QUANTUM MIRRORS OF LOG CALABI-YAU SURFACES AND
HIGHER GENUS CURVE COUNTING

PIERRICK BOUSSEAU

ABSTRACT. Gross, Hacking and Keel have constructed mirrors of log Calabi-Yau sur-
faces in terms of counts of rational curves. Using g-deformed scattering diagrams de-
fined in terms of higher-genus log Gromov-Witten invariants, we construct deformation
quantizations of these mirrors and we produce canonical bases of the corresponding
non-commutative algebras of functions.
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1. INTRODUCTION

1.1. Context and motivations.

1.1.1. Mirror symmetry. The Strominger—Yau—Zaslow (SYZ) [SYZ96] picture of mirror
symmetry suggests an original way of constructing algebraic varieties: given a Calabi-Yau
variety, its mirror geometry should be constructed in terms of its enumerative geometry of
holomorphic discs. This picture has been developed by Fukaya , Kontsevich and
Soibelman [KS06], Gross and Siebert [GS11], Auroux [Aur07] and many others. In partic-
ular, Gross and Siebert have developed an algebraic approach in which the enumerative
geometry of holomorphic discs is replaced by some genus-0 logarithmic Gromov—Witten
invariants. Given the recent progress in logarithmic Gromov—Witten theory, in particular
the definition of punctured invariants by Abramovich, Chen, Gross and Siebert [ACGS17],
it is likely that this approach will lead to some general mirror symmetry construction in
the algebraic setting, see Gross and Siebert for an announcement.
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1.1.2. The work of Gross, Hacking, and Keel. An early version of this mirror construction
has been used by Gross, Hacking, and Keel [GHK15a] to construct mirror families of log
Calabi-Yau surfaces, with non-trivial applications to the theory of surface singularities
and in particular a proof of Looijenga’s conjecture on smoothing of cusp singularities.
More precisely, the construction of [GHK15a] applies to Looijenga pairs, that is, to pairs
(Y, D) where Y is a smooth projective surface and D is some anticanonical singular
nodal curve. The upshot is in general a formal flat family X — S of surfaces over a
formal completion, near some point sy, the ‘large volume limit of Y’, of an algebraic
approximation to the complexified Kéahler cone of Y.

Furthermore, X is an affine Poisson formal variety with a canonical linear basis of
so-called theta functions and the map X — S is Poisson if S is equipped with the zero
Poisson bracket. Under some positivity assumptions on (Y, D), this family can be in fact
extended to an algebraic family over an algebraic base and the generic fiber is then a
smooth algebraic symplectic surface. To simplify the exposition in this introduction, we
assume for now that it is the case.

The first step of the construction involves defining the fiber &, that is, the ‘large
complex structure limit’ of the family X. This step is essentially combinatorial and can
be reduced to some toric geometry: Xy, is a reducible union of toric varieties.

The second step is to construct X by smoothing of X;,. This construction is based on
the consideration of an algebraic object, a scattering diagram, a notion introduced by
Kontsevich and Soibelman [KS06] and further developed by Gross and Siebert [GS11],
whose definition encodes genus-0 log Gromov—Witten invariantsﬂ of (Y,D). The key
non-trivial property to check is the so-called consistency of the scattering diagram.
In |[GHK15a], the consistency relies on the work of Gross, Pandharipande and Siebert
[GPS10], which itself relies on connection with tropical geometry [Mik05], [NS06]. Once
the consistency of the scattering diagram is guaranteed, some combinatorial objects, the
broken lines [CPS10|, are well defined and can be used to construct the algebra of func-
tions HO(X,Ox) with its linear basis of theta functions.

1.1.3. Quantization. E] The variety X being a Poisson variety over S, it is natural to ask
about its quantization, for example in the sense of deformation quantization. As X and
S are affine, the deformation quantization problem takes its simplest form: to construct
a structure of non-commutative H°(S,Og)[[h]]-algebra on HO(X,0x) ® C[[h]] whose
commutator is given at the linear order in A by the Poisson bracket on H°(X,Ox).
There are general existence results, [Kon01], [Yek05|, for deformation quantizations of
smooth affine Poisson varieties. Some useful reference on deformation quantization of
algebraic symplectic varieties is [BK04]. In fact, on its smooth locus, the map X — S is

n |GHK15a], an ad hoc definition of genus-0 Gromov—Witten invariants is used, which was supposed
to coincide with genus-0 log Gromov-Witten invariants. This fact follows from the remark at the end
of [Boul9, §4]. In the present paper, we use log Gromov-Witten theory systematically.

“The existence of theta functions is related to the geometric quantization of the real integrable system
formed by a Calabi-Yau manifold with an SYZ fibration. We do not refer to this quantization story. In
this paper, quantization always means deformation quantization of a holomorphic symplectic/Poisson
variety.
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relatively symplectic of relative dimension two and then the existence of a deformation
is easy because the obstruction space vanishes for dimension reasons. But there are
no known general results which would guarantee a priori the existence of a deformation
quantization of X over S because X — S is singular, for example. over sg € S to start with.
Specific examples of deformation quantization of such geometries usually involve some
situation-specific representation theory or geometry: see, for example, [Obl04], [EOR07],
[EG10], [AK17].

1.2. Main results. The main result of the present paper is a construction of a defor-
mation quantization of X - 5. Our construction follows the lines of Gross, Hacking and
Keel [GHK15a] except that, rather than using only genus-0 log Gromov-Witten invari-
ants, we use higher-genus log Gromov-Witten invariants, the genus parameter playing
the role of the quantization parameter A on the mirror side.

We construct a quantum version of a scattering diagram and we prove its consistency
using the main result of [Boul8], which itself relies on the connection with refined tropical
geometry [Boul9|. Once the consistency of the quantum scattering diagram is guaranteed,
a quantum version of the broken lines is well defined and can be used to construct a
deformation quantization of H°(X,Ox). In fact, it follows from the use of [Boul8] that
the dependence on the deformation parameter A is algebraic in g = e“ﬂ something which
in general cannot be obtained from some general deformation-theoretic argument. In
other words, the main result of the present paper can be phrased in the following slightly
vague terms (see Theorems for precise statements).

Theorem 1.1. The Gross-Hacking-Keel (GHK15a] Poisson family X — S, the mirror of
a Looijenga pair (Y, D), admits a deformation quantization, which can be constructed in
a synthetic way from the higher-genus log Gromov-Witten theory of (Y, D). Furthermore,
the dependence on the deformation quantization parameter h is algebraic in q = ™.

The notion of quantum scattering diagram is already suggested at the end of [KS06,
§11.8] and is used by Soibelman [Soi09] to construct non-commutative deformations of
non-archimedean K3 surfaces. The connection with quantization, for example in the
context of cluster varieties [FG09a, FG09b|, was expected, and quantum broken lines
have been studied by Mandel [Man15]. The key novelty of the present paper, building
on the previous work [Boul9, Boul§| of the author, is the connection between these
algebraic/combinatorial g-deformations and the geometric deformation given by higher-
genus log Gromov—Witten theory.

This connection between higher-genus Gromov-Witten theory and quantization is per-
haps a little surprising, even if similarly-looking statement are known or expected. In §7]
we explain that Theorem should be viewed as an example of a higher genus mirror
symmetry relation, the deformation quantization being a two-dimensional reduction of
the three-dimensional higher-genus B-model (BCOV theory). We also comment on the
relation with expectations from string theory, in a way parallel to [BoulS, §8].

3Because in general X is already a formal object, this claim has to be stated more precisely; see
Theorems It is correct in the most naive sense if (Y, D) is positive enough and X is then really an
algebraic family.
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In the context of mirror symmetry, there is a well-known symplectic interpretation of
some non-commutative deformations on the B-side, involving deformation of the complex-
ified symplectic form which does not preserve the Lagrangian nature of the fibers of the
SYZ fibration. An example of this phenomenon has been studied by Auroux, Katzarkov
and Orlov [AKOO6] in the context of mirror symmetry for del Pezzo surfaces. There
is some work in progress by Sheridan and Pascaleff about generalizing this approach to
study non-commutative deformations of mirrors of log Calabi-Yau varieties. This ap-
proach remains entirely in the traditional realm of genus-0 holomorphic curves and so is
completely different from our approach using higher-genus curves. The compatibility of
these two approaches can be understood via a chain of string-theoretic dualities.

It is natural to ask how the deformation quantization given by Theorem is related
to previously known examples of quantization. In §6| we treat a simple example and we
recover a well-known description of the Ay quantum X-cluster variety [FG09a].

For Y a cubic surface in P> and D a triangle of lines on Y, the quantum scattering
diagram can be explicitly computed and so using techniques similar to those developed
in |[GHKS19|, one should be able to show that the deformation quantization given by
Theorem coincides with the one constructed by Oblomkov |Obl04] using Cherednik
algebras (double affine Hecke algebras). We leave this verification, and the general relation
to quantum X-cluster varieties, to future work.

Similarly, if Y is a del Pezzo surface of degree 1, 2 or 3 and D a nodal cubic, it
would be interesting to compare Theorem |1.1{with the construction of Etingof, Oblomkov
and Rains |[EORO7| using Cherednik algebras. In these cases, the quantum scattering
diagrams are extremely complicated and new ideas are probably required.

1.3. Plan of the paper. In §2] we set up our notation and we give precise versions
of the main results. In we describe the formalism of quantum scattering diagrams
and quantum broken lines. In §4] we explain how to associate to every Looijenga pair
(Y, D) a canonical quantum scattering diagram constructed in terms of higher-genus log
Gromov—Witten invariants of (Y, D). The key result in our construction is Theorem
establishing the consistency of the canonical quantum scattering diagram. The proof of
Theorem [4.4] follows the reduction steps used by Gross, Hacking and Keel [GHK15a] in
the genus-0 case. In the final step, we use the main result of [Boul§]| in place of the main
result of [GPS10]. In §5 we finish the proofs of the main theorems. In 6 we work out an
explicit example. Finally, in §7] we discuss the relation of our main result, Theorem [L]
with higher-genus mirror symmetry and some string-theoretic arguments.
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2. BASICS AND MAIN RESULTS

2.1. Looijenga pairs. Let (Y, D) be a Looijenga paixﬂ: Y is a smooth projective complex
surface and D is a singular reduced normal crossings anticanonical divisor on Y. Writing
the irreducible components
D=Di+---+D,,

D is a cycle of r irreducible smooth rational curves D; if r > 2, or an irreducible nodal
rational curve if r = 1. The complement U =Y - D is a non—compact Calabi-Yau surface,
equipped with a holomorphic symplectic form €2y, defined up to non-zero scaling and
having first-order poles along D. We refer to [Loo81,Fril5,|GHK15a, GHK15b| for more
background on Looijenga pairs.

There are two basic operations on Looijenga pairs:

e Corner blow-up. If (Y, D) is a Looijenga pair, then the blow-up Y of Y at one of
the corners of D, equipped with the preimage D of D, is a Looijenga pair.

e Boundary blow-up. If (Y, D) is a Looijenga pair, then the blow-up Y of Y at a
smooth point of D, equipped with the strict transform D of D, is a Looijenga
pair.

A corner blow-up does not change the interior U of a Looijenga pair (Y, D). An interior
blow-up changes the interior of a Looijenga pair: if (Y, D) is an interior blow-up of (Y, D),
then, for example, we have .

e(U)=e(U)+1,
where U is the interior of (Y, D), U is the interior of (Y, D), and e(-) denotes the
topological Euler characteristic.

If Y is a smooth toric variety and D is its toric boundary divisor, then (Y, D) is a
Looijenga pair, of interior U = (C*)2. In particular, we have e(U) = e(((C )?) = 0. Such
Looijenga pairs are called toric. A Looijenga pair (Y, D) is toric if and only if its interior
U =Y - D has a vanishing Euler topological characteristic: e(U) = 0.

A toric model of a Looijenga pair (Y, D) is a toric Looijenga pair (Y, D) such that
(Y, D) is obtained from (Y, D) by successively applying a finite number of boundary
blow-ups.

If (Y,D) is a Looijenga pair, then, by Proposition 1.3 of [GHK15a], there exists a
Looijenga pair (Y, D), obtained from (Y, D) by successively applying a finite number of
corner blow-ups, which admits a toric model. In particular, we have e(U) > 0, where U
is the interior of (Y, D).

Let (Y, D) be a toric model of a Looijenga pair (Y, D) of interior U. Let & be a torus
invariant real symplectic form on (C*)2 =Y - D. Then the corresponding moment map
for the torus action gives Y the structure of toric fibration, whose restriction to U is
a smooth fibration in Lagrangian tori. By definition of a toric model, we have a map
p:(Y,D) - (Y, D), composition of successive boundary blow-ups. Let E; denote the

4We follow the terminology of Gross, Hacking and Keel |GHK154]
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exceptional divisors, j = 1,...,e(U). Then for €; small enough positive real numbers,
there exists a symplectic form w in the class
e(U)
prlw] - 2 ¢ Ej
52

with respect to which Y admits an almost toric fibration, whose restriction to U is a
fibration in Lagrangian tori with e(U) nodal fibers [AAK16].

Toric models of a given Looijenga pair are very far from being unique but are always
related by sequences of corner blow-ups/blow-downs and boundary blow-ups/blow-downs.
The corresponding almost toric fibrations are related by nodal trades |[Sym03].

Following [GHK15a, §6.3], we say that (Y, D) is positive if one of the following equiv-
alent conditions is satisfied.

e There exist positive integers aq,...,a, such that, for all 1 <k <r, we have

(Zaij) Dk >0.
j=1

e U is deformation equivalent to an affine surface.
e U is the minimal resolution of Spec (H°(U,Oy)), which is an affine surface with
at worst Du Val singularities.

2.2. Tropicalization of Looijenga pairs. We refer to |[GHK15a, §1.2 and 2.1] and
[GHKS16, §1] for details. Let (Y, D) be a Looijenga pair. Let Dy,..., D, be the com-
ponent of D, ordered in a cyclic order, the index j of D; being considered modulo 7.
For every j modulo r, we consider an integral affine cone ;.1 = (Ry0)?, of edges p,
and p;.1. We abstractly glue together the cones o;_;; and o;;,; along the edge p;. We
obtain a topological space B, homeomorphic to R?, equipped with a cone decomposition
> in two-dimensional cones o j,1, all meeting at a point that we call 0 € B, and pairwise
meeting along one-dimensional cones p;. The pair (B, X) is the dual intersection complex
of (Y, D). We define an integral linear structure on By = B — {0} by the charts

Y;:U; - R?,
where U; = Int(0,_1 ;U 0;j+1) and v, is defined on the closure of U; by

¥i(vj-1) = (1,0),45(v;) = (0,1) ,45(vje1) = (-1,-D7),
where v; is a primitive generator of p; and v; is defined linearly on the two-dimensional
cones. Let A be the sheaf of integral tangent vectors of By. It is a locally constant sheaf
on By of fiber Z2.

The integral linear structure on By extends to B through 0 if and only if (Y, D) is
toric. In this case, B can be identified with R? as an integral linear manifold and X is
simply the fan of the toric variety Y. In general, the integral linear structure is singular
at 0, with a non-trivial monodromy along a loop going around 0.

