive) potential can be used to sort the configurations,
allowing more accurate (and hence more computationally demanding) models to be applied.
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FIG. 1. Schematic diagram to show the pore evaporation process described in the text. In this example six atoms are
removed from the ideal hexagonal net (left hand panel) to give the central panel (which now contains six under-coordinated
nodes as shown by the green dots). These under-coordinated nodes are combined as shown in the right-hand panel to give a
fully-coordinated network containing a large (12-membered) central ring as well as three four-membered rings.
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FIG. 2. Energy v. area curves starting from an ideal hexagonal lattice using the two coherent distortions shown in figure 3
(panel (a) - type “A”, panel (b) - type “B”). For both distortions the curves are shown for 12 values of the repulsion parameter,
reut- The insets to both panels show how the flexibility window width changes with r¢4:. The window is defined as the range
of areas over which the total system energy can be driven to zero.
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FIG. 3. The two coherent distortions used in the present work. Left - type “A”, right - type “B”.
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FIG. 4. Energy v. area curves for the ideal hexagonal lattice relaxed using the coherent distortions shown in figure 3 determined
using both rigid- and polarizable-ion models (RIM and PIM respectively). The legend shows the model and the distortion
applied. In all cases the starting configurations were generated by relaxing using a harmonic model as described in the text.
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FIG. 7. Energy v. area plots for the amorphous networks constrained to contain 5-7-membered rings only and relaxed using
a harmonic potential. In each panel the curves are shwon over a range of values of the short-range repulsion parameter, rc.:
(with values as shown in the legend). Successive values of 7., are offset along the abscissa for clarity. The panels are divided

by the fraction of six-membered rings, ps, and the Aboav-Weaire parameter, «, as shown at the top of each panel.



16

0175
095

02
0.9

3 -0.225F

025

0.8 =
° 0275

ogsb—v 101y P P (S S B
: %.3 0.4 0.5 0.6 07 0.8 09 1 0.3 04 05 0.6 0.7 08 09 1

0.95—

0.8 -1

L | L L L
-0.275 -0.25 -0225 <02 -0.175 -0.15
o

FIG. 8. Correlations between the upper critical area, A}, and the fraction of six-membered rings, ps, and the Aboav-Weaire
parameter, . Panel (a) shows A}, v. ps, panel (b) A}, v. «, and panel (c¢) ps v. . In all panels the black crosses show data for
the 5-7 constrained model whilst the red circles correspond to data from the 4-10 model. The green and blue lines show the
corresponding linear fits.

FIG. 9. (Upper panel) The behaviour of the upper and lower limits of the flexibility window as a function of the fraction of
six-membered rings, ps, with a repulsive potential controlled by the parameter re.: = 2.63A. The crosses and circles show the
limits for the 5-7 and 4-10 constrained systems respectively with the black and red symbols corresponding to A}, and the green
and blue to A;. (Lower panel) The behaviour of the width of the flexibility window, AA = A}, — A;, as a function of ps for
two values of the repulsive parameter, rey: = 2.65A (black and red symbols) and 7cu: = 3.05A (cyan and magenta symbols).
The crosses and circles show the limits for the 5-7 and 4-10 constrained systems respectively.
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FIG. 10. Two distinct examples extracted from amorphous bilayer configurations obtained for the 5 — 7 constrained networks
and relaxed using a harmonic model. In each panel the left-most image shows the individual energy v. area curve wuth the
area of the extracted configuration highlighted with a red cross. The corresponding configuration is displayed in the right-hand
images.
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FIG. 11. Energy v. area curves for the amorphous bilayer networks obtained usng a polarizable-ion model. The energies are
shown on a log scale relative to the respective energy minima. The upper and lower panels show results for the 5—7 and 4 — 10
ring constrained systems respectively. Each configuration corresponds to a given area at the energy minimum, A;,;,.

44 A Sartbaeva, S.A.Wells, M.M.J.Treacy, and M.F.Thorpe, Nature Materials 5, 962 (2006).

45 M.M.J.Treacy, C.J.Dawson, V.Kapko, and I.Rivin, Phil. Trans. A 372, 20100036 (2014).

46 F. Wooten, K. Winer, and D. Weaire, Phys. Rev. Lett. 54, 1392 (Apr. 1985).

47 P.N.Keating, Phys. Rev. 145, 637 (1966).

8 Q. Barkema and N. Mousseau, Phys. Rev. B 62(8), 4985 (2000).

49 S, von Alfthan, A.Kuronen, and K.Kaski, Phys. Rev. B 68, 073203 (2003).

®0 J. Lemaitre, A. Gervois, H. Peerhossaini, D. Bideau, and J. P. Troadec, J. Phys. D. Appl. Phys. 23(11), 1396 (1990).
51 A. Gervois, J. P. Troadec, and J. Lemaitre, J. Phys. A Gen. Phys. 25(23), 6169 (1992).

52 P Tangney and S.Scandolo, J. Chem. Phys. 117, 8898 (2002).

53 P.A.Madden and M. Wilson, Chem. Soc. Rev. 25, 339 (1996).

54 V. Kapko, D. A. Drabold, and M. F. Thorpe, physica status solidi (b) 247, 1197 (May 2010).
5 M.Wilson, P.A.Madden, M.Hemmati, and C.A.Angell, Phys. Rev. Lett. 77, 4023 (1996).

