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Abstract

The erosion and transport of fertile topsoil is a serious problem in the

U.S., Australia, China and throughout Europe. It results in extensive

environmental damage, reduces soil fertility and productivity, and causes

significant environmental loss. It is as big a threat to the future sus-

tainability of global populations as climate change, but receives far less

attention.

With both chemicals (fertilizers, pesticides, herbicides) and biological

pathogens (bacteria, viruses) preferentially sorbing to silt and clay sized

soil particles, estimating contaminant fluxes in eroded soil also requires

predicting the transported soils particle size distribution. The Hairsine-

Rose (HR) erosion model is considered in this thesis as it is one of the

very few that is specifically designed to incorporate the effect of parti-

cle size distribution, and differentiates between non-cohesive previously

eroded soil compared with cohesive un-eroded soil.

This thesis develops a new extended erosion model that couples the HR

approach with the one-dimensional St Venant equations, and an Exner

bed evolution equation to allow for feedback effects from changes in the

local bed slope on surface hydraulics and erosion rates to be included. The

resulting system of 2I+3 (where I = number of particle size classes) non-

linear hyperbolic partial differential equations is then solved numerically

using a Liska-Wendroff predictor corrector finite difference scheme. Ap-

proximate analytical solutions and series expansions are derived to over-

come singularities in the numerical solutions arising from either boundary

or initial conditions corresponding to a zero flow depth. Three separate

practical applications of the extended HR model are then considered in

this thesis, (i) flow through vegetative buffer strips, (ii) modelling dis-

charge hysteresis loops and (iii) the growth of antidunes, transportational

cyclic steps and travelling wave solutions.



It is shown by comparison against published experimental flume data that

predictions from the extended model are able to closely match measure-

ments of deposited sediment distribution both upstream and within the

vegetative buffer strip. The experiments were conducted with supercriti-

cal inflow to the flume which due to the increased drag from the vegeta-

tive strip, resulted in a hydraulic jump just upstream of the vegetation.

As suspended sediment deposited at the jump, this resulted in the jump

slowly migrating upstream. The numerical solutions were also able to

predict the position and hydraulic jump and the flow depth throughout

the flume, including within the vegetative strip, very well.

In the second application, it is found that the extended HR model is the

first one that can produce all known types of measured hysteresis loops in

sediment discharge outlet data. Five main loop types occur (a) clockwise,

(b) counter-clockwise, (c,d) figure 8 of both flow orientations and (e) single

curve. It is clearly shown that complicated temporal rainfall patterns or

bed geometry are not required to developed complicated hysteresis loops,

but it is the spatial distribution of previously eroded sediment that re-

mains for the start of a new erosion event, which primarily governs the

form of the hysteresis loop. The role of the evolution of the sediment

distribution in the deposited layer therefore controls loop shape and be-

haviour. Erosion models that are based solely on suspended sediment are

therefore unable to reproduce these hysteretic loops without a priori im-

posing a hysteretic relationship on the parameterisations of the erosion

source terms. The rather surprising result that the loop shape is also

dominated by the suspended concentration of the smallest particle size is

shown and discussed.

In the third application, a linear stability analysis shows that instabili-

ties, antidunes, will grow and propagate upstream under supercritical flow

conditions. Numerical simulations are carried out that confirm the stabil-

ity analysis and show the development and movement of antidunes. For

various initial parameter configurations a series of travelling antidunes,

or transportational cyclic steps, separated by hydraulic jumps are shown

to develop and evolve to a steady form and wave speed. Two different

forms arise whereby (a) the deposited layer completely shields the under-

lying original cohesive soil so that the cohesive layer plays no role in the
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speed or shape of the wave profile or (b) the cohesive soil is exposed along

the back of the wave such that both the non-cohesive and cohesive layers

affect the wave profile. Under (a) the solutions are obtained up to an

additive constant as the actual location of the boundary of the cohesive

soil is not required, whereas for (b) this constant must be determined in

order to find the location on the antidune from where the cohesive soil

becomes accessible. For single size class soils the leading order travelling

wave equations are fairly straightforward to obtain for both cases (a) and

(b). However for multi-size class soils, this becomes much more demand-

ing as up to 2I + 3 parameters must be found iteratively to define the

solution as each size class has its own wave profile in suspension and in

the antidune.
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Chapter 1

Introduction

It is not unusual for people to only focus on sensational news and short term crises

which surround them. By constantly dwelling in the present, many people ignore

the long term issues that compound slowly until they reach a crisis level, which by

then may be very difficult or impossible to correct. Soil erosion is a continuing long

term problem which damages our living environment, reduces soil fertility, and causes

significant economic loss.

In order to better manage soil and water resources during the last two decades,

computer modelling has received increasing attention, including the development of

numerous soil erosion models [9, 22, 37, 67, 79, 130, 133]. These erosion models

have been used in investigative, evaluative, predictive and learning modes. In the

investigative mode, models are used to study the possible impacts of land erosion

on soil structure, depth and fertility, and on groundwater and surface water quality.

In the learning mode, soil erosion models have been used as research tools to help

improve the understanding of erosion processes. In the predictive mode, models

have been used for data generation and forecasting soil loss over hillslope, field scale

and catchment scale for individual rainfall/erosion events. In the evaluative mode,

models have been used for environment risk assessment and assessing various land

management strategies for reducing erosion.

1.1 Soil Erosion

Soil erosion is one of the major global environmental issues. A statistical report

from the Food and Agriculture Organization (FAO) shows that more than 99% of the
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Figure 1.1: A map of the world where the area of degraded and severely degraded
soil are indicated in light and dark orange.

source by:www.theglobaleducationproject.org

world’s food supply comes from the land, while less than 1 per cent is from oceans

and other aquatic habitats [33]. In the study of [27], the authors reported that the

rate of agricultural land degradation worldwide is about 6 million hectares (Mha)

per year. This rate of degradation is leading to an irreversible loss in productivity

of fertile farm land. Human activities, such as poor farming systems, overgrazing,

deforestation, agriculture, construction, river diversion, and mining are just a few

which have either directly or indirectly weakened the topmost layer of the Earth’s

surface, thus making it vulnerable to excessive wearing away by the various agents

of erosion. Oldeman [89] reported that human-induced soil degradation has affected

almost 2000 million hectares (Mha) worldwide, or approximately 15% of the total

land area. Table (1.1) provides data on inhabited land degradation for individual

continents. Table (1.2) give figures on the global extent of land affected by wind and

water erosion [89]. The extent of global land degradation can also be seen in Figure

1.1 where the distribution of degraded and severely degraded soil are indicated in

light and dark orange.

According to the United Nations Environmental Program [97], crop productivity on

about 20 million hectares is approaching a negative net economic return due to global
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Table 1.1: Global extent of land affected by degradation (106 ha) [89].
Agriculturally Used Land

Cropland Rangeland Total Dryland
Continent Total Degraded Total Degraded Total Degraded
Africa 90.2 50.8 1342.4 995.1 1432.6 1045.8
Asia 214.3 154.1 1571.2 1187.6 1881.4 1311.7
Australia 16.2 14.6 657.2 361.4 701.2 375.9
Europe 23.8 13.8 111.6 80.5 145.6 94.3
N. America 32.5 17.5 483.1 411.2 578.2 428.6
S. America 15.0 8.0 390.9 297.8 420.7 305.8

Total 361.0 258.8 4556.4 333.5 5159.7 3592.2

Table 1.2: Global extent of land affected by wind and water erosion [89].
Land area affected by erosion (106 ha)

Region Water Erosion Wind Erosion
Africa 227 186
Asia 441 222
South America 123 42
Central America 46 5
North America 60 35
Europe 114 42
Oceania 83 16

World 1094 548

land degradation. Since the beginning of settled agriculture, soil erosion has destroyed

about 430 million hectares of productive land [66] with an annual global loss of crop

land estimated at 3 million hectares [14]. In the United States, an estimate of 1 billion

tonnes of sediment load per year was carried by continental rivers, with 60% of the

load coming from agricultural land [76, 87]. Damage caused by transported sediment

in the United States is estimated at $6 billion annually [20], including 570 million

for dredging several million cubic metres of sediment from U.S. rivers, harbors, and

reservoirs [95]. Another cost is in the reduction in the useful life of reservoirs.

A three-year investigation by the Ministry of Water Resources of the Peoples Republic

of China [88] revealed that almost 40% of China’s territory, or 3, 569, 200 km2 of land,

suffers from soil erosion. The investigation showed that 1.61 million km2 of land is

suffering from erosion by water and 1.96 million km2 is being eroded by wind. The

Yellow River, also known as Huanghe river, originates in Tibet in western China and
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has a length of 5464 km and a catchment area of 7.52 × 105 km2 [98]. According to

the report [76], worldwide major rivers have an annual runoff of > 1000×108 m3, and

an annual sediment discharge of > 500 × 106 t. [76] also reported that the Copper

River which is located in USA has the second highest average sediment concentration

of 1.7 kg/m3, while the Yellow River’s average sediment concentration actually totals

22.0 kg/m3. Thus the Yellow River is the primary river with the highest average

sediment concentration in the world.

Figure 1.2: Satellite image of the Yellow River mouth from 1976 to 2000, [32, 126].

The upper stream of the Yellow River is quite clear. However, when the middle Yellow

River flows through the extensively cultivated Loess Plateau deposits, very high rates

of erosion have resulted in large volumes of this sediment being transported into the

river, resulting in its distinctive yellow colour. Over 90% of the total sediment load

originates from the middle drainage area of the Loess Plateau [135]. The Yellow River

has experienced net deposition near the river’s mouth, especially during the last few

decades. Figure 1.2 shows a series of satellite images of the Yellow River mouth

ranging from 1976 to 2000 which clearly show the extent of the river delta growth

due to the deposition of sediment that mainly originated from the Loess Plateau.

A satellite image of Loess Plateau region is shown in Figure 1.3, and as the dark

orange area showed in centre China in Figure 1.1, it forms a significant contribution

to regions of the world with very degraded soils.
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Figure 1.3: A satellite image of Loess Plateau region.
source by:maps.google.co.uk

Before the 19th century, soil had been considered a product of chemical transforma-

tions of rocks, a dead substrate from which plants derive nutritious elements. Soil’s

properties were considered the same as bedrock. In the later 19th century, a Russian

scientist Vasily Dokuchaev suggested that the soil has its own genesis and its own

history of development [26]. Dokuchaev is certainly the pioneer of the study of soils,

who made wide geographical investigations of different soil types and is known as the

father of soil science or pedology. In Dokuchaev’s study [26], he suggested that the

soil is a complex and multiform mixture of rock and organic matter, and that there

are many other factors, other than the geological (parent material) responsible for the

variation in soil types. A later study by Jenny [59] following on from Dokuchaev’s

idea showed that there are 5 factors for soil formation. A fundamental equation of

soil forming factors was given in [59] as

s = f(cl, o, r, p, t), (1.1)

where

• cl = climate,

• o = organisms,

• r = topography or relief,
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• p = parent material, or lithology,

• t = time.

Figure 1.4: A schematic diagram of soil formation process.
source by:www.colorado.edu

Nowadays most scientists consider the soil as a renewable resource and are interested

in the rate of soil formation processes for different types of soil. In the study of

[118], a sample of podsol from a glacial sand was taken from Europe and analysed

by radiocarbon dating technology, which showed that the age of the sample was 1200

years, with a formation rate of about 20.8 years/cm. In another study by Hunt [57]

on a sample of alluvium from Colorado, US, it was shown the sample was 2000 years

old, with a formation rate of about 106 years/cm. Clearly the formation rate time

scale varies considerably for different types of soil. A schematic diagram of the soil

formation process is shown in Figure 1.4.

1.2 Types of soil erosion

Soil erosion is a natural process involving removal and transport of topsoil by ei-

ther wind or water. With respect to soil degradation, water and wind erosions are

often results of accelerated erosion, where the natural rate has been significantly in-

creased mostly by human activity, and is one of the major factors causing the loss

of productivity of agricultural land. In this thesis we will focus on erosion caused by
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water. Water erosion generally occurs only on slopes, and its severity increases with

the severity of the slope. Overland flow and raindrop impact are the two most com-

mon erosion mechanisms. Soil erosion is also one of the primary non-point sources

of pollution to surface water bodies. Non-point source water pollution affects a wa-

ter body from sources such as polluted runoff from agricultural areas draining into

a river. Non-point source pollution can be contrasted with point source pollution,

where discharges occur to a body of water at a single location.

Figure 1.5: A single raindrop impact on the soil surface.
source by:www.soilerosion.net

Raindrops are the most common form of precipitation. The drops can be very de-

structive when strike bare soil. The impact of raindrop is sometimes known as rain

splash erosion if the rainfall has sufficient intensity. As a single raindrop hits the soil

surface it will cause soil detachment and soil disintegration, breaking weaker bonded

soil aggregates and releasing easily transported smaller sized soil particles. In wa-

ter erosion the rain splash is the first stage in the soil erosion process. Figure 1.5

illustrates the effect of a single raindrop impacting on soil surface.

As the soil particles are detached by raindrop impact, they are transported downslope

in suspension. If the water is flowing overland in a thin but wide surface layer, it is

known as sheet flow (see Figure 1.6). Under sheet flow a thin layer of fine (clay or silt

sized) particles can be removed from the entire surface of an area, sometimes resulting

in an extensive loss of rich topsoil. Sheet erosion is less noticeable than other types of

erosion, as it does not leave any obvious signs on the soil surface that it has occured.
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Figure 1.6: A typical example of erosion by sheet flow during rainfall.
source by:www.soilerosion.net

In general, if the stream power Ω is less than the entrainment threshold value, Ωcr,

the soil particles are only transported by the flow. Only if the stream power exceeds

the entrainment threshold i.e. Ω > Ωcr does the flow actively entrain particles into

suspension. As sheet flow travels downslope, it has a tendency to concentrate in small

well defined channels that grow in depth and width with travel distance. In channel

flow the dominant erosion mechanisms are due to sheet flow entrainment as Ω ≫ Ωcr.

In general the stream power in channel flow is hundreds to thousands times larger

than critical values.

Once channels form, a positive feedback mechanism comes into play. As more sed-

iment is entrained from the soil layer, the flow becomes deeper and the velocity

increases, entraining more soil particles and further scouring the channel. These

channels are called rills when they are small enough to not interfere with field ma-

chinery operations. A typical depth of rill is about 10 − 30 cm, as shown in Figure

1.7. Excessive erosion in a rill over the long term, leads to the development of gullies.

Gully erosion is responsible for the rapid transport of vast amounts of soil, and causes

irreversible damage to farmland (Figure 1.8).
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Figure 1.7: Rill erosion in field.
source by:www.soilerosion.net

Figure 1.8: Typical gully erosion in field.
source by:www.geog.uu.nl

1.3 Early studies of soil erosion: USLE/RUSLE

The Universal Soil Loss Equation (USLE) was the first attempt at developing a model

for soil erosion. It was developed by Wischmeier and Smith [130] and is the most

frequently used empirical soil erosion model worldwide. More recently, the USLE was
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modified into a revised Universal Soil Loss Equation (RUSLE [100]) by introducing

an improved means of computing the soil erosion factors.

Both RUSLE and USLE can be expressed as follows:

A = R×K × LS × C × P , (1.2)

where:

• A = estimated annual average soil loss in tons per acre per year

• R = rainfall-runoff erosivity factor. This index corresponds to the potential

erosion risk in a given region where sheet erosion appears on a bare plot with a

9% slope.

• K = soil erodibility factor. It depends on the organic matter and texture of

the soil, its permeability and profile structure. It varies from 0.7 for the most

fragile soil to 0.01 for the most stable soil. It is measured on bare reference

plots 22.2 m long on 9% slopes, tilled in the direction of the slope and having

received no organic matter for three years.

• LS = the topographical factor, depends on both the length and gradient of the

slope. The value of LS varies from 0.1 to 7 for slopes from 0.1% to 10% and

length from 30 m to 1000 m.

• C = cover-management factor. The C factor combines plant cover, its produc-

tion level and the associated cropping techniques. It varies from 1 on bare soil

to 0.001 under forest, 0.01 under grasslands and cover plants, and 0.9 to 1 under

root and tuber crops.

• P = support practice factor. It is a factor that takes account of specific erosion

control practices such as contour tilling or mounding, or contour ridging. It

varies from 1 on bare soil with no erosion control to about 0.1 with tied ridging

on a gentle slope.

The USLE predicts the long term average annual rate of erosion on a field slope based

on rainfall pattern, soil type, topography, crop system and management practices.

While the USLE accounts for the amount of soil loss from sheet or rill erosion on a

single slope, it does not account for the additional soil losses that may occur from

gully, wind or tillage erosion. As the USLE and RUSLE are both empirical formulas,

they can not be used to predict erosion on an event basis, i.e. for an individual rainfall
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storm. Therefore it was recognized that there was a need for developing process-based

models to understand erosion dynamics and to accurately predict storm based erosion.

1.4 Erosion process

Soil erosion can be seen as a combination of four processes or mechanisms: detach-

ment, entrainment, transport, and deposition, in which a single particle may undergo

different processes many times.

Detachment

Erosion begins with the detachment of particles from surrounding material. The

estimate of the ability of soils to resist erosion is called the soil erodibility. It is based

on the physical characteristics of each soil, and it is unique for each soil. Sometimes

detachment requires the breaking of cohesive bonds which hold particles together,

and is primarily induced by raindrop impact.

Entrainment

Entrainment is induced by overland flow and is the process of a particle being lifted

by overflowing water from the soil surface. In many circumstances, it is hard to distin-

guish between entrainment and detachment. The most important force which provides

particles with a resistance to the entrainment process is the frictional force. Frictional

resistance develops from the interaction between the particle and its surroundings.

A number of factors increase frictional resistance, including: gravity, particle slope

angle relative to the flow direction, particle mass, and surface roughness. Sometimes

entrainment also has to overcome the resistance from the particle cohesive bonds.

Transport

Once a particle is entrained into water, it transports horizontally at approximately

the fluid velocity. Particle weight, size, shape, and surface configuration are the main

factors which affect the rate of transportation. Figure 1.9 shows there are three

different types of particle transportation in water. The solution of particle transport

is not shown in that figure. These cover

• Suspension: the particles are carried within water without touching the surface

of their origin.
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Figure 1.9: Different types of particle transportation in water.
source by:www.weru.ksu.edu

• Saltation: the particle moves from the surface into water in quick continuous

repeated cycles. The action of returning to the surface usually has enough force

to cause the entrainment of new particles.

• Traction: it is the movement of particles by rolling, sliding, and shuffling along

the eroded surface.

• Solution: solution involves the eroded material being dissolved and carried along

in water as individual ions.

Deposition

The erosional transport of material through the landscape is rarely continuous. Due to

the action of gravitational force, suspended particles will return back to the surface.

The speed of falling down is known as settling velocity and depends on particle

size. In an erosion event, particles may undergo repeated cycles of entrainment,

transport, and deposition. Transport depends on an appropriate balance of forces

within the transporting medium. For example a reduction in the local velocity of the

medium could break this balance and cause a net deposition of sediment. Overland

flow velocity can be reduced locally by the sheltering effect of large rocks, stands of

vegetation or other obstructions.
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Figure 1.10: This graph describes the relationship between stream flow velocity and
particle erosion, transport, and deposition.

source by:www.PhysicalGeography.net

Figure 1.10 shows a graph that describes the relationship between stream flow ve-

locity, particle erosion, transport, and deposition. The curved line labeled ”erosion

velocity” describes the velocity required to entrain particles from the stream’s bed

and banks. The erosion velocity curve is drawn as a thick line because the erosion of

particles tends to be influenced by a variety of factors that changes from stream to

stream. Also, note that fine silt and clay particles tend to have higher resistance to

entrainment than larger sand particles. This situation occurs because silt and clay

can form strong cohesive bonds between particles. However once the bond has been

broken then those particles are easier to transport than sand. Because of the bonding,

greater flow velocities are required to break the bonds and move these particles. The

graph also indicates that the transport of particles requires lower flow velocities then

erosion. This is especially true of silt and clay particles. Finally, the line labeled

”settling velocity” is the maximum velocity for net deposition to occur for different

sized particles.
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1.5 Soil erosion models

The USLE is an example of an empirical regression model formulated from an ex-

tensive programme of small scale experiments conducted on 22 m length plots. The

USLE provides estimates of long term (annual) soil loss and as such it is unable to

predict erosion losses from individual storms. Consequently many physically based

erosion models have been developed since the 1980’s to model event-based erosion

on a range of scales from the laboratory to the hillslope and catchment. These can

be classified on the basis of their representation of the soil’s particle size distribution

and the conceptualization of the erosion source terms.

Nearly all erosion models use either the kinematic or diffusive wave approximation

of the St Venant equations for describing overland flow with the kinematic approach

being predominant. The one-dimensional (1-D) mass conservation of suspended sed-

iment is commonly described by

∂(hc)

∂t
+
∂(qc)

∂x
= qext(x, t) + E(x, t), (1.3)

where h (m) is the depth of flow, c (kg/m3) is the suspended sediment concentration,

q (m2/s) is discharge, qext (kg/s/m) is external input or extraction of sediment per

unit length of flow, and E = Df +Dr represents the processes that add or subtract

sediment in suspension. In the 1-D expression, the variables are presented as per unit

width. For channel flow qext represents lateral inflows of sediment from the base of

adjacent hillsides. qext becomes zero when applied to overland flow over hillslopes. Dr

(kg/s/m) is the rate of soil particle detachment by raindrop impact, and Df (kg/s/m)

is the net rate of sediment entrained by the flow i.e. the difference between actual

deposition and entrainment rates. As such Df has a different expression depending

on whether it is positive or negative.

A typical relation describing Dr can be found in the KINEROS model [133] as

Dr = cf ·K(h) · R · q for q > 0, (1.4)

where cf is a constant, R is rainfall rate and K(h) is a reduction factor representing

the reduction in splash erosion caused by increasing depth of water. cf is 1 prior to

runoff and its minimum is 0 for very deep flows.

Nearly all commonly used process-based erosion models adopt the concept of trans-

port capacity to distinguish between sediment transport occurring within net eroding
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or net depositional regimes. Sediment transport capacity, Tc, is defined as the max-

imum amount of sediment that a flow can carry. A general form for Df is given by

[80]

Df = δ(Tc − qs), (1.5)

where qs = qc (kg/m/s) is the sediment flux or load, and δ is a positive empirical

constant, which is different for the net entrainment and the net deposition cases

[80]. If the transport capacity exceeds sediment load Tc > qs then the flow will

cause additional sediment entrainment. Therefore under net erosion conditions, Df

is positive and δ = η
Tc
, where η is a positive constant. If the sediment load exceeds

transport capacity Tc < qs then the excessive sediment will deposit, and therefore Df

is negative for net deposition conditions and δ = vs
q
, where vs is the settling velocity

of certain sized sediment.

For all erosion models which are based on Tc, Tc is used as a predefined input that

distinguishes between net erosion and net deposition conditions. From equation (1.5)

while Df is a continuous function of the sediment flux we see that dDf/dqs is discon-

tinuous at Tc = qs. However there is no physical reason for a discontinuity to appear

during the transition from a net eroding to a net depositing flow condition. The most

commonly used erosion models which are based on the above formulation are:

• ANSWERS (1980, [9]); Areal Nonpoint Source Watershed Environment Re-

sponse Simulation model is designed to simulate the hydrological behaviour of

catchments having agriculture as their primary land use, during and immedi-

ately following a rainfall event. This model works in large catchment scale. But

it only provides the prediction of total soil loss of a single event.

• WEPP (1987, [67]); The Water Erosion Prediction Project erosion model is a

continuous simulation computer program which predicts soil loss and sediment

deposition from overland flow on hillslopes, soil loss and sediment deposition

from concentrated flow in small channels, and sediment deposition in impound-

ments. WEPP can be run for individual storms, and while it simulates the

spatial and temporal hydraulic response to rainfall, only a steady state sus-

pended sediment equation is solved. Consequently this model assumes that the

sediment load responds instantly to changes in hydraulic conditions.

• KINEROS (1990, [133]); The Kinematic Runoff and EROSion model is a process-

oriented simulation model which predicts infiltration, surface runoff and erosion

from small agricultural and urban catchments for a single event. KINEROS is
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a deterministic conceptual model that simulates overland flow and surface ero-

sion. This distributed model can be applied to catchments of approximately

10-20 km2 in size.

• LISEM (1994, [22]); The LImburg Soil Erosion Model is a physically-based hy-

drological and soil erosion model, which can be used for planning and conserva-

tion purposes. LISEM simulates runoff and sediment transport in catchments

caused by individual rainfall events. It is based on the experiences with the

ANSWERS model, but process descriptions are changed totally.

• EUROSEM (1995, [79]); The European Soil Erosion Model is a dynamic dis-

tributed model, able to simulate erosion processes with explicit simulations of

rill and interill flow in single storms for both individual fields and small catch-

ments.

1.6 The Hairsine-Rose model

Unlike the other models which are based on the need for defining Tc to distinguish

between net entrainment and net deposition, Hairsine and Rose [48] developed a

dynamic model which includes three continuous and simultaneous processes: rainfall

detachment, runoff entrainment and sediment deposition. The HR model is the only

model that considers deposition and entrainment as separate rate processes. The

multi-particle-size description of the HR model can help to distinguish the preferential

deposition of suspended sediment due to gravity. It also can describe the formation

and evolution of a covering layer of deposited sediment which has a different cohesive

strength to the original uneroded soil. In the HR model sediment transport is the

balance of the three processes and the model does not require a prior calculation of

Tc. The transport capacity Tc of the flow is determined as a limiting outcome of the

evolution of the dynamic balance between deposition, detachment and entrainment

processes.

Figure 1.11 shows the schematic diagram of different processes in soil erosion as

visualized by the HRmodel. When cohesive soils are eroded and lifted into suspension,

individual particles fall back to the soil surface due to their immersed weight. The

deposited particles can partially or fully cover the original soil bed and they are

now non-cohesive as rainfall impact and runoff driven entrainment have broken down

these bonds. The deposited particles can also be eroded. Although the process can
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be repeated many times for each individual particles, the loss of cohesive strength

would only happen the first time a particle is eroded.

Figure 1.11: A schematic diagram of different processes in soil erosion.

The HR model explicitly tracks the evolution of the mass of particles in the deposited

layer since its development acts as a protective shield which reduces the level of erosion

from the original soil.

Since the Hairsine-Rose model considers the entire distribution of particle sizes, it

can model the size selective transport of sediment. This is of particular practical

importance as finer particles have much lower settling velocity, thus are able to move

further and more rapidly in overland flow, and are more likely to reach waterways.

Nutrients preferentially bind to the fine particles rather than larger particles [104].

Thus, the loss of nutrients from agricultural land is very dependent on both the size

distribution of sediment and its overall concentration and delivered mass [90]. As

the re-detachment, re-entrainment and the deposition rates depend on the size of

soil particles, the transport rate of different sized particles would be different, which

implies that the transport capacity Tci varies for each size classes.

Various approximate analytical and full numerical solutions to the Hairsine-Rose

model have been developed. Sander et al.[107] presented a time-dependent solu-

tion at the end of an eroding slope for both the sediment concentration and its size

distribution when entrainment mechanisms could be neglected. In this approximate

analytical solution, the sediment concentration along the eroding soil surface is as-

sumed to be spatially constant at any time. By making the same approximation as
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[107], Parlange [93] developed a compact analytical solution by exploiting differing

short and long-term behaviour in the solution. Hogarth [55] provided a numerical

solution for the same flow conditions as considered by Sander [107] and confirmed

where the assumptions of [93, 107] were able to provide solutions of good accuracy.

1.7 Outline of thesis with respect to applications

of soil erosion problems

Through the study of the HR model, we can obtain a better understanding of the

temporal and spatial evolution of sediment transport in shallow overland flow. We

are also interested in how the important factors, such as hill slope, rainfall intensity,

erodibility of soil, flow rate and vegetation can affect sediment transport. In this

section, an outline of each Chapter is presented which includes a brief overview of a

number of soil erosion related applications of the model developed in this thesis.

In Chapter 2, we introduce the general concepts of our model starting with the well-

known St Venant equations for describing overland flow. This is followed by a detailed

derivation and physical description of both the mass conservation equations and the

parameterisation of the erosion mechanisms which together form the HR model. The

final section considers the extension of the HR model to include bed load transport

and the coupling to an Exner style equation for determining the evolution of the bed

surface during an erosion event. Taken all together the model equations form a large

system of nonlinear hyperbolic partial differential equations.

In Chapter 3, the numerical method used for solving the system of equations is given.

In particular the Liska-Wendroff composite predictor corrector finite difference scheme

is chosen and described. Various test problems having analytical solutions are then

used to verify the scheme accuracy under subcritical, transcritical and supercritical

fluid flow over a non-uniform bed topography. The numerical solution of the sediment

transport model is verified by comparison with an alternative numerical technique

known as the method of lines. This is done for a variety of erosion conditions and

differing boundary conditions. For dry surface flow singularities occur in the momen-

tum equation (for a Mannings friction law) and in the suspended sediment equation

when using the conservative form. This occurs primarily with solutions in this thesis

obtained from zero initial or boundary flow water depth. Thus Chapter 4 considers

the development of approximate solutions and series expansions to compute solutions
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around the singular regime, which are then merged with the numerical solution of the

full system of equations. The approximations are developed for both a constant and

time-dependent rainfall rate.

