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Abstract

This thesis provides and investigates the rigorous gradient flow viewpoint of the spatially

homogeneous Landau equation for soft potentials. This extends the similar perspective

recently developed for the Boltzmann equation with Maxwellian potentials [61]. Taking

advantage of the H-theorem for the Landau equation, we construct a metric from a dynamic

optimal transportation viewpoint [17, 60] for which the Landau equation can be viewed as

the gradient flow of the Boltzmann entropy with respect to this metric. The gradient flow

description is further reinforced by recovering the grazing collision limit from the Boltzmann

equation to the Landau equation with simpler arguments and intuition in the spirit of Γ-

convergence [113]. Finally, a robust and efficient particle approximation is numerically

analysed for a regularised version of the Landau equation which preserves the gradient flow

structure.

This thesis invites and advertises the use of gradient flow techniques to pursue some of the

future research directions discussed here.
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Its first variation δH
δf = log f is defined by the formal limit

lim
η↓0

H[f + ηϕ]−H[f ]

η
=

∫
δH
δf

ϕ, ∀ϕ ∈ C∞
c such that

∫
ϕ = 0.

Regularisations and scalings play a significant role. To avoid confusion, ε > 0 is reserved exclusively

for the content in Chapters 2 and 4 and appendix B whereas ϵ > 0 is reserved exclusively for

the content in Chapter 3 and appendix C.
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Chapter 1

Introduction

These humble pages contain the fruits of my Ph.D., which is dedicated to the study of the spatially

homogeneous Landau equation

∂tf(t, v) = QL(f(t, ·), f(t, ·))(v), (L)

where the collision operator is given, for γ ∈ [−3, 0] and Π[z] the projection onto {z}⊥, by

QL(f, f) := ∇v ·
Å
f(v)

∫
R3

f(v∗)|v − v∗|2+γΠ[v − v∗](∇ log f(v)−∇ log f(v∗))dv∗

ã
.

The unknown to be solved for, f(t, v), corresponds to the probability of finding a particle in a plasma [95,

37] at time t > 0 and with velocity v ∈ R3. The non-local structure of QL accounts for the interactions

from particles with velocities v∗ ∈ R3. Plasma is the fourth state of matter, consisting primarily of

charged particles which can be artificially generated by applying a strong electromagnetic field to a gas

at extremely high temperatures. Some examples include stars, lightning, aurorae, fluorescent lights,

fusion reactors, . . . [82, 87]. The abundance of plasma in our universe motivates the study of (L) to

better understand its physical properties. Moreover, plasma is the focus of the ambitious ITER project

to produce net energy through fusion [88]. While (L) is the primary equation studied here, this thesis

also considers the spatially homogeneous Boltzmann equation below, which is closely related and

significant in kinetic theory and mathematical physics. For a given collision kernel B, the evolution of

a density, f , of particles colliding with each other in a gas [115, 36] is given by

∂tf = QB(f, f) :=

∫
R3

∫
S2
[f ′f ′∗ − ff∗]B(|v − v∗|, θ)dσdv∗. (B)

1



I have suppressed the dependence on time and abbreviated f = f(v), f∗ = f(v∗), f
′ = f(v′), f ′∗ = f(v′∗)

(this convention will persist), where the post-collision velocities are determined by

v′ =
v + v∗

2
+

|v − v∗|
2

σ, v′∗ =
v + v∗

2
− |v − v∗|

2
σ, σ ∈ S2.

Intuitively, the non-local collision operator QB considers binary collisions of particles in a gas. Given

two particles with pre-collision velocities v, v∗ ∈ R3, the formulas for v′ and v′∗ specify the respective

post-collision velocities of the two particles (c.f. Figure 1.1). The second argument of B represents the

angle of collisions θ ∈ [0, π/2] given implicitly by

k =
v − v∗
|v − v∗|

, cos θ = k · σ.

v v′ v∗ v′∗

Figure 1.1: Hard sphere model of gas particles with green pre-collision velocities colliding and attaining
red post-collision velocities.

Hilbert’s famous sixth problem [84] suggests the importance of (B) to develop ‘mathematically

the limiting processes . . . which lead from the atomistic view to the laws of motion of continua.’ In

formal terms, (B) acts as an intermediary between microscopic laws of physics (particle collisions) and

macroscopic behaviour (the motion of fluids, e.g. phenomena described by the Navier-Stokes equations).

The typical example [118, 2] of the Boltzmann kernel which is considered in this thesis is

B(|z|, θ) = |z|γb(θ), sin θ b(θ) =: β(θ) ≥ 0. (1.1)

Besides the physical origins of (B), similar principles have inspired the use of kinetic models (choosing

different collision kernels other than (1.1)) for opinion formulation [114], Elo-type models to compare

player strength in games, such as chess [89], and general systems of interacting agents [105].

Crucial to the study of (L) and (B) is the evolution of the Boltzmann entropy

H[f ] =

∫
f(v) log f(v)dv, f ∈ L1

+,

which I have defined here with the opposite sign conventionally used in physics. The quantity −H

measures the volume of different microscopic configurations given fixed macroscopic observations [120].

2



This quantity also plays a similar role in Shannon’s information theory as a measurement of uncertainty

or redundancy [98, 42]. In plain terms, large values of H[f ] correspond to order and total correlation of

a system where f describes the probability of different microscopic states. Conversely, small values of H

indicate disorder and uncertainty of a physical system. Supposing f = f(t) ∈ L1
+ is a (smooth) solution

to either (B) or (L), one has Boltzmann’s famous H-theorem (formally proved in Section 1.1), which

reads

H[f(t1)] ≤ H[f(t2)], ∀t1 ≥ t2 > 0.

Physically, this result corresponds to the second law of thermodynamics and implies the irre-

versibility of time. Moreover, it suggests convergence of solutions f towards an equilibrium state

which represents fully uncorrelated particles as time goes to infinity. Mathematically, the H-theorem

is at the heart of [118] and forms the basis of our extension in Chapter 2. The Boltzmann and Landau

equations are intimately related by the so-called grazing collision limit [51, 45]. This limiting process

describes the derivation of (L) from (B) in which β concentrates on collisions with small angular devi-

ation (θ ≪ 1). This corresponds to infinitesimally small differences between the pre- and post-collision

velocities as Figure 1.2 below suggests.

v∗ v

v+v∗
2

k

v′∗

v′

σ

θ

Figure 1.2: Geometry of elastic collisions in centre of momentum coordinates.

The grazing collision limit is studied in more detail later (c.f. Chapter 3), but I simply mention it

for now to emphasise the connection between (B) and (L). In fact, Landau’s original derivation [95]

in 1936 of (L) served to replace (B) for γ = −3 corresponding to the Coulomb potential (owing to the

highly singular kernel (1.1)), which is the most physically relevant parameter choice.

The singularity coming from γ < 0 and the degeneracy of Π are major sources of difficulty in the

3



theory of (L) [78, 73, 69, 70, 65]. This thesis collects the various projects I have completed relating

to (L) from the viewpoint of gradient flows, a popular and thriving area of mathematical research

in recent times [6, 17, 90, 35, 111]. I invite readers to apply the sophisticated tools of gradient flows

against the open problems of (L).

As the reader can already tell, I have written this thesis with more of a personal flair and self-

expression than a typical academic paper. My narration freely alternates between the first person

singular (mainly used here in the introduction and in Chapter 5) and plural (mainly used in Chapters 2

to 4 with the royal ‘we’) forms. This thesis is also organised in a somewhat chronological order. The

format was motivated by my desire to write a coherent and pedagogical document. To be precise, the

present introduction sets the necessary context for Chapters 2 to 4. Section 1.1 reviews some formal

computations from the Boltzmann (B) and Landau (L) equations to develop the intuition motivating

the rigorous arguments in the rest of this thesis. Section 1.2 reviews some elements from the extensive

literature of gradient flow theory using a toy example in finite dimensions with a particular emphasis

on the results applied and generalised here. Sections 1.3 to 1.5 recount the literature on the Boltzmann

and Landau equations and serve as historical introductions for Chapters 2 to 4, respectively. Chapter 2

is the theoretical heart of this thesis and details the rigorous gradient flow description of (L). Chapter 3

revisits and simplifies the grazing collision limit which connects the Boltzmann equation to the Landau

equation from the framework of gradient flows developed by Erbar [61] (for the Boltzmann equation)

and Chapter 2 (for the Landau equation, see also [31]). Chapter 4 focuses on numerical experimentation

to approximate the Landau equation by considering a regularisation of the Landau equation, which

preserves its gradient flow structure. Finally, Chapter 5 summarises the results of this thesis together

with future research questions I wish to pursue.

1.1 The blueprint

I now sketch some formal computations as motivation to set the stage for the rest of this thesis, in

particular for Chapter 2. In the following, consider a (smooth) solution f = f(t, v) ∈ L1
+ to (L). The

H-theorem for (L) can be formally proven by using log f(t, v) as a test function

d

dt
H[f(t, ·)] =

∫
R3

(log f + 1)∂tfdv

= −
∫
R3

f∇ log f ·
∫
R3

f∗|v − v∗|2+γΠ[v − v∗](∇ log f −∇∗ log f∗)dv∗dv

= −1

2

∫∫
R6

ff∗|v − v∗|2+γ(∇ log f −∇∗ log f∗)
TΠ[v − v∗](∇ log f −∇∗ log f∗)dv∗dv.

4



Integrating over time, this equality gives the so-called entropy dissipation equality

H[f(0)] = H[f(t)] +

∫ t

0

Å
1

2

∫∫
R6

ff∗|v − v∗|2+γ |Π[v − v∗](∇ log f −∇∗ log f∗)|2dv∗dv
ã

︸ ︷︷ ︸
=:DL(f)≥0

dt. (EDEL)

The positivity of the dissipation, DL, comes from the fact that Π[v − v∗] is a projection; the quadratic

form is compressed by inserting an extra Π (it is an idempotent operator), since

zTΠz = zTΠTΠz = (Πz)TΠz = |Πz|2 ≥ 0, ∀z ∈ R3.

Assuming H[f(0)] < +∞ to avoid pathological cases, (EDEL) implies H[f(t)] ≤ H[f(0)], and the

difference is given precisely by
∫ t
0 DL(f)dt < +∞. The lower bound ofH comes from Jensen’s inequality

for the relative entropy

H[f |M ] :=

∫
R3

f

M
log

Å
f

M

ã
Mdv, M(v) = (2π)−

3
2 exp

ß
−|v|2

2

™
,

recalling x 7→ x log x is convex. My thesis illustrates the perspective of viewing functions t 7→ f(t) which

satisfy (EDEL) as gradient flow solutions to (L). More precisely, the goal here is to take (EDEL) as the

criteria for which the Landau equation is the steepest descent of H[f(t)] with respect to some metric.

Identifying this metric is one of the major objectives of Chapter 2.

I have often looked to the heat equation as a helpful toy model to clarify the ideas discussed

previously. Consider u = u(t, x) ∈ L1
+ a solution to the heat equation in R3

∂tu = ∆u. (1.2)

There is a corresponding H-theorem for (1.2) to arrive at a simpler version of (EDEL)

H[u(0)] = H[u(t)] +

∫ t

0

∫
R3

u|∇ log u|2dx︸ ︷︷ ︸
=:Dh(u)

dt. (1.3)

The entropy dissipation for the heat equation, Dh, is more commonly referred to as the Fisher infor-

mation. It is a classical result [90] that (1.2) can be interpreted as the gradient flow of H with respect

to the 2-Wasserstein optimal transportation distance W2 on P2. In other words, solutions u ∈ P2

to (1.2) decrease H as fast as possible in the W2 metric. To see how this example is related to (L), I

drew inspiration from the seminal work of Benamou and Brenier [17]. They showed that the W2 metric

5



between µ0, µ1 ∈ P2 could be computed as

W 2
2 (µ0, µ1) = inf

®∫ 1

0

∫
R3

|v(t, x)|2dµ(t, x)dt
∣∣∣∣∣ (µ, v) ∈ CE

´
, (1.4)

where the constraint (µ, v) ∈ CE means that the curves t 7→ µ(t) ∈ P2 and v ∈ L2
µ((0, T )× R3) solve

the continuity equation (in the distributional sense) with endpoints given by µ0, µ1

∂tµ+∇ · (µv) = 0, µ|t=0 = µ0, µ|t=1 = µ1.

Now suppose u ∈ P2 solves (1.2) and it has finite initial entropy H[u(0)] < +∞. Then the pair

(u,−∇ log u) ∈ CE with endpoints µ0 = u(0), µ1 = u(1). Here, I am interchanging du(x) = u(x)dx

where u solves (1.2), an identification which will be frequently used. Moreover, the integral in (1.4) can

be explicitly written with the pair giving

W 2
2 (u(0), u(1)) ≤

∫ 1

0

∫
R3

u|∇ log u|2 =
∫ 1

0
Dh(u(t))dt.

In fact, up to some omitted technical details, we have the following infinitesimal version involving the

metric derivative with respect to W2

|u̇|W2(t) := lim
h→0

W2(u(t+ h), u(t))

|h|
= Dh(u(t)).

The approach my supervisors José A. Carrillo and Matias Delgadino, our collaborator Laurent Desvil-

lettes, and I took to understanding the gradient flow structure of (L) was to determine, in a similar

way to (1.4), the Landau metric dL which satisfies

|ḟ |dL(t) := lim
h→0

dL(f(t+ h), f(t))

|h|
= DL(f(t)).

In Chapter 2, the construction of dL is modelled after the right-hand side of (1.4) by infimising some

lower semi-continuous energy integral subject to constraints which generalise the continuity equation.

To make the analogy between DL and Dh more clear, I considered the following differential operator

∇̃ for functions ϕ = ϕ(v) given by

[∇̃ϕ](v, v∗) := |v − v∗|1+
γ
2Π[v − v∗](∇ϕ−∇∗ϕ∗). (∇̃)
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DL can then be rewritten with more visual similarity to Dh as

DL(f) =
1

2

∫∫
R6

ff∗|∇̃ log f |2dv∗dv.

Roughly speaking, ∇̃ replaces the usual gradient ∇ in the right-hand side (1.4). Let us formally recall

the intuition for the heat equation. A solution of the heat equation, u, can also be interpreted as a

solution of the continuity equation with velocity −∇ log u. The task now is to take a solution, f , of the

Landau equation and deduce the form of the generalised continuity equation it solves with ‘velocity’

given by −∇̃ log f . The generalised continuity equation to be considered is something I call the ‘grazing

continuity equation’ (GCE) which, for a given velocity V = V (t, v, v∗) ∈ R3, reads

∂tf +
1

2
∇̃ · (ff∗V ) = 0. (1.5)

The grazing continuity equation, as for the usual continuity equation in (1.4), should only be interpreted

in the distributional sense. That is, for a test function ϕ ∈ C∞
c ((0, T )×R3), the statement (f, V ) ∈ GCE

means that (1.5) holds when tested against ϕ

∫ T

0

∫
R3

∂tϕ(t, v)dft(v)dt+
1

2

∫ T

0

∫∫
R6

[∇̃ϕ](v, v∗) · Vt(v, v∗)dft(v)dft(v∗)dt = 0.

This takes care of the generalised continuity equation constraint. Finally, the integral to be infimised

should be the L2
ff∗

norm of V (mimicking the L2
u norm of the velocity for the heat equation) leading to

d2L(f0, f1) := inf

®
1

2

∫ 1

0

∫∫
R6

ff∗|V |2dv∗dvdt
∣∣∣∣∣ (f, V ) ∈ GCE, f |t=0 = f0, f |t=1 = f1

´
.

This is the idea which led to the construction of the Landau metric dL. This is explored in more detail

in Chapter 2. We provide conditions under which weak solutions of (L) (H-solutions from Villani [118],

to be precise) are equivalent to curves f which decrease H as fast as possible in the dL metric (i.e.

gradient flows). Notice that the choices of test functions ϕ ∈ {1, v, |v|2} yield ∇̃ϕ = 0. Hence, curves f

solving (1.5) a priori conserve mass, momentum, and energy. This motivates the choice of P2 as the

space to equip with dL as done in Chapter 2.

I will avoid any rigorous pointwise interpretation of the grazing continuity equation (1.5) (more

precisely ∇̃·) in this thesis, but an excursion in this direction may be helpful to clarify the relationship

between (1.5) and (L). Firstly, the notation ∇̃· refers to the formal adjoint of ∇̃ so that a generalised

integration by parts formula holds for (smooth) scalar functions ϕ = ϕ(v) and vector fields A =

7



A(v, v∗) ∈ R3 ∫∫
R6

[∇̃ϕ](v, v∗) ·A(v, v∗)dv∗dv = −
∫
R3

ϕ(v)[∇̃ ·A](v)dv.

Note that the left-hand side is an integral over R6, whereas the right-hand side is an integral over R3,

and [∇̃ ·A] is a scalar function only depending on v. This was (and to some extent remains) a source of

confusion to me, although it is, of course, owed to the fact that ∇̃ sends functions of v ∈ R3 to functions

of (v, v∗) ∈ R6. The non-locality of the Landau equation is embedded into the introduction of new

variables from ∇̃. Let us compute the precise form of [∇̃ · A](v) ∈ R given A(v, v∗) ∈ R3. Assuming ϕ

and A are smooth and decay fast enough and noticing Π[v − v∗]∇
Ä
|v − v∗|1+

γ
2

ä
= 0, the generalised

integration by parts formula gives

∫∫
R6

∇̃ϕ · V =

∫∫
R6

|v − v∗|1+
γ
2Π[v − v∗](∇ϕ−∇∗ϕ∗) ·A

=

∫
R3

ß∫
R3

Π[v − v∗]∇(|v − v∗|1+
γ
2 ϕ) ·A(v, v∗)dv

™
dv∗

−
∫
R3

ß∫
R3

Π[v − v∗]∇∗(|v − v∗|1+
γ
2 ϕ∗) ·A(v, v∗)dv∗

™
dv.

Now, we use the usual integration by parts formula for the terms in the curly brackets. Notice that we

have interchanged variables by Fubini’s theorem.

∫∫
R6

∇̃ϕ · V = −
∫
R3

ß∫
R3

|v − v∗|1+
γ
2 ϕ∇ · (Π[v − v∗]A(v, v∗)) dv

™
dv∗

+

∫
R3

ß∫
R3

|v − v∗|1+
γ
2 ϕ∗∇∗ · (Π[v − v∗]A(v, v∗)) dv∗

™
dv

= −
∫
R3

ϕ

ß∫
R3

|v − v∗|1+
γ
2∇ · (Π[v − v∗]A(v, v∗))dv∗

™
dv

+

∫
R3

ϕ

ß∫
R3

|v − v∗|1+
γ
2∇ · (Π[v − v∗]A(v∗, v))dv∗

™
dv.

In the last equality, we have simply swapped the labels v ↔ v∗ (notice the arguments of A in the last

line are also swapped) and applied Fubini. Formally passing the divergence (in v) outside of the curly

brackets, recalling again Π[v − v∗]∇
Ä
|v − v∗|1+

γ
2

ä
= 0, we arrive at

[∇̃ ·A](v) = ∇v ·
∫
R3

|v − v∗|1+
γ
2Π[v − v∗](A(v, v∗)−A(v∗, v))dv∗.

With this pointwise expression for ∇̃·, we can substitute V = −∇̃ log f = −|v−v∗|1+
γ
2Π[v−v∗](∇ log f−

∇∗ log f∗) into the grazing continuity equation (1.5) to recover precisely the Landau equation (L).
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Developing the 1
2∇̃ · (ff∗V ) term in (1.5) with this substitution, we obtain

− 1

2
∇̃ · (ff∗V ) =

1

2
∇̃ · (ff∗∇̃ log f)

=
1

2
∇̃ · (ff∗|v − v∗|1+

γ
2Π[v − v∗](∇ log f −∇∗ log f∗))

=
1

2
∇ ·
Å∫

R3

|v − v∗|2+γΠ[v − v∗](ff∗(∇ log f −∇∗ log f∗)− f∗f(∇∗ log f∗ −∇ log f))dv∗

ã
= ∇ ·

Å
f

∫
R3

f∗|v − v∗|2+γΠ[v − v∗](∇ log f −∇∗ log f∗)dv∗

ã
.

This is exactly the right-hand side of the Landau equation (L). Just to re-emphasise the analogy with

the heat equation, the previous computations show that the Landau equation (L) can be written as

∂tf =
1

2
∇̃ · (ff∗∇̃ log f),

which should be compared to the heat equation (1.2)

∂tu = ∇ · (u∇ log u).

The gradient flow perspective is reinforced in Chapter 3 wherein the grazing collision limit connecting

the Boltzmann equation (B) to the Landau equation (L) is recovered in this framework. One can

formally derive the Landau equation in the case when most collisions occur with a small angle θ ≪ 1.

More specifically, fix ϵ > 0 and extend β (c.f. (1.1)) from [0, π/2] to the whole real line by zero. We

consider the scaling (discussed in Section 3.2.1) that concentrates β around θ = 0 given by

βϵ(θ) :=
π3

ϵ3
β

Å
πθ

ϵ

ã
, θ ∈ [0, ϵ/2]. (1.6)

Denoting the new collision kernel Bϵ induced here through (1.1), this gives rise to a new collision

operator QϵB which replaces the right-hand side of (B). The grazing collision limit is precisely passing

to ϵ ↓ 0. For a fixed smooth f , the formal computations of Degond and Lucquin-Desreux [45], and

Desvillettes [51] show the convergence

QϵB(f, f)
ϵ↓0→ CβQL(f, f), Cβ =

π

8

∫ π/2

0
θ2β(θ)dθ.

For simplicity, this thesis assumes Cβ = 1 which fixes a normalisation for β. Of course, while these

preliminary computations established the formal ‘convergence of the collision operators,’ the natural
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question is rigorous convergence of solutions

∂tf
ϵ = QϵB(f

ϵ, f ϵ) → ∂tf = QL(f, f),

which is the main focus of Chapter 3.

In order to outline the formal idea of the grazing collision limit from the gradient flow perspective,

I should discuss first the H-theorem for (B) (this equation was the original context of the H-theorem)

for an arbitrary kernel B (including those Bϵ generated by (1.6)). Again, suppose f = f(t, v) ∈ L1
+ is

a (smooth) solution to (B) and formally use log f as a test function

d

dt
H[f(t, ·)] =

∫
R3

(log f + 1)∂tfdv = −
∫
v∈R3

(log f + 1)

∫
v∗∈R3

∫
S2
[f ′f ′∗ − ff∗]B dσdv∗dv

= −
∫∫

R6

∫
S2
log f [f ′f ′∗ − ff∗]B dσdv∗dv.

The disappearance of the constant term is due to the fact that the collision map sending (v, v∗) to

(v′, v′∗) is involutive (this and the subsequent properties of the collision map are examined in detail

in Chapter 3). As well, the collision kernel B is invariant under this change of variables. More precisely,

the swapping of variables (v, v∗) ↔ (v′, v′∗) is volume preserving and results in the sign change

∫∫
R6

∫
S2
[f ′f ′∗ − ff∗]B dσdv∗dv = −

∫∫
R6

∫
S2
[f ′f ′∗ − ff∗]B dσdv∗dv = 0.

In fact, after playing around with the various symmetries of this change of variables, we arrive at the

entropy dissipation equality which proves the H-theorem for (B)

H[f(0)] = H[f(t)] +

∫ t

0

Å
1

4

∫∫
R6

∫
S2
[f ′f ′∗ − ff∗] log

f ′f ′∗
ff∗

B dσdv∗dv

ã
︸ ︷︷ ︸

=:DB(f)≥0

dt.
(EDEB)

The positivity of the Boltzmann dissipation, DB, comes from the following fact (not so obvious to me

at the time, so I convinced myself in Corollary A.1)

(x− y) log
x

y
≥ 4|

√
x−√

y|2 ≥ 0, ∀x, y > 0, x ̸= y.

In the same way that (EDEL) was used as a model for the gradient flow interpretation of (L), so too

is (EDEB) the basis for the gradient flow interpretation of (B) [61]. In fact, the mathematical content

of Chapter 2 was inspired by and extends the gradient flow perspective of the Boltzmann equation for

γ = 0 by Erbar [61]. The gradient flow perspective of the grazing collision limit can be formally posed
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in the following way. Suppose, for ϵ > 0 the grazing collision parameter, f ϵ = f ϵ(t, v) ∈ L1
+ is

a sequence of functions which satisfy

H[f ϵ(0)] = H[f ϵ(t)] +

∫ t

0

Å
1

4

∫∫
R6

∫
S2
[f ϵ′f ϵ′∗ − f ϵf ϵ∗] log

f ϵ′f ϵ′∗
f ϵf ϵ∗

Bϵdσdv∗dv

ã
︸ ︷︷ ︸

=:Dϵ
B(fϵ)

dt, (EDEϵ)

where Bϵ is a sequence of collision kernels induced through (1.1) by the scaling of (1.6)

for a fixed β. What conditions ensure f ϵ has a convergent subsequence towards a limit,

f , as ϵ ↓ 0 and that (EDEϵ) converges to (EDEL)? In other words, what mechanisms drive the

convergence of the entropy dissipations
∫ t
0 D

ϵ
B(f

ϵ) →
∫ t
0 DL(f)? This question captures the formal

gradient flow viewpoint we adopted to recover the grazing collision limit in Chapter 3.

Moving slightly away from pure theory, Chapter 4 discusses a numerical scheme to approximate

solutions to (L). We consider a particle method to solve a regularised version of (L) with right-hand

side, for ε > 0 (we use here ε as opposed to the grazing collision parameter ϵ previously), given by

QεL(f, f) = ∇ ·
Å
f

∫
R3

f∗|v − v∗|2+γΠ[v − v∗] (∇ψε∗ log [f∗ψε]−∇∗ψε∗ log [f∗∗ψε]) dv∗
ã
. (Lε)

Here the new features are coloured in green and ψε denotes the Gaussian mollifier

ψε(v) =
1

(2πε)
d
2

exp

Å
−|v|2

2ε

ã
. (ψε)

Let me briefly explain the motivation behind the choice of ψε and its appearance in (Lε). Obviously,

convolution with ψε yields a smoothing property to the Landau equation, but the Gaussian profile

was chosen because the stationary solutions of (L) consist entirely of these distributions (they are

referred to as Maxwellians in the kinetic theory literature, a convention I now adopt). This is revisited

in Lemma 4.7 based on arguments in [74]. As for the appearance of ψε in somewhat arbitrary locations

in (Lε), we arrive at the interplay between the theoretical elements of Chapter 2 and the numerical

motivations in Chapter 4. The Landau equation (L) should be viewed as the gradient flow of H with

respect to dL while (Lε) should be viewed as the gradient flow of a regularised entropy, H2,ε, with

respect to dL. Here, the regularised entropy is given by

H2,ε[µ] := H[µ ∗ ψε] =
∫
(µ ∗ ψε) log [µ ∗ ψε] , µ ∈ P.

The regularisation by convolution against ψε destroys the parabolic nature of (L). Thus, (Lε) is viewed
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as a continuity equation with non-local and non-linear velocity given by

U ε[f ](v) := −
∫
R3

f∗|v − v∗|2+γΠ[v − v∗](∇ψε ∗ log [f ∗ ψε]−∇∗ψε ∗ log [f∗ ∗ ψε])dv∗.

The loss of diffusion precisely allows for a particle method. It makes sense to feed an empirical measure

µN0 =
1

N

N∑
i=1

δvi0
, i = 1, . . . , N ∈ N,

as initial data to (Lε) and expect that the evolution maintains the empirical measure structure by

solving the system of N ODEs

v̇i(t) = U ε[µN (t)](vi(t)), µN (t) =
1

N

N∑
i=1

δvi(t), i = 1, . . . , N.

In other words, the regularisation enables µN (t) to solve (Lε) with initial condition µN0 . All the infor-

mation is contained in the evolution of the trajectories vi. This can be programmed into a computer,

which is precisely the topic of Chapter 4.

Another benefit of the particular regularisation is that (Lε) preserves nice structural properties

similar to those of (L). I already alluded to this with the terminology of gradient flows, but (Lε)

satisfies a regularised version of the H-theorem; if f = f(t, v) ∈ L1
+ is a (smooth) solution of (Lε), then

d

dt
H2,ε[f(t)] = −Dε

L(f) :=

− 1

2

∫∫
R6

ff∗|v − v∗|2+γ |Π[v − v∗] (∇ψε∗ log [f∗ψε]−∇∗ψε∗ log [f∗∗ψε])|2 dv∗dv ≤ 0.

Here, I have again marked in green the differences between the regularised dissipation Dε
L and the

unregularised dissipation DL. The retention of these structural properties is beneficial for numerical

analysis not only in the present context, but also for other PDE models [12, 13, 30].

1.2 Gradient flow theory

Recently, the gradient flow community has been very active and successful in PDEs, starting from the

significant gradient flow landmarks by Jordan, Kinderleher, and Otto [90]; Benamou and Brenier [17];

Otto [103]; and the seminal reference book by Ambrosio, Gigli, and Savare [6]. Some of the advantages

of gradient flow techniques include new insights into functional inequalities, stable numerical methods,

and quantitative understanding of trends to equilibrium in tandem with uniqueness of solutions [35].

With reference to Chapter 2, the foundation set by Benamou and Brenier [17] with extensions [60, 34]
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helped consolidate the construction of the Landau metric dL. These works not only provided the

dynamic interpretation of optimal transportation distances, but also introduced new metrics allowing

for more PDEs to be analysed in the framework of gradient flows. For example, the Benamou-Brenier

form of the 2-Wasserstein distance (1.4) can be rewritten in flux variables by introducing m = fv and

for f ∈ L1
+ so that

W 2
2 (µ0, µ1) = inf

®∫ 1

0

∫
R3

|m(t, x)|2

f(t, x)
dxdt

∣∣∣∣∣ (f,m) ∈ CE∗
´
,

where the continuity equation constraint (f,m) ∈ CE∗ means (still in the distributional sense)

∂tf +∇ ·m = 0, f |t=0L = µ0, f |t=1L = µ1.

One of the main ideas from [60] to create new distances is modifying the integrand of the infimised

functional. Consider the function

α : (x, y) ∈ R3 × R≥0 7→


|x|2
y , y > 0

0, x = 0, y = 0

+∞, x ̸= 0, y = 0

∈ [0,+∞].

Then the infimised functional for W2 is nothing but

∫ 1

0

∫
R3

α(m(t, x), f(t, x))dxdt

and such functionals enjoy nice lower semi-continuity and convexity properties [25, 62] owing to the

lower semi-continuity, joint convexity, and 1-homogeneity of α (c.f. Lemma 2.14). By choosing different

α with the aforementioned properties, new dynamic distances can be generated. This idea is applied

to construct dL in Chapter 2.

I would now like to present some of the insights that can be gleaned from finite dimensional gradient

flows, as many of these ideas are carried over to the infinite dimensional case of PDEs. I have adapted

the discussions from [112, 35] for the context of this thesis. Consider E : Rd → R a smooth and convex

function, then the gradient flow associated to E is the curve x : [0,+∞) → Rd satisfying the ODE

d

dt
x(t) = −∇E(x(t)), x(0) = x0 ∈ Rd. (1.7)
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Clearly the chain rule from calculus,

d

dt
E(x(t)) = ∇E(x(t)) · d

dt
x(t), (1.8)

lends itself to the H-theorem corresponding to (1.7), because we have

d

dt
E(x(t)) = −|∇E(x(t))|2 ≤ 0.

In a similar way to (EDEL), (EDEB), and (EDEϵ), |∇E(x)|2 is the dissipation corresponding to (1.7).

Moreover, the associated entropy dissipation equality reads

E(x(t))− E(x(0)) = −1

2

∫ t

0
|∇E(x(s))|2ds− 1

2

∫ t

0

∣∣∣∣ ddsx(s)
∣∣∣∣2 ds. (1.9)

We will discuss the decision to include the derivative of x in (1.9), unlike what is initially written

in (EDEL), (EDEB), and (EDEϵ). For now, it is clear that C
1 curves x satisfying (1.7) (i.e. classical

solutions) also satisfy (1.9) (i.e. gradient flow solutions) by the previous discussion. In fact, the reverse

is also true.

Lemma 1.1 (Gradient flow solutions are classical solutions). If x ∈ C1 satisfies (1.9), then x also

satisfies (1.7).

Proof. Owing to the chain rule (1.8) and Young’s inequality (with a minus), we have

E(x(t))− E(x(0)) =

∫ t

0

d

ds
E(x(s))ds =

∫ t

0
∇E(x(s)) · d

ds
x(s)ds

≥ −1

2

∫ t

0
|∇E(x(s))|2ds− 1

2

∫ t

0

∣∣∣∣ ddsx(s)
∣∣∣∣2 ds.

Since x satisfies (1.9), then the previous computation holds with equality. When equality is attained

in Young’s inequality, this implies co-linearity between d
dsx(s) and ∇E(x(s)) which, by the minus sign

choice, yields (1.7).

The idea of the proof of Lemma 1.1 is exactly the same as the proof of Theorem 2.8 and, by extension,

Theorem 2.10. The key ingredient to proving the equivalence of (1.7) and (1.9) is the chain rule (1.8).

In the context of Chapter 2, proving the infinite dimensional version of the chain rule was the major

source of technical difficulty. For these non-trivial issues, I refer to Proposition 2.23 and Section 2.5.

Returning to the inclusion of
∣∣∣ ddsx∣∣∣2 in the entropy dissipation equality (1.9), this was clearly essential

in the proof of Lemma 1.1. In terms of the Landau equation, and gradient flow PDEs in general,

this object is replaced by the metric derivative. I neglected to include this term in the introductory
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discussions of (EDEL) and (EDEϵ) for technical simplicity, but the reader can rest assured that the

corresponding metric derivatives are present in Chapters 2 and 3.

One of the advantages of considering (1.9) over (1.7) is that (1.9) has nice stability properties with

respect to compactness of curves x. In [109, 113] Sandier and Serfaty utilised (the infinite dimensional

version of) (1.9) as a way to streamline the characterisation of the limit of evolutions that have a gradient

flow structure. Effectively, the problem reduces to checking the lower semi-continuous convergence of

the associated dissipations and metric derivatives. This idea is at the forefront of Chapter 3 where the

limit from (EDEϵ) to (EDEL) is made rigorous. Although this procedure is by now well-known, our

contributions include a method to prove the detailed steps from Sandier and Serfaty. This approach

has been heavily used in recent years in a wide array of scenarios. Making a non-exhaustive list, we

mention the works in Cahn-Hilliard [39, 16, 50], diffusion to reaction limits [9], particle methods second

order [30] and fourth order [100] non-linear diffusion, congested crowd motion [1], and dislocations [19].

As for existence of solutions to (1.7), consider the so-called JKO or de Giorgi minimisation scheme [90]

for (1.7) given by fixing a time step τ > 0 and iteratively finding

xn+1
τ = argminx∈Rd

ß
E(x) +

1

2τ
|x− xnτ |2

™
, x0τ := x0 ∈ Rd, n ∈ N. (JKO-finite)

Since E is convex, minimisers xn+1
τ exist and are unique. Moreover, they can also be characterised as

critical points of the expression in the following curly brackets

∇
ß
E(x) +

1

2τ
|x− xnτ |2

™∣∣∣∣
x=xn+1

τ

= 0 ⇐⇒ xn+1
τ − xnτ

τ
= −∇E(xn+1

τ ).

Notice the final expression is the implicit Euler discretisation of (1.7). Hence, under mild compactness

hypotheses, xn+1
τ converges to solutions of (1.7) as τ ↓ 0. In their paper [90], Jordan, Kinderlehrer, and

Otto proved that solutions to a large class of Fokker-Planck equations can be constructed in a similar

way to (JKO-finite). For example, in the specific case of the heat equation (1.2), they showed that it

can be viewed as the 2-Wasserstein gradient flow of the Boltzmann entropy by looking at

un+1
τ = argminu∈P2

ß
H[u] +

1

2τ
W 2

2 (u, u
n
τ )

™
, u0τ = u0 ∈ P2, n ∈ N. (JKO-heat)

The adjustment to accommodate Landau is clear; the 2-Wasserstein metric should be replaced with

dL, which is examined in Section 2.4.
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1.3 The Landau equation

The Landau equation (L) is an important partial differential equation in kinetic theory. We have

already discussed its use in describing colliding particles in plasma physics [95], as well its relation to

the Boltzmann equation (B) through the grazing collision limit [45, 51, 118]. Similar to the Boltzmann

equation (see [20] for a consistency result and related derivation issues), the rigorous derivation of the

Landau equation from particle dynamics is still a huge challenge. The regime 0 < γ < 1 corresponds to

the so-called hard potentials while γ < 0 corresponds to the soft potentials with a further classification

of −2 ≤ γ < 0 as the moderately soft potentials and −4 ≤ γ < −2 as the very soft potentials. The

particular instances of γ = 0 and γ = −3 are known as the Maxwellian and Coulomb cases, respectively.

The Coulomb potential is the most physically realistic case to consider and yet, it presents severe but

interesting mathematical difficulties. I now present a brief history of known well-posedness results

in the spatially homogeneous case, along with some intuitive computations for the difficulty when γ

decreases. After these calculations, I will emphasise an important result by Desvillettes [52] which is

central to Chapter 2.

Desvillettes and Villani [56, 57, 119] studied (L) in full detail for the hard and Maxwellian potential

cases. In particular, they showed that solutions to (L) exist, instantaneously regularise, and are unique

classical solutions when the initial data has finite mass and energy. These solutions exhibit rapid decay

and are also bounded below by Maxwellians (Gaussian distributions).

When γ < 0, less can be said. In the case γ ∈ [−2, 0), Fournier and Guérin [65] proved global

existence and uniqueness of weak solutions conditional to Lp propagation and high order moment

propagation (the exponents for Lp and order of moments depend on γ). Their approach was to apply

techniques from probability and view (L) as a stochastic process (i.e. write the corresponding SDE

for random variables distributed by solutions to (L)). The conditions outlined in [65] were guaranteed

in [122] for Lp propagation (see also [3]) and [28] for moment propagation (see the references therein).

For γ ∈ [−4,−2), even more difficulties arise concerning uniqueness and regularity of solutions, for

example. To begin, while the previous results for Lp and moment propagation for γ ∈ [−2, 0) were

proven globally, when γ ∈ (−3,−2), such estimates are only known locally-in-time or, equivalently,

in a small data framework [65, 3]. I will now focus on the Coulomb case, although the results stated

below may apply when γ ∈ (−3,−2). One of the first significant results concerning well-posedness

for Coulomb is due to Guo [78], who proved global existence and uniqueness of classical solutions in

a near-Maxwellian setting. Fournier proved local-in-time uniqueness of weak solutions as long as they

remained bounded in L∞
v [63]. Concerning potential blow up in different norms, we mention Gualdani

and Guillen [73], who considered radially symmetric (see also [72, 75]) and monotonically decreasing
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solutions of (L). They proved that classical solutions exist for all times unless the L
3
2
+ norm blows

up near the maximal time. The recent result of [55] shows that the Ḣ1 semi-norm may blow up in

finite time but will eventually (with explicitly computable time based on initial data) remain bounded.

Another partial answer to the question of blow up is that the set of singular times has Hausdorff

dimension less than 1
2 [69].

Regarding weaker notions of solutions, i.e. not requiring finite Lp norms, I mention here the global

existence of renormalized solutions [5] and H-solutions by Villani [118]. To gain some intuition for the

challenges associated to smaller γ I formally present now a few of the mathematical estimates. This

will also demonstrate the philosophy of H-solutions, which we extend with the gradient flow perspective

of this thesis. We begin with a ‘classical’ formulation of weak solutions to (L) by splitting the collision

operator into the natural gain and loss terms

QL(f, f) = ∇ ·
Å∫

R3

|v − v∗|2+γΠ[v − v∗](f∗∇f − f∇∗f∗)dv∗

ã
= ∇ ·

áß∫
R3

f∗|v − v∗|2+γΠ[v − v∗]

™
︸ ︷︷ ︸

=:A[f ]

∇f −
ß∫

R3

|v − v∗|2+γΠ[v − v∗]∇∗f∗

™
︸ ︷︷ ︸

=:B[f ]

f

ë
.

(1.10)

Since the solution-dependent coefficients are convolutions, we see

A[f ] = {(| · |2+γΠ[·]) ∗ f}(v), B[f ] = divA[f ] = {(| · |2+γdivΠ[·]) ∗ f}(v).

Here, we have again taken advantage of the fact that ∇(|v − v∗|2+γ) ∈ kerΠ[v − v∗]. By formally

integrating by parts, we could define the action of QL(f, f) without differentiating f on test functions

ϕ by

−
∫

∇ϕTA[f ]∇f +

∫
∇ϕ · (∇ ·A[f ])f =

∫
D2ϕ : A[f ]f + 2

∫
∇ϕ · (∇ ·A[f ])f

=

∫∫
v,v∗

f∗f |v − v∗|2+γ∂ijϕ(v)Πij [v − v∗] + 2

∫∫
v,v∗

f∗f∂
iϕ(v)∂jΠij [v − v∗]

=
1

2

∫∫
ff∗|v − v∗|2+γ(∂ijϕ(v) + ∂ijϕ(v∗))Π

ij [v − v∗]

− 2

∫∫
ff∗|v − v∗|γ(v − v∗)

i · (∂iϕ(v)− ∂iϕ(v∗))

=: ⟨QL(f, f), ϕ⟩classic.

(1.11)

Here, I have expanded the definition of A[f ], symmetrised with the change of variables v ↔ v∗, and
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used the fact that, in d dimensions, the projection satisfies

∂jΠij [x] = −(d− 1)|x|−2xi.

Firstly, the separation of gain and loss terms in (1.10) gives the interpretation of (L) as a parabolic

equation with diffusion matrix A[f ] and drift B[f ] (hence (L) is also referred to as the Fokker-Planck

equation). The diffusion matrix satisfies the following coercivity estimate [56, 3]

ξTA[f ]ξ ≥ C ⟨v⟩γ |ξ|2, ∀ξ ∈ Rd, γ ≥ −3, (1.12)

where C > 0 is a constant depending only on bounds for
∫
⟨v⟩2 f and H[f ]. These quantities are

formally controlled in the evolution of (L) anyway; the moments up to second order are conserved by

observing ⟨QL(f, f), ϕ⟩classic = 0 when ϕ ∈ {1, v, |v|2} and the entropy is bounded via (EDEL). The

degenerate coercivity from (1.12) already suggests additional difficulty in applying parabolic theory for

γ < 0.

Returning to (1.11), both integrals there can be estimated by

|⟨QL(f, f), ϕ⟩classic| ≲ ∥ϕ∥
W 2,∞

v

∫∫
ff∗|v − v∗|2+γ .

Here, the criticality of γ = −2 is very clear when defining the action of QL(f, f) on ϕ through (1.11).

When γ ≥ −2, this definition makes sense by a priori moment estimates, which are propagated any-

way [28, 122]. However, when γ < −2, at least some finite Lp norm is required for p > 1, but we have

previously discussed that this is only propagated locally-in-time or for small data.

Despite this apparent obstruction for the very soft potentials, Villani’s H-solutions [118] sidestep

these Lp requirements. This notion takes advantage of (EDEL) assuming finite initial entropy H[f0] <

+∞ to use DL(f) ∈ L1
t in the following formulation of weak solutions. Instead of splitting the gain and

loss terms like in (1.11), we directly integrate by parts QL(f, f) against test functions ϕ and symmetrise

with v ↔ v∗ to define

−
∫∫

ff∗|v − v∗|2+γ∇ϕTΠ[v − v∗](∇ log f −∇∗ log f∗)dv∗dv

= −1

2

∫∫
ff∗|v − v∗|2+γ(∇ϕ−∇∗ϕ∗)

TΠ[v − v∗](∇ log f −∇∗ log f∗)dv∗dv

=: ⟨QL(f, f), ϕ⟩H .
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The Cauchy-Schwarz inequality and the Mean Value Theorem applied to ϕ for γ ∈ [−4,−2) yield

∫ T

0
|⟨QL(f, f), ϕ⟩H | dt ≲

Ç∫ T

0

∫∫
ff∗|v − v∗|2+γ |∇ϕ−∇∗ϕ∗|2

å 1
2
Ç∫ T

0
DL(f)

å 1
2

≲

Ç∫ T

0
DL(f)

å 1
2

×

 ∥ϕ∥
L∞
t W 1,∞

v

Ä∫ T
0

∫∫
ff∗|v − v∗|2+γ

ä 1
2 , γ ∈ [−2, 0)

∥ϕ∥
L∞
t W 2,∞

v

Ä∫ T
0

∫∫
ff∗|v − v∗|4+γ

ä 1
2 , γ ∈ [−4,−2)

≲ ∥ϕ∥
L∞
t W 2,∞

v

Ç∫ T

0
DL(f)

å 1
2
Ç∫ T

0

∫
(1 + |v|2)f

å 1
2

.

Therefore, no a priori Lp assumptions on f are required to make sense of ⟨QL(f, f), ϕ⟩H . In particular,

we require bounds only on the physical quantities (mass, energy, entropy, and entropy-dissipation)

which are formally conserved or bounded anyway. This illustrates the advantage of H-solutions by

exploiting finite (L1 in time) entropy-dissipation.

From the outset, solutions defined by ⟨QL, ϕ⟩H are weaker than ⟨QL, ϕ⟩classic. This gap was re-

solved by Desvillettes [52, 53, 54] (c.f. precisely Theorem 2.32). This result captures the idea that

finite entropy-dissipation implies functional regularity; a weighted Fisher information and ‘cross Fisher

information’ are controlled by the Landau entropy-dissipation. In his paper, Desvillettes uses The-

orem 2.32 with a Sobolev embedding (hence gaining Lp integrability) to prove that H-solutions are

classical weak solutions; ⟨QL, ϕ⟩classic is well-defined for H-solutions. Theorem 2.32 is also one of the

fundamental results used for our analysis of the gradient flow structure of the Landau equation presented

in Chapter 2.

We close this survey of the theoretical analysis of (L) by mentioning some other recent and inter-

esting results for the spatially inhomogeneous Landau equation

∂tf + v · ∇xf = QL(f, f), f = f(t, x, v), x ∈ Ω ⊂ Rd, v ∈ Rd.

The ellipticity estimate (1.12) has an analogue in this case, however, the point to emphasise is that

the collision operator induces diffusion only in the v variable. The x variable gains regularity through

mixing with the v variable by the v ·∇x transport operator. This vague argument has been investigated

by [70, 83, 86, 77, 76] not only for Landau, but also for general kinetic equations. Finally, the seminal

theory of renormalised solutions [58, 59] applies to the space inhomogeneous Landau equation as well,

yielding global existence of such solutions [5]. The results mentioned in this paragraph have also been

applied to the Boltzmann equation, which is surveyed momentarily.
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1.4 The Boltzmann equation

The Boltzmann equation (B) is the central equation in kinetic theory modelling particle collisions in

a gas, as well as many other interacting particle systems [37]. Its connection to the Landau equation

has already been introduced via the grazing collision limit. The purpose of Chapter 3 is to recover

and simplify the grazing collision limit from the perspective of gradient flows building on the works of

Erbar [61] and Chapter 2 (c.f. the diagram below). Complementing the overview in Section 1.3, I now

discuss the historical development of well-posedness results for (B) in relation to the grazing collision

limit.

