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In this supplemental material, we present the derivations of some results shown in the main text.
We also show that the interaction amplitude in the weak-field limit can be found using the standard
perturbation theory using Feynman diagrams.

I. WKB SOLUTIONS WITH GENERAL
ELECTROMAGNETIC FIELD

The Dirac equation in an external electromagnetic po-
tential Aµ is

iγµ(ℏ∂µ − ieAµ)ψ −mψ = 0 . (1)

The solutions to this equation in the WKB approxima-
tion for a purely time-dependent potential was found in
Ref. [1]. We seek an approximate solution in the form

ψ = Ψ̌ exp

(
− i

ℏ
S

)
, (2)

where S is a scalar function. Substituting eq. (2) into
eq. (1), one finds

[γµ(∂µS + eAµ)−m]Ψ̌ + iℏγµ∂µΨ̌ = 0 . (3)

Letting Ψ̌ = Ψ + Ψ(h), where Ψ and Ψ(h) are of zeroth
order and of higher order, respectively, in ℏ, we can write
eq. (3) to first order in ℏ as follows:

[γµ(∂µS + eAµ)−m]Ψ = 0 , (4)

[γµ(∂µS + eAµ)−m]Ψ(h) + iℏγµ∂µΨ = 0 . (5)

By multiplying these equations by γµ(∂µS + eAµ) + m
and using {γµ, γν} = 2gµν , we find

(∂µS + eAµ)(∂µS + eAµ)−m2 = 0 , (6)

[γµ(∂µS + eAµ) +m]γν∂νΨ = 0 . (7)

The WKB solution to the Dirac equation (1) to lowest
order in ℏ is

ψ(WKB) = Ψexp

(
− i

ℏ
S

)
, (8)

where the scalar function S and the spinor Ψ satisfy
eqs. (4), (6) and (7).
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Let us find the scalar function S satisfying eq. (6). We
first describe the congruence of classical world lines used
to construct the function S. These world lines satisfy the
Lorentz-force equation,

d2xµ

dτ2
= − e

m
Fµν dxν

dτ
, (9)

where τ is the proper time along these world lines. We
assume Aµ = 0 on the hypersurface t = ti in the past
where vµ is constant. (Thus, the world lines are parallel
to each other when they emanate, with τ = 0, from this
hypersurface.) We assume that these world lines do not
cross each other. If

∂µS + eAµ = mvµ , (10)

where vµ = dxµ/dτ , then eq. (6) is satisfied because
vµvµ = 1. Equation (10) can be solved for S if and
only if

∂µ(eAν −mvν)− ∂ν(eAµ −mvµ) = 0 , (11)

i.e.,

∂µvν − ∂νvµ − e

m
Fµν = 0 , (12)

where Fµν = ∂µAν − ∂νAµ. Observe that eq. (9) follows
from this equation by contracting it by vν :

vν∂µvν − vν∂νvµ − e

m
Fµνv

ν = 0 . (13)

Since vν∂µvν = 0 and vν∂ν = d/dτ , we find eq. (9).
First we note that eq. (12) is satisfied at t = ti, i.e., at

τ = 0, because Fµν = 0 and vµ is constant there. Now,
the τ -derivative of the left-hand side of eq. (13) is found,
by using eq. (9) and the Bianchi identity for Fµν , as

d

dτ

(
∂µvν − ∂νvµ − e

m
Fµν

)
= (∂µv

λ)
(
∂νvλ − ∂λvν − e

m
Fνλ

)
− (∂νv

λ)
(
∂µvλ − ∂λvµ − e

m
Fµλ

)
. (14)

The unique solution to this equation with the initial con-
dition (12) at τ = 0 is eq. (12) for all τ . Thus, we have
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constructed the scalar function S satisfying (6). Then, if
we define pµ = mvµ, eq. (4) becomes

(γµpµ −m)Ψ = 0 , (15)

and the solution is

Ψ ∝
(

s
σ·p

p0+ms

)
, (16)

where s is a two-component spinor, as is well known.
The differential equation describing the time evolution

of Ψ can be found from eq. (7) as follows. This equation
can be written, using eq. (10) as

(γµvµ + 1)γν∂νΨ = 0 . (17)

We add this equation and

γµ∂µ[(γ
νvν − 1)Ψ] = 0 , (18)

which follows immediately from eq. (4), to find

dΨ

dτ
+

1

2

(
∂µv

µ +
e

2m
γµνFµν

)
Ψ = 0 , (19)

where we used eq. (12).
Let

Ψ = Ψ̃ exp

(
−1

2

∫ τ

0

∂µv
µ(ξ) dξ

)
. (20)

Then,

dΨ̃

dτ
= − e

4m
γµνFµνΨ̃ . (21)

By recalling that

F0i = Ei ,

Fij = −1

2
ϵijkBk ,

(22)

we find

− e

4m
γµνFµν = − e

2m

(
iσ ·B σ ·E
σ ·E iσ ·B

)
. (23)

We also note that the Lorentz-force equation eq. (9) can
be written in terms of the electric and magnetic fields as

dp0
dτ

= − e

m
p ·E ,

dp

dτ
= − e

m
(p0E+ p×B) .

(24)

Let

Ψ̃ =

(√
p0 +ms
σ·p√
p0+m

s

)
, (25)

which satisfies eq. (16). Then, by using eqs. (23) and
(24), we find that eq. (21) is satisfied if

ds

dτ
= − ie

2m

(
B(τ)− p(τ)×E(τ)

p0(τ) +m

)
· σ s . (26)

This is the Thomas-BMT equation for relativistic spin
dynamics [2, 3]. Thus, the WKB solution to first order
can be written as

ψ(WKB) =
√
p0 +m

(
s

p·σ
p0+m s

)
exp

(
−1

2

∫ τ

0

∂µv
µ(ξ) dξ

)
× exp

(
− i

ℏ
S

)
, (27)

where S satisfies eq. (10), pµ = mvµ and s satisfies
eq. (26), whose solution is given by

sα(τ) = T exp

[
−i

∫ τ

0

F(ξ) · σ dξ
]
sα(0) , (28)

where T denotes time-ordering and where we defined

F =
e

2m

(
B− p×E

p0 +m

)
. (29)