Figure 1.12: The basic concept of the application of buffer strips in farm land.
source by:www.ecan.govt.nz

In Chapter 5 an application of the model to sediment transport through a buffer strip

is considered. A buffer strip is defined as a narrow vegetated corridor along the edge of

river. Buffer strips can trap sediment, enhance filtration of nutrients and pesticides by

slowing down runoff before it enters the local surface waters. Apart from controlling

nonpoint source pollution and improving soil conservation, buffer strips can also be

used to stabilize the riverbank. In agricultural farm land, nonpoint source pollution

can be effectively reduced by using appropriate streamside vegetation. Figure 1.12

provides a general idea about the role of buffer strips on farm land. In particular we

apply the model to a set of published flume scale experiments. In both experiments

and simulations, supercritical flow were applied at the upstream boundary. The

increased drag from the downstream buffer strip created a hydraulic jump just before

the vegetation. As the flow left the vegetation it returned to supercritical conditions.

Measured data of deposited sediment through the hydraulic jump and the buffer strip

provided a demanding test of the model.

In Chapter 6, we study the formation of hysteresis loops during a rainfall event.

Hysteresis arises in measured outflow data where for the same discharge on both the

rising and falling limb of the hydrograph, different suspended sediment concentrations
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Figure 1.13: The rating curves of sediment concentration and flow discharge for figure
8 loops, and the concentration measurements against time, from [108].

occur. Phase plane plots of the sediment flux against the water flux produce a variety

of hysteretic shaped loops (see Figure 1.13) covering clockwise, counter-clockwise

and figure 8 shapes of both flow orientations. This Chapter carries out numerical

simulations for a typical single peak time dependent rainfall event and show for the

first time that all the known hysteretic loops can be reproduced. In particular it is

shown that complicated rainfall patterns or flow geometry are not required to produce

these patterns, and that the shape of a hysteresis loop is determined by the deposited

spatial distribution of previously eroded sediment at the start of the runoff/erosion

event.

In Chapter 7, the full model system containing the St Venant, HR and Exner equa-

tions are analysed to determine the conditions required for the growth of instabilities

and in particular the formation of dunes and antidunes. It is well known that different

bed structures can evolve as the Froude number (Fr) increases from subcritical flow

through critical to supercritical flow, as shown in Figure 1.14. Following a suitable

non-dimensionalisation of the full model system, the leading order equations are de-

termined and a linear stability analysis is performed. Antidunes are shown to arise
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Figure 1.14: The formation of dunes and antidunes in relation to the Froude number.
Print from [38] chapter 5.

whenever Fr > 1 and travel upstream. Numerical simulations confirm the linear sta-

bility analysis and are able to produce upstream migrating antidunes. It is also shown

that a wave train of antidunes, also known as transportational cyclic steps, can arise

depending on the value of Fr, average bedslope and initial conditions. Steady state

travelling wave structures were found from the numerical results. The last section

of this Chapter is devoted to determine the leading order equations that govern the

travelling wave solution, computing the wave profile and analysing the phase plane to

identify the unique trajectory for the solution. Finally, difficulties and increased com-

plexity in computing travelling wave solutions for single size class soils as compared

with a multi-size class soil are presented.

1.8 Statement of originality

In Chapter 4, the approximation and the expansion solutions for zero initial and

boundary conditions and thin water flow are original work. The numerical simula-

tions of the flow through buffer strips in Chapter 5 are original. The prediction of

the deposited mass values in the hydraulic adjustment zone is also original. To my

knowledge there is no quantitative study for reproducing any of the known hysteresis

loops. Therefore the study in Chapter 6 on reproducing hysteresis loops from a dy-

namic model is original work. In Chapter 7, the linear stability analysis is based on

21



the classical appoach from the literature. Although there are many models which can

produce an antidune formation, there is no multi size class erosion model that has

been used to simulate the bed elevation changes. The study of the size contribution

in producing antidunes has never been done before. The travelling wave solution of

the hydraulic jump on top of a fully developed antidune has never been reported for

a multi sediment size model.
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Chapter 2

The Hairsine-Rose Model and
modification

There have been a large number of soil erosion models developed over the last 50

years. Amongst these, the Hairsine-Rose model has been the only one which is able

to reproduce experimental data on multi-size class erosion from a wide range of flow

and erosion conditions. Two new processes of bedload flux and bed elevation are

integrated in the HR model to extend the application of the model to a wider range

of soil erosion events. This chapter outlines the modified version of Hairsine-Rose

model. The model presented in this thesis is in 1-D form, so that the variables have

been used as per unit width.

2.1 Overland flow

The reliable mathematical modeling of overland flow is crucial when considering im-

portant environmental issues with regard to the degradation of soil and water quality

and the transport of sediment from land to streams. In order to develop effective

soil erosion control and management strategies, the time-space evolution of sediment

transport in the surface runoff water needs to be determined. The first step of build-

ing a soil erosion model is getting the appropriate equations to describe overland flow

for the discharge q and depth h over the flow domain under varying precipitation and

infiltration rate, and under realistic upstream and downstream boundary conditions.
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2.1.1 St Venant Equations

Hydraulic flow in natural channels is described by the Saint-Venant (St Venant)

equations (SVE). The shallow water equations (SWE) are a special case of these when

coriolis, frictional or viscous forces are not taken into account. They are derived from

the depth-averaged Reynold’s equations assuming a hydrostatic pressure distribution.

The Reynold’s equation is obtained from the time averaged Navier-Stokes equations.

The St Venant equations are comprised of a continuity equation and momentum

equation, and have received considerable attention in the literature (for example,[38,

45, 85, 124, 132]). For overland flow, the typical flow depth h0 is about 0.5 − 3 cm

and the typical horizontal length L is around tens or hundreds of meters. The ratio

of h0

L
is sufficiently small to justify using the St Venant equations to describe the flow

velocity and the water depth for a soil erosion event. The system is derived in the

vertical co-ordinates. The vertical z axis is in the direction of gravity, and x axis is

in the horizontal direction but not parallel to the bed surface.

Figure 2.1: 1-D flow on a small slope.

For one dimensional flow over a plane the St Venant equations of continuity for unit

width of the plane are given below:




∂h

∂t
+
∂q

∂x
= R

∂q

∂t
+

∂

∂x
(
q2

h
+

1

2
gh2) = gh(S0 − Sf ),

(2.1)
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where x (m) is the horizontal distance in the direction of flow, t (s) is time, h (m)

is water depth, q (m2 s−1) is horizontal water flux, R is excess rainfall rate, g is the

gravitational acceleration, S0 is the general slope of the soil surface and Sf is the

friction term. The horizontal flow velocity is u(x, t) = q(x,t)
h(x,t)

with unit m s−1. The

excess rainfall rate is R = P − Ir where P =precipitation rate at the water surface,

Ir =infiltration rate through the soil bed and has unit m/s.

2.1.2 Flow over rough surfaces

For open channels, three different formulas are commonly used to describe the relation

between the mean flow field and channel resistance in the steady uniform case.

1. Manning’s formula

For open channel flow, the Manning’s friction law is typically used for calculating

the friction term . The Manning’s empirical formula has been shown to have a

basis in the theory of turbulent flow [15]. The 1-D formula is given by

q

h
= u =

1

n
R

2/3
h S

1/2
0 , (2.2)

where n is known as the Manning’s friction coefficient and has units of s m−1/3.

The hydraulic radius Rh is approximately h in 1-D problem. Example of Man-

ning’s roughness coefficients for various open channel types are presented in

Table (2.1).

Table 2.1: Manning’s coefficients n for the flow over various materials.
Streambed Characteristics Roughness Coefficient (s m−1/3)
Mountain streams with rocky beds 0.04-0.05
Winding natural streams with weeds 0.035
Natural streams with little vegetation 0.025
Straight, unlined earth canals 0.020
Smoothed concrete 0.012

2. Chézy’s formula

The Chézy’s formula describes the mean flow velocity of steady, turbulent open

channel flow. Unlike the Manning equation, which is empirical, the Chézy

equation is derived from hydrodynamics theory. The 1-D formula is given by

q

h
= u = C

√
RhS0, (2.3)
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where C is the Chézy’s coefficient (m1/2 s−1). In general, C is a function of

the flow Reynolds Number Re and the relative roughness of the channel. This

formula can also be used with Manning’s Roughness Coefficient, instead of

Chézy’s coefficient. Manning derived [15] the following relation to C based

upon experiments:

C =
1

n
R

1/6
h . (2.4)

3. Darcy-Weisbach

The Darcy-Weisbach equation is a theoretically based equation commonly used

in the analysis of pressure pipe systems. It applies equally well to any flow

rate and any incompressible fluid, and is general enough to be applied to open

channel flow systems. The 1-D formula is given by

q

h
= u =

√
8gRhS0

f
, (2.5)

where the Darcy-Weisbachs friction factor f is dimensionless, and it is a func-

tion of both the channel material and the Reynolds number, which varies with

velocity and hydraulic radius. This is considered as a special case of Chézy’s

formula.

2.1.3 Kinematic wave approximation

In general analytical solutions to the St Venant equations only occur under special flow

conditions and simplified bed topography. Hence approximations have been proposed

in the past to simplify their solution without compromising too much accuracy [71,

110]. Two extensively used approximations are the kinematic and diffusion wave

models.

The kinematic wave approximation for shallow flow is derived by neglecting pressure

and inertial terms in the St Venant equations, leaving just the gravity and friction

forces. The momentum equation is now reduced to the simple expression

S0 = Sf . (2.6)

Using the expression from equation (2.2), then Manning’s friction coefficient can be

calculated from the flow depth h and velocity u at steady flow by

n =

√
S0h

2/3

u
. (2.7)
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The kinematic model for flow on a plane surface, considered here is:

∂h

∂t
+
∂q

∂x
= R(t), (2.8)

with the flux given by

q = Khm. (2.9)

This leads to:
∂h

∂t
+K

∂hm

∂x
= R, (2.10)

with the constant K =
√
S0/n, where n is roughness of the plane. Lastly m is

approximately 5/3 for turbulent flow and 3 for laminar flow [80]. In this thesis, we

only consider the case when R(t) > 0.

Henderson and Wooding [51] developed analytical solutions to the kinematic wave

model of overland flow over a sloping plane by using the method of characteristics.

Their analytical solutions are valid only for constant rainfall and constant infiltration

in time and space.

Hjelmfelt [53] extended the analytical kinematic wave model solution of Henderson

and Wooding [51] to the case of overland flow on a impermeable plane surface under

time varying rainfall appropriate for thunderstorms. Parlange [92] provided an ana-

lytical solution to the kinematic wave model on overland flow planes where the rainfall

excess rate is a function of time R(t). Both studies used the method of characteristics

and did not consider spatially varying rainfall.

2.2 Derivation of the HR model

The flow diagram of Figure 2.2 shows the conceptualization of the Hairsine Rose model

with all erosion components and all erosion processes included. Each component

and the conservation equations describing Hairsine and Rose’s original theory are

explained below.

2.2.1 Entrainment ri and Detachment ei

The rate of entrainment of sediment from the original soil layer [48] is given by ri

and primarily depends on the stream power of the flow. Stream power is the rate

of working of the mutual shear stress between the soil surface and overland flow and
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Figure 2.2: Flow diagram for the Hairsine Rose model with all erosion components
[48].

represents the power per unit area available to do work [7]. With the flow uniformly

distributed across a plane of slope S0, stream power per unit width of flow Ω (W

m−2) is given by

Ω = ρgS0q,

where ρ (kg/m3) is the density of water, g (m/s2) is the gravitational acceleration, and

q (m2/s) is the flux of the water. When the local variations in bed elevation are large

(such that S0 < 0), the kinematic wave approximation no longer holds (S0 6= Sf).

Then the stream power is calculated from the surface friction term Sf as

Ω = ρgSfq,

where Sf can be chosen from different friction laws, i.e. equations (2.2), (2.3) and (2.5)

with S0 replaced by Sf also and the St Venant equations solved for u. A minimum

value of stream power known as the threshold stream power Ωcr is required to entrain

soil from the bed into the flow. If the stream power of the water flux is below the

threshold value (Ωcr) then no soil is entrained. Because of the heat lost in water from

the turbulent flow around bed surface, not all of the effective stream power (Ω−Ωcr)

is used for eroding the original soil layer. Defining F as the fraction of the excess

stream power not lost to heat then the available stream power for entrainment of

sediment is given by

F (Ω− Ωcr). (2.11)

Previously eroded sediment will, due to gravity, fall back onto the soil bed and form

a deposited layer. Defining mi (kg/m
2) as the mass per unit are of size class i in the
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deposited layer, then mt =
∑
mi with I = total number of size classes, is the total

mass of deposited sediment. In order to entrain sediment from the original soil, this

deposited layer must also be entrained. Thus the stream power used for entraining

sediment is now partitioned between eroding either deposited and original soil. The

greater the depth (or mass) of deposited soil, the less stream power is available to

use on the original soil. Thus there exists some maximum mass m∗ (or maximum

deposited depth) through which the stream power can no longer penetrate. Assuming

that the partitioning is linearly related to the layer depth, then we define a function

H with 0 ≤ H ≤ 1 as

H =





mt

m∗
, mt < m∗

1 mt ≥ m∗

(2.12)

Figure 2.3 shows the relationship between H and mt. H can therefore be interpreted

as the percentage of protection given by deposited soil to the original soil. For mt >

m∗ the deposited layer has completely shielded the original soil from further erosion

and only previously deposited sediment can now be eroded. It is assumed that the

deposited layer is regarded as being well mixed amongst the size classes, i.e. there is no

layering (or amouring) between the different classes. This is a reasonable assumption

as both the entrainment process, and particularly raindrop impact (discussed next),

are both mixing mechanisms. However under net deposition conditions, where mt >>

m∗, which would occur at the bottom of a hillslope at the end of a runoff event, the

well mixed assumption would clearly start to break down.

1

m m

H

*
t

Figure 2.3: The relationship between H and mt.
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As soil particles in the original soil layer are bound together by cohesive forces, then we

define a parameter J (Joule/kg) to be the energy per unit mass required to break the

soil particle into individual size classes. This parameter is alternatively known as the

specific energy of entrainment and as no field test exists for its direct measurement,

J is determined empirically.

We assume that stream power is applied uniformly to the total wetted perimeter of

flow. Thus the effective excess stream power that drives entrainment is (1−H)F (Ω−
Ωcr). For each size class i, the rate of entrainment ri (kg/m

2/s) is

ri =
F

J
(Ω− Ωcr)pi(1−H), (2.13)

where pi is the proportion of sediment in size class i in the original soil, 0 < pi ≤ 1

and
∑I

i pi = 1.

The rate of rainfall detachment of particle size class i in the original soil is given by

ei (kg/m
2/s). It is directly proportional to the rainfall rate P , the level of exposure

of the original soil, the proportion of sediment in size class i and is given by

ei = a(h)Ppi(1−H), (2.14)

where a is the detachability of the original soil and is a soil property. The soil

detachability is depth dependent as the water layer will absorb raindrop energy, hence

as h increases a will decrease. It is also assumed that there is some minimum water

depth, hb, below which is has no impact on a such that for h < hb, a = a0 kg/m3.

For h ≥ hb, a(h) = a0(
hb

h
)b kg/m3 where 0 < b < 1.

2.2.2 Re-entrainment rri and re-detachment edi

Since soil particles in the deposited layer have been previously eroded, they have no

cohesive strength, and the force resisting removal by the flow depends solely on the

immersed weight of sediment. The amount of power required to lift the sediment to

certain height in the flow is equal to the rate of change of the potential energy of

this sediment. The immersed weight of the sediment is proportional to (ρs − ρ)/ρs,

where ρs (kg/m3) is the density of the sediment. For a shallow water flow, the

height of sediment lifted up can be approximated to be the water depth. Then the

re-entrainment of water flow rri (kg/m
2/s) is determined as

rri =
F

gh

ρs
(ρs − ρ)

(Ω− Ωcr)H
mi

mt
, (2.15)
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where mi

mt
is the proportion of each sediment size class in the deposited layer and is

the equivalent of the pi in the original soil.

The rainfall re-detachment rate edi (kg/m
2/s) [47] for each size class i is given by

edi = adP
mi

mt
H, (2.16)

where ad is the detachability coefficient of the deposited layer. Like a, ad is also

depth dependent and a similar functional form is used, i.e. ad = ad0 kg/m3 for

h < hb (ad0 ≫ a0), and ad = ad0(
hb

h
)b kg/m3. The rainfall re-detachment rate is

also proportional to the sediment mass fraction mi

mt
in deposited layer, the fractional

coverage H of the original soil layer, and the rainfall rate.

2.2.3 Deposition di

Due to the action of gravity, suspended sediment with a positive immersed weight

would settle onto the bed surface. The deposition rate di depends on the general

settling velocity of the particles and the amount of sediment in suspension [47]. The

mass rate of deposition di (kg/m
2/s) of sediment in size class i is therefore given by

di = vici, (2.17)

where vi is the settling velocity of each size class and ci is the suspended sediment

concentration of size class i (kg/m3). Cheng [17] provided an equation for calculating

the sediment settling velocity from the grain diameter and can be found in appendix A.

For shallow erosive flows, it is assumed that the ci is uniformly destributed throughout

the water layer.

2.2.4 Mass conservation of the suspended sediment

At this stage we only consider the one-dimensional version of the HR model, and take

a control volume V which is bounded by the water surface η = h(x, t) on the top,

the soil surface z = 0 at the bottom, and the vertical sides at x and x + ∆x, with

∆x≪ 1. In general, a typical flow depth of a surface runoff is around 0.5−3 cm, but

the length of a field where the erosion occurs could be tens or hundreds of meters.

Therefore we assume that the vertical velocity of water flow w is negligible and the

concentration ci and the horizontal velocity u are independent of z.
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The conservation law of the suspended sediment follows that the rate of total mass

change in the control volume in water is equal to the net change in the suspended

sediment mass through each side of the control volume per unit time plus changes in

mass due to the presence of any sources or sinks of sediment in the control volume.

Because the flow is considered as 1-D flow, we only need to consider the mass changes

for incoming flux side, outgoing flux side, and the bottom bed surface.

Firstly, we denote Mi = Mi(t) to be the mass per unit width of the suspended

sediment of the ith class in V . Then the rate of change of suspended sediment mass

Mi is given by

dMi

dt
=

∂

∂t
(

∫ x+∆x

x

cih dx) =

∫ x+∆x

x

∂(cih)

∂t
dx. (2.18)

Secondly, the sediment mass flow per unit width in across the vertical sides of V per

unit time is

ciuh|x − ciuh|x+∆x = ciq|x − ciq|x+∆x = −
∫ x+∆x

x

∂(ciq)

∂x
dx, (2.19)

where uh = q(x, t) is the water flux.

Thirdly, we can show that the total mass per unit width of the five processes adding

sediment into and removing sediment from V per unit time is

∫ x+∆x

x

(ei + ri − di + edi + rri) dx. (2.20)

Finally, the conservation law of the mass of the ith sediment class in suspension can

be written as

∫ x+∆x

x

∂(cih)

∂t
dx = −

∫ x+∆x

x

∂(ciq)

∂x
dx+

∫ x+∆x

x

(ei + ri − di + edi + rri) dx. (2.21)

The mass conservation law holds for every such volume V for suspended sediment.

Therefore the one dimensional HR model equation of suspended sediment transport

is given below.
∂(cih)

∂t
+
∂(ciq)

∂x
= ei + ri − di + edi + rri (2.22)
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2.2.5 Mass conservation of the deposited sediment

The mass conservation of the deposited sediment follows that the rate of total mass

change per unit area in the deposited layer is equal to the total rate of change of

the erosion processes in the deposited layer. In general, the conservation of mass in

deposited layer gives
∂mi

∂t
= di − edi − rri, (2.23)

where mi is the mass of sediment in the deposited layer in ith size class. The two

conservation equations coupled with St Venant equations form the original HR model.

This system of equations included a specific description of the role of cohesion, a

capability to deal with sediment with a range of sizes and settling velocities, and an

explicit representation of the non-cohesive layer formed by deposition.

2.3 Modification of Hairsine-Rose Model

From the understanding of the natural process of soil erosion, bedload transport will

occur when the flow power is sufficiently large. In this chapter the HR model is

extended to include bedload transport. It is assumed that it is only the deposited

layer that can undergo bedload transport and not the original cohesive soil. The

evolution of the bed surface can have a significant impact on the dynamics of the ero-

sion, deposition and transport mechanism through its feedback on the overland flow

hydraulics. Consequently an Exner type equation is derived to model bed evolution

in conjunction with the HR model.

2.3.1 Mass conservation of the deposited sediment with bed-
load flux

Abrahams [1] proposed a bedload transport equation for sheet flow in 2003 which

applied under flow conditions with a large stream power Ω, i.e.

ib = Ω = uτ, (2.24)

where ib (kg/s
3) is the immersed bedload transport rate, u is the average flow velocity,

and τ (kg/m/s) is the bed shear stress. The expression for the bed shear stress τ is

given by

τ = ρgRbS0, (2.25)
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where Rb is the hydraulic radius of the bed. The hydraulic radius Rb is given by

Rb = A/l, where A is the cross sectional area of the flume and l is the wetted

perimeter. In sheet flow, the size of h is much smaller than the width of the flow,

then Rb ≈ h and τ = ρgS0h. The immersed bedload transport rate is given by

ib = q̂bg(ρs − ρ), (2.26)

where q̂b is denoted as the volumetric bedload transport rate. By substituting the

expression of ib and τ into equation (2.26), we have q̂bg(ρs − ρ) = ρgS0q. Therefore

the volumetric transport rate as given by [1] is

q̂b =
ρ

ρs − ρ
S0q. (2.27)

By multiplying both sides of equation (2.27) by ρs, the transported sediment mass

flux is given by

ρsq̂b =
ρs

ρs − ρ
ρS0q ≈

Ω

g

ρs
ρs − ρ

. (2.28)

Now considering that Ω should be greater than Ωcr for bedload transport and that

only a fraction F is effective for transport, then Ω in (2.28) should be replaced by

F (Ω − Ωcr). To account for how much each sediment size class are in the deposited

layer, the size distribution exposure ratio is given by Hmi

mt
. The bedload transport

rate qb (kg/m/s) for the HR model is then given by

qbi = (1− α)H
F

g

ρs
ρs − ρ

(Ω− Ωcr)
mi

mt
, (2.29)

where α is a constant, which splits the stream power between re-entrainment and

bedload transport. Consequently rri now requires an additional coefficient of α. The

rate of re-entrainment is given by

rri =
αF

gh

ρs
(ρs − ρ)

(Ω− Ωcr)H
mi

mt

. (2.30)

The bedload flux term qbi is then added into the original HR model equation (2.23)

for conservation of deposited sediment as

∂mi

∂t
+
∂qbi
∂x

= di − edi − rri. (2.31)
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2.3.2 Mass conservation of bed elevation

Define z as the height of the bed surface from some datum. The rate of total mass

change in a control volume of sediment and soil particle is equal to the total rate

of change of all erosion processes plus the change in the bedload flux of the control

volume per unit time.

The rate of total mass change in the control volume is given by:

dMass

dt
=

∫ x+∆x

x

∂((1 − φ)ρsz)

∂t
dx, (2.32)

where φ is the porosity of soil surface.

The total rate of change of all erosion processes adding and removing sediment per

unit time is given by:

∫ x+∆x

x

I∑

i=1

(di − ei − ri − edi − rri) dx. (2.33)

The change in the bedload flux through the control volume per unit time is−
∫ x+∆x

x
∂qb
∂x
dx,

where we denote qb =
∑I

i=1 qbi.

Thus the conservation mass for bed elevation is given as

(1− φ)ρs
∂z

∂t
+
∂qb
∂x

=

I∑

i=1

(di − ei − ri − edi − rri). (2.34)

2.3.3 Modified HR model equations

With the inclusion of bedload transport and bed height evolution, the HR model is

now coupled to the full St Venant equations for describing the overland flow instead

of the restrictive kinematic approximation. Therefore the extended and modified 1-D

HR model is given by the following system of equations
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



∂h

∂t
+
∂q

∂x
= R

∂q

∂t
+

∂

∂x
(
q2

h
+

1

2
gh2) = gh(S0 − Sf)

∂(hci)

∂t
+
∂(qci)

∂x
= ri + ei + rri + edi − di

∂mi

∂t
+
∂(qbi)

∂x
= di − edi − rri

(1− φ)ρs
∂z

∂t
+
∂qb
∂x

=

I∑

i=1

(di − ei − ri − edi − rri), i = 1, 2, · · · , I

(2.35)

where S0 = − ∂z
∂x

and Sf = n2u2

h4/3 . The rate of different processes ri, ei, rri, edi, and

di are given in equations (2.13) (2.14) (2.30) (2.16) (2.17) respectively. The bedload

flux qbi is given in equation (2.29).

For any number of particle sizes I, there are 2I + 3 number of equations required to

be solved. Therefore it is impossible to solve the full model analytically, and we need

to find an efficient numerical method to solve the system of modified HR equations.
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Chapter 3

Numerical method for solving HR
model

The full expression for the modified one dimensional HR model equations (2.35) form a

system of non-linear hyperbolic PDEs. Recently a Liska-Wendroff predictor-corrector

style scheme [73] was shown to provide reliable and accurate solutions to the shallow

water equations. In particular it reproduced the position and height of hydraulic

jumps in the test problem of supercritical flow over a bump to very good accuracy.

In this chapter we apply and test the Liska-Wendroff scheme for solving the system

of equations (2.35).

3.1 The Liska-Wendroff composite scheme

The hyperbolic character of the shallow water equations makes it difficult to find

solutions. Hyperbolic equations admit discontinuous and smooth solutions. Even if

the initial conditions are smooth, the non-lineararity combined with the hyperbolic

type of the equations can lead to discontinuous solutions. The non-linear character

of the shallow water equations means that analytical solutions are limited to only

very special cases and numerical methods are generally required for finding solutions

to realistic problems. Finite differences [4, 34, 44, 70, 121] , finite-elements [2, 11]

and finite volume schemes [3, 52, 77, 120, 136] can be used to solve the shallow water

wave equations.

Finite difference method was developed early. The processing efficiency of the method

was shown high. It is a well accepted scheme because it is simple and easy to imple-

ment. In order to enhance the calculation accuracy, finite difference method requires
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more simulated time for calculation and is rather unstable. When calculating shock

wave, discontinuous oscillation occured in the numerical processing [73]. Unlike the

finite elements and the finite volume method, the finite difference method can not be

applied to irregular domain shapes.

In finite element method, the computing zone is divided into several nonoverlapping

and connected cells; basis functions are selected from each element for linear com-

binations so as to approach the true solution of elements. A large system of linear

equations is required for each time-point. In spite of the fact that finite element

method could solve irregular zones, it requires more time to solve matrix equations.

In general, finite element method is slower than finite difference method and finite

volume method.

The reasons for using finite volume method to solve the SVE are that they are robust

and accurately capture the location of discontinuities such as shocks and contact

surfaces. Both finite volume method and finite element method divide the calculation

zone into several regular or irregular shapes of elements or control volumes, but the

calculating speed of finite volume method is faster than finite element method. The

application of finite volume method has therefore been emphasized in recent years.

With the hyperbolic equations in (2.35) already in conservative form, they can all be

rewritten in compact form as

∂U

∂t
=
∂F (U)

∂x
+ s(U), (3.1)

where U is the vector of conserved variables, F (U) is the flux vector and s(U) is the

source term vector and are given by

U =




h

q

hci

mi

z




; F (U) =




−q

−(
q2

h
+

1

2
gh2)

−qci
−qbi

− qb
(1− φ)ρs




; s(U) =




R

gh(S0 − Sf)

ri + ei + rri + edi − di

di − edi − rri∑
(di − ei − ri − edi − rri)

(1− φ)ρs




.

(3.2)

Note that these vectors are of size 2I + 3 with I being the number of sediment size

classes.
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While the two step Lax-Wendroff (LW) [69] and the Lax-Friedrichs (LF) [68] schemes

have often been applied to hyperbolic conservation PDEs, both of these methods

have some drawbacks. When applied to the SVE, they are incapable of accurately

computing hydraulic jumps. The LW scheme is second order accurate but oscillatory

near shocks, and although the LF scheme is non-oscillatory, it has excessive diffusion

at the hydraulic jump. By combining the LW and LF approaches into a composite

scheme, Liska and Wendroff [73] were able to remove the deficiencies of both the LW

and LF approaches. This composite scheme requires running one step of the first

order LF scheme after several steps of the second order LW scheme, so that both

oscillations and diffusion at the hydraulic jumps effectively disappear.

Figure 3.1: A regular cell finite difference grid.

Consider a regular cell finite difference grid with a vector-valued solution, as shown

in Figure 3.1. The quantity Un
j represents a 2I + 3 component vector at each grid

node j that evolves with time step n.

First, we introduce the two step Lax-Friedrichs (LF) scheme. Each time step ∆t

involves two stages. In the first stage, the LF scheme defines values of U at time step

n + 1/2 at the midpoints of the grid cell, as shown in Figure 3.1. Given J number
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of points, J − 1 points are produced at the time level n + 1/2. The first step of LF

scheme is given by

U
n+1/2
j+1/2 =

1

2
(Un

j + Un
j+1) +

∆t

2∆x
[F (Un

j+1)− F (Un
j )] +

∆t

4
[s(Un

j ) + s(Un
j+1)]. (3.3)

The second step repeats the first step on n+1/2 time level to find Un+1
j . The second

step of LF scheme is given by:

Un+1
j =

1

2
(U

n+1/2
j−1/2 +U

n+1/2
j+1/2 )+

∆t

2∆x
[F (U

n+1/2
j+1/2 )−F (U

n+1/2
j−1/2 )]+

∆t

4
[s(U

n+1/2
j+1/2 )+s(U

n+1/2
j−1/2 )].