56 J. Desa, J. Non-Cryst. Solids 51, 57 (1982).



L0S—T—T—

(b)

— 77— 6580 —T——T——T—T—T—
0
esssl 8 °
° -3
_— 65001
,—04 o
5 0%
65951 °
2 o e e
JF ot
6600~ %§ <
oF oKl
oégﬁ X
1 6605~ L3 205X
PR R IR B! PR R RS BT
0.7 0.8 0.9 1 66103 0.4 0.5 0.6 0.7
Ps Ps
20 — 7T 77—
19+ ° —
o
° ]
Rl © ° x
' X,
glx— o o X x .
= x x ©
=] % o
=) X
© o4 © 1
oo b R
o x X
17t © &%
[
I PR R RS RN S RS RN B
93 0.4 0.5 0.6 0.7 0.8 0.9 1
Ps

18

FIG. 12. Panel (a) - the dependence of the areas at the energy minima, A}, ;,, extracted from the raw data in figure 11 for
the full PIM. Panel (b) shows the corresponding energies, Umin, as a function of the fraction of hexagons, ps. Panel (c) shows
the data in terms of the network number density to allow for a more direct comparison with other networks. In all panels the
black crosses and red circles correspond to the 5-7 and 4-10 constrained systems respectively.
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FIG. 13. Panels (a) and (b) show the twist and tilt angles for an ideal hexagonal network undergoing coherent distortions of
type A and B respectively as a function of the reduced area, A*. In both panels the black, red and green lines correspond to
the harmonic, RIM and PIM models respectively. Panels (c) and (d) show the evolution of the Si-O-Si and O-Si-O bond angles
determined using only the equatorial oxygen atoms (i.e. excluding the O atoms which link the two mirror image layers of the
bilayer). The angles are determined for the harmonic model undergoing a type A distortion and the RIM and PIM undergoing
both type A and B distortions as indicated in the legend.
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FIG. 14. The evolution of key bond angles in the amorphous networks shown as a function of the ring size distribution second
moment, p2, indicative of the amount of topological disorder. Panels (a) and (b) show the twist and tilt angles respectively,
whilst panels (c) and (d) show the Si-O-Si and O-Si-O bond angles. In all panels the black crosses and red circles correspond

to the 5-7 and 4-10 constrained systems respectively.
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9.3 Lower Level approximations

The highest ‘level’ of model applied here is to treat the system as a full atomistic
bilayer. This is beyond the complexity of the level of the model presented in
Chapter |5, which are all two-dimensional. It would seem simpler to use triangle raft
methods as the highest level potential, however when this was attempted, networks
did not reliably find a suitable energy minimum at high density. The results of
the energy minimisations are shown in Figure [0.1] with three different models;
harmonic bilayer, triangle raft and graphene, across area metric A*, coloured by
inter-tetrahedral repulsive distances where applicable. For ordered systems (a),
the triangle raft system energy replicates the bilayer system: however, introducing
disorder results in regions of high energy, which did not otherwise fit the trend
of data generated (b). Upon examination, these are areas where the system does
not have sufficient degrees of freedom to relax, and becomes ‘stuck’ in high energy
configurations. It is worth noting, however, that at A*~ 1, the triangle raft system

reliably replicates the more detailed bilayer energetics.

9.4 Symmetry Breaking in Bilayer system sim-
ulations

Experimental observations show that bilayer structures have a plane of symmetry
between layers of tetrahedra; however, this is a local minimum, stabilised experi-
mentally by the metal surface. As our systems are compressed, it is energetically
favourable for the systems to ‘rumple’, breaking this plane of symmetry to release
some of the strain in the ‘major plane’

These structures are not experimentally realisable, and as such we look to
identify these structures to remove from our data set. To do this, we must be able to
quantify the symmetry breaking, whilst isolating the effect of ‘tilt” modes within the
structure. Figure shows three scenarios. In the first (a), the bilayer is flat, with
no tetrahedral tilt, and an intact plane of symmetry. The angle ¢ = 180°, and the

angle produced between the two Si atoms and the xy plane is § = 90°. In the second
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Figure 9.1: Logarithmic energy profile for different potential models for a hexagonal
system (a), and a disordered system (b), across the area metric A*. Different cutoff
distances for the repulsive inter-tetrahedral terms are coloured,
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Figure 9.4: (c) Asymmetric tilted tetrahedra, ¢ = 160, § = 70

(b), the tetrahedra are tilted, but in such a manner that maintains the symmetry of
the system, meaning # = 90°. Finally, in (c), the tetrahedra are tilted such that
the symmetry is broken. We can detect this as  drops below 90°, however we note
that ¢, which might otherwise be thought of as our value of tilt, also decreases;
without removing symmetry broken structures from our database in this manner,
our values of ¢ can be influenced by symmetry breaking in the structures.

We set the symmetry break angle limit as 0.1°, to account for numerical
inaccuracy in atom positions. Of interest is that, for all potential models, the
structures show a degree of symmetry break at A*> 1.00, as shown in Figure
9.5 indicating a degree of ‘slipping’ of tetrahedra as the structure is stretched

beyond its natural area. This is surprising, but only occurs for structures outside
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of the ‘flexibility window’, and as such is not of concern to our understanding

of the structures
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9.5. Tetrahedral rotation as a zeolite metric
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Figure 9.5: The energetics of the three conformers with higher level potentials, from the
rigid ion model (RIM) on the left, to polarised ion models (PIM) with different starting
points in the centre and right. Graphs are coloured by the hexagonal conformer present,
with C being a symmetry equivalent form of B, with A and B as defined in Section

9.5 Tetrahedral rotation as a zeolite metric

Zeolites have been the subject of extensive high-level modelling, as described in
Section [2.4] These models are similar in complexity to our harmonic systems,
with similar tetrahedral constructions; the main difference between the models is
the treatment of repulsive terms, with repulsions in zeolite systems mediated by
the oxygen atoms, rather than the Si atoms at the centre of the tetrahedra in
our harmonic models.