It is interesting to note that

ψγµψ = 2mvµ exp

(
−
∫ τ

0

∂µv
µ(ξ) dξ

)
, (30)

and that the current conservation equation ∂µ(ψγ
µψ) =

0 is satisfied.
The WKB approximation would break down if the con-

gruence of world lines of the classical electron had a focal
point where ∂µv

µ → −∞ as can be seen in Eq. (27). We
have observed numerically that these world lines tend not
to have focal points in the background electromagnetic
field we assume in this paper though we cannot exclude
them. Even if focal points occur, we expect that the
WKB approximation will be valid away from them as we
argue below.
The WKB approximation is expected to be accurate if

the first-order correction Ψ(h) to Ψ is much smaller than
Ψ. It can be found from Eq. (5) as

Ψ(h) =
iℏ
2m

γµ∂µΨ , (31)

with the help of Eq. (7). Hence, the WKB approximation
is expected to be valid if

ℏ
2m

∥∂µΨ∥ ≪ ∥Ψ∥ . (32)

The derivative of Ψ can be estimated using Eq. (19).
Equation (13) indicates that ∂µvν are of the same order
as (e/2m)Fµν if they do not diverge. Since (e/m)Fµν ∼
a0ω0, we find ∥∥∥∥dΨdτ

∥∥∥∥ ∼ a0ω0∥Ψ∥ . (33)

We note that, since the coordinate time is ∼ a0τ , the
change in ∥Ψ∥ in one cycle is of the same order as ∥Ψ∥
itself beacause a0τ × ω0 ∼ 1 in one cycle.
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Next, if λ is a coordinate on the τ -constant hypersur-
face, then from Eq. (19) we find

d

dτ

(
∂Ψ

∂λ

)
= −1

2

(
∂µv

µ +
e

2m
γµνFµν

) ∂Ψ
∂λ

− ∂

∂λ

(
∂µv

µ +
e

2m
γµνFµν

)
Ψ . (34)

If we choose λ to be the proper length between the λ-
constant surfaces, we have

∂

∂λ

(
∂µv

µ +
e

2m
γµνFµν

)
∼ a0ω

2
0 , (35)

since Fµν oscillates with angular frequency ω0. Hence, in
one cycle we have at most∥∥∥∥∂Ψ∂λ

∥∥∥∥ ∼ a0ω0∥Ψ∥ , (36)

with possible Lorentz-boost factor of the order of a0 in-
corporated. [Any enhancement of ∥∂Ψ/∂λ∥ due to the
first term on the right-hand side of Eq. (34) in one cycle
is estimated to be of the same order as ∥∂Ψ/∂λ∥ (see the
comment after Eq. (33)). Also, if this term enhances
∥∂Ψ/∂λ∥, then ∥Ψ∥ should be enhanced in the same
way. Hence we expect that it will not affect the ratio
∥∂Ψ/∂λ∥/∥Ψ∥ significantly.] Then, the derivative ∂µΨ
with respect to a Cartesian coordinate is estimated as

∥∂µΨ∥ ∼ a20ω0∥Ψ∥ , (37)

by taking any Lorentz-boost factor, which is of the order
of a0, into account. Thus, the condition for the validity
of the WKB approximation is

ℏ
m
a20ω0 ≈

( a0
700

)2

≪ 1 , (38)

where we have let ℏω0 = 1eV and m = 511keV. This is
satisfied if a0 ≈ 30.

II. EMISSION PROBABILITY AMPLITUDE

We expand the electron field as

ψ(t,x) =
∑
p,α

[
u(p,α)(x)b(p,α) + v(p,α)(x)d

†
(p,α)

]
, (39)

where∫
d3x u†(p,α)u(p,β) =

∫
d3x v†(p,α)v(p,β) = δαβ ,∫

d3x u†(p,α)v(p,β) = 0 ,

(40)

and {
b(p,α), b

†
(p,β)

}
=

{
d(p,α), d

†
(p,β)

}
= δαβ , (41)

with all other anti-commutators vanishing. Then, the
equal-time anti-commutation relation,

{ψa(t,x), ψ
†
b(t,x

′)} = δ(3)(x− x′)δab , (42)

is satisfied. We choose a wave-packet solution,
u(p,α)(t,x), peaked near a classical world line but ap-
proximately with a definite momentum and spin as one
of these basis states. (Thus, this wave packet behaves
like a classical electron.) The index α specifies the spin.
The WKB solutions constructed in the previous subsec-
tion satisfies ψ†ψ = 2p0. Thus, this wave-packet solution
can be written approximately as

u(p,α)(t,x) =

√
p0 +m

2p0

(
sα

p·σ
p0+m sα

)
G(t,x) , (43)

where sα satisfies the Thomas-BMT equation, eq. (26).
The function G(t,x) is peaked about a classical world
line and satisfies ∫

d3x|G(t,x)|2 = 1 . (44)

That is, although G(t,x) is a smooth function, we may
assume that |G(t,x)|2 is well approximated by δ(3)(x −
x(t))
The axion field is expanded as

ϕ(x) =

∫
d3k

(2π)32k0

(
ake

−ik·x + a†ke
ik·x

)
, (45)

where [
ak, a

†
k′

]
= (2π)32ℏk0δ(3)(k− k′) . (46)

Although the axion mass ma is nonzero, we let ma = 0,
assuming that it is very small. The term describing the
interaction between the electron field and the axion field,
ϕ, in the Lagrangian density is

Lint = −ℏgae
2m

∂µϕψγ5γ
µψ . (47)

The interaction Hamiltonian density can be found follow-
ing the standard procedure as

Hint =
ℏgae
2m

∂µϕψγ5γ
µψ +

1

2

(
ℏgae
2m

)2

(ψγ5γ
0ψ)2 . (48)

To lowest order in perturbation theory we may neglect
the four-fermi interaction term. For this reason we adopt
the first term as the interaction Hamiltonian density from
now on.
Let the annihilation operator corresponding to the

wave-packet solution u(p,α)(t,x) be denoted by bα. (We
omit “p” to simplify the notation.) The initial and final

states are b†α |0⟩, and a†kb
†
β |0⟩, where a

†
k is the creation op-

erator for the axion with momentum k. We assume that
the solutions corresponding to b†α |0⟩ and b†β |0⟩ are ap-
proximately the same except possibly for the spin states.
That is, sα and sβ may or may not be the same, but they
have approximately the same spatial wave function. If
the initial state is b†α |0⟩, then the final one-axion-emission
state is, with : · · · : denoting normal-ordering,
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|f⟩ = − i