(3.4)

Since there are J − 1 points of U
n+1/2
j+1/2 at time level n + 1/2, after the second step of

LF scheme, there are only J − 2 nodal values. The boundary conditions are required

on both side of the domain at the 1st and Jth nodes at each full time step.

The first step of Lax-Wendroff scheme is the same as the Lax-Friedrichs scheme shown

in (3.3). The second step of Lax-Wendroff scheme is give by

Un+1
j = Un

j +
∆t

∆x
[F (U

n+1/2
j+1/2 )− F (U

n+1/2
j−1/2 )] +

∆t

2
[s(U

n+1/2
j+1/2 ) + s(U

n+1/2
j−1/2 )]. (3.5)

After each full time step of LW scheme, boundary conditions are also required on

both sides of the domain.

The composite Liska-Wendroff scheme is defined by the sequence of several LW steps

followed by one LF step. Let Lw and Lf be the operators for applying the LW and

LF scheme to equation (3.2). Therefore the operator for the composite scheme is

Sk = LwLfk, where k−1 is the number of applications of Lax-Wendroff scheme. The

operator Sk can be formally written as

Sk = Lf ◦ Lw ◦ Lw ◦ · · · ◦ Lw︸ ︷︷ ︸
k−1

, (3.6)

and a general form of the composite scheme is Un+k = SkU
n. In the work of [72]

Liska and Wendroff tried to get a adequate resolution of shock structure while using

the first order LF scheme as little times as possible. They suggested to use k = 4 for

the composite scheme, thus the composite scheme used in this thesis is denoted as

LwLf4.
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Liska and Wendroff [73] also provided the CFL numerical stability condition for the

LwLf4 scheme as

∆t ≤ kF
∆x

max(q/h−
√
gh, q/h+

√
gh)

, (3.7)

where kF is a time step factor with 0<kF ≤ 1. Later in this chapter, kF = 1 is used

in the CFL condition for solving the SVE. For solving the HR model equations kF is

normally chosen from (0, 0.5] to increase the accuracy of simulation.

3.2 The comparison of LW, LF, and L-W compos-

ite scheme for solving the S.V.E.

To test the performance of each scheme initial and boundary conditions need to be

specified before applying the LW, LF, and LwLf4 schemes separately and comparing

the computed solutions. First a simple case of flow over a bump where there is no

friction on the bed surface is considered. The flow depth h and length L is taken to

be 1 unit and 20 units respectively ( h
L
= 0.05) with a bed surface elevation profile z0

given by:

z0(x) =




bc(1−

x2

4
) for − 2 ≤ x ≤ 2

0 for x<− 2 and x>2.
(3.8)

The slope of the bed surface is given by S0 = −dz0
dx
, and for a smooth bed Sf = 0. The

initial conditions are h(x, 0) + z0(x) = 1 and u(x, 0) = u0 = 1. Upstream boundary

conditions were taken as h(0, t) = 1 and u(0, t) = 1 while the boundary conditions on

the right hand side are taken as transmissive boundaries (U(L, t) = U(L − △x, t)).
The problem is solved on x ∈ (−10, 10) with g = 1, and bc = 0.2 and the three

different schemes are applied with a spatial step of ∆x = 0.4 so that the number of

grid points is J = 500. The numerical results at time t = 20 are presented in Figure

3.2.

The results shown in Figure 3.2 matches the graphical solution to the same problem

given in [72] and it is clear that the oscillations and excessive diffusion phenomena are

evident. The comparison shows that with the same running time and number of grid

points the LwLf4 scheme removed the deficiencies of LW and LF scheme, and that

as the number of grid points increases, the hydraulic front becomes more vertical.

Figure 3.3 shows the plots for J = 500, J = 1000, and J = 2000. Increasing the

number of grid points has clearly improved the resolution of the hydraulic jumps. In
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Figure 3.2: Numerical solutions from the LW, LF, and LwLf4 schemes plotted at time
t = 20.
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Figure 3.3: LwLf4 scheme with different numbers of grid points, J = 500, J = 1000,
and J = 2000, plotted at time t = 20.

the next section we test the accuracy of the LwLf4 method for solving the sediment

transport equations for ci and mi.

3.3 Verifying the Liska-Wendroff Scheme for the

St Venant equations

Accurate solutions to the St Venant equations with varying topography can be ob-

tained. The benchmark tests associated with steady flow over a bump [45] have been
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commonly used. The benchmark tests presented a 25 m long frictionless channel with

bed topography defined as:

z(x) =

{
0.2− 0.05(x− 10)2 for 8 < x < 12

0 otherwise
(3.9)

The analytical solution can be obtained from solving the steady state form of the St

Venant and is given by Bernoulli’s equation

q2

2gh2
+ h+ z = Ha, (3.10)

where Ha is the upstream head. All simulation ran up to t = 60 seconds. They are

checked that they have reached their steady state.
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Figure 3.4: The comparison of numerical and analytical solution of subcritical flow,
plotted at time t = 60.

For subcritical flow the initial conditions are taken as h+ z = 2 m and q = 0, and the

left boundary conditions are h = 2 m downstream and q = 4.42 m2/s upstream. The

numerical boundary conditions on the right hand side are taken to be transmissive

boundaries, q(L) = q(L−△x) and h(L) = h(L−△x) allow the fluid to pass through
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this boundary smoothly. The comparison of the numerical and analytical solution for

subcritical flow is presented in Figure 3.4. The maximum percentage error in water

flux and water depth are 0.26% and 0.18% respectively.
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Figure 3.5: The comparison of numerical and analytical solution of transcritical flow
without shocks, plotted at time t = 60.

For transcritical flow without shocks, the initial conditions of h+z = 0.66 m and q = 0

are taken. The upstream boundary conditions are q = 1.53 m2/s and h(x = 0, t) =

h(x = △x, t), and the downstream boundary conditions are U(L, t) = U(L−△x, t).
The comparison of the numerical and analytical solution for transcritical flow without

shocks is presented in Figure 3.5. The maximum percentage error in water flux and

water depth are 0.53% and 0.56% respectively.

For the final case we take the initial conditions are h + z = 0.33 m and q = 0. The

upstream boundary conditions are q = 0.18 m2/s and h(x = 0, t) = h(x = △x, t),
and the downstream boundary conditions are h = 0.33 m and q(L, t) = q(L−△x, t).
The comparison of the numerical and analytical solution for transcritical flow with a

shock is presented in Figure 3.6. There is a local peak in the numerical solution for

unit discharge at the location of the jump downstream of the bump. The percentage
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Figure 3.6: The comparison of numerical and analytical solution of transcritical flow
with a shock, plotted at time t = 60.

error at the peak is very large as 25%. Apart from the peak at the local jump,

the maximum percentage error in water flux and water depth are 3.6% and 0.81%

respectively.

As this problem is steady state, the discharge should be constant throughout the

domain. Figures 3.4, 3.5 and 3.6 all show some noticeable variations in the discharge

values. The solutions produced using the composite scheme with the pointwise source

term treatment (∆t
4
[s(U

n+1/2
j+1/2 ) + s(U

n+1/2
j−1/2 )] and

∆t
2
[s(U

n+1/2
j+1/2 ) + s(U

n+1/2
j−1/2 )]) show the

greatest variation from the constant value, particularly in the region where there are

discontinuities in z or h. The discharge is obtained from the center of the cell but not

at the cell interface. The fluctuation in the discharge is expected at the location of the

bump because q has to satisfy the momentum conservation law for adjacent cells. This

discrepancy in discharge has been reported in other schemes as well ([56, 103, 123]).

This is one of the drawbacks in using finite difference method, as compared to using

a finite volume method, e.g. [52].
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3.4 Verifying the Liska-Wendroff Scheme for solv-

ing the erosion equations

Table 3.1: Sediment distribution by size class (pi), settling velocity (vi), and the top
boundary conditions of net deposition and net erosion (ci(0, t)), [96]

i pi vi (m/s) ci(0, t) (kg/m
3) Deposition ci(0, t) (kg/m

3) Erosion
1 0.376 0.0038 38.7 0
2 0.234 0.0137 24.1 0
3 0.2 0.0827 20.6 0
4 0.166 0.1369 17.1 0
5 0.0237 0.2317 2.5 0

Table 3.2: Parameter values for simulation under net erosion (ci(0, t) = 0) and net
deposition (ci(0, t) 6= 0) conditions [96].

Parameters ci(0, t) = 0 ci(0, t) 6= 0
S0 0.07 0.07
h (m) 0.006 0.0042
q (m2/s) 0.00125 0.001

Ω (W/m2) 0.86 0.69

Ωcr (W/m2) 0.007 0.007
J (J/kg) 4.8 4.8
F (Ω− Ωcr) 0.053 0.051
F 0.062 0.075

ρ (kg/m3) 1000 1000

ρs (kg/m
3) 2000 2000

m∗ (kg) 6 6

In this section we use the experimental data of [96] to set up the simulation. Because

the experiments were carried out under conditions of constant h and q, it is quite

straightforward to use the ”method of lines” to numerically solve the HR model

equations which can then be compared to the numerical results of the LwLf4 scheme.

Polyakov and Nearing [96] performed a precise set of experiments which were designed

to determine if the equilibrium sediment flux (sediment transport capacity, Tc) in

the rill obtained under net erosion conditions was different from that observed under

depositional conditions. The experiment showed that the sediment transport capacity

in a rill was not a unique value for a given soil, flow rate and slope and that it was

dependent on whether sediment transport was occurring under net erosion or net

deposition conditions. A constant volumetric flow rate of 6 L min−1 was applied
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at the top of the rill. Two separate experiments corresponding to clear water and

heavily laden sediment mixed water flowing in through the top boundary were then

conducted. This gave two sets of data, one for net erosion conditions (clear inflowing

water) and one for net deposition conditions (sediment-laden inflow), with sediment

concentrations measured at different distances down the rill to a maximum distance

of L = 8 m.

The method of lines (MOL) involves discretising the spatial domain and thus replacing

the system of partial differential equations with a vector system of ordinary differential

equations. This system can then be solved by any differential equation integration

method such as the Runge-Kutta method. The MOL has been tested and verified

against a special analytical solution of the HR model by Zheng [137] for constant h and

q. If the MOL and LwLf4 produce matching results with constant h and q, then we

know that the LwLf4 scheme is reliably solving for the sediment transport equations,

at least under these flow conditions. The parameter values of Polyakov and Nearing’s

experiment [96] are presented in the Tables (3.1) and (3.2). The number of sediment

size class was taken to be I = 5 to keep the consistency with the experimental

data. The right hand side boundary conditions of Lwlf4 simulations are again taken

as transmissive boundaries. The bedload flux term in the modified HR model was

ignored. Therefore the right hand side boundary conditions are not required for mi

and z.

3.4.1 Net Erosion

The net erosion condition (c(0, t) = 0) is applied at the top of the rill. A spatial

step of ∆x = 0.01 is chosen with the adaptive time step determined by the CFL

condition (3.7). The numerical schemes were set to run up to t = 20 seconds. Figure

3.7 shows the plots of the concentrations in individual sediment size class ci and total

concentration ct, we can see that the numerical results agree very well with the MOL

solutions. The difference between the two solutions is barely visible. The maximum

percentage error in total concentration is 1.4%. Figure 3.8 shows the mass of deposited

sediment in different size class mi and total mass mt. The results of the two schemes

match very well in all size classes. The maximum percentage error in total mass

of deposited sediment is 2.5%. Results are not presented for larger times as the

differences between the two methods reduces at steady state (∂ci/∂t = ∂mi/∂t = 0).

The numerical results of the MOL and LwLf4 under net erosion and net deposition

47



0 1 2 3 4 5 6 7 8
0

1

2

3

4

5

6

7

8

x (m)

c i a
nd

 c
t (

kg
 m

−
3 )

 

 

MOL
LwLf4

i=1

i=2

i=3 i=4 i=5

Total concentration c
t

Figure 3.7: Sediment concentrations ci and ct under net erosion condition, t = 20
seconds.
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Figure 3.8: Mass of deposited sediment in different size class mi under net erosion
condition, t = 20 seconds.

conditions are presented as the lower curves in Figure 3.9. This comparison shows

that by t = 2000 s there is very good agreement.
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condition, t = 20 seconds.
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Figure 3.12: Total mass in deposited layer for various N , LwLf4 against MOL for
t = 20 seconds.

For the net deposition case the imposed boundary condition for ci results in a sus-

pended sediment concentration that is greater then the flow can transport. This
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results in sediment depositing immediately for all x ≥ 0. Consequently, mi in the

deposited layer will not reach steady state as ∂mi

∂t
6= 0, however the ratio mi

mt
in ri

and edi does reach equilibrium allowing ci to achieve steady state. Figures 3.10 and

3.11 show the simulations of ci and mi under net deposition conditions. Both of the

schemes were set to run for t = 20 seconds. From Figures 3.10 and 3.11 we can see

that the simulation results of both numerical method match quite well. The maxi-

mum percentage error in total concentration and mass of deposited sediment are 1.3%

and 5.7%. The biggest difference between the schemes appear at the region where

there are large gradients. The accuracy of simulating the rapid changes around the

top boundary can be improved by increasing the number of grid points. Figure 3.12

shows the plot of total mass in deposited layer for J = 800 and J = 3200 of LwLf4

against MOL. The maximum percentage error in total mass of deposited sediment

drops from 5.7% (J = 800) down to 3.7% (J = 3200). We have shown that the LwLf4

scheme can separately solve the overland flow and sediment transport equations reli-

ably. Hence we expect that it can therefore solve the combined system reliably. The

comparisons between LwLf4 and the MOL for kinematic flow in chapter 2 where h

and q are both space and time dependent, provide strong evidence to support this

claim.
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Chapter 4

Dry surface flow approximation

In the previous Chapter the numerical scheme for solving the coupled St. Venant

equations and the HR model was validated under non zero water depth initial and

boundary conditions. In the case of zero depth initial and boundary conditions, sin-

gularities occur within the numerical scheme must be overcome in order to compute

reliable solutions. This Chapter focuses on the development of expansions and ap-

proximate solutions to remove the singularities at early times for x > 0 and for all

times at the x = 0 boundary.

4.1 Difficulties and Assumptions

When simulating the water depth from rainfall on a dry surface the initial and bound-

ary condition provide h = q = 0. This leads to difficulties in calculating the momen-

tum flux q2/h, the friction term Sf = n2q2

h10/3 (when Mannings’ law is used) and ci from

the conserved variable hci. Therefore approximations are required for calculating the

solution from initial zero water depth. Appropriate boundary conditions are also

needed for simulation. In order to overcome this, the following reasonable simplifying

assumptions are made. The only source of surface water comes solely from rainfall

and that all flow occurs as sheet flow over a uniform slope, i.e. there is no concen-

trated rill or channel flow. Secondly, since the approximations are only sought for h

and q near zero, then the corresponding Froude number for this flow will be much,

much less than one and the St Venant equations can therefore be replaced with the

kinematic approximation. Thirdly the expansions are going to be developed for the

case where changes in bed elevation have a negligible effect on ci and mi. The bed
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evolution can easily be included in the analysis but to keep the algebra and method-

ology concise it is neglected in the following. Fourthly it is also assumed that the

rain is falling on a saturated soil such that runoff commences with rainfall and that

infiltration can also be neglected. These conditions are straightforward to set up in

a laboratory flume with an impermeable base. Again neither of these restrictions are

necessary for developing the approximations for small flow depths, but they do com-

plicate the calculations of the terms within the expansions. The final simplification

occurs due to the small flow depths for which the streampower Ω is ≪ Ωcr resulting

in the entrainment, ri, re-entrainment term rri, and bed load flux terms being zero.

In this chapter, Ωcr is taken as 0.02 W m−2. The resulting system of equations that

need to be solved are therefore given by

∂h

∂t
+
∂Kh5/3

∂x
= R(t)

t = 0, h = 0, and x = 0, h = 0,

(4.1)

for water and for the sediment

∂(hci)

∂t
+
∂(qci)

∂x
= ei + edi − di,

∂mi

∂t
= di − edi,

t = 0, mi = 0, ci = ci0 , and x = 0, ci = ci0,

(4.2)

where q = Kh5/3, K =
√
S0/n and ci0 at this stage is unknown and calculated as

part of the solution.

In section 3.1 it was noted that the CFL condition controls the numerical stability

of the LwLf4 scheme by restricting ∆t based on the local flow velocity. While this

generally maintains numerical stability, there is in fact an additional constraint on

∆t from the sediment conservation equation. The expression for the deposition rate

(di = vici) shows that for any h, ∆t must also be constrained by the timescale taken

for the largest particle to fall a distance h. This is particularly important for small h

as the deposition timescale, h/vi, for largest particle is very small such that ∆t > h/vi

will lead to an instability in the calculation of the concentration ci. The additional

restriction on ∆t is [52]

∆t ≈ min

(
hnj
vi

)
6

(
hci
di

)n

j

. (4.3)
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Therefore, the stability of the numerical scheme is controlled by the deposition timescale

in regions of very small depths. This means that the computational cost will quickly

become too demanding as h → 0 and further enhances the need to develop approxi-

mate solutions for very small flow depths.

4.2 The excess rainfall rate function

When infiltration can be neglected the excess rainfall rate R is equivalent to the

rainfall rate P . A physically realistic, single peak, time dependent R can be given by

R(t) = R0e
−bf t(1− e−bf t) (4.4)

and will generate a single peak runoff hydrograph. In this expression, bf (hr−1)

controls the duration of a rainfall event and R0 (mm hr−1) controls the intensity.

Figure 4.1 presents a graph of (4.4) over a 50 mins period with R0 = 400 mm hr−1

and bf = 10 hr−1. The peak intensity of this rainfall event is 100 mm hr−1, occurring

at 4.1 mins.
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Figure 4.1: A single peak rainfall function for a 50 mins period
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4.3 A power series approximation for an initial dry

surface

The analytic solution of the kinematic wave equation (4.1) for zero depth initial

and boundary conditions with a time dependent R of the form (4.2) was obtained

from [92] using the method of characteristics. This continuous solution was com-

posed of two branches, one being h(t) carrying information on the initial condition

and the other h(x, t) propagating information into the domain from the bound-

ary condition. The point where the two branches meet, (xb(t)), can be obtained

from the characteristics and is determined from dx/dt = (5/3)Kh2/3 and given by

xb(t) =
5
3
K
∫ t

0

[∫ t̂

0
R(t̄)dt̄

]2/3
dt̂. The equation for ci can also be written as a first order

hyperbolic equation with a q/h = Kh2/3 coefficient in front of the spatial derivative.

Consequently it can also be solved by the method of characteristics, and for the uni-

form initial conditions in (4.1) it will also have two branches, one t dependent only

and the other x and t dependent. The branches for the solution of ci(x, t) will meet on

the characteristic dx/dt = Kh2/3 and the location of this point is given by 3xb(t)/5.

For very small times, any numerical solution on a discretized spatial grid will for

a finite time have a spatial step which is greater than xb(t). Hence the computed

numerical solution on this grid for x > 0 will be only time dependent. Thus while

xb(t) < ∆x, a time series expansion can be obtained for ci since h is known explicitly

from [92]. This section now shows how this expansion is obtained.

4.3.1 Time dependent excess rainfall with R(t) = P (t)

The power series expansion for the single peak rainfall rate (4.4) can be written as

R(t) ≈ R0

(
bf t−

3

2
b2f t

2 +
7

6
b3f t

3 + · · ·
)
. (4.5)

which for x > xb(t) allows h(t) to be found from [92]

h =

∫
R(t)dt ≈ R0

2

(
bf t

2 − b2f t
3 +

7

12
b3f t

4 + · · ·
)
. (4.6)

where xb(t) is given by
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xb(t) =
5

3
K

(
R0bf
2

)2/3 [
3

7
t7/3 − bf

5
t10/3 + · · ·

]
. (4.7)

The simplified erosion equations for which x > xb(t) are given by (note since h < hb,

a = a0, ad = ad0 and dh/dt = R(t) for x > xb(t)), then from (4.2)

h
dci
dt

+Rci = a0Ppi

(
1−

∑
mi

m∗

)
+ ad0P

mi

m∗
− vici, (4.8)

dmi

dt
= vici − ad0P

mi

m∗
. (4.9)

Take the following power series expansion for ci, mi and mt

ci(x, t) = c0i + c1i t+ c2i t
2 + · · · =

n∑

j=0

cji t
j , (4.10)

mi(x, t) = m0
i +m1

i t+m2
i t

2 + · · · =
n∑

j=0

mj
i t

j , (4.11)

mt(x, t) =

I∑

i=0

mi = m0
t +m1

t t+m2
t t

2 + · · · =
n∑

j=0

mj
t t

j, (4.12)

where the superscripts on ci, mi and mt correspond to the order of the coefficients.

Taking R = P and substituting (4.5), (4.6), (4.10) (4.12) into (4.8) results in

R0

2
(bf t

2 − b2f t
3)(c1i + 2c2i t) =a0piR0

(
bf t−

3

2
b2f t

2 +
7

6
b3f t

3

)(
1−

∑
m0

i

m∗
−
∑
m1

i

m∗
t−

∑
m2

i

m∗
t2
)

+
ad0
m∗

R0

(
bf t−

3

2
b2f t

2 +
7

6
b3f t

3

)
(m0

i +m1
i t+m2

i t
2)

−
(
vi +R0

(
bf t−

3

2
b2f t

2 +
7

6
b3f t

3

))
(c0i + c1i t+ c2i t

2) + · · · ,
(4.13)

which after balancing the orders on both sides of the equation gives

O(1) : − vic
0
i = 0.

O(t) : pia0R0bf

(
1−

∑
m0

i

m∗

)
+ ad0R0bf

m0
i

m∗
−R0bfc

0
i − vic

1
i = 0.

O(t2) : − pia0R0bf

∑
m1

i

m∗
− 3

2
pia0R0b

2
f

(
1−

∑
m0

i

m∗

)
+ ad0R0bf

m1
i

m∗

− 3

2
ad0R0b

2
f

m0
i

m∗
+

3

2
R0b

2
fc

0
i − R0bfc

1
i − vic

2
i =

R0

2
bfc

1
i .

(4.14)
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Secondly the mass equation becomes

m1
i+2m2

i t+3m3
i t

2 = vi(c
0
i+c

1
i t+c

2
i t

2)−ad0
m∗

R0

(
bf t−

3

2
b2f t

2 +
7

6
b3f t

3

)
(m0

i+m
1
i t+m

2
i t

2)+· · · ,
(4.15)

resulting in
O(1) : m1

i = vic
0
i .

O(t) : 2m1
i = vic

1
i −

ad0
m∗

R0bfm
0
i .

O(t2) : 3m2
i = vic

2
i −

ad0
m∗

R0bfm
1
i +

3

2

ad0
m∗

R0b
2
fm

0
i .

(4.16)

Combining (4.14) and (4.16) allows all the coefficients to be found as

O(1) ⇒ c0i = 0 ; m1
i = 0.

O(t) ⇒ c1i =

(
pia0R0bf

(
1−

∑
m0

i

m∗

)
+ ad0R0bf

m0
i

m∗

)
× 1

vi
;

m2
i =

1

2

(
vic

1
i − ad0R0bf

m0
i

m∗

)
.

O(t2) ⇒ c2i =

(
−3

2
pia0R0b

2
f

(
1−

∑
m0

i

m∗

)
− 3

2
ad0R0b

2
f

m0
i

m∗
− 3

2
R0bfc

1
i

)
× 1

vi
;

m3
i =

1

3

(
vic

2
i +R0

3

2

ad0
m∗

b2fm
0
i −

ad0
m∗

R0bfm
1
i

)
,

(4.17)

where m0
i is given as the initial condition for the depositited layer. It is straight-

forward to show that the general formula for the mj
i is given by

jmj
i = vic

j−1
i − ad0

m∗

j−1∑

k=1

mj−k−1
i

k!

dkP

dtk
|t=0 (4.18)

4.3.2 Constant excess rainfall with R = P

It is typically found that erosion flume experiments are conducted under a constant

rainfall rate in a saturated soil overlying an impermeable base, hence R = P =

constant. Following the same procedure outlined in the previous section 4.3.1 a

power series for early times can again be obtained for these conditions as well with

the coefficients now given by

cji =
P

m∗

(
ad0m

j
i − pia0m

j
t

vi + (1 + j)P

)
, j = 1, 2, · · · (4.19)
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mj
i =

1

j

(
vic

j−1
i − ad0P

m∗
mj−1

i

)
, j = 1, 2, · · · (4.20)

with

c0i =
P

m∗

(
ad0m

0
i + pia0(1−m0

t )

vi + P

)
, (4.21)

and m0
i still given from the initial state of the deposited layer. Note that since P 6= 0

at t = 0 then c0i 6= 0 and says that the initial concentrations for the size classes cannot

be arbitrarily set when h = 0 at t = 0 and are governed by a consistency condition

from the erosion model. The reason for this condition becomes clearer in the next

section where the boundary condition for ci has to be carefully examined since h = 0

there also.

4.4 Determining the behaviour of ci at x = 0 for all

t

Mass conservation for the suspended sediment (4.2) can be written as

h
∂ci
∂t

+ q
∂ci
∂x

= ei + edi − di − Rci, (4.22)

and by the method of characteristics

dx

dt
=
q

h
= u,

dci
dt

=
ei + edi − di − Rci

h
,

dci
dx

=
ei + edi − di − Rci

q
,

(4.23)

Note that because of the boundary condition of h = 0 at x = 0, then also q = 0 and

u = q/h = Kh2/3 = 0 at x = 0. Hence dx/dt = 0 on both lines x = 0 and t = 0,

however the line x = 0 in the x − t plane is a characteristic. Equation (4.23) shows

that it is possible that it can lead to non-regular solutions at both x = 0 and t = 0.

However such solutions would be of limited practical value for very small h as grain

roughness, surface tension, raindrop dynamics and the physical size of the particles

must come into play. From a practical point of view we want to apply consistent

boundary and initial conditions such that any numerical method computes a regular

solution. From the second and third equations in (4.23), this can be achieved by
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ensuring that the solution for ci has finite derivatives on both x = 0 and t = 0 by

imposing ei + edi − di − Rci = 0, or since di = vici

ci(0, t) =
ei + edi
vi +R

= ci(x, 0). (4.24)

Note that when R = P = 0 at t = 0, ei = edi = 0 and (4.24) gives ci = 0 agreeing

with (4.14). When R = P =constant then (4.24) is consistent with (4.21) above. By

seeking the short time power series solution, it was in effect imposing implicitly that

the solution was regular. Lastly it can be seen that ci will be time dependent at x = 0

and that its evolution on the boundary is obtained by combining (4.24) with mass

conservation for the deposited layer, i.e. (4.9).

Consider the steady state solution of (4.1) and (4.2), which is given by

q = Rx, (4.25)

Rx
dci
dx

= a0piP (1−H)− Rci, (4.26)

vici − ad0P
mi∑
mi
H = 0. (4.27)

Substituting for ci from (4.27) into (4.26), summing over i and using H = mt/m
∗

results in the following differential equation for H (also using R = P )

m∗x
∂H

∂x
=

a0
ad0P

∑
vipi(1−H)−H. (4.28)

This has the general solution

H =

∑
vipi∑

vipi +
ad0
a0
P

+
B

x
, (4.29)

with a 1/x singularity at x = 0. Clearly to have a physically finite H at x = 0

requires that the constant of integration B = 0 giving H constant for all x. With

H constant in (4.26) then the general solution for ci also contains a term B1/x, thus

finite solutions for ci require B1 = 0 and are also a constant given by

ci = a0pi(1−H), (4.30)

with lastly

mi =
m∗vici
ad0P

=
m∗a0vipi
ad0P

(1−H). (4.31)
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Figure 4.2: Numerical solution of the boundary mass through time and steady state
mi.
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Figure 4.3: Numerical solution of the boundary concentration through time and
steady state ci.

The solution of (4.30) is consistent with the steady state limit of (4.24) and (4.9). For

comparison the evolution of ci and mi on the boundary along with (4.30) and (4.31)

are shown in Figures 4.2 and 4.3. Parameter values used correspond to P = 100

mm hr−1, a0 = 20 kg m−3, ad0 = 1900 kg m−3 with vi and pi as given in Table
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3.1. The rapid rise to a peak concentration in c and the rapid decline to steady

state in Figure 4.3 can be explained as follows. Initially all size classes are detached

equally however due to gravity, deposition is a size class selective process favouring

the larger particles as they have the greatest fall velocity. Hence a deposited layer

of predominantly larger sized particles then begins to form on top of the original un-

eroded soil and is expressed through the fractional coverage H . As this layer grows it

reduces the amount of erosion from the original soil and since this layer is comprised

of mainly larger particles, the access to the smaller sized particles is significantly

reduced. Hence as H increases rapidly, the reduced supply of smaller sized particles

results in a rapid reduction in their concentration. As it is the small particles which

contribute the most to the total concentration c, then c drops off from its early peak

in line with the small size classes.

4.5 Approximation for regions of where the water

depth is always small

Figure 4.4: The principle of the combined method.

