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Abstract

This thesis provides and investigates the rigorous gradient flow viewpoint of the spatially
homogeneous Landau equation for soft potentials. This extends the similar perspective
recently developed for the Boltzmann equation with Maxwellian potentials [61]. Taking
advantage of the H-theorem for the Landau equation, we construct a metric from a dynamic
optimal transportation viewpoint [I7), 60] for which the Landau equation can be viewed as
the gradient flow of the Boltzmann entropy with respect to this metric. The gradient flow
description is further reinforced by recovering the grazing collision limit from the Boltzmann
equation to the Landau equation with simpler arguments and intuition in the spirit of I'-
convergence [I13]. Finally, a robust and efficient particle approximation is numerically
analysed for a regularised version of the Landau equation which preserves the gradient flow

structure.

This thesis invites and advertises the use of gradient flow techniques to pursue some of the

future research directions discussed here.
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List of notations and symbols

a<bora=0(b)
aSap,.. b

a~b

L
Ly,

p=fL

O'f or O, f
(D) = i f

a < Cb for a,b > 0 where C' > 0
a < Cb for a,b > 0 where C = C(«, 3,...) >0
a<band b<aforab>0

The projection onto {z}* for z € R? given by I — TZ@‘)QZ

Japanese angle bracket meaning \/m for v € RY
Lebesgue measure (on R? or whatever space context dictates)
Space of probability measures over the set €2

Continuous and bounded functions on €2

tn € P(Q) converges to u € Z(Q) in duality with Cp(Q)
Space of probability measures over full space (usually R?)
Members of &2 and £2(2) absolutely continuous with respect to £
p-th moment of y given by [p4 (v)? du(v) for p € &

Space consisting of all p € & such that m,(u) < +oo

Space of signed Radon measures over the set (2

Continuous functions on €2 vanishing towards the boundary
my, € M() converges to m € M(Q2) in duality with Cy(2)
Space of R%valued signed Radon measures over the set €
(fELRY | f>0and fo|f(0)|dv=1)

{f € LYRY) | fou |F(0)] (0)" dv < +o00}

1€ P and its density with respect to L is f € L}i-

Partial derivative of f with respect to v* component

(i, j)-component of Hessian matrix of f given by 0% f = 0,:0,; f

We will always use p to denote a probability measure. Moreover, we will consider curves pu : t €

[0,T] — p(t) € & which may be labelled by any of the following; p, g, p(t). Similarly, f will usually

denote a function (in some LP space) and curves f : t — f(¢) may be frequently represented by

fs ft, f(t). Subscripts, in particular subscript ¢, will never refer to partial differentiation.

We define the Boltzmann entropy of p € & by

J flogfdl, p=fL

00, otherwise

Hlu) = HIf] =
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Its first variation %l = log f is defined by the formal limit

i PS8l = ML) _ [ oM
710 n of

¢, V¢ € CX such that /qb =0.

Regularisations and scalings play a significant role. To avoid confusion, € > 0 is reserved exclusively
for the content in Chapters |2| and 4] and appendix |B| whereas € > 0 is reserved exclusively for
the content in Chapter [3] and appendix [Cl
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Chapter 1

Introduction

These humble pages contain the fruits of my Ph.D., which is dedicated to the study of the spatially

homogeneous Landau equation

O f(t,v) = Qrf(t,), f(t,-))(v), (L)

where the collision operator is given, for v € [~3,0] and II[z] the projection onto {z}*, by

Qulf.1)i= o+ ($0) [ | 0l = 0100~ 0.)(Tlog f(0) - Vlog f(w.))dv. ).

The unknown to be solved for, f(t,v), corresponds to the probability of finding a particle in a plasma [95,
37) at time ¢ > 0 and with velocity v € R?. The non-local structure of 7, accounts for the interactions
from particles with velocities v, € R3. Plasma is the fourth state of matter, consisting primarily of
charged particles which can be artificially generated by applying a strong electromagnetic field to a gas
at extremely high temperatures. Some examples include stars, lightning, aurorae, fluorescent lights,
fusion reactors, ... [82, 87]. The abundance of plasma in our universe motivates the study of to
better understand its physical properties. Moreover, plasma is the focus of the ambitious ITER project
to produce net energy through fusion [88]. While is the primary equation studied here, this thesis
also considers the spatially homogeneous Boltzmann equation below, which is closely related and
significant in kinetic theory and mathematical physics. For a given collision kernel B, the evolution of

a density, f, of particles colliding with each other in a gas [I15] 36] is given by

of = Qo(rf) = [ [ 178~ FR1B(0 = vl )dods.. )



I have suppressed the dependence on time and abbreviated f = f(v), f« = f(vs), f/ = f(V), fi = f())
(this convention will persist), where the post-collision velocities are determined by

;o vt Ul v — ;_vFue o=

2
=3 5 O U 5 5 O o€ S°.

Intuitively, the non-local collision operator ()5 considers binary collisions of particles in a gas. Given
two particles with pre-collision velocities v, v, € R3, the formulas for v" and v/, specify the respective
post-collision velocities of the two particles (c.f. Figure [L.1]). The second argument of B represents the

angle of collisions 6 € [0, /2] given implicitly by

k=

Figure 1.1: Hard sphere model of gas particles with green pre-collision velocities colliding and attaining
red post-collision velocities.

Hilbert’s famous sixth problem [84] suggests the importance of to develop ‘mathematically
the limiting processes ...which lead from the atomistic view to the laws of motion of continua.” In
formal terms, acts as an intermediary between microscopic laws of physics (particle collisions) and
macroscopic behaviour (the motion of fluids, e.g. phenomena described by the Navier-Stokes equations).

The typical example [118, 2] of the Boltzmann kernel which is considered in this thesis is
B(|z],0) = |z|7b(0), sin®b(f) =: 5(f) > 0. (1.1)

Besides the physical origins of , similar principles have inspired the use of kinetic models (choosing
different collision kernels other than (1.1])) for opinion formulation [I14], Elo-type models to compare
player strength in games, such as chess [89], and general systems of interacting agents [105].

Crucial to the study of and is the evolution of the Boltzmann entropy

Hif) = / f(v)log f()dv, fe L,

which I have defined here with the opposite sign conventionally used in physics. The quantity —H

measures the volume of different microscopic configurations given fixed macroscopic observations [120)].



This quantity also plays a similar role in Shannon’s information theory as a measurement of uncertainty
or redundancy [98, 42]. In plain terms, large values of H[f] correspond to order and total correlation of
a system where f describes the probability of different microscopic states. Conversely, small values of H
indicate disorder and uncertainty of a physical system. Supposing f = f(t) € L}r is a (smooth) solution
to either or , one has Boltzmann’s famous H-theorem (formally proved in Section , which
reads

Hf(t1)] < H[f(t2)], Vi1 >t2 > 0.

Physically, this result corresponds to the second law of thermodynamics and implies the irre-
versibility of time. Moreover, it suggests convergence of solutions f towards an equilibrium state
which represents fully uncorrelated particles as time goes to infinity. Mathematically, the H-theorem
is at the heart of [I18] and forms the basis of our extension in Chapter [2l The Boltzmann and Landau
equations are intimately related by the so-called grazing collision limit [51],[45]. This limiting process
describes the derivation of from in which g concentrates on collisions with small angular devi-
ation (@ < 1). This corresponds to infinitesimally small differences between the pre- and post-collision

velocities as Figure [1.2] below suggests.

Figure 1.2: Geometry of elastic collisions in centre of momentum coordinates.

The grazing collision limit is studied in more detail later (c.f. Chapter , but I simply mention it
for now to emphasise the connection between and . In fact, Landau’s original derivation [95]
in 1936 of served to replace for v = —3 corresponding to the Coulomb potential (owing to the
highly singular kernel ), which is the most physically relevant parameter choice.

The singularity coming from v < 0 and the degeneracy of II are major sources of difficulty in the



theory of [78, 73], 69, [70, 65]. This thesis collects the various projects I have completed relating
to from the viewpoint of gradient flows, a popular and thriving area of mathematical research
in recent times [0, 17, 90, B5, 111]. I invite readers to apply the sophisticated tools of gradient flows
against the open problems of .

As the reader can already tell, I have written this thesis with more of a personal flair and self-
expression than a typical academic paper. My narration freely alternates between the first person
singular (mainly used here in the introduction and in Chapter [5) and plural (mainly used in Chapters
to |4 with the royal ‘we’) forms. This thesis is also organised in a somewhat chronological order. The
format was motivated by my desire to write a coherent and pedagogical document. To be precise, the
present introduction sets the necessary context for Chapters [2| to [ Section reviews some formal
computations from the Boltzmann and Landau equations to develop the intuition motivating
the rigorous arguments in the rest of this thesis. Section [1.2| reviews some elements from the extensive
literature of gradient flow theory using a toy example in finite dimensions with a particular emphasis
on the results applied and generalised here. Sections to recount the literature on the Boltzmann
and Landau equations and serve as historical introductions for Chapters[2]to [4] respectively. Chapter
is the theoretical heart of this thesis and details the rigorous gradient flow description of . Chapter
revisits and simplifies the grazing collision limit which connects the Boltzmann equation to the Landau
equation from the framework of gradient flows developed by Erbar [61] (for the Boltzmann equation)
and Chapter [2| (for the Landau equation, see also [31]). Chapter [4] focuses on numerical experimentation
to approximate the Landau equation by considering a regularisation of the Landau equation, which
preserves its gradient flow structure. Finally, Chapter [5| summarises the results of this thesis together

with future research questions I wish to pursue.

1.1 The blueprint

I now sketch some formal computations as motivation to set the stage for the rest of this thesis, in
particular for Chapter |2, In the following, consider a (smooth) solution f = f(t,v) € L}‘_ to (L). The

H-theorem for can be formally proven by using log f(¢,v) as a test function

Ul = [ o+ Darfao
= —/ fViog f- / filv — 0w — 0,](Viog f — V. log fi)dv.dv
R3 R3

= —% // ffelv —v > (Viog f — V. log f) v — v,](Vog f — V., log f.)dv,dv.
R6



Integrating over time, this equality gives the so-called entropy dissipation equality

t
H[f(0)] = H[f(t)] + /0 (; //Rﬁ ffelv — v 27w — v,](Viog f — V. log f*)|2dv*dv> dt. (EDE})

=:Dr(f)>0

The positivity of the dissipation, D, comes from the fact that II[v — v,] is a projection; the quadratic

form is compressed by inserting an extra II (it is an idempotent operator), since
Tz = 2Tz = (M2) Tz = |22 >0, VzeR3

Assuming H[f(0)] < +oo to avoid pathological cases, (EDFE}|) implies H[f(t)] < H[f(0)], and the
difference is given precisely by fg D (f)dt < 400. The lower bound of H comes from Jensen’s inequality

for the relative entropy

H]f| M] = /Rg % log <J\f4) Mdv, M(v) = (21)"2 exp {-'”2’2} ,

recalling = — z log x is convex. My thesis illustrates the perspective of viewing functions ¢t — f(t) which

satisfy (EDEY) as gradient flow solutions to (L)). More precisely, the goal here is to take (EDEL)) as the

criteria for which the Landau equation is the steepest descent of H[f(t)] with respect to some metric.
Identifying this metric is one of the major objectives of Chapter
I have often looked to the heat equation as a helpful toy model to clarify the ideas discussed

previously. Consider u = u(t,z) € L}r a solution to the heat equation in R3
Oru = Au. (1.2)

There is a corresponding H-theorem for ([1.2) to arrive at a simpler version of (EDET))

t

Hu(0)] = Hlu(t)] —i—/ / u|V log u|*dzx dt. (1.3)

0 JR3
::Dh(u)

The entropy dissipation for the heat equation, Dy, is more commonly referred to as the Fisher infor-

mation. It is a classical result [90] that (1.2)) can be interpreted as the gradient flow of H with respect

to the 2-Wasserstein optimal transportation distance Wy on £?5. In other words, solutions u € %,

to (1.2)) decrease H as fast as possible in the W5 metric. To see how this example is related to , 1

drew inspiration from the seminal work of Benamou and Brenier [I7]. They showed that the Ws metric



between pg, 1 € Y2 could be computed as

1
W2(ji0, 1) = int { | [ttt Pt z)as
0 R

(n,v) € CE} , (1.4)

where the constraint (1, v) € CE means that the curves ¢ — u(t) € #3 and v € L7((0,T) x R?) solve

the continuity equation (in the distributional sense) with endpoints given by g, (1

Op+ V- () =0,  ple=0 = po, pli=1 = p1.

Now suppose u € Z5 solves (1.2) and it has finite initial entropy H[u(0)] < 4o00. Then the pair
(u,—Vlogu) € CE with endpoints py = u(0), 41 = u(1). Here, I am interchanging du(z) = u(x)dz
where u solves (|1.2)), an identification which will be frequently used. Moreover, the integral in ([1.4]) can

be explicitly written with the pair giving

1 1
Wg(u(O),u(l))g/o /R3 u]Vlogu|2:/0 Dy, (u(t))dt.

In fact, up to some omitted technical details, we have the following infinitesimal version involving the

metric derivative with respect to W,

lalyw, (£) = lim

The approach my supervisors José A. Carrillo and Matias Delgadino, our collaborator Laurent Desvil-
lettes, and I took to understanding the gradient flow structure of was to determine, in a similar

way to (1.4]), the Landau metric dy, which satisfies

lay (0 o= Jim S TO) 510,

In Chapter 2, the construction of dy, is modelled after the right-hand side of ((1.4)) by infimising some
lower semi-continuous energy integral subject to constraints which generalise the continuity equation.
To make the analogy between Dj and Dp more clear, I considered the following differential operator

V for functions ¢ = ¢(v) given by

[Vel(v,v.) = v = v.| "2 o — 0.)(Ve = V). (V)



Dy, can then be rewritten with more visual similarity to Dj, as

D) =5 [[ 151910 fldv.d.

Roughly speaking, V replaces the usual gradient V in the right-hand side . Let us formally recall
the intuition for the heat equation. A solution of the heat equation, u, can also be interpreted as a
solution of the continuity equation with velocity —V log u. The task now is to take a solution, f, of the
Landau equation and deduce the form of the generalised continuity equation it solves with ‘velocity’
given by —V log f. The generalised continuity equation to be considered is something I call the ‘grazing

continuity equation’ (GCE) which, for a given velocity V = V (¢,v,v,) € R3, reads

V- (ff.V)=0. (1.5)

N | —

O f +

The grazing continuity equation, as for the usual continuity equation in ((1.4]), should only be interpreted
in the distributional sense. That is, for a test function ¢ € C2°((0,T) xR3), the statement (f,V) € GCE

means that ((1.5) holds when tested against ¢

T 1 (T 3
/0 - O (t,v)df(v)dt + B /0 //RG [Vo|(v,vy) - Vi(v, vi)dfe(v)dfe(vi)dt = 0.

This takes care of the generalised continuity equation constraint. Finally, the integral to be infimised

should be the L?c f, horm of V' (mimicking the L2 norm of the velocity for the heat equation) leading to

2 = in 1 1 2
dy (fo, f1) = f{Q /0 //R‘) [V ]“dv.dvodt

This is the idea which led to the construction of the Landau metric d;,. This is explored in more detail

(f,V) € GCE7 f’tZO = f07 f’tzl :fl} .

in Chapter 2l We provide conditions under which weak solutions of (H-solutions from Villani [I1§],
to be precise) are equivalent to curves f which decrease H as fast as possible in the dp metric (i.e.
gradient flows). Notice that the choices of test functions ¢ € {1, v, |v|?} yield V¢ = 0. Hence, curves f
solving a priori conserve mass, momentum, and energy. This motivates the choice of &5 as the
space to equip with d;, as done in Chapter

I will avoid any rigorous pointwise interpretation of the grazing continuity equation (more
precisely @) in this thesis, but an excursion in this direction may be helpful to clarify the relationship
between and . Firstly, the notation V- refers to the formal adjoint of V so that a generalised

integration by parts formula holds for (smooth) scalar functions ¢ = ¢(v) and vector fields A =



A(v,v,) € R3
/ / (V] (v,0s) - A(v,v)dvedv = — [ ¢(v)[V - A](v)dw.
R6 R3

Note that the left-hand side is an integral over RS, whereas the right-hand side is an integral over R?,
and [V - A] is a scalar function only depending on v. This was (and to some extent remains) a source of
confusion to me, although it is, of course, owed to the fact that V sends functions of v € R3 to functions
of (v,v,) € RS. The non-locality of the Landau equation is embedded into the introduction of new
variables from V. Let us compute the precise form of [V - A](v) € R given A(v,v,) € R3. Assuming ¢
and A are smooth and decay fast enough and noticing Il[v — v,]V (]v - v*|1+%) = 0, the generalised

integration by parts formula gives

/R6 Vé-V = //RG v — 0|30 — 0,](Vé — Vidy) - A
— /RS {/IR3 v — ]V (v — v | T2 9) 'A(U,U*)dv} do,
- /R {/R Mo — v Vi(lo = o2 94) - A(v,v*)dv*} dv.

Now, we use the usual integration by parts formula for the terms in the curly brackets. Notice that we

have interchanged variables by Fubini’s theorem.

/RG VoV = —/R3 {/R3 v — U*|1+%¢V - (Iv — U*]A(v,v*))dv} v,
+ /Rd { - v — v*’1+%¢*v* - (Mv — U*]A(U,v*))dv*} dv

= _/ ¢ { v — v T2V - (o — v, A(, U*))dv*} dv
R3 R3
+/ ¢ {/ v — 02V - (o — v, A(vs, v))dv*} dv.
R3 R3
In the last equality, we have simply swapped the labels v <> v, (notice the arguments of A in the last

line are also swapped) and applied Fubini. Formally passing the divergence (in v) outside of the curly

brackets, recalling again Il[v — v,|V (|v - v*|1+%) = 0, we arrive at

V- Al(v) =V, - /]R3 v — v "2 I[w — 0] (A(v, ) — A(vs, v))dos.

With this pointwise expression for V-, we can substitute V = —Vlog f = —|v—v,|'"t 2 II[v—v,](V log f —

V.log f.) into the grazing continuity equation ([L.5) to recover precisely the Landau equation .



Developing the %@ - (ff«V) term in (1.5 with this substitution, we obtain

V- (FRV) = 59 (1 log )

([ felv = oI — 0] (Viog f — V. log f.))

v (/R [0 — v PP w — v.](f£o(V1og f — V. log fu) — f. f(V.log fo — Vog f))dv*>
=V (f /Ra felv — 02w — 0,](Viog f — V. log f*)dv*> .

This is exactly the right-hand side of the Landau equation . Just to re-emphasise the analogy with

the heat equation, the previous computations show that the Landau equation can be written as

V- (ffViog f),

N |

of =
which should be compared to the heat equation (|1.2])
Ou =V - (uVlogu).

The gradient flow perspective is reinforced in Chapter [3| wherein the grazing collision limit connecting
the Boltzmann equation to the Landau equation is recovered in this framework. One can
formally derive the Landau equation in the case when most collisions occur with a small angle § < 1.
More specifically, fix € > 0 and extend 8 (c.f. (1.1)) from [0,7/2] to the whole real line by zero. We
consider the scaling (discussed in Section that concentrates g around 6 = 0 given by

0

€

7T3
() = ?35< ) e, (1.6)

Denoting the new collision kernel B¢ induced here through , this gives rise to a new collision
operator ()% which replaces the right-hand side of . The grazing collision limit is precisely passing
to € | 0. For a fixed smooth f, the formal computations of Degond and Lucquin-Desreux [45], and
Desvillettes [51] show the convergence

w/2
Qs(f. ) ¥ CsQr(f. ), Cs= g/o 0%3(0)d6.

For simplicity, this thesis assumes C3 = 1 which fixes a normalisation for 3. Of course, while these

preliminary computations established the formal ‘convergence of the collision operators,” the natural



question is rigorous convergence of solutions

atfe = QEB(feafE) %atf: QL(faf)a

which is the main focus of Chapter

In order to outline the formal idea of the grazing collision limit from the gradient flow perspective,
I should discuss first the H-theorem for (this equation was the original context of the H-theorem)
for an arbitrary kernel B (including those B¢ generated by (L.6)). Again, suppose f = f(t,v) € L} is

a (smooth) solution to and formally use log f as a test function

d !
GHre = [ orenogav=— [ qogr) [ » £ 1218 dodv.do

:_//R6 /S log fLf'f! — f£.] B dodv.do.

The disappearance of the constant term is due to the fact that the collision map sending (v, vs) to
(v/,v)) is involutive (this and the subsequent properties of the collision map are examined in detail
in Chapter . As well, the collision kernel B is invariant under this change of variables. More precisely,

the swapping of variables (v,v,) <> (v/,v]) is volume preserving and results in the sign change

//ﬂge/gg[f/f’i_ff*]BdadU*dU:_//Rs/gz[f/fi—ff*]Bdodv*dvzo.

In fact, after playing around with the various symmetries of this change of variables, we arrive at the

entropy dissipation equality which proves the H-theorem for

o) =g+ [ (3 [[, [ - st paodnan) i

=:Dp(f)=0

(EDEg)

The positivity of the Boltzmann dissipation, Dpg, comes from the following fact (not so obvious to me

at the time, so I convinced myself in Corollary [A.1])

<w—y>log§z4|f—¢§|220, Va,y >0,z #y.

In the same way that (EDEL]) was used as a model for the gradient flow interpretation of (L]), so too
is (EDEpg]) the basis for the gradient flow interpretation of [61]. In fact, the mathematical content
of Chapter [2] was inspired by and extends the gradient flow perspective of the Boltzmann equation for

v = 0 by Erbar [61]. The gradient flow perspective of the grazing collision limit can be formally posed

10



in the following way. Suppose, for ¢ > 0 the grazing collision parameter, [ = f(t,v) € LiL is

a sequence of functions which satisfy

wron=wiron+ [ (5 [[L [ romul S paoma)a, e

=:Dg(f)

where B¢ is a sequence of collision kernels induced through by the scaling of
for a fixed 5. What conditions ensure f¢ has a convergent subsequence towards a limit,
f, as € | 0 and that converges to (FDFE7))? In other words, what mechanisms drive the
convergence of the entropy dissipations fg D%(f) — fg D (f)? This question captures the formal
gradient flow viewpoint we adopted to recover the grazing collision limit in Chapter

Moving slightly away from pure theory, Chapter [4] discusses a numerical scheme to approximate
solutions to . We consider a particle method to solve a regularised version of with right-hand

side, for € > 0 (we use here € as opposed to the grazing collision parameter e previously), given by

Q(f.f)= V- ( f /R o 0P — 0] (Vs log [ fr] — Vaiox log [furt]) dv*> (L)

Here the new features are coloured in green and 1. denotes the Gaussian mollifier

be0) = e (-1, (4r)

Let me briefly explain the motivation behind the choice of 1. and its appearance in . Obviously,
convolution with . yields a smoothing property to the Landau equation, but the Gaussian profile
was chosen because the stationary solutions of consist entirely of these distributions (they are
referred to as Maxwellians in the kinetic theory literature, a convention I now adopt). This is revisited
in Lemma based on arguments in [74]. As for the appearance of ¢, in somewhat arbitrary locations
in , we arrive at the interplay between the theoretical elements of Chapter |2[ and the numerical
motivations in Chapter 4. The Landau equation should be viewed as the gradient flow of H with
respect to dy while should be viewed as the gradient flow of a regularised entropy, Ha., with

respect to dy. Here, the regularised entropy is given by

Hoel] = Ml 0e] = / (wr o) logluxiel, pe 2.

The regularisation by convolution against 1. destroys the parabolic nature of . Thus, (L)) is viewed

11



as a continuity equation with non-local and non-linear velocity given by

U[fl(v) == — /Rg felo = 0P o — 0] (Ve * log [f * 9e] = Vatpe * log [fu + ¢he])dus.

The loss of diffusion precisely allows for a particle method. It makes sense to feed an empirical measure

N
1
N .
/.LOZNE (S,U(i), ’Lzl,...,NGN,
=1

as initial data to (L) and expect that the evolution maintains the empirical measure structure by

solving the system of N ODEs
. . 1 X
0'(t) = U N O) (1), V() = 5 Db, i=1.. N,
i=1

In other words, the regularisation enables Y (t) to solve with initial condition Y. All the infor-
mation is contained in the evolution of the trajectories v*. This can be programmed into a computer,
which is precisely the topic of Chapter

Another benefit of the particular regularisation is that preserves nice structural properties
similar to those of (L). I already alluded to this with the terminology of gradient flows, but

satisfies a regularised version of the H-theorem; if f = f(¢,v) € L} is a (smooth) solution of (LJ), then

d

Ha (1) = D) =

1
B 2 // ff*’v - v*‘2+'y |H[U - 1)*] (v/@/’s* log [f*L/e] — Vi) log [f*XUE])F dv.dv < 0.
R6

Here, I have again marked in green the differences between the regularised dissipation D7 and the
unregularised dissipation Dy. The retention of these structural properties is beneficial for numerical

analysis not only in the present context, but also for other PDE models [12] 13}, 30].

1.2 Gradient flow theory

Recently, the gradient flow community has been very active and successful in PDEs, starting from the
significant gradient flow landmarks by Jordan, Kinderleher, and Otto [90]; Benamou and Brenier [17];
Otto [103]; and the seminal reference book by Ambrosio, Gigli, and Savare [6]. Some of the advantages
of gradient flow techniques include new insights into functional inequalities, stable numerical methods,
and quantitative understanding of trends to equilibrium in tandem with uniqueness of solutions [35].

With reference to Chapter[2} the foundation set by Benamou and Brenier [17] with extensions [60, 34]

12



helped consolidate the construction of the Landau metric dy. These works not only provided the
dynamic interpretation of optimal transportation distances, but also introduced new metrics allowing
for more PDEs to be analysed in the framework of gradient flows. For example, the Benamou-Brenier
form of the 2-Wasserstein distance can be rewritten in flux variables by introducing m = fv and

for f € L_lF so that

W2 (o, pu1) = inf {/ / dfndt
R3 7

where the continuity equation constraint (f,m) € CE* means (still in the distributional sense)

(f,m) e C’E*} ,

Ohf+V-m=0, fli=ol=rp0, fle=1£=p.

One of the main ideas from [60] to create new distances is modifying the integrand of the infimised

functional. Consider the function

|z
v y>0
a:(x,y)eR:ngzo% 0, 2=0,y=0 €]0,+o0].

+o0o, z#0,y=0

Then the infimised functional for W5 is nothing but

/01 /RB a(m(t,z), f(t,z))dxdt

and such functionals enjoy nice lower semi-continuity and convexity properties [25] [62] owing to the
lower semi-continuity, joint convexity, and 1-homogeneity of « (c.f. Lemma. By choosing different
« with the aforementioned properties, new dynamic distances can be generated. This idea is applied
to construct dy, in Chapter

I would now like to present some of the insights that can be gleaned from finite dimensional gradient
flows, as many of these ideas are carried over to the infinite dimensional case of PDEs. I have adapted
the discussions from [I12} [35] for the context of this thesis. Consider £ : R? — R a smooth and convex
function, then the gradient flow associated to E is the curve x : [0, +00) — R? satisfying the ODE

%x( 1) = —VE(x(t), 2(0) =o€ R (1.7)

13



Clearly the chain rule from calculus,

d d
SE((D) = VE((t) - Salt), (13)

lends itself to the H-theorem corresponding to (1.7]), because we have

d

S E(a(t) = ~IVE@@)P <0.

In a similar way to (EDEL)), (EDEg), and (EDE/), |VE(x)|? is the dissipation corresponding to (1.7)).

Moreover, the associated entropy dissipation equality reads

E(x(t) — B :—/ VE(x(s))] ds—/ot

We will discuss the decision to include the derivative of z in ([1.9), unlike what is initially written

d

—ux(s)

ds. 1.9
7 s (1.9)

in (EDE})), (EDEE), and (EDEY). For now, it is clear that C! curves z satisfying (1.7) (i.e. classical

solutions) also satisfy (1.9) (i.e. gradient flow solutions) by the previous discussion. In fact, the reverse

is also true.

Lemma 1.1 (Gradient flow solutions are classical solutions). If x € C! satisfies (1.9), then z also
satisfies (|1.7]).

Proof. Owing to the chain rule (1.8) and Young’s inequality (with a minus), we have

E(ac(t))—E(x(O))—/ zs ds—/ VE(@ d i (s)is

1 t
>—/\VE \ds—/
2 Jo

Since x satisfies ([1.9)), then the previous computation holds with equality. When equality is attained

d

ﬁm(s) ds.

in Young’s inequality, this implies co-linearity between %m(s) and VE(z(s)) which, by the minus sign

choice, yields (|1.7]). O

The idea of the proof of Lemmal([I.T]is exactly the same as the proof of Theorem[2.8|and, by extension,
Theorem . The key ingredient to proving the equivalence of and is the chain rule (1.8]).
In the context of Chapter [2] proving the infinite dimensional version of the chain rule was the major
source of technical difficulty. For these non-trivial issues, I refer to Proposition and Section

Returning to the inclusion of ‘ %x‘Q in the entropy dissipation equality , this was clearly essential
in the proof of Lemma In terms of the Landau equation, and gradient flow PDEs in general,

this object is replaced by the metric derivative. I neglected to include this term in the introductory

14



discussions of and for technical simplicity, but the reader can rest assured that the
corresponding metric derivatives are present in Chapters [2| and

One of the advantages of considering over is that has nice stability properties with
respect to compactness of curves z. In [109, 113] Sandier and Serfaty utilised (the infinite dimensional
version of) as a way to streamline the characterisation of the limit of evolutions that have a gradient
flow structure. Effectively, the problem reduces to checking the lower semi-continuous convergence of

the associated dissipations and metric derivatives. This idea is at the forefront of Chapter [3] where the

limit from (EDE) to (EDEL) is made rigorous. Although this procedure is by now well-known, our

contributions include a method to prove the detailed steps from Sandier and Serfaty. This approach
has been heavily used in recent years in a wide array of scenarios. Making a non-exhaustive list, we
mention the works in Cahn-Hilliard [39, 16}, [50], diffusion to reaction limits [9], particle methods second
order [30] and fourth order [I00] non-linear diffusion, congested crowd motion [I], and dislocations [19].

As for existence of solutions to , consider the so-called JKO or de Giorgi minimisation scheme [90]
for (1.7) given by fixing a time step 7 > 0 and iteratively finding

1
2"t = argmin, cpa {E(m) + E\x — afﬁ]Q} , 2=z eR? neN. (JKO-finite)

T

n+1

Since E is convex, minimisers 7

exist and are unique. Moreover, they can also be characterised as

critical points of the expression in the following curly brackets

n+1 _ .n
=0 = T U _yp(@rt).

x:x.,Terl T

1
\Y% {E(x) + —|z — x¢|2}
2T

Notice the final expression is the implicit Euler discretisation of ([1.7)). Hence, under mild compactness
hypotheses, 27! converges to solutions of (1.7) as 7 | 0. In their paper [90], Jordan, Kinderlehrer, and

Otto proved that solutions to a large class of Fokker-Planck equations can be constructed in a similar

way to (JKO-finite)). For example, in the specific case of the heat equation ([1.2]), they showed that it

can be viewed as the 2-Wasserstein gradient flow of the Boltzmann entropy by looking at
T =

1
= argmin,, ¢ 4, {’H[u] + 2—W22(u, uﬂ)} ., wW=wuge P, neN. (JKO-heat)
T

The adjustment to accommodate Landau is clear; the 2-Wasserstein metric should be replaced with

dr,, which is examined in Section [2.4
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1.3 The Landau equation

The Landau equation is an important partial differential equation in kinetic theory. We have
already discussed its use in describing colliding particles in plasma physics [95], as well its relation to
the Boltzmann equation through the grazing collision limit [45, (51} [I1§]. Similar to the Boltzmann
equation (see [20] for a consistency result and related derivation issues), the rigorous derivation of the
Landau equation from particle dynamics is still a huge challenge. The regime 0 < v < 1 corresponds to
the so-called hard potentials while v < 0 corresponds to the soft potentials with a further classification
of —2 < v < 0 as the moderately soft potentials and —4 < v < —2 as the very soft potentials. The
particular instances of v = 0 and v = —3 are known as the Maxwellian and Coulomb cases, respectively.
The Coulomb potential is the most physically realistic case to consider and yet, it presents severe but
interesting mathematical difficulties. I now present a brief history of known well-posedness results
in the spatially homogeneous case, along with some intuitive computations for the difficulty when ~
decreases. After these calculations, I will emphasise an important result by Desvillettes [52] which is
central to Chapter

Desvillettes and Villani [56, 57, 119] studied in full detail for the hard and Maxwellian potential
cases. In particular, they showed that solutions to exist, instantaneously regularise, and are unique
classical solutions when the initial data has finite mass and energy. These solutions exhibit rapid decay
and are also bounded below by Maxwellians (Gaussian distributions).

When v < 0, less can be said. In the case v € [—2,0), Fournier and Guérin [65] proved global
existence and uniqueness of weak solutions conditional to LP propagation and high order moment
propagation (the exponents for LP and order of moments depend on 7). Their approach was to apply
techniques from probability and view as a stochastic process (i.e. write the corresponding SDE
for random variables distributed by solutions to ) The conditions outlined in [65] were guaranteed
in [122] for LP propagation (see also [3]) and [28] for moment propagation (see the references therein).

For v € [—4,—2), even more difficulties arise concerning uniqueness and regularity of solutions, for
example. To begin, while the previous results for LP and moment propagation for v € [—2,0) were
proven globally, when v € (—3,—2), such estimates are only known locally-in-time or, equivalently,
in a small data framework [65, 3]. I will now focus on the Coulomb case, although the results stated
below may apply when v € (—3,—2). One of the first significant results concerning well-posedness
for Coulomb is due to Guo [78], who proved global existence and uniqueness of classical solutions in
a near-Maxwellian setting. Fournier proved local-in-time uniqueness of weak solutions as long as they
remained bounded in L° [63]. Concerning potential blow up in different norms, we mention Gualdani

and Guillen [73], who considered radially symmetric (see also [72] [75]) and monotonically decreasing
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solutions of . They proved that classical solutions exist for all times unless the L3* norm blows
up near the maximal time. The recent result of [55] shows that the H' semi-norm may blow up in
finite time but will eventually (with explicitly computable time based on initial data) remain bounded.
Another partial answer to the question of blow up is that the set of singular times has Hausdorff
dimension less than % [69].

Regarding weaker notions of solutions, i.e. not requiring finite LP norms, I mention here the global
existence of renormalized solutions [5] and H-solutions by Villani [I18]. To gain some intuition for the
challenges associated to smaller v I formally present now a few of the mathematical estimates. This
will also demonstrate the philosophy of H-solutions, which we extend with the gradient flow perspective
of this thesis. We begin with a ‘classical’ formulation of weak solutions to by splitting the collision

operator into the natural gain and loss terms

Quf.$) =5 ([ o= PPN = 0197 - £9. £ )do. )

=V- {/]RS f*|v—v*|2+'yﬂ[v—v*}} Vf-— {/R3 |v—v*]2+7H[v—v*]V*f*} f

Since the solution-dependent coefficients are convolutions, we see

AL =A{(- PIL]) * fY (), BIf] = divA[f] = {(| - PFYdiVII[]) * f} ().

Here, we have again taken advantage of the fact that V(Jv — v.|?*?) € kerll[v — v.]. By formally

integrating by parts, we could define the action of Qr(f, f) without differentiating f on test functions
¢ by
- [veranvi+ [o-(v-an)s = [Dosalff+2 [ Vo (vl
_ / / oAl ve| 2709 ()T v — v,] + 2 / / R FO ()P T [0 — v,]
=5 [[ £l =0 P@I6(0) + o) o v (1.11)
2 [[ 110 = vP o= 0 @) - 09(0.)
— QLU 1), ) elasic

Here, I have expanded the definition of A[f], symmetrised with the change of variables v <> v,, and
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used the fact that, in d dimensions, the projection satisfies
P[] = —(d — 1) |z| 22"

Firstly, the separation of gain and loss terms in (|1.10) gives the interpretation of as a parabolic
equation with diffusion matrix A[f] and drift B[f] (hence is also referred to as the Fokker-Planck

equation). The diffusion matrix satisfies the following coercivity estimate [56, 3]
§TA[flE = C () [, VEER?, > -3, (1.12)

where C' > 0 is a constant depending only on bounds for [ (v)? f and H[f]. These quantities are
formally controlled in the evolution of anyway; the moments up to second order are conserved by
observing (Qr(f, f), ®)elassic = 0 when ¢ € {1, v, |v|?} and the entropy is bounded via . The
degenerate coercivity from already suggests additional difficulty in applying parabolic theory for
v < 0.