As By is an integral linear manifold, its set By(Z) of integral points is well defined.
We denote B(Z) = By(Z) u {0}. If (Y,D) is toric, with Y - D = (C*)2, then B(Z)
is the lattice of cocharacters of (C*)2, that is, the lattice of one-parameter subgroups
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C* - (C*)2. Thus, intuitively, a point of By(Z) is a way to go to infinity in (C*)2. This
intuition remains true in the non-toric case: a point in By(Z) is a way to go to infinity
in the interior U of the pair (Y, D).

More precisely, if we equip (Y, D) with its divisorial log structure, then p € B(Z) defines
a tangency condition along D for a marked point z on a stable log curve f:C' — (Y, D).
If p=0, then f(z) ¢ D. If p=m,v;, m; €N, then f(x) € D; with tangency order m; along
D; and tangency order zero along D;_y and Dj.q. If p=m v + mjavja, mj,mjq €N,
then f(z) € D; n Dj,y with tangency order m; along D; and tangency order m;,; along
Dj+1|ﬂ

Let P be a toric monoid and PP be its group completion, a finitely generated abelian
group. Denote PE” = PP ®; R, a finite-dimensional R-vector space. Let ¢ be a convex
PgP-valued multivalued X-piecewise linear function on By. Let A; be the fiber of the sheaf
A of integral tangent vectors over the chart U;. Let n,_y j,n, ;.1 € AY ® P8 be the slopes
of ¢l,, ., and |y, ,,. Let A, be the fiber of the sheaf of integral tangent vectors to the
ray p;. Let 6;:A; - Aj/A,, ~7Z be the quotient map. We fix signs by requiring d; to be
non-negative on tangent vectors pointing from p; to ;1. Then (n; ;.1 —nj-1;)(A,,) =0
and hence there exists r,, , € P with

Njje1 = Mj-14 = 0jKp; 0,

called the kink of ¢ along p;.

Let By, be the Pg’-torsor, which is set-theoretically By x P but with an integral
affine structure twisted by ¢: for each chart 1;: U; - R? of By, we define a chart on By,
by

(1/}j(x)7p) if veoj_y
(‘rup) = = .
(¥j(x),p+0;(x)kp, ) Hae€o)ju,

where szamﬂ — Ry is the integral affine map of differential ;. By definition, ¢ can be
viewed as a section of the projection m:Bg, - By. Then P = ¢*Ag, _ is a locally constant
sheaf on By ,, of fiber Z? ® PP, and the projection m:B, - B, induces a short exact
sequence

0P P SA-0

of locally constant sheaves on By, where P® is the constant sheaf on By of fiber PgP, and
where v is the derivative of 7.

The sheaf A is naturally a sheaf of symplectic lattices: we have a skew-symmetric
non-degenerate form

(-, -)A®AN->Z.
We extend (-, —) to a skew-symmetric form on P of kernel P®P.
Let P be a toric monoid and let 7: NE(Y) — P be a morphism of monoids. Then

there exists a unique (up to a linear function) convex Pg’-valued multivalued X-piecewise
linear function ¢ on By with kinks r,, , = n([D;]).

5This makes sense precisely because we are using log geometry.
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2.3. Algebras and quantum algebras. When we write ‘A is an R-algebra’, we mean
that A is an associative algebra with unit over a commutative ring with unit R. In
particular, R is naturally contained in the center of A. We fix k an algebraically closed
field of characteristic zero and i € k a square root of —1.

For every monoid Mﬂ equipped with a skew-symmetric bilinear form

(—,—):]\4><M—>Z7
we denote by k[M] the monoid algebra of M, consisting of monomials 2™, m € M, such
that zm . zm" = ym+m’ Tt is a Poisson algebra, of Poisson bracket determined by
{ijzm'} _ (m’m/>zm+m’ )

We denote by k, = k[¢*2] and k,[M] the possibly non-commutative k,-algebra struc-
ture on k[M ] ® k, such that

~ ! 1 AWN /
zm gm’ _ qg(m,m)szrm ]

We denote kp, = k[[h]]. We view k; as a complete topological ring for the h-adic
topology and in particular, we will use the operation of completed tensor product ® with
]khi

(=) ®ulen = Lim (=) @i (K[A]/77).
J
We view kp, as a k,-module by the change of variables

in _ s (@0)*
qg=¢e" = .
,;) k!

We denote ky[M] = ko[ M]®y, ks The possibly non-commutative algebra ky[M] is a
deformation quantization of the Poisson algebra k[M ] in the sense that k,[M] is flat as
ky-module, we recover k[ M] in the limit A - 0, ¢ - 1, and the linear term in A of the
commutator [2™, 2] in ky[ M] is determined by the Poisson bracket {z™, 2™} in k[M]:

[2m72m'] — (q%(m,m') _ q—%(m,m'))émﬂn’ — (m’mlﬂhémﬂn’ + O(hQ) ]
We will often apply the constructions k[M] and ky[M] to M a fiber of the locally
constant sheaves A or P.
In particular, considering the toric monoid P with the zero skew-symmetric form, we
denote
R =Kk[P]
and
Rh = ]kh[P] = R@]k]kh .
For every monomial ideal I of R, we denote
R] = R/]

RI = R/I &y k, = Ri[q**]
and

RM = RM"I = Riéuky = R[[1]].

6All the monoids considered will be commutative and with an identity element.
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Observe that the algebras R*, R? and R are commutative.

2.4. Ore localization. As should be clear from the previous section, we will be deal-
ing with non-commutative rings. Unlike what happens for commutative rings, it is not
possible in general to localize with respect to an arbitrary multiplicative subset of a
non-commutative ring, because of left-right issues. These left-right issues are absent by
definition if the multiplicative subset satisfies the so-called Ore conditions.

We refer, for example, to [Kap98, §2.1] and [Gin98, §1.3] for short presentations of these
elementary notions of non-commutative algebra. A multiplicative subset S ¢ A - {0} of
an associative ring A is said to satisfy the Ore conditions if

o for all a € A and s € S, there exist be A and t € S such thatl| ta = bs;
e for all a € A, if there exists s € S such that as = 0, then there exists ¢ € S such that
ta = 0;
o for all be A and t € S, there exists a € A and s € S such thatﬂ ta = bs;
e for all a € A, if there exists s € S such that sa = 0, then there exists ¢ € S such that
at = 0.
If S is a multiplicative subset of an associative ring A and if S satisfies the Ore condi-
tions, then there is a well-defined localized ring A[S™!].
Let R be a commutative ring. Denote R" := R[[A]].

Lemma 2.1. Let A be an R"-algebra such that Ag = AJhA is a commutative R-algebra.
Assume that A is h-nilpotent, that is, that there exists j such that hA = 0. Denote by
m A - Ay the natural projection. Let S ¢ Ay~ {0} be a multiplicative subset. Then the
multiplicative subset S = 12(S) of A satisfies the Ore conditions.

Proof. See the proof of Proposition 2.1.5 in [Kap98]. O
Definition 2.2. Let A be an R"-algebra such that Ag = A/hA is a commutative R-algebra.
Assume that A is h-complete, that is, that A = 1<i1_nj A/hIA. By Lemma each AJhJ A
defines a sheaf of algebras on X = Spec Agy, which we denote by O}O/hj. We define
Ok = kir_n(’)glfo/hj :
j
which is a sheaf in R"-algebras over Xo such that O% [h=Ox,.

Definition gives us a systematic way to turn certain non-commutative algebras into
sheaves of non-commutatives algebras.

2.5. The Gross-Hacking-Keel mirror family. We fix (Y, D) a Looijenga pair. Let
NE(Y)g c A1(Y,R) be the cone generated by curve classes and let N E(Y") be the monoid
NE(Y)grnA(Y,Z).

7Informally, as™' = t71b, that is, every fraction with a denominator on the right can be rewritten as a
fraction with a denominator on the left.

8Informally, ¢~'b = as™', that is, every fraction with a denominator on the left can be rewritten as a
fraction with a denominator on the right.
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Let op ¢ A1(Y,R) be a strictly convex polyhedral cone containing NE(Y )gr. Let
P = 0pn Ai1(Y,Z) be the associated monoid and let R := k[P] be the corresponding
k-algebra. We denote t# the monomial in R defined by 8 € P. Let mg be the maximal
monomial ideal of R. For every monomial ideal I of R with radical mg, we denote
R;:=R/I and S = Spec R;.

Let TP = G}, be the torus whose character group has a basis ep, indexed by the
irreducible components D; of D. The map

b i(ﬁ'Dj)eDj
j=1

induces an action of TP on S;.
[GHK15a, Theorem 0.1] gives the existence of a flat TP-equivariant morphism

XI - SI7
with X, affine. The algebra of functions of X7 is given as Ry-module by

HO(XI, OXI) = A[ = @ R[ﬁp,
peB(Z)
The algebra structure on H°(X;,Ox,) is determined by genus-0 log Gromov-Witten
invariants of (Y, D).
By Theorem 0.2. of [GHK15a], there exists a unique smallest radical monomial ideal
Jmin € R such that the following statements hold.

e For every monomial ideal I of R of radical containing Jy,, there is a finitely gen-
erated Rj-algebra structure on A; compatible with the R; ,~-algebra structure
on Aj,m~ given by Theorem 0.1 of [GHK15a] for all N > 0.

e The zero locus V(Juim) € Spec R contains the union of the closed toric strata
corresponding to faces F' of op such that there exists 1 < j < such that [D;] ¢ F'.
If (Y, D) is positive, then Jyp, =0 and V (Jpin) = Spec R.

e Let R7min denote the Jmin-adic completion of R. The algebras A; determine a
TP-equivariant formal flat family of affine surfaces X7min — Spf R/min. The theta
functions ¥, determine a canonical embedding X“min ¢ Amax(r3) x Spf RJmin. In
particular, if (Y, D) is positive, then we get an algebraic family X — Spec R and
the theta functions ¥, determine a canonical embedding X ¢ Amax("3) x Spec R.

2.6. Deformation quantization. We now discuss the notion of deformation quanti-
zation. There are two technical aspects to keep in mind: first, we work relative to
a non-trivial base; and second, we work in general with formal schemes. We refer
to [Kon01|, [Yek05], [BKO4], for general facts about deformation quantization in alge-
braic geometry.

Definition 2.3. A Poisson scheme over a scheme S is a scheme m:X — S over S,
equipped with a m1Og-bilinear Poisson bracket, that is, a 7= 'Og-bilinear skew-symmetric
map of sheaves

{—7—}10)( xOx - Ox,
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which is a biderivation
{a,bc} ={a,b}c+ {a,c}b,
and a Lie bracket

{a,{b,c}} +{b,{c,a}} +{c,{a,b}} =0.

The two definitions below give two notions of deformation quantization of a Poisson
scheme.

Definition 2.4. Let m:(X,{-,-}) - S be a Poisson scheme over a scheme S. A defor-
mation quantization of (X,{-,-}) over S is a sheaf O% of associative flat 7 *Og&®ky-
algebras on X, complete in the h-adic topology, equipped with an isomorphism O% [RO% ~
Oy, such that for every f and g in Ox, and lifts f and § of f and g in O% , we have

[f,3] =ih{f,g} mod A,
where [f,§] = f§-qf is the commutator in oh.

Definition 2.5. Let m:(X,{-,-}) = S be a Poisson scheme over a scheme S. Assume
that both X and S are affine. A deformation quantization of (X,{-,-}) over S is a flat
HO(S,0g)®ky-algebra A, complete in the h-adic topology, equipped with an isomorphism
AJhA = HY(X,Ox), such that for every f and g in H(X,O0x), and lifts f and § of f
and g i A, we have 3

[f.9]=ih{f g} modh?,

where [f,g] = fG—qf is the commutator in A.
The compatibility of these two definitions is guaranteed by the following lemma.

Lemma 2.6. When both X and S are affine, the notions of deformation quantization
given by Definitions and [2.5 are equivalent.

Proof. One goes from a sheaf quantization to an algebra quantization by taking global
sections. One goes from an algebra quantization to a sheaf quantization by Ore localiza-

tion; see §2.4 O

Definitions [2.4] and and Lemma have obvious analogues if one replaces schemes
by formal schemesﬂ.

2.7. Main results. We fix (Y, D) a Looijenga pair and we use notation introduced in
Our main result, Theorem [2.7] is the construction of a deformation quantization
of the Gross-Hacking-Keel mirror family by a higher-genus deformation of the Gross-
Hacking-Keel construction.

Theorem 2.7. Let I be a monomial ideal of R with radical mg. Then there exists a flat
TP -equivariant R-algebra AY, such that A% is a deformation quantization over Sy of the
Gross-Hacking-Keel mirror family X; - Sy, and A% is given as R-module by

Ai} = @ R?ﬁpv
peB(Z)

90r, in fact, any locally ringed space.
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where the algebra structure is determined by higher-genus log Gromov—Witten invariants
of (Y, D), with genus expansion parameter identified with the quantization parameter h.

Taking the limit over all monomial ideals I of R with radical mg, we get a deformation
quantization of the formal family
— —
I I
The following theorem is a quantum version of [GHK15a, Theorem 0.2].

Theorem 2.8. There is a unique smallest radical monomial J". < R such that the

following statements hold.
e For every monomial ideal I of R of radical containing J". , there is a finitely

generated RY-algebra structure on

in’

Ah = @ R?élﬁ
peB(Z)
compatible with the R?mk -algebra structure on A?erk given by Theorem far
R R

all k> 0.
e The zero locus V(Jmin) € R contains the union of the closed toric strata corre-
sponding to faces F' of op such that there exists 1 < j <r such that [D;] ¢ F. If
(Y, D) is positive, then J. =0, that is, V(J". ) =Spec R and Al is a deforma-
tion quantization of the mirror family X - Spec R.
The following result controls the dependence in A of the deformation quantization given
by Theorem this dependence is algebraic in ¢ = e?.

Theorem 2.9. Let I be a monomial ideal of R with radical containing J". . Then there

min*
exists a flat Rf-algebra AJ such that
Ab = A%y Tey,
where ky, is viewed as a ky-module via g = ™.

The proof of Theorems is given in §5l In §3] we explain how a consistent
quantum scattering diagram can be used as input to a construction of quantum modi-
fied Mumford degeneration, giving a deformation quantization of the modified Mumford
degeneration of [GHK15a|, [GHKS16]|, constructed from a classical scattering diagram.
In §4] we explain how to construct a quantum scattering diagram from higher-genus log
Gromov-Witten theory of a Looijenga pair and we prove its consistency using the main

result of [Boul8|. We finish the proof of Theorems in

3. QUANTUM MODIFIED MUMFORD DEGENERATIONS

In this section we explain how to construct a quantization of the mirror family of
a given Looijenga pair (Y, D) starting from its tropicalization (B,Y¥) and a consistent
quantum scattering diagram.

In §3.1| we describe the rings R" ; and R" ; involved in the construction of the quantum

version of modified Mumford degveneratioris. In §3.2| we review the notion of quantum
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scattering diagrams. In §3.4] we explain how a consistent quantum scattering diagram

gives a way to glue together the rings Rf_j ; and RZ ; to produce a quantum modified
Mumford degeneration. In §3.6| we review the notions of quantum broken lines and
theta functions and we use them in to prove that the quantum modified Mumford
degeneration is indeed a deformation quantization of the modified Mumford degeneration
of [GHK15a]. In we express the structure constants of the quantum algebra of global

sections in terms of quantum broken lines.

