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In this supplemental material, we present the derivations of some results shown in the main text.
We also show that the interaction amplitude in the weak-field limit can be found using the standard

perturbation theory using Feynman diagrams.

I. WKB SOLUTIONS WITH GENERAL
ELECTROMAGNETIC FIELD

The Dirac equation in an external electromagnetic po-
tential A, is

iv*(hO,, —ieA )y —miyp =0. (1)

The solutions to this equation in the WKB approxima-
tion for a purely time-dependent potential was found in
Ref. [1]. We seek an approximate solution in the form

b= Fexp (—;s) | 2)
where S is a scalar function. Substituting eq. (2) into
eq. (1), one finds

(v(9,S + eA,) — m]¥ 4+ ihy" 9, ¥ = 0. (3)

Letting U = ¥ + U™ where ¥ and U™ are of zeroth
order and of higher order, respectively, in A, we can write
eq. (3) to first order in h as follows:

(0,8 +ed,) —m]T =0, (4)
V(0,8 + eA,) —m]U ™) +inyt9, 0 =0.  (5)

By multiplying these equations by +*(0,5 + eA,) +m
and using {v*,7"} = 2¢**, we find

(0"S + eA") (0,5 + eA,) — m?=0, (6)
[0S +eA,) +m]y0,¥ =0. (7)

The WKB solution to the Dirac equation (1) to lowest
order in A is

W) wexp (15 (®)

where the scalar function S and the spinor ¥ satisfy
eqs. (4), (6) and (7).
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Let us find the scalar function S satisfying eq. (6). We
first describe the congruence of classical world lines used
to construct the function S. These world lines satisfy the
Lorentz-force equation,

st e v @0 ’ (9)

dr? m dr
where 7 is the proper time along these world lines. We
assume A, = 0 on the hypersurface ¢t = ¢; in the past
where v* is constant. (Thus, the world lines are parallel
to each other when they emanate, with 7 = 0, from this
hypersurface.) We assume that these world lines do not
cross each other. If

OuS +eA, =muv,, (10)
where v* = dz"/dr, then eq. (6) is satisfied because
vty, = 1. Equation (10) can be solved for S if and
only if

Ou(ed, —muv,) — 0,(eA, —muv,) =0, (11)

i.e.
e

Ouvy — Oy, — %Fw =0, (12)

where F,,, = 0,4, — 0, A,,. Observe that eq. (9) follows
from this equation by contracting it by v":

e

v’ Ouv, — VY0, — EEWUV =0. (13)
Since v”9,v, = 0 and v”0, = d/dr, we find eq. (9).

First we note that eq. (12) is satisfied at t = ¢;, i.e., at
7 = 0, because F},,, = 0 and v* is constant there. Now,
the T-derivative of the left-hand side of eq. (13) is found,
by using eq. (9) and the Bianchi identity for F},,, as

3—7_ (6uvl, - 0,v, — %Fw)

= (8,ll«v>\) (6V’UX - 8)\’011 - % 1/)\)
= (@) (Buvr = a0y — %FM,\) L (14)

The unique solution to this equation with the initial con-
dition (12) at 7 = 0 is eq. (12) for all 7. Thus, we have
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constructed the scalar function S satisfying (6). Then, if
we define p* = mo*, eq. (4) becomes

(Y'pu —m)¥ =0, (15)

and the solution is

U x ( o ) : (16)
Poers

where s is a two-component spinor, as is well known.

The differential equation describing the time evolution
of ¥ can be found from eq. (7) as follows. This equation
can be written, using eq. (10) as

(vu, +1)7v70,¥ =0. (17)

We add this equation and

V' 0ul(v v, = 1)¥] =0, (18)
which follows immediately from eq. (4), to find
d\I' 1
wy ©
el R e G MR (19)
where we used eq. (12).
Let
~ 1 [T
¥ = Wexp (2/ Ouv*(§) d{) . (20)
0
Then,
AV e ~
— =——""F, V. 21
dr 4m7 1)

By recalling that

*561‘3‘1@31@ )
we find

e _ ¢ (ic-B o-E
4m’y FMU_ 2m<0’-E woc-B/ - (23)

We also note that the Lorentz-force equation eq. (9) can
be written in terms of the electric and magnetic fields as

? — _‘p.E,
T m
o (24)

e
— = ——(poE B).
dr m(po +pxB)

Let
U (W‘S) , (25)

which satisfies eq. (16). Then, by using egs. (23) and
(24), we find that eq. (21) is satisfied if

ds e B p(r) x E(7) os
=5 (B0 - BT ) s @

This is the Thomas-BMT equation for relativistic spin
dynamics [2, 3]. Thus, the WKB solution to first order
can be written as

SOVEB) _ e <pf, ) exp <_1 /T 8,0 (€) df)
potm S 2Jo
X exp (—;S) , (27)

where S satisfies eq. (10), p, = mwv, and s satisfies
eq. (26), whose solution is given by

Salr) = Texp [—z‘ | F@© ~ad£] sa(0), (28)

where T denotes time-ordering and where we defined

F:e<B—pXE>. (29)

2m po+m

It is interesting to note that
o= tmnon (- [ aare) . o0
0

and that the current conservation equation 9, (Y1) =
0 is satisfied.