ℏ

∫
d4x :Hint(x) : b

†
α |0⟩

=
gae
2m

∫
d3k

(2π)32k0

∑
β

∫
d4xuβγ5/kuαe

ik·xa†kb
†
β |0⟩

=
gae
2m

∫
d3k

(2π)32k0

∑
β

∫
dt

2p0
Φβγ5/kΦα e

ik0t−ik·x(t)a†kb
†
β |0⟩

=
gae
4m2

∫
d3k

(2π)32k0

∑
β

∫
dτΦβγ5/kΦα e

ik·x(τ)a†kb
†
β |0⟩ ,

(49)

where

Φα =
√
p0 +m

(
sα

p·σ
p0+m sα

)
. (50)

We find

Φβγ5/kΦα = 2s†β

(
mk · σ − k · p+mk

p0 +m
p · σ

)
sα , (51)

Since ⟨0| bβb†β |0⟩ = 1, using eq. (46) we find the proba-

bility for emission to be

Pem = ℏ
∫

d3k

(2π)32k0

∑
β

∣∣A(p,k,β,α)

∣∣2 , (52)

where

A(p,k,β,α) =
gae
2m

∫
dτ s†β

[
k · σ − k · p+mk

m(p0 +m)
p · σ

]
sα e

ik·x(τ)

=
igae
2m

∫
dτ
d

dτ

{
(k · v)−1s†β

[
k · σ − k · p+mk

m(p0 +m)
p · σ

]
sα

}
eik·x(τ)

=
igae
2m

∫
dτ

eik·x(τ)

(k · v)2
s†β(τ)Q(τ) · σsα(τ) , (53)

where in the second step we integrated by parts and de-
fined

Q = V − (k · a)k− [V0 − (k · a)k0]
p

p0 +m
, (54)

with

V µ =
e

m
(k · v)Fµνkν , (55)

which can be re-expressed using eq. (22) as

V0 =
e

m
(k · v)k ·E , (56)

V =
e

m
(k · v)(k0E+ k×B) . (57)

Here, aµ = dvµ/dτ is the proper acceleration. A useful
formula for finding Q is

d

dτ

(
p

p0 +m

)
=

2F× p− eE

p0 +m
, (58)

which can be derived from the Lorentz-force equa-
tions (24). It is also useful to note that the Lorentz-force
equations can be given as

aµ = − e

m
Fµνvν , (59)

or

a0 = − e

m
v ·E , (60)

a = − e

m
(v0E+ v ×B) . (61)

A. One-dimensional motion

Suppose that the electric field E is parallel to the z-
direction and B = 0. Then, the motion can occur along
the z-axis. From eq. (26) we find that the spin is time
independent. Let the initial spin sα be pointing in the
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z-direction. If the final spin sβ is pointing in the same di-
rection, then the corresponding amplitude, i.e., the spin-
non-flip amplitude, is

Anf
(pz,k)

=
igae
2m

∫
dτ

eik·x

(k · v)2
Qz(τ) , (62)

where [4]

Qz(τ) = −k2⊥a(τ) , (63)

with the acceleration a(τ) defined by

a(τ) = − e

m
Ez(τ) . (64)

Hence, the spin non-flip axion emission probability is

P nf
em =

ℏg2ae
4m2

∫
d3k

(2π)32k0
k4⊥

∣∣∣∣∫ dτ
a

(k · v)2
eik·x

∣∣∣∣2 . (65)

If the final spin is in the opposite direction, then

Af
(pz,k)

=
igae
2m

∫
dτ

eik·x

(k · v)2
[Qx(τ) + iQy(τ)] , (66)

where

Qx(τ) + iQy(τ) = −(k · a)(kx + iky) . (67)

Hence the spin-flip emission probability is

P f
em =

ℏg2ae
4m2

∫
d3k

(2π)32k0
k2⊥

∣∣∣∣∫ dτ
k · a

(k · v)2
eik·x

∣∣∣∣2 . (68)

B. Two-dimensional motion

If the electric field is on the xz-plane and the magnetic
field is in the y-direction, then the electron motion can
occur on the xz-plane. In this case it is convenient to
choose the initial spin in the y-direction since eq. (26)
reads

ds±
dτ

= ∓ ie

2m

(
By −

vzEx − vxEz

v0 + 1

)
s± , (69)

where σys± = ±s±, so that

s±(τ)

= exp

[
∓ ie

2m

∫ τ

τi

(
By −

vzEx − vxEz

v0 + 1

)
dξ

]
s±(τi) .

(70)

Then, the spin-non-flip emission amplitude is

P nf
em =

ℏg2ae
4m2

∫
d3k

(2π)32k0
k2y

∣∣∣∣∫ dτ eik·x
k · a

(k · v)2

∣∣∣∣2 . (71)

The spin-flip amplitude is

P f
em =

ℏg2ae
4m2

∫
d3k

(2π)32k0

∣∣∣∣∫ dτ eik·xe∓if(τ)Qz ± iQx

(k · v)2

∣∣∣∣2
(72)

where

Qz ± iQx = − e

m
(k · v)[k0(Ez ± iEx) + (kx ∓ ikz)By]

− (k · a)(kz ± ikx)

−
[ e
m
(k · v)k ·E− (k · a)k0

] vz ± ivx
v0 + 1

,

(73)

f(τ) =
e

m

∫ τ

τ0

[
By(ξ)−

(v(ξ)×E(ξ))y
v0(ξ) + 1

]
dξ . (74)

III. THE FEYNMAN-DIAGRAM DERIVATION
OF THE EMISSION PROBABILITY IN THE

WEAK-FIELD LIMIT

Here we investigate the emission process in the weak-
field limit but without assuming that the energy of the
axion emitted is of lower order in ℏ compared to the
energy of the electron. We let ℏ = 1.