For very small flow depths of the order of half a millimetre or less, the fall velocity vi
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controls the time step for numerical integrating the suspended sediment equation in

that ∆t must be less than h/vi. This condition becomes computationally prohibitive

for the larger sized particles, hence an alternative approximate solution is this domain

is required. For very small h, gravity and friction are the dominate terms in the

momentum equation and kinematic flow applies with q and h related through q =√
S0h

5/3/n. Thus small h implies even smaller q, thus to leading order (4.22) is

satisfied through

ei + edi − di −Rci = 0 (4.32)
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Figure 4.5: The comparison of ci and ct from MOL and global expansion at t = 120
s, t = 600 s, t = 1200 s and t = 3600 s.

and along with ∂mi/∂t = di − edi provides a simple system for determining the

evolution of ci and mi in this region. The approximations are combined with the

model equations for solving for flow over an initially dry surface. The principle of this

combined method is shown in Figure 4.4. The local time expansion of solutions (4.17)

and (4.19)-(4.21) are coupled with the kinematic wave approximation for solving

region I throughout the domain, but only for a very short time period ∆t. The global

expansion of solution (4.32) for the small water depth is coupled with equation (4.9)
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Figure 4.6: The comparison of mi and mt from MOL and global expansion at t = 120
s, t = 600 s, t = 1200 s and t = 3600 s.

and the kinematic wave approximation for solving region II through time. After the

local time approximations, the simulation is under region II until the maximum water

depth hits hswitch where hswitch determines the switch over from region II to region

III. The full model equations are then applied in region III and solved by the Lflw4

scheme. The value of hswitch is taken as 10−3 m. The right hand side boundary

conditions of the Lflw4 scheme are taken as transmissive boundaries when region III

is operating.

The method of lines code which was developed for solving the HR model under

kinematic surface flow conditions (i.e. equations (4.1) and (4.2)) can be used to check

the performance of the leading order approximation (4.32). This is achieved by using

the small time power series expansion to provide a starting condition and (4.24) as the

boundary condition. This allows h, ci and mi to be computed for all x and t which

can then be directly compared with (4.32) in regions of small h. Using the same

parameter values that produced Figures 4.2 and 4.3, the results of the comparison

can be found in Figures 4.5 and 4.6. Due to the fact that Figures 4.2 and 4.3 shows

the boundary conditions vary rapidly in the early few hours, we then take the results
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at t = 120 s, t = 600 s, t = 1200 s and t = 3600 s. The comparisons show that the

leading order approximation provided very good results and the maximum percentage

error in total concentration ct and total mass in deposited layer mt are very small.

4.6 Conclusions

In this Chapter it has been shown that it is possible to obtain regular solutions

for the suspended sediment in the HR model when the overland flow is initiated

on a dry surface subject to a h = 0 boundary condition at x = 0. Physically the

HR model really breaks down once h becomes very close to zero, which is true for

all similar erosion models in the literature, then defining appropriate boundary and

initial conditions for ci when h = 0 is more of a mathematical consistency issue.

In order to have well behaved regular solutions to be computed by the numerical

procedure, a small time power series expansion is developed to start the numerical

computations along with a leading order approximate solution that applies for regions

of very small h at the upstream boundary. The reliability of the approximate solution

was then determined by comparison with the method of lines numerical solution that

verified the Lwlf4 scheme in the previous Chapter. Very good agreement was found

between the approximate solution and the numerical solution for both ci and mi for

all times.
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Chapter 5

Flow Through a Buffer Strip

This chapter focusses on the application of the HR model to some laboratory flume

scale data on the transport of sediment through a buffer strip. A detailed explanation

of what constitutes a buffer strip and its role in sediment transport is given below in

Section 5.1. This is followed by another detailed explanation of the flume experiments

that were conducted. Basically a buffer strip is a region of significantly enhanced

hydraulic resistance where its primary role is to slow the flow in order to enhance the

deposition of suspended sediments, thereby reducing the amount of eroded soil lost

from a field. There is very little size class erosion data available in the literature from

flow through buffer strips and the experiments described below provide a unique and

demanding data set for testing the HR model. This is because sediment is released at

the upstream end of the flume under supercritical flow conditions and due to the zone

of increased hydraulic resistance, a hydraulic jump forms upstream of the buffer strip.

Consequently there is enhanced deposition as the sediment is transported through the

hydraulic jump and the buffer strip. However, at the outlet of the buffer strip, the

flow returns to supercritical conditions, hence these experiments have sediment being

transport across four different flow conditions, supercritical, sub-critical, sub-critical

with increased hydraulic resistance and back to supercritical flow.

5.1 Introduction to vegetative buffer strips appli-

cation

Vegetative buffer strips (also known as filter strips) are vegetated surfaces designed

to trap sediment and to reduce overland flow from adjacent surfaces. The buffer strip
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may be an undisturbed strip of natural vegetation or it can be a graded and planted

area. Vegetative buffer strips act as living sediment filters that intercept and detain

stormwater runoff. They can increase the resistive force to reduce the flow velocity of

surface runoff, promote infiltration, and reduce pollutant discharge by capturing and

holding sediments and other pollutants carried in the runoff water [25, 35, 41, 42].

Figure 5.1 shows the function of a typical buffer strip when sediment laden water

flows into it.

Figure 5.1: The function of a typical buffer strip when sediment laden water flows
into it [58].

In natural stormwater, runoff may carry sediment and organic matter, and soil nutri-

ents and pesticides that are either bound to the sediment or dissolved in the water. A

properly designed and operating buffer strip provides water-quality protection by re-

ducing the amount of sediment, organic matter, nutrients and pesticides in the runoff

before it enters a surface-water body. Buffer strips also provide localized erosion pro-

tection since the vegetation covers an area of soil that otherwise might have a high

erosion potential. Figure 5.2 shows an area of natural buffer strips between a stream

bank and cropland.

Extensive research [134] has shown that as urbanization and development increase,

water quality decreases. However, it is possible to have both developed areas and good
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Figure 5.2: An area of natural buffer strips between stream bank and cropland.
source by:www.mercercountyohio.org

water quality by the careful use of buffer strips. Buffer strips were originally used

as an agricultural treatment practice and have more recently evolved into an urban

practice. With proper design and maintenance, buffer strips can provide relatively

high pollutant removal. In addition, the public views them as landscaped amenities

and not as stormwater infrastructure. Consequently, there is little resistance to their

use.

The advantages of having buffer strip are [50]

• Relatively low cost;

• Easy to construct and maintain;

• Can be aesthetically pleasing if designed properly;

• Removes sediment and insoluble pollutants, thereby improving water quality;

• Increase in the infiltration from runoff;

• Can provide habitat for wildlife;

• Can help stabilize stream banks.

Their limitations [50] are

67



• Ineffective in areas with high runoff velocity;

• Requires a large amount of land area;

• Ineffective for large drainage areas;

• Best if used in conjunction with other management practices rather than stand

alone;

• Not effective for filtering flows from steep slopes or hilly areas where slopes

exceed 15%.

A number of papers ([21, 35, 75, 128]) used the CREAMS model [65] to evaluate the

performance of buffer strips. However, the study of [24] pointed out that CREAMS

does not simulate the principal physical processes affecting transport in buffer strips

and its applicability is questionable. The study of [36] showed that the WEPP model

can be used for the buffer strip simulation, but it only simulates the reduced sediment

concentration in the hydraulically rough areas of the strip without simulating the

deposition in the upstream ponded area. It also over-predicted the medium size

fractions and under predicted the fine size fractions.

There has also been a great deal of work in the hydraulic literature on flow around

vegetation. The main research interest has been in flood modelling and the effect

on the flow field from vegetation on river banks and flood plains ([82, 84, 99, 116]).

Additional interest centres on the effect of flow through isolated patches of in-stream

vegetation and its effect on river morphology, patterns of bar migration and develop-

ment, river meander and the design of stream restoration schemes ([10, 16]). Further

applications can also be found in flows through wetlands [60] and saltwater marshes

([83, 122]). Extensive laboratory studies have been conducted by [16, 74, 111, 119]

where typically the vegetation is replaced with a lattice of rigid circular cylinders.

This has been done in order to not only gain detailed repeatable measurements of

the vortex shedding, wake structure and local velocity gradients around the vegeta-

tion, but to have sufficient data to validate computational fluid dynamics codes on a

regularly shaped domain.

The development of computational approaches has occurred across a number of dif-

ferent directions. These include direct numerical simulation (DNS), large-eddy simu-

lation (LES) ([113, 114]) and Reynolds averaged Navier-Stokes (RANS) ([19, 23, 84])

methods. While DNS and LES methods can more accurately capture greater detail
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in the flow structure, especially when turbulent motions dominate, they are com-

putationally expensive [63]. A RANS model is computational more efficient, but it

does not resolve flow-vegetation interaction directly and it does not necessarily repro-

duce measured turbulence statistics very reliably. However it does provide reasonable

predictions of the time averaged flow field [63].

In order to run a RANS model, a vegetation closure model is also required and is

usually taken in the form of a drag force

FD =
1

2
ρCDu

2Ap, (5.1)

where Ap is the combined cross-sectional area of the plant and CD is the bulk drag

coefficient which is usually calibrated from experiments. Both detailed experimental

data [119] and LES simulations [113] have shown that the drag coefficient depends

on both the vegetation density (expressed through the volume fraction) and the stem

Reynolds number. The vegetation volume fraction φ for a circular cylinder is given

by

φ = eπ
d2

4
, (5.2)

where d = stem diameter and e = number of stems per unit area, while the stem

Reynolds number Res is defined as

Res =
ud

v
=
qd

vh
, (5.3)

where v = kinematic viscosity (m2/s). In the series of LES flow simulations through

emergent vegetation that were carried out by [63, 113], estimates for the resistance

losses due to both vegetation drag and bed friction were made and compared with

the experimental data of [119]. They find that the contribution of bed friction in

vegetative patches is essentially negligible (< 1%) for vegetation volume fractions

greater than 0.1. Estimates for the drag coefficient over a range of volume fractions

and stem Reynolds number agree very well with experimental data (as shown in

Figure 5.3 ). In both cases though, friction and drag losses were more sensitive to the

vegetation fraction than the stem Reynolds number.

When considering overland flows through filter or buffer strip where flow depths are

the order of centimetres and can easily correspond to the same order of magnitude

of roughness elements in the field, carrying out even a RANS based approach is
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Figure 5.3: Drag coefficient CD as a function of stem Reynolds number for various
vegetation densities (lines represent experimental data from [119]) [113].

computationally prohibitive and impractical. Consequently the depth averaged RANS

or St Venant equations will be used. The aim of this Chapter is to test whether

the HR model combined with the St Venant equations can reproduce experimental

laboratory data for sediment transport through emergent vegetation. The following

section provides the details of the experiments by [106] and the full model description

along with the subsequent comparison.

5.2 Experiment

In this chapter we will focus on an experiment [106] which has two parts with the

same basic set up. The first part was to produce the hydraulic jump and measure the

position and height of the hydraulic jump for various slopes. The second part was to

measure the amount of sediment accumulated at the hydraulic jump area for various

slopes.

Figure 5.4 is a schematic diagram of the laboratory experiment conducted by [105,

106]. A rectangular shape tiltable flume of length L = 5.6 m and width w = 0.5 m

is set at an angle β to the horizontal. A constant water flux of q m2s−1 was supplied

at the top of the flume by a constant head device through a turbulent minimizing

porous barrier. The buffer strip was simulated by uniformly distributed steel nails
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Figure 5.4: Showing the net deposition of sediment largely upslope of the nail bed
buffer strip, but also within and beyond it. Separate regions are denoted in the
diagram [106].

of diameter d = 3.75 mm and height hnail = 8 cm (well exceeding the depths of flow

employed). Nails were placed normal to the flume bed, and the density of the nail

area set to be e = 10200 nails m−2. The top edge of nail bed was located 1.5 m from

the flume end, completely filled the 0.5 m width of the flume, and extended 0.2 m in

the direction of flow.

In the first part of the experiment water was released at x = 0 under supercritical flow

conditions and a hydraulic jump was observed to form at the nail bed and began to

travel upstream until the flow attained steady state. The depth was measured along

the whole length of the flume and the height and position of the hydraulic jump was

recorded. In Figure 5.5, the area between the hydraulic jump and the nail bed was

known as the hydraulic adjustment zone. The length of the hydraulic adjustment

zone prior to the sediment addition was denoted as B. At the steady state, we denote

the water depth at the upstream end of the nail bed by D2, and the water depth

upstream of the hydraulic jump by D1.

In the second part of the experiment, once a steady flow rate was established in

the flume, 0.5 kg of soil was added to the inflow over a short time period T . It

was observed that sediment then travelled by suspension to the hydraulic adjustment

zone where it began to deposit. Due to the large amount of sediment accumulating,

the hydraulic jump began to move gradually upstream. As soon as all the sediment

reached the hydraulic adjustment zone, the water supply was cut off, the flume was

drained and the deposited sediment was measured and analysed by size class. For
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Figure 5.5: A lateral diagram of the experiment, separately regions are labeled on
the diagram [106].

these experiments, the only erosion mechanisms were re-entrainment and deposition

as there was no rainfall and the flume was initially free of soil.

The experiment was repeated five times for a constant slope, so the depth and length

measurements in Tables 5.1 and 5.2 are averaged values with associated standard

deviations. All measurements and results were published in [105, 106]. D1 and D2

are shown in Figure 5.5 which were measured perpendicularly to the flume. The inflow

velocity V1 represents the velocity parallel to the flume. Our model is set up for a

horizontal coordinate system but since the simulations were only carried out for small

slopes the effect from the slope on measured water depth was ignored (h ≈ D1cos(S0)

with cos(S0) ≈ 1).

5.3 Modifying the St Venant Equations for flow in

nail bed

In the original St Venant equations, Sf describes the friction force from the rough

bed surface by Manning’s or the Darcy-Weisbach formula. For a rough bed surface

the friction term is given by Sf = n2u2

h4/3 or Sf = fq2

8gh3 , however in the nail bed area the
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drag force is much more significant than the friction force from the bottom surface. In

[54], the authors stated that the drag force induced by the nail bed can be calculated

from the drag equation as

FD =
1

2
ρu2dhCDN, (5.4)

where d is the nail diameter, CD is the drag coefficient and N = e× 0.5 × 0.2 is the

number of nails. In the study of [54], a value of 1.85 for CD was suggested.

To describe the flow through the nail bed, it can be approximatly treated as a porous

material. Defining θ as the porosity of the nail bed, then it is given by

θ = 1− nail volume

total volume
= 1− πd2e

4
= 1− φ. (5.5)

The modified 1-D St Venant equations for flow through the buffer strip are therefore

given by





∂(θh)

∂t
+
∂(θuh)

∂x
= 0,

∂(θuh)

∂t
+

∂

∂x
(θu2h+

1

2
gh2) = gh(θS0 − Sf ),

(5.6)

where θ and Sf are given by

θ =

{
1 for outside nail bed,

1− φ for inside nail bed,
(5.7)

Sf =





fu2

8gh
for outside nail bed,

1

2
dCDeu

2g−1 for inside nail bed.

(5.8)

The Darcy-Weisbach formula has been used in (5.6) since it has an integer power with

both u and h, thus making it possible to find an analytical solution for the steady

state.
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5.3.1 Hydraulic jump and the Rankine-Hugoniot condition

The Rankine-Hugoniot condition describes the relationship between the states on

both sides of a shock wave or jump. For a 1-D flow equation in the hyperbolic

conservation form
∂U

∂t
+
∂F (U)

∂x
= 0. (5.9)

The shock speed (λ) is determined by

λ =
F (U1)− F (U2)

U1 − U2

, (5.10)

where the subscripts 1 and 2 indicate conditions just upstream and just downstream

of the jump respectively.

For a stationary jump, the shock speed is λ = 0. Therefore the conservation of mass

and momentum give

F (U1) = F (U2). (5.11)

As described earlier in section 5.2, a hydraulic jump initially forms at the nail bed

due to the incoming supercritical flow interacting with increased resistance of the nail

bed. This then travelled upstream until steady state conditions were achieved before

the release of sediment occurred. Under steady state conditions an analytical solution

to the St Venant equations can be obtained and checked against the numerical steady

state prediction. The height of the jump and depth of flow either side is found from

(5.11) with F (U) given by the first two entries in (3.2). Taking subscripts 1 and 2

as denoting the upstream and downstream side of the jump respectively, then (5.11)

results in the condition

h2 = h1 ·
(√

1 + 8Fr2 − 1

2

)
(5.12)

where Fr = u1/
√
gh1 = q0/

√
gh31 is the upstream Froude number and q0 is the steady

state flux through the flume.

By using (5.6) and (5.7) to describe hydraulic flow, the discontinuity in θ which occurs

at the entry and exit of the nail bed results in a discontinuity in the solution for h

and u there. At steady state flow through this discontinuity must also satisfy (5.11)

or
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



q1 = q2

q21
h1

+
1

2
gh21 =

q22
θh2

+
1

2
gh22,

(5.13)

where the fluxes satisfy q1 = u1h1 = θu2h2 = q2 = q0. Equation (5.13) can also be

written in the form

1

2
gh31 −

(
1

2
gh22 +

q20
θh2

)
· h1 + q20 = 0. (5.14)
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Figure 5.6: All possible real solutions of h1 and h2 which satisfy the jump condition
with a given flux q = 2.02× 10−3 m2s−1 and nail bed porosity of θ = 0.88.

The plot shown in Figure 5.6 and labelled Region 1 shows all possible real solutions

to (5.14) for h1 and h2 which satisfy the jump condition at the entrance to the nail

bed for a given flux q0. These solutions also have the property that h1 > h2.

The straight lines are the plots of h1 = h2 and h1 = θh2 and the dotted lines give

the critical depths (Fr = 1) for flow outside (h31c = q20/g) and inside (h32c = q20/θg)

of the nail bed respectively. Together these lines provide an envelope on the possible

solutions for h1 and h2. As flow on either side of the entrance to the nail bed is

subcritical, h1 and h2 must satisfy that part of the region 1 curve where h1 > h1c,
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h2 > h2c and sits below the line h1 = h2. For the discontinuity at the exit of the

nail bed, again (5.14) applies but subscripts 1 and 2 must swap in the sense that

now 2 = upstream position (in nail bed) and 1 = downstream position (outside nail

bed). Solutions of (5.14) for this orientation have h2 > h1 and these are given by the

curve labelled Region 2 in Figure 5.6. As the flow crosses the exit of the nail bed it

jumps from being subcritical on the inside to supercritical on the outside, hence the

envelope that covers the feasible region 2 solution curve for h1 and h2 is bounded by

h2 > h1, h2 > h2c and h1 < h1c. This is the curve contained within the upper left

hand dashed box on Figure 5.6.

5.3.2 Steady state analytical solution

The steady state hydraulic profile is found from solving





dq

dx
= 0,

d

dx

(
q2

θh
+

1

2
gh2
)

= gh(θS0 − Sf).
(5.15)

along with (5.7) and (5.8). The Darcy-Weisbach friction law, as opposed to a Man-

ning’s law, was chosen as fully integrable solutions for h(x) could be obtained. The

ordinary differential equation for flow outside the nail bed is given by

dh

dx
=
gS0h

3 − fq2

8

gh3 − q2
=
ch3 − d

bh3 − a
, (5.16)

and has the solution

1

6c4/3




(ac− bd) log(c2/3h2 + 3
√
c

3
√
dh+ d2/3)

d2/3
+

2(bd− ac) log( 3
√
ch− 3

√
d)

d2/3

+
2
√
3(ac− bd) tan−1

(
(2 3
√
ch/ 3

√
d+ 1)/

√
3
)

d2/3
+ 6b 3

√
ch


 = x+G,

(5.17)

where G is the constant of integration. The flow inside the nail bed is governed by

dh

dx
=
gS0θ

2h3 − 1
2
dCDNq

2h/θ

gθh3 − q2
=
ch3 − dh

bh3 − a
, (5.18)
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and has the solution

−a · log(ch
2 − d)

2d
+
a · log(h)

d
− b

√
d tanh−1(

√
ch/

√
d)

c3/2
+
b

c
h = x+G′, (5.19)

where G′ is the constant of integration.

To obtain the full steady state analytical solution, we divide the flume into 4 different

regions, as shown in Figure 5.5. In region 1 the water depth is essentially constant

(D1) from x = 0 to the hydraulic jump position. Region 2 is the hydraulic adjustment

zone (B), Region 3 is the nail bed area and Region 4 is the area when water leaves

the nail bed and continues until the end of the flume.

In region 1 the experimental data shows that h = h0 constant, or dh/dx = 0 which

allows the friction factor f to be determined from (5.16) as f = 8gS0h
3
0/q

2
0. Since

the upstream h is known at the hydraulic jump then the downstream height is easily

found from (5.12) but unfortunately the location of the jump remains unknown. This

can only be found by integrating upstream from the nail bed entrance until (5.13)

is satisfied, however this requires h1 at the nail bed entrance, which in turn requires

h2 there as well. Hence we must integrate upstream from the nail bed exit, where

again h1 and h2 are unknown. The only other part of the domain where the solution

is known is for x = ∞ where h = h0, however this information still does not provide

a means of determining G in (5.17). What is known is that the flow goes from sub-

to supercritical as it exits the nail bed, hence one option to fix G is to simply take

Fr = 1 at the inside of the nail bed exit to define h2 with (5.13) then giving h1 on

the outside of the nail bed exit. To then avoid the singularity at h2 from dh/dx→ ∞
, the solution can be expanded around Fr = 1 as

h2 ≈ 3

√
q2

gθ
+ A ·∆x1/2d +B ·∆xd, (5.20)

where ∆xd is the distance from the exit of the nail bed, the parameter A and B are

given as following.

A =

(
θS0 −

1

2
dCde

q2/3

g1/3θ4/3

)1/2

·
(

2q2/3

3g1/3θ1/3

)1/2

, (5.21)

B =
dCDe

9θ

(
q2

gθ

)1/3

+
A2

3

(
q2

gθ

)
−1/3

. (5.22)
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With G now fixed the analytical steady state solution for the entire domain can now

be determined and is presented in Figures 5.7, 5.9, 5.11 and 5.12 for four different

experimental slopes.

5.3.3 Numerical simulation of modified St Venant equations

With a discontinuity in the water depth at both the entrance (x = 3.9 m) and exit

(x = 4.1 m) of the nail bed, the computational domain is split in three sections

covering (i) upstream of the nail bed, (ii) nail bed itself and (iii) downstream of the

nail bed. Application of mass and momentum continuity (equations (5.13)) at the

entrance and exit of the nail bed provides the coupling conditions between the three

domains. The right hand side boundary conditions of the last section are taken as

transmissive boundaries.

Table 5.1: Experimental measurements and simulation results of the water depth and
the length of the hydraulic adjustment zone for boundary flux q(x = 0) = 2.27×10−3

m2s−1, slope S0 = 0.034 and S0 = 0.052 from [105].
Slope S0 D1 (m) D2 (m) Bi (m)

Measurement 0.034 0.0051 0.0224 0.236
Simulation 0.034 0.0051 0.0219 0.25

Measurement 0.052 0.0046 0.0208 0.112
Simulation 0.052 0.0046 0.0203 0.13

Table 5.2: Experimental measurements and simulation results of the water depth and
the length of the hydraulic adjustment zone for boundary flux q(x = 0) = 2.02×10−3

m2s−1, slope S0 = 0.016 and S0 = 0.034 from [106].
Slope S0 D1 (m) D2 (m) Bi (m) Bf (m)

Measurement 0.016 0.005 0.020 0.46 0.71
Simulation 0.016 0.005 0.022 0.63 0.69

Measurement 0.034 0.003 0.017 0.22 0.33
Simulation 0.034 0.003 0.020 0.15 N/A

Two sets of simulations were carried out to compare with the experimental measure-

ments from [105, 106]. Both analytical and numerical solutions are presented for all

cases. The numerical calculation was set to run for t = 60 seconds to ensure the flow

could reach the steady state.

Both sets of experiments were for a nail density of e = 10, 200 nails/m2, results in a

nail volume fraction of φ = 0.12 and nail porosity θ = 0.88.
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In the first set of simulations, the boundary flux was q(x = 0) = 2.27 × 10−3 m2s−1

and slopes were S0 = 0.034 and S0 = 0.052. In Table 5.1 we presented the numerical

approximation, the analytical solution and the experimental measurements from [105],

where Bi is the length from the hydraulic jump to the nail bed with no deposited

sediment in the hydraulic adjustment zone.

The curve fitted drag coefficient obtained in [105] and given by CD = 1.85 was used

in the numerical simulations. Taking an average height in the nail bed results in a

stem Reynolds number of 534 and 562 for the 0.034 and 0.052 slopes respectively.

Compared with the CD data given in Figure 5.3, the value of 1.85 is slightly low.

However, the length of the nail bed in the experiments of [105] is (20 cm) and covers

a narrow isolated strip with the flow domain, whereas the data that generated Figure

5.3 came from vegetation covering the entire flow domain. Hence a lower CD in the

nail bed experiments is consistent.

The results are also presented in Figures 5.7 and 5.9 against the analytical solution,

and the measured water depth and the measured position of the shock which are

shown in red dashed lines. The actual measured shape of the hydraulic jump and flow

profile through the nail bed are shown in Figures 5.8 and 5.10. Overall the agreement

between both the numerical and analytical solution is quite good given that the

height at the inside of the nail bed exit was assumed to be at critical flow. The match

against experimental data is very good and encouraging in that the position of the

shock and the depth at the nail bed entrance are reliably captured by the numerical

scheme. These results strongly suggest that the St Venant equations combined with

a drag closure model can reproduce the main flow characteristics through emergent

vegetation, or filter strips.

The second set of simulations are for q = 2.02 × 10−3 m2s−1, and stem Reynolds

numbers of 505 and 522 for the slopes of 0.016 and 0.034 respectively. Table 5.2

presents the results of the key numerical values along with the experimental data

from [106]. The variable Bf corresponds to the length of the hydraulic jump after

sediment has been added to the flow and is discussed further in the next section. This

particular experimental case has been used as it is the only one for which transported

and deposited sediment has been measured along with the hydraulic variables. While

good matches with the hydraulic data could be found, no simulated result for Bf has

been presented in Table 5.2. It was not possible to produce a value which was in line

with the measured Bf and put this down to the lack of reliable detailed information

on how the experiment was carried out as well as the measurement accuracy.
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Figure 5.7: Numerical approximation of LwLf4 and ODE solution for slope S0 =
0.034.

Figure 5.8: The experimental measurements of water depth for slope S0 = 0.034,
from [105].
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Figure 5.9: Numerical approximation of LwLf4 and ODE solution for slope S0 =
0.052.

Figure 5.10: The experimental measurements of water depth for slope S0 = 0.052,
from [105].
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Figure 5.11: Numerical approximations of LwLf4, ODE solution and experimental
measurements of water depth for slope S0 = 0.016. The lower plots are the enlarged
area of discontinuities.

Comparison between the Lwlf4 numerical results, the steady state analytical solution

and experimental measured flow depths are shown in Figures 5.11 and 5.12. While

the numerical and analytical solutions again have good agreement, the match with

experimental data is disappointing and intriguing. For the lower slope (Figure 5.11

) the distance from the nail bed to the hydraulic jump is significantly overestimated,

but the peak height at the entrance to the nail bed is predicted quite well. For the

higher slope (Figure 5.12), the position of the hydraulic jump is underestimated while

the peak height at the nail bed entrance is overestimated by around 15%. The drag

coefficient could be reduced from 1.85 in order to lower h at the nail bed entrance

for Figure 5.12, but this would be in contradiction to the findings of [113] where

CD should increase as Res has decreased from 534 (Figure 5.7) to 522 (Figure 5.12)

for the same slope S0 = 0.034. That said, the difference in the Reynolds number is

small and therefore suggests that the same value of the drag coefficient is suitable

and any reduction in CD would only result in the hydraulic jump moving closer to
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Figure 5.12: Numerical approximations of LwLf4, ODE solution and experimental
measurements of water depth for slope S0 = 0.034. The lower plots are the enlarged
area of discontinuities.

the nail bed. The other possible explanation for the poor agreement with the data

could arise from measurement error. For example the measured flow depth upstream

of the hydraulic jump is given as 3 mm but no estimate of the error in this value

is given. Clearly any increase in this value will move the hydraulic jump upstream

and closer to the measured position. This would also result in a decrease in the

predicted height at the entrance to the nail bed and an overall better agreement with

the experimental data. Similarly a lowered measured inflow depth for the experiment

of Figure 5.11 would also result in the numerically determined hydraulic jump moving

downstream and closer to the measured position. With Figures 5.11 and 5.12 over

and underestimating respectively the position of the hydraulic jump and that no

information has been provided by [106] on measurement error, there exists no basis

on which to alter these values other than simply improving the curve fit to the data.

Consequently it was not possible to validate the simulated results any further against

the measurements from [106], because of the limited information provided in [106].
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Hence we continue to use CD = 1.85 in the following section where we attempt to

model the sediment transport data.

5.4 Sediment evolution in the flow

Table 5.3: Parameter values for simulating the sediment evolution in the flow.
Parameters Values
S0 0.016
h(x = 0) (m) 0.005
q (m2/s) 0.00202
Ωcr (W/m

2) 0.005
m∗ (kg) 1.0
F 0.8
α 1

c0 (kg/m3) 35.4
Darcy-Weisbach f 0.038
Nail density e (nails/m2) 10200
ρs (kg/m

3) 1900
T (s) 14
θ 0.88
Mass released (kg) 0.5

The modified St Venant equations (5.6) have been tested for simulating the position

and height of a hydraulic jump as well as the flow depth through the buffer strips.

Now we shall simulate the transport of sediment down the flume. The complete

modified HR model including bed evolution is used for the simulation. As stated at

the beginning of this chapter, the flume is initially empty of sediment and no rainfall

was applied, so there is no entrainment term (ri = 0) or detachment terms (ei = 0,

edi = 0) operating. The bedload flux term was neglected as it was expected to be

negligible through the nail bed. Then the boundary conditions of mi and z are not

needed.