The WKB approximation would break down if the con-
gruence of world lines of the classical electron had a focal
point where d,v"* — —oo as can be seen in Eq. (27). We
have observed numerically that these world lines tend not
to have focal points in the background electromagnetic
field we assume in this paper though we cannot exclude
them. Even if focal points occur, we expect that the
WKB approximation will be valid away from them as we
argue below.

The WKB approximation is expected to be accurate if
the first-order correction ¥ to ¥ is much smaller than
U. It can be found from Eq. (5) as

h
g = ;—mwauqz, (31)

with the help of Eq. (7). Hence, the WKB approximation
is expected to be valid if

h
—1|0, ¥ vl . 2
0] < ||| (32)

The derivative of ¥ can be estimated using Eq. (19).
Equation (13) indicates that d,v, are of the same order
as (e/2m)F,, if they do not diverge. Since (e/m)F, ~
aogwo, we find

H H ~ ageol| ). (33)

We note that, since the coordinate time is ~ ag7, the
change in || ¥ in one cycle is of the same order as || V]|
itself beacause agT X wg ~ 1 in one cycle.



Next, if A is a coordinate on the 7-constant hypersur-

face, then from Eq. (19) we find
d (0¥ 1 e ov
—(=)=-= oy © o¥
dT(@)\) 3 (O + 50" Fu)
0
o I 112
8)\(8v +5-7 Fu)¥.  (34)

If we choose A\ to be the proper length between the A-
constant surfaces, we have

0

8)\ (8”11 + TVHUF;LU> ~ an(Q)a (35)
since F},, oscillates with angular frequency wy. Hence, in
one cycle we have at most

v
O\

with possible Lorentz-boost factor of the order of ag in-
corporated. [Any enhancement of [|0¥/0A| due to the
first term on the right-hand side of Eq. (34) in one cycle
is estimated to be of the same order as ||0U/9A|| (see the
comment after Eq. (33)). Also, if this term enhances
[|0® /O], then [|¥| should be enhanced in the same
way. Hence we expect that it will not affect the ratio
0¥ /OM||/||¥|| significantly.] Then, the derivative 9, ¥
with respect to a Cartesian coordinate is estimated as

10, %[} ~ agwol[ ¥l (37)

] ~ agwo ], (36)

by taking any Lorentz-boost factor, which is of the order
of ag, into account. Thus, the condition for the validity
of the WKB approximation is

h 2 Qg 2
— ~(— 1
maowO (700) <5 (38)

where we have let iwg = 1eV and m = 511keV. This is
satisfied if ag = 30.

II. EMISSION PROBABILITY AMPLITUDE

We expand the electron field as

Y(t,x) = Z {u(pu)(z)b(p,a) + V(p,a) (I)dzp,a)} » (39)

P,

where

/d?)x “gp,a)“(pﬁ) = /dSX Uzrp,a)v(P,ﬁ) = 5&57

T _
/d3x u(p,a)U(PHB) - 07

and

(40)

{b(p’o‘)’bJ(rP,ﬁ)} - {d(P,a)’de,ﬁ)} = bap , (41)

with all other anti-commutators vanishing. Then, the
equal-time anti-commutation relation,

{’(/Ja (ta X)7 ¢Z (tv X/)} = 6(3)(X - Xl)(sab ) (42)

is satisfied. We choose a wave-packet solution,
U(p,a)(t,%), peaked near a classical world line but ap-
proximately with a definite momentum and spin as one
of these basis states. (Thus, this wave packet behaves
like a classical electron.) The index « specifies the spin.
The WKB solutions constructed in the previous subsec-
tion satisfies 1/ = 2py. Thus, this wave-packet solution
can be written approximately as

po+m S
U(p,a)(t,X) = 5o (ppfa Sa) G(t,x), (43)
0T

where s, satisfies the Thomas-BMT equation, eq. (26).
The function G(¢,x) is peaked about a classical world
line and satisfies

/d3x|G(t,x)|2 =1. (44)

That is, although G(¢,x) is a smooth function, we may
assume that |G(t,x)|? is well approximated by §®)(x —

x(t))

The axion field is expanded as

_ dSk —ik-x T ik-x
P(z) = /m (ak6 +ayge ) ; (45)
where
[ak,ak/] (27)32hke6® (k — K') . (46)

Although the axion mass m, is nonzero, we let m, = 0,
assuming that it is very small. The term describing the
interaction between the electron field and the axion field,
¢, in the Lagrangian density is

h ae o
Eint = — g

mwmw (47)

The interaction Hamiltonian density can be found follow-
ing the standard procedure as

Hine = 5 om

2

Moe b sy + = (hg“e) ($rs7°9)% . (48)
To lowest order in perturbation theory we may neglect
the four-fermi interaction term. For this reason we adopt
the first term as the interaction Hamiltonian density from
now on.