Assume that the external electromagnetic potential Aµ

is nonzero only in a finite spacetime region and smooth.
Then, the spacetime Fourier transform,

Ãµ(q) =

∫
eiq·xAµ(x) d

4x , (75)

exists. The electron propagator is

D(p) =
i(/p+m)

p2 −m2 + iϵ
. (76)

The relevant Feynman diagram is shown in Fig. 1. With

e−

Aµ

e−

e−

Aµ

e−

a

a

FIG. 1. The Feynman diagrams for the axion emission: The
solid line represents the electron and the dashed line repre-
sents the axion. The dot represents the interaction of the
electron with the external potential.

the initial spinor u(i)(pi)e
−ipi·x and the final spinor

u(f)(pf )e
−ipf ·x, the amplitude for the emission of the ax-

ion with 4-momentum kµ is
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M =
egae
2m

u(f)(pf )[γ5/kD(pf + k)γµ − γµD(pi − k)γ5/k]u
(i)(pi)Ãµ(q) , (77)

where u(i)(p) and u(f)(p) are normalized so that

∑
spin

u(i)(p)u(i)(p) = /p+m, (78)

and similarly for u(f)(p). We have defined q = pf+k−pi.
Formally, the initial state, b†(pi,α)

|0⟩, is normalized as

⟨0| b(pi,α)b
†
(pi,α)

|0⟩ = (2π)32p0i δ
(3)(0) = 2p0iV , where

V is the (infinite) volume of the space. The flux is

2p0i [∥pi∥/p0i ] = 2∥pi∥. Define

Σ =
1

2p0i

∫
d3k

(2π)32k0

d3pf

(2π)32p0f
|M|2 , (79)

which we call the interaction volume. If the electron
beam has the number density ρ, then the emission prob-
ability is given by ρΣ.
By averaging over the initial spin and summing over

the final spin, we find

1

2

∑
spin sum

|M|2 = e2MµνÃ∗
µ(q)Ãν(q) , (80)

where

Mµν = −1

2
Tr

{
(/pf +m)

[
γ5/k(/pf +m)γµ

2pf · k
−
γµ(/pi +m)γ5/k

2pi · k

]
(/pi +m)

[
γν(/pf +m)/kγ5

2pf · k
−
/kγ5(/pi +m)γν

2pi · k

]}
. (81)

The overall minus sign is due to the insertion of γ5 and
γ0γ5γ

0 = −γ5. After a tedious but straightforward cal-
culation we find

1

2

∑
spin sum

|M|2 =
4e2

(k · vf )(k · vi)
kµF̃µν(q)F̃

νλ(q)kλ ,

(82)

where

F̃µν(q) =

∫
d4x eiq·x[∂µAν(x)− ∂νAµ(x)]

= −i[qµÃν(q)− qνÃµ(q)] . (83)

Thus, we find

Σ =
e2g2ae
2p0im

2

∫
d3k

(2π)32k0

d3pf

(2π)32p0f

kµF̃ ∗
µν(q)F̃

νλ(q)kλ

(k · vf )(k · vi)
.

(84)

Now, we consider the case where the electromag-
netic field is only t-dependent, i.e., space-independent
with the assumption that the characteristic frequency
of the electromagnetic field is much smaller than the
Compton wavelength of the electron so that, typically,
k0 ≪ ∥pi∥, ∥pf∥. The aim is to show that the Feynman-
diagram method gives the same result as our WKB result
in this limit.

The Fourier transform of the electromagnetic field be-
comes

F̃µν(q) = (2π)3δ(3)(pf + k− pi)F̂ (p
0
f − k0 + p0i ) , (85)

where

F̂ (p0f + k0 − p0i ) =

∫
ei(p

0
f+k−p0

i )tFµν(t) dt . (86)

Then, by using the momentum conservation, we have

p0f − p0i = −k · β, (87)

to first order in k0, where β = pi/p
0
i . Thus, we find

F̂ (p0f + k0 − p0i ) = v0

∫
eik·x(τ)Fµν(τ) dτ , (88)

where v0 = v0i = v0f at lowest order in ℏ. Substitut-

ing eq. (85) into eq. (84) and using the formal equality
(2π)3δ(3)(0) = V we find

Σ = V
e2g2ae
4m4

∫
d3k

(2π)32k0

kµF̃ ∗
µν(q)F̃

νλ(q)kλ

(k · v)2
, (89)

where vµ = vµf = vµi at this order. Then, since the

number density of one electron in volume V is ρ = 1/V ,
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the probability of axion emission is

P (av)
em = Σ/V

=
ℏe2g2ae
4m4

∫
d3k

(2π)32k0

×
∫
dτ ′

∫
dτ
e−ik·[x(τ ′)−x(τ)]

(k · v)2
kµF

µν(τ ′)Fνλ(τ)k
λ .

(90)

Now we show that eq. (90) agrees with the weak-field
limit of eq. (52). Note that the spin may be taken to be
constant in the weak-field limit. Then

1

2

∑
α,β

s†βQ(τ ′) · σsαs†αQ(τ) · σsβ

=
1

2
Tr[Q(τ ′) · σQ(τ) · σ] = Q(τ ′) ·Q(τ) .

(91)

In the expression (54) for Q we may approximate the 4-
momentum pµ = mvµ to be constant and treat only the
electromagnetic field to be time-dependent. Since

[V µ − (k · a)kµ]vµ = 0 , (92)

i.e.,

[V(τ)− (k · a(τ))k] · v = [V0(τ)− (k · a(τ))k0]v0 , (93)

and p2 = p20 −m2, we find

Q(τ ′) ·Q(τ) = −V µ(τ ′)Vµ(τ)

=
e2

m2
(k · v)2kµFµν(τ ′)Fνλ(τ)k

λ , (94)

in the weak-field limit, where we also used V µ(τ)kµ =
0. Then, we find that the weak-field approximation of
eq. (52) indeed agrees with eq. (90).

IV. ENERGY OF EMITTED AXIONS

Here we derive the formula for the energy of the emit-
ted axions. As is the case with the Larmor radiation (see,
e.g., Ref. [5]), the energy emitted takes a local form in
the sense that it is a single integral, rather than a dou-
ble integral, over the proper time. That is, there are no
interference terms between different proper times. This
is in contrast with the number of emitted axions, which
has interference terms of this kind.

Define

Q̃ = k−2
0 Q , nµ =

kµ

k0
,

Ṽ µ = Fµνnν .

(95)

Thus,

Q̃ =
e

m
(n · v)Ṽ − (n · a)n

+
p

p0 +m

[
n · a− e

m
(n · v)Ṽ0

]
.

(96)

Then, the energy emitted is obtained from eq. (52) as

Eβα =
g2aeℏ

16π2m2

∫
dΩ

4π

∫ ∞

0

dk k2
∫

dτ

[n · v(τ)]2

∫
dτ ′

[n · v(τ ′)]2
s†β(τ)Q̃(τ) · σsα(τ)s†α(τ ′)Q̃(τ ′) · σsβ(τ ′)eik·[x(τ)−x(τ ′)] .