Returning to , both integrals there can be estimated by

QL. ), D)etassicl S 16ly2ee / F v — v 2.

Here, the criticality of v = —2 is very clear when defining the action of Qr(f, f) on ¢ through .
When v > —2, this definition makes sense by a priori moment estimates, which are propagated any-
way [28], [122]. However, when v < —2, at least some finite LP norm is required for p > 1, but we have
previously discussed that this is only propagated locally-in-time or for small data.

Despite this apparent obstruction for the very soft potentials, Villani’s H-solutions [118] sidestep
these LP requirements. This notion takes advantage of assuming finite initial entropy H|[fo] <
+00 to use D (f) € L} in the following formulation of weak solutions. Instead of splitting the gain and
loss terms like in , we directly integrate by parts Qr(f, f) against test functions ¢ and symmetrise

with v < v, to define

- / ffelv — v 2V TI[v — 0,](Vog f — V., log f.)dv.dv

—% / ffelv —v (Vo — V*qb*)TH[v —v,](Vlog f — V., log fi)dv.dv

= (QL(f. ) ¢)mr-
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The Cauchy-Schwarz inequality and the Mean Value Theorem applied to ¢ for v € [—4, —2) yield

T T 3 T 3
/0 \<@L<f,f>,¢>ﬂrdts( /O / ff*\v—v*r“w<z>—v*¢*\2) (/0 DL<f>>

. (/TDL(f)f 1l (J3 S fhulo = wPH7) 2,y € [-2,0)
M Il porzoe (Jo JS £hulo = val™47)2 € [~4,-2)

S 16 ey ( [ Ddf))é ( J f)é.

Therefore, no a priori LP assumptions on f are required to make sense of (Qr(f, f), ¢)g. In particular,
we require bounds only on the physical quantities (mass, energy, entropy, and entropy-dissipation)
which are formally conserved or bounded anyway. This illustrates the advantage of H-solutions by
exploiting finite (L' in time) entropy-dissipation.

From the outset, solutions defined by (Qr,¢)n are weaker than (Qr, @)classic. LThis gap was re-
solved by Desvillettes [52, 53] 54] (c.f. precisely Theorem . This result captures the idea that
finite entropy-dissipation implies functional regularity; a weighted Fisher information and ‘cross Fisher
information’ are controlled by the Landau entropy-dissipation. In his paper, Desvillettes uses The-
orem with a Sobolev embedding (hence gaining L integrability) to prove that H-solutions are
classical weak solutions; (@, ®)classic 18 well-defined for H-solutions. Theorem is also one of the
fundamental results used for our analysis of the gradient flow structure of the Landau equation presented
in Chapter [2

We close this survey of the theoretical analysis of by mentioning some other recent and inter-

esting results for the spatially inhomogeneous Landau equation
Of +v-Vof =Qu(f.f). f=f(t.z,v), z€QCR: veR™

The ellipticity estimate has an analogue in this case, however, the point to emphasise is that
the collision operator induces diffusion only in the v variable. The x variable gains regularity through
mixing with the v variable by the v-V, transport operator. This vague argument has been investigated
by [70} 83, [86}, [77, [76] not only for Landau, but also for general kinetic equations. Finally, the seminal
theory of renormalised solutions [58] [59] applies to the space inhomogeneous Landau equation as well,
yielding global existence of such solutions [5]. The results mentioned in this paragraph have also been

applied to the Boltzmann equation, which is surveyed momentarily.

19



1.4 The Boltzmann equation

The Boltzmann equation is the central equation in kinetic theory modelling particle collisions in
a gas, as well as many other interacting particle systems [37]. Its connection to the Landau equation
has already been introduced via the grazing collision limit. The purpose of Chapter [3]is to recover
and simplify the grazing collision limit from the perspective of gradient flows building on the works of
Erbar [61] and Chapter [2f (c.f. the diagram below). Complementing the overview in Section I now
discuss the historical development of well-posedness results for in relation to the grazing collision
limit.
Boltzmann Landau

H-Gradient flow Chapter H-Gradient flow
- =
solutions f€ solutions f

[61] Chapter

Conditional equivalence

’ H-solutions f€

[45, 51, (118, 67]

and more

Grazing collision limit

The earliest well-posedness result for usual weak solutions to is due to Arkeryd [7, 8] who
required cut-off assumptions on the collision kernel (replacing |v —v.|**? with something bounded near
v = vy). In particular, this excludes the physically relevant soft potential cases 7 < 0. Nevertheless,
this well-posedness theory was sufficient for Arsen’ev and Buryak [10] in 1990, who rigorously proved
convergence in the grazing collision limit from Boltzmann to Landau. Removing the cut-off assumption,
Villani was able to prove the grazing collision limit for soft and hard potentials using his notion of H-
solutions [I1§]. Here, we again see the advantage of using . Shortly after, in a collaboration
with Alexandre [4, [5] they upgraded from weak to strong convergence in the grazing collision limit by
applying the regularity estimate they achieved with Desvillettes and Wennberg [2]. The argument for
the gain in compactness relied on velocity average techniques [71] applied to renormalized solutions [59)
58]. The main result in [2] was the precursor (for Boltzmann) to Theorem (for Landau); finite
entropy-dissipation implies functional regularity.

More recently, Godinho [67] and He [79] gave quantitative rates of convergence for short times
in the grazing collision limit of weak solutions. Godinho’s proof relies on the construction of weak

solutions from the well-posedness theory of Fournier and Mouhot [66] and Fournier and Guérin [64].
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The presentation in Chapter [3]seeks to simplify the grazing collision limit globally-in-time with minimal
assumptions (finite initial mass, energy, and entropy) in comparison to Godinho. In particular, the
well-posedness theory he uses requires at least 7th order moments (possibly more depending on 7)
and holds for short times. Our simplification follows the program of I'-convergence set by Sandier and

Serfaty [113] 109].

1.5 Numerical analysis of (|L)

The goal of Chapter [ is to introduce a deterministic particle method to numerically approximate
solutions to (L. Here, I present a historical overview firstly for deterministic particle methods for
general PDEs and secondly for the numerical approximations applied to .

There have been several strategies to accommodate particle methods for diffusive-type equations in
the literature by introducing suitable regularisations of the flux for the continuity equation [I0§]. The

8’) = Ap was considered in [49, 107] by interpreting the Laplacian as induced

case of the heat equation 3
by a velocity field u, Ap = =V - (up), u = —Vp/p, and regularising the numerator and denominator
separately by convolution with a mollifier. Well-posedness of the resulting system of ordinary differential
equations and a priori estimates relevant to the method were studied in [92], and subsequently extended
to nonlinear diffusion [102, 97, [99]. Variations of these methods allowing the weights to change in time
were also analysed in [47), 48]. The main disadvantage of these existing deterministic particle methods
is that, with the exception of [97] for the porous medium equation 3 @ = Ap?, they do not preserve
the gradient flow structure [97]. For further background on deterministic particle methods, we refer to
the review [38], and for particle methods applied to transport equations, we refer to [41] 40, 43]. As
mentioned earlier in Section we have followed the strategy in [30] of regularising the free energy
functional instead in order to retain the gradient flow structure at the particle method level.

To approximate @, a popular approach is to use the Fourier-Galerkin spectral method [104]. This
technique takes advantage of the convolutional property of the collision integral so that the resulting
method can be implemented efficiently using fast Fourier transform (FFT). To be specific, the total
complexity of one time evaluation of the collision operator requires (’)(Ngl log N,) complexity, where IV,
is the number of Fourier modes in each velocity dimension. As we shall see, the proposed particle method
would require O(N?) complexity, where N is the total number of particles. Hence, in terms of efficiency,
it may not be as fast as the spectral method. However, it is able to preserve all the physical properties
of the equation: positivity; conservation of mass, momentum, and energy; and entropy dissipation.
This is in contrast to the spectral method, wherein the truncated Fourier approximation destroys the

structure of the solution (only mass is conserved, no positivity, no conservation of momentum and
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energy, no entropy decay). Furthermore, O(N?) is the direct cost of the particle method (a naive
implementation). With the help of the fast summation technique such as the treecode, this cost can be
reduced to O(N log N). We will explore this acceleration in the current paper while an in-depth study
will be deferred to future work.

It is important to mention that the particle-in-cell (PIC) method [I8| [85] [116] is currently the
dominant method to solve Vlasov-type equations (kinetic equations with spatial inhomogeneity) which
is essentially a particle method. Hence, our proposed method is a natural candidate to be coupled with
the PIC methodology to yield an efficient Lagrangian solver for the inhomogeneous Landau equation.
The numerical exploration of these ideas for inhomogeneous problems is certainly a research topic of
great interest, constituting a major future direction. Other proposed techniques which preserve the
main properties of the Landau operator include Eulerian methods based on mesh discretisations in
velocity, see |46} 93] 23] and the references therein. However, they are more difficult to incorporate

within the PIC approach for spatially inhomogeneous problems.

1.6 Contributions

Concluding this thesis’ introduction, I would now like to discuss the results here in relation to the
literature mentioned previously.

The main result of Chapter[2]is Theorem which gives conditions for which Villani’s H-solutions
are equivalent to the gradient flows of the Landau equation for v € (—3,0]. This sets the foundation to
apply the sophisticated machinery of gradient flows [6] for the analysis of . In particular, I addressed
the open question concerning uniqueness of weak solutions in Section for the very soft potentials
v € (—4,—2). Owing to pioneering results from [35], the theory of gradient flows provides a systematic
framework to investigate uniqueness of solutions. This is beyond the scope of this thesis, however,
it is certainly an interesting area of future investigation. Pre-empting the discussion on numerics
for Chapter {4} the construction of the Landau metric in Theorem introduces the JKO scheme [90]
as a new numerical method to solve . Although the JKO scheme is by now classical for gradient
flow theory, its application here to the spatially homogeneous Landau equation is novel. This brings
variational approaches to bear when approximating . Moreover, by construction, the JKO scheme
dissipates entropy, and such structure-preserving methods are important in numerics [12} 13].

Chapter 3] simplifies the argument for the grazing collision limit from Boltzmann to Landau. Here,
we make use of the relevant mechanisms (bounded mass, energy, and entropy dissipation) to prove
this limit on a global time interval which improves upon Godinho’s result [67]. Moreover, the grazing

collision limit verifies the compatibility between Erbar’s Boltzmann metric ([61]) and the Landau metric
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(Chapter [2) in the passage of this limit. In [61], Erbar proves that the Boltzmann metric is an upper
bound for the 1-Wasserstein metric in the case v = 0. We are able to extend this estimate to the soft
potentials (c.f. Lemma [3.12).

Although the collision operator @y, is diffusive (c.f. ), Chapter (4] provides numerical evidence
that the particle method introduced there is (almost) second order accurate. It extends the ideas [30, [44]
to kinetic equations with an emphasis on preserving the entropy dissipation structure. In particular,
the characterisation of Maxwellian steady states remains true with our regularisation.

This thesis rigorously adopts the gradient flow framework of the Landau equation. Of course, each
chapter lends itself to the pursuit of different research directions. Some of these avenues are discussed

in Chapter
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Chapter 2

Gradient Flow structure of the Landau

Equation

The content of this chapter is based on joint work with José A. Carrillo, Matias G. Delgadino, and
Laurent Desvillettes. It is a preprint [31] submitted for publication.

This chapter develops the gradient flow viewpoint of the Landau equation which is used throughout
this thesis. Our approach is heavily inspired by Erbar’s gradient flow description of the Boltzmann
equation [61] for Maxwellian molecules (7 = 0). We are able to extend this formulation in the case of
Landau for soft potentials within the range —3 < v < 0. We make precise here the ideas presented
in Section In particular, we construct and explore properties of a tailor-made metric dy, in Sec-
tion after reviewing some concepts from gradient flow theory and stating our results in Section
We prove that (resp. for a different mollifer) is the gradient flow of H (resp. defined later)
with respect to dy, in Section (resp. Section . Construction of gradient flow solutions using the
JKO scheme [90] with the regularised entropy is studied in Section

2.1 Preliminaries and the main results

2.1.1 Notations and definitions

We use the Japanese angle bracket notation
W?:=14)?, veR%
For € > 0, we denote our regularisation kernel to be an exponential distribution

-1
() =G (vfe), W) = Caexp(~ ), Ca= ( /R exp(— (0)dv)
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We also define other mollifiers with different tail behaviour

-1
G*#(0) == G*(w/e), G(0) = Cusesp(— (0)). Coa= ([ el (o))

for s > 0; we point out some of the limitations and restrictions on s > 0 in the later estimates. We shall
refer to G2¢ as the Maxwellian regularisation. For E > 0, we consider the subset 2, p(RY) C Z,(R?)

of probability measures with p-moments uniformly bounded by FE;

P, 5(RY) := {u € Z,(RY) ‘ myp(p) < E} .

M and M? abbreviate M(R??) and M%(R??), the space of signed scalar and R%valued Radon
measures with the weak-* topology against the space C.(R??) and (C.(R??))4, respectively. For T > 0,
M. is the space of R%-valued signed Radon measures on R? x R? x [0, T7.

For p € &, we define a family of regularised entropies Hc[u] by

Helu] = /R [ G (0) ol » ¥ (w)dv, ()

note the distinction from Hs. in Chapter Formally, one can calculate the first variation of this

functional in &5 as
OH-
o

(v) = G *log(p * G%)(v).

This can be formally obtained by calculating Fréchet derivatives in the sense of identifying the following

limit

5H6 IRT Hs [M + t(b] B Hs [M]
/R | = )oe)de = lim :

9

for arbitrary ¢ € C°(RY) with zero mean Jga® = 0. To be precise, the first variation (in an L?

OHe
op

setting) would actually be =1+ G* x log[u * G%]. We drop the constant term since our functional
space is & and the first variation typically appears with derivatives applied to it. For a functional

F : 2%R?Y) — R with first variation ‘;—?, we refer to the F Landau equation as

Of=V- (f /]Rd filv — v v — v,] <V(§L7; — V;;;j) dv*> . (2.1)

Similar to the formal computations in Section the F Landau equation ([2.1)) can be more concisely

v (ffN?jj) .

written using (ﬁ) as

1
6tf:5

Note, by formally testing (2.1]) with %, one obtains an analogy of Boltzmann’s H-theorem with the
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functional F;

d 1 ~ 2
GFU = =Dr(r) = =5 [ [ 1 |95 o, <o

We will refer to D as the F dissipation with specific mention of Dy, = Dy for the usual Landau entropy-

dissipation. These notations induce our notion of weak solutions to the F Landau equation ([2.1]) closely

following Villani’s H-solutions [118].

Definition 2.1 (Weak F solutions). For T > 0, we say that a curve f € C([0,T]; L'(R%)) is a weak

solution to the F Landau equation ([2.1)) if the following hold.
1. fy € L} for all ¢ € [0,7] with uniformly bounded second moment; supyeqo,r) M2(ft) < +oo.

2. The functional F evaluated along the curve is bounded by its initial value

FIfi] < Flfo] < +o0, Vte0,T).

3. The F dissipation is time-integrable;

/fotdt ///Rff

4. For every test function ¢ € C°((0,T) x R?), equation (2.1) is satisfied in weak form

/OT /Rd Ord f+(v)dvdt = ;/OT/R% ff*@d@(;]f:dvdv*dt.

For € > 0, we will refer to the weak H. solutions as e-solutions and, recalling H is the Boltzmann

dvdv*dt < 0.

entropy, we will refer to weak H solutions as just weak solutions or H-solutions. We deliberately use
the terminology of H-solutions since the time integrability of Dy(f;), as for Villani [118], is essential in

our analysis.

2.1.2 Quick review of gradient flow theory

We recall the basic definitions of gradient flow theory that can be found in more generality in [6, Chapter
1]. Throughout this section, (X, d) denotes a complete (pseudo)-metric space X with (pseudo)-metric
d. Points a < b € R will refer to endpoints of some interval. F : X — (—o0, o0] will denote a proper

function.

Definition 2.2 (Absolutely continuous curve). A function p : t € (a,b) — puy € X is said to be an
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absolutely continuous curve if there exists m € L%(a, b) such that for every s <t € (a,b)

dpsi) < [ ).

Among all possible functions m in Definition [2.2] one can make the following minimal selection.

Definition 2.3 (Metric derivative). For an absolutely continuous curve p : (a,b) — X, we define its

metric derivative at every t € (a,b) by

. . d(phghy i)
= lim —————~
|2 (2) hm% 7]

Further properties of the metric derivative can be found in [6, Theorem 1.1.2].

Definition 2.4 (Strong upper gradient). The function g : X — [0,00] is a strong upper gradient
with respect to F' if for every absolutely continuous curve p : t € (a,b) — puy € X we have that

gou: (a,b) = [0,00] is Borel and the following inequality holds

IHM—FMMS/gmMMMM,WMwSt<b

Using Young’s inequality and moving everything to one side, the inequality in Definition [2.4] implies

1

t 1 t
Fluy] — Flps) + 2/ g(pr)?dr + 2/ li)?(r)dr >0, VYa<s<t<b.

If the reverse inequality also holds, one obtains the stronger Energy Dissipation Fquality. This leads

to the notion of gradient flows.

Definition 2.5 (Curve of maximal slope). An absolutely continuous curve p : (a,b) — X is said
to be a curve of maximal slope for F with respect to its strong upper gradient g : X — [0,00] if

Fop:(a,b) — [0,00] is non-increasing and the following inequality holds

1 [ 1 [
F[ut]F[ps]+2/g(ur)2dr+2/ l1)?(r)dr <0, VYa<s<t<b.

F has the following natural candidates for upper gradient.

Definition 2.6 (Slopes). We define the local slope of F' by

s (FO) = Fu)*
9F|(s) 1= limsup
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The superscript ‘+’ refers to the positive part. The relaxed slope of F' is given by

|0~ F|(p) := inf {lirginf |OF|(ftn) = fin, — 4 sug(d(un,,u),F(,un)) < +oo} )
n—0o0 ne

2.1.3 Main results

In order to understand the Landau equation as a gradient flow, we need to clarify what type of object

the corresponding metric is.
Theorem 2.7 (Distance on %, ;(R%)). The (pseudo)-metric dj, on Py p(R?) satisfies:
o d;-convergent sequences are weakly convergent.
e dj-bounded sets are weakly compact.
e The map (po, 1) — dr(po, 1) is weakly lower semicontinuous.
o Foranyt € & the subset 2 := {p P moa(7) (R | dr(pu, 7) < 0o} is a complete geodesic space.

The content of this theorem is that our new proposed distance provides a meaningful topological
structure on %, (RY). Furthermore, the connection to e-solutions of Landau is established when con-
sidering the previous notions of slope and upper gradient with respect to dy. General conditions which
guarantee dr,(uo, p11) < 400 are presently unknown. A necessary condition is that the probability mea-
sures po and g should have the same second moment. In the construction of dj, detailed in Section
if = p(t) for t € [0,7] is an H-solution of Landau, then it is certainly true that dr(u(t), u(s)) < +oo

forall 0 <t, s <T.

Theorem 2.8 (varepsilon equivalence). Fiz any e, E > 0, € [—4,0]. Assume that a curve p : [0,T] —
@g,E(Rd) has a density uy = f:L£. Then u is a curve of maximal slope for H. with respect to its upper

gradient /Dy, if and only if its density f is an e-solution to the Landau equation.

From the numerical perspective, we can also construct e-solutions using the JKO scheme (see Sec-

tion which is the following

Theorem 2.9 (Existence of curves of maximal slope). For any e, E > 0,y € [—4,0], and initial data

po € Pop(RY), there exists a curve of mazimal slope in Po p(RY) for He with respect to its upper
gradient /Dy, .

Remark 2.1. The choice of an exponential convolution kernel G¢ is perhaps unnatural compared to the
Mazwellian regularisation G*¢ for the regularised entropy H.. We discuss in more detail the estimates

that fail using G*>¢ in Remark as it pertains to Theorem . With respect to Theorem the
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general construction of some curve can be done even with the Mazwellian regularisation. However,
due to the same lack of estimates, this curve might not be a curve of maximal slope with respect to
v/ Dyy_. This is discussed in Remark . On the other hand, the choice of a Mazwellian regularisation

is considered numerically in Chapter[].

Motivated by the numerical simulations in Chapter 4 Theorems 2.8 and [2.9] provide the theoretical
support to (L.)). In order to treat the full Landau equation i.e. pass € | 0, more assumptions are

required.

Theorem 2.10 (Full equivalence). We fizx d = 3 and v € (—3,0]. Suppose that for some T > 0, a

curve 0,7] = Z(R3) has a density p; = fiL that satisfies the following set of assumptions
p 0, I

A2.1) (Moments and LP) Assume that there exists some 0 < n < v+ 3 such that
n="
3—n
7 i) € 3 (0.7 L N LT ()
(A2.2) (Finite entropy) We assume that the initial entropy is finite

H[fo] = /R3 folog fo < +o0.

(A2.8) (Finite entropy-dissipation) We assume that the entropy-dissipation of f is integrable in time

dvdv* =

Dr(fr) = Du(fe) = // fFe|V

;/ ffelv — v P2 v — 0,](Viog f — Vi log fi)|2dvdv, € L (0,T).
R6

Then p is a curve of mazximal slope for H with respect to its upper gradient /Dy if and only if its

density f is a weak solution of the Landau equation.

Remark 2.2. When vy € [—2,0], it is known that for suitable initial data (lying in weighted LP spaces

for p large enough and for a sufficient power-like weight), weak solutions of Landau equation satisfy-

ing|(A2.1)H(A2.3) exist (they are strong and unique under extra conditions). We refer to [122], and

Appendiz B of [54] when v > =2, for details.
When ~ € (—3,—2), Assumption|(A2.1) is not known to hold for global weak solutions with large

initial data. Solutions satisfying [(A2.1)H(A2.3) are nevertheless known to exist for initial data close

to equilibrium (cf. [’78/, in a more general spatially inhomogeneous context), or in the Coulomb case

v = =3 (in that case bemg replaced by oo ) for large initial data, but for short times [55, [11)].

3+
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The focus on the Maxwellian and soft potential regime v < 0 here is motivated by building a gradient
flow framework to address the open questions for Landau. The hard potential case v € (0,1) has already
been studied in detail by the third author and Villani [56, [57]. We believe that our results also carry to
the hard potentials. In particular, the exponents in assumption should be modified to

WP fil0) € LEOLT: LUED), filo) € LFO.T LT (®Y), 0<q <1

We emphasise that these conditions are guaranteed since the required moments and LP integrability are
propagated from appropriate initial data when v > 0 [56, [57]. This condition appears in [53, Corollary
2.7]. It is the hard potential version of Theorem which is crucial to the proof of Theorem .
Much of our analysis remains the same, however the space & should be changed to 5. cohering
with the moment condition above and trivializing Lemma[2.33, for example.

The Coulomb case v = —3 is excluded because assumptz’on is insufficient in the case v = —3.
This is discussed more in Remark[2.10.

It is an open problem to find the range of values v under which we can show the existence of curves
of maximal slope for the original Landau equation , or equivalently, contructing solutions of the
original Landau equation by passing to the limit € | 0 in Theorem Some of the difficulties in
achieving this result are the propagation of moments for the regularised Landau equation uniformly in
¢ and the compactness of sequences with bounded-in-¢ regularised entropy dissipation Dy . The rest

of this chapter is devoted to showing the main four theorems in the next four sections.

2.2 The Landau metric dj,

Our approach to defining the distance d;, mentioned in Theorem closely follows the dynamic for-
mulation of transport distances originally due to Benamou and Brenier [17] and further extended by
Dolbeault, Nazaret, and Savaré [60]. We also refer the reader to Erbar [61] for a similar approach. The
proof of Theorem is contained in Section after establishing a few preliminary notions. The

formulation of d;, consists of two components:
1. The continuity equation constraint which inspires our generalisation in Section [2.2.1

2. The ‘action’ or energy functional Aj, which inspires our generalisation in Section [2.2.2]
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2.2.1 Grazing continuity equation

We consider for v € [—4,0] the grazing continuity equation:
V-M;=0, in(0,T)xR% (2.2)
which is interpreted in the sense of distributions; for every ¢ € C°((0,T) x R%),

T T
/0 | 8t¢(t,v)dpt(v)dt—|—% /0 / /R (96t 0,02 )dM (v, v, )dt =

For some regularity properties, we will also need to assume the following moment condition

/OT //de(l + [v] + [ve] )d| M| (v, vi)dt < o0. (2.3)

The curves (it)iec(o,1), (Mt)iepo,) are Borel families of measures belonging to & and M respectively.
We will refer to p = p; from the pair as a curve and M = M, as a grazing rate. We first establish some

a-priori properties of solutions to the grazing continuity equation.

Lemma 2.11 (Continuous representative). For families (1), (My) in &2 and M2, respectively, satisfy-
ing the grazing continuity equation and the finite moment condition (2.3|), there exists a unique weakly
continuous representative curve (fit)cjo,r) Such that fiy = py a.e. t € [0,T]. Furthermore, for any

€ CX((0,T) x RY) and any to,t1 € [0,T], we have the following formula

t1 1 [t -
[ oudin,— [ o= [ [ ooduacs [*[[ | Goarnar
R? R4 to JRY to JJr2d

Proof. This proof is nearly identical to [0, Lemma 8.1.2]. There, it was crucial to estimate the distri-
butional time derivative of ¢ — u;. We perform the analogous estimate here to highlight the difference

in this context. Fix ¢ € C2°(R?) and consider the map

te (0,T)— ue(C) = /Rd C(v)dp(v) € R.

According to the grazing continuity equation, the distributional time derivative is

1

fu(€) = 2/ [ VEaMi(0,v.) = i//ﬂg [0 — "3 TTw — 0] (VC = VaC)dMy (v, v.).
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Using a Mean-Value estimate for v € [—4, —2), we have the following estimates depending on vy € [—4, 0],

supyerd | VE(W)| [ frea(1 4 [v] + [} Mi| (v, 02) - € [=2,0]

1 (Q)] < .
5 Supyega [D*C(w)] [[aa(1 4 [0 4 vl )d| Mi| (v, v.) 7y € [-4,-2)

The precise estimate used above reads

) o= .| 2 sup|VC|, 7y €[-2,0] sup [V¢|, 7y € [-2,0]
Vel < " ) Sy (14 [vl + [val) )
v — 0. [*"2 sup |D%¢|, v € [-4,-2) sup| D%, v € [-4,-2)

Hence, for every ¢ € C?(RY), t s u;(¢) belongs to W11(0,T) (and fi(¢) is also its weak derivative).
The rest of the proof proceeds as in [6, Lemma 8.1.2] using the C2-norm of ¢ for the soft potentials
v € [~4,—2) as opposed to just the C'-norm of ¢. To elaborate, there are two final properties to check

so that the continuous representative belongs in .

1. We need to show that u; extends to a continuous curve. Using [22], Theorem 8.2] to relate
we(C) — ps(Q) = fst wx(€)dA, the previous estimate shows that there is a unique extension to a

continuous curve {fit}reor) in (CZ(R?)) since
t
(0 = @ < Iles ([ [+ 1ul+ DM, .

2. We are done once we can establish {4 }¢cpo 7] is tight. This can be accomplished by choosing

particular test functions ¢ approximating large balls and applying the previous estimate.

The last point to prove is the formula

t1 1 [t N
[ ondi ~ [ o= [ [ aodpar+ 5 [ [ Soarsar
R4 R to R4 to R2d

This follows from a standard approximation argument by picking particular functions 75 € CL(0,T)
and ¢ € C((0,T) x R?¥) such that ns; approximates the indicator function Xt1,tz) @S 6 { 0 in the

grazing continuity equation

T 1 /T 3
/0 /R Oune)dp(w)dt + /0 - / [ VodMi(v,v.)dt =0,

O]

Lemma 2.12 (Conservation lemma). Fiz vy € [—4,0] and let (11t);c(0,17, (Mt)iejo,r) be Borel families of
measures in P, M? respectively satisfying ([2.2) and the moment condition ([2.3). Assume further that
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(t)eejo,1) s weakly-* continuous with respect to t. We have that momentum is conserved;

/Rd vdp(v) = /Rd vdpuo(v), Vte[0,T].

In the case v € [—4, —2] we have that the energy is conserved;

/\v[Qdut(v):/ v2dpo(v), Vit € [0,T].
Rd Rd

Proof. We show the proof of the conservation of energy for v € [—4,—2] since the conservation of
momentum is similar. To compress some notations, we denote w = |v — v*|1+%. We consider a fixed

¢ € C2°(B2) which satisfies
0<¢p<1, ¢l =1, and [Vp|[S 1.

We define pr(v) := ¢(v/R) for R > 0 and use this as a test function in the grazing continuity equation

to obtain

/ (o2 R(v) due(v) — / 020 R(v) do(v)
Rd ]Rd

— /Dt //de wil (USDR(U) + \v\Zv‘p(lg/m — VR(vs) — yv*,2w> M, (v, v,)ds

(2.4)

We estimate one half of the terms in (2.4]) using the cancellation from the projection II to obtain

/Ot //de wIl (vpRr(v) — vepr(vs)) dMs| < /Ot //(BRXBR)Cw lver(v) — vepr(vy)| d| M)

t
/ // 1t o] + fo] d]My].
0 (BRXBR)C

The last inequality is obtained by the Mean-Value Theorem when |v — v,| < 1 since the properties of

A

oRr give

068 (0) ~ v.65(0)] < v —vi] sup (lon(w)] + " Vow/R) ) £ v vl

wEBR

Hence, using the triangle inequality for the case |v — v,i| > 1, we have the following estimate

lv—v?T2 jv—u] <1
wlvpr(v) = vspr(ve)| S
ol + v Jo—wd = 1.
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Similarly, using that Vg is supported in Bog \ Br and that

t
I it (o YEOLE) VLR gy | I/ 1 Jol + o] M)
0 R2d R R (BRXBR)C

where we have controlled the difference with the Mean-Value Theorem. From the previous bounds, we

o' {|v\2%}‘ <1, we obtain that

can use (2.3)) to take R — oo in (2.4)) and obtain the conservation of energy

lim v |?or(v) dus(v) = lim/ lv|>@r(v) dpo(v).
R4 R—o0 Jpd

R—o0

The proof for conservation of momentum involve testing the grazing continuity equation against v;¢r
where v; is the i-th component of v. The case v € [—4, —2] follows the same argument as just presented.

For v € [—2,0], the estimates can be more blunt since the weight is no longer singular. O

Remark 2.3. Note that as y increases into the range (—2,0], the weight function w = \va*|1+% starts
adding growth so the Mean-Value estimates in Lemma [2.19 no longer apply unless more moments of
M are assumed than (2.3)).

Based on the previous results, we propose the following definition.

Definition 2.13 (Grazing continuity equation). For some terminal time 7" > 0, we define GCEp to

be the set of pairs of measures (pt, M¢);ec(o,7) satisfying the following:

L. € P(R?) is weakly continuous with respect to t € [0, 7. (M¢)¢epo,r) is a family of Borel

measures belonging to M<.

2. We have the moment bound ([2.3)

T
/// (14 o] 4 [o])d| My (v, v.)dE < oo.
0 RQd

3. The grazing continuity equation (2.2)) is satisfied in the distributional sense. That is, for every
¢ € C((0,T) x RY),

T 1 /7 ~
0o Jrd 2Jo JJrea

or equivalently for every ¢ € C2°(R),

d

1 -
G |codmw =5 [[ | Fcwv)amiw.v.).
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For fixed probability measures A, v, we may also specify the subset GCE(\, v) as those pairs (u, M) €
GCEr such that ug = A\, up = v. For E > 0, we will speak of curves (u, M) € GC’EZQF’E = GCEE such

that sup,cpo, ) me () < E.

2.2.2 Action of a curve

In this section, we construct the action of a curve under the grazing continuity equation. We introduce

the following function a : RY x Rsq — [0, 0o] by

ul® s#0
2s
a(u, s) := 0, s=0,u=0 -

0o, s=0,u#0
Lemma 2.14. « is jointly lower semi-continuous, convex, and positively 1-homogeneous.

Proof. These properties are easily, if tediously, verified. In the case s # 0, the convexity of « follows

since the Hessian of 4 ‘ has non-negative determinant. O

For fixed u € 2, M € M?, we define ' € 2(R? x RY) by
pt (dv, dv.) = p @ p(dv, dv.) = p(dv)p(dv,).

Consider 7 € M given by 7 = u! + |M| and the decompositions u' = f17 and M = N7. We define the

= //de a(N, fHdr. (2.5)

This is well-defined by the 1-homogeneity of «; if o € M is another measure which dominates ' and

action functional as

|M]|, then also 7 < o so 4 exists and we can write

// a(deu) // <deu>de
R2d do’ do R2d do "

The following lemma establishes a more concrete expression for the action functional.

Lemma 2.15. Let u € 2(R%) be absolutely continuous with respect to L and p = fL£. Let M € M¢
be given such that Ar(u, M) < co. Then, M is absolutely continuous with respect to f fidvdv, given
by density U : R? x RY — R? such that M = ff.Udvdv, = mdvdv, and

1 1 |m|?
== LU Pdvdy, = = dvdv,.
2//deff‘ [“dvdy 2//deff*””
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Proof. The proof is identical to [61, Lemma 3.6] up to appropriate modifications but we present it here
for clarity. Consider the same dominating measure 7 € M from before the statement of the lemma

with the same notations for the densities;
T=p@up+|M|, pou=fr, M=Nr.

For a fixed measurable subset A C R??, suppose

0= //A ffedvedv = p @ p(A) = //A frdr(v,v,).

We wish to deduce from this that M(A) = 0. Since 7 is a positive measure, we must have f! = 0 for
almost every (v,v.) € A. By the assumption of finite action, we deduce that (N, f*) = 0 for almost
every (v,vy) € A. This implies N = 0 for almost every (v,v,) € A which leads to M(A) = 0 and we

are done. ]

Lemma 2.16 (Lower semi-continuity of action functional). The action functional Ar, as defined in ([2.5|)
is jointly lower semi-continuous in both arqguments. Specifically, if pn, — p weakly in P and M, = M

weakly-* in M?, we have

Ap(pu, M) < lhginf Ap (g, My).

Proof. This result is an application of the general lower semi-continuity results which can be found
in [25, Theorem 3.4.3] and [62], Theorem 5.25] since « satisfies the required convexity, lower semi-

continuity, and homogeneity assumptions by Lemma [2.14] O

Another useful property of the action functional is the compactness provided by finite action. We

first state

Lemma 2.17. Let F : R* — [0,00] be measurable and fix any p € P, M € M?. We have the

following estimate

1
2

F(v,v)d|M|(v,vs) < \/§AL(,u,M)% F(v,v,)2dp(v)dp(vy) | . (2.6)
/. L. )

Proof. This proof follows [61, Lemma 3.8]. We assume Ap(u, M) < +oo or else (2.6) holds auto-
matically. This implies that whenever A C R?? is a measurable set, u ® u(A) = 0 if and only if

|M|(A) = 0. Therefore, in the following computations we are implicitly integrating away from sets of

36



zero pu ® p-measure. By considering 7 = p ® p + | M|, we use Cauchy-Schwarz to estimate

// Fd|M|(v,vs) < // dTUU* // M \/2d,u®,u \/2d,u®,ud7_
R2d R2d R2d dr dr dr

1 1
S(// a(m,dﬂ®ﬂ>d7)2(// 2F2du®u)
R2d dT dT R2d

= V2AL(u, M)z /R2dF 0,05 ) 2dpa(v )du(v*)>7

[

=

O]

Remark 2.4. Suppose we have uy € & such that fOT ma(pe)dt < 400, then the previous estimate (2.6
for M € M% and F =1+ |v| + |v.| yields

T T 1
/ // (1 + |v| + |vs])d| M| (v, vy )dt < / AL(ut,Mt)% (1 + 2/ v|? d,ut> dt. (2.7)
0 R2d 0 R4

Therefore, the time integrability of both the action and the second moment of us imply M satisfies the

moment condition (2.3]). In the sequel, we will be considering curves satisfying precisely this property

to guarantee (2.7)).