Let the annihilation operator corresponding to the
wave-packet solution up, q)(t,%) be denoted by b,. (We

[}

omit “p” to simplify the notation.) The initial and final
states are b], |0), and aka |0), where ak is the creation op-
erator for the axion w1th momentum k. We assume that
the solutions corresponding to b [0) and bg |0) are ap-
proximately the same except possibly for the spin states.
That is, s, and sg may or may not be the same, but they
have approximately the same spatial wave function. If
the initial state is b, |0), then the final one-axion-emission
state is, with : - - - : denoting normal-ordering,



|f) = —% /d4x Hine () : b, |0)

~ Yae ik- = i
=om | @) 32k: Z/d rugyskuae bB |0)
49)
YGae d’k / dt ikot—ik-x(t) T T (
om | (2r)32ke Z Pk Pace k05 10)
YGae dSk / ik-x( T) BNl
4m? / 21)32k, Z 7@ 515K € k03 10)
where
Sa
b= Vit o3, ). (50)
po+m “¢&
[
We find bility for emission to be
_ k-p+mk
ot o PR
‘1)675k¢a = 255 <mk o Dot m 0') Sa, (51) P = / 32k Z ’A(p k,8,a)| > (52)
Since (0| bﬁbg |0) = 1, using eq. (46) we find the proba-
J
where
:gae t k. _kp+mk ik (T)
Atpcp.0) 2m /dT °8 [ 7 m(po +m)p 7| et
igae d —1_1 k- p + mk ik-x(T)
= dr— 2 (k- k- o o PTT N
2m dT{( v) Sﬁ{ T e rm)P 7] %y €
; ik-x(T)
= e [ AT G (DR - asa(n), (53)

where in the second step we integrated by parts and de-
fined

—V — (k-a)k— [V — (k- 4
Q (k- a)k — [Vo — (k- a)ko] P (54)
with
b= Z (k-0 PR
14 m( v) v (55)
which can be re-expressed using eq. (22) as
e
- “(k-v)k-E
W m( v) , (56)
V:%(k-v)(koEJrka). (57)

Here, a* = dv*/dr is the proper acceleration. A useful

formula for finding Q is
d ( p _2F xp—cE
dr \po+m/)  po+m

; (58)

which can be derived from the Lorentz-force equa-
tions (24). It is also useful to note that the Lorentz-force
equations can be given as

R 59
a m Uy, ( )
or
aw=——v-E (60)
0 — m )
e
= ——(vE B). 61
a m(vo +v xB) (61)

A. One-dimensional motion

Suppose that the electric field E is parallel to the z-
direction and B = 0. Then, the motion can occur along
the z-axis. From eq. (26) we find that the spin is time
independent. Let the initial spin s, be pointing in the



z-direction. If the final spin sg is pointing in the same di-
rection, then the corresponding amplitude, i.e., the spin-
non-flip amplitude, is

Anf _ igae /d ﬁ@ ( ) (62)
=) = 9y [ Tk 0)2 AT
where [4]
Qz (T) = _kia’(T) ) (63)
with the acceleration a(7) defined by
e
a(t) = —EEZ(T) . (64)

Hence, the spin non-flip axion emission probability is

Pnf — hgge/ d3k k‘Jl_ /dT (k a ) eik~x
v

M Am? | (2m)32kg
If the final spin is in the opposite direction, then

2

(65)

Ay = 2 [ ar G100 + Q0] (60)

where

Qx(T) + iQy(T) =

Hence the spin-flip emission probability is
th d3k k -Qa .
Pf _ ae k’2 /d ik-x
em / ( 1 T (k . ’U)2€

"~ 4m? 27)32kq
B. Two-dimensional motion

—(k - a)(ky + iky) . (67)

2

(68)

If the electric field is on the xz-plane and the magnetic
field is in the y-direction, then the electron motion can
occur on the xz-plane. In this case it is convenient to
choose the initial spin in the y-direction since eq. (26)

reads
ds4 v, By — v E,
— = By - ———— 69

dr ¥2m( vg + 1 )Si’ (69)

where 0,54 = £s54, so that

s+(7)
ie [T v, By — v, E,

= — B _——_— . .

exp [¥2m /T < y ] )df} s+ (i)
(70)

Then, the spin-non-flip emission amplitude is
hg? a3k o kea |?

Pnf _ ae kQ /d ik-x 71
em = Y2 / Gz | ) T G| Y

The spin-flip amplitude is

Pf :hgge/ dgk
em = ym2 | (27)32k

/dT ezk ze$1f(7' QZ + ZQﬁﬂ
(k-v)?

(72)

where

Q. +iQ, = —%(k ) [ko(Es £ iE,) +

— (k- a) (ks + ik,)

(ks F ik.) By]

- [%(k-v)k-E—(k-a)ko}%7
(73)
e [T _ (v(§) X E(§))y
s = [t - MR e

III. THE FEYNMAN-DIAGRAM DERIVATION
OF THE EMISSION PROBABILITY IN THE
WEAK-FIELD LIMIT

Here we investigate the emission process in the weak-
field limit but without assuming that the energy of the
axion emitted is of lower order in A compared to the
energy of the electron. We let i = 1.