(97)

We define ξ = t− n · x [6]. Then dξ/dτ = n · v so that dτ/(n · v)2 = dξ/(n · v)3. Thus

Eβα =
g2aeℏ

16π2m2

∫
dΩ

4π

∫ ∞

0

dk

∫
dξ

∫
dξ′

× d

dξ′

{
1

[n · v(τ)]3
s†β(τ)Q̃(τ) · σsα(τ)

}
d

dξ′

{
1

[n · v(τ ′)]3
s†α(τ

′)Q̃(τ ′) · σsβ(τ ′)
}
eik(ξ−ξ′) , (98)

where we have integrated by parts.

If we sum over the final spin states and average over the
initial spin states, then the integrand is symmetric under
the exchange ξ ↔ ξ′. This symmetry can be used to
extend the range of the k-integral to (−∞,∞). Thus,
we find the total energy emitted with the initial spin

averaged over as

⟨E⟩ = g2aeℏ
32πm2

∫
dΩ

4π

∫
dτ

n · v

×
∑
α,β

∣∣∣∣ ddτ
[

1

[n · v(τ)]3
s†β(τ)Q̃(τ) · σsα(τ)

]∣∣∣∣2 .
(99)
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Now,

d

dτ

[
1

[n · v(τ)]3
s†β(τ)Q̃(τ) · σsα(τ)

]
= s†βS · σsα , (100)

where

S = − 3n · a
(n · v)4

Q̃+
1

(n · v)3
[
˙̃
Q− 2F× Q̃] , (101)

where the dot denotes the τ -derivative and F is defined
in eq. (29). Then, since

∑
α sα(τ)s

†
α(τ) = 1 for all τ , we

find

⟨E⟩ = ℏ2g2ae
32πm2

∫
dΩ

4π

∫
dτ

n · v
Tr

[
(S · σ)2

]
=

g2aeℏ
16πm2

∫
dΩ

4π

∫
dτ

(n · v)7

×
[
9(n · a)2

(n · v)2
Q̃2 − 3n · a

n · v
d

dτ
Q̃2 + ∥ ˙̃

Q− 2F× Q̃∥2
]
.

(102)

To simplify the integrand in this equation, it is useful to
define

Uµ = (n · a)nµ − e

m
(n · v)Ṽ µ

= − e

m

(
nαF

αβvβ n
µ − nαF

αµnνvν
)
. (103)

Then,

Q̃ = −U+
mv

p0 +m
U0 . (104)

Equation (94) is translated to

Q̃2 = −UµUµ . (105)

Next we examine ∥ ˙̃
Q− 2F× Q̃∥2. We find

˙̃
Q− 2F× Q̃ = −dU

dτ
+

p

p0 +m

dU0

dτ
+
d

dτ

(
p

p0 +m

)
U0

+ 2F×U− 2F× p

p0 +m
U0 . (106)

By eq. (58) and the definition (29), we have

˙̃
Q− 2F× Q̃

= −dU
dτ

+
p

p0 +m

dU0

dτ
− eU0E

p0 +m

− e

m
U×B− e

m(p0 +m)
[(p ·U)E− (E ·U)p] .

(107)

Using Uµvµ = 0, i.e., p ·U = p0U0, we find

˙̃
Q− 2F× Q̃ = −

[
dU

dτ
+

e

m
(U0E+U×B)

]
+

p

p0 +m

[
dU0

dτ
+

e

m
U ·E

]
. (108)

Define

Hµ =
dUµ

dτ
+

e

m
FµνUν . (109)

Then,

˙̃
Q− 2F× Q̃ = −H+

p

p0 +m
H0 . (110)

The equation dvµ/dτ = −(e/m)Fµνvν can be used to
show that Hµvµ = H0v0 − H · v = 0. Then, the same

calculation as that demonstrated Q̃2 = −UµUµ shows
that

∥ ˙̃
Q− 2F× Q̃∥2 = −HµHµ . (111)

Thus, we find that

⟨E⟩ = ℏ2g2ae
16πm2

∫
dΩ

4π

∫
dτ

(n · v)7

×
[
−9(n · a)2

(n · v)2
UµU

µ +
3n · a
n · v

d

dτ
(UµU

µ)−HµH
µ

]
,

(112)

where Uµ is given by eq. (103), and

Hµ =
d(n · a)
dτ

nµ − e

m
(n · v)Ḟµνnν

− e2

m2
(n · v)FµνFνλn

λ .

When evaluating UµU
µ, we can use nµnµ = 0 and

nµṼµ = 0. Thus,

UµU
µ = − e2

m2
(n · v)2nµFµνFνλn

λ . (113)

Similarly, one can simplify HµH
µ as
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HµH
µ = −2e2

m2
(n · v)d(n · a)

dτ
nµF

µνFνλn
λ +

e2

m2
(n · v)2

(
Ḟµν +

e

m
FµαFα

ν
)
nν

(
Ḟµλ +

e

m
FµαF

α
λ

)
nλ . (114)

Hence, the expression inside the brackets of eq. (112) divided by (n · v)7 is

1

(n · v)7

[
−9(n · a)2

(n · v)2
UµU

µ +
3n · a
n · v

d

dτ
(UµU

µ)−HµH
µ

]
=

3e2

m2

(n · a)2

(n · v)7
nµF

µνFνλn
λ − 6e2

m2

n · a
(n · v)6

nµḞ
µνFνλn

λ +
2e2

m2

n · ȧ
(n · v)6

nµF
µνFνλn

λ

− e2

m2

1

(n · v)5
(
Ḟµν +

e

m
FµαFα

ν
)
nν

(
Ḟµλ +

e

m
FµβF

β
λ

)
nλ . (115)

A. Angular integral for the energy emitted

Next we carry out the angular integral in eq. (112). All integrals can be found from

1

4π

∫
dΩ

nµ1
nµ2

(n · v)5
= 2

v0vµ1
vµ2

(v · v)4
− 1

3

δ0µ1
vµ2 + δ0µ2

vµ1 + v0gµ1µ2

(v · v)3
. (116)

By letting v · v = 1 we have, for any tensor Nµν ,

1

4π

∫
dΩ

nµnνNµν

(n · v)5
= 2v0vµvνNµν − 1

3
(N0νv

ν + vµNµ0 + v0Nµ
µ) . (117)