H-Gradient flow
solutions f ϵ

H-Gradient flow
solutions f

H-solutions f ϵ H-solutions f

Boltzmann Landau

[61] Chapter 2

[45, 51, 118, 67]
and more

Chapter 3

Grazing collision limit

C
on

d
it
io
n
al

eq
u
iv
a
le
n
ce

The earliest well-posedness result for usual weak solutions to (B) is due to Arkeryd [7, 8] who

required cut-off assumptions on the collision kernel (replacing |v−v∗|2+γ with something bounded near

v = v∗). In particular, this excludes the physically relevant soft potential cases γ < 0. Nevertheless,

this well-posedness theory was sufficient for Arsen’ev and Buryak [10] in 1990, who rigorously proved

convergence in the grazing collision limit from Boltzmann to Landau. Removing the cut-off assumption,

Villani was able to prove the grazing collision limit for soft and hard potentials using his notion of H-

solutions [118]. Here, we again see the advantage of using (EDEB). Shortly after, in a collaboration

with Alexandre [4, 5] they upgraded from weak to strong convergence in the grazing collision limit by

applying the regularity estimate they achieved with Desvillettes and Wennberg [2]. The argument for

the gain in compactness relied on velocity average techniques [71] applied to renormalized solutions [59,

58]. The main result in [2] was the precursor (for Boltzmann) to Theorem 2.32 (for Landau); finite

entropy-dissipation implies functional regularity.

More recently, Godinho [67] and He [79] gave quantitative rates of convergence for short times

in the grazing collision limit of weak solutions. Godinho’s proof relies on the construction of weak

solutions from the well-posedness theory of Fournier and Mouhot [66] and Fournier and Guérin [64].
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The presentation in Chapter 3 seeks to simplify the grazing collision limit globally-in-time with minimal

assumptions (finite initial mass, energy, and entropy) in comparison to Godinho. In particular, the

well-posedness theory he uses requires at least 7th order moments (possibly more depending on γ)

and holds for short times. Our simplification follows the program of Γ-convergence set by Sandier and

Serfaty [113, 109].

1.5 Numerical analysis of (L)

The goal of Chapter 4 is to introduce a deterministic particle method to numerically approximate

solutions to (L). Here, I present a historical overview firstly for deterministic particle methods for

general PDEs and secondly for the numerical approximations applied to (L).

There have been several strategies to accommodate particle methods for diffusive-type equations in

the literature by introducing suitable regularisations of the flux for the continuity equation [108]. The

case of the heat equation ∂ρ
∂t = ∆ρ was considered in [49, 107] by interpreting the Laplacian as induced

by a velocity field u, ∆ρ = −∇ · (uρ), u = −∇ρ/ρ, and regularising the numerator and denominator

separately by convolution with a mollifier. Well-posedness of the resulting system of ordinary differential

equations and a priori estimates relevant to the method were studied in [92], and subsequently extended

to nonlinear diffusion [102, 97, 99]. Variations of these methods allowing the weights to change in time

were also analysed in [47, 48]. The main disadvantage of these existing deterministic particle methods

is that, with the exception of [97] for the porous medium equation ∂ρ
∂t = ∆ρ2, they do not preserve

the gradient flow structure [97]. For further background on deterministic particle methods, we refer to

the review [38], and for particle methods applied to transport equations, we refer to [41, 40, 43]. As

mentioned earlier in Section 1.1, we have followed the strategy in [30] of regularising the free energy

functional instead in order to retain the gradient flow structure at the particle method level.

To approximate QL, a popular approach is to use the Fourier-Galerkin spectral method [104]. This

technique takes advantage of the convolutional property of the collision integral so that the resulting

method can be implemented efficiently using fast Fourier transform (FFT). To be specific, the total

complexity of one time evaluation of the collision operator requires O(Nd
v logNv) complexity, where Nv

is the number of Fourier modes in each velocity dimension. As we shall see, the proposed particle method

would require O(N2) complexity, where N is the total number of particles. Hence, in terms of efficiency,

it may not be as fast as the spectral method. However, it is able to preserve all the physical properties

of the equation: positivity; conservation of mass, momentum, and energy; and entropy dissipation.

This is in contrast to the spectral method, wherein the truncated Fourier approximation destroys the

structure of the solution (only mass is conserved, no positivity, no conservation of momentum and
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energy, no entropy decay). Furthermore, O(N2) is the direct cost of the particle method (a näıve

implementation). With the help of the fast summation technique such as the treecode, this cost can be

reduced to O(N logN). We will explore this acceleration in the current paper while an in-depth study

will be deferred to future work.

It is important to mention that the particle-in-cell (PIC) method [18, 85, 116] is currently the

dominant method to solve Vlasov-type equations (kinetic equations with spatial inhomogeneity) which

is essentially a particle method. Hence, our proposed method is a natural candidate to be coupled with

the PIC methodology to yield an efficient Lagrangian solver for the inhomogeneous Landau equation.

The numerical exploration of these ideas for inhomogeneous problems is certainly a research topic of

great interest, constituting a major future direction. Other proposed techniques which preserve the

main properties of the Landau operator include Eulerian methods based on mesh discretisations in

velocity, see [46, 93, 23] and the references therein. However, they are more difficult to incorporate

within the PIC approach for spatially inhomogeneous problems.

1.6 Contributions

Concluding this thesis’ introduction, I would now like to discuss the results here in relation to the

literature mentioned previously.

The main result of Chapter 2 is Theorem 2.10, which gives conditions for which Villani’s H-solutions

are equivalent to the gradient flows of the Landau equation for γ ∈ (−3, 0]. This sets the foundation to

apply the sophisticated machinery of gradient flows [6] for the analysis of (L). In particular, I addressed

the open question concerning uniqueness of weak solutions in Section 1.3 for the very soft potentials

γ ∈ (−4,−2). Owing to pioneering results from [35], the theory of gradient flows provides a systematic

framework to investigate uniqueness of solutions. This is beyond the scope of this thesis, however,

it is certainly an interesting area of future investigation. Pre-empting the discussion on numerics

for Chapter 4, the construction of the Landau metric in Theorem 2.7 introduces the JKO scheme [90]

as a new numerical method to solve (L). Although the JKO scheme is by now classical for gradient

flow theory, its application here to the spatially homogeneous Landau equation is novel. This brings

variational approaches to bear when approximating (L). Moreover, by construction, the JKO scheme

dissipates entropy, and such structure-preserving methods are important in numerics [12, 13].

Chapter 3 simplifies the argument for the grazing collision limit from Boltzmann to Landau. Here,

we make use of the relevant mechanisms (bounded mass, energy, and entropy dissipation) to prove

this limit on a global time interval which improves upon Godinho’s result [67]. Moreover, the grazing

collision limit verifies the compatibility between Erbar’s Boltzmann metric ([61]) and the Landau metric
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(Chapter 2) in the passage of this limit. In [61], Erbar proves that the Boltzmann metric is an upper

bound for the 1-Wasserstein metric in the case γ = 0. We are able to extend this estimate to the soft

potentials (c.f. Lemma 3.12).

Although the collision operator QL is diffusive (c.f. (1.12)), Chapter 4 provides numerical evidence

that the particle method introduced there is (almost) second order accurate. It extends the ideas [30, 44]

to kinetic equations with an emphasis on preserving the entropy dissipation structure. In particular,

the characterisation of Maxwellian steady states remains true with our regularisation.

This thesis rigorously adopts the gradient flow framework of the Landau equation. Of course, each

chapter lends itself to the pursuit of different research directions. Some of these avenues are discussed

in Chapter 5.
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Chapter 2

Gradient Flow structure of the Landau

Equation

The content of this chapter is based on joint work with José A. Carrillo, Matias G. Delgadino, and

Laurent Desvillettes. It is a preprint [31] submitted for publication.

This chapter develops the gradient flow viewpoint of the Landau equation which is used throughout

this thesis. Our approach is heavily inspired by Erbar’s gradient flow description of the Boltzmann

equation [61] for Maxwellian molecules (γ = 0). We are able to extend this formulation in the case of

Landau for soft potentials within the range −3 < γ ≤ 0. We make precise here the ideas presented

in Section 1.1. In particular, we construct and explore properties of a tailor-made metric dL in Sec-

tion 2.2 after reviewing some concepts from gradient flow theory and stating our results in Section 2.1.

We prove that (L) (resp. (Lε) for a different mollifer) is the gradient flow of H (resp. (Hε) defined later)

with respect to dL in Section 2.5 (resp. Section 2.3). Construction of gradient flow solutions using the

JKO scheme [90] with the regularised entropy (Hε) is studied in Section 2.4.

2.1 Preliminaries and the main results

2.1.1 Notations and definitions

We use the Japanese angle bracket notation

⟨v⟩2 := 1 + |v|2, v ∈ Rd.

For ε > 0, we denote our regularisation kernel to be an exponential distribution

Gε(v) = ε−dG (v/ε) , G(v) = Cd exp (−⟨v⟩) , Cd =

Å∫
Rd

exp(−⟨v⟩)dv
ã−1

.
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We also define other mollifiers with different tail behaviour

Gs,ε(v) = ε−dGs(v/ε), Gs(v) = Cs,d exp(−⟨v⟩s), Cs,d =

Å∫
Rd

exp(−⟨v⟩s)dv
ã−1

,

for s > 0; we point out some of the limitations and restrictions on s > 0 in the later estimates. We shall

refer to G2,ε as the Maxwellian regularisation. For E > 0, we consider the subset Pp,E(Rd) ⊂ Pp(Rd)

of probability measures with p-moments uniformly bounded by E;

Pp,E(Rd) :=
ß
µ ∈ Pp(Rd)

∣∣∣∣mp(µ) ≤ E

™
.

M and Md abbreviate M(R2d) and Md(R2d), the space of signed scalar and Rd-valued Radon

measures with the weak-* topology against the space Cc(R2d) and (Cc(R2d))d, respectively. For T > 0,

Md
T is the space of Rd-valued signed Radon measures on Rd × Rd × [0, T ].

For µ ∈ P, we define a family of regularised entropies Hε[µ] by

Hε[µ] :=

∫
Rd

[µ ∗Gε](v) log[µ ∗Gε](v)dv, (Hε)

note the distinction from H2,ε in Chapter 1. Formally, one can calculate the first variation of this

functional in P2 as

δHε

δµ
(v) = Gε ∗ log(µ ∗Gε)(v).

This can be formally obtained by calculating Fréchet derivatives in the sense of identifying the following

limit ∫
Rd

δHε

δµ
(v)ϕ(v)dv = lim

t↓0

Hε[µ+ tϕ]−Hε[µ]

t
,

for arbitrary ϕ ∈ C∞
c (Rd) with zero mean

∫
Rd ϕ = 0. To be precise, the first variation (in an L2

setting) would actually be δHε
δµ = 1 +Gε ∗ log[µ ∗Gε]. We drop the constant term since our functional

space is P and the first variation typically appears with derivatives applied to it. For a functional

F : Pa(Rd) → R with first variation δF
δf , we refer to the F Landau equation as

∂tf = ∇ ·
Å
f

∫
Rd

f∗|v − v∗|2+γΠ[v − v∗]

Å
∇δF
δf

−∇∗
δF∗
δf∗

ã
dv∗

ã
. (2.1)

Similar to the formal computations in Section 1.1, the F Landau equation (2.1) can be more concisely

written using (∇̃) as

∂tf =
1

2
∇̃ ·
Å
ff∗∇̃

δF
δf

ã
.

Note, by formally testing (2.1) with δF
δf , one obtains an analogy of Boltzmann’s H-theorem with the
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functional F ;

d

dt
F [ft] = −DF (ft) := −1

2

∫∫
R2d

ff∗

∣∣∣∣∇̃δF
δf

∣∣∣∣2 dvdv∗ ≤ 0.

We will refer toDF as the F dissipation with specific mention ofDL = DH for the usual Landau entropy-

dissipation. These notations induce our notion of weak solutions to the F Landau equation (2.1) closely

following Villani’s H-solutions [118].

Definition 2.1 (Weak F solutions). For T > 0, we say that a curve f ∈ C([0, T ];L1(Rd)) is a weak

solution to the F Landau equation (2.1) if the following hold.

1. ft ∈ L1
+ for all t ∈ [0, T ] with uniformly bounded second moment; supt∈[0,T ]m2(ft) < +∞.

2. The functional F evaluated along the curve is bounded by its initial value

F [ft] ≤ F [f0] < +∞, ∀t ∈ [0, T ].

3. The F dissipation is time-integrable;

∫ T

0
DF (ft)dt =

1

2

∫ T

0

∫∫
R2d

ff∗

∣∣∣∣∇̃δF
δf

∣∣∣∣2 dvdv∗dt <∞.

4. For every test function ϕ ∈ C∞
c ((0, T )× Rd), equation (2.1) is satisfied in weak form

∫ T

0

∫
Rd

∂tϕft(v)dvdt =
1

2

∫ T

0

∫∫
R2d

ff∗∇̃ϕ · ∇̃δF
δf
dvdv∗dt.

For ε > 0, we will refer to the weak Hε solutions as ε-solutions and, recalling H is the Boltzmann

entropy, we will refer to weak H solutions as just weak solutions or H-solutions. We deliberately use

the terminology of H-solutions since the time integrability of DH(ft), as for Villani [118], is essential in

our analysis.

2.1.2 Quick review of gradient flow theory

We recall the basic definitions of gradient flow theory that can be found in more generality in [6, Chapter

1]. Throughout this section, (X, d) denotes a complete (pseudo)-metric space X with (pseudo)-metric

d. Points a < b ∈ R will refer to endpoints of some interval. F : X → (−∞,∞] will denote a proper

function.

Definition 2.2 (Absolutely continuous curve). A function µ : t ∈ (a, b) 7→ µt ∈ X is said to be an
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absolutely continuous curve if there exists m ∈ L2(a, b) such that for every s ≤ t ∈ (a, b)

d(µt, µs) ≤
∫ t

s
m(r)dr.

Among all possible functions m in Definition 2.2, one can make the following minimal selection.

Definition 2.3 (Metric derivative). For an absolutely continuous curve µ : (a, b) → X, we define its

metric derivative at every t ∈ (a, b) by

|µ̇|(t) := lim
h→0

d(µt+h, µt)

|h|
.

Further properties of the metric derivative can be found in [6, Theorem 1.1.2].

Definition 2.4 (Strong upper gradient). The function g : X → [0,∞] is a strong upper gradient

with respect to F if for every absolutely continuous curve µ : t ∈ (a, b) 7→ µt ∈ X we have that

g ◦ µ : (a, b) → [0,∞] is Borel and the following inequality holds

|F [µt]− F [µs]| ≤
∫ t

s
g(µr)|µ̇|(r)dr, ∀a < s ≤ t < b.

Using Young’s inequality and moving everything to one side, the inequality in Definition 2.4 implies

F [µt]− F [µs] +
1

2

∫ t

s
g(µr)

2dr +
1

2

∫ t

s
|µ̇|2(r)dr ≥ 0, ∀a < s ≤ t < b.

If the reverse inequality also holds, one obtains the stronger Energy Dissipation Equality. This leads

to the notion of gradient flows.

Definition 2.5 (Curve of maximal slope). An absolutely continuous curve µ : (a, b) → X is said

to be a curve of maximal slope for F with respect to its strong upper gradient g : X → [0,∞] if

F ◦ µ : (a, b) → [0,∞] is non-increasing and the following inequality holds

F [µt]− F [µs] +
1

2

∫ t

s
g(µr)

2dr +
1

2

∫ t

s
|µ̇|2(r)dr ≤ 0, ∀a < s ≤ t < b.

F has the following natural candidates for upper gradient.

Definition 2.6 (Slopes). We define the local slope of F by

|∂F |(µ) := lim sup
ν→µ

(F (ν)− F (µ))+

d(ν, µ)
.
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The superscript ‘+’ refers to the positive part. The relaxed slope of F is given by

|∂−F |(µ) := inf

ß
lim inf
n→∞

|∂F |(µn) : µn → µ, sup
n∈N

(d(µn, µ), F (µn)) < +∞
™
.

2.1.3 Main results

In order to understand the Landau equation as a gradient flow, we need to clarify what type of object

the corresponding metric is.

Theorem 2.7 (Distance on P2,E(Rd)). The (pseudo)-metric dL on P2,E(Rd) satisfies:

� dL-convergent sequences are weakly convergent.

� dL-bounded sets are weakly compact.

� The map (µ0, µ1) 7→ dL(µ0, µ1) is weakly lower semicontinuous.

� For any τ ∈ P2 the subset Pτ :=
{
µ ∈ P2,m2(τ)(Rd) | dL(µ, τ) <∞

}
is a complete geodesic space.

The content of this theorem is that our new proposed distance provides a meaningful topological

structure on P2,E(Rd). Furthermore, the connection to ε-solutions of Landau is established when con-

sidering the previous notions of slope and upper gradient with respect to dL. General conditions which

guarantee dL(µ0, µ1) < +∞ are presently unknown. A necessary condition is that the probability mea-

sures µ0 and µ1 should have the same second moment. In the construction of dL detailed in Section 2.2,

if µ = µ(t) for t ∈ [0, T ] is an H-solution of Landau, then it is certainly true that dL(µ(t), µ(s)) < +∞

for all 0 ≤ t, s ≤ T .

Theorem 2.8 (varepsilon equivalence). Fix any ε, E > 0, γ ∈ [−4, 0]. Assume that a curve µ : [0, T ] →

P2,E(Rd) has a density µt = ftL. Then µ is a curve of maximal slope for Hε with respect to its upper

gradient
√
DHε if and only if its density f is an ε-solution to the Landau equation.

From the numerical perspective, we can also construct ε-solutions using the JKO scheme (see Sec-

tion 2.4) which is the following

Theorem 2.9 (Existence of curves of maximal slope). For any ε, E > 0, γ ∈ [−4, 0], and initial data

µ0 ∈ P2,E(Rd), there exists a curve of maximal slope in P2,E(Rd) for Hε with respect to its upper

gradient
√
DHε.

Remark 2.1. The choice of an exponential convolution kernel Gε is perhaps unnatural compared to the

Maxwellian regularisation G2,ε for the regularised entropy Hε. We discuss in more detail the estimates

that fail using G2,ε in Remark 2.7 as it pertains to Theorem 2.8. With respect to Theorem 2.9, the
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general construction of some curve can be done even with the Maxwellian regularisation. However,

due to the same lack of estimates, this curve might not be a curve of maximal slope with respect to√
DHε. This is discussed in Remark 2.8. On the other hand, the choice of a Maxwellian regularisation

is considered numerically in Chapter 4.

Motivated by the numerical simulations in Chapter 4, Theorems 2.8 and 2.9 provide the theoretical

support to (Lε). In order to treat the full Landau equation (L) i.e. pass ε ↓ 0, more assumptions are

required.

Theorem 2.10 (Full equivalence). We fix d = 3 and γ ∈ (−3, 0]. Suppose that for some T > 0, a

curve µ : [0, T ] → P(R3) has a density µt = ftL that satisfies the following set of assumptions

(A2.1) (Moments and Lp) Assume that there exists some 0 < η ≤ γ + 3 such that

⟨v⟩2−γ ft(v) ∈ L∞
t

Å
0, T ;L1

v ∩ L
3−η

3+γ−η
v (R3)

ã
.

(A2.2) (Finite entropy) We assume that the initial entropy is finite

H[f0] =

∫
R3

f0 log f0 < +∞.

(A2.3) (Finite entropy-dissipation) We assume that the entropy-dissipation of f is integrable in time

DL(ft) = DH(ft) =
1

2

∫∫
R6

ff∗

∣∣∣∣∇̃δH
δf

∣∣∣∣2 dvdv∗ =
1

2

∫∫
R6

ff∗|v − v∗|γ+2|Π[v − v∗](∇ log f −∇∗ log f∗)|2dvdv∗ ∈ L1
t (0, T ).

Then µ is a curve of maximal slope for H with respect to its upper gradient
√
DL if and only if its

density f is a weak solution of the Landau equation.

Remark 2.2. When γ ∈ [−2, 0], it is known that for suitable initial data (lying in weighted Lp spaces

for p large enough and for a sufficient power-like weight), weak solutions of Landau equation satisfy-

ing (A2.1)–(A2.3) exist (they are strong and unique under extra conditions). We refer to [122], and

Appendix B of [54] when γ > −2, for details.

When γ ∈ (−3,−2), Assumption (A2.1) is not known to hold for global weak solutions with large

initial data. Solutions satisfying (A2.1)–(A2.3) are nevertheless known to exist for initial data close

to equilibrium (cf. [78], in a more general spatially inhomogeneous context), or in the Coulomb case

γ = −3 (in that case 3−η
3+γ−η being replaced by ∞) for large initial data, but for short times [55, 11].
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The focus on the Maxwellian and soft potential regime γ ≤ 0 here is motivated by building a gradient

flow framework to address the open questions for Landau. The hard potential case γ ∈ (0, 1) has already

been studied in detail by the third author and Villani [56, 57]. We believe that our results also carry to

the hard potentials. In particular, the exponents in assumption (A2.1) should be modified to

⟨v⟩2+γ ft(v) ∈ L∞
t (0, T ; L1

v(R3)), ft(v) ∈ L∞
t (0, T ; L

3
3−γ

+
v (R3)), 0 < γ < 1.

We emphasise that these conditions are guaranteed since the required moments and Lp integrability are

propagated from appropriate initial data when γ > 0 [56, 57]. This condition appears in [53, Corollary

2.7]. It is the hard potential version of Theorem 2.32 which is crucial to the proof of Theorem 2.10.

Much of our analysis remains the same, however the space P2 should be changed to P2+γ cohering

with the moment condition above and trivializing Lemma 2.33, for example.

The Coulomb case γ = −3 is excluded because assumption (A3.1) is insufficient in the case γ = −3.

This is discussed more in Remark 2.10.

It is an open problem to find the range of values γ under which we can show the existence of curves

of maximal slope for the original Landau equation (L), or equivalently, contructing solutions of the

original Landau equation by passing to the limit ε ↓ 0 in Theorem 2.9. Some of the difficulties in

achieving this result are the propagation of moments for the regularised Landau equation uniformly in

ε and the compactness of sequences with bounded-in-ε regularised entropy dissipation DHε . The rest

of this chapter is devoted to showing the main four theorems in the next four sections.

2.2 The Landau metric dL

Our approach to defining the distance dL mentioned in Theorem 2.7 closely follows the dynamic for-

mulation of transport distances originally due to Benamou and Brenier [17] and further extended by

Dolbeault, Nazaret, and Savaré [60]. We also refer the reader to Erbar [61] for a similar approach. The

proof of Theorem 2.7 is contained in Section 2.2.3 after establishing a few preliminary notions. The

formulation of dL consists of two components:

1. The continuity equation constraint which inspires our generalisation in Section 2.2.1.

2. The ‘action’ or energy functional AL which inspires our generalisation in Section 2.2.2.
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2.2.1 Grazing continuity equation

We consider for γ ∈ [−4, 0] the grazing continuity equation:

∂tµt +
1

2
∇̃ ·Mt = 0, in (0, T )× Rd, (2.2)

which is interpreted in the sense of distributions; for every ϕ ∈ C∞
c ((0, T )× Rd),

∫ T

0

∫
Rd

∂tϕ(t, v)dµt(v)dt+
1

2

∫ T

0

∫∫
R2d

[∇̃ϕ](t, v, v∗)dMt(v, v∗)dt = 0.

For some regularity properties, we will also need to assume the following moment condition

∫ T

0

∫∫
R2d

(1 + |v|+ |v∗|)d|Mt|(v, v∗)dt <∞. (2.3)

The curves (µt)t∈[0,T ], (Mt)t∈[0,T ] are Borel families of measures belonging to P and Md respectively.

We will refer to µ = µt from the pair as a curve and M =Mt as a grazing rate. We first establish some

a-priori properties of solutions to the grazing continuity equation.

Lemma 2.11 (Continuous representative). For families (µt), (Mt) in P and Md, respectively, satisfy-

ing the grazing continuity equation and the finite moment condition (2.3), there exists a unique weakly

continuous representative curve (µ̃t)t∈[0,T ] such that µ̃t = µt a.e. t ∈ [0, T ]. Furthermore, for any

ϕ ∈ C∞
c ((0, T )× Rd) and any t0, t1 ∈ [0, T ], we have the following formula

∫
Rd

ϕt1dµ̃t1 −
∫
Rd

ϕt0dµ̃t0 =

∫ t1

t0

∫
Rd

∂tϕdµtdt+
1

2

∫ t1

t0

∫∫
R2d

∇̃ϕdMtdt.

Proof. This proof is nearly identical to [6, Lemma 8.1.2]. There, it was crucial to estimate the distri-

butional time derivative of t 7→ µt. We perform the analogous estimate here to highlight the difference

in this context. Fix ζ ∈ C∞
c (Rd) and consider the map

t ∈ (0, T ) 7→ µt(ζ) =

∫
Rd

ζ(v)dµt(v) ∈ R.

According to the grazing continuity equation, the distributional time derivative is

µ̇t(ζ) =
1

2

∫∫
R2d

∇̃ζdMt(v, v∗) =
1

2

∫∫
R2d

|v − v∗|1+
γ
2Π[v − v∗](∇ζ −∇∗ζ∗)dMt(v, v∗).
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Using a Mean-Value estimate for γ ∈ [−4,−2), we have the following estimates depending on γ ∈ [−4, 0],

|µ̇t(ζ)| ≲γ

 supw∈Rd |∇ζ(w)|
∫∫

R2d(1 + |v|+ |v∗|)d|Mt|(v, v∗) γ ∈ [−2, 0]

1
2 supw∈Rd |D2ζ(w)|

∫∫
R2d(1 + |v|+ |v∗|)d|Mt|(v, v∗) γ ∈ [−4,−2)

.

The precise estimate used above reads

|∇̃ζ| ≲

 |v − v∗|1+
γ
2 sup |∇ζ|, γ ∈ [−2, 0]

|v − v∗|2+
γ
2 sup |D2ζ|, γ ∈ [−4,−2)

≲γ (1 + |v|+ |v∗|)

 sup |∇ζ|, γ ∈ [−2, 0]

sup |D2ζ|, γ ∈ [−4,−2)
.

Hence, for every ζ ∈ C2
c (Rd), t 7→ µt(ζ) belongs to W 1,1(0, T ) (and µ̇t(ζ) is also its weak derivative).

The rest of the proof proceeds as in [6, Lemma 8.1.2] using the C2-norm of ζ for the soft potentials

γ ∈ [−4,−2) as opposed to just the C1-norm of ζ. To elaborate, there are two final properties to check

so that the continuous representative belongs in P.

1. We need to show that µt extends to a continuous curve. Using [22, Theorem 8.2] to relate

µt(ζ) − µs(ζ) =
∫ t
s µλ(ζ)dλ, the previous estimate shows that there is a unique extension to a

continuous curve {µ̃t}t∈[0,T ] in (C2
c (Rd))′ since

|µt(ζ)− µs(ζ)| ≤ ∥ζ∥C2

∫∫ t

s

∫
R2d

(1 + |v|+ |v∗|)d|Mλ|(v, v∗)dλ.

2. We are done once we can establish {µt}t∈[0,T ] is tight. This can be accomplished by choosing

particular test functions ζ approximating large balls and applying the previous estimate.

The last point to prove is the formula

∫
Rd

ϕt1dµ̃t1 −
∫
Rd

ϕt0dµ̃t0 =

∫ t1

t0

∫
Rd

∂tϕdµtdt+
1

2

∫ t1

t0

∫∫
R2d

∇̃ϕdMtdt.

This follows from a standard approximation argument by picking particular functions ηδ ∈ C1
c (0, T )

and ϕ ∈ C∞
c ((0, T ) × R2d) such that ηδ approximates the indicator function χ[t1,t2] as δ ↓ 0 in the

grazing continuity equation

∫ T

0

∫
Rd

∂t(ηεϕ)dµt(v)dt+
1

2

∫ T

0
ηδ

∫∫
R2d

∇̃ϕdMt(v, v∗)dt = 0.

Lemma 2.12 (Conservation lemma). Fix γ ∈ [−4, 0] and let (µt)t∈[0,T ], (Mt)t∈[0,T ] be Borel families of

measures in P, Md respectively satisfying (2.2) and the moment condition (2.3). Assume further that
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(µt)t∈[0,T ] is weakly-* continuous with respect to t. We have that momentum is conserved;

∫
Rd

vdµt(v) =

∫
Rd

vdµ0(v), ∀t ∈ [0, T ].

In the case γ ∈ [−4,−2] we have that the energy is conserved;

∫
Rd

|v|2dµt(v) =
∫
Rd

|v|2dµ0(v), ∀t ∈ [0, T ].

Proof. We show the proof of the conservation of energy for γ ∈ [−4,−2] since the conservation of

momentum is similar. To compress some notations, we denote w = |v − v∗|1+
γ
2 . We consider a fixed

φ ∈ C∞
c (B2) which satisfies

0 ≤ φ ≤ 1, φ|B1 = 1, and |∇φ| ≲ 1.

We define φR(v) := φ(v/R) for R > 0 and use this as a test function in the grazing continuity equation

to obtain∫
Rd

|v|2φR(v) dµt(v)−
∫
Rd

|v|2φR(v) dµ0(v)

=

∫ t

0

∫∫
R2d

wΠ

Å
vφR(v) + |v|2∇φ(v/R)

R
− v∗φR(v∗)− |v∗|2

∇φ(v∗/R)
R

ã
dMs(v, v∗)ds

(2.4)

We estimate one half of the terms in (2.4) using the cancellation from the projection Π to obtain

∣∣∣∣∫ t

0

∫∫
R2d

wΠ(vφR(v)− v∗φR(v∗)) dMs

∣∣∣∣ ≤
∫ t

0

∫∫
(BR×BR)c

w |vφR(v)− v∗φR(v∗)| d|Ms|

≲
∫ t

0

∫∫
(BR×BR)c

1 + |v|+ |v∗| d|Ms|.

The last inequality is obtained by the Mean-Value Theorem when |v − v∗| ≤ 1 since the properties of

ϕR give

|vϕR(v)− v∗ϕR(v∗)| ≤ |v − v∗| sup
w∈BR

Å
|ϕR(w)|+

|w|
R

|∇ϕ(w/R)|
ã
≲ |v − v∗|.

Hence, using the triangle inequality for the case |v − v∗| ≥ 1, we have the following estimate

w |vφR(v)− v∗φR(v∗)| ≲


|v − v∗|2+

γ
2 |v − v∗| ≤ 1

|v|+ |v∗| |v − v∗| ≥ 1.
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Similarly, using that ∇φR is supported in B2R \BR and that
∣∣∣∂i {|v|2 ∂jφ(v/R)

R

}∣∣∣ ≲ 1 , we obtain that

∣∣∣∣∫ t

0

∫∫
R2d

wΠ

Å
|v|2∇φ(v/R)

R
− |v∗|2

∇φ(v∗/R)
R

ã
dMs

∣∣∣∣ ≲
∫∫

(BR×BR)c
1 + |v|+ |v∗| d|Ms| ,

where we have controlled the difference with the Mean-Value Theorem. From the previous bounds, we

can use (2.3) to take R→ ∞ in (2.4) and obtain the conservation of energy

lim
R→∞

∫
Rd

|v|2φR(v) dµt(v) = lim
R→∞

∫
Rd

|v|2φR(v) dµ0(v).

The proof for conservation of momentum involve testing the grazing continuity equation against viϕR

where vi is the i-th component of v. The case γ ∈ [−4,−2] follows the same argument as just presented.

For γ ∈ [−2, 0], the estimates can be more blunt since the weight is no longer singular.

Remark 2.3. Note that as γ increases into the range (−2, 0], the weight function w = |v−v∗|1+
γ
2 starts

adding growth so the Mean-Value estimates in Lemma 2.12 no longer apply unless more moments of

M are assumed than (2.3).

Based on the previous results, we propose the following definition.

Definition 2.13 (Grazing continuity equation). For some terminal time T > 0, we define GCET to

be the set of pairs of measures (µt,Mt)t∈[0,T ] satisfying the following:

1. µt ∈ P(Rd) is weakly continuous with respect to t ∈ [0, T ]. (Mt)t∈[0,T ] is a family of Borel

measures belonging to Md.

2. We have the moment bound (2.3)

∫ T

0

∫∫
R2d

(1 + |v|+ |v∗|)d|Mt|(v, v∗)dt <∞.

3. The grazing continuity equation (2.2) is satisfied in the distributional sense. That is, for every

ϕ ∈ C∞
c ((0, T )× Rd),

∫ T

0

∫
Rd

∂tϕdµtdt+
1

2

∫ T

0

∫∫
R2d

∇̃ϕ · dMtdt = 0,

or equivalently for every ζ ∈ C∞
c (Rd),

d

dt

∫
Rd

ζ(v)dµt(v) =
1

2

∫∫
R2d

∇̃ζ(v, v∗)dMt(v, v∗).
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For fixed probability measures λ, ν, we may also specify the subset GCE(λ, ν) as those pairs (µ,M) ∈

GCET such that µ0 = λ, µT = ν. For E > 0, we will speak of curves (µ,M) ∈ GCE2,E
T = GCEET such

that supt∈[0,T ]m2(µt) ≤ E.

2.2.2 Action of a curve

In this section, we construct the action of a curve under the grazing continuity equation. We introduce

the following function α : Rd × R≥0 → [0,∞] by

α(u, s) :=


|u|2
2s , s ̸= 0

0, s = 0, u = 0

∞, s = 0, u ̸= 0

.

Lemma 2.14. α is jointly lower semi-continuous, convex, and positively 1-homogeneous.

Proof. These properties are easily, if tediously, verified. In the case s ̸= 0, the convexity of α follows

since the Hessian of |u|2
2s has non-negative determinant.

For fixed µ ∈ P, M ∈ Md, we define µ1 ∈ P(Rd × Rd) by

µ1(dv, dv∗) := µ⊗ µ(dv, dv∗) = µ(dv)µ(dv∗).

Consider τ ∈ M given by τ = µ1 + |M | and the decompositions µ1 = f1τ and M = Nτ . We define the

action functional as

AL(µ,M) :=

∫∫
R2d

α(N, f1)dτ. (2.5)

This is well-defined by the 1-homogeneity of α; if σ ∈ M is another measure which dominates µ1 and

|M |, then also τ ≪ σ so dτ
dσ exists and we can write

∫∫
R2d

α

Å
dM

dσ
,
dµ1

dσ

ã
dσ =

∫∫
R2d

α

Å
dM

dτ
,
dµ1

dτ

ã
dτ

dσ
dσ.

The following lemma establishes a more concrete expression for the action functional.

Lemma 2.15. Let µ ∈ P(Rd) be absolutely continuous with respect to L and µ = fL. Let M ∈ Md

be given such that AL(µ,M) < ∞. Then, M is absolutely continuous with respect to ff∗dvdv∗ given

by density U : Rd × Rd → Rd such that M = ff∗Udvdv∗ = mdvdv∗ and

AL(µ,M) =
1

2

∫∫
R2d

ff∗|U |2dvdv∗ =
1

2

∫∫
R2d

|m|2

ff∗
dvdv∗.
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Proof. The proof is identical to [61, Lemma 3.6] up to appropriate modifications but we present it here

for clarity. Consider the same dominating measure τ ∈ M from before the statement of the lemma

with the same notations for the densities;

τ = µ⊗ µ+ |M |, µ⊗ µ = f1τ, M = Nτ.

For a fixed measurable subset A ⊂ R2d, suppose

0 =

∫∫
A
ff∗dv∗dv = µ⊗ µ(A) =

∫∫
A
f1dτ(v, v∗).

We wish to deduce from this that M(A) = 0. Since τ is a positive measure, we must have f1 = 0 for

almost every (v, v∗) ∈ A. By the assumption of finite action, we deduce that α(N, f1) = 0 for almost

every (v, v∗) ∈ A. This implies N = 0 for almost every (v, v∗) ∈ A which leads to M(A) = 0 and we

are done.

Lemma 2.16 (Lower semi-continuity of action functional). The action functional AL as defined in (2.5)

is jointly lower semi-continuous in both arguments. Specifically, if µn
σ
⇀ µ weakly in P and Mn

∗
⇀M

weakly-* in Md, we have

AL(µ,M) ≤ lim inf
n→∞

AL(µn,Mn).

Proof. This result is an application of the general lower semi-continuity results which can be found

in [25, Theorem 3.4.3] and [62, Theorem 5.25] since α satisfies the required convexity, lower semi-

continuity, and homogeneity assumptions by Lemma 2.14.

Another useful property of the action functional is the compactness provided by finite action. We

first state

Lemma 2.17. Let F : R2d → [0,∞] be measurable and fix any µ ∈ P, M ∈ Md. We have the

following estimate

∫∫
R2d

F (v, v∗)d|M |(v, v∗) ≤
√
2AL(µ,M)

1
2

Å∫∫
R2d

F (v, v∗)
2dµ(v)dµ(v∗)

ã 1
2

. (2.6)

Proof. This proof follows [61, Lemma 3.8]. We assume AL(µ,M) < +∞ or else (2.6) holds auto-

matically. This implies that whenever A ⊂ R2d is a measurable set, µ ⊗ µ(A) = 0 if and only if

|M |(A) = 0. Therefore, in the following computations we are implicitly integrating away from sets of

36



zero µ⊗ µ-measure. By considering τ = µ⊗ µ+ |M |, we use Cauchy-Schwarz to estimate

∫∫
R2d

Fd|M |(v, v∗) ≤
∫∫

R2d

F

∣∣∣∣dMdτ
∣∣∣∣ dτ(v, v∗) = ∫∫

R2d

F

Ç∣∣∣∣dMdτ ∣∣∣∣¬…2
dµ⊗ µ

dτ

å…
2
dµ⊗ µ

dτ
dτ

≤
Å∫∫

R2d

α

Å
dM

dτ
,
dµ⊗ µ

dτ

ã
dτ

ã 1
2
Å∫∫

R2d

2F 2dµ⊗ µ

ã 1
2

=
√
2AL(µ,M)

1
2

Å∫∫
R2d

F (v, v∗)
2dµ(v)dµ(v∗)

ã 1
2

.

Remark 2.4. Suppose we have µt ∈ P such that
∫ T
0 m2(µt)dt < +∞, then the previous estimate (2.6)

for M ∈ Md
T and F = 1 + |v|+ |v∗| yields

∫ T

0

∫∫
R2d

(1 + |v|+ |v∗|)d|Mt|(v, v∗)dt ≲
∫ T

0
AL(µt,Mt)

1
2

Å
1 + 2

∫
Rd

|v|2 dµt
ã 1

2

dt. (2.7)

Therefore, the time integrability of both the action and the second moment of µt imply M satisfies the

moment condition (2.3). In the sequel, we will be considering curves satisfying precisely this property

to guarantee (2.7).

Proposition 2.18. Let (µnt ,M
n
t )n be a sequence in GCET such that (µn0 )n is tight and we have the

following uniform bounds

sup
n∈N

∫ T

0

∫
Rd

|v|2 dµnt (v)dt <∞ and sup
n∈N

∫ T

0
AL(µ

n
t ,M

n
t ) dt <∞. (2.8)

Then, there exists (µt,Mt) ∈ GCET such that, possibly after extracting a subsequence, we have the

following convergences

µnt
σ
⇀ µt weakly in P, ∀t ∈ [0, T ]

Mn
t dt

∗
⇀Mtdt weakly-* in Md

T

.

Furthermore, along this subsequence we have the following lower semi-continuity

∫ T

0
AL(µt,Mt) dt ≤ lim inf

n→∞

∫ T

0
AL(µ

n
t ,M

n
t ) dt.

Sketch of the proof. This result follows from a similar proof to [60, Lemma 4.5] and [61, Proposition

3.11] which we sketch. The second moment bound for µn in (2.8) produces a limit µ. Recalling the

application of Lemma 2.17 in Remark 2.4, the bounded action in (2.8) and the estimate (2.7) produce

a limit M̃ ∈ M((0, T )×R2d) along a subsequence ofMn
t dt. The time integrated version of Lemma 2.17

implies that M̃ can be disintegrated with respect to Lebesgue measure; M̃ = Mtdt for a curve t ∈
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(0, T ) 7→Mt ∈ Md. The lower semi-continuity follows from Fatou’s lemma and Lemma 2.16.

2.2.3 Properties of the Landau metric

We define the distance, dL, induced by the action functional on P2,E(Rd). Throughout, we will be

working in GCEET for T > 0 some terminal time and arbitrary E > 0.

Definition 2.19. For λ, ν ∈ P2,E(Rd) we define the (square of the) Landau distance by

d2L(λ, ν) := inf

®
T

∫ T

0
AL(µt,Mt)dt

∣∣∣∣ (µ,M) ∈ GCEET (λ, ν)

´
. (2.9)

Notice this definition is independent of T > 0 considering the scaling of the grazing collision equation

and the 1-homogeneity of A. We have an equivalent characterisation of dL which can be seen in other

PDE contexts such as [61, 60].

Lemma 2.20. Given λ, ν ∈ P2,E(Rd), we have

dL(λ, ν) = inf

®∫ T

0

»
AL(µt,Mt)dt

∣∣∣∣ (µ,M) ∈ GCEET (λ, ν)

´
. (2.10)

Proof. Here we reproduce the same proof as in [60, Theorem 5.4]. We denote, only for this proof,

dL(λ, ν) = RHS(2.10). By Cauchy-Schwarz, we have that for every (µ,M) ∈ GCEET

∫ T

0

»
AL(µt,Mt)dt ≤ T

1
2

Ç∫ T

0
AL(µt,Mt)dt

å 1
2

.

From here, we obtain

dL(λ, ν) ≤ dL(λ, ν),

and so we turn to establishing the reverse inequality. As in [6, Lemma 1.1.4], for every δ > 0 and

t ∈ [0, T ], define

sδ(t) :=

∫ t

0
{δ +AL(µr,Mr)}

1
2 dr.

One sees that sδ(·) is strictly increasing and its derivative satisfies

s′δ(t) = {δ +AL(µt,Mt)}
1
2 ≥ δ

1
2 .

Define Sδ := sδ(T ) so that sδ : [0, T ] 7→ [0, Sδ] is a strictly increasing surjection. Therefore, its inverse,

denoted by tδ is well-defined and is Lipschitz continuous with a bound on its derivative given by

t′δ(s) ≤ δ−
1
2 , ∀s ∈ (0, Sδ).
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Moreover, an application of the inverse function theorem gives the form

t′δ(sδ(t)) = (δ +AL(µt,Mt))
− 1

2 .

By classical arguments on time rescaling (such as in [6, Lemma 8.1.3]), by defining µδs = µtδ(s) and

M δ
s = t′δ(s)Mtδ(s) one has that (µδ,M δ) ∈ GCE2,E

Sδ
with µδ0 = λ, µδSδ

= ν so by definition

d2L(λ, ν) ≤ Sδ

∫ Sδ

0
A(µδs,M

δ
s )ds = Sδ

∫ T

0

AL(µt,Mt)

δ +AL(µt,Mt)
(δ +AL(µt,Mt))

1
2 dt.

The equality follows from a change of variables in the integral from s to t. The term in the denominator

appears because the action functional AL is 2-homogeneous in its second argument. Continuing, we

add δ to the numerator of the fraction and obtain the further estimate

d2L(λ, ν) ≤ · · · ≤ Sδ

∫ T

0
(δ +AL(µt,Mt))

1
2 dt = S2

δ .

Passing to the limit superior as δ ↓ 0 with the reverse Fatou lemma, we have

dL(λ, ν) ≤ lim sup
δ↓0

Sδ = lim sup
δ↓0

®∫ T

0
(δ +AL(µt,Mt))

1
2 dt

´
≤
∫ T

0

»
AL(µt,Mt)dt = dL(λ, ν).

Proposition 2.21 (Minimising curve). Suppose that µ0, µ1 ∈ P2,E(Rd) satisfy dL(µ0, µ1) <∞. Then

there exists a curve (µ,M) ∈ GCE2,E
1 (µ0, µ1) attaining the infimum of (2.9) (equivalently, also (2.10))

and AL(µt,Mt) = d2L(µ0, µ1) for almost every t ∈ [0, 1].

Proof. The existence of a curve (µ, M) ∈ GCE2,E
1 (µ0, µ1) follows from the direct method of calcu-

lus of variations where the lower semi-continuity comes from Proposition 2.18. As for the formula

AL(µt, Mt) = d2L(µ0, µ1) for almost every t ∈ [0, 1], notice that Cauchy-Schwarz as well as the equiva-

lent representations (2.9) and (2.10) give

∫ 1

0

»
AL(µt,Mt)dt ≤

Ç∫ 1

0
AL(µt,Mt)dt

å 1
2

= dL(µ0, µ1) =

∫ 1

0

»
AL(µt,Mt)dt.

Clearly, these are all equalities which, by Cauchy-Schwarz, implies that
√
AL(µt,Mt) is a constant.

We now have all the ingredients to prove Theorem 2.7.
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Proof of Theorem 2.7. We prove the statements in exactly the order they are presented in the theorem,

starting with the properties of the proposed Landau distance as a metric. The positivity of dL follows

from the positivity of α. We now check that dL satisfies the properties of a metric.

dL distinguishes points

Fix µ0, µ1 ∈ P2,E(Rd), we check that dL(µ0, µ1) = 0 ⇐⇒ µ0 = µ1. Suppose that dL(µ0, µ1) = 0.

By Proposition 2.21 we can find (µ,M) ∈ GCE2,E
1 (µ0, µ1) which is a minimising curve and moreover

0 = dL(µ0, µ1) = AL(µt,Mt) implies M = 0. The grazing continuity equation reduces to ∂tµt = 0

which implies µt is constant in time.

The converse statement follows similarly by pairing the constant curve µ : t 7→ µ0 = µ1 with the

zero measure so that (µ, 0) ∈ GCE2,E
1 (µ0, µ1).

Symmetry

Symmetry follows because time can be reversed for every curve. For instance, if (µ,M) ∈ GCEET (µ0, µ1),

then one can check that the pair

µr : t 7→ µ(T − t), M r : t 7→ −M(T − t)

belong to GCEET (µ1, µ0) with the same action.

Triangle inequality

We sketch the argument using a glueing lemma as in [60, Lemma 4.4]. Without loss of generality, let

µ0, µ1, µ2 ∈ P2,E(Rd) be such that dL(µ
0, µ1) < ∞ and dL(µ

1, µ2) < ∞. By Proposition 2.21, we can

find minimising curves connecting these probability measures

(µ0→1,M0→1) ∈ GCE2,E
1 (µ0, µ1), (µ1→2,M1→2) ∈ GCE2,E

1 (µ1, µ2).

We take their concatenation from time 0 to 1 is given by

µt :=

 µ0→1
2t , 0 ≤ t ≤ 1

2

µ1→2
2(t−1/2),

1
2 ≤ t ≤ 1

, Mt :=

 2M0→1
2t , 0 ≤ t ≤ 1

2

2M1→2
2(t−1/2),

1
2 < t ≤ 1

.