Assume that the external electromagnetic potential A,
is nonzero only in a finite spacetime region and smooth.
Then, the spacetime Fourier transform,

Ao = [ e die, (75)
exists. The electron propagator is

i(p+m)

D(p)= —+—— .
(p) e

(76)

The relevant Feynman diagram is shown in Fig. 1. With

FIG. 1. The Feynman diagrams for the axion emission: The
solid line represents the electron and the dashed line repre-
sents the axion. The dot represents the interaction of the
electron with the external potential.

the initial spinor u(”(p;)e~*#® and the final spinor
ulP)(ps)e=s ', the amplitude for the emission of the ax-
ion with 4—m0mentum kH is



M = %W[V%D(W + k)" =" D(p; — k)vsklu

where u(" (p) and uf)(p) are normalized so that

Z“() u()

spin

=p+m, (78)

and similarly for u(/)(p). We have defined ¢ = pr+k—p;.
Formally, the initial state, bT )|O> is normalized as
(0] bp,,a)b (p o l0) = (271')321)05(3( ) = 2pYV, where
V is the (infinite) volume of the space. The flux is
|

1 sk, +m)y”

Y (p, + m)vsk

D (pi)Au(q), (77)

[
2p[[lpsll/pi] = 2|[pil|. Define

5 _ 1 / d3k dspf
20 ) (2m)32k (27)32pY

M2, (79)

which we call the interaction volume. If the electron
beam has the number density p, then the emission prob-
ability is given by pX.

By averaging over the initial spin and summing over
the final spin, we find

MM = —2Tr{(pf +m)

The overall minus sign is due to the insertion of 5 and

72957° = —+°. After a tedious but straightforward cal-
culation we find

1 9 4e? ~ ~\

- = ——— —k*F (@) F" @)k,

9 Z |M| (k”Uf)(]CUl) I <Q) (Q) A

Spin sum
(82)

where

Fua) = [ 2 1°(0,4,(2) - 0,4, (o)

= —i[q. A4 (q) — 0 Au(q)]. (83)
Thus, we find
N € Gue / d3k dspf kuﬁ:v(Q)ﬁu/\(Q)k)\
—2p9m2 | (27)32ko (277)32}7?( (k-vp)(k-v)
(84)

Now, we consider the case where the electromag-
netic field is only ¢-dependent, i.e., space-independent
with the assumption that the characteristic frequency
of the electromagnetic field is much smaller than the
Compton wavelength of the electron so that, typically,
ko < ||lpill, lpyll. The aim is to show that the Feynman-
diagram method gives the same result as our WKB result
in this limit.

pr-k‘ B Qpi-k

% Z IM? = M AL () Au(a),  (80)
where
(¢Z+m) 25 - k - i -k . (81)

The Fourier transform of the electromagnetic field be-
comes

Fu(q) =

where

(2m)*6™ (s +k = Pi)E(p} — ko +1), (85)

F(p(} + ko —pY) = /ei(”(}”“*i’?)tpuy(t) dt. (86)
Then, by using the momentum conservation, we have
P} —p = k- B, (87)
to first order in ko, where B = p;/p{. Thus, we find

F@ + ko — ) = vo / FHTOE L () dr,  (88)

where vg = o) = v? at lowest order in A. Substitut-

ing eq. (85) into eq. (84) and using the formal equality

(2m)36(3)(0) = V we find
242 Sk KEL ()P (g)k
¥ VB gae/ d’k ,uy(Q) (Q) A ’ (89)
dm* | (2m)32k (k- v)?

where v* = v} = v/’ at this order. Then, since the

number density of one electron in volume V' is p = 1/V,



the probability of axion emission is
P4 = sV

_ he?g2, / d*k
N (27)32kq

[ ekl
X/dT /dTWkMF# (7')

Now we show that eq. (90) agrees with the weak-field
limit of eq. (52). Note that the spin may be taken to be
constant in the weak-field limit. Then

1
52 shQ(r
a,B

= L TQ(r) -0 Q(r) o] =

F,,)\(T)k)\ .
(90)

) : USQSLQ(T) "o
(91)

Q™) - Q(r).

In the expression (54) for Q we may approximate the 4-
momentum p* = mv* to be constant and treat only the
electromagnetic field to be time-dependent. Since

[V —(k-a)k"|v, =0, (92)
[Vir) - (k- a()kolvo, (93)
and p? = pZ — m?, we find
Q(7) - Q(r) = =V*(1")V,(7)
= Sl PR EAE, (94)

(k-a(r))k] - v = [Vo(T) —

J

Epa = 1§;§m2 / / k> / - iz )]2/ [n- iz;’)]

We define £ =t —n - x [6]. Then d¢/dr =n - v so that dr/(n-v)? = d¢/(n-v)3.

Ego =

i [ G [ o fae
<o Q) sl

where we have integrated by parts.

If we sum over the final spin states and average over the
initial spin states, then the integrand is symmetric under
the exchange £ < &’. This symmetry can be used to
extend the range of the k-integral to (—o0,00). Thus,
we find the total energy emitted with the initial spin

in the weak-field limit, where we also used V#(7)k, =
0. Then, we find that the weak-field approximation of
eq. (52) indeed agrees with eq. (90).