The experimental initial conditions are ci(x, 0) = 0 and mi(x, 0) = 0 along the flume,

with a boundary condition of incoming concentration ci(x = 0, t ≤ T ) = pic0 and

ci(x = 0, t > T ) = 0, where T is the time for releasing sediment mixed water at

the top. The right hand side boundary conditions of the concentrations are taken as

ci(L, t) = ci(L−△x, t). All the parameter values which used for the simulation and

presented in Table 5.3, including the critical stream power Ωc, are taken from [106],
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however m∗ and F were determined through curve fitting the numerical results to the

experimental data.

The experimental results were presented using I = 7 sediment size classes, where i = 1

being the smallest size class. The soil used in the experiment was a strongly structured

dark redish brown clay loam. The diameter of each size class dri and the percentage

mass distribution (pi) of mean aggregate size of the soil prior to introduction into

the flume are presented in Table 5.4. These are used to calculate the corresponding

settling velocities vi by Cheng’s equation [17] as given in appendix B. The calculated

settling velocities are presented in Table 5.4.

Table 5.4: Mean size, settling velocity and mass distribution for each sediment size
class

Size class i=1 i=2 i=3 i=4 i= 5 i= 6 i= 7
Mean size dri (mm) 0.053 0.178 0.375 0.75 1.5 2.4 3.775

Settling Velocity vi (m/s) 0.0093 0.0315 0.0611 0.0852 0.1148 0.1426 0.1870
Mass distribution pi 0.04 0.09 0.13 0.14 0.15 0.17 0.28

It has been shown that there is a discontinuity in h at both the entrance and exit

of the nail bed but the possible continuity of ci, mi, or z have yet to be determined.

At both the entrance and exit of the nail bed (as well as the upstream stationary

hydraulic jump), the following conditions must be satisfied

[q]21 = 0, (5.23)

[qci]
2
1 = 0. (5.24)

The hydraulic flow regime is set at a constant q, thus q1 = q2. Then from (5.24), we

must have ci1 = ci2 and therefore ci is continuous throughout the flow domain. Since

there are no bedload flux terms in both the mi and z conservation equations, then

these variables are also continuous throughout the flow domain.

A pre-running time t = 60 seconds was set to ensure the flow reaches its steady

state. Then sediment was released for T = 14 seconds from the top of the flume.

In the original experiments, the width of the flume is 0.5 m. The authors decided

to remove the effect of the flume walls, so that the measurements of the total mass

and individual mass were collected from the middle 0.4 m width of the flume. The

measured data of deposited sediment mass of each size class in Figure 5.13 is given

as kg m−1, which means kilogram per unit metre length per 0.4 metre width. The

data presented in their paper is considered to be a 1-D problem, but the disregarded
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Figure 5.13: Experiment measurement of spatial distribution of mass of each size
class sediment in the deposition area [106].
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Figure 5.14: Numerical simulation of spatial distribution of mass of each size class
sediment in the deposition area.
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sediment mass outside the 0.4 m section is significant. In addition they did not clearly

state the finishing time of each experiment, therefore it is difficult to determine when

the simulation should end. Without considering the effect of the flume wall, the 1-D

numerical simulation is presented in the unit of per 0.4 m width of the flume. Due to

the fact that we were simulating the deposited mass in the hydraulic adjustment area,

and the lack of information about the experiment stopping time, we now provide an

extra condition about the deposited mass for the numerical calculation to stop. When

the total mass of all sediment within the hydraulic adjustment zone dropped below

0.139 kg the calculation was stopped. This condition was based on the measured

mass of deposited sediment obtained at the end of the experiment.

Figure 5.15 shows the cumulative mass of all deposited sediment within the deposited

zone (between the hydraulic jump and the entrance of the nail bed) for both the exper-

imental and simulated data, plotted against mean aggregate size. This is equivalent

to a plot of the cumulative particle size distribution of the deposited sediment in this

zone. Considering the lack of detailed data on various timings in the experiment,

the results showed a remarkable level of agreement with experimental data. The

prediction of the spatial distribution of this deposited sediment is much more diffi-

cult though, as shown by the comparison between Figures 5.13 and 5.14. However,

both the measured spatial trends of the data and the distribution of size classes at a

given location are captured quite well. The two more obvious discrepancies occur (i)

just after the hydraulic jump where model significantly under predicts the amount

of deposited sediment, and (ii) at the region closer to the nail bed where the model

over-predicts the amount of deposited sediment.

There are a number of possible reasons that could explain these differences, with

the main reason most likely being that the flow through the flume wasn’t truly one-

dimensional. There were significant lateral flow velocities at the hydraulic jump which

diverted a lot of sediment towards the sides of the flume (personal communication:

C.W. Rose) which is why they only considered the sediment within the middle 0.4

m of the flume and discarded that sediment against the flume walls. Because of

the transverse flow components the sediment will travel more slowly through the

deposition zone than it would under purely one-dimensional flow. Hence you would

expect to find that there will be more sediment in the deposition zone near the

hydraulic jump and less near the nail bed. This is exactly what is found when

comparing the experiments to the numerical simulations as shown in Figures 5.13

and 5.14. The erodibility can also affect the amount of deposited sediment in the
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Figure 5.15: Mass of deposited sediment in the deposition zone presented in a cu-
mulative manner commencing with finer sediment, and plot against mean aggregate
size.

hydraulic adjustment zone. By reducing the parameter F , you would see an increase in

the deposited mass of larger particles nearer the hydraulic jump and a corresponding

decrease towards downstream distances. There will be less of an effect on the smaller

size classes which transport mainly in suspension. If F is decreased nearer to 0.08

(as used in earlier chapters), then this results in nearly all the finer material being

transported through the hydraulic adjustment zone and out of the filter strip as

well. While the larger size classes still remain, the total sediment mass within the

adjustment zone always remains much smaller than the experimental data. Hence

much higher F values are required here to approximately reproduce the measured

data. There is very little detailed data provided by [106], so that it is not possible to

fine-tune the parameters. Thus we have no basis to change the current values that

give a reasonable prediction of the data. Interestingly while the prediction of the

position of the steady state hydraulic jump was not that good, its final position due

to movement from depositing sediment was predicted quite well (Table 5.2).

Several other possible causes for the differences may be attributable to (i) the settling
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velocities of mean aggregate size can easily differ from actual settling velocities, (ii)

larger particles may actually break down during transport and this processes would

lead to time-varying changes in pi, and (iii) the need to include a turbulence model in

the depth averaged momentum equation to better account for the non-uniform flow

and the turbulent stresses in the hydraulic jump ([40, 62]).

5.5 Conclusions

In this chapter, we have shown that the St Venant equations can be modified with

flow resistive elements to simulate the flow through buffer strips. The stationary

jump condition shows there are hydraulic discontinuities at the entrance and the

exit of the nail bed. Therefore the domain is broken into several sub-domains for

solving it numerically and analytically. The simulations show that the prediction of

hydraulic jump formation is very good for small slopes. The numerical simulation

of sediment evolution in the flow shows that the prediction of both deposited mass

distribution within the hydraulic adjustment zone, or the cumulative mass in each size

class agree quite well with the experiment data. From this 1-D buffer strip application

we are confident that the modified HR model is capable of simulating multiclass sized

sediment transport under complex flow conditions.
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Chapter 6

Suspended sediment transport and
hysteresis loops

This Chapter looks at the ability of the HR model to reproduce the various known

types of hysteretic loops that result when plotting suspended sediment concentration

(or flux) against the water discharge at the catchment outlet. Clockwise, counter

clockwise and Figure 8 loops of both flow orientations are known to occur. They have

often been described as being dependent on initial sediment supply conditions within

the catchment along with suspended sediment travel times to the measuring point,

however no commonly used erosion model has been able to reproduce these loops. To

identify the physical mechanisms behind the different shaped hysteresis loops, only

laboratory scale conditions are considered for our simulations whereby rainfall rate,

bed slope and all soil parameters are constant over the solution domain. Through the

inclusion of the deposited layer in the HR model, different initial sediment states can

be modelled for the flume. It is shown in this Chapter that this is sufficient to produce

all known loops under a single peak rainfall erosion event. The effects of sediment

size distribution and multiple peak rainfall events are also examined. Interestingly it

is found that complex surface topology or rainfall patterns are not required in order

to produce complexity in the discharge hysteresis loops.

6.1 Introduction to the hysteresic discharge loop

Understanding the transport of sediment due to overland flow is important with

respect to determining pollution fluxes, extent and volume of fertile soil loss and de-

signing land management scenarios. Suspension is the major transporting mechanism
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in both overland and stream flow. An increased load of suspended sediment generally

shows a positive correlation with the water discharge.

Figure 6.1: Suspended sediment concentration and the water discharge plots for dif-
ferent rainfall events at different dates through Janurary to February in 1972 [131].

The phenomenon of hysteretic flow of the suspended sediment was found by studying

the relationship between the suspended sediment concentration c and the water dis-

charge q [127]. Observations of river flood events have shown that the concentration

of suspended sediment is not a unique function of the flow discharge. In general,

the studies of hysteresis loops were based on measured data though time at a fixed

location. Therefore, a hysteresis loop is defined as the multi-valued curve represent-

ing sediment concentration or sediment discharge against water discharge at a given

location x in the flow domain.

The phenomenon of hysteretic flow was originally found in river flow studies [5, 6, 49,

125]. Wood [131] found clockwise and single valued loops in the River Rother, West

Sussex, England. The suspended sediment concentration and the water discharge

from the same catchment were measured at different dates in 1972. The results from

this study are shown in Figure 6.1. The points are the measurements while the

solid line with arrows shows the flow orientation of the hysteresis loops. The water

discharge for multiple peaked events or events in rapid succesion with a duration of
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hours to days exhibit complex behaviour through time, resulting in very complicated

shapes of hysteresis loops and flow orientations.

Williams [127] carried out a more comprehesive study on the formation of hysteresis

loops and was the first study to systematically explore and classify all types of c− q

relations. This was done for a single hydrologic event by qualitatively analyzing the

temporal c and q graphs in terms of their mode, spread and skewness. For a single

hydrologic event, the peak of water discharge separates the temporal hydrograph

into two basic time zones, the rising and falling limbs. In each zone, the direction

of change in concentration implies a different flow orientation. Williams tried to

provide a simple graphical explanation for each type of c − q relation by comparing

the c/q ratios on the rising and falling limbs of the discharge hydrograph. A number of

studys, for example, ([5, 6, 94, 131]) were included in the Williams’ study to determine

different types of hysteresis loops. Those work shows that there are 5 common types

of hysteresis loops: single valued, clockwise loop, counter-clockwise loop, single valued

plus a loop, and figure eight. We will employ some of the graphical explanations for

c− q relations in our study.

Clockwise, counter-clockwise and figure 8 shaped loops are basic types which are

commonly formed during rainfall events and experiments [108]. In a clockwise loop,

there is rapid increase in the sediment concentration at the beginning of an erosion

event. However, the sediment sources are limited and rapidly depleted so that a

decrease in c(t) occurs before the decrease of q(t). In general, the peak of sediment

concentration reaches the catchment outlet before the peak discharge. In a counter-

clockwise loop, the peak of sediment concentration reaches the outlet after the peak

discharge. This may be due to a difference in the travel distance between the runoff

and sediment generating areas. For counter-clockwise loops, the sediment sources are

usually widespread throughout the catchment and not exhausted rapidly. The figure

8 shaped loop is considered to be the transition state between clockwise and counter-

clockwise loops. The occurrence of the figure 8 shaped loop is more complicated, so

it is less observed than the other two cases.

The occurrence of the different types of hysteresis loops depends on many factors,

such as the average slope, the rainfall precipitation pattern, the soil moisture and

various soil properties [64, 108]. With the catchment scale ranging over hundreds

to thousands of square kilometers, factors such as the slope, surface roughness, soil

composition, the non-cohesive soil distribution on the surface, rainfall pattern, soil

moisture and porosity will have large variations across the catchment area. Even
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within the same catchment area, a hysteresis loop is not duplicated through different

erosion events.

Seeger [108] presented a study of hysteresis loops at Arnas, a Mediterranean head

water catchment in the central Spanish Pyrenees. They considered that the rainfall

has a significant contribution to the formation of hysteresis loops. Their study stated

the soil moisture and rainfall characteristics are important for the generation of runoff

in small headwater catchment area. These factors affect the infiltration capacity

and the detachability of the soil surface. The soil moisture was recorded before

each flood event, along with the precipitation rate. Their data and analysis showed

that there were 3 common types of hysteresis loops, clockwise, counter-clockwise

and figure eight from their measurements of different flood events. Their results

also showed that the clockwise loop was generated under high but spatially limited

moisture conditions. When the runoff generation is limited to areas near the channel,

a rapid displacement of the sediment from sources near the channel could cause a

rapid initial increase in concentration so that the concentration peak occurred before

the discharge peak and this phenomena indicated that the sediment source was limited

and raplidly depleted. The counter-clockwise loop occurred when the soil was highly

saturated all over the catchment and the runoff contributing areas covered the whole

catchment. The sediment sources were widespread and not exhausted rapidly. The

concentration reached its peak at a later time than the runoff. In their study, a

figure eight loop is considered to occur when the soil moisture of the catchment is

far below saturation and the hydraulic conductivity of the soil matrix is very low.

Hence easily eroded sediment and runoff generation near the channel will produce

clockwise start to the loop. As the soil becomes saturated, in combination with higher

rainfall intensities, the runoff generation from the outer catchment will produce high

runoff discharge which leads to a counter-clockwise loop. As the rainfall decreases

the sediment concentration peak arrives after the water discharge peak. Since the

sediment sources are limited and exhausted during the event, sediment production

decreases faster than runoff and the loop becomes clockwise again.

In terms of erosion experiments that have looked at hysteresis, there is really only the

study of Polyakov and Nearing [96]. In this paper a set of well-controlled steady state

flume experiments were carried out which showed that for the same soil type, bed

slope, and water discharge, different steady state suspended sediment concentrations

were found between net erosion (zero sediment flux at x = 0) and net depositional
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(high sediment flux at x = 0) flow conditions. In addition it was found that the con-

tributions of the individual size classes also differed between the two flow conditions.

Consequently their study showed that the total transport capacity ( Tc ), as well as

the transport capacity of the separate size classes, was not a unique function of the

water discharge q. This is a major limitation of the transport capacity concept which

had assumed such a unique relation and is used all erosion models, except the HR

model. WEPP has tried to account for the effects of the eroded size distribution on

Tc by developing modified empirical formulae, however this is unsatisfactory from a

physical point of view. The transport capacity at any given time and spatial loca-

tion, for any particular flow condition, evolves from the flow itself and is due to the

balance between three separate erosion mechanisms, gravity deposition, rainfall and

runoff detachment. It is, therefore, an outcome of, and not an input to, the erosion

process.

A second problem with these models is that they only deal with suspended sediment

and have no mechanism for dealing with the initial state of sediment on the bed

surface, or changes in the cohesion of surface sediment. The different shapes of

hysteresis loops have all been explained in the literature as being dependent on the

availability, or lack of availability, of easily eroded sediment distributed within a

catchment. This is effectively referring to loose cohesion-less sediment deposited

during a previous erosion event and the erodibility of these regions is much higher

than that of the underlying cohesive soil. In models which only consider sediment

that is in suspension, at the start of an erosion event these models could be dealt with

through a higher erodibility coefficient. However, as this material is removed during

an erosion event, the erodibility coefficient then has to reduce to account for the

increase in cohesion as the underlying soil is exposed, i.e. the coefficient would have

to become time dependent. Clearly this is again unsatisfactory from a mathematical

or physical viewpoint to introduce time dependent coefficients. It would be impossible

to define not only the form of the time dependence, but also the effect of the size

distribution and depth of the deposited regions. Consequently it is necessary for an

erosion model to consider that the sediment can be in either of the two different states

of suspension or deposition on the bed. This then permits different initial conditions

for the deposited sediment to be defined to account for the presence of (or lack of)

easily erodible sediment prior to erosion commencing.
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6.2 Simulating hysteresis loops with the HRmodel

The simulations are carried out for a laboratory flume scale on a flow domain being

7 m in length and having a slope of 0.03. The domain is considered to be fully filled

with unlimited cohesive soil, but different amounts of easily eroded sediment can be

considered on top of the cohesive sediment. In real site observations or experiments,

there is usually only one location where the measurements are taken. However, our

simulations will provide the qc−q graph at 2 locations along the flume. In this chapter,

we will vary the initial and boundary conditions to produce different flow orientations

in the qc − q plots through time, and we also want to show the contribution of the

size class distribution on the formation of different types of hysteresis loops.

6.2.1 The rainfall simulation

For a flume composed of a saturated soil on top of an impermeable bottom, the

infiltration rate can be neglected and Ir = 0, so that R = P . A single peak rainfall

function was presented in chapter 4 (4.4) and in this simulation of the hysteresis

loops, we consider three different rainfall conditions. For a single peak rainfall over

50 mins, we will choose bf = 10 hr−1 and R0 = 400 mm hr−1. For a single peak

rainfall of longer duration (100 mins), then bf = 5 hr−1 and R0 = 400 mm hr−1. For

a multiple peak rainfall event covering 100 mins, we will repeat the 50 mins rainfall

function for t > 50 mins as shown in equation (6.1). The rainfall functions for the 3

different cases are shown in Figure 6.2.

R(t) =

{
R0e

−bf t(1− e−bf t) for t < 3000 s,

R0e
−bf t(1− e−bf t) +R0e

−bf (t−3000)(1− e−bf (t−3000)) for t ≥ 3000 s.
(6.1)

In the expressions for the rainfall detachment (2.14) and re-detachment (2.16) terms,

the detachability coefficient of the original soil a and the detachability coefficient of

the deposited layer ad are functions of the water depth h, a = a0(
hb

h
)b kg/m3 and

ad = ad0(
hb

h
)b kg/m3 for h > hb, respectively. The expressions show that the erosive

power of a raindrop on soil surface reduces when the water depth increases. Otherwise

a and ad are constants when the water depth is small (h < hb). Figure 6.3 presents

a(h) and ad(h) for a0 = 200, ad0 = 1900, b = 0.7 and hb = 10−2 m.
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Figure 6.2: The rainfall function of 50 mins period, 100 mins period and double peak.
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Figure 6.3: The detachability coefficient of the original soil a and the detachability
coefficient of the deposited layer ad as a function of h.

6.3 Numerical simulation

Because of small water depth across the domain, the magnitude of changes in bed

elevation during the simulation period are also extremely small (approximately 10−4
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to 10−5 m in the changes of z). Although the bed elevations are included in the

simulations, they are not presented in this chapter. The simulations are carried out

for three sets of different boundary and initial conditions. The first set is for a non-

zero water depth, and clear water inflow at x = 0 or h(x, 0) = h0 6= 0, q(x, 0) = q0 6= 0,

and h(0, t) = h0, q(0, t) = q0. Zero initial and boundary conditions are imposed for

the concentrations of each size class ci(x, 0) = ci(0, t) = 0.

The second set is for a dry initial surface flow. The initial and boundary conditions

of the hydraulic equations are given as h(x, 0) = q(x, 0) = 0, and h(0, t) = q(0, t) = 0.

In this case, due to the zero water depth both the initial and boundary conditions

for ci and mi cannot be given arbitrarily, but they are determined from consistency

conditions on the sediment characteristic equation as discussed in Chapter 4.

In the third set, we will choose more complicated initial mi conditions and rainfall

conditions to carry out the simulations in order to produce hysteresis loops with more

complicated flow orientations.

Table 6.1: Parameter values used for the hysteresis loop simulations.
L 7 m
S0 0.03

n 0.05 s m−1/3

Ωcr 0.02 W m−2

m∗ 2.5 kg

Five different sediment size classes were considered (I = 5) and the proportion of

sediment size classes in the original soil (pi) and their settling velocities (vi) are taken

from Table 3.1. In a few of the simulations, we consider the proportion of sediment

size classes to be equal, as pi = 1
I
= 0.2. By comparing hysteresis loops between

equal and non-equal size class proportions, the role or contribution of the size class

distribution on the shape of the loops should become clear. The right hand side

boundary conditions are taken as transmissive boundaries in all the simulations.

As the soil particles in deposited layer are defined as non-cohesive and therefore easily

eroded, they can have more of a contribution to erosion than the original soil layer.

Thus, deposited sediment can be considered as erosion source distributed along the

flume. In all the simulations, we attempted to produce all different kinds of hysteresis

loops by applying different initial conditions for the mass in deposited layer. Most

of the parameter values are taken from Table 3.2 [96], where the HR model was used

to successfully predict the measured transport capacity under net deposition and net
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detachment conditions in chapter 3. The different parameter values are presented in

Table 6.1.

6.3.1 First set: Surface flow with non-zero initial and bound-

ary water depth

The initial and boundary condition on water depth and discharge are given as h0 =

1.2 × 10−3 m and q0 = 4.8 × 10−5 m2 s−1. For the single peak rainfall function,

having bf = 10 hr−1 and R0 = 400 mm hr−1, the rainfall duration is approximately

50 minutes with the peak intensity of 100 mm hr−1 (Figure 6.2(a)) occurring around

4.2 minutes.

6.3.1.1 Counter-clockwise Loop
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Figure 6.4: Concentration c and hydrograph discharge q as a function of time for
initial conditions of (6.2).

In this case, initial mass in deposited layer is taken to be zero

mi = 0, at t = 0, (6.2)

which implies there is no supply of easily eroded material available on the soil surface.

Figure 6.4 shows that the temporal concentration graph has a single peak around 8
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Figure 6.5: Sediment flux qc against q showing a counter-clockwise hysteresis loop.

minutes and occurs after the discharge peak at about 5 minutes. The phase plot

(Figure 6.5) of qc against q clearly shows counter-clockwise loops at both the middle

and the end of the flume. Since q is an increasing function of x, the size of the

hysteresis loops at the upper part of the flume is always greater than in the lower

part. The suspended sediment initially all comes from the original soil layer. Because

it requires more energy to erode cohesive soil as compared to non-cohesive soil the rate

of increase in concentration is slower. Since the stream power increases along with

the rising limb of the hygrograph, the suspended sediment is generated under a net

erosion condition. On the falling limb where a net deposition condition now occurs,

there is a well-developed deposited layer of non-cohesive soil which is far easier to

erode and transport than the cohesive soil. Even though the deposited layer becomes

dominated by heavier larger particles during the rising limb of the hydrograph, on the

falling limb with the flow depth decreasing, the smaller particles begin to contribute

to this layer as well. With the combined effect of this layer being cohesionless, and the

input of the smaller particles, then for the same discharge, the sediment flux is larger

under the net deposition conditions than the net erosion conditions at the rising limb.
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Figure 6.6: Concentration c and hydrograph discharge q as a function of time for
initial conditions of (6.3).
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Figure 6.7: Clockwise hysteresis loop.

6.3.1.2 Clockwise Loop

Clockwise loops are most commonly seen when the peak of the sediment concentration

appears before the peak of the water discharge at an observation point, and the
100



sediment flux qc normally grows faster than q [108, 127]. The clockwise loop is said

to occur when there is a source of the easily eroded sediment at the begining of an

erosive event. It sometimes can be considered that a previous erosion event results

in eroded sediment forming a fully developed deposited layer. These conditions are

simulated by applying a non-zero initial condition for the mass in deposited layer.

Therefore, the initial conditions can be given as

mi = pim
∗, at t = 0. (6.3)

In the field, a clockwise loop is considered to be more common during the early part

of a rainfall event [109]. At the beginning of a rainfall event, non-cohesive particles

from the deposited layer results in a rapid increase in the concentration. As this layer

is depleted, more of the original less cohesive soil is exposed. Secondly as the event

evolves, the deposited layer becomes increasingly dominated by the larger sediment

size classes. Thus considering the same situation occured around discharge on the

rising and falling limbs of the hydrograph, the suspended sediment concentration

will be lower on the falling limb as there is more cohesive soil and predominately

larger deposited particles being eroded. As q decreases further on the falling limb,

the deposited layer will again start to fully cover the original soil. However this layer

will now be comprised of a far greater proportion of larger particles compared to its

composition for the same q on the rising limb. Hence c is always going to be lower

for the same q on the falling limb of the hydrograph.

The sediment flux qc against discharge q plot in Figure 6.7 clearly shows a clockwise

hysteresis loop. The hysteresis loop in the middle of the flume is also shown in Figure

6.7 and due to the uniform initial condition this loop is also clockwise.

6.3.1.3 Figure 8 Shaped Loop

A figure 8 shaped loop can be considered as the transition state between a counter-

clockwise and a clockwise loop [5, 108, 127]. In general, the shape of figure 8 loop

depends on the distribution of easily erodible sediment sources.

Consider the initial condition of

mi = 0.1× pim
∗, at t = 0, (6.4)
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Figure 6.8: Concentration c and hydrograph discharge q as a function of time for
initial conditions of (6.4).
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Figure 6.9: qc against q plot for figure 8 shaped hysteresis loop.

which gives an easily erodible source of available sediment at t = 0. Figure 6.9

shows that qc − q plot has a clockwise trend for small t (stage 1), however as this

initial condition corresponds to H = 0.1 and the discharge is on the rise, the initial
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Figure 6.10: qc against q plot along x axis for different hysteresis loops.

deposited layer is quickly depleted. This results in more of the cohesive underlying

soil being exposed as well as the deposited layer becoming more dominated by the

larger particles. Hence stage 2 moves across towards a counter-clockwise path, similar

to the case of a zero mi initial condition. Once the discharge peak has passed then

we are again in the next deposition regime where the sediment flux is dominated by

particles from the deposited layer and we see the continuation of the counter-clockwise

loop in stage 3. Stage 4 is really just a further continuation of this loop, but it drops

below the stage 1 curve due to the lack of the fine sediment that was available in

stage 1. Hence a figure 8 loop result is shown in Figure 6.9.

Figure 6.10 presents the qc− q plots at x = 0.5 m, x = 0.75 m, x = 4 m and x = 7 m

along the flume. The sharp turn at the begining of the plot x = 0.5 m and x = 0.75

m is due to the concentration difference between the initial condition and the value

at first ∆t data point. The actual difference is very small, so that we do not see it

in the other two plots. At various locations, these plots show a very different flow

orientation. The plot of qc − q at x = 0.5 m is a clockwise loop while at x = 0.75
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m it is a figure 8 loop. Plots at x = 4 m and x = 7 m are also figure 8 loops, but

they are much more like a counter-clockwise loop. Therefore we see that the location

of a gauging station to the erosion sediment sources is very important to the type

of hysteresis loop generated. The kinks in the qc − q plots and the c(t) plots are

where Ω crosses the threshold Ωcr (where qcr = 5.3× 10−5), so that the entrainment

and re-entrainment processes become activated. In the next section, we will simulate

the dry surface flow by using the HR model and the approximations from chapter 4.

With the same initial set ups we expect to see same hysteresis loops being produced.

This is a good way to verify the dry surface approximation in chapter 4.

6.3.2 Second set: Dry surface flow (h = q = 0 at x = 0)

In this case, the initial conditions of the hydraulic equations are given as h = q = 0 at

t = 0. Since there is no water depth for both the initial and boundary conditions, the

initial and boundary values of ci can not be assigned arbitrarily. Therefore we can use

the approximations from chapter 4 to provide the initial and boundary conditions for

ci. Because the water depth starts from h = 0, we need an initial approximation to

get away from the h = 0 singularity. We can use the approximation of equation (4.17)

as the initial conditions to the dry surface simulation. The boundary concentration

value can be calculated by the expression (4.24).

In chapter 4, we have presented an approximation (4.32) to boost the computational

efficiency for the calculation at small water depths. The physical explaination is

that when the water depth is very small, there is not enough energy for the flow

to erode sediment from the surface, so that sediment transport is only a balance of

horizontal transport, rainfall detachment, re-detachment and deposition. We again

apply a single peak rainfall function as shown in Figure 6.2a.

6.3.2.1 mi = 0 at t = 0

The initial mass in deposited layer is taken to be zero. As we expected to see in the

non zero boundary simulation, the lack of non cohesive sediment produces a counter-

clockwise loop. The plot of the temporal graph (Figure 6.11) is very similar to Figure

6.4. The concentration reached its peak after the water discharge. Due to the smaller

q(t) compared with Figure 6.4, c(t) is also smaller. Figure 6.12 shows that the qc− q

plots at x = L/2 and x = L are both counter-clockwise hysteresis loops.
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Figure 6.11: Concentration c and hydrograph discharge q as a function of time for
initial condition mi = 0.

0 0.002 0.004 0.006 0.008 0.01 0.012
0

0.005

0.01

0.015

0.02

0.025

q(x,t) m2 min−1

qc
(x

,t)
 k

g 
m

−
1  m

in
−

1

x=L/2

2

1

x=L

Figure 6.12: Sediment flux qc against q plot for zero boundary flow with initial mi = 0
is a counter-clockwise hysteresis loop.

6.3.2.2 mi = pim
∗ at t = 0

In this case, the deposited layer is fully covered by the non cohesive sediment which

is also very similar to the non zero boundary simulation for the clockwise loop. The
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Figure 6.13: Concentration c and hydrograph discharge q as a function of time for
initial condition mi = pim

∗.
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Figure 6.14: Sediment flux qc against q plot for zero boundary flow with initial
mi = pim

∗ is a clockwise hysteresis loop.

comparison of temporal graphs are presented in Figure 6.13 which show the concen-

tration peak occurs before the water discharge with Figure 6.14 showing that the

qc− q plots at x = L/2 and x = L are clockwise loops.