As such, the metrics provided by work in this represent a helpful point of
comparison, allowing an understanding of how bilayer systems fit into broader
work on aluminosilicate tetrahedral systems.

Work by Wells et. al.[92] defined ‘tetrahedral tilt’ as a metric to examine the

folding mechanism of three dimensional zeolite structures, also based on vertex-

sharing tetrahedra of sodalite (SOD), with and without counterions. The results
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of this work are shown in Figure [9.6, We can see that there is a ‘takeoff’ point at

higher cell area, below which there is a ‘predictable’ degree of rotation.

(a) (b)

1.0 1.0
5 08 e 08
g 06 = Si-tet 0.6 < SiAl-bar
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Z 02 4 giaLbar 02 o NaBr-bar
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Figure 3. Tetrahedral rotation. (a) Degree of tetrahedral rotation of Si04 units as a function of cell parameter for empty SOD framework
modelled with Si tetrahedra (triangles); Si and Al tetrahedra (circles); and Si tetrahedra and Al-0 bar constraints (diamonds). Lines are
guides to the eye. (b) Degree of tetrahedral rotation of SiO units versus cell parameter for the SOD framework modelled with Si tetrahedra
and Al-0 bar constraints, with the framework empty (diamonds) as before; with spheres representing Na content (crosses); with spheres
representing Na and Br content (squares).

Figure 9.6: Figure with caption describing measurements of ‘tetrahedral tilt’ for hard
shell simulations of an aluminosilicate zeolite system, with (b) and without (a) counterions.

A similar metric was defined for our systems, namely the ‘twist angle’ metric in
Figure 13 (a) and (b) in the draft paper above. However, as there is one fewer degree
of freedom for our bilayer systems, we are able to decompose the rotations described
in previous work for three dimensional systems into rotations in xy, referred to
as ‘twists’, and z, referred to as ‘tilts’. This is important for our structures as our
cell parameters only change in xy, with the z cell parameter constrained. This is
because the structural disorder exhibited by these pseudo-two-dimensional systems
is only apparent in zy. We can see that for type A systems, all of our potential
models show good agreement with the predictions from zeolite systems, indicating
a similar folding mechanism. However, whilst the harmonic type B systems show a
similar trend, the RIM and PIM models both show a linear trend; however, this is
likely to be a result of the systems reliance on tetrahedral ‘tilt’, alongside ‘twist’
modes, to stabilise the structure. These results indicate that, although bilayers
have fewer degrees of freedom, they appear to fold similarly to three dimensional

zeolite structures when the cell size is reduced.
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9.6 Conclusions

Escalating potential methods, as laid out in Section [£.5 have been employed to
move from high level, computationally ‘cheap’ potentials across a wide range of
configurations, with a narrower area of the phase space subjected to higher level,
computationally ‘expensive’ potentials. Whilst triangle raft potentials have shown
to be effective at lower densities, we have shown that they may lead to errors
at higher densities, and so the next most detailed system, a bilayer of harmonic
tetrahedra, has been employed in its place. Bilayers across a range of distortions
have been generated, and analysed by their structures and energetics. For crystalline
hexagonal structures, we have evaluated the energy for two conformers, and identified
‘flexibility windows’ in the harmonic bilayer structures, indicating densities over
which the structure can be expanded and compressed with no energetic cost. Bilayer
zeolite networks are proposed, and their energies are evaluated with respect to the
hexagonal crystalline silica bilayer, showing minimum energy structures at lower
density than the crystalline hexagonal structure. The energies of the bilayer zeolite
structures are shown to be comparable to the crystalline bilayers, with the energy
difference correlated to the ring size distribution variance, py. A large number
of systems across a range of disorder are generated, and their minimum energy
structures evaluated, which show correlation between both system density and

system energy with the ring size distribution variance, ps.



Procrystalline Systems

10.1 Motivations

So far, we have examined structures generated from introducing Stone-Wales defects
into crystalline hexagonal networks. Alternate methods of generating structures
allow the formation of configurations which occupy different areas of the phase space.
Procrystals offer one such alternative. These are systems that lack translational
symmetry but have an underlying high symmetry lattice. The ordered array of lattice
points opens a pathway to generating layered three-dimensional structures, which we

can use as a point of comparison for silica bilayer structures discussed in Chapter 9.

10.2 Nature of Procrystal Structures

Procrystals are a classification for structures constructed from an ordered array
of lattice points, forming a crystalline lattice of nodes. However, the connections
between nodes are disordered, resulting in a disordered dual network. Each node
in real space may have the same coordination number but different orientations
of the connections. As a result, procrystals appear crystalline in their atomic pair
distribution functions and structure factors, whereas the difference between the
atom coordination number and the natural coordination of the underlying lattice

leads to disorder in the ring structure. Examples of such structures are shown in

203
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(a) (b)

Figure 10.1: Examples to show two procrystal systems, showing ordered lattice points
but disordered connectivity, resulting in the ring distributions present. Two coordination
environments are shown, (a) two four coordinate sites in a three coordinate lattice (b)
two three coordinate sites in a four coordinate lattice.

Figure based on a square lattice with different coordination environments.
We can see that the nodes present are arranged in a crystalline lattice, but their
connectivities show a level of disorder, which leads to a ring size distribution.

These networks can be considered to sit somewhere in between crystals and
amorphous systems. Experimentally they are occur in self-assembled molecular
monolayers[162], classical bond valence solids[163], mixed-anion perovskites[164],
and order /disorder ferroelectrics[165]. The crystalline nature of the lattice offers a
unique means of understanding differences within structures, focusing on connections
between atoms rather than their positions. The underlying lattice may introduce
constraints. For a square net, for example, the structures produced contain only
even membered rings. Procrystalline structures also provide a logical step toward
generating 3D systems from stacking 2D systems, with the high symmetry lattice
providing a framework for inter-layer connections.