Next, by differentiating eq. (116) with respect to τ and letting v · v = 1 and v · a = 0, we obtain

1

4π

∫
dΩ

n · a
(n · v)6

nµN
µνnν = −2

5

[
a0vµvνNµν + v0(aµvν + vµaν)Nµν

]
+

1

15

(
aµNµ0 +N0νa

ν + a0Nµ
µ

)
. (118)

Next, by differentiating eq. (116) twice with respect to τ , equating the contribution containing ȧµ and that not
containing ȧµ on both sides, and then letting v · v = 1 and v · a = 0, we find

∫
dΩ

4π

(n · a)2

(n · v)7
nµnνNµν = (a · a)

[
− 8

15
v0vµvνNµν +

1

15
(N0νv

ν + vµNµ0 + v0Nµ
µ)

]
+

2

15
[a0aµvν + a0vµaν + v0aµaν ]Nµν , (119)∫

dΩ

4π

n · ȧ
(n · v)6

nµnνNµν = (v · ȧ)
[
16

5
v0vµvνNµν − 2

5
(N0νv

ν + vµNµ0 + v0Nµ
µ)

]
− 2

5
[ȧ0vµvν + v0ȧµvν + v0vµȧν ]Nµν +

1

15
(N0ν ȧν + ȧµN

µ0 + ȧ0Nµ
µ) . (120)

Let us denote the angular integrals with the measure dΩ/4π of the first, second, third and fourth terms in eq. (115)
by I1, I2, I3 and I4, respectively. These are performed by using eqs. (119), (118), (120) and (117), respectively. Then,
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after using eq. (59) to express Fµνvν and Ḟµνvν in terms of aµ and ȧµ, we find

I1 = −3(a · a)
[
− 8

15
v0(a · a) + 2e

15m
F 0µaµ +

e2

15m2
v0FµνF

µν

]
+

2e2

5m2
v0aµFµνF

νλaλ , (121)

I2 = 6

[
−2

5
a0aµȧµ +

2e

5m
v0Fµνaν

(
ȧµ +

e

m
Fµλa

λ
)
− e2

15m2
F 0λḞλµa

µ − e2

15m2
Ḟ 0λFλµa

µ +
e2

15m2
a0Fµν Ḟµν

]
,

(122)

I3 = −2(a · a)
[
−16

5
v0(a · a) + 4e

5m
F 0µaµ +

2e2

5m2
v0FµνF

µν

]
+

4

5
ȧ0(a · a)− 8e

5m
v0aνF

νµȧµ

+
4e2

15m2
F 0µFµν ȧ

ν − 2e2

15m2
ȧ0FµνFµν , (123)

I4 = −2v0
(
ȧµ +

2e

m
Fµνaν

)(
ȧµ +

2e

m
Fµλa

λ

)
+

2e

3m

(
Ḟ 0λ − e

m
F 0αFα

λ
)(

ȧλ +
2e

m
Fλβa

β

)
+

e2

3m2
v0

(
Ḟµν +

e

m
FµλFλ

ν
)(

Ḟµν +
e

m
FµβF

β
ν

)
. (124)

For I3 we used the equality v · ȧ = −a · a. We can write the sum I = I1 + I2 + I3 + I4 as

I = K0 +
e

m
K1 +

e2

m2
K2 −

4e3

3m3
F 0αFαβF

βνaν +
e4

3m4
v0FµνF

νλFλαF
αµ , (125)

where

K0 = 2v0[4(a · a)2 − ȧ · ȧ]− 12

5
a0(a · ȧ) + 4

5
ȧ0(a · a) , (126)

K1 = −4v0ȧµFµνa
ν − 2(a · a)F 0µaµ +

2

3
Ḟ 0µȧµ , (127)

K2 = 6v0aµF
µνFνλa

λ − v0(a · a)FµνF
µν − 2

5
F 0µFµν ȧ

ν +
14

15
Ḟ 0λFλµa

µ

+
1

3
v0Ḟµν Ḟµν − 2

5
F 0λḞλµa

µ +
2

5
a0Fµν Ḟµν − 2

15
ȧ0FµνFµν . (128)

These can be given in terms of the electric and magnetic fields as

K1 = −4v0[ȧ0a ·E− ȧ · (a0E+ a×B)]− 2(a · a)a ·E+
2

3
Ė · ȧ , (129)

K2 = 6v0
[
∥a0E+ a×B∥2 − (a ·E)2

]
+ 2v0(a · a)(E2 −B2)− 2

5
E · (ȧ0E+ ȧ×B) +

14

15
Ė · (a0E+ a×B)

− 2

3
v0(Ė2 − Ḃ2)− 2

5
E · (a0Ė+ a× Ḃ)− 4

5
a0(E · Ė−B · Ḃ) +

4

15
ȧ0(E2 −B2) , (130)

where we have used

Fµνaν = (a ·E, a0E+ a×B) , (131)

and

F 0αFαβF
βνaν = (a ·E)(E2 −B2) + (a ·B)(E ·B) , (132)

FµνF
νλFλαF

αµ = 2(E2 −B2)2 + 4(E ·B)2 . (133)

The energy emitted is given by

⟨E⟩ = ℏ2g2ae
16πm2

∫
I dτ . (134)

B. One-dimensional motion

Let B = 0 and let E and v be in the z-direction. With
the notation vz = w, and with the prime dnoting the

t-derivative, we find from eqs. (126), (129) and (130),

K0 = v0
[
26

5
(w′)4 +

8

5
w(w′)2w′′ + 2(1 + w2)(w′′)2

]
,

e

m
K1 = v0

[
2(w′)4 − 2

3
(1 + w2)(w′′)2 − 2

3
w(w′)2w′′

]
,

e2

m2
K2

= v0
[
−122

15
(w′)4 − 2

5
ww′′(w′)2 − 2

3
(1 + w2)(w′′)2

]
,

(135)
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where we have used (e/m)Ez = −w′, and

− 4e3

3m3
F 0αFαβF

βνaν +
e4

3m4
v0FµνF

νλFλαF
αµ

= 2v0(w′)4 ,

(136)

Then,

I = v0
[
16

15
(w′)4 +

2

3
(1 + w2)(w′′)2 +

8

15
ww′′(w′)2

]
.