3.1. Building blocks. The goal of this section is to define non-commutative deforma-
tions RZ,I and RZJ of the rings R,; and R, defined in [GHK15a, §2.1-2.2]. The way
to go from R, to Rg’ ; is fairly obvious. The deformation RZ ; of R, is perhaps not so
obvious.

We fix a Looijenga pair (Y, D), its tropicalization (B,X), a toric monoid P, a radical
monomial ideal J of P, and a Pg’-valued multivalued convex X-piecewise linear function
pon B.

For any locally constant sheaf F on By and any simply connected subset 7 of By, we
write F, for the stalk of this local system at any point of 7. We will constantly use this
notation for 7 a cone of .

If 7 is a cone of ¥, we define the localized fan 77X as being the fan in Ag, defined as
follows.

o If 7 is two-dimensional, then 771¥ consists just of the entire space Ag ;.
e If 7 is one-dimensional, then 7713 consists of the tangent line of 7 in Ag, along
with the two half-planes with boundary this tangent line.

For each 7 cone of X, the X-piecewise P-convex function ¢: By — By, determines a
7~ 1¥-piecewise linear P-convex function ¢,: Ag ; - Pg ,: if we choose o a two-dimensional
cone of ¥ containing 7, we have an identification Pr , ~ Ag , ® Pr, and we define

©r AR,T — PR,T = AR,T ® Pr

m > (m, ¢lo(m)).
It follows from the definition of P given in §2.2that ¢, is well defined, that is, independent
of the choice of 0. By construction, ¢;:Ag ; = Pr - is a section of the natural projection
map t: Pr, - Ag, discussed in §2.2]
We define the toric monoid P, c P, by

P, ={seP;|s=p+g,;(m) for some pe P, meA,}.

If p is a one-dimensional cone of 3, bounding the two-dimensional cones o, and o_ of ¥,
we have P, cP,, , P, cP,, ,and

Po_
P,, NP, =PF,,.

The monoids F,, , P, and P, are represented in Figures 1-3.

For every o two-dimensional cone of X, we define R}, := kn[P,,]/I, a deformation
quantization of R, = k[P, ]/I. We have a natural trivialization P, = P @& A, and so
Rg’ ; 1s simply the algebra of functions on a trivial family of two-dimensional quantum

tori parametrized by Spec R;.
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o4 p o_

FIGURE 1. P,

900+

o4 p o_

FIGURE 2. P, _
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o p o_

FiGURE 3. Pgop

Let p be a one-dimensional cone of X. Let x,, € P be the kink of ¢ across p, so that
2o € Ry. Let X be an invertible formal variable. We fix elements fjou € R X1] and

N

fpin € R?[X]
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Let R!, be the R}-algebra generated by formal variables X,, X_ and X, with X
invertible, and with relations

XX, =q¢X, X,
XX =q¢'X_X,
X, X = g5 frou(q7 X ) fom (X)X D5,
X X, = q 300250 oo (X) fn (X)X 20

where ¢ = ¢, The R}-algebra R" | is flat as R}-module and so is a deformation quanti-
zation of

Ry p= Re[ X, X, XF] /(X X - zﬁp’vX_D’%fp"“t(X)fpi“(X)) )

Let o, and o_ be the two-dimensional cones of > bounding p, and let p, and p_ be the
other boundary rays of o, and o_ respectively, such that p_, p and p, are in anticlockwise
order.

The precise form of RZ ; is justified by the following proposition.

Proposition 3.1. The map of R"-algebras
U, RMX,, X_, X*) >R,

o—,

defined by
@/;p7_(X) = 2%p(mp) 7
szy_(X_) = 2%p(mp_) ,
&p,—(Xﬂ—) - fpin(gw(mp))gw(mm)fpout(gwp(mp))
= gsop(mm)fpm(qgsop(mp))fpout(gsop(mp)) ’
induces a map of R%-algebras
772),0,—: R;L,I - RZ-,I .
The map of RY-algebras
Upt RUX., X, X*) > Ry
defined by
G (X) = 2900,
(X)) = fpout (/geop(mp)),gsop(mpf)]?pm (520 (me))
= /,3@0p(mfu)fpout (q—lgwp(mp))fpin(gwp(mp)) ’
1/}/)7+(X+) = 2%p(mp.)
induces a map of Rt-algebras

Vp,+t Rz,l —~ Rl

(o0
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Proof. We have to check that 1;@_ and zﬁp& map the relations defining R27 ; to zero.
We have (m,,m,,) =1 and (m,,m, ) = -1. It follows that

U, (XX, -qX.X)=0,
7;,0,+(XX+ -¢X,:X) =0,

and
Gp (XX —g'X_X) =0,
Vo (XX —¢'X_X)=0.
Furthermore, we have
my_ +D2my,+m,, =0
SO

(my,,m,_) =D,

and
Po(mp) +pp(myp,) = Kpy = D,igop(mp) :
It follows that

sz _ (X+X_) - fpin (ZA«@p(mp) )2¢p(mp+ ) fpout (;:v‘Pp(mp) )g‘PP(mp—)

= q%Dg fpin (ﬁ@pp(mp) )prout (q_lgpp(mp) )éﬁpyw_DgSﬁp(mp)

= g2 zree ), ((fm(X) fpoue (4 X)X 7))

Dy (X, X_) = 500(ma) f oy (2900ma) Y golmo) f L (200(ma)
= G302 fun (290000) fme (g7 290000 2500 D )
- q%Diénp,ga@gM (fpm (X)fpout (q’lX)X’Dg) ’
and
Qﬂp,_ (X_X.) = 220(me) £ (500 0me)) 200 (M0) f o (500(me))

= qféDgﬁﬂp,w’D?)‘Pp(mp)fpin (éqlﬂp(mﬂ) )fpout (’gﬂop(mp) )

1p2a. T qp 2 _
=q 2D§Z p’”/}p,— (fpi“(qX)fp“t(X)X D’%) )

QZP +(X_X+) = fpout(2@p(mp))2@p(mpf)fpm(éﬂop(mp))gipp(mm)

= q_% ifp(é‘t@ﬂ(mp))fpm(qé‘ﬂp(mp))éﬁpw—DzGDp(mp)

1p2 a7 ; ; -
= q QDKQ’Z p*"a#}pﬁ_ (fpin(qX)fpout(X)X Dg) .
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In the special case where Dﬁ =0 and fpm = 1, our description of Rfj’ ; by generators
and relations coincides with the description given by Soibelman in [So0i09, §7.5] of a local
model for deformation quantization of a neighborhood of a focus-focus singularity.

The algebra RZL’ ; is a deformation quantization of R, ;, and the algebra RZ ; is a defor-

mation quantization of R,;. The maps 1&,“ and zﬁp,_ are quantizations of the maps
Y, and ¢, . defined by [GHK15a, formula (2.8)]. Following |[GHK15a], we denote
Usr = Spec R,y and U, = Spec R,;. If p is a one-dimensional cone of ¥, and o,
and o_ are the two-dimensional cones of ¥ bounding p, then the maps %,_ and ¥, .
induce open immersions

Ua—,] - U, o1
and

User = Uyt

Using Ore localization (see Definition , we can produce from Rg} ; and RZ ; some

sheaves of flat kj-algebras (’)ZUJ and ng,z on U, and U, , such that

O [hOk =0y,

and
OQP’I/hO[’}pJ ~ OUN

respectively.

3.2. Quantum scattering diagrams. Quantum scattering diagrams have been studied
by Filippini and Stoppa [FS15] in dimension two and by Mandel [Man15] in higher dimen-
sions. Mandel [Manl15| also studied quantum broken lines and quantum theta functions.
Both [F'S15] and [Manlb] work with smooth integral affine manifolds. We need to make
some changes to include the case we care about, where the integral affine manifold is the
tropicalization B of a Looijenga pair and has a singularity at the origin with a non-trivial
monodromy around it.

As in the previous section, we fix (Y, D) a Looijenga pair, its tropicalization (B,>), a
toric monoid P, a radical monomial ideal J of P, and a Pg’-valued multivalued convex
Y-piecewise linear function ¢ on B. Recall from §2.2that we then have an exact sequence

O—)Egpe'Pi)Aeo

of locally constant sheaves on By.
We explained in how to define for every cone 7 of ¥ a toric monoid P, . We denote
by

the J-adic completion of the kp-algebra k[ P

. ]. The map ©: P - A induces a morphism
of monoids v: P, — A,.

Definition 3.2. A quantum scattering diagram D for the data (B,X), P, J and ¢ is a
set

D ={(0. i)}

where
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e 0 c B is a ray of rational slope in B with endpoint the origin 0 € B.
o Let 1y be the smallest cone of ¥ containing 0 and let my € A, be the primitive
generator of 0 pointing away from the origin. Then we have either

~

Hy= Y HPekyP, ],

pEPWTa
t(p)€Z<0ma
or
4 - 5P
Hy= Y HPekyP, ]
pEP(P‘ra
t(p)eZsoma

In the first case, we say that the ray (9, ]:Ia) 1s outgoing, and in the second case,
we say that the ray (9, Hy) is ingoing.

o Let 1y be the smallest cone of ¥ containing 0. If dimm, =2, or if dim7, = 1 and
Ky £ J, then ffa =0 mod J.

e For any ideal I c P of radical J, there are only finitely many rays (D,]:Ia) such
that ffa +#0 mod I.

Given a ray (D,ﬁa) of a quantum scattering diagram, we call Hb the Hamiltonian
attached to p. This terminology is justified by , where we attach to (0, Hy) the au-
tomorphism ® 5 given by the time-one evolution according to the quantum Hamiltonian

.

3.3. Quantum automorphisms. Let (9, f[a) be a ray of a quantum scattering diagram
D for the data (B,%), P, J and ¢. Let 7, be the smallest cone of ¥ containing 9 and
let my € A, be the primitive generator of 0 pointing away from the origin. Denote
m(]:.lb) =my if (9, ]:ID) is outgoing and m(ﬁa) =—mg if (9, ]:ID) is ingoing. Writing
= Y HyPely[P,, ],
pePyr,

we denote

fomep| Y (@ -1HZ | ekalPo ]
pEPLPTa
t(]3):£m(Ha)

where ¢ = e». Remark that, by our definition of m(I:Io), we have ¢ < 0 when writing
t(p) = (m(Hy).
We write

o= X fA7.

pEP‘P‘ra
For every j € Z, we define
f(@2)= > 47f,27eka[P,, ],

pep‘PTa
t(p)=tm(Ho)
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where ¢ = e,
Lemma 3.3. The automorphism @m of ]kh[P@Ta] given by conjugation by exp (I:[a),
ZP - exp (ﬁa) ZPexp (—]:Ia) ,

15 equal to

(m(Hs),x(p))-1

1 f(d2) if (m(Hy),x(p)) >0

2P - 7=
[(m(H),x(p))|-1

2 T1 fl@2)™ if (m(H,y),x(p)) < 0.

3=0

Proof. Using 27" 2P = ¢{t@)x®) 2r 20" we get

exp (]:ID) ZP exp (—I:Ia) = ZP exp > (gXmH)e@)) _ 1) H, 27
p,EPWTa
(o )=tm(Fio)

If (m(H,),t(p)) >0, this can be written

1 = glm()(p)

ZP exp Z

(q(Z - 1)Hp’2p,

p’€P¢TO 1_q£
v(p")=tm(Hy)
(m(Ha) x(p)-1 ,
_ep| Y S e - 1) Hy

PePor, j=0
(9! )=tm(Fio)
() c@)-1
=3P H fo(@2).
=0

If (m(H,),t(p)) <0, this can be written

1= q—f\(m(ﬁa)yt(p)ﬂ
1-q*

ZPexp| - Z

pIEPWTa
(p")=tm(Ho)

¢ (¢ - 1) Hyz”

) (el )
=Fexp|l- ) >, (@7 -1 HpzE
PPy, §=0
o(p')=tm(Hy)

!
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[(m(Hy).x(p))I-1

=2 [ g2

J=0

One can equivalently write P i, as
((m(Ha) x(p))-1

A J=0

ZP

fula" >) if (m (). (p)) > 0

(m(Ho),x(p)|-1

( H) fp(qu)‘l)ép if (m(H,),t(p)) <0

A direct application of the definition of fa gives the following Lemma.

Lemma 3.4. If
(—1)t-1 z-te(ms) (—1)E-1 z-te(mo)

; 25111(“) __@1 14 qz—q_g,

where q = e, we have m(H) = my and

~ ~1)-1 gt -1
f=exp|- Z (=) % 5 prlelmo) ) = 1 4 q_ié_“”(ma) .
50 qi-g

If
1)K 1 slp(ma) (_1)6—1 2lp(ma)
=1 Z thY c i
1 251n( ) s gr-qe
where q = e, we have m(H) = —my and
A —1)-1 gt -1
f=exp (_Z ( ﬁ) i — gﬁw(ma)) - 1+q—é§w(ma)‘
>1 qz —q 2

3.4. Gluing. We fix a quantum scattering diagram © for the data (B,Y), P, J and ¢,
and an ideal I of radical J.

Let p be a one-dimensional cone of ¥, bounding the two-dimensional cones o, and
o_, such that o_, p, o, are in anticlockwise order. Identifying X with 2#,(m) we define
fooue € RE[X1] by

pout = H fa mod 7,

2eD,0= p
outgoing

where the product is over the outgoing rays of D of support p, and we define fpin € RN X]
by
H fa mod I,
2D 2=p
ingoing
where the product is over the ingoing rays of © of support p.
By , we then have R}-algebras R! |, R! ,, R!

p,I*
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Let (0, ﬁa) be a ray of © such that 7, = o is a two-dimensional cone of . Let my € A,
be the primitive generator of d pointing away from the origin. Let 7 be a path in B
which crosses 0 transversally at time t,. We define

e’YaR _)R0'17
2Py dHE (2P
2 H(IDHD(Z ),

where € € {£1} is the sign of —(m(H,),'(to)).

Let ©; ¢ ® be the finite set of rays (0, ﬁo) with Hy #0 mod I, that is, fa +1 mod I.
If v is a path in By entirely contained in the interior of a two-dimensional cone o of 3,
and crossing elements of ®; transversally, we define

~ ~

9%231 =00, 0 00,0,

where v crosses the elements 0¢,...,0,, of D ; in the given order.

For every o two-dimensional cone of 3, bounded by rays pr and py, such that pg, o, pr,
are in anticlockwise order, we choose a path 7,:[0,1] - By whose image is entirely
contained in the interior of o, with v(0) close to pr and (1) close to pr, such that 7,

crosses every ray of D, contained in ¢ transversally exactly once. Let

R Rﬁ,f

'YG':QI

be the corresponding automorphism. In the classical limit, (97 %, induces an automorphism
0y, of Us;. Gluing together the open sets U, c U,, and Usr ¢ Uy, 1 along these
automorphisms, we get the scheme X7 5 defined in [GHK15a].