Proposition 2.18. Let (uy, M), be a sequence in GCEr such that (u)n is tight and we have the

following uniform bounds

T T
sup/ / [v|? duf (v)dt < oo and Sup/ Ap(pgt, M) dt < oo. (2.8)
neNJo JR4 neNJO

Then, there exists (u, M) € GCEr such that, possibly after extracting a subsequence, we have the

following convergences

TS weakly in &, Vte|0,T]
Mpdt = Mydt  weakly-* in M

Furthermore, along this subsequence we have the following lower semi-continuity

T
/ Ar(pe, My) dt < hmlnf/ Ap (pg, M) dt.

n—oo

Sketch of the proof. This result follows from a similar proof to [60, Lemma 4.5] and [61, Proposition
3.11] which we sketch. The second moment bound for p" in produces a limit u. Recalling the
application of Lemma in Remark the bounded action in and the estimate produce
a limit M € M((0,T) x R*?) along a subsequence of M;*dt. The time integrated version of Lemma, m

implies that M can be disintegrated with respect to Lebesgue measure; M = M,dt for a curve t €
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(0,T) — M; € M?. The lower semi-continuity follows from Fatou’s lemma and Lemma O

2.2.3 Properties of the Landau metric

We define the distance, dr, induced by the action functional on &5 E(Rd). Throughout, we will be

working in GCE% for T' > 0 some terminal time and arbitrary £ > 0.

Definition 2.19. For \,v € &5 p(R?%) we define the (square of the) Landau distance by
T
d3 (\,v) := inf {T/ Arp (e, My)dt ‘ (n, M) € GCEE (), V)} . (2.9)
0

Notice this definition is independent of T' > 0 considering the scaling of the grazing collision equation
and the 1-homogeneity of A. We have an equivalent characterisation of d;, which can be seen in other

PDE contexts such as [61), 60].

Lemma 2.20. Given \,v € P, p(R?), we have
T
dL()\, l/) = inf {/ AL(ut, Mt)dt ’ (,U,, M) S GCEJE()\, IJ)} . (2.10)
0

Proof. Here we reproduce the same proof as in [60, Theorem 5.4]. We denote, only for this proof,

dp(\v) = RHS@q)- By Cauchy-Schwarz, we have that for every (u, M) € GCEE

T s 3
/ \/ AL(Mt, Mt)dt < T2 (/ AL(,LLt, Mﬂdt) .
0 0

From here, we obtain

dL()‘v 1/) < dL()‘v V)v

and so we turn to establishing the reverse inequality. As in [0, Lemma 1.1.4], for every 6 > 0 and
t € [0, 7], define
t 1
ss(t) == / {6+ Ar(pr, My)}2 dr.
0

One sees that ss(-) is strictly increasing and its derivative satisfies

N |=
NI

ss(t) = {0 + AL(pe, My)}> > 6.

Define S5 := s5(T) so that ss : [0,T] — [0, Ss] is a strictly increasing surjection. Therefore, its inverse,

denoted by t;5 is well-defined and is Lipschitz continuous with a bound on its derivative given by

th(s) <672, Vse (0,Sy).
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Moreover, an application of the inverse function theorem gives the form

D=

t5(ss(t)) = (6 + AL (ue, My))~
By classical arguments on time rescaling (such as in [6 Lemma 8.1.3]), by defining ug = His(s) and

M) = t5(s) My (s) one has that (18, M9) € GCEZ;E with pud = A, ugé = v so by definition

T Ap (e, My)

1
o 0+ A, M) (0 + Ar (e, My))2 dt.

Ss
B\ ) < S / A(d, MP)ds = S
0

The equality follows from a change of variables in the integral from s to t. The term in the denominator
appears because the action functional Ay, is 2-homogeneous in its second argument. Continuing, we

add d to the numerator of the fraction and obtain the further estimate
T 1
O < <S5 [0+ Al M) i = 5.
Passing to the limit superior as § | 0 with the reverse Fatou lemma, we have

T
dr,(\,v) < limsup S5 = limsup {/ (6 + Ar (g, Mt))% dt}
640 440 0

T
< / VAL, My)dt = di ().
0
O

Proposition 2.21 (Minimising curve). Suppose that g, 11 € P2 g(RY) satisfy dr(po, 1) < 0o. Then

there exists a curve (u, M) € GC’E%’E(MO, p1) attaining the infimum of (2.9) (equivalently, also (2.10))

and Ar(pe, My) = d2 (o, p1) for almost every t € [0,1].

Proof. The existence of a curve (u, M) € GCE% ’E(,ug, p1) follows from the direct method of calcu-
lus of variations where the lower semi-continuity comes from Proposition As for the formula

Ap(pe, My) = d3 (po, p1) for almost every ¢ € [0, 1], notice that Cauchy-Schwarz as well as the equiva-

lent representations ([2.9) and (2.10)) give

/0 AL G Moyt < ( /0 1 ALmt,Mt)dt) * (o) = /0 A G Mt

Clearly, these are all equalities which, by Cauchy-Schwarz, implies that /Ag (u, M) is a constant. [

We now have all the ingredients to prove Theorem [2.7]
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Proof of Theorem[2.7]. We prove the statements in exactly the order they are presented in the theorem,
starting with the properties of the proposed Landau distance as a metric. The positivity of d;, follows
from the positivity of a. We now check that dj, satisfies the properties of a metric.

dy, distinguishes points

Fix g, 11 € P2 p(RY), we check that dp (o, 1) =0 <= po = p1. Suppose that dr (o, 1) = 0.
By Proposition we can find (u, M) € GCE% ’E(,uo, (1) which is a minimising curve and moreover
0 = dr(uo, 1) = Ap(pe, My) implies M = 0. The grazing continuity equation reduces to Oy = 0
which implies p; is constant in time.

The converse statement follows similarly by pairing the constant curve p : ¢t — g = p1 with the
zero measure so that (u,0) € GCE%’E(MO,;H).
Symmetry
Symmetry follows because time can be reversed for every curve. For instance, if (1, M) € GCEE (o, p1),

then one can check that the pair
ot (T —t), M :t—-M(T-1t)

belong to GOEE (1, o) with the same action.

Triangle inequality

We sketch the argument using a glueing lemma as in [60, Lemma 4.4]. Without loss of generality, let
pl, ut, w? € P p(RY) be such that dr,(u, ut) < oo and dp,(ut, p?) < co. By Proposition we can

find minimising curves connecting these probability measures
(M0—>1’M0—>1) c GCE%’E(,LLO,MI), (M1—>2’M1—>2) c GCE%’E(MI,/L2).

We take their concatenation from time 0 to 1 is given by

. pot,  0<t< 3 2MI7Y, 0<t< 3
t -— 5 t =
1—2 1 1—2 1
HoiZ1y2)y 3 <t<1 My, )y 5 <t <1

One can check that (u, M) € GC’E? F(u0, 42), so it is an admissible competitor in the computation of

dr (10, 4?). By looking at the action on the different time pieces, we have

1
dr(u°, 1% S/O Ap(ue, My)dt = dp (1, pt) + dp(p', 1?).

dr,-convergence/boundedness implies weak convergence/compactness
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Fix a sequence (u")neny € Po.p and pu™ € P g such that dr(p>, u") — 0 as n — oco. By Proposi-

tion take minimising curves (v", M") € GC’E%’E(,LPO, p") such that

dL(:U'OOHun) =V 'AL(VFaMtn)v a.e. t € [07 1]'

By compactness in Proposition there are limits (v, M) € GCE% ¥ such that ™ — v and M™ = M

up to a subsequence. Moreover, the lower semi-continuity in Proposition gives
Ap (v, My) < liminf Ap (v, M*) =0,
n—oo

hence M = 0 so that v is constant in time. Since v(0) = p°, this implies p>* = v(1) = limy, 00 1"
which establishes the weak convergence.

(Pr,dr) is a complete geodesic space

We start with the geodesic property from completely analogous arguments to Erbar [61], the remaining
statement that &7, equipped with dy, is a complete geodesic space follows. Fix 7 € &5 E(Rd) with
Lo, 11 € P, the triangle inequality ensures dr, (o, 1) < 00 so Proposition guarantees the existence
of a minimising curve (u, M) € GC’E% ’E(uo, p1). One easily sees that this also induces a minimising
curve for intermediate times. More precisely, for every 0 < r < s < 1, we have that (t — pqr,t —
Myy,) € GC’E?LE(MT,MS) also minimises dr, (ji,, fts)-

To show completeness, let (u™),en be a Cauchy sequence in &;. The sequence is certainly dp-
bounded so by Proposition [2.18] we can find, up to extraction of a weakly convergent subsequence,

u>e € e@Q,E(Rd) such that pu™ — p™ in @ZE(RCI). Lower semi-continuity of dj, and the Cauchy

property of the subsequence give
dr(p", 1) < I}rILILiEOf dr(p", ™) — 0, asn— oo.
For any n € N the triangle inequality gives
dr(p>,7) < dp(p™, p") +dr(p", 7) < oo,

which implies u*° € Z;. O

Following the philosophy of Otto [103], we present the Riemannian geometrical interpretation of

(P26, dr).

Proposition 2.22 (Metric derivative). A curve (u)icpo,r) C Py p(RY) is absolutely continuous with
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respect to dy, if and only if there exists a Borel family (My)icpo,r) belonging to M such that (u, M) €
GCE:,E with the property that
T
/ .AL(/Lt, Mt)dt < 00.
0

In this equivalence, we have a bound on the metric derivative

. d2 ) .
%%W = ’:U”Z(t) < AL(utth)a a.e. t € (OaT)

Furthermore, there exists a unique Borel family (Mt)te[o,T] belonging to M which is characterised by

= L2 (e ®put)
My=Umom and UeT, = {Vo|oeCx@®yy M

such that (p, M) € GCEE (uo, pr) where we have equality
A (t) = AL (pe, My) < 400, a.e. t € (0,T).

In other words, for a fized u, the measure M is minimal for the action functional so if n € M% is
V--free, meaning

], T dntwo) =0, vee o)

R2d

then there holds Ar(ue, My) < Ag(ue, My + ).

Proof. We proceed exactly as in Dolbeault et al. [60, Theorem 5.17]. We start with the ‘if’ ( <)

direction. Lemma [2.20 gives for 0 <r < s < T

i (e 1) < / Ap (i, My)dt < oo,

The proof of Lemma also says that /Af (¢, My) € L?(0,T). Hence u is absolutely continuous

with respect to dy, and by Lebesgue differentiation theorem, we also obtain
) (t) < ApL(us, My), ae. t €[0,T].

For the ‘only if’ ( = ) direction, assume p is absolutely continuous. Lemma 1.1.4 of [6] says that
there is an arc-length reparameterization of ¢ — p; which is Lipschitz (this was similarly used in the
proof of Lemma . So without loss of generality, assume that our original map t — p; is Lipschitz
so that the metric derivative is bounded |p| < 1. For fixed N € N we take a mesh of [0, 7] with step

size 7 = 27NT. Let k = 1,...,2". Recalling Definitions and |i|(t) can be thought of as the
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minimal m in the right-hand side of Definition [2:2] so that the following inequality holds

kT

A1 (1) hr) < /( il (2.11)

Squaring this inequality and using Cauchy-Schwarz gives

kT 2 kT
& i 1yms fir) < ( / mr<t>dt> <o [Tl
(k—1)7 (k=1)7

Finally, division by 7 gives
kT
B (1 1yrs i) < /(k o (2.12)

Since || € L?(0,T), inequality (2.11]) gives dr(fi(k—1)r> Hrr) < 00. Hence, by Proposition we can
find minimising curves (u*, M*N) € GOEE (M(k—l)w piir) such that (going back to Definition [2.19)

[ AL ME Yt = oy i)

Now we define (u, MY) € GOEE (uo, ur) as the concatenation of all the curves (u*V, M*N). This
is done in a similar way as in the proof of the triangle inequality for Theorem More explicitly, we

define the curves

(
™ 0<t<r MM, 0<t<r
[T T<t<2r v MY T<t<2r
Hy = , M=
2N N N 2NN N
'ut_(QN_l)T’ (2 - 1)7— S t S T Mt—(QN—l)T’ (2 — ].)’T S t S T

We compute the time integral of the square root of the action on this concatenated curve with the help

of (2.12)) and the Lipschitz assumption

2N
/ AL ,U't ’Mt dt / AL ) tk7N)dt = ZTﬁld%(:u’(k—l)T’ :U’k’r)
k=1

T
<Z / NCE t= [l < .

This computation is independent of N € N so taking the supremum, we have

T
sup / Ap(uly, MNYdt < oc.
NeNJo

As well, we have () )ven = (Mgl)’N)NeN = {10} which is tight as a singleton in 5 p(R%). There is also
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a uniform second moment bound that is obtained directly from the minimising curves (", M%) ¢
GCE:,E (,u(k_l)T, ,Ulw)- These conditions fulfill Proposition so, up to a subsequence, there exists
(i, M) € GOEE (1o, pr) such that p — ji and MN > M. One has that ji; = y for every t € [0,7]

Lo

because this equality holds for every t = QLNT forevery N e Nand ¢ =1,. . The union over all ¢, N

of this dyadic partition of [0,7] is dense, so by extension we have iy = p;. By lower semi-continuity,

the previous calculations show

T T T
T o) < [ Au(ue Mi)de < lining [ AL MYt < [Pt
0 < Jo 0

Since |f| is minimal, we have Ay (ug, M) = |f1|?(t) for almost every ¢ € [0,T]. Uniqueness of the M

satisfying this equality follows because the problem

T
mj\}[n/ Ap (e, My)dt,  s.t. (u, M) € GCEE (uo, ur)
0

is a linear programming problem with a strictly convex (in M) objective function with a convex con-
straint on M (the grazing continuity equation).

For the statement regarding the tangent space, notice that whenever n € T/f-, if (u, M) € GCE% (1o, 1),
then also (u, M + 1) € GCEE (uo, ur) assuming that Agr(u, M + 1) < +oo. To be precise, n € T/f

means whenever ¢ € C°(R?), there holds
/ VE-dn=0.
R2d
The first order optimality condition of the minimality of M is precisely

Ap(p, M) < Ap(u, M +n), VneT; .

2.3 Energy dissipation equality

The goal in this section is to prove Theorem [2.8 which states that the notions of gradient flow solutions
coincide with e-solutions to the Landau equation. To fix ideas, we recall the regularised entropy

functionals (Hc|) acting on probability measures

Mol = [ (s o) (o) log(rex )0},

44



with G*(v) given by

Ge(v) = e Cyexp {— <§>} , Cyq= (/Rd exp{— (v)}dv>_l :

The crucial ingredient to prove Theorem [2.§)is the following

Proposition 2.23 (Chain Rule €). Fiz v € [—4,0] and suppose (u, M) € GCEE and

T
/ A(pt,Mt)dt < Q.
0

Then, sup;cio, 1) He [it] < 0o and the ‘chain rule’ holds

Helpr] — Helps) = = ///de {5%} dMydt, Y0<s<r<T. (2.13)

Remark 2.5. Recall the expression for the dissipation

De(p) := Dy (p //R2d

Using a time integrated version of Lemma we have the estimate

TN/

Therefore, under the hypothesis of Proposition we have that

@57-[

du( Jdp(v.)-

57—[8

1

@ d\Mt v, v dt</ A(pe, My)2 Do) dt.

Heti) = Heln)| < [ Ot

which implies that De(ut)% 18 a strong upper gradient of H., see Definition .

Taking Proposition (and Lemma in the sequel which depends only on € > 0 and uniform

second moments) for granted, we can prove Theorem

Proof of Theorem [2.8 Throughout, i = fL is a curve of probability measures with uniformly bounded
second moment.

Weak e-solution —> Curve of maximal slope

Consider f an e-solution to the Landau equation. Define m = —f f*@‘sgjf so that the pair of measures
(b= fL,M = mL ® L) therefore belong to GCE% . Indeed, the distributional grazing continuity

equation from Definition [2.13]is precisely the weak ¢ Landau equation. Based on the definition of M
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and the finite H, dissipation, we have the bound
T T
/ A(Mt, Mt)dt = / Ds(ft)dt < 00,
0 0
which implies the weak continuity of u. By Proposition [2.22] we have
| (8) = A(pe, My) = De(fe) < 00, ace. t €0, T].
Using Proposition [2.23] we have for any 0 < s <r <T
1" 1"
Mol = Mol + 5 [ Detudde+ 5 [ liPeae <o
S S

According to Definition this is the curve of maximal slope property.

Curve of mazimal slope —> weak e-solution

Assume that u = fL£ is a curve of maximal slope for H. with respect to the upper gradient /D..
Since p is absolutely continuous with respect to dr, Proposition guarantees existence of a unique
curve M :t € [0,T] — M; € My such that fOT VA(ur, My)dt < oo and [4f2(t) = A(ue, My) ae

€ [0,7]. Furthermore, the pair (u, M) € GOEE. According to Lemma let M = mL &L
for some measurable function m. We apply the chain rule with Cauchy-Schwarz and Young’s

inequalities with minus signs in the follow computations.

Helfr] - Helfol = / [ 55 - mavio.de

—1/ (//waf* @‘mf‘ dvdv*>;(//R2d |ff|* dvdv*);dt

> — / ( / /R LY 5% dvdv*) — / / /R y |;r;l*2dvdv* dt
-1 /0 D.(fdt ~ /0 (0t

All the inequalities in the calculations above are actually equalities owing to the fact that p is a

curve of maximal slope. In particular, since we have the equality in the Cauchy-Schwarz and Young’s

inequalities, this implies that \/ﬁ -V f f*@‘sg';f. As in the previous direction, the weak ¢ Landau

equation coincides with the grazing continuity equation when m is equal to — f f*@‘s;;f. O

Remark 2.6. Assuming Proposition 1s true with H. replaced by H, the proof of Theorem

follows almost identically. Achieving this by taking the very technical limit € | 0 of (2.17)) is the focus
of Section [2.]
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The rest of this section is devoted to proving Proposition [2.23] We need some preliminary estimates.

The following result is a variation of [27, Lemma 2.6].

Lemma 2.24 (Carlen-Carvalho [27]). Fiz p € Po g for some E > 0 and € > 0. Then, there exists a

constant C = C(e, E) > 0 such that

[log( G)(v) < C (%)

3

Proof. Starting with an upper bound, we easily see

wx G (v) = 9 G (v —v)dp(v') < 1.

Turning to the lower bound, we cut off the integration domain to |[v'| < R, for some R > 0 to be chosen

later. We estimate, for € > 0 small enough

(2 = 2 s et o (B) = e () (B)).

This is substituted into G°(v — v') to obtain

o GE(v) > /|R & =) ze exp {—v2 () + (£))} /| )

At this point, we appeal to Chebyshev’s inequality using the second moment of y to see

v — v

e

1
[aueh=1- [ aue)zi- g [ WPdu),
v|<R | =R R Jlwi2r

We can now choose, for example, large R such that 1 — % > 1 to uniformly lower bound the integral

f\v’l <R du(v") away from 0 and then conclude the result after applying logarithms. O

Lemma 2.25 (log-derivative estimates). For fized € > 0 we have the formula

- 1 /o\"1 ., v
VG (v) = 2 <g> G (v)=. (2.14)
For € &, denoting 0" = 8?;1' and 0% = av?i;w we obtain
€ 1 i € 4
|Viog(p* G%)(v)| < - 97 log(p * G%)(v)| < o (2.15)
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Proof. Equation ([2.14]) is a direct computation after noticing

o9 (2 o) <L)

The first order log-derivative estimate of (2.15)) is calculated using formula (2.14]) to obtain

Vux G0 = s V&) < 1 [ (0 (o - vyaue)
< [ 60—t = L (o).

For the second order derivatives, we first look at 9% ;1 G® which can be computed with the help of ([2.14])

, 1 v—v’>_lvj—v’j . ,
N . _ d / —
8(6/Rd< 5 6 G (v —v")dp(v")
=3 i 1 \j 15 n —1
1/ <v—v> vt —w v’—vj_aij<v—v>
e2 Jpa € € € €

Y AN R A U S
+<v v> vt =" vl —w )Gs(v—v')du(v’)

3 9 3

0 1% G (v)| =

3
< Sh G*(v).

Combining this estimate with the previous first order one, we have

0+ G2 B (O x GZ) (07 * G¥) < 4

wx Ge (u* Ge)2 g2

0 0g (1 G°) (v)| =

Lemma 2.26. Fiz e > 0 and v € [—4,0] with p € P4 p(RY) for some E > 0. We have

1. Moderately soft case v € [—2,0]:

= 0H.

'v e o2 o3
op

- ‘@[GE x log (1 * G°)] (v, vy)

2. Very soft case v € [—4,—2]:

= 6H.

<. 1.
‘V op

~E

In particular, it holds
2

7 e | gy du(o,) < E.

v

Il
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Proof. We first expand the expression for V g'llf to be used throughout this proof.

@5;:5 = VG* xlog(p * G) (v, vy)
= v — v " T[v — 0, ) (VoG % log (i GF) (v) — Vo, GZ # log (1 + G (vy)) (2.16)
— _ 1+2 _ €(ny/ VM*GE o _VILL*GE - /> /
= |v — v 21w — v,] RdG(U)<M*G6 (v—12") T GE (ve — ") | dv'.

1. Moderately soft case v € [—2,0]: We use (a concave version of)) the triangle inequality (valid since

1+ 3 >0) and the first estimate of (2.15) to bound the last line of (2.16)

-0 2
‘V % < 2ME(jo]FF 4 o fE) 2 / GE(v)dv' e o' E 4 [u| TR
/L £ Rd

2. Very soft case v € [—4,—2]: We perform estimates in two cases; the far field |v —v,| > 1 and near

field |v — v,| < 1.

|v — v, > 1:

In the far field, we have |v — U*\H% < 1 hence we can brutally estimate using again the
first estimate of to obtain the estimate

<

- 6H.
‘v o

[ )

v — v, < 10
We can treat the singularity from the weight with a mean-value estimate and the second estimate

of (2.15)

Vi G*
px G*

_ VuxG*

o
(v—"2") G

4
(vs — ') |v—v*|§8—2|v—v*\.

LOO

< sup
ij=1,..,d

i P uxGE
’ ( pox G2 )

Inserting this into ([2.16]), we have

- OH,
‘v o

4 7 4
< €—2|v — 22 GE(V)dv' < .

O

Remark 2.7. Originally, I considered the general family of convolution kernels G*¢ described in Sec-
tion (2.1.1. In particular, the choice s = 2 1is very natural since these profiles are Mazwellians which
are known to be stationary solutions to the Landau equation. However, it is not clear how one should

prove the analogous estimates of Lemma|2.25 without assuming p € &2 has compact support.
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The previous results will be used in the proof of Proposition [2:23]

Proof of Proposition [2.23. To prove (2.13), our strategy is to regularise the pair (u, M) in time with
parameter p > 0 and differentiate the regularisation. Then we obtain uniform bounds in p needed to
take the limit p | 0.

Finite reqularised entropy

We have the following chain of inequalities

%WbéywmmmwumwwméywmwwwaHﬂ

The first inequality comes from Lemma because log(u; * G°) has linear growth (uniform in time)
while in the second inequality, u; * G has as many moments as u; with computable constants.

Time reqularisation with p > 0

Without loss of generality, take u the weakly time continuous representative (Lemma and M the
optimal grazing rate (Proposition achieving the finite distance dy. We first regularise the pair
(t, M) in time for a fixed parameter p > 0 as follows. Take a mollifier n € C2°(R) with the following
properties

1
suppy © (<11, >0, n®) =0, [ w(nar=1.

We define the following measures for t € [0, 7], by taking convex combinations

1 1
uy ::/ n(t ) p—ppdt’,  Mf ::/ n(t")M;_ppdt'.
-1

Here, we constantly extend the measures in time. That is, if ¢ — pt’ € [—p,0], we treat p_,p» =
po, My, = 0. For the other end point, if ¢t — pt' € [T,T + p|, we set = pr, My_p,pw = 0.
This transformation is stable so that (u?, M?) € GCEp and in particular, the distributional grazing
continuity equation holds

1
2

We derive equation (2.13]) using this regularised grazing continuity equation. Consider

Helif) = [ (0 = G0 ol = G o),

which we differentiate with respect to ¢t by appealing to the Dominated Convergence Theorem. Firstly,
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due to the time regularisation, we have
Op {(uf * G°) log(pf + G°)} = [(Oepf)) * G°] (log (pf * G°) + 1).

The L} bound is obtained on the following difference quotient for a fixed time step h > 0

(17 G)log (g, G7) = (uf * G°) log(uf * G°)]

S > =

< o |l + GF) = (uf 5 G)

sup |log(uf? * G%) +1].
sE[t,t+h]

where we have used the Mean Value theorem with the chain rule. Applying Lemma [2.24] we obtain

1 1
0 G0 (i 67) = o G logf » G| S | * G) = (1 6] ).

We apply the Mean Value Theorem on the difference quotient again to get

1 T
'h[(uf+h  G%) log (pgyp, * G°) — (uf * G¥) log () Ge)]‘ Spe 17 [|zee (uo *G° + /0 it * Gadt) (v).

Since p has finite second order moments, this last expression belongs to L.. By the Dominated Con-

vergence Theorem,

d

SHf) = /R 1(Ounf) = G°) (log(uf * G°) + 1)dv = /R (@) 167 log(yf « G)Jdv

The last line is achieved by the self-adjointness of convolution with G* and eliminating the constant

term due to the conserved mass of . Integrating in t, we obtain

Holi) = Helpt) = [ [ (@un) 167 Yot + )
s R
:1/ // [VGE + log(uf * G°)] - AMPdt (2.17)
2 /s R2d

1 /7 ~
== / / $OMe anpar.
2 s R2d 5Mt

We now turn to establishing estimates independent of p > 0 to pass to the limit p | 0.

Estimates on the right-hand side of ([2.17):

According to Lemma [2.26] we have the estimate

- 6H
‘V | Sem IP A+ [ouP, 0<p <1

P
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By the first moment assumption of M; (2.3)), we have

[ L5

This estimate also extends to M/ by definition of the mollification

I/

Note that these estimates are independent of p > 0.

S > | d| M| (v, v)dt Se g / // [v| + |vi|d| M| (v, v4)dt < 0.
1y

6’Hg
opy

d| M| (v, v,)dt < oc.

Convergence for p | 0:

Firstly, we establish the following identity which will be useful later. For fixed functions f!, f? we have

VG« f'] = VG x f?]
= v — v T2 I — v (V]G * f1] = V[G® % 2] — (VL[G * f1], — VL[G * f7,)) (2.18)

— o — "I - v.] /R (VG0 =) = VG, — ) (F ) = ()

Using the weak time continuity of y, we can consider

1
g # GE (V) = e+ G5(v'))] S/ () (-, GZ(v" =)} = (e, G=(v" = -))|dt".

-1

The - stands for the convoluted variable. Since ¢ belongs to a compact set, the function ¢ — (us, G*(v' —
1)) is uniformly continuous from the weak continuity of p. In particular, using the continuity in v and

the lower bound from Lemma [2.24] we conclude that for any R > 0
|log(uf * G%) — log(uy * G°)| = 0 uniformly on Bg. (2.19)

Therefore by Lemma abbreviating the weight to w = |v — v,|'t2 and using (2.18) with f! =

log(pf * G¢) and f? = log(us * G%), we have

\ vOHe _ 90| 196 wlog(uf + G (v, v.) — VGF + log(au + G7) (o, v.)]
5Mt O pu
w|VGE (v — ') = VG (v — V')||log (1] * G*(v')) — log(pe * GZ(v"))| dv'
R4
< C’Ew/ IVGE (v — ") = VG (v, — ") (V') dv
BC

Rg
+ (sup |log (1 * G¥) — log (s * G5)|> w/ IVGE (v — ') — VG (ve —")| dv'.
Br,

Br,

For a fixed (v,v,), we obtain the convergence to zero by taking p — 0 and Ry — oo in the previous
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estimate. This holds for all v € [—4,0] by taking advantage of the regularity of G°. Using continuity,

we obtain that for any R > 0

0H,
5 P

(v,v4) — @%

V—
Oput

(v,v4)] = 0  uniformly on [0,T] X Br X Bpg. (2.20)

We turn to the limit estimate for the right hand side of (2.17)). For any R > 0, we have

~ OH " - OH
. dMPdt — £ dt
R2d 5#? ‘ / /RZd Oput ‘

< He | GOH: ) -dedt' + v 5H€ -dedt—/ / 7O oyt
R2d Mt R2d 5,ut

R2d 5:U't 5Ht
/ // v dIMpldt+/ // He  GoHe d|MF|dt + o(1).
BrxBpgr 5,Ut 5,Ut (BrxBg)C 5,th Ofbt

The last term is o(1) as p | 0 by the estimates in the previous step using the moment condition ({2.3])
of M and M?. By sending p | 0 (the first term vanishes due to (2.20)) and then sending R — oo (the

second term vanishes again from the previous step), we obtain the convergence

lim ~ / / V5H€ dM{dt = / / g dMfdt. (2.21)
00 2 R2d (5,U,t R2d 5/%

Convergence of the left-hand side of (2.17))

By (2.19)), Lemma and the uniform bound on the second moment, we have that

[Helpf] = Help]| < /Rd |(uf * G°) log(f + G=)(v) — (e x G7) log (e + G°)(v)|dv

— 0, asplO.

Therefore, by the previous equation and ([2.21]) we can take p | 0 in (2.17)) to obtain

Helpr] —H // V(SHE dMy(v,vy)dt,
R2d (SILLt

which is the desired result. O

2.4 JKO scheme for s-Landau equation

This section is devoted to the proof of Theorem after some preliminary results. Our construction
of curves of maximal slope in Theorem uses the minimising movement /variational approximation

scheme of Jordan, Kinderlehrer, and Otto [90]. Fix a small time step 7 > 0 and initial datum poy €
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Py, E(Rd) and consider the recursive minimisation procedure for n € N

. 1,
vy = Mo, v € argminy e », , He[A] + ;d%(yn_l, A -

Then, we concatenate these minimisers into a piecewise constant-in-time curve by setting

wo = po, pi = vy, forte ((n—1)r,nrl.

n?

The scheme given by (2.22]) and (2.23)) satisfies the abstract formulation in [6] giving

(2.22)

(2.23)

Proposition 2.27 (Landau JKO scheme). For any 7 > 0 and po € P2 p(R?), there evists V], €

P 5 (RY) for every n € N as described in ([2.22)). Furthermore, up to a subsequence of uf described

in (2.23) as T — 0, there exists a locally absolutely continuous curve (ut)i>o such that

pi — ft, vt € [0, 00).

Proof. Our metric setting is (£,,,dr) (see Theorem [2.7) with the weak topology o. This space is

essentially Y E(Rd) except we need to make sure that dj is a proper metric, hence we remove the

probability measures with infinite Landau distance. We follow the proof of Erbar [61] which consists

in verifying [6l Assumptions 2.1 a,b,c]. These assumptions are listed and verified now.

1. H. is sequentially o-lIsc on d;-bounded sets: Suppose u, € e@g,E(Rd) —pu € 927E(Rd), this

implies pi, ¥ G5 — p* G in P5(R?). It is known that

Jra f(v)log f(v)dv, p=fL

400, else

Hlp] =

is o-lsc and since H.[u] = H[p * GF], we achieve the first property.

2. H. is lower bounded: By Lemma for fixed € > 0, log(p * G¥) is uniformly lower bounded

by a linearly growing term. For fixed 1 € &5 p(R?), we have, with Cauchy-Schwarz

1

()2 Gs(v)dv) "> _(0(e) + E)

N

Helu] Ze —/Rd<v>u « GF (v)dv > — (/

Rd

> —00.

3. dr-bounded sets are relatively sequentially o-compact: This is one of the consequences

from Theorem 2.7

The existence of minimisers, v], to (2.22) and limits along subsequences as 7 | 0, p, to (2.23) is

guaranteed from [6, Corollary 2.2.2] and [6, Proposition 2.2.3], respectively.
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At the abstract level, the limit curve constructed in Proposition has no relation to /D.. The

following lemmata bridge this gap.

Lemma 2.28. For any uo € &2, we have

V De(po) < [07He|(po)-

Proof. For fixed €, Ry, Re > 0 and v € R, take T' > 0 from Theorem and the unique weak solution
p € C([0,T); 25(RY)) to

atﬂ = V- {/Mle f]Rd ¢R1*¢R2 ('l) - U*)‘U - U*|7+2H[U - U*](']g - 5*)dﬂ(v*)}

n(0) = po

The functions 0 < ¢g,, ¥R, < 1 are smooth cut-off functions with the following properties

1, |v| <Ry 0, |z <1/Ry
¢R1 (U) = ) wRZ(Z) =
0, [v]>R1+1 L, |z| >2/Ry

The notation J§ from Appendix [B] means
& = VGF * log[ug * G°] € C®°(R%LRY).
For this proof alone, we define the reduced e-entropy-dissipation
DI ) = 5 [ [ om0 = oo =72 T = 02105 = J5) o))

On the other hand, as the e-entropy dissipation comes from the negative time derivative of entropy, we

have

DFR (o) — Jing Phelto] = Helpd] | Helnol = el du(po, i)
t}0 t tl0 ClL(/L(), ,u,t) t
< lim {Ha["‘)] —Helw 1
t10 dr(po, ) ¢

t1
X (/O \/2 //de O% 0%, %, [0 — v 12w — 0,] (J5 — Jg*)Qdus(v)dﬂs(U*)d$>}

< |OHe|(10) v D1 (o).

In the first inequality, we estimated dr (uo, p¢) by considering the PDE in this lemma as the grazing

collision equation with M = —(u ® u)@log to. In the last inequality, we have used the Lebesgue
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differentiation theorem with strong-weak convergence since p is continuous in time as well as the fact

that qz%l < ¢p, and ¢12%2 < YR, since 0 < ¢Rr,,Yr, < 1. We are left with the inequality

V DEV (110) < |0H|(110),  VR1, R > 0.

Owing to the many regularisations applied, the e-entropy-dissipation u +— DE 1’RQ(M) is continuous
with respect to weak convergence of probability measures. By considering weakly convergent sequences

and passing to the limit inferior, we deduce the same inequality with the relaxed slope

VDI (1g) < |07 He|(po), VRi, Ry > 0.

As functions of Rp, Rs individually, DIt (1o) is non-decreasing. Furthermore, the integrand of
DE 1’RQ(MO) converges to the integrand of D.(ug) pointwise pg-almost every v, v,. Thus, an application
of the monotone convergence theorem in the limit Ry, Ro — oo on the above inequality completes the

proof. ]
Lemma 2.29. |0~ H,.| is a strong upper gradient for H. in 2,,(RY) where py € P 5(RY).

Proof. Fix \,v € 2,,(R%) so that by the triangle inequality of Theorem we have dr(\,v) < oco.
Now by Proposition there exists a pair of curves (u, M) € GCEE connecting A, v and A(u, My) =
d? (A, v) for almost every t € [0,1]. Using Remark and Lemma we have

HA — Helo]| < /0 DG il (1)t < /0 10 He ) ().

O]

We can now prove Theorem [2.9] so that we can relate curves of maximal slope to weak solutions of

the e-Landau equation.

Proof of Theorem [2.9, Take a limit curve p; constructed in Proposition[2.27] By the previous Lemma[2.29
the assumptions of [6, Theorem 2.3.3] are fulfilled so y is a curve of maximal slope with respect to |0~ H|

and satisfies the associated energy dissipation inequality

1 /M 1 /.
Help] — Helpa] + / 0 Helu) Pt + / AP (t)dt <o.