One can check that (µ,M) ∈ GCE2,E
1 (µ0, µ2), so it is an admissible competitor in the computation of

dL(µ
0, µ2). By looking at the action on the different time pieces, we have

dL(µ
0, µ2) ≤

∫ 1

0

»
AL(µt,Mt)dt = dL(µ

0, µ1) + dL(µ
1, µ2).

dL-convergence/boundedness implies weak convergence/compactness
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Fix a sequence (µn)n∈N ∈ P2,E and µ∞ ∈ P2,E such that dL(µ
∞, µn) → 0 as n → ∞. By Proposi-

tion 2.21, take minimising curves (νn,Mn) ∈ GCE2,E
1 (µ∞, µn) such that

dL(µ
∞, µn) =

»
AL(νnt ,M

n
t ), a.e. t ∈ [0, 1].

By compactness in Proposition 2.18, there are limits (ν,M) ∈ GCE2,E
1 such that νn ⇀ ν andMn ∗

⇀M

up to a subsequence. Moreover, the lower semi-continuity in Proposition 2.18 gives

AL(νt,Mt) ≤ lim inf
n→∞

AL(ν
n
t ,M

n
t ) = 0,

hence M = 0 so that ν is constant in time. Since ν(0) = µ∞, this implies µ∞ = ν(1) = limn→∞ µn

which establishes the weak convergence.

(Pτ , dL) is a complete geodesic space

We start with the geodesic property from completely analogous arguments to Erbar [61], the remaining

statement that Pτ equipped with dL is a complete geodesic space follows. Fix τ ∈ P2,E(Rd) with

µ0, µ1 ∈ Pτ , the triangle inequality ensures dL(µ0, µ1) <∞ so Proposition 2.21 guarantees the existence

of a minimising curve (µ,M) ∈ GCE2,E
1 (µ0, µ1). One easily sees that this also induces a minimising

curve for intermediate times. More precisely, for every 0 ≤ r ≤ s ≤ 1, we have that (t 7→ µt+r, t 7→

Mt+r) ∈ GCE2,E
s−r(µr, µs) also minimises dL(µr, µs).

To show completeness, let (µn)n∈N be a Cauchy sequence in Pτ . The sequence is certainly dL-

bounded so by Proposition 2.18, we can find, up to extraction of a weakly convergent subsequence,

µ∞ ∈ P2,E(Rd) such that µn ⇀ µ∞ in P2,E(Rd). Lower semi-continuity of dL and the Cauchy

property of the subsequence give

dL(µ
n, µ∞) ≤ lim inf

m→∞
dL(µ

n, µm) → 0, as n→ ∞.

For any n ∈ N the triangle inequality gives

dL(µ
∞, τ) ≤ dL(µ

∞, µn) + dL(µ
n, τ) <∞,

which implies µ∞ ∈ Pτ .

Following the philosophy of Otto [103], we present the Riemannian geometrical interpretation of

(P2,E , dL).

Proposition 2.22 (Metric derivative). A curve (µt)t∈[0,T ] ⊂ P2,E(Rd) is absolutely continuous with
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respect to dL if and only if there exists a Borel family (Mt)t∈[0,T ] belonging to Md such that (µ,M) ∈

GCEET with the property that ∫ T

0

»
AL(µt,Mt)dt <∞.

In this equivalence, we have a bound on the metric derivative

lim
h↓0

d2L(µt+h, µt)

h2
=: |µ̇|2(t) ≤ AL(µt,Mt), a.e. t ∈ (0, T ).

Furthermore, there exists a unique Borel family (M̃t)t∈[0,T ] belonging to Md which is characterised by

Mt = Uµt ⊗ µt and U ∈ Tµ := {∇̃ϕ |ϕ ∈ C∞
c (Rd)}

L2(µt⊗µt)

such that (µ, M̃) ∈ GCEET (µ0, µT ) where we have equality

|µ̇|2(t) = AL(µt, M̃t) < +∞, a.e. t ∈ (0, T ).

In other words, for a fixed µ, the measure M̃ is minimal for the action functional so if η ∈ Md is

∇̃·-free, meaning ∫∫
R2d

∇̃ξ · dη(v, v∗) = 0, ∀ξ ∈ C∞
c (Rd),

then there holds AL(µt, M̃t) ≤ AL(µt, M̃t + η).

Proof. We proceed exactly as in Dolbeault et al. [60, Theorem 5.17]. We start with the ‘if’ ( ⇐= )

direction. Lemma 2.20 gives for 0 ≤ r ≤ s ≤ T

dL(µr, µs) ≤
∫ s

r

»
AL(µt,Mt)dt <∞.

The proof of Lemma 2.20 also says that
√

AL(µt,Mt) ∈ L2(0, T ). Hence µ is absolutely continuous

with respect to dL and by Lebesgue differentiation theorem, we also obtain

|µ̇|2(t) ≤ AL(µt,Mt), a.e. t ∈ [0, T ].

For the ‘only if’ ( =⇒ ) direction, assume µ is absolutely continuous. Lemma 1.1.4 of [6] says that

there is an arc-length reparameterization of t 7→ µt which is Lipschitz (this was similarly used in the

proof of Lemma 2.20). So without loss of generality, assume that our original map t 7→ µt is Lipschitz

so that the metric derivative is bounded |µ̇| ≤ 1. For fixed N ∈ N we take a mesh of [0, T ] with step

size τ = 2−NT . Let k = 1, . . . , 2N . Recalling Definitions 2.2 and 2.3, |µ̇|(t) can be thought of as the
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minimal m in the right-hand side of Definition 2.2 so that the following inequality holds

dL(µ(k−1)τ , µkτ ) ≤
∫ kτ

(k−1)τ
|µ̇|(t)dt. (2.11)

Squaring this inequality and using Cauchy-Schwarz gives

d2L(µ(k−1)τ , µkτ ) ≤
Ç∫ kτ

(k−1)τ
|µ̇|(t)dt

å2

≤ τ

∫ kτ

(k−1)τ
|µ̇|2(t)dt.

Finally, division by τ gives

τ−1d2L(µ(k−1)τ , µkτ ) ≤
∫ kτ

(k−1)τ
|µ̇|2(t)dt. (2.12)

Since |µ̇| ∈ L2(0, T ), inequality (2.11) gives dL(µ(k−1)τ , µkτ ) < ∞. Hence, by Proposition 2.21, we can

find minimising curves (µk,N ,Mk,N ) ∈ GCEET
(
µ(k−1)τ , µkτ

)
such that (going back to Definition 2.19)

τ

∫ τ

0
AL(µ

k,N
t ,Mk,N

t )dt = d2L(µ(k−1)τ , µkτ ).

Now we define (µN ,MN ) ∈ GCEET (µ0, µT ) as the concatenation of all the curves (µk,N ,Mk,N ). This

is done in a similar way as in the proof of the triangle inequality for Theorem 2.7. More explicitly, we

define the curves

µNt :=



µ1,Nt , 0 ≤ t ≤ τ

µ2,Nt−τ , τ ≤ t ≤ 2τ

...
...

µ2
N ,N
t−(2N−1)τ

, (2N − 1)τ ≤ t ≤ T

, MN
t :=



M1,N
t , 0 ≤ t ≤ τ

M2,N
t−τ , τ ≤ t ≤ 2τ

...
...

M2N ,N
t−(2N−1)τ

, (2N − 1)τ ≤ t ≤ T

.

We compute the time integral of the square root of the action on this concatenated curve with the help

of (2.12) and the Lipschitz assumption

∫ T

0
AL(µ

N
t ,M

N
t )dt =

2N∑
k=1

∫ τ

0
AL(µ

k,N
t ,Mk,N

t )dt =
2N∑
k=1

τ−1d2L(µ(k−1)τ , µkτ )

≤
2N∑
k=1

∫ kτ

(k−1)τ
|µ̇|2(t)dt =

∫ T

0
|µ̇|2(t)dt <∞.

This computation is independent of N ∈ N so taking the supremum, we have

sup
N∈N

∫ T

0
AL(µ

N
t ,M

N
t )dt <∞.

As well, we have (µN0 )N∈N = (µ1,N0 )N∈N = {µ0} which is tight as a singleton in P2,E(Rd). There is also
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a uniform second moment bound that is obtained directly from the minimising curves (µk,N ,Mk,N ) ∈

GCEET
(
µ(k−1)τ , µkτ

)
. These conditions fulfill Proposition 2.18 so, up to a subsequence, there exists

(µ̃,M) ∈ GCEET (µ0, µT ) such that µN ⇀ µ̃ and MN ∗
⇀ M . One has that µ̃t = µt for every t ∈ [0, T ]

because this equality holds for every t = i
2N
T for every N ∈ N and i = 1, . . . 2N . The union over all i,N

of this dyadic partition of [0, T ] is dense, so by extension we have µ̃t = µt. By lower semi-continuity,

the previous calculations show

T−1d2L(µ0, µT ) ≤
∫ T

0
AL(µt,Mt)dt ≤ lim inf

N→∞

∫ T

0
AL(µ

N
t ,M

N
t )dt ≤

∫ T

0
|µ̇|2(t)dt.

Since |µ̇| is minimal, we have AL(µt,Mt) = |µ̇|2(t) for almost every t ∈ [0, T ]. Uniqueness of the M

satisfying this equality follows because the problem

min
M

∫ T

0
AL(µt,Mt)dt, s.t. (µ,M) ∈ GCEET (µ0, µT )

is a linear programming problem with a strictly convex (in M) objective function with a convex con-

straint on M (the grazing continuity equation).

For the statement regarding the tangent space, notice that whenever η ∈ T⊥
µ , if (µ,M) ∈ GCEET (µ0, µT ),

then also (µ,M + η) ∈ GCEET (µ0, µT ) assuming that AL(µ,M + η) < +∞. To be precise, η ∈ T⊥
µ

means whenever ξ ∈ C∞
c (Rd), there holds

∫∫
R2d

∇̃ξ · dη = 0.

The first order optimality condition of the minimality of M̃ is precisely

AL(µ, M̃) ≤ AL(µ, M̃ + η), ∀η ∈ T⊥
µ .

2.3 Energy dissipation equality

The goal in this section is to prove Theorem 2.8 which states that the notions of gradient flow solutions

coincide with ε-solutions to the Landau equation. To fix ideas, we recall the regularised entropy

functionals (Hε) acting on probability measures

Hε[µ] =

∫
Rd

(µ ∗Gε)(v) log(µ ∗Gε)(v)dv,
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with Gε(v) given by

Gε(v) = ε−dCd exp
{
−
〈v
ε

〉}
, Cd =

Å∫
Rd

exp{− ⟨v⟩}dv
ã−1

.

The crucial ingredient to prove Theorem 2.8 is the following

Proposition 2.23 (Chain Rule ε). Fix γ ∈ [−4, 0] and suppose (µ,M) ∈ GCEET and

∫ T

0
A(µt,Mt)dt <∞.

Then, supt∈[0,T ]Hε[µt] <∞ and the ‘chain rule’ holds

Hε[µr]−Hε[µs] =
1

2

∫ r

s

∫∫
R2d

∇̃
ï
δHε

δµ

ò
· dMtdt, ∀0 ≤ s ≤ r ≤ T. (2.13)

Remark 2.5. Recall the expression for the dissipation

Dε(µ) := DHε(µ) =
1

2

∫∫
R2d

∣∣∣∣∇̃ ïδHε

δµ

ò∣∣∣∣2 dµ(v)dµ(v∗).
Using a time integrated version of Lemma 2.17, we have the estimate

1

2

∫ r

s

∫∫
R2d

∣∣∣∣∇̃ ïδHε

δµ

ò∣∣∣∣ d|Mt|(v, v∗)dt ≤
∫ r

s
A(µt,Mt)

1
2Dε(µt)

1
2 dt.

Therefore, under the hypothesis of Proposition 2.23, we have that

|Hε(µr)−Hε(µr)| ≤
∫ r

s
|µ̇|(t)Dε(µt)

1
2 dt,

which implies that Dε(µt)
1
2 is a strong upper gradient of Hε, see Definition 2.4.

Taking Proposition 2.23 (and Lemma 2.26 in the sequel which depends only on ε > 0 and uniform

second moments) for granted, we can prove Theorem 2.8.

Proof of Theorem 2.8. Throughout, µ = fL is a curve of probability measures with uniformly bounded

second moment.

Weak ε-solution =⇒ Curve of maximal slope

Consider f an ε-solution to the Landau equation. Define m = −ff∗∇̃ δHε
δf so that the pair of measures

(µ = fL,M = mL ⊗ L) therefore belong to GCEET . Indeed, the distributional grazing continuity

equation from Definition 2.13 is precisely the weak ε Landau equation. Based on the definition of M
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and the finite Hε dissipation, we have the bound

∫ T

0
A(µt,Mt)dt =

∫ T

0
Dε(ft)dt <∞,

which implies the weak continuity of µ. By Proposition 2.22, we have

|µ̇|2(t) = A(µt,Mt) = Dε(ft) <∞, a.e. t ∈ [0, T ].

Using Proposition 2.23, we have for any 0 ≤ s ≤ r ≤ T

Hε[µr]−Hε[µs] +
1

2

∫ r

s
Dε(µt)dt+

1

2

∫ r

s
|µ̇|2(t)dt ≤ 0.

According to Definition 2.5, this is the curve of maximal slope property.

Curve of maximal slope =⇒ weak ε-solution

Assume that µ = fL is a curve of maximal slope for Hε with respect to the upper gradient
√
Dε.

Since µ is absolutely continuous with respect to dL, Proposition 2.22 guarantees existence of a unique

curve M : t ∈ [0, T ] 7→ Mt ∈ ML such that
∫ T
0

√
A(µt,Mt)dt < ∞ and |µ̇|2(t) = A(µt,Mt) a.e.

t ∈ [0, T ]. Furthermore, the pair (µ,M) ∈ GCEET . According to Lemma 2.15, let M = mL ⊗ L

for some measurable function m. We apply the chain rule (2.13) with Cauchy-Schwarz and Young’s

inequalities with minus signs in the follow computations.

Hε[fT ]−Hε[f0] =
1

2

∫ T

0

∫∫
R2d

∇̃δHε

δf
·mdvdv∗dt

≥ −1

2

∫ T

0

Ç∫∫
R2d

ff∗

∣∣∣∣∇̃δHε

δf

∣∣∣∣2 dvdv∗
å 1

2
Å∫∫

R2d

|m|2

ff∗
dvdv∗

ã 1
2

dt

≥ −1

2

∫ T

0

Ç
1

2

∫∫
R2d

ff∗

∣∣∣∣∇̃δHε

δf

∣∣∣∣2 dvdv∗
å
dt− 1

2

∫ T

0

Å
1

2

∫∫
R2d

|m|2

ff∗
dvdv∗

ã
dt

= −1

2

∫ T

0
Dε(ft)dt−

1

2

∫ T

0
|µ̇|2(t)dt.

All the inequalities in the calculations above are actually equalities owing to the fact that µ is a

curve of maximal slope. In particular, since we have the equality in the Cauchy-Schwarz and Young’s

inequalities, this implies that m√
ff∗

= −
√
ff∗∇̃ δHε

δf . As in the previous direction, the weak ε Landau

equation coincides with the grazing continuity equation when m is equal to −ff∗∇̃ δHε
δf .

Remark 2.6. Assuming Proposition 2.23 is true with Hε replaced by H, the proof of Theorem 2.10

follows almost identically. Achieving this by taking the very technical limit ε ↓ 0 of (2.17) is the focus

of Section 2.5.
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The rest of this section is devoted to proving Proposition 2.23. We need some preliminary estimates.

The following result is a variation of [27, Lemma 2.6].

Lemma 2.24 (Carlen-Carvalho [27]). Fix µ ∈ P2,E for some E > 0 and ε > 0. Then, there exists a

constant C = C(ε, E) > 0 such that

| log(µ ∗Gε)(v)| ≤ C
〈v
ε

〉
.

Proof. Starting with an upper bound, we easily see

µ ∗Gε(v) =
∫
Rd

Gε(v − v′)dµ(v′) ≲ε 1.

Turning to the lower bound, we cut off the integration domain to |v′| ≤ R, for some R > 0 to be chosen

later. We estimate, for ε > 0 small enough≠
v − v′

ε

∑
=

 
1 +

∣∣∣∣v − v′

ε

∣∣∣∣2 ≤
 

1 + 2
∣∣∣v
ε

∣∣∣2 + 2

Å
R

ε

ã2

≤
√
2

Å〈v
ε

〉
+

≠
R

ε

∑ã
.

This is substituted into Gε(v − v′) to obtain

µ ∗Gε(v) ≥
∫
|v′|≤R

Gε(v − v′)dµ(v′) ≳ε exp

ß
−
√
2

Å〈v
ε

〉
+

≠
R

ε

∑ã™∫
|v′|≤R

dµ(v′).

At this point, we appeal to Chebyshev’s inequality using the second moment of µ to see

∫
|v′|≤R

dµ(v′) = 1−
∫
|v′|≥R

dµ(v′) ≥ 1− 1

R2

∫
|v′|≥R

|v′|2dµ(v′).

We can now choose, for example, large R such that 1− E
R2 ≥ 1

2 to uniformly lower bound the integral∫
|v′|≤R dµ(v

′) away from 0 and then conclude the result after applying logarithms.

Lemma 2.25 (log-derivative estimates). For fixed ε > 0 we have the formula

∇Gε(v) = −1

ε

〈v
ε

〉−1
Gε(v)

v

ε
. (2.14)

For µ ∈ P, denoting ∂i = ∂
∂vi

and ∂ij = ∂2

∂vi∂vj
, we obtain

|∇ log(µ ∗Gε)(v)| ≤ 1

ε
,
∣∣∣∂ij log(µ ∗Gε)(v)

∣∣∣ ≤ 4

ε2
. (2.15)
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Proof. Equation (2.14) is a direct computation after noticing

∇Gε

Gε
= ∇ logGε = ∇

(
−
〈v
ε

〉
+ const.

)
= −1

ε

〈v
ε

〉−1 v

ε
.

The first order log-derivative estimate of (2.15) is calculated using formula (2.14) to obtain

|∇(µ ∗Gε)(v)| = |µ ∗ ∇Gε(v)| ≤ 1

ε

∫
Rd

≠
v − v′

ε

∑−1 ∣∣∣∣v − v′

ε

∣∣∣∣Gε(v − v′)dµ(v′)

≤ 1

ε

∫
Rd

Gε(v − v′)dµ(v′) =
1

ε
(µ ∗Gε)(v).

For the second order derivatives, we first look at ∂ijµ∗Gε which can be computed with the help of (2.14)

|∂ijµ ∗Gε(v)| =
∣∣∣∣∣∂i
Ç
−1

ε

∫
Rd

≠
v − v′

ε

∑−1 vj − v′j

ε
Gε(v − v′)dµ(v′)

å∣∣∣∣∣ =∣∣∣∣∣ 1ε2
∫
Rd

Ç≠
v − v′

ε

∑−3 vi − v′i

ε

vj − v′j

ε
− δij

≠
v − v′

ε

∑−1

+

≠
v − v′

ε

∑−2 vi − v′i

ε

vj − v′j

ε

å
Gε(v − v′)dµ(v′)

∣∣∣∣∣
≤ 3

ε2
µ ∗Gε(v).

Combining this estimate with the previous first order one, we have

∣∣∣∂ij log(µ ∗Gε)(v)
∣∣∣ = ∣∣∣∣∂ijµ ∗Gε

µ ∗Gε
− (∂iµ ∗Gε)(∂jµ ∗Gε)

(µ ∗Gε)2

∣∣∣∣ ≤ 4

ε2
.

Lemma 2.26. Fix ε > 0 and γ ∈ [−4, 0] with µ ∈ P2,E(Rd) for some E > 0. We have

1. Moderately soft case γ ∈ [−2, 0]:

∣∣∣∣∇̃δHε

δµ

∣∣∣∣ = ∣∣∣∇̃[Gε ∗ log(µ ∗Gε)](v, v∗)
∣∣∣ ≲ε |v|1+

γ
2 + |v∗|1+

γ
2 .

2. Very soft case γ ∈ [−4,−2]: ∣∣∣∣∇̃δHε

δµ

∣∣∣∣ ≲ε 1.

In particular, it holds ∫∫
R2d

∣∣∣∣∇̃δHε

δµ

∣∣∣∣2 dµ(v)dµ(v∗) ≤ E.
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Proof. We first expand the expression for ∇̃ δHε
δµ to be used throughout this proof.

∇̃δHε

δµ
= ∇̃Gε ∗ log(µ ∗Gε)(v, v∗)

= |v − v∗|1+
γ
2Π[v − v∗](∇vG

ε ∗ log(µ ∗Gε)(v)−∇v∗G
ε ∗ log(µ ∗Gε)(v∗))

= |v − v∗|1+
γ
2Π[v − v∗]

∫
Rd

Gε(v′)

Å∇µ ∗Gε

µ ∗Gε
(v − v′)− ∇µ ∗Gε

µ ∗Gε
(v∗ − v′)

ã
dv′.

(2.16)

1. Moderately soft case γ ∈ [−2, 0]: We use (a concave version of) the triangle inequality (valid since

1 + γ
2 ≥ 0) and the first estimate of (2.15) to bound the last line of (2.16)

∣∣∣∣∇̃δHε

δµ

∣∣∣∣ ≤ 21+
γ
2 (|v|1+

γ
2 + |v∗|1+

γ
2 )

2

ε

∫
Rd

Gε(v′)dv′ ≲ε |v|1+
γ
2 + |v∗|1+

γ
2 .

2. Very soft case γ ∈ [−4,−2]: We perform estimates in two cases; the far field |v−v∗| ≥ 1 and near

field |v − v∗| ≤ 1.

|v − v∗| ≥ 1:

In the far field, we have |v − v∗|1+
γ
2 ≤ 1 hence we can brutally estimate (2.16) using again the

first estimate of (2.15) to obtain the estimate

∣∣∣∣∇̃δHε

δµ

∣∣∣∣ ≤ 2

ε
.

|v − v∗| ≤ 1:

We can treat the singularity from the weight with a mean-value estimate and the second estimate

of (2.15)

∣∣∣∣∇µ ∗Gε

µ ∗Gε
(v − v′)− ∇µ ∗Gε

µ ∗Gε
(v∗ − v′)

∣∣∣∣ ≤ sup
i,j=1,...,d

∥∥∥∥∥∂i
Ç
∂jµ ∗Gε

µ ∗Gε

å∥∥∥∥∥
L∞

|v − v∗| ≤
4

ε2
|v − v∗|.

Inserting this into (2.16), we have

∣∣∣∣∇̃δHε

δµ

∣∣∣∣ ≤ 4

ε2
|v − v∗|2+

γ
2

∫
Rd

Gε(v′)dv′ ≤ 4

ε2
.

Remark 2.7. Originally, I considered the general family of convolution kernels Gs,ε described in Sec-

tion 2.1.1. In particular, the choice s = 2 is very natural since these profiles are Maxwellians which

are known to be stationary solutions to the Landau equation. However, it is not clear how one should

prove the analogous estimates of Lemma 2.25 without assuming µ ∈ P has compact support.
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The previous results will be used in the proof of Proposition 2.23.

Proof of Proposition 2.23. To prove (2.13), our strategy is to regularise the pair (µ,M) in time with

parameter ρ > 0 and differentiate the regularisation. Then we obtain uniform bounds in ρ needed to

take the limit ρ ↓ 0.

Finite regularised entropy

We have the following chain of inequalities

Hε[µt] =

∫
Rd

(µt ∗Gε)(v) log(µt ∗Gε)(v)dv ≲ε,E

∫
Rd

(µt ∗Gε)(v) ⟨v⟩ dv ≲ε 1 + E.

The first inequality comes from Lemma 2.24 because log(µt ∗Gε) has linear growth (uniform in time)

while in the second inequality, µt ∗Gε has as many moments as µt with computable constants.

Time regularisation with ρ > 0

Without loss of generality, take µ the weakly time continuous representative (Lemma 2.11) and M the

optimal grazing rate (Proposition 2.22) achieving the finite distance dL. We first regularise the pair

(µ,M) in time for a fixed parameter ρ > 0 as follows. Take a mollifier η ∈ C∞
c (R) with the following

properties

supp η ⊂ (−1, 1), η ≥ 0, η(t) = η(−t),
∫ 1

−1
η(t)dt = 1.

We define the following measures for t ∈ [0, T ], by taking convex combinations

µρt :=

∫ 1

−1
η(t′)µt−ρt′dt

′, Mρ
t :=

∫ 1

−1
η(t′)Mt−ρt′dt

′.

Here, we constantly extend the measures in time. That is, if t − ρt′ ∈ [−ρ, 0], we treat µt−ρt′ =

µ0, Mt−ρt′ = 0. For the other end point, if t − ρt′ ∈ [T, T + ρ], we set µt−ρt′ = µT , Mt−ρt′ = 0.

This transformation is stable so that (µρ,Mρ) ∈ GCET and in particular, the distributional grazing

continuity equation holds

∂tµ
ρ
t +

1

2
∇̃ ·Mρ

t = 0.

We derive equation (2.13) using this regularised grazing continuity equation. Consider

Hε[µ
ρ
t ] =

∫
Rd

(µρt ∗Gε)(v) log(µ
ρ
t ∗Gε)(v)dv,

which we differentiate with respect to t by appealing to the Dominated Convergence Theorem. Firstly,
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due to the time regularisation, we have

∂t {(µρt ∗Gε) log(µ
ρ
t ∗Gε)} = [(∂tµ

ρ
t ) ∗Gε] (log(µ

ρ
t ∗Gε) + 1).

The L1
v bound is obtained on the following difference quotient for a fixed time step h > 0

∣∣∣∣1h [(µρt+h ∗Gε) log(µρt+h ∗Gε)− (µρt ∗Gε) log(µ
ρ
t ∗Gε)]

∣∣∣∣
≤ 1

h

∣∣∣(µρt+h ∗Gε)− (µρt ∗Gε)
∣∣∣ sup
s∈[t,t+h]

|log(µρs ∗Gε) + 1| .

where we have used the Mean Value theorem with the chain rule. Applying Lemma 2.24, we obtain

∣∣∣∣1h [(µρt+h ∗Gε) log(µρt+h ∗Gε)− (µρt ∗Gε) log(µ
ρ
t ∗Gε)]

∣∣∣∣ ≲ε,E
1

h

∣∣∣(µρt+h ∗Gε)− (µρt ∗Gε)
∣∣∣ ⟨v⟩ .

We apply the Mean Value Theorem on the difference quotient again to get

∣∣∣∣1h [(µρt+h ∗Gε) log(µρt+h ∗Gε)− (µρt ∗Gε) log(µ
ρ
t ∗Gε)]

∣∣∣∣ ≲ρ,ε ∥η′∥L∞

Ç
µ0 ∗Gε +

∫ T

0
µt ∗Gεdt

å
⟨v⟩ .

Since µ has finite second order moments, this last expression belongs to L1
v. By the Dominated Con-

vergence Theorem,

d

dt
Hε[µ

ρ
t ] =

∫
Rd

[(∂tµ
ρ
t ) ∗Gε] (log(µ

ρ
t ∗Gε) + 1)dv =

∫
Rd

(∂tµ
ρ
t ) · [Gε ∗ log(µ

ρ
t ∗Gε)]dv

The last line is achieved by the self-adjointness of convolution with Gε and eliminating the constant

term due to the conserved mass of µρ. Integrating in t, we obtain

Hε[µ
ρ
r ]−Hε[µ

ρ
s ] =

∫ r

s

∫
Rd

(∂tµ
ρ
t ) · [Gε ∗ log(µ

ρ
t ∗Gε)]dvdt

=
1

2

∫ r

s

∫∫
R2d

[∇̃Gε ∗ log(µρt ∗Gε)] · dM
ρ
t dt

=
1

2

∫ r

s

∫∫
R2d

∇̃δHε

δµρt
· dMρ

t dt.

(2.17)

We now turn to establishing estimates independent of ρ > 0 to pass to the limit ρ ↓ 0.

Estimates on the right-hand side of (2.17):

According to Lemma 2.26, we have the estimate

∣∣∣∣∇̃δHε

δµρ

∣∣∣∣ ≲ε,E |v|p + |v∗|p, 0 ≤ p ≤ 1.
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By the first moment assumption of Mt (2.3), we have

∫ T

0

∫∫
R2d

∣∣∣∣∇̃δHε

δµρt

∣∣∣∣ d|Mt|(v, v∗)dt ≲ε,E

∫ T

0

∫∫
R2d

|v|+ |v∗|d|Mt|(v, v∗)dt <∞.

This estimate also extends to Mρ
t by definition of the mollification

∫ T

0

∫∫
R2d

∣∣∣∣∇̃δHε

δµρt

∣∣∣∣ d|Mρ
t |(v, v∗)dt <∞.

Note that these estimates are independent of ρ > 0.

Convergence for ρ ↓ 0:

Firstly, we establish the following identity which will be useful later. For fixed functions f1, f2 we have

∇̃[Gϵ ∗ f1]− ∇̃[Gϵ ∗ f2]

= |v − v∗|1+
γ
2Π[v − v∗](∇[Gϵ ∗ f1]−∇[Gϵ ∗ f2]− (∇∗[G

ϵ ∗ f1]∗ −∇∗[G
ϵ ∗ f2]∗))

= |v − v∗|1+
γ
2Π[v − v∗]

∫
Rd

(∇Gϵ(v − v′)−∇Gϵ(v∗ − v′))(f1(v′)− f2(v′))dv′.

(2.18)

Using the weak time continuity of µ, we can consider

|µρt ∗Gε(v′)− µt ∗Gε(v′)| ≤
∫ 1

−1
η(t′)|⟨µt−ρt′ , Gε(v′ − ·)⟩ − ⟨µt, Gε(v′ − ·)⟩|dt′.

The · stands for the convoluted variable. Since t belongs to a compact set, the function t 7→ ⟨µt, Gε(v′−

·)⟩ is uniformly continuous from the weak continuity of µ. In particular, using the continuity in v′ and

the lower bound from Lemma 2.24 we conclude that for any R > 0

| log(µρt ∗Gε)− log(µt ∗Gε)| → 0 uniformly on BR. (2.19)

Therefore by Lemma 2.24, abbreviating the weight to w = |v − v∗|1+
γ
2 and using (2.18) with f1 =

log(µρt ∗Gε) and f2 = log(µt ∗Gε), we have

∣∣∣∣∇̃δHε

δµρt
− ∇̃δHε

δµt

∣∣∣∣ = |∇̃Gε ∗ log(µρt ∗Gε)(v, v∗)− ∇̃Gε ∗ log(µt ∗Gε)(v, v∗)|

≤
∫
Rd

w|∇Gε(v − v′)−∇Gε(v∗ − v′)|| log
(
µρt ∗Gε(v′)

)
− log

(
µt ∗Gε(v′)

)
| dv′

≤ Cεw

∫
Bc

R0

|∇Gε(v − v′)−∇Gε(v∗ − v′)|
〈
v′
〉
dv′

+

Ç
sup
BR0

| log(µρt ∗Gε)− log(µt ∗Gε)|
å
w

∫
BR0

|∇Gε(v − v′)−∇Gε(v∗ − v′)| dv′.

For a fixed (v, v∗), we obtain the convergence to zero by taking ρ → 0 and R0 → ∞ in the previous
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estimate. This holds for all γ ∈ [−4, 0] by taking advantage of the regularity of Gε. Using continuity,

we obtain that for any R > 0

∣∣∣∣∇̃δHε

δµρt
(v, v∗)− ∇̃δHε

δµt
(v, v∗)

∣∣∣∣→ 0 uniformly on [0, T ]×BR ×BR. (2.20)

We turn to the limit estimate for the right hand side of (2.17). For any R > 0, we have

∣∣∣∣∫ r

s

∫∫
R2d

∇̃δHε

δµρt
· dMρ

t dt−
∫ r

s

∫∫
R2d

∇̃δHε

δµt
· dMtdt

∣∣∣∣
≤
∣∣∣∣∫ r

s

∫∫
R2d

Å
∇̃δHε

δµρt
− ∇̃δHε

δµt

ã
· dMρ

t dt

∣∣∣∣+ ∣∣∣∣∫ r

s

∫∫
R2d

∇̃δHε

δµt
· dMρ

t dt−
∫ r

s

∫∫
R2d

∇̃δHε

δµt
· dMtdt

∣∣∣∣
≤
∫ r

s

∫∫
BR×BR

∣∣∣∣∇̃δHε

δµρt
− ∇̃δHε

δµt

∣∣∣∣ d|Mρ
t |dt+

∫ r

s

∫∫
(BR×BR)C

∣∣∣∣∇̃δHε

δµρt
− ∇̃δHε

δµt

∣∣∣∣ d|Mρ
t |dt+ o(1).

The last term is o(1) as ρ ↓ 0 by the estimates in the previous step using the moment condition (2.3)

of M and Mρ. By sending ρ ↓ 0 (the first term vanishes due to (2.20)) and then sending R → ∞ (the

second term vanishes again from the previous step), we obtain the convergence

lim
ρ↓0

1

2

∫ r

s

∫∫
R2d

∇̃δHε

δµρt
· dMρ

t dt =
1

2

∫ r

s

∫∫
R2d

∇̃δHε

δµt
· dMρ

t dt. (2.21)

Convergence of the left-hand side of (2.17)

By (2.19), Lemma 2.24, and the uniform bound on the second moment, we have that

|Hε[µ
ρ
t ]−Hε[µt]| ≤

∫
Rd

|(µρt ∗Gε) log(µ
ρ
t ∗Gε)(v)− (µt ∗Gε) log(µt ∗Gε)(v)|dv

→ 0, as ρ ↓ 0.

Therefore, by the previous equation and (2.21) we can take ρ ↓ 0 in (2.17) to obtain

Hε[µr]−Hε[µs] =
1

2

∫ r

s

∫∫
R2d

∇̃δHε

δµt
· dMt(v, v∗)dt,

which is the desired result.

2.4 JKO scheme for ε-Landau equation

This section is devoted to the proof of Theorem 2.9 after some preliminary results. Our construction

of curves of maximal slope in Theorem 2.9 uses the minimising movement/variational approximation

scheme of Jordan, Kinderlehrer, and Otto [90]. Fix a small time step τ > 0 and initial datum µ0 ∈
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P2,E(Rd) and consider the recursive minimisation procedure for n ∈ N

ντ0 := µ0, ντn ∈ argminλ∈P2,E

ï
Hε[λ] +

1

2τ
d2L(ν

τ
n−1, λ)

ò
. (2.22)

Then, we concatenate these minimisers into a piecewise constant-in-time curve by setting

µτ0 := µ0, µτt := ντn, for t ∈ ((n− 1)τ, nτ ]. (2.23)

The scheme given by (2.22) and (2.23) satisfies the abstract formulation in [6] giving

Proposition 2.27 (Landau JKO scheme). For any τ > 0 and µ0 ∈ P2,E(Rd), there exists ντn ∈

P2,E(Rd) for every n ∈ N as described in (2.22). Furthermore, up to a subsequence of µτt described

in (2.23) as τ → 0, there exists a locally absolutely continuous curve (µt)t≥0 such that

µτt ⇀ µt, ∀t ∈ [0,∞).

Proof. Our metric setting is (Pµ0 , dL) (see Theorem 2.7) with the weak topology σ. This space is

essentially P2,E(Rd) except we need to make sure that dL is a proper metric, hence we remove the

probability measures with infinite Landau distance. We follow the proof of Erbar [61] which consists

in verifying [6, Assumptions 2.1 a,b,c]. These assumptions are listed and verified now.

1. Hε is sequentially σ-lsc on dL-bounded sets: Suppose µn ∈ P2,E(Rd)⇀ µ ∈ P2,E(Rd), this

implies µn ∗Gε ⇀ µ ∗Gε in P2(Rd). It is known that

H[µ] =


∫
Rd f(v) log f(v)dv, µ = fL

+∞, else

is σ-lsc and since Hε[µ] = H[µ ∗Gε], we achieve the first property.

2. Hε is lower bounded: By Lemma 2.24 for fixed ε > 0, log(µ ∗Gε) is uniformly lower bounded

by a linearly growing term. For fixed µ ∈ P2,E(Rd), we have, with Cauchy-Schwarz

Hε[µ] ≳ε −
∫
Rd

⟨v⟩µ ∗Gε(v)dv ≥ −
Å∫

Rd

⟨v⟩2µ ∗Gε(v)dv
ã 1

2

≥ −(O(ε) + E)
1
2 > −∞.

3. dL-bounded sets are relatively sequentially σ-compact: This is one of the consequences

from Theorem 2.7.

The existence of minimisers, ντn, to (2.22) and limits along subsequences as τ ↓ 0, µt, to (2.23) is

guaranteed from [6, Corollary 2.2.2] and [6, Proposition 2.2.3], respectively.
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At the abstract level, the limit curve constructed in Proposition 2.27 has no relation to
√
Dε. The

following lemmata bridge this gap.

Lemma 2.28. For any µ0 ∈ P2, we have»
Dε(µ0) ≤ |∂−Hε|(µ0).

Proof. For fixed ε,R1, R2 > 0 and γ ∈ R, take T > 0 from Theorem B.1 and the unique weak solution

µ ∈ C([0, T ];P2(Rd)) to ∂tµ = ∇ · {µϕR1

∫
Rd ϕR1∗ψR2(v − v∗)|v − v∗|γ+2Π[v − v∗](J

ε
0 − Jε0∗)dµ(v∗)}

µ(0) = µ0

.

The functions 0 ≤ ϕR1 , ψR2 ≤ 1 are smooth cut-off functions with the following properties

ϕR1(v) =

 1, |v| ≤ R1

0, |v| ≥ R1 + 1
, ψR2(z) =

 0, |z| ≤ 1/R2

1, |z| ≥ 2/R2

.

The notation Jε0 from Appendix B means

Jε0 = ∇Gε ∗ log[µ0 ∗Gε] ∈ C∞(Rd;Rd).

For this proof alone, we define the reduced ε-entropy-dissipation

DR1,R2
ε (µ0) :=

1

2

∫∫
R2d

ϕR1ϕR1∗ψR2(v − v∗)|v − v∗|γ+2 |Π[v − v∗](J
ε
0 − Jε0∗)|

2 dµ0(v)dµ0(v∗).

On the other hand, as the ε-entropy dissipation comes from the negative time derivative of entropy, we

have

DR1,R2
ε (µ0) = lim

t↓0

Hε[µ0]−Hε[µt]

t
= lim

t↓0

Hε[µ0]−Hε[µt]

dL(µ0, µt)

dL(µ0, µt)

t

≤ lim
t↓0

ßHε[µ0]−Hε[µt]

dL(µ0, µt)

1

t
× . . .

. . . ×
Ç∫ t

0

 
1

2

∫∫
R2d

ϕ2R1
ϕ2R1∗ψ

2
R2

|v − v∗|γ+2|Π[v − v∗](Jε0 − Jε0∗)|2dµs(v)dµs(v∗)ds
å´

≤ |∂Hε|(µ0)
»
DR1,R2
ε (µ0).

In the first inequality, we estimated dL(µ0, µt) by considering the PDE in this lemma as the grazing

collision equation with M = −(µ ⊗ µ)∇̃ logµ0. In the last inequality, we have used the Lebesgue
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differentiation theorem with strong-weak convergence since µ is continuous in time as well as the fact

that ϕ2R1
≤ ϕR1 and ψ2

R2
≤ ψR2 since 0 ≤ ϕR1 , ψR2 ≤ 1. We are left with the inequality»

DR1,R2
ε (µ0) ≤ |∂Hε|(µ0), ∀R1, R2 > 0.

Owing to the many regularisations applied, the ε-entropy-dissipation µ 7→ DR1, R2
ε (µ) is continuous

with respect to weak convergence of probability measures. By considering weakly convergent sequences

and passing to the limit inferior, we deduce the same inequality with the relaxed slope»
DR1, R2
ε (µ0) ≤ |∂−Hε|(µ0), ∀R1, R2 > 0.

As functions of R1, R2 individually, DR1,R2
ε (µ0) is non-decreasing. Furthermore, the integrand of

DR1,R2
ε (µ0) converges to the integrand of Dε(µ0) pointwise µ0-almost every v, v∗. Thus, an application

of the monotone convergence theorem in the limit R1, R2 → ∞ on the above inequality completes the

proof.

Lemma 2.29. |∂−Hε| is a strong upper gradient for Hε in Pµ0(Rd) where µ0 ∈ P2,E(Rd).

Proof. Fix λ, ν ∈ Pµ0(Rd) so that by the triangle inequality of Theorem 2.7, we have dL(λ, ν) < ∞.

Now by Proposition 2.21, there exists a pair of curves (µ,M) ∈ GCEE1 connecting λ, ν and A(µt,Mt) =

d2L(λ, ν) for almost every t ∈ [0, 1]. Using Remark 2.5 and Lemma 2.28, we have

|Hε[λ]−Hε[ν]| ≤
∫ 1

0

»
Dε(µt)|µ̇|(t)dt ≤

∫ 1

0
|∂−Hε|(µt)|µ̇|(t)dt.

We can now prove Theorem 2.9 so that we can relate curves of maximal slope to weak solutions of

the ε-Landau equation.

Proof of Theorem 2.9. Take a limit curve µt constructed in Proposition 2.27. By the previous Lemma 2.29,

the assumptions of [6, Theorem 2.3.3] are fulfilled so µ is a curve of maximal slope with respect to |∂−Hε|

and satisfies the associated energy dissipation inequality

Hε[µr]−Hε[µs] +
1

2

∫ r

s
|∂−Hε(µt)|2dt+

1

2

∫ r

s
|µ̇|2(t)dt ≤ 0.

The inequality of Lemma 2.28 gives

Hε[µr]−Hε[µs] +
1

2

∫ r

s
Dε(µt)dt+

1

2

∫ r

s
|µ̇|2(t)dt ≤ 0,
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which is precisely the statement that the limit curve µt is a curve of maximal slope with respect to
√
Dε.

Remark 2.8. The results of Proposition 2.27 and Lemma 2.28 can be generalised to other regularisation

kernels Gs,ε, in particular, the Maxwellian regularisation. However, this is not the case for Lemma 2.29

since the proof relies on Proposition 2.23, see Remark 2.7.

2.5 Recovering the full Landau equation as ε ↓ 0

Theorems 2.8 and 2.9 provide the basic existence theory for the ε > 0 approximation of the Landau

equation. In this section, we prove the ε ↓ 0 analogue of Theorem 2.8 which is Theorem 2.10. Recall we

fix d = 3 in this setting. By definition, both H-solutions and curves of maximal slope to the full Landau

equation dissipate the entropy. Therefore, the assumption of finite initial entropy (A2.2) automatically

ensures

sup
t∈[0,T ]

H[ft] = sup
t∈[0,T ]

∫
R3

ft log ft < +∞.

In the sequel, every quotation of (A2.2) will refer to this bound. Take the following claim for granted.

Claim 2.30. Assume (A2.1), (A2.2), (A2.3) and let M be any grazing rate such that (µ,M) ∈

GCEET and ∫ T

0
A(µt,Mt)dt <∞.

Then we have the chain rule

H[µr]−H[µs] =
1

2

∫ r

s

∫∫
R6

∇̃
ï
δH
δµ

ò
· dMtdt. (2.24)

Accepting Claim 2.30 on faith, we can prove Theorem 2.10.

Sketch of the proof of Theorem 2.10. Recalling the proof of Theorem 2.8, we see that the crucial ingre-

dient is the chain rule (2.13) in Proposition 2.23. By following the steps of the proof of Theorem 2.8

and using (2.24) instead of (2.13), one completes the proof of Theorem 2.10.

We dedicate this section to proving Claim 2.30 i.e. (2.24). Equation (2.24) is clearly the ε ↓ 0 limit

of (2.13). The left-hand side of (2.24) can be obtained from the left-hand side of (2.13) using the finite

entropy assumption (A2.2) and exploiting the convolution structure of Hε.

The difficulty remains in deducing that the right-hand side of (2.13) converges to the right-hand
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side of (2.24) as ε ↓ 0 given by

∫ T

0

∫∫
R6

∇̃δHε

δµ
· dMtdt→

∫ T

0

∫∫
R6

∇̃δH
δµ

· dMtdt, ε ↓ 0, (2.25)

under the additional assumptions (A2.1)–(A2.3) on µ = fL. For this, we quote here an extended

version of the Dominated Convergence Theorem which we will need from [106, Chapter 4, Theorem

17].

Theorem 2.31 (Extended Dominated Convergence Theorem (EDCT)). Let (Hε)ε>0 and (Iε)ε>0 be

sequences of measurable functions on a measurable space X satisfying Iε ≥ 0 and suppose there exists

measurable functions H, I satisfying

1. |Hε| ≤ Iε for every ε > 0 and pointwise a.e.

2. Hε and Iε converge pointwise a.e. to H and I, respectively.

3.

lim
ε↓0

∫
X
Iε =

∫
X
I <∞.

Then, we have the convergence

lim
ε↓0

∫
X
Hε =

∫
X
H.

Setting M = mL ⊗ L (valid by Lemma 2.15) and using Young’s inequality on the right-hand side

of (2.13), we have the majorants

∇̃
ï
δHε

δµ

ò
·mt ≤

1

2
ff∗

∣∣∣∣∇̃ ïδHε

δµ

ò∣∣∣∣2 + 1

2

|mt|2

ff∗
.

Notice that the first term is precisely the integrand of Dε while the second term is the integrand of the

action functional A(µt,Mt) which has no dependence on ε and is henceforth ignored. We can apply

EDCT 2.31 with X = (0, T )× R6 to prove (2.25) once we show

∫ T

0

∫∫
R6

ff∗

∣∣∣∣∇̃ ïδHε

δµ

ò∣∣∣∣2 dv∗dvdt→ ∫ T

0

∫∫
R6

ff∗

∣∣∣∣∇̃ ïδHδµ ò∣∣∣∣2 dv∗dvdt, ε ↓ 0. (2.26)

The pointwise a.e. convergence hypothesis of EDCT 2.31 is straightforward based on the regularisation

of Hε through G
ε. Focusing on (2.26), we will use a standard Dominated Convergence Theorem (DCT)
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for the integration in the t variable, by proving

∫∫
R6

1

2
ff∗

∣∣∣∣∇̃ ïδHε

δµ

ò∣∣∣∣2 dv∗dv →
∫∫

R6

1

2
ff∗

∣∣∣∣∇̃ ïδHδµ ò∣∣∣∣2 dv∗dv, a.e. t,∫∫
R6

1

2
ff∗

∣∣∣∣∇̃ ïδHε

δµ

ò∣∣∣∣2 dv∗dv ≤ C

∫∫
R6

1

2
ff∗

∣∣∣∣∇̃ ïδHδµ ò∣∣∣∣2 dv∗dv, a.e. t ∀ε > 0,

(2.27)

where C > 0 is a constant independent of ε > 0. The estimate of (2.27) guarantees the L1
t majorisation

due to the finite entropy-dissipation assumption (A2.3). Our estimates in this section accomplish both

the convergence and the estimate of (2.27) by nested application of EDCT 2.31. The significance of all

three assumptions (A2.1)–(A2.3) will be apparent in proving the convergence in (2.27).