IV. ENERGY OF EMITTED AXIONS

Here we derive the formula for the energy of the emit-
ted axions. As is the case with the Larmor radiation (see,
e.g., Ref. [5]), the energy emitted takes a local form in
the sense that it is a single integral, rather than a dou-
ble integral, over the proper time. That is, there are no
interference terms between different proper times. This
is in contrast with the number of emitted axions, which
has interference terms of this kind.

Define
kP
=k%Q, nt=-—,
Q-#Q - )
VH = Fr
Thus,
~ e ~
Q=—Mmn-v)V—-(n-a)n
P n-a—-—(n-v)V) .

Then, the energy emitted is obtained from eq. (52) as

SE(T)Q(T) . O'SQ(T)SL<7-/)Q(T/) ) O'SB(T/)eik'[x(T)_z(T/)] .
(97)

Thus

{[n-vlST (T’)Q(T’) . 0’5/3(7")} etk (E=¢") , (98)

averaged over as

gae
T 327m?

>

a,B

4 [msgmém )]



L (@) - osalr)| = siS - osa, (100)

n-a ~ 1
(n-v)

: Q- 2F x Q] (101)

where the dot denotes the 7-derivative and F is defined
in eq. (29). Then, since 3 so(7)s},(7) = 1 for all 7, we

find
gae 2
327rm2/ / o) ]
_ Yae
167rm2/ / v)?
x{%”“fé? M‘“szwmanm{
n-v)

(102)

To simplify the integrand in this equation, it is useful to
define

B —(n.ant — Zn- o) TH
U (n-a)n m(n v)V
e

=—— oFPygnh — noF*n"v,) . (103)
m
Then,
~ mv
=-U+ Uy . 104
Q 2o+ m’° (104)
Equation (94) is translated to
Q* = -U"U,. (105)

Next we examine ||Q — 2F x Q||%. We find

dU P dU() d P
— 2F =—— —_— 4 — U
Q XQ d7'+po+m d7'+d7'<p0—|—m) 0
2F
TP xU- = Py (106)
Pot+tm

By eq. (58) and the definition (29), we have

Q-2F x Q
dU p AU, eUoE

p— - + -
dr  po+m dr po+m
e e

-—UxB—- ——— -UE—-(E-U)p| .
- oo =) [(p-U)E - (E-U)p
(107)

Using U*v, =0, i.e., p- U = poUy, we find

(SQFXQ{dUJre(UOE+U><B)}
dr ~ m
p [dUO+eU-E]. (108)
po+m | dr m
Define
U
=2 & pur 1
——+ S, (109)
Then,
Q-2FxQ=-H+ P2 H,. (110)
po+m

The equation dv*/dr = —(e/m)F""v, can be used to
show that H"v, = Hovg — H-v = 0. Then, the same

calculation as that demonstrated 62 = —U"U, shows
that
|Q—2F x Q| = —H"H, . (111)
Thus, we find that
gae
~ 167m?2
d
% _MUUM 3” a = (U, U - H,H"| |
(n-v)? n-v dr
(112)
where U* is given by eq. (103), and
d(n - .
HH = (T;Ta)n“ - %(n “v) M,
e? N
- W(n c0)FHY L an® .
When evaluating U,U", we can use n*n, = 0 and
ntV,, = 0. Thus,
02
U U = ——(n-v)’n, F* Fan™ . (113)
m

Similarly, one can simplify H,H" as



262 d(n i (1) v 62 ANz € a v - € e A
H,HY = =55 (0 0) 5, PP Fyan® 4 s (n - v)? (F“ + ZF*F, ) n (FM + FaF A) . (114)

2

Hence, the expression inside the brackets of eq. (112) divided by (n - v)7 is

1 9(n-a)? 3n-ad
— v, u* —u,u*) - H,H*
(n.v)7[ (n-v)2 " e dT(H ) g }
3e% (n-a)? y y 6€? n-a o N 2% n-a y A
62 1 . e . e
v « v B A
o (P PR Yo (B D) o' )

A. Angular integral for the energy emitted

Next we carry out the angular integral in eq. (112). All integrals can be found from

i/ Moy Ty — Uovulvuz _ 15211)#2 + 522”#1 +v09#1#2 (116)
iy (n-v)d (v-v)* 3 (v-v)3 '
By letting v - v = 1 we have, for any tensor N,,,
1 n*n"N,, y 1 y
am /dQ W = 20"0"0" Ny — g(NOVU + 0" Nyo + 0 N, M) (117)
Next, by differentiating eq. (116) with respect to 7 and letting v - v =1 and v - a = 0, we obtain
= a2y Ntn, = 2 [a®v"v” Ny, + 0 (a"v” + v*a” )Ny, | + L (a"Nyuo + Noya” +a°N*,) . (118)
47 (n-v)6 " 5 . a 15 . a