The inequality of Lemma [2.28| gives

1 /" 1 /" .
Help] — Helps] + / Do)t + / AP(t)dt < 0,
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which is precisely the statement that the limit curve y; is a curve of maximal slope with respect to

VDe. O

Remark 2.8. The results of Proposition[2.27 and Lemma[2.28 can be generalised to other regularisation
kernels G*¢, in particular, the Mazwellian reqularisation. However, this is not the case for Lemmal2.29

since the proof relies on Proposition [2.23, see Remark [2.7]

2.5 Recovering the full Landau equation as ¢ | 0

Theorems and provide the basic existence theory for the € > 0 approximation of the Landau
equation. In this section, we prove the € | 0 analogue of Theorem [2.8 which is Theorem [2.10} Recall we
fix d = 3 in this setting. By definition, both H-solutions and curves of maximal slope to the full Landau
equation dissipate the entropy. Therefore, the assumption of finite initial entropy automatically
ensures

sup H[f] = sup ftlog fi < +o0.
t€[0,T)] te[0, 7] JR3

In the sequel, every quotation of |(A2.2)| will refer to this bound. Take the following claim for granted.

Claim 2.30. Assume|(A2.1), |(A2.2), |(A2.3) and let M be any grazing rate such that (u, M) €

GC’E%" and
T
/ A(,ut, Mt)dt < Q.
0

Then we have the chain rule

Hips) — Hw) = / ' / /R v [(Zﬂ - dMdt. (2.24)

Accepting Claim [2.30] on faith, we can prove Theorem [2.10]

Sketch of the proof of Theorem[2.10. Recalling the proof of Theorem [2.8] we see that the crucial ingre-
dient is the chain rule (2.13)) in Proposition m By following the steps of the proof of Theorem [2.8

and using (2.24) instead of (2.13)), one completes the proof of Theorem [2.10] O

We dedicate this section to proving Claim i.e. (2.24). Equation (2.24) is clearly the € | 0 limit
of (2.13). The left-hand side of (2.24) can be obtained from the left-hand side of (2.13]) using the finite
entropy assumption |(A2.2)[ and exploiting the convolution structure of H..

The difficulty remains in deducing that the right-hand side of (2.13)) converges to the right-hand
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side of ([2.24]) as € | 0 given by

[ LSS,

under the additional assumptions |(A2.1)H(A2.3){on p = fL£. For this, we quote here an extended

dt%/ // @‘LH dMdt, €0, (2.25)
R6

version of the Dominated Convergence Theorem which we will need from [I06, Chapter 4, Theorem

17).

Theorem 2.31 (Extended Dominated Convergence Theorem (EDCT)). Let (H:)->0 and (I)->0 be
sequences of measurable functions on a measurable space X satisfying I. > 0 and suppose there exists

measurable functions H, I satisfying
1. |H:| < I. for every e > 0 and pointwise a.e.

2. H. and I. converge pointwise a.e. to H and I, respectively.
lim [ I :/ I < 0.
&0 Jx X

lim/ HE:/ H.
el0 Jx X

Setting M = mL ® L (valid by Lemma [2.15)) and using Young’s inequality on the right-hand side

Then, we have the convergence

of (2.13), we have the majorants

1 [my®

2 ff

v [57—[5

G v[5]

} e S 7ff* oL

Notice that the first term is precisely the integrand of D, while the second term is the integrand of the

action functional A(u, M;) which has no dependence on € and is henceforth ignored. We can apply

EDCT [2.31| with X = (0,T) x R® to prove (2.25)) once we show

/OT//Wff*@[ de*dvdt%/oT//Rﬁff*?{H

The pointwise a.e. convergence hypothesis of EDCT is straightforward based on the regularisation

57—[1

2
5 dv,dvdt, €] 0. (2.26)

of H. through G*. Focusing on (12.26)), we will use a standard Dominated Convergence Theorem (DCT)
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for the integration in the t variable, by proving

2 2
// 1ff* \V/ {57{5} dvydv — // 1ff* \Y, [5%} dvedv, a.e. t,
R6 2 5,& R6 2 5,& (2 27)
1 ~ 6H6 2 1 - 57_[ 2 .
// —ff|V dv*dv<0// —ff|V]I—1| dvuedv, a.e. t Ve>D0,
R6 2 op R6 2 op

where C' > 0 is a constant independent of ¢ > 0. The estimate of (2.27) guarantees the L} majorisation
due to the finite entropy-dissipation assumption |(A2.3)l Our estimates in this section accomplish both

the convergence and the estimate of (2.27)) by nested application of EDCT The significance of all

three assumptions |(A2.1)H(A2.3)| will be apparent in proving the convergence in (2.27)).

Remark 2.9. In this section, the only properties of G* we use are that it is a non-negative radial
approximate identity with sufficiently many moments. As in the construction of minimising movement

curves in Section[2.4), the results of this section can be achieved with other radial approzimate identities.

2.5.1 Outline of technical strategy to prove (2.27)

The need to apply EDCT instead of the more classical Lebesgue DCT is because we are unable to
= | 0He
v [ %]

us to prove ([2.27)) are that we do not need our majorants to be integrable and moreover, we can rely

2
dv,. The key observations that allow

find direct L. majorants for the function v — f ng I+

on the self-adjointness of convolution against radial exponentials (which I hereafter refer to as SACRE)
to reveal a convergent majorant in €. The unofficial name ‘SACRE’ is quoted for simplicity although,
in principle, it is a manifestation and exchange of weak-strong convergence as detailed below.

Step 1: Find majorants and appeal to EDCT(2.51

We seek to find pointwise a.e. majorants in the v variable

- M@}2
V{du

dv, < I (v),

fl
R3

where I!(v) satisfies the hypothesis for the majorant in EDCT We then show that I} converges
pointwise to some I'*. This is possible since I depends on ¢ only through convolutions against G¢, which
is an approximation of the identity. Hence, we are left with showing the integral convergence Item [3] of
EDCT 2.31]

/ I (v)dvdt — I'(v)dv, €—0.
R3 R3

Step 2: Use SACRE with G*¢
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To show the integral convergence for I}, we find functions A' and B! such that
I (v) < A(0)(G* + BY)(v)

and apply EDCT As in the previous step, the pointwise convergence is easily proved. Hence, we

need to verify the convergence of the integrals

AYGF«BYdv — | A'Bl, e—o0.
R3 R3

The key observation is applying SACRE to obtain

/Al(GwBl):/ (GF « AHB*.
R3 R3%f2_/
=1,

€

Therefore, we have reduced the problem to showing integral convergence Item (3| of EDCT for I2 (as
the pointwise convergence is again easily proved).

Step 3: Reiterate step 2

We repeat the process outlined in Step 2 by finding functions A% and B? such that we have the pointwise
bound
I?(v) < A%(v)(G® * B?)(v).

Again the pointwise convergence for the majorant follows easily, hence we only need to check the integral

convergence Item [3 of EDCT [2.31] given by

/AQ(Gs*BQ)% A’B?,
R3 R3

Using SACRE, we study instead the integral convergence of
I2(v) = (G x A*)B2.

Eventually, after a finite number of times of finding majorants and applying SACRE, we will obtain a
majorant I' for which the estimates and the convergence as e — 0 follows from the standard Lebesgue
DCT, using the bound of the weighted Fisher information in terms of the entropy-dissipation (see The-
orem i and assumption Although I and I are not necessarily directly comparable for
i # j, the only property we are concerned with proving is [I? — [ I.

The key point of this strategy is that while A'(G® * B') may not have an integrable majorant, it is
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enough to study (G¢ * A')B! for which integrable majorants are more easily available.

2.5.2 Preparatory results

As mentioned in the previous section, for the final step of the proof we need a bound on the weighted
Fisher information and a closely related variant in terms of the entropy-dissipation originally discovered

by one of my co-authors in this project, Laurent Desvillettes [52] [53].

Theorem 2.32 (Desvillettes [52, [53]). Suppose v € (—4,0] and let f > 0 be a probability density
belonging to L%77 N Llog L(R3). We have

/ flv |V10gf| dv+/ f(v 7|11><V10gf| dv < C(1+ Dr(f)),

where C > 0 is a constant depending only on the bounds of ma_~(f) and the Boltzmann entropy, H|f],
of f.

The estimate in this precise form can be found in [54, Proposition 4, p. 10]. We will refer to the
second term on the left-hand side as a ‘cross Fisher information’. We mention here that enters
in the sequel since the constant C' > 0 in Theorem depends on bounds for H[f]. To decompose
the entropy-dissipation in a manageable way that makes the cross Fisher term more apparent, notice
that Lemma [A.T] allows

[0]?[[v]V log f|* = v x Vlog f|*.
The following lemma shows how we use assumption |(A2.1)| to control the singularity of the weight.

Lemma 2.33. Given v € (—3,0], assume that f satisfies |(A2.1) for some 0 < n < v+ 3, then we

have for a.e. t

/ Fu(lw — vdv, < Cr(t) (v / L@l 2o - .o, < Cot) ), (2.28)

where

Cillr oo < NTYf(t =
ICullzeor)y <vm 1) f()HLOO(O,T;LlﬂL%(RS))

C| oo < NEY Rt _ .
1CallL0r) Sy 1) f()”m(o,T;m%(Rs))

Remark 2.10. The inequalities of are essential in the proof of . The assumption
enters as a sufficient condition to prove both inequalities of . In the case v = —3, the integrals
mn are not well-defined, since v — |v|™2 is too singular in R®. It may be possible to consider
the Riesz transforms of f.(t) and fi(t)|[v.|® as an alternative to the integrals in (2.28). The overall
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structure in the proof of (2.27) would, however, be completely different in this case. As we shall see
n Section we really manipulate integrals of the form (2.28|). For v = —3, it is not entirely clear

how to work with the Riesz transforms (up to a multiplicative constant)

[0 o [ o,

Iv—v |4

instead of the integrals in (2.28)).

Proof. We will only prove the first inequality of (2.28)) since the second inequality uses the same
procedure. We split the estimation for local |v| < 1 and far-field |v| > 1.
lv| < 1:

We split the integral over v, into two regions

/ falv — vV dvy = / falv — v Tdvy + / falv — v du,
R3 |[v—vs|>1 lv—v«|<1

< ]-+/ f*\v—v*Pdv*,
[v—v4|<1

where we have used that ng f =1and v <0. For the integral with the singularity, we apply Young’s

3—n 73+77)
3+y—m’ v

convolution inequality with conjugate exponents (

—34n
w

[Pl e < (22)
L 7 n

/ Fulo = vaPdvs < |1 % (x| - )l <
[v—v4|<1

Here, wy is the volume of the unit sphere in R3.
lv| > 1:

Once again, we split the integral into two parts

/ felv — vi|Vdv, = / felv — vV dvy + / falv — vi|Vdu,
R3 x| < 50| |vx] >3 vl

< 2”!v|”/ fedv, + 2V|w/ Felve] ~ |0 — vy |V du,.
EMEST jou|> 30l

The first term and second term come from the following inequalities based on their respective integration
regions

1 _ _
[0 = v 2 Jo] = o 2 Slol, 1 <27 o] o] 77

We estimate the first integral using the unit mass of f, while the second integral is more delicate but
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again uses the splitting of the previous step to obtain

/ felv—vi[Vdv, <277 |07 4277 |u]7 (/ Felve] 77 v — vi|Vdvy +/ felve] 77w — U*Pdv*) :
R3 [v—vs|>1 |[v—vs|<1

In the large brackets, the first integral can be estimated by m_.(f). Now we use the same Young’s

inequality argument for the remaining integral to obtain

—347
— — w2 v -
v — v Ydo, < 270l + 27 Y | m_ (> Y . )
/]RS falv = v Vdve <277 0]V + 277w (m () + p I fHszwnn(Rs))
The proof is complete by combining the estimates for |v] < 1 and |v| > 1. O

Next, we prove an estimate for algebraic functions (growing or decaying) convoluted against G°

with respect to the original function.

Lemma 2.34. For any p € R, we have

/ (W)’ G* (v —w)dw < C (v)?,
Rd

where C' > 0 is a constant depending only on |p| and m,|(G).

Proof. We use Peetre’s inequality in Lemma to introduce v — w into the angle brackets

/ (W) G5 (v — w)dw < 2IPI/? <v>p/ (v —w)P G* (v — w)dw
R4 Rd

Inl

— 9lpl/2 (\p wI2) 5 e G (w /e dw = 2172 ()P 200125 G(w)dw
2 [ (14 ) F G ey = 272 )" [ (14 ) ¥ Gu)a

< Cyp 7 |19 [ ulPGu)du] < Ciy [1-+ iy (6)] ()

O]

We stress that Peetre’s inequality in Lemma [A.2] is necessary for the estimate of Lemma [2.34) with
non-positive powers p which we apply in the sequel. Finally, the last result we will need is an integration

by parts formula for the differential operator associated to the cross Fisher information.

Lemma 2.35 (Twisted integration by parts). Let f,g € C°(R3). Then, we have the formula
[0 x Vag@)r)de = [ g)(wx Do)
R R
Here, the meaning of v X V,, is given in components by

v X Vo f(v) = (0?0 f(v) = 0°f(0), 0’0" f(v) — 00’ f(v), 00 f(v) = v*0" f(v)).
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2.5.3 Proof of (2.27) using EDCT

We start by decomposing and estimating the integrand of D.. With the help of Lemma[A.T] we expand

the square term of the integrand to see

= |v — v, |*T|II[v — v,](b° % a° — b° % aS)|?

<|v — ve| " (4]v x (b5 % a®)|? + 4|v, x (b° % al)|?
+4lv x (b° % aS)|? + 4|v, x (b° * a®)|?)
<4lv — v |7 v x (b5 % a®)|? +4|v — v Jue x (b5 % al)|?
—_— —_—
@ @
+ 4[v2|v — ve|7 | % a2 +4|v.* v — v |7 [b° * aF|?,
—— ———

®) @

where we use the shorthand notation
b° =G*° and a® = Vlog(G® « f). (2.29)

Since G* is an approximation of the identity, we know that the integrand of D. converges pointwise

a.e. to the integrand of D as e | 0. As well, each (i) for ¢ = 1,2, 3,4 converge pointwise a.e. to

lv x Vf|?
12

|02 X Vi ful®
f2

Vi ful®

[V£I?
12 '

f2

@ - @ — @ = R

By EDCT to show the integral convergence in ([2.27)), it suffices to show, for example,

// ff*|v—v*!7@dvdv*—>// Ffav— |vaf|2d dv,,

and similarly for each (i) for ¢ = 2,3,4. By symmetry considerations when swapping the variables
v <> vy, the convergence for the terms (I) and (@) is the same as that of (2) and (3), respectively. Hence
we will focus on the term (@) first and then on term (D).

2.5.3.1 Term (3

We seek to show in the limit € | 0,

/ ff*v*|2|v—v*mb€*aade*dUZ/ </ FlvaPlo v, ) f10° » a* o
R6 R3 R3

= AT R
(. )

(2.30)
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By the reordering of integrations written above, we now think of the double integral over v, v, of

[ Flvel?[v — v,]7[b° % a°|* as a single integral of the function ([gs fx|v«|*[v — vi[7dvs) f]b° % a®|? over v.
To be precise, we wish to apply Theorem with X = R? and H. = ([gs fe|vil?|v—vi]Tdvy) f]b% % a%|2.

We can use Cauchy-Schwarz on the convolution integral to absorb the power term as follows

2
1b° % 0| =

< ([, w7 r - wdo) ([ 0~ w @) 0w )
< C )T H ()7 [ ()P),

jQSbSOJ—QUﬁf(uodu

where the last inequality comes from Lemma Continuing with Lemma we have

(/ FelvaPlo = v*\”dv*) FIV7 % 0P < Cf6 % [(-)7 |0 ).
R3
By EDCT we reduce the problem to showing in the limit € | 0

/ f° % [()]af|?)dv — <v>7wdv.
RS

RS

This is where we use SACRE, Step 2 of our general strategy Application of SACRE and further

simplification using the specific forms of a® and b° (see (2.29)) yields

€ % [{. €12 _ € % Y| LE2 _ 'y’bs*vf|2
[ e (Ol Plao = [ B s o) P = [ S . (231)

We work with this simplified expression and note that pointwise convergence is still valid

b° = VI VP
be*f — f .

Next, we notice that the function 5 : (F, f) — % is jointly convex in F' € R3 and f > 0 (see Lemmal/2.14

so we can use Jensen’s inequality with ° = G° as the reference probability measure to obtain a further

pointwise majorant for the integrand of ([2.31))

’be * vf‘2 _ (= (> _ £ £
B R @) = 5079105 ) = 5 ([ VI =0 G [ 10— )8 )iy

€ _ |Vf(v—y)|2 G __ 1€ |Vf|2
< [ s fo =y = [ IOy — i [T )

Using EDCT again, we reduce the problem to showing in the limit € | 0

/]1@3 (V)b * [WJ{P} dv — /Rg <U>7‘v;’2dv.
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We use SACRE once more and place the convolution onto the weight term

/R3 (V)b * PVJ{P} dv = /]1@3 [b° (-)W]W]{Pdv.

Now, we are in a position to apply the classical Dominated Convergence Theorem. We notice that we

have the pointwise convergence

[b% 5 ()] = ()7,
Furthermore, using Lemma we can estimate b * (-)7 uniformly in £ to find the domination

e+ (1 < o

IV £I?
f

Using Theorem the finite entropy-dissipation assumption [(A2.3), and uniformly bounded en-
tropy [(A2.2)[ (remember the constant in Theorem depends also on bounds for the entropy) we
know that the right-hand side belongs to L a.e. t € (0,T). Therefore, for a.e. t € (0,T) the conditions

of the Dominated Convergence Theorem are satisfied so we have the integral convergence

. IV fI? IV fI?
/Rs[b x (-)7] 7 dv—>/ﬂ{3<v)7 7 dv.

We have closed the argument for the convergence of (2.30]) after retracing the previous estimates with
EDCT 2311
2.5.3.2 Term (D

We seek to show in the limit ¢ | 0,

// ffelv — v Mo x (b° % ag)\de*dv = / </ falv — U*Wd”*> flv x (b° * a5)|2dv
RR6 R3 \JR3

2
— (/ falv — v*|7dv*> Mdv
R3 \JR3 f

(2.32)

using the same strategy of nested applications of EDCT like in the previous Section We
will encounter difficulty when trying to use Jensen’s inequality due to the cross Fisher information
term. As in the previous Section [2.5.3.1] we have written this double integral over v, v, as a single

integral over v. By EDCT and Lemma [2.33] it suffices to show the integral convergence of

/ 0 flo x (5 % a)2do — [ )2V (2.33)
R3

RS f
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to obtain the integral convergence of ([2.32]). Pointwise, we can make the following manipulations

v X (b %xa®) =vx < G*(v —w)Vlog(f * G%w))dw)

R3

=v X ( VG (v —w)log(f = Ge(w))dw> = / w X VG (v —w) log(f * G (w))dw (2.34)
R3 R3

= G* (v —w)w x Vlog(f * G*(w))dw,
R3

where we have used the radial symmetry of G¢ to get the cancellation (v —w) x VG*(v — w) = 0 and
the twisted integration by parts Lemma m (note that we do not pick up any signs in the integration
by parts since the variable w appears with a minus sign in the arguments of G°¢).

We apply Cauchy-Schwarz, multiply and divide by (w)”, and use Lemma to obtain

2
dw)

Vf*GE(w)

o (0 a)” < G

R3

G (v —w) (w)™ 7 dw) < G* (v —w) (w)” |w x

R3
2
dw) .

Remembering that this majorant holds pointwise on the integrand of ([2.33)), we multiply by (v)” f(v)

2
dw) .

Now, we recognise a convolution inside the brackets. Hence, using SACRE we can re-write

/ f( G (v —w) ()" 2dw) wo= [ oy TGO,
R3 R3 R3

fxGe(v)
Using EDCT we need to show the convergence of the right-hand side. Here, it is now possible to

Vf*G(w)
7+ G (w)

w X

Sy ()7 ( G (v —w) (w)?
R3

and obtain

VG (w)
[+ Gew)

w X

RS

(W) f(v)lo x (0F % @) < f ( G (v —w) (w)?

Vf*GE(w)
f*Ge(w)

w X

use Jensen’s inequality after some more manipulations.

Claim 2.36.

v x Vf * GZ()]? o x V()
W < LT T )

Proof of Claim[2.36. We start by repeating a similar argument to (2.34). Using that G¢ is radially

dw. (2.35)
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symmetric and the twisted integration by parts Lemma [2.35 we obtain

vX VfxG(v) =v x ( VGa(vw)f(w)dw)

R3
= / w X VG* (v —w) f(w)dw

RS
= G (v —w) (w X Vyf(w)) dw.

R3
=:F(w)

Therefore, since (F, f) — @ is jointly convex in F' € R? and f > 0 (again, see Lemma [2.14)), we apply

Jensen’s inequality to the left-hand side of (2.35)) as in Section [2.5.3.1] to see

v x VfxGE(v)]* _ |F*GP |F[? w x V f(w)[?
= v) < —xG(v) = G*(v—w)—————dw,
D) fege W@ = LG
which proves the claim. ]

Continuing, by EDCT we seek to establish the convergence of the integral

v x Vf(v)]”

0 dv.

/ (w)? W + G| (w)do = / 1676 ()

Finally, the integrand of the right-hand side has a majorant due to Lemma [2.34]

v x Vf(v)]?
f()

) [ x V()

[(:)7* G7(v) )

S (v)

Once again using Theorem [2.32 and |(A2.3)| and [(A2.2), we obtain that the right hand side belongs

to LL(R3) a.e. t € (0,T). Using the usual Dominated Convergence theorem, we have established the
convergence of the integral. Tracing back the estimates, this takes care of the convergence of the term
(D and establishes the convergence in ([2.33).

We note that the estimates in the previous subsections not only establish the a.e. pointwise con-

vergence of ([2.27)), but also the majorisation

//R@ %ff* v {5;:[;} zdv*dv < C//R'3 %ff* v {(Zﬂ 2dv*dv, a.e. t Ve>0,
where
CSI07 S0l IR 1)

_3=n_ 3=
Lo (O,T;L1 NL3+v=n (RS)) Lee (O,T;L1 NL3+v—n (R3))

by Lemma Hence, using assumption [[A2.3)| and (2.27) we can apply Lebesgue DCT to pass to

the limit in the time integral and finally prove the desired chain rule in Claim [2.30
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Chapter 3

Gradient Flow perspective of the

grazing collision limit

The content of this chapter is based on joint work with José A. Carrillo and Matias G. Delgadino. It
has been published [32] in Nonlinear Analysis volume 219, page 112824 in June 2022.
This chapter recovers the grazing collision limit from the Boltzmann equation to the Landau equa-

tion using the gradient flow machinery developed previously in Chapter [2] In Section I outlined

convergence from (EDE) to (EDEL|). However, from the finite dimensional example considered in Sec-

tion it was important to include the metric derivative. This is incorporated into the energy dis-
sipation inequality (see Definition below and compare with Definition . The statement of the
main result can then be made shortly after in Section Section covers the main assumptions;
in particular, the scaling associated to the grazing collision limit is discussed in Section Some
visualisations of the geometry of collisions are given in Section [3.2.2] and a coordinate system is intro-
duced which makes the grazing collision limit more tractable. The original computations are recalled
at the formal level in Section The technical proofs are deferred to Sections to where a

novel convex analytic form of the dissipations and metric derivatives is exploited.

3.1 Main Result

In the following definition, we refer to the Boltzmann and Landau metric derivatives. We have already
seen what the Landau metric and metric derivative look like from Section The Boltzmann metric,
de, and metric derivative, | f e, are defined similarly and will be recalled later in Section For now,
these objects should be taken for granted subordinate to the collision kernel B¢ for fixed ¢ > 0 (c.f.
assumption and the discussion in Section . I will use here € > 0 to distinguish with € > 0

used previously in Chapter [2l As a preview, B€ is generated from a fixed kernel B in the form (1.1]) by
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the scaling
. m . (70 0
sinf B(r,0) = < sin{ — | B(r,— |.
€

€ €

Definition 3.1 (H-gradient flows for Boltzmann and Landau). For ¢ > 0 and 7" > 0, we say that an
absolutely continuous curve f€: ¢ € [0,7] — L} (R?) with respect to the Boltzmann metric d is an H-
gradient flow solution to the Boltzmann equation associated to the kernel B€ if the Energy Dissipation

Inequality (abbreviated EDI) holds for every ¢ € [0, 7]

MO+ 5 [ Do(r) s+ [ 1FRes) ds < 1) < . (BD1,)

(recall D% from (EDEJ) and it dissipates the second moment

/R3 0|2 f£ (v)dv < /R3 v fe(v)dv < 00, VO<s<t<T. (3.1)

Likewise, for T' > 0 an absolutely continuous curve f : ¢ € [0,T] — Li_(Rg) with respect to the Landau
metric is an H-gradient flow solution to the Landau equation if the Energy Dissipation Inequality holds

for every t € [0, 7]

WU+ 5 [ Dulr) dst g [ 1) ds < HIr0)] < .

and it dissipates the second moment as in ({3.1) replacing ff by fi.

Remark 3.1. The notion of H-gradient flow is strictly weaker than the notion of curves of mazimal
slope introduced in [6]. More specifically, we do not require here that the dissipations Dy and Dy, to be
strong upper gradients, let alone that the chain rule holds. Recall this was the content of Section

in Chapter [ in the case of Landau. The focus here is to dispense with the very technical assump-
tion [(A2.1) from Theorem and focus only on the physically relevant mechanisms in the grazing

collision limit.

Remark 3.2. The more classical notion of renormalized solutions (for Boltzmann or Landau) are weak

solutions that also dissipate entropy

HIF(1) + /0 D(f(t)) < Hlfo], D =Dy or Dy.

It can be checked that renormalized solutions are also H-gradient flow solutions, see Remark |5.11].
The existence of renormalized solutions (and hence H-gradient flow solutions) can be shown subject to

boundedness assumptions on the initial data, see [4, Corollary 2.1 and Appendiz].
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For H-gradient flows, the initial entropy controls the entropy at later times as well as the integrability
of the dissipation and the metric derivative. We therefore consider H-gradient flows of Boltzmann, f¢,

subject to the following assumptions.

(A3.1) For every € > 0, we assume that the initial probability densities f€(0) = f§ converge in the weak
topology to some probability density fp. Furthermore, we assume a uniform second moment

bound and convergence in entropy

sup/ (1+ |v|2)f§(v)dv < oo,  H[fS] & H[fo] < +o0.
e>0 JR3

(A3.2) There exists v € [—4,0), such that the e-collision kernel satisfies
B¢(r,0)sinf = r73(0),

where
L@

€

50) = 55 (™), o2

The function 3 satisfies
sup [(0) < +oo V6 >0, supppf € 0,7/2],
0€(o,m/2]
and that there exists v € (0,2) and ¢; > 0 such that
1071 < (), VO € [0,7/2).
The most important quantitative assumption on the kernel is finite angular momentum trans-

/2
/ 626(6) df =
0

Remark 3.3. The choice of% in (3.2)) is a normalisation constant that fizes Cz = 1 as in Section .

fer [118]

(3.2)

Remark 3.4. Our results also readily generalise to more general interaction kernels B¢ which do not
decouple or satisfy the specific scaling of item [(A3.2), As in [2, [{l], we could consider kernels that

satisfy the following bound on the total cross section
w/2
T(Jv — v4]) ::/ 0% sin 0B (Jv — v.],0)d0 < C(jv — va| ™ + Dw(|v — va]?). (3.3)
0

Here, C > 0 is a constant and w is a bounded positive function such that w(r) — 0 as r — oo and
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r— 0.

As for the grazing collision limit € | 0, we require that there exists a function T such that
|T¢(r) —T(r)] <o(1) (7“‘4 +1)w(r), aselo. (3.4)
Up to a multiplicative constant, the limiting Landau collision operator reads

Qulf.£) =5+ (£ [ £2(0 = o)lo = o PTlo = 0.](Tlog f - V. log £.)dv. ).

We will discuss this generalisation in more detail in Remark[3.15.

Remark 3.5. The Coulombic collision kernel which couples v = —3 with v = 2 (see the discussion
in Section fails the finite angular momentum transfer (3.2). In this case, a minor logarithmic

cut-off adjustment is needed; for example [118] we consider instead

B(8) = ——195.8(0).

- loge—1

Under this new scaling, we require

/2
/ 623 (0)dn X 5.
0 T

Our methods can be adapted to cover this case as well. The strong compactness estimate as it is
written in Appendiz [(] technically fails, but since the cut-off disappears in the grazing collision limit,

the necessary strong compactness is still valid [4), [3].

Theorem 3.2 (Grazing collision limit of H-gradient flow solutions from Boltzmann to Landau). Sup-

pose (f)eso0 s a family of H-gradient flow solutions to the Boltzmann equation associated to B¢ satis-

fying assumptions|(A3.1) and|(A3.2). Then there exists f an H-gradient flow solution to the Landau

equation, such that up to a subsequence f(t) — f(t) for everyt € [0,T].
Moreover, for v € [=2,0] and fired ¢ € WHP(R3) (respectively, v € [—4,—2) and fized ¢ €

W22 (R3)), the function t — [ f(t)¢ is Holder continuous with exponent 1.

Proof. Our starting point is (EDI) from the definition of H-gradient flow solutions to the Boltzmann
equation. By definition and the finite initial quantities in [(A3.1), we have the uniform bounds

T T
supmax( sup /R3(1+\v]2)f{‘(v)dv, sup H[fe(t)],/o DGB(ff)dt,/O \fﬂg(t)dt) < +oo.  (3.5)

>0 te[0,7) t€[0,7]

These uniform bounds and assumption [(A3.2)| are used in the following steps.
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1. Extract a convergent subsequence of f¢ and some limit f with the claimed time regularity (Sec-

tion .

2. Establish the estimate (Section [3.5])

lirg%nf Dg(fe(t)) > Dr(f(t)) a.e. t € (0,7).

3. Establish the estimate (Section

liminf [F(0)F 2 [f(OIL  ae t€(0,7).

Next, we pass to the limit € | 0 in (EDI]) using[(A3.1), Fatou’s Lemma, Step [2, Step |3, and the lower

semi-continuity of H to obtain

1 t 1 t s
T > i . 1. . € [ re 1. . ¢
H] fo] hrgénf?-l[fo} > hrg%)nf’;’-[[f )]+ 5 hrglonf/o D%(f¢(s))ds + 2llrgénf/0 |f€l12(s)ds

> M)+ [ Dulds+ g [ I

which implies that f is an H-gradient flow solution to Landau. O

Remark 3.6. According to the same second moment and entropy bounds from assumptions |(A3.1)
and |(A83.2), we recover the results in Villani [118], that is, the convergence from f€ to f weakly in
LP((0,T); LY (R3)) for every 1 < p < +oo0.

Remark 3.7 (Affine Representation). The main idea to showing Step @ (Section and Step @
(Section of the previous proof is to rewrite these expressions in what we will hereafter refer to as
affine representation. In the context of optimal transport gradient flows, this method was first utilised
by Otto [103, Equation (187)] for the Fisher information. More explicitly, we have the characterisation

of the Fisher information as

L= an, o 5o o)

The left-hand side (quadratic in V\/f) is equal to a supremum over particular affine expressions of
VVf on the right-hand side. We establish a similar equality for both the dissipations and the metric

derivatives. Taking the Landau dissipation for ezample and denoting the differential operator V =
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lv — v, "2 — 0,](V = V), we show (Section |3.5.1.1

=2 [ ovine=sw{a [[ @ViR)-vu-z [[ 196e].

The specific set of test functions 1 for which the supremum is taken will be specified in later sections.

When the limit f satisfies [(A2.1)| from the previous Chapter [2| we can apply the results there
to obtain that the Landau dissipation is a strong upper gradient, see Definition In the spirit of
Sandier-Serfaty [109) 113], we can readily show that the solution f¢ converges strongly to f. This is

the content of our next result.

Corollary 3.1. Suppose (f)es0 is a family of H-gradient flows for Boltzmann with equality in (EDI|)

satisfying assumptions|(A3.1) and|(A3.2). Assume further that Dy, is a strong upper gradient for the

limit curve f obtained in Theorem . Then for every t € [0,T], we have

eiO

HIf O] = Hf D))

Moreover, we also obtain

Ds(f) = Dr(f),  If12 = f},  in Li (0,7).

Proof. This proof follows the gradient flow I'-convergence arguments of Sandier-Serfaty [109) [113]. We

fix t € [0,T]. Repeating the passage to the limit € | 0 from the proof of Theorem we have

lim inf (—H[f€(t)]) > / Dr(f(s)) + | f[7(s)ds

el0

By Young’s inequality and the assumption that Dy is a strong upper gradient for f, we have

/DL )+ 1R (s)ds > — /¢E,uu Jds > H[fo] — HIF ().

These previous inequalities yield

hrg%)nf —H[f(t)] > —H[f(t)],

el0

= H[f (D).

This forces all of the inequalities to be equalities and the rest of the proof proceeds exactly the same

which, together with the lower semi-continuity of H, gives the strong convergence H[f¢(t)]

as in [109, [T13). O
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3.2 Notations and formulation of grazing collision limit

We define the Boltzmann collision operator for a fixed collision kernel B acting on test functions i by

(@s(f, [):¥) == —% //Rﬁ /S [ fi = FRIW + 4L — ¢ — ) B (v — vsl,8) dodv,do. (3.6)

The pre-post collision quantities are defined as follows for v, v, € R3 and o € S%.

v-v vt v—v vt v—v
L cosd—keo, v UEUloml s vre oo

2 2

o

The typical example of the kernel B satisfying is recalled and discussed in Section In Sec-
tion we construct a coordinate system parametrising o € S? by 6 € [0, 7/2], the polar angle of S?,
and ¢ € [0, 2], the azimuthal angle, which makes the grazing collision computations more explicit in
the rest of this paper. We gather these notations and recall the formal grazing collision computations

in Section [3.2.3| as an example of many similar computations in this chapter.

3.2.1 Comments on the assumptions of the kernel

For v € [-4,0), v € (0,2), we recall where the form of the kernel is
B(r,0)sinf =r76(60), B(O) =671, (3.7)

We keep 7, v decoupled however the physically relevant case [118, [67] is given by

- s—1’ s—1’

The e-collision kernel B€ is defined through the relation in (3.7)) where g is extended to (0,4o00) by

zero and we consider
3

s =T56("). oe0.e).

Remark 3.8. The finite angular momentum transfer (3.2)) is minimal for a mathematical theory [118,

4, [2] in the non-cutoff Boltzmann equation.

o C(learly, the scaling power of € localizes the singularity in 8¢ around 0 = 0. As well, the choice of

€3 preserves (3.2)) so that

€/2 w/2 ]
/ 625(0)dh = / 026(0)dd = =, Ve > 0.
0 0 T
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e The strong form of the Landau collision operator Qr(f, f) is a second-order derivative on f
while, at first glance, QG (f, f) evaluates no derivatives of f. The finite angular moment transfer
allows the interpretation of Q% as a second-order difference quotient “in the angular

direction” [2, []] on f€.

We will denote quantities with sub or superscript B meaning that the choice of collision kernel is
arbitrary modulo (3.2)). Quantities with sub or superscript e will specifically reference the e-collision
kernel B€ described above. Based on these notations, we record the most physically relevant parameters

and the corresponding behaviour of the angular part of the kernel

s| v | v | BO)* ety

Maxwellian | 5| 0 | 1/2 6—3/2

Coulomb |2 ] -3 2 63

In all these examples mentioned, notice that the following lack of integrability always holds

w/2
/ B(6)df = +o.
0
This can be interpreted as an ‘affluence of grazing collisions’ [64], [66].

3.2.2 Spherical coordinates

According to cosf = k - 0, we describe the construction of a new coordinate system for which o € S?
can be parameterised by (6, ¢) € [0, 7/2] x [0, 27] where 6 is the polar angle and ¢ is the azimuthal

angle. In terms of the integration, this allows us to write the change of variables formula

/2 2
/ daz/ dﬂsine/ do,
S2 0 0

so that the concentrated scaling 6 ~ € is easier to treat. As we shall see, these coordinates allow to
identify different mechanisms in the grazing collision limit. The average over the azimuthal angle ¢
induces the second-order differentiation in the orthogonal direction of v —wv, seen in the Landau operator
while the integration over the polar angle § treats the singular kernel 3(6).