Designing and constructing three dimensional networks for molecular modelling,
especially those with tuneable disorder, is a long standing challenge. Networks of
this form are generally generated from thermalised structures, with connectivity
inferred from inter-atomic distances.

The crystalline coordinate sites of procrystal structures allow a unique op-
portunity to created layered networks, either to replicate known structures in a

systematic manner or to generate novel structures. Generating these structures
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requires consideration for the two-dimensional structures which stack to form
three dimensional structures.

The focus of the three dimensional system generation in this work is to lay the
foundation for the generation of novel structures by demonstrating the capability

of generating known structures of interest from a procrystalline basis.

10.3 Selection of a Procystal Model

A variety of procrystal models have been investigated in previous work|[166|, based
on a range of underlying high symmetry lattices, onto which three coordinate nodes
were introduced, allowing for a dispersion in ring sizes. Whilst these models have
the desired node coordination, they have different limits on ring sizes, which narrows
our options for modelling silica systems. Silica systems have been observed to form
ring sizes n > 4, and as such systems that readily create three membered rings
are not good candidates for modelling our systems.

With this condition, the best fit for our work is a square lattice, defined in
literature as a 4,3-square lattice, shown in Figure m (a), formed by placing three
coordinate tiling units on a primitive lattice of nodes.

As the direction of edge connection is tightly controlled, there is a strong
limit on the size of rings which can be formed by this method, with only even
membered rings allowed. This is a function of the underlying lattice, and is invariant
with node coordination number. In addition, without two coordinate sites, the

rings formed must be linear.

10.4 Network Generation

Generating networks using these methods is non-trivial, as with stringent atom
position requirements, only four connection orientation positions are allowed per
node. These connection patterns then need to be arranged in such a way that
there are no under-coordinated sites. As such, a variety of methods have been

evaluated for creating procrystal samples.
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10.4.1 Directed Structures

The simplest way to understand how disorder is introduced into a system is by hand.
As such, I have created a graphical user interface (GUI), which allows the user
direct control over the coordination of tiles in the network and their orientation. An
example image from the GUI is presented in Figure Starting from a hexagonal
net in (a), when the user clicks on a tiling unit, it rotates it clockwise (b-d). For
tiling units where their coordination is unsaturated, the tiling unit appears red, for
ease of identification. Using this method, it is easily apparent how difficult it can
be to minimise a structure. Starting from a saturated system, we see that a single
distortion propagates out through the entire system maintaining a consistent degree
of under-coordination, before settling on a fully coordinated system (e). Introducing
even the simplest disorder into the system requires defect percolation across all four
periodic boundaries: Using a GUI allows a better understanding of low percolation
structures, and also allows for the directed generation of structures of interest. In
particular for this work, the generation of zeolite structures. For example, we can
readily create an ATV structure by directed manipulation of the system, as shown in
Figure presenting a novel approach to visualising a subset of zeolite structures.

Whilst a user-directed approach is useful for understanding a small subset of
more directed systems, it has less utility for understanding the range of structures

avaliable and is very user intensive.

10.4.2 Exact Tiling

It has shown in previous work that exact tiling approaches are effective in evaluating
unique solutions for small (< 100 ring) systems[166]. However exponential scaling
reduces the effectiveness of this strategy, with periodic cell sizes large enough
to well approximate amorphicity (256 rings in this work) proving computation-

ally intractable.



10. Procrystalline Systems 207

Figure 10.2: Propagation of distortion through a procrystal system.
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Figure 10.4: Directed distortion to create an ATV structure in a procrystal net.

10.4.3 Machine Learning

An alternative technique evaluated was a machine learning approach, which resulted
in similar problems; evaluating the consequences of a given move and it’s likelihood
of success involves significant branching of the search algorithm. By comparison
to a soluble system at the limit of our computational ability, the ‘connect4’” game,
we can see that our system is significantly more complex. The reversibility of each

step and the fact that each grid value can take one of three values are significant
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complications, which put evaluating a given undercoordinated procrystal structure

for possible solutions of arbitrary size beyond the analytical limit.

10.5 Monte Carlo Methods

Instead, Monte Carlo (MC) methods are used, as described in Chapter 4. This allows
for the trialling of random moves, with the aim of moving towards a fully coordinated
configuration. However, the enthalpies of these systems are not well defined. With
identical tiling units, all saturated systems have the same local structures, and so
the same enthalpies. As seen in Figure [10.3] altering the tiling units connectivity
between one of the four orientations results in unsaturated coordination, with
dangling bonds. The number of unsaturated connections provides a suitable target
value for our Monte Carlo simulation energy, with any system with dangling bonds

possessing an energy F > 0, and a saturated structure £ = 0. From Equation

AE
4.2.4.4) the probability of a transition is P = e *7. For the purposes of our work,

we have assigned the energy of each ‘unmatched’ bond as £ = 1. With AE =0,
P =1, allowing us to travel infinitely along energetic contours. The wide availability
of energetically equivalent structures explains the widespread propagation of defects,

independent of the Monte Carlo ‘temperature’ used.

10.5.1 Comparison to Stone-Wales Defect methods

Previous work in this thesis has centred on minimising structures amorphised from
an ideal hexagonal structure. In contrast, our procrystal structures are generated
from rotating three coordinate sites on a rectangular cubic lattice. There are
also significant differences in the types of rings formed. As discussed above, the
rectangular cubic nature of the underlying lattice means that procrystals can only
form even ring sizes. This is true whether the nodes in the procrystals are three- or
four-coordinate, limiting the range of structures which can be produced.