Remark 2.9. In this section, the only properties of Gε we use are that it is a non-negative radial

approximate identity with sufficiently many moments. As in the construction of minimising movement

curves in Section 2.4, the results of this section can be achieved with other radial approximate identities.

2.5.1 Outline of technical strategy to prove (2.27)

The need to apply EDCT 2.31 instead of the more classical Lebesgue DCT is because we are unable to

find direct L1
v majorants for the function v → f

∫
R3 f∗

∣∣∣∇̃ î δHε
δf

ó∣∣∣2 dv∗. The key observations that allow

us to prove (2.27) are that we do not need our majorants to be integrable and moreover, we can rely

on the self-adjointness of convolution against radial exponentials (which I hereafter refer to as SACRE)

to reveal a convergent majorant in ε. The unofficial name ‘SACRE’ is quoted for simplicity although,

in principle, it is a manifestation and exchange of weak-strong convergence as detailed below.

Step 1: Find majorants and appeal to EDCT 2.31

We seek to find pointwise a.e. majorants in the v variable

f

∫
R3

f∗

∣∣∣∣∇̃ ïδHε

δµ

ò∣∣∣∣2 dv∗ ≤ I1ε (v),

where I1ε (v) satisfies the hypothesis for the majorant in EDCT 2.31. We then show that I1ε converges

pointwise to some I1. This is possible since I1ε depends on ε only through convolutions against Gε, which

is an approximation of the identity. Hence, we are left with showing the integral convergence Item 3 of

EDCT 2.31 ∫
R3

I1ε (v)dvdt→
∫
R3

I1(v)dv, ε→ 0.

Step 2: Use SACRE with Gε
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To show the integral convergence for I1ε , we find functions A1 and B1 such that

I1ε (v) ≤ A1(v)(Gε ∗B1)(v)

and apply EDCT 2.31. As in the previous step, the pointwise convergence is easily proved. Hence, we

need to verify the convergence of the integrals

∫
R3

A1(Gε ∗B1)dv →
∫
R3

A1B1, ε→ 0.

The key observation is applying SACRE to obtain

∫
R3

A1(Gε ∗B1) =

∫
R3

(Gε ∗A1)B1︸ ︷︷ ︸
=:I2ε

.

Therefore, we have reduced the problem to showing integral convergence Item 3 of EDCT for I2ε (as

the pointwise convergence is again easily proved).

Step 3: Reiterate step 2

We repeat the process outlined in Step 2 by finding functions A2 and B2 such that we have the pointwise

bound

I2ε (v) ≤ A2(v)(Gε ∗B2)(v).

Again the pointwise convergence for the majorant follows easily, hence we only need to check the integral

convergence Item 3 of EDCT 2.31 given by

∫
R3

A2(Gε ∗B2) →
∫
R3

A2B2.

Using SACRE, we study instead the integral convergence of

I3ε (v) = (Gε ∗A2)B2.

Eventually, after a finite number of times of finding majorants and applying SACRE, we will obtain a

majorant Iiε for which the estimates and the convergence as ε→ 0 follows from the standard Lebesgue

DCT, using the bound of the weighted Fisher information in terms of the entropy-dissipation (see The-

orem 2.32) and assumption (A2.3). Although Iiε and Ijε are not necessarily directly comparable for

i ̸= j, the only property we are concerned with proving is
∫
Iiε →

∫
I.

The key point of this strategy is that while A1(Gε ∗B1) may not have an integrable majorant, it is
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enough to study (Gε ∗A1)B1 for which integrable majorants are more easily available.

2.5.2 Preparatory results

As mentioned in the previous section, for the final step of the proof we need a bound on the weighted

Fisher information and a closely related variant in terms of the entropy-dissipation originally discovered

by one of my co-authors in this project, Laurent Desvillettes [52, 53].

Theorem 2.32 (Desvillettes [52, 53]). Suppose γ ∈ (−4, 0] and let f ≥ 0 be a probability density

belonging to L1
2−γ ∩ L logL(R3). We have

∫
R3

f(v)⟨v⟩γ |∇ log f |2 dv +
∫
R3

f(v) ⟨v⟩γ |v ×∇ log f |2 dv ≤ C(1 +DL(f)),

where C > 0 is a constant depending only on the bounds of m2−γ(f) and the Boltzmann entropy, H[f ],

of f .

The estimate in this precise form can be found in [54, Proposition 4, p. 10]. We will refer to the

second term on the left-hand side as a ‘cross Fisher information’. We mention here that (A2.2) enters

in the sequel since the constant C > 0 in Theorem 2.32 depends on bounds for H[f ]. To decompose

the entropy-dissipation in a manageable way that makes the cross Fisher term more apparent, notice

that Lemma A.1 allows

|v|2|Π[v]∇ log f |2 = |v ×∇ log f |2.

The following lemma shows how we use assumption (A2.1) to control the singularity of the weight.

Lemma 2.33. Given γ ∈ (−3, 0], assume that f satisfies (A2.1) for some 0 < η ≤ γ + 3, then we

have for a.e. t

∫
R3

f∗(t)|v − v∗|γdv∗ ≤ C1(t) ⟨v⟩γ ,
∫
R3

f∗(t)|v∗|2|v − v∗|γdv∗ ≤ C2(t) ⟨v⟩γ , (2.28)

where

∥C1∥L∞(0,T ) ≲γ,η ∥ ⟨·⟩−γ f(t)∥
L∞

Å
0,T ;L1∩L

3−η
3+γ−η (R3)

ã
∥C2∥L∞(0,T ) ≲γ,η ∥ ⟨·⟩2−γ f(t)∥

L∞
Å
0,T ;L1∩L

3−η
3+γ−η (R3)

ã.
Remark 2.10. The inequalities of (2.28) are essential in the proof of (2.27). The assumption (A3.1)

enters as a sufficient condition to prove both inequalities of (2.28). In the case γ = −3, the integrals

in (2.28) are not well-defined, since v 7→ |v|−3 is too singular in R3. It may be possible to consider

the Riesz transforms of f∗(t) and f∗(t)|v∗|2 as an alternative to the integrals in (2.28). The overall
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structure in the proof of (2.27) would, however, be completely different in this case. As we shall see

in Section 2.5.3, we really manipulate integrals of the form (2.28). For γ = −3, it is not entirely clear

how to work with the Riesz transforms (up to a multiplicative constant)

p.v.

∫
R3

f∗(t)
(v − v∗)

|v − v∗|4
dv∗, p.v.

∫
R3

f∗(t)|v∗|2
(v − v∗)

|v − v∗|4
dv∗,

instead of the integrals in (2.28).

Proof. We will only prove the first inequality of (2.28) since the second inequality uses the same

procedure. We split the estimation for local |v| ≤ 1 and far-field |v| ≥ 1.

|v| ≤ 1:

We split the integral over v∗ into two regions

∫
R3

f∗|v − v∗|γdv∗ =
∫
|v−v∗|≥1

f∗|v − v∗|γdv∗ +
∫
|v−v∗|≤1

f∗|v − v∗|γdv∗

≤ 1 +

∫
|v−v∗|≤1

f∗|v − v∗|γdv∗,

where we have used that
∫
R3 f = 1 and γ ≤ 0. For the integral with the singularity, we apply Young’s

convolution inequality with conjugate exponents
Ä

3−η
3+γ−η ,

−3+η
γ

ä
∫
|v−v∗|≤1

f∗|v − v∗|γdv∗ ≤ ∥f ∗ (χB1 | · |γ)∥L∞ ≤ ∥f∥
L

3−η
3+γ−η

∥χB1 | · |γ∥
L

−3+η
γ

≤
Å
ω2

η

ã−3+η
γ

∥f∥
L

3−η
3+γ−η

.

Here, ω2 is the volume of the unit sphere in R3.

|v| ≥ 1:

Once again, we split the integral into two parts

∫
R3

f∗|v − v∗|γdv∗ =
∫
|v∗|≤ 1

2
|v|
f∗|v − v∗|γdv∗ +

∫
|v∗|≥ 1

2
|v|
f∗|v − v∗|γdv∗

≤ 2−γ |v|γ
∫
|v∗|≤ 1

2
|v|
f∗dv∗ + 2−γ |v|γ

∫
|v∗|≥ 1

2
|v|
f∗|v∗|−γ |v − v∗|γdv∗.

The first term and second term come from the following inequalities based on their respective integration

regions

|v − v∗| ≥ |v| − |v∗| ≥
1

2
|v|, 1 ≤ 2−γ |v|γ |v∗|−γ .

We estimate the first integral using the unit mass of f , while the second integral is more delicate but
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again uses the splitting of the previous step to obtain

∫
R3

f∗|v−v∗|γdv∗ ≤ 2−γ |v|γ+2−γ |v|γ
Ç∫

|v−v∗|≥1
f∗|v∗|−γ |v − v∗|γdv∗ +

∫
|v−v∗|≤1

f∗|v∗|−γ |v − v∗|γdv∗

å
.

In the large brackets, the first integral can be estimated by m−γ(f). Now we use the same Young’s

inequality argument for the remaining integral to obtain

∫
R3

f∗|v − v∗|γdv∗ ≤ 2−γ |v|γ + 2−γ |v|γ
(
m−γ(f) +

Å
ω2

η

ã−3+η
γ

∥| · |−γf∥
L

3−η
3+γ−η (R3)

)
.

The proof is complete by combining the estimates for |v| ≤ 1 and |v| ≥ 1.

Next, we prove an estimate for algebraic functions (growing or decaying) convoluted against Gε

with respect to the original function.

Lemma 2.34. For any p ∈ R, we have

∫
Rd

⟨w⟩pGε(v − w)dw ≤ C ⟨v⟩p ,

where C > 0 is a constant depending only on |p| and m|p|(G).

Proof. We use Peetre’s inequality in Lemma A.2 to introduce v − w into the angle brackets

∫
Rd

⟨w⟩pGε(v − w)dw ≤ 2|p|/2 ⟨v⟩p
∫
Rd

⟨v − w⟩|p|Gε(v − w)dw

= 2|p|/2 ⟨v⟩p
∫
Rd

(1 + |w|2)
|p|
2 ε−dG(w/ε)dw = 2|p|/2 ⟨v⟩p

∫
Rd

(1 + ε2|w|2)
|p|
2 G(w)dw

≤ C|p| ⟨v⟩p
ï
1 + ε|p|

∫
Rd

|w||p|G(w)dw
ò
≤ C|p|

î
1 + ε|p|m|p|(G)

ó
⟨v⟩p

We stress that Peetre’s inequality in Lemma A.2 is necessary for the estimate of Lemma 2.34 with

non-positive powers p which we apply in the sequel. Finally, the last result we will need is an integration

by parts formula for the differential operator associated to the cross Fisher information.

Lemma 2.35 (Twisted integration by parts). Let f, g ∈ C∞
c (R3). Then, we have the formula

∫
R3

(v ×∇vg(v))f(v)dv = −
∫
R3

g(v)(v ×∇vf(v))dv.

Here, the meaning of v ×∇v is given in components by

v ×∇vf(v) = (v2∂3f(v)− v3∂2f(v), v3∂1f(v)− v1∂3f(v), v1∂2f(v)− v2∂1f(v)).
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2.5.3 Proof of (2.27) using EDCT 2.31

We start by decomposing and estimating the integrand of Dε. With the help of Lemma A.1, we expand

the square term of the integrand to see

∣∣∣∣∇̃ ïδHε

δµ

ò∣∣∣∣2 = |v − v∗|2+γ |Π[v − v∗](b
ε ∗ aε − bε ∗ aε∗)|2

≤ |v − v∗|γ(4|v × (bε ∗ aε)|2 + 4|v∗ × (bε ∗ aε∗)|2

+ 4|v × (bε ∗ aε∗)|2 + 4|v∗ × (bε ∗ aε)|2)

≤ 4|v − v∗|γ |v × (bε ∗ aε)|2︸ ︷︷ ︸
1O

+4|v − v∗|γ |v∗ × (bε ∗ aε∗)|2︸ ︷︷ ︸
2O

+ 4|v|2|v − v∗|γ |bε ∗ aε∗|2︸ ︷︷ ︸
3O

+4|v∗|2|v − v∗|γ |bε ∗ aε|2︸ ︷︷ ︸
4O

,

where we use the shorthand notation

bε = Gε and aε = ∇ log(Gε ∗ f). (2.29)

Since Gε is an approximation of the identity, we know that the integrand of Dε converges pointwise

a.e. to the integrand of D as ε ↓ 0. As well, each iO for i = 1, 2, 3, 4 converge pointwise a.e. to

1O→ |v ×∇f |2

f2
, 2O→ |v∗ ×∇∗f∗|2

f2∗
, 3O→ |∇∗f∗|2

f2∗
, 4O→ |∇f |2

f2
.

By EDCT 2.31, to show the integral convergence in (2.27), it suffices to show, for example,

∫∫
R6

ff∗|v − v∗|γ 1Odvdv∗ →
∫∫

R6

ff∗|v − v∗|γ
|v ×∇f |2

f2
dvdv∗,

and similarly for each iO for i = 2, 3, 4. By symmetry considerations when swapping the variables

v ↔ v∗, the convergence for the terms 1O and 4O is the same as that of 2O and 3O, respectively. Hence

we will focus on the term 4O first and then on term 1O.

2.5.3.1 Term 4O

We seek to show in the limit ε ↓ 0,

∫∫
R6

ff∗|v∗|2|v − v∗|γ |bε ∗ aε|2dv∗dv =

∫
R3

Å∫
R3

f∗|v∗|2|v − v∗|γdv∗
ã
f |bε ∗ aε|2dv

→
∫
R3

Å∫
R3

f∗|v∗|2|v − v∗|γdv∗
ã |∇f |2

f
dv.

(2.30)
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By the reordering of integrations written above, we now think of the double integral over v, v∗ of

ff∗|v∗|2|v − v∗|γ |bε ∗ aε|2 as a single integral of the function
(∫

R3 f∗|v∗|2|v − v∗|γdv∗
)
f |bε ∗ aε|2 over v.

To be precise, we wish to apply Theorem 2.31 with X = R3 and Hε = (
∫
R3 f∗|v∗|2|v−v∗|γdv∗)f |bε∗aε|2.

We can use Cauchy-Schwarz on the convolution integral to absorb the power term as follows

|bε ∗ aε|2 =
∣∣∣∣∫

R3

bε(v − w)aε(w)dw

∣∣∣∣2 ≤ Å∫
R3

⟨w⟩−γ bε(v − w)dw

ãÅ∫
R3

bε(v − w) ⟨w⟩γ |aε(w)|2dw
ã

≤ C ⟨v⟩−γ bε ∗ [⟨·⟩γ |aε(·)|2],

where the last inequality comes from Lemma 2.34. Continuing with Lemma 2.33, we haveÅ∫
R3

f∗|v∗|2|v − v∗|γdv∗
ã
f |bε ∗ aε|2 ≤ Cfbε ∗ [⟨·⟩γ |aε|2].

By EDCT 2.31, we reduce the problem to showing in the limit ε ↓ 0

∫
R3

fbε ∗ [⟨·⟩γ |aε|2]dv →
∫
R3

⟨v⟩γ |∇f |
2

f
dv.

This is where we use SACRE, Step 2 of our general strategy 2.5.1. Application of SACRE and further

simplification using the specific forms of aε and bε (see (2.29)) yields

∫
R3

fbε ∗ [⟨·⟩γ |aε|2]dv =

∫
R3

[bε ∗ f ] ⟨v⟩γ |aε|2dv =

∫
R3

⟨v⟩γ |bε ∗ ∇f |2

bε ∗ f
dv. (2.31)

We work with this simplified expression and note that pointwise convergence is still valid

|bε ∗ ∇f |2

bε ∗ f
→ |∇f |2

f
.

Next, we notice that the function β : (F, f) 7→ |F |2
f is jointly convex in F ∈ R3 and f > 0 (see Lemma 2.14),

so we can use Jensen’s inequality with bε = Gε as the reference probability measure to obtain a further

pointwise majorant for the integrand of (2.31)

|bε ∗ ∇f |2

bε ∗ f
(v) = β(bε ∗ ∇f, bε ∗ f)(v) = β

Å∫
Rd

∇f(v − y)bε(y)dy,

∫
Rd

f(v − y)bε(y)dy

ã
≤
∫
Rd

β(∇f(v − y), f(v − y))bε(y)dy =

∫
Rd

|∇f(v − y)|2

f(v − y)
bε(y)dy = bε ∗

ï |∇f |2
f

ò
(v).

Using EDCT 2.31 again, we reduce the problem to showing in the limit ε ↓ 0

∫
R3

⟨v⟩γbε ∗
ï |∇f |2

f

ò
dv →

∫
R3

⟨v⟩γ |∇f |
2

f
dv.
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We use SACRE once more and place the convolution onto the weight term

∫
R3

⟨v⟩γbε ∗
ï |∇f |2

f

ò
dv =

∫
R3

[bε ∗ ⟨·⟩γ ] |∇f |
2

f
dv.

Now, we are in a position to apply the classical Dominated Convergence Theorem. We notice that we

have the pointwise convergence

[bε ∗ ⟨·⟩γ ] → ⟨v⟩γ .

Furthermore, using Lemma 2.34, we can estimate bε ∗ ⟨·⟩γ uniformly in ε to find the domination

[bε ∗ ⟨·⟩γ ] |∇f |
2

f
≤ C⟨v⟩γ |∇f |

2

f
.

Using Theorem 2.32, the finite entropy-dissipation assumption (A2.3), and uniformly bounded en-

tropy (A2.2) (remember the constant in Theorem 2.32 depends also on bounds for the entropy) we

know that the right-hand side belongs to L1
v a.e. t ∈ (0, T ). Therefore, for a.e. t ∈ (0, T ) the conditions

of the Dominated Convergence Theorem are satisfied so we have the integral convergence

∫
R3

[bε ∗ ⟨·⟩γ ] |∇f |
2

f
dv →

∫
R3

⟨v⟩γ |∇f |
2

f
dv.

We have closed the argument for the convergence of (2.30) after retracing the previous estimates with

EDCT 2.31.

2.5.3.2 Term 1O

We seek to show in the limit ε ↓ 0,

∫∫
R6

ff∗|v − v∗|γ |v × (bε ∗ aε)|2dv∗dv =

∫
R3

Å∫
R3

f∗|v − v∗|γdv∗
ã
f |v × (bε ∗ aε)|2dv

→
∫
R3

Å∫
R3

f∗|v − v∗|γdv∗
ã |v ×∇f |2

f
dv

(2.32)

using the same strategy of nested applications of EDCT 2.31 like in the previous Section 2.5.3.1. We

will encounter difficulty when trying to use Jensen’s inequality due to the cross Fisher information

term. As in the previous Section 2.5.3.1, we have written this double integral over v, v∗ as a single

integral over v. By EDCT 2.31 and Lemma 2.33, it suffices to show the integral convergence of

∫
R3

⟨v⟩γf |v × (bε ∗ aε)|2dv →
∫
R3

⟨v⟩γ |v ×∇f |2

f
(2.33)
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to obtain the integral convergence of (2.32). Pointwise, we can make the following manipulations

v × (bε ∗ aε) = v ×
Å∫

R3

Gε(v − w)∇ log(f ∗Gε(w))dw
ã

= v ×
Å∫

R3

∇Gε(v − w) log(f ∗Gε(w))dw
ã
=

∫
R3

w ×∇Gε(v − w) log(f ∗Gε(w))dw

=

∫
R3

Gε(v − w)w ×∇ log(f ∗Gε(w))dw,

(2.34)

where we have used the radial symmetry of Gε to get the cancellation (v − w)×∇Gε(v − w) = 0 and

the twisted integration by parts Lemma 2.35 (note that we do not pick up any signs in the integration

by parts since the variable w appears with a minus sign in the arguments of Gε).

We apply Cauchy-Schwarz, multiply and divide by ⟨w⟩γ , and use Lemma 2.34 to obtain

|v × (bε ∗ aε)|2 ≤
Å∫

R3

Gε(v − w) ⟨w⟩−γ dw
ãÇ∫

R3

Gε(v − w) ⟨w⟩γ
∣∣∣∣w × ∇f ∗Gε(w)

f ∗Gε(w)

∣∣∣∣2 dw
å

≲γ ⟨v⟩−γ
Ç∫

R3

Gε(v − w) ⟨w⟩γ
∣∣∣∣w × ∇f ∗Gε(w)

f ∗Gε(w)

∣∣∣∣2 dw
å
.

Remembering that this majorant holds pointwise on the integrand of (2.33), we multiply by ⟨v⟩γ f(v)

and obtain

⟨v⟩γ f(v)|v × (bε ∗ aε)|2 ≲ f

Ç∫
R3

Gε(v − w) ⟨w⟩γ
∣∣∣∣w × ∇f ∗Gε(w)

f ∗Gε(w)

∣∣∣∣2 dw
å
.

Now, we recognise a convolution inside the brackets. Hence, using SACRE we can re-write

∫
R3

f

Ç∫
R3

Gε(v − w) ⟨w⟩γ
∣∣∣∣w × ∇f ∗Gε(w)

f ∗Gε(w)

∣∣∣∣2 dw
å
dv =

∫
R3

⟨v⟩γ |v ×∇f ∗Gε(v)|2

f ∗Gε(v)
dv.

Using EDCT 2.31, we need to show the convergence of the right-hand side. Here, it is now possible to

use Jensen’s inequality after some more manipulations.

Claim 2.36.

|v ×∇f ∗Gε(v)|2

f ∗Gε(v)
≤
∫
R3

Gε(v − w)
|w ×∇f(w)|2

f(w)
dw. (2.35)

Proof of Claim 2.36. We start by repeating a similar argument to (2.34). Using that Gε is radially
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symmetric and the twisted integration by parts Lemma 2.35 we obtain

v ×∇f ∗Gε(v) = v ×
Å∫

R3

∇Gε(v − w)f(w)dw

ã
=

∫
R3

w ×∇Gε(v − w)f(w)dw

=

∫
R3

Gε(v − w) (w ×∇wf(w))︸ ︷︷ ︸
=:F (w)

dw.

Therefore, since (F, f) 7→ |F |2
f is jointly convex in F ∈ R3 and f > 0 (again, see Lemma 2.14), we apply

Jensen’s inequality to the left-hand side of (2.35) as in Section 2.5.3.1 to see

|v ×∇f ∗Gε(v)|2

f ∗Gε(v)
=

|F ∗Gε|2

f ∗Gε
(v) ≤ |F |2

f
∗Gε(v) =

∫
R3

Gε(v − w)
|w ×∇f(w)|2

f(w)
dw,

which proves the claim.

Continuing, by EDCT 2.31, we seek to establish the convergence of the integral

∫
R3

⟨v⟩γ
ï |F |2
f

∗Gε
ò
(v)dv =

∫
R3

[⟨·⟩γ ∗Gε](v) |v ×∇f(v)|2

f(v)
dv.

Finally, the integrand of the right-hand side has a majorant due to Lemma 2.34

[⟨·⟩γ ∗Gε](v) |v ×∇f(v)|2

f(v)
≲ ⟨v⟩γ |v ×∇f(v)|2

f(v)
.

Once again using Theorem 2.32 and (A2.3) and (A2.2), we obtain that the right hand side belongs

to L1
v(R3) a.e. t ∈ (0, T ). Using the usual Dominated Convergence theorem, we have established the

convergence of the integral. Tracing back the estimates, this takes care of the convergence of the term

1O and establishes the convergence in (2.33).

We note that the estimates in the previous subsections not only establish the a.e. pointwise con-

vergence of (2.27), but also the majorisation

∫∫
R6

1

2
ff∗

∣∣∣∣∇̃ ïδHε

δµ

ò∣∣∣∣2 dv∗dv ≤ C

∫∫
R6

1

2
ff∗

∣∣∣∣∇̃ ïδHδµ ò∣∣∣∣2 dv∗dv, a.e. t ∀ε > 0,

where

C ≲ ∥ ⟨·⟩−γ f(t)∥
L∞

Å
0,T ;L1∩L

3−η
3+γ−η (R3)

ã + ∥ ⟨·⟩2−γ f(t)∥
L∞

Å
0,T ;L1∩L

3−η
3+γ−η (R3)

ã
by Lemma 2.33. Hence, using assumption (A2.3) and (2.27) we can apply Lebesgue DCT to pass to

the limit in the time integral and finally prove the desired chain rule in Claim 2.30.
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Chapter 3

Gradient Flow perspective of the

grazing collision limit

The content of this chapter is based on joint work with José A. Carrillo and Matias G. Delgadino. It

has been published [32] in Nonlinear Analysis volume 219, page 112824 in June 2022.

This chapter recovers the grazing collision limit from the Boltzmann equation to the Landau equa-

tion using the gradient flow machinery developed previously in Chapter 2. In Section 1.1, I outlined

convergence from (EDEϵ) to (EDEL). However, from the finite dimensional example considered in Sec-

tion 1.2, it was important to include the metric derivative. This is incorporated into the energy dis-

sipation inequality (see Definition 3.1 below and compare with Definition 2.5). The statement of the

main result can then be made shortly after in Section 3.1. Section 3.2 covers the main assumptions;

in particular, the scaling associated to the grazing collision limit is discussed in Section 3.2.1. Some

visualisations of the geometry of collisions are given in Section 3.2.2 and a coordinate system is intro-

duced which makes the grazing collision limit more tractable. The original computations are recalled

at the formal level in Section 3.2.3 The technical proofs are deferred to Sections 3.4 to 3.6 where a

novel convex analytic form of the dissipations and metric derivatives is exploited.

3.1 Main Result

In the following definition, we refer to the Boltzmann and Landau metric derivatives. We have already

seen what the Landau metric and metric derivative look like from Section 2.2. The Boltzmann metric,

dϵ, and metric derivative, |ḟ |ϵ, are defined similarly and will be recalled later in Section 3.3. For now,

these objects should be taken for granted subordinate to the collision kernel Bϵ for fixed ϵ > 0 (c.f.

assumption (A3.2) and the discussion in Section 3.2.1). I will use here ϵ > 0 to distinguish with ε > 0

used previously in Chapter 2. As a preview, Bϵ is generated from a fixed kernel B in the form (1.1) by
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the scaling

sin θ Bϵ(r, θ) =
π

ϵ3
sin

Å
πθ

ϵ

ã
B

Å
r,
πθ

ϵ

ã
.

Definition 3.1 (H-gradient flows for Boltzmann and Landau). For ϵ > 0 and T > 0, we say that an

absolutely continuous curve f ϵ : t ∈ [0, T ] 7→ L1
+(R3) with respect to the Boltzmann metric dϵ is an H-

gradient flow solution to the Boltzmann equation associated to the kernel Bϵ if the Energy Dissipation

Inequality (abbreviated EDI) holds for every t ∈ [0, T ]

H[f ϵ(t)] +
1

2

∫ t

0
Dϵ
B(f

ϵ(s)) ds+
1

2

∫ t

0
|ḟ ϵ|2ϵ (s) ds ≤ H[f ϵ(0)] <∞, (EDIϵ)

(recall Dϵ
B from (EDEϵ)) and it dissipates the second moment

∫
R3

|v|2f ϵt (v)dv ≤
∫
R3

|v|2f ϵs(v)dv <∞, ∀ 0 ≤ s ≤ t ≤ T. (3.1)

Likewise, for T > 0 an absolutely continuous curve f : t ∈ [0, T ] 7→ L1
+(R3) with respect to the Landau

metric is an H-gradient flow solution to the Landau equation if the Energy Dissipation Inequality holds

for every t ∈ [0, T ]

H[f(t)] +
1

2

∫ t

0
DL(f(s)) ds+

1

2

∫ t

0
|ḟ |2L(s) ds ≤ H[f(0)] <∞,

and it dissipates the second moment as in (3.1) replacing f ϵt by ft.

Remark 3.1. The notion of H-gradient flow is strictly weaker than the notion of curves of maximal

slope introduced in [6]. More specifically, we do not require here that the dissipations Dϵ
B and DL to be

strong upper gradients, let alone that the chain rule holds. Recall this was the content of Section 2.5

in Chapter 2 in the case of Landau. The focus here is to dispense with the very technical assump-

tion (A2.1) from Theorem 2.10 and focus only on the physically relevant mechanisms in the grazing

collision limit.

Remark 3.2. The more classical notion of renormalized solutions (for Boltzmann or Landau) are weak

solutions that also dissipate entropy

H[f(t)] +

∫ t

0
D(f(t)) ≤ H[f0], D = DB or DL.

It can be checked that renormalized solutions are also H-gradient flow solutions, see Remark 3.11.

The existence of renormalized solutions (and hence H-gradient flow solutions) can be shown subject to

boundedness assumptions on the initial data, see [4, Corollary 2.1 and Appendix].
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For H-gradient flows, the initial entropy controls the entropy at later times as well as the integrability

of the dissipation and the metric derivative. We therefore consider H-gradient flows of Boltzmann, f ϵ,

subject to the following assumptions.

(A3.1) For every ϵ > 0, we assume that the initial probability densities f ϵ(0) = f ϵ0 converge in the weak

topology to some probability density f0. Furthermore, we assume a uniform second moment

bound and convergence in entropy

sup
ϵ>0

∫
R3

(1 + |v|2)f ϵ0(v)dv < +∞, H[f ϵ0]
ϵ↓0→ H[f0] < +∞.

(A3.2) There exists γ ∈ [−4, 0), such that the ϵ-collision kernel satisfies

Bϵ(r, θ) sin θ = rγβϵ(θ),

where

βϵ(θ) =
π3

ϵ3
β

Å
πθ

ϵ

ã
, θ ∈ (0, ϵ/2).

The function β satisfies

sup
θ∈[δ,π/2]

β(θ) < +∞ ∀δ > 0, supp β ∈ [0, π/2],

and that there exists ν ∈ (0, 2) and c1 > 0 such that

c1θ
−1−ν ≤ β(θ), ∀θ ∈ [0, π/2].

The most important quantitative assumption on the kernel is finite angular momentum trans-

fer [118] ∫ π/2

0
θ2β(θ) dθ =

8

π
. (3.2)

Remark 3.3. The choice of 8
π in (3.2) is a normalisation constant that fixes Cβ = 1 as in Section 1.1.

Remark 3.4. Our results also readily generalise to more general interaction kernels Bϵ which do not

decouple or satisfy the specific scaling of item (A3.2). As in [2, 4], we could consider kernels that

satisfy the following bound on the total cross section

T ϵ(|v − v∗|) :=
∫ π/2

0
θ2 sin θBϵ(|v − v∗|, θ)dθ ≤ C(|v − v∗|−4 + 1)ω(|v − v∗|2). (3.3)

Here, C > 0 is a constant and ω is a bounded positive function such that ω(r) → 0 as r → ∞ and
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r → 0.

As for the grazing collision limit ϵ ↓ 0, we require that there exists a function T such that

|T ϵ(r)− T (r)| ≤ o(1)
(
r−4 + 1

)
ω(r), as ϵ ↓ 0. (3.4)

Up to a multiplicative constant, the limiting Landau collision operator reads

QL(f, f) = ∇ ·
Å
f

∫
R3

f∗T (|v − v∗|)|v − v∗|2Π[v − v∗](∇ log f −∇∗ log f∗)dv∗

ã
.

We will discuss this generalisation in more detail in Remark 3.15.

Remark 3.5. The Coulombic collision kernel which couples γ = −3 with ν = 2 (see the discussion

in Section 3.2.1) fails the finite angular momentum transfer (3.2). In this case, a minor logarithmic

cut-off adjustment is needed; for example [118] we consider instead

βϵ(θ) :=
1

log ϵ−1
1θ≥ϵβ(θ).

Under this new scaling, we require ∫ π/2

0
θ2βϵ(θ)dθ

ϵ↓0→ 8

π
.

Our methods can be adapted to cover this case as well. The strong compactness estimate as it is

written in Appendix C technically fails, but since the cut-off disappears in the grazing collision limit,

the necessary strong compactness is still valid [4, 5].

Theorem 3.2 (Grazing collision limit of H-gradient flow solutions from Boltzmann to Landau). Sup-

pose (f ϵ)ϵ>0 is a family of H-gradient flow solutions to the Boltzmann equation associated to Bϵ satis-

fying assumptions (A3.1) and (A3.2). Then there exists f an H-gradient flow solution to the Landau

equation, such that up to a subsequence f ϵ(t)⇀ f(t) for every t ∈ [0, T ].

Moreover, for γ ∈ [−2, 0] and fixed ϕ ∈ Ẇ 1,∞(R3) (respectively, γ ∈ [−4,−2) and fixed ϕ ∈

Ẇ 2,∞(R3)), the function t 7→
∫
f(t)ϕ is Hölder continuous with exponent 1

2 .

Proof. Our starting point is (EDIϵ) from the definition of H-gradient flow solutions to the Boltzmann

equation. By definition and the finite initial quantities in (A3.1), we have the uniform bounds

sup
ϵ>0

max

Ç
sup
t∈[0,T ]

∫
R3

(1 + |v|2)f ϵt (v)dv, sup
t∈[0,T ]

H[f ϵ(t)],

∫ T

0
Dϵ
B(f

ϵ
t )dt,

∫ T

0
|ḟ ϵ|2ϵ (t)dt

å
< +∞. (3.5)

These uniform bounds and assumption (A3.2) are used in the following steps.
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1. Extract a convergent subsequence of f ϵ and some limit f with the claimed time regularity (Sec-

tion 3.4).

2. Establish the estimate (Section 3.5)

lim inf
ϵ↓0

Dϵ
B(f

ϵ(t)) ≥ DL(f(t)) a.e. t ∈ (0, T ).

3. Establish the estimate (Section 3.6)

lim inf
ϵ↓0

|ḟ ϵ(t)|2ϵ ≥ |ḟ(t)|2L a.e. t ∈ (0, T ).

Next, we pass to the limit ϵ ↓ 0 in (EDIϵ) using (A3.1), Fatou’s Lemma, Step 2, Step 3, and the lower

semi-continuity of H to obtain

H[f0] = lim inf
ϵ↓0

H[f ϵ0] ≥ lim inf
ϵ↓0

H[f ϵ(t)] +
1

2
lim inf
ϵ↓0

∫ t

0
Dϵ
B(f

ϵ(s))ds+
1

2
lim inf
ϵ↓0

∫ t

0
|ḟ ϵ|2ϵ (s)ds

≥ H[f(t)] +
1

2

∫ t

0
DL(f(s))ds+

1

2

∫ t

0
|ḟ |2L(s)ds,

which implies that f is an H-gradient flow solution to Landau.

Remark 3.6. According to the same second moment and entropy bounds from assumptions (A3.1)

and (A3.2), we recover the results in Villani [118], that is, the convergence from f ϵ to f weakly in

Lp((0, T ); L1(R3)) for every 1 ≤ p < +∞.

Remark 3.7 (Affine Representation). The main idea to showing Step 2 (Section 3.5) and Step 3

(Section 3.6) of the previous proof is to rewrite these expressions in what we will hereafter refer to as

affine representation. In the context of optimal transport gradient flows, this method was first utilised

by Otto [103, Equation (187)] for the Fisher information. More explicitly, we have the characterisation

of the Fisher information as

∫
Rd

|∇
√
f |2 = sup

ψ∈C∞
c (Rd)

ß
2

∫
Rd

∇
√
f · ∇ψ −

∫
Rd

|∇ψ|2
™
.

The left-hand side (quadratic in ∇
√
f) is equal to a supremum over particular affine expressions of

∇
√
f on the right-hand side. We establish a similar equality for both the dissipations and the metric

derivatives. Taking the Landau dissipation for example and denoting the differential operator ∇̃ =
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|v − v∗|1+
γ
2Π[v − v∗](∇−∇∗), we show (Section 3.5.1.1)

DL(f) = 2

∫∫
R6

|∇̃
√
ff∗|2 = sup

ψ

ß
4

∫∫
R6

(∇̃
√
ff∗) · ∇̃ψ − 2

∫∫
R6

|∇̃ψ|2
™
.

The specific set of test functions ψ for which the supremum is taken will be specified in later sections.

When the limit f satisfies (A2.1) from the previous Chapter 2, we can apply the results there

to obtain that the Landau dissipation is a strong upper gradient, see Definition 2.4. In the spirit of

Sandier-Serfaty [109, 113], we can readily show that the solution f ϵ converges strongly to f . This is

the content of our next result.

Corollary 3.1. Suppose (f ϵ)ϵ>0 is a family of H-gradient flows for Boltzmann with equality in (EDIϵ)

satisfying assumptions (A3.1) and (A3.2). Assume further that DL is a strong upper gradient for the

limit curve f obtained in Theorem 3.2. Then for every t ∈ [0, T ], we have

H[f ϵ(t)]
ϵ↓0→ H[f(t)].

Moreover, we also obtain

Dϵ
B(f

ϵ) → DL(f), |ḟ ϵ|2ϵ → |ḟ |2L, in L1
loc.(0, T ).

Proof. This proof follows the gradient flow Γ-convergence arguments of Sandier-Serfaty [109, 113]. We

fix t ∈ [0, T ]. Repeating the passage to the limit ϵ ↓ 0 from the proof of Theorem 3.2, we have

lim inf
ϵ↓0

(−H[f ϵ(t)]) ≥ −H[f0] +
1

2

∫ t

0
DL(f(s)) + |ḟ |2L(s)ds.

By Young’s inequality and the assumption that DL is a strong upper gradient for f , we have

1

2

∫ t

0
DL(f(s)) + |ḟ |2L(s)ds ≥ −

∫ t

0

»
DL(f(s))|ḟ |L(s)ds ≥ H[f0]−H[f(t)].

These previous inequalities yield

lim inf
ϵ↓0

−H[f ϵ(t)] ≥ −H[f(t)],

which, together with the lower semi-continuity of H, gives the strong convergence H[f ϵ(t)]
ϵ↓0→ H[f(t)].

This forces all of the inequalities to be equalities and the rest of the proof proceeds exactly the same

as in [109, 113].
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3.2 Notations and formulation of grazing collision limit

We define the Boltzmann collision operator for a fixed collision kernel B acting on test functions ψ by

⟨QB(f, f), ψ⟩ := −1

4

∫∫
R6

∫
S2
[f ′f ′∗ − ff∗](ψ

′ + ψ′
∗ − ψ − ψ∗)B (|v − v∗|, θ) dσdv∗dv. (3.6)

The pre-post collision quantities are defined as follows for v, v∗ ∈ R3 and σ ∈ S2.

k =
v − v∗
|v − v∗|

, cos θ = k · σ, v′ =
v + v∗

2
+

|v − v∗|
2

σ, v′∗ =
v + v∗

2
− |v − v∗|

2
σ.

The typical example of the kernel B satisfying (A3.2) is recalled and discussed in Section 3.2.1. In Sec-

tion 3.2.2, we construct a coordinate system parametrising σ ∈ S2 by θ ∈ [0, π/2], the polar angle of S2,

and ϕ ∈ [0, 2π], the azimuthal angle, which makes the grazing collision computations more explicit in

the rest of this paper. We gather these notations and recall the formal grazing collision computations

in Section 3.2.3 as an example of many similar computations in this chapter.

3.2.1 Comments on the assumptions of the kernel

For γ ∈ [−4, 0), ν ∈ (0, 2), we recall (A3.2) where the form of the kernel is

B(r, θ) sin θ = rγβ(θ), β(θ) ≳ θ−1−ν . (3.7)

We keep γ, ν decoupled however the physically relevant case [118, 67] is given by

−3 ≤ γ =
s− 5

s− 1
, ν =

2

s− 1
, s ≥ 2.

The ϵ-collision kernel Bϵ is defined through the relation in (3.7) where β is extended to (0,+∞) by

zero and we consider

βϵ(θ) =
π3

ϵ3
β

Å
πθ

ϵ

ã
, θ ∈ (0, ϵ/2).

Remark 3.8. The finite angular momentum transfer (3.2) is minimal for a mathematical theory [118,

4, 2] in the non-cutoff Boltzmann equation.

� Clearly, the scaling power of ϵ localizes the singularity in βϵ around θ = 0. As well, the choice of

ϵ−3 preserves (3.2) so that

∫ ϵ/2

0
θ2βϵ(θ)dθ =

∫ π/2

0
θ2β(θ)dθ =

8

π
, ∀ϵ > 0.
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� The strong form of the Landau collision operator QL(f, f) is a second-order derivative on f

while, at first glance, QϵB(f, f) evaluates no derivatives of f . The finite angular moment transfer

allows the interpretation of QϵB as a second-order difference quotient “in the angular

direction” [2, 4] on f ϵ.

We will denote quantities with sub or superscript B meaning that the choice of collision kernel is

arbitrary modulo (3.2). Quantities with sub or superscript ϵ will specifically reference the ϵ-collision

kernel Bϵ described above. Based on these notations, we record the most physically relevant parameters

and the corresponding behaviour of the angular part of the kernel

s γ ν β(θ)
θ↓0∼ θ−1−ν

Maxwellian 5 0 1/2 θ−3/2

Coulomb 2 −3 2 θ−3

.

In all these examples mentioned, notice that the following lack of integrability always holds

∫ π/2

0
β(θ)dθ = +∞.

This can be interpreted as an ‘affluence of grazing collisions’ [64, 66].

3.2.2 Spherical coordinates

According to cos θ = k · σ, we describe the construction of a new coordinate system for which σ ∈ S2

can be parameterised by (θ, ϕ) ∈ [0, π/2] × [0, 2π] where θ is the polar angle and ϕ is the azimuthal

angle. In terms of the integration, this allows us to write the change of variables formula

∫
S2
dσ =

∫ π/2

0
dθ sin θ

∫ 2π

0
dϕ,

so that the concentrated scaling θ ∼ ϵ is easier to treat. As we shall see, these coordinates allow to

identify different mechanisms in the grazing collision limit. The average over the azimuthal angle ϕ

induces the second-order differentiation in the orthogonal direction of v−v∗ seen in the Landau operator

while the integration over the polar angle θ treats the singular kernel β(θ).

Without loss of generality, we can assume B(|z|, ·) is supported in [0, π/2] due to standard sym-

metrising. This is because any configuration of pre-post collision velocities for θ ∈ [π/2, π] corresponds

to θ − π/2 ∈ [0, π/2] when switching v ↔ v∗, see Figure 3.1.
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Pk,σ ∩ {k}⊥

v∗ v

v+v∗
2

k

v′∗

v′

σ
ω

θ

Figure 3.1: Geometry of elastic collision in σ-representation.

That the mid-point/momentum of the velocities is conserved is a consequence of only considering

elastic collisions

v + v∗
2

=
v′ + v′∗

2
.

Let us refer to the plane spanned by σ and k by Pk, σ. So Figure 3.1 gives a perspective of Pk, σ

with its normal vector coming directly out of the page. Consider the line obtained by Pk, σ ∩ {k}⊥.

Upon intersection with S2 (centred at v+v∗
2 ), this line reduces to two vectors which differ by a sign;

S2 ∩ Pk, σ ∩ {k}⊥ = {p1, p2} where p1 = −p2 and we assign p = p1 the ‘+’ choice in the decomposition

σ = cos θ k + sin θ p.

Note this is nothing but an orthogonal decomposition of σ with respect to k and {k}⊥ with a specific

sign choice. In general, we will abuse notation for this coordinate transformation by referring to

S2 ≃ ∂B1(
v+v∗
2 ). We also introduce the following notation which is drawn in Figure 3.3

S1k⊥ := S2 ∩ {k}⊥ ≃ S1.

A three-dimensional perspective of Figure 3.1 is depicted in Figure 3.2.
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Pk,σ

k

p

σ

θv+v∗
2

S2

Figure 3.2: Three-dimensional perspective of S2 with the plane spanned by k, σ given by Pk,σ.

We introduce one final parameterisation for p, see Figure 3.3. Consider fixed k and θ ∈ [0, π/2],

and distinct σ1, σ2 ∈ S2 such that

cos θ = k · σi, i = 1, 2.

Following the construction described earlier, this uniquely defines pi ∈ S2 ∩ Pk, σi ∩ {k}⊥ such that

σi = cos θ k + sin θ pi, i = 1, 2.

Notice that both p1, p2 ∈ S1
k⊥

. Thus, given orthonormal vectors {h, i} ⊂ S1
k⊥

, we can express

p = cosϕh+ sinϕ i, for some ϕ ∈ [0, 2π].

This leads to the following change of variables; given k ∈ S2 (determined by v, v∗ ∈ R3), we have

∫
S2
dσ =

∫ π/2

0
dθ sin θ

∫
S1
k⊥

dp =

∫ π/2

0
dθ sin θ

∫ 2π

0
dϕ.

We shall refer to both changes of variables to (θ, p) and (θ, ϕ) as spherical coordinates. With these

notations, we will also use the following expressions for the post-collision velocities as perturbations of

the pre-collision velocities

v′ = v +
1

2
|v − v∗|(σ − k)

v′∗ = v∗ −
1

2
|v − v∗|(σ − k).
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The post-collision velocity expressions in this form are especially useful in the grazing collision limit

|σ − k| → 0 (see (3.11)). Using the spherical coordinate system described, we have

σ = cos θ k + sin θ p, (3.8)

v′ = v − 1

2
|v − v∗|(1− cos θ)k +

1

2
|v − v∗| sin θ p,

v′∗ = v∗ +
1

2
|v − v∗|(1− cos θ)k − 1

2
|v − v∗| sin θ p.

Thus, in spherical coordinates, an equivalent form of (3.6) is

⟨Q(f, f), ψ⟩ = −1

4

∫∫
R6

∫ π/2

θ=0

∫
S1
k⊥

[f ′f ′∗ − ff∗](ψ
′ + ψ′

∗ − ψ − ψ∗)B(|v − v∗|, θ) sin θ dpdθdv∗dv. (3.9)

k

p1

σ1

θ

p2

ϕ

σ2

θv+v∗
2

S1
k⊥

= S2 ∩ {k}⊥ ≃ S1

S2

Figure 3.3: Different configurations of σi, pi for i = 1, 2 given fixed k, θ such that cos θ = k · σi.

The general principle we want to fix is that the grazing collision limit is more easily treated in the

spherical coordinate representation of (3.9). We notice the identity

|σ − k|2 = 2(1− k · σ) = 2(1− cos θ) (3.10)

which leads to the following useful estimates

θ2 ≲ 1− cos θ ≲ 1− k · σ ≲ |σ − k|2 ≲ θ2. (3.11)
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More precisely, we recall

2

π2
θ2 ≤ 1− cos θ ≤ 1

2
θ2, θ ∈ [0, π],

2

π
θ ≤ sin θ ≤ θ, θ ∈ [0, π/2].

(3.12)

Remark 3.9. Using (3.11) and the spherical coordinate transformation we just described, the finite

angular momentum transfer (3.2) can be equivalently expressed as

∫
S2
(1− k · σ)b(cos−1(k · σ))dσ < +∞, b(θ) = sin θβ(θ).

This notation is sometimes used for example in [2].

3.2.3 The formal grazing collision limit

We dedicate this subsection to formally recalling the grazing collision limit. This sketch is in Lemma 3.3

which relies on some technical results (Lemmas 3.4–3.6) which are postponed until after the formal

proof. Following Erbar’s convention [61], for a function ψ : R3 → R we define the discrete gradient

operator

∇̄ψ(v, v∗, σ) := ψ(v′) + ψ(v′∗)− ψ(v)− ψ(v∗).