(137)

For w = 2a0 sinω0t, we find the energy emitted in one
cycle from eq. (134) as

E
(1)
linear =

g2aeℏ2

6m2
(7a20 + 1)a20ω

3
0 . (138)

C. Circular motion with constant magnetic field

If the magnetic field B is constant, E = 0, and if the
motion is stationary, then

K1 = 4v0ȧ · (a×B) , (139)

K2 = 6v0∥a×B∥2 − 2v0(a · a)B2 , (140)

so that

I = 2v0[4(a · a)2 − ȧ · ȧ] + 4e

m
v0ȧ · (a×B)

+
e2

m2
[6v0∥a×B∥2 − 2v0(a · a)B2]

+
2e4

3m4
v0(B2)2 . (141)

(a · ȧ = 0 because a · a is constant in this case.) From
eqs. (60) and (61), we find a0 = 0 and

a = − e

m
v ×B , (142)

ȧ = − e

m
a×B . (143)

Using the fact that a ⊥ B, we find

I = 2v0
[
4(a2)2 +

3e2

m2
B2a2 +

e4

3m4
(B2)2

]
. (144)

Now, suppose that the motion is circular with angular
frequency ω0. We choose the magnetic field to be in the
y-direction and define

a0 =
eBy

mω0
. (145)

Then, the motion of the electron can be described by

z =

√
1− a−2

0

ω0
cosω0t , (146)

x =

√
1− a−2

0

ω0
sinω0t . (147)

Then,

a2 = a20(a
2
0 − 1)ω2

0 , (148)

and

I = v0
(
8a80 − 10a60 +

8

3
a40

)
ω4
0 . (149)

Thus, the energy of the axions emitted in one cycle is

E
(1)
circular =

g2aeℏ
4m2

(
4a80 − 5a60 +

4

3
a40

)
ω3
0 . (150)

Notice that this is much larger than the energy emitted
in the linear case, eq. (138) if a0 ≫ 1, i.e., if the electron
is highly relativistic.

V. THE EMISSION SPECTRUM FOR THE
CONSTANT MAGNETIC FIELD

Here we investigate the axion-emission spectrum for a
circular motion with a constant magnetic field given by
eqs. (146) and (147).
The motion is periodic, and the emission amplitude

can be expressed as a Fourier series with period 2π/ω0.
The (infinite) emission probability is formally of the form

P =

∫ ∞

0

dk

∫
dΩg(k,Ω)

∣∣∣∣∣
∫ ∞

−∞

∞∑
n=−∞

cne
i(k−nω0)ξdξ

∣∣∣∣∣
2

,

(151)

where ξ is a variable we identify later and has the same
period 2π/ω0 as the time t. We formally find

P = 2π

∫ ∞

0

dk

∫
dΩg(k,Ω)

∞∑
n=−∞

|cn|2δ(k − nω0)

× 2πδ(0) , (152)

where 2πδ(0) is formally the integral over ξ from −∞ to
∞. Integration over ξ from −T/2 to T/2 is equivalent
to that over t for the same period if T/2 is a multiple of
their period 2π/ω0. Thus, we can regard 2πδ(0) as the
time duration T . Hence, the emission rate, R = P/T , is

R = 2π

∞∑
n=1

∫
dΩ g(nω0,Ω)|cn|2 . (153)

To use this formula to find the emission rate, we need to
find the Fourier coefficients cn.
The periodicity of the motion also lets us use the first

line of eq. (53), which is the form of the amplitude before
the integration by parts to remove the contribution from
the “axion cloud” around the electron.
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A. The spin-non-flip case

The amplitude in the first line of eq. (53) in the spin-
non-flip case with the spin in the positive or negative
y-direction reads

A(p,k,α,β) =
gae
2m

ky

∫
eik·x(τ)dτ . (154)

Then, the (infinite) emission probability is

P nf
em =

ℏg2ae
4m2

∫
d3k

(2π)32k0
k2y

∣∣∣∣ 1a0
∫

eikξ
dt

dξ
dξ

∣∣∣∣2 , (155)

where we have used dτ = a0dt. The variable ξ is defined
by kξ = k · x = kt − k · x, where k = k0. We define the
spherical polar coordinates θ and φ by

(kz, kx, ky) = (k sin θ cosφ, k sin θ sinφ, k cos θ) . (156)

Using this and eqs. (146) and (147), we find

ξ = t−

√
1− a−2

0

ω0
sin θ cos(ω0t− φ) . (157)

Comparing eqs. (152) and (155), we can make the follow-
ing identification:∫ ∞

0

dk

∫
dΩ g(k,Ω) =

ℏg2ae
4m2

∫
d3k

(2π)32k0
k2y , (158)

1

a0

dt

dξ
=

∞∑
n=−∞

cne
−inω0ξ , (159)

where

dt

dξ
=

1

1 +
√

1− a−2
0 sin θ sin(ω0t− φ)

, (160)

is a periodic function of ξ with period 2π/ω0. The Fourier
coefficients cn can be found as

cn =
ω0

2πa0

∫ 2π/ω0

0

einω0ξ
dt

dξ
dξ

=
1

2πa0

∫ 2π

0

ein[s−β sin θ cos(s−φ)]ds (s = ω0t) , (161)

where β =
√
1− a−2

0 . Then, by the formula

1

2π

∫ 2π

0

eins−z cos sds = e−inπ/2Jn(z) , (162)

which follows from eqs. 3.715.13 and 3.715.18 of Ref. [7],
where Jn(x) is the Bessel function of order n, we find

cn =
einφ−inπ/2

a0
Jn(n

√
1− a−2

0 sin θ) . (163)

Then, the rate of emission is

Rnf
em =

ℏg2aeω3
0

16πm2

∞∑
n=1

n3

a20

∫ π

0

∣∣∣∣Jn (n√1− a−2
0 sin θ

)∣∣∣∣2 cos2 θ sin θ dθ , (164)

and the power is

Snf
em =

ℏ2g2aeω4
0

16πm2

∞∑
n=1

n4

a20

∫ π

0

∣∣∣∣Jn (n√1− a−2
0 sin θ

)∣∣∣∣2 cos2 θ sin θ dθ . (165)

It is possible to carry out the summation and θ-integral
in eq. (165). Define u = s − α cos s, where 0 < α < 1.
then, the variable du/ds > 0. We write eq. (162) with
z = nα as

e−inπ/2Jn(nα) =
1

2π

∫ 2π

0

einu

1 + α sin s
du . (166)

Then,

e−inπ/2n2Jn(nα) = − 1

2π

∫ 2π

0

d2

du2

(
1

1 + α sin s

)
einudu .