Recall from the end of 31 that by Ore localization the algebras R ; and R" ; produce
sheaves Oh - and C’)h . on Us,r and U, respectively. Using é%@ﬂ we can glue together
the sheaves (’)h o get a sheaf of Rt-algebras O" 2, on X7 o

From the fact that the sheaves OF ., are deformation quantizations of U, ;, we de-
duce that the sheaf (9?(0 is a deformauon quantization of X} - In particular, we have
(’)g”(o /hOR o =0x; and (9§(0 is a sheaf a flat R-algebras.

Let p be a one—dlmensmnal cone of ¥. Let o, and o_ be the two two-dimensional cones
of ¥ bounding p, and let p, and p_ be the other boundary rays of o, and o_ respectively,
such that p_, p and p, are in anticlockwise order. According to [GHK15a, Remark 2.6],
we have, in U, 1,

UP—,I N UP+J = (Gm)2 x Spec (RI)z”MO )
where (Ry).m. is the localization of R; defined by inverting z%#¢. Similarly, the restric-
tion of Oﬁ‘(o to U, ;nU,, 1 is the Ore localization of ky[M]®(R;) s, where M = Z2 is

the Character lattice of (G,,)?, equipped with the standard unimodular integral symplec-
tic pairing. We have a natural identification M = A,. Restricted to k[ M ]®(R1) 5o
and assuming that fpm =1 mod Zz#r¢ and fpout =1 mod Zree the expression z/Jp o 1/1 !
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makes sensﬂ and is given by
(@@m o Q/};})(gcpp(mp)) = se0(mp)
(¢p+ ° &;} ) (QWp(mp— )) — fpo‘lt (290;1(7”;1) )2¢p(mp— ) fpin (g‘PP(mp) ) ,
(wm o w;} ) (2<Pp(mp+ )) - f,;}. (/Q‘Pp(mp) )2%%(”%4 ) fp*olut (/QWp(mp) ) .

As (m,,m, ) = -1 and (m,,m,,) = 1, this implies that ¢,, o 1&;_1 coincides with the
transformation A A
0 = H 01,
€D ,0=p

where QA%a is defined by the same formulas as above and with v a path intersecting p at
a single point and going from o_ to o,.

3.5. Result of the gluing for [ = J. Assume r > 3 and k,, € J for every p one-
dimensional cone of 3. The Lemma below gives an explicit description of (’)h},D for
I=J. |

Denote by k[X] the k-algebra with a k-basis {2™ |m € B(Z)} with multiplication given
by

2 = ,
0 otherwise.
Let 0 be the closed point of Spec k[X] whose ideal is generated by {z™|m # 0}. Denote
R;[X] = Ry ek k[X]. According to [GHK15a, Lemma 2.12], we have
X5 = (Spec Ry[X]) - ((Spec R,) x {0}).

Denote by kp[X] the kp-algebra with a kp-basis {Z™|m € B(Z)} with multiplication

given by

’ . ..
, {z"”m if m and m’ lie in a common cone of ¥

1 AWN i . . .
, q§<m’m Yzm+m” it m and m/ lie in a common cone of Y
0 otherwise.

Denote RA[X] = R &iks[X].

Lemma 3.5. Assume r > 3 and k,, € J for every p one-dimensional cone of ¥. Then
(XS0, (’)}02) = Rh[X], and the sheaf OhoD is the restriction to X5 of the Ore localiza-
J J,

tion (see of R[] over Spec R,[X].
Proof. By definition of a quantum scattering diagram, if 0 is contained in the interior of
a two-dimensional cone of 3, we have H, =0 mod J and so the corresponding automor-

phism o, 7, 1s the identity. As we are assuming x,, € J, R e the R"-algebra generated
by formal variables X,, X_ and X, with X invertible, and with relatlons

XX+ = qXX+ ’
XX =¢'X_X,
X, X =X_X,=0,

1OWithout restriction, ﬂpf is not invertible and so 1@;_1 does not make sense.
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where ¢ = e, Let o, and o_ be the two two-dimensional cones of ¥ bounding p, and let
p; and p_ be the other boundary rays of o, and o_ respectively, such that p_, p and p,
are in anticlockwise order.

From @, (m,_)+¢,(m,, ) = K, o=D2p,(m,) and K, € J, we deduce that 2¢0(me-) 200(me.) =
0 in RZI, Rl and R! . As z#0(m-) is invertible in R! ;, we have 2¢¢(mee) =0 in R .
Similarly, as 2#¢(™e+) is invertible in R” ,, we have 2¢»(™m»-) =0 in R! .
) So the map ﬂp,_:RZJ - Rl s given by 1, (X) = zee(me), ﬁpl_(X_) = Zeo(me.)
Y,_(X,) = 0. Similarly, the map wper:R;"J - Rfrh] is given by 1, ,(X) = 2¢(m0),

U, (X)) =0, 0,.(X,) = 2¢(ms) . The result follows. O

3.6. Quantum broken lines and theta functions. We fix (Y, D) a Looijenga pair, its
tropicalization (B,Y), a toric monoid P, a radical monomial ideal J of P, ¢ a Pg’-valued
multivalued convex Y-piecewise linear function ¢ on B, and D a quantum scattering
diagram for the data (B,X), P, J and ¢.

Quantum broken lines and quantum theta functions have been studied by Mandel
[Man15], for smooth integral affine manifolds. We make below the easy combination of
the notion of quantum broken lines and theta functions used by [Man15| with the notion
of classical broken lines and theta functions used in [GHK15al §2.3] for the tropicalization
B of a Looijenga pair.

Definition 3.6. A quantum broken line of charge p € Bo(Z) with endpoint Q) in By is a
proper continuous piecewise integral affine map

v (—oo, O] - BO

with only finitely many domains of linearity, together with, for each L c (—=o0,0] a mazimal
connected domain of linearity of v, a choice of monomial my, = cp, 2Pt where ¢, € k; and
pr € D(L,v Y (P)|L), such that the following statements hold.

e For each L and t € L, we have —t(pr) = +'(t), that is, the direction of the line is
determined by the monomial attached to it.

o We have v(0) = Q € By.

e For the unique unbounded domain of linearity L, | goes off fort — —oco to infinity
in a two-dimensional cone o of ¥ containing p and my, = 29°(P) | that is, the charge
p s the asymptotic direction of the broken line.

o Let t € (—00,0) be a point at which v is not linear, passing from the domain of
linearity L to the domain of linearity L'. Let T be a cone of ¥ containing y(t).
Let (01, Hy,),..., (0N, Hy,) be the rays of © that contain v(t). Then ~ passes
from one side of these rays to the other side at time t.

Expand the product of

(m(Hoy,)x(pL))-1

H H fﬁk(qj'%)
1<k<N j=0
(m(Hoy,),t(pr))>0
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and
[(m(Ho,, ) x(pr))|-1

l—I H fak/(qijlilé) )

1<k/'SN J'=0
(m(Ha,,)x(pL))<0

as a formal power series in ky[P,_|. Then there is a term cz° in this sum with
mp =mg - (c2%).

Let @ € B —Supp I(@) be in the interior of a two-dimensional cone o of . Let v be a
quantum broken line with endpoint ). We denote by Mono(~y) € k[P, ] the monomial
attached to the last domain of linearity of ~.

The following finiteness result is formally identical to [GHK15al Lemma 2.25].

Lemma 3.7. Let Q€ B- Suppl(@) be in the interior of a two-dimensional cone o of X.
Fizpe By(Z). Let I be an ideal of radical J. Assume that K, € J for at least one ray p
of . Then the following statements hold.

e The collection of quantum broken lines v of charge p with endpoint ) and such
that Mono() ¢ Ikn[P,, ] is finite.

o [If one boundary ray of the connected component ofB—SuppI(@) containing Q) is
a ray p of X, then for every quantum broken line v of charge p with endpoint @),
we have Mono(7y) € ky[P,, ].

Proof. Identical to the proof of [GHK15a), Lemma 2.25]. O

Let QQ € B—Suppl(@) be in the interior of a two-dimensional cone o of ¥. Fix p € Bo(Z).
Let I be an ideal of radical J. We define

Liftg(p) = Y Mono(y) € kn[P,, /1,

where the sum is over all the quantum broken lines v of charge p with endpoint Q.
According to Lemma there are only finitely many such v with Mono(7y) ¢ Ik,[P,, ]
and so Liftg(p) is well defined.

The following definition is formally identical to [GHK15a, Definition 2.26].

Definition 3.8. Assume that x,, € J for at least one one-dimensional cone p of ¥. We
say that a quantum scattering diagram D for the data (B,X), P, J and ¢ is consistent if
for every ideal I of P of radical J and for all p € By(Z), the following holds. Let () € By
be chosen so that the line joining the origin and @) has irrational slope, and Q' € By
similarly.
o If () and Q)" are contained in a common two-dimensional cone o of X, then we
have

Lifto (p) = 6, 5, (Lifto(p))

in R, for every y path in the interior of o connecting Q and Q', and intersecting

o,1’

transversely the rays 0f35.
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o If Q_ is contained in a two-dimensional cone o_ of X, and @, is contained in
a two-dimensional cone o, of X, such that o, and o_ intersect along a one-
dimensional cone p of %, and furthermore QQ_ and Q) are contained in connected
components of B - Supp;(D) whose closures contain p, then Liftg, (p) € R,
and Liftg (p) € RZ_J are both images under ¢p7+ and Qﬁpv_ respectively of a single
element Lift,(p) € R} ;.

The following construction is formally identical to [GHK15al, Construction 2.27]. Sup-

pose that D has r > 3 irreducible components, and that ® is a consistent quantum
scattering diagram for the data (B,X), P, J and ¢. Assume that «,, € J for all one-
dimensional cones p of . Let I be an ideal of P of radical J. We construct below an
element

U, e D(X} 5, O4 2
for each p € B(Z) = Bo(Z) u {0}.
We first define Jg = 1. Let p € By(Z). Recall that X7 4 is defined by gluing together
schemes U, 1, indexed by p rays of X, and that Oh},Q is defined by gluing together sheaves

Of, , on Uy, such that F(UN’O?@’,@) = R ;. So, to define U, it is enough to define
elements of RZ ; compatible with the gluing functions. But, by definition, the consistency
of D gives us such elements Lift,(p) R,

The quantum theta functions 9, € F(X;’Q,OQ(?D) reduce in the classical limit to the
theta functions v, € I'(X} 5, Ox: ) defined in [GHK15a).

3.7. Deformation quantization of the mirror family. Suppose D has r > 3 irre-
ducible components, and let ¢ be a PgP-valued convex X-piecewise linear function on B

such that k,, € J for all one-dimensional cones p of ¥. Let © be a consistent quantum
scattering diagram for the data (B,X), P, J and ¢. Let I be an ideal of P of radical J.
Denote by

X109 =Spec I'(X7 5, Ox; )

the affinization of X7 o and j: X7 5 — X;p the affinization morphism. It is proved in
|[GHK15a, Theorem 2.28] that j is an open immersion, that j,Oxe == Ox, o, and that
X7 is flat over R;. More precisely, the R;-algebra

Ap = T(X75.0x;,) = T(X10. O, )

is free as R;-module and the set of theta functions ¥, p € B(Z) is an R;-module basis of
Aj.

Theorem 3.9. Suppose D has r > 3 irreducible components, and let ¢ be a Pg"-valued
convex L-piecewise linear function on B such that k,, € J for all one-dimensional cones
p of . Let D be a consistent quantum scattering diagram for the data (B,Y), P, J and
. Let I be an ideal of P of radical J. Then the following statements hold.
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o The sheaf O% = j*(?}},53 of Rh-algebras is a deformation quantization of X0

over Ry in the sense of Definition[24)
e The Rh-algebra

h. o h h
A = F(XI7©,O }77@) = F(XIVD7OXI,D)
is a deformation quantization of X1 over Ry in the sense of Definition .

o The R-algebra A% is free as RY-module.
o The set of quantum theta functions

{0y |pe B(Z)}
is an R-module basis for A%.

Proof. We follow the structure of the proof of [GHK15a, Theorem 2.28].

We first prove the result for I = J. Asr >3 and k,, € J for all one-dimensional cones
p of 3, the only broken line contributing to Lifto(p), for every @ in By and p € By(Z), is
the straight line of endpoint ) and direction p, and this provides a non-zero contribution
only if () and p lie in the same two-dimensional cone of ¥. Combined with Lemma [3.5),
this implies that the map

D Ry, ~ AL =T(X5p,0% ) = Ri[%]
peB(Z) ’ 7

is given by
U, > 2P
and so is an isomorphism.

We now treat the case of a general ideal I of P of radical J. By construction, Oh;g
is a deformation quantization of X7 5 over R;. In particular, (’);‘(}, 5 is a sheaf in flat R-
algebras. As used in [GHK15a], the fibers of X ;5 — Spec R; satiéfy Serre’s condition S
by [Ale02]. We have O}J@ ~ Ox, »®ky as ky-module and so it follows that j*j*Ogl(m =

O% . The existence of quantum theta functions 1§p guarantees that the natural map
J,D
h  ._: mh . wnh h
OXI,D = j*OXI,Q = JxJ OXJ,@ = OXJ,:D

is surjective. So the result follows from the following Lemma, analogous to [GHK15a,
Lemma 2.29].

Lemma 3.10. Let X(/Sy be a flat family of surfaces such whose fibers satisfy Serre’s
condition Sy. Let j: X§ c Xy be the inclusion of an open subset such that the complement
has finite fiber. Let Sy c S be an infinitesimal thickening of So, and X /S a flat defor-
mation of Xo/So, inducing a flat deformation X°/S of X§/So. Let (’);}0 be a deformation
quantization of Xo/Sy such that (’)ho ~ Ox,®ky, as Og,®kp-module, and so j*j*(’);l(o = (9}0
by the relative Sy condition satisfied by Xo/So. Let O%, be a deformation quantization of
X°/S, restricting to j*(’)g(o over Xg. If the natural map

Ok = j,O%. > j.j Ok = 0%,

is surjective, then O% is a deformation quantization of X/S.
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Proof. We have to prove that O% is flat over Og®kp,.

Let Z c Og be the nilpotent ideal defining Sy c S. Let X,,, X2, S, be the nth-order
infinitesimal thickening of Xy, X¢, Sy in S, that is, Ox, = Ox/I"*, Oxs = Ox- /I and
Og, = 05/1”+1.

We define O% = j,0%.. We show by induction on n that O% is flat over Og, ®ks.

For n =0, we have j*(’)gfg = JJ*O%, = 0% , which is flat over Og,&ky by assumption.

Assume that the induction hypothesis is true for n—1. Since O%, is flat over Og, ®kp,
we have an exact sequence

0->1I"/I"" ® (9?(8 - (99(% - Oho_l - 0.
Applying j., we get an exact sequence
0-j.(IT"IT" ®j*O% ) > Ok - O% .
We have j,(Z"/I" ® j*O% ) = 1" [T © O .

By assumption, the natural map O% — j,j*O% = O% is surjective. By the induction
hypothesis, we have O /T = O% . As T is nilpotent, it follows that the map O% —
O, is surjective. So we have an exact sequence

071" e 0% - Ok - 0% -0,
implying that O% is flat over Og, ®k. O
]

3.8. The algebra structure. This section is a ¢g-deformed version of [GHK15a, §2.4].
We saw in the previous section that the R"-algebra

A? = F(X;,saa o4 ‘o )

is free as RP-module, admitting a basis of quantum theta functions ﬁp, p € B(Z). Theorem
below gives a combinatorial expression for the structure constants of the algebra A”
in the basis of quantum theta functions.