To compress some expressions further, we extend Erbar’s discrete gradient to functions ψ : (v, v∗) ∈

R6 7→ ψ(v, v∗) ∈ R by

∇̄ψ(v, v∗, σ) := ψ(v′, v′∗) + ψ(v′∗, v
′)− ψ(v, v∗)− ψ(v∗, v).

In this way, the action of QϵB(f, f) on test functions ψ reads (using Bϵ as the kernel in (3.6)) either

⟨QϵB(f, f), ψ⟩ = −1

8

∫∫
R6

∫
S2
[∇̄(ff∗)][∇̄ψ]Bϵ(|v − v∗|, θ) dσdv∗dv, (3.13)

=
1

2

∫∫
R6

ff∗

∫
S2
∇̄ψBϵ dσdv∗dv, (3.14)

where the second expression comes from changing variables in the pre-post collision velocities from (3.6).

We define the Landau collision operator QL(f, f) acting on test functions ψ by

⟨QL(f, f), ψ⟩ := −1

2

∫∫
R6

|v − v∗|2+γ [(∇−∇∗)(ff∗)]
TΠ[v − v∗](∇ψ −∇∗ψ∗)dv∗dv. (3.15)

We have already introduced the ∇̃ operator in Chapter 2. We recall this here for functions of one
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variable ψ(v) and extend it to functions of two variables ψ(v, v∗) by

∇̃ψ(v, v∗) := |v − v∗|1+
γ
2Π[v − v∗](∇ψ(v)−∇ψ(v∗)),

∇̃ψ(v, v∗) := |v − v∗|1+
γ
2Π[v − v∗](∇−∇∗)ψ(v, v∗).

This leads to the abbreviation of (3.15) for QL(f, f) acting on test functions ψ by either

⟨QL(f, f), ψ⟩ = −1

2

∫∫
R6

[∇̃(ff∗)]
T ∇̃ψ dv∗dv, (3.16)

=
1

2

∫∫
R6

ff∗∇̃ · ∇̃ψ dv∗dv. (3.17)

(3.17) is formally obtained by integrating by parts ∇̃ from (3.16). The operator ∇̃· is notation for

the adjoint to ∇̃ (the version acting on functions of two variables) meaning that for a vector field

A(v, v∗) ∈ R3, it reads

[∇̃ ·A](v, v∗) := (∇−∇∗) · (Π[v − v∗]|v − v∗|1+
γ
2A(v, v∗)).

To be explicit, ∇̃ · ∇̃ψ should just be thought of as notation for

∇̃ · ∇̃ψ = |v − v∗|2+γ(∇−∇∗)(Π[v − v∗](∇−∇∗)ψ),

where we have used (∇−∇∗)|v − v∗| ∈ kerΠ[v − v∗].

Lemma 3.3 (Grazing Collision Limit). For fixed sufficiently smooth f, ψ we have

⟨QϵB(f, f), ψ⟩
ϵ↓0→ ⟨QL(f, f), ψ⟩.

Formal proof. We work at the level of (3.14) converging to (3.17). We change variables to spherical

coordinates while factoring Bϵ into its kinetic and angular parts, Bϵ(v − v∗, θ) sin θ = |v − v∗|γβϵ(θ);

⟨QϵB(f, f), ψ⟩ =
1

2

∫∫
R6

ff∗|v − v∗|γ
∫ ϵ/2

θ=0
βϵ(θ)

∫
S1
k⊥

∇̄ψ dpdθdv∗dv

= −π
2

2

∫∫
R6

ff∗|v − v∗|γ
∫ π/2

χ=0
β(χ)

1

ϵ2

∫
S1
k⊥

∇̄ψ dpdχdv∗dv.

The last line uses the rescaling of θ = ϵχ/π. According to Lemma 3.6 (in the particular case of functions
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ψ = ψ(v)), we have

1

ϵ2χ2

∫
S1
k⊥

∇̄ψ dp ϵ↓0→ 1

8π
(∇−∇∗) ·

[
|v − v∗|2Π[v − v∗](∇ψ −∇∗ψ∗)

]
.

Returning to the computations, the formal passage of the limit ϵ ↓ 0 inside the integral gives

⟨QϵB(f, f∗), ψ⟩
ϵ↓0→ π

16

∫∫
R6

ff∗|v − v∗|2+γ
Ç∫ π/2

0
χ2β(χ)dχ

å
(∇−∇∗) · [Π[v − v∗](∇−∇∗)ψ]dv∗dv

=
1

2

∫∫
R6

ff∗|v − v∗|2+γ(∇−∇∗) · [Π[v − v∗](∇−∇∗)ψ]dv∗dv,

where the last line follows from Lemma A.4 and we have used the finite angular momentum transfer (3.2)

with the normalization Cβ = π
8

∫ π
2
0 χ2β(χ)dχ = 1. Notationally, we recognise ∇̃ · ∇̃ψ in the integrand.

I invite the reader to (formally) verify the same passage of the grazing collision limit starting from

the ‘first order’ formulations of the collision operators; (3.13) converging to (3.16). Let us stress that

the averaged quantity
∫
S1
k⊥

∇̄ψ dp behaves like a second order derivative of ψ which we shall

make precise in Lemma 3.6. Consequently, the term to control is the angular momentum transfer (3.2).

Furthermore, this approach involves no derivatives of f and is even amenable to weak-strong conver-

gence pairs

Å
f ϵ, 1

ϵ2

∫
S1
k⊥

∇̄ψ dp
ã

→
Ä
f, ∇̃ · ∇̃ψ

ä
. By weak-strong convergence, we mean that f ϵ ⇀ f

weakly whereas we shall consider sufficiently smooth fixed ψ so that, up to multiplicative constants,

1
ϵ2

∫
S1
k⊥

∇̄ψ dp converges strongly to ∇̃ · ∇̃ψ.

We now provide the supplementary estimates that prove, up to multiplicative constants, ∇̄ ϵ↓0→ ∇̃

which we already used in the proof of Lemma 3.3. Given the notation with ∇̄, ∇̃ we consider the more

general case for these operators acting on functions ψ(v, v∗) which will be used later; the specific case

of functions of a single variable ψ = ψ(v) follows in the same way. To better facilitate this, consider the

following classical volume-preserving change of variables to momentum and relative velocity coordinates

also considered by Bobylev [21] and Villani [118], for instance. Define

x =
v − v∗

2
, y =

v + v∗
2

,

and we also note in particular that k = x/|x| which gives σ − k = σ − x
|x| . Recalling the definitions of

the post-collision velocities, for fixed σ ∈ S2, this leads to

 v′ = y + |x|σ

v′∗ = y − |x|σ
=⇒ x′ = |x|σ, y′ = y.
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Moreover, the differentiation in ∇̃ really only sees the x direction in the sense that ∇v − ∇v∗ = ∇x.

Thus, abusing notation, we can write

∇̄ψ(x, y) = ψ(|x|σ, y) + ψ(−|x|σ, y)− ψ(x, y)− ψ(−x, y), ∇̃ψ = |2x|1+
γ
2Π[x]∇xψ(x, y), (3.18)

where we have identified ψ = ψ(v, v∗) = ψ(x, y). Using this change of variables, we have

Lemma 3.4 (Estimates for ∇̄ψ adapted from [118]). Fix ψ ∈ C∞
c (R6), we have the first order estimate

in x and σ − k

|∇̄ψ| ≤ Lipx(ψ)|2x||σ − k|,

as well as the second order estimate in x but still first order in σ − k

|∇̄ψ| ≤ ∥D2
xψ∥L∞ |2x|2|σ − k|.

By averaging over the circle p ∈ S1
k⊥

, we can obtain a second order estimate in σ − k

∣∣∣∣∣ 12π
∫
S1
k⊥

∇̄ψ dp
∣∣∣∣∣ ≤ ∥D2

xψ∥L∞ |2x|2|σ − k|2,

where the geometric meaning of S1
k⊥

and p given k and σ are from Figures 3.1–3.3.

Proof. We use (3.18) and the Fundamental Theorem of Calculus to write

∇̄ψ = ψ(|x|σ) + ψ(−|x|σ)− ψ(x)− ψ(−x)

=

∫ 1

0

d

dt
{ψ(t|x|σ + (1− t)x) + ψ(−[t|x|σ + (1− t)x])} dt

= (|x|σ − x) ·
∫ 1

0
∇xψ(t|x|σ + (1− t)x)−∇xψ(−[t|x|σ + (1− t)x])dt.

The first estimate is directly obtained from here. For the second estimate, we continue by using Taylor’s

formula to replace the integrand

∇xψ(t|x|σ + (1− t)x) =∇xψ(x) + t(|x|σ − x) ·
∫ 1

0
D2
xψ(s[t|x|σ + (1− t)x] + (1− s)x)ds,

∇xψ(−[t|x|σ + (1− t)x]) =∇xψ(−x)− t(|x|σ − x) ·
∫ 1

0
D2
xψ(−{s[t|x|σ + (1− t)x] + (1− s)x})ds.
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Thus, we have

∇̄ψ = |x|(σ − k) · (∇xψ(x)−∇xψ(−x))

+ |x|2(σ − k)⊗ (σ − k) :

:

∫ 1

0
t

∫ 1

0
D2
xψ(s[t|x|σ + (1− t)x] + (1− s)x) +D2

xψ(−{s[t|x|σ + (1− t)x] + (1− s)x})dsdt︸ ︷︷ ︸
≤∥D2

xψ∥L∞

.

(3.19)

Here, the colon ‘:’ refers to the trace inner product between square matrices. The second term is

bounded by ∥D2
xψ∥L∞ |x|2|σ−k|2 ≤ 2∥D2

xψ∥L∞ |x|2|σ−k| (recalling |σ−k|2 = 2(1− cos θ) and we have

restricted θ ∈ [0, π/2]) which gives the right contribution for the second estimate. Thus, it suffices to

look at the first term which yields the right estimate after an application of the Mean Value Theorem.

Finally, for the third estimate which improves the order with respect to σ − k, we take the average

of (3.19) over S1
k⊥

. Again, the second term is bounded in the right way (σ−k depends on p, but |σ−k|

does not), so we only focus on the first term

1

2π

∫
S1
k⊥

|x|(σ − k) · (∇xψ(x)−∇xψ(−x))dp =
|x|
2π

∫
S1
k⊥

((cos θ − 1)k + sin θp) · (Nk k +Np p) dp

=
|x|
2π

∫
S1
k⊥

(cos θ − 1)Nk + sin θNp dp.

where we have decomposed the vectors in the inner product under this geometry, see (3.8), as

Nk = (∇xψ(x)−∇xψ(−x)) · k, Np = (∇xψ(x)−∇xψ(−x)) · p.

Continuing, notice that the Np term is a linear combination of cosϕ and sinϕ (ϕ being the azimuthal

angle in Figure 3.3) and that the integral can be written as

∫
S1
k⊥

dp =

∫ 2π

0
dϕ.

Hence, the second term integrates to zero and we focus on the first term. The Mean Value Theorem

gives |Nk| = |k · (∇xψ(x)−∇xψ(−x))| ≤ |2x|∥D2
xψ∥L∞ which yields

∣∣∣∣∣ |x|2π

∫
S1
k⊥

(σ − k) · (∇xψ(x)−∇xψ(−x))dp
∣∣∣∣∣ ≤ 2|x|2∥D2

xψ∥L∞ |1− cos θ| = ∥D2
xψ∥L∞ |x|2|σ − k|2.
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Lemma 3.5 (Behaviour of ∇̄ψ/ϵ). Under the previous notations, for ψ ∈ C∞
c (R6), ϵ > 0, χ = πθ/ϵ,

where cos θ = k · σ and θ ∈ [0, ϵ/2], we have

1

ϵ
∇̄ψ =

|x|
ϵ

((
cos

ϵχ

π
− 1
)
k + sin

ϵχ

π
p
)
· ∇x[ψ(x) + ψ(−x)] +O(∥D2

xψ∥L∞ϵ|x|2).

In particular, we have the convergence

1

ϵ
∇̄ψ ϵ↓0→ χ

π
|x| p · ∇x[ψ(x) + ψ(−x)], pointwise v, v∗ ∈ R3.

For functions ψ = ψ(v), this is equivalent to

1

ϵ
∇̄ψ ϵ↓0→ χ

2π
|v − v∗| p · (∇−∇∗)ψ.

Proof. Firstly, we recall the size estimates of σ − k from (3.10) and (3.11) giving

|σ − k|2 = 2(1− cos θ) ≤ θ2 = ϵ2
χ2

π2
.

Using again σ − k = (cos θ − 1)k + sin θ p and the substitution θ = ϵχ/π, we obtain the first identity

starting from (3.19).

Passing to the limit ϵ ↓ 0 is a matter of recalling Taylor expansions.

Lemma 3.6 (Behaviour of 1
ϵ2

∫
S1
k⊥

∇̄ψ dp). Under the previous notations, for ψ ∈ C∞
c (R6), ϵ >

0, cos θ = k · σ, θ ∈ [0, ϵ/2], χ = πθ/ϵ, we have

1

ϵ2χ2

∫
S1
k⊥

∇̄ψdp ϵ↓0→ 1

2π
∇x · (|x|2Π[x]∇x[ψ(x, y) + ψ(−x, y)]).

For functions ψ = ψ(v), this is equivalent to

1

ϵ2χ2

∫
S1
k⊥

∇̄ψdp ϵ↓0→ 1

8π
(∇−∇∗) · (|v − v∗|2Π[v − v∗](∇−∇∗)ψ).
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Proof. We start from (3.19), the terms there are recalled

∇̄ψ =

=:T1︷ ︸︸ ︷
|x|(σ − k) · (∇xψ(x)−∇xψ(−x))

+ |x|2(σ − k)⊗ (σ − k) :

:

∫ 1

0
t

∫ 1

0
D2
xψ(s[t|x|σ + (1− t)x] + (1− s)x) +D2

xψ(−{s[t|x|σ + (1− t)x] + (1− s)x})dsdt

=: T1 + T2.

The idea is to individually take the limits

lim
ϵ↓0

1

ϵ2

∫
S1
k⊥

Tidp, i = 1, 2.

Let us start with T2 which will involve a Dominated Convergence argument. By the triangle inequality

and (3.10)

|T2| ≤ ∥D2
xψ∥L∞ |x|2|σ − k|2 = ϵ2∥D2

xψ∥L∞ |x|2χ
2

π2
.

This is an integrable majorant when multiplied against ϵ−2 so we obtain

lim
ϵ↓0

∫
S1
k⊥

T2
ϵ2
dp =

χ2

2π2
|x|2

∫
S1
k⊥

p⊗ pdp : (D2
xψ(x) +D2

xψ(−x)).

This is because, recalling the expression of σ with respect to k, p in (3.8) and the scaling θ ∼ ϵ, we see

σ − k = (cos θ − 1)︸ ︷︷ ︸
∼ϵ2

k + sin θ︸︷︷︸
∼ϵ

p.

Therefore, the remaining contribution is limϵ↓0 ϵ
−1(σ − k) = p. Using Lemma A.4, we can compute∫

S1
k⊥
p⊗ p dp = πΠ[k] so that we obtain

lim
ϵ↓0

∫
S1
k⊥

T2
ϵ2χ2

dp =
|x|2

2π
Π[x] : (D2

xψ(x) +D2
xψ(−x)).

Turning to the T1 term, we directly integrate similar to the proof of Lemma 3.4. Copying the notation

there, we have

∫
S1
k⊥

T1
ϵ2
dp =

1

ϵ2

∫
S1
k⊥

|x|(σ − k) · (∇xψ(x)−∇xψ(−x))dp =
|x|Nk

ϵ2

∫
S1
k⊥

(cos θ − 1)dp

= 2π(x · (∇xψ(x)−∇xψ(−x)))
cos θ − 1

ϵ2
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recalling Nk = (∇xψ(x) − ∇xψ(−x)) · k (independent of p) and the other contribution vanishes.

Changing variables θ = ϵχ/π, we use the fact that

cos(ϵχ/π)− 1

ϵ2
ϵ↓0→ − χ2

2π2
to obtain lim

ϵ↓0

∫
S1
k⊥

T1
ϵ2χ2

dp = − 1

π
x · (∇xψ(x)−∇xψ(−x)).

Putting both terms together, we have

1

ϵ2χ2

∫
S1
k⊥

∇̄ψdp ϵ↓0→ |x|2

2π
Π[x] : (D2

xψ(x) +D2
xψ(−x))−

1

π
x · (∇xψ(x)−∇xψ(−x)).

In d dimensions, a direct computation shows ∇x · |x|2Π[x] = −(d − 1)x, which in this case for d = 3

allows one to recognise the product rule and conclude.

3.3 Gradient flow structure of the Boltzmann equation [61]

This section recalls Erbar’s gradient flow perspective of the Boltzmann equation [61]. We refer to Sec-

tion 2.1.2 for the necessary gradient flow concepts needed in this chapter. Of course, the most compre-

hensive reference for gradient flows in metric spaces remains [6]. The content of this section should be

compared with the analogous exposition for Landau in Section 2.2. We denote MB = M(R6 × S2) the

space of scalar signed Radon measures on R6 × S2 endowed with the weak-* topology as members of

the dual of Cc(R6 × S2). ML = M3(R6) will denote the space of R3-valued signed Radon measures on

R6 with the weak-* topology as members of the dual of Cc(R6;R3).

Definition 3.7 (Collision Rate Equation). For Borel curves in time t ∈ [0, T ], µ : t 7→ µt ∈ P and

M : t 7→ Mt ∈ MB we say (µ, M) ∈ CRET (or CRE if T = 1), if they satisfy Erbar’s collision rate

equation [61]

∂tµt +
1

4
∇̄ ·Mt = 0,

in the distributional sense. By this, we mean that for any ϕ ∈ C∞
c ((0, T )× R3),

∫ T

0

∫
R3

∂tϕ(t, v)dµt(v)dt+
1

4

∫ T

0

∫∫
R6

∫
S2
∇̄ϕ(t, v, v∗, σ)dMt(v, v∗, σ)dt = 0.

Furthermore, the second moment is finite and non-increasing

∫
R3

|v|2dµt(v) ≤
∫
R3

|v|2dµs(v) for any 0 ≤ s ≤ t ≤ T .

We restrict our attention to probability measures with densities µ = fL. As well, if M ∈ MB has a

density against Lebesgue measure on R6 × S2, we will identify dM(v, v∗, σ) =M(v, v∗, σ)dvdv∗dσ. For
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(µ,M) ∈ CRET , consider τ = µ(dv)µ(dv∗) + |M | ∈ M(R6 × S2) that dominates both µ ⊗ µ and M .

Taking Nτ =M and gτ = µ(dv)µ(dv∗), the densities of M and µ⊗ µ with respect to τ , we can define

the Boltzmann action of the curve µ by

AB(µ,M) :=

∫∫
R6

∫
S2

α(N, g, g′)

B(|v − v∗|, θ)
dσdv∗dv, α(u, s, t) :=


|u|2

4L(s,t) , L(s, t) ̸= 0,

0, L(s, t) = 0, u = 0

+∞, L(s, t) = 0, u ̸= 0

.

Here, L(s, t) is the logarithmic mean between s, t > 0 (c.f. Lemma A.3) and B is a fixed collision

kernel. The function α is jointly convex, lower semi-continuous, and 1-homogeneous (see [61] and

compare with Lemma 2.14). The appearance of the collision kernel B is free and our choice of its

location is consistent with Erbar so that the collision rate equation (as well as ∇̄) may be written

without the collision kernel. In the case where both M and µ have densities with respect to Lebesgue

(denoting again µ = fL), we write

Λ = Λ(f) =
f ′f ′∗ − ff∗

log f ′f ′∗ − log ff∗
.

For µϵ = f ϵL corresponding to curves with respect to the collision kernel Bϵ, we will write Λϵ = Λ(f ϵ).

In exactly the same way as Definition 2.19 for the Landau metric, dL, the Boltzmann (pseudo)-metric

dB is defined by

d2B(λ1, λ2) := inf

T
∫ T

0
AB(µt,Mt)dt

∣∣∣∣∣∣∣
(µ,M) ∈ CRET ,

µ(0) = λ1, µ(T ) = λ2

 , λ1, λ2 ∈ P2.

Analogously, for (µ,M) ∈ GCET , we already defined the Landau action of the curve µ in Section 2.2.2

by (2.5). We will write dBϵ or dϵ for the Boltzmann metric corresponding to the collision kernel Bϵ.

We have already used the notation in Definition 3.1, but we make precise here that |ḟ |ϵ, |ḟ |L refer to

the dϵ, dL-metric derivatives for a curve µt = ftL, respectively. We now quote the Boltzmann analogue

of Proposition 2.22.

Lemma 3.8 (Propositions A.9, A.11, and Corollary A.10 of [61]). For a fixed collision kernel B, a

curve t ∈ [0, T ] 7→ ftL ∈ P is absolutely continuous with respect to the Boltzmann distance dB if and

only if there is a family of mobilities MB
t ∈ MB such that (f, MB) ∈ CRET with finite total action

∫ T

0
AB(f,MB)dt =

1

4

∫ T

0

∫∫
R6

∫
S2

|MB|2

Λ(f)B
dσdv∗dvdt < +∞.
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Moreover, there is a unique M̃B ∈ MB such that

|ḟ |2B(t) = AB(f, M̃B) =
1

4

∫∫
R6

∫
S2

|M̃B|2

Λ(f)B
dσdv∗dv.

Furthermore, under the class of admissible MB ∈ MB (i.e. (f,MB) ∈ CRET ), M̃
B is characterised

by the minimisation property

∫∫
R6

∫
S2

|M̃B|2

Λ(f)B
dσdv∗dv ≤

∫∫
R6

∫
S2

|M̃B + η|2

Λ(f)B
dσdv∗dv.

for any η ∈ MB which is ∇̄·-free, that is to say

∫∫
R6

∫
S2
∇̄ξ dη = 0, ∀ξ ∈ C∞

c (R3).

If a measure M ∈ MB satisfies the minimisation property, then M = UΛ(f)B where

U ∈ {∇̄ϕ |ϕ ∈ C∞
c (R3)}

L2(Λ(f)Bdσdv∗dv)
.

We end this section with some remarks concerning the gradient flow concepts in our proof of The-

orem 3.2 without going into the details.

Remark 3.10. We recall the uniform metric derivative integrability (3.5) in the proof of Theorem 3.2

sup
ϵ>0

∫ T

0
|ḟ ϵ|2ϵ (t)dt < +∞.

This estimate yields the following which we shall revisit in Sections 3.4 and 3.6.

� (Regularity) - Each curve we consider t 7→ f ϵ(t) is absolutely continuous with respect to dϵ.

Moreover, this property is uniform in ϵ > 0.

� (Compactness) - Furthermore, from Lemma 3.8, we can evaluate the metric derivative as the

action of a unique collision rate M ϵ: |ḟ ϵ|2ϵ (t) = AB(f
ϵ(t),M ϵ(t)). This representation has two

consequences - firstly, our assumptions allow us to prove compactness of (f ϵ,M ϵ)ϵ>0 in Section 3.4

to some limit (f0,M0). Secondly, it is easier to work with the jointly convex integrands of AB

and AL to show Step 3 from the proof of Theorem 3.2;

lim inf
ϵ↓0

|ḟ ϵ|2ϵ (t) = lim inf
ϵ↓0

AB(f
ϵ,M ϵ) ≥ AL(f

0,M0) ≥ |ḟ |2L(t).
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Remark 3.11. Given a weak solution f of the Landau equation (respectively, f ϵ of the Boltzmann

equation) that dissipates entropy as in Remark 3.2, one immediately obtains an estimate for the metric

derivative;

|ḟ |2L(t) ≤ DL(f(t)), (respectively, |ḟ ϵ|2ϵ (t) ≤ Dϵ
B(f

ϵ(t))).

This is owed to the fact that one can take the admissible grazing (respectively, collision) rate

M = −ff∗∇̃ log f, (respectively, M ϵ
B = −Λ(f ϵ)Bϵ∇̄ log f ϵ),

giving an upper bound for the square of the Landau metric

d2L(f0, f1) ≤
∫ 1

0
AL(ft,M)dt =

1

2

∫ 1

0

∫∫
R6

ff∗|∇̃ log f |2dv∗dvdt < +∞.

An analogous estimate holds for the Boltzmann metric. In this way, the dissipation of entropy implies

the Energy Dissipation Inequality, hence renormalized solutions are H-gradient flow solutions.

3.4 Compactness of curves

The aim of this section is to deduce general compactness results of curves (f ϵ)ϵ>0 (not necessarily

solutions in any sense) subject to the uniform moments and metric derivative bounds in (3.5) from

the proof of Theorem 3.2. The first half of this section establishes Theorem 3.9 and Proposition 3.10

which are the main compactness results. The second half of this section, Section 3.4.1, builds on these

compactness results by confirming the passage of the grazing collision limit at the level of the generalized

continuity equations; CRE to GCE. Here, we have taken T = 1 for simplicity but the results work for

CRET and GCET with the appropriate time scaling.

Theorem 3.9 (Compactness of f ϵ). Let f ϵ : [0, 1] → P2 be curves satisfying the uniform moments and

metric derivative bounds (3.5). Then there exists f : [0, 1] → P2 obtained by a convergent subsequence

such that

f ϵ(t)
σ
⇀ f(t), ∀t ∈ [0, 1].

Moreover, in the case of γ ∈ [−2, 0] (respectively, γ ∈ [−4,−2)), f is continuous in duality against 1-

Lipschitz functions (respectively, continuous in duality against bounded functions with second derivatives

bounded by 1).

Remark 3.12. By the well-known Kantorovich-Rubinstein duality, the continuity in duality against

1-Lipschitz functions in the case of γ ∈ [−2, 0] is equivalent to continuity in the 1-Wasserstein met-
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ric [121]. This was noticed by Erbar [61] in the case γ = 0, whose proof we have generalised using the

finite angular momentum transfer (3.2).

Proof of Theorem 3.9. This is an application of a general Ascoli-Arzelà compactness result [6, Proposi-

tion 3.3.1] together with Lemma 3.12, which says that there exists C > 0 an explicit constant depending

on the finite momentum transfer (3.2), and the uniform moments from (3.5) such that

∣∣∣∣∫
R3

ψ(v)(f ϵt (v)− f ϵs(v))dv

∣∣∣∣ ≤ Cdϵ(f
ϵ(t), f ϵ(s)), ∀s, t ∈ [0, 1],

for any function ψ with Lipschitz semi-norm bounded by 1 in the case γ ∈ [−2, 0] (respectively, second

derivative bounded by 1 in the case γ ∈ [−4,−2)).

By the absolute continuity of f ϵ and the uniform L2 integrability of the metric derivative, we obtain

sup
ϵ>0

sup
ψ

∣∣∣∣∫
R3

ψ(v)(f ϵt (v)− f ϵs(v))dv

∣∣∣∣ ≤ C|t− s|
1
2 .

This estimate with the basic weak compactness of (f ϵ)ϵ>0 ⊂ P by the moment bounds in (3.5) satisfies

the conditions to apply a version of Ascoli-Arzelà in this setting [6, Proposition 3.3.1].

Proposition 3.10. Let (f ϵ)ϵ>0 be curves satisfying the uniform moment and metric derivative bounds

in (3.5). We consider the subsequence of f ϵ that converges to f given by Theorem 3.9. Assume further

that there exists t0 ∈ [0, 1] such that

sup
ϵ>0

Dϵ
B(f

ϵ(t0)) <∞,

then »
f ϵ(t0) →

»
f(t0), in L2

loc..

Remark 3.13. This result is reminiscent, but weaker, than those in [96, 4]. There, the stronger

convergence
√
f ϵ →

√
f in L2

t,v is achieved by exploiting the extra time (and space, in the case of inho-

mogeneity) regularity from velocity averaging methods [71] on renormalized solutions to the Boltzmann

equation [58].

Proof of Proposition 3.10. The argument is standard after recalling the main estimate of Appendix C

so we shall quickly sketch the main ideas. For brevity, we fix and suppress t0. Using that f ϵ are

probability densities, we immediately obtain (up to a subsequence) the weak convergence
√
f ϵ ⇀ g in

L2 for some g ∈ L2. According to Appendix C, we obtain the estimate

sup
ϵ>0

∥∥∥»f ϵR∥∥∥
Ḣ

ν
2
≤ CR, ∀R > 1,
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where f ϵR = f ϵχR is a smooth cut-off approximation of f ϵ vanishing outside BR+1 and CR > 0 is

a constant depending on R and the value of supϵ>0D
ϵ
B(f

ϵ). This upgrades the convergence so that

√
f ϵ → g strongly in L2

loc.. In particular, along a further subsequence, we have f ϵ → g2 pointwise

almost every v ∈ R3. By Theorem 3.9, this identifies g2 = f and we are done.

Curves in CRE and GCE are pairs of measures (f,M). Assuming the bounds (3.5), we have

established compactness for the first component of these curves, f ϵ. We now state and prove the

compactness result for the second component, M ϵ.

Proposition 3.11 ((Scaled) compactness of M ϵ). Suppose (f ϵ,M ϵ) ∈ CRE is a pair of curves where

(f ϵ)ϵ>0 satisfies the uniform moment and metric derivative bounds (3.5). Assume M ϵ is the optimal

collision rate given by Lemma 3.8. Then, for any q̃ ∈
[
−γ

2 , 1−
γ
2

]
the family {|v − v∗|q̃θM ϵ}ϵ>0 is a

bounded set of Radon measures in the weak-* topology against Cc functions. In particular, choosing

qγ :=

 1, γ ∈ [−2, 0)

2, γ ∈ [−4,−2)
, 0 < δ < δγ :=

 −γ
2 , γ ∈ [−2, 0)

−γ
2 − 1, γ ∈ [−4,−2)

,

we have that the family ß
|v − v∗|qγ

(
1 +

[
|v|2 + |v∗|2

]) δ
2 θM ϵ

™
ϵ>0

is compact in the set of Radon measures.

Proof. We will only show the uniform bound. The compactness statement uses the same argument

because the choices of q = qγ and δ depending on γ ensure q + δ ∈
[
−γ

2 , 1−
γ
2

)
. Fix Ψ ∈ Cc([0, 1] ×

R6 × S2) non-negative and q̃ ∈
[
−γ

2 , 1−
γ
2

]
; we use Corollary A.2 to estimate

∫ 1

0

∫∫
R6

∫
S2
Ψ|v − v∗|q̃|θ||M ϵ| =

∫ 1

0

∫∫
R6

∫
S2

|M ϵ|√
Λ(f ϵ)Bϵ

|v − v∗|q̃|θ|Ψ
»
Λ(f ϵ)Bϵ

≤
Ç∫ 1

0

∫∫
R6

∫
S2

|M ϵ|2

Λ(f ϵ)Bϵ

å 1
2
Ç∫ 1

0

∫∫
R6

∫
S2
|v − v∗|2q̃|θ|2Ψ2Λ(f ϵ)Bϵ

å 1
2

.

Here, we have multiplied and divided by
√
ΛϵBϵ and then applied Cauchy-Schwarz. This reveals

precisely the ϵ-action in the first term, which by the metric derivative bound in (3.5) and Lemma 3.8,

is bounded. Focusing on the second term, we use Corollary A.2 to estimate

∫ 1

0

∫∫
R6

∫
S2
|v − v∗|2q̃|θ|2Ψ2

ï
f ϵ′f ϵ∗

′ + f ϵf ϵ∗
2

ò
Bϵdσdv∗dvdt.

By symmetry, we can pass the post-collision velocity evaluations of f ϵ′f ϵ′∗ onto Ψ. We develop Bϵ sin θ =
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|v − v∗|γβϵ and continue the estimate

∫ 1

0

∫∫
R6

∫
S2
Ψ|v − v∗|q̃|θ||M ϵ|dσdv∗dvdt

≤ C

(∫ 1

0

∫∫
R6

∫ ϵ/2

θ=0

∫
S1
k⊥

|v − v∗|2q̃+γ |θ|2(Ψ2 +Ψ′2)f ϵf ϵ∗
π3

ϵ3
β

Å
πθ

ϵ

ã
dpdθdv∗dvdt

) 1
2

=
√
2πC

Ç∫ 1

0

∫∫
R6

∫ π/2

0
π2|v − v∗|2q̃+γχ2(Ψ2 +Ψ′2)f ϵf ϵ∗β(χ)dχdv∗dvdt

å 1
2

.

The final expression is uniformly bounded in ϵ by the assumptions (notice 2q̃ + γ ∈ [0, 2]) and finite

angular momentum transfer (3.2).

Corollary 3.2. Consider the setting of Proposition 3.11 and denote M ∈ M((0, 1)×R6 × S2) a limit

of the family {|v − v∗|q̃θM ϵ}ϵ. Then, M can be disintegrated with respect to Lebesgue measure on t.

Remark 3.14. This disintegration in time is the Boltzmann analogue of the same statement for Propo-

sition 2.18.

Proof. We repeat the proof of Proposition 3.11 but fix a test function Ψ(v, v∗, σ, t) ∈ Cc((0, 1)×R6×S2)

now so that its time dependence is an indicator function, i.e.

Ψ(v, v∗, σ, t) = ψ(v, v∗, σ)χ[a,b](t), ψ ∈ Cc(R6 × S2).

We continue from the last line of the previous proof to obtain

∫ b

a

∫∫
R6

∫
S2
|ψ||v − v∗|q̃|θ||M ϵ

t |dσdv∗dvdt

≤
√
2πC

Ç∫ b

a

∫∫
R6

∫ π/2

0
π2|v − v∗|2q̃+γχ2(ψ2 + ψ′2)f ϵf ϵ∗β(χ)dχdv∗dvdt

å 1
2

.

The finite angular momentum transfer (3.2) is independent of time, moreover the zeroeth to second

moments of f ϵ are bounded uniformly in ϵ and t from (3.5) so absorbing these terms into a constant

leaves ∫ b

a

∫∫
R6

∫
S2
|ψ||v − v∗|q̃|θ||M ϵ

t |dσdv∗dvdt ≤ C|b− a|
1
2 .

This estimate holds in the limit ϵ ↓ 0 as well, so the measure M can also be disintegrated with respect

to Lebesgue measure on t ∈ [0, 1].

From now on, we take for granted that the limits in Proposition 3.11 are also families in time of

signed measures on R6 × S2.
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Lemma 3.12 (Comparison of certain topologies against the Boltzmann metric). Let µ0, µ1 ∈ P2(R3)

be probability measures that are absolutely continuous with respect to Lebesgue. There exists a constant

C > 0 depending only on the finite angular momentum transfer (3.2) and the second moment of µ0

such that the following holds:

1. In the case γ ∈ [−2, 0], we have

∣∣∣∣∫
R3

ψ(v)d(µ0 − µ1)(v)

∣∣∣∣ ≤ CdϵB(µ0, µ1)

for any function ψ with Lipschitz semi-norm bounded by 1.

2. In the case γ ∈ [−4,−2), we have

∣∣∣∣∫
R3

ψ(v)d(µ0 − µ1)(v)

∣∣∣∣ ≤ CdϵB(µ0, µ1)

for any function ψ with second derivative bounded by 1.

Proof. We will only show the proof of the first estimate in the case γ ∈ [−2, 0]. The proof of the second

estimate differs only by estimating ∇̄ψ using the second estimate of Lemma 3.4 instead of the first.

Without loss of generality we can assume that dϵB(µ0, µ1) < ∞. We take M the optimal collision rate

in the sense of Lemma 3.8. Fix Lipschitz ψ : R3 → R with Lip(ψ) ≤ 1 and we recall the first estimate

of Lemma 3.4

|∇̄ψ| ≤
∣∣∣∣ψ Åv + 1

2
|v − v∗|(σ − k)

ã
− ψ(v)

∣∣∣∣+ ∣∣∣∣ψ Åv∗ − 1

2
|v − v∗|(σ − k)

ã
− ψ(v∗)

∣∣∣∣
≤ |v − v∗||σ − k|.

Using ψ as a test function in the collision rate equation (which we justify at the end) connecting µ0 to

µ1 we have

∣∣∣∣∫
Rd

ψdµ0 −
∫
Rd

ψdµ1

∣∣∣∣ = 1

4

∣∣∣∣∣
∫ 1

0

∫∫
R6

∫
S2
∇̄ψMdσdv∗dvdt

∣∣∣∣∣
≤ 1

4

∫ 1

0

∫∫
R6

∫
S2
|v − v∗||σ − k||M |dσdv∗dvdt

≤ 1

4

Ç∫ 1

0

∫∫
R6

∫
S2

|M |2

Λ(f)Bϵ
dσdv∗dvdt

å 1
2
Ç∫ 1

0

∫∫
R6

∫
S2
|v − v∗|2|σ − k|2Λ(f)Bϵdσdv∗dvdt

å 1
2

.

At this point, we recognise the first term as the time integrated ϵ-Boltzmann action. In the second
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term, we can apply Corollary A.2. Since M is optimal we can estimate the previous expression by

1

4
dϵB(µ0, µ1)

Ç∫ 1

0

∫∫
R6

∫
S2
|v − v∗|2|σ − k|2

Ç
f

′
f

′
∗ + ff∗
2

å
Bϵdσdv∗dvdt

å 1
2

.

By Figure 3.1 or directly from the definitions, we have |σ′ − k′| = |k − σ|. Hence, the arithmetic mean

is just ff∗ upon symmetrisation (Bϵ is invariant when (v, v∗) ↔ (v′, v′∗)). This leads to

∣∣∣∣∫
Rd

ψdµ0 −
∫
Rd

ψdµ1

∣∣∣∣ ≤ 1

4
dϵB(µ0, µ1)

Ç∫ 1

0

∫∫
R6

∫
S2
|v − v∗|2|σ − k|2Bϵff∗dσdv∗dvdt

å 1
2

.

Now, we change representation from σ-representation to (θ, ϕ)-representation, see Section 3.2. We recall

from (3.10) that |σ − k|2 = 2(1− cos θ). Substituting this leads to the further estimate

∣∣∣∣∫
Rd

ψdµ0 −
∫
Rd

ψdµ1

∣∣∣∣
≤

√
2

4
dϵB(µ0, µ1)

Ç∫ 1

0

∫∫
R6

∫ ϵ/2

θ=0

∫ 2π

ϕ=0
(1− cos θ)|v − v∗|2+γβϵ(θ)ff∗dθdϕdv∗dvdt

å 1
2

=

√
2

4
dϵB(µ0, µ1)

Ç∫ 1

0

∫∫
R6

∫ ϵ/2

θ=0

∫ 2π

ϕ=0
(1− cos θ)|v − v∗|2+γ

π3

ϵ3
β

Å
πθ

ϵ

ã
ff∗dθdϕdv∗dvdt

å 1
2

.

We perform the change of variables χ = πθ/ϵ and directly compute the ϕ integral to get

∣∣∣∣∫
Rd

ψdµ0 −
∫
Rd

ψdµ1

∣∣∣∣
≤

√
π

2
dϵB(µ0, µ1)

Ç∫ 1

0

∫∫
R6

∫ π/2

χ=0
(1− cos

ϵχ

π
)|v − v∗|2+γ

π2

ϵ2
β(χ)ff∗dχdv∗dvdt

å 1
2

.

We eliminate the factor of 1/ϵ2 by the inequality 1− cosx ≤ 1
2x

2 in (3.12) when x ∈ [0, π] to give

∣∣∣∣∫
Rd

ψdµ0 −
∫
Rd

ψdµ1

∣∣∣∣ ≤ √
2π

4
dϵB(µ0, µ1)

Ç∫ 1

0

∫∫
R6

∫ π/2

χ=0
χ2|v − v∗|2+γβ(χ)ff∗dχdv∗dvdt

å 1
2

.

The integral decouples and the proof is complete recalling the finite angular momentum transfer (3.2).

We now address the use of time-independent Lipschitz-bounded functions as test functions in the

collision rate equation for γ ∈ [−2, 0]. Fix ϕ ∈ C∞
c ((0, 1) × R3) and repeat the previous estimates. In

particular by the first estimate of Lemma 3.4, notice that the drift term can be estimated as follows

∣∣∣∣∣
∫ 1

0

∫∫
R6

∫
S2
∇̄ϕM

∣∣∣∣∣ ≤
∫ 1

0
Lipv(ϕ)

∫∫
R6

∫
S2
|v − v∗||σ − k||M |

≤ 1

2

∫ 1

0
Lipv(ϕ)

ß∫∫
R6

∫
S2

|M |2

Λ(f)Bϵ
+

∫∫
R6

∫
S2
|v − v∗|2|σ − k|2Λ(f)Bϵ

™
.
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The finite metric derivative and second moment bounds from (3.5) and the finite angular momen-

tum (3.2) give estimates on both the integrals in the curly brackets. This leaves only the dependence

on the Lipschitz semi-norm of the test function so by density, one can take test functions with bounded

Lipschitz dependence in v ∈ R3. The argument is similar for γ ∈ [−4,−2) by using instead the second

estimate of Lemma 3.4 to restrict the class of test functions to those with bounded second deriva-

tive. The time independence can be treated by considering test functions ϕk(t, v) = ηk(t)ζ(v) for

ηk ∈ C∞
c ((0, 1)) and ζ ∈ C∞

c (R3) where ηk is a smooth approximation of the indicator function on (0,1)

for k ∈ N.

3.4.1 Grazing collision limit of the continuity equations

Now that we understand compactness for (f ϵ,M ϵ), we need to verify that the limit points actually

satisfy the GCE. Here, we only consider the distributional formulation of these equations without

regard to, for example, the moment condition (2.3). Given ψ ∈ C∞
c ((0, T ) × R3) a test function,

we recall the generalised continuity equations for the ϵ-Boltzmann ((f ϵ,M ϵ) ∈ CRE) and Landau

((f,M) ∈ GCE) equations

∫ T

0

∫
Rd

∂tψf
ϵdvdt+

1

4

∫ T

0

∫∫
R6

∫
S2
∇̄ψM ϵdσdv∗dvdt = 0, (3.20)

and ∫ T

0

∫
Rd

∂tψfdvdt+
1

2

∫ T

0

∫∫
R6

∇̃ψ ·Mdv∗dvdt = 0. (3.21)

We can directly compare the first terms from the weak convergence f ϵ ⇀ f from Theorem 3.9. It

remains to understand precisely the convergence in the transport term. Recalling Proposition 3.11, we

know that
(
|v − v∗|q

(
1 +

[
|v|2 + |v∗|2

] δ
2

)
θM ϵ

)
ϵ>0

is compact for q, δ satisfying

q =

 1, γ ∈ [−2, 0)

2, γ ∈ [−4,−2)
, 0 < δ <

 −γ
2 γ ∈ [−2, 0)

−γ
2 − 1, γ ∈ [−4,−2)

.

We define a ‘lift’ mapping whose use will soon be clear

Lq,δ :M ∈ MB 7→ |v − v∗|−
γ
2
−q

4
(
1 + [|v|2 + |v∗|2]

δ
2

) ∫
S2
M pdσ ∈ ML.

Recall p ∈ S1
k⊥

as defined in Section 3.2.2 in the integral over S2. The motivation for this comes

from looking at the formal grazing collision limit of (3.20). Along the subsequence of convergence
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in Proposition 3.11, let us write

|v − v∗|q
Å
1 +

[
|v|2 + |v∗|2

] δ
2

ã
θM ϵ ∗

⇀M0
q,δ, ϵ ↓ 0.

This suggests to multiply and divide by θ within the integral in (3.20). By Lemma 3.4, we obtain

1

θ
∇̄ψ ϵ↓0→ 1

2
|v − v∗|(∇ψ −∇∗ψ∗) · p =

1

2
|v − v∗|−

γ
2 p · ∇̃ψ.

Multiplying and dividing by |v−v∗|q
(
1 +

[
|v|2 + |v∗|2

] δ
2

)
θ in the transport term of (3.20) and omitting

the time integral, we have

1

4

∫∫
R6

∫
S2
∇̄ψM ϵ =

1

4

∫∫
R6

∫
S2

|v − v∗|q
(
1 +

[
|v|2 + |v∗|2

] δ
2

)
θM ϵ

θ|v − v∗|q
(
1 + [|v|2 + |v∗|2]

δ
2

) ∇̄ψdσdv∗dv.

In order to apply weak-strong convergence, we need to ensure that |v−v∗|−q
(
1 +

[
|v|2 + |v∗|2

] δ
2

)−1 ∇̄ψ
θ

decays when v, v∗ → ∞ uniformly in ϵ > 0. Recall the meaning of weak-strong convergence; if ψn

converges strongly to ψ in the space of continuous and decaying functions on R6×S2 and the sequence

of signed Radon measures Mn converges weakly-* to M in M(R6 × S2), then
∫∫

R6

∫
S2 ψndMn →∫∫

R6

∫
S2 ψdM . By our choice of q depending on γ ∈ [−4, 0) and Lemma 3.4, we can estimate

|v − v∗|−q
∇̄ψ
θ

≲

 Lip(ψ) q = 1, γ ∈ [−2, 0)

∥D2ψ∥L∞ q = 2, γ ∈ [−4,−2)
.

By the convergence result in Lemma 3.5, we obtain

|v − v∗|−q
∇̄ψ
θ

→ 1

2
|v − v∗|1−qp · (∇−∇∗)ψ =

1

2
|v − v∗|−q−

γ
2 p · ∇̃ψ.

Therefore, we can pass to the limit ϵ ↓ 0,

1

4

∫∫
R6

∫
S2
∇̄ψM ϵ ϵ↓0→ 1

8

∫∫
R6

|v − v∗|−q−
γ
2(

1 + [|v|2 + |v∗|2]
δ
2

)∇̃ψ ·
∫
S2
M0
q,δpdσdv∗dv

=
1

2

∫∫
R6

∇̃ψ · Lq,δ(M0
q,δ)dv∗dv.

This shows that (f, Lq,δ(M
0
q,δ)) is an admissible pair for the grazing continuity equation coming from

the Boltzmann sequence (f ϵ,M ϵ).

Remark 3.15. We describe more precisely the various changes necessary to generalise our assumptions
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on the collision kernel from the discussion in Remark 3.4. Repeating the proof of Proposition 3.11, we

can show that the family ®
θM ϵ√
T ϵ(v, v∗)

´
ϵ>0

has uniformly bounded moments up to first order. To prove a similar result as Lemma 3.12, one has

to utilise both the Lipschitz (for large |v − v∗| ≫ 1) and Hessian (for local |v − v∗| ≤ 1) estimates

in Lemma 3.4 to obtain ∣∣∣∣∫
R3

ψ(v)d(µ0 − µ1)(v)

∣∣∣∣ ≲ dϵB(µ0, µ1),

for test functions ψ with Lipschitz semi-norm and second derivative bounded by 1.

Finally, we discuss the grazing collision limit at the level of the generalised continuity equations.