Next, by differentiating eq. (116) twice with respect to 7, equating the contribution containing @, and that not
containing @, on both sides, and then letting v-v =1 and v - a = 0, we find

dQ (TL i CL)2 v [ 8 v 1 v 7
| B ey N = (0 a) | =0 N (Nt + 0Ny + 0", )
2
+ B[aoa“v” + a"v"a” +v°a"aIN,, , (119)
o n-a 16 ., 2 ,
/ T (o ye " N = (0 @) | 50200 Ny = £ (Nowo” + 0" Nyo + UONM”J
2 1
- 3[a%“v” + 1% 0" + 0" @I N,, + E(No"ay +a, N*" +a" N, ") . (120)

Let us denote the angular integrals with the measure d€)/47 of the first, second, third and fourth terms in eq. (115)
by Iy, I, I3 and I, respectively. These are performed by using egs. (119), (118), (120) and (117), respectively. Then,
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after using eq. (59) to express F"v, and Fry, in terms of a* and a*, we find

L= —3(a-a) | -2 a) + 25 Foma, + —C 0p, | 4 2 ognE, g (121)
= —9ola-a - . YN 4 TE_ o v Y v )
! 15 Bm. T 15m2 5m? . A
L=6|Zdaa, + 2" Fva (an+ = Funa®) = L5 FO B0 C B+ S 0P
2 5 " sm AT T e 15m? P 15m2 #ET 15m2 o
(122)
16 4 2¢? 4 8
Is=—-2(a-a) [—5v0(a ca) + %Fo“au + 5;2UOFWF’“’] + gao(a ca) — %voal,F”“au
462 0 sV 262 -0 v
+ 15m2F HE,a" — Tzl FrFu,, (123)
of. 2e ., . 2e A 2 (on € oag A [ 2e B
Iy =-2v" [a"+ —F"q, ay + —Fpa” | + — (F — —FY*F, ) ax + —Fga
m m 3m m m
e 0 ( ppv € 2N n% ” e 8
o (7 + PP, ) (F,“,JraF#gF ) (124)
For I3 we used the equality v-a = —a - a. We can write the sum [ = I1 + I + I3 + 14 as
e e? 4e3 o et
— I51% 0 VA
I—Ko-i-EKl-‘rﬁKg— %F aFaﬁF al,+mv F,Fr B\ F (125)
where
0 2 . . 12 0 . 4.0
Ky =20"4(a-a) —a-a]—ga (a-a)—l—ga (a-a), (126)
_ 0:p v Op 2 S0 -
Ky = —4v d*F,,a" —2(a - a)F " a, + gF Gy s (127)
2 14 .
Ky = ()’UOauF‘“’FMa/\ — vo(a ca)F,, F* — gFO"F#,,éLV + 1—5F0)‘F>\Ha“
1 .. . 2 . 2 . 2
+ P, — SFFy et + Za®FME,, — —a*FME,, . (128)
3 5 5 15
These can be given in terms of the electric and magnetic fields as
2.
Ky =-4"@’a-E—a-(a"E+axB)]-2(a-a)a-E+ 3E-a, (129)
2 14 .
Ky =60 [|a"E +ax B|> — (a-E)*] + 20%(a - a)(E* = B?) — B (a"E +ax B) + =B (a"E +a x B)
2 . ) 2 ) . 4 ) . 4
— guo(E2 - B?) - 5E- (a"E+a x B) — gaO(E ‘E-B-B)+ BaO(E2 - B?), (130)
where we have used
F"a,=(a-E,a’E +a x B), (131)
and
F*F,sFPa, = (a-E)(E* - B?) 4 (a- B)(E-B), (132)
F, F" F\F" = 2(E* - B?)? + 4(E - B)2. (133)
The energy emitted is given by
5292
E) = e | Idr. 134
) = Tgmm? / ar (134)
[
B. One-dimensional motion t-derivative, we find from egs. (126), (129) and (130),
Let B =0 and let E and v be in the z-direction. With Ko =° [%(w')‘l + §w(w’)2w" +2(1+ w2)(w")2] ,
the notation v* = w, and with the prime dnoting the o 5
2 2
%Kl _ 1}0 {2(10’)4 _ 5(1 + wQ)(w//)Q _ 3w(w/)2w//] ,

2



where we have used (e/m)E, = —w’, and
4¢3 et
— —_F%FR sFPa, + —OF,, F" F\, F*
3m3 L e A (136)
_ 2’[)0(11]/)4 ,
Then,
16 2 8
J = UO 175(11]/)4 4 5(1 4 wZ)(w/I)Z + wa//(wl)Z
(137)

For w = 2agsinwgt, we find the energy emitted in one
cycle from eq. (134) as

2 h2
E(l) o Gae

2 2 3
linear — 2 (Tag + 1)aguwy -

(138)

C. Circular motion with constant magnetic field

If the magnetic field B is constant, E = 0, and if the
motion is stationary, then

K, = 4'a- (ax B), (139)
K, = 6v%a x B||? — 20%(a - a)B?, (140)
so that
0 2 . de .
I=2v"4(a-a)*—a-a]+—v’a-(axB)
m

et o 2 0 2
+W[60 la x B||* —2v"(a - a)B?|

2¢" §ip22
+%v (B9)=. (141)