106



0 5 10 15 20 25 30 35 40 45 50
0

1

2

3

4

5

6

c(
L,

t)
 k

g 
m

−
3

Time (t mins)
0 5 10 15 20 25 30 35 40 45 50

0

0.005

0.01

0.015

q(
L,

t)
 m

2  m
in

−
1

Figure 6.15: Concentration c and hydrograph discharge q as a function of time for
initial condition mi = 0.15× pim

∗.
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Figure 6.16: Sediment flux qc against q plot for zero boundary flow with initial
mi = 0.15× pim

∗ is a figure 8 loop.

6.3.2.3 mi = 0.15× pim
∗ at t = 0

Similarly to the conditions of section 6.3.1.3, the deposited layer is partially covered

with non cohesive sediment, consequently similar figure 8 shaped loops are obtained.

The comparison of the equivalent runs for zero or nonzero initial flow depth show

that the type of hysteresis loop is determined by the initial state of the deposited

layer and not the hydraulic conditions. This is in keeping with experimental findings

at the catchment scale.
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6.3.3 Third set: more complex loops
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Figure 6.17: The initial conditions of mass in deposited layer for more complex loop
simulations.

The important factors for the generation of complex hysteresis loop, as seen from

catchment data are the temporal rainfall patterns and the distribution of easily eroded

sediment sources in the flow domain. Therefore, we will simulate the above effects

at the flume scale by using different time varying rainfall conditions and spatially

dependent initial conditions for the mass in deposited layer, and investigate whether

their factors do determine loop complexity with different shapes and flow orientations.

The following simulations are carried out in three different groups.

6.3.3.1 50 mins rainfall with 1 or 2 isolated sediment sources

In the first group, a single peak rainfall function is used, with bf = 10 hr−1 and

R0 = 400 mm hr−1. The size class proportion pi is taken from Table 3.1. The

non zero boundary conditions are h0 = 1.2 × 10−3 m, q0 = 4.8 × 10−5 m2 s−1 and

ci(x = 0, t = 0) = 0. All other parameter values remain the same as those used

thoughout this chapter.
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• 1).

First consider an isolated patch of deposited sediment located between 6 and

6.5 m on the flume with the rest of the domain containing original cohesive

soil. The deposited sediment fully protects the underlying soil (i.e. H = 1) and

is assumed (for simplicity) to contain particles in the same proportions as the

original soil. Thus the initial condition for mi is given by

{
mi(0 6 x < 6, 6.5 < x 6 7) = 0,
mi(6 6 x 6 6.5) = pim

∗, at t = 0,
(6.5)

and shown by Figure 6.17a.
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Figure 6.18: Concentration c and hydrograph discharge q as a function of time for
initial conditions of (6.5).

Figures 6.18, 6.19 and 6.20 show c(t), q(t), qc − q and qci − q plots for the

initial condition of (6.5) at the end of the flume. For t < 3 min both c(L, t)

and qc(L, t) respond similarly to Figure 6.5 since they have the same initial

condition for x > 6.5 m (stage1). By t = 3 min though, some of the sediment

from the strip 6 < x < 6.5 m has reached the end of the flume resulting in both

c and qc at the flume exit increasing rapidly for a few minutes (stage 2). By

the end of this period a significant percentage of the finer particles that were

originally in this strip, and which make the greatest contribution to c, have been

transported from the flume. Thus c and qc start to decline through stage 3.

Rather than continuing decline in qc on the falling limb and forming a clockwise
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Figure 6.19: Figure 8 shaped hysteresis loop corresponding to the temporal graph on
Figure 6.18
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Figure 6.20: Concentration flux qci against water discharge q for i = 1, i = 2 and
i = 3.
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loop, it levels off and crosses the rising hydrograph limb. This is because the

easily erodible strip has not been fully depleted, and material from the strip is

still making its way out of the flume.

Due to the spatial variation of the erosion source, Figure 6.19 shows a different

shape of hysteresis loop at the end of the flume compared to at x = L/2.

However, since the initial condition for x < 6m is the same as in the counter-

clockwise loop case of mi(x, 0) = 0, Figure 6.19 shows that the sediment flux

qc and discharge q at x = L/2 is a counter-clockwise hysteresis loop, while the

plot of qc− q at x = L is a figure 8 loop.

The proportion of sediment size classes from Table 3.1 shows that the smaller

particles have a very large proportion in both original and initial non-cohesive

soil. Since the smaller sediment particles have lower settling velocities, they

would travel further in suspension than the others. The smaller particles are

naturally easier to be eroded from both the original and the deposited layer.

Therefore, the smallest size particles has the highest suspended sediment con-

centration. Figure 6.20 shows the qci − q plot for the smallest three size classes

i = 1, i = 2 and i = 3. The plot of qc1 − q matchs the same hysteresis loop as

the total concentration flux qc− q, but qc2 − q only shows a counter-clockwise

hysteresis loop at x = L. The rest of the size classes (i = 3, 4, 5) have much

smaller counter-clockwise loops. This simulation shows that the smallest sedi-

ment size class has the most importation contribution to the production of this

figure 8 loop.

• 2).

From the knowledge gained from the previous simulation, a figure 8 loop with

reversed flow orientation should be found by reversing the initial condition to

the previous case. Thus the flume is initially fully covered with easily eroded

sediment, with the exception of the region of 6 6 x 6 6.5 m where the original

soil surface is exposed (Figure 6.17b). Formally then, the initial conditions on

mi are given by

{
mi(0 6 x < 6, 6.5 < x 6 7) = pim

∗,
mi(6 6 x 6 6.5) = 0, at t = 0.

(6.6)

The numerical results from this simulation are shown in Figures 6.21, 6.22 and

6.23.
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Figure 6.21: Concentration c and hydrograph discharge q as a function of time for
initial conditions of (6.6).
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Figure 6.22: qc against q plot for figure 8 shaped hysteresis loop.

For this example the sediment discharge initially behaves as in Figure 6.7 and

qc at the flume exit rises quickly (stage 1 see Figure 6.22). This is followed by
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Figure 6.23: Concentration flux qci against water discharge q for i = 1, i = 2 and
i = 3.

Figure 6.24: Numerical results of Figure 6.19 and 6.22 and the plots of Figure 6d
from [28] and 6c from [86].

a sudden dip due to the rapid depletion of fine particles in the non-cohesive

sediment in the region 6.5 < x < 7 m and the lack of sufficient fine replacement

sediment being transported from the upstream cohesive region 6 < x < 6.5 m

(stage 2). At around 5 min (Figure 6.21) some of the initial loose non-cohesive
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sediment from x < 6 m has reached x = L. Both c and qc then increase rapidly

again before declining at a slower rate than previously due to the outflow of

loose sediment initially located from x < 6 (stage 3 to 4). This results in qc

crossing the rising limb and forming a figure 8 loop of opposite orientation to

that of Figure 6.22. Interestingly both Figures 6.19 and 6.22 closely mimic

Figure 6d from [28] and 6c from [86] respectively, obtained from catchments in

France and Austria. The plots of our numerical results and the plots of Figure

6d from [28] and 6c from [86] are presented in Figure 6.24.

Figure 6.22 also shows that the figure 8 shape hysteresis loop only occurs at the

end of the flume but not in the middle part of the flume. As the upper part

of the flume has the same initial condition as (6.3), the sediment flux qc and

discharge q at x = L/2 is a clockwise hysteresis loop.

Figure 6.23 presents the qci − q plot for the smallest three size classes i =

1, i = 2 and i = 3. As with Figure 6.20 it is again the smallest particle

which is responsible for obtaining the figure 8 shape with all the larger particles

producing loops whose size diminishes as the particle size increases.

6.3.3.2 100 mins rainfall with more sediment sources

In the second group, a more complex initial spatial distribution of non-cohesive sedi-

ment is used. Also to allow for the greater travel time for the larger particles to reach

the end of the flume, we extend the time period of the single peak rainfall function

to 100 mins with bf = 5 hr−1 and R0 = 400 mm hr−1. The non zero boundary condi-

tions are the same as before, and we take pi = 0.2, in order to examine whether the

smallest size class still determines the shape of the hysteresis loop when equal masses

are available in all size classes of the original cohesive soil.

• 1).

Consider an extension of the previous single isolated source of deposited sedi-

ment to three sources having an equal amount m∗ at 2 m to 2.5 m, 4 m to 4.5

m and 6 m to 6.5 m as shown in Figure 6.17(c) or,

{
mi(0 6 x < 2, 2.5 < x < 4, 4.5 < x < 6, 6.5 < x < 7) = 0,
mi(2 6 x 6 2.5, 4 6 x 6 4.5, 6 6 x 6 6.5) = pim

∗, at t = 0.
(6.7)
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Figure 6.25: Concentration c and hydrograph discharge q as a function of time for 3
isolated sources of deposited sediment for initial conditions ((6.7) and Figure 6.17(c)).
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Figure 6.26: qc against q plot for a double figure 8 shaped hysteresis loop.

Since 6.5 m to 7 m is original soil, we can see from Figure 6.26 the qc− q plot
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Figure 6.27: Concentration flux qci against water discharge q for i = 1, i = 2 and
i = 3.

must again start with a counter-clockwise trend at stage 1. As the sediment

from the first source reaches the end of the domain around t = 5 min, there is

a rapid increase in qc and denoted by stage 2. Once the concentration peak of

the first source has passed, the sediment flux drops very quickly (stage 3). Due

to the fact that we have extended the rainfall period to 100 mins, the extended

higher flows will transport more of the sediment from the second source area

to the end of the flume. We can see from Figure 6.25 that there is a second

concentration peak of similar magnitude to the first occurring around 12 mins.

This corresponds with the stage 4 rise in qc shown in Figure 6.26. At the falling

limb of the q−graph, the fast travelling fine particles from the third upstream

sediment source reaches the end of the flume and reduces the rate of decline in

the concentration and results in a final counter-clockwise finish. This is a much

more complicated hysteresis loop resulting from the combination of two figure

8 loops.

Figure 6.27 identifies the contributions of the first three size classes to the shape

of the hysteresis loop. As with all previous simulations, the finest particle size

has the dominant determining role in this aspect, being responsible for the two

peaks in Figure 6.26. However Figure 6.26 shows that both peaks are occurring

at a different discharge between the rising and falling discharge limb, while

Figure 6.27 clearly show that both peaks for the smallest particle are essentially

at the same discharge. Nor is there a clear double 8 shaped loop for the i = 1
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particle. The additional crossover loop through stage 3 and 4 and the resulting

offset of the peaks in Figure 6.26 are arising from the slower travel time-scale

of the larger i = 2 particles, leading to their rapid rise in concentration around

q = 14× 10−3 m2 min−1 (Figure 6.27).

• 2).
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Figure 6.28: Concentration c and hydrograph discharge q as a function of time for 4
strips sediment initial conditions (6.8).

Finally for this group of runs a similar set up to (6.6) is used except an additional

3 upstream isolated sediment sources are specified according to

{
mi(0 6 x 6 1.5, 2.5 6 x 6 3.5, 4.5 6 x 6 5.5, 6.5 6 x 6 7) = pim

∗,
mi(1.5 < x < 2.5, 3.5 < x < 4.5, 5.5 < x < 6.5) = 0, at t = 0,

(6.8)

Comparing c(t) from Figure 6.28 with that from Figure 6.21, the availability

of extra upstream sediment sources results in a third peak in c around t =

20 minutes. However this has had minimal effect on the overall shape of the

hysteresis loop with both Figures 6.23 and 6.30 being figure eights. The third

peak in c(t) in Figure 6.28 is not of sufficient magnitude to cause an additional

crossover in the hysteresis curves and the only real difference is that the Figure
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Figure 6.29: qc against q plot for figure 8 shaped hysteresis loop.
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Figure 6.30: Concentration flux qci against water discharge q for i = 1, i = 2 and
i = 3.

6.30 has a more exaggerated figure 8 shape with an additional slight increase

in qc occurring near q = 9 × 10−3 m2 min−1 (labelled as stage 5). Figure 6.31

shows the plots of each mi(x) (I = 1 to 5) and total mass mt(x) at t = 6000

seconds along the domain. The plots of m1(x) and m2(x) show that the peaks
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Figure 6.31: Mass in deposited layer (mi(x) and mt(x)) at t = 6000 seconds.

of the fine sediment in deposited layer were quickly and easily eroded during

the rainfall event. However, m3(x), m4(x) and m5(x) show that these sediment

sources only provided minor contributions to the sediment flux. These agree

with the concentration plots which show that the smaller particles are likely to

travel further in suspension. The smallest size class I = 1 provided the sediment

pulses which allows the figure 8 pattern to form in Figure 6.29 and 6.30. Clearly

it is far more difficult for the larger particles to move downstream from their

initial deposited peaks, hence there is no pulse of large particles flowing out of

the domain. Consequently only clockwise loops formed for the large particles.

Physically the additional upstream sediment sources are not having that much of

an influence on the sediment flux at x = L. This is because sufficient erosion of

the finer particles from the interspersed regions of cohesive soil, has contributed

sufficiently to the total suspended sediment concentration to match the signal

from the additional upstream sources.
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6.3.3.3 Double peak rainfall with different flow conditions

In the third group, we choose a different rainfall function and incoming flow con-

ditions. In the first simulation, a double peaked rainfall function (6.1) on top of

hydraulic boundary condition h0 = 1.2 × 10−3m and q0 = 4.8 × 10−5 m2 s−1 was

used. To increase the flow velocity and discharge to provide more erosion, increased

boundary values of h0 = 1.2× 10−3 m and q0 = 7.7× 10−5 m2 s−1 are applied in the

second simulation. The size class proportions are taken equally as pi = 0.2.

• 1). mi(x, t = 0) = 0, S = 0.03, and Fr = 0.37
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Figure 6.32: Concentration c and hydrograph discharge q as a function of time for
double peak rainfall function and Fr = 0.37.

The double peaked rainfall function is given by Figure 6.2(c). Because there

is no easily eroded sediment on the initial surface, we expect to see a counter-

clockwise loop based in line with previous simulations. Figure 6.32 shows that

the first discharge peak occurs before the first concentration peak and the qc−q
plot shows there is a counter-clockwise loop from stage 1 to 2 in Figure 6.33.

Due to the fact that there is some suspended sediment from the upper domain

deposited on the lower part of the domain, the second loop starts at a higher

position on qc. The qc− q plot turns to a clockwise trend at the early stage of

the second peak. However due to the lack of non cohesive supply, the qc−q plot
soon switches back to a counter-clockwise loop. Interestingly the second peak
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Figure 6.33: qc against q plot for figure 8 shaped hysteresis loop.

in c(t) around 55 mins is approximately twice as large as the first concentration

peak. This is due to the change in the state of the deposited layer between the

start of the first and second rainfall pulse. Unlike at t = 0, the second rainfall

pulse occurs on a well developed deposited layer, also because the water flux had

reduced almost to its boundary input value, and though while still dominated by

larger particles, the finer sediment sizes have been able to deposit and therefore

contributed to this layer. Hence the suspended sediment concentration increases

more rapidly than it did around t = 0 and to a higher peak. This also results

in the stage 3 second hysteresis loop beginning on a clockwise path, however

during the second rising limb the underlying cohesive soil is again exposed and

the hysteresis loop crosses over onto a counter-clockwise direction for the same

reason that the first loop was counter-clockwise. Overall the second loop has

a figure 8 shape but for the majority of the curve it is mapping out a counter

clockwise path but of a smaller size than the first stage 1-2 loop. This is due to

the similarity in the deposited mass distribution between the second rising and

falling limbs of the discharge hydrograph. Wood [131] discussed a simple model

of the relationship between suspended sediment concentration and discharge

for multiple peaked event. The numerical simulation of double peaked rainfall

generated hysteresis loop is very similar to the sketch in Wood’s study as shown

in Figure 6.36(e).

• 2). mi(x, t = 0) = pim
∗, S = 0.08 and Fr = 0.59
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Figure 6.34: Concentration c and hydrograph discharge q as a function of time for
double peak rainfall function and Fr = 0.59.
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Figure 6.35: qc against q plot for figure 8 shaped hysteresis loop.

This case effectively reverses the behaviour shown in Figures 6.32 and 6.33 with

the first concentration peak and first hysteresis loop being higher and bigger

than the second, due to starting with a fully developed deposited layer with

all size classes present according to their original proportions. As explained in

section 6.3.1.2 this leads to clockwise hysteretic behaviour. The second hystere-

sis loop starts with less finer sediment in the deposited layer, hence its peak
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Figure 6.36: Wood’s model for the suspended sediment concentration and discharge
relationship [131].

magnitude is smaller; however there are sufficient finer particles in this layer

prior to loop commencement that it maintains a clockwise path throughout the

second rainfall pulse. The sharp turn at the begining of the qc plot is due to the

concentration difference between the initial condition and the value at first data

point. As the inlet flow condition was increased, the suspended concentration

was produced from a fully covered deposited layer would be much larger due to

large amount of entrained easily eroded sediment. Therefore the concentration

difference is very large as shown on the plot a sharp turn. This result is also

very similar to the sketch of Wood shown in Figure 6.36(f).

In both cases, we only chose a repeated double peak rainfall function. The results

can be considered as the combination of 2 separate single hydrologic events having

different initial deposited mass conditions. From the results, we may consider that if

the effect between different rainfall events can be ignored, we can combine different

types of single hydrologic events to produce much more complex results.
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6.4 Conclusion

In this Chapter, the multi-sediment size HR erosion model is solved subject to vari-

ous rainfall distribution functions and different initial conditions for the state of the

deposited layer. For single peaked rainfall functions it was shown that the HR model

could reproduce the 5 known types of hysteresis loops found in the literature, being

(i) counter-clockwise (ii) clockwise (iii) and (iv) figure 8 with both flow orientations

and (v) a single valued curve.

From catchment studies it had been stated that the presence of a counter-clockwise

or clockwise loop was dependent on the availability and location of easily erodible

sediment with respect to the position of the catchment outlet. These conditions

were simulated for flume scale erosion through specifying the initial condition of

the deposited layer. The numerical simulations showed that counter-clockwise loops

developed when cohesive initial soil conditions were taken and clockwise loops formed

when a fully developed deposited non-cohesive layer of sediment is initially used. The

initial availability of erodible sediment controls the rate of rise to, and magnitude of,

peak suspended sediment concentrations and therefore the hysteresis loop direction.

Since figure 8 loops were a combination of both the clockwise and counter-clockwise

orientations, the controls on these loops were investigated by running simulations

with isolated sources, or strips, of deposited sediment. It was found that the flow

orientation of figure 8 loops is very much dependent on the state of the deposited

layer at the flume exit. Double figure 8 loops can also arise when there are multiple

isolated sediment sources. However, there is limited increase in the complexity of

these loops beyond a threshold number of sources due to the limited time of rainfall

period which allows those sediment peaks to travel within the waters.

It was also found that the smallest particle size dominants the behaviour of the shape

of the hysteresis loop and that the larger particles have very little contribution. This

relationship however needs further investigation for silty loams and clay loam soils

which have a significant proportion of particle sizes with very small fall velocities.

For such soils it is possible that it is all particles below a threshold fall velocity that

then control the shape of the hysteresis curve. In a final set of simulations the effect

of having multiple (two) rainfall peaks in a single overall storm were investigated for

two different initial conditions for the deposited layer. Double hysteresis loops were

clearly formed with the flow orientation in both loops determined by the initial state

of the deposited layer, in line with findings for the single peak rainfall simulations.
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The key finding of this Chapter is in the identification of the important role played

by the deposited layer and the sediment size distribution in the formation and type

of hysteresis loop. This is the first time that any erosion model has been shown

to reproduce all the 5 types of measured hysteresis loops. It is shown that these

loops are dependent on two different states of eroded sediment, being sediment that

is in suspension or deposited on the soil bed. For an erosion or sediment transport

model to be able to reproduce all the different hysteresis loops, both of these states

must be included in the model formulation. Currently it is only the HR model that

accomplishes this.
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Chapter 7

Incorporating bed evolution

In the previous two chapters it has been shown how the HR model can (i) repro-

duce detailed experimental data on suspended and deposited sediment distributions

through complex flow domains in buffer strips and (ii) reproduce all known sediment

transport hysteresis loops without the need for complex rainfall patterns or surface

topography. In this chapter the HR model is combined with an Exner equation to

investigate the feedback of bed evolution on soil erosion. While this feedback may

commonly be included in models of sediment transport in rivers, it is rarely consid-

ered in the soil erosion modelling literature. As the majority of erosion events have

a negligible bedload component, it is not considered further in this Chapter. An

appropriate non-dimensional scaling is carried out for the full system of equations.

This is followed by a linear stability analysis of the extended model which shows that

upstream migrating antidunes occur under supercritical flow conditions, while stable

flows occur under sub-critical conditions. Numerical simulations confirm the stability

analysis and also demonstrate the existence of isolated travelling wave solutions as

well as a series of transportation cyclic steps. The effect of particle size distribution

on the wave speed and shape is then investigated. Finally the leading order equations

for travelling wave form are derived then solved, and their phase plane analysed.

7.1 Introduction to bed morphology

Figure 7.1 is examples of bed elevation changes on a plane coastal surface [78]. It

shows the transition from small ripples to antidunes. Figure 7.2 is examples of rill

formations in different sizes from the Sukmo Channel in Korea [18].
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Figure 7.1: The transition from a puddle of water (a) to small ripples (b) to antidunes
(c) to plane beds (d) on the Nanny Goat Beach, Georgia US [78].

Figure 7.2: Photographs showing various rills and gullies formed in the tidal channel
bank at Maeumri area in Korea [18].
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Figure 7.3: Rill network development on the Gobles silt loam in the University of
Toronto Soil Erosion Laboratory (complete flume measures 7.1x2.4 m) [12].

Figures 7.1 and 7.2 show the typical scale at which bed forms are studied in geomor-

phology, however this chapter is focussed on the much smaller scale of bed forms on

hillslopes. Figure 7.3 shows a common rill structure that can arise during an erosion

event where bed morphology and evolution become important. A close up look at

the details of the rill show a strong degree of commonality with bed forms in rivers

and as such a brief overview of these are discussed.

The early studies in [61, 101] showed that the bed forms can be considered to be

the result of the growth of an instability in the system. In the 1920’s Exner [30]

derived the equation (2.34) for the evolution of the bed elevation in terms of the

bedload. Exner studied the development of bed waves using steady state momentum

and continuity equations. Another early theoretical study on the analysis of dune and

antidune formation were presented by Kennedy [61]. Kennedy described the flow field

by using a two-dimensional quasi-steady potenial flow over a slightly wavy bed, while

for modelling the bed elevation the Exner’s equation is used. He also introduced an

arbitrary phase difference between erosion and mean velocity. It was implemented as

a sediment transport relation in which the transport rate is proportional to a power of

the fluid velocity. The study showed that the type of bed form and wavelength of the

bed features depend on the Froude number, the depth of the flow, and the distance
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by which the local sediment transport rate lags the local velocity. Later on, several

authors attempted to improve Kennedy’s stability results studying the performances

of both flow and sediment transport models, such as [29, 39, 102, 112].

Reynolds [101] and Gradowczyk [46] coupled the Exner’s equation with a hydraulic

model to show that with the inclusion of friction there is a phase lag between the

bed form and the flow velocity, and thus sediment transport. By combining the St

Venant equations for the fluid with the Exner equation, [8, 91] established that a

linear instability corresponding to an antidune appears when uniform flow becomes

supercritical (Fr > 1). Fowler [38] presented a model which combines the St Venant

equations, conservation of suspended sediment and the Exner equation. A linear

stability analysis of this combined model also showed the development of unstable

antidunes when Fr > 1.

Thus there have been numerous studies which show that a suspended sediment and

bed evolution model when coupled to the St. Venant equations, upstream moving

antidunes can grow under supercritical flow conditions. However, one physical draw-

back to this system is that it is also well known that a St. Venant based model is

unable to produce the instability growth of downstream migrating dunes [38].

Cyclic steps are a series of slowly upsteam-migrating bed forms. The origin of such

steps is considered to be the instability that is responsible for antidunes in non-

cohesive sediment transport. Winterwerp [129] observed that the cyclic steps formed

on a slightly wavy bed of fine non-cohesive sediment. In the study of [91], a model was

proposed with quasi-steady flow equations and an Exner equation with only an erosion

term. The linear stability analysis has shown that the cyclic steps would form under

supercritical flow conditions. In addition to the work of [91], Sun and Parker [115]

further developed their theoretical works on cyclic steps which included the effects of

deposition. The linear stability anaylsis of this model has been confirmed with both

numerical simulation results and experiments by [115, 117]. In another study [8], a

model is proposed with the inclusion of the time derivatives in the fluid equations

and the eddy diffusion term. However the deposition term was not included. The

numerical simulations of the theoretical model in [115] were presented in [31] which

also confirmed the instability formation for Fr > 1.
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Figure 7.4: A sketch of the model and flow geometry along with the co-ordinate
orientation.

7.1.1 Modification of the HR model equations

Figure 7.4 provides a sketch of the model and flow geometry along with the co-

ordinate orientation. With the extended erosion model there are three boundary

interfaces that need to be determined and correspond to the water surface η(x, t),

the mobile bed surface (or top of the deposited layer) zm(x, t) and the surface of

the un-eroded soil zb(x, t). The water depth h is therefore given by h = η − zm.

Mass and momentum conservation will now be considered within a control volume

encompassing all three interfaces. The control volume will also be defined with respect

to an arbitrary datum lower boundary given by zD(x) with dzD/dx = −S0 and S0

being the average linear bed slope. The impact or feedback of bed evolution on

the flow is typically significant under supercritical flow conditions in rills ([43, 81])

where higher sediment concentrations can also affect the density of the eroding fluid

layer. Define the densities of the fluid layer, deposited layer and original soil layer

respectively as

ρ = ρw(1−
c

ρs
) + c, (7.1)

ρm = ρwφm + ρs(1− φm), (7.2)
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ρb = ρwφb + ρs(1− φb), (7.3)

where c is the total suspended concentration and φm,b = porosity of the deposited

layer and original soil respectively. The mass of the water-sediment mixture in the

control volume is given by

ρh + ρm(zm − zb) + ρb(zb − zD), (7.4)

thus mass and momentum conservation are given by

∂(ρh)

∂t
+
∂(ρq)

∂x
= ρwR − ρm

∂(zm − zb)

∂t
− ρb

∂(zb − zD)

∂t
, (7.5)

∂(ρq)

∂t
+

∂

∂x

[
ρ(
q2

h
+

1

2
gh2)

]
= −ρgh

(
∂zm
∂x

+ Sf

)
. (7.6)

The suspended sediment concentration and the mass in deposited layer equations are

the same as before. The bed elevation changes of zb and zm can be found through

two Exner equations for the deposited and original layer.

(1− φm)ρs
∂(zm − zb)

∂t
=

I∑

i=1

(di − edi − rri), (7.7)

(1− φb)ρs
∂(zb − zD)

∂t
= −

I∑

i=1

(ri + ei). (7.8)

The expression for the density ρ can rearranged as

ρ = ρw +

(
ρs − ρw
ρs

)
c, (7.9)

such that its partial derivatives with respect to t or x are given by

∂ρ

∂t, x
=

(
ρs − ρw
ρs

)
∂c

∂t, x
. (7.10)

By combining (7.4) with the suspended sediment concentration equation in (2.35), it

becomes

hct + qcx = −c(ht + qx)− (1− φm)ρs
∂(zm − zb)

∂t
− (1− φb)ρs

∂(zb − zD)

∂t
. (7.11)

Equation (7.5) can be written as

ρ(ht + qx) + hρt + qρx = ρwR − ρm
∂(zm − zb)

∂t
− ρb

∂(zb − zD)

∂t
. (7.12)
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Substituting for ∂ρ
∂t,x

from (7.10) and then hct + qcx from (7.11) into equation (7.12)

and rearranging gives

ht + qx = R− ∂(zm − zb)

∂t
− ∂(zb − zD)

∂t
= R − ∂zm

∂t
. (7.13)

The momentum conservation (7.6) can be written as

qρt + ρqt +

[
u2h+

1

2
gh2
]
ρx + ρ

[
u2h+

1

2
gh2
]

x

= −ρgh
(
∂zm
∂x

+ Sf

)
, (7.14)

which combined with (7.10) results in

ρqt+ρ

[
u2h+

1

2
gh2
]

x

+u

(
ρs − ρw
ρs

)
(hct+qcx)+

(
ρs − ρw
ρs

)
g
h2

2
cx = −ρgh

(
∂zm
∂x

+ Sf

)
.

(7.15)

Substituting equation (7.11) into (7.15), and noting that

ρρs
ρs − ρw

=
ρwρs
ρs − ρw

+ c, (7.16)

then we obtain

∂(uh)

∂t
+

∂

∂x

[
u2h+

1

2
gh2
]
= −gh

(
∂zm
∂x

+ Sf

)
−
(

ρwρs
ρs − ρw

+ c

)
−1

×
[
1

2
gh2cx + u[c− (1− φm)ρs]

∂(zm − zb)

∂t
+ u[c− (1− φb)ρs]

∂(zb − zD)

∂t
− uRc

]
.