Without loss of generality, we can assume B(|z|, -) is supported in [0, 7/2] due to standard sym-
metrising. This is because any configuration of pre-post collision velocities for 6 € [7/2, 7] corresponds

to § — /2 € [0, /2] when switching v <> v, see Figure
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Figure 3.1: Geometry of elastic collision in o-representation.

That the mid-point/momentum of the velocities is conserved is a consequence of only considering

elastic collisions

vt U+

2 2
Let us refer to the plane spanned by o and k by P ,. So Figure gives a perspective of Py
with its normal vector coming directly out of the page. Consider the line obtained by P , N {k}+.
Upon intersection with S? (centred at “*%), this line reduces to two vectors which differ by a sign;

S?N Py o N {k}* = {p1, p2} where p; = —ps and we assign p = p; the ‘+’ choice in the decomposition
o =cosOk+sinfp.

Note this is nothing but an orthogonal decomposition of o with respect to k and {k}* with a specific
sign choice. In general, we will abuse notation for this coordinate transformation by referring to

S? ~ 0B (*5%). We also introduce the following notation which is drawn in Figure
Sp. =S {k}*+ ~Sh

A three-dimensional perspective of Figure is depicted in Figure
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Figure 3.2: Three-dimensional perspective of S? with the plane spanned by k, o given by P o.

We introduce one final parameterisation for p, see Figure Consider fixed k and 6 € [0,7/2],
and distinct o1, o9 € S? such that

cos=k-o;, 1=1,2.

Following the construction described earlier, this uniquely defines p; € S> N Py - N {l{:}L such that
o; =cosfk+sinfp;, 1=1,2.
Notice that both pq, ps € Sllf .. Thus, given orthonormal vectors {h, i} C S}C |, We can express
p=cos¢ph+singi, forsome ¢ € [0, 27].
This leads to the following change of variables; given k € S? (determined by v, v, € R?), we have

w/2 w/2 2m
/ daz/ desinﬁ/ dp:/ d6’sin9/ do.
2 0 Si1 0 0

We shall refer to both changes of variables to (0, p) and (6, ¢) as spherical coordinates. With these
notations, we will also use the following expressions for the post-collision velocities as perturbations of

the pre-collision velocities

1
v':v+§|v—v*|(a—k‘)
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The post-collision velocity expressions in this form are especially useful in the grazing collision limit

|o — k| — 0 (see (3.11))). Using the spherical coordinate system described, we have

o =cosfBk+sinfp, (3.8)
, 1 1 .
vV =v-— §|U — v|(1 — cos 0)k + §|v — v,|sin @ p,

1 1
vl = v, + §|v — Vi|(1 — cos O)k — i\v — Uy | sin 0 p.

Thus, in spherical coordinates, an equivalent form of (3.6|) is

w/2
<Q(ﬁf%¢>=—i//ﬂ{% /Sl [ fh = fE) @+ YL = — 1) B(Jv — v, 0) sin 0 dpdfdv.dv. (3.9)

=0

Figure 3.3: Different configurations of o;, p; for ¢ = 1, 2 given fixed k, 6 such that cosd =k - o;.

The general principle we want to fix is that the grazing collision limit is more easily treated in the

spherical coordinate representation of (3.9)). We notice the identity

o — k> =2(1—k-0)=2(1 — cosh) (3.10)

which leads to the following useful estimates

0?<1-cos<1—k-o<|o—kP><6% (3.11)
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More precisely, we recall

—262<1—0030< (92 6 € [0,7],

T (3.12)
—Ggsinﬁge, 6 €0,7/2].
T

Remark 3.9. Using (3.11) and the spherical coordinate transformation we just described, the finite

angular momentum transfer (3.2) can be equivalently expressed as
/ (1—Fk-o)b(cos (k- 0))do < 400, b(f) = sinb(8).
S2
This notation is sometimes used for example in [2].

3.2.3 The formal grazing collision limit

We dedicate this subsection to formally recalling the grazing collision limit. This sketch is in Lemma
which relies on some technical results (Lemmas 3.6) which are postponed until after the formal
proof. Following Erbar’s convention [61], for a function ¢ : R®> — R we define the discrete gradient

operator

Vip(0, 04, 0) := (V) +9h(0%) = P (v) = P(vs).

To compress some expressions further, we extend Erbar’s discrete gradient to functions ¥ : (v,v,) €

R+ 9 (v,v4) € R by

Vw(%v*?(j) = w(vlvv;) + Tﬁ(via U/) - 1/1(”,’0*) - ¢(U*vv)-

In this way, the action of Q%(f, f) on test functions 1 reads (using B as the kernel in (3.6])) either

(Qp(f, ) = _//]RG /82 (FFOlIVYIB(Jv — 4, 0) dodv.dv, (3.13)
=3 //R6 I+ . VB¢ dodv,dv, (3.14)

where the second expression comes from changing variables in the pre-post collision velocities from ((3.6)).

We define the Landau collision operator Qr,(f, f) acting on test functions ¢ by

Qu£)0) = =5 [ [ Jo= 0T = VL M = 0)(T6 = Vobdud. (315

We have already introduced the V operator in Chapter We recall this here for functions of one
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variable ¥ (v) and extend it to functions of two variables (v, v,) by

Vv, 0,) = [0 = o[ [0 — 0.](Vi(v) = Vib(v),

Vi (v,v,) = v — v |"F 210 — 0,])(V = V)0 (v, v,).

This leads to the abbreviation of (3.15) for Qr(f, f) acting on test functions v by either

(Qr(f, 1), =—// (FfNF Ve dv.d,
= 2/R6 £V - Vo dv.do.

(3.16)

(3.17)

is formally obtained by integrating by parts V from (3.16). The operator V- is notation for

the adjoint to V (the version acting on functions of two variables) meaning that for a vector field

A(v,vs) € R3, it reads

(V= V..) - (v — v,]|v — v, T2 A(v, v,)).

[V - Al(v,vy) :=

To be explicit, V- @@/} should just be thought of as notation for

V-VY = o= v TV = V) (I - 0.)(V = Vo),

where we have used (V — V., )|v — v,| € kerII[v — v,].

Lemma 3.3 (Grazing Collision Limit). For fixed sufficiently smooth f, 1 we have
€ €0
(Q5(F. 1)) (Qrlf 1)),

Formal proof. We work at the level of (3.14) converging to (3.17). We change variables to spherical
0);

coordinates while factoring B¢ into its kinetic and angular parts, B(v — vy, 0)sin € = |v — v,|75(0)

(QB(f. )¢ / / [ Lo — v, / B0 / V4 dpdfdv,dv

- [ itdv=or /X Aoz | , Vo dpiind

The last line uses the rescaling of § = ex /. According to Lemma[3.6] (in the particular case of functions
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¥ =1 (v)), we have
b / Todp ™ L (V) [lo— vl Tlo — w](Ve — Vo))
ex? Jsi | 81
k
Returning to the computations, the formal passage of the limit ¢ | 0 inside the integral gives

s /2
@ 1000 B 5 [[ oo ( / XQﬁ(X)dx> (V= V) [o = v.)(V = V.)uldu.do

— ;//RG ff*"l) —’U*|2+7(v — v*) . [H[U _ U*](V . V*)w]dv*dv,

where the last line follows from Lemmaand we have used the finite angular momentum transfer ((3.2)
with the normalization Cs = Z [, x?8(x)dx = 1. Notationally, we recognise V - V4 in the integrand.
O

I invite the reader to (formally) verify the same passage of the grazing collision limit starting from
the ‘first order’ formulations of the collision operators; converging to . Let us stress that
the averaged quantity fgil V4 dp behaves like a second order derivative of 1) which we shall
make precise in Lemma Consequently, the term to control is the angular momentum transfer .
Furthermore, this approach involves no derivatives of f and is even amenable to weak-strong conver-
gence pairs (fﬂ 6% fSiL A\ dp) — (f, V- @1[)) By weak-strong convergence, we mean that f¢ — f
weakly whereas we shall consider sufficiently smooth fixed % so that, up to multiplicative constants,
6% fgil Vb dp converges strongly to V - V.

We now provide the supplementary estimates that prove, up to multiplicative constants, V el \Y
which we already used in the proof of Lemma Given the notation with V, V we consider the more
general case for these operators acting on functions (v, v,) which will be used later; the specific case
of functions of a single variable ¥ = 1 (v) follows in the same way. To better facilitate this, consider the
following classical volume-preserving change of variables to momentum and relative velocity coordinates

also considered by Bobylev [2I] and Villani [118], for instance. Define

UV — Uy UV Uy
xr= y:

2 7 2

and we also note in particular that k = x/|x| which gives 0 — k = 0 — \%I Recalling the definitions of

the post-collision velocities, for fixed o € S?, this leads to

o=y +|x|o . .
= o' =|z|o, Y =uy.

v, =y—|zlo
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Moreover, the differentiation in \Y, really only sees the x direction in the sense that V, — V,, = V,.

Thus, abusing notation, we can write

V(e y) = ¢(|2lo,y) + G(—lalo,y) — v(e,y) — p(=z,y), V= 202 @] Vep(e,y),  (3.18)

where we have identified ¢ = (v, v.) = ¥ (z,y). Using this change of variables, we have

Lemma 3.4 (Estimates for V¢ adapted from [118]). Fiz 1 € C°(R®), we have the first order estimate
inzando—k

V| < Lipe ()20 — ki,

as well as the second order estimate in x but still first order in o — k
V| < |D3[| e |22 |0 — K.
By averaging over the circle p € S}CL, we can obtain a second order estimate in o —k

< 1DZl| 2|22 *o — kI,

1 _
or [, Vs
271' st
kL
. . 1 . .
where the geometric meaning of S, and p gwen k and o are from Figures .

Proof. We use ([3.18)) and the Fundamental Theorem of Calculus to write

Vi = p(|z|o) + (—|z|o) — Y(x) — Y(—x)
1
- / %Wﬂx\ff + (1= t)z) + (—[t|zlo + (1 — t)a])} dt
0

1
= (|zlo — ) - /0 Vep(tlzlo + (1 — t)x) — Vb (—[t|x|o + (1 — t)x])dt.

The first estimate is directly obtained from here. For the second estimate, we continue by using Taylor’s

formula to replace the integrand

1
Ve(tlz|lo + (1 —t)x) =V (z) + t(|z]o — x) - /0 D24(s[t|z]o + (1 — t)z] + (1 — s)x)ds,

1
Vo (=[t|zlo + (1 — t)z]) =V o (—x) — t(|x|o — ) - /0 D2y (—{s[t|z|o + (1 —t)z] + (1 — s)z})ds.
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Thus, we have
+ |w[2(a— k)® (o —k):

1 gl
: /0 t/o D24y (s[t|z]o 4+ (1 — t)x] + (1 — 8)x) + D2h(—{s[t|z|o + (1 — t)z] + (1 — s)z})dsdt .

SIDZpl oo

(3.19)

(%]

Here, the colon ¢’ refers to the trace inner product between square matrices. The second term is
bounded by || D2¢)|| e |z|?|o — k|? < 2||D2%|| < |2|?|0 — k| (recalling |o — k|* = 2(1 — cos §) and we have
restricted 6 € [0,7/2]) which gives the right contribution for the second estimate. Thus, it suffices to
look at the first term which yields the right estimate after an application of the Mean Value Theorem.

Finally, for the third estimate which improves the order with respect to o — k, we take the average

of (3.19) over S}C 1. Again, the second term is bounded in the right way (o — k depends on p, but |0 — k|

does not), so we only focus on the first term

ZL lz|(oc — k) - (Vab(z) — Ve (—x))dp = lz| ((cos@ — 1)k +sinfp) - (N k + Npp) dp
s SiL 2w Sllci
_ =l

= 6 —1)N in N, dp.
o SiL(COS )Nj + sin N, dp

where we have decomposed the vectors in the inner product under this geometry, see (3.8)), as

Ny = (Vzlﬁ(x) - wa(—x)) k, Np= (Va:”t/J(w) - Vaﬂ/}(—fv)) " D-

Continuing, notice that the N, term is a linear combination of cos ¢ and sin ¢ (¢ being the azimuthal

angle in Figure and that the integral can be written as
2w
/ dp = / do.
Si1 0
Hence, the second term integrates to zero and we focus on the first term. The Mean Value Theorem

gives |Ni| = |k - (Vo (2) — Vb (—2))| < 22| D%4)|| L which yields

x|

o < 20z (|D39l| oo |1 — cos 8] = | D3]] oo ]al?|o — k[,

[ =) (Tu(o) = Vovt=a)ip
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Lemma 3.5 (Behaviour of Vi/€). Under the previous notations, for 1 € C°(R%), e > 0, x = 7/,

where cos =k - o and 0 € [0,€/2], we have
1_ T € L€
L0 = I ((cos 2 < 1) b 4sin X ) - 0, 0(@) + v(a)] + O(ID20 el
€ € m T
In particular, we have the convergence
el X

1-
ng - ;"ﬂp ’ VzW(»’U) + ¢(—I)], pointwise v, v € R3‘

For functions 1 = 1(v), this is equivalent to

1_ el0
VY 40 2l|u—v*|p- (V — V).

™

Proof. Firstly, we recall the size estimates of o — k from (3.10]) and (3.11]) giving

2
2 _ 2 _ 2X
lo — k| =2(1 —cosf) < 6°=¢ g

Using again 0 — k = (cos@ — 1)k + sinf p and the substitution § = ex /7, we obtain the first identity

starting from (3.19)).

Passing to the limit € | 0 is a matter of recalling Taylor expansions. O

Lemma 3.6 (Behaviour of e%fgll Vi dp). Under the previous notations, for ¢ € C®(R®), e >
k

0,cos0 =k-o,0€[0,¢/2], x =m0/e, we have
s [, edp ™ Vs (PIIV. () + v(-2,0)]).
ex? Jsi | 21 ’ ’
k
For functions 1 = 1(v), this is equivalent to

1 — EJ,O 1 2
5 o r - *x) " - Ux H - Ux - * .
GQXQ/SILWH%W V) (o = 0T = 0.](V - V.)9)
k
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Proof. We start from (3.19)), the terms there are recalled

=T

+ |z]*(c — k) @ (0 — k)

1 1
:/0 t/o D2 (sltelo + (1 — t)a] + (1 — 8)z) + D2(—{s[tlzlo + (1 — )] + (1 — )} )dsdt

=11 + Ts.

The idea is to individually take the limits

1
limz/ Tidp, i=1,2.
el0 € st

kL

Let us start with 75 which will involve a Dominated Convergence argument. By the triangle inequality

and (3.10)

2
X
(To] < Dzl |2l*lo = K[* = €[ DZebl|elf* 5.

This is an integrable majorant when multiplied against €2 so we obtain

. 15 X2
im [ Zgp= X pop / p® pdp : (D2(x) + D2(—)).
el0 SiL € 2w S]ch

This is because, recalling the expression of o with respect to k, p in (3.8)) and the scaling 6 ~ €, we see

o—k=/(cos —1) k—+giné p.

2 ~e

~E
Therefore, the remaining contribution is limge~1(c — k) = p. Using Lemma we can compute

fg1 p ® pdp = 7ll[k] so that we obtain
kJ‘

T g — @H[x] t (D2y(z) + Dib(—x)).

lim
el Jo1 €2x? 27
kL

Turning to the 7T} term, we directly integrate similar to the proof of Lemma Copying the notation

there, we have

T 1 z|N,
[ Bdr= [ Jello =10 (Vavta) = Vao-adp = “5E [ oo~ 1)dp
st € € 1 € st
kL kL kL
cosf —1

=2m(z - (Vo (z) — Voo (—2))) ——

€
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recalling Ny, = (Vg¢o(z) — Vao(—x)) - k (independent of p) and the other contribution vanishes.

Changing variables § = ex/m, we use the fact that

cos -1 2 T
M i()) _ X to obtain lim L
€2 272 co Jgr €22

k

Putting both terms together, we have

2
a /S Vudp % S s (D20(2) + D)) — o+ (V) = V().

In d dimensions, a direct computation shows V. - |z|?TI[x] = —(d — 1)z, which in this case for d = 3

allows one to recognise the product rule and conclude. O

3.3 Gradient flow structure of the Boltzmann equation [61]

This section recalls Erbar’s gradient flow perspective of the Boltzmann equation [61]. We refer to Sec-
tion for the necessary gradient flow concepts needed in this chapter. Of course, the most compre-
hensive reference for gradient flows in metric spaces remains [6]. The content of this section should be
compared with the analogous exposition for Landau in Section We denote Mp = M(RS x S?) the
space of scalar signed Radon measures on R% x S? endowed with the weak-* topology as members of
the dual of C.(R® x S?). M = M3(R) will denote the space of R3-valued signed Radon measures on

RS with the weak-* topology as members of the dual of C,(R%; R?).

Definition 3.7 (Collision Rate Equation). For Borel curves in time t € [0,T], p: t — u € & and
M :tw— M, € Mp we say (u, M) € CREr (or CRE if T = 1), if they satisfy Erbar’s collision rate

equation [61]

in the distributional sense. By this, we mean that for any ¢ € C°((0,T) x R3),

T T
/ O (t, v)du(v)dt + E / // Vo(t,v, v, 0)dMy(v,vs, 0)dt = 0.
0 Jrs 4Jo JJrs Js

Furthermore, the second moment is finite and non-increasing

/ o[2dp(v) < / v[2dus(v)  foramy 0<s<t<T.
R3 R3

We restrict our attention to probability measures with densities u = fL£. As well, if M € Mp has a

density against Lebesgue measure on R® x S, we will identify dM (v, v«,0) = M (v, vy, 0)dvdv.do. For

87



(u, M) € CRE7, consider 7 = pu(dv)u(dvs) + |M| € M(R® x §?) that dominates both g ® y and M.
Taking N7 = M and g7 = u(dv)u(dv,), the densities of M and p ® p with respect to 7, we can define

the Boltzmann action of the curve u by

U2
oV, ) 4£(L,t)’ L(s,t) # 0,
9,9
—— = _dodv,.dv, , S, 1) = = =0 .
//RG < Bl v.].0) odvidv, a(u,s,t) 0, L(s,t)=0,u=0

+oo, L(s,t)=0,u#0

Here, L(s,t) is the logarithmic mean between s,t > 0 (c.f. Lemma and B is a fixed collision
kernel. The function « is jointly convex, lower semi-continuous, and 1-homogeneous (see [61] and
compare with Lemma . The appearance of the collision kernel B is free and our choice of its
location is consistent with Erbar so that the collision rate equation (as well as V) may be written
without the collision kernel. In the case where both M and p have densities with respect to Lebesgue

(denoting again u = fL), we write

f'fi—ffe
log f'fL —log f f.’

A=A(f) =

For € = fL corresponding to curves with respect to the collision kernel B¢, we will write A¢ = A(f€).
In exactly the same way as Definition for the Landau metric, dy,, the Boltzmann (pseudo)-metric
dp is defined by

T
d% (A1, Xo) := inf T/ Ap (e, My)dt . AL A2 € P
0

Analogously, for (u, M) € GCEr, we already defined the Landau action of the curve p in Section
by (2.5). We will write dpe or d¢ for the Boltzmann metric corresponding to the collision kernel B€.
We have already used the notation in Definition but we make precise here that | f|., | f|z refer to

the de, dr-metric derivatives for a curve u; = fi L, respectively. We now quote the Boltzmann analogue

of Proposition [2.22]

Lemma 3.8 (Propositions A.9, A.11, and Corollary A.10 of [61]). For a fized collision kernel B, a
curve t € [0,T] — fi£ € & is absolutely continuous with respect to the Boltzmann distance dg if and

only if there is a family of mobilities MP € Mp such that (f, MP) € CREr with finite total action

\MB\Q
AB (f,Mp)d dadv*dvdt < 400.
R6 JS2
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Moreover, there is a unique MP € Mp such that

f1%(t) = Ag(f, Mp) = //RG/S MB|2dadv*dv.

Furthermore, under the class of admissible MP € Mp (i.e. (f, MP) e CREr), MP is characterised

by the minimisation property

|MB|2 / / | M5 42
dadv*dv < ————— dodv.dv.
INE . ame

for any n € Mp which is V--free, that is to say

//M | Vedn =0, vEe C(R).

If a measure M € Mp satisfies the minimisation property, then M = UA(f)B where

= 2 O QU AV
Ue{Vo|oe Cm(Rayy MIBwd-d)

We end this section with some remarks concerning the gradient flow concepts in our proof of The-
orem [3.2] without going into the details.

Remark 3.10. We recall the uniform metric derivative integrability (3.5)) in the proof of Theorem

T
sup/ |£12 (t)dt < +o0.
0

>0
This estimate yields the following which we shall revisit in Sections[3.4] and[5.6,

e (Regularity) - Fach curve we consider t — f¢(t) is absolutely continuous with respect to d..

Moreover, this property is uniform in € > 0.

e (Compactness) - Furthermore, from Lemma we can evaluate the metric derivative as the
action of a unique collision rate M¢: |f€|2(t) = Ap(f<(t), M(t)). This representation has two
consequences - firstly, our assumptions allow us to prove compactness of (f€, M)eso in Section
to some limit (f°, MY). Secondly, it is easier to work with the jointly convexr integrands of Ap

and Ar, to show Step[3 from the proof of Theorem [3.3;

lim inf ft) = lim inf Ap(f, M°) > AL(f0, M) > [£17(t).
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Remark 3.11. Given a weak solution f of the Landau equation (respectively, f¢ of the Boltzmann
equation) that dissipates entropy as in Remark one immediately obtains an estimate for the metric

derivative;

[fI2(t) < DL(f(2)), (respectively, | f[2(t) < Dp(f<(t)))-

This is owed to the fact that one can take the admissible grazing (respectively, collision) rate
M=—ff,Viogf, (respectively, M= —A(f)BVlog f°),
giving an upper bound for the square of the Landau metric

1 1 N
di (fo. f1) S/O Ar(fe, M)dt = ;/0 /RG ff«|Vlog f?dv.dvdt < +oo.

An analogous estimate holds for the Boltzmann metric. In this way, the dissipation of entropy implies

the Energy Dissipation Inequality, hence renormalized solutions are H-gradient flow solutions.

3.4 Compactness of curves

The aim of this section is to deduce general compactness results of curves (f¢)eso (not necessarily
solutions in any sense) subject to the uniform moments and metric derivative bounds in from
the proof of Theorem The first half of this section establishes Theorem and Proposition [3.10
which are the main compactness results. The second half of this section, Section builds on these
compactness results by confirming the passage of the grazing collision limit at the level of the generalized
continuity equations; CRFE to GCE. Here, we have taken T' = 1 for simplicity but the results work for

CREr and GCEr with the appropriate time scaling.

Theorem 3.9 (Compactness of f€). Let f€:[0,1] — P2 be curves satisfying the uniform moments and
metric derivative bounds (3.5). Then there exists f : [0,1] — Py obtained by a convergent subsequence
such that

fe@) > ft), veelo,n].

Moreover, in the case of v € [—2,0] (respectively, v € [—4,—2)), f is continuous in duality against 1-
Lipschitz functions (respectively, continuous in duality against bounded functions with second derivatives

bounded by 1).

Remark 3.12. By the well-known Kantorovich-Rubinstein duality, the continuity in duality against

1-Lipschitz functions in the case of v € [—2,0] is equivalent to continuity in the 1-Wasserstein met-
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ric [121)]. This was noticed by Erbar [61)] in the case v = 0, whose proof we have generalised using the

finite angular momentum transfer (3.2]).

Proof of Theorem[3.9 This is an application of a general Ascoli-Arzela compactness result [6, Proposi-
tion 3.3.1] together with Lemma which says that there exists C' > 0 an explicit constant depending
on the finite momentum transfer (3.2)), and the uniform moments from (3.5)) such that

/ng(v)(ff(v) — fs(0))dv| < Cde(f(t), f(s)), Vs, t€[0,1],

for any function v with Lipschitz semi-norm bounded by 1 in the case v € [—2, 0] (respectively, second
derivative bounded by 1 in the case v € [-4, —2)).

By the absolute continuity of f¢ and the uniform L? integrability of the metric derivative, we obtain

sup sup
e0

[ w51 - fienar] < il

This estimate with the basic weak compactness of (f€)e~o C &2 by the moment bounds in (3.5)) satisfies

the conditions to apply a version of Ascoli-Arzela in this setting [6l Proposition 3.3.1]. O

Proposition 3.10. Let (f€)c~o be curves satisfying the uniform moment and metric derivative bounds
in (3.5)). We consider the subsequence of f¢ that converges to f given by Theorem . Assume further
that there exists to € [0, 1] such that

sup Dg(f(to)) < oo,
e>0

then

VIeto) =/ f(to), in L3

Remark 3.13. This result is reminiscent, but weaker, than those in [906, []]. There, the stronger
convergence \/f€ — \/f in Lg’v is achieved by exploiting the extra time (and space, in the case of inho-

mogeneity) reqularity from velocity averaging methods [71|] on renormalized solutions to the Boltzmann

equation [58].

Proof of Proposition[3.10. The argument is standard after recalling the main estimate of Appendix [C]
so we shall quickly sketch the main ideas. For brevity, we fix and suppress #y. Using that f¢ are
probability densities, we immediately obtain (up to a subsequence) the weak convergence /f¢ — ¢ in

L? for some g € L?. According to Appendix |C| we obtain the estimate

eV

e>0

. v SCRa VR>17
H?Z
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where f; = f®xgr is a smooth cut-off approximation of f¢ vanishing outside Bri1 and Cr > 0 is
a constant depending on R and the value of sup..oD%(f¢). This upgrades the convergence so that
Vv f€ — g strongly in Ll20c.' In particular, along a further subsequence, we have f¢ — ¢ pointwise

almost every v € R3. By Theorem this identifies g> = f and we are done. O

Curves in CRE and GCE are pairs of measures (f,M). Assuming the bounds (3.5), we have
established compactness for the first component of these curves, f¢. We now state and prove the

compactness result for the second component, M€.

Proposition 3.11 ((Scaled) compactness of M€). Suppose (f¢, M) € CRE is a pair of curves where
(f9)e>0 satisfies the uniform moment and metric derivative bounds (3.5). Assume M€ is the optimal
collision rate given by Lemma . Then, for any G € [—%,1— 3] the family {|v — vi|10M}esq is a

bounded set of Radon measures in the weak-* topology against C. functions. In particular, choosing

¢y = , 0<d<0,:=
2) 76[_47_2) -

)

17 v E [_270) _%7 v E [_270)
ol
2

- ]-7 Y e [_47 _2)

we have that the family

[SIEY)

{|v — v P (14 [|v|2 + |v*\2])
is compact in the set of Radon measures.

Proof. We will only show the uniform bound. The compactness statement uses the same argument
because the choices of ¢ = ¢y and § depending on v ensure ¢ +0 € [—3,1—3). Fix ¥ € C,([0,1] x

R® x S?) non-negative and ¢ € [—%, 1— %], we use Corollary to estimate

///R/ \P\v—v*lqwng—/ //R/S ’ME o o119 /A(F) ¢
(/ //R/S A|ME|2) (/ //R o= o6 PA() B )

Here, we have multiplied and divided by vA¢B¢ and then applied Cauchy-Schwarz. This reveals
precisely the e-action in the first term, which by the metric derivative bound in (3.5) and Lemma

is bounded. Focusing on the second term, we use Corollary to estimate

1 el rel € f€
/ // v — v, [27)0]2 W2 {M} Bédodv,dvdt.
0 RG SQ 2

By symmetry, we can pass the post-collision velocity evaluations of f¢ ¢, onto ¥. We develop B¢sinf =
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|v — v,|75¢ and continue the estimate

1
////‘14“v*\"jIGIIMEIdodv*dvdt
0 R6 Js2
1
1 €/2 ) 3 1
=C / // / / o — vl P82 (W2 + ) fep e B (We) dpdfdv, dvdt
0 R6 JO=0 Slch- € €
1 w/2 } ) %
= VarC ( / / / / w20 — v, 2T (0 + )feffﬁ(x)dxdv*dvdt) .
0 R6 JO

The final expression is uniformly bounded in e by the assumptions (notice 2¢ + v € [0,2]) and finite

angular momentum transfer ((3.2)). O

Corollary 3.2. Consider the setting of Proposition and denote M € M((0,1) x RS x §?) a limit

of the family {|v — vi|90M¢}.. Then, .4 can be disintegrated with respect to Lebesque measure on t.

Remark 3.14. This disintegration in time is the Boltzmann analogue of the same statement for Propo-

sition [2.18.

Proof. We repeat the proof of Proposition but fix a test function ¥ (v, vy, o, t) € C.((0,1) xR xS?)

now so that its time dependence is an indicator function, i.e.
V(v, vy, 0, t) = (v, Vs, O)X[ap)(t), VY E C.(R% x S?).

We continue from the last line of the previous proof to obtain

b ~

/ // / ol — v. 16| ME|dodv. dvdt
a R6 JS2
b /2 _ : %
< VarC ( L[ = wpiondwe v >f€f:6<x>dxdv*dvdt) .
a RS JO

The finite angular momentum transfer (3.2)) is independent of time, moreover the zeroeth to second

moments of f¢ are bounded uniformly in € and ¢ from (3.5) so absorbing these terms into a constant

b ~
/ // / 0l — v 216]|ME | dodv.dvdt < Clb — a3
a R6 JS2

This estimate holds in the limit € | 0 as well, so the measure .# can also be disintegrated with respect

leaves

to Lebesgue measure on t € [0, 1]. O

From now on, we take for granted that the limits in Proposition [3.11]| are also families in time of

signed measures on RS x S2.
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Lemma 3.12 (Comparison of certain topologies against the Boltzmann metric). Let g, 1 € Po(R3)
be probability measures that are absolutely continuous with respect to Lebesque. There exists a constant
C > 0 depending only on the finite angular momentum transfer (3.2) and the second moment of o

such that the following holds:

1. In the case v € [—2,0], we have

L, et = m)(w)| < o, )

for any function v with Lipschitz semi-norm bounded by 1.

2. In the case y € [—4,—2), we have

[, et = m)(w)| < o, )

for any function ¢ with second derivative bounded by 1.

Proof. We will only show the proof of the first estimate in the case v € [—2,0]. The proof of the second
estimate differs only by estimating V1) using the second estimate of Lemma instead of the first.
Without loss of generality we can assume that d% (o, p11) < co. We take M the optimal collision rate
in the sense of Lemma Fix Lipschitz 1 : R® — R with Lip(¢)) < 1 and we recall the first estimate
of Lemma [3.4]

o (o= gl - wllo = 1)) - o)

901 <[ (04 3l - 0l = 1)) = w0

< |v —villo — K.

Using 1 as a test function in the collision rate equation (which we justify at the end) connecting pg to

©1 we have

1| [t _
/wd,uo—/ Wd - / // Vi Mdodv,dudt
Rd R4 4 0 R6 .JS2
1 1
g/ // / v — vallo — k|| M]dodv.dvdt
4 0 R6 JS2
1 1
<1 (/1// / M dodv dvdt)2 (/1// / v — v, |*|o — k|*A(f)Bdodv dvdt)2
— O AV — V|70 — O AV .
~ 4 \Jo JJrs Js2 A(f)B€ o JJrs Js2

At this point, we recognise the first term as the time integrated e-Boltzmann action. In the second
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term, we can apply Corollary [A22] Since M is optimal we can estimate the previous expression by

1

1 ! T ;
—d% (1o, 1) (/ // v — v,|?|o — k|? (ff*‘f‘ff) Bedadv*dvdt) :
4 0 R6 .JS2 2

By Figure or directly from the definitions, we have |¢’ — k’| = |k — o|. Hence, the arithmetic mean

is just ff. upon symmetrisation (B¢ is invariant when (v,v,) <> (v/,v})). This leads to

1

1 1 2

/wduo—/ Ydpy | < —dg (o, 1) (/ // / |v—v*|2|a—kQBEff*dadv*dvdt) .
Rd R4 4 o JJrs Js2

Now, we change representation from o-representation to (6, ¢)-representation, see Section We recall

from (3.10) that |o — k|> = 2(1 — cos ). Substituting this leads to the further estimate

'/Rd¢d,u0—/Rd¢dM1
< \fd%(uo,m) (/01//]1@/9: /:;(1 — cos)v — v*|2+v5€(9)ff*d9d¢dv*dvdt);

N \flideB(,U«Oalil) (/()1/46/9:/5 /q:gl —cosf)jv — v*lmiﬁ (Wj) ff*dequdv*dvdt) g

We perform the change of variables x = wf/e and directly compute the ¢ integral to get

‘/Rdwduo_/wd}d”l

1
p= 1 /2 c 2 2
< \gdeB(MOHUI) (/ // / (1 —cos —X)|v - v*|2+7—26(x)ff*dxdv*dvdt .
0 R6 Jx=0 0 €

We eliminate the factor of 1/€2 by the inequality 1 — cosz < %xQ in (3.12)) when z € [0, 7] to give

‘/Rd Welpo = /Rd | < \/j?ng(MO’Ml) (/01 //RG /X7r/()2 Xzfv — v*|2+75(x)ff*dxdv*dvdt>§ .

The integral decouples and the proof is complete recalling the finite angular momentum transfer (3.2]).

We now address the use of time-independent Lipschitz-bounded functions as test functions in the
collision rate equation for v € [~2,0]. Fix ¢ € C°((0,1) x R?) and repeat the previous estimates. In

particular by the first estimate of Lemma [3.4] notice that the drift term can be estimated as follows

[ L Lovom) < [vino [ [ o= elio =i
<s [ [ Lape s L L)
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The finite metric derivative and second moment bounds from and the finite angular momen-
tum give estimates on both the integrals in the curly brackets. This leaves only the dependence
on the Lipschitz semi-norm of the test function so by density, one can take test functions with bounded
Lipschitz dependence in v € R3. The argument is similar for v € [—4, —2) by using instead the second
estimate of Lemma [B.4] to restrict the class of test functions to those with bounded second deriva-
tive. The time independence can be treated by considering test functions ¢y (t,v) = ng(t)((v) for
ni € C°((0,1)) and ¢ € C°(R3) where 7, is a smooth approximation of the indicator function on (0,1)
for k € N. O

3.4.1 Grazing collision limit of the continuity equations

Now that we understand compactness for (f¢, M€), we need to verify that the limit points actually
satisfy the GCE. Here, we only consider the distributional formulation of these equations without
regard to, for example, the moment condition . Given ¢ € C((0,T) x R3) a test function,
we recall the generalised continuity equations for the e-Boltzmann ((f€,M€) € CRE) and Landau

((f,M) € GCFE) equations

T 1 (T -
/ O fdvdt + — / // ViyMedodv.dvdt = 0, (3.20)
0 Jre 4 Jo JJgrs Js2

and

T T
/ O fdvdt + L / / V) - Mdv,dvdt = 0. (3.21)
0o Jrd 2Jo JJrs

We can directly compare the first terms from the weak convergence f¢ — f from Theorem It

remains to understand precisely the convergence in the transport term. Recalling Proposition [3.11] we
5
know that (]'U — v,|? (1 + [[v]* + v4]?] 2) HMG) . is compact for g, ¢ satisfying
€>

1, v€[-2,0 —
q= [ ) , 0<do<
27 76[_47_2) -

v E [_27 0)

R R

- 17 v e [_47 _2)
We define a ‘lift’ mapping whose use will soon be clear

lv — fu*]_%_q

A (14 [P + o)) S5

qug:MGMB'—) MdeGML.

Recall p € S,lC . as defined in Section in the integral over S?. The motivation for this comes

from looking at the formal grazing collision limit of (3.20). Along the subsequence of convergence
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in Proposition [3:11] let us write
2 2 s e * 0
[ — w1+ [|v]° + va]?] 2 ) OM = M5, €l 0.
This suggests to multiply and divide by 6 within the integral in (3.20). By Lemma we obtain

1_ 1 _a ~
gv w—vmvw Vi) -p = Gl — v "Fp- V.