We need good estimates for the pairing of ∇̄ψ against M ϵ to show the grazing collision limit:

∫ 1

0

∫∫
R6

∫
S2
∇̄ψM ϵ =

∫ 1

0

∫∫
R6

∫
S2

∇̄ψ
θ

√
T ϵ
ï
θM ϵ

√
T ϵ

ò
→
∫ 1

0

∫∫
R6

∇̃ψ(v, v∗) ·
∫
S2
M0p dσdv∗dv,

where

∇̃ψ(v, v∗) = |v − v∗|
»
T (|v − v∗|)Π[v − v∗](∇ψ −∇∗ψ∗).

The convergence above uses again the Lipschitz and Hessian estimates in Lemma 3.4, the uniform

bound for T ϵ (3.3), and the convergence of T ϵ to T as in (3.4).

3.5 Lower semicontinuous convergence of the dissipations in the graz-

ing collision limit

Throughout this section we consider (f ϵ)ϵ>0 a sequence of probability densities with uniformly bounded

second moment and entropy

sup
ϵ>0

∫
R3

|v|2f ϵ(v)dv < +∞, sup
ϵ>0

∫
R3

f ϵ log f ϵdv < +∞. (3.22)

such that f ϵ
σ
⇀ f for some probability density f . We wish to show the lower semicontinuous convergence

of the dissipation.

Proposition 3.13. Assume f ϵ
σ
⇀ f with uniform second moment and entropy bounds (3.22). Then

we have

lim inf
ϵ↓0

Dϵ
B(f

ϵ) ≥ DL(f).
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Proof. We first reduce to the case

sup
ϵ>0

Dϵ
B(f

ϵ) < +∞.

Indeed, without loss of generality, we may assume that lim infϵ↓0D
ϵ
B(f

ϵ) < +∞ otherwise there is

nothing to show. There is a subsequence (ϵn)n∈N such that ϵn ↓ 0 as n→ ∞ for which

sup
n∈N

Dϵn
B (f ϵn) ≤ lim inf

ϵ↓0
Dϵ
B(f

ϵ) + 1 < +∞.

In this uniformly bounded dissipation setting, we can further say
√
f ϵ →

√
f in L2

loc by Proposition 3.10.

Collecting the results of Section 3.5.1, we obtain the following estimates for the dissipation

Dϵ
B(f

ϵ) ≥ sup
ψ∈DS∞

c

ß
−2

∫∫
R6

√
f ϵf ϵ∗

Å∫
S2
∇̄ψBϵ

ã
− 1

4

∫∫
R6

∫
S2
|∇̄ψ|2Bϵ

™
,

DL(f) ≤ sup
ψ∈DS∞

c

ß
−4

∫∫
R6

√
ff∗∇̃ · ∇̃ψ − 2

∫∫
R6

|∇̃ψ|2
™
,

where the test functions ψ belong to the following class of smooth functions

DS∞
c :=

ψ = ψ(v, v∗) ∈ C∞
c (R6;R) :

ψ(v, v∗) = ψ(v∗, v) ∀v, v∗ ∈ R3,

∃δψ > 0 s.t. ψ(v, v∗) = 0 ∀|v − v∗| ≤ δψ

 .

Up to some constants (consistent in both expressions below), we apply the results of Section 3.5.2

and Lemmas 3.5 and 3.6 which state

∫∫
R6

√
f ϵf ϵ∗

Å∫
S2
∇̄ψBϵ

ã
ϵ↓0→ 2

∫∫
R6

√
ff∗∇̃ · ∇̃ψ and

∫∫
R6

∫
S2
|∇̄ψ|2Bϵ ϵ↓0→ 8

∫∫
R6

|∇̃ψ|2,

for any fixed ψ ∈ DS∞
c .

3.5.1 Affine representation of dissipations

In this subsection, we seek to show

Dϵ
B(f

ϵ) ≥ sup
ψ∈DS∞

c

ß
−2

∫∫
R6

√
f ϵf ϵ∗

Å∫
S2
∇̄ψBϵ

ã
− 1

4

∫∫
R6

∫
S2
|∇̄ψ|2Bϵ

™
,

DL(f) ≤ sup
ψ∈DS∞

c

ß
−4

∫∫
R6

∫
S2

√
ff∗∇̃ · ∇̃ψ − 2

∫∫
R6

|∇̃ψ|2
™
,

(3.23)

where DS∞
c was introduced in the proof of Proposition 3.13. For ease of notation, we will drop the

ϵ superscripts for the Boltzmann dissipation. Recall, the Boltzmann and Landau dissipations can be
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written as

DB(f) =
1

4

∫∫
R6

∫
S2
[f ′f ′∗ − ff∗] log

f ′f ′∗
ff∗

B,

DL(f) = 2

∫∫
R6

|v − v∗|2+γ |Π[v − v∗](∇−∇∗)
√
ff∗|2.

The proof of the upper bound for the Landau dissipation in (3.23) is the content of the subsequent Sec-

tions 3.5.1.1 and 3.5.1.2 while the lower bound for the Boltzmann dissipation in (3.23) is the content

of Section 3.5.1.3.

3.5.1.1 Landau dissipation

We begin with a preliminary expression of the Landau dissipation.

Proposition 3.14. We can express

DL(f) = sup
ξ∈C∞

c (R6;R3)

ß
−4

∫∫
R6

√
ff∗|v − v∗|1+

γ
2 (∇−∇∗) · (Π[v − v∗]ξ)− 2

∫∫
R6

|ξ|2
™
. (3.24)

Proof. Let us denote the right-hand side of (3.24) by IL(f); we want to show equality DL(f) = IL(f).

Showing IL(f) ≤ DL(f) is straight-forward because if DL(f) < +∞, we can integrate by parts

the differential operator |v − v∗|1+
γ
2 (∇ − ∇∗) · Π[v − v∗] onto

√
ff∗ (since finite dissipation implies

∇̃
√
ff∗ ∈ L2) and then apply Cauchy-Schwarz and Young’s inequality in the following way for fixed

ξ ∈ C∞
c (R6;R3)

− 4

∫∫
R6

√
ff∗|v − v∗|1+

γ
2 (∇−∇∗) · (Π[v − v∗]ξ)− 2

∫∫
R6

|ξ|2

= 4

∫∫
R6

|v − v∗|1+
γ
2Π[v − v∗]

î
(∇−∇∗)

√
ff∗
ó
· ξ − 2

∫∫
R6

|ξ|2

≤ 4

Å∫∫
R6

|v − v∗|2+γ |Π[v − v∗](∇−∇∗)
√
ff∗|2

ã 1
2
Å∫∫

R6

|ξ|2
ã 1

2

− 2

∫∫
R6

|ξ|2

≤ DL(f).

Turning to the other direction, we wish to show that DL(f) ≤ IL(f). We assume here that IL(f) <

+∞ or else there is nothing to show. Define the linear operator acting on ξ ∈ C∞
c (R6;R3) given by

F : ξ 7→ −4

∫∫
R6

√
ff∗|v − v∗|1+

γ
2 (∇−∇∗) · (Π[v − v∗]ξ).

100



Since we assume IL(f) < +∞, we have

sup
ξ∈C∞

c ,∥ξ∥L2=1
{⟨F, ξ⟩ − 2} ≤ C < +∞,

So by density, F extends uniquely to a bounded linear operator on L2(R6;R3). We consider now the

continuous, coercive, symmetric, and bilinear form

a(ξ, η) = 2

∫∫
R6

ξ · η, ∀ξ, η ∈ L2(R6;R3).

By Lax-Milgram/Riesz representation, there is a unique Riesz representative u ∈ L2(R6;R3) such that

2

∫∫
R6

u · ξ = ⟨F, ξ⟩, ∀ξ ∈ L2(R6;R3).

Moreover, u = ∇̃
√
ff∗ in L2 and this characterises the minimisation problem

1

2
a(u, u)− ⟨F, u⟩ = min

ξ∈L2

ß
1

2
a(ξ, ξ)− ⟨F, ξ⟩

™
.

Using the definitions of a, ϕ, and u = ∇̃
√
ff∗ as well as density, the above gives

−2

∫∫
R6

|∇̃
√
ff∗|2 = inf

ξ∈C∞
c

ß
2

∫∫
R6

|ξ|2 + 8

∫∫
R6

√
ff∗|v − v∗|1+

γ
2 (∇−∇∗) · (Π[v − v∗]ξ)

™
.

Applying one sign change gives precisely DL(f) = IL(f).

Intuitively, a near optimal ξ ∈ C∞
c (R6;R3) in the right-hand side of (3.24) needs to approximate

∇̃
√
ff∗. We have formulated (3.24) in a big space of test functions without taking advantage of the

anti-symmetry of variable swapping v ↔ v∗. To take advantage of symmetries, we define

AS = {V = V (v, v∗) ∈ L2(R6;R3) |V (v, v∗) = −V (v∗, v) a.e. v, v∗ ∈ R3},

together with the smooth and compactly supported approximations

AS∞
c =

V = V (v, v∗) ∈ C∞
c (R6;R3)

∣∣∣∣∣∣∣
V (v, v∗) = −V (v∗, v) ∀v, v∗ ∈ R3,

∃δ > 0 s.t. V (v, v∗) = 0 ∀|v − v∗| ≤ δ

 .

The anti-symmetry allows to write the following identity

V (v, v∗) =
1

2
(V (v, v∗)− V (v∗, v)), ∀V ∈ AS. (3.25)
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To shorten some notation, we will write

↔
V (v, v∗) := V (v∗, v), ∀v, v∗ ∈ R3.

Using (3.25), it is easy to see that AS is a closed subspace of L2(R6;R3) and hence is a Hilbert space with

the L2 inner product. Moreover, we have density of the smooth compactly supported approximations.

Lemma 3.15. AS∞
c is dense in AS with respect to the L2 topology.

We skip the proof of Lemma 3.15. Using density we can show the next characterisation.

Proposition 3.16. The Landau dissipation can be written as

DL(f) = sup
V ∈AS∞

c

ß
−4

∫∫
R6

√
ff∗|v − v∗|1+

γ
2 (∇−∇∗) · (Π[v − v∗]V )− 2

∫∫
R6

|Π[v − v∗]V |2
™
. (3.26)

Proof. Replace L2(R6;R3) and C∞
c (R6;R3) with AS and AS∞

c , respectively and follow the same proof

of Proposition 3.14 taking advantage of (3.25). This would lead to the majorant

sup
V ∈AS∞

c

ß
−4

∫∫
R6

√
ff∗|v − v∗|1+

γ
2 (∇−∇∗) · (Π[v − v∗]V )− 2

∫∫
R6

|V |2
™
.

Since Π is a projection, we have |Π[v− v∗]V | ≤ |V |. Estimating the second term of the affine represen-

tation in this way completes the proof.

3.5.1.2 Projecting a vector field onto the image of ∇̃

Starting from (3.26), our goal now is to replace the vector field V ∈ AS∞
c by ∇̃ψ for some ψ ∈ DS∞

c .

In this section, the role of DS∞
c which we introduced in the proof of Proposition 3.13 will be clarified.

Given any V ∈ AS∞
c , we find ψ such that

− 4

∫∫
R6

√
ff∗|v − v∗|1+

γ
2 (∇−∇∗) · (Π[v − v∗]V )− 2

∫∫
R6

|Π[v − v∗]V |2

≤ −4

∫∫
R6

√
ff∗∇̃ · ∇̃ψ − 2

∫∫
R6

|∇̃ψ|2.

Said ψ can be characterised by the projection of V (or equivalently Π[v − v∗]V ) onto the image of ∇̃.

More explicitly, ψ will be obtained as the solution to the following minimisation problem

min
g∈DS∞

c

∫∫
R6

|∇̃g −Π[v − v∗]V |2 =
∫∫

R6

|∇̃ψ −Π[v − v∗]V |2. (3.27)

We begin by investigating the solvability of the first order condition of this convex minimisation problem

which is given by the PDE in the following result.
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Lemma 3.17. For V ∈ AS∞
c , there exists a unique smooth solution ψ ∈ DS∞

c to the following equation

∇̃ · ∇̃ψ = ∇̃ · (Π[v − v∗]V ). (3.28)

Moreover, ψ solves (3.27) and we have

∥Π[v − v∗]V ∥2L2
v,v∗

= ∥∇̃ψ∥2L2
v,v∗

+ ∥Π[v − v∗]V − ∇̃ψ∥2L2
v,v∗

. (3.29)

Proof. After changing variables, we will construct ψ as a superposition of solutions to the Laplace-

Beltrami equation on spheres |v− v∗| = r. Recalling some of the notations from Section 3.2.3, for fixed

v, v∗ ∈ R3 we consider the smooth and volume preserving coordinate transformation

(v, v∗) 7→
(v − v∗

2
,
v + v∗

2

)
=: (x, y).

Given vector fields V = V (v, v∗) and scalar functions ψ = ψ(v, v∗), we will use the same symbols to

denote their versions under this and future coordinate transformations V = V (v, v∗) = V (x, y) and

similarly for ψ. It is readily checked that ∇−∇∗ = ∇x and similarly for the divergence. Notice that

when V ∈ AS∞
c , (3.28) reads

|2x|2+γ∇x · (Π[x]∇xψ(x, y)) = |2x|1+
γ
2∇x · (Π[x]V (x, y)),

which is an equation in the x = 1
2(v − v∗) variable only. Henceforth, we consider fixed y = 1

2(v + v∗)

as a parameter to the problem above. To further specify the problem, the compact support and anti-

symmetry of V ∈ AS∞
c translate into compactness in both the x, y variables, and moreover V vanishes

in a neighbourhood of {x = 0}. So for some 0 < δ ≤ R depending on the support of V , but uniform in

the y = 1
2(v+v∗) variable, we consider the following elliptic PDE with homogeneous Dirichlet boundary

conditions  |2x|1+
γ
2∇x · (Π[x]∇xψ(x, y)) = ∇x · (Π[x]V (x, y)), 0 < δ ≤ |2x| ≤ R

ψ(x, y) = 0, |2x| ∈ {δ,R}
. (3.30)

The weight |2x|1+
γ
2 on the left-hand side is well-behaved, since we avoid a neighbourhood of the

singularity x = 0. To reiterate, we will solve (3.30) in x for fixing the value of y as a parameter. Since

the dependence on y of V is smooth, it will follow any solution ψ of (3.30) is also smooth in y. In

terms of solvability of (3.30), we make one further change of variables. Having fixed y as a parameter,
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we consider the spherical decomposition of

x = rk, r = |x|, k =
x

|x|
∈ S2.

Under these coordinates, we again identify ψ = ψ(x, y) = ψ(k, r, y) and similarly for V . By the identities

of Lemma A.5 and Corollary A.3, we can consider r ∈ [δ,R] as another parameter so that (3.30) becomes

an equation in the spherical variable k

 ∆S2ψ(k, r, y) = 2−1− γ
2 r−

γ
2∇k · (Π[k]V (k, r, y)) 0 < δ ≤ 2r ≤ R, k ∈ S2

ψ(k, r, y) = 0 2r ∈ {δ,R}
. (3.31)

The interpretation of (3.31) is that, at every level set of |x|, (3.30) is actually the Poisson problem for

the Laplace-Beltrami operator in S2 for the k = x
|x| variable. Noticing that the right-hand side is a

divergence of a smooth function, the integral over S2 of the right-hand side vanishes, which is a necessary

condition for solvability of the Poisson problem in a compact manifold. Using the usual method of the

Lax-Milgram Theorem combined with the Poincaré inequality on the sphere (see [81]), for each fixed

r ∈ (δ,R) and y ∈ R3 (3.31) admits a unique weak solution ψ(·, r, y) ∈ H1(S2) which is also smooth

by standard elliptic regularity arguments. Finally, since V is anti-symmetric when swapping v ↔ v∗

(which means reflecting x↔ −x, or k ↔ −k), uniqueness of solutions gives that ψ is symmetric

ψ(v, v∗) = ψ(v∗, v) ⇐⇒ ψ(x, y) = ψ(−x, y) ⇐⇒ ψ(k, r, y) = ψ(−k, r, y).

Based on the regularity and symmetries of V ∈ AS∞
c , the previous discussion implies ψ ∈ DS∞

c .

Returning to the minimisation problem of (3.27), we can deduce from convexity and our discussion on

the solubility of the first order conditions (3.28) that there exists a unique ψ ∈ DS∞
c such that

inf
g∈DS∞

c

∥∇̃g −Π[v − v∗]V ∥2L2
v,v∗

= ∥∇̃ψ −Π[v − v∗]V ∥2L2
v,v∗

.

We can interpret the solution operator for (3.31) as the orthogonal projection map of V and Π[v−v∗]V

to the image of ∇̃. To see (3.29), we add and subtract ∇̃ψ in the L2 norm of Π[v − v∗]V to get

∥Π[v − v∗]V ∥2 =
∫∫

R6

|Π[v − v∗]V − ∇̃ψ + ∇̃ψ|2

=∥∇̃ψ∥2 + ∥Π[v − v∗]V − ∇̃ψ∥2 + 2

∫∫
R6

∇̃ψ · (Π[v − v∗]V − ∇̃ψ)

=∥∇̃ψ∥2 + ∥Π[v − v∗]V − ∇̃ψ∥2 − 2

∫∫
R6

ψ (∇̃ · (Π[v − v∗]V )− ∇̃ · ∇̃ψ)︸ ︷︷ ︸
=0

.
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The last line is obtained by integrating by parts the differential operator ∇̃ using the smoothness and

compact support of ψ and V . Of course, by our construction of ψ, the cross term contributes nothing

owing to (3.28).

Using Lemma 3.17, we can further majorise the Landau dissipation from (3.26)

DL(f) ≤ sup
ψ∈DS∞

c

ß
−4

∫∫
R6

√
ff∗∇̃ · ∇̃ψ − 2

∫∫
R6

|∇̃ψ|2
™
. (3.32)

3.5.1.3 Boltzmann dissipation

Before directly manipulating the Boltzmann dissipation, we insist on the appearance of a finite difference

of
√
ff∗. Using Corollary A.2, we can lower bound the Boltzmann dissipation by

DB(f) =
1

4

∫∫
R6

∫
S2
[f ′f ′∗ − ff∗] log

f ′f ′∗
ff∗

B ≥
∫∫

R6

∫
S2
|
√
f ′f ′∗ −

√
ff∗|2B.

Let us refer to the lower bound as the reduced Boltzmann dissipation

DR
B(f) :=

∫∫
R6

∫
S2
|
√
f ′f ′∗ −

√
ff∗|2B dσdv∗dv.

We want a similar representation for the reduced Boltzmann dissipation as we had for the Landau

dissipation.

Lemma 3.18. The reduced Boltzmann dissipation can be expressed as

DR
B(f) =

sup
ψ̃∈L2(R6×S2;Bdσdv∗dv)

ß
2

∫∫
R6

∫
S2
(
√
f ′f ′∗ −

√
ff∗)ψ̃Bdσdv∗dv −

∫∫
R6

∫
S2
|ψ̃|2Bdσdv∗dv

™
.

(3.33)

Proof. This proof is analogous to the proof of Proposition 3.14 in the Hilbert framework of L2 with

respect to the collision kernel B.

As with the Landau dissipation, we seek to pass all the difference structure onto the test function.

Taking advantage of various pre-post collision velocity symmetries, we extend Lemma 3.18 to

Lemma 3.19. The reduced Boltzmann dissipation can be minorised by

DR
B(f) ≥ sup

ψ∈DS∞
c

ß
−2

∫∫
R6

√
ff∗

Å∫
S2
∇̄ψB

ã
− 1

4

∫∫
R6

∫
S2
|∇̄ψ|2B

™
.

Proof. We are interested in showing the inequality, hence we only need to show that each ψ ∈ DS∞
c

induces an admissible ψ̃ ∈ L2(R6 × S2;Bdσdv∗dv) and then de-symmetrise the first term in (3.33).
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More specifically, for each ψ ∈ DS∞
c

1

2
∇̄ψ = ψ(v′, v′∗)− ψ(v, v∗) =: ψ̃(v, v∗, σ) ∈ L2(R6 × S2;Bdσdv∗dv)

is an admissible test function for (3.33). This is a consequence of Lemma 3.4 which provides the

estimate

|ψ′ − ψ|2 ≲ 10<δ≤|v−v∗|≤R|v − v∗|2|σ − k|2, (3.34)

where δ,R > 0 are the inner and outer radii of the support of ψ ∈ DS∞
c with respect to v − v∗.

Next, we de-symmetrise the first term of (3.33)

2

∫∫
R6

∫
S2
(
√
f ′f ′∗ −

√
ff∗)ψ̃B = 2

∫∫
R6

∫
S2

√
f ′f ′∗

∫
S2
(ψ′ − ψ)B − 2

∫∫
R6

√
ff∗

∫
S2
(ψ′ − ψ)B

= −4

∫∫
R6

√
ff∗

∫
S2
(ψ′ − ψ)B,

which is justified as each of the integrals above are absolutely convergent. This follows from the estimate

(3.34), |σ − k|2 ∼ θ2 from (3.11), and the finite angular momentum transfer assumption (3.2). The

desired inequality now follows.

3.5.2 Boltzmann gradient converges to Landau gradient

The aim of this section is to show that for arbitrary ψ ∈ DS∞
c , we obtain

∫∫
R6

√
f ϵf ϵ∗

Å∫
S2
∇̄ψBϵ

ã
ϵ↓0→ 2

∫∫
R6

√
ff∗∇̃ · ∇̃ψ (3.35)∫∫

R6

∫
S2
|∇̄ψ|2Bϵ ϵ↓0→ 8

∫∫
R6

|∇̃ψ|2. (3.36)

These limits are the final pieces needed to finish the proof of Proposition 3.13. Recall there that we

had reduced to the case with bounded dissipation for a fixed time

sup
ϵ>0

Dϵ
B(f

ϵ) < +∞,

which implies the local L2
loc convergence

√
f ϵ →

√
f which we will use in the proof below.

The key to these limits is understanding the limiting behaviour of ∇̄ on DS∞
c functions. Naturally,

the crucial ingredients are Lemmas 3.5 and 3.6 which state

∀ψ ∈ DS∞
c ,


1
ϵ ∇̄ψ

ϵ↓0→ χ
π |v − v∗|p · (∇−∇∗)ψ

1
ϵ2

∫
S1
k⊥

∇̄ψdp ϵ↓0→ χ2

4π (∇−∇∗) · (|v − v∗|2Π[v − v∗](∇−∇∗)ψ)
. (3.37)
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Recall the notation that χ = πθ/ϵ is the rescaled angle of collision and p ∈ S2 is the orthogonal vector

to k = v−v∗
|v−v∗| shown in Figures 3.1 to 3.3. These limits hold in the pointwise sense.

Proof of (3.35) and (3.36). We begin with showing (3.35). Since we know
√
f ϵ →

√
f , it remains to

show that ∫
S2
∇̄ψBϵ = |v − v∗|γ

∫ ϵ/2

θ=0
βϵ(θ)

∫
S1
k⊥

∇̄ψ dpdθ ϵ↓0→ 2∇̃ · ∇̃ψ.

Since ψ ∈ DS∞
c , we are in the nice situation of avoiding all problems in the v, v∗ variables because ψ

is supported in

|v|+ |v∗| ≤ R, 0 < δ ≤ |v − v∗| ≤ R,

for some δ,R > 0. Combining this localisation with the third estimate of Lemma 3.4,

∣∣∣∣∣
∫
S1
k⊥

∇̄ψdp
∣∣∣∣∣ ≲ψ |v − v∗|2θ2,

we get domination in L2 recalling finite angular momentum transfer (3.2), so we only have to show

pointwise a.e. convergence of the previous limit. By rescaling θ = ϵχ/π and applying (3.37), we have

∫
S2
∇̄ψBϵ = |v − v∗|γ

∫ π/2

0
β(χ)

π2

ϵ2

∫
S1
k⊥

∇̄ψdpdχ

ϵ↓0→ |v − v∗|γ
π

4

∫ π/2

0
χ2β(χ)(∇−∇∗) · (|v − v∗|2Π[v − v∗](∇−∇∗)ψ) = 2∇̃ · ∇̃ψ,

again recalling the normalisation
∫ π/2
0 χ2β(χ)dχ = 8/π.

We turn to showing (3.36). Arguing as in the proof of (3.35), since ψ is compactly supported in

v, v∗, and in {|v − v∗| ≥ δ > 0}, we only need to show

∫
S2
|∇̄ψ|2Bϵ = |v − v∗|γ

∫ ϵ/2

θ=0
βϵ(θ)

∫
S1
k⊥

|∇̄ψ|2dpdθ ϵ↓0→ 8|∇̃ψ|2, a.e. v, v∗ ∈ R3.

This is because of the first estimate of Lemma 3.4 which again gives the right majorant against Bϵ

|∇̄ψ|2 ≲ψ |v − v∗|2θ2.
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By the same rescaling θ = ϵχ/π, we have

∫
S2
|∇̄ψ|2Bϵ = |v − v∗|γ

∫ π/2

0
β(χ)π2

∫
S1
k⊥

∣∣∣∣1ϵ ∇̄ψ
∣∣∣∣2 dpdχ

ϵ↓0→ |v − v∗|2+γ
∫ π/2

0
β(χ)χ2

∫
S1
k⊥

|p · (∇−∇∗)ψ|2dpdχ

=
8

π
|v − v∗|2+γ

∫
S1
k⊥

pipj(∇−∇∗)
iψ(∇−∇∗)

jψdp

= 8|v − v∗|2+γ |Π[v − v∗](∇−∇∗)ψ|2.

In the last line, we have used Lemma A.4 for the computation of
∫
S1
k⊥
p⊗ pdp = πΠ[k], while remem-

bering that since Π[k] is a projection matrix, the quadratic form satisfies zTΠ[k]z = |Π[k]z|2, for all

z ∈ R3.

3.6 Lower semicontinuous convergence of metric derivatives in the

grazing collision limit

We consider a sequence of curves (f ϵ)ϵ>0 satisfying the uniform moment and metric derivative bounds (3.5).

In particular, we know that a subsequence converging to f exists by Theorem 3.9. Along this subse-

quence and in parallel to the general affine representation strategy in Section 3.5, we seek to prove

Proposition 3.20. Consider a sequence of curves (f ϵ)ϵ>0 satisfying the uniform bounds in second

moment, entropy, dissipation, and metric derivative (3.5). Along possibly a further subsequence for

which f ϵ
σ
⇀ f from Theorem 3.9, we have

lim inf
ϵ↓0

|ḟ ϵ|2ϵ (t) ≥ |ḟ |2L(t), a.e. t ∈ [0, T ].

As in Section 3.5.1, we will prove Proposition 3.20 by looking at the affine representations of the

metric derivatives. Without loss of generality, we assume supϵ>0 |ḟ ϵ|2ϵ (t) < +∞ by taking a subsequence,

if necessary.

Lemma 3.21. We consider (f ϵ,M ϵ
B) and (f,M) curves for CRE (in the sense of Erbar [61]) and

GCE (in the sense of Chapter 2), respectively. We assume that M ϵ
B and M are optimal collision and

grazing rates in the sense that their associated metric derivatives can be written as the respective action

of these curves

|ḟ ϵ|2ϵ (t) =
1

4

∫∫
R6

∫
S2

|M ϵ
B|2

Λ(f ϵ)Bϵ
dσdv∗dv and |ḟ |2L(t) =

1

2

∫∫
R6

∫
S2

|M |2

ff∗
dv∗dv.
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Then, we have the following affine representations.

|ḟ ϵ|2ϵ (t) = sup
ψ∈C∞

c (R3)

ß
1

2

∫∫
R6

∫
S2
M ϵ
B∇̄ψ − 1

4

∫∫
R6

∫
S2
|∇̄ψ|2Λ(f ϵ)Bϵ

™
,

|ḟ |2L(t) = sup
ψ∈C∞

c (R3)

ß∫∫
R6

M · ∇̃ψ − 1

2

∫∫
R6

|∇̃ψ|2ff∗
™
.

(3.38)

Proof. We only show the proof for the first of these claimed equations since the argument for the

Landau metric derivative is analogous (using Proposition 2.22 instead of Lemma 3.8). We shall also

drop the superscript ϵ and abbreviate Λ = Λ(f ϵ) for ease of notation. Arguing as in Section 3.5.1.1, we

have

1

4

∫∫
R6

∫
S2

|MB|2

ΛB
= sup

ξ∈L2(ΛB)

ß
1

2

∫∫
R6

∫
S2
MBξ −

1

4

∫∫
R6

∫
S2
|ξ|2ΛB

™
(3.39)

which follows from similar lines of reasoning as Proposition 3.14 and Lemma 3.18.

We now want to replace the test function ξ ∈ L2(ΛB) by ∇̄ψ for ψ ∈ C∞
c (R3). Using the optimality

of MB, the finite action assumption, and Lemma 3.8, we can write MB = UΛB where the density U

can be approximated by

U ∈ {∇̄ψ |ψ ∈ C∞
c (R3)}

L2(ΛB)
.

Take (ψn)n∈N ⊂ C∞
c (R3) an approximating sequence so that ∇̄ψn → U in L2(ΛB) as n → ∞. The

expression inside the supremum with ξ = ∇̄ψn of (3.39) has the following limit

∫∫
R6

∫
S2

MB

ΛB
∇̄ψnΛB − 1

2

∫∫
R6

∫
S2
|∇̄ψn|2ΛB

n→∞→
∫∫

R6

∫
S2

MB

ΛB
U − 1

2

∫∫
R6

∫
S2
|U |2ΛB

=

∫∫
R6

∫
S2

|MB|2

2ΛB
.

This establishes the first equation of (3.38). As mentioned before, the second equation of (3.38) follows

analogously.

With Lemma 3.21, we are in a position to prove Proposition 3.20.

Proof of Proposition 3.20. Without loss of generality, take M ϵ
B optimal collision rates in the sense

of Lemma 3.8 so that the Boltzmann metric derivative is the action of (f ϵ,M ϵ
B)

|ḟ ϵ|2ϵ (t) =
1

4

∫∫
R6

∫
S2

|M ϵ
B|2

Λ(f ϵ)Bϵ
dσdv∗dv.
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By the computations of Section 3.4.1,

for q =

 1, γ ∈ [−2, 0)

2, γ ∈ [−4,−2)
, sufficiently small 0 < δ <

 −γ
2 , γ ∈ [−2, 0)

−γ
2 − 1, γ ∈ [−4,−2)

,

and along some subsequence ϵ ↓ 0, we have that (f, Lq,δ(Mq,δ)) is an admissible pair in the grazing

continuity equation where

|v − v∗|q
Å
1 +

[
|v|2 + |v∗|2

] δ
2

ã
θM ϵ ϵ↓0⇀ Mq,δ, Lq,δ(Mq,δ) =

|v − v∗|−γ/2−q

4
(
1 + [|v|2 + |v∗|2]

δ
2

) ∫
S2
Mq,δpdσ.

As well, since Lq,δ(Mq,δ) is admissible, there exists (by Lemma 3.8) a unique grazing rate M ∈ ML so

that we have the following inequality for the Landau metric derivative

|ḟ |2L(t) =
1

2

∫∫
R6

|M |2

ff∗
dv∗dv ≤ 1

2

∫∫
R6

|Lq,δ(Mq,δ)|2

ff∗
dv∗dv.

Recall the affine representations of the metric derivatives from Lemma 3.21

1

4

∫∫
R6

∫
S2

|M ϵ
B|2

Λ(f ϵ)Bϵ
= sup

ψ∈C∞
c (R3)

ß
1

2

∫∫
R6

∫
S2
M ϵ
B∇̄ψ − 1

4

∫∫
R6

∫
S2
|∇̄ψ|2Λ(f ϵ)Bϵ

™
and

1

2

∫∫
R6

|M |2

ff∗
= sup

ψ∈C∞
c (R3)

ß∫∫
R6

M · ∇̃ψ − 1

2

∫∫
R6

|∇̃ψ|2ff∗
™
.

It remains to establish that, for the Lq,δ(Mq,δ) rate (coming from the sequence {M ϵ
B}ϵ in CRE) and

the corresponding unique optimal rate M (coming directly GCE), we must have

sup
ψ∈C∞

c (R3)

ß∫∫
R6

M · ∇̃ψ − 1

2

∫∫
R6

|∇̃ψ|2ff∗
™

= sup
ψ∈C∞

c (R3)

ß∫∫
R6

Lq,δ(Mq,δ) · ∇̃ψ − 1

2

∫∫
R6

|∇̃ψ|2ff∗
™
.

(3.40)

This follows because

M = Lq,δ(Mq,δ) + (M − Lq,δ(Mq,δ))︸ ︷︷ ︸
∇̃·-free

.

Recall from Proposition 2.22 ‘∇̃·-free’ means that for any ψ ∈ C∞
c (R3), we have

∫∫
R6

∫
S2
∇̃ψ · d(M − Lq,δ(Mq,δ)) = 0,
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which follows since both M and Lq,δ(Mq,δ) solve the grazing continuity equation with the same f

d

dt

∫
Rd

ψft(v)dv +
1

2

∫∫
R6

∇̃ψ · dMt(v, v∗) =
d

dt

∫
Rd

ψft(v)dv +
1

2

∫∫
R6

∇̃ψ · d(Lq,δ(Mq,δ))(v, v∗),

for all ψ ∈ C∞
c (R3). Looking at the level of the dual formulations, for fixed ψ ∈ C∞

c (R3) we claim

1

2

∫∫
R6

∫
S2
M ϵ
B∇̄ψ

ϵ↓0→
∫∫

R6

Lq,δ(Mq,δ) · ∇̃ψ, (3.41)

lim sup
ϵ↓0

1

4

∫∫
R6

∫
S2
|∇̄ψ|2Λ(f ϵ)Bϵ ≤ 1

2

∫∫
R6

|∇̃ψ|2ff∗. (3.42)

Once (3.41) and (3.42) are proven for fixed ψ ∈ C∞
c , this establishes

lim inf
ϵ↓0

|ḟ ϵ|2B(t) ≥ sup
ψ∈C∞

c (R3)

ß∫∫
R6

Lq,δ(Mq,δ) · ∇̃ψ − 1

2

∫∫
R6

|∇̃ψ|2ff∗
™
.

Recalling (3.40), the right-hand side is the affine representation of |ḟ |2L(t) we can conclude the proof.

To prove (3.41), we use the estimates for ∇̄ψ from Lemma 3.4 combined with the appropriate choice

of q ∈
[
−γ

2 , 1−
γ
2

)
and small δ > 0 depending on γ. We recall the computations from Section 3.4.1 - the

first step is to reveal the correct sequence of measures from the scaled compactness Proposition 3.11;

∫∫
R6

∫
S2
M ϵ
B∇̄ψ

=

∫∫
R6

∫
S2

ß
|v − v∗|q

Å
1 +

[
|v|2 + |v∗|2

] δ
2

ã
θM ϵ

B

™
|v − v∗|−q

Å
1 +

[
|v|2 + |v∗|2

] δ
2

ã−1 ∇̄ψ
θ

ϵ↓0→ 1

2

∫∫
R6

|v − v∗|−q−
γ
2

Å
1 +

[
|v|2 + |v∗|2

] δ
2

ã−1

∇̃ψ ·
∫
S2
Mq,δpdσdv∗dv

= 2

∫∫
R6

∇̃ψ · Lq,δ(Mq,δ)dv∗dv.

The justification for the weak-strong convergence is also found in Section 3.4.1.

Turning to the proof of (3.42), we use Corollary A.2 and symmetry to write

∫∫
R6

∫
S2
|∇̄ψ|2BϵΛ(f ϵ) ≤

∫∫
R6

∫
S2
|∇̄ψ|2Bϵ

ï
f ϵ′f ϵ′∗ + f ϵf ϵ∗

2

ò
=

∫∫
R6

f ϵf ϵ∗

Å∫
S2
|∇̄ψ|2Bϵ

ã
.

We first provide an integrable majorant (uniformly against the measure f ϵf ϵ∗) for the term integrated
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over S2 which is again provided by Lemma 3.4. We have

∫
S2
|∇̄ψ|2Bϵ = π2|v − v∗|γ

∫ π/2

0
β(χ)

∫
S1
k⊥

∣∣∣∣1ϵ ∇̄ψ
∣∣∣∣2 dpdχ

≲
∫ π/2

0
χ2β(χ)dχ

 Lip(ψ)|v − v∗|2+γ , γ ∈ [−2, 0)

∥D2ψ∥L∞ |v − v∗|4+γ , γ ∈ [−4,−2)
≲ψ,β 1 + |v − v∗|l.

Here 0 < l < 2 is some power which gives strictly subquadratic growth. By the uniformly bounded

moments assumption (3.5), this is uniformly integrable against f ϵf ϵ∗ so we can pass to the weak-strong

limit. According to Lemma 3.5, we have the pointwise limit

∫
S2
|∇̄ψ|2Bϵ = π2|v − v∗|γ

∫ π/2

0
β(χ)

∫
S1
k⊥

∣∣∣∣1ϵ ∇̄ψ
∣∣∣∣2 dpdχ

ϵ↓0→ 1

4
|v − v∗|2+γ

∫ π/2

0
χ2β(χ)

∫
S1
k⊥

|p · (∇−∇∗)ψ|2dpdχ

= 2|v − v∗|2+γ |Π[v − v∗](∇−∇∗)ψ|2 = 2|∇̃ψ|2.

Here, we have used Lemma A.4 and the usual finite angular momentum transfer (3.2).
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Chapter 4

A particle method for the homogeneous

Landau equation

The content of this chapter is based on joint work with José A. Carillo, Jingwei Hu, and Li Wang. It

has been published [33] in the Journal of Computational Physics: X volume 7, page 100066 in June

2020.

We propose a novel deterministic particle method to numerically approximate the Landau equation

for plasmas. In particular, by fixing the mollifying sequence ψε (scaled Maxwellian distributions as

in (ψε)), this induces the regularised entropy functional we consider

H2,ε[f ] :=

∫
Rd

[f ∗ ψε] (v) log [f ∗ ψε] (v)dv. (4.1)

Moreover, the regularised equation studied here is the H2,ε Landau equation (in the sense of (2.1))

∂tf = ∇ ·
Å
f

∫
Rd

f∗|v − v∗|2+γΠ[v − v∗] (∇ψε ∗ log [f ∗ ψε]−∇∗ψε ∗ log [f∗ ∗ ψε])
ã
. (4.2)

This regularisation suppresses the parabolic behaviour of the Landau equation which allows for particle

solutions; the collision term is well-defined when f is a combination of Dirac measures so particles remain

particles. These particle solutions solve a large coupled ODE system that retains all the important

properties of the Landau operator, namely the conservation of mass, momentum and energy, and

the decay of H2,ε. We illustrate our new method by showing its performance in several test cases

including the physically relevant case of the Coulomb interaction. The comparison to the exact solution

and the spectral method is strikingly good maintaining 2nd order accuracy. Moreover, an efficient

implementation of the method via the treecode is explored. This gives a proof of concept for the

practical use of our method when coupled with the classical particle-in-cell (PIC) method for the

113



Vlasov equation.

We remark here that ψε and G
2,ε as defined in Section 2.1.1 are both Maxwellian approximations of

the identity, albeit with slightly different scalings as ε ↓ 0. Nevertheless, the idea here is complementary

to Theorem 2.8 using a Maxwellian distribution instead of an exponential distribution as the molli-

fier. Although the equivalence of gradient flow solutions and classical H-solutions to the Hs,ε Landau

equation was only proved in Theorem 2.8 for s = 1 (exponential and not Maxwellian tails), this work

presents numerical evidence that the result also holds for s = 2.

Section 4.1 focuses on the theoretical aspects of this regularisation. The particle method is formu-

lated in Section 4.2, similar structural properties are proven here at the level of spatial and temporal

discretisations. Finally, Section 4.3 explores the numerical experimentation of the particle method with

comparisons to known cases.

4.1 Regularised Landau equation: basic properties and kernel

In this section, we explore some theoretical properties associated to the homogeneous Landau equation

with the regularised entropy functional H2,ε. The nonlinearity of QL makes it difficult to directly

regularise f in a structure preserving way. Instead, the regularisation is introduced at the level of the

entropy functional which then modifies the homogeneous Landau equation. Notice that the regularised

entropy is well-defined on L1
+ and its first variation with respect to constant mass densities f gives

δH2,ε

δf
= ψε ∗ log(f ∗ ψε) , ∇δH2,ε

δf
= (∇ψε) ∗ log(f ∗ ψε) , (4.3)

after some computations, see [30] for details.

The aim of this section is to show that (4.2) preserves important structural properties as with the

original homogeneous Landau equation. To fix ideas, we introduce a preliminary notion of a weak

solution which we can refine after proving the standard conservation properties. For p > 0, we recall

the notations ⟨v⟩ and L1
p(Rd) defined by

L1
p(Rd) :=

ß
g ∈ L1(Rd)

∣∣∣∣ ∫
Rd

⟨v⟩p |g(v)|dv <∞
™
, ⟨v⟩2 := 1 + |v|2, v ∈ Rd.

Let us define

κ(γ) =

 4 + γ, −2 ≤ γ ≤ 0

6 + γ
2 , −4 ≤ γ < −2

.
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We also abbreviate the collision kernel and the projection matrix with

A[z] := |z|2+γΠ[z].

Definition 4.1 (Weak ε-solution). We say that a nonnegative f ∈ C([0, T ];L1
κ(γ)(R

d)) is a weak ε-

solution to (4.2) if for every ϕ ∈ C∞
0 ((0, T )× Rd) we have

∫ T

0

∫
Rd

∂tϕfdvdt =

1

2

∫ T

0

∫∫
R2d

(∇ϕ−∇∗ϕ∗) ·A[v − v∗]

Å
∇δH2,ε

δf
−∇∗

δH2,ε,∗
δf∗

ã
ff∗dvdv∗dt.

(4.4)

Let us discuss the meaning of the weighted L1
κ requirement on f . We claim this is sufficient to make

sense of the triple integral in (4.4). Here, we are mainly concerned with the soft potentials given by

−4 ≤ γ ≤ 0. In particular, since κ ≥ 2 we have

sup
t∈[0,T ]

∫
Rd

⟨v⟩2 f(t, v) dv <∞,

which ensures the following bound

sup
t∈[0,T ]

| log [f(t, ·) ∗ ψε] (v)| ≤ Cε ⟨v⟩2 , (4.5)

where Cε > 0 is a uniform constant depending only on ε > 0. The estimate (4.5) is obtained by

computations similar to Lemma 2.24. Now let us investigate Bε
v,v∗ := ∇ δH2,ε

δf − ∇∗
δH2,ε,∗
δf∗

. By (4.3),

this has the form

Bε
v,v∗ = Cε

∫
Rd

(
(v − v′)ψε(v − v′)− (v∗ − v′)ψε(v∗ − v′)

)
log(f ∗ ψε)(v′)dv′.

Applying estimate (4.5) gives

|Bε
v,v∗ | ≤ Cε

∫
Rd

∣∣(v − v′)ψε(v − v′)− (v∗ − v′)ψε(v∗ − v′)
∣∣ 〈v′〉2 dv′.

Consider first the easier moderately soft potential case γ ≥ −2. For every test function, we have the

bound

∣∣∣∣(∇ϕ−∇∗ϕ∗) ·A[v − v∗]

Å
∇δH2,ε

δf
−∇∗

δH2,ε,∗
δf∗

ã∣∣∣∣
≤ Cε,ϕ,d,γ(|v|2+γ + |v∗|2+γ)

∫
Rd

(|(v − v′)ψε(v − v′)|+ |(v∗ − v′)ψε(v∗ − v′)|)(1 + |v′|2)dv′.
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By the change of variables v′ 7→ v − v′ and v′ 7→ v∗ − v′, we have the following estimate

∫
Rd

(|(v − v′)ψε(v − v′)|+ |(v∗ − v′)ψε(v∗ − v′)|)(1 + |v′|2)dv′ ≤ Cε(1 + |v|2 + |v∗|2).

This can be used to estimate the triple integral of (4.4) by

∫ T

0

∫∫
R2d

∣∣∣∣(∇ϕ−∇∗ϕ∗)
TA[v − v∗]

Å
∇δH2,ε

δf
−∇∗

δH2,ε,∗
δf∗

ã∣∣∣∣ ff∗dvdv∗dt
≤ Cε,ϕ,d,γ

∫ T

0

∫∫
R2d

(|v|2+γ + |v∗|2+γ)(1 + |v|2 + |v∗|2)ff∗dvdv∗dt.

In this case, the 4 + γ weight becomes clear to ensure absolute integrability.

Let us now turn to the very soft potential case −4 ≤ γ < −2. The same trick above will not work

because the weight |v − v∗|2+γ is singular. Instead, split |v − v∗|2+γ = |v − v∗|1+
γ
2 |v − v∗|1+

γ
2 so that

we have

∣∣∣∣(∇ϕ−∇∗ϕ∗)
TA[v − v∗]

Å
∇δH2,ε

δf
−∇∗

δH2,ε,∗
δf∗

ã∣∣∣∣
≤ Cε,d

|∇ϕ−∇∗ϕ∗|
|v − v∗|−(1+ γ

2
)

∫
Rd

|v − v∗|1+
γ
2

∣∣(v − v′)ψε(v − v′)− (v∗ − v′)ψε(v∗ − v′)
∣∣ (1 + |v′|2)dv′.

Splitting the weight allows us to see that −(1 + γ
2 ) ∈ (0, 1] in the very soft potential case so that

|∇ϕ−∇∗ϕ∗|
|v − v∗|−(1+ γ

2
)
≤ ∥ϕ∥

C1,−(1+ γ
2 )
.

For the remaining |v − v∗|1+
γ
2 term within the integral over v′ we use the Mean Value theorem with

|(v − v′)ψε(v − v′)− (v∗ − v′)ψε(v∗ − v′)| to smother the singularity. Indeed, due to the form of ψε, we

have that

|v − v∗|1+
γ
2

∣∣(v − v′)ψε(v − v′)− (v∗ − v′)ψε(v∗ − v′)
∣∣ ≤ Cε|v − v∗|2+

γ
2 (1 + |ξ − v′|2)|ψε(ξ − v′)| ,

where ξ ∈ [v, v∗]. Substitute this inequality back and use the change of variables v′ 7→ ξ − v′ to obtain

∣∣∣∣(∇ϕ−∇∗ϕ∗)
TA[v − v∗]

Å
∇δH2,ε

δf
−∇∗

δH2,ε,∗
δf∗

ã∣∣∣∣
≤ Cε,d,ϕ|v − v∗|2+

γ
2

∫
Rd

|v′|2ψε(v′)(1 + |ξ − v′|2)dv′.

The integral produces a term that has growth bounded (up to a multiplicative constant depending on

ε) by (1 + |ξ|4). Since ξ ∈ [v, v∗], we can estimate |ξ|4 ≤ C(|v|4 + |v∗|4). Inserting this back into the
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triple integral yields finally

∫ T

0

∫∫
R2d

∣∣∣∣(∇ϕ−∇∗ϕ∗)
TA[v − v∗]

Å
∇δH2,ε

δf
−∇∗

δH2,ε,∗
δf∗

ã∣∣∣∣ ff∗dvdv∗dt
≤ Cε,d,ϕ

∫ T

0

∫∫
R2d

(1 + |v|6+
γ
2 + |v∗|6+

γ
2 )ff∗dvdv∗dt.