If v is a quantum broken line of endpoint () in a cone 7 of ¥, we can write the monomial
Mono(7y) attached to the segment ending at ) as

Mono(y) = e(y) 270
with ¢(y) e kp[P,, ] and s(7y) € A.

Theorem 3.11. Let p € B(Z) and let z € B — Supp, (D) be very close to p. For every
p1, p2 € B(Z), the structure constants Ch, ,, € RY in the product expansion

19:0119102 = Z 051,1921919
peB(Z)

are given by

L s(m) s
Chipe = Z C(’YI)C(’}/Q)QQ( (71).5(r2))
V1,72
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where the sum is over all broken lines v and v of asymptotic charges py and py, satisfying
s(m) + s(y2) = p, and both ending at the point z € By.

Proof. Let T be the smallest cone of ¥ containing p. Working in the algebra k[P, ]/I,
we have

Lift, (pq) Lift, (p2) = Z CP o, Lift.(p) .
peB(Z)

By definition, we have
Lift.(p1) = ) ()27 00

s

and
Lift. (p2) = 3 e(12) 7).

2

As p and z belong to the cone 7, the only quantum broken line of charge p ending at z
is the straight line z + Ry equipped with the monomial 2¢-(), and so we have

Lift, (p) = 2¢7®)
The result then follows from the multiplication rule

2r(s(m1)) pr(s(12)) = q%(8(71)78(72))§%(p) )
U

In the formula given by the previous theorem, the non-commutativity of the product
of the quantum theta functions comes from the twist by the power of ¢,

q%(8(71)78(72)) 7

which is obviously not symmetric in y; and v, as (-, -) is skew-symmetric.
Taking the classical limit A — 0, we get an explicit formula for the Poisson bracket of
classical theta functions, which could have been written and proved in [GHK15a].

Corollary 3.12. Let p e B(Z) and let z € B — Supp; (D) be very close to p. For every
p1,D2 € B(Z), the Poisson bracket of the classical theta functions 9, and ¥y, is given by

{19171779172} = Z Pfl,pﬁp,
peB(Z)

where
Py oy = 20 {s(n), s(r2))e(m)e(r2)

where the sum is over all broken lines v, and o of asymptotic charges py and py, satisfying
s(71) + s(72) = p, and both ending at the point z € By.
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4. THE CANONICAL QUANTUM SCATTERING DIAGRAM

In this section we construct a quantum deformation of the canonical scattering diagram
constructed in [GHK15a, §3] and we prove its consistency. In we give the definition
of a family of higher-genus log Gromov—Witten invariants of a Looijenga pair. In we
use these invariants to construct the quantum canonical scattering diagram of a Looijenga
pair and we state its consistency in Theorem[4.4] The proof of Theorem 4.4 occupies §4.4-
and follows the general structure of the proof given in the classical case by [GHK15a],
the use of |[GPS10] being replaced by the use of [Boul§].

4.1. Log Gromov—Witten invariants. We fix a Looijenga pair (Y, D), its tropicaliza-
tion (B,Y), a toric monoid P and a morphism n: NE(Y) - P of monoids. Let ¢ be the
unique (up to addition of a linear function) PgP-valued multivalued convex X-piecewise
linear function on B such that x,, = n([D,]) for every p one-dimensional cone of %,
where [D,] € NE(Y') is the class of the divisor D, dual to p.

Let ¢ B be a ray with endpoint the origin and with rational slope. Let 7 € X be the
smallest cone containing 9 and let m;, € A, be the primitive generator of 9 pointing away
from the origin.

Let us first assume that 7 = ¢ is a two-dimensional cone of ¥. The ray 0 is then
contained in the interior of 0. Let pr and p; be the two rays of ¥ bounding o. Let
My, My, € A, be primitive generators of pgr, pr, pointing away from the origin. As o is
isomorphic as integral affine manifold to the standard positive quadrant (Ry)? of R2,
there exists a unique decomposition

My =NRMpy + nrmy,

with ng and ny, positive integers. Let NE(Y'), be the set of classes f € NE(Y') such that
there exists a positive integer ¢z such that

6'DPR:€5nRv
/B'DPLZE/BHL’
B'Dpz()v

for every one-dimensional cone p of ¥ distinct of pr and py.
If 7 = p is a one-dimensional cone of 3, we define NE(Y"), as being the set of classes
B e NE(Y) such that there exists a positive integer ¢4 such that

B-D,=1Lg,
and
6 ' -Dp' =0 )
for every one-dimensional cone p’ of ¥ distinct from p.
The upshot of the preceding discussion is that, for any ray ? with endpoint the origin
and of rational slope, we have defined a subset NE(Y'), of NE(Y).
We equip Y with the divisorial log structure defined by the normal crossing divisor D.

The resulting log scheme is log smooth. As reviewed in , integral points p € B(Z) of
the tropicalization naturally define tangency conditions for stable log maps to Y.
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For every B € NE(Y )y, let M,(Y /D, 3) be the moduli space of genus -g stable log maps
to (Y, D), of class 3, and satisfying the tangency condition ¢3m, € B(Z). By the work of
Gross and Siebert [GS13] and of Abramovich and Chen [Chel4,|AC14], M, (Y/D, ) is a
proper Deligne-Mumford stack of virtual dimension g and admits a virtual fundamental
class

[My(Y/D,B)]" € Ay(My(Y/D, 8),Q).
If 1:C - M,(Y /D, 3) is the universal curve, of relative dualizing sheaf w,, then the Hodge
bundle
E = m.w,
is a rank-g vector bundle over M (Y /D, (). Its Chern classes are classically [Mum83]
called the lambda classes,

A= c(E),
for j=0,...,9. We define genus-g log Gromov—Witten invariants of (Y, D) by

NY/Dzzf -1)9X,€Q.
9. [Mg(Y/Dﬁ)]Vi”( )

4.2. Definition. Using the higher-genus log Gromov-Witten invariants defined in the
previous section, we can define a natural deformation of the canonical scattering diagram
defined in |[GHK15a}, §3.1].

Definition 4.1. We define Dean gg being the set of pairs (D,FID), where 0 is a ray of
rational slope in B with endpoint the origin, and, denoting T, the smallest cone of X
containing 0, and my € A, the primitive generator of 0 pointing away from the origin,
HD s given by

o (1) 5, (B )
BeNE(Y)p \g>0

The following lemma is formally almost identical to [GHK15a, Lemma 3.5].

Lemma 4.2. Let J be a radical ideal of P. Suppose that the map n: NE(Y') - P satisfies
the following conditions

e [f0 is contained in the interior of a two-dimensional cone of 3, then n(3) € J for
every f € NE(Y )y such that Nyg #0 for some g.

o Ifdisaray p of ¥ and K, ¢ J, then n(B) € J for every 5 e NE(Y ), such that
Ny s #0 for some g.

e For any ideal I in P of radical J, there are only finitely may classes f € NE(Y)
such that Ny # 0 for some g and such that n(5) ¢ 1.

Then ®° is q quantum scattering diagram for the data (B,%), P, J and ¢. Furthermore,
the quantum scattering diagram D has only outgoing rays.

Proof. The assumptions guarantee the finiteness requirements in the definition of a quan-
tum scattering diagram: see . The ray (9, Hy) is outgoing because t(n(5)—¢r, ({sms)) =
_gﬁmg € Z<0ma. O
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Lemma 4.3. The classical limit of the canonical quantum scattering diagram Dean s the
canonical scattering diagram defined in (GHK15d, §3.1].

Proof. 1t follows from an analogue of the cycle arguments detailed in [Boul9, Proposi-
tion 11] and |[Boul8, Lemma 15|, and from the log birational invariance of logarithmic
Gromov—Witten invariants [AW18], that the relative genus-0 Gromov—Witten invariants
of non-compact surfaces used in [GHK15a] coincide with the genus-0 log Gromov—Witten
invariants Ngj AD. More precisely, given a stable log map f:C' — Y defining a point in

My(Y/D,3), we claim that no component of C' is mapped inside D. Indeed, if it were not
the case, one could argue at the tropical level: knowing the asymptotic behavior of the
tropical map to the tropicalization B of ¥ imposed by the tangency condition ¢gm,, and
repeatedly using the tropical balancing condition |GS13, Proposition 1.15], we would get
that C' needs to contain a cycle of components mapping surjectively to D, contradicting
the genus-0 assumption.

By Lemma , the quantum automorphism o A, coincides in the classical limit & — 0,
q = e’ - 1 with the automorphism

P s pra(m(ﬁa)x(p))

of [GHK15a], where, using t(n(5) — ¢r, ({gmy)) = —lgmy, we have

— T F =T 1 —ilgh _ Y/Dz2g | sn(8)-¢r, (€gma)
fa—}g%fa—}g%exp((h) Yo (e -1) (ZNg,,B hg)z" pro (E8

BeNE(Y)s 930
that is,
S N G}
BeNE(Y)s ’
which coincides with [GHK15al Definition 3.3]. O

4.3. Consistency. The following result states that the quantum scattering diagram
Dcan defined in is consistent in the sense of .

Theorem 4.4. Suppose that
o for any class B e NE(Y') such that N, 3+ 0 for some g, we have n(f) € J;
e for any ideal I of P of radical J, there are only finitely many classes f € NE(Y)
such that Ny g # 0 for some g and n(B3) ¢ I;
e n([D,]) € J for at least one boundary component D, c D.

Then the canonical quantum scattering diagram Dean s consistent.

Let us review the various steps taken by |[GHK15a] to prove the consistency of the
canonical scattering diagram in the classical case.
e Step I. We can replace (Y, D) by a corner blow-up of (Y, D).
e Step II. Changing the monoid P.
e Step III. Reduction to the Gross-Siebert locus.
e Step IV. Pushing the singularities at infinity.
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e Step V. D satisfies the required compatibility condition.

Step I (see [GHK15al Proposition 3.10]) is easy in the classical case. The quantum case
is similar: the scattering diagram changes only in a trivial way under corner blow-up and
we will not say more.

Step II (see [GHK15al Proposition 3.12]) is more subtle and involves some regrouping
of monomials in the comparison of the broken lines for two different monoids. Exactly
the same regrouping operation deals with the quantum case too.

Step IIT in |[GHK15a] requires an understanding of genus-0 multicover contributions of
exceptional divisors of a toric model. We explain in how the quantum analogue is
obtained from the knowledge of higher-genus multicover contributions.

Step IV in |GHK15a] is the reduction of the consistency of D" to the consistency of
a scattering diagram v(®n) on an integral affine manifold without singularities. We
explain in 4.7 and §4.8 how the consistency of the quantum scattering diagram
Dean can be reduced to the consistency of a quantum scattering diagram V(Z)C&n) on an
integral affine manifold without singularities.

Step V in |[GHK15a] is the proof of consistency of v(®n) and ultimately relies on
the main result of [GPS10]. We explain in §4__6| how its g-analogue, the consistency of
v(Den) | ultimately relies on the main result of [Boul§].

4.4. Reduction to the Gross-Siebert locus. We start by recalling some notation
of [Boulg].

Let m = (my,...,m,) be an n-tuple of primitive non-zero vectors of M = Z2. We
add extra rays to the fan given by the rays —R,omy, ..., —Ryqm,, such that the resulting
fan defines a smooth projective toric surface Y. The choice of the added rays will be
irrelevant for us (ultimately because of the log birational invariance result in logarithmic
Gromov—Witten theory proved in [AW18]) and so is not included in the notation. Denote
by 0Y,, the anticanonical toric divisor of Yy, and let Dy..y..., Dy, be the irreducible
components of 9Y;, dual to the rays —Rsomy, ..., ~Rsom,.

For every j =1,...,n, we blow up a point z; in general position on the toric divisor
D,y,;. Remark that it is possible to have Ryom; = Ryomyr, and so Dy, = ij,, for j £ 5/,
and that in this case we blow up several distinct points on the same toric divisor. We
denote Y, the resulting projective surface and m:Y,, — Yy the blow-up morphism. Let
E; = m1(z;) be the exceptional divisor over z;. We denote 0Y, the strict transform of
Y.

Using Steps I and IT and the deformation invariance of log Gromov-Witten invariants in
log smooth families, we can make the following assumptions (see [GHK15a, Assumptions
3.13]).

e There exists an n-tuple m = (my, ..., m,) of primitive non-zero vectors of M = 7.2
such that (Y, D) = (Y, 0Yn).

e The map n: NE(Y') - P is an inclusion and P* = {0}.

e There is an ample divisor H on Y such that there is a face of P whose intersec-
tion with NE(Y") is the face NE(Y) n (p*H)* generated by the classes [E;] of
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exceptional divisors. Let GG be the prime monomial ideal of R generated by the
complement of this face.
e J=P-{0}.
Following [GHK15a, Definition 3.14], the Gross-Siebert locus is the open torus orbit
T of the toric face Spec k[ P]/G of Spec k[ P].

Proposition 4.5. For each ray P of X,with primitive generator m, € A\, pozntmg away
from the origin, the Hamiltonian H attached to p in the scattering diagram Dean satisfies
1 (-1)¢!

H=i Y =

—~ 7 BHEjep(mp) 64 (.

3Dm;=Dp £21 £ 25sin (?)
Proof. The only contributions to H , mod G come from the multiple covers of the ex-
ceptional divisors E;. The result then follows from |[Boul8, Lemma 23|, which relies on
the study of Gromov—Witten theory of local curves done by Bryan and Pandharipande
in [BP05]. 0

Proposition 4.6. The canonical quantum scattering diagram Dean s q scattering dia-
gram for the data (B,%), P, G and ¢. Concretely, for every ideal I of P of radical G,
there are only finitely many rays such (0, Hy) such that Hy +0 mod I.

Proof. This follows from the argument given in the proof of [GHK15a, Corollary 3.16]. It
is a geometric argument about curve classes and the genus of the curves plays no role. [

Proposition 4.7. If Dean s consistent as a quantum scattering diagram for the data

(B,X), P, G and ¢, then Dean s consistent as a quantum scattering diagram for the
data (B,X), P, J and .

Proof. Identical to the proof of |GHK15a, Theorem 3.17]. O

Following |[GHK15a, Remark 3.18], we denote by E c PP the sublattice generated
by the face P\G. We naturally have 7% = Spec k[F] c Spec k[P]. Denote mp,p =
(P+E)\E.

The following Lemma is formally identical to Lemma 3.19 of [GHK15a].

Lemma 4.8. ]f@can, viewed as a quantum scattering diagram for the data (B,X), P+E,

@ and mp,p, is consistent, then Dcan  yiewed as a quantum scattering diagram for the
data (B,Y), P, ¢ and G, is consistent.

Proof. Identical to the proof of |[GHK15a, Lemma 3.19]. O

It follows that we can replace P by P+ E, and so from now on we assume that P* =K
and G = P\ E. Concretely, this means that it is enough to check the consistency of Dcan
by working in rings in which the monomials 2[Zil-#-(m0) are invertible.
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4.5. Pushing the singularities at infinity. We first recall the notation introduced at
the beginning of Step IV of |[GHK15a].