(a-a = 0 because a - a is constant in this case.) From
eqgs. (60) and (61), we find a® = 0 and

a=—"vxB, (142)
m
a=-"axB. (143)
m
Using the fact that a 1L B, we find
I =2 |4(a2)? + 3 2,2 i(BZ’)2 (144)
m?2 3m4 ’

Now, suppose that the motion is circular with angular
frequency wg. We choose the magnetic field to be in the
y-direction and define

eB,

mwo '

ag = (145)

Then, the motion of the electron can be described by

\/17a52

z=—+———coswyt, (146)
wo
y/1-— a52
x="———sinwgt. (147)
wo

11

Then,
a? = a3(a} — 1)u?, (148)

and

(149)

8
I=2° <8a(8) — 10ad + 3a%> wy .

Thus, the energy of the axions emitted in one cycle is

2
1 gaeh 4
Bl e = 255 (405 =508 + Jab) i (150)

Notice that this is much larger than the energy emitted
in the linear case, eq. (138) if ap > 1, i.e., if the electron
is highly relativistic.

V. THE EMISSION SPECTRUM FOR THE
CONSTANT MAGNETIC FIELD

Here we investigate the axion-emission spectrum for a
circular motion with a constant magnetic field given by
eqs. (146) and (147).

The motion is periodic, and the emission amplitude
can be expressed as a Fourier series with period 27 /wy.
The (infinite) emission probability is formally of the form

P:/Ooodk:/dﬂg(k,ﬂ)

where £ is a variable we identify later and has the same
period 27 /wy as the time t. We formally find

[e%s} o ) 2
/ Z Cnel(k*nw)édg ,

T (151)

oo

P:Qw/ dk/ng(k,Q) > fenl?d(k — nwo)
0

n=—oo

x 275(0) (152)
where 27(0) is formally the integral over £ from —oo to
oo. Integration over £ from —7'/2 to T'/2 is equivalent
to that over ¢ for the same period if T'/2 is a multiple of
their period 27 /wg. Thus, we can regard 276(0) as the
time duration 7. Hence, the emission rate, R = P/T, is

R=2n Z/ng(nwo, Q)lenl?. (153)
n=1

To use this formula to find the emission rate, we need to
find the Fourier coefficients c¢,,.

The periodicity of the motion also lets us use the first
line of eq. (53), which is the form of the amplitude before
the integration by parts to remove the contribution from
the “axion cloud” around the electron.
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A. The spin-non-flip case Comparing egs. (152) and (155), we can make the follow-
ing identification:
The amplitude in the first line of eq. (53) in the spin- _ hg2, &k,
non-flip case with the spin in the positive or negative dk dS2g(k, ) ~ 4m?2 ) (27m)32k Ky (158)
y-direction reads 1 dt
e ot 159
ap dé n;w one ’ (159)
Yae ik-x(T
A(p,k,a,ﬁ) = %ky e ( )dT (154) Where
dt 1
—2 . .
Then, the (infinite) emission probability is L4/ 1 —ag~sinfsin(wot — @)

is a periodic function of £ with period 27 /wg. The Fourier
coefficients ¢,, can be found as

27/
= wo / “o 1nwg£ dt d€
0 dg§

2mag

. (155)

Pnf _ h’gge/ d3k k/,Q
M 4m? | (21)32ky Y

i / k& Y dt
ao dg
1

27
where we have used dr = agdt. The variable ¢ is defined i / einlsmfsimbeos(s=ellgg (s = wot), (161)
by k€ = k-x = kt — k - x, where k = kg. We define the 070

spherical polar coordinates 6 and ¢ by

where 8 =4/1—ay 2. Then, by the formula

1 27

(kz, ky, ky) = (ksinfcos g, ksinfsinp, kcosf). (156) il
27

gins—zcoss o e—i"Tf/QJn(z) , (162)

which follows from egs. 3.715.13 and 3.715.18 of Ref. [7],
where J,,(z) is the Bessel function of order n, we find

eimpfinﬂ'/Q 5
5 en = ———Jp(ny/1 —ay“sinb). (163)
_ 0

=t— ——sinf cos(wot — ) . 157
: wo (ot =) (157) Then, the rate of emission is

J

Using this and eqgs. (146) and (147), we find

2

g
Ry — 1g“ewg Z / < 1 —ag?sin 9) cos® 0sin 0 db (164)
Tm? 4—
and the power is
h2g2 wh O 4T 2
gnf — —_Jac”0 7/ J (m/l - a_2sin0> cos? fsinf df . (165)
€ 167mm?2 nz::l at o |'" 0
[
It is possible to carry out the summation and #-integral Then,
in eq. (165). Define u = s — accos s, where 0 < o < 1.
then, the variable du/ds > 0. We write eq. (162) with
z = na as
1 27 d2 1 )
o inu e—znTr/Q 2J - _ “ e dyy
e /2 I (na) = i/ — . (166) (ner) 2r Jo  du? <1+O‘Sin5>
2r Jo 14 asins (167)