In addition, the generation of fully coordinated defects in the procrystal lattice
is significantly more complicated, especially away from the entropic limit. Whereas

in Stone-Wales (SW) defect generation, an MC move is guaranteed to saturate all
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bonds in the network, the same is not true of simple procrystal moves. Procrystal
defects are not self contained and can easily percolate long distances, proving
effective for introducing disorder in a concerted manner, but providing challenges for
directing the ring statistics of such systems. This is because defect propagation has
unpredictable consequences. These distortions themselves are incredibly difficult
to predict, and are intrinsically linked to the symmetry and dimensions of the
system used. As such, there is no natural control of the level of disorder in
procrystal systems when controlled by MC; instead, simulations of procrystals

will form systems near the entropic limit.

10.6 Considerations for 3D modelling

Understanding the potential of procrystal systems for modeling three dimensional

structures requires us to map 3-coordinate sites onto two-dimensional planes.

10.6.1 6-Coordinate Sites

The simplest system to model is sites that are 6-coordinate in three dimensions.
In a cubic lattice, there is only one possible tiling unit, as shown in Figure [10.5]
Decomposing this structure into its projections onto three constituent planes, we see
that this system can be represented by the intersection of three planes, each of which
has a four coordinate node at this point. Building a three dimensional structure from
the intersection of three planes of four coordinate sites gives a rock salt structure.
This is a complicated way of arriving at a rock salt structure, but it allows us to
decompose the structure in a novel manner, which allows for the simple generation
of a three dimensional structure. In reality, only two of these deconstructed planes

are necessary to fully define the structure, with the third following inevitably.

10.6.2 5-Coordinate Sites

Reducing the coordination number introduces disorder into the structure. Although
there is still only one symmetry equivalent structure that can be adopted, the

orientation of this structure introduces entropy to the system. The structure can
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Figure 10.5: 6-Coordinate site, projected onto two-dimensional planes
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Figure 10.6: 5-Coordinate site, projected onto two-dimensional planes
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Figure 10.7: An example pathological configuration for 5 coordinate sites. There is no
way to orient connections between planes (blue and red) in such a way that 5 coordination
is consistently maintained

now adopt one of 6 orientations, with the location of the three coordinate sites
distinguishing these conformations. As shown in the projections of the 3D node
in Figure [10.6] a disordered structure of this format would have 2/3 of the sites 3-
coordinate, and 1/3 4-coordinate. However, the intersection of random planes of this
format will not necessarily form only 5-coordinate sites, and can lead to pathological
configurations where the different planes do not predict the same tiling unit or
tiling orientation. As such, from a modelling standpoint, it is best practice to form
planes in two-dimensionals (say zy), and stack further zy planes on top of it, and
ensure the correct coordination by controlling connections between planes. Careful
consideration must be made in the alignment of different planes. For example,
creating a 3-4-3 stack in z, as in Figure [10.7] results in a pathological structure,
where not all nodes can be 5 coordinate. This imposes significant restrictions
on the system as a whole, but can be managed well at the cost of reducing the
symmetry as required. This is because stacking 4 or 3 coordinate nodes in pairs
never results in a pathological configuration. As such, stacking pairs of sheets
will always produce saturated coordination, so long as consideration is paid to
the orientation of the initial connection. It is possible to replicate this effect with
more effort, by starting at a given plane, and determining the coordination site

in the plane above or below based on this approach.
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Figure 10.8: The two symmetry inequivalent forms of a 4-coordinate site in three
dimensions

10.6.3 4-Coordinate Sites

Of most interest to this work are four coordinate sites, as seen in silica systems.
Compared to 5 coordinate sites, we have additional degrees of freedom, with two
symmetry inequivalent tiling units, each with symmetry equivalent versions, as
shown in Figure m (a) and (b). One key finding of this way of viewing the
system is the need to introduce 2-coordinate sites into 2D projections to properly
understand stacking in three dimensions. Two coordinate sites have two symmetry

equivalent structures, linear and bent.
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10.7 Mixed Coordination Lattices

In order to model disordered networks with 4- and 5-coordinate sites in 3D, we will
need to understand the effect of introducing mixed coordination (2,3,4-coordinate
sites) in the same lattice. This presents a novel challenge, and requires a level
of understanding of procrystal structures with mixed coordination, which has not
so far been addressed. The mean ring size as a function of coordination number
composition is presented in Figure [I0.9] indicating the global effect of introducing
2- and 4- coordinate sites to a 3-coordinate system. Whilst 4-coordinate sites have
a relatively small impact on mean ring size ((k)), resulting in a range 4 < (k) < 6,
2-coordinate sites have a significant impact, allowing for the formation of very
large rings, resulting in a broad range for mean ring size 3 < (k) < 400, which

extends to the limit of our 400 node network size.

0.0 0.2 04 0.6 0.8 1.0 0.0 02 0.4 0.6 0.8 1.0
Fraction of nodes 4 Coordinate Fraction of nodes 2 Coordinate

Figure 10.9: Mean Ring size as a function of 2, 4 coordinate node prevalence

10.7.1 3-Coordinate Sites

As a starting point to understanding the effect of introducing varied coordination,
we need an understanding of the systems with fixed coordination number. The
distribution of 1000 samples with 3-coordinate sites is shown in Figure [10.10
compared to the mean entropy expected, with the maximal value marked. We can
see that the distribution sits about the maximal value, indicative of entropy-driven
configurations. Visualisations of the systems at the upper and lower limits of pg

are shown in Figures [10.11| (a) and (b) respectively. We can see that for the more
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Figure 10.10: Distribution of 3-coordinate procrystal structures, as compared to the
maximum entropy solution Lemaitre curve

Ean m g

(a) (b)

Figure 10.11: Visualisations of samples at the lower and upper limits of pg for 3-
coordinate systems.

disordered system (a), very large rings form, accommodated by the concomitant

formation of 4-membered rings.