We denote by M = Z2? the lattice of cocharacters of the torus acting on the toric
surface (Y, 0Yn). Let (B,X) be the tropicalization of (Y, dYy). The affine manifold
B has no singularity at the origin and so is naturally isomorphic to Mg = R2. The cone
decomposition 3 of Mg = R? is simply the fan of Y. Let @ be the single-valued PgP-valued
on B such that

Ko =T [Dp],
for every p one-dimensional cone of 3 and where Dp is the toric divisor dual to p. Since
@ is single-valued and B has no singularities, the sheaf P, as defined in is constant
with fiber PeP @ M.

There is a canonical piecewise linear map v: B — B which restricts to an integral affine
isomorphism v|,:0 - ¢ from each two-dimensional cone o of ¥ to the corresponding
two-dimensional cone & of 3. This map naturally identifies B(Z) with B(Z). Restricted
to each two-dimensional cone o of X, the derivative v, of v induces a identification
Ap s =~ Ap 5, an isomorphism of monoids

Vot P, Yo 7 P, Ps
p+po(m) = p+@s(vi(m)),
for p e P and m € A,, and so an identification of algebras of k[P, ] and k[ Ps, ].

If p is a one-dimensional cone of 3, then v, is only defined on the tangent space to p

(not on the full A, because v is only piecewise linear) and so gives an identification

v, {p+ ¢,(m)| m tangent to p, pe P} —» {p+ @;(m)| m tangent to p, p € P}

p+@p(m) = p+@p(vi(m)).
We define below a quantum scattering diagram v(®») for the data (B,X), P, ¢ and
G.

e For every ray (9, ﬁa) of D contained in the interior of a two-dimensional cone
of ¥, the quantum scattering diagram v(®") contains the ray

(V(D)aﬁm(ﬁb)) )

which is outgoing.
e For every ray (p, H,), with p a one-dimensional cone of ¥, and so by Proposition

.5}

_1)¢-1
[:]p = G/, +1 E(LQE[Ej]—ftpp(mp) ’
3, Dm ;=D £21 ¢ 2sin (%)

with ép =0 mod G, the quantum scattering diagram V(@C‘Cm) contains two rays:

(5, (G,))

which is outgoing, and

1 (-1,
(p,i YOy Lg%(f%)ﬁ%]))

3D =D, 51 2sin (%)
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which is ingoing.
In going from D to v(Dn), we invert 2AFi1-4#s(ms)  which becomes £%p(mo)~E;],
This makes sense because we are assuming P* = F.

4.6. Consistency of U(@Cﬁn). Let ®,, be the quantum scattering diagram for the data
(B,Y), P, ¢ and G, having, for each p one-dimensional cone of ¥, a ray (p, H;) where

~

1 (-1~ 500 ;
Ho=i 5 Co(m,)~01F;]
’ JDmZD,,zng?SlIl(éh)

Writing (@(m,) — ([ E,] = (fm,, p(fm,) - L[E;]), it is clear that H; € ]kh[j'%], where the
monoid

={(m,a(m) +p)lm e M,pe P}
is independent of p.

For such quantum scattering diagram @, with all Hamiltonians valued in the same
ring, it makes sense to define an automorphism QA%@ of this ring, as in , but for v an
arbitrary path in By transverse to the rays of the diagram. By [KS06, Theorem 6], there
exists another scattering diagram S (7{)) containing ®, such that S (@) - D consists only
of outgoing rays and 0 .S(D) 18 the identity for v a loop in By going around the origin. We
can assume that there is at most one ray of S (@) © in each possible outgoing direction.

The scattering diagram S(®Dy,) is the main object of study of [Bou18]l
For every m € M —{0}, let P, be the subset of p = (p1,...,p,) € N* such that 7, p;m;
is positively collinear with m:

Z pjm; =Lym
=1

for some ¢, € N. Given p € P,,, we defined in |[Boul§| a curve class 5, € A;(Y,Z).

Recall that if 9 ¢ B is a ray with endpoint the origin and rational slope, we denote by
my € M the primitive generator of ? pointing away from the origin.

The following Proposition expresses S (@m) in terms of the log Gromov—Witten invari-

ants N;E/ Mo Jefined in and entering in the definition of Dean,

Proposition 4.9. The Hamiltonian FID attached to an outgoing ray 0 of S(ﬁ)m) — D is
gien by

T i Yin/OYm s(=lgma, lgm
Ha—(g) Z (ZNgﬁp th) (=tma,Bp=p(tsma))

p€Pm, \g20

where (—{gmy, By — @({smy)) € Py.
Proof. This is the main result of [Boul§]. O
Proposition 4.10. We have S(Dy) = v(Dean).

HComparing the conventions of the present paper and [Boul8], the notions of outgoing and ingoing
rays are exchanged. This implies that a global sign must be included in comparing the Hamiltonians of
the present paper and |[Boul§.
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Proof. We compare the explicit description of S (@m) given by Proposition with the
explicit description of S(®y) obtained from its definition in and from the definition
of Do in

The ingoing rays obviously coincide.

Let @ be an outgoing ray. The corresponding Hamiltonian in v(D¢®) involves the log

Gromov—Witten invariants Ngyg/ Mo for

BeNE(Y),nG,

whereas the corresponding Hamiltonian in $(D,,) involves the log Gromov—Witten invari-
ants N;“éiaym for p € P,,,. The only thing to show is that N;“ﬁ‘/ay“‘ =0if e NE(Y)ynG
is not of the form g, for some p € P,,,.

Recall that we have the blow-up morphism m: Yy, — Yy. Let e NE(Y), nG. We can
uniquely write 8 = 7*m. 3 - ¥\ p;jE; for some p; € Z, j=1,...,n. If p; > 0 for every
j=1,...,n, then p=(p1,...,pn) eN" and 5 = f3,.

Assume that there exists 1 < j < n such that p; < 0. Then - E; = p; <0 and so every
stable log map f:C' — Y;, of class 3 has a component dominating F;. If 0 # -R;om;, then
we can employ an analogue of the cycle argument of [Boul9, Proposition 11] and [Boul8,
Lemma 15]. Knowing the asymptotic behavior of the tropical map to the tropicalization
B of Yy, imposed by the tangency condition £3m,, and repeatedly using the balancing
condition, we get that C' needs to contain a cycle of components mapping surjectively

to 0Yy. Vanishing properties of the lambda class (see, for example, [Boul9, Lemma 8])
Vi /O

then imply that N % =0. If 0 = -R;ym; for some j, then the same argument implies
the vanishing of N;/‘E/ BY‘“, unless 3 is a multiple of some £}, which is not the case by the

assumption £ € G.
O

The following Proposition is the quantum version of [GHK15a, Theorem 3.30].

Proposition 4.11. Let I be an ideal of P of radical G. If Q and Q' are two points in
general position in Mg — Supp(S(Dw))s, and v is a path connecting Q and Q' for which
Qms@m)l 1s defined, then

Liftg/(p) = 0, 5(s,), (Lifto(p))
as elements of ky[Pp]/1.

Proof. The key input is that, by construction, é% S(Dn) 18 the identity for a loop 7 in B,
going around the origin. Proofs of the classical statement can be found in [CPS10|, [Grol1,
§5.4] and §3.2 of the first arXiv version of [GHK15a]. Putting hats everywhere, the same
argument proves the quantum version, without extra complication. O

4.7. Comparing Dcan and V(@‘fan). In order to obtain the consistency of Dean from
some properties of v(D"), we need to compare the rings R" | RZI coming from (B, Y),
@, with the corresponding rings Rﬁ > RZ ; coming from (B,%), ¢. Such comparison is

done in the following Lemma.
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Lemma 4.12. There are isomorphisms py: Rl | — Rh ", and po: RY Rg 7, intertwining
e the maps wp_' - Rl g and wp_ v RZ NE
e the maps pr, Rh 7 and ¢p+ Rh RZ+ 7

e the automorphzsms 0 | ean Rm - RI ol and HW p(Dean) R_ i NE where v is a
path in o for which 0. pean is defined and ¥ =vo7y.
Proof. This is a quantum version of [GHK15a, Lemma 3.27|. The isomorphism p, simply
comes from the isomorphism of monoids v,: P, = Pg, .

Re(iall 7fromi that the rings RZ’ ; and Rg’ ; are generated by variables X, X_, X
and X,,X_, X respectively and we define p, as the morphism of Rh-algebras such that
pp(Xy) = Xy, po(X) = X, p,(X) = X. We have to check that p, is compatible with the
relations defining RZ ; and R% 7

We have fpin = 1. Using Proposition and Lemma H we can write
; . “1 [,
o (X)=6,(X) [ (+q2zPilx1y,

ijm]’:DP
for some §,(X) =1 mod G. Using the definition of v(D<n) given in §4.5, and Lemma

3.4 we have
fn(X)= [I (Q+g228lX),

J3,Dm -—Dp
and
Foue (X) = 3,(X)
We need to check that
112 . P ~ _ N2
Pp (@350 i (X) fypme (71 X) X P2 ) = q2PREPR) [ (X) fome (g7 X)X 02
We have D2 = D% —a,, where a, is the number of j such that D,,. = D,, and
[D,]=1Ds]- > [E]
4.Dm =D,

Thus, the desired identity follows from

1

(1+q 22E) (g X)) = (L+g22BX 1) =

l\’}\»—‘
=
~
—_
+
)QI
N=
i
=
~—

Similarly, the relation

_1p2 D7 ; -
Pp(q” 2D; 5[0 out(X)fpm(qX)X N =q 200 2107) fooue (X) fm (X)X 7P

follows from

Lemma 4.13. The piecewise linear map v: B — B induces a bijection between broken
lines of ® and broken lines of v(Dcn).
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Proof. This is a quantum version of |[GHK15a, Lemma 3.28].

It is enough to compare bending and attached monomials of broken lines near a one-
dimensional cone p of Y. Indeed, away from such p, v is linear and so the claim is
obvious.

Let p be a one-dimensional cone of ¥. Let o, and o_ be the two-dimensional cones
of ¥ bounding p, and let p, and p_ be the other boundary one-dimensional cones of o,
and o_ respectively, such that p_, p and p, are in anticlockwise order. Let m, be the
primitive generator of p pointing away from the origin. We continue to use the notation
introduced in the proof of Lemma [4.12]

Let v be a quantum broken line in By, passing from o_ to o, across p. Let c2%, s€ P,__,
be the monomial attached to the domain of linearity of « preceding the crossing with p.
Without loss of generality, we can assume s = ¢, (m,_). Indeed, the pairing (-, -) is
trivial on P, t(s) is a linear combination of m, and m,_, and 2¢+- (") transforms trivially
across p.

By the definition of a quantum broken line (Definition , we have to show that

Do (29010 e (LX) ) = 22-070) e (X)) fpn (X))

From the relations
2e0(mp.) ge0(mp-) = 3D} 31001 =05

in k[P,,],
2Pp(mpy) 2P5(mp-) - q%Dﬁg[Dﬁ]X'—D%
in k[P;,], and using D3 = D% ~a, and D, = D5 - Zj,ij:Dp[EjL we get
po (2900me)) = 220 0m) - T (g2 X 27 19)),
ijm]':Dp
The result follows from the identity
g X2 EN L+ g s BN (g X)) = 1+ g 257X

0
Lemma 4.14. Let 0 be a two-dimensional cone of . For every () € o and every p €
By(Z), we have

po (Liftg(p)) = Liftyq) (v(p))

Proof. This is a direct consequence of Lemma O

4.8. Conclusion of the proof of Theorem This section is parallel to the end
of the proof of Theorem 3.8 given at the end of [GHK15a, §3.3]. We have to show that
Dean gatisfies the two conditions in the definition of consistency of a quantum scattering
diagram (Definition [3.8).
e Let Q and ' be generic points in By contained in a common two-dimensional
cone o of ¥, and let 7 be a path in the interior of ¢ connecting () and @', and
transversely intersecting the rays of ©. We have to show that

Lift g (p) = 0, gean (Liftg(p))
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By Lemma and Lemma [£.14] it is enough to show that

Liftl,(Qr)(V(p)) = éy(v),y(@can)(LiftV(Q)(V(p))) )

which follows from the combination of Proposition [4.10| and Proposition [4.11}

e Let Q- and (), be two generic points in By, contained respectively in two-
dimensional cones o_ and o, of X, such that o, and o_ intersect along a one-
dimensional cone p of ¥. Assuming further that (- and @, are contained in
connected components of B - Suppl(@) whose closures contain p, we have to
show that Liftg, (p) € R?h ; and Liftg (p) € RZ_’ ; are both images under @M and

f@p’, respectively of a single element Lift,(p) € RZ ;- By Lemma |4.12| and Lemma
4.14] it is enough to prove the corresponding statement after application of v.
This result follows from the combination of the remark at the end of and the
second point of Lemma

5. CONCLUSION OF THE PROOFS OF THE MAIN RESULTS

In this section we finish the proof of Theorem

We fix (Y, D) a Looijenga pair. Let op c A1(Y,R) be a strictly convex polyhedral cone
containing NE(Y)g. Let P:=0pn A1(Y,Z) be the associated monoid and let R :=k[P]
be the corresponding k-algebra. We denote by n: NE(Y') - P the inclusion of NE(Y") in
P. For the maximal ideal monomial of J = mp of R, the assumptions of Theorem are
satisfied and so the canonical quantum scattering diagram Dean constructed from (Y, D),
P, nand J in §4]is consistent.

If D has r > 3 irreducible components, then we can apply Theorem to produce, for
every ideal I of P of radical J, the Rl-algebra A”?, deformation quantization of X gean.
In we lift the torus action on X; gen constructed in [GHK15a, §5] to a torus action
on A%. This finishes the proof of Theorem if r > 3. In §5.2] we finish the proof of
Theorem in general, that is for any r > 1.

In §5.3| we give an explicit description of the deformation quantization of the special
fiber of the mirror family for 7 = 1 and r = 2. We finish the proof of Theorem [2.§in §5.4]
and the proof of Theorem [2.9in §5.5]

5.1. Torus equivariance. Let I be an ideal of P of radical J = mg. Recall from §2.5)

that TP == G7, is the torus whose character group x(7'7) has a basis ep, indexed by the
irreducible components D; of D, 1< j <r. The map

ﬁ = Z(B'Dj)eDj
j=1
induces an action of TP on S; = Spec Rj.
Following [GHK15a, §5], we consider
w: B - X(TD) ®R7

the unique piecewise linear map such that w(0) = 0 and w(m,,) = ep, for all 1 <j <,
where m,,, is the primitive generator of the ray p;, viewed as an element of By(Z).
We assume that r > 3, so that A? is defined by Theorem [3.9
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According to |GHK15a, Theorem 5.2], the TP-action on Spec R; has a natural lift to
X7 mean, such that the decomposition
HO(X[’chan, OXI,Ecan) = A[ = @ R[ﬁp
peB(Z)
as R;-module is a weight decomposition where TP acts on ¥, with weight w(p).
We extend the action of TP on R; by k-algebra automorphisms to an action of TP on
R" by kp-automorphism by assigning weight zero to h.

Proposition 5.1. The TP -action on Ar by k-algebra automorphisms, equivariant for the
structure of Rr-algebra, lifts to a TP-action on A% by ky-automorphisms, equivariant for
the structure of RY-algebra. Furthermore, the decomposition
A? = @ R}I‘L&p
peB(Z)

as RY-module is a weight decomposition where TP acts on 1§p with weight w(p).