[
Multiplying and dividing by |v—wv,|? (1 + [[v]* + vi]?] 5) 6 in the transport term of (3.20)) and omitting

the time integral, we have

s
2

1 _ v —vs? 1+U”’2+‘”*|] )GME*
// Sone = L /// ~— Vdodv,dv.
1) ) Js 20 J52 gl — o (14 [ + .27

s\l ¢
In order to apply weak-strong convergence, we need to ensure that |v—wv,|™? (1 + [[v]® + |va]?] 2) %

decays when v, v, — oo uniformly in € > 0. Recall the meaning of weak-strong convergence; if 1,
converges strongly to 1 in the space of continuous and decaying functions on R® x S? and the sequence
of signed Radon measures M, converges weakly-* to M in M(R® x S?), then [ Jge Jeo UndM,, —

[Jzs Js2 wdM. By our choice of ¢ depending on y € [—4,0) and Lemma we can estimate

Vi _ Lip(v¥) ¢=1,~v€[-2,0)

o=
D2 q=2,7€[—4,-2)

By the convergence result in Lemma we obtain

A

1 _ 1 P
G gl e T (V= V) = o — T Ep - Ve

Therefore, we can pass to the limit € | 0,

€ 1 - * q_l =
/ / VoM X / / v—v Vi - / M spdodv,dv
R Js2 2 (14 [+ fo2) e "

= / W-Lq(;(Mgé)dv*dv.
2 R6 ’ ’

This shows that (f, qug(Ml?’ 5)) is an admissible pair for the grazing continuity equation coming from

the Boltzmann sequence (f€¢, M¢).

Remark 3.15. We describe more precisely the various changes necessary to generalise our assumptions
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on the collision kernel from the discussion in Remark[3.] Repeating the proof of Proposition[3.11), we

W)
TE(’U”U*) e>0

has uniformly bounded moments up to first order. To prove a similar result as Lemma one has

can show that the family

to utilise both the Lipschitz (for large |v — vi| > 1) and Hessian (for local |v — vi| < 1) estimates
in Lemma[34) to obtain

S deB(MO? /’L1)7

/ B(0)d(j10 — 1) (v)
R3

for test functions ¢ with Lipschitz semi-norm and second derivative bounded by 1.
Finally, we discuss the grazing collision limit at the level of the generalised continuity equations.

We need good estimates for the pairing of Vi against M€ to show the grazing collision limit:

/01 //Rﬁ s2 VHM? _/01 //R6 SZ?VF{%} %/01/]1@ W(”’”*)'/SQ M dodv.dv,

where

Vv, 0.) = v = vy T(lo = v )[o = 0] (VY = Vi),

The convergence above uses again the Lipschitz and Hessian estimates in Lemma the uniform

bound for T (3.3), and the convergence of T to T as in (3.4).

3.5 Lower semicontinuous convergence of the dissipations in the graz-
ing collision limit

Throughout this section we consider ().~ a sequence of probability densities with uniformly bounded

second moment and entropy

sup [ |v]*f¢(v)dv < 400, sup [ fClog fédv < +oo. (3.22)
e>0 JR3 e>0 JR3

such that f¢ 2 f for some probability density f. We wish to show the lower semicontinuous convergence

of the dissipation.

Proposition 3.13. Assume f¢ > f with uniform second moment and entropy bounds ([3.22). Then

we have

liminf D(%) = Di(f).
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Proof. We first reduce to the case

sup D (f€) < +oo0.
e>0

Indeed, without loss of generality, we may assume that liminfco D3 (f¢) < 400 otherwise there is

nothing to show. There is a subsequence (€,)nen such that €, | 0 as n — oo for which

sup D7 (f) < hmlnfDB(fe) +1 < +o0.
neN

In this uniformly bounded dissipation setting, we can further say \/f¢ — +/f in L2 by Proposition

loc

Collecting the results of Section [3.5.1] we obtain the following estimates for the dissipation

Dy(f) > S {—2 //RG \/W(/SQ ?¢B€> - i//ﬂ@ 5 WWBG} :
Dy(f) < sup {—4//RG \/RVW—2/R6 !W?}

YeDSS®

where the test functions v belong to the following class of smooth functions

Y(v,v5) = P (vs,v) Vv, 14 € R3,
0y > 0 s.t. Y(v,v,) =0 V]v —v,| < dy

DS = {1 = (v, v,) € CX(RER) -

Up to some constants (consistent in both expressions below), we apply the results of Section m
and Lemmas [3.5] and which state

[ viE /WF Do f[ ViEe-9e wa [ S21v¢|236“£8/R6|w|2,
for any fixed 4 € DSE. -

3.5.1 Affine representation of dissipations

In this subsection, we seek to show

Ds(f)z sup —2// VIers /WbBe —1// SQWWBG},
Do) < s =1 f[ [ VRS -Su-z [[ gurf,

YeDSe

(3.23)

where DS2° was introduced in the proof of Proposition For ease of notation, we will drop the

€ superscripts for the Boltzmann dissipation. Recall, the Boltzmann and Landau dissipations can be
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written as

1 " Iy
Do(f) =1 [[, [lrsi— rr1oe T,
Du(p) =2 [[ Jo= w0l = 0V = V)L

The proof of the upper bound for the Landau dissipation in (3.23]) is the content of the subsequent Sec-

tions [3.5.1.1] and |3.5.1.2| while the lower bound for the Boltzmann dissipation in (3.23) is the content
of Section [3.5.1.3

3.5.1.1 Landau dissipation

We begin with a preliminary expression of the Landau dissipation.

Proposition 3.14. We can express

Dr(f)=  sup ){—4 //RGMw—ml*%(v—v*)-<H[v—v*]£>—2 //RGW}. (3.24)

£€Ce (RE;R3

Proof. Let us denote the right-hand side of by Ir(f); we want to show equality Dr(f) = IL(f).

Showing I1,(f) < Dp(f) is straight-forward because if Dy (f) < +oo, we can integrate by parts
the differential operator v — v,|'T2(V — V,) - I[v — v,] onto v/ffs (since finite dissipation implies
VVTT. € L?) and then apply Cauchy-Schwarz and Young’s inequality in the following way for fixed
€ € CZ(R%RY)

[ VT 0@ -9t wde) -2 [
:4//1@6 o= 0TI — 0] [(V = VOVTT] .5—2//]]%6 S5

< [[ ko -oviik) ([[e) -2 [[ e

< Dr(f).

Turning to the other direction, we wish to show that Dz (f) < I1(f). We assume here that I (f) <

+00 or else there is nothing to show. Define the linear operator acting on ¢ € C°(R% R3) given by

F:fm _4//Ra VI fdo = o3 (V = V) - (e = 0.]6).
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Since we assume I,(f) < 400, we have

sup  {(F,§) —2} < C < +oo,
§€Cgo,||£||L2:1

So by density, F extends uniquely to a bounded linear operator on L?(R% R3). We consider now the

continuous, coercive, symmetric, and bilinear form

agm=2 [ €n vene PENR),

By Lax-Milgram /Riesz representation, there is a unique Riesz representative u € L?(R% R?) such that

2// u-&=(F¢), V¢ L*RSR?).
R6

Moreover, u = V+/ffx in L? and this characterises the minimisation problem
() — (Fu) = min {Sa(e,€) ~ (£,0)]
olu,u U _?GHL% &, ) :

Using the definitions of a, ¢, and u = V/ff. as well as density, the above gives

2 [ VIRR = A2 [[ 1€+ [[ VIR0 THE - v a1l - vl

Applying one sign change gives precisely Dr(f) = I(f). O

Intuitively, a near optimal ¢ € C2°(R% R3) in the right-hand side of (3.24) needs to approximate
Vv/ff.. We have formulated (3.24) in a big space of test functions without taking advantage of the

anti-symmetry of variable swapping v <> v,. To take advantage of symmetries, we define
AS ={V =V (v,v,) € LA R R3) | V(v,v.) = =V (vs,0) a.e. v,v, € R},
together with the smooth and compactly supported approximations

6 3 V(v,vs) = =V (vs,v) Vo, v4 € R3,
ASX =V =V(v,v) € C(R”;R?)
30 > 0s.t. V(v,ue) =0V|jv —v,| <6

The anti-symmetry allows to write the following identity

Vv, v,) = %(V(v,v*) CV(ua,v)), YV € AS. (3.25)
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To shorten some notation, we will write
<> 3
V(v,vi) := V(vg,v), Vou,v, € R

Using (3.25)), it is easy to see that AS is a closed subspace of L?(R%; R3) and hence is a Hilbert space with

the L? inner product. Moreover, we have density of the smooth compactly supported approximations.
Lemma 3.15. ASX is dense in AS with respect to the L* topology.
We skip the proof of Lemma Using density we can show the next characterisation.

Proposition 3.16. The Landau dissipation can be written as

Di(f) = sup {—4//RG VIl =03V - v @ - wv) -2

TI[v — v*]V|2} . (3.26)
VeAS®

RG

Proof. Replace L?(R% R3) and C°(R%; R?) with AS and AS°, respectively and follow the same proof

of Proposition taking advantage of (3.25)). This would lead to the majorant

sup {_4//RG VIRl =03V = V.) - (To — 0,]V) _2//@“/’2}'

VEAS
Since IT is a projection, we have |II[v — v, |V| < |V]. Estimating the second term of the affine represen-
tation in this way completes the proof. O
3.5.1.2 Projecting a vector field onto the image of \Y,

Starting from (3.26)), our goal now is to replace the vector field V € AS® by Vi for some ¢ € DS.
In this section, the role of DSZ° which we introduced in the proof of Proposition will be clarified.

Given any V € ASZ°, we find ¢ such that

_4//RG VIl — 0V = V) - (T — v,]V) —2//RG Mo — v,V ]2
g_4/46m@.@¢_2/46|@¢y2.

Said ¢ can be characterised by the projection of V' (or equivalently II[v — v,]V’) onto the image of V.

More explicitly, ¢ will be obtained as the solution to the following minimisation problem

: = 2 = _ _ 2
gé%)l&m/éﬁ\vg—n[v—v*}vy _//Rﬁ\w My — ]V (3.27)

We begin by investigating the solvability of the first order condition of this convex minimisation problem

which is given by the PDE in the following result.
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Lemma 3.17. ForV e ASZ°, there exists a unique smooth solution ¢ € DSZ° to the following equation

V-V =V —v]V). (3.28)
Moreover, 1 solves (3.27)) and we have
I — v V2, = 992+ M= vV - Vo2, . (3.29)

Proof. After changing variables, we will construct i as a superposition of solutions to the Laplace-
Beltrami equation on spheres |v — v, | = r. Recalling some of the notations from Section for fixed

v, v, € R3 we consider the smooth and volume preserving coordinate transformation

V— Vs U+ Uy

(v,0:) = (S5 550 ) = @)

Given vector fields V = V(v,v,) and scalar functions ¢ = (v, v,), we will use the same symbols to
denote their versions under this and future coordinate transformations V' = V(v,v.) = V(z,y) and

similarly for . It is readily checked that V — V, = V, and similarly for the divergence. Notice that
when V' € ASZ°, (3.28) reads

22V, - (2] Vatb(,y)) = [22]F2V, - (T[2]V (2, ),

which is an equation in the z = (v — v,) variable only. Henceforth, we consider fixed y = (v + v,)
as a parameter to the problem above. To further specify the problem, the compact support and anti-
symmetry of V € ASZ® translate into compactness in both the z,y variables, and moreover V' vanishes
in a neighbourhood of {x = 0}. So for some 0 < § < R depending on the support of V', but uniform in
they = %(v—i—v*) variable, we consider the following elliptic PDE with homogeneous Dirichlet boundary

conditions

22|43V, - (U[z] Ve (2,y)) = V- (H[z]V(z,y), 0<d<[2z] <R
Q;Z)('%y) = 0’ ’233| € {57 R}

(3.30)

The weight |2z|'T2 on the left-hand side is well-behaved, since we avoid a neighbourhood of the
singularity = 0. To reiterate, we will solve (3.30) in = for fixing the value of y as a parameter. Since
the dependence on y of V' is smooth, it will follow any solution ¢ of (3.30)) is also smooth in y. In

terms of solvability of (3.30]), we make one further change of variables. Having fixed y as a parameter,
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we consider the spherical decomposition of

x=rk, r=]|z k=" s
|z

Under these coordinates, we again identify ¢» = ¢ (x,y) = ¥ (k,r, y) and similarly for V. By the identities
of Lemmaand Corollary we can consider r € [0, R] as another parameter so that (3.30) becomes
an equation in the spherical variable k

Agep(k,ryy) = 277272V, - (H[K]V (k,r,y) 0<6<2r <R ke§ (3.31)

U(k,r,y) =0 2r € {0, R}
The interpretation of is that, at every level set of |z, is actually the Poisson problem for
the Laplace-Beltrami operator in S? for the k = I%\ variable. Noticing that the right-hand side is a
divergence of a smooth function, the integral over S? of the right-hand side vanishes, which is a necessary
condition for solvability of the Poisson problem in a compact manifold. Using the usual method of the
Lax-Milgram Theorem combined with the Poincaré inequality on the sphere (see [81]), for each fixed
r € (§,R) and y € R3 admits a unique weak solution (-,7,y) € H'(S?) which is also smooth
by standard elliptic regularity arguments. Finally, since V is anti-symmetric when swapping v <> v,

(which means reflecting x <» —z, or k <+ —k), uniqueness of solutions gives that v is symmetric

w(”ﬂ”*) = w(v*vv) — w(%y) - w(_xay) — ¢(k77"a y) = ¢(—ka7”7 y)

Based on the regularity and symmetries of V' € AS>°, the previous discussion implies v € DSZ°.
Returning to the minimisation problem of (3.27)), we can deduce from convexity and our discussion on

the solubility of the first order conditions (3.28]) that there exists a unique ¢ € DS2° such that

inf (Vg — 1o —wJV[2 = [T -1 —w V]2 .
gGDSgo V,Ux% v, V%

We can interpret the solution operator for (3.31)) as the orthogonal projection map of V' and II[v — v, ]V’
to the image of V. To see (3.29), we add and subtract V1 in the L? norm of II[v — v,]V to get
1o~ eV(? = [[ 1o = v = S+ Fuf
R

91+ o = 0]V =l +2 [ T (o -]V - 90)

[V + o =V =Sl =2 [ 6@ @ —0V) T ).

=0
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The last line is obtained by integrating by parts the differential operator V using the smoothness and
compact support of ¢ and V. Of course, by our construction of 1, the cross term contributes nothing

owing to (|3.28)). ]

Using Lemma we can further majorise the Landau dissipation from ([3.26]

Dr(f) < sup {—4//RG VIRV -V — 2//RG WW} . (3.32)

YeEDS®
3.5.1.3 Boltzmann dissipation

Before directly manipulating the Boltzmann dissipation, we insist on the appearance of a finite difference

of \/f f«. Using Corollary we can lower bound the Boltzmann dissipation by

oa = [, [rs-ssost sz [[ [ s vires

Let us refer to the lower bound as the reduced Boltzmann dissipation

DE(f) = //M /s2 I = /T 1 2B dodv.dv.

We want a similar representation for the reduced Boltzmann dissipation as we had for the Landau

dissipation.

Lemma 3.18. The reduced Boltzmann dissipation can be expressed as

DE(f) =

sup ){2//]1{6 /82(\/W— \/R)zzBdadv*dv—//RG B WZPBdadv*dv}.

PeL2(R6xS?; Bdodv.dv

(3.33)

Proof. This proof is analogous to the proof of Proposition in the Hilbert framework of L? with

respect to the collision kernel B. O

As with the Landau dissipation, we seek to pass all the difference structure onto the test function.

Taking advantage of various pre-post collision velocity symmetries, we extend Lemma to

Lemma 3.19. The reduced Boltzmann dissipation can be minorised by

DE(f) = o {_2//]1@6 \/f7</Sz Ww) - 111//]1@6 g WWB} :

Proof. We are interested in showing the inequality, hence we only need to show that each ¢ € DS2°

induces an admissible 1) € L?(RS x S?; Bdodv,dv) and then de-symmetrise the first term in (3.33).
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More specifically, for each ¥ € DSZ°
1= -
§V1/) = (v, v)) — (v, v,) = P(v,v4,0) € L*(R® x §?; Bdodv,dv)

is an admissible test function for (3.33). This is a consequence of Lemma which provides the

estimate

%' =9 S Locs<oo. <rlv — vl’lo — k%, (3.34)

where §, R > 0 are the inner and outer radii of the support of ¢ € DSZ° with respect to v — v,.

Next, we de-symmetrise the first term of (3.33])

2 [ [ WFE- Vit =2 [[ [ VI [ @ -vp-2 [[ V[ @ -8
== [[ VL [ w =B

which is justified as each of the integrals above are absolutely convergent. This follows from the estimate
(3-34), |0 — k|*> ~ 62 from (3.11]), and the finite angular momentum transfer assumption (3.2). The

desired inequality now follows. O

3.5.2 Boltzmann gradient converges to Landau gradient

The aim of this section is to show that for arbitrary ¢ € DSZ°, we obtain

//RG VI </S WBG) = 2//]&6 VIEY -V (3.35)

//RO /SQ lezB”i?S//RG V42, (3.36)

These limits are the final pieces needed to finish the proof of Proposition [3.13] Recall there that we

had reduced to the case with bounded dissipation for a fixed time

sup D3 (f€) < 400,
e>0
which implies the local L120 . convergence v/ f€ — /f which we will use in the proof below.

The key to these limits is understanding the limiting behaviour of V on DS° functions. Naturally,

the crucial ingredients are Lemmas [3.5] and [3.6] which state

v¢ Eg) %\va*“o-(va*)@[)

o, Vodp BV = V) (v = P — ] (V = V)

=

Vi) € DS, (3.37)
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Recall the notation that x = 76 /¢ is the rescaled angle of collision and p € S? is the orthogonal vector

to k = 2= shown in Figures to These limits hold in the pointwise sense.

[v—v«|

Proof of (3.35) and (3.36)). We begin with showing (3.35)). Since we know \/f€¢ — \/f, it remains to
show that

. /2 i} o -
/ VBE = |v — vm/ 56(0)/ Ve dpdd X 2V - Vep.
52 =0 st

Since ¢ € DSZ°, we are in the nice situation of avoiding all problems in the v, v, variables because 1
is supported in

v+ |vi] <R, 0<6<|v—wv <R,

for some ¢, R > 0. Combining this localisation with the third estimate of Lemma [3.4]

'/Sl Vpdp

we get domination in L? recalling finite angular momentum transfer ([3.2)), so we only have to show

S v — v*|202,

pointwise a.e. convergence of the previous limit. By rescaling § = ex /7 and applying (3.37), we have

_ w/2 72 _
[vun =o=vp [T 8007 [ Fwdpx
s? 0 € Jsp

s

el0
—
4

v — |7

/2 -~
A VBT = Fa) - (Jo — v 2w — 0](V = V,)) = 2 - Vo),

again recalling the normalisation foﬂ/ 228 (x)dx = 8/m.
We turn to showing (3.36)). Arguing as in the proof of (3.35)), since 1 is compactly supported in

v, Vs, and in {|v — v4| > § > 0}, we only need to show
_ €/2 _ 0 =
/ V2B = o — vm/ 56(9)/ V2dpdd X 8Te[2, ace. v, v, € RS,
s2 =0 sty
This is because of the first estimate of Lemma which again gives the right majorant against B¢

VP Sy o - 062
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By the same rescaling 6 = ex /7, we have

B w/2
/Wwﬂﬁszw/ mmﬁ/ !
2 0 S L

w/2
el0
B o — v*\zﬂ/o B)x* /Sl - (V — V)¢ dpdx
kl

dpdx

8 . , )
=|wwmﬂ/‘ﬂww—VJMV—mep
T 1

kL

= 8v — v P Hw — v.](V — V)0

In the last line, we have used Lemma |A.4| for the computation of fsl p ® pdp = wll[k], while remem-
PR

bering that since II[k] is a projection matrix, the quadratic form satisfies 2 T[k]z = |[[k]z|?, for all

z € R3. O

3.6 Lower semicontinuous convergence of metric derivatives in the

grazing collision limit

We consider a sequence of curves (f€)eso satisfying the uniform moment and metric derivative bounds (3.5)).
In particular, we know that a subsequence converging to f exists by Theorem [3.9] Along this subse-

quence and in parallel to the general affine representation strategy in Section we seek to prove

Proposition 3.20. Consider a sequence of curves (f)eso satisfying the uniform bounds in second
moment, entropy, dissipation, and metric derivative (3.5). Along possibly a further subsequence for

which f¢ 2 f from Theorem we have
timnf |F2(6) > |f3(0), o te 0.7

As in Section [3.5.1] we will prove Proposition by looking at the affine representations of the
metric derivatives. Without loss of generality, we assume sup,. o | f€|2(t) < oo by taking a subsequence,

if necessary.

Lemma 3.21. We consider (f°,My) and (f,M) curves for CRE (in the sense of Erbar [61]) and
GCE (in the sense of Chapter @, respectively. We assume that My and M are optimal collision and
grazing rates in the sense that their associated metric derivatives can be written as the respective action

of these curves

ME 2 MQ
| F€12( /// | B‘ LB —dodv.dv  and  |f[7(t) // /' ‘dv*dv.
Re Js2 A re Js2 [ [
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Then, we have the following affine representations.

Feo= sw {5 [[, [asve—g [f, [iveracosy.
fiw= s {ff arvog [f werssf

Proof. We only show the proof for the first of these claimed equations since the argument for the

(3.38)

Landau metric derivative is analogous (using Proposition instead of Lemma . We shall also
drop the superscript € and abbreviate A = A(f€) for ease of notation. Arguing as in Section [3.5.1.1} we

L G e[ L) o

which follows from similar lines of reasoning as Proposition and Lemma [3.18

have

We now want to replace the test function ¢ € L2(AB) by V4 for ¢ € C°(R3). Using the optimality
of Mp, the finite action assumption, and Lemma we can write Mg = UAB where the density U

can be approximated by

UeVolvece@y M.

Take (1n)nen C C(R3) an approximating sequence so that Ve, — U in L?>(AB) as n — oo. The

expression inside the supremum with & = V1, of (3.39) has the following limit

/ / wnAB / / / |V, |*AB
R6 s2 RS Js2
n—)oo 2
—U— - U|*AB
//Re 2 AB //RG /SQ U]
S
re Js2 2AB

This establishes the first equation of (3.38]). As mentioned before, the second equation of (3.38)) follows

analogously. O
With Lemma |3.21] we are in a position to prove Proposition [3.20

Proof of Proposition[3.20. Without loss of generality, take M§ optimal collision rates in the sense

of Lemma so that the Boltzmann metric derivative is the action of (f¢, Mf)

‘| | Mg
\f //]RG /S2 AGF) Bedadv*dv.
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By the computations of Section [3.4.1]

I, ve [_270) -
for g = , sufficiently small 0 < § <

27 A [_47 _2) -

’ v e [_2¢O)

)

R R

- 17 Y€ [_47 _2)

and along some subsequence € | 0, we have that (f, L, s5(M,s)) is an admissible pair in the grazing

continuity equation where

el0 v — v, |77/274

Mgs, Lqs(Mgs) = /Mqéde
(14 [P + o)) S5

5
|v — v, (1 + U’U|2 + ]v*\z] 2) oM =

As well, since Lg 5(M,5) is admissible, there exists (by Lemma a unique grazing rate M € My so

that we have the following inequality for the Landau metric derivative

1) //R %fd < —2//]1@ e T a0

Recall the affine representations of the metric derivatives from Lemma [3.21

L LA = e L s [ [ meeace]
s 5= e [ a5 [ werse

It remains to establish that, for the L, s(M,s) rate (coming from the sequence {M5}. in CRE) and

and

the corresponding unique optimal rate M (coming directly GC'E), we must have

weg?oIZR% {/ RGM VY- ;//6 WWfo*}
" pec @) {// 0s(Mys) - Vi - / Vo ff*}.

This follows because

M = Lgs(Mgs) + (M — Ly s(Mys)) -

V--free

Recall from Proposition ‘V.-free’ means that for any v € C(R3), we have

//RG S? Vi d(M — Lgs(Mg)) =0,
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which follows since both M and L, 5(M,,s) solve the grazing continuity equation with the same f

/¢ft )dv + = / Vb - dMy(v, vy _dt/ Y fi(v)dv + = / Vi -d 0.6(Mg.5)) (v, v4),

for all ¢ € C2°(R?). Looking at the level of the dual formulations, for fixed 1 € C2°(R3) we claim

1//]1{6 52 MV / / Lqs(Myys) - Vi, (3.41)
hnelfoup //}R6 /s2 IVY|2A(f) B < // Ut 52)

Once (3.41) and (3.42) are proven for fixed ¢ € C2°, this establishes

lilgg)nf\fe\%( ) _¢EggopR3) {//RG 0.6(My.5) w—/ V)| ff*}.

Recalling (3.40), the right-hand side is the affine representation of | f|3(t) we can conclude the proof.
To prove (3.41)), we use the estimates for V) from Lemma combined with the appropriate choice
of g € [—%, 1-— %) and small § > 0 depending on . We recall the computations from Section - the

first step is to reveal the correct sequence of measures from the scaled compactness Proposition [3.11}

S, 2w
= L [ it (o Do e o oo (1 o ) Y

eo 1 AN
B[ ereE (1 (P 4 10P)E) e [ My apdodsao
6

R
=2 / / Vi - Ly s(M, 5)dv.dv.
RS

The justification for the weak-strong convergence is also found in Section

Turning to the proof of (3.42)), we use Corollary and symmetry to write

//RG . V2 BEA(f //R6 8 IV |2B¢ {fe’fe’ + fe f*} // e (/ ’vw‘236>

We first provide an integrable majorant (uniformly against the measure f€f) for the term integrated
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over S? which is again provided by Lemma We have

3 w/2
/ FY2B = n2fo — v / 5(x) /
2 0 S

/2 Lip(¢)|v — v|*™, 7 €[-2,0)
</ Y2B(x)dx
0 ID2l|polo — 0, [#7, € [4,-2)

2

1_
;vw dpdx

Sus L+[v—ul.

Here 0 < [ < 2 is some power which gives strictly subquadratic growth. By the uniformly bounded
moments assumption (3.5)), this is uniformly integrable against f€f¢ so we can pass to the weak-strong

limit. According to Lemma [3.5] we have the pointwise limit

_ /2 1 |2
[vees =wlo—up [ 600 [ |27u] dpax
S2 0 S
clo 1 w/2
8 o= [32800 [ o+ (7 = Vayulapay

Jo

= 2v — o[ |v — 0](V = V.)u|* = 2|V,

Here, we have used Lemma and the usual finite angular momentum transfer (3.2]). ]
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Chapter 4

A particle method for the homogeneous

Landau equation

The content of this chapter is based on joint work with José A. Carillo, Jingwei Hu, and Li Wang. It
has been published [33] in the Journal of Computational Physics: X volume 7, page 100066 in June
2020.

We propose a novel deterministic particle method to numerically approximate the Landau equation
for plasmas. In particular, by fixing the mollifying sequence 1. (scaled Maxwellian distributions as

in (Y))), this induces the regularised entropy functional we consider

Hoclfli= [ [+ ) loglf ] () (11)

Moreover, the regularised equation studied here is the Hs . Landau equation (in the sense of (2.1]))

of=V- (f /Rd felv — v PP [w — v,] (Vihe x log [f * 1e] — Vithe * log [ f+ * ¢5])) . (4.2)

This regularisation suppresses the parabolic behaviour of the Landau equation which allows for particle
solutions; the collision term is well-defined when f is a combination of Dirac measures so particles remain
particles. These particle solutions solve a large coupled ODE system that retains all the important
properties of the Landau operator, namely the conservation of mass, momentum and energy, and
the decay of Ho.. We illustrate our new method by showing its performance in several test cases
including the physically relevant case of the Coulomb interaction. The comparison to the exact solution
and the spectral method is strikingly good maintaining 2nd order accuracy. Moreover, an efficient
implementation of the method via the treecode is explored. This gives a proof of concept for the

practical use of our method when coupled with the classical particle-in-cell (PIC) method for the
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Vlasov equation.

We remark here that . and G>¢ as defined in Section are both Maxwellian approximations of
the identity, albeit with slightly different scalings as ¢ | 0. Nevertheless, the idea here is complementary
to Theorem [2.8] using a Maxwellian distribution instead of an exponential distribution as the molli-
fier. Although the equivalence of gradient flow solutions and classical H-solutions to the H,. Landau
equation was only proved in Theorem for s = 1 (exponential and not Maxwellian tails), this work
presents numerical evidence that the result also holds for s = 2.

Section focuses on the theoretical aspects of this regularisation. The particle method is formu-
lated in Section similar structural properties are proven here at the level of spatial and temporal
discretisations. Finally, Section [{.3]explores the numerical experimentation of the particle method with

comparisons to known cases.

4.1 Regularised Landau equation: basic properties and kernel

In this section, we explore some theoretical properties associated to the homogeneous Landau equation
with the regularised entropy functional Ha.. The nonlinearity of (7 makes it difficult to directly
regularise f in a structure preserving way. Instead, the regularisation is introduced at the level of the
entropy functional which then modifies the homogeneous Landau equation. Notice that the regularised

entropy is well-defined on L}F and its first variation with respect to constant mass densities f gives

5%2’5
of

5H2,6

Sf = (W/Ja) * log(f * we) ’ (4-3)

=1 xlog(f ), V

after some computations, see [30] for details.

The aim of this section is to show that preserves important structural properties as with the
original homogeneous Landau equation. To fix ideas, we introduce a preliminary notion of a weak
solution which we can refine after proving the standard conservation properties. For p > 0, we recall

the notations (v) and L}?(Rd) defined by

LL(RY) = {g e LY(RY)

[ P lgeldo< oo, @ =140 veR?
]Rd
Let us define

6+3, —-4<y<-2
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We also abbreviate the collision kernel and the projection matrix with
Alz] = |2)* T [2].

Definition 4.1 (Weak e-solution). We say that a nonnegative f € C([0,7]; Lﬁ(v) (RY)) is a weak e-
solution to (4.2)) if for every ¢ € C§°((0,T) x R?) we have

T
/ Gt gbfdvdt

Vo — Vids) - Alv — v.] vng—v*(mle’* f fedvdu,dt.
/ /RQd ( of O f«

(4.4)

Let us discuss the meaning of the weighted L. requirement on f. We claim this is sufficient to make
sense of the triple integral in (4.4)). Here, we are mainly concerned with the soft potentials given by

—4 < v <0. In particular, since k > 2 we have

sup / (W) f(t,v) dv < oo,

tel0,T] JR4

which ensures the following bound

sup |log [£(£,-) * ¢] (v)] < Cc (v)?, (4.5)
t€[0,T]

where C; > 0 is a uniform constant depending only on € > 0. The estimate (4.5) is obtained by

computations similar to Lemma [2.24. Now let us investigate By, := V(S?}’s — Vi ngcf’*. By (4.3),

this has the form

B, =Ce | ((v=)e(v—0") = (vi =0 )the(vs = v")) log(f * 1bc)(v')dv/

Rd
Applying estimate (4.5) gives

Bl < Ce [ (0= 0e(o =) = (o = lon =) (o)

Consider first the easier moderately soft potential case v > —2. For every test function, we have the

bound

(v¢ — v*¢*) . A[U o ’U*] <V(SH2,5 v 57‘[2,5,*)'

of A
< Cegaq (077 + Ju47) /Rd(!(v =V )e(v = 0)| + |(0s = 0)¢pe (0 = V) ) (1 + [v'])do’
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By the change of variables v/ — v — v’ and v’ — v, — v/, we have the following estimate
/d(!(v — 0" )the(v = V') + (02 = 0" e (0x = 0"))(1+ [0]P)d0" < Ce(1 + [0]? + [v.]?).
R

This can be used to estimate the triple integral of (4.4) by

/L

57-[2,6 67'[2,5,*
Sf VeTs .

T
< Cs,fb,d,v/o //de(‘v’%v + [P (1 + [0 + |0a]?) f frdvdu,dt.

(Vo — Vi) T AJv — v,] <v

) ' f fudvdosdt

In this case, the 4 4+ v weight becomes clear to ensure absolute integrability.
Let us now turn to the very soft potential case —4 < v < —2. The same trick above will not work
because the weight |v — v, |[2t7 is singular. Instead, split [v — v |2t7 = [v — v,|'" 2 |v — v,|'T2 so that

we have

T 57'[2,5 57‘[2’5,*
(Vo — Vag)T Ao — v,] (v 57 — V. 57, >’

< C.gq Ve - V*qb*]) /Rd o — 72 (0 — )0 — ) = (0s — V' )pe(0s — V)| (1 + |0 [?) .

=Ny — O3
Splitting the weight allows us to see that —(1 + ) € (0,1] in the very soft potential case so that

|V — Vi
m = H¢H01’—(1+%)-

For the remaining |v — v*|1+% term within the integral over v" we use the Mean Value theorem with
|(v — V") (v — V") — (v — V' )1he (v — V)| to smother the singularity. Indeed, due to the form of 1), we

have that
o — w2 (0 = V) (v = ) = (va = V) (vs — V)| < Celo = 0 PT2(1+ € = V]| (€ = V)

where £ € [v,v,]. Substitute this inequality back and use the change of variables v' — & — v’ to obtain

(Vo= V.0 Al v (772 - v. 222 )|

of 0 fx

< Cuaglv —va?t3 / o P (0 (1 + |€ — o/|2)d.
R

The integral produces a term that has growth bounded (up to a multiplicative constant depending on

g) by (1 + [£]%). Since € € [v,vy], we can estimate |£[* < C(Jv]|* + |vi[*). Inserting this back into the
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triple integral yields finally

[ L

OHa e 57{25*>
_ AT £ -
Vo — Vids) Alv — vy (V 5f V. 57, ‘ff*dvdv*dt

T
< Csydxb/o //de(l + ’U\6+% + \v*]6+%)ff*dvdv*dt.

Equation (4.4]) can be tested against more general functions ¢. As in [0, Remark 8.1.1], an equivalent

expression of (4.4]) is

d

G | era=—3 // (V6 — Vi) Al — v B2 ffudvdv,, V6 € CERY.  (4.6)

Furthermore, [0, Lemma 8.1.2] allows us to refine the solution to be weakly continuous ¢ € [0,T] —

f(t,) € LL(R?) such that whenever ¢ € C2((0,T) x R%),

to t2
/ athf t,v)dvdt — = / / (Vo — Vi) Afv — V] By, [ frdvdu,dt
t R (4.7)

:/ (ﬁ(tg,’l))f(tg,v)dv —/ ¢(t1,1))f<t1,1))d1), V— S tl S tg S T.
Rd R4

Lemma 4.2. Let ¢ be an admissible test function and f be a weak e-solution to (4.2). Assume further

that
Vo — V.os € ker Alv — v,],
then
d
& | oo =o
holds, and therefore f]Rd )f(t,v)dv is a conserved quantity.

Proof. We begin with the formal computations. Differentiating in time, we get

d
T ¢( )f(t, = _/de Vo(v) — Vip(v.) " Afo — v,]BS ,,, f fudvdv, = 0.

To justify these formal computations, we appeal to approximation arguments by admissible test
functions using ) to compare [pq ¢(v)f(0,v)dv with [pa ¢(v) f(t,v)dv. A specific cut-off choice can

be found in the gradient flow formulation of the Boltzmann equation [61, Lemma 3.8 (version 2)]. [

Since the kernel of the matrix II[z] is spanned by z, a direct consequence of the previous result is

that the mass, momentum, and energy of weak e-solutions are conserved, i.e.,

(Z( » f(t,v)dv,/Rd vf(t,v)dv,/Rd |v|2f(t,v)dv> =0. (4.8)
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In this way, we define the mass, momentum, and energy of f for all times by the constants p,u,T

related in the following way

pP= /]Rd f(t,'l))d’[), pU = /]Rd Uf(t,?})dv, pu2 + pdT — /]Rd "U|2f(t, U)dU. (49)

For general constants p,u, T, we denote the Maxwellian satisfying (4.9)) by

p v —ul?
M u1(v) = exp {— } .
g (2nT)3 2T

As promised, we can refine the notion of weak e-solution. We add a finite dissipation property
which is a mild assumption but yields theoretical and numerical advantages in the spirit of Villani’s
H-solution [118]. One example of the analytic benefits is in [6I, Corollary B.3] where Erbar recovers a

strong upper gradient notion for the Boltzmann equation.