10.7.2 3/4-Coordinate sites

Introducing 4-coordinate sites into a 3-coordinate lattice decreases the mean ring
size towards 4. This has the effect of limiting the number of unique ring distributions
available to the system, and so as the percentage of four coordinate sites increases
as in Figure (a) to (d), the ring size distribution variance uy decreases. We
can see that increasing the proportion of four coordinate sites pushes the system
towards a higher pg; decreasing the mean ring size towards (k) = 4 has the effect of

shifting the ring distribution towards k = 4, and so with broad ring distributions
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Figure 10.12: Examining the effect of introducing 4-coordinate sites on the ring
distribution, with the percentage of 4-coordinate sites increasing from (a) through (d).

Figure 10.13: Example ring structure at 21.09% 4-coordinate sites

this also increases pg. An example system is shown in Figure [10.13] showing a

large number of four coordinate sites.
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10.7.3 3/2-Coordinate sites

Figure[10.14]shows the effect of introducing 2-coordinate sites into a 3-coordinate site
lattice. Whilst there is a minimal change to pg, the variance increases significantly,

as the mean ring size rises rapidly and so the distribution widens to high k.
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Figure 10.14: Examining the effect of introducing 2-coordinate sites on the ring
distribution, with the percentage of 2-coordinate sites increasing from (a) through (d).

We can see that increasing the proportion of two coordinate sites pushes the

33.59% 2 coordinate sites

2

0.0 02 0.4 0.6 0.8 1.0

Figure 10.15: Ring distribution for high 2-coordinate site occupancy (~ 1/3), as required
for 4-coordinate sites in three dimensions.
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Figure 10.16: Example ring structure at 33.59% 2-coordinate sites

system towards lower pg. As the mean ring size increases, ps becomes a poorer
descriptor of the system, and the variance increases dramatically. However, its
is of note that high proportions of two coordinate sites (~ 0.33) can be readily
produced and generally understood by comparison the maximum entropy structures,
as shown in in Figure [I0.15] An example of such a configuration is presented
in Figure [10.16] showing large rings which open up large areas of the structure.
We can understand these structures in three dimensions as cavities within the
structure. This finding raises the possibility of modelling three dimensional 4-
coordinate sites as stacked procrystals, as the required coordination number for

each layer is readily available using this method.

10.8 Three Dimensional Structures

For the purposes of this work, a limited set of relevant structures have been
generated for comparison to structures we have realised as bilayers through other
methods (Chapter 9). These are two crystalline silica structures and one zeolites
structure, examined as silica bilayers and as 3D structures by stacking crystalline

hexagonal planes in xy.
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10.8.1 Identifying Interlayer Structure

The three dimensional structures we are interested in are layered structures. The
simplest forms of these structures rely on stacking the same plane in xy, with
alternating connections between the layers. For these structures, we have well
defined coordination in zy. Where all the coordination in this plane is three
coordinate, the three dimensional units created can only be those in Figure [10.8
(b). As such, we expect that the 2D projections which show 2-coordinate sites will
be orthogonal to zy (i.e. in xz and yz). Where these two coordinate sites occur
predominantly in one of these projections, we expect to find more large rings, which
when they extend beyond the periodic boundaries of the system, are referred to
as pores. For the examples below, the xz planes are exclusively 2-coordinate, as
a result of the structures being crystalline; as such, there are pores which extend
through the structure. For structures showing mixed coordination in the xy plane,
this will not be the case, rather a range of coordination sites will be seen distributed
across all plane projections. An example of the simplest many layer structures are
given in Figure (a), where the same xy planes are stacked on top of each
other, with the only difference being the connectivity between the planes. As per
the interlayer connectivities shown in black, the result of this stacking is ‘boat’ form
interlayer hexagons, forming a lonsdaleite type structure. Figure (b) considers
an alternative situation, where the planes are shifted such that stacking forms ‘chair’
form interlayer hexagons, resulting in a diamond like structure. Although the lower
plane here could be considered a different zy plane to the top, for this example
we treat them as offset versions of each other. Bilayers make up an edge case of
this approach, where only two planes are used. As such, all interlayer connections
must be between the planes, as shown in Figure [10.18

The result is two layers linked by edge sharing 4-membered rings for both pairs

of planes, which reflects the reality of the situation in our bilayers.
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() (b)

Figure 10.17: Image to show two different stacking environments of the same sheet in
blue and red. In (a), zy planes align exactly in z, creating ‘boat’ form interlayer hexagons,
whereas for (b) the top xy layer is offset such that ‘chair’ form interlayer hexagons form.

() (b)

Figure 10.18: Examples of bilayer stacking, using (a) planes that directly align and (b)
shifted planes.

10.8.2 Minimisation Techniques

Procrystal structures do not have a useful ‘natural area’, and as such we cannot
use the same techniques for minimisation as for Stone-Wales amorphised structures.
Instead, we must find a way to sequentially find the minimum energy structure in
two-dimensionals. We have accomplished this using a modified gradient descent
method, as for our pores in Chapter 8, except using the triangle raft network as a
reference, rather than graphene. A trial set of periodic box lengths is determined,
and the structure is minimised within these constraints. Then, to build up a
potential energy surface, 10 equally spaced periodic boundary limits are selected,
which form a circle about our initial point radius r. The system is rescaled and
constrained within each of these new periodic boundary conditions, the structure is
minimised and the energy recorded. This gives an approximation to the potential

energy surface at our initial point. We can then move down the potential energy
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surface, with the step size linked to our approximation of the force gradient at our
initial point. Using this technique, we are able to approximate the periodic cell
dimensions which give the lowest energy. In three dimensions, the same technique is

used, except with a sphere consisting of 100 equidistant points, rather than a circle.