(7.17)

7.1.2 Nondimensionalization of HR model equations

Consider the case when there are no effects from rainfall and that only flow-driven

erosion mechanisms are operating. Under these conditions the extended HR model

reduces to
∂h

∂t
+
∂q

∂x
= −∂(zm − zb)

∂t
− ∂(zb − zD)

∂t
, (7.18)

∂(uh)

∂t
+

∂

∂x

[
u2h+

1

2
gh2
]
= −gh

(
∂zm
∂x

+ Sf

)
−
(

ρwρs
ρs − ρw

+ c

)
−1

×
[
1

2
gh2cx + u[c− (1− φm)ρs]

∂(zm − zb)

∂t
+ u[c− (1− φb)ρs]

∂(zb − zD)

∂t

]
,

(7.19)
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∂(hci)

∂t
+
∂(qci)

∂x
= ri + rri − di, (7.20)

∂(mi)

∂t
= di − rri, (7.21)

(1− φm)ρs
∂(zm − zb)

∂t
= −

I∑

i=1

(rri − di), (7.22)

(1− φb)ρs
∂(zb − zD)

∂t
= −

I∑

i=1

ri, (7.23)

where

di = vici , ri =
F

J
pi(1−H)(Ω− Ωcr) , rri =

αFH

gh

ρs
ρs − ρw

(Ω− Ωcr)
mi

mt
,

Ω = ρwgSfq , Sf =
n2u2

h4/3
=
n2q2

h10/3
,

(7.24)

and

H =





mt

m∗
for mt =

∑
mi ≤ m∗

1 for mt > m∗

. (7.25)

Define the scalings to be

x̃ =
x

x0
, t̃ =

t

t0
, c̃ =

c

c0
, h̃ =

h

h0
, z̃ =

zm,b,D

z0
,

q̃ =
q

q0
, m̃ =

m

m0
, Ω̃ =

Ω

Ω0
, ṽ =

v

v0
.

(7.26)

Choosing Ω0 =
ρwgn2q3

0

h
10/3
0

then from (7.24) and (7.26) we can write

Ω̃ =
q̃3

h̃10/3
=

ũ3

h̃1/3
, Ω̃cr =

Ωcr

Ω0
=

(
ucr
u0

)3(
h0
hcr

)1/3

, (7.27)

and take the fall velocity scaling to be the average fall velocity given by v0 =
∑
pivi.

Substituting (7.26) into full HR model equations, removing ”˜” from the variables

and replacing q0 = u0h0 results in

x0
u0to

∂h

∂t
+
∂q

∂x
= − x0z0

u0t0h0

∂(zm − zb)

∂t
− x0z0
u0t0h0

∂(zb − zD)

∂t
(7.28)
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x0u0
gh0t0

∂q

∂t
+

∂

∂x

[
u20
gh0

q2

h
+
h2

2

]
= h

(
− z0
h0

∂zm
∂x

− x0n
2u20

h
7/3
0

u2

h4/3

)
−
(

ρwρs
ρs − ρw

1

c0
+ c

)
−1

×




h2

2
cx +

x0u0z0
gh20t0

u[c− (1− φm)
ρs
c0
]
∂(zm − zb)

∂t
+

x0u0z0
gh20t0

u

[
c− ρs(1− φb)

c0

]
∂(zb − zD)

∂t





(7.29)
h0
v0t0

∂(hci)

∂t
+
u0h0
x0v0

∂(qci)

∂x
=
FΩ0

Jv0c0
pi(1−H)(Ω− Ωcr)+

αFΩ0

gh0v0c0

ρs
ρs − ρw

(Ω− Ωcr)
H

h

mi

mt
− vici,

(7.30)

m0

v0c0t0

∂(mi)

∂t
= vici −

αFΩ0

gh0v0c0

ρs
ρs − ρw

(Ω− Ωcr)
H

h

mi

mt
, (7.31)

z0ρs(1− φm)

v0c0t0

∂(zm − zb)

∂t
=

I∑

i=1

[
vici −

αFΩ0

gh0v0c0

ρs
ρs − ρw

(Ω− Ωcr)
H

h

mi

mt

]
, (7.32)

z0ρs(1− φb)

v0c0t0

∂(zb − zD)

∂t
= −

I∑

i=1

FΩ0

Jv0c0
pi(1−H)(Ω− Ωcr) (7.33)

By the definition of Froude number we can replace u0/
√
gh0 by Fr. Since the main

interest in this chapter is to investigate the development of instabilities and bed form

evolution for the extended HR model, then the time scale is determined from the bed

evolution equation (7.32) by setting the coefficient of the time derivative to be 1 thus

t0 =
z0ρs(1− φm)

v0c0
. (7.34)

The length scale is obtained by balancing the advection and particle deposition times

from (7.30) as (or it can be seen as the ratio of the sediment flux qc0 to the deposition

rate v0c0)

x0 =
q0
v0

=
u0h0
v0

. (7.35)

The concentration scale must be determined through the erosion processes which

are operating. Assuming the bed is essentially covered with deposited sediment for

antidune formation and propagation, then we can balance the re-entrainment and

deposition terms to find the concentration scale c0 as

c0 =
αFΩ

h0v0g
(

ρs
ρs − ρ

) =
αFρn2q30

h
13/3
0 v0

(
ρs

ρs − ρ
). (7.36)
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Define the dimensionless parameters of the different coefficient terms to be

A =
h0g(ρs − ρw)

Jρs
, δ =

n2u30

v0h
4/3
0

, γ =

(
ρs − ρw
ρsρw

)
c0, β =

1− φb

1− φm

, (7.37)

and by choosing z0 = h0, then

ǫ =
h0
v0t0

=
x0
u0t0

=
c0

ρs(1− φm)
, m0 = h0ρs(1− φm) = v0c0t0. (7.38)

Thus the nondimensionalized HR model becomes

ǫ
∂

∂t
[h + (zm − zb) + (zb − zD)] +

∂q

∂x
= 0, (7.39)

ǫFr2
∂q

∂t
+

∂

∂x

[
Fr2

q2

h
+
h2

2

]
= h

(
−∂zm
∂x

− δ
u2

h4/3

)

− γ

1 + γc

(
h2

2
cx + Fr2u(ǫc− 1)

∂(zm − zb)

∂t
+ Fr2u(ǫc− β)

∂(zb − zD)

∂t

)
,

(7.40)

ǫ
∂(hci)

∂t
+
∂(qci)

∂x
= Api(1−H)(Ω− Ωcr) + (Ω− Ωcr)

H

h

mi

mt
− vici, (7.41)

∂(mi)

∂t
= vici − (Ω− Ωcr)

H

h

mi

mt
, (7.42)

∂(zm − zb)

∂t
=

I∑

i=1

[vici − (Ω− Ωcr)
H

h

mi

mt
], (7.43)

β
∂(zb − zD)

∂t
= −

I∑

i=1

Api(1−H)(Ω− Ωcr). (7.44)

From the Polyakov and Nearing’s erosion experiments [96] during which bed forms

developed the following erosion parameter values and some typical flow values for the

scale parameters are obtained

x = 0 , h = h0 = 0.12 m, q = q0 = 0.18 m2/s, n = 0.02, α = 1,

S = 0.015, ρw = 1000 kg/m3, ρs = 2000 kg/m3, φm = 0.6, φb = 0.4,

c0 = 34.2 kg/m3, x0 = 1.8 m, t0 = 28 s, Ω = 26.8 W/m2, A = 0.12,

δ = 0.22, ǫ = 0.043, Fr = 1.37, γ = 0.017, β = 1.5, v0 = 0.1 m/s, m0 = 96 kg/m2.
(7.45)

Therefore by neglecting the terms with small coefficients, the leading order HR model

equations are
∂q

∂x
= 0, (7.46)

135



∂

∂x

(
Fr2

q2

h
+

1

2
h2
)

= −h
(
∂zm
∂x

+
δu2

h4/3

)
, (7.47)

∂(qci)

∂x
=
H

h

mi

mt
Ω− vici, (7.48)

∂mi

∂t
= vici −

H

h

mi

mt
Ω, (7.49)

∂(zm − zb)

∂t
=

I∑

i=1

vici −
H

h
Ω, (7.50)

∂zb
∂t

=
∂zD
∂t

. (7.51)

7.1.3 The linear stability analysis of the leading order HR
system

From the leading order system, we can get q = uh = 1 (as q has been scaled appro-

priately). The other equations become

Fr2u
∂u

∂x
= −∂(zm + h)

∂x
+
δu2

h4/3
, (7.52)

∂ci
∂x

=
H

h

mi

mt

Ω− vici = −∂mi

∂t
, (7.53)

∂(zm − zD)

∂t
=
∑

vici −
H

h
Ω =

∂mt

∂t
, (7.54)

since zm − zD =
∑
mi = mt. Consider now (7.52) and noting that a constant q

solution to the momentum equation requires the average bedslope and friction term

to balance (ie. S0 = Sf ). Hence from the definition of δ this turns out to be equivalent

to δ = x0

h0
S0. Letting

zm = ẑm + δ(L− x), (7.55)

where L is the length of the domain and ẑm represents the variation in bed height

around the average bedslope (as shown in Figure 7.4), then (7.52) simplifies to

Fr2u
∂u

∂x
= −∂(ẑm + h)

∂x
. (7.56)

Integrating (7.56) and applying the upstream boundary condition u = h = 1, ẑm = 0

along with eliminating h, gives

ẑm = 1− 1

u
+
Fr2

2
(1− u2), (7.57)
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hence
∂ẑm
∂t

= (
1

u2
− Fr2u)

∂u

∂t
=
∂mt

∂t
. (7.58)

Defining

E(u) =
H

h
Ω = u(

u3

h1/3
) = u13/3, (7.59)

E ′(u) =
13

3
u10/3, (7.60)

then we can find that E(1) = 1 and E ′(1) = 13/3. Note that in (7.59) it has been

assumed that H = 1 (ie mt > m∗) is needed for bed form to grow and propagate.

Physically all this is saying that there needs to be sufficient depth of cohesionless

deposited sediment for bed form to appear as the original cohesive soil will act as a

stabilizing influence.

Since the concentration scale was determined on balancing the total deposition rate

against the re-entrainment rate, it is not ci which is one to leading order but
∑
vici ≈

1. Hence we expand around the stable state solution as u = 1 + U and
∑
vici =

1+
∑
viCi where ci = ĉi +Ci with ĉi defined by

∑
viĉi = 1. Substituting into (7.53)

and (7.54) and only keep the leading order terms results in

∂C

∂x
= (1 + U)13/3 −

∑
vi(ĉi + Ci) = −[

1

(1 + U)2
− Fr2(1 + U)]

∂U

∂t
(7.61)

⇒ ∂C

∂x
= 1 +

13

3
U −

∑
viĉi −

∑
viCi = −[1 − Fr2]

∂U

∂t
. (7.62)

Thus the equation (7.62) becomes

∂C

∂x
=

13

3
U −

∑
viCi = (Fr2 − 1)

∂U

∂t
. (7.63)

Then we look for solutions of the form U = Dejkx+σt and Ci = Bie
jkx+σt (j =

√
−1).

then( 7.63) becomes (B =
∑
Bi)

Bkj =
13

3
D −

∑
viBi = (Fr2 − 1)σD. (7.64)

The first part of equation (7.64) gives

D =
3

13
(
∑

viBi +Bkj), (7.65)

which after substituting forD into the second part of the equation (7.64), the following

relation for σ is obtained
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σ =
13

3

(k2 + jk(
∑
viBi)/B)

(Fr2 − 1)[k2 + (
∑

viBi

B
)2]
. (7.66)

Hence we have the following regimes

Re(σ) < 0 for Fr < 1,

Re(σ) > 0 for 1 < Fr,
(7.67)

with the wave speed given by

−Im(σ)

k
= −13

3

(
∑
viBi)/B)

(Fr2 − 1)[k2 + (
∑

viBi

B
)2]
. (7.68)

The time derivatives in the St Venant equations are negligible in the leading order

system, so that the reduced equations only have one characteristic wave speed but

not three. For an instability to grow Re(σ) > 0, thus there are unstable upstream

antidunes for Fr > 1 which is in agreement with the St Venant suspended sediment

model presented in [38] for a single particle size.

7.2 Simulation on formation of antidune

Preliminary runs of the numerical model confirmed the prediction that antidunes

would really only grow once H = 1 or mt > m∗. Thus to reduce computational times

changes in the cohesive bed elevation zb were not calculated as we are not really

interested in knowing exactly the location of zb, but rather the difference zm − zb.

The reference bed height with general slope S0 can be calculated from −∂zD
∂x

= S0.

In the case of mi(t = 0) = 0 initially, the simulation requires a longer flow domain

and a long simulation time to provide sufficient amount of deposition to produce the

instability. Therefore to further reduce computational time we chose the initial mi to

be mi(t = 0) = pi × 4m∗. The initial concentrations are taken to be ci(t = 0) = 0.

The right hand side boundary conditions are taken as U(L, t) = U(L −△x, t) in all

the simulations. Since the bed load flux is ignored in the simulations, the boundary

conditons of mi and z are not needed.

Two types of initial conditions for the bed elevation were used for the simulations.

An example of the first type is shown by Figure 7.5, where the initial bed surface has

many random perturbations of around 10−3 m on top of the reference bed height zD.
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Figure 7.5: The initial bed profile has small random perturbations of order 10−3.
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Figure 7.6: The initial bed profile has a single perturbation around x = 4 m.

The second type is shown in Figure 7.6, where there is only one small perturbation

of around 10−2 m on top of the reference bed height zD.

As steady flux conditions are considered for the instability, the flux q at both bound-

aries is kept fixed and in line with the initial constant flux. When antidunes form and

begin to travel, this can lead to the development of a shock in the water depth. To

allow the hydraulic jump to travel upstream and pass through x = 0 with a given in-

coming water discharge, a transmissive boundary condition is used for the numerical
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scheme (q = constant and h(x = 0, t) = h(x = △x, t)). The inlet sediment concen-

tration boundary condition is taken to be at almost the transport capacity of the

system, so as not to erode the deposited layer. An alternative condition is to recycle

the sediment leaving the flow domain and then imposing this on the inlet boundary.

In the following sections, simulations are presented for both a single size class soil

and for a soil having 5 size classes corresponding to Polyakov and Nearing’s soil [96].

The erosion parameters are also chosen from their experimental conditions and given

in Table (3.2).

For an initially smooth planar surface to have a constant depth and discharge solution,

the momentum equations requires S0 = Sf = n2q2/h10/3. This allows the initial or

scaling Froude number for this solution to then be written in terms of n, S0 and h as

Fr2 =
q2

gh3
=
S0h

1/3

gn2
. (7.69)

Consequently the Froude number can be increased or decreased through increasing or

decreasing the bedslope, bed roughness or flow depth accordingly. This relationship

has been used as a guide for setting all initial flow conditions even when non-uniform

initial bed shapes were taken.

7.2.1 Tests on the stable regime
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Figure 7.7: The evolution of bed height for Fr = 0.79.

The first simulation was carried out with an initial random perturbation on bed

surface and initial flow conditions in the stable regime as S0 = 0.005, h(t = 0) = 0.12
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m and q(t = 0) = 0.1 m2 s−1 which gives a the Froude number of Fr = 0.79 < 1. 5

sediment size classes are included in this simulation. The boundary concentration is

taken to be ci(0, t) = qci(L, t)/q(0, t). Due to the high water flux the perturbations

are quickly eroded and after 2 seconds only a few gentle oscillations on the bed exist.

In Figure 7.7, the plot of zm − zD at t = 10 seconds showed that the bed has become

essentially flat and remains in this condition up to one hour when the simulations

were ceased.

7.2.2 Single size class simulation

To check the instability analysis a test case is now run under the supercritical flow

regime. The HR model is simplified to a single size class to test the formation of both

antidunes and transportational cyclic steps. Sand is commonly known as the main

composition of both dunes and antidunes, thus the average settling velocity of the

coarse sand is chosen to be v0 = 0.1 m s−1 for our simulations.

1. S0 = 0.036, h(t = 0) = 0.02 m, q(t = 0) = 0.014 m2 s−1, v0 = 0.1 m s−1 and

Fr = 1.58
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Figure 7.8: The formation and evolution of antidunes for v0 = 0.1 m s−1 and Fr =
1.58.
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Figure 7.9: The numerical Froude number at t = 3600 s with initial Fr = 1.58.
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Figure 7.10: Comparison between various solutions at t = 10 s and t = 3600 s for
v0 = 0.1 m s−1 and Fr = 1.58.
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This simulation is carried out on an initial bed height configuration having ran-

dom perturbations around the average linear slope of S0 and an inlet sediment

concentration of c = 30 kg m−3 at x = 0. Figure 7.8 presents the evolution of

the water and bed heights over the period of one hour. Due to the high water

flux the large number of high frequency oscillations in the initial bed profile

have essentially been washed out of the system by t = 10 seconds and replaced

with only a few much longer wavelength oscillations. By t = 40 s there are

clear indications that a number of instabilities are growing, while from t = 200

− 1200 s a series of antidunes appear to be forming. The final plot at one

hour confirms that indeed a series upstream migrating antidunes have fully de-

veloped and therefore the numerical computations are in agreement with the

linear stability analysis on the growth of instabilities under supercritical flow

conditions.

By looking closely at the water surface profile for the plots at t = 200, 1200

and 3600 s, it can be seen that hydraulic jumps have formed at the front of

each antidune which separated the start and end of the continuous bed form.

As shown in Figure 7.9, a plot of the local Froude number (at t = 3600 s)

along the slope shows that there is a smooth transition from subcritical to

supercritical flow as you move from the top of a hydraulic jump down the

wave profile to the beginning of the next hydraulic jump. In addition, the

surface waves and antidunes in the region x > 3 m at t = 3600 s appear

to have achieved a constant form with a constant wavespeed. These types

of upstream-migrating wave trains are known as transportational cycles steps

([31, 115, 117]). Their shape is preserved because over a wavelength the rate

of deposition balances the rate or erosion or entrainment of sediment. These

have been demonstrated experimentally in the past as well as being reproduced

numerical using a different sediment transport model [31] and have also been

observed in the field by Winterwerp [129]. The experiments in [117] showed that

these steps were found for Froude numbers in the range 1 < Fr < 3.5. Although

the numerical Froude number in Figure 7.9 shows 1 < Fr < 2, additional

simulations have shown that the cyclic steps also occurred around 3.2, which is

in fairly good agreement with the experimental data.

Figure 7.10 shows a more detailed comparison of h, q, m and c between t = 10

and 3600 s. The plot form(x, 10) confirms the assumption in the linear stability

analysis that H = 1 (m > m∗) when the antidune starts to grow. However
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by the time they are fully formed m(x, 3600) shows that on the downstream

side of the antidune where the flow is supercritical, there is a narrow region

where H falls below one just prior to the next hydraulic jump. In this region

original cohesive soil is also being exposed and eroded, though its impact on

the computed profiles is small.

2. S0 = 0.015, h(t = 0) = 0.12 m, q(t = 0) = 0.179 m2 s−1, v0 = 0.1 m s−1 and

Fr = 1.37
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Figure 7.11: The formation and evolution of antidune for v0 = 0.1 m s−1 and Fr =
1.37.

Not all initial bed forms and flow conditions lead to transportational cyclic

steps. In the next example a smooth initial bed profile with an isolated bump

(Figure 7.6, t = 0) is used to start the numerical simulations. A recycled con-

centration boundary condition is used which in effect mimics typical sediment

flume experiments whereby the suspended sediment exiting the flume is pumped

back into the flume at x = 0. Hence the inlet boundary condition is taken as

ci(0, t) = qci(L, t)/q(0, t). Figure 7.11 shows the evolution of the numerical so-

lution from t = 0 − 280 seconds, while Figure 7.12 compares profiles between

20 and 280 seconds. While there is now much more of an appearance of a single
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Figure 7.12: Comparison between various solutions at t = 20 and t = 280 s for
v0 = 0.1 m s−1 and Fr = 1.37.

antidune (Figure 7.12) travelling upstream, it could still be a series of trans-

portational cyclic steps with a much larger wavelength, as possibly suggested

by Figure 7.11 at t = 140 seconds. As in the previous example we again see a

hydraulic jump in the water surface at the start of the antidune and that m falls

below m∗ in the supercritical region on the downstream side of the antidune.

Clearly the antidunes are characterized by regions where m >> m∗ with in-

between regions where m is approximated equal to or just slightly less than m∗.

However they appear to be unable to initially form or grow unless m >> m∗

in the entire flow domain, which agree with the assumption behind the linear

stability analysis. Being able to reproduce known behaviour in the literature

for the single size class soil provides confidence in the numerical code, and a

number of multi-size class soil examples are now considered.

7.2.3 Numerical results for multi size class HR model

We now apply the full HR model with 5 different size classes to produce the instability.

The main simulations are based on the soil distribution of Polyakov and Nearing’s
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experiment where vi and pi are taken from Table (3.1). There will also be a few

simulations carried out for equal size distribution pi = 0.2.

7.2.3.1 Random perturbations on bed surface

1. S0 = 0.01, h(t = 0) = 0.12 m, q(t = 0) = 0.15 m2 s−1 and Fr = 1.12
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Figure 7.13: The formation and evolution of antidune for Fr = 1.12.

To maintain the sediment flow through the domain at around the transport

capacity a concentration boundary condition of ci = pi×80 kg m−3 was applied.

As you would expect, Figure 7.13 shows that similar patterns to the single size

class behaviour occur with the multi-size class simulations. The high frequency

initial oscillations are quickly removed and replaced with a small number of

isolated bed surface oscillations by t = 10 s. By 40 seconds hydraulic jumps

have formed at the start of the upstream foot of the antidune and a series

of cyclic steps are evident and seen to proceed upstream over the following

subplots. In Figure 7.14 profiles at t = 10 and 250 s are compared and again

show that the instabilities grow when H = 1 andmt >> m∗ (t = 10 s) but when

fully formed at t = 250 s, H is significantly less than one in the supercritical
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Figure 7.14: Comparison between various solutions at t = 10 and t = 250 s for
Fr = 1.12.
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flow region at the back of the antidune. The numerical Froude number at t = 80

s is present in Figure 7.15. It is clear that there are 3 hydraulic discontinuities

around the front of the antidunes, and the transitions of Fr through subcritical

to supercritical at the back are smooth.

2. S0 = 0.035, h(t = 0) = 0.12 m, q(t = 0) = 0.27 m2 s−1 and Fr = 2.1
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Figure 7.16: The formation and evolution of antidune for Fr = 2.1.

One further set of simulation is presented in Figures 7.16 and 7.17 with ci(0, t) =

pi × 250 kg m−3. This produces qualitatively similar behaviour with respect to

the growth and propagation of instabilities. What it also shows is that the

shape, wavelength, height of the hydraulic jump and wave speed depend on

particle size and distribution, Froude number and bedslope.

From these numerical results we see that for flow regimes with increasing Froude

number the increased stream power provides more flow erosion and a larger boundary

ci is required for near transport capacity conditions to occur within the flow domain.

Instabilities would still arise for lower sediment concentrations on x = 0, however

their development will just take longer and a larger flow domain will also be required

to estabilish downstream transport capacity conditions. In these two simulations,

we see more than one antidune grow from the instabilities, and from the comparison
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Figure 7.17: Comparison between various solutions at t = 20 and t = 160 s for
Fr = 2.1.

plots, we could see that the bed elevation zm−zD and mi for an antidune have exactly

the same length as the total mass in deposited layer. Figures 7.14 and 7.17 show that

the soil layer is fully covered by non-cohesive sediment (H = 1) once antidunes were

formed.

7.2.3.2 Single perturbation on bed surface

Figure 7.18 shows the results of the simulation starting from an initially smooth bed

(∂zD
∂x

= −S0) with a single bump for a multi-size class soil. This is run under the flow

parameters of S0 = 0.015, h(t = 0) = 0.12 m, q(t = 0) = 0.18 m2 s−1, Fr = 1.37,

ci(0, t) = qci(L, t)/q(0, t) and pi = 0.2. Figures 7.19 and 7.20 are for the same initial

bed profile but with S0 = 0.03, h(t = 0) = 0.12 m, q(t = 0) = 0.25 m2 s−1, Fr = 1.94

with ci(0, t) = pi×200 kg m−3. Both simulations produced antidune formations as we

expected from all the other simulations, but the differences occur in wave shape and

size. One big difference though is shown in Figure 7.20 at t = 150 s where the graph

of H(x) is significantly less than one over much of the domain. As Froude number

increases due to decreasing h, the stream power also increases, resulting in greater
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Figure 7.18: The formation and evolution of antidune for Fr = 1.37.

0 1 2 3 4 5 6 7 8
0

0.2

0.4

0.6

z m
 a

nd
 η

  (
m

)

0 1 2 3 4 5 6 7 8
0

0.2

0.4

0.6

0 1 2 3 4 5 6 7 8
0

0.2

0.4

z m
 a

nd
 η

  (
m

)

0 1 2 3 4 5 6 7 8
0

0.2

0.4

0 1 2 3 4 5 6 7 8
0

0.2

0.4

x  (m)

z m
 a

nd
 η

  (
m

)

0 1 2 3 4 5 6 7 8

0

0.2

0.4

x  (m)

t=60
seconds

t=20
seconds

t=140
seconds

t=0 seconds

t=170
seconds

t=150
seconds

Figure 7.19: The formation and evolution of antidune for Fr = 1.94.
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Figure 7.20: Comparison between various solutions at t = 20 and t = 150 s for
Fr = 1.94.

entrainment of sediment from the bed which has become of sufficient magnitude to

expose the original cohesive bed to erosion.

However it isn’t always the case that the original bed will become accessible. For

example taking the starting conditions of S0 = 0.027, h(t = 0) = 0.02 m, q(t = 0) =

0.0121 m2 s−1, Fr = 1.37, ci(0, t) = pi×100 kg m−3 and the same single perturbation

on the bed surface, results in the behaviour as shown in Figures 7.21 and 7.22. The

second last plot in right hand column of Figure 7.22 corresponds to H(x) and shows

that H = 1 for the entire flow domain. Whether or not H falls below one depends on

both the maximum Froude number achieved in the supercritical flow region on the

back of the antidune as well as the length of this region. For a train of antidunes

and hydraulic jumps as shown for t = 3600 s in Figure 7.22, the spacing between

successive jumps is too short for the reentrainment process to have enough time to

expose the original soil. Either this distance must be longer or the Froude number to

be much higher in order to significantly increase the streampower and therefore the

magnitude of the entrainment term.

The pi = [0.376, 0.234, 0.2, 0.166, 0.0237] from Polyakov and Nearing’s experiment

shows that the larger size classes i = 3, i = 4 and i = 5 have a smaller contribution
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Figure 7.21: The formation and evolution of antidune for Fr = 1.37.
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Figure 7.22: Comparison between various solutions at t = 20 and t = 3600 s for
Fr = 1.37.
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to the soil than the finer particles. However the mi and ci plots in the right column

of Figure 7.22 shows the size classes 3, 4 and 5 have the most contribution to the

sediment mass in deposited layer when antidunes formed. Since finer particles i = 1

and i = 2 provide a very small contribution to the deposited layer, they appeared

with less undulations in mi. Therefore the ci plot shows the smaller size classes i = 1

and i = 2 are more uniform than the larger particles. Similar pattern of size class

contribution to an antidune formation can be found in almost all the multi-size class

simulations.

7.3 Travelling wave solution
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Figure 7.23: The position of maximum water surface against time.

Both single size class and multi size class simulations have shown the formation of

antidunes. From the simulation results, we can see that a hydraulic jump was formed

on top of the fully developed antidune, and it moved upstream with a constant velocity

along with the antidune. Figure 7.23 presented the positions of the maximum water

surface from multi-size simulation for Fr = 1.37 against time. The maximum of

water surface is considered to be the peak of the hydraulic jump, so that the plot

of blue dots show the positions of each shock. The series of blue dots in Figure
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7.23 shows there are number of hydraulic jumps formed during the simulation as a

results of the cyclic steps which have similar upstream shock speed shown as the red

line (λ = dx
dt

≈ −0.043). In Figure 7.24, we present the same shock and antidune

travelling upstream at a time interval of 20 seconds from t = 120 to t = 180 s. Figure

7.25 shows the comparison of the structures of the same shock and antidune at time

t = 120, 130 and 140 s with the rescaled shock position of ξ = x + λt. The plot

shows that the structure of the travelling waves are almost identical. The differences

between the wave structure at different time are because the true steady state has not

beening achieved before the wave exit the upstream boundary. However, it is clear

that a travelling wave solution that is only a function of x+λt exists and in the next

section the governing equations and form of this solution are derived.
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Figure 7.24: A single shock and antidune travel upstream at a time interval of 20
seconds from t = 120 to t = 180.

The Rankine-Hugoniot condition

The Rankine-Hugoniot condition for the weak solution of the system of equations

(7.39) - (7.44) can be written as

λ = − [q]+
−

[ǫh]+
−

, (7.70)

λ = − [Fr2u2h + 0.5h2]+
−

[ǫFr2q]+
−

, (7.71)
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Figure 7.25: The comparison of the structures of the same shock and antidune at
time t = 120, t = 130 and t = 140.

λ = − [qci]
+
−

[ǫhci]
+
−

. (7.72)

Since the bed load flux is not included, then mi and zm are continuous scross the

hydraulic jump. For both (7.70) and (7.72) to hold, it is only possible if c+i = c−i and

there is no discontinuity in the concentration through the hydraulic jump.