Definition 4.3 (Dissipative e-solution). We say that f € C([0,T]; LL(R?)) is a dissipative -solution
with moments (p,u,T) € Ry x R? x Ry under the relation ([£.9) to (4.2)) if it is a weak e-solution in

the sense of Definition [4.1] and
1. For every ¢ € C5°(R?) equation (4.6) holds:

d

G | ot =— / [ (V0= V607 Al = v B f v,

2. The dissipation associated to the regularised equation satisfies

D.(f(t,")) = ;//RM v =0, "7 [I[v — v, B, | [ frdvdv, < 0o, Vit e [0,T]. (4.10)

With the notion of a dissipative e-solution, we move onto the regularised H-theorem. We will denote

by d?éf < for P2 E[f )] and similar derivatives in time along solutions to (4.2)) from now on.

Lemma 4.4. Let f be a dissipative e-solution of (4.2)), then we have:

dHQ,a

1
- —2// o — 0,2 o — v B, | f fedvdv, <0, (4.11)
R2d

for all times t > 0.
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Proof. Beginning with the formal computations, we appeal to (4.6 with ¢ = 1. * log(f % 1).) as a test

function for every fixed ¢t € [0, T]. By swapping convolutions and using the symmetry of ¢, we have

dE. d d

= ([ s wton(vao) = 5 ([ 1t s log(sr < v.yo)

1
:_// Bgv ‘A[U_U*]Biv ff*dUdU*§0
2 ) gz T Vs

2

Recall that since IT is a projection, the quadratic form satisfies BS , -I[v—v.]B;,,, = |[l[v — v.]B; .

To justify using 1. * log(f *1).) as a test function, we note that the right-hand side of the weak #s .
Landau equation (4.6)) makes sense due to the finite dissipation assumption . It remains to make
sense of the left-hand side. Following the estimate , ¢ as chosen above has at most quadratic
growth. Smooth cut-off arguments similar to Lemma |4.2] complete the validity of ¢ chosen above as a

test function so the computations are justified. O

In the rest of this section, we follow the strategy of [74, Theorem 4] and [I17, Lemma 3] to deduce
that stationary states of the homogeneous Hz . Landau equation can be characterised by Maxwellians.
Since we are working with weak solutions, let us be specific and define what we mean by stationary

states.

Definition 4.5 (Stationary states). We say that a dissipative e-solution f is a stationary state to the

homogeneous Hs . Landau equation if for every test function ¢ € C§°(RY),

// (Vo —Vigs) - Alv — v By, f fudvdv. =0, Vt €[0,T].
R2d

We can use this definition with Lemma [4.4] to characterise the first variation of the entropy for a
stationary state.

Lemma 4.6. If f is a stationary solution of (4.2)) or equivalently f is in the kernel of , then the

first variation of Ho. is a quadratic polynomial in v, that is

(2)
O0Hsa,e — A0 LMy L|v|2.

57 5 (4.12)

The constants X\ (depending on €) can be determined by the conserved quantities (4.8)) (see later
in Lemma .

Proof. This proof adopts the strategy of [74, Theorem 4]. Lemma implies that the entropy dissipa-
tion, the right-hand side of (4.11]), is zero. Moreover, the entropy dissipation is zero if and only if the
quadratic form in the integrand of the right-hand side of (4.11]) is zero. By definition of II[v — v,], we
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must have that Bf , belongs to the kernel of II[v — v.] which is characterised by those vectors which

are linearly dependent with v — v,. Thus, there exists A® : R? x R? — R with the property

5%2’5
of

67—[2’5

v 57

(vs) = A (v, 0,) (v — v,) . (4.13)

(v) — Vi

At this point, we study A and seek to show that the diagonal mapping is constant. Immediately
from (4.13)), we notice that A (v,v,) = A®)(v,,v). For any i,5 € {1,...,d} when looking at the j
coordinate of (4.13)) and then differentiating with respect to v; (valid as the e-regularisation grants

arbitrary smoothness), we have

B, 0, ——= = O, AP (v, 0.) (v — vaj) + AP (v, 0,)5;5 -

Set v = v, in the above equation to deduce

57‘[2’5
of

O, Ou, = AP (v, v)8;; . (4.14)

Differentiating (4.14) again with respect to vi for k € {1,...,d} yields
By, O, O, —= = By AD (v, )55 .

The partial derivatives on the left hand side of the above may be freely permuted with no change to
the expression. More interesting is the permutation of the associated indices 4, j, and k on the right
hand side. One instance of this is the following identity 8,, A (v, v)8;; = 9y, A (v, v)dy;. For arbitrary
ke {l,...,d}, simply take i = j € {1,...,d} \ {k} and one sees from the above that 9, \(?)(v,v) = 0.
Since k € {1,...,d} was arbitrary, this implies that A(?) (v, v) is actually a constant which we shall refer
to as itself (dropping the dependence on v). Equipped with this information, integrating (4.14) twice

confirms the claim of the lemma that the first variation of the entropy is a quadratic polynomial given

by (4.12)). O

Our next step is to show that if f satisfies equation (4.12)) then it is a Maxwellian with explicitly

computable mass, momentum, and energy.
Lemma 4.7. If f € L1 (RY)\ {0} satisfies the following equation

MHae _ y(0) (1) A o
5f =AY+ A o+ 5 lv|*,

then it must be a Mazwellian. We can deduce a restriction on A2, specifically, that 5\)\(2)\ < 1. Fur-
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thermore, the mass, momentum, and energy explicitly depend on £, X XD and X2 in the following

_ 2
o = (%)
)

way:

[NJisH

) 4 eA®d g aM]? A2
exp {)\ + -3 2(1—e[A3)]) + 2AD) [(1—e[A@)])

e
u = oy . (4.15)
_ 1
T = @] €

Proof. We iteratively Fourier transform equation (4.12)) recalling in particular the convolution and

inversion theorems to deduce the identities

2)
Ve #log(f * ve) = A0 4 AW .y 4 %IUF ,
(2)
log(f *.) = (2775)31/}1 (A(O)% + i Viéy — )\2A50> )
1
and then
2) 2)

log(f #6e) = A — 2 E 430y A,

At this point, we remark that the sign of A can be deduced. Specifically, we claim that A < 0.
Firstly, A(?) < 0 because the Dominated Convergence Theorem yields limyy| o0 f*9e(v) = 0. If A2 =0,
we must have that A() .1 — —oo whenever |v| — oo by the same limiting behaviour of f x.. However,
this must hold for every direction v such that |v| — oo which implies that A1) depends on v and this

is a contradiction. Taking exponentials on both sides of the previous equation, we have
(12 (2) (2) 1 |?
[ *e(v) =exp {)\(0)— A ;d} eXp{/\ A } ;

”U-'—w

22(2) 2
and one more Fourier transform leads to

. 4 IA®)|ed g A2
F(&) = 2m)4(1 - e]A@|)"2 exp {)\(0) + - M ) @ \(§).
2 2(1—ePO [T (12 )

Here, we are using the convention that, for vectors x,y € RY, |z + iy|? := |2|? + 2ixz - y — |y|>. By the
Riemann-Lebesgue lemma, we know that | f(£)] — 0 as [¢] — co. With the expression for f above, this
means that the variance of M (the third parameter in the subscript) must be strictly positive. Hence,
1 —e|A®| > 0. Note that the coefficient of (1 — 5,)\(2)|)—§ is removable due to the cancellation with
the same term coming from the variance of the Maxwellian. The Fourier transform step is justified

because we previously showed that A2 < 0 so f % 1), is a Maxwellian and hence belongs to L'. One
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final Fourier inversion gives an expression for f as

d
o )z e|A®|d e)AM)2 A2
= | o A©@ —~ M .
f(©) (|)\(2)| eXp{ T 20— @) 2O (1= O] (,—‘;Egi‘,il@l_g)(”)

Reading off the constants, one confirms (4.15). Note that in the determination of p,u,T in equa-
tion (4.15]), we have a one-to-one correspondence between (p,u,T") and (A(O), AL )\(2)). Indeed, A? is
determined from 7T which then gives A1) in the equation for w. Finally, A(?) is determined from the

equation for p. O
The previous lemmas give the following equivalence.

Theorem 4.8. f is a stationary solution of (4.2)) if and only if f is a Mazwellian with parameters

gwen by (4.15)) depending on the quadratic polynomial in equation (4.12]).

Proof. ( =) This direction combines Lemmas and

( <) This direction is a computation of 57;;’5 = ). * log(f * 1e) when f is a Maxwellian. O

Remark 4.1. An alternative reqularisation for the entropy is

Hoe(f) = /d flog(f *1e)dv. (4.16)
R
Lemma [{.6 characterising the variation of the entropy for stationary states is still valid, being the

variation, see [30], given by

57:[2,5
of

f
f e

57‘22,5 _f*sz+< f

5f Je f*w€>*v¢€‘ (4.17)

zlog(f*¢s)+( )*d}s, \

Howewver, the characterisation result as a Mazwellian is not true, even if one might expect the existence

and uniqueness of a stationary solution being the conserved quantities fized.

4.2 A particle method for the homogeneous Landau equation

The main idea is analogous to the recent work [30] for aggregation-diffusion equations. In fact, (4.2))
can be viewed as a convection in v with velocity field given by the integral term in (L.)), and thus giving

access to a particle formulation. More specifically, denote
N

() =) wid(v — vi(t)), (4.18)

=1
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with N being the total number of particles, v;(t) the velocity of particle 7, and w; the weight of particle
i. Plugging (4.18)) as a distributional solution to (4.2), we obtain that the evolution for the particle

velocities v;(t), 1 <1i < N is given by

dv; SHY. oHY.
Udit) = U.(f™N) (¢, vi(t Zw] —vj [V 5;’ (v;)) =V 5; (v )]

J

= — Z wjAlv; — vj] {/d Vipe(v; — v) log <Z wie (v — vk)> dv (4.19)
j R K

_ / Vipe(v; — v)log (Z wie (v — vk)> dv} ,
R4 L

:= 1 xlog(fV *1.) (the discrete entropy ’H . to be defined in the sequel) and therefore,

SHY
with 2 2

SHY.
\Y 57 (v;) = /Rd Ve (v; — v) log (Zk: wie (v — vk)> dv. (4.20)

Let us show next that the semidiscrete particle method defined by (4.19)) leads to a numerical parti-

cle approximation fV of the solution to (LZ) conserving mass, momentum, energy, and enjoying the

regularised entropy dissipation (4.11)).

Theorem 4.9. The semidiscrete particle method (4.19) satisfies the following properties:
1) Conservation of mass, momentum, and energy: % Zfil wip(vi) = 0 for ¢(vi) = 1, v;, |vs|%.

2) Dissipation of entropy: let
/Hé\,/s = /Hé\,[a[fN] = /I%d(fN * ¢s) log(fN * we)dv (4'21)
be the discrete entropy, then %’Hgﬁ = —Dév < 0, where

DY =

£

THY THY ’ SHY. SHY
szwy< — () = V—=2= 5f “(v )) Alvi — vj] (V(S;(vi)—v 5f = (v ))
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Proof. First, we notice from (4.19) that

d
% szqs Uz ZU}ZVQZS UZ fN)(t 'Uz(t))

SHN SHY
= _izjwiijMUz‘)TA[Ui — vj] (V (5;6( vi) =V 6;6( )>
1 (YHQE 6H2&
=~ D vy (Voo = V) Al — o (v T T ))

which vanishes with ¢(v) = 1,v,|v|?. Therefore, mass, momentum, and energy are preserved. Next,

using (4.18]), we rewrite (4.21) as

/Hé\fe _/ (szwa - ) log (Z wk¢e (% Uk( ))) dv

then

HQ £ :/ szv% - z dvl (Z wkws U — Uk: ))

w S Vebe (v — vg(8) 5 v
/ (Z ithe (v ) Zk wrtbo (v — ve(0)) d

=1+ 1.

Note that Io can be simplified to

= [ S wieto - )™ = -5 Y [ vuto - lo)io =0,
k

thanks to the fact that [pq9(v — vg(t))dv = 1. By virtue of (4.20)), I; has the following estimate

oH éva dU’L

I = sz</ Vibe (v — v;(t) log(ZwkwEU—vk ))dv)CZ::Zin 5f7 (Uz)%

Then using (4.19), it becomes

SHY. SHY.
v;) [;ij[vi — vy (V(S;’(W) -V 5;’ (Uj))

THY oHY.  \" OHY. SHY
:_szwa< o7 W) m VW )) Alvi — vj] (V(;f(vi)—v 5f = (v ))

<0

)
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and therefore, the entropy dissipation follows. O

In practical implementation of particle methods, the update of particle velocity via is not be
computed exactly, but with the integral replaced by quadrature rule. Therefore, we need to introduce a
discrete in velocity particle method. The computational domain in any dimension is the square domain
[~L,L]¢ with L > 0. The mesh size is defined by h = 2L/n and N = n¢ is the total chosen number
of particles. Let us denote the squares of the mesh as Q; with i = 1,...,n% We will always initialise
our particle method by projecting the mass of the initial data on the computational domain to a sum
of Dirac deltas located at the centre of each @); with mass given by the mass of the initial data in Q;,

that is

N(0,v) sz v—7;(0)), with 5;(0) = v and w; = fo(v)h?,

with v§ denoting the center of the square );. Now, we introduce the discrete in velocity particle method

as N
= wis(v—vi(t))
=1

where v;(t) satisfies

dq_];it) — ; Vi — U] {Z hdv¢s - Ul 10g (Z wk¢s Ul _ Uk:))

- Zhdv% — ;) log (Z we (v — vk)> }
= —ij o — 03] [FN (05) — BN (9))] = O-(FV) (¢, mi(t)) (4.22)

Here, the function
FN(®) = hw Ve (v; — vf) log (Z wyabe (v — @k)) (4.23)
l k

. . SHY . .
is a discrete analogue of the V 5}%’5. One can also define the fully discrete regularised entropy as

HY. =l (Z wihe (vf — m) log (Z Wyt (vf — vk)> . (4.24)
! i k
Then we show that at this fully discrete level, some properties in Theorem are inherited.

Theorem 4.10. The discrete in velocity particle method (4.22)) satisfies the conservation of mass,

momentum, and energy. Moreover, the discrete entropy (4.24) almost decays in time, that is,
— — t —
HY(t) — HY(0) = — /0 DNdt + O(h?),
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where

Z wiw; (FN () = EN(u)) " Afvs — vy (FN () = EN (vy)) > 0.
Proof. Indeed, for ¢(v) = 1,v,|v|?, we have
d _
T Z w;p(v;) = Z wiVo(0;) - Uo(fN) (¢, vi(1))

= - sz‘wjv¢(17i)TA[17z’ — vj] (FEN(@) - FEN(’L_)j))
ij (4.25)
- % > wiw; (Vo) — Vo) " Alws — o) (FN (v:) — FN (1))

/[:7.].

:O,

hence the conversation of mass, momentum, and energy are guaranteed. A similar computation to the

entropy dissipation in the semidiscrete level leads to

7_‘26 Zhdzwlv¢s - z( dvl (Z wk¢s Ul - Uk( )))

d >k WV (vf — ”’f(t))dvk( :
+Zh (Z wie (V] — v ))> ok Withe (v — Tg(t))

=17 + I.
By the definition of (4.23|) and similarly to (4.25)), I; can be written as
N dvz 1 S 2y |, s (BN SN ) |2
ZwZF Uz = —5 Zwiwﬂvi — Uj| ‘H[’UZ‘ — Uj] (FE (Uz) — FE (’l)]))‘ < 0.
7’"7

As before I can be written as

d i
= ; hdzi:wivwg(vf — (1)) Udt 7 Zwl Z hdap. (vf — Ts(t)) .

We reduce to showing that
Zwlzh Yo (vf — T;(t)) = O(h?)

which is true thanks to the fact that [pq 1(v—vg(t))dv = 1 and that the mid-point composite quadra-
ture rule is of order 2 for smooth functions. Note that the constant in the error depends on € but not

on the location of the particles. O

Remark 4.2. The particle method for the alternative regularisation for the entropy (4.16) has the

advantage of not needing a continuous convolution and it also has the conservation and dissipative

126



properties. The particle method reads as

d i [ sHY, SHY,
By Zw] — ;] 5;’ (8:) = V— F < (5| (4.26)

with

57:[9,75 Zk wkv¢s v — 'Uk V'tbs v — vk)
7 s e e R DL ey o

according to (4.17). One can show that the semidiscrete particle method (4.26)) satisfies the conservation

of mass, momentum, energy, and the dissipation of entropy defined as

Hyle = Y wilog | Y wivpe(®i =) |,
i j

then %f[é\; = —DN <0, where

2

6~éve~ 6 2,
s, —@](V”’(v»—vﬂ (v >>

szw]|vl_1)]’+’y 5f 5f

This alternative regularisation will be explored elsewhere.

4.3 Numerical implementation and simulation

In order to visualise our particle solution and compare it to the exact solutions in smoother norms, we

construct a blob solution, as in [30], obtained by convolving the particle solution with the mollifier,

fN( ) (ws*fN t, U sz% U_'Uz ))a (4'27)

with v;(t) given by (4.22) for all ¢ > 0. We measure the accuracy of our numerical method with respect
to the L'- and L>-norms. To compute the L'- and L>®-errors, we take the difference between the exact
or reference solution and the blob solution (4.27) and evaluate discrete LP- and L*°-norms in a grid.

The norms are computed in this computational mesh using the centres of the squares @; as

N
gz =D hfg@)I” . gl = max|g(vf)]
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for any function g defined on the computational mesh, and 1 < p < co. The quantities of interest are

computed as follows: the discrete mass, momentum, and energy are defined as

N N N

_ _ 2
g w;, E w;T; and g w;|v;| %,
=1 =1 =1

respectively. The discrete entropy is defined by 7:[5\7[ . in .

Let us now comment on the practical implementation of the method. The time discretisation of
the system of ODEs defined by the particle method is done by the simple explicit Euler method.
This choice is motivated by our main purpose: we want to illustrate the performance of this particle
method by focusing on the basic properties and its capabilities even with the lowest order in time
discretisation. Note that the fully discrete in time method conserves mass and momentum exactly, but
the energy conservation is satisfied up to a first order error in time. We will check these issues later
on in the examples. One can obviously improve some of the time discretisation errors committed by
choosing higher order time approximations of the ODE system with adaptive time stepping. We leave
this for future work in the scientific computing direction focusing here on the convergence analysis and
error in velocity of the particle approximation (4.22)).

As usual in particle methods, the regularisation parameter has to be chosen very carefully. This
regularisation was already used for nonlinear diffusion and aggregation-diffusion equations in [30]. It
was proven in [30, Theorem 6.1] that, for the porous medium equation with exponent larger than or
equal to 2, a particle method using the regularisation strategy presented in this work is convergent by
choosing h? = o(¢) as € — 0. By choosing h” ~ ¢, the previous constraint is satisfied for 0 < p < 2.
Then, it was checked heuristically that with € ~ h!?®, the numerical particle scheme is a second order
approximation to the solutions of all nonlinear degenerate diffusion equations of porous medium type
and also for the heat equation. Notice it is more convenient to choose the largest posible A to have the
least number of particles since h = 2L/n. For these reasons, the regularising parameter for the Landau
equation is chosen as ¢ = 0.64h"%%. Here the prefactor is empirical and is found by trial and error.

Finally, let us comment that this error estimate is different for transport equations as studied in
[40L [43]. For the transport equation, depending on the regularity of the initial data, one gets h? ~ ¢ for
0 < p < 1, that is h = o(¢) meaning that for transport equations one needs typically smaller meshes

and therefore more particles than for diffusion-type equations.

4.3.1 Example 1: 2D BKW solution for Maxwell molecules

Consider the collision kernel

Alz] = 1|42,
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and an exact solution given by

1 hﬂ)(ﬂ(—1 1-K
Xt (4 1) — _ 2 K=1- —t 2.
f7 ) 2w1{eXp<: 9K & T oz V) exp(—t/8)/

We choose tg = 0 and compute the solution until t = 5. The number of particles are chosen as N = n?

with n = 60,80, 100, 120, 150. The computational domain is [~L, L]?> with L = 4, so the initial mesh
size is h = 2L /n. The forward Euler with At = 0.01 is used for time discretisation.

We first track the relative L? error of the solution, see Figure (left), from which we observe the
errors remain stable over time and decrease with higher number of particles. To check the decay rate,
we generate the loglog plot of the errors at a fixed time ¢ = 5, see Figure (right). Here the z-axis
is h, i.e., the initial mesh size. Using the least square fitting, we can find the approximate slope of the

errors which exhibits almost second order convergence.

107 ‘ ‘ ‘ ‘ 107
——N=602 —8— L™ norm slope=2.0705
— N=802 ——L" norm slope=1.9314
N=1002 L2 norm slope=1.9970
——N=120?
5 —N=150?
e
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-
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0 1 2 3 4 5 102 107 10°

Figure 4.1: Left: Time evolution of | f™™ — f&Y|5/||f**||;2 with respect to different number of
particles. Right: Relative L™, L', and L? norms of the error at time ¢ = 5 with respect to different h.

To further check the conservation and entropy decay properties of the method, we plot the time
evolution of the total energy and relative entropy of the system in Figure The energy is conserved
up to a very small error (this error decays when the time step decreases) while the entropy decays

monotonically as expected. Analogously to equation (4.24]), we define the relative entropy as

N N
> n <Z witbe (v — m)) (log (Z witbe (vf — m;)) +log(2m) + ;!vﬂg) :
l k=1 k=1

4.3.2 Example 2: 3D BKW solution for Maxwell molecules

Consider the collision kernel

Alz] P11z,

L)
= —|z
24
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Figure 4.2: Time evolution of the total energy (left) and relative entropy (right) with respect to different
time step. Particle number N = 602 is fixed.

and an exact solution given by

. 1 o]\ (BK -3 1-K
po ) = e (—ge ) (Mg + g R) . K = - esn(-1/6)

We choose tg = 5.5 and compute the solution until ¢ = 6. The number of particles are chosen as N = n?

with n = 20, 30, 40, 50,60. The computational domain is [~L, L]* with L = 4, so the initial mesh size
is h = 2L/n. The forward Euler with At = 0.01 is used for time discretisation.

Here we plot similar figures as in the 2D case. We mention that the direct computation in 3D is
computationally costly so that we cannot afford too many particles and the errors are generally larger
than in 2D. Remarkably, even with a small number of particles, up to 603, we are still able to observe
the second order convergence in L' and L? norms (L® norm is not very reliable due to the limited

number of particles), see Figure

4.3.3 Example 3: 2D anisotropic solution with Coulomb potential

Consider the collision kernel

Al = Sol= 72,

and the initial condition

f(0,v) = % {exp (—(7)_2“1)2> + exp (—@_;2)2)} , o oup =(=2,1), wuy=1(0,-1).

For this example, we do not have the exact solution to compare with. Therefore, we compare the

particle method with the Fourier spectral method in [104]. For the particle method, we choose the
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Figure 4.3: Left: Time evolution of | f™™ — fo¢| /|| f*!|| 2 with respect to different number of
particles. Right: Relative L>°, L', and L? norms of the error at time ¢ = 6.5 with respect to different
h.
following parameters: the number of particles is N = 120 and the computational domain is [—10, 10]2.
The forward Euler with At = 0.1 is used for time discretisation.

For the spectral method, we choose the following parameters: the number of Fourier modes in each
velocity dimension is N, = 128; the computational domain is [~10,10]2. The second order Heun’s
method with At = 0.1 is used for time discretisation.

The results are shown in Figure [£.4 The results of the two methods match very well.

0.07 “"?"2) 0.09 f(N{Z")
— spectral t=0 spectral t=0
006 — spectral t=20 | | 0.08 |- —— spectral t=20 | 1
) — spectral t=40 —— spectral t=40
* particle t=0 0.07 F * particle t=0
0.05 - * particle t=20 | * particle t=20
* particle t=40 0.06 - * particle t=40 | |

0.04 -

0.03 -

0.02 -

0.01r

Figure 4.4: Comparison of the particle method (particle number N = 120?) with the spectral method
(N, = 1282). Slices of the solutions at different times.

To better check the convergence of the particle method, we use the spectral method solution with
N, = 128 as a reference solution. For the particle method, we test N = 602,802, 1002%,120%, and for
each of them reconstruct the solution on the same mesh as the spectral method (so that we can directly

compare the error). The results are shown in Figure where we can observe better matching as N
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increases. We also compute the convergence order similarly to the example in Section [£.3.1] Strikingly,

we can still obtain almost second order convergence, see Figure

f(:,N/2 f(N/2,:
0.07 (" ) 0.07 ( : 2
spectral spectral
0.06] *  particle N=60 2 | | 0.06| *  particle N=60 2 | |
*  particle N=80 2 *  particle N=80 2
* e Noq00 2 * e Neq 00 2
0.05 particle N=100 i 0.05 particle N=100 i
* particle N=120 * particle N=120

0.04 0.04 -
0.03F 0.03F
0.02 0.02F
0.01 0.01F
0f o]
0.01 0.01
10 5 0 5 10 10 5 0 5 10

Figure 4.5: Comparison of the particle method (using different particle numbers) with the spectral
method (N, = 1282). Slices of the solutions at time t = 20.
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Figure 4.6: Relative L>, L', and L? norms of the error at time ¢ = 20 with respect to different h.

4.3.4 Example 4: 3D Rosenbluth problem with Coulomb potential

Consider the collision kernel

1
Alz] = |2/ Te)
and the initial condition

(o] - 0)?
2

f(0,v) = ) c=0.3, S=10.

— exp (—S

g
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A similar test has been considered in other papers [104]. For the particle method, we choose the
following parameters: the number of particles is N = 50%; the computational domain is [~1,1]3. The
forward Euler with At = 0.2 is used for time discretisation.

For the spectral method, we choose the following parameters: the number of Fourier modes in each
velocity dimension is N, = 64; the computational domain is [~1,1]3. The second order Heun’s method
with At = 0.2 is used for time discretisation.

The cost of computing the particle method in 3D becomes very heavy if the right-hand side of
is performed by direct sums. We resort to efficient methods for computing large sums involving convo-
lution kernels. One possible choice is to make use of the treecode strategy as in [14, 94] for instance. Its
application to the particle method can be found in [33] Appendix B]. In Figure left, we show
the comparison of the direct sum solver to the treecode solver by plotting their solutions at t = 20,
N =503 or N = 403. The error committed is negligible. In Figure right, we illustrate the speed-
up of the treecode solver with respect to the direct sum solver. The efficiency of the treecode solver
is significant with larger number of particles N as expected. The results are obtained on Minnesota
Supercomputer Institute Mesabi machine with 12 nodes.

The result is shown in Figure We observe good agreement between the spectral method and the
particle method using the treecode acceleration, especially for short time. For longer time, the discrep-
ancy is due to the limited resolution of the particle method. Note that we do get better convergence

when increasing the number of particles from N = 50% to N = 603.

-3 (:,N/2,N/2
g x10 ‘ (:,N/2,N/2) - 2500 ‘ ‘
treecode N=50 -
- 3 —6— direct sum
7k direct sum N=50 treecode s
treecode N=402 0
— — direct sum N=40° 2000 - 1
6 =
S5t 1500 -
2
L @
N E
3l 1000
ol
500 -
1k
0 0 .
-1 0.5 0 0.5 1 0.6 0.8 1 1.2 1.4 1.6 1.8 2 2.2

v N x10°

Figure 4.7: Left: comparison a slice of solution with direct sum and treecode at t = 20, N = 503 or
N = 403. Right: comparison of computational time (in seconds) for one step with the treecode solver
and with the direct sum solver.
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Figure 4.8: Comparison of the particle method using treecode acceleration (using different particle
numbers) with the spectral method (N, = 643). Slices of the solution at different times.
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Chapter 5

Conclusions and Perspectives

With much gratitude, I thank the diligent and persistent reader for making it this far into the thesis.
Now, I would like to summarise the results presented here and discuss some of the future avenues of

research.

5.1 Gradient Flow structure of the Landau Equation

The fundamental result of this thesis is Theorem which gives conditions for when Villani’s H-
solutions [118] of the Landau equation are equivalent to curves of maximal slope for the entropy func-
tional H with respect to the Landau metric dy. There, the only hypothesis which is not already included
in the definition of H-solution is the technical assumption for v € (—3,0), there exists some
0 <n <7+ 3 such that

W27 fy(v) € LY (O,T; L:n Lg’i% (R3)) .

Our method in Section [2.5]is unable to accommodate v = —3 because the requirement for  degenerates
in this case. For soft potentials v > —2, this estimate is propagated globally in time [122] [54] under the
appropriate assumptions on the initial data of solutions. Notice that for Maxwellian potentials v = 0,
this estimate is nothing other than a uniform-in-time bound on the second moment without any L”
requirement for p > 1. Hence, gradient flows coincide with H-solutions unconditionally [I18, [119]. On
the other hand, for very soft potentials v € (=3, —2), is not known to hold for global weak
solutions with large initial data. Global solutions with initial data close to equilibrium are known to
exist and satisfy based on the seminal work of Guo [78]. Conversely, short time solutions for
arbitrary initial data are known to exist and satisfy (including even the Coulomb case v = —3)
due to [55, [11].

It would be nice to dispense with the LP estimate of so that at least the equivalence of
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H-solutions and gradient flows of is true for global weak solutions with large initial data in the very
soft potential case. This could be approached in two different ways. From the gradient flow point of
view, one could revisit the proof of Theorem in Section [2.5] and investigate sources of improvement.
From the classical kinetic theory point of view, one could also try to prove that is propagated
(missing for v < —2) for H-solutions with appropriate initial data.

Moreover, existing literature aside, the technical computations in Section [2.5| gave me an appreci-
ation for the particular difficulty of the Coulomb case v = —3. In relation to the previous discussion,
I would very much like to extend our equivalence result to this case but, again, this would require
technical improvements to the already-very-technical computations of Section [2.5

While Theorem is a result which compares the notions of H-solutions and gradient flows of ,
we have not yet explored global existence for gradient flows of with minimal assumptions on the
initial data. One strategy here would be to modify the results in Section [2.4] by replacing the regularised
entropy functional H. with H. More precisely, the natural construction of gradient flows is to use the
JKO scheme [90]. Given a fixed time step 7 > 0 and initial datum p € %5 g, solve the minimisation
problem for n € N

L

v = po, vy € argminge s, , [HIN + oo dE (v, V)|

and then concatenate the minimisers into a piecewise constant curve
[ = po,  pf = vy, for t € ((n—1)7, n7l.

In fact, arguing in the same way as Proposition this construction is well-defined (minimisers exist)

and up to a subsequence, the piecewise constant curve converges weakly to some limit

iy Téout € Pop, Vtel0,0).

The problem now is that, while the JKO scheme yields the existence of some curve py, it is not clear
that p; is a curve of maximal slope corresponding to (L|). The difficulty here is proving an analogue
of Lemmas [2.28 and 2:29] with H considered in place of H.. In particular, the analogous statement
for Lemma would assert that |0~ H| is a strong upper gradient for H, but this requires the chain
rule Proposition [2.23]at the ¢ = 0 level. We have already seen, from Section[2.5] the difficulty associated
with this result as it ties into the previous discussion for the necessity of Assumption

Another option is to start at the € > 0 level and prove a I'-convergence type result for the sequence
of curves of maximal slope constructed in Theorem ﬂ More precisely, for every e > 0 and v € [—4, 0],

the curves p® constructed in Theorem satisfy the chain rule (Proposition [2.23) and the Energy
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Dissipation Inequality (EDI)

T
/ Do (pf(t))dt + = / 413 (t)dt < He[pf(0)], VT > 0. (5.1)

To construct a curve of maximal slope for the full Landau equation given initial condition pg €
Py, it is natural to investigate sources of compactness for the sequence pf. In particular, assuming

compatibility and finite entropy of the initial data

lim A, [1°(0)] = Hljuo] < +oc,

el0
the EDI (5.1) implies the bounds
T
sup He[p(T)] + sup/ D.(uf(t))dt + sup/ |F]3 (t)dt < +oo. (5.2)
e>0 e>0 e>0

I would like to understand how these estimates imply compactness of (uf).. Supposing there is a
convergent subsequence for which pf(t) — u(t), the next difficulty would be to show that the limit u
is a curve of maximal slope for H with respect to dy. As usual, this involves passing to the limit € | 0

for the chain rule

T
Ml (D) = 1l (O] = = [ [ 96 ctoglyt 671 017

T
H[M(T)]—H[uo]z—;/o / Viogp- M,

where (u®, M¢), (u, M) € GCEp. Here, M*® is an arbitrary collision rate associated to u® and one
would have to prove compactness of M¢ so that it converges to M. Notice also that, unlike the proof
of Theorem the curves depend on £ > 0 which further complicates any repetition of the strategy
in Section

The other major extension is the question of uniqueness of gradient flow solutions to . To
illustrate the promise offered by gradient flows, I would like to return to the finite dimensional example
of (L.7); curves z(t) € R? solving #(t) = —VE(z(t)) for some smooth and convex function E : RY — R.
If 21, 22 € C! are two solutions of with respective initial condition m(l), :c% € R%, then the convexity

of F yields
—(VE(zY) = VE(z?)) - (#} —2?) < 0.
If E is A-convex, then the same computation quantifies not only uniqueness of solution, but also trend

137



to equilibrium for one then obtains
2t (1) — 22(t)] < |2}(0) — 22(0) [~ 2".

Here, we see the importance of quantifying convexity of E which translates similarly to PDEs [101], 35].
As uniqueness of weak solutions for is not known in full generality for v = —3, an interesting avenue
of research is proving whether H is convex along generalised geodesics with respect to dr. This would
help close a longstanding open question in the theory of the Landau equation. A first step in this
direction, which is interesting in its own right, is to revisit the convexity results of functionals [35] with
respect to optimal transport distances from just the dynamic formulation [I7, [60] of these distances.
Another preliminary area of investigation is to consider for radial solutions as the isotropy somehow
compensates for the degeneracy of II [73, [72 [75]. My supervisors and I understand how to treat the
v = 0 case using gradient flow techniques with and without radial symmetry. Concerning the v < 0
case even with radial symmetry, we performed the formal computations in this direction which quickly

escalated in complexity.

5.2 The Boltzmann and Landau equations

In Chapter (3] we recovered the grazing collision limit between the Boltzmann equation and the Landau
equation using the gradient flow framework developed in Chapter [2| (for Landau) and [61] (for Boltz-
mann). There, the intention was to simplify the grazing collision limit using the I'-convergence ideas of
Sandier and Serfaty [113] [I09]. We were able to prove this result using the weaker notion of solutions
(H-gradient flows from Definition which were based only on the Energy Dissipation Inequality
(EDI). This is in contrast with the usual notion of curves of maximal slope (Definition [2.5)), which are
based on the EDI and the use of the entropy-dissipation as a strong upper gradient. The gap here lends
itself to a direction of future research. There are two independent and interesting problems associated
with this endeavour.

One of the obstructions to proving the grazing collision limit for curves of maximal slope from
Boltzmann to Landau is the aforementioned technical difficulty of relaxing to establish the
chain rule for the Landau equation. It is not clear from the compactness and regularity estimates
of Chapter |3|how to deduce the integrability requirements of Moreover, as we emphasised with
the finite second moment and entropy assumption the higher order LP integrability in
is extraneous for the grazing collision limit [118].

Another reason for considering H-gradient flows is that Erbar’s result equating weak solutions and
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curves of maximal slope for the Boltzmann equation applies only for bounded collision kernels [61]; the
Boltzmann analogue of Theorem holds only for v = 0. It would be nice to extend Erbar’s result for
the soft potentials v < 0. As with us, the major source of technical complexity for Erbar was proving
the chain rule. This suggests to me that the strategy in Section could be used to reach v € (—3,0).
One of the key ingredients for us was Desvillettes’ Theorem which controlled a weighted H' norm
of /f with the Landau entropy-dissipation. To treat Boltzmann for v < 0, my first instinct would
be to see if the fractional Sobolev control of v/f (c.f. Appendix |C|and [2, [86], [80]) with respect to the

Boltzmann entropy-dissipation can play a similar role here.