Since |J,(na)? = |J_n(
plies

—na)|?, Parceval’s theorem im-

13

Then, we perform the 6O-integral with o =

1 _%—2 sinf. We find the energy emitted in one

1127 | g2 1 2 cycle as
I ( — | — d
Zn [Tn(ne) 47r/ du? <1+asins) “
n 22 /1 3 4
2708 + 4720% + 59202 + 64)0? gt — Jaelt <a§ —Zad+ ag> Wi (169)
= P61 — a7 8m2 \37° 5707 15
(168)
J
B. The spin-flip case
For the spin-flip case, the amplitude in the first line of eq. (53) reads
Yae . k-p+mk . iwot ik
ApkF4) = %/ |:k(nz +ing) — m(ﬁz + me)] eTteotett T dr (170)
Since n, + in, = sinfe** and p, + ip, = my/aZ — 1(—sinwot + i coswpt) = +imy/a3 — leF“ot we find
YGae . i(wot— . k- p+ mk ik-x
A === k sin fe i (wol=#) 21— dr. 171
PkFE) = 5 / [ sin fe Fiy/ad P e T (171)
In our case, pg = mag is constant, and
k-pe™*dr = —im e dr =0, (172)
by periodicity. Thus, we find
. Gack ap — 1 . Fi(wot—e) | Lik-x
Apx,s,+) = Fi 5 P tisinfe e rdr. (173)
Then, we can make the following identification in eq. (152):
e hg? d3k
dk [ dQg(k,Q) = 2% k? 174
| [angtee) = 2 [ o, (174)
and
ap — 1 Fi(wot—p) *anof
P +isinfe Z cte (175)
where dt/d¢ is given by eq. (160).
Proceeding as in the spin-non-flip case, we find
inp 2m —1 . . ) .
c7:|l: — e / ao ezn(sf,B sin 6 cos s) + isin 061(n¥1)sfﬁ sin 6 cos s ds . (176)
27’(’@0 0 ag + 1
This integral is evaluated using eq. (162) again, and we obtain
. ‘nm -1
apce™ P = 7Y o n 1Jn (m/ 1 —ag?sin 9) + isin et MFUT/2 g (n\/ 1—ay? sin@) . (177)
ao
Then, we obtain the rate of emission as
f,+ hgae‘*’o . —2 . : .
R: = T6mm? Z 1- ao ?sin6 | —sin0J,+1 (ny/1 —ag?sind || sinfdo, (178)




and the power is

h gaewo
167m? Z / ‘

f,.£ _
Sem -

JIn <m/1 faa2 sin@) —sin0J,+1 (n\/l - ao_Qsin9>

14

2
sinfdf.  (179)

Parceval’s theorem can be used to find the average of the up-to-down and down-to-up spin-flip powers of emission

because, although |cn | + |c | we have |c(jL | = |c )| That is,
Sont(eP 1Py = YD ntlelDP (180)
n=1 n=-—00
Thus, Parceval’s theorem implies
= 1 [*|d? ag— 1 4 2
()2 4 [o(=) £ 0 j sin Qe 1 in s)d 181
g (1512 + 1eL7)12) = 471_/0 du2{1—|—ozsins[ a0+1+zsme ]} (14 asins)ds. (181)
This integral can be evaluated as
(27a% + 4720* + 59202 + 64) [ ya0 — 1 ag—1 . 4508 + 56008 — 480a* — 115202 — 128 . ,
Y = @ — sinf | — sin“ 6.
256(1 — a2)13/2 ap +1 ap+1 256(1 — a2)13/2
(182)
For a =4/1 —aEQSinﬁ we find
2a0 — 1 apg — 1 . 2
— 0=—a~. 1
o T 1 a0+1sm ! (183)
Hence
v _ 270® +47205 4 5920 +640®  450° +560a° — 480" — 11520% — 128 .y (184)

256(1 — a2)13/2

256(1 — a2)13/2

Then, by evaluating the angular integral in eq. (179), we find the spin-averaged axion energy emitted in one cycle as

3

circular 8m2

Weav _ PG5, (23

(€]

circular

=g

circular?’

We find E (1)nf + E(l)f av

circular circular where F

The ratio between power and rate (i.e. dividing eq. (165)
by eq. (164) and eq. (179) by eq. (178)) can be used as
a function of a¢ to find the typical axion energy. We
find numerically that, in the spin-non-flip case, the ratio
scales as ~ 3agwo. In the spin-flip case, the ratio scales
as ~ 3.Tajwo and ~ 2adwy for initial spin in the posi-
tive or negative y-direction, respectively. We also find

050 50

4 12
as — —7a6 + a4> wy . (185)

is given by eq. (150), as expected.

(

numerically that the largest part of the emitted energy
comes from the spin-flip case for initial spin in the posi-
tive y-direction. We can therefore take the typical axion
energy to be ~ 4ajwg. Although this result holds for
a constant magnetic field only, we expect the same to
be qualitatively true for axion emission from an electron
accelerated by two laser fields, as described in the main
text.
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