Proof. This is a quantum deformation of the proof of [GHK15a, Theorem 5.2]. As
Ah = F(X}),’Dcana O?(" ) ’

I,Dcan

it is enough to define the TP-action on O%, .
I,Dcan

Let p be a one-dimensional cone of >. Let o, and o_ be the two-dimensional cones of
Y bounding p, and let p, and p_ be the other boundary one-dimensional cones of o, and
o_ respectively, such that p_, p and p, are in anticlockwise order. According to RZ B
is generated as R-algebra by variables X,, X_ and X. We define an action of TP on
RZ ; by lifting the action of TP on R? and by assigning weight ep,, to X,, weight ep
to X_, and weight ep, to X. We have to check that this action is well defined, that is,
preserves the relations between X,, X_ and X defining R;L’ I
The relation XX, = ¢X, X (respectively, XX_ = ¢'X_X) is clearly TP-invariant as
both the left-hand side and the right-hand side have weight ep, + ep, (respectively,
er + er_ )
Let us consider the remaining relations:
(1) ) )
X, X = q2P02P) f (71 X) fm (X)X P08
(2)
X X, =q 202 o (X) fm (¢ X)X 5.

_ For the canonical quantum scattering diagram @C”, defined in Definition , we have
fin(X) =1, and fueu(X) is a power series of the form

>, ca(h)FPXr,
BENE(Y)p

for some cg(h) € Q[[h]]. According to the definition of NE(Y), (see §.1)), for § €
NE(Y),, we have 5-D, ={g and §-D, = 0if p’ # p. Thus, by the definition of the action
of TP on R, TP acts on 27 with weight fgep,. On the other hand, X% has weight
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~lgep,. It follows that fpout(X ) has weight 0. On the other hand, by definition of the
action of TP on R?, 2lP»] has weight

r
Z;(Dp . Dj)eD]. =€p,, + 6Dp7 + Dier.

Thus, the above relations (i) and (ii) are indeed T'P-invariant: the left-hand sides (X, X_
or X_X,) have weight

er+ + er
and the right-hand sides (q220 2[00 f 0w (71 X)X P2 or ¢ 2P52(00) f o (X)X D5) have
weight
(erJr + er_ + DZQDP) - Di@DP .
Having defined an action of T” on the R?-algebras R;" ;, in order to define an action
of TP on O%,

I,Dcan

, it remains to check that the gluing transformations éf;g of 11 are

TP-equivariant. Let o be a two-dimensional cone of ¥, bounded by rays p;, and pg, such
that pr, o, pr are in anticlockwise order. It follows from Proposition [3.1] and the fact that
foou and. flou have weight 0, that the actions of TP on R} ; and R}, restrict to the
same action on Rg’ ;: for pe P, , one can uniquely write p = ¢, (t(p)) +p’ for some p’ € P,
one can uniquely write v(p) = ngm,, + npm,, with mp, mg € Z, and then TP acts on 2P
with weight ngep, tnLep,, + Yi-1(p' - Dj)ep, .

For every ray 0 of Dean contained in o, the monomials appearing in H, and so in fa are
of the form 28-%-(lsm) with 3 € NE(Y)a, see Deﬁnltlong. Writing my = ngmy,,+nrm,,,
we get that TP acts on 27-%7-(sm2) with weight

—fgnRerR - ﬁﬁnLerL + Z(ﬁ . Dj)epj .

But by definition of NE(Y'), (see §4.1)), the condition € NE(Y'), means that 8- D,,
lgng, B-D,, ={Lgng, and B-D, = () 1f p' # pr and p’ # py. Thus, all the monomlals
3B-¢s(Lgma) have weight zero. It follows that the gluing transformations égg are TP-
equivariant.

The check that 1§p is an eigenfunction of the TP-action with weight w(p) is now formally
identical to the corresponding classical check given in the proof of |GHK15a, Theorem
5.2]. As the scattering automorphisms have weight 0, the weights of the monomials on
the various domains of linearity of a broken line are identical and so it is enough to
consider the unbounded domain of linearity. In this case, the monomial is 297 which
has weight w(p). O

5.2. Conclusion of the proof of Theorem [2.7, We fix (Y, D) a Looijenga pair. Let
op ¢ A1(Y,R) be a strictly convex polyhedral cone containing NE(Y )gr. Let P :=o0pn
A1(Y,Z) be the associated monoid and let R := k[ P] be the corresponding k-algebra. For
J = mpg the maximal ideal monomial of R, the assumptions of Theorem are satisfied
and so the canonical quantum scattering diagram Dean is consistent.
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If (Y, D) admits a toric model, then D has r > 3 irreducible components, and so we
can apply Theorem Combined with Proposition [5.1] this proves Theorem [2.7]in this
case.

In general, it is proven in [GHK15a, §6.2] that

HO(X[, OXI) = A[ = @ Rjgp,
peB(Z)
with the Rj-algebra structure determined by the classical version of the product formula
given in Theorem [3.11] So Theorem follows from the following result.

Proposition 5.2. For every monomial ideal I of R of radical mpg, the multiplication rule
of Theorem defines a structure of R"-algebra on the R"-module

A= @ RM,.
peB(Z)
Proof. If (Y, D) admits a toric model, then D has r > 3 components and so the result
follows from Theorem B.111
In general, there is a corner blow-up (Y’, D’) of (Y, D) admitting a toric model. The
result for (Y, D’) implies the result for (Y, D) as in [GHK15a, §6.2].
U

5.3. Quantization of V; and V,. By Poposition [5.2] for every monomial ideal I of R
of radical mp, we have a structure of R?-algebra on
A= @ RM,.
peB(Z)
In this section we explicitly describe this algebra for I = mg.
In the classical limit A = 0, we get a commutative R;-algebra which, by [GHK15a] is the

algebra of functions on the variety V,., where r is the number of irreducible components
of D, and

o if r > 3, V. is the r-cycle of coordinates planes in the affine space A", V, =
Aghmg U A%g,m U---u A%T,xl c Agl,...,mr’
o if r =2,V is a union of two affine planeﬁ,

V= Spec klz,y, 2]/(zyz - %),

the affine cone over the union of the two rational curves z = 0 and zy — z = 0,
intersecting in two points, embedded in the weighted projective plane P11:2,
o if r =1, V; = Spec k[z,y, z]/(zyz — 22 - z3), the affine cone over a nodal curve

. . L 3,1,2
embedded in the weighted projective plane IP’;y,Z ),

When 7 > 3, the explicit description of A%  follows from the combination of and
the beginning of the proof of Theorem [3.9} we have

1 "a . ..

5D gz, if moand m/ lie in a common cone of ¥

m ' Um/ = .
0 otherwise.

2In |GHK15a), the description Vy = Spec k[u, v,w]/(w? - u?v?) is given. This is equivalent to our
description via the change of variables z = /2u, y = v/2v, z = w +uv.
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In particular, denoting vy, ..., v, the primitive generators of the one-dimensional cones
P, pp of B, Al is generated as ky-algebra by ¥,,,...,7,,.
For r = 2 and r = 1, computing AQR is slightly more subtle and the answer is given

below in Propositions [5.3] and [5.4]
Both V; and V, are hypersurfaces in A3 Evey hypersurface F(x,y,z) =0 in A3

z?yﬁzl x’y7z
has a natural Poisson structure defined by

oF

oF oF
{xay}_ga{yaz}_ %7{271}_%7

see [EG10] for example.
For Vo and F(x,y,2) = 2% — xyz, we get

{(L’,y} ZQZ—Z’y,{y,Z} :_yz7{27$} =—ZI.

It follows from {y,z2} = —yz and {z,2} = —zz that this bracket coincides with the one
coming from the standard symplectic form on the two natural copies of (G,,)? contained
in Vz.

For Vi and F(x,y,z) = 2% + 2% — xyz, we get

{z,y} =322 —ay,{y,2} =2v —yz,{z,2} = 2.
It follows from {x, z} = xz that the above Poisson structure is indeed the one induced by
the standard symplectic form on the natural copy of (G,,)? contained in V;.

We first explain how to recover the above Poisson brackets from the formula given by
Corollary in terms of classical broken lines. We then use the formula of Theorem
[3.11] in terms of quantum broken lines to compute the g-commutators deforming these
Poisson brackets.

For Vs, the tropicalization B contains two two-dimensional cones o1, and o5, and two
one-dimensional cones p; and p,. Let v; and vy in B(Z) be the primitive generators of
p1 and po. Cutting B along p;, we can identify B with the union of two cones in R2.
More precisely, we can find w, vy, w' € Z? such that (w,vs) = (vy,w’) = 1, and such that
B can be viewed as the union of the two cones Ryow + Rygvo and Rygvs + Rygw’ with
some identification of Rypw and Rypw’ identifying w and w’. We have z = 4,, = 9, = Y\,
Y = Uyy, 2 =Vyiy,. The broken lines description of the product gives

Ty = 197)1 191)2 = 19w+v2 + 19w’+v2 5
and
79w+v279w’+v2 =0,
SO Vv, = 2y — z and (zy — z)z = 0, which is indeed the equation defining V,. We have
{I, y} = {19”017?9112} = (UJ, U2)19w+112 + <U},, 7}2>19w’+112 = 197.0+112 - 197.0’+112
Using Oy, = 2y — 2, we get {x,y} = 22 — xy. We have
{y, Z} = {191)27 ﬁwﬂ)g} = <027w + 7)2>79w+2v2 = _191)219’w+’l)2 =-Yyz.

Finally, we have
{z,2} = (W + V2, W) 240y = ~PDipivy = —2T .
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Using the formula of Theorem [3.11] we compute the g-commutators deforming the above
Poisson brackets. We have

~

n ] 15 14
Ty = 19111191}2 = q2’l9w+v2 +q 219w’+v2 5
SO @w%g = qéig —¢z%. On the other hand, we have

~
ﬁw’ﬂ)g )

=

n A 1
YT = Vo, 0y, = @ 204140, + ¢

1 A A
T e |
q 2Yyr =q Q9w’+v2 + Q9w’+v2 3

and so
g2y - q 3 gi = (q-q )22
We have o )
32 = V0V, = 4 20020
and R R R
5 = VsV = 2 V20,
SO
GPE-q 225 =0.
We have R ) R
2T = 19w+v219w = q_%192w+v2
and o X
22 = Dulurrus = 02 Vawro,
SO
qrii-q 2z =0.
Finally, we compute the g-deformation of the cubic relation F' = 0:

AN _1 1
TYz = f}wq 219w+2v2 =q232.
In summary, we have proved the following proposition.

Proposition 5.3. The deformation quantization of Vo given by the product formula of
Theorem is the associative ky-algebra generated by variables &, 1, 2 and with relations

)z,

Q7 E) - q )8 = (

.QTyZZQ

For Vi, the tropicalization B contains one two-dimensional cone ¢ and one one-
dimensional cone p. Let v in B(Z) be the primitive generator of p. Cutting B along
p, we can identify B as a quadrant in R? with an identification of the two boundary rays.
Denote w = (1,0) and w’ = (0,1). The description of the product of classical theta func-
tions by broken lines is given in |[GHK15a), §6.2]. We have @ = Yoy, ¥ = Uy = 0y = Doy,
2 = Dy We have

{l”y} = {192w+w’7 1911} = <(27 1)7 (17 0)>193w+w’ + <(27 1)7 (07 1)>192w+2w’
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= _ﬁ3w+w’ + 2192w+2w’ .

On the other hand, we have xy = U340 + V200 and 22 = gy 40,7, and so {z,y} = 322-xy.
We have

{y72} = {ﬁvvﬁw“ﬂ'} = <(170)7 (17 1))192w+w’ + ((07 1)7 (17 1)>19w+2w’

= 192w+w’ - ﬁw+2w’ .
On the other hand, we have yz = Vg0 + Pprow and z = Vg, and so {y, z} = 2z — yz.
We have
{z,2} = {Owrw, Vowsw } = ((1,1),(2,1))I30420 = —F30120" -
On the other hand, we have 2z = ¥3,,,2, and so {z, 2} = —zx.
Using the formula of Theorem [3.11] we compute the g-commutators deforming the
above Poisson brackets. We have

21 = Vaurur Dy = q_%1§3w+w’ + V20320
SO A )
193w+w’ = qﬁi‘g) —-q
On the other hand, we have

A A 1 A A
. 1 -1
Yy = Q9v192w+w’ = q2193w+w’ +q Q92w+2w’ s

1 ~ 3
-Las -3 42
G 2YT = Vg +q 227,

and so
1. 1., 3 _3\.9
ey -q 292 =(92-q2)2
We have
Aa 5h 1 14
Yz = ﬁvﬁwﬂu’ = q2792w+w’ +q 219w+2w’7
SO

On the other hand, we have

~
A A

~ 1 14
Y = ﬂwﬂu’ﬁv =q 2192w+w’ + q219w+2w’ )
N N, (PN 3
q 22y =4q $+79w+2w’7
and so

_1
2

1 .. N _ N
29z -q229=(q-q ")i.

We have
N 3 3 _1a
2T = ﬁw+w’192w+w’ =q 2 193w+2w’

1.

193w+2w’ =q2zT.
On the other hand, we have

A A 2 a 1A
Tz = 192w+w’19w+w’ = q2793w+2w’ )

and so

22=0.

N

qizi-q
Finally, we compute the ¢-deformation of the cubic relation F' = 0:

~ 14 14 14 1 34
A A A 1 _1 1 79 _1 3
TYz = 792w+w’(q2 192w+w’ +q 2 19w+2w’) =q-2 192w+w’ +q 2 q2793w+3w’ ;
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NS A .
292 = q22% + ¢33,
In summary, we have proved the following proposition.

Proposition 5.4. The deformation quantization of Vi given by the product formula of
Theorem|3.11| is the associative kp-algebra generated by variables z,7, 2 and with relations

q22) - q 25 = (¢

G 9E-q225=(¢-q ),

L}
wl=
N>
=>
|
| Q

292 = q22% + ¢33
5.4. Conclusion of the proof of Theorem [2.8] In this section we finish the proof of
Theorem [2.8 which is done by combination of Proposition [5.5 and Proposition [5.6, We
follow |GHK15a, §6.1].
For every monomial ideal I of P, we define the free R?-module
A= @ RM,.
peB(Z)

According to Proposition if I has radical mp, then there is a natural R?-algebra
structure on A?.

Let T' ¢ B(Z) be a finite collection of integral points such that the corresponding
quantum theta functions ), generate the kp-algebra Al . Using the notation of , we
can take I' = {vy,...,u.} if r 23, T ={v, v, w+wvy} if r=2 and I' = {v,w + w', 2w + w'}
if r=1.

Proposition 5.5. There exists a unique minimal radical monomial ideal J", of P such

that, for every monomial ideal I of P of radical containing J", .

e there exists a RM-algebra structure on A% such that, for every k >0, the natural
1somorphism of R?—f—mk -modules A" @ R, = A’}mk is an isomorphism of R"

T+mk T+mF ™
algebras.
e the quantum theta functions ¥, p € I', generate A% as an R-algebra.
Proof. Follows as its classical version, Proposition 6.5 of [GHK15a]. U

As in |[GHK15aj, §6.1], the first point of Proposition [5.5|is equivalent to the fact that for
every py,ps € B(Z), at most finitely many terms %0, with § ¢ I appear in the expansion
given by Theorem for ¥, 1), .