5.3 A particle method for the Landau equation

The focus of Chapter (4| was fixed on the numerical approximation of solutions to by studying the
regularised problem with right-hand side given by

QL(f. f)=V" (f/f*\v — 0[PP TI[w — 0] (Ve * log [+ 1] — Vb # log [y * wa])dv*> :

Here, 7). is the Maxwellian mollifer from (), so that (L)) is the Hs. Landau equation (in the sense

of (2.1))) where
57'[2,5
o

HQ,é[:“] = H[:U' * wa]? = 1. x log [:u * wa] .

This particular regularisation was motivated by the fact that (smooth) solutions, f € L}r, to (ILg)

satisfy an H-theorem with the regularised entropy

d

SHa[F(1)] = ~D5(f)

~5 [ £8d0 = 0PI — o)V log (7 5 0] = Ve s log £ + 0] <0

In addition, we proved that this regularisation preserves other structural properties of the original Lan-
dau equation; the mass, momentum, and energy of solutions are conserved quantities, and equilibrium
states are given by Maxwellians. Moreover, while the regularisation destroys the parabolic property
of , it allows the use of particle methods to approximate .

Chapter [4|leaves open the question of using a particle method on to rigorously approximate .
Although numerical experiments provide heuristic arguments in favour of this approximation, a rigorous
justification is missing. The approximation discussed in Chapter [4 has two layers; the first layer is
approximating with and the second layer is approximating solutions of with particle

solutions. At the time of writing, I am confidently happy to declare that the latter layer has been
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studied, albeit with the mollifying sequence G*, by my Ph.D. supervisors and myself. We are currently
preparing a manuscript which more or less states that, for v € (—3,0] (again, the pesky case of
v = —3 is not attained yet), solutions of (using G° as the mollifier) are well-approximated by
particle solutions with convergence as the number of particles tends to infinity. This is also supported
by Theorems [2.8] and which assert that curves of maximal slope for H. with respect to dj, exist
and are equivalent to weak solutions to the H. Landau equation.

The numerical experiments in Section [£.3] suggest that convergence of the particle method also
holds with . as the mollifying sequence. Moreover, I also expect that the statements of Theo-
rems [2.8 and [2.9| are true with Ha . replacing H.. Recall, Ha . uses the mollifier . (v) ~ exp{—|v/e|?}
whereas H. uses G°(v) ~ exp{— (v/e)}. Owing to the different tailed behaviour, the following estimates

from Lemma 2.24] read

[log[u * G| Se (v),  [loglu * ]| Se (0)*.

At the level of the entropy-dissipations induced by either mollifier, we require only u € &5 with G¢,
whereas yu € &2, seems necessary with .. Different assumptions for u are required when adjusting the
tailed behaviour of the mollifying sequence.

Concerning the approximation of by , this problem is also present and open for non-linear
diffusion models [30} 44, 24]. In fact, this is closely related to the discussion at the end of Section
The previous paragraph shows that the choice of mollifying sequence adds another element to this

problem, although the structure is very general; given ¢ a sequence of (positive) mollifiers and setting

Hye ] = Ml x 6°] = / (1% 6°) log (u* ),

the first variation is always of the form

L

o [W} = ¢F x log(u * ¢°).

Therefore, the Hge Landau equation has right-hand side

Q) =V [ gt =P =) (v (0« |55 | ) = Ve (60 [ 5e ) ) ) o

and we ask if solutions, f¢, converge to some f which solves .
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Appendix A

Some inequalities and the spherical

Laplacian

This appendix gathers various inequalities and identities primarily used in Chapters[2] and [3] As such,
it contains material found in the joint works with José A. Carrillo, Matias G. Delgadino, and Laurent
Desvillettes [31] and with José A. Carrillo and Matias G. Delgadino [32, Appendix A]. The former is
a preprint submitted for publication and the latter has been published in Nonlinear Analysis volume

219, page 112824 in June 2022.

Lemma A.l. For z,y € R, we have

|z(y - Mz]y) = |z x y|>

Proof. Without loss of generality, we assume neither x = 0 nor y = 0 or else the statement holds

trivially. Let 6 be an oriented angle between x and y. We expand the definition of II[z] to obtain

2 (y-Uzly) =y (|2’T —z @ 2)y = |z[*|y]* — |z - y|* = |z[*|y|*(1 — cos0)

= [2*[y[*sin® 6 = | x y[*.

Lemma A.2 (Peetre). For any p € R and x,y € R, we have

@ lpl/2py _ o\ lpl
g =2

Proof. Our proof follows [I5]. Starting with the case p = 2, for fixed vectors a,b € R? we have, with
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the help of Young’s inequality,

14 Ja— b2 < 1+ |al® + 2Jallb| + o] < 1+ 2|af® + 2[b]?

< 24 2|al® + 2]al?|b|? + 2|b]> = 2(1 + |a?)(1 + |b]?).

Dividing by <b>2 and setting a = x — y and b = —y, we obtain the inequality for p = 2

o~ |~
@‘a
~ |~
NN
INA
[\)
—~
&
|
<
~
(V)

Taking non-negative powers, this proves the inequality for p > 0. On the other hand, when we divided

by (b)* we could have also set @ = & —y, b = x to obtain

2
(y) 2
(z)
Taking non-negative powers here proves the inequality for p < 0. ]

Lemma A.3 (ALG inequality). The logarithmic mean separates the arithmetic and geometric means;

b—a a+b
< < .
vab_logb—loga_ 5 Ya,b >0, a#b

Equality is achieved in any of the inequalities if and only if a = b and equality is achieved in all of

them, where the logarithmic mean between a = b > 0 is defined as a.
Proof. We follow the elegant proof by Sandor [I10]. First we claim the following

4 1 1
<< —+—F,
(t+1)2 "t "2yt 2Vt

vt > 1. (A.1)

The left-hand inequality of (A.1)) follows from (¢ +1)? —4t = (t —1)? > 0. For the right-hand inequality

of (A.1)), we use Young’s (strict) inequality since t > 1

1 1

Assume without loss of generality that 0 < a < b. We integrate (A.1)) from 1 to b/a > 1. This leads to

2b—a<10b_10a<\/3_\/5_b—a
bta =~ BYT® a Vo~ Vb

Dividing by b — a and inverting yields the result. O
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Corollary A.1. For all a,b > 0 with a # b we have
(a—b)log 2 > 4|v/a - VB[
Proof. We write a — b as a difference of squares to deduce

(a—b)log 3 = 2(va - Vb)(va+Vb)(log v/a — log Vb)

B Va+ Vb (log/a—logvb
S i (50 (M)

> 4]va — Vb,

In the last line, we used Lemma after recognising the arithmetic and logarithmic means between

Va and v/b. O
Corollary A.2 (A(f) bounds). A(f) = logfc:f’:‘% grows ‘quadratically’ in f (in the sense of tensor
products);

VIR < M) < T2 I

Moreover, there holds

'~ Ff.)log J} Jf > 4T - TP

Lemma A.4. Suppose (k, h, i) is an orthonormal basis of R3. There holds
2w
/ (cosph+singi)® (cosph +singi)dp = wlllk] = n(l — k Q@ k).
0
This is equivalent to (c.f. Section[5.2.9)
2
/1 p® pdp :/0 p ® pd¢ = wll[k],

Ski—

where p is orthonormal to k with azimuthal angle ¢ i.e. p = cos¢h + sin ¢ 1.
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Proof. In the basis of (k, h, i), we can represent the matrix in the integral as

0 0 0
2m 2m
/ (cosph +sin¢i) @ (cosph + singpi)de —/ 0 cos’¢p  cospsing do
0 0
0 cos¢sing sin? ¢

0 0 O
= 0O 7 0 =n(I —k®k)=nllk].
0 0 =

O]

Next we turn to explicit expressions for the spherical Laplacian/Laplace-Beltrami operator, see [91]
for details. Consider a smooth function f : R? — R. Let us write 2 € R? as 2 = rw for r = |z| and

w = % € S, The spherical Laplacian of f denoted Aga-1f is obtained by

2]
Ao f) =87 (1)
§d—1 = ’$|
and it satisfies
Af=0:f+ T&«f + T—QASd_lf. (A.2)

We write the spherical Laplacian in terms of V,, and II[w]. Here, for functions ¢ = ¢(z) on RY, V,, is

the differential operator applied to the zero-homogeneous extension of ¢ on the sphere;

Vb = Vi (i> .

|z|
V- will denote the adjoint of V,,.

Lemma A.5. Under the spherical coordinates x = rw, and for smooth functions ¢ = ¢(x) = ¢(rw),

the spherical Laplacian of ¢ reads
Agi190 =V, - ([Tw]V,0).

Proof. We recompute A¢ using spherical coordinates. Then we identify the corresponding Aga-1¢ term

in (A.2)). For every index i, the chain rule gives

. ) or o ) 1 ..
Vo|' =0'¢ = e oro + Wf)wjd) = w'Ord + ;H” [w]0,,5 ¢
Here, we have recalled the simple computations 88;. = w' and ‘3‘;: = %Hij [w]. Writing the Laplacian
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with repeated indices, we further compute

Owk

8TarQw Ms+1nﬁp4aﬂ¢>4¢%k<wir¢41nﬁp4aﬂ¢)
r oxt r

ozt

Ap=0'0'¢p =

=w' | WO+ 11V [w]d, (laquﬁ) + 1Hi’“[w] 6D+ W'D, 0r¢ +lawk (17 [w]d, ¢)
r r N—_—— T

- LTIk [w]
dw?

Here, we have expanded the derivatives using the previous computations. In particular, the underbraced
terms contribute nothing (as expected since these are the mixed derivatives in the radial and spherical

directions). Recall now that

wiwt =1, I*w])6* = trace (Hw]) =d — 1, 97 [w] = —(0%w’ + 67Fw?).

Using these identities, we further simplify

d—1 1. o o .
a0 =2+ T Voo Lt (% + 1906+ IO
LIk [w)]

=D+ o (= 190,56 + TP¥10]0,0,50)

r

= o+
We can repackage the spherical Laplacian term in another neat way by noticing that
Ve - (Mw] Vi) = O (T0Mw]0,:6) = —(d — w0, + ¥ (] 0,40, .

Putting this back gives
A¢=02¢+

D6+ 5V ()Vad).

O]

Corollary A.3. Under the same notations as Lemma[A.5, in particular x = rw, for any smooth vector

field V', we have

Moreover, for smooth ¢, we have
1
\E (H[IL‘]Vx(;S) = rjvw ’ (H[w]vwgb)

Proof. The first identity is a direct computation. For the second identity, repeat the calculations in
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Lemma noticing that Il[z| applied to V¢ removes the radial derivative contribution.
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Appendix B

An auxiliary PDE for Lemma [2.28

The content of this appendix is based on joint work with José A. Carrillo, Matias G. Delgadino, and
Laurent Desvillettes [31, Appendix A]. It is a preprint submitted for publication.

In this section, we fix € > 0 throughout and study the following PDE where the unknown to be
solved for is u € C([0, T); 22(R%)),

O = V- Audr, [a ORxPR: (v = vi) v — v T [w — 0] (J§ — J5,)dp(v.) }
w0) = po€ P2

(B.1)

For Ry, Ry > 0, the functions 0 < ¢r,, ¥, < 1 are smooth cut-off functions approximating the identity

in different ways

L ol <R 0, |2 <1/Rs
¢R1 (U) = ) wRQ(Z) =
0. ol >Ry 41 1 |2l > 2R

For € > 0, Jj is the gradient of first variation of H. applied to ji9, meaning

& = VGF * log[ug * G°] € C®°(R%LRY).

The main result of this appendix is

Theorem B.1. Fiz e, R, Ry > 0, v € R, and pg € P2(R?). Then, there is a global unique weak
solution pu € C([0, +00); P2(R%)) to (BI).

By Lemma we know that J§ is uniformly bounded (with constant depending on € and 9 only
through bounds on its second moment). The functions ¢r, and ¢r, . cut off the growth of J§ and J§,
for large velocities v, v.. The 1R, (v — v4) term treats the possible singularities around v = v, from the

weight |v — v,|*T7. In total, these cut-off functions allow us to interpret (B.1]) as a continuity equation
g
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with a smooth and compactly supported velocity field.

The construction of the solution in Theorem [B.1]is given in two steps. Firstly, a local well-posedness
theory established to some finite time interval 7' > 0 which depends on ¢, v, R1, Re and pug. Secondly,
the time of existence (and uniqueness) is extended to +oo since T' depends on pg only through its
second moment which is conserved by the evolution of .

We fix T' > 0 to be determined explicitly later. Our proof strategy closely follows the fixed point

argument of [26] in the space C([0,T]; &?2) with the following metric

d(p,v) = tes[tépT] Wa(u(t),v(t)), w,ve C([0,T]; P2),

where Wy is the 2-Wasserstein distance on &y [121].

Remark B.1. The growth of J§ is taken care of by the ¢r, and ¢g,« terms. Hence the results of
this section can be applied when replacing the convolution kernel of J; with general tailed exponential

distributions G*<(v) for s > 0.

For u € &, we denote by Ulu](v) the following function

U[:u’] (U) = _¢R1 /]Rd ¢R1*¢R2 (U - U*)’U - U*"Y+2H['U - U*](Jg - JS*)dM(U*)a

so that the PDE in (B.1)) can be written as a nonlinear continuity equation

Oppu(t) = =V - {pu®)U[p)]} -

To fix ideas, the weak formulation of (B.1)) means that the following equality holds for all test functions

7 € C2(R?) and times t € [0, 7]
[ @dueto) = [ r)dnote)
R4 R4
t
= [ [ om9r)- [ oo = volo =0l — 0105 = I o) () s
Thanks to all the smooth cutoffs and pug € &2, we can enlarge the class of test functions to smooth

functions with quadratic growth. In particular, by choosing 7(v) = |v|*> and symmetrising the right-

hand side by swapping v <> v, we see that the second moment of g is conserved along the evolution

of .

Our first task is to study the characteristic equation associated to (B.1)).
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Lemma B.2 (Characteristic equation). For any T >0, u € C([0,T]; %), and vo € R, there exists a
unique solution v € C1((0,T);RY) N C([0,T);RY) to the following ODE

& = UL, v0) = .

Furthermore, the growth rate satisfies

lv(t)| < max{|vo|, R1 + 1}, Vte0,T].

Proof. Ulu(t)](+) is smooth and compactly supported uniformly in ¢, so classical Cauchy-Lipschitz
theory gives existence and uniqueness of solution v with the promised regularity.
For the estimate on the growth rate, note that U[u] has support contained in Bg, +1. Points outside

this ball do not change in time according to this ODE. O

We denote by @L the flow map associated to the characteristic ODE, so that

d

@‘PZ(UO) = Ulu(t)](®,(v0)), P} (vo) = vo.

It is known that, given v € C([0, T]; Z5(R%)), the curve of probability measures u(t) = ®L#puo is a

weak solution to

dun(t) = =V - {uOUW O]}, p(0) = po.

Here, ®! #u¢ is the push-forward measure of pg defined in duality with 7 € Cy(R?) by

/ (o) d(BL Hp10) () = / (@ (0))dpo(v).
Rd d

R

Clearly, a unique fixed point of y +— @Z#,uo would solve (B.1]). To better understand the properties of

this map, we need to establish estimates on the flow map through U as a function of time and measures.

Lemma B.3 (L estimate for velocity field). There exists a constant C' = C(e,v, R1, Ra, tio) > 0 such
that for every T'> 0 and v € C([0,T]; &2), we have

U] (v)] < C, Vte[0,T],ve R

Proof. Estimate for v > —2:

We have the following three inequalities

o = v 7T P o M — w1, Jf Sepo 1
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due to the range of v, boundedness of II, and Lemma[2.25] respectively. These three inequalities provide

the estimate

U O1(0)] Syemo Ori (v) /Rd SRy (V) ([0 + [0 772)dri(v.),

where we have dropped 1R, altogether. Using the compact support of ¢g,, we obtain
U®)](0)] Syemo Or, (0)(RTT + (0)°77) Sk, b, (v)(0)*7.

Again, since ¢p, has compact support, we can brutally estimate the polynomial to conclude.

Estimate for v < —2:

Unlike the previous case, we change one of the inequalities due to the unavailability of a triangle

inequality and use
Vi, (v —v)|v — o2 ST/RIE o — vl <1, J§ S 1.
From these inequalities and the compact support of ¢r,, we have

UON) S s b, (0) | om (o)) < 1

which concludes the proof. O
The next result follows exactly as in [26].

Lemma B.4 (Time continuity of flow map). Let C = C(g,~, R1, Ro, po) > 0 be the same constant
from Lemma[B.8 Then for any T > 0, and v € C([0, T]; P5) we have

12}, — @} |l oo rey < Clt — 5.

Our next objective is to establish the regularity of the flow map with respect to the measures in

the subscript. To simplify the subsequent lemmas, let us use the notation in the following

Lemma B.5. Define
F:(v,w) € R? x R? ORr, (V)PR, (W)YR, (v — w)|v — wWHH[v —w|(J5(v) — J5(w)) € R,

The function F is smooth and compactly supported. In particular, for every k,l € N, there is a constant
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C = C(e,n, R1, Ra, o, k,1) > 0 such that
HDSD'Z;FHLOO(RdXRd) <C.

More precisely, the constant C depends on pg only through bounds on its second moment as in Lemmal2.25,.

Proof. The compact support property comes from the factor of ¢g, (v)¢g, (w) in the definition. The

regularity comes from the avoidance of v = w due to the factor g, (v — w). O

Corollary B.1 (Pointwise and measurewise regularity of U). Consider the constant C' = C(e,~, Ry, Ra, po, k,1) >
0 from Lemma[B.5 above. We have the following

1. Take Cy = C(e,7, Ry, Ra, 110,0,1) > 0. For every T > 0;v%, 02 € C([0,T]; P5); t € [0,T]; v € R?
we have the estimate

U (B)](v) = U ()](0)] < Crva(vy, 7).

2. Take Cy = C(e,7, Ry, R, j19,1,0) > 0. For every T > 0;v € C([0,T]; P2); t € [0,T]; v1,v2 € R?
we have the estimate

[Ulv®)](v1) = Up@)](v2)| < Calvr — val.

Remark B.2. By considering the anti-symmetric property of F when swapping variables v <+ w, one

really obtains C1 = Cy. Their distinction in this corollary is artificial.

Proof. Ttem [k
Firstly, for every t € [0,T] take 7(t) € Z23(R% x RY) the 2-Wasserstein optimal transportation plan
connecting v!'(¢) and v?(t) which exists, see [I2I]. We estimate the difference with notation from

Lemma [B.F

UL )0 - U0 = | [ P~ [ Fo.owio

/ Fo,w) — F(v,w)dm(w,w)‘ < // o — B|dm(w, @) < CLWa(wl, v2).
R R2d

The first inequality uses a Mean-Value type estimate (in the second variable of F') and the second
inequality uses Cauchy-Schwarz or equivalently, that Wy is stronger than W7j.

Ttem Bt
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As with item [T} we estimate the difference using F' to find

Up(@)](v1) = U @)](v2)| =

/ F(vi,w) — F(vg,w)dv(w)
R4

< /d |F (v, w) — F(vg,w)|dv(w) < Colvy — val.
R

Once more, a Mean-Value type estimate is applied (in the first variable of F). O

The next result combines both items of Corollary [B-] to estimate the regularity of the flow map

with respect to measures and follows exactly as in [26].

Lemma B.6 (Continuity of flow map with respect to measures). For T > 0 fiz any v*,v? € C([0,T]; P5)

and t € [0,T). With C := Cy = Cy the same constants in Corollary[B.1, we have the estimate
1951 — @Pall oo ey < (€ = Dd(v,v?),

recalling that d(v',v?) = SUPye(o,7] Wo(vl, v?).

The proof of Theorem is now classical from Corollary and Lemma see [20, 29, [68]
for instance. The time of existence can be given by any 0 < T < % log 2 where C' > 0 is chosen as
in Lemma and the result follows by a fixed point argument. The extension to all times is owed to
the fact that C' > 0 depends on the initial data pg only through its second moment. This quantity is

conserved by the evolution of (B.1) and so the maximal time of existence is +o00.
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Appendix C

Strong compactness from bounded

Boltzmann dissipation

The content of this appendix is based on joint work with José A. Carrillo and Matias G. Delgadino [32,
Appendix BJ. It has been published in Nonlinear Analysis volume 219, page 112824 in June 2022.
The purpose of this appendix is to derive an estimate guaranteeing strong compactness in the
grazing collision limit \/f€ — +/f in LZQOc for Proposition We repeat here the main results of [2] 4]
which we emphasise are independent of the grazing collision parameter € | 0 provided the finite angular
momentum transfer and uniform moments and entropy bounds hold (3.5]). Let fr denote fxr

where xg is a smooth cut-off function equal to 1 in Br and vanishing outside of Bry;1 (we make this

precise later). The estimate we wish to show is

J.

where F stands for the Fourier transform and the constant Cr > 0 depending on R > 1 is independent

F[V/Fa] ©| minel, le)de < Cr(Dg(r) +1), VR > 1. (1)

of € > 0. We recall from Section that v > 0 is the quantity which controls the angular singularity
of the collision kernel. Adhering to we insist on decoupling v € (0,2), v € [—4,0].

As in [2], we first outline the main steps and postpone the details. We show for the particular
Boltzmann collision kernel

€ Y € z Y 1 ’Z’Sl
B(z,0) = |2|},;,b g-a, 2] s = <

2 ]2 2 1

The dissipation associated to this kernel is certainly less than the dissipation for those kernels without

cutting off in the kinetic singularity near v = v, (such as those we consider from |(A3.2))).
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Proof of (C.1). For ease of notation, we identify f = f¢. Proving (C.1) in this setting of cut-off
kinetic singularities clearly implies the full generality of the result since |z|], < |z|7. Cutting off the
angular singularity part of B€ if necessary, and then passing to the limit, we can rewrite the Boltzmann

dissipation using the pre-post-collisional change of velocities

Dy = [/ /S B = 11 1og fdodo.do = [ [ Bt o8 4 dodv.dv

//RG /82 Bef., (flogf _ f—i—f)dadv*dv+//RG 8 BEf(f — f')dodv.dv.

According to the cancellation lemma (Lemma , we can estimate the second integral with

'//Re /Sz BEfu(f' = f)dodv.dv

with C; being a constant depending only on the moments and entropy. For the first integral, we make

S Clv

the square root appear with the classical inequality

xlogg—x+y2 (\/5—\/3?)2, Yo,y > 0,

which can be proven by reducing to the case y = 1 and applying the ALG inequality (Lemma [A.3)).

Continuing, we have

D)+ [[ ] BT - Voo
:// v — v, (k- o) (V! — /) dodv.do,
RG SQ

and we also recall k = (v—wv,)/|v—vi|. We set now F(v) = /f(v) and use Fy, F’, F, as usual. Having
revealed /f, we apply a smooth cut-off and pass to Fourier space. For R > 1 we take yp € C° (R3) a
smooth indicator function on Bp such that 0 < xr < 1, xr|B, = 1, and suppxr C Br+1. According
to the truncation lemma (Lemma , there are constants Cy, C3 > 0 such that C5 depends only

on |(A3.1)[ while C5 depends only on R and 7 such that

// B f.(\/f' — \/f)dodv.dv + Cy > Cs // / Ve(k - 0) fuxre(F'Xr — FxR)*dodv.dv.
R6 J§2 R6 JS§2

Using Lemma we are able to pass to Fourier variables so that the last integral can be minorised
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by

// / b(k - 0) fuxre(F'Xp — FXRr)*dodv.dv
RS Js§2

> s L FPx©F { v () FLoxal©) = IFLal(e o} de

where £ = (£ — [£|0)/2. Finally, the integral in curly brackets can be estimated using Lemma SO
that there is a constant C4 > 0 depending on the uniform bounds of moments and entropy and finite

angular momentum transfer (3.2) giving

¥ (&) FUxal©) ~ IFml€) o > Camin(leP,le1).
s2 €]

Putting these considerations together, we have

C

2(;%43 /R3 \FIFxRI(E)]? min(¢, [€]")d¢ < DG(f) + C1 + Coa.

O]

The rest of this section is devoted to (re)proving the lemmas that were invoked in the previous
proof. In particular, we repeat the proofs involving estimates pertaining to the collision kernel B¢ since

we want to make certain that our constants are independent of € > 0.

Lemma C.1 (Cancellation lemma). For almost every v, € R® and e > 0 sufficiently small, we have

/RS /S2 B (v — vy, 0)(f" = fdodv = [f * 5(vs),

where S€ is given by
€/2 0
S(z) = 27r\zlzm/ [cos_?’ (5) — 1} B(0)d6.
0

Moreover, we have the trivial estimate |S€(z)| < 12. Finally, the previous estimates lead to

L Leera=n|=|[[ sorswsw=v

Proof. As in the beginning of the proof of (C.1]), we split the ‘gain’ and ‘loss’ part of the integral by an

<12

approximation argument, cutting off the angular singularity as necessary. Focusing on the gain term,

for fixed o € S? and v, € R3, we consider the change of coordinates v +— v’.
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Figure C.1: Geometry of elastic binary collisions with additional angles.

Recalling

,:vj;v* |v—zv*|gzv_|v—2v*|(0_k):v*+|v—v*|

(k+ o),

the first of these identities implies the following equality for the Jacobian

ov’

1
v - (1 o).
90 (1+k-0)

8

1 1
= |1+ zk
‘2 —1-2 ®o

Graphically, see Figure [C.1} we can switch from k = ”:Zh to k' = % using the standard half-angle

Jv
trigonometric identity 1+ k- o = 1 4 cosf = 2 cos? g = 2(k" - 0)?, where the last equality can be seen

pictorially or by employing the same trigonometric identity from the definition of &’ using

1+k-0

0
, |k+ 0| =2cos—.
|k + o]

2

K-o=

This leads to another form of the Jacobian determinant

o'

|1 (k' 0)?
Ov ’

Now, since 6 € [0,7/2] (see Section [3.2.2), we therefore have k' - ¢ = cos § > % This shows that

the transformation is invertible and we define the inverse transfromation v’ + ¢, (v’) = v. Employing

similar trigonometric identities as before, some computations lead to

|v — vy
= o) - uf =

[v" — vy
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since the collision map is involutive. Returning to the change of variable, we have

[ [ B vl o)f@ydvio = [ [ 5o -l k-0)5w)| 55
R3 JS? R3 JS2 ov'

= “(lv—w o)t~ v’ :
_/RS [ B = wel, 2 ) = )7 0)

dv'do

/
J)de do

= € v) — v co)? — UL’UO'
= o) el 20k )~ 1 (0) o

where we just relabel v <+ v/ in the last line. Inserting this back into the difference, we obtain

|v — vy 4

/}R3 . B (Jv — vy, k- 0)(f" = f)dodv = /}R3 f(v) [/wa/ﬁBG( k-a* 2(k-0)? — 1> Wda

—/ Be(v—v*,k-a)dal dv.
k-0>0

Thus, we identify the term in square brackets as S¢(Jv—wv,|). Focusing again on the gain part, we change

to spherical coordinates (see Figure , remembering now that cosf = k-0 > 1/v/2, so 0 € [0,7/4]

and therefore, we have

_ /4 4 _
/ B° <|U U*|,2(k 0)? — 1) da—/ / SH219 (|U U*|,c0520) dfdp
ko>1/v2 k-o (k-o) s, cos2 6 cos 6
m/4 _
= 27r/ 281112036 (|U v*’,cos29> do
0 cos 6

cos3 6

€/2 0
= 27|v — v*\’gm/ cos? (2) BE(6)do.
0

In the last line, we doubled the integration region while also decomposing B¢ with respect to 5¢ with

e > 0 sufficiently small so that 6 € [0,€/2] = cos], (6) = 1. This completes the identification of S¢.

Turning to the L* bound, we note that the fundamental theorem of calculus gives the estimate

1
os™3 9 / 0s™3 t9 39/ cos 4 <t9> sin (t@) dt < §0 sin (0) ~ §02.
2 Jo 2 2 2 2 4

Thus, we obtain

¢/2
15¢(2)] < 32”/ 626(0)df < 12.
0

The final estimate of the lemma is now easy because

‘// Bf.(f' — f)dodv.dv| = ’/ e[S (v — vy )dvdu, | < 12.
R6 JS2 RS
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Lemma C.2 (Truncation lemma). One can take the constant

Cy = 1507 (//RG(MZ + |v*|2)f*fdv*dv) (/(::/02 9266(0)d9> < +oo

such that for all R > 1, we have

(2v2(R+1

.
// Bef.(F' — F)?dodv.dv + Cy > ) // Ve(k - 0) fuxre(F'Xr — FXR)*dodv.dv,
RS Js2 2 RS Js2

where we recall the notation F = \/f and xr € C°(R3) is a smooth indicator function such that

0<xr<1, XxgrlByr=1 suppxr C Brti.

Proof. Firstly, it is clear that fu(F' — F)? > fixr«(F' — F)?x%. We wish to pair the indicators with F

in the right velocity variables so we estimate
(F'Xr — Fxr)® = (F'(Xg — xr) + (F' = F)xr)? < 2F?(xXg — xr)* +2(F' = F)*x%.
Including B¢, we have

B (Jv = vl k- 0)(F = F)* > |v = v, b(k - o) xre(F' = F)*x3,

C.2)
1 (
> [0 = vl (k- 0) | xR (F/XR FxRr)? = xreF*(Xm — xR)*| -

Now, for the second term with the minus sign, we use similar Mean-Value estimates as in Lemma [3.4
to deduce (xx — xr)? < Lip(xr)*lv — v«|?|oc — k|*>. We choose xg in such a way that Lip(xg) < 2
(i.e. its height changes by 1 over a horizontal distance of 0.95). Before proceeding with the estimate
of the second term, we write down the following relation which can be obtained as in the proof of the

cancellation lemma (Lemma |C.1])
, 1
lv —v*|:§|a+k:||v—v*|. (C.3)

Recalling dv = ﬁdv’ and similar pre-post-collision velocity relations from Lemma the integral
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of the second term of (C.2)) can be estimated by

//Rﬁ 8 v — v*|gmbe(k: o) fexref (Xr — XR)2dadv*dv

<16 // v — vl v — v PbE2(K - 0) = 1) fux R*f’| il dv' dvdo.
RS Js2 (K- 0)?

By expanding the square, one obtains
o+ k2= 4K o), o — k2 = 4(1 - (K - 0)?), (C.4)
which allows the estimate to continue as

L [0 o e o) o (= oo

v — s I 12 N2 — (-0
§64//]RG /S2 ( o) )km|v V[0 (2(K" - o) 1)f*XR*f W o) dv'dv,do.

Relabelling v as v and moving to polar coordinates, we finally have

//R6 2 |U - U*’Zznbe(k J)f*XR*f,(X/R — XR)QdUdU*dU

/2 (o — v, \7
<64 [v — 0.2 B(20) fax e f cos ™ B(1 — cos® B)dOdpdu.dv
RO Js1, Jo= cos 6 ;

kin
€/2
< 1507 // (Jv]® + |v*|2)f*fdv*dv> (/ 0%’6(0)49) =: Oy < 400.
R6 0=0

In the last inequality, we bluntly estimated the negative powers of cos ~ 1 since 6 < €/2.

Turning to the first term of (C.2), we combine (C.3|) and (C.4]) together with the identification
k' - o = cosf/2 (see the proof of Lemma |C.1)) to deduce for 6 € [0, 7/2]

0
v — v.| = cos §|U —v] = =] <|v—w] < \/§|U’ — V.

This implies that whenever |v,] < R+ 1 and at least one of [v] < R+ 1 or [v/| < R+ 1 hold, we

immediately obtain |v — v,|? < 8(R + 1)2. In this case, we can estimate the kinetic contribution
v — vl > (2V2(R+1)).
Adding Cs to both sides of (C.2)) and integrating, we obtain

2//RG /SQ Bf.(F' — F)* +2Cy > (2\/§(R+1))’7//R6 /82 be(k - o) foxre(F'Xr — Fxr)>.
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Lemma C.3 (Fourier representation). For f € L'(R3) and f > 0, we have

/ / / be(k - o) fo(F' — F)*dodv.dv
RG S2

> Sarys o PN { L (o) 10 = 171 Do ds.

with the notation £~ = % recalling F' = \/f.
Furthermore, there is a constant Cy depending only on bounds for the entropy, mass, and energy of

f such that for every & € R3 we have
FLA0) = |F[f1(€)] = Cp min(|¢[*, 1).

For the first part of the lemma, we direct the reader to |2 Section 5, Corollary 3]. We only show

the second estimate of the result to verify that the constant C'; can be taken independently of € > 0.

Proof. Recall that for real numbers a,b one can take # = tan~!(a/b) € R such that Va2 +b? =
acosf — bsinf. Applying this to the real and imaginary parts of the Fourier transform of f, there is

some 6 € R such that

FI£1(0) — |F[f] |—/f (1= cos(v - &+ 0))dv = 2 Sf(v)sinz'(”'g;e)dv

> 2sin?§ f(v)dv
BrNAs

Here, r > 0 is some (large) radius to be specified later. For § > 0, we consider the set As := {v € R3 :
Vp € Z, |v- €&+ 6 — 2mp| > 26}. The partition R = (R?\ B,) U (B, N As) U (B, N (R%\ As)) leads to

the estimate

sin? & f(v)dv = sin®§ (/ —/ —/ ) fv)dv
BrNAs R4 RINB, FO(RA\ Ag)

f
> sin® (Hf”Ll ! HL —/B i )f(v)dv)-

We now further investigate the set B, N(R¥\ A5) = {v € R? : |v| <7, Ip € Z s.t. |v-&+0—2mp| < 26}.

By considering (rotate and translate v as appropriate) £ = keq, # = 0, with £ > 0 and e; = (1,0,0),

one can show

46 r|€|
B0 (R 45)] < gyt (34 75 ).

More precisely, one should think of B, N (R%\ As—g) as the set of integer lattice points in B, lying
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along the axial direction of £/|£|. So the inequality above estimates the measure of a ¢ neighbourhood

version of this set. Continuing the estimate, we thus obtain

HfHL

FIAO) — |1FIAE)] > 2sin?6 [ [l — g — sup / fw)d ) | (C.5)
(3+2is) /4

|AI< 7 (2r)d=1

In the case [£| > 1, notice that

46

rlé _
’5‘(2 Ok <3+ ) < 126(2r)4 1 +

™

—(2r)%.

Therefore, choose large r > 0 and small § > 0 such that the bracketed quantity is strictly positive
(appealing to equi-integrability of f). In the case || < 1, one again chooses large r > 0 but small

§ ~ || so that sin?§ > |¢|2. O

Lemma C.4 (Fourier average estimate). For every £ € R? and ¢ < 1 we have

€ g . _12 2& /2 1 ) ) ,
/b <\§| o ) min(le 1) > 2 (/0 0 d¢> min(|¢[?, €]"),

recalling the notations c1,v from|(A3.2) and £~ = 57‘;'”.

Proof. From the definition of £, we have

‘5_‘2:@2(1—‘;-J>.

Using spherical coordinates with radial direction given by £/|¢| (see Section [3.2.2]), we use the lower

bound of (3.12)) and directly integrate over Sg | to obtain

/ b <§ >m1n(\§ 2,1) da—/ L ﬂ( )m1n<|§’2( cos&),l) dode+

[3
4 €/2 |£|202
= Fo)m < 2 )de'

0=0

We introduce the change of variables § = ex/m and the lower bound of [(A3.2)| giving

: €22 2 doy (72 (lEPX A2 1
/ <’£‘ >mln(|£ | d0> / B < 9 767 dXZ7 0 min 9 ’672 X1+de'

We use one more change of variable ¢ = |¢|x. In the case |{] > 1 we can further minorise by

ta ( /0 " i (£.5) qblﬂycw) €.
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In the case [£| < 1, we explicitly obtain

2¢, €l /2 - . )
ﬂ(/o : d¢)|§| = Cle
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