Equation (4.4) can be tested against more general functions ϕ. As in [6, Remark 8.1.1], an equivalent

expression of (4.4) is

d

dt

∫
Rd

ϕf dv = −1

2

∫∫
R2d

(∇ϕ−∇∗ϕ∗)
TA[v − v∗]B

ε
v,v∗ff∗dvdv∗, ∀ϕ ∈ C∞

0 (Rd). (4.6)

Furthermore, [6, Lemma 8.1.2] allows us to refine the solution to be weakly continuous t ∈ [0, T ] 7→

f(t, ·) ∈ L1
κ(Rd) such that whenever ϕ ∈ C2

0 ((0, T )× Rd),

∫ t2

t1

∫
Rd

∂tϕf(t, v)dvdt−
1

2

∫ t2

t1

∫∫
R2d

(∇ϕ−∇∗ϕ∗)
TA[v − v∗]B

ε
v,v∗ff∗dvdv∗dt

=

∫
Rd

ϕ(t2, v)f(t2, v)dv −
∫
Rd

ϕ(t1, v)f(t1, v)dv, ∀− ≤ t1 ≤ t2 ≤ T.

(4.7)

Lemma 4.2. Let ϕ be an admissible test function and f be a weak ε-solution to (4.2). Assume further

that

∇ϕ−∇∗ϕ∗ ∈ kerA[v − v∗],

then

d

dt

∫
Rd

ϕ(v)f(t, v)dv = 0

holds, and therefore
∫
Rd ϕ(v)f(t, v)dv is a conserved quantity.

Proof. We begin with the formal computations. Differentiating in time, we get

d

dt

∫
Rd

ϕ(v)f(t, v) dv = −1

2

∫∫
R2d

(∇ϕ(v)−∇∗ϕ(v∗))
TA[v − v∗]B

ε
v,v∗ff∗dvdv∗ = 0 .

To justify these formal computations, we appeal to approximation arguments by admissible test

functions using (4.7) to compare
∫
Rd ϕ(v)f(0, v)dv with

∫
Rd ϕ(v)f(t, v)dv. A specific cut-off choice can

be found in the gradient flow formulation of the Boltzmann equation [61, Lemma 3.8 (version 2)].

Since the kernel of the matrix Π[z] is spanned by z, a direct consequence of the previous result is

that the mass, momentum, and energy of weak ε-solutions are conserved, i.e.,

d

dt

Å∫
Rd

f(t, v)dv,

∫
Rd

vf(t, v)dv,

∫
Rd

|v|2f(t, v)dv
ã
= 0 . (4.8)
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In this way, we define the mass, momentum, and energy of f for all times by the constants ρ, u, T

related in the following way

ρ =

∫
Rd

f(t, v)dv, ρu =

∫
Rd

vf(t, v)dv, ρu2 + ρdT =

∫
Rd

|v|2f(t, v)dv. (4.9)

For general constants ρ, u, T , we denote the Maxwellian satisfying (4.9) by

Mρ,u,T (v) :=
ρ

(2πT )
d
2

exp

ß
−|v − u|2

2T

™
.

As promised, we can refine the notion of weak ε-solution. We add a finite dissipation property

which is a mild assumption but yields theoretical and numerical advantages in the spirit of Villani’s

H-solution [118]. One example of the analytic benefits is in [61, Corollary B.3] where Erbar recovers a

strong upper gradient notion for the Boltzmann equation.

Definition 4.3 (Dissipative ε-solution). We say that f ∈ C([0, T ];L1
κ(Rd)) is a dissipative ε-solution

with moments (ρ, u, T ) ∈ R+ × Rd × R+ under the relation (4.9) to (4.2) if it is a weak ε-solution in

the sense of Definition 4.1 and

1. For every ϕ ∈ C∞
0 (Rd) equation (4.6) holds:

d

dt

∫
Rd

ϕf(t, v)dv = −1

2

∫∫
R2d

(∇ϕ−∇∗ϕ∗)
TA[v − v∗]B

ε
v,v∗ff∗dvdv∗.

2. The dissipation associated to the regularised equation satisfies

Dε(f(t, ·)) :=
1

2

∫∫
R2d

|v − v∗|2+γ
∣∣Π[v − v∗]B

ε
v,v∗

∣∣2 ff∗dvdv∗ <∞, ∀t ∈ [0, T ]. (4.10)

With the notion of a dissipative ε-solution, we move onto the regularised H-theorem. We will denote

by
dH2,ε

dt for
dH2,ε[f(t,·)]

dt and similar derivatives in time along solutions to (4.2) from now on.

Lemma 4.4. Let f be a dissipative ε-solution of (4.2), then we have:

dH2,ε

dt
= −1

2

∫∫
R2d

|v − v∗|2+γ
∣∣Π[v − v∗]B

ε
v,v∗

∣∣2 ff∗dvdv∗ ≤ 0 , (4.11)

for all times t > 0.
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Proof. Beginning with the formal computations, we appeal to (4.6) with ϕ = ψε ∗ log(f ∗ ψε) as a test

function for every fixed t ∈ [0, T ]. By swapping convolutions and using the symmetry of ψε we have

dEε
dt

=
d

dt

Å∫
Rd

(f(t, ·) ∗ ψε) log(f ∗ ψε)dv
ã
=

d

dt

Å∫
Rd

f(t, ·)ψε ∗ log(f ∗ ψε)dv
ã

= −1

2

∫∫
R2d

Bε
v,v∗ ·A[v − v∗]B

ε
v,v∗ff∗dvdv∗ ≤ 0.

Recall that since Π is a projection, the quadratic form satisfies Bε
v,v∗ ·Π[v−v∗]B

ε
v,v∗ =

∣∣Π[v − v∗]B
ε
v,v∗

∣∣2.
To justify using ψε ∗ log(f ∗ ψε) as a test function, we note that the right-hand side of the weak H2,ε

Landau equation (4.6) makes sense due to the finite dissipation assumption (4.10). It remains to make

sense of the left-hand side. Following the estimate (4.5), ϕ as chosen above has at most quadratic

growth. Smooth cut-off arguments similar to Lemma 4.2 complete the validity of ϕ chosen above as a

test function so the computations are justified.

In the rest of this section, we follow the strategy of [74, Theorem 4] and [117, Lemma 3] to deduce

that stationary states of the homogeneous H2,ε Landau equation can be characterised by Maxwellians.

Since we are working with weak solutions, let us be specific and define what we mean by stationary

states.

Definition 4.5 (Stationary states). We say that a dissipative ε-solution f is a stationary state to the

homogeneous H2,ε Landau equation if for every test function ϕ ∈ C∞
0 (Rd),

∫∫
R2d

(∇ϕ−∇∗ϕ∗) ·A[v − v∗]B
ε
v,v∗ff∗dvdv∗ = 0 , ∀t ∈ [0, T ].

We can use this definition with Lemma 4.4 to characterise the first variation of the entropy for a

stationary state.

Lemma 4.6. If f is a stationary solution of (4.2) or equivalently f is in the kernel of (Lε), then the

first variation of H2,ε is a quadratic polynomial in v, that is

δH2,ε

δf
= λ(0) + λ(1) · v + λ(2)

2
|v|2 . (4.12)

The constants λ (depending on ε) can be determined by the conserved quantities (4.8) (see later

in Lemma 4.7).

Proof. This proof adopts the strategy of [74, Theorem 4]. Lemma 4.4 implies that the entropy dissipa-

tion, the right-hand side of (4.11), is zero. Moreover, the entropy dissipation is zero if and only if the

quadratic form in the integrand of the right-hand side of (4.11) is zero. By definition of Π[v − v∗], we
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must have that Bε
v,v∗ belongs to the kernel of Π[v − v∗] which is characterised by those vectors which

are linearly dependent with v − v∗. Thus, there exists λ(2) : Rd × Rd → R with the property

∇δH2,ε

δf
(v)−∇∗

δH2,ε

δf
(v∗) = λ(2)(v, v∗)(v − v∗) . (4.13)

At this point, we study λ(2) and seek to show that the diagonal mapping is constant. Immediately

from (4.13), we notice that λ(2)(v, v∗) = λ(2)(v∗, v). For any i, j ∈ {1, . . . , d} when looking at the jth

coordinate of (4.13) and then differentiating with respect to vi (valid as the ε-regularisation grants

arbitrary smoothness), we have

∂vi∂vj
δH2,ε

δf
= ∂viλ

(2)(v, v∗)(vj − v∗j) + λ(2)(v, v∗)δij .

Set v = v∗ in the above equation to deduce

∂vi∂vj
δH2,ε

δf
= λ(2)(v, v)δij . (4.14)

Differentiating (4.14) again with respect to vk for k ∈ {1, . . . , d} yields

∂vk∂vi∂vj
δH2,ε

δf
= ∂vkλ

(2)(v, v)δij .

The partial derivatives on the left hand side of the above may be freely permuted with no change to

the expression. More interesting is the permutation of the associated indices i, j, and k on the right

hand side. One instance of this is the following identity ∂vkλ
(2)(v, v)δij = ∂viλ

(2)(v, v)δkj . For arbitrary

k ∈ {1, . . . , d}, simply take i = j ∈ {1, . . . , d} \ {k} and one sees from the above that ∂vkλ
(2)(v, v) = 0.

Since k ∈ {1, . . . , d} was arbitrary, this implies that λ(2)(v, v) is actually a constant which we shall refer

to as itself (dropping the dependence on v). Equipped with this information, integrating (4.14) twice

confirms the claim of the lemma that the first variation of the entropy is a quadratic polynomial given

by (4.12).

Our next step is to show that if f satisfies equation (4.12) then it is a Maxwellian with explicitly

computable mass, momentum, and energy.

Lemma 4.7. If f ∈ L1
+(Rd) \ {0} satisfies the following equation

δH2,ε

δf
= λ(0) + λ(1) · v + λ(2)

2
|v|2 ,

then it must be a Maxwellian. We can deduce a restriction on λ(2), specifically, that ε|λ(2)| < 1. Fur-
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thermore, the mass, momentum, and energy explicitly depend on ε, λ(0), λ(1), and λ(2) in the following

way: 
ρ =

(
2π

|λ(2)|

) d
2
exp

{
λ(0) + ε|λ(2)|d

2 − ε|λ(1)|2
2(1−ε|λ(2)|) +

|λ(1)|2
2|λ(2)|(1−ε|λ(2)|)

}
u = λ(1)

|λ(2)|

T = 1
|λ(2)| − ε

. (4.15)

Proof. We iteratively Fourier transform equation (4.12) recalling in particular the convolution and

inversion theorems to deduce the identities

ψε ∗ log(f ∗ ψε) = λ(0) + λ(1) · v + λ(2)

2
|v|2 ,⁄�log(f ∗ ψε) = (2πε)

d
2
1

ψ 1
ε

Ç
λ(0)δ0 + iλ(1) · ∇δ0 −

λ(2)

2
∆δ0

å
,

and then

log(f ∗ ψε) = λ(0) − λ(2)εd

2
+ λ(1) · v + λ(2)

2
|v|2 .

At this point, we remark that the sign of λ(2) can be deduced. Specifically, we claim that λ(2) < 0.

Firstly, λ(2) ≤ 0 because the Dominated Convergence Theorem yields lim|v|→∞ f ∗ψε(v) = 0. If λ(2) = 0,

we must have that λ(1) ·v → −∞ whenever |v| → ∞ by the same limiting behaviour of f ∗ψε. However,

this must hold for every direction v such that |v| → ∞ which implies that λ(1) depends on v and this

is a contradiction. Taking exponentials on both sides of the previous equation, we have

f ∗ ψε(v) = exp

®
λ(0) − |λ(1)|2

2λ(2)
− λ(2)εd

2

´
exp

{
λ(2)

2

∣∣∣∣∣v + λ(1)

λ(2)

∣∣∣∣∣
2}

,

and one more Fourier transform leads to

f̂(ξ) = (2π)d(1− ε|λ(2)|)−
d
2 exp

®
λ(0) +

|λ(2)|εd
2

− ε|λ(1)|2

2(1− ε|λ(2)|)

´
MÅ

1,− iλ(1)

1−ε|λ(2)|
,

|λ(2)|
1−ε|λ(2)|

ã(ξ) .
Here, we are using the convention that, for vectors x, y ∈ Rd, |x + iy|2 := |x|2 + 2ix · y − |y|2. By the

Riemann-Lebesgue lemma, we know that |f̂(ξ)| → 0 as |ξ| → ∞. With the expression for f̂ above, this

means that the variance of M (the third parameter in the subscript) must be strictly positive. Hence,

1 − ε|λ(2)| > 0. Note that the coefficient of (1 − ε|λ(2)|)−
d
2 is removable due to the cancellation with

the same term coming from the variance of the Maxwellian. The Fourier transform step is justified

because we previously showed that λ(2) < 0 so f ∗ ψε is a Maxwellian and hence belongs to L1. One

121



final Fourier inversion gives an expression for f as

f(v) =

Å
2π

|λ(2)|

ã d
2

exp

®
λ(0) +

ε|λ(2)|d
2

− ε|λ(1)|2

2(1− ε|λ(2)|)
+

|λ(1)|2

2|λ(2)|(1− ε|λ(2)|)

´
MÅ

1, λ(1)

|λ(2)|
, 1

|λ(2)|
−ε
ã(v) .

Reading off the constants, one confirms (4.15). Note that in the determination of ρ, u, T in equa-

tion (4.15), we have a one-to-one correspondence between (ρ, u, T ) and (λ(0), λ(1), λ(2)). Indeed, λ(2) is

determined from T which then gives λ(1) in the equation for u. Finally, λ(0) is determined from the

equation for ρ.

The previous lemmas give the following equivalence.

Theorem 4.8. f is a stationary solution of (4.2) if and only if f is a Maxwellian with parameters

given by (4.15) depending on the quadratic polynomial in equation (4.12).

Proof. ( =⇒ ) This direction combines Lemmas 4.6 and 4.7.

( ⇐= ) This direction is a computation of
δH2,ε

δf = ψε ∗ log(f ∗ ψε) when f is a Maxwellian.

Remark 4.1. An alternative regularisation for the entropy is

H̃2,ε(f) =

∫
Rd

f log(f ∗ ψε) dv . (4.16)

Lemma 4.6 characterising the variation of the entropy for stationary states is still valid, being the

variation, see [30], given by

δH̃2,ε

δf
= log(f ∗ ψε) +

Å
f

f ∗ ψε

ã
∗ ψε , ∇δH̃2,ε

δf
=
f ∗ ∇ψε
f ∗ ψε

+

Å
f

f ∗ ψε

ã
∗ ∇ψε . (4.17)

However, the characterisation result as a Maxwellian is not true, even if one might expect the existence

and uniqueness of a stationary solution being the conserved quantities fixed.

4.2 A particle method for the homogeneous Landau equation

The main idea is analogous to the recent work [30] for aggregation-diffusion equations. In fact, (4.2)

can be viewed as a convection in v with velocity field given by the integral term in (Lε), and thus giving

access to a particle formulation. More specifically, denote

fN (t, v) =
N∑
i=1

wiδ(v − vi(t)) , (4.18)
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with N being the total number of particles, vi(t) the velocity of particle i, and wi the weight of particle

i. Plugging (4.18) as a distributional solution to (4.2), we obtain that the evolution for the particle

velocities vi(t), 1 ≤ i ≤ N is given by

dvi(t)

dt
= Uε(f

N )(t, vi(t)) = −
∑
j

wjA[vi − vj ]

ñ
∇
δHN

2,ε

δf
(vi)−∇

δHN
2,ε

δf
(vj)

ô
= −

∑
j

wjA[vi − vj ]

{∫
Rd

∇ψε(vi − v) log

(∑
k

wkψε(v − vk)

)
dv

−
∫
Rd

∇ψε(vj − v) log

(∑
k

wkψε(v − vk)

)
dv

}
,

(4.19)

with
δHN

2,ε

δf := ψε ∗ log
(
fN ∗ ψε

)
(the discrete entropy HN

2,ε to be defined in the sequel) and therefore,

∇
δHN

2,ε

δf
(vi) =

∫
Rd

∇ψε(vi − v) log

(∑
k

wkψε(v − vk)

)
dv. (4.20)

Let us show next that the semidiscrete particle method defined by (4.19) leads to a numerical parti-

cle approximation fN of the solution to (Lε) conserving mass, momentum, energy, and enjoying the

regularised entropy dissipation (4.11).

Theorem 4.9. The semidiscrete particle method (4.19) satisfies the following properties:

1) Conservation of mass, momentum, and energy: d
dt

∑N
i=1wiϕ(vi) = 0 for ϕ(vi) = 1, vi, |vi|2.

2) Dissipation of entropy: let

HN
2,ε = HN

2,ε[f
N ] =

∫
Rd

(fN ∗ ψε) log
Ä
fN ∗ ψε

ä
dv (4.21)

be the discrete entropy, then d
dtH2,ε = −DN

ε ≤ 0, where

DN
ε =

1

2

∑
i,j

wiwj

Ç
∇
δHN

2,ε

δf
(vi)−∇

δHN
2,ε

δf
(vj)

åT
A[vi − vj ]

Ç
∇
δHN

2,ε

δf
(vi)−∇

δHN
2,ε

δf
(vj)

å
.
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Proof. First, we notice from (4.19) that

d

dt

∑
i

wiϕ(vi) =
∑
i

wi∇ϕ(vi) · Uε(fN )(t, vi(t))

= −
∑
i,j

wiwj∇ϕ(vi)TA[vi − vj ]

Ç
∇
δHN

2,ε

δf
(vi)−∇

δHN
2,ε

δf
(vj)

å
= −1

2

∑
i,j

wiwj(∇ϕ(vi)−∇ϕ(vj))TA[vi − vj ]

Ç
∇
δHN

2,ε

δf
(vi)−∇

δHN
2,ε

δf
(vj)

å
which vanishes with ϕ(v) = 1, v, |v|2. Therefore, mass, momentum, and energy are preserved. Next,

using (4.18), we rewrite (4.21) as

HN
2,ε =

∫
Rd

(∑
i

wiψε(v − vi(t))

)
log

(∑
k

wkψε(v − vk(t))

)
dv,

then

d

dt
HN

2,ε =

∫
Rd

∑
i

wi∇ψε(v − vi(t))
dvi(t)

dt
log

(∑
k

wkψε(v − vk(t))

)
dv

+

∫
Rd

(∑
i

wiψε(v − vi(t))

)∑
k wk∇ψε(v − vk(t))

dvk(t)
dt∑

k wkψε(v − vk(t))
dv

=:I1 + I2 .

Note that I2 can be simplified to

I2 =

∫
Rd

∑
k

wk∇ψε(v − vk(t))
dvk(t)

dt
dv = − d

dt

∑
k

wk

∫
Rd

ψε(v − vk(t))dv = 0 ,

thanks to the fact that
∫
Rd ψε(v − vk(t))dv = 1. By virtue of (4.20), I1 has the following estimate

I1 =
∑
i

wi

(∫
Rd

∇ψε(v − vi(t)) log

(∑
k

wkψε(v − vk(t))

)
dv

)
dvi
dt

=
∑
i

wi∇
δHN

2,ε

δf
(vi)

dvi
dt

.

Then using (4.19), it becomes

I1 =
∑
i

wi∇
δHN

2,ε

δf
(vi) ·

−∑
j

wjA[vi − vj ]

Ç
∇
δHN

2,ε

δf
(vi)−∇

δHN
2,ε

δf
(vj)

å
= −1

2

∑
i,j

wiwj

Ç
∇
δHN

2,ε

δf
(vi)−∇

δHN
2,ε

δf
(vj)

åT
A[vi − vj ]

Ç
∇
δHN

2,ε

δf
(vi)−∇

δHN
2,ε

δf
(vj)

å
≤ 0,
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and therefore, the entropy dissipation follows.

In practical implementation of particle methods, the update of particle velocity via (4.19) is not be

computed exactly, but with the integral replaced by quadrature rule. Therefore, we need to introduce a

discrete in velocity particle method. The computational domain in any dimension is the square domain

[−L,L]d with L > 0. The mesh size is defined by h = 2L/n and N = nd is the total chosen number

of particles. Let us denote the squares of the mesh as Qi with i = 1, . . . , nd. We will always initialise

our particle method by projecting the mass of the initial data on the computational domain to a sum

of Dirac deltas located at the centre of each Qi with mass given by the mass of the initial data in Qi,

that is

f̄N (0, v) :=
N∑
i=1

wiδ(v − v̄i(0)) , with v̄i(0) = vci and wi = f0(v
c
i )h

d ,

with vci denoting the center of the square Qi. Now, we introduce the discrete in velocity particle method

as

f̄N =

N∑
i=1

wiδ(v − v̄i(t))

where v̄i(t) satisfies

dv̄i(t)

dt
=−

∑
j

wjA[v̄i − v̄j ]

{∑
l

hd∇ψε(v̄i − vcl ) log

(∑
k

wkψε(v
c
l − v̄k)

)

−
∑
l

hd∇ψε(v̄j − vcl ) log

(∑
k

wkψε(v
c
l − v̄k)

)}

=: −
∑
j

wjA[v̄i − v̄j ]
î
F̄Nε (v̄i)− F̄Nε (v̄j)

ó
=: Ūε(f̄

N )(t, v̄i(t)) . (4.22)

Here, the function

F̄Nε (v̄i) =
∑
l

hdwl∇ψε(v̄i − vcl ) log

(∑
k

wkψε(v
c
l − v̄k)

)
(4.23)

is a discrete analogue of the ∇ δHN
2,ε

δf . One can also define the fully discrete regularised entropy as

H̄N
2,ε =

∑
l

hd

(∑
i

wiψε(v
c
l − v̄i)

)
log

(∑
k

wkψε(v
c
l − v̄k)

)
. (4.24)

Then we show that at this fully discrete level, some properties in Theorem 4.9 are inherited.

Theorem 4.10. The discrete in velocity particle method (4.22) satisfies the conservation of mass,

momentum, and energy. Moreover, the discrete entropy (4.24) almost decays in time, that is,

H̄N
2,ε(t)− H̄N

2,ε(0) = −
∫ t

0
D̄N
ε dt+O(h2) ,
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where

D̄N
ε =

1

2

∑
i,j

wiwj
Ä
F̄Nε (vi)− F̄Nε (vj)

äT
A[vi − vj ]

Ä
F̄Nε (vi)− F̄Nε (vj)

ä
≥ 0 .

Proof. Indeed, for ϕ(v) = 1, v, |v|2, we have

d

dt

∑
i

wiϕ(v̄i) =
∑
i

wi∇ϕ(v̄i) · Ūε(fN )(t, v̄i(t))

= −
∑
i,j

wiwj∇ϕ(v̄i)TA[v̄i − v̄j ]
Ä
F̄Nε (v̄i)− F̄Nε (v̄j)

ä
= −1

2

∑
i,j

wiwj(∇ϕ(v̄i)−∇ϕ(v̄j))TA[v̄i − v̄j ]
Ä
F̄Nε (v̄i)− F̄Nε (v̄j)

ä
= 0,

(4.25)

hence the conversation of mass, momentum, and energy are guaranteed. A similar computation to the

entropy dissipation in the semidiscrete level leads to

d

dt
H̄N

2,ε(t) =
∑
l

hd
∑
i

wi∇ψε(vcl − v̄i(t))
dv̄i(t)

dt
log

(∑
k

wkψε(v
c
l − v̄k(t))

)

+
∑
l

hd

(∑
i

wiψε(v
c
l − v̄i(t))

)∑
k wk∇ψk(vcl − v̄k(t))

dv̄k(t)
dt∑

k wkψε(v
c
l − v̄k(t))

=:I1 + I2.

By the definition of (4.23) and similarly to (4.25), I1 can be written as

I1 =
∑
i

wiF̄
N
ε (v̄i)

dv̄i
dt

= −1

2

∑
i,j

wiwj |v̄i − v̄j |2+γ
∣∣∣Π[v̄i − v̄j ]

Ä
F̄Nε (v̄i)− F̄Nε (v̄j)

ä∣∣∣2 ≤ 0.

As before I2 can be written as

I2 =
∑
l

hd
∑
i

wi∇ψε(vcl − v̄i(t))
dv̄i(t)

dt
=

d

dt

∑
i

wi
∑
l

hdψε(v
c
l − v̄i(t)) .

We reduce to showing that ∑
i

wi
∑
l

hdψε(v
c
l − v̄i(t)) = O(h2)

which is true thanks to the fact that
∫
Rd ψε(v− vk(t))dv = 1 and that the mid-point composite quadra-

ture rule is of order 2 for smooth functions. Note that the constant in the error depends on ε but not

on the location of the particles.

Remark 4.2. The particle method for the alternative regularisation for the entropy (4.16) has the

advantage of not needing a continuous convolution and it also has the conservation and dissipative
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properties. The particle method reads as

dṽi(t)

dt
= −

∑
j

wjA[ṽi − ṽj ]

ñ
∇
δH̃N

2,ε

δf
(ṽi)−∇

δH̃N
2,ε

δf
(ṽj)

ô
, (4.26)

with

∇
δH̃N

2,ε

δf
(v) =

∑
k wk∇ψε(v − ṽk)∑
k wkψε(v − ṽk)

+
∑
k

wk
∇ψε(v − ṽk)∑

mwmψε(ṽk − ṽm)
,

according to (4.17). One can show that the semidiscrete particle method (4.26) satisfies the conservation

of mass, momentum, energy, and the dissipation of entropy defined as

H̃N
2,ε =

∑
i

wi log

Ñ∑
j

wjψε(ṽi − ṽj)

é
,

then d
dtH̃

N
2,ε = −D̃N

ε ≤ 0, where

D̃N
ε =

1

2

∑
i,j

wiwj |ṽi − ṽj |2+γ
∣∣∣∣∣Π[ṽi − ṽj ]

Ç
∇
δH̃N

2,ε

δf
(ṽi)−∇

δH̃N
2,ε

δf
(ṽj)

å∣∣∣∣∣2 .
This alternative regularisation will be explored elsewhere.

4.3 Numerical implementation and simulation

In order to visualise our particle solution and compare it to the exact solutions in smoother norms, we

construct a blob solution, as in [30], obtained by convolving the particle solution with the mollifier,

f̃N (t, v) := (ψε ∗ f̄N )(t, v) =
N∑
i=1

wiψε(v − v̄i(t)) , (4.27)

with v̄i(t) given by (4.22) for all t > 0. We measure the accuracy of our numerical method with respect

to the L1- and L∞-norms. To compute the L1- and L∞-errors, we take the difference between the exact

or reference solution and the blob solution (4.27) and evaluate discrete Lp- and L∞-norms in a grid.

The norms are computed in this computational mesh using the centres of the squares Qi as

∥g∥pLp =
N∑
i=1

hd|g(vci )|p , ∥g∥L∞ = max
i

|g(vci )| ,

127



for any function g defined on the computational mesh, and 1 ≤ p < ∞. The quantities of interest are

computed as follows: the discrete mass, momentum, and energy are defined as

N∑
i=1

wi,
N∑
i=1

wiv̄i and
N∑
i=1

wi|v̄i|2 ,

respectively. The discrete entropy is defined by H̄N
2,ε in (4.24).

Let us now comment on the practical implementation of the method. The time discretisation of

the system of ODEs defined by the particle method (4.22) is done by the simple explicit Euler method.

This choice is motivated by our main purpose: we want to illustrate the performance of this particle

method by focusing on the basic properties and its capabilities even with the lowest order in time

discretisation. Note that the fully discrete in time method conserves mass and momentum exactly, but

the energy conservation is satisfied up to a first order error in time. We will check these issues later

on in the examples. One can obviously improve some of the time discretisation errors committed by

choosing higher order time approximations of the ODE system with adaptive time stepping. We leave

this for future work in the scientific computing direction focusing here on the convergence analysis and

error in velocity of the particle approximation (4.22).

As usual in particle methods, the regularisation parameter has to be chosen very carefully. This

regularisation was already used for nonlinear diffusion and aggregation-diffusion equations in [30]. It

was proven in [30, Theorem 6.1] that, for the porous medium equation with exponent larger than or

equal to 2, a particle method using the regularisation strategy presented in this work is convergent by

choosing h2 = o(ε) as ε → 0. By choosing hp ≃ ε, the previous constraint is satisfied for 0 < p < 2.

Then, it was checked heuristically that with ε ≃ h1.98, the numerical particle scheme is a second order

approximation to the solutions of all nonlinear degenerate diffusion equations of porous medium type

and also for the heat equation. Notice it is more convenient to choose the largest posible h to have the

least number of particles since h = 2L/n. For these reasons, the regularising parameter for the Landau

equation is chosen as ε = 0.64h1.98. Here the prefactor is empirical and is found by trial and error.

Finally, let us comment that this error estimate is different for transport equations as studied in

[40, 43]. For the transport equation, depending on the regularity of the initial data, one gets hp ≃ ε for

0 < p < 1, that is h = o(ε) meaning that for transport equations one needs typically smaller meshes

and therefore more particles than for diffusion-type equations.

4.3.1 Example 1: 2D BKW solution for Maxwell molecules

Consider the collision kernel

A[z] =
1

16
|z|2Π[z],
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and an exact solution given by

f ext(t, v) =
1

2πK
exp

Å
−|v|2

2K

ãÅ
2K − 1

K
+

1−K

2K2
|v|2
ã
, K = 1− exp(−t/8)/2.

We choose t0 = 0 and compute the solution until t = 5. The number of particles are chosen as N = n2

with n = 60, 80, 100, 120, 150. The computational domain is [−L,L]2 with L = 4, so the initial mesh

size is h = 2L/n. The forward Euler with ∆t = 0.01 is used for time discretisation.

We first track the relative L2 error of the solution, see Figure 4.1 (left), from which we observe the

errors remain stable over time and decrease with higher number of particles. To check the decay rate,

we generate the loglog plot of the errors at a fixed time t = 5, see Figure 4.1 (right). Here the x-axis

is h, i.e., the initial mesh size. Using the least square fitting, we can find the approximate slope of the

errors which exhibits almost second order convergence.
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Figure 4.1: Left: Time evolution of ∥fnum − f ext∥L2/∥f ext∥L2 with respect to different number of
particles. Right: Relative L∞, L1, and L2 norms of the error at time t = 5 with respect to different h.

To further check the conservation and entropy decay properties of the method, we plot the time

evolution of the total energy and relative entropy of the system in Figure 4.2. The energy is conserved

up to a very small error (this error decays when the time step decreases) while the entropy decays

monotonically as expected. Analogously to equation (4.24), we define the relative entropy as

∑
l

hd

(
N∑
k=1

wkψε(v
c
l − v̄k)

)(
log

(
N∑
k=1

wkψε(v
c
l − v̄k)

)
+ log(2π) +

1

2
|vcl |2

)
.

4.3.2 Example 2: 3D BKW solution for Maxwell molecules

Consider the collision kernel

A[z] =
1

24
|z|2Π[z],
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Figure 4.2: Time evolution of the total energy (left) and relative entropy (right) with respect to different
time step. Particle number N = 602 is fixed.

and an exact solution given by

f ext(t, v) =
1

(2πK)3/2
exp

Å
−|v|2

2K

ãÅ
5K − 3

2K
+

1−K

2K2
|v|2
ã
, K = 1− exp(−t/6).

We choose t0 = 5.5 and compute the solution until t = 6. The number of particles are chosen as N = n3

with n = 20, 30, 40, 50, 60. The computational domain is [−L,L]3 with L = 4, so the initial mesh size

is h = 2L/n. The forward Euler with ∆t = 0.01 is used for time discretisation.

Here we plot similar figures as in the 2D case. We mention that the direct computation in 3D is

computationally costly so that we cannot afford too many particles and the errors are generally larger

than in 2D. Remarkably, even with a small number of particles, up to 603, we are still able to observe

the second order convergence in L1 and L2 norms (L∞ norm is not very reliable due to the limited

number of particles), see Figure 4.3.

4.3.3 Example 3: 2D anisotropic solution with Coulomb potential

Consider the collision kernel

A[z] =
1

16
|z|−1Π[z],

and the initial condition

f(0, v) =
1

4π

ß
exp

Å
−(v − u1)

2

2

ã
+ exp

Å
−(v − u2)

2

2

ã™
, u1 = (−2, 1), u2 = (0,−1).

For this example, we do not have the exact solution to compare with. Therefore, we compare the

particle method with the Fourier spectral method in [104]. For the particle method, we choose the

130



5.5 5.6 5.7 5.8 5.9 6

t

10
-3

10
-2

10
-1

10
0

L
2
 n

o
rm

 o
f 
th

e
 e

rr
o
r

N=20
3

N=30
3

N=40
3

N=50
3

N=60
3

10
-1

10
0

10
-2

10
-1

10
0

L  norm slope=0.2608

L
1
 norm slope=1.9409

L
2
 norm slope=1.9073

Figure 4.3: Left: Time evolution of ∥fnum − f ext∥L2/∥f ext∥L2 with respect to different number of
particles. Right: Relative L∞, L1, and L2 norms of the error at time t = 6.5 with respect to different
h.

following parameters: the number of particles is N = 1202 and the computational domain is [−10, 10]2.

The forward Euler with ∆t = 0.1 is used for time discretisation.

For the spectral method, we choose the following parameters: the number of Fourier modes in each

velocity dimension is Nv = 128; the computational domain is [−10, 10]2. The second order Heun’s

method with ∆t = 0.1 is used for time discretisation.

The results are shown in Figure 4.4. The results of the two methods match very well.
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Figure 4.4: Comparison of the particle method (particle number N = 1202) with the spectral method
(Nv = 1282). Slices of the solutions at different times.

To better check the convergence of the particle method, we use the spectral method solution with

Nv = 128 as a reference solution. For the particle method, we test N = 602, 802, 1002, 1202, and for

each of them reconstruct the solution on the same mesh as the spectral method (so that we can directly

compare the error). The results are shown in Figure 4.5 where we can observe better matching as N
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increases. We also compute the convergence order similarly to the example in Section 4.3.1. Strikingly,

we can still obtain almost second order convergence, see Figure 4.6.
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Figure 4.5: Comparison of the particle method (using different particle numbers) with the spectral
method (Nv = 1282). Slices of the solutions at time t = 20.
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Figure 4.6: Relative L∞, L1, and L2 norms of the error at time t = 20 with respect to different h.

4.3.4 Example 4: 3D Rosenbluth problem with Coulomb potential

Consider the collision kernel

A[z] =
1

4π
|z|−1Π[z],

and the initial condition

f(0, v) =
1

S2
exp

Å
−S (|v| − σ)2

σ2

ã
, σ = 0.3, S = 10.
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A similar test has been considered in other papers [104]. For the particle method, we choose the

following parameters: the number of particles is N = 503; the computational domain is [−1, 1]3. The

forward Euler with ∆t = 0.2 is used for time discretisation.

For the spectral method, we choose the following parameters: the number of Fourier modes in each

velocity dimension is Nv = 64; the computational domain is [−1, 1]3. The second order Heun’s method

with ∆t = 0.2 is used for time discretisation.

The cost of computing the particle method in 3D becomes very heavy if the right-hand side of (4.22)

is performed by direct sums. We resort to efficient methods for computing large sums involving convo-

lution kernels. One possible choice is to make use of the treecode strategy as in [14, 94] for instance. Its

application to the particle method (4.22) can be found in [33, Appendix B]. In Figure 4.7 left, we show

the comparison of the direct sum solver to the treecode solver by plotting their solutions at t = 20,

N = 503 or N = 403. The error committed is negligible. In Figure 4.7 right, we illustrate the speed-

up of the treecode solver with respect to the direct sum solver. The efficiency of the treecode solver

is significant with larger number of particles N as expected. The results are obtained on Minnesota

Supercomputer Institute Mesabi machine with 12 nodes.

The result is shown in Figure 4.8. We observe good agreement between the spectral method and the

particle method using the treecode acceleration, especially for short time. For longer time, the discrep-

ancy is due to the limited resolution of the particle method. Note that we do get better convergence

when increasing the number of particles from N = 503 to N = 603.
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Figure 4.7: Left: comparison a slice of solution with direct sum and treecode at t = 20, N = 503 or
N = 403. Right: comparison of computational time (in seconds) for one step with the treecode solver
and with the direct sum solver.
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Chapter 5

Conclusions and Perspectives

With much gratitude, I thank the diligent and persistent reader for making it this far into the thesis.

Now, I would like to summarise the results presented here and discuss some of the future avenues of

research.

5.1 Gradient Flow structure of the Landau Equation

The fundamental result of this thesis is Theorem 2.10, which gives conditions for when Villani’s H-

solutions [118] of the Landau equation are equivalent to curves of maximal slope for the entropy func-

tionalH with respect to the Landau metric dL. There, the only hypothesis which is not already included

in the definition of H-solution is the technical assumption (A2.1); for γ ∈ (−3, 0), there exists some

0 < η ≤ γ + 3 such that

⟨v⟩2−γ ft(v) ∈ L∞
t

Å
0, T ; L1

v ∩ L
3−η

3−η+γ
v (R3)

ã
.

Our method in Section 2.5 is unable to accommodate γ = −3 because the requirement for η degenerates

in this case. For soft potentials γ ≥ −2, this estimate is propagated globally in time [122, 54] under the

appropriate assumptions on the initial data of solutions. Notice that for Maxwellian potentials γ = 0,

this estimate is nothing other than a uniform-in-time bound on the second moment without any Lp

requirement for p > 1. Hence, gradient flows coincide with H-solutions unconditionally [118, 119]. On

the other hand, for very soft potentials γ ∈ (−3,−2), (A2.1) is not known to hold for global weak

solutions with large initial data. Global solutions with initial data close to equilibrium are known to

exist and satisfy (A2.1) based on the seminal work of Guo [78]. Conversely, short time solutions for

arbitrary initial data are known to exist and satisfy (A2.1) (including even the Coulomb case γ = −3)

due to [55, 11].

It would be nice to dispense with the Lp estimate of (A2.1) so that at least the equivalence of
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H-solutions and gradient flows of (L) is true for global weak solutions with large initial data in the very

soft potential case. This could be approached in two different ways. From the gradient flow point of

view, one could revisit the proof of Theorem 2.10 in Section 2.5 and investigate sources of improvement.

From the classical kinetic theory point of view, one could also try to prove that (A2.1) is propagated

(missing for γ < −2) for H-solutions with appropriate initial data.

Moreover, existing literature aside, the technical computations in Section 2.5 gave me an appreci-

ation for the particular difficulty of the Coulomb case γ = −3. In relation to the previous discussion,

I would very much like to extend our equivalence result to this case but, again, this would require

technical improvements to the already-very-technical computations of Section 2.5.

While Theorem 2.10 is a result which compares the notions of H-solutions and gradient flows of (L),

we have not yet explored global existence for gradient flows of (L) with minimal assumptions on the

initial data. One strategy here would be to modify the results in Section 2.4 by replacing the regularised

entropy functional Hε with H. More precisely, the natural construction of gradient flows is to use the

JKO scheme [90]. Given a fixed time step τ > 0 and initial datum µ ∈ P2,E , solve the minimisation

problem for n ∈ N

ντ0 := µ0, ντn ∈ argminλ∈P2,E

ï
H[λ] +

1

2τ
d2L(ν

τ
n−1, λ)

ò
,

and then concatenate the minimisers into a piecewise constant curve

µτ0 := µ0, µτt := ντn, for t ∈ ((n− 1)τ, nτ ].

In fact, arguing in the same way as Proposition 2.27, this construction is well-defined (minimisers exist)

and up to a subsequence, the piecewise constant curve converges weakly to some limit

µτt
τ↓0
⇀ µt ∈ P2,E , ∀t ∈ [0,∞).

The problem now is that, while the JKO scheme yields the existence of some curve µt, it is not clear

that µt is a curve of maximal slope corresponding to (L). The difficulty here is proving an analogue

of Lemmas 2.28 and 2.29 with H considered in place of Hε. In particular, the analogous statement

for Lemma 2.29 would assert that |∂−H| is a strong upper gradient for H, but this requires the chain

rule Proposition 2.23 at the ε = 0 level. We have already seen, from Section 2.5, the difficulty associated

with this result as it ties into the previous discussion for the necessity of Assumption (A2.1).

Another option is to start at the ε > 0 level and prove a Γ-convergence type result for the sequence

of curves of maximal slope constructed in Theorem 2.9. More precisely, for every ε > 0 and γ ∈ [−4, 0],

the curves µε constructed in Theorem 2.9 satisfy the chain rule (Proposition 2.23) and the Energy
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Dissipation Inequality (EDI)

Hε[µ
ε(T )] +

1

2

∫ T

0
Dε(µ

ε(t))dt+
1

2

∫ T

0
|µ̇ε|2L(t)dt ≤ Hε[µ

ε(0)], ∀T > 0. (5.1)

To construct a curve of maximal slope for the full Landau equation (L) given initial condition µ0 ∈

P2, it is natural to investigate sources of compactness for the sequence µε. In particular, assuming

compatibility and finite entropy of the initial data

lim
ε↓0

Hε[µ
ε(0)] = H[µ0] < +∞,

the EDI (5.1) implies the bounds

sup
ε>0

Hε[µ
ε(T )] + sup

ε>0

∫ T

0
Dε(µ

ε(t))dt+ sup
ε>0

∫ T

0
|µ̇ε|2L(t)dt < +∞. (5.2)

I would like to understand how these estimates imply compactness of (µε)ε. Supposing there is a

convergent subsequence for which µε(t) ⇀ µ(t), the next difficulty would be to show that the limit µ

is a curve of maximal slope for H with respect to dL. As usual, this involves passing to the limit ε ↓ 0

for the chain rule

Hε[µ
ε(T )]−Hε[µ

ε(0)] = −1

2

∫ T

0

∫∫
∇̃Gε ∗ log[µε ∗Gε] ·M ε

ε↓0→ H[µ(T )]−H[µ0] = −1

2

∫ T

0

∫∫
∇̃ logµ ·M,

where (µε,M ε), (µ,M) ∈ GCET . Here, M ε is an arbitrary collision rate associated to µε and one

would have to prove compactness of M ε so that it converges to M . Notice also that, unlike the proof

of Theorem 2.10, the curves depend on ε > 0 which further complicates any repetition of the strategy

in Section 2.5.

The other major extension is the question of uniqueness of gradient flow solutions to (L). To

illustrate the promise offered by gradient flows, I would like to return to the finite dimensional example

of (1.7); curves x(t) ∈ Rd solving ẋ(t) = −∇E(x(t)) for some smooth and convex function E : Rd → R.

If x1, x2 ∈ C1 are two solutions of (1.7) with respective initial condition x10, x
2
0 ∈ Rd, then the convexity

of E yields

d

dt

1

2
|x1 − x2|2 = −(∇E(x1)−∇E(x2)) · (x1 − x2) ≤ 0.

If E is λ-convex, then the same computation quantifies not only uniqueness of solution, but also trend
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to equilibrium for one then obtains

|x1(t)− x2(t)| ≤ |x1(0)− x2(0)|e−
λ
2
t.

Here, we see the importance of quantifying convexity of E which translates similarly to PDEs [101, 35].

As uniqueness of weak solutions for (L) is not known in full generality for γ = −3, an interesting avenue

of research is proving whether H is convex along generalised geodesics with respect to dL. This would

help close a longstanding open question in the theory of the Landau equation. A first step in this

direction, which is interesting in its own right, is to revisit the convexity results of functionals [35] with

respect to optimal transport distances from just the dynamic formulation [17, 60] of these distances.

Another preliminary area of investigation is to consider (L) for radial solutions as the isotropy somehow

compensates for the degeneracy of Π [73, 72, 75]. My supervisors and I understand how to treat the

γ = 0 case using gradient flow techniques with and without radial symmetry. Concerning the γ < 0

case even with radial symmetry, we performed the formal computations in this direction which quickly

escalated in complexity.

5.2 The Boltzmann and Landau equations

In Chapter 3, we recovered the grazing collision limit between the Boltzmann equation and the Landau

equation using the gradient flow framework developed in Chapter 2 (for Landau) and [61] (for Boltz-

mann). There, the intention was to simplify the grazing collision limit using the Γ-convergence ideas of

Sandier and Serfaty [113, 109]. We were able to prove this result using the weaker notion of solutions

(H-gradient flows from Definition 3.1) which were based only on the Energy Dissipation Inequality

(EDI). This is in contrast with the usual notion of curves of maximal slope (Definition 2.5), which are

based on the EDI and the use of the entropy-dissipation as a strong upper gradient. The gap here lends

itself to a direction of future research. There are two independent and interesting problems associated

with this endeavour.

One of the obstructions to proving the grazing collision limit for curves of maximal slope from

Boltzmann to Landau is the aforementioned technical difficulty of relaxing (A2.1) to establish the

chain rule for the Landau equation. It is not clear from the compactness and regularity estimates

of Chapter 3 how to deduce the integrability requirements of (A2.1). Moreover, as we emphasised with

the finite second moment and entropy assumption (A3.1), the higher order Lp integrability in (A2.1)

is extraneous for the grazing collision limit [118].

Another reason for considering H-gradient flows is that Erbar’s result equating weak solutions and
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curves of maximal slope for the Boltzmann equation applies only for bounded collision kernels [61]; the

Boltzmann analogue of Theorem 2.10 holds only for γ = 0. It would be nice to extend Erbar’s result for

the soft potentials γ < 0. As with us, the major source of technical complexity for Erbar was proving

the chain rule. This suggests to me that the strategy in Section 2.5 could be used to reach γ ∈ (−3, 0).

One of the key ingredients for us was Desvillettes’ Theorem 2.32 which controlled a weighted H1 norm

of
√
f with the Landau entropy-dissipation. To treat Boltzmann for γ < 0, my first instinct would

be to see if the fractional Sobolev control of
√
f (c.f. Appendix C and [2, 86, 80]) with respect to the

Boltzmann entropy-dissipation can play a similar role here.

5.3 A particle method for the Landau equation

The focus of Chapter 4 was fixed on the numerical approximation of solutions to (L) by studying the

regularised problem (Lε) with right-hand side given by

QεL(f, f) = ∇ ·
Å
f

∫
f∗|v − v∗|2+γΠ[v − v∗](∇ψε ∗ log [µ ∗ ψε]−∇∗ψε ∗ log [µ∗ ∗ ψε])dv∗

ã
.

Here, ψε is the Maxwellian mollifer from (ψε), so that (Lε) is the H2,ε Landau equation (in the sense

of (2.1)) where

H2,ε[µ] = H[µ ∗ ψε],
δH2,ε

δµ
= ψε ∗ log [µ ∗ ψε] .

This particular regularisation was motivated by the fact that (smooth) solutions, f ∈ L1
+, to (Lε)

satisfy an H-theorem with the regularised entropy

d

dt
H2,ε[f(t)] = −Dε

L(f)

= −1

2

∫∫
ff∗|v − v∗|2+γ |Π[v − v∗](∇ψε ∗ log [f ∗ ψε]−∇∗ψε ∗ log [f∗ ∗ ψε])|2 ≤ 0.

In addition, we proved that this regularisation preserves other structural properties of the original Lan-

dau equation; the mass, momentum, and energy of solutions are conserved quantities, and equilibrium

states are given by Maxwellians. Moreover, while the regularisation destroys the parabolic property

of (L), it allows the use of particle methods to approximate (Lε).

Chapter 4 leaves open the question of using a particle method on (Lε) to rigorously approximate (L).