Proposition 5.6. Suppose that F c op is a face such that F does not contain the class
of every component of D. Then J' c P-F. If (Y, D) is positive, then J", =0.

Proof. The proof is formally identical to the proof of its classical version, |GHK15a,
Proposition 6.6]. The main input, the TP-equivariance, is given in our case by Proposition

bl O
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Let Jmin be the ideal defined by [GHK15a, Proposition 6.5]. We obviously have Jp, ¢
JI. . as the vanishing of all genus Gromov-Witten invariants includes the vanishing of
genus zero Gromov-Witten invariants. If (Y, D) is positive then Jyi, = Jh = 0. In
general, it is unclear if we always have Ji, = J. or if there are examples with Jo;, # J?

min min*

Geometrically, the question is whether or not some vanishing of genus-0 Gromov—Witten
invariants implies a vanishing of all higher-genus Gromov-Witten invariants.

5.5. Conclusion of the proof of Theorem : ¢-integrality. The R"-algebra struc-
ture on A
A? = @ R}}ﬁp

peB(Z)

is given by the product formula of Theorem [3.11]
Up, Up, = Z p1,p2 U -

peB(Z)
A priori, we have C%, ,, € R? = R;[[A]]. Theorem [2.9| follows from the following Proposi-
tion.

Proposition 5.7. For every py, ps,p3 € B(Z), we have
C? e RY= Ry[q*7],

P1,P2
where ¢ = . More preczsely, CP\ p» s the power series expansion around h = 0 of a

Laurent polynomial in q2 after the change of variables q = e,

Proof. Recall that, if v is a quantum broken line of endpoint () in a cone 7 of 3, we write
the monomial Mono(y) attached to the segment ending at @ as

Mono(s) = e(7) 27
with ¢(y) e kp[P,, ] and s(7y) € A,.

By definition, we have

Lig s
011;17192 = Z 0(71)0(72)q2< (m), (’Yz)),
Y1572

where the sum is over all broken lines v; and s, of asymptotic charges p; and p,, satisfying
s(m) + s(72) = p, and both ending at a given point z € B — Supp,; (D) very close to p.

So it is enough to show that, for every v quantum broken line of endpoint () in a cone
7 of ¥, we have c(vy) € k,[P,,]. We will show more generally that for every quantum
broken line 7 of Dean and for every L domain of linearity of ~, the attached monomial
my, = cr2PL satisfies ¢, € k.

This is obviously true if L is the unbounded domain of linearity of ~ since then ¢y, = 1.
Given the formula in Definition 3.6 specifying the change of monomials when the quantum
broken line bends, it is then enough to show that, for every ray (9, Ha) of D the
corresponding f, is in k [P -

Given the argument used in |[GHK15a; §6.2], we can assume that (Y, D) admits a toric
model. Furthermore, by deformation invariance of log Gromov—Witten invariants in log
smooth families, we can assume that (Y, D) is obtained from its toric model by blowingup
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distinct points, that is, that there exists m = (my, ..., m, ) such that (Y, D) = (Y, 0Yn), as
in . In we introduced a quantum scattering diagram u(@can). From the definition
of V(’bcan) and the explicit formulas given in the proof of Lemma [4.12] comparing Dean
and V(@Can), it is enough to prove the result for outgoing rays 1/(@0&“).
By Proposition , we have v(D°n) = §(D,,). So it remains to show that, for every
outgoing ray (9, Hy) of S(Dp), the corresponding f, is in I, [P5].
By Proposition , the Hamiltonian H, attached to an outgoing ray d of S(®n) - O
is given by
g (L Yo /0¥m 329 | 28p-5(Lgma)
A, (h)m;ma (gzzgjvgﬁp h )z .
According to |[Boul8, Theorem 33], for every p € P,,,, there exists
0 (q2) = Y. gt e Z[g*],
JEZ
such that .
(%) (Z N;‘;h%_l) = —(=1)PrO¥mtl Z %e—
g0 gz
which can be rewritten

[ _ I 1 it
(5)(2 Nyph* ) =2 Y o (D)
920 jeLp=tp’ = 42 —q 2
Using Lemma [3.4] we get that
o= T 1+ shsteomnels,

PEPm, jEZ

which concludes the proof. O

As the initial rays of the scattering diagram O depend on A through rational functions
of q%, it follows directly from the Kontsevich-Soibelman algorithm producing S (’i)m) that
all the dependence on A in § (@m) is through rational functions of q%. But we do not
know of an elementary way to see directly that the functions fo have coefficients which
are Laurent polynomials in q% and not general rational functions in q%. In the above

proof of Proposition we use [Boul8 Theorem 33|, which relies on some quite deep
results of [KS11].

6. EXAMPLE: DEGREE 5 DEL PEZZO SURFACES

Let Y be a del Pezzo surface of degree 5, that is, a blow-up of P? at four points in general
position, and let D be an anticanonical cycle of five (-1)-curves on Y. Then (Y, D) is a
positive Looijenga pair. The Looijenga pair (Y, D) is studied in [GHK15a, Examples 1.9,
3.7 and 6.12]. Remark that the interior U =Y - D has topological Euler characteristic
e(U) =2.

Let j be an index modulo 5. We denote by D; the components of D and p; the
corresponding one-dimensional cones in the tropicalization (B,X) of (Y, D). Let v; be
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the primitive generator of p; and E; be the unique (-1)-curve in Y which is not contained
in D and meets D; transversally at one point.

The only curve classes contributing to the canonical quantum scattering diagram Dean
are multiples of some [E;], and so Dean consists of five rays (pj, H p;). By [Boul8, Lemma
23] we have

LD i)t )
g>1£28111(eh) '

and so, by Lemma , the corresponding fpj are given by

p; = ¢

fp' - 1 + q_%éEj_‘ppj(Uj) .
Proposition 6.1. The k[NE(Y)]-algebra defined by the product formula of Theorem

3.11| s generated by the quantum theta functz’ons Uy, satisfying the relations

Dy, (D, = PP 4 g3, ),

Vj+1

T

Vj+1 ¥ Vj-1

= 3D (LB 4 g3, )

Proof. The description of quantum broken lines is identical to the description of classical
broken lines given in |[GHK15a, Example 3.7].

The term 2[Pi12E] is the coefficient of Uy = 1. The final directions of the broken lines
v and 7, satisfy s(71)+s(72) =0, so (s(71),s(72)) = 0 and the quantum result is identical
to the classical one.

The term Q[Dj]ﬁvj corresponds to two straight broken lines for v;_; and v;.;, with
endpoint the point v; of p;. The corresponding extra power of ¢ in Theorem is

qi%(vj—lvvm) = qi%_ O

Setting [E;] = [D,] = 0, we recover some well-known description of the Ay quantum
X-cluster algebra: see formula (60) in [FG09al §3.3].

7. HIGHER-GENUS MIRROR SYMMETRY AND STRING THEORY

7.1. From higher-genus to quantization via Chern—Simons theory. In [Boul8,
§9], we compared our enumerative interpretation of the g-refined 2-dimensional Kontsevich-
Soibelman scattering diagrams in terms of higher-genus log Gromov-Witten invariants of
log Calabi-Yau surfaces with the physical derivation of the refined wall-crossing formula
from topological string given by Cecotti-Vafa |[CV09].

A parallel discussion shows that the main result of the present paper, the connec-
tion between higher-genus log Gromov-Witten invariants of log Calabi-Yau surfaces and
quantization of the mirror geometry, also fits naturally into this story.

Let (Y, D) be a Looijenga pair. The complement U =Y — D is a non-compact holomor-
phic symplectic surface admitting a Lagrangian torus fibration [Sym03|. According to the
SYZ picture of mirror symmetry, the mirror of U should be obtained by taking the dual
Lagrangian torus fibration, corrected by counts of holomorphic discs in U with boundary
on the torus fibers. In some cases, U admits a hyperkahler metric, such that the original
complex structure of U is the compatible complex structure J, and such that the SYZ
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fibration becomes I-holomorphic Lagrangian. Typical examples include two-dimensional
Hitchin moduli spaces: see [Boal2| for a nice review. From now on, we assume that we
are in such case, and so we should be able to consider the kind of twistorial construction
considered by Cecotti and Vafa.

Let (I,J, K) be a quaternionic triple of compatible complex structure, (wy,wy,wg) be
the corresponding triple of real symplectic forms and (£2;,€,Qx) be the corresponding
triple of holomorphic symplectic forms. Let ¥ c U be a fiber of the original SYZ fibration.
It is a I-holomorphic Lagrangian subvariety of U, that is, a submanifold such that Qs =
0. It is an example of a (B, A, A)-brane in U in the sense of [KW07], that is, a complex
subvariety for the complex structure I and a Lagrangian for any of the real symplectic
forms (cosf)wy + (sin@)wg, 6 € R. There is in fact a twistor sphere J;, ¢ € P!, of
compatible complex structures, such that I = Jy, J=J; and K = J;. Let X be the non-
compact Calabi-Yau 3-fold, of underlying smooth manifold U x C* and equipped with a
complex structure twisted in a twistorial way, that is, such that the fiber over ( € C* is
the complex variety (U, J;). Consider S c C* and L= x St c X.

We consider the open topological string A-model on (X, L), that is, the count of holo-
morphic maps (C,0C) - (X, L) from an open Riemann surface C' to X with boundary
0C' mapping to L[T_3] We restrict ourselves to open Riemann surfaces with only one bound-
ary component. Given a class § € Hyo(X, L), let Ny 3 € Q be the ‘count’ of holomorphic
maps ¢: (C,0C) - (X, L) with C' a genus-g Riemann surface with one boundary compo-
nent and [¢(C,0C)] = . A holomorphic map ¢:(C,0C) - (X, L) of class f € Hy(X, L)
is a J.iv-holomorphic map to U, at a constant value e € S, where 6 is the argument of
/. 582

The log Gromov-Witten invariants with insertion of a top lambda class Ny g, intro-
duced in §4], should be viewed as a rigorous definition of the open Gromov-Witten in-
variants in the twistorial geometry X, with boundary on a torus fiber ¥ ‘near infinity’.
We refer to [MPT10, Lemma 7| for comparison, in the compact analogue given by K3
surfaces, between Gromov—Witten invariants of a holomorphic symplectic surface with
insertion of a top lambda class and Gromov—Witten invariants of a corresponding three-
dimensional twistorial geometry. The key point is that the lambda class comes from the
comparison of the deformation theories of stable maps mapping to the surface or to the
3-fold.

According to Witten [Wit95], in the absence of non-constant worldsheet instantons,
the effective spacetime theory of the A-model on the A-brane L is Chern—Simons theory
of gauge group U(1). The non-constant worldsheet instantons deform this result: see
[Wit95, §4.4]. The effective spacetime theory on the A-brane L is still a U(1) gauge theory
but the Chern-Simons action is deformed by additional terms involving the worldsheet
instantons. The genus-0 worldsheet instantons correct the classical action, whereas higher
genus worldsheet instantons give higher quantum corrections.

13Usually, A-branes, that is, boundary conditions for the A-model, have to be Lagrangian subman-
ifolds. In fact, L is not Lagrangian in X but only totally real. Combined with specific aspects of the
twistorial geometry, it is probably enough to have well-defined worldsheet instanton contributions. As
suggested in [CV09], it would be interesting to clarify this point.
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We now arrive at the key point: the relation between the SYZ mirror construction in
terms of dual tori and the Chern—Simons story, whose quantization is supposed to be
naturally related to higher-genus curves. As L = ¥ x S, we can adopt a Hamiltonian
description where S! plays the role of the time direction. The key point is that the
classical phase space of U(1) Chern-Simons theory on L = ¥ x S* is the space of U(1) flat
connections on X, that is, it is exactly the dual torus of ¥ used in the construction of the
SYZ mirror. The genus-0 worldsheet instanton corrections to U(1) Chern-Simons theory
then translate into the genus-0 worldsheet instantons corrections in the SYZ construction
of the mirror.

The Poisson structure on the mirror comes from the natural Poisson structure on the
classical phase space of Chern—Simons theory. It is then natural to think that a quantiza-
tion of the mirror should be obtained from quantization of Chern-Simons theory. Quanti-
zation of the torus of flat connections gives a quantum torus and higher-genus worldsheet
instantons corrections to quantum Chern-Simons theory imply that these quantum tori
should be glued together in a non-trivial way. We recover the main construction of the
present paper: gluing quantum tori together using higher-genus curve counts in the gluing
functions. The fact that we have been able to give a rigorous version of this construction
should be viewed as a highly non-trivial mathematical check of the above string-theoretic
expectations.

7.2. Quantization and higher-genus mirror symmetry. In the previous section we
explained how to understand the connection between higher-genus log Gromov—Witten
invariants and deformation quantization using Chern-Simons theory as an intermediate
step. In this explanation, a key role is played by the non-compact Calabi-Yau 3-fold X,
a partial twistor family of U.

In the present section, we adopt a slightly different point of view, and we also consider
a similar non-compact Calabi-Yau 3-fold on the mirror side: Y =V x C*. It is natural to
expect that the mirror symmetry relation between U and V' lifts to a mirror symmetry
relation between the Calabi-Yau 3-folds X and Y.

As explained in the previous section, the higher-genus log Gromov-Witten invariants
considered in the present paper should be viewed as part of an algebraic version of the
open higher-genus A-model on X. Open higher-genus A-model should be mirror to open
higher-genus B-model on Y. We briefly explain below why the open higher-genus B-model
on Y =V x C* has something to do with quantization of the holomorphic symplectic
variety V.

The string field theory of open higher-genus B-model for a single B-brane wrapping Y
is the holomorphic Chern-Simons theory, of field a (0, 1)-connection A and of action

S(A) = fQYAAAéA,
Y
where €y is the holomorphic volume form of Y. We will be rather interested in a single

B-brane wrapping a curve C? := {v} x C* c Y, where v is a point in V. The dimensional
reduction of holomorphic Chern-Simons theory to describe a B-brane wrapping a curve
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was first studied by Aganagic and Vafa |[AV00, §4]. Writing locally
QY =dz A dp A % s
z

where (z,p) are local holomorphic Darboux coordinates on V near v and z a linear
coordinate along C*, the fields of the reduced theory on C? are functions (x(z,2),p(z, 2))
and the action is

S(x,p)z[c*%/\p/\ax.

A further dimensional reduction from the cylinder C} to a real line R; leads to a theory
of a particle moving on V', of position (z(t), 2(t)), of action

S(e.p) = [ p(0)da(®).

In particular, p(t) and z(t) are canonically conjugate variables and in the corresponding
quantum theory, obtained as dimensional reduction of the higher-genus B-model, they
should become operators satisfying the canonical commutation relations [z,p] = h. We
conclude that the higher-genus B-model of the B-branes C; should lead to a quantization
of the holomorphic symplectic surface V. The same relation between higher-genus B-
model and quantization appears in [ADK*06] and follow-ups.

We conclude that our main result, Theorem [I.1], should be viewed as an example of a
higher genus mirror symmetry relation.
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