10.8.3 Hexagonal Structures

Having formed network structures in three dimensions, we can adorn them with
atoms and determine their energies. For this section, the process involves a harmonic

minimisation, followed by a empirical potential, as in Chapter 9.

Bilayer structures

Figure [10.19) shows the systems in Figure [10.18 minimised using an empirical

potential. We can see that the shifted structure, (b), appears significantly more

(a) (b)

Figure 10.19: Bilayer structures constructed from (a) aligned planes (b) shifted planes.

strained, and has no plane of symmetry, whereas (a) resembles experimental bilayer
structures. The energies presented in Table reflect this, with a significantly

higher energy for the shifted system.
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System Number of Atoms | Energy (Hartree) | E (kJmol™!)
S10, Bilayer 1200 -1006.90 -6606.69
Si0, Bilayer shifted 1200 -1003.91 -6587.07

Table 10.1: Energy values for shifted and aligned bilayers.

Many Layer structures

Figures [10.20| and [10.21| show the structures formed from Figure [L0.17] In Figure

10.20| (b) , we can see that aligned hexagonal planes produce hexagonal pores in z

not present in Figure [10.21] Evaluating the energies of these two structures, Table

(b)

Figure 10.20: Many layer structures for aligned hexagonal planes, shown in three
different orientations. The resulting structure resembles hexagonal diamond (Lonsdalite).

shows that the energies are similar, but that our cubic structure is slightly lower
in energy, as would be expected from the greater degree of staggered Si03-SiO3
interactions (compare Figure (b) to Figure (b)), and as in keeping
with our understanding of diamond structures. Of particular note, the difference
in energy between conformers of SiO, and bilayer structures is low, providing a

point of comparison for bilayer stability.
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Figure 10.21: Many layer structures for shifted hexagonal planes, shown in two different
orientations. The resulting structure resembles cubic diamond, although slight distortion
of bridging oxygens clouds this effect to a degree.

System Number of Atoms | Energy (Hartree) | E (kJmol™')
S109 Manylayer 4800 -4027.38 -6606.33
S10, Manylayer shifted 4200 -3527.43 -6610.96

Table 10.2: Energy values for shifted and aligned many layer hexagonal structures.

10.8.4 Sample zeolite structure: ATV

In Chapter 9, we have discussed a subset of zeolites which we believe are the best
candidates for silica bilayer analogues. These are zeolite structures which, using
the nomenclature of this section, are composed of AB layers. The construction of
three dimensional zeolites from a basis set provides a useful point of comparison for
our work on zeolite bilayers, providing a better understanding of how the energy
values we have calculated fit into their wider stability compared to the stability
of known three dimensional structures. With zeolite structures, the IZA database
has sample cell dimensions for silica equivalents, which we refer to as ‘reference’
dimensions. Figure shows the structures of bilayers (a) and many layers (b)

of these systems, with each showing pores in the z direction. The energies of these
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(b)

Figure 10.22: Bilayer (a) and many layer (b) structures of ATV, a zeolite structure.

structures are given in Table [10.3], with two bilayer structures recorded, the first
with cell dimensions determined by minimisation as per Section [10.8.2) and the
second using reference values from the International Zeolite Association|84] for three
dimensional structures. We can see that using the reference dimensions from 3D
ATV for the bilayer results in a higher energy than with minimised cell dimensions.
This is to be expected, as the three dimensional structure is less ‘flat’ in xy by
virtue of the additional degree of freedom of relaxing into z; the implication of this
finding is that given the density between minimised bilayer cell dimensions and the
reference values, we may see different pore topologies and permeation characteristics.
Evaluating the energy of the 3D ATV structure, we see that it sits slightly above

that of our lowest energy SiO, hexagonal structure, as expected.

System

Number of Atoms

Energy (Hartrees)

Energy (kJmol™)

SiO, Bilayer
SiO, Bilayer*
SiO, Manylayer™

1080
1080
4320

-905.69
-905.14
-3627.11

-6602.90
-6598.89
-6610.83

Table 10.3: Energy values for bilayer and many layer ATV structures. Structures
are evaluated using cell dimensions from IZA literature[84], otherwise

marked with *’

cell dimensions are determined using local minimisation.
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10.9 Conclusions

An alternative method for generating disordered systems using a procrystal basis
is presented as an alternative to the Stone-Wales defect basis used elsewhere in
this work. The crystalline basis of node positions lends itself to stacking layers of
two-dimensional structures to form three dimensional structures. The requirements
for the two-dimensional layers used to create 4-, 5- and 6-coordinate sites in three
dimensions are laid out, and a range of networks to fit those criteria are generated,
demonstrating sufficient flexibility in the Monte Carlo method to accommodate the
required diversity in node coordination. Three sample structures were selected for
further analysis, and used to create bilayer and 3D networks onto which empirical
potentials could be applied for SiOy systems. These structures were crystalline,
with two hexagonal conformers and one zeolite structure, ATV. The energies of
these systems are evaluated using a polarised ion model (as in Chapter 9), allowing
a point of comparison between previous work on bilayer structures. Calculations
confirm low energy differences between bilayer structures and bulk crystalline silica,

and between bulk crystalline silica and our zeolite, in line with literature results|6].
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Conclusions