Derivation of travelling wave solution

Let

ξ = x+ λt, (7.73)

and by looking for a solution of the form h(ξ), q(ξ), c(ξ), m(ξ), zm(ξ) and zb(ξ)

equations (7.39) - (7.44) become

ǫλ[h + (zm − zD) + (zb − zD)]
′ + q′ = 0, (7.74)

ǫλFr2q′ +

[
Fr2

q2

h
+
h2

2

]
′

= −h
(
ẑ′m − δ + δ

u2

h4/3

)

−γ
1 + γc

(
h2

2
c′ + λFr2u(ǫc− 1)(zm − zb)

′ + λFr2u(β − ǫc)(zb − zD)
′

), (7.75)

ǫλ(hci)
′ + (qci)

′ = Api(1−H)(Ω− Ωcr) + (Ω− Ωcr)
H

h

mi

mt
− vici, (7.76)
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λm′

i = vici − (Ω− Ωcr)
H

h

mi

mt
, (7.77)

λ(ẑm + zD − zb)
′ =

I∑

i=1

[vici − (Ω− Ωcr)
H

h

mi

mt
], (7.78)

β(zb − zD)
′ = −

I∑

i=1

Api(1−H)(Ω− Ωcr). (7.79)

Note that in the above system, zm has been replaced with zm = ẑm + δ(L − x) =

ẑm + zD. For the parameter values used in equation (7.78) and letting ǫ→ 0, A→ 0,

γ → 0, Ωcr → 0, the leading order system becomes

q = uh = 1, (7.80)

(
Fr2

h
+
h2

2

)
′

= −h
(
ẑ′m − δ +

δ

h10/3

)
, (7.81)

c′i = Ω
H

h

mi

mt
− vici, (7.82)

λm′

i = −c′i, (7.83)

λẑ′m = λ

I∑

i=1

m′

i = λm′

t, (7.84)

as from (7.79) (zb − zD)
′ = 0. Since there is no discontinuity in ci, mi or zm through

the hydraulic jump, equation (7.83) can be integrated to give

λmi + ci = ψi, (7.85)

where ψi is the integration constant. Equation (7.84) also can be integrated to

ẑm = mt =
ψ − c

λ
. (7.86)

From (7.83) and (7.84), ẑ′m = −c′/λ, therefore the coupled system for ci and h can

be written as (
Fr2

h
+
h2

2

)
′

= h

(
δ +

c′

λ
− δ

h10/3

)
, (7.87)

c′i = Ω
H

h

ψi − ci
ψ − c

− vici. (7.88)

The boundary conditions for this travelling wave system are ξ = 0, h = h+ and

ci = c−i = c+i . We can rearrange the equation (7.87) to get

h′ =
h3

h3 − Fr2

(
δ +

c′

λ
− δ

h10/3

)
. (7.89)
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This expression shows that there is a singularity when h3 → Fr2. This singularity

corresponds to when the actual Froude number of the flow is equal to one and occurs

on the back of the h(ξ) wave as h moves from h+ (subcritical) down to h− (super-

critical). Since h(ξ) is smooth (except at the hydraulic jump) then from (7.89) this

requires

(
δ +

c′

λ
− δ

h10/3

)
|h=hc=Fr2/3 = 0 = w(hc). (7.90)

0 0.5 1 1.5 2 2.5 3
0.8

1

1.2

1.4

1.6

1.8

2

ξ

h(
ξ)

 a
nd

 q
(ξ

)

 

 

0 0.5 1 1.5 2 2.5 3
−150

−100

−50

0

50

w
(ξ

)

 

 

w(ξ)
w(h

c
)=0

h(ξ)
q(ξ)
h

c
=1.235

Figure 7.26: A plot of w(ξ) and h(ξ) from the numerical results of Figure 7.24.

A plot of w(ξ) and h(ξ) from the numerical results is presented in Figure 7.26. They

show that w = 0 at h = 1.235 = hc. Substituting equation (7.88) for c′i into w(hc)

(7.90) and noting that H = 1 at this part of the antidune, then

λδ +
Ωc

hc
−
∑

vic
c
i − λ

δ

h
10/3
c

= 0, (7.91)

where cci = ci(h = hc).
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Finally substituting both (7.88) and (7.91) into (7.89) along with Ω = h−10/3 results

in

h′ =
1

λ

h3

h3 − h3c

{
∑

vi(c
c
i − ci) +

1

h13/3

[
H −

(
h

hc

)13/3
]
− λδ

h10/3

[
1−

(
h

hc

)10/3
]}

,

(7.92)

or if we can write the equation in terms of θ = h/hc

h16/3c λθ′ =
θ3

θ3 − 1

[
h13/3c

∑
vi(c

c
i − ci) +

1

θ13/3
(
H − θ13/3

)
− λδhc
θ10/3

(
1− θ10/3

)]
.

(7.93)

Removing the singularity at θ = 1

Equation (7.93) is now a convenient form to remove the singularity at θ = 1 and this

is done by rewriting (7.93) as

h16/3c λθ′ =
h
13/3
c θ3

θ2 + θ + 1

[∑
vi(c

c
i − ci)

θ − 1

]
+

1− θ13/3

θ4/3(θ3 − 1)
− λδhc

(1− θ10/3)

θ1/3(θ3 − 1)
, (7.94)

and assuming the series expansion
∑
vi(c

c
i − ci)

θ − 1
= a0 + a1(θ − 1). (7.95)

Expanding equation (7.94) about θ = 1 results in

h16/3c λθ′ = b0 + b1(θ − 1), (7.96)

where

b0 =
h
13/3
c

3
a0 +

10

9
λδhc −

13

9
, (7.97)

b1 =
h
13/3
c

3
(a1 + 2a0)−

5

27
λδhc +

26

27
. (7.98)

Solving (7.96) subject to θ = 1, ξ = ξc and expanding gives

θ − 1 =
b0

λh
16/3
c

(ξ − ξc) +
b0b1

2λ2h
32/3
c

(ξ − ξc)
2, (7.99)

or

ξ − ξc =
λh

16/3
c

b0
(θ − 1)− b1λh

16/3
c

2b20
(θ − 1)2. (7.100)

Next Taylor expand ci around ξ = ξc

∑
vi(c

c
i − ci) = (ξ − ξc)

∑
vic

′

i(ξc) +
(ξ − ξc)

2

2

∑
vic

′′

i (ξc), (7.101)
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where from (7.88)

c′i(ξc) =
1

h
13/3
c

ψi − cci
ψ − cc

− vic
c
i , (7.102)

c′′i (ξc) =
−13θ′(ξc)

3h
13/3
c

(
ψi − cci
ψ − cc

)
− c′i(ξc)

h
13/3
c

{
1

ψ − cc
− ψi − cci

(ψ − cc)2

}
− vic

′

i(ξc). (7.103)

By combining equations (7.95) and (7.101), a0 and a1 can now be found from

a0 = −λh
13/3
c

b0

∑
vic

′

i(ξc), (7.104)

a1 =
b1λh

16/3
c

2b20

∑
vic

′

i(ξc)−
λ2h

32/3
c

2b20

∑
vic

′′

i (ξc), (7.105)

with (7.97) and (7.98).

In the case of a single size class solution, the settling velocity scales to 1 , and a0 and

a1 become

a0 = −λh
13/3
c

b0
c′i(ξc), (7.106)

a1 =
b1λh

16/3
c

2b20
c′i(ξc)−

λ2h
32/3
c

2b20
c′′i (ξc). (7.107)

with

cc = λδ(1− h−10/3
c ) + h−13/3

c , (7.108)

c′i(ξc) = h−13/3
c − cc = λ(δh−10/3

c − S0), (7.109)

c′′i (ξc) =
−13b0

3λh
29/3
c

− c′i(ξc). (7.110)

Chezy Formulation

The above solution was solved with the Manning’s friction formulation. We can also

apply the Chezy friction law instead which is given by

Sf =
fu2

gh
=
fq2

gh3
, (7.111)

so that in scaled form

Sf =
q2

h3
,Ω =

q3

h3
, (7.112)

and the Manning’s friction coefficient n2 is replaced by f/g in all the scaling. Now

the equivalent of equation (7.93) for a Chezy law is

h5cλθ
′ =

θ3

θ3 − 1

[
h4c
∑

vi(c
c
i − ci) +

1

θ4
(
H − θ4

)
− λδhc

θ3
(
1− θ3

)]
, (7.113)
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and since θ4 − 1 = (θ − 1)(θ3 + θ2 + θ+ 1), then when H = 1 around the singularity,

the equation can be written as

h5cλθ
′ =

θ3

θ2 + θ + 1

[
h4c

∑
vi(c

c
i − ci)

θ − 1
− 1

θ4
(θ3 + θ2 + θ + 1) +

λδhc
θ3

(θ2 + θ + 1)

]
,

= h4c
θ3
∑
vi(c

c
i − ci)

(θ − 1)(θ2 + θ + 1)
− θ3 + θ2 + θ + 1

θ(θ2 + θ + 1)
+ λδhc.

(7.114)

Now we remove the singularity at θ = 1 by expanding the solution around θ = 1 and

proceeding as before.

The resulting expressions for the coefficients become

b0 =
h4c
3
a0 + λδhc −

4

3
, (7.115)

b1 =
h4c
3
(a1 + 2a0) +

2

3
, (7.116)

c′i(ξc) =
1

h4c

ψi − cci
ψ − cc

− vic
c
i , (7.117)

c′′i (ξc) =
−4θ′(ξc)

h4c

(
ψi − cci
ψ − cc

)
− c′i(ξc)

h4c

{
1

ψ − cc
− ψi − cci

(ψ − cc)2

}
− vic

′

i(ξc). (7.118)

a0 = −λh
5
c

b0

∑
vic

′

i(ξc), (7.119)

a1 =
b1λh

5
c

2b20

∑
vic

′

i(ξc)−
λ2h10c
2b20

∑
vic

′′

i (ξc). (7.120)

Therefore for single size class solution a0 and a1 are

a0 = −λh
5
c

b0
c′i(ξc), (7.121)

a1 = −b1λh
5
c

2b20
c′i(ξc)−

λ2h10c
2b20

c′′i (ξc), (7.122)

with

cc = λδ(1− h−3
c ) + h−4

c , (7.123)

c′i(ξc) = h−4
c − cc = λ(δh−3

c − S0), (7.124)

c′′i (ξc) =
−4b0
λh9c

− c′i(ξc). (7.125)
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7.4 Travelling wave solution for single size class

In this section, an example of how to find a single size class travelling wave solution

from the leading order ODE system is shown. The solution is only provided based

on the Manning’s friction equation but applies also for a Chezy friction law. In early

part of this chapter, it was seen that an antidune was produced when the deposited

layer was fully developed, however the tail of a travelling wave may occur over a

region where the deposited layer is no longer fully developed. In general, two types

of solution exist. The first type is where H = 1 for the entire wave length and in

this case knowledge of the mass in the deposited layer, m, is therefore not required

to determine the form of the travelling wave solutions. Physically this means that

there is enough deposited sediment so that the antidune is not affected by, or is

”unaware” of the original soil and consequently it does not matter how deep the

deposited layer is. It only matters that H = 1 or m > m∗. This results in a free

constant of integration for defining the depth of the deposited layer which can not be

determined. The second type occurs where H = 1 for the majority of the wavelength

but drops below one just before the wave ends, i.e. the start of the next hydraulic

jump. For this case m needs to be found as the original soil directly influences the

form of the solution. The previously free constant of integration for the first type

of solution must be determined for the second type. This section will present the

first type of solution along with its phase plane, detail as how to compute the second

type, and discuss how to extend these to the case of the multisize class travelling

wave solutions.

From the previous section, we can obtain the single size class leading order system

using a Manning’s friction law as follows (from equations (7.89), (7.88), (7.85) and

(7.86)).

h′ =
1

λ

h3

h3 − h3c
(λδ − λδh−10/3 + h−13/3 − c), (7.126)

c′ = h−13/3 − c, (7.127)

λm+ c = ψ, (7.128)

ẑm = m =
ψ − c

λ
, (7.129)

where ψ is the constant of integration.
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Figure 7.27: Schematic form of upstream travelling wave structure.

Note that since m does not appear in either (7.126) or (7.127), the value of constant

ψ in (7.128) is not required to calculate the phase plane trajectory h(c). Figure 7.27

provides a schematic of the travelling wave structure and shows that, as part of this

solution, the wave speed and the flow depth at both the base and top of the hydraulic

jump need to be found. In addition it was shown previously using the Rankine-

Hugonoit conditions that c must be continuous across the jump. By taking ξ = 0 at

the jump and denoting L for the length of the wave then the solution must satisfy

[
Fr2h−1 + 0.5 · h2

]
|ξ=0 =

[
Fr2h−1 + 0.5 · h2

]
|ξ=L, (7.130)

c(ξ = 0) = c(ξ = L). (7.131)

These conditions are not enough to get a unique solution and a further mass conser-

vation condition is required. For a trail of travelling waves or cyclic steps to attain

a steady state, the average suspended sediment mass flux over a wavelength must

balance the sediment flux at the inlet boundary. For a constant flux discharge of

q = 1 and in travelling wave coordinates, this reduces to

1

L

∫ L

0

cdξ = 1. (7.132)

The solution or correct trajectory in the phase plane as shown in Figure 7.28 is

obtained through iteration. As a good estimate of the wave speed is known from the
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numerical calculations this is used as a starting value. Integration begins at the point

(cc, hc) which occurs at the intersection of h = hc (on which dh/dc is infinite) and

c = λδ(1 − h−10/3) + h−13/3 (on which dh/dc = 0) and goes in both directions until

the hydraulic jump condition is met. The solution is then checked that it satisfies the

mass integral condition and has matching concentrations at either end of the profile.

If not, the wave speed is continually modified until all three conditions are satisfied.
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Figure 7.28: The phase plot of our travelling wave solution h and c.

Figure 7.28 and 7.29 present the phase plane trajectory h(c) and travelling wave

profiles of h(ξ), c(ξ), m(ξ) and zm − zD from a chosen integration constant, for the

following parameter values:

h0 = z0 = 0.0895 m, q0 = 0.1097 m2/s , n = 0.02, , m∗ = 6 kg/m, S0 = 0.015,

g = 9.81 m/s2, ρw = 1000 kg/m3, ρs = 2000 kg/m3, φm = 0.6, φb = 0.4,

c0 = 6.9 kg/m3, x0 = 0.2742 m, t0 = 39 s, Ω = 16.2 W/m2, δ = 0.046,

Fr = 1.31, v0 = 0.4 m/s, m0 = 107.4 kg/m.
(7.133)

The red line in Figure 7.28 corresponds to a second curve where dh/dc is infinite

and given by c = h−13/3. The critical point in the phase plane occurs at c = h = 1
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Figure 7.29: The solution of h, c, m and zm − zb.

(shown as a black dot) and is a stable focus. The hydraulic jump is clearly shown to

occur near c = 0.8 with h+ and h− being approximately 1.35 and 1.05 respectively.

An interesting feature of this trajectory is that h does not monotonically decrease

from h+ to h− but goes below h− to a minimum of around 0.925 before increasing

again to h−. This is different to the cyclic step solutions presented in both [31, 115]

where h was always monotically decreasing between hydraulic jumps and also shown

in Figure 7.24. In both of the above papers the hydraulic jump occurred at the foot

of the antidune whereas Figure 7.29 shows the hydraulic jump happening just before

the peak of the antidune. Since the minimum flow depth also occurs at the start

of an antidune, then any hydraulic jump positioned anywhere on the upstream face

of the antidune will then correspond with non-monotonic solutions for h(ξ). Figure

7.13 shows numerical monotonic h(x) profiles with jumps occurring at the start of

the antidune.

Due to time constraints the travelling wave profile for the case where H becomes less

than one or for a multi-size class soil has not yet been determined. However, a brief

discussion on what is required to compute these is now given. For the single size class

with H < 1, the mass m needs to be known and therefore the constant of integration

ψ must be found. This constant controls the position where m = m∗ on the back
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face of the antidune and the start of the region where H falls below one (m < m∗).

Consequently this leads to another unknown which must be found by iteration in

conjunction with equations (7.130) to (7.132) to define the solution. Once multisize

classes are considered the complexity of finding the solution increases significantly.

If H becomes less than one then there is a ψi for each size class that also has to be

found for the structure of the solution to be determined. In the single size class case,

there is only one cc which can be found explicitly from (7.91). However, when there

are multiple size classes, the single equation (7.91) has I unknowns cci . Hence even

the starting point for the integration of the travelling wave system is now unknown.

In the worst case scenario of determining a solution where H < 1, there are 2I + 3

values which need to be found by iteration, being cci , ψi, plus h
−, h+ and λ.

7.5 Conclusions

In this Chapter a non-dimensionalisation of the combined system of the St Venant

equations, the HR model and two Exner equations for the two different bed elevations

of the deposited layer and original soil was given. This system incorporated the effect

of the suspended sediment concentration of the fluid density. For the experimental

conditions and data of [96], the leading order non-dimensional system was identified,

and a linear stability analysis showed that instabilities, or antidunes, would grow

under supercritical flow conditions. The linear stability analysis was then confirmed

by carrying out numerical simulations of the full equations under both sub and super

critical flow.

An explorative set of numerical simulations were conducted for a range of Froude

numbers all greater than one and for both single and multi-sized class soils. Depending

on Fr, bedslope and the imposed sediment flux boundary conditions, a series of

travelling waves, or transportational cyclic steps, of different wavelengths and heights

and separated by hydraulic jumps, could be found. It was found that quite different

forms of the step shapes and positioning of the hydraulic jumps and the depth of

the deposited layer can be found. For example, the hydraulic jump can occur at the

foot of an antidune or it can occur on the upstream face near the antidune peak.

Secondly, the entire wavelength of the antidune could be fully covered with deposited

sediment such that H = 1, or there is a section near the end of the antidune where

H falls below one such the original cohesive soil directly effects the speed and shape

of the antidune. Unfortunately due to time limitations we were unable to investigate
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fully the parameter space which determines the positioning of the hydraulic jump and

what controls whether H = 1 or becomes less than one along the antidune.

As the numerical simulations demonstrated the existence of steady travelling wave

form solutions, the last section of this chapter dealt with deriving the governing

equations by transforming to a travelling wave coordinate system. The leading order

system of ordinary differential equations were then determined along with appropriate

conditions that must be satisfied, i.e. height of the hydraulic jump, continuity of c,

m and bed height through the jump as well as a mass conservation condition over a

wave length. The resulting system was solved numerically for a single size class soil

(for conditions where H = 1 always) and graphs of the wave form for c, h, m, and zm

were presented along with an analysis of the phase plane diagram for h(c). Lastly a

brief explanation was given on how to obtain the wave profiles when H is not always

one along with a discussion on the complexity and difficulty of obtaining the wave

profile for a multi-size class soil.
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Chapter 8

Conclusions

In the final chapter we briefly summarize the main results from the various 1-D soil

erosion applications and areas for possible further work are discussed.

8.1 Summary

In this thesis a new comprehensive soil erosion model is proposed which couples the

Hairsine Rose model to the St Venant equations and a bed evolution equation. The

HR model is chosen because (a) it uses the entire soils particle size distribution as

opposed to a single representative particle size, (b) it includes the process of detach-

ment entrainment and deposition as separate rate processes whereas all other erosion

approaches only model the net outcome between deposition and entrainment, (c)

it recognises that eroded sediment has a different cohesive strength to the original

soil and that (d) it tracks mass conservation of both suspended and deposited sedi-

ment. Overall the extended model requires the solution of 2I + 3 partial differential

equations.

In chapter 3, the Liska-Wendroff composite predictor corrector scheme, originally

designed for solving St Venant equations, was used to solve the conservative form of

the 2I + 3 system of equations. The scheme was verified against special analytical

solutions and by comparison against alternative numerical solutions (method of lines)

for specific net erosional and net depositional flow conditions. The method was shown

to perform well and was also able to capture reliably both hydraulic jumps and their

movement. In order to handle singularities that arise under zero flow depth boundary

or initial conditions, as well as reducing computational costs for very small nonzero
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flow depths, series expansions and approximate analytic solutions were developed.

These were integrated into Liska-Wendroff numerical scheme and permitted solutions

to be computed for all times for all flow depths.

The first application of this combined model was shown if it could reproduce data

obtained from experiments on sediment flow through a buffer strip. To account for the

greater flow resistive and porosity within the buffer strips, the St Venant equations

were modified to include the reduced porosity and the bed friction term was replaced

with a drag term. As supercritical flow was imposed at the upstream boundary,

the increased drag from the buffer strip resulted in an upstream hydraulic jump,

however the flow returned to supercritical conditions once it exited the strip. The

stationary jump condition showed there were hydraulic discontinuities at the entrance

and the exit of the nail bed. The numerical simulations showed that the flow depth

for all x, and the position and height of the steady state (time varying hydraulic

data were not available) hydraulic jump were very good for a range of slopes from

1.6% up to 5.2%. Considering the amount of uncertainty over many aspects of these

experiments covering both the initial mass of sediment released, the release duration

time and the accuracy of measured flow depths, level of agreement was very pleasing.

The predicted spatial dependence of particle size distribution of the deposited mass

within the hydraulic adjustment zone, also agreed very well with the experiment data.

From this initial 1-D buffer strips application, a level of confidence was gained in the

capability of the numerical scheme and in the extended erosion model to simulate

multiclass sized sediment transport under complex flow conditions.

The formation of suspended sediment versus discharge hysteresis loops during a typ-

ical single peak rainfall/runoff event was studied in Chapter 6. It was shown that

the four of the known basic types of the hysteresis loops being clockwise, counter-

clockwise and two figure 8 loops of opposing orientation could be successfully repro-

duced. From catchment studies it had been stated that the presence of a counter-

clockwise or clockwise loop was dependent on the availability and location of easily

erodible sediment with respect to the position of the catchment outlet. These condi-

tions were simulated for flume scale erosion through specifying the initial condition of

the deposited layer. The numerical simulations showed that counter-clockwise loops

developed when cohesive initial soil conditions were taken and clockwise loops formed

when a fully developed deposited non-cohesive layer of sediment is initially used. The

initial availability of erodible sediment controls the rate of rise to, and magnitude of,

peak suspended sediment concentrations and therefore the hysteresis loop direction.
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Figure 8 loops were a combination of both the clockwise and counter-clockwise ori-

entations, thus the controls on these loops were investigated by running simulations

with isolated sources, or strips, of deposited sediment. It was found that the flow

orientation of figure 8 loops is very much dependent on the state of the deposited

layer at the flume exit. Double figure 8 loops can also arise when there are multiple

isolated sediment sources, but there is limited increase in the complexity of these

loops beyond a threshold number of sources. In most of the complicated hysteresis

loop simulations, plots of qci(L, t) versus q(L, t) of each size class i demonstrated that

the smallest particle size dominates the behaviour of the shape of the hysteresis loop

and that the larger particles made very little contribution. This relationship however

needs further investigation for silty loams and clay loam soils, which have a significant

proportion of particle sizes with very small fall velocities. For such soils it is possible

that it is all particles below a threshold fall velocity control the shape of the hysteresis

curve.

In a final set of simulations the effect of multiple (two) rainfall peaks in a single

overall storm were investigated for two different initial conditions of the deposited

layer. Double hysteresis loops were clearly formed with the flow orientation in both

loops determined by the initial state of the deposited layer in line with findings for the

single peak rainfall simulations. The key finding of chapter 6 is in the identification

of the important role played by the deposited layer and the sediment size distribution

in the formation and type of hysteresis loop. This is the first time that any erosion

model has been shown to reproduce all the main types of measured hysteresis loops.

It is shown that these loops are dependent on two different states of eroded sediment,

being sediment that is in suspension or deposited on the soil bed. For an erosion or

sediment transport model to be able to reproduce all the different hysteresis loops,

both of these states must be included in the model formulation. Currently it is only

the HR model that accomplishes this.

In the last chapter of this thesis, we studied the feedback of bed morphology over a

flow regime. A linear stability analysis showed that an instability in the bed elevation

can grow under supercritical flow conditions, i.e. Fr > 1, resulting in upstream mi-

grating antidunes. The numerical solutions of the full model confirmed the stability

analysis for both subcritical and critical flow conditions. It was shown that both sin-

gle and multi-size simulations produce instabilities from single or continuous random

variations in the initial bed elevation. The simulations showed either long wavelength

(almost isolated) antidunes or a wave train of multiple antidunes could develop. This

169



very much agreed with the results of [31] on transportational cyclic steps, though

the shape or their steps were quite different to the ones obtained here due to the

different mathematical descriptions of their erosion source terms. Hydraulic jumps

are also shown to form at either the upstream base or along the upstream face of the

antidune with flow down the back of the antidune transitioning back to supercriti-

cal flow. Hence the Froude number oscillates around one as the flow passes over a

series of transportational cyclic steps. The flow conditions are important factors in

determining when the instabilities initiate and form a stable shape and require that

integrated erosion and deposition rates over a wavelength are in balance. Effectively

the system is at its transport capacity. The numerical results in the plots of mi have

shown that for either single antidune or cyclic steps formation, regardless of particle

size distribution, the particles with larger settling velocities have greater contribution

to the bed forms.

The structure of the water surface, suspended sediment concentration and mass dis-

tribution in the fully developed antidunes can be described by a travelling wave

solution with a constant wave speed. In last part of Chapter 7, the leading order

non-dimensional system of equations are determined and then solved. This reduces

to finding the correct phase plane trajectory in the h, c plane which satisfies the Rank-

ine Hugoniot conditions for the hydraulic jump, continuity of c, m and bed elevation

through the jump, and the integrated average suspended sediment concentration over

the wavelength was equal to one. Different forms of this solution arise depending on

whether (a) the deposited layer completely shields the underlying original cohesive

soil so that the cohesive layer plays no role in the speed or shape of the wave profile

or (b) the cohesive soil is exposed along the back of the wave such that both the

non-cohesive and cohesive layers affect the wave profile. Under (a) the solutions are

obtained up to an additive constant as the actual location of the boundary of the co-

hesive soil is not required, whereas for (b) this constant must be determined in order

to find the location of the antidune from where the cohesive soil becomes accessible.

For single size class soils the leading order travelling wave equations are fairly straight

forward to obtain for both cases (a) and (b). While a previous solution in the literature

showed that the profile for the flow depth h was monotonically decreasing between

hydraulic jumps, solutions presented here shown that non-monotonic solutions for h

also exist. It is the actual positioning of the hydraulic jump on the antidune which

determines monotonicity in h. If the jump occurs at the base of the antidune h is

monotonic, however if the jump occurs anywhere on the upstream face of the antidune
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h will then be non-monotonic. For multi-size class soils calculating the travelling wave

solution for all size classes becomes much more demanding as up to 2I+3 parameters

must be found iteratively to define the solution, since each size class has its own wave

profile in suspension and in the antidune.

In this thesis a number of important one-dimensional sediment transport problems

have been studied by coupling the St Venant equations with the multi-particle size

class HR erosion model and a bed evolution equation. It was shown that this ex-

tended model had the capacity to reproduce sediment transport data under a variety

of complex flow conditions and provided clear physical explanations for complex hys-

teretic sediment discharge data. The results presented in this thesis are well beyond

the capability of commonly used erosion models in the field and demonstrate the need

for these models to be significantly improved.

8.2 Future work

Figure 8.1: Rill network development experiments from Bryan’s work [13].

The first line of future research is clearly to complete the computation of the multi-size

class travelling wave solutions, for which I ran out of time. However, now that it has

been demonstrated that the extended model is able to produce reliable simulations
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of complex one-dimensional flows, then the next major avenue for research is to

extend the work to two dimensions. As shown in Figure 8.1 the development of rill

networks on 2-D domains result in much more complex flow domains and sediment

transport patterns. These types of erosion patterns are more commonly found in

the field than those arising from uniform sheet flow erosion, though reliable models

of rill formation and evolution are yet to be developed. Experimental flume data

show that the interaction between an evolving bed and the flow hydraulics is critical

in determining rill dimensions and patterns. A key experimental finding of flow in

rills by [43, 81] is that the bed form and flow interact such that the spatially and

temporally varying Froude number oscillates around one even for steep slopes. The

results presented in Chapter 7 show that the 1-D formulation is able to reproduce

this rill flow property and shows potential for modelling flow in rills.

It is felt though that in order to develop an accurate and stable numerical 2-D scheme

for such rapidly evolving flows, a finite difference approach is not the most suitable.

Recent work on 2-D shock capturing finite volume schemes on unstructured meshes,

have demonstrated their capacity for producing efficient and accurate numerical so-

lutions of systems of hyperbolic equations. Future directions are therefore dependent

on developing such a finite volume scheme. Looking beyond the flume scale, a great

deal of research still needs to be done to start applying such models at the field,

hillslope and in particular, the catchment scale.
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Appendix A

Settling Velocity

Stokes derived the drag resistance flow equation for spherical particle. By expressing

the simplified Navier-Stokes equation together with the continuity equation in polar

coordinates, the settling velocity equation is

vs =
1

18

∆gd2

ν
, (A.1)

where ∆ = (ρs − ρ)/ρ, g =gravitational acceleration, d =diameter of the particle,

ν =kinematic viscosity and vs =settling velocity. But this case is only valid for

Reynolds number Re < 1.

Cheng [17] proposed an equation for calculating settling velocity, vs, for high Reynolds

numbers and is given by

vs = (
√

25 + 1.2d2
∗
− 5)1.5

ν

d
, (A.2)

where d∗ is defined as a dimensionless particle parameter value. d∗ has the expression

d∗ = (
∆g

ν2
)1/3d (A.3)

The settling velocities for the buffer strips problem are calculated by Cheng’s equa-

tion. There are 7 different size classes. The diameter of each size class and cor-

responding fall velocity are given in Table (A.1). The parameter values are given

by

ν = 1.004× 10−6 m2/s g = 9.81 m2/s ρ = 1000 kg/m3 ρs = 1900 kg/m3. (A.4)
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Table A.1: The settling velocities for buffer strips problem.
Diameter (mm) 0.053 0.178 0.375 0.75 1.5 2.4 3.775

vs (m/s)(Measurement) 0.0093 0.0315 0.0611 0.0852 0.1148 0.1426 0.1870
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