Although numerical experiments provide heuristic arguments in favour of this approximation, a rigorous

justification is missing. The approximation discussed in Chapter 4 has two layers; the first layer is

approximating (L) with (Lε) and the second layer is approximating solutions of (Lε) with particle

solutions. At the time of writing, I am confidently happy to declare that the latter layer has been
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studied, albeit with the mollifying sequence Gε, by my Ph.D. supervisors and myself. We are currently

preparing a manuscript which more or less states that, for γ ∈ (−3, 0] (again, the pesky case of

γ = −3 is not attained yet), solutions of (Lε) (using Gε as the mollifier) are well-approximated by

particle solutions with convergence as the number of particles tends to infinity. This is also supported

by Theorems 2.8 and 2.9, which assert that curves of maximal slope for Hε with respect to dL exist

and are equivalent to weak solutions to the Hε Landau equation.

The numerical experiments in Section 4.3 suggest that convergence of the particle method also

holds with ψε as the mollifying sequence. Moreover, I also expect that the statements of Theo-

rems 2.8 and 2.9 are true with H2,ε replacing Hε. Recall, H2,ε uses the mollifier ψε(v) ∼ exp{−|v/ε|2}

whereas Hε uses G
ε(v) ∼ exp{− ⟨v/ε⟩}. Owing to the different tailed behaviour, the following estimates

from Lemma 2.24 read

| log[µ ∗Gε]| ≲ε ⟨v⟩ , | log[µ ∗ ψε]| ≲ε ⟨v⟩2 .

At the level of the entropy-dissipations induced by either mollifier, we require only µ ∈ P2 with Gε,

whereas µ ∈ P4 seems necessary with ψε. Different assumptions for µ are required when adjusting the

tailed behaviour of the mollifying sequence.

Concerning the approximation of (L) by (Lε), this problem is also present and open for non-linear

diffusion models [30, 44, 24]. In fact, this is closely related to the discussion at the end of Section 5.1.

The previous paragraph shows that the choice of mollifying sequence adds another element to this

problem, although the structure is very general; given ϕε a sequence of (positive) mollifiers and setting

Hϕε [µ] := H[µ ∗ ϕε] =
∫
(µ ∗ ϕε) log (µ ∗ ϕε) ,

the first variation is always of the form

δHϕε

δµ
= ϕε ∗

ï
δH

δ(µ ∗ ϕε)

ò
= ϕε ∗ log(µ ∗ ϕε).

Therefore, the Hϕε Landau equation has right-hand side

Qϕ
ε

L (f ε, fε) = ∇·
ß
f ε
∫
f ε∗ |v − v∗|2+γΠ[v − v∗]

Å
∇
Å
ϕε ∗

ï
δH

δ(µ ∗ ϕε)

òã
−∇∗

Å
ϕε ∗

ï
δH∗

δ(µ∗ ∗ ϕε)

òãã
dv∗

™
,

and we ask if solutions, f ε, converge to some f which solves (L).
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Appendix A

Some inequalities and the spherical

Laplacian

This appendix gathers various inequalities and identities primarily used in Chapters 2 and 3. As such,

it contains material found in the joint works with José A. Carrillo, Matias G. Delgadino, and Laurent

Desvillettes [31] and with José A. Carrillo and Matias G. Delgadino [32, Appendix A]. The former is

a preprint submitted for publication and the latter has been published in Nonlinear Analysis volume

219, page 112824 in June 2022.

Lemma A.1. For x, y ∈ R3, we have

|x|2(y ·Π[x]y) = |x× y|2

Proof. Without loss of generality, we assume neither x = 0 nor y = 0 or else the statement holds

trivially. Let θ be an oriented angle between x and y. We expand the definition of Π[x] to obtain

|x|2(y ·Π[x]y) = y · (|x|2I − x⊗ x)y = |x|2|y|2 − |x · y|2 = |x|2|y|2(1− cos2 θ)

= |x|2|y|2 sin2 θ = |x× y|2.

Lemma A.2 (Peetre). For any p ∈ R and x, y ∈ Rd, we have

⟨x⟩p

⟨y⟩p
≤ 2|p|/2⟨x− y⟩|p|.

Proof. Our proof follows [15]. Starting with the case p = 2, for fixed vectors a, b ∈ Rd we have, with
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the help of Young’s inequality,

1 + |a− b|2 ≤ 1 + |a|2 + 2|a||b|+ |b|2 ≤ 1 + 2|a|2 + 2|b|2

≤ 2 + 2|a|2 + 2|a|2|b|2 + 2|b|2 = 2(1 + |a|2)(1 + |b|2).

Dividing by ⟨b⟩2 and setting a = x− y and b = −y, we obtain the inequality for p = 2

⟨x⟩2

⟨y⟩2
≤ 2 ⟨x− y⟩2 .

Taking non-negative powers, this proves the inequality for p ≥ 0. On the other hand, when we divided

by ⟨b⟩2 we could have also set a = x− y, b = x to obtain

⟨y⟩2

⟨x⟩2
≤ 2 ⟨x− y⟩2 .

Taking non-negative powers here proves the inequality for p < 0.

Lemma A.3 (ALG inequality). The logarithmic mean separates the arithmetic and geometric means;

√
ab ≤ b− a

log b− log a
≤ a+ b

2
, ∀a, b > 0, a ̸= b.

Equality is achieved in any of the inequalities if and only if a = b and equality is achieved in all of

them, where the logarithmic mean between a = b > 0 is defined as a.

Proof. We follow the elegant proof by Sándor [110]. First we claim the following

4

(t+ 1)2
<

1

t
<

1

2
√
t
+

1

2t
√
t
, ∀t > 1. (A.1)

The left-hand inequality of (A.1) follows from (t+1)2−4t = (t−1)2 > 0. For the right-hand inequality

of (A.1), we use Young’s (strict) inequality since t > 1

1

t
=

1

t
1
4

· 1

t
3
4

<
1

2t
1
2

+
1

2t
3
2

.

Assume without loss of generality that 0 < a < b. We integrate (A.1) from 1 to b/a > 1. This leads to

2
b− a

b+ a
< log b− log a <

…
b

a
−
…
a

b
=
b− a√
ab
.

Dividing by b− a and inverting yields the result.
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Corollary A.1. For all a, b > 0 with a ̸= b we have

(a− b) log
a

b
≥ 4|

√
a−

√
b|2.

Proof. We write a− b as a difference of squares to deduce

(a− b) log
a

b
= 2(

√
a−

√
b)(

√
a+

√
b)(log

√
a− log

√
b)

= 4|
√
a−

√
b|2
Ç√

a+
√
b

2

åÇ
log

√
a− log

√
b

√
a−

√
b

å
≥ 4|

√
a−

√
b|2.

In the last line, we used Lemma A.3 after recognising the arithmetic and logarithmic means between

√
a and

√
b.

Corollary A.2 (Λ(f) bounds). Λ(f) = f ′f ′∗−ff∗
log f ′f ′∗−log ff∗

grows ‘quadratically’ in f (in the sense of tensor

products); √
ff∗f ′f ′∗ < Λ(f) <

f ′f ′∗ + ff∗
2

.

Moreover, there holds

(f ′f ′∗ − ff∗) log
f ′f ′∗
ff∗

≥ 4|
√
f ′f ′∗ −

√
ff∗|2.

Lemma A.4. Suppose (k, h, i) is an orthonormal basis of R3. There holds

∫ 2π

0
(cosϕh+ sinϕ i)⊗ (cosϕh+ sinϕ i)dϕ = πΠ[k] = π(I − k ⊗ k).

This is equivalent to (c.f. Section 3.2.2)

∫
S1
k⊥

p⊗ pdp =

∫ 2π

0
p⊗ pdϕ = πΠ[k],

where p is orthonormal to k with azimuthal angle ϕ i.e. p = cosϕh+ sinϕ i.
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Proof. In the basis of (k, h, i), we can represent the matrix in the integral as

∫ 2π

0
(cosϕh+ sinϕ i)⊗ (cosϕh+ sinϕ i)dϕ =

∫ 2π

0

à
0 0 0

0 cos2 ϕ cosϕ sinϕ

0 cosϕ sinϕ sin2 ϕ

í
dϕ

=

à
0 0 0

0 π 0

0 0 π

í
= π (I − k ⊗ k) = πΠ[k].

Next we turn to explicit expressions for the spherical Laplacian/Laplace-Beltrami operator, see [91]

for details. Consider a smooth function f : Rd → R. Let us write x ∈ Rd as x = rω for r = |x| and

ω = x
|x| ∈ Sd−1. The spherical Laplacian of f denoted ∆Sd−1f is obtained by

∆Sd−1f(x) = ∆f

Å
x

|x|

ã
and it satisfies

∆f = ∂2rf +
d− 1

r
∂rf +

1

r2
∆Sd−1f. (A.2)

We write the spherical Laplacian in terms of ∇ω and Π[ω]. Here, for functions ϕ = ϕ(x) on Rd, ∇ω is

the differential operator applied to the zero-homogeneous extension of ϕ on the sphere;

∇ωϕ = ∇xϕ

Å
x

|x|

ã
.

∇ω· will denote the adjoint of ∇ω.

Lemma A.5. Under the spherical coordinates x = rω, and for smooth functions ϕ = ϕ(x) = ϕ(rω),

the spherical Laplacian of ϕ reads

∆Sd−1ϕ = ∇ω · (Π[ω]∇ωϕ) .

Proof. We recompute ∆ϕ using spherical coordinates. Then we identify the corresponding ∆Sd−1ϕ term

in (A.2). For every index i, the chain rule gives

[∇ϕ]i = ∂iϕ =
∂r

∂xi
∂rϕ+

∂ωj

∂xi
∂ωjϕ = ωi∂rϕ+

1

r
Πij [ω]∂ωjϕ.

Here, we have recalled the simple computations ∂r
∂xi

= ωi and ∂ωj

∂xi
= 1

rΠ
ij [ω]. Writing the Laplacian

144



with repeated indices, we further compute

∆ϕ = ∂i∂iϕ =
∂r

∂xi
∂r

Å
ωi∂rϕ+

1

r
Πij [ω]∂ωjϕ

ã
+
∂ωk

∂xi
∂ωk

Å
ωi∂rϕ+

1

r
Πij [ω]∂ωjϕ

ã
= ωi

á
ωi∂2rϕ+Πij [ω]∂r

Å
1

r
∂ωjϕ

ã
︸ ︷︷ ︸

⊥ωi

ë
+

1

r
Πik[ω]

Ö
δik∂rϕ+ ωi∂ωj∂rϕ︸ ︷︷ ︸

⊥Πik[ω]

+
1

r
∂ωk

(
Πij [ω]∂ωjϕ

)è
.

Here, we have expanded the derivatives using the previous computations. In particular, the underbraced

terms contribute nothing (as expected since these are the mixed derivatives in the radial and spherical

directions). Recall now that

ωiωi = 1, Πik[ω]δik = trace (Π[ω]) = d− 1, ∂ωkΠij [ω] = −(δikωj + δjkωi).

Using these identities, we further simplify

∆ϕ = ∂2rϕ+
(d− 1)

r
∂rϕ+

1

r2
Πik[ω]

Ñ
−(δikωj + δjkωi︸ ︷︷ ︸

⊥Πik[ω]

)∂ωjϕ+Πij [ω]∂ωk∂ωjϕ

é
= ∂2rϕ+

(d− 1)

r
∂rϕ+

1

r2

Ä
−(d− 1)ωj∂ωjϕ+Πjk[ω]∂ωk∂ωjϕ

ä
.

We can repackage the spherical Laplacian term in another neat way by noticing that

∇ω · (Π[ω]∇ωϕ) = ∂ωk

Ä
Πjk[ω]∂ωjϕ

ä
= −(d− 1)ωj∂ωjϕ+Πjk[ω]∂ωk∂ωjϕ.

Putting this back gives

∆ϕ = ∂2rϕ+
(d− 1)

r
∂rϕ+

1

r2
∇ω · (Π[ω]∇ωϕ).

Corollary A.3. Under the same notations as Lemma A.5, in particular x = rω, for any smooth vector

field V , we have

∇x · (Π[x]V ) =
1

r
∇ω · (Π[ω]V ).

Moreover, for smooth ϕ, we have

∇x · (Π[x]∇xϕ) =
1

r2
∇ω · (Π[ω]∇ωϕ).

Proof. The first identity is a direct computation. For the second identity, repeat the calculations in
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Lemma A.5 noticing that Π[x] applied to ∇xϕ removes the radial derivative contribution.

146



Appendix B

An auxiliary PDE for Lemma 2.28

The content of this appendix is based on joint work with José A. Carrillo, Matias G. Delgadino, and

Laurent Desvillettes [31, Appendix A]. It is a preprint submitted for publication.

In this section, we fix ε > 0 throughout and study the following PDE where the unknown to be

solved for is µ ∈ C([0, T ];P2(Rd)), ∂tµ = ∇ · {µϕR1

∫
Rd ϕR1∗ψR2(v − v∗)|v − v∗|γ+2Π[v − v∗](J

ε
0 − Jε0∗)dµ(v∗)}

µ(0) = µ0 ∈ P2

. (B.1)

For R1, R2 > 0, the functions 0 ≤ ϕR1 , ψR2 ≤ 1 are smooth cut-off functions approximating the identity

in different ways

ϕR1(v) =

 1, |v| ≤ R1

0, |v| ≥ R1 + 1
, ψR2(z) =

 0, |z| ≤ 1/R2

1, |z| ≥ 2/R2

.

For ε > 0, Jε0 is the gradient of first variation of Hε applied to µ0, meaning

Jε0 = ∇Gε ∗ log[µ0 ∗Gε] ∈ C∞(Rd;Rd).

The main result of this appendix is

Theorem B.1. Fix ε,R1, R2 > 0, γ ∈ R, and µ0 ∈ P2(Rd). Then, there is a global unique weak

solution µ ∈ C([0,+∞); P2(Rd)) to (B.1).

By Lemma 2.25, we know that Jε0 is uniformly bounded (with constant depending on ε and µ0 only

through bounds on its second moment). The functions ϕR1 and ϕR1∗ cut off the growth of Jε0 and Jε0∗

for large velocities v, v∗. The ψR2(v− v∗) term treats the possible singularities around v = v∗ from the

weight |v − v∗|2+γ . In total, these cut-off functions allow us to interpret (B.1) as a continuity equation
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with a smooth and compactly supported velocity field.

The construction of the solution in Theorem B.1 is given in two steps. Firstly, a local well-posedness

theory established to some finite time interval T > 0 which depends on ε, γ, R1, R2 and µ0. Secondly,

the time of existence (and uniqueness) is extended to +∞ since T depends on µ0 only through its

second moment which is conserved by the evolution of (B.1).

We fix T > 0 to be determined explicitly later. Our proof strategy closely follows the fixed point

argument of [26] in the space C([0, T ];P2) with the following metric

d(µ, ν) := sup
t∈[0,T ]

W2(µ(t), ν(t)), µ, ν ∈ C([0, T ];P2),

where W2 is the 2-Wasserstein distance on P2 [121].

Remark B.1. The growth of Jε0 is taken care of by the ϕR1 and ϕR1∗ terms. Hence the results of

this section can be applied when replacing the convolution kernel of Jε0 with general tailed exponential

distributions Gs,ε(v) for s > 0.

For µ ∈ P2, we denote by U [µ](v) the following function

U [µ](v) := −ϕR1

∫
Rd

ϕR1∗ψR2(v − v∗)|v − v∗|γ+2Π[v − v∗](J
ε
0 − Jε0∗)dµ(v∗),

so that the PDE in (B.1) can be written as a nonlinear continuity equation

∂tµ(t) = −∇ · {µ(t)U [µ(t)]} .

To fix ideas, the weak formulation of (B.1) means that the following equality holds for all test functions

τ ∈ C∞
c (Rd) and times t ∈ [0, T ]

∫
Rd

τ(v)dµr(v)−
∫
Rd

τ(v)dµ0(v)

=

∫ t

0

∫
Rd

ϕR1∇τ(v) ·
∫
Rd

ϕR1∗ψR2(v − v∗)|v − v∗|γ+2Π[v − v∗](J
ε
0 − Jε0∗)dµs(v∗)dµs(v)ds.

Thanks to all the smooth cutoffs and µ0 ∈ P2, we can enlarge the class of test functions to smooth

functions with quadratic growth. In particular, by choosing τ(v) = |v|2 and symmetrising the right-

hand side by swapping v ↔ v∗, we see that the second moment of µ0 is conserved along the evolution

of (B.1).

Our first task is to study the characteristic equation associated to (B.1).
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Lemma B.2 (Characteristic equation). For any T > 0, µ ∈ C([0, T ];P2), and v0 ∈ Rd, there exists a

unique solution v ∈ C1((0, T );Rd) ∩ C([0, T ];Rd) to the following ODE

dv

dt
= U [µ(t)](v), v(0) = v0.

Furthermore, the growth rate satisfies

|v(t)| ≤ max{|v0|, R1 + 1}, ∀t ∈ [0, T ].

Proof. U [µ(t)](·) is smooth and compactly supported uniformly in t, so classical Cauchy-Lipschitz

theory gives existence and uniqueness of solution v with the promised regularity.

For the estimate on the growth rate, note that U [µ] has support contained in BR1+1. Points outside

this ball do not change in time according to this ODE.

We denote by Φtµ the flow map associated to the characteristic ODE, so that

d

dt
Φtµ(v0) = U [µ(t)](Φtµ(v0)), Φ0

µ(v0) = v0.

It is known that, given ν ∈ C([0, T ];P2(Rd)), the curve of probability measures µ(t) = Φtν#µ0 is a

weak solution to

∂tµ(t) = −∇ · {µ(t)U [ν(t)]} , µ(0) = µ0.

Here, Φtν#µ0 is the push-forward measure of µ0 defined in duality with τ ∈ Cb(Rd) by

∫
Rd

τ(v)d(Φtν#µ0)(v) =

∫
Rd

τ(Φtν(v))dµ0(v).

Clearly, a unique fixed point of µ 7→ Φtµ#µ0 would solve (B.1). To better understand the properties of

this map, we need to establish estimates on the flow map through U as a function of time and measures.

Lemma B.3 (L∞ estimate for velocity field). There exists a constant C = C(ε, γ,R1, R2, µ0) > 0 such

that for every T > 0 and ν ∈ C([0, T ];P2), we have

|U [ν(t)](v)| ≤ C, ∀t ∈ [0, T ], v ∈ Rd.

Proof. Estimate for γ ≥ −2:

We have the following three inequalities

|v − v∗|γ+2 ≲γ |v|γ+2 + |v∗|γ+2, ∥Π[v − v∗]∥ ≤ 1, Jε0 ≲ε,µ0 1
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due to the range of γ, boundedness of Π, and Lemma 2.25, respectively. These three inequalities provide

the estimate

|U [ν(t)](v)| ≲γ,ε,µ0 ϕR1(v)

∫
Rd

ϕR1(v∗)(|v|γ+2 + |v∗|γ+2)dνt(v∗),

where we have dropped ψR2 altogether. Using the compact support of ϕR1 , we obtain

|U [ν(t)](v)| ≲γ,ε,µ0 ϕR1(v)(R
2+γ
1 + ⟨v⟩2+γ) ≲R1 ϕR1(v)⟨v⟩2+γ .

Again, since ϕR1 has compact support, we can brutally estimate the polynomial to conclude.

Estimate for γ < −2:

Unlike the previous case, we change one of the inequalities due to the unavailability of a triangle

inequality and use

ψR2(v − v∗)|v − v∗|γ+2 ≲ 1/Rγ+2
2 , ∥Π[v − v∗]∥ ≤ 1, Jε0 ≲ε,µ0 1.

From these inequalities and the compact support of ϕR1 , we have

|U [ν(t)](v)| ≲γ,ε,µ0,R2 ϕR1(v)

∫
Rd

ϕR1(v∗)dνt(v∗) ≤ 1,

which concludes the proof.

The next result follows exactly as in [26].

Lemma B.4 (Time continuity of flow map). Let C = C(ε, γ,R1, R2, µ0) > 0 be the same constant

from Lemma B.3. Then for any T > 0, and ν ∈ C([0, T ];P2) we have

∥Φtν − Φsν∥L∞(Rd) ≤ C|t− s|.

Our next objective is to establish the regularity of the flow map with respect to the measures in

the subscript. To simplify the subsequent lemmas, let us use the notation in the following

Lemma B.5. Define

F : (v, w) ∈ Rd × Rd 7→ ϕR1(v)ϕR1(w)ψR2(v − w)|v − w|γ+2Π[v − w](Jε0(v)− Jε0(w)) ∈ Rd.

The function F is smooth and compactly supported. In particular, for every k, l ∈ N, there is a constant
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C = C(ε, γ,R1, R2, µ0, k, l) > 0 such that

∥Dk
vD

l
wF∥L∞(Rd×Rd) ≤ C.

More precisely, the constant C depends on µ0 only through bounds on its second moment as in Lemma 2.25.

Proof. The compact support property comes from the factor of ϕR1(v)ϕR1(w) in the definition. The

regularity comes from the avoidance of v = w due to the factor ψR2(v − w).

Corollary B.1 (Pointwise and measurewise regularity of U). Consider the constant C = C(ε, γ,R1, R2, µ0, k, l) >

0 from Lemma B.5 above. We have the following

1. Take C1 = C(ε, γ,R1, R2, µ0, 0, 1) > 0. For every T > 0; ν1, ν2 ∈ C([0, T ];P2); t ∈ [0, T ]; v ∈ Rd

we have the estimate

|U [ν1(t)](v)− U [ν2(t)](v)| ≤ C1W2(ν
1
t , ν

2
t ).

2. Take C2 = C(ε, γ,R1, R2, µ0, 1, 0) > 0. For every T > 0; ν ∈ C([0, T ];P2); t ∈ [0, T ]; v1, v2 ∈ Rd

we have the estimate

|U [ν(t)](v1)− U [ν(t)](v2)| ≤ C2|v1 − v2|.

Remark B.2. By considering the anti-symmetric property of F when swapping variables v ↔ w, one

really obtains C1 = C2. Their distinction in this corollary is artificial.

Proof. Item 1:

Firstly, for every t ∈ [0, T ] take π(t) ∈ P2(Rd × Rd) the 2-Wasserstein optimal transportation plan

connecting ν1(t) and ν2(t) which exists, see [121]. We estimate the difference with notation from

Lemma B.5

|U [ν1(t)](v)− U [ν2(t)](v)| =
∣∣∣∣∫

Rd

F (v, w)dν1t (w)−
∫
Rd

F (v, w̄)dν2t (w̄)

∣∣∣∣
=

∣∣∣∣∫∫
R2d

F (v, w)− F (v, w̄)dπt(w, w̄)

∣∣∣∣ ≤ C1

∫∫
R2d

|w − w̄|dπt(w, w̄) ≤ C1W2(ν
1
t , ν

2
t ).

The first inequality uses a Mean-Value type estimate (in the second variable of F ) and the second

inequality uses Cauchy-Schwarz or equivalently, that W2 is stronger than W1.

Item 2:
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As with item 1, we estimate the difference using F to find

|U [ν(t)](v1)− U [ν(t)](v2)| =
∣∣∣∣∫

Rd

F (v1, w)− F (v2, w)dνt(w)

∣∣∣∣
≤
∫
Rd

|F (v1, w)− F (v2, w)|dνt(w) ≤ C2|v1 − v2|.

Once more, a Mean-Value type estimate is applied (in the first variable of F ).

The next result combines both items of Corollary B.1 to estimate the regularity of the flow map

with respect to measures and follows exactly as in [26].

Lemma B.6 (Continuity of flow map with respect to measures). For T > 0 fix any ν1, ν2 ∈ C([0, T ];P2)

and t ∈ [0, T ]. With C := C1 = C2 the same constants in Corollary B.1, we have the estimate

∥Φtν1 − Φtν2∥L∞(Rd) ≤ (eCt − 1)d(ν1, ν2),

recalling that d(ν1, ν2) = supt∈[0,T ]W2(ν
1
t , ν

2
t ).

The proof of Theorem B.1 is now classical from Corollary B.1 and Lemma B.6, see [26, 29, 68]

for instance. The time of existence can be given by any 0 < T < 1
C log 2 where C > 0 is chosen as

in Lemma B.6 and the result follows by a fixed point argument. The extension to all times is owed to

the fact that C > 0 depends on the initial data µ0 only through its second moment. This quantity is

conserved by the evolution of (B.1) and so the maximal time of existence is +∞.
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Appendix C

Strong compactness from bounded

Boltzmann dissipation

The content of this appendix is based on joint work with José A. Carrillo and Matias G. Delgadino [32,

Appendix B]. It has been published in Nonlinear Analysis volume 219, page 112824 in June 2022.

The purpose of this appendix is to derive an estimate guaranteeing strong compactness in the

grazing collision limit
√
f ϵ →

√
f in L2

loc for Proposition 3.10. We repeat here the main results of [2, 4]

which we emphasise are independent of the grazing collision parameter ϵ ↓ 0 provided the finite angular

momentum transfer (3.2) and uniform moments and entropy bounds hold (3.5). Let fR denote fχR

where χR is a smooth cut-off function equal to 1 in BR and vanishing outside of BR+1 (we make this

precise later). The estimate we wish to show is

∫
R3

∣∣∣F î»f ϵRó (ξ)∣∣∣2min(|ξ|2, |ξ|ν)dξ ≤ CR(D
ϵ
B(f

ϵ) + 1), ∀R > 1, (C.1)

where F stands for the Fourier transform and the constant CR > 0 depending on R > 1 is independent

of ϵ > 0. We recall from Section 3.2 that ν > 0 is the quantity which controls the angular singularity

of the collision kernel. Adhering to (A3.2), we insist on decoupling ν ∈ (0, 2), γ ∈ [−4, 0].

As in [2], we first outline the main steps and postpone the details. We show (C.1) for the particular

Boltzmann collision kernel

Bϵ(z, σ) = |z|γkinb
ϵ

Å
z

|z|
· σ
ã
, |z|γkin =

 1 |z| ≤ 1

|z|γ |z| ≥ 1
≤ 1.

The dissipation associated to this kernel is certainly less than the dissipation for those kernels without

cutting off in the kinetic singularity near v = v∗ (such as those we consider from (A3.2)).
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Proof of (C.1). For ease of notation, we identify f ≡ f ϵ. Proving (C.1) in this setting of cut-off

kinetic singularities clearly implies the full generality of the result since |z|γkin ≤ |z|γ . Cutting off the

angular singularity part of Bϵ if necessary, and then passing to the limit, we can rewrite the Boltzmann

dissipation using the pre-post-collisional change of velocities

Dϵ
B(f) = −

∫∫
R6

∫
S2
Bϵ(f ′f ′∗ − ff∗) log fdσdv∗dv =

∫∫
R6

∫
S2
Bϵff∗ log

f

f ′
dσdv∗dv

=

∫∫
R6

∫
S2
Bϵf∗

Å
f log

f

f ′
− f + f ′

ã
dσdv∗dv +

∫∫
R6

∫
S2
Bϵf∗(f − f ′)dσdv∗dv.

According to the cancellation lemma (Lemma C.1), we can estimate the second integral with

∣∣∣∣∫∫
R6

∫
S2
Bϵf∗(f

′ − f)dσdv∗dv

∣∣∣∣ ≤ C1,

with C1 being a constant depending only on the moments and entropy. For the first integral, we make

the square root appear with the classical inequality

x log
x

y
− x+ y ≥ (

√
x−√

y)2, ∀x, y > 0,

which can be proven by reducing to the case y = 1 and applying the ALG inequality (Lemma A.3).

Continuing, we have

Dϵ
B(f) + C1 ≥

∫∫
R6

∫
S2
Bϵf∗(

√
f ′ −

√
f)2dσdv∗dv

=

∫∫
R6

∫
S2
|v − v∗|γkinb

ϵ(k · σ)f∗(
√
f ′ −

√
f)2dσdv∗dv,

and we also recall k = (v−v∗)/|v−v∗|. We set now F (v) =
√
f(v) and use F∗, F

′, F ′
∗ as usual. Having

revealed
√
f , we apply a smooth cut-off and pass to Fourier space. For R > 1 we take χR ∈ C∞

c (R3) a

smooth indicator function on BR such that 0 ≤ χR ≤ 1, χR|BR
= 1, and suppχR ⊂ BR+1. According

to the truncation lemma (Lemma C.2), there are constants C2, C3 > 0 such that C2 depends only

on (A3.1) while C3 depends only on R and γ such that

∫∫
R6

∫
S2
Bϵf∗(

√
f ′ −

√
f)2dσdv∗dv + C2 ≥ C3

∫∫
R6

∫
S2
bϵ(k · σ)f∗χR∗(F

′χ′
R − FχR)

2dσdv∗dv.

Using Lemma C.3, we are able to pass to Fourier variables so that the last integral can be minorised
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by

∫∫
R6

∫
S2
bϵ(k · σ)f∗χR∗(F

′χ′
R − FχR)

2dσdv∗dv

≥ 1

2(2π)3

∫
R3

|F [FχR](ξ)|2
ß∫

S2
bϵ
Å
ξ

|ξ|
· σ
ã
(F [fχR](0)− |F [fχR](ξ

−)|)dσ
™
dξ,

where ξ− = (ξ − |ξ|σ)/2. Finally, the integral in curly brackets can be estimated using Lemma C.4 so

that there is a constant C4 > 0 depending on the uniform bounds of moments and entropy and finite

angular momentum transfer (3.2) giving

∫
S2
bϵ
Å
ξ

|ξ|
· σ
ã
(F [fχR](0)− |F [fχR](ξ

−)|)dσ ≥ C4min(|ξ|2, |ξ|ν).

Putting these considerations together, we have

C3C4

2(2π)3

∫
R3

|F [FχR](ξ)|2min(|ξ|2, |ξ|ν)dξ ≤ Dϵ
B(f) + C1 + C2.

The rest of this section is devoted to (re)proving the lemmas that were invoked in the previous

proof. In particular, we repeat the proofs involving estimates pertaining to the collision kernel Bϵ since

we want to make certain that our constants are independent of ϵ > 0.

Lemma C.1 (Cancellation lemma). For almost every v∗ ∈ R3 and ϵ > 0 sufficiently small, we have

∫
R3

∫
S2
Bϵ(v − v∗, σ)(f

′ − f)dσdv = [f ∗ Sϵ](v∗),

where Sϵ is given by

Sϵ(z) = 2π|z|γkin
∫ ϵ/2

0

ï
cos−3

Å
θ

2

ã
− 1

ò
βϵ(θ)dθ.

Moreover, we have the trivial estimate |Sϵ(z)| ≤ 12. Finally, the previous estimates lead to

∣∣∣∣∫∫
R6

∫
S2
Bϵf∗(f

′ − f)

∣∣∣∣ = ∣∣∣∣∫∫
R6

f(v)f(v∗)S
ϵ(v − v∗)

∣∣∣∣ ≤ 12.

Proof. As in the beginning of the proof of (C.1), we split the ‘gain’ and ‘loss’ part of the integral by an

approximation argument, cutting off the angular singularity as necessary. Focusing on the gain term,

for fixed σ ∈ S2 and v∗ ∈ R3, we consider the change of coordinates v 7→ v′.
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k
θ/2v∗ v = ψσ(v

′)

v+v∗
2

k′

k k

v′∗

v′

σ
ω

θ

Figure C.1: Geometry of elastic binary collisions with additional angles.

Recalling

v′ =
v + v∗

2
+

|v − v∗|
2

σ = v − |v − v∗|
2

(σ − k) = v∗ +
|v − v∗|

2
(k + σ),

the first of these identities implies the following equality for the Jacobian

∣∣∣∣∂v′∂v

∣∣∣∣ = ∣∣∣∣12I + 1

2
k ⊗ σ

∣∣∣∣ = 1

8
(1 + k · σ).

Graphically, see Figure C.1, we can switch from k = v−v∗
|v−v∗| to k

′ = v′−v∗
|v′−v∗| using the standard half-angle

trigonometric identity 1 + k · σ = 1 + cos θ = 2 cos2 θ2 = 2(k′ · σ)2, where the last equality can be seen

pictorially or by employing the same trigonometric identity from the definition of k′ using

k′ · σ =
1 + k · σ
|k + σ|

, |k + σ| = 2 cos
θ

2
.

This leads to another form of the Jacobian determinant

∣∣∣∣∂v′∂v

∣∣∣∣ = 1

8
(1 + k · σ) = (k′ · σ)2

4
.

Now, since θ ∈ [0, π/2] (see Section 3.2.2), we therefore have k′ · σ = cos θ2 ≥ 1√
2
. This shows that

the transformation is invertible and we define the inverse transfromation v′ 7→ ψσ(v
′) = v. Employing

similar trigonometric identities as before, some computations lead to

|v − v∗| =
|v′ − v∗|
k′ · σ

⇐⇒ |ψσ(v)− v∗| =
|v − v∗|
k · σ

,
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since the collision map is involutive. Returning to the change of variable, we have

∫
R3

∫
S2
Bϵ(|v − v∗|, k · σ)f(v′)dvdσ =

∫
R3

∫
S2
Bϵ(|v − v∗|, k · σ)f(v′)

∣∣∣∣ ∂v∂v′
∣∣∣∣ dv′dσ

=

∫
R3

∫
S2
Bϵ(|v − v∗|, 2(k′ · σ)2 − 1)f(v′)

4

(k′ · σ)2
dv′dσ

=

∫
k·σ≥1/

√
2
Bϵ(|ψσ(v)− v∗|, 2(k · σ)2 − 1)f(v)

4

(k · σ)2
dvdσ,

where we just relabel v ↔ v′ in the last line. Inserting this back into the difference, we obtain

∫
R3

∫
S2
Bϵ(|v − v∗|, k · σ)(f ′ − f)dσdv =

∫
R3

f(v)

ñ∫
k·σ≥1/

√
2
Bϵ

Å |v − v∗|
k · σ

, 2(k · σ)2 − 1

ã
4

(k · σ)2
dσ

−
∫
k·σ≥0

Bϵ(v − v∗, k · σ)dσ
ô
dv.

Thus, we identify the term in square brackets as Sϵ(|v−v∗|). Focusing again on the gain part, we change

to spherical coordinates (see Figure 3.2), remembering now that cos θ = k · σ ≥ 1/
√
2, so θ ∈ [0, π/4]

and therefore, we have

∫
k·σ≥1/

√
2
Bϵ

Å |v − v∗|
k · σ

, 2(k · σ)2 − 1

ã
4

(k · σ)2
dσ =

∫
S1
k⊥

∫ π/4

0

4 sin θ

cos2 θ
Bϵ

Å |v − v∗|
cos θ

, cos 2θ

ã
dθdp

= 2π

∫ π/4

0

2 sin 2θ

cos3 θ
Bϵ

Å |v − v∗|
cos θ

, cos 2θ

ã
dθ

= 2π|v − v∗|γkin
∫ ϵ/2

0
cos−3

Å
θ

2

ã
βϵ(θ)dθ.

In the last line, we doubled the integration region while also decomposing Bϵ with respect to βϵ with

ϵ > 0 sufficiently small so that θ ∈ [0, ϵ/2] =⇒ cosγkin(θ) = 1. This completes the identification of Sϵ.

Turning to the L∞ bound, we note that the fundamental theorem of calculus gives the estimate

cos−3 θ

2
− 1 =

∫ 1

0

d

dt
cos−3 tθ

2
dt =

3

2
θ

∫ 1

0
cos−4

Å
tθ

2

ã
sin

Å
tθ

2

ã
dt ≤ 3

2
θ sin

Å
θ

2

ã
∼ 3

4
θ2.

Thus, we obtain

|Sϵ(z)| ≤ 3π

2

∫ ϵ/2

0
θ2βϵ(θ)dθ ≤ 12.

The final estimate of the lemma is now easy because

∣∣∣∣∫∫
R6

∫
S2
Bϵf∗(f

′ − f)dσdv∗dv

∣∣∣∣ = ∣∣∣∣∫∫
R6

f∗fS
ϵ(v − v∗)dvdv∗

∣∣∣∣ ≤ 12.
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Lemma C.2 (Truncation lemma). One can take the constant

C2 = 150π

Å∫∫
R6

(|v|2 + |v∗|2)f∗fdv∗dv
ãÇ∫ ϵ/2

θ=0
θ2βϵ(θ)dθ

å
< +∞

such that for all R > 1, we have

∫∫
R6

∫
S2
Bϵf∗(F

′ − F )2dσdv∗dv + C2 ≥
(2
√
2(R+ 1))γ

2

∫∫
R6

∫
S2
bϵ(k · σ)f∗χR∗(F

′χ′
R − FχR)

2dσdv∗dv,

where we recall the notation F =
√
f and χR ∈ C∞

c (R3) is a smooth indicator function such that

0 ≤ χR ≤ 1, χR|BR
= 1, suppχR ⊂ BR+1.

Proof. Firstly, it is clear that f∗(F
′ −F )2 ≥ f∗χR∗(F

′ −F )2χ2
R. We wish to pair the indicators with F

in the right velocity variables so we estimate

(F ′χ′
R − FχR)

2 = (F ′(χ′
R − χR) + (F ′ − F )χR)

2 ≤ 2F ′2(χ′
R − χR)

2 + 2(F ′ − F )2χ2
R.

Including Bϵ, we have

Bϵ(|v − v∗|, k · σ)(F ′ − F )2 ≥ |v − v∗|γkinb
ϵ(k · σ)χR∗(F

′ − F )2χ2
R

≥ |v − v∗|γkinb
ϵ(k · σ)

ï
1

2
χR∗(F

′χ′
R − FχR)

2 − χR∗F
′2(χ′

R − χR)
2

ò
.
(C.2)

Now, for the second term with the minus sign, we use similar Mean-Value estimates as in Lemma 3.4

to deduce (χ′
R − χR)

2 ≤ Lip(χR)
2|v − v∗|2|σ − k|2. We choose χR in such a way that Lip(χR) ≤ 2

(i.e. its height changes by 1 over a horizontal distance of 0.95). Before proceeding with the estimate

of the second term, we write down the following relation which can be obtained as in the proof of the

cancellation lemma (Lemma C.1)

|v′ − v∗| =
1

2
|σ + k||v − v∗|. (C.3)

Recalling dv = 4
(k′·σ)2dv

′ and similar pre-post-collision velocity relations from Lemma C.1, the integral
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of the second term of (C.2) can be estimated by

∫∫
R6

∫
S2
|v − v∗|γkinb

ϵ(k · σ)f∗χR∗f
′(χ′

R − χR)
2dσdv∗dv

≤ 16

∫∫
R6

∫
S2
|v − v∗|γkin|v − v∗|2bϵ(2(k′ · σ)2 − 1)f∗χR∗f

′ |σ − k|2

(k′ · σ)2
dv′dv∗dσ.

By expanding the square, one obtains

|σ + k|2 = 4(k′ · σ)2, |σ − k|2 = 4(1− (k′ · σ)2), (C.4)

which allows the estimate to continue as

∫∫
R6

∫
S2
|v − v∗|γkinb

ϵ(k · σ)f∗χR∗f
′(χ′

R − χR)
2dσdv∗dv

≤ 64

∫∫
R6

∫
S2

Å |v′ − v∗|
(k′ · σ)

ãγ
kin

|v′ − v∗|2bϵ(2(k′ · σ)2 − 1)f∗χR∗f
′ 1− (k′ · σ)2

(k′ · σ)4
dv′dv∗dσ.

Relabelling v′ as v and moving to polar coordinates, we finally have

∫∫
R6

∫
S2
|v − v∗|γkinb

ϵ(k · σ)f∗χR∗f
′(χ′

R − χR)
2dσdv∗dv

≤ 64

∫∫
R6

∫
S1
k⊥

∫ ϵ/2

θ=0

Å |v − v∗|
cos θ

ãγ
kin

|v − v∗|2βϵ(2θ)f∗χR∗f cos
−4 θ(1− cos2 θ)dθdpdv∗dv

≤ 150π

Å∫∫
R6

(|v|2 + |v∗|2)f∗fdv∗dv
ãÇ∫ ϵ/2

θ=0
θ2βϵ(θ)dθ

å
=: C2 < +∞.

In the last inequality, we bluntly estimated the negative powers of cos θ ∼ 1 since θ ≤ ϵ/2.

Turning to the first term of (C.2), we combine (C.3) and (C.4) together with the identification

k′ · σ = cos θ/2 (see the proof of Lemma C.1) to deduce for θ ∈ [0, π/2]

|v′ − v∗| = cos
θ

2
|v − v∗| =⇒ |v′ − v∗| ≤ |v − v∗| ≤

√
2|v′ − v∗|.

This implies that whenever |v∗| ≤ R + 1 and at least one of |v| ≤ R + 1 or |v′| ≤ R + 1 hold, we

immediately obtain |v − v∗|2 ≤ 8(R+ 1)2. In this case, we can estimate the kinetic contribution

|v − v∗|γkin ≥ (2
√
2(R+ 1))γ .

Adding C2 to both sides of (C.2) and integrating, we obtain

2

∫∫
R6

∫
S2
Bϵf∗(F

′ − F )2 + 2C2 ≥ (2
√
2(R+ 1))γ

∫∫
R6

∫
S2
bϵ(k · σ)f∗χR∗(F

′χ′
R − FχR)

2.
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Lemma C.3 (Fourier representation). For f ∈ L1(R3) and f ≥ 0, we have

∫∫
R6

∫
S2
bϵ(k · σ)f∗(F ′ − F )2dσdv∗dv

≥ 1

2(2π)3

∫
R3

|F [F ](ξ)|2
ß∫

S2
bϵ
Å
ξ

|ξ|
· σ
ã
(F [f ](0)− |F [f ](ξ−)|)dσ

™
dξ,

with the notation ξ− = ξ−|ξ|σ
2 recalling F =

√
f .

Furthermore, there is a constant Cf depending only on bounds for the entropy, mass, and energy of

f such that for every ξ ∈ R3 we have

F [f ](0)− |F [f ](ξ)| ≥ Cf min(|ξ|2, 1).

For the first part of the lemma, we direct the reader to [2, Section 5, Corollary 3]. We only show

the second estimate of the result to verify that the constant Cf can be taken independently of ϵ > 0.

Proof. Recall that for real numbers a, b one can take θ = tan−1(a/b) ∈ R such that
√
a2 + b2 =

a cos θ − b sin θ. Applying this to the real and imaginary parts of the Fourier transform of f , there is

some θ ∈ R such that

F [f ](0)− |F [f ](ξ)| =
∫
R3

f(v)(1− cos(v · ξ + θ))dv = 2

∫
R3

f(v) sin2
Å
v · ξ + θ

2

ã
dv

≥ 2 sin2 δ

∫
Br∩Aδ

f(v)dv.

Here, r > 0 is some (large) radius to be specified later. For δ > 0, we consider the set Aδ := {v ∈ R3 :

∀p ∈ Z, |v · ξ + θ − 2πp| ≥ 2δ}. The partition Rd = (Rd \ Br) ∪ (Br ∩ Aδ) ∪ (Br ∩ (Rd \ Aδ)) leads to

the estimate

sin2 δ

∫
Br∩Aδ

f(v)dv = sin2 δ

Ç∫
Rd

−
∫
Rd∩Br

−
∫
Br∩(Rd\Aδ)

å
f(v)dv

≥ sin2 δ

Ç
∥f∥L1 −

∥f∥L1
2

r2
−
∫
Br∩(Rd\Aδ)

f(v)dv

å
.

We now further investigate the set Br∩(Rd \Aδ) = {v ∈ R3 : |v| ≤ r, ∃p ∈ Z s.t. |v ·ξ+θ−2πp| ≤ 2δ}.

By considering (rotate and translate v as appropriate) ξ = ke1, θ = 0, with k > 0 and e1 = (1, 0, 0),

one can show

|Br ∩ (Rd \Aδ)| ≤
4δ

|ξ|
(2r)d−1

Å
3 +

r|ξ|
π

ã
.

More precisely, one should think of Br ∩ (Rd \ Aδ=0) as the set of integer lattice points in Br lying
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along the axial direction of ξ/|ξ|. So the inequality above estimates the measure of a δ neighbourhood

version of this set. Continuing the estimate, we thus obtain

F [f ](0)− |F [f ](ξ)| ≥ 2 sin2 δ

Ñ
∥f∥L1 −

∥f∥L1
2

r2
− sup

|A|≤ 4δ
|ξ| (2r)

d−1
Ä
3+

r|ξ|
π

ä ∫
A
f(v)dv

é
. (C.5)

In the case |ξ| ≥ 1, notice that

4δ

|ξ|
(2r)d−1

Å
3 +

r|ξ|
π

ã
≤ 12δ(2r)d−1 +

6δ

π
(2r)d.

Therefore, choose large r > 0 and small δ > 0 such that the bracketed quantity is strictly positive

(appealing to equi-integrability of f). In the case |ξ| ≤ 1, one again chooses large r > 0 but small

δ ∼ |ξ| so that sin2 δ ≥ |ξ|2.

Lemma C.4 (Fourier average estimate). For every ξ ∈ R3 and ϵ ≤ 1 we have

∫
S2
bϵ
Å
ξ

|ξ|
· σ
ã
min(|ξ−|2, 1)dσ ≥ 2c1

π

Ç∫ π/2

0
ϕ1−νdϕ

å
min(|ξ|2, |ξ|ν),

recalling the notations c1, ν from (A3.2) and ξ− = ξ−|ξ|σ
2 .

Proof. From the definition of ξ−, we have

|ξ−|2 = |ξ|2

2

Å
1− ξ

|ξ|
· σ
ã
.

Using spherical coordinates with radial direction given by ξ/|ξ| (see Section 3.2.2), we use the lower

bound of (3.12) and directly integrate over S1
ξ⊥

to obtain

∫
S2
bϵ
Å
ξ

|ξ|
· σ
ã
min(|ξ−|2, 1)dσ =

∫
S1
ξ⊥

∫ ϵ/2

θ=0
βϵ(θ)min

Å |ξ|2
2

(1− cos θ), 1

ã
dθdξ⊥

≥ 4

π

∫ ϵ/2

θ=0
βϵ(θ)min

Å |ξ|2θ2
2

, 1

ã
dθ.

We introduce the change of variables θ = ϵχ/π and the lower bound of (A3.2) giving

∫
S2
bϵ
Å
ξ

|ξ|
· σ
ã
min(|ξ−|2, 1)dσ ≥ 4

π

∫ π/2

0
β(χ)min

Å |ξ|2χ2

2
,
π2

ϵ2

ã
dχ ≥ 4c1

π

∫ π/2

0
min

Å |ξ|2χ2

2
,
π2

ϵ2

ã
1

χ1+ν
dχ.

We use one more change of variable ϕ = |ξ|χ. In the case |ξ| ≥ 1 we can further minorise by

4c1
π

Ç∫ π/2

0
min

Å
ϕ2

2
,
π2

ϵ2

ã
1

ϕ1+ν
dϕ

å
|ξ|ν .
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In the case |ξ| ≤ 1, we explicitly obtain

2c1
π

Ç∫ |ξ|π/2

0
ϕ1−νdϕ

å
|ξ|ν = C|ξ|2.
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