The overarching theme of this thesis is the development of two-dimensional methods
with the explicit goal of modelling a range of experimental systems. The reasoning
and methodology behind the approaches taken have varied, but at their heart each
method is designed to be applicable to a given system. Two dimensional systems
were selected as the focus of this work because of the breadth of their properties,
with the ultimate goal being to understand and control their ring structures to
facilitate the design and synthesis of technologically useful materials. Moving to
very thin films, we can see an entirely different world of mechanical and electrical
properties, and the ability to harness and tune these properties will come from
an understanding of the connectivity that forms them. For the most part, the
systems I have chosen to model are atomic systems. The particular focus of this
work has been silica bilayer and graphene systems, while the learnings from these
systems have led to the development of branching models of boron nitride and
mammalian cell networks. In order to emulate these systems, work has first focused
on low computational cost models. This has allowed for the creation of large
data sets, spanning a range of disorder, in an attempt to fully encapsulate the
potential configurational space for each structure. To compare and contrast between
systems and across degrees of disorder, a range of classical network theory metrics,

alongside novel metrics, have been utilised.
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Where there is a great deal of disparate data, such as surrounding the cell
structure of the corneal endothelium, classical analysis methods such as evaluation
against maximum entropy distributions and area metrics provide a clear point of
comparison, allowing us to condense large data sets to a limited set of useful metrics.
This simplifies the process of finding a model that best fits the experimental data.

Whilst the classical network methods provided a useful point of comparison for
large data sets of cell systems, metrics derived from focusing on the experimental
data allow us to hone in on individual system ring properties that differentiate
atomic systems from mathematical models. In particular, investigations into the
even ring proportions, and specifically the predominance of 4- and 5-membered
rings in silica bilayer systems, reveal a greater complexity which makes these
systems unique, and which if understood could further their applicability. These
new analysis routes also open up comparisons between network systems of rings,
and other chemical systems. One theme through this work is the evaluation of ring
structures as charged liquids, with the rings as the centres of ions whose charge
is proportional to the ring size. The energies of this charge-based evaluation for
systems formed by triangle raft networks show a strong correlation with disorder,
even in extreme cases where very large rings are introduced. It is hoped that findings
such as these will further both our modelling techniques and understanding of silica
systems. Evaluating across a range of disorder allows us to bridge the gap between
experimentally observed levels of disorder. Silica bilayers have been observed across
a wide range of amorphicity, but with understandably limited experimental data,
the relative likelihood of forming a given level of disorder is not well understood.
The high throughput methods presented in this thesis have allowed for a systematic
approach to disorder, employing parameterised models to probe the correlations
between disorder and energy, density, and structure. In particular, the effect of
disorder on the density of bilayers (which requires calculations across a range of
cell areas) has not been quantified, beyond a general trend in increased density

with disorder. Understanding these relationships enables us to understand the
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energetic cost of a given level of distortion, which informs the design and synthesis
of systems of a given level of disorder.

Modelling techniques also allow us to use our understanding of structural models
to propose structures predicted to have desirable properties. For this work, these
structures are systems with permeability characteristics. While both graphene and
silica bilayers have been shown to be permeable to atomic and molecular species, the
range of permeable species is low for the experimental structures evaluated. With
finer control over the system, in particular the largest ring in the system, should
come a widening of the permeability properties, critical for applications such as
gas filtration, which has become ever more important in the modern world. Whilst
graphene has been shown to support larger pores when irradiated, silica bilayers are
more likely candidates for filtration applications, with the oxygen bridges between
silicon atoms expanding the edge lengths of each ring, through which species can
diffuse. However, although experimental images of poor silica bilayer coverage show
the ability of the system to adopt nanometer sized holes, there is no published
work on controlling pore size. There is a very high experimental cost of forming
pores using templating methods, requiring finely tuned atom deposition. There is
also a great deal of risk involved; if the templated rings are too large, or too close
together, then the deposition will fail. By modelling both graphene and triangle
raft systems with ring sizes outside of the observed range, we hope to gain an
understanding of how templating or irradiation might affect the stability of the
ring structure surrounding pores of a given size, to predict pore sizes of interest
and their stability with density, with the ultimate goal of informing experimental
processes. Whilst this work not meant as an experimental justification, our draft
publication on pores is the first step towards proposing silica bilayer systems with
tuneable large pores. Another area of proposed structures are zeolite analogues
as bilayers, which like zeolites in three dimensions, are expected to have notable
permeation characteristics. This work presents a detailed analysis of seven bilayer
zeolite structures, of which five are novel, with low corresponding energy differences

to the crystalline hexagonal bilayer. With over 200 experimentally confirmed zeolite
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structures, we hope these findings will open up new avenues for research into the
relative stabilities of and synthesis routes for zeolite bilayer systems.

Finally, procrystal structures are presented as a means to leverage our un-
derstanding of two dimensional networks in three dimensions. As a proof of
concept, procrystal structures with the coordination requirements for modelling
four coordinate nodes in three dimensions are generated, and six three-dimensional
structures are generated by stacking two dimensional planes. These structures are
then decorated as silica systems and geometry optimised using empirical potentials,
showing good agreement with both values within this thesis and in literature.

I hope that this work will provide a step forward in the process of under-
standing two dimensional systems, in particular in understanding the impact of
disorder on their design and applications, alongside a hopeful vision of paths

for future development.
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Applying Tersoff potential to periodic
Monte Carlo simulations

Applying Tersoff potentials to our network systems poses a challenge in terms of
how we define connectivity. As noted in strain analysis of graphene systems[167,
168] and work to generate pores in graphene|34, [169], defects in graphene can cause
a reduction of coordination. As such, our network theory approach breaks down, as
both our assumptions about average ring size and our ring definitions in regions of
reduced coordination break down. As such, with our defect introduction being based
on connectivity, a direct Tersoff application fails here. However, by evaluating the
single point energy of the coordinates of a Keating graphene system using a Tersoff
potential, we can approximate the energy sufficiently for a Monte Carlo approach,

which looks only at the difference in energy between the intial and final structures.
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