(167)
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Since |Jn(nα)|2 = |J−n(−nα)|2, Parceval’s theorem im-
plies

∞∑
n=1

n4|Jn(nα)|2 =
1

4π

∫ 2π

0

∣∣∣∣ d2du2
(

1

1 + α sin s

)∣∣∣∣2 du
=

27α6 + 472α4 + 592α2 + 64)α2

256(1− α2)13/2
.

(168)

Then, we perform the θ-integral with α =√
1− a−2

0 sin θ. We find the energy emitted in one

cycle as

E
(1)nf
circular =

g2aeℏ2

8m2

(
1

3
a80 −

3

5
a60 +

4

15
a40

)
ω3
0 . (169)

B. The spin-flip case

For the spin-flip case, the amplitude in the first line of eq. (53) reads

A(p,k,∓,±) =
gae
2m

∫ [
k(nz ± inx)−

k · p+mk

m(p0 +m)
(pz ± ipx)

]
e∓iω0teik·x dτ . (170)

Since nz ± inx = sin θ e±iφ and pz ± ipx = m
√
a20 − 1(− sinω0t± i cosω0t) = ±im

√
a20 − 1e±iω0t, we find

A(p,k,∓,±) =
gae
2m

∫ [
k sin θe∓i(ω0t−φ) ∓ i

√
a20 − 1

k · p+mk

p0 +m

]
eik·x dτ . (171)

In our case, p0 = ma0 is constant, and∫
k · p eik·xdτ = −im

∫
d

dτ
eik·x dτ = 0 , (172)

by periodicity. Thus, we find

A(p,k,∓,±) = ∓igaek
2m

∫ [√
a0 − 1

a0 + 1
± i sin θ e∓i(ω0t−φ)

]
eik·x dτ . (173)

Then, we can make the following identification in eq. (152):∫ ∞

0

dk

∫
dΩg(k,Ω) =

ℏg2ae
4m2

∫
d3k

(2π)32k
k2 , (174)

and [√
a0 − 1

a0 + 1
± i sin θe∓i(ω0t−φ)

]
dt

dξ
=

∞∑
n=−∞

c±n e
−inω0ξ , (175)

where dt/dξ is given by eq. (160).
Proceeding as in the spin-non-flip case, we find

c±n =
einφ

2πa0

∫ 2π

0

[√
a0 − 1

a0 + 1
ein(s−β sin θ cos s) ± i sin θei(n∓1)s−β sin θ cos s

]
ds . (176)

This integral is evaluated using eq. (162) again, and we obtain

a0c
±
n e

−inφ = e−inπ
2

√
a0 − 1

a0 + 1
Jn

(
n

√
1− a−2

0 sin θ

)
± i sin θe−i(n∓1)π/2Jn∓1

(
n

√
1− a−2

0 sin θ

)
. (177)

Then, we obtain the rate of emission as

Rf,±
em =

ℏg2aeω3
0

16πm2

∞∑
n=1

n3

a20

∫ π

0

∣∣∣∣√a0 − 1

a0 + 1
Jn

(
n

√
1− a−2

0 sin θ

)
− sin θJn∓1

(
n

√
1− a−2

0 sin θ

)∣∣∣∣2 sin θ dθ , (178)
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and the power is

Sf,±
em =

ℏ2g2aeω4
0

16πm2

∞∑
n=1

n4

a20

∫ π

0

∣∣∣∣√a0 − 1

a0 + 1
Jn

(
n

√
1− a−2

0 sin θ

)
− sin θJn∓1

(
n

√
1− a−2

0 sin θ

)∣∣∣∣2 sin θ dθ . (179)

Parceval’s theorem can be used to find the average of the up-to-down and down-to-up spin-flip powers of emission

because, although |c(±)
n | ≠ |c(±)

−n |, we have |c(+)
−n | = |c(−)

n |. That is,

∞∑
n=1

n4(|c(+)
n |2 + |c(−)

n |2) =
∞∑

n=−∞
n4|c(+)

n |2 . (180)

Thus, Parceval’s theorem implies

Y :=

∞∑
n=1

n4(|c(+)
n |2 + |c(−)

n |2) = 1

4π

∫ 2π

0

∣∣∣∣ d2du2
{

1

1 + α sin s

[√
a0 − 1

a0 + 1
+ i sin θe−is

]}∣∣∣∣2 (1 + α sin s)ds . (181)

This integral can be evaluated as

Y =
(27α6 + 472α4 + 592α2 + 64)

256(1− α2)13/2

(
α2 a0 − 1

a0 + 1
− 2α

√
a0 − 1

a0 + 1
sin θ

)
− 45α8 + 560α6 − 480α4 − 1152α2 − 128

256(1− α2)13/2
sin2 θ .

(182)

For α =
√
1− a−2

0 sin θ we find

α2 a0 − 1

a0 + 1
− 2α

√
a0 − 1

a0 + 1
sin θ = −α2 . (183)

Hence

Y = −27α8 + 472α6 + 592α4 + 64α2

256(1− α2)13/2
− 45α8 + 560α6 − 480α4 − 1152α2 − 128

256(1− α2)13/2
sin2 θ . (184)

Then, by evaluating the angular integral in eq. (179), we find the spin-averaged axion energy emitted in one cycle as

E
(1)f ,av
circular =

ℏ2g2ae
8m2

(
23

3
a80 −

47

5
a60 +

12

5
a40

)
ω4
0 . (185)

We find E
(1)nf
circular + E

(1)f ,av
circular = E

(1)
circular, where E

(1)
circular is given by eq. (150), as expected.

The ratio between power and rate (i.e. dividing eq. (165)
by eq. (164) and eq. (179) by eq. (178)) can be used as
a function of a0 to find the typical axion energy. We
find numerically that, in the spin-non-flip case, the ratio
scales as ∼ 3a30ω0. In the spin-flip case, the ratio scales
as ∼ 3.7a30ω0 and ∼ 2a30ω0 for initial spin in the posi-
tive or negative y-direction, respectively. We also find

numerically that the largest part of the emitted energy
comes from the spin-flip case for initial spin in the posi-
tive y-direction. We can therefore take the typical axion
energy to be ∼ 4a30ω0. Although this result holds for
a constant magnetic field only, we expect the same to
be qualitatively true for axion emission from an electron
accelerated by two laser fields, as described in the